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COMMENTARY FOR TEACHERS

SUPPIJEliqTAR/ UNIT 1

SETS

a A

This is a supplementary chapter on sets. Although it is,made

available with the more' ldept pupils in And, the average pupil

should b2 able to follow the development, It should 15e possible

to cover the material in six to eight (50,minute period) lessons,

including a 4st.

It wo'd lso be possible to:'let,a few bright students work

through_this nit on their own tARe.. __When used this way, the unit

should require a minimum of teacar help.

The idpa of "set" has been used rather extensively in our

work, beginning with Chapter 2 of the seventh grade,' The general

structure of sets, however, has not been extensively developed.

view. of the importance and usefulne'ss qe- set theory ip.mathemat-

ics, especially in the understanding of algebra, thought

desirable to include this chapter for possible use and enrichment.

Becuse of the way in Which the text is developed, it is riot

necess ry to have much additional material in this commentary.

1-1. Introduction

This section is in the nature of a review. Xe.explain that

a set is merely a cblleCtion of objectss,aqy objects, and calls

the pupils' attention to the Act that the idea of "set" has been

used elsewhere.

1-2. Sets, Their,Number and Their Subsets

This.section begins, by 'explaining further the concept of set.

Following this, sets are defined and discussed from'the standpoint

of their members, cr elements, of a set. Notice especially the

paragraph headed "Property." Be sure the symbol "( )" is under-

stoV and properly used.

/
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Exercises 1-2-a. Ansviers

3., (a) Names of girls.

(b) U. S. Presidents and Gdherals.

(c). The odd counting numbers.

(d) Multiples of 2, 4, 6, 12.

2. (a) Tom is a member of the set whose members are Carl,
. .

Jim, Tom and Robert.

(b) 6 is a member of the set of all even whole numbers.

(c) If .)( is a member of the set whose members are Tom,

,Carl, Bob, and Jim, then X. must be equal to Tom, or

equal to Carl,'.or equal to Bob,. or equal to Jim.

3. (a) 'True

(b) True

.11. (a) (2, 3, 6)

(c) False

(d) True

(e) False (Washington,
D,C. is not
a state.)-

(b) (violin player, viola player, cello player)

(c) (0, 1, 2, 3, 4, 5, 6, ..,)

(d') ,
(Hoover, goc-eveltp Truman, Eisenhower).

Always feel free to introduce additional problems, especially

problems which will interest the pupils.

Subsets

A set °R is a subset of a set S ,if every element of -R

an element of 8.- It is impOkant that the pupils. understand

this definition and the use of the symbols, "C" and ":)".

The pupils should enjoy the Venn ilasmuisL. Perhaps you will want

to introduc.e more examples of did.grams. See page 12 for null set.

Exercises 1-2-b. Answers

1. (a) 'If X is,a member of the set of all red flowers, then

X is a member of the set of all flcwers.

(b) M' is contained in N, and N contains M.

7
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(c) The set of t1dd counting numbers is contained in the

set o'f all counting nUmbers..

(5), (6),, {4,5), (4,6), (5;6),

(12, 20, 32) C: (0, 1, 2, 3, 4,

(4,5,e). ,

(b) (Great Lakes) 7.) (Lake,Ruron Lake Michigan).
i

. .

(Hoover, Truman) C (Wilson, Harding, Coolidge, Hoover,

- Roosevelt, Truman, Eisenhower):

(Hoover, Truman)Truman) C: (All U. S. Presidents since 1920).

All cllunting
numberS which
are multiples of

4

16, 36,

40.

False

False

(dy.

Tigers

Lions
Baboons

(c) *True

(d) True

8
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1-3. Operations with. Sets

In this section the operations (union and intersection) with

sets are introduced. Also the definition of equality (identical-.

se',;s) is given. In addition the commutative, associative, and

distributive properties are discussed. The similarity in the use

of these prope.rties with sets and with the rational numbers should

be discussed.

Exercises 1-3-a. Answers

1. (a). M UN = (Red, Blue, Green, Yellow, White).

(bl 'Yes. Commutative property.

'2. (a) Yes. (A Li'7B) C C, and C C_ (A U B)

(b) Yes: A is a subset of C.

(p) No,. A and B have no eler,:nts in common.

(d) Yes. Commutative property.

(e) No,_ A and B have no elements in common.

(g) No. A is not contained in B and B is not contained

in A.

3. (a) Yes. Associative property.

(b) Yes. The definition of equality of sets.

4. (a) True. Since X is a subset Of S, and is, therefore,

a member of S.

(b) True. C is a subset of S.

(c) False. C C S, but S is not contained in C.

9
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(d) False. S °J.'s not a subset of C.

(e) True. X is a subset of C.

(f) True. C is subset of 'S.

(g) Yes,i,since X E C.

Yes, since X E S.

(h) Yes, since S C C.

(a) (b),. Y C X. Y is a subSet

pages 11-14

of X

Exercises 1-3-b. Answers

. (a) A n B =1 (girl, chair). ..

(b) A n = (chair)..
I

..
-,

C i1 A = (chair).

(c) A n (BU C) = (boy, girl, chatir) n ((girl, chair, dog)(j

(chair, dog, cat)) '= (boy,' girl, chair)n

(girl, chair, dog, cat.) = (girl, ,chair)-....

(A n B) U (A n C) = ((boy, girl,. chair') n cifair,*aog))girl,'

U ( (boy, girl, chair) n (chair, dog, cat))

= chair) U (chair)
.

= (girl, chair).
;;-

(CI) n (B V c) = (boy, girl, chair). n chair, dog).

n (chair, dog, cat))

=, (boy, girl, chair) n (chair, dog)

= (chair).

c'n (A u.B) = (chair, dog, cat) n ((boy, chatrl
(1 (girl, chair, dog) )

=-1 (chair, dog, cat) n (girl, chair)

= (chair).

10
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2. (a)' .Yes. . Commutative property.

(b) Yes. 4:1 is a subset of H.

(c) 'identity element.

3. (a) Parallel:

(V) .They intersect.

1-4

4. Yes. The commutative, associative and distribUtive properties

apply to both sets.

5. 6.

7. '(a). Odd counting numbers.,

.01 4

8. (4) Yes. A is a subset of B.

'(b) Yes. The intersection of two, sets contains only those

elements which are common to both sets.

1-4. Order, One-to-One Correspondence

The first concet we will conslder is that of order. As pointed

out in the text, ordered sets areveriimportant in many brartches

of mathematics. The concept is also important in other fields of

science, as well as many other areas. For example, ordered pairs

are most important in a shoe'store.
A

11
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The second concept is a basic one, that of one-to-one

correspondence. The -idgas developed here snould be thoroughly

.understood by the pupils

The possible number of matchings is in reality, a permutation

.problem. 'Since some of the students that will use this unit may

not have studied the chapter on permutations, qn alternate method

for finding the number of possible matchings _developed in the

exercises. The method given requires some e erimenting to find

how many times one pair is matched when all permutatione are used.

Students who are familiar with fagtorial numbers should be encour-
.

aged-to discoyer this relationship rather than the one given.

.

I Set A.

Bill < > Vane

Tom .E----> Ann

Sam < Susan

Exercises 1-4. Answers

Set B

Set B

Bill Jane
-

Tom Susan

Susan - Ann

2,. (a) 3

(1?) 2

Multiplication, 3.2 =.6

Set A Set, B

Tom .(----.).Ann

Sam 4.----:Jane-

Set A Set B

Bill E Susan

Tom *------Jane

-Ann

. 14->a 1<--->a. 1,--aa' 1 a 1.<---)..a 1.)'a

' 24-4.b 24--b 24->c 2*.:-*c 2.,-*d 24-4:1

34->c 34-*d 3,-.a.b 3:-*d 3.(- b 3*-).c,

4*-->d 4,-->c 44-d- 4.b 4E-ac 44-b

12
I
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(d) .1 6'

(e)

.

*(0, 1ply the number of times that one pair is matched in

.all possible matchings.by the number-of elemehts in each

set. Or, if Vie student' has progressed this far, n!,

where n is the number of elements in one set.

4 I-

%%4

,

"4 =(a) True. For example: (7,8,9) = (7,918), and also

(738,9)4L->(7,9.,8):
t

CO False.; For example: (1,2,3) # .(.7y8,9), but (1,2,3)

4H-->(7,8,9).'

. A .

(c) :Trda., See example for Part (a).

.(d) False. See Part (a).

5. (1, x)

(2, Y) .

(3,

(4, -e.).

7

(5, b)

er , wcr

6. No. One-to-one correspondence between the set of eggs and set

of receptacles in the carton..

0

7.Yes. For every element in X there is a corresponding element

in y, and for every element in y, there is a corresponding

element in X.

No. There is a one-to-one correspondence between the two

sets. of points.

3
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1-5. The Number 211a Set and Counting.

The section devoted to the number or a set, and to counting

is, Oasic. Tgese topics shduld be interesting and should increase

the pilpils1 experience in working with sets.

1. (a) 6.

(b) k.

R< S.

4.k

3. M matches R.

4. The same number.

5 C12. (1, 2, 3,

07 .: (1, 2, 3,

-

40

Exercises 1-5, Answers

(c) 5. (e) a and d.

(d) 6.

4,

14,

:1

3,1
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-6. A U B = (Bob,' Sue, Tom, Joe, cat, dog, chair):

C = (1,

A U B = C7.

2, 3_7 4, 5, 6, 7, 8, 9, ...).

7. M U N = (1, 2, 3, 4, 5, 6, 7, 8, 9)f
C = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,

M U N = C9.

3
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SUPPLEMENTARY UNIT 2 .

SPY IAL FIGURES IN PROJECTIVE GEOMETRY

This brief unit is a little introduction to projective geom-

etry. The basic idea is a change in. language which replaces "two

dines are parallel" by "two lines intersect in an ideal point."

It should be emphasized that this is just a change...n language

and dpes not mean that two parallel lines intersect in a point
° "way out there." However, the change is a fruitful one because

-with this interpretation we can say that-"any_two lines determAne

a point" Thi:s is the basis of the "principle of duality"_in

projective geometry which is only hinted at in the_text. Roughly

speaking it means that if a theorem about a plane configuration

composed of lines and points is true, then its ."dual" theorem.in
/ .

which, the words "line" and "point" are interchanged is also true.

The Desarguest Theorem a./.41 its converse are dual theorems. You

will note the, duality in the statements about committees just

prreceding.Exercises 2-3.

Desargues, Theorem, besIde being one of the basic theorems

of projective geometry is very interesting in itself"and_the

-pupils should get much enjoyment out ofidrawing various figures

showing this configuration. Problems 2 and 3 in'Exercises 2-3

are especially fruitful ih this connection.,

This unit depends on very little of the content of Junior

High Schoo3 Mathematics, Vol. 1. Pupils would. probably enjoy it

more after they have studied Chapter 4, than they would before

their introduction to non-metrie' geometry.

The early chapters of the Carus Monograph by John Wesley Young

which is entitled "Projective Geometry" would be a very useful

teacher reference.

t.
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Exercises '2. -'1. Answers

1. Here the ideal. point of oneline.corresponda to the ideal

point of the other.

2. One -to -one correspondence.
4->

The line PQ,
' s

4.P The line through P parallel to AB. This line intersects

in its-ideal point.

5. This means: There is just one line through P parallel to

6. (a) Ideal point.

(b) To getthe pOint on Cori'esponding'to .G', draw a

line through G' parallel to the four parallels and

'cutting in G. similar construction gives the

other,two:

Exercise 2-2

The answer is a drawing which is illustrated in' the text.

Exercises 2-3. Answers

1. Figures are called for. .7

2: CO and intersect in C'; OB and 171 intersect

in B'; BC and PQ --intersect in R. C', B', and R

are collinear.

3. Choose carefully three points for the vertices of the first

triangle. One choice would be AQA'. Theh the second

triangle would have to be BRB'. Then AQ and BR inter-

sect in C; QA' and RBI intersect in C'; A'A and

BIB intersect in\O. Then C, C', and 0 are collinear.

Actually the same kind of figure would appear but it would be

drawn differently.

17
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13 page 42

5. /Ms is really matter of verification. This configuration

is called a "finite geometry" - it consists of 7 points and

7 'flines" (See B. W. Jones "Miniature Geometries", The

Mathematics Teacher, vol.52 (1959) pp. 66-71).

18
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-SUPPLEMENTARY UNIT 3'

REPEATING DECIMALS AND TESTS FOR DIVISIBILITY

Introduction

This unit is for unusually good students. One of the purposes

of this monograph is to encourage the student.to,be self-reliant.

The teacher should only give him as much help as is necessary to

keep him going and refuse help when it becomes apparent that the

student wants the teacher td` save him mental effort. The teacher

might even want to make application of these principles himself

and see how much he can do without the help of this commentary.

31-2. Casting but the Nines

Here the student should see the advantage of multiplying the,

numbers "algebraically" using the distributive property and cohimu-,

tative property. Probably one of the hardest things to see in'this

section is that if + r is- divided by 9, the remainder is the

same as when r is divided by 9. Fundamentally the explanation

-is this: Every number can be divided by, 9 yielding a quotient,

,q, and a remainder r. Thus if N is the number, it can be

written 9q + r where, r 'ii'the remainder, that is,,is'zero or,

a natural number less thari 9. Conversely, if a number is written

in the form 9q + r where r is a natural number less than .9,

then r is the remainder when the number .9q + r is divided by

9. Thus what the expansion of 156,782 in powers of ten shows,

is that it can be written-in the form 9q + (1 + 5 + 6 + 7-+ 8 +2)

Then the sum in pkrentheses can be written in the foPm 9t + 2,

where#.2 is the remainder after division by 9. Hence 156,782,

is equal to .9(44 + t) + 2 which means that. 2 %must be'the re-

mainder when the sum of the digits is divided by
I"

9. This is also

dealt with in the students' material. The student can probably

see this better in terms of numbers, although it qflay be easier for

the teacher-to see in letters. While the student should eventuaIV

19
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get to the use of letters, the important thing is for him to she

what is happening. This can probably best be done by working out

a number of numerical problems along the lines given in the text.

1. (a) '226843, 67945, 45654 are not divisible by 9.

427536 is divisible by 9.

(b) The remainder upon division by 9 is equal to the

remainder when the sum of the digits is divided by 9.

(c) see (b) above.

In Exercise 2, the student might write 69 + 79= 7 x 9

+ 6 + 8 x 9 + 7 =7 + 8 x 9 + 6 + 7.= (7 + 8) x 9 +6 + 7.

He should be required to name what properties of 'numbers (commuta

tive, associative and distributive propetties) he is using. This

.is a good opportunity to impress these properties by him, but it

should not 14 done to the point of boredom. When he gets to the

point that it.iSclear that he knows.what-is going on, he shbuld

not be required to name the property,s(each-time. For a sum of

three he could show from first principles orl.by combinipgitevils

reduce it to summing two things-twice just as 'a + b + c =

(a + b) + c.

In Exercise 3, the student would of,course write 69 as

9 x 7 + 6 and 79 as 11 x 7 -+ 2. In Exercise 4, one would

proceed as above except that one would multiply instead of add.

The same results would hold for ,23 since one could write 49 as

3 x 23 + 10 and '69 as 3 x 23 + 0. They would hold equally well

for any number.

The generhl principle should be formulated at soon, as the

student can do so himself. The remainder when the sum (or product)

of any two numbers is divided by a given number, is the same as

when the sum (or product) of the remainders is divided by a even.

number.
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In Exercise 5 the answer is 1
20

, which is .1 whether the

divisor is 9 or 3. If the divisdr is 99, we can write 1020

as 100,,
10 and see that then the remainder will be 1 10 wip.ch is

alto 1. The bright student might want to know what would happen

if the - divisor were 999. 'Then one would write 1020 as

1000
6

x 100 and Iso the remainder would be 1 x 100 which is 100.

By a similar argument the remainder when 7
20 is divided by 6 .

is 1.

The student might want to carry this farther and consider the

remainder when 1020 is divided by 7. This could be worked but

_as follows: 10
20 could be replaced by 3

20 which is equal to

9
10

.
That remainder would be the same as that for 210 which Is

(23)3'x 2 'or 83 x 2 which' ha.:S the remainder 13 x-2 or 2. A

student bright enough to be interested in developing this should

Piave no trouble with manipulating the exponents. He-might want to

,explore what would be the last digit in e huge number 340 .

This would be just the remainder when 340 is divided:by 10.

Since 3' has a remainder of '1 when divided'by, 10, the answer

would be 110 br 1. This exerdise might also be,done by looking

at the pattern of last digits in the powers of 3: 3, 9, 27, 81.

The,last digits forth the pattern 3, 9, 7, 1, 3, 9, 7, 1 and so

forth. These things could be explored still further,

For Exercise 7 the simplest test for divisibility by 4 is

totest whether the number consisting of the last two digits is

divisible by 4. For instance, 178524 is divisible by 4 alilIce

24 is. This is because 178524 is equal to 178500+ 24 and'

any multiple of 100 is divisible by .4. Similarly to test, for

divisibility by 8 one uses the last three digits. Another tests-:"*.,

for divisibility by 4 would be to gee that if the last digit is 0,

4 or 8 the number is divisible by 4 if the next to the last digit

is even. If the last digit is 2 or 6, the number is divisible by

4 if the next to the last digit is odd. The reasons should of

Course be found.

For Exercise 8, the number written to the base twelve would

be a multiple of twelve plus the last digit. Thus the number

would be divisible by any divisor of 12 if the last digit is

21



divisible by this divisor. That is, if the number is di/isible

by 6, its last digit must be divisible by 6. Other nUmbers

in place of 6' would be 2, 3, 4, 12. If the .base were 7,

-since 7 has no factors but iself a 1, the only number

that could correctly go in the blankwou be 7.

Exercise 9 is rather fundamental but 'requires some insight

on the part of the student. Just as a decimal terminates when

the divisor is a divisor of a power of' 10,, so a "decimal" to

be base 7, will terminate when the divisdr is a divisor of a
1 .

power of 7. That is, and. will have terminating

"decimals" to the base 7. The decimal expansionc4 acfraction

.depepdson the number base. But whether or not it is rational

is independent of the base. A number' that is a prime number

when expressed in the decimal notation is a prime number when

expressed to any other base, since the property of being priffe

is a property of the number and not of the way in which it happens

to be written. You may not want to tackle this point at this

stage with your students, but you perhaps should beprepared to

meet it if it occurs.

The answer to the Exercise 10 would be: the remainder when

2 T 2 + 2 + 2'4- 2. or 10, is divided by 7.. Hence the remainder

it 3. Exercise 11 is easy and the answers to Exercises 12 and

13 are developed in the text, after the exercises:

In what follows it is probably wise to deal with the discus-

sion with letters since here the advantage is quite clezr and the

manipulation is not very complex.

Probably the students will'be interested inn doing quite a

little casting out of the nines In numerical examples. There
. .

an amusing little book t)y E. T. Bell on "numerology" which the

students might like to read.

In the next set of exercises, the justification of the-cast-

ing out of nines is that the remainder when the sum (or product)
1

of two numbers is divided by 9 is the same as the remainder

when the sum of the digits is divided by 9, as well as the
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properties described in Exercises 2 and 4 of the previous sets.

'For instancz, suppose a product ab is to be checked. The rer

malnder when ab is divided by 9 is the same as the remainder

when the product of their remainders.is,divided by 9 which id'.

the same as the remainder when the product of the sums of their

digitS is divided by 9. So whichever way one does it, he is

computig the remainder after division by 9 -- it does, not matter .

anywhere whether a number or the sum of its digits, is divided

by 9 as far as .the remainder goes. The check of course only

checks the remainder after division by 9. Thus when 810858 or

any other product differs frOm 809,778 by 9 times any

number, we have an incorrect pftduct that willstill.check.

For Exercise 42.the remainders would be 3 for division by

7, and, since the remainder when 7 is divided by 6 or 3 is

1, the remainder when the number is divided.by 6 or 3 would

be the same as when the sum: 5 + 3 + 2 + 1 + 4 +.3 is divided

by 6 or 3. The sum is equal to 18 which is divisible by

both -6 ana 3. Hence the given number is divisible-by 6 and

3, that is, has a remainder '1D when divided by 6 or 3..*

The short-cuts,asked for in Exercise 5 are described'in the

text that follows. As Exercise 4 shows, one would cast out threes,

Or sixes or twos in the numeration system to the base 7, since 6,

2, ,and 3 ,are divisor's of 7 - 1 just as 3 and '9 are

divisors of 10 -.1.

Exercise 6. In a numeration system to the base 7, casting

out sixes would have a result corresponding to that in the

decimal system when nines are cast out.

For Exercise 7, it may be, seen that scrambling the digits

does notalter the value of their sum nor the remainder when the

numbers are divided by 9. Hence each of the numbers 1S-of the

form 9n + r and 9t + r, with the remainders the same. Then

23
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pages 53=54 20 \ 3-4

if'we subtract one from the other, we get 9n r 9t..7r, which

is equal to 9(n - t), 'hat-is a.:Imultiple of 9.- "-.1us the sum

of its digits is a multiple of 9. When the sum of the 4gits

given is a multiple of 9, one cannot bte sure whether the missing

digit is 9 or O., Otherwise the trick can be worked by adding

the sum given and seeingwhat' umber added to this sum will give

a multiple of 9. For instance, in the example given, one Must

add It to 14 to get a multiple 14 g and hence 4 is the

missing digit.

3.4. Divisibiltti la 11

The exerdf:setare solved in the text which follows them. You

may have'a little trouble with the product of - 1 and -6 1 and.

you may want to avoid this; this can be done in the example worked

out by seeing that 10,
3

its 102-x 10 which Would have a remainder

of 1 x (- 1) or - 1. If you wish' to avoid negative numbers

completely, you could confine yourself to the first test. Or you

could show the test for two-digit numbers by noticing that if the

second digit is larger than the first one, the remainder after,

division by 11 is the second digit less the first one (e.g.,.

79.= 77 + 2). If the second digit were smaller than the first

one, one could add 11 to it and subtract the first digit, giving

a correct remainder (e.g.; for 73,' subtract 7 from 3 + 11 and

See that the remainder is 7). This is somewhat.laborious,.

however.

It is important in testing for the remainder after division

by 11 by the second method to start at the right hand end of the

number. ,If you are merely testing for divisibility it does not

matter at which end you start.

For Exercise 2, page 54, the test for divisibility by 8

would be analogous to that for 11 in'the decimal system.

2 4
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21 pages 53-51(

For Exercise 3, the nUger 157,892 is equalto 157(190Q) +

892 or 157 x 999'+ (157 + 892). Hence if d is-any di.risor of

999, the remainder when 157,892 is divided by d, is the same as

when 157 + 892 is divided by d. The prime divisors of 999 are

3, 37. In fact 99§.-- 33 x 37. This test would work for any

divisor of .999, that is, for 3, 9', 27, 37, 3 x 37, 9 x 37 as

well as, of course, for 999 itself.

The students might also be interested in writing 157,892 as

equal to 157(1001) + 892 - 157. Then if d is any divisor of

1001, the remainder when 157,892 is divided by d is the same

as when 892 - 157 is 'divided by d. 'The prime divisors of 1(1-

are 7, 11, and 13: This would give a test for divisibility by

7 and 13- as well as 11. This has some connection with the fact
1

that the decimal equivalents of 7. and have six digits in the

repeating-portion. Thiscan be developed further.

For Exercise insider a number 534,623seven'
Then in the;

. numeral system to base seven, 534,623 is equal to 534seven X

666seVen
+ 534seven

+ 623 seven . Hence-we would have to find the

divisors of 666
seven'

Now 666
seven 6seven X 111 seven' To see

if 111seven
has factors, it is probably easiest-to.(convert to the

base ten. So 111 seven
= 49 + 7,+ lo= 57 which. has 3 and 19

as its factors. Actually we could have tested 111seven
for

divisiblity by 3 by adding the digits since this works for 3

in the system to the base seven as well as to the base ten. So

in the ngmeration system to the base seven, this kind of test would

work for 19,.that is 25seven
as well as for 2, 3, 6 which

are written the same way in both systems.

Similarly for the numeration system:to the bse twelve, we would

seek the divisors of eeetwelve
which is e twelve

X 111 twelve

and e stands for "eleven."- We cannot say that 111 is is

divisible by 3 since 3 is not a divisor of one less than the

base. But we have to convert it to the decimal notation. It is

144 + 12 + 1 = 157, which is a prime number. Hence this kind

of test would work for 3 and 157 in the decimal system or for

3twelve twelve'and 111

2 5



The connection between repeating decimals and testrfor

divisibility should begin to emerge for the student here. S'Ippose

m is some number which is divisible by neither 2 .nor' 5. 1hr:

some power of 10 is 1.-more than amultiple of m. This can

be seen as follows. Oe knoW that the remainders when the powers

of 10 .are divid4 by m are the numbers -from 1 to, m - 1

inclusive. Since there are infinitely many powers of 10, two

ofthe powers must have the same remainder, that is 10
a

- lb
b

will be divisible by m for some natural numbers, a- and b.

Suppose b is smaller than a, then the difference may be.

written

b 'a-b
10 (10 1).

Since m divides this product and his no factors except 1 in

common with 10
b

it insist divide 10
a-b

1, -which is what we

wanted to show. Thus we have shownhthat some power of 10 has

a remainder of 1 when divided by m. Call k the smallest

such power.greater than zero.'
0

From this we can conclude two things. First, the remain ders

when we compute the decimal expansion of 1: will be just the

remainders when the powe's of 10 are divided by In. As soon aa

we get a remainder 1, the decimal begins to repeat arfd not

before. So our number. k is thenumber of digits in the repeat-

ing portion of the decimal.

Second, we may write any number in the form

a+ b x 10k + c x,102k + d x 1n3k +

Since the -emainder when 10
k is divided by m is 1, the

remainder when our number is diVided by m is the same as the

remainder when

is divided by m. We must- notice, of course, that a; b, c, d

are not digits in general but they are natural numbers less.than

10 .

L}
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How far the student can ''prOgress here, remains to be seen.

Certainly he should not be pushed.

For casting out the elevens, instead of adding the digits,

we'would'take the units digit, minus the tens digit, plus the

huhdreds digit and so forth. An example would be this:

637 7 - 3+ 6 . 10
x152 2 - 5 + 1 . -2

product: 96,824 product: -20

4 - 2+ 8- 6+ 9= 13 0-+ 2= 2
3 - 1 = 2

We come out with. 2 in each case. This test is a little less

likely.to check when the answer is wrong but it is much more

difficUlttcj apply.

For the corresponding trick mentioned in Exercize 7, one

,cannot scramble the digits indiscriminately. The simplest direc-

tion to give Would be 'to reverse the order of the digits .and

add the two numbers if the number of digits is even but subtract

the two numbers when the number of digits is odd. This can be.

been as follows: Suppose there-are three digits a, b, c. Then.

the remainder for the given number would be that for a - b + c

and for its reverse c b + a. :Then the difference would have

a zero remainder. If the number has four digits a, b, c,, d,

the sum for tne given number would be -a + b - c + d and for

its reversal would be -d + c + a.. Then the sum would have
a

a zero remainder.' Then itwould not be sufficient to know the

sum` of all but one of the digits in the answer. You would have

to ask for all the digits but the last, or something like that.

This trick is much more complicated. Its only advantage is that -

it does not have the case of failure that that for nine has.

Exercises 3-2. Answers

1.
\,
(a) 226843

Sum of digits 25

25
. = 2 remainder 7

Not divisible by 9.



-67945.

Sum of digits. 31

31'
= a remainder 4

9

- NotdtVisible by' 9:

427536

Spm of digits 27

27. = .3 .remainder

D! visible by 9.

45654

Sum of digits' 24

24'
%aor

7T. 7 2 remainder

Not di-isible by 9.

24 3-2

(b) and (c) The remainder upon diVision by 9 is equal to

c, the remainder when the sum of the digits is

.divided by 9.

2. (a) The uniqueness property of addition. (Refer to page 47

of the studentst text.)

(b) Yes

3. (a) Yes

(b) Same reason as number 2.

4. (a) Yes (c) Yes

(b) Yes (d) Yes

20
(a) (9 o1) has a remainder of 120 or 1.

(b) (3 x 3 + 1)
20

3
has a remainder of 1

20
or 1.

, 1020 10010 (99 1)10 has a remainder of 110 or 1.

Q 2. 8
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3-2,

'.''',.

6.

..., :,

7.

8-3 25 pages 46-47, 51

6 + 112.
has a remainder of 1.

6

(a) divisibility by 4: If the number formed by the last

two digits is divisible by 4, then the number is

divisible by 4.

(b) divisibility by 8: If the number formed by the last

three digit%is divisible by 8, then the number is

divisible by 8.

(C) divisibility by 25: If the number formed by the last

trio digits is divisible by '25 (e.g., 00, 25, 50, 75),

then the number is divisible by 25.

8. 2, 3, 4, 6, 12 (07is divisible by 12).

9. (a) multiples of powers of 7. (This includes negative powers
13

of 7, e.g., --. .in tne decimal system is .16 in the

system to the base 7.)

(b) (,.12541 ...)7
*-

10. remainder 3.

11. (a)
20

9
1 - 1 = 0 (Refer to Exercise 5.)

(6 + 1)1(:)u - 1
1 - 1 =,0 ".(as above)

6

12. Cast 9's from the sum as you go along. (See page 49 in

students' text.)

Exercises 3-3. Answers

1. 927 sum of digits: 18 sum of digits: 9' sum of digits: 9
865 sum of digits: 19 sum of digits: 10 sum of digits:.1
4635 Product

5562.
7416
81s55 sum of digfts: 27 sum of digits: 9.

2. Answered in the text.

29



pages'51-52, 54

3. 810855.

4. 3, 0, 0. :

5. Answered in the text.

6. Casting out the sixes.

7. 7543
5437

0 sum of digits = Q

2+ 1 + 0 = 3, other digit is: 6,
or 1 + 0 +.6'. 7, other digit is 2,

or 2 + 1 + 6 = 9, other digit is
0 or 9.

Exercises 3-4-b. Answers

1 (1) a. 758 = 7 x 102.+ 58 which 'has the remainder 7 + 3:= 1C

when divided by 11 since, 100 has the remainder 1.

b. 758 = 7 x 3.02 + 5 x 10 + 8 which has the remainder

8- 5 + 7 = 10.

(2) a. 7246 = 72 x 162 + 46 which has the same remainder as

has 72 + 46, that is, 6 + 2 or 8.

b. 7246 = 7 x 165 + 2 x 102 + 4 x 10 + 6 which has' ;:he

same remainder as has 6 - k + 2 - - 3; that is,

8.

(3) a. 81675 = 8 x 10 + 16 >1 10
2

+ 75 which has the same

remainder as has 8 + 5 + 9 = 22. Hence the remainder

is 0

b. 81675 = 8 x 104 + T x 103 + 6 x 102 + ,7 x 10 + 5

which has the same remainder as has 5 - 7 + 6 - 1

+ 8 = 11. Hence the remainder is zero..

2. Since 8 is 1 more than 7, a number to the.base 7 can

be tested for divisibility by 8 in the same way that we can

test for divisibility-by 11 in the decimal system. For

instance, consider (5326)7.

30
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using the first method we have (5326)
7

= (53)* x (102)
7 7

+ (26) . Since 8 is 'ell)72 the remainder when (1021
17 is

divided by 8 is 1. Thus the remainder when the given

number is divided by 8 is the same as when (53)
7

+ (26)
7

is divided by (11)7. But (53)7.- (44)7 = 6 and (26)7

- (22)7 = 4 and hence the remainder is the same as when

6 + 4 is divided by 8, that is, 2.

Using the second method we have (326) = 5 x (103)7 +.

3 x (102)7 + 2 x (10)7 + 6. When this is divided by 8 the

remainder iSthe'same as that for 6 - 2 + 3 - 5 = 2.

3. (See page 20 of the.teachers' commentary.)

3, 9, 27, 37, 3.x 37, 9 x 37, 999.

4. (See page 20 of the teachers' commentary.)

In the numeral system to the base seven; we can test for

division by grouping in triples all the divisors of 73 - 1 =

342. These divisors are:

2, 3, 6, 9, 18, 19, 38, 57, 114, 171, 342.

In the number system to the base twelve, we would have

the divisors of 123 - 1 = 1727. These factors are 11, 157,

1727.

(a) Yes. The remainders when the powers pi' 10 are divided

by 11 are -1, 1 - 1, I, ... which has a period

of 2 since 11 is a divisor of 102 1.

(b) The divisors 3 and 9 listed in the answers to

Exercise 3 are divisors of 101 - 1 as well as of

10
3

- 1. All the others have three digits in the

decimal equivalent of their reciprocals and for these,

grouping the,digits in threes gives a divisibility test.

6,7. See Teachers, Commentary, pages 22, 23.



age

--777"'7777r-

28

9 11 ,13 17 19 21 37 101 41

'3-5

'1

161

103

10
4

105

10
6

107

i o8

109

ilo

11
11

10
12

1 0
13

10
14

10
15

10
16

1 .. 1 1 1 1 1 1

1 3. 1 10 10 10 10

1 , 2 1 1 9
I
15 5

1 6 1 io 12 14 12

1 4 1, 1 3 -4 6

1 5 1 10 4 6 3

1 1 1 1 1 9 11 1

1 3 1 10 10 5 15
ilo

1 2 1 1 9 16 17 16

1 6 1 10 12 7 18 13

1 4. 1 1. 3 2 9 4

1 1 10 4 3- 14. 19

1 1 1 1 1 13 7 1

1 3 1 10 10 11 13 10

1 2 1 1 9 8 16 16

1 6 1 10 12 12 8 13

1 ,1

10 10

16' 26

13 1

4 10

i9 26

1

10

26

1

10

26

1

10

26

1

1 1 1 3 1 4 ,4

The number of digits in the cycle in the

10

1

.10

100

91

1

10

100

91

1

10

100

91

1-

10

100

91

1

repeating

10

18

16

37

1

10

18

i6

37

1

10

18

16

'37

4

1.

10

decimal

is the same as the number of digits in the cycle pf remainders.

Since, for example, there are five remainders in the column headed

by 41, one can test for divisibility by 41 by grouping the

digits in fives.

For the answers to questions on pages 57 and 58 look on pages

21 and 22 in the teachers' commentary.
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SUPPLEMENTARY UNIT 4

OPEN AND CLOSED PATHS

The .problem of the bridges of Konigsberg (called Kaliningrad

after the Russians took over 'in World War II) .is one of the first

problems ever solved in the field of topology. This is the branch

of mathematics,which deals with the properties of geometrical

figures which are left unchanged by continuous one.-to-one trans-

formations. You may think of the geometry on a rubber sheet.

What properties of the geometrical figures are not changed when

you stretch or shrink the sheet in any way whatsoever, so long as

you don't tear anythingorzlue parts together?

The object_of this chapter is to show the children that there

are interesting propertiep of geometric figures which do not

involve any process of measurement. Section 3 is probably too

difficult for any but the brightest pupils, and might. be assigned

to individuals as outside reading for extra, credit. The other

parts are for good, but not exceptional students, and may be

suitable for homogeneously grouped clases, as well as for

independent work for a few good students.

The problem of the existence of Hamiltonian paths, discussed

in Section 4, is an excellent example of a question which any

Aiid,bariunderstand, but which has never been answered. You can

use this to show the class that mathematics is a growing subject

anAthat there is always more to do in mathematics.

In Section 1 we developed the necessary conditions that there

be, in a diagram, a path which goes over every bridge just once.

(Incidentally, in the technical literature of graph theory the

term "edge" is used instead of our term "bridge".) The main_

retu73 s are stated in Theorem 1 or Section 2.

-At.this level of maturity most children have difficulty with

abstract general proofs. They do understand and appreciate

"proofs" given in terms of concrete cases, treated by reasoning

which they recognize as generally valid. The children will be
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satisfied with the discussion of Theorem 1, althRugh the mature

student would want proof of Theorem 1 stated in general terms.

In the diagram of the KOnigsberg bridges, the vertex A is

connected to 5 bridges, while each of the other three vertices

is connected to 3 bridges. All h vertices are odd (see Section-

2). Therefore there is neither an open nor a closed path which

goes over each bridge just once.

You may give the children another concrete situation which

leads to the.same problem. Here is the floor plah of a hoUse

showing 6 rooms and 8 doorways. Is there a path which goes

1

E

through each doorway exactly once? We can make a diagram which

shows the rooms and their connections. In this diagram the

vertices. B and E are odd and the others are even. The path

BlA3D4B5E8F7B2C6E

goes through each doorway just once. If we insert a doorway

connecting room C with room F, then the vertices C and F

will also be odd. In that case, there is no path of the desired

kind.
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Exercises 1 to are preparation for Section 3.

In the exercises of Section 2, the pupil is led to discover

(in Exercise 2-2) empirically that the number of odd vertices

in any diagram is even. The rest of these exercises lead the

youngster to discover a proof of this fact.

In Exercises 2-2 and 2-3 you are not supposed to check all

the.diagrams the pupils make for themselves. The important thing

is that they discover certain generalizations for themselves. If

you teach the chapter to the whole class, you may have several.

pupils draw diagraMs on the blackboard and have the whole class

check the classification of the vertices as odd'or-even.

The only parts of Section 3 which might be suitable for more .

than a few students are the discussions of the distinction between

necessary and sufficient conditions and the remarks on the impor-

tance of stating exactly what we mean.

Most pupils will overlook the fact that our definition of the

term "diagram" does not require that a diagram be connected. It

is instructive for them to learn, by bitter experience, notto

jump to conclusions.

In 4-3 if Q8 is not the same as Qn, then the r.th is open.

The point 'Q8 is then an endpoint of the path. Then the path

contains an odd number of bridges connected to Q8 But, by

assumption, the total number of bridges connected'to Q8 is even.

Then the path cannot contain all of the bridges through Q8 in

the diagram.

The proofs of Theorem 2 and 3 are examples of reductio ad

absurdum.

. Exercises 4-1-a. Answers

1. (a) Open path

A 2RhN5A1x3r or AlX3N4R2 4514 or

A 5N37.1A2RN or A5NI.R2A1X3 N

3 5
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pages 61-62 4

32 4-1

(b) Closed path

One possibility is: A 2 0 3. N 5 Y 3 0 7 R A--------

(c) Open path

One possibility is: A 6 X 4 C 2 D 5 X 3 B 1 A 7 D

2. (a) Open path: A3D7C8P1 A It E 5 D 2 B 9 C.-6 E.

(b)

0

Closedpath A1ttB2D3C4135E6A7G8 09 A

F

3 C

(c) Closed path. One possibility is:

AlB5D12F8E9G10F7C6D11E4B3C2A
A

3i
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3. One possibility is

33 ,1

4 (a) No path is possible.

(b) An open path.

One possibility is A4 B.5C6D2E1A3 D
B t

(c) No path is possible.

(d)' A closed path. One poit4bility is

A 6E7D3C2AlB4'D 5 A

8 7

.page 62

1

,!!
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Exercises 4-i-b. Answers

1. odd vertices even vertices

I A, B, E, G C, I), F

II '' all

III A, C all others

IV A, E all others

2. (a)' I, III, IV.

(b) I, II.

In II, the path

4-11 4-2

number
of odd

nuthber
of even

4 3 ,

0 12

2 6

2 3

A 1B2C3D4E5F8G7H8 I 9J10K111,18 -

B 13 D 14 F 15 H 16 J 17 L 12 A.

In III, the path. -

A1B6H10G5B4 F8E3B2C11D14G9 F'13
D 12 E 7 C.

'a In IV, the path

AlB9 C,2A7D3B5 8 6c4D8
In each of these there are al.so many other paths.

4. I. B 2 C 6 D 3 Ba4 E 8 F 5 B

II. BlAl2L11K10J9I8H7G6F5E4D3 C2
B 13 D 14 F 15 H 16 J 17 L 18 B

III. B2E7C11D12E8F13D14C10116B5G9F4 B.
,IV. B9C2A7D4C6E8D3 B

5. AlB2c5D4A3,c and A4D5C3A1B2 C

Exercises -2. Answers

1. See above table.

2. The number of odd vertices in any diagram is even.

N
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1

2

3

4

5

6

Ninber of.
vertices I II III

page 69, 74

IV
4

2 0 3. CI_

2 6 1 0

1 0 1 2

1., 6 4 3
. ,

3. 0. 0 0

0 0 3. 0

4. v=1 +v
2
+v..+

6. Two, one for each end of the'bridge. The number of pairs

is 2B.

7. Each vertex of degree k occur in k pairs. The total

number of pairs in which a vertex of degree k occurs is

8. vl + (2-v2) + (3-v
3
) +

9. v
1
+ v

3
+ v

5
+

10. (2-B) - U = (V1 + (2-112)+ (3-V3) + )

- (V1 + V3 + v
5

+ ...) = (2-v2) + (2-v3) + (4-v4)

(4-V5) +

11. By the formula, we have

U = (2-B) - [(2-V2) + (2-V3) + ...)

= 203 - [V2 + V3 + (2V) + (2-115) +

which is even.

1. (a) No.

(b) No.

Exercises 4-3. Answers

39
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:pages 74, 75 36 4-3, 474

2. BRAINBUSTER. Let A and B be the two odd vertices.

Cdnsider the longest path from A to B which does not go

over any bridge more than once. Color this path blue. Con-
.

tinue as in the proof of Thebrem 2, Section 4.

Exercises 4-4e Answers

None of the diagrams in this section has a HamIltontan path.

40
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SUPPLEMENTARY KNIT 5

FINITE DIFFERENCES

A ba:eTc method of finding polynomial formulas to fit tables

Of values is that called "finite differences." Here the student

is givens.very brief introduction to this theory. The teacher

is refer to two books on, the subject:

t Richardson "An Introduction to the Calculus

of Finite Differences" Van Nostrand (1954) 142 pages.

2. A book on the same subject by F. H. Miller is to be

published by Henry Holt and Company.

These two books are too advanced for seventh or eighth

graders - in fact for most high school students - but they should

be intelligible to-4nyone who has had a first course in calculu

This does not mean that calculus forms the basis for finite

differences, but merely that the analogies between the formulas

in the two subjects are very striking.

'Though an attempt is made to keep the'aigdbra used in this

unit to a minimum some is certainly needed; for instance the

expansion of (n + 1)-
,1

is needed. Of course in this unit as

in the other supplementary ones, the student should do a large

body of experimentation himself and be given the opportunity to

make guesses and verify them.

5 -1. Arithmetic Progressions

Here the arithmetic progression is taken up from the

standpoint of 'finite differences and the relatidnship with the

trianguia numbers is exploited. *The student should see both the

geometrical and'algebraic arguments and how they are related4

Though.in 6he exercises a basis is laid for the general formula,

for the sum cf an arithmetic progression, more stress is,laid on

finding the sum than either in getting or using the formula.

4'
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.
The moat important idea of the section is stated formally in the

theorem in Section 3. In all the exercises and, examples except

Problem 15 the entries in the 'table-are increasing. Possibly

more examples should be given in which,the differences are

negative.

In 'Table II the entries might be extended one to the left

with a zero-in row 1 and a 1 in row 2. Then'the entries

in the second row of Table II would be just the entries in the

first row of Table I.

The pupil might be interested to notice that the triangular

numbers are those on the second slanting line of the Pascal tri-

ang11. he pyramidal numbers defined in.Problem 3 of Exercises

5-3bAre those in the third slanting line of the Pascal triangle

5-2. More Sequences
#

There are two methods for finding the formula for the sum

of the first n squares. Both rest on the fundamental faCt that

in any table, the n-th term vinus the first term, is the sum Of

the first differences to the left of the n-th term. This section

works .downward in the table and finds the formula for the sum of

squares by starting with the cubes.l."(The second method, that in

i Section 3, works upward in the table and establishes the formula

by guessing what form it should take and determining the appro-

priate coefficients.)

By way .of introduction here, the formula for the sum of the

mh/ inetodwhiCh will be used the latter part of the section.

is a more complex way of doing it but it does illustrate the

Gradually there should emerge the idea that a linear formula

first n integers is gotten from Table III, the table of squares.

fits a table of numbers in b.n arithmetic progression, a quadratic

formula if the first differences are in an arithmetic progression,

a cubic formula if the second differences are in an arithmetic

progression, etc.
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Also in the, exercises of the sections the idea is developed

that a linear formula can be found to fit any two numbers since

any two numbers can be used to start an arithmetic progression;

'a quadratic formula can be used to fit any three numbers since

any three numbers can be used for the first three entries in a

table whose fi4.st differences form an arithmetic gressionl, etc.

5-3. Finding Formulas that Fit

Here the method is used which guesses at a formula for-the

table and_then determines the constants by means of the first

and second differences.

The product of any three consecutive integer8 must be divis-

ible by 6 since at least one is even and at least (in fact,

only) one is divisible by 3; For four consecutive integers,

one must be divisible-by 2, one by 4 and one by 3; in other

words the product must be divisible by 24. A bright student

'might like to see what happens for five consecutive integers.

Triangular, square, pentagonal, etc. 'lumbers are called

"figurate numbers" or "polygonal numbers." The general formula

for the n-th k-gonal number is

2
- n

-(k - 2) x
n

+ n.

That, is, when k is 3 ,loie have triangular numbers, k 4 gives

square numbers, k = 5 gives pentagonal numbei.s, etc. Notice

that they are all quadratic expressions and hence 'Ole first dif-

ferencies are in an arithmetic progression.
I

Of course one may have numbers associated with pyramids whose

bases are closed square regions, closed pentagonal regions, etc.
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2, (a) 142, 143, 144, ... 149, 150, 51. ,

.,. (b) (ih1 + 1), (141 + 2), (141 + ) ... .(i41 + 8), (141 + 9),
i.:..

. . (141 + 10). . ,, I
z ; 4

; .'

(c) (141 + 141 + 141 ...) + ( 2 + 3 ... )/
r I

(d) .10.141 + i-10.11
..K.: . i. .

4,
(e) 1 465

1

.

:, ..

3. nb t ;.n(n + 1) or n(b+ en + ) or 2n(2b + n + 1)
..

...

4. 13, 15, 17, ... 47, 49, 51

pages'80-81 140

ercises 5-1. AnSwers

1. (a) 15, 16, 17, ,.. 32,33, 34. I\

5-1

t y

, .(b) (14 + 1), (14 + 2), (14 + 3), ... (14 + 18), (14 + 19), //'/

i(14 + 20). /

(c) (14 + 14 + 14 ... ) + ( 1 + 2 3 )

d)

/
/(' (20.1h) + i.20.21)

(e) 490

(11 + 2), + h), (11 + 6), ... (11 + 36), (11 + 38), (11+40).

20.11 + 2.(1 + 2 + 3 ... )

220 +

220 +420= 64o.

5. n.,b+ n(n + 1) n(b + n + 1) cr n(n + b * 1)

6. The next three entries are: 21, 23, 25. The differences are

all the coefficient of n in 2n + 7.

7. For 3n + 7 the first five values are: 10, 13, 16, 19, 22

and the differences are 3, the coefficient of n; for

2n + 6 the fifv- five values are 8, 10, 12, 14, 16 and

the differences are 2, the coefficient of n.

8. The differences are 5. In fact, if the form is an + b, the

next term would be a(n + I) + b and the differences are all

a. This is leading up to the theorem in Section 3.

4 ;
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Using the trick used at the end of Section 1, we write

1 3 5 .,. 2n-5 2n-3 2n-1

2n-1 2n-3 2n-5 5 3 1

1,and the sum is 2A2n)n = n2 . In the formula developed in

Problem 5 b must bp -a to have the first number in the

sequence be 1; and

It-

s = n(n + -2 1)-

= nn

= n
2

,10. Replacing n by n 1 iri the formula for the n-th triangular

number, we get (n - 1)(n - 1 + 1) = ;11(n - 1) .

11. We can use the trick of Problem 6.to get

7(1 + 1 + nd)(n + 1) = ,(2 + nd)(n +

or it can be done by writing the sum:

(n + 1) + d(0 + 1 + 2 + + n).

12. In the above replace n by n 1 to get

.i11[2 + (n 1)d].

13. Add (b - 1)n to the previous answer to get

;11[2b - 2 + 2 + (n - 1)d] = ;4n[2b + (n 1)d)

14. 7 12 17 22 27

5 5 5 5

We add 5 each time.

15. 7 5 3 1 - 1 ... Here we continue to subtract 2.

16. To construct such a table, compute the first difference from

the given two numbers and then add this difference to each

number of the table to get the next.

4

4
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Exercises 5-2. Answers

rmIM==11.

6

5-2

(b) To get a square of (n + 1) dots on a side from one

with n dots on a side, we can add two edges of n dots

each and a 1 in the corner, which accounts for the

2n + 1.

2. The methods of the section may be used or the sum can be

made to depend on that already found as follows:

22+ 42 62 + (2n)2

4.12 + 4.22 + 4.32 + + 4.n2

= 4.22_54.422 + n - 4-(2n3 3n2 + n).

3. Again the methods of the section may be used or the following:

32
52

12 + 3 + + + (2n-1)
2

(2.1 - 1)2 + (2.2 - 1)2 + (2n - 1)2

(412 - 4.1 + 1) + (4.22 - 4.2 + 1) +

(4n2 4(n2- 4n + 1) = 4s - + n) + n

(3)(20 + 3n2 + n) 2n2 - 2n + n - n).

4
r
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4. 4 7 12 19 28 39

S, 3 5 7 9 11

2 2 2 2

page 89

where we first,write the third row, then the second and

then the f1 irst

5. . 10 5 11 28 56

-5' 6 17% 28

11 11 11

Starting with any three numbers we load construct such a

table if we get the first two first differences and the first

second difference and then compute the table from the bottom

up.

*7. Here we would use the table of fourth powers and first compute

the difference between the (n + 1)st and the n-th fourth

pdwers; getting 4n3 + 6n2 + 4n + 1 as the n-th term' in. the

set of.first differences. Taking the sum, as we did above,

we haw::

4 x (sum of cubes) + 6 x (sum of squares)

+ 4 x (sum of integers) + n.= (n + 1)k - 1.

Let C stand for the sum of the first n cubes and use the

formula above the sum of squares to get

4C + 6 x (2n3' + 3n2 + n)

+ 2n(n + 1) + n

nk + 4n3 + 6n2 + 4n.

Solving for C; we get

N

C = *.(nk + 2n3 + n2) = (,1 2(n + 1))2.

Notice that the formula for C is the square of the formula

for the sum of the first n integers.

47
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Exercises 5-3-a. Answers

'1. (a) 6 12 20 30 42

5-3

(b) 0 1 10 20

Except for the entry 0, these numbers are one-sixth of

those in 'the table for n(n + 1)(n + 2). The reason

is that n3 - n(n l)n(n + 1) which is the prOduct

of,three consecutive integers-whose middle one is n.

The result seems more interesting if one notices that

this means that if a number is subtracted from its cube,

the result is the product of three consecutive numbers of

which the middle one is the given number. (Here "number"

means integer.)

(c) 2 10 30 68 130

2. Since n - n
2 is of the fourth degree, the third differences

should be in an arithmetic progression. To check this write

0 12 72 24o 600 126o

12 6o 168 36a 66o

48 lc8 192 300

6o 84 180

24 24

Exercises 5-3-b. Answers

1. (a) The first differences are 5 and hence the numbers are

in arithmetid progression of the form 5n +b. But

5 + b = 2 -which implies b = - 3 and the formula is

5n - 3.

(b) Here the first and second differences are

14 24 34 hi!

10 10 10

Hence the first differences are of the form 10n + b and

since the first one is 14, b = h. So the nth first

difference is lOn + 4.

48
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The formula to fit the table shov.ld be like:

an + bn + c ands'as in the section we have

\ 10n + 2an r (a + b).

Thus = b= -1 and 5 = 5 X 12 -1x1+ c,
implies c = 1. So the formula is 5n2 - n + 1.

(c,) Here the first and second differences are:

12 18 24 30

6 6 6

Here,the formula for the first differences is 6n + 6

and

6n + 6 = 2an + (a +

implies a = 3, b = 3. Then 8 . 3 x-12 + 3x1+ c

implies c = 2' and the formula is 3n2,+ 3n + 2.'

2. The first, second and third differences are

8 20 38. 62 92

2 :18 24 30

6 6 6

Notice that the first differences here are the numbers in'

table 1(c). (if this were not the case, we would compute

the formula for the first differences as we did above.) Hence

the formula for the n-th first difference is 3n2+ 3n + 2,'

Since,the second differences form an arithmetic progres-

, sion we g4.1ess that the formula for the numbers_of the table
-

must be an3 + bn
2

p+ cn + d fdr proper choices of ,a, b, c,

and d.

The pyramidal number is the sum cf the first n tri-

angular numbers.

get the formula

in Problem 1(0.

By the same method as that above, we can
31,n

Ek n) which is the formula for the table

in Scercises 3-a.

49
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4. A polynomial of the fourth degree;

5. This is merely a matter of checking numerical values. Anyone

interested in learning more about polygonal numbers should

look in Volume 2 of "The History of.the'Theory of Numbers"

by L. E. Dickson.

5-3

In eachcase the first differences repeat t e table except

for the initial entry in (b). Suppose the e tries were

a b c d

If the first differences gave the same table we would have

a = b - a, 1,) = c b,

and since the first equation implies 2a = b, and s milarly

for the others, the entries would have to be

a 2a 4a 8a ...

in geometric progression.

If the second first difference were the first term of

the table, we would have c b = a, that 'is, c = b + a.

So if this property were to continue throughout the table,

each entry would have to be the Rum of the previous two.

The studentcan carry this further if he is.interested.

7. An arithmetic progression has a formula an + b associated

with it.

8, and 9. See pages 38 and 39 ol this commentary.

50



SUPPLEMENTARY UNIT 6

RECENT INFORMATION ON PRIMES

The main purpose of this unit is to give the children some

idea of mathematics as a living, growing science. We try to

drive this home by relating Supplementary Unit 6 to a paper

published in October, 1958, thus emphasizing that eibn..today

mathematical discoveries which they can understand are being

made. A minor goal is to show hov: mathematical theory is used

in work with modern computers. You may stress tha't the computer

is a giant idiot slave which does exactly what you tell it to do,

neither more nor less, and that someone with brains still must

give the instructions to the computer.

In computing the number of seconds in a year, teach the

children that we do not want to know the exact number, but only

the order of magnitude. We therefore round off the numbers

freely in order to simplify our work. Ask, "How many seconds

are there in a minute? How many minute are there in an hour?

How many seconds are there, then, in an hour?" Do not carry

out the calculation, just indicate it:

6o x 66 seconds ih an hour.

"How many hours are there in a day, and how many days in a year?"

Show, the total number of seconds in a year:

6o x 6o x 24 x 365 seconds in a year.

Even here we are approximating, since a year is about 364 days.

'We can round off thus:

6o x 6o = 3,600 = 4,000 approximately,

4,000 x 24 = 4,000 x = 100,000 approximately, and

2C0,000 x 365 = 100,000 x '100 = 40,000,000 seconds in a year,

or 4.107, approximately. The actua1 number is 31,536,000,
1

ignoring the error of ir of a day. The important thing is that
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th4-18 of the order of 1070 or an '8 digit number in decimal

notation.

The number of years in 1097 seconds is

1097 10.1096 (2.5).1089 2

17:7 11:1737

which is a 90 digit number. Have the children look up the

geologistst estimate of the age of the earth. See, for example,

Gamowts book, the Biography of the*Earth.

You mayTeview the symbols for inequality:

is unequal to,

< is less than,

> is greater than,

< is equal to or less than,

> is equal to or greater than.

It is helpful, in keeping straight the'meaninge of " <" and ">",

to remind the children that the smalle/4 end of the symbol points

to the smaller number.

At the rate of one division per .001 of a second, :*.t wouli

take about 3.1039 years to perform 1050 divisions.

1.

Discussion of Exercise 6-1

5 6 7 8 9 10 11 12

n 1 3 7 15 31 63 127 255 511 1023 2047 4095

m 13 14 15 16 17 18 19 20

n 8191 16383 327677 65535 131071 262143 524287 1048575

5
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2. (a) 3 divides 3, 15, 63, 255, etc.

(b) 7 divides 63, 511, 4095, etc.

(c). 31 divides 31, 1023, 327671' and 1048575.

(d) If m is divisible by b 'then n is divisible by

2
b

1.

Note the difference between

3
(24)

=

(32)4 38

6-2 Froth's Theorem

If m is odd, and k = 1 then n = 2m + 1 is divisible by

5. One way to see this is to notice that the successive odd

numbers differ by 2. Suppose m is odd, and we already know

that 2m + 1 is divisible by 3. The next number of this type

is r.

+ 2 (2m)22)

= (4.2m) + 1

= ((3 + 1)2m) + 1

= (3.2m) + (1.2m) + 1

= (3.2m) + (2m + 1).

Since both numtars in this sum are divisible by 3, then so is

the sum. Therefore, if 2m + i isdiviiible by 3, then so is

2
m + 2

+ 1. In other words, if the statement is true of one odd

number m, then it is also true of the next one. But it is true

for m = 1 (21 + 1 = 2 + 1 = 3, which is divisible by 3).

Therefore it is true for m = 3. Therefore it is true for m = 5,

etc.

53
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It is, then, sufficient to test n
2m

+ 1 for primeness

only when m is even.

'Disscussion of Two Additional Examples.

6. When s=' and m = h, we have n = + 1 = 17 and

.1
17-1

+ 1 38 = 6562. \
.Since 17 divides 6562, we se that 17 must be a prime accord-

ing to the test, and it is! When *m = 6, we have n = 2
6
+ 1 = 65

and'

I. 65-1

3 + = 332' + 1,

which Is not divisible by 65. Acprding to the test G5 is not

a prime, which also checks. If you divide 332 +-1 (a sixteen

digit number) by 65, the remainder is .62.

7. If k = 5 and m = 2 or 4, then n is divisible by 3.

If k,.= 5 and m = 3, then n = 41 and

41-1

3-2 + 1 .= 320 + 1,

which is divisible by 29. If k = 7 and m = 4, then n = 113

and

113-1
2

3 + 1 = 3
56

+ 1,

which is a number of 27 digits..

It will probably be too much work for the children to divide

this number by 113 directly. A better way is this. First cal-

culate

35 = 243

and divide by 113. The remainder is 17. Therefore we have

3 5 17 + (113.something).
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If we square

or

we obtain

..N f
.,510 172 1

0.13-something),

310 63
(113something), (/

since the remainder on dividing '17
2(= 09) y 113 is 63. ,

4
Proceeding in the same way we obtain

3 20 = 63
2
+ (113something) .

= l4 + (113-something),

and

3
40

= 14
2

+ (113:something)

= 83 + (113something),

and

350 310.340
(63 + ) (83 +,... )

= (63.83) + (113something)

= 31 T (113something),

and

3
55

= 3
5
.3
50

= (17.31) + (113something)

= 75 + (113something

and

356 = 2254.+ (113-something).

But 225 + 1 is divisible by 113 so that the test works!

This calculation is based on the equation

(a + c)(b d) = (ab) + (ad) (bc) + (c.d).

c and d are divisible by 113, then so is the sum of the

last three products on the right.

Of)



52 6-2

The same method can be applied to other problems, in partic-

ular to the preceding exercises. Thus to.test 3
20

+ 1 for

diviqibility by 41, we may calculate as follows:

it

3 = 81 = 4o + (4i -something),

3
8

= 40
2
+ (41-something),

= 1600 + (41-something),

= 1 41 (41something),

3
16

= 1
2 + (41something), r

= 1 + (41sometlning),

and

320 34316 (40.1) + (41-something)

= 40 + (41,something)

so that 3
20

+ 1 is a multiple 41 since 40 + 1 is divis-

ible by 41,

At the rate of a thousand divisions per second, it would

take about 5.1c,
280 years to perform 10

291
divisions.

'8. In order to estimate 2m yourself, you may use the fact

that

log102 = .30103,

approximately, so that with only a small error

23217 10(.30103)3217

1096841,

which is a numoer of 969 digits in decimal notation. Similarly

the number of digits in 2. - 1 ism when m = 2281, and

664' when m = 2203.

You can astound the children by calculating mentally, using

5t;
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5
as an approximation for the logarithm Of 12. You may look

at a n ber like

3
3217

- 1

for a few seconds, and say casually, that this number has about
.-

966 digits ((.3).3217 = 965.1).

approximations ,

SiMilarly you may use the

1°g103 .47712 = .5, approximately,

1cg105
'69897

.7, approximately,

1og107 = .84510 = .8, approximately,

Thua 5
1000 is a number of about 700 \digits since

(.7) 100Q = 700.
\

By using the method in the text, the chf-Ar n might proceed

as follows:

therefore

210
> 103,

23217 23210 (210)321

> (103)321 = 10963,

so that when m = 3217; n has at least 964 digits. On the

r other hand,,we have

there-fore

2
13

< 10
4 <'

I \

2
3217

= 2
3211

.2
6

(23.3)247.26.

(104)247.64

< 64.10988/

so that n has at most 990 digits.



SUPPLEMENTARY UNIT 7

GAMES

Introduction

Some teachers who have taught or reviewed the seventh grade

course of the SMSG have been concerfled over the omission of the

business applications which have been traditionally included in

the seventh and eight gi,ade mathematics course. The author of

this unit, along with many other teachers of mathematics, feels

that seventh graders are not naturally interested in such topics.

If we are to teach such topics, we must motivate the students by

the inclusion of some material which will be intriguing to students

of this age. Children this age are interested in playing a great

variety of games. Some of these games are like, the games incluued

in this unit. This study of game theory leads very naturally

into, a giscussion of problems associated with a business. It is

not the author's intention that students should develop a skill

in the analysis of games This part of the unit is intended to

acquaint students with a very interesting new branch of mathemat-

ics and to motivate the study of the solution of typical business

problems.

Game theory was systeMatically presented as a new branch of

mathematics by John von Neuman in cooperation with Morgenstern

in a book titled: The Theory of Games and Economic Behavior,

published in 1928. Game thecry is being used to analyze war

strategy, economic behavior, and most other activities that

involve decision making. The title, "game theory," was given

to this branch of matheTAtics beaus the techniques used were

originally developed from an analysis of games which were of

varying degrees of complexity. Some of the very familiar games,

such as cvtain card games, cannot be analyzed by present

'techniques This-is a young branch of mathematics and has many

problems which are still unsolved.
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Suggestions for the Teaching of this Unit

This unit offers good oppor'-unity for studen.ts'to see how

much help mathematics can be in as simple a situation as the

playing of the first game. You may wish to divide your class

into couples and tell them the rules of the game, allowing them

to play this game without the help of the analysis presented in

the first section. Some of your students may discover the best

strategy on their own. After playing this game, lead the students

in a reading of the introduction and a thorough study of the

section titled "Strategy". The answers to some of the questions

in the material appear a few lines later, but your students

should be encouraged to answer each question as it appears.

Game theory requires that we always consider the worse pos-
.

sible results. This is the reason Tom is concerned about the

minimum number of points he will win and Jim is concerned about

the maximum number of points he could lose in the first series

of calls,. Tom tries to keep the minimum number of points as

high as possible. Jim looks for the least of the maximum losses

toiprotect hi& game. ThiS type of game, one hOlng a saddle-

point, is the simplest possible game we can analyze. For a game

- which does not have a saddle-point, a mixed strategy must be

used. The calculation of the proper mixture of calls requires

a knowledge of probability, therefore the author did not attempt

to analyze such games. More information on this latter type of

game analysis'may be obtained from the book by Milliams,

The Compleat Strategyst.

The material-in the Business Strategy Section is similar to

the material usually taught to seventh graders. Following a

discussion of, the various terms used by businessmen there is an

adequate number of problems involving various situations to rein-

force an understanding; of the material. It is important that in

'this section, the students again lnsuer each question as they

come to it in their reading. The only significant difference

It)
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to be found in the terminology used here is that "loss" is

spoken as a "negative profit," Students may be reminded of cr-

.

temperatures below zero as another example of negative numbers

used in some measurement.

The last section of the unit called "Payoff Matrix for a

Business Decision," combines the techniques learned in sections

7-1 and 7-2. This section could probably be taught best by havihg

the whole class work together on both problems. The suggested

forms should help students to organize their work. The payoff

matrix which is associated with the last problem ia a matrix

which does -not have a saddle-point, therefore the final solution

of that problem cannot be computed. It is intended that this

problem should stimulate the students to do further stud,, of this

topic when they have the appropriate mathematical background.

Key

7-1 Strategy

Tom's
Choice

Jimts Choice

A

A 6 5 5

B 5 4 4

6 5

The maximum payoff is least for the call "B".

A. 1. (a)

(b) 2

2.. 4, call "A".

3. (a) 7

(b) 4

4. 4, call "B".

Exercises 7-1. Answers
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5.

6.

Yes, Yes

Tom should always call

Jim should always call

"A".
11Bn.

B. 1. 6, call "B".

2. 6, call "A".

3. Yes, Yes

Tom should always call "B".

Jim should always call "A".

C. 1. 6, call "B".

2. 6, call "B".,

3. Yes, Yes

4. Tom shOuld always call

Jim should always call "B".

D. 1. (a) 2

(b) 6

(c) 3

2. 6, call uBn.

3. (a) 11

(b) 6

(c) 9

4.
II BII6, call

Yet Yes

6. i m si 'uld always call

Jim should always call

"B".

"3". At.

to
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7-2 Business Strategy

Bike-margin $25

profit $10

For expenses = $30, the profit = -$5.00.

Exercises 7-2. Answers

Dime Store:

1. $90

2.

3. 410

Ice Cream Man:

4. $23

5 $5.40
6. $17.6o

Theatre:

7. $38o

8. 427o

9. $110

Service Station

10. $171.60

11. 446.8o

12. $22.30

13. -$3.50

7-3 Payoff Matrix for a Business Decision

Weather

Vendorts
coffee

order popcorn

warn; cold

415 $35

$20 t3()

Coffee
margin $35

15
profit $35

20
Popcorn

margin $30

20 35 profit $30

The least of the maximum "losses",for weather (30) equals

the greatest of the minimum profits for the vendor ($200), there-

fore the game has a saddle -point and the vendors best strategy

is alwdys to order popcorn.

(5 2
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It is important to emphasize the point that the fundamental

assumption here is that the weather is completely unreliable.

Let w be the number of days it is warm and c the'numbe of

days it is cold. Then the profit for the season if the vendor

sold only coffee would be

15w + 35c.

If the vendor sold only popcorn, the profit would be

20w 4- 30c.

Now the profitwoilld be greater for coffee if

15v 4- 35c > 20w + 30c

that is, if

or

5c > 5w

> w.

Thus if the vendor knew that there-would be more cold days than

hot ones he should sell coffee all the time for maximum seasonal

profit. This is the opposite conclusion from that in the case

when nothing is assumed known about the weather for the season.

Exercises 7-3. Answers

A. Completion of the chart.

Hot dogs

Soda Pop

Ice CreaM

hot day
cold day

hot day
cold day

hot day
cold day

Margin

$ 6.00

$1o.00

14.00

$25.00
$ 9.00

Profit

$ 4.00
$ 8.00

$12.00
$ 9.00

$23.00
$ 7.00
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Weather

Hot Cold

Hot Dogs $ 4.00. '-' 88.00 $4.00

Soda Pop $12.00 $9:00 $9.00

Ice Cream $23.00 $7.00 $7.00

$23.00 $9.00

There is a saddle-point therefore the vendor should always

,order soda pop. His.profit will always be $9.00.

B. The four charts are:

Ice Cream Coffee

Sold on hot day 400

Total Receipts

Ordered for hot day 1100

Total Costs

Margin

Operating expense

Profit

A28.00

A32.00

3.00

,t29 00

200

200

Ice Cream Coffee

Sold on hot day 200

Total Receipts $60.00

Ordered for cold day 200

Total Costs $30.00

Margin $30.60

Operating Expense $ 3.00

Profit 121122_

400

500
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Ice Cream Coffee

Sold on cold day 200 500

Total Receipts $70.00

Ordered for cold day 200 500

Total Costs $30.00

Margin $4o.00

Operating Expense 3.00

Profit $37.00

Ice Cream Coffee

Sold on cold day 200 200

Total Receipts $40.00

Ordered for hot day 400 200

Total Costs $28.00

Margin $12.00

Operating Expense $ 3.00

Profit $ 9.00

Weather

hot cold

Ordered
o day $29 $ 9

For
Cold day $27 A37

Here there is no saddle-point.

6 5
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