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COMMENTARY FOR TEACHERS

SUPPLEMENTARY UNIT 1 . o
o 5 ,

SETS SR )

This is a supplementary chapter on sets Althongh it is.made
available with the more’ adept pupils in mind the average pupil
‘'should bz able to follow the development. It should %e possible o
to cover the material in six to eight (50 minute period) lessons, ﬁf
including a st. ‘

It WO 1so be possible to let ,a few bright students work
through this Unit on their own timeq _When used this _way, the unig ™

'should require a minimom of teaché% help.

-he idea of "set" has been used rather ekxtensively in our
work, beginning with Chapter 2 of the seventh grade .. " The general"
structure of sets, however, has not been extensively developed

. ,In view of the 1mportance and usefulne€ss of- set theory in mathemat-
ics, especially in the understanding of algebra, it*{s thought ’
desirable to include tnis chapter for possible use and enrichment.

Bechuse of the way 1n which the text is developed, it is ‘not
necess ry to have much additional materiﬂl in this commentary.
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1-1. Introduction

< . . .
This section is in the ndture of a review, ;?e,explain that

" a set 1s merely a collection of objects,“any objects, and calls
the pupils!' attention to the fict that the ‘'idea of "set" has been

-

used elsewhiere.

Seus, Their . Number and Their Subsets
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This section begins by explaining further the concept of set
o Following this, sets are defined and discussed from’ the standpoint
of their members, cr elements, of a set. Notice especilally the

~ paragraph headed "property." Be sure the symbol "{ }" is under-

s stogd and properly used. ' ' .
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.. Exercises 1-2-a. Answvers
3., (a) Names of girls. . . =

(b) U. S: Presidents and Geherals.
(¢)  The odd counting numpers, - ' ' 5

(d) Multiples of 2, 4, 6, 12.

2, (a) Tom is a member cf the set whose members are Carl,
Jim, Tom and Robert. : /

(b) 6, is a member of the set of all even whole numbers.

(c) ir @ is a niember of the set whose members are Tom, )
**  Carl, Bob, and Jim, ¢ghen X. must be equal to Yom, or R

B T N

equal to Carl,fpr equal to Boqi_or equal to Jim, . §
3. {(a) " True (c) False ~ (e) False (Washington, i
) . D.C. 1is not
« (b} True - (d) True a state.)"
:}l‘\ .'4‘ (a') {2’ 3, 6} ’ . ) ) “—.—
eI . - - ) «
i (b) ({vioclin player, viola player, cellc player]
& : ) _ ’ . .
¥ . (C) {O) 1, 2, 3, 4, 5, 6, ol ' ! )

(&) . {Hoover, Roc-~evelt, Truman, Eisenhower}.

Always feel free to 1ntroduce additional problems, especially
problems which will interest the.pupils.

o Subsets . " ¢ |
A set "R 1s a subset of a set S _if every element of -R
is an element of S.. It is 1mportdnt that the pupils understand
: -~ this deffnition and the use of the symbols, "C" ana "O".
i The pupils should enjéy the Venn diagrams. Perhaps you will want
o . to introduge more examples of diagrams. See page 12 for null set.

A DN T
e P

Exercises'1-2-b. Answers

1. {(a) "If X is a member of the set of all red flowers, then
‘X 1is a member of the set of all flcwers. -

(b) M~ is contained in N, and N contains M.

-

7




(c) The set orf th4dd counting numbers is ‘contained 1n the
set of all coun%‘ing numbers. - ‘

(4, (5), (6),- (4,5), (4,6}, (56}, (h56). .
(2) (12, 20, 32} = (0, 1, 2, 3, 4, ...):. J——

{.'.Greé.t La'kes} - {LakefHuron, Lake Miéhigan}.

{Hoover, Truman} C {Wilson, Harding, Coolidge, Hoov.er,‘
Roosevelt Truman, Elsenhower]. or- .
(Hoover, Truman) C (A1l U. S. Presidents since 1920}.

4

- (v) Al
-All rivers !
‘in the US ; 2 mmmcls
Hudson
ohio”
. . 4
Al chunting y (_ ).
numbers  which .
are multlples4of
(¢) True °
(d) True /
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1-3, Operations with. Sets i '
* In this section the operations (union and interséction) with

. sets are introduced. Also the definition of equality (identical-’
sevs) is given. 1In addition the commut%tive, associative, ana

distributive properties are discussed The similarity in the use
of these properties with sets and with the rational numbers should
pe discussed.

Exercises 1-3-a. Answers

1. (a)- M U.N = (Red, Blue, Green, Yellow, White).

| (b) ‘Yes. Commutative pfoperfy. o
2, (a) Yes. (A UB)C C, and CC (AU s)
(b) Yes. A 1is a subset of C. | ‘ -
(;) No. A and B have no eler.nts in common. .
(d) Yes. Commutative property. . '

. : ‘ } .
(e) No._ A and B have no elements in common.

(£)

(g) No. A is not contained in B and B 1is not contained
in A. ’

3. (a) Yes. Associative property.

(b} Yes. The définition of equality of sets. @

4, (a) True. Since X 1s a subset of 8, and is, therefore,

a member of S.
(p) True. C 1is a subset of S.

(¢c) False. C C S, but S s not contained in C.

- Y
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5 : ‘pages 11-1}4 .
(d) False. S °is not a subset of C. ) }
(e) *True. X 4is a subset of C. = ¢
\ . >
(£f) True. C isa, subset of 'S. !
N i '|
(g) Yesj since X € C. ) , ’ : 1
- { s, r .
Yes, since X € 8. C i
. I\ .
(h) Yes, since SC C. N . o
‘ 5. (a) “(b). YC X. ¥ is a subset - {
oof X o i
. - \ . / I
—— ‘ Exercises 1-3-b. Answers - ' o
. (a) A N B="{girl, chair). _—
(b) s N C = {chair}. , . \ J o ' '
‘ C N A= (chair}. ° --! .0
(c) AN(BYEC) = {boy, girl, chaﬁr] A ((girl, chair, dog}U
{chair, dog, cat}) = {boy, girl, chairin
{girl, chair, dogs cat) = {girl,,chair}
(aAnNBlyfanc) = ({poy, girl, chair} N {girl, cHair dogD
B} U ({voy, glrl, chair]} N {chair, dog, cat]) )
= {girl, chair} U {chair) )
= {girl, chair). ’ Lo -
(a) A N (B VU C) = {poy, girl, chair) N ({girl, ch'air',.dog}.
‘ ~. 0 {chair, dog, cat})
= {boy, girl, chair} N {chair, dog}
' = {chair). )
‘¢c'MN (A \U.B) = (chair, dog, cat] ({moy. girl, qﬁatr]
f\{girl chair, dog)) . .
%) = {chair dog, cat} N [girl, chair) '

{chair]. .
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2. (a) ,YES:- Commutative property.
(b) Yes. ¢ -is a subset of H. -

jf ~ (e¢) "Identity elément. - e )
i 3. (a). Parallel, .o oo ¢
L \ (b) -They intersect. L ] ' ‘
3 4, Yes. The commutative, assoclative and distributive properties
L - apply to both sets. __— Q
- 6
: .
1
; ' .
; T '(a). 0dd counting numbers., . .
; o < “ ) . .
(o) ¢ - :
é 8. (a) Yes. A is a subset of B.
i o "(b) Yes. The intersection of two sets contains only those
é{ ; elemenrts which are common to both sets. .
%ﬁ © 1-4. Order, One-to-One Correspondence .
The first concebf we will cons;def is that of orde} As pointed
. out in the text, ordered sets are very important in many brariches
: of.mathematics. The concept is also important in other fields of
L . sclence, as wvell as many other areas. For example, ordered pailrs

are most ;?portanﬁ in a shoe’ store.

i" M . B .
i - \

i1
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The second concept is a basic one, that of one-to-one
eprrespondenoe; The-ideas developed here snould be thoroughly
.understood by the pupils.. \ )
. The possible number of matchings is in reality, a permutation
! ' _ problem. Since some of the students that will use this unit may
ff_ not have studied the thapter on permutations, gn alternate method
;or finding the number of possible matchings is_developed in the
exercises. The method given requires some experimenting to fing
how many times one pair 1s matched when all/permutations are used.
Students who are faniliar with factorial pumbers shduld be encour-
aged to discover this relationship rather than the one given.

P . .\ : ;v v ' g’ . r

By ~ - - ' . ) \ L
H . > . | Exercises 1-%. Answers -
SN ¥ .

3 .

& Set A - \Set B Set A Set B

Blll <—> Jane Bill <—>Susan

4

i "Tom «——> Ann Tom <e—>Ann
o Sam <«——> Susan dam <—>sJane
- . %

f‘ L " 3 . N

i"" T S : B ‘ s

s "1 Set #'2-|  Set B 1.Set A

Set B 3

Bill <—> Jane

hes>e

Loy ;i | Bill «—— Susan
Tom <——> Susan Tom ' «<———> Jane
Susan «———> Ann . Susane———s ‘Ann
P 20 (a) 3 .
(p) 2 ' .
) - “Multiplication, 3-2 =6 -
‘ 3- (Va) - . '
. le>a l<—>a le—a lega le>a le>8
' 2<—>b 2<—>b 2«—>cC 2<>C 2<—>d 2<«—>d
3e>c 3<>d 3<—>b 3<>d 3<e>b 3e>c
~ he>d }e—>c be—>qd AN heosd

., &
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. (c) 6 _ o .
(a)-6 o ~ s T
, \)r' (e) 6 * . ' ) ! -, - , .
- (£ ‘ , | .
*(gﬁ,' €§ply the number of times that one pair is matdhed in
' )t, 7 a1l possible ma*chings Dby the number-of elements in each
R ) :_'—sgt. ‘Or, if $he student has progressed this far, n!, g
... " ., .where n _1s the number of elements In one set. £
SRR « (a)” True. For examplé: ‘{7,8,9} = {7,9,8}, and also s
' {738:9}H{7:Q:8}- )
.t -~ 3 . ; ) _‘ ' “( ,:" .
RN (b) False. Forfexample: {1,2,3} # (78,9}, but  {1,2,3]}
T (1,891 - o -
(c) - True., ‘See. examnle for Part (a). ' { .
\ .(d) False. See Part (a). - ' C p ,
5. (I: X) - S . | et \
(2 y) N S
. (’3: t) ‘
3 - (ll: \a) ) ' )
- (5, b) E o
(6, ey : L

6. Né. Onento—dhe correspondence between the set of eggs and set
of Peceptacles in the carton. '

7...Yes, For every e1ement in X there is a corresponding element
in ¥y, and for‘every element in y, there is a corresponding
element in X, .

8. No. There is a one-to-one correspondence between the two
sets. of points.
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£
. <X-5.-. The Number 9 a Set and Counting.

"3
.

. The section devoted to the number or a set and to counting
is.pas;c. Tﬁese topics shduld be 1nteresting -and should 1ncrease

_ the pupils!? experience in working with sets.

|
|
|
- . S “ i
o Exercises 1-5. Angwers - i
1. (a) 6. ©) 5.  (e) a and a. :
(b) . (@ 6. S, !
‘20" Rg s, 4 3
3. M matches R. ’ %
k., The same number. é
5. 3t (1, 2,3, 4,5 6,7, 8,9, 10, 11, 12]. ' o
¢y (1,2, 3,4 5 6 7). - | -]
| 012 C7
A 1<—>1
| 2e—>2
:fﬁf ¢ 3e¥—>3
| S| we—y
5¢—s>5
6e—> 6
Te—> T
8e—>
Qe——>
10e—>
l11€<—>
12€¢——>
‘ 1.4
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{Bob,’ Sue, Tom,
{1) 2’ 3) u’ 5)
C7.
{1, 2, 3, %, 5,
{1, 2, 3, 4, 5,

C9.

R e iCin T T

10

Joe, cat, dog, chair}:

6) 7) 8‘) 9) -'..}.

6: 7, 8: 9}9’
6, 7, 8, 9, 10, 11, 12, ... }.
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;
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SUPPLEMENTARY UNIT 2
SPF IAL FIGURES IN PROJECTIVE GEOMETRY

) This brief unit is a little introduction to projective geom-
etry. The basic idea is a change in. language which replaces "two
lines are parallel® by "two lines intersect in an ideal poinpt."
It should be emphasizeg that this is Just a change .n language
and dpes.nof mean that two parallel lines intersect in a point

"Mway out there." Howe?er, the change is a fruitful one because

with this interpretation we can say that "any two lines determine
a point," This is the basis of the "principle of duality” in
projective geometry which is orily hinted at in the .text. Roughly
speaking 1t means that if a theorem about a plane configuration
composec of lines and pofhts is true,/then its "dual" theorem in
which, the words "line" ané “point" are interchanged is-also true.

_The Desargues‘ Theorem ang its converse are dual theorems You
~ will note the duality in the statements about committees Just

preceding Exercises 2-3.
. Desargues' Theorem, beside being one of the basic theorems
of projective geometry is very interesting in itself and the

-pupils should get much enjoyment out of drawing various figures

showing this configuration Problems 2 and 3 1n ‘Exercises 2-3
are especially fruitful in this connection. )
This unit depends on very little of the content of Junior
High School Mathematics, Vol. 1. Pupiis would. probably enjoy it
more after they have studied Chapter 4, than they would bhefore
their introduction to non-metri¢ geometry. ‘
The early chapters of the Carus Monograph by Joﬁh Wesley Ybung

_ which is entitled "Projeotive Geometry" would be a very useful

ueacher reference

7




'p§%e5-33~34, 41-42 . - . " 2.1 3-2, 2-3

-

Exercises 2 1. Answers o
~.\' e . .\?'

Here the ideal. point of one 'linée, corresponds to the ideal

e \ point of the other. _ ) :
e ! ) ' . gt ) C/

L 2. One-tc-one correspondence. .. i

: <>

3 The line Q.

<> )
4, . The line 1"hrough P paraflel to AB. This line intersects

-/ in ‘its Tdeal point. . S

;w’ 5. <This means: There is Just one 1ine‘through f barallel to =
3 _ )
v 6. (a) Ideal point J
? ‘ ’ (v) To get the poln+ on // éorfésponding‘to G!', draw a - é
?f line {hrough G! parallel to the four parallels and E
% “cutting //’1 in G. " A similar construction gives the . k
? other two, . - . . T
E Exercise 2-2

2 _The answer 1s a drawing which 1$ illustrated in  the “text. )

\\\._‘ ~ .

P T e Exercises 2-3. Answers

o 1. Figures are called for. o >

2: T0 and QA‘ intersect in C'; B and T°F intersect

) in B?!; BC and PQ 1ntersect in R.- C', B', and R
f are collinear. - ’
; f 3: bhOOSE carefully three points fo” the verticeces of the first
; I triangle. One choice would be AQar. Then the second

f triangie would have to be BRB'. Then AQ and BR inter—

P e sect in C; QA' and RB' intersect in C'; X7 and.
] B'B intersect in\0. Then ¢, Ct, and O are collinear.
j ¥, Actually the same kind of figure woulq appear but it would be
/ , drawn differently.

17




2-3 ' - 13 page 42 |
:f:': \,‘ * ; .17:4 ' . l
) 5. ‘Tthis is really -a matter of verification. This configuration i
' is called a "finite geometry™ - it consists of 7 points and !
7 "lines." (See B. W. Jones "Miniature Geometries"- The i
‘ Mathematics Teacher, vol. 52 (1959) pp. 66-71). |
% o | : ' |

y
. |
‘ |
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© same as when r 1s divided by 9. Fundamentally the explanation
- is this: Every number can be divided by. 9 yilelding a quotient,
g, and a remainder . Thus if N is the number, it can be

"a natural number less than Y. Conversely, if a number is written

. 3-1, 3-2 . NI X L e '} pages 43-52

- - SUPPLEMENTARY UNIT 3°
REPEATING DECIMALS AND TESTS FQR DIVISIBILITY T

3.1, Introduction

>
-

This ﬁnit is for unuéually good students. One of the purposes
of this monograph is to encourage the student to .be self-reliant. |
The teacher should only give him as much help as 1s necessary to
keep him geing and refuse help when it becomes apparent that the
student wants the teacher tq save him mental effort. The teacher
might even want to make application of these principles himself
and see how much he can do without the help of this commentary.

| : :

. . — :
3.2, Casting Out the Nines ' i

Here the student should see the advahtage ef mgltiplying‘the
Aumbers "algebraically” using the distributive property and commu-,
tative property. Probably one ol the hardest things to see in this \
section 1s that if 9b + r is divided by 9, the remainder is the ¥

written 9g + r where r '1e‘the remainder, that is,'is ‘zero or-

in the form 99 + r where r is a natural fumber less than 9,
then r 1is the remainder whén the number .9qg + r 1is divided by
9. Thus what the expansion of 156, 782 in powers of ten shows,
is that it can be'wrftten-in the form 99 + (1 + 5 + 6 + T-+ 8 +2),
Thep the sum in pérentheses cﬁn be written in the form 9t + 2,

where®.2 1s the remainder after division by 9. Hence 156,782 .
is equal to 9(q + t) + 2 which means that 2 imust be the re-

mainder when the sum of the digits is divided by .9. This is also
dealt with in the students! material. The student can probably

see this better in terms of numbers, although it may be easier for
the teacher -to see in letters. While the student should eventualy

19
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get to the use of letters, the important thing is for ﬁ;;\ESK§Ee

.what is happening. This can probably best be done by working out

a number of numerical problems along the lines given in the text.
&

1. fa) 206843, 67945, L5654 are not divisible by 9.
427536 1is divisible by 9.
b
“ (b) The remainder upon division by 9 is equal to the
) remainder when the sum of the digits %s divided by 9.
éf . (c) see (b) above. ‘
In Exercise 2, the student might write 69 + 79 =7 X 9

F64+8X94+T7T=Tx9+8x9+6+T7T-= (7 +8)x 9+ 6+ 7. 1
' ~’He should be required to name what properties of numbers (commuta~ Case
fa . tive, associative and distributive ppope*ties) he is using, This
. is a good opportunity to impress these properties on him, but it
should not be done to the point of boredom. When he éets to the
" point that it is”clear that he knows what is going on, he should .

not be required to name the propertyfeach “time. For a sum of
~ three he could show from first prinniples or,. by combiningaterns,
i} reduce it to summing two thingo twice just as a+ b+ c = 7 R
s & (a + b) + c. : o \
g In Exercise 3, the student'@ould'of,course write 69 as el
E&f 9x 7+ 6 and 79 as 11 x 7T+ 2. In Exercise 4, one would
‘ proceed as above except that one would multiply instead of add.
. The same results would hold for ,23 since one could wr ite .79 as
s 3 x 2% + 10 and 69 as 3 X 23}+ 0. They-would hold equally well
f . for any number. .
The general principle should be formulated as soon as the

student can do so himself. The remainder when the sum (or product)
of any two numbers is divided by a given number, is the same as
when the' sum (or product) of the remainders is divided by a glven

number.
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In Exercise 5 the answer is 1°°, which is .1 whether the

divisor is 9 or 3. "If the divisor is 99, we can write 1020 .
as 100}) "and see that then the remainder will be 110 wgich is -
also 1.- The bright student might want to know what would happen
if the leiSOP were 999. ‘Then one would write 1020 as .
10006 %x 100 and ‘so the remainder would be 1 X 100 which is 100
By a similar argument the rema*nder when 720 is divided by 6
is 1. t ™
The student might want to carry Lhis farther~and-consider the o
remainder when 102O is divided by 7. This could be worked but
_as follows: 10 0: could be replaced by 3 .which is equal to
910. That remainder would be the same as that for 210 which is
'(93)3 X 2 ‘or 83 X 2 which has the remainder 19 x2 or 2. A
student bright enough %o be interested in developing this should
have no trouble with manipulating the exponents. HB-might want to(
,explore what would be the last digit in the huge number 34
This would be just the remainder when 370 1is divided by 10. -
Since 3‘ has a remginder of ‘1 ‘when divided'by. 10, the answer
would be 13° or 1. This exeréise might also be dorié by looking
at the pattern of 1ast digits in the powers of 3: 3, 9, 27, 81.
The last digits form the pattern 3, 9, Ts 1, 3, 9, Ts 1 and so
forth. These things could be erlored st1l1l further.

e aa - .
i S R R e

For Exercise T the. simplest tesL for divisibility by U4 1is
to test whether the number consisting of the last two digits is
divisible by 4. For instance, 178524 is divisible by 4 since |
o is. This 1is because 178524 is equal to 178500 + 24 and*’ A
any multiple of 100 is divisible by ..4. Similarly to test for _
divisibility by 8 one uses the last three digits. Another testﬂffn
for divisibility by 4 would be to see that if the last digit 1is d;
4 or 8 the number 18 divisible by 4 if the next to the last digit
is even. If the last digit is 2 or 6, the number is divisible by
4 if the next to the last digit 1s odd. The reasons should of
course be found.

For Exercise 8, the number written to the base twelve would
be a multipTe of twelve plus the last digit. _Thus the number
would be divisible by any divisor of 12 if the last digit 1is

- 21
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divisible by 4'his divisor. That is, 1f the number is di¢isib1e ?
by &, 1its dast digit must be divisible by 6. Other d&mbe
in place of 6 wou1d be 2, 3, 4, 12 If the .base werd 7, '
since 7 has no fdctors but ltself and 1, the only number v ;
. that could correctly go in the blank wou be 7. *

Exerclse 9 is rather fundamental but requires some insight .
on the part of" the student. Just as a decimal terminates when Tl
the divisor is a divisor of a power of* 10, so a "decimal" to ;

be base 7, will terminaue when the divisor is a divisor of a :
power of 7. That is, 7- and- El‘g will have terminating .
"decimals" to the base 7. The decimal expansion.of & fraction
dependéagn the number base. But whether or not it ls ratienal
is independent of the base. A number’ that is a prime numbex

when expressed in the decimal notation is a prime number, uhen :

2
s
b,

-y
.
Yo !
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expressed to any other base, since the property of being priMe

is a property of the number and not of the way in which it heppens
to be written. ‘¥You may not want to tackle this point at this

- stage with your students, but you perhaps should be prepared to-

L e T Y AP N T AT T ey
., vy ¥

-

meet 1t if it occurs.
The answer to the Exercise 10 would be: the remainder vhen-

2 .24+ 2 4+ 24+ 2, or 10, is divided by T..  Hence the remalinder

is 3. Exercise 11 is easy and the answers to Exercises 12 and

13 are developed in the tethafter the exercises? /

! In what follows it is probably wise to deal with the discus-

; sion with ictters since here the advantage is quite clear and the

: manipulation is not very complex. .

; . Probably the students will te interested in doing quite a

§ ;, 1ittle casting out of the nines in numerical %xamples. There i

g‘ ' an amusing 1ittle book by E. T. Bell on "Rumerology" which the

L students might like to read. '

. . In the next set of exercises, the 1ustification of the~cast-

D N ing out of nines 1s that the remainder vhen the bum (or oroduct)

i of two numbers is divided by 9 1is ‘the samz as the remainder

when the sum of the digits is divided by 9, as well as the

P s
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properties described in Exercises 2 and 4 of the previous sets.
\‘For instancz, suppose a product ab is Fo be checked. The rer 'J
_ mainder when ab is divided by 9 1is the sameé as the remainder
when the product of their remainders is divided by 9 which is"
the same as the remainder when the product of the sums of their -
|

dlgits 1s divided by 9. Sco whichever way one does it, he is
computing the remainder after divislon by 9 -~ it does, not matter
anywhere whether a number or the sum of its cigits, is divided ']
by G as far as the remalnder goes. The check of course only

_ checks the remeinder after division by 9. Thus when 810858 or j
any other product differs from 809,778 by 9 times any ' 'j
number, we have an incorrect product that will stiil check AR §

\,«,‘V.KW\,,,NM_»
RPN 2

For Exercise 4 the remainders would be 3 for division by - ‘ 75
T, and, since the remainder when 7 is divided by 6 or 3 is
1, the remainder when the number is divided by 6 or 3 would .
be the same as when the sum 54+ 3+ 2+ 1+ 44 3 1is divided ’E
by 6 or 3. -The sum is equal to 18 which is divisible by - f
both 6 ana 3. Hence the given number is divisible: by 6 and

R S

Y S O
. A -

PR

s 1

g %, that is, has a remainder 0 when divided by 6 -or 3% :
4 ] 1‘ _The short-cuts, asked for in Exercise 5 are described'in the )
; o text that follows. As Exercise 4 shows, one would cast oyt threes :
! " or sixes or twos in the numeratiqn system to the base 7, since 6, :
2, .and .3 -are divisors of 7 -1 Just as 3 and 9 are

b divisors of 10 -4, , . N
; - Exercise 6. In a numeraﬁion system to the base T, casting B
f out sixes would have a resui@ corresponding to that in the

g decimal system when nines are cast out. 4 . .

For Exercise T, it may be, seen that scrambling the digits

e s s s - e s

¥

does not.. alter the value of their sum nor the remainder when the
numbers are divided by 9. Hence each of the numbers is of the .
form On + r and 9t + r, with theiremainders the same. Then

~
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if we subtract one, from che other, we get 9n + r - 9t - r which
is equal to 9(n - t), “hat-is a multiple of 9. ™aus tﬂe sum
of its digits is a multiple of 9. When the sum of the digits
‘glven is a multiple of 9,.one cannct Qe sure whether the’missing
digit i1s 9 or 0. Otherwise the trick can be worked by adding
the sum given and seeing ‘what number added to this sum will give
a mulfiple of 9. " For instance, in the example given, one muist
add 4 to 14% to get a multiple of 9 and hence 4 1is the
missing digit

3-4. Divisibili_y by 11 , R
The exerclses are solved in the text which follows them. You—
may have ‘a little trouble with the product of -1 and =+« 1 and,

you may want to avolid this; this_can be done in the example worked
out by seeing that 103 is lO2 X 10 which would hdve a remalnder
of " x (= 1) or - 1. If you wish to avoid negative numbers
completely, you could confine yourself to the first test Or you
_could show the test for two-digit numbers by noticing that if the
second digit is larger than the firét one, the remainder after
division ty 11 1is the second digit less '‘the first one (e.g.,
79 =TT + 2); If the second digit were smaller than the first
one, one could add 11 to it and subtract the first digit, glving
a correct remaindor (e;g.; for 73;' subtract 7 from 3 + 11 and
see that the remainder is 7). This is somewhat .laborious,.
however., 7 ‘

It i1s important in testing for the remainder after division
by . 11 by the second méthod to start at the right hand end of the
number. ,If you aré merely testing for divisibility it does not ~
matter at which end you start. o

for Exercise 2, page 5%, the test for dlvisibiligy by 8

_would be analogous to that for 11 in the decimal system.

o
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For Exercise 3, the n;igg;r 157,892 is equal-to 15 7(1000) +
B92 or 157 x 999°+ (157 + 892). Hence if d is-any divisor of

<
3=
., L
¥,
»
.3

; 999, the remainder when 157,892 is dlvided by d 1s the same as
§; when 157 + 892 is divided by d. The prime divisors of 999 are
1 3, 37. 1In fact 999~ 32 % 37.. This test would work for any .

3 divisor of 999, that is, for 3, 9, 27, 37, 3 X 3T, 9 X 37 as

g, well as, of cpurse, for 999 iﬁself. ‘ *

g' The students might also be interested in writing 157,892 as
equal to 157(1001) + 892 - 157. Thén if d is any divisor of
S 1001, the remainder when 157,892 is divided by ¢ 1s the same
L as when 892 - 157 is ‘divided by d. ' The prime divisors of 10bl
are T, 11, and 13 This would give a test for divisibility by
7 and 13- as well as 11. This has some connection with the fact
that the decimal equivalents of 1 and ~%? have six digits'in the
repeating portion. This .can be developed furthec. '

-
v

i For Exercise 4  onsider a number 534,623, yen+ Then in the:

. numeral system to base seven, 534,623 1s equal to 534 seven ¥

666seven + 5343even + 623seven‘ Hence-we would have to find the

divisors of 660Seve . Now 6668eveh = 6seven X 1llseveﬁ To see

. 111Seven has factors i* is probably easiest to convert to the

base ten. So 111l ... . = 49 + T+ 1,=57 which has 3 and 19

as itg factors. Actually we could have tested 111seven for

divisiblity by 3 by adding the digits since this works for 3
: in the " ystem to the base seven as well as to the bage ten. So
in the nuymeration system to the base seven, this kind of test would
work for 19,.that is 25, as well as for 2, 3, 6 which
are written the same way in Dboth systens.

Similarly for the numeration system to the base twelve, we woculd

seek the divisors of eee,.. i, which 18 eg .1y X 111, e1ve
and e stands for ‘"eleven."  We cannot say that 111, ... is
divisible by 3 since 2 is not a divisor of one less than the
base. But we have to convert it to the decimal notation. It is
144 + 12 + 1 = 157, which is a prime number. Hence this kind
of test would work for 3 and 157 in the decimal system or for

anq 111tweive'

Stwelve

25

P S - I R T T T 2 e
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_ The connection between repeating decimals and sestg'for "~
divisibility should begin tc emerge for the student here. &ippose
m 18 some number which is divisible by neither 2 .nor 5. hen o
some power of 10 is 1. .more than asmultiple of~ m. This can ‘
pe seen as follows. Ve know that the remalnders when the powers
of 10 .are divide& by m are the numbers-from 1 to, m -'1 ' ‘\5§\£ ,
incluisive. Since there are infinitely many powers of - 10, two
of -the powers must have the same remainder, that is 102 - lbb
will be divisible by m for some natural numbers a. and b. .
Suppose b is smaller than a, then the aifference may be

. written ’ : - - . : ‘

a-b -~ !
-~ l)c /

Since m divides this product and has no factors except 1 in

— 10°(10

‘ commorf with 10° it st divide 10%7° . 1, which is what we

§' wanted to show. Thus vie have'shown,that some power of 10 has

: a remainder of 1 when divided by m. Call k the smallest
such power greater than zero.’ ° /L,

From this we can conclude two thr 1gS . First the remainders
when we compute the décimal expansion of ﬁ‘ will be just the
reirainders when the powe}s off 10 are divided by 'm. As sodn as
we get a remainder 1, the decimal begins to repeat and not
before. So our number. k 1is theﬂnumber‘oﬂ d;gits in the repeat-
ing portion of the decimal. '

Second, we may write any mumber in the form . "

Ik a4+ bx 105+ ¢ x.10%K + d x 1VF &+ ...

Since the remainder ﬁnen 10k is divided by m 1is 1, the -

remainder when our number Is divided by m 1s the same as the

* precmalnder when
L+ b+c+d+ ..

is divided by m. We must notice, of course, that a, b, ¢, d

are not digits in general but they are natural numbers less than

10¥. .

-

20
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‘ how far the student can progress here, remain° to be seen.
Certainly he should not be- pushed. ~ © ot
For casting out the elevens, instead of adding the digits,
we would -takte the units digit, minus the tens digit, plus the
'hundreds digit and so forth. _An example would be this:

»

637 7 <34+ 6=10
X 152 2-5+1= -2
product: - 96, 824 " preduct: -20 ‘

. y ~ 24+ 8 -6+9 = O+ 2= 2 -
- ) 3"1:2 : )

K

We come out with . 2 in e&ch case. This test is a little less
’ikely to check when the answer is vrong but it is Punh more
diff*cult to; applv.

For he,corresponding trick mentioned in Exercige 7, one
cannot scramble the digits indiscriminately The simplest direc-
tion to glve would be ‘to reverse the order of the digits -and i
add the twé numbers if the number.gf digits is gven but subtract
the two numbers when the number of digits is odd. THis can be.
seen as follows: Suppose there‘are three digits a, b, ¢, Then.
the remainder for the given number would be that for a - b + ¢
and for its reverse ¢ - b + a. /Then the difference would have
a zero remainder. If the number has four digits a, b, ¢,, d,
tne‘sum for tne given number would be -a + b - ¢ + d and Por
Ats reversal would be «d + ¢ - b + @, Then the sum would have
a zero remafnder,' Then it would not Bé‘sufficient to know the
sum of all but one of theﬁ?igits in the aaswer. You would have
to ask for all the digits %ut the last, or something like that.
This trick is much more complicated, Its only advantage is that .
it does not have the case of failure that that for nine has.

Eiercises 3-2. Answers

1. ZE) 226843

i o Sum of digits 25

25 .

‘ - 9 2
Not divisible by 9.

remainder 7

4

R ' 47
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LY

(39

67945

24 i 3-2

Sum of digits, 31

%%‘ = 3 remainder U4
Not divisiBle by 9.
427536
Sum of diglits 27
27. _ 4
‘ T .g‘aremainder' 0.
D%visible by 9.
RT
. Sum of digits = 2%
oy - .
5= 2 remainder 6,‘ )

Not di-isible by 9.

(b) and (¢) The remainder upon division by $ 1s equal to

(b)
(a)

(b)
(a)

(q)

( the remainder when the sum of the digits is
divided by 9. )

T..e unigueness property of addition, (Refer to page U7
of the students! text.) B K "
Yes

Yes

Same reason as number 2.

Yes - " (e) Yes
Yes - (d) Yes
20 : . .
) +Cl has a remainder of 120 or 1.
/ .
20 . .
(3 X 33+ l) has a remainder of 12O or 1.

10

20 O - (99 + 1)*% nas a remainder of 1 or

1

1077 = 100

I.




25 . pages 46-47, 51

2

6. L—————l—— has a remaincev of - l

7. (a) divisibility by 4: If the number formed by the last
two digits is divisible by 4, then the number is
divisible by 4. .

\ (b) divisibility by 8: If the number formed by the last

> s three digits is divisible by 8, then the number is
divisible by 8. '

- (é) divisibility by 25: If the number formed by the last

two digits is divisible by 25 (e.g., 00, 25, 50, 75),
then the number is divisible by 25.

8., 2,3, 4, 6, 12 (071s divisible by 12). o

9. (a) multiples of powers of 7. (This includes negative powers

of 7, e.g., %% in tne decimal system is .16 1in the

system to the base 7.)

(b) ( 1254 ... )o
£ 10. remainder 3. oL
% 11, (a) (CE. lg -1 1-1=0 (Refer to Exercise 5.)
¢ , 41108 ‘ ~ |
r (b) (6 + 1)6 ol 1 -1=0"(as above)

12. Cast 9's from the sum as you go along. (See page 49 in-
students! text.)

Yyt
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Exercises 3-3, Answers

2. ,Answered in the text.

- N s
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1. 927 sum of digits: 18 sum of digits: Q' sum of digits: 9
865 sum of digits: 19 sum of digits: 10 sum of digits:.l
1635 - T Product ]
5562. oL
7416 .
BOIB55 sum of diglits: ™ 27 sum of digits: O,
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:

. : 1
. 810855. N : 1
. 3, 0, O., | .

|

\

3
4
5. Answered in the tex#.
6. Casting out the sixes. ' . ‘
7 3, other digit is. 6,
7, other digit is 2,° "
9, other diglt is
0 or 9.

. 7543 2+ 1 + 0
5437 or 1L + 0 +'6
06 sum of digits = 9 or 2 + 1 + 6

o

~
L3

Exercises 3-U~b, Ansvers

1. (l) a.. 758 =7 x 102,+ 58 which has the rgmainder T + 3?5 1C
when divided by 11 since 100 has the remainder 1.

v
IR IR a8
DT S S 7R VRF S S N VY

.

b. 758 =7 x 10° + 5 x 10 + 8 which has the remainder
8~5+7=10. ’
2

o
EOk
B+
$3
N .
9N
- 54
R
¥a
-
:

(2) a. 7286 = 72 x 16 + 46 which has the same remainder as
has 72 + 46, that is, 6 + 2 or &, :
2 ' :

R S

b. 7246 = 7 x 10° + 2 x 10° + % X 10 + 6 which has' the :
same remainder as has 6 -4 +2~-7.=-73, that is, ;
8. )
b 2

(3) a. 81675 = 8 x 30  + 16 X 10 + 75 which has the same
’ remainder as has 8 + 5 + 9 = 22, Hence the remainder

is 0. )

N l.!. - -
b. 81675 =8 x 10 + I X loj + 6 x lo2 +.7 X 10 + 5

which has the same remainder as has 5 ~ 7 + 6 - 1
+ 8 = 11. Hence the remainder is zero.

\

2., S8ince 8 is 1 more than 7, a number to the.base 7T can
be tested for divisibility by 8 in the same way that we can
test for divisibility-by 11 in the decimal system. For
instance, consider (5326).. '




6,7.

. (a) Yes. The remainders when the powers of 10 are divided

27 ' . page 54

Using the first method we have (5326) = (53) X (10 )7
+ (20)7 Since 8 1is @11)7, the remainder when (10 )7 is

divided by 8 is 1. Thus the remainder when the given
number is divided by 8 is the same as when (53)7 + (26)7 L
is divided by (11) But (53) - (44)7 = 6 and (26)7
- (22)7 4 and hence the remainder is the same as when
6 + 4% is divided by 8, that is, - 2.

USﬂng fthe second method we have f=326) = 5 x (103) f
3 % (10° )7 2 x (10)., "+ 6. Vhen this is divided by 8 the : .
remainder is’ the same as that for 6 -2 +3-5=2, :

(See page 20 of the. teachers' commentary,)
3, 9, 27, 37, 3.x 37, 9 x 37, 999.

(See page 20 of the teachers! commentary.)

In the numeral system to the base seven; we can test for
division by grouping in triples &l1l the divisors of 7) -1 =
342, These divisors are: . “ -

2, 3, 6, 9, 18, 19, 38, 57, 11k, 171, 342.

In the number system to the base twelve, we would have
the divisors of 123 - 1 =1727. These factors are 11, 157,
1727.

by 11 are -1, 1 -1, 1, ... which has a period
of 2 since 11 is a divisor of 10° - 1.

(b) The divisors 3 and 9 1isted in the answers to
Exercise 3 are divisors of 10 -1 as well as of
103 - 1. All the others have three digits in the
decimal equivalent of their reciprocals and for these,

grouping the digits in threes glves a divisibility test.
See Teachers' Commentary, pages 22, 23.

31
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28 3-5
\

7 9\\ 11 13 17 19 21 37 101 41

| N T W R T T N T N W A T A ) B 1
o' | 1 35| 1|10|10]|10|10|10] 1] 10]10

oo |1 be |2 1| 9lis| 5|16 26|00 | 18
rwwui#153 1 6 1 | 10! 12 |18 |12 13 11 91 )-16
T L T IR A T x|l 6| w10 1!l 37
100 | 1] 5 | 110 6| 3119 |26} 10| 1
10° £ T T T A A T S A A A | 100 | 10
1ol | 113 | 1] |10 515|100} o |18
i | 1123 | 1! 916 |17 ié‘ 26| 1| 16
107 106 | 1|12 7 {18 |13 1| 10] 37
STl BT B BN 2l 9| ¥|10f0| 1 -
y T S N S-S T T O Y 5 {1 {19 ]26] a1 | 10
sFoacl ST G W I NI O O 6 20 A O N BY:
1021 1 ;7301w (1 |13 10]10] 20]26 °
10| 1|2 1| 2| 9 8|16 |16 | 26|100 |37
105} 1|6 |1|wfef12] 8|13 1|1
100 | 1t b1l 2] 3, 1 sl &l 1110
,

'The number of digits in the cycle in the repeating decimal
is the same as the number of digits in the cycle pof remainders.

Since, for example, there are five remainders in the column headed

by 41, one can test for divisibility by 41 by grouping the

digits in fives.

For the answers to guestions on pages 57 and 58 look on pages

21 and 22 in the teachers! commentary.
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SUPPLEMENTARY UNIT U
g OPEN AND CLOSED PATHS

The problem of the bridges of Konigsberg (called Kaliningrad
after the Russians took over ‘in World War II) is one of the first
problems evér solved in the field of topology. QThis is the branch
of mathematics .which deals with the properties of geometrical
figures which afe’left unchanged by continuous one-to-one trans-
fo?ﬁat;ons. You may thiank of the‘geometry on a rubber sheet.
Whatug}operties of the geometn%cal figures are not changed when
you streteh or shrink the sheet in any way whatsoever, 80 long as
you don't tear anything or glue parts together?

The obJect of this chapter is to show the children that there
are interesting propertiegs of geometric figures which do not

'_involve any process of measurement. Section 3 1is probebly'too

difficult for any but the brightest pupils, and might. be assigned
to individuals as outside reading for extra credit. The -other
parts are for good, but not exceptional students, and may be
sultable for homogeneously grouped claéses,’as well as for
independent work Tor a few good students. .

The problem of the existence of Hamilltonian paths, discussed
in Section 4, is an excellent example of a question which any k
chiid,baﬁ,understand, but which has never been answered. You can
use ﬁhis to show the class that mathematics is a growing subject
agﬂ/fhat there is always more to do in mathematics.

in Section 1 we developed the necessary conditicns that there
be, in a dlagram, a path which goes over every bridge just once.
(Incidentally, in the technical literature of graph theory the
term "edge" is used instead of our term "bridge".) The main .
ré%ﬁlys are stated in Theorem 1 of Section 2.

At this level of maturity most children have difficulty with
abstract general proofs. They do understand and appreclate

"proofs" given in terms of concrete cases, treated by reasoning

which they recognize as generally valid. The children wlll be

) ' 34
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. . \
satisfied with the discussion of Theorem 1, althQugh the mature
student woﬁld want proof of Theorem 1 stated in g;neral terms,
In the diagram of the Konigsberg bfidges, the vertex A 1is
connected to 5 bridges, while each of the other three vertices
is connected to 3 bridges. All ! vertices are odd (see Section
2). Therefore there is neither an open nor a closed)path which
goes over each bridge just once. )
You may gilve the children another concrete situation which
Jeads to the .same problem. Here is the floor plan of a house
showing 6 rooms and 8 doorways. Is there a path which goes

1

.
S

shows the rooms and their connections. In this diagram the
vertices- B and E are odd and the others are even. The path

B1A3D!'BSESF7B2COE ,

~

goes through each doorway just once. If we insert a doorway
connecting room C with room F, then the vertices C and F
will also be odd. 1In that case, there is no path of the desired
kind. o
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Exercises 1 to " are preparation for Section 3.

In the exercises of Section 2,. the pupil is led to discover
(ia Exercise72~2) empirically that the number of odd vertices
1n any diagram is even. The rest of these exercises lead the - ;
youngster tou discover a proof of this fact. .

In Exercises 2-2 and 2-3 you are not supposed to check all
the .diagrams the pupils make for themselves, The important thing
is that they discover certain generalizations for themselves. I -
you teach the chapter to the whole class, you may have several -
pupils draw diagrams on the blackboard and have the whole class
check the classification of the vertices as odd ‘or—even. E

The only parts of Section 3 which might be suitable for more . £
than a few students are the discussions of the distinction between
necessary and sufficient conditions and the remarks on the\impor—
tance of stating exactly what we mean.

“Most pupils will overlook the fact that our definition of the
term "diagram" does not regquire that a diagram be connected. It
is instructive for them to learn, by bitter experience, not-to
Jump to conclusions. o .

In -3 47 Qg 1s not the same as Qs then the r -th is open.
The point Q8 is then an endpoint of the path. Then the path
contains an odd number of bridges connected to Q8 But, by
assumption, the total number of bridges connected to 08 is even.
Then the path cannot contain all of the bridges through Qp in
the diagram.

The proofs of Theorem 2 and % are examples of reductio ad

Exercises 4-1-a. Answers

1. (a) Open path
APRENSALX3N or ALX3NIBR2 45N or

ASN3Y1A2R"N or ASN!YR2A1 X3N

do
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{(b) Closed path

‘ ‘One possibility is: A201N5Y307RG6E6A—

(¢) Open path

A

One possibility 1s: A6 X4 C2D5X3B1AT7D
2. (a) Openpath: A3D7C8®P1AbES5SD2BYC-6E.
A 4 E ¢
3
D
1K 6
2 7 -
g ,
B c

: (

(b) Closed path A1 B2 D3 C4B5E6ATGB8FIA

F
. 8
—_ - - ———— _‘.‘__—-..é 9
T
i
f
2
D 4 Y
3 C -

(¢) Closed path. One possibility is:
A1BS5D12F8EQGIOFT7C6DI1LENB3C2A

A
; 2
. 8 3 N¢
5 6
4 D 7
il 12
g &2 JF
9 10
G




5.

One possgibility is _ ' , . E

PR

-
Y

4o o s

(a) No path is possible. | i

(b} An open path. | - s
, One possibility is AL B5C6D2E1A3D

)

(¢} No path is possible. . , .
: )
(d)° A closed path. One paﬁggbility is
A6E7TD3C2A1BLDS A
b
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Exercises 4-1-b. Ansvers i
odd vertices even vertices number =  number
: of odd of even
I A B, E G ¢, D, F 4 3 :
sl 1 ) . all ’ 0 ) 12 ,
AN III A, C all others 2 6 ;
i IV A, E ail others 2 3
2. (a) 1, III, IV.~ . ©
o (e) 1, I o
', < 3. In II, the path : ' . |
B A1B2C3DYESF6EGT7THBI9JIOK 11 118 - i
3 B13 D14 F15 H16 J 17 L 12 A, ©
o In III, the path. . ‘ ' F
& A1LB6H10G5B4F8E3B2C1l1D1¥FG9FI1L3 ~ :
. D12 ETC. ] ‘ ]
5 v In IV, the path - b
' A1B9C2ATD3B5EGCAHDSE. ‘ o

Tn each of these there are also many other paths. E

Y, I. B2C6D3 B4 E 8 F5B
II. BLAI2L11K10J9IBHTG6FS5ELDS3 C 2
B13 D14 F15 H16 J 17T L 18 B
III. B2 ETC11 D12 E8 F 13 D 14 G 10 H 6B5G 9 F 4 B.
IV. B9C2ATDUWLCEEB8D3B

5. A1B2C5D4A3C and A*DSC3ALB2C

Exercises -2, Answers

1. See above table.

2. The number of odd vertices in any diagram is even,
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8.

S.
10.

11.

Mumber of.
vertices

v = vl +'V2 + v3 + o e o

(2'B) - U =

-

Two, one for each end of the bridge. The number of pairs

Each vertex of degree k occurs in k
number of pairs in which a vertex of degree k occurs is

v, + (2-v,) + (3-v3) FR

° e

(v, + (2:V,) + (3-V3) + oue. )

BV Vg 4 aan) = (20V,) + (20V5) + (1)

37 Vg #

+ (4-V5) F oae
By the formula, we have
U = (2-B) - ((2-v2) + (2-v3) + ...
=2:(B - [V, + Vs + (2:-vy) + (E-Vs) + ..
which 1s even. . :

1O

HoH N
(o)

~ 1
O O O O
o & H B
O O W N O

()

.,,'O =,

The total

Exercises U4-3., Answers
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2. DBRAINBUSTER. Let A and B be the two odd vertices. - ‘ ;
Consider the longest path from A to B which does not go ’
over any bridge more than once. Color this path blue. Con- §
tinue as in the proof of Theorem 2, Section %. ' \ ‘
s ‘ ‘ LT
" Exercises 4-4%, Answers ) B SN
None of the diagrams in this section has & Hamiltonian path.
' v . / ° N
\ .
: 40
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SUPPLEVENTARY ¥NIT 5
FINITE DIFFERENCES

L4

. . A bagfc method of finding pol#nomial forffulas to fit tables
5f values is that called "finite differences.” Here the student
is given ‘g yvery brief introduction to this theory. The teacher
is referfedito two books on the subject: v
' C. B Richardson "An Introduction to the Calculus
of Finite Differences" Van Nostrand (1954) 142 pages.

o\

2. A book on the same subject by F. H. Miller is to be \5
e published by Henry Holt and Company. .
These two books are too advanced for seventh or eighth ©

graders - in fact for most high school students -~ but they should
be inteliligible tdtényone who has had a first course in calculuq\;;7 o

:This does not mean that calculus forms the basis for finite
differences, but merely that the analogies between the formulas '
- in the two'subjegfs are very striking. \

‘Though an attempt is made to keep the ‘alge€bra used in this

unit to a minimum some is certainly neesded; for instance the

expansion of (n + l)3 is needed. Of course in this unit as

in the other supplementary ones, the student should do a large

body of experimentation himself and be given the opportunity to

-make guesses énd verify them.

‘5«1, Arithmetic Progressions

Here che'arithmetic progressién is taken up from the
standpoint of finite diffgzgnces and the relaticnship with the iy
trianguiar numbers is exploited. ‘The student should see both the . ~ g
geometrical and algebraic arguments and how they are relateds 3

" Though .in the exercises a basis is laid for the general formulg\\
for the sum cf an arithmetic progression, more stress is, laid on
finding the sum than either in getting or usingz the formula.
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PR

. The most important idea of the section is stated formally in the
" theorem in Section 3. Ir all the exercises and. examples except
Problem 15 the entries in the table.are increasing. Possibly
more eXamples should be given in which,the differences are -
negative, ’ ’ , _

In Table II the entries might be extended one to the left
wigh a éerO‘in’row 1 anda 1 ;n row 2. Then the entries
" in the second row of Table II would be just the entries in the
first row of Table I. ) '

The pupil might be interested to notice that the triangular
numbers ére_those on the second slanting line of the Pascal Eri—
anglsg. he pyramidal numbers defined in Problem 3 of Exercises \
5.3b, /are th/ose in the third slanting line of the Pascal triangle |

s Ay

—

s gf e ‘ '?.

5-2. - More Sequences

Y

There are two methods for finding the formula for the sum

of the first n squares. Both rest on the fundamental fact that,
in any table, the n-th termqinus the first term, is the sum of
the first differences to the 1eft' £ the n-th term. This section
works .downward in the table and:finds the formula for the sum of
squares by starting with the cubes.(’(The second methed, that in
Section 3, works upward in the table and establishes the formula
by‘guessing what form it should take and determining the appro-

priate coefficients.)

By way .of introduction here, the formula for the sum of the
first n 1integers is got%en ffom Table III, the table of squares.
This is a more complex way of doing 1t but it does illustrate the
.metnod/whiéh will be used in the latter part of the section.

Graducily there should emerge the 1ldea that a linear formula
fits a table of numbers in 9n arithmetic progression, a quadratic
formula if the first differences are in an arithmetic progression,
a cubic forrula if the second differences are in an arithmetic

progression, etc.
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~ Also in the exerclses of the sections the idea is developed

that a linear formula can be found t6 fit any two numbers since

any two numbers can be used to start an arithmetic progression;
"a quadratic formula can be used to fit any'three:numbers since

any three:numbgrs can be used for the first three entries in a ’ -
table whose fipst differences form an afithmetic dxogression,, etc.

5-3. Flinding Formulas that Fit

Here tﬁé method is used which guesses'at a formula for the
table and.then determines the Eonstants by means of the first
and second differences.,. ’

.« The product of any three coﬁsecutive integers must be divis~
1bl§ by 6 since at least one is even and at léast (in fact,
only) one is divisible by 3. For four consecutive integers,
one must be divisible by 2, one by 4 and one by 3; in other
words the product must be divisible by 24. . A bright student
- might like to see what happens for five consecutive integeré.

Triangular, square, pentagonal, etc. numbers are called
"figurate numbers” or "polygonal numbers." The general formula
for the n-~th k-gonal number is

? 2
{k - 2) x =52 + n,

That, is, when k 1s 3 e have triangular numbers, k = 4 gives
square numbers, k = 5 gilves pentagonal numbefs, etc. Notice
that they are all quadratic expressions and hence the firsc dif-
fergnch are in an arithmetic progression.

O0f' course one may have numbers assoclated with pyramids whose

bases are closed square regions, closed pentagonal regions, etc.
4
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\\Exercises 5-1. Anéwers

i

1. (a) 15, 16, 17,)... 32, 33, 34. |
(b) (@ + 1), (1% +2), (14 +3), .. (14 +18), (1 + 19),

(1% + 20). - ‘ o /
() (1% + 14 +1% ... J+ (1 +2hk3 ... ). ///
(a) (20-1%) + $-20-21) a -
(e) 290 /
2. (a) 1h2, 13, 1k4, ... 149, 150, JI51. , ///
(p) (1:1 + 1), (121 +2), (A8 +3) ... (At + 83, (k1 + 9), -
.. (141 + 10). ) e _
fe) (L +aBr o+l L)+ (V243 ... !
: (d) 10-141 + £+10-11 N, o
é“ o+ (e) 1465 /
§~“ 3. nb + %n(n +1) or n(b+ %n + %) or 2n(2b +n + 1) ’
f 4, \13, 15, 17, ... A7, 49; 51 ,
i (11 + 2), (11 + 1), (11 + 6), ... (11 + 36), (11 + 38), (11+%0).

20°11 + 2-(L+2+3 ... )
220 + (2.3-20-21)
220 + 420 = 640,

5. nb+n(n+1)=nlb+n+1) cr n{n+b+1)

6. The next three entrles are: 21, 23, 25. The differences are
all the coefficient of n in 2n + 7.

7. For 3n + 7 the first five values are: 10, 13, 16, 19, 22
and the differences are 3, the coefficlient of ﬁ; for
on + 6 the fif™& five values are 8, 10, 12, 14, 16 and

' the differences are 2, . the- coefficient of n.

8. The differences are 5. In fact, if the form is an + b, the.
next term would be a(n + 1) + b and the differences are all

- ' a.”ﬁThis is leading up to the theorem in‘Section\}.

4.

~ -
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12.
: 13,

14,

T s,
16.

]

i - page 82
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Using the trick used at the end of Section'l, we write

»

1 3 5 . i 2p~5 2n-3 2n-1
2n-l1 2n-3 2n-5 5° 3 1

and the sum is %(2n)n = n°, In the formula developed in
Problem 5 b must be ~1 to have the first number in the

sequence be 1; and .

n{n + "2 + 1)
n-n

2
=n

w
li

Replacing n by n - 1 1in the formula for the n-~-th triangular
number, we get %(n -1)n-1+1) = %n(n - I).

We can use the trick of Problem 6 to get

51+ 1 +nd)(n+1)=3(2+nd)(n+1)
or it can be done by writing the sum:
‘ (n+1)+d(0+1+ 2+ ... 4+ n).

In the above replace n by n - 1 to get

(2 + (n - 1)a].
Add (b - 1)n to the previous answer to get

%n[2b -2+ 2+ (n-1)4] = %n[éb + (n - 1)4].

7 12 17 22 27
5 5 5 5
We add 5 each time.
7T 5 3 1 -1 ... Here we contlnue to subtract 2.

To construct such a tatle, compute the first difference from
the given two numbers and then add this difference to each
number of the table to get the next.

4.

-
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Exercises 5-2. Answers

1. (a)
W5
. \
’ (4 )
. . . . . .
. . . . . ° \
:{' 5 S . » . . L) .
S
E«-;i . . >6
. . . . . . . ‘
i
34:
- . . .
N\ X
]
. . o . . . E‘
/
’ \ o’ B
g - v >
6 3, 1 3

(b) To get a square of (n + 1) dots on a side frem qQne

i S g L P R (O TN TSNS SR A
R P

v with n dots on a side, we can add two edges of n dots ;
each and a 1 in the corner, which accounts for the i
2n + 1.

. 2. The methods of the section may befused or the sum can be
made to depend on that already found as follows:

22 4 12 4 62 + ... + (2n)2'
112 4+ 4.2 4 4.32 Fouv. + bun®

b2 2
- y.2n” + Zn + 0o §~(2n3 " 3n2 +n).

3. Again the methods of the section may be used of the following:

FET e

1°2 4 32 + 52 + oees + (2n-l)2

(2.1 - 1)2 + (2.2 - 1)% + ... (2n - 1)?

(422 = Bl + 1) + (427 - B2 £ 1) 4 ...
(hng - ln +1) = 4s ~ uoé(ne +n) +n '

(-2--)(2n3 + 3n2 +n) - on® - 2n + n = J‘-.(Mn3 - n).
> >3

AL

~
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R 12 19 28 39

3 5 T 9 1

e 2 2 2 2 S

where we first write the third row, then the secoﬁd and
. then the first. )

/

.10 5 11 28 56

A4 PR

5. 6 17, 28

A s

11 1 11

1 Sy 2

g

. Starting with any three numbers we could construet such a
table if we get the first two first differences and the first
second difference and then compute the table from the bottom ’
up. ' S

Here we would use the table of fourth powers and first compute
the difference between the {(n + 1)st and the n-th fourth
powers, getting bn> + 6n° + 4 + 1 as the n-th term in. the
set of .first differences. Taking the sum, as we did above,

we have ‘

4 x (sum of cubes)+ 6 x {sum ot squares)
+ 4 x (sum of integers) + n.= {(n + l)4 - 1.
Let ¢ stand for the sum of the first n cubes and use the
formyla above the sum of squares to get

. 4e + 6 x %(2h3 + 3n2 + n)

+2n(n+1)+n
!
=nt 4 0 4 6n° + bn.
Solving for C, we get ' .
C = %(n% + 2 + n2) = [%n(n + 1)]2._

Notice that the formula for C 1s the square of the formula
for the sum of the first n 1integers.

47
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Exercises 5~%-a. Ansvers :

»

1. (a) 6 12 =20 30 42 ' , T

2

(b) O 1 10 20

Except for the entry O, these numbers are one-sixth of
7 those in ‘the table for n(n + 1)(n + 2). The reason
. " is that n° - n(n - 1)n(n + 1) which is the proéduct
of .three consecutive integers whose middle one 1s n.
The result seems more interesting if 6he notices that
this means that if a number is subtracted from its cube,

é the result is the product of three consecutive numbers of ;
L ‘which the middle one 1s the given number. (Here "number' = %
. means integer.) \ -,

(¢) 2 10 30 68 130

2. Since nu - n2 is of the fourth degree, the third differences

; " should be in an arithmetic progression. To check this write

-

- 0 12 72 240 600 1260
12 60 168 360 660
: 48 1c8 192 300

. 60 8 180

24 2l

\ Exercises 5-3-b. Answers

1. (a) The first differences are 5 and hence the numbers are
in arithmetic progression of the form 5n+b. But
5 + b = 2 -which impiles b = - 3 and the formzla 18

5n - 3.
(b) Here the first and second differences are
1k 24 34 Lk
10 10 10

Hence the first differences are of the form 10n + b and
since the first one is 1%, b =", So the n-th first

difference is 10n + 14,

ERIC | 18

A " - 5 4 -

!

e
N
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The formula uo fit the table shovld be like:
.aqg +bn + ¢ and," as in the section we have

2an + (a + b).

U

\ 10n + 4

\ -

Thus a =5y b=-1 and 5=5%x1°-1x1 +c,
implies ¢ = 1. So the formula 1s 5n2 -n+ 1.

2

(c) Here the first and second differences are: ‘ -
12 18 24 30
6 6 6

Here. the formulé for the first differenceé'is 6n + 6

and i

6n + 6 = 2an + (a + b)

implies a =3, b=3. Then 8 =3 x1°+3 x1 + ¢

implies ¢ 2 ané the formula is 3n2n+ 3n + 2.

The first, second and third differences are E
8 20 38 62 92

120 a8 2% 30 o
6 6 6 :

Notice that the first differences here are the numbers in
table 1(c). (If this were not the case, we would compute
the formula for the first differences as we did above.) Hence
the formula for the n~th first difference is 3n2+ 3n + 2,°
Since .the second differences form an arithmetic progres-
. sion we guess that the formula for the numbers of che table
' must be an’ + bn? + cn + d for proper cholces of ,a, b, c,
and d.

3

The p-th pyramidal number is the sum ¢f the first n tri- - -
angular numbers. By the same method as that above, we can
get the formula %(n3 - n) which 18 the formula for the table
in Problem 1(b) in Exercises 3-a. '

1N
-~
o
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i,

A polynomial of the fourth degree. .

This is merely a matter of checking numerical values. Anyone
interested in 1earning more about polygonal numbers should
look in Volume 2 of "The History of the Theory of Numbers"

by L. E. Dickson.

« . R ) P
In each case the first differences repeat the table except
for the initial entry in (b). Suppose the entries were

P

a b ¢ d “es - .
If the first differences gave the same table we would have
a=b~a b=c¢c ~ b,‘,..
and since the first equation implies 2a = b, and sxTilarly
for the others, the entries would have to. be

a ©2a a Ba eeo

in geometric progression. . .

_ If the second first differeace were the first term of
the table, we would have "¢ - b = a, that'is, ¢ =D + a.
So 1f.this property were to ccntinue throughout the table,
each entry would have to be the sum of the previous two.
The student can carry this furthor if he is. interested.

An arithmetic urogression has a formula an + b assoclated
with it, ) '

.and 9. See pages 38 and 39 o: this commentary.

o]
<
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SUPPLEMENTARY UNIT 6

~ RECENT INFORMATION ON PRIMES

The main purpose of this unit is to give the children some
idea of mathematics as a living, growing science. Ue try to
drive this home by relatiné Supplementary Unit 6 to'a paper
published in October, 1958, thus emphasizing that even,.todey
mathematical discoveries which they can understand are being
made. A minor goal is to show hov mathematical theory is used
in work with modern computers. You may stress that the computer
is a glant idiot slave whlch does exactly what you tell 1t to do,
neither more nor less, and that someone wlth brains still must )
give the instructions to the computer. j
In computing the number of seconds in a year, teach the
children that we do not want to know the exact number, but only »
the order of magnitude. We therefore round off the numbers "3
reelv in order to simplify our work. Ask, "How many Seconds i
are fhere in a minute? How many minute< are there in an hour?

How many seconds are there, then, in an hour?" Do not carry
out the calculation, Jjust indicate it:

60 x 60 seconds ih an hour.

"How many hours are there in a day, and how many days in a year?"
Show. the total number of seconds in a year:

60 x 60 x 2% x 365 seconds in a year.

Even here we are approximating, since a year is about 365% days.

* Ve can round off thus:

60 x 60 = 3,600 = 4,000 approximately,

4,000 x 2" = *,000 x 25 = 100,000 approximately, and

120,000 X 365 = 100,000 x "00 = 10,000,000 seconds in a year,

or h-107, approximately. The actual number is 31,536,000, .
1

ignoring the error of § of a day. The important thing is that

~
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thig-is of the order of 107, or an 8 digit number in decimal
notation. '

The number of years in 1097 seconds is

,

89

97 1096
1070 _ 101072 _ (5 5).1089,

4100 4.100

which is a 90 digit number. Have the children look up the -
geologists! estimate of the age of the earth. See, for example,
Gamow!s book, the Blography of the Earth.

You may review the symbols for 1né¢uaiity:.
" # 1s unequal to,
is less than,

is greater than,

InNn v A

1s ehual to or less than, *

is equal to or greater than.

v

Tt is helpful, in keeping straight the meanings of "<" and ">",
to remind the children that the smaller end of the symbol points
to the smaller number.

At the rate of one division per .001 of a second, .t woulc
take about 3:10°7 years to perform 10°° divisions.

Discussion of Exercise 6-1

1.

mllalels| v 5] 6] 7] 8] of 10f 1| 22
n 1‘| 3 l 7 | 15'| 31 l 63 I 127 I 255 l 511 | 1023 ! 2047 | 4095
m 15 | 14 | 15| 16 | 17 | 18] 19 | 20
n|| 8101 | 16383 | 327677 | 65535 | 131071 | 262143{52&287 | 1048575

CJt
I~

- + v * X s *
- N - K C s a ;}
.
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2, (a) 3 divides 3, 15, 63, 255, ete.
“(b) 7 divides 63, 511, 4095, ete.

oLt (¢c) 31 divides 31, 1023, 32767, and 1048575.
g (d) If m 4is divisible by b then n 1is divisible by
:'; 2b - l . ) )
é . Note the difference between =~ ' . T
L : ’ 4
S 5(27) < 516,
l:‘ ‘ - u
L (32)" = 38,

6-2 Protht's Theorem

~ If m is odd, and k =1 then n=2"4+1 1s divisible by
3, One way to see this 1is to notice that the successive odd
numbers differ by 2. Suppose m 1is odd, and we already know
that 2™ + 1 1s divisible by 3. The next number of this type
is L

: ' M2 1= (2™2%) 41

i ) = (4.2™) + 1

((z +1)2") +1

(3.2) + (1.2™) + 1

(3-2") + (2™ + 1).

.
w

N Since both numt2rs in this sum are divisible by 3, then so 1is
55 - the sum., Therefore, if 2™ + 1 1s divisible by 3, then sc is
- 2m +2 + 1. In other words, if the statement is true of one odd
o number m, then it is also true of the next one. But it is true
for m=1 (21 +1=2+1=3, which is divisible by 3).

3 ® Therefore it 138 true for m 3., Therefore it is true for m = 5,

ete.




It is, fhen,
only when m

. 50 I : 6-2
sufficient to test n = 2™+ 1 for primeness
is even.
- Disscussion of Two Additional Examples. ]

, . which 1s not divisible by 65.
a prime, which also checks. If
‘diglt number) by 65,

S 7.

Faeas
e

culate

37 =

and divide by 113.

the remainder is

The remainder is

6. Vhén g,_ 1 and m =1, we have 2 +1 =17 and
\ ° 17-1
3 2 +1=*38=6562 \
Since 17 divides 6562, we seo that 17 must be a prlme accord-
ing'ﬁo the test, and it is! When 'm = 6, we have PR +1 =65
and - : ;
2 ~ 65-1 '
- 32 +1=3%41, ,

Ac¢ording to bhe test G5 is not

you divide 3 +1 (a sixteen
62

: If k=5 and m=2 or y, " then n is divisible by 3.
3‘ If k=5 ‘and m = 3, then n = b1  and :
41-1 )

: 3"2 +1 .= 320 £ 1,
S which is divisible by 29. If k=7 and m =4, then n =113
3 and '
i ‘ 113-1 )

3 2 41 =30 .1,
s which is a number of 27 digilts.,
; It will probably be too much work for the children to divide
: this number by 113 directly. A better way is this. First cal-

k3

L]

17. Therefore we have

35 =17 + (113-som§thin8)-

oot
i;‘
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Js = Ty

.

If we 8Square 3?}‘ we obtain

3\ ’
gfﬁr 310 = 172 + {113-something), .

63 + (113-something), // e

310

. since the remainder on dividing ‘172(= 289) ;@i/ 113  is q63.*~’/fi ("
' Proceeding in tne same way we obtain

320 = 632 + (ll}-somethiné) .
‘ = 1% + (113-something), .- - é
and L . | é
340 = 142 4 (113:something) o
= 93 + (113-something),
and
- 250 _ 310-340 = (63 + ... ) (8 + ... )
» o (63-83) + (113-Something)
= 31 +.(113-sbmething),
and
355 . 35,550 :
’ = (17-31) + (113-something)
= 7% "+ {113-something .
and

1
]

35 - 205+ (113-something).

But 225 + 1 is dlvisible by 113 so that the test works?

A This calculation is based on the equation

‘ (a* cj(b+d) = (adb) + (a+d) + (bec) + (c-a).

“if ¢ énd d are divisible by 113, then so0 is the sum of the
last three products on the right.

' Qo




Erisiaiic Aahiv e it 2= S e » R MR RS v i e MG sl N ¥ ~ ST A EEREE Y

52 ' 5-2

The same method can be applied tc¢ other problems,; in partic-
ular to the preceding exercises. Thus to test 320 + 1 for

§ . divisibility by U1, we may calculate as follows: s
3 !
: 3l =81 = 40 + (41-some§hiqg),

- - 3? = 402 + (41-something),

i

1600 + (4i-something),

2y SN eye s epe Ny

: =1 + (41-something),
- ' 16 _ 2

: 377 =1 + {41l.something), =~
§ =1 + (Ll.sometbing),
3 and
- : ' '\ Qii:> »/320 = 3u'316 = {(40-1) + (41-something)
/ = 40 + (41-something)’

20 L 1 is a multiple o’ 41 since %0 + 1 dis divis-

so that 3
ible by k1,
. 3
At the rate of & thousand divisions per second, it would

]
take about }-10280 years to perform 1029‘ divisions.

8. 1In orger to estimate o yourself, you may use the fact
that ‘

approximately, so that with only a smail error
53217 _ 15(.30103)-3217
- 1096841,
‘which is a numoer of 969 digits in decimal notation. Similarly

the number of digits in 27 -1 1is 687 when m = 2281, and
664 when m = 2203.

You can astound the children by calculating mentally, using

” . " - .

& »




3
]

' -~

Q;B &sgan approximation for the logarithm of 2. You may‘look
at a nugber like '

PR 53217 _ 4

for a few seconds, and say casually, that this number has about —
966 digits ((.3)-3217 = 965.1). Similarly you may use the

Fast, o e . S
Tty aRAE e e @ hE a vl mew PER LR L Ea N . wWen gs Pwfa e e Chm e "

"j?proximations. - 3
1og103 = JA47712 = .5, approximately, -
10805 = .69897 = .7, apﬁroximately,
'loglo7 = 84510 = .8, approximately, ’ ‘é
3 Thus 51000 315 3 number of about 700\\digits‘sincé i
. ' 2
(.7) 1000 = 700. ‘ z

By using the method in the %ext, the chi’dren might proceed i

: ) as follows:

: . 210 5 107,

* §
N

o

therefore

22T 3210 _ (5loy32)
> (107)%2 = 10993,

8o that when m = 5217; n has at least 964 "di~its. On the
* other hand, we have '

T

213 1o’,<\

-therefore . 23217 ;’é3211.26
’ = (21924728

< (10%)247.6x
< 64-10988,

so that n has at most 990 digits.
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/ SUPPLEMENTARY UNIT 7
- GAMES

fntroduction

) Some teachers who have taught or revieved the seventh grade
course of the SMSG have been concerined over the omission of the
business applications wﬁich have been traditionally included in
-~ the seventh and éight grade mathematics course. The author of
this unit, ‘along with many other teachérs of mathematics, feels
that sevehth graders are not naturally interested in such topics.
If we are to teach such topics, we must motivate the students by
the inclusion‘of some material which will be intriguing to students
of this age. Children this age are 1nteresteq in playing a éreat
varie%y of games. Some of these games are like the gémgs incluued
in this unit. This study of game theory leads very naturafly
into a discussion of problems assoclated with a business. "It is
not the author!s intention that students should develop a skill
in the analysis of games This part of the unit is intended to
écquaint students with a very interesting new branch of mathemat-
ics and to motivate the study of the solution of typical business
problems. .

" Game theory vwas systematically presented as a new branch of

mathematics by JdJohn von Neuman in cooperation with Morgenstern
in a book titled: The Theory of Games and Economic Behavior,
published in 1928, Game thecry 1is bei%g used to analyze war
strategy, economlic behavior, ani most other activities that
involve decision making. The title, "game theory," was given
to thisﬂbr&nch of mathéﬁétics be:ause the techniques used were
-originally developed from an analysis of games which were of
Some of the very familiar games,

varying degrees of complexity.
such as cgifain card games, cannot be analyzed by present
‘techniques.™ This "1ls a young branch of mathematics and has many
problems which are still unsolved.

i
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Suggestions for the Teaching of this Unit

This unit offers good oppor‘unity for sﬁﬁdenpS'to see how
much help mathematics can be in as simple a situation as the
playing of the first game. You may wish to divide your class
into couples and tell them the rules of the game, allowing them
to play this game without the help of the analysis presented in
the first section. Some of your students may discover the best

strategy on their own. After playing this game, lead the students .

in a reading of the introduction and & thorough study of the
section titled "Strategy". The answers to some of the questions
in the material appear a few lines later, but your students
should be encouraged to answer each question as it appears
. Game theory reguires that we always consider the worst pos-
sible results. This is the reason Tom is concerned about the ¢
minimum number of points he will win and Jim is concerned about
the maximum number of points he could lose in the first series
of calls. Tom tries to keep the minimum number c¢f points as
high as possible. Jim looks for the least of the maximum losses
to protect his game. This type of game, one having a saddle»“
point, is the simplest possibie game we can analyze. For a game
which does not have a saddle-point, a mixed strategy must be
used. The calcuvlation of the proper mixture of calls requilres
a knowledge of probabilifty, therefore the author did rot attempt
‘to apalyze such games. Morelinformation on this latter type of
game analysis may be obtained from the book by Widilams,
The Compleat Strategyst. "

The material-in the Business Strategy Section is similar to

the material usually taught to seventh graders. Followling a
discussion of. the various terms used By businessmen there 1s an
adeguate number of problems involving various situations to rein-
force an understanding of the material. It is important that in
‘this section, the studente agairn nsuer each questtion as they
come to it in their reading. The only significant difference
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57 pages 107, 110

to be found in the terminology used here is that "loss" is

spoken as a '"negative profit." Students may be reminded of «

'temperatures below zero as another example of negative numbers

used in some measurement. .

The last section of the unit called "Payoff Matrix for a
Business Decision," combines the techniques learned in 3ections
T-1 ana 7-2. This section could probably be taught best by having
tHe whole class work together on both problems. The suggested
forms should help students tc organize their work. The payoff
matrix which is associated with the last problem is a matrix
which does .not have a saddle-point, 553re§pre the final solution
of that problem cannot be computed. It is intended that this
problem should stimulate the students to do further study of this
topic when fhey have the appropriéte mathematical bgckground.

r Key
7-1 Strategy X

Jimts Choice

A B

Tom?ts 6 5 5
Choice B 5 y
5 5

crvnm—

The maximum payoff is least for the call "B".

Exercises 7-1. Answers

A. 1. (=) *
(b) 2

2.° 4, call "a".
3. (a) 7
(b)

4, &, call "B".

60




pages 110-112 ‘ 58" . 7-1

5. Yes, Yes

6. Tom should always call "A".
Jim should always call "B".

1. 6, call "B",
2. 6, call "a".
3. Yes, Yes
u

4. Tom skould always call "B".
Jim should always call "A".

R e L

c. 1. 6, call "B". .
, 2. 6, call "B".. . :
3. Yes, Yes 3
4. Tom should always call "B". :
Jim should always call "B".
D. 1. (a) 2 - :
(b} 6 4
{c) 3 '
2. 6, call "B".
3. (a) 11 -
~ (b) .6
(c) 9
i, 6, call "B".
Ye« Qes
€. 7om st -uld always call "B".

Jim should always call "8". =~

8 .!;l%’
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59 pages 112-.15
Business Strategy
Bike;margin $25 ,
» profit $10 .
. For expenses = $30, the profit = -$5.00.
@% , ‘ Exercises T7-2. Answers
Dime Store: Theatre:
1. $90 : T7. $380
2. $30 8. $270
3. -$10 ~ ! 9. $110
ice Cream Man: Service Station )
. $23 10. $171.60
5. $5.%40 1. :$46.80 ¢
6. $17.60 12. $22.30
13. -$3.50
7-31ﬁPayoff Matrix for a Business Decision
Veather Coffee
warm | cold margin  $35
Jendopts COffee 415 35| 15 profit $35
order, popcorn 820 430 20 POpC;z;gin #30 -
$ 20 35 profit $30

The least of the maximum "losses" for weather (30) equals

the greatest of the minimum profits

fore the game has a saddle-p
is alwdys to order popcorn.

ﬁbr the vendor ($200), there-
oInt and the vendors best strategy

b2
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It is important to emphasize the point that the fundamental
assumption here is that the weather is completely unreliable.
Let w be the number of days it is warm and ¢ the 'number of
days it is cold. Then the profit-for the season if the vendor
sold only coffee would be C i

15w + 35c.
If the vendor sold only popcorn, the profiﬁ would be
' 20w + 30c.
Now the profikfwohld be greater for coffee if
l5p‘+ 35c > 20w + 30c¢
that is, if
5¢ > 5w
or -
e ] <
e > W. T

Thus if the vendor knew that there-would be more cold days than
hot'ones he should sell coffee all the time for maximum seasonal
profit. This is the opposite conclusion from that in the case
when nothing is assumed known about the weather for the season.

-~ Exercises 7-3. Answers

A.' Completion of the chart.

i Margin Profit
q
hot day § 6.00 $ 4.00
Hot dogs | . 14 day $10.00 $ 8.00
M A 7
. hot day 814 .00 $12.00
Soda Pop | 014 day 211.00 £ 9.00
.| hot day 425,00 $23.00
Ice Cream | . 14 day 4°9.00 & 7.00

354
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pages 117-118

The four charts are:

B Ice Cream Coffee
Sold on hot day 00 200
- Taotal Receipts §60.00
Ordered for hot day_ 00 __ 200

Total Costs $28. 00
Margin $32.00
Operating expense # 3.00
Profit £29 00
Ice Cream Coffee
Sold c¢n hot day 200 400
Total Receipts | $60.00
Ordered for cold day 200 500
Total Costs $30.00
Margin $30.00
Operating Expense § 3.00

Profit

§27.00

Vieather
Hot Cold
Hot Dogs $ 4.00 ~ #8.00 $4.00
Soda Pop $12.00 $9.00 $9.00
Ice Cream | $23.00 $7.00 $7.00
$é3.oo $9.00

There is a saddlg-point therefore the vendor should always
order soda pop. His .profit will always be $9.00.
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2 Ice Cream Coffee
? ’ Sold on cold day 200 500
Total Receipts $70.00
‘ Ordered for coid day 200 ‘ 566
54 Total Costs 330.06
’ Margin $40.00
, Q Operating Expense 5{: 3.00
Profit $37.00 \
Ice Cream Coffee
Sold on cold day 200 200
Total Recelpts $%0.00
Ordered for hot day _ %00 N 200
Total Costs $28.00 )
, Margin | $12.00
; Operating Expense $ 3.00
: P%ofit $ 9.00
Weather
3 hot cold
_ Ordered Hot day #29 $9
For
N Cold day $27 837

Here there is no saddle-point.

Lo T
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