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.Teacher's Copmentary',

Chapter 6

DERIVATIVES OF EXPONENTIAL AND RELATED-FUNCTIONS

o

Without they strength of tHei.nteiral theoems of.Chapter 7:it is'

me precise deflations of'the power, exponential and

1.011S. .CWX foundation began in Chapter 5 by' building

. difficult to f

logarktbmic,fun
.

' intuitively upon familiar algebraic properties (e.g., the n-th power of.
! -

a means the product of n factors of .a). Relying on the student's
-

basic concept of power, we were able to discuss exponeritial and related

functions. This leads us-now to the study of rates of change of these

functions.

We begin discussing the slope ok the exponential function inp

familiar manner. The srope'of the tangent to the graph is initially

examined at the y-axis. We note that the slope of any other point is

proportional to the value of the function at that point;Ithe constant
N f

of proportionality.is discovered to be the slope,of the graph of the

..:function at the y-aXis-. The function x -,ex is defined'as that

special exponential function
-
for which the constant of proportionality

.

(slope at (0,1)) is 1. -

.

We use plausible arguments to establish the fact that the graph of the

'.function x--*e is everywhere ponve%. (A strict proof would require a

continuity argument suchas those given in Appendix 7.) We rely heVi/y on

. such intuitive geometric a..uments as thellipldin8 process in order to find

the derivative of the inverse of a function whose derivative we already

know..

We 'use .suth a folding procss to find thee derivative of the logarithmic

function. gter the derivative' of the exponential function has first been

discoVered. We use the same mechanical process to obtain the derivativeof

` x :-47, relying on the student's experience with -x -)x
2

in Chapter 2.

We hope that the student is' cUrious_erpual to know whether the power

rule (which worked so nicely for positive integer exponents in Chapter 2)

works for such functions as ,x -)x
1/2

x
/2

, and x # x. In-

Section 6-6 we extehd poWer formula to incldde all teal exponents.

)
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V

Ourearlier procedure of first consid ing the behavior of a graph at

y-axis..C9A11t be followed for Taylor approx mations of such functions as

x (ands x -loge x. Instead we consi r translations of these func-

tions in Section 6 -7:

In Example 6-7a we'say, "to guarantee accuracy to within 0.005 we

could use (9) to.show,that we must choose n to be at least 199." We.

. illustrate here, US1116

(5)

I.

, )2;41

IR
n 5 4-

I < with x > O.

Since we want to estimate 'log
e

2 and -

R
n

=
e

(1 + x) - p(x),

'we let x = 1.. We requite that

'44

at

Therefore, we must havez
whence

1
n+I

IRn
-
<
n + 1

< 0.005.

1 1

n + l,<

M.*

.

1

)

Example 6 -7e is intended to use the function x(-4 IT-17i in order to

illustrate assertion (8). There are, of course, methods by which one can

obtain more accurate estimates of more quickly (e.g., guess, divide,3
2 _4..

and average)'.

Throughout Chapters 5 and'6-we refer to the function x,-* ex as the

exponential functiA as distinguished from all ()tiler exponential functions.

We hope that (while we began with base 2) the student realizes that exponen-

tial
.

tial functions with bases other than .e are infrequently used. Furthermore,

any exponential funftion is easily expressed in terms of the exponential

function by

a
x

= e
cx

, where c = log
e

a.

288
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Similarly, the funct..on x loge x is referred to itn this text (and

most advanced books) as the logarit,hmiC function. The student should be

told that in other texts' (and on some examinations) the function

x loge x is written as x log x or x in x.

Since a logarithm with any base a is simply proportional to the

logarithm with base g

we have

log x
a %loge a

loge x

.D lo. g
a

x , where c
1

log a
e

It may be conjectured,,that for ,this reason logarithms with base e are

often called tunatval" logarlthms, natural in the sense that the choice

c = 1 yields the simplest possible expression for the derivative.

Sr

a /

1

4
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2. (a) (i) (1.8)5 z (2.85)5 24.25
//

/

(ii) (24)(.2.25) 16(1.f8=9) z 19.G

(b) (i) . (1..8)5 = (e59)5 e295 (Interpolation used.)

(ii)
e2.5 (e2)(e.95)` = (7.389)(256) = 1.9.1

37 (a) (i) (0145 z (2-'15)5 = 2.'75

(ii) 2.75 = .59460 0.6-

(e....10)5

(ii) e-.5 Al 0.6+

e

0 (a) (I) (1.02)8 Z (2.03)8 .
2:24

(ii)
.24 , .20%, .0 . n %, A %

. .
(ii) 2 z.k2 )k2 1 74 kl.;4o70)k1.02011) = 1.2-

,

41)) (i) (1.02)
8
= ke

.02
)
8

. e'
16

..

,.,

e16 (e.15)(e.°1) . l.lo .lohn..z k1.0101) z 1.2-
. .

'5(a)
2.01

< 1.01 < 2
.02

:

.
2

.00.4
< 1.01 < 2:

015
iInterpolaton
.)

_1.4
.

.01 ..... .
a <'(1.01)10° < 21'5 2 = 1.0on '9ao

I..

(b)
:v. .

.( 2)(2-.14)<,,(1.01)100
(2)(2.5) 2

2
= 1.01000

,.02
= 1.01296

,
2(1.31951) < 4.01)1°° < 2(1.414ply

X4,
3o4 \

(755)(10)' .7. 4.3

i

. :. 2.64 < (1..01)1°° <. 2.83

e
Z.70

.< 0.5 < e-.696.
.

,

,-2 , -6-12'(e-.70)-12
-> .5) > le .9,)

7.

4447
(0:5)-12

> 3954

h

(e) m0 h-

h
(b) e - 1

h /-
11 1

eh h

e = h)
1

.

4s

4

' 6-1

304 :
700

A 1

291
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1

,t

6-1

ti

t

r

4

. (c) e
.4...61)100

199 x (.61) 100 x 99 198 x .01)2e 1 1 4°°1 + 100%;(

'
x 01) .*

100 x 99 x 98 197:
k
/. 3 25

x 3

(d)'..For the tunction x -4j we let -the slope of the tangent to the

graph at (0,1) e9u91%/1. That is,#we let ,-

eh - 1
lim L' 1. '

4

Using a processsimilar to that, used in part (b) we obtain

e = lim (10+ h)1/h.

11,-) 0 . Ar°

1
If. we let h = -171 , we have

g e = lim (1 + 1) n

n -> 00

,

8. We assume thatx -4(1 + x)
l/x

is a des easing futon. Without'being
k . I

conscious of this assumption, a student should be ready to believe that

lim (1 +
h)1/h > h)1/h

for h 0. We let h -.1000 so that

h

1 1000
<.- (1

1/1.

1000'
h 0 .

From Number 7 we know that

lim (1 +.0
l/h

= e.

h -) 0

,

Thus
(10010)1000

..Eve the froughestr4proximatioNto e sugge616

that 2 < e < 3 and certainly e,< 1000. Therefore, we an write

,

< 1000:

It follows that

(1001)1000
'1000'

%

Multiplying by 1000
1000

we get

1001
1000 1001

< 1000

The larger of the two numbers is 1000
1 001

.

219P
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e3h 0 e3h
3x 0. 3h.

9. f: x -*e ; Ak0,e ), Bkh,e ). Slope of AB - -
h - 0

h 3h e
3h..

e -
3h

1
e
3h

- 1

h

.20 .60 118221 0.8221 4.111

.15A .45 1.5683 0.5683 3.189

.10 .30 1.3499. 0.3499 3.499

.05. .15 1.1618 0.1618 , 3.24
.

.

.01 .03 1..0305 -'0-.0305 6 3.05

006 .02 '1.0202 0.0202 3.03 40

10. f 4 x -X/2; A(0,e0), 4h,eh/2). m(AB) -

I

h/2 0 h/2
e -e e - 1

h - 0

h

---,..

h
-
2

,

e
h/2

, .

e
h/2

-1
,

e
h/2

-1

h
____.1.,

.-

.50 .25 1.281i0 0.2840'' 0.568

.40 , .2b 1.2214 0.2214 0.553

30 .15 1.1618 0.1618 0.539
.

.20 .10 1.1052 0.1052 0.526

.10 .05 1.0513. 0.0513 0.513

., .06, .03 1.0305q 0:0305 0.50

.02 .01 1.0101' 0.0101 0.50510
. ,

9,

h

/ -2h -2h

11. f x
er2x; A(0,e0); .*B(h,e-2h). m(AB) - e e0 = e

h '1h - 0

t

i 2h
- -2h.

e .

-2h
e -1 e

-2h
- 1

h

.20

15
.10 .

.05 ,

.02

,.cl.

.005

.40

30

.20

.10

%.14.04

.02

.01

0.6703

0.7408

0.8187

0.9048

0.9608

0.9802,

0.9901

-0;3297

-0,2592'

'-0.1813

-0.0552

-0.0392

-0.0198

-0:00994

-1,649

-1.726

71.813

-1.90

-1,96

-1.98

`- 1.98+ 11

4
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6-1

42. f : x -03x; 'A(0,8° ), B(h,8h). Therefore, the slope of AB is

8h - 8° 23-'1
h - 0 h '

i.e., f x 23X

o

h 3h

1

23h
'

2
3h

- 1
1

3h
2 1

h

, .
.

.20 .60 1.51572 0.51572 2.5786

.15 .45 1.36604 0.36604 2.4403

.10. .30 1.23114 0k23114 2.3114

.05 .15 1.10957 0.10957 2.191

.01 .03 1.02101 . 0.02101 2.101
.

.006 '.02 1.01396 ' 0.01396.- '2.094

.0006 .002 1.0013865 0.0013865' 2.07972

-.20 -.6Q 0.64302 -.35698 1.7849
. ,

-.15 -.45 0.73204 -.26796 1.3398

-.10 -.30 ' 0.81225 -,.18775 1.8775

-.05 -.15 0.90125 -.09875 1.975 '

-.01 -.03 0.97942 -.02058 2.0,8

-.006' -.02 0.98623 "-.01377 2.065

1.0006 ,-.002 0.9986147 -.0013853 2.07798

1 -
From this table whe-re h approaches zero from the right, and also

'from the left, we see .t.hat '

3h

as h 0, 2.07798 <I" h- < 2.07972

O

air

or as

ti

2.078 < 23hy- < 2.080.

4

294
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fo.

Solutions Exerris s i-2
ti

1. (a) m = e-1 0.36788 (d)/ ./1

(e) m = el.5 4.4817(b) m,= e0*5 1.6487

('c) m e().7 .2:0138

2. See graph.

3. (a) Y = e-1(x + I% + e
-1

= e
-1

(x 4- 2)

(b)e0.5(x .5) 4.e0.5 e0.5,x
Y = ( + .5)

(c) y = e0.7(x,- :3)
e0.7.=...e0:7

( 4-

(d) y = x + 1

(e) y = e
1.5

(x - 1.5) + e1.5 = e
1.5

(x - .5)
...

4.

(e) Point (-r,$) on

The slope of L2 is

(c) Point (-3,4)

(d) The slope of L
2

5

O

o

a

corresponds, to point (r,$)

ti

295
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6-2

5. This 'exercise is starred- because- of Xhe time needed to complete it.

The e figure should be shown to the .c.ass -even if thtTh exercise is not

ass ighed .

t
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6-2

6; (a)1
RUM I 11111 11 H

11111111111111111111111111111111

r 1i31111111111111111111111111111111111111

011111111111111111111111111111111111111111
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moEil llulloommrito m'

1

m i ll
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(b) Each point has coordinates (-X, e-x).

(c) The slope of each line drawn in 7(a) is the negative of the slope

of the corresisondingrlime drawn in 6(b). i".

See Number 2 for the graph of f x e
x

The graph of

g x -)e
-x may be obtained by reflecting thb graph of f

ip the y-axis.

7. (a)

,-

(b) Slope of gralihilof t
r

Slope of graph of

, ,...

at X = 0 1 -1

at x = +1; ;1:z 2.72 - 1 = -A7
e

at x = -1 1 ... 0.37 .. -e : -2.72

-(0 At .x = h the slope of the gpph of g : x rx is

-e
-h'

= -g(h).
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Solutions Exercises 6-,3

4 'A

(
1. A Pe

rt
= 1000 er .03)(18)

1000 e.
o.51;

e
0.54

z 1.7160

A 241000(1.7160) 1716

Mr. Toffey will have approxiTately 1,716 for Jack's education on

Jack's ilOteenth birthday. (Perhaps he',can apply for aoscholarship.)

2. A = Pe
rt

3Fo'r r =. .03 we require that A = 2P.

.pe0 03t

0.03t

e
:69 4

.693 0.05t , 2,

.03t r:,;.693

it takes. approxiffitely 23 years.

3. Ja6c-Toffdy will be 23 y.4.s old.

4. e could use a table of :Mural Logarithms, .but we shall use 2 z e
0.693

At

,as, we did, in NUmber 2.

(a)

r =

2P = Pe
0.06t

e
0.06t

2 2 e=

t Z 11.5
.

The time required is approximately 12 years:

1/21

a

9



6.

(a) If the number a iniferest periods were n` we would have for the

principal at the end of one year,
ti+ n

n n

6 -3

where Ro is the initial deposit. The principal at the:end of a ...

year on the basis Rf continuous cortipounding is I,

P = lim Pn'=P0 lim "(1 .4- )
1, .0485z] (z - A N

.04851

1 . 4 . .

n --, co t -t, co

.04-85

^ . = P.0 [ 'rim (1 4'41
z

z -4 co

480 5
t' = P, e'

"1. - I t .

, +.( .0485)2'4, (.0485)3
= p (1 -i- .04-o5 +..,..).

0 ! 3!

To, three terms we have

P-= P0( 1.0497);
4azp

equivalent to simple interest' of 4.97%.
i

.(b) In x yearrs, the priinicipal accumulated is P_0
e.o485x We require

- :

1-c)ge
0485

.2 0.693
P = 2P0,

.
hence x = - - 14..3. It takes approximately

2

14 . years.

Since P = 180 and P = 760, 180
760e-0.11445n, ,and

0

e
-0.1144h = 7180 -1.45.

-65
,... 0 z- 0.237. From the Tables we see that .237 e ,

1

hence /-0'.'1144h z -1.45, and h z -12.7. Thus the height is about 12.7

kilomet1ers. .;
N I

Q

= Q0e
-0:12n so that ;71 e -b . 1 2 n

. Since 0.5 z e 0- .69
5e

-0.69 and n ro 5 /3-4, . The requii.ed,time is about 5 r- ;- days.

tz
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'6-3

-5k 2 -5Ic 2T(5) = Toe = 10, so that e . '

1(10); =
e-10k (_-k \ 2

0
10

9 0'

Hence, 10 feet below the surface the intensity is

CAs an alter-native method, we note that

' 2 I(5) 1(5 + 5) ° 1(10)
I 0 .1(0 + 5j ',Mr

It follows that

, . 2 --t
(a)2I i.I(,5) = ;-.Icl, ,and 1(10) ,.- ?.. I(5) =

5 3 0*
, 1. 1 .-kx, -5k 2 -0.40If I()t) = I- = e. .

2 , 0' 2. Froth above, e -i-z e ,... so that

k z 0:68. Thus N-0.08)C = 0.5 RI e
-0.70

and .x z 8.75; hence _at depth.
of about 8 ,-- feet 1

0
intensity is -7, I,...It . d

N.1 ,

,

I.

2 1300
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cam; Solutions Exercises 6=4
, J .

_

.-
.

-1. (0' loge(1.96) = loge(1.4)
2'
f 2 1pge(1.4) = 2(06336) = 0.6730

...: $
(b) lOge(2.03).= fOge(20'9)(0.7)_ZiOge(2.9) .0ge(0.7) (1,064,/) ik-.3567)

=0.7080

6-4

- a

(c) Ti) 'ioge(0.52) .=.0ge(7-37-:p
.

,

-,--.

°.N =1oge(3.9) - loge(r.) =(13610) -(2.03.49).= -0.6539

(ii) loge(.0.52) ...loge( 51'0)
.

=30g (5.2) -10e( 30) 0.64.87 ) -(2.3026) = -0.65 39.

(3) loge(0u =log
e

5--2 0ge(5.2) - 2 loge(10) = (l,.6187)- (4.6052)

10"
; = -2.9565 .

(e) iog ( 750,060 ) 1;g (7.5)(105)
e 39,01)0,000 \ 7

=log + log (--L-).
3.9 e

102(3.9)(10 )
.e

A

[Mee No. 1(c)(i) anct No: 31(d) .1 =4.0.6539 - 46052 = -3.9513
/ 3

,
-2. (aI ) logei2 = -32*- loge2 :%:: 2(0.6931) z.0.3466: , .% .1/ z 1.41.-

. c.

loge v71 = ttloge\7.1) +lbge(10)1
1.9601+2:3026 ,.

1.4209.

.

(0
3 r ,

, .. 3
.

...d) loge(100)1/2 =-= log 10

A,

logf[logek,100, j =loge 2 -logee +11Dge[loge10]

or alterna'tely: -

' loge(100)1/e z 1.694

1 loge(100)1 = 2(e-1) loge 10

,

, r

3, e

e e

, 3,

;.... .6931 -1 +9.'oge.(2.3026)

z .5271

z .6931 -.1----+ .8340

z 2(.3679)(2.3026)

.

and 5.44

1../?/22 -,:. (9.1)2/3 z 4.36

.- ,v-

;

.--",-.
(sc.

ip..

.z..,.'. 315-. z 4.14-

)
,..

:

....

.

.

:-. .

,,,

/I'
-,,

, :,,

/v

r

ro



6-4

3. For some x close to c we have by (5)

Loge x z loge c + le(x - c).

.

In allIgifts of this problem-c = 2, = 0.5, and loge 2 = .6931.

(a) loge(2.011 z .6931 ;(.5)(.01). X = 2.01

z .6931 + .005 x - c = 0.01

21 .698i.

(b) log
e

1.96),z-":6931 (.5)(:.04) x = 1.96

z .6931 - :020 x c = -.04

z .6731

.(c) .loge(2.03) 1.44 .6931 ( .5) (.c13) . x = 2.03

z .6931 + .015 x - c = .03

z .7081

(d) loge(1.94) z .6931 -0. (.5)(-.06) "I' x = 1,94

z :6931 7 1030 x -.. c = -.06

z .6631

:4.- (a) Use result of Number 3(a) to find (2.01)5/3 .

. a.

(b)

log (2.0i)/ = 2 log(2.61) z 2(.6981) oz 1.1635 :..,(2.01)/3 2. 3.20
3 3

,

U;e result of Number 3(b) t
6

o find y190

log 61/1.96 = log(1.96) z ."(.6731) .1122

(.c) Use result of Number 3(c) to find (2.03)6.

log(2.03)6 = (.6)log(2.03) (.6)(.7081) z (.42486)

9.

6y1.90 z 1.12

(2.03).6 z 1.53

I "(d) Use re u1t1of Number 3(d) to find (1.94)(1'1)

4)(14)
k,

%

log = 1.1)log(1.94) =` (1.1)(.6631) -z .72941'

(1.94)11'z 2.07

-4

.3ce

.2 3
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6-4

5. (a) (1) 14hen y = 0, loge3x= 0, and 3.i = 1.
,1 f.Therefore the x-intercept is at the Point

-

Ili) lete,2x = 0, and

(iii) loge x = 0,. and

(iv) loge = 0, and

(v) 'coge = Q, and

(vi) loge = 0, and

2x = 1. x-intercept: 1 ,0)

x = 1. x-intercept: (1,0).

x = 2. x-intercept: (2,0)

x = 3. x-intercept:

x.= 14. x-intercept: (4,2)

1(b) (1) If loge Isx =0, then kx = 1, 'and x =17

Since ,k > 1, :then x. is in' the interval 0 <- x< 1.
-,7' .

1 , :i ''(ii) lim Y= lim -k --) 0 ., ...1-- :\Ik 4 03 lc_ -). 03 e. ,

(c) (i) T4 , log x = 0, then. II: = 1, and, x = k.
e ,k,

&ince k > 1, then x > 1,

e (ii) liA x = lim k -9'.9.
k -i co k -4 03 s.

i ,, I

6. (a) Fthd the differeve 4positive) between each logarithm.

*4(i) loge 2x ;loge x = loge = lose,2 = loge (,I + I) - ;
.._2xx

(ii) loge
3x - loge

2x= loge k. = loge i = log
e

(1 + i)
ti

(iii) loge 4x - loge 3X-= loge -5 = logel = loge 0. + 1) 1
3

4x

t(iv) loge Sk + 1) x - logekx = loge i 1
. k

loge (11+ it)',
. .

((b). lim flog
e
(k +--1)x .4 loge(kX)) 1- lim log e(1 k(1 + 1) -a loge 1 = 0

k ->) co
i . .

r. ,. -
, e s

7. (a) (Similar to No. 6.) Find de difference (positive) between each
logarithm.

'loge x - loge = loge 2
3(ii) loge x- lOge = loge

(iii) log; ci s logei = loge
k + 1(iv) 'loge - 'loge - loge

kI

;

-

l"\

x

`
, +

1
(b)

k co

[loge(i) - loge kir-
k

= lim
03

logk
`

k 1)

1.
= + IT) -4 Log 1 = 0

k 03

303
'
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8. (a) -(i) If f : x ---) loge 2x, then

.. 1
It follows that f' : x -)

4110

(ii) Since loge
e

x
- = log

e x
x - loge 2' , fl : x --)-

1

R /

(iii) Since loge 3x = loge 3 + loge x, f' : x --) .1

.

'(iv) Since log - = loge x - log 3, f' : x .--)-
1

e3
x

e# ' 4
. . .

1
4v) . Since ,loge kx = loge k + loqe x, f' ': x

'.x

x
(vi) Sinde loge z- = log

e
x - loge k,

K
f' : x --)-

1

x

(b) f'(e) = - for each of the curves in part fa) above..., . 1

e

:. The coordinates are (e,log 2e) or
e

(e, 1+ loge2)

.

f : x (loge 2 + lo x).

(c) f(0) = loge 2e
-../

(ii) /f(e) ,= loge 5- .

O

k(constant) > 0

k(constant) > 0

The coordinates are (e,loge i) i or

(e , 1 - log
e
2)

( f(e) = loge' 3e' :. The coordinates .aTe (p,loge3e) or

f(e) = aog- e,3
:., The coordinates are

(e ,1 + iogd)

(e,loge oror

- loge3)

f(e) = 41.Oge ke :. The i5bbrdinates are (e,logeke) or

L

(e 1:1 + loge c)

:. The cbordinates are (e,loge ii.) or

(e ,1 - logek)

f(e)(vi) f(e) = log
e k

"4-...../ .

1

1,
(d) (i) y = 1 + loge 2 + -kx - e) =

1
x...+ 1pge 2

e e

(ii) y = 1 - lOge 2 +
1

-- ) _
I

(x 1
e

- x - loge 2

(iii) y 4, 1 +' loge 3 + i(x - e) = '11 x +' loge 3
e e

(iv) y r a -loge 3 + ( x - e)4- x -loge .3
1

..

(v) r-1-4 loge e
k +

1
-(x - e) = - x + loge k

e

1, 1
'(vi) 'y = 1 - loge k + -kx e) = - x log k

e e

r

3(3425
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6-4

(e) (i) The tangents-(listed in Solution to No. 8(d) above) cross the

. y-axis'*at the following points, respectively. 4,1

(i) loge 2

*/ ' (1 -loge /2 or
1!

. 1
loge

.(iii) loge 3'

(iv) -loge-3 or

1 -
loge .j,

(v) loge lc..

..(vi) -loge k or

loge

(ii) See part (d),'(v) and.(vi): loge k and :loge k are

symmetric with respect to the Rrigin.

(f)

5
-6

oe.

1 =
1

x + log 2e
2 y loge 2x

3 Y =2x
4 y = loge x

5 y =
1
x - 1192

6 y = log2 f

305 2 6
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6F4.

9. (a) (i) ,D(logex2) ..D(2 loge x) =,2

(ti) D(1ogx3) = D(3 x)
x

' log'' i = D(- log x)
2 e 2x, ,1(iv)

0

D log = Dk ,loge
e

3/X
3

x) = 3x

) (1) D(loge xn) = D(n loge x) =.

(ii) D(loge 1.11C) D(t- loge x) =

c(iii) D(loge-(cx + d)n) = D[n loge(cx + - cx d

(iv) D log & = D(-1 log :-c) =
1

e 3 e

10 (a) f(x) = loge(5x,+ 1)3 = 3 19ge(+ 1)

f''(x) = - 5x1+

(b) f(x) = loge0.2, loge. (0.5/2) = 19ge, +
2

loge
,

,(x) =,0 =

(o) ,sr(x) loge x(1 - 2x) = loge x + log
1 , 2 , 1 - /Ix
x 1 - 2x x(1 - ,2x)fqx)

- 2x)

, '(d) f(x) = loge :52(3x - 1) = 2 loge x + loge(3x - 1)
.

f'' (x) = 2 -1-"3 2-x(3x - 1) 4

x

e

, . 4

(e) f("x) =Aloge[loge ex] = loge.): o

fl(x) = .;;-F
.

(f) f(x) = loge(sin 1)-
, n

r
fl (X) = 0 since logeyin -f) is a .constant.

(g) k(x) = loge 2x + 1 - loge(2x -1.) - loge(2x + 1)
2 i 2- 2(2x +.1 - 2x + 1) II,

:' ft(x) 2x - I, '2x + 1 (2x.- 1) (2x + 1) 4x2.4- 1
,

4-

(h) f(x) = loge
1

11'ge1 (1 + x) -7
x 2

1 -1 1
2'1 + x 1 - xi 1 - x2

4

3062.7
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11. Thq equation of the tangent lineiis of the `ford Y*.= mx + b, Since the

line is tangent to the gr.aph of f logeX, its slope is

m = f'(x) =;.:Ix-1 for some value of x > 0. Since the line is rquired to

c..pass\hrough the origin we have b = 0. At the point of tangency we must

have y = 1 x + 0 = 1, for x> 0. If y-= 1 at the point of tan-

6-4

yf

gency then loge x = 1; that is, x = el. Thus, m = fi(el =
1

e
, and

\

(we already said) b = 0.

erefore the equation of the

only tangent to the graph of'

y = loge x that passes

through the origin is

1
y = x.

1
Y.=

e

= f(X, = loge x

In Example 6-4a we concluded tha,tthe equation of the

y =.1 + - e).

We can simplify this to agree with,the result of this proglem:

tangent was

.

y = 1 + 1 x - 1.

1
y = x.

ti

x

100



Solutions Exercises 6-5

2 3
x x1. (a) ex .1: 1 + x + 2: + 3:

2 3
x x(b) _ex z _i. _ x
2 : -31.

2 3 4

(c) 1- ex a - x x
2 : 7

x
3:

x7
23...; x x4 -'6xe ,(d) cos

21
+ '4. gr

x2 x4' x6(e) -cos x :::-1 + n-
4-1-

x
2

x
4 x6

(r) 1 - cos x
:I- 2! Er gl

2.. f.: x = ao + + a
2

x2 + a x3 +
3 a4x

4

(a) y `a0 + a
1
x

(b) y a0 + a1x + a2x2

(c) y z'ao + a
1
x + a

2
x2 + a3x3

3

4. F: x-*y =cosx
(a) y a 1

2.
(b) y

X(c) y szt 1 - 2:

5.- G : x y = ex

-(a) ex 41: 1 + x
2

(b) ex z x 2:'
x2 x3

,(c) e
x

:41 1 + x + , 5T

r

o'

308
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,r 6-5"

6. No. The function f : x -41oge\ is not defined at x 4 OL

7.
e0.01

* 0.01 +
0.01 (0.01)2

+
(0.010

2! 3!

r. 1.01 + .00005 + 0.000000167

r$ 1.010050

40.nt 01)n
We needed to use only 3 terms, since contains zero in the first

six places for n> 3.

8.
e0.1

1.105

e0.2 (e0.1)2 1.221

0.4 0.1
e

(e0.1)4
z 1.4208

0.1 8
e (e ) 2.2225

(e0.2)(e0. 8) (1.2210)(2.2225) it.' 2.714

'2 3
x
n

9 '(a) p
n
(x) = 1 + + L

! 3
+ x

!

+2* nt'r.
nx

n-1
70(0 fx0 2x 3x2

'n' ' 2! 3! n

k .

(k
Since k then

-

1

1)!

x
n-1.....- 2

;p1n (x) = 1 + x + T + ... +
(n - 1)!2.

X\ n''' / \p/(X) 4- X. = Rnkx)
n iton

xn
.00 f(x) = p(x).

n
T Or

4

, x x

! n!

n

(b) From (a) pi(x) = p
n
(x) - . Since -- > 0 if x > 0 we have

n

pi(x) < p
n
(x) for x > O.

4.

(c) p(x) < pn(x) for x > 0 and fl(x) = f(x) for f x -*e
)C

,

Pn(0) = f(0).

The intuitive geometric point is stressed in this problem. Observe

that both.-functions havesthe same value at x = O. But

p' (x) < pa) f(x) = f' (x) thus pi(x).< ft(x). This means that f

is rising more rapidly than p and p(x) < f(x) for x > O., (Use

6-4-(4) with > signs if you wish amore exacting approach.).

.309
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10. (a) g(x) - p3(x) = (c- l).j

\x3
Since c > 1 and -- > 0 if x >0 this gives

31

i(x) - p
3
(x) > 0' for x > 0,.

. _.

/ .

2E1.0. 3cx 2
2

(b) g1(x) = lx° + 1 + x + c2' so that
2! 3! , 2!

. ____

. 2 2 3

gt(x) - g(x) = (1 + x +
t

2-') - (1 + x + + ex
!
)

2! -
.

2 3

(c - 1.).1 -
ex

A $ 21.' 31. .a.

. 2---

- ly .. a)

.\

21
. which will be positive if x >0 and -(d:- 1) >'0 that is

3

lr< 1)
4

(c) (i) If 0 <' 2 < 3(c
c-

1) then

2c < 3c - 3

:3 < c.

The smallest integer value

.- oe
(ii) f(2) = e

2
7:3891 from tables.

2 22
g(2) 1 + +

1 2:

= 1 + 2 + 2

10.-5

Thu S 'g(2) >

is

4
+

c = 4.

When c = 4

23-

+ 1.
3

3!

I.

(d) We will appeal, to an intuitive argument. Since k(0) = g(0), the

two functions have the same initial values when x is close enough.

to zero, Or as x g(x) f(x). We find that fl(x) is equal

to f(x)1 the slope and the function.have the bame.numerical values

for a given x. But gqz) > g(x) when x > 0, from part (b).

Thus -jit(x) >g(x) f(x) fl(x) and e(x) > f'(x) near x = 0.
4

Graphically, g(x) and f(x) start out the same near zero. Very

quickly g(x) has a steeper slope than f(x)--which leads us to

the conclusion that g(x) > f(x) for 0 < x <'3(c
c

1) .

-S

31j1
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11. The factthpt pn(x) < e
x

for x > 0 was proved. in Number 9. Calcula-

,

tion gives

so that

.g;i(ic) = 1 x9

= 1 + x +

cn x
n-1

2x,4. 3x
2

2! 3! n! .

x
2

cx
n-1

2!.+

n-1 n

:'''Ll*----ti(x) =, g(x) = (c - 1) x .
cx

1-
,

x
n-1

(n - 1)!
(c - 1 - )

n

which will be positive for 0 < x < n(1--:-1).
c

Arguing as in Number 10(d).

we have e
x

< g
Fl

(x) in the stated interval.
,fr .

1
.

.1

.

p
n
(x) < e < If\ if sC) < x< ais-11/... 6r1% /

c
Thus

x

12. epn(x) = 1 + x.+

gn(x) 1
+ x +

2 n

2'

x

t.
+ + < ex < gn (x), 0 < x < n(

c

c
- 1)n

2
x cx

+ +
2! n!

Subtract prix) to obtain

-
Ox ex - pn (x) < g'(x) - p

n
(x) - (c

n!

1)xn

'1).13. Using (5) we 'have

2tx111+1
IRn eri + ); if Aok < 2.-

Replacing e
2

by 3 and, Ix' by 2 we have
.

To obtain two decimal

IRn1

n+).

n+ 1 !

place accuracy tie.need to know that

IR
n

I < .005

SO itaisenougii-to choose the first d for which

6hat_is

9 x 2
n+1

(n + 1), < '005'

2
n+1

.

(6 4- 1)!
< 9

005
.00064

so it is enoughto choose - n so that,

311
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0

that is

n = :

n = 7:

n = 8:

n = 9:

-5
(n + 1)! <2 X 10

2
n-5

'< 10-5 -
1 .,

(n + 1)! 100,000

2
6-5

2 1

7! 5040 7 2520

2
7-5

. 4 1

-87 500 x 10,080

2
8-5

8 1

9! 5040 x 8 x 9

29-5 . 1 x 2 2'

10! 4 5,360 x 10 75T6755 . ....

.

1 ',,

2 26,80044
.

!

so n = 9 will work!

14. We have

IRnI

a0.5(1)n +1' 2(1)n +1

'2! ;
(n + 1)! 77E7

It is enough to choose n so that

if lxi < 0.5.

1 1
< .00o05 =

(n + 1)!2n
1001000 20,000

n = 3:

n=4:

n 5:"

1 ' 1 1

4!23 24x8 -i92,

1.

5! 2
192 x 5.x 1,920

\
1 1 1

0, 2
7-6 1920 x 6 x 2 aT656

so we choose n = 5.

15. -We have

IRn1 <

N

e
0.001( 1 )n+1

1000'

(n + 1)!
if lx1 < 0.001

.

with n e
0.001

2 we ve1 and using
,

--

- 10 < 50 -6
x,1

2 x 1000 -6
!

.02

<
2

. ---

33
312 0
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O

16. (a)

, .

orrect tq 5 decimal places

e
0.001.

= 1 + 0.001

e-0.001
1 - 0.001

=

=

1.00100

.99900.

2 3 '4 5xxxx
+ +7r + + + +R5

here

IRS <
e

xl if Ix' < M.

US

where

(cx)2 (cx)5
1 + cx + + + + R5

5.

M6'
e

1R51 tf lex' < M.

4 8
ex

2
x2 x x

(b)
2! 3! VT

where

4F,

M
x
10

IRle(
e

if Ix' < A .

l7. (a) 'ex = 1 + $C+ R
1

where IR11 < :*2" if Ix'2!

I

' I

e
x2

= 1 - x
2
+ R IR1 I 2if

ix'

2

:: 1 - e
-x = 2 - R1

sin x = x + R
2

where
2 3!IR I <. 113

- xR.J. + x
2
R(1 - e-x

2
x3

)sin x 2
- R1R2

<1

<1

so
x 3 x3

which approaches 1 since

as x-4

-xR, + x2R2 - R1R2

x5

11,

1x15

4.
lxj5

4.
lx11x17,.

2 12

lx13

2 2-

lid_ lxl +1 ,x14.
2 6 . T,°.x

313 3 4
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,rt

't

§-5

a

18.

a

LI!
(5) Nex = 1 + x + RI' 11311( -

<
2! '

Ixl < i

1)(12 ,,

cos x = 1 + R2, IR
2

I < ' '

2:.

' &

so that I

(c)

'. e
x

- cos
x + R

1
132

.

R
1

- R
2

- 1 +
x x

)
..

sincewhtch approache

R
1

R
2

x

'

cos x
2

- e
x.

sin x

we have

so

2

2

2.12.1_1x1
2

lx1'4")0 as x O.
x

cos x
2

- e
x4

.x3

x3 sin x3

cos x2 7. 1 -
x

, e
x

1 + x

2 x
cos x

2 2

- e -3x
;4. as x -4 0

x

3

Since
x the correct result is 0%

sin x 3

`You may wish the students to use error estimates to prove this

(as in (a) and (bp.

e ..e(1 - ex-1)-

e
x

1 + x so e
x-1

1 + (x - 1) and hence

e(1 - e
x-1

) e(x 1)

x - 1 x411 -
e,

-.

le e
x

so' lim - e.
0,

I \
x -41

/x 1

ou may wish-the students to use error estimates as in Number li(a),'(b).
\,___,

%lb

3 3
314'.



.1. (e)a f : 2x3/2

f': x 3x],/2

f 6 x-1/2(b)

.
Solutions Exercises 6-6

41*.

-3fi -3ft:
.

(c) f

f :

(e) ':
f':

(f) f

(d)t

(8) f :

(h)

lx1fx-

.x 4 .rx5
1

X -)X
/5

=

5C3

X 4

1-10-c

4

x
x-5/3 -4

:31::2

1 -1 -1/2= 2 (2x)

fT x 2)(2)(2x),-3/2 =

f : x

f :

f'

-1
x

41A/0-c

3x20(7) 7

14(1) (1-c)(-3)
V V

f : X 4 12-( 21.) ('3)'
3x

x>2 = x-1/6
rc

-If -7/6 -1

312_ Ix!
6

X

f : X

1

x -

1011/10 x9/10

315 -
3

/ tY

1

6 -6



"sr
r-

6-6

2. f is defined, respectively, for the following Values of x:

(a) x > 0

(b) x >

(c) , All x

(d) x > o

a (e) x > 0

(f) X7/ 0,

(g) x > 0

(h) X >

(i)- x > 0

(j) x #0

3. f is defined, respectively, for the following values of x:

(a) x > 0

(b1 x > 0,

(c) x .0

(d) x > 0

(e) x > 0 '

Nf'(x) cl/2

f'(1) = 3

f'(2) = 3)

(b) f'(x) =

f'(1) '= -43

f'(2) =
212.

5,47

f,(1) =

f,(-2)
1

5413

1
ft(Z)

10
11/10 x9/10

ft(1)
1

3701774

f'(2) =
1011/10 29/10

(f) 0

(g) x >0

(h) x > 0

.(i) x > 0

x # 0

(e) f'(x) = '1

ft(1) = -1==

(f)

f' (2)

ft(x)

f'(1)

f'(2)

(g) f'(x)

f'(1)

f'(2)

(h) .ft(x)

f'(1)

1

2.
=

-4

53k

4

=4 -4

3 2 5g 654
-1

41x144Ei

-1

141-2.

-L

=
s3x'

(122)(5.)(3/ 14(n)(.7)
It 3

7 310



(i) fi(x) -1
3if lx164-c'

ft(t) =
1

(j) f'(x) = 4

3x

6-6

to
14 8fl(1). = I;
3 I,

.

.

...f, (2) . - 1

f'(?) 634

5. (a), (0; (a), (e),\(h)
6. (a)

7., (a) D:177---1- 1 = D(x .+ 1)1/2
2
2--(x

a

+ 1)4/.2 1rnxl 1

01/3 _1(x
-

4)-2/3 1(b) D3,6777- = D(x - 3
3 714)2-

(e) D
1 - D(x + 2)-3 =1-3(i +

(x +

2)x-3/2

(/

2) -4 --3
(x + 2)11

-1

)43-

(e) D,r2- 4:744 = D(x i)1/2 i)-1 2

2.)1/7722

e(f) D 317:71: D
x - 1

x-1
- 1)(x

,1
23r7-:--21- 3 3

1-) (
2

3)-3/2- D(x + 1)-1/2 =

-1.

(g) D --- -s = DZ b b
D(x d)-1/2

-!__ c3,1"c-7---fcr lq r.i--71.d
j`

1.2( 1. .d..\ -3/2 -b
,,,iq 2'` 1

2,./ (x . T174 - }-
-b -be

21(; 471.)3

-b

21-c-
/(ex + 13)3. 2/-7,- Acx + (3)3 2 (crc-lf-d)3

C3

317
3 8

o I

ro

X

/4



6-6-

,8. The respective functions are defined...

(a) for all x > -1

(b) for all x

(c) for all x 4 -2

(d) for all x > 0

(e) for all x > --1
2

(f) for all x > 1

(8) for all x > -

9. The respective derivatives are defined...

(a) for all x > -1

(b) for all x 4

(e) for all x 4 -2

(d) for all x > 0

(e) fcYr all e> - 3
2

(f) for all x -1

(g) for all x > -

10. f x -42(1 - x)
1/2

.

(a) f' x -4
-1

f' (-8) =.-

f'(-3) = 1

Neither f nor f' is defined at x = 2.

NM.

I

(b) .f isr the positive. tfanch Hof' a, parabola which would have the

equation: y
2

= 1 - x. f is defined for x < 1.

(C)` is defined for mil< 1.

'(d) Since, ft is always negative, the function is decreasing for -x <

Since ft is never positive, the function is never increasing.

(e) f'(0) = -1. If x = 0, f(0) 7 2. Therefore the equation,of the

tangent.to the curve at x = 0 is y = -x + 2.

39 318



6-6

11. Given f x 3/7

(a) f' : x 2

. 3 3147

(b) When ft < 0, x <-0, and f is decreasing.

-* When f' > 0, x > 0, and f is increasing.

The endpoint of the interval, x = 0, can beeonsiderebas part . .

of either or neither interval, as you see fit.

(c) f(l) = 1; fl(1) =
2

2,
--1) +

1
Equation of-tangent at (1,1): y = -kac --1) 1 or y = +

.

2 8
(d) Let f' = -1; i.e., 77 ,.\-1;, x

1/3
- i ; x

.

=
2.

.
. 3x

7%
" '

2- x
3

P(-
8 )

=
4

Therefore the coordinates of the point on the curve

Where. the slope is are (-
8 4

the equatiO'n,of the/

tangent line is y +
8

1
4 4

or - y = - x tx.

(e) Yes, it is a vertical line with the slope undefined. The equation

is X = 0.

0

319
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y

.

a

1-

ei .

a

1 2 3 4

4, .

12. Given:- f a x -,x -
1
-
x

2
(a) +.71 x

2

+ a.
4

x x

f' >.0 The curve is increasing for all values for which it is

defiqed; i.e., Ixl > 0. It is never decreasing since

f' is never negative.

5 x

,

Ixl increepes, the Orve approaches y = x.

* 1 -- 46 a ... , -. 2. 1
- ,; --,x = J.; x = or x° = - -

2 2
,x2

i.e., at' (II,- andand (-1,i), the slope is

the equations of the tangents are

es
4

Y = 5(x 7 1 ) -1- and ,y = 5(x 4.1)

'41
o 11,

f

4

5

4,

Therefore



(a)

(e)

x2 + 1 =m

2 10

0-6

13. p N x .41 + V+ ST .+
4. I0* .

Here we anticipate the next section. It isnot intended that you should
°

.teach for this problem.
2

..........x9
(a) r:,' : x -41 + x + ^--) +

2: 9!
..A.

2
ii + ''

x
8

' + . + BT

x2 x7
pi": .X ->1 + x +,2+ . . . + 7

321



(ID) p(0) 1

= 1

.pr.(0) = 1

ptn(0) = 1

(c) The student should guess that f'

1. We' have
e

Solutions Exercises 6-7

R

n+1
'1

nn nx+ - n +

1 5 1
so

n + 1 - 0

< 0.005
1000 200

4

gives n + 1 > 200, that is n > 199. Secondly

1

n + 1
< 5 x 10

-10

gives

so that

1
n+ 1> 5 x 10

10

n > 2 x 109 - 1 =

= 2 x 10
9

1,999)999,90

(a rather large number).

2. With x = 0.2 we'have'(from 9)

so that for .

Hence

n.=

x
n+1

IRn I n + 1 n+1 1
5 (n + l).

53
3

3 375 < 200 = 0.005.

loge 1.2 = log
e
(1 + 0.2) 2: p2(0.2)

= (0.2)
(0.

2

)
2

= 0.2 - 0.02

0.18

which is correct to two places.

43 322
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6-7

4

3. loge(0.1) = loge(1 - 0.9) with x = -0.9.

This time we use (8) since -1 < x < 0.

Ix n+1

IR In (1 + x (1 + n)
< 0.05.

It might be helpful to allow each n + 1 to be a.power of 2. This will

help in computation.

n = 1, n 1 = 2,
0,

(01.9)2

)

0.81
'4.05 > 0.05

)(2 .2

n h + 1 = 4

J

(0.9)
4

0.81)
2

.6561

(01)(4)
64 /= 3, ,

$n = 7, n + 1 = 8
8

(.65861)2 .48 65
a .546'-

n = 15, n + 1 = 16, (0.9)16 (4365)2 ^ 1901

(0.1)16 '1.6
119

(0.9)32 (.i901)2 .01416 ,AL

(0.1)32 3.2 3.2
n = 31, n + 1 = 32,

ti

Then certainly n = 31 is large enough. For a more precise n we

could use logarithms in our computations.

R
21

21 0.0447 < 0.05 <
R20.'

Thus n = 21 is'the, smallest n which is large enough:"

4 (a) loge 3 = loge(1 + 2)

22 23 2
4

2
5

p5(2) = - + - 4.

16=2 -
4 8

- +
32

5

304
6o

5.o67

(b) IR
5

1 2
6

< = l02/3

f.
(c) Tables give log

e
3 z. 1.0986

323
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.1

(d)d) n,a,erloge
k

n = 7: loge 3

n = 8: loge 3 =

2
6

- -5.600

27
+

7
12.686

28
- -19.314,

-

-5.600

12.686

, 29
n = 9: loge 3 ;I: -19.314 + 7= 37.575

(e) The'difference log0 - p_(?) oscillates:in sign and its absolute
k"

value approaches +Do as 41 -*Do.

log
e
(1 + x)

5. (a) loge (1 + x) z x if pr'. is small,so
.

x
1 and hence

limit is 1. A more formal proof, using error estimates is as

follows:

""'112

o. ' loge(1 + x) = x + R where 111 <
1 1 + x

(b)

so that

loge(1 + x) <, ,R1
= 1 + 1

since

sin x z x

x2
1- coA, x T

loge(1,+x) = x

SO -

x x x

1. 1x1
O.

x - 1 + x
x ->0

if Ix! is small

\
-

(sin x)loge(1 + x)
x2

lim lim
(1 - cos x)

_

x -00 x x
2

2

if lx1 < 1

'1, xt

You may wish the students to use error estimates a in (a).

324
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6. With f x 4777, we have

f(0) = 1, f'(0) = f"(0) = -

,
15

fi"(0 $, f
(4)

40 =

(as in (10))1, Also

SO

Hence:

so (using (12))

and

with

7. n = 4:

6

(
. f

4)
: x -4 - x) -7/2

f(5) x 2132 92'4 (I X) -.9/2

f(6)
22R x)-11/2.

:

f(5)(0) =
105

32

1 1
a = 1
0 1 al 2

1

a2 EC' a3

21

a4 a5 256 ' -6 755

P
5
(z) = 1 `---1 2 1 3 5 4+ 7 5

1 + - F x + x
128 T5-b

1 1 6 21 6
11151 5 11161x = ---r

l024 x
if 0 < x 1.

=.11777 4

P4(1) 1 146-

4/4
=

179
1.399

with a maximum error (frOm (13) With X = 1)

t t 7
- 'Bo '< 0.028

325
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.

6-7

n=5:

with

ia /77-7.

t 1)(1)
1 1 1 7

= 1 g . 12

= 2610

179
3 1.426

IR,1 < 10 < 0.0206.

Each gives 12 = 1.4. correct to one decimal place. More terms are

needed to improVe accuraey.

8. n = 3:

with

9.

/ITT = j1 7T-ET

p
3 2 8
(o.1) 4 1 +

0.1 (0.1)2 (0)3

4

" = 1 + 0.05 - 0.00125 + 0.0000625

0

= 1.488125

1R31 f

Hence, cOrrectto five decimal places ATT = 1.04881.

(0.1)4 = 0.00000390625.

n'= 4: = /17-57

,. 0.1 .1) 0).1) (0,.1
z p4(0.1) =

(0
+

5.128)4

with

1 2-- =
2

= 1.0488125 - 0.00000390625

I

= 1.04880859375

1

.

(0.1)5 <.0.0000003.

.

(-0.5)2 :(-0.5)3 5 t N4
Tn.

< 256

,0.5\
( 2 '

I

P4(0.5) =
.
8 .2 161

o.7085

which agrees with

/717 - A ,U.10(

in the first,two decimal places.

326
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6

O )

cos x z 1

\ ir7177 z 1 +

lo4 (1 + x)z x

sod \

x
2

2

X

2
if is small

' 2

(1
`

- x 2) (1 + 2) 1 X

2 2

1
and hence the limit is 77 . Again you may wish a more vigorous

disucssion using error estimates to establish .

cos x - 1/177 1
and

log
e
(1 + x)

x 2

6-7

(b)e

x2
z l'+ x

2

x
2

+ x
2
z 1+

2
--

(sin x)2 z x2

SA

if is small

2

e
x

x2 , 1

(sin-2
2

5x)

s

11. (a).. Put f : x ).(1 + x)13. Calculate (using (1)):

and

1
ft : x )7(1 + x)

-2/3

4:3x)-5/3

10
(1 + x)

-8/3
-77-

so that

A '

f(0) = 1, f'(0) = f"(0) = - ,f'"(0) =
10

f"(0), 2 f"1(0)
p
3
(x) = f9(Q) + ft(0)x + x

3!

1 "' 1 2 5 , 3
= 1 + x - X +

327
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Teacher's Commentary,
ip
Chapter 7

AREA AND THE INTEGRAL

Our approach is intuitive as we discuss the following topics in Chapter

7:
a

7-1, Area Undkr Graph

7-2. The Area Theorem

7-3. The Fundamental Theorem of Calculus

7-4. Properties of Integrals

7-5. Signed Area

7-6. Integration Formulas

Extension and a more analytical approach to the ideas discussed in

Chapter 7 can be found in the following sections of,the appendices:

A5-?. Evaluation of an Area

A3-2. Sums and ShmNotation

A5-3. Integration by Summation Techniques

A5-4. The Concept of Integral. 'Integrals of Monotone Fundtions

A5-5. Elementary Properties of Integrals

A8-1.* Existence of Integrals '

A8-2. The Integral of a Continuous FUnction

A94. The Logarithm as Integral

A9-2. The Ebcponential,FUndtions ,

The following discussion maybe helpful to,some studentias thdy_study.
, A

Sectioi 7 -4 and /or in anticipation ,of Section 9-5.. t

'A

One is tempted to writ f(x)dx £beR,arekeloi the graph of f

a

and above the segment' AB (see figure)..

In fact, this is often done:0 The

$ difficulty is,that then x 'stands

for two different things as we, have

shown:,
.

. 1

(1) the abscissa of the right

end B of the interval;

(2) the abscissa of a point like

C within the interval.

-329
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v.

This is confusing. COnsequently, it is wise to use a different lettei (bay t)

'for one or thp other of these abscissas.

It is customary to keep x for.the end of the interval and to change the
A variable under the Inte gra). sign to t, say, so that_

e

is written as

For example, if f g x -c
2

x

f(t)dt.

.,, x
2 ,

a

f 4 t dt (not x dx).
" a [a

Since the result 3t.t2 t3 Ix x3 a3

V

a

dt = -7 = -a- T-

' a '

doed not on t it

clearly dOes not matter if we replace t by another letter like u. For

this reason t is called a dummy variable. c

this notation, we can rephrase property (2) as follows:.

- --

(2). If f(t) < g(t)
-

for a .c t < x then
Is a

f(t)dt ,c ..c g(t)dt.
a

- x x

Let us apply this result to the graph of the exponential function.

For t > 0, 1 < et. Then by (2)

that is,

x

1 *tit

x

et dt,
0 , 0

t <`e
t

0 0

and hence,

x - 0 < ex - ec).

/x < ex - 1

and ' 1 + x < ex.

This is stronger than

1 < e
x

51
330



If we want a still stronger result, we--int4egrate again., But to avoid

v.epnf'usion We write

Thep

or

1 + t < e
t

.
,

x "x
(1 + t)at < e

t
dtS o o

x2
-x +

2
< ex - 1

x2
h*

ss.

5,

Solutio s Exercises. 7-:1

1. x?'(1 -2-- A(Sc) <
2n

1

2/.

6n von
3 2n '2

2
-4 X

(a)

o

(,b)

41 _cl
`3 2n

,t 1
4

1 . ,

+,--f) <
A(1

1)6n---/
(i) n = 5

1
< At

0 '

66
1,50 e

'6 , , _,
.24 =

25
-- < Aki) it . .44

n = 100
60,000
1:0_2_12L. A(1) < g20

.328
tt 20

< A(1) <
0

.6-11§Tz .338
,00 ,0 0

23(1 1

2n
<42) <- 2311+1- +

213 6n2
-',3 2n

.6n

(i n 8(15-25 ) < 42) < 8(21)
2)

48 88
3.521.92 = < A(2) <

260,07/< A(2) < 8(4G). (ii) n = 100 8(

6 567 6767
2.63 1--- < A(2) < --- 4 2.71

2,500 2,500

(c) f x -» x2 and A : x -4
3

x3

(i) If x = then A(0 =

(ii) If x\= then A(3ID. = 271/S"

4
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.60

CD

Summarizing part (a) ,and part (b),. we have f,

f .

4- , 4

_ n n1;
n

, _4,
, x4 1 4

r'dii..,<.' A(x) < --- ; i.e., A : x --)v x4.

.f.

4 4-
2 1 2 1 A

n2 ., n

/-(l + ---..-) < A(1) < t(1 + 2 + A)
n

2 1

n
'e n

, n
,...

When n co:1*

n = 5. .16 = 25
4 -9-< A(1) <- .36

25

9 8QB
< A(1) <(ii) n = 100

140,000
100,000 k

or .245 < A(1) < .255

(d) 16[ta - gn + 1) < A(2) < 16411 + + 12N
1n

n = 100
-9 <8or ;I) , 10,201A(2) <

.3.92 < A(2) < 4.08

(e) f : x3 and A : x x4

(A) If x = 0.4, then A(0.4) = 0.0064

. (ii) If x = 51f, then 'A(512) = 625

3. The area under the Curve' y = 1: A(1) = 1

The area under 'the curve y = x3: = #

Therefore, the area of the shaded region is 1 -

4. The intersection points are {0,0) and (1,0).

1
The area under the curve y = x: A(1) =

The area under the curve =- 3

N.....--411ihe area between the cul'ves is
1 1 1

333 Ar
0,4

'.4
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7-1

Intersection points are (0,0) and

(1,1)

o, 3

'If f : x -* x2 and A : x .-T,x

, 1
,then A(1) =

,a 4, .

If g : x -4 x3 and A : X -4 x

then A(1) =
1
ij.

i
Area of shaded region =

1l t

3 4
r

12

r

y =,x3 -

6.
x 1 2

: x -4 + ; A : x -4 r x -F. 2x
4

A(2) = 1 + 4 = 5

{.

Area of quarter circle
,2

. ,

Area of trapezoid 01Wi:

{

.4,
!.

2(2)(2 + 3) =5

. 4

Area of shaded region: 5 - n 1.86-sq.

. (

334
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O

7. First, find area under outer parabola in quadrant 1:

f : x -x2 + 9; A : x x3 + 9x
3

A(3) = -9 + 27 18

Then, find area under inner. parabola in quadrant 1:

f : x -
3
- x

2

2
+ 6; A : x-) - 12-- x3 + 6x

A(2) = -4 + 12 = 8

Therefore-, by subtracting

and doubling (making use

of symmetry) we have:

Area of shaded region =

2(18 - 8)\= 20 sq. units.

8 (a) We average the sum of the areas of the exterior

rectangles:

3
A(x) z L. (1 4.

3 2n ,

Y3
If' n = 51 A(x) tt

3
=-41 +

11,z 17 x3
50' 50

(b) Adding the areas of the five trapezoids we get

.A(x) = 2 5ft(0) +f(5)] +2 'g-(f() +f11',.t i-rf(ifc) +0c)1

.
= l(f(0) + 2f(i5c)+ 24c) + 2f(?..) + 2f(P + f(15)-c)]

= E[1; i:(0) + fN'+ f(2tY +f(3x)
+f(4x)

f(21c)]
52 5 5 5 5 2 5

E 0)2 (242 01)2 (1 ai2 0)2]

and interior

It

1

3 2 2 2 2 ,2 1 ,2% x .
3 t132 i7x3 11"

= x (0L, I- 1 + 2 + 3 / "I^U15 2 50125

335
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(c) Adding rectangles with height at midpoint of intervals:

A(x) glf(ii;) f*) f( o) f(ig).1

=
412L)2 fl.CA2'.4. '2E12

+

fil
+

t,2)1\21
'10'

p

'10' '10' '10'5 '10'
3x3 (12 32

52° +'72
92) x3 ..

165 =

5 102' 5 I 10-
100

(d)
Estimates (a) and (b) are'the same, a fact we might .suspect from

r

b

elementary geometry. By comparing 4he fractions
17

and 33
'

50
,, ...

100
1

,to
3

we see, that thE% midpoint formula is slightly better than
---

the trapezoid formula,',

33 <) 1 17i.e. , 100 50
99 100 102 .

300 300 300
;

2'
There is an error of in using the trapezoid (or Fiveraging

4 1:-
interior and exterior rectangles); there is an error 5 300 .

using the trridpoint formula.

J

Y

o

a

1.v

'57

I

.

Y '

a

,

r

<

A



Solutions Exercises 7-2

x3 x3
1. A(x) + n =

3 6n

8
( a ) A ) +

(b), A(2%

1608 2.68

irt 4.261 ;,-,9.261
3 600

1852.1 9.261

600 4. -OF
N 11561

3.10

1861 1608

(c)
A(2.1) - A(2) X00,0,1600

4.2

pr by decimals

3.l0 - 2.68
0.1,

, 0.42 4'
0.1

.2

(d1 'A(x +,h) .
3

h)3
(x600

h)3

(x + h)3(2 oi-1)

ni 17
= 007(x"+ h)

, x3
A(x) ' 3= 4- 00

201 (x3)

A (x + h) A( X) =2 - x3)

,h2x h3)

A(x + - A(3) 201,

h ro-ok3x
2

h2)

337

s 1

,'
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7-2

e

(e) lira
A(x + h) - A(x) 221.1,x\."

-) 0
600

201 2

200 x

* 2
x

We have found an approximation of the derivative, Al(x) = x
2

.

2
x3

2. f x x +1 then f =
-'

+ x

(a)

,

lim f =
l+h

Urn
[(1

3

+ h)3
+ + h)) +

h 0 1 h 0 '3

= lim
+ 3h + 3h2 3

+ h
+ 1 + h) - (1 +

ki o 3

= (3 +
-

1) - (3 + 1)

o

The more alert student will see tnat we are integrating from one

to one and immediately conclude the answer without calculations.

4

(b) lim
1

h
h 4 0

(c)

1

1 + 3h + 3h
2

+ h
3

f = lim 3

h -, 0
,

6h + 3h2 + h3
3h

= lira

h -4 0

2

lim 2 + h
h 0- +:"7.

+ (1 + h) - + 1)

= 2 4

The observant ,student will sep that he has taken the deriv4ilt
; ,. /

the area function Ti.\,, = 1.
,.'

i1 1+11',f. __+__11) ,..11(1)

h b h

= At(1) = f(1) = 2.

No. See comments after (a) and (b).

59- 338

S

,f



4

7-2

3. F(x) = f, where f : x >x3

X4
4

F(x) = -

4
1(7 - 4

=0

x3
(b) Folx) = 4 t. 0

3r

F1(3) 27

C.

(c) No. F(2) = . f = 0. No matter what function we'consider,
2

f is always zero.
a

In part (b) we take the derivative of an antiderivative anAevaluate

at x = 3. B. the Area Theorem A1(x) = f(x).

4 gl x 3x2

: x x3 4-sc for-various values of c. The functioni only differ

by a constant.

(a) f: x x2

F(x) = f

,P

F(2) =
8

.

f-: x 1

F(x) = x
2

+ xi

F(2) = 6

(c) f': x )4x3 +:x

4
2F(x) = x +
2

F(2) = 18

3

3

339 60



6. f : x x2 + 1
x

f
x3

0

+ x

(a) See graph.

2

o

14

3
(c) f =

8
2.=

(d) The region of part (d) is

equivalent to the region of

part (c) with the region of

part (b) removed.

2 3

3 a.

2

6
34o



yL

a

(b)

7-2

f : x (x - 1)2

3 1 3
f = .c. f+ f

0

f is decreasing when 0 < x < 1

and

f is increasing .when, 1 < x < 3.



7-3

Solutions Exercises 7-3

. 1 (a)
2

(X
2

+ + 3)dx =
2

0
x2 dx + x dx + 3 dx

2

0 0

2

x3 2

0'
x2

2

.2

0
3x

2

0
- 8 ' 4 )

32
=

0 0
(b) + x + 3)dx =(x2

112-2

x3
3

= (0 _.:1)

20

x2 dx +

0 2
+

-2 4 2

(o
3

0

17
dx + dx

-2 -2

0 0
+ 3x.

-2 -2

7 12.1-) + (0 - (-6))

( c)

c

(d),

2

J -2

():2

=
3

2 2 2
3dxx2+ x + 3)dx = dx + x dx +

1-2 -2 -2

x3 2 x2

-2 2

8 -87)
52
3

7c/
cos x dx, = sin x

4

v/j

0

Tr
=' sin 73- - sin 0

= (-7) (0)

2

3 342

2 2

+ 3x
-2 -2

+ (6 --(-6))-

F



(f)

(g)

1

1/16

x3/2 dx
0

2 x5/2 2

5 0

= 5( 42- 0)

8if
5

-1/16 .s 1/16

1 ,x1 /4 dx(1; + 44-0 dx = xl 2 dx +

. 2
)c

3/2 4 574 1

1 06 5 1/16

= 3(1 - 1n) + 4

5
(1- 1)

229
76

1 ;1_0 dx =
1/2 3x-

1

a/2 3

1 -
x

2 dx

1
1= - x

-1

3 1/2

=.(- - (1 .2)
3

(h)
-1 -1

5x-6 .dx +(5x-6 + x2)dx =

-2 -2 -2

-1 3 -1
-x-5 1 +

-2 -2

ss

311.3
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-4-

a

"

2 f. .

dx = loge x
1

= loge 2 - loge 1

= loge 2

ir a +1,

(j}

It

: (j).'

1

xn
.P

dx - x
ir + 1

1

4

= (n)n

+1
1"1

1S 4' 1 I( 4- 1

Ir +1
iv& V - 1

1( + 1

2

e dx = e
2

x
(k) 'i

-1 -1

(41

_e2 -12 1
e

'e

e3- 1

2 2 2

(ex + 1)dx =--` ex dx + dx _

-1 -I -1

2 2 .

= ex + x
-1 -1

= e2 - + (2 - ( -1))

O

e3 - 1
3 or+

. e
3 + 3g -

(al) (e:;.,+ x)dx

s2

er dx + x dx
' 1-1 .. _.1 -1

2

.

x
2

x2
2

= e + 7
* ! ',hvi -i

_,(e2 -r) + (2 2f-)
e

2e3 + 3e 2

2e

344
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_
, -

2 Ct2
(n) .c: (5x + 3x---+ 1)dx = 5x4

1' '.,, '1
dxV+\\ 2 3x2 dx +

1
(n)

P , it - 2 .
dx

of
\

(.1 .' = e +

2 2 2 4-

D I1

= (82 - 1) + (8 - 1) \+ (2 - 1)

= 39 \
(o) (sin x + cos x)dx = iv/3 sin dx -F \ . cos x dx

n/3
(sin

3 ./6
x

7t/6

r
F- COS xr,3 43

+. sin x \ .
n/6 n/6

= (C- P - (- 11)) + «24) (e)

= )3 - 1 a

4103

0
(e-,. + in x)di = J dx +(p)

0
sin x'dx \\

0
*

t

7-3

(q)

(r)

3 2
+ 2x + 5)dx r- 0

3

10 tetn'

10

4n/34n/3 ,

ex + (-cos x)

(eon /3 1) + (.44).7 (-1))/

eitic/3
2

I

345
6 b

.>





(d) f : x ) sin x cos x

\

/2 v/2

0
f = -cos x

10

+ sin x
0

= (-0 - (-1) (1 - (0))
2

1.414

.707

.5

sin x

p sin x + cos x

ia

. 347'
68



\ 7-3 ..

2x4 +
,,cos

x

17g ,

d
%gilf n/14

1.70
yin 4-, 1f

' - 5 192 ) (-(-5) ( -1))
O 2 5 32

2 -33- ,5 + 2
5 10A : 2

337t5 >r + 2 ^
T5-65

33(305) 3-.0:4
. T-5-6(7,- 2

3,9 + 1.707

9, 34

COS, x

°





7 -3

x, x 0

(a) f x

-x, X < 0

X = -
x,c 4

f =

N4=

0 4

-x dx + x dx
b2 0

2 +. 2

2 0 2
J
l

= (0 - (-2)) + (8 - 0)

= 10
,

By elementary geometry the area is equal to the area of two triangles

T1 and T2.

(b) f :

Area = aT
1

+ aT,2

1(2 1
2) +

= 2 + 8

= 10

x l4oc31 = /

4x3, 0

-4x3, x < 0

x = It'

x = 3

1 3

/.

f = -4x3 dx + 4x
3 dx

'

'_x4

='(0

=82

.

i -1

- (-1))
d-

x4

10

+:(81

-1

-,o)

350
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(cf f x !cos x w

x . xcos lx,'.\_, - - < x < -
. 3 ;-- 3,t

..cos x, x. < x <:,121.
2

,1

7-3

47r /3 n/2 47f /3

-x/3 -x/3 J v/.2

n/2

4g/3
= sin x + (-sin x)

-tc/3 x/2

= (1 47 A) 4- ((-( - A .- (-(4-1)))2

x dx

= 2 +

- sin x), -7( < x and

*(d) : - 1-32 - sin XI =
( - + sin x), -x < x

x = -x
= 221

57r x <

A
351.



7-3 (
1

217. .57c/6 2/c
1 1

f = - sin 3c)dx + (- + sin x)dx + - sin x)dx
2/t 17/6 517/6

57c/6 2/c

... (cf + cos x) + (- 22-C .- cos x)I + (-21 + cos. x)

-/c /(16 2 .15/t/6

1

[1. .

2+ 13-:) (- i + (-1)1 + 1.(.41. (- 4?),_ (fit. 7 4]
2

+ + 1) - (i + (=-2'(-5)]

= -6-5v + 2 +

1 13c x <1
(e) f x 11. - 13-cl

, -

= 0

x = 4

f = 1 (1 - ;TO dx (-1 + 16-0 dx

J JO' O 1

(x
x3,11 3/2,

4

( ) 0 (x

2

) 1

= L1 3
[(-4 +

3
(-1

= 2

4
4. '(a) (x2 + 3&) = (16 + 6) ,(1 +

1

= 18

4'
+ ,+ 50) = (16 + 6 A-,50) 1- (1 + 3 + 50)

1

r

(x2

= 18

(b) Since F and G differ only,by a constant,'

1F(x) = (-1) - (+1) = -2 = G(X)1 1 .

0 0,

b

(e) If. P's G' then F(x) 1 G( ) I = 0.
a a

. '31 352



5 (a) (1) f x '4 (x _1)3

f 4.(c 1:)4

F x
3'

3x + 3x 1

F= -x3 x2
2

(iii) g : x 8x3 - 12x2 1

Isg = 2x4 4x3 + 3x2 - x

9

A " ' (iv) G -3 (2x - 1)3:= 8(x 22)3
44,

= 8 t(x

=. 2(x
1 4

(b) Since = F and g = G, we wonici. expect theirs respective anti -
k'9

derive iveb to differ by at most. a constant.

libcpan ingl
if ,t(xit 4x3 + 6x2 4x + 1)

4 3 3 2 1
.= x - + - x +

2

7-3

We note, that F and If differ py .

1.

panding,,_ G__= 2(x
4 4 '3

+ Z
2

- li x + i !.., )..,

2-x

= 2x
4 14x3 + 3x2 - x + 8°.

We see. that

.

ig(x) and fG(x) 'differ by

6. f x 4 1)3

if = 8 t(x + 1)4

= 2 ( x + 1}14

Since g x :.(2x + 2)3 = 8(x + 1)3

g .= 2(x-+ I) also.

"NW

°

353
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7-3

1

7. Find (3x F 4)5 .dx
0

(a) By expanding we lfave

F(x) (243x5 1620x4 4320x3 + 5760x2 4- 3840x + 1020dx.

This is obviously a messy process which breeds arithmetic errors.

, 243 6 1620 5' 4320 4 5760 x3 , 38,40
F x = x + x + x + x t x2 + 1024x

F(1) F(0)
243 16520 4320 57360 3840

23
= + 324 4- 14349 + 192d + 1920 + 1024

1,, 1
= 6308

-.:

(b) This method' s'hould be,a welcome relief after (a).
t,

Let (3x + 4)5 = 243(x +
It) 5

3

f LThen F(x) = 243(-x + )5 dx
3

I
1, 6

+
4)
3

, 324,,6 243,11,6
F(1) FkOi.

7-

243 6(76 46)

T77
1= -0(117649 4096)

7 I-8(113553k

=63o8-1--

8. (a), (c), and (d).

n/6 n/6
9. (a) . cos x dx-=-2

0
cos ;t dx

It/6
= 2 s in

. 2(2 - 0)2

= 1

354
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.(b)
2

.2
(1 + 6x2)dx 1, 2 2(1 + 62)

0

2

= 2(x + 2x3)
0

=.2((2 - 0)

= 36

i(0, 2-(X-1 1)2dx=-2-3 (x - 1)2 dx

0 Jo

0

An alternate method inyplyes changing 4-le function so that it is

symmetric with respect to the y-axis/

ff
2

1).%2 dx =
Cl

x2 dx

=2 x2 dx

0

0 a r X3 11= _
3

(d)
it

1
tt /2 0

sin x dx p= 2 sin x dx

0 0
.

tt/2

= -2 cos x
0

= 2(0 - (-1))

= 2

35

2
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-x, x < 0

-x2 + .2, 0 <x < ,r2"
--.

x, if < x



I-

12x - 3( if 9 < x < 3

(b) f. x
3
4, - 3N 2 if ,2C <0 or 3 < x

2

vertical lines
-

12

3

z .3

2

/
\. /
\ , /\ /\\ I\

1
\//

/
I -illA

-2 -1 0 1 3 2
2

By symmetry

9/2 K 9/2
f(x)dx = 2 f(x)dx

j-3/2 3/2 ,

3

3 I 2x - 3 Idx +2 (x
3/2 3

3_

357
7

$

a

I

. 5

2)2dx

S.

u.

.



T

2Since 2x - ,3 > whet x > T then

4'14 - 31 = 2x - 3

9f(x)dx = 2(x" 3))
-3/2

11. (a). (i)

3 1
)(x -iz&

3 3 19 /?
+

8(
3:

= 2(Y9 - 9) - 143
51.
2

2 21(8 - x )dx = (8x )
3

3 0

23
4

7 9 3Y3

0.



which is





,. 4--
., .

. :0q '''
.

.t 4..

,:.
1

(b),,, The aired areeie..
v.. a

f(8 - x2)d.x 2 22 t.x2'.dx

7-,

0

2(11

3

2) 2(.813 ) 64

1

p

. q7-3

erq

0 t

a

1 1 1

13'. (a) 0 x
2 )dx - x2 dx = (8 - x2 - x2)dx

-1 -1

Cl
. 2 (8 - 2x2)dx

0

2 8x - 2 x3

44

2 22'
(b)

-2 2:2
(o - x2.)dx -r.

.0.f
x dx = (8 - x2 - x2)dx

-2

21-2

(8 - 2x2)dx
0

.
= 2(8x - .. y, )

2 3 i 2

0

64
3

r

361

82
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-1.4;;. '

Solutions-Exercieee 7-4

Let' = f. By the Fundamental Theorem

ca a

-f = F(x) = F(a) - F(a) =1).

a a

2. If f(x) < g(x), for a < x < b, then

(g`- f:)(x) = g(x) - f(x) > 0, for a < x < b.

Property (1) then' shows that

(g - f) >
a

We may prove that this result is equivalent to

b b

. a a

f <

a 8 'I. ollows :

g = f + (g -

Hence, by property (7)

b b b
(g - f)-

and

Hence, if

and

ga ; c a f a

a

(g,- f) g -

a
b

f >0
a

x

3. - f -- F(,x) F(a)

(
a

x

D f = DF(x),..- BF(a)

a
,.--

.
= f(x) - 0 .

= f(X).

/

9

9

363
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7-4

c
4e D

x

f + g = (f i g)(x) = f(x) A g(x),
a

/ .

ra a a

D ..[ .1 +
a

i= D. f'/4- D g

x 1 x

,

Hence,

where C is

= f(x) + g(x).

+g) x

,s1 a

f
x

f + -,.g

a

+c

some constdnt. C = 0 since I. (f
a

5. f:x-*x , g:x-* ?. o

(a)

(b)

1^

a

+g) = f

a a

0

g = 0.

The graphs of f and g have two points of. intersection, tamely

(-1 1) and (3,9): This implies that the.dapn of As entirely
o

tbo e or entirely beloW the. graph of g when -1 < x < 3. We pick

an interior point on the `interval, x = 0.7 Evaluating f and g

"yields f(0) g(9) = 3. Thus.the graph of f is entirely

below the graph of g when -1 < x,< 3 and f(x) <.g(X)- when

0 < 3.

364 .
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3

f = x, dx
3 2

3 3

g-= (2x '+

0

1'3
13 g.

0 0

3r
3-3 0

9

3)dx = x2 + 3x = 18

6. (a) f: x-)x 4-, 1

f : x'",=rr.

We need' test only the, end-

points singe fq

ell values of x.

f(0) = 1 = m

f(1) = 2 =

0 for

m(a - 0) < A(1) < M(a -

1(1 - 0) < A(1) < 2(1 -.0)

1 < A(1) < 2

(b) f x -) xi - 2X +

ft: x 2x - 2

We must test for relative -

extremum, aswell as end-

points.

fr(x) = 0 when x = '1

f(0) = 3, f(1) = 2 and

f(3) = 6.

Thus m = 2 and M =6

2(3 - 0) < A(3) < 6(3 - o)

< A(3). <

10 10
f = (3x - 2),dx x2 ,- =7.

on,
25 / 5 5

1j
- 2)dx =

3 x y?
5

12
- 2

r- :ts'
=

205 r-

5';

10 10
g iff f

5 5

iy



774-

'7,

Y

f. x -2x + 20 and g i x -2(x - h) + 20 %

(a) Sli.ect h, = -3 then g(x) = f(x + 3). Substituting we find

,i(3) = g(0). f(7) = 6 = g(4)

3 3
'(b) f = (-2x + 20)dx = -x2 + 20x = 51

'0 O. 0

3

4 1+(-(x 4,+ 3) + 20)dx =. -(x 4-'3) 2 + 20x

7 ' c 7
c

44

f = (-2-X +' 20)dx.- = -x2 +
0 0

7

0

4

f =

o

a . a

b

(3x

20x

4

x -4x and 1

7'

91

x2

cb` 2

gr x dx =. 2-

a a.

b

a

b IIb

h = z1 dx =' x = b - a

f,a a

a

2
a'

2

3
b f2 3

a2+ 51).4. a

b b, 2 . 2

r. .3
a

g + 5 h = 3(-b
a-.- + 5(,b -

°

a)f
b2 3 a2b + 5b - a - 5a

2 2

b.

f.

a

F

,g7 366' 5.

31 ,t 9 .= ho

5a



10. (a) .

3

(x2 + x),i)c

1

4

(b) (x2 4x +

1 ,,

3

."(9 + - +2)
2

-.2x
2

+ 5x

(c) S-3 ( -x2 +2x +3)dx = - 7 + zof+3x

1

x3 2

4
,

2

1 2 1 1 3 .1
(d) x + - = 12- X 1- X

2
X

4

-1

7_4

32 +20):13 -2 +5)'= 6

3
, 1

7-
% 16

= (-9+9+9) -(- +1+3) =7

a 11. f : x px
2

+-Ix r

(a) x x3 .4- a + rx
3 2

Fqx).= 3()x2 + 2(2)) +

= px2 + qx + r

= f(x)

r

4
64 8 ' 17

= ( + 4 -4) -(-12 +1 -21 =7
12

2 ,. ..,
cti

(b) , f = f - f
b a

a 0 0

Since Ft((c)

a

= f(x),
x. ,.thenf iy(x) and f = ,F(b) : F(a) . ,

,. ,c

b.

12. g : x -4 px3 + qx2 + rx + s

G : x xit x3,---+ r
f ''''

,2 + sx

(a) Gegr=.1(f)x3 + 3(1)x2 -+ 2(-r- is,)x +
2

''.

= g(x)

I I

px3.
x

9. 2 + +s

g

a 0

b b a

(b)t .

,
.-, a

b
Since Go(x) = g(x) then g ,1=1G(r), thus g = G(b) - G(a).

0

.

1

$1.



7-4

13. G(x) = F(!)() 00

W(x) = F'(x) i plies that Go(x) = f(x) also.

b .
b

Since f = F(b) - F(a) there f = G(b) - G(a).

aN a

e

r

14. ; x Ix -21, so

I

II

5 2

1.i.. Ix -'2 dx .=
;0

'0

I

1
x2 5

/ x2 2

2x + 7= - + - 2x
0 2

== (-2 -4- 4) + (22 7 10) ( 2 4)

x -.2 d.f. x > 2

f : x
4 X + 2 if x < 2

(-x
5

+ 2)dx + 1 (x - 2)dx
2

13.
2

-3. 2 x3 -3 , 27,

-10

x dX = = k- -
,

3
-10

'3

1000 973

3

orlet

Then

where : x .4.(x - 10)2/

7
,-(x - 10)3 7 (-3)3 (-10.3

(x 10)2 dx = =
3 ' 0 3

.

I S '1368



4 e

16. f(x) = y = 2(x - )2 - 2 and y = 0.

Let y1 = y + 2. in order to raise /,
. /

% /the graph two units.. Then

fi(x)i = yl = (2(x - 5)2 - 2)/4/2

and 'f 1(x) = y1 = 2(x - 5),?/.

The area- in question OtSw "comes the

area, cif CrAZCD less the area under'

the graph of y.
3r1

The area of DABCD is 4, since

6 6

.14 4
2dx = 2x = 12 - 8 = 4,

The area under

c 54

The

from 4 to 6

fl = 3 x3 - 10x2 + 50x

2

desired area

-7-4

f
.

is 2 f by symmetry.
4 1

5

5 2
= (-3 125 3:0 .5) =(.. .64 -10 .16 +200)

is then the area of the rectangle, b 4, less

4
f1 =3'

5 f

4 8-
3

0,



f(x) = y = -(x + 1)2 + 1 and g(x) = y = x.

Raise the'two graphs to obtain the figure shown.

Let f
1
(x) = -(x + 1)

2
+ 1 + 3

Then

0

-3 .

4x -fi -
(x + 1)3 I 0

3 1-3

1 \ (-8)
. ?-. (- (-12\ 3

1 8= - - + 12 = 9.
3 . 3

arom this area we must subtract the area
a

1the required area is

3

of 'the eriangle Hence,'

't



1.

Solutions Exercises j

( b) "
2

0
(x -2 1)dx =

3'
- x) 1-2 = 38

"

(9) A =I"

1

7(x- : 1) 1x + 2(512 - 1)dxT

0' 1 ,

(- + x) +
1

x) -
3 1- 3 2x 1

0 3 1

= (- p.1) + - 1
3

=2.74. 4
73 3

+ 1)

4-0

2 = 2

3

1

4

t

I

7-5

7: 4

4



.4`

7-5.

1
3 .(b) x dx = x

(-x3)dx x3
0

dx
e ' Co 1

=
1

-7 -1 T 0

0.. x14

.1 1.;
='T4"

(d) A =
2

dx = ri X
4 1 = 4

0 -

= x3 - (14) = 2
0 0

2

0

... b1 = 2 and b = vo z 1.68

(

ef

1

£b) lx Idx = (-x),dx
1 0

-1 , -1

=

1
x dx

0

(c) a Same as (b)

I

x.2 ;2 I 1

0'

1C+1
- 1

+ 7.=

. A

372

93.

A14)

`: I .
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(d) Sam as (b) and (c).

4.

......:,,,

1G. + .47 =

ly =41
,-,

A = 1(1

0

1

- 2

2)/

+ x

.
+ x)dx

1

y

. /

- 4 32 x
2 (1--- . / x"

/
x + 2-.

.

\ \\ / *
/= x -

0 Y' \ //
4: -f = ; \ /

\

r- 7-5

0

If the class has done translations and rotations, this is an excellent

to use them. Otherwise, disregard the following statements.
. .

1______ Thig is the equation of a parabola fqr 0 < x < 1 and 0 <y < 1.

This 'can be seen by first simplifying li + VT, = 1:

le

x + 21/Z7 = 1

4xy = 1 + x2 + y2 - 2x - 2y + 2xy

x2 -2xy' + y2 - 2x -2y +1 = 0 / ...

,,;---

Since B2 - 4AC = (-2)2 - 4(1)(1) = 0, the graph is a parabola. We can

rotate the axis }5o by substituting
./A-

x= xi cos e - yt sin e= 1 (4 - yf)

,te y = x' sin e 4._ y ' cos e = -2---(x, y ' )

1,

in the equation x
/2

2xy + y2 - 2x 2y -.. 1 7- 0

4 .
_ e

2( .
2 ) 7 Y+ - Y1 4 . ' + 2 y ' 2 ) - -7"..:+ xt +71) + 1 =0

s
-12-* htk

2y'
2
= -1

if
yt

2
= v2 (xt - r)

J4

37



7-5

,

Nqy translatipg the x', y' -axes, by substituting

if
x, = x" and

we have Yu2' = If x

which is certainly. a pirsbop.

Since y
2

= 2x 5.s'symmetric with

%respect to the x[axis, the area of

the entire regil may be expressed

as double that of the part above the

x-axis. Therefore, we have

le

1
A = 2 . )f

li

lifi dx-= 2 x-1 /-hdx

0 0

=2A-.

2 ;3/2 1

3 0

164)f 3/2 32
= -(4 .)

3

6. A = 1 x3 dx +
J0 0 .

1

-(-2x
2
)dx

0

= +Cc
0

x-)

1

2x
2

dx-
/ .

1 1

0 ,.\ . s

i

= (x + 2x )dx =
4.c. 1 3

2x2) dx CA- + i x3)

0

o

1 2 11

ri
=

12 l
E,

3
, .

7. (a) Subregions are defined by the

following:

Region I : OCG

egion II : OCB

egion III : OCD

egion IV : BCEF

Region V : DEF

N

Area = A
I
+ All + A

III
+ (A

IVss
- A

V
]

A

y, I I

y

374

95 r



(b)' Subregions are defined by the

following:

' Region X:

Regioi Y:

c Region Z:

Region W:

OCG

GeD

OEF

bEF

Area = A +A 4-EA
X Y Z

y

41tmmmAmmmm.t aftm
MMOft%.m~mm'1MI". .

N.1116.111.Ma 7\110141.0NIftw.

Simplifying pait (a)

0 9 .

1''fil'. ,.1-1
1 s 2 '

A = 5 dx + -(-17c)cix + (-x + 2)dx + -(-5)dx

1 4 2 4

= 2 dx Ai .5 dx + (-x +, 2) dx + s (-x ,4.
0 1 1 1 2 ,t
1 4 45 dx + A dx (-x + 2)dx

0 1

4,

1
.

g

.,.
1 4

= 2 'dx + f(-x + 2) + Aidii1-
,0 . 1

Simplifying part (b)

1 2 4 4

A = 5 dic + (-x + 2)dx + c -(-5)dx L''' -(-x + 2)dx

0

.,

,;- 1 0 wr 2
,. "

= ii-c dx + 5 dx +

.

i-x + 2)dx + . (-x + 2)dx

0 0 1 2

=

Cl
dx + dx + ix-.c. , dx + (-x + 2)dx

GO

Cl1

O.

4 tr

1

5
1', ..

1

1 4

=2 5 dx 4! f [(-x + 2) + 53dx
0 1

In order to see the relation-
1

etween this, integre ex-

press on for the area, d ide

the re on into two part

If we add n rectangles in

region .0GB, we have ea h rec.-

with a heigh

*
of

(-A) or (2

If we add n

a he4ht of

rectangles in region REF,;

( - x + 2 ) - ( )

we have each

or (-X + 2 +

rectangle with

a..
_



I

a.

1 4

(d) A =2 &dx+ (-x, + 2 + 16.)c dx

0 1

. 3

x3i2 (1 .X22 2 3/2:14

0 - *.
7 4. 2x 4. )

. 1

=14 1.
0] + [(1-8 + 8 4- 16.) .I(-

2
2

3 3

4

3-

27 9

"7"

(a) (i)

trr

2 1, .

Area of Region I = (2x - x )dx
0

+ )1
3

-

(ii) Area of Region II = -(2x -,x2)dx
.

' -1

3
Area of Region III = - x2)dx

2 , 4
V ' .

3 Z
(iv) Area of Region IV = -(-3)dx

-1

(b) Areaof region bounded by
. ,

as follows:

'y = 2x r x
2 . and = -1 can be expgessed

A,= Area of Region I.+ rkrea of Region IV - Area of Rdgion II

',' , \ -,Area of Region III],

i= (2x ,.1,e)dx

,

,+ ,

t

3

3 dx +
,0 3

(2x + x )dx + (2x rIt )dx

/
& '', -' , '-1 -1 , 2 .--....

4

integrals

-

=

l,'3, and 4,,

3
(2x - x3 )dx 4-

-1 %

3'(2x'- ;2:4 3)dx

we have

3 3 dx'c#

-1

-1 .

[Note that (2x - x2) - (-3) or (2x - x2 + 3) is the height of
*4.

each rectangle.]

9 7 376
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o

3

(c) A = (2x - X2 + 3)dx
-1-

9. 4(a)

4t-

(x24 x3

IY

co# x

-sin x

,.

+ 3x)
3

1.* = (9 9

ti

'Iptersectionsfor Ixl < A

+ 9)

are x

- 3) 3

3i1

If
and' x = - .

v/2 0 3/0
A = ,cos x dx - (-sin x)dx + (-sin x)dx

1-v/4 0

(-cos, x)dx
.1

area above x-axis area below x-axis

Combining integrals, we have

3v/4 3g/4

It
AT= cos x dx + . .sit x dx

f_-1/4 4 ' /4.
ii

(Note that height of rectangle is cos

(cos x + sin x54.1 -

,r(/14

= (cos x + sin X)dx

-104_

x (-sin 'V) or

\I

3q4
A = -(sin x - cos x)' = (sin - ,cos 341(1

(1 . = 2/E,

I

377

-98

- (sin (-
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3n/4

- (b) ' ,( i )

1,t,

cos x dx = sin x

3n/4
,... 1_ 1 2 if

-n/4 ( -n/4 'if' if if

3T(iY n/4 1 -2
(: sin,x)dx cos x

... r
-

.
-(ii)

_/f

-n/4 -1T/4' if if iP VN\

(iii) ,
(cos x -sin x)dx = (sin x+ cos x)

3n/4
/

' - jn/4
...,

-n/4 , .4 . -n/4
.

_ .2-1 _ (_ .2.-., 4. 4,-.= o

if

(iv) These are signed areas. The answer to (iii) is zero which.

means that the area above the axi's is equal to the area beloW-

%
the axis.

a f.

10. (;). Find 'f when f is an odd function.

Since f(--x) -,100 the area bounded by x = -a, f(x) and

0 has the same magnitude but opposite sign when compared to

tla ...... the area-bounded by wx Za, f(x) and "x = 0.

(o
,

.
Since.

, i.: ,, _1!
,

J

,t,

-a ! _0

... '',

A

then f

.

0

-a -a

,,f = ° f +

a

i.

0

6'.
. ,

. -170 f

+.1,c' f
..,

. a

= 0

(b) When f is an even function, ,f(x) = f(-x). The area bounded by
. a

. , . i = -a f(x x = 6 is numerically/equal to the :a Er bounded ,
1a. 0 ,

.. .
o' ,e2,/.)C= a, f )',and f(0). .'

Since.,

a

f = f .
, -a 0

then
- -

1 a -
a

f= .f+ f f

a 0 0

378
09 .j



ti

I

1-2

(C) 5(x3 - 3x)sin x2 a'x

-5
- ,

f ': x -> (x3 - 2x) is an odd- function.

g :, x -; sin xa is an even function.

The product f g is all odd function.

-- .
- a '1,,

Thus f",f...f r.:C) by part (a) .., r
- .

:ll. If F' = f and G' = g and f(x) < g(x). for a < x <-b---then---,
--.

F(b) - F(a) < G(b) - G(a). By. 7 - 2 -,.(5) . If f(x) < g(x) for

a < x < b

. °and

then ".f < g.. By the Fundamental Theorem of Calculus,
a a

Y

b
f = F(b)

a

rb

a

g -=G(b) - G(a).

Thus F(b-) 4F(a) < 9(1)) - G(a).
,1

4.' ..

12.

b

f = F(b) - V.(a) ' A"(f it

I

.

Ver"ify.(5)(a): ib(f(x) + g(x))dx = f f(x)dx 4: g(x)dx.
a ' ,,, a a

b

Let h(x) ='. f(x) + g(x) . asid H(x) = F(x) + G(x). , .

'b

h(x)dx = H(b) -: H(a)

a

= (F(b) + G(b)) - (F(a) + G(a))

= F(a)) (G(b) - G(a))

b b
f(x)di g(x)dx

a a ,

b
Verify (5)(b): y cf(x)dx = ct f(x)dx

a a

J

379
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.

`.3

b
c f(x)dx = cF(a) = cF(4>'-'

a ;

= c(F(a) F(b))

Ja
= C d_

Verify (5)(c): f(x)dxrt
,f

x)dx + f(x)dx,

a a

a

f(x)dx .-- FCC) -1'6)
.

,
.

f
b

f(x)dx 1 F (b) - F(c)

c I .

c

a

f(x)dx +
b '

c,f(x)dx

.-- (F(c) - F(8)) +(F(b) :F(c))

../

= (F(b),,,- F(a)) + (F(c) - F(0)

a < c

b

= f(x)dx
a

13. F(x) = f where x--4 ex

x

(a) F(1) = 0,

Ja1

a,

1)

i 'x

(b) 'Since , f = - f then F(x) = - f

81 1' , 1

(c) F' (x) = 0 - tx = -ex

(d) G(x) = g then G' (x)

x

..(ex el)

= e - ex

4
Recall that the Area Theorem stated that when

A

then

Atr
`.111`)'

F(x) = f

a

F'(x) = f(x).

3



,

i

a
The integral G(x) = 'g must be written as an integral from

x
. '

a td x. rather than from x to a.
°

b
x

1,-
We have defined f= -a i thus, % g gi- *-g.

a b,
-

l'x a a )

Thus G1(x) = -g(x)

1 3 4 1
1... (a) A= -(x2 - x3)dx -x

0

, ,Therefore A =
1 1

)
(.1)) It'is intuitively obvious that

this A 1rea is also . This

problem illustrates a, type of

:problemAnot discussed in the

text. Since it 'would, be very

difficult to set up the area

intAgral so that the r.ectangles

are 'summed along the x-axis, it

.is possible to s rectangles

A '

along the Then, we

would have.

A = kY Y PaY = =

lo
2 3N

3 iu4

0
' 0

- i

/fr

381
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. 7-6 b.

..
.

I Stions ExeYcises 7-6
, 4

3

1. (x 4 VI2 1) dx = x
.

. . .2

2. (1 + x + x
4)

dx = -
1

+ 2, +
/

x
-

3. 8ii d'x =, :112dx
16 x3/2

'3 ..

'4. i (

.7-r-

- -19 ,,,x =
X3

-,,
A 2x32 6

.

15 ( -x.x)dx = kl- e
- 1)dx = log'. z

x - x

.
It -

' ,.P. .c sin 3x dx = - -13 cos 3x

...

I7. cos(25t - 5)dx = 22-...siv,(2x - 5).
.

1 1

.." ".(sin 2X).dx = - sin 2x.dx = -(- cos 2x) = cos 2x
9k 2 2

J9.. (-cos(3x r 1)1dx = !i cos(3x - 1)4 = -1 sin(3x

, a,

,
10. ..[-- 4

4 4

cos 3x dx = -3-1cos 3x dx = ;:-., sin 3x

, 7
1

,

I _.0...-
11, 2 sin x cos x dx = sin 2x = -

I
cos 2x

-..
(.- 12. '(3 sin 2x -:6 cot =3x)dx -

3 cos 2x - 2 sin 3x
2

N '

,. . ,

13. e2x dx
1 2x '

= e

x/3 43.
e dx = 3e

(tzx + e-x)2. dx=
)dx

2
e + 2x -

2

1
e
-2x

"(e2x e-2x. 1 2x-

382



I2 x 2z x xx e dx x e xe dx

x)

'16.

17.

= x2ex - 2xex + 2ex

s.

= ex(x2 - 2x + 2) 6

3x 3x e dx = x f--- 3 x
2exdx

= x3 - 3[ex(x2 - 2x + 2) ]

= ex(x3 '- 3X24+ 6x - 6)

18.- I xx e dx e
x 14x 3e

x
dx

=.x4ex - 4[ex(x3 --3x2
2 ex(xli.

4x3 + 12x2

1
/

*--/ x3 1, . 1

19. --x2- log x dx = (log x .:'')-
e- 3 e 3

.. ,...-,.

- r 4 \ r

20. x3 log x d = 4-(log x -t)1 4 e

i 5.
1.)
5

21.. x4 log x dx t.-- x (loA.e. 5 --e, x
. . .. . ., .

22. x2 sin x dx = -x2 cos x 13- 2 x cos x dx S

Je
= -x2 cos'x +.2[x sin x +. cos x]

. = 2x sin x + (2 - x2)cps x11
.,

,

.

6 ,

23: 1 x3 sin x dx =.-x3 cos x + 3 x cos x dx
0

t.. t = - cos x + 3[x2 sin x - 2 x sin X dx]
.

1

= -x3 c6s x + 3[x2 sin x - 2(-x cos + sin x)]
4

= -x3 cos x + 3x2 sin x + 6x cos x 6 sin x

= (6x - x3)cos x + (3X2 - g)sin x

24. "1 e3x sin 14x ax.= 1-- 43 sin 4x - 4 cos 4x)5

,



0

x/2
x/2 '

25. e cos dx = e + 1 cos -3a)
2 10 , 2 2 2 2

2 x./2
= e ij cos 3)

;. .
.f2C/2/ 3x

+ cos 3A)
ex /2(3

5 v 2

27(

(x + sin x)dx
0

28. ilex + ex
2

dx
-1

%

NJ ex + e-x
This function x

2

2
=

2
'COS

A

is- an even function.. There-

fore, it is symmetric to the

y -axis. Making use of this

symmetry, we .have

0
(2n2 - 1) - (0 -1

1

p

2.35

1 exr
2 2

e-x
1

2(11 (ex\+ e-x)dx = (ex -e-x).

71 0
,

1 0.5

= e
e

2.35

_ .



29. (a)

1 ex e-x,

-1 2
- 04 Mere we have

an odd fundtion iThich means that

the curie is symmetric ,with respect

to the origin. ex ex

.30. (a)
2n

Y 2

x sin x dx = (-x cos ,x + sin x)

= (-2n + -

-2x

2n

0

+ 0)
"4

395 .
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(a) -

4

-e

e2

e
( -1 /2)log-L°6e

2.

e2.

(loge
1.12

2

V6

24;(1.06e %
.

11e
2

.?(-2 - 2)1.2e(2 2)) e

8
2 .96, 0 4 e e
:...

4,

1'

1
2. '''41-,32. k. =--. (I .. 2)

1c

o,. - 2\) ...\\ ,,.
-1.-

/ '
6' 14 1.



Replace x - 2 by x ( i .e,, x by

substitution

4. leads to

2.1

... '''- ^',%-)' "--1,' `"
= -x tikik-

1

+ I =
2 4 2

x(x - 113

3 + 3x2 - x)dx

r
:

.7 Replace x - 1 by x (i.e., x by

x + 1). This linear substitution

5 20 20

.

leads to
)4,

(x + 1)x3 dx

ti

.1 1 9
5 '4- Ti 75

`4

z

A

,.,, 387

108

3,



34. A = sin 2x
0

dx

n/2
.==-- --- cos -2x2 0

f

Substitute )r, fox' 2x (i.e.,
S

'let' x )

.,

4

AL.S., , 2
sin x dx1

0

4 '2

35. A = 1/-33-c dx'

15' 1 x12 dx

. 111 6

/7... 2 3/2 11.

Yj 3 X 1

1

e

-3

,r3",

° 4

Substitute x for 3x ( e

x
_ x

3 )

AL, s .
=. 7; ix dx

12

3

1 .2 ,.3/2 12

3

let

4.

is

7 '1

4



. -7- .

36. (a) Ana intuitive treatment of thi; li:i6h1em leads- one:A°, compare the
_

graphs of t.I
, 1

I.

(b)

and

f : x -4 log
e

(x) ,x > 0

: x -3 log
e
(-x) , x < 0.

The tangent line to f at a > 0 has the slope
A

D.log a =
1

a

Because of symmetry the tangent line to g at b = -a is the

opposite of the slops of If at a > Thus the slope of g at.

1 1. 1
is IT; . It follows then that D log

e
(-x) = -

dx = log
e

( -( -1)) - log( -( -3))

0 - lOg /.

5

.
389
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3 (i) By the Fundamental Theorem of Calculus f must have no gaps on the'

interval' [a?b]. In the case of f x
1

f. on the interval
x

[ -1,1] hallo gip at x = O. Thus'we cannot apply the Fundamental

Theorem of Calculus.

1.
1 i ';-,i 1

(13) lint die-.7 -lim (log 1 -;...kopu )
e '. -e,n

. n -*03 1/,114 n -ico ..4
A.

. . '..,

.
i,, (-loge -1 +- oge- n)

n -*06 ,c,

= 0 ± co

'iCc) The area assigned to the regionllbounded by J.----,4t1-p,5 x 04. the
,,,'

...
y-axis, the x -axis and x = 1 is° well d so long as x # O.

_. .4 .1:
4 4-/;*

/ This-area has a finite value-so 16ng a# g, has a finite value.
1.,

-
Should.wei(take an integra34ith x'= 0 as an endpoint then the

integral is undefined. V
Y

(ti) Since - f has a .gap on the interval -1 < x < 1 we cannot app- ,

.the FutiOamentalTheprem of Calculus. We can, howe4ter, try the
_ .

'

.

mechanics of integration. We findthat our answer Ss xpro.

,dx = log (1) ,- log ('-(-1))
-1

1

-4,

='0 0

= 0

This might be consistent to the ettent that we are integrating 'over

two areas with the "same" magnitude butt opposite. in sign. Thus

they cancel each other out.

On the other hand the inconsistency' comes in our effort to write the

statement needed to Justify Cancelling OUtareas,-talely:

r

4.2
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Teacher's Commentary

Chapter 8
I

. DIFFERENTIATION THEORY AND TECHNIQUE

A promise was infialici't in the earlier Teacher's

lot

mmentary statempt:

n-... In this.version the special functions are first
,studiedn some-detail with the aid of-the calculus,.

..
which is introduced intuitively, and'later (Chapter 8]
the general techniques of Calculus are:develdped and-

7 applied to a wideclasssof functions."

In this:chapter we deliver on that promise as we discuss concepts and tech,-

..- ntqueS per.taiming to the-differentAation of algbbraic lombinations.of funs-
.

19
tions

/

. ' ,

.

t : We begin by reviewing the derivativesof somg-Typical functione.sIudipl
.

.earlier and abbreviating the language we uses For example, the derivative of

the junction f : x -)x
2

is the function T': x -)2x. The value .of the

derivative of f at (x, '(x)) it f'(x) = 2x; that
I

is, D(i'2) = 2x. ''We, 1--

- shorten -this. by saying (in Example 8 -la), "the .derivatit of x
2

is 2x,"
...

,
-

A more analytical approach'to the fundamental ideas and basic theorems
..

7

of Chapter 8 can be found in Appendix 7.

Chapter t

8-1. Differentiability

8-2: Continuous Functions

8-3. The Mean Value Theorem

Appendix 7 /

A7-1. Completeness of the Real Number

System. The Separation Axiom

A7-2. The Extreme Value and Inter-
mediate Value Thembrems ,

A7-3. The Mean Value Theorem

. 13-4. Applications of the Mean Value A7-4. Applications of tie Mean Value
Theorem Theoret forContinuous-FUnC-

tions
Y r,

a

391.,

I .L 2
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4

Solutions SierciseS8=1

.pf

I. f is not diffe ntiable for x =,,l,'.03ince the graph of 'f is the graph

of Ix' trans ated one unit t. the fight.' It has tCcokner at x = 1.

tf is no 'differentiable at -x = -2 since

f. is not,continuous at x = -2:

f(-2)

0

4

is undefined and hence,

392

°
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3. f is not differentiable at x = lax, for any integer

graph of f has corners at all such points.

'

n since the

4. f is not differentiable at x = 0 because f(0) As undefined and

hence, f id^not continuous at x = 0.

3-

, .

%
,

5. f is not differentiable for any negative_values of x . be c4.113e f (x ),*,

- - . -"--'
-is tuidefined-forx'S. y
'

1.::---i i

`......,:t::. ../ ' ' 5 - --,

...I. - ..," 4r.t ---, 4' '4 4! .., 2,. t-,....."...,....A.Z, aw:"...,y, IS

'/ ,r.

'---7 i': -," ' ', ''ili., '"'
0 6

, ..,` . .

/ '-
2 /3 .Y = X

3-

2-

x

2

rP



4

`,

04;1.'

. .

6. f is got differentiable for x = 0 because

Which-does not exist for x = 0.

, 2/3, 2 -1/3 2 1
Doc ) = -5 x = -5

- .

.7. (a) f() =

(w) f( 711

= 0

n -

= sin = 1

(c)

s since =1
g j

.

f OR t 1) _ sinann +.7i) =
1.

(4n + 1)n) 2

f(*) 7 since=

f(4). -,sin = = -1-

f(1.-) sin _lln._

)

(4n = 1)-n

2

= siti

MO-

IN'
,

2
sink2nn ) =2

.

No; as h approaches zero, f(h) takes all values frOm -1 to

+1 'infinitely often. 4

394
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SoIution* s Exercises 8..2

f(-1) = 2, f(r.) = _end f is continuous- on [4.1,4_ so theii pat
. -

be. at least one'number c in (-1,1] such that f(i) = 0. In fact,

f(0) = 0.
4 .

2. f is not continuous on E-1,2] so the intermediate Value Theorem does
. 4,

° not apply, even though -there doesaxist a number c in [ -1,2] such

that f(c') = ii, namely c = i...
3

e

3. f(-1) =2, f(1) .---2,,":-ana )1.: is continuous on [.4,1] so there must
-

be at least one number c in' [-1,11 such that f(c) -i- 1.

-

.4. f is no continuous on [4,1] 'because it isrnot continuous at x = 0,

so the Intermediate Value Theorem *does not apply. t

5. f(0) = 0, f(Lt2).= 1, and ,f is continuous on [0, so there must be,

at least one number c in (o)1] such that. f(c) = 2. In fact,

6. f(0) 0, f(i)c = 1, but C = is not between 01 and° 1 so the
,

,

Intermediate Value Theorem-does not-apply.

7. f is discontinuous at x = 0 so the Intermediate Value Theorem does

not apply.

8. m = f(1) = -2; M = f(-1) = 2

1 9. m = f(1) = 0; M = f(0) = f(?) =1

10. m = f(l) = f(-2),= -2; M = f4-1) =.f(2) =,2

11. f has no Minimum nor maximum On , since lim ,,,

1
is infinitely

x 0

negative for x < 0 and infinitely positive for x> 0.

12: m = f(0) = 0; M = f() = 1
2

13. m = 0 = f(x) for-all x < 0 in 1-1,11

14,= 1 = f(x) for all x > 0 in [-1,2]

tr4
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Exercises 8-se

1. (-- 3)

2. R(4,16)

3. x =

) .

4. Yes. The elevation is a continuous function f of the distance traveled.

41,

Assuming moreover, that f is differentiable, we may apply the Mean

Value Theorem and conclude that there must be some number oc, 0 < c < 100,1

sudn'that/

f(100) - f(0)
ft(c1-=

100 - 0

Expressing elevation in miles, this ratio is 0;01 or 1%. Hence, the

slops-of the road -at me. point 0 is exactly 1%.

5. Yes.. The speed of the car is a continuous function f of time. The
.

Intermediate Value Theorem guaratees that, if ,f(ti) = 0 f(t2), = 70

for some values of the time t, then there must be some time t
0,

t1 < t
0
< t

2'
such that f(t0) =50,, since 50 :is between 0 and

70.

6. (a) Yea. The disWice traveled is a continuousfunction f of time,:

and the speed of the car is also continuous andis given by the

derivative of f, assuming f is differentiable. The Mean Value

Theorem then guaradtees that there is some time '0 < t,
v

< 4, at

f(4) f(0) 200
ft(t0) = - -- . 50.

. (b) Yes._ Assuming the acceleration is continuous, then since it is

.positive just after't=0- and negative jArst befoft -t = 44 there

must be some 'time to, O.< t
0
< 4, at which it is zero,'' according

- .

to the Intermediate Value Theorem.

1 r
1 k

NO" 1 iT
. If. fqx)

2 1 - 2

f
2

then x =4 Z. Hence, there are two
, .

points where the tangent is parallel to POI: (, 2.) is on the same

,1
, branch of the hyperbola as PQ, and (-a, - --) is On the dbl.= branch.

. . *
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; '
.

. There such point. The Mean Value Theorem does not 'Apply because
r.

-

f is discontinuous at X = 0 and hence, not diffe rentiable .at als.

. _ ..,

points'im the interior of the interval [-1,1]. .....

9. There is no. such point. The Meari Value Theorem does not apply be,cause
.

.
. .

f is discontinuous at x = 0, the end point of the interval [0,1]:
. e

Solutions Exe'rczi.ses'8114.

-

1. f(a) = f(b) = 0' where f is differentiable for a <x < b and+I.

continuous at x = a and -x = b, then-there -is_at lgast one number

C, a < c4)< b, such that

ft(c) = O.

2 By Theorem 8-4a; if f"(x) 0 0- on the open interval a < x < then

f(x) increases uniformly on [a,b]. Theorem 8-4d guarantees tha if

increases; f is coivex. Hence, if. fu(x) > 0 then f- is c nvex

on tr appropriate interval.

3. The point (b,f(19) is a- relative maxi'mtuti4ecause f' ts increasing
-

T&-R

for a < x < b (Theorem 73-11.a),. and t. is .decreasing for b < x < c
.

(Theorem 8-413).

4. Assuming [f(x ) g(x)] = fqx) - gt(x ) = 0, then according to

Theorem 8-4c, Itx) [y(x) g(x)) is el constant function on [a,b],

f(x) - g(x)'= c, Wh're c is some constant, -

397
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: Solutions Exercises 885

1/3' -2/5 ,(a)' x - 3x

Yi
.4

-rx
4-2/3 .6. x-7/5

-(b) -y = x2 4-2 sin x

y' = 2x + 2, cos x

(c) .y = (3x
2

+ 1)(x + 1).

3x6
4 2.

= 3x + -x t 3x + 1

y' 18x5 + 4x3 44- 6x

(id) y = (1 - 230(1%2 +
x

<
.0 1

= 1 .....42X) ( X."2 + XI1)*,

- 2

1 -2x -x

:r2x-3

t
Te) = ex +.e2x + cos x

-yt '= e
x

+ 2e
2x

- sin x

.(f4 y = - 3e-x, 2__ x-1/2
+ 3e-x

2 $

(g) y = x + loge
2

- 2 loge x

= x + 2 loge x - 2 loge x

it

'*"411)--7-= ke e
x

e.41.
+ exyt_= ex r

e-1. x-1
=,e(x e )

, 44 -4

.398
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g

sa

2. f : x

f(T) = t 2.

U

/1%
=tu-v

2 2

1
V X )

x

= 2

ft : X

ig
PC-1 ) 7. 2

for 0 x < 1

4

.

ti

1
u' x

'2) . t

4
1

,

%
U = -"52-

v, : X :,,,,1 .1, :
.

.

2

....

.

x m . .707 m 2. -4 .

VI* _ -4
Tangdht lines at x =

1

.1 2. --47vx g/

to v - 2 = -44x -
2

to 1

The eivation of the tangent line to f 1st-the Linear cogOination of the

tangent lines to u and to v.

5 (a) y = sip :X 1 cos x

yt = cos x + 1 sin x

The tangent 1ine is horizontal when yt

'0 = cos x +I sin x

tan x - -

= z +. ng n = 0, + 1, t

399 .



2X _.-

tr
yli.= 2x oge 2

This w I be erpendicular to y = ,3x +_2 if y1 = -

1 x
=)2 loge2 -2.

#te

2 - I

6'e

' x loge, 2 ti logec
lo.5 2ge )

5

loge 5;- loge 3 - loge(loge 2)

t '

3.

3

'loge 2

1.61 1.79 -- log
e
(0.69)

0.69

1.61
I

- 1.99 - -(-0.37)

.69(

d)...03.1i

'('c) If the tangeht lines of y = 5f(x) and y = 7f(x) are

J x 7;/, a then 5ft(a)- = 7f1(a) or 2f1(a) = 0 which implies that

'fi(a)'=,0., Th4s y'= 5f(x) and '3/ = 7f(x) ve horizontal'

. 'tangent lines at k x = a.. . ' .
A .1

(a) -If andand v are differentiable then f' (x) = OW + 30,(x) : and

OW = u1(x) - 11v1,(i). Singe f.-1(a) = g'(a) then,
4 4,

.

30(a) = -11v1(a) or 14v1(a) = 0 and' OLIO = 0 which4neahlq
.......

that the tangent to v, at (a ,v(a)) *'is .horizontsfr.
,

.

.

- ,
. \._../

14., If 'a and. b a-re.cOnstants then /

, / . .

-7-', .° .
e# I, 1

D(av- -tibu) '= .D(av) ,1.- D(bu) by. (1).
s

, .1 D(( .,4-,b,,D(u) by 12)
..,

..../0

o
parallel at

,

1.

14'



)
5: (a) f x - 0 < x < 271

f": x -) cos

te(i) f is increasing in 0 < x < 2:c

(ii) r is convex in 0 <.x <
2
-

a and in. < x <

31E
.. f is concave in <+x 5;7

..!No asymptotes.

x
(b) f : x e - 2x, 0<x<1

ft: x -) px - 2

f": x ex

(i) f is increasing when e
x

> 2

0:69 < x < 1

.f is decreasing when OK x < 0.0

f is everywhere -convex.

(iii) 'No-asymptotes in 0 < x

There is
.'

gie asymptote y = -2x for cwhen x -) -co.
.

.
(c) f : .t -) t

3
1

+ - 0 < t ,

I
t A

.i.
"f': t 42t L -1- , +a

. t

f": t 2 4- -7

f

(i) f is increasing when' Va
2
.< t

f is decreasing in 0 < t <
2

.1,
(ii) f is convex for 0 < t

(iii) A vertical asymptote as t.-) O.

4

401
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(d)' f x 2 - x < 2

f*: X -4 2x

21/i
. -

72-
fu$ x 2 +

itr)/`

. (i) is is increasing if
1

< x < ?

) )
f is* convex. in.

f
1 , ..,

is decreasing if 0 i:, <--"il'

,I

.

b

Then 'f(x)dx = f(x) ]

b
= 11b) - F(x)

x x

Di
b

f(x)dx)d.x = Di(lie) - F(x))

I
x

= 0 - Fqx) (from (5) of.Section 8-3).

=r-F"(x)

-f(x)

4b) Let 1"(x) =,f(x).

i

0
D f(x)dx = -:f(x) (from part (a))

x
4

4° -t2
_x2*

e dt = -e

7. The motion of a particle is defined as

s(t) = 2 cos t +4-t
2

P

the velocity as ,ii(t) = sqt.) = -2 in t +.2t and the acceleration as

a(t) = = s"(t) = -2 cos t + 2. .Since' 1-2 cos t1 < 2 then

0 < -2 cos t + 2 < 4 and the acceleration is always nonnegative.,

4

t.



4.,

8. Consider the polynomial function P to +, 2 + +' a
- n.

x xn.

n)P1 1 A > 1(130 + 41x + 82x2 + x

g. = D(a0) + D(aix) + D(a2x'2) + + D(anxn) by

SO D(x0) +' al D(x) + a D(x2) + an D(xn) by (2).

5

(1)

' n-1
Finally using tocn = ax .

. -I
PI x a Ox

-1
+ dl 1 ..x° + a2 2x1 + ..r an.. n xi

. '0

.3
g

= al + 2a
2
*x +'3a x 4- 4a x + ... + na

n
x
n-1

3 . 4 .

9. (a)

f .

(c) f'' is not defined at x = -2 and at x,rr'

47"

ti

i

x (6.2-+----ii-x.> -2

(b) Ix + 21 =
.-1 I.

) 3:- x , if x < 3'

13 xi .
x - 3 , if x > 3

tit

g(x) t - (3 *- x) = -5; if <

= (x 2) - (3 - x) 2x 1, if -2;ik x < 3

ex) = (x4- 2) - (-3 + x) = 5, if x
.
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a,*

x
2

10. (a) 17+ x + -2: < e
x

< 1 + x + x
2

, d K x <A. .

2

Let
ex

().
)

f!(x) = ex - 1 - x '

The Criinimum f occurs when fl(x) = 0. Slice fl(0) = 0 we have
i

f

found at least one' minimum.
, I

c'

Let "i. g(x) ='1. + x + . x
2

- ex

g/(x) = 1 + 2x -ex..

.Again a minimum occurs when x = 0.

(b) Let - f(x) = v(x) - u(x)

Then flW = v'(x) - u'(x) . by (1).

.. Since v/(x) > u'(x) it follows that

7'
4

V(%) > O. /
-"L'

.

Thus, by Theorem 8-2e f is an increasing function. When a < x

then

f(a) < f(x)

1

v(a) - u(a) <v(x)- u(7),

Since u(a) < v(a),

0 < v(a) - u(a)

implies that 0 <.v(x) - u(x) .

.

.

and u(%x) < v(x) -for a < :

(c) From part (b)'since W(a).< vl(a) and D(u1(x)).< D(v/(x)) for '')\

a < x theni OW < v'(x) .for a < x. ,

4 -

But we now have exctly the conditions of part (b), thus u(x) < v(x)

fbr a < x.
i

.

i

4Coj

1 23
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rJ

11'. (a) If y = u and y v are-solutions

then

and

Substitute

I I

:-3Y1

- 3u' +

v"

6y =

6u = 0 7

6i -= .0.

3u. + 8v

and

(3u"

+ 8v.

--Y2 8v"

+ 8v") - 3(3u"+8;') 6 (3u 4'8v)

\ (

= 3(u" --- --3u +'6u)-8(-v" 3v' + 6v)

3(o) + 8(o) = 0

Thus, y = 3u" + 8v is also a soltition,.

(b) If y = ex +
.e-x

If y = ex - e
-x

' e - e-xY =
x

v

ex e-x,.

yl er ex + e -x

y" = ex - e-x.

0
In each case y = y.

;-----L---4-----2-,-.- x, . .
if

y = a(e + e
-x

) + 0(e
x

- e
-x

) for a, 0 constants.

y' = ake - e ) + pk.e +
-x)

.,4x -x. p(.ex
F

) + p(ex - e-x)y" = a(ex + e
-x.

Again y" = y .

12. u(jc) = v(x)
-
+ ax + b, f6r a, b constants.

(a) 41(x) = v1(x) + a and u'(x) - vi(x) = a.

(b) Since D(a) = 0 then u"(x) = v"(x) .

(c) = v" then u' = + 'a by the Constant Difference Theorem.

t Since u' = v' + a then u = v + ax ,+ '1) by the Consttit Dilfference
. ,

1

0

I
)

-1

1

Theorem.

Then u - v ax + b, a linear function.
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13, If and are cont

and lim u(x) = u(a) aod

x

Examine f = 2u - 3v

. ...

at x = a then u(a) and v( 'a) are defined

lim v() = v(a) . r

x -) a

. .

is defined and

f(x) lim '(2u(x) - 3v(x)) I 4
'x + a x -4 a

= lim 214 x) - lim 3v( x)

X -4 Et x *a

f(a) = 2u(a) 3v(a)

-0, 2 .lim 11(x) - 3 A' lian v(x)

x a-

= 2u(a) - 3v(a)',

= f(O

Thus' f is continuous.

46.

14. The fact that is differentiable at x = a does, not tns4a that both

u and v are lso differentiable at x = a.
.o.`

Here are three examples of functions of the form f = u + v such that f

is differentiable at a but u and v are not necessarily differentiable

at a.. y

(i) f = fx al +(-Ix - al) //-
x

(.iA) f = u + v, where u =
0, x < a

2x, a < x

/

2x, x < a

- and
0, a < x

i-

, . ._ x -I 1, if x. is _rational_ . .__

(iii) f = u + v, where u =, r

1 , if x is irrational.

1

-1 ,
.
if x is rational 1..

)

apd' v =
x 1, if x irrational

406
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14 '(a) aL = , 2a.

a
2

= a3, m2.= 3a2

Solutions Exercises 8-6

(b) ;2 = (a2 + 2a(x - a))(a3 a 3a2(x a))

= a5 + 5a4(x + 6a3(x

If we ()Tit the last 'term then the expression. is a5 +:5a
4(x

= a

= : x x5* then f(a) = a5 an ,ft (a) = m = 5a4.If U ' V
Thus the tangent.,line is

y = a5 5a
14(x

a),

which is the desired result.

2. (a) Dx(2x - = 14x - 3 -

(b)1 D(Itx - 2)(4 - 2x) = -16X. + 20

(c) D(x2 + x + 1)(x2 - 1) = 4x3+ 2x

(d) (ax + b)3 =
x-+ 1)3

+ (ax b)2

(e). D(1
-3/2

(f) E(t.(5x 2)) = -
,x

(g) D = e + x ex
x

= ex(1 + x)

7/2
=
7 x5/2

(h)/ Dx

T(3x44t 3) = 12x3 - -3/2'

(j) D(3x2(x2 - 5)) = 12x3 - 3ox

(k) cos 2x) = 2x +
2

cos 2x

/iit

(2) D(e3X sin (x + 1)) =.e
3x

cos/x + 1) + 3e
3x

sin (x + 1)

= e
3x

(x + 1) + 3 sin (xi- /))

407
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2
(m) D(x log

e
x) = x + 2X loge x = x(\+ 2 loge x)

(n) D((x - 1)1/2 e-4) = -(x-- 1)1/2 e-x +
1

2(x - 1)1
I

X -t2 %
2 x +2

i-4

(o) D(x e dt) = xe'.x + e.." dt
0 0

.-;

..f

(p)
D(ex

x

1

sit t ex %sin x

x
+ ex tint dt

1 "t

n

.

. (0 D(xex sin x) = xe
x

cos. x + xe
x

tin x + q
x

sin x
.

?

= ex(x cos x + (x + 1)sinx)

D((loge x)(4x2 + 2x)(cos 2x)).

/

. -2 loge x(4x + 24sin 2x + (loge x)(cos 2x)(8x + 2)

+ (4x + 2)(cos 2x)/

(s) D(2 sin x cos x) = -2 sin
2

x + 2 cost x

= 2(cos2 x - sin2 x)

= 2 cos 2x ,

2
e
-x

This was not unexpected since

2 sin x cos x = sin 2x

and D(sin 2x) = 2cos 2x.

xe
x

(t) D(xe
x

log
e

(2x +1)sin x) = xe
x

log
e

(2x + 1)cos x,+
2x

2

+ 1
sin x

r

+ xex loge (2x + 1)sin x

+ e
x

log
e

(2x + 1)8in x

2 X ' 2x
= e (x log(2x + 1)cos x +

1
sin X

,+ (x + 1) log (2x + 1) sin x)
e

x
(u) D(*22x) = x

2
(loge 2)2

xf
2x2,

2 x
= x 2 (.2; + loge 2),

of

r



'(11) p(X 10.8213x + 1)) (log
e
2(3x + 1)

+ log2 (3x + 1

1. (LII1
log

e
2 '3x + 1

(0) D(xeex)'6 xeex + ee
x
x
e=1

xeex (1 fIN

x'

.4
3. (a) Jol3x

2
+ 5x

loge (3x + 1))

aw

- 1)2.= p(ix2 + 5x - 1)(3x2 +5x 1)

= (3k2 + 5x - 1)(6x + 5) +.(6x + 5)(3x2 + 2x - 1),

= 2(6x + 5)(3x2 + 5x 1)

(b) D(3 - 5x)3 = D(3 - 5x)(3 = 5x)(3 )

= (3 5x)(3 - 5x)(-5 (3 - 5x)(-5)(3 5x)

+ (-5)(3 5x)(3 - 5x)
".

c) D(3 .-

= -15(3 - 5x)2 /

)4 = - 5x)3(3 5x)

'7/(3 5x)(-5) - 15(3. 5x)(3 5x)

f= -20(3 - 5x)3

(d) D(x.(- 1)2)%/77 = D(x(5 - - 1))

or

(e) D(x

4

1). x(5 - 1) +(
25

i5,-ix4s +

=1(Y - 1)(214 - 1)

2s - 314 + 1

= D«x 1)(x,+

= (x.+ 1)(1 - + (1

(42c2
2(x2
x

2 4
=

.
- 1)

or 2x -
2

409
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41ternafively,

D(x +.1)2 = D(x2 + 2 + J.-f) '=6 2x

x

,

3/2 1/2
-1

1/2 01/2 x-3/2-

(f) 25--ft-
x/2), x

( D(11):3 - 2,*c = _
1

.1"cc Tc
x

(h) -%(10(el sin(1 2x)) = :2ex cos (1 2x) + ex sin'(1 - 2x)

ex(-2 cos(1 - 2x) + sin(1 - 2x)))

(1) D( log x) 1 x
24c e

2

;c7

--(1
1

loge x)
2

r"

or 1(1 + loge ;/-)-)

{-14

(j) D(xn nx.) = x (loge
n)nx + nxn-

xnnx(71 + log
e

n)

,
(k) D(x2 cos x) = -x

2 sin x + 2x cos x

= x(2 cos x -x sin x)

sin x
(2) I D(sin x loge x) = + cos x loge x

loge

. (si) 12)

x
+ X) loge

.5

loge 4.,

4. (a) If 'f(*) k= fu(x)12

then f(x) = U(x) - u(x)

and fi(x) = u(x)u'(x) + u'(x)u(x)

i-.J2u(x)ut(x)

43 9
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s "

77.7-7
z---, (yt F. 2(sin x)cos x

.
(b) y = coF3(4x) .,

y',= -12 cOs2(4x)sin ltx

(c) y = (loge 1) 2

.

i(x)\= [u(x)]3

- then f(x) = u(x)[u(x)

and DN(x) 13.= tir(x)D[u(x) 12 + ut (x)[u(x) 12

ax)[2u(x)(u'(x))1

= 3[11(x)3211,(x)

.
'le r(u(x)14 = Oub0 Wx))31

(d) D[u(x),n n[u(x) 111-lut (x)

ut(4ii(x))2

-u(x)t.3(3(x))21qx) + 0(x)fu())

= 4[u(413u,(x)1

-(a) y = sin2 x

3

(g)

y' =
2 loge i
(ex)4

yt = 4(ex)3 e%

= 4(ex)4.

(x2 1)2

yt = 4x(x2 + 1)

y = sin3(2x 1)

y' = 6 sin2(2x - 1)co's(2x - 1)

1
x

y = ( sin t2dt)4
1

ilyt= 4( sin t
2

dt)
3 ,sin x2

1

) /

411
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02'

;c(x2...1. 1)2

= x2[2(x2 + 1)2x1 + 2x(t2 + 1)2

= 2x(x
2
+ 1)(2x

2 2
+ x + 1)

= 2x(x2 4 1)(3x2 + 1)

or 6x5.+ 8x3 + 2x

cif

(ID) y = (x'+ 1)3(x2 - x + 1)

3r1 = + 1)3(2xc>7 1) +,3(x + 1)2(R2-= x +1.)

(x f 1)2((x + I(12x T 1) + 3(x2 )y 1))

= (X + 1)2(5x2 -2x + 2)

(e) y = (a/+ -bx + c)(dx2 + ex f);

5r1v= (ax ,4- bx + c)(2dx + e) + (2ax + 0(dx 2 + ex-`f)

4e:

= 14adx
3 + 3(ae + bd)x

2
+ 2(cd + of + be)x + (ce, + 12f)

.

(d) y = (cos
2

x)sin 2x

.

y2 = 2 cos
2

x cos 2x - 2 cos x .sin x sin 2x

VP

= 2 cos-x(cos x cos 25: - sin x sin 2x)

= 2 cos x cos 3x

r 14
(e) ,y = ex sln2(ax.4 b)

y2 = 2ae
x

sin(ax + b)cos(ax + b). + ex sln
2
(ax + b)

= e sin(ax + b),(2a cos(ex + b) + sin(ax + b))

x IX .

= (x.c

+2

dt)2 = x2(
t2

dt)
2

0 0

2 = 2x e
x

k e

0

dt) + 2x k e
2

2 ,' x
t2

..1

X

0

dt)2

,cx

.,.2 .

L r
x2 x

t
2

..'

= 2x ' e dtixe; e dt j
't

0 n

1412



.(g) y = x3(loge(x + 1)13

3
y2 _ Tcfloge(x + 1W + 3A],pEOx + 1)13

= 3x2[10e(x t 1)f[0:1 + loge(x +.1)1

7 (a) y = x
e

x , > 0

0 yt ; 1 + log x
e

ytt

.
The graph increases if x >

1

e.

The graph decreases if 0 < x <
1

e

The graph is convex if 0 < x

fr

loge x

. , .

= loge x

413
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A

I

.
s

I-

(b) loge x, x > 0
4

1 1 1
= i 7i - 7 loge x

x

=
1
(1 - loge x)

'

p

1,
y is increasing when rkl - log

e
x) > 0 or when x <de.

x
2

y is decreasing when x > e.

3.2
:_c) ( -

x3
) (1 - x)

x

= 3(2 loge x " 3)

1.
yj is.convex if

2
--k2 log

e
x - 3) > 0 or when x > e3/2. 4.48..

y is concave if 0 < x 'F"-e3/2

y = log x

V

y =
1

log
e
x

x

ti

.1P

1.



(c) = sin 3x, 0 < x <,2v

yt = 3 sin
2

x cos x

yil = 3( -sin3* x.+ 2 sin x cost
.

We see that y! depends sole4'upon cos X for its being -positive

or negative.

-Thus y is in ceasing when cos x > 0, -.that` is when 0 < X
/
1

g
-- or

3g 3g -

2
< x < 21( and y is7ecreasing when x < . Analyzing y"

4is more involved.

y" 3 sin3 x(2 cot
2
x - 1).

AT"

A
We see that y" > 0 if

<1) both sin3 x _> 0

and -2 cot
2

x - 1 > 0
A

0

(ii) both

and

sin-
1
x < 0

2 cot
2
x - 1 < 0.

Case (ii: sin3 x

2 cot
2
x - > 0

cot2 x > 71,-
, e

Thus

or

when 0 < x <

'cot xi > .707, cot .955 = .707

A

0 < x < .955 or v - .955 <, x < n + .955 or If - .955 <'x

Comtirring.both, conditions of case (1) y" > 0 when

0 < x < .955 or v - .955 < x < v.
. ,

-, Case (ii): sin
3
x < 0 when n < x < 21(

2
.cot 2

x - <0 when
.955 < x < v - 955

or n + .955 < x < 27( - .955

Combining both conditions of case

+ .955 < ;;-< 21(

(ii) > 0 when

.955.

Thus y is convex in the following doma'in 0 < x <

- .955 <'x < v, or a 40 .955 < x < 21( .955.

1+15

134
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We can assume that y is concave in the complement of the domain

f9r 'Which y" >'0, namely

.955 <x < n - .955, n < x < .955,

.

t

or 2v , .955 < x < 2v.

(d) y = x
2

log x, x > 0

1:

y' = x + 2x loge xi

= x(1 + 2 log
e

x)

y" = 2 + (1 + 2,log
e

x)

= 3 ,+ 2 loge. x
I

Since x > 0 then y' >o when 1 +.,4.1og x > 0 or when
e -11-

/e -

x > e-1/!A4 .607. Thus .y increases when x > e and decreases

.,1
. if 0 <-xv-cAr /2' ... ..

.?' f
The function 'is' convex Alen 3 + 2 log x" b or when

,

x> e
-3/2

m .223 and concave for. x< e-3/2

fiL
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A

.1

.**

8. (a) 'x 0 ex, x >0

,ii x
+

e
e

r
., ,

D(Iii ex)

2

= ; ex ( 1 + 1)
2z

Since x > 0 then ii > 0, ex > 0 and (1 + ec-) > 0.

Thus D(Iti ex) > 0 and the functiOn is increasing.

x

1

417
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(b) x

ex
-4 X > 1

x,

x x 2

ex

.7-
2

( X - 1)

x

.

,
If J6> 1 then e

x
> 0, x

2
> 0 and (x - 1).> 0.

.1
x

Thus D(1,-c-), > 0 and the function is increasing.

e

a

x

CO x x > a > 0
x.

x x
exD(2a) -e -a a+1

x x_ x

x
e .

A0 a+1

.

If x > a > 0 then > 0, x
a+1

> 0 and (x - a) > 0.

Thus > 0 and the function is increasing.
x

-(d) x x sin.x, 0< x< LT-

2

D(x sin x) = x cos x 4= sin x

-f 0 <x <2 then 'X > 0, sin x >0 and cosx> 0.

Thus D(x sin x) > 0 and the function is increasing.

9. 'If f(x) = (x - a)2g(x)A, g(a) / 0' and g is differentiable then

fl(x) = (x - a)2 gl(x) + 2(x - a)g(x).

Since (x - a is a factor of each term then ft(a) = 0.



4t.

\6110. Let D : x,-)a
0 2

+ x + a'x
2

+ ... + anxn
-

be a polynomial' function with:

the zero 4 of multiplicity at least a'3. Then by the Factor Theorem

P(x) =I (x - a)3Q(x) where Q(x) is apolynomial of degree (n"/, 3).

. .
P,'(x) = (x - a)3Q'(x) + 3(x - a)2Q(x)

P"(x) = (X - a)3Q"(x) + 3(x - a)2Q'(x)

+ 3(x - a)2Qc(x) + 6.(x - a)Q(x)-

The expression for P"(x) has a factor of (x - a) in each term. Thus, °,

P"(a) = 0 whenever a is a ztio of the polynoiial of multiplicity

greater than two.'

The converse As not true. A counter example is called for. Assume a # 0.

Suppose-that P"(x) = x - a, and 'P "(a) = 0.

2

Further P,(x) = IF - ax,

and

But.;

11. (a) If

x3 ax2
P(x) = -

P(a)

y = e
ax

cos bx

then -yt = -beax sin bx + ae
ax

cos. bx

and y" eax cos bx - ab e
ax

sin bx

gx 2. ax
-ab e sin bx.+ a e cos bx

eax(ef cos bx4= 2ab sin bx - b
-2

cos bx).

.

Substituting into y" - 2ay +.(a
2

+ b
2
)y we get

e
ax

(a
2

cow bx -2ab sip VI% -b
2
cos bx) -eax(-2ab sin bx +2a

2 cos bx)

+eax(e2

Simplifying yields

eaxua2 2a2,+ a2 + Acos4bx +)(-2ab4 2ab)sin bx)

cos bx + b cog bx)..

01'
)

eax(0 . cos bx + 0 .sin hbx")

which is clearly zero.

410
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yll

and

x
= e'(x

2
Ax +

= ex(2x + 4) + ex(x2 + Ax + 2)

= e
x
(x

2
+ 6x + 6)

= ex(2x + 6). + ex(x2 + +

x,
= e kx

2
+ ox + 12)

,

Substituting into '5,1"'- 35/11+ 3yt - y gives
r

ex(x2k + 8x + 12) - ex(3x2 + 18Z + 18) + ex(3x+ 12x+ 6) e
x
(x
2+2x).

Simplifying yields

j((1 - 3 + 3 : 1)x2 + (8 -18 +12 - 2)x + (12 - 18 + 6))

ex( 0 -x-2-1-s 0 x + 0)

which is clearlyzerb.

12. (a) (uv)' = uv'' + vu' ti

(uv)" = uv" + u'v' + u'v' + u "v

= uv" + 2u'vt+

(b) f x -4x
2
*cos x.

Let u = x
2'

and v =

and v" =

cos x. 'Then ,= u" = 2, vt

This from. p) i

f"(x) = -x2 cos x - 4x sin x + 2 cos x.

(uV)PI = uv'" + u'v" + 2utv", + 2u "vt ,+ + u" + vt

= uyt" + 3u'yrn + 311"y: + um-v.

(uv)
n

= uv
(n)

+ nu'v
(n-1)

+
n*(n - 1) ullv(n-2)

+

= -sin X

t

* n! -m (n-m)
+ + ...

m!(n1-.M): u vi
. ( ,

i r (n1) i (+ nu i /y1 +ui) v ' for m < n.'

1

1

The coefficients are the coeffic )ents of the binomial expansion.

420
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-sr

.

Solutions Exercises 8-7

1. (a) x -4772

Let (U)
and 4?u(x) = 1 -

Or Vet f(u) =

and ' u(x)

Then \1(x)) =

(b) x e
x2

Let

and

Then

f ( u) = eu
2.u(x) = x, 5

x2f(u(x)) = e .

(c) x cos(x3 - 3x)

Let f(u) = cos u

and u(x) = x3 - 3x.

Then ..f(u(x)) = cos(x3 - 3x).

(d) x-' 1

+ x2 ft

Let f(u)

an

Or let

and

Then

2
(e) x -4 loge lx + 1

Lett

and

Or let

4

u(x) = 1 + x2

f(u) j1

u(x) = ;2.

f(u(x)) 1x)) = 1'x

f(u) = loge u

U(X) = g17:.
f(u) = log tiT7-1- 1

e

14.4

140



and u(x) =x2.

Or let f(u) = 2 loge u

and = x
2

+ 1.

1
ti

Or let f(u) = .f log u + 1)

and

Then

u(x) .x2.

f( u( x) ) =
1
loge (x2 +

= loge S2 +1

(f) x, r4 (2
3x2)100

, 4

1et It tic
- u)100

1

and .) u(x) = 3x2.
2

100
Or let f('u) = u'

and u(x) = 2 - . 3x
2.

Then
.

f(u(x)) = (2 - 3x
2

)
100

.,.

(g) x (2x2 - 2x 4:1)-1/2
'

'Let ft1)=

and u(x) = 2x2 - 2x + 1.

Then f(u(x)) = (2x2 , 2x + 1)-1/2.

(h) x -4 loge(sin x)2

Let f(u) = loge u

and u(x) = sing x.

, Or let1 f(u) = loge u2

and , la(x)-=

Or let f(u) = 2 loge u

and u(x) = sin x

Then f(u(x)) -4'2 loge sin x

ti

= loge(sin x)2 _

14

r/

,>.

if

ONO
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, (1)

(j)

2cos X
X

Let f(u) = eu

and u(x)" = cost x.

u2
Or let f(u) = e

and u(x) = cos x.

Then- f(u(x)) e(Cos x) 2

x -o 3e2 sin x

Let f(u) =

and e2 sin x.

Or let f(u) = 3eu

and ta(eX) 2 sin
'2uOr let f(u) =3e

,

and u(x) = sin x
3e2 sin x.

Then

(k) x,--'
2(x +1)2

Let f(u) = 2u

an4 u(x) = (x'+ 1)2.
2

Or let f(u) =

and u(x) = x + 1.

Then f(u(x)) = 2(x+1) 2

2.. (a) x -, loge '1'8x2 + 5x + 2

Let 1**:'f(u) = log u .
o° e

u(v) = 1v1

L

ti

and v(x) = 8x2.+ 5x + 2.

Then f(u(v(x))) = log
e

18x2 + 5x +,21.

4



.,

(b)., x 4A=c

Let f(u),

u(v) = 1 + v

and ' v(x) = cos x.

Then f(u(v(x))) = 1

(a) x -4 cos( pin( cos x))

Let f(u) = 'cos u ,

4

N(v) = sin v

and y(x) = cos x.

Then f(u(v(x))) = cos(sin( cos x)).

(d) x (X + 3/5

Let

and

Or let

and

Then

f(u) = (01/5

u(v) = v3

v( x) = x + 1.

f(u) = u3

u(;) = 1,315

v( x) = x + 1.

f(u(v(x))) )) = 1)3/5.

(e) x (loge x)2

Let ' f(u) =

u(V) =1 -v

y(q) = q2_

and q(x) = loge x.

Than f(u(v(q(x)))). = J1 - (logx)2.-

1

424
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(r) x -+
1

1 + e
2x

Let !, f(u) =

u(v) =,1'+ v

v(q) = eq

Then

q(x) = 2x

f(u(v(q(x)))) 1 2x
1 + e

1'

3. If x -.1X1 then let f(u) Ai and u(x) = x2.. Thus f(u(x)) )7

which is another way of saying Ixl.

t
4. k,a) Let f(u) = au + b and u(x) = px + q be linear functions.

Then f(u(x)) = a(px + q) +' b

= apx + aq +

which is .a linear function.

(b) Let Ou) = au
2

+ bu + co

and- u(x) = rx
2
+ sx + t

be quadratic fanctio

Then' - Y

/ . , 2,
f(u(x)) = a(rx2 + ex + t)

2 + bvpcost sx + t) + c

, 2 4 .2
t2

3 .2
+ 2st,t)= akr x #.1 s x + t + 2rsx3 + 2rtx

41'

I
4

'4'bkx + sx +.t1± c

.

= ar
2
x
4

+ 2rsx3 ** (as2 + wrt + br)QN,,,, '''
. i
.

P-

0

+:ba)x A (at2, t +-c),-
1,

whi,ch is a fourth degree.p nOmial. .
11'v tv2... ...

'.

(c) The composite of twkpolynomial functions s vain a pc:17.7" 1). .,- . ,, ,,

function. The degree of 'the composite' nomi4 :1fundtion willbe": : ":1/4',q

equal tothe product of .the degrees of the two cOntributingcungtion's. - J

,
then'

.. . .

, i1 0, jt 4

5. (a) If u : x -+ x and f : x -)u(u(x))' . , 1

. 3---
.

,,,..

41:,

4.'

4e

as

425
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(b) if u : x -41 then f : x -4u(u(x)). Thus
x

f(x) = u(u(x)) = u(X) = x and f(x).= x.

6. (a) If u 14 x -4 xa and v : x -4.xb then

u(v(x)) = u(xb)

and

Thus

=Axu)

x
ab

=

v(u(x)) = v(xa)

(xa)b:

= xab.

,"'u(v(x)) = v(u(x)).

(b) If u x -4 cos x and v x sin x then

u(v(x)) = cos(sin x)

and v(u(x)) = sin(cos x).

A counter example will establisK the fact that u(v(x)) v(u(x)).
a.

x =

then 'u(v(x)) = cos( sin 1()
2

= et:is 1

gi .5403.

But v(u(x)) = sin(cos

= sin 0

1 o / .5403

Therefore .
t

u(v(x)) /v(11(x)).
-

(c). Let 'u : x a
x

and v : x 8-.4 b2
.

u(v(x)) a(b- )

and -Ar(b.(x)Y --(112-c)
_-?

In general u(v(x)) v(u(x)) unless -a = b. The counter-eithiple-
.

which gives the quickest results is to let ; x = 0.

426

,1 45



(d) Let u : x ex and v : x loge x then

and

log x
u(v(x)) = e = x

v(u(x)) =,log ex = x.

In this case tr(x)) = v(u(x)).

0

C,,, This is no surprise since loge x was introduced as the inverse

function of ex.
i t

. 1,

x2 e
7.

( a ) x --r t
2/3

dt t

-2 .

u
2/3

Let f(u) = t dt

u( x) = x2,

then

.c
1

(b) x --r , et dt
sin x

Let

and

Then

( c) x

Let

and

-x2 -t2
e dt

0

2

f(u(x)) = dt.

N\f(u), = et dt

u

u(x) = sin x.

1

f(u(x)) et dt.,=
x

f(u)

,u(x) = x2.

x
-2

Then f(u(x)) = , e dt.

6

4 6

-r

I.



F.

8. tx 4 - (log )()2
e .$4 .

First, loge x is only defined when x > 0. Secondly, )1 (loge'x)2

is only defined for real numbers when

1 - (loge x) 0.

c.

Thus -(loge x)2 >
GI

(loge.X) <'1

ono:

(loge xi < 1

-1 < loge x

1
0 < x,< e
*

1

e

The domain of the function is the interval
1

< x < e.

428

.147



11§rP /

Sautions Exercises 8-8

1. (a)' x -04 x

'Let f(u) = u
1/2

k

and u(x) = 1 -.x`.

Then f' (x) = f' (u) ut (x)

x
2

(c) x cos (x3 - 3x)

-x

1rc2

f(u) = eu

u(x) = x2
2

f'(x) = e
x

2x

2

2x e
x

f(u) = cos u

u(x) = x3 - 3X

f'(x) 4=. -sin(x3, - 3x) (3x2 -

(3 - 3x2)sin4X3 - 3x)

x2)2

429

148
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2 \100

f(u) re log u

-

u(v) = Iry

v(x) = x2 + 1

1

AT71 21:- 1

x
x2 +1

2x

f(u)
100

u(x) = 2 - 3x2

f'(x) = 100(2 - 3x2)99 (-6x)

= -600x(2 - 3x2)99

(g) ;x -- (2x
2

- 2x +1)-1/2'

u-1/2

U(X) = 2X2, + 1
4

ft(x) = - 2 2x2 - 2x + 1)73/-2. (4x - 2)

4 = (1 2X)(2X2 2x + 1)-3/2

(h) x --e loge (sin x)2

f(u) =

u(v) = v
v(A) = sin x

f'(x)
1

2 sin x cos x
Sie X'

= 2 cot. x

2
cos x

x --ee
.

1

f(u) 1 eu

u(v)
v2

v(x) = cos x

430
Y1 4 9
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4"(x) = ecj x 2 cot x (-sin x)

or

3e2 sin x

'-(k) x -4
2(x +1)

2. (a)

os
2

x.
= -2ec cos x sin x)

2
-ecos x

kin 2x)

f(u) 3e2u

U(X) = sin x

2
fl (x) = sin x (cos x)

f(u)
u

2

I
u(v) .= v2

v(x) = x +

fl(x) (log
e (

2(x11)2) 2(x

= 2(x 1)(1oge.2)(2(x+1)2)

X -4 -1-7-CC17TC

f'.( x

(b) x -1j1/1
.

- (log x)2
.-ey

f'(x)

.f(U) =

1.1(X) = 1,+ cos x

1
( -sin x)

-sin x

V1 + cos x

+ 1)

f(V) =.1

u(v) = 1 - IF
2

Ipv(x) = loge x

,
1 t

k 2 log
e

x)

- (loge x)2.

2c 1

(log
e

x)
2

2'



1

-4

(c) x 2x1 + e
1.

1f(u) =
u

u(x) = 1 + e2x

fi(x), = 2x)20 2e2x

(1 + e

-2e2x.
(1 + eax)2

(d) x cos(§1n(cos x))---

f(u) = cos u

u(v) = sin v

v(x) cos

fl(x) = -sin( sin( cos '4)3( cos( co s x)) ( -sin x)
.....

3. (a) x 9 6c2 + 1)1/ + (x2 1).-1/2

r 1 .1
ft(x) 2x2 + 1)1/2 2x +

2(x2
+ 143/2

2x
44.

X( X2 4- IS . yoej .,

(x2 3)3/2,...\....._
S

0 '
t

x3-

1).312

(b) L>(x2 a).-/2 'a 2- -
1(x) (x2 ...a2)1/2(... 22_) (x2 a2) 3/2(2) + (x + a ) ()2 2 -1/2 1

2,

0
(x2

a'2)-1/2(2x
.

(x2 a2) "1/2( x2 p ) 2 .a2y x?'x2
))

2a1 x(x2 a2)-1/2(x2- a2)-3/2

5?
9'"

2a x
or oar-, (x2 a2)1/2(x2 a2)3/2

. .. ..,,,^1... t. .. .. .
*

;9-

c'

9



(e) x -0 x(2x2 + 2x + 1)-1/2

(x) = x(- -32.1)(2x2 + 2x +,,,1)-3/2(4x + 2) + (2x2 + 2x + 1)-112

3/22 + (2x2 + 2x + 1))

= 1)(2x? + 2x + 1)-3/2

,(6 \AIW ;c? x .

t
ft(X) = x2 1 cos x + )c (2x)

2 E177.t Tc

= s (x cc x +

(e) -'sin (e1)
Oi f'(x) = 2 sin ex cos eX eX

e sin eex t x

x Sinft,) x .

X= 2e sin a cos ex

(g).

x sin xP (x).' = e - (x cos x +. sin x)

--)loge(lx cos x)

1f'(x)
1,x cos

=12-tan
2x

tog cos x 417 '

4

(4-c(-sin x) +

(.i) sin x coe. x

1
log x

= (- - sin x)e

1 cos x)

cos X°

,1"(x) = sin x cos x()
2x tsin xk-sin x)logic + cosa- -'' r-- 2 *)cos x + log (cost lc - sin

eVx.
=

1-- sin x

. , .
1or .w (sin 2x) 4. 10i

e
a .( Cb S '2X-)

. ,,,

.1

x cos x log
e

x

f

it



Alternate method

e ,

2s .4 I." sin 2x loge 16-6c

f.(x) -=

2
zsin 2x[11-1 (2-loges (cos 2x)

2x 2

/ = (sin 2x) + (lpgeA7)(cos 2x)

(3) x --)cos2(1oge x) + sin2(loge x)

(x) = 0

(a) f(x) = cg(x)"1(t)dt
a

Let

then

and

(h) F(x) =

Let

Then

and

Thus

u =1(x)

u
f(u) = h(t)dt

a

ft(u) = h(u)

fl(x) = ft(u) gt(x)

h(g(x))13' (x)

x2

x2 = u.

Ft(U) = -f(u)

u'(x) = 2x.
L

F.'(x)- =
_ox2)2x,

-2x 'f(x2)

4I

ti



4

-- x2 X2

(C) TOO' sin t dt = -cos e
7C-

a

= "cos x2) - (-cns(-11))

= -cos x2 - 1

ft (x) = x2)(2x)

= 2x sin x
2

If ve alloy x
2

= u then the first result is the same as

5. (a) x 4

(b)

x

x2

-2

I sin x

ft (u) u' (x). = sin(x2)(2x).

t
2/3

dt

2i4
ft(x) = (x

2 3.
* 2x

,,`"f/3

ft(x) = -esin
x

( cos x)

x2
-t2

e dt

J
4

ft (x) = e
x 2x

6. (a) f: x -4xx, x >0.

x loge x
f : x -4 e

4
= 2xex

x loge x
1

';ft(x)7 trr e / 1 --.--. (x--,..+
x loge x)

= xx(1 + loge 11c)

435
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e

Minimuin value,of 'f occurs when f' = 0.

o
t

X > 0 then x
ic

> O.Since

A Thus f' .--;) when 1 + loge x-= 0

_1 +'loge x = 0

loge x = -1

x = e
-1

(c)

7. f :
x
2

- 1

The minimum value of f is

f(e-1) (e-1)e
-1

(1)1/e
(3679)(.3670

1%
f"(x) = x

x
(-9 + x

X
(1 + log e,x)2

x,1
k,

.2.
= x-,-k- + (1 + log

e
x) )

x
...

By inspection since x > 0 then

4

f" >

.711

and f is convex.

-1qx) = x 2x +
1

(x
2

- 1)
2

x
2

2 , %

- x + kx - 1)

2 2
(x - 1)

=x2 - 1 -(x2 + 1)

2' 2 2
.(x - 1) (x -

x
2
+ 1 >0 and (x2 - 0.

2 .2
7>

f'(x) < 0 for all / t 1.

f"(x):ei=
2

)
(-2)

i)

7 X

(2 1)3

2x(x2 43)

(x2 - 1)3

436

x +
(x2 1)2



.

x2x + 3 > 0 for all values of x.

,
(X2 - 1)-' < 0 when -1 < x < 1

tit' I
..( x2 -/1)3 > 0 when 1 < lx I

1
x < -1- -1 < x <0 0<x<. 1<x

r 2x _ - +

x2 + 3
,
+ + /----.+ .. +

(x2 - 1)2 + . - 1° +e
fat (.50 - + , - , +

f is concave x < -1

f is convex if -1 < x < 0

f is concave. if 0 < x < 1

f is convex if 1 < x. ,

4 37

156
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ite

r

4

(b) f : e
1/x

)
(x) = el/x (

-12

'

e
lix

a
x2

Thus f1(x) < 0 ana\ f is a decreasing function whenever x # 0.

l/X)
f"(x) -e

x3 x2 '

x2

el/x
- ( 2x + 1)

f"(x) > 0 if 2x + 1 > 0.

Thus f is convex when -
1

< x and f is concave when x <

asymptote y = 1

2

If

,

438
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1 + x
f x loge

2

x2'

f' (x)

1

-1 < x < 1

1 - x
2
;r(1 - x

2
)(2x) - (1 + x2)(-2x)).

`
1 +

2 I
(1 x2)2

4

2x - 2x3 + ix + 2X.
x2)0, x2)

(1 +

4x
=

1 - x

f is increasing when 0 < x <1.

f is decreasing, hen -1 < x < 0.

(1,- x )(4) - (4x)(-4x3)

- x)!

4 - 4x
4

+ 16x
4

.(1 - x
)2

4 +
0

(1
2

f is convex when -1 < x < 1.

ce
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7,

y' = x(e-x2)(-2x),+ e-x2,

2

'= e x (1 - 2x2)

p(o) = 1(1 - Cq.

# .f37(0) = 0 **.

4-
,7 ' The tangent line at 1, (0,0) is y = x.

-11x
2

( b ) y = e ,x= I

- y(1) = e
-11

2

Yt - 22 x e-11x

a.

Y'(1) -22e-11

The tangent line at (1,e-) is ,

e=11 -11i
22eb kx - 1)

(c) y = 12,. = IW-

Y(g) ? 0

y' = sin(11 x2)1/2 cos(n

y .,-22e-11x + 23e-11

x2)
(-2x)

= q,

The tangent line at (147,0) is y = 0.

y(1). 19ge (i)

,,
y, (-2x)

1 - x

yl(p = _ 131

Vile

or

tangent'line, at (i; ,loge

4, .
y - log

3e
= - tx v; loge

y -
3
x + .9544

44o

159,

.2877.



x
(e) = ee ,

Y(0) = e

y1 = a-eN ex
o

Y1(1:) = el 1 = e

The tangent Ivine at (0,e)

Y

is

e = ex

or y = ex + e.

(f) y = (ex)x, x

Y(e) = erre

e

y1
=ire"

P

YI(e) = arae

The tange9t line.at (e;eir6 is

. erre irerr,e(x

9.'i(x) = (Ax + B)sin x + (Cx + D)cos x and f'(x) = x sin x.

f' (x) x 4: + B) cos x + C (Cx D) sin X

= (A - Cx - D)sin'x x

Two conditions must be met.

(A - Cx -D)sirvx s x sin x
or A - Cx - D = x

(ii) 411.1-(C + Ax + B)cos x 7- 0

. or r . c + Ax t B = 0
f

, .We first observe in (1) that C = -1 and that A= D. In
....,:- -.

' 'is- ohvibi.U3' and -a1607, d = :43: thus A = 0, B' := +1, C = -1, D = 0.
Then f(22) .= sin x - x cos

.° ..c.A10011110".

441
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O 0 8

10. g(x) (Ax
2

+ Bx 4-` C)sin x + (Dx2 + Ex + F)cos x and gt(x) = x2 cos x

, 2ex) = (Ax".4-13..x C) cos x + (2Ax + B) sin x - at( + Ex + F) Sin

4- (nix + E)co8 x

= (2Ax + B - Dx2 - Ex - F)siffi x (2Dx + E 4- Ax2 + Bx + C)cqs x

° f 2Ax B - Dx2 = Ex - F = 0

(ii) 2Dx + E + + bx + c = x2

From' (i) D 2A - E = 0, and B - F = 0. Thus D = 6, 2A = E, and

B = F. Rewriting (10 we have

2(0)X+ 2A 4- Ax2 4-,Bx V C =0x2:

It follows that A = 1, B = 0, and C = -,2A1 Thus A = 1, B = 0, C = -2,

D= 0, E = 2, F.T--0.

g(x) = (x2 2)sin + 2x cos x

11
dy dy dx r

- aT E at

=
/ 1

- C08 X = CO8kt
1.2-

)

dx
= 2t

.1,-
dt ... 7

, ,, 1 ,
)coskt

2 1A
+ --2t - -,

'' dt t
2

at

dy
dt

= cos 2
t=1

t=2

15
= cos

-9

-12. y = f(h(t))

dy 1.1= f'(h(t))h'(t) ,and = 19(h(t
0
))111(t

0
)

dt dt
1

. -
t=t

0

y = f(x) and x = h(t) imply -a4-( ft(x),'
dt h'(t),

dY = ft(
44
h(t)) h'(t)

dt

19(h(t0)) h'(to)
.. gl- = ficx()) = v(h(t )

x..,

= ht(to)
0

t=t.
0

dt
t=

0

/

0

442 , <9 9
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.



14. OK; D sin x I ,+ D}ein, x Ix 7r14 cos 0 + COS

4
(b) p(x

2
4b, sin

1 4-

a sin )01
x= 57r/3 2(4) sin a sin 51r

3

Ps
- sin a.

(c) it(x2 --a2)1x.a = 2a

(a) D(f(a) sin x + f(x) sin a + f(x) sin x)Ijx=1,0
= f(a) cos a + f'(a) sin a f'(a) sin a

= 2(f(a) cos a +fl(a) sin a).'.
-

1 . nr
3

v =

16.

3v 1/3r (47) ,

V = 100t

so
300t 1/3

r - (-47-)

1 300
3 1T

dt ,300t2/3

-1
When 'r = 5, 7-7 n4

MOW

53 100t, so t
57r,

3

. 100 25t V 7 . 1

. =*21t/ 3 2/3 (53 )2/3 It

-47 1

- at , /

i
When the radius is 5 inches it is increasing at the rate of

1
- in./min.
n

-
+ cos a

41.

ft, V

car

1
75(t -

At =

. ds 4.02 '-F 5.4 72 . 5488
.

- - ,, 81.9
, , t.i. T (4o2 + 54Y/2 '0516)11`: ..° . dt

0 . .
Hence, the distance between the car .and train is increasing at the rate

of 81.9 mi./hr. one hour after the car crossed the intersection.
0

)
.443

= /(40t)2 + (72t - 18)2

ds 2
1(2(4ct)(4o)) + 2f72t . 18)(72)

Ayu. Q [(4.0)2
+ (72t - 18)211/2

102 tt 1 0:



lor

475 + (100t)g

of
.

2( ot)(ipo)
ds

dt
[(751

1,`, 1002 3 . 30000 _

tr.3. [752 + 3002]
309 97

Ths rocket is receding fromllhe observelf at the approximate rate of

, 97 --ft'. /sec. 3 seconds after take-off-

I."

:

O

6
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P.

r

1. (a) x

)Solutions Exercises 8-9

/

ft(x) = 1-(sin x)-1/2
2

cos x

Or
1

F cotes

(b) x 14 (loge X)g

(0"; -4(83 + 3s)25

3024 ' (3e
f'(s) = 25(s3 +

(d)
et -10

fi(x) = g(log
e
x)g

-1

= -(log
e
x)g

-1

.
fl(t) -10(et-11) e

t

= -10e
-10t --r\-

(e) x 1 - (1 - x):2/3
7-

a

ft(i) = E41 ar5/3 (1)

(1 3c )
2 5/3

or
2

: 3 367)754 I

t(f) t (1 4. 2014/3

"0.

ft(t) = L.(1 1.)1/3 -f

3 t t2)

1)1/3
=

4 ,

+

3t "

.

br

. P

8-9,

O



(g) v -*cos10 2v

ft (v) = 10 coS9-2v' (-sin 2v)

= -20 cos9e 2v in 2v

(h) .x
x

dt)1/2
9

t.3771.
A

= (c dt)-1/2
2

O.

2. (a)

"(b)

,(x)

1

x3r47P 1_ .
2( 1-'1. dt)1/2 -

0'

Y
1 - x2

Yt-
L(-2x) 2x

.(1 - 2 2
(1 r X2)2

( 1 )5 1
x2 -,.x2)5

-5(1 - x2)4(-2x)
=

(1 x2)10

10x

'(i x2)1,

(c) y
1,

1 + e2x

-2e2 x
13r

(1 + e2x )2

1(d) 1 + x

1

(1 + loge 'x) 2

J

'. 446

165
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(e) Y=

Y1 -

2

4-x-y-
, x

1
X + x

1 x2

2x2W 1)3/2x

(f) y = (sin x cos x)-1

r .

Y1
(cobs x - sin 0

(sin x cOs x)2

sink cos x

-(sin cos x)2

3 ,(fl) y = sin3/2 (2x),

I

/4 3/2

y(i) =
,

-Y'(x) =
3

sin
1/2

2x ! cos 2x 2

= 3 sin1/2 2x cos 2:e.

X.= .g

/.3 1/2
1

= 3(2i) 2

1/2

l'' 3/2) is
The tangnt line at (It (-7) .

1

.. ...

vs- 3/2 , /;7 1/2

I
.

Y (-) =2(21 (x ?
1

e

0

I'

4o,

"

)



(c)

fx
yt * 2A.7

t2
dt4e-x

ft

Jo

y,(0). = 0

The tangent line at (0,0)' is y = 0.

s = , t =1

s(l) =

St = -fut,

0

The tangent line .at (1,ig) is s

1

2
+ x

y is defined for all .x.

-2x
Yt 2 2 2X(1 x

2N-2

(1.4- x )

y is increasing < 0.
y is deci6a-sing when. 0 < x.

(iii) y" = (-2k)(-2)(1 + x2)-32x + -2(1 + x2)-2

6x2 - 2

(1 + x2).3
: 9

y Is convex when )(II.< Ix'

y 'is concave when Ix' <

(iv) Horizontal asymptote of y = 0.

t

r 448
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(b) y =I vETT:i

y is defined when 2nn < x < (2n + 1)n, n = 0, t

1 cos x
2

1 -1/2 41#1

cos x sin
-1/2

2/Ti177

..v

y is increasing wh en
%

2nn < x < (2n + -
1q.
2

2,

y ,4s decreasing when (2n + < x < (2n +1)v.

(iii) y" =22-.(cos x)Z- 2l(sin-3/2 x cos.x).
x)-t 1/2(-sin

-(cost x + 2 sing x)

4 sin
3/2

x

y is everywhere concave.

(iv) 'There are no asymptotes.

y

5 (a)

F.y

.

x
1

x
, x >0

1 - e

ft(x) - -(-ex)

(1 - ex)-

e
x

(1 ex)2

fl(x) > 0 thus f is an....(1cOaaing function.

449
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(b) x -4(x3 +
10

, x > 0

V(X) = 10(x3' + 3X)9(3x21+ 3)

= 30(x2'+ a)(x3 + 3x)9
vx

f'(x) 5 0 tips f is an increasing function.
,

6. (a) y = sec x.
1

cos x

-(-sin x)

COS X

= tan'x sec x
Ak,

(b) y = Csc x

-cos x
YI

sin
2
x

1

sin x

= -cot x csc x

sin x
(c) y = tan,x - = sin x(cos x)

-1

cos x

yt =s10 x(-1)(co x) -2( -sin x) x' i-+ cos x(cos 7-1
/.

sin2 x 4.1":"..)

7;
an

2
x + 1 = sec2' x

sin x

cos x
= cos x(sin x)

-1
(d) y =.cot x =

= cos x(-1)(sin x)
-2
cos x + (-sin x(sin x)

-1

cost x
.1

sing x

= -(cot2 x + 1)

2
= -csc x

(e) D(tan 3x) = 3 sec2 3x

110

2 sec
2

2x
.f D(tan 2x -

2itsTirg: r,_

( D(sec2.x2) = 2 sec x2'. (sec x2 tan x2)(2x)

e = 4x sec
2

x
2

tan x
2"

4y6.9

A

r.



-(1) D(sec 341/6 Yc'ec 34-5/6 :(-esp 3x- cot 34(3),

(1)

- 2(hee 3x)1/6 cot 3x

D(sec(csc x)] = (sec(cso.x)tan(csc x)]( -csc x cot xT

7. f x
1

sec x; f is not defined for x = (n + n = + 2, - O.

.ft: x -)s-ec.x tan x =
sin x

cos
2

x,

f4(x) > 0 when sin x > 0 or when 2nn < x < (2n + 1)A, x (n 4:4):c

r(x) = sec x.sec
2
x + tan x sec x tan x

,a,

, 2 2 % sect x + t,an
2
x

= se kp x sec. x + tan x) = cosx 6,"

n
fll(x) > 0 wheh- cos x > 0.

Thus f is convex when (2n'-'2:< x < (2n. +

8. (a) D(sec x csc x) = -sec x cot x csc x + csc x tarcx sec x

. -sec x
csc x sec x

sec x
csc x + q'ac x

csc x
sec x

= -csc
2

x + sec
2
x

= -1 - 'cot,
2

x + 1 + tan2 x-

= -cot,2 x + t,an
2
x

(iii) = -4 csc 2x cot 2x
o

1 (1;) (i) D(tan x cot, x) = D(1) = 0

(ii) D(sin x csc x) = D(1) = 0

(iii) D(cos x.sec x) = D(1) 700

(1.) .D(sin x cot x) = D(cos

-sin x

(ii) D(cos x,tan x) = D(sin x)

= cos x

451 /.
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, i

9. (a) D(tan(k+1)1
tan((k+1)-1)

k + 1k + 1
- (k + 1)

x

.

D(tan x)

= tan
k

x sec x
2.

, A. rf (k-1) , ,

1

kb) D(-- CaCk x) = kl-- CSc CSc x)
k k

. (
= csc

k-1)
x cac x cot x

.. = csck x cot x

.10.

(;)

(a)

D( cot2 x) = D(csc2 x -1)

= D(csc2 x) + D(-1)

= D(csc2 x)

U 1

= u ()t 0(4
-v + u2 1

v2

vu2 - uv2

v2

0.

e.

441

43xx (.4,r2 x)(23c) 2
+ 1)(6x - 1)

2
_

(3x2 x)2

(x-
63)

2

-x2 - 6x + 1 ,
(31.2 )02

-0



3
Solutions. Exercis'es

D(x ) (x - 1)(1) - (x) (1)
1

- 1)2 %,

mil.

(x - 1)2

. x2 (1 + X2)(2x) - (x
2)(2x

(b)* DH
x

)

(1 +
x2

)
2

1 +

2x

(1 + x2)2

(c) , D(1 1)
- 11

-1 from part (a).

(x - 1)2

(d) D 3
+ 2x (2 - x2)(1tx) (3 + 2x2)(-2x)

(2 - x2
x2)2

i
.

1Itx
.

_
(2 - X2)2

(e). t 1 - x)

x

x

+
D(1 2

x -

1
=

x - x

-(1 - 2x)

(1 + x2) 1 7. ii(2x)

2,G

\

(

1 + x2 + x2)2 .

\ 1 + x2 -r, lex2.'-
N 216-: (1' .x2)2

1 - 3x2

_
2Z (1 + x2)2

453
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r

.f

(g) D(

(h)

(t) D(1

(x2 - 1)

.sin x (1 + tan x)cos x - sin x sect x
+ tan x'

(1 + tan x)2

cos x + sin x - sin x sec
2

x

(1 + an k)2

(j)

x
(1 + x2)ex - ex(2x)

+e x2) (1 +x2)2

ex (x2 - 2x + 1)
-N=

(1 + x
2

)
2

ex(x - 1)2

(1 + x2)2

loge X\ (1 - 2x)(x
1

loge x) (X loge x)(-2)(
(k)

1 - ) - 2x)2

1 - 2x + log
e
x

(1 -. 2x)
2

(2) D(cos x sec = D(1) = 0
. .

x
- e-x) '(ex

,-)c)
-

(ex
-

e-x)(ex.
-

-x.
e )

(m) 'D(eex

+ e
- '

NT

(ex e-x)28

(ex
+ e-x)2

454"
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115[(1 + 1-c2)(1 + log
e

x)] = (1 + 1 + (1 + loge x)(-

= (1 + 1)1 + (1 + log
e

x)(-x x'

1 1. 1
loge2 - -=

1
+

x x

= - loge x)

2 log x
- D

,0

x

-15-113-

F 2 ;x + 1 - - loge x)
x

2x

2
1x

+ 1
T--

2
x + 1

2 f(x2 x2
loge x]

x x + 1

(x2 + 1)

2(x
2

1 - x
2 log

e
x)

x(x2
+ 1)312

2. D(cot x)
,(cos x\

sin xi

sin x( sin x) - (cos x)(cos x)

sin x

3 (a)

-1

sing x

2
= -CSC x

x + 2
7 2

x - 1 .

0

This funCtion is not defined for x = t 1. To the left of x = -1,

y -) +03 and to the right of x -1, y -) -co. To the left of

x +1, y -) and to the right, of x = +1, y This -

describes the vertical asymptotes at. x. = +1 and x = -1." At

= -2, 7 0 and at x = y -2.,

474
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\

x 2

2 2
x x

x2 1

2 2
x x

1 2

x

+1- 1
-1

x2

7

ts

t
O

_'. .

As i -4+03, y ,, 40
+

and as x -te, y -)0 . This describes the
`s.

. .

horiibiltal.asymptote, y = 02
.h..0

..
4+ ,,,

Yf
( x2 - 1) (.1) - (x +' e2)(2x)

,

t
.

(x2 - 1)2
.

-x
2

- 4x - 1 -(x
2

+ 4x + 1) . .
_ -

(x2 ...1)2 (x2 ... 1)2

/
-4 4. 1 6+

2

There are two extrekum points, one is a minimum po nt when

x'. -2 - 1/ m -3.732 i upd the other is a max point whet'

_ x = -2,+ ,,q m -.268. We sge that y decreases fc51. x...,< -2 - :If,

increases for -2 - l'i- < xJ<.,t2 4. if , and finally decreases again.

for I\ -2 +7,ri.,<x. . (s,

. ;

Tile discussion of y" 'is rather tedious and does not greatly in-
,-

crease our. understanding of the functiOn.

ts I; e*,-

4 /
.. Ai

,

.7`

N

7.;

/ ,4

r-

1-

, 456

),/ 175
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o

43,

, 4

i. a ..

V .

J_. 42,1
f:

oft t

4

(b) Y -
x - 1
x + 1.

f
y is undefined for x = -1. As x -1 from the left

and as x -4-1 fromothe right y -4 -co, This Xlascribes

asymptote at x =

There. is a zero at x = 1.

1 -

Rewriting y we see that as x +00," y 1 and as

1 + -
x

x -4 -A, . Thus, there is a horiiontal asymptote Of

y 44-m

tie vertical

457

176
1a,

.04

ja



Y1 =
,;iref

) 2

(x 1) (1) - (x 1)'(1)

2

yt is always positive and y is increasing.

,Or

is undefined at x= -1.

O

As x -4-1 from the left y arid as X from the right -
y -)+=1. This describes the vertical asymptqte at x = -1.

-When x 4-01, y
0

= O.
co

,7477c1
j.

/



s.

From previous discussions in Chapter 5 we know that

than any predetermined number when

we have e-2x > 0that as x -9 .42

There is an asypaptote for x -4+00

X -3 -M..

eIxI

ir is greater

x is \large enough. It follows,
.

and 1 + x < 0, thus
/
y

but none forwhich is y = 0,

x)(..2e-2x),_ 6-2x

(1 + x)2

-e
-2x

(3 + 2x)

(1 +-x)2

>0 if 3 + 2x < 0 or x<

Thus ,y is increasing when -x < - and decreasing

apprs'tlft..x is a maximum.'

when 3
2 < x.

'9.

./

sr



.0

3

3
2

N or

6

1_4

0

sec x dx = tan x
0

(b)

0

= 1 0 1

-40
.

2e3 -40.3.72
_

,--41 7.

-42-

-43 -

0 .

x tan x dx -= sec x
ra

-gh

- (+2) = -1

4`

11.

0



.,

(a) z =

dw4 dy
. dz // 4 dt
" dt alif2

LaT

and
d3r dw

dt dz dt 7 dt Y TE
dx dt dx rdw12

Ldt'

(b) y = f(t)= g(t), and t = h(x) implies

SO

ea,

dt = ft(t)n= g'(t), and
dx

= h'(x),

dz ,',/-\ g(t) . f' (t) - f(t)g'(t)
717 n OC,

[g'(t)]2

=
hqx) g(h(x))ft(h(x))h'SX)- 1(h(x))g'(h(x))h'(x)

[g,t(h(x))ht(x)]2
g(h(x))fi(h(x)) - f(h(x))g'(h(x)),

A. .-(gt(h(x))]2. -.47

i

a

p

)

1 ;"



Solutions Exercises La
.

4,0,. N

1. (a) i. : x -4 ercsin° (sin x)

Donlan: the set of all real numbers.
. /-

Range: the set of ali real numbers y = f(x)

a

is

such that
2

< y < 2.

I

(D) f(x) = sin (arosii7)

Domain: all x Ituch that

Range: all y such,-thati

,

(c) f(x) = aresin (cos x)

< x <1.

y <1.

Domain: set of all real numbers.

yRange:1 all = f(x) where - < y

I

-e\

;N.

(

x

Vr"



4.'q.

!*L

4.

(d) f(x) = cos (arcsin x)

Domain: all x where -1 < x < 1.

Rspge: all y = f(x) where 0 < y < 1.

The graph is the semicirc1 with center at origin,

and y > O.

.00

(e) f(x) = arctan (tan x)'

amain: all real x except x = (2n;+ 1)2 ,

Range: all y = f(x) wherx - y < 2 .

rakus = 1,l

an integer. ' I

2. Letp g;- x -) arccos x and f.: y -4 cos y, where y =ia`rcco x,

-I.< x < , 0 < 4r < y. I

..

Then g'(x) =--,--c (for 1"(y) / 0, i.e., fox -sin y / 0) for
(..., 1:- fi1

3")

0 < y < Y and hence for -1 < x < 1.

D arcoos, x = g' ( x) = -sin
y'

where sin y > 0,

e

-1 -1 <x <1.

4 634 8 n f
401,



3. (a) Let,,,,,g : x -)arc'cot x and f : y -4 cot y where = arccot x for
F

all real x and 0 < y <7c.

1. 1- -1
g (x) = Fo- = ---fo- - 2 )4 < Y < A)

-csc y 1 cot y _..... .

I

-1,
for all x.'

.1 + x
2

(b) Let g x arcsec x and t y --'sec y where y = arcsec x,

ic

Ix' >1 and 0 < y < li. or
2
- < y < s.

.

Then' g'(x) - fi3--(73,-

- sec y tan y )
0 < y,< tI 1

- , lx1- >-1

)X1 X -

2
1. > 0, for 0

sec y tan y sin y

Or 12-5- < y

or

< y < s, hence g'(x) > 0 for all x s ch that lx1

Let' g(x) = arccsc x and fly) = csc y where y = arccsc x for

Ix! >1 and 9 < iy1 < .

131(0, =
DTFY

1

-csc y cot,y

-1 ix!

ixi x2 -1

0

Note:. g'(x) < 0 'since

0 < 2
<-..

4

< IY1
A

1 .

>1. ;

2
1 ...,,, -sin y- < 0 for

csc yrnbty cos 3r.:



4. (a) .I(4rcsin x + arccos x) =
1 - I 0

4-7-77 d7

Note that arcsin.x + arccos x =
2

and kv = 0.

4
1

(b) M(X2 arcsin x) = x
2

------- + 2x arcsin x

A77:7
tt

= x(0
k.

+ 2 arcsin s!)

P

x2.
laiTtan x

2
x2 1 +

(c)
D(arctan x) -

(arctan x)2

2x(1 + x2) arctan x - x2

(1 +' x2)(arcteln x)2

3(arcsin x)'2

)37-77
(d) D(arcsin x)3

1 ..00' -1
(e) D(1 + arcsin x)

-6-72(1 + arcsin x)2

q

8-11

...,

4 (1 + arctan x)
-1

2
(1 - arctdn.7..)

1

(r) 74 ali.. .c.`11 x)

/ . 1 + x . 1 + x2

1 + arctan x (1 + arctan x)
2

s
,

-2

(1 * x2)(1 ±. arctan x)2

5.- Let r x -o arcsin x.

r(x + h) - r(x)
then (for

h

,1

x -_- 0)

Jercsin h - arcsin 0
h

hi

2 arcsin
h

arcsin h 1
lim - r'{O) = , - 1.

h »0 - 0

.y65

184



(b) y = arctan (3x + 2)

= 3

dx
9x,
2

+ 12x + 5

earcsin x

e
arcsin x

dx

-x,

(d) y = e2x drcsin 1 4*

ly. e2x -1

x
2

-1 1
+ 2e arcsin -

-2x

A-717
dx x

2
-.- x

d
= e

2x
(

-1 1
+ 2 arcsin ---)

x2 /T---
,x x - 1

r
1;7- -2 dx

O1 +x.

(b)

= arctan x

rt

1.*

0'

.
r 11/6 v/6 = 0.5236

-11/4 )1777. tj-v/4 = -0.48514:

dt = arcsin

z arcsin(0.5236) -ctrcsin(-0:7854)

'z 0.551 - (-0.895) 1.45

r I

4

fi
(a) ( ) =

I

2

2
dt

_O 1 +.t

Ft(x)
2

-1 + x2

466
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,/ 

[13 

.1 
Lite 

0 f x, :417_ 

0 < x JT 

T 

X :ij 

X :aa 

'0 JT - 

JT 
= 3-Fr 4 X ,: 

0 

a - 

0 > x JT X- 
3 

= IxIX4- x : 2 

. 0 Z xf"JT x 3 

(x 
8 _r(x)1; 

a 
E(x + 

(T)(x. T) (1)(x + T-) 
(N)-1.x 

x + 
x jlj _x.- 

(q) 

x + 
t- < x 4- X :8 (5) 

x I 

3 
_ - 

4P 

0 - 
3 

. 
= 4P 

34 + 0)' (- U 

xcuTs+ 
s00 

3 4+ 

03 4- U 

Int 

1.p = (x) 
84 - y 0 

.cx 

(0) 

(q) 



e

11,

,

11. If f and g are inverses let

substitution f(g(x)) =

The derivative

g(x) = c. But then f(c) = x or by

D(f(g(x))) = f'(8(x))g1(x) = 1.

Then. g/(x) -
f(4(x)) .

, .
.

The only diffel:ence is thtzlt rule (5) was developed for a strictly increas-
.

....-. . /

ing function that is. ft ( g(x)) > 0.
404

...

. ..

...v 4ttz

12: f
1

and f
2

414 the inverses of g
1

,and: g
2

ietpectivelyand

g(x) = g1(g2(x))

(a) Since f
1
(g

1
(x)) = x

then r*,

Since .

then

1
(g(x)) = f

1 1 2
(x)))

r-*

f2(g2(x)) x

f2("fi(8(x)))'=1.2(82cx))

='x.,

It follows that f
2
(f

1
(x)) i,s the inverse of

(b) x (3x + 2)2, x > -
23.

.
g.(x)

0 :

- 4
.

Let g
1

: x -* x2 and ,g2 : x -+ 3x + 2

7*.;-`

We find
e
that f : .-4 and sif : x -

x
* . .

1 .

1 1i,
- 3

2
% 44.

Finally, , f(x).2(fi(x)) = f2(x)
, .

4 Iii - 2 < ,,'

(c) ((x) =
ix

-
3

1

6i

=

A

3

468

187

kyx;

;':' >4..,

.S"`i,e,
00,4 ntr..,
Al. 4

,



13. f and g are inverses..

qt.
dx

y = g(x) and x = f(y)

x=f(a)

dyiy=a
dx

= fl(a)

4 gl(f(a)) =
1

'

dx I
Thus , -

dy
-

Y=
a

dx
x=f(a)

14. (a) y,=' arctan X. mean that x,= tan y.

Thus -- =, sec2 and L. =
1dx

leo dy dx 2,
sec karctan x)

.44

by (5).

, .16

1

dx 1 + x2

4

log
e
x

(b) = loge .x
.

x = eY. ThuS = eY = e
dx = x and
dy

p idx x
. ,

1 '....

, ......

(c) If y = li. then x = y2.-
d

Then
x

2y ,5-
= 2 and

dy

dy dx =

/

,-
.

.

2V
-

.
.

0

(d, s If y = xn ' then x = IY7 piovided that x > 0.

(li 1)

=
1dx, 1 (lbt -1)

n /7.

x
1-it

Thus
-(17 = Y

and

i.

= g
dx

469
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Solutions Exercises,8 -12,

1. y = x , where r = 2 , x > 0. If y9,= xP, Dyq = DXP and.,
0

o
p-1-, xP-1: p ph -1

qyq-1 Dy = px whence
q q-1 q x

.2. (a) 5x
2 + y2 = 12,

10x + 2y yt = 0 and

2x2 - y2 + x,/ 4 = 0(b)

- 2y yt +,I 0

4x + 1
=

.

2y

y
.

(c 3x2 + 6y = 12
4

- 6x-4. 6-y1 =0

Y,

x3 + y3 - 2xy = 0

3x2 + 3y2 yt - 2x yt - 2y

0

y, N!
3Y 2x

3. (a) 4x2 - y + x 4

=0
o

2x _'rY X)(DY - 1) (y -

ft.

x(y + x)2 + y
DY x-

2! J '2 3x y xy = x

2xy x2 Dy + y2 + 2xy Dy = 3x2

3 22cY - Y2'
Dy 2

x + 2xy

.

r-
= rx .

'7189.

.0

st,



CI

(c) xmyn = 10, (sca, n integers)

'm -1 'n m n-1
mx y + nx y by = 0

=

(d) arrry + x = Y-1

7
=i/2

..:g(xy) (x by + y) +

-2Y2 4i7 --y3
'Iv = 2

xy + 2./Cry

4., (a) + 3xy + y. + x 2y + 1 = 0 at the pant (-,2, )

. 1

4x + 3y + 3x y',1+ 2y y' + 1 - 2yt =.0

1 = - PK

Y .

o

At (-2,1), Yt =," 5

'(b) x3 + yc2 + y3 - 1 = 0 at the point (1,-1).

sof

2 -

3- x2 + 2yX2 371 + 2xY2 + 3Y2 y'

t ; .

At (1,-1), y' = .5..

(c) x
2

- xvxy - 6y2 = 2 at the ioint (4,1).
. .

a

A
- J=7: x3/2 y-1/2 12y ier=70

F 2 VA'Y 2 -17
. 6 14

At (4,1), y"1=

(i

(d) x cos y = 3x
2

- 5 at the point (V2,

x(-sin y y') + cos = 6x

At -(g, ), y, -
2

0

-1 -

.

01

on



COS y cos x
x *sin y - sin ,x

5. (a) x3 - 3axy + y3=

3x
2

- 3ax Dy - 345,-+s3y
2 .11

= 0.

i

-3x
2

+ .3ay

L5rix=r
-3ax + 3y

2

(b). xm + y
M

='2

m-1 m-1
MX + My Dy = 0

sdfi
fx=y

mym
-1

x=5,./ 0

= -lo

x2 + y2 = 2axy + E2

ix + 2y Dy = 2ak Dy + lay

(c)

Dyjx=y
2ay - 2x

l
- 2ax

=. -1

4.

r.

All three curves Ware symmetric about the line y = x. Thus at the

point where x = y the tangents tote curves are ofthogonal to the

line. -

'6. (a) a sin y + b = 0 (a, b constant).

,

a cos y y' - b sin = 0

sin x
cog y

(b) x cos y + y sin x = 0

fps y - lc sin y y' + sin x yi + y cos x = 0

17

) sin xy = sin x + sin y .

(cos xy)(y + y1) = cos x + cos y yi:

Y
.y cos xy. - cos x

.

= cos y - x cot xy

(d) csc(x + y) = y

Yt -

+ y) cot(x + y)(1 y') = ye

csc(x + y) cot(x + 0,
csc(x + y-) cot(x + 3,) + 1

472 .19 -01.



(e) x taln y tan x 4 1 A

tan v + x sec
2
y,yi - tan' x sec

2
x = 0

.
tan - y sect x,

tan x - x sect y

'(f) ,tan xy r X2 0 ,

(see2*)(3' x 2x = 0

- e_x - y see
2

xy-

- x see xy

sinkg) y i x tan y

4

sin x y' + y cos x = tan y + x sec2 y y'

tan y - y cos x
Yt,

'2 d
sin x r x sec y .

:

1 1 .=

4

21; 247 . -

yt = - which- is

.
_ii

always negative since x, y > 0.

8.
. .11. 3v = 3 ;t1".

i. ,

dv_4 2 dr
c-ff 3rr, 3r al*

-dv

100;
so when.

dt

and dr =
dt 'I -

r = 5, 100 = 3 ;( 3(52)-d1*
dt

Hence, 'the rediu's is increasing rt in. /min. when it. is , 5 4inche\s' long.

1

4: 474
4 192



10

From the, similar triangles

)

When. h = 4,mr 1

lPv
1

V = LI

u.
dv '.tt 2 dh

dt dt

15

h 10

r = 3, h

dr 3 dh

dt dt

and
dv

= -3, so

-3
3
5462 `--='t+ 2(4)(6)

- dt
41.

1.

.

db.

dt .= 7 127r

3
2

2hr dt)

and, hence, when e water level is 4 ft., it is dropping at the rai
1 A

Of ----- ft. /min. -', ,'
127r

1v = 10. ,-f h(b = 5hb1 + 5hb2

I 1- db db
. , 2 et,

dt
= 5(h

tp.--Pdt
bl.)+ 5 kh Tt--;Eb2

c-R-)

43.03



By the similar triangles fbrmed we see that

h 0 2
,b b

1

2

h = 1D2 7 :b1

db2 db
dh 2 1

dt dt dt

dh,
, 1 2 dh dvWhen h = 1, 1)1 1, b2 = 2, 0
at dt- dt

and -- = 5
dt

dhso dh5= 5(1 . + 1) 4'5(1 .3.T. + 2 at)'.

1 44-

,

11. (a) x
2

+ y
2
= 2ry + 1.

I

2x + 2,3r 'Y = 2x + 2,3r

'2(y - = 2(y _ x)

=1, y

If y = x then 2x
2

would equal 2x
2

(b) and .(c) Graphs

-)

,

- 8-12

*

'

+ 1, .which'is impossible.

2
2

x + y .= 2xy +

42
x - 2xy + y

2
= 1

(x- y)2 =1.

x..y=+1

= 1

475

194 (-). 4
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12.

x

At t = .x = 75, y = 300,.

2 2 2
s =x .+ y

dx dy
2s

_1=
dt + dt.

dx , dy
\ X

. dt + Y dt
dt s

ds

-cri
300 100

3
309

T

The rocket is receding from the ob,server at the approximate rate of

seconds after take-off. Solving,

dh 1

cTE 7

97 ft./sec. 3

. ,
". ,-,;tv, 4-1(

and hence, the "water level. is rising at the rate of ft./min.

4

el

1%
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Teachers Commentary

Chapter 9

INTEGRATION THEORY AND TECHNIQUE

1- .

-, -
,

The integration techniques
of Chapter 9 are extended in-Appendix 4 to

include the following:

A4-1. Substitutions of Circular Functions

A4 -2. Integration by Parts

44-3.' Integration of Ratiotp.1Ftnctions,

A4-11. Definite Integrals

Solutions Exercises 9.1

2

1. (a) f:
x3

x

+ a

dx; u = x3 + a
3:

du_ = 3x2 dx

3

1 du = x2 :dx

3
u
-1 1
du = Voge ulir

(b) )13 7,4
,

dx; u - x
4

.

du = -4x3 dx

- col = x
3 dx

- 8/7
1/7 1 u / '

u du - -17 --B---

7

-.

32'

;t4)8/7

. , e



(c1 f(a + 13 dx, b 0; u = a + bix-
f

du = b
dx

21
2
1-7 du

ID- u
2 i 13 du =

713
(a + brx)1 /Th IA

A .

1

r

(d)e x! + 1 dx; *ux- 1 ..; x -1
.

A

-(e) f 2 2 dx;
x + a

du.= dx .
x = u +

. x2 = u2
+.,2u r

(u2
+ 2u + 1) +1 '

du ,= f (u-10 2 4+ 14)du
,

2(x2 + 2x - 3 +.4 loge(x - 1))

= x2 r+, a
2

du = 2x dx

7 du = x dx

1 -1 1 2 2
A

u . du = -
2

log
e

(x + a) = loge )11c-7-71- a2

,2
,(f) -4-2--c -2 dx; a / 0; , u = =1- and x2 se anx + a . tt

a 1

+ a2

du = 2- x dxa

du

du =xdx

a 1 1
2

' a
2

1

(1'1
+ u2

2
= n r-,21 aretan a

x,.

478
197
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(g) (cos x)esin. xdxi
.

= din x

du = cos x dx
'

,
L

feu. du = es in x

aex
(11), x u b + cex

b- + .c.ex
.

ce
x

dx

du = ex dx

u du = log' (.1:1 + cex)

(i) iseo x dx;'. u = sec x + tan x
,

. ,`du' = k see x tan x.+sec2 x)dx
z

du = sec x(tan x +
N

Sec x)dx

11.1
N,

/U sec x dx

au7 = loge (sec x + tar x)

.2x
e 'dx; u = 2x

1
du dx

2

1

(b) (1

u 1
e
2x

e du

- 22;
)010

dx;

u1)3 du = - 11

u =,1 -

1du = - 7 dx

-2du = dx

\11
- 22: x)

,

-2

;

148 .

k

5



9-1 .

(c) rain, ax dx; u .ax

du = a dx J

. a'
du = dx

L

sin 1.1ciu = a cos ax

(d) 11/. 3 771- dx; u = 3x +/I.

.
.3

du = dx

71 4f 1/4 (3x + 1)5/4
3 _.

(e) 1 - dx; ti" = 2 - 3x2 - 3x.
- 1' du = d

3

11. u 1du = - loge(2 - 3x)

.
r

.1 1 -773c)

5
1

(k) dx; , 1 - 5x
4 du = dx

1 i -3t2 2.- 5 u du =
5i1777c. \

t,

(g)° 1 , 1:

x2 . dx;
. -=,x then auIv =a2 a . . . x

i
adu = dx.

.

a- f du = ------ du
, a .

1 1. 1
4,

1
a2 +, a2

u
2 1 + u2

. .

=
1 arctan x

a a

1 .
(h) itar4 , x

1 - ,3)dx; u = ... x 3

2du = d'x_

I
-.,--

2 'tan u du = -2 1Og
e

cos(1 x -3)
2

. s

f19

A 1 -





2
*(1oge x)

,dx;
,x

I cos 2/3
dx4 u --. ig

IT:

Su du
3

= 21( 1og
e

x)3

du = dx
21r,

du =:II
1:Tc.

co u du - ,2 sin T27
. -

sin x '''

(14 dx; u= a+ bccos x
.1' (a + b coq x) du = -b sintc
7 . 1. ) j3 du = sin x dx

: f

b
1

u_2 du
i 1., a.

b(a -+ b cos ,x) ''

40

X
2

(4x3'- 1)3/2
= 1;5:3 -

du = 12x
2

dx

1 2
dt1'.= x dx

12

- -

u
,6(lex3

I(j) , dx; u= x2
,1 + x

du = 2x dx

7 du = x dx

1 I -1 1

2
- u du = - log

e
(1 +

2

J
x2) = loge I 417-7

O

r



A,

'I

-.7-

(k) X
14C(; U a X

+ X 444.;

du = 2x dx
t..

1
du le %x dx

2
.

1 1 1 2
rdu- e ctan x

2
1 + u

, ...

CO-i x dx; u ,.-- 3x 2

Vf - 9x
4 4

du :' 6x dx

1
i7... du = x dx

. . 6
1 i 1

r. 7u7
dt..1.= 6 arc sin gx

21 '.

,

I

m0.

O

i sing x ens
3 2x)x dx: Let cosh x = cos -- sin

, ..

x(1

sing -x(1 - sing x) cos x dx'=i 1(sin2 x x)corix dx;

u = sin 'x, .

' , du = cop x dx

'
(u2

du = 3 sin3 x - 5 sin?

. (11) Isin3,4x 'cosy 4x dx; sin3 4x = siii 4x(1 - cos2 4x)

o

(1 - cps2 4x)cos8 14X sin 4x dx
0

(cos le- cos 4x)sin 4xdX; u = cas 4x

du = -4 sin 4x dx

1.,
du = sin 14x dx

,
- \

1 1(118 1

V
- u-gidu ,= --f6 cos

94x + u. cos
11

Jix

4

. 483
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4.

3(a) 4. 1 dx; u = 2.x + 1
2 (2x + 1) ,

4.

4 du = 2 dx

du = dx

1 1 -1: 7f 7
6-2 du = - u

5
2 -

3

,(5 - 7.) 1'
7o 35

co(b) f .

s
4 x sin x dx;-, d cos x .

0 e

du = -sin x dx

9 -du, = sin x dx

-1 ..**7

u4 du u .
1-1

1 25.=,-,. -541 - ,(+1)1 = ..
e

A/3 . , $... / -
,",(c) I ' cos 4x. dx; u = .4x

*-- 1

0'
dati = x

4,kt:t. ,..

. ;:,:,,,,,,_,-,,,,,te- r Iter/3

V j 0 O r,
cos u du = sin u .

n

e:

f

..

= - -. 4

----- 17

7,1

(d)- ,(2x + 1)-1dx; u = 2x;+ 1
12'

iere.

= dx
,

0 ,
1

4'84

.2 0:3

r
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aS

..11

114.

/ 0

,\ . r

,,

(e) .1.

a-

177-idX;,6
1 I .

u 1 + x

du = dx

f 2 5

2u1/2 du = -7,
u3/2 11

! 2
$

1

.

=f - 2,/f)
3

;(f)

.4.1.,
i

. 1 J.,0 1/2
. .r Ds .t.i du =.0

,
. '

0
. t, 2/, .

. r ,
-SO -J` '---i dx; u = 2x

0 1 t 44

t'
. -

1

t sv . . . .

f d
.
= dx

.

-x dx; u = 1.- x2,-

du = -2x dx

- I du = x dx
2

1
1 1 1

= -farctan u
0 1 u

1 n

°

1

0

(h) f
1/2 -1

dx; u = i ..tbdos 3u = x

...,

-1/2' 4757

ts
'3 du = dx

*i-.-_,...., _.,,,,,,, , ,
,

1/6 %

-1/6 4-7u2 1116 1----ff
3 du - 3

du
3.

.

. .
':"^ 1/6 .

= arc sin u ,

-le

(are sin .166b * 0.167 from Table 3.

0.167 (-0.167) f

0.334,

485
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(2)

2 log x
dx; u =loge x

1 ,X

dur-1-1-dxx

log
u

loge 22 °

loge 1
°'

1

.1
2)2 4- = 2) 2

e

dx; u = 1 - 2
x2, x =

. . = -2x dx

1
du = x dx

Oe

11
-1 (1 - 10111/2 du = -

=

= -

1
xe e

x3 dx; u = x3

-u

1 I. (u1/2
7 u

_3/2,

2
)du

1(2 3/2 2 _5/2 0
u )

1

1{0
5
2)] 2

2 15

du = 3x2 dx

1 du = x2 dx

1 u
1 '

.3 -1

u

o

=2e -
11, e

i :
I

2 x'sin (2x )dx; u = 2x2

L.0
du = 4x dx

1' du = x dx*
. '

sin u = - cos u. I - -4{1

.0,

1
=

2

. -

-1 - ( +1)-)

1-

4'

ti



5. (a)

t .

cos x- dx;
- sin x

u ,= sin x
. ti

du = cos x dx

du
3v =3 or v = u

9 -1-72
3dv = du

1

/-9-7972 f317
d'v dv

k7
3- 3

= arc sin v
3

(b)

= arc sin

= arc sin (1 sin x)

2
dx;x

2 + x

t -1'
2 du;

2 + u

3 .1- , v

1 -dv = 7- arc an v
2(1.+

1

3

u = x3

du = 2
dx)

du = x2 dx

v =

v =.11.4" . .

°
dv' = du

)

4

= re tan
I ,r"

x3
-arctan -

u

.

4

4,,' 206 7
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(C)
1 -uX;

,/ +x
u =

,du =
1

dx

2u du = dx

f du du
1 + uu+ u2

3.

1
= 2 loge v

= 2 loge (1 +.11)

=' 2 loge (1 + ITO

v = 1 +

dv = du

6. (a) 10 sin (x - 1)dx;. u = 1)

u + 1 x

(b)

rt-

du = dx

f(u2 + 2u + 1)sin u du = u
2

sin u du + 2 sin Li du +. sin u du

(Integrals No. 21, No. 20, No. 4-and No. 22)
,

= - 2u + 1)cos u.+ 2(u + 1)sin u

= (1 - x2)cos(x - 1) + 2x sin ex = 1)

x.e
2x

dx;- u = 2x

2

1
du.= dx4".

4
u e

0

u = x

-414.1
(Integral No. 16)

1= eueu -

1 4
= 443e + 1)

cs

40

468

207
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(a) .1 x

1

0

sin 3x dx; u = 3x

3

1
du = dx

1
= x

1 3.

g 1.
u sin u du (Integral.N1 20)

0

1(
=

9
".0 cos u + u)

3

(d) fix cos
3 ,

.kx
2
)dx; = x2

t
du = 2x .dx

nr

a

1
2

,7du =xdx

.

cos 3 ,u du ---(titegral No. 29)
_

31(

0

(e) I xd e-4x;

cost u an u 2

3
+

3
sinu

cos2 x2

3

sin x2

3

2
+ sin x2

- du = dx

AP!

y5-6
u e1 I 3 u du (Integral No. 17)

iP

- S--)n-1 1.13 - 3u2'4-6u - 61
25

-4x ,

:2*432r) + 24x
2
+ 12x + 3)

120

484,.
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(f) xex. sin 22 dx;
2

u = 2x
2

1 u 2
e.

2 u
x =

2

du = 4x dx

sin u du Integral No. 214)

,, 2

,
=

5
'

1 u./2
(-
1

e sin u - cos u)

=
1

2

10
e
x

(sin 2x
2'

- 2 cos 2x
2) 7

!'(g)
1

x2 loge (3t -4 1) dx; u = 1.
.2,!>.
;,--;--

2
k,

,2
x = u - 1)

14.

(u
2 - 2u + 1)loge u

du = dx

du (Integral No. 19, No. lEf.and No. 7), -
,

u)loge u --,
93

5 '= loge 2 -

(h) fsin x loge (cos x)dx; 1 u = cos x

du = -sin x dx

i- log u du (integral No. 7)'

= -u loge + u

= -cos x loge cos x + cos x

m

4

2 ot



4
v

0 ,
. rt

11) sin(x +
.

1)cosC2x + 2)3x; u t= x + 1

l .t,
\ .

.. du = dx

(j)

j

.

Bin a cos 2u du (Integral No. 32)
,.

.

4,

. - cos(-u) cos 3u .

-146--)
_

2. 4 ,

'cos( -(x + 1),) t cos(3(x + 1):)
_ , +

2 . 6

Or
'cos(x+, 1) cos(3(x*-). 1)) .

.4 2 . ---&f.
E

Psin x
dx; u =, cos x

2 cost x + cos x - 3
, du = -sin x dx

.f.2u
2

+ u 3

O

1

-----
.

du; . b
_2

- ffac >-0

ex
(k) 14e2x-

2e
x
'+ 1

(Integral No. 36)

1 2u - 2
= log
5 e'2u + 3

.

1 log
2 cos x - 2

5 e 2 cos + 3

u = ex

e',-_cdx_ 5,

1
du; b

2
- 4ac < 0

u2 - 2u + 1

00

(Integral No. 37)

1
Arc tan

x'
=

arc tan
4e 1

'

2199



O

41

(loge x)2,-1- L

Ai2 + 1

1 2
7 e-x dx a

0

dx; u = loge x

du, =
1

dxX

du; (Integral No. 38)

= loge (u + u2 + 1)

= log_(loge x +.14log x)2,. + 1
\ e

2
(a) The function e is an evemfunction since f(x) = f(-x),

Thus

b 2 1 2
e dx = e
-x -x dx =

r 0

(b). .171' e-x2 10 -x2 1 2 / >

dx +dx = -x.e e dx

-

:1

I-1

=a +'a = 2a ...-
(x - 1)

x - 1e dx;
2

xdu

1
d

2

2 du = dx

2
2 e du = 2(2a ) = 4a

-1-.

(d)

f1 -x

0 t

du = -1= dx,
247

2 du 1
dx

1/7:

2

f1 2
e-u du = 2a

0

211



10

.

1

8.' (a) I c 1 - x2 (Ix; u = arc\ sin x

0 --/

-

when x.= 0 u = 0

when xs= 1 u =
2

n/2 1

uI cos u cos u du,=
2

+ sin 2u
0

4t)

e

Then x = sin u

dx ="dos u -du'

end 1 - x = cosu

it/2

0

0F-E
/ \ 1: 1 + X
(b) ----7-' dx; u = arctan x ti

x )

c
.

sec u sec

tan4 u
du

cos
duu

Then x= tan

dx aec
2

u du

and 1 +x2 r. sec u

v =,ain u

dv = cos, U. du

ir -
v

4
pv =

v

-3

= -
1 dT cs u

= - 3 csd, arctan x

2 3/2
=

1 (1 + x )

3, x3

0

493 212
r
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, .

9. (a) If x< 0, then -x = t > 0 and dx = -dt, so

c i

dx = (7 .0(-dt)= 2.6.- dt clog t

-4

t > O.
,

c )7, dx log(-x ) = logix I since x < O.
1

ii.

(11;) If a <,0 <1b, we would want Q

- ,

I 101 x + c --

b
d

b .,

1 -

but these two integrals are'infinite if indeed they can be said to

exist at all',(see Exercise 7-6, No. 37). If we persisted, we
4

would arrive at the meaningless nonsense that

a
'1

101= Log 0 - log lal + log - log101,
a v,

meaningles0Decause log 0 is undefined. We c5nclude that the

integration interval (a,b) must not contain zero.'

1

.4

494. 2 1. 3

`.3
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1

Solutions Exercises 9-2

1. (a, i t z :/x.--$3x2 + 4x -.7, -1 < X < 01-

/

m 0 -1 {' -1) 1..1
(3x` + 4x 7) =

4

-

~(b) .f x 4 1 0 0 X <
4 + x"

1

m - dx vs .23
1 '0

0 4 + x`\

)

\,

ar

MP.

-1

0
r

11110

p

x

4

-8 1 -
3

I.



2
14 : ses

, +-1 < s < 1
, .-

# 1 2
m J.

1 s es 'ds

2 ,
p

ti

a. 4

sh

7
f ar'164- - < t <4

m= 1
*4

Y 2t 1 dt
I; -

?.(9)
9

. I

' JI

r
3

M = d r--

- 1 0
2

4

2
2

2

2

2

2 /

496

215
3

3
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(d) c < x < c + 2v

1

m (c + 2v) IL c

=

rJ

c+2v

sin x ax
c.

\....,

If f, is periodic with period a then f(x) = f(x

t 2, ..., for all x. .

_,.._'

- Let m be the average value for the interval [x,x + a]

---..x+a f

m (x + a) - x

1

J z

f,=
a
- LF(x + a) - Flx)1

x

1 r
x+CX

1

where (x) = f(x) and F'(x + a) = f(x + a). Thie*is true for all

n = 0, _ 1,

values of even for a special value of x such as .x = 0. Thus

m =
1

(F(a) - F(0)]

which is a constant.

f(x2) - f(xl)

4. The a1arage value of the slope of the tangent is simply .

x2 - xl

In this case where f x -)x
2
+ 1 then for the interval -1 < x < 3,

10 - 2
3 - (-1) 2.

Alternate solution: 4

Tte slope of f x -)x2 + 1 is f'(x) = 2x. THe average value of the

slope is 4

m - (71) 2x dx

= (8)

=2

4982 17
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yo. 

-- 
(i + 6 -1) 

+ 4 . 

+ d 
.11) 

= 

a 

4 q,41.(d + 
b)11"=- 

(d by d - b) .u -) 

' z d - b 
- bq + b ' 

0. 

b 

z ub txcl 
z - 

d 

d J 
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- 
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b 
xp(q + xe) 
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- In 
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= 
I e I 
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9-3.

r
Solutions Exercises 9-3

.
e l

1. (a). Cross-sectional area at x is g(3x)2.

Average cross-sectionalarea = f
1
--5 g(3x)

2
dx

f

. '0

( b )

A

9i

Volume = (length) x (average cross' sectional area)

1,

2= n(3x)2 cbc

0

2 I 3 2
=9n x

2
dx = 9n . = 24g

9 0

Cross-sectional area at x is

Average cross- sectional area =

Volume = (1 - 0)

dx

1
1

x2

TT. gx dx g 7

5
°1'12 1 9

,



.

1
n(2x3/2)2''dx

0

i
4 1

..
'Volume = (1 - 0) ;

4A x dx = 41( 47-'

,

1 3

i
1 - 0 0 .,

' 0

= it

i

.T1

y1

Average cross -sectional., area
'1

It

For -1 < x < 0, y = Ix; = -x, so f :

For x y = lx 1,1= x, so f x x.

---the total volume is
the/sum of the

volumes of the two-Solidsof

' revolution
generated by these functions

on the indicated intervals.

-1
0

0

X -X . I

=n x2dx
y

3' -1

(8- (44 ) =2 3 2

501-

$ 2 2 0





a

3, f

0

:Volume =

t
Y t

,x2)2x=x x2)

0

=vox
3 Kr.?

- s ., , rri3 0
Volume= rr(tan x) dx= ril.' tan x dx= Tr .yr/3(sec2 x+1)dx

0 _ 0 0

-

= rr(tan x + x)
a/3

1 7r( 15 - ).
30

50222
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4. V = 2 (a, - 0)

= 2 a 1
a

a

a -
b2 27 (a,

( 0 a

b2 3

1

a

"

it (a2i -
a 3

(ax

5824



6. v
r

if1 r.. 24;Where

g7 .
.2.

o \ itU4
o

a

ti

C."

:4

!

506 2445

1.



9 -3

J

. The required volume co fists of a cylinder of 1 in fn,radius d two:

". "caps" each formed like a shallow dote.#0*

.

Y.

The value of -x for which y = 1 is x a 3. Thus the length of the

Cylinder is 21/15 end its volume is V
cy

12 2175 = 23 475.

The volume of the 2 "caps" is,found by

2V
cap

= 2 (4 - 1175 )

(4 137.5)° J/T5

4-
211(3.6.x,

11E5

= 2g(64'-.51) (16 45- 5 1E5)]

3(16 - x2)dx

= -
3

22 3r.5]

2V
cap

+ V
cy

= 423 - 225,1 2.E5] p-0 [85 1

. .

n(7.87366) it 24.7

2045)

It fig interesting to note that the volume Of the cylinder is » 24.3+.

Very little is contributed, by the caps. AO

r l .A
5026



3

-3,

8. The- craps- sectional area will

he-the difference of the areas

of two circles. The'largef

will have a radius

----f
y = r
p

- x., the smaller

swill have a "constant radius of'

777
r - h

7
. The cross-sectional

e arRa is given by

C

t.

= v(h2 - x2).

V = 2 (h -0)--- v(h
2
-x

2
)dx

0. k °
jh

O

3 h

= 2v(h2x - x )
3

= 2v T,= vh
2h3 4 3

0

pecial values such as h = 0

and h = r yield.

47(
V
h
Vhf = 0 and V

h=r
= r

3'
.

9. The voluMes desired in this problem

90ibe'accomPlished by translations,

of the shaded area 'in the figure.

The lines,about which we wish to

revolve will bp the axqa in the

"revolved system.

508 227



(a) Let us define the translation
;,

as T : (x,y) (x,y + 4)

Then IT : (y = x2) y + 4 =
)

or y = x
2

6

The "cross-section is

C(x) Ta42 - (x
2

- )21 -

g( + *8x2)

Thus

=

=

lehath

(2

2

x average

-2 2

0

3

- 0)

1 x5 8x3g(- + ---)
2 5

(

1,

n(-x" + 8x2)dx

= + =32 64 224
5 3 15 ,

O

12
P

0

5228

9-3

P

o



'19-3
ti

(b)r Let the transformation be T : (x,y) (x,y - 2)

% /

Thus T : (y = x
2)

-4 ty - 2 = x2) or y = x2 +

The average cross - section is

/, .

, ,C(x) = n((>:
2

+ 2)
2

- 22)

IT(x + 4x
2
)

V = (2 - 0) 'T:05 1-2,. (x14

= 2 i(Ec +5- 10:3
)

12

4 0

Y

+ 4x2)dx

/ 1

/
/

,
1/ 1

/ 1

/ .

510 229
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- ''(e)''4,1,et T_: (x,y) '-+ (X + 2,y)

w . (x + 2)t,2

or x =,[5 - 2 ,. ,.
. . -

0(x) =7c(15.- 2)2 ,,,,rs

= n(y - 41/57+ 4)

i4

J- 0 7:710 I'l="4/57 + 14)(IY

..2

_
1: 3/2 4 4

ic o_r2 _ :2 4. .4.3 r )

\ .

I 2
0

2

64 72 - 64
it

8
= ic(8 - - 16) -

3 3 7 3 it

144.

: V =

-7 7,

-2

Let the translation to T : (x,y) 4,3r).

114 = x.2) -4 (y = (x + 4)2) and x = 15-- 4
Then

tl

ta,



The cross - sectional area is

,,C(x) = y(( 6.- 4)2 22)

= gs(y. 847 + 12)

. V = (4 - 0),7--A- .1.14cr(y - 86 12)dy
4 v. -0

g y2' 16y3/2= 4 (17 - + 12y)

0

O

_,1238 48)°

4

2 31
512

r

a

a

X,-1



1.

Solutions Exercises 2:11

(a) If n = 2 t
1

= 0, =
1

, t2 = 1

rl

JIo

t f(t)

0 1

4

2 5

2

1 1
f m

2

0
(f(0) + 2f(-2 ) + f(1))

2

(1 + 2(5) + i) g 0..775

ft(t) - ,

-2t

(1 + t2)2

2(3t2 - 1)

..

(1 + t2)3

On the interval (0,1], f"(4., is maximum whin t = 0. Then

. If" (0)1 =. 1-21. Let M = 1 and the error is at most

2(1 - 03"1
.2

.041.
12(2)

513 232



t

(b) If .11 = 4 then to = 0, t
I

fl= t
2

=
2

, t
3

= and t
4

= 1.

f(t)

1

1 9 16
r 7- 0.94

.

-.1
= o

,

-1
5

o.8
f(t)dt 277(1+ 1.88 + 1.6b +1.28+ o.5)1 o

`3 16 0.64 0
25

3..13

1
--4-- o.783

1

3

When M = 1 the maximum error
2(1 - 1

is _ 0.0104.

III -12(42)

The exact value of
1

1
1

dt arctan t

J 0 1 + t2

2.
2

e

-x2
dx

0

(a) y f

o
1

1

3

2

2
dt is found by integration.

1

.1.1 .785398 r.1 .785

0

1.000

0.7788

0.3679'

0,1054

0.0183'

2

e-x
- " 2 0
dx -7---f(1 +0.7358+0.0183).

2.,-1.72La
2

514 233



( b

*2
e dx rrol +1.5576+0.7358 +0.2108+0.0183)

2 -O.'

0

3175 9.8806

To determine the maximum error first find f' and

2
ft = -2xe

-x
f".= 4x'and

, 2

e-x

is maximum when x = 2.

If "(2)l = 116741 :3 16(0.0183) '4'. 4.2928

1,et M = 0.2928, then the;niaximum error is
0.2928(2 0)3

12 2
2

2928(2 - 0)3
when n = 2, or

0:
m 0.0122 when n = 4.

12 42

3.

1
1-

dt

0 1 + t

(a) n = 1 Use the Values of Problem 1.

1

dt (1 +
5 2
) + 1 )

1

O 1 + t
2

7-4.7
.783

This is the same as the actual value correct to two places.

(b) n = 3 Six such 'intervals are needed.

t f(t) multiple of f(t)

t
o

= 0

1-
t1 = g

2 ..,

t'2 b

t =
3

3
4

t4 = g

t5 = g

6

'`6 .7o

1

36

36

75
36

36

36n:
'36

072

a
10
4'

5
9

Ts.

1

4

2

4

2

40

1.000

3.892

1.800

3.200

1.385

2.361

.500

14.138

234
. 515

st

Ps 0.0488

/

ti



1 1 o
,t2dt *--(14.138)

: 1
. 3

m .785445-m .7854

This is the same as the actual value Correct to four places.

(Refer.to ProbleM 1.)

The estimate of error requires finding the third and fourth de'rivatives.

f'(t) -
-2t

(1 + t2)2

fu(t)

(1 + t2)3

fnt(t) =
24t(1 - t2)

t2)4

i,(4)(t) 12(t4 - 12t2 +2)

1 + t
2

4
f (1) = 54 = M

Then the error <
54(1 - o)5

r. .03750 for n = 1, and . ,

180(2.1) .

the error <
54(1 - 0)5

_ 4 m 0.0002315 for n = 3.

180(2. 3)

x

*\..

e
-x2

n = 1 n = 2

0

..12

1

2
4

2

1

0.7788

0.3679

.0.1c54

0.0183

f(1)

4f(1)

f(2)

= 1.0000

= 1.4716

= 0.0366

f(1)

,

4f(-19
2

,2f(1)

4f(2)
2

f(2)

=

=

=

=

=

1.0000

3.1152

.7358

.4216

0.0366

at

Sum p.5082

,

`516 235
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(a)

/

_x2
- 0

e dx 67(2.5082) ;:2

0

'when n = 1

7. .83606 = .84 ,

,

2

il
2 -.0I w.Nn21/

(b) e/x dx = 77T../..),,7 / when n = 2
,

\,

,

R41

0584868 z. .885r

Td:estimate the error We firstfind M.

ft -2xex

2
f"

ge-x (2x2 + 1)

I

. f "' = 1623 e-x
2

J
2 4

(

f(4)-1,
16x2 e-x (2x`

,

3)

(4)* 1
1 is its greatest At x = on the

2

[Note: x
1

2
is a zero of f

(5)
.3

.

(4)
(0/ ,

.

f = 0 -

(4)
(-2)

1, '
f r-- 7.788

(4)
q__ (1)'7... 5.886

f4)() ;154692'
2

f(4)(2)41.1.73:

interval 0 < x < 2..

Let M = 8 then the error is less than -

8(2 -0)5
4

when n 1.

180(2 1)

and ress than .

8(2- 1)5
7,, 06 when n = 2.

180(2 2)-
-.'

517236



5. Let f : x -*Ax3 + BX2 + Gx + D where B = = D = 0.

b

f
,

The area Ax
3
= Vo - a4) by actuarihtegraIlOn.

a

By Simpsons Rule M.

b .

Ax 3 -

a

b - a r /

A(b a) 3

[a

A(b - a) r 3

6 La,

ft (b -4 a)(b3

4f(a
2

b) +

+ (2+2)3 + b3]

+ 2(0 + 3b2a + 3b(+0) +11)]

+ b2a ba2 + b3)

A 4
= - a ))

6. ,If f is convex then each point of

f between a and b is below each,

point on the interior of the segment

PQ. Thus the area of the trapezoid

ABQP must be greater than the area

b
found

/
by f.

-

a

A

a xa+b

7:x In the case of the Trapezoid Rule (3) the number n is the number

of subintervals into which (a,b] is partitioned. Whereas in the

"case of Simpsons Rdle (8) the interval (a,b] /is actually partitioned

to

into 2n subintervals.

In (3) 'n reprdsents the number df trapezoidal regions and inlv(8) n

represents the number of parabolic regions into which f ii'divided

over-the domain [a,b].

518 237
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. ,Fram problem 3 we 64nd that 54 < M. In order to insist on accuracy

to five decimal p aces, n Mnst'satisfy this inequality.

54(1 - '0)5 < .000005

180(2n)

Solving for an integer value of n,

3 1

e x loP

' 4
3 x 10 48 5

,

61.24 < n2 .-
.

,-,

and 8 < n rwill do quite wel1.11

9. loge -3` = J dx
1

(i)

I

C

Trapezoidal Rule: t

If we are to insure four decimal place accuracy then

M(3 - 1)3 1

--4
12n 2 x 10

1*

f : -x
1

f': x'
1

x2

f": x
1

1.
Let

°2(
-)'. <
1 A ,

2(2)3 1 °

5.
12n

2
2 x 10

5 4
2 x 10 < n

2

12
'40

163 < n

We had better choose a different method!
!Tr-.

0

519 238
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P

O

Sim ons Rule:

1
ft" = -6

° x-

f
(4)

= 24
1

,

x'

M=24

The required value of n must satisfy this inequality

24(3.- 1)5 11

180(2n)4 2 7].107

24 2
5

2
1
0
4

4

180 2
4 < n

24 2 103
1893

16 103
< n

3

5,333 < n
4

73.< n
2

9 <n

We can let n = 10. This means that we must partitioiethe interval

[1,3] i 211 = 20 subintervals.

520.239
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e

X
.

1_
x

Multiple

(77 1 ,

x

1.0 1.00000 461 1.00000

1.1 .90909 4 3.63636

1.2 .83333 2. 1.66667

.1.3 .76923 4 3.07692

1.4 .71428 2' 1:42856

1.5 .66667 4 2.66667

1.6 . ".625oo 2 1.25000

1.7 .58824 4 2.35296

1.8 .55556 2 1.11111

1.9 .52632 4 2.19528
llr

2.0 .50000 1.00000

2.1 .47619 4 1.90476

2.2 .45455 2 .90909

2.3 .,43478 4 1.73912

2.4 .41667 2 .83333

2.5 .4o0oo 4 1.69oo0

2.6 :38462 2 .76923

2.7 .37037 4 1.48148

2.8 .35714 2 .71428

2.9 .34483 4 .1.37932,

"3.0 ..33333 1 :53333

J-3 1 do

1

32.95847,,

SUM

(32.9587)

..0.14'86.9

P.

Tbe actua
-- ,

l value of loge 3 is 1.09861.

be.correct to 4 pla0s as directed.
'

5212 4

. et

0

-
.47

a ; .

r anstier.turns,out to

4
A

'

4

,

.;-



Solutions Exercises 9-5

-1 < cos x < 1

rx x

(a) J -dt <

0

cos t dt < dt

0

-x < sin x < x

L4 x x ,

.1.0

(b) dt < sin t dt < t dt
of

-t

0

, 2
x x

2'

- 7 < - cos x < lr

x t2' x

Jo
2(t)

Jo
- -- dt < je ,t1 - cos t)dt < -77- dt

CI 2 0 0

x 3
x3

- - sirix <

x
t
3

(d) - <

1
(t - sin t)dt <

(e)

/

f
x4

- < cos x - (1 -
2 4

'

X2 x)

Q

t3
dt

JO

ex t4 t
2

x't4- < JO (cos t - 1 +1r)dt < r07 dt
0

5x,3 x5
-
5

< sin x.- (x - <
! 3! 5!

r

2. If x < 0 we will change each result deRnding on whether it is an even

or odd function. If f is even then f(x) = f(-x)X whereas if f is

odd then f(x) = -f(-x).

(a) -(-x) < sin(-x) < (-x)

x < -sin x < -x, x 0 - .
*

x
2

-
x
2

- cos x < , for all x. These are even functions thus

it` f(x) = f(-x).

(-x)3 (-X)3
(c) < ( -x) sin(-x) <

3! 3

x
< -x 4. sin x < - --3

x3

3

,
'poii < o.

! 3!

522 241



a

4- 2 4

(a) .. < cos X t- 44- 2,40 <_ it- for sit x.

5
t

t 3.. (e) .. 4- < sin(-x) - ((-x) ) < 145-
5

x.5
3

5.i. ,< -sin x + (x + ii.) < -5 , x '5. 0
J

I' : x -4 3 31-7-4- f (0) = 1
-2/3 .ft: 'x -41(1 + x)

3
I

, f" (0) = ,-;

V': x --) - 7.'. ''(1 + x)
-5/3

3 3

1 2
fn (0) =

.5*- 92:

f tit : x.--)
1

.-.
3 3 3

2 . 2.0. + x)8/3 f211(0) = 324)

4f(

-):x ,-. -
-1- 5 8h 0-11/3 f(11) : Ro.
3. 3 3," ,f..

1 x2 10 0
3 9

p (x)
.

= 1 +
ff + FT

1 1 2 _3= 1 -9-x +Ex
f(x) = p3(x) + R3

t , )
On the interval. [0,1], if (x)1 is a maximum when x = 0 and

4
if4(01

i83T-

M4
< K. From (16), 111_3 1 <K <K u , 0 <x <1.

4
Let x = 1 since this is the maximum value of x on the interval [0,1].

Then

80 1
11

10
Fs__ .04115.13 ,

Err

f : x ;i377-tc, x on the 14:Ltlintal -1 <, x < 0

x - (1 + x)-7/2

a
, .,< Kif
(4)

(x)i

K is maximum when x

. lim f
(4)

(x) = co

x -1

Ixin+1 0.4

ThAs 1%1 K .14.

.

1)4
IR1'1 f;

4
lim (X)

(
-> co

x -1

There is 'no error estimate possible near x = -1.
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(I) A more realistic problem is---tstimate error over a closed interval.

We selecte4 x < 0:

f(14)(_.5) _1.5 7/2
f (9.. 2

16

(14).(x)

Thus 111
3 2

1 < 1-'514 2LS .02762.12
4! 25o

f(0) = 1

f:2(0) -1

-,f"(0) = 2'.

-f(f)1-1) : x
(n - 1): f(n-1)(0) ..(_1)n-1(1.1

-
1)!

x)n

2! 2 3t (_1)6-1) (n -
P As = - x-* x - x
n-l_ 2 (n.- 1

xn-1

(_i)n-1)n -1
= 1 - x + , x3 +

n-1
0

Ix!
n+1

jb) If 1Rn_11 < I x+Ixn then, 1Rn1 <- ( x + 11

10
6

)(c) For p
'

(10) R
n Ll

< 909,091

This is very largias should be`expected.

lim 1
1

whereas lim 1Rn1 -' °0
n -)co n -)co

When x.> 1. Since pn(x) is an alternating series, p
n
(x)

oscillates wildly ae n -)c?.
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1 if 1
6. f x 2 + x 1 +

-,1 -1x 2' 2 p2fl:

x

x

1.1 1 2!
-32 2 2 (1 + K)3.

f(n -1)

Mk*"

pn4.1(x)

Rn-1 2(1 4. C 2 471x

As n' -4 CO the only values of x for which R n-1 -40 is when

<1 Ir lx1 <2.,

. f x oge(2 + x)

-3!
(1 +

2

, n-1
x -4 (L")

n!
2. L)n+1.

2

1ft(0} = (e2

f"(0) = (1)3 2!
2

4
fm(o) - (e 3!

f n-1).(0) = (-1) (-) n!n 1 n-1'
2 40...it

C.

(2)2x -
(2)4 x3

) xn-1

= 2)2
-1)

n '

4r4V-)2 2

ft: 1
+ x

1

2(1 + 221)

1 "1 -1
x 2 2 (1 + 21)2

.41 1 1 2!
2 2-(1

f(h-1)(x)
.

2' fi nn
2'

f(0) = loge 2

ft(0) 22-

f"(0) = 4)2
f

fttl(0) (2)i1 22!

4

F

.f(n-1)(0) . 1)!
2 a.

2 tp3 x n-1
pn-1(x) = loge 2 + - %+ n - 1 (

525-
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I

(-1)n-1)11i

n(1 + 2)

c,'
The limit of R

n-1 as
n -.4m, is dependent upon

) 1,

then R
n-1

-4 ,w;
.

< 1 then lim R
n-1

-4 0. Thus,
n co n

< x <12 is necessary for R
n-1

-40 as n +o w.

tan a + tan8. (a) tan,(tx + =
1 - tan a tan p

1Lei a = arctan
2
-

and 0 = arctan
3
-

-I 1

Then tan (a +0) =
1 1

b 1.

\ 1 - 3 6

Thus a + p a
,

(b) n = 4(arctan + arctan 1)
2 3

The remainder term (22) gives us our estimate of error.

IRnl = 1(-1)a
t2n

20 1 + t 0

dtl endt10 <
x

tRnI 5 :

1

1

Since two decimal place, accuracy is rewired-then
..j._

4

4(R
n
(arctan i) R

n
(arctan )) < 5{x 10-3

3

.also

and,.

(1)2n+1

R
n
(arctan 1) < 2

2 - 2n + 1

11N2n+1
1% `3'

,Rn(arctanlv
2n + 1

4 1 2n+1 1 2n+1
< 5 x 10-3 .

finally [(-2 ) +
32n + 1

-

We simplify this inequality to obtain

2 A /n 2n+18 x 10 (3 +2 ) < (2n + 1)62a+1.

Try n = 3; 1,852,000 <1,959,552. Sincen = 3 just barely satis-

fies the idequality we.'will use n =4 ,to insure success.;-

%)
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L-1

= Illarcten .22-* + Eirctan

1
= 17, g

+ "3" + 1215 15309

= 3.1 6 = 3.14 to two decimal places.

9. (a) Let o = L arctan .2.1 and 0 = arctan
7 239

Let
.

0 = arctan
1

tan a = tan(29 + 29)

2 1
(',11qan 2e = -----2

12
/

. 1
25

2
12 120

tan a = tan 2(29) _
2g 119

1 -

120..

tan(a - 0) '1 19
239
1 28561

Thus (a - =

28441

.;120 1 2$561
= 1

119 239 2441

(b) Before actually_calculating it we must investigate the error

estimate. .
. ..

. k
.....

Let R be the error estimate for the Taylor approximation of

arctan 5 and S be the error estimae for arctan 1- The% 1
2 9 '. 1 . .,

total error estimate Must be less than-'5 x 10 3 Sincele
)

.
r4,' r 1 1 ,

4 k--)- = 144 arctan - - arctan ---j the maximum error will be
y 5 239

. (

4(4IRI + 1St). 4/e do 'not have to-.:use the same n for both ')R,

and S.

_ gq r474.)'

7n+1

2n + 1
and 'IS' < "

2n + 1I I <

As a trial.let n =1 to calculate S.'

p Y )3
< 2 4 x 10-8

Let us try n = 3 for R.
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IRI < 4 Al 1.828 x 10-6

7
'

41RI < 7.312 x 10-
6

a 731.2 x 10-8

kiRI 4- Is, < 733.6 x 10-8 st 8 x 10-6

The total error estimap can now be calculated.

4 4

4[141RI + < 3.2 x1075 < 5 x 10-2

4[4(5 + (1-L
5

4
5
)3

-5
)5) - (239)).

a 3.14152,m 3.14 to two decimal places.

Obviously, we used -more terms than were necessary.

9- 24that loge 2 = -7 loge + 2 loge 55

2 = (1)7 (-g)2,;. (P1P3This is true' if

2 57
7

3
-14

2
12

5
7

3
14

(b) Each umber -2- 24
and

81
4

1.0 ) anu

81
+ 3 loge gu

is very close to 1.

..4..v.

ti

The greatest
, ,

rror in any one of these Taylor approximations of the logari-fts
A

t

will ottur for x = - 1 vefill this error R.
.

le Maximuhl possible accunillaed error obtainable from
o'!

three serie4 will be: greater than IRI '+ 2IRI + 3IRI =

five decimal place aocuracy is required
.

e tt,

.
, 121RI < 5x 10.

must be satisfied. I.

4

J.
n+1

f 1.

IRI <
+

;6

We find

n
1

+I
12(10)

n + 1

/I.
fyom

. i

then -) ,

', ',

slimming the

121RI If.

'-
x 10

-6
< 6-x 10

-6

<n +1. 1

10n-5

that.e?n > 5 is the integer solution of this

528 24/7
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. I

Sin 4
1 + x

S : x - log

pn(X) (x

then also f x --) g
e
(1'4."x) .....t.'''

. i
41

1
, ,

3 . , n
x2 .X3-,,Li, x_. (_i)n-.1. x (Fti)n),' __ .(_)r - - .. -.

np.,

-,. : ...1
-.1---71,: n ,5n.....

n - 2), ---. .p.....:'",
-.., tri---.....-,

3', 5 7 7-,f, ' 1...,i27

13
2(; X + X + + ... +

2n-1
+ R ) ' "

n +T -5- 7 2n
x

- 1 n ,

.t
) i n rx tn

x n
t

N, 1311 (R1)11 (R2'n (-11 j T77 dt 1 t .
dt

0 da 0

R .111c t1±IL2t1 dt if

1114;*="0 1 - i2

n is even.,

-2tn
dt i *n is odd.

0 1 - e .1

O

,

is

4

9

`1

529 '-'248
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A3-1

,

Teaoherts Commentary

Appendix 3

MATIIEMATICAL'INEUCTION

TC16-1. The'Princible of Mathematical Induction
j

,

The Pfinciple of Mathematical Induction may be thought of as a postulate

for the set of, natural numbers N, rather than as a postulate about legitimate

methods of proof (Metamathematics). Thus, we may state the principle in the

following form:

lv
Let M be a subset of N satisfying

(i) 1 t-M,

(ii) if n t N, then n+ 1 t Ma.

then M ..N.

We can then deduce the form of the principle in the text by setting M

equal to the set of natural numbers n for which A
n

is true.

As stated'here, the Principle of Mathematical Induction can be used to

play a ce zole in the axiomatic; evelopment of the natural numbers. In

Foundations f Analysis by E. Landau (Chelsea), the arithmetiC of the natural,

rational, real, and complex numbers is developed solely on the basis of the

five postulated of Peano. The fifth postulate is the postulate of induction.

_

Solutions Exercises A3-1

The solutions of several of the exercises follow phe.same pattern for the

sequential step. In each ease a er assuming Ak, we add an appropriate term

to each side of the equation 'which is the egpression,of Ak, and show that the

resulting equation reduces to Ak
+l.

For brevity we give only the'solutibns

of two such exercises; these will be, found below in :2 and 12.

. - .
.

.

1. Prove by mathematical induction that 1 + 2 + 3 + ... + n =
1
--n(n + 1).
2

Follow the pattern given in 2.

49
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4

rt
2. By mathematical induction prove the familiar result, giving e sum of

an arithmetic progression to n terms:

a + (a + d), + (a + 2d) + ... + ( 'a +,(n - 1)d) = /Pa + (n -.1)d].

Initial Step. a = t.(2a + 0.(1) = a

' Sequential step. Assume Ak : a + (a + d) + (a + 2d) + + [a (k = 1)d]

= 1[2a + (k - 1)d].

Add a + kd to bott sides getting

a + (a + d)

This completes the proof.

+ ja + (k - 1)d] + (a + kd)

= 11[2a + (k - 1)d] + (a + kd)
2

k(k
2

1)
d + a + kd

= (k + 1)a + k
2

- k + 2k
2

4
(k + 1)

(2

k + I
(2a + ((k + 1) - lid).

which is A
k+1

3. By mathematical induction prove the familiar result, giving the stun of
a geometric progression to n terms:

a + ar.+-ar2:+
a(r r

n

-

-

1

1)

Mallow the pattern given in 2..

V'

Prove the Dallying four statements by mathematical induction.

4. 12 +_32 +52 +'... + (2n - 1)'2 = t(4113 - n)

plow the pattern giveft in 2.

532 250,
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4

. 2n <: 2

,,

Initial Step. 2 1 <: 21

1:-

r
Sequential Step. Assume A

k
2 k < 2

k
.

2(k + 1) = 2k + 2 < 2k + 2k,Then

by.the assumption A
k

.

'.Therefore 2(k + 1) < 2
k+1

which

This completes the proof.

< 2 2k < 2
k

is Ak
+l.

since k > 1.

p > -1; then, for every positive integer n, (1 + p) ,> 1 +

/
Initial Step. k-1' p)

1
> 1 + 1 p

'Sequential Step. Assume Ak : (1 + p)k > 1 + kp.

Then, since p > -1,: 1 + p > 0, and we may multiply both.sides ofthe

inequality by 1 + p without changing its sense. -.

,

Therefore (1 + p)-
k+1

> ( +.kp)(1 + p)

> 1R+ kp + p + kp
2

and dropping

'quantity kp
2

we ge

This completes Ole proof.

it L 2; ; 2 + 3 .22 +

t e positiva

+ p)k+1 > 1 + (k + 1)p which is Alva.

I

nn 2 -1
= 1 +

0. ilollow the pattern given in 2.

Prove the following by the second principle of mathematical
mw

For all natural numbers_ ,n, the umber e+ 1 either

be factored into primes: -1.1

"4140'"

We use the ,second principle of induCtion.

Initial Step. The number 2 Is a prime.
.

)

5332 51
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Ajow4:1--

,
i°

Sequenttal,Stal. Let, A
n

be the statement of Exercise 8, and-assume
..

that A
s

true for all natural numbers. s satisfying s < In

other words, every integer, 2, 3, , k + 1 -is prime or a pro-
!

116 duct of primes. In order to prove Ak we must ,show that 'k + 2 either

is prime or can be factored into primes. If k + 2 is prime we are done.

If not, we can write k + 2 as a product of factors r and t both less

than k + 2, hence, both less than or equal to k + 1. By hypothesis,

then, both factors r,'t must be ppLmes or products of primes. It

follows that k + 2 can be written aea product of primes and that

Ak is true.

For each natural number n greater than one, let, Un -be a real number

with the property, that for at least one nair of natural numbers p, q

with p + q = n, Un = Up + Uq. .

When h = 1, we define U,
+
= a .where a is some given real .number.

Prove that U
A

= na for all xi: 1

Initial La. Ill- 1 a by .definition.

Sequential Step. Let A
n

be the statement of Exercise 9. Using the

second principle of induction we assume that for each number s < k

that A
s

is title.

'Now
-k+1

must be-established. But if +l
'is-a real number such that

for at lest one pair of natural numbers, f and g such that

f + g Fk + 1,

.)

Uk +l = U + 1.1
g

11,

we know that f ,and g must each be less than or equal to kl and

therefore fi
f

and Ug are real numbers to which the sequential hypothesis

may be applied. Therefqre-

Uf f o-a and U = go a

and so

k+1
= f a' + g a4 = (f + g) a = (k + 1)a

which is A
k+1*

This completes the proof.
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I

10, Attempt to prove 8 and 9 from the first. principle, to see what difficulties

In 8 note that the sequential step is based essentially upon the fact that

r and t are each at most k + 1, not necessarily equal to k + 1. It

.

,woUldlherefore be impose Ile to derive Ak+l
from A

k
alone and, we can-

not employ the.firs principle. Similarly in 9; we know only that f and

g, are at most k, not that they are necessarily equal to k. So we need

to be"able to refer to A
s

for s < k, not to just Ak.

In the next three problems,
first discover a formula for the sum,

prove by mathematical induction that you are correct.

11.
1 1 1 1

1 *2 2 .3 "' "4" n(n +

arid then

To discover the formula for the sum, we might try writing down the sums

in succession.

Thus
1 1

S1 1 2

1 1 1 1 _,2

2 = 172 277 f+
2 1

53
--77

=

3
84.=

1 4

..do we guess 'S =
n n + 1

and ry.to 1511444.t.

For roof flow the pattern of 2!

12. 1

, 17r.
3 + 2

3 + 33 + + n
3

: kiiint: Compare the,sums you get here with

Exempies A3-la and A3-1g in the fext,.or, alternatively,
assume that the

_required result is a polynomial of degree 4.)

111

ITo guess the sum we write down in succession the following:

S
1

= 1
3

.. 1 =12 = 1
2

;

S2 - 1+23 = 9 =32 = (1 + 2)2;

S3 = 9 + 33 = 36 =6? = (1 + 2 + 3)2;

S
4

36 + 43 . 100 102 = (1 + 2 + 3 +4)2;
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.,v: We guess therefore that Sn = (1 + 2 + 3 + ..: + n)2
direCtly by induction is quite messy (try it),

'

but if we remember

+ n = n(n
2
+ 1)

-we get a formula

To prove this

from"

much -
Number 1 that 1 + 2 + 3 +

3 * 31 2 +easier to prove:

Now wctfollow the pattern of 2.

+ n3

3 1
2

+ 1)
2

Initial Step. 1 -
4

- 1

ti

n2(n 1)2

4

2
Sequential Step. Assume A

k
: 13 + 23 + + k3 k4-(k

4
'1)2

Add (k + 1)3 to both sides, getting the following:

2
1)2

3

1 13 23 3+ ... + k + (k + i) 3 k (k + 1) ,
+ k + 1)

4
k

, ((k + 1)2(k24+ 4(k + 1))]

(k + 1)2(k + 2)2
4

.

(k + 1)2((k + 1) + 1)2
4 ,

This completes the proof.,

13. 1 40i + 2 3 +'3 4+ 1.. + (

Example A3-1g in the text.)

which is A
k+1'

l) . -( Hint: Compare this with

To guess the sum we wri 'te down in succession the following:

I

This does not seem

-if you have-worked

S
1

= 1 02 = 2

2 3 = 8

s3 =8 + 3 .4 . 20

S4 20 + 4 ,5 =,40.

to be getting us very far. We try another

Example A3-1g (and remember it)- try writing S , in
nthis fashion,
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S
n

=.1 2- + 2 3 + 3 4 + 4.. + n(n + 1)

1(1.+ k) + 2(2 + 1)'+ 3(3.+ 1) + + n(n + 1

= 12 + 1 + 22 + 2 + 3
2

+ 3 + + + n

= (12 +'22 + 32 + + n2) + (1 + 2 + 3 + + n)

n(n + 1)(2n + 1) + n(n + 1) n(n + 1)(2n + 1 + 3)
6 2 6 1

+n(n 1)(n + 2)

3,

Another way of guessing this formula would be to astume; as in Example

.A3-1g, that since the general term in Sn is quadratic, the formula

might be cubic 10*

1 ' 2 + 2 3 + 3 4 + + n(n + 1) = an
3
+ bn

2
+ cn + d

and then let n take on the successive values 1, 2, 3, and 4 to

determine a, b, c, and d. Thus, by successive subtractions,

a+ b+ c + d =

7a + 3h +.c = 6

8a. + +-.2c + d = ,8 12a + 2b = 61

19a + 5b + c =

27a 9b + 3c, + d = 20l

37a + 7b + =20

64a + 16b 4-'11c + d = 40

Therefore]

1 2
a =

3
b = 1, c

31^

and

d=

18a' ="8/+ 2b

f

1 3 2 2 n(n + 1)(n + 2)
n 3

S = n + n + 3n -
3

The, proof Of the results fpllows.the pattern of 2 and 12.

6a = 2.

14. Prove for all positive integers n,

+ + (1 4.. (1 +
2n

n
2

- k
+ 1) ,

n + 1) .

Check the initial step.

Assume' Ak, and multiply both sides, cif the resulting equation by the

appropriate factor, and reduce to get Ak+1.
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,er

15. Prove.that (1 + x)(1 + x
2
)(1 + x ) (1 + x

2

,Follow the pattern of Solution 14.

I

16. Prove that zun + 5) is divisible by %6 for all integral n

1,

Initial Step. 1(1 + 5) = 6 and this is divisible by 6.

,

Assume Ak : kkk
2 + 5) = 6p where p if a positive integer.

'Consider: ,

(k + 1)(k + 1)2 + = (k + 1)3 ( 1)

= k3 + 3k
2

+'Sk 1 + 5k + 5

= (k3 + 5k) + 3k2 + 3k) +1 +5

k(k2 + 5) + 3k(k + 1) + 6.

,

By ,Ak we know that k(k
2

+ 5) = 6p, and since .k is a positive

-integer either k or k + 1 is an even integer. Therefore the second
i

term is 4iVisible both by 2 and by 3, and therefore by 6. Finally

we get tit

(k 4' 1) (k 1)2 + = 6p + 6q- + 6 .

= 6(p + + 1)

and this finishes the poof, since we know. tliat.the suM-of three positive

integers is a positive integer.

'17.. Any infinite straight line separates the plane into two parts; two

intersecting straight lines separate the plane into four parts; and

three non-concurrent lines, of whichno two are parallel, separate the

plane into seven parts. Determine' the number of partajinto_which the_

plane is separated by n strailght lines of which no three meet in a

single common liint and no two are parallel; then prove your result'.

Can you obtain .more general result when parallelism is permitted?

If concurrenbe is.permitted? Irboth are permitted?

Both our method of gueseIng the answerand our,prOof Will be sequential..

Let R
n

be the number of regions tnto which the plane is divided by .n

lines of which no two are parallel and no three are concurrent. If we

draw an (n + 1)-th line under the same conditions, it must meet all the

other lines in n new points of intersection. rh crossing n lines'it

must go through + 1 regions .of the plane, dividing each region into

- two parts, thus ad ng n + 1 nets regions. We conclude that

e"
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. R
n+1

= (n -14 1) + Rn.

Since RI = 2,s is a recursive definition for R
n

. We have,

plainly, f..

R = 2 + 2 + 3 +4 + +'n = 1.1(n2 + n + 2)

and this result can be obtained directly from the recursion formula by

a straightforward .

If parallelism is permitted, each pair of parallel lines existing reduces

R
n

by 1, since one crossing is eliminateTIT-Tbus if p lines are

parallel, you can pick P(P2- 1) pairs of parallel lines apd there will

be this many fewer regions

R = 1
2

(p 1)P'
2

For example if four lines are drawn, three of which are parallel, there

will be

4(2 5)* 3(2) - 8 regions.
2

Similarly, any line which concurs with an already existing intersection

point reduces the total number of intersection points by one, and the

number of regions of the Plane by one. Again
.
we must remember, as in

n=4, p=0, c=0-
R
4
=11

-7°

n=4, p=2, c=0
R
4
=10

n=4, p=0, c=) - n=4,, p=2, c=3

R
4
=10

the pai4iVei case, that pairs of extra concurrencies must all be counted.

Thus if c lines concur alp one point

n(n + 1) , (c - 1)(c - 2)
R
n

=
4
1 +

2 2

6

;.t

. a
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jIhr a line provides both a case of parallelist' and a case of concurrence,

,it must be counted each way in reducing the number'of regions, as is

shown Al the figure. In general if there are j families ofsparallel

lines with 1)1, p2, pj lines in each family and k families of

concurrent lines with cl, c2, lines in each family, we have

1)
n 2

[l(P1 1) P2(P2
1)c

.. *
L

+ + .

(Pj - 1)1
_

2 2 2 J

pci - 1)(c1 r 2) (c, - 1)(c2 - 2) ill,

+ ' + ... +
(ck A 1)(Ck A 2)]

,.,E.

-.ow.'
.g- 22 2

The proof of this is too lengthy for insertion here.

18. Consider the sequence of fractions

1 7 17 Pn

' ' ' 12 ' ''°' ".
n

where each fraction is obtafned from the preceding by the rule

p + 2q
-1 n-1

n-=Pn- lfrq 1'

Show that for n sufficiently large, the difference between and
APn

n

or 14T can be made as small as desired. Show also that the approximation

to if is improved at each,successive 'stage of the sequenct and that

the error alternates in sign. Prove alsb qn are
p

relatively prime, that is, the fraction -- is in lowest terms.
qn.

j

Pn-

Let the error at the n-th stage 'be denoted. by e = - 127 We may
_ .n

define the error e n+1 at the next stage4cursively in terms of en

as-follows:

/

e
n+1

p + 2q
_

P n

p
+ 2

n

Pm +

qn,
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s's

n

e
n

+ 1 +

k.

.--

.0

1.11- is,negative, it f ows that en
+1

has the'opposite sign.

.
,frcaCe

n
; an d' the sign.Viternetes if the denominator is shown to be

, Positive. We shall prove'by induction that n
3.

< and thereby show

\
n

simultaneously that the denoininator above is positiVe, and the

error: can be made as small as &sired by thing n sufficieqtly large- ..

.

Initaal Stet). lei I = - .414'

I ,

Sequential Step. Assume lekl

we have

ek'+ 1 .+'ig > =6 1 4,-/g >

2": 41"

We-alsOlave . 'ig - 1 < 1T

. Far the denominator of ek+1,

- + 1 + V >2 + Z.> I.

It follows
)
from the recursive expression for ek+3.

1 1 1
.I <

2
e
k
< --k- =

ek+1 ,2

To prOve that p and
P A

that; a .

Pn = Pn+1 qn+1, qn = 2qn+1:- Pn+1.

Me thenrason inductively as follovis:

q
n

have no common factorcother tan 1, 'We note

Initial ,Step. The only common factor of

, .

Sequen4e.1.64tek. Assuilie

-24
1. If dk+l
faiiinuipit it would have to

pl

-SW

pk and qk have

had such ommon

be a:common. or

,Contradiction. '

and of
13.

is 1.

noconmion factor other than

fectw, then, by the abAe

of pk and

11259

lk.



19. Let p 10)9 any polynomial of degree
:0

(3) q(n) = p(1) + p(2) + p(3)

Prove that there is a polynomial q

,P

m. Let q(n) denote the sum

P(n) .

of degree m + 1 satisfying (1).

lnitialLEE. We obserye that if p has degree 0, then p = c where
, -

c is a Constant and we have'

(1) 40(1) p(2) + + p(n) = c + c + c + + c = cn.

Hence q(x) = cx As a polynomial of first degree satisfying the condition.

,
Sequential Step. We assume that the theorem is true for any pcilynOmial

P of degree less than or equal tip k, Let

(2) 'p(X) = ax
k+1

+ p
1
(x)

)

-where the degree of ,pi is < k..

Next we,observe that

(3) (x + 1)k+2 =xic+2 + (k f 2)xic+1 + p
2
(x)

(a' # 0)

1s
where the degree of p

2
is k. This fact has to be proved by induc-

.

tiOn/, unless the binomial theorem is taken-fox* granted. It wille
proved afterward. Setting

(x + 1)k+2,- xk+2
.k+1

= ik -+ 2)x +, p
2

)

. ,

and solving for, x
k+1

we obtain in (2)

j 4)

where

,a

k
a

+ 2
r( l)k+2 xk+2]..1.

' "

P3('X) Pl(x) k,+ 24132(x2)

and therefore the `degree of 'p3(x) is .< k.

t Consequently,

p(1) + p(2) + + p(n), =
+ 2

((2k +2 -
1k +2)

A

(3k+2 2k+2
) + + + 1)k+2 - nic+2])

+p3(1) + p3(2) +t... + p3(n).

By the induction hypothesis, there exists a q1(x) of degree 4k + 1,

such that

.41(0' = P3(1) + + p3(n).

k

'2(16 0



f4 .

Furthermore the expression inibraces reguces by successive addi'tions and

subtraction to (m +.1)k#2 k+2;4 and we obtpin the desired polynomial,
;

-
.

q(x) 7 Ti7((x + 1)k+/ 2 - 1k +2).+ , .

where q(n) = p(1) + .15(n).

Now we prove (3):

. Initial Steps If k = 0, (x + 1)
2

= x
2

+ (0 + 2)x + 1 and the degree

of 1 is 0.

Sequential Step. (x +1)k+3
+2(x4.2.-

)+(k )12)xk41(x +1) + (x+1)P2(x)
ix.kr,

k+3 2
7 x + (k +3)x,

k
,

+ +Ltkt2)xk+1+(x+1)P2(x))

20. Let the function f(n) be defined recursively as follows:

Initial Step. f(1) = 3

Sequential Step. f(n + 1) = 3
f(n)

In particular, we have f(3) = 333 = 327, etc:

Similarly; g(n). is defined by

Initial Step. g(1) ..4-: 9
A

Sequential Step. g(n + 1) = 9g(n)

Find the minimum value m for each n such "that. f(m) > g(n).

e

I-

It is easily seen that g(n) > f(n), fox all n. We shall' prove that

f(n + 1) g(n), fvs all n and, hence, that m = n + 1 is the least °

value for which f(m) >g(n).

Initial am:. If n = 1, 'f(2) = 33 = 27, and g(1) = 9. Consequently

le'(2) > g(1).. More strongly, f(2) > 2g(1),+ 1; and we shall prove

general; f(n + 1) -:.>-?g(nr) + li

Sequentipl Step.' Suppose:

Then,

f(k + 1) > 2g(k)-+ 1 > g(k)

f(k 4 2) = 3
f (k+1) >32g(k)+1 32g(k)

> 3 9g(k) > 5ek 1)

> 2g(k + 1) +1

> g(k + 1).

543261
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(
-^',- /-5)n

1
:21.1 Xhiove for all natural numbers.

ri #nnn. that '

, i

:'
, , 2n1/5 ."r

is.an integer. (Hint: Try to-express xn - yn in terms of
n-1 n-1 n-2 .n-2 .

3c, x `etc.)
c--------..

Let P - (1 115)n (1 '5)n . We will use the second principle.
.2n/5n

Initial 2122.. Fi (1 4-c-15) (1 ;/-5) _

-2,r5

+ ,I5)
2

- (1 - 15)2
F2

2
2
y-

1 + - 1 +

2145

1 + 215 +'5 - 1 +'215 - 5

415
Li2E.= 1.

Sequential LIE. Assume F.
s

is an integer for all 's < k. -

V°
. 0

(1 ,5)k+1 5k+1
Consider. Fk4.1 -

k+1
For brevity we

r-k
2 15 . . -

write 1 + :45 = x and 1 - 15 = y .,

Then

k+1 k+1 'k+1 k k k k k+1x - y x +xy-xy+xy - xy -y
k+1

2 2 Y5
k+1 r- k+1 r-

Y5

xk(x + - xy(xk-1
yk-1) yk(x

2
k+1 r-

Y5

(x Y)(xic 1ic) xY(xic-1 YIE-1)

2kt1
2k+1

k k
x

2 2k ./.5

X - y
k-1 k-1)1

k-1
2 y5

(1+15) + (1 l5)F (1 +.61(1 -15),
2 . k

= Fk + Fk-1.

.

but by the assumption of the sequentiaI.etep we know. Fk and -E,
are integers.. Therefore Fk+1 is _an integer. This 'comilete8 the .x/'

1

theorem. //'

r

544262=



Solutions EXercises 4572a

n : n n

E(cifk.+, 13gic) = a. E fk + 0 E gk
k=1 k=1 k=1

A3-,2

The linearity of summation is a consequence of the additive and multiplica-

tive properties of real numbers and follows easily by mathematical induc-

tion.

2. Write each of the following sums in expanded form and evaluate:

5

(a) E 2k
2 + 4 + 6 + 8 + lo = 3o

k=1'

6

PO j2 2* * + 32 + 42 + 52 + 62 = 90J=2 \
3

(c) (r2 +r- (-12) -12)-11- (-10) + (-6)4, (o) = -40

r= -1

5

Em(m_i)( _2) +3 2 1 3 2 +5 4 3 = 90

(e) cE 2i
1+2,22+23+ +210 23.1

1 = 2043

i=0
4

(r) IS7`

r:(4
4-

r
/ + 4 4, 6 + + 1 . 16

F=0

I p

ti
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Which of the folloviing atatemetits

your' conclusions.

10

(a) E 4 =

J=3

(d) E ,k2

,k=1

(e) E
k=1

10E k2

m=i

(f)

k

(g) E k3

m=1

n

(11) 1) (n - 1) =

7 4 = 28

4( n - m +

9

= 10r k2

k=1

1000

= 5 + E k2

k=3

n3 + E i)3

:J=2

2

E,
m=1

( E
m-k

)

k=0 .

are true and which are false? Justify,

n-1E - - i)

i=2

=E flak)

k=6''

n n

(j) nEA-
k
-kA

k
,= kA

n-k

k=0 k=0 k=0

m -m

(k) E k2(Itk. - A m-k) = m
2 E A

m-k

k=0 k=0

-1-

2m Ek A
m-k

k=0

514.6 2 6 4

ft*

11.



f

ti

10
(a); E 4 = 8 4 =

.1=3

(b) True

k
10 9 9

("e), k
2

== 102 + E k2 <10E k

k=1
v'

,A,True

(e) True

(f) ;False; unless k = 0.

k=1 k=1

4F41se; unless k = 0.

(h) True; the midsing terms are zero.

(i) True; m - k takes on the same values as k.

(J) True:41 k An-k_32 E (n 1)Ak by (i).

=0 . . k=0

.m

(k) True; follows by applying (1) to E (m2 - 2mk + k
2
V/rm.. .

k=0

4. Evaluate

o a

Eforio; a)

kg1

(a) n = 2

(b) n 4

(c) n = 8

if f(x) = x2, a = 0, b =1 and

2
8 444

12
32

102

T5-6

%I.; 265
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4

$Ubdivide the intertal (0,1] into sr; equarparts. In each subinterval

obtain upper and lower bounds for x
2

. Using sigma notation, use these
upper and lower bounds to obtain expressions for upper and lower estimates

of the area under the curve y = x
2

on [0,1j. If you can evaluate
these sums without reading elsewhere, do so.

Lower sum

Upper 'sum

n-1

=E
k=0

n

=

k=1

k 2
(3) =

n-1
1 E 2
5 k

lower sum +
n

6. (a) Write out the sum of the first 7 berms of an4'arithmetic progression
With first term a and common difference d. Express the same sum
in sigma notatpn.

, , ,44(a) + (a + d) + + (a + 3d) + (a + ) t (a + 5d) + (a + 6d)

7

= E (a + (n - 1)d).

n=1

/

(b) In sigma notation, write the expression for theysum ethefirst n
? terms of a geometric progression with first term a and common

ratio r.

(a) Consider 'a fUnction f defined by
n s

f(n) ((r - 1)(r - 2)(r - 3)(r ..:14.)(r 5) +

Find f(n) for n = 1, 2, ..., 5.

f(n)
n(n

2

+ 1)
for n = 1, 2, ..., 5.

5'8 266
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A3-2

(b) Give:an example of a function ,g (similar to that in'(a)) such that

g(n) = 1, n = 1., ...,
6

,

g(106 4:1) = 0.

g(n) = 1 (n - 1)(n - 2)(n 3) ... (n - 106)

106,

8. 'Write each of the following sums in expanded form and evaluate:
4 3

(a) Er(n - r)}

n=1 r=1 ,

4 '4

1;(1(n - 1) + 2(n - 2) t 3(n 3)) = E. (6n - 14) =(4

n=1
, n=1.

rI

(b) E 1E (rn - 1)}

n=1 r=1,

N
4 N

**** + On - 1)) . Ena)(11 ; a)
R((n - 1) + (2n - I) +

n=1 n=1

. _ N(N + 1)ii.2)(11' +)
RN

fh

9. The double sum. E EF(J,J) is a shorthand notation for

- _

E(F(,0)

i=0

In particular,

i=0

F(1,1)

r

+.... + F(i,n)) or F(0,0) + F(0,1) +

'rF(.1,0) + F(1,1) +

+ F(m/0) +'F(m,l) +

+ F(0,n)

+ F(1,n)

+ F(m,n).

4 °
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i-21

=1.'t1+1. 2 +1, 3 + 1422+2=3\
iel j=1

Evaluate:, ,

m n

(a). EE (c) EE max(i,i)

1=3. J=1 1=1 J=1

m n m n

(b) (i + j) (d) EE min(1,J)

1=1 J=1 1=1 j =1

m n

Ei
i=1 J=1 )

m(m + 1)(n)(n + 1)
4

s

(17) (ni + n(n2+ 1)) 11(:)(T + 1)
2 2

mn(n + 1) mn(m + n + 2)

1=1

(c)' If n we have

{E E'
i=1 , 'J=1 J=i+1

_E ,i2 n(n + 1)
2

1=1

i(i + 1) 1

2

;

1- 2E1(1 - '1) + n(ns+ 1)
2

1=1 i=1

(in - 1)1m + 1) ran(n + 1)

2

For m > n, Just interchange m and n (by-symmetry).

(d) This can, alio be, done eimilar17, i.e.,

m i n

i =1 j=1 J=1+1 I
Alternatively,

-.m n m n

(max(14) min04) =E Ea 4.,J)
i4.1 J=3. i =1 J=1

550
268



Now use (b) and (c), to give

m- n
(m _ 1)(V(m + 1)..

i=1 j=1

1
10.. (a) ShN that

k(k

1

k - 1)

1
K. ,.k # 0, 1.

_

1 1 - (k - 1)
k / 0.

k - 1 k (k 1)k 1c(k - 1)

1000
1

(b)

..1

1

k )

.1

1 199

Evaluate
k(k - 1)

k=2

1000 1000
X'''1 1

14E: k(k- 1) 2..4'( k - 1
k=2 o , k=2

n

In
E

2 - 1 1000 1000:
7..

general,
k(k - 1)

R=2'

A.3,2

.n

al. If S(n) = f(i) determine f(m) in terms of the sum function S.

i=1

. f(1) = S(l)

m-1

S(4 S(m -1) f(i) -4E: f(i) =f(m), m > 1.

i=1 .i=1

12. Determine f(m) in the'fbllowing summation formulae: -(Sge NuMbez. 11.)

(a)- 1 =E f(i)

i=1

,f(1) = 1, f(m) = 0,osn > 1.



gr.

'n

( 1: , ) n =E f(0

-n

(e) n2 = f(i)

(d) an
2
+bn +c =E r(i)

(e) cos nx =E f(i),

f=3.

( f) sin(an + b) =E f(i)

i=1

(g) n: =Ef(1)

i=1

13. Binomial Theorem:

.,
We define k -

(n - 0-111

0 <,r <'n. Also 0! = 1 and

f(m) = 1, m.> 1.

1

f (In): = m2 - (m - 1)2 = 2ra - 1, m > 1.

)

f(1) = a + b + c,

. ,
f(m) = am +bin+ c - a(m- 1) -b(m-1)

= a ( 2ra - 1) ,+ b, m > 1.

f(1) = cos x,

f(m) = cos mx - cos(m - 1)x

1 \
= -2 sin sinvm - m > le

f(1) = sin(a + b)
P,

'
f(m) = sin( am + b) - sin(

2

a(m - 1) + b

a a
= 2 in

2
cos'/am + b\\ --), in > 1.

.

f(1) = 1,

f(m) = m! - (m - 1)!

= (m - 1)!(m 1), m >1.

where r, n are integers such that

(rn)
=0 if r > n. Show that-

552 270



Sa) (:)

(ni) = = n

.

tnN 3.n N,
= /

`ri
0

%sr

(r141-1) (111-+1)

n1 .1 nt,

'0' n:01 nI 1

=
nI,n.

n

InN n:
t'

1/ (n'-1)1(n-(n -1))!
, -

n: ;4,7.17.7.7
fl 0

frIN n1

.(n - (n - r) ! ( n - r))

n
n-ri

_friN n,)

`r' 'r+1'

n! n! .

(n 701r:

(n -r :(r+1):
ne.cr+li 3.(n -r

n:(nr1)
(n -r)1(r +1):

Ni

(c) Establish the Binomial Theorem

n

n X-" n-r yr
( +,y) =Ls(

r
ix x +n.x

-n 1 n-1 n
y+... +nxy +y

r=0

by mathematical induction.

For n = 1

`Now assume

01
(x Y) = (0)xY .+ (

1
)X
0
Y =1

k
y)k =E (kr)xk-r yr

r=0.

x+y.

for all k

d As

n =0 3'1,2, ...

We show this impfres the truth of the theorem for 'k = n + 1.

7
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od

(lc Y)14.1 =

0 . .

1

(X 010n(X,+,,,Y) =
,

A

.,..

,C
4 j OR

n %
J.

a'

I'2:: (1.1.)Xn4 Y)'', (X 4'4 $ v'
r=° .

0s

=
(

, n-r+1 ' r+1
n)x Y

r
.4. (

n

r)x
n r

r .

Y

r=0 (""4.

n .
,, . .: ,.

E (nr),+0(rn)) 11'4-1 r q)xn4-1 y0 (n")x' 0 yn+1x

j r=1

y
n

l.

(using (b))
4

co

4 ,
E(n+1\xn-r+1 r ,n+1% n+1 0 n+1 0 n+1y + k x

r 0
)

Y (n+1)x
0r=1

k n+1E in+1%
)x
n+l-r yr

r
k

r=0

k

E/11{N
i

k-r k
x y where k = n + 1.

14.

v.

r=0

Using the binomial theorem,-give the expansions for the following:

(a) s(x + y)3 (x+Y)3= (3)x3+()x2y+(3)xy2+().y3
, 3 2 0

,( ),.(x y)3

(c) 3y)3

= x3 +3x2Y 3xY. -F. Y3'

(x- y)3 = x3 - -3x'2y +1 3xy2 3y3

3y)3 = (33 )(2X)3 3).(2X)2( 3y) 0
ti

2-

+(i)(24(-3Y)2+ (g.)(-3Y)3

=x3 -36x2y +51;xy2 - 23y3 ,

-1

(d) (x 43
(x

2y) .= (5)x 4- (4)x (-2Y) + (3Tx (-2y)
5 5 5 1.1 5 3 2

(2)x2( -2y)3+ (?.)X(123414 + (50)( -2y)5

= x5 - 10x4y +40x3y2 - 8,6x?-poxy4 - 32y5

e

554 27.2-
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uate the folyming sums.

n

(a)

r=0,

n ,n
.

'Since .(1 + xr = E (n,xr
`r'

2n =E(11,) by setting x,=. 1.

r=0

(b) (110) - (2) + (-1)n(n) =sE
r=0

If ikstead, we x -1 r = E (-1)r(6).

r=o

, d . n n

16. Sum2 E`r(n) b3r first showing; Er(n) =E (n - r)(')
r r a*

and using 15(a).

1=0 T=° r=0 ,

. _

f

--,
n n n,

By 13(a), E r(n) = E (n - r)( n") =E (n r)(1.1")..
r t nr r

r=0 1.01 . r=0

n , n

I Thus, 2E r() = n E
(nr

) = n 21.1 by 15(a), -and the sum is n. 2n-1..
r

7- ;i-;,-.. r=0 r=0 .
. .

: 0
,IF. If Bia(x)' denotes a polynomial of degree n

x = 0, 1, ; .., n find .1311(n 1)..
.

suij that

\ A

For this problem, it will be convenient tO"set

Qr(x) '(

--1) (ic - r + 1)

-r1'

Fn(x) = 2x fox'

L

1.2 \,..k.

where r is a non:negative.integer. Note for any integer .that.

Q
r
(n)';(n). donsider the n-th degree polynomial

,;

27 3: ,

5 ",3



/.

.

Qr(x

P
n
(0) = (

o
) =

Pn(1) = t (1) = 2,

+ x +
x(x. - 1) x(x - 1) ... (x >- r.4. 1).

1 2 r!

Pn(2) = (g) + + () ='22;

PrI((x) = 2x for x = 0,.1, 2, ..., n by Number 15(a), and thus

satisfies our requirements.

pn(n + 1), = (n +1) +4(11+1 1) .+ (

n+1
),

0

n+1
-711+1)... 0+1)

r 'n+11

4 r=0

n+1
= 2 - 1.

0

Solutions Exercises A3-2b,

.t.'

1. Write the :i'ollowing sums in telellf4ing form, i'.4., in the form

n )
E(p(k) - ,u(k' - 1) )41 and eyaluate

k=1 ''44
,

(a)' 2:141c -/- 1) '-- (e) E ,,3
k=, i=1

nn

E k(k lick 4. 2)
(b) E k(2k 1)'

1

(f) +

k=1. k=1. 1.

:
.

(c) E
nh n

?k(2k r 1) (g1 E k kt

n

,

.

k1

1 n

,.(,) l k(k + 1)(k + 2) 7 (h) ,E rk

It=1 I k=1

274
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s. .

, , N . .
.

,

-
(R) (k(k + 1).(k + 2) - (k '''e 1)1t(k + 1) )

n(n + 1)(n'+ 2)

. 3 - . 3

k=1

(b) k(2k - = 2k(k + - 3k Using (a) and 3k = 3-(k(k +1) -(k 1)1t),

0
2n(n + 1)(n + 2) 3n(n + 1)

the sum is
3 2

.(c) 2k(2-k + 1) = 4k(k + 1) - 2k Using (a) and (b), the sum is.

4n(n + 1)(n + 2) +
3

(a) Here
k(k + 1)(k + 2)(k + 3)

, u(k) 4
and the sum is

n(n + 1)(n + 2)(n .4- 3)

4

(a) k3'= k(k + 1)(k + 2)'- 3k(k +'1) - k. Whence

k(k + 1)4k .4' 2)(k + 3) 3k(k + ,1)(k + 2) k(k + 1)

V(k) - 4 . 3 2

/ and the sum is .

n(n +.1)(n + 2)(n + 3) + _ )(n n(n 2+ 1)

44.

n it 2 ..

,

(f) Here, u(k) 2(k + 1)(k
1

+ 2
and the sum is

wob

(n + 2))N*

(g) Here, u(k)

(h) Here, u(k)

J.

= (k + 1): and the sum is (n + 1): - 1.

k+1 .

r - 1
,

n+1
r r -.1

= r - 1
and the sum is r / 1

n

2. Using E (u(k) _ u(k _ 1)) = u(n) - u(0): establish i short dictionary

k=1 .

of summatioti formulae by considering

'(a) (a + kd)(a + (k + 1)d) (a +

: (b)L The reciprocal of (a). 4,

(c) rk

(d) krk.

(e) k2 rk

(f)

(g)

Ni) .k

Iv arc k

kt.

(10.)2

the folloshngf fun tions u:

(k + p)d)

A2 75.*
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C.

c.

(a.) (p + 1)6E (a + kd)(a + (k + 1)d)' ... (a + (k + p - 1)d)

k=1

= (a + nd)(a + ,(n + 1)d)...(a + (n + p)d) - (a. +d)...(a pd).

(b) (p + 1)d E ((a + 1)d)(a + + (k + p)d))-'

k=1

d)...(a,+ pd))-1 - ( ( a +nd)(a+ (n + 1)d)..'.(a + (k+p)d)ri.

1

n

(c) (r - 1) rk-

k=1

- 1.

n,

(a)
E E

r
_k-1

= nr
n

or

k=1 k=1

n

krk-1 n(r 1)rn rn +

k=1 (r - 1)2
.

It

nt n
ork_i

= n
2
rn +

E.
rk_1 - 2

k=1 k=1

w use (c) and (d).)

k - 1):(k - 1) = - 1.(f)

k=1

n

(g) (k2 _ 1)((k - 1)!)2 = (d02 - 1

k=1

(h) E arc-tan
1

arctan n

1
k2 - k 0- 144

,. :..
ri-.nt .:-

. (1) 22--(sin -32:-) k Cos(k ,- 32-:-) = n sin n _E: sin(k - 1

k=1
' k=1, -

(Now use Equation 8.)
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Simplify:

Since

WhenICe,

t

sin x + sin 3x
si))((2n - 1)x)cos x cos 3x t . cos((2n - 1)x)

n

k=1

rn
k=1

cos(ak b
2 = dos(b + El)

2

sin
an

- a
sin

sin xn sin xnsin x(2k 1)"
sin x

by letting a = -2x, b = 72-(- and

E cbs x(2k 1)

k=1

by lettiw

4. Anotherbethod for
-by.using a special

E ((k 1)(k)(k -

cos xn sin xn
'Oin x

a = 2x, b = 0..

:Ersin x(2k. 1)

k=1

Ecos x(2k

k=1

tan xn.

-7 1) ) )

summing E P(k) (P.- a polynomial) cancase of Number 2a,, i.e., 4

k=1

A3-2

be' Obtained

i#
1)s..(k - r + 1) - (k)(k" 1)(k - 2)...(k - r)),

= (11 + 1)(n) -;1)...( 1), I

k(k - 1)...(k - ,r + 1)

. k=1 r
First, we showohaw

toreprqsent any polynomialin the form

a2k(k - 1);(1) P(k) = au - +.,b
1 21.
k't t.

If, k = 0 2 then a
0 = P(0) ;' if

k = 2, 'then a
2 = P(2) 2 P(1

that I

= 1

P(o

1

P(k) of r-th degree

a
rk(k - 1).:.(k f't 1)

r: 4-

then' a
1 = P(1P"-- P(0); if

'In general, it can be silowh

.1
559 277

k



A3-2

am = P(m) (1)P(ra - 1) +2(2)P(m - 2) - + (-1)1111'0);

m = 0, 1, r.

Sinde both sides. of (1) are
polynomials of degree r and (i) is satisfied

for m = 0, 1, r, it must be an identity.

No* sum P(k) .

k=1

Ep(k) aon

k=1

'

a
1
(n

:1)(n) +'

a r(n +
1)(n)(n'- 1)...(n - r + 1)

5. Using Proilem 4, find the following sums:

on

(a) k
2

k=1

r:

2
a
2
k(km- 1)

k = a a k +
0
+

1 2: "
where? a0 = 02, al = 12 - 02 =

a
2

= 22 - 2(1) 4+ 0 -= 2.LThus, k2 = k + k(k - 1) and

k2 n(n2+ 1) (n + 1)(;)(n - 1) n(n + ly2n + 1)

k=1

(b) k3 2:4P1)

kAl (k =l

a k(k - 1)

k
3
= a0+

+
2

0. 2:

(il- 1)(k - 2

3.

where a'

al = 1, ad = 23 - 2(1) = 6, a3 = 33 - 3(8)
3(1) = 6. Tbits,

= ki+ k(k - 1) ± k(k - 1)(k - 2) (compare with NuMb r le)

and

'4' n

4
v

E k3 (n +21)n 4,3(n +
1)(n)(n - 1) (n + 1)(n)(11 - 1)(n - 2)

3

--,.116-,IpF(.n +
1)2

566:-: 27 8.
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'k=1

n

(° k4

k=1

(n + 1)(n)

2,
Finally, k3

k=1 k=i--

G.

4
aiik(k - .1)(k - 2)(k - 3)

k = a +al+ +
0 1 4!

a
0 '
= 0, a

1
= 1, a

2
= '- 2(1) = 14,-

a3 =3
4

3t2 + 3(Alt= 36,
,

= 41. 'Whence,
r
) In.

E k -
4 (n + 1)(n) Si. 7(n + 1)(n)(n - 1) '6(n + 1)(n)(n - 1)(n - 2)

2
+

3 4
k=1

(n + 1)(n)(n 1)n - 2)(n - 3)
5

6. (a) Establish Eiluation (ii) of Number 4.

Since a0, al, ar are defined by the equation

wd.have

P(k) = a0(t) + al(11) + + al(g),

the following r. linear equations for the ai's:

P(0) =.a00,

P(.1) a0(0)

P(2) = a0(g) +'
o

ti

-

. r
',, =P(r) ao(0) + al(I) -I; ...i+ ar(rr).

/

.,,.
,

. .

Our pioof is by mathematical inductiod. Assume that ../

I

*.iol ....'

1 '1

ir
..I
- 5

6112 7 9 -i

. , i

,

, ,
,,

, 4_ . ...../..,. A t /



n "

(A) an = P(n)(no) -P(n -1)(in) +/... +(-1)111)(0)(:) = Z(-1)kP(n -k) (kn)

k=0.,

is valid for n = 0, 1,*2, m - 1. We now wish to show

that the expre.ssion for an is alsclid for n = m- This is

-equivalent to showing

(B) P(m) = aog +,a1(11) + =1: ai(lp

e j=0

s(for the values of in ' given above, n = 1, 2, ..., m). This

will involve tanipulations on double series.

m J

Eaj(3),,E (m)(,),kpo k)()
J 1 k

j=9 'J=0 k=0

(by substituting for aj in (A)).

Now, let k = j - i. Then,

4

(n,J

) = E E(m)(-1)Jaip(i)(J1
)-

j=0 j=0 JeFO

Noting that (jii) = (1) and interchanging order of'summation, we

get

m m

Ea (m) = E (ni)(-1)JiP(i)(1)--.

j=o i =d

111 .m

Since (3)(1) = (T)(3:1),

m

E (-1)J-i(3)(1) =E (-1)i-i(T)(3:1).

J=i J=1

Now let j = r,

m-r

(ini) E
r=0

which reduces the last summation to

(-1)r(111;i) = 0 if 1./ m

-= 1 if
1 m

(see Exercises A3-2a, No. 15b).

)

41.
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Finally, :E::a (m) = P(m) which was'to be shown.

Since our inductive hypothesis (A) is valid for n = 0, it is

valid for all n.

(b) Show that am is zero for m > r.

Suppose we wanted the equation F(x) =*%0(;) + al(;) + + am(:)

(where m is any number > r), to be satisfied.for x = 0, 1, 2,

m where F(x) is some given'function. By setting x = 0,

1, 2, m in thin the Ai's will have to satisfy

F(°).,=

1
F(1) a0(o) +

1

F(m) = a
0 0
(m). + a

1
(m) + ...+ am m

(m).

It follows (from algebra) that this system of (m +.l) linear' °

equations i1 (m + 1) ,umaciloanshas a unique solution for all F(x).

By our inductive argument IA part (a), the solution is given as

a
n
= F(n)q).- F(n -'1)(2) + + (-1)aF(0)(1/1)

a

for n = 0, 1, 2, ..., m.

If we now choose F(x) to67be the'polynomial P(x) of'degree, r

in part (a), then P(x) is identical to T '

adq) + al(i) + ... + ar(;) 1

Problem 4). It then follows that
.

4

( % ( x N (x)
a
r+1 % r+1

) + a
r+2 'r+2' m m ,

anishes for x = 0, 1, 2, ..., M. -If a polynomial of degree

m vanishes'for pp+ 1 different values it must identically vanish.

Therefore,

"- for all m > r.

a
r+1

= a
r+2 = am 7:

0
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Teachers Commentary

Appendix 4

FURTHER TECHNIQUES OF INTEGRATION

A4-1. SUbstitutrons of Circular Functions

7.

An integral ofa rational combination of sinh x and cosh )c can be

transformed into an integral of a rational function by a substitution

exploiting the analogy,bet'xen circular and hyperbolic fictions. However,

it is simpler to recognize that the inteuand is a, rational function of e
x

(See'ExeEcises A4-1, No. 10).

1

e
The integration of

coA
which occurs in Example A4-1d may be

accomplished by the substitution u = sin e as follows:

de cos e du
cos e r sin2. e

de =.1.
- u

2

= argtanh sin 8 + C

( l
lo

1 + sin e
+ C= g

2 1 - sin e

r

'41

Solutions Exercises A4-1

1: Integrate the following functions, the numbers a

.

and b eing positive.
-,

- e17----7
.

.

a - x'.

. x
2 '

(a

I* . i'
,(1 += tang 8e d

=8 I tan 0 + C,
, )
x

/47---
-
7

= arccos -
a

x
x

+ C.'
a

Set r = aAos 0.

5282
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=s.

r

2. + x
.

x*
Sat x = tan t.

cos t
dt -

1 -
+ C

_ `J sin t ,3 sin3 t

1 + x
)3

.T-

:; + c . -of.
3 x .

(Alternatively, set u = 2 to obtain I = - 2-1477-711 du.)2,
1

x4.
.

1

2 la7.
(c) Set x = a sin t.

4
....

a
4

sing t eos
2
t dt isin

2
. -2t dt

- .3

4
.

-8- (1 cos 4t)dt = (t 74.. sin lit) :+ C

4 2
(34,00 6/77-7

arcsin
° :

< V

(d)
1

Set, x = a ,cosh .0

x x - a ..-

2/5E
du

.I....,:__-_,2,_ - ytanh u + C ,
a eosh u- a

1 1 ,

f

2 't 0.
= C I2

:-.

a x ,- , , sir-

......e
...

( e ) .,

a j

X 4
7',.

Set x? - =:t2.
(

_., .

*i'..

,
X

2
4'

2N
. x/27-7,

.
- '

1 .

17 ; r
- b . .;

1. '', 1

2 2 2 2'
1 dt 1 ,' 1 -4---t- +-.0. . ;::t

I 1
a ctan

- a 0 + b2
. -ol.

"a -I! b +i t IT
1- b

. 7 '
er.37t, c

0. ,

2 2
= arctan

1

/177--_!' 2 a
2 b2 C.

, b

;

0

6683
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(f)
1

* 2 2 fre----x, +a) x+1
1

Set x = -
a

I
a dt

- 1. 1a dt
a
4

+ sinh
2

t' a
4

+-(1 a4)tanh2 t cosli
2

t

= a
%

ds

a
4
+ - a

4 )52

where s = tErnh t

If a = 1, then I = s + C = + C

If "'a = 0, then I = -

If 0 < a <1, then

I - arctan - a
s + C

- a
a24

c

1 -

2

a

2
arctan

a
- + C.

-a4 + a x

1, then for .b -

b
I -

2
cis _ b log b sl

ja- b.% s 2a3

bA. + a2x2' + ax)
'= log

2a3

x + 2'
C4) _

, Z1.---2'+ x niFTf.x2 1512 ./7---.)c2'-

Plus sign: II = 1/7710+ x i+ 2 arg inh x + C,1

4
. e '

fr---2i Minus sign: I = - m .. x + 2 arcsinx + C.
. ..

x 2

+.a2x2 - ax

r
.1

; x f x ;)"
5

.
$

E

Set .r t

2172

+ o

C

6

+C.



A $

)
1. 1

147:77 /a2 . 2 2

(x -
,2

2

, Set x = e.+

'I = arcsin (22 - 1) + C.

(Alternatively, set x = a2 sin2 * to obtain I = 2* = 2 arcsin

Thisis suggested by the preliminary.substitution x = t2)

A
,x
2 + ax + bA kx

2 + 11 4 ax b - 1)
_

x
2

+ 1 x
2
+1.

= x + log (x
2

+ 1) + (b - 1) arctan x + C.

4

(k) x2 =,./(

ix

a
2 2

Set x + -1F.= cosh z.. 1

2 r.

4 4

I = 134-4sinh 2 = jr(cosh 2z - 1) dz2 d2

Mw
a
2

a
4

,2x
x2 - -8- argcoshk7 + 1) +

a

4 --o

2. Let R( X4) denote a rational funCtion in x and y. Reduce the

following integrals to integrals of rational functions.

(a) irR(x ,iii47717)dx,, a ro. Set fri.ba) = t.

I b -t)t, at.,
a '

ax
R(x,

+ b

cx + d

.Set n _ t,
cx + d

4

IL - an integer, adl= be

r Imo. ir n(ad - bc)
( a

*IA

t
n
:
1

dt
n

- -

- c ctn

,

a

I



.a

40-4. Reqlde, to rational form,
I

:d5c

3. Using the result of Number 2, integrhte

4.77134ip ( iET)77717) 3

. 2 .

a , t3
dt = -7.1 tl - dt

a 1 + t

T' 2 i kt 0 - b)t 2 , 1 b

, l

- (1 + b) arstan a)/7----F b] + C.
2

FL 7c
+ x 1l- +x

Use the method of Number 2(b).

I = -8f t2 dt

(1 + t)(1 + t )
2

, .

5. ;111press as elementary' functions,

(aY r dx

.J 42 )277R

,

First note that
1

x2 +1+ + -1

I = 4271 - 427-1) +tlogt(x fi72z1-'1) (X + )1F7-1) I 4.C.

(b) Jr+ sin x
1 - sin x

2
dx

dx = tan x
cos x

coK +

dx = -
-1-- (cct2x
2

.4569
-;.

It

1 ,+ +
sin 2x

;'-

1

C.

I



.I

, -

Suet = + x4; _then,

.

dt

, \if(t2.+ 1) + kt
2

1/ dt-
t - 1 , t - 1

51f [
1 Ot + 1

I

'1

= 7 logtlt
1

4417: Octan t + C
t -

<

, 1
log
q

x

t 4
1

1 + arctan=

+ x- + 1
2V. 4 ,

4A. x4

',,Set x
1

= ; then

du

u 4,4 + 1).4.

and the problem is reduced to (d).

6. (a) The integral fL P(x)

C.

. )

dx where P(x) is a polynomial A

,
Ax2 + 2bx + c - - '

degree n and a -.0` can be reduged'to a rational trigonometric

form as described in thet4xt. It can also be reduced to the .

7
integration of

.
, namely, for soa'polynomial 41 of

lax2 + 2bx + c

degree n -'1 and constant k;

- Dx(Q(x)4X2 + 2bx + c):..-1-
P(x) k

000012
+ 2bx + c ' . ia x2 + 2 bx c

4 4

Mow how to finO Q and k.
,:'

;'

. ) °
, I-

,

Zince.

2
Q(x)(ax + 2bx +

D (4(x))/tax2 + 2bx +
t + Q(x)(ax

- jax2 + 2bx + c

the.polynomial Q and'the constant k. must satisfy

(1) P(x) Q(x)(ax + Qi(x)(ax2 + 2bx + c) +'k.

-" .

The cdpitant 1 and the coefficients of Q(g) can be found from

570 2/3/
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n

the c9efficients of P(5c) A aS follows. Set P(x) = P
n-v

vPc

v=0
. .

; n-1 . 4. '

and Q(x) L. 2: ,(1)cil-l-v.
Eqiiate coefficients of like power's on

.
. , . v=0

. -n . i.

the right and left in (1) beginning with the coefficients/of x,:

t

(b)

P aq0.4. a(n 1)(10
r

to obtain
PO

. O. an .

Thus the leading coefficient of Q(x) is determined.
4 4

pl = (aqi + bq0)! + 2b(n 1)(101, or

a(n - 1)qi '= gl - b(2n -'1)(10. Similarly all succeedifig

'coefficients are determined :step-by:step from the,preceding ones:

a(n - V)qv = pv - b(2n 2v = - v + 1)1v_
2 ;

R

fat v = - 1. Finally, 'for the Fonstant

k p0= p, - bqo - cql.

+5 3
Using (a), integrate, t + t

lc -

Set Q(t) = q0t + q,,.3 +
.2

+ and' P(t)

1 t5 t4 14_D( (1(; ) 317-7j ) - ) 3.140 41 40
: J

((4
1

- 2q
3
)t

2
4 1, q qidt + q3] .

Now stave for the coefficients, in succession

1 1
90 7 5 , qi =15

0,

Consequent*,
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;

ti

.

.

(c) Find the'iUtegpaluusing g trigonometric substitutions,

and compare the merits of the two methods,

ti

Set t elan e. Then

ir

I .= (sin,
4

e - sin e + 1) sin e.de

, -

'

J
...= ((61 *--C6S2 e)2

.= (i - cos2 e). + 1] sin 8 de.

.,

= .1(Scns'4 e cod2 e + I sin 8 de

1 5 1 s3= 656 cop e + co e cos

= - 1 (3t4 - t3-+ 13)14.7T+
15

Which is the result obtained in (b). If even powers appeared in

P(t) the work in (c) would be more complicated while the work in

(b).wbuld not ehange.:greatly. Ftrthermorethe method of (a)

eliminates theirepetitive use.of',the binomial theorem when P is

.of hiadegrel ,I,

..

,

. .

.

7. Integrate

f(A), sin X

Use x =2 arctan t to obtain"

I v.-. logItan

1
cos x

(by g method other than that of &ample A4-1d),

6S.

Use x =-:,2-arctarx t to obtain
y

2 2 '1 -t 1+ t
dt' lr ,1

+ ------Ldt

.1 t

ir 1

o'

1
° 1 +.tan

= log. + C.

1 - tan
2

.4o

7:2 2 8 9

.



,

,..

Alternative.ly,
frol_ cos x --, sin' AA, where

4,

- ,

-.....-

.

from the soliAtion
of Part

I. si÷)-- lAtan
,

. \
". x , obtain,

Ye

41Cf7.3 210 a



A4-2
Integration - Parts

THgoRi
When we gay "O' and *

aretinverses" we mean 0

is t e inverse
of 4. and * is the

inverse of Ø. (See, also,

\
-

,Exercises

le A4-2b.
It might be

appropriate to first
considerIarc in xdx. We

observe that I

arcsin x-= (arcsin
X)(1)

= (arcsin x)D-c-
.

dx
1

dv

, /-

Thus
ardsin-x = u

where u = arc'sin
x And

= x.
Integrating by

dxpart we get

IA.- x2

farcsinx dx =
artsin x -

dx

= x arcaip
x +'S..7-7 + C. I ,

,

P.

e It s 'hould
be noted

that the
discussion in the text

establishes the

in
egrability of x ,arcsin x.

. -
. i

. ,

.

,IN

.

(a) x sin 3x

.

Integrate the
folikwing

functions,:
: -

In these
solutions the

integral of the
problem is

written I = u dv.

.

-

Solutions
Exercises A4-2

I - -x cos 3x
sin 3x

,

y

3
+

)

+ C.

:

9

.

a'

4

(b) X .

) I X 5X \° 5X
:

log 5
6.9g 5)2 + C.

:1

. 0

,

.

(c),.. x39-2

Set dv 4114-2xd;
and

integrate by partsthree times.

3 2
,

(d.). 11 log ax

4

3

Sets u = log ax , dv
= /2 dx.

I 3x3/2 (log 2.ax - -1 + C.
. 1

Alternatively, set" = ax and
use'the result Nh.

of Example
A4-2c.

'1' 5,4 291



(e4' log2 bx ;

L

Set- u = log
2

bx:

2
I = x log bx - 2 log bx dx + C'

= x log2 bx = 2x(log-bx - 1) +C

where the integration of Example 10-hit, is used .at,
the end. 1.

. -

(f) log3 x Set u -+-- log3: x. 'Apply ( e) .

.
,

I = x(log3 x - 3 log2 2c4 6 log x -' 6) + c,

4 a .,

(g). arccbs 7x(
.

et u = arccos 7x. Then

A.-*
= x arccos 7); -

.

-749I2 x 2
-i-

(h) argsinh ax

.

Set u = 'argsinh

I =x argsinh ax 2 .1.4 .4.a2x2

a

. (i) srgtah1 bx Set u = drgtanh.
- .

1
1p,-= 'argtanh bx 4 Ts lolog(]. = b2 x2) ) + C.

aizt,ath AR ' Set u = argtanh
4

ho

I = x argtarth ATe
- bx dx

= x argtanh A)7 - dt

1 - t

2
4

where t =4 From --.7-- 1
2-__1,,

-_,.
,

. j 1 - t

2
1 =,t \ -- '

obtain % * N
, .

II= (x - t'') argtaill A7,7 + + C.

I

4.,

!

1

1

,

.9.

r

, 575

292
4-,
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(k)

D

arctan 317c .Set u = arctan
,

x
.3r-1 1 x1/3ixarctan - 1r- dx.3

1 + x2/3
A .

Set ,x z3, then

r

1 113 .1 x

2
dz

3

3
L. dx

1 +Z

1f t
- dt'

5

= k1(1
1

) dt,

°
= '1"et logil tl) .

(where

ConseqUently,
ti

2/3

4.. I = x arctan 3$G
2

- log(x" + 1) + 4."

arctan

t = z

ti

Set -u arctan x, dv = x dx.

o x2'. l x2
arctan x dx.

2 2

ir
2

+ x

2
1

From - 1
2

1 + x1..4. x2.

. t
).

.

1 1 2.
= + 1)arctan x - x).+, C

(In)

, obtain
r

arccos m
)77.1. m

$ .

. Set u = arccos ,v='2 m.

"I. = 213Z 4-7Vrt arccos m +'2
in

dx.

-x2

+ 21,06-:
x

dx
=" 21T7- arccos

= 217: r-r-n arccof3 - +

576 2 9 3
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(n) `x sink x (11 - cos ax)

tt

2

I = -7 - lfx cos 2.x dx.
x2

pet u = x, dv = cos, 2x dx; than

( x2 x

x2 x sin 2.xl cos ax
= , a-- +.c.

.

Set u =.x2, v = -cos x,

x2- cos x +=I a.
,,.

x cos x dx,

Now se II = x, v = sin x.

fax cos x dx =' 2x sin x .= 2 sin x dx;

whence,

-(x2 + 2)cos x + 2x sin x +

x
2

arcsin axe

x3
aresin ax

Now set

whence

x

3
5

3
Set u = 'arcsin ax, v =

a r x3
dx,

3 J L 2 2
"- a X ,

z= .477-27 -2. k - z-
2

z dz

,
- a x ,,. x = ---7--- , xd) = -

a a
2

,

c4-----

I , x.3
dx = - - f 0. 1 z2

)dz;
,

-,a x

.
n....t..-. .4

X'' . a
2
x
2
)
3

I = 3- arcsin ax
.

- a2x2 +
(4

3a3 9a3

kg

57.7 294
10 .1

5

. Then



t

-' (q) 3
cos 2x

Mo simply`, note that

cos3 2x = (1 sin
2
2x)cos'2x

A'X

.
2x. sid 2x

2. ''6
C.

(r) sin5'x

Follow the method of EXampleA4-2g.

Either follow the method of Example

P) A4-2g or use-
.

2' .2
sin5 x (1 -.cos x) sin x. ti

eos x 2 s x
+

. t

cos x + c. ,

. 5
.. ,

. .--

(s) sin(log ax)

,

Set u = sin(log Ax).

. ;

I = x'sin(log ax) = a cos(log ax)dx..

. .

Similarly;

f cos(log ax)dX = x cos(log ax) + aI;
, .....

, .
,whence,

r°r I ='x sin(log ax) - ax cos(log ex) - a
2

I

and

°I = (sin(log ax) a cos(log rx)) + C.

1 + a

(t) x tang x Set u t .5cx, v = an x.

x tan x x2 -Jr (tan x - x)dx

1

2

= x tan x+ log Ictls xi,-

478 2 95
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0

(u) (ercsin x)2 -

. -
Substitute X = sin t Ito obtain

III/

I.= jrt
2

cost dt arid integrate. by 'parts twice. Alternatively, set

u = (arcsin x)2. to obtain

I= X(arcsin x)2 - 2 - arcsin x dx`.

Repeat, to obtain

x
arcsin x dx = - x2 arcsin x + r dx.

.4 1

X

\
x(arcstn

'

x)
2

+ 2 - x2 arcsin x - 2x + C.

, . .
(v) sin ax cos bx, (a

2
p b

2
). Set . u = sin ax, v =

.

sin ax sin bx
I - cos ax sin bx dx.

...

Now set u .!.. eos ax
/

v -
_4

-
cos bx
b

.

1 ,

. .

b
I-Cos ax sin bx dx -'4 .

cos-dx cos bx

sin bx

a
i3, I.

Consequently, °

I
sin ax

b

sin bx a ,- a +
'

+ 7 cos ax cos ult + -- .t.

b :
2

-
* .

Whence

OI
-

I.:
[a cos ax .cod bx + b' sin ax sin bx) .

f bE - a2 r.

( I

More simply, note that

sin ax cos bx = 24sin(a + b)x 47 ain(a - b)X).
2

_
° /

Hence
i

I -
1rcoi(a + b)x --b)xl+

*
2 L , a + f a - b

... s 4 IJf . \

e

A -,72 296,
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.4--
2. Support the geotetrical interpretation of integration by parts by showing

for u = f(x)-, and v = g(x) where f and g have iwerses,that
-u = 0(v) and v. F. It(u) where 0 and 4( are inverse functions.

-%

Let F be the inverse of f, G the inverse 431.- g;-111-e-ftitidtrcitift

are inverses.

0.= fG v,-4fG(v).= f(X) = u

* = gF u gF(O, = g( x) =

3. Verify as alleged after Example A4-2b that the method of the example does

demonstrate the reducibility of J xn f(x)dx to the integral of-a-A.
'rational function if f is any inverse circular or hyperbolic function,
or if f is the logarithMic function.

n+1
Set u; f(x), v =

n
Let 'F be the inverse of F. Then

' ,
F(u)

n+1 i
v-

n + 1 % i

If
A

).
.,,

F - is at igonometric qr hyperbol.ic funCtion, 'then v du ,.is

reducible to the, Integral of a rational, function by Theorem Alc-lb or

CIP

-Exercises A4-1, Number 10.

If *u =log x then F(u) = e
u

. Here,
.

Thus, explicitly,

4

e(11+1)n_vfe(n+1)U
n + 1

au
.2

+ C___
(n + 1)

. -

x
n+1

2. 0.
(,n + 1),

f n+1
.x
n

log x dx 7 n+ -- (log x
-

n + 1
) + C.

1.

.
...,.

f

j

2
580

97
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4. Establish recurrence felations'for each of the following (iweach case.

m and n arc positive integers).
444.:

4(a) "sin
n
x dx

Proceed as.in Example A4-2g. Otherwise usethe resat. of the
, 1

example':

In = cosm(x".: ''rr)dx

sin
n-1

X cos x n l

a n
I
n-2'

/
x
m+1

x
m

log
n

x dx Set u = logn x v =
+ 1

.A

I -
x
m+1'

n
log x ---,-- I '

n

, n,m m + 1 m +1. n-1,m"

x
m+1

.

.
00.

0 7

&
I0,m =

f .

.

m
n m-11) sin x cos x dx ' iSet u = cos A., sin' xv M + 1

, ) V ... M+
9

cmsn lx lx
-1'. m+2 n-2

:.,. . , im,n 7 m + 1,
+
m + 1
----- sin ,x cos x dx..

,
f

0

m+1

, I

r Air

yut., since sinm+2x = (1 - coe x)sinm x,

cos
n-1

x sin
m+1

x
+
n - r

t11,11
in + 1 m.+ 1

a -
m,n-2

);

whence,

oos
n-1

x sin
m+1

x n - 1
m +Im,n

+ m+ n. m,n-2*

-Note tat Imp is given by (a).

It ,is also possible to reduce first m then n. Instead of

proce4eding by the givenAethod, use

e o
o

.

sinm x COAII x (1)
m

COS
m

(X `'
2
) sinm (x."-16'-)

to obtain byge preceding result
a ," .

.
. ,

.

."4, m-. k n+1 . .

sin x cos- x4. m - 1
II -

n,m ,
m + n m +-n m-2,n*

-

A
o

581 2 9 8
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, /

f .. ntl
.,

(d) ,xn arctan x dx Set u = arctan x, Vim=
n
x+

1
- i Then

-3 .

n +1
+1

(1) I =In
n
x

arctan. x- n+
1

f xn+1

1 + x2

But

(2):
xn+1

.

(1 + x2)Xn-1
xn-1-'

tv
1 + x2 1 + x

2

. .
Insert this in' (1). to obtain

xn1 xn 1
I = arctan xIn 'n n(n + 1) n +.1

+ x

xn-1

wheri the integral is given by (1) in terms of In-2 From this,

n-1
-I ((1 + 42) erctan x )n 'n 1- 1. In-2.

c' Alternatively, redu ce the integral' in (1) by (2)

xn+1 xn
J = dx = - J'

n-1n+1 n .
1 + x2

. . /
nx-:2 14

xn-x
n

.

n n - 2
+.

r7--'--T
.. , .

. .,

If U is 'odd then the sum terminates with (-1) 2. J1" where

=1 x dX, _1
;x2,.

If "n is even then -..the sum
(---'

term inates ( -1),r1/2 J
0

where
0

dx
J0,=

.1.
1 +

x2
arctan x

t

0

(e) J x n argsinh x dx' First substitute 2c = t to obtain

I
n

=f -t)sinh.
n

t cosh t fit .
--"i

. ,
%1,..

,

n+1,
- . sinh

n +
t --4 , Now set u = t, v= , then

1* ...

, -

- n+1
(1) In

sinh t
n

1
1

sinhn.-

582 2 9.9_



rt

(f)

A-2
Then 'proceed as in Example AA-2g to obtain

J
r1+1

tilt, from (1)

= h + 1? cit

sinhn+1 t

sinhn t cos,h. t

(n + 1)2

n(n - 1)

2 -n-1',

- it
sinhn-1 t

6jn-1 n - 1 ' 1n-2

Combine these results to obtain

-
t sinhn+1 sinhn tcosh t

t sinhn-1 t -
n.

n n + 1
(n + 1)2 (n+ 1)2. +1)2 n-2

n-1
2 , n xn4.7177+77p argsinh x

1 (1 + 1)2 (n -1.)2 111112 'V

, . 1

J x argtanh k dx
Proceed as in (d)';.

11

xn+1
1 ,= -----srgtanh x -n + 1- n + 1 n+1

where

xn+1 xn-1 -; (1 x
g) n-1Jntip dx -

1 - x
, 1 x2

j
n-1 n

(g);
xneax dxr

, 'Set u =
a

n alc
x e n - 1In =
a a

In
-1.

eax

4". a

(h) fl'xn arcsin x dx
proceed as in, .(e)

.

=.-

x
n-1

2 , n
arcsin x +'Xri 1 -/72 n(n- 1)(x -

+In n +, n + 1
(n -0 1)2 (n + 1)A. n-2

5 8 33 0 0



A4-2

x

(i

N. Set u -
1-

I 1
n

n-2 sin

sin x

Then
cos x 2) s

2
co x

dx.

..
In -

sinn-1 x sin
n

. ,
,Set cosy,x, :-,.. 1 - sin

2
x in the. last integral to obtain

4
.

x.

dx
x

cos x . n - 2

In =
+ I

n sinn_l
n

x .

1 n-2 f

1

1
Set u = ex, dv = dx.

x

e
x

+
1

I .

xn
n n-1

, t

xn cos `x dx
Set u = xn, v

.

sin x.

,

In =
1

xn sin x - n x
n-1 sin x dx.

Now set u = xn-1

/
n-1

-x sin, x dx

Consequently,

:V = - COS X.

n-1
n-2

x cos x + (n 1) x, cos x dx.

I = xn sin x +- n'xn-1 'cps x - n(n

For n even, the expansion of terminates with I = sin x + C;

for n odd', the expansion-tnds with I x sin x + ccs x C.

A

584 301
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-., ,given i ctored fo , or have zeros'which can'be found easily. In problems

arisi/ in appliCatio s this is often not the case.

- f
_

.. .
e:hiethod of . ivated coefficients (Example A4-3c) is, of iourse,

v
appl able where the roots of Q are all real of multiplicity 4. (as in (7)).

.
4

4 In Example A4 3d since the integrand may be decompo ed into the sum of

' a b cx - d r
rat on

'

,al function we know t at the integral
x

., x
2

x
2

+ 1.t ()-(-)2 + 14
2

104-3. Int rataof Rational Functions
, .

The integ of a rational function is an elementary function, but the

computation of such an integral may involve considerable labor .depending on

the complexit of the functi n at hand.

Every lynomial, withJ,real coefficients has a unique fatorization of the

fofm given y_Equation (4); but tp obtain this_form-onemust first find the

,zeros of . ThepolynoMials which appear in exercises in various 'textbooks

are man ptured artifically-for purposes of illustration: they are either

t. be of the f rm stated.'

pcampre TCA4-3a.

r

dx
Consider :I - ir . Note that,

0
x (x - 1)

.

(1- x)(1 + x + x ) +x3 _

- 1) -t . x3(x / 1) .

,

Thus we composed the integrand into

whidh may be integi:ated at sight:.

the

1 1

x
3

1

21x
x

1 k

11
.

i

x - 1

sum of simpler rational fnctions.

I = log tx:- 11- lbg lx' + 1 + + C. .,
1

---
r ;

. 2X
?X

f x
2

2x,

+ x + 1 _,('''-'- 1'':

a

ExampleTC.A4-3b. The integral I dx--ii.S'ComPuted,. by_i

depomposirig the integrand into, ta,sui; o derivatives of 'two known ,'functions.
, . . ? f

We have

2x x + 1 1

x
2

+ x + 1 x
2 +x+ 1

= D log (x2 + x

,

'MTh s = log (x2
2

+ x + 1) - arctan

) - D(--
2

arctan
2x +

2x + 1
+ C.

585 302
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.'

A

few

Solutions ExeiciSes-A4-3

1. /Integrate the following,

Parts (a) to (k) are simple and an ad hot approach is:probably simpler

and quicker than a straight forward apPli9atiompf theory.

(a)
x + 2

x
2

3x + 1

Set x. + 3x = (x -'a)(x -.b) where. .

a= -32
4. 15 -3

2

-and b -

2 - a) + 2 +,pa 1 2 + a 1

'(x-ra-)(x-b) (x - a)(x - b) -77b br -zaxb x - a
2 + b 1 2 +' a 1--
b-.,ax-b b-ttx-a'-

0. where
----

e

. a

2 +. b Ill rl.\ 2, + a 1p 1.
-, --k 1 + .).b- a 2' " b- a 2

154

3 11.1
I =

1
- )lo +g

2 2' + +'3
2
/51

5

(b)

(x + 3x 10)

x3

By long division,

x3
2 +-3x - 10

3+
xx + 3x - 10

But

19x - 30 19x - 30
x2 + 3x - 101..

(x + 5)(x - 2)

8 325
+7(X 2) 7(x + 5)

Consequently,

x24.
I.= --2-- 3x + log Ix - 2j + 1,2 log Ix + 51 + C.

c. se

.

ti



(c)

(d)

x

V

, (b > lal)

b)L2%r
(2a

2
---2(x + al) + (3ab

2
- 4a3)

2
- 2a, +

x2 + 2ax + b
2

119-..5

2a2 1.11_)10g(x2 2ax+b2) - 4a3
arctan x + a

+C..
h2

- a
2 h2

a
2

X +
(consider the cases a # b 'and a = b).

I = x +

If a=

b
2, + ab + p

log lx al +
b - a

log lx - b I .+ C.

p
I = bc + (a 2a)log(x - a

aa+ as + +
x.,- a

x2

- a)bc+- b)(x - cj '
(a , b , c distinct).

a
2

al + aro) - bi
I - b)(a - c) log

lx

2+,,(c log ix -dl +C.

of

(f)
x3 + 1s - 1 +

2 -1+ 2 2x + 4

x' - 1 (x - 1) (x2 x + 1) 3(x 1) 2
.3(x + x + 1)

: ,

2 1 t . 1 2 -2 2x + 1f =x + -logix -11 - -log(x -ii,-ix + 1) - arctan + C
3 3

. . rz
,q Yi

(g) .

l 1 , 1 x - 2a

a3 (x +a)(x2 - ax + a2) 3a2(x + a) 3a
2
(x

2
, - ax + a2)

, 2 2, Lra 2x -a
I iogrx + al - -2 logkx - ax a.) arctan C

3a. 6a a

2
\ 9a a./3-

0 587
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-747,777-7"-'11."-J---
.

.(h)
(x,+ 2) 9

x(
2

x - 1) (x'-. 1)

.

I= 3 log Ix - 11 + 4 log Ix1 +C

(i)

1 s
1 , 1

x - 1
(1)

4(x - 1) li(x + 1) j2 (x2 + 1)

I = log I: 74. 11/24 arctan1
x + C

(

2
x2 - 1 1 / 1 1

d) -
x - x + 1

:4771 4t(x - 1) 4(x + 1)

(§q.e (i)).

(k) 4 1 6'

x +'x

(2)
x!} 1

1 -

+'1

=
1113(

I
1

log lx
x -

+
2
arctan x + C

1

1 1 1 1

+ x2) xl x2 1 + x2

1I F - 1
+ arctan x + C

3x3 x.

1

,

2(x22(x + 1)

".;

,Since44 + 1 > 0,..:for all x, x4 + 1 cannot have linear factors.t-
' Set 7,:°:

4 \

(x + 1) = (x
2

+ ax + b)(x + cx + d)..

Equate coefficints of x3 to Obtain c = -a; of x,, to obtain.

b = d (a = 0 is not possible), of X° to obtain b = ± 1,-/ of X2,
; -

to obtain a2 = ± 2, hence only b = 1 is possible and a= .q.

Set

(x4 + x2 + xZ-+ 1)7x2 - xff + 1)

1 Ax + B
+

'Cx + D

x +1 x,2 +x,r2+1. x2 - x,r2- + 1

Use the method of undetermined coefficients to obtain A = -C
4riw

B = D =
1

; whence,
4

588 305

1.



A

(m)

1 1 2x a-

x + 1412.x2 +.X1r2- +01 x? xig +

Consequently,

log
Oaf f -

1 1 1 1
.

C.

7 x2
+ xy2 +

e

x2 + +1

1

7.

2
x +l.

+ arctan(1 - xf))

x2 - x./E +.1

2,r2"

1 .6X 1

x6 - 1 = (x3 - 1) ( "x3 1) =,Sx - 1) (x + -1;)-(-x2-+ x 1-1)(x2.- x + 1)

1 1; 1 1 x + 2 x .-- 2
)

6 gt;c----5° x + 1 7 2
+

2 ).

X - 1 x + x 1 x .-- x + 1
t

I = T log )...t .-.7--. + ..-ff log
1 lx-1 1 °x2-x+1 2.-

arctan---k
2 ,x

+ t)
x + x + 1 ,r3 I§

- 2. ,x
-

2
arctan ---k v 4. c

As a special:--',challenge you may wish to ask for I = -L----6c which
,
. l'+ x

Leibniz failed to represent in elementary terms. For this, note,i,tha%

1 + x6 = a + x21'(1 - x2 + x4)

= (1 +
x2)(1 x2)(1 xj-3- x2).

In this case,

arctan x 1 x2 + xaq + 1 . +1
I - +. log , + arctan (2x ar3.)

3 4,r3 ic" xr3" + i 4

,

589

+ arctan (2x - + C.
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r.

i.
, .

,t
.

2. Prove from Equation (3) that if Q(x) = (x.- ai)(x4L a2) ... (x -
.

an) : ,

where al < a2 < .. <an, then
.
uy has a decomposition into partial

fractions of the form
0 .

r
1

r
2 , 404 t

r
n1

J T a I T- x-a x-a2 x - a
n

FT'om Equation (3),

.(iFy al.. a2,

1

:

1 ,1 1

- a
1

x.- a2 (x - a
3
) ...-(x .-. a

n
) '

Thus '7 7-
(
pi1

T-

,,,tlxj (x4, 17l.7j-
where P1 and P

2
are each

,

o 4

"N products of n - 1 linear factors. Rsrat the,liroceas, reducing the

numbers of -factors in each,denominator_byl at each step. After n- 1

steps,' cbllect terms.

4

3.- Prove if
-

a
n
x x 1- a

n-1
x
n-1

+ + a = b xn +-b x
n1

+
0 n n-1 0

P

for all but finitalymany numbei.;' x , that the coeffi.cients af.like
powers on the right and left are equal; i.e., ak = bk, for .k:= 0,41,

444, n.

Consider P(x) = (ak - bk)xit. Since P(x) =0 for more than n

k=0

numbers x it follows since a pflynomial of deplee n can have /utmost

n roots, that all the coefficients a
k

- bk of P must.vanish other-
..

wise a polynomial of degree less than or equal'to n would have-more
_.', _: g ....

than ..n1 iooti,

,II.. Verify that
,

dx,, b > 0,
..2

(4

2
can be exp'ressed as:the

J
.

((x t a) + b ]
'sum of terms of ,the forms (11a, b, c).

,i'\

,

As in the text, substitute x = a + b tart e.

I - pa q arctan
b 2

+
'

((x -.a)2 t 1:)] + C.

590 3 0 7
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A4-%. Definite Integrals

99 sin99.L
f dx..

-99 x2 4, 992

t

Solutions Exercises A4-4a

I =, 0; , the integrand is odd.

2.
-3x

2

e ,dx

0

`Substitute u = 3x2.

4t1

,

I ue du =
13 -u

+ 1)e-11 13 = zrpr(1
.4.

j''j 0 0
7).

_Integrate by parts with dv = dx, u = log
k

x,

71 = 2(3,- e),

5.

From Ebcerc ses A 4-2, Number 4(a),

,e m- lz
I = I
m m m72

repeatedly, to obtain

. .

x g ].'.., 5 m - 1
Since I and I = 1- .3f m is even, I

3

0
-
2 ,. ,

if m is odd
2 o. 4 6 . m 1

,

lio-
3 . 5 . 7 . m

..,,,,fit,e:St r,

II/2

sin
m

x cos
In

x dx: (m , a2positive integer).
J 0 .

..., ....r"

I =
10 2m

j'71/2 sirim 2x
dx

- e
1' .
fir;2 0

n
m

where 0 = 2x . As An Num144r

and I
1

= 2.

SLO
tut here I0 = x ,



4 /

. 4

6.
dx

a .> b > 0,

.0 .a
+ b cos x'

Set x.= 2 arctan t; cos x =
1 - t2
, dx

1 + t

2 dt ,

1 + t
2

1
I=

2
, at. _

2 '

arctan./777
. TO (a + b) + (a - b)t- -)

a -

a + b

g/2

7. stn' x cos' x dx

0

y/2

, I =1. Sfn7x (1t
-(5

..r 2

J

dk

x + x5'

d

/ = % dic

J

x-5

x

Set t = x
-4

, Then

4.

sin
2
x)cos x dx

=.1 dt
- log
1 32

''''

1
1/16 1 ' 5 17

h2 x2 dx =lit f
y/2

cost dt .= b2

0 .

.

.u/4

10.
sins + 1

d()

-n/lt a2 sin2,0 + b2 cos- e

since

'1 e

sin5e

where t = b sin x.

a > b >b.

2 2
de

J -1(/4 a
2
sin

2
O + b cos 0

a
2

sin 0 + b cost e
2 2

is odd. Set t = tan 0 to obtain

1
_ arcta aI = .11

dt 2

-1 b440- a2i4
n

0

592.309



.
a 0'

U.. Compare . f(x)dx with -f(x)dic when f is even or. odd to derive
.- 0 -a

the results .(1) and (2) of the text by a method other than t yoqit
%

employed for Faercises A4-2, Number 4.

a

Sibititute x = `-t in f(x)dx to obtain

ra

0

f:Wdx = f(-x)dx.

-a

Hence,,

a 0 a

f(x)dx = f(g)dx>11 f(x)dx
-a -a 0'

0,- f i/odd,
=,

aei f(x)dx, if f, is even. .

0.

.., 0 .. VA . ..

r . '- 4 / r

. p. Prove if f is integrable and periodic of period p, - then for ali a
i

and b

way

al-P 'f(x)dx 41.1)+P f(x)dx,

J a J b

Follow the geometrical approach of the. text., Set
r

*Then b < a +k <b< b p. Consequently.

1

k =.1 +

b+p a+kp b+p

I= ..f(x)dx =.1 f(x)dx + f(x)dx.

a+lip

>-...,,.
.

Noy-in-'the- -i-ntegral-from --b- -to-:a-\+-kp-1 ma the substitution

u = x --(k - 1)p; in the integral from a + kp t? b.+`.1-p, ,

I

b -

.0 = x kp. Then

-mt

r

f(u
a-ED, s, b-(k-1)p

I = ( + kp)du +.1 f(u + '(kr -- 1)p)du

b-(k-1)P ;;,..,.,, ,. a
.

a+p b-(k-1)p.
..

k-.1)p ,

= f(u)du + f(u)du
b-(

-,

f
Ia+p ,- r

f(u)du,

, by Theorem A4-2b.

310



13.- Trove that if n > 2 then .

. , ,.
. ,

dt i
.524.

.500 < .
n

- .0. .0 - t ,
. , ,;):-. ...

9

If 0 < t < 1 then 0 < to <. t2 < 1 and 0 < 1 - t2 < 1 to < 1.
)

INUS, )
99

9.

# A
.....

.500 = dt <
1/2

dt ° <
1/2

dt

0 ,. i Cr r..tri 0 I-----
1
-t2

< arcsin .3§1- < i < .524. 1.

Nr. -

2x( 1 + s 2
14. Prove that

.
=

-7r 1 + cos x
)-

.. Since
x

is' odd;
x sin x

, even,

+ cos 1 + ,cos
2

x
..

,t

I = 4
x sin x

4

..D

x sin x
1. .dx- ./`

0-1 4- cos2 x ci -- 0 2- sin' x

,.. n
,

= 2n I
2

dx
in x,-

OIC

0 1 + cos x

Hence, 100,.

- arctan cos x = -

0

15. Show
22 42

62
(2n12

1 3 3 5 5 7 (2n - 1)(2n + 1)

First, obEierve that 2 4 6. (2n) = 2 -(n1);

1 3 :5 : 7 ' (2n 1) =
1 2 3

f

f ti

1 [ (n1..2
2

)

2n + 1 (?n). .

f

then that
1. -,t4

.7.4:

4 2nI'' '...74;'S'-''
. . 1,,,.

n e n.
n!)2 k

,-e, ...,

1 Ir

594
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e

'Set44 =o'lOg )t. 3
.

4
-

.

:
I=an

36.1n , ii. g/lo
sin e de = - cos, e4-g-

1
, o 0
,

. .

sin 6 de
y 0

= 0 is used. Then , -
- ,

I

Determine the-value exact to three decimal places of
364re

sin(o log x)''dx.

.J x

2.,COs 7.6 = - +

4
where' 0 <

1 o
) Since x2. < 10,j the error term may be

neglected to he'desired accurady.,, Hene, to 'the nearest thousandth,

4, it

I
200

= 016
1-

0

4%.

E7aluate
o/4 t ±

..11/4. 2 - cos 2t dt.

Observe that'
,

t

2 cos 2t*
is odd; hence

o/4

'7

dt

2 - cos 2t
-o/4

2 2
.

Set az =:tan,t, Cos a - 1 -
tan

2.

t 1:a
dt -

du
' 2

Then
1 + tan t:-.

.

12-+ u

1 1
till

Eti:etEin uff =
o

I

+ 3u 23' o 6/3-

,

"5 312



Teacher's Commentary

Appenotix 5

,. AREA AND INTEGRAL.

Solutions Exercises A5-1

rom Property 3 t110.4F B region R is the Union of n nOn-
oVerlapping regions then'

a(R) = + a(R2) + +
n

4

.

We have

st(RJ:U R2 U R3 U U Rn) = a(R1) + a(R2 k.) R3 U

= a(R1) 17: a(R2)
3.

. , UR )
n

=

= 0(R1) + a(R2) + a(R 3) +' a(R1!.

The argument maybe formalized by the use of mathematical induction.

2. Show that Property 2 is actually a consequence of Property 3 given that
area is nonnegative. Incorporate the notion of complementary regions.

Let S be a subregion of T an let R be the corplementary region

S in T; i.e., R 'is the rggion which does not overlap S .and for which

R U S = T. (We deliberately omit the question of exiitence of R.) °

:F.

Since a(R) > 0 and

a(R) + a(S) = a(T)

we have the'deUred result
ti

a(S) = a(T) - a(R), < a(:T).':,

4



7

, , '

'

, Ty- 5
,a, Jsing the given properties of area obtain the area of a triangle byr
--- elementaiy,geometrical arguments. -

7 7

r Let LABC

] inscribe

;

D

be the triangle and let BC be the longest-side. We

bABC in a rectangle with one side onand suppose
,. A

the foot of the per-
.

penditular from -A to

Bb lies on BC at F.

(Ste F _gare..)

B C

From elementary geometry we have iAFC congru4nt to---CEA, and

EAFB to aDA. It follows that the area of the triangle ABC is

half the area of the rectangle BCE]) and hence equaI-to half

.pzoduct of the base BC and the altitude A.
4.- .

In this 'proof" it is assumed fom elementary geometry at con- ,

.gruent regions have equal area.

(b) Do-the same for a trapezoid. 11
. .

t

A

tf the 81(1;6 of the trapezoid

are Pavalleli-the trapezoid is
, m -

a parallelogram and has the

same area as a rectangle of ,
4IN

the same base and altitude.

(ii) If the-sides are not parallel, extend t,:ttemuntil thdy meet."

E
The, area is 'then the difference
.

A between the area of E,AB 2' and

y bECD. -In either case we get ..

) :N the usual formula.
. ,

I
,

D
,,,.

, : ,
..,

.. ..
t

S..4 1

598 34



p 4

It-'""11` :Property 4,ia replaced by
,

Property 4 : The area of a unit square is one,
Property 5 : Congruent regions have the _same area,

W OC

"L. show that the area. of a ,square whose side is of lev.gth

- _

',The proof is giVen first for rational

4-,If a =
2.
17 for a natural number n,

iit square cut be subdivided into

----t------ropows from Property 3 and new Properties 4 and 5 that the, area of the

is a2.

a then for' arbitrary real a.

then from the observation that the

n2 squares of stdelength
1

it

4 1
II
M .2'

square, is 7 . If a = - , then the square may be subdivided Pito m
n

congruent squares of sidelength
n

and from the preceding result, the

area is
m2

n2

m < an <in +

sidelength 131-

If" now a is any real number, take m = Ran]. Then

It follows that the given square contains a square of

and is contained in a square of sidelength m
n

1 Con-

A of the given square, by Property 2,.

m
2

(m + 1)
2

2 2
.n

sequently, for the area

Consequently, fdr all natural numbers

or

hence
,

(an - 1)2 (an + 1)2
< A < 2")nn.

2a

a

2
-n -

1
< A < a2 + 2a i

.
n ,

;

n

a21' <2a +
n

from which the result follows.

4

599
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5. titling Number 14, show that the area of a recta gle of height ( h and

width w is hw.

Form the square of side h w.

h

w

a

.40

w

21

If ,A is thearee Of th given

rectangle, then from t e figure-tind

from Number (h+w) = 2R+ h
2+

w
2,

It :fol,lows that .tz hw.

4,

600
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-r:Sol iodens lIcercises A5-2

1. (Requires Section A3-2(11) \for parts, (d) and (e).) Use the
method to find the area of the standard region defined by

(a) : x < x < b. c > 0.

A5-2

samation

1Jse a subdivision of the 'interval into n equal parts. Defin'e

Ot(S), a(T), and a(.11) as in

minimum andmaiimuyr Valuesof

the maxima on any InterVal is

a(S) = a(T) =.E c = bc,
n

k=1

the text, using the respective

f in each subinterval.- In this case

equal to the minimum, so that

(b) f : x 0 < x < b . c > 0.

Here-

and ,

(k - 1) b . ,b cb
2 nE

( _ 2.)
n-

n2
k=1

cb
2

n(n - 1)
2 2
n

n

a(T) .c
kb b cb

2 E
k

cb
2
n

n n 2 2 2
k=1

11 k=1 n

From _a(S) <a(R) < a(T) it follows that

2 2 2<a(R) cb
2n - 2 --4-2n '

for each natural number n. Consequently,

cb2-

2

it

A



(c) f : X "4 X
2

+ 2x,, 0 < X < b.

Here

a(T)

, ..

and ' .,'

'3
a(S) C1 a(T),- 12n -

2b

n

2

As in Part (b), frol, a(S) <a(R) <:a(T) obtain

b3 2
a(R) = + b2.

(d) f': x --$ sin(ax + b), 0 < < c; a, b, c such that
sin(ax + b) > 0 on [0,cl.

The interval [0,c]
0

may be subdivided into two subintervals where

f is strongly monotone For simplicity, assume f is 'increasing

on (0;c]. Then

n

ce(fi) =" E .2. sin

., '

k=1

4 ac ac
In A3-2(ii), Equation (6), take for a and b +

.

...^

n 2n
. .

..*

fake by.

n



---a- -"'- -r-- ^ . .8
......

ft..-

..--,.-- -

'1

. . . ,.(e) f :-x -, cos x, 0 < x c. , s 8, -1... . _
- ,- ,

......--..,......-- ,... Use cos
2
x ,

cos 2x + 1
. Proceed as in Part (d) with2 .

'''"-- s"."- ..... ;': it. tI Ncos 2x 2-4 sin(2x + -,t.- - A,.
2

n

a(T) = n sin( +
ake

k=1,

sing
b +

acv. ac

2n 2
ac.

n sin -r--1

Consequently, from the continuity o cos and lira
sin .x

x

linia(T) =
n-co

x.-0

A5-2

\
t

2 ac. ", ac cos sass+ b - cos b- (2sin b)sin .t
a 2 2 a

^ I -
e-43

-A SiMilar argument yields the same limit or a(S)". By the

Squeeze Theorem, it follows.that a(11) is this common limit.

a(R) =
sin 2c

+
c

2

'2.'" Determine the area of the standard

(The summation encountered will ,be similaf to the one encountered in
this section.)

-

region 1 : x on \ (0,1).

In order to avoid a Sum which involves 'square roots of natural numbers,

it is, most convenient to subdivide the interval [0,1) in the following

way:

2 ' 2N2
x = 0 X = , X 2

(7;/ ' xn-10 ' 1

/1

n

\

r

/. x =
-n

x4 c 6419



For this subdiviiion

2

ftrk-F;--- r=1.

Since f x -*;6c is increasing on O,13

f(xk-1) f(x) f(xk) on (xk-l'xk)'

and the upper sum has the 'form

We have also

a(T)
= f(ck)cxk xk-1

k=1

n,

=
(k - 1)23

k=1

1
= _E k(2k - 1)
n3

k=1

....n - n

45' [2 1: IA:* n-
k=1 k=1

1 2n3 2 n n(n + 1)

n

= +n +
3 [ 3 3 2

k2

kl

2 1 1

4 7 3 2n
6n2

a(s) = a(T) = 2 1

6n

1

n 3 an 2

It "follows that the area is
2

604 320
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.

3.
1
Obttlin the result of Exercise-2 us ng only the fact tit the area under

f : x --bx
2

on [0,1] is -23.: , together with the ba is properties, of

area, without resort to summation echrilques.

ti

Property 3, the area of the

standard region uader'the graph

of 75c1; ./.7 on (0,11! (thee

shaded region) plus'thearea,g

the standard. region under the

!graph y = on on (0;/]

(unshaded region) is 1:

4. Show how the upper ;estimating sums for & are related term-by-term to

the lower estimating sums for
.

x
2

: .(HiatT Sketch a graph of y = x
2

.

,Use this graph and the y-axis to represent the standard' region defined
bY. AT.)

Observe from the figure that a term

from the upper sum (area of the

unshaded recta

of the form

) for f x
2
(xk

corresponds to a term of the lower

sutra (iirea of the, shaded rectangle)

for g : y of the form

6:: (7k Yk-P

-o x2

where Yk.= xk
2

sumpf,the two4s

Adding the upper

Furthermore, the

'xkYk

sum for f to the

lower sum for gi,,'4We have
we

(xiyi - x0y0) +,(x2y2 - xiyi)

y

Yk

y=x

/ /AV

+ (xhyn

= Xnyn -

= 1.

6° 321
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x
n-1
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. If Sri = ;IT + + 4- In- , showithat

< 8 C.a + .
n 3

Divide [0,11 into n equal subintervals'. An upper bound. for the area

-a(R) of the standard region f : x -, on _ [0,1] is
. r

Ep. lowei 'boon

Since(
0

ecti
aN) = E 47_ s

n r7. kof
k=1 in"

n

= ,n4? n sn

1=1 4
. Irde

a(p) < a(R) < a(T)

4

by Property 2, and a(R) = 3 by Number the result follows immediately.
z

6o6 022

\



41.

TO. A5-3. Integration II Summation Techniques

Once the student learns the Fundamental Theorem he may come to believe

that the original conception of integral as the limit of a sumis not useful for

analysis or computation., In this section it is shown thp.t the formal integrals

of polynomials and of the circular functions s'in and cos can be obtained

clirectly from the definition by stimmation techniques. This is somethingoof a

tour -de- force'; but many students find the approath illUminating. Of course,

.summation remains valuable as a method of getting numerical estimates.

. -

Solutions Exercises A5-3,

.

1, "Show simply, withpelt.repeating the argument of the text, that the lower'.

sumver L =t)5k_lr(xk_l - xk), also 'as the limit.(7).
/

k=1

nr+1

Since U -
hr +l nr

- - a)r, lim L

,

im U = 7.---1.. .

h,0 -0

a

2. Employ Equation (8) of Section A3-2(ii) to obtai' f sin x dx for

0 0

0 <a '11. .

2

Replace a by h = 2. in Equation (8) of Section A3-2(i
n

and note that
t

(n + 1)h
'sin

h 0 , 1,
sin

2
'sin 7. =cos .E - cos (n 4. -./11 -

2

n h
cos - - cos(n + 2.9h

2 2I: sin kh -

k=1 °

h
2 sin -

, 2

Since sin x is'increasing on [0,a] the upper and lower sums

for a subdiv,ision of the interval into n equalparts are given by

4 6c17
. 323



n -11

V = E h sin kh and L =E h sin (k - 1)h.
X

4. ,,
. k=1 .. k=1

0

Note that L ri U - h sin a. Insert n = ah in the formula .for
n

Esin kh. to obtain for the upper sum, . 0,

k=1

( 1.
.

h
2 1 1U - [cos h - cos (a h)],+ ..f
1 2

sin h
2 .

Use the continuity 'of the cosine and 6

1
h

2
- 1

h-O sin,, h

to obtain.

whence

lim U = 1 - cos a = lim L3
h-O h-.O

a

Ssin x dx = 1 - cos a.

C 04e

r

6 0 8-3 2

-



Solutions Exercises A5W-'

. f

1. Brusipgupper anu d'lower sum estimate's evaluate the integral bf each

function f over the-indicated interval. :

(a) f(x) = 22- 12 0 < x....1..
'

CO r(X) =-X _ . A.S...Z.1'.2'5.

(c) r(x) =P / 2.5 < x < 3
,._

N
(d) -f(x) =- 5 - -x-- - 3 -4 x- < _5 , ,

r

_

Inritth-Of the foil-OW-1:4 n equal'parts.-

(a) f -is-Apotone:decreaiipg,:we=takei'

.n _

-EL(2

(2
k
2

14

2/111

(xi

k=1
n

*3.
n ,

IL2 - k2
n3 La

k=lf k=1

= 2 -
1

-
1

3 2n
6n

2

.
Since U = L +

n 3
-

2
2n-

- + - -5 the integral is
6n-

(b) Take

where._

U = (1 + kh)h,

k=1

L = iff-a) - .1.5h

h 2(2.5 ":1)-='1-1

n

U = + h2 -

k=1 k=1

= nh + h
2 n(n + 1)p,

TheA, since nh =.1.5.

(1.5)
2
(1

U = 1.5 +
2

1-n)

It follows that the integral is
25

1.5 +
2.-

2.625.
2 .

609 325
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n

(xk = 1 + kh)
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.



; -

(c) -We' take for both upper and lower sums

(3 - 2.5)- 0.5
where h - -

e Pe"

(d) ' We take for

L = E
k=1

nre 5
= 4 2'

5nh 1,0.5) = 1.25.

. :k=1

141 lower sum

L = E (5 _ (3+th) Jh

k=1

azietake U = L 211 where h 3) -
2

..
n

L = h E (2 - kh)

k=1

n n

E2 -h2 E k-

k=1" k=1

h2n(n + 1)
= 2nh -

2

4(1 +
= 4.

= 2 -

It follows that 'the integral is. 2.

n

2. (a) Find the minimum and the maximum values of
the interval (011, and use them to find

below and above the value of
J

i f(x) dX.

. 0

ft(x) = 2 - is zero. when x = 1.

f(0) = 2 and f(1) =

Max: f(x) = 3, min: f(x) = 2 for x in [0,1]..

'Hence U = 3 1 = 3 and L = 2 ,114= 2.

be,

f(x) = + 2xx2,
on

two numbers. respectively

3 2 6K610
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Vi';'
,

, * .

(b)
,

Che
4 4-

ck your result by evaluatihgthe integral.

t

0

.e

a

.,,

Use the summations of Exercises A5-2, Number 1 and observe that

upper and lowbr sums for x
2

arp tIN negatives of. lower and iaper
2 . '

sums, respectively, for -x.. * .,

-a value between 2 =and 3.

y 3. -Find upper and lower sums differing by less than %I, for the area under
1

f(x) = on the interval [1,2].

Take a -subdivision of [1,2] into n equal subintervals and use the
.

maxiTuni mintmmn.of )-E as ,bounds in the subinterval, wehave

4
U - L = (3: ;

1 I°
=

1

t
1

is sufficient to take 2n <
10

Taking n '= 6 we obtain

.17 . (1 4...1. 4. 4.
d' 6

L =
6.

+
6

+
6

+
6 -6

+

f
,
or n >

6
b

,6, 1
+ 7) b

5.

1
b
1

1

+
1

1 1

g +19' +

1

1
+1-12

(A decimal representation of the answer is not requirea d.)

. : .

4. Evaluate.each of the following integrals, using upper
1-

e. estimates:** '

.

*."

f

611 ,

327

and lower sum

.



Ihreach Of the following use a subAivision into 2n. equal parts, and

set h =
-

(b2
a)

where a and b are the lower and upper ends of

integration respectively, and separate the sums for positive and

negative values of x.-

(a) 'Separate the upper sums

- (0,1j.

,Then

into two sums over the intervals (-1,0] and

U = E (kh)3h

k=1.

= E (ith)3h

k=1

- 1)3h3lh

, i=1

n-1'

-\ (Ith)3h

k=0

= (nh)3h

= h

= U - 2I p

The integral is zero.

(from h = 1)
2n n

(b) Separate the upper sums' into sucks over the intervals (-2,0],: (0,2] .

n

U E -1th I ti

k=1 2 k=1

and

= 2 :i: (kh)h

k=1

= 2h
2 E k

k=1

= h
2n(

n'T-1)

= 4 +- 2h

L = 1J - 2h - 2h = 4 - 2h.

The value of the integral is 4.

.,

612 328'

(where hn = 2)



' .1t
, -

(c) By the method of the preceding exercise we find

U
,

k=1

1
= , from Section 6-2,-we have

= 2h k-
3 E 2

k=1

The integral is
2

.

3 2

2 1
=

3

1
+ +

n 2

L =U - 2h = U -
2

n

1
1

. ,,..

'5. Approximate dx by Riemann sums.
J 0 1 + x.

, .

Given a subdivision a = (x0,x1,...,xn) of [0,1] we have

where
1

we

n.

R ---127(xk
1 +

k=1. , ,k

<tic < xk If we choose an equal subdivision and take

obtain the following approximations:

. 1 1
n =1 ,

1 + 1
1 = -2- = 0.50

n = 2

(4

) 1
- 0.65

-L--1 +1

1
+ 1 2

1 + r; ,

`..e

TI
1 1

+ ) 1:
3
= 0.70,

(1 +

= 3
----7 + 1

1.§.7 1 + .,
1

g
, (Exact value is r = 0.785 ..)

R

,a
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. A function f defined on the interval [a,b) is said to be a stei...
fmnotion on (a,b) if for some partition a ='(x0,x1,...,xn) of the

interval, f(x) is constant on each open subinterval ,(xk.i,xk), k 1,

sgn x is a step function On (-1,11, where sgnac
2, n. Thus
is defined by

b
Find sgn x

a

, X < 0
sgn x { 0, X ei 0

1 , X >. O.

)
If (a,b] does not include the origin, there are two cases.

-
.(i) a > 0. Since sgn x = 1 on (a,b], the integral has

.

the value b - a. 5

b < 0. Since sgn x = -1 on (a,b] the integral has

the value -(b - a).

If ra,h) includes the origin, a < 0 < b. We take a

subdivision and upper and lower sums and obtain the

integral I for each case as follows.

a = 0, a = (bie,b),

U b, L = - e'

I = b
vg

a < 0 = (a3-e,e,b), where < c <min (-a,b),

./ U b + a + 2e

L'= b + a - 2e

I=b+a
b = 0, a = (a,-e,0)

.0 = a + e, L =a
.

I = a

These results can be summarized by the simple formula
s ,

it., 1.1."

sgx dx = Ibl -
a

.
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A5-4,

7.' Evaluate esalc:he following integrals: The fiction [x] is defined
. in Appendix 1.

. .

(a) 3 + 411 dx

-1.

( c) f [FT dx

5

. 1

i9 dx-(b)

0 j

( f1- 1[15Z] dx
1

Each of the,giyen integrands is an increasing step-function and hence is

integrable either by the monotone property or by Number 6. In.the

notation of the solution of Number 6a, the integral of a step-function is

n

Pk(xk -.xk-1)
k=1

as can be deduced directly from the given upper and lower estimates.

Apply ttlis, result as follows.

3,(a) [{3x + 4 : dx = (1 + 2 + 3 + + 12)4 = 26
-1,
Eildx (( 0 1) 4 + 2 2

10
= 8

A 0 ,

8.

( c)

(d)

Show that

5
+ 43)

_12.7 2

12 dx (v+ VT + 16
1

= 2 + 31/:E. +

f prildbc =1.14...+ ..
' 2

)a

f(x)dx = 0:
a

xL

The integral can'be calculated by subdiyiding the interval [a,a], and

calculating the appropriatsRiemann sums. But all subintervals of [a,a]

are of length zero,.and any elethent of the.Riemann sum,

f(xit)la - a] = 0

Alternately, the Fundamental Theorem of Calculus states that

where r(x) =f(x).

a

a

.615
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Solutions Exercises A5-5

1. Exhibit the details of the proof of Patrt (i)when a < 0.

If mk <,f(x) < M._ on

'obtain

[xkli'xk]
and a < 0, then multiply by,ea

oiMk < af ( x) < amk.

From a -'
Mk(xk

xk -1) 5- a E mk(xk
obtain the lower sum

k=i ,k=1
. .

aL and upper sum aU for f over' [a,b]. If U - L < e, thefi

0 < aL - aU < 'ale:

Observe that of is tbbn integrable by Theorem A5-14a. If I is the

'integral o f and J that of of over [a,b], then

0 <U - I < E, 0 < J - aU <

from which it follows that

1J - 011 = Ij - 9U) -1-.«(u

< 1J Qui II

*Fe,

This result holds for all'positivt. f, hence J = aI.

2. (a) If the graph of f is symmetric with respect to tte,origin, then
f is odd. Prove that if f is odd and integrable on -a,],
then '

4.
f(x)dx = 0.

-a -

(b) If\the graph of f is 'symmetric with respect to the y -axis, then

f is even. Prove for an even function f which is integrabld on
[-a,a] that . 4

Jf ,
- .-a

a

f(x)dx =-2 f(x)dx.
- '

I

Interpret this result geometrically.

6163 3 2
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Take a subdivision of the interval into. 2n equal parts and set h = fit .

Take'the Rime= sum

n n

R = f(Ek)h.

k=1 k=1

where *(k - 1)h < k <kh, (k = 1, ...,, n).

(a) If f -is odd, f(-x) = -f(x),

n

R = (-f(tk)h] f(tk)h

k=1 k=1

0, 4

I

Since the limit of the Riemann sums is the same independe ly of the

method of subdivision and the choice of g
k

it follows thatthe

integral is 0. '.4

(b)' If f is even, 4450 = f(x), and A = 2 :i: f(L)h where thp,

k=1

sum is the Riemann sum for f over the half interval -[0,a], And

..the result follows on taking the limit. Geometrical interpretation:
0

The area. of a standard region is equal to that of its mirror image.

Parts (a) and (b) can also be done by comparing upper and lower suns

on the half-Intervals..

\ k

=

3. Prove Theorem A5-5c as a consequence of Lemmas A5-5a and A5-3tk.

aerive the Lemmas 64 corollaries of Theorem A5 -5c.

Conversely,

Proof of Theorem-A5-5c.

f6t f and g be integrable over [a,b]. From Lemmas A5-5a and A5-5b
/

applied in sudcession

°

oaf f()dx + pif g(x)dx af(x)dx f b p g(x)dx"

a a , a a

1

= f f(x),+ p g(x)lax.

a

Proof of LeiMa A5-5a.' Take p =-0 in Theorei

Proof'of Lemma A5 -5b. Take a =-.13 = 1 in Theorem A5-5a.

617,) ,



4. ProVe: If f and g are integrable where
then

/ 1

.4

/

g :.x If(x)1 on [a,b].

:(x)dxl lf(X)Idx.
a a

For all xi in (a,b]

-If(x)I <,f(x) < If(x)I,

whence by Theorem A5-5a

b

-If(x)Idx 5. ir: f(x)dx 5. ..i If(x)Idx
a a

or
/

r

(6
If(x) Idx .1

b b
< .11 f(x)dx 5.1 If(x)1dx

a a
.)

or

f(x)dx
b

a

'V

b
We observe that If(x)Idx represents the sum of the areas of the

a

regions bounded by the graph of f,, the x-axis, and the ,verticp.1 lines,

x = a, -x 7 b. .

V' 17

1

a

618 4
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. Compute the vanes of the given integrals using Theorem A5 -5c.

3

2

, 2 r. .Afi

l)dx-(a) k3 - 5xese

..;

-S

1 t

3
(3x

2
5 + 1)d = -('3 2 -('3

dx + dx.

.2 2 2

From Examples A5-5a, b, c, and

.b b a

f(x)dx = f(x)dx -11 f(x)dx

a 0 0

it follows that the integral is

,3

3
( J3

.' 3
2

-3-

3
2

7" 7

22

2
)

+ k 3 - 2) =

2

(b) (x - 1)(x + 2)dx
0

2 2

(x - 1)(x + 2)dx = (x2 + x 2)dx
0 0

23= + -2- - 2(2),

3
(x + 2I(x - 3)dx

1-2

2

3

(x + 2)(x - 3)dx =
-2

(x2

J. -32

t

,

4

619
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6. ta) Find the area of the regfoilOdlow the parabola y = x2 - 3 apove
the x-axis and between the lines x = -3, x = ,3.

. ,

,

. Area = 2 .1 3 (x2 - 3)dx

IS

= 2[(2- (13)3)
3 3.

3(3 - 15)]

WO,

4

(b) Find the area of the region between the graph of

f : x x2 - x 6, the x-axis, and the lines x = -2, x = 3. ,

First draw a rough sketch of f and indicate (by shading) the-
regiolwhose area- is to be computed . ' .4'

IP I

2:i.
Area = -

3
kx - x -0)dx

=2

S.

7. Find all values of a

y = x
2

--x - 6

ow\ ,

fomihich

a,

b s.

(x + x2)dx = 0.

(See No. 7c1), 4:
, -

g 2..

,5 a qo t
,

0

-
3' 21

'

The' number a must satisfy ='+ ;--- = O.' 21his equation has two
. 3 2-,

solutions

a = -
2,

and a''-= 0.

0

620
a3 6-
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3
'Compute

f(x)dx .where

o

f(x) =

1

2-x2 ,
0<x<1

5 - lix , 1 < x <13,

ir3'f(x)dx = 11 (2', - x2)dx + f3 (5 - 4x)dx

0 0 ..'''
1

,2 ,

-.,'*(2'- 4 -I- 6.0 - 4(2-- - :I.)) .,

3 2 2

-13
=

3

9. Verify that the following property
holds for, f : x -tx.

- f(c - x)dx.=

c-a
f(x)dx.

a ir c-b
.

lain the property geometrically in terms of areas. Do you think that

e,
property holds for other

functions that axe integrable? -Justify

......,1your answer.
a_ .

0

e integrals
represent areas of mirror7image regiops.

The property is

general fora function f integrable over [c - b,.c - a]. For

'f(x) = x, particularly,

621 337-
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110

X)(IX=,c(b a) - i(2 b - a
2
),

-a
x dx-=

c-b

1 [(0
-
a)2 10)2]

2

a

,

= c(b - a) = i{-b2 - a2).

1 toky

..,
d0. If a'function f -ts periodic with period X and integrable or all x,

shOw that .
,

y .

a
f(x)dx = n f(x)dx

a ,

(n-- ...integer).-
Interpret geometrically. " ;

A.

/ 9

a+h)..

f(x)dx =
f(x)dx.

k=1 a+(4-1)X

,Now consider the subdivision of the interval (a +
1)1., a + la.] into'm equal parts by means of the partition (u

0'111""ium)u =`a + (k - l)1.l)1.
ik+ and form the Riemahn summ

"Rk

. ,

Since the Riemann sums Rk, (k = , n) for each of e Sntegrals

. fc:dt:
/44

= f(a +
.

1=1

where

are the same, it follows that the integrals over the interval(a +-(k - 1)X , ,f; + M.] are equal andithtLresult
f011ows.

Gecnetrically, the
standard'regiOns forfthe integralsk

(a + Lk - )X ,.a 44] are
congruent.

63-33
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A A5.75
1.

11. Evaluate (without un ing'the Fundamental Theorem.of Calculus)'.
(1001:

(1 + sin 2x)dx

J 0

Note: This exercise uses Exercises A5...22 No. 1(d) which requires Section

A3-2( ii)

SinCe the integrand is periodic with period v, it follows frOm Number

'10 that,

(1 + sin 2x)dx = 100 (1 + sin 2x)dx::-

From Exercises A5-2, Number 1(d)

sin 2x dx -
1 cos 2v

- 0.

Answer: 100v.

1

12. Prove that if f is integrable oh [a2b] and if f(x) >*0 ,)for all x

in La,b], then
b

f(x)dx > 0.
a

1

For every partition of [a,b], L = 0 is lower sum. Since

the integral is.an upper bound for all lower smalls, the,result follows.

The result is also an immediate consegtience of Theorem A75a.

13. Prove that if f

-From Number 4

b

a
13(x) f(x)]dxl Ig(x) -

a

and g are integrable over [a,b1, then
, b

(x))dxl Ig(x)klx +
be
If(x)Idx.

a a

But lexe) 7 f(x) I < Ig(x) 1 + If(x)1. It follows from Theorem A5 -5a and

A5 -5b that

Ig(x) - f(x)edx <;'1. Ig(x)Idx + If(x)Idx.
a

623 3,39
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sow

A
14. Let f and g be integrable and suppose. that-',,f(x) < g(x) on [a,b]."

(a) If the inequality f(1) e < g(x) for some e > 0, holds on
any subinterval of [b,b], Prove the strong inequality

Ai

f(x)dx.< g(x)dx

0,-

16

Let [u,v] be a subintervai*of fail)] in which f(x) e < g(x).

We g(x) e and by Theorem A5-5a

v ,

[g(x) -,f(x))dx > e dx = e (v - u).
u .0

_,
'

Sinces,,g(x). f(x) > 0 on the rest of the interval we have

.c.
b

-

, u . v
[g(X)

a

=.1. [4x) - f -(x))dx + 1 [g(x) f(x))dx
a,' us

)
Ib

[g( -x) -..f(X)]dx

v

> 0 + e - u) + 0

whence

la g(x)dx - f(x)dx E (v = 11) > 0
a

frOm which the conclusion follows.

(b) If f and ,g are continuous at,- x = u in [a,b]

prove ttiat ,,strong inequality holds as above.

From the conditi8ns of 'Elie- problem,

J''°
g(u)._-)f(u) e > 0.

AlLo, continuity of f and g' implies that there is some neighbor-

hood of ia which it

If(X) f(U) <

and . Ig(xi

ancl f(u) < g(u)

Combining,, we -obtain

g(X),:=,f(X) >

in some neighborneod u. 'file result follows from part (a).

0

1.

624
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15. If function& f and !g are integrable,
[a,b], does it folloW that

f(x)'dx' < hb(x)dx <
a a

and gx) <

f g(4p1J2
a

Illustrate by an example.

< g(X) on

The function h may not bp integrable.' For example, take f(x)

g(xX = 1,
4 .or

h(x) /
-1

x rational

, x, irrational.

On every interml.,max(h(x)) =1, min(ht4),) hence for every upper

sum, 11 > (b - a), and for every lower sum, L < a). Thus h is

not integrable by Theorem,A5-4a.

.Not

-16t. ,(a) Prove the Man Value Theorem of integral calculus: If f is

continuous and integrable on [a,bl, then there exists a value u
In the open interval (a,b) Auchthat

b

= f(u)(b- a).
a

A

By the Extreme Value Theorem f(x) takes on a 'maximum value

and a minimum value m in (a,b). Since

m <f(x) <14

on (a,br we have from Theorem A5-5a

whence

b b b
m dx < f(x)dx 4.1 M dx a

1 teN a a

1)

m <
a

f(x)dx <M.
-

a
b

1

_

Since f(x) takes on every value between m and M (Intermediate

Value peorem, there-;is-a value u -in [a,b) for which

1

f(u) Lb
1

f(x)dx.
. a

625 41
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( b ), Show that the -value f(u) ,in (a) satisfies

,f
0
+ f

1
+ + f

n
f(u) = lim

n +
h-O

where h 1
(b - a)

and f
k
= f(a +'kti) -for k = 0, 1, 2, ...4

n. 'Thus f(u) can be interpreted as an extension of the idea of .

mean or arithmetic average to the values of a function on an interval,

The
1

expression for the integral as a limit of Riemannsums is

b
n n

f(x)dx = lim E f
h= lim E f h

ka h-O h-O
k=1 k=0

n

E f k

= lim (n + )ti ir)
h-O

NJ. %`.,

1: fkl

= lim (b - a + h)

]: fk

= lim (b - a + h) lim k=°
h-O n 1

from which the result follows (provided

O n '

kf

lim ILSLJv
h-O n

1

exists.) Existence is a consequence of,the fAct that if lim pq
4 h -0

Axists and lim p exists but lim p / 0 then lim q exists and
11.4 11..0 h..0 _.----.

lim pq
,

lim q -
h-O
lim p .

h-.0 ,

h-O

p

is
.(The point need not be brought up unless the Issue of

raised in class.) I

626 34.2-
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a a a a
17 If

0 + +1 n
+

n
show thatn+ n 2 1 O"

0

has at lei:at one

a0xn + a
1
x
n-1

+ + a
n-1

x + an

real root in (0,i). 1

.

Set f(d) = E a
k
x
n-k

. By the Mean Value Theorem (No.'16a) there is

k=0

point in (0,1) for which,

ss.

1

f(u) = f(x)dx
- 0

a
n?cn+1

a
1
x
n

=
n + 1

0 +
n

a

+ 1
+

n,

a x
n
1'

1

0

a
n 14,

.

1
-...

=

:.

1
40.

%, ,,
1

* 4 .
0

180 : (i. )

0

PT ve that if f(x) is integrable on [a,b], then( If(x)1 is
.

tegxable on [gt,b). .
.46 .'

, .

For1eSchpo.4iiive e ,there" Xist: a Pa;iition

a =)(xl,x2,x3,...,x11)14K an upper sum U,, and a lower sum L over

40 for which . t

4lit

...

.-. .-

7 U4 (mk: mk)(;Ick 4: xk4i) <.5,
k=1

;

where mk 5f(x)7 Nit on '[:ck..1,x0..,_1iep shall upper 'and

,

lower bounds .Mk, and mk for If(x)I, on each isterya1y
.f

IX 1,X1l. t 'mk s> 0, take

* .

Mk* = Mk and mk = mk. 'on lxk1,xkl. If Mk <0, then

. * . .x.

It(x)1 = -f(x) and we take ti. = -mk and mk. = -M, . 'whence'
A.11, -k,

*
mk = "mk

If Mk > 0 and mk < 0 we consider tWozasers:

(-mk) mk

627' 343



t

,

(a <Irk. ,ITaking Mk
t
.= Mk

*

Mk mkt Mk. < Mk 4. Imk

and
4

mk, = 0, gwe have

5i4k 91k.

(iA Imk1 > Mk. Taking Mk* = illioTjo and mk* = 0, we hav

A
Imk1 5 link Mk' .5- Mk r rak

. In every case

* *
U -L -L<

. *
,where U - and L are the upper and lower sums for

°

If(x)I. constructed by use of the bounds M. and mk .

Alternate Solution

'Define f
+

and f- by

-;/
(x)

, if f(x) 5-6,
i4f kx, = f (x) =

. I

.4. 0 ,. if f(x) < 0,
A

Since If( = f+ + f-, it it necessary

f are integrable in order to prove that Ifl

for each positive c,. 'there exist a par-y.tion

and a lower sum L for f over q' such that,

1-f(x) , )

I 0 , if f(x) > 0,

only to show that f and.

is integrable. Now,

a, an upper sum U,

the jext,

- U

ia

L (Mk i/k)(3k <

in the of

I

On each subinterval
K

[xk_i,x,]v chOoie upier:and-lciwerbOUridi--Mf-

and m
+

for f
+

as follows. If f(x) > 0 for 'at least one point
.

i in bck.a,x0 take Mk
+ .

Mk and mit = if f(x), <-0.

everywhere on the interval, take Mk
+
= mk

+
= 0. In either ease

,1 -

+ + =

Similarly, for f the corretponSing upper and lower bound's: satisfy

TTN ink-5.,._mk .,
..., . .

It follows.for the corresponding upper and lower sums that
,. .

_ - .
.

U
+ ; L

+
-< e. , U - L < C.

- , (
Consequently) : ft, 'an; f- are integrable and so also is Iii .

-628 S 44
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r.

. !
Alternate

Solution

19. "Suppose 1 if x is rational.

f(x) =

r.

-1 if x is irrational

Show
that if

U and
L are. upper

and
lower sums

fol. a partition
of

(6,3]
then

U >1 and L < -1.
Is f integrable

on (0,1]?

See Number
15.

Note that
If(x) I = 1 on

(0,1]
and that

1

0
If(x)Idx'=

1.

Thus,
tbe fact

that kr(x)1
is integrable

op (a,b)
does not imply

that f(x) is Integrable
on (a,b).

20.
If f arid

g are integrable
on

(a2b] . then
both, max (f,g) and

'min (f,g)
ire also

integrable on
La,b)

Use Number
19 and the

results of Exerci'ses
Al -3,

Number'7 :.

1

`

,

4

max(f;g) =
i(f-+ g If -?..g1),

min{f,g) = 2f + g -
- gl);

the result follows
from Lemma A5-5b.

There-exists:a
partition

-a and upper
and lower sums

f, :-U-6- and'_
L,2 for g, offer

a Budthat both,

,' s

-k

........,-,
...

,

'
U3s ,- Li

< t and U2 'L2 <..s.

, s-

44%. '

.

(For example,
I.?

a;N4.,,g such a.
partition

f6 'f , 02 for g, take

_

a = a U a -)
Let Mk', m1 denote the bounds

for i- in the

1 2*
Mb 7..

:._

expressions
for U 1 ,

and Li, Mk "' 411(1-jimkI!
the corresponding

bounds. ''

for g. Set ft .. max(f113).
On each interval

(Xlt_i,,xid
,choose

as'the :

upper bound for
4e, Mk = max(kI,Mt");

as the lower bound, Choose

. e ''''

U1
and L. for

I

mk1 ;' if Mk
=t14kl,

mit:
, otherwise..

629 3-46

.1
e



A ,

4

With this
chciicej

Mk mk max (Mk'

mkt
Mk". 'mk"

:

mk')
4. (Mk" mk

Form the
appr6Priate upper d lower sums. U and L for 4 to

,obtain

U 7 L
L L

1
)1.+ (U2 - L2) <2efrom

which the
conclusion

follows.To obtain the
result for

min(f,g)
observe that

min(f,g)
= ,-max (7f

, -g).

Firml iy,
since If I

= max(f,-f),
this

proof also
serves to

demonstrate

.
Number 21.

21. Let f and g be
bounded and

integrable on
(a,b].

(a) Prove f g is
integrable. on

[a,b).

Mir

T

First
observe that it is

sufficient to
prove the

result when f and

g are
positive. This

isttrue from the
boundedness of .f and g,

because there exist'
constants cl and c

2 such that 0 = f +

And *, = g + c2 are
positive. If the

result is true for
positive

functions then 0*
= f g + clg +

c 2f + c
1
c
2 is

integrable,

hence f eg is
integrable.

Tow let a be
a partition,

Mk' and mk'
uppei

and 11:1wer
'bounds

for f,, Mk"
and mk:'

for g, on the
subinterval

[xk.1,xk] of

the
partition,' and let U', L' and U", L" be the

corresponding

upper and
lower sums. For a

sufficiently fine
partition and

appropriate
_choice of

boundss _

- L' < e and :U" - L" < E.

.14.1

Ndw, choose the
upper and lower bounds

mk =
f g. Then Mk = M' Mk":

mk mk
s

mkt(mku mk") (Mk'
mktA(M: - ")

+ 13(4k'
mkt)-*

where A ' and B
are overatl.

upper boulids
for f and g,

. respectively.
Form the app

riate upper
fici. lower sums for f g

over v to
obtain

U -L <A(U1 L') + B(U" - L")

from
< e(A + B)

which it
follows

.that'- 17 g is
integrable.
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(b) If g is bounded away from zero, then is integrable over '[a,b].

For the proof, it is sufficient to prove 1 is integrable and then
g

to apply Part (a). Now suppose Ig(x)1 > c >'0. Let U' and L.
,

be upper and lower-sums fbr g over a such that U - L < e, and

let Mk, mk denote upper and lower bounds for g on the subinterval

[xk_i,x0. Choose upper and lower bounds Mk and .mk*, for
ti

' 1 * 1as follows. If mk > c or Mk <-c, then take Mk .= -- and .

mk.
* 1

'In 14,_* m,_* Mk -mk < Mk mk Ifmk n this case,

n c2

mk < ='.c and M; > c, then take mk = - 1
and

Mk mk
this case use 1 < and 1 < - --- to obtain

c

* * 1 1 Mk mk Mk --1-1!1;

Mk. mk c- + c 5- 2 2 5-
c c c

2
.* * ,,

upper and lower sums U and L , then
_ .

* L
U L < <

-x?

Mk
1

. In
c

For.the corresponding

, b
, 222. If f 'and g are bounded and integrable, then

a

(xf(x) + Sgkx)) dx

exists and is greaterthin or equal to, 0 for all copstant' a and p.
Show from this that

b

- a'-
.."J. i(X)2dx

b

f g(X)2dx >
b

11 f(x)g('
a . . a

. .

with equality if and only if (for f and, g- continuoUs) ,f =,cg _on.
[a,b] for somconstant e.

.

Consider the inequality

b

444:(fOc) + tg00),dx f(x) dx + 2t f(x)g(x)dx + t gkX) dx
a a

2 , ,2
2 -b. b

a a

> 0.

An inequality-of the form At
2
+ 2Bt-* C > 0.holds for all t if and

only if $2 - AC < 0,

in this case. A

%

but that is precisely .3,,Uniakowsky's inequality

631
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Pi

if' f = cg 'then equality obviously holds. If equality holds

$
2

- AC = then for spme choice- of t, taY t = -c

Now

b
.,2-

('(x) - cg(x/i dx = 0.

f - cg 'must be identically zero, for tf:there

f(x0) - cg(x0) 0, then Mx()) cg(x0)I2 0' and

. .of f and g there would be an4inteeyal containing

integrand has a positive lower bOund. In that case the

have to be positive, not zero as:required.

the only possibility. (Note that th) proof

,f and g at'only one point.)
- -

Were any point where

from the continuity

x
0

'where the

23.

J

If f

(0,a],

integral would

Consequently, f = cg is

requires the continuity of

is integrable and its graph is convex on the interval
show that

a .

: f(x)dx > a f(?) .

Interpret geometrically.
.

The'\grap4
;a

of f lied above its tangent at ;

(if f is not

11. and ft(2)

Then

AP

f(x) > f(i) + f -

differentiable there stilltelists a "line of support" at

would be replaced by the 'slope m of a line of support).

-

f(x)ax > [f(2.) + fi()(x - a)]dx re
.

2 2
0 0

/

/ 2 \ lc"
f)J 10

For f positive; the geometrical intepretation is that the area of the

standard region under the griaph f is greater than the area under

the tangent taken at ple midpoint of the base interval.



Set f(x) =1;c17) EgIr4

'(No'22).,..

I
. Show that -

(a)

10
3._ 3.fg

A + x''
.4

dx < -'1.2- .2 2

= .b2 in. the Buniakowsky inequaliti

.Take f(x) = ly g(x) = -ET3 .in the Buniakowsky inequality to

obtain the upper estimate. For the low estimate? use

1 1.

4r-70 cbc =

/2

4- 477:3 d x3 dx
0° 1/2

'(b) Show that

1
> 1 dx + dx.

.0 1/2

2
.

15
3

dx
1 >

50 .1-773

For the upper estimate; use

J 0

_

-

dx i- dx

fi+, x3
0 A-7 "1+ X

1 1 .

dx< 1 dx +
o. f 11 1/2

+

x

For the lover, estimate use the Buniakowsky.,inequalityt

hence,

IN&

e
1 -4-4 1

dx

0, 0c,c3

from Part (a),

2
0

633 3 49 ,
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rt:"377-7--77:7:-77---7ro,

26._Find a continuously differentiable function F in [0,1] such that.

'(a) F(0) = 6, v(1) = a,
1 '2

(b) F(x)2dx = LI
. 3

1

(c) F'(x)2dx is si minimum.

0

1

Take f(x) = 1 an4,.,g(x) = Fl(x) in the Buniakowsky inequality (No.,22):

19 1

1 1 .

l dx
0 0 0

Ft(x)2 dx
1

Ft(x)dx

2

> (F(1) - F(0) 12
(1.

> a2.

Equality holds when g.F cf for constant c. Thus -Fqx)'= c, hence

F(x) = cx + d. From condition (a), F(x) = ax; condition (b) is

automatically satisfied and is therefore redundent. Condition (c) is

satisfied since equality is aehieved in the ineq#ality above.

41.
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Teacher's-Commentary

Appendik 6

IND:MD.1.11a AND LIMITS

WAG -1.r.AbsolUte Value and Inequality

P1i Section Al-Ofootnote), we define lel as a . This definition

hasithe virtue of emphasizing the positivity of the square rsibt. It also

helps pc:prevent the error ofwriting 7 = a in case a < 0 This

- error leads to the amusing "proof ":

-1 = = I(_l) = -1

1 =thus ow.

We note that the form 'lends itself, more conveniently, to mathematical

manipulation,

et

1"

Solutions ticercipes P.6 -1

1. Find the abiolute value of the following numbers.

Jo"

1.75

A

( f

0

(a) For what meat numbers' x 'does = -x?

x<0

(b) Fbr* what real. numbers x does 11 x= x- 1?

x > 1

I I
635
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;Solve the equation's:

(a) 13 - xl =1

(b) 114 + 31 =

' (c) lx + 21 =x

x = 2 or x = 4.

x = -
,1

or x = -1

Either x +,2 > 0 or x + 2 < 0,

then ' x + 2 = x or -(X + 2) =

Thus there are no solutions.

(d) lx + 11 = lx - 31 The only s9lution is x =

(e) 12x + 51 I5x + 2 = 0 ' There are no solutions.

(f) 12x ; 31 = xi x = -8 or x =
2

(g) 2I3x +41+ 21 = 1+ 13 +xj There are no solutions._

'Por,what values of x is each of the following true? (Express your

'answer in terms of inequklities satisfied by 'x.)
_

(a) Ixl < 0 x = 0

(b). lx1 x x < 0

(c) Ix' < 3 -3 < x < 3'

- _ .1-(d) <H1,

(e) Ix 31 > x < 1 or x->,

,,(f) 12x - 31 < 1 1 <1''x < 2

(g) IX,- al < a ` 0 < x < 2a

(h) 1,x2 - 3 1 < 1
4.-

Y2 <
.

X < 2 or -2 < x <
.-

-If

(i) 1(x - 2)(x - 3)1> 2 x <1 or x > 4

, (J) Ix .1". 11 > I x - 31 x > 2

1.(k) lx - 51 + 1 = lx ±.51 x = .-

66
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+ lx - = 1

(i)
1):2 - a? >0

,' (0 Ix - al < ET

0 <_Lx _ al < 8

(p) Ix -11< 2' and Ix+ <-2

1 .5

1 < X < 2

x / +a

a - 8 < x < a + 8

V\ ,
a - 8 < x < a or a. < x a + 8

-1 < x <
1

1 (q) Ix:11 < 2 Tld 12x-31<2 -.4.<x<v1 5

(r) Ix+ yl = Ix1+ IY1, for all y x = 0 0

(s) Isin xl = 0 x = n x, n,
.

an integer

3n
.

(t) k if
in xl > 2- f +nn<x<-r.-+nn

.
, 4

. (u) 1 1 - ?T c l < 1 X > 1

2.
r.

_

(v) 1

__ 1.f...-

1
or x > v1x < v...- °

ti

5. Sketch the graphs of the following equations:

(a) Ix - 11 + iyi.=
.

For x > 1, y > 0, then

x- 1 +y =1 or x+y= 2,

line AL-

For x > 1, y < 0, then

x - y = 1, or x -_y

line BC.

For x < 1, y. < 0, then

-x +1 - y = 1 or

act,y = 0, CD.

For x < 1, y > 0, then

-x + 1 + y = 1, or

y = x,. line DA.

O
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.1111.

,...

(c) y = Ix - 11 + Ix - 31

For x < 1, then y = -2x + 4,

For 1 < x < w then = 2.

For x > 3, then y - 2x -

(c)

(a) y = Ix - 11 + - 3( + 21x ..:41 (d)

For x I,- then y = .,-4.X +.12 .

For 1 < k < 3, then y = -2x + 10 .
/ .

For. 3 < x < 4, then y = 4.
.

2 For 4 < x, then ,y = 4x - 12,.
O

fatm ;_,

ES !

11 OE E
EDE

ratil MU

a

y

2

MUM 2 FiEll

EMI NE11 EME
NEVEEIESEENIEINIIMM
11111MEEENIIIME11111
11111EREEKIEEIMEIM EE
1111111EINEIMMESIEEE011 SE111 CItt...IEFI

°I1ENEECiliiii

t4.



(e) .y '=. ix.7.11,--F I x 3t + 2ix - 11-1 +3,... ,-

For x < 1; then y = -7x'
...

For: 1 < x < 3, 1,then\y. = 5x _t 25,

Tor "< x < then y = -3x 4- 19.
0

For 4 < x < 5 then ,y = _ 3

For: 5 ;< x, en y = e7x - 27.

32

28

24

- Sr

0:9

INIMMINIMEMEMOMMEN
ESEMOMEMMINEWOMMMO
MANMESIMMUMNIMMUM
MOMMOMMUMMINIMMEMM
MMONOMMEMOMMEMMWSM
MMENIMMOMMOOMMUM
WOMMMOMMESSMONOMEM
WINIMMOMMOMMEMMOMME
WOMMINIMEMMEMMMMORM
SUREMEMOMER2MMUMEM
MMINIMMOMMEMEMOWOMS
MMIIMMOMMOMMINSUMM
1111WMOOMMIMMORNIMME
MOMMOMMOMMINUMMORM
MONSMUMINUMMIROMEM
MESUMMUNIMMOMINIMEM
MOMONMEMMOMMUMMEN
MEMMOMMEMOMMWOMMEM
MINIMMUMMOMMIAMMOMM
MINISMEMMEMMIUMMIS
IIMMESUMMEMMUMUMEN
MINEMOMISMONSOMMEM
IMMMOWOMMOMMOMMUMM
ININNUMMOMMUMMEMMIM
MMOMMOMMEMIONIMMON
MINOMMEMENWMOMMIRM
MINEMNIMMEMSMIAMMM
UMMINIMMOMUMMUMMOM
MIIMMOMMINIMMOMMMUIP
MINIMMUNIMMUMMOMMMU
MIIMMOMMUMMOMMOMMOM
MIMMUMMMUMMOMMENSM
IIMMEMMOSSMOSOMMUM

20

'16

o

12

. , .
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(b) Thus, show that .for positive numbers a and b, the condition
.

a< milt (a b) is satisfW by 5 =
a +

b
b

a--
For a b . the result

folios from-part (a). For a = b,
2

< a .

) Show for positive a, b that a + b
<max(a,b1 if a / b.

a

2

+ b <max(a,b).+
max(e.,br

< max(a,b)2

4

(b) Frame for all a,b that

max(ab) , 1 ,_
b + la -

. (c) 'min(a b) =* 1 ta + b - la - 14)

hen

Assume;,without loss of ,generality, that; a > b,

max(a,b) = a = 1
(a + b a b),

min(a,b) .= b = 2(a + b,,- -b)).

max(a,b) + max (c,d

From-Number 7(b)-

p 1 1max(a,b) + max,dj = -2-(a + b + c d + la + lc di),

max(a + c ,b + d) = (a + b + c + a )- c (b +.0 1)
=.: -14a + b + c d + I(8

The result follows at once'

.4

1.

> max(a + c , b + d).

64o- 356



4
13110V t 1;1

4 ft ,

I

III 1

,A 2
eib > 0,

.
,then ab

.10

> tainLa
2,b )1

csi. -
_.-

ab = lal Ibi ,(mintlaldb I)) =t ,

. s
a ,Show that-.f a= max(a,b,c), then -a = min(-a.,-b,-c).

If -.a..= max(a,b,c), a > b, a >
$4, ',

Lc , ,.,
then -a -b and -a < -c4.r - .
So, -a .-mirti-a,-b,-c),..

-

4

11; Denote min

6;,4,444 ,

Fs"

a

n
by -mint

r
3-

If :b_ > 0, r = 1, 2, n, prove that
1-

s

and similarly for max.

a a + + an la
2az,-1

. r 1: 2 n
< m

r+ ... + b lb

.

'Denote min{a-4 by rak , 1 < k < n and- -
ae

by b
na421

br. r ,' re

ak a
bk 5/ brr ' r = 1,Then,

1 < e < n.

n.

,,,,akbx..<bkar,. for all r. Adding,

Eikb + flkb "K -1!akbn< bkal +bak Z - - k n'

Factoring' and dividing, wet-obtain
ry -

a a a + a + +An
m_{ k 1 2

. br bk - b
1

+ b
2

+ + an

an the same vakrthe remaining inequality may be obtained.
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Ab -1

: !

12. prpve that' _ 1$

f:

.

l ' I - i + 2 4'4' ...
< 1 ,:for n = 1. 2, 3, .

n-'5, 01)2
(n-1)2+:..: -1- 22 + 12

_ ,

fl

tse theinequality obtained in Number 11, with

a
r r 1,

2
or

13. (a) Prove directly from the' properties of order for E 0 that
if -E < x E then< lx1 < E. Conversely, if txf < E then
-E <X <

Suppose -E < X < E. If 0 < x, = x < .

If x Lxi = -x. But:-E,< x -x < t.

-x JIXI <E.
0

Conversely, suppose Ix' < E. 'If 0 ,<-x, -Ix! = x, so

-E, < 0 < X < E thus -E < X < E for x < 0.E.

(b) Prove that if x is aza element of'an ordered field and if
Ix' < E' for all positive values E, then x =.0

If x / 0, take e -V4. We then have the contradictory

statements lx1 = 1x1 and 'Ix1 < 1;1.

14. (a) Prove that Lablx lal

Just consider the three Cases,

ab > 0, ab = 0: ab, < O.

6 358,
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(b) Prove, that id, a

4).

From-part(a) we have

-A

-and ,

Hence

Therefore

, b

1

114-id = la(b) I .= la '

ibi 11'1

IbI =ir-
lac it-i.frad

Prove that ix - y '< ELI 4:

T.n la +131 5 1a1 + 1131, set a = x, b = -y. -

16. Under what conditions dq the equality signs hold foi

.11a1 - 1131151.a +131 5 1a1 + lb1??

Equality occurs only if a = b = 0:

,t

17. If 0 < x < 1, We can multiply ,both sides of the inequality x <'.1 by.

x to obtain x2 < x -(and, ye. can show that x3 <.x2,

x < x3, and so on). UseAthis result to show that if 0 < 1x1 < 1;

then 1x2 + 2x1 <31x1.

'1,

; \
k2

1 x21 + 12x1'< 1x1 + 12):1 = 3,14

since 0 < <1)(1x1 = 1x12 <1x1

Prove the following inequalities

(a) xit >2, x > 0.
x

:.
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Since
2(x - 1)- > 9, we have

x2-- 2x + t > 0 or x2 + 1 > 2x

Since
1
- > 0, we obtain x + - > 2.
x

1

x

(b) x +
x
< -2 x.< 0. -

1.

(x +.1)2 > O.' So x2 + 2/ + 1 > 0, or x2, + 1 > -2x.

1, 1 x 1
Since. x, < 0, 2--- < 0

' x
so -kx

2
+ 1) < -2x) or x + - s -2.

x - x x -
.

Ivy

(9 Ix +11 >, x # O.

From (a) we have x +
1
- > 2 for x > 0

1. x
2-

t .
or lx + 11 > 2 for x > 0.x-
FrOm (b) we 'have ---(x + ad > 2 for x < 0

or -(x + -1) = IX + LI >2 for x < 0.
x

Thus Ix + 1
> 2 for x / 0X)

19. Prove: x
2

xlx1 for all real.- x

If x >?0, x = Ix', and x2 = xlx

If x < 0, Ix' < 0 < x2.

20. Show that LP Ix - al <-11-a then - Ix( <---L1- for all
2- 2

12-51i

-

Using the inequalities of 13(a); we obtain

,

.121. .121.-, al < - < x - a <
2 2 2

*".10.
2

< x < 31a1

-644 360
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21. Prove for pititive a and

Jb - al
2

a
(a b)

where a # b,; that

+b ve-113'< lb - al2

2
84.17)

ah
,

To avoid r , let a = m2, b = n2, then we have to show that

or

n2I2
, ; <

m2 + n
2

- 2mn
(m2

n21 2

4(:1' + n) 2

(m + n)
2'

< 1 < (m + 02

2(m2 +
,

Both of these Inequalities are equivatrent to (m - n)
2

>.0.

By way of example we show one of the equivillences:

(m n)
2

> 0 m
2

+ n
2
> 2mn

2(m2 + n2), > (m + n

1 > (m + n)2

2(m2 + n2)

65 361
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'TC A6-2. Definition of limit of a Function"-
t

In some texta", the idea of limit often is expressed In words like-these:

'If, as x gets cloter and closer to a, 'the values of f(x)!? tend to the

value L, then we call L the limit of f(x) as x approaches 'a." The

difficulty with this formulation, apart from the vagueness of the words, "gets

- closer and closer to," "tend to," is thatIt suggests, the e notion that if
),t

":)c

a
is croser to a than is x

11
then f(x

2
) is closer to J L than is

f(x1).

Example TC A6-2. Consider.

1 /

X sin -3i X t V

f(X)

1
We have lim f(x) = 0. Let' xl = ..E1,7 and x2 - g(1 + 4n)

(n, a non-zero

x-0

integer). Then lx1 < lxil' but If(x2)1 Ifcx1)1 since f(x2) -
2

o(1 + 4n)

and f(x
1

) 0.

The abo'e description of limit gives no clear idea of 'just how to verify

that L is the limit of f as x approaches a in any particular case.

We are compelled to give' a definition which yields a clear-cut method of

verification.
5*

Quite early in our discussion we refer to Appendix'1-X4 for an-explanation

of open and closed intervals.
These ideas are essential to the material in

this and succeeding sections. In the exercises; substantial use is made of

ideas relating to the order properties of real numbers 'and absolute value: '

the student is expected to apply basic inequality theorems. The objective

is to develop computational
faci9y with absolute value as abackgeound for

provfbg facts about limits. As a lead into SectiOn 3-3 we feel that it would

be informative for the student to be given some numerical values for e and

Agt
be required to determine a b.

sufficient to control the error (see, fo'r

Igo%.
example, Exercises 3-2, No. 11).
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,r'
The theorems of Section A6-1 provide the., basis fOr the following

guments. In thergeneral application of the transitive property we use the

trong inequality An the conclusion since a strong inequality appears at least

nce in the chain of reasoning. We also make extended use of the inequali-

Solutions Exercises /16..2

.A6-2

ties

1. 'Show that ifl 0

If a < lx - al

I lal - 11311 <4a+ < 144 1bl .

< lx aI <1,

< 1, then

'Ix

, .

then lx + 2a1 < 1r + 31al.

+ 2a1 = 1(x - a) + 3aI

< lx al + 13:1

< lx al,+31a1

<. 1 + 31a1.

It

2. Show that if 0 < lx.= al < 1, then lx?- a31.< (31a21+31a1 +1)Ix al.

If 0:< lx - al < 1, then

lx3 al = 1(x a)(x2 + ax + a2)1
. ,

4 = l x al
1 ((x a) + a)2,4* a (( x - a) + a!

I + a21

= lx al 1(x - a2) + 3a(x - a) + 3a21

< Ix - al [(x - 31a1 lx - al + 3a2)

< 1 + 3a2.

3. Show that if 0 < lx ="21 < 1, 'then
Ix

1
1

< 1.
-

Hint:. If lx - 41 > 1, then 1 1
lx - 41

We have rx - 41 = 1(x - 21 whence"

1-21 Ix- 21 5. lx.- 41 < lx 21 + I-21.
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Th Us, if 0 < ix - 21 <

2 - 1 < lx - < 1 + 2

or 1 < ix - 41 < 3

1
and - 41 <1.

1I d. 4
4. Show that if x - al <, , then:- < 2-

x a

We have I xl = - a) + al , so that

lal - ix - a.l < ixi < ix - al + lal

Thus, if <
lei
2

'141 - -12-1 <-1x1 <Id% +
2 2

,or

< I xl <
2 I 2

whence
a
2

2 942< x < ,

from which the result follows.

5. Show that if 0 < lx = 11 < 1, then 14x + ll <-9 and

0

If 0 <Ix,- 11 < 1, wehave

14x + 11 = 14(x - 1) + 51

< 41x,- 11 + 5

< 4 1 + 5

< 9.

Also, if 0 < lx 11 < 1; ye have

whence

.1x +.21 = 1(x - 1) + 31,

1

> 3 -

>3 -

> 2

'iPkT4-d <2 <1.

648 364
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ShowIthait if 0 < Ix - 21 < 11 :then.
7

21 < 1, then

Ix + 2) +31

< Ix - ,21 + 3

<.4.

Since x + 2x°+ 4 L. - ((x - 2) + 2)2 2((x - 2) + +

(x 2)2 +; 6(x 2) + 12

1x2+ ex + 41 >12`- 1(x - 42)2 6( - 2)1

>12 - ((x - 2)2 + 61x 21].

IMO

(x +d 11 < 4 and

1011us,4if 0 < lx - 2( < 1,

12c2 + 2x + >°16 4-'6)

>.5.

Finally, if 0 < - 21 < 1 we hale

1
<'1 < 1.

(x? + 2x +,4( 5

;

2x 4- tic'

< 1,

7. Estimate how large x2 + 1 can bebome if x is restricted to the:open

interval -3 < x <1.

If -3 < x < 1 then 3 > -x > -I whence

and
.

so that

4 < 3

. <9,

xr2 + 1 < 19.

8. Use inequality properties ,to 44nd a positive number M such that

0 < lx 11 < 3 for ell x and 1

(-e) (x2 + 220t < M

(b) 13x2 - 2x + 31 < M

go.

,

We are required to submit any po.sitive number M satisfying the given
ti

inequalities. It is not lieeeleary to find the smallest possible nunbe'r M .

649 " .
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The,problem is included here to give the student preparatory experiences

for Sectiori Atr3. Because of this, the strategy, is more vtluable'to the

student than the actual solution.

(a) k2+ 2x+ 41 <M

For 0 < lx - 11< 3, °

1 x2 + 2x + 41 = 1 (( x - 1F+, 1) 2 + 2 j(x - 1) + + 41

= l(x - 1)2 +;4(x - 1) + 71

< (x - 1)2 + 41x.- 11 + 7 y.

< 3
2 + 4

< 28.

We may take M as any number,

M > 28.

The graph y
11= ix2

+ 2x + 41

shows that any number M > 28

will serve.

(b)-13x2 - 2x + 31 < M

If 0 < Ix - 11 3, then

3 + 7

1 3x2 - 2x + 31 13 ((x - + 2 - 2 ((x - 1) +

1 3(x - 1)2 + 4(x - 1) + 41

< 3(x - 1)2-+ 41x - 11 + 4

< 3 . 3 + 4 . 3 + 4

43.

We take M > 4.3 .

The .2graph of y = 13x. - 2x + 31

shows that any number M> 43

do. .
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. . ,.. > t
' 9. (a) S h a w that if 0 < lx - 31 < 1 and 0 < Ix - 31 rer , then .c

,;-,

Tx2 91, < _ t,

i P,i --.7' . . ,

1x2 - 91 = 1(x : 3) ((x - 3) + 6) 1 a,.,
a

< Ix - 31 (Ix - 31 4. 6).
. - 4,, A

O

0c e

Thus, if 0 < Ix - 31.< 1 and 0 < Ix - 31 <7, 4- - , 4,
D

1x2 91 <7 (1 +6) .

or 1x2 - 91 < e.
44;

(b) Show that the pair of inequalities 5 < 1 and 5 <
e

( or

< min(1, 7) ) is satisfied by S - .

For. e > 0,
(7+ 7 7+ e 7

7 + e 7+ e 7 + e 7 + e

= 1 - 7
7 + e

- '< 1/ (since 7+ E > 0 ).

Also, for e > 0,
. .- .

V -7 +e=e* 7 +
1

e
< e

7
(since 7 + e

.<
7

\"
4

A
e

Since 7 + e 7
< min(1 , -), the result follows.

10. Find a number M > 1 such that kEc-4-1k1<M for all x such that

0 < 1x - 21 < 1. (See No. 3 above.)

If 0 < Ix - 21 < 1 then 'IX-1 < 1 from Number 3and'
=

Ix + 41 = 1(x - 2) + 61

< - 21 +6

< 1 + 6 < 7.

Thus, underthesb conditions,

+ 47-771 < Ix + 41 < 7.

We take ft as any number, M .> 7. '

ol 3 6 7
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'Fad ;the given v

loci1J91 <.
(a) ''e = 0.1

'4L(b), e = 0.01

Is your choice

e

ci find

... - e

# . .
a.number S's 'speh teak, if ° 0 < x - 3

. ,, 4 f
r ..

°. ,,i

of. 8 in CO Ac c ept ab le as an answer in (a)? Explain.

,Ix2 -. 91 = Ix 31 i(x 3) 0: 61 ,.
,.Ix 31 (Ix 31 + 9 ..:

4
8(S + 6).

< 8,

;*

( the, lEtst line we used. 0 < Ix - 31 < 8 . ) For convenience;- we

restri,ct 8 so, tilat 8 < ],. Then, under this condition, Ix2 - 91 < 76.

(a) To insureothat Ix2 - 91 < 0.1 we may take 8 =
0.1

1(b) To insure that 1x2 - 91 < 0.01 we take 8 - 0.701,=
\ . ' TN. ,,

,
The choice, -6 = 4-0 , is acceptable in (a), for if 0 < lx -.31 < 7001

..then - .- -
,- ,

1 2 1

' 1 x - 91, < 76 ''< 0.01 < 0.1.
_....

12. For the following- functions, fihd the limit LI as x approaches a.
For each value of e, exhibit a number o such that If(x) - LI <

, whenever_ I - al < S.

(a) f x = 3x 77-2, = 2

ei f(x) = mx + 1), (m # 9)
?'(c) f(x)=1. + x2, a = 0.

(tir lim (3x - 2) = .
1

2

We have

I (3r4,4 2) - I 3x -

- =
a-

31x-

WeirAsh to find a 8 such that whenever Ix -
2

< 8 then

- 2) = (- )i < E.f!'

We take 6 =
3

Then if Ix - 2I < a,

1(3x -

/ <3g
< g.

41.
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(b). f(x) = mx + bt (m / 0)r

liM f(X) = ma + b

xfa

krax + b) ..*(ma + b)I = lm(x a)I

. 1ml lx - al.

We wish to find a S such that whenever lx 7

1m1 lx - at <E.

at < S then

We take D = . For this choice of 8, - at <:8,.

f

1(mx + b) - (ma + b)I = (m( lx - at

< 1m(

< E,

(c) f(x)-17177+ x2, a = 0.

lim (1 + x2) = 1

x-0

1(1 x) 1(= x
2

.

.

. 1

We wish to find a 8 >0 such that 1(1 + x2,) -11

(x - 01 e5. We take 5 = 1E. For this choice of-
, t

.1 (1 -+ x2, 11% x?

ti

I

< E

6,3

369

tin -

< E whenever

5, if lx < a,
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TC A6 -3. ,E:pilonic Technique

(

The importance of technical mastery is lost on some students, usually..

among the brightest. It may be necessary to emphasize for them the connection

between mechanical skills and a conceptual grasp of the subject. Just as an

accomplished Musician can perceive the essence of a composition without

stumbling over individual notes, the accomplished userf mathematics must

have enough mechanical facility to be above distraction by mechanical details.

A great deal of IdedagOgical consideration has gone into the composition

oftection'A6-3. The student should develop an operationally satisfactory way

of working with the idea of limit. Memori4tion of Definition A6-2 is

'certainly not sufficient. Nevertheless, definitions !:ire like the fixed
stars. They give the stud;nt a firp criterion for knowing where he is.

We wish to'cultilzte*the attitude of inquiry in which.the student asks

himself the following questions:

1. to I have suitable approximations for L? (The answi- slibuld be

easy since the approximations are usually taken atrendpoints'or at

interior points.of a defined interval.)

2. Do I have a candidate for L? If so-, what is it?

3. How shall I test the candidate to see if it is the limit? Can I

keep the error within any giventolerance' e 'by confining the poidts

x to a siitable b-neighborhoodwof a?

0°

It iseasy to show that if! for anrbArary e > 0 there exists a
control, S >..4, then any smaller positiven4mber 8,1 will certainly suffice
foe the same e..,, /For, let there exist a 8 > 0 sudh that If(x),- Li e

whenever 0 < Ix - al < 5 . Further, let 5* be anr;humlier, 0 < b* <8.

It follow at once-'that.for all :x such that 0 < kt- al < 6* we have

0 < (I x < ; Whence,for_all th se x, f(x) - LI < e

We are -not Concerned with the 1 gest b that gives the'desired degree

of control over the error tolerance e; rather, we seek any number lb which
is sufficient. The task is often si plified if we agree to restrict b to ,

numbers less thanc, 1. This restriction simply-means that we are focusing our
attent n on the deleted interval (x_: 0 < lx - at < 5 < 1)..

Wei noted in Section A6-3 (Step 1. Simplification) that frequent.* we are r
...

-, able to find a simpli functiop g :,,=54cb, c a positive constant. This

) 4

r)6 7
4 ,
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is the case because we are
dealing primarily with functions whiclf have con -

tinuous derivatives on a full neighborhood of a. From the fact that f,

continuous, we have

L = lim f
-a

f(a).°
From the fact that f' is contin Is on A neighborhood we know that 11"(x)1

- is also continuous on any closed interval centered at a within the neighbor-.

trod (compositionof continuous functions Section 3-6). Consequently, If'(x)I

has a.thaximum value oft the interval. (Extreme Value Theorem, Section 3-7).-

1At K be any value greater than the maximum, so that Ift(c)1 < K on the

1 interval. 'Now, assuming 0 < Ix - al < 5) where.this deleted 6-neighborhood

lies. within the interval there exist; a value t 'within the 5- neighborhood '

(taw of the Mean, Chapter 3) such that

If(x) - LI = If(x) - f(a)1.

Ift(t,)(x"- a)I

= WW1 Ix: al

klx al

K 5.

The method of boundinPthe denominator in Example 3-3e is given because

it is a routine procedure conforming
to the letter of our general outline. A

short cut is to anticipate the problem'of bounding x away from 0 at line'

(1). We may recognize at once that, since .lx - al <5, the distance from

x to a is no larger than 5; we may then keep x away from 0 by requir-

ing S to be -Iasi .than: the distance lal of a from 0. To achieve this

A
we may take 5 <

For-your reference We'list the following generalities:

1. .>The definition of limit employs only values of different from a.

2. Limit is a local property (sometimes called a property in the small)

involving the behavior of a function within any (deleted) neighborhood. ,

appoint .
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A6-3

3. The existence of the limit of f at a point implies that f is defined '

for some values of x in every deleted neighborhood of a; that is,

f(x) exists for sole values of __x arbitrarily near .a.

4. The limit is independent of the choice oft the deleted neighborhood of t.
5. The assertion that the function f has the limit I; as x approaches a

is not the same as saying f(a) = L, nor is it the same a; saying that L

is an upper (lower) bound of 'f(x).

6. The value of S depends'upon the value of eo(eveption: f(x)' = c,

c constant).

A careful distinction should be made between the analysis of a problem

and its exposition. This is particularly necessary in the case of limit proofs.
Steps 1 and 2 show how the solution is found.: in Step 1 examine the problem

and set up a simplified model; in Step 2 we Outline our plan of attack or

strategy. Step 3 is the actual proof where it it verified that the solution

has been found. An attempt should be made to develop elegance of style in '

presenting proofs.

Solutions Exerc'ises A6-3

-the following epsilonic arguments the analysis (Steps 1 and 2 in the'*

patter of the text) precedes the proof. We make liberal use of the

inpqualities

ila1 - 11;711 < la+ 1)1 5 tat + Ibi , X

(Section A6-1), In the selection on 6 ,(in Numbers 4b - 4g) it is expedient

to restrict 8 by,the, aiixilitlry conditions that 5 <
A
1. The proof (verifi-

cation) is simplified by an application of Exercisers A6-3a ,Numba. 5(b).

1. Prove lim (2'f x - 3) = -1; obtain ancupper, bound g(o) for the absolute
x-4

error and find S in term of e. .

.

In tVis problem we write out the s-teps . detail.

To prove that) limlim x - 3.) = -1.

x-11.

FrOr each e > 0 obtain a S.

Show if 0 < Ix - 10 < 8), then 14'1 ; - - (-1)1 < e.

t , Step 1. -
.

(a x - 3) - (-1)1 = It x.. 21, :
,

i
1

=
2

Ix - 4I.

ti

-.

I
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(b) If 0 < hcz. lir< 5,

14. (7.1)1 = 2 lx

< S.

(c) .Take g(5) =

.

Step 2. To make g(5) < E, set 5 = 2E.

Step 3. If 8 =-2E and 0 < lx - '41 <.5,dthen

-1(2 x - (-1)1 =
2

- 41

< (2E) -

< E .

2. Give arguments that prove

(al lim c = c, c any constant.'

(b). liin x = a..

x-a

'4

ti

I

'(c) limce= ka, k any constant. -
X-a . . I

(Use the results of. Example 3-3a of the text for parts b and c.)
g

(a) lim c = c, c constant.
x-a

-

4tateMent of problem:

For each E > 0 we obtain

then 1c - cl <

I`

)
a 5 > 0 such that if 0 < lx-- at < 8,

.

..
Since lc -,c1_='0 is less than E > 9 for all b we arbitrarily

take any positive number for 5, say ,5 = 1.

Then for = 1 whenever 0 < Ix - al < 5, I we have c - cl < E.

(p) lira x = a.

x -a '

From example A6 -3a ,we have

lim (mx + b) = ma + b, m 0,
XEt

whence for m = 1, 'b = 0,,

lim x = a.
x-a

4 37
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(c) lim kx = ka, k contant.:
x-a

If k / 0, the result is a direct consequence of Example 3-3a; if

k = 0, the result followi from part (a).

3. Invoke the definition directly to prove the existence of the limits to

Problem 2. '

(a) See answer to Number 2('a).

(b) lim x = a..
x -a

We follow the pattern of Example A6-3a in Step 1. Then take g(8) =8:

To make g(5) < E we take 5 = E.

Thus, IS 5 = E and 0 < lx - at <8, then lx - al <8<E.

" (c). lim kx = ka, k constant.
xwa

. We follow the pattern of EXample A6-3a through Step 2 and take

,= 716;1
where m = k.

For 5 =
E ana 0 < 11- al <

lkx - kal = . lx -

< Ikl5

< Ee

4. In each of the fqlloving guess the limit, tnd then prove that your guess

is correct: give an expression for g(b) and find 5 in teris of c...,

1
2 h '

2
-(a) lim (e). .lim x,

x-0 1 + x- x-2 r' - 8.

(b) lim x?(x 3)
x....- 3

(f) 1im:x 3x 1

x-3
x + '2,

, ..

..-

(c) lin
x31- a3'

is

(0 li
4x2 - 3x - 1

x,....a

x 1 - a x +,2

x + 1(d) lim
x-1 x

2
+ 1 .

\

,We omit repetitious material. lhe'state 9t of the problem o ows the

pattern in the text.

o ,

08 3



4.

(a) lima - I.

x-0 x
2

2 1 -.1 x? 1

I 1
2

11 + x + x21 + x
2

A6-3

< x2 (since 1 + X2 > .0

< 52 if O.< IxI < S.
* 1

Take g(5) =, and set 5 = 14Z.

Verification:

If 5 = I and 0 < 1x1 < 5, then

(b) lim
x2(x 3)

x - 3 - 9
x-3

I

y

x2(x

x - 3 - 9) =
ix2

yi for x` *3

L
1

x-

< 52 < E.

= Ix 31 1(x. - 3) +. 61

.5. Ix 31 - 31 + 6)

< s(E, + 6).

(At the last line we used 0 < Ix - 31 <5.).

A.

For convenience we restrict 5 by requiring that 8 < 1. tinder

this condition if 0 < Ix.- 31 < 5

lx2(x 3)
-9I < 75.

X 3

Take g(5) = 75.- Obtain a 5 /Satisfying the two conditions e. <

and e,
7

< 5-
'

simultaneously. One way to,do this is to take .8

(Exercises A6-2, No. 9(b)).

°

Verlfic ion:" If E. = and 0 < 1 31, <

lx2(x - 3)
1 x - 3

7
7 + c

<
7

7

+

.< c

,

659 3 7 5,
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(a) x3 4ra - 3a2 .
x - .

x-a

We have a3
x2 + ax + a

2
for -a whence

x - a

Ix3 - a3
- 3a

21
I= x2'

+ ax - 2a21
x a

= 1 ((x - a) + a)2+ ai(x - a) + a

(x`- a)2 + 3a(x - a)1

- al 1(x a) + 3a1

-2a21

1:(8 -al al + 31a1)

(At the last line we used 0 < lx -.al <e, .) 4

For convenience we restrict g by requiring S < 1, Under this

conditidn if 0 < lx - al <8,

lxx3':44a3 3a21. < (1 + 31E11)1

We chopse 5 to satisfy the conditions S < 1 and 5 <1 ;fat

i.e., g < :flai). A convenient way to satisfy th'ese

conditions is to take 8 = .(ExercIses A6-1, No. 6(b))

Verification:
e

If it
1 + 31a1

and < 1x - al < s,, -then
+ e

;
3a21 = lx - al 1(x.- a) + 3a1

- al (lx - + 319.1)

<6(1 + 3181),

e
(f '31a1)

1 4- 31 a1 +E
1 + 31a1

< e " 1 + 116. + .e

< c b (since <1).



X +, 1
(d) 2

=

x «1 x. +1

r;

4

I x +
-11 lx x21... 1x.- 11 -Ix'

x2 + 1
7, 2'1 x2 + 11 1 + x2

5 ix - 11 1x1
(since 1 + x2 > 1)

5. ix - 11 1(17, 1) 4: 11

tx - 11.. (lx + 1)

<S(6 +1)
if k,_'3.1 <S,

For convenience
we restrict S by, requiring

S < 1. Under this-

condition if_ - Ix - <

I ax. t
x2 + 1

< (s 3.)

< 25,

To satisfy the two
conditions 8 < 1 and S <

take (for
convenience! 8 ;-- 2 6+

Verification:'

If C.. -- Si=
E
- and - 11,<B,

2 +

.
I X + 3.

I. 1 < 2 5

\ x2-+ 1

a

e
.< 2
77-

.
2

- .5. 2 ..i.- e "E.- .
n

< e
(Siiice

i---g--.- < 1),

lira
x2_ 1

x2 .-

1
lx
2

lx3 B

a

.
e

41/

aneously we
"k

_1,(1 h.; + 2 11 4

3 x2 + 2x

I -x2 + x + 2 I

3(x2+2x +1)

%..1. 1(x - 2)(x + i) I
3 I + 2x + 4

661
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EC convenience we restrict 8 by-requiring 8 < 1. Under this'con tion,
if--0 < lx -_21 <A,

At
,

it

1 2

x3 - 8 id <-13
1(x - 2)(x 4 1)1 (from Exercises A6-2,

I

(
No. 6)

<
3 lx - 1(x - 2) + 31 .

3
lx - 21 (ix - 21 + 3)

r,<-60.4. 3) ,
3

t38
8.

ye
.

wish to obtain a value 6
satisfying the two conditions 8 < 1and 3

simultaneously. One way to satisfy the conditions isto set

3 c

-
(bsereises A6-1, No. 6(b)).

-

1 +1 e

Verification:.
.

If. 6 -. 77--36 and 0 < lx -.21 < s,

k

4 4' 3e

he 4 1 1
.....' 1x3 - 8

?II < 1 x - 21 (lx - 217 3
4< -..84,

4 3e
-3- . 4777e- .

12
=-30- 3E) E.

<b

(I) x
3

- 3x -.1 1
x-0 X + 2 .1

4.'3)

x3 - - I 111 12x3, -1 x + 2 % 2" 12(x + 2)

(since

1

2
3(4

1
+ 3e) <

For convenience
we reptrict p by requiring 8 < 1. Thus if

.

3.,

0 < ki) 6.< 1- 1x'+ 21 > 2 - lx1 >1 and .-r----,,-;1- < 1.
)

fx+ el-

", .., -,,,

.....

,40
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/ a

Thus if .6 <-1:. and 0 < 1x1 < 6, we haveA . -

3+x2- (_2)1
5;51

2.21 ,I2x3 - 5x I

< 2 1x1 122 51

<.(x1-404(x2 +

. (3. + i)
< 46

To satisfy-the two 'conditions S < 1 and

We take, for conbedence, es"

Verification:

-(since
1-7 < 46).
2

e
< v::simultaneously,;

Set 5
+ in the statement. of the problem, as in (a) r- (e):

In the last step we have, under the- - conditions that.: 0 < Ix - 01 <
v ° . ;

lx x 2

3x - 1
(- 2)1 46

<4 ,--

14.x2 - 3x ' 1(s) 11.42
+ 2 9

0
*-

<

14x2 - 3x --

t
1(x - 11(4x + 1)1

17;-./

. x + 2 -1s (x t21

- 11 14(x - -1-51.
Ix + 21

4
s,` . .

e riestriot 6 so that 6 < 1. jindgr. this restrion,, if

< 11x-: 11 < 6, we have r1f-: .

;:' .

, ..'
..,,,. ! "*. ,I.: ":" : V.14x2 - 3x - 1

1 x + 2
< Ix -.11 14(x - 1) + 51 '..."."zil,,e?4:=..,::-1..-,.

Abor-?.,,,..

. '`.:kx-v :f4...\
... <,1x -°11,. (41x - 11 -+ ,5) fry !,

"irk
:Tx.",-
"Vt,< 6(46 + 5r) 1 . ; 1-' -+` ' ; -

i
. .. /.....

4 ';< 98.

663379

k.



We require that 5 < rain(1, ). This condition is satisfied if we

c
take

.

5-= _7-77 Y ,

Verification:
1 1 -_

If B.
9 + c

= and 0 < 1 x - 11 < .5 , then

1

x + 2
4x2 -. 3x _

1 1(x - 1)(1ix + 1).1
1

< lx - 11 (413.- 11 + 5)c

>
4

1' < 98

. 9+E
< E (since 9 + c

< 1).

1

c
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. ,
TC A6 -4. Limit Theorems

0 -
0

'Theorems become tools to the student only in so far, as he understands,

the hypotheses add appreciates conclusions that derive therefrom. Graphical

considerations are usually helpful in visualizing abstract properties and

proofs.:(1n particular, Theoremi A6-4a, b, c,,f). Proof; of the theorems should

be made plausible, but memorization of formal proofs is inconsistent with the

philosophy of"this course.
A 7.

The statement lim f(x)'= L ,simply meant that L satisfies the conditions
x-a

of Definition A6-2. It is conceivable that another number M- might satisfy the

same conditions./ Then the statements lim f(x) = L and lim f(x),=
x-a. x-a

both be true. If this could happen, then lim f(x) could have no meaning by
x-a

itself. Consequently, each limit theorem would need to be appropriately inter-

preted; for example, Theorem A6-4c would be stated: /

THEOREM A6-4c. If lim f(x) = L and lim g(x) = 14 then, L + M

x-a x-a 1 .. ..,

is a limit of g : g at x = a.

5

k
This interpretation is unnecessary, since lim f

unique."-.

o
A

0

x-a
if it exists,

,THEOREM. If L and M 'are limits of f at a, that is, if

o
lim f(XP) = L and lim f(x) = M, then L = M.

x -a x-a

Proof. Suppose L > M , take e -
L - M

> 0 then there are 8
1

>-0

and 8
2

> 0 such that

-e < L - f(x) <e

< f(x) /- M < e

Hence-000th inequalities hold for

0 < Ix - < trin(81,S2)

Thus 0 < 2e.._

for 0 < Ix - al <:b
1)

Or 0 < Ix - < 82.

AI

','
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Sometimes assumptions are left tacit. For examae, in the proof of

Theorem A6-4c, c* is, of courser subject to th4onditiorrs imposed upon
9

that is, * > 0.
`In Theorem A6-4c, there is

for ithe.addends ( f and g re ectprely). It is*tolerance!, el and,

sufficient that these t erances satisfy the Condition e
1

+ e 2 A
< e: Tor,

. -

a tolerance, e, for the stua (f + g). and

convqrkietice (and for definiteness) we take c =41- e- in the text. The
1, 2 2

,

1: - : "... e
ALcontrol6

1 1maintains the tolerance - f f and control
0

62 main-,
2

- . .
.

stains e2 = .-e for, g. It follows that t) <min(5 1'62) faill .maintain the

tolerance 2
for f and also for g.

6

1
We can obtain i a slightly different proof of

Lemma A6-4 in the following way. By hypotpely,
.

el' e
2'

we can find. 6 62 such that
. .. '

A
s

Theorem A6 d by utilizing
correspond ng to any positive

If(x) - LI <-e whenever 0 < lx -
F"

I g.(X) MI <-e2i7ifielieriier 0 < Ix - al < 2,.

and by Lemma A6-4 there is a 6 such-that "V
14.(x)1 <; IMI whenever 0 < Ix al < 6*

Since f(x)g(x) - 114 = - 1.4(x) .+ L*5 -14), if .,,If(x) .-

Ig(X) - MI < 2' an Ig(x)I then

In order

",,1140

Then to coverthe case

LI <

If(x)ex) - LMI < If(x) - LI Ig(x)I+ ILI Ig(x)', 141-

0

< e 3 I xiI + .1,LI
2'

to remain within the t2.erance e we take

Let S A2, and
2 an?take

'1E2 2.(; 1141 +
I ,where M = L = 0 we take

1 2 3 !MI + ILI +

beeppropriate control for

E1 2 arid

< c

= l'a2'6*)

666 .

.
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For this choice of 8 and for

. .
0.< lx - al < 6

we have

If(x)g(x)' -, < le(x)1- . 1g(x) - M[

< IMI +

IMI 4- ILI + It ,2'

< C.

Sum notation may be used to express a Meer combination

n

1°)() =Edifi( )

and state the corollary to Theorem A6-4c,

lim c
i
f.(x) lim f(x)

ix-a1=1, .

t

f

A

\. t
.

* -s.

Mathematical 'induction (Appendix 3) is required for the proof of the rI
corollaries to Theorems A6-4c end A6-4d, respectively. If the student works

through these proofs he will gain a deeper understanding of the fundamental

,result's anciOrtappreciation of the power of Mathematical iilductiOn.

/7,.4 ,,

In Lemma.A6r4 we hhve " a; b-neighborhood of a .herein g(x)

is closer to M than to zero." This means: 2br all x 14 the 6-neighboi.-%
hood and in thg domainof .g, g(x) Is closer to M 'than to zero. , 8
... .....,

'. ."
.

.

667.. 383
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SOBEF THEOREM (proof). ,:et I be the deleted neighborhoods of

a where

h(x),< f(x) .< g(x),

,

,For every, c > 0, I contains a deleted 8-neighborhood of a

wherein Ih(x) - m < and (g(x) - MI < E. Equivalently,

we have
, 'M- E < h(X), g(x) < M

whenever 0 < Ix al B. It follows that

M - fi < V?E) < M + e

or

IfXx) ml <

0
.

whenever 0 < ix al < 8: .

Solutions EXercises
,

' , .

1. .Prove the corollary to Theorem A6 -4c. The limit of a linear combination of
fundtions.is the same linear combination of the limits of the functions;

if 01) = Li, i = 1, 2, ..., n, then

x-a
n n .

1imEc (x) =E lim cifi (x)

x -a
1=1 1=1

x -a

n

=Ec

i
lim f (x)

,

x-a
1=1

i=1

(see A6:2).

Proof. We use the, First Pxixicfile of Mathematical Induction (Appendix 3-1

'and take'for A the assertion

'n

limEc f (x) =Ec
17. 1x-a=1 1=1

For n = 1 we have as assertion A
l'

lim clyx) = ciLi,
x-a

which is true by Theorem A6-4b.

668 3 8



e now ,assume A
n

true for n ..k

om-t-tre.induction hypothesis,

k

,`

. N

cif (x)

X-61 1.'

k+I

X7?.i=1

x.8:(lim ling

aWseeK to prove that -Ak is true.

c.L..1 1
6

kI-1 1k+1(x)

V

11.

k

lim f (X) +' 2, im k+1 fx+1(x)(Theorem A6-4c)

Xa

(x)E o .L. + lim c.
i 7X1r,41 k+1

1 1 ck+1 Lk+1

i=1 .

k+1

, and assertion +Z,
is true.,. Thereeore,

... .

d,

. A 4
n n

,

.

.

lim c.f.(x). =Ec,I.,
'3. 3.

i i

xa
1=1:

'.
1

i.,-,1

holdsfor every natural number n.

(Theorem A6 -kb)

!. PrOve the
corollarylii..Theorerti, A6 -14d. For any 2olynomial function

lim p(x) = p(a)

X-a

*Proof. To
,,

establIbh the corollary, *We use the First Principle of the-,'.

-.., .....___ (

Inatical Induction'
to Drove fix,,st that

. °-

f

' 6

li
n

a

x-a

We take for A
n -

the assertien that lit, x
n

x-a

For .n*.- I, assertion A

ri.
,

t 6.69 35
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. . -
... lim x = a

x-a\ -
which is true (Exercises

A6-3, No. 2(b)).

We now assume Ak

hYpothe-sis is

OW

w.

true and try
U> Trove

11m xk, = ak.
x -a

_x 1

k+1 kx = x)
x-a x-a

true. The-induCtion.

lim xk)(lim
(Theorem,A6-10),-a x-a

/

= ak a

k+1= a

0 Thus, Ak.1.1 is true and

n nr lm x = a,
x -a -'s

To complete the proof,' let

(1 and inductiohpothesis)

n* any natural number.'

. .

n

1D(x)
cr2x2 c'x '-/

0 1
c1xI

1=0

lim p(x) = lim :Ecix
x-a x-a

1=0 .

n

1=0

E

lim cixi (Coroll
ry to Theorem A6-4c

x-a

c. lim x

1=0

=Ec.a
1=0

= p(a),

3

(Theorem A6 -4d)

as iwas to Shown.
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3. Prove the,coi'o laries-to,Lemma A6-4I

4).

Corollary' 1. if lim g(k) =M and M / 0, ,then there exists a
1-a

neighbor ood of a where
2

> (g(x)) > 11'-11 for x..211 the domain
2

of g

Proof. Since g has limit M at a,' :there is a 8-neighborhood of

a 2. whlch g(x) is closer to M than to.zero. We consider two

cas s; M.> 0 and M < 0.-

Case 1. If > 9, we have g(x) > 0 by Lemma A6-4, and.

> g(x)' > 2 > 0 or 41 >ig(x)1 > h51 > O.

Case 2. If 'M < we hav -M > 0 and limg(x)) = -M > O.

Thus, -g(x) > 0 by Lemma 6-4, and > 0.
2,

This

inequality is equivalent to

I4I > 1(x)I

in Case 1.

1:211 > I-g(x)I
t

MI
> i--1 > 0 which is the same as the

> 0 or

eqdality obtained

(b) Corollary 2. A limit of a function whose values are nonnegative is
nonnegative.

4
Proof. Let g(x) > 0 and let lim g(x) M.

x -a

M >9.7 To do this we show that the assumption

xntmdiction.

'If M < 0, then 0 kind

lim .Eg(x) =

x-a

Therefore,

or

g(x) < o

We want to ,show that

M < leads to a

(Lemma A6-4).

contradicting the hypothesis that g(x) > O. Thus, M > O.

7
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"A6-4

.

4.. Prove the" corollarie8 to Theorem A6 -4e

(a) Corollary 1. If lim f(x) = L and lim g()ij

x-a, x.4a."

f(x) L
then =

r '
lim -..

g,lx,/
,

Mx-a.
i

5

r m

Proof, Since M / 0; by T heorem 3+4e, ven lave,

1 1
lim u7,7 -

M
x -a

. '

'From Theorem A6-4d, we have

0 °

lim
x)

i
g(x)

m (f-"( x ) 74gl ))xa
f(

x-a

- (x4a f(x))

\xx-a glx)

where, M

:

e

/,

(:0) Corollary 2.- nIf p and q are polynomials, 'and if q( a) / 0, 'then

o(x) p(a)

lim 4-'9 (77 FITZx-a

pof. By ;tile corollary to Theorem 46-4d,

lim p(x) , p(a) and lim q(xf = 9(a),
x-a

Since q(a) 0,
S

Tim 14g (Corollary 1 to Theoup A5-4e).
x-8

Find the folio;ding giving at each,,step the theorem on /limits whichjustifj.es it.
cay Urn (2 t x) lim + x Theortm A6-4c

x -3.. x-3

+ 3

%

j,
0,

rt.

612 a 8 3
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O

Theorem A6-4c

Theorem A6-4b
Example A6-3a
Theorem A6-4a

), where a and b are constants..

=

Tha
liM

X4 717" X.,0

= a lim b lim
?c-.0 x-0

= a 1 - b' 0

= a.

. .

(d) lam (x.' + ax2 +.-a2x a3), where a is constant.

lim (x" + ax
2
-+ a

2x + a3 + a a
2 + a2 . a + a3

4a3.

Theorem A6-4c

t
Theor,em A6,41;

Exialmple A6-pb

Theorem A6-4e
Example A6-3c

ti

Corollary to
I

,

Theorem A6-4d

, -:-...
.

6. Find the following limits, giving itt_each step the theorem which justifies
it. . ..

. st i
4

1'
lim

1

(x "- 1)(x
2
+-x + 1)

1 x--
, (x - lAx + 1)x3,(a) lim

x-1 x -

,
=1im (:1) li.?" tx

2
+ x + 1)

x +,1

3

x-1

.

3.
2

389

.

Theorem A6-4 0

"Corollary'2 to
Theorem A6-4e
Corollary to
Theorem A6-4d



.T

Ab),e-
(2

liit -°11.rp
.?0,2

(x - 3) (x +

'x-3 x 27 x-3 kx '3)kx + 3x + 9)

-21t-3 X-LITX2 + 3x + 9

x +1 3

= 1. ;7,-

7, Find lim , for
x-1

Theorem A6,4d

1.

Corollary 2 to
TheOremA6tlie

*Corollary to
Theorem A6-4d

'

n a positive integer. Verify first that

xn 1 n-+x + +`x+1+ (x /1

.) a
.

,

The virific tion of the divisibn is 'done.by simple algebraic methods:',

Now let' pt ) xn-2 + -1->x +.1.

lim p(5t) = p(1) Corollary to
x-1 . Theoremg6.-4d

4'1
= "n.

8. Delrmine hether the limits exist Ind, if 'they do exist, find
, . their val s.

+
(a) lim doei not-exist:

xx »1

+ 15 1m
x

which does not exist.
x-1 1* lit

(b) 1 (xn - a-), n a positive integer, a, constant.

Let p(x) = x
.n

- a

-lim p(x) = p( &)

= a - a

=0.

.

V14. 3 9 0

1
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Paft 2. Assume lim (x) f(a) L. This implies that lim A = 0 and,x - a

X-q

(c) lim 7)T7 +

x + 1x «-1 --

.

,lith ( + x + 1)

,

. 2 and lim (x 4 1) = 0, henCe lim /T -T x + 1--- x--1
x..-1

x--1 x + 1

A6-4'

does not exist.

(d) lim (x -2
2)(

lim
V7c - 1 (x - 2-)())7c -.1)

x + x - 2 x «1
(x + 2)(x - 1)

)

)(13-c 1)= lim

(x + 2r)(1/7 + 1)(iTc. - 1)

x - 2lim _4 7 .
. x «1 (x + 2)(1/7 + 1) 'u

V7(e) lim
1 -

- lim 1
1- x - 2+ vx

'9. Using the algebra of limits 'show that lim
f(x) - fa (a)

L if and only,

,
f(x) --f(a) L(x - a)if lim

lx al
o

First, we note' that lim g(x) =. 6 if and only if lim Ig(x)1 = 0,' and
also,that (g(x)( = (1g(x)1

.

- :

Let

, and
\,./

f(x) - f(a) - L(x - a}
Ix - al

f(x) - f(a)A L,x - at,

Then,

(Al

1

Part 1. Assume lim B'= 0. This implies that lim IAI = 0 and, thus.,x «a
. x-a,

f(x) -'f(e.),lim
x - a

'4'x «a x-a

thus

lim of Bj = 0 and lim B = 0..

675 3"i
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A6-1s-

10: Assume lim sin x = 0 and: u rn cos x = 10 each of the following

xft0 x.0 '

limits, if the limit
exists, giying at each step the theorem on limits

Which justifies it.

-

.

( ) lim sin3x = lim sin
2x lim sin x

x.a x.0 x-0

r4

(lim sin.x lim sin x ) ( urn sin x)
x.,0 x.0 x..0 \

= 0.

(b) lim tan x = lim'sin x

x.0 XvO
cos x

1im sin x

0.
cos x

.

(c) lim sin 2x (2 sin x cos x)
x.0 x.0

(x.0 , -,,

1 = lim sin x cos x

= 2 (lim sin x ; lim cos x

x..0 x.0

(d)

= O.

S.sin x ii sin x cos-x

F.0tan x m sin x
- x.0_.___

. limlin---x--7-----.____ sin x- 1ii-cos-x Theorem A6-lid .

x.0 x....0 ,

.

1 =1.

1

Theorem A6-4d

Theorem A6-4d

Corollary 1 to

Theorem A6-4e

Theorem A6-4b

Theorem A6-4d

r

1,- cos x 1 - cos x
(1 + cos x

f

(e)

x.0 sin x,
- lim

x.0 sin x 1 + cos x
/ '

sin2x
lim
0

1

sin x x.
1 + cos x

1 .

= 0 g = 0.

.

Theorem ,A6-10,

Theorem A§-lid
.

if

4

. 676 9 2,

I

<1.



f lim
x,.0

a

cos 2x
cos x + sin x

"

- lint
cos2x sin

2
x

cos x + sin x

lint (cos .x - sin x) lint

x-0
cos 3( sin x

-

cos x + sin x

A6-4

Theorem. A6-144

.1

_

, = 1im cos x - lint sin x] .1
I X.7.0

Th6Orem A6-14c

[
x..0

9
#

. 1. .

v,

11. Prove tle corollaries to Theorem. A6-4f.

(a) Corollary 1 (Sandwich Theorem).. If h(x).s f(x) s g(x) in some

deleted neighborhood of -a, and if lim h(x) K 'and lim-

e .

then, if lit.f(x) exis:ts, K < lint f(x) < M.

x-a f x-a
.

P000f. Since f(A <g(x) in a deleted neighborhood of a, we

have, by TSheoxem A6-4f, tilat .

., `" 1

lint f(x) <,limex)i
x...e.

,

, rit":* .

_ . .

Again,- since h(r) < f(x), in amdeleted.neighorhood6o.f a, have,

bf Theorem- A6-4f, that f ,

lint h(x) < lint f(x).

*

Thus,

lint h(x) < lim,f(x) < lint

or

K < lim f(x) <
x .-a

*.

,

(b) corollary 2 (Squeeze-Theorem). (Hint: Prole lint flex) exists.)
.

x...a .

0 ) ,. li \
..'..' Because,the proof of the Squeeze Theorem does, not folloW immediately

. , ./

. .
from Theorem A6-.4f it .s..giveJ in Section .'CAPS -4 .immediately preceding

.Solutions'Exercises A6-4. . i'

I
at

677 3 93
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A6.
r

m m
12. For 'what integrq.kvalues of m and n does

x

x +

the limit for these cases.

E t. r t 1 . For a = 0:'

' (i) ,if m >n,

b46k,

erim`XM xm-n
xn x-0 .

(ii) if m .n,

= 0;

lim X = lim 1 = 1?,
xn x ..0 .

xm
(Ili) if m <'n, does not exist.

xnAO, .

'Part 2. For t. / 0:

,r

,

2a ,.p even

lim (x + aP), =,

0 , p odd.

/ (1) , Thus, for a / 0 and n even,

lim (xm + am)
m

x
m
+ a

lim
x.-e. + an lim (xn 4. an)

/ ,_

2am m-n
= a m even

2an

= 0 , m odd.
'-'

2a
n

1

exist? Find

a 42

a

V

V

.
41 . m m. '

(ii) For a 1 0, n ctdd, m even, lim ,---+
does not exist.

P

x - -ax + a ,

J
678 3 9,4

.



.A6-4

1 4.

(iii) For a 1 0, n odd, m odd,

,

.

x
m
+ a

m . ,

m-1 2. m-1.

dim
um' (x t a)(x - ax

m-2
'''+ ... + a )

n-1 n=2 n-1,
- ax 4+ ... + a . ). x...-a xn + an x..-a (x + a)(x

. :.

ma
m-1

n-1
na.

m m-n e.
= - a4 n,

0 0

.7
13. Itove that if lim f(x) 0 and g(x) is b'bunded 1,11 a neighborhood of

a:

x = at then limif(x)'1 g(x) = 0.
i-a,

'Proof. Silica .g(x) is bounded theylexists a positive number M such
, ,

thbt

/
a

-M < g(x) < M

in a

-04
neighborhood fi;if x = a. Consequently,

< f(x)g(x) <,14
,

if(x)I.
.

,

,'in a neighborhood of x = a.

-By-the Squeeze Theorem,

f.

a

limf(x) g4k) = 0.

x-a
4

14., (a) Verify that if .lim 11(.24 exists and if ^lifil, g(x) = 0, then
.

g, x r i

1 %
x-a. x-a.

. lijn-itx) ....p. A ' J
x-a t , -
.

or

,

lim
LiF
f(x)' lim g(x) = ,im

f(x)
.T g(x)

x.a x.a

.172y4;-

0 =1im f

9 3 9

Theorem A6-4d

it



.
,(b) Give examples of functions f and g for which lim f(x) = 0° and

lim 8(x) = 0 yet the limit of their quoti'ent does not 'exist.
x-a

.

t- If f(x) xm and g(x)
6 gkX)

xn, m < n 144 does not have a limit

at O. Of hOurse, many other examples exist.

.4

15. Prove that if g(x) = 0 and lim f(x) does not exist, then the limit
xfta

'of the`'quotient
g lx)
142-Or does not exist.

,If lim
f(x)--r-r does exist and lim g(x) = 0, then lim f(x) '= 0 by
lx)

by Number 14(S). Contradiction.

16. The right-hand limit-at a point P(p , f(p)11 of a function is the limit'
of the function at the pOit-_P for a rig t-hand domain (p, p + 8).
Similarly, for the left-hand lidrt, the domain is resttictelft,to - 8, p).
We denote them syMbofially by f(x), Aspectively.

p,

In parUcular) lima [c] = 2, limLx] = 1.
..2 x-2-

limits, if they exist, of the following:
2 h

(a) lim
x-2 x2 - 4

(b)

For x 4 (2 , 2 4: 8), O. <8 <1,

Thus

ni2 4
11.m

x.2" x - 4

For x e (2 8 , 2), O.< 8 <1,

Determine the indicated'

ga
2

4 = ( Da - 2) ( [x] + 2)

0 -4 0.

2 Q.,
_ lid 0 . 0:

- 4 x-2+

Thus

[x]2

.4

4 = (-1)(3) -3.

2
100.

lim
- 4

- lid --3
x - - 4

does not exist.
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(c) 1,im (x -.2 +&t -
x.-3+

For 'x e"(3 0 < 5 < 12

Thus
o.

J

[2-- ,= -2 and [x] . 3.

.
lim (x- 2 +.0 - lim (x, -

x-3+ x-3+

4 = -4.

-(a-) Ain't (X 7 2 +

(e)

For x. E (3 - , 3)°, 0 < & < 1,

[2 - = -1 and [x] 2.

- 2 - 3)

Thus,

- ,.

(x - +, [2 - -\ [x].) = lirn (x '- 2 - 1 - 2)

lim
(x` _b

x-v
a x x

a > 0, >0.
O

10 12.Since b > 0, we can write 'X = nc+ r, where n < - is a non-44'
- x

b
negative integer and *0 < r <.1. Mus

k
= n, x -

n r , &hence
+

x [b]. bn
8, x El(n +

b'

a(1 + -r)

As x 0 +, n increases, without bound and
ti

a
= 0 for 0, < x <a. Thus,

x-v
lirn

,N+ a

b- -
X [a]) x,..,04. a x

b
= - lim 0

b
.

- a

681'

x.0+

r

lirn-

397

x..0+

b
x

0. Since a. > 0,

[i]

e

4,



A6-4

(f) lim_
6 a

a > 0, b >0.

The first term is similar to the first term in '(e) except that n ist

a negati.ve integer. Since a > 0, Eg. . -I for' 0 < Ix! .< a;

however, 11.2h increases withoUt bound as x 0 . Thus

?1 11
does not exist.

,-.a x x a

/3-c

lim
1

x.:0+4-77i- 2

. ,
15-c 'r 4 + iTc + 2

x ..0

lim - lim

1.7
x 4 /7!

4 7 i7 , _ 2
-0+

+ yx - 2 ..)/747i + 2

rt
4.

(---77;
= lim -,- ( 4

)
+ YX + 2)

16-c

=

Qi

+7,
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Appendix 7 ,;

CONTINUITY THEOREM
.

i

, .
, <

TC A7.-1.
,Completeness of he Real Number System: Tht Separation Axiom

;
.The-completeness of he real iumber sys ctym,is a consequence

of theSeparation Axiom. Wd no that in the axiom
the sets` A and B might not

A7-1

,

be disjoint; e.g.,

A (x x < 0) , B.= (x : x >-0)0

.iand -0- -rg- the unique
separation number.

Observe that,th'e
word ,!'seplrates"as used in the

separation axiom does not mean that s ,is' not in'efther Aor lir The
separation number s may be in either set, both sets, or neitherset.

ti

The completeness of the field of real numbers plays a central rolin the, . .-rigorous development
of.the calculus. We have based'our

logical developmentupon the Separation
Axiom because of its intuitive

geometric content. It 'assbrta the absence of gaps (holes) in the real,nuMber lino. The lieast UpperBound Principle,and the Separation
Axidmare logically equivalent. Thus, inthe sequel, we can feel,free to use whichever is most convenient.'

d 4

A:40; We have approached the real'nuMbers axiomatically; i.e., we have given aset of axioms
rich _enough to yield the properties

that we'need:' An aiterhaapproach'is to defihe the ,set of real
numbers in terms, of a more basic set, say

4
the rational numbers', This approach was taiten in the

nineteenth century byDedekind,,Cantor, and others. The origirial article of Dedekind
now appears inthe paperback, Essays 'in the Thebry of Numbers,

'y R. Dedekind, Dover, 1963.His account is both lucid and elementary.

1
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3 9 9

i.



r

A77,1

%

1. Prove/Corollary
o the_Least

-Upper Bound Principle.
If M is the least

,upper bound of t set A,- then fox each positive .E.-
there exists an:

a-t.A such that > M - c.

Solutions Exercises A7-1

0

Suppose there is n a > M - E. Th-
: M - c-< M' < M is an ipper

bound for A, ro radicting M as t lea upper bound.

2. Prove Corollary 2 the Least-Upper
Bound Pr nciple, A set of numbers

which is bounded tie ow has a greatest'lower bound.

--'Or the procief--Oitor Ilary
2, ,let A be a set which is

bounded below and

let B be the set o lower bounds of A. The set A = , A
(-d,: a E has

as the set of its '1ppi :r bounds, B='(-0 : 0 c B-). The greatest lower

'bound- of A iS R en by M =4m where M is, the least upper bound

of A. '

A

3. (a) Consider the sets A of poSitive rational numbers a satisfying.

a2 < 2,, and wB o 'Positive rational numbers 0 -satis Ing p .-2 :

'Prove if ec't A an 0 t B that a < a:

s.

2

If a". pen 4= 0
2 - contradicting. Ct. <

2

If a > 0,. then s nce a > 0 and 0, we have

Thes-e4ontradic't19 s force the conclusion
0.

s ,

(b) Show that a separation number s ,for the sets A and Be mu
r 11,

satisfy s
2

= 2; i.e., s = V.

Suppose s is a separation
number for A and .B an s

siaye g = V + c, c > 0. Then, +2 < s but /5 t B, .

TA 2 .*1
2

since (1 = 2 + cy2 + -17 5 2. This contradiction indicate

's-= + E is not a separation,number.
s = V7 --E can,aIso be

',shown to fail,,leaving
only s= ..4T as the separation number.

684 -4 Q 0



(c) Prove that 4.F 'is irrational.

Assume is a rational so .tion in lowest terms of x
2

= 2.

Then, p
2

= 2q
2

implies
p2

i even and thus p = 2r, where ;r

is, an integer. Now 1r2 = 2q implies q is even which,contradicts.

'our original assumption that is in lowest terms.2Hence is

.: .
,

4. (a) Prove for every real number a, that there is an integer n greatgr
1

4

than a (Principle of Archimedes).
- / \

Recall that by definition each integer n has a succeeding integer

i

n + 1. Suppose there were no integer greater than, a. Then, since

the.ip.tegers would have an upper bound a, they would have a least
1

upper boudd M. The number M - would not.be an upper bound .

. ,

2

since 1,1 is least. Consequently there is an integer n > M
1

.

/ihen n +.1 > M +
2

> M, contrary to the definitiqg of least upper
1

ti

J4 bound.

CILL.Prome----that given any e > 0 there is an integer 'n such that

0 <1 < E.
n

"\.

Part (a) proved. that there is ;an integer n
1

. Hence s > >0 .

5. (a) We define the infinite decimal

1! ' e0. elee3 7" ,
/ where c0 is an integer, and el , c2 , c3 , ... ,,are digits as

the number r where
.

c' c
1 2 en-

en +l
el , c2 ,

10
n e0 4:10 '''

c + --- + ---- + ... + ---- < r < 4. .
0 10

10
2

102 le
Show that the preceding inejuality-does," infact, define a unique
real number.

685 4 01
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: Define two setsi' Al the

b
n
, so that '

,We have

set of all, a
n

,

a = e + +
n 0 10,

= C 7-- +
0 .10

a

and

n

,e +'1
+4; n h

10

B
1

the set of all(

.-

a
n
< r <.b

n
for all n. 'Then r is a separation number

- t .
1

for A, and -B. Given any. ez> 0, then bn - an = --1-1- < e for
.

1.
. s

10 / ,

n sufficiently large,. By Lemma A7-1,, .r is the unique Weparation

number for, A and B.

(b) Given a, real number. r we define its decibal representation

recursively in terms of the integer part fundtion rx3 as folloys:

e
0

= frl

e - cn-e
n

= 104(r - c0
10

10
2,-

10
n-11'

°Show that the inequality in part (a) is satisfied for this choice of

e
n

. Show also that decimals consisting entirely of 's from some

point on are avoided. (Thus, we obtain 2 = 2.000 but not

2 = 1999 ...)

Since x - 1 < [x] < x,

(1) 10n(r- e - - c
0

10
n-1' n

e
- r c

m-1
% - -

0
10

n-1 '

or equivalently

c e + 1,

(2) c0 +
n n

+ < r < c0 + +

10 10

(Note'the strong inequality on the right.) ,

'Next, we establish for n ,that en is a digit by_

mathematical indication.

For el, we have from (1) that 10(i -.co) -.1:<

'Where- 0 < (r r ea) <A.t..

Hence, -1 < c <: 10 ,

686 40.2
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A7-1
-,:-,

.

. or, since( cl is an integer. 0, 0 < el.< 9.
Now suppose 'that-c

n is a digit 0 < cn < 9,4.,';nAhe
notation of Number 5a, we see.from (1) that

(3) c < 10
n
(r -n -1 < 1 + c

n
.

Now, replacing n by .n + 1 4n(1) we have
c ','tat

c
n , . .

() 1011.4.1(r - a
n-1 - 22) -'"zt"4'c

< 10n+1(r - a
n-,1 - ) .10

n
-:::::,- d

: n+1

1Qn4,7. ,,,,,,Using the inequality
(3) in (4Y44,:obtain

-1 < c
n+1

from which we conclude that c a digit.n+1

Now, let us suppose that r can be represented
as a decimal; with aninfinite string of 9/s

I
r = d

0-
d
/
d
2

ddd d
p-1

d
p.

:where we may without loss of generality
sUpbose that either p = 0.,.'''1:' ,P

Lor d
13

/ 9 (i.e.; that the laet.decimal place where a .2 does notappear, %if there is any, is the p"-th p Op).
donsider the _number

p = do. did2 -04 (1 +d)
(*

Take dq = 9 for q >p. For any index then, we see'tlat bothp and r lie between the numbers

a, d tti
+ +.0 10

10q

d
1 1 d

+
.

log.

and

. Since the upper and lower"
estimates here differ by- -1- it Nllows

p 10s1 .p = r.
Now-the method of

representation gilen,above yields,a unique decimal,
since12) is equivalent to the definition of d

nby means of the
integer part function. Taking c

9
=:'d for q <:p,c = 1 +dp, and cq = 0 for q-> p w, see glat_equality

holds onthe left in (2) for 4 > p; hence any
otherrepresentation then theterminating one is presauded.

t.
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,

6. 0:1- infinite decimal c
0

Grc.)2c3 *** )
is said to be.

periodic if for 'sane

.
.,

, .

.

fixed value p, the neriod.bf the defimal, we have. c
n

= el
ri-

for all-

.,

t satisfying n > n0a where we requing*that p iS%he smallqt positive

integer satisfyingthis condition.
In-words, frai some place ono the

,

decimal.consists of, the indefinite
repetition of the, same p digits..

Thus

:
.

.

1 .

#

= -.33333:.
3 .- .

15

,

. 44 =
.340.90909...

-t,

. .

are periodic decimals. It is convenient to indiCate a cycle of p digits

by underlining, rather,than repetition;. e.g.; .

22
--....,

.=.:142857 .
1...4"-v4-/

-:

Prove that every periodic decimal
represents'a rational number,.

(Hint: .consider
the decimal as a geometric progresslon.)

-

(a)

ti

Let r = co . cl c b b b
q 1 2 p

Then r = --a--
1)

2pe+ I..

10q -1041 10 q 103P41

where -'y = 10q:( . c c c ).
0 1 2

and 0 = 10,(0 . b1b2 bp) .

This latter representation f9r r is an infinite geometric series

"'with common ratio"
1

.
Whence we have,

r = .

10q - 10P)

(10P 1)r + PI

- 1) ./

Whial.isd rational-number,
siric,. (10P - and 104(10P -

are integers.

I.,/

688 404
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.

(b) Prove that every rational number haaa periodic decimal representation.
- ,(A "terminating" dedimal in which each place beyond a certain point is

.zero is considered as ,a special case of periodic decimals.) if .

. s
r...y. .-Eepresentsa rgtilmal number given in'lowest terms, find the

largest possible period of tn'infinite decimal representation of

1

r in termaof.the denom nator t. .
_ From (a) and-(b). we cone lide thfda.decimal which is not periodic'

represents an irrational number, and conversely.

We first submit a specific case which con&ins the germ of the proof:

we discuss-the,
.8

-ational number
.

8 _1' +1 1.
7

= = 1+-00.

_ .42) = ( +
7 10 7 10 7),

2 1 (.20 ).._

7 ' 10' 7'

6_ 14) . 1.(e 11..)

7 10 7 10. .7_,

k 4. 1/0N _11, 2.\
10,4 10,- 7,,

ao
7 10

_L'
7,

\
' 0 1. 7'

Tompare.this procedurelataithe long division" process:
4

.142a57

711.000000

LE_ .
3o A
28
20
14
66

50

Note that we stop with a remainder 1 since it occur'ed before. We

would get a repetition of the same digits if we were to continue-

the division.process:
N1 4

)

-r- e

8
.

l = 1.142857142857... .

I

I J.
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.4;,g

go'

In genera], we shall always get A remainder which is repeated since

there are only a f4ite numbers of different possible re inderip

The argUhent given here is based on the division,algor hiar,

must eventleraly repeat4Aself because remainders must recur.

Let -r =
a

where a and T are relatively prime and T > 0.

the decimal expansion of r asigiven by the method of Number 5

01

.c0 c;.c2c3 '

7

Represent J-,in the form 2
a
5
bm where m has no factors of or

5. Set q= max(a,-b), :t = 10(1m and rewrite g in the tonn-
,g

r
t q

,?0 m

Observe that m and s are relatively prime.

If m =.1 we have exactly

4
r =

lb?

= co , elc2

A-...
so that c

n
= 0 for n,> q and the period is 1. If take

.

...

.

,

I

= 10(14* (c0 c-1 c c ).
0 2 q+k,

From (2) in the'solution of Number 5, we have

k
1 1m s
< < X

k '+ '

whence 01-

0 < 10
k
s

k
< m.

Consequently, on dividing 10
k

s. by m we

and the remainder rk
7

0
k
s are relatiVelY pr

' b m can only/be one

foil ws that t least,tw

mutt be the s

we now ove/that the deci
1,10z

period p =
/

- i, namely

1

=

NoW

t

obtain the.quotient X,

rk
/ 0 since m and

me: ,Thus rk, 0a remainder on division '

thp Integer 1, 2, m - 1, it

of the m bers 'rk, for k = 1, 2,

e; say = rj with i > i. From this

expan ion for r is periodic with the

g

As

cic2 '" cq+i

690 .I4 0 6
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5

We show first that r
k

= r
ktp

Observe that,
0

L

rk 4r. = 10k+1.t--
k+1

10k+1.s - 111(10k
k

+ o
q+k+1

)
. .

lOr
k

r m c q+k+1°

q+k+1
- co"'But -c

ln+k+1 I

,k

= [10("m s )..k)]

lOr
k

AO°
COtoinlfig he last two results, we obtain

,

rk in terms, of rk alone. It-follows

= ri+2 = ri+2, etc. Thud

fs-a funotionof rkP. Since c
q+k41

also is periodic with period p.

0

cic2 ectii")]

r
k

A

a representation for

from

is

ri =, ii

pbriodic

L

that t

with period

we.see that'tha de 61mai'

.

Prove for every positive prime a Other than 2 and 5 that there'
exists sari integer, all of,whoegdigits are ones, fb. bh a is a
factor; i.e.,, a 'Ise factor ofv'some number of the min

10 -P

n-10. -1

+ 10
n-2

+ ... 4:410 + 1..

Let a be the given prime. We can write (from part (a))

(10P - 1)r +p

a log(1g'- 1)

or

a

a((lOP - 1)r + 0) = 164(101° - i) .
a

Since a is neither 2 nor 5 it follows that a is a
,

10P - 1 9(1d13-1'+ loPT2 + 10 + 1).

.1

factor of

If. a / 3, then a, must be a factor of the expression in parenra

thesis, If .a = 3, then a is a factor of 10
2

+ 10 + 1. In

either case, the result is proved.

'1
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7. '(a) Consider a polynomial with integer.coefficients:
6 4

ankn + a
11-1 .

xn-1 +.a..+ ... + a
1
x +,a (a

n
i 0)

-
.

Prove that if k is-a rational root of -this polynomial given in

-lowest terMs, then is a factor of a and q is a factor of
0-

11.
o 1

$

If
19

;4; Js'a root of the polynomial; then

n-1
an EE + a

n-1
P - - -

n - 1 .

. + a a + a
0

-.0

q. q

thence, on multiplying by
n

'

416

anp
n
+an_i p

n-1
ci + ... + al q

n-1
+

n
a
0
q = O.

. ,

It follows that p is a factor of, a
0
q
n

and q .is a factor of

a
n
p
n ,

Since .p and q have no factors in common, we conAgde that

-p is a factor of a0/ and q t factor of a
n

.

(b) Show that x3 + x + 1 has no rational root.

,
By the preceding result the only conceivable rational roots are

and -1 and neither is a root.

(c) Prove that if An is rational then it is integral.

A

A rational root a of x
2

- n = 0' Must be an Integer di-Visor of, r

n,- since q
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(d) Prove that I - ,g is irrational,.'

Set a = f - A., Squaring we obtain,'

a2 . 5 - 2Z

whence

'and

or

(a2 - 5) = -2Z '4

(a2 5)2

a
4

- 10a
2

1 = 0.

The only conceivable
rational "roots of this equation Are ± 1 and

o

neither is a root..

Alternatively. 'Assume - = rjrational)3 pen,

r
2

- 2r,g 4- 2 = 3.

Since ihiri implies that 1/,g is rational,

- 4

4

0

- A:5 Asjprational.
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1. Let f(x)

Soluti5ns Exercises A7-2.

f(x) =

1
sin , x > 0

0 , 'x =0
Show that f satisfies the conclusion of Theroem 8-2a on any interval
[0,b) but f is not continuous at x = 0. 6

1

g(y) =sin y is a periodic function of period 2n; - so it will take on I

all of the values -1 < g(y) < 1 on any interval nn < y < (n+ 2)n.

Certainly it will take on all of these values on the set 'of all y such
.

that y >
1

. In fact, each value of g(y) is repeated as many times as

we like on this set.

implies that f(x) = sin will take on all the values

the interval (0)b , and, in fast, f(x). oscillates 00

+1 an unlifnited number bf times in any interval, t0,b1,

What we have said

-1 < 1 on

between -1 and

no matter how small., %

This is a statement both that f satisfies the conclusion of Theore

118-2a, and that f is not continuous at x = 0.

For: Theorem 8-2a states that f, under certain conditions, williassude

all values between 0 and f(b) ;on [0,b). We have seen that f in

'fact assumes all values between -1 and +1.

Continuity of f at 0 .implies that for any e > 0, We tan find a
441,

6 > 0 such that for any x:. 0 < Ix' < 6, If(x) - f(0)1 < e. But we

have seen that no matter how small we make 6, we can find values of

'X, 0 < Ix' < 6, so that f(x) takes on all values -1 < f(x') < 1,

and If(x) - f(0)1 takes on ail values between 0 and S inclusive.

We need only choose e < 1, and the condition for continuity us

violated.

40,4
f(x) = sin Ili

-694 4 10 1
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4

2 Prove Viet if f is gontinued and has an inverse on [a,b] and
f(a) < f(b) then f is strictly increasing.

"f has an inverse f'" means that 1-1(y0)

Formally, if y0 # yl, then f(y0) # f(y1).

_Suppose .f is not strictly increasing that is, for soda pair of xo,:xl
,in (a,b1

x
0

<'x
l'

1(x1) 5.f(x0).

is'uniqdely determined.

We will show that there is an in (a:b1 such that x2
2 0'

f(x2) = f(x0), which contradicts the assumption that f has an inverse.

Consider the interval (xl,b1.

a ,
t(xl) < f(x0) = c < 1(b).

By theorem 872a,..there is a value

4I-1;

4.g

Certiainly x2 is. in (a,b }, x2 > x0.

4
Similarly, we could show there is an

f(x3) = f(x1).-

x
2

in [x
1,

b] such that

f(x2) = c = f(x0).

" fox)
1

f(b)

x
3

in x
3

(a,x01 such that

4

a'!

X3

695 411
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,A7-2

1$

3. Prove that, if f is eontinuous [8,,b1-2.1thebt-the image 'of(

closed interval.
-

From Theorem 8-2b, there are ,two points cald! x

and a < xi < b suchlthat

f(x0) < f(x) < f(xi) for all x, a <,x < b.

ia,b). is a

with a < x
0
.< b

The image.of f, then, is clearly a subset

[f(x0),f(xi)l-and includes--1.themdpoints.

the image of ,f inclUdee alb- the points yin

any value y,' f(x0) < y < f(x1),

and x
1

such that f(x = y.)

then the

of the closed interval-

Theorem.8-2a this us'

[X(xo,f(ii)): (If we choose

re is a point d,k2- between xo

t

f (.b)

f(x)

4. Prove that if f is continuous in (a,b) and all values of

[61,b] then there is an 'x on (a,b) for which f(x) = x.

, AO

We could interpret this problem as proving that the graph of the function

.00

_-0

f. are in

f x -,f(x)
intersectp the graph of the function g : X -+x

a

696 :4 1. 2



Note that this is analogous.tothe
situation in Theorem 8 -2a. InTheorem 8-2a,

the.lin2 intersected was y = d, d between f(a) 'and'f(b).

wirt-12,

'1)-a 1
I -t-

I

I
f /

-.3 I

i
1

÷} I

I

a1
ib -

. I
I

I.
I

I

---- I

t

Co)hsider the function

se

g(x) = f(x) - x.

This is'clearly a kontinuous
function, since it ishe difference betweentwo continuous functiond. We wish to show that g(x) = 0 for some xin (a,b].

(l) . Suppose g(x) > 0 for all x in [a,b].
Then g(b) = f(b) - 0, which is to say f(b) > b, which_ contradictsthe assumption that the image of is enclosed in [a,b].
(2)

Suppose g(x) < 0 for all x in [a,b].

Similarly, this,leads to the contradiction
f(a) < a.

(3)
Suppose^ g(x) takes on both positive and
negative values in (a,b1.

Choose c, d so that g < 0 < g(d) or g(d) < 0 < g(c). Since gis continuous,
Theorem 8-2a applies on (c,1).Theretore

we can tind apoint :k_
u in (c,d1, such that ig(_

u).= b:

4
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/

5. Suppose

. ...

f(. )

1
, x #0

At- x
0 , ,x = 0

Does f satisfy the hypotheses
of-Theorem 8-2b on the interval ("0,1)?

D9fs (8) hold for, f 'on '[0,1)? on (10-1°°,11?

. . ;

,- Cdoes not satisfy the hypotheses of Theorem 8-2b,
since it,4i.d not..

,1

1..

,

.

,

*intinuous at x = 0 1 (See Problem 1.)

40
1

does not hold on (0,11. ,f(x) =
can be made as large as we like

ilT we choose x sufficiently
close to x = 0.

x
.

,

y

1

1.,

.

t.

.1, 8. Do NuMbersP6
and 7 amount tO the same question?

i"-

ir Yes. Consider x -Y(2x1 on (0,11, or x --,(nx1.
.?

9. Can a nonconstant
function whose

domain is the set of real numbers be

6.,;:%Isthe
continuity of f essential-to the'

hypothesis of (8)?

.mot

4

-;.. Yes. Consider the example of Exercise 5

. Can a discontinuous
function whose

domain is a closed interval be bounded?

P

No. ,Number 6 asks, Is
Theorem 8 -2b true if we drop the hypothesis of

(8) holds an (10-1°°,11. lubf(x)

continuity?
while Number,. 7 asks,

Is'continuity necessary
for boaded-

bounded?

ness?

.

.-..

.

'

.

,

x
2

=
10100

9

on' tbis pterva 1 .

.i
e ,

..t

.

k of

k

Yes; e.g.,
x - sin Px or x..-4 2x * I

10.
Sflow.that a function

f which is increasing
in some neighborhood of each

point of an interval (a,b1 is ma,increasing
function in (ajbl.

/

,Consider the
set' A of points t ip la,b1 such that f is increasing

in (a,t1. Call c the least upper
bound of A. Then for 0 >a, f

L
is not increasing in (a,0).

Y !

%
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x.\ A7-2

We are given that f is increasing in a neighbOrflood of a if a.<,b.

Therefore, for some h, f is increasing in (a - h, a + h). ,Hence, -f

is increasing in (a, a + h). But this means that a + h is in Ar

while a is an upper bound of A. So a >b and' f is increasing in

11. A function has the property that for each point of an interval where it is
defined, there is a neighborhood in which the function is bouhded. Show

that the function is bounded over the whole interval. (This is an example,

where a local property implies a global one. It is clear that the global

'property here implies the local one.)

Let I be the interval for which f is locally bounded anTlet a and

b be the respecti/e left and right endpoints of I (n6 implication that

I is either open or closed). -Let A be the set of points consisting or

the point a and those points a of I for which f(x) is bounded on

the interyal. Ia = I

f cannot be bounded

If 3 <b, then f

(x x <a). Take a = sup A. If a n a, _then

on If If a = b, then f. is bounded on.

is bounded on a, neighborhood of a. It follOWs

that f is bounded on the union of A and this neighborhood, contradict-

ing that there is no interval Ice, with a >6 for which f is bounded.

6" 4 15 7,



Shlutions Exercises A7-3

1. Prove Corollary 2 to Lemma A7-3.

Corollary 2. A polynomial of degree
distinct real roots.

n can have no more than 'n

Let p(x) = a0 + alx + a2x2 + + anxn , an O. The n-th derivative of

.

p is given by
.
p
(n)

(x) = n!a
n

, a nonzero constant function.
)

/
It follows by Corollary 1 to Lemma A7 -3 that p

(n-1)
has at most one

real root. Applying this argument recursively we obtain the desired

-result.

42. Sketch the graphs of the fUnciions in Example A7-3a.

(i)

1

f : x x3 - 3x + 1

700 46
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3, Is the following converse of Rolle's Theorem 'dike? If, le-continuous
on the closed interval (b,q) and differentiable on thp open_intezval_
(toll, and if }there is at least one point u in the operi interval where,
ft(u = 0, th01 there are two points m and n where p < m < u < n < q.
inieh that f(m) = f(n).

Not true. Counterexample: y s x3 for any interval. containing X = 0 in

its interior. IP

Does Rollets'Theorem Natify the conclusion

or. x in the .interval -1 < x < for (y

that 1E = 0. for some values
dx , , ,,,O .

+1)3
F: x J't :

f

+ 1)3 =.,x2, .2k
_ . .

:2-7--- \l'he conelusion--of--Rollets---'dx 1)2 T 3x1/13 .

i
.

.

Theorem does not hold for the closed interval (-1,11 -sine; '1E- de
dx

not exist at x = O. -*._

5. (Given: f(x) = x(x - 1)(x - 2)(x - 3)(x - 4). Determine how many solu-

,
tions 'fl(x) = 0 has and fin& intervals including each of these without
calculating. ft(k). ' _

By Corollary 1 to Lemma A7-3, f'(x) = 0 has four solutioris. There is one
'solution in each of the open intervals (0,1), (1,2), (2,3), and (,41
since the zeros of f are 0, 1, 2, 3, 4.

6. Verify that Rolle's Theorem (Lemma A7-E) holds for the given function in
the given interval or give a reason why it does not.

(a) f : x 4 X3 + 4X2 7x 10, [ 1,2]

2 - x2
(b) f : 4

X,

f(x) = x3"4- 4x2'-

f'(x) ~= 3x2 + 8x - 7

f(-1) = f(2)= 0

+
One of the zeros of f',

-4

3
is in the interval '(-1,2).

Thus, Rolle's Theorem holds.

a
7°2 4

l
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(b) : -4 2 x2

-

A7-3

The function is not continuous at x = 0 and 4enc'e the theorem does
.

not apply.

. Prove that the .equation

f(x) = xn + pk + q =0

cannot have more than two real solutions for an even integer, 1.14. nor more
:,3..,...than three real solutionsIgpr an odd n. Use Rolle's Theorem.

f(x) = xn + px +.(1

411(x) = nxn-1 + p =-0

If n is even, f'l,is of odd degree and f/(x) = 0 has onp and only

one lution. It follows from Corollary 1 to Lemma A7-rthat f cannot

hasp more than two real solutions in this case. Similarly, if n is

odd, f' is of even-degree and -i''(x) = 0 has no more than two solu-

tions. In this case f(x) =0 has no more than three 'real solutions.

Og. A function g has a congnuous second derivative on the closed interval
[a,h].' The equation g(x) = 0 has three different solutions in the open
interval (a,b). Show that the equation g"(x) = 0 has at least one
solution 1n the open Interval

3

By Corollary 1 to Lemma A7-3,_ g' has at least twO zeros in the open

interval- (a,b) and hence the derivative of g', which is g",, must

have at least one,zei-o in the interval (ay)).

Show that the conclusion of the Mean Value Theorem does not follow for
(x) = tan x in the interval 1.5 < x < 1.6 'and explain why.

The theorem does not apply.; The function

open-Vrieriral (--1'r5,1.4.. (Note that 1.5

defined at
2

.) tan (1.5) > 0, tan (1.6)

Value Theorem held 1.n the interval .(1.5,1

in 11.5j1.6)' such that f' (u) <'0. But

postive.

erA

f is not continuous on.the

< 1,6 and fW- is not

< 0. "Therefore, if the Mean

.61, there would exist a u

D tan x sect x, which is



10. For each of the following fun tions show that 'the Mean Value Theorem falls

to hold on the intdrvalj (-a, if a > 0. Explain whys the theorem

fails..

(a) f x 114 lx1

f(-a) = f(a) = a. Y f'(x) is either +1 or -1 and never zero,

so the Mean Val Theorem fails to hold. (14(0) does ilot exits.)

(b) f x -01

If the Mean Value eorem holds foi-f on the interval [-a,a];

6 2-.
'a=

4 r
then for some u k-a,a), ft(u) . But ft (x) = - -g and

a

so is never posit ve. (f is not continuous at x = 0.)

11. Show that the equatio x5 + x3 - x r 2 = 0 has exactly one solution'in

the op4h Interval ( ,2).

f(x) = X5 +°x3 - x 2 and f'(x) = 5x1 + 3x
2

- 1. Since f(1), < 0 and

f(2) > 0 the funct on f has a zero in the interval (1,2), by'the

Intermediate Value Theorem and since t'(x) > 0 for x > 1, the func-

tion f .,has only ne zero in the'interval.

Show that x
2

= sin x + cos x for exactly two real values of x.

, Let f(x) = x sin x - cos x. Then

fl(x) =2x - x cos x,

= x(2 - cos x). .

' \-0
..

f'(x) = 0 if and only if x = 0',and hence f has no more than two ''°
.

,

zeros. Since ITO) = -1 and f(y) = f(-1) = y
2

+ 1 we conclude that

there are ze oe in the open intervals (-7(,0) and (0,y), by the

Intermediate Value Theorem. . J

a

13. Find a number that can be chosen as the number c in the Mean Value /-\

Theorem for,the given function and interval.

(s)itf x --ocos x, 0 <x 2 = 4 /i
°

c = arcsin
,2.

420

t



(b) f x -> x3, -1 < x < 1

we,

-

N C = -
13. or
3 , 3

(c) f : x -)x
3 - 2x

2 + 1, -1 < x < 0

PAYICANISINICAnannext,DOul>-

c -
2 -

3

(d) f : x -3 cos x + sin xl 0 < x < 2y

c = or

14. Derive each of the following inequalities by applying the Mean Value

Theorem.

(a) 'sin x - sin yl < lx yl

. -

If f(X) = sin x, then f is continuous and differentiable for all

x. By the Mean ,plue'Theorem,-for,en* x / y,

cos u, were x < u
0

< y,sin x - sin y

x

and hence,

!sin x sin YI 'cos 1,
x - y

or

sin x - sin yl < lx - I .

;:.

..
.i

f

.,
(b)

x
2

< arctan x < x if x > 6.

1 +.

)

If 'g(x)-; aretan.x; g 'is continuous for 'x > 0 and diffeentiable

for all 'x > 0. By the Mean Value Theorem,
$

arctan x - arctan 0 # 1
_ where 0 < u <fx.

_x 1,+ u2 ' ; .

Since
. .

1

we have

so that

1 1
2
<

1 + x
2

1 + u

1 -arctan x. < 1,

1 + x
2 x

2
< arctan x < x, x > 0.

+ x

7°5421, f

,
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Use the Mean Value Theorem tolpprocrimate 311.008. -;

Here f(x) = ,y3/x and we can choose p = 1, q = 8 for:Idnmerital simpli-

city. If we approximgte* f(x) by the linear functioh'--g-fWhOSe graphs`

is the chord 'joining the points (1,1), and (8,2),

g(x) 4= 1 4" . 15

Thus, an approximate value of 341.008 is given by g(1.008) = 1.001.

Since JO-- f,(x)1 5 2M1(x- where M is an upper bound,of,o-V(x)

in 43,01 we have the error estimate

11.001 - 311.0081 < 24008) max

3771 t;

11.001 - 3)1.0081 < 2(.008)(3) < .0054

o.9957 < 3ii.o0g < 1.0064.

To get a better approximation, we choose a number q closel. to .
27

convenient.varue is. q = . Then

aind

,
g(1.008)- = 1 + k.008) m 1.0017.

Here

.11.0017 - 311.0081 < 2(.008)
3

Wand

.9963 <- < 1.0071.

4 _ 1
g(x) = 1 +

27
(x - 1) = 1 + (x - 1),*

19
75- = '

Combining this with the previous approximation, we have

.9963 < 31i.008 < 1.0064.-

40,

We can sharpen the upper bound,ty choosing q very'close to 1.

AGet arbitrarily close to 3
y.L.008.

1: .

.

Alternatively, we can proceed as follows. 04 the Mean Value Theorem

9 P
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d



t

O

v. .4'

it ibllows, that
v

3./i.008 - 3y5: 1

1:008 - 1.
3

3
e
2

1 < c <

(here 1(x) ,316-c, q = 1.008, p = 1); Then, since fl(c) is monotonic

in [1,1.008r, we hav'e

'4°°18 .< -*°°18 < 3,1..008 - 1 '°/c8

3q 33C-082

or

1.0017 < 3;1.008 < 1.0027.

16. Use the Mean Value Theorem to approximate cbs 61°.

4

Choose

ett

Os
q
q -

P

eee P sin c, p < c q.

-

Note that p and are in radians and

a

_ g
q 7 3 FM

to g

1/36

cos(3 + 1÷0) - co s

1870

Since

or

- sin c.

v sin 60° < sin c < 1,

3-3-6 < .cok;61° - ;:3" <°- 18-6 2

1 It rc
- Tau < cos 61° < 1 - .

radians.

17. Show that a 1 +
n
c < n an + e < a 1 1 42 En

n(a +-el na. .

a > 1,C n > 1 (n rational .

Let 1(x) = 11c. Thee
.

f(q)

P

Choose q, = an + p = an. Thus,

70 7 4423

I

for e > 0,

-.
p <u < n.



nr+ E - u
1 n

n uE

and if It > 1,

E
n arc.7. en

na

Since

En a ;,.1. e Ea
":1r

n(an + e) n(an + e)

we obtain the desired inequalities.

,
18. Using Number 17, obtain the following approximations:

1 3
( a ) 3 ;+10 < 1(30 < 3 9

1

ft`

a
n <u<an

+

If n.= a = E = 3' in the result of Number 17, then

1
3 + 15 < y30 < 3 + 1

(b) 3 + < 51TAT < 3
5(2 4) 7F5

If we set 'n = 5, a = 3, e =r1 in the result:of Number 17, we

obtain the desired result.

(c) ShOw that the approximation

143 + 3 4- 3 r1-42 5( 244)405
to VAT

is correct to at least five decimal places.

We note let, in general, if a < b < c, th2the error in taking
. .as an'aDproximation to b is no greater than 1.

gke - a).

a + c
2

Letting a = 3 + 5400 b = 5/274., and c = 3 +

..}.**5 _5'110)2* 3.21g)-((4 1220)) 2(81)1(1220) < 1001,000

TherefoM

I2(3 455 3 5(210))11=5j5W1 < 10-5.

.., 708
4 24
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Show, that a straight line can intersect the graph of a polynomialfUnctign of n-th degree at most n times.

Let!.y = mx + b be an equation of a straight line anddp(x) '= a + a
1
x + + a

n
xn be an n-th degree polynomial (a

n
/ 0).

0
Then if y = p(x); we have g(x) = 0, .:where g(x) = (a0 - b) +

,

m)x + a
2
x
2,

+ + anxn , an 0.. By Corollary_2,to Lemma A7-3
(proVed in Solution No. 1), g(x), a polynomial of n-th degree, has
at most n distinct real roots. Therefore, a straight line can
intersect the graph of a polynomial function of n-th degree at most
n times (unless, of course, g(x) is identically 0; i.e., p is
linear and ,p(x) = mx + b).

(b) Obtain the corresponding result for rational functions.

Let R(x) -
f(x)
iriy where f is of degree t > 0 and g of degree

s > 0, g(x) / O. 'When R(x) = p(x), where p is a polynomial
function of degree n, then .p(x) g(x) - f(x) = O. Let
q(x) = p(x) g(x) - f(x). Then the degree of q is at most
max(t, s + n). Thus the graph of a rational function
x -01(x) - f x) , where f is of degree t > 0 and g is ofg x
degree s > Op can intersect the

graph of a;polyndmiaL of degree n
in at most max(t, s + n) points. Since n'= 1 for the linear
function p, we conclude that the graph of a straight line can meet
'e graph of R inlet most max(t, s 1) points.

i
(Again, if Rt +

s linear there is an exceptional case.) * .

Could sin x or cos x be rational functions? Justify your answer.

Akio. By the results of (b), if sin x were a rational,function; then
the equation sin x = 0 would have a finite number ,of,solutions.
The samesremark applies to cos x.

20. Prove the intermediate
value property for derivatives.; namely, if f isdifferentiable on the closed'interval (13,0 then f'(x) takes on everyvalue between ft(p) and flTq) in'the open interval (p,q).'

r

Suppose fl(p) < m < ft(q). Set a' = minfm - f1(10);'f'(1) There
exists a value 8 satisfying 0 < 8 < q - p for which, simultaneously,

+ 5 - f(P). ft(p)I < E and
le(q) - f(cl

- ft(01 <
6*

)

8

-70425
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.
For the function

g(x) -
f(x + 8) - f(x)

where 8 is fixed and satisfies the preceding
conditions,, it follows that

g(p) < m < g(q - 8).

The function g(x) is continuous on the closed interval (p,q - 8]

and therefore satisfies the intermediate
value property on thqinterval.

There'must then exist a value r (p,q -'6) such that

g(r) -
f(r + 6)" - f(r)

6
- m.

By the Mean Value
Theorem 'we have for some value c, f(r + 6) -110 =8f'(C)

where r < c < r + 8. It follows that flZc) =,m.

Alternate Solution:

Let

r
p
(x) - f(x)

f(p)
x - p

rp(x) = f'(p).

for x p,

for x,= p.

r is continuous on (p,q] and, by the Intermediate Value Theorem; takes

P..
q

-) f(p)

on all values between f'(p) and
f(q

. Similarly, let
p

r (x) f(x)
-
f(q) for x

r (x) = f' (q) for x = q.

) - f(p)

rq is continuous.and

f(99
takes on all values between

and
- P f

f'(q) of (p,q]. 'Now by the Mean Value Theorem, there exists a :c

such that f'(c ) = r (x) and a 1 cq such that f'(c ) = r (x) for all

q q

x in fp,q1. Since rp(x) and r$(x) between them take,on all ialues,.

between fl(p) and f'(q), it follows by the Mean Value Theorem that

f'(x) takes on all-values between f'(p) and f'(q).

fb
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A7-3
0

.ft(x) > m > 0 and M > f"(x) > 0 on (a;b]
and that

r.N . f(r) = 0 where r e (a b].
Let xi e ta.b] ,:oand put

f(xl)
x2 =

xl -1117)-ci

1.1 < - .r121:4

W the Mean Value Theorem, there is a g between x
1

fand r such
:that

f(xl) - f(r)

it(g) -
xi - r

and, since fl(x) is also continuous and
differentiable, there is

a t
1 between x

1
"and g such that

e(g1) - t

ft(t) 7 v(x1)7 (xi Or(t1).

Thus'

1(111) f(r) = (xi Oft(t)

= r)tfqx1).- (x1 - g)fnai)]..

f(xl) - f(r)
And

x2- r r f since f(r)

.Since

and

(x, - r)

l- r -
---"---"4f1(xi)f!(x1). (xl °f"1)3

f"(gi)

(xl r 4(xl

1x1 < (xi ' 1.11

If"(ti) I <M

If,(x) I > m

- rl 5 - rI2

711 42T
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Solutibns Exercises A7-11-

*A7-4

1. Let 'f be differentialle on a neighborhood of a point a for, which,ft(a) = 0. If f'(x) < 0 when x a and ft(x) > 0 when x > athen f(a) is a minimum-. IA ft(i) > 0 when x <-a and ft(x) < 0when x > a then f(a) is a maximum. Give a proof.

We consider the case for f(a) a minimum. The proof for f(a) a maximumis similar. Let x be a point of a deleted neighborhood of a. By theMean Value `Theorem there is a number u, such that f(x) -f(a) = ft(u1(x.-a)for a < u < x and for x < u < a. From the hypothesis, whether x < aor x > a, it -follows that
7

ft(u)(x 1- a) > 0.
4

We conclude that f(x) > f(a) for all x ,in the neighborhood of a.Therefore f(a) is a minimum.

2. /4t f be continuous on the cloped interval [a,b) and differentiableon,the open interval (a,b). Suppose u is the one point in (a,b)where ft(u) = 0. Prove that if ft(x).. reverses sign in a neighborhoodof u then f(u) .is the global extremum of f on (a,b) appropriateto the sense of reversal.

('!'

By, the hypothesis, f'(x) = 0 has only one solution, x = u. The
derivatipe fl(x) must have constant

sign in each 'Of the intervals
(a,u), (u,b) or we

0

could'find"dnother zero of the derivative by
Exercises A7-3, Number 17. Sihce f'(x) reverses sign in a neighborhood
of u, either f'(x) > 0 for x < u, or ft(x):> 0 for x > u. We
will consider the case where f'(x) >0 for x < u and f'(x) < 0 forx > u -(the proof for the other case is similar). Since f'(x) changessign at u, f(u) is a maxima in a neighborhobd of u. By the Mean
Value Theorem, for the interval [a,u), f(a)g - f(u) = f'(v)(a - u) forsome v, a < v < u. Thus, in this case f'(v)(a - u) < 0 and
f(a) <.f(u). In the same way, applying the Mean V60.ue

Theorem to the
closed interval (1.1,b) we can show that f(b) < f(u). The only extretha,on [a,b] are at the endpoints or at points where f'(x) = 0. Since we
have eliminated the. endpoints as possible maxima, we conclude that ef(ix)is a global maximum of f on [a,b].

, , :1r
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3. Given a functi9n f such that f(1) = f(2) = 4, and such thirt f"(x)

exists and is positive
throughout the interval 1 < x < 3. What, can

you conclude about f'(2.5)? about f(2.5)2 Prove your statements,

stating whatever
theorems you use in your proof. (Note: This statement

of the problem
differs from that in the text.)

f(1) = f(2) = 4.

Since f" 'exists on the interval [1,3], ft is continuous and differen-

tial nn [1,3] and f also iscontinuous and differentiable on [1,3].

By Rolle's Theorem,
there'is a number u, 1 < u < 2, such that

f'(u) = O. Since f"(x) > 0 on the interval [1,3], El, is increasing

on [1,3] and hence, for u < x < 3, f'(x) > f'(u) = O. Thus

r(2.5) > 0. Since f'(x) > 0 for x in (u,3); f is increasing

in [u,3]; since u < 2, it follows that
f(2:5) > f(2) = 4. v

4. Let f be Er differentiable
function on (a,b).° Prove that the require-

ment that f be increasing,is
equivalent to the condition that fi(x)> 0

everywhere but that every
interval contains points where f'(x) > O.

t
Let'us assume first that f increasing. If'there were an entire interval

' on which f'(x) = 0 then by Corollary 1 to Theorem A7-4a it would follow

that f is constant on that interval in
contradiction to the assumption

that f is strongly increasing. On the other hand, suppose that

f'(x) > 0 but that every interval contains points where .f9(x) > O.

Take airy pair of points xl, x2 in (a,b) with xi: <x2. We will --

show f(xl) 0<..fCx2). By hypothesis,
there is a point u in ,(xi,x2)

where f'(u) > O. Since f'(u) = liM f(X)
-
f it follows by Lemma

X U
(U)'

x. U

3-4 that forsoMe sufficiently small 8-neighborhoodof u within

(xl,x2)

(1)

0 .
f(x) '1(u) $ 0.0

x - u

Choose particular values p, q in this 8-neighborhood so that p u

. .

... ,

and q > u. -Wean have xl < p < u <.q < x,. It follows from (1) that
c.

. a. .:

(2)
f(p) < f(u) Nf(q).

__However, undeF the assumption ft(x) > 0 in '(a,b), we have from

--7-77 :z1Thecem A7-48 that
.

(3)
°f(xi) <k(p) and f(q) < f(x2)

,
.4 0

1

,

Combining
the' results of (2) and ('3') we see that it xi < x2 then

f(xl) < f(x2), i.e', that f(x) is increasing.
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5. A function g,tsa=h tha't, g" is continuous and positive in the

interval (p,q). What is the maximum number of roots of each.of the

equations g(x) = 0 and g'(x) = 0, n (p,q)? Prove your result and

give some illustrative examples.

We have g" is continuous and positive on (p,q). Then gl is con-

tinuous and increasing on (p,q) and thus can have at most one real.

root (else e(xl) = g'(x) = 0 and g' is not increasing).

If g'(x) ='0 for any value of x, say fxo, then g'(x) > 0 for

x >,x0 and g'(x) < 0 for x < x
0

(g' is increasing). Then g is

increasing for x > x0 and decreasing for x < xO and can have at most

two real roots. If g'(x) = 0 for no value of x, then either

.al(x) < 0 for all xr or g'(x) > 0 for all x, and g(x) is eitheY

increasing or decreasing for all x and can have at most one real root.

, Case 1.

Case 2.

'Case 3.

i

715 4 3 1..

g(x) = 1

g" (x) > 0'

g'(x) -has no roots

g(x) has no roots

g(x) = x + 1

-g"(x) > 0

gqic) has no roots

g(x). has no root

g(x) = x4 + x

g" (x) > 0

g'(x) has one root

g(X) has one robt
fr



Case 4.

CaseL5,

A

Suppose that ft(a)(=e(a)
Determine whether ff(p) ig

(Hiht: .considerseparately

s,

g(x) = x
2

- 1 '

g'(x) >.0

g'(x) has one root

g(x) has two roots

g(x) =. 1 1
x + 1

e.:(x),> 0

'gh(x) has no roots

g(x) his one root

(n-1), (n)/
= 0 -but that f ka, r O.

evtremum.rnet if it fg, which'kind.

the cases n even and n odd.)

.
.

Let ft(a) = f"(a) = ... = f
(n-1) ,

(a) = 0 and f
(n)

(a) A 0, then -P
.

(1) whenever n, is even and
f(n)/a.

k ) > 2; f(a) is a ---

' -
local minimum value of a-,

I'

(ii) whenever n is ever} and f
(sn)01N < 0 (a) 4is q

4,

local maximum. ,

., ,. .

whenever n 119441w f(i)4 l's riot a 140c.atremum.,
r

s

The proof o (0 is typical: From,the proof o Theorem A7-4a an from

Theorem A7-4c we know thir6 I'
(n-2)

(A) is an olaSed min'imilm-bf.'f(n-2): ''

,

In a fieleted neighborhodd of a we have f( %2)(x) >f(11-2)(6) ;:0':
°'

We conclude that the greph.of f
(n-4)

is flexed upward in the'neigbbor-

,hood of a and hence that f(n-4)(a) is a minimum of f .

(n-4)

.

Iterating this argument we obtain the desired result.

(iii)
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a

7. Let ..f
be differentiable

on an interval
I. Prove that a necessary

and

sufficient
condition

that the
graph of

f be concave on an interval I .

4-
is that

the slope
of the chord

joining a point kx,f(x))
to a fixed-point

(a,f(a`))
is a decreasing

function
of x. (It is understood

that x and _

a lie in I.)

Note: The condition
is required

forevery
point

a. in I.

First we
shall prove

that if the graph
of f is concave

then he slope

of chords
through

any fixed point a in I is a decreasi
function.

'Proof.
Let a be any fixed

point in 'I. Equations
oh6ids through

(a,f(a))
and (q,f(q)),

for other points
q / a in I, will be of

the form

y = g(x)
f(a) + (x a)

f(q) - f(a)

q - a

The graph
of f is concave

only if
f(p) > g(p) for all p between

a

and q, i.e., for.all
p such that

a < p < q or ,q
<,p < a. In either

case we have

f(p) > g(p) > f(a) + (x a) f(q)q
f(a)

iI
p > a,

then q > p, and tpis becomes
.

f(p) - f(a) >
fi) - f(s)

,
p-a

q- a

If. p < a,
then p > q, and we have

f(p) - f(a) <
f(q) - f(a)

p - a
q -a

In both
cases we have shown 'the slope function

47N404

f(x) - f(a)

x--4 x - a

to be decreasing.
0

Now we shall
Ri'ove the

converse.
We need

to show
that if the slope

function
for chords

through any
point a in I is decreasing,

then'

if y = g(x) is the (lineg0
equatioilof an

arbitrary.chord..whose

4r ,endpoints are
(b,f(b))

and (c,f(c)),
b and c. in I, then

f(p) > g(p)
for any p between

b and, c.

Proof.
ket b < p < c.

Then by hypothesis-,

f(p) - f(b) > f(c) - f(b)

p -b
c- b

/5.

The equation
of the, chord through

(1),f(b))
and (c,f(c))

is

,
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Y = g(X)
= f(b) + (x

f(e) IN #
c - b. '

By
definition of 4

so that

g(x) g(b) f(c) - f(b)x -b
c- b

g(x) - fib) f(p) - f(b).x -b p-b 0'for all X in I.
In particular, tang x = p,

we obtain

8. (a)

V

g(p)
< f(p) O

Let' f be
differentiable and its

graph be
concave on

an interval I.

Prove that the function

f:(0 g f(a)
x -

'0(x) =

f'(a)
; x = aois

decreasing, where the
fixed point

#a

a is any
interior point of I.We have

already shown in
Number 7 that 0 is

decreasing
the point a

deleted.
entire interval.

on I withWe now
show that 0 is

decreasing on the

Proof la
Contradiction'.

.Suppose that \-t > a
and '0(a)e<

0(t).Than for e = 0(t) - 0(a)
there exists a b > 0

10(x) - 0(a)1'< e
whenever Ix . alAChoose a value x between ,a

within the
b-ne/ghborhood.

-' - of a. We then have x < t; but.

0(x) 0(a) < 1000
0(a)1 < 0(;) 0(a)whence 0(x) < 0(t), in

contradiction to the
decreasing p operty

of 10., on the deleted
interval.A similar

argume4t for t < a
completes the proof.From the

result Of (a), prove that
a necessary and

sufficient

condition that the
graph of f be

concave on I is that fa
decreasing%

such that

(b)

We first
prove that if the

graph of f is
concave on

f' is decreasing on I.

718
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0

Proof. Let a, b be points ofsuch that a < b. The function

0 dqined inart (a) and the function 4 defined by -

f(x) f(b)

x - b

ft(b) , x = b

,

are both decreasing on I. Since 0(b) = *(a)4 0(a) > 0(b), and

.*(a) > *(b), it follows that

ft(a) > 0(b) > *(a) > ft(b).

In other words,' ft is decreasing on I.
OS* r i

onver'sely, we show if ft is decreasing on I, than the graph of

f is flexed downward on I.

Proof. For any points p, q, r" of I with 'p < q < r we.have by

the Mean idlue Theorem

f(q) - f(p)
- ft(t), where p < q

0 q P

And f(r) f(q) ft(u), where q < u < r.
r, q

Since t < u, and since ft is decreasing (by hyothesis) we have

ft(t) > ft(u). It follo\s that ,o

f(q) f(P) > f(r) - f(q)
q -p r- q

This inequality can be interpreted geometrically as a statement that

the slope of the chord joining the fix,,d/point (q,f(q)) to any

point (x,f(x)) x I, is a decreasing function of x on I. It

follows by Number 7 that the graph of f is concave.

.af ,

9. (a) Let x and y be two points on an interval I in the domain of a

\function Show that a point is on the chord joining the points
'(x,f(x)) and (y,f(y),) on theNpb of f if and only if its.

coo dinates are'
(ex + (1 - e)y,ef(x) + (1 - e)t(y))

for some .e such that 0 < 0 < 1.

If A(at,a) and B(bt,h) are points in a plane, then (x,y) is on

the line Aff if and only if 114

y - b bt - b b,
or =

-
- a) + b.

x a at - a at -",a

If we further require that (x,y) be on the segment AB, then x
-

must be between a and at, 'inclusive. 'Then at
-

a
takes on

t a

all values between e and 1, inclusive. If we let e = ax
-.a

719
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Yet

then

and

or 4

:and

44.

x,=\(p, - + a

7:=,(b1 - b)e + b

x =
V
eat + (1 - Oa,

, y = eb, + (1 - e)b,

which was to be shown.

-
Since

a;.-
a

- e takes on.all values ,between 0 and 1 for
a

,x : a < x < a' and 4 y b < y <bt the converse is also true and

all points (ea + (1 - 0)a',eb + (1 - e)b,) are on AB.

(b) Show that a differentiable function f is convex on I if and

only if for all x and y in I and all e 0 Z e < 1,

flex + (1 - e)y) < ef(x) 4. (1 - e)f(y).

Given a function f defined on an interval I, any-point (x,Y)

on a chord of the graph of f will he of the form

x = ea + (1 -,e)a',

y = of(4) + (1 - e)f(a,),

where e 0 < e < 1 and a', a are any two points on I. If we
,

require that f is convex on 1, then, by definition, all chords

lie above their corresponding arcs) or '

411-

flea + (1 - e)at) < ef(a) + (1 - °)f(at).

This equation, then, is just the analytic characterization'-e? f

taken to be convex with graph flexed upward. SimilArly, if the

graph of f is flexed downward,

f(ea + - Oat) > ef(a) + (1 -.0f(0).

(c) Use (b) to show that the graphs of the following functions are convex.

.)

(i) f(x) = ax + b

f(Ox + (1- - e)y) = a(Ox - 0)y)

= e(ax + b) + (i - e)(ay + b)

= ef(x) + (1 - e)f(y).

(1) f): x ax

(ii) f : -x x2

(111) f x -16-c.

I.

4'
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i), if(x)

L7.--tritillii-' e)YY. 4(4 44 (i--- 0)y)? j,
k ,

, . . i 4
'1="' We want to show .

d

(82c+.(1 -
6)02 ex2

-
e)y2._

(8x+-(1 - 6)y)2 r_ex2_....41.1____91,72..

(62.- ex2 0)xy + ((1

-

since ($ -

i(iii) f(x) = -167
0

= (02 - 0)(2( - Y)
2

< 0

y)2 > 0 and 0
2

- 0 < 0 0 < 6 < 1) .

flex + (1 6)y) + (1. -

We want to show

Vex + (1 - 6)y > 6,67 + (1 -

If this is true, then

44.

6x + (1- 8)y > 62x + 26(1 = 8)4574/ (1 - 6)2y.

Since both sides are -nonegative, then

(e - 02)x - 2(6 -
02)437

92)y

or (6 - 02)(-5. 1' 6)2 >,0, which is 'a true statement.

Starting from this fact and reversing the steps taken above,

we obtain the desired result.

101. (a) Derive the following property of4diffe'rentiable functions. If the
graph of f is concave on an interval I, then for 'all points as

1

-and4an,y-posi$jive -numbers p, q
>pf(a) + qf(b)

p q )- p .+ q

In words, the function value of a weighted average is less than the
weighted average of the fundtion values.

We have for f that

T(8a+ (1 - 8)b) > ef(a) + (1X2 Of(b)

for all a : o < 1.

But

and

'L0 <
p
-P-- <1
+ q -

_
P +44 P+ q

721431
kfT77--ET-
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Setting ,. we have

a :qt) a + qbl f(a) + qf(b)

(b) Prove that this property is sufficient for concavity.

,Since f(Pa 42-(11)) Pf(a)
qf(b)

for all p, 'q .positive. --2--
+q - + q

takes on all values between 0 and 1 exclusive. Then setting

= p ,2= f(ea + (1 - 0)b) > 9f(a) + (1 - 9)f(b). for
+ q

e y o < For ,e = 0, f(a) > f(a) and for 9 = 1,

f(b)irl(b}. Then by Number 9,.the graph of fs concave.

Together (a) and (b) demonstrate necessity and sufficiency. The
,-

criierion then is an alternative way of characterizing differen-

tiable functions.

11. Prove that if f 3.s differentiable", then 1 necessary and sufficient

condition for its graph to,be concave is that

a +rb f(aY+ f(b).
f( -) ? 2

Toprove necessity, use results
establishedImEercises A774, limber 1Q,

and set p = q =,1.

To prove sufficiency we must show that if f is continuous and

-(1)
f(a

b) f(a) f(b)

r

'for all x, then the graph of f is concave. We observegrom,(1) that

--i-x2
x3 ) 1 xi

24 2
f + x2 + f 1 2(.1.1

:

? 14-f(xl) +f(2) +:f. (xi.) + f( X4)) . .

.., -

Doubling the number of points repeatedly we obtain .-----
_

'.

. (2)

+,x2 + . . . +"x
.....-

. -

n
11,)

n
> 1.6(x

1
) + ....+ f(x

n
)

where n is a power Hof 2.

Now, if p and& q are nonnegative integers with

obtain
i

( 3)
- ,(pa + qbi pf(B) +ilf(t)

P+ci 'P q

7.g2 43
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1 .
, ,,

' To prove (3) for all real values of "p and q, not just nonnegative
t.

- values which add up to a power of 2, we must use the continuity of f.

1 .

Convexity will then follow from thp;result of Exercise 10.

Setting ,e = 1-i-i- we rewrite (3) in the ford
.' ; .

! , -

9
---4,-

(4) f(Aa + (1 - 6)b) >t9f(a). + (1 -, e)g(b)

1

where 9,- P--- is any rational number with denominator a power of 2ly q

satisfying o < 9 < 1. For any value ac
0

in "(a,b) we put

= ra + (1 - r)b

where r is now a real numb :r satisfying 0 < r < 1. Since f is

continuous at x0, for An positive e We may choose a 6) > 0 so that

- x01 < 6 insures If x) < e.I We put x = 9a + (1 - e)b

'whe e° is rational an has d.power of.- 2 fdr its denominator. We

have

isroyi&tele - rl

At t same time

1 ( e - r)(a b) I = (1. a) le <

6<
- a

It follows that -e < f(x) 7 f

def(s) .+ (1 - e)f(b) -ftlu) - (a. r)f(b)l :

.
= Ili- rl It(b) a f(a)I''.-

°7

ole()) -.flan , 1

b - a
..

% ,, , r, ,,), .. ,,. .

,
-71 . , ,..j.,

. ''' } ' l`T°- have - i .

_14...-i--- --;".- .4
.. ,

-

f(x 0)> f(x) - e > ef(s) +(1 - e)f(b) e

>.'rf(a) + (1 -,r)f(b) e edf(b) f(a)l
b a.. . .--- 9 .

b N ' ' * .
* A, a

Oiven any E > 0," then, we take. e = = 'and o < 6 tut:Sufficiently `.,...

* 2
..

s

1-1 3 ----r /- ' .e) "If(b). -tcrkji -c-
*sr

-- -F, . , . , ,

_ _

small and choose an, approximation A to' x such, .

b - a < -2
* . :.. . ,

-- A.Ait

.

_le - rl < OLT . : We'thAp:have f(ra + (1" - r)b) > rf(a). +
.

'
.

' ,-*, (1 - r)f(b) -.e
*

for each'positive *;4g . Thivcan only be true -if

.

.

b., . .
.

.

, We have
r

follows.

f(ra4(1 - r)t) > rf(a) + (1 7 r).:ibl.

extendedEquetion (4) to real va s and the convexity of

. 41
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. 430



,.r.f

.1..-

Nre i' ,

12.' The 6a90 of,a'differentiabletunctiOn f is concave and f(x) is'

' positivefor all -Shoy4hat f fi a constant fUnction.
.-.

" . ., .";:.'

.,.,

' Solution. Suppose t is d 6onconstan. ThecIthere exist x = x 6-6,d

,x,= x-2 such that x
1

<' x
2

and f(x) L *2), say f(xl) > f(x2):

4iipwthe line through (xl,f(x1)), (X2,-,f(x)) intersects the x-axis.

some"Point x > x
2

. We claim that f(X.i) < 0,, which would Contra-

1;

t
dictf(x) positive. For if f(x

3
> 0, then the point (x2,f(x2))

would lie below the line segment co/inecting (xl,f(x1)) and' (x3,f(X3)),
1

contradicting f concave. Sow the 'ssumption 44 f, nonconstant has led

to a contradiction. '' .

7

_77.;_

.47(0° 7*.

;'-

eR

. .

.. .

.

13: Under what circum stances will the graph of a function 't and its inverse

both be concave? 'One concave and the other convex? .

2 1 ( '

6

I

Without, calculus: pet [a,b,] be an interval in the dome of - f. If

i

the graph Of f on [a,b7 'is,concave,-it-iS interior to the ingl'of-,---

(a,f(a)) ,formed by the ray to (b,f(b)) with the ray going vertically
.

...

upward. -Reflection in the line y = talieithe upward ray,into a ray -

going"horizOntally to the right and the othr ray in the upper half-plane.

If the angle was acute.(f increasing) the reflected drilph lies in the .,

y 5 r:. ..

first quadrant belq9 the chord. 'It the aggle was.obtuse.(f. decreasing)

the reflected graph lies in thesecond quadrant above the chord. The

1,777 ' (Eiami-argument can bemade algebra-Peal:1y. ,), i- 1 ''',i -..- ; 1 '3

-and

.

With calculus: Assume ft and f" exist. Then,--gt -and g" extst,

where g, is the inverse.ot .f. We,have

1 = (gfbc)lt = "g: fkx .f 1(X)

g'f(x)
1,

717,74-

f
'-f"(xY-

g"f(x) l.(x)
(f!(x)12

or

:A A:4



sit(x) =

Iff(x)13

ti e(x) <O, then g"f(x) > 0
if ft(x) > 0;

f- inverse .flexed upward

f increasing,
flexed downward,

f decreasin flexed downward

r
f-inverse.

flexed downward



4

-

7 ..14. If either Of D
2
xF(x)

-1k

the othez one has the
by several examples.

. °

Define f and

and

'or D2F(-) is of one sign for x 0, show
same sign. Interpret

geometrically and illustrate

g by f x -s xF(x) and g r, x -0F(2-1. We have,
f,' (x)

= xF"(x) + 2F1 (x)

, F"(1) 2F1(4
$" (x)1 = -

x
- + x = x3e(!).

x3

Since x3 >,0 for x > 0, the 'result follows
immediately.

examples follow.

(i) F(x)

(x)

F"(X)

Ft (X)

F"(;1)
xF"(x) + 2P(i)

= x3 + > 0

= 3x2 + 1 > 0

= 6x >, 0

= -3-2- + 1 > 0

_6 X
x

> 0 for all x >

F"(1) (A) +'Ff(1) > o
), : ?C

4
x
12

x3=

(ii) ,F(x)

Ft (x)

x3
3

+, x2

x2 + 24 Ft* =

e(i) = x2 - 2x + 2;

for all x > 0.

3xr05) 4 2F ! (x)- = x3 2,o2 -11' 2x +
2,

2x!

2
.= x(t A 4x + 6) > 0. (Discriminant S 0) -

+ 4x

Two routine

F "(x)
2Ft(i) 1

x

If the graph of

the graph of

2 2 --- 2 2 4

1 (2 - 4x + 6x2) > 0.
=

X ) . e '
s::- __

x .-xF(x) is- convex (or concave); then
x -4 F(--1 ) is convex (or concave)

.

,
726 44
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.Az

15. If the graph of f is concave and F(a) = F(b)'= F(c): where

a < b < c, show that F(x) is constant in (a,c)'.

If f were not constant; then since the-eurver-lies-nbwhere below its

chord we have f(u) < f(a). But 1(b,f(b)) then lies below both thd

chords from (a,f(a)) to (u,f(u))' and'from (u,f(u)) to (b,f(b)),

.
contradicting concavity.

16., ('a) Let a, b, c 'be three
suppose that the graph

c
f(b) <

c

V

:

s

(Hint: use the result
Hence, show that

f(a) > f(b) - f(c),
;c - b

points in I such that a < b <

of f is convex in I. Show that

- b flo b - a fy.
- a c-a `

of Number 9).

f(c) > f(b) - Ica f(a).

Similarly to 4(a) (this is less complicated as we are on the number

line here rather than the plane), b = ea + (1 - 0)c, for some

9 : 0 <e C1. Then

or

and

e (a - c) = b - c -

c - b b - a
= , (1 - e) - .

c a c - a

-b 1)- a
c410p _ ---- a +
c - a c - a

Now from0(b), we have that

ffo. c - b f(a) b - a
f(a),

a. -
c-a ' c-a'

for the graph of,f..flexed
upward.Oultiplging both sides by

c - a
-,f(9) . Similarly

c - b c - bwe get f(a) >
c - b

f(a) c b
f(c) > f(b)

b
f(a)

, b - a

ay. (b) If the graph of F is convex in a:closed interval, Show that F

_I .4 isl bounded ,in the imtery

t

.

It-is an immediate consequence of the flexure of f that it is

bounded abbve. Given a closed interval: [ce,S1 in I, let the

chard connecting (a,f(a)), (W(Sebe described by the linear

function g. ,,Then g(x) < miklfta!Lf(0)won. (a,0], and by the

upward
/
Flexure of f, f(x) < g(x) < max(f(a),f(S)).,

727
443

4

'7'



To.find lower bou4sfor f, we use part (a). Take any point' r

in ta,f31 whl.ch not an endpoint, 'so that a < r < (3. For

a <'x < r; we li,, (ave,: x < r < 0 !go ,

f(x) H. f(r) - H. f(P) by (a),

-(H if(ri-..H.c. !flop

-(t=s-i 10,-)I).r - a
. , .
Similarly, for r-< x < (3, we have a < y < x 'and using (a) again,

f(x) > WO I)

(c) Show by a counter example that the result in la) is not valid for in
open ,interval.

The graph, of f x
1

is convex on (0,x0), x0 >'0, '404,is

unbounded., However,, f is always bounded below on a finite open

interval as well as finite closed interval, as' can be seen from the

proof of (b).

A
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Teacher's - Commentary

Appendix 8

MORE; ABOUT INTEGRALS

Sofal.ons Exercises A8-1

1. Let f be a funCtion which takes on a maximum and minimum on every
closed interval (e.g., f could be acontinuous function, or monotone).

,

Let U
*
(a) and L (a) be the upper and lower Riemann sums obtained by

using the maximum and minimum values of f(x) as the, appropriate bounds

in each interval-of the subdivision.

Let a
1

and a
2

be any partitions of (a,b]. Prove for'the joint

subdivision gl = al U as that

U
*
(a
1
) > u

*
(a) > L

*
(a) > L (a

2
).

In other terms, by adding new point4to a subdivision we may reduce the
-difference between the upper and lower,Riemann sums, and we cannot,.

increase it.

...

Let a 1 = (x0,x1,...,xr?.) and consider the partItion t of the sub-
.

Anterval, T = (uo,u14...,up) where -to = xk..1 and up = xk, and

ul, u2, ..., up are those,ioint'S (if any) of 02 which lie in

the interior of [xk.i,xk] If Mk is the maximum of f(x) in

fxk_i,x0, then for the maxinH ra of f(x) in any subinterval

jua_i,ual we have ra <:Mk. It follows that
,

.

P

Mk(xk xk_i) E ri(ui - ui_i).

Thus we hnve-comp.ared the k-th terM,in U al with he dum of those

terms in which corresponp to the subintervals of

It follows on addition that
.

U (a
1
) > U (a).

' In the same way, show that

I.

L(a2) <L*(a) .

Since U*(a) and L*(a) are upper and lower sums tor the same partition

we have

* *
L (a) < u ( a)

from which the result now follows.
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iff-1 *

2. 'z:Condider the function f defined on [0,1] by

(0 , x irrational
f(x) =

1 , x rational:.

Prove that, the integral: of, f does not exist.

I .

Every interval contains both rational and irrational points. Consequently

the maximum of f(x) in every interval is 1 and the.minimum is 0..

For any partition :a of [0,1] we have for any upper sum U and any
4 i 4

s

lower sum' L,

= .(4k - mk)(xk - xk_i)

k=1

where Mk > 1 and mk < 0. It follows that

and

U - L > (xk -

k=1

> 1

for all upper and lower sums.

ThWriterion of Theoiem 6-3a cannot be satisfied and f is not

integrable over [0,1].

i
.

3 Consider the function f defined on [0,1] .by

0 , x irrational

Alk

f(x) =

F , x rational, x =

Prove that the integral of f^ over [0,1] exists and find its value.'"

7

AS an upper bOund on the number of rational points with a given

rdenoMinator t > 1 and numerator s relatively prime to t and less

than t we have t - 1. For a fixed,positiVe integer q ,introduce

tlie partition ... ..

f 1 . 1 s 4. 1

e7 , 1 7 ) T 2 ' (t 2-'' ''' .' q))*
2q 2q (t - 1)2q

~Thus each point of tile form -s- , t > 1, is contained in a subinterval
t

Of the.partitiOn of len- gth at most 1
.

'

(t - 1)q .,..

8
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1 t

T
ith 1

Since,- -f(t) ga -6. 1 we see that the maximun'Contribution to the upper,

sum of the rational points:with denominator t, (t > 1) is
1,

.

Taking the ex= of the contributions of all rational points with denomi-

nators a 1, 2, ..., q, we obtain a contribution no greater than

g- 1.. In the remaining intervals of the subdivision we have
%

q
2 41.

f(x) <
1
- and since the total length of-the remaining subintervals is

.at most,' 1, ve,have a contribution to the upper sums of no more than

1
- . In this way we have found an upper sum U over a* for which

U <-
2

Since we can always take the lower sum L = 0 and

any positive integer whatever, it follows that the integral

has the value 0.

q may be

exists and

4. -Give an example of a nonintegrable function fg where f and are

each integrable
,

It g be'the function defined in Number 5 and take f = sgn.

function fg is there the given functiqn of Number 4.

. '
er
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TC A8-2. ThelIntegral of....a Continuous Function

The method of establishing the existence of the integral of a, continuous

function given here is quite different than that given in SMSG Calculus,

pp. 645ff. OU'r proof does not make use of the fact that a continuous function

on a closed interval is uniformly continuous. B5"r using properties of least

upper and'greatest lower bounds, and Theorem 8-2b we show directly that the

Area Theorem holds for upper integrals, and Lower integrals, then use
/
Theorem

7 -3b to establish that these are equal. Other, discussions' of this same tech-

nique can be found in the calculus books of Begle, Lang'and R1.chmond.

Solutions Exercises A8 -2

1. Show that if x c [a,b] and S > 0 then (a,b] Ex - 5,x + 51 is a

closed interval. (Hint: Let al, be the larger of a and x - 5, bl,

the smaller of b and x + e, and show that
[al,b1) [a,b] Ex 8,x + 8]).

If t >a
1

then since a
1

> a and a
1

> x - e, we certainly have

t > a and t > x - S.

LIkewlse, if t < bl, then

't < b and t<

4')

_Thus al < <: bi implies t d (a,b) 0 x - 5,x + 5].t

Conversely, if t e (a,b) n [x - 5] then, a < t < b and

x < t < x + "S so that
-v-

max(a,x - 5) < t < min(b,x + 5)I
. , and hence t r 1711. (See Figure. 1. )

a x b x +6



'Show that 'if >x and, x' a [a,b], x..r,(a,b1 then fx,x'l is asubinterval of (a,b).

This is quite sipple, for df x < t then, since a < x < b and
a < x' <b, we certainly have a < t < b.' (See Figure 2.).

a., Show that

a x' t . x ,j b
;

Figure 2

fib.17

a
4

o

Suppose a = (x0,x1,...,xn) is a partition of [a,b] and that

Then

mk < f(i) for x c (xk,xk.4.1).

mk(xk xk i) -
k=1

4 a latter sum for f, / while, since -f(x) < -mk on

U = E x-mk)(xk
k=1

nrb

44-

(xkixit+1),

1

upper -sum tor Since ( -f) is the greatest lower bound of
a-

all upper sums we otEt have

.

4

Since -U = L, this gives

d

a

b-U < - (( -f)

a

L < = (-f)
a

-'. t

1.1.

S. 7334 49
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ip-

Iso_that -J (-f) is an upper bathe for theloIliex, sums of f, and
. 1

a

(t.

b

heqce;cannot be less than the least

-

f of the lower sums, that is,

1, 1- ,

I.
--

,

a

b 17 ---\

.

f < I (,,,-f):.

fa a,
,

A similar argument
establishes the reverse inequality.

00'

4,, Deduce front Number 3 and Theorem A8-2 that Ft = f i; f is continuous

on [a,b].

b

Let d(x) = (-f) and/ F(x)

a
Ja

,r

.
Number 3 gives

F(x) -6(x)

while Theorem A8-2 giv.es 5* = -f. Hence

DF = D -D(G) = -(- ;) = f.

5. Show that if f 1 co tinuous on
(a,b]', -thbn there is a. number

fa,b) such that ,

in

c . .rba

f = (b - a)f(c)

(Hint: Choose c
1

and d
1.

in [a,b] such that f(c1) ant f(d1) are

tie respective maximum and m nimum of f on (a,b). Show that

..

f.t][. f
1;

!b

-.,f(d )''''
diel

1
)

1 b
a

a

and apply the Intermediate Value Theorem.

Lemma A8-2b gives-

1";

-V.; 14:

f(di)(b - a) < f < f(cl)'(b - a)

b:13

Since- f is continuous,
a

f = f, so that

is

that is

a

'f(d1) < 'El (a )

eo '
)

O

1 a

tp,

734 J./6a
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A,

liegbetweeetWo val

.Valu0 Theor hen. giv

:f(e)

6. -.Use the Read' Valu

choose c th
.

la,f

a

- a
- d

4 '

of the continuous function f. The Intermediate

a 'number d betveen c1 and d ,such that

at

em teftshow that Number 5 is true. Can you then
a < c < b?

rf(x) =° fLet so that
a

' Fla) = 0 end F1101 = f(x).

The Mean Value. Theorem gives the existence of c, a < c < b' so that

F

that is

b
- c)

1 f
f = f (0b.7 a

a

Thus c )can be chosen in the open interval a,b).

A

4P,

-7. Show that if f is continuous and nonnegative on [a,b] with .a < b

b

and if f(x) > 0 for some x in
.

ia,b1 I -f >'0
,--

a - e. A -
A'.

(Hint: Show-that- phere is a 5'> 0 and \II 0 such that-:f(x) > m

./ on la,b1 n (x. - 5,,zt + 5].)

Since fe is continuous at x, for c

that

%\
(f(t) - (x)I <

if t S [a,b].n (x - s1,x + 5r), t., x,

and D < 41 < 51). Thus

so, in particular

f(x)

2
we can find ,t) > 0 such '

1.,

-E
V
<,f(t) f(X) < E

, o

I
f(x)

f(t) >'f(5c) - E = .

*.

Take

s

f (k)
,., , 5 any positive number . 51' Then
c

t t [cP,b] n [x:- 5,x + 5]- implies 4

t is in the domain of f

735 451

4V*

N

1

I
44,



f(t) > m.
r ,

Nor let tal,h1] = (a,b) n![x - 8,xp+ B] and write

l ..

°
r b . ___1

b
1

.
f,+ .

J a a al `b
1

Note that
al

b
f > 0
. -b

1

and

so that

1
-f m(b al) > 0

al

b

a.

f > m(b
1

- a
1
) > 0.

(since f ,> 0),

(since al < b1),

..

-8, Deduce from Number 7 that if fl(x) > 0 for a' < x < 1) and f'. 4s

Montinuous on Ia,b) then f is strictly increasing on ta,b^1.
1 e

If x
1

<.x
2

<1;) then
-

f' ) f(Zi) *-

.

",-.:_...g
...

x
1

which must be positive from Number 7, that is itx2) > -f(xi).

.
....

9. SupPbse

t : , 6 1, 0 < x < 1

fa

6

f(x" I'; x <2

6how directly from the definition and propertie,s of upper integrals

that:
x 0 < x <

F(x) =.1 f
. ZX 1, lI< X < 2 t

.

For 0 < x < 1, we can chbose the subdivision a-= qx) of 4.1D,x]

and the upper and lower sums

U = i(x - 0)

L 1(c -:0)

763
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to obtain 4
x =L< - f<U= x

i)
0 ,

so that

14.

F(x) = f = x

.

for 0 < x < 1.

For 1 <qc < 2, we can choose the subdivision of [0,x).

J
n

= [0,1 -1,1+1, x) where n is

any positive Judger such that 1 + < x.

1

Let

Un = 11(1

Fin = 1[(1

-0) + 2[(1 + n

tp - ol +1101 +
n

- (1

- (1

- -1-11))

- 71,1

+ 2[x - (1 + t.)) V

+ 2[x - (1 + 71,:))

These are therrupper hnd lower suits for J11 , so that

o

° U .

0

Since

U
n

= 2x - +

L
n

= 2x - 1 -

we have

1
n

1
n

2x s 1 -
.1 < ir f < 2x 1 +1,

0
.

This holds for all n sufficiently large so we conclude that

F ( ) = J f = 2x foil. 1 < x < 2.

0

(b) Does' F hav7e a derivative at x = 1?

Why doesplt this contradict Theorem A8 -2?

.973'
4 453
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c

-

\,7 doesn't hpve aderivative!at

1 + h > 1 and

F(1 'h) - i(0 (1 4 hj --, 1

if h.> 0 then

so the right hand and left hand limits are not the .same.

1

This doesn't contradiCt Theorem A8-2 as f -'is not continuous at

X = 1.

10. Suppose 4. is bounded On [a,b] and F(x) = J f. Show that F ,is
a'

continuous on [a,b]. (Hint: Make use of Lemmas A8-2a, b, which hold
, for bounded functions.)

If If (x)1 < M, a < x <b, then

-M < f(x) <M, EL < x < b.

Therefore, if xi < x2, apply Lemmas A8 -2a andob to obtain

so that

. .x2

7(x2).- 7(x1) = f - f -= f 2
a ,a x

1

, 7M(x2 - xi) 7(x2) - 7(xj.) < m(x2 - xi).

Therefore, as x2 x x2 > x1' we have

7(x2) 7(xi) > 0. et

A similar result holds for x2 < x
1

and establishes that

lim F(x2) = F(x1) .

x2 xl .

* =. .
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'teachers -Commentary

Appendix 9

'LCOARTIUM AND EXPONENTIAL FUNCTIONS AS SOLUTIONS TO DirERENTIAT0 EQPATIONS

2

I. L(2) r I dx
1 x

. ,Jame ?, r. 0 and
x
1

7:

on any interval

will be
1

b

'Solutions Exercises Al

strictly decreasing for x the maximum value of

0 < a-; < x < b will be and the minimum value
1

a

'Choose the partition x0 = 1,

L(2) is the measure of Aft

the shaded area

_
7 2 '

= 2.

Then the upper sum"wili,be

11 717 i)
2

And the lower sum will be

Thus'

It

1 .

.-(2 -
32

3:
2 2

2

L ( 2 ) < 17
+ .

3

'7390 455



rt
. 1,

-..

2. (at) Using the aripMents of Number 1 for each positive integer k
g,

1 -> 2.. , 1

1 ,x....:_k + 1
on .k < x < k + 1.

And so
v

k+1

(k ±)(k + k) < r idx < ()(k + 1 k)

4

1 ,

(b)

and x

n-1 n-17 1 fk+1 1
c_ k + 1 x

J k
k=1 k=1

dx =-1,(n) <

n-1

E k
k=1

for

O

Or, adding 1 to both sides, the left-hand.inequality becomes

E <1 +L(n)

k=1

and adding
1'

n

V

to both sides of the right-hand inequality

11
+ IAN; E 1

_ .
n

k=1

Combining, we'get the required result.

100" ,1
10

. 00.E1_ lies between L(101°C) - 1 and Lk10
1

1
n

n=1 '."

between 100L(10) - 1 and approximately 100L(10).

10
100'

Since L(10) 2.30258 (from tables)

3. (a) On the interval 1 < x < a

0 ' <%--1 < <1
a x

-e

;

and .1

a

dx < 1.1:11 dx < j'a dx

1
8 X

-
1 -x

1< L(a) < a - 1.
'a

456

n

n=1

1

.>

i.e.,

is about 230.

r



2a

(b), L(2a) = L(a) + J dx
a

> L(a)
2a

a

= L(a) + 2 (2a - a)

1

(c)

L(a)

f ( x ) =

a > 1

.1%771-

.
a

L(a) is the measure of the light shaded area

1
g is the measure-of the dark shaded area

L(a) = 2L(ig).

< 2(ia- 1)

2,ra--- 2

<.21-;

4. For all x > 1, L(x) > 0, so -.TAKI. > 0 for any large x.'x.
Also, from 3(c), for x > 1, L(x) .<=11:-.C; so that 0 <

L(

x
): 2.

. Now lim
L(x)

0, lim 0 = 0 so by the Sandwich TheOren.

x , x -"t CO

(Appendix A6-4),

4

lim
L(x)
x 4

x

L'. 457



(47.1)

f'(x). =-1c777.)-§' x --1
(x + 1)2

x + 11 /771- (x + (x' - 3.)

1 x + 1 2
2 x - 1 ---"---E.

(x

1

x2 .1
or

f(x) = .3-f:[L(x - 1) - L(x + 1)]

;'(;) 224571'37 7c417-11

1 2 1

T 3:

f(x) = L(x 3117-7c.) r

- 1 (177-- x

2137

)
.2(1 -Ix) - x

=4 a(1 x)

.2 - 3x

2x(1 - x)

or

f(x) = L(x) + x)

xl 1

2 -
2x(1 x)

(c) f(x) = L(L(x))

. e.t (x) =
1 itf

t742
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6. f(x) = xL( -x)

fqx) = L(x) 1

f"(x) =

49-1

All of these functions are defined and continuous for x > O.

f"(x) > 0 everywhere, so ft(x) is strictly increasing, and f(x)

is convex. 17
'Thus, f(x) will have one minimum point where ft(x) = O. That is,

where

L(x) = -1

x = e
-1

..
At this point; f(e

-1
) = -e

-1
. (

. «
As x becomes large, .L(x) ,becomes large, and xL(x) becomes large.

On the interval 0 < x <-1, x > 0 and L(x) < 0, so that xL(X) < b.

Also, f(1) = 0, f(e) = e.

eon

x.734



ax =4E(

Solixtidns Exercises A9-2

(a) f(24 = (4.x)x = gxL(i - x))

f, ( c) = i(141 - x))(1(1 - x) -

x)X - X)1,(1. - x) - *')C

1 - X

= (1-- )X-h(1 - 4141 - X/ - x)

A°'
'r

'(b) f(x) = (L(x))' = E(xL(L(x)))

f'(x) = E(xL(L(x)))(L(L(x)') * 740)

= (1(x))x
xL(x)L(L(x));+ 1

xL(x)

+

(c) f(x) = xl/x = L(x))

f'(x) = E(t L(x))( 4
x-

. +

- 2

= xx , (1 = L(x))

1)

4

.?0 f(x).=,xx is defined for x > O.

f'(x) = xx(L(x) + 1)

f" (x) = xX(L(x) + 1)2 + xx

ft(x) is everywhere increasing. Oo f(x) is convex, and f(x),

fi

has one minimum point where .f'(x = 0. That is where. L(x) = -1, x = e-1.

_ 1. -e
-1'

2
f(e ) e r

3 Let y be any solution of

Y = cY
!_

Let z = E(-cx)y. Then z* = -0E(-9c)y;/+ E( -cx)y'

1 E(-cx)(yt - cy) = 0 for all

.

Thus Iv is some constant K and K = E(-cx)y. Thus y rK
cO.

41

.01
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,

f

f(x) t(x) -

fl2(x) =11

- x.(1;( x.) 1)X
n+1

= X
n TiTT

x
T n nn

= x
n-
(2 - L(x

n
))

x2 = *1(2 - L(x1))

= 2(2 . .7) ,

= 2.62.

x
3
= 2.6(2 r .96)

L(2.6) .96

(a) Lt(1) = 1 = lim
,1,(1 + h) L(1) lim L((1 t h)1/11

.t,t14k-

h -00 ,h-40

Now, since L(x) is continuous
'0,

limo L((1 + h)1/h) = g lim (1 + h)1/n)

h-00 h-40

1 that is L( lien (1 + .01/11) = 1

h.-4

E[L( lim (1 + h)1/h)1 = E(1)

h-'0

lim (1 + h),Vn = e

h-40

e = lim ( 1 +1-)

(b) From 5(a), take h = n

in

3 -4 0

Um (1 + )n
n , n

ti

745 4

since: n
1

as 0- -VD.
n

0



(c) Repeating the procedure of 5(a);we obtain

L(1 +11) - L(!)

Lt* = lim
h

a = lim
ah)lih

h -) 0

lim (1 + )14 = ea

h -) 0

and, as in 5(b), we obtain

iim (1
n
) = ea.

n -400

6._ A(x) =
1

dt, lx1 < 1

(:).4177717.

At(x)
1

47)7

O

Since As(X) is everywhere positive, A(x) is strictly increasing.

Also A'(x) exists everywhere where lx1 < 1, so A(x)- 'continuous.

7. (a) A(0) = jr6 dt = 0
1

0
- t

(b) S(A(x)) = x

Hence S(A(0)) = 0, that'is, S(0) = 0.

A'(x) = 1

r
L

- x2

If y = A(X), x = S(y)

1
5

1 x2 =-1/1--..?(y).S'(y) = K7c =

_ x2

S' = - S2

(c) S'(0) = )1 - (S(OW.= 1

2 - S2

4 62
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8. a). 5" + 8 = 0

St" + St =0

i.e., Oi+ 0 = 0

(b) Since C 4-S', C',= S" = -S from 7(d)

from 7(d) .

Cc) c(o) = s (o) = 'i,
ct ( o) -s(o) = 0

(d) C2 = ($92 =t 1 +

9. y = S(x) is a solution of

from 7(c)

from 7(a)

from 7(V)

516 + y = 0, y(0) = 0, y1(0) =

Let z = y - S(x), z(0) = 0, e(0) = 0, z" + z = 0 since

+Y) - (5" + 5) = 0 - 0

D((z1)2 z2) = 2zIz" + 2zz'

.'"=-'2zI(i" + z).

.1 ( = 0

Since D((z')2 + z2) = 0 . (z')2 + z
2

= c

1 t /
In particular, for x = 0

(e(0))
2
+ (z(0))

2
= 0 + 0 = c

so, for all real

(zo? z2

which is true only if z' = z = 0.

Let z = 5(x + a)')- S(x)C(a) - C(x)S(a)

z' = C(x + a) - C(x)C(a) + S(x)S(a)'

(since' S' = C. and C'

Using, 5(0) = 0 and C(0) = St(0) = 1,

z(0) = S(a).-,0 C(a) - 1 S(a) = 0,

z`(0) = C(a) - C(a) + 0 S(a) =

z = p,

CO

S =1e

b

7 .

(1) 5(x + a) = S(x)/C(a) + C(x)S(a).

Similarly, -
s'

""ki

(2) C(x + a) -= C(x)C(a) - S(x)S(a).

(1') and (2) are the familiar addition formulas for the sine and cosine- ,
functions.
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