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. Preface
This volume ‘represents a continuation of the SMSG. prqéram
of providing~background material for teachers and prospective
-teachers - in this case for tegcﬁers of the upper grades of the
elementary school. . ‘ . ; : N
Two other volumes In this series, Number §Xstems and Intuitive
Geometry, have already been prepared for teachers at this™ lewel,
which is essentially the Level I discussed in the "Recommendations
'of the Mathematical Association of America “for the Training of
Teachers of Mathematics*,"
Thig volume and the two mentioned above have been prepared in
7 the bel ef t at teachers at any level should not only thcroughly
underst d\the mathematics they teach, but should also have & good
understanding of the basic concepts in the courses which their ‘.
* students will move on to. - . - . . o
' Theredore, this volume, which discusses the basic concepts of
" the algebra normally started in the ninth grade, may also be useful
to teachers'at the Junior high school level as well as at Level I.
It is intended that this volume be revised at some later time,
Commérits and suggestions fof*improvements will be welcomed and may

'

» 3

. be sent to: . f . . , =
T School Mathematics Study Group B
. 2502A Yale Station _~ -2
) ) New Haven, Connecticut : 5"
—'—‘-—-——L—', o . L d Tl

" . Copies of hese recommendations may be obtained from.

) Y .' ?mf.mmatJ.wmmw ‘ b o TN

. , <7 .+ Committee on the Undérgraduate C
) L. Program’in Mathematics

o e ' Michigan State, University Oakland e

oL SR Rochester,, Michigan
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Part 1

NUMERALS AND VARIABLES

-

’-Q-

' Numerals and Numerical Phrases.

Most of your life you

have been reading, writin

s talking about, and working with numbers

You have also ﬁsed many d fferent names for the same numb'e

Some

: numbérs have one or more common names which are the  ones- most often
used in referring t3 the numbers . Thus the common name for the

ynurber five is "5" and for one gross 1s "I44". Common names for
the ration%} number oneuhalf are “%" and "O. 5" A problem in

« arithmetic can-be regarded as 3, problem of finding a common name *
,for a number which is given in some other way; for example, )
l7 times 23 1is found by arithmetic to be the number 391.

" The' names of numbers, as distihguished from the numbers them-

]

sglves,‘are called numerals.

Two numerals, for example, which re-

presént 'the same number are the indicated

sum "4r+ 2" and the/

indicated product "2 x 3",
6 and we. say that "the number 4 + 2 is

The number represented in each case is °*

6", "the number .2 X 3

‘1S

6"

" and "the number 4 4 2 1is the same as the number 2-x 3".

'The#e statements cam be wyritten moze briefly.aé "y o4 2 = 6",
"2x3 =6, and "4 + 2= 2 x 3". This use of the equal sign
illusgtrates “its general use with.numerals: 'An equar*sign standing
between two numerals indicates that the numerals represent the *
same” uinger. <

B ‘We shall need sometimes to enclose a numeral in parentheses in
order towvmake clear that it really is a numeral Hence it is con-
venient to regardlthe symbol obtained by enclosing a numeral for a

£y
-

A

- \

<

given number in parentheses as another numeral for the Same number.
“f “Thus- "(4 + 2)",/13 another numeral for 6 and we ‘might write -

"(4 +2) = 6". 1In order to save writing, the symbol for multipli~

cation ;"x". is often replaced by'a dot "." "2 X. §“

can be written as "2-3", Also to save writing, we agree %hat two -

Hence,

PR
-

4»3“

numerals)placed side-by-side is an indicated product

% ll2(7

4)"

is taken to mean, the sdme as

-,

"2 x (7 -

]v

k",

For example,
‘Nptice,




ok repreSent a definite number., Another expression in which the 'same

however, that "23" ,is already established as the common name for

the number twenty-three and so cannot be ifterpreted as the indicated
1 -

product "2 x 3". A similar exception is "EE" which means ’
"2 + %" rathe Ithan_ "2 x %P.' We may, however, write "2(3)" or
"(2)(3)% in place of "2 X 3", Similarly, "2 x §" might be re-
placed by ""2_"%-"' or "2( . ) ‘ '
~—=~ . Oonsiter the expression "> x 3 + 7", .Is this a numeral? ,
,ferhaps yoy will agree that it 1is since 2x3 = 6 and hence," ™
R . 2x3 +T=64+7=13. : «

,) Og’the other hand 'someone else might decide that, since 3+ 7=
A - - &
Lo

Let Jus ekXamine the expression more carefully. How. do we read, it?
- What numerals are involved in it? Obviously "%, "3", and "7"
are numerals, but what about> "2 % 3" and 3 + 7"? It is true
that "2 x 3", as an indicate& product, and "3 + 7", as an
indicated sum, are both numerals. _However, within the expression'
"o w34+ 7% if "2 x 3" 1is an indicated product, then "3 + T"
cannot-be an indicated sum, or, if "3 + 7" 1is an indicated sum,
then "2 x 3" cannot be an indicated product Therefore, without
additional information to decide between these alternatives, the
expression "2 x 3.+'7" is réally not a numeral since it does not

2.X 3 + 7 2 x 10 = 20.

alpl‘.

r*proBlem arfses is "10 - 5 x 2"..-In order to avoid the confusion
in expressions of this kind;-we shall agree to give multiplication
preference over addition and subtraction unless otherwise indicated
In_pther words, "2 x 3'+ 7™ will be read Witb "2 x'3" as an
) ndicated product, so ‘that 2X 3+ 7= . Similarly, .

"10 - 5 x 2" will be read with "5 x 2" as ‘an indicated product
so that 10 - 5 x 22 0.

Parentheses can aldo be used to indicate how we intend for an

expression to b® read. We have only Yo enclose within parentheses
those,parts-of the expression wiiich are to be taken as a numeral.

. ©

5

" ~
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Thus, in the case of- "2 x 3 + 7" we can write "(2 x 3) + 7"

1f we want "2 x.3" to be a numeral and "2 x (3 + 7)" if we want
"3 4+ 7" to be a numeral. In other ‘words, -the operations indicated
within parentheses are taken first. You should.always feel free to
Insert whatever parentheses are needed to remove all doubt as to
how an expression is to be read.

"
.

Another case in which we need to agree on how an expression
“should be read is illustrated by the following example:

) 5(6 - 2) ‘ )

It 1is understood that the expressions above and below the fraction %5
bar are to be taken as numerals. Therefore the expmession is an
; indicated quotient of the nuwbers 5(6 - 2)- and 13,- 3.

*

. : Problems o B
. 1. In each of the following, check whether the numerals name the
»
sarje number. v : : .
s (a) 2+ 1 X 5 and 22 ") M3+ 2).+ 5 and 3 + (2 + 5)

(b) (2+14) x5 and 30 (o) (4 + %) R"\l; and b+ (§+3)

' (e) ¥ +3x2 and *(4 + 3) X 2

\
»

2. Write a common name for each numeral _;&:’ €,
(a) §(s+7x3) B RS
(5 4 9 6 \ -
(b) 4(5) + 5 ' (e) T-5 I .

' . 1+
(e)- 25 =5 (1) =%




Expressions such as M4 + 2", "2 x 3", "2(3 + 7T), -
"(1 - %)(16 + 4) - 5" are examples of numerical‘phrases. Each of
these is a numeral forméd from simpler numerals. A numerical
phrase is any numeral giver by an expression which involves otker
numerals along with the signs for’ operations. It'needs to be
emphasized that a numerical phrase must actually name a number,
that (s, 1t must be.a numeral. Therefore, a meaningless expression'
such as  "(3 +) x (2 +)-" 1is not a numerical phrase. Even the ex-
pression "2 x 3 + 7" ‘is not a numerical phrase without the agree-
ment giving preference to multiplication. g
Numerical phrases. may be combined to form numerical sentencesy
il.e., sentencey\which make statements about numbers. For\example,
o e Ry 203+ 7) = (24 8)(h+ 0) L et .

&
: is a sen&ﬁhce which states t%at\the nunber represented by

"2(3 + 7)ﬁ“ is the same as the number represented by *(2 + 3)(% +'0)".
. It is read “2(3 + 7) 1is equal to (2 + 3)(% + O)", and you, can
easily verify fthat it 1is a true‘sentence ‘
Consider the-sentence, . d .

’ \\(3+nw-e):m Lo T

This sentencé‘%ESerts\that xhe number (3 + 1)(5 - 2) "is 10.

Perhaps yo%,are wondering how the author

"(3 + l)(S - 2;J= ib* is still a perfectly,good “sentence- in spite

T of fthe fact that it is false. R
The important fact about a sentence involving numerals is that
it 1is either true or false, but not both. Much of “the work in’
algebra is concerned with the problem of deciding whether or not .
¢ertain sentences involving numerals are true‘ .

"
/ . , , )
.

%




Problems

1. Tell which of the follgﬂipg sentences are true and which are

© fakses~
() 3+T=3+7(4) () §2§+4-3_-1§+(u-3)'
To(p) e(5f+%>=e(s>+e(%>_ o 1 C N
(c) 7+9 z+ (D) 3(8+2)=6x°5

v 3

(g) - 347(9+2) (3+ 7)(9 + 2)

2. Insert parenthéses in each of ‘the folldwing expressions so that

‘e

7 (£) .3+ 4 - 6+ 1"
52 " (g) 3+4 .6+ 1

. - the resulting-sentence is true.-
by
31

. ~

43

(a) 3 x5-2x14
(b)) ¥x5-2x4
1] ©

I

\ N
-
J
o2

N
W
+
=
[e)}
+
o
i

. ey 12x%-%x‘9—

(1) 3+ 4 - 6+1 =28 ’

I
w

(d) 12&%-%,><9-
. V-] _
(&) 12 x5 -3 x95=18 N N

9 . N LN *

~ « N
’ ) “Some Properties of Addition and Multiplication. .Let us
summarize‘sdme‘bf the propertigs* of addition. First of all,

" addition' is a binary bperation, in the sense that it is always |
. performed on two numbeyrg. When we-write 7+ 8 + 3, we really ;
mean- (7 + 8) + 3 -or T (8 + 3)., We use*paréntheSes here, as
we have if the past, to single out éFrtain groups of numbérs to be
operated on-first. Thus, " (7 + 8) +/3 1implies that we add 7
and 8- and then add 3. t6 that sum{\ so that we think "15 + 3",

/ : weor N . . ‘ S
y\ - \ . . e ~ R
;Proper%y, in the most'familiar dense oﬁ the wpbrd, iIs something you
have, A property of additlon is something dition Jhas; 1.¢., a

oharacterist}c of additiod.. A .similar cammon usage of the word .
would be fSWEetness is a property of- sugar" .

o e

W R . ' v

¥ .
A .
."‘7@. e . , ! v 4
% . .
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" Similarly, 7 + (8 + 3) 4mplies that the sum of, 8 4&nd 3 1is
added Yo 7, giving 7 +‘ll. "Let us now go one step further and -
observe that 15 % 3 =18, and° 7 + 11 = 18. -We have thus found
.thatx LR ._a,(wa*\*’w ‘ ~ AL \ )

(7T +8)+3 =74+ (8+3)
is a true sentence.
Check whether or not

(5+'§)+'§' 5+('§ 'g)
is a true“sentence.

— p——

« Check similarly - ?f . oo
‘ B, e

(.2 + 1.8) + 2. 'k2+1118+26),,

EFREN

(5 + §)+’3 ’5*‘? 9. |

, It is appareﬁt that these sentences have a common pattem, and
‘ they all turned'out to be true.. We conclude that every sentence
having this pattern is true. This is a property of addition of
: numbers; we h0pe that you will try to formulate it for yourself.
Compare your effort with a statementssuch as this. If you add a
. second number to a first number, and then a third number to their
sum, the outcome is the same if you add the second number and the
third number and then add .their sum to the first number. |

This property of addition is called the associative property
of addition. It is-one of the basic facts about thé number system--
‘one of the, facts on which all of mathematics depends . Incidentally,
"t is often hanﬂy for cutting down the work in adding. In the second
example above, for 1nsC "3

®

ance, -%f* is another name for 2, so .
that "5 + (% +-§)" ‘produces a simpler addition than "(5 + 3) + % 1ln
Similarly, ip the third ex ple, 1.2 + 1.8 = 3; .which of the two
expressions "(1.2 + 1.8) + ! and "1.2 + (2.8 + 2.62" leads

to a simpler second addition? ‘\ ) '

2
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Now let us look at the fourth example. Neither "(1 1) + % en’
"1 + {§ 3)" gives a particularly simple first sum to help
us withAthe,second sum. If we could only add 3 to 3 first,

nor_

this would give -1, and adding -§ to 1 1is‘easy. What we would

like is to take ‘the first_ indicated sum in "(1 %) %", and"

write it instéad as "(1 + )" in order to put "%"~ next to
"%" /To do this, we need to know that S N T
1,1 1.1 i ’ S
" ? §+§'__-§+3‘ ’ 2 \ L ’ g

1s a true sentence.- T i -
Is the sen%tende

.

, "3+ 5 = §‘+ 3
itrue° Perhaps &ou think: "Walking three miles before lunch and
five miles after lunch g¢overs the same distance as walking 5
miles before lunch and 3 miles after lunch."

! Now recall the number 1in€.* What do we know about moving A
from 0 to 5 and then moving three units to the right +rand how
does this compare with moving from 0O- to 3 andgphen moving 5

‘units to the.right? What does this say about 5*@ 3k and 3 + 5% -
Similarly, on the number line, decide whether the fol&owing are

*true senterfees': . - L -
- f - . * s & .

0 + 6\/ & +. 0, . - ‘
s 2§ + 5= 2%' - B
This property of addition is probably very familiar to you.
It is called the commutative property of addition. If two numbers
.are added in different orders, the results are the same.
The associatiVe property of addition’tells us that an indi-
cated sum may be written with or without parentheses as grouping
. Symbols, as we wish. The commutative property, in.tum, tells‘us

° -, oY ~ %

.

i

*It is assumed that the reader is familian with the properties of
the number line as outlined in Studies in Mathemgtics, Vol. VI or
SMSG Mathematics for Junior High School; | Vols. I and II.
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that the additions, which are always of twoLnumbers’at a time, may -
be performed 'in any order. For-ihstance, if we consider .

B - ) .32 + l6 +.18 LY

\ . NEY

the assoeiative property tells us that we do not haye -to us par-
entheses to group this indicated sum, because any way we group‘it
gives the same result. The commutative-property tells us that we
may choose any other order. For purposes of mental arithmetic, 1t
is easier to choose pairs whose Lums are multiples of* 10 and
 consider them first. We may think of "32 + 16+ 1§ju" as
) "(32 + 18) + (16 + 4)", where the.indicated sums mean that we
first-add 32 and 1B (b&cause this gives tthe "easy" .qum 50),
| then 16 and %, and finally the two parttSE sums 50 ‘and 20.
N I’ our thinking, we first used the commhtative property to inter-
change the 16 and the 18 1n the original indicated 'sum.
We shall now look at the corresponding properties of multipli-
dation. Copsider this, sentence, . -

-’ / L

AR B ANCES T -

Check whether oxf not this is a true sentence, be sure to carry out

-

the multiplicatfons as }nddf:'ated We call this property of ,
multiplication associative property of multiplication. TRecall )

the associative property of addition, and make a similar statemént
. for the associative property of multiplication
You also know, from‘arithmetic, that you may perform long
ultiplication in either order, and you have probably used this

" "to check your work: “, . v
‘ -~ ! © ’ Tt i ".. = ; ‘ ',
, T 256 . v 63 , |
; C 0 & e ese : . :

' 1536 : 315 « .
, 16128 ' ‘ 126
1 0 LY e 16128
N> -
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This is an instance of the commutative property of multipli-
cation If *two number are to be multiplied they may be multiplied
in either order with ti\'ﬁame result.

As in the case of addition, the associative ;ﬁd commutative
sproperties of multiplicat tell us that we may, in an indicated *
product, think of the num ers grouped as we choose, ‘and may also ,
rearrange suth a product: at will. Thus in finding 9 x 2. X 3 x 50,
it is conveniént to handle 2 X 50 first, and then to multiply

9'x 3 or 27, 'by -100. ' 5, . .
o)

&

4
- L4

The Distributive” Property. Let ,us assume that one of |
your students has collected money in nis homeroom.‘ On Tuesday, -7
people gave him 15%’ each and on Wednesday, 3 peohle gade him N
'15¢ each. How. much money did he collect? He figu;ed?\\\\
o ] ) .

.o L15(7) + 15(3) = N :
: 105 + g = -
150, ’

Se he collected §1.50.
But now we shall ask him to keep different records.' Since
‘evéryone gave himfthe same amount,. itxis also possible to keep an
account only of the number of people who have paid him, and then .
to0 multiply the total number by 15. Then his figuring looks Iike
this: SR e ‘;
‘ ) . ', = PN ,15(7+3) . ‘ -‘.
R - 15(10)
- R
~ The final result is the same in both method% of keeping accounts; L
therefore : IR ) .

/

15(7)-+ 15(3) = (7 + 3) ) o

is aﬁtrue sentence: Since the above*true sentence means that
15(7) + 15(3) and 15(7 + 3) are names for the same number, we
might also have written o '

155(7 + 3) ; 15(7) + 15(3)'

~

e -~ - e . e

.\,IJ

oo
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B Halﬁ\the money John colletted is to be used fop one'gift, and
one third of it for arother. How much is spent? Again, the com-
putation can be performed in two ways:

150(3) + 150(3). = 150(3 + 3) =
L. 15 o+ 50= ©150(3 + §) = ‘
o 125, © 150 g) =

S

: °
As before, we have found a true sentence,

. © a1y : 1.1
; 150(3) + 150(}) = 150(5 + 7) -
v.' o .a X ) . .
Another way of wrifing the same true sentence would be .

> o 150(3 + §) =.150(3) + 150(3).

. Let us\try another‘example., Mr. Jones owned a city lot, *150
feet deep, with a front of 162.5 feet. AdJacent to his lot, and
separated from 1t by a fence, is another lot with the same deﬁtg;
., .but with a frong of only 37.5 feet. " What are the areas, in sq
feet, of each of these two lots, and what is their sum? Mr: ‘Jones
buys the second lot and removes. the fence. Now what is the%area

.. 150(162.5) + 150(37.5) = 150’ | .7
24375 + 5625 = (
30000. .

Fence

) of the lot? - . . b o,
. The number of square feet in the new lof is .
. < I S . —
i L A § . .
' 150(162.5 + 37.5) = ; ” RN
) ‘ R .150(200) =, ‘v
‘ : 30'000. IR 162.5°  ~ 37.5
b : * "/ "" % ;"’
The total area of theitwo g, ‘
separate lots is é;;; " ' ’ * ’ D I




“

Thus, ‘ ‘ ) A3 . . -
.. 150(162.5 + 37. 5) + 150(162.5) + 150(37.5) /- . L '

. v .
is a true sentence v. . . . .. .

Let us look more closely at two of our true serftences. We

wrote ’ . .
. ')’. -

15(7) + 15(3) = 15(7 +73).

15(7) , represents one number, which we have chosg¢n to write as an
indicated product; so does 15(3)u" 'Thus 15(7) # 15(3) is an
indicated sum of two numbens On the other h .d, 7T+ 3 represents
a number,which we have chosen to write as an i dicated sum, and so
15(7 + ?) is an indicated product Thus the sentence

- - 15(7)*-15(3) 15(74-3)
asserts that’ the indicated sum and‘the indicated product are names

e

1

- for the same number. -The true sentence

, 15065 + 3) = 150(3) + 150(3)

makes a similar statement. % ° ’ -
It appears that we have found another. pattern by which true e

ey

kS
1

. sentences may be formed. Try to formulate in various ways what ~*%

this pattern is. Compare your result with the following: The i
product of asnumber times the sum of two others is the same as the
product of the first ‘and second’ plus the product of the ﬂi@st aﬂ%
third. This property is called the’ distributive property for
multiplication over addition, or Just, as we shall frequently say,

the distributive property. A o —
"As in the case of the other properties we have studied the
distributive prOperty has much to do with arithmetic, both with
devices Tor mental facility and with the very foundations Jf\the
subject. In our first example, ,the comparison ‘in arithmetic labor .ﬁgg

‘between "15(7) + 12(3)" and "15(7 + 3)" favors the indicated

product, because 7 + 3, or 10, 1leads to ah easy multiplication.'

.
s *

,
» -~
‘ v
~ .
. ! N
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In the next example, however, the comparison between .
"1 50(2 5t 150( )" and "150(5 )"" favors the indicated sum,

because it is more work to add the fractions a% and ‘3 than it

\\// is to,add 75 and 50. ’ -

More important than these niceties of mental manxpulation is
the role of the distributive Droperty in. much of our arithmetic
technigue, such. as, for example, in long multiplication. How do

. we perform . _—

- 3

62 .
X 23 2

We write ‘ .
. ' 62 -
I ‘ . X 23 ’
.. *.-186
o . 124 - . -
- 1526 f.
This really means that we take 62(20 + 3) as 62(20) + 62(3),
1240 + 186. (The "O" at-the end of "1phg" is' understood in our
long multiplication'form ) Thus the distributive property is the
foundation of this standard technique.
Suppose we wish to consider several ways of computing tﬁe
- Indicated product g

s

. . 1 1

) . : : (3' + -E)lg.»
This phrase'does not quite fit the pattern of the distributive
property as we have discuss d 1t so far. You can probably guess
on the basis of your previous eXpérience, that

(3r e = (%)12 ¥ (-E)lE Lo
is a true sentence. Let us, howeverleee how the properties as we

have discovered them thus far permit -us to conclude the tru of
is sentence. . - NN .

, First we know that - L .

ST ¢ g Tr)12_12(37 n—) .
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a ) )
is a true sentence (by what property of multiplication?).

Then we
may apply the distributive property as we have‘discovered it thus
far to write w . o ah T

101, o1 Ty
la-,(g + ) = 12(3) + 12(,%-5, . “

and a7pi& the commutative property twice moré to write

12(3) + 12(,;) (3-)12 + (,I)lz

.The last step, which would be unnecessary if we waye just trying to
B *

compute "(% + %)12" in a simple fashion, finally leads to the

desired sentence, namely,

’
-~

(3 + P12 =12 + ()12
This sentence, once again, seems to have'e eimple form, end in fact
‘suggests an alternaﬁe pattern for the distribqtive property which
s obtained from our previous pattern by several applicationsof
the comﬁutative’property of multiplication., In your own words.
state this alternate pattern. What pattern 1s guggested by the
sentence

(12 + (Pr2 = (3 + 122

-
Vs

= N
ZP%g;lems : )

&

1. Follow the patﬁern of any convenient form of the distributive
Qroperty in -completing each of the follqwing as a true sentence: *
(a) 12(3'+/w)/i 12( ) + 12( ) |
(b) 3( )4 (7) =3(5+7) N
C () ¢y +6() =13() | .
(3 + 11)2 = ) \

- A
Ueagnd T 1




Write ag common name fcr

' 1, 2y,
L G g
(Hing: 1

7

Thinkoof x + <§ as one numeral, and don't start
working until ‘you have. thought of a way of doing this exercise
*  which isn't much work ) :

L N

a

(2) 8(3 +‘3—) + (3‘ v 5-)7

“Write- bhe common names for.. . o

- °

(0) 75+ %w) + 5+ 3) .,
() 5(3+%+3 3 (5 +3)

Sets and Subsets.
. : o=

Include:,

Give a descriptién

¥

of

e following:

Friday?

in the preceding group and the describe all Seven. Give a
description of the collection of “qumbers : ‘: '
- 1, 2, 3, 44 5 '
of the cdllection of numbers:
I 2,3,5 7, 8.-
You may wonder if we drifted onto the nrcng topic. hhat do

these questions have to do with mathematics? Each of the above
collections is an exXample of a set. Your answers to the questions
should have suggested that®each set was a particular collection of
members or elements with some common characteristic. This
characteristic may “be only the characteristic of being listed

together. ' .

20
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The concepttof a set will be one of the simplest<of those you
will learn in mathematics. A set is merely a collection of elements
(usually numbers in our work). . .
Now we need some "symbols to indicate that we are forming‘or .
describing sets. If the members of the set can be~listed, we may '
include the members'within braces, as for the set of'the first five ,

.0dd numbers: . . ’

w

(1,3, 5, 7, 9); ' ,' )

or the set of all even numbers between l, and“ 9; : -
' {2, 4, 6, 8}; ,

or the set of states whose names begin with C:

[California, Colorado, Connecticut}

Can you list all‘the elements of the set of all odd numbers?
Or the names of all citizens of the United States‘> You see that in
these cases ‘we" may préfer or even be forced to give a description
of the set without attempting to list all iEs elements. . <
It is convenient to use a capital letter to name a set, such -
as . -

¢ A =, {1: 3, 5, 7}

. or S , . -
.- T . , ‘
A 1s the set of all odd numbers between O and_ -8.
A child learning to count recites the first few elements of a
set N. which we call the“set of counting numbers~* - N

&

N=(1, 2, 3,.4; <» Je -

™~

-
—

We ‘write this set with enough elements to show the pattern and then R

use three dots to mean "ahd so forth". When we take the set N L
and inélude the number O, we call.the new set the set w of .
whole numbers: .. o o ;

04

-

7 . W=1{0,1,2,3,4, ..}

4

*We sometimes refer to counting numbers 'as "natural numbers".
1
A

. -
. . . “
v “
.
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An interesting question now arises. %ow shal describe a
set such as the set of all even whole numbers which are. greater |
than 8 and at the same time less, than 10? Does this set contain
any elements?
there is no way to, list its elements. In mathematics ye say: that
the set which contains no elements is described as the empty, or
We shall use the symbol # to denote the empty set,
The set (0} 1is not empty, it contains the elemeht

null, set.
Warning!

0. On the other hand,.we never write the symbol for the empty set Q

& with braces. : . :

, . #
Perhaps you can think of more examples of the null set, such
as_the s&t of all whole numbers between g- and %. ‘ .

Notice that when we talk in terms of sets, we are concerned
,more with collections of.elements than with the individual elements
themselves Certain sets may.contain elements which also belong to
other'sets. For eXample, let us ‘consider the sets"

{0, 2, 4, 6}.

Form the set T of all numbers which belong to both R and S.
Thus, ~ .

T = [o 2, 4} 3

R = [O 1, 2, 3 4] and S =

We see that every element of T is also an element of R, We say
that T is a’subset of R ' '

If every element of a set: A belongs to
a set B, then "A 1is a subset of
Is T a subset of S?. g N
One result is that every set 1s a subset of itself! Check,
for yourself that [O,-§, 3, 4] is%a.subset of itself. We’ shﬁll )

~ also agree that the null set g is a subset of every set. .-

*‘34 p

29

You may not be inclined to ca®l this a set, because .

e

Voo

Y
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) Problems

’, M

Given the following sets:

‘e

-

P, the set of whole numbers greater than 0 and less than. 7,WN¢,
Q, ‘the set of counting numbers less-:than 7?& L0
R, the set of numbers represented by.the §§mbols on the faces

of a die; .
, the set™ {1% 2, 3 b, 5, 6]

S
(2)
(
(

List the elements of each of

4

the sets

P: Q, R.»

—_—

b) Give a description of se K -
¢} From the answers to (a) ahd (b) decide. how many possible
desgriptions a Set may have. - .
. i
Find. U, the set of all whole numbers from 1 tb 4, in-
clysive. Then find T, the set of squares of all members of '
U. Now find V, the set of all numbers belonging to both U
and 'T. (Did you include 2 in V? But 2 1is not.a member .
‘of T, so that it cannot belong to both U and -T.) Does

evéry member of .V belong to U?

Is

V a subset of U?

V a subset of T?

Is

U a subSet of T?

Is

Returning to Problem 2 let .K be the set 6f all numbers each
of which belongs either to U orto T or to both - (Did you

Anclude 2 in K? You are right, because 2 belongs to. U

and hence, belongs to either U’ orﬂbb T. fhe numbers 1° and
4 belong to both U and T but we include them only once in .~

K.) Is K a subset of U?-Is U a subset of K? Is T -a
subset of K? Is U a Subset of U? b N
Consider the four Bets , .
¢ — [
A = {0) .
‘ B- {o,‘]-] - RN ’
~ c = {0, 1, .2)
-/ 4 ‘ v ' -
. p .
23
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How many different 'subsets can be formed from the elements of each
of "these four sets? <€an you tell, without writing qut the subsets,
the number of subsets in the set

D = [O, 1,2, 3)9

What is the rule you discoyered for doing this? R
We shall say that a set is finite if the elements of the set
can be courited, with the counting coming to an end, or if the set
is the null det. Otherwise, we call it an infinfte set. We say
that an 'infinite set has infinitely many elements. R
Sometimes a finite set may have S0 many members that we prefer

. to abnreviate its listing. For.example, we might write the set E

of all even numbers betweeh 2 and 50 ‘as’

. v 1 .
1 E ='{‘4, 6: 8, DS ) ‘}{‘8]-
. . P

P

_Prpbleﬁs

-~ -,

1. Classify the following sets (finite or infinite)
) A1l natural numbers. ‘ /

All sguares of 21l 'counting numbers.

/ .
" d) Al natural numbers gless than one billion:

(
(
(¢) Al1 citizens of the United States.
(
(e

) ALl natural numbers greater than one billion. .
Given the sets S = {0, 5, 7, 9} and T =-{0,'2, 4, 6, 8, 10}.

Find K, the.set of all numbers belonging to both § -
and ‘T. ,Is K a subset of .S?-,0f T? Are- S, T, K
finite? . .

Find < M, the set Sf’éll numbers each of which belongs to .
S or to T or to bowh. (We never include the Same OO A
number’ more than énce in a set.) Is M a subset o;/f§° \
Is; T a subset of- ‘M? Is M finite? w4

2
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also finite° - -~f —

® . 19 )

-
o
=

-

Find R, the subset of M, which contains all the odd
numbers in M. Of which others of our sets 4s this a

subset? , ‘. . -
A ]

" Pind~ A, the®subset of R, which contains 21l the
members of M whidh\are mult%ples o; 11, Dpid you find

that A has no member§° Mhaﬁwdo wg call this set?
Are sets A and7 K the same;§§ % “how do-they

differ° = < s N ;“ ~‘33', . T T

o e , -
~ -

From your experience with.the last few problems, could
you draw the conclusion that’ subsets oF finite sets are:

Y

-/ o ~ i J

L J

Variables. Consider, fjé‘aﬂmoment; a simple eXercise dn
mental arithmetic: | - ‘ N

"pake

6, add .2, multiply oy 7, and divide by .4."

Following these 1nstructions, you will no doubt be}nk of the succes-
siop of numbers

> -

6, 8, 56, 14 .- ‘, : R

and observe that 14 pls the aﬁswe} to the exercise. Suppose you -
write down the instructions for each step of the exercise as follows:

‘ - v
% ’ \ /6 ¢ " :/z\
g‘ ; B\ 2 -
(6 +2) ' .
7{6 + 2) ' .“‘\
N

Does tn;élmethod of writing the exercise give more information or
less information? It clearly has the advantage of showing exattly
what operations are inv lved 1n each step, but it does have the

N disadvantage of not enling up with an answer to the exercise. On

fn76+2n . .
the other hand, ?he hrase ) —i——ﬂ——l' is a numeral for the answer

14,

A
4

a fact which,1s readily shown oy doipg the indicated arithmétic.°
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Here is a situation 1n:hhich you yeré asked to record the
'gggm of the exercise,,rather.than Just the answer. It illustrates
a point of yiew which”’is basic to mathematics. There will be many
places in this course where it is the pattern or form of a problem
which is of primary importance rather than the answer. As a matter
of fact, we are rarely interested only in the answer to a problem.

Try the exercise with the followirig instructions:

s "pake 7, multiply by 3, add 3,
multiply by 2, ang divide by 12." AN

What is the phrase which shows all of the\operations? Is it a
numeral for the samé number you obtained mentally? | P

Let us now do one of these exercises with the added feature

that you are permitted to choose,at the start any one of the num--

bers from the set N ce .. we

® .8 = {1, 2, 3, o 10001} .

" The gnstrucﬁﬂons this time are: ° . . “&E;\\\

_"Take any number from .S, multiply by 3,
add 12, " divide by 3, and subtract 4.," -

’ Tﬁis exercise might be fhought of as actually consisting of
1000 diffe;eﬁ? exercises in arithmetic, one for" each chdice of a .
starting number from the set Si’ éonsiqgf the exercdsg obtained
by starting with the number 17.. The arithmetié method and the
pattern method lead ﬁé the following steps:

¥ Arithmetic o e Pattern
17 o 17
51 3(17)

63 ‘ : 3(17) + 12
.21 ) 3%17)‘h 12
£ 3
1, . ‘ ]
17' r ) 3£17) +~12 - 4




b, ©

" by the word "number", the steps in the exercise become:

- ’ | «[:: . -3n ; 12

v 21 )

Notice that, by the distrf%ﬁtive property for numbers and since ..

= 3(1), ,
J 3(17) + 12 = 3(17) + 3(4) = 3(17 + 1),
so that . ' . -
' 3(27) .+ 12 3(a7 £ %) _ .
3 = - 3 =17 + 4, [ -
Therefore

~ . . » \N
gilZlgi%lg “ Y =17 + 4 - 4 =17, { Ny

In other words, the final phrase obtained in the "pattern" is a
numeral .for 17. Try som€ more choices from the set §. w111 you
always end up ‘with the number you chose at the start{ One method
of answering this’question would be to work out each of the 1000
different exercises! Perhaps you havelalready gupsseq, from work-
ing the pattern for several cases, that it may not be necessary to
do a1l of the 1000 exercises to answex\the above question. °
Let us examine the pattern of the exercise more closely.

Observe first that the pattern really does not depend on the number
chosen from the(set S. In fact, if we refer %6 the number chosen

. " number S T

i 3(number) X’ .
3(number) + 12

§Knumbe§) + 12°

\
3(number) + 12 _ oo T
- B . .

v

.In order to save writing, denote the chosen number by "n". Then
the steps neeome: L
T, . ) ''n
‘ - 3n’ )
) - 3n + 12 ' ‘ s

\¢

. . 3n+l2_4
=

My

(N

-~
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is used here as., a numeral for the chosen number and

Note that "n"
that the phrase in each of the other steps is also a numeral. (Thus,
if n happens to be 17, then the indicated product "3n" is a
numeral for 51.) In particular, the phrase ég_g_lg 4" 45 a
numeral for the "answer" to the exercise. Moreover, by the dis-
tributive property for numbers, ' ) '
3n + 12 = 3n + 3(4) = 3(n + 4).- ‘

Hence, '

“3n g 12 3(n3+~4) o+ 4 -
Therefore, . . <. . .

3n + 12 _ o

" == - 4y =n+ 4 - 4o=n,

Since "n" can represent any particular element of the set S, we'

conclude that the erid result in this exercise is indeed always the
same as the number chosen at the start.

The above discussion illustrates the great power of methods
based on;pattern or form rather than on simple arithmetic, The .
method, in a sense, énables us to replace 1000 different. arithmetic
problems by a single.prcblem! : . )

Would the discussion of the exercise be changed in any essential
way 1f we had decided to denote the chosen number from S by some
letter other than n, i

A letter used, a8 "n" was used in the above exercise, to
denote one- of a given set of numbers, is ‘called a variable. In a
given computation involving a variable, the variable is a nuneral

say m or 'x? ’

-

1

whiéh represents a definite though unspecified number from a given

set of admitssible numbers, The admissible numbers for the variable
"n" in the above exercise are the whole numbers from -1 to 1000.
A number which a given variable can represent ‘is called a value of
the variable. The set of values of a variable is somepimes called
its domain. The domain of the -veriable "n" in the above ‘exercise
is ‘the set S = {1, 2, 3, ..., 1000}. Unless the domain of a
variable is specifically stated, we shall assume it to be.the set
o_f all nwnbers\. For the time being, we are considering only the

numbers of arithmetic. . ’ S R

v

'
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/ o "+ Problems - . . 4

~
« - s

1. If the sum of a certain number- t and "3 is dolbled, which *
of the following would be a correct form:

‘ "2t +3 or 2(t+ 3)9 )
2. If 5 is added to twice ‘a certain number n and thé~sum is
©+ divided by 3, whiEJ is the correct form: .
§2§i_§ or 7; + 5?

’

?. If one-fourth of a certain number x 1is added to one third of
four times the same number, which is the correct form:

» 3'(4}() +--E(X) or E'(X) + -E(X)" e ’ o
4, If the number of gallons of milk purchased is y, which is
the correct form for the number oﬂ qpart bottles that will C s
contain ito ‘ {\K o ‘ NI ; , N N .
by “or %? ) ' £

[ . ~ -

5. If a 1is the number of feet in the length of a certain rect-
angie and- b is the(pumber of feet in the width of the same
rectangle, is either form the correct form for the perimeter:
' a+b or ab?

/ 6:“ If-.ae. is 2, h 1s "3, < 1is -%, h is 1 and n'.is O,-
then what is the value of (fhat is, what number is represented

‘:_by) : o _ \ 7 ﬁ
(2) 6b + ac” (£) n(ec + ac) ‘ e
(b) (a + b)fa + m) o (g)’ 2a + 3b

m

(). 6(b + ac) ., (n) m(d = ko)

(a) 2o ‘,(1)%%%

Mol

—— “(e). nc + ac . A ) 2+ 2(b + m)




"If a 18 3, b 1is 2, and c'is 4, then whaf is the
value of: ’ oo
3b 5¢
., B+ 3 -
(8.) (3a + gb) - 20?. . '(c) . 2 —g T2

?

-

(b) {62 - .I;b) t50, . (g {l.5a s 3.;7713) L 2.1c, |

5

Es

Summarize the new idéas, ineluding definitions, which have
‘been introduced so far. -

~
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SENTENCES AND PROPERTIES OF OPERATIONS

%
-

Sentences, True and False. Is the Sentence, ""The cover
of this/ book-is blue.," true or false? Obviously, it is true.
Let us/consider another sentence. "The world is flat." is
obviofsly false. If ohe were to say " is president of the
United States", would this sentence be true or false? Actualiy )
it 1¢ neither. The senténce may be made true by inserting the
proper name in the blank, but it could Just as'easily be made
falge. We say that it is "open", i.e., it is neither true nor
false until we complete it, but once completed it then will be
either true or false. '
The choice we make to complete the sentence will determine
whether it is to be true or false. It should be noted, however,
t at . it is permissable (from, the standpoint of logic) to make a
false statement.

When we make assertions abOut numbers we also write sentences,

such as v

<y
.

(3+1)(5+2) .
Remember that a sentence 1is either tfue or false, but not both.
This particular sehtence is false.
Some sentences, such as the one ‘above, involve the verb "=",

meaning "is" or “is equal to".  There are other verb forms that we
shall\use in mathematical sentences, For example, the symbol ~“#"
will me®n "is not" or "is not eqpal to". Then’

8 + 4 #£ 28-2
is a true sentence, and( _ -
8+ 442 '
. C,
is a false senfence. :
, ’ .
. .
L “ "

1%
|

R}




T ’ Problems

Which of the following sentences are true? Which are false?

1. 4+8=104+5 o 6. 8(%-%)'=8(%) - 8(3)
2. 5+ 7#6 %6 v 7. 13 x0 =13

3. %.‘Lg:l}??' . 8. 3(7)%2(3) ‘

v, 83%es 9. 8(5-) 2t "

5.  T7(6 x 3) = (7 x6) x3-

] . . ,

Open Sentences. We have no trouble deciding whether or

not a numerical sentence 1is true, because such a sentence involves
specific numbérs. Consider~the sentence

- s ) - <+ 3 .

b

-
.

Is this sentence true? You will proéest that you don't |[know what ]
number "x". represents; without this information you Cannot decide.
In the same way you cannot decide whether the sentence, "He is[a

doctor," is true uatil "he" is 1dent1f1ed In this sense, the
variable "x" "is used in much'the same way as a pronoun in or inary
language. . )

Consider the sentence - ) '%

-

3n + 12 = 3(n + 4). -

.'We cannot decide whether this sentence is true on the basis of} the

sentence alone, but here we have a different situation. We cofald

decide if we knew what number "n" represents. But in this cise

we gan decide without knowing the value of n. We can recall 3

general property qf numbers to show that this sentence is true |no
n.n

matter what number 'n represents. (What did we call this
general property of numbers?)

A
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We say that sentences such as

i x+3=T7. . ‘)

and .

o » 3n + 12 = 3(n + 4), '

which gontain variables, are open sentences. The word "open" is
suggested by the fact that we do not know whether they are true
_ﬁitﬁout more information. An open sentenE& 1s a sentence 1nvolving
one or more variables, and the question of whether it is true 1s
left open until we have enough additional 1nformation to decide.

In the game way, a phrase 1nvolving one or more variables is called

an open phrase.

/
Problems . : /

1 )
' /

In each of the following open sentences, determine whether the
sentence is true if the variables have the suggested values

< /

. T+x=12 let x be 5. ' 1 N

1
2. T+ x#12; let x be 5. ‘ ]
3, X +1 #3; let x be 3; let x be 4, /

N, éy + 53 =23; let x be U4 and y be 3; 1let xf ﬁe 3
and y be R. \ ; N s
5. 2a -5 %'(2a +'4) - b; let a be 9 and b _be 9; let
a be 3 and b be 9. '

ot

If we are glven an open sentence, and the domain of the vari-
able is specified, how shall we determine the values, if any, of the
variable that will make it a true sentence? We gould gaess various

numbers until we hit on a "truth" number, but after the first guess, .

‘a bit of thinking could gulde us.




Let us experiment with Egh open sentence "2x - 11 = 6", As a
first guess, try_.a number x large enough so that 2x is greater
than 11; let x beg 9. Then . , ' |
2(9) - 11
o 7' ' ’ . Ly ~

Thus, the. numeral on the left represents 7,' which is different
from 6. Apparently O was too large; so we try 8 for x. Then

x - 11

2x - 11 2(8) - 11
. = 5, .
Here the nume;al on the left represents 5, which is alsq different

from 6. Since 8 was too small, we try a number between 8 and
9, say 8%. Then

i,

2x . 11 = 2(83) - 11"~

=6,

’

"6 = 6" 1is a true sentence; so we find that the open sentence

"ox - 11 = 6" 18 true if x is 8%. Do you think there are other
values of . x making it true? Do you think every open sentence has
a value of the variable-which makes it true? Which makes it false?

.z
¢ |

%foblems ,

¢ f

’

will make each of the follow-

3
B}
.

Determine what numbers, if any,
ing opé( sentences true:

y

1. 2+y=8 - ' 4, bt 4+ 2t £27 + 3t
2. Ux - 3x =14 ) 50 t+3=3+¢%:
3. ‘s +3=84+2 T 6. (x+1)2F x4 2

v -

‘\2 If a variable eccurs in an open sentence in the form "a-a"
eaning "a multiplied by a", it is convenient to write -"a-a"
as "ag", read "a. squared". - '

g

A
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"~ Problems

1. Try to find values of the variables which make the following

open sentences trye: . . . T . . - )
(a) #2209 @ (-n2=d "
.o '] . ' e =
© (b)) ¥-x2a0 (o) WaxPaol o
(¢) %2 = 'x (£) x° 7 =17

2, What‘is a value of x for which

§

2 9
=15 Ay
is a true Sentence? ’ ’ " $ ‘
3. A number of interest to us later 1s a value of x Ffor which

1x2 = 2" i a true sentence.. We call this number the square

" .root of 2, and write it /2. Later you willi-find that /2
is the coordinate of a point on the.,number line. Approximate-
ly where on the number line would it lie?

, &
2) -

Truth Sets of Open Sentences.‘_Let the domain“of the .
variable in the sentence - )
. »
. 3+x=17

-
w4
be the set of all numbers of arithmetic. If we specify that x*

has a panticular value, then the resulting sentence is true or 1s
fjlse. For instance, . / ‘ . .

) ‘ - . v SR
If x 1is the sentence is -
0 3+0=7 false
1. 341=7 . false
5 34z =T filse . -
X . .
2 B+x2=17 false ’ E
, b 3+ 4 =7 . true \
6 3 +6=7 =« false % ¢




u_lnrthis way the sentence "3 + x = 7" can be.thought of as a*,
sor er: it sorts the domain of the variable 1nto two subsets. Just:
as you might sort a deck of cards:into two Subsets, black and .red, _
the domain of the variable is sorted into a, subset of all those
numbers which make the sentence true and another subset of all

those numbers which make the sentence false. Here we see that -4
belongs to the first subset, while O, 1 ,-%, 2, 6’ belong to the
second sibset. . ~ ;

' The truth set of an &pen sentence in one variable is the set

of all those numbers from gng domain of the variable which make

the sentence true. If we do not sSpecify otherwise we shall con-

tinue to assume that the domain of the variable is the set of all '~

numbers of arithmetic. (Recall that the numbers of arithmetic

consist of O and all numbers which are coordinates of points to,
the right of 0 on the number line.\)\j

Problems

“

1. With each of the following open schences is gTIven a set which

contains all the numbers belonging to its truth set, with
possibi&'some more. You are to find the truth set.

. (a) 3(x+55=17; [o,%, %, 1}, oo

(b) x° - (4x - 3) =0; (1, 2, 3, 4.

"

() x®-Fxsg=0; 0,3 3 g
{‘&4 2) ]' ‘

3x; {0, 1, 2].

“e

1 _
(d:) x+-f—2

(e) x(x + 1)

(f) 22(7-*-_1': 3; [0: 2, 4]-

. ~

e B * . -

. .
. . <, ,
Fr—— ay } o A o i e .

!




.~ (8 x l=5x-1; (1,3 2).

. ~

’ -
_ (h) x+2=x+7T; {0, 2,.3}. ) <§§.'q \\\<\*<\;_w,

Many formulas usedtin science and business are in the forms of
open sentences in several variables. For example, the formula

.
K‘,_ .
A

-
’

= gBh

is used to find the volume of a cone. The variable h represents
the number of units in the height of the .cone; B represents the
number of squar unité’in the base, V represents the number of -\
cubit units in the volume. When values are specified for all but

.) one of the variables in such a formula, the resulting open sentence
contains one remaining variable. Then the truth set of.this sen-
tence gives information abqut the ¢gmber represented by this vari-
able. > o ]

Continuing the example, let us:'consider a_garticular cone whose

volume is §6 cubic feet and the area of whose_bape is 33 square

“ feet. From this information we determine that V is 66 and B

_' is 33, and we write ‘the corrésponding open sentenc in one vari- ’
able h, ’ . <//7 '

= 3(33)n..

‘The truth set of this sentence is {6}. c L

Applying this information to the cone, we find that the height
of the cone is 6 feet . .
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' Problems \
1. ihe formula used\to;change a temperature F measured in

N degrees Fahrenheit to the corresponding témperature C in
degrees Centigrade is .-

- b

‘ = 3(F - 32). -
Find the value Bf’/c when' F 1s 86.

-

-

2. A formuia'ﬁsed in physics to relate pressure and volume of a

jgiven amount of a gas at cohstant temperature is
N .

- pv = PWw,

.

[}

where V. is the number of cubic units of volume at P units

of pressure and v is the number of cubic units of volume at////
P units of pressure. Find the value of V when v is 600,

P i8° 75, and p 1is 15. :

3. .The formula for the area of a trapezoid is -

‘\\ N A ='%(B + b)h,'
\wpere A 4s the number of square units in the area
the numbep of units in the one base b 1is the numper of :
unitsiin the other base, and h 1is the number of its in
the helght. Find the value of B 'when X is .20, b .is 4, ~
and h is\ 4, L -

it 7

™ Voot e ern e e s

Graphs of Truth Sets. The graph of a set S
it will be recalled, is” the set of all points on the numberlline
corresponding to the numbers of S, and only those points.

Thus, the graph of the truth set of an open sentence co tain-

" ing onﬁ Variable is the set of all points to the right of O on

which e the open sentence “true. Let us draw the graphs of a

feu_gpfn sentences. . ‘ ' .

the nuzZ;r line whose coordinates are the va;ues of the variable

~

-




T ; 33 %
. - . \.J. . )
. . Sentence - | ., _"Truth Set Graph
= 2} .
' ) 0 2 3 4 5
- . A ’
(b) x#3 . _ All numbers g ; O5— >
y . Of arithm&b\ic o T 2 3 4 5
. except” 3 , .
(¢) B+x = (7+x) - 4 ALl NUMbErs  —mmm—|————r———p
L, . of arithmetic o ° 2 3 4
. )
(@) v(z+1) =3y - (o, 2) -+
. . 0 [ 2 3 4 5 .
(e) 3y=7 | [%-} —t +o—i —
0 [ 2L 3 .4 5
* 3
; ‘
(t) 2x+1 = 2(x+1 —_—
' ) . ﬂ 0 | 3 3 4 5

] ' / . , (Graph contalns no points)
, You will notice in {b) that we’ {ndicate that a point is included in
the graph if it is marked with a heavy dot, but not included if it o
\ is circled. The heavy lines indicate all the points that-are covered.
e arrow a.t the i;ight end of thea&mber line in (b) and (¢) indicates .
that all of the po‘;Lnts to the righ,t' re on the graph.'

\

S

o Problems N\

\\

1. x+7 =10 5. (x)(0) =x,
\‘ Pl
2, X =x+ 3 6. 2x+3=8,
3. x4xAex 7. £y
4, x+3=3+x 8. x°=o2x '
) Co )
¢ 39 - /
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Sentences Involving Ineqnalities If we consider any
two different numbers, then one is less than the other. Is this

always true? This suggests another Y,Pb form that we shall uEé in

numerical sentences. We use the symbol ,"<" to mean "is less

than"” and ">" to mean "is freater than". ° A
To avoid confusing these dymbols, remember that in a true

sentence, Nawth as - . .

8 < 12
or
. ‘12 >- 8,

the point of the symbol (the small end) 1s directed toward the
smaller of the two numbers, . ’

_Find the two points on the number 1ine which’ correspond to 8
and 12.  _Which point is to the left? Will the lessér of two num-
bers always correspond to the point on the left of the other?
Verify &our answer by locating on the number line points corre-
sponding to several pairs of numbers, such as -g and 2.2; %
and 3. ) - . ’
Just as "#" means "is not equal to", "}" means "is not
greater than". What does "¢" mean? '

~
Problems

Which of the following sentences are true? Which are false?

Use the number line to help you decide. .

b+ 3<3+ 4 7. 5.2-3.9<k6
5(2 + 3) ¥5(2) + 3 . 8. 2« 1.3 > 3.3
z+341 ‘ 9. 2+1.3}3.3

5‘+ 04¢5 10. %+ (3 + 2) < (4 + 3) +2
2>2x0 1. 844 <Ex84+Exy

+1.1=0. . . 5+(-§+%).;[(4-1)2-

4




\

Open Sentences Inrolvigg Inequaiities. What is the truth

set of the open sentence : . ’ -

X +2> 4
We can answer this question as follows: We know that the truth
set of .

< ; X + 2= 4

e

1s {2}. When x 1is a number greater than 2, then x + 2 1is 2
number greater than 4. When x 1is a number less than 2, then
X + 2 1is a number less than 4. Thus, every number greater than
2 makes the sentence true, and every other number makes it false.
That is, the truth set of the sentence _ x4+ 2 i\ﬂ" is the set of
all numbers greater than 2. - ‘

The graph of this truth set is the set of all poihts on the

" “number line whose coordinates are greater than 2. This is the

Fet of all points which<#lie to the righm of the point Y}th co-
ordinate -2: 0 D

L
T

5 6

"As another example, ‘consider the graph of the truth set of

2

- . 1+x< 4
Truth Set - t Graph
All numbers of arithmetic

from O: to 3, including P
0, not Including 3. . O - |

It is customary to call a,simple sentence involving an

equation artd a sentence involving g or ™" an inequali

- f
< ~
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Problems

sentences~

(a) x#2 T (e)
(b) x5 2 o . (f) m<3
(¢) 3+y #%4 (g) m>3

4

(d) 3 +y>4h ’

Below are gome graphs. For each graph, find aﬁ open sentence
whose truth set is the set whose graph is given,

-
© —+=

If the domain of the variable of each open sentence below is
the set {0771, 2, 3, 4, 5}, find the ¢ruth set of “each, and

.
-

draw its graph. o ) ) ~
(a) ¥+x=7 . (a) x+3<6!
(b) 4x +3 =6 (e) 2x + 6 =2(x + 3) )
(¢) 2x> 5 ~ .

42 )
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ug//’ §entences With More Than One Clause. All the sentences
discudsed so far have been simple——that is, they contained only
one verb form, Let us consider a sentence such as

4 + 1= 5, and 6 +2=". j

Your first impression may be that we have writfen two sentences.
But if you read the sentence from left to right, it will be one
compgund sentence with the connective and between two clauses. So .

in mathematics, as well as in English, we encounter sentences
(declarative sentences) which are compounded out of simple sentences.

Recall that a numerical sentence 1s either\true or false. The
compound sentence . . .

b +1 =5 and 6+2=7 N
is certainly false, because the word and means "both", and here the

secbnd of the two clauses 1s false. The compound sentence

T ,3%1+2 and 4+ 7> 10

-

"is true, because both clauses are true sentences.
In general, a compound sentence with the connective and is
true if all its clauses are true sentences; otherwise, it is false,

) -
. _Problems N

’ Id

wnich of the following sentences are true?

1. Yy =5 ~-1-and 5=3+ 2 o

L

321--% and 6<-§x9

.

3. 3> é +2 and 4+ 7< 11

.. 5

1 ® 3
b, 3+2>9x% and 4 x5£5

<. . g ”
5. 3.2+ 9.4 #12.6 and £ <13 : B

6. 3:2'5 + 0.3 #£ 6.25




"say, "My package or your package will arrive within a week", 1t

-

Consider next the sentence

b+1=5 or 6+2=17.

@&

This is another type of compound sentence, this time with the @
connective or. Here we must be very careful. Possibly we can
get a hint from English sentences. If we say, "The Yankees op
the Indians will win the pennant", we mean that exactly one of
the two will win; certainly, they cannot both win. But when we

is possible that both packages may arrive; here we mean that one
or more of the packages will arrive, including the possibility that
both may arrive. The second of these interpretations of "or" -is
the one which turns out to be the better suited for our work 1n

mathematics., .

Thus, we agree that a compound sentence with the connective
or is true if one or more of its clauses is a true sentence; other-
wise, it is false. B

We classify

-

b+1=5 or 6+2=17

*

as a true compound sentence, because its first clause is a true
sentence; we also classify

SA( b +3 or 2+1 44

s

" as a true compound sentence,'$Ecause one or more of its clauses

is true (here both are true)
Is the sentence -

- N . ”
s u

-

3#£2+1 or 2> 4 +.1
false? Why? '
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Problems

-

Which of the folloning sentences are true?

1o 3=5-1 of 5=3+2 5 )

2. 7=%—‘+%4;r 2=22_3 ‘
3. k>3+2 or 6<3+1

u, 2 +'é’> 9 x-% and & x'% £6 -

s, é.5+2.?748.8 or %<§5

.6. 5+ 4<9 or % < f%.

1S

7

S
~ 4 <

Granhs of Truth Sets of Compound Open Sentences. Our
problems in graphing pave so far involved only simple sentences.
Grapps:of compound open sentences require,speciél handling. Le%
us consider the open sentence ’

.X> 2 or x =2, - ‘)

The clauses of“this Sentence .and the corresponding graphs of their
"truth sets are* :

e

x> 2 t t ‘¢ v :/,»_ } Ve .‘!,
of 1 2 3 ﬁ‘.@};x R
- / > :ﬁ%@* S f“\&&*ﬁww
. t v AR i
x=2 - ———— AR E
4 "\.\&_ 4 \;
0 I 2 3 T :
; S i E
4
' If a number belongs to the truth set of the sent\\be "x > 2"

or to the %ruth set of the sentence "x = 2", 1t is a number °

belonging to the truth set of the compound-sentence "x > 2 or

x = 2" « Therefore, ‘every number gréater than or equal to 2 belongs
to the.truth set. On the other hand, any number less than 2 makes
both clauses of the comppnnd sentence falfe and so fails to belong

to 1ts truth set. The graph of the truth set is then

45
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,

‘

S

- gets:

“éi graph of the truth set of the compound sentence 4s

'
1
!
1
{
l
i
|
1
]
!
i
|
§
}

_ meaning for "<". .

X >2 or Xx

]
no
(@}
o]
D
L 7

We abbreviate the sentence "x >2 or x=2" to "x> 2",
read "x 1is greater than or equal to 2". Give a corresponding

&«

Let us make a precise statement of the principle involved:

' The graph of the truth set of compound sentence with connect-
ive or consists of the‘set of all ints which belong to either one
of the graphs of the two clauses of the compound sentence.

Finally, we consider the problem of finding the graph of an
open sentence such as :

-

x> 2 and x < b4,

lAgain we begin with the two clauses and the graphs of their truth

-~

x>2., ——t—0
0 2

o 3 \
f : . . i h

. XKl g— 4 4 —

0

. ! 2 3

“ 8 i ‘ -
«-,. . 4 "

wt
H--g
oA

Then it follows (using an argument simllar to that above that the

‘ , ‘ \
and it —t ; —
X > ? N kx s ( S : A

i LI
T

O
2 5

50O

Sometimes we write "x > 2 and x < 4" as "2 <x W,
We see that the graph of the truth set of a compound sentence
with connective and consists of all points which are ‘common to the

. graphs of the “truth sets of the two clauses of the compound
sentence',

.
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It has required many words, carefully chosen, to desgribe the
various connections between sentences, truth sets and graphs. We
consiséently’referrEd to the graph of the truth set of an open
sentence. In the future, let us shorten this phrase to the grag
of a sentence. It will be a simpler description, and no confusion
will result if we recall what is really meant by the description.

For the same. reasons we shall find it cbnvenient to speak of
the point <3, or the point ?’ when we mean the point with co-~
ordinate 3 or the point with coordinate ? Poinﬁs and numbers
are distinct entities sure, but they correspond exactly on
the number line. wﬁenzjeigrhere is any possibility of confusion
we shall remember to give the complete descriptions.

1
R

Problems

Construct the graphs of the following open sentences:
!

X or x=3 | 5, x>2 ahd x< %% .

‘ b d and x = 3 5. bd 5 5 and ' x = 5 .

X or x =5 6. x>3 or x=3

- -

. Summary of Open Sentences. We have examined some
sentences and have seen that each one can be classified as either
true or false, but not both. We have established a set of symbols
to indicate relations between numbers:

"=" means "is" or "is equal to"

~ ’

means "is not" or "is not equal id““

means "4s less fhaq" 1

means "is greatér than" )

means ﬁis less tﬁﬁh or-is equal to

means "is greater than or is equal to",
. } .

H
;

I
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We have discussed compound sentences which have two clauses.
If the clayses are connected by the word or, the sentence is trme
if -at least one clause 18 true; otherwise it is. false. If the
clauses are connected by and, the sentence is true if both clauses
are true; otherwise it 1is false.

An open sentence 1s a sentenceé contalning one or more variables.

The truth set of an open sentence containing one variable is
.the set of all those numbers'which make the sentence true. The
open sentence acts és a sorter, to sort the domain of the variable
into two subsets: a subset of numbers which make the sentence true,
and a subset which make the sentence false. '

The graph of a sentence is the graph-of the truth set of the

sentence. . - .
- ¢
. Problems ’ i
- a
State the'truth set of each of the following open sentences .
. and construct its graph. Some examples of how you might |
state the truth sets are: a
‘ ' ]
Open Sentence . Truth Set:;)?

e ) $

x+3=5 {2k ) o ;;E:
2x #£ X +3 ‘The set. of all numbers of gri etic exCept 3

. XxX+1<5 The set of all dumbers of drithmetic léss’
' . - than %, e e
o x>9 The set of numberg‘consisting of 4% and all
« e, numbers greater than #%. ‘ ..
1. z +8=14" 8. 3afa+ 5"
2. 2+v<15 ,9. 9+t<12 or- 5+ 1 #.6 )
3. 6>1+3 and 5+t =1 1g£ 5% + 3 < 19
o4k, 6>14+3 or 2+t = 1. (x-12%=14 . ,
5. x+2=3 or x+4=6 123 —(8+x) -2 ,
6. §>3 : 13. t+6<7 and t+ 637
. ,

. £t + b =‘5 or t+ 5 ¥.5
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ot o T n(1) =n
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Identity Elefments. For what number n is it true that

n+ 0 =
Here we have an interesting property which we.shall call the
addition property of zero. We can state this property in words:
"The sim of. any humbe; and O 1is equal to the number."
We can state this property in the language of algebra as .
follows: ' : )

For every number a,

a+ 0 =

"Since 'adding O to any number gives us identically the same
number, O 1is often called the/identitx element for addition.

Is there an identity.element ‘for multiplication? Consider the
truth sets of the following open sentences: Co

-
h

3x = 3
2 2 .
=3
- I T = .7y
L - n(5) = 5.

’

You ﬁave surely found thay the truth set of eéch of these 1is
{1}. Thus,:

- B s

seems to be a true sentence for all numbers. How'could‘yo state
in words this property, which we shall call the multiplication
property of one?

We can also state this in the language of algebra.

2

For every number a,

-

‘v ' ’ . a(l) =

~

We can see that the identity element for multiplication is 1.




A

" humbers is 0, what can you tell about the other number6

~ Wwe use the multiplicétion property of 1 in arithmetic in working

_ multiple of both 6 and 9, but ‘it cannot be 0. Thus, 36, -on

There is another property of zero whicg will be evident if you
answer the following questions:

1. What is -the result when any number of arithmetic 1s
multiplied by 02 . Y

2. _.-If:the product of two numbers is O, and one of the

The property that becomes apparent is called the multiplication
property of zero, and can be stated as follows:

For every ‘number a, . i '

ago) = 0.

These properties of zero and 1 are very useful. For 1nstance,

with rationsal numbers. .Suppose we wish to find a numeral for -
in the form" of a fraction with 18 asyits denominator. .0f the .

many names for 1, such as ?” 3’ s ++.s We choose %?' . _
because 3" is the number which multiplied by B~ gives 18. We e
then have , -, \ ; .
5 _ g . . 4
\\ g = (1) . .
¢ B g(%) . SRR TP

.
. 3
. 5 3 . ., . - ‘6‘
‘= ”» ~ . . ' . ) N
° - - ’ (NS N L

3 . - - . K
‘l B . 35 LS 4 . .
N ;s om -3 0
7 . 1 . L& . R
.

]
. -
~

Suppose we now wish to add ~% te -g =&o do th;s, we des%re oéher
nam&s for '% and %, names which are fractions with.the same {P s
-~ é .
denominator. What denominator should we choose? .It must be & -

@ <
kY

18, or 5%, or many others, are possible choices. Fdr-simpliritj-\ s ]

.we pick the smallest, which is 18, (THis is called thé least

- common multiple of/ 6 and 9.) Iﬂ'order, now, to add 5-3 to g, [

s

we a;ready_knoyvt t -

, .
' " el - I
! oo :

s Y, . é o }_g . M >
“,‘ t- . 1 : ' ’ N




Similarly,-

. _ 752}

Then

+ 5
Example, Find a common name for ™ =——.

Vo \ \2‘7

*5_,'3"’5 21
. 3
] \ 7

- -
,7'
(§ + 5)21

) (7)21

5 | 2(21) + 5(21) .

7(21) 1

_ 14 + 105
——T_

7§
passt

(Wny a1d we use 21'>)

“(Note use of the
distributive
property.)

;
“x
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Show how you use thé properties of 0 and 1 to find a

- - . . (
common name for’each of the following. J ‘ _ﬂ/
. - T+ ) -
1. % + % . 3 3. 3
/? »
$
o - 1 3
7 .5. 2ty .
2. T-é--f-m . . ) L, -3 o N
\ Ry m ¢

5. \?29 If you know that the product of two numbdrs is 0, and
that one of the numbers is 3, what can you tell about

e other number? i

(b) If the prodyct of two numbers is O, what can you tell

about\a¥® least one of the numbers? . . .

(¢) ..Does the multiplication'prOperty of O provide answers
to these questions? Is another property of 0 implied

here?

-

. Closure. In our work so far we have-often combined two
numbers by addition or multipli tion to. obtain a,number. We have.
never dOubted that we always.do get a number because olr experiefice

“1s that we always do. *
If you add any two of the numbers of arithmetic the sum is

-When a certain Operation is performed

— T

always a number of this"set.
on elements of a given subset of the numbers of arithmetic and the

resulting number is always a member of the same subset, then we say
that  the subset is-closed under the o erétion. We say, therefore,
“that the seu of numbers of arithmetic is[closed under addition.

N\ Likewise, since the product of any two numbers is always a number, AT
the set of numbers is closed under multiplication. We state these

properties in the language of algebra as follows:

\ ) . ‘




N

Closure Property of Addition: For eysry number a and every
number b, a + b 1is a number.

<
Closure Property of Multiplication: For every number a and

every number b, ab is a number.

® ’

¢ -

" Associative and Commutative Properties of Addition and
Multiplication. The algebraic language with which we have been
becoming familiar permits us, as in the case of the properties of

] 1 and O which we have just studied, to give a statement about

the above property in this language. We have three (not necessarily

different) numbers to deal with at once.’ Let us call the first
"a", ‘the second "b",~and the third "c". "Add a second number
to a first number" is then interpreted as "a + b"; "add a third
number to their sum" is interpreted as "(a + b) + ¢". (why did
we insert the parentheses?) Write the sec alf of our verbal
statement in the language of algebra. The words "the outcome is
. - the same now tell us that we have two names for the same number.

.

Our statement becomes . ‘
(a+b) +c=2a+(b+c). {\

For what numbers 1is this sentence true" We have concluded pre-
viously that it is true for all numbers. And so we write, finally,

For every number ‘a, for every number b, for every number

J (a+Db) +c=a+(b+ec).
“We recall the commutative property of addition.” It was rerbélized
as follongﬁ If two numbers are.added in different orders, the

resylts are the same. In the language of algebra,\we3say .

4

For every number a .and every number b, .

~ a + b=D>» + a. .

1
ﬁow would you state the assoclative property of multiplication

in the language of algebra?® - . ;

»
~

¢,
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What property is given by the following statemént? .
For every number a and every numbex; o,

. Q ~

. Erad
ab = bar - ) .

These properties of the operations enable us to write open
phrases in "other forms". For example, the open:phrase 3d(d)
can be written in the form' 3(d-d), 1i.e., 3d2, by applying the
associative property of multiplication. Thus, two “forms" of an .
open phrase are two numerals for the same number.

Among the properties with which we have just been concerned
are the commutativity of addition and multiplication. Why are we
Sso concerned- whetheﬁ binary operations like addition and multipii-
cation are commutative° Aren't all the opdrations of arithmetic
' commutative? Let us try division, for example.. Recall that

6+3
means "6 divided by 3" Now, test'whether
. 6 w-3 =, 3 + 6

' S

is a true sentence. This is enoush evidence to show thaf division
is not a commutative operation. (By the way, can you find some a
and some b such that a+b =D + a?) Is the division operation
dssociative? ) ’ o K
Another very interestingvexample for the counting numbers I;
the following: 1let 2+%*3 be defined to mean (2)¢2)(2); and.
- 3**2 to mean ,(3)(3). In general, a**b means a ‘has been used
as a factor b times. Is the following 8entence true? T

. 5E*2 = 2¥%52

Do you conclude that this binary operation on, counfing numbers is
commutative? Is it associative? ~

You may complain that this second example is artificial. On
the contrary,'the **  operation defined above 1is actually used in
the language of certain digital computers. You see,‘a machine is

‘much happier if you give it all its instructions on a line, and so

— () , . I




a2 "linear" notation was devised for this operation., But you see
*épgy to the maching'the order of the numbers makes a great difference
in this operation. Is there any restriction on the types of numbers

on which we may operate with **?

<

Proﬁiems

1. If x and y are numbers of arithmeyic, the closure property
assures us that 3xy, 2x and therefore, (3xy)(2x) are
numbers of arithmetic. Then the associative and commutative

properties of multiplication enable‘us to write this in
L4

anotheg form: \, .
S (3xy) (2x) = (3-2) (x<x)y
= 6x° V. .

Write the indicated products in another form as 1n the above

example: s,

(2)  (2n) (mn) « (a) (%ab)(69) ,
/@) (5p%)(39) - (e) (102)(10b) .

(¢) n(zn)(am) (£) (3x)(12)

2. If x and ¥y are nymbers of arithmetic then the closures
property allows us to think of 12x y as a numeral which
represents a single number. The commutative and associative
properties of multiplication enable us to write other numerals
for the same number. (lxy)(3x), . (2x)(6xy), and (12x2y)(1)
are some .of the many ways of writing 12x2y as Indicated
products. Similarly, wirite three possible 1ndicated‘£roducts’,
for each of.the following. .

T (3) 8ab2 L ) (a) ‘x2y2\ ' ‘ )
(b) 7xy° : (e) 6k4abc? a
(¢) 10mn ’ o (£) 2c - X
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4,

>

.

6.

(a)

“(a) -

~

Which of the-following sentences are true for every value of
the vayriable? Explain which of the properties aided in your
decision. ’ N

= (2+ 5)n L , ,
(2 X 1)m . -
(a« + b)) + 2y
¥y + 3x \

2u(vz)

~

m(2 + 5)
(b) (m+1)2 &
(¢ (a+2y) +D=
3x +y=
(e) (2wv)z =
The set A‘ is given by % = {0, 1}. .
(a)
(p)

(2)

77"
"

Is A closed under addition?

Is A closed under'multiplicat;yn?

Is tMe set S of all multiples of & 616§ed~under .
addition? . ’ - L. #

» o

. /
Is set S’ closed under multiplication?

(b)

Let us define some binary Operaiions other than addition and

multiplication. We éha;l use the symbol "o" eagh time. We
might read ™ o b" . a 'j: ‘operation - b". Since we are »
glving the symbol various eanings, ke ﬂﬁst define its meaning

For instance, for every ~and every/ b,
2a %+ b, ‘the o 5= 2(3) + 5; C o

EL%%Bu then 3. o 5 = §_£ﬁ§; N

each time,
if ‘a2 o b means

if ao b me
/-

ifT.a o b me (a - a)b, then 3 o0 5= (3 - 3)5;
if a ob meansv, a + %b, then 3 0 5 = 3 4+ (%)(5);
if 2o b means (a +1)(b+ 1), then A
. * . R . “re
305=(3+1)(5+1). . .
4 . - ’ A 1 4
.For each meaning of a o b stated ahove, writg a numeral for .-
each of the following: . - D T
(a) 20 6 (C)_604,2 {
(b) (3) o 6 (@ (302 o b4 L L
o . 4 - [
. W
( - a
, - , 1/’ *
“ 50 -
i . B .
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Are such binary bperations on numbers as ose defined in

\i

‘Problem 6 commutative? In gther words, is it true that for e
every a and every b, a ob =bo a? Let us examine some
cases. For“instance, i? ao b means 2a + b, _we see that
304 2(3) + 4

o ’ b 5 3 2(4) + 4. ‘
But "2(3) + 4 = 2(4) + 3" is a false sentence. Hence, we
_conclude tHat the opération here indicated by "o" is not
commutative. In each of the following, decide whether or not,
the operation described is commutative: - ] .
) a 4 b

2 L

(a) For every a and every b&a,o b =

(b) Fo¥ every a and every® b, ,a o b™= (g - a)b

a + %b; i

(a + 1) + 1)

(33 For every 'a and every b, aob

. .
(d) For every a and every b, awob.

~what do you conclude about whether all binary operations are

.
\

commutative? -

.

Is the operation' "o" assocjative in each of the above cages?
For instance, if, for evexy a and every b, a o b = 22 + b,
s (b0 2) o 5=zhko ?é e 5) a true sentence? '

4 v (e 2)o 5= 2(2(4‘)+2) + 5
. A )
- 2(10)“'!' 5 - b
while ‘,\ ’ ]
‘ha(205) = g(u) + (2(2) £5) ’
) N v - ;"' 8+ 9 ; ! !

a

Since the séntence 2(10) + 5 =8 + 9. 15 false, we conclude
that this operation is not associative. Test the operations
’jescpibed in Problém 7 a) (d) ?or the associative property.

~Y ‘Ah " ’ —
\! . ~ * A -~ *m . Yo
A 7 R B ., 3 s
"~ 4 N - o .y
’ A . N '\ 7
e
. . 1y l & . / .
- -
.




4
52 . .
» | The Distributive Property. Our previous work with numbers
has shown us a variety of versions of the distributive property.
- Thus, .
: 15(7 + 3) = 15(7) + 15(3) ’
ahd ‘ \ VT R o

(3') 12 + (-E) 12 = (3- E)/I‘Q/— : -
are two true sentences each of which follows one of the patterns
which we have recognized. We have seen the importance of this .
property in relating indicated sums and indicated products. We
may now state the distributive property in the language of algebra:

> For every number a, every number b, and every number c,

“ a(b-+ ¢) = ab +.ac. "~ % -

Since we have stated that "a(b + ¢)" and "ab + ac" are numerals
for the same number, we may equally well write

2

For every number a, every number b, and every number &>
- .

. . -
- .

~ab + ac = a(b + c): . .

We may also apply the commutative property of multiplication
to write' ~ ] e

k3
%

For every number a, .every number b, and every number ¢,

N . . .

(b + c)a =ba =be : .

For every number a, every number b, and every number y Cs

.

'

’ , ba + ca = (b + c)a.

v . Any one of the four sentences aboVe describes the distributive
-+ property. All forms are useful in the study .of algebra.- '

Example 1. Write the indicated product, k(y,+ 3) as an

- . indicated sum. _ . . o .
. . . X(y +3) =xy + x(3) by the distributive
) . . C - property L.
. o+« 3 =, xy + ‘3x - .. ) /. ’ ' *
A" . -
- o P —3 - f
- . D 8 . ‘
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Example 2. Write -5x + 5y as an indicated product.

/

b -
5X + 5y = 5(x + y) by the @istributive
property

..

Example 3. Wjite the oﬁén phrase 3a + 5a in simpler fowm.

) 3a + 52 = {3 + 5)a by the distributive
. 4. , property

' ) = 8a .

- Example 4. Write the open phrase,. 2x + 3y + 4x + 6y in

simpler form. g

2x + 3y + 4x + 6y'= (2x + 4x) + (3y + 6y)

by the commutative and
agsoclative properties
of addition.

+ B)x + (3 + 6)y
by the distributive
property

+ 9y

EA <
.Problems

1

H

Write the~ind1¢ated products as 1nd1cated sums SN - X
) ' “‘ SR e el 0 e e
(a) 6(xr g s) gﬁg <, (d) (7 + x)x v R ,
®) GFda__ (e 68+ 5)
(¢) =x(x + z) . . - (f) (a + b)ba

.

< Write nhg indicated sums as’%ndicatéh products;
3x +~3y' '

am + an

X +:bx Hint: x = (1)x
P+ 3y |
?a.+ a2 Hints# How is 2

x° + Xy < .




-

-

3. . Use the associative, eommutative, and distributive properties
to write the following open phrases in simpler form, if

possible:
B (a) Lbx + 3x (e) bx + 2y + 2 + 3x .
o) S+ d (1) 13x+37y+62+77x
(c) Sa+3b+ga (g) 2a+3b+5
(d) Tx + 13y + 2x + 3y : S
N
N The distributive property stated by the sentence,

For every number a, every number b, and every number c,

. a(b t/f) = ab + ac
- concerns the three numbers “a, b’ and c¢. However, the clesure ’
_ property allows us to apply the distributive property in many cases
" where an open phrase apparently contains more than three numerals.
For example, suppos@ we wish to express the indicated product
" 2r(s + t) as a sum. The open phrase contains the four numerals
-2, r, 8, and ‘t. The closure property, ‘however, allows us  to
?xconsider 2r as the name of one number 80 we can think in terms

-

' of three ‘numerals, 2r, s, and +t. Thus, . Lo
2r(s + t) = (2r)(s + t) L.
: -=-{2r)s + (2r)t .
) .- = 2rs + 2rt :

! ’ . -
Example 1. Write 3u(v + 3z) as an indicated sum.

‘%y the closure property we can regard 3u, v, and 3z each

, @8 the name of one number. Then by the distributive_propert&,

L. ' 3u(v + 3z) = (3u)v + (3u)(3z) .

= 3uv + 9uz by the commutative
, . ' and associative
properties of
multiplication.

*

.

60
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Example 2. Write the indicated sum, 2rs + 2rt, as an
- indicated product. '

i - '

We can do this in three ways:

(1) "2rs + 2rt = 2(rs) + 2(rt) .
= 2(rs + rt)

(2) 2rs + 2rt = r(2s) + v(2t)

C ] = r(2s + 2t)

(3) ors + 2rt = (2r)s + (2r)t

2r(s + t)

"

Although all three ways'are correct, the third is usua;&y
preferred. ’

Examgléig.';Express the indicated product, 3(x + y + 2z),

as an indicated sum. .
3(x +y + 2z) =3x + 3y + 3z. d

Problems, *

Write "each of the indicated pfoducts as an indicated sum.
() m(6+3p) () (2x"+xy)x
(b) 2e(k+1) ., (e) (e + £ + g)h
(c) 6(2s + 3r¥7q) | (f) 6pa(p + q)

Which of the folloqgné open sentences are true for every value
of every variable. (Hint: Use ;pe\commutative, associative
and distributive properties to/wripe both members of these

. we

* -

?

sentences in the same form.) - ,
(a) 2afa + b) = 2a° + ab (d) 2a(b + ¢) = 2ab + ¢
(% Bxy + y2 = (bx +3)y . (e) (4 + 35x = 4x° 4 3+ x

]

(¢c) 3ab + 6be = 3b(a + 2¢) (£) (2 + xy) = (2 + x)y

-
]

[
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3. Write each of-tte indicated sums as an indicatea produét.

(a) 3uv + ve (
(v), Tpq + 7qr - ‘ ‘
(¢) 3x + 3xé Hint: Think of 3x as (3x)(1)

. (d) 2c¢ + bead Hint: 4ed = (2¢)(2d)
(e) 3x + 6x2 ’ ’
(£) xz2 & 2xz

¢

Another important application of the distributive prOperty is

illustrated by the following example.

-

Write (x + 2)(x
parentheses,

Example 1.

If we write the distributive
beneath it, we can see which
names ©of numbers.

(v
—

’.v(x 5)

+ C

\

«p
i

3)

+

X

Could you have ésed a differe

(a + b)(c + d)

+ 3) as an indicated sum without

f n
L]

property with the indicated product
names we must regard as separate

ab
e/E z/’l

(x+2)x + (x + 2)3

s o= x% 4 2x + 3x + 6 "distributive
‘ ] . property
, = x° + (2 + 3)x + 6+ distributive .. ..
f ‘ . . broperty
2 y )
= X + 5x + 6,

nt form of the distributive‘

)

property to begin your work? *
] Example 2. Write (a + b)(ec +d) as an indicated sum without °
2 parentheses. Supply the reason for each step.

(a + b)e + (a + b)d
ac + be + ad + bd
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R . / Problems
Write the indicated products as indicated sums without'
parentheses,
. " ]
1. (x+3)(x+2) ' b (x+2)(y+7)
2. (x + 1) (x + 5) 5. (m+ n)(m - n) -
3. (x+a)(x+3) ’ 6. (2p + q)(p + 29q)

- & .

7. List all the properties of'dperations on numbers of arithmetic.

' 8. Look for the pattern in the following calcuﬁation

-

19 x 13 = 19(10 + 3) _
= 19(10) + 19(3) ' (what property?) )
= 19(10) + (10 + 9)3 ; \
= 19(10) + (10(3) + 9(3))  (what property?)
) = (19(10) + 10(3)) + 9(3) (what property?) ' '
= (19 + 3)10 + 9(3) (what properties?)
. S The final result indicateés a method for "multiplying teens"
\ * (whole numbers from 11 through 19): Add to,the first

number the units digit of the second, and @ultiply by 10;
then add to this the product of the units digits of the two. .
humbers . Use the method to find 15 X 14, 13 x 17, 11 x 12.

9. Find the coordinate of a point which lies on the number line
© - between the two points with coordinates % and g How -
many,points are between these twaﬁ ) . L

“

» 10. Congider the set ’ " oo~
= {0, 3, 6, 9, 12, .
Is T closed under the operation of addition? Under the

'

-

.. operation of "averagihg"?

A4 . ‘ -
\13 . " b




- 13. Explain why

58

11. Consider.the open sentence = & - .

] . e < 1. ¥
Wwhat is its truth set if the. domain of x 1is the set of:
(a) - all counting numbers? .
(b) all whole numbers? -

(¢) all numbers of arithmetic?

12. Expiain how the property of* 1 is used in performing the

" calculation “
3 + 2
' , 573 ’ \
. =3 "
‘ T

*e

N -
3x + y + 2x + 3y = 5x + 4y
{s true for all values of x  and V. -

14. (a) Write the indicated products .

12

(x + 1)(x + 1)
(x + 2)(x + 2)
as fndicateq sums without parentheses.

(b) Use tke pattern of the results of Part (2) to write
the indicated sum' .

- el

. x° + 6x + 9
fas an indicated product.

“
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-OPEN SENTENCES AND ENGLISH SENTENCES

TN

Open Phrases and English Phrases. Every day we are build-
1ng up a new language of symbols which 1s becoming more and moreJa
complete language. “We have used mathematical phrases,, such as
"8 + 3y"; mathemé%?cal verb forms, including "=" and ">"; and:
mathematical sentences, such as  "Tn + 3n = 50". "o~

We recall that a variable, such as "n", 1is the name of a
definite but unspecifiéd number. The translation of "n" into
English will then mean relating\an unspecified number to something
of interest to us.v Thus, the numeral "n" might represent "the

number of problems that I worked", "the~number of students at the

rally", "the number of dimes in Sam's pocket", or"the number of —

feet in the height of the school flagpole". What are some other
possible translations? ¢
Consider the phrase "5 + n"., Can we 1nvent an English phrase
for this? Suppose we use the translations suggested above. If
"n"™ i3 the number of problems I shall be:working today, then the
phrase "5 + n" represen%s "the total number of problems including
the five worked last night"; or, if I have 5 dimes and "n"
- represents the number of dimes in Sam's pocket, then. "5 + n"
represents "the total number of dimes, including my five and thoése
in Sam's pocket." Notice that the translation of "5 + n" depends
‘on what translation we make of "n", - - . &
‘Which of the apparently limitless number of translations do
we pick? We are reminded thatﬁthe_variable_appeaging in the open
phrase, whether ."n" or "x", or "w", or "b", is the name of
a-number. Whether this 1s the number of dimes, the number of
students, the number of 1nches, etc., depends upon the use we plan
to make of the tranmslation. The context 1tself‘ will ﬁrequently
suggest or limit translations. Thus 1t would not make sense to
translate a phrase such as "2, 500,000 + y" 4in terms of the number
C ittt

of dimes in Sam's pocket, but it would make sense to think of y
as repyresenting the number giving the population incérease in a

6~—v PP > ,- f—— L “ o
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»
state which had 2,500,000 persons at the time of the preceding

census, or as the number of additional miles traveled by a satellite
which hdd gone 2,500,000 miles at the time of the last report.
Similarly, the variable in the phrase ".05 + k" would hardly be
translated as the number of cows or students, but possibly as the
number giving the 1ncreese in the rate of interest which had pre-
viously been 5 per cent. - . .
" How can we translate the phrase "3x + 25"? In the absence of

any special reasons for picking a particular translation, we mightg‘
<::Ie§ x be the number of‘cents Tom earns in one hour, mowing the

lawn. 7Theh . 3x  is egp-number,of cents ‘earned in % hours. If

Tom finished the job in three hours and was paid-a bonus of 25 -
- cents, then the phrase ~"3x + 25" represents the total number of «-

cents in Tom's possession after working three hours. How can this

phrase be translated if we let x be the number of students in

each algebra élass, if algebra classes are of the same size? Or,

i¥* x 1s the number of miles traveled by a car in one hour at a i

. - s .

~

ES

<onstant speed°
There are many English translations of the symbol "+", in-
dicating the operaﬁion(6f adgition of two numbers, . A few of them
are "the sum of", "mére than", "increased by", "older than", and
othé?s. There are also many English translations of the symbols
1ndf3ating the operation of multiplication of two numbers, including:
"times"; "product of", and others. WHRt are English translations of X
the symbol "-"9 ' '

Problems '

In Problems 1-6, write English phrases which correspond to the
given open phrases. Try to vary the English phrases as much
as possible. Tell in eagh case what ‘the variagle represents.

1. Tw T (Ir one bushel of wheat costs w dollars, the
phrase 13. *"the number of doillars in the cost
of 7 ‘bushels of wheat".)

0

2. n +7 \ . ;/
v 69

P P P



3. n-7 5. er + 5

b % N

“

a+b

LY

In each of Problems 7-1%,” find an open phras which is a°
translation of the given English phrase. 1In each problem,

. tTell explicitly what the variable represents, .
- = S ] .
. T. The number of feet in y yards.

(1f y 18 the number of yards, then’ 3y is the number of

feet.d
8. , The number of inches in f feet. k\\ /
9. The number of pints in k quarts.

10. The successor of a whole number.

inches® long. The lengbth of the third side is one-half the
< sum of the lengths: of the first two.sides.

' -
y
PR R X~
n

y ) .

Paes

(2) .Write an open phrase, for the iumber of inches in thé
. » - o

perimeter of the triangle. L -

(b) Write an open .phrase for the*number of inches in the

a
- °
B

~

-t

11. The reciprocal of a nuﬁper. (Two numbers are reciprocals of
) : each other if their product is 1.)
e . o - ' ' ~Ng
12. The numbeg of ounces in k pounds and t ounces. “ ) o e
13. The number of cents in m dollars,‘ k quarters, m dimes
and n’ nickels. ’ - ’
L 3
\ 14. ° The number of inches in the length of a-rectangle which .is
. twice as long as it is wide. (Suggestionf Draw a figure to
Eflp visualize the situation.)
15. Choose a variable for the number of feet in the lengfh of one
side of a square. Write an open phrase for the number of feet
- In the perimeter of the square. ’
16. One side of a triangle is x inches long and a second is ¥

, "length of the third side. - e




17.

18.

19.

20,

1.

25,

@

3

'of dollars received in terms of the nﬁwziz)of people who

62,

The admission price to a performance of "Thg Mikado" i
32.00 .per ﬁerson. Write an open, phrase for the total numbgr

A

L ]

bought ticketd. y -

If a man can paint a_house in d days, write an open phfase,
for the part of the house he caﬂ\ﬁhint in one day.

If a pipe fills % of a swimming pool in one hour, write an
open phr for how much of the pool is filled by that pipe
in x 6ours. )

When a tree grows it increases its radius'each year«by adding
a ring of new wood. If a tree has r rings riow, writek:}
open phrase for the number of growth rings in a tree twe

years from now.
A plant grows a certain number of inches per week. It 1s now
20 inches tall. Write an open phrase’ giving the number of
inches in its height five weeks from now. ~N
Choose a variable for the number of feet in the width of a
rectangle:
. . .t [ N
6&) Write an open phrase for the length of the rectangle if
the length is five feet less than.twice the width. Draw
and label a figure. - - ‘
A(b) Write an open phrape for the perimeter of the rectangle ‘
described in Part (a).
- (""—"'--‘—
{c) Mrite an open phrase for the area of t?;greétangle . e
.described in Part”(a). . ) ‘
—_— L I :
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“” Open Sentences and English Senténces. Often we want to
— . , kS
translate English sentences into open sentences. We find such opén
sentences particularly helpful in word problems when the English

senténce is- abont a quantity which we' are interested.in finding.

Qle 1. > "carl has a~board. uu inches long. He wishes *
to cut it into two pieces so that one’ piece will be thrée inches

longer than the other. How long should the shorter piece be?™
o

i We may sometimes see more easily what our open sentence should
be if we ess a number for the quantity askeh for in the problem.
If'the“shorter piece is 18 inches long, then the longer ‘
# plece is (18 + 3) inches long. *Since the whole board is yx
inches long, we -then have the sentence

e .18 + (18 + 3) = .
. Although this sentence is not true, it suggests the pattzin which

we need for an open sentence. tice that the question i the -
- .problem has pointed out our. var ble. We can n\‘_say. '

-If the shorter piece is K ".inches long,

- [}

then the longer piece is (K + 3) ‘inches - !
long, and ‘the sentence is\\ R . :
+ (K + 3) z,@u . !

We say that this.sentenceé is false when K -is "18. There.
probably is some value of K .for which the open sentercebis true.
If we wanted tor find the length of the $horte? piecqbijnts c0u1d§\>
be done by finding the truth set of the above open sentence.

Notice that the English sentences are often about.inches or

pounds or years or dolfars, but the open sentences are aXways abowmt
¥

numbers only. - ,
Notice also that we are very careful in describing our variable
to show what it measures, whether it is the number of inches, the ©
- rrumber of donkeys, or the number of tons.

.

-~

L

-—
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) ample 2. "Two cars start from the same point at the same
time and travel in the same direction at constant speeds of 34
and 45 miles per hour, respectively. In how many hours will they
be 35 miles -apart?"

2
If they travel 4 hours, the faster car goes 45(4) miles
and the'slower car goes 34(4) miles. Since the faster car should
then B€ 35 'mile§ farther from tﬁe starting point than the slower

.

car, we have the sentence\ . R
¢ g

bs5(h) - 34(4) 35,
[ L}
which is false. It suggests, however, the following

If they travel h hours, then the faster .
, + car goes U5h miles and the slower car
goes 34h 'miles, and :
s - *
‘ 45h - 34h = 35.: - .

Example 3. "A man lert $10,500 for his widow, a son and a
daughter. " The widow received $5,000. and the daughter received
twice as much as the son. How much did the son receive?"

If the son received n dollars;’tﬁen the '
daughter received 2n dollars, and

n + 2n + 5000 = 1.°,500.

\o____‘ ] ., . o
R Problems
¢ +

Write. open ‘sentences that would help you solve the following
problems being careful to give the: meaning of the variable.

P for each. Your work may 'be shown in the form indicated in
Example 3 above. Do not find the truth sets of the open
sentence§7 — )

1. A rectangle is 6 tiﬁes as long as.it is wide. Its perimeger
is 144 1nches. How wide is’ the rectangle? ’
(Remember to draw\a figure.)

-

’ D
i -~ ° [

P -
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2. The largest angle of a triz?gle s 20° more than twice the
smallest, and the third angle is’ 70°. The sum of®the angles

of a triangle is 180°. How large is. the smallest angle?

A3. A class of 43 students was separated into two classes. If .
there were 5 more students in Mr. Smith's class than in
‘Miss. Jones's class, how man& students were in each class?
(Can you do this one in two ways? If there were 'y students
in Miss. Jones's class, find two ways to say how many were in
Mr. Smith's ¢lass.) . .

4.. John is three times as old as Dick. Three years ago the sum
_of thelr ages was 22 years. How old is each now? (Hint:
Find a phrase for the age of each three years ago in terms
of Dick's'age now.)

. 5. John has $1.65 1in his pocket, all in nickels, dimes, and
quarters. He has one more quarter than he has dimes, and the
‘number of nickels he has {s one more than twice the number of
ﬂines.‘ How many dimes hag he?  (Hint: If he has'd dimes,
write a Qhrase for the value Of all his dimes, a phrase for

. the value of all his quarters,vand a phrase ;for the value of
all his nickels; then write your open sentence )

é. A passenger train travels 20:-miles per hour fastef than a . .
»freight train. At the end of 5 hours the passenger train

has traveled 100 m¥les fartheér than the freight train. How
_fast does the freight train travel? (Hint: For each train

find a phrase for the number of miles it has traveled.)

7. Mr. Brown is employed at an initial salary of 33600, with
an annual increase of $300, while Mr. White ‘starts at the
same time at an initial salary of $4500, with an annual /
increase of $200. After how many years will the two men be

. ’

e . earning the same’ salary? ° - apeee e a2 s e

8. A.table is three times as long as it is wide. If it were 3.

feet shorter and 3 feet wider, it would be a square. How

long and how wide is it? (Draw two pictures of the table topi)
. i _
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“

Open Sentences Involving Inequalities, 6ur sentences
need not all be equalities. Problems concerning "greater than" or
"less than" have real meaning.

Suppose we say, "Make a problem for the sentence d + 2 > 5". .
The word problem could be, ";f T added two dollars to what I now
have, I would have more than five dollars. How much do I have
now"? ) o _ -

As with equations, it will sometimes help %o find an open
sentgpce in pEoblemg about inequalities if we try a particular

number first.

Example 1. "In six months Mr. Adams earned more than §7000.
How much did he earn per month?"

~

If he egrned 1100 per month, in 6 months he would earn
6 x 1100 dollars. The sentence would then be -

6 x 1100 > 7000.

Thils, of course, is not true, but it suggests what we should‘do.
If Mr. Adams earned a dollars per month, in 6 months he
would earn 6a dol¥ars. Then

6a S 7000. )

. Example 2. "The distance an object falls during the first
second 1s 32 feet less than the qisténce it falls dﬁring the
second second. During the two seconds it falls 48 feet or less,
depending on the air resistance. How far does it fail auring the
second second? -t . ) .

)

\ .

If the object falls 42 feet during the second secgnd, then
it falls (42 - 38) feet during the first second. .Since the total
distance fallen is less than or equal to. 48 feet, od¥'senqénce is

(¥2'- 32) + 42 <-u8.
o .

. . .
.
[y \ . . I3
e N . .
v
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This suggests how to write the open sehtence. If the object
falls d feet during the second second, then it falls (@ - 32)

feet during the first second, and
) (a4 - 32) + a u8.

.y

Examgle 3. "Iwo sides of a triangle have lengths of 5
inches and 6 1nches. What is the length of the third side?"

You may have drawn many tri-
angles An the past and have become
aware of the fact that the length
of any side of a triangle must be
less than the sum of the lengths of *
. the other two‘sides. Thus, 4f the
third side of this triangle is n
inches 1long, S ‘ -

n< 5 + 6., .

At the same time the six inch §1de must be less in length than
the sum of the lengths .of the other. two; thus,

6 <n + 5.

.

4 i .
Sipce both of these conditions must hold, the open sentence for

4

our problem is-«

' . ‘n<5+6 and 6<n+5.
- i
Problems
&
» .
Write open sentences for the following problems, being careful
to gike the meaning of the variable for each. Do not find the
truth dets of the open sentences. ’

] -,

1. One third of a number added to three-fourths of the same number
1s €qual to or greater than 26. What is the nugber?

2. Bill 48 5 years older than Norman, and the sum of the;r ages-

*s less than 23. How old is Norman?
:

T s, s D . ~

.~ . “0 7:3 "

»

‘
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A square and an equilateral friangle have equal perimeters,
A side of the triangle is five inches longer than a side of.
the square. What is the length of ghe side of the square?
Draw a figure. -

A boat, ‘traveling downstream, goes 12"m11es per hour faster
than the rate of the current. Its velocity downstream is
less than 30 miles per hour. What is the rabte of the current?

Oh a half-hour TV show the advertiser insists there must bé at
least ‘three minutes for commercials and the network insists
there must be less than 12 minutes for commercials. Expr ss |
this in a2 mathematical sentence. How much time must “the program
director provide for material other than advertising?

A student has test grades of 75 -apd 82:. What must he score
on a third test to have an average of 88° or higher? . If 100

is the highest scoré possible on the third test, how high an
average can he achieve? What is the lowest averaée he can *

acliieve? A .

Using two variables, write an open sentence for each of the .
following English sentences,
-

(a) The enrollment in Scott School is greater than the
enrollment in Mo‘ﬁis School.

(b) The enrollment in’Scott School is 500 greai:excchan the
enrollment. in, Morris School. )

+

Review Problems

Write open sentences corresponding to the following word
sentences, using one wariable 1n each.

(a) The sum of a whole number and its successor is 575.
‘\" *

(b) The swum of a whole number and its successor is 576.

- (¢) ‘The sum of two numbers, the second greater than the

first by 1, is 576.: .

-
.
LS
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(d) A board 16 feet long is cut in two pieces such that one
piece is one foot longer than twice the other.

(e) Catﬁerine earns $2.25 baby-sitting for 3 hours at x
cents an hour.

A two-digit number is 7 more than 3 times the sum of the
digits. Restate this-by an open sentence. (Hint: Express
the number by means of two variables.) ‘ : X |
The sum of two numbers is 42, If the first number is re-
presented by n, write an expression for the second number

using the variable n.

(a) A number is increased by '17 and-the sum is multiplied
' by 3. Write an open sentence stating that the resulting a

product equals 192.,

(p) Ifr 17 is added to a number and the sum is nﬁ;tipliednby
3,  the resulting product is less than 192. “Restate
this as an oPen ‘sentence. -

°

One number i 5 times another. The sum of the two numbers
15 “more than’ 4 times the smaller. Express this by am

N ~

Open.sentence.

(a) A farmer can plow a field in 7 hdurs with one of his
tractors. How much of the field can ‘he plow in one hour
with that tractor?

(p) With his other tractor he can.plow the field in 5 hours.
If he had both tractors going for 2 hOurs, how much of
the field would be plowed?

(c) How much of the field would then be left unplowed?

(d) Write an open Sentence Which indicates, that, 1 1f both
tractors ‘are used for x hours, the field will be
completely plowed.
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Mr. Brown is reducing During each month for the past 8 ‘F/ -

months he has lost 5 pounds. His weight is now 175 pounds.
What was his weight M months ago if m < 82 Write an opeh
sentence stating that m ~months ago his weight was 200
pounds.

-

Write open sentences for Problems 8 to 13, * Tell clearly what
the variable represents, but do not find the truth set of the
bpen sentence. ‘

a

(a) The sum of a whole number and its successor is is,
What are “the numbers?

(b) The sum of two coggecutive odd numbers is 76. What are
the numbers?

Mr. Barton paid §176 for a freezer which was sold.at a dis-
count of 12% of the mark@d price. What was the marked'prdce?

A maji's’ pay check for a week of 48 héurs was 3166.40. . He 1is
paid at the rate of. l§ times his normal rate for all hours
worked in excess of 40 hours. What is his hourly pay rate?

(2) At an auto parking lot; the charge 1s 35 cents for the
: first hour, or fraction of an hour, and 20 cents for
.each succeeding (whole.or partial) onelhour period. If
t 1is the number of one-hour periods parked after the
initial hour, ‘write an open phrase for the parking fee.

(b) With the same charge for parking as in the preceding
"problem, 41f h is. the total: number of one-hour periods
parked§ write an open phrase for the parking fee.

Two quarts sof alcohol are added to the water in the radiator,
and the mixture then contains 20 per cent a}€0h01 that is,
20 per cent of the mixtute is pure alcohol.. Write an open
sentence for this English sentence. (Hint: Write an open
phrase for the number of quarts of alcohol in terms of the
number of quabts of water originally in the radiator.) !

-
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13. (a) Two wafér-pipes are bringing water into a reservoir. One
pipe has a capacity of ! 100 gallons per minute, and the
second 40’ gallons per mlnute. If water flows from the
first pipe for x minuteg and from the second for ¥y
minutes, write an open phrase for the total flow in
gallons N A

.

(b) In the preceding problem, if the flow from the first
pipe is stopped at the end of two hours, write the ex-
pfession for the tdtal flow in gallons in y minutes,
where y 1is greater than 120 ‘.

{#) With the data in Part (a), write an open sentence stating ,
) " that the total flow is 20,000 gallons.

1%, A man, with five dollars in his pocket, stops at a candy store J
on his way home with the intention of taking*his wife two

pounds of candy. He finds candy by the pound box selling for
$1.69, 91.95, 92.65, and $3.15. If he leaves the store
with'twg,one-pound boxes of candy;

.

(a) What is the smallest amount of change he could have?

. . N
(b) What is :the greatest amount of change he could have?

.-

(c) What sets of two 'boxes can he not afford? ~
' * .

|4 ‘ )
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Part 3 .
-~ THE REAL NUMBERS

The Real Number Line. We know from past experience that
there are rational numbers to be assaejated with points on the left
half o6f the number line, but meanwhizzibe have dealt only with
rational numbers bn the right half. For another thing, we know that
some points on the number line do not correspond to rational numbers.
Where are some of thgse points .on the number line which do not
correspond to rational numbers, and what new numbers are assoclated
with them?* - G i

How shall we label the points on the left of 0%? There is no
doubt that thefiine contains 1nfinitel§ many points to the léft of
O+ 'It is an easy matter to label such ppints if we follow the
patteérn we used to the right of 0. As before, we use the interval
from O to* 1 as the unit of measure, and locate points équally
spaged along the line to the left. The first of these we label

s — e <

-4 -3 -2 | 6 ';‘ 2. 3 ;
"1, the second. "2, etc., where the symbol ""1" is read
"neéative 1", T2 is read "negative o, etc. What is the co- |
ordinate of the point which is 7 units to the left of 0?

Proceeding as before, we can find additional points to the
left of O and.label them with symbols similar té thoge used for
numbers to the right, with aq upper dash to indicate that the

, pumber is to the left of 0. Thug, for example, 5 is the same
distance from O on the left as 5 ‘i1s on the right, ete.

A -

" ’ M

*It 1s assumed hére that the reader is familiar with Studies in
Mathematics, Vol. I, "Number Systems" \/,r~
. !
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The-set of a _A_ npmbers assoaﬁ%bed~with poiptavgn the number
,1ine 1S called the Se of - real;gggyers The numbérs to the left of
zero arefcalléd the negativéﬁggg;fnumbers and those to the right
are called thé ﬁbsitive real 'Humbers” = In this language, the
numbers of arithmetic are the non-negative real numbers.

The set of all whole numbers. {0, 1, 2, 3, ...} combined with
the set {71, "2, 73, ...} -is called the set of integers
(..., 73, 72,71, 0,1, 2, 3, ...}. The set of all rational numbers
of arithmetig combined with the negative rational numbers is called
the set of rational numbers. (Certainly, all ratidnal numbers are

real numbers ) z; —_—

Remember that each rational number is now assigned to a point
of the number line, but there remain many points to which rational
numbers cannot be assigned; in fact, therg,remain more points which
have not yet been assigned numbers than there are presently
associated with rational numbers. The numbers asgociated with these
points are called the irrational numbers. (Thus, all irrational
numbers are also real numbers.) Hence, we can regard the set of

real numbers as the combined set of rational and irrational numbers.

8

Real Numbers
N , , A \ ) .
Rational Numbers, Irrational Numbers )
7 % - Y . .
- : Rational Numbers -
Integers ﬁhich are not integers = _
. /- N\ ‘ '
Negative Positive - - o
Integers ) Integers
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For exdmple, all integers, such as 4, o,'é,h ate rational
numbers; find examples of rational numbers which are not integets.
Furthermore, sli rational numbeTy such as ﬁ, 0, 6, are real
numbe ; N . - ’

/Wﬂere are some o% the points on the number line which do not
'correspond to rational numbers? It will be proved in a later ’
part that, for example, the real number V2 1is an irrational
number. Let us locate the points with coordinates NE) and vf_
respectively -

First of all, we recall that /2 1s a number whose square is
2. You may have learned that the length Qf a diagonal of a square,
whose sides have length 1, is a number whose square is 2. (Do
you know any facts about right triangles which will help you
verify this?) 1In order to.locate a point on the number line for
vf§:, all we have to do is construct a squape with side of "length.
1 and transfer the lengtv of one of its diagonals to our number

\

line. This we can do, as in the figures-by drawing a circle whose

center 1is at the'pOiqto 0 on the number line and whose radius. is
the same length as tﬂgldiagonal of the square. This circle cuts

the numbef line in twd points, whose coordinates are the real
numbers V2 and V2, respeotively.

Later you will prqve that the number V2 1is not a rational
number. Maybe you believe that +/2 1s 1.4. Test for yourself
whether 'this is trué by squaring 1.4. Is (1. 4)2 the same number
as 2?2 In the same way, test whether V2 is 1. 41; 1.414. ,The
square of each of these decimals is closer to 2 than ‘the preceding,
but there seems to be no rational -number whose square is 2.

¢




o
A}
-

o

76

There are many more points on the real number line which have
coordinates which are not rational numbers. Do you. think %v[§

RN

is such a point? 3 +2? Why? v -
( N Problems , . // . ¢
1. Draw the graphs of the following sets: \_" ) cC
(2 (% %3 2 St (L (1), 14 3
- . - . - 2 - .
® (257 F -~ (@ (3D E G-

() (v2, V2,3, 3y -: |
2. Of the two points whose coordinates™are given,'@hich is to the

*

,right of the other? - . K y
- \ '

(2) 3 0 | (@) 4,7
e - ' 16 ey s

(v) 3 2 () 28,78 ,

(e) 0,3 (1) 3 3 ,, ~

~

3. The number w 1s the ratio of the circumference of a circle
to its diameter. Thus, a circle whose diameter is of Iength
1 has a circumference of length w. Imagine such a cirecle
resting on the number e at the point . If the circle is
rolled on the line ithout slipping, one complete revolution
to the right, will stop on a point. What is the coordinate
of this point? If rolled to the leftlone revolution it will
stop on what .point? Can you locate these points approximately
on the real number line? (The real numbdr w, 1iké /2, 1is
not a rational number. ) . P

$
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4. (a) 38" "2 a whole number? An integer? A rational Number?
' A real number? , . ‘

o S

(b)' Is %? a wholg number? #An integer? A rational number?

A real number? v

Iy

- .

. . . )

(c) . Is 2 a whole number? An integer? A rational number?
A real number?

5. Which ‘of the following sets are the same?
’ A 1is the set of whole numbers, B is the set of" positive
integers, Jdﬁ/is the set oglnon-negative Integers, I 1is the
set of integers, "N 18 the set of counting numbers.

N

[:4 -5 - o
Order on the Real Number Line. How did we describe_ order ™
for the positiye real numbers ? Since, for example, "5 1is to the
left of 6" on the number liney and since ™5 4s less than 6", .
we agreed that these two sentences say the same thing about 5 and

6. We wrote this as the true sentence

. ‘ 5 < 6.

- - 28

Thus, for a pair of positive real numbers, "iglto fhe left of"von
the™Humber line and "is less than" describe the same order. °
What shall we mean by "is less than" for any two real numbers,
whether they are positive, negative, or 0? Our answer is simply:
"is to the ‘left of" on the real number line, ’
Let us look for a justification in common experience. All of
" us are familiaﬁ with thermometers and are aware that scales on
thi ometers’use numbers above 6 and numbers below 0O, as well
ﬂggrg !%3%;f We know that the cooler the weather, the lower on
the s8cale we read,zhe temperature. If we place a thermometer in’
a horizdntal position, we see that it resembles part of our real
number line. When we say "is less than" ("is a lower temperature
than"), we mean "is to the left of" on the thermometeg scale.

~

.
. Y

,;

- ) . 8‘
- ¢ 3 .
. f
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! . <20 -15 710 5 0 % 10 5 20 . N s
o
. N <0 o PO ;é;h;\
On this scale, which number is the lesser, 75, or “107 . i
Thus, we extend our former meaning of "1s less than" to ‘qhe
whole set of real numbers. We agree that: - . '\ “ j\ -
¢ Wis less than" for real numbers means. R e
’ ) "is to the left of" on the real number ' '::z: ‘ ’:'
" line. If 2 and b are real numbers, DI t
. "a 1is less than b" is written ’ ‘ \\L

a<b.

(Now and in the future a variable 1is understood to have as
its domain the set of real numbers, unless otherwise stated.)

Can you give a meanirg for "is greater than" for real numbers?
“As before, use the symbol ">" #6r "is greater than".. In the same
way&explain the meanings of "S_", sy, oongr, "t for-real
numsges.  °

¢, - ‘ ‘
ot . ‘ b s 0 .
] . Problems . . ‘é%
N For each of the following sentences, determine which are true ) " /
' and which false. " ' A ﬁéﬁ‘
(a) 3<72 LT ) A - 3‘@, A
. -7 - 7 Y _ _ g4 oo .f\-"‘%,;;_"w e
(b)) 2<% " (g) 76> . T
ST e Tess L g () 3T -
e - X . N -
R I ) \, , - - - , . -, ’
_ (d) )-5-< "2. 2 %s & (1) 73« 2.‘? »
P A LI x’ \t B ’
(&) "2 (3—;—8)_ () Trdes
T . 44 . L
. b A . 7 ! _ /\’
g/ 1 - I ..4’
. N _/ hY A !
¢ . -
| Tty ' . e
i - 0 4 .
! 8‘{3 * ' [ \
. P AR v
* ¢ A [
7 . .
v * . ) . E i
s s & 4'
- ] \ . L4
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a

N .
R

2. Draw the graph of thé truth set of e?éh of the following
For example:, ‘ :

-

x> "1, s S S
4 "3 "2 v 0 1,2 3
x< T2, p—————+—
: 4 73 "2 Tt 0 12 3 .
() y<2 (f) ¢<2 and ¢ > "2
(b) " u .3 (g) 2< 73 and a > 73 -
() v> % (h) d<™1 or d>2
(@) r P o (1) u>2 and uc< "3
() x=3 or x< 71 .. () a<6 and ac< "2
3. For 'each of°the following sets, write .an open sentence
« involving the variable xwwhich has the given set as 1its
truth set: . .
h () A 1s the set of all reai numbers nét equal to 3. E )

4, = Choose any positive real number D;

(v) B is the set of all real numbers less than or equal to
2. o .
(¢) © - 1s the set of all real numbers not less thad 4.

)
o 0~

‘choose any negative real . -

number n. . Which, if any, of the following éentences are

"

true]

n < p,

<n,

!
n < p,

‘Let the domain -of th variable p Dbe the set .of integers.
-4 Then find the truth pet of °

~
4 .
° . T

'n"%p T )t

d ~ o @
~
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6. In the blanks below-use one of = <, >, to.make a true
- : ‘sentence, if possible, in-:each case.

@3t h @ o
(p) %_._..._;__% (e) -"35‘ %
C(e) 5 (3 3

¢

o There are certain simple but highly important facts about the
order of the real numbers on the real number line. If we choose.
»any two different real numbers, we are sure that the first 1s less

than the second or the second is less’ than the first, but not both.
. Stated in the language of algebra, this property of order for real
numbers becomes the comparison pfoperty .

-

If 3y is a re number and b
ze/a-rezI’_ﬁmber, then exactly P

i

i

ne of the following is true: ©
- a<b, a=D>, 1] < a.

Problems .

4 ?

1. “,The comparison property stated in the text is a statement in-

vqsging f<". Try to formulate the correspo ding property /
lVing N ">" R . ‘ /
2. |Try to state a comparison property’ involving "éﬁ.
. o « /
‘ : . -\ . 4

. - / o !
X L0 | . 8;’5 ‘ » .
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Which is”less tha.n the other, % or g? You can £ind out by
applying the multiplication property of 1 to each number to get

L
-5 -'% g=% and 2:% g-— Then -5<2 becaus& 24
1s. to the/left of 32— on the number line. .
_You should now be able to compare any two rational numbers. v,
How would you decide which is the lesser, %%7- or 167 Descripe
tl'g process; do not actually carry it out. )

- Perhaps you noticed, in’ comparing %3%
BE<3 (dee., B < 339) and 3<-1-g%

-

167. . ’
and —;—5, that ‘

(t.e., 188 <280

Could‘you now decide about the order of %%g- and -l-g% without

writing them as fractions with the same denominator? 'How c\euld

you find out gimilarly which is lesser, %’? or -g? Or suppose

that x and. y are*®eal numbers and that x < "1 and "1 ¢ y'
Again using the number line, what can you say -about the order of

. x and y¥ ' . N
g
v The property of order used in these last %three examples we ,\ ;
call the transitive* _property: = -7
, . If a, b, ¢ -are real numbers N
( and if a<b° and b < ec, . s
: " then a < c. P
¢ . . . . Problems .,/ h [
. ‘- ! ¢ B § ‘
1. In each c¢{ the following groups [of fhree real numbers,|deter-
mine their order: ' ' T £ '
_For example, %, %, -g- haye the order: /-,% < %, 7 < %,
[N | _u 3 . s o - . ”
5 < =
» . - l/ . ;
Pootnote

*From the Latin, transire, to go across. . : ! [

. . ‘ s
M
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. . z
(a) %, %, and 12, - . )

. - R .' - ’ ll 4
(b) Ty T, and A«/Q_, .
N . ' ;

(c) 1.07’ o’ arla —1.7’ . )l‘w,
Y N T - 5 C v
(@) (55, 'ﬂig)’ and  (13),

(e) 1 1 1

i WL R : ’
2 - 102 . !
(8) 1+ P+ @, 1+m . S

2. State’a transitive property for L . .
3

F

. : Is there a transltive property for the relation "="?, If so,

give an example. . o

4. State a transitive property for ">", and gi?e an example.
L=

5: The set of numpers greater than O wevhave called the
positive real numbers, and the set of numbers less than O
the negative real numbers. Deéscribe the

' . . i
(a) non-positive real numbers, g

. ' . ’ | ’ R o
(b) non-negative real numbers. . <

6. Find the order of each of the following pairs of numbers:

. ‘ -
- R . /
14 ang Ao4 % and 173 .

. .
- .
hd - . 7—

’ Oppbsites. Wheq we ‘labeleLi pointf«s to the left of 0 on
the real number 1ine, we began by king off ‘successivedunit *
lengths to the left of 0. We can glso think, however, of pairing
‘off points at equal distances from_ O and on opposite s8ldes of O.
Thus, 2 “is at the sane distance from O as. Whathnumber is
at the same distance from O as %@ Ir. ‘you choose any point on
the number line, can you find a polnt at the sameédistance from O
" and on the opposite side? What about the peint 0, *itself?

]
/
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—t
= -3
. Since the twq numbers in such a pair are on Opposite, sidee/of,
0, it 1is natural %o call them oggosites. The opposite of a non‘r ’
zZero real;number is the othervzeal number which is at an equal
distance from O on the real number line. What is the opposite %
of 02 - ) ‘ .

Let us consider some typical real numbers. Write them in a

column. Then write their Opposites in another column; then study
the adjacent statements. ! 7

2, 723 ". T2 is the opposite of 2.
- ' - {
1 1, 1. 1
. 75 5 is tl?e onposite of 7
O, 03 . O ig the opposite of O.

The statements@themselves are cumbersome £o write, and we need‘a
_symbol meaning "the opposite of": Let-us use the lower dash "-"

"to mean "the opposite of¥. With this symbol the three statements

becorie the true sentencés:’ : . .
i h N ' °

= -0 Read t se sentences
care
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- We can learn ﬁ%% things from these sentences, First,'it .
appears that .""2" and ™-2" are differerd pames for the same

$+ number. That is, "negative 2" .and "the opposite of 2" represent
-the same number. Hence, it makes no difference at what height the
dash is drawn, since the meaning is the same for the upper and '
lower dash. This being the ‘case, we do not need both symbols
. Which 8hall we retain? The upper dash refers only fo, negatiwe
numbers, whereas tge lower dash may apply to any real number. (Note
that the opposite of the positive number 2 is the negative number
-T2, and the opposite of the negative number '%a is the positive
number 5 ) Hence, it is natural to retain the "opposite of"
. symbol to mean either "negative" or "opposite of" when the number
qqfstion is positive. Now the sentences may be’ written t-

-2 = -2, (read ' negative 2 1is the opposite of 2")

1 .8 nl e
%= -(-%), (read "z 1is the opposite of negative 7 )
0 = -0. - J

-

The second of- these sentences-can be read alsd as:

) -% is the opposite of the opposite of -§ ‘

Second we observe in general that’ the _pposite of the opposite

of a number is‘the number itself;®in symbols:

. VR ' For every real number ¥,
- ek SV R
What is the opposite of the opposite of the oppogite of a number?
What is- %ﬁe opposite of -the opposite of a negative number°

When we attach the dash "-=" _to a variabley x "we are perform-
“ing on X the operation of "deteymining thé‘opposite of 'x". Do -
not confuse this with the binary operation of subtraction, which is
performed'on Ewo numbers, such #8 3 - x, meaning "x subtracted ’
from 3". What kind of 'number isi -x if x 1is a positive number?
If x 1s a negative nymber? If x 1s 0?7 '




—~_ Ye shell read "-x" as the "opposite of x". fThus, if x is
a number to the right of O (positive), then -x is to the left
(negative); if x is to the left of 0o (negative), then -x 1is
to the right Tpositive). g '

?

»
.

e

Problems

1, Form the opposifte of each of the follewing nnmbers:

(a) 2.3 : (d{ -(3.6 ~ 2.14) <
) 2.3 7 (e) -2 x0) -
’ () ~(-2.3) (£) (42 + 0)
~N

2. What kind of number is -x if x is positive?, If x is

‘negative? If x is zero? / ,- .

3. What kind of ‘number:is % 1ﬂ -x 1is a positive number? .(If
-X \1s a negative number? It -x 1is 02

. s .
P4, la) Is every real number the vppo ite of somé real number? L -

Ay
(b) Is the set of all opposites of real fumbers the same as
the set if all real numbers° ' : ‘ .
- (e) 1s the set of all negative numbers a subset of the set

- o

of 211 ¢ posites of real numbers? = . .o

»

. (d) Ys the set of all opposites of real numbers a subset of |
the set of 'all negative numbers? :

.-

(e) L1s* every opposite of a number a negative n4mbef? '

i ) ) - - ) y
' A} ’ '4
7 -
! @ A L ] ) ! " %
4 ‘ ' .- ' !
. N . . , '
- coe f;gfg
N N N ' [ | suSuitieiaatas
- ST
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The ordering of humbers 91.’1 the real number line specifies that )
, ,-% is less than 2. 1Is the opposite of -% less than the opposite .
of 2? Make up other similar examgles of pairs of numbers. After
you ha\{'e?@cieterminae‘d the ordering of a pair, then find e ordering
of their opposites. You will see that there is a general\property

for opposites: \ ' - '

‘

f
s

:
. = ®

For real numbers a and b,
°\ if a <b, then ~b < -a.

Y

. Problems a
. N )
1. Jrite true senténces fon, the following numbers and_fheir
opposites, using the relations "<" or "™".~”
" Example: For the numbers 2 and 7, 2< 7 'and -2 » -7.

(ay 3 -1 " @ s +B), P20+ 6)

(b) ‘/E: -1 s -2
y !

() =, %

Gfaph‘the truth sets of thé following open sentences:
(Hint:  Use order property of opposites before graphing.)

(a) -x> 3 . (b) -x> -3

~

Describe the “truth set of each open sentence:
(a) =-x #3 / ‘ / (e) ’-x< .. ‘ .
(b) -x # -3 bo(d) ~x K :
. o~ .
4, - Write an opgn sénteqce for eachf. of the’ fpllowing graphs:
(€) o= &——— Ot

A YU AT S

(@ _W_e as- [
" b0
IRV
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5. For each of the follo&ing numbers write its opposite, and‘
’ then choose the greater of»the number and its opposite-
»
(a) o ) (e) -0.01 .
, .
() 17 , F () -(-2) :
« 1 :
(¢) -7.2 v (8) -(3 -3
(@) -vz2 J I
6. Let us write "»4' for the phrase "is further from O than" -
on the reéal number line. Does "» " have the comparison
_Property enjoyed by ">", that is, if a and b are different
real numbers, is it true that a» b or b} a but not both?
Does. " " have a transitive property? For which subset of
the’ set of real numbers do ") " and ™" have the same
meardng? . ’ ’ \
r ~ . )
7. Change the numerals "—%%" "and- "—%g" to forms with the same
denomipators. (Hint: (First do this for &3 and, 15.) What,
. is the’order of -%%L %g* CHint: Knowing the order of

useful operation on

%% and

E‘g:

what is the order of their opposites?) Now

state a general rule for detennining the order o;,two negative

,rational numbers ,

-

e

' Absolute Value. ‘We now want to define
[ .
single real number: the op%ration of tv ing

»

-

a new and very

-~

O S
‘e

its mbsolute value. - ¢ .
& i’ I
. \ .
The absolute value of a non;%ero
. | 3
real number is\the greater of that ?
. nupber and its opposite. The®h '
apgolute value of 0 is 0. - .
. ., “\‘ ¥ .
¢ i v .
H .
- ) s . / / K
- « . ‘ A &
. ' o ( 1 & .
w3 3 - o
LR £ . - 2. B i
2.4 % : - "3 “oX AR S P
.% \{1. . v - ¥ ‘ .rl" %
5 & ¢ 5 : 4 3 Y y 3
Y i Coa R S 7. ‘
RIC : ; i ; , »
T ~ 4 L . b
Y ' - . ,f? f S y . / K
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Thé absolube value gf 4 is B, because the greater-of oy and
-4 1s,,4. The Jabsolute value of "? is %.‘ é”hy?) What is the .
absolyte valu £ -17? Which is always the great

number and 1ts opposite' the posItive or the negative number° v

er of a non-zero

Explain why- the absolute value of any real number is a Eositive -~

;; nggber/gr 0. : ' ‘ : ' .
. . o/- '
. N As usual, we agree,on a symboi t6 indicate the operﬁtion.
We write - . C e ,’l
o MY AL -

@ Lt . s

ta mean the absolute Yalue of the.number n., ﬁb} example,
| |

4= b, -3 =% I-v2| =v2, 12| =
Note that each of these is non-negative. = /., - ' EiL
If you look at these numbers and their absolute valnes*on the
rumber line, what can you conctude about the distance bétween a
number, and 0” You notice‘%hat the distance betweenqlh 0, is
4; Dbetween ‘§ and 0 is '§’ etc. Notice that the 1stance
between ‘ady two points of the number line 1s a non—negative real

number. ) - .
The distance between 2 real e
. number and O on,the real AN Y
numb 'ine is the’absolute

o 4" .
value of that number. : -

‘

. We may rephrase our defin tion of absolute jélue in a, somewhat
reduces thenef?unt

-4

use of symbolsl
N

of language necessary for expressing the idea.<

more formal manner. Note how %

~ N““ 2L
* For any réal number x |4A' . f
ir x> 0,_ then |x| =x; " .
'if x <0, then |x| = -x. )

* You should verify the truth of the above' statemen%s;ﬁo make
sure‘this\reallx says the same thing as our previous defﬁnitions‘g
of absjlute.value. . PR

1\ b
v

© h P
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. Problems
1. Find ‘the absolute values of the following numbers: /
. 6 . , -
(3\)\ -7 (d) 14 xo0 : :
> , () -(-3). ? c (e) .-(14 + 0) o
. . ] i, , - -~
FORNCIEY , (£) \-(-(-3>) -
o2, (a) What kind of number is ',34 what kind of number is |§|?
(Non-negative or negative?) L
(b) If x 1is a non-negative real number, what kind of
number is |x|? ° ‘
3. (a) What kind of number is -{;l; what kind of number is
|7-§-|? ‘(Non-negative‘ or negative?)
(b) If x 1s a negative real fiumber, what kind of nuimber
is  |x]2 _
B O 'Is x| a non-negative number for every x? Explaiﬁm-j - ,
5. For a negative number X, which :Ls greater, x or |[x]|?
6. . Is the set (-1, -2,-1, 2} closed under the operation of:
taking absolute vilues of its elements?
Problems. _— . .
, Je T L | . /
-1, Which of the following sentence' are true? . ’
* -
.o(a) -7l <3 . (£) -3<17
~ (®) [-2] £ |~3] (g) -2<[-3] - ‘
' L]
, () 14 < I1] . (h) 1V16] > [-4]
‘@) 2¢ -3 / (1) |-2[2 = 4
3
(e

) skylel TR
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2. Write each as a common numeral:
M

(2] T2l + 3] 1) -3} - el
() [|-2] + 3] = (3% 1-2| + 3]
(e} =(l2] + I3 (k) =(I-3] - 2) .
(a) -(l-2] +-13]) (1) -(1-2,+ 1-31)
(e) [-7] - (7 -5)2 (m) 3-13~-2|g ]
(£) 7 - 13l (@) -(I-7] - 6) ‘
(s)z3 1-51 x 2. S (o) [-5] x |-2] '
(h) -(l-5] - 2) (0) -(l-2] x5)

(@) --(1-5] x [|-2])~

3. What is the truth set of each opeﬂ’sentence?

N\

.

(a) Ix| =T () Ix] +1=14 :
EA . ' N\ .
(b) “Ix| =3 (@) 5- |x| 5/2
LN - i . -
© & "Which of the following open sentences are true for all real -
numbers x? i
(a) Ixl >0 @ < x]
)
L) x L xl (a) ~Ix] <=,
~ (Hint: Give x a positive value; then givte x. a negative
value. Now come to a decision.) _ N )
}
5. Graph the truth sets of the following sentences: " =
. @ Ixl=5 @ x>
. . >
(b) x| < 2 (e),,gvk -2 or x> 2 .
(¢) x>-2 and x< 2 (£ |x] = -3 (Be careful.)xw
6.' Graph the set of 1nt§gers‘léss than™ 5 whose absolute values
are greater than -2, Is -5 an element of this set? Is’' O
an element of this set? Is -10 an element of this set?
Lo , . . 4
S N -
. 4 . N
P .
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f

1.

2.

-

5.

6.

2

If R 1is the set of all realJnumbers, P ‘the set of all
positive real numbers, and I ghe set of" all jntegers,

d scribe the numbers:

: - o .
a) in P but not In I, . ¢ ° .
. N . h 4y . a 2
(b) in R but n?t in Bs® . v
(¢) in R but not in P nor in. I, ¥ .
. ) , 3
(d) in P but not in R. '
» . ‘f _/'
- n ‘ . .
Summary . . .. v o
Points to fhe left of O on the number line Are labeled with
negative numbers; the set of real numbers consists of all .
numbers of axg%nmetic and their opposites. -5 '
e .
Many’Kﬁints on the number line - are not assigned ratianal,
number coordinates. ’ These points are labeled with rrationil
numbers. The set of real numbers consists Gf all rational
and“irrational numbers. P oy )
"Ib ‘less than" for real num";s means "to the left of" on the
number line. 7 '
o~ o
Comparison Property *If a 1is a real number and b l\\a (
real number,- tren exactly one of the following is true:
a<b, a=Db, b<ga,’ )
Trangditive Property. If a, b, . .are r:eﬁl numbers and- if - .
. L 2 ' 2
a <‘b and ﬂ < c, then .a < e ‘“ - .
The opposite of O d4s O and the opposite of y otHer ezl o b,
number is the other number which is at an equa 1stanoe rom ¢
0 ‘on the real number line. ' *a -

‘'The: absolute value of- 0 'is

0, &nd the absolute value Qf
any other real number n is the greater of = dnd the .

~

opposite of n,

Rl

3

@,
3
i
BT
.

b1

¥
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8. If x 1is a positive number,.then -x 1is a negative number.
If x is a negative number, then -x 1s a positive number.

) [

’

9. The absolute value of the real number n is denoted by |[d].’
Also, |n| 1is a non-negative number which is the distance
between O and n on the number line. ° = A

10. If n >0, then |n| =n;
if n <.0, then {n|

|
1
=
@

Review Problems . ' . -

Al

1. Consider the open sentence "[|x| < 3". Draw the graph'of its

truth set if the domain of x is the set of: .
(a)' real numbers * (e) .non-negative ~reaal numbers
-(b) integers (d) negative integers

2. ' If R 1is the set of all real numbers, P the set of all
' positive real numbers, F the set of all rationad numbers,
I the set of all 1ntegers -which of hhe followingjare true

@tatements" . = '
(a) F 1is 2 subset of R. =~ - : 'w
. (v) Every element of I is an element of F.
(¢) Thére are elements of - I which are not ‘elements’ of R.
. (d) Every element of I 1is an element of P. =~ ) 9
‘ (e) There are elements of R which are not elements of F.
3. Draw the ‘graph of fhe set of ‘integers less than 6 ‘whose B
- absolute values are greater than’ 3,. Is ,-8 ‘dn element of '

o -

~ L * ‘

-

4., The perimeter of a square is less than 10 inches.

(gﬁ%QWhat,do you know about the number of units, s, 1in the
"side of this square. Graph this set.

(b) ‘What do you know about the number of units, A,- in the .
area of this square. Graph this set.

¢ ’ .
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f T, . PROPERTIE§ OF ADDITION ,

One of tpe purposes of this:secﬁion will be to leam? hoﬁ to
translate into the language of algehra Qperations which we first
describe geometrically. Addition on the number line 'is such an
operation; we shall try to define.it in the language of algebra.

If we take 7 4 5 and'picture this addition on the number
line, we, first-go from O to 7, énd then from 7 we move S
more units to the right. If we consider (=7) + 4, we first,éo
from 0 to (-7), and then from (-7) move 4 units to the
right.. Tp;se_exémples remind us of something‘wé already know:

To add a positive number, we move to.the right on the number line.
It should now be clear from our other examples above-what happens
on the number line when we add a negati@e number. When we added
( 4), we moved U4 units to the left; when we added (-6), we

N moved 6 units to the left. We have one more case to consider:
If we add 0, what métion, if any, results?

We have now described the motion .in all cases; let us see if
we can learn to say algebraically how far we move. Forget for the
moment the direction; we Jjust want to kmow how far we go when we go
from a to a+ b. When b 1is positive we go tb the right. Yes,
but how far? We go just b. units. When b is neéativev we go to
the left. How far? We go (-b) units.. (Remember (-b) is
positive if b is negative.) If b is O, we don't go at all,
What symbol do we know which means "b. if b is positive, -b®
if b 1is negative, and 0 if b.is 0"2 "|b|", " of course.
And so we have learned that to'find a + b on the number line,
‘we start from a and move the distance . |b| .

»

‘to the right, if b 1is positive; !
to the left, if b 1s negative.,




e
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t

1. Perform the indicated operations on real numbers, using the
number line -to aid you: ’

: (4 + (‘6)> T (e)“2 + (o-+ {-2» .
..<b> b5 ((-6) +o() T (D) (59 +0) + (-2.5)

-

() ~(v + (-6) (@ l-2l + (-2
(aj 3+ (( 2)\4)2 (h) (-3) + ([-3] + 5)
2. Tell in your own words what you do to the two given numbers'
to find their sum: B .
' (&), Tex 10 N (£) (-7) + (-10)
\ . N - i , S .
> () 7+ (-10) “w (g) {-7) + 10 e,
(¢) 10+ (-7) . . (n) (-10)+7 T . .,
(@) 4=20) + (—7) (1) " (-10) + 0. - °
(e) 10, + 7. ‘ (3y o+7 - ‘
3. In which parts of Problem 2 did you do the addition Just as
co you added numbers in arithmetic° - - . /////
¥~ “ ] ' :
L, 'What could you alqays say_about the sum when both numbers
' swere negative?. ) I —_ : :/{ X
- . . . .< . T -
4 -~ ) ) ‘ /e

' Properties of Addition. ‘One” of our main obJectives in

this course is to study the structure of the real number system.

As zstem of numbe s is a set of numbers and the opérations on’these
numbers. . Hence, we do not really have the real*number system until
e define the operations of addition and multiplication for negative
numbers. - , 4

The operations must be extended from the nhor-negative reals to
all Teal, qumbers. Thus, the definitions of addition and multipli-
cation for all real numbers must be formuléted exclusively in terms

.~

— oo . e,

. * N
» ! '
* 1 )
- - + N o .
’7». v . e, . - B o -, - "
. S N A . r .
H . ', -
.t . [ - - .
.

Problems . ) . N S
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of the non-hegative numbers and operations (inquding oppbsiting)
on them, We, of course, insist on preserving the fundamental
properties of the, operations. ;

In-arithmetic, the sign "+" in the expression "25 + 38" is .
nothing more than a reminder or command to éarry out a previously
learned process to obtain "63". The idea of "+" ‘as.an operation
to be studied for its own sake is quite a -different notioﬂvof
addition from tpat in arithmetic. )

An attempt is made here to begin thinkirmg of tLe real number
system from the deuctive point of view. In other words, it is an
undefined set of elements endowed with an operation of additign,

. an operation of multiplication and an order relation subject to
certain assumed properties from which all other properties can be
deduced by proofs, * )

Very quiekly in the present section you should learn how to
find sums involving negative numbers . We want to bring out the
important fact"that what_is really involVed here 1s an extension
“of _the operation of additipn from the numbers of arithmetic (where‘
the operation is familiar) to all’ real numbers in such a way that
the basic properties of addition are preserved. This means that we
ust give a definition of addition:in terms of ‘only non-negative
numbers)and familiar operations on them. The result in the language
of algebra is a formula for a + b involving the familiar operations
of addition, subtraction and opposite applied to the non- negative
la] and Jb|]. The complete formula appears formidable begause of
the variety of cases. However, the idea is, simple and is nothing
More than a general statement of exactly what we always do fn
obtaining the sum of negative numbers.

N
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- Definition of Addition. We'now want to use what we have
just learned about addition on the number line to say, first in
English and then in the language of algebra, what we mean by
a.+ b for all real numbers a and b. First of all, we know
from previous experience how po add a and b 1if both are non-

negative numbers. So let us consider another example, namely, a
negative plus 2 negative. What is L

(-4) + (-6)2 A
We -have found, on the number line, that ~
? (-4) + (-6) = (-10). N

. . s {
" Qur present job is to think a bit more carefully about Just how we

reached (-10). We begin by moving from © to (-4). Where is
(-4) on the“number line? It is to the left of O. flow far?
"Distance between a number and O" was one of the meanings of the
absolute value of a number. Thus, the distance between O and ‘
(-4) 41s |-4}. (of course, we Tealize that it is easier to. write

4 than |<4|, but the expression |-4| -reminds us‘that we were
thinking of "distance from 0", and this is worth remembering at

g . ;
present.) ‘ 4« . ) :

(-4) 1is.thus |-%| to the left of 0. When we now consider,
(-4) + (-6),
we: move another |~6] to the left. Where are we how? At
~(1-4] + [-61). ‘ ,

° e

Thus, our thinking about distance from O, and about distance
moved.on the mumber line has’led us to recognize,tha£‘
] ' R . v

(=2) + (-6) = -(|=4] * [-6]) e

is a true sentencé. . .
You can reasonably ask at this point what we ‘have accomplished
by - all this. We have taken a Simple expreSsion like Q-M) + {49),
and made it look more complicated!- Yes, but the expression
fﬁ -4} + [-6]), complicated as it looks, has one great advanﬁage

.o RN

o &7

4

- -
v -

» . o 1.
N N
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It contains only operations which we know how to do from previous
experience! Both |- 4[ and |-6| are positive numbers, you see,
and we know how to add positive numbers; and (-] + |-6]) is
.the opposite of a number, and we know how to find that. Thus,

we have succeeded in expressing “the sum ofctwo negative numbers
for which suim we previousdy had just a picture on the number line,
in terms‘ of the language of algebra as we have built it up thus

far. N . : f)

Think through (-2) + (-3) for yourself, and see that by the

_same reasoning you arrive at the true sentence
(-2) + (-3) = ~(1-2] + |-3]). ° —

From these exa.mples we see that . the following defines the sum
of two negative numbers in sterms of operations which we already ’
know hov} to do: . - .

-

_In English: , The sum of two negative numbers is negative;. the,
absolute value of this sun is the sum of the absolute values'of

-~ . ° °

the nl;mbers. ) . _
Ain<the language of algebra. ' . , ' -

If a4 and b are both negative numbers, then .

v+ a+b=-(la] + |b]). . ,
T - R *
x . .
: . _ . R/
) e é»m Problems T A FUVE G
LS X i
; N TR SR . oorf - .
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1. Use the definftion Above}to find a common name for each of the
- following indicated sums, and then check by'using the xwmb »
, +line. Example~ by definition- ,

!
.
3 o
.

(-2)}+ (-3)s= -(|-2] + |-3])
! _=...(2+3)‘ .

©
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- Check: A loss of 32 ‘followed by a loss of $3 is a net '
" loss of.—§5. : , N
co(a) (-2) + (-T) () “(-25) +(-73)
(0)  (-426) - .6 2
®) (94 (.00 (@) 5%+ 2% . N

(c) (<33) + (-88). - . S

/

2. . Find a coméon name for each of the following by any method

.

» . you choose . ' vl
(@) :(-6) + (1)’ () 16 - |-41° \
() (- 4(-6) (&) ox(a) * < ..
() =(1-71 + I-61) - (n)« =(|-3] - |o|)

. » . ¢
(a) 6 +(-b) Yol 3 () + 2)
Y. (o) (M6 ] :

. . " ¢ [d

3. When dne number is positive and the other is negative, how
'_do you know whether the sum is positive on,negative°“ . :

o N -
.

v

# . : IR :
’ So far, we have considered the sum of two non-negative nunbers, ’
and fthe, sum of two negative numbers, Next we cgnsider the sum of

}wo numbers, of which one is positive and the other is negative.

2.
Temgesad o Let us look at a few.examples of gains\and losses
t
f‘Profit of $7 and loss of 33; 7+ (-3)'= 171 - |-3] = IQI

_ Profit of .33 and loss of §7; 3 + (-7) = -4,,| =7| - 13] = |-4]
7! Loss of $7 and profit of §3; (-7) + 3 = -43 1=71=13] = |-4]
/ Loss of $3 and profit of §7; (-3) + 7 = 4; 7] - [-3] = |4

03 |34~f31’—-|0|_ .
N Consider these examplés on the number line. From these 1t

. appears that the sum of two numbers, of which one is positive (or '
0) and the other-is negative, is obtained as follows:: Vs

R . A
.
- - .
. -
. . . ot . 4
~ . R - L
: .

ég‘ Loss ofﬂ/BB ano prof%t of 33; ( 3) + 3

f
’ | Pemeian & = e em v sa o e ook s —omsans

v

e

t*%
. L2




>

2.

3.

o 99

v *r. —." . "
" The wbsolute vélue of the sum Is sthe difference
of the absclute values of the numbers - .

Theksum is’ positive if the positive number has-

41

4

-

{the greater absdlute value.
' The sum is negative if the negative number has

the greater absolute value. .- - . P
O if the positive 'and negative
-~ numbers have the samé absolute value.

° $

lThe sum is

Ta the language of algebra,

If a3 0 and b'<O, tffen:

-

% 2= lel o oloar el 2 ol
. and .-. - - )
a+b'= $|b| - lal)s ir || >slef. -
If b> 0 and a < 0; then: ° ‘
a+b="b| - Jal, if.-"|b| > |a]
and L ‘ X
Yoa = -({al. - Iv]), 1if Jal > |p| )
I ' - Problems .
[ * - a )
In gach Of the following, find the sum, first actording to
“the definition, and then by any other method you find con-
: venient‘ ' T . :
. ) p
(a) " (-5) +3 (e) 18 + (-14)
-(b)  (-11) + (-5) (£) 12 + 7.4 )
., 8 - S
- fe) (-3)+0 . () €x)+5 .
(@) 2+ (- 2) \ (n) (-35).+ (-65) > ,
A J
Is the set of all real numbers closed under the operation of
addition? - . ) -

Is the set of all negative real numbers closed-under addition?
.. Justify your answer. ~or ..

13
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For each of the following open sentences, find a real’number

which- will make the sentence true: . .- s

(a) xX+2=7. , - (f) e+ (-3) = -7 .
(b) 3 +y=-7 . ‘ (@.y+§=-% ‘ ' .-
(c) 2% 5 =0 - 1) §x + (-4) = 6

(d) b+ (-7) = 3. . (1) (y + (—2» +2=23 R
(&) D +x=-2 - () Gax+(-h=-1
Which of‘phe follpwiné sentences are true? u'(
(a) -(l-1.5] - lo}) = -1.5 <
(6) (-3) +5=54+(3) : : '
(c).(h+(—'6)>+6=4+<:(-‘6)+6>"'. ‘ i

(@), (-5) + (-(-5)) = -10

(&) (6+(2) 2 (-6) 4 (- . s
Translate the following English sentences into open sentences:
-For example: Bill spent 60¢ on Tuésday and earned 40¢ on
Wednesday. He couldn't remember what happened on Monday, but

he had 30¢ 1left on Wednesday"night What amount did he
have. on Monday" '

.

If Bill had x cents on Monday, then
x + (-60) + %40 =
This- can be written -
— x + (-20) = 30. o .
(a) If you drive 40 miles north and then drive 55 miles

south; how far are you from your starting point?

(b) ,The sum of (-9), 28, and a third number is (-52) -
EY
. What ?iS the third number" Cr e

»

o,
=
S




101 .
' (c) At 8 A.M. the temperature was -2°. Between 8 AM,

4 ‘ and noon the temperature increased 15 Between noon )
and - ¥ PM. the temperature increased 6°. At 8 P.M.
the temperdture was -9°, What was the temperature
change between 4 P.M. and 8 P.M.?

(d) If a 200-pound man lost ¥ pounds, one week, lost 6
pounds the second week, and at the end of the third week .
weighed 195 pounds, how much did he gain in the third
week?

(e) A stock which was listed at 83 at closing time Monday
dropped 5 points on Tuesday. Thursday morning 1t was
. listed at 86. What was the change on Wednesday?

]

. hil N . ‘a
Properties of Addition. We were careful to describe'and
1list the properties of addition when we dealt with the numbers of
arithmetic. Now that we have decided how to add}real numbers we
want to verify that these properties of addition hold true for the
real numbers generally . ° '

We know that our definition of addi%}on includes the usual
addition of numbers of arithmetic, but we also want to _be able to
add as simply as we could before. Can we still add real numbers
in any order and group them in any way to suit our conyenience9
In other words, do the commutative and associative properties of

addition still hold true9 If we are able to satisfy ‘ourselves that

these properties do. carry over to the real numbens, then we are
assured that the structure of numbers is maintained as we move from
the numbers oqugithmetic to the real numbers. Similar questions
about multiplication *will come up later. .
Cansider the following question: Are h 4 Q- ) and (-3) + 4

names for the same-tumber? , ,
It app ears that the sum of ‘any two real numbers is the same
for either order of addition. This is the N

-
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. Commutative ‘- Property of Addition For any two
real numbers- a and b,

N ‘b =b +a. : y

Next, compute the following pair of 'sums:

(7 + (-9)) +3, and 7 +<(-9) + 3);
What ,do you observe about the results? . <’
We could 1list many more examples. Do you think the same
results would 4lways hold? We have the . .
Associative Property of Addition: For any real
., numbers a, b, and c,
I r(a+d) +ec=a+(b+ec). ) .

»

of course, if the associative ahd commutative properties hold
true in several instances 1t is not a proof E%at .fhey will hold

K true in every instance. A complete proof of the properties ean be

giyen by applying the precise fdefinition of addition of real numbers
to every possible case\of the properties. They are long probfs,
especially of the associative‘%roperty, because there are many )
cases., We shall not take the time to give the proofs, but perhaps
ryou' may want to try the proof for the cogpmutative property in some
of the cases. = : / ' M

The associative property assures us that in a sum of three
real numbers 1t doesn't matter which adjacent pair we add first;
it is customary to drop the parenthese and leave guth sums in an

~ unSpecified form, sugh as 4 + ( l) + 3

Another property of addition, which ie new for real'numbers‘
and ene that we shall find useful, is obtained from the definition

. of addition. For example, the definition tells us‘that -'

4+ (-%) = 0; that (-b) + + (-(- -4)) =.0. In general; the sum of
a number and 'its oppOsite is ‘O. We state this as the

Addition Pgogert of- Opposites For every

real number a, :

L]

. Cocasa) =0 Y oo Co

fa
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One‘more property that stems direétly from the definition is .
the ’ ' !
\-‘f
Addition Property of 9 For every real number a,,
- A o ‘\f . ‘
! ’ . 'l * . o»y\
¢ ) ‘ ! / : -
0y \ [
o ) Problems -
3. Show~how the' properties of addition can be used to explain
why each of the following sentences is true: N

»

;ﬁg Example:

'.'%‘K
: The left numeral is

5+ <§~+ \-SD

5+(3+ (-5)

(5-+(-5D + 3

-/3+b. \

and.
propeaties

associative
commutative ,
of addition.

» =0 +.3 addition property of-
% . ' . ™. opposites.
! ; ' <3 + 0, . commutative property LT
' X ' of addition.
The right. numeral is . R )
' 'é + 0. [} )
i R ‘f s .
. (a) 3+ <(‘3l-+ &) =0+ 4 -

1l

(0)" (5 +(-3))

((-3) + 5) + 7

() (T4 (1) +6-=6 ~ o
. (@) I-1f +1-31 + (-3) = 1 .

(o) 2)+(3+(u)) (-‘,+3)

R (Tsh 4664 ()

| i
. * ' « .
\ -» .
[4
[l " ’
f Lar. *
[
.
\ : 108
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2. Using the associative and commutative properties of eddition,
write a simpier name for one phrase of" each of ,the following
sentences, and find the truth set of each:

T (a) x (( -x) + 3) . | o .
() (74 Co) =m -
-(e) n+ (n\+ 2) + (-n) + 1+ (-3) =0 o ¢ AR ;
: (@ (@+¥)+(-B) =9+ (1 - . ¢

“

The Addition Property of Equality. There is another fact *
' about addition to which we must give attention. We lmow that

. ¥+ (85) = (21). . .
/ This means ¢that U + (-5) and («1) are two names for one number.
~ Let us add 3 to that number. Then (4 + (-5» ff 3-and (-1) + %ﬁ
are again two names for one number. Thus, ’

Al © 5 ¢ “
@ (4+(—5))+3=(—1)+3.k T
Also, for example, . _
(-5)) +5=(-1) + 5. : i
Simil8riy, since ..
. 7 =15+ (-8),
. .
7+ (-1 = (15 + (-8) + (-7).
This suggests the ) o
- ['g
‘ Addition Property of Equality For any rea;{
e numbers a,b,c,f : . ‘
if a = e, then ‘af¥?0.= b+ c.. \\\\; ,
In words, if a and b are two names for one number, then ‘ N
a+c and b+ c are two names for orfe number.. |
3 -
- "r
—~—— * g ~ L
.0 . . K 3 ¢ . ¢
* 1 i -’A:’L -
Vo109 L 2
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Let us “use the previously stated properties of addition, and ~
‘the above property of equality in some examples. '

219.1-.- Determine the truth set of‘ the opén sentence
: 3 -
X + 5 = -2. 4

. . . N

Can you guess numbers which-make th;Ls Sentence true? , If you don't

see it easily, could you use"properties of addition lto"he'lp? Let’ N
us see. We do.-not really KnoWw whether there is any nuinber making

this sentence true. If, however, there 15 sufwee number x which
makes the sentence true (that is, if the truth set "is not empty), °
then b'd +% and -2 ape the sam'e number.

Let us add --% to this number; then by the addition property '

~of equality we Haye
S (x+3) + (-3) = e2) + (D).
" Why did we add -%’?' Because in this case we wish to change 4

the left numeral so it will contain the numeral "x" alone. Watch
this happening in the next few lines. > .o - -

, - @
o = (-2) + (3). (Wny?) ;
EEE - | (uny?)  r
: X = - }5§ (Why?)ﬁ

» 72
Rl w"w,“ .

Thus we arrive at the new o‘p‘en“"s"’ént"e’ﬁde x = --153- If a number ‘
X makes. the original sentence true, it also makes this new sentence .

* true. Of t s“uwer»a\ne\;c’ér.tad‘n because\‘me wﬁm@m%»mrm N
hold’ trug. or all real numbers. - This tells us that - }53- is the -

ossible _truth vaiue of - the original sentence But it does

not guarentee that it ’is a truth value~ Does - }5§ make- the

\.\

original sentence true? Yes, becaus ( -5-) + -5 : .
i . 1

oy
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>

Here we have discovered a very important 1dea about sentences :
such as the above., We have shown that if there 1s & number x

making the original sentence true, then the only number which P
SN

can be is - —5- The minute we check and find that

- —5- does
make the sentence true, we have found the one and only number which -
belongs to the truth.set. o !

The sentence in the previous example 1is an equation.” We Shall
often call the truth set of an equation its solution set, and its

members olgtions,qand we shall write solye instead of "determi‘ne

the truth set of". . - s .
‘Examgle 2. Solve the equation : :

a s

‘ . 5+,32='x+(-%), ' \ .
' v ’ ’ : - " i - T
If. B 2= x4 (-%) is true ‘foi-‘some X,

o

2 .
e —at ,\ LE o

3
2
3 1, :
then (5 + 5) + 5= X + (-72)) +72 is true for the same X;
2=x+0 S is true for the same X3
7

&‘ paNAtA
\ is \true/for the same x.

n
]

"If X = 7, . " 'l;“ i
. Cgdq . 3 10 3
the left side is: 5*’Z=T+’2
’ . o 2
- ‘ _ 13,
» = '15' ; .
‘ ,f.the right sidé is: - 7 + (--2-) >+ (...Z)
: ) _ 13
-

- Hencé, the truth sét is (7).

T
—

~
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" ’ ’ . Problems )

i(.'.)‘ - . ' I

Solve-each of the following equations. Write your work in the
form. shown for Example 2 above. B y

1. X+ 5= 13
2, (-6) +7.=(-8) +x : .

'3, (-1) + 2 + (-3) = 4 + x + (-5) ) -
4, (x+2)'+x=,(—3)+x '
5. (2 +x+(23) s x4+ ("'2')
Co6 ke () g lales -
7o (B FIxl = P+ (D) s
8. xu (-3) = Vb + (-3) : CoL \'
g. _('--g-)‘+ (%, +,-’%) =x+ (x + -]é”) b . ‘ . - o
SN ‘.\.,)k" "\“‘i{,& « ' ! . . . i ( i '
v + v N . ,“h' .

4 ' . , . .
_ The Additive Inverse. TwG numbers whose stm :l;§ 0 are

related in a, very special way. Por example, wha'c number when added

to .3 yields the sum 0? What number when added to -4 yields -

0? general if x and vy are real numbers such 'cha'c

. :\ . . -‘ x+y_0’ . :.e'\

,w/e say that y is+an additive lInverse of X. ‘Under this. definition,
',/ is x then-also an ad :’i’cive inverse-of ~y? ~ '
! Now let us think about any nwnber .z which is an additive

/ inverse“of, say, 3. Of course, we lmow one such number., namely, '\;___’

"~.3;. for by the addition property of opp/osi’ces, 3 + (-3) = Can
" there be any other number z such that o :
,“ 3+ z =07 :

@ il

¢
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than one additive inverse? How about (-6.3)%* We certainly doubt

as the ‘above’ Canale, however, check 2ll numbers? What we need is

* prove there is none. Let us parallel the reasoning we used in the
special case in which x = $» and see if we can arrive at the . -
::;iqprrésponding conclusion. . s ‘- .

:such that

“invérse of 3, but also the only ‘additive inverse of 3.

. 108 T t

\
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N1 of our"experience ﬁith numbers tells us "No, there is ro other

uch number”. But how can we be absolutely sure? ye can settle

this question with the’ uge of our properties of addition, Just as '

we did in Example 1 in the preceding section. If, for some number
vz T m—

z, s o . .
. %

: E 3+z=0, ' o *

) h /

is a true sentence, then ] ’
- (-3) + (3 + z) = ( 3) +0 p

is also a true s ntence,’ by the addition property of equality

(Why did we add -3?) Then, however,

( - 3~)+ z = ; /’ : S —

and the O roperty of addition. This finally tells us that~

S
oz = :3 f . : ) Y
must also be true; we have, for this last step,. used the addition !
property of opposites. I ! ‘ an‘ .
What have we doﬁe here? We started out by choosing g2 as
any number which‘IS\an additive inverse of 3; we found out that -

z had to equal -3; that is, that =3. is not just an additive

Is there anything speoial dbout 3? Do you think 5 has more -
it, and we can show that they do n?t by the same line of reasoning
a result for any real number X, a result.which is supposed to tell

us something like the following., We know that' (&x) is one additive
inverse of x; we doﬁbt if there is any other, ‘and this is how we

) Suppose. 2z >is any-additive invePse of ~X» that is, any,number

. - ) oy
hd g o Y, =
e s e e T .
]

.
e e, T

. x+ 2 =0.

- - e e e e < T
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What corresponds to the first step.in our previous special case°
We "'use the addition property of equality to write

‘ T(-x) + (x + z)‘?:(-x) + 0.

N L - - - * o'

. We then have that

.

" ((-x) + X) + 2 =-X. I
" What are the two reasoﬂs we have used in arriving at this lasé
_sentence? -
Then i *
_ 0+ 2z = -X, (Why?)
", and finally \ . *
z = «X. (Wny?)

. .
*  We have succeeded in carrying'Out our program, not just when
" x =3 but for any 'x. Each humber x has a unique (meaning
Just one") additive inverse, namely, ‘4"1
‘You probably have all kinds of qualms and questions at tpis‘
.point,-and. these are to be expected since this is the first proof
which yo ‘ n in this course. What we have ddne is to use
facts wh?;ia::—ijig_‘;sﬁious ‘known'gbou€ all real |numbers in
order tosargue out a new Ract about all real numbers, a new fact
" which gou certainly expected to be true, but which nevertheless *
4ook this kind of checking. \We shali do a number of] proofs in this
) course, and you will bBecdme myre and more accustome to this kind '
of reasoning as you progress. \In the meantime, let make one
more comment about the préof just completed. The s céssiye steps
~&$ took were of.course chosen quite deliberately in prder to make
This might give you the impression that the
that it' couldn't céme dut any other way. Is
"pigged" in the-

-)E.

-

the proof succeed.
: pfbof was "rigged",
this fair? Yes, 1t is, and in fact every proof is

sense that we take only steps tq\help us towards 'our

goal, and do

'When we stdrted from

ot take steps which fail to do us any good.

K 3+42=0," o
’ L ' . 8 »
\ we chose to use the addition property of equality to add ”(-3); we
coyld have addéd any other number instead, but it wouldn't have -
¢
helped us. And'so we didn't add a different number, but added -3,
" . v o -/
¢ 11t
l_pi ’
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Statements  of new facts or properties, which can be shown to
follow from previously established properties, ‘are frequently

(but not always!) called "theorems". Thus, the property about
additive inverses obtained above can be stated as a theorem- L&

- Theorem Any real number x has exactly one
additive inverse, namely, -x. .

/
An argument by which a, theorem is shown to bewl consequence of

other properties is called a proof of the theorem,

Problems

t

1. For each sentence, find its truth set. .

(a“')’ 3 +'.x ‘,—: 0, (£) (—(—%)) +'y =0 .
“(b) (-2) +'a =0 @ (2+g) ra=o0 ,/.
. (o) 3+5;-y="0 ' (h)'2+;x+‘(—5)'=‘ '
V V"(c'{) X + (-%); 0 * (1) ¥+ (-x) =0
(e) |-4] + 3+ (-4) +c=0 ° '
é. Were'&ou able to use the above theorem to save work in ¥

éolving these equatiens? < M

) .
Iet us look at énother example for this technique of showing
af%eneral property of numbers. Of course, we cannot prove . a generei
property of numbkrs until we suspect one; let us find one to suspect.
Recall the picture of adﬁition'on the number line, or the definition
of addition if you prefer, to see that . - ,

) (3)+() -(3 + 5).




m 4 ..
Another way of writing that (-3) + (-5) and -(3 +'5) are names
far the same number is that . '

\
. . i

’ - -(3 + 5)

L)

N

(-3) + (-5).
This might lead us “to suSpect that the Opposite of the sum of two
‘numbers is the sum of. the opposites. ‘of course, we have checked
this odly for ‘the numpers '3 and 5, and it is wise.to check a
féw more oases.:-Is Coe - c
R (24 9) = (-2) % (-9)? o
Is S . . ) . -
‘ b (32) = (1) 4 (-(-2)) 2 : -
(What is gnothér ame for (;(-2» ?) . )
Is - Do :

«

~N

,
]

pos

Our hunch,seems to

have tried. Let u& _now ] ~0f checking any more exampies by

“‘arithmetic, state: the
theoren.

»

iy real numbefs a and b
-(a+ b)~—~£-a) + ( b)

Proof. We néed to prove that ( 2) + (-b) nzhes the same
humber as "-(a + b). Let us dheck that (-a) + (—b)/‘acts like
the opposite of (a + b). wg look at (a + b) + ((ja) + (- b» ,
for if this expression is 0, (-a) + (-b) will be the opposite -

'(a-(- b). ’ . b

(2 + b) +,‘((- a) + (-b)) =a+b+ (-a) +/(p) . |
. < (e -a) e + (b (-0))  (wmy2)
" : =04+ O ) (Why?)

e o s -
=0.

Theorem. F

npd
e
o~
-
N
3




T ' 112

. ‘ . L “

And so we find that for all real numbers a and b,
4 L

- - 3

(-a)" + (-b)

is'én'additivélinverse 6f4'(a + b), and,, since there 13’on;y-9ne
additive inverse, that )

R ' .
-fa*+ b) and (-a) + (-b) T .
. v .
name the same number. . ' ‘ Y
L . < ' . i
Problems ' ) .
1.7 . Which of the following sentences are true for all réal numbers?

Hint; Rémember that the opposi%e of the sum of two numbers 1s
the sum of their opposites.

(2) =(x+9) = (x) + (7)) (e) a'+ (b)) o= (-a) + b

() “x=-(x) () (a4 (b)) 4 (-a) -
(¢) --(-x) = x . te -(x (%)) = x4+ (=x)
(@), ~(x + (-2)) = (=x) + 2 .

'2. In the following ‘proof supply, the reason for each step.

For all numbers x, y and 2, . .
(-x) + (y + (-Z)) =y +(-’-(‘x + fz)) .
Proof': . _ s,
: , X (v e () =0 ((2) + ) )
C = (=) + (-2) + 5 - -
¥ o ~ : -
. % =(-Gra)f+ry L
. : & ’ . =y T (-(x + z)). ‘
. ‘ L . :
: v e ‘(i {
’ \f'
Lot 117 g -
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R ol TIPS

s you tninx Is true for
two numbers? s T L

. 143
o . s 8 e e

Is ( 4 6y ( 4) + 52 = (-3) + (~6) + ¥ +%¥55)2 What do

he opposite of the sum of more than

Tell which of the following sentenceg are true. - . )
(@) ~((-2)+6+(-5) =2+ (-6) 5~ ¢ T -
(bj -(3a + (-b) + (-2) 3a +D+ 2 - - oij_

(c) \-(a + (-b) + (-5¢) + .7d) ="(-a) + b + 5c + (- 7a) 9 -
(@) -(3x +2y + (-22) + (-éb)) = (-3x) + 2y + (-2a) + (-3b).~-

o P
Prove the following:property of addition: Y
For any real number a and any real number b ) © -
and any real number c, ' ) el
BN if a+e=b+e,. then " a = b. ) RN
- . ;Q}:
Summagz )

We have defined addition of real numbers as follows:
The sum of two positive numbers is familiar from arithmetic. N
The sum of two negative numbers is negative; the absolute
value of this sum is the Sum of the absolute values of

»

*

the numbers. . ' ; .

4

The sum of two numbers, of which one is positive (or O)
and the other is negative, is obtained as, follows.
The absolute value '&f the ‘sum is the difference

of the absolute values of the % _ "
" The sum is,positive.if the pos ve Ttber has . © ;'

the greater absolute value. ' )
B ‘f&Thefsum is:ﬁegative if the negative number has ’
“Ehe greafer absolute value. N : .

The sum 1s O 1if the positive and negative <.

numbers have the same absolute value.

3
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We have satisfied ourselves that the following properties

»

hold for addition of real numbers. v .

Commutative Property of Addition' For any two real numbers
a and b, \
‘ . a+b=Db+a, .

- ]

Assoclative Propertx of Addition: For any real numbers a, ,
b,. and - c, g . '
. L]

{a+Db)+c=2a+(b+ec). .

Addition Property of Oppgsiteé: For every real number a,

+-’ra) = 0, ’ . /

Addition Property gf 0O: For every real number a,
Y " a+ 0 =a.
- N ,
" Addition Property of Eq lity For any real numbers a, b, .
.‘ and C," " "

ey

if a'=b,  then.a+c=Db+ c.

>

We have used the addition property of equality to determine
the truth sets of open sentences. .

We have proved that the additive inverse is unique ~ that is;
_that each number has exactly one additive inverse, which we call
its opposite. e .. .

We have discovered and proved the fact that the opposite of
the sum of\two numbers is the same as the sum of their opposites?.

. .

o, ‘7 ) oy

Review Problems 1 .
r . LA ‘
1. Show how'the properties of addition can be used to explain
k\ #ihy each of the following sentences is true: . oo

(2) §+ (74 _(-;fr)) =7

v (b)) ]-5]_+ (-.36) + |-.36]' =10 + (2 + (-7)
o , @+ 1)

|

sl
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2. Find the-truth set of each of the followingj

(a) é + 32 = g ’ ) J’ ‘
(b) X+ 5+ (-x) =12 + (-x) + (-3) . ¢
* (e) 3 + %? + X = 10 + 3x + (-%0_ . ' . ./~

(d) x| + 3 =5+ |x| .

3. For what set of numbers is each of the following sentences

" true? ) ’ ’
. -4
(2) 3] + |a| > [-3] (e) 131 + Ja] < |-3] 1
(®) 13| + laf = {-3] Y

. , o N
y, Two numbers are ‘added. What do you know about these numbers if

Y

-

(a) their sum is negative?
(b) their sum is 0?2 .

(¢) their sup is positive? . ) \
3 - . . ' ’

5. A figure has Tour sides.’ Three of them are 8 feet, 10
feet, and 5 fTe\f respectively. How long is the fourth side?

(a) Write a compound open senteno%pfor this problem,

'(b) Graph the truth set of the open sentence.

6. If a, b, and ¢ are numbers of arithmetic, write each of
the indicated sums as an indicated product, and each of the
.Indicated products as an indicated sum:

(a) A2b + c)a (e) x2y + Xy
(b) 2a(b + ) ‘ A£)- 6a%b + 2ab® e i
(¢) 3a + 3b- : (&) ablac + 3b) " o
(d) 5% + 10ax (n) 3ala + 2b + 3c)
- \ AN ' -y
L4 " , ’ ° . : ° ) 7
\ » ’V B
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Given the set {-5, 0, %, -.75, 5}

@

~opposite®of each element of the set?

116 ‘ {

’

g

Is this set closed under the operation of taking the

s ’
‘ L

Is this set closed under the opgpation of taking the
absolute value of each element?

If a set is closed under the operation of taking the
opposite, is it cloded under the operation of taking
Yhe absplute value? Why?

Given the set {-5, O, %,’5{ 7):

(a) Is this set closéd under the operation of taking the
absolute value of edch,element of the set? =-g{

(b) Is this' set closed under the operation of taking the

; opposite of each element? .

(¢) If a set is closed under the operation of taking the
absolute value, is 1t closed under the operation of
taking the opposite° Why?

rz - \
> . . :
Q 1
\‘\ ‘& v
' iy
g . ' ’
kY
!
& ,

o
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' ) pPRQPERTIES OF MUL?IPLICATIQN
' H
Multiplication of Real Numbers. Now let us decide how we

should multiply two ¥eal numbers to obtain ahother real number.
All that we can éay at.present is that we know how to multiply two
non-negative numbers. T

Of primary importance here, 'as in the definition of addition,
1s that we maintain the "structure" of the number systei. We lkmow
that .1f a, b, ¢ are any numbers of .arithmetic, then

- ) : ab = ba, o . e
. (ab)e = a(be), - ) .o
S a-l = a, o
? } ‘ . . a-0 =0, _ R - .
a(b + ¢) = ab + ac. - w e

[~4

(What names did we give to these properties of multiplication?)

—~ Whatever meaning we give to the nroduct of two real numbers, we
must be sure that it agrees witH the products which we already have
for non-negative real numbers and that the above groperties of
mudtiplicdation still hold for all real numbers.

Consjder some possible products: .

2)(3),,, (3)(0), (0)(3), (-3 )(0f, (3)(-2§5%(~2)(-3).

- (Do these include examples of every tase:of multiplication ot
positive and négative numbers and zero?) Notice that the first
three products involve only hon-negative numbers and are therefore
already determined: ‘

(2)(3) = - 6, (‘3)(0) =0, (0)(0) =A0).

‘Now let us try to see what the reamining three products will hawe
to be 1n order to preserve the basic properties of multiplication ‘.
listed above. In the first place, if we want the mdﬁtiplication

14

R
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. . ’ . @ -
property of O to hold fer'all real numbers, then we must have,
¢ P

(-3)(0) = o.

The other two products can be obtained as follows:

= (3) (o),

.
H

by writing O =

2 + (-2); (Noticeé how

2+ (-2)),

“this introduces a negative number

o= (8
o \into the discussion.

0.= (3)(2) + (3)(-2), if fhe distributive property fs to
- . hold for real numbers;

0=64(3)(2), ,  stnce (3)(2) - 6. .

We know from uniqueness of the additive inverse that the only real
number which yields O wheh added to 6 is the number -6.
Therefore, if the properties of numbers are expected.to hold, the
only possible value for (3)(~2) which we can accept is -6.
Next, we take a similar course te apswer the second question.

-

0 = {-2)(0) if the multiplicatioh property of O
- is o hold for real num ers,
0= (-2)(5 + (-3)), by writing O = 3 + (=3); )
0 = (-2)(3) + (-2)(-3), if the distributive property is to
. hold for real numbers;
0 = (3)(-2) + (-2)(-3), if the commubative property is.tQ N
: hold for reai riumbers;
0.= (-6) + (-2)(-3), by the previOus result, which was'
‘ (3)(-2) = .
Now we have to come to a point where (-2)( 3) ,must be the opposite . .

of

for real numbers; then (=2)(-3)

R W

-6; ,hence, 1f we want “the properties of multiplication to hold
must be: 6... . e ‘

Let us think of these examples how in terms of absolute value.
Recall that the product of two positive numbers is a positive .

ﬁﬁmber. Then what are the values of [3]|]2] and }|-2{]-31? How
" do these compare, respectively, with (3)(2) and (-2)(=3)?
Compare (-3)(4) and -(|-3]14]); - (-5)(-3) and |-5|]-3];
(0)(-2) and " [o]|-2]. : e
o S
123 7 o
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" This 1s the hint we needed. "If we want the structure of the
. numhe;isystem to be the same for real numbers as it was for the '
numbers of arithmetic, we must define the product of two real’
, humbers a and b as £ol¥ows: -
If a and ‘b 'are both negative or
. both non-negative, then ab = |ak|b].

If one of the numbers a and b 1is
non-negative and the other is negative,

¢

»

then ab = -(|a||b|)
It is important %o recognize ‘that |a| and |b| are numbers
of arithmetic for any neal numbers a and b; and we already knaow

the product |a]|b]|. (Why?) ‘Thus, the product lal|v]
tive number or zero, and we obtain the product. ab a% either
|é{!b| or its opposite. Again we have used only the operations
with which we are already familiar: multiplying positive numbers

is a posi-

or O, and taking opposgites.
The product of two positive numbers is a number.
TZe product of two‘negative numbers is a number.
. ~ The product of a negative and a positive number is a )
ngmber: ‘ ’ , . . ’
The product of a real number and O is .

»

Since the product ab is either lallpl or its opposite and
Lsince lallo] 1is non-negative, we can state the following property

o1 multiplication: ”

.
- LI 4

. <% For any real numbers a, b,- '
. jav] = laflo]. :
. i
) . §? . ;
L 3N -
~ 4 )

2
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froblems
éalcu;ate tﬂe folloﬁing:' ,
(a) (- Pt2))(-5) () |-3l(-m) £ 7 ]
() (-3 ((2(-5) (&) "13ll-2] + (-6)
(¢)  (=3)(-¥) + (-3)(7)  (n) (=3)|-2| + (-6).
(@) (-3 (-0 +7) (1 (-3)(1-2l + (-6))

(e) (3)(-H) + 7 () (-0.5) (1-1.5], + (-4.2))
Find the values 'of the fol}owing for x =-2, y=23, a= -4
(a) %2+ 2(xa) + 22 °©(e) x° +(3lal + (-4) ’ry|)

(&) (x+a)? (@) Ix + 2]+ (<5)(-3) + al

‘Which of ‘the following sentenceb are true?

(aj__a(-y) +8 =28, ‘for .y = -10
()" (-5) ((-0) (~4) + 30) ¢ 0, for b =2

‘(q) |x + 3]+ (-2)<]x + (-4)|> 21 for x = 2

Fipgithe truth sets of the following open sentenc¢es and draw
their graphs. .

. Example: Find the truth set of (3)(-=3) + ¢ = 3(-4).

It (33(-3) + ¢ = 3(-4) . 4is true for some ¢,

then ° -9+ c=-12 ‘- is true for the same cj
(-9 +¢) + 9= =12+ 9 is true' for the same c;

, e ="-3.

If . . e = -3, . '

then the left member is (3)(43) 4 (-3) = -12, '

and the right member is N ”é(-u)‘= -12,

" Hence, the truth set is '/ {3].

—— %%

>

-~
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(a) x + (-3)(-4) =8 b ‘ .
' (P) x + 2 = 3(-6) + (-4)(=8) . , .
(c) xe= (-5) (=6) -+ |-2](3) - o ._*,; Lo
(a) (4)(2)+( 5)(2) - . ( .
" (e) le (- “7) + (=1)(-5) - . :

< 5. Given the set R of all real numbers, find the set: Q of all
products of pairs of elements of R. Is Q the same set as
R? Can you conclude that R 1is closed under mult:!.plicat,ion‘>

. 6 Given the set V = {1, -2, -3, 4}, find the set K of all
positive numbers obtained as. products of pairs of elements of
v. , .

7. Prove that ‘the absolute value of the product ab is the
product la]+|b| of the absolute values; that is,
lab] = lal|b]. -

8. What can you say about ‘two real numbers a and b in each
of the following cases? CF

) ab 1is positive. ‘ . ‘
) ab_ is negative. ) . ‘e

c). ab 1is'positive and a is positive. .
) ab is positive and & 1s negative.. o

e) ab 1s negative and a 1is positive.

-
¥ L4

f) ab is negative and a 1is negative.

9. Give the reason for'each numbered step in the proof of the .
following theorem.

Theorem. If a and b are numbers such that both a  and

» ab are positive, then b 1is also positive.

? PRV,
. . N oF
' e AT e A > .
g > e
el ' <

oo TS N g e R , -

-
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Proof.  We assume that 0 < a and O < ab.-

1. Exactly one of the following is true
b<O, b=0, 0<b. '

2. If b=0, then ab = 0.
‘ Therefore, "b = 0" 1is false, since
0 < ap are contradictory.

If b< O, then ab = -(|a][p]).

If b<O, then ab 1is negative. :

Therefore, "b < O" 1§ rfalse, since ab is negative
and 0 < ab are contradictory. .
Therefore, 0 < b; that is, b 1is positive, since

this is the only remaining .possibility.
g

Properties 5f Multiplication. + The definition of
multiplication for real numbers given 'in the preceding section, was

suggested by the‘Structure properties which we wish to preserve
for all .numbers. On the other hand, we have not actually assgme~
these properties, since the definition could have been given at
.fhe outset without any reference to the properties. However, now
that we have stated a definition for multiplication, it becomes
_important to satisfy ourselves that this definition really leads
to-the desired properties..vIn other wordsﬂﬁwe need to prove that
multiplication so defined does have the properties. Since the
definition is stated in terms of operations on positive numbers
and‘ 0 and of taking oppgsites, these operations are the only ones
available to us in the proofs.

_H}tiplicatioﬁ propérty of 1l: For any real number a,
a*l=a




Proof. If is positive
If a 1is negative, our definit
a-l

Try to}explain the reason

true. - 3

a-

Commutative property of multiplication:

123

/

or r,0, we know that a(l) = a.

ion of multiplication states that
-(]a]-1) .
-lal — o .

a.
<.

why each step in the above proof is

-

Multiplication propéfty of O

For any real number a,
0 = 0.

.Write out the proof of this property for yourself.

For any real numbers

a and b,

N

'

ab = ba.

\

} Proof: If one or both %hé numbers a, b are zgro, then
"ab = ba. (Why?) If a and b are both positive
. . hY " ~

both negative,

then ‘ ‘3
. ab =.|a]|b|, and ba = |b]||a].
Since |a] ani [b] are numbers of ;arithmetic,
_ lallsl = [5Tal.
Hence, AR ' N
' ' ab = ba ) T

for these. two cases.

If one of' a and b is positive or O and the other‘is

negative, then
rab = -(|a][b])-
Since

L}

and since if numbers are equal
~(lallpl)

‘Hence,

ab

for this case also.

lalIp].= |p]lal,

and ba = ~(|blla]). |

-
4

tﬁeir opposites are equal

-(lellal):

3

ba

128
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Here we have gilven a complete proof of the commutative property

, for all real numbers. We have based this proof on the precise
definition of multiplication of real numbers .,

Problems

1. Illustrate the proof of the commutative property by replacing,
a and b as follows:' ' . ‘

v )
,  (2) (-3)(5)  Example: {(-3)(5) = -(]|-3||5])
{ g = 13
(5)(-3) = -(I5[]-3])
= =15
(®) (3)(-5) () (-3)(-)
(&) (- %) . (o) (-T)(®)

4

——

Associative property of multiplication: For any'real‘numbers
a,. b, and ¢,
i
(ab)e = a(be).

Proof: The probérty must be shown to be true for one negat}ve,
two negatives, or gpree negatives. This is 1engthy! but we shall

> Dbe able to simplify it by observing that - :
: R} -}{ab)e| = |ab]|c] (Why?)
. = lal Ibflel, -
and . L L .
T la(be) | = la]|bel
- = lalIvllel- ‘ .
Thus, |(ab)e| = |a(be)| for all real numbers a, b, c. :

This reduces the proof of the associative property of multi-
plication to the problem of_shéwing\ﬁhat (ab)e and a(be) are
el ther both positive, both zero, or both negative. '

~ ) N . “
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For example, if both (ab)e and a(bc) are negative, then
|(ab)e] = —(e(bc)) and |a(be)| = —(kab)c). Thus ,
—(a(bc)) = —((ab)c) and hence, a(be) = (ab)e,
If one of a, b, ¢ is zero, then (ab)c = 0 and a(be) =
(Why?) Hence, for this case (ab)e = a(be). - N
. If a, b, and ¢, are all different from zero, we need to con-
sider-eight different tases, depending on which numbérs are positive

and which are negative,’ as shown in the table below.

S If ads |+l o+ [+ |+ | -] -] -1-].
and ~ b s |+ | + |- | = |+ |+ ] -1 -
and ¢ 1is + - + - +# - T+ -
then ab 1is |, - ’
be is - i .
‘ (db)e 1is ’ + | :
a(be) is : +

One column hag been filled in for positive a, and nggative b A
and ‘c¢. In thi
(ab)e 1is pos
(ab)e = a(be)l in this case.

The ass ciative property states that gn multiplying three
numbers, may first form the product of any adjacent pair. The
effect 6f associlativity along with commutativity is to allow us to
wiite produéts of numbers without grouping symbols and to perform
the multiplication in any groups and any orders.

case, ab 1is negative and bec is positiVe. Hence,

ive and a(bc) 1is positive. Therefore,

LA 4 1

el
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Problems

«

-

1. . Cbpy the table given in' the text and complete 1t Use 1t to
check the remaining cases and finish the pr¥or.

-

2. Explain how the associative and commutative properties can be

L used to Serform the following multiplications 1n the easiest
manner. ‘ .
(2) (-5)(17)(-20)(3) (e) (5-)( 19)( -3) (50) k )
) CHARCD @ (D25 (3)(- o

2
.

v ) . ’ .
Anothe property is one which ties together the operations of

addition and) multiplication.

Distributiye property. For any real QEEL/rs, a, b, and e,
- P a(b + ¢) = ab + ac.

We epall consider only a few examples:
(5)(2 + (-3)) = and  (5)(2) + (5)(-3) = C
) (5)(¢-2) + (- 3)) and  (5)(-2) + (5)(~3) =
(-5)((-2) + (- 3)) ‘and  (-5)(-2).+ (-5)(-3)
The distributive property does hold for all real numbers. It-
cotild be proved bx,applying the definitions of muitiplication and

,addition to all possible cases, but this is even more tedious than
thes proof of ‘assoclativity. ’ ’

[y
P
« h — - *
°

-~

?

Problems ' -
? - Use thé distributive property, if necessary, to perform the K
) indicated operations with the minimum amount of work: .
4
1. (-9)(-92) + (-9)(-8) 3. (-7)(- .-¢) + -7)(3) "

2 (= (-4 + 6) SR ) ¢ ()
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We can use the distributive property to prove another ‘useful
"property of.multiplication. ° . b
&Theorem. For every real number a4
. _ v
W (-1)a = -a. . .
To prove this theorem, we must show that (-1)a 1ig the
opposite of a, that is, that R

_ a+ (-1)a = 0. o T,
: a s
s, Proof.- . ,

a + (-l)a = 1(a) + (-1)a (Why?) .
=(1+ (-1))a (Wny?)
=0-a, \ i (Wny?) |
= 0.

° d -

Here.we have shown that (-llg_}j;/an additive inverse of’ a.
Since we also know that -a 1s an additive inverse of a and B

that the additive inverse is uniqgue, we have proved that - o
(-1l)a = -a. ) .
4 . ) »
. o —
. : Problemé )
. . ‘ [ 4
Use the previous theorem to prove the following: ' -

‘1. For any real numbers a and b, (-a)(b) = -(ab):
2. _For any real numbers a and b, (-a)(-b) = ab.

3. Write the common names for the .products: - .

, (L (@) e ) T
.\yﬁb) (~2a) (=50): (@) -0.5a)(1.2c) >
M&/ z .
| B
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the previoué problehs that we may now write

(-5)a
-xy for (x)(-y),
- ‘ 6b ’ for (-6)(-b).

s

In fact, .

+ (e)

- . 128
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Use of the Multiplication Properties.

-5a for

N

4

. —ab =

~(ab) = (-a)(b)

= (&)(:b)-

We have seen in

*
2

Now that we can multiply real numbers and have at our disposal
the properties of multiplication of real numbers, we have a'strong
basis for dealing with a vak}ety of situations in algebra.

\\ " Problems
Use the distributive
iddicated sums: . ~ T @
(a) 3(x + 5) ()
(b) (e)
() ((z0) + a) (-3) (1)

2(a + b + ¢) g

N

~ e

property to write the’ following as

(-1)(y + (-z) + 5)
(13 + x)y
(-g)(r + 1+ (-s) + (-t))

"Use the distributiye property to write//?é following phrases

as indicatéd products:
(2) 5a + 5b° '
+(6) " (~9)b + (-9)e’
(¢)
(d)

(e)
(£)
(&)
(%)

12 + 18

3x + 3y + 3z

(2 + b)x + (a + b)y
P e3p -
(-6)a® + (-6)b2

ca + qy-+ (]

7

Apply the distributive, and other properties to the followihg:

Example: 3x +'2x = (é + 2)x = 5x
(2) 18t + Tt ‘ (£)
(b) 9a + (-15a) (g)

(¢) -12z +'z (Hint: z = 1.z) (h)
(4)™(-3m) + (-8m) (1)

.

. N
(1.6)b + (2.4)b

3a + Ty * (Careful!)

4p + 3p + 9p

6a + (-4a) + 5b + 14b

-~
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In a phrase which has the form of an cated sum- A + B,
A and B are called terms of the phrase; in a phrase of the form
A+B+C, A, B, and C are called terms, etc. The distributive

property is very helpful in simplifying a phrase. Thus, we found
that )
. - + 8 = (5 + 8)a = 13a

is a possible and/é/§:s1;able simg}ification. However, in
: ' 5x + 8y ’
ne such simplification is possible. Why? o,

" We may sometimes be able to apply the distributive property
to some, but not all terms of an expression. Thus,

: 6xé§’( 9)x + 11x° + 5y = 6x + (( 9) + ll)x + 5% 5 6x + 2%° Sy.
We shall have frequent occasion to do this kind of simplification.
For convenience we shall eall it collecting terms or compining
terms. ‘We shall uspglly do the middle step mentally. Thus,

‘ 15w + (-9)w = 6w. .

Problems

N
Collect terms in the following phrases:

(2) %a + %a () 6a + 4b + ¢

S

(b) 5p + 4p + 8p ' (£) 9p + 4%q + (-3)p + 7q
(¢) 7x + (+10x) + 3x ' (g) bx + (-Q)ig + (-Sx} +*532 + 1
" (4d) "+ 5¢ + (=2¢) + 3¢? ‘

L4

E}nd the ;ruth set of each of the following open sentences.
re possible, collect terms in each phrase.)

“—753 (-3a) + (-72) = (¢) x + 2x + 3x = ¥2 .
(b) x+ 5x =3+ 6x (e) w2y =y + 1
(¢) 3y + 8y + 9a= -90 (£) 12 =4y + 2y




. . 130 A
N . ’ |
* Further Use of the Multiplication Properties. We have
seen how the distributive property allows us to collect terms of a
phrase. The properties of multiplication are helpful also in
. .certain techniques of algebra related to products,involving phrases.

PR

. Example 1. "(3x2y)(7ax)" - can be more simply written as
n "o . -
2lax“y.
~
Give the reasons for each of the following steps which show this
Jds true. . <.

(BX%')‘(;ZaX) = 3.X.Xy+T X

. = 372X X Xy - .
f . . o= (3 Talx-xx)y ° o
e = 21ax?y.

3
(Notice that we write x.x.x as %3, )

While in practice we do not write down all these steps, we
must continue to be aware of how thig simpliff@htion depends ég our
basic properties of multiplication, and we should be prepared to

'}explain thie intervening steps at any time. :

*

o~

Problems v T

éimplify the following expressions and write the- steps which -

explain "the simplification. v ; z
1o (Fave)(gpeay ¢ . 3. (dap)(9aD)
2, (200%2)(1000) - b, (-Tb)(-ba)e .

ca

We can combine the methad of the preceding exercises with the
distributive property to perform multiplicaticns 'such as the
following: “ - !

(—3a)(éa + 3b f.(’5)°) = (—6a2f~+ (-9ab) + 15ac.

»
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) ~ Furthermore, since we have shown in the properties of multi-
plication section that ’ ) .

. -a = (A)a, e
we may again with the help of the distributive property s:melif‘a's7
expressions ‘such as 5 . , 7

-(x2 + (-Tx) 6)) (-1)(x2 + (-7x) * (-6j>' -
(-x2) +7x+ 6. "

el

A

~ * Problems

v

Wiite in the form indicated 1n the previous examples:

B(8 + (-3b) + o2

i L+ 2 L

. /6x(3y + z) . .
3)b ub + Te)

10b<2b + Tb + (_u)>

.
»

-(p+ g+ 1)
-7)(3a'+ (_5b))
6xy(2x + 3xy + Uy)

(-x)(x + (-1))

S % TR S T
o ~N O W

Sometimes the, distributive property is used several times in

/ -~

one eXxample.

Example 1. (x + 3)"l(x + 2) - (x + 3)x + (x + 3)2
) =x2 4+ 3x +2x+ 6 .
. - =;<2+(3+2)x+6 ,
= x° 4+ 5% + 6
Example 2 (a + (-7)>(a‘+ 3) =(a’+ (-7))a +<a + (-7))3
o . = a2+ (-T)a + 32 + (-21)
> - =a2+<(-7) +3>?5+ (-21)
. = a2 4 (-B)a + (=21).
Exémpleg_(x+y+z)(b+5)=(x+y+z)b+(x+y-}~z)'5‘
. . = bx + by + bz + 5% + 5y + 5z.
B . P
« - s . !
. - P
s 136
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Problems

L

1. ° Perform the following multiplications.‘
(a) (x + 8)(x +2) (@) (2 +-2)(a + 2) _
®) (v+ (B)(v+(-5) () (x+6)(x+ (-6))
() (6a + (-5) (a+(2) () (v+ A+ (-3))
2. Show that for real numbers a, b, c, d, '
(a2 + b)(c + d) = ac + (bc + ad) + bd.
(Notice that ac 1s the product of the first terms, bd is

the product ofythe second terms, and.\jbc + ad) 1is the sum
of the remaining products.) , ¢

3. Multiply the following:

(a) (32 + 2)(a + 1) (d) (2pq + (- 8))(3pq I

S B) st en) e () (84 (-4 (v3) (2 + (-3)

© (o) (2’4 n)(8 + 5n) (£) (57 + (-2x)) (35 + (=)

[
N

Multiplicative Inverse. We have found that every real
number has an additive fnverse. In other words, for every real '
number there is another real number such that-the sum of the two
numbers is 0. Since a given realﬁnumber remains unchanged when -
O 1s added te it (Why?), the number 0 1is called the ddentity
élement for addition.

.

AL
A

@

Is'gthere a corresponding notion of multiplicative inverse forf o

real numbers? First, we must have an ldentity elenment for multi-
-plication. Since a given real number remains unchanged when it is
multiplied by 1 (Why?), the number 1 1s called the. identity
element for multiplication. For a given real number‘ig there
another real number such that the product- of the two numbers is 1?

Consider, for\kxample, the” number 6M. Isdthere a real number
whose product with 6 1is 1? By experiment or from your knowledge
‘of arithmetic, you will probably say that '3 is such a number,

~

; -
’

t <

‘e




because -% = 1. Find a number whose product with -2 is 1.
Do the same fyf - % .and for .%_ Before going any further, let
us write do gn a precise definition of multiplicatiye inverse.

If ¢ and 4, are. real numbers, such that
) . ed’= 1, ‘ . -
then d is called a multiplicative inverse of c. o

If d is a muitiplicative inverse of 'c, theniis c¢ a
multiplicative inverse of d? Why?. Does every real number have a
multiplicative 1nversé? What is a multip@icatiwg inverse of 07

We can ‘observe something of the way these inverses behave by
looking at them on the number line: On the'diagram below, some
" numbers and their inverses under multipliéation are Joined by
double arrows. How can you test to see that these pairs Of numbers
really are multiplicative invérseé? Can.you visualize the'pattern °
of the double arrows if a great many more pairs of these inverses
were similarly marked? - 1

—+J/5

8

e i L
How about the number 0?3*§1th what number can- 0 be paired? Is .
there a number b such that O0°b = 1? What can you conclude“-about

v
’

a multiplicative inverse of 0? ,

As you look at the double arrows in tge abggg diagram, you may
get thirimpression that the reciprocal of a number must be in a
form obtained by interchanging numerator and denominator. What

r
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¢

about /57 bertainly; ( J5) - (Vf— Vf—) = =1, so
that vrﬁ and vf_ are reciprocals

The«gnpperty toward which we have been working can now be
stated. It really is a new propertxyof the rea} numbers, since it
cannot be derived as a consequence of the properties which we have
stated up to this point. .

Existence of multiplicative inverses: For every
real number ¢ different from 0, there exists
a2 real number d such that cd = 1.

.

Thatcthe real n;hbers actually have this property, if it is
* not already obvious to.you, will become clearer as we do more
problems, It is also obVious‘from experience that each pon-zero
number has exactly one multiplicative inverse; that is, the multi-.
plicative inverse of a number is unique. We shall assume uniquex
ness, although it could be proved from the other properties, Just
as we did for: the additive inverse.

2 »
.

Problems
1. Find the inverses under mugtiplication of the following numbers:
l .
3: "g: "3: - %: %:‘ 7: g: = %: ‘7: I%: ‘I‘é‘o‘: = 'I%'G: 00’45: "6-8-
»

v

2. If b 1is a multiplicative inverse of a, what values for b
do we obtain if a 1is larger than 1? "What values of b -do
we obtain if a is between O and 12 What is a mul%iplicative
inverse of 1% :

3. If* b is a multiplicative inverse of a, what Qalqes for b
do we get if a is less than -1? If a <0 and a > -1%
What is aJmultipiiéativé inverse of | -17%

L, Farfinverses under multiplication, what leues of the inverse
b do you obtain if a 1is positive? If a is negative?

N »
s . o : 5 4 - ¢ — '%}’
¢ : et . - LN . 3
RS- . . . >
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Multiplication Property of Equality. We have previously
stated the addition property of equality. Can we find a égrrespond-
1ng multiplication property? Consider the following statements: ’

Since  (-2)(3) = -6, then ((-2)(3)) (-4) = (-6)(-¥).
since (-5)(-3) = 15, then ((-5)(-3)) (3) = (15)(F).-

— -

Notice that "(-2)(3)" and "-6" are different names for the
same number, and when we multiply (-4) by this number we;pbtain
"((-2)(3» (-4)" yand "(-6)(-4)" as different names for a new
number, <

-

In general, we ‘have the -

Multiplication property of equality. Fog any real numbers
a, b, and ¢, if a =Db, then ac = be. 14

¥

Problems

€
.

'1. VWhich of thé following statements are true?

(2) It 2x =6, ‘then e2x(2) =6(2). o
, i
(b) If 3a=9,- then ,%a(3) =9(3).
(¢) 1" #n =12, then Fa(¥) = 12(3).
(a) 1r %y =16, | then %y(%) = 16(3). " :
(e) Ir 24 = %m, then 24(%) = %m(%). '
] i ’ “
g "
” - / -
N ' T
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Find the truth set of each of the following sentences.

Example: Determine the truth sét of -g-x = 60,

If T gx = 60 is true for some x,
R\ '\» ."fi : v -
ny . 5.2y _ 2 .
then . gxbg) = 60(3) is true for the same x;
. (Why did we multiply by %?)
<(-g) (%))x = 24 is true for the same x;
‘ ) x = 24,
S x = 20, , ¢
then the left member ig '%(24) = 60, and the right member is
~‘60’0 " L '
So “2(24) = 60" 1is a true sentence, and the truth set is
{24}, )
(a) 12x = 6 (g) 1]?}{ =5
b
() 7x=6 (n) ge = -2
%= 1 (1) 5=3"
(d) %-% (5 3+x=-3
(e) - .g.z = % (k) 0=x B,

E3

Solutions of Equations. In the past, you found possible
elements of truth sets of certain _sent_ences, such as the equation

33X + T =x + 15,

\ .
and then checked these possibilities. Now we are prepared to solve
such equations by a more general procedure. (To "solve" means to
find the truth set.)".

P -~
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‘ First, we know that any value of x Jfor ;hich
' 3x + 7 =X + 15
is true is also a value of x for which
. e+ () + (1) = (x+15) + ((=x) + ( 7))
is true by the addition property of equality. The numerals in
each -member of this sentence can be simplified to give

(3x + (-x)) + (7 + (-7)) ='(x + (-x)) + (15 + (-7));
- 2x = 8. .

Here we added the real number ((-x) + (-7)) to each member of the
sentence and obtained the new sentence "2x = 8", Thus, each number
of the truth set of "3x + 7 = x + 15" 1% a number of the truth set
of "2x 8", because the addition property of equality holds for .
all real numbers . ‘ - ’
Next, we apply the multiplication propenﬁg;of equality to
obtain
() () = (3)(8), ~
X =14, ) )
Thus, each number of the truth set of "2x = 8" 41is a number of the
truth set of ,"x¢i i, ) . ,
We can now deduce that every solution of "3x + 7 = x + 15"
is a solution of "x = 4". The splution of the latter equation is§
obviously 4. But are we sure that % is a solution of
"3X +7 = x + 15"? We could easily check that it is, but let us
use this example "to suggest a general procedure. . \5

Q\The problem is this: . We showed that, if x 1is a solution of
- 3x.+ 7 =x + 15,
then .x 1s a solution of L

, X =4, ]
What we must now show is that, if x is.a solution of
) x =4, ‘
then x 1is a solution of ‘
o ‘ 3x + 7 X + 15.

These two statements are usually written together as

‘ x 1is a solution-of "3x + 7 = x + 15" if apd
only if x' is a solution of "x = 4", %

o
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' One way to show that the second of these statements 1s true is .,
to reverse the steps in the proof of the first. Thus, if x = 4,

we multiply by 2 to obtain’ ' RN
ox = 8., ' ‘
(Notice that 2 1s the reciprocal x i § ) Then we add (x + T)
to obtain ' -
2x + (x+7) =84+ (x +7),

: "3x + 7 =x + 15,
(Notice that (x + 7) 1s the opposite of ((-x) + (-T)). Hence,
every solution of "x = 4" 1is a solution of "3x + 7 = x + 15",
That 1s, the one and only solution is 4. ‘
_We say that "x = 4" and Mx + T = i + 15" are )'
equivalent sentences in the sense that thelr truth
‘'sets are the same. ¢ )

To summarize, if to both members of an equation we add a real
number or multiply by a non-zero real number, the new sentence
obtained is eguivalent to the original sentence., This 1is true N
because these operations are "reversible". Then if we succeed in
obtaining an equivalent sentence whose solution is obvious, we are
sure that we have the required truth set without checking Of .
oourse, a chec‘k\may be desirable @ catch mistakes in arithmetic.

[N ’ A

As another example, solve the equation
" 5y +8=2y+ (-10).
;This ‘equation is equivalent to
(57 + 8) + ((-27) + (-8))
that is, to
(59 + (-27)) + (8 + (-8)) = (27 + (-29)) + ((-10) + (-8))

. and to o ,

/

(27 + (-10)) + ((-29) + (-8)),

. 3y = -18, * ° L e

In other words, "y 1s a solution of "S5y + 8 = 2y + (-10)" 1if

and only if y 1s a solution of ' "3y = -18", The latter sentence

is equivalent to . ’ .
K o () (35) = (F)(-18), ' :
that is, to- - -

. ) y=-6.- .
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( . - v , N
Thus, y 1s a solution of "3y = ~18" if and only if y is a
solution of "y = -6". Hence, 211 three sentences are equivalent,
and their truth set is {-6)}. Here, we wene certain that each step
was reversible withOut actually doing it. When we solve an equation
we' ask Ourselves at each step, "Is this step reversible?" If it is,
we obtain an equivalent equaticn. N

lLater, we shall learn how to solve other types of sentences by
means of applying properties of numbers. To do this we shall learn
more about operations which yield equivalent sentences and others

which do not. ‘

t

Problems

{
Find the truth set of each of the following equations.

. Example: o
Solve: ~(-3) + 4x = (-2x) + (-1).
This sentence is equivalent to

((-3), + 1x) + (20 + 3) = ((-2x) + (1)) + (2x + 3,

, . 6x = 2; a
and this is equivalent to

2(6x)

* Hence, the truth set is

() 22 + 5= 1T .
“(b) 12+ (-6) = Tx + 24 ° ]
(¢) 8x + (-3x) + 2 = Tx +' 8 (Collect terms first.)

(a) l2n+5n+( -4) = 3n+ (-4) +’2n
(e) (-6a) + (-4) +2a = 3 P (-a)
0.5 + 1.5 + (-1.5) = 2.5x j+ 2
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(€) 3+ (-3 + (- 3) =tbe + (-2) + (- Le)

.

(ﬁ) (x + 1)(x + 2) = x(x + 2)‘= 3

2. Translate the following into open sentences and find their
truth sets, then’answer the question in each problem.

‘(a) The perimeter of a triangle is 44 inches. The second
side 1is three inches more than twice the length of the
third side, and the first side is five inches longer
than the third side. Find the lengths of the three sides
of this trianglex

’

(b) If an integer and its successor are added, the result is
one more than twice ‘that integer. What is the integer?

\ (¢) The sum of two consecutive odd integers is 11. What‘
are the integers? :

() Four times an integer is ten more than twice the successor
of that integer. What is the integer? °

(e) 1In an automobile race, one driver, starting with the first .
group of cars, drove for 5 hours at a certain speed and
was then 120 miles from the finish line. Another
. - driver, who set out with a later heat, had traveled at
the same rate as the first driver for 3 houry’and was
» 250 miles from the finish. r How fast were thése men
. driving? ' . -
-0 (£ Plant A grows two inches each week, and it now 20
inches tall. Plant B grows three inches each“wgek,.

and it is now 12 inches tall. How many weeks from now
will they be equally tall? '

() A number is increased by 17 and the sum is multiplied ,
by 3. If the résulting product is 192, what is the -
. number? ' ' Vv

> . : AR
» A
<\ . : . ! * T -
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Reciprocals. We shall fTnd it convenient to use the
shorser name reciprocal" for the multiplicative inverse, and we
repreéent the reciprocal of a by the symbol ";" Thus, for s
every a except O, a -% =1,

. You probably noticed that for positive 1ntegers the symbol we
chode for "peciprocal® 1is the familiar symbol of a fraction. Thus
the reciprocal of -5 1is -5. This certainly agrees with your
 former’ experience, ‘ ' -
The reciprocal-of %; howéver, is —]2‘—; "of. -9 is _%‘-; :of
3
2.5 1is 5%-5- Sincei 7;‘.— is the recziprocal of g-, and

\ ? N

2 < : ) 1 3

K X %= X, 1t follows that —>- and ) must name the same
. 5 ' . ' v .

number,o since § is the reciprocal of -9 and since

1, %’- and -~ -9- must namé the same number Since, -

-

-9 x (- g)
(2.5)(0.4\) 1, 0.% and 2——5- must name the same number. we'

shall be in a ‘K:ter position to Continue this discussion after
ion of..real numbers in a later section. .

we consider di

‘ ‘e » - - -
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Prove the theorem: For each non-zero real number a there is
“only one multiplicative inverse of a. (Hint: We know there
is a multiplicative inverse of a, namely, .%. Assume there

is another, say x. Then @x = 1.)

- -

\

'Why did we.exclude O from our definition o reciprocals?
Suppose 0 -did have a reciprocal. What could it Be? If thgré\
were a number b which is the reciprocal ‘of 0, then O0+b = 1.
What is the truth set of the sentence 0*b = 1?2 You should conclude
that 0 simply cannot have a reciprocal Here we have an oppor-
tunity to demonstrate, using a rather simple example, a very power-
ful type of proof. This proof depends on the fact that a given
sentence is either true or it ds false, but not both. An assertion
that a given sentence 18 %oth true and false 1is called a contradiction.
If we reach a contradict in a chain of correct reasoning, then we
are. forced to admit that the reasoning 1is based,on a false statement.
fhis is the idea behind the proof of the next theorem. -

Theorem. The number O has no reciprocal.

Proof. The sentence "0 has na reciprocal" is either true of
false, but not both. Assuming that it is false, that is, assuming
that O <oes have a reéiprocal, we have the following chain of *

reasoning:

i. There is a real number a _Assumption.
such that 0-a = 1. .7 ’

2. 0ra=0 : The product.of O with any
/ 3 real sumber is O, -

3. Therefore O = 1. .

Thus, we are led to the assertion that "o = 1" 1is a true sentence.
But "0 = 1" is obviously a false sentence, and 'so we have a con-
tradiction.- Conclusion: Step 1 of the argument cannot‘be true.
.Therefore, it is false that O has a reciprocal;'that is, O has

no reciprocal. -

A proof of the aboveé type is called indirect or a Eroo
Ex_contradiction or a reductio ad absurdum.

P
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we sfould like now to see what we can discover and what we .
can prove about fhe way reciprocals behave.
In each of the following sets- of numbers, find the reciprocals.
What concdlusion do you draw about reciprocals on ex&ﬁining the two
sets? e T '
/ ’ .
C 112, %, 150, o.09,/% e »
- N . L
. 1 5
- II: -5, - 35 -700, -2.2, - 5

"« .
Observation of reciprocals on the number line‘strengthens our
"belief that the following theorem is true.

’

Theorem. The reciprocal of a positive number is positive, -
and the reciprocal of 4 negative number is negative.

Proof. We kpow that a ~% =13 "that is, the product of a

non-zero numb®r and its reciprocal ds the positive number 1. Let
°us f%;st assume that a 'is positive. Then exactly one -of three

possibilities must be true: b
L]
¢ ’ 1 1 1
N -a-<o, E=O,)O<E.‘
We see that if % is negative, then a -% is negative, a con-

» .
tradiction of the fact that a-z is positive. Also, if 2-0

when a is positiYe, then a~<% = 0, again a congfadiction. This

v

leaves but one remaining possibility:\»% is positive, — 2
In the same way, we may show that if a is negative, thén %

is negative. s .

For each of the follewlng numbers, find the reciprocal qf the
'ngmber; then find the' reciprocal of that reciprocal. What conclu- !

.8ion 1is suggested? .- .
. ~12, 80, -lgg, - %; 1.6 . ;
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’Theorem. The reciﬁnocal of the reciprocal of a non-zero real
L {

number a 1is a _itself. .

-~

<
Proof. The reciprocal of the reciprocal of a /is —%—.
a

Since —%— and a are both reciprocals of % (why?), and since

— W -

there is exactly one reciprocal of %, it follows that "—%—"
and "a" must be names of the saﬁe number. Hence, : .
1.
. a
< ' . . 7
’ - Problems .o

1.  For what real values of a do the following numbers have no
reciprocals®? - -

P

; a + (=1), a +' 1, 2a° +'(-1), a(a + 1), ET%_I’ a® 4+ 1,-—E¥L—-
N a” 4+ 1

2. Consider the sentence - f}
f (a + (-3))(a +1) =a+ (-3),
which has the trﬁth set {0, 3}. (Verify this fact.) If betﬁ—/f
members of the sentence are multiplied by the reciprocal of
a + (-3), that is, by ~3—1—%:57’ and some properties of real’
numbers- are used (which properties?), we obtain the 'sentence
) a+1-=1. . ) )
For a =3, we have 3+ 1 =1, and this is clearly a false
[sentence; Why/doesn't:the new sentdnce have the same truth °

) set as the original sentence? * . ) .

-

3. Consider three pairs Jf numbers: (1) a = 2, b=3;
(2) a=%4 b=-5 (3) a=-4, b=-7. Does the sentence
p o 5 =3b hold true in all three cases? .

©
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4. TIs the sentence %-> % .true in all three cases of Problem 32

5. Is it true that‘if a>b and a, b are positive, then

% > l& Try this for some particular values of a and b,

6. Is it true that if 2 > b, and a,'b ‘are negative, then

—? Substitute some particular values of: a and b.

! '5 >

7. Could you tell immediately which reciprocal is greater than
another if one of the numbers is positive and ‘the other s

negative°

I

In Problem 3 on the previous page you showed that for three
partiiular pairs of values of a and b, %-~ % = é%.— In other
words, the product of the reciprocals of these two numbers is the
reciprocal of their product. How many times would we need to test
this sentence for particular numbers in order to be sure it®is
true for all real numbers except zero? Would 1,000,000 tests *
be enough? How ‘would we lmow that the sentence would not be false
for. the 1,000,001st test? - “

L;We can often reach probable conclusions by observing what
happens in a number of particular,cases. We gall this inductive
reasoning. No matter héw many cases we observe, inducﬁive reason-
ing alone cannot ‘assure us that a statement is always true.

Thus we cannot use inductive reasoning to prove that

%.%=a]:5-'is dlways true.

numbers by deductive reasoning as follows. (Remember that,in the
proof we may use only prdperties which_have already been stated.)

We can prove it for all non-zero real

.
.

Theorem. Epr;ahy non-zero real.numbers a and b, N
g L 1...1_ 1 )
L. a S_EB' #
7
-~ . bt ) o
- 3 \'IfSO
’ . ¢ :
NN
~ .

q

©
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‘Discussion: Since our object is to prove that '% . % “is the
reciprocal of\*ab, we recall the definition of reciprocall. Then

- \
we concentrate on the product ab - (%-- %) and try to show ‘that.
it is 1. - .

—~ 4 Proof. ab . (% . %) = a(%) . b(%) by commutative and .
" - associative properties '
‘ . ,=1+1. since x - % =1

‘=1, e
Hence, % . % is the reciprocal-gfx ab. In other words,
1 1 1
a2 b7 @b

Nptice how closely the proof of Qkis theorem parallels ﬁhe
proof that the sum of the opposites of two numbers is the opposite
.of thelr sum. - Remember how this result was proved: A
(a +p) + ( -a) + (-b)) (a + (-a2> ( b + (-b)) 0; hence)?

(-a) + (-b) = -(& + b).

Problems '
N —_—
1. Do the following multiplications. (In these and in future
problem sets we assume that the values of the variables are
such that the fractions have meaning.)

14,1 ‘ 1

() (F)p) .\ (a) (-2m2n)(- 3mn2)
(v) () () ) B - >

, £ 7'”6

I3

-

. Is 8 : 17 = 0 .a true sentence? Why? P {

w n
=
o]
=
U
o
]

0, what can you say about n?

=
-
©
e
o
i

0, what can you say about p?

<

Ve v



- “ 147

5. If p °;q = 0, what can you say about p or q?
,’ . s

6. If p+ q'=0,, and we know that p > 10, what can We say
‘ about q? ’
2 . . \’ ~ . >

p.

L

\,. - .. .
The idea suggested by the above ‘exercises will be a very use-

_ful one, especially in finding truth sets of certain equatiOns._
We are able to prove the following theorem now by using the proper-

ties of reciprocals. : < ¢
AN ~ .
Theorem. For real numbers a and b, ab = 0 if and only

if a=0 or b=o. ¢

I

Because of the "if and only if", we really must prove two theorems:

(1) If a=0 or b=0, then ab=0; (2) If ab = 0, then
- E Y

a=0 or*b =0, ' ’ .

. - { . .
Proof., If a =0 or b=0, then ab =0 /by the multiplica-
tion property of ~ 0. Thus, we have, proved one part of the theorem.

To prove the second part of the theorem, note that elther
a=0 or a#0o0, but not both, If a = 0, the requirement that .
a=0 or b=0 1is satisfied. Why?

If ab=0 and a # 0, ti

a

~

en there é‘reciprocai of a 'and i
¢ <, N

(2 (ab) = 2Le0, . (wny?)

oy

e

0, “ (wny?) L.
. ‘—-\ 1 D]
(3 - a)b =0, _(Wny?)
. ' i . \
@ d 11° b =0, (why?) T ~
: A ‘ . , j
b =0, ) N
Thus, in this case also the requirement that & = 0 or b = 0" is <
satisfied; hence, we have proved the second part of the theozem.
’ . ] ) ’ ‘ \
- - 1] * L M
-z . b %
~ ",
< L
> “. 4/
-~ iy ' - o
152 ' -
P N e




, - ’ 148 s ~ B
¢ -h - o
. ) Problems o .
o T - gm
, . : e :
1. If [X& + (-5)) 7T =0, what must be true about* 7 or -
X (x + (-5))? Can 7 be equal to 0? What about x + (-5) |

then? .

2., Explain how we know that the only value of y which will make _
9 Xy x17T x3 =0 a true sentence is 0. - . -
1 1

3. If a is'between p and q, 13‘% between 5 and -d-? ' >
Explain. ~ . ‘ . - . .
L, This last theorem enable%zs to determine the fruth’'set of’ an
equation such as - - 0 .
o . x+ 3)><x+-.)=0. )
." without guesswork. With a = ( 3)) and b = (x + {- 8)) ¢
the theorem tells us that this,sentence is’ equivalent to the
' sentence : S
o X + (-3) O or x % (-8)'=
From this sentence we read off the truth set as (3 8} Find
the truth set of eech of the following equations.\ TN
(a) (x +. 20)(x.+ ~100) )= 0 . . .
4 (b) x+({6 x+9)x-0
(c) x(x +- 4)) ‘ ) . .
(@) ‘(3x # (-5) -(2::— +{-1))=0, . ‘ )
' (&) *(x+ (-1)(x + (-2))(xar (-3)) =0 :
: 1 3 ’ '
(£) 2x+(--§))\‘(x+~¢)-go~ ) ) .
/. N '& " - . .\» . . ) . -~ - .
S ¥ ok s (-6 =0 . v < :
' 2« - C = v ' *
(h) X(x + 4) =X + 8 ., o , -~

. o ‘\ )
5. ‘Prove: If a,d, c a)ge real numbers,.fnd if ac =bc and :
¢ #0, then a = b, . . . , o .
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The Two Basic Operations and the Inverse of a Number _
Under Thése Operations. We have focusedrour agtention on _
addition and multiplication and on the inverses under these tw%
A operations., These foun concepts are basic to the real number system.
~ *“hddiﬁﬂ“ﬁ and” multipliéatﬁonrhave a number of properties by themselves,
. gnd one property conn%ggg&%ggitien with multiplication, namely,kthe
] distributive property. - All our work in algebraic simplification
rests on thésé€ pPdperties and on the various consgquenées of them
which relate addition, multiplication, opposite, and reciprocal.

We have pointed out that the distributive property connects
addition and multiplication. It is instructive to see whether some
relationship occurs which connects every combination of addition,
multiplication, opposite, and reciprocal in pairs. ‘Let us write
down all possible combinations.

‘ &
1. Addition and multiplication: The distributive property,
- a(b +¢) = ab + ac; for example,
) 2(3’+5)=2-3+2-5 6+ 10 = 16; .
4<7+-2))' 7+4(-2) 28 - 8 =20,
. 2. Addition and opposite~ We have proved that
(a +b) = (=2) + (-b); for example;
(3 +5) = (-3) + (-5) = (- 8); e
(T+ (-2) = (1) - (“2) =

o 3. Additfon and reciprocal:’ We find that there is no simple

.

O 1. 1" 1 . .
b felationship connecting R ) and T+ fgor example,

T+ B, does not equal %u In fact, there are no real o
numbers at all for whiqh these two phrases represent the -
same number. This unfortunate lack of relationship' is
congiderable “cause of trouble in algebra for studénts

who unthinkingly assume that these expressions represent T

- the same number. . . . - ,

~ Ny o
Y, Multip}ication and opposite' We have proved that ]
“Xab). = (~a)(b) = (a)(-b);- for example, .
(2 0 5) = (<2)(5) = (2)(s5) = 07

-((=3)(%) -

(3)(4) = ( 3)(- 4)
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, \5. Multiplication and reciprocal: We have ppoveq that

alib-=%--%;.forexample, ﬁ=-§% . i
6. Ogposite and reciprocal: 1. -(%). o«

. T=ay =

| This dast relation is a new one and shoulq be pnoved.'

' The proof may be obtained from «(5) above by replaciﬁg
b by ~-1l. The proof is left to the students. (Hint:

: What is the reciprocal of -1?) ,

State (1), (2), (&), (5), (6), in words. Do you see any
similarity between addition and opposite, on the one hand, and
multiplication and reciprocal, on the other, in these properties?
' Explain AN . .
. At éhis ‘point, we should be sure that we are familiar with
the more important ideas of this section. Can you summarize t@ese

ideas about real numbers? :

.




[

2

PSS

I . ' ' Part 4 . . v
PROPERTIES OF ORDER

, The Order Relation for Real Numbers. In Part‘III We ﬁ
extended the concept of order from the numbers of arithmetic to
This was done by usipg the number line, and‘we

~ all real numbers.
agreed that:

"Is less thag", for real numbers, means
"to the lefinaf" on the real number line.

If a.and b are real nﬁhbers, then
a .1s less than b" is written "a < b".

\ We speak of the relation "is less than" for real numbers as
an order relation. It is a binary relation since it -expresses a
relation between two numbers.‘

Two basic properties of the order relation for real numbers
were obtained En Part III.

Comparison property: If a 1s a real
nnmber, then exactly one of the following

is true:
> ] a<b,

azb, b¥<a. ’ N

are real
then

Transitive property: If a, B, c

numbers and if a <b and b < e,

a<ec. T f%” * <

Another property of order which was obtained in Part III

L
‘ gﬁonnects the order relation with the operation of taking opposites:
)

v
¥l W -

If a and b are real numbers and if . Lt
a <b, then -b< -a. r:'e .

ag

»

You -may wonder at this- point why we are so careful to avold
talking about "greater than As a matter of fact, the relation
"js greater than", for which we use the symbol ">", ' is also an
order relation. Does %hjs order relation have the comparison ‘
pﬁbperty and the transitive property? ’Since it does, we actu%lly

’
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1.~ For éach pair of rumbers, determifié their order.’

152 . - .
have two different (though very closely connected!) order relations
for the .real numbers, and we have chosen to coneendrate ourf?&ten-
tion on "less than . We could Have decided to concentrate on o

"greater than"; but if we are going to study an order relation and
its properties, we must not confuse the issue by shifting from one

jorder relation to another in: the middle of bhe discussion.

We need not concern ourselves unddly with this problem since any
sentence involving ">" can be written as one involving "<".
Does "a < b" imply that "b >a"? Try this with some ‘unequal
pairs of real numbers.
Thus, we state the last property mentioned above in terms of
<", but in applying the property we feel free to say:L"If a < b,
then -a > -b".”
In th& next two sections we obtaln some properties of the
order relation "<" which involve the operations of addition and
multiplication. Such preperties are essential if we are to make
much use of the order relation in algebra. *

+

L3
a2

’

~

Problems

ETETY L

(a)ow 3, % e (0), 22Tl 2l .
« %“—2‘ 3‘ },: e lEed o L 4t e LENIETTTY OF 1Y Nk ST S N ¢
ﬁl‘ by

(e} e, 1° (Uonsider the comparison property.)

2, ‘Continuing Prgilem 1(c), what can you say about the order
of é and 1 if it is knowh that ¢ > 4? what property
of order did you use here?

3. Decide in each case whether the sentence is true.
» (a) -3+ (-2) <2+ (-2) - (£) (-3)(0) < (2)(0)
(b) (-3) +(0) <2+0 (g) (-3)(-2) < (2)(-2)
(e ) ( 3) +5<2+5 (h) (-3)(a) < (2)(a) (what
(d) ( 3) +a<2+a is the truth .set of .this
: sentence?)
(e) (-3)(5) < (2)(5) K

" r




e ' :
—// N . -
' @
, N

153

o
—

.

(1) 1413 + (-2)) < |-6](2+ .(Qs))’

4

:4. A given set may be descriped 1n many ways. ?escribe 1n three
» ways the truth set of:
(a) 3 <3 +x (b)' 3+x<3
5. Determine the truth set of .
(a) y<3 (e) -lyl <3
Iyl <3’ (d) -y <3

\

“

Addition Property of Order. What is the cpnnection

between order of numbers and addition of numbers? e shall find a
basic propertyg and from i1t prove other properties which re;éte' '
ord¥r and addition. As before, we concentrate on. the order relation
"<";" similar properties can be stated for the order relation ">".

It is helpful to view addition and order on the number line.
We remember that adding a positive number meahs moving ,to the right;
adding a negative number means moving to the left. Let us rix égg
points a and b on the number line, with a < b, and, hence,
a to the left ofsDb. If we add th® same number ¢ fo a and t9

b, is

we move to thes right of *da” and of b if ¢

the left if ¢ 1is negative.
we see from the figure that a + ¢

WW—”I |

ojc b

Whether ¢

ositibe, to
is po§?tive or gegative .

is still to the left of b + c.

I““TI‘*W

0

b+c

A . }Q
Here we have found a fundamental property of order which we shall

assume for-all real numbers.

‘Addition Property of. Order.

If a, b, ¢

are real numbers and if a < b, then
. a+c<b+ec. N
’ -y
- ’ . a
. i
. / I{)8
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A .

, Tilustrate this property for a = -3 and b = - %, with .c

' having, supcessively, the wvalues ~3, %,\ o, -T. ﬂeref

-3 4 --%f‘ Is "(-3) + (-3) < (- %) + (=3)" a true sentence? ‘
Continue with the other values of c¢. Phrase the addition propgrty

, of order in words. 1Is there a corresponding property of equali@y?

-~

.o

. Problems
1. By applying tire addition bropgrties of order,. determine which
" of the followlng sentences are true. ° ‘ '

(3) (-8 +2< (-3« *
() (- + (-5) > (- B # (-5)

(&) (-5.3) + (-D(-P< o3 - :

(@) (B(-3) +22(-3P+2 - TN

-,

2. Eormulate an addition: property of order for each of the
relations "<", nyi s S

]
i L4
“

3. An éxtegsion of the order property states that: -

If a, b, ¢, d are real numbers, such that
a<b and ¢<d, then a+c¢c <b+ d.

n

This can be proved in three steps. Give the reason for each
. Step: ‘ M é

-

If a<b, then a+¢ <D+ c; .
if e <d, then b+ c¢c <<b+ 4;
i ’. hence, v . )
a+c<b+d.
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4, Find the truth set of each of* the following sentences. <7

‘ Example: * If (—7%) +x < (-5) +% is true for some X, ' .
s 4 . .

. then o x < (-5) + % + %_ is true for the same X.

.

" , X< -2 1is true for the same X. )

Thus‘, if x is a number which makes the original senf;ence
.true, then x < -2. If "x ¢ -2" 1is true for some x, then

: /
(- %)-+ x < (- -:-32-) + (-2) is true for the same x,

i -

(- %) +x <A~ %)_+ ((-5)i+ 3)@#

(-3 +x<(-5) + (3+ (- D), R

-~

(- %) x < (-5) +% is true for the same x.

”

Hence, the truth set is the set of all ‘real numbers less than
-2, . ‘ v
o “(a) %3 + x < (-¥) £) (-x) + 4 < (-3) + [-3]

(0) o+ (-2),> -3 g) «(-5) + (x) <§+ |- 3l
(¢) g (-5) tx h) (-2) + 2x < (-3) + 3x + 5
i

LY

“(d) #3x 3 4+ 2% ) (- +22x+ -3
) (-5 +2x22+x ~ |

<"

I;. Grgﬁﬁ the truth sets of Parts (a), (c¢), and (h) of Problem 4.
6

The. Tollowing property of orde,r’?]';as b&en previously stat-ed:

"If a < b, then -b < -a." Prove this property, usihg the
add{tion property of order. (Hint: 'Add ((—a) + (-b)) to

bdth members of the inequality a < b; then use.property of
additive inverses.). -

7. Show that the’ property:
"{f 0 <y, then-x<x+y," .

is a spedial case of the addition property of order. (Hint:
In the statement of the addition property of order, let

~

> \

a=y, b=0, c = X.)

o 160 | ,,
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Many results about order can be proved ag gconsequences of the

-addition prOperty of order. ,Two of these are of special interest
*to us, because they give direct translations back and forth between
statements about order and statements about equality.
] The first of these results will be a special case of tye
'propér{y. Let us consider a few numerical examgles of the prOperty
with a = 0."If a = 0, then "a < b" becomes "0 < b"; that is,
b 1is a positive number. Thus, we may write: If’ O < b, then
c+0<c+ b, . )

Let a=0, b=3 and ¢ = 4; then &4 + 0< b+ 3;
that is, since 7 = 4 + 3, then b <7,

Let ‘5 =0, -b=5 and c¢ = -4; then (_d) + 0 < (-4) + 5
that is,/since "1 = (-4) + 5, then -4 < 1.

These two examples can be thought of as saying:

-

Since T =14 + 3 and 3 1s a positive number, then . Y,
b <. : . '
™ Since 1 = (-4) +5 and 5 1is a positive number, then
- / ¥l
>This result we state as -

- N h Al
Theorem. If z=x+y and y is
a positive number, then x < z.

. Proof. We may éhange the addition property of order
“to read: . A s
o + If a<b, then c+a<c+b. (Wny?)

Since the property is true for allugeal numbers a, b, ¢, we may
let a =0, b=y, ¢ =x. Thus, '

if 0<y, then x +0 <X+ 7.
o,

-

.

If z=x+Y, then "X+ 0< x+ y" means "x < z". Hence, we __..

have prfoved that-if 2z =x + y and 0<y (v 1is positive) then’
x < zZ. . : )
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) . .‘. -
This theorem now gives us a translation from a statement about

equality, such as . A R
’ -4 = (-6) + 2, ‘
to a stateﬁent about order, in this case
6 < bl

¢ Notice that adding 2, a positive number, to (-6) yields a
number to the right of -6. :
Change the sentence

.

.

¢

=(-2) %+ 6
to a sentence 1nvgiving order.

The second result of the addifion prope}ty is a theorem which /
translates from order to equality, instead of from equality to
order. You have seen that if y is positive and x 1is any ﬁumber,
then x 1s always less than x +y. If x< z,' then does there
- exist a positive number y such that z =x + y? Consider, for
example, the numbers 5 and’ 7 and note that 5 < 7. What is the
number y such that \ - : ‘

' v 7 T=5+73?

/

How .did you determine y? Did you find y to be positive°
\ Consider the numbers -3 and -6, - noting that -6 < -3. " What
®is the truth set of ) . '

-3 = H + y?
Is y again positive? '
. owx9, 9= b+ ()
Cacs, 5= (-3 () S
b <L, L L= (=B 4 () e
" <o, 0= (-6) +()

What kind of number, makes each of the aboye equations true?
In each case you added a gfsitive number to the smaller number to
get the greater. . \ -

/ ‘ ;

L




)
s -

S
©

By this time You see that the theorem we have in mind is

»

\Theorem. -If x and Z are two real numbers -
such that .x < Z, then there is 3 positive
real number y such tﬁat

.2 =X +y.

°

Proof. There ™re really two tBingé:@b be proved. Fipst, we M
myst find a value of ¥ such that 1Z = X + Yys; 8econd, we must

prove that the y we found is

of ‘y -8uch that z = x + y.
S probably suggests adding
to both members of "z = x + y" 4o obtain y =
Let us try this value of y. Let

Y=z + (=x).
X+§ =x+ (é + (rx)) (Why”)
(c+x) 4z | (my2)
0+ .z, »
X+y=3
Thus, we have found a 1y, Onamely, zZ + (-x), such that z = ¥ 4+ y.
. It remains to show that if x ¢ Z, then this y 1ig positive,
We know there is exactly one true Senterice among these: ¥y 1is
ﬁ%gative, ¥y 1is zero, y 1is positive. (wﬁy?) If we can show that

M

. _two of theése possibilities are false, the third must be true. Try“

the first possibility: If it were true that y is negative and
Z =X +'y,,. then the addition property of order would assert’ that,
z2 <x. (Let 3=y, b =0, ¢=x.) But this contradicts the

fact that . x < Z;. so,it cannet be true that y is negative. Try

the seécond possibility If 1t were true that y 1is 2ero and .,
'Z =X +7Yy, then it would be true that z = x. fThis again contradicts
the fact that 2 < X; so it cannot be true that y 1is zero. Hence,

we are left with only one possibility, y 1is Rositive Mhich must
be tfue. This completes.the proof.
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This theorem allows us to trandlate from a sentence involving

order to one involving equality. Thus,

' -5 g2
can ‘be replaced?by S e

-

.

. -2 = ( 5)+'3'a‘ )

which gives the same "order 1nformation" aboqé, -5 and -2. That
is, there is a positive=number, 3, - which ‘when added to the lesser,

-5, yi;lds\s{.e greater, -2. .

-

¥

Problems
L 4

For each pair of numbers, determine their order and xénd the
positive number b which when added to the smaller gives the
larger.

(a) '-15 ami -24 ~ (e) .-254 and -345 -

(b) - gg and - % ~ (£)y - %% and - 98\\ - \
() ‘% and 1 ' (g) 1.47 and -0.21 p
(@ 23 ana 3 m HD e (-

Show that the following is a true statement: If a and c
are real numberg_and if e £ a, then there is a negative
real nymber b §§cp that ¢ ='a + b, (Hint: Follow the
similar discussion for b positive. )

i

ﬂﬁich of -the following sentences<are true for all real values '

of the variables? ” ) o - 0

() If-a+1s0, then a < b. ’ - R
- (b) If 42 + (-1} =D, then & < b. |

(¢) 1If (a ;—33‘; 2 = %‘!),. then a2 + ¢ < b + c.

4

(@) 1Ir (a + c) + (-2) (b +c), thenn b+ c <a+ec.

. v
B

‘m@’

4

-
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C(e) 1f a,?‘h;j\\then there is a positive number .d such '
that, -2 = a + d.
¢ R
If -2 < a, then there’is a positive number d such
that a ® (-2) + 4., .
(2) Use 5+ 8 =13 to suggest two true seéntences involving
"<" relating pairs 8f the numbers 5, 8, '13. »
. ’/ - L]
(b) Since (-3) +2 = (-1), how many true sentences involving
"<" can you write using pairs of these three numbers?
(¢) If 5% 7, write two true sentences involving "="

7.

Show on‘the number line that if a and ¢
and if b is a negative number Such that ¢

relating the nuﬁbers 5,

are real numbers
=a + b, then

‘e < a. S d

Which of. the folloﬁing sentences are true for all values of

" the variables? ~— ’
(a) If b <O, them~3 + b < b. - \
(b)‘If b <O, then 3+D< 3., o'

(c) If x<2 then 2x < 4. '
Verify that each-of the. following is -true.. _
(2) 137+ 4] < [3] + |4 L ’
:}Y 1(-3) + 4] <*|-3] + i) * .
2) . 1(=3) + 4-8)] < |-3] + |-4] ‘
(a)- State a éeneral property relating |a + b}, IaL\‘and |b

for any real numbers a, and b.

1

\

k3

“

What general property can be stated for multipffgétiop similar

to the property for addition in Prablem 7?2
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(£)
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Translate the following into bpen sentences and find their |
truth sets. |

. >
The sum of a number and 5 1is less than twice the numben.,
What is the number? Y

When Joe and Moe were planning to bﬁy a sailboat, they
asked a salesman about the cost of a new type of a boat
that was being designed. The salesman ‘replied; "It
$380." 1If Joe 'and Moe had agreed o
that Joe was to contribute $130 more than Moe when the
boat was purchased how much would Moe have to 'pay? ’

won't cost more than

Three more than six times a number 1s greater than seven
increased by. five times the number._ What is the number?

A teacher says, "If I had twice as many students in my
class as I do have, I would have at leagst 26 more than

I now have." How many students does he have in his class?

, Rty . .

A student has test grades of 82 and 91. What must he
score on a third test to have an average of 90 or '
higher? -

- Bill is 5 years older than Norman, and the sum of their

ages is less than 23.

¥

How olg is Norman? ’

N

.

Multiplication Property of Order.

We h%ve stated a basic

property giving the order of a+crand.b+c when a <b. Let
us now ask about the order of the products ac and bc when 'a < b.
* : ~

Consider the true sentence .
' 5<80 -7

.

If each of these numbers is multiplied by 3, the products are
involved in he"true‘sentence )
-(5)(2) < (8)(2).
What is your conclusion about a. multinlication property of order?
Before making a dec sion, 1et us try more examples. ‘Just as aboye,
where we took the two numbers 5 and 8- in the true sentence

- . <
2 ' - .

[ : 4

Nl
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"5 < 8" . and, inserted t;em in "( 1(2) < ( )(2)‘P to make a true <
sentence, do the same in-the foLlowing.

1. 7 <10 and ( )(6) <()(6)
2, -9< 6 and ( )(5) < ()(5)

I

3. 2< 3 and ()(=H) < ()(-H)

b -7<-2 and ()(2) < ()(2)
5. =1< 8 and ( )(-3) < ()(-3)
6. -5< -4 and ( )(-6) < ( )(-6)

) We are concerned here with the order-relation "<", observing
the pattern when edeh of the numbers in the statement "a < b" is
multiplied by the same number. Did you notice that it makes a
difference whether we multiply by a positive number or a negative
number°

The above experience suggests that if a < b, then

ac < be, provided ¢ 1s a positive number;
be < ac, provided ¢ is 2 negative number.

Thus we have found another important set of properties of
order.
How can you use these properties to tell ‘quickly whether the
following sentences are true?

. Since % < ,?, then %- < }.?-
Since - 2 < - -_1[,1;, then Lid £ < %
Since g < T then - '—6 < - I% : W

These properties of order turn out to be consequences of the
other properties of order, and we state them together as

, Theorem., Multiplication Property éﬁ Order,
,If a, b,’"and c¢ are real numbers and if
, a < b, then . .

\' ac < oc, if c is positive,

-

be < ae, 1if c‘~is negetive.

J
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Proaf. There are two cases. Let us consider the case of
positive .c. Here we must prove that if a < b, then ac < be.

Fill in the reason for each stép of the proof.

1. There is a positive number d 'such that b = a + d.
2.  Therefore, be =‘(a + d)e.

3. be-= ac + dec.’

b, The number de¢ 1is positive. i

5. Hince, ac < be.: . .

The!g;oof of the case for negative c¢ 1is left to the student in
the problems. ,
' We could equally well have discussed the multipliéation property
of the order relation "is greater than" instead of "is less than".
" When We are comparing numbers, the two statements "a X D"
and- "b > a" say the same thing about a and b. Thus, when we
are concerned primarily with numbers rather than a particular order
relation, it may be convgnient,tofgﬁift from one order relation to
another and write such sentences as:
Since 3 <.5, then 3(-2) > 5(-2). '

- Since -2 > -5, then (-2)(8) > (-5)(8). ;
Since' 3 > 2; then (3)(-7) < (2)(-7). .
Verify that these sentences are true. .
- When'we are focusing on the numbers involved instead of on an
order relation, we can say that ' N '

ac < be 1if ¢ is posi%ive,
if a < b, then . ’ .
ac > be: if ¢ 1is negative, y

State these properties of orders in your own words.
In our study we shall also need some results,sudﬁ(as

Theorem. If x # O, theh x° > 0. h('

Proof. If x # 0, then either x is negative or x .is

positive, but not both. If X 1is Positive, then -
- / . PR x>0, . ‘ T
(x)(x) > (0)(x), : (Why?)
N . x2 > 0. D )
- ’ \/ B - ;

. 168 . | ..

« .




\v

164

If x 41s negative, then ' ‘
x<0
(x)(x) > (0)(x), (Why?)
x2 > 0.
In either case, the result is the desired one. ~
The previous theorem states fhat the square of a non-zero

_humber is positive. What can be said about x° for any x?° -
f The properties of order can be used to advantage in finding
tryth sets of 1nequa11t1es.; For example, let us find the truth

set of

(-3x) + 2 < 5x + (-6). )
By the addition property of order we may add (-2) + (-5x) to .
both' members of this inequality to obtain-_

((-3) + 2) + ((-2) + (=5x)) < (52 w(-6)) '+ (2)+ 5x))
which when simplified 1s
- -8x < -8. .

Since ((-2) + (~5xD is a real number for(évery value of x, the
new sentence has the same truth set as the original. (What must we

-

add to the members of "-8x < -8" +to obtain the original sentence,
that' is, to reverse the step?) : ’ .
» ’ Then, by the multiplication property of order.
-8)(- L -8x) (- X
(-8)(- 3) < (-8x) (- })

1 <x L ]
Here we multiplied 6& a non-zero real number. Tﬁus, this sentence
is equivalent to fhe former sentence. (What must we multiply the
mempers of "1 < x" by to obtain the former seSZence?) Obviously,
the truth set of "1 < x" 1is the set of all numbers greater than
'1, and this is the truth set of the original inequality.
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. - * Problems
Vi -
1. Solve each of the following inequyalities, using the form of,
- the following example. (Recdll that to "solve" a sentence is
to find its truth set.) R :
Example' “(-3x) + 4 < -5, : \

B N .. - v -

/’/// This sentence is equivalent to > v
. ) =3x < (-5) + (-4), <add (-4) to beth memhers)
-3x < -9, , ) ‘
which is equivalent to : . SN
- 1 -1 1
(- %)(=9) < (- )(-3x) * (multiply both members by (- )
‘ K] 3 F ( ’ y ( 'g)
3 < x.
Thus, the truth set consists of .21l numbers greater than 3.
, (8) (-2x) +3< -5 ‘ | o 4

~ L (B) (-2) + (-kx) > -6 : .
- (c) ' ' /

(-4) + 7 < (-2x) £ (-5) :
(@) 5+ (-2x) < bx + (-3) k

(&) +1-2<(-5) +x 7 _ .
L) 2 <a+ |-2f]- 4
(8) -(2+x) <34+ (-7). S

2. Graph the truth sets of .Parts (a) and (b) of Proplem 1.
3. Translate the follawing into open sentences and solve.

(2) Sue has 16 nfore books than-8ally. Together they have *
more than 28 .books. .How many books does Sally have?

(p) 1If a certain variety of bulbs are planted less than g

t of them will sgrow into plants. If however, the bulbs
. are given proper care more than E of* them will. grow.
‘. If a careful gardener has 15 plants, how many bulbs

4aid he plant? - -
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" ¢ ———are-negative? _Prove 1t~oraﬁisppgve it. —
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. » ’
R Prove that 1if a < b and ¢ 1is a negative number, then

be < ac.. Hint: There is a negative number e such that
a =b + e, Thetefore, -ac = be + ec. What kind of numben
is ec? Hence, what is' the order of ac and bec?

5. If a<b, and a and b are poth posi%ive real numbers,
prove that %-< %. Hint: Multiply the inequality a <-b by
(%-- %). Demonstrate the theorem' on the number line.

-

6. Does the relation %-< % hold if a < b and both a .and b

L3

7. Does the relation & <-% hold if "a<b and a <O and
b > 0? Prove or disprove.

8. State the additioq_and‘multiplication properties of the ox¥er
nmn P -
‘ S . .

*

A ' 8
- 9. Prove: ‘If 0 < a < b, then a2 < b2. Hig;) Use properties

of order to obtain a2 < ab and ab < b2. “

. .

“ °
é ’lae- Fundamental Properties of Real Numbers. We have been

" dealing Qith two main problems. The first problem was to extend

thé order relation and the gperations of addition and mulPip;icat%qn
from the numbers of arithmetic to all real numbers., .Until this was
doné we really did not have the real number siétem to work. with.
The second problem was to discover and s%ate carefully th@,fundamenﬁal
properties of the real number system. The two probléms; as we,have
been Forced to deal with them, are closely intertwined. In this
section we shall separate out-the most important problem, the second ’
one, by summarizing the fundamental properties which have been
obtained, ) )

Before continuing, we should admit that the decision as to
what is a fundamental property is not made‘because.of strict mathe-
matical reasons bu is to a large extent a matter of convenience and
conmon ggreement./ We tend to think ?f the real number system and’

'\

X ' .
;7 ‘ .

-~ ’ e

¥




¥ .

167

=~

R

i1ts many properties as a "structure" built upoh a foundation ‘rj :

consisting of fundamental properties. This i3 the way you should
begin to think of the real number system. A good question, which
can pow be answered more precisely than before, is: What ig'tﬁé

»

The real number system is a set of elements for which binary
operations of addition, "+", and multiplication, "-", along
with an order relation, "<", are given with the following:

propert1e§.

real number system?

1. For any real numbers a and b,
2 + b 18 a real number. (Closure)
2. For any real numbers a and b,
a+b=>b+a. (Commitativity)
. ' |
‘ .
3. For any real number® a, b, and c, i .
‘ *(a+b)+ec=a+(bwv). (Associativity)
bL.{ There is a special real number O
such that, for any real Bumber a,
. ‘a+0=a, . (Identity element)

5¢ For every real number a there is
& real number -4 such that,

, 2+ (-a) =0, (Inverses)
6. For any real numbers a and b,
a - b 1is a rea} number, - , (Clostire)
7. For any real nwibers a and b, ’ .
&7 . .
a-b=b-a. (Commutativity) 2R
8. Por ghy tveal numbers a, b, and c, :
(2 +b) ¢ = a,* (b +"c). (Associativity)
9. There is a special real number 1 J
such that, for any real number a,
» a-*1=a, - (Idsptity elgmentf

*
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10. For any real number a different
from . O, there is a real number
e such that,
a 1 v B
a - <E) =1, . ! (Inverses) .

. -

-

11. For any real numbers a, b, and®ec, . )
a+(b+c)=a-b+a-c. (Distributivity).
1 : ~ '
12, For any real numbers a and b,

exactly one of the following is
true: a <b, a=.b, b <'a.

. (Comparison)”
f 13, For any real numbérs a, b, and\‘c, /
if a<b and b<ec, then a<ec. (Transitivity)

14, . For any real numbers a, b, and e, .
if a<b, then a+c<b+ec. (Addition property)

15. .(For any real n&mbers a, b, and c,' .,

1f a<b and O0< ¢, %hen '
a+-¢c<b ¢,

if a<b and e < 0, then

. b.c<a -\ " (Multiplication
. ’ . . . property)

.

You have pxobably noticed that there are several familiar and
useful properties which we have failed to mention. This is not an
oversight.. The reasons for omitting them is that they gan be
proved from the properties listed here . In fact, by adding -just
one new property, we could obtain a 1f t of properties from which _
everything about the real numbers could be proved. We shall not
consider this additional propefty since that would take us beyond,
the 1limits of this course. - . .

Practically all of the algebra in this course can be based o/

~' the aove list of properties. It is by means of proofs that we

bridge the gap between these basic properties and ;il of the many
+1deas and theorems which grow out of them. The chains of reasoning
involved in proofs are what hold together the whole structure ‘of
mathematics -- or of any logical system. ‘

.

b
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Thus, if"we are going to appreciaie fully what mPthematios is
like, we should‘begin to examine how_ideas are linked in these .
chains of reasoning -- we should do some proving and not always be
satisfied with a plausible explanation. It is true that some of
the statements y¥e have proved seem very obvious, and you might
wonder, quite justifiably, why we should bother to prove them. As
we progress further in mathematics, there will be more ideas which
are not at all obvious and which are established only through .
proofs: During the more elementary stages "of our training we need f
the experience of seeing some simple proofs and developing graduall-.
some feeling for the chain of’) reasoning on which the whole struc -4& :
of mathematics depends. This is our reason for looking closww' at
proofs of/gome rather obvious statements. ;/
The ability to discover a method for proving a theorem is
something which does not develop overnight. It comes with seeing
‘a variety of different proofs, by learning to look for connecting
links between something you know and somgthing you want to prove:
by thinking about the-suggestions whith are givenbto Tead you into
a proof, On the other hand, the kind of thinking required is not |,
used only in mathematics but is involved in all logical reasoning.
Let us now return to the fundamental properties of real numbers
‘and summarize a few of the other properties which can be proved from .
those given on the previous page. Some of these. were proved in the

text ‘and some were included in exercises. ]
- V4

- 16.  Any real numbeﬂ, X has just one additive inverse,
namely, <x. ‘

17. For any real numbers a and b, ’
-(a + ) = (-a) +.(-b).
18.° For real numbers a; g% and ¢, if a4+ e =b + ¢,
then a = b.
19. For any real number a, a + O = 0.
'20.  For any real number a, {-l)a = -a. - ] .

[pe

-
\
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\ ,
For any real numbers a and b, (-a)b = -(ab) and
(-a) (-b) = ab. -

The opposite of the opposite of a real number a 1s °

Any real number x different from O has Just one
multiplicative inverse, namely, %. N

The number O has no reciprocal.

The reciprocal of a positive number is positive, and
the reciprocal of a negative number-is negative,

The reciprocal of the reciprocal of a non-zero real
number a 1is a. S

For any non-zero real numbers a and b,

1.1_1
a b~ ab’

28. ' For real numbers a and Db, ab =0 if and only if
a=0 or b=20,

r S

29. For real numbers a, b, and c¢ with c¢ £ 0, if
ac = bcy; ‘then a =Db, J& % : T

30. For any real numbers a and b, 1if “a < b, then

-b < ;a,.

31. If a and B are real numbers such that a < b, then
there is a positive number c¢ such that b =a + ¢.

Ly

32. If x £0, ther x° > 0.
11
33. If 0<a<b, then 5 < e

34, If O0<a<b, then a° < b2,

You may have noticed that we have given a proof Af the
multiplication property of order 1ﬁ the precedin In .
fact, this property (No. 15 in the 1list) folTows from the other
14 rfundamental properties. Therefore, it could have been omittéd .
from the list without limiting in any way its scope. However, we
have included the property in order to emphasize the parallél between
;he properties'of addition and the properties of multiplication.

f

v, N
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[
You may have noticed alsc that nowhere in ﬁhe previous

*

discussion of fundamental propertles 1s there any mention of absolute
values. This ;mportant cgpcept can be brought into the framework of

the basic prope;ties by the definition: -
If 0<a, then |a] =a.
If a<0, then Jla| =-a. - -

We close this summary‘with a méntion of some properties of a
rather different kind, namely, ‘the properties of equality« These

are properties of the language of algebra rather than properties

of real numbers. Recall that the sentence "a = b", where gt

and "b" are numerals, asserts that "a" and "b" name the same

number. - The first two properties of equality which we 1list have

not been stated before but have actually been used many times. N
In the following, a, b, and ¢ are any real numbers.
3 -
35, If a=Db, then b = a. (sSymmetry)
36. If.a=Db and b=c, then a=c. (Transitivity)
s .
37. If a=Db, then a+c=Db+c. (Addition property)
. 38, Mp—e = Db, thei ac = be. (Multiplication
property) .
39. If a=Db, thed -a = -b. p
- 4. 1If- a=0>b, then |a]| = |b].

y
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FIELDS AND MODULO SYSTEMS T
At this point, it might be worthwhile to "broaden our horizons
a bit". Let us consider some of the properties we have: Just
summarized, namely //

1. The real number system consists of “a set’of elements
" and two binary operations, addition and multiplication,,
such that: . o,

2. This set of elements 1s closed under these operations.
(Numbers 1 and 6 )

3. The operations of addition and multiplication are
commutative. - (Numbers 2 and 7.)

L]

) 4.  The operations of addition and multiplication are
assoclative. (Numbers 3 and 8.) » »

5. Thd operations satisfy the distributive property which
states that alb+c)=a-b+a-ec. (Number 11.)

6. There are distinct identity elements fQr addition and
multiplication, namely, O and l respectively, for
the real numbers. (Numbers Y and 19. )

7. For each element there exists an additive inverse,
sach that the sum of any element and its additive inverse
equals the identity element for addition. (Yumber 4,)

8. For each ele othe an there exists a ©
multipliMat the product of any
n;n;;erorelement and its multiplicative inverse equals

tHe identity element for multiplication.

Mathematicians call such a system, which satisfies these
properties, a field. The real number system satisfies these .
properties and 1s ebviously a field. This ¢s not the only system
which_is a field, however. The set of rational numbers with / )
addition and multiplication also is a field; as is the complex
number system, to name.a few.* It should be noted that the sets
.In these systems are infinitq\\i.e., there is no limit to the .

-

- — PR ‘-
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field with a finiggé
er the
integers (1, 75 3, %, 0]
"multiplicat‘# " defined

.

-~

A

We see that one unit
and that + 3 = 4.
Clearly, it is
1 -3 =3,
."integers modulo

1
ey

2
5",

also, 3.

wh

of elements .

numbers on its face as follows:

Yowever, what is
4 “units more than 3,

must start all over again.

- set.

)

as to the possibility of constructing a

system consisting of the finite set of
and the operations of "addition" and

Imagine a clock with these

.

as follows.

more than (2 1is 3, or 2 + T 35
3+ 4 1in this system?
or 2; 3+ 4=
We call such a system,™

4 and
Our usual system of telling time is a

hence,

1,
ich means that we can count to

ete.

modulo system.,

How would you describe it?

Let us proceed to construct addition and multiplication

4w tables, remembering that we will be working in the modulo 5 .
system. . '
One table will look like this to start,
+ ol 1)1 2 3 4
.'|
. o | b
| w -
S U
_21_1 N -
| .
L I '
and will read something like a mileage chart on a'road map. To .

find 2 + 1 we would locate the row containing 2 and the column
containing 1 and notice where they cross. To complete the table
fwe may have to refer back to our clock, but when’ finished 1 will =
look like this:

.
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17h ~
- b4 *\‘ B -
+]0 1 2 3 4 LR .
.olo 1 2 ‘K | o
1,1 2 3 % o ST
) 212 3 4 o% 1 ,
\ ¢ - - R
313 4 o 1 2
b4 0o 2 2 3 .
¢ - ros

-z v -

Now, does 4 + 2 = 2+ 3 Is this "addition" commutat1Ve°
"Is ‘there an identity element for addition° How many other field
properties of "addition" hold iIn this system? , ‘
The;e follows a partially constructed table for the operatfon
of multiplication (*) 1in this- system. The reader is to fill in’
the blanks.

.

3
0
3
1

W &= O |+

¥

m»—:\‘; ..
H = o |

v

W~ o

— — —

_ Before attempting to complete the table the following dichSsion
~might be helpful. Let us consider the following products}

. 0=0-54+0 . “9.=1-54+W
T~ 1=0-.54+1 10=2.54+0.
. T 2=0.5+2 . T ll=2.5+1 .
) 3=o'~5+3} - 12=2.54 2 .o
b=0,5+4}| " 18=2.543 7
. 5=1.5%0. 14 =2 .54+ 4 ’
L 6=1.54+1] 15=3:%x0 R
7 =s1-5400 16=3:54+1
8=1":54+3 " ete. ..
) .
f - " \
B : ' ’ C
'/ ‘ 179 \ '
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.the 8 properties of a fieid are satisfied.

-
a= .

W

. ' ’
- 175
¥ .
_By combing this information and the numbers in the table, it
1§ ‘seen that the products modulo 5 are nothing more than the
remainders when division of the ordinary products has been performed
by 5 or a multiple of 5. For example, 2 + 4 =58 but
8=1"54+3, hence, we see that 2 4 =3 (mod 5V
Although‘we have used this idea for multiplication it may be
used Just as easily to construct the addition table in modulo 5
arithmetic. All that'must be done is to divide the ordinary sums
by 5 or a multiple of 5. The remainder is the corresponding
entry of* fhe addition table. The reader should verify this with
the addition. table on page 174.
Now togswer our bas ¢ question, "Is the system of integers
modulo 5 a field?" To determine this, we must see that all of

"From the tebles it is fairIy obvious that the closure,
commutative; associative ahg,diétributive properties are satisfiled.
We also see that the identity elements O and 1 appear. Furth
examination is necessiry to verifyX%¥ there are such ‘things as
additive inverses. We see tn!k l+4=0, 2+3=0, 3+ 2 =
and 4 f 1 = 0. Hence, the additive inverse of 1 must be }, L
of 2 must'be 3, and so on. In a like manner We can check and’
see that every element (except O) has one and only one muyltipli-
cative inverse. (2 +.3 =1, for ‘example.) ' )

Evidently the system of ﬂnteger§ modulo 5 1s a field! Notice,
however, hat we must be very careful concerning the o der relations

_between the elements of this set. In-fact, we shall f nd that

modulo systems such as this.do not aatisfy all of the pr0perties
of order.| (Numbers 12-15 on page y68 ) \

. Is safe to assume.that all modulo [systems dre fields? It
is neither safe npr wise to do soé for no a}l such systeme 8ré °
fields. . . , U L °

b
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Some modulo systems will satisfy all of the field properties
except one, (the same one) and, hence, they, cannot qualify for
membership #n the "fields" club.

-~

o Problems
. M . * [4
* .

‘ 1. ' As was done in thg text, construct tables for addition and
R 7
multiplication for the following systems of integersi

(2) modulo 2 -+ (¢) modulo 4
(b) modulio '3 . " . (d) modulo 6
. 3.  Which of the systems in Problem 1 are fields?

3. What is the only field prbperty that a modulo system does
. not satisfy if it is ndt a field? ' .

3

ke
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ADDITngE AND MULTIPLICATIVE INVERSES L

) ® .
Definition of Subtrdction. Suppose you make ‘a purchase
which amounts to 83 cents, and-give the cashier one dollar.
What does she do? She puts down two cents and says "85
nickel and says "90", and one dime and says "one dollar".
has she been doing? She has been subtracting 83 from 100.
How does she do 1t? - by finding what she has to add to 83 to

- -

N -

one
What

obtain 100. The question "100 - 83 = what?" means the same as
, "83 + what = 100?". And how have we solved the equation
: 83 + x = 100
so far in this course? We add the opposite of 83, and find
, oA =100 + (-83). ‘
_ Thus, '!i‘oo - 83" and "100 + (-83)" are names:'foz; tife same number.
“Aqfﬁﬁy a few more examples: ~ e
- 20 - 9 =11 ’2o+(9)a11 .
8-6= 2 . +( )= 2
5-2-() £ () =°3 Co
8:5=().=5.3 85+(32) (). g

From these examples you will agreerhat subtracting a positive
number b from a larger positive number a,. gives the same result
as adding the opposite of b o.,a. .
lem| now is to dedgdé how t¢ define subtraction for\all
( real numbp:jb

have now descfibed subtraction in the familiar
case of the positive numbers in terms

f operations we know how to
“do for all real numbers, namely, add tiiing opposites. An&
So we define subtraction for all real numbers as adding the opposite.
In this way, we extend sfibtraction to real numbers 8o that it still
’has the properties’ we know from arithmetic; and our definition has
“used only_ideas with which we 'have préviously become familiar. °

- - ‘ -~
L.
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B
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- - .
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To subtract the pé31 nunpber b from the real number a, add
the opposite of b to a. Thus, for- real numbers a an4| b,

v . a-Db =‘a/+ (-v). ¥
Exanples:- s 2-5=24 (-5) = -3, R > ‘
g 5-2=54+ (-2) = 3 ' . _1
(-2) - 5=(~2) + (-5) = -7 .
2~ (- 5) 2+5=7 . \
; L"“T> (-5) -2 = S
- 5. (- 2) =2 ‘_ ~ -
‘ ! (-2} = (-5) =7 .
(-5) = (-2) =2 -

{ won

_ Read theg expression "5 - (-2)". 'Is the symbol used in

two different ways? What'is the meaning of the first "-"? What

is the meaning of the second "-"? - '
| To help”keep these uses of,the symbol clear, we make the

following parallel statement% aQout them. N .
In "a-B", . In "a + (-g)"
."  gstands between two nuni als "."  is part of one ral
and indicates the operation . and indicates the ogposite
subtraction. We read the abo e’ of. We read the above as
as "a Jinus b". ‘ "a plus the opposite® of b".

We see that the operation of #ubtraction is closely related to
that of addition. We may state this ab . L v

i

| Theorem. ?or any real nupbers a, b, ¢, ‘ ”
) =b+c if and only if a -p =c¢

. ﬁif and only 1f" we really must prove two theorems.

!
I
s - Eroof Remember that-in order to prove a theorem {isyolving
Letusfirstproye. if a=_=b+c, then\a-b:c \

I . a=b+c o
" a4 (b)) = (b4c)+ (-b) [(Wny?2)
" a-b= (b + (-b)) +c . (wny?)
a-b=

c. S (Wny?)
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Next we prove: If a' b =c, - then a =b + c. To do this,

note that a - b = ¢" means "a 4 (-b) = c¢". The reader may now

complete the proof.

°
..

.
., T -
9 )
-’

Problems
. 1 N . ”
1. 13; - (- 3) 3.(_,(;-1.79) - 1.22 s
]
2. (-0.631) - (0.631) - : h,> 75 - (-85)
5. Subtract -8 from 15.
6. From -25, subtract. -i. ’
7:)~\How much greater is 8 than -5? J ¢
8. Let -R be the set of all real numbers, and S "the set of all
numbers obtained by performing the Operation of subtraction on
pairs of numbers of R, Is S a subset of R? .Are the real
numbers closed uhder subtraction? Are theeﬁumbers of ar}thmetic'y
closed under subtraction? . Y N
9. Find the truth set of each of the following equations‘
(a) z-34=76 . (e) z+ (- F) = - g
b) 2x + 8 = -16 ) ]
(g . \

10. . * From a termperature of 3o below zero, the temperature
drOpped 10° ». What was the new termperature? Show How this
question 1s related toesubtracéion of real numbers.

11.- The bottom of Death Valley is 282 feet below sea Tevel.

top of\Mt Whitney, which is visible from Death ValleJ

altitude oft 14 495 feet ove sea level. How high a
-Death Valle is Mt Whitneyd:

. | .
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. . .
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What are some of the

P ]
Properties of Sbutraction.

properties of subtraction? Is/

. ) 5.2=2-5? ;
&hat dgo you conclude about the commutativity of subtraction° -
Néxt is - ‘

8 2 (7 - 2) =.( 8-7)-29
Do you think subtraction is agsociative? Co.

If subtraction does not have some of the pfoperties to which ;
,We have become accustomed, we shall have to learn to subtract by
going back to the definition in terms of adding the opposite.
Addition, after all, does have the familiar properties . i

For example, since subtraction is not associative, the ex-

. ‘ , .
gﬁ%s;ion ‘ .
3-2-4 .

4
realur%j not a numeral

because it does not name a Specific number.

Recall that subtraction is a binary operation, ot {s, involves

two numbers. Then does "3 - 2 - 4" mean "3 .. (2 - B)" or does
it mean . "(3 - 2) .- 4"2 To make a decision, we convert subtraction
toraddition of opposite. Then .
o , 3-(2-.4)=3+ 4))
=3+ 2) +4
: o & =3+ 2) + 4 L.
N On the other hand, ,
N (3:2) - 4=(3+(-2) + (g0
A ' =3 +.(~2) + (-4). .
. The §g§ond of these is Yhe meaning we decide upon.| We shall
'agree that ——
' 2 -b -c means (a = b)/=- c, .
- that i3, «. o / :
" a‘“-b-c=2a+ (-b) + (-c). . 4{(‘\__
] . | .
. . . f 1
; o -
. . o o
! o
' X . )
G ; ) R 1 8}: ’ \ "
H ) ‘
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Example 1. Find a common hame for
6 -
. - B+ -3
A I3

. We can think of this as (g +©2) + (- %), and then we know that we
can write ) i .

LB -2+ (-3 |

- RECRACE) I
. =1+2 9\
=3, ’ o

o Example 2. Uée the propert‘;ies of "addition to wrilte
-3x + 5x - 8x in simpler form. *
-3x + 5x - 8x = (- 3)x+5x+ (-8)x,
_where we have used the theorem, -ab &= (-a)b for the first term,
and the definitlen of subtr;xction and the same theorem for the last
term. That 1s, we think of -3x + 5x - 8x as the sum of

-3)3(, '5x, an'_d (-8)1. Then ‘ , S8

-3x + 5x - 8x = ((-3) + 5+ (-8)):: by the distributivé
- property

‘

= -6x,

While 1t 18 not as precise, we use the commonly accepted woz;d
simplif‘y" for directions such as "find a common name *for" and
usq, ‘the properties of addltion to 1te th following ¥n simpl

form". When there is no 08sibility of confusion, this term wij
appear 1'_1enc rth.

. ;‘\btamle . S:meli y-3)- (6y - 8). '

or 42 - (68 = 57 (30 ({67 + () Yooy

. ) N = 5y + (=3)r 4+ ( 6y)> -(-8)), since thé_’
LS ' C * opposite of the sum 18 the,
. . e (” sum of the opposites. o
Co TS A A
o - (Dy+5 | .0 (whyp)
. - = -y + 5. ’ i
* \ / .
‘ /. i -
7 ‘ -,
v . . M // . ] . ‘\
) . 186 S 3
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£ Inste;;\;} the fact that the opposite of a sum is the _sum of
the Opposites, we could also Mave used the theorem which states

that - = (-1)a, and then°the distributive prqperty. Then our * /
'example would have proceeded as follows: _ .
(-, (57 - 3).- (65 8) =5y - 3+ -(6y - 8) | \ .
K =57 - 3+ (-1)(W + (-8)) \ :
9 =5y -3+ (-1)(6y) + (-1)(-8) € . ¢
™~ =5 -3 -6y + 8
= -y + 5 - - ’

-~

When you understand the steps involved, you can abbreviate the
steps to:

(57 - 3) - (6y - B)

p—

5y -3 -6y +8

-¥ + 5 L . . )
You may be impressed by the way we are now doing a number of

steps mentally. This ability to comprehend several steps without

‘writing them. all down is a sign 6?\our mathematical growth We

must be carefu}, howeveér, to be able at any time to pick out all

the detailed steps aﬁd explain each one. )

‘\
R -—— -  Problems ) , - .
- , -
Simgligz: ! _‘ Y | Co- ‘ : " | -
1. [(a) -3y -5y +§ ' (o) 32-5%+ 6 I
(b) -3¢ + 5¢ - ‘
o Lo : .
) 2; -Cax - 4y) . . , -
3 (F '3) + (F 'g) oy
- >
“he (3x - 6) + (7 - x) Y
®5.0 (52 -170) - (da —-6v) . | . .
4. (2x + 7) + (4x2F8 - x) \ ‘ /
| . / ' - ;.
7. (32 + 2b - 4) - (5e-.3b + ¢) ‘ / C
' ) . 187
> . w4 #3
& g T T O 5




8.  (5x - 3y) - (2 + 5x) + (3y ~ 2)- ) . ~
9, What must e added to 3s - &t + 7u te obtain -98 - 3u?

v .

Prove!{ If a > b, then' & - b is positive.

a<b, a=Db, a>b, is true? What if (a - b) 1is a
negative number? What if (a -£b) is zero? : g

If a, b, #.and c are real nymbers and a > b,
say about the order of a - ¢

what can we
and b - ¢? Prove your

s;atement.

The - definition of subtraction in terms of addition permits us
to,extend, further our applications of the distributive property,
and to describe in different language some of our steps in finding
truth sets. . 4

.

S 1mpl . . e
3 - (- 3)(2k - 5). o
By applying the definition of subtraction, we have : :

Example.

N (-3)(2x - 5),

Ir

(-3)(2x + (-5))

(-3)(2x) + (¥%)(-5)

\ (Why?)
What properties

((-ar2)x +15

.. | . I ave we used her
' ’ (-6)x + 15
-6x + 15.

fﬁ multiplicatioF

rs

You would perhaps have done some of these steps-mentally, and
would have written directly.

»
'

10,

11. If (a.- 5§\eis a positive number, which of the statements,
|
|
r

(-3)(2x - 5) = -6x +15, . )
thinking "(-3) times (2x) 1is NKL6xf{
"(-3) times (-5) is 15." | d
o ' ’ o N '
\ . * ( v
. ) j ) . R A )
‘ ’ ¢
) J ) ‘]&?8 ‘o * ‘ .
2 | ‘
% < N ‘_ M 7 ’
? i3 :-hy_\ . , N .
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2.
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* Problems

Perform indicated operations and simplify where possj,?le:/]

-°(a)

(o)

( 3)(-a + 2b - c) L
(—3x+2y)+2(:—2:c-;y). ' L

(¢) (-2)(2 - 20) + 3(a - 2b) 7 >
(4 3(a -b+c) = (22 - b - 3c) - , | .
“(e) ﬂa(b t ¢+ 1) - 2a}2b +c —“13? : A K
¥301ve: X . ', '

('a) Pa-1=1la -3 ) (,)d) Hus+ 3 > 5u -\3

(b) -3y =2-3 -6 f (e) 34 w3 = 7a + u - ba -1,
(c): -2 - 2y < -1 | ) - (\§ '

(a)

I

(b)

length. What is its length if s per eter 18 38

The width-f a rectangle is . 5 inches 1

If 17 4s subtracted from &.number, and the result is
multiplied by 3, the product is. 102. What is the
number? - . I S

A teache says, "If I had 3 times as many students in
my class as o have, I would have less than 46 more
s does, he have in

<®

than I now ha e." How many studen

his class?
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Subtraction in Terms of Distance.
the number line; how far is it from 5 to 8o°
the number of units in this distance, then

5+ x = 8.

Thexsolution
’x =8 - 5, us, 8 -5
? to 8° on the number line,

et

Supposé we ask:
If x ©repres

S

this equation, as we have seen, can be writtén as
can be in%erpreted as the distance gpom

-

On

7nts

4
T

0 )

-
T
!

ot

+—
7.
. ~§

i)

from 3 +to
distance, then

Let us-now ask how far it is
sents the number of units in this

(-2).

12

If y repre-

3+y = (-2) “
. vy = (-2) - 3.
Jhus, (-2) - 3 can be interpreted as the distance from 3 to
(-2). & e e e e
f = (-2).-3 “ i
¢ "2 i -0 | 2 3 4
N \ 1
- The quantity 8 - 5 = 3 is positive, while |(-2)'- 3 1is

negative.'
the distance from 5 ¢to

What does this distinction tell us? |

It tells us th
8 is to the right, while from 3 itd.

(-2) is to the left.
distance from b to

Therefore,

a - b really gives us the

a,

that .is, both. the length and its directibn.

Suppose ‘we are not Interested in the direction,

nly in the

distance between a and b.
to a, and b - a

+ between a and b 1is the positive of these two.
fopk, we know that this is Ja - by.

Then 0 b 1s the distance from b
is the distance from a to Db,

and 'the distan
From cur earlier*

M -y
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' For example, the, distance from 3 to (-2) 1is (-2) - 3,
that is, -5; thHe distance between 3 and (-2) is |[(-2) - 3],
that is, 5. Jm the same way, the distance from-:2 to x is
x - 2; the distance between 2 and x is |x -.2].
Ve i (\
Problems ¥ <
. i ? | Y ’
1. What is the distance
- . , B gy : -..
“(a) from -3 7to 5% (f) between 5 and 1°?
3 W L .
\ (b) between -3 and 57 (g) from -8 o -2?
(¢) from 6 to -27 (h) between -8. gnd -2? >
(d). between 6. angd, -2? (1) from 7 Eg’ 2
(e) ¥rom 5 to 1°? &) begweén 7 Yand 0? -y
4
. . \ . .
2. What:is the distance v/ . .
» a - ' ‘ *
(2) “from x to 52 (e) from -1 to -x? - &
(b) between x and 5°? (£) between -x and -1°?
- A
(¢) from -2 to %2 (g) from 0 to .x?
-y,
(d) between -2 and x? " (h) between O and x?
3. For each of the following pairs of expressions, £i11 1n the
symTols "M, /"_", or ">", which will make a true sentenee.
(=) ngei 2 19l - I2| '
(p) f2 -"9l. 2 2] = |9] ' ‘
() 19-(-2)] 2 lof - |-gf - = !
R
(@) 1(-2) -9l 2 [-2] - |9l o
(e) 1(-9) -2 2 [|-9] - |2 )
(£) 12- (-9 2 2] - |=9]- ~
\ <
h (g) 1(-9) / (-2)| I-9] + |-2 / !
An) 1(-2) £ (-9)] 7 |2l - |9 A
&
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Write a ‘symbpl between"dxa‘ - b] and |a| - |bp which willL .
make a true sentence for &ll real numbers a and b., Do the"'

same for |a.- b| and “|b|--— la‘ For |a - b| and - L
izl - Iv]). e T
What, are' thF two num%ers X on the number line such that/ ) \
b . ,x had 4' ., e 4 :/ /
What is the truth set of the sentence ,
) Ix - 1‘| Q1 ) oy . ,
‘Dr?w the graph of this set on the number: line.’ « &
What is the trubYh set of the sentence. /
. g Jlx - 4] > 12 o :
" Graph the truth set of - s A
S\ Vo "x >-3_,and x<5' . <
“on the number line. Is this set the same as the truth set of
|x - 4] < 12 "(wWe usually write "3 <x< 5" for thegsentence
n ‘a " . . .
x.>'3 #nd x < 5".) v o
Find the: truth set o?ach of the f’ollowing equations; graph
each of these sets: .
, ! .».
,(a) |x-6| o . \
+ |-6] = 10 R : \ .
; (0) v+ |-6] _ » , 5
(e) |10 - a} =2 ' ! N
(@) Ix] <73 ’ , Y /
- | - 2t
(e) dv] > -3 . ) o i :
‘ . .‘&. (l ‘;\ ’7“
() ly] +12°= 13 : ‘ O e,
: . 2 k)
_(g)‘ ly - 8] < 4 (Read this: The distallle between 'y and 8 - *
‘ 1s less than 4. ) - 8 » s
(p) |zl+l2=6'* RN b Ty
(1) Jx - (-29)] =3, | e .
: ‘ / e, .
‘l’) ly + pl'=9 L ke L7 ™ e
. _ c . v
N ce T
3 h - “E‘
N > ) s % -
: . «s i .“q % /
R I # & G,
N ‘ ;' 1")"2 . o

~
A |
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10. For each sentence in the left column pick the sentence in the
right column which has the same truth set:

Ix| = 3 -3 'and x = 3°

X =
{ Ix} <3 Xx=-3 or x=3 P
' ’ Ix] < 3 x> -3 and x.< 3
x| > 3 ) x> -3 or , X<3 o
(x| 33 x< -3 and x> 3 P
} ™ ' x< -3 or x>3
. P x>=-3 and x<3 . ’
11. PFrom a point marked O on a straigh% road,” John and Rudy ride
bicyclee. ‘John rides 10 miles per hour and Rudy rides 13
miles per hour. Find the distance between them after
" (1) 3 hours, - (2) * 15 hours, (3) 20 minutes., if

(a) They start from the O mark at the same time 'and John

! goes east and Rudy goes west. ’

(b) John 1s' 5 miles east and Rudy fs 6' miles west of the

0 mark when they start and they both go easgy

«‘(;(c) John starts from the 0 mark and goes east. Rudy starts

from the 0 mark 15 minutes later and goes west.

‘o (d) Both 'start at the same time. John starts from the O

>

matk and goes west and Rudy Starts 6 miles west of the

0 mark wnd also goes west.

1

¢
‘

~

Division. You will recall that we ‘defined subtraction of

a number as addition of the opposite of the nnmber:-

: a='b=a+(-b)., 7, = °
“'In other words, we defined subtraction in terms of addition and
tHe additive 4inverse., . ] ‘
N -l\ N ' ,
‘*:§‘.' - - . P

~ - %u
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"/ 'Since division is related to multiplicatioh in muech the same .

) waé?as subtpaction is rélated to addition, we might expect to define

division in terms of multiplication and the multiplicative ‘inverse,

This}&ﬁhexactly what we do. ‘ ot -

For any real numbers a- and- b (b #0),
"a  divided by  b" means "a multiplied by - 4
° the reciprocal of b", '

) n.n
We shall’ indicate "a divided by ' 'b" by the symbol. % . This
. \
. symbol'is not new. You have used it as a fraction indicating
division.  Then the definition of division is:

, ' % =a'g (b#0). . .
As in arithméetic, we shall call "a" the numerator and b
the’ denominator of the fraction %. - When there 1s no poqsibility

of conflision, we shall also call /he pumber named by "a" the
numerator, and the number. named by "o"  the denmominator,

~ Here are some examples of our definition. By '%9, we mean

‘o

10~%, or 5; by —%— we mean 3(—%—) = 3(5) = 15.
- 5 5 .
Does this definition.of division agree with the ideas about
division which we already have in arithmetic9 An eiementary way

“to talk about %? is to ask "what'times ‘2 gives 10"? Since .

5.2 = 10, then s, o

A

Why in the definition of division-did we makg the restriction
"o # 0" Be on your guard against being forced into an impossible
L. situation by iﬁadvertently trying to divide by zerp.

@,
S N
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v Problems ’ . .
. _— - - ‘r
, Wrlte copmon names for the following: . -
1 . .' . M 2 1 S
¢ -30 - 3
s —cimcind 1. :—5‘ . 5. T ) - \
3 e -6_ \
. \
. - L
2. 8. . 6. = - | )
, -30 2b . )
. . _
N ) 2 )
. ’ oo . '
b, e .
* ] .
"1
. ' ' M
s Is /the following theorem consistent with your experience in
arithmetic" L : ‘ '

,\7\. » Theoreri. For b £0, z = ob . -
' - .ifandonlyif F=c. ° ‘ ’

This amounts to saying that a divided by b is the number -Which
multiplied by b gix@s a. Cémpare this with the theorem which
says that b subtracted from a fs the number which added to ,b
gives a, - . . ¢ .,) . '
- Again, in order to prove 2 theorem involving "if ang only irf
We must prove two things. First, we must show that if % =c .

. (b ;! 0), "then a = ¢b. fact that we want to obtain ¢b ‘on -
the right suggests starting “thé~proof by multiplying both members
a ‘ ‘
of "g=c" by b. e '\\ 1 . .
’ . . v
i . a . . i :
. Proof., .lf 5= c.(b;;! 0), thea\ ar B’" c, \ '
. Ay ] .
e (a '5) . : .
) . ' a(s.b) ‘= s ;
b 4 L o < |
: - t. a-<1 =. Cb"z ’ !

o . a =¢b, - Vo
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Second, we must show that if a =cb (b #0), then\/% =0, This
ﬁime, the fact that we do not want b on thg right suggests start-
1

ing the prooTbby multiplying both members of "a =.cb" hy 5

This is possible, since b £ 0. . -
b 1 1 -
' Proof. If a =c¢b (b #0), then a-g = (?b)F’ T
o 1 ‘1 :
- . e c(v-3),
. . / ' C}
. . 1, .
“ ‘. ’ \]
- ’3‘5‘ _ »
% =c. ) )

' Supply the reason for each step'of tie above proofs.

Theﬁsecond part of this theorem agrees with our customary X |
method of checking division by multiplying the quotient by the r
divisor. -« ! - » ) R
' The multiplication property of .1 states that a (l) for
any real number a., If we apply this theopem here, we obtain tWO
familiar special cases of division. For any real number a, :

\ ‘a_ * . N
I =2 . L.
and for any non-zero real number -.a,. ; " )
. S .
a -
. C 2 K | on
. » ~
. . .
B . N
2 - .
Problems A : . .
. ro : / .
1. Prove that for any real number a, : B
: a4 _ .
.I._ a.

.
M N . . . v

2. Prove that for any non-zerp real number a,

a

—a-‘-=l. - .
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3. In the follYowlng problems perform the indicated divisions and
‘ check by multiplying the quotient by the divisor.
) -i45 * : 12 -
. (a) . —5_ - y (e) T ?’ .
3 .
‘ -200. *
s b A ‘
( )\ -50 . (f) 0 . N
: & T8 .o .
(c) 2 - '
. - (g) 28 .
‘ &) o
-2
L @ = . (
» . -
) 4, When dividing a positive number by a negative number, is the
> quotient positive or is 1t negative? What 1% we divide a
3 nega?}ye number by a positive number? What if we divide a
negative numbér by a negative number? . Y
. . ¥ . ° °
~5. Find the truth set of each of the following equations:*
° f R
(a) 6y = b2 o) FS15
- 3. _ )
(b) -6y = 42 , . (8 =9
- 4 . 2 « -
(e) by = -42 . : (h) -3-b = 0 - ,
. (@) -6y =-k2 (1) 5x =32
. l [ ’ ' . . . o
(e) zX = 20 ) o ]

a » 4

\

6. Find the truth set of each of the following equatibns. oﬁ

P .. (a) Ba-8=-5 .- . (c) x+,30x = 650 .

- -
LI

(b) 3y + 13 = 25

Q

T. If six time‘s/& number is decreaéeds'by 5, the regult is . -37.
& Find the number. . e T N

8 '-If two-thirds of a number is added to 32, the result is 38.

J What is the number? ' . L - °

v . d . . .
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9. John 1s_three times as o0ld as Dickc Three years ago_the sum sp

of their ages was 22 years. How old is each now? ’ ' .

10. Find two consecutive even integers whose sum 1s' 46,

i

11. Find two consecutive odd positive iﬁtegers whose sum 1is less
than or equal to #3.

12, Two trains leave Chicago at the‘same time: one travels noﬁth
at 60 m.p.h. and the other south at 40 m.p.h, After how
many hours will they be 125 miles apart?

13, One-half of a number is 3 more than one-sixth of the same

number., What is the number. ' S SOOI

l?. John has ~ 50 coins which are nickels, pennies,'and dimes. ".He
has four more dimes than pennies, and six more nickels than !
- dimés. How many of each kind of coin has he? How much money
. does he Have? _—

15, John, who is saving his money for a bicyecle, §did; “In five
weeks I shall have one dollar more than three times the amount °
I now have. I shall then have enough money for my bicycle.
T If the bicycle costs 476, how much money does John have now°'

-

16°, lThe sum of two successive positive integers is less than 25.
Find ‘the integers. - : Ny o . 4

LN e . .

17. Asyrup manufacturer"made 160 gallons of syrup worth 3608,-
mixing maple syrup worth $2 - per quart with corn Syrup

worth 60 cents per quart. How many Ballons of each kiﬁd*
N

~

did he use? - . . ' )

'lB Show that 1f the quotient of two real numbers is poSitive the
product of the numbers also is positive,” and if the quotient
. 18, negative, the product is negative. . . ) NN

3

r .
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” Common Names.' In Part 1 we noted some special names for
,,rational‘ numbers which are in somg sense the simplest*names for

these numbers , and which we called "common rames". Two particular
items of interest ébout indicated quotients were the following: ,

< .‘ ! " .
We do Q'xot call Féo‘ % common, name for "four , pecause v iy -
simpler, si_milarly, is not a cqmmon ‘name .for “two—thirds“;

Il n
because i 3-. is si_mpler.x We .obtain these common names by using

the prope\rty of and the theorem £=1. . : %‘
’ ' 20 . ' A .
a N % T-“(s) = 4(1) = B~ L i
: L , )
! and’ & . ’ N L
K27 27y _2 27 )t o
‘ v . 21 3;"'; = (%) = (1) =5 S
1At t .
. On the other hand we cannot simplify "4“ and —g-_, any further>
. /s
b In tr{e above example, what permitted us to write %——% as i
(7)‘7 This familiar practice from arithmeﬁic is one which can be
i proved for all real numbers . .o, fLow ‘ \\
. e . - , i
< ) Theorem. . For any real riumbers ay. b,
3 . “ ¢, d, if b#0 and & # Op then 3
. . A ~ / . . : 2
v R d.c _ac » c S ~
Lot E: a. - FE‘ . N < ¢ ’ . * ,
* . - 1 1 . - 7
’ © Proof. . %-CCI = (a—-s-)(c~a) R . "(Why?)° . ol
T o 11 ' | ‘
S - (20) (33 . (Wny?)
. . ’ o . .
e 1 . / [y
S - o Tty

- (Why?)
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‘ ' Example 1 Simplify 3a2b S LT '
C e :r——jl—--ﬂ . aby " . .
s oS ) 2 M ,
: " 3a°b . 3a§abg o, @
- . =57 = s by associative and
'&’ s . baby ~ By(ab)” commutative properties’,
- : v 3a,ab, 0 e
e B, e o
'='%%, by the property -of 1.
“ : \ :
3y - 3

Exahple‘g. Simplify . - . (Note: When .we write this’
- ’ phrase, we assume aufomatical-

. <L ly that the domain of ¥y
i . : excludes 1. Why?)

: , ' -3 -1 '
?&LIL b
P ) ?(h I ¥y the distributive

. . property,
. K = 3= 1
L - 3T, (evr)
‘ - . oy ) 3 a . X
. ) 0 5(1)’ since 2 =1, (here
b - s ) K i ! =‘y - 1)
\ © =3, vy the multiplicdtion

property of 1.

After further experience,.your mental agility will undoubtedly
permit»you to skip some of these steps. o

Bimékg, stmpliry {2 + 5) - (5 - 2xl

- ~ & -
C X ‘ )
. . ~. ’

By the definition of subtractiona

‘(2x %+ 5) - (5.-.2x) _2x+5-5+ 2x ,

—8 T _8 N L. ) N .
~ v ' - nos
. - ) ! 4}( . .
= :g, B M
- . 4 t »
\ . . |
£ . R =_% " by the multiplication I

property of 1. -\

@ - —

~ The numerals E and - § and - § alltname the same number,
and all look equally simple; the accepted common name is' the last
'of these. Therefore,

/ 2x+5-(5-2x1_

:
-

Eo

200 ..
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Problems . ; s

*

1. We have used the property of real numbers a and b that if

b'# 0, then , ,
' -2 _a_ a._. X
. RS il -t ,
. Prove this theorem. - )
In each of the_following problems, simplify: o
"2, (a) 292- (b) ey
Yo . ' PN
3. (a) R (b) =
R e
L’,' (a) 2 }J; - 2 - (C) 2(x : i
.oy B T
5 (a) xi (c) E;;_X ’
[ ooz (o) P |
6. (a) o0 ) B =B 2
3
o Pl S
LT () ER2 o (o) =gl
. ‘ . . . '
(b) 2x : 3. . (d) 3X + 6
- _ .2 ot .
8. (a) 2a ; a _ (¢c) 2a : )
‘ . a - Jda , !
\ 2a - a° ’ @
(b) S— . ‘
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’ PR 1) (x - 1) L- 1)(2x - 3 + x)
. ‘9. a) = X +x1 (o) 5 Chx - 4 = ’
(£ + ) (x - 1) (=5x - 5)(2 - 2x)
' () x+xf~4 (a) 10x + 10 «

°

Fractions. Let us’recall two conventions on common’names
nhich we have been using ever since Part 1: A common name contans
i ne indicated division which can be performed, and if it contains an
indicateéd division, the resulting fraction should be "in lowest '
terﬁs". Then in this part,' we stated another convention, this one
about opposites: We prefer writing - % to any of the other
simple mames for the same number, 53 _5 .
. <, -
Let us return to the conventions about fractions. 1In this
course a "fraction is a ‘symbol which indicates the quotient of
two numbers. Thus, a fraction involves two numerals, a numerator
and denominator. When there.is no possibility, of cOnfnsiqn; we
shall use the word "fraction" to refer also to the number itself
which is represented by the fraction. When there is-a possibility
of confusion we must go back to ou® strict meaning of fMction as,
"a numeral. t .
In some applibations of mathematics the number given by %
is called the ratio of .2 to b. Again we shall sometimes speak

of ,the’ ratio when we mean. the symbol indicating the quotient.

\

ample 1 S:melify ’5% ' I " 4
i‘—“"“"" !" ) to. R
\\~\‘ ; o %mg 3—3 (What theorem 1is used here?)
%i N - v

. O ]
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. Example 2. Simplify - (735) (595 .-
"\ (3y(iky _ 3-14 Why? o
) R . L ('g)(-g-) 'g@-—‘ _ (Why?) N
CFEY vecee 77 o
> R o) () B
) = HED) () .
f t =-% by the property of 1.
' Problems:
: i . & . :
® # ° .4In Problems 1-8 simplify: - . ‘
! 3T ' ‘ ' .
N A s 8 § . s o . ’ .
. )y - \
2 &) wE ) (®) sy - L2
. \ . v
3 Clmy.5 . T 1./ ey .
3 _(a) (-2)3 | ®) z(-5(-2)) - -
v . . r - A s,
Lo BF ®) §3,
> 1\0 . ) ) . , * . .
5. (a) X3 T o) (-3 -
1 ’ . .o . .
(®) R+3 ) (@ (-3 + (-3

6. (a) %,5_%_gv R . . L‘(b)_ jolx + 2

7. - (a) n+3n+2 o *c) n

-

2 3 ‘ .
(b‘), n+3 .2 ' . '
2 n +3 v ' , : o
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9. Can every rat}opal number be represented by a fraction? Does
every fracti@n }epresent a rational number?

‘2_‘10. The ratio of faculty to students in a collegé is f%. If
‘ there are ll97 students, how many faculty members are there?
1k The’ profits from a student show are to be given to two
scholarship funds in the ratio -§u If the fund receiving the
larger amount was.gliven 3387, how much was given to the N

i other fund? ’ ' .
~

~
- v

- We can state what we have, done so far in another way. A
¥ product of' two indicated quotients can always be Written as- one
> iIndicated quotient, .Thus, in certain kinds of phrases, which
' involve the product of several fractions, we can always simplify
* the phrase to just one fraction. If a phrase contains several
fractions, however, "these fractions might be added or subtracted
or divide We shall see in this section that in all these casesy,
we ‘may always\?ind another phrase for the same number which in-
volves'only one indicated division. We are, thus, able to state
one more convention about indicated quotients:  No common name .for
s a number shall cohtain more than one indicated division. Thus,'the
instruction "simplify" “will always include the idea "use the proper-
ties of the real ,numbers to Tind another name which contains at
most one 1ndicated division." . . , ) *
! The key to .simplifying the sum of ttwo fractions is using the*
property . of one to make the denominators alike,

.
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Example 3. Simpl;fy"é + L.

AN

S R AT At SR O

A '-'-ﬂ§+§%

T

. (5x + ‘3Y)'i—5'9
55+ 3y '
15

b

. -

Once agdin, you will soon learn

“ Problems

Pv—‘\" ’
In Problems l i simplify

L (e %2 DN 2- 3

ORI _

2. (ay £43 T . ) 3+,
) 2+2 T

3.0 () 343 () §-3

IICIE T RPN O 2%
©) 3% . o

‘What Theorem?

5X(Tg) + qY(Ig)

to telescope these steps.

by the prOperty
of 1,

a
\since i

1,

by the defimition
of division,

by the distributjve
propergy,‘ y ¢
by the ,definition

“of division.
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6. Find the truth set of each of the following open sentences:’
. - .
| Example. % - 2 gx ‘ -
Two different pro dures are pos‘s_ible.

-~

%‘- - -S- x=2 - (%' --2}9(:_(%}()9‘*
%§ --%? =2 . . [ 3x -18 = "2k ' -
i}(;_zx = 2 . X = \18 ) .
l % =2 ) *We WiMYplied by 9 , because ,‘\
. : we could see that the result-
x =18 ing equation would ggntain no
P — . fractions._
.1 ‘
(a) 7+ 3= %y (e) Ex =35 - x % \
41
(b) %+%=l | (£} 3iw] +8 = |w|+.—2-
3 + 1 P 3,
(0)-_—8—x='gz?' o (g) -7'+|x73|<%§ .
' (a) 1 1y 4 8 : . :
! 9"‘ 3 ) .
7. The|sum of ‘two numbers is 240, \ and one number is -5 timely
«  thet other. ~Find the ’céwo numbers. v °

v

8. The nuﬁe/r'ator of ‘the f;'action 3; is increased by an amount
\ sn 1s* 2l
.X. The yalue of Wesulting frac'tion is BT By what
amount was the numerator inereased? .

'

9. The sum of two positive mtegeﬁ is 7 and their difference -

is 3. What are the numbers? What i the sum of the' recip-

* rocals of these nuq;bem @at is the difference of the °
reciprocals‘? s )

A

10. . (a) 'If it takes ' Joe 7 days to paint his héuse, what part
of -the job will he do in one day? How much-in d days?

(b) I_f,,y; ta}ées Bob _8 ‘days_ to paint Joe'-s house, whet part
of the Job would he do in ohe day? In d days? ‘

\{c) If Bob and Joe work together what portion of the Job
would they do in one day? What portion in d days?e

- >

M ¥
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{d) Referring to Part@f4a), (b), (c), translate the following
» . into an English Ssentenge: - -

d’, 4 ; . : ’ .
, 7Trg=lo o -
' N Sglve this open sentenceé for 4. What does d"reprgsent?

(e) What portion of the painting wil¥ Joe and Bob, working
B &
together, do' in one day? ¢ ’ )

t

11, 4 ball team on\Augusp 1 hdd won 48 gaﬁés énd lost 52." They |
‘ + had 5k gameé left on their schedule. Let us supposé that to
. * win the pénnant they must finish with o standing of at least
.600. How MARY.0f their remaining ‘games must they yin? What
is the'highest standing they can get? The lowest? -
. o o ..

- For_s;mplifﬁing the indicated product of\zcé\fractions, a key
property was the.theoremeﬁhich stated & . §M= %g; for simpiifying
the indicated sum of two_fractions, a key property,was the property
of 1. When hand}ing the indicated quotiéht of two fractidhs, we
have several alternative procedures 1nvolving these properties, .
, Let us consider an exampile, . i . . s
- 7 . ’ _?ll

. Examplg 4. Simpliry - . N - .
PO - ) Coo
. . . .
Method f. Let ué‘apply the’ property of 1, where we shall
t?ink~of -1 as. 7. (You will see why we Fhosé‘ 3. as'the.work. . .
proceeds ., ) N |

Sy

- 2 * . :
' g X 6 .o
., -2;(6 ] -
= %g, , by our previdus work.on multiplication. )

{ L R
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Method 2. Let us use the property of 1, . where we shall thiﬁk T
:of 1l as %. ‘We choose 2 because it is the reciprocal -of %.

V“?i}

- v N .

’3 ’g‘ 2 !
then —= = —1~(3) -
¢ B2 ,
: g X 2 .
_-§X2 -
=—1 numerator by previous work 1
denominator by choice of reciprocal of 5
=,l§ bécause % = a for any a. ‘

- Method 3. Let us apply the definition of division
. y 2 >

S 1) ﬁ
g 3 3

—D

.

& .
*

.
Y 3
N

- < .
= %?\ by previous work on multiplication.
. e
You may apply any one of these.methgds which appeals to you,
provided that (1) you always,understand what you ape doing, and
(2) you receive no instructions to the comtrary. )

'= %(2) " Since ;%— = a -
e EY

+ °
.
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Problems : : :

In each of tﬁé‘ggl{owing, simplify, using the most appropriate
method: o I A

3 . -
- S
1. —-?& ) "e_’n 6.
. T ' ) )

W

Definition of subtraction: To subtract the real number b
' from, the real number a, 3dd the opposite of. b to a.

Theorem. For any real numbers a, b, ¢, a=Db + ¢ 4if and
only if a - b = ¢.

3

‘Agreement: a --b s c =a + (-b) + (-c) 2 L
On the number line, - : -

a-> is the distance fgpm b to a
b - a is the distance from a to b
" Ia-bl" 17 the distance between a and b.

-

3. . . v \

. S AR
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.b -
"To divide the real number a by the

'multiplv ~a by the reciprocal of D.

Definition of division:
non-zero real number b,

Theorem. For any real numbers -a, b, ¢, where b ;4 0,

a =¢b 1f and only if %=c.
Theprem. _For any real number$ a, b, c, d, if D #O0
and 4 # o, then , . ’
: : ac _.ac ‘
Pd T 6d

The simplest name for a number:

4(1) Should have no indicated operations which can be performed?

(2) Should in any indicated division have no common factors in
: the numenator and denominator.

(3) Should haV/e ‘the, form - '5 in preference to "% or _%
(4) Shogld have at most one indicated division. '
~ 4 ‘(! ’ X . ) ‘ . -a\:
)_" [ . v
; .
i
I
. F -
I‘,. g
. ¢
F
) a T
/ ¢
H ; .
] ¢ 1 : +
* <,
' ’ &
- / T
. .\:, o~ 5 8
219

o~
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FACTORS AND EXPONENTS

- - »
o7 ]

- - Factors and Divisibility. Consider the foliowing

quotients: 6+ 3; 84+ 28; 27 +9; 124 3; 17 4 5. We see

that in all but the last of these the division is exact; i.e.,

there is no remainder. In other words, "3 divides into 6 exactly

2 times", "28 divides into 84 exactly 3 times", and so on.

It is' a bit clumsy to write "divides into exactly" all the time,

so‘let.u@ use a more compact mathematical term'for this. We could

say, for instance, that 3 is a "factor" of 12 because

3 X4 =12; we could also say that 6 is a "factor" of 12

(because 6 x 2 = 12), Is 4 also a factom of 122 . Is .29 ’

The number 5, however, is not a factor of ,12, because we
cannot find another integer such that 5 times that integer equals

12; of cd l e, 1 and 12' are also YTactors of - 12. 5given any

positive integer, 1 and the integer itself are factors of that

integep; because such,factors are always prqsent,—they are not very
5 1ntere§t1ng\ “59”wé sﬁé}l cdll 2 and 3 and 4 and 6 proper
factors of 12; thesewnd ,1 and 12 are all factors. The .

"’ “ humber 11, however, does nbt have gny‘brqper factors, because no
positive integer other than 1 and 11 is a factor of 1l. Now
we arefggédy for a more precise definition Bf a factor, remembering
thgt a factor of n .is one of’two integers whose product is n.

LR

»

~

The integer ‘m is a factor of the integer n if mq = n,
. where q 1is an integer. If the integer q does not equal
l or n, we say that m 1is a proper factor of n.

"Is 5 a factor of 17? - :
Does it follow from this definition that if m 1is a proper

factor of n, then m also cannot equal 1 or n? /
* Since 3 48 a factor of 18, _then.is %? a factor of 182

Is it true that if m is a factor of n, .then % is a factor of
% - n? Is the same tfﬁé'for proper factors? How can you téll? v

‘

LY
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' since 5 1is a factor of 15, we say that 5 divides 15.
In generél if m and n are”%ositivé integers and if m 1is a
fagtor of n, we say that m divides 1n, or s is divisible by
m. We shall’ say-that O 1is divisible by every integer, but ©

-toes not divid% any number.. "

, s
e T “ . . ~
Problems {

For each of the questions below, if the amswer 1is yes", write*
the numl in factored form as in the definition. If the

—answer 1is 'No", Jugpify in a similar way.

amgle. s 5 a factor of- 452 Yes, since 5 x 9 = 45
i -.Is 5 a factor of 462 Notk6§ince there is no
integ such that 5q = ’

Inkegex  q % 5a =

. Is 30 a factor 5107 .

. Is 12 a facto
of 100,000? .- .

10,101°

1

2

3. Is 10 a facto
| 4, Is 3 a fact
5

. Is 12 a factor\of 40,4042

If any of the followd numbers are factorable (d.e. have
proper facebrs), ‘rind such a factor, and find the product
which equals the given number and uses this factor. |

~ Example. 69 =3 x 23 ° _
. : 67 1is not factorable:

~ 6. 85 ’ 9. 122 N
7. 51 - . lo. 1
8. 61 gt o ‘ -
‘ : {

A%

2
H




208
« % ‘ . . o~

Is. there an easy way to tell whether or not 2 1is a factor
of a number? ' ‘

Let us now look at thh\numbsrs 5 and 10. A qpmbe;'has 10
as alfactorkif and only if it has both” 2 and 5 as factofs. .
Numbers which have § as a factor must have decimals which end .
in 5 on 06, and riumbers which have 2 as 2 factor must be evén; '
hence, if a number is to have both 2 and 5 as a factor its
decimal form must end in O Can you formulate what we have just

said in terms of twd sets and members common 9% both? -

»

. ’ N Problems
. \“*A * . . N

-

Think about a test to check whether a number is divisible by
« 4, and alson tegx for divisibility by 3. The following
examples should give you some real hints on the solutions -': -
but don't be disappointed if a simple rule for 3 to be 2
factor of a number escapes you for a moment, “for it is rather .
" tricky. )

1. Divisibility by 4: Which of the following numbers have 4 _

las a factor? 28, 128, . 228, 528, 3028; 106, 306, JB8o6,

] -"B618; 72, 5722 -Do you see the test? How many .digits,,
' of the number., do you have to consider? -

2. ‘Divisibffﬁfy by, 3: Wnich of ‘the, followifig numbers have 3
as a factor95927 207, 2007, 7T92,%'270; 16, 106, 601,
612 Haqy about” 36, . (observe that & + 6. =9), 306, 351,
315, 513, 5129, (observe that 5 + 1~+ 2+ 9 17), 321227
We write B o
" 2358 = 2(1ooo) + 3(1oo) + 5(10) + 8(1)
= 2(999 + 1) + 3(99 +%1) + 5(9 + 1) + 8(1) ,
2(999) + 3(99) + 5(9) + "2(1) + 3(1) + 5(1) + 8(1)
(2(111) + 3(11) + 5(1))9 +(2+3+ 5% 8] ~
(222 + 33 + 5)9 +.(2 + 3 +.5 + 8). e
| The expression (222 + 33 + 5)9 is divisible by 3° (Why?); f .
'1s 2+ 3+ 5+ 8 divisible by 3? Notide that.the sum of

|

s

- -
-

o
-t
AT
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the digits is the key to divisibility by % . Try to formulate .
' this as a rule. . . .

® L)

3. . Ifa number is divisible by 9, is 1t divisible by 32 If a. -
— ndfiber is di\{isible by 3, 1is it divisible by 92 ® o

b, If you lmow a test for both 2 and 3, what would be a test. °
, wr . 4

for 62 _ , ‘ _ o

o

_ 5. " Answer the following queStions and in each casge, “tell which
divisibility tests made your work easier.

«t
(S
.

¢

(a) Is 3 a factor of 101,001? F

(b) Is * 3, a factor of 37,1992 ' ' PR

(¢) Is 6 a factor of 151,82I? . ﬁ??f:’ \

(d) Is 15 a factor of  91,215? R . e
o (e) "Is 12 a factor of 187,326,64'8? . AN 4 % A

Prime Numbers. We have béen talking about factors of
positive integers over the positive integers, in-the sense that j' "
when we write : v

3 i
7

R . mq = , ] SN

. we accept only positive integers for m, ‘'n and q. We could, oféf
course, accept negative integers, or any rational numbers, or even“;
any real numbers, as factors. But if you consider these ppssibiiip“
ties for a moment, you will see thét they do not add much to our
understanding. “If, for example, you pe ive integers as:5;
factors,,do‘you reélly find anything new? or exdwple, -2, 2,
-3, 3 are factors of 6. _

You get a different picture if you accept all, ratfonal numbers '

, as possible facters of positive integers. The rational number 7,‘

for example, would be a factor of 13, in this extended sense, T

.

.¢‘
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because’ (7)( ) Can you think of any non-zerc rational
number, in fact, which would not be a factor ‘of 13 in this sense?
Try - TT’ for example. Sincé_' '17) %%é 13, we Yind that’
-3 is also a rational factor of 13‘

You see that I{f you try factoring positive integers over the
rational" numbers or over the real’ numbers then every number other
than zera becomes,a factor of every numbér, Such a kind of factor- -
ing, therefq;e, would nét add much to our understanding of the '
structure of the.real number system, and so we shall not consider
it further. Usually factcring over the positive integers gives us

the most interesting resultdy and so when we speak of "factoring"

‘a pdsitive integer, we shall always mean over the positit¥e integers.

We have listed beldw a set of positive integers less than or
equaf to 100. <Cross out the numbers for which 2 is a proper
factor and write a 2 below each of these humbers. (For example,

‘oo:, /gg, 9, ;’62’ o e ~ 6‘- » . " . - . ’
S 2 3. 4. 5 6 7 &8 9 10
S 11 12 13-, 14 15 16 17 18 19 20 |
21 22 23 oY o5 < 26 27 28 29 30 . _ -

31 . 3 83 3% 35 36 37 38 39 40
b1 k2 43 44 45 46 47 48 k9 50
51 52 53 sk 55 - 56 57 ° 58 59 60 " 4
61 62 63¥ 64 65 66 67 68 - 69 70
71 7273 T4 75 .76 g7 T8 79 80.
81 B2 83 8 85 %8 87 8 8- . 9

‘

a1 92 93 o4 95 * 96 97 98 99 _ 100

A%
What is the first number afteq 2 which has not been crossed out°
It should be 3. Now cross out all numbers which have 3 as a

{\proper fictor and write a 3 below each of the numbers, If a.

number has already been crossed out with a 2 do not cro§§ it out .
again but skip it.. What now is the first number after 3 which
has not been crosged out? It'should be ‘5. Cross out numbers
which\have as proper factor the number 5. Continue the process..
After the fifth. step your picture should'iook 1ike this.. »

~




211-

- 2 3 My 5 B/ T By F3 ¥

11 ‘ '}éé 13 }xé - }55 ;5é, 17 }gé i9 . ;ﬂé

;I ‘~' ?é2; *23 QXé - ;55 ;Eé ?¢3 ?Sé— 29 362 '

31 %2 Mo _ 3B 3 3T 3 -
41 —s?f';‘%e 43» Wi, 48, 6, 47 ¥, bg, 59,
0 58, 53 My SBs 56, STy Ky 59 86,
61 Gy 68 oM, 6By 56, 61 58, .oy 35,

71 }éé 73 742 155 . 76é 77§. 762 _‘79 g0, . '
_943 §éé" 83 .’gdé §55 §6é \ 575 .562 8 90,

?{7 2, .263 ' §4é 955 oy T ' By K3 /Qdé {

Did the picture .change from the fourth step to the fifth step‘7

Why or why not? If you are having difficulty with this question
\ perhaps it would help if you would consider the first number

‘erossed out 1n each .sten. How far would the set ef numpers have to
be extended before the picture &fter the fifth step would-be
different from ty}eﬁaicture after the fourth step? -

In the set, of the first 10 positive integers, you have
crossed out all the numbers whi/ﬁ have proper factors. Thus, the
remaining numbers have no proper factors. We call each of these
numbers, other than 1, a prime number. ; ’ |

13

of

A prime number is a positive integer greater- T e
%han 1 which has no proper factors. .

-

ot

Is it possible to find all the prime numbers in the set of
positive Integers by the method we have just used (called the
Sieve of Eratosthenes)? 1Is it possible to find all the prime K
numbers less than some given positive integer by this method? '
What is the next prime nquer after 97?7 . .

©
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Prime Factorization. Let us now return to the Sieve of
Eratosthenes and see what, else we ‘can learn from’I% Consider, for

example, the number 63. Tt is crossed out, and hence, 63 1s not

a prime. We see from the diagram that 63. ‘%es ‘erossed out when we

were working with 3. This means, thpt 3 'is the smallest primef
factor of 63, - . — : |

Since 3 is the smallest prime factor of 63, let us divide
it out. We obtain 21, .and once again we tan look in our chart.to
see 1f 21 4is a prime. We find that it is not, and that in fact
3 is a factor of 2%, Diyide 21 by 3, and you Qbtain 7; if
you look for 7 on the chart you find that it s not crossed out,
so that 7 1is a prime and can be fagtored no further. We have. '
optained” 63 as 3 times 3 times 7; . and the sg%nificance or ¢
this is that these factors of 63 are all primes. sInsother words,
we have sqgceeded in writing 63 as a product of prime factoqs..
63 = 3 X S 7. P .

Let us try the samé procedure again with 60. What prime were
you considering when you crossed out 60? If you divide 60 by
this prime, what do you obtain? Continué the process. What ‘
factorization of 60 as a product of primes do you obtain?

-

’ ‘ ¢ “ ‘ "
. - *

. Prbblems

. —_— .

—N

1. Using ehe Sieve of Eratosthenes, write each oT the following
" numbers as a product of prime’ factors:

-

L 84, 16, 37, 48, 50, 18, 96, 99, 8, ¥, 22.

.
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A positive integer, you see, ‘can be thought of as "made up" %
of a ntmber of prime factors. Thus, 63 is made up of two 3's
and. one 7;, 60 1is made up of two 2's, one 3, and one 5. s
We shall have meny uses for this "orime ractorizetion", as it is
called, of a positive integer. But now we face a problem: BHow do
-ﬁe o the same ‘thing for a number which is not on our diagram? If
you are asked for the prime factorization of 144, you might per-
- haps consider extending the diagram from 100 to 144, But
suppose you are asked for .17642 AN ’
Let us now See if 1764 is divisible by any inkeger. We
first try 2. (It is convenient to start with the smallest prime
fdctor.) 1764 = 2 x 882. So now let us try 882, as 1T'we had ~
the sieve before us. 882 = 2 X §41. Now let us work on UA1. .
Since 2 1is not 2 factor of 441, we must test next whether or .
not ‘441 is a multiple of 3. If you check 441 for divisibility
by B, you find that 3 divides (4 + 4 + 1), and hence, 3 ig
a faéor of L441. We now obtain 441 as 3 x i47. There is no
sense trying the factor 2 oniilﬂz, since if 2 were a factor
‘of 147, it would also have been a factor of 4141 (why?). But 3
ides 147, and we obtain 147 = 3 x u9 ,4G,. in turn, is
¥x 1, and 7 .is a prime number, so that the job is finished.
.To sqmmarize- We have found that 1764 2Xx2x3%X3X7TX 7,
and this 1is the prime factorization which_we re looking for.
A11 this writing is rather .clumsy; a more compact way to write N
it is: ) -

, ¢ 1764 2
! 2
wit | 3
147 3% .
4 7 . ‘
7 e )
. 1 - 8 N
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<

. . . ~ i -8 4
Find the prime factorization of each of the folloving numbers :

.. 98- - , 7. .378 . &
2wz T 8. 729 i

3.7 258 ’ 9.7 8es--, ‘
b, 625 - . T 10. 576 T

5.- 180 S 1 . 1098 : . c

6. 1024 ) S - .

( .
. K C , .

You may have noticed that we have been speaking of "the"
prime factorization of a’positise integer, as’ if we were sure that

. there was only one such factoglzation. Can you glve aig convincing

reasons why this should be the case? The ffact that every positive
integer has exactly one prime factorization 1s:pften called the
Fundamental Theorem of Arithmetic. T .

. ’%:: ’ o 0 + .
B » ]
Adding and Subtracting Fractions.' One of the many uses
of prime factorization of 1ntegers 18 in addition and subtraction *
of fractions. It 18 easy to add or subtract two fractions if their
denominators are the, same. We have already found 1t possiple to
use the property of 1 to change one fractlon to an equal fraction
having a different denominator. In this ‘way we can change fractions
to be added or subtracted into fractions having the same denominator.
To make addlition of fractions as easy as possible 1t 53 desir-

able that this common denominator shall be the least common muItiple

' of the denominators. We define the least cormmon multiple of two or i

more given Integers as the smallest integer which 1s divisible by
all,t given integers. - -
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) Consl&gr the problem of simplifying

. ~1T‘1r5’3
We can readily see that one common multiple of the denominators is
their product 4 x 10 x 45 x 6, or .10, 8Q0. This seems .very
largé\ Perhaps what we have learned about prime factorization can
help us to find the smallest integer which has 4 and 10 and %5
and 6 as factors. '

consider the prime factors of each denominator: ‘- ,

¢

- b =2x%2,
. l 10.=2 x5, ° .
g * 45 =3 x,3 x 5,
6 =2 x 3.

Since U must'be a factor of the common denominator, this denom-
inator must, in itg own prime factorization, contain at least two
2's. In order that 10 be a factor of the denominator,.the
‘latter's prime factorization must contain a 2 and a 5; wWe
already have a 2 by the previous requirement that 4 be a factor,
but we must also include a 5 now. To summarize what we have so
far: in order that both 4 and 10 be factors of the denominator,
the primerfactorization'of the denominator must ‘contain at least
two 2's and one 5. © o, ..

Next, we qﬁst have 45 as a factdr. .This means we have to
supply two factors of 3 as well as the. two 2's and the 5 we
already have; we don't need to supply another 5 because we
already have one. Finally, to accommodate the factor 6, we
n:;:/gpfh a 2 and 2 3 1n the factorization, but we already
h each%?f these. . :

Conclusion: The denominator will have the prime factorization
2x 2% 3 x 3 x5, Weneed each of these factors, and any more
would be unnecessary. Whaﬂ upnecessary factors did the denomipator
10,800 contain? -

s




Now that we have found the least common denominator, ;e can

complete the problem of changing éach of_thq\fract;ons in our

problem so that it has this denominator. An easy way to do this

is to use the fgc;ored form of the least common denqminator and
the factoreds form of 4. &4 contains gtwo 2's and nothing_more,

while the-.common ‘denominator contains' two 2'8, two 3's and

one 5. Thus, to change 4 1into the desired denominator, we have

to mult;piy_h& two 3's and ohe 5 to supply'the missing factors.

1 11 « 3x3x5_ © T 4s :
F T 2Xx2" 2x273Xx3X5 " 0Xx2xXx3xXx3Xx35"
Similarly, : ) .
3 3 . 3 2x 54° {

X

wIWw

X 3
X3 2X2X3xXx3X5"

. We can now do the same with é% and 3 +IF. you have completed

the arithmetic correctly, you will have

1 3 4 1 _ 4554 - 164 30 -
T-I0 " Tt 2 x2x3x3x5 R

T5='2'*x5=2x5

5 _ 1 1
— T2X2X3X3X5 2TX2x3X3_ 38

What are the ddvantages'of this way of doing the problem? One
advantage is the avoidance of big numbers; the denominator is left
'in factored. form until the very end, and you see that we never had
to handle any number larger than 54. Another advantage of having
the denominator in factored form is that we need only test the
resulting numerator for divisibility by the factors of the
denominator in order to change the fraction to "loweBt terms".
4 v

-
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~ 1.- Find $hé-fo¥pning suns. o . . /'
(a’w-%:% i | < (e) %""2%:11?5 {
®) -%-% (0 f+5-% -
) & - CRIT IS T
@ B | L
2. Are the Tollowing sentences' true? ’ ’ .
() 1§5'<%?r : o) ‘%l;';'<'2'67‘ . L

(®) <z

3.t We recall that for any palir of numbers a and b, exactly
one of the following must hold: a > b, a = b, or a < b. )
Put in the symbol for the correct relation for the following
. pairs of numbers.

(@) B B~ ) % B _
® % 2 . Cee @ R (@

4, John and his brother Bob each recelved‘an allowancé of 31. OO/
per week. One week thelr father said, uI will pay,each of
.you $1.00 as usual or I will pay you in cents’any number
less than 100 .plus its largest prime proper factor. If you
are not too lazy, you have much to gain."” What number-should
they choose? ‘ o .

5. Suppose John's and Bob's father forgot to say Erogér factor.
How muchgcould the boys ‘gain by their father's carelessness?

o
v

ro




6. A man is hired to sell suits at the AB c1o£h1ng Store. - He
is given the choice of being paid $200 plus -—é of his
sales or a straighi: 35 of sales. "" If he thinks he can sell

. $6OO worth of suits per month, which is the better choice?
Suppose he could'sell $700 worth of suits, which is the
better choice? $1000? What should his sales be so that the
offers are equal?,. ) - '

4

i

Some Facts About Factors. Suppose that you.were lodking
for two integers with the property that their sum is 22 and their
praduct 1§, .72. Ope way to find them would be to try all possible
ways of factoring 72, and keep looking until you found a pair
that met the condition. We are now going to see, however, that
factors of numbers .have properties which allow us fo rule out many
possibilities without actually trying thems The prime fectorization
of 72 is 2 X 2 x 2 x 3 X 3. The two factors of 72 which we are
seeking must use ﬁp’ the three 2's and two 3's 1n the prime
fac‘fiqrizabion'o 72. Suppose three 2's were,all in one factor,
and no 2's 1n('che other; that is, either (2 x 2 x 2)(3 x 3)+ or
(2% 2x2x3)(3) or" (2x2x2x3x3}41), then one factor
would be even,' while the other fac})r would be odd, because it
contained no 2's. But the sum of an even and an odd number is
.0dd, and ~22 is not odq; that is,

(2 x2x2)+ (3%3) =17 or S
(2x2x2x3Y+3=27 or )
(2x2x2x3x%x3)+1-=T73. '

So this split of 72 won't work; we will have to split the three
2's between the 'cwo factors, and fthus, pu’c 'cwo ‘2's 1n one
factdr, and one 2 in the other. -

.
: ~
' c

'
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Next, let us look at the 3's. Do we split the two 3's, or
do they both go into one of the two factors? We know 22 does
not have 3 as'a factor; but if we were to .split the two 3's in
72' between the two factors of 72, then each would have 3 as a
factor, andy then the sum would have 3 as a factor. The sum 00uid
certainly nbt be 22. , ) ~
" We have thus, found that the two factors of 72 must be "put
together" as follows: one factor contains two 2's while the
other factor contains oné 2; one factor contains both 3's, while
the other eontains no 3!'s. There are only two possibilities, the
two 3's go either‘wiph the one 2 or with the two 2's, that is,
either (2 x 2 x 3 x 3)(2) or (2°x 3 x 3)(2 x 2). But two 2's
with two 3's makes 36, which is clearly too big, so that the
“two 3's go with the one 2 (making 18) and thé other two 2's
(making 4) form the other afac*cor. - Since (2 x 3 ¥3) + (2 x 2) =
22 and (2 x 3 x 3)(2 x 2) '= 72, we have our answgr.

The kind of reasoning which we have just done epends on two
ideas, namely: if 2 1is a factor of one\ofhtwo numbers, and 2
is a factor of their’sum, then 2 1s a factor of the other number;
and if 3 is.e factor of one of twd numbers and 3 is not a
factor of their sum, then 3 is“not a factor of the other number. v

Let us first prove a similar theorém.

Theorem. For positive 1ntegers b and‘ c, 1if 2
Yoo - 1is a factor of both b and ¢, then 2 is a. .. ) f )
factor of (b + c¢). o

Proof. 2§ = b, q an integer, because 2 1s a factor of b;
2q1='c, p an integer, because - 2 is a factor of c.

Therefore, A N ‘ ,
2q + 2p —rb +c, (Why?): ¢
B 2(q + p) = b + c, distributive property.
" Since, q + p 1s an integer,

2 1is a factor of,(b + c).

1\ ;S;
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For example, thils theorem guarantees that since 2 1is a factor of
both 6\ and 16, 1t follows that 2 is a factor of (6 + 16).
Since 7' is a factor of both 21 and 35, do you think 1t: follows
that 7 4s a factor of (21 + 35)? If we replace 2 in the theorem
5& any positive intg;er a, we can prove the general result,

Theorep. For positive ihtegers a, b and g, if
a isia factor of both b and ¢, then a is a

factor of (b + c).

The proof of this theorem is left to the student as an exercise,

Another useful theorem is

~ '\* .
Theorem. For positive integers a, b and c¢, if
a 1is a factor of b, and a .is not a factor of
(b +¢c), then a is not a factor of c. = )

(&Pfoof. Assume a 1is a factor of c¢; then a 1is a factor
of both b and c¢ and, hence, is a factor of (b + c¢), (Why?)
eﬁﬁ% this contradicts the given fact that a is not a factor of .
(b + c). ,Hence, a is'not a factor of c. . ~
Since« 3 1is a factyr of 15, and 3 4is not a factor of .
(15 + 8)," we are certain that 3 is not a factor of 8.
A third theorem useful %n dealing with factors is

Theorem. . For positive integers a,’b‘ and ¢, if
.. a 1s a factor of b, and a 1is a factor of
R ‘ ¢b'+ c), then a 1is a factor of c, -

Problems - - .
| Z— : . i

N ¢
-

1. The prime factorization of 150" is 2 x 3 x 5 x 5. Find two
numbers whose product is 150 and (a) whose sum 1is even;
(b) whose sum is divisible by 5; (c) whose sum is not.

divisible by 5.
2. Write'the prime factorization of 18. Find two numbers whose
pro?uct is 18 and whose sum ig 9; 11. '
“

2

W

27




and whose sum are as indicated below.

(2) Product is 288 and sum is 34

.of (3y+y ) N

1 ) ‘ .
221 . .

.

.

Write the prime factorization of the first number in each of
the following and use it to find two numbers whose product

o

(b) 1 1 972 1 1 v ou7 * .

“(c) - n 1" 016 n jn ) 217 )
(d) ] n é30 " ] n— 37 N
(e) ' 1 " 500 " noen 62

o 4 N
(£) 1 " 270 nooonom 39

The perimeter of a rectangular field is 68 feet and the
area 1s 225 square feet. If the length and width are
integers, f£ind them. .

Show that 1f v 1s a positive 1nteger, then ¥y is a factor

-

For what positive integer x is 3 a factor of 6 4+ Ux?

_Refer to the theorems of this section and answer thé following:

(a) 3 1is a factor of 39 and 39 is a factor of 195.

folMow that 3 1is a factor of 1952

factor of 39' and 5 1is a factor of 20.
follow that 3 + 5 18 & factor of 39 + 207

(e) is a facdtor of 39 and 5 1is a factor of 20.
Does it follow that 3-5 1s,é factor of 39.20?

(d) 3 1is'a factor of 39 and 3. "is a factor of 27.
Does it follow that 32 'is a factor of 39.272 - -

(e) 3 is a factor of 39 and 3 1is a factor of 27. Vs
Does it follow that 3 is a factor of 39 + 259

(f) 3 4s & factor of 39. Does it follow that 3> 1is a
" factor of 392? ‘

-




~
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(g) 3% 1is a .factor of 15°. Does it follow that 3 is a
factor of 152 . . " -

(h) 3 1is a factor of 39 and 5 -is a,factor of 135.
Does it' follow that 3 1is a factor of 135? o

8. Prove®&he theorems: -

G, .
(2) For positive integers a, b, ¢, 1if a. is a factor of b,
and b 1is a factor of ¢, then a 'is a factor of c.

. (b) For positive integers a, b, ¢, d, if a 1is a factor
of b, and’ ¢ .18 a factor of d, then ac -1s a factor

'. Of bdb
) (]
(c) For positive integers a, b, c,  if a is & factor of. b,

and a 1s a fa¢tor of ¢, then agﬂ is & factor of %be.

(d) For positive integers a and b, if a 1is a factor Sf//

b, then a2 is a factor of b-, ’;

“ .. ‘
9." Whith theorem in Problem 8 justifies the following: i
(a) 25 1is a factor of (35)(15). . ‘ ’
(b 6 15 a factor of (30)(7). .

(13) is a factor of (39)(26).
27 T

)
).

. (d) 49 1s a factor of (14)(35).
) is a factor of (5¢)(9¢) if ¢ is a positive 1n€eger.
)

20ab 1is a factor‘of' (15)(24)ab 1if ab is a positive
integer.. ‘ ) . >

Introduction to Exponents. We hhve seen that we can )

write ‘a posit;ve integer factored into its prime factors, so that,"
A .

’ for examplqb : ) ' L% W . .
- 288-=2x2x2x2x2x3x3., . o
° ‘:\ .
‘ ' 227 .
. \-J \» . ’
3 %} ) ) ¢
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This notation is somewhat Inconvenient because 1t‘Is go'lengéhy; ]

1t would. not be necessary ﬁo write the "2" five times if there

were some way, more compact than 2 X2 x 2 X 2 x 2, of writing

;g§§e' 2's multiplied together". - Lo o
As a first step in this direction, you' already know that

3 % 3 can be written as 32. ‘This is pronounced - "3 squaréd?} -
#he 3" indicates thatlwe are going to' multiply. 3's foée;her,
énd tﬁe '"2“ that We are going to multiply two of them.‘ goﬁ would
s w¢ write 2 X2 x 2 X 2 X 2 similarly? The number 288 can thus, -
bé written in factoréd form mord/compactly as 2° X 32.' ) ) : "{
In an expression of the form al » We need some way of Qes- -
cribing the numbers involved. The "a", which indicates which
* number we are going ﬁo use as a factor several times, is calléd
the base; the "n", Which ingi;;fsy'how many of the factors "a'
we are éoing to use, is called € exponent. Thus, ' a? means_a ! , "
number consisting of n equal factors aj; alt is,called a power,
or more precisely, the nth power of a. We can write .
‘ a’ = a xam ... X a. A !
AN v— v - . -
) ~n  faqtors = ,
. a2 is read "a squared" or "a square" ‘
a3 1s read "a cubed" or "a cube". .

" .a 1is read "a to the nth power", or just "a to the nth'".

Problems . P -

. Ve ,
1. TFind the prime factorization of each of the following numbers,

using exponents wherever appropriate. 64, 80, 128, 81,

/ 49, 32, 27, 56,° 243, 512, 625, T768. - .
. 2. In describing the numer an, what kind of number. must n be?
" Must a be? K




. . 0 - -
" -

. . . 1)
' 3. The expression ab can be thought .of as defining a binary

operat16n which, for any two positive integers

a and b
produces. the number ab.

What does i1t mearl to ask 1f this
- Speration is commutative? Is 1t?

What would it mean to ask
é; whether or not thisloperation is, associative?
2 ¢ |
- - -&"/'

Let us extend our notions about exponents. 'Since we know that

the set of real numbers is closed under multiplication, it must be

true that a3 2 names a real number.

Is there a simpler name?
3

means that a 1s a factor three times and a2
that a 1is a factor twice, it follows that ~a3-a%
factor \five times. That is,

Since a mewuns

has a as a’

5 factors %
3 2 \/_A—?\ 5 . k-_’ .
a“+a“ =_a‘a-a, * a- a . -
N ‘ 3 ¥ractors 2 factors.

L .
Write simpler names for each of the following: a2-a3; b3-b3;

33-34; (x2)(x5); at: 3-a2- 2 c8, a2-b3; 22.33, Suppose ,we
consider the number a™ .al s where m and n a?g$p081tive integers.
N3 . A ®.o, N
L . m+ n factors R U -
/ ' N— \ %
am-an=\axaxa'><...xa.xaxax/ax....xa=am\+n
NV 7 N
m factors n factors .
Does it seem reasonable, therefore to sgy that am- n and\\
am T ape names for the same number° .

Have you noticed that we have been talking about a s

5, al, ete., that 15, forms of the type aB, wherd n

is a
positive-integer, but we have not mentioned al?. Certainly,s&x‘\a/
" is a positive integer and we 'shall define a% =

21 s
a

= a.
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v Probitems LA
1. Wnite simpler names for the following.
Example. (9x2)(3x45 = (32x2)(3x4) )
. =33x6. .
| (2) m3-mri/// . . (£) (16a%)(3229)
e )~ (8) (x22)(2%).
(¢) (2x)(2x®)  (n) 3h8? v
(@) (ex)(2%3) o (1) 3ted :
(e) (27a)(3%®%) () 25325723857

(Hint: Replace 27 by 2 2
its prime\factorization.)(k) (3% t)(3m78) .

.
In Problems 2-12 tell whiqh sentences are true and which are
false and show why in each’ case.

2. 282433 =5° e .8 ad =t s
3. 2838 -6 NI LR (RO L
y, 22 4+38=6° 10. 33 +33 43834
5. 23.3% = 60 g 1. 43 . 4343 ot
6. 2030 = 6 e B end 8 yd
7. 28423 228 ’
13. Write other names for:
£a) 2%(2% 4 2) - (c) (a2 +22%)(a - a?)
‘\"\(‘P) 2x3‘(2;2 o 4x3) ~ | . ) P
- T = ,
- P 4

— —————— e &
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Further Properties of Exponents. Now let us examine the

5 ..
fraction 2 s 24 0, Is there a simpler.name for this fraction?

' From the meaning.of a’ and a° 1it-is evident that

* . - . -
Rl e T g a
_a5 _axXxaXxXaxaxXa,"
;3 = a Xaxa D
axXaXxa
. =axax a X a X a
f 5 -
= a“,
. i s 6 . 3
x5 ’ b~2 [ 37 a2

’ ~
Write simpler names for: S5 2w S Sy EE; where- none
X ’ b c 3 ’ a ’ m

’4

’ _y /
of the variables has the value 0. Gan you generglize the results?~

D

SuppOSe.we consider 33 again, but reason in this way:
a

3

. ) %5 = a%.2%, because aM.a? =M * n,
Then . - 1
) 5 - :
a 1 ( 3.2 v
= e (a”.a%)
* 2 a3
Y 1 3 -
= (3-2%)a (Wny?)"
. i N _
' . ="1.a2 " (wnhy?) '
- ’ = a? (Why?)
That is, if m >n, . . k
- m .
a 1 ( n._me-n ;
a_ .1 (an., )
a  am .
l nym-1
= (==-a)a
alt :
\ 512070
. . m-n
s — P
. ‘ 231 P )




We specify that
integer,
- I m = n,

pe -,
To .Summarize: When
If m>n then
Y -4
ir ) m=n then'
s
If m<n then
k%
‘ >
1. Simplify: o
6
@ %y
2
10
2 LY
(b) =3 .
2
s

o 2

227

’ N

-
al _a
% al alm
= 1.
m \
a a.a
m,1 1
a (Sm—=)
‘ g o - m
e _ fam, 1 1
= (2% w55
a
. 1 *
= g
& a ,
1
- a.n -m .§5’
2 # 0)
al m - n-
- =@ . For example,
a o
M
= 1. For. example,
a
m
a 1
= e For example,
a a
Problems
: - (o 223
25'3
~—
C @ B
. 2°-3
'y 130 T
PAVRD N ]

&

m > n because we,want m - n to be a positive~
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\\Ih'Pfoblems 2-5 simplify each expression. (We assume that no
variable will have the value O0.) ,

T a

2. (a) E%ig ! (e) g%; -
. (») -3—321;16;"\ () t—:g
3: (a) —;ﬁ;—E(Q | (e) a%p3e + a4b§p4
‘ (6) (a%%)(a"p3et) -
koo (a) i—&%”’s‘ 3" - (c) {5x)(5x)
| (b) ;;x' _ ‘ 1. o N
_ C L opar2 3 ‘e 3
. s (a)‘% 3 (c) gzb .
. uxlyd ¢ " )
(b’): 1;7’?? ‘ | s
- ) . ‘.

In Problems 6-10 tell which sentences are true and whiEh are
false‘and show why. '

X 2 . : 3 3
3© _ 3 - Yy 3 _ ,

6.’ 21,— 5 .9- (5‘3’)('{;) = ];»,

N 3 » - fd 3 ”
- 6 6 3
7. =2 ~10. =2
° i 4 4»' ‘he : 3} ’ [ Y ’ J—

8. §x-= (%) 11. Why must we be careful to

2 ' avoid O as the value of

——

A : the. variables in Problems.
, . : 2-52?
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Haviné three ropefties of exponents for handling division

is never as satisfacbory as just one which will do the same job. A
It happens that it is_bossible to reduce all three to Jjust one, *
e ‘\‘ . L J
+ hamely: . -
. ! ¢ " Mam-n Y
, . n ’
. ¢ >‘ - a . -
if we drop the condition m > n. Let us work some problems in two
ways, first, using whicHever‘property of the last section is “
appropriate and second, using 2
m
’ EH =ah-n N\
s a .
It is convenient to tabulate the results.\ ) ~
Complete the table. ! )
- o
7 7 .
a' _ 7T -3-__4 a! _ 7T -3 _ 4 . \
Compare -y =2 = a with —y =2 = a
a a
) 3 . 3
a a” _ . 3-3_.?
Compare -y = i with -y =2 =a
a a
3 . 3
«a7 1 _ 1 a° _, 3 -5__°? s .
Corripare -a-s-;m—;-g with ;-5-3. = a .
I 4 . e .
comsce 24 1 SRR
Compare ;ﬁ = wi ;K = a -.a
2 2
a® _ 1 a® -~ 2-3_ 7
Compare ;3 =3 . with ;3 = a =a
: v -,
. We have extended notions of nudibers in many 1nstanc§s befdre;

can you now extend your notion of ‘exponents? Examine the above
table carefully to answer the following questions: :
' ‘ a9=? _-

a~l =9

~
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.Do zero and negative exponents make any sense in our definition of

al' = a.ae a*... to n factors°

© think'of a as a factor ( 3)
suggest a way to write just one
If we define, for m and n p

) a‘0

-n
a

o

¢

Is this the same resuit you get,

. Now that.we have a meaning
Zero exponent, theiprOpert;es

mn _

X am+n

a

hold ‘for any integers m and n,
negative. '

Of course, it is senseless to
times. But the previous comparisons
property of exponents for division.

ositive integers and a # 0,

2 AP,

1,
1
=

using the former definition?*

for a negative exponent and for a

2
n
a -

whether positive, zero, or

m

a n

and

-
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Example 2. .
-2_-3 -2 _-3
T E @), x Ao
- = =) s ¥ 7‘ 0,
x4y 2 < . . )
) x-e-uy-s-( -2)
6 -1 ) - )
i= x .y l
rd t—4 l .l - » ’
LT ,
== -F-l -
# X y
Example 3. . : \
108 x 107 _ 103+(-4) .
. 1072 1072 .
_ 1071 g
. 107 5
= 1071-(-5) - )
= lOu )
. ‘ ) .
.o Problems
' Simplify each of the following, first bfr the singlt_;a property
. 4 m !
_g_ﬁ_ =gl - n .
a ] .: .
and also in a° fom using only positive exponents. _(Assume i}
none of the variables takes on thé value O0.)
X ) .
a -2 1
Example. =a =
2 a?
-, 3

N
<
ot
.
e




Simplify to a form with only positive exponents. (Assume
none of the variables takes on the value 0.)

. 10t -2 2 -2
. 10 4% v
10 3° x 2
107 23 % 3_§
y 3 -4 0
(). .007 x 10% x 107 (n) 29 ><210 >—<310 ‘ ‘
. Y 10~ x 10 .
e’ L W
2 -2
2x \
(e) i B ‘
D xSy _ \

3. The diétance from the earth to the sum in miles is approxi-
mately 93,000,000. '

(a) * How many millions of miles 18 this?

- a2

(b) How many "ten millions" of miles?
(¢) Is 9.3 x 107 another name for 93,000,000?

. N
' . ”/

~

237 1 o \ \
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4, In the following, what integral value;(or values) ‘'of n makes
the sentence trpe?.

(a) 10° x 10%= 10P (e) 10™ x 107 = 108

(b) 1071 x 1071 = 107 (£) 10" x 10" = 10°°
(c) 107% x 107% = 107 (g) 10% x 10" = 1018
(d) 107 x 107 = 10" (h) 10% x 10™ = 107%

5. If n is a positive integer and a £ 0, prove that

. . no_ 1
at= ==,

~ 4 .

What is the meaning of (ab)3? We know ab names a number, ,
and we also know that a number cubed means that the number is a N
factor three times. Therefore, g,a'b')3 must mean (ab)(ab)(ab).
By the commutative and associative properties of multjiplication
for real numbers we know that ’ ‘
5 (ab)(ab)(ab) = (aza)(bbb) = a3,

.Thus,
(ab)3 = a3p3,

»
. 3 '
Write another name for (%) s ‘using similar reasoning. Write 2

‘another name for (a2b3,)3 using similar reasoning. In general,

we have : . . \
. n \
(ab)? = a™7, ' .
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Problems

» -

B L
{ In Problems 1-8 simplify (assuming no variable has the value
0) and write answers with positive exponents only.

" (a) (3%)2 _ /(rc) (3a2)23
(b) 3(&3)2 : ' e ’” (d) 38.‘(3 )‘
. > _ -

2 (a) X : (e) —z—g .

15(xy)
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Is each of the followiné true? Give reasons for each answer.

12 2/ ’o ‘

(a)'i(g) = gg (e) 3% 18 a factor of
3 .
5 (3% + 39).
(b) 2=2 5
3 E§ (£) ,3° 1is a factor of
2, 5252 - (62 + 99).
(c) (82) '= 225 ‘
';B 7 (g) (x + 4y%) 1s an even
2 2.2 ' number, if x and Jy
(a) 225 £22 are positive integers.
™° T : .

(1) Take a number, (2) déuble it, (3) then square the
resulting number, Now<§tart again: (1) take the originals
number, (2) ‘square it, (3) then double the resulting
number.. ‘ -

-~ .
-

(2) 1Is the final result the same in both processes?

(b) Using a variable, show-whether or not the two procedures
lead to the same result.

L} @
Simplify the following, that 1s, change to a form involving
one indicated division.

Example, .
. \ \ 2
4 11° 4 _ 5 3.2y 11 3xy _ b 2x°, :
‘5'2‘“ - Bk -3 7+ 5.2 ‘
3x 6xy 9y 3x° 3.2y bxy 3xy 9y
_ 30y° + 33xy - 8x°
. e 32 y2 )
30y2 + 33xy 8x°
. 2.2
18x“y
] .
wq_l .
{)
4v ot o




13.

14,

15.

12,

(a) (x2 + l)(x3 + x° 4 1) (e) (a+ b)3 \

236

(Notice that 32-2-x2y2 is thie least common multiple of 3x2,
6xy, and 9y2, because 32-2-x2y? is the smallest set of

factors which goﬁtains 3x2, 3+2xy,  and 3~3y2.)

Y 'Y 1 1 : 11 13 7 -

(a) = +& += (b) —= + -
2B 352°  25ab  s5pe.
Prove: If a° is odd and if a 1is an integer, then a 1is
odd. (Hint: Assume a 1is even and obtain a contradiction.)
Prove: If a2 is even and if a is an integer, is
even. (Hint: Assume a is odd.)
Let a be 2, b be -2, ¢ be 3, d be -3. '
8etermine the value of: '
4
22 -4a7d

(a) -22%% (e) -7 3

: 6b

' 2

‘ 2 (2 + b+ ¢)

(b)  (-2abe) (a) , :
. , a® + b2 4 c® :

. -~ '

Multiply: ‘
, 2 2 _ 2,2 2 .

Example, (2% - 3)(a“ - 2a + 1) = a (a%=2a + 1) -3(a® - 23 + 1)

al‘L - 223 &+ a® £ 3a° § 6a - 3

. ’ =a4L-2a3 -2?;/}63."3
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- ' POLYNONKEAL AND RATIONAL EXPRESSIONS

. . &

Polynomials and Factoring. We have found that there are
manx advantages to having a numeral in factored form, Conslder,
for example, the number 288, The common name for this number is
actually an abbreviation of "2(100) + 8(10) + 8", This 1s the "
form on which most of the arithmetic involving the number 1s-based.
We also have the factored form no5, 32n, 1p you want to tell
whether or not 288 1s a perfect square, which form would you‘qse?
© What 1f you wanted to find the simplest form for +288? In algebra,
the factored form for a positive integer 1s frequently the moest
convenient ;

Since the prime factored form for integers has turned out to
be so useful, 1t 1s natural to ask whether we can similarly write
algebraic expressions in "factored fcrm\ that 1s, as "indicated
products of simpler phrases. You have already done problems . of .
this kind. What,properties of the real numbers enable us to&write,

W

for any reai\nnmber X, .o

3%° + x = x(3x + 1)°?

- PR » <

We could also wrilte 3x2.+ X in'the faotored fomn © . '
. o l2 +x, 5 - - ‘ ¢ I

3x 4+ X = 1%%—~&- L5 . .
. o @;»w ’ . , N

Why 1is this latter form nct agginteresting as the fiﬁ§t° One

n

"y ; ®
reason is that-the factor -—52—1—5 1s more’ complicqéed thah,fpe
x-+ 1 P
glven expression; 1t involves division, while "3x° ﬁrx invo;ves E

only addition and;multiplication. We are reminded ofgour study cf ?
positive integers; it was useful to factor positive integersovetm .
the positive integers, but not over the rationals or reals. .- o
What type of expression should Correspond here to.a pé;itive
integer? In other words, for what types of expressions will/the -

By

.




- ) 238 c
problem of factoring be interesting? Cértainly, phrases such as
3x2 + X, X and .3x + 1 musﬁ be included, while phrases such as

2 . . )
3X_* X Should be excluded. y
X+ 1 . . ,
Let us look more closely at the form of the phrase
™ '3x° + x.
' .
It involves the integer 3,‘ the variable x, and indicated oper-
ations of addition and multiplication. On the other hand, the
phrase T ' '
3x2 + X
x©+ 1

Y

involves the integers 3 apd 1, the variable- x, and indicated
operations of additioh}}multiplication and division. As we have
seen, the essential difference between these phrases is that the .
second involyes division while the first does not.

Thus, we are led to a general definition of phrases such as

max? 4 x", ) , /
A phrase formed from integers and variables, with
no indicated operations other than addition, sub-

traction, multiplication or'taking cpppsites, is
called®a polynomial over the integers.

If there 1is just one variable involved, say x,. we have a
polynomial in x. Thus, "3x2 4 x™,  M™3x + 1",” "x" are poly;
nomials in x over the integers. ’ - .

Later we wil;/é—kend our ‘'study to polylomials over the real
numbers, but for the time being polynomial" will mean polynomial
‘over the integers"

&
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LR B - Problems 4

Which are polynomials over the integers?

: X
1. (a) 3t+1 : “(e) (x - 2)(1/4» 3)
.&:1 i \‘@ ) - 3 - ) 4
(b) t+5 - - ' P &) = .
L. () 3a% © (8) rq -2
(@) 2 (h) lxl + 1

Simplify by performing the indicated multiplications and
collecting terms. 1Is the result always a polynomial over
the integers? i

ooy 1, 1
2. (a) 2xfx < 2) () (u+P(u-3P

a

Co) - LD (x+2)(x+2)
oo (e) (b -2)(t+3) " (g) (3t - 8)(6t + 11)
;1) Bf) @By 7 (B 2(y - 1) + (3 - 1)

3. Will indicated sums and products of polynomials over “the
integers always be polynomials over the integers? -

y, Can an indicated quotient of two polynomials ever be\a
) polynomial? Can such a quotient ever be simplified tO/b
\ a polynomial" Give an example. - -l
. N
Let us return to the problem of féctoring expressions which
led us in the first place to consider pelynomials. Just as the
problem of factoring numbers was most interesting when it, was
restricted to positive integers, 80 the .problem of factoring
expressions is most Interesting when it is restricted to poly-
nomials. a”‘

¢ .

-
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, Recall the expression "3x2 + x" which we considered at the
beginning of this section. This is a polynomial over the 1ntegers,‘

and we saw that the distributive property could be used to write
it in the factored form '

s

3%° + x = x(3x + 1).
Since "x" an? "3x + 1" are also polynomials over the integers,
we say that we have factored a polynomial over the integers, )
This suggests the reason for our dislike of the factorization
2 3x + X
3x2 + x = (x° + l)—gg—:—z
We want the factors of "3x° + x" to be the same kind of phrases
as "3x2 + x", nimely, polynomials. Thus,

e
The problem of factoring is to write a given
polynomial as an indicated product of polynomials.

.

Just as 15 the case of positive integers, we also wish td
carry the faZtoring process for polynomigis as far as possible, -
namely, until the.factors obtained cannot be factored iffto -
"simpler" poiynomials. :

Factoringtcgn be théught of as the inverse,process‘€¥ what we

‘have called "simplification". For example, given the polynomial ,

5.,.} ’ o x(3x + 5y)(2y - x), *

we "simplify" it by performihg the indicated multiplications and
collecting terms, thus, oﬁtaining the ﬁolynomial

. 3x3 + x2y ley ) ;
- On the other hand, in order ‘to factor the polynomial .q .
) 2

-3@ + X7y -’10xy s . .
we must somehow reverse sthe simplification steps so as to obtain -

. x(3x + 5y)(2y - f)o




. Ed
/
. . .

»
i

e LT E -3t -

!
-

By examining’carefully the prbcess'd?~simplifying indicated pro-

P —
ducts, we shall work out in this chaptdr techniques for handling
problems of this kind. ‘

Notice that the pol§n0m1a1 obtained in the above simplification
is a sum of terhs, each of which is also a polynegéﬁl. A polyno-
mial which involves at most the taking of opgogffés and ﬁhdicatéd
products- is called a2 monomial. Hence, each of the terms -3x3,
x2y, -10xy2 is a monomial, and we have @?1tten the given poly-
nomial as a_sum of monomials. Any polynomial can be written in
this way as a sum of monomials, ,

When a polynomial in one variable is written as a sum of
monomials, we say 1ts°degree is. the highesﬁ power of the variable

- in any monomial. Thus, for example, :
’ . 3x2 - 2x -+ 4
1s'a’polyn6mial of degree two. We also say that, "3" 1is the
- %
coefficient of x2, "-2" 4s the coefficient of x, and  "4" is
the constant. A‘polynomial of degree two 1s‘called a quadratic
polynomial. . N -
. In factoring polynomials in oné variable, our objective is to
sobtain polynomial factors of lowest possible degree,
)
Lo
. -~
) ) Problems
- = . 5 ‘
1. Which of the:following polynomials are in factored form? = ~_

(2) (x - 3)(x" - 2) (a) (x-3)(x-2)(x-l)+(x-1)

(b) “{(x = 3 +¥x - 2) (e) (x + 7+ z)(x -y - z) |

(¢) (x~3)x -2 (£)  3z(z +'1) - 2z v S

- \‘:~

i T/
) J Y
) ’ ~ ?4\).
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2. Use the dis’tribvutive property, 1f possilble, to factor as
= et completely as you can each of the following polynomials.

N ;ﬁ,(;a) 22 + 2ab (h) adp3 4 224 | 223
A v LR s Cot e
T(b) 3t -6 : (1) 3ab + U4bc - Yac
BEE () a4 e 7. o (§) abx - aby .
Ya) ax(xz - yz) CL ) (65%)x - (6r%e)y T e
St (e) ax - ay (1) (v® +v)x - (u® + vi)y
() 6p-12a+30 . (m) x(k -3) - y(4x - y) \
' (&) 2(z + 1) - 6zw (n) 36a%p2e2
3.. What 1s the degree of each of\ﬁhe following polynomiais? s
(af 3% +2, 5 - x, (3x + 2)(5 - Xx) - ?
) K-k, ex 41, (x2-)(ex+1) 7

(e) 2x3 - 5x2 + X, x2, x2(2x\3 - 5x2 + x)

L (@) 1, XD - éx 42, 1-(7x5 - 6x + 2)
(e) x2.-13x - 7," (x2 - 3x - 7)2 s

(£) What can you sa&r about 'the degree of the product of two
polynomials 1f you know the degrees of the polynomilals?

[

. Factoring by the Distribuytive Property. 1In many of our
applications of the distributive property in ;S?evious chapters, we
changed indicated products into indicated sums and .mdicated sums
into mdicateq\ p.roduqts'. The latter 1s a‘ctuallééfactoring and 1t
glves us an important technique for factoring certain polynomials.
We“saw some simple Instances Sf this in the preceding section.
More complicated examples will be considered here.

- \ . I
H -

N
7S
N

S
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p".l.e 1. lH: - 6t:4 .y This is a polynomial in t. Using
) the distributive property we write

T2 oeet - 2622 - 3t2).

= 3,2 2.3 o 2

Example 2.. 6a°b“ - 3a“b°., This is a polynoniial-pin two
variables a and b. The distributivé property enables us to
write it in various forms, of which some are N

(1)  3(22%2 - a3 ‘-
. o) D2, s 3
- (11) ab(6a°b - 3a§\) . 4
(1111) i 3a2(2ab2 - b3)

~

(iv) 3a2b2(2a - D).

In each case we have factored the polynomial into polynomials.

Which fgetored form is simplest? In Fofms (1), (11), (111) the.
distributive property can be used to do more factqring In the

case of (1v),' the factoring is ‘complete. » . D

Example 3. 5(z - 2) + ('z2 - 2z), This is a polynomial in
one variable 2z oyer the intégers. We first write

© 5(z-2) + (2% « 22) = 5(z - 2) +2(z - 2). v
Then by comparing with. \Jxe form ofk e‘ distributi}ve property we ) ;
have ¢ . N

. /ai +/icE'=1.+“1>) "1 < ‘::,

- (z/\2)+zz—2)—(5+z)(z-2)

Notice how we identify c with the single number (z - 2). The )

~distributive property has been used twice, first to obtain ° .

22. -2z =z(z - 2) and then to write 5(z #.2) + z(z -2) as tl:le)\

indicated product (5 + z)(z - 2). ' - v, .

We found many uses for the factored form of an 1nteger - -
Similarly, we will find” many applications for the factored form of /
a polynomial. ) - - A

<
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Example 4. rSolve 5(z - 2) + (22 - 2z) = 0.
The result of Example 3 tells us that, for any re@number z,

A
5(z - 2) + (22 - 22) = (5 + 2)(z - 2).
Thus, an equivalent equation is
L3279 ‘
‘ (5 + z)(z - 2) =0. .
The truth set of this equation is {-5, 2}. (Why?) Notice how
factorization-of polynomials helped us solve the'equation.
‘ > ‘ . ’ \‘ . '. .
e *Pr’oblems - Lt
» - L4 . .
. ] Il
<3 Factor each of the following expressions as far as you ean
R using the distributive property Which eases 111ustrate
factoring polynomials ovep the 1ntegers" .
) 1, 3x(2xz - yz) o 2. 6s‘at - Sstu ) '
3. 1ux? - 2163 + 180y: What ha.ve you learned to do with integers
that will’ enable you to find the largest commaon: fag\tor here?
W, -5u2v  Buv? % 3v 29 alx - 1)+ S(X,- 1)
5. -x3y° £ 2x7%y° +°xy° J 10, (x4 3)2 - 2(x + 3)
6. -ab + -%aap - _’%‘ebg ‘ ' 11, (u+ v)x,'-’(u + Vv)y
P ,',\ 3
7. s\fs_ +'82~{3‘ c + 12, (a -Dbla+ (a - b)d
- 8 ) a \A . ; - . , ‘\ .~
" 8. . 3@b + Ube - Sac TN . : ‘ )
A3, (x+3)(u-v)+ (x-&y)v . B R
14, (r-q)(a+2)+(s-- r)(a+2) . . L,
. Y -
15. . ax(x + y),¢, Sy(x'+.3) + (x + g:) PR ‘ ‘
»- -~ \ \\
L »
- M ) | 9 (_\ - " . -
Ty 2409 , .
VAR .
¢ .- {" hd
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The distributive property has enabled us to factor polynomials

such as x° + bx dnd ax + ab into s B, -
) x° + bx = x(x +-b) .
and . Iy §=~

ax “+ ab = a(x + o), . g

respectively. Suppose now that we consider the polynomial

x2 + bx + ax + ab.

v -

You see that we can factor the 8um of the first two terms, namely,

x2 + bx, and the sum of the last two terms, ax + ab. .Thus,

x2 + bx + ax + ab

{x? + bx) + (ax + ab)
= x(x +Db) + a(x + b).

P

We have now succeeded in writing our given sum of .four terms as a
sum of two terms whiéh have a common factor, (x + b). Applying
the distributive property for the third time, we obtail

.
.

+ st = (r +8) .t . . -
Ao AT
X+ Db) +alx+Db) = (x+a)(x+Db),

Yoo, e . N
. X" 4+ bx + ax + ab

(x + a)(x + b). ”

* & D
Factoring such as we have done here, by grouping'terms, depends
on the arrangement of the teims, ‘For example, consider the arrange-
ment x2 + ab '+ bx + ax. This can be written as

x° +.ab + bx + ax & (x. + ab) + (b-+ a)x.

} r
.

In this form, however, there is no common factor in the two
. terns, so it does not lead to a factorization of the given poly-
nomial. - (Why?) :
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k3

! Example 5. Factor x2 +ﬁhx + 3x + 12. .

[N

(x + bx) + (3x + 12)
x(x + 4) + 3(x + 4).

x2 + ux + 3x + 12

} ac + be (a+Dd) ¢

g | |
) ;{éflfﬁ) + é{g/:\h) (i + 3(x + B). . BRI YR

Thus ,

x2 4+ bx + 3x + 12°= (x +3)(x + 1),
is treated a;\é’éingle number when the

R

Again, notice how (x + 4)
distrihutive property is applied the last time.

‘Example 6. Factor xz - 8z + x - 8.

, ¥z - 82 + x - 8 = (xz - 82) + (x - 8)
) (x - 8)z + (x - 8)-1 /
(x - 8)(z + 1) oy

Let Q;; try another grouping of terms .
xz - 82z + x - 8 =xz + % -8z -8
. (xz +x) - (8z + 8)
x(z +1) -'8(z + 1)
(x.- 8)(z +1) -

s ) ~
. . )

Example 7. Factor 23t + 6 5 33 - 4t )
S~ Dgt + 6- 38 - 4€ (28t + 6) - (3s + ut)

: ' . 2(st + 3) - (3s + ut) . N
Perhaps another grouping wiil‘pé\
-38 have 2 comon factor s, and
-4t alsd hfvg'a common factor

-

.

.
<~

This grouping leads us nowhere.
petter. Notice that 2st and
also -the remaining terms 6 and
2. Thé;efore, we try -
' st -.38 - 4t + 6 ¢

s(2t - 3) - 2(2t - 3) )
= (s - 2)(2t - 3). o ‘

v ogt + 6 - 38 - Ut




. . . We 'should not conclude that all polynomials eof this kind can
be factored by the method of Exahples 5, 6 7. Some polynomials
which look like these simply canhot be factored regardless of the
grouping. For- example, try to factor 2st + 6 - 3s - 2t,

Y ot
Problems - u

- : + - . v .
v

Factor each of the following polynomials.‘ Consider pblynomials
over the -integers hedéver possible.

3~

s L. ax\+ 2a + 3x + 6 ) 6. 3a + 15b - 3a - 15b
2. ux ; VX + uy + Vy ' 7. a2 --ab + ac - be
3. 2ab+a:2+2b+a 8. t° - it 4+ 3t - 12 ‘
. . -
4, -Srs 3 .50 - 5 9. p2 2 pq+ mp +mq
5. SX‘+3xy-3y-5 ‘ : . -
. .
7 10, 242 - £ab./3 - 3ab + 3b2/3 ‘ .
11, 2a - 2b + ua - ub + ve,- vb, (Try three groups of two' terms
R each ) ) . ’ )
.~ - N
12. - x2W+ 4x1+ 3. (Note that 4x = 3% +x.) -~ _ = -
13. a% - b2. (Note that a2 -b° = a2 - ab + ab - b2:) !
. * ',“. e - ‘
’ GE: N - . , -
L_ ‘Difference of Squares. ConSider:;for any tw? real nﬂmberg
i y a ‘and b, the product .. DR ‘ZL a )
Y, . . Ny
3A . (a + b}(a -b) = (a+Dbla - (a *%b)g‘
,- ' = a° + ba - abA;gbg ' ﬁ& g¢
- - = a2 - b20 ’ ' ", N > k %’) :i‘i

'This shows that the product of the sum and diffe}ence of any two
real -numbers is equal to the difference of their”squares.

4 . ) - ) >

<

!\;\
(
kO]
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Find the product of the sum and difference of

. Example 1.
20 and 2. -
(20 + 2)(20 - 2) = (20)° - (2)?
' = 400 - 4
= 3960 ‘ f
. Example 2. Find ti’le prc;duct of the sum -and difference of
"2x and 3y.
2
(2x + 3y)(2x - 3y) = (2x)® - (3y)2
= 4x° - 9y2.

Let us turn the above problem around. If we are gilven the

polynomial a2 - b2, -then we know that
/ : ag-b2=(a+b)(a-b).

In other words, a difference of squares can be factored inf:o a
product of a sum and a difference. Knowing this, we can always
factor a polynomial if we can first write it as a difference of
squares.” Thus, in Example 2, if we are given ux° - 9y2, we

*

write ;,T ‘
T oux® - gy® = (2x)? - (3y)2
- (2x + 3y)(2x - 3y)7 ™

£
i -n

. ur

Example g Factor 8y 18. ‘
Usimthe .distfi})ut:;ve property,awe have
. 8y© - 18 = 2(4y° - 9).
In this form we recognize one factor to be the difference of
squares: C *

WP o9z (2% - (3)2 - |
= (2y + 3)(2y - 3).
Hence, . v :

8y2 - 18 = 2(2y + 3)(2y - 3).

0
&3

7/

o
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o,
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Example 4. Factor 3a°:- 3ab + a2 - b2,

' By grouplng, we write

2

,Qa% 2 3ab + a“ - pe

(322 - 3ab) + (a2 - b?)

3a(a - b) + (a + b){a - D) )
(32 + (a+b))(a- v) :
(32 + a + b)(a - b)
(% + b)(a - b)

8
I}

e anple 5. Solve the equation 9x° = 4 = 0.
Since 9x - 4= (3x + 2)(3x - 2) for any real number’ x,
the given equation 1is equivalent to . ‘

(3x + 2)(3x - 2) =

Moreover, for a real number X, (3x'+ 2)(3x - 2) = 0 if and only
if either 83X + 2 =0 or 3x - 2 = 0. Therefore the sentence °
'"9x - 4 = 0" 1is equivalent to the sentence "3x =2 or 3x =-2",

and the truth set of the equation 9x -4 =0 1is {%, - %}.

o . ',

) Problems ‘ ”
1. ;e;éofm the”igeicate& operations. - \ °
. (a) (a-2)(a+2) . (e) (a2 + p?)(a® - b?) ,
(B) (ex-y)(ex+y) .,  (£) (x" a)(x - a) C o
‘ ,w) P~ 1) - - (8) (2x-y)x+2y) o
o fzy - 22)(3xy + 22) (h) (x2 - sY(r + 5?)

2



250

h 3

2. Fe{ctor the following polynomiéls over the integer/s if, possible.
(a) 1-n? (h) =2 -4
(b) 25x2 - 9 (1) %2 -3
g (e) 16x2 -\l&yz (3) x2 4+ 4 ) ’
LT () 2%? - b2 (k) 3x2 -3  _
(e) 2082 - 5 (1) (a -1)2-1
T (f) 16x° - 4x (m) (m+n)2- (n - n)2 . -
(g) 4ox* -1 (n), (x2-9®) - (x - y)
3. Solve the equations. .
" (a).x®-9=0 (e) M3 -t=o0
(b). 9r% = 1 Ce) ®ab=o
(c) 7562 -3 =0 (&) y*-16=0
(4 2=®=8 (h) - (s +2)2\. 9 =.0
4. Factor 20° - 1., Solution: 7 .
E 202"- 1 = 20% . 1% . (Wny?)
- - = (201- 1)(20 + 1) - (wny?): ‘
= 19-21.

Can you see how to reverse these steps? Supp‘ose you are asked
to find (19)(21) mentally? Is it easier to find 202 - 1?7 ,

’  PFind mentally: - . A _
(a) (22)(28) (e) (101](99)
(b)  (37)(43) {£)  (40m)(50n)
© () (26r)(3k) . (&) (36(m + n))(44(m - n))

(a) (23x)(17y) (n) -{6)(6)(4)(11)

5. (a) Can 899 be a prime number? (Hint:. 899 = 302 . 1.)

~ (b) Can 1591 be a prime number? .- ‘

” "(c) Can you tell anybhing about the factors of 3917 ° '
(d) Can'you tell anything about the factors’ of 4o1? o

4%

9 v
259
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What is° (2 -v/3)(2 +/3)2" Once again, since we have the sum .
and differenceé of the same two numbers, this becomes

(2)2 - (J_3)2 =4 -3=1, We can appl§ this to-rationalize
the denominator in ) )

-

= 3 . ©
1 - }\"" - .
2 -3 - .
By the multiplication property of. .1, s
1 __ 1 243
2 -/3 o2 -J_ 2 +J_
_ 2 +«/_ _
=S5 =2 =2 +J—

What does this say about the reciproca,} of ‘2 —«/_"
of 2 +\~/_ ? .

Rationalize the denominator:

- -6 *

(=) 5+J— , © A I
+3++6 , 3
Q(b) r— (a) N

N
Factor'each of the following:

(2) a3 + 1% = &% - ab? 4 ab? 4 b3
»

a(a2 - b2) + (a + b)b2

-y
' = afa + b)(a - b) + (a+b)b2
= (a + b)(a(a <,b) + b2>"“ %
, = (a2 + b)(a% - ab + b2) N
(b) 3 +1 | v
(¢) s3 + 8
(d) 27x° +1 .

*y

i
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8. Factor each.of the following: “ - _
= 2 _.b3 ¢

= a(a® - b2) + (a - b)b? :

ala - b)(a +b) + (a =~ b)b2 o/
(a - b)(é(a + b) + b2j

|
|
|
|
i . (a) - a° - b3 = 23" ab? + ab
|
\
|
|

- B -
= (a - b)(a® + ab + b?) -
() $>-1 B
: (c) ;3 -8
(4) - 8x> - 1 )

|
|
|
|
|
|
|
\
We know that the set of non-rational numbers codntains the set
of rational numbers. We must determine whether or not numbers like
"o 4+ /3" and "2 -/3" (any numbers in the form of "a + b/n")
are closed under the operations of Hem and  "x", Are the
commutative, assoclative and distributive properties satisfied?

By now some of you may ha&e the clue to what 1t is we are |
doing. Referring back to the section on "Fields and Modulo. ~ .
Systems" in Partkk,‘you will see that by this time, five of the
elght properties of a field have been satisfied. A 1ittle more
verification of the remaining properties should convince you that
the numbers in the form of a + by/n do, in fact, form a field!!

(The identity elements for + and. X are respéctively 0. and
1. Can you write these in the form of a + bJ/A?) '

We can now speak more convincingly about the process of*.
i'rat:l.onal:l.z:l.ng the denominator®. Since we are working with a fieid,
the Opgration of dividing one of ﬁpese numbers by another can be
reduced to multiplying the first by Bhe multiplicative inverse of
thé other. For example, ' .

‘ : 2 -~ﬂ§-= > /3. ‘1 ] ,
5 +/3 5+4/3 ' ‘
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. ] . . )
Now since -1 is not in the form of a + b./n, our task

5 ++/3
, 18 %o write it in that form so* that the multiplication®can be pex- €
— formed. We seek another form of 1t where no rad}cgls‘appear
5 ++/3¢
in the denominator. This is accomplished by using the multipli-
‘c .tion property of 1 as follows:® ° .
1 __1  5-43
. 5+/3 5+/3 5-/3 .
Why do we choose § -«/55 , .

<’ &
.

This result féri%_‘ dr -55- - %ﬁﬁ, .a number in the form of

/

and obtain a valid reSult The whole process, however, 1s shortened

z-J”zg-J§=1o-zJ§+3

a +by/m. It is now possible to multiply (2 - ‘/_)('QQ -ggs/_)

as follows: . s
5+/3°5 /3 25 - 3,
. 13- 743 :
4 ” v / A B k 2

?

Perfect Squares. For—ény reél numbers a and b,

consider the product .
- : (a + b)2 D(a + p)(a + b)

) , (2 + b)a + (a + b)b
. ¢ 2

]

a“ + ba + ab + b2
2 U *

Lol
.
]

, . = al + 2(ab) + b ) .

ot
'The polynomial 12 4 2(ab) + b2“ since it can be written as the
product of two 1dentical factors, is ¢alled a perfect square. In

the same way we can oeyain -

i (a ':b)g = a?

-

- 2(ab) + b2, .

. . o

a2 . 2(ab) + b

" 80 that 2n 48 also a perfect square. L i
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The problep is to identify a polynomial which is a perfect

square agggwrite 1t in 1ts "squared" form. We have already met ~

perfect ‘squares of the type b5aubgc6 (hote that 25a4b?c6/

= (5a2b03)2). We are interested here in the two types considered
above.

Consider the example (2x ¢ 3y0¢<'1n comparison with the

general case (a '+ b)2.

. (2 +b)2 = é + 2(ab) + b2 .
oAb N
» (x+ 35)% = (%) 4 2(2%.3y) + (37)2

= 4§2 + 12xy + 9y2. - ) -
If we are given Ux° + 12xy + 9y2

B

at the outset, the problem ig .
8 ©

to write it in the form, (2x)2.+ 2(3x-3y) + (3y)2,, from which the

factored form (2x + 3y)2 1s obtained immediately by,faking a
as 2x and b as 3y in the general form. : ¥

4

=3

°

Example 1. Factor x° + 6x + 9. "
L ]
x2 +6x + 9 x2‘+\2(3x) + 3°

. (x + 3)2
' 4 '\ How do you tell at a glance
as this 1is .a perfect square?

Example 2. Factor 9s2 4 12st 4 42,
952 + 125t + 42 o (35)2 2(3s-2t) + (2t)2
* - . = (3s + 2t)2.
Example 3: Factor 4a? - kab 4+ b2,
o 4a? - hab + b2 = (2a)2 _ 2(2a-b) + b2,

%hetnqr or not a polynomial ‘such,

-

N

= (2a - b)2,
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] Problems o 4
1. Fill in the missing tepﬁ{--*%;zﬁitnzt\ff result is a perfect S
« square’ T ey ‘ :
2 t2 - Bt + ( () " 972
-6t + () (e) () + bxy + 9y
(b) x2 + 8x . ) C(F) - 4 3 ¥ es
AN 8%+ 222+ () (g) 4%+ ( )49
(a) 452 4+ bst + () (h) 9x% + 18x + ( ")' i
2. Which of the following are perfe&t squares?
. ,
(a) x2+2xy+y2 ‘ (e) y -2 15+-1£ )
(b) x2 + 2ax + 922 L) X F g = -
(e) 724 2(7)(5) + 5° (8) (x 21)%-6(x-1)+09
P * v
(@) 7+2/TV5+5 (n) (2a +1)% 70(2a + 1) + 85

3. Factor each of the following polynomials over the integers,
if possible. .

o (@) 2Piuaen () 7xR s 14+ 7
| (b) ux'e-uxu/ (@) 32 +y+1
(c) NI N a (h) 422 - 20z + 25 o
(d) 2+ (1) 9s® + 68t +' 442
" e (e) TB6% Ty 12t 479 () 9a-DFT1
'lL. ' Write the reswlt <‘>f'per3€'orming the xﬁﬁ.t;plicgtions: T e
(a) (x + 3)2 = ’ (e) "((x - 1) + a)((x -1) - a) =
(b) *(x +v/2)% = () (V23R =
CLo) B2 R (g0 1R - '
(@ (x-92= T S
Y b \ '




Some polynpuiéie can be factored by combining the mefhods of

/
perfect squares and differences of squares.

Example 4 4, Factor x° + 6x + 5. -
] . R
) know thht_\; +' 6x * 9 is a perfect square. This suggests
that we should write , . .
§ 2 2 :

x“+6x +5=x + 6x 4 9/- 9+ 5 (to form a perfect square)

- ' = (x® + 6x + 9) - B .

(x + 3)2 - 2° (to form the difference of squares)
(x #8 + 2)(x +3 - 2) )

. - (x +5)(x + 1) ) \
The method used above, of adding and subtracting a number Si,iJ to

obtain a perfect square, is called comple¥ing the square.
; 5

-

@

Example 5. Solve the equation x° -'8x + 18 = 0. s
mXamp.ée € .
Completing the square, we obtaih— '
x2 . 8x+ 16 - 16 + 18 =0 : \
' ’ . 2 - .
’ ) (x-l&) +2=20 -

We know of no method for factoring this polynomial Does this -
guarantee that it cannot be factored? 1In this case, we can find _
* the truth set without writing the polynomial in factored form.
’Since (x - 4) is nonqnegative for al&ﬁ_}, (x = 4)2 + 2
is never less than *2, Theréfore the‘truth set of the‘given

equation is empty.- S ; . .

5

Y
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Pfoblems

]
.

1. Factor the following polynomials over the 12tegers using the

method of completing the square. 3 J
" (a) x2 + bx + 3 (e) x° - 2x - 8 ‘
~ (b)-x?-6x+8 . . !
2. What integer values of) p, if any; w?li méke the following
polynomials perfect squares? . .
(2) w - 2u + P (e) p2t2 + 2pt + i

(b) x° & px + 16

L4

. 3. Solve: - }
(a) y2 - 10y + 25 =0 (e) 9a2 +1pa + 4 =0 .'
(b) %62 -20t + 25 =0 .  -(d) a® =-da -

: gacsts : b

Quadratic Polynomials.. We have already pointed out that
factoring can be regarded as é,procesg.inverse to simplification.
Thus, it seems plausible that, if someone were to give us a poly-

* nomial which was obtained ds a result of simplifﬁing a product, we
. should be able to reverse the process and discover the original
d factored form. This can be difficult in ggneral but does work in
some speclal cases, as we have already seen 2n the preceding
sections, In\this section, we use this approach to factor quadratic
polynomials, that is, polynomials 1n-one variable 'of degree two.
Let us examine the product v ;%‘ -

Vv,

(x + m)x + (x + m)n 2

x% + mx + xn_+ mn )

(x + m)(x + n)

* \? Lo ‘ x% + (m + n)x + mn
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E Ir we. are given a qué&rat;é polynomial such 43 x2 + (m + n)x + mn,
. where m .and n are Specific integers, then it is easy to reverse
the process: ) ' '

x2 + (m + n)x + mn J(xg + mx) + (nx + mn)

, . = (x +m)x + (x + m)n
' (x + m)(x +-n),

i

» .

In.fact, this is Just another exampfe of factoring by the dis-
tributive property. However, Suppose that *‘m and n are replaced
by some common names, say 6 and 4. Then —

(x + 6)(x + 4) = x2 . 10x + 24,

Now we can .seé how trouble arises. The variables m and n retain
their identity and hold the form of fhe expression, while_ 6 ;nd
4 become lost 1in the simplification. The problem in factoring a
polynomial such as x° + 10x + 24 1s.to "reqiscover" the numbers

6 and 4, . N
"~ Let us look at this example more closely. PO '
- {x + 6)(x'+4) = %% + (6 + u)x 4 (6-4)
< 5 x% s 10x % oob,

.

Evidently the problem is to write 24 ag 5 product of two factors
whose sum is 10, In this case, since the numbers are simple you
© can probably ligt in your mind ways of factoring 24,

1.24
- Id 2-12 H
‘ 3.8 .
‘4.6 - - - B

E2

and pick the pair of factops whose sum is 10, ‘ .
“~ Although this method of procedure 1s easy when the_number of
factors is Small, it becomes tgdious whep the &pmber of factors'is
5 large; on the other'haqd, the number of cases which need to be ,
. considered can frequently be reduced if we use some of our know-
ledge aboutlintegers. :

L3

2N
<0
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Example 1. Factor the quadratic polynomial x° + 22x + 72.

‘We must find two integers whose product is 72 and whose sum
is 22. We have 72 = 2332; 8o the various factors of 72 appear
as products of powers of . 2 and 3. Since 22 1is even, both
integers whose sum is 22 must have a factor 2 and, since 22
is not divisible by »3 one of -the integers must 1nvolve all of the

3's. This reduces the possibilities to - \
U v 22,32 4 2 = 36 + 2
or *
3 22 + 232 = 4 + 18, )
Since 4 + 18 = 22, it follows that
? & x2+22c+72=x2.+ (% + 18)x + 4.18 -

D= (x + ) (x + 18).

Example 2.  Factor X + 5% + 36.

SR 2 .2 o
The prime factorization of 36 1is 2.3, If we examine all
possible pairs of factors of, 36, we find that the sum can pever
be as small ds 5.

Product o “.
T 136 37
' 2.18 . 20
‘ 3-12 15
4.9 ‘ 13
66  ° - ] 12 :

-

It appears that the smallest sum occurs when the/;wo factors are
equal. Since 5 < 12, we conclude.thaf x° + 5X + 36 cannot be

factored because the coefficient of x 1is too mall..
By simlilar reasoning determine whether x° - 10x + 36 is
factorable, Is x° + 13x + 49 rfactorable? -Is x2 + 14x + 49

factorable° . -
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Next try to factor x> + box + 36. 1In this case 40 is too
large for x2 + 40x + 36 to be factorable. (Notice the preceding
table of products and sums.) .

By similar reasoning determine whether %2 - 38x + 36 is
factorable. Is x° + 51x + 49 factorable? Is =x° = 50x + 49
factorable. , .

Problems

Pactor the quadratic polynomials, if possible, using the above

-method.
1. . (a) a2 + 8a + 15 (e) a2 4+ 2a - 15°
s (b) a2 - 82 + 15 - / (di‘”aa - 2a - 15 ‘
A
2. (a) t2+126+20 (c) t2+ 9t + 20
(b) t2 + 21t + 20 () t2 + 10t + 20
3. (a) a2+ 6a - 55 (@) ¥° - 17y - 18 :
(v) x° - 5% + 6 (e) 22 - 2z + 18 .
(c) w? - 10u + 24
g, (a) z6'- 7z3 - 8 (p): a4 - 13a2 + 36
(b) bt - 1102 + 28 (@) y' -8
5. (a) 5a + a2 - 14 . (e) 108+ a® - 21a
(b) 10a +39 + a® () 22 + 25a - 600 .
6. Solve the equations:
(a) a - 9a -536 =0 - (4) x? + 6x =0
(b) x° = 5X - 6 oo(e) (x-2)(x+1) =14
(¢) 32 -13y +36=0 (£) 6x2% 6x - 72 =0
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7. Translate the following into open sentences and find their
truth sets: )

(a) The square of a numbeé is 7 greater than 6 times the
number. What is the number?

(b) The length of a rectangle is 5 inches more than its
width. Its area is 84 square ‘anchés. Find its width.

(c) The square of a number is ‘9 1less than- 10" times the
number. What is .the number? '

.

8. A rectangular bin is 2 feet deep and its periﬁe%ef is 24
feet. If the volume of the bin is 70 cu. ft., what are the -
length and the width of the bin?

g, Prove that if p and ( .are irtegers and if x2 + pXx + g :

is factorable, then x2 - PX + & is also factorable. g

In the quadratic polynomials of Examples.l, 2, 3, the co-
efficient of the second power of the variable was equal to 1.2
In order to see how to handle other quadratic polynomials let us '

again consider a product. . ‘Q:E* - ,

] . h e . < L
(ax + b)(ex + d) = (ax + b)ex + ax + b)d . ‘# .

: . = (ac)x® + (ad + be)k + (bd) )

g2 - ,

In ordcr to simplify our discussion, let us calt a and b the
coefficients of the factor (ax +b), ¢ and d_ the coefficients
of (ex+ d), and ac, (ad +-be)y; bd -the—coefficfents of the
quadratic polynomial (ac)x + (ad + be)x + (bd).

Notice how the coefficients of the quadratic polynomial arise.
The coefffcientr of x> 1s the,product of the first coefficients
of the factors, €he constant is the product of the constants¥qf
the factors, and the coefficient of x 18 the product of the
"outs1de” coefficients plus the product of the "inside" coeffi-
‘cients. For example:
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FIE T IR =2:3x% + (2:2 + 5.3)x + 5-2.
(5 + (3 +2) = (2:2% 5:3)x + 5

Fot simplicity in speaking of these coefficients, we call 2.3 the
product of the first coefficients, ’5 *2 the product of the last,
2.2° the product of the.outside and 53 the product of the inside R
coefficients. '

Thus, the problem of factoring such a quadratic polynomial as
mge? 19x + 10" 1is a problem of finding two factors ‘of 6, ,and
two factors of 10 8uch that the "sum of the products of the out-
side and inside factors" is 19. In simple cases, this can Be. done
by checking -all possible factorizations of the coefficients.’ Since
the factors of 6 are 1:6, or 2-3 -and theﬂfﬁctdrs & 10 are

p

1:10 or 2.5 or 5.2 or 10-1, we try eac ossibility.
(1 1x + 1) (6x .+ 10
j( .)' \)(/° "
i T \1-10 +%-6 = 16
. A AN
(2) (1x + 2)(6x + ' . . i
\/ . -

1'5 + 2'6 = 17
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,(.5) | " (2 +1)(3x + 10) ) t’
7 .<é;10 + 13 = %é) . '
(6) (2 4 Q) (3 5) R
C \a5+2:3% 16) )
(1) (ox +5)(3x + 2) - |

i ~— .
T <<2¢5-3=19) '

O0f course, with a If%tle practice we would have gone directly to
the desired factors (2x + 5) and (3x + 2) by eliminating the
other cases mentally. We would thinkr . 6 = 2-3 and 10 = 2°5.
ince the middle coerrBient - 19 1s odd, we cannot have an even
ctor in each of the . outside and inside products. This rulés out
ossibilities (1), (3) and (6). Certainly, the factorization
10 = 1°10 in the other pos3ibilities will give too large a middle
coefficient: This leaves us with possibilities (2) and (7). ,
Hence, we try these two and find that (7) is the desired pair of
‘factprs. ] ’ )

-

Example 3.- Factor 3x° - 2x'- 21.

We lgok for cqeffi_cients such ‘that
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There is one factorization of 3: 3°1, and two factorizations of
21: 2I*1. or 3°7. Since 2 1is not divisible by 3, we must
keep all the 3's in eigger the outside or inside product. Of
the remaining possibilities, which one yields -2 as the sum of
the cutside and inside products? Hence, .

ax2 - 2% - 21 = (x - 3)(3x + 7)
’ ~
Example 4, Factor. 25x° - 45x - 36.

We have '25 = 5° and 36 = 2232, Ve must find a pair of
integers whosg product‘as 25, “and g pair of integers whose
product is -36, such that the sum of the outside and inside )
products is «U45. Since § ‘divides, 45, there must bea 5 in
each of the outside and inside products. Theréfore we must have
the first coefficients 5 and 5. Since 3 divides 45, there
must also be a 3 in eégﬁ\:f the outside and inside products.

On the other hand, .45 is bdd; so the 2's must all occur in

one term. We have, thus, reduced the cases to last coefficients:
12, -3; or =12, 3; or 3, -12;- or- -3, ‘'1l2. ‘The case ﬁh;ch
gives the desired factors isq 1last coefficients -12, *3..
Therefore . v :

e
25 -36

< pa

0 /”—_7><<—“‘\\
?5x2 - ¥5x - 36 = (5x-- 12)(5% + 3)
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,  Problems . " ¢

-

Factor, if possible, the polynomials over the lntegers.
. “~
(2) 2x% + 5x + 3. (e) zx? +.9x + 37

k.
(v) 2x2 + Tx +-3
2. 3224 4a -7 6. 9° + 3a
3. fhyz + 23y - 6 ' 7.  10x° - 69x - 45
‘4, 3x° . 17x - 6 . 8. 6 - 23a - 4a® .
5. 9%% 4+ 12x 4 4 / "9.  25x® - 70xy + 4oy°
o
10. Factor: -/ ) : '
(a) 6x2 - 14hx - 150 (e) 6x° + 25x + 150 ‘
_:(1;) 6x° - 11x - 150 (£Y 6x2 + 65x + 150
(e) 6x° + 60x + 150 w(g) 6x° - 87x + 150
() 6x% = 61x + 150 . = (h) 6x° + 63x - 150
11. Can v2x2 +oax + b be faétored if a 1s even and b 1is o0dd?
.Why? d ) )
12. Can 3x° + 5 + b be facéored if 3 1is a factor of b?’
, If so, choose a valge”of b such that 3x2 + BX + b can
be factored. ,! Y
* ,
Translate therol;owihg into open sentences‘and find their " .
: truth s?ts. ‘ ) .
13. The sum of‘two‘numbefs is 15 and the sum of their squarés .
- is 137. Find~the pg?bers. ’ ' e
14, The product of twolconsecutive odd numbefs is 15 more than

4 times the smaller number. What are the numbers?

Find the dimensions of a rectangle whose perimeter is 28-
feet and whoge area is 24 square feet. . s

s,

\
N
~

+
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Polynomials Over.the Rational Numbers or the Real Numbers.
. Most of the preceding work in factoring was concerned with factor- »
ing polynomials over the integers. The name itself suggests that _
we had {n mind the possibility of other kinds of polynomials.

A phrase formed from rational numbers and variables,
with no indicated operations other than addition,
subtraction, multiplication and taking opposites,

is called a polynothial over the rational numbers.

You give a definition for polynoﬁial over the real numbers.
We, thus, have three types of polynomials: polynomials over
the integers, over the rational numbers, and over the real numbers.
Consider the expression 3x - Ux 4+ 1, This is a polynomial over
.the integers. Since every integer is also a rational number, .
3x2 - 4 + 1 may also be thought of as a polynomial over the
rational numbers. Is it pOssible to regard this as a polynomial
3

over the real numbers? The expression u” - gu +u-1 is a

polynomial over the rational numbers, Is it possible to think of
it as a polynomial over the inf{@#®ers? Over the real nugbers?
The problem of factoring can now be stated more ‘generally:

The problem is to write a given polynomial, which
we consider to be of a certaln type, as an in-
dicated ppoduct of polynomials. of the same type.
L nx2

) .
Consider the expression - 2", This is a polynomial over

the integers and, as such, can he factored only in the trivial form
x° -2 = (-1)(2 - xg). .

This 48 not especially interesting since the factor 2 =~ x2 is not

of lower degree than :xg - 2. In this sense, x° L2 is "prime" -

as a polynomial over the integers. .Hewever, x2 2 can also be
considered as a polynomial over the real n ers, and we have
x2v_ o = x2 _'(Vfﬁ)z ; .
= (x +v2)(x -V/3), e
&y re 9 Y i
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N
where x ++/2 and x -v/2 are polynomials Sver the real numbers

(but not 6ver the rational numbers or integers). Thus,’ x? - 2,
considered as a polynd@}al over the real numbers, admits a non=-
trivial fact?ring. This example shows that it makes a difference
in factoring which kind of polynomial is being consideged.

;e

“

7~

L. Condider the expression-
"Set + at? - 27s%3",
.-
This is a polynomial in two variables over the rational numbers.
The‘distributive property enables us to write it in the form ¢

(3) (st + 586 - 185%t7).
The factor "%" may be thought of as a polynomial over the rational
numbers, while "st + 58t - 18823 45 & polynomial over the =<

. integers.. This reduction can always be made: '
. ¢ - 'Y
% ) A
A po%&%omial over the rational numbers can be

written as a ‘produgt of a rational number and
'a polynomial over the integers. -

By this reduction, the problem of factoring polynomials over
the ratidﬁaﬁ-numbers is reduced to the-problenmt of factoring poly-

nomials over the 1lntegers. )

-

The Algebra of Rational Expressions. When we began our
discussion of factoring we made a special point of the similarity
between factoring polynomials and factoring.integers. This °
simiiarity can be developed further. The ‘Integers are closed
under additiog, subtraction and multiplication, but not division.

. The polynomials are closed under (indicated) addition, subtraction
and multiplication, but not division. If we extend the system of
integers so as also to obtain closure under divisiop'(except
division by zero) We obtain fhe system of rational numbers. What

]

is the similar extension for polynomials?’ : \

"

¢
H%e]
-3

]
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A rational expression is a phrese which invoilves

real numbers and variables with at most the
operations of addition, subtraction, multiplication,
division and taking oppdsites.

e

Is every polynomial a rational expression? Azzlthe rational ex-
‘pressions closed under the indicated opefatiors of addition, sub-
traction, multiplication and division? Why is /2x - 1 not a
rationel expression? .

As examples of ratibnal expressions, we list

3
o1 2x - 3 x~ +
1 - 4+ 1 —— e 2 3 '
) @ F= @ =32
() F =g (5) 3a-2 (6) z .zp2
Z - *

Among these rational expressions, (1), (3) and (6) are in one
variable, Notice that (2) and (3) ar?’indicated quotients of
polynomials, whereas (6) is an indicated product and (1), (4)

gnd (5) are indicated sums of rational expressions, Just as every
“rational number can be represented as the quotient of two'integers,
every'rational expression can be written as the quotient of two
polynomials.

Since rational expressions are phrases, they represent numbers .

Therefore, in an expression, such as

\
’

?F t oI . v

the value of O 1s automatically excluded from the domain of the
variable t and the value 1 is excluded from the domain of s,
Such a restriction is always understood for any phrase which in-
volves a variable in a denominator. 0 !

- . We are:now ready to study some of the "algebra" of rational
'expressions: This amounts to studying the procedures for simpli-
fying (indicated) sums and products b%,rational expressidns to
quotients of polynomials. As was the case for the rational numbers,
‘we might expect some of the work we have’aone with:fractions to

*

- . WA
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apprly here. " In fact remember that for each value of its variables
a rational expression is a real number. Therefore, the same
properties hold for openations on ‘rational expressions as hold for

’

operations on real numbers. y -

. For real num‘pers a, b, c d we have the properties
) a.c 2o o/ . R
(1) 5’;‘,&53 / (where neither b nor d .
) B L is zero.) R ’
f (/2); S - 1 /¢f’
P a ,c_a+ec , .
" (3 5 + Tv—.
4

It we symbolize rational expressions with the capital lettesfs
A, B, C, D, we can write correspo}ing properties: g

[y}

AC -
(12’/5 15 ' (where neither B nor D,
(ii) g =1 N - can be written as the_zero
s o asoc expression.) J
(111) F+g="p5 ’

What are the restrictions on the domains of the variables

involved in B and ‘D? If A, B are rational expressions and
o B can be written as the zero expression, then is’ F a rational
expression? - ’

We use the above properties applied to rational expressions
to simplify the rational expressions. In other words, we want to
write an expression as a single indicated quotient of two poly-
nomials which do not have common factors. )

- -

2 2
; Example 1. Simplify X DE.2 % Sab e .
X -b -
q'é oL 2 N
We use Property (i) with .A = - bx, ‘B = x5, .
"¢ = a2 + 2ab + b2 and D = a2 -'b2‘.' Each of these polynomials

can be factored: )

A= (a-Db)x ' C=(a+:o)(a+b)
e * B = XxeX D = (a + b)(a - b).
— -




i %
. ’ . T
Hence, \%1 X

ax-bx.a2+2ab+b (a-blx(a+b)(a+bl by “(1)

x2 s a2 - b2 " x2(a + b)(a - b) .
-8 - w{};‘
‘ . Tletn)(x(a +p)(a )
. ”, - b
, . ‘ x(xa+b) a ))
| ]
-ath by (11).
v ‘ e
The restrictions are: .-
- [' ¢
N x#0, a#£b, ai#-b.
Example 2 . ‘ ' y
&
l-xg. x -2, _(1-x)(1 +x), X - 2
1+x x° - 3x ¥ 2 . 1.+ x (x = 1)(x - 2)
=~ . : ‘ .
’ _ (1 - 1+ x)(x -2
/’ + x X=2) AWny?)
. (- x)(u + x)(x - 2))
(x = 1)((1+x)(x - 2))
» 1l - x : .
=X=TI . (Why?)
. LW )
=£-_]:})(_(fﬁ-._l)_= -1 (Why?)
What is the restriction on the domain of x? '
Example 3. . 2 o o
| 2+\\x/- 2 L N ,
14 i 2 \ ‘.
’ x° - bx 4 4 + X -2 X -2
‘ ’%—f—g, x° - Ux + 4 x4+ 2 / L
co T (x+ 2)(x - 1) (x - 2) ’
, T(x - X - X +
: . _x-l.(x+2).(x;2)
. ’x-2( (x.-+ 2)({x - 2)
(«’ ' i : J(‘)"l 1 -
VT x-e .
|
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. Problems

Simplify the following, noting restrictions on the values of
the variables: )

I4

-

1 3% - 3 , Ly ab+ab2.1-b : n
X2 -1 ' a-80% L¥b o
N\
, 2.9
2
2. X = X . '5.« —g——
'.',l/“'y < ¢ x© - 3x
/ , XT3
. / - 24y ox 41
3/ x2 - bx - 12 ' 6 a—x- -1 .. ' -
s ? 5% - 6 : X+ 1
K = . x__I .
: -y
Simplification of Sums of Rational Expressions. In,ordgr
" to use the propefty : . .7
a ., c_a+c
P*Fp =

-

when adding rational numbers, it is necessary first to- wfite them
in a form so that they have a common denominator. In the casg_ of
rational numbers, the least (common)'denominator which would work =
was the least common multiple (L.C.M.) of the two given denofiinators.
We have a similar problem in adding rationmal expressions, and the
method is just like that for rational numbers, witthactoring of
polynomials playing, exagtly the, same rolg as that of factorin 'of

int el"ﬁ ~ ’

0.

7 N 5. - '
' Example 1. =% —23 . .
. 36a°Dp ~24b'e : e s
The’ factored’ forms of the denominators are e P
' ! 36a%p = '2232a2b - )
. S Y
o - . 241)]3’ = 2)33b3 . < ’ .
' ° - ' /-
o . \ . .
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. Choosing each factor the greatest nU{nber of times it occurs in
either denominator, vie find the L.C.M. to be 423 32a2b3 Then

| ¥ 7 _+.5 (- 342 .
3622  oubS  223%a% 202 | 293b3 322

o a2 1542
g ' 2%3%%° T 33553 ,—
) ‘ . _ 142 4+ 3522
) \ . 728703 ' .
. a 2a - 3 ’
. BempleZ. 3 o5 -1 r
"" The L.C.M. is 3-5(a - 3). ‘
If a # 3, then o
a__ _ 2a- _g Pa - 3 .3
3_§ 3-(_3-)- ﬁ '3'.'
6] ) ? 6a - 9
/‘f/!—/-r 3 Sla- ;j
. - - 6a-9 '
- =, .5.85(a -
_’_ '-6a+ .
” - ‘ a-
xey )
_ _a[;‘_r;_\ v ? - -
- .a-
le 3. (1 Ly + —1 ‘
\ Example ( -x+T)?+x_j) . !
1 1d=x+1_‘ 1 =x+ll—l__ x
. x+l x+1 x+1 x+11 T+ T
" and | | L ‘
N S TN _x-1+1 x .
l+x-T1=% T"W:%I-" cx -1 T x -1
. . - .
Therefore, 1f x # 1 and x # -1, then \~. o
« 1 22

1
9‘" x+T),(l+x

=x+1# I (x+1)(x-1 } _1"




>

" an equivalent way of looking at this is to write

[‘7

. R Problems < .
3 .2 ’ ¥ .5 .
1. - = 7. + .
;5‘ 5x m-n" ng ,
1 1 1 4 @ X I
atpte . 8. X+y X-y .
1 1 ’ . 3 . 5
3., e e =— -2 . 9. -
-a_,2,2a . . x° + 2x 3x+J g
A N
. l‘ 2 »
4, —%+1 10. : + = .
x - a® - 4a - 5 a + a
. ’ 2
3 2 x‘%‘ 1 b
5 T Tt , 11. T 7 Hipt. Multiply by
X b .
Y " ’ x %‘
x X . . ' 1 1
6‘ox+5"ﬁx-3 a'h
. . 12.,—1—1—\_: -
“ TOZTE o

13. Consider the set of all ra.tionaf 'expressions. Do ydéu think

this set is closed under each of the four operations of
arithmetic? . ) o

-~

e

Division of i’olynomials Whe&" you were given a rational
number such as I in arithmetic you recognized 1t immediately as
an "improper" fraction and hagtefied to write it in the proper
form 7%2-9 This form really means 7] -2-5- d, since 2-3- <1,
. does have the advantage of telifng’ ‘imimediate that % lies
between the ‘cege:ms”L 7 and 8. The, number ‘ 1s the integral

part of Since . /

.

0 _ 723 +10 _ 171"
T+ 53 STms T

171 = 723 + 10. /
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’

‘ Thus, the integer 171 is represented as an integral multiple of
23 plus an integer which is smaller than 23. This ii really what
we always do’ when carrying out the process of dividing one integer
by another. How do you oheck your answer in division? |

o . We shall now study the similar prdﬁlem for rational expressions

"in one variable. Consider the example:

2x3 - 6x2 4+ 5x + 1 _ 2x(x2 :’ii) + 5% + 1
% 'x2-3x= x2-33§.

.

L]

ox + X+ 1

¢
X~ - 3x «

-

Does this resemble the above example for rational(ngmners? Notice®
that we first wrote tne numerator in the form

2% - 6x° +.5% + li=12x(x2 -3x) + (5x + 1),

that is,'as a polynomial multiple of x3.- 3x plus a polynoiial

. of lower degree than x3 - 3x. Let us lé?“@side, for the moment,
the question of how we did this (later jou.will learn a Systematic
way of doing it) and sté%e in general terms Jjust whgt the problem -

is. ¢ { (_'
t
: Let N and D -be two polynomials in one
‘variable. Then to'divide N *by D means to
. %obtain pélynomials Q and R, with R of ¢ \

lower degree “than Dp such that

~ i - §-eiE ' o~
This problem is equivalent to finding polyqomiaIS\ Q and R
‘such that - . - ;
‘ ) : N = QD + R. .

. i . ..

As in arithmetic, N is the dividend, .D " the divisor, @
he guotien , and R the remainder. Mhat are N, D, Q, R in the
.example considered above? It was easy “to obtaln Q and R in -
- this example since the first two térms of- N, - 6x , contain.’

D as a factor. i . ot

.
= . .

\ 279 o
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. Our objective is to give a geﬁeral step-by~-step process for
finding polynomials Q and R, being given two polynomials N
and D. Notice that, since '

”
N = QD+ R,
1t°f01;ows that ) g .

R=N-Q
'. . © “
This means that if ‘'we can findr Q,(,tﬁen R 1is obtained, simply by

subtracting QD from N. '

Let us consider another example:
A

2 + X -5 .

x- v

*

2x
“Hege,” N=2x° +x -5 and D =x - 3. Let us try first to figd'
a polynomial multiple of D which when sWtracted from NJ gives
a polynomial of lower degree than N (but not necesearily of
lower degree than D) All we need to do is multiply x - 3 by
a monomial so thHat the resulting polynomial h thé same term o%
higiest degree as N. ‘The highest degree term of N is "2x°",
Thus, if we multiply .(x - 3) by 2x, the result has “he same L
term of highest degree. °°

2x(x - 3) = 2x° I 6x E B -

'
3

)

and . : .

- (2x2+x-5)- 2x(x - 3) = Tx - 5. N w

* THat is, . _ .
- (1) 2x? 4 x - 5= 2x(x - 3) + (Tx - 5).

However, the'polynomial 7x'- 5 {8 not of lower dngle than x - 3.
Hence, let . us apply the game procedure to 7x - 5. We multiply
1(x -3) by T in order fo have the same highest degree texm as
c L ; ,
'ZX - 5. v L N ) X M ~
. \\\r_,llz\:\?) < T(x = 16 *
2 - 7 ' - .

(2) . Tx-5 27(x|-3) +16 - X

Combining the results (I) and- (2),gwe have S
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I A r

_ %% +x-5 2x(gg - 3) + 7(x ~ 3) + 16
. ° (2x + 7)(x - 3) + 16, .

’

Since 16 has lower degree than (x -.3), the desired polynomials
are Q=2x+ 7 and R =16. (What is the ‘degree of 167?)

-~

Therefore, . o

=7 = =(2x+v7)+—3-x._'.‘ , .
In this division process for polync;mials we subtract sucoceéive-
1y (polynomial) multiples of the diVigor,'obta}ning at each step a
pbélynomial 'of lower degree. We are finished when the result has®
lower degree than the divisor. This process has probably recalled
to you the familiar long division process for numBers in arithmetic

r
. -~ remember that long division amounts to successive subtractions

“#of multiples of the divisor from the dividend. For example,

Y

a .
: 13| 2953};00-13+20-13+7~-13+2 R N

2600

-~

Subtract

2 L ¢
Thus , . 2953 = ?oo-13+20~13+7-13+2 :
o,
. . £13(2000+ 20 +7) + 2, .
and o ’ T ¥ ﬁ% .
J , , .
293’\ \ 2 Fl ,
R | 17g—=4200+20+7)+w | , Ny
-q 2, . . - ) -
-+ =227+I.3-. : / . .

N We can use a similar form fLr arranging .our work 1 /;vi 1ng
"  polynomials. Firsg, howéver, we must see how to arrange‘s btpac ion
"vertically" as is done in arithmetic. For example, the sentence
| (-5xu+.'2x3-x+1‘)-(3x,4,-x2+x 2)=-8x4+2x +x

may be written "vertically" in the for

o - ® <
7 1' " . o

X - . S




. Ty .
’ o er7
. : \
[~ ) --5xl‘l + 2x3 C- x#1
Sﬁbtraqtrr———————a 3xl‘l <. x2 + X + 2 , )
o ' o532 o '
-8x i+ 2x” 4+ x% - 2x - 1. e

LY

Notice tha% t‘f tgrms of the same degree are placed one above the
other and if a° term (such as, the second degree term in the first
polynomial) is missing, then a space 1s left for it. The differ-
.ence 18 then found by subtracting terms of like degree. «

»

-Problems
L4

1. Subtract, using the "vertical" fomm.

(a) ad - 52 4 2a + 1 ?(ﬁj -ax* - 5x° - 7x + 2

ad + 7a° + 92/~ 11 z -3xt 4 oxd - 3x° -6
/ - . B - 9

.*2,- ' Use the "vertical form in the follqwing: 3§ '
)
(b) From 12x° - 11x2 + 3 "subtract 12%° + 6x + 9.

.oq

(a) Subtract ;aa - 6a_+ 9 from 3a° + T7a - 11.

We can now set up a "vertical" form for dividing polynomials.

wvLet us use the same example as before. Voo
. 2 . . o ’
- - 2X5 + X< A \ .
. Ex le }_];. —x—_:xs-—é. , J_ , » . i
i s P ’ s ’ v, '
- ° 1D

| - x -3 . 2x° +x jkfzizéfgg =3) +7(x ~-3) +16 .
T Y %% L 6x 3\ ‘ é'\
I X — S .

Subtract .4,7::\-‘ 5 A

\ X ¢ 2L°

(e v - ,'$ 6‘
Thus, 2x° +Hx - 5= (2x+7)(x- 3)’+ 16;

;andfax_ﬂsg-_é 2,“.»”1_63‘ o R
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\,(JB Problems .
- <
' Perform the indicated divisions, usin he form shown in
Example 1, ' 2
1 ox2 . bx % 3 '2 1x? - ix -5 \.
# : X - 2 . K X+ 3 :
. - . )‘ ~ C
x3 - %2 4 5 : 3 : &
s 3. - Hint: Write the dividend ox - 2x + 5
\ h " to allow for the missing first degree. term
y 2x2 4+ -5x + 2 5'33 2x2+14x+5
: x -1 tos 3x + 1

3
-—

P
Example 1 on page number 277 ca§1 be ﬁritten more compactly as:

P
5
Dividend r— j

+

- Divisor — — oy . 3] = +x-5 |ox +'T<——Quotient

- 6x . ‘-
/ 7% - 5 . . ’ LT
A 7x - 21 . .
\ l ’ . 16 ¢—— Remainder .
Check: - - fox + THx—~3) + 16 = 2x° 4 X -5, . -
i

Therefore,, ?‘%_2 =2+ 74 xlg ) .

— ' .

} M_z Dlvide x3+3x—38x-10 “by x-s..
2. 38x - 10 Ixf+8x+2

2 _ 38x - 10
- : 8x2 - hox.
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Check: (x + 8x\+ 2)(x - 5) + 0 = x° + 3x - 38x - 10
. 3 . .
X 3x° -'38x - 10
Therefore, X— == = x° + 8:g+ 2
h‘\“ ‘ Problems ‘- ' '
1. Divide x° - 3x° +.7x - 1 b& x=-3. | "
2. . Divide #x® - 2x +15 by .x - 5.
3. Divide 5x3 - 11x+ 7 by x +.2. o
? .
Perform the indicated division.’ .
i 4x2 - Ux - 15 ’ ! -
LT = =3 . :
. ‘ : Ry
5 6x3 - x% = 5x + 4 - '
. 3X - 2 , ' ! ‘
4- . r <
6 x - l ' " FR
. Tx -1 t . ’ . ’

7. How will the d vision process tell you when the polynomial )
D 1s a factor of N? Show that x + 3 is a factor of .

- giu + 2x 7x + 1ix -~ 3.
r

. [ %
~» '#In the above examples and pfoblems; we have emphasized ‘the
case in which ‘the divisor is a polyﬁomial of degree one. However,
the process works equally| well with aﬁy two polrnomiéls. ’
B3 - x2 41 J
Example 3. Co,
> TR e xS+l _

b \ &

~ There 1is nothing to do here since N 'is already of low%r (,‘
degree \than, D; so Q=0 ‘and ﬁk= R. In other words, the

rational expression is already "proper".. | e p

. //'n‘i / / K /{ .
f ’ » ] 1
1 i ' 3 A
L4 a
. . 281 - .k
9 ' {8 ) %é %g é éi §¥ %i )
. 0
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» N ‘ . ' f‘
~ Exgz_@le il'_
S Lo 5xu'..3x3+2x2 +12x‘w3+2) -3(x3+ 2) +2xg+ xX+7 .
. ' . . . 7
* oox 3)4 ++ 10x ] Y ‘v /].
e -3x3+2x2-b 2x+1 g ' L L
/ . “ - 3x3 . .“?- 6 It / )
= - "2 ’ S .
X, Jo N .
. 2x° +;2c +7 e, I
Thiss , g L o : _
- )} Rt -~
‘ i 3 2 g 3 2
5xT3x +2x° + 12x + 1 = (5x - 3)(x +2) 4+ 2x° 4 2¢x + 7,
‘and‘ .1 L ¥
qu‘-3x3+2x2+12x+ﬁ;=5x_3+2x2+2x"+7
x3 + 2 ' xt’r+ 2 §
Written 1n, the more, compact form, ,'this becomés: ‘ \ T L
: 4 2
x + l Sx 3x + 2x + 12x + ‘ N
.. _ —
., T 5x -+ 10x - ;
'3 2 - T . -
- 3T + X"+ 2x+1 . .. . -
~_-“3x3 ’ )

-3x3'+ 2::2 +12x+1,

- P S P
. s v ) , . , S L
% L] : 3 .
S O v & e
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Problems

1. Peaform the indicated divisipns. /

(a 2x3 - x2 + 4x,+ 5 (c) 3xu + 4x3 - 2x2 -7
? . x2 - 3 ' x2 - 4
(b) %3 noox® 4 7x -1\ ) - ~
=t
x© -2x -1

2. Obtain the second fadtor in each of the following:

(a) oxP - 25" 4+ 3x + 5 = (3x + 5)( )

) =X +12(B+1)( ) -

(c) *ox* - 552 - x + 1= (%2 = x - 1){ )

(a) 4x8 + oox2 - EOxu + x% - 10x + 25 = (2x4 +x - 5)(,

Summary. 'We introduced the concept of a polynomial and
saw that the problem of factbring eXpressions is Fignifitant only
when restricted to factoring. polynmomials. Although most of our
wS?k was with polynomials over the integers, we also considered
'polynomia;s over the rational numbers and over the real numbers.
Each of these sets of polynomials is ¢losed under addition and-
« multiplication. !

In factoring a polynomial of a given typé, we insist on factors
which are polynomials of the‘same type. A po;;noﬁial which is not '~

actorable as#a polynomial over the integers y or may not be

v factorable when regarded as a polynomial over the real numbers.
Factoring a polynomial over the rational numbens an be reduced
to factoring a polynomial,over the integeré é‘

We found that f;ctpring #8 a useful tool for solving equation 4

following forms: . /

The various methods of factoring polynomials are based on

es.



) Distributive Property:

I o

- ' ‘ ab + ac = a(b + ¢).

.\ e
i .
. s

N ' Difference of §ggare§: >
© a2 L pl g (a + b)(a" =~ b), *
) Perfect Squares; . oW \ ] L
: a? 4 2(ab) +b JP(a + b)2 . -
. SN a2 (b)) + b2 = (a -‘b)g '
3

Complet‘gg the Square: . - -

x+px=(x+%)2 ﬁ— .

Quadratic Polynomials in one variah&e*

A b x2 & (m +\n)x + (mn) = (x + m)(x +n).

¢

(ac)x + (ad + bc)x + (bd)/é (ax + b)(cx + d).

We considered the concept of a rational expression and ob ed
that rational expressions have the same relationship tc polyfiomials
as rational numbers have to. 1ntegefs}' Problems of simplifying

< rational expression§ are similér to the similar problems for ration-
al nﬁmberS; We saw that rational expres%ions have the usuval proper-,
ties of fractions and that factoring of polynomials plays the same
role in the work with rational expressions as factoring of integers
plays in the work with rational numbers, - ' ) ,

Every rational expression can |be written as an-indicated
quotient’ of two polynomials which do notshave common factors.

We developed a s&stematiﬁ/method for division of polynomials
in one variable. This is based on the following impditant property
of polynomials:
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-

For any two golynomidls N and D with D.° L .
! . ' different from ?ero, there exlst polynomials
Q and- R, with R 'og'lower degree than D, . L

such tHat L ¢ ) o

.

N = QD + R. . . ¢
- <
a way of calculating’ @ and R whegl/

» -

The divisior!l process gilves
N and D are glven.

N - 4
. v
N . { N
y\
. ¢ « ~
3 . .
d - IA/.
. <. 13
B 'R 3+ v
. » t
. b3 A ¢
SRR & S
\ , ‘ - ,
» ¢ ST s . : .
Al M
%,: N ' - ‘ ooty ’
. . [ .
s
¥ y -
. - & ?
‘ .
N LX) . -
: o : -
, .. .
o - - r

.
.
e s
* »
-
[ ° ®
# .
P} kl
= & . . '\w
a - “
. 3
3 - h . >
i . . , . o &
~ 4 % »
. .. Bt w7
- B
s ’ - - Al
Al
) . ) ~ 8 1
- . 2 - )
o . .
. 4
# L
. . » ; . ; .
s . b M‘,_’_‘___j\
P
- e »
° , ‘ ) ‘)‘ *
- 7 . A3 - -
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, &
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TRUTH SETS OF OPEN SENTENCES ‘

_— Equivalent Open Sentences. Throughowt this course we

have been solving open Sentences, that is, finding their truth \/'
sets., “At’ first, we guessed values of the variable which made the
sentence true, always checking to_verify the truth ofy the sentence.
later, we learned that certain operationg, when applied to the ¥
members of a sentence, yielded other sentences with exactly the

same truth set as the original sentence. We say that- *

.

Two senténces are eguivalent if they have the .
same ‘truth set

&

Our procedure for solving a sentence then consisted of per-
formihg permissible operations on the sentence to yield an equiva-
. lent sentence whose ‘truth set is obvious. .. .

'‘What are such permissible operations? Let us'recall a problem
from our previous work.

-~

Example'l. Solve 3x + 7 = x + 15., s g
' . s . . o -
This sentence 1s equivalent to .

X% 7)+ (-x -7) "= (x+ 15) +"(-x - 7),
that, is,. to . o h .
. 8.. . . -

) 2x=
This.sentence is equivaienf to ' i
G- e@), ‘ S
that 1s, to ' .
- - ‘ ' ) x = U, '('“ : r ‘ )
Hence, "3¥.+'76= x+ 15" and "x = 4" _are equivalent sentences: ’
and. the desired truth set is (4}, - o . °
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Let us examine this example closely. When we say -that
"Ix 4+ T = x + 15" is eqdivalent to "2x = 8", we mean that every
solution of the first sentence 1s a.solution of the second ggg
every solution of the second sentence is a solution of 'the first.
How can we be sure of this?‘ We know that, (-x - 7) 1s a real -
‘number for every value of x. Thus, when we add (-x - ?f.'to,both
mémbers of the first sentence we. obtain another sentence ‘'which is
true for the same v§iues'6f X and possibly'more. To" show equivé—
lence of these sentances we must also verify that every solution of
this second séntefice is a solution of the first. This we could do
. by adding (x + 7) to the members of the second sentence to obtain
the first sentence, thus, showing that every solution of the second
sentence is a sdlution of the first. b
The point is that we did not need. to perform this second step
of reversing the operation. We knew it was possible, because we’
know that the opposite of (-x -'7) 1s also'a real numbef for ,
every value-of x. . o
"«Xp the same way we know that "2x = 8" 1s equivalent to
4“ because the’ operation of multiplying the members of
= 8" by §' has an inverse operation, that of multiplying.by
2., In fact, every non-zero real number has a reciprocal which 18-

L4

real number.
Thus, two Operations which yleld equivalent sentences are:
-3 (1) adding a real number to both members,

(2) Umltiplying both members by a non-zéro real number, |

All the sentences we solved, thus far, have been of a type
whose members are polynomials.. Recall that a po&ynomial’involves
no indicated division with variables in 'the denomimator. As a
result we have not needed to face tne problem of finding simpler
sentences by mﬁltiplying members of'a senﬁence by expressions
involving variables.

Let us now consider other types of sentences, including those
whose mémbers are rational expressions,

.
[
<




1
- Example 2. Solve —2—- 5

By multiplying both members by 2(x + l) we can obtain a’
sentence free of fractions Will this ‘opgration yield an equiva-
. lent sentence? Yes, because for every value of x, 2(x + 1) .
2 non-gzero rfeal number. Thus the Senterce is equivalent to

r

\

—2— 2(x + 1) = ‘2(x + 1),

that is, to
l' ¢

that 15, to
(x < l)(x+l)' 0.

~.

Finally, this sentence is equivalent to '{\
' . T ox . - 1=0" or x * 1=0,

4
and we find the desired %ruth set to be {l

—

»

Problems
I

'l. ' For each of %he fpilowing pjirs of sentences, determirie whether
' or not the sentences are eq ivalent "You can prove they are

equivalent by beginning with either Sentence‘and applying "
operations that yield equivalent sentences, until you arrive
at the other sentence of ‘the palr. - If you think they are ‘not
equivalenb try to prove it by finding a’ number that is in

the' truth set of one, but not in the truth set of the other.
& >

(a) ~ 012 ’

b

(b) 5§ = 3S.+112
(e) 5& -4 ="3y +8
“Q'(d)"?S-SS':N}e
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| ~
(e} 22 i ¥=10 -~ ; k2= h Y
(£) 3x+9—2x=7x—12,.;" '%-=x ¢
. N )
(g) x2=x-1 ; 1=x-x°

’ -

 (n) H===3 " v - 1=3(ly]+2) .
. ¥y + ) . . ) \ P

‘(Hint: Is (|y| + 2) a non-zero real number for every

valueof/‘:'y'?) . } .
-(1) %2+ 1 = 2x ) ; (x:1)2 =0 ’
(3) x2 - 1=x-1 ; x+1="1 R ,
2 .
o 2
(k) Zxt2-0 ‘o x° +5=0
x~ + 5 .
‘r2 °.. 1)
2
< (1) —2——2"* =1 ; x“+5=1
o X +5‘ . ] ] R
iy {(m) vZ 4 1.=0 L lv+al =0

. ~ ’
LI

“ oy - .
2. Change ea’g:h of the following to a_simpler €qulvalent equation.

(a) y+ 23 =235 (&) x(xZ+1) =2x2 +2 2 "
8 B . . 1' .
19, _ ' +  (Hint: I8 '—~—— a non-.
o (p), ¢ = 19 .- o ( v xS+ 1
(¢) 6 -t =7 - ) zere réal number for every
(a) 1 1' - ! . tvalue of . .x?)
- 78175_5 : (£). y(lgd + 1) = |yl + 1,
3., Solve (that is,.find the truth set, of), if possible: - '
' _ - . 2 vy .3 |
(a)" 11t +.21 = 32 £y $+5=%5+3%,
’ . . '
®) $-%=3 (g) bx +3=x+6
(¢) gx -"17 = 33 o) exe1=x2
(@) 6 -~s=s+6 ! (1) FhHyeyPerel = yh-yoeylyel.
() s -6=6~s ' ' - R
. J ' 3
. '293 .
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4, Often we can simplify one or both members of a sentenee.
What kinds of algebraic simplification will guarantee_that
the simplified form is equivalent to the original? Consider
combining terms: ’ , )

(a) Are 3x-2-4x+6=0 and -x+ 4 =0 equivalent? -
Consider factoring: :

- .

(b) Are ‘%2 - 5x + 6=0 and (x = 3)(x=-2)=0 ethvalent?

. (c) Are _E__—E 4 ané X+2=14 equivalent; g
.035. | In each of the following pairs of sentence$, tell why they
Ke “are equivalent or why they are not equivalent. y
o 2(a) 2a+5-a-= 7 5 a+5=17 .
(b) 3;2 - 6x ;/O : 3. 3x(x - 2)s=0 ' .
Q (¢) 3x° = 6x o 5. 3x = 6 o 6
® v () mP=6x S P oex=o0
(o) 652 +3-25°=5+y+2 WP+3=3i7 .
;f, s (£) b+3=0 ; 5y 0=b+3 |
‘o (g) 2‘=@Z_ ‘:q'; 2=y + 2 L * !
N t . . .
R (h) 2(h+2) +2(h+3).=27; 4 +10=27 -/ ' |
> -, . “\

-

We have been careful to add only real numbers or multiply onky .5
. by n\n-zero real numbers, because we are sure that such operations g‘
yield equivalent sentences. Is it possible that other operations
may.also yleld .equivalent sentences? pLet us look at another example.

<

Example 3. Solve x(x - 3) = 2(x - 3).

Without any formal operations we can guess that 2 and 3-

are solptions of this equation. Are there others? In an attempt ¢

" %o find a 'simpler, equivalent sentence3 ‘we ‘might-be tempted to Nt
multiply"éoth members by 3 Then we obtain the new éentence
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: 1 e V1. ',
x(x - 3) . 2(x - 3) ‘X =3 ’ ,
which in simpler form is” ’
X'= 20 '

Tt 1is certainly true that 2 i% the only solution of this sentence. _
This means that the operation of’ ltiplying by —-3 yielded a ,
new sentence with a smaller truth set, ‘I‘hus, such an operation will (/

not necessarily give an equivalent sentence. You have probably

.detected the difficulty: for X = 3, r_ES g{ not a number, and
.,the operation of multiplying by —-1-—3- is sensible only for values )
of x other than 3. “ N

a

Exa.mple 3 suuggests that we must never add or multiply both
members of a sentence by an expression which for some value of the
variable is not a number.

-

. : -2 _ 1, C
Examp_‘le, B-_. Solve fi—_—,I =2 - X -1 L. . - .

We firgt observe that the domain of x cannot include the
number 1. 4(why?) Thus, we are really solvipg the sentence

! x:-2
x—_I—2"—I and x;ll f . .-A

It is“na.tural to multiply ‘both members of the equation by (x - 1)z
Is * (x - 1) ‘a real number oy every value of. x. 1f 1ts domain?
Is (x - l) non-zero" (Remember that x ;é 1.)  Therefore, we e
obtain an equipalent sentence- by multiplying by (x - 19:

¢

y

X =2 » , .
ﬁ‘/(x" 1) = 2(x"2 1) - 'x_-T°(}F. - 1) ‘and x # I,( , .-
’ "X -2=2x-"2~1 and x#£1, O . IS

..‘,.\1=:€ and x # 1. "o .

Thia latter sentence has an empty truth set. Hence, the original}. o
senténce h 8. no, solutions ' . - : L
The ‘problem in Example 4 points out that e must)be careful £o,
ekeep‘\a ‘record’ of the- domain of the warlable, Thus, we.-may multiply
b an expression which for all values in the domain of the variable

A is a non-zero ga:l. number. : .

»

4 n o , . R
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. Problems ~ v
. . ) . . v": -
l. ~Forheach of the following phrases decide whether it is
*{1) . a-real number for every value of the variable, )
(11)& a non-zero rg%; number for every value of the variable.
.( ) iJ‘ 2 ‘n 3 1.‘; M - ( )/ x2 ' ﬁ‘ -
a X~ -8 + . N g .—2—-‘
l\ /‘ i ../" . y X0+ 1 ’
N ' 2
N .3 - by, y X+ 1
(P I - " (n) T
o %) RS . ’ x“ + 1 ' S
= g 2
) 3 +rTwg, . (1) ve+ 1 o a
o, A - . * ° N
@ vtrg (3 -3, Voo
) ’ IS . . e . .
. ; ; ‘
(e) My + 11 Ry &
5 ° v ! ° ) 2 l' . oA )
. A - I3 - .
(£). |yl + 1 . , (11 ga—;—I . Y
2. Solve: g N ; /
o () Ly -3 @ pkpaizdae -
./ y-2 ° . \ x=-2%x-2 : "
« . ~
. X - ) ! ,« N _+ X
WFE @i
- B . . L -
. R Ty
~ (e) 31(- +3=2 L. (£) x(x® + 1) =~»2'_x2 + 2
- ] x ) - ’ ) Toa ’
3. $ind the dimensions of a rectangle whose perimeter is 30
inches and whose avea. is 54 'square inches. .
.+ Find three éuccessive integers such that the sum "of their |
" squares is 61, . - ‘ - - \'
"5.  The sum of two numbers s 8 and the sum of their reciprocals
15 & What ere the numbers? .
6. '

In a certdin sgchool the ratio of boys to girls was %. if
tnyre were 2600 students in the schpol how many girls were
. there? . . . . . . v
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7. Show that the equations~-4x:¢-§y =6 and y =6 -9 are
. i N . - .
equivalent. T - - L. .

R

8, The sides of lengths %
and 2x -{5 o}'the fir?t
triangle she have the ..
same rdtic as the gides °

»~—= ..6f lengths 4 and 6 .-

- ' respectively, of the second .
‘triangle. How long are the =~ °
two sidés of the firxst’ )
triangle? - ' ' :

‘o

~ . P d

‘ Equivalent Inequalities. We have already goived- certain
inequalities by obtaining siﬁpler equivalent inequalities Recall
that we  of'ten. used the properties- )

“For real numbers a, byc, a<b.if and
only 3f af c<b+e¢, ‘ .

~ . .

for’ ¢ 'positive, a < b if'and only irf ac < be,

.

for ¢ negative, a<b if and only if ac > be.

. It uurns out that the operations we may perform on an inequal— )
. C ity to yield an equivalent inequality are somewhat like those, for
equations. The only difference is that when we multiply both mem-
bers of an inequality by a non-zerp real number, we must be sure
that it is positive or that it is negative. + For example, x2‘+ i

¢

is always positive for every value of Xx; —Q———— is always
o i , x° + 2 -

negative for every value of Xx; but 2 _ Y is negative ?%r some f'
values, positive for other values, and| O for others, -Hence, we
snall not use X° -1 as a multiplier. .

-
4




b

To

_ities are: b X /

(1),

@

(3)

We
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summafize, some operations which yield equivalent .inequal-

+

adding a real number “to both members,

multiplying both members by a positive number, in
which case the order of the resulting products is
unchanged, '

multiplying both members by a negative number, in
which caseé the order of the resulting products is .
reversed. )

E;amgle 1. Solve %& -6 < %y +~g. ‘ X o

may first multiply both members by the positive real number

30 to obtain a sentence free of fraotions:

24y - 180 < 20y .+ 25. .

- A

Now we add the real number -20y + 180 to. both members :

’

- ) by < 205 \

Finally% we multiply by the positive real fumber

What is

these sentences are equivalent.

v<ER

the truth set of the original inequa}ity° Explain why all
. 4

Example 2. ‘Solve - —g—73 -1.
X

Since -(x2 +1) is & negative re&l number for every value

of x,.

we may multiply both. members by \-(x2 + 1) to obtain the

equivalent sentence , . S .

1<x%+ 1y, ' e

s - . , ¢

By adding -1 +to both mémbers, we have the equivalent sentence

. .0 < x°. : . .

The truth set-of this final sentence is the set of all nonzzero
real numbers. This is also the truth set of the original inequality.

L]

‘@



1

(a) x + 12 < 39

)

3.

'

v

5.

(b} 45 -%<0 and 13t <0 - . C

n)
\O
)

L]

Problems ’ ' '
2X0D_CNS

>
L4 ’ ‘ /

Sélve Fhe following inequalities‘by changing to simpler
equivalent inequalities.

(e) x° ;.52 4

¢

(b)'~f§-+ 2x > 33, .. (t) '?g'ii < -2 |
- 2+ ‘
(c) 8y -3 > 3y + 7 . {g) - _EE___ s -1 C
‘. X '*'2— \ . !

(d) '3'<4+-6~2 ! - ’, |

Solve the follqwing sentences .

"~

(a)“ 1<lx+1<2 . .
.(This is equivalent to "1 <bx + 1 and b4x +1< an .y

(e) -1<2t<1
(d) 66 +320 or 6t -3>0 o o

(e) x-1|<2’ ]

ot < 1 3 ¢ ' j
Graph the truth sets of the sentences in Problems 2(a), (c)
and (3) . . . .o

N .
Solve 3y -x+7<0 for y; that 1ls, obtaln an equivalent
sentence with R alone on the left side. What is the truth’

.8et for ¥y when x =17 Now golve 3y - x+T7<0 for/
What is the truth set for x 1if y = =27 !

Write an open sentence expressing that a cértain negative
number 18 less than its reciprocal SoIve the sentence,

% ¥ 4
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N Equations InvoYving Factored Expressions. When you
solved quadratic ‘equations of the.form

(x -A)(x +'2) =

yod needed this important property of numbers..

For real numbers a .anq b, ab =20

‘if and only if v a=0 or b=0. . <

Restate this property for the particular a and b in the above
equation. Interpret the "if and only £f" in your own words.. - It is
this property, and the fact that x - 3 and x + 2 are real
numbers for every real number X, that guarantee the equivalence
of the sentence "(x - 3)(x + 2) = 0" and the sentence

"x 3 =0 or x + 2 = 0". Thus, the truth set 1s {3, -2J.

How would you extend this property to equations such as

abed = State a generdl property for any numbéFpof Jfactors.
Wrat is the truth set \of -

S (x+l)(“\%- 3)(2% + 3)(3x - 2) =
. . | -

" Problems -

Find th; truth gets of':

(a) (2 +2)(a-5) =

(b) (x + 3)(x + 1)(x - 2)(x)
()" (37 - 1)(2y +.2)(hy - 3)

501ve£ ,

-

(a) %2 - x =220 0

2 _ 191 . N

(b) 0= X
/(o) (x% - 1)< + 5x4 6)
() Ax? - 5)(x2%.24) = 0

-




. 3 ] ' ‘ . - ¥
(e) x% =25x | L o .
(£} 2x° - 5z = 3 . S ‘ .
(8) %% + x = 2° SR
3. Find thé truth set of the sentence . ‘. R
- (x = 3)(x - 1)(x+1) =0 and, |x - 2| < 2.
v’ We have beéen careful to avoid adding or multiplying by ;n

~ expression wHich for some value of the variable is not a real
" ™ number, Let, us look at another example which 1llustrates this

danger. _ ) '
L 7/

this example: Solve (x - 3)(x? -1) = 4(x2 - 1).
- - - ( 1Y

- *

eIy
Consider

4
~

a

"Our first impulse is fo .multiply both sides by ﬁé——l— But
. x© -1

for- some values of X, 7-1——— is .not a real number. Which*values?
r X" -1 ~ . - '

o

Inst'ead, sifq_ce' 4(:;2 - 1) 1is a real number fpr every x, 1et us
ddd -B(x® - 1) to both members, giving * N
D C (% —-3)(x° - 1) - ¥(x% - 1) =0 N
T x-3-BET -1 =0 T T (my?)

v

o  (x e (x-1)(x+1) =0

-~

Each of these sentences is equivalent J./o \evel'r"y other. What is the
Sresulting’ truth set? If we had multiglied each side (unthinkingly)

s

-~ .

by _El__;_" - what zeould bé the trutH set Sf the resultiﬁg sentence?
x° - .

o * . [
This erxémple warns ys that "ac = pe" and "a = b" are hot .
equivalent. Instead, we follow a sequenhde of equivalent sentences:

A"

' aé=bc
. ac - bec =0
N (a -d)e=0 \ : .
* . . a—b/=0 or ¢ =0 ’
v - - «

- N - B
t e e e ey N 4
’ . _,:e 3()0 —
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This,tells us that the sentgnce

! ac = be

is equtva;eﬁt to the sentence -

. a-b=0 or ¢ =0, .
when %, b, and c¢ are real numbers. ¢ T
L3 , . ’ s '
‘ Problems -
‘ . v &
1. Solve _ o
(a) x(2x - 5) = 7x N -
(b) (3 + x)(x? +1) = 5(3 + x) o ~

~(e) (x-2)(3x +1) = (x - 2)(x - 5)
(@) 3(x® - 4) = (4x +3)(x2 - 1)
(e) 5x - 15 = x° - 3x ‘ " N ’
2. Multiply both members of the equation "x 2 2 an by (x - 1): )
Areithe new and the original truth sets the same? Is x - lk

- zero fgp some value of x? o

¥
“
3. Multiply both members of the equation ng2 g by (% + 1),
Compare the dew and the origindl truth sets. .Discuss dny
" differences the two multiplications made in the truth sets in

Problems 2 and 3. o

Fractional Equations. The'ezpression ,% is not a reail

number when x 1is 0. Therefore, when weigiﬁ to solve the equat}od
5 1 . ' ‘
[ i-2.
~~

we are limited to numbers other %han 0. In other words, we must
. N A T

e m e T

solve the sentence’ -~- -~

.

- - i=2 and x;éo - .

e e e —— <

e ———— A LE P TR |

- S M S e




o .
Knowing that x camnot be 0, .we may then multiply by the non-
zero.number X to obtain ; .

°

_ 2.x
’ 1

.

2 and X A0, _ .°
2x and x # 0.

L ~

Hence, "-}]-E =2 and x #0" and "l'= 2x. and x £-0" are equiva-
lent seéntences. The latter has the truth set [%-}. Thus, %- is .
the solution. . . '

Another way to handle this same problem is.pegeadd -2 to
_both members of "% = 2", giving

*

-2

]
o

M-

(Why?)

]
o

1 - 2x
- ~ﬁ} o x
What a;le\ the requirements on a and ¢ ‘for: the number %
to be 0? They are, first, that c # 0" (why?), and ‘second, that
a =0 (Why?). Thus, the sentence "%(: o" ' is equiyvalent to the
sentence ""a =0 and c¢ £ 0", l )

.. Then nl - = 0" 1s equivalent to what sentence? Your

- answer should be¢ "1 -/ex{’o\ and x # 0", which is the same
,sentegce we had\befgre. Can you find the truth set of ";—%-]2‘- = o"
in the same way. ) . t
The same two approaches can be used on more complicaﬁed
fractional equations. Thus, we can solve t—l’fé equation
- Co 1

elther by multiplying both members .oy a_suitable polynomial (Wh‘at
is 1t?), or by writing it first as. & - y=— = O and then,
simplifying to a_single fraction. In either case we ‘must récognize
two "illegdl values" for x, O and 1. The solution is §ubject

to x not taking on those|values . Using the qqéond‘ method, we

get " 1 ; X -'-xx ‘=L.‘F ‘which’'is equivalent tp "l -"2x =0 andg,
x# 0 and x # 1". The splution of this sentence is %-, which is,
thereforé",'%e solution of the original sentence. '

3

. .
i
302 "
Y - ).’..' .
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' Bs a final example, solve: . % . L

-

- X~-2 - x-72 _
- Since, x # 2, then upon multiplying both membersXey x/- 2 we
‘obtain o P T '

( v, ’ ” . . h
x_f? . (x - 2) x_?§ . (x - 2) and . X % 2’ ‘ .
Xx=2 and x # 2. -

“ . " x - _ . 2 " ” .
Hence, the sentence X -2~% -7 is equivalent to the sentence.

=2 and X # 2". @hat 1s the truth set.of this sentence? '

- . <

. Problems . .
s ‘ b ) /‘
Solve %he.fo}lowing’equaﬁions. .
2 ,.3_ “ : x-12 ’x. .
1. £- z =10 . 6. (ETI—I) = }
& .
X" x _ d -2 X
2. z-3=10 ~ T xoztyop=l
. 1 ' x 2
3.4 x+'i"= 2 . 8.- (m)(x - l) =0
. o .
- 3-2+5y 1 2 l-y. 1l+y_
4 %y T Ty :’3,,3 9 ITEytA=F =0 '
/ ‘ A
: i__1 . : l-y l+y
50 Feyor=el 10. Ty " T-%=°

11. '(a)‘LPrinting bress* A can do a certaih job in 3 hours and
" . press B can,do the same job in. 2 houfs. If both
presses work on the Job at the same-time, in how many "
“hours can they complete 1t? fy N T

A“,”

~ .

(b) If presses A and C work on the job together and
complete it in 2 hours, howxlong would it take press
C to do the Job alone? -

N
| L2

_(¢) Presses A and B begin the job; but at the end of the
first hour press B ‘breaks down. If A finishes the

Job alone, how long does A wqﬁk after B gtops?

4

303 - C

’ %
. . - ¢ 7\{
. v . '
. .
. K t
JAFuitext provid: c : .é

)
> 3

‘iu

.

x "2 - A
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- -Squaring. If a = b, then of course a2 b®. Why?

‘Db you think it is true, conversely, that if a? = b2 then a =1D?
You may see at once that this is not so. Give an example. Hence,
Na2 = b2ll
On the other hand, we can alter a
"” equivalent sentences as follows:

_ pe
2

and "a = b" are mot equivalent-sentences.
2 _ b2 through a chain of

. a2 = b2
a2 -2 =0 )
(a - b)(a +b) =0 :
a-b=0 or a+b=020
) ‘a=Db or a=-b

s .Tell.vhy each of these sentences is equivalent to the next one.

Thus, "a 2 _ 2" gnd "a=b or a=-b" are equivalent sentences.
If we square both members of the sentence "x = 3", we obtgin
= 9", which is equivalent'to e -~ 3 or x=-3". Thus,
squaring the memhgrs of a sentence sometimes enlarges the truth set

-

ll2

/

4 : . o
, ) Problems . ;
- Tell what squaring both members does to the truth sets of the
9 following equations. S .
1. x=2 ‘ .3, x+2=0 _
=2 .

gg B
In the-above problems it 1s obvious what the original truth set’
is, and we haven't had to use the new truth set ta obtain the old.
However, sometimes we square both members of an equation as a
4 sigpligxing process in situations where we don't -already know the P
truth set. We do know, as in, the above problems, that any solution
of the original equation 1s a solution of the equation .obtairied by

-

2, x-<1=1 ' y, x -1

#




squaring. But'we-also know that the new fruth set may be’ la er I
than the old. Therefore, each solution of the new equation t be
‘checked in the original equation in order to eliminate any possible
extra solutions that may have crept in during the squaring.

Example 1. Solve ~/E—Ij§ =1 : .
If'Vx + 3 =1 15 true for some x, ' then ’ s
'(~/§_;_3)2 = (1)2 1s true for the same x; - '
‘* X +.3 =1, ¢ S
o X = -2, C

If x =2, then VX7 3= V253 = JT=1.

A}

Hence, -2 1is the soiution.

« ggple‘e Solve V/""+ x =2,

our objective 1s to square both members and obtain an equation’
. free of radlcals. Let us try it. -

L]

h [
, . (VX +x)2 = 22, S
' 2., st 3 2. .2 . ’
. - (VX)) +2(JE)(x) + x°=2 .
- Tox o+ =J/x #; x° = y,
Apparently, we have arrid at a more éomplicated_sentenbe which
still contains.a radical. Instead, let us write the sentence in '?
: . . ' e
the equilvalent form . )
. - C. WX =2-x) I
7 - ] ° e . 4 \v'/\,'u
before squaring its members. ‘Then we obtain .
, ’ ’ ]
(/B2 - (2 - ) S
%= b ix + x2
* ” 0 =104 - 5x+x2
0 =(x.-4)(x -1)

’ x=U4 or x=1,
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" In other \;lorde'; 1f there are solutions of the sentence they must be
in _the set {1, 4}. Checking each of these possibilities, we find
that 4 does not make the original sentence true, while 1 does.
‘The solution is therefore, Y. -

&

Example ‘3. Solve {x] - x=1. '

Again we can obtain a simpler sentence by squaring. Here we -

“use a fact about absolute values which you should prove in Problem -
9: le2 = x2 for every' real number x. Then we have the sequence

of- sentences ’ - .

lel x + 1 .
(1x% = (x+2)2 |
. ) x2=x?+2c+l'

Tox+1=0

x=--]é ' .

Checking back, we f£ind that -% does make the original equation

true and 1s, therefore, its solution.

Y " -
‘ ’ ! .. . Problems
. . ) . i

Solve the following equations by squaring. ) .

1. "~/"22t=l+x ‘ ) 5. 3~/x+13=x+9' T
o, .

2, V2 +1l=x+ 1y ’ 6. |2x|=x+I ‘

3.- Yx+1-1=x . : 7. 2x=|x] +1

'l&‘ Vix -x+3=0" 8. |x-2| =

9, Prove: FoX every real number X, o .

) 2 2 ‘
- ! ‘XI .= X
A. ) L, . < f'”

N
*

N

oD

-~

~ .

N
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10. The distance between x and 3 on the number line is 2 more
. than x. Solve for x. o !

. 1l.  The time t 1n seconds it takes a body to fall from rest a
distance of s feet is given by the formula

t =y %%‘ Find s 1f t = 6.25 seconds and g= 32, T

* ¢

. — ‘dk ’ .
Graphs of Open Sentenceés With Two Variables. If we assign
the values 0 and -2 to the variables of the open sentence

s

~

3y - 2x + 6 =0,

* v
Mis it then a true sentence? To which variable did you assign 0?. -
To which =-2? Were there two different ways to make these assign-
ments ? . ) ‘ 1 )
To avoid the kind of confusion you met in the preceding &
paragraph, let us agree that whenpver we write an open sentence
with two variables, we must indicate which of the variables.is to
be considered first.w%ﬁhen‘phe variables are x and ¥, as in
the above example, x will always bg considered first,
' With this agreement we are ready ‘to examine the cognection K
between an open sentence with two ordered variables and‘an ordered-
+ pair of real numbers. ¢ Among the set of all ordered pairs of real..
numbers, each pair has a firsp number which we associate with the
first variable and a second number which we associate with the
second variable. In this way, an open sentence with. ‘two ordgred
variables acts as a sorter--~it sorts the set of aft ordered pairs
of real numbers into two subsets: Y.
(1) the set of ordered pairs which make the sentence frue,
and (2) the set of ordered pairs which make the sentén@e false,’
As before,‘we_call'this first set the truth set of the:zentence. *

» . . kX
. &

of

A}

. ’ et s

s
*® . ' ‘Vﬁ
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Now we can answer the question in the first paragraph if we
schify the ordered pair (O, -2) Does the ordered pair (0, -2)
belong to the set of ‘ordered *paifs for which

.3y - 2x + 6

+

is a trﬁe sentence? Does the ordered pair (-2, 0) 'beldng to the
‘truth set? - :

An ordered pair belonging to the truth aet of a sentence with
two variables is ‘calléd a solution of the sentence, and this ordered
pair is said to satisfy the sentence. If '# 1s taken as the first
variable, what are some selutions of - :

L 8 r + 19
. x

Does the ordered pair. -2, =3) satisfy this:senpence? Is '
(-3,, -2) a solution? . . ,

If u 1is taken as the Sirst variable, what are//eme ordered
pairs in the truth set of ° - < S

.o °

~ , 1

/

/

/

Is (-1, 2) a solution of
this sentence?

Throughout this- chapt shall use only x and /y as
variables, in order to focus gttention on prOperties f sentences
with two ordered variables, BU Jmany times in the fature you will
you must always decide which

s sentence? Does (2, -1) /satisfy
I ~

//\ n

see other variables used, and the

variable is used first. ' oA
One ofher point needs to be gtresged. “The sentence "y = 4"
can be considered as a sentence in one variab ¥y, or it can be

considered as a sentence with-rtwo ordered variables x and Y.
When we say that "y = 4" 1is a sentence with two variablés, we
mean that "y = 4" 1s an abbreviation fo

' (QRX,+\(1)V =

-




What 'are some solutions of this sentence? What is true of every
™ ordered pair satisfying this sentence? If "x°= 2" i3 a sentence
-/ with two variables, then "x = ~2" 1is an abbreviation for .

(1)x + (0)y = -2. N
What 1is true of every ordered pair satisfying this’ sentence? )
' Remember tha4- every point of the plane has an associated pair
of numbers called its coordinates. Now we see that .an open sentence‘
with two.ordered variables not only sorts the set of ‘ordered pairs .
of numbers into two subsets--it also sorts the points of the plane (“
{hto two subsets: . N '
(l) .The set of all points whose coordinates satisfy the
sentence, and . . .
11 other points.- '
As before, we call this first set of points the gggg_ of the
\ sentence:, ) L .
\ We shallrbe interested to learn what sort of figure on the
plane this graph will be for any given sentence. Let us try, as
an example,- the sentence .
2 3y - é’: 0.

" We can guess several solutions,jsuch as, (3, 0) and (o, -2)

* Try to guess some more solutions Notice that it would be eagier
to determine solutions 1if we write an equivalent equation having . y
by itself on the left side:-

-~

A

& -3y -6=0, .
,‘ ' -3y = -2x + 6, }_1 EREE :
. 3y = 2x -6, T Tk
< - ' ® ‘ o . e ‘y = %k )-‘2 e ‘

We call this last equivalent sentence the Y-form of the original
sentence. - Now We see that "y = -g-x - 2" can be translated into an
English sentence in terms of gbscissas and ordinates of points on
its graph: "The ordinate is 2. less than 3 of ‘the abscissa.

. [
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» & . .
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3 _ (9,4)— ,
- ,/
2 % :
l < A 1' hd
’ 2 LA
- of | V1(3,0) X
V
P B
r
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’ P -
A (-6, 6) >
P!
V
- -~ Figure 1. : ‘
° ' In Figure 1, the points . (-6, -6), (3, 0)- and (9, 4) seem '
to_1lie on a stralght line. ' This brings up the question: If we

" draw the line through these points, will we find op it all the

points such. that each has "ordinate
abscissa™? Furthermore, we must ask: Is every point on thi‘g line -
a point whose "ordinate is 2 Tess than % of the abscissa"?”
Suppose we try a point which appears to be on the line N such
as point A in Figure 1. The coordinates of this point are (6, 2).
Do these cqordinates satisfy the equation 2x - 3y - 6 = -
It turns oup that every point on this line
vhich satisfy the equation " 2x - 3y - 6 = 0.
When we say that a specified line is the graph of a particular
¢ _open sentence, we mean that both our questions above are answered
affirmatively: ‘ S B
) (1) if two ordered numbers satisfy the sentence, they are the
coordinates of a point on the line; .
:1f a point is.on.the line, 1ts ¢ coordinates_satisfy the
open sentence.

4 ' ’ e

2 less tha.n -3- of the

1nates

4.

.
’ i -

b e -~
v

L d — “
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Thus, the line drawn in Figure 1 is the graph of the sentence
’ - 3y - 6 - )

We can do the same with such open sentences as N <
3y + 5x - 11 =0, 2x+5=0, -8y +1 =0, etc., and in each
case conclude that the graph is a line. < T

This shggests that the Qollowing general statement is true.

“ If an open sentence. is of 'the form .
‘. AX+By+C=0, - - .
‘where A, B, C are real humbers with A " and
B not both’zero, then ts- graph is a line;
everf line in the planefis the graph of an
- open sentence of this form

We “Yriow that evegx Open sentence has a graph, and we suspect

‘that every graph is associated with an’ open” sentence. O0Of course,

some‘open sentences may_have graphs with mno points (emptz graphs)

and others with graphs whigh cover regions of the plane. Later we
shall study such sentences.

< Problems : -

t,

»
.

1.. Where are all the points’in the plane whose ordinates are '-3? .

.2, With reference to a set of coordinate axes,_find,the points,
© such %hat: . . L e *

T
LA - » :
(a) each has The abscissa equal to the opposite of- the
ordinate, using all possible pairs of real numbers which
have meaning within the §cope of xour graph, With refer-
ence to the same axes, locate
O
- (B) the points such that each has ordinate twice the abscissa,
(e) the points such that each has ordinate that 1s the opposite
" . of twice, the abscissa. _ -

.« - -
What generel statements can you make congerning these graphs?
Write open sentences for each of the graphs drawn. - *

-
4 ¥

Vs

.
G
v}
T e
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3. With reference to one set of coerdinate axes, draw the graphs
“of the following, and label each dne. ) .
(a) y=x+5 & )y y=2x -5
(b) y=x-3 ) (e) ¥y = %x + 2 ’
T e) y=2a4s5 T (f) ye-gx-2
How does the graph of (a) differ from the graph of (b)? | ’

How does the graph of (c) differ from the graph of (d)?
How does the graph of (e) differ from the graph of (f)?
What is ‘true of the graphs of (a) and (b), and also of the
graphs of (c¢) and (d), ,that is not true of the graphs of

‘(e) -and (£)? v

v

With respect to a set of coordinate axes locate points for
which the abscissas are

. N "'2, "'l, o, l, 2, 3 R \
& ’ -
respectively, and for which each ordindte is e equa 1 to 3 times the

abscissa. Do these poinfé\gie on a line?
Now locate points having "these same abscissas, but for whieh
.eac ordinate is ggeater than 3 times the abscissa. Do these
new {points lie on a line? Does each one lie above the corresponding
pant of the first set? C . e '
The pofnts in the first set satisfy the sentence-

s v = 3x
‘while those in the second set satisfy the sentence

¥y > 3&x.

.The sentence "y_.= 3x" is the eguation of a line, and the graph

of "y > 3x" is the set of all points-above this line, as ‘shown

by the shaded poxrtion of Figure 3. Thus;, the graph of a sentence A
gsuch as "y >-3x" 18 the set of all points of the plane for which

the sentence is true. If the verb is "is greater thafor equal to",
thet 18 ">",—-we -make- the-boundary- 1ine solid as in Figure 2,

n

o~
~
L,
o




while the verb "is greater than" is indicated by.using a dashed
line for the boundary between the shaded and the ﬂnshaded regionsi

as 1n Fiéure 3. 'In these two 1llustrations, the line 18 the graph
“of the sentence ¥y = 3x. This graph, ‘which is a line, separates
‘the plane into two half-planes, The graph of ¥ <‘3x<f?’i,s~ ‘the half-
plane such that every ordinate is less than thzyee times ~J;he '
' abscissa; 1t 1s the set of points below the line y = 3x** The

. graph of y < 3x’ 1is the lower half-plane 1ncluding the line

//

= 3x. , -
AUAUANRNEBNRNAD .
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C ¢ Figure 3. y > 3x

- Problems _
! : - a
1. With referehce: to a set of coordinate axes indicate the set of
polnts égsociated with the ordered paies of numbeys such that
- each has an ordinate two greater than the abscissa. What open'
‘§éntence can you write for this set? Now draw the graph of
the following open sentences. ' -

‘ <

| (a) y>x¥2; (b) y>x+ 2.

| Is 1t possible ‘to draw both of these graphs with reference to
the same coordinate axes? ‘

} é. 'Given ¥y = |x|. In this,sentence, is* y eyer negative? Write

the solutions for which the abscissas are: -3, -1,s O, '1%,
~ 2, 4. Draw the graph .of the open senténce y = |x| within

. the confines of .your coordinate paper.- - -
‘ _ N .




In Problem 3 ¢ ’ -
(1) Write the sentence in the y-;orm‘ff:“:“fgﬂﬁg_
(11) "FInd"at least three ordered pairs of numbers which
.satisfy the-equation. (Why do we need no more than two
points to graph the line? Another point is desirable
as a check.) o = .o

(1i1) * Draw the graph to its full extent on'your paper. .

3. With reference to one set of axes, draw phe gréphs of thé
following. : .
(2), 3x -2y =0 ()" 3x - 2y = -6 )
. () 3x-2y=6 - (e) 3x - 2y-= -12
C () -2y =12 '

What 1s true of the graphs of all these open sehtences°

N, ' Draw, the graphs of each of the fdllowing with referencegggga
different set of axes.

4 ~
L v

(a) 2x - 7y =14 \ ,(A) =~ Ty < 14
(b) 2x - 7y.> 1 (@) 2x -7y » 14 ,
5: With reference to one set of axes draw the graphs of each of |
. the following. ) \
(a) sx-2y=10 .  (c) sx+y=10
(b) 2x + 5y =10 (d) 3x-Uy =6 ¥

-

Which point seems to lie on three of'these lines? Do its 4
coordinates satisfy the open sentences associated with these
three lines? -

Te Draw the graphs of the open sentences. (Find,at least ten

’

L * ordered pairs satisfying each equation ) VT
@) y=R | @) v-x2+1
, () v =[x () y=4

Are the graphs of\tﬁese open sentences lines? How do these
open sentenceg differ from those considgred in previous problems

<
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in this chapter° Can we say that the graph of every open

sentence is a straight line? . .
> to.

- @

. H . -

Graph the following open sentences with reference to the same
coordinate &xes:

(a) y = §x () y=%x+4 - (c) y=5x-3

For the first of these no table of values should be necesSary.
We need simply note that the ordinate must be % of the abscissa.
In order to get points which are easy to locate we could choose
multiples of 3 for values of x. To draw the graph of the secong

open sentence, we should note that to each ordinate in the graph of
’

the first we add 4. How could we find the ordinates of points for

the third open sentence? (Figure 4.)

What are the coordinates of the points at which lines (a), °
(b), and (c) intersect the vertical axis? Do you see any relation
between these peints and equations (a), (b), and (c)? We call O,
4,, and -3 the y-intercept numbers of their respective equations.
Points (0, 0), (0, 4) and (0, -3) are the y-intercepts of the
respective lines.. Explain how the graphs of "y = %x + 4" and
"y .= %x - 3" could be obtained by moving the graph of "y %x?.
Notice that the coefficient of x again determines the direction
of the lines, whereas the y-intercept numbers determine their

positions.

[}
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Figure

.

Write two open sentences

y-intercept number is8 6 and the coefficient of x 1is 3

Draw the graphs of these open
I the figures which &ou
«8ection, all of the lines had

" different directions. We say

/
The slope of a line

a -

the line. TR

The slope may be ,edther positive, negative or O.

4,

such that the absolute value of the

sentences,
dréw in the first part of this
the same y-intercept, but many

that:

. Y

is the coefficient of x in
the corresponding sentence written in the y-form.
¢ It 18 the number which determines the direction of

¥

~

i

For what positions

of the line is the slope negative? O? What is the slope of’the line
= 2? Can the equation X =2 be written in y-form? Remember that
only non-vertical lines have slopes.

In Pigure 5 we havefs line which is thé graph of
What is the slope of this line? The line passes through points °
Verify this.

q2," 2) and (%, 7).

is 7 -¢2, or 5. The abscissas of the points are 2 and L,
réspectively. The difference of these abscissag is

"y 2 gx - 3"

The ordinates og these points
are 2 and 7, respectively, and the difference of these ordinates

| QP
<3

or 2.
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’

If we divide the difference in ordinates by the difference in L
_abscissas, we obtain the number . . -

-

_But-this 1is the siope of the line! We think of the difference in
ordinates as the vertical change and the difference in abscissas
as the horizontal change from (2, 2) to (4, 7). Thus,

o R
- 9 (a.7)
1/
- L /. *
= p(z‘a) L) -
| 7
ol / X
/
\
“ °
/
, .,»
,i Figure 5.

~
w

vertical change _ 7 -2 _'g T .
. horizontal change . .

3

Note the order observed in finding these differences: If the firsﬁ

number in the numerator is the ordinate 7 of the point (4, 7),

the . first number in the denominaéor must be the abscissa 4 of the

.same point. What value would we find for the slope if we used’ds

the first number in numerator’ and denominator the ordinate and

abscissa, respectively, of the point (2, 2)? How 'would this value

compare with the value Just found? - v
- We can now prove that the ratio of the vertical change to-the o

horizontal change from one point to another on a line will always

-be the slope of the line. ’

M
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a

Theorem. Given two points P and Q on a non- o

vertical line, the ratio of the vertical change ’
~ . to the horizontal-change from P ‘te Q is the

slope of the line.

*Proof': Consider the non-vertical line whose equation 1§'

Ax +By +C =0, BFO o

(Why must we make the restriction B # 0?) Let us write this in -
y~form: o
* AT C .
y=-§x+--§. .
Thus, by definition the E;dpe of this line is - %. Next, consider
two points P and Q on the line with coordinates (¢, d) and
(a, b), respectively. Since these points are on the line, their
coordinates satisfy’ its eqﬁation, giving the true sentences

.Aa +Bb +C =0 ‘
Ac + Bd + C = 0.
If we subfract the members of tpese two equations, we have the true

.

sentence ~
A(a - ¢) + B(b*= d) = O.

This may be written as

’ N -~ «

) b-d4d_ A .
[N a 1. C - B (Why?)
ae 7

But* b ~d 1is the vertical change and a - ¢ is the horizontal
change from P- to Q. This proves the ., theorem. .

What '1s the slope of the line contéining (6, 5) ana °
(-2, -3)? Containing (2, 7) and .-(7, 3)? -

.( v J




h ’

A Y ' ‘ e 315 .

Problems

1. Find the slope of the line thro?.gh each of the following pairs
. , =<

of points. . ., | .
- 5
(a) (-7, -3) and (6, 2) " .
() (-7, 3) ang (8, 3) - )
(c) (8, 6) ana (-4, -1) ‘
(@) (3, -12) and (-8, 10) ' «
(e) (4 11) and (-1, -2) S
(f) (6: 5) and (6: 0) e R
(8) (o, 0) a-Ud (-6, '2)
(h) (0, 0) and (-7, 4) ) -
T
’ l ~T-(6,2)
: ‘ - 1y = g LA
.L /
" /' ° +
' ///l 2 X
A ) .
| . e . } .
‘ B e (R A B ol (6,-3) B
s . I
In Figure 6 we, note 1;hat the s‘l\ogeg of the line is 2"_' :,:; K

Vo

or '.’L%' We could check this by counting the squares, finding that
from (-7, -3') to .(6, 5) there are 5 units in the yertical =~
change and 13 units in the horizontal change. It would be possible
to write the open sentgnce of this line with a bit more'iﬁfprmation,
that is ,?" if we knew what the y-intercept number is. -

¢ i

-,

-~

-

LR 320 o

. , ‘ . ¢
. - Figure 6. - E
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In the case of the line in Figure 7 we note that 1t contains -
the points (-6, 6) and (o0, -2) From this ‘fact we can determine ~

the SlOpe to be 6 - "2 = - 3- - g.w We know, then, that ,:-".

Y= - gx is the equation of a line with the same slope as the one

we have 1n Figure 7, but which. containsg the origin. We see that i
the y- ;ntercept number of the, line in Figure 7 is -2; hence, its
equation is "y = - =X - 2", What is the equation for a line
. parallel to the line in PFigure 7, but which. contains the point
« (0, 6)?

L y
. (-6,6) - ’
\\ n ,
™ \\
(-3,2) 2 . X
I
\\‘ ‘
ty No | 2 X |
j.:‘ » 0" 2) -
]
- D\
f 9 N
wﬁ
N '
Figure 7.
| ' Problems

1. What 1s° the gquation of a‘line which contains the point ‘
(0, 6)  and is parallel to the line whose equation is
¥ =X 27 :

]
A

2. What 13 the equation of a line parallel to y = gk - 2 and
containing the point (0, -12)?

, )
3. What 18 the slope of all lines parallel to y = - gx?

[




e

4. Wnat is the slope of all lines pargllel to ¥ = - x

L)
. B, What is the equation of a line whose slope is - % and whose

¥-intercept number is -3ﬁmw. . ’i

6. What fs_ the open sentence of 2 line which passes through .
(4 11) and (2, 4) and has y-intercept (0, -3)? 3 .

7. What 1s the equation of the line which contains (5, 6) and
(5, =4) and has y-intercept number 0? v

>

Now let us see how the slope and the Y-intercept can help us
to draw lines. Suppose a line has slope - %; and y-intercgpt
number 6. Let us draw .the line as well as write its open sentence.
To draw the graph, we start at the y-intercept (0, 6). Then we
nse the slope to locate other points.Pn'the line.

N
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y The fact that the slope is'” - 3 tells us that between two
certain points on the line, the vertical change is -2 while. the
horizontal change 1s 3; Dbetween two points the vertical change is
L whiie thé horizgntal change is. -6; etc. A Iisg of some of the

possibilities is . K
. Qertigal change - Horizontal change
-2 s 3
2 -3
4 ) -6
-10 . . 15
? In every case the ratio is - %. If we take the point which wé ‘

know is on the line, (0, 6), as one of the two points, we cgn find
another point 3 units to the right and 2 units down; another
point is 3 units to the left and 2 units up. We can repeat this
process as often as we wish, and quickly get several-points through
which we may draw the line. Write the open sentence for tﬂe line.
How would we hagve chosen .the points with respect to (0, 6) if the
slope had been <§? What is the open sentence of this line? 'E,
Mhat 1s the form of an equation of a line which has no slope? °
What is the slope of the line "x = 2"? What i3 an eghdtion of the

line through (-3, 4) which has np slope? o .

” .
" “Problems ’
~ ’ » ’
1. With reference to a set of coordinate axes, select the~point
\ (-6, 3 and through this point: "o \

(a) draw he 1ine whose slope is %. What 1is an equation of
this line? ) '

’

: (v) Draw “the 1ine through (-6, -3) which has no.slope.
¢ ‘What is an equation of this line?




/

Draw the following lines: ¥

(a) through the point Qg, 1)" with slope --%.
(b) through the point (3, 4) with slope O.

(¢) through the point (-3, -4) with no slope.
(What type of line has no slope?)

-~

Consider the line containing the points (15 -l) and (3, 3).
Is the point (-3, -9) on this line? (Hint: Determine the
slope of the line containing (1, -1) and (3, 3);- thén
determine the slope of the line containing (1, -1) and
(-3, -9).) ' -

l S

(2) What do the lines whose open sentences are "y = 5% - 3",
'y = %x 4, "y = 3% - .7" have in common?

What do the lines whose Open\senfé;ces are. "y = %x - 3",
" 3x 3" ny
T - ’

y = 7; - 3" have in common?

Y

What asé the lines whose open sentences are "x 4+ 2y =

+ ¥ = 3", and "2x + 4y = 12" have in common?
'éx
—

Show that your answer is cqrreot/ny drawing the graphs
of thése "three lines. !

Write each of the following equations in the y-form. Using
' the slope and the y-intercept, graph each of the lineb.

(a) x-3=7 . (¢) Ux + 3y =12
‘(b) 3x - 4y = 12, (d) 3x - 6y = 18
Are you certain that the!graphs of these open sentences are

lines? Why° . *

Write an equation of each of the following lines,

(2) The slope 1is ‘g and the y—inpercept\number is O.

" (b) The slope is -2 and the y-intercept number is %.'




-

\‘ 7§

< 8.

"ex + n".
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-7 "and the y-intercept number is”’

{e)

¢

(a)

The slope is -5.

Thegslope is m and the_ y-intercept .number b b. -

Can the equation of every straight line be put in this
f6rm? What aboutwthe equations of the coordinate axes?

Write the equation of the’ line whose y-intercept number is 7
and which contains the point (6, 8). what is the‘slope of
the 1ine? Can you yrite the slope as Er{}{g? -

-

What 1s the slope of the line which contains .(-3, 2) and
(3, -U4)? (x, y) 1is a point on this same line, verify

that the slppe is also i_g"%_gT' Also veriﬁy that Z.é_é;%%\

is the %iope If -1 and izzirggy are differenﬁ names for
the slopé, show that the equation of the line is

"y - 2= (~1)(x 4+ 3)". Show that it can also be written \\__
v+ 4 = (-1)(x -~ 3)". « ",
ertq the equations of the lines through, the following pairs

of péints. (Try to use the method of Problem 8 for parts |
(c¢) and (d).)

(a) (5, 8) anda (0, -4) () (-5, 3) °
-(b) (5, -2) (0, 6) ) (-3, 1)

(4 2])7/nd
Any polynomial of first degree. in one variable x "of the form
"wx + n", where k and n are real numbers, is -said ‘to be
linear in x. It‘is called linear, since the graph of the
open sentence "y = kx + n" 1is a straight line. The graph of
"y 2 okx + n" is also called the graph of the polynomial
"Draw the graph of each of the following linear
polynomials:

(a)
(v) -2x + %

(-3, 3) and

and

. ) S’

2 -5 . ° (c) §x-1

(a) - %x + 2




11.

Consider a circle of diameter 4.

(v,

Write an expression in d for the circumference of the
circle. Is.this expression linear in 4? ‘What happens
to- the circumference. 1f the diameter is doubled? Halved?
If c¢ is the circumference, what can you say about the
ratio 7%? How does the value of % change when the
value of s changed? )

Write an expression in 4 f;r the area of the circle.

Is this expression linear in a2’ Is it linear in a%?
If A 1is the area of the circle, what can you say about

the ratio % What about the ratio '—5? Does the value

of the ratio H change when the value of 4~ 1s changed?
Does the value of —? change when d is, changed° ©

¢ - o

hY

[N
-
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. SYSTEMS OF EQUATIONS AND INEQUALITIES ) -

V4

Systems of E _ggations. We began a study of compound
sentences in Part IT™ ‘What-connectivbs are used in cSmpound sentences?-
Let us first consider *a--compound sentence of two clauses in two

variables, whoSe connective ‘is "or"; for example,

X+2y-5=0 or 2X+y =1,= 0. o
Wheh is a compound sentence with the connective Mop" true? The
truth set of this sentence includes all the ordered pairs of numbers .
which satisfy "x + 2y - 5 = 0", as well 2s all the ordered pairs
which satisfy "2x + y - 1 = 0", and the graph of ifs truth set 18
the pair of lines drawn in Figure 1. :

3

Y ' .
-t * .
%ey
AR
' N O R
YR .
. \ )
* N N -
\ S Egt
% \ N ' N "
. % = X
) \i " )
= 2 R <z
» * lo) X
- e, 1
‘Figure 1. .

Name three ordered paf}s of numbers which belong to. the truth set

-

of * i . . v
L x4+ 25 -5-= : ‘\ .
" Name four ordered pairs which belong to the truth set of ‘ _
SR 2X+y-1=0, - — .
. ' 4 . , ’ ’, .
- ' { | ! N
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... Jhich of these ordered pairs of numbers are elements of the truth
set of the compound open sentence . '
LT e - x4 2y - 5=0 or ZX+y-~-1=0?
~

If we remember that the sentences "ab =,0" and "a = 0 or
b = 0" are equivalent when #§ and b are real numbers, another
way of writif§ this compound sentence would be )

v / . "f’_
(x + 2y - 5)(2x +y - 1) = 0. ) .
Now consider a compound sentence with the connective "and"
instead. of "or". Which ordered pairs are elements of the truth /

set Bf thé compound open sentence "x + 2y - 5 =0 and
-2x +y-- 1 = 0"? Note that only one ordered pair (-1, 3),
satisfies both clauses of this sentence, and therefore the graph

of the truth set of the open sentence "X + 2y -5 =0 _and
2 )

‘2x +y - 1=0" is the intersectiop of the pair of lines in

Figure 1. ‘

We shall devote most of our attention to compound open
seritences made up of two clauses connected by and. - This sort of
compound open sentence, with fhe connective "and", is often written

, (x+y-1=0
/ ix + 2y = 5=
This is palled a Bystem of equations in two variables. When we
talk about the truth set of a system of equations we mean the sef
of elements common to both the truth sets. As We have seen; the

4

truth set of T . ; ¢
{2x +y - f - ( ‘

non
o O -

lx+ 2y -5
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e compound sentence, "x '+ 2y - 5 = 0 and
and looking at Figure 2, we see that there are

+y-1=0"%
marg compound open sentences whose truth set is .{(-1, 3)}; for
) and "X + 2y -5=0 -

example, "2x.+y -1 =0.and y - 3 = 0",
.and x +'1=0" are twWo such equivalent compound sentences,

because thelr graphs ire pairs of lines intersecting in (-1, 3).
State at least two more compound®sentences whose truth set is

“ Returning to

4

{(-1, 3)}. wnat is the truth set of
"x+1=0 and y - 3 = 02

~ N\
Y n
S5 a .
'.\,\}ks § i . -
. 31\ \ .
- = y-3=d
A
: W N
- y ‘L i‘
T T
e’
T J%
ry + O 1 N L S,
il :
- I NTd : , X
- Figure 20 *
© ¢ <
From this 1t appears that we could easlly find the truth set
of any compound open sentence of the gype
N/

%X +y-1=0 and x+2y -5=0
.1§ we had a method for gétting the equatioﬁs of‘thg:horizontal and
e T=¥B%ical lines through the‘intépsection of the graphs'®f the two

»

* clauses. , ] .
. o T, 4 3.
"+»There are many lines through any point. Here 18 a method A
‘which, as'we shall see, will glve us the'equation of any line -
' ‘

through the intersection of two. given lines, provided that the
lines do integfect in a single point. We shall again use the 'system
. R ‘ ' A
o ! ‘ X+2 -520 .
' 2 +y-1=0 .

1

‘b

. to illustrate.

‘ y L 329 - ‘ (
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.

We multiply the expression on the left of the first equation
by any number, .say 3, and the&ef§ression on the left of the
second equation by any number, say 7, and form the sentence

3(x + 2y - 5) +7(x+y-1) = -

We see that:

(1) The cobrdinates of the point of intersection (-1, 3) of the

two lines satisfy this new sentence:
3(-1 + 2(3) - 5) + 7(é(-1) + 3 - 1) =8(0) + 7(0) = 0.

In general, we know that a point belongs to the grgph-of a
seé%ence i1f 1ts coordinates satisfy the sentence. So the
graph of our new open sentence -

"3(x+2y -5+ T(x+y-1)=
contains the point'cf 1nterséction of the two lines
"X + 2y = 5=0" and "2x +y -1= o".
(2) .The graph of the new sentence is a line, because:
3(:&+2y

L2y - 5) + T(2x +y - 1)
3x + 6y - 16+ Ux + Ty - 7
*17x + 13y - 22,

0

and we know that the graph of any equation of the form

Ax + By + C = 0 1s a line, when elther A ‘or B 18 not’ O.

Suppose we use this method to find the, equation of a line
éhrough the intersection of the graphs of the. two equationss:

5% -y + 13 =0,
X -2y - 12 = 0. ’

o\
0 B

If we have no particular line in mind, we can use any'multiplier§

we wish, Let us choose 3 and -2, and form the equation:
3(5x - y + 13) + (-2)(x = 2y - 12) = O. )

.

E

’

.

-

g
%
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Let us aSsume that the point (c, d) is the point of inter-
section of the graphs of the two'giveﬁ equations., Since this
peint (¢, d) is on both graphs, we know that

- i
5¢c -'d+ 13 =0 and ¢ -2d - 12 =0

g

1s a true sentencel Why?
, Substituting the ordered pair (c, d) .n the Meft side of
our new equation, we obtain ) :

3(5¢ - d + 13) + (-2)(c - 24 - 12) =0) + (-2)(0) = o.

Hence, we know that‘if the grap of the first two equations inter-

se¢t in a point (¢, d), the n:i'liné also passes through {ec, d),

even though we do not know what the point, (e, d) is. )
In éeneral, we can say:

f

; If A£ +By+C=0 and DX +Ey +F =20 are ) L
the. equations of two lines which intersect in

exactly -one point, and if a and b are real

pumbers, then

a(Ax + By + C) + b(Dx + By + F) = 0

1s the equation of a line which passes through
the point of intersectionef the first two ° y
liges. ’

Now that we have a method for finling the equatiqps of lines :
,\through the intersection of two given lines, ét'us see if we can
select our multipliers a and b,.with more care, so that we can
get the equations of lines parallel to the axes.
- The system
- {Sx -y +'i3
XP- 2§ - 12

o .
0 )

gave usisome trouble when we tried to guess its trgth set from~the
grapgif Let us see if this new approach will help us. Form the
senteénce

4 a(5%xv- y + 13) + b(x - 2y - 12) = o., SN

’
-

«\\3:31
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Let us choose a as 2 and b as -1, so that the coefficients
of y become opposites:

(2)(5x -y +13) + (-1)(x -2y - 12) = 0O
10X - 2y + 26 - x + 2y + 12 = O
9% + 38 =0

- : X + 4% =o0.

This last equation represents the line through_the intersection '
of the graphs of the two given equations and parallel to the “y-axis.
Let us go back and select new multipliers that will give us the
equation of the line through the intersection point and parallel to
the x-axis. What multipliers shall we use? Since we want the co-
efficients of x to be opposites we choose a =1 and B = =5,

(1) (5% - ¥ + 13) + (-5)(x - 2y - 12)
5% -y + 13 - 5x + 10y + 60
‘ S 9y + T3

. y + 8

We now have the equations of two new lines, "x + 4% = 0" "and
"y 4 8% = 0", each of which passes through the point of intefsection
of the graphs of the fIrst two equations. Why? This reduces our
original problem to finding the point of interseetion of thesé new
lines. Can you see\g&gt it i8? We see,lthen that the truth set of

the sys.tem

.

o O O O

.- ' -y +13=0 - ; )
X -2y -12=0 ’

is {(-4§' 8%)} Verify this fact by showing thet these coordinates
satisfy both equations.:

Now we -have a prOcedure for solving any system of two linear
equations. We choose multipliers so as to obtain ‘an equivalent
system of lines which are horizontal and vertical. The choice qf
the multipliers will become easy with practice.

- Consider another example: Three times the smaller of two
numbers- is 6 greater than twice the larger, -and three "times -the

) larger'ﬁs 7 greater than four times the smaller. . What are the

numbers ?

£
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The smaller number x and the larger y must satisfy the

open sentence ,

.

. 3 =2y + 6 and 3y = Ux + 7.
This sentence |is equivalent to '
3x - éy ~-6.=0 and 4x -3y + 7 = 0. ’

Choose muitipliers so\that the coefficients of . x will be opposites.
4 and -3 will do the trick. o '

4(3x - 2y - 6) + (-3)(4x - 3y + 7) = 0
12X - 8y - 24 - 12x + 9y -21=0
- ] ¥y - 45 = 0,

#

Now We could choosq,multipliers so that the coefficients of y
. would be opposite . Another way to find the line through the

intersection and arallel to the y-axis is as follows: On the"
line "y - 45 = E every point has ordinate U45. fThus, the
ordinate of the"ﬁoint of intersection is 45. .The solution of the -
séhtence "3x - 2y -'6 = 0" with ordinate 45 1is obtained oy
solving "3x - 2(45) - 6 = O" or its equivalent, "x - 32 = o",
Hence, the sentence "3x ~ 2y - 6 =0 and "4x - 3y + 7 = O" " is
equivalent to the sentence "y -’45 =0 and x - 32 = 0", Now it
1s easy to read off the solution of the system as (32, 45).

In the above example, what is 'the solution of the sentence

"hx - 3y + 7 =0" with ordinate 457 Does it matter in which
sentence we assign the value 45 to yﬂ

"

ample 1. Find the truth set of 5 .
4x-3y= 6
[y a't'sy=16c
. . . bx - 3y - 6 =0
X+ 5y - 16 =0 ' .
. 1(4x - 3y - 6) - 2(2x + 5y - 16) = 0
bx -3y -6 - 4x - 10y + 32 =0
- lsy + 26 =0
26 = 13y :
2=y ~/(
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men y =2, ' . P : .
4bx - 3.2 = 6 -
x = 3. ‘ ‘

' c PN
Therefore] "x =3 and .y

sentence. ‘
The truth set is {(3, 2)}.

2" is equivalent.to the origina

Verification: v Left : Right

First clause: =~ 43 -3.2=12-6
L = 6 ' 6 ‘
Second ciause: <23+ 52=6+ 10 _
. = 16 . 16

Example 2. Solve

' o 3x, = 5y + 2 , '
2x = 6y + 3
) 5 J-sy-2=o0
‘ - 2x - 6y - 3 =0, 7 :
6(3x-5¥-2)-5(23c;6y-3)=0 - s
“ ‘ 18x - 30y - 12 - 10x.+ 30y + 15 =0
" : : 8x+ 3=0
‘ y : © 8x = -3
x=--8- ' ¢
N .-
2(3x - 5y - 2) -'3(2x - 6y - 3)\=o
. 6x - 10y - 4 -6x+18y+9=0

8y+5=0 \ v

- y 8y = -5
y=- -3 ’
Therefore "x = -% and y = = -g", is equivalent to the original
el L]
sentence. | . . - . .
2 N ¢
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The solution is - (- 8 - E) ‘ L

Verification: . " Left Right ,
First clause: 3(~ %) = -g— 5(- g) + 2 = ':_28'5“"%6:
=-2°
, ” 8
Second clause: 2(- %.) = -% (- g') +3 = "“]f[‘é""]f;?' -
. _ 3
. T
. Problems
N . - -

1. Find the truth sets of the following systems of equations by
the®method just developed. . Draw the graphs of each pair of
equations in (a) and ,(b) with reference to a different set of

axes. .. o _ ( '
' (a) ‘B3x -2y -1k =0 (e) 3 - 5% =0
T .27:+3y+ 8 =0 3y = . x -6 )

(v) j5x+2y= 4 (f) {%}H y=2 .
3% - 2y = 12 y-3x =1

() y3x-2y= 21 . (g) [7x-6y=9 .
2x = Ty = =50 lox -8y =7

(@) Jx+y-30=9
X-y+4+ 7=0 .

2. We can also use the operations which yield equivalent open
sentences to solve a system of equations. The method which
results is.essehtially the same as that,used above. For
example, consider the system: o

N -
a ‘ 1. A,

3X-2y-5=Q. . %
[ *x+ 3y «x 8 =0 ¢ %
. 1
] and assume that (¢, d) is a solution of the sYstem. Then -
gach of the following equatigps\is true . "
. i YA -
! o
. _ :r'u’:]‘ H
335 A
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© T 3¢ -2d -5=0
. c+3d-8=0
. A ’
3(3¢ - 2d - 5) = 3(0)
2(c + 3d - 8) = 2(0)
Sc - 64 - 15 =0 ) -
’ 2 +6d - 16 2 0 :
1le - 31 =0 ,
31 -
¢ =37
Also,
3¢ =2d - 5=0"
+3(c + 3d - 8) : -3(0)
3¢ ~2d - 5=0
\ -3¢ ~9d + 24 =0
~-11d+ 19 =0
_ 19
d = 7%- )
Soeif there is a solution of the system ' R
3x - By - 5= 0°
" x+3y-8=0 :
_then that solution is ’ (%, 11% . We must verify-that this is-a
solution. ) . L [ "
_ 33 - 2(4) -5=0 °
: o N sy -8=o0

~

Are these sentences f:rug? N
This 'is often called the addi€ion method of solv,irfg systems
of equations. Use this method ‘for gg.nding the truth sets of’the
. following systens.

1
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(a) x-ly -15=0 (¢) |ex=3-2y
3% +§5y -11 =0 3y =4 - 2y
(®) [x=3-2 () [ =3-2y
3y=4—2x 3y=4-3x
Translate each of the following into open sentences with two
variables. Find the truth set of each.: .

(a) Three hundred eleven tickets were sold for a basketball
game, some for pupils and some for adults. Pupil tickets
sold for. 25 cents each and adult tickets for 75 cents
each. The total money received was $108.75. How many
pupil and how mény adult tickets were sold?

(b) A homeroom bought thfee-cent and four-cent stamps to mail
bulletins to the parents. The total cost was 312.67.
If they bought 352 stamps, how many of each kind were -
there? . ‘

(c) A bank teller has 154 bills of one-dollar and five=-
dollar denominations. .He thinks his total is $465. .
Has he counted his money correctly?

Find the truth sets of the following compound open sentences.
Draw the graphs. Do they help you with (b) and (c)?
(a) ,x -2y +6 =0 and 2x+3y+ 5=

() 2x -y-5=0 and b4x -2y - 10 =0 .
() .2x+y-4=0 and 2x+3%-2=

"Find the ‘equation of the line through the 1ntersectio of the

lines 5t - 7y =3 =0 and 3x - 6y + 5 = 0 and passing
through the origin (Hint: What is the value of C 80 that.
Ax + By + C = 0 1s a line through the origin?)
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In Problem 4 you found some compouhd\pen sentences whose
truth sets were not single ordered pailrs of numbers. Which ones

were they?  Let us look more tlosely at each of then. -
. 3

In the open sentence . "
v Noy -y -5=0 and U4x - 2y'- 10 = 0",
'R A
we note that "ix - 2y - 10 = 0" 1is equivalent to
. ) v
- - 2(2x -y - 5) =2(0);
80 we see that the .graphs of both clauses are identical, as shown .
_ in Figure 3, and the lines have many points in common. # - -
y .
State some of the numbers of the T / )
trmth set of the cempound sentence. R RS .
: . (o)
Is the truth set a fihite set? < -
what happened. when yoﬁ ‘,tried to \ :’
. 7 *® +
solve the open sentence algebri- - 2 T Vas
cally? Why didn't the method 'Y \
0 I ” Kl
work? ‘ C < o X
N
. /e .
\ ;
; -
. | R R
¢ N ‘/ I , ® ‘.
P . . Figure: -
A somewhat different cond:Ltion exists Jé:r;'inhe dompound sente‘rice
"x +y-L4=0 and X +y-2-= o%. First,.write the sentence -
in the form + hoo - g, 7
' o~ - “o {Q ¢ -/ @ ‘n, " 5 :
y=-2X+4 and y=-2x+2, ° S ",
3 » - N “~ . . . -
o T g
g iX ) ( P "l(\ S 3
, X1
> ' 4 " e e
. T
/.
» ‘ {
. @ “\
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What is the slope of the graph of

each of these equations? What is . '
the y-}ntercept number? We see

that the graphs are two parallel -

lines, as in Figure 4, and there

is no intersection point. 1In

such a case, the truth set of the
compound sentence 15 the null set.

What happens if we try to solve

the sentence algebraically? Why?

;; Figure 4,

Let us try to summarize what we have noted heré; *The truth
set of a compound open senten in two variables, with connective
"and", may consist of one ordered pair, many ordered pairs, or mo
ordered pairs,- Correspondingly,'the gréphé of fhe two clauses of -
the open sentence may have one 1ntersection,'many 1ntersectibns,

or no intersections.

Example 1. o f
Equations - . Graphs .

2Xx -3y =4 and x+y=7 The two lines whigh are the

g = gx - % and y = -x + 7 graphs of the clauses Have one -
. Intersection, since the slopes of
The truth set is {(5, 2)}. the lines are not the same. The

’ v graph of the truth set is'the
; //'7 single point (5,#%).

Y _ é*}f‘e

) -
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Example g; R ) ] ’t
2x - 3y =7 and Uix, 6y.= 14 The graphs of the two clauses

N f the open sentence coingide
= 2 7 - _ b 14 ° ) 1n\ ’
y=3-3 ?ﬁa Y= -5 - since the lines have'tng/éame slope

fhe truth set Is made up “-gnd" the same y-intercept number:
of all the ordefed palirs whose The ee;ire gine 1s the graphjsf‘the
coordinates satisfy the first truth set.‘ ‘
equation. (Note that the
second clause is obtained if
each mémber of the first clause
of the original open sentence
is multiplied by 2.),

. Example §;

1

2 -3y =7 and #x ! 6y = 3 The graphs of the two clauses

'2 g 4 3 of the open senteﬁce-are parallel
V=% -3 and y =gX - g lineg, because they hdve the same
slope, but different y-intercept
numbers. The graph of the truth
o set contains no poings.

The ‘truth set is g

Notice, in Example 3,.that the coefficients of x and y in
the equation 2x - 3y = 7 are related in a simple way to those in
the equation ix - 6y = 3. . ’ - -

o .

L2 =34, and -3 = 3(-6).

3
LY

In general, the Peal rMumbers A- and B are Bald to be proportional
, to the real numbers C and D if there:is a real number k, other
than 0, such that . ‘

v

A =KkC and 'B = kD. i

.
s
- - . .
L. C. B . . .
. ) . N ’
. .. . i . )
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Thus, the numbers 2 and -3 are proportional to 4 and -6,

the number k being %. If two lines are parallel, what can you

say about the coefficients of x and ¥y in their equations?
Another way to s¥y that A and B are proportional to C

and D 1is to say that the ratios *
ot o % and %_

are equal, or

A_B
[/ N

Problems

4

Solve the folIG%ing compound open sentences .

(a). x+5 -17=0 and 2x -3y -8 =
(b) 5x-Y4g+2=0 and 10x - 8y + 4 =
¢) 12x - 4y - 5=0 .and 6x:+ 8y - 5 =
)

(
-
(d) x -2y - 5= O and 3x - 6y‘h\\2

(e) -gi)-l_o and 3( 1%)-

Consider the system,
{ X - y-T=0
5x +°2y - 4 =0
Suppose we write these equations in the following form:
¥ = -7 and y = .2x + 2
(called the "y~form") and draw their graphsn

°
o
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At what point on the graph , ) \ )
of this system are the . ’ \' y g‘

’ values of y equal? What \ 9: .
is the value of X at ‘this, Y
‘point? If we set the valués ? MLy
of y in the';wo sentences 5 \< 2 s
equal tol each other, we have - \ A .
the open sentence in one :
variable,- . ﬂ? - .
The'truth set of this sentence 1T \3%
is (2)}. Using this value for 7 L ‘
X~ 1n each open senpence, we Figure 5.
get:™ N )
y=2(2) -7 . : T =-32) +2
. . »
€ y = -3 0’ N -{ » ) '. y = -3’- {'

Why do we get ~ "y.= -3"“ in both cases? Hence, if the compound
open sentence "2x -y -7 =0 and 5x +2y - 4 = 0" has a
solution, it must be, (2, -3). Verify that (2, -3) - is the

. soTwtion. ;
. Suppose that we shorten our work somewhat by wrﬂting ¢
only the finst equation in" its y-form.
y= -7 “ '« '\
Then we replace y 1n the second equation by the expression
n2x_7“ o
. 5x + 2ex - 7 -t=o0.

let us proceed to solve this open sentence in one variable
5x + Ux - 14 - 4§ =

9x - 18 =
o ) X = 2.

,
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Then,
5 FT=2x-T=2(2) -7 ==~
so that™ (2, -3) 1is the gpssible'soluéion\of the system -

- [Ex - ¥y -7 0
+ 2y - 4 =0,

' The method Just deseribed in which we "solve one of thé -
equations for y 1in terms of x" and thén substitute this
expression for y' into the other equation is called‘a
substifution method. Solve the fallowing systems using which-
ever of the above methods seems more appropriate.

(2) [3x+ y+18=20 . (4) Skt 2y -5 - -
|- Ty - 3420 ¢ {x-3y-18 '
(b) * ny'= R (e) [x+ 7y =11,
-gx+4o x - 3y = -4
T (e {5x"+~2y-4=0 ) [x= Iy -
. 10x+4y-8= Y‘—""g'x

<:3. As we have seen, the truth set of the combound open sentence\
Ax +By+C=0 and Dx +Ey+ F =0

may consist of one ordeﬁ%d@pair of numbers, of many ordered
pairs, or of no ordered ggérs. . .

~(a) If the ‘truth set consists. of one ordered pair, what can
you say about the graphs of the clauses?

(b) If the truth seﬁ~consists of many ordexed ﬁéfés, what, is
true of the graphs of the two clauses? Are the two
clauses of the compound sentence equivalent?

(e) 1Irf the truth set is » How are the coefficiengs of x|
and y related:in’ twg clauses? - What is true of the
graphs of the:clauses?

-

)

i

.

\"’ "
#

.
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_Consider, the system
\

ux;+ 2y - 11 =0 .
X - y- 2= Q
In four different ways find its truth set. L )7A
Solve in any wayﬁ Explain why you chose a particular method
in each case. ' -
: Ty
(a) {3x+2y=l {-’5-335:1
2){—;3&:18 (x+$\y=7
(b) X -2y = Gg 6y + (2 - 4x) =3
X+2y= 0 i‘ux 2(3y - 1) = 2
(¢)” [(x =2y - % { 5 -=(x+y) =2y
X +a ¥ = & - (35 + 1? =1
(d) éx.— by - 120 ’ 4 X - 7y =28 <’
X + 4y -9 = 0 {3x + 11y = 92

In’ Problems 6-13 translate into §pen sentences, find the truth

set and answer. the question asked . '

The sum of Sally's and Joe'!ssages is 0 years. In,five
years the difference of their ages wi e & years. What
are their ages. nowé\_d > R N
A dealer has some cashew nuts that sell at $1.20 a pound
"and almdHds that sell at 3$1.50 a pound. ‘How many pounds
of each “should he put into a mixture of 200 pounds to sell
at $1.32 a pound? - n -7

1
In a certain two digit number the units' digit 1§_one more
- than twice the tens' digit. If the unixs' digit-is added to
the number, the sum is 35 more than three times the tens!
digit. Find the number. — \

o,

344 -

Find two numbers whose sum i 56 and whoge difference is 18,
{ o

-t
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10. Two boys sit'on a see-saﬁ; on& five feet from the fulcrum
(the point where it balances), the other on the other 31@
six feeg)from the fulecrum. If the sum of the boys! weights
is 209 pounds, how much does each boy welgh?

11. Three pounds of apples ‘and four pounds of bananas cost 31.08,
while 4 pounds of apples and 3 pounds-of bananas cost ;
‘$1.02. -What is the price per pound of apples? Of bananas? .

12. A and B area.ég miles apart., If they leave at the same

3 time and walk in the same direction, 'A oyertakes B in 60 .
) ‘hours. If they walk toward ai:h other they meet in 5. hours.-. .
What are their speeds? - . * :

13. In a‘ 300 'mile race the drivédr of ch A gives the driver -
¥ of car B a start of 25 miles, and still finishe§ ope-half-
» hbur sooner., "'In a second trial, th? driver ofscar A . gives’
the driver of car’ B ) start of 50 miles and loses by '12
minutes. What were the aveyage speeds of. cars A and B -in
miles per hour° . . ‘ . . - 3

™ . " . ‘ . ] “f\r“
A\

Systems of Inequalities. We haze defined a system of
eﬂuations as a compound open sentenée in which two equations ane
< .*Joined by the conndctive " ana" We also introduced. a notation for

P this . Carrying the ideaidver to inequalities, let us consider

. systems like the follofving _ . ‘
“\(a){x\+2y‘-4~>o". (‘E) {3::- - 5=

2x'~ y-3>%° x+3y -9«
(c) What would the ph of x + 2y -kE>o0- be? You.recall )
gra

.

,) 7" that we first draw the graph of )
- . - A 3
.Y S x+2yelb=0, - S .
-4?" ‘ - Lt . ‘ - o
” \ . - \ .
- . Y N S
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: AN
f‘L*(I/I/ Y .
e 4 Lo
5 !
. 0 ’
i Y 2 A .
- A4 l, ” .
o 1i/f2 34 X .
L4 3 \
N
‘ Q7 \\\‘ ’ M
.o X NN
/ N
I 4 =
!
2
o
~ N )
’ Figure 6.

using a dashed line along the boundary Why? Then we shade
the region above the line, since the graph of "x + 2y - 45 o",
‘1fe. of "y > - §x + 2", consists of all thoSe points whose
g ordinate is greater than "two more, than - %» times the
" abscissa". In,a similar way, we shade the region where
"y < 2x - 31, This' is the region below the line whose “quation

is "2x -y - 3 =o0", Why is the line here 210 dashed?. .When -
would we use a solid line as boundary° '

v
~ . [

. Since the truth set of a. compound open sentence with the
connective and is the set of elements common to the truth setsxof v,
the two clauses, it follows that the truth gset of the Eystem (a)

- is the region indicated by dqnble shading in Figure 6.

*
3

(b) What would be the graph of a system-in which we- have one
» equation and on inequality, such as Example (b)? What
. is tggegmgpbybr‘ "3x - 2y - 5 o"? .

3
.
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C y ‘ .
. LT -
L] 4 I I ¢
2 .
Q) .
L 3 ~\’/
* .
~, 3y ~3. *,Q/ ,
- PE% >_;O »
. . 7] ¥ R 1
//1 Pd f
- // od /,J/ 4 ’ X
SALOALV eSS4 5 47777 S
v poav.vd ANAAAANAN
AL 2%4%% % %%% %
LA I )
Y / ¥ vy r Yy Yy V V ¥ Y g .
. . A ” .
/’ - f / . £ {/ . .. . .
' : A AN A JNAXA AN N ‘ ’
. . Figure 7. ' .
. Is the graph of "x + 3y - 9 < 0" the region gbove or below -
} " " the line o,
\ - X+ 3y -9 =0?
-~ . ] . ) '
| Is the line included? Study Figure 7 carefully, and describe
the graph of the system ,
| ¢ . e ' 3x -2 -5=0- " s
- ' x+3y -9<0., :
‘ l ' R - 3 -
\ - \ - . -
! - — . . . -. ~
| « ° ° Problems' ' -

- ’ Y A r\

~

Draw éra.phs of the truth/s/ets of i:he. following systems: !

‘, 1. fox+ y>8 ) 5, x+y<h v
| . Ux - 2y < b Q IFrx+y>6
‘ 2. [6x+3y<o . 6. Jexey>h
| , Uk - yg<b X +y<6 .
3. [sxwoy+1>0 7. Jex- ygu o ] .
3x - y-6=0 bx - 2y < 8 3
« ‘/" o -
_lhk 4?c+2j=-1 : o
i y-'le& | 84“/ *
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Let us consider the graph of the compound open sentence

X -’y -2>0 or x+y-2> 6.

. First we draw the graphs of the clauses

"X -y -2>0" and
n no 3
X +’y 2> 0", Y Ve
%
|| V'V
+ 4
- 1 *, %% v
N
e\‘ 0 )
(o] \\
4
4 / Ve
Xn
AN
- A'\ *
- 0 v
’ 3 - */(b
+ . :
Ll
. Figure 8.

Next, we recall that the truth set of a compound open sentence with
the connective or is the set of all elements in either oft the truth
sets of the clauses.
under considerdtion includes the entire shaded region in Figure 8.

.
3

* Problems .

Draw the graphs of the truth sets of the following sentences.

¥

1. 2x +y+3>0 or 3x+y+ 1<0 ' o
2 2x+y+3<0 or 3x-y+1<0 ‘ N
3. 2X+y+3<0 or 3X+y+1>0 : -
5, 22X +y+3>0 and 3x -y +1<0 P
¢ ° . . -
é o
» > -
\, ’ &«

348

Hence, the graph of the compound open sentence

)

%~




34y

! »

.
To complete the€ picture, let us consider the compound open
sentence: -}

C(x-y-2)(x+y-2)>o.
Rememﬁg?“%hizm "ab > 0" means that "the product of & and b 1is
a positive number". What can be said of a and b 1if ab > 0?
Thus, we have the two possibilitiesy

X -'y~-2>0 and x +.y -25>0, '

» . . 3

X-y=-2<0 and x+y ~-2<0,

" In Figure 8, fhe graph of "x - y-2>0:and x+y-2>0" is
the region indicated by double shading, while the graph of ,
"X -y -2<K0 d x+y - 2<0" is the unshaded region. So
the graph of

(x-y-2)x+y=-2)>0

consists of all the points 1n these two regions of the plane.

Which areas form the graph of the open sentence -

(x -5 - 2)(x £y - 2)'< 0?

.

(If ab < 0, what can be said of a and D?)
To summarize, we list the following*palrs

L]

of equivalent

sentences (a and b‘ are real numbers):
ab = 0: =~ 0 orb b = 0. .
ab > 0: a>0 and b>0, or a< 0 and b < 0.¢
-ab < 0: a>0ydnd b<O0, or a<0 and b>0. . .
~— .
Verify these equivalences by going Back to the definitionof the
duct 1 bers .
. . pro ug% of rea nu@ ers e
o
¥ & ' "

® .
-

i A ,
N . ., -
& = ‘ i ~ - .
: -7 . & -
Ve - Pasy
. [y { AR z
. 349 - ’%
'-) , e - -~
(A “ gg - - J
\ .
J ¢ % & o
- ’é . ¢
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Problems i P '

1, Draw the graphs of the truth sets of the following open
sentences.

(a) (x -y -2)(3x+y=-3)>0
(b) (x+2y -¥(=x-y-3)<o
() (x + 2y - 6)(2x + by + 4) > 0
(@) (x-y-3)(3x-37-9)<0

‘raw the graphs of the truth sets of the following open
sentences.

(a) x-3y-6’=0 and 3x +y + 2 =
(b) (x -3y -6)(3x+y+2)=

(), x -3y - 6>0 and 3x +Hyt 250
(d)x-3§-6<0 and 3x +y ¥*2<0
(¢) x -3y -6>0 and 3x+y+2=’,0. ' ' .

L
~r
o

-3y -6<0 or 3x+y+2<0 -

(g) x -3y~ 60 or\{ X +y +2>0 »
l"1) '(x - 3y‘ —‘6)(3;4» ¥y + 2,)..> 0 , e a
(1)’ (x-3y-6)(3X+y+2)<0 -

3. Draw the graph ‘of the truth set of each of 'chese systems of

inequalities. v£('1‘he brace again-indicates a compound sentence
” with connecti and.) :

*

() [ x>0 - “8(0)\{-4<x<4 ¢
1720 -3<y<3
: 3% 4 4y < 12 N
(@) |vy22 - -
| . ‘qly < 3x + 8 C | b
| ‘ by + 5x < 40, ‘ N
N

7




346

-

A football team finds itself on its own 40 yard line, in
possession of the ball with five ‘minutes left in the game., °
The score is 3 to 0 1in favor of the opposing team. The
quarterback knows the team should make 3 yards on each
running play, but will use 30 seconds per play. He can maké
20 yards on a successful pass play, which uses 15 seconds,-
However, he usually completes only one pass out of three,

What combination of pléys will assure a victory, or what
should, be the strategy of the quarterback?

.
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. . Answers to Problems; page 3: . . .
1. (a) Yes ) ‘(d) Yes
. (b) Yes . (e) Yes
. (e) No ;
2, % (a) 13 (@) =+ )
(b) 23 o (e 2
(o) B° () 3
- Answers to Problems; page 5:
‘ 1. .(a) False (e) False
. (b) True ° (£) True B
(¢c) False ) (g) False.
(d) True - .
2. (a) (3x5) -(2x¥ =7 B Co

(b) (3 x'5-2) x4 =252; or <(3X5)-2)'X4=525‘
(c)’(lzx-]g‘-%-)’x9=51; or ((12x%)-%->x9=5j_‘

. (4) (12x3) - (3x9) =3 ‘

() 2.x (3-3) x9 =18

(£)" (3 + 4)(6+ 1) =49

’(g) 3+ 4(6+1) =31

(Iw (-3+4)6+1 43

(1) (3 +4.6) + 1 = 28; or:3'+ (4.6 + 1) = 28

Sony g™

Answers to Problems; pages 13-14:
,7 T RS
— 1., (a) 12(3 + 4) = 12(3) + 12(4)
(b) 3(5) +3(7) =3(5+7) -
(e) 7(17) + 6(17) = 13(17)
(d) (3 4 11)2 = 3(2), + 11(2)
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FrPE G PTG H@m e

(—\
= (3 + 98
< = 5(18) + (18)
=9+ 12
21 . -

8(3 3-)3'('3' '5) 8('5 3)+7(3 3')

= (8+ 7+ 3
= 15(13 + %) -
~ = 15(%) + is'(%) h
'= 9+ 30 -
. =19
7(% + %- + %) + 5(2 + -;3;) = 7(@' -+~%‘) “‘"‘1317) * 5(‘2 *

, 7(%4--13,:) + 5(€-+‘13,;)
(7 + 5)(% + Isri
12(§ + 3

'12(%) + 12(13,;)

10+ 9

&
]

TR e .M S avwe
sa y TG A S e st v s v, -
~




() 5(3+ %f‘%’ +7(z+3) = 5*((% +d o+ P 7(%1;:%)
L SsGah s +7(5 + J
=5(z+3) + TG+ P+ 5E)
=0 4';7)(-%_+ 3) + 5(%),

. - “ . = 12(5 + 3+
v . L omle(p) ez ¢l o
=6 +14 +'1
'_[ e =(6+14)+1
' o1
’ - 1
_Answers to Problems; page 17: ) ‘ X
N 1. (a). The elements of .each set are the same: 1, 2, 3, 4,

5, 6.

(b), The é;‘t S =(1,2, 3, 4, 5, 6] is the set oI\the
first six counting numbers. Many other descriptions

\ - are pvssible. 3 ~
. (¢) The same set may have many descriptions.
2. U={1, 2,3, 4} : \ - N
©oT={(1, % 9, 16) ‘
V =1{1, 4); yes, V 1is a subset of U; yes, V is a

subset of T; no, U 418 not g.subset of T, since 2-
is not an element of T. ' L

3. k=1{(1, 2,3, 4,9, 16} ,
K 18 not a subset of U; U is a subset of K; T 1is
a subset of K; U is a subset of U (by definition
of subset). N

$

T NN,

o
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- 4. " From the set @ one’'subset, @, can be found.

- From the set A = (0}, two subsets,: (0} and @&, can
“be fdynd. - -
From the set B™= (0, 1}, four subséts can be founds -
20}, (1), (0,1}, anda 4.
- ‘From the sgé c= {0, 1, 2}3 eight{ subsets can be founds

“U(0},7 (1), (2), {0, 1), (0, 2}, (1,2), (0, L. 2}
and 4. s ' '

2,3}, 2% or 16
/

A set with four elements will have twice as many subsets
as a set with three elements, and so forth. -

2

-
e ey A

. ‘Frop the set D = {0, 1, subsets can

be found.

<

. igh,
Answers to Problems; pages 18-19:

’ ’\\?
1. (a) 1Infinite (d) Finite . oo
, (b) Infinite (e) Infinite. . .
(¢) Finite . - " ‘ )
2. (a) K= {0}; K dis a‘subset.qg S; K 1is a subset of
. T; S, T, and K are finite. s
‘ (b) M=1(0,2,% 5,6,7,8,9, 10}); M is not a sub-
4 set of S; T 1s a subset of M; M is finite.
c) R=1{5 7, 9}); R 1is a subset of both S and of M.

A cannot be listeq; it is the empty set.

Sets A and K are not the same. A has no *
elements, while K has one element, O.

&

Yes. A subset of a set can have no elements which
are not in the set, so the number of elemepts in a
subset 1s not greater than the number of elements in

the set. Any subset of a finite ‘set, therefdore, is
finite. . ot
‘ r
? = .
. . /ﬂ ’ j o e

E24N
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Answers to Problems; pages 23-24: | T o
. en + 5 Ll
1 1. 2(t + 3) | Q. B il \
" 3. Both forms are correct.' The ‘éecoﬁ‘found from the :
first by use of the assqéia;g;gvé pro y for multiplication.’
b, 4y. - - ' S
5. - Neither form is 'cor'r'ect.L 2(a.+ b) and 2a + 2b_ are
copfaet forms. | L
6 (/;ﬁe:} s (£) -
p a £ 0 .
T /-4
, (p) 15 . : (g) 13 .
£
(¢) o7 (h) O . \\
GRS (1) 9 . N
(o) 3 (3) 10
" (32 + bb zﬁ 3 4 2’ 2.4 .
/ Lol * L4 * - *
7. (a) (3a + 3) 3=(3+ 3) >
N
. & - =3
 (py {62 - t0) +5e _ (63 - 4.2) + 5.4
WA 5 5 7.
. 10 + 20
-5 . :
, “ ~ /7 6 - -
. . N 4
o BrP-F BB -y
c =
e - T ® o -
. : —2(21'*'6)4——2— e
’/ = -
2
7 8

2 "
-3

+

-
-
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(d) (1.553\)4}7(2%) - 2.1&4) | _ 4.5+ 7'7.4) -8.4

4

) _ . " 11.9 - 8.4 .
- .9 8.4

\\\ * ~/ < _ 3.«2 —
. - = 05 s
- ) ] ) ) '
- v
/
( Answers to Problems; page 26: |
M “ :
4 1. False . ) 6. True - - |
) 2. False 7. False
. 3. True . ; 8. PFalse ~ Y
4,. Palse 9., -False » J
‘ 5.  True '

) ~
. Answers to Problems; page 27: - ) <
1. True when x is 5 ' -
2. -'False when x is 5 . ' '
3. fTrue when x 18 3 ~ , !
, False when x is 4 ’ S
4, False when x is 4 and y is.3 |
oo - . True when x is 3 and y is 4 _ b N .
- - g‘\ -
T 5. Falsewhen a 48 9 and ¥ “is 9 '
S ¢ False when* a is 3 and b is 9 v ~
. -~ RN ‘;91\1 l$§\ , . . v ' ‘;‘
F.‘- 's' .'.*“' .. “:;‘; .’"’4. :'\Q ) . hd
', Answerd: to Protilems.; ‘page 28: . : ¢
h . - . ". PR -’: ‘ N ‘: . C - \’.
o 1.",.‘\-1; \\ b,  all numbers .
- TN T SRV N 5.. all numbers
- SRl A N :’ " R

- 3.”no numbers 6. no numbers
. T e
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Answers to Problems; page 29: !
1. (a) 3. @ 3 .
. () 2 (e) no value
- (e) 1 and O (£) o | ’
2. -3 » 3. 1.
. ¢ T
Answers to Problems; pages 30-31: :
1 - (a) ) ‘ (e) (o, 2)
Com) @3 (£) () ' '
() g (e) ()
7@ w m g
2. One possibility/is x =x + 1,
j;? et ‘
ﬁwers to Problems; page 32:
. 1. c=g(86-32) . 2. pv=PFV
BTN 't (15)(600) = T5(V)

(15)(5)(120) = T5(¥)
(75)(120) = 75(V)
"V is 120

« ¢ = 30
Cc is 30 °%

* 1 RN -~
20 = %(B + 44 ' ' /
20 = 5(4)(B + 4)

"50 = 2(B + 1)
B is .6
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Answers to Problems; page 33; : &
. ' ' Truth Set ’ ' Graph
- ) 1. [3] —y "; t t
) ‘0 | 2 3 4 5
2. (3} ‘ L —— ; o

. ) I 2 3 4" 5
/3' g ) = + U t + +
. 0 [ 2 3 4 5

b, a1l nmumbers ' ' ; ' ey \
- 8¥7 | 2 3 4 5
5. . {0} L — } + } ;
. 0 1 2 - 3 4 5
6. (2] — e
NG o 1 223 a .5

/. , . "
7. £ e
0 [ .2 3 4 5 -
3 .

&
o
~
o

-
n
()
O"‘

Answers to lsroblems; page 34: ' . ‘ .
1. False 7. True v
v 2. True - 8. False , ’
[ 3. ~False 9. True
. True . ) * 10. False . _ .

3

y

5. True ' ' 1l. False
6
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" Answers to Problems; page 36:

1L a ot . eH +————+
()%1-534 (e) 2 3 4

(b) ot s - () SETE——
0 | 2 3 3 : 0 | 3

2 4
S
. 4 . N . N - A N
() ¢ S T T
(&) 4 bt
0 | 2 3 4
> 'Y \ _
2. (a) x=2 (R x>1
() x<2 (eflﬂ\x;él'
(¢) x¢ 4 '
- 3. (a) (33t ——————————
’ 0 | 2 3 4 .5
3 f C
() £ a — t
' . o o 1 2 3 4 5
. , b, ‘ ' ' ' . '
@ @un e
@ onE g
(&) (0, 1,2 3,4 5 ~o—b—% J#—#—
. 0 | 2 3 4 5
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Answers to Problems; page 37:
TR

1. True
..2. Palse 5. False :
3. PFalse . ‘6. True
Answers to Problems; page 39: . .
s )
1. True ., False -7
d 2. True 5. False
3. PFalse 6. False

\ [
Lo+~ 1§\ ey Ot
0O I ‘2 3 4 5 6 0 2 3 4 s5le,
) 2., +— } t } —t 5.+ } } } } -4 —
O I 2 3 4 5 @ 0O+ 2 3 4 5 ¢
’ 13
3+t T rE— ' ->
0. I 2 3 ‘4 g 6 o 1 2 g 4 5 .

< v

. Answers 'to Problems; page 42:

-

1. {6} ) e B ) — ¢
" 0- | ' 2 3 }5 5 6
» s “
2. all numbers less than -@emimbmsimmd—— . b~

13 01! 2 3456789 ©IHNHII3

3. ¢ R no graph -

all numbers




- -+ 1.
12.

‘13.

l.

3.

i

. »
(1, 2}, N
0 | 2-"3 4 -

v H )
all numbers greater b } } ?———»
than o 1 2 3 4 5 T -8

- °
all numbers except O-‘%. l 2 3 ’ ;5“ ) >
all numbers except g OL | }—%3 ‘ —
. - s . \
all numbers less than U o S—
3 -& | 2 3 4
N L, s -
5 E
all numbers less than-g -4
3115 \ I 2 3 4 .
(3 (S S
{3 —tt——+
s} o "1 2 3 4
1} . ——t+——t— .
(- .0 1 2 3 4
*
Answers to Problems; page 46
| 1. 1.3y, 12 7.5 - 13 2
z+3=303) +33 2. prEc-n -t ;%(z)
=342 4 .21, 10
= -6 + g » ’ v R 3 -3'3
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) 2 . o 1.3 1.3 " .
3 7+‘3‘=7+§I§ ¥ 4‘§+-§=§+§{20)
L9 g ‘ -2 \8 . . ,—3_ Ki \Z0/,
. . 20 20 :
e 0, (5 + 3)(20)
(2)(6) - (%) (20)
424y _ 10 + 12
o -5 / T3
_ 46 _ 22
——5'. M [y —-3-
5. (a) The other must'be:zero.
(b) At least one of the numbers ‘is 0. )
(¢) The other property implied here is the converse:
© if ab =0, then a is 0 or b is' 0.
>
' ) o &8
Answers to Problems; pages 49-51: - : /)
1. (a) on®n h . * (d) 3abe -
(b) Z50% ' (e)* 100ab
(c) 6nm (or 6mn2) (£) 36x
2. (Here we'suggest three forms for each. However: there

\

-

will be other acceptable ones.) . ' ¢

(a) (2a)(4?) (@) " (x)(xg?) "
' (8)(ab?) - Y (xy) bxy)
: " (4ab)(2b) (xgy)(y)
T (d)  (7)(ab?) . (&) (6ka)(abe®)
(72) (b3) : (42) (16bc?)
(7ab) (b) . (8abe) (8ac)
(&) (m)m) (8 (@)
(2m) (5n) ° (2)(e)
(2mn) (5)° (1)(2e),

363
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7. (a)

(2 ~2a)B | (2- 28 k% - $)6 ‘ (6 - 6)2 ((3-3)2-(3'-3)2> 4

a+%‘-b | 2+ %(b) ' %+‘,%(3) 6k 3(2) - <3+-g(2)> FHwyo oo
(a+1) (b+1) | (2+2)(6+1) | (5+1)(6+1) |, (6+2) (241) ((3“1)(2*1)*1)(“*1@

~True for every number m--commutative property of >
. multiplication. . . L
+ (b) ﬁot true forpevéry number m. o
¢ (c) True for every number a, every number b, and
every number y. L
N [] - - ]
(d) True for every number x and every number y--
Cah ' commutative property-of addition. ’
(e) True for every number n, every number Vv, and
every number 2z--associative property of multipii-
cation. . -
. 4. (a) A 1is not closed under addition.’
(b) A 1is closed under multiplication.
¢ 5. (a) S 1s closed under addition.
’ * (b) S 1s closed undd® multiplication. .
6. ] ) e
© JIf 2aob 1d] 206 is |Fo6 1s |60 2 1is [(302)0h 1s N
22+ b 262) +6 | 2(3) +6-|2(6) +2 2(2(3)+2)+u .
. . : 1 ' 3+ 2 .
a + b 2+ 6 5+6  lgsop ™ -t 4 '
2 - 2 2 2 ' {7 S

4

1 avo B ‘means %—3, then b o a = b—;—é.
a+b=b+a ,pommutaéive property of -addition ?
a+b_Db+a
2 2
"aob=Dboa . v .

The operation def ed here is commutative.
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(b) If ao b means (a - a)b, then bo a means
(b - b)a. I Lo '
T " 0=0
(a - a) g (b =D) .
(a -a)pb=(b-b)a
"The operation degined here is cémmu@ative.

-(e) If aob means a + %b, then b o a means

b +§a. Then

"3, 6=3+%(6)

o€ x Liay '
g 6003 = 6+ 33 S
But 3 + (b) =6 + (3) 1s false, 8o the operation
K] 3
defined here 4s not commutative. ‘

(d) If ao b me a+ 1)(b + 1), then- b o a ' means
- (b +1)(a+ 1), : )

(a+1)(b+1) = (b + 1)(a + 1) commutative property
of multiplication

Al

ao b=Dbo ?.,‘ <
._The operation defirfed\here is commutative. T

8. (a) If for every a, and every' b, a o B‘;-E—S—E, is

(4'9 2)'0 5=40 (20 5) a true sentence?
4 + 2

l . (ko 2)054 —g—
A : R ¥4 2 ; 5 :
pho(205) & —mp =
C : . 4 +'%l o . S
. =T .
- _8+17

. g
.
. '
. ! - .
.
e
d . ‘ N
R 8300 - -
¢ " 3 ,) .
.
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Y . .
Since the'sentence 3 '5 > - 8 ;} 7\ is false, tﬁe

operation is not associative.

(b) If for every a nd every b, ao b = (a - a)b,
~ 18 (40 2)0o5=140(20 5) a true sentence?

(4 02)o5 (4 -,8)2 - (4 - 4)2)5
oe)es = (00 gz - (v 1)
(4 - 1) ((2 -'2)9

0

4;(20 5)

' Sinee 0 = 0, the operation 1s' associative for

these pafticular numbers. .
_We further note that . -

(20 b)oc =_((§. -a)b - (a - a)b)c .
] =0
A ao(b oc) (a ~~a)((b-b)c)'
: =0

So we conclude that the operation is associative.

-

(e¢) 1f for\"‘ever'y a and every b, aob =2 %—b, is

. (40 2)0o5=L40(20 5), a true sentence?
. T (be2)e5= (445 +2

_ 19 s
-3
. ho(205) =4+ (3)(2+%)
/ ’ ‘ 1,11 ! "
- = 4‘-}- -3-(-3-) 2
', 11 -
- 4 4
» i -g- ¢
‘Since -139-= 4 4+ -]:‘9]= is false, the operation is not
, associative, .
0 o ' . A
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(d)
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If for every a and every b, ao b =‘(a + 1) (b + 1),
is (4o 2)o5=43(20 5) a true sentence?

(4 o2)05=((4+1)(2%1) +1)(5% 1)
= (16)(6) ‘
ho(2 or5) = (4 +1)((2+2)(5+ 1) + 1)
: = (5)(19) R
Since (16)(6) = (5)(19) is rfalse, the operation is
not assosiative.'

4

Answers to Problems; pages 53-5h: -

Y

1.

[

(a)
(b)
(c)

(a)

AD)
(c)

(a)

(b)

6r + 6s ) () 7x + x2
ba + 32 (e) 48 + 30
x° + xz (£) ab b2
3(x + ¥) (@) 3(x+y)
a(m + n) (e) (2 + a)a
(1 + b)x - (£) x(x +y)
* ) . * ’ »
14x + 3% = (14 + 3)x .
= 17x
. . -
For 3= (G ~
= (-?;- + -g)x
= 19;-}(

367 .
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I

- (e) §a+3b+%a=.§a.+%a+3b, - ]
- ' = (% + %)a + 3b ’
7 .

la + 3b

e _ ¢ a + 3b

“(d) 7x + 13y + 2x + 3y & TX + 2X + 13y + 3y

. . (7" + 2)x + (13 + 3)y

ot v 9x+16y~
¢ (e) 4x +2y+ 2+ 3x.= bx + 3x + 2y + 2
> = (4 + 3)x + 2y + 2

=Tx + 2y + 2
\—‘a
1.3x + 7.7x + 3.7y + 6.2

(£f) 1.3x + 3.7y + 6.2 + 7.7x
P

(1.3 + 7.7)x + 3.7y + 6.2 )

4 [

9.0x + 3.7y + 6.2

(g) 2a + %b + 5--no simpler form.

e \
* . -<
Answers to Problems; pages 55=-562 ) ¢
1. (aj 6m + 3pm (d) 2x2 + x2y
C ~ (b) gkt+?k (e) eh + fh + gh
(e) 8123 + 18r + 42q (£) 6p2q + 6pq2 o

2, (a) is gflse for every number a and every number b,
(b) 1is true for every number x and- every number §.

. (¢) 1is true for every number a, every number D, -and
every number c. ’ ’ )

(a) is not tPue for every number a, every number D,

—and-every-number—C.— — i

(e) is not true for every number X.

(£f) is true for every number X and every number Y.




3. (a) (3u+ Q)v
(b) 7al(p + r)
* (e) (1 + x)3x

-
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() (1 + 2d)(2c)
(e) (1 + 2x)(3x) .
(£) xz(z + 2)

Answers to Problems; pages

1. (x + 4)(x + 2)
F

&

]

2. (x+1)(x +5) =

v =

3., (x4 a)(x +3) =
b, (x42)(y+7) =

5. (m:; n)(m + n) =

6. (20 + q)(p + 2q)

B i

X" + ax 4+ 3x + 3a

57’.5& . / : |

(x + ¥)x +"(x+ U4)2 J ;

x“ 4+ Ux + 2x + 8

x° & (4 + 2)k + 8

+ 6x + 8

x+ 1)x + (x + 1)5

+1x + 5x 4+ 5 -
\

+(1+5)x+5

x4+ 6x + 5

(x + a)x-+ (x + a)3 .

(x+2)y + (x + 2)7
Xy + 2y + 7x + 14

(m‘+ n)m + (m + n)n N

m® + mn + m + n2 ’ .

m2 + 1lmn +‘lmn + n2

m® + (1 + 1)mn + ne‘ N

m2 + 2mn + n2

= (20 + q)p + (2p +.@)2a .- :

2

Py
= 2p2 + pq + Upg + 2q
= 2p2 + (1 + ¥)pq + 2q
= 2p° + 5pq + pa°

2 .
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5
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A 1365 , :
¢
L i 3

See Text.

19 x 13 = 19(10 + 3) : : o
= 19(10) + 19(3) . - distributive property
= 19(10) + (10 + 9)3 L ‘

L St ,
= 19(10) + (10(3) + 9(3)) - distributive property

]

associative property
of addition

dis tribu'tive property

(19('10) + 10(3)) +9(3)

(19 +73)10 + 9(3)

15 x 14 = (15 + 4)10 + 20 .
13 X 17 = (13 + 7)1® + 21

11 x 12'= (11 + 2)10 + 2 ‘

Since % is %181: and 2 is gg, the coordinate o? one

point between the two 1s 7. There are infinitely many

2,
2

Set T 1is closed under addition, since the sum of two
elen}entg gives an integral multiple of 3, Set T 1is.
not closadd under "averaging", since the average of two
elements (such as 3 and 6) is not- necessarily an -
integer. ‘ )

(a) # : ) '
(p) {0} ,

(¢) O and %‘-‘and all numbers between O and

[ = \

pointé between % énd

g~

&
A
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3 + 2 3 + 2 ¥
R ) (60) :
3 -~ 3 B0 .
T ., T . '
Cg %) (60)
) (50)
36 + 40 '
_ 16 '
—E )
3Xx + ¥+ 2x + 3y = (3x + 2) + (y + 3y) by the associ-
~ ative and commutative preperties of
additidn
= (3 + 2)x + (1 + 3)y by the distributive
property
= 5x + Ly .

Since the associative mmutative,. and distributive
properties are true f' all numbers,

. 3x+y+2x+3y-5x,+4y

for all numbers,

(@) "(k+1)(x+1) = (x% 1)x + (x + 1)1 - distributive

3 2. < '
=X+ X +x+1 - distributive:-
=x®+ (1+1)x+1 - distributive
=x®+2x+1 \ o
(x + 2)(x g, 2) = 2 -+ 4 - as above, ) J
(B)« x° + 6x +(9)=x2 + (3 + 3)x + 9 :
Tlex®+ 3 +3x 4+ 9 - distributive
C=(x + 3)x + (x + 3)3 - distributive
Coe < . , Since x + 3 1s a number
< . ) by closuxre
o . =(x + 3)(x + 3) - distributive,
. - ) } .
‘ A2
/ ] ‘- w?t\ .
. "1
£ 5 P Lord «_% t !
g 83 ¥ g 371 % "




Answers to Problems; pages 60-62:

367 -

7.
8.
9.
10.

b,
!

Jo.

13.

- If there are m dollars, k gdverters, m dimes, and “n

open phrase might be written 110m + 25k + 5n.) | .

"See text. . ~

If Jonathan weighs n pounds, the phrase 1s: The number
of pounds in the weight of a boy.who is 7 pbunds heavier
than Jonathan. < '

If I am n years old now, the phrase is: The number of
years in‘my age 7 years ago.

If there are y students in the class, the phrase is:
Half 'of the students in the class.

If rhubarb costs r cents per bunch and a shopping bag

costs ™ cents, the phrase is: The cost in cents of 2

bunches of rhubarb and a shopping bag to put them in.

JIf a coal mine produced a tons of coal one day and b

tons of coal the next day, the phrase 1s: The number of
tons of coal produced in the two“days. (Notice that we - -
are using two vagiables here. -While 1t will be some time
before the students do mﬁ,h with more than one variable,

we need not shut our eyes to ‘them. )

v

.

See text. . o\

If 'f 1s the number of feet, tnen the phrase is 12f. ° .

If k 1s the number of quarts, then the phrase is 2k. -
If n 4s the whole numgber, then the phrase 1s: n + 1. --.  °
If [n 1s the number, then the phrase| is ;%. . .

. v . o &
If there are k pounds and t ounces,°then'the\phrase »
1s 16k + t. o . o

- l

nickels, then the phrase 1s 100m + 25k + 10m + 5n.

(Netice that m’ represents the number of dimes as well

as the number of dolLars. This means that we hawe the .
same n ber of dimes ag dollars, since a variable cann £ °F
represént two different numbers at the samevinstant e-

-~
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. éwuinches.

W inches ‘ J
Y \ .

o 1

- ,
. . v
. - . .

' \ I'f the rectangl"e is w 1nches wide, tﬁen the phrase is
3 M :
e oW

If one side of the square-is a feet long, then the
phrase is  la.

. 160 (a) Hx+y) (b) x+3+3x+y)

If a ‘people bought tickets, then the phrase is ‘2a,
-é- An inductive ap‘proa&:h may-help the reader to see .
some of thesé, ()Here he will“probably respond’ to
the ¢ stion,/’i{ow much of the house will he paint
one day ‘if it takes him 8 days to paint the .

ouse? .

»
.

x..-]s' or % . ’ ‘ . ’
r +'12 ) [ '
If the -plant grows g inches per week: then the phrase ,
is 20 + 5g.°

o 2W-5ft. .
If ;he rectangle |is w I ‘
feet wide, then the '

phrase is 0 - we_ o
() 2w -5

(b) w+ (2w - 5) + W+ (2w ’--5) 
or 2w + 2(3w + 5)

() w(2w - 5) -t -

NI Y

& ° -
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! " In the e.ar1y‘ part of our work with translatidn we have bgeri
trying to emphasize the idea that the variable represents a number
By being reasonably precise in the language. Thus, we have been
seying, "the nilmber of feet in the width", "the number of inches
in"tfl/e’ base , etc. As we go on, we béeome more careless about this
way of speaking in order to be able to speak more fluently. So in
Problem 22, as long as the unit of length and the unit of areaﬁre

chearly stated elsewhere in. the problem, we allow ourselves to r
speak of perimeter and area instead of "number of feet in the
perimeter" and 'number .o'f square feet in the .area".

rd

9

, Answers to Problems, pages 64-65: N

"1. sz‘ the zigtangle is X
‘inches ‘wide, then it is

-
.

“m\ﬁ@ "4nches long, and . * 6x inches | ¢+ .
»r - v ) . N
N X + 6x + % + 6x = 144 C
. ) 9 X inches
.- or
o - 2% 4 2(6x) = 14y,

~

2. "If the smallest angle.is s degrees/-, then the 3argest
angle is '28 + 20 . degrees, and 8.+ (28 + 20) + 70 = 180.

3. If‘ there were y studerits in Miss.*j“‘ane‘s's class, then
there were y + 5 students in Mr, Smith's class and -

. ov, Ty H5) = ,{, o

s

1Ir there were y students janMi’ss. Jones'fs class, then
* . there .were |43 -y students in Mr. Smithls class and
, f 43 - Y = y ; 50 " «‘ !
‘A | * ‘o
(Call attention to- the second offthese methods It is a
’ useful approach to khow, but one with which .some readers \ -

have trouble at first ) . .

: y, If Dick i8 'x years old now, then John is 3x years old
now. Dick was ¥x -3 years old three years ago, John~
was dx - 3 years old three frears ago, and ™ °
(x - 3) + 33x-~ 3) = 22.

Yo . :}’Z ' v -

Y
e
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5., If John has d d4mes, then he has d + 1 duarters, he
has 24 + 1 nickels, his dimes are/worth 104 cen
" . his quarters are worth 25(¢ + 1) cents, his njckels
are worth 5(2d + 1) centd and -
i::‘ ' 10d + 25(d + 1) + 5(2d + 1) = 165.

6. If the i:reight.train traveled z miles.per hour, then

the Ppassenger traln traveléd z + 20 miles per hour,

. thd&_freight train went 52z miles, the passenger train
- went 5Pz + 20) miles, and 5(z' + 20) = 5z + 100. .

T. If y 1s the number of years ‘until the men earn the
. . Same salary, then
(\ . Mr. Brown will be earning 36oo + 300y -dollars} -

Mr. Whfte will be earning 4500 + 200y dollars, and
3600 + 300y = 4500 + "200y .

8. If the table 1s w feet 3W feet

+ , wide, then 1f 1s 3w L
| ‘ . feet long, the square ° e W feet
‘l would be w + 3 feet : y
3 wide and 3w - 3 feet ) t .
- long, and w +.3 = 3w -.3. - _ (—
. T - W+ 3feet .
| P ' ‘ o/
“ ' 03W-3 feet )
} Answers to Problems, pages 67 68: c, 0 . L
‘I 1. Ilr the rumber :!.s n, then %n J%-n'}_ 26, é ’
. 2." f,‘}\Ior'man 'ls y years old, then, #11 1s Y+ 5 years

.

eld, and y'+ (y + 5) < 23.
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- 3. If a side of the square
is x inches long, then
a side of the triangle

N~ is X 4+ 5 inches long,

3ne/ bx = 3(x + 5).

x inches

(Equuoferol .

b, If the rate of the current is ¢ _mlles per hour, then
¢ + 12 1is the rate of the boat downstream, and
oy Y c + 12 < 30.

5? If there are ¢ Q}nutes allowed for commercials, then
~g¢ X3 and c < 12. ‘
'+ . Time for material other than advertising is 130 -c.
" Another way of expressing the last idea is* T < 30 - 3
and T > 30 - 12. .

.'6. If his score on the third test is +t, then?

. T5+82+%yg5 .
75 + 82 + 100 _ a2 z
) T =51 - 8% L
75 + 8240 g%?g . ‘ ’
—— = = SEﬁ; .

7. ‘Iigthere are s students in Scott School and .m h
‘students in Morris ‘School, then

Ly —)
Ig .

(). s >mo .,
~‘;.b) s = m + 500. “ : : o

w
.
. LT =
< g PR I
\ . S ", A o
N a0 [4 . | N
. s s ~ r
Loy o i, re -
1 87 [
* < .
F] » 7 ’ \.
3
>
. LY Y
“ . . . : »
< . AR
LS ~
P . s
I { ’ ES PRI Py o
- g - & . o N
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Answers to Rev 1%y Problems; pages 68~71: « .

1. +(a) If the whole number is ?h then its successor is ,
) n+1l, and n+ {n+ 1) = 575. '

.

: (b) If the whole numbers is n, then 1its successor is
n+1, and n + (n+ 1) = 576. )
. This sentence 1g falBe for all whole numpers.
If a number is odd, its successor.is even; if the
number 1is eveﬁ', its successor 1s odd.
! Hence, thelir ;um cannot be evgn.

»

- (c) 1If the first number 1s n, then the secotnd number
o is n+ 1, and n+({rj{+_1)=576. )
(/‘ There is a number for Which this sentence 1g.true,
' 4

since the domain of the variable 1s not restricted
- to whole numbers. e

(d) If one piece of ',the board ds f #egt long, then
the other plece is 2f + 1 feet long, and
N L f4+(ef + 1) =16

° ¢

(e) 3x = 225, . . . )

-2, If the tens! digit 18 t, and the units' digit is u,
then the number is 10t + u, and 108 + u = 3(t + u) + 7.

o R v

30 u2 - ‘n N : N
3 ’ -4

4, (a) If n. {s.the number; then 3(n + I7) = 192.

! (b) If n }s th? number, then 3(n + l'f) < 192.
. 3 Y "
< 5. If the first number is x, then the second number is

5%, and x+ 5x =Y4x+ 15.. - / . . .

6. In one hcm:c;“‘he can plow 1 of the field with the first
tractor. In two . jours, ‘using both tractors, he can plow-

,’; + £ of'the field. The part of the field left unplowed! '

is 1 - (1?' + %)- The open senténce 1is 7’;4-% = 1a

~
k’i

.. ) ’ /_' , @
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8.

11.

12.

7 (b)

Mr. Brown's weight m months ago was
175 + 5m = 200. y

‘175 + 5m,

,Ca) If n 1s a whole number,.then n + 1 1is its

successor, and n + (n + 1) = 45,

If n ¥ an odd number, then n + 2 is§the next .
congecutive odd number, and n + (n + 2) = 75.

See whether your students-notice.that-this can‘ﬁé‘v”é?",~
be true for any odd number, since the sum of two odd
numbers is even.

12
= -~ Too™
If x 1is the number of doligrs for one houf's work at. ’
the normal rate, then 3% is the number,5f dollars for
one hour's work at the over-time rate, and

hox + 8(§x) 166.40.

(a? 35;+ 20t

(b) h-1 is the - number of one-hour ﬁériodsjafter they
initial hour, “and the phrase is 35 + 20(h - 1).

If the marked price was m .-dollars, then 176 =

. -

If the radiator originally contains w quarts of water,
it-contains w + 2 ° quarts of mixture,after the alcohol

- was added Since 20% of this mixture is alcohpl, there
“"are (w +.2) quarts of alcohol in the mixture.\ .
2 =mo (?‘T-*- 2)'. s . . “—\"”‘\
{a) Togx + 4oy : | N
(b) 100(2 x 60) + 4oy ) : S AN

(cP 100x + 40y = 20,000 \ . "

3

-t
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;;;;\;;%blem reviews sums of pairs of members of a set; .

it is not a problem se${ up primarily to get an answer.
The pupil who tries' to write an open sentence will find
he .is wasting his time. Instead he shoulq observe that
the man hag a set of four members: {(1.69, %.95, 2.65.

) 3.15} ' and that he should examine the set of\all possidle
sums of pairs of elements of the 0. .. }

+ 1.69 1.95 2.65 .15 -
-1.69 3.38 3.64 4.3 4,84
.95 || 3.64 | 3.90 | .60 | 5.10-
2.65 || 4.34 4.60 | 5.30/ | 5.80
385 || 4.8% | 5.10 5.80 6.30%

¥ -

-

This is the set: (3.38, 3.64, 3.90, 4.3k, k.60, 4.84,
5.10, 5.30, 5.80, 6.30)

From tﬁis we see: RN i
{a) The smallest amountyof change he could have g ?
5.00 - 4.84, or 16 cents. -

'S

() The greatest amount of change possible is 5.00 -
3. 38 or, $1.62. _ }

.-

(c) There are four pairs of twg boxes he cannot, af&ord
| one of §1. 95 and one of 4¢3, 15; 033 of 32 65
and one of $3.15; two of §2.65; two of 4$3. 15<’

»

-1
-




" Answers to' Problems; paghs T6-77:

-5 -2 2 5
~5)] z 3 3 34)
) e 2 3 "3 L g
1y L
- i+ O+——+——+—+
O A A EE T T LI e s
(c) {ﬁ; V2, 3, 3}—_h42—&_1| 'o :3—12 g_
U5 (+5)
- 1 1 . -2 , N 2',
SRR & (1+3), (L+3)) =594
. : o - C
(e) (7 (g), (g) (ﬂ): (3 - 3)} -+—o—‘h—0—tr0——+————k—
o . (3-3)
* 2. (a) O 4is to.the right of '(§). - -
.(p)\ '(g) and (3 ) ‘gnebn;mes for the same number and,
.50, namb the same point on’ the number line._'
(9) 3 is to the right of 0. T m
(d) /_ is to the right of '4. -
\ " (e) ( ) 1s to the right of "(%? . ‘ .
. ' ) Vs ‘
( ) - 7€ )

L

3) = "8 ‘ana (22
!

( ) is to the right of “( 4).

£

. Becguse of the manner in which tlie negative number

wer
- num er,

\

() 3

two nuﬁber

(I'é') ’

)s o the righ’o of ™ "(§)

constructed on the number line' /
correSpon‘}ng to the lesser of th
s of arithmetic, is to the right of . -(IQ)

the negative

¥




P i
- 376
'3 / . )
. -y P) .
. 3. al
} -
. ! -~ v . .
o~ . -
. ) .
‘ — ! . i . P ¢ K
$1nce "rolling the circle" gives us a length on the ——%
) pumber line equal’ to the clrcumference Qf the circﬂe,
) ,{he circle comes to, rest at a poiﬂt on the line = *.
. ! ﬁfﬁxs to the right of O. If, the°cir01e is rolled to
& Jthe [left one revolution, the oircle will %ome to reést
at a point on the number line, whose coordinate is 7. .
L, a) "2 is an integer,'a.rationa}~number, a~Yeal- number.
(p) 1;0 is a rational number and a real numgﬁz.
. (¢) Y2 1ig a real number. . . )
| S S
-~ 5, A_{o 1,2, 3, ...} _ _ -
- . S

- B_{l 2, 3, 4 ...} _ : R

C={o 1'2, 3, ooo}

« A, the settd whole numbers, and C, the set of non-
, |negative [integerg, are the same since both @re comprised
. / of the szitive 1 tegers'L.nd 0. *R," theTset \o\/positive
‘integers, and N, the set of qounfing n ers, -are the

same, since'both consist of theﬁcgun;in numbers ; il
2 \ 'u ..'
l 2, 3, ce e o . f : / «,":.?."‘\;f ,‘:;' : _
.. o - . N e'\:
AN O A4 s
3 } \"... ?‘z‘
- * h '4\‘.:‘1 ’
6 . \'.
R \ , 'ﬁ" .
A ; r
v J oo,
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4 Answers to Problems; pages 78-80:

AS

1. (a)’

3

\
. (b)

(c)
(a)

3< 71 1s false, since 3 1is to the right of 1
on the number line and is therefore greater than
“1. Nofe again the easy comparidon of a positive

ﬁber and a negative number. , .

. .
< (5) is false, sin%e 2 is to the right of . .
-(E) and is therefore greater than A'(%).

4 & 3.5 1is false..

-(-15?-) < -2.2 is true. Changing the decimal fraction

to a common fraction, the statement ‘becomes .

and, so, 1is to

(-5') (m)- Now ('5") = )
the lert of ~(%5)

“(3)
@ >

on the number line. Thus,

is to the left of 72.2. .

(39 @) _ana T3EY

is true, since

. are names for the same number, they correspornd to

the same point on the number line. But any real

number is greater than or equal to itself!
N

The truth status of sentences (f) - (J) can be determined .-
in the same manner as (a) and (b)_ above; 'consequently, we’
simply lislt the results. . ' .

(£) "4 #3.5 1is true. X

(3)

T & "2.8 is

false.

- v (g) T6> 73 1is false. . .
) * (h) 3.5< "4 1is false. ‘
' (1) "3 < "2.8 is true. '




"3 and a ) "3.°
1 Y -

1

“(h) A<l or 4> 2. mmp— o Commy
s > 2 + o

" (1) a<6 and a< 72, ehebm—0Uip

_ (3) u> and u < “3. The truth set in this case 18 "
the empty set, @&, and hence; has,no grdph..-The
reader should observe that there is no number both
less than f'3',and ggzater than' 2. The exercise - éf
may serve to 'remind the pegder to notige cargfqlly
whether the connective in the mentence is "and® or

"or", and to interpret the ‘sentence accordingly.

N . .OI",

a



-

3.

zﬂIf p 1is any positive real number, gnd n* is-any

“hegative real number, then 'n 1§ to the left of gero,- - =
- and b is to the right of, ze '; thus, ni 4s to the . "
R T
left of p. (Recall that t is principle was used to N

fipst is true. ' . | - ’
If P is any number of the set of in tegers, the ¢'Rth .’

“ . -
st of: L o L I A
(a) "2<p @md p<3 is (71, .0,@& 2} % In wordsy -, -
' this is the set of all integers @ibth gregter than 2

» _ 379 : .. ) ]
(a) A sentence whose truth set is the get of all real
- numbers not equal to 3 isi y £ 3. Another, 1s:t )
y>3 or y < Bm Note that although the sentences Coa
above are mathematically‘equivalent their English )
translations dirffer, an&?it 1s the former sentence
which ﬂescribes the required set directly ‘

hd

(b) A dentence whose truth sef 1s the set of all reéi/» .
numbers less than or equal to 2 is v, < -3
Another is: v } e

(c) A sentence whose tnuth®set is the set of all real N

) numbers not less than '(g) 18, x ¢ '(%) Another
1s: x % 'Cg). Notice here that the alternate form

- is easier to.comprehend. This may suggest to® the
‘reader a clearet description 1n Eﬁﬁ;ish for the — — -

\\ Mduired set.. ; . ot ) éi::

speed the compar¥on of numbers in many of the precedang
exercises.) ’It follows that "n<p" and "n £ p" are -
true statements and "p < n" is Talse. The"sd{atement

"n £ p is true,'since the statement means h<p or o
n = p, and, though the second statement.is false, the _ -~

- . N\
2 and less than 3. On the n ber line ﬁheaset s ]
would have the graph: ’ A

. -~

' - )
. [ v P N % M
. v . [3 ~
+ . L 4 &——0— 4
v L4 '
y ~ 0 | -2 M
4 . a4 * )
] L4 -, L .\u
J ‘%
. -
’ .
e k1
[ ‘}; ‘f
R , - L %
® &
R ESE i .
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() < "2[ ana "M <p, is ("2, "3). This is the met

N of ‘all’ integers both less than ,"4 and greater than
. ~op equal to s T2, I%s graph is: .
. ' ——4————.~—i—gkf ; : NN "
. 32 -~ 0Ly . EEPA

(¢) p=2 ar p =75 18 {75, 2). In word;}/we have
the direct description of this set: the set of
integers equal to 2 orkd"S. Its gragh is: .
. 1 ¢

S~ .
— t + — + ———
5 . 0 - 2 . .
95 .Use =, <; or > to relate each of the following pairs
8o as to make a true sentence. ’ —
(a) §:>' (Iﬁ) ' -

Notice that in this and in most of the following
exercises the multibiication ‘property of 1 may
"be used to facilitate the comparison.

\ () 2 >-g- ENCINCRE N
~ () &5 & (0 "@NT
173y | -283,
(@ TER > ). ,

Answers to Prablems; page 80:

1. If a . is a real number and b is a real number, then
e"ctfy one of the following is true:




4
N

The best statement would be: "If ‘a .ix a real number
and b 'is a real number, then exaé¢tly one of the follow-
ing is true: a >b or a < b. ’

Some may say "For eny real numbers a and ’ b‘, a2 b or
a<b. If- a<b and b< a, then a =Db", The last
‘semj,ence of this particular‘étatemenf ‘1s‘ reasonab}e and
innocent in appearance. Surprisingly enough, it turns
‘out 40 e one of the most useful criteria for determining
that two “variables hava. the same value! In many instances -
in the calculus, for example, one is able to show by one
argument that a < b and by another that b < a. He is
.then ‘able to conclude that a = b: Given two numerals,
it is usually trivial to check whether or not they name
the same number. In the case of two nu_mbers, of course,
we have complete’ informatio'r}. 'I,t is on‘ly‘ when our
information abdut two "numerals" is incomplete that a
statement like, LS S b and b<a, then a = D",
can possibly be useful as a tool. ‘

’

' Answers to Problems; pages 81482: ‘

1.

(2) ") <P 3<1l2, T(F) <12
(b) "r< V2, V2<7w, Tw<oT.
(¢) "1.7<0, 0< 17, "1.7<1.7.

@ &) <), "D '<"(’T25>,,‘ (8D < B.

~

@) TE =D, B, B =D s,
S <, T <) T < (&), e
BT, TE LT TG <T@,
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) BN 2 . .2 ' S
(1+%) f = (%) =%,'. or K ] -
- ' 5 6 6 _9 5. 9' . L . ‘ )
. T<g 1<% 7<% or, .
’ . (L2 7 , 1.2 . 2
1l + (%) <1+ %, i+ % < ‘1 + %) s : 1+ (1) .
* . .:‘t"
: . e ¢ ’ e TR
> ¢ - <( ‘+%‘) . = ,

-4 [y

: - ’ -,T'
2.  Of three real mimbers a, b, and ¢, if a>b ang i‘?
N ‘R >c, then-a> e,

3. The tréhsitive property for MM is: . For all real
numbépg IaL,U, and ¢, 'if a = b and b =c¢, then
a=e¢. ~ ‘ - .
If Art welghs the same as Bob ang 'Bob’ and Cal are equal
,:_\““Ngn,weight,iwe know Art and Cal must weigh the .same. In
EER T and 7 = 5+ 2, then §+4=5+?. ‘
‘4,  The transitive property for > would'be: ‘For all real
numbers:ia, b and ¢, ir a >b agd ~b)2‘c,~ then
o a>c. I£ 7> 3.14 ang 3.14> 2, then 7> 2.
5. (&) & The non=positive. real numbers arérthe set of nufibers
. 1ess than or equal to "0; -in other words, the set
" »:comprised of'¢b 'and‘all nega?ive nhmbers.

. * " "{b) The non-negative real numbers are the set of numbérs
‘ 4 5 .
.gregter than or equal to 03 * in other wordd, the
set consisting of zero and all the positive numbéps. '

¢
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- . R s~ ~ : R 3 q" ."
o6 ) VAR ana (Rp. o

r N , -,145, _ Z;. 5 : .

Ny Using mixed numbers, ~(=3g) = (5§8) and .

. / . _Qé _ i _ ) } - .

o T (1°“> - (%%) It (55 <5 and
S b 5°< ’(42%), then ‘(555) < j(ugg)- and x
L + T : Co

¢

LT (145) < r(lou) Alﬁernativelyﬁ’

o 1 TR <) or 75, ena T3P

o
P"
75 < (lo”), then '(1“5) < -(104) .- T
0’ © "’ . * 4 - - -.'-. .
- 192, =173y . : s
(P) (—Eg)‘ ( )- . : ‘ . _
.« 192 -,184 -y -176 .
If ( ) < (-3) or "4, and ( 44) or ,
‘ L. - 173 192 173
) - 4 < ( ) then (——g) < 7 )
¥ ’ v
Answers £o Problems; page 85: ' o . $
1. (a) The opposite of 2.3 1is -é,3. g
, (b) The .opposite of -2.3. 18 2.3. - .

, (c). The opposite-of L(-2.3) 18 -2.3. Note here, th:
» _ the opposite of the opposite of a numbef is the

. number itself. N ~
. ' . T \ (2
(d) The opposite of -(3.6 - 2.4) is 3.6 - 2.4, o 5
: - more simply,. 1.2. " v
(e) The opposite of -(42°x 0) 1is (42 x 0) or mo -
' . simply, O. . ,
- . . M ’ i s
. L (£)s The opposite of —(42 + 0) 1s (42 + 0) or mo : Y .
g -simply ho, ‘ !

Exercises (e) and (£) provide an opportunity see
whether the zero properties for addition and m{jlti- ..
plication have lodged in the readers' minds. ff .
. ¢ . ! . % "0 .
\)4 ] . 388 ‘~ k v
ERIC - .
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(a) If x* is positive,'then the opposite of x is

N

.

negative. _ b . )
(b) If x is negative, thep tﬁe opposite of x 1is
' positive. ’

(¢) If x' is zero, then the opposite of x is zero.,

(a) .If the opposite of x is a positive number, then
the number x itself must be. negative. .

(b) If the opposite of x is a negative number, then
' the number itself must be positive. .

_(e) 1If the opposite of x is O, then the number x

itself must be 0; for @ 1is its owh opposite.

Ja) Since every real number has an o posif¥e, it follows

that every real number s the opposite of some real ‘

" number, . : . ~ N

.

) . A
(b) Yes. See 4(a).! LT S

(c) Every negative number is the oppos ite of some )
" (positive) nyimbexr; ‘hence, the set of negative
numbers is % subset of the sét of all opposites,

(a) Some opposites, namely, opposites of negative
numbers, are not negative numbers. Hence, the set
of opposites is not a subset of the set of negative

numbers, . - . . .
. -
. ]
(e) No. See 4(d). - U ™
~ ” 3" N
3 o 6
<
A
« LT - '
. s g
. ; .
° e 4 - .
c . -
i L’ , - N
) ‘ : . o
L4
2 . .
, ' ¢ vl ' ,
) . 80D
» o

-

.4l

o
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Answers to Problems pages 86 87, L > . )

- L . £,
1 ‘" . ™~ ' '

w .1, .7 {a) - -é 7 "and 7\'7 z , " o
() “m<vZ and VE&w o el (7
‘ ' P A Py . ... ) AN '$|. '\.: I ) ’
. . (c) -2-72-(7’1'5%ﬁCL __72_‘< lTr. R
o “The studentsmay need to be’ told that = 3. 1;/16 ‘ \
ci ]
J to 4 decimal places and they may determine - 3
Lot _2_? 3,1428 to four: déeimal places. , .’ o
« -.} * o, " Ve 4 ¢ ’ \".
) w) (-3- + 2) =3 X -g- + 3 )( 2 by the Diq\tributive*property
. LT o P=dir 6 o > o o
- i Io.., I DY L R =
; y (20 + 8) = 5 (20) & (E)B ‘by the Distribut,ive _
- . : T s Property .. ] .
oo =25'+~1o v . .o
o, . = e . .. : 1
'e “ . '= 35'“ - "‘, < . . — =~
S : “Sihee” 10 & ‘35 ‘and: 35 < {o, e’ have :
o 3 2) <n-(20 - 8 and. '- éd 8) < =33 +72 ,)
R P L O NI . S
AP - “ay - = =la?, N .. ‘ . .
e R e e
" C 8+ 6y )
N i~ .~ - Then! -(—7—)‘ énd -2 are names for the same i
Do oA TR ~
S A AR
. r; , ~ . ‘:’4 ./‘ ‘ S’ e . s ~
' . - . . ! - <. OJ 2 "o - -, '. . ' ° ,Q » o
T B B L g
- . ~\ L. , oot S . ) "3 0 . 3 \
il . . . ,.- . \. . . .
A i A T .. .o '
U (D) TEE Y e em———— Q‘?——.— K
. - EY ’> G 4 ¢
. R v -7 g
Q . :',’F“; oot .
. . JER % | .
- a ' "_" v, o P: “
- . - . " . y ) ;
oﬂ'. .Q . R - ’ . . \ ,
° ~ 39'{) ‘ — . N .
«* - ' .'- ) “""“’*’A*‘vﬂa‘i’x“‘ﬂ"‘“
7‘ .' 1Y o
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T 3. (a) The sentence states."the opposite of X 1is not )
equal to 3"y “There are many numbers whose opposites

are not equal to 3, in fact, there is only one
) pumber whose opposite does equal 3, and this'is,
‘& -, course, -3. Hence, the required set is -the set
- ‘ of 'all real: numbers except , -3 .

- ) N Y ‘ / ' . -
C )Y x A ea : v
a , By thg réasoning of Part (a) the required skt here
3 ;

":‘ -}s found to.be the set.of all ‘redl numbers except 3.

. g . a2
o+ (e) -x < On . . - ' '

Here the setwrequired is the set of'all real numbers
¢ whose opposites are less than zero. Now if the -
! Ce) opposites b E11 members of. this set are less than
« zero; the members of the set must ‘be greater than
o o zero; in other words, ‘ﬁ~x < 0" amd //x > 0" have
v WYL € | the same truth set. Thus, the truth set is the set R
] of all positive real numbe&s . ' )
v, (@ g0~ - Lo Al
. *Here the reasoning would parallel (c) above: Each
member of the truth set is either zero or a positive
" number. This set 1s described’ briefly;%s the , N

- - . ’ .
. ,

ey
™~

non-_ggative aumbeTs. .
b, f@) x<1.- b , L e
e o (b)) -2<x and x <.1. -,
o ﬁ This” open -sentence’ can be written much more sugges-
' tively as: % - v A
. We' would read this "x 1s greater than '-2 and _
less than or equal to 1", This terminology N ,
) emphasizes the number line picture and suggests -,
J ' strongly that x* is 1 or i1s between ' -2 and 1.
- . 13
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We newver write, for example, "_p¢ x > 1", as
‘ashorthand for "-2 K'x or x > 1", but read
"2 < x>1" as "x is greater than -2 and
greater than or equal to 1"; 1in other words, we
would read "-2 <x > 1" as a conjunction, wheén
what is wanted is ‘a dis junetion, )

.

x< -1 or ,x >'1.

x> -2 and x< 2 or, more briefly, -2 <.x < 2.

is-<the opposite of 3. The greater.is 3. 3

-

is the opposite of 0. They are ‘the samé number.
'c) /2 18 the opposite of ~+/2.' The greater is vﬁi
~-17, 1s the opposite of 1T Theégreater is, 17.
0Jo1 t4s the opposite of -0.01. The éreeter is 0.01.
. 1s the opposite,or ~-(-2). The greater is ~(-2).

- %J is the opposite of -(x: The greater
11 ~ i
(5—-3-)./ . s : -//
The opposites ofr(c), (ef, (f£) and (g) may be given
.in terms of the opposites of the opposiites, e.g.,
(c) The opposite of /2 is -(-+/2), ete. i

Th¥ relation "} " does égg have the comparison property.
For example, 3 and ~2 are different real numbers but*
neither is° further from 0‘ ‘than the other; in other
" words, none of the statements "-2 = 2", ".2 t2" and
"2 § -2" 1is true. - - ) )

_ The trenSitive property for - " " would read: If
.2, b, and ‘c,, are real numbers and if a } b and
by oe, then a {c. This is certainly a true statement
as can be seen by‘suhstituting the phrase "is further
from O than" for " {" wherever it occurs.
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The relations " §" "ana "s" have the ‘same

) .. Mmeaning for the numbers of. arithmetic: "is, further
from O than" . and "is to the right of" mean the
same thing on the arithmetic number line.

7. Following the hint: . ! L ®
. : ~13 15 ’
- - T and -5 are‘to be compared
: 37y - 2L - (Multiplication property of 1.)
T35\7 BT ultiplication proper ¥ o '),
156) 2 90 ' L
9'6 29 ) -
5 » -~
.91 90 91 90 13 111‘8
m>§'9-ﬁ' and _971'(-_971' Thus, --Eé-<- .
In order to compare two negative rational numbers, we
_use the multiplication property of 1 to. compare*their *
_) opposites #hd theén use the property of opposites: For .
real numbers 'a ‘and b, 'if a < b, then -b'< -a.¢ We
can describe this briefly as: In ordei\ to .compare two
{ negative (or two positive) rational humbers, represent
b them by fractions with the same " denominator and compare
the numbers represented by their numerators.. C
N v o [}
Answers to Problems; page 89: - NP .o
3
. 1. (a) 7; the greaterﬁ?fu -7 and ,7 1is 7.
) .(b)* '3; the greater of . -(-3) and its opposite -3
) is -(-3) or 3. . - .
.. c(e) 25 6 -4 1s another(name for "2, and 2 is -
- greater than 1ts opposite, -2.h
e, - '
o %§§:5 05" by the multiplication property - of 0, (ig;x 0)
e A P
o is 0, and the absolute value of 0 1s 0.
AN ' - e
- - H
‘\l - L) y
4 oo '
, .
-~ ,.(: .
' 39

33
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te the greater of X -and

’. 2(v).
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14; by the addition property of = 0,
is " 14,
(f) 3; the opposite of the opposite of the qpposite of
3 is simply -3, 3, 1is

greater than

(1% + Q)

and 14 1is greater than its opposite, -1U4.

-3 and ‘phe opposite of
-3. -

)
.

Both are non-negative,

ff x is a non-negetive'numﬂer, it corresponds to

a point at or to the right of O on the real number
line. Its opposite, then, is at or to the left of
O.. It folloys that the greater of x and its
opposite By definition, then,

Ix] 4s x, 'a non-negative number.,

-X 1s here x.

(a) and (b) =
N If x 1is a negative number, it corresponds to a
g point to the left gf 0 on thereal 'number line.
Its opposite is therefore to the right of 0. Thus,
: "in ths case, =X;
in other words, if 3 1is a negative(numﬁ!r |x] 1is
-K, and thus a positive number.

-X 1is,

the opposite of X,

For every real number xf |x| is a non-negative number.
In Parts (a) and (b) all cases, x < O, x>0,.

nave been considered, and in every case, |x| was found
N

x =0,

to be non-negative.

- 18 )greater than x
since, for x negative, |x|.@s positive by Problem
Since any negative number is legs thap any

x < |x| fon'all negative X -

For, the negative number x, |x|

13

positive number,

'The set

{-1, -2,"1, 2} 1is closed under the operation of
taking the absollte value of its elements. Taking the
apsolute value of each element of the set, -

|-1] =14 .
|-2) =2 °
. 1] =12 ' w
, ., |2| = 2, )
) 394




e
we finc'l.“"chat' trie set of absolute valdes of the numbers

9’

_of the griginal set to be (1,.2}. Since, {1, 2) is a-
e subset of (-2, -1, 1, 2), this latter set is closed °
under the operation of taléing absolute values df its |
elements, . - e )
<%
Answers to Problems; pages 89-91: N
1. ( )" 1-71 <3 or 7 < 3. . False *
(0) 'I-2] <:|-3] or 25_3.’ True
(¢) (4] < |2] or 4 < 1. False
(@) 24 [-3] or 2 ¢ 3. o False
y (e) -5l ¢ 12l or 5¢2. ® - True’
(r ) -3 < 17. ¢ True
- (g) -2 4« I':3| or 2°< 3. ., Tr'ue:\
C ) V88> (-4 er E>u. Ralse |
(1) [-21° =14 or 22 =u, . True
) T (®). (e), (£), (&) ahd (1) age true. =
2,. (a) l2]+13[=2+3=35 ‘
(») -2l +:13] =2+ 3 =5, ﬂ
(¢ (2] + I3P-=2(2"+ 3) = -5..
' ,(d)'~|-2|+|3]=-2+3=1. —
. (¢) 1-7] =(1-5)=7-%=5"
‘ q£) T ]-3|=7-3=4 ~ "
~(g) *1-5l x 25 5x2 =10 . ,
(n) -(1-5] - )=-(5-2 = -3
e ST LI BT AN
'- () 1-2] +:13] =2 +3 = 5. L.
- e ' e
‘ , * e
. ¢ , . o
- ~ s b -9
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®) || < 2. ___¢>AL4Q,;;¢
2N\ 0 .
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/‘ . Y
k) -(I-31 72 =-3-2)=-1. "
1) |2L+|3<L%‘—-2+3)—-:5,,
m) - [3-2]=3-1=2,
n) ‘_—(|-7| - 6) = T - 6) = -
(0) I-51*x [-2] = 5 x 2 =
p) ~([- 2| x 5) = (2 X 5) = -10. . L
9 -(1-5 x 1-2)) = Z(5x2) = -10.

a) |x|‘= 1. The truth set is ({1, -1J.
b) |x| = 3. The truth.set is (3, -3).

‘e

(¢) |x|-+ 1 = 4. fThe truth set is (3, -3];' the same

as that of |[x| = 3. ' _
(d) 5 - x| = 2. The truth set is (3, -3].
Qa) |x| 2:0‘ is true for all®real numders x.

If x>0, |x| > 0. See Problem 2(b) on page 89.°

s

If x<0, |x| >0. See Problem 3(b) on page.89.

(b) x <. [|x] 1S true Tor all real numbers x.
If, x>0, x= |x|. If x <0, x< x|,

(¢) -x |x| is true for all real numbers ' x.

e x>0 -x < |x|. If x<0, -x=|x|.

(d) -Ix| <x xn true for all real numbers x.

& If x>0, -|x| < % If x<0, -px| =

Graph the truth sets 9f the following sentences

B -
@ -5 g T e

2 ~»
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The’reader may arrive at ﬁhe.requireé graph by trial

. . of different numbers for x 1in the sentence. He
may instead reason the exercise out somewhat as
follows: The sentence\states that "The absolute
value of x 4is-less than 2", On the number line,
#his statement becomes "x 1s less than 2 units .

. away from O", Therefére, the graph of "1x] < 2"
( . 1s the one given gn°the previous Ppage.

. ’ l
- : v

“(e¢) x> -2 and x<2,/__%\%~ . : %\ : .
, - D,

. . -

C(@ x| > 2. ' ) — 8 - 44¥§; —
_ N C\\/ h .

As in Part (b) the reader here may find the required
set by trial-<and-error, or by recalling thé inter-
G

pretation of absolute value as a distance on the Y
. number line as in (b) ‘on the previous page. :

() X< -2 or x> 2. emmd ' ; ' ¥¢>4'7
o 2 . 0 2
. SRy . _
(f) Since ﬁhe absolute of a number is always a non-
P negative number this sentence\is _meaningless.,

LS

6.  The set of integers less than 5 1s the set N ‘
. {-.., -1, 0, 1, 2, 3, 4} e ,x‘_gh"
C \ The set of integers less than 5 whose absolute values )
’ . ANare greater than 2 is . .
) ’ {-o-: ‘5:"‘“‘: ,7'3‘: 3: 4}
-5 'dnd -10 .are both e;ementa of this set, but 0 1is

A

not. -, - ‘ ‘o,
o . . :
. oaoow.=.=—ﬂ:
-654°32 01 234 5. v
. a07 : §
L] s

A
r~




- ‘- [ 1 >
y - ) :’? :‘ ! .
. N 393
. - - T,
T Three numbers: )
' (2) “In P _but not in I:° All positive numbers eiccgpt
. integers, st" V2, w; 5.3,. etc. )
- ’ » . . ‘ ~ .
. (b)’ In R but not in P: All nbn_-positive.real numbers,
‘7: »=Ty O, "‘/E:. ': g‘: -etc.' .\
. .
(¢) In B but not in P or I: All non-positive real
‘ ) t Wl
, numbers, except integers, - -SZ, -2.74, - %, -J/2,
ete. - ! :
(d) In P but not in R: All mon-real positive nurbers.
- v
Since there are none,, this is the empty set, 4.
t i ; ' -
: ' | - —
" Answers to Review Problems; page 92: . . L. )
- .’
@
) H
L
TN
. ] ;
»'f_i . “ . ) . . . .
" R " (a), (b), and (¢) are true statements. . ( -
3. ete: Y e -
[ @ '1; . h
5 ~ v . - ’ .
—t S+
.79 8 7 6 5 43 2~ o0 | 2-3 & 5 !
.t ‘ o s
» ’ 4 7
. . 398 A
] \ .
\ , .
- .
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'f ‘4., (a) If s 1is the number of units 4in the side of this
) ' square, 8 1is positive and .4s 1s the. perimeter

of the square.' A sentence for this is 8 >0 .and

. 4s < 10, ‘ ) T ' .
. . .
—0 ' pnO— ‘ ,
p | 2 § ' ,

(b) If A 1is the number of unifs in the area of the
square, then A = sg,. where s > 0 and '4s < 10
cas in Part (a). Since A 1is 32, and s is a
number from the set. of numbers between O and 2.5,
, , the truth set of A 1is the set of°numbers between

. 0 and 6.25, = - -

» e 4 ‘ L.
p 1. (a) | . 6 -
! .
, — 4 ,
7 6.5 4 551 61 2 5 a5
N ¢
» The sum is -6,
SRR RN B
SN AN 6 < 4
— - *~ ° . -
N R R E I
' s then o .
. 1-)/ ) <\ — A,W,_l_? - . 3
E - ; ‘ e s 4 L
§ . —> ,
- ' B e e e e e MY S S S— e )
i 77675 43 T2\ .0 12 3 4
B The sum is k:§i . '
- k4
A ] ‘ o

- - . c - = L g WO N
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. d.a -39' )
N ' . ¢ "y
(g) — .
. * e R
= it} —+ + * v
"3 T2 i 0 1 2 3 L .
' The sum is O,
’ (h) : - ' .
/T‘\ 5 N
Ll + Y 4 i 4 1 ! l' i ] J j L
Ne -3 2 -ib 0 1 5 5 4 5% 7 8 9
-, ‘ o '
then . ’/' e
- 8 i ~ N
[} ) ¢ 3 ] ‘ . - "’ . .
—— } + } N N ' + t ¥
. 4 3 201 0 1 2. 3 4 s .g .l
' 4 ©
4
)/ . The sum is 5. R
2. ) Move from 6 to**'7-on ‘the number line, then move
10 units to the right. )
(b) Move from o0 %o 7. on the number line, then move
¢ 10 units; to the left. . o
(¢) Move from O to 10 on the number line, then move
s “7 aunits to thellert. - , ‘
(d) Move from 0 -to -10j on, thé number line, then
move 7 units to the left.
) (e) Move from 0o to 10 on the number line, then mdve
i 7 units \t.o the right,
(f) Move from 0 to -7

on the number line, then move /

10 units to the left,
% 1
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; "(g) Move from O -to- -7 on the number 1 e, fi) n move
- ‘ Nl
10 - units to the right. 3 -, R
.o (h) Move from O to -10 on the number 1 e, then
move 7 units to the right. R
. ‘ . ‘\
" (1) Move from O to -~10 on the number line, th%l
move O units. Hl .
(j) Move from O to O on the number line, | then move

o \

7 units to the right.

3. In (a)y (e) and (J). |
‘\ .
t, When Yoth numbers were negative, the sum was negative
and was the opposite of.. Jl:he ‘sum obtained when both
o numbers weré positive. .
” : hd \k ’ ' N
N -
" Answers to Problems; pages 97-98: .
1. (a) (-2) + (-7) = -(l-2] + [-7]) "
3 a2+ ) &\
: = -9 - . '
/ A loss of $2 followed by a loss of 37 1is a net
% ' loss of $9. 7 . : T
(b) (-b4.6) + (-1.6) = =(]-4.6] + |-1.6]) .
= -(4..6 + 1.6) RN :\ \\
. = -6 2 ' ) ’ ' ‘
Move from O to k4. 6 -on the number line, then .
Z move - 1.6 units to the left. You arrive at -6, 2\
- . 1 2y : SN
~ () (-3%) + (-29) = -(]-3l -+ |- 2'3'|) T
- (3% + 2§) o
. :«"z%{’d - -
Movq from O "0 -3-3- on the number line, then move
un},ﬁs/to the, left. Yo?, arrive at =-6." N
’ >
‘v r .

402 .i‘ 'j
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o .
() (-25) + (=73) = ~(|-25] '+ |-73]) i

= -(25 + 73)
. = -98
Lt - A loss,of 425 followed by a‘loss of 473 is a -
. net loss of §98’ o

) : L..- .1
N (e) 55 +'25 = 8 ‘ .
Here we have a problem invé%ving only the addition
of positive numbqag, So0.that the definition for the
addition of negative numbers cannot be -used.

2., (a) (-6) + (-7) = -13
C(B) (T) ¢ (6) =13 . T
(e) =(1-7] +71-6] = ~(7 + 6) e
. #= =13 “
(6) 6+ (<) = 2 v
S (Mr6=2 T -
(£) 6] - [-k] =6 - 4 i
' o ’ . =2 .’
//’/? (g)~0, + (-3) = -3 . ’
o (1-3] - loi) - (3 - 0)
‘ ., (1) 3+ ((-2) + 2) =3+.0 R Y
. i = 3

' 3. ' From the point of view of the number line. If the
distance moved to the right was greater than the distanceJ
9'moved to the left, the sum was.positive; if the distance i d
" moved to ‘the left was greater, the sum was negative. )

_In terms of absolute value: he Q;%%tive nﬁéber has

- - the greater absolute value, the suﬂ§ negative; if the

- positive number has the greater absé; e value, the sUm
) ' is positiva,

. ¢ 3
+

04
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.Answers to Prot;leﬁns; pages 99-101: ' _ ’
. 1. (a)- (-5) + 3 = -5} - 13]) )
‘ ° = "(5: - 3) ,
~ ] ‘» = —2‘ .
i (0), (-11)-4 (¢5) = ~(|-11] + |-5]) <
-, . . o = —(l} + 5) -
= 216 -
. . - \ TN
8 R 8, °
(e) - (= =) = -(l- =%l - lo]) :
/
(d) T
(e) &
]
) (£)
(g)
(h) (-35) + (- 65) = -(]-35] + [|-65]) ’
L
= (35 + 65)
¢ : L= = —looo « - . *
2. “Since the sum ofrtwo real numbers 1s a real number, the
’ set of all real numbers is closed under additich. "
. &
.. %
‘ i ’ J“? g
404 '
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3. Since the sum of two negative real numbers is a negative
real number, the set of all nevgative real numbers is

closed under a,ddition. ‘ »

.

4, (a) If x is . s, then 5+2 .7 1s true.

-

. (b) If.y is -1o,. ‘t:hen 3+ (Eo = % is true.. .
. (¢) If a is '-5, then (-5) + 5 = 0 is true. |
Jt@) 1Ir v 1s 10, then 10 + (-7) =" 3 1is true.
(eI x 1is 0, then (-g) + o =-g is true.

5 - (‘a)tTrue - (d) ‘'False-

; ) '
- 6. (a) Ir-x 1is the distm]c\e\from ‘the starting point (with

£) If ¢ is -4, then (-4) + (-3) = -7 1s true.
g)-1f y 1s -
(h) If x 4is .20, then -2(20) + (- 4)

then (-9-)+-3 = 2 is true.

6 is true.

(1) If y 4s 3, then (3+ (- 2)) +2.23 s true.
" " (3) If x 1s (-1), then (3 + (- -1)) + (23) = =1 is true.”

(b) True . % (e) False -

(c), True

nor€r taken as the podN.tive d:l.rection), then -

X=40+(55)

.
&

(v) If n 1is the third number, then
T (-9) + 28 +n=(- 52) .

&

(¢) If o ‘is:the témperature change between U P.M.
and 8 P, M., then. .

- 243154 6+c‘—‘-‘9““““"““ .
(a) zIr g 1is the number of pounds gained the third,!!i,ik
- then - . T
" 200 + (<) + (- 6) = 195, L -
.(ej If s 1is the number of points change in the st:ock
"/ ' price listing, then S g .
83 + (-5) + 8 = 86, - _ -
£65 L
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Answers to Problems; pages 103-104: . -
o . . .
1. (a) The left numeral is

" assoclatiye

(&+(-3)+4)=<‘3+(§-3)) +4'

'

property of ¢
addition. © e c

addition property(

N
i3 ]

(b)

()

(@)

8

T =0+ 4,
: of opposites,

The right numeral-is . ST
0+ 4,
The right numeral is P
<(—3) + 5) + 7 = (5 + (-3)) + 7 commutative
’ properfy- of
; N addition. s * -
The left numeral is ’ 4 L T

. L e
(5 + (- 31) + 7. by '
'The left numeral is N o Ye .
(7 + (-7» +6 <0 + 6 addition propérty
of opposites. - ot
=6 . addition propenty .
- of 0, . o
The right numeral is 6. . + -

definition of. .
‘absolute value

associative
property of >

addition: | &'
addition propert /

of opposite@.'

The left numeral is
[-1] + [-3] +7(-3)

.
‘.
’ <
: s .
<
. ~
=1+ ,
.
[l

n
[}
+
wW-
+
—
w
S

) . =7 addition property
» of O. . PR
The right numeral is 1. T . s
The right nﬁmeral is e .
((_2) .+,3> + (=) = (-2) + (3' + (-4)>assoc1at1ve
property of

addition, ' —— "

The left numeral is o

an =T . .

(3 + (- 4x> 2




(£f) The left numeral is

(<]-51) + 6 = (-5) + 6 - " definition of
.absolute value.

6 + (-5). commutative
. Co " property of
. addition.

RS
I

The right numeral ds ;
6+ (-5).
(‘a) Xx= X+ (=-x) + 3 -
+3

“x = (x + (-x))

= 0+ 3 ’,

. -

X =

- (®) m+ 7+ (-m) =m .
m+ (-m)- + 7 '=m
(m_+‘ {-m) + T =m
047 =m

T=sm

¢

~

(¢) nw (n + 2) + (-n) ‘

‘n + (-n) + (n,+ 2)
(n + -(-p)) + n-+ (2
- O+ n

-
-
-

d

(@) (y + 4) +(§

y+<u+(4»
v+ 0
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- Answers to.Problems; page 107:
o .
~.1s If x+5=13 i1s true for some x, then

X+ 5 +.(=5) = 13 + (-5) is true for, the same x, .

x+ 0 =28 . « is true for the same x,"

. . “x =8 " is true for the game x.

¢ v

Ir x=8, . ., .

thé left, member is- 8 + 5 =
the right member £s 13. ) .
Hence, the ‘truth set is (8}; e .
the only golution is 8.

2. If (-2}:+ T = (-8) + x 1s true for some x, then
) + 7

8 + (- = 8 + (-8)° + X ‘' is true for the.same x,
! / N - PR
-, 9=0+x . is true for the same x,
) . 9=x .+ 1is true for the same x.

Y If x =9, , ’

+the -left ‘member is- (-6) + 7
the right membé!’is (<8) + 9
Hence, the truth.set is, {9).

1, N\
1.

3. If (= 1) +\E.+ (-3) =4 x4+ (-5) 1is true for some .x,
.~ then ) (-2) = x + (-1) 1is true for the same x,
‘ (-2) + 1 = x ¥ (=1) + 1 1is true for the same x,
' -1 =x ' 1s txue for the same x. ‘
Yoo If x = -1, oo
. the left member is (-1).+ 2 + (=3) = (-2), i

-~ the right member 1s 4+ (-1) + (-5) = (-2).
’ The solution 18 -1. :

. ® +

b, If (x.+.2) + x = (=3) + x 1s true for some " x\_then

3

2x + 2 =(-3) + x is true for the sWme x,% ¢
2x + 2 ﬁ\(—é) + (-2) ,,4 -
L. ( =3) + x + (-x) + (-2) is”true for the same /x, ,
“_*_w:.; X = =5 . is true for the sam
/\/
—— \m, ’
V '
. e =
, T T L4087 : ‘
’ T et .




4ok

If x = -5, b .
thé€ left member is ((-5) + 2) + 5

the right member is - | (-3) +5 =
Hence, the truth set is' {45). = -

If (-2) +x + (-3) = x + (- %)' « is true for some X,

" then x + (<5) = x + (- g) 1s true for the same

(-x) +.x +§-5) .

* - k2 - .
= (=x) +x + (- %)‘ is true for the same

B

-5 = ~ 2 _ is_true- forthe same

‘.
N

but’ =5 = < % ”1sif“al$e',,which' contradicts . .
" "thé assumption that the equation was true’ for ’
, A -0} .

‘'some X. . ) .
Hence, the.truth set is g. ~ - ‘

If x|t ((—3) = Iv-2| + 5 is true for some x,
"ox| +(-3) +'3=2+5+3 . 1is trye for the

" x| =10 . . .+ 1is true for the

X 10 or x = =10 is trug for the

I%'x='lo, ' :

the left member is |10} + (-3) = 10 + (-3)

,

[FEN

&he right member is |-2| + 5 2'+.5

. Hr e

If x = -10,
the left member is .- |-10] + (-3)

the right member is  |-2| + 5

L
-

The solutions are 1.0, -10. -

N
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7. 1« If (7%) + IJQI-\:‘(-%) + Z-l) .:L§ true for some X, .th’en
V4 .

l

%*('%) + |xp = %+ (-%) + ‘(-‘-l) is true fo.r_ the same x,

ol 3.,.6 8 ;
x| = =+ + (- is true for the same x
' ; | ‘l B @g) ( B') ’
|x| ='-.%—I\, is true for the same x.
oy v .

‘But |[x] 1is non-negative for every x, which contradicts
the assumption that Phe equation is trge Tor s\,ome. X.
There 1is no solution.h

|-4| "+ (-3) is true for some- %, then

8. Irf x + (=3) =
x+ (-3) +3 =14+ (-3) +3 1is true for the same x, v.
' x =k . 1s true for the same x.
. - Ty
If x =4, A ' .
®  the left member is 4 o+ (-3) =1, -
. t the right member is |-4] + (=3) = 4 + (=3),
o : = 1.
v, " Hence, the truth set is (4). .
/- 9. 1If .(-%) + (X + %—) = x + (x + %) . is trﬁg f‘pr;éom’e X, then-
;-d\~lx+'(;‘-%)4:-z-=‘2c+% ~ 'is\‘true for the sarjx;e x, -
-3 5 -3 3 ;
X4 (-xX)+ (-3) +(-3) = 2x +(x)+ (-=) + is true for the
FEP ey - §*E i
> _% = b4
L ey
. y .
If x == 3‘ ) N . i
4 Yy o1 8 8y
the'left member 15 (L) + (- + 3) = 3 + (-9 %9
= ) ) ¢ - 13 ' ’ &
) ) = ‘<
: .k i 8y’
; . the r:ight member’ié . dh s (—% %) = -\% +~i(-5') +% .
, o .- _ 13 ‘
Y - M "4 , -3- pe -
The solution is - 5- . : . o fo. ,
-
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Answers to Problems; page 110: ’

1. In each part of this problem, the number for which the
s sentenge 1is true is determined almost immediately by the
=i rwzyuniqueness of the additive 1nverse, il.e. 1if x.+z =0,

[

_then Z = =X, . ) N .
(2) -3 . (6) - % L e

® 2 . e S
(c) -8 (h) ~ 3 - ) .
(@ 3 | (1) 3 ’

(e) =37 [ » -

2. Yes, for by this theorem theré is but one possible value
. for the variable, the opposite of the number tb which the
variable is added to ma.ke 0. e

N ¢ "\ °
Answers to Problems; pages 112-113: "

1. (a) =(x +y) = (=x) + (-y). True.

(b) ".-x. = ~(-x). Since -(-x) = x, this is false for LN
all real x except zepo: ’

(e} =(-x) = x. True for all real x. .

(q) -(x + -2)) = (=X) + 2. True; a special case of
" (a) where y = -2, -y = 2, . '

(e) -(a + (-b)) = (-a) '+ b. True; a special case of

* (a) where 'x = a, y'= -b, (-x) = (-a), (-y) = )
(f) For a =2, b = 14,' the sentence becomes ‘ .
.‘(2+(u)) + (-2) =4 p

R . T L

which is false. Tl%e sentence 1is not true for all
real numbers.




hor - ’ .

While this p;'oo'f:“by counter-egxample is sufficient,
one may also reason as follows: Application of the
> associative and commutative prdperties of addﬁitio'n,
the addition property of opposités » and the addition
property of O leads to -b = b; 1in other words,,
If "(a + (-'-15)) + (-a) = b", is true for all real
numbers a and b, then U-b = b"’ is true for
“. all real numbers a and b. But "-b = b" is true
only for b = O.* Therefore, the statement
”(é + (-b)) + (-a) = " 1is not trué for all real

v

numbers a and‘.b.

(g) (—x + (-x)) =X 4+ (-x). True; a special case of (a) '.
where x =%, ¥ = (-x), (-y) =x.
2. (-x) +(y + (-z)) = (=x) + ﬁ((-z) + y) ‘commutative property
. . . of addition.

. 2 ((-x) + (-z)> + y associative ‘property
‘ of addition.

(—(x +2)) +5 -(a + b) = (-2) +(-b)'.

- ¥+ (-(x + z)) ‘commutative property
- . of addition. :

il

]

3. -(3 + 6+ (<4) + 5) = (-3) + (~6) + 4 + (-5) 1is true.
' The opposite of the sum of any number of numbers is the

sum of their opposites. ° . o
. (a) . True ’ (c). True
(b) False (d) False _
. 1{.' For any real number a and any real number’ b and any
T ‘ + - 'ﬁ”' . . . . _ .
““““““““““““““ f:ial number c, ' R ~
If ' .a+c=b+ec,” > 7
: then (a + c)gt (=c) = (b +c) + (-c) addition property
. b N of equality.
a + (c + (-c’)) =b + (c + (-c)). associative "
. B . o property of
" . addition.
’ a+0=Db+0 addition property
of opposites.
- : . a=> ' additioh property
. . . .of 0.
S ' ’ 5 N é )

. 412 . i

aV




J/ ; 408 .

Answers to Review Problems; pages 114-116:

1. (a) The left numeral is j

.
. N t ’

7 + (=) ) + 7 commutati¥e propert
§ ( 3.> .3- < 3 for addition. 4

s 0 =<-3- + -3-))+ 7 associlative ,property
: - for addition.
‘- o0+ 7 ) .addition property of !
. ] - .opposites. .
: = 7. ’ addition property of /
. zero.
The right numeral is 7. . ; . P
Hence, the sentence is true. ~~
i
(b) The left numeral 1s” ) ‘
[-5] +(=.36) + |-.36] = 5 +<(-.36)+|.36| | -
. associative propert
' for addition.
: = 5 +((-.36) + (.36) '
definition of absolute:
. - ~ value.
A - =~ =54+ 0 -addition proper'qy of
’ —_ ‘ . opposites.
~ _ = 5. addition prOperty of
! ’ ' zero.
. The right numeral is 10 + ((2 + 7)) = 10 +,(=5)
. = b5,
Q- Henoce, the sentence is true. -
2. (a) 1If . 2 + 32 = g is true for some x, then
g+ 32 + (—-g) 8—+ (-g) is trlde for:the same
) )
h (g+ (-‘-8)} +32=x+4+0 ' is true for the same '
) . X, S0
’ 0+ 32=x is true for the same
N . ¢ . - ) x’ ' )
i “ 32 = ..~ 1s true for the same
If x = 32, (X
. . ‘the left memberis / -g +-32 = 328,
the right member is 32 + g = 328.
"i’/ Hence, the Jruth set is. £§2}.

& PR

v
e
)
e

Y
Jp

oy B




(b)

(c)

then ;

* the right member is 10 + 3(-1)4—6—%)

kog

>

If X+ 5+ (-x) = 12 + (-x) + (=3) - is true for
some x, then : . "

X+ 5+ (=x) +x 9 + (-x) + x 1s true for the
same. X,

9 “ * 1is tTpe.for the
samerﬁx )

9 + (-5) is true.for the
same  x,

- X =4, is tirue for the
same* x.

If x =14, “
the left member s 4 + 5+ (-4) = 5;///

x+5

x+5+(5)

- the right member is 12 + (-4) + (-3)

Hence, the truth set is (4},

JIf 3x + —122 + x =10 + 3x + (--é) is true for ‘some

3x + -}g;&- x + (-3x) = 10 + 3x + (--é) + ( 3x) .
. is true\for the
same x,

'-122+x=10+(--£-) " 1s true £or the

sam¢ x,
-122 + X + (-%5)

10 + ,(-%) + (-%i)

1s true for 'the

~ - , \~ Same x, - \
x = 10 - 11, is true for -the
. - same. X,
x .= -1, ‘is Arue for the
. . .sdme. "x. ,
If x = -1,

the left member is 3(:1) + -254-(-1) = (-T}). -g-&-(-l)

' -(47/-;
' ' <%

10+ (<3) + (-F)

. ‘ . ’ 7,/

7+ (-3)

I,

0
o

-

Hence, the truth,set is {-1}. -




v,

(a)

then

(

3. '(a)

(b)

-

N But 3 =
: that the equation was

(c)

(b)

5.

(b).

6.7 (a)
. (p)

(a),

L ey

(a)"

RECSR

: (d)»

!/l )

410 ' / -
< /
: 1)

Ix| +3 =5+ |x| 1s true for some -x,

Ix[ + 3+ (-]x])

If

b
is true for the:
, same X,

‘ is true for the
/ same x,.

which contraﬁicts the assumption
Hence, the

5+IXI+(I291

3 =5,

N

5 1s false,
true for some X,
tru(h set 18" 4.

13] + |a] > |-3]
except O.

13] + la] = |-3]
13] + |a] > |-3]

Either both are negative; or one is negative and the
other 1s either positive or, 0, . and the negative
number has the greater absolute value.,

. T )
is prue for the set of all numbers
! \_/
/{0}.
is true for/ #.

is true for

One.1s the opposite of the/other.

Either both are positive; /or one is positive and the
other 1s”either negative or 0, and the positive «
number has the greatér apsolute value.

If x is the length of/ the fourth side,

—
26, 23
2ab +. ac xy(x + 1)
2ab(3a + b)

2 2
a“be + 3ab <
s':,si‘{_‘

e

2ab + 2ac
3(a + b)

4 N
5x(1 + 2a) 3a° + 6ab + 9ac

o

~—




» h11e ) .
i, .

Yes, the set is closed under the operation of
"opposite";

Yes, the set is closed under the operation of
"absolute value", . C :

Yes, if a set is closed under 'oppositeg it is
¢losed under "absolute value", since either the

“number or its opposite is the absolute value of

the number.

[
Yes, the set is closed under the operation of
"absolute value",

No, the set is not closed under the operation of

"opposite"

No, if a set is closed under "absolute value", it

is not neceysarily closed under "ogposite", since ‘

\

even if the absolute value of a number is in- the
set, the opposite of the number‘ggy not be.

N

~ [ 5

B

S
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— 1.

— Answers gngrggiems; pages 120-122:

M

(a) 5 (s .
(®) 5 (8 o ~
{0 5077w e ,
ay =g (1) 12 S
(e) 19 ° (3 1.35
(2) 36 () .
(b) 36 Q)  -35
(2) True . (e) . True a
(b) True g - '
) .
(a) (-3) (d) all > -2 .
(b) (12} | (e) F» - %) R
(¢) ({36} ) .S .
. ' ro~
é¢}f, closed N
{1,,4, 6, 9, 16}
(a) Either both are positive or bqthinegat1Ve
(b) One is positive and one s negétive )
(¢) b_ is positive °* ) N f
(d)~ b 1is negative
(e) b 18 negative ’ N
‘(f)y B 15 negative ¥
1. Comparison property & 3. Definition of multipli-
catlon )

2. Mgltéplicgtfon’bropergy 4, Definition ofroppositeé

o .

) <




PR

Answers to Problems;

(b) -15
() ©

; 1.

- Answers tq Problems; page 126:

{(a) 5100

(b) 1

Answers to Problems;

‘

(a)

-1

Answers jg‘ﬁ’roglems ; page 128
1. (a) - ‘
(b).
(e)
(a)
(b)
(e)
(a)

3x + 15
)
(£
(e)
(£)
(g)
(h)

2a + 2b + 2¢
3p + (-3a)
5(a + b)
(-9) (b + ¢)
'6(5)
(x+ v + 2)

, —
S \\gid)‘
(e

(-3) + af+ (-5)
13y + xy
(-gr) + (-g) + gs + gt

(2 + b)(x + y)
10() |
(-6)(a® + b2)
cla + b + 1)




A\
4
\ / B / {
- T 41y - i
3. (a) 19t (£) h.ob - ;
(b) -6a ' (g). 3a + 7y -
t(e) 13z - . (h) ~=6p = _‘:———«y (
(@) -1in (1) 2a + 19 .
(e) . 2a ' . '.. : /
- . < ! '
Answers to Problems; pag® 129: ‘
1. (a) =2a N (e) 6a + Ub + ¢
> - (b) - 17p (£) 6p + 11q - )
.' '\(c) 0 (g) 3x% + (x) +1
» (d) 122 +-3c + 3c? ™ v
* e : e ‘/
2. (a) (-¥} (a) (7} .
(v) (g} . (e) (1} ’
(o) (& (£) g2} ’
, , v .
Answers to Problems; page 130: )
.1 %abé'cgd 3. ‘3% _,
.. .~ 2. 2000%°% 28abe’ IV '
~ b ’
Answers _1::9; Problems; page 131:
1. 16 + (-6b) .+ 142 5. ‘(-p) + (~q) + (-r.'°)"
2, 18xy + 6xz 6. (-2la) + 35b
., 3. 12052 4+ (-21p23) 7.  12x%y + 18x%° 4+ 2lxy?
b, 20b° + Tob2 + (-40b) 8. (-x%) +x ' '
' » o o . - ‘;
i . ® s
. s
S ! e
. 41D -
. % . q #




W

s . : .
Answers to Problems; page 132:
1. (a) %%+ 10x + 16 () 2% + ba + b T
C®) FPe(By) v 15 (o) x4 (-36)
(¢) 622+ (-17a) + 10 (£) y2a47(-9) -
3. (a) 3%+ 5+ (a) 6p%a® + (10pq) + (-56)
. "(b) 4x® + 23x + 15 (e) 16 + (-1%y) + v2 + 5 C
(¢) 8+13n+50°  (£) 15° 4+ (llxy) + (2x?)

-9

Answers to Problems; page 134: 7 .
: . 6 1 .
1, . %" 2, - %" -2, g" %’M’ - 7’ ']'-SQ’ loo’_ ’]:OO’ %)" - ‘3% .

‘

-

Answers to Problems; pages 135-136:

4 . 1. (a) True () ATrue I
- (b) True \\/(e) True ' )
(c;) Falsé ) .
2. (a) (3) (g) (35} . -«
Vo () &) (n). (- ) .
S @) (15) -
(@) (1he () -3 -
&) & (x) (0) 7

(£) 3
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Answers to Problems; pages 139-140:

1. (a) . (6) (o) (- Z.}

& - (b) (6) , (£) (-3)
) sy (g) (0}
C(@ (o) (n) (1)

C2. (a) (9} © O (e) (65)
(b) ‘(all real numbers} (f) (8}

| (e) () (g) “(47) .
‘ \(d) (6)

—

Answers to Problems; pagés"Lul-luaz |
\ T ”

1. (a) 1}5 ) (e) —
(b) 1 . —g-
-8 ~ (£) o5
\\('C)'—%_— k ]'_
X 5 (g) 3
1 T
) @ 3+

1 ( (a) 3;}'5 (a) m
1 - ’
(b), §Iyz (e) 1
1
R

[

ro

Pomt
N




-

Answeré.ﬁg Problems; .page 148:

1. 0 . -
o o

4. (d) [?0, 1003
\ (b) 6, -9)
(¢) {0, 4}

-

=

@ & H
4

Q

~N

Answers to Problems; pages 152=153:
1. (a) -$<-4 . ()

~

True

(2)
(b)

True

. True
(d) True for any (h)
real number a

. ‘(1)

(a) 0<.x (b)

s

-1-71 = -17]

True

False

False _ s
all positive numbers
False ?

x<0

Answers’ to ngblems; pages 154-155:
1. .(a)
(b)

(c)
(a)

True

True

4,\:\ -
Answers to Problems; pages 159-161:

. .(a)'
(b)
(c)

(e)
(1)

b= 9

(&) .

(h)




B
e
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(a) True " (d) True
(5) False . + (e) - True

(¢) True : (f) True-
(2) 5<13, 8<13 \
(B) (-3) < (-1), (<1) <2, (-3) <2
(c) 5+2=7, 5=7+(-2)

(a) False (¢) True

(b) True

For any real numbers a and b

s

la-b] < [2] + |p]

(a) {5} (a) {26),
(b) ({125) (e) ({97}~

() (M - (2) (.9)

Ansyers to Problems; pages 165-166:

1.

() x>x te) x>3
N b}

(b) x < 1 e x<

() x<=b (g) x>2

(@) x> %

(a) At least 6 books. - '
(b) All integers betw‘é‘.eria 24 and bo.

[N

o




»

w—

-AnsWers to Problems; page 176:

N v -~ ]
. nl o nn &+ o o H
4 o #+# v o =+ «
ol o m o m O m
§l o .+ o a0 o
' m orm a’A &
2 ' —H o H a o =7Fun
al o & o @&
ol © o o o,0 o©
—Al ol ~ [ .
; Al O - H N un
‘ . . Jo Aa a o & n
o| o]l o o ol o o o o X
. ol . . O +H N ™ .
) { . n n o 4 & o =
L . Fl+ v O A4 @ o
J o ol m o +H « ol o & 0N O H o
. = .
Al N m O H af 0 m = O A
| Al O] o H >
Al A & ®m® o Al A O »m F 0 O
i
ol o H o ol o A o ™ o 4 - a4 m o In
. : 3 .
+_ O_ l_ + + 0 A o o 4+ O *'H QO ™ ,a .
P —_ )9 P
« Q 3 L} @
j - S’ S’ ry S’
- k]

‘ For each non-zero element there exists a multiplicétive

-~
f

inverse,

“re,

¢




Answenrs to Problems; page 179:

1. % - 7. 13
2, -1.262 X . 8. Yes, yes‘, no )
3. -3.01 R 9. (750}
< 4, .16 . - 0. 132 . C o -
. 5. 23 _ - 11, 14,777 felet
"6, p1 - T

sSwers to Problems; pages 182-183:
Apswers 2roblems; pa ~

| 1. (a) 79 $ . .(c) -2a% + ?’a ]
() 3o )
T2 a3x 4.y ' . ‘ »
3 1 st s el
\; ) 4 ‘1-x" . _. 6. .l&x2+x+15
Answers to Problems; page 184: ,
- 9 () 3 - 6b 4 30 (d) a - 2b i 5
- (i)) -Tx o {e). -3ab - ac + 3a SN,
: (¢) a -2
2.. (2 {1} , "(c) all { such that vy > --é-
o (b) {52] , " (d) a1l u such that u > -«5-4 ,:
“ ) (e) all a .- )
, -3, (a) x =12 ; o (c)‘ < 23 students c
' (v) 51 : ' :
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Answers to Problems, pages 186-188:
1. (a) 8 () 4
Com) 8 (8) &
(¢) -8 . (h) 6 -
(@) 8 (1) -7,
(6) b (5 7
2. (a) 5-x .(e)*-x+1
ENOREREY (£) -1+ =}
‘\j) X+ 2 (g) x=0=%x
X Ay Ix + 2 (h) Ix - o] = Ix|
3. (a) = (e) >
T > (£) >
() > (g) =
(@) > X ) >
. /
5. 5, 3 *Fe x'<3 or x> 5
6. 3<x<'5 8.x>3'andx<5.
9. (a) (-2, 14} (£) (-1, 1} »
(b) (4} (g) Real numbers # <y < 12
(c) (8, 12) (n) (2
(é)‘ Real numbers (15 {-22, -16} -
8<x< (5) {14, ¥)
(¢) All real numbers <
.10, x;=-3 and x=3 -
;3 x;> -3 and"x<3 |
x> -3 and x <3
x< -3 and x > 3
x>-3 and x<3




(a) (1) 66; ' (2) 33;
(v) (1) 55  (2) 8;
(e) 63; (2) . 30;

(@ (1) ¥ (2 9

.
-

Answers to Problems; page 190:

6
-6

-6

20
5

p—

\'-

Answers to Problems; pages 191-133:

»

3. (a) 15 (e) 12
(b) -200 ‘ (£). o
(¢) 35 , impossible
(a) - % '

(2)
()
(c)
()
(e}
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6. (a) (-9) - (c) (5)
(b) (163 ~ E
z
7. - _ 8. 9 '
9. Dick is 7 years old and John is §i :years old.
10. 22, 24 ' S -
11.\ The sum of an& two konsecutive numbers from the set of

odd integers between O and U2 would satisfy the
condition of the problem.

12. 1111 hours . . 13. 9

~ ~

14, 12 pennies, 16 dimes, 22 nickels. Total $2.82.
’ “

i5.  §25. 6. n<12 -

=

17.‘ b0 gallons of maple'syrup‘and 120 gallons of corn
syrup. ) ) ) »

°

P
Answers to Problems; pages 196-197:

2. (@ 3 v (® -3
3. ka)\ﬂ? . (b) -;‘; . N
' ko (a) z ~ (c) -%
. () % .
5. (a) ¥ . (¢) x+1 ’ :
RN € T @ 1 '
; Y
X Yoq




boy

(c)

6. (a) ‘ 2
() -2
5 ) ‘
7. (a}) x_g (c) %“l.
(b) %%g— () x4+ 2
8. (a) 2-a (¢). -1
(b) -a °
- 3, _
9. (ao) X -1 (c) lx l%
{v) x_z_l (d) x -1
Answers to Problems; pages 198-199:
1 21 g )
. -l-g .
2. (a) § (v) 12 B
3 () -39 (®) 2 S
%2 / 3 ‘g‘i:ﬁ?
b (a): v (») 3
5. (a) s (c) 5
(0) 22 () & ,
6. (a) X} (b) Hx + 2)
T (a) @*3)6“‘*2? (c) Zosd)
(b) 1
8. (a) y? ‘ (b) 2a N
. 199 )




\
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9. yes, no

10. f =126

11.

Answers to Problems; pages 200-202:

1. (a) %

~

(e¢) {2}
(d) [18}'
7. - 150, and 90

- 8. Numerator,was increased by 5.

(e)-

(e)

(e -

()

_{e)

oL 2
{9. 5 .and 2; 16’ To-
S4Y
1 .
; g:.%fi
430 .

~
\

Ve [=
e
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10. (a) % » (a) %g ,
®) 3§ (e) 22
@ 3ed det
11. .45, .662, .312 . Vs
Answers to Problems; page 204:,
3 ' 1
1.3 6 DTSN
2 2a 7. 7
. 3 -
3. -2 8. (x + 8)(x + 2)
b.o1 . 9. %
5, " 2 ‘
Answers to Problems; page 207: R
1. yes : 86. 5°17
2. yes o 7. '3033 ‘ .~ ‘r_ .
3. yes 2 8. not factorable
L, yes” . 9. "2.61 .
5. yes 10.  3-47

H

Answers to Problems; pages 208-209:

1. All except 106, 306, 806, 118, 5618; The clue
1s in the last two digits of .the number.

'2. ALl exgept 16, 106, 601, 61, 5129, 32122; The
: , .
v clue is in the sum of the digits.

3. Yes, "No. ) . . ' “

-

I
)
-
-
.




Answers

(a).n
(b)
(c)

to Problems; page 212:

l.

Answers

Refer to Sieve,of Efétosthenes..

to Problems; page 21k:

lo

2
3
y
5

Answers

277 6.
2:2:2:2:3:33 T
2:3-43 . 8.
5.5:5.5 « o,
2.2.3.3.5 ‘ 10,

11.°

. 2'3'3'61 3

200:De2:2:202:2:2

2337 :

3°3+3°3°3°3

3:°5°5°L1

2:2+2+2+22*3+3 .

lo

to Problems; pages 217-218:
ﬁ) %;:
() -2 o (£)
8 -
(e) & (&)
Ol CEE
(a) True < (e)

(b)

(&) 42

K. .

8o5x - 6
. - 840

False




o f

) %28
3. (a) g o (e) =
(b)) < ' (@) <
b 9k + 47 = 141 . , ’

5. 97 plus its largest prime factor 97 4s 194 cents.
b 4 .

6. zoo+1-§, zoo+1-§, :1;, 800 : ’ ‘

A

Answers to Problems; pages 229;222:

1. (a) 1Impossible to obtain an even sum,
(b) 15 and :10, or 30 and 5.

(¢) 150 and 1, .50 and 3, 75 and 2, or
25 and 6.

2., 6 and 3, 9 and
3. (a) ;8, 16 (d) 15, 22
. (v) 4, 243 (e) No solution
(¢) 216, 1 (£) é, 30
Y, / =25 fee%, W =9 feet.:

F4

. : . ’ <
Answers to Problems; pages 223-224:

1. 28, 2t 2T, 3, 72, 25, 98, o7, 35\ 29, st SB.g

2. positive, real

ass
. - *
\f ‘




VY

D

A
&1

429 - :
N
* Answers to Problems; page 225:
3
1. (a) mt 2 (g') <2a + a
(b) =2 (n) 3% .
PR (e) 4x4 (1) 34.23
(a) 2x* (3) 27.35.5°
, (e) 37a.4 (k) 9lrc2-m2t2
(£) 2al? )
‘2. False 8. True
3\ True ’ 9. 'Fa.lse
{&. False ' 10. True ‘
5., False ' * 11. False
6. PFalse 12, —Frue
Te False
"3, “ (a) b3 *(c)‘ a3 4+ at
(b) -8x°
3\‘ . e ~-Q; * :: ’
Answers to Problems; pages 227-228: /_);%3 NN
. . EY %'?’\'
’ 1
1. (a) 16 - (c) B
R Y S ", g ¢
—(v)- % (@5 "
» i 4 *
2. (a) %— (e) 1
(o) 367 I CVRE
3.  (a) ﬂl . (e) "22p3e + a'*ple
a“e
(b) a6b6c5




6.
7.

8.

11.

. Answers

430

(2) = e

* The recibﬁifal\of zero is not

Exé 3
ba™b

True

True

a number,

Yo Problems; paées 231-233:

1.

(a)- 32 - (1)
e & e
() b2 - (n)
@ % 1)
(e) 108 '
(a) ¥ ’ (x)
(b) 107 , (g)
(o) .007 " (n)
(@ (1)
(e) ;;—1;

135

o




~a

/}

. 431 °
3. () 93 - (¢) yes’
' (¥) 9:3 .
Loo(a) 6 (e) ¥
() -2 () -3
(¢) -8 7~ te) 9
(&) 14 (h)* -2
" Answers to Problems; pages 234-236: f
1. (a) '9a6 - (’c) 27a
) =Y (a) 32°
, 2.‘ ( )l X 1
e S e
. ) r
o (b
3. (a) a (;:) a2
(b) -a (a) -3a
L, ’yg § '
R ! .
:6._-@5%3 . -
7)) = . (c) 02
L(-E) x3a ’
4 $-
2




10.

11,

14,

‘15,

‘ k32
(a) yes
(b)z.no d
.
(c) yes
(d) no
(a) Not the same.
bc + ac + ab
(§> abc
(a) -288
(6) 576
(a) ‘§5~+ xx3 + 2;2 + 1
(b) 4x° -.12¢7 + 95°

(e)
(£)

(b)
(b)

(c)

(e)w a3+ 3% + 3ab® + b

~

yes
yes

yes

Not the same,

55b2 + 9lab - 24522

175"

«»

4 .
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Answers to Problems; page "239:;

1,
2.

’

(2), (Q), (e) are polynomials over the 1ntegers

1,
2.

. 5

la) ﬂ- kx (e) \2 - T
(v) x2y - 2xy2 ' (£) x2 4 4x + 4
(c) 2% ¢t -6 (g) 18t2 - 15t - 88
(@) - %xsysz (h) y°+y-2. -~
Yes .
No ‘ : .
. . s
Answers to Prm’ pages 241-242: )
- (2), (e) .
(2) a(a + 2b) C(h) a®3(a 4D -1)
(b)- 3('1':: - 2) (1) Np. factoring possible
3(9) a(b + c) (3 ab(x -'y) .
(a) 3xz(x - y) (k) 'érgs(x - y) ”
te) a(x - ) (1) (v + %) (xp 7) ‘
(£) 6(p.- 2q.+ 5) (m) (x - y)(4x - y)
(g) 2((z +1) - 32w> (n) 223222522 .
(a) 1, 1, 2 (e) 2, 4
(b) 2,1, 3 (£) The degree of the product
" (e) 3/, 2, 5‘ ;:gigzglogotzzefggogg the
fd) 0,5 5 é-
<« 7 ~
— v ’
7 - N
438 ,

[
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Answers

434
o

-

to Problems; page 244:

¥ .
', 1, 3xz(ex - y) © e 9. (a + jC’:)(x — 1)
_ 2. 3st(3-w) 10. . (x + 3)(x + 1)
3. 36(4x% - 65 + 5y) 11, (u+ v)(x - y)
‘o, 3v(2u = 3uv + 5v) 12. ' (a - b)(a + b)
5, " -xyz( 2x - 1) 13, (x + y)u - -
6. =ap(6 + 10a - 21b) e o
s «/3(14-3«/,5) ~-15. (x + y)(3x - 57 + 1)
' No common' factor ) N
%¥y~ g
Answers to Problems w;page ouT7: ‘
1. (a+3)(x £ 2) 8. (t+ 3)(t -%)
2. (x + y)(}.} + \y) 9. Not factdr;.ble »
'3, (a+1)(2 +%) 10 (2 - 3b)(a - bY/3)
4, (33 + 5)(r - i‘) ad 11. (2 +u + vr)(a - b)
' 5. (x - 1)(5 + 3y\)‘ . 12, (x + 1)(x + 3)
6. 0 - _\' 13. (a + b)(a - b)
7. (a+c)(a-b“_:.,
“SAnswers to Problems; pagé‘s‘xial&9—é>52:
1. (a) a% - 4 (e) aF -t B
(b) 4x° .i\yQ ) (£) %2 - a2é
(c) men? -1 ',X‘ (8) 2x° + 3xy - 2y
“(4) 9x2y2 - | o (h) r3 + 12821 pg - g9
439 |

s




i\
(2) (15™)(1 + n) (h) (x - 2)(x'+ 2) .
(5x - 3)(5x + 3) (1) Not factorable
(¢) M(ex #3)(2x +y), (§) Not factorable
- (8) (58 - be)(5a + be)b (k) 3(x - 1)(x + 1),
(&) §(2s -~ 1)(2s +1) (1) (a-2)a
(£) Mx(2x - 1)(2x + 1) (m) Y4mn .
(7x% - 1)(7x° + 1) (a) (x-3)(x+3=1)

(& (3, -a) (&) 0, 3 - %)
® &-B ' s

() G -3 (&) (2 -2} .
ta) (2, -2) (h) (1, -5

() -396 . " (e) 9999
(b) 1501 . (f) 2000mn
(c) 884r ° _  * - (g) 1584m° - 158im°

-

(a) " 391xy " - (n) 8

| 2

(a) No
(v) No

. (a) #(5-V2)

s T35
AL s e

’.N‘ (b) (& + 1)(t° - £ + 1) (d) (3x + 1)(9x° - 3x + 1) N
(¢) (s +'2,)~(8 - 2s + 1) L i . ,,_;
co) (- D2+t +1) (@) (2x 1) (MxP 4 X+ D)

(e) (s - é)_(lsa P28 + 4)

>
- “
e -
’ « T
5.
.
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Answers _gg.Probiems; page ‘255:

‘

1. (a) 9 0
/ (b) 16
(e¢) 36
(a) 2

(a)~ ¢a = 2)2 %
T b)) (x-12 =~

3.

(£) 7(x + l)_2 _
(g) <Not fa:ctorabl'e ’

436 ~
~ f
(e) x° @
(£) 100 R .
(g) 1es )
(h) 9

> 2. (a), {e), (a), (e), (g) and (n).

. (e) “(x - 2)(x + . (n) (2z - 5)%
" LS v . \‘l
. (d) Not factorable , (1) Not, factorable L 1
: (e) (26w 3)2 (1) (38 -4)(3a = 2)
. e, s J ’ .. * h. ~ -
L., (a) x2‘+ 6x + 9 (e) x2’;2x+l -a? / i@
., (b)) x4 2B+ 2 ()5 + 2vE . ’
(c) -2 +‘2ab_+ be (g).- 10,201 ,
2 2 S
(d) x° -2xy+y A
v , .
o g \ - b )
Answers- to Froblems ; page 257: - S
’ ,::‘2’. Y i :’ . 4 N v
1., g(a) x4+ D) (x + 3) () (x - ¥)(x + 2)
v B P ~ ~
coo ) (L wlx -2, - N
S ) ) P )
o 2.7 (a) 1 (¢) None .
™~ .
i (b). 8 or -8 ¢ ' . ! -
/. 1Y ' ~ » ’ 2 - -
3. () (-5] ‘ (¢) (3a+1)° 18 >0- v
“" Col ~ "7 forevéry a. * .
& B - 1 ) e X
ORI R S S S
— O, *
- T ! . : ‘ ;
» - . . /i 41 —
Q P ' . i R ) Vo
RIC - ro A
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‘Answers o Problems; pa.ges 2&9-261:‘ o N '

1. (a) (a + 5)(a + 3) (e) (2 +5)(a = 3)
(b) (2 - 5)(a - 3) (@) (a - 5)(a - 3)
J2 () (6#10)(8+2) (o) (t+ 5)(t+h)
‘ () (t + 20)(t + 1) -~ (h) Not factorable
3. (a) (a+1)(a-5  -(d) (v-18)(y+1)
()" (x - 3)(x - 2) . (e) Not factorable

(&) (u-6)(u- |

4, (a) (z —-2)(22 +2z + Bz + 1)(2° - z + 1),
() (% -7)(>-2)(b+2) ‘
(¢) (2 -3)(a+3)(a- 2)(a + 2) .
(@ (v - 3)(r +.3)(5% + 9)

5. (a) (a+7)(a-2) (¢) (a2 -12)}a-9) "
(b) Not factorable o (d) (a + ﬁo)(a - 15)
C6 (2 g3 T (@ (o, -6)
() (3, 2) (&) (3, -2 .
" (e) (4, 93¢ S Af) (-4, 3) .
T (a) (T () 1 or 97

A

() (12, 7)

8. length 1s 7 feef, width 1s 5 reet,
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. ..Answers to Problems; page 265: < fi
/ 1. (a) (x + 1)(2x + 3) (¢c) Nof factorable
v (b) (2x + 1)(x + 3) >
. ]
2. | (32 + 7)(a - 1) 6. 3a(3a + 1)
3. (4 - 1)(y + 6) T. . (2x - 15)(5x + 3) 1»-
4. (3x + 1)(x - 6) 8.~ (6 +a)(1-Yta) ¢
5.7 (3x + 2)° N 9. (SX-Yy)Q»%
10. (a) 6(x N 25)(x +1) - (e) Not factorable over: the
. integers .
. (b) (x, - 6)(6x + 25) (£) (3x + 10)(2x + 15)
() 6(x + 5)° (g) 3(x - 2)(2x - 25)
(d) (x - 6)(6x -25) (h) 3(x - 2)(2x + 25)
358 . : ° ?
Bl 11. No Ve
12, (3x = 4)(x'+ 3) Yes:
13." 4 and .11 -
1. 5 and 7, or -3 and -1 . SN
-95, width'is 2 feet, length 18 12 rfeet.
' N
9
- ~— \ _ ] - S
Answers to Pxoblems; page 2Tl -
SN - A .
g 1 3 " b
e a2 5. lrrd)xed)
2 - \ '
s \
‘ W .
.
s N\ )
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 Answers to Problems; page 273:

15 - 2x . . 5m - n

5xé * Tm - n)n \
be +.ac + ab . xg-acy—yg.
i © EEE )
2 - a - 4 9 - 5x
p 2a§ ¢ X{(X +

44 ox 6a - 10
x -1 : ) ge(a+7)(aﬁ5)
5m -8 w ) . f'f’}“c.s_
(m-1{m - 2) o v
8x ab
“Tx + 5)(x - 3) * b-a

Y

Yes

-

‘Anéwers to Problems; page 577:

2 s
1. (a),-12a° - 7a + 12

2. . (a) 13a - 20

Answers to Problems; page 278: ¢

1, 2x-!=i-—§—2- " . 2x2+10x1-60+x3—§56

4'+ 2x3'+ 3x2 -2x -2

.

. 2 -5 B, o2x

- A
Answers to Broblems; page 279
1. x2 4 T+ ——3-x29

2.°‘x+3+§3%5'
e




B s

y-

« .g’*\

8 v

LR 3 ~§

o

»

6. x e xDN x4

5 exP =1 T B & “N=QD R
o . -

(¢) 2¢% + ox - 1

N 1
| i
v

2 " 16x + 33
(e¢) 3x +4x+10+T—-

x;-4

~

+ X - 5 18 not a factor

-

;A —
Answers to- Problems; page 281:
1. (a) ox -1 4+10x+@
' x“ + 3
(b) x 4+ 8x -4
X2 -1
2. (a),3x5-:'5xu+l
(6) x0 - x331 (@) ox*
~~
Answers to Pro‘?&ems 5 pages 286-288:
1. (a)’ (b), (c)’ (d)’ (8), (h)’ (1), (k), (m)
. _ 1
2. (a) y =12 i (d) S-E'
(b) x =20 (e) x=2,
< T (e) = -1 Af)- gy =1 - s
S 3. (a) () ¥oo(f) {-5)
& @ . & & . .
 J
(c¢) {80} -  (n) ¢
(a) (o) (W) (o) T
(e) (6] -
‘Y, (a) Yes ‘.(c) No '
(b) Yes !
44") T X
£
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. Answers t_o_»I;roblenis;, pagfeg 290-291: - )
‘\./1’. ' (a) Yes, No\" - (g) Yes, Yes
' (b) -No, No ‘ (h) Yes, Yes
(¢) No, No (1) Yes, Yes
(d) No, No (j) Yes, Yes
(e) Yes, Yes (k) No, No ‘
.. (f) Yes, Yes (1) No, No
) S (2) (3) (a) #
(b) {0} 2 (e) All real numbers except -1,
(c{)s (3) (r) 2y
3. 6 .inches wide, and 9 inches_ long ‘
‘4, There are none s ' -
5. 6 or 2 ' ’
©6. 1200 girls . .
8. 10 and 15 v \ »
Q ) ) L. J
Answers-to Problems; page 293:
1. () -x<2r . S .
(b) f A1l real m:mber;g. > J/2
(¢)* All real numbers < V3 ’
(d) 'All real rdno®rs < 12
R (e) All real numbers
) # . . ’
(g) All real numbers
. bN
.j . !

136 a




A ~ bhp

-

»2. « (a) All real numbers between O and 'zlr . -

—— )
. (b) All real numbérs between and I ——
1 s .

(¢) All real numbers between ,"% and ¥ .
(d) All real numbers which aré either less than - %

or greater ‘than % ' , <
(e) All real numbers between -1 and 3 .
(f) A1l real numbers.between -% and %
\
b, -y < -2, all real numbers less than -2, "x>1, all real
numbers’ > 1
5. All real numbers less than -1

r

Answers to Proble;ns; pages 294-295: ~ ‘ "
1. (a) (-2, 5} (©) G -5 B

() (-3, -1, 27 0}

\ . . . s .
2. (a) (2, -1} (e) (o, 5, -5} . T
. -(p) (11, 211) C(8) (-5 3)

- (@) (1,41, -3, 20 () (0, 1) '

t " (Q) (VB -5, 246, -2 V6

5. (3, 1 ’ P ‘
, »
Answers to Problems; page 296:
- 1.7 (a) {o, 6) ©(a) (2, -2, 0}
CE T () A8, 2 -2) (e) (5, 3) ° S

(C) {2: "3} . v ) A N

" 2. No, when x =1 .




Answers " to Problems; page 298: .

L (- . 6. (-3 -3)
" 2. (60} 7.
3. {1} 8. ~ {0, 1}
. N [-‘3-5} . ) - 9. g
: 5. {2] 10. {0}
. 1 ) ! 1 .
11, (a) 1-5 hours (c¢) % hour
(b) "~ & hours . A
.. -
Answers to Problems; page 299: ) g ..
See Text.

¢

’

Answers to Problems; pages 301-302:
1. ¢ L7 (1)

2. (6) ( . 8. (5, -1)
s (o, -1} . - 9
™ () o 0. (3
5; (3} | . ;1i. S = 625
- 6. (-3 1)

A1l real numbers except 2

LY
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Answers to Problems; pages 306-307: “

1. All the points ‘whose - ‘
ordinates are. -3 are_ = - 2
on a line parallel to
the horizontal axis i 2 S X

d | below 1%, - =
‘gn _3' units below it ;

¢ 3

'

y=-3

Figure for Problem 1.

¢

2. Line (a) includes all : .
~ possible points, such ’ <) y! fb
that each has its
abscissa equal to the
opposite of the ordinate. )
Line (b) 1includes those
points, such that each ‘ )
has ordinate twice the \
abscissa, - - \ N
Idne (c) 1ncludes the ' \
polnts, such that each . °
4 has ordinate that is the Flgure for Problem 2.
) opposite of twice the A '
abscissa.
All of these graphs are lines, and all pass through the
origin. Their equations are: .

—
=4
—

[H Y

;

~
*
~

AV

-

(a) y=-x (b) ¥ =2x (¢) v=-2x
) S
L4 e o‘ s /""
P ] /‘.’
440 .




The graph of
(a) differs from
the graph of (b)
» in the fact that
it cuts the y-axis
at a point 8
units above the
point -where the

45

N

R

£

%

graph of
cuts it.

(b)
The

o

N

e
v

grapwof (c) . _
cuts the y-axis
at a point 10
units above the
polnt where the
graph of (d)

N

{#

24

X

/

NI

/

7

2

-

Figure for Problem 3. »

D

cuts it.

/The graph of

. !point,than the point where the graph of
"also the graph of

8

. descends,

(e)

not pnlj'cﬁts the y-axis at a different

(e)

(£)

cuts

rises while the graph of

7

it, but
(£)

,

The graphs of (a) and (b) appear to Ve a pair of
parallel lines. The graphs 9f (c) and (d) also appear
to be parallel, but the graphs of (e)" and (f) are not.

S «

N

~r

459
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" Answers to Problems; pages 309-311:

1. “The open sentence whose
truth set is the set of
ordered pairs for which
the ordinate is two -
greatex than the abscissa
is—"y =% + 2", The .
graph of the set of points
associated with this ks:t

of ordered pairs is the
line shown in the figure.
It 1s not possihle to draw the graphs of both of the
sentences "y > x + 2" and "y > x + 2", because in the.
first one the line whose equation is "y =x+2" is

dotted, and in the second one it is a solid‘&ine.
N ’ 7

/ Figure for Problem 1.

[

Bb o

.

Figure for Problem 1(a). _ Figure for Problem 1(b).

3

g

» e -

;]

K by
¥




. . f . _\{ e 4 : v

> - ra
~ - . . -

2. Y In the sentence "y = |x4J, ’ 3
since x is posiﬁive,for
all values of x, it 5\;\*) P y
follows that ¥y 18 neven ° Vs N\
negative. The solutions . N

for which the abscissas =
are given.are: . . ) ‘ ol i

/\(L3, 3), (-1, 1), RS .

(1%’ l%)’ (2, 2),- * T

y

+ 0y

(3, 4). ' . Figure for Problem 2,
L ’
3. (@) y=x T . ' I} '
- R NY
\ > £ ya \.—a‘
X’ -6 14 10| b 8 . " v 1/ /’Q} . .
)
- - - o
y 9 |-6]o0 6’ 12 - i
; L TP S Er
(v) y = - 3 o) ™Yl R ¢,
2 2 o/ LA A/
x M2 lol2] ¥ YEAREPDEI LT
: 9
» Ay |-9|-6]-3]0 | 3| - 3 X -
. TV T VTV
. 3 AL A1 A | A
.(e) y=3 -6 :
7 4 4
) x |-2Y -1 |04 |10 // -
vy |9|-%|6|0 ]| 9| 7 ‘ ‘
. ] + )
i" ¢ 7 - < ~ ,
) (@) v=3x+3 ~ 7 , T
2 _ Figure for Problem 4.
-6 |20 |4 6 L
-6 70,13 |9 |12 L T
“« t ; . . -
° R ~ *
S (e) y=3x+6 - ;
x |-8[-6|o0|1 ]2
.- N , - N 1 - . . 5
. - 1 Y -6 . g 6. 7-2 9 . ‘. . . .
. The graphs of all of these h?eelines pa?hllel to each otﬁéra
‘ * ~ ", ~ \b

’ A ¥




il

. /! v |
- . |
'
©opg .
‘b, S ‘ N
~— \ ] v v
4 .
y > . \] N s
2 hd 2 2h b
+ NS ~ . N 1 9*41 y
1" .
1
o L& L2 . o N2 X
b1 2 -1‘ o L) P A
~4 . °

¢

Figure for Problem 4(a)..  Figure for Problem 4(c)

.
)

(a) 2x - 7y'= 14 (¢) 2x -7y < 14

2 : 2 -
Y=‘7x"‘2 oo e /y>7x—2
' _ S/
y y
Y = \
I NEERERRD
' L o - eI L&
‘|0 2 |l X 0 2 UNIX |
PERENNNNS 1 N BR ]
PAANIASENNNN N AR 3
SRR RN NN N \
NVENEN NSNS SN SN A AR Ny NN NKNRNN N

Y
Figure for Pmoblem 4(b). Figure for Problem 4(d).
] - . t \

P




12" 4

~Kfaj

=
1

151"

\
I \
7 1T
Figure for Problem 5.

vz




[ . ’ 450, ¢
v : .(d) ’ \7 -
i 1 1 1|1
X -4 -2 -1 -5 T 0 T 3 1 2 4
1 1 ; ' no '
y B ) -l -2 - value | 4 | 2 |1, % '%
Note that we approximate V2 by 1.4 when drawing graphs,
1\ Yl | f .
- 4 y
\ = ME
iV -
A W/E >
3 k)
} o —y 2 ps
1 [« [( y
\NA/ ‘ ! X \
i N
: -3 {1-2 |-
0 2 : X 1 0 A 1 X
™
/ ,«-\ 47{2 oLl
/ d /
A X "

\
.
?
&,
ISR |

=
L ! ) A
, : \
+, Figure for Problem 7, ~ Figure for Problem 7(d). 5\
(a) ’- (c.) . ' \\\\
- ’ )
)
F ) ' )

phon
St
(R

7

-
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Answers to Problems; page 315:

SO EENCE
(b) o© - " (f) no slope
@ % - @ )
() -2 ) -

»
- ’

Answers to Problems; page 316:

1. 3= gx + 6 . y, - %
3 2.4 ¥ = b - 12 5 = -2x -3
o K} \ -7 r
Ty
-3 M

6. Slope 1is: %i equatfon is: "y = %x - 3"

7. Slope,is: 1; equation appears to be "y = x",

[
but (5, 6) and - (-5, -4) are not on this line.

There is no line satisfying these condi#fons .

[
4

Answers to Problems; pages 318-321:

1. (a)! Since the y-intercept
‘ appears to be '(0, 2),

Pl

on the graph, the

v

Xxv

X¥-b
4

* equation of the line -

+4 N

ist Y VI I

Py
A\

Na %x+2 -~ .‘ A o

‘ (b) The line containing

.
& .
[N

(-6, -3) which has va :

no slope has
equation:

- x = -6, “igure for Problem 1.

:

:

“ERIC " ‘ '
JAFuitext provid: c
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Call attention to the ’ 1Y r
distinction between
the slopes bf (c) ~
and (e). For (c)°
the slope is O and
the equation is

"y = 4", For (e) . - >
there is no slope, -1 10
since the dénominator e
of the fraction form : -
of the slope is !
3J- 3 or O,

(-3,4)

(241 -

v
’ Figure for ProbYem 2.
The slope of the line containihg (1, -1) ‘and (3, 3)

b 3- -1
3 -1.

The'slope of the line containing (1, -1) and”’ (-3, -4)

is ‘ o :2:§_é:%l or 2.

Hence, the point (-3, -9) 1is on the line containing -
(1, —1)_ and (3, 3). - ‘

or \2. ’ ’,

(a) All of the lines have the same slope, %“

(b) All of the lines have the same y-intercept number,

(¢) The lines have the same slope, - % Moreover, the
‘ two whosé open sentences are "%x +4 = 3" and
"ox + 4y 12" * have the same y-intercept number,
hence, they are the same line, and are parallel to

the first one.

P
it
-1

is

v

3.




Figure for Problem 4(c).
. , .
(a) g=2x-7 N

(b) 3x -3

(¢) ¥ -gx + 4

(@) y=9x-2

A
The graphs of these are
lines, because each 7
open sentence is of the

) .
form Figure for Problem 5.
Ax + By +C =0

@) y=%& - (@ y=-Tx-5

(b)‘y;-2x+§ ' n mx + b

are-names for the same numbeﬁi-
‘ -
( .

’ Y__(_a.).; _’4 = -1, provided x # 3.

-~

(-1)(x - 3)1

-x, - 1.

-




gy . _ . .
90 (a) ¥y = }B%X - ,4 (C) y - 3 =0 ‘
8 6 ‘ _ 1 P ,4
(v) ¥ =- =X + () y-2= w(x - 4)
"10. :
N y
. \
R \
‘ \\\ ’1& .'\//
. A SNPT .
. X > ~
* " \\ \\/
Ol X .
dRV.N7
) LA N e %
L . 7 A Ne N+ |
C ‘ NN .
* / NMEN ) 8 T
o, F\’ AY \ L3

Figure for Problem 10.

W4 x . R

. 11. ’a)' m d. This expression is linear in d. If the

" diameter is doubled, the circumference is doubled;

- if the diameter is halved, the circum\f‘erence is ,
halved. The ratio % is equal to w; -this ratio

\ does not change when d° is changed.’ "

(b) $md®. (If the reader is not familiar with this®

develop it as a combination of the two familiar
Y relations, "area is 2" and ‘"4 1s 2r", or
"r is %d") .. This expression is not linear in
d, but it is linear in d°, If A is the area,
ﬁ- = -ffrrd; -A-g = %frr "The value of %- changes when
the value gf d 1is changed; thg value of -A-g does ’

d
not change whem: d is changed. < o ﬁ“%
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Answers 1;_{)_ Problems; pages 330-332:

1.

{a)

-~

[2: "u’}ﬁ
| >
y 4
~
” 4
\ R &/
N i .';:/
of { 2 X .
RMERY
\\‘ -1/ »
~ <
. AR :
5 // K .
\Uq
R 0
N
4
. 3
((2, -3)} B )
y 3
q‘L e
o 5
3 1
-~ ‘lh/
. L Qr4
KN
N ] ‘1’1
’ ”'\;/
\
. \ X
N L
. 7\ : —
\ .
\\ 3
’ A
/
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() {17, 12)) (1) (% B
a) (3, (&) ((15, 16)) '
(e) (3, -
- . “
2.” (a) (7, -2)). () (g 21
) (G 1)) () No solution, why?
3. (a) i 24§ pupils, 62 adults. ’
’ (b) 141 thpee cent and - 211 four cént stamps .
, (¢) No. ' | ]
Che (a) [ el (®) - 1/
12 X SR
o AERE 4y
2|t - /|
B ] 0 L X
\‘ ) X < :
. \\5 ]
. ‘\r* g . A -
Nlo . 8
A

N . M »
Truth set: {(-4, 1)} Truth set: The whole line.

() N ne | Iy
RS [
L 10 -
L\ \°
4 P ¢ v‘O ,‘
2
[
AR o
N n\ -’
. T
& 0 X
4 N\
TN TN -

» Truth set is g
The lines are parallel

461




34x - 53y =

-

-

. Answers to Problems; pages ‘336-340:

1. (a) {(7: 2)]
(b) Set of gll coordinates of points on the line.

(e) Uz I
(a) #
(e) ('5": 3)]

a) (-4, -6)
b) (12, 10)

a) (3, -5)
e) (‘é: ?) ‘ - - o
(£) -(-2.9)

LY

(
(
(¢) Set of all coordiAates of points on the 1ine.
(
(

(2) They intersect in the point.
(b) Graphs coincide, Yes.

(¢) _The graphs are parallel,

(3 3) :
(a) ((3, -0} (6, 1)}
. (b) {(o,”O)} g
: . ' 7 8
(@) (1,9 (s, M)
37, 19’
17, 13 ; . -
80 pounﬁs of almonds, 120 pounds of cashews.




- 458

9. 37 .
10. 114 and 95 pounds.

11. Apples 12 cents‘p'er pound and bananas are 18 cénts
per pound., - ' )

12. A walks at 3% m.p.h. and B walks at 23 m.p.h.

13. A's average was 60 m.p.h., B's average was 50 m.p.n.

»

Answers to Problems; page 342:

‘»m 3
URVAV4VaV4 .-
S AAA7 p
S ) §’QV/ f
: .4)(( (AALAAN Y/ Cul o |
Y Y X EAV Y . =
CXADL 110049 )
AL N X~ T B
V Y A A7z
AN VXX, ‘
- 'f'/;/ VY'Y,
T ‘(/ 5 ”
kg AmY
’ IJ f ! -
w7 K 7
O V




2

~ The empty set

464

Aruitoxt provided by Eic:
.
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Ariswers to Prohlems; page 343: ‘ : ,,__//

The graphs of the truth sets here consist of all points in the
unshaded and the doubly shaded regions of the figures,

-

(@ . .y

s g
’/

WO Tt
e

L
11 1]
=
L 4+T -1
|1
B
AR
A

A

4
A/1/1

+ 4,

[ —
L1

/

Y

LA AT AT T -+
=

LV VY LSANLTT 11
V -
Y/

"AANNS
Y IV ITAA

et
e}




4'/~("
] <
=\= A

2{b) y

Truth set:

&
.
0

LN x
78
EOXKX
20702000202 %
%% 0% % %%
020220 % %%
SRS
\@ﬁﬁb‘@b

%020 20%%

&
2020,

~

All points on both lines,

B

>

2\\\\\\

NP E

line within shaded region

-

2 (f) ' y -

The truth -set is doubly shaded %rggion. The\

66

. -

truth set is whole "shaded_region. -

3
| .
y - 4
. -

~




%
?giég%w%.
%‘00‘0000 -
99900000
\@NV@”@%%-
‘OOQOW
036%6%0%% %%
Truth set is whole shaded area . \
and both lines ‘

Truth set is the doubly shaded
and the. unshaded regian.

OO
02000700 %
SREKKLS
SREKK

\

, Truth set is the doubly ‘shaded
< and the unshaded regions

R

¢




b - 463 '
3(a), 3(b)
x50
. \x=0
. . -
t I \Z
* x
AN
L i 2..
’ . lll
. SRR uEN

. 3(c) ”’ .
, ) ) x=0




The graph of thi% system is.,

Loy ' o

If r is the number of running plays and p 1is the

number of pass plays, then 3r 1is the number of yards
made on' r runni plays and 20(3) p 1s the number
gf yards made on p pa g plays. Since, the team is
60 yards from the goal line, ‘

°

3r + . > 60

P

if they are to score. .
30r secondg are required for r running plays, and 15p
seconds are required for »p passing plays; therefore,
30r + 15p < 5(60). - :
These two inequalities give the equivalent system
20p + 9r > 180 "(p and r are non-negative integers.)
1 p+2r< 20 ' '

. ) - .
2, P . ' ‘
//_\/_Lﬁ ) . . . o

e

14

-

/
San
&

o
S
=
7
o}

e 3
Y

¢ T 469
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Answers to Problems; pages 345-346:

465 . .

It ‘is evident there are 48 different combinations 8f r
and ﬁ which will assure success, for exgmple,s 2 running
and 10 passing: etc.  However, there are some combimatidns
which leave a smaller time remaining, thusg‘giving the )
opponents less time to fry to score. These are the points
of the graph nearest the.line p + 2r = 20. L0

.
N ’
- <
. .

S

1.

™

2.

o

.
’

—_
*
-t
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