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.Teacher's Commentary'. .

AN

_ Chapter 6

H

DERIVATIVES OF EXPONENTIAL AND RELATED" FUNCTIONS.

L3 - .
J * * . - &
.

Without the strength.of tHe integral theorems of *Chapter 7, it is’
difficult to fréme precise definit'ons of "the power, exponential and
logartthmic iun ions. Our foundation began in Chapter 5 by buildding
’intuitively upon familiar algebraic propertles (e.g., the n-th power_ of .,

<!

a means the product of n factors of ,a). Relying on the student's
basic concept of power, we were able to discuss exponential and related
functions. This leads<us now to the study of rates of change of thése

»

functions. . . -

We begin discussing the slope of the exponential function in+a
'familiar manner, The slope “of the itangent to the graph is initially
examined.at the y-axis. We note ‘that the glope of any other point is
proportional to the value ofbthe functlon at that point; 1the constant
of proportionality s discovered teo be the sloge of the graph of the

ffunction at the y-axis. The function x —%ex is defined as that
special exponential function for thch the constant of prOpQrtlonality

(slope at  (0,1)) is

We use plausible arguments to establish the fact that tge graph of the
"*function X —%ex is everyvhere convex. (A striet proof would requlre a

continuity argument such-as those given in Appendix T.) . We rely heavily on
such intuitive geometric auguments as the “Jldlng pr:.ocess 1n order to find
the derivative of the inverse of a function vhese derivative we already
know. B . o K

We ‘use »such a folding prockss to find the® derivative of the logarithmic ‘
function a{ter the derivative of the exponential function has first been
discoVered.' We use the same mechanical process to obtain the'derivative-of

X 45/5, relying on the student's experience with -x —*xe in Chapter 2.

We hope that the student is' curious enough to know whether the power

rule (which worked so nicely for po7itive integer exponents in/ghapter 23
1/2 2

works for such functions as .x - x /%, X X “3 2, and x »x . In
Section 6-6 we extehd tife power formula to include all feal exponents.

. )

¢

"[P{lc
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Our ‘earlier procedure of f{rst consideging the behavior of a graph at.
y-axis cannqt be followed for Taylor approx matlons of such functions ag

x = /x band ¢ x —alog X. Instead we consi

tions in Section 6:7.

r translations of these func-

.

(.
.

. -, . L4 \
" In Example 6-7a we'say, "to guarantee accuracy to within 0.005 we~
could use (9) to .show. that we must choose | n to be at least 199." We.

, 1llustrate here, usingr-*~———~A )

f
A} .

Since we want to éstimate 'log 2 and

"

J 4 . ' .

. L Rl e e,
- \ ) ¢ Lo S

© we let x = L. We requife that ' , .Y

. - LT - o
~ : : TS S <

' ’ IR: | < 2 <-0.005. - -

- . n -n+1

‘e r- N )' . -, . , \

-Therefore, we must have

A _ < 0.005,

. . ¥ l" ’ =~ s/‘
' - - - -
whence . . i . o
1:1+ 1 >2’100(2 . ' v “ .
- * . 5 ’ M
‘ : n>200 -1, o ’
. ” " 2 f
P © . >199. . .

\ * f . ’ .
Example §-7¢ is intended to uge the function x - /1 + x in order to
—— - 4
illustrate assention (8). There are, of course, methods by which one can

- obtain more acéurateﬁestimates of ¥f§ more quickly (e.g., guess, divide,

‘and average). . ' - . - :

cTe : : .‘

Throughout Chapters 5 and & we refer to the function X, e as the:-
exponential functlon as distinguished from all other exponential functions.

: We hope that (while we began with base 2) the student realizes that exponen-

tial functions with ‘vases other than .e are infrequently used. Furthermore,

any exponential funttion is easily expressed in terms of the exponenttal
function by ' — - .

* - 4
a* = e, whert ¢ = log, a. :

7 . )

, ]
288 9. . "

IR
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Similarly, the fﬁnct‘on " x —>1oge x 1is reféfred to Hp this téxf (and

most advanced books) as the 1ogarithmic function., The student should be
told that in other texts (and on some examinations) the function

-

x >log, x 1is written as x - 1og X or x > fn x. N

Since a 1ogarithm w1th any base a is simply propo}tiona; to the
logarithm with base e, )

‘ v

\

1oge X
1oga X =

\]Toge a

*

N

we have
1 -

.D 1o_ga X ==, where c= 1088 YRR

. . —~
, .

¢ It may be conjectured, that for‘this-reason iogarithﬁs with base e are
often called {" natu;al" 1ogaf¥thms, natural in the sense that the choice

‘¢ =1 yields the simplest p0551b1e expression for the derlvative

-
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1, (a) £ :'x‘—»8?( =

A

(v}  The equatjon of the tangent

-

Solutions Bxercises 6-1

27 . Sooa=

(—r(%)x =2"¥  a= —‘_3'; R .=
o (B - 23/2‘)(. e %.; n
LAy

£ x -8" is y=14+ or y

is

y=1- or y

—

~
-~

1]

3

2

at (06,I) to the graph of

3; m=3k=3(.693) 22, "

-3k°z -3(.693) & -2
33 - .
=5k » 5(.693) = 1

k= - %(.693) ® -1, .

°

1+ 2x

1 -2x Y




7
/ . | ‘ o
’ // ~ . ) R ‘, ]
/ ) ‘ ) ) i //u .
. ‘% ‘ , .
2. (3) (1) (L8 s (29 .M _ /
. ~ K < '
IS . (ii) Qms = (2’4)(2.25) P 16(1.1‘89) = 19.0 e ’,,
: ORISR 8)5 ® (8'59)5 2P , (Interpolation used.)

(11) -e2 95 (e 2y (e Py s (7. 389)(2 586) 101
L32(a) () (o’ = (2 15)5 _ 575 -

_ ) 27 P 91;60 x 0.6°
() (1) (0.9)7 = (707 - e--s ,

- . r .
(11) e 2206 7 ‘
. \ K (a) (1) (10298 = (2038 . 2% . S
: 7, * . (i1) 2-2h =-(2'2O)(2'0h)‘ = (1.14870)(1.02811) =
' @) (1) (1 02) N L.
s (]{1) - (') (e Nz, 1618)(1 0101)
! . S () 201<1.01<g 02 . X ¢
o L@ oy <% ‘ : Interpolatidn
: - Al (g )00 ¢ pts " 2L _ 1 00696
Ty . . . - 304
> () (2)(2.u) <11.01)1% < (2)(2°%) 2 o 1.01000
. ’ 277 =1, 01?96
. 100
" 2(1. 31951) < {1.01) < 2(1 IRE 301‘
® . ’ 100 700)(10) ~ b3
N 26u<(1 .01) <e. 83
.. ' [
6. e 10 < 0.5 < e '69 : . ]
-(e-.7o)‘-12 N (0.5)-12 N (e-.69)-12
S . =12 * g
. Luk7 > (0.5) 7 > 398k . . CL
f ! v . ) ’ .
YA - .eh N l N 5 ’ \




ERIC:

Aruitoxt provided by Eic:

-
e

)

»

. . :
. \ . .
(¢) ez (1 +-.01)l°° ) :
. -~ i
ez 110 4 100°x 99><(c')1)+l°';f2§i9><198><(.01)2
, 100 x99 x 98 .97 3 '
2—“ x 17! x (.01) 3 2.5 ,
(d) For the functloﬂ X - cx we let <the slope of the tangent to the
graph a-t (O,l) egugl/l. That 1s dye let AR
A ' ' h ' Co.
) g lim S22 - '
. . B0 . . .
. ] s ‘ . 3
) Using a process-similar to that,used in part (b) we obtain \
o , )
. . ‘ e = lim (1 + h)l/h.
. . . h> 0 ] . f*"l A
If. we let h = L , Wwe have o S ’
] . n *
: . N S e = lim (1 + 5™ ' .
'n o n .

8. We assume that. x = (1 + x) 1/x is a dec easing fm?,pxq,on Without* bemg
_= cénscmus of this assumption, a student should be ready to beheve _that

lim (l+h)/ >(l+h)/ for hz 0. We let h =

v oo . 7055 so that .
. ¢ W;- v . / . !
1 1006 R 1/ht
. (1 + m) <. Ylim (1 + h) .
h->0 .,
¢ ' N .
. From Number 7 we know that . ' . *
lim (1 +'h)1/h = e. .
! . .hpo .
\ [ sy . .
. Thus (%:%)IOOO < e. -Eve@/the roughest approximatlon 'to e suggests

, that 2 <e <3 and certainly e, < 1000, Therefore we dan write

| B

- N . n .
Cy 100141000 )
' . (1555 <,e £ 10004 - .
\i’t fo]zlows that ) :
L3 ; .
: 1001, 1000 g
‘ ($505" 1000. .
Multiplying by lOOO]'OOO ve get . ° . » _—
) ‘ - ) ! ' L
L T L 1001199 < 100090, . o
1001 a 7

The larger of the two humbers is 1000

-4 v

’ !

ey
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: X =e

_ . " 3. 0 3.
: x -)e3x; A(O,eo), B(h,eSh). Slope of AB = 2 o = ® &= L
. X -0 h
— - : 311
h 3| &M M|t
Y b .
20 | .60 | 18221 | 0.8221 | 4.m
A5, | .45 | 1.5683 | 0.5683 | 3.789
-10 | .30 | 1.3499. | 0.3499 | 3.k99
oA 205w | .5 | 1.1618 | 0.1618 | 3.2k .
0L | .03 | 1.0305 [76.0305 [*3.05 |
.006 | .02 |"1.0202 | 0.0202 | 3.03 4 ' °
. ‘ L /2 0 -n/2 -
fo. £:x-6% 40,8, B3, ) - =1
_ : ] - . .
h/2
h h/2 h/2 e’ -1
i R R N e
J = y : ,
.50 | .25 | 1.28%0 | 0.28407 | 0.568 /
| .s0 { .20 | 1.2214 | 0.221k | 0.553 -
) .30 | .15 | 1.1618 | 0.1618 | 0.539
.20 | A0 | 1.1052 | 0.1052 0.526
.10 | .05 | 1.0513.| 0.0513 | 0.513
» .06 | .03 | 1.0305 | 070305 | 0.509 ’
~02 | .01 | 1.0101] 0.0101 | 0.505 44 N
N Ee et ,
' : ) .. <2h 0 _-2n
Oy L -2 LI -
"X 200,¢0); ‘Blh,e™ ).  n(aB) = & — 0‘? = & 1
N -2h )
.k on| eEM ey | e =L
20 | .40 | 0.6703 | -0:3297 | -1.649 \
25 | .30 ] 0.7408 | -0.25927] -1.726 '
.10 .} .20 | 0.8187 |--0.1813 | -1.813
.05 + .10 | 0.9048 | --0.0952 | -1.90
.02 | =Oh | 0.9608 | -0.0392 [ -1.96
~01 | .02 | 0.9802+| -0.0098 | -1.98
005 | .o | 0.9901 | -0.0099°| ‘1.98" 4
."!' * . w " ’
v L
1Y L Y :
293 ‘,i
t4 ‘
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x
£:x-8:

’

Lm,f}xqg&

.

A(0,8%, B(h,8%.

«

v

h o 53k . ¥

4 , 8h - % - h o

TR I e RS 23hn_ -
.20 .60 | 1.51572 0.51572 2.5786
.15 NG 1.'366oh 0.36604 2.4403
10e | .30 | 1.2311h4 *23114 | 2.311k
.05 15 | 1.10957 0.10957 2.191 -
0L | .03 | 1.02101 0.02101 2.100
006 | 02 | 1.01396 *| 0.01396 -] '2.09%
.0006| .002 | 1.0013865 | 0.0013865 | 2.07972
-.20 {-.60 [+0.64302 -.35698 . 1.7849
-15 (-4 0.7320k -.26796 1.3398
-.10 }-.30 Y 0.81225 ~.18775 1.8775
~.05 |-.15 | 0.90125 -.09875 1.975
-01 |-.03 | 0.970h2 - | -.00058 | 2.058
-.ooé.‘ -.02 | 0.98623 1|"-.001377 | 2.065
'2.0006]-.002 | 0.9986147 -.061385§ 2.07798

[4

’

From this table where h approaches zero from the right, and also
'from the left, ve see that -~

as

or as

. .123h -1
. h -0, 2.07798 <2< 2.01972
. 3h
2.078 < 2 = 142 5,080.
% . 7
] .
. & P
. 204
Y '
{ S

¢

. T,
CIaN b

_ #&2?{3’.‘
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3.

~/(—b5y«

’

- o,

(Seq graph.

N ’ Solutions Exerc
v :

(8) m=etz 0.36788

() m,= 00 1.6487

(¢) m= e°:7 < @.0138

3 ~
- ¢ /

(8) y=e

(&) y=eT(x- 1)+
(@) y=x+1
() y= el:s(x

x+ 1) + e

eo's(x - .5) +e2? -

/-

ises £-2
(a)/m;;

(¢) m=

L é-l(x +2)
eo's(x ; .5)
eo.’{.{.eo.‘?(x v 3)

]

(c) Point</(-3,h)

(@) The slope of L, _és
(e) Point (-r,s) on ™I

L

The slope of L. is

2

o

-m.

295 .
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-3 -2 1 0 1 2 3 b
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corresponds: to point (r,s)\ on Ll'
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This ‘exercise is starred- because-of the time needed to complete it.
The figure should be shown to the class -even if the ‘exercise is not
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(b) Each point has coordinates (-x, e ). .
. " {c) The slope of each line drawn in 7(2) is the negative of the slope
: } of the corresponding lime drawn in 6(b). 1~
. . B - wh
7' — 7.; (a) See Number 2 for the graph of f : x - e*. The graph of | '
a | gt x >e* may be obtained by reflecting the graph of f
b . in the y-axis.‘ =
* | ' M > 1
i () Slope of 5ran of f Slope of graph of & et
. at X = 0 X ‘ 21
+ o
o= at x = +k &z 2.72 - gz -0.37
N at x=-1  =|%0.37 n -ez -2.72 3
. ) o el
S 7+ (¢) At x=h the glope of the ggaph Of g : X 87 s
F < ;'“: et -. . * -
. © -h'
' -e " = -g(n).
. , ‘ -
‘ 3 , ) . - )
: . -~ - K ~ I i
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. "' Solutions Exercises 63
1( \4» ‘. . . “
. > 1 A= pet - 1000 ef103)(18) _ o0 (054 -
O5k 1.7160 -
A =, 1000(1. 7160) Y716 .
Mr. 'Ibffey will have approximately ‘$1,716 for Jack's education on , -
g . Jack? /éighteenth birthday. (Perhaps he'can apply for ar scholarship.)
' . * -
2. N 'A = Pert : ' g .
*iFor r = .03 we require that ' A = 2P.
/ "
b =»Peo.03t ) X
- B ’l *
PY eO.PC)3t. \*’
- .“69@ & .
/é = ‘\%{ » I: l ‘ M y .
TP S P B .
- «". ‘ N ’ ’ %
. - / .03t =..693 :, ' . P
. - . v ‘o A . : *
+ ‘" 3 RPN ) §
" tz 23,.} - x A ) .
/- it takes approximately 23 vyears. . '
3. Jack -Toffey will be 23 y,eé?'s old. ’
L. e could use a table of natural 1ogar1thms bu’t we shall use 2 0.693
; jas-we did. in Number 2. .- ‘
. . .
/ (a) r = 0.06% -
op = Peo.oét . \
- 4o eo 06t _ oo 0693 o ‘
t % 11.5 '
The time req'uired is dpproximately 12 yearss
N/ . . % "ﬂ‘:ﬁw\ - '
¥ L e - - -
SN = : Ny
- / v & v i -
< ) ! ! > 1 ’ s . e
%= o d
. . '
4 P ‘ \\
. 298. ‘
\) . N 3 3 1 9 .
/ERIC T
-




j. (_a) 'If the number T in‘@erest periods were n ' we would have for the

N . principal at’ the end of one yéar | , ) .
‘ . - . - ° . h 2
- e Sy . .

'

- o * where RO is the initial deposit. The principal at the “end of a .
o year on the bqsis Qf continuous compoundmg is . Sy
. s N “ %,
. . 1. - N . -
4 M . o " . p Oh85z an . -
. o , P = 11m P ‘= PO[ lig (1% ) (z = 76E8§) )
~ . P B ) AR ] .. . .
\ ? : e .0485 . ’
- . T ’ ¢ . l -
- ~ . =B Tim (1 4 —) L
° * » 2~ 0 . .
”, R . ;4' . . ‘- .
. Ve = p .048s5

, 0y "3
(1 + .0k85 +,( '02?5) + ('013“?5) +oaea).

N

4 To three “terms we have

~

Pr="Py(1. oh97), . oo
~ B g Y% . - .
equivalent to simple interest’ of L\.97%.

. . . . .

. ! s .
0 5 ) . b -
{(b) In x yeers, the pnin)cipal accumulated is Poe o 85x' We- réquire
! ].og 2 0.693 \ : ) :
P= 21?0, hence X = W :3@— T .3.. It takes .ap?rogirggtely )
A . . -
M‘%"'f’ ., 14 . years. A v_ ) ‘ -, .
[4 : - _‘ \ ~
+6. Since P =180 nd P - 760, 180 = 7606 0 R ang N
: -O L1bkn }%g % 0.237. From the Tables we see that 0.237 % e-l'hs; L0
N . 7 ] ‘ . . )
. hence ~0.11kknh = -1.45, and h = 12.7. Thus the height is about 12.7
—— kflémef};ers. P . ) ~ )
. N Wt ' -
% . ]
= Qoe-0:12n 50 that -;- = 670120 aince 0.5 = e-0.69)
’ ) ] . R -

24

-0.69 and n=z5 %

L}

The requited time is about 5%— ;- days.

/
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\‘ - ‘./V"_- ~ ‘ ‘o
. . ! :.‘ N ‘ ‘ ~ .
I(f‘)’ = lfoe-mt = %IO’ 50 ‘c:hat; ek :.% d i » ; . L

Hence,” 10 feet be‘low‘the surface the intensity ig gI

: . o’ .
[4s any 8lternative method, we note that . ’ 0
. .. . . . o }/ . .
2 _I(5) _I(5+5)' 1(10) " p)
37 I(0) T I(o+s8) I35y - .
It follows that ’ .
' e . \‘
' » -BNES oo 2 2\2 7 )
]) = = K = - 5) = (= .
I(,_’) $uIo. and 1(10) = § I(\:) (37141
> - €
I I(x) = %‘~Ib’ %: &%, Frod above, ek o % = e-o'ho,, so that
©k x 0:08, _Thus %—0.08165 0.5 = ¢ 070 and x = 8,75; hence .at depth ~
. of sbout 83 geet tnd intensity is : 1,
; . o . . .
o e - \ ? T
N L - / . J
t . . - . J : e v .
. A PR
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L} ~ A 1
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RS . . Solutions Exercises &= - .

Z . M

(a) 1og (1.96) = 1og (1.2 2 185; (1 8) = 2(&,3365) = 0.6730

(b) -1og (2.03) = 1os (2. 9)(0 7).z log (2. 9) +1og, (o 7) =(1, 06&1) 4- 3567)

=0.7080

N

(e) T1) ~Tog, (0.52) = log( ) ’ .

(1) log, (0. 52) =log, ( )

, =log, (5 2) -1og, (10) -(1 6187) -(2 3026) = ’-o '6;'3 .

(@) 1og (0w} = 1og 5— 5108, (5 2). -2 1og (10) -(1 6h87)-(u 6052)
1
: o ‘ = 22.9565 -
(e) 1og (_m:_) - M_(LP) = log, (%) +1og, (_.1_5),

39,000,000 e (Bo)(a0) L 39 10

LSee No. 1(e)(i) and No: J.(d) ] —'+o 6539 - 4.6052 = -3.9513

/

{ v

(a) log, 5 = — 1og 2= —(o 6931) %0.3466. ¥2 1. 41 *~
(b) 1log, 3/7—1 = g[loge(’?.l) +1'oge(1o)] = M 1. 4209.

¢

-

=log, (3 9) 108,(1.5) -(1?3610) -(2 01h9) -0- 653

. Y 3T s uL

. () 10g,(9.1)2/3

4a) log, (106)%/2 .2 1og 10 S .
: J R -
1og€[1og (100)1/ eJ log 2 - 1og e +1bg, [1og 10] LAY
VR " x.6931 - 14»1og (2 3026)
P C R L.6931=d+ 83!;0 >
®.5271 ! '
“ ;S
1og (100)1/63 % 1. 69u and (100)1/e % 5.uh )“* =
L . ( -~
or alternatelx:‘- T
10'5;8(1,630)1/e = 2(e™h) log, 10
= 2(.3679)(2.3026)
. = 1.600
e (100 = 5 : ,; .
. . ” .
[ 4 ‘
30 42
5 ~. [ - " \.”;‘;“ e

%:L_oge(9.1) % g(egﬂ P i.u\m ( @1)2/3 % 4.36 o

Y

-
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4

6-h

3.

1

.

Loée X = lgge c + %(x - ¢ ) - '
Ig‘a}lq?éfts of this problem=c¢ = 2, % = 0.5, and log, 2 = .6931,

(a) log(2.0I] = .6931 + (.5)(.01) ! X = 2.0
— . = 6931 + .005 . ’ x - ¢ = 0.01
e 6oy - | ) .

() 1log (1.96) %6931 + (.5)(-.0) x=1.96

T 77 = 6931 - .020 o ‘ x -c= -0k
: "& 6731 . - ’
"Te) J10g (2.03) ¥ .6931 T (.5)¢.03) . x = 2.03
= L6931 + .015 x=-c= .03
L% L7081 ,
- \. 0y
(4) log (1.94) = .6931 # (.5)(-.06) % : x = 1,94
- . % 16931 - .030 , : x < ¢ = -.06
® o=z L6631 . .
) o 3
(a) Use result of Number 3(a} to find (2.01) .
log (2.oi)5/§ = % 1eé(2.d1) = %(.6981) & 1.1635 ‘:._~(2.015?/3 x 3.20
(b) Use result of Number é(b)-tg\find 641.93 4
Log6J1.98 =% log(1.96) = %(.6731) 1122 6/1.96 % 1,12

For some x close to c, we have by (5)°

’

(€) - Use result of Number 3(c) to find (2.03)‘§ }

-

mgawV{:(ﬁn&@AB)bLs(ﬁwn:(Jewa.

. . e \(1.1) v
(d) Use result: of Number 3(d) to find £1.9%4) ] _
'1os<A/ss?l+’)(lﬁl) = (1.1)1og(1.9%) & (1.1)(.6631) % 7294~
\ ' S (ot 2.7
‘ oy - N
AN - t -
3 ’ \. * s leds
s ’ By
Y \
. e 1 .
¥,
-302
- 23 -

(2.03)°% % 1.53

N
~
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N :

© 5. (a) (.‘i) When y—O log 3x=2) ‘and 3x N

. et . q
. . Therefore the x- in‘hercept is at the pomt (30
) {11) mge.e_x_ =0, and 2x = 1. .. x-mtercept: (E ,0) .
S (111) :Loge x =0, and x = 1. Co x-interéept.,: (1,0)
(iv) log, % =0, and x = 2. . x-intercept: (2,0)
5 o P ° . B &
.o t (v) gége % =08, and x_'= 3. S. x-intercept: £3,0) .
. ‘ - X _ . - ! . . ’ .
. (vi)‘ 1%6 p =0 and x-= b, .»  x-intercept: (4,9) S
i i 1 ‘
(b) (1) 1If log kx =0, then kx =1, ‘and x = g
A 'Since(k >1, then 'x+is in'the interval O < x-< 1.
o AN 2 e Dy
(11) lim %= lm L-0., " . o= \
. kDo k = c @ .
7 -, . B L -
o (¢) (1) It log %— 0, then %: 1, and, x =k. . ,
&ince k>1 “then x > 1. . . s
,»‘g , (11) lifn x = lim k ='«. T . . ) i -
- k = » k 9o ¢ N
3 d . i K ‘
.. 6. (a) Find the differegce {positive) between each logarithm. ’o
. (i) log_2x +log, x = log e log .2 = log (X J: l) - .
-~ e 3 (3 e X /9’2 e 17, .
- - X _ 3. L
. (i1) log, 3x - log, 2x-= log, 5. = log, 5 = log, (1 + 2) . .
i ' - bx h ~1
— 4 , (111) log, ¥x - log, 3% = log e T " l.oge).3 = log, 1+ -3-) ‘
P 4 *
< (iv) log, (k+1)x-logkx lgk;1=loge(1+%),
" /(b). lim {loge(k +L)x = log (k)] =7 1im log, (1 + —) ->10g 1=0 .
K - ® k Yo . co
7. (a) (Similar to No. 6.) Find tﬁe difference (positlve) between each
f ' . logarithm. , , ! R
' ] . ‘ . X 1 ! .. . . .
. ‘ (i% x - log, 3 = log 2
. X X _ 5 3
‘ (11) log, 5 - log, 3= log, 3 - - . .
* X, X ¢ i
. _(111) log, 3 - log, § = lo'ge 3 . .
X X k +1 .
(iv) log, % log, % 1 log, =% . :
' @ ' . : f\ e
' (b)) 1im [log, ( - log_ (+57)] = lim log (*4-3) -
. ¢ koe "psk oo, <7 ’ ' '
' h 4 - 3
., . = 1lim log(1+-)->log 1=0
A . k9w
2 « 303 .
Q e : O , '
ERIC . o 44
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\ N - :
(a) -(1) If £ :x - log, 2x, then f : x™
. . L
) It follows that f' : x -1
o X
(1)  Since log, g log x - log, 2, , f*
2 - =, €
(1i1) Since 1og 3x = log, 3+ log, x, '@ x -—)i—
) . -t ._' . ) }_ -
(iv) Smce‘ log 3 1oge X loge‘B, f. Px o - e
4v) . Since log, kx = log k + log, x, £t ox -—».%(- k(constant) > 0 -
{vi) Since . 105;e % = lege X - loge k, f' :x -—)3‘-; k(constant) >0 -
(o) ft(e) :% for each of the curves in part €a) aboves. . PR
' |
(c¢) (i) i(e) = loge 2e .. The coordinates are (e,lqge2e) or
. / ' i
/ 1 3 . (e, 1+ log 2)
(i1) //f‘(e) = log, -Z— . .. The coordinates are (e,log, g tor —_
. i (e ,1 - log 2)
. . e, e
111) f£(e) = log " 3e The coordinates.ave '(ge,loge3e') or T
. ] . .0 (e ,1 + iogé3) .
(iy)z £(e) = 1086'% C Thé cvo‘ordinates‘ areié(e,loge %) or
(T (e ;1 - 10g,3)
(v) + fle) = ‘10"ge ke ' .. The ¥dbrdinates are (e,logeke) or
, . .
(e51 + logk) ~° -
(vi) (e) = log ” The cbordinates are (e,loge %)‘ or
L - ( g k)
- ~_ _ e,l - 1ogek . .
(1) y =1+ log 2+—(x-e)=i—x.‘+lpge2 B
1) -y o= : L. T .
(i1) - y =1 - log, 2 + —(x () =2 x - log, 2 . -
(ii1) y=’r]’.'+'logé3+gx-e)=§x+rloge3
: e 4 ’ 1 I - ! )
(iv) yrl-loge3+e(x-e)~ex log, 3%
T (v) 'y/—f’i-log k+l(x-e)=]¢x+logk' : -
FE . . e e
(vi) 'y =1 - log k+-—(x-e)=g;-x-logek ’ -
1 . - .;f
St ’ . ., B
LT 304 .




D : ) : 6-4
. ’ . . - - . N
(e) (1) “The tangents {(listed in Solution to No. 8(d) above) cross the -
) . y-axis At tlie following points, respectively. ' w .
‘ o . ' * . ¢
C - (1) 1ogq 2 ) ]
&/ (i) -1og, 42 og, o Lo v
C - 1 : . - S
1088 § T [
a R . . . o . /:- .
T - (111) log, 37 - | ‘
. . ( o . - LN
] (iv) log, "3 or ‘) )
. Lop "L . .
‘ 8e 3t
.- - .
. (v) log, k-
(vi) ~-log_ k or . .
é . e
. 1 - f} ) .
log, i - .
) .- " (ii) See part (d),”(v) and_(vi)s log, k and :loge k are :
‘ <7 symmetric with respect to the gqrigin. '
Kl g » . . .
® @

L}
Al .
(S ~ '
v [
'
L d
. ’
. !
- ’ !
4
-
<
-4
. -
¢ - 5 y=’2‘}(—& s )
‘ . -
. .
ot LY X
- ¥ 6 y=1log, 3 L 7

i Q ‘ .
. G"E MC'~* . i"" ) ) ) » . ' ' ) N

.
. SR, - . - !
. :
. . ., P . - PRI ..
L ot .o ~




. ; ' . - 2
9. (a) (1) " .D(10g x°) =D(2 log, x) ="% . ,
; ) 3y . 3 . .
. \ (ii). D(l@gexf) = D(3 l\oge X) = 2
R " , . s “’"1 i - _ -l— _‘ l rd
w , i (1i) D lo?g X = D(2.loge x) = = o ‘ L
PN . ¢ ~- 3 —' -]; _ _l_ * ! °
' (iv) D lo.ge »/3? = D(3 Hloge x) = o .
(1) D(log xP) = D(n log x) =‘£~ -
(11) D(log nv/_) = D(r log, x) = L : ' ' o ,
. " \Q
. - (11i1) D(logé(cx + d)n) = D[n loge(cx +d)] = cxni 3
) ) 1 -_,,‘ - 1 N
.(iv)' D log, ¥ = D(g log, X % -
4 - . : € 3 < . ®
10. (a) £(x) = log (5x:+ 1)° = 3 1og (5x + 1)
S _ 35 __15 o ,
: ) f'(x)_5x+].'"5x+l ) . s .

(v) fSX) = loge‘(hxz' C¥R) = loge(kxs/z) = loge““ + glOée x

T o ft(x) g- 2 -% . o : ,‘ K !

~(e), f(x) log x(]t - 2x) log, x + loge(l - 2x)

g . 1 2 1 - bx ' '
. ' - = - 2 . .
’ o f (x) = x 1-2x x(1-2x)- s .
' o . W
. A0, (@) £(x) = log, x2(3x - 1) = 2 log_ x + log (3x - 1) )
. 2 3 _~9x-2 .
1 = - L = - °
L (%) xf'3x-1 x(3x = 1) g .
* (e) f(x) log [log e’ = log, x . o .
1 z — . L4 4 X .
. f (X)’ - X, o . P ‘.
x ' LA
= in %y , .
(£) £(x) 1f>ge(s n3) L . .
1{x) = s c ° .
L f (x) = 0 since 1oge(f;1n 2) is a.c.onstalixt. ' .
. (g) £(x) = log, ; i }oge(Zx -1) - ].oge(2x +1) - .
. . ) fl(x) 2 . 2. 2(x+a -2x+1) __ b '
. y 1, 2x+'l" (2x -l)(2x+1) _hxej—l . e g

a

(n) £(x) = log, J * —[1qg (l * x) - log (1 5:)]

l
+

-1 1 - )
} = 2 - N B

, S f’(ex) = 2 I

x'—l-
o ..
: > - -
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t .
11, The equation of the tangent 1iné|is of the Forti- y‘ mx + b¢ Since the

line is tangent to the graph of f : X 1og x, its slope is

m = £1(x) = + for some value of x > O. Smce the line is reguired to
&pass though the origin we have b = 0. At the point of tangency we must
have y = -}]-;- *x+0=1, for x>0. If y =1 at the point of tan-

‘

-

gency then 1og x = 1; that is, x = el. Thus, m = fr(e) = P and
(we already Sald) b = O.

L} [4
. : S . 1
’é"erefore the equation of the ) . . y.= &%
only tangent to the graph of "
, ¥ =1og, x that passes 1 4= -———— | !
through the origin is ' ? I:
1
h y = l X e =
Y ¢ . .. T
. - y = £(x9) = 1oge- % ”
In Exanipl_e 6-ha we concluded that\the equation of the tangent was
- y =1+ l(x - e).
We can simpllfy thls to agree with the result of thls proaem'
. 3 .
y =1+ g X - 1. I
. - Lx
: . y =g ¥ )
’ -, !
/ )
v ) \. :,
« o ~
i
h ¢
h -
’, ~ ., ~
) N i ~L
14 ) LAY
? - ¢ ) Te
* ¢ 8
307 :
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N Solutions Exercises 6«5
3 '2 3
(a) ex=1+x+g—,.-+)3(—!- C '
2 3 .
(v) -exz-l-x-%?-‘a—!- )
* 2 L
(c)l-exz.x."___ﬁ_x
\ 2t V3T T LT
2 x}+ x6 /
(d) cos X-~l -2—!-+H-rgi- . ,
2 o6
(e) -cos x ='-1 + xéT - x! + x!
2 L 6

() l-cosxz_;(—!--m-+6?

f+rx=-2y=a +ax.+ax2+ax3+auxl*

ot % 2 3
(a) y=a9+alx |

(v) yéao+ax+ax2'

1 2 . .

i 2 3 -
(c) YR8 ¥ 8 X +ax +ax )
g: x-y =sinx : .
(&) y=x .
(b) y= x ; S
3
(¢) yax-3¢
F: x-y =cos x
(a) y=1 ' ‘
£
) y=l-3 - '
2 %

G:.x—gy:e i
(a) &= 1+x -
(b) ex,z 14+ x At2— )
2 3
x . X, X
(¢) e =1+x +\2! + 5 ‘
w
h
308

fr:
b

fr
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<7 - —
. 6. No. The function f : x - 1038\5 is not defined at x = O
( 2 . 3 o
7. POl 2y 4o0.00 (0.91) N (0.91) . .
2t 3 .
S 1.01 + 90005' + 0.000000167 , .
% 1.010050 - ) '
Y . -(O.OIL)n . . * s
, We needed to use only 3 terms, since Tt contains zero in the first
six places foz: n’z 3. . . -
-8, Ll a0 ‘ .
* Vs -
N %2 o (212 = q.00f . T
. * . eo-lﬁz_= (eO.l)h ~ 1’h908
3 *
. 087 (eo'l)8 % 2.2225 . . i :
) e = (,eo.e)(eo.B) % (1.2210)(2.2225) % 2.71h - : T
}
(2 3 n N
X X X . .
9. {a) pn(x)=1+x'+2—!-+3—!+...n—l:f. .
v * + <
2 - n-1 .
= 10 4 2X 43X nx
p;](x) = Ix~ + TYET et
': Since L3 =" 1 then ) '
A, k! (k - 1)!
-2 n-1
A - % X i '
t - —_— * .
:p(x)—1+);+2!+..+zn—_i-)—!. .
Y xn"n
i .=
pr(x) + 3 =g (%) S )
k- ¥ s
x® ‘ o
. ~ X . .
S 7 e ‘ >

’ n . n - ) )
(b) From (a) pr'](x)' = pn(x) - ch—, . Since i—, >0 if x >0 we have

.

] P;](X) < pn(x) for x > 0.

(c) p"f(x) < p‘n(x) for- x >0 -and f;(x) =f(x) for f :x —)ex;

- _»,(0) = £(0). ‘ . -

-

The intuitive geometric point is stressed in this problem. Observe

that bothagfun_ctions have, the same value at x = 0. But

* pt(x) < p(gc) % f(x) = f'.(x) thus p?(x) < £*(x). This means that f
R ' is rising more rapidly than p and p(x) < f£(x) for x > 0., (Use

. " 6-h-(h) with > si;ns if you wish ai'nlrore exacting approach.j . -
B o - - ' ) . . 309 30 . . :
ERIC . . .+ . . - | ( ~ ~
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, R e 3 ‘ .
10. (a) g(x) - py(x} = c - 1)

. \ 3
Since ¢ > 1 and 3, >0 if x >0 this gives
-~ . .
glx) - p3(x) >0'for x >0. o . .
] ""l 1 . 5 *
(b) e(x) =1+ 2—;,'—.+ 3;’,‘ =1+ —2"— so that ’
* ‘ N ‘ cx‘ l ¥ ex
) (x) - g(x) (1+Xi_f2-.—'(l+x’f§',_+—3-!—)
K ~ xe o )
‘ T R 1 e
’ v xe\ “ cx
\ : J ‘=§T((C'1) -'? . .

« Wwhich wilul‘be positive if x >0 and_ (¢'-1) - LN . that is

R ~- ; 3
c -1 . '

} \ - %< 33 ). -
N c
—py o .~ . _ .
. (¢) WYy 1If 0<2< 3(c—cl’l then
o o ' 2c <3¢ - 3

T s . nd . 3 <ec. .

The smallest integer value is c¢ = &,
- al .2 :
. (1i) f£(2) = ¢ = 73891 from tables. When ¢ =L
2 3 ¢
J 2 .2 4. 2”7
b . ‘ g(2) =1+ T+ 5r+ = \
. = 1 + 2404 16
. 3
= - ~ ‘ ) = 10.-3- - i
. . Thus “g(2) > £(2)a - - i - -
jf'*_ —e = {d) We will appeal‘-to an intuitive argument. Since £(0) = g(0), _the
( . two functions have the same initial values when x 1is close enough
to zero, or as x = 0%, g(x) = £(x). We find that £1(x) 1is equal
3 to f(x); the slope and the functi‘on.bave' the samevnumerical values
, for a given X, But [g Qc) > g(x) when x > 0; -from part (b).

'I‘hus' gt(x) >g(x) f(x) = £'(x) and g'(?f) > £1(x) near x = O.

N Graphically, g{x) and f(x) start out the same_near zero. Very
P ' quickly g(x) has a steeper slope than £(x) - which leads us to -
. the conclusion that g(x) > f(x) for 0 <x. <,3(cc_-l) .
i ; ¢ h
EOR 3 ‘ . j
. . o B

. ' T~ 1
. Q x 3 %1
- Y - - . -
,Emc . U |
‘« rllmrm«u ERiC - i - e I N

TN ’ . I3

g




yad

AW s g sy

, '{ - Y 6"5
. -~ . - 1 g - ! .
- S T X g >0 was ) roved in Number 9. Calcula-
1. The fact thgt p(x) < e for X p
/. tion gives - - v oo
) . — I A
- - ‘ L2 n-1 - v
’ . 0y _ o4 .0, 23X cn X -
P VR RS- i SRR .
‘ e o x2 cxn-l ' . N )
. S14x 4 ET o ey .o AN
e \
A so that . :
e l il cx -
RSP - - - - X
' g0 weld = (e -V - % T
: T L < ey -
. =in-1i!(c-1-_ﬁ-)'
g T ; ‘ c -1
. which will be pesitive for 0 < x < n( S ). Arguing as in Number 10(d)
N Ve have X < gn(x) in the stated *interval. ,
1 . M " - M
Vi * X g * n(c - 1 ‘
) ‘.Thus pn(x) <e < gn(x) if <) < x'< —_zc . L\
- . ]
: x2 s x c -1
12. .,pn(x)=1+x-+-2-—!-+...+ﬁ’<e <gn(x), O<x<n$ ) where
o, . . . .
L X . ex® . -
o T g(x) =1+ x+5p+ ...+ =5 . Subtract p (x) to obtain
. n 2t nt n
‘. : n
X : . _ (e -1)x
[0 - p (x) <@g (x) - p(x) = == L
Using (5) we ‘Have ‘
e®lx n+l ' . “’
. IR | < 7y 1 ~l#l < 2. = =
Replacing e2 by g and |x| "by 2 we have- Lot
/. v . Lot
. + o
Ir_| < x 2" L /\ ‘
n n+ 1)! 4 .
AR o , ‘ ’
) To 6bta}n two decimal place accuracy Wwe.need to know that o
- BEIES -t ‘ oo - ' ’ LA i
. - N . . g
' b
- IR | < .005 o
,'l J . ‘ . >y
- so iteis”enough; to choose the first # for which L
. 0+l {
9 x2 . '
s < .005 4
: in_+ b ‘5!.‘ ’
: that_is ’
. n#l - 7 <
PRI 2 .
- 7 s - = . o . v -
S CERVIR 00055. .. < .00064
‘ so it is enough’to choose- n so that - : Cot
. L 311 ’ '
\‘1 ‘,I’
2 ol
q »
ERIC :
L, @ ) v




S PRS- B S
CEIOE 160,000

\ «

) " 1: 5

0
. _ ) 27"5 . ol
. no=T: BT~ 5060

255 8 a
9! " 50M0x8x9 " 45,360 ,.

. : 20  1xz2 2 g -
J 107 ~ 15,360 x 10 = 153,600 ° . -,

P L 6-5 - : ]
6. 2 2 1 ‘ .

«

so n=9 will work! ) ' .

14. We have ~
0.5,1yn+1"
22"

lynbl ]
2(5)
|Rnl STmFDT < meL ir |x| <0.5.

»
-,

e - It is enough to choose n so that = < . . ;
, b

- > -1
< +00005 = 755°566 = 30,000

. T 1 ' )
. : h‘192x5.x2§{920 -
» 51 2 Y .\ ’, i . .
1 1 1 ._¥ . ‘
g1 20 1920 X 6 x 2 = 23,0k0 " 205000

. . ! i

S

n
\n,
i .. t

so we choose n=5. \ - 7 - .
* *
15. - We have .

0.001; 1 \n+l .
e (===

1000
IR, < o+ 1) it |x| <0.001

with*n =1 and using e0.00ll < 2 we have

i . i

Y

) ,
2><_]2.'00_0__ = 10'6 <5 x'10'6 B
. ) - \ .

et l ' 'IRn‘ _<.

FRIC *- o« '. L
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- [ S
,/4 ¢ ‘“ \) 6-5 . -
: $80-corréct t9g 5 decimal places
0-001" _ ) 4 0.000 = 1.00100 '
<0.001 _ 3 . 0.000 = .99900 .
. u . * o . x
i 2 3 5
: 1'+x+32c—,+%-+x'+§-'-+r(5
| c M6 N '
|
. Pt IRy < L x| <M. - RN
| > ) .
l )
b . 5 .-
- ll .ecx-ﬁf],+cx+£-;—’;z—+...+£%¥l-+a5
| » ]
'l where ) - : /
'  Mex 6-
! IRyl < Sl e o] <m.
\
«‘Jk . ! < '
.l 2 y 6 8
(b).ele+x2+22‘_+.§_!+x,+R
‘ : )
where : . ’ é@ -
‘ eMx ‘ ; ’
» IR| < 51— if |x|] <M *
/o - \ o ‘
L 7. (a)re =1+ ke R, ~where |R1| < J%— ir x| <1 .
) / e 2 \ ‘ Jil‘ -
- ;- e’ =1-x +Ry, |R1|_<_ S - i 1] <1
. T2
/ 1 o8 1_e‘x =‘;¢2-Rl . S
o . . 3 . . LN
. , & sin x = x + R, wh?re Ir,| < -%!— ‘
. co =2 3. 2 - .
o C v so ﬁl;-ex)sinx__:x - XR) + xR, - RiR, /
: b 3 3 ,
S ¥ } ‘ X X

which apprbaches 1l since

. 5 £ ,
-xR1+x2R2-R1R2| l’%—+h‘4.5_+.|£|1‘. .

x ,|




O

- ERIC

/
1

4 Since

v

.
Cos X =

=1+X+R1,

! [

so that

»

2 'x.
coS X = € cos X - e

£ |x|'»0 as

() T 3 //:\

_wé have

- sin x

.

‘Yod may wish the students to use error estimates to prove this

(a) and b7) R
Xl)

Zas in
=e(l -e

e’ ® 1L +x so

sO*

/féu may wish-the students to use error estimates as in Number 11(a)," (b).
\

-1,

the correct

X ha e (x-1)

N e

result is

and hence

e(x - 1) _

x -1

1lim a1

x -1

)
-

x - 0.

0.

we

-e,

x VL ..,

)
e - €

= -2,

.
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~4 C : b 6e6
. . Solutions Exekcises 6-6 N /4 '
. . ) ‘ g . > e ' .
1. (e)s £ : x —)2x3/2
i £1: x - 332 i .
3 () £:x-8 -6.x1/2
- o ' J
) fl X = _3§-3/2 3 - - 7
: N - 1
L. oo ‘
< (o) £ :x—>5:x2/5 X . : A EE »*%ﬂ»
, .« . 3/5 £ ' - u' . P T, 1!81.::\‘ T
¢ . f1: x> x-‘- = N 1 ,
- e - . JER %
> AN ( /l A N
Q) £ x-St \O \
T . J ‘
‘ o .
1 1 1 1 .
“\. f!: X - — ¢ . = . .-
A 0" /10 " 3716 T [ TIA0 o716 ‘
\ . (e) ¥iox o Px . ' P
. X . P
\ ; £ % >.2 - %(2 y-v2 1 g
. ‘ -/'2_; -
: () £ :x- L =2 -2/3 ~
‘0 %éxg ‘
i fi: x—)'ﬁgxé/3 ,-—h ‘ [
’ 3
3x 3/:? .
% ° h8 .
! (g) £ :x —’% v SL = 2_1(2x)_l/2
x - H
L

fi: x -2

fre x> 1 ‘
b|x|v/2x R :
(n) £ x—>2o(3?")'7 - )

S . £l X lh(%)(s?x)(- 3) o

‘ . Ed

' e ern s b2 (03) .

f1 x—)?(Sx . "
3
’ (1) ¢ x—>2—/-£=f2. -1/6 .

/2x o

' /7

. N . £1 x—’%—ég-T/s— -1 (3
. ! 392 |x| Vx :
‘ S b o1 _§F 1 g

’ L (,j) f,’.x—’g ;-gx .

l& :2 —1} ' / k3
£1: x> - 2% = =
) 3 . 3x2 r ‘/ f‘ ‘
. SEREE )
35 .

e



2.

.1:{.-‘ .

£l

1]

£ i3 defined, respectively, for the'follow‘ing values of x:

(1) 7

£(2) =

1

1011710 29710

—ft(?) = _ (3)( )

4

3

(@ x20 (£) x4 o .
(b) x>0 ' (g) x>0
(¢} - M1 x (h) ’EZO g
(@) x>0 (1)- x >0 )
(e) x>0 (3) x ;4 0 "
£ "is defined, respectively, for the following values of x:
(a) x20 o (£) x£0 s e
(v) x>0, () x>0 7,
(¢) x #£.0 (h) x >0
(@) x>0 (1) x>0 .
(e) x>0 ' (3) x#o0
(a) se*(x) =k3xih () £'(x) = —=—
- 2%
£} =3 f £11) = L
£1(2) = 32 1’5
f’(2) = ~2- J]
. § , » N
(b) £'(x) = —3a (£) £(x) =
S e
£1(2) = —2 o) - 4 o
2‘/5 - ! B 3 2%5 65./5
() £1(x) = = (&) £(x) = —X
| .3 - b|x|/2x
— 1) =1 £1(1) = ==
., 1 ! W2 .
B @-F
(@) £r(x) = W (n) , f}( ) __’*’_t?_*(ﬁ (.3) \
1 (1) = h2) ﬂ) 3) L lu(i)( 7




3 .
(1) = - A " py-
' 3/2 o
£1(2) = ) SN £1(2) =
: . 6/ o 63 -
5. (a), (c), {d), (e),é(h)

6a (sa)

-

¢

7. (a) D¢x+1-n(x+11/2=§x+1)'1./2=1_

' ., 2+

) ¥ =T - D(x - /3 - - w2/3 .

(x + 2)
(@) Dﬁ Mﬁ ’172 (- b3 &
‘ X

() vE /g Zoolx+ D2 o L v

o3 ¥x - w?
- (c) D*—1——3 = D(x + 2)73 =’-3(:':.+ 2)'h = —;LF

(x +2)

1

'

e B
5 —_—

o ) 2
1 ! .
/ - = é
: 2x + 3 /2x + 3 .
T R ,
» H
L D/)(?i”/(x-’{ﬂ%n)”’(x”) M2 - Dix v )3
l');‘ ‘ -1 " . /” - =] . >
- - . 2V(x + 1)3 ”,
e /
* . (g D—y—=p—2 =2 p(x g -1/2 ¢
. Yex + @ i /x + % ¥y ‘ ) ‘
wdaie s 4w s N .
=';—'(‘ Lix+ 7372 b :
‘ . . ¢ 2/ /(2+%)3 y |
! e " -b = b _ -be
o = =
, o/e (ex + )3 - °3 (ex + a)3  2/(ex + )3
v 3 c ] .
! C
|
L . S
1 7
Y : .
/ 0 J




| . - ~ ' A
. 6d ‘ i A
PR A . ‘ .
. .8. The respective functionsfaye defined... ) > e’ -
* v <+
) (a) for all x > 1 . .
(b) for all x
(¢) for all x # -2 . . . . f
(@) for all x >0 - . ) LW
‘ () for all x> - %
. /
. (f) for all x >1 - v
v d ~.f
(g) for all x > - )
9. The respective derivat{ves are defined... . .
(a) for all x > -1 .
N (b) for all x %4 .
(¢) for a1l x # -2
(@) for all x >0 - . - ‘ .
*(e) férall x> - % ) , / T
In ’ . . . .
: (f) . for all x & -1 - -
(g) forall x>-< -, .
. 7 c . .
M /‘\\
L . \
-, 100 £ 2 x=2(1 - x)l/e‘ . ,
M ) - : ' . < -
(a) f' : x = L .
. N Y1~ x ’ ¢ :
. 1 v
. = - = .
, f*.,°( 8). =3 . ) o ‘§
l ~
. £1(-3) = - 5. : T s
¥ .Neither f nor f' is defined at x = 2, <
(t;) .f isrthe pos}tive.bx‘a.nch'of’ a, parabola which would have’ the
- equétion: y2 =1-x%., .. f {is defined for x <1l. .
Lo (¢) f' 1is defined for x#< 1. . .
*(d) Since, f? is always negative, the function is decreasing for = < 1.
‘ Since f?* 1is never positive, the function is never increasing. '
. (e) £'(0) = -1. If x =0, £(0) = 2. Therefore the equation of the
: b tangent to the curve at’ x =0 1is y = -x + 2, a R
i ) ) < * ‘ h e
O 39 318 N \ : ’
NS K ’ . » 3 K (e ]




/f:‘f
%,‘ .
8
2
N
7]
o
'
. o 3 -‘
a + + + + o < + + X
. -3 -2 -1 " | 1,0 V,O) -
11, Given f : x = 3v/x_2 ,
(a) £7: x —»—— ’ : ;
. 3,/'*
(v) ‘When f' <0, x<0, and f 1is decreasing. s
- . )
-¥ When f' >0, x >0, and f 1is increasing. s e
. The endpoint of the interval, x = O, can be considerezf\as part
v of either or neither interval, as you see fit.
. N 2
(c) £(1) =25 (1) =3 .o
. Equation of - tangent at (1 1) y = g(x -1) +1 or y= % + %x
. .
’ 2 8
| I T .e. . = - = = - =
. (a) ]E,et‘f = }, i.e 5\ 1. % 35 % 5
i © 8, b
£(- 5;{- =3 Therefore the coordinates of the point on the curve
L " Where, the slope is -1 are 27 9), the equatidn.of thes )
= ) - 8 4 ek ‘ .
. tangent line is y ™= -(x + 27) tg OT-Y =gz X % ‘
(e) Yes, it is a vertical line with the slope undefined. The equation
is x = 0,
% ﬁgg‘
<*
. . &
¢ »
. ) —

ERIC : W0 ~
‘ .' . - C, :

S N B PN -

>



> 3 i -
A ' . o . * v
6-6 ¥ - -
- 'i.. - , L]
%f) .
. 0 ¥
J L)
L] -
, . y =3h°
: 21
. T s . . )
s ‘ 1
. e o5,
o\ P , ‘ ﬁ“( . . ) o
[ ‘!12: Given:'f:.:x—bx--’-];- ] . IR W
3 : ' S 2 ':g
‘ + Ly
. ) ’ (a) f‘l :’ X -3 1 + _1?'? 5‘2—1 - 5 ’L»
T v T b3 &
. . ' d b4 N .
. i £* >0 .. 'The curve is increasing for all values for which it is
; s . defined; i.e., |x| >0. It is never decreasing since
S 4 . £% 1is never negative. :
: ~ .~ hd ’ . &
: . (b) As |x| increases, the ¢urve approaches y =
- . . 2 nl’ R :
. ()X 2L_5 afzy; x=2% g :
N o w N 2 N - 2 ?
k&.;\ s : v X . Y
. N . - . .
e i.e., at (-]2= " g-) and (- -]2; ,%), the slope is 5. Therefore
o0t " the equations of the tangents are .
v - ., . 4 . . '
e * = = g - .]; .. -3- Y ) = -]:- i
- . y = 5(x - 2) 5 and:_¥-5(x +_2) + 5
. ¢ K
- ‘. »
' *a [ —
‘ - - ' . ;
s ' i fi: “ ¢ b
L 7 - '4 1 . o, <
. * . ~
. ; 320 d
Y 4 ! :5 s ' L .
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x

* 1ot

. 2
13. p:\x—>1+m+§-!—.+

+

4

Here we anticipate the next section.
téach for this problem.

4
2 ‘_,:9
¢a) - p* : x->1+x,+)2'£,—+ cel ko=
. : 9.‘
- 2 8

X X
: X1 +x+ 3T * ooty

2 T
1314 X X
pitt:  x 91 +x +’§T + .0 + 57

Tt

y

&,
$ 3
{8




- 7 ] ;’.: -
oY
. R
; (v) p(0) %1
! ' 5
" p0) =
9 s S0} = 1.
; ) 1 0) =1°
i L2 .
(c), Thé student should guess that f' = f. .
-~ . ‘ -‘) ) " A - ) - , ‘2' \
. - ’ ’-S‘-n Vi
. . , ] ”
- oLt - Solutions Exercises 6-7 ’
1. We' have ‘
n+l .
1 - .
'’ |R'<n+;-n+1. . ' '
"1 5 1 : . )
& —_— =
. so T S %99 = 1566 = 500
. . i - -
" gives n + 1 >200, that is n > 199. Secondly
' - . . .
- - 1 ~10
. neL =2 X0 -
G - A ’
gives n+1>-;-x1010=2x109
- ' v o, . e
* so that n>2x10° - 1 =1,99,999,95%
(a rather large number).
. 2. W}‘th x = 0.2 we'have (from 9) )\ e
\ IR l xn+l 1
n' =n+ 1 n+l » *
5 “(n+ 1) ’
; 4 P so that f‘pr . . ' ) '
‘Zf ‘ v ! »
1 1 1
n-= 2 = === < = 0.005
: 200
53 % 3 375
] A &
Hence <[ , i ; *
log 1.2 =1 (1+0:2) = p,(0.2) S ‘
. og, 1. -.oge 2) = p,(0. !
- ¢ - ,
T - 2
. 4 = (O 2) - M .
é . s * ; .
' : =0.2 -0.02 "% -
. = 0.18 ) .
. ' which is correct to two places.
< . . ’ .o
L o - 43 s

[ i
PR A v ext Provided by ERIC :
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Rt

help in computation. . . .
‘ . ;go )2 0.81 ”
n_ = l, 'n + l = 2, (o.i?(z) = :2 :',4.05 > 0.05 5, ’.
i L 7 0.9)"  (0.81%  .es61
e . o m=3 n+ls b EEEyYcETL =4 L6 /-
: " T (090° (eseLf . e '~
B n= T, n+l= 8  rpxifeys 0Bl o 05, o
2 (0.9 (.4365)% L1901 . :

-

3. 1oée(o.1) s loge(l - 0.9) with x = -0.9.

This time we use (8) since -1 <x<O. . -

SRR E P | L
) .. nl =(1+x)(1+n +05- '

»

It might be helpful to allow each n + 1 to be a power of 2. This will

15, n+ 1 =16,

.

a3
i

.08~ 1.6~ 1.6 ~ 19
(0.9)3% _ (.19001)% _ .o1b16 _

‘ n= 31, n + 2. = 32, (0332 ~ 3.2 ~ 3.2 = 004

- Then certainly n = 31 is large enough. For a more precis€ n we

could uée logarithms in our computations.

1 .

. R.. = 0.0447 < 0.05 < 0088 = R,

21 o’

Thus n = 21 is®the smalllest n which is large enough:-

'

b (a) 1log, 3 =1log (1 +2) .
2 3 b .5 -
. o _2 .2 2 2
#p5(d) =2 -F 5 -F 3 . ..
L,8 16,32
A A T --
= 3% & 5.067 ’ ..
- o v .
. 6 -
L®) IR <G =10 / . .

/.
+ (c) ‘Tables give log_ 3% 1.0986

/
/ . A

T e

~
13




.. 30k 26 - )
(d) n\~--/6:/-].oge 3% - 2 -5,600 g

. 7 ,
-5.600 + 27 % 12.686

4

n=T: l.oge 3

. 28
12.686 - = -19.314,

g . S n=8; loge 3= ¢ .
: 9 )
. n=9: log 3% -19.3l4 + == 37.575 .
. . € ’ 9 #
(e¢) The’difference log, ¥3 - pn(g) oqcillates:in sign and its absolute
_ value approaches +» a{s_:v_h‘,-» ©. . T ‘ '
' A . log (1 + x) :
5. (a) 1oge (1L + x) = x if ‘x}k\is small,s0 ————— % 1 and hence
. limit is 1. A mc;re formal proof, using error estimates is as
. follows: -
) 7 r'd '
:#\» . < ) - 2
‘:):(f\. * ) X
% ' log (L +x)=x+ R where I8, | 5-—1-—1—1 5 it x| <1,
I} L ’ '
&k
so that . ’

, .
N L
% . , v

loge(l +x) R

'/\%6 —_—x =1 4+ —)-(— —_—] . 2
- ’ x =0
: Rl |x| |
since = 5‘1 e —0.
. T x =0 .
(v) _sin x ¥ x
. ) N x2 [ a , ?
) ‘ 1-codx if  |x| is small :
- =3 . e : v
? log (1#x) % x .
* . . . * /
so - R . e :
- . ) Pl ’ Fo- v . ?\‘ . ‘ <
3 (sin x)log (1 + x) <2 ) X
. . . lim T Z : ) = lim 5= = 2 ,,fv“} v ) e
s . x -0 cos X x>0 X 'J:,,/ﬁ, Ll '5‘ v
) 5 %’0

. ‘\ .
You may wish the students to use error estimates a/s/itn (a).

X
[} L]
, ’ " : ? s
. .
. A :v \,'
' . , S
- - ; i
N C e 32k ' %
. . 40 s 4 <
Q 7 - 1;:
ERIC* 7,
" e A

* . ‘




»
r

® . . v
6. With £ : x »/1+ x, we have

P £(0) =1, '(0) =%, £(0)2-F,
| - Q- B
13
7 (as in (10)), Also . S .
K * {7 . _ ——
' ’ £(#) P x - -i%(l*-;c) 7/2 .
s0 - :
5 . _,13922 (1 + x')-9/2
s
6 . . %&1‘2 (1 + x) B2,
Hence: .
[ : -
’ ' - o) = 2
i
so (using (12))
a, =1, a = i a, = - A a, = L
o~ v 2 2 g§r %3716
.0 T L2l
8y = 138 %% T35 % T T 102k
and .
ps(x) =1 +—>_(‘§’:8L-x2+%x3 - 15 xh +2; X
with
’ 6_ 21 6 . :
9 . |R5| < |a6|x = ook * If 0<xg<1l.
7. n= ke =TI N
Q“' zph(l)=1+.%'%+%'fgg"
: .
» s - A
with a ;nax‘imum error (from (13) with x = 1)
. o vl
: Y . Ir,| < '2':5(—6"< o.o28 {




O S
28718712

36

< 7537 % 0.0206. .

-

Each gives 2 = 1.4 . correct to one decimal place. More terms are

3

‘ needed to improve accuraey.

= T+ 0.1

x 2 o.L
p3(0.l) =1 >
Y

1+ 0.05 - 0.0012% + 0.0000625

1.8&88125

’
< 0 .

R.| < . (o.1)h = 0.00000390625.
31 =12

. A\
correct to five decimal places 1.1 = 1.04881.
J1.1 J1 + 0.1

' ”/ [ 2. 3 _h
% p,(0.1) 2+ Qéi _‘(Q%Sﬂ . (Oié) "5(8§§)

-

-~

1.0488125 - 0.00000350625

1.oh88p859375 o

IRh| < 5%3 (0.1)° <.0.0000003.

1 - 0. / -
'? > N

p,(0.5) = 1+ (<52) -

-

. J I3
(-0.5)° , '(-0.5)3
8 . 16 °

¥ 0.7085
which agrees with

lfg ~ 0.707

-

in the first,two decimal places.

~
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v,

v

and

. ERIC

B A i Tox: Provided by ERIC

—~
o
~
—
-
Q
(o]
»
>
143
Pt
]
n

EEN

\ 1+ x21 +

L .

lo.g:‘g (1‘+ W= x
.'sol\ . ' . )
. - . ,

. s X
’ cogx-ﬁ_+_X~(1‘§2_)-(l+§)_

]}Qée(l + x) X -

-1

if [xl is small

E

ol
1

)%

r

and hence'the 1imit is —= . Again you may wish a more vigorous

2
disucssion using error estimates to establ}sh -

. .
cosx-¢l+x_)_l loge(l+x)
- . X 2 X

—_
(=2
~
(4]
*®
143
Pt
+
=
L]

—_
1]
porn
=]
tal
~
n
u
b

2
KL /1 + x2 L1
° . - N o2
(sinx) -

(a)- Put f : x - (1 + x)l/3. Calgulate (using (1))«

’ £r o x—»%(l +;x)"‘2//3
’ "L, x o - g(l +°X)_§/3

<

et Ly -?%2(1 + )8/3

Tt so trat @B w .
. e '
£(Q) = 1, £1(0) = }3_’ £1(0) = - %, £11(0)

ﬁ ¥ ' " '
o,(x) = 2a) + £rfohx + 0L 2 ¢ £ 3
- l ‘» l 2 - ”

o omresaegfegad,
327

ang ————— =1,




Put £:xo(1+ x)5/3_‘

5

f" : x'—ég-(l + x)2/3
£ 0 ox —-)‘1%(1,+ x)'l/3

4L x*-%(l+x)_h/3 © 4

Hence N

~

£(0) ‘ 1, £1(0) = %, f"(o";- }99., £m(0) = - }291_

py(x) =1+ 3.

-

[N
.y




Teacher's Commentary
> -
Chapter 7

AREA AND THE INTEGRAL

. . . Our approach is intuitive .as we discuss the follewing topics infChapter
. , ;
»
7-1, Area Undgqr a Graph
T-2. The Area Theorem'
7-3. The Fundamental Theorem of Calculus
7-4. Properties of Integrals

. » !
7-5. Signed Area -

7-6. Integration Formulas

{

4

Extension and a more analytical approach to the ideas discpssed in
Chapter 7 can be found in the following sections of.the appéendices:

A5-2. Evaluation of an Area

A3-2. Sums and Sum.Notation N M
A5-3. Integration by Summation Techriiques
A5-4, The Concept of Integral. " Integrals of Monotone Functions
A5-5. Elementary Properties of Integrals .
.A8-1; Existence of Integrals - ) b
A8-2, The Integral of a Continuous Function
A9-1. The Logarithm as Integral >

A3-2. The Exponential Functions LA

»

The following discussion may, be helpful to some students/ as they study @
Sectiop 7-4 and/or in anticipation -of Section 9-5.. ¢ 'k\/ o "

o o

© s X : @ ’ .
One is tempted to writ f(x)dx Spbr £he req&&gelovz the graph of f

a ST
\

" and sbove the segment AB (see figure).. : *
.In fact, this 1s often doneux The

+’aifficulty is.that then x ‘stands
) for two aiferent things a8 we, have

v

.

-

shown:,
A d

(1) the abscissa of the right
" end B of the interval;

the abscissa of a point like
¢ within the intervel.

Aruitoxt provided by Eic:
.




1 . )

. | S ) s
‘This is confusing. Consequently, it is wise to use a different letter (Bay t). ¢
*for one or the other of these abscissas, - )

= o. It is customary to keep x for.the end of the interval and to change the
¥ variable under the integrp) sign to t, say, so that . ’
. { . x - - s
CLe x : =,
. . ’ £ _ .
L] . v \3 . . -
is written as -
. &
i . x
. . £(t)at. ) .
- . . }a .

For example, ir f ?x —>x2

. X 7 X ‘X
j f = I t2 dt (not ) x2 dx). - -
a ‘la 8 » -

{ .

[

X, S 3 83 . {
Since the result t dt = —= = = - = doed not .depend on t it 6
a 3 a 3 3 \ -

clearly does not‘ matter if we replace t by another letter like u. For
this reason t 1is called a dummy variable. r
—_— .

.

In this notation, we can rephrase property (2) as follows:

U ‘.
) A ‘ "

_____ " X x R
(2). Ir f£(t) <g(t) for a <t <x then f f(t)dt‘gf g(t)at.
¢ a , ) a -
Let us apply this result to the graph of the exponential function, <
For t >0,1%< e’. Then by (2) - T .
b ) .. - i S - -.J; r
x x - \ ;
1.4t < e dt, , . -
0] » JO
. that is, '
’ X x °
t ,_<_’et L
0 0 .
. @ -
. and hence, -
' x=-0X% X - &% . .- R
. CAx<e® o * . . .S
- and * 1% x < &, o '
. i . -
" This is stronger than - - . . T
o 1 E ex’ 4 .
- - .

"ERIC | S c e e

; . » . . t
R s
. .




b : & I

L. . . ¥ .

x " If we vant a still stronger result, we-integrate again. But fo avoid

} - ~. . . : N 7/ L
N é:‘* onfusion ve write \ T . i 1

£ .’ . 2 T

122 ’ :

v :

',: ‘z}a&'t . \
.or “ N \
¢ .
¥
. Solutiofs Exercises. 7-1 ) /
. 7 . R . \‘u
. 1 1 SN 1.1 1 o . .
* 10 X@(— - _:,}_) < A(&) < (— + — + —) - a .
R i 3 2n-f2 : 3" 2n 6n2‘\ . R
: 2 L . -
= X
[y -\\ .
1 1 . \
’ (=) (%-;—n"" > ; ot =) . e
' . 66 \c .
Woees wo, T T
1
~ < A(x) 52 = b ‘ e
20,301 ) %
; N A jii) n = 100 A(l) < m )
. ,567 6,767 )
\ 328 % 55°506 < A(1) < 357000 * 338 ;
v N .
1 1 : 3,1, 1 1
Lo BE-EiD) a3 2 )
370" g2 NIRRT " o
) \\ (1) o 8(2) < m2) < 8(kk .
Jom=5 25 .25 A e
18 88 .. ;
e 1.92 = §§<A(2) <g~‘3,52 )
’ \ Z _6,567 6,767
s . (i1) n =100 8(20,000 < A(2) < S(W)
.. 6,567 6,767 . “
\ 2.63 % 54’5—06—<A(2) <§J,5—06" 2.71 ) _
; . ‘ 4 . -
R (¢) £ 2x —;\xe and A : x ->-]§ x3 .
. N t \\ N 1 - w’
. * (1) If “X = ‘% ’ then A(']e;) = §E ] ]
.- (11) 1f x\\\= 343, then A(3/3% =27/3 ' . L
B . . - ‘ : . - =
3 \
Tos ) -
Nt
\ =t




-

(a) Sum of the areas of the -inteFlor rectangles: [f : x —>ij

)« o+ e ey

3 3.3 3.3
X X 2°x (n°- 1)"x
H[O+—3+ - +...+_.—3__]

n

3e P v (-

Sum of (n - 1) cubes: -
-1 2

(Q‘e_)n)
(n -1)%0°

°

4
n 2 1
T3+
n

(b,) Sum of the areas of the exterior rectangles: [f ; x
X7 ofX ex nx .
Ko+ o2 ¢ e ()

o 233 3,3

%+ Foaee %;%43
n n3 n3

13+ 23 +33 R +n3]

[

(n+ 1)\2
=)

b
n 2 1
T(1+H+:§)




- k. 5]
. Summarizing part (2),and part (b), we have &

Y ¥ N

- .o -k *
X 2 1 X 2 1
T g <A <Fhege )

*

When n—>°° W@‘“‘<A(X)<T, N A:x—)%‘;xh.

(:)'xk(l\ g'+—l-)<A()<‘~"1+—r+i) '
\C‘T " n n2 ?f W( n n2 .. !
~ %;(14§+:—2)<A(1)<%;(1+§+&2.)

N -
« n - T N
. -
N
hd
v

/ _ - k 49 -
(1) n= -5. .16 = < A1) < % .36
] .
: <y 9,801 10,201 ~
%’t (11)0 n = 100 5000 < A1) < m »* T
. - .25 < A(1) < .255 v
1 2 1 1 2 1 .
(@) 16[5(1 - < +gs)] <A(2) <16[1 + T+ )]
b / n ‘e N &
b ®
- +9,80L" ; 10,201 .
. n = 100 —4——2’500 < A(2) __J__z,sook_
) “~_ 3.92 < A(2) <b.08 . .
. . - =
(e)"f:x,-uc3 and fx:x—»%;xk ' \\ n
N * . ) S
(1) If x = 0.4, then A(O.4) = 0.006k ’
© 70 (11} 1f x =5/2, then 'A(5/2) = 625 T
3. ‘The area under the curve y =1l:. A(l) =1 ' '
" The area under'the curve y = s A(L) =I]1-' : ' R

Therefqre, the area of the shaded regiom is 1 - %‘; = % .

) 4, The intersection points are €0,0) and (1,0). o ,
. The arga under the curve y ='x: A(l) =5 . hd
. ' o
The area under the curve y = o Af1) = %
on 1_1_1 .
\w—he area between the curves is 7 - 38" N Y.
2 . \ ,
R N ' - -
b ¢
333 - o i
51 . :

-, Q ‘ .
—ERIC . . ' .
.

h w» N

. *
pd




Aruitoxt provided by Eic:

R 7"1 e »
Y . .
%, ' 5/ Intersection‘points are (0,0) and .
A (1,1) to
& _ . T 3.
1P £ :x >x° and A :lx-»x—3-,
&hen A1) = L.
1 . - 33 P
- 9 LY h
- » > 3 X
LYo JIE g+ x -x” and A:x—»T
W& . 1 - o
then A(l) = .
Y ® 1 I
. Area of shaded region = % "3 iE
‘e A
I'd ® . N
‘. / Y ) .
L )
. ) v -~
6.f:x—»—+2;A:x—»-]¢x + 2x
: . A(2) =1+ L4 =5
¢ k-4 * * -
. Area of quarter circle
. 2 1'(‘2[2 =*1'( - . €
2 ) . &
: Area of trapezoid ORST:
) 1 " ,~
5(2)(2 + 3) =5
, .- . -
" . .v Area of shaded region: 5 - n ¥ 1.86 sq. units.
’ o ~ .
A} . . .
s ° Y
', < ‘
L : Y :
o
B O ‘ . 2 )




F 2

\'\‘ \

. Therefore, by subtracting -

‘ i"i‘rst, find area under outer parabola in quadrant 1:

R A

f:x—»-x2+9; A:x—»--]3“-'x3+9x
A(3) = -9 +27 =18

Then, find area under inner. parabola in quadrant 1:

f:x—»--3-x2+6;'A:x—>--é-x3+6x

A(2) = -b+12=8

and doubling (making use
of symmetry) we have: ‘
S N

Area of shaded region =

& * 2(18 - 8)\-—-_.20 8. units.
' 8, (a) We average the sum of the areas of the exterior and interior ~ l
. rectangles: - ) ?
37 o .
- SO A(x) & 3’3— (1 + -—1—2) '
- 2n° . A Y
3 ' Cad
- , _ ~ X 17 3
~ If n=5 A(x)~-§—(1+5) 5% & 5 .
(b) Adding the z_art;as of the five tragezoids we get - ‘
. E
A = 5 He(0) + 2D +5 - 5@ P1C VO vz 5t )+ 2]
s = £+ 3e(0) + e (F) + 2650 v 2e(F) +ef(35’i) +f(%’£)1
‘ = 5tk £(0) + 2+ 25 423 )+ 22 +3 ‘f(iﬁ)]
X0 e (924 (392 5 (352 EE '
Do (0 @7 9P (L 3B :
x3 - x3 (8 ]l7x3
= (0%” v 2° *3“**'%'5) 155, 2"53' N :
‘“W‘f" N '
— " '
335 , ' ,
im ) . - , n*;
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%
-

~ERI

R A 17cx provided by exic

\

(c) Adding rectangles with height at midpoint of intervals:

BRI = X ZZYq
DA = 5le(y )+f( Tl +f( )+ o8 £(2%)1 .
' X 02', 502, (122 , (9%)2; ’
- HE)P B2 s 37+ (3P DY
’ X (B PP e ) E 165 = 220
5 10 5 410 0% -
(d) Bstimates (2) and (b) are 'the ,sa.me, & fact we might suspect from ..
elementary geometry. By comparing he fractions 5—3 and _33_
~ N
to % , we see that tha midpoint formula is slightly better than
the trépezoid formula, o )
> L} -ﬁ 17 ‘\
i.e., . 7100 < 3 50 . ' ) .
. 99 < 100 102 . " .
- 300 3_00 ‘ . .
4
“ There is an error of 3_55 in usTng the trapezoid (or pveraging h ,'.'
. interior and exterior rectangles); ihere is an error c?f 300 ]'Q « .
using the midpoint formula. “ poo, . ; :
‘4\ / 7 ' . %~
( . ﬁ . 3 . '~@“ ! - -
‘ | ~ . . \ -
- s ‘ M - N . T . TRt : 2

J - ! \‘T N I' h
. so -

- . s !
. « . ¢ | i
I‘ 1
a * Lo -
. O ~ . -
.\ Y i «' ° " -
Y ! . - . .
¢ . .
' . ¢ i
! ) . ?
o, '.‘ . » y P
e T, e > . AN
Jo , ” . »
| - .
- + ,\ ’ T
i 71 e B .
R ¥ LN o o *
. VA
’
\, . .
- ° I
°
‘ . ‘9,‘;9,
. | \ ¢ >,
. . “ \
\5 ! wibie
* [
. ’
\\ .
,
. . } *
. 57 | =
! -
’ .~ h ’ .
.
- - - ~
He . 336 ‘ .
-~ N | ) '
- - - ‘( L ¢
M l < J’ - -

. ~
o
. .
\, - . -
- , o+
. S ot
- N -
% PN 'y
. «
.
¢ .
.
.
9 *
Fi N
.
. J o,
=
-
w
.
.
‘ -
1
1
.
-
. .
'
L4 -
-
.
.
N
~
.
1
~
\
wh
. hd - ’
. -
s
13 .‘ 4-,
L
M N




A

A ,.'(b~)~ CA(2a1)m 9.261‘;9.2(6)1

o 1852.1 9,261
7600 600 @

180 .

~

s 250 * 3.10

SR .. 1861 1608
(c) Al2.1) - A(2) , 800 " 600
: 0.L . - 0.1

- A - .

z23zu.2
ot

or by decimals

3.10 - 2.68
0.1

-
~
~

.

© Alx * b)

Alx_+ h)h-. A,(X) - %8_0

(3x2 -+ -30x ¥ h°)

.

¢

T

SRR




Alx) _

A
~
~

. [

-2
/ We have found an approximation of the derivative, A'(x)/: X .

~

!

f:x—>x2+1 then

1+h 3 -
(a) 1im ves 1 207, en) - )
hoo |1 3
E} + 3h ; SN (§ . %ﬂ

1 1
('3' +1) - (g +1)

' 0

\

h-0

The more alert student will see that we are integrating from one |

to one and imfﬁediately conclude the answer withqQut calculations.

2 3 .
1+h 1 +3h+3h +h
lim !~ £ = lim 3 + (1 +h) - (‘ * 1;|

h=30

-~

1 ’ h , 4

lim
h =0 3h
t

2
lim -2 + h +’h—-

h - 0- 3*
L

~

The observant student will seg that he has taken the derivq{;ﬁﬁ(
the area function a‘o\x =1, . ! At

»
- « K

. . - l+h\
co 1im. i [ Cddim A('J"t‘h\

hoob
" N

- £
1 & hoo
2 At(1) = £(1)

(¢) No. See comments after (a) and (b).
. ~ -

Aruitoxt provided by Eic:
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E

! x - »
3. F(X) %« f, where f ! x sy e e
b

\

O

RIC

. PAruntext provided by eric

e

&)

2
. I . )
F(x) =X - 8 c
) =T - T T
FIE L N ¢ .
'a X - .
= - 4
‘(‘m/‘w i | - |
. =0 ) ,
. x3 ‘
(b) F'(x) =430
\ ! v
5 13"5, .
. * 5 . . = .
F'(3) = 2 L :
. * 4 .
. 2
(¢) No. F(2) = |. f = 0. No matter what function we consider,
2
. a ?
f is alwaysg zero.
. a \ ,
In part (b) we take the derivative of an antiderivative andﬁevaluate
at x = 3. Bf the Area Theorem A'(x) = £(x).
g' : x- 3x2 4 )
g :x=- x3 +'¢ for-various values of ’c. The functions only differ
P €
by a constant. ) - '
(a) f£: x wx? - |
N/ .
NN o X 3.0\ .
F(x) = E f ='J—§Ji‘~ e : *"<~ ”~ ~ %
.0 . >
A o . 8 g © " .
F(2) =3 7 Ve -
. ;
! — el
(b)Y £ x m2xek 1 w0
: s
' Flx) = x° + xa o . B
F(2) = 6 -
() £': x = Ux3 +'x . N = T
- : N x2 .
F(X) =X + -—2—
P(2) = 18 - o :
. .o
i 339 . * -
- ¥ 60 .o
‘ A ¥ ’ )
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N ,
e,
2
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A5 &
5-
.
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-
'
v
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—
g
‘.

A i ext provided by ERIC

~r

w
7. (a) £: x-16 -x

' e 8.3
R “*~ 0

: FRIC+ .

(a) See graph.
1 . ’
L1,k
(b) JAOf_3+1.3

2
f=§:1~2=-:1“E
Jo 3 : 3

(@) The région of part (d) is
equivalent to the region of
* part (c) with the region of
part (b) removed.

e
1L
§f=3'3

1
10
3

2

w Alx) = 16x - %;

- A

- .

(A ]

£ - (48 -9) - (3 -.g-)
e

“

o
e
. ko +
,
, , )
F
R A )
‘ .
.
. ”
N
k4
- .
- . %
. .
.
N

f
- N t

- ath

Y=
N

S {“;& 57130y

B
S
2y B S

cts

vy
S
e

";s‘f,‘&

Y]
‘i:
i

{,\
XN
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Shine
A%

oy
Ll

2

-
| Y
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o
.
2
v
1
:
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~
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, “(b) ot IS R

- s .

L ox ‘

A(X):)(\_—..
.. T3 )
- 2
f=(6-1) - -%)
- ¢ -39-
= . .
- - . it
A}
[N . N .
. —

8. f:x—»(x-l)e"
|

7 . . -

’ 3 1 3

' ’ f = £+ £ .
0 on 1+
f 1is decreasing when 0 <X <1l . .
i and A . Y ; A
£ i‘s inereasing .when. 1 < x < 3. :
o ’
- ,
P,,m P

"
A
hA
l‘l" ~ x
.y \
. . ’ ,

{ .
‘ ‘ »

¢ » ) ’
rd * ' -

' .
)
O

341 , .
" ERIC ‘ | o
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Solutions Exercises 7-3

Al

2 - e, 2 2
1. (a) {x° + x + 3)ax = x“dx + |- xdx + 3 dx
. o . o ' 0 « 10

: 4 . 312 2|2 2
] i ~ o , ___2(__ ‘.;..%’4:3)(‘ , ~
: No3dom 2o T o
P 8\ ,4’; -
=('3'-0)\1‘('2'-0)+(6-0)

. o :
(v) [ (x° 4 x + 3)ax
-2

.

0
> (__—ﬁ‘ (o8]
wlwi'\) Owlm
>
=%
>
+ -
I-"
n o
>
o
>
+
1
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: ‘ H [ f= K Lé - sin x)dx +'( (- -é—+ sin x)ax + 6(%- - sin x)dx
i . v -x - C /6 5n /6
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AT A J7/6 ) 51/6 2
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(a) By expar'ldcing we Have

(3% + lc,)‘j dx

® " F(x) = [(2&3;:5 +1620x" + 432063 + 5760x° + 3BUOx + 102b)dx. .
This is obviously a messy process which breeds arithmetic errors.
i“(x) = %i x6'+ 1%20 x5'+ hi?O xh +5’;60 x3 + 3%1&0 x2 + 102bx
_ 243 1620 . 4320 . 5760 . 3840
_F(1) - F(0) = == + i S sl e 1024
~ " %i + 324 * 1889 + 1920 + 1920 + 102k
. 'V“N:-’"g,i‘ ) 1 4
= 63(% ‘é“ .. P
(b) This methoz‘hould be.a welcome relief after {a), s
Let (3x + h)s = 243(x + %)5
< h 5 .
Then F(x) = ‘2143(x + E) ax
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oo ;o .. Solutions -Exercises 7-4

« 1, Let F'=f. By the Fundamental Theorem

/ ' a
= . £ = F(x)
,‘ . ] a

.

a ¥
.= F(a) - F(a) =40.
a .

2,0 If f£(x) < g(x), for a <x<b, then

(g°- £)(x) = g(x) - £(x) >0, for a:_<_x < b.

<

Property (1) then shows that K ) e

>

, rd ,’b -
. . Co (g-f)_>_Q). )
- a <

‘We may prove that thisaresult is equivalent to

o - b b )
. £ < g .
. i PR € s 0 . a a f ‘

ag 'follows:
A . i . ) g=*f+(g-1f). .
d ¥

' Hence, by property (7) . N ¢

‘and - ) . . : . .

i .  ve - b b ’ ‘
b (8-‘ f) = g - f.
. e o a . il a a. : .

i N R - v - ’
- Hepce, if . (g - £) >0, R
. o N 3 a .

s x ’ ‘
: o _D&I £ = DF(x)s- DF(a)

L - £(x) - 0 .
o = £lx). ,
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. D} £+ g = 'f '+ D ‘ ) \
\ a a ‘ !
- : - . }/
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