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PREFACE

The principal objective of this FIRST COURSE IN ALGEBRA is to

help the student develop an understanding and appreciation of some

of the algebraic structure exhibited by the real number system,

and the use of this structure as a basis for the techniques of

algebra. More specifically, we are interested in an exploration

of the properties of addition and multiplication of real numbers

and their order properties. Later in the course we have occasion

to consider polynomials, which, as a class, also exhibit

an algebraic structure which derives from the fact that they

satisfy some (but not all.)of the above set of properties.

The teacher is urged to be on the watch for these properties

as they appear and reappear through the course, and to keep in

mind that they form the basis for all of the algebraic structure

which we hope to discover in the real number system.

The principal objective of this COMMENTARY FOR TEACHERS is to

give all possible aid to the teacher as he leads the student toward

the above objective. Just as we urge the student to read his text

carefully, we also urge the teacher to make full use of this

commentary.

To help the teacher and student alike in this regard the text-

book has been written in a special way. First, it is in "spiral"

form, so that virtually every concept introduced appears repeatedly

later, broader and/or deeper in meaning with each recurrence. The

spiral form suggests, incidentally, that the teacher need not

expect of his class complete mastery of all details of a topic

before moving ahead in the text, for he will find opportunity to

help his class polish the rough edges as the topic comes up again.

His prinbipal concern may well be rather that the student is confi-

dent enough to continue without uneasiness, and this may offer the

clue as to the pacing of the course.

Second, text and exercises are interrelated in a complemen-

tary way, so that, for example, exercises often carry forward the

development of ideas presented earlier in the text and also hint

at new ideas lying ahead. It follows'from the above that the

student will find it necessary to read the text regularly and

with considerable understanding. This, we feel, is a reasonable

9 ix



expectation for the students for whom this course is intended--the

"college-capable" (not necessarily college-bound) or upper one-half

to one-third, academically, of the school population.

Perhaps the most desirable way for someone with considerable

mathematical maturity to study any algebraic system, is to begin with

a set of axioms which describe the system and then systematically to

develop the system by formulating definitions, proving theorems,

constructing examples, etc. to whatever extent the ability of the

individual allows. This is the purely deductive approach. The dif-

ficulty with this approach is that the student must possess enough

knowledge and experience ,so'-that he either already has or can con-

struct (perhaps with some help) at least a tentative model of the

axiom system. Without this, work with the axioms degenerates into

just so much formalism. The student of Euclidean geometry may have

more success with a purely deductive approach, because he-already

has a highly developed geometric intuition obtained from living in a

three-dimensional space. It is rather obvious, however, that the

ninth grade student's intuition concerning the real numbers is far

from adequate to support an axiomatic approach. For this reason, we

intend to be quite informal and intuitive, but not incorrect.

It is important to state as explicitly as we can just what is

assumed concerning the student's knowledge of the real number sys-

tem when he enters ninth grade. The following assumptions appear

to fit the facts closely enough to provide us a starting point.

Assumptions: The student is more or less familiar with the

class of objects which we call the real numbers. This includes

the negative reals (via experiences such as those involving gains

and losses, degrees below zero on a thermometer, etc.) as well as
certain irrationals such as vTor r. The "picture" which goes

with the class of real numbers is the full number line,

I

-2 -1 0 1 VT 2' 3 rr

in which it is taken for granted that there is a number for each
point and conversely. Notice that the order relation is implicit

in this picture, although the operations of addition and multi-
plication are virtually absent.

The student probably has.some vague notions concerning

algebraic structure from his training in arithmetic. This, of

1. 0



course, involves primarily the non-negative numbers. However,

the student also has some notion of adding negatives and multi-

plying negatives by a positive (adding losses, losing a certain

amount each day for a given number of days, etc.)

Some students who have studied the School Mathematics Study

Group material for grade 7 or grade 8 or both will know more about

real numbers and algebraic structure than has been described above.

Such students will be able to move more quickly through some parts

of this course. They will not, however, find any of the material

sufficiently repetitive to warrant omitting it.

With the assumptions stated above as a starting point, it

becomes clear that two things need to be done:

(1) Extend the operations of addition and multiplication to

the entire class of real numbers. (It is necessary to

emphasize again our point of view that we already have

-the class of all real numbers and that we already have

the operations of addition and' multiplication defined

for non-negative real numbers, since these numbers are

nothing more or less than the so-called "numbers of

arithmetic." This point of view avoids many of the dif-

ficulties usually encountered in'"introducing" the

negatives, etc.)

(2) Make a careful study of the real number system in order

to bring out its algebraic structure. The guide here is

always the use of the basic properties of addition and

multiplication and of order. It is necessary to re-

ekamine the operations of arithmetic so as to prepare

the way for the "discovery" that each of the properties

is true for the real numbers. After,a few properties

have been obtained, we can then prove a few simple

theorems and so gradually work up to the deductive

*approach.

It turns out to be desirable to do a part of (2) before (1),

since a knowledge of the properties which addition and multipli-

cation ought to have makes it considerably easier to motivate the

extension of these operations to the negative numbers. Thus we

choose to begin with'a careful study of the algetic structure

of the non-negative real numbers, drawing heavily on previous
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knowledge of ai,ithmetic. In this way we are able t) liscover and

state precisely the usual commutative, associative, and distributive;

properties for addition and multiplication as well as properties

of 0 and 1, before becoming involved with the arithmetic of

negative numbers.

Thus far we have been speaking of algebraic structure. We

must not lose sight of the fact that manipulative facility, while

not an end in itself, is important. A multitude of exercises is

absolutely necesstry for gaining the needed techniques with algebraic

symbolism, but these techniques must be tied to the ideas from which

they derive their validity. In this way, the student will not have

to unlearn either his concepts or his attitudes in future years.

We find that it is possible to relate the necessary techniques

to the ideas of our number system about which we are building the

course. We propose to keep this relation between the techniques

and the ideas a close one.

An outline of the high points of the course now follows.

1. We begin with an informal introduction to sets of numbers

and manipulations among them. The examples exhibit, at the same

time, some interesting and perhaps surprising properties of sets

of numbers of arithmetic. Another view of these numbers is obtained

by associating them with points on a line. This device of "picturing"

sets of numbers is one which we use to illustrate or motivate many

concepts through the course.

2. The student next is invited to recall the many different

names (numerals) for a number, and he learns to write sentences to

express the fact that two numerals name the same number. Then from

his experiences with numbers are extracted the associative and

commutative properties of addition and multiplication and the

distributive property connecting the two operations. Also, he

extracts the properties of 0 and 1 as the respective identities

for these operations. Notice that, at this stage, these properties

are considered for the non-negative numbers only. At this point,

variables are introduced as numerals to represent unspecified

numbers.

3. The language of sentences--equalities, inequalities,

compound sentences--is learned, and open sentences ar,:l defined.

The truth set of an open sentence, i.e., the set of values of the

xii
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variable for which the sentence is true, and the graph of the truth

set are introduced. Then the basic properties of numbers are

stated formally in terms of open sentences.

4. The student learns to translate back and forth between

English and algebra, and thus begins to be at home with "word

problems", which include inequalities as well as e

5. We now look at the negative half of the We

give names to the points to the left of zero, a! dposites,

absolute value, and order relations. The set of numbe..2s assigned

to points on the entire number line is called the set of real

numbers.

6. Addition for the real numbers is motivated through the

following principles: It must be consistent with the familiar

addition for the positive numbers, it must continue to satisfy the

relevant laws under 2. above, and it must agree with our intui-

tion on addition. We see that a + (-a) = 0, and we prove our

first theorem: If x + y = 0, then y = -x. We like the idea of

having theorems in the first algebra course, but we certainly

expect the emphasis on them to vary from class to class.

7. Multiplication is introduced in accordance with the same

principles which were used for addition. If the distributive

property is to continue to hold, then the product of two negative

numbers must be positive; this is the soundest motivation we know

for the definition of multiplication of real numbers.

8. The relation a < b was defined earlier'on the number

line for positive numbers and extended in 5. to all real numbers.

The comparison and transitive properties were stated for order.

Now the addition property of order is asserted, and various con-

sequences of this basic property are proved: a < b if and only

if there exists a positive number c such that a + c = b;

if a < b and 0 < co then ac < bc; if a < b and c < 0, then

bc < ac. At this point, the basic properties of the operations

on real numbers are summarized. The structure of algebra rests

on this foundation of properties.

9. Subtraction and division are not new operations with

independent properties, but are defined in terms of adding the

opposite, and multiplying by the reciprocal. There is, by the



way, no separate section on fractions. They are practiced a
great deal throughout, with a concentrated dose of exercises at
this point when the machinery is complete.

10. A careful definition of a "factor" requires you to state
what you are willing to accept as a factor - i.e. "over what" are
you factoring. We first factor positive integers over positive
integers, and prove some theorems about factors. Simple laws of
exponents fit here naturally.

11. The student is now ready for a definition of "root" and
a proof that is not a rational number. Then further work
with radicals leads to the familiar operations on radicals. We
use the iteration method for extracting square roots.

12. We can factor polynomials into polynomials with either
integer or arbitrary real coefficients; the possibility of non-
real coefficients must be left open. A polynomial is thought of
as the result of repeatedly applying addition and multiplication
to real numbers and a specified number of variables. Factoring
of polynomials bears a great resemblance to the previous factor-
ing of integers and leads to solutions of certain quadratic equaL
tions.

13. The solution of equations and inequalities in one vari-
able is based oil finding ways of transforming such equations and
inequalities, by operations which leave solution sets invariant,
into equations or inequalities whose solution sets are obvious.
This process was begun for equations in 7. and is now extended
to all sentences. When an operation does not yield an equivalent
sentence, then we must permit solution sets to increase, and
It extraneous" solutions may result. The absolute value provides
some fine examples here.

14. Coordinates and graphs are introduced,
15. and applied in finding solution sets of equations and

inequalities in two variables in the same spirit as above.
16. A coordinate system is used to study quadratic polynomials.

Then quadratic equations are solved when the quadratic polynomial
can be factored over the real numbers.

17. There exist many ways of defining an association from one
set of numbers to another. For example, a graph, a table of pairs,
a formula, a verbal description all give you such an association.

xiv
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It is the association which is important, not the terms in which

it is defined, and such an association is what we mean by a func-

tion. Thus, the idea of function unifies all the ideas of opera-

tions, correspondences, equations, and algebraic expressions.

We have tried to give a brief picture of the nature of this

course. We would now like to make a few comments about the

mechanics of using the textbook and the teacher's commentary.

The preface to the student text is intended to prepare the

student for the need for careful reading ef his book. You should

urge your students to read their prefacc froM time to time

through the year, mention this matter ' re, ,g for understanding

and how to improve one's reading ability.

The problem sets are not of uniform length, so it is not

expected that a teacher can assigr_ exactly one problem set each

day for homework. There are many differences in ability of classes,

in type of material, in available time, in patterns of assignments,

etc. Some teachers prefer to assign each day a few problems from

each of two or three successive problem sets. You should use your

judgment in selecting problems for assignments. Be sure to include

those problems which are essential to the development of the ideas,

and whatever additional problems are appropriate to the ability of

your students.

In many of the problem sets throughout the book there are

included problems preceded by an asterisk * These are more chal-

lenging than others in the same problem set and are included

primarily for the brighter and more curious student. The use of

these problems with an entire class may consume time needed to

complete the basic work of the course. The teacher will have to

decide as he reaches each such problem whether time and the ability

of his students permit him to deal with the problem with the class

as a whole.

This Commentary for Teachers is intended to be more than an

answer book. You will find in it discussions of what we are doing,

why we choose to present a particular topic in a certain manner,

and what comes later to which this topic is. leading.

At the ends of some_of the chapJerS-in the Commentary there

are lists of suggested test items. It should pp, clearly understood

that these lists are not tests, but merely a few sample problems

XV
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from which you may choose questions or which may suggest to you

other questions for your tests.

It is very difficult to suggest how many days a class should

spend on any particular chapter. Ability of the students varies

and local conditions in the achool vary greatly. There are

records of different classes spending from 8 to 32 daya on the same

chapter. Perhaps the best advice is this: try to complete this

first part, Chapters 1 to 6 inclusive, by the first third of the

school year. Effective;use of this Cr,mmentary may help you to

avoid spending more time th- d on any one topic.

teachers who want , rouon guess at the number of

days to be spent on each chapter, the following estimatéb are

given. Variations from these estimates should be expected.

Chapter 1

Chapter 2

Chapter 3

Chapter 4

Chapter 5

Chapter 6

6 days

8 days

18 days

10 days

10 days

10 days

There is available to the teacher a book written specifical

to explain the mathematical thinking behind this course. This

useful reference is Haag, S=dies in Mathematics, Volume III,

Structure of Elementa_oz Algetra. Chapter and section references

to this book are made frequently in the commentary which follows-

16
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Chapter 1

SETS AND THE NUMBER LINE

In this chapter we use the numbers of arithmetic and the basic

operations upon them as a familiar background for the introduction'

of.concepts and procedures which may be new to the pupil. .We con-

sider briefly two of the indispensable tools for our study of the

structure of the real number system, sets and the number line.

One of the great unifying and simplifying concepts of all

mathematics, the idea of set is of importance throughout the course

in many ways--in classifying the numbers with which we work, in

examining the properties of the operations upon these numbers, in

solving equations and inequalities, in factoring polynomials, in

the study of functions, etc. Also, the tenth grade course and

later SMSG courses use the ideas of sets in formulating definitions,

postulates, and theorems.

Since most students have -ns!- studid about sets before enter-

ing this course, and since the nctions of set are usually

grasped quite readily, sometimes e:v,sm eagerly, It seems a good

topic, from a motivational stanapoi=, with which to,start the

course. We move on quickly from ntl_s-.7 first discussion of sets,

however, postponing much work witn aperations on members of sets

and with closure; so as to get quix47 to the presentation.of vari-

able (in Chapter 2). This is tone 14rge1y because (1) teachers and

students expect the early intr6duction of variablein an

algebra course and (2) with tly Idea zf variable at hand, our study

of the structure of the number $lystam can begin in earnest.

Next we place the number line before the student. Here again

is a concept that is of use threiwprnt the course; it is the,ltbvice

for picturing many of the ideas AZI.,:71' numbers and the operatic= on

them. This is immediately appr-ent ',Its the graphing of sets iv

introduced, and is followed, im tht,. tinal section of the chaptr,

by addition and multiplication Qn -lhe number line.

Addition and multiplication un tte number line are not, how-

ever, brought in for their own salt, =me Chapters 6 and 7 deal

thoroughly with these operations:' Tether this section is intended

7
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to lay the groundwork, in several ways, for the commutative proper-
ties of addition and multiplication. First, it makes clear to the
student that, for example, 3 + 5 and 5 + 3 are different symbols;

that though both name the number eight, the eight is found differ-
ently in each case because addition is an ordered operation. ThuS
,there is meaning in the commutative property of addition. In the
same manner this section prepares the student for the commutative
property of multiplication. Number line addition and multiplica-
tion also illustrate the.commutative properties in examples, sudh

as those involving rational numbers in which the fact that the pro,-
perties hold is not altogether obvious.

The teacher is referred to Haag, Studies in Mathematics, Vol-
ume III, Structure of Elementary Algebra, Chapter 2, Section I.

Pupils who have studied SMSG Mathematics for Junior High
School will have had a little experience with sets and the number
line. They may be able to go through parts of this chapter a little
more quickly than other students, but the treatment is sufficiently
different to suggest that none of the ideas should be omitted.
1-1. Sets and Subsets.-
Page 1. Although the first sets listed at the outset of the chap-
ter are not examples of sets of numbers, we move quickly in the
text to consideration of such sets. In spite of the fact that non-
numerical sets may be of interest, a prolonged discussion of them
would constitute a diversion, for which time is not likely to be
available, from the basic purpose of the course.

Alabama, Arkansas, Alaska, and Arizona are all the states
whose names begin with the letter, A.

Monday, Tuesday, Wednesday, Thursday, Friday are all the
"school days" of the week. Another description is "all the week-
days", although some might include Saturday in the "weekdays".

All seven comprise all the days of the week.

The numbers 1, 2, 3, 4, 5 are the first five counting numbers,
or the whole numbers greater than 0 and less than 6.

The numbers 2, 3, 5, 7, 8 are a set of whole numbers less than
9; this, however is not an adequate description, since it describes
other sets as well as the one given. In contrast to the preceding

[page. 1]
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set, (1, 2, 3, 4, 5), the set (2, 3, 5, 7, 8) is not easily

described in words, but only by listing the elements. At the other

extreme is the null set, which cannot be listed and must be

described in some other manner.

We do not introduce much of the standard set notation, such

as set builder notation, 6, 2) ,(= , U , n , because we found that

there was not enough use for them to make it worthwhile. There is,

however, no objection to the teacher using any of these if he so

desires.

page 2. Though we define and distinguish between the set of whole

numbers and the set of counting numbers or 'natural numbers, no

unusual emphasis should be placed upon the latter set, for we find

more use for the set of whole numbers. With the discussion of real

numbers in Chapter 5 the term integers will be introduced to desig-

nate whole numbers and their opposites (negatives).

The teacher should be_ aware of three common errors made by

students in working with the empty set. The most important error

is the confusion (0) and 0, which is warned against in the text.

Thi,s point, howevul, may need further emphasis by the teacher. A

less significant mistake is to use the words "an empty set" or

a null set" instead of "the empty set". There is but one empty

set, though it has many descriptions. A third error is the use of

the symbol, (0), instead of just g.

Incidentally, the symbol used for the empty set is the same as

that used as a vowel in the Danish alphabet.

,Page 3. T is a subset of S.

Answers to Problem Set 1-1a; Pages 3-4:

1. (a) (1, 3, 5, 7, 9, 11)

(b) (0, 1, 4, 9, 16, 25, 36, 49)

(c) (12, 24, 36, 48)

(d) (0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10)

(e) This question should be checked annually with the

World Almanac.

(0 (0, 1, 4, 9)

(g) (0, I, 4, 9, 16, 25, 36, 49, 64, 81)

(h) The mal set-cannot be listed

[pages 1-4)
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2. (a) The elements of each set are the same: 1, 2, 3, 4,

5, 6

(b) The set S = (1, 2, 3, 4, 5, 6) is the set of the

first six counting numbers. Many other descriptions

are possible.

(c) The same set may have many descriptions.

3 U = (1, 2, 3, 4)

T ='(1, 4, 9, 16)

V = (1, 4); yes, V is a subset of U; yes, V is a subset

of T; no, U is not a subset of T, since'2 is not an

element of T

4 K = (1, 2, 3, 4, 9, 16)

K is not a subset of U; U is a subset of K; T is a subset

of K; U is a subset of U (by definition of subset).

Problems preceded by the asterisk * are more challenging than

others in the same set of exercises.. Such problems are included

primarily for the brighter and more curiaus student, and the use of

these problems with an entire class may consume time needed later

in the year to complete the basic work of the course. The teacher

will have to decide as he reaches each such problem whether time

and the ability of his students permit him to deal with t!'s problem

with the class as a whole.

*5. From the set 0 one subset, 0, can be found.

From the set A = (0), two subsets, (0) and 0, can be

found.

From the set B = (0, 1), four subsets can be found: (0),

(1), (0, 1), and 0.

From the slet C = (0, 1, 2), eight subsets can be found:

(0), (1), (2), (0, 1), (0, 2), (1, 2), (0, 1, 2) and

0.

From the set D = (0, 1, 2, 3), 24 or 16 subsets can be

found_

The student may state the rule in this manner:

A set with four elements will have twice as many subsets

as .a..set with three elements, and so forth

Tjoage 4)
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or

A set with one element has subsets.

A set with two elements has 2 x 2 subsets.

A set with three elements has 2 x 2 X 2 sUbsets.

Aset with four elements has 2x2x2x subsets.

etc.

Page,,.. There are 50 odd numbers between 0 and 100. They:can be

counted, but it is not necessary to count them. One way of arriv-

ing at the conclusion without counting is to observe that thiere

are 100 1i:hole numbers from 1 to 100, half of which are odd, and

half even, and one-half of 100 is 50.

Another way is to realize that-there are 5 odd numbers: in

each denade, and there are 10 decades from 1 to 100, hence-there

are 50:ndd numbers. The pupil might.,set up a table of these.

The set of all multiples of 5 is infinite in number and can-

not be .zounted with the counting coming to an end.

Tne use of the terM "infinitely many" on the part of the

studem- and teacher Should help the student avoid the noun

"infinfty", and with it the temptation to call "infinity" a num-

eral for a large number.

Answers to Problem Set 1-1b; Pages 5-6:

1. (a) 18

(b) 25

(c) Infinitely many

(d) 34

(e) ).00

2. (a)' -Infinite

(b) Infinite

(c) Finite

(d) Finite

(e) Infinite

3. (a) K = (0]; K is a subset of S; K is a subset of T;

S, T, and K are finite.

(b) M = (0, 2, 4, 5, 6, 7, 8, 9, 10); M is not a subset

of S; T is a subset of M; M is finite.

[page 5]
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(c) R = (5, 7, 9); R bset of both S an( C M.

(d) A cannot be list, the empty set.

(e) Sets A and K are nou tie s A has no elements,

while K has one element, 0.

(0 Yes. A subset of a set can have no elements which

are not in the set, so the number of elements in a

subset is not greater than the number of elements in

the set. Any subset of a finite set, therefore, is

finite.

4. An even whole number is a whole number which is a multi-

ple of 2, that is, the product of a whole number times 2.

0, being the product of the whole number 0 times 2, is,

by this definition, an even number.

1-2. The Number Line.

Page 7. The number line is used as an illustrative and motivational

device, and our discussion of it is quite intuitive and informal.

As was the case with the preceding section, more questions are

raised than can be answered immediately.

Present on the number line implicitly are points corresponding

to the negative numbers, as is suggested by the reference to a

thermometer scale and by the presence in the illustrations of the

left side of the number line. Since, however, the plan of the

course is to move directly to the consideration of the properties

of the operations on the non-negative numbers, anything more than

casual recognition of the existence of the negative numbers at this

time would be a distraction to the student.

Page 7. This idea of successor is important. Suppose you begin

with the natural number one. The successor is "one more", or

1 I- 1, which is 2. So the successor of 5 is 5 1, or El of 105

is 105 I- 1, or 106; and of 100,000,005 is 100,000,006. TThis

implies that whenever you think of a whole number, however large,

it always has a successor. To the pupil should come the realiza-

tion that there is no last number. An interesting reference for

the student is Tobias Dantzig, Number, the Language of_Science,

pp. 61-64.
[pages 6-7]
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Page 2. The emphasis here is on the fact that coordinate is the

number which is associated with a point on the line. "Coordinate"

and "associated" and "corresponding to" must become part of the

pupil's vocabulary. He, must not confuse coordinate with point, nor

coordinate with the name of the number.

The distinction between number and name of a number comes up

here for the first time. Do not make an issue of it at this time,

for it is dealt with explicitly at the beginning of Chapter 2.

'Observe that the general statement on page 9 concerning

rational numbers is not a definition, because we do not at this

point include the negative rational numbers. Do not make an issue

of this with the student. After we have introduced negative numbers

in Chapter 5 he will have a definition of rational numbers. For

the moment we want him to have the idea that these numbers are among

the rationals.

It is also possible to say that a number represented by a

fraction indicating the quotient of a whole number by a counting

number is a rational number. This statement may be of interest,

since it is expressed in terms of these recently-defined sets, but

the statement in the text has the advantage that the exclusion of

division by zero is explicit.

10 14 35 0
3) --6) -375, 7 are possible names for these numbers.

Page 10. A rational number may be represented by a fraction, but

some rational numbers may also be represented by other numerals.

The number line illustration on page 10 gives the-name "2" as well
No II 6 11 upt

as the fractions , to name the 'number 2. The same

diagram makes clear that not all rational numbers are whole numbers.

The students may have seen some fractions that do not represent

rational numbers, such as,N/Y, 471- etc. They will have to be
2

reminded that so-called "decimal fractions" are not, by this defi-

nition, fractions.

It is necessary to keep the wqrds "rational number" and

"fraction" carefully distinguished. Later on in the course,

(Chapter 9) it wfll be seen that the meaning of the term "fraction"

[pages 9-10]

2 3



8

includes any expression, also involving variables, which is in the
form of an indicated quotient.

Pages 10-11. The idea of "density" of numbers is being initiated
here. By "density" of numbers we mean that between any two numbers
there is always another, and hence that between any two numbers

there are infinitely many numbers. This suggests that, on the

number line, between any two points there is always another point,
and, in fact, infinitely many points. We refer here to "points"

in the mathematical, rather than physical sense--that is, points
of no dimension. Because the student may not be thinking of points
in this way he may not intuitively feel that between any two points
on the number line other points may be located. Therefore, he is

shown "betweenness" for number's first, then, taking these numbers
as coordinates, he can infer "betweenness" of points on the number
line.

The introduction of other positive numbers besides rational
numbers is done quite gradually. An exercise in Chapter 3 suggests.

that,rf might be irrational; in Chapter 5 various radicals and also

7r are definitely asserted to be irrational, and the careful treat-

ment of the irrationality of various radicals and their sums is

given in Chapter llafter adequate preparation on factoring.

At this point in the course, it is hoped that the student will
accept the fact that every point to the right of 0 on the number
line can be assigned a number. He may not accept the fact that

not every such point has a rational number as its coordinate, but
this fact need not be emphasized until Chapter11. He may also be
impatient to assign numbers to points to the left of 0. For the
time being, until Chapter 5, we shall concentrate on the non-
negative real numbers. This set of numbers, including 0 and all

numbers which are coordinates of points to the right of 3, we call
the set of numbers of arithmetic. After we establish the proper-

ties of operations on these numbers (in Chapter 3) we shall con-
sider the set of all real numbers which includes the negative
numbers (in Chapter 5). Then in Chapters 6, 7 and 8 we spell out

the properties of operations on all real numbers.

2 4
[pages 10-11]



Answers to Problem Set 1-2a; Pages 11-12:

9

2 3

1. Between 2 and 3 there are infinitely many; between and
500 500

there are infinitely many.
1 3 5

2. (a) 2

11 13

1 3

1
2 34 56 78 9 1011 12 13 14 15 16 17 18 12 Q.

(b) 5 5 5 5 5 5

0 1 2 3 4

0.507 11 15 18 2.7 3.5 4.1

1 2 3 4

5

Three of these are whole numbers, 0, 2, 4. 2 and 4 are count-

ing numbers.

(d) All the names for numbers in (c) are not fractions. All

the names for numbers in (a) and (c) represent rational

numbers.

If the student is uncertain how the graph should look, he may

refer to the illustrations on page 14 of the text. It is our hope

however, that he will not require this assistance, but that instead

the exercise will point toward the graphing of sets which follows.

3. 3-L-1 is another name for the natural number-4. Other suggested

8 100 12.4
names for the coordinate of this point include

4
-7717,

0

6 12 3000 1,j.. 3.6
4. Suggested numerals include lp 4000' 2 ' TM' .f-).

A comparison of the answers to Problem 2 (c) and Problem 4 of

these exercises suggests that we do not care whether a decimal

between p and 1 (or, later, -1 and 0) is preceded by O. Either

form is acceptable.

5.
1.5 3.5

The point whose coordinate is 3.5 is..to the right of the point

whose coordinate is 2. The number 3.5 is greater than the number 2.

The point whose coordinate is 1:5 is located to the left of the

point whose coordinate is 2. The number 2 is greater than the

[pages 11-12]
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number 1.5. (Note that this problem is leading into work on the

order relation of numbers and associated points.)
22_

6.

0 1 2 3 4
3.1 3.2

22 22The number 7 is between the whole numbers 3 and 4. .7 is

greater than 3.1. lies to the left of 3.2. 2# lies betWeen 3.1

and 3.2. Have the pupil divide 22 by 7; he uf,3uld get the result

3.14285714...; from this he can decide that lies between 3.1 a

and 2.2; between 3.14 and 3.15; between 3.142 and 3.143.

*7. Set S is one of three sets:

(1) The set of whole numbers

(2) The set of all counting

(3) The set of all whole

Answers to Problem Set 1-2b

greater than 1.

numbers.

numbers.

Pages 13-14:

1. (a)

(b)

K =

S

[0, 4); M = (0, 2, 3, 4, 6, 7, 8, 10)

2 4 6 7 8 9 10 II

T + 44
0 2

u

3 4 5 67 8 9 10 II

K + I 11 1 1

O 2 3 4 5 6 7 8 9 10 II

4 +14 +Itm # 4 4
0 2 3 4 5 6 7 8 9 10 II

(c) Any point on the graphs of both S and T is on the graph

of K. Any point on the graph of either S or T or both is

a point on the graph of M.

This exercise suggests that it will scimetimes be convenient to

compare the graphs of two sets to llnd the important sets later to

be known as the intersection and the union of the sets.

2. A
0 1 2 3 4 5 6 7 8 9 10 II

0 I

52 T 3 4 5 6 7 8 9 10 II

[pages 12-14]

2 6



81

36. If t is the number of minutes after his arms are,

immersed, and t 10, then the phrase is t - 10.

37. If x is the number of dollars in the inheritance,

then the phrase is:
....

(a) -l'oc or

( b ) -I- 50 or 3-2.-uc + 50

(c) x - (kx + (i6x + 50) or x - + (.+ 50))

(d) x

Of course in (d) the student might write

(ix) + (Apt + 50) + - + (Ax + 51) He might

have fun showing that this phrase represents the same

number as x.

38. If the rectangle is w

feet wide, then the

phrase is

(a) 2w - 5

(b) w + (2w - 5) + w + (2w - 5)

or 2w + 2(2w - 5)

(c) w(2w - 5)

W tot.

In the early part of our work with translation we have been

trying to emphasize the idea that the variable represents a

number by being reasonably precise in the language. Thus we have.

been saying, "the number of feet in the width", "the number of

inches in the base", etc. As we go on, we become more careless

about this way of speaking in order to be able to speak more

fluently. So in Problem 38, as long as the unit of length and

the unit of area are clearly stated elseWhere in the problem,

we allow ourselves to speak of "perimeter" and "area" instead of

"number of feet in the perimeter" and "number of square feet

in the area."
9 7

[pages 787813
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4-2. Open, Sentences and English,Sentences

We give suggested translations for the open sentences.

Assigning them to the students will produce a great variety of

translations. One way of testing the correctness of the student

translations might be to distribute them about the class and

have the students try translating them back into open sentences.

This would also serve to give the students a start on the

following work by having them first translate student-made

English sentences into open sentences.

Answers to Problem Set 4-2a; page 821

1. Sammy, who is 7 pounds heavier than Jonathan, weighs

82 pounds.

2. In order to buy 500 envelopes, I had to buy two boxes of

envelopes.

3. Seventeen of the students did supplementary projects.

This is half the class.

4. A rectangular field is 4 rods longer than it is wide

and its area is 480 square rods.

5. I have three pieces of chain. The second piece has

twice as many links as the first and the third piece

has three times as many links as the first. I'get a

single chain with the same number of links whether I

fasten the second and third pieces together and then

fasten them to the first, or whether I fasten the first

and second pieces together and then fasten the third to

them.

6. James bought some 4 cent stamps and the same number of

7 cent stamps. The total cost was 44 cents.

7. A contractor ordered 4 bags of nails and later ordered

7 more bags of the same kind of nails. The total ship-

ping weight was 47 pounds.

Note: The difference between Problem 6 and Problem 7 is

that in 6 you may restrict.the domain of the variable

to whole numbers and there, will be a whole number, namely

[page 82]
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4, which will make the sentence true. In Problem 7 this

is not true, so it would be incorrect to set up a

sentence which requires its variable to represent a

whole number. If at all possible, let the students

discover this fact themselves.

8. The perimeter of a square is 100 feet.

9. I have to travel just as far whether I go from here to

Fairwood and then the five miles to Middlebury, or

whether I go first from Middlebury to Fairwood and then

' back here.

10. We received 6 gallons of milk, some in quart bottles

and some in half-gallon bottles.

Pase 82. There are several important points to be noted here.

1. What question is the problem asking? The answer to this

question should be stated in terms of a number. Do not allow

the student to write, "x = the cost" or "y = the length." Help

him to become conscious of the fact that the variable represents

a number. He should say, "x is the number of dollars in the

cost of the house", or more smoothly, "the house costs x dollars."

2. Any other numbers needed in the problems should be stated in

terms of the one named by the variable. Thus we.say, "If the

shorter piece is x inches long, the longer piece is (:K 3)

inches long." Of course some situations may naturally lend

themselves to the use of two variables. As we have said before,

(page 76) there is no objection in this chapter to including an

occasional example of this sort.

3. There should be a direct translation into an open sentence.

Thus for Example 1 on page 82 while we could change the sentence

to 2K 3 = 44, such a sentence is not a direct translation of

the problem. It does not really tell the story. A good test of

a direct translation is to see whether, with the description of

the variable, the sentence can be translated readily back into

the original problem.

9 9

[page 82]



84

4. We repeat that, for the present, the emphasis is on the

translating and we do not expect the students to go on and "get

the answer" in this chapter. You should be warned that Examples

1, 2, and 3 on pages 82-84 do not have.obvious answers. This

was so planned in order to try to avoid the distraction of

"seeing the answers."

Answers to Problem Set 4-2b; pages 84-86:

1. If Charles received c votes, then Henry received

c + 30 votes, and c + (c + 30) = 516.

If Charles received c votes, then Henry received

516 - c votes, and 516 - c = c + 30.

2. If the rectangle is x

inches wide, then it is 6X inCheS
6x inches long, and

x + 6x + x + 6x 144 F

or

2x + 2(6x) = 144.

x inches

3. If the smallest angle is s degrees, then the largest

angle is 2s + 20 degrees, and s + (2s + 20) + 70 = 180.

4. If y is the number of feet in one of the shorter

spans, then the long span is y + 100 feet long, and

y +-y + (y + 100) = 2500.

5. If there were y students in Miss Jones's class, then

there were y + 5 students in Mr. Smith's class and

(Y 5) = 43.

If there were y students in Miss Jones's class, then

there were 43 - y students in Mr. Smith's class and

43 - y = y + 5.

(Call attention to the second of these methods. It is

a useful approach to know, but one ivith which some

students have trouble at first.)

6. If the rectangle is w inches wide, then it is w + 5

inches long and w(w + 5) = 594.

[page$3 84-86]
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7. If Dick is x years old now, then John is 3x years old

now. Dick was x - 3 years old three years ago, John

was 3x - 3 years old three years ago, and

(x - 3) + (3x - 3) = 22.

8. If John has d dimes, then he has d + 1 quarters, he

has 2d + 1 nickels, his dimes are worth 10d cenus,

his quarters are worth 25(d + 1) cents, his nickels

are worth 5(2d + 1) cents and

10d + 25(d + 1) + 5(2d + 1) = 165.

9. If I bought f four-cent stamps, then I bought 23-f

seven-cent stamps, the four-cent stamps cost 4f cents,

the seven-cent stamps cost 7(23 - f) cents, and

4f + 7(23 - f) = 119.

(See note on Problem 5.)

10. If the freight train traiteled z miles per hour,, then

the passenger train traveled z + 20 miles per hour,

the freight train went 5z miles, the passenger train

went 5(z + 20) miles, and 5(z + 20) = 52 + 100.

11. If there are h half-pint cartons, then there are 6h

pint cartons and

h. + (6h)1- = 39 (Sentence about quarts.)

1 tr %

or h + koh) = 78 (Sentence about pints.)

or h + 2(6h) = 156. (Sentence about half-pints.)

12. If y is the number of years_until the men earn the

same salary, then

Mr. Brown will be earning 3600 + 300y dollars,

Mr. White will be earning 4500 + 200y dollars, and

3600 + 300y = 4500 + 200y.

1 0 1

[pages 84-86]
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13. If the table is w feet

wide, then it is 3w

feet long, the square

would be w + 3 feet wide

and 3w - 3 feet long,

and w + 3 = 3w - 5.

3W fee.?

W feet

W-0.7 feel

3W-Sfee?

1ZL The following problems are, of course, only suggestions.

(a) I have $4.80 in coins of which there are two more

dimes than nickels and twice as many half dollars

as nickels. How many have I of each kind of coin?

(b) How wide is a rectangle which is three times as

long as it is wide and which has an area of 300

square inches?

(c) A school ordered 85 booklets, some of which cost

$.60 each and the rest cost $1.10 each. The

total bill was $78.50. How many of each booklet

were ordered?

(d) A strip of wood 69 inches long is to be cut into

three pieces such that the second piece is 3

inches longer than the first and the third piece

is 6 inches longer than the first. How long should

the shortest piece be?

(e) Two boys caught 18 fish. Since one boy's family

was twice as large as the other's, they decided

to divide.the 18 fish so that one boy.took home

twice as many fish as the other one did. How. many .

fish did each boy take?

102
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(f) A nut and bolt together weigh 5 ounces. If a pile

of 30 nuts and 4 bolts weighs 59 ounces, how much

does one bolt weigh?.

(Notice that to make the open sentence true h

cannot be a whole number. Thus a problem in which

h is a number of people, for instance, would not

be appropriate.)

1 1
(g) If Joe mowed .4. of the lawn and Jerry mowed of the

3
lawn, how much of the lawn must Jake mow in order

to finish mowing the whole lawn?

15. If the smaller boat can carry n passengers, then the

larger boat can carry n + 80 passengers, and

n + (n + 80) = 300.

The Macy family drove to their cousints. On the way

back they took a side trip which added 80 miles to the

distance. When they got home they had traveled a total

of 300 miles. How far was it to their cousints?

4-3. Open Sentences Involviaii Inequalities

Page 86. Here we extend the student's experience with translating

to sentences involving inequalities. While we are still not

trying to find the truth set of the open sentence, we may notice

how the inequalities may have many numbers in the truth set

instead of just one.

Answers to Problem Set 4-3a; page 87:

1. Teddy is more than 3 years old. How old is Teddy?

2. If Elizabeth were one year older, she still would be

younger than 17 years old. How old is Elizabeth?

3. The quarters in my pocket are worth at most $1.75. How

many quarters are in my pocket?

4 If we were to buy three more books at $5 each, the cost

would be less than $100. How many books are we buying?

..10.3
(page 86]



5. If the population of Metropolis increLse3 by 10,000,

the population will be more than 160,000. What is the

present population of Metropolis?

6. Mr. Thompson has a box of thutb tacks, Mr. Ford has two

boxes of them, and Miss Sneed has three boxes of them.:

Altogether they have at least 48 thumb tacks. Hoy..

many thumb tacks are there in a box?

7. The guide walked the scenic trail once on Friday, twice

on Saturday, and three times on Sunday. He walked a

total of-50 miles. How long was the trail?

(Note that the open sentence will not be true for a

whole number. Note also in Problems 6 and 7 that a,

2a, and 3a cannot represent sides of a triangle, since

the sum of two of them is rot greater than the third.

If possible, try to lead your students to observe

restrictions of this sort.)

8. If three-more boys join the ClUb; the clUb"Will-have inöë

than 5 And less than 10 members. How many members has

the club now?

9. .If the whole group of boys is divided into two equal

teams, each team is smaller than a full baseball team.

How many boys were in the whole group?

10. A 12-acre piece of land was divided between two sons in

such a way that one son received more than three times.

as much as the other son. How many acres did each son

receive?

,Page 131. Example 2: A class of more capable students may enjoy _

a discussion of the fact that this problem is,more completely

described by the compound sentence

d 0 and (d - 32) +d < 48.

Since the phrase d - 32 is meaningless for d < 32, the domain_

is the set of numbers greater than or equal to 32.

[pages 86-87]
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'paw_ 88. Example 3: There is,of course, a third condition:

5 < n + 6.

Since this sentence is true for all positive values of n, it

adds nothing to the information about the sides of the triangle.

We mention it here in case -me of your students asks about it.

Some student may ask also about finding the truth set of

n < 5 + 6 and 6 < n + 5.

While we are.not emphasizing the truth sets here, we could show

the interested student how we can use graphs to find this

truth set.

n < 5 + 6
876.1"4-6"""i4gig"..." N.

6 < n + 5
t l j II

n < 5 + 6 and 6 < n + 5 °
11

Hence, the length of the third side is less than 11 inches and

greater than one inch.

The main difficulty for the student in this might be seeing

the graph of 6 < n + 5. He may naturally observe, however, that

this is equivalent to n > 1.

Answers to Problem Set 4-3b; pages 88-89:

1. If the number is n, then + in > 26.
4. 3

2. If Norman is y years old, then Bill is y + 5 years

old, and y + (y + 5) < 23.

3. If a side of the square-

is x inches long, then

a side of the triangle

is x + 5 inches long,

and x = 3(x + 5).
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4. If the rate of the current is c miles per hour, then

c + 12 is the rate of the boat downstream, and

c + 12 < 30.

. If John can spend x hours on the job, then

x > 2 and x < 4.

6. If there are c minutes allowed for commercials, then

c and c < 12.

Time for material other than advertising is 30 -.c.

. Another way of expressing the last idea is T < 30 - 3

and T > 30 - 12.

7. If there are t students in the class, then

3f > t + 26.

8. If Harry has d dollars, then Dick has d + 15 dollars,

and Tom has 2(d + 15) dollars, and

d + (d + 15) + 2(d + 15) = 205.

9. If Harry has d dollars, then Dick_has d + 15 dollars,

and Tom has 2(d + 15) dollars, and

d + (d + 15) + 2(d + 15) < 225 and d + (d + 15) +'

2(d + 15) > 205.

10. If his score on the third test is t, then

75 + 82 + t
88.

. 3

75 + 82 + 100 257
8

2

3 3 '3

75 + 82 + 0 la 521
3 3 3

11. If there are s students in Scott School and m

students in Morris School, then

(a) s > m

(b) s = m + 500

106
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Page 22 This list of problems reviews the ideas of this chapter

and indirectly reviews many of the ideas of the earlier chapters.

The teacher must use judgment as to how many of these are done

and when they are done. Some of them might be assigned one or

iwo at a time along with later assignments as the class goes on

into the next chapter. Look over the whole list to see what

variety of problems you want your class to experience.

Answers to Review Problems; pages 90-96:

As opportunity presents itself, discuss with the students

the restrictions,on the domain of the variable which are imposed

in some of the problems by the nature of the situation.

1. (a) If x is the number of cents in the collection

before I contributed, then the phrase is: The

total number of cents in the collection after I

put in my fifteen cents. With this translation,

the domain is the set of whole numbers.

(b) If p is the number of dollars in the list price

of a book, then the phrase is: The number of

dollars paid for five copies of the same book,

three bought at the list price and two bought at

the reduced price of one dollar below list price.

(c) If the boat has traveled t hours at ten miles

per hour, then the phrase is: The number of miles

remaining of a sixty-mile boat trip at the end of

t hours.

(d) If r is the number of 15-cent ice-cream cones,

then the phrase is: The total number of cents spent

by a group of 9 students at the recreation park,

where each student bought r cones and each bought

25 centst worth of popcorn.

(e) If b is the number of inches in the length of the

base of a triangle, then the phrase is: The

number of square inches in the area of the triangle,

where the altitude is 4 inches less than 3 times

the length of the baseb

[pages 90J96]
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2- (a) If n is the number, t i the phrase is n - 3.

(b) If Sam is y years old now, then the phrase is

y + 7.

(c) It Mary is x years old now, then the phrase is

x - 10. ,

(d) If t is the number of degrees of the present

temperature, then the phrase is t + 20.

(e) The phrase is 5n.

3. (a) The phrase is 10x + 5y + 6.

(b) If the number is n, then the phrase is n + 2n.

(c) If the first number is x and the second is y,

then the phrase is x + 2y.

(d) The phrase is 7w.

(e) If x is the population of a city in Kansas, then--

the phrase is 2x + 1,000,000.

(0 The phrase is 12x.

4. (a) If b is the number of dollars in Bettyts allow-

ance, then the phrase is 2b + 1.

(b) The phrase is 40h.

(c) The phrase is 1000(25).

(d) If Earl weiphs e pounds, then thp,-phrase is

e + 40.

(e) If the rectangle is n inches wide, then the

phrase is n(n + 3).

5. (a) The phrase ls 1.59x.

(b) The phrase is .75z.

(c) The phrase is 33.2g.

(d) The phrase is 29x :I- 59y.

(e) The phrase is 10t + u.

108
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6. (a) If- x -is the number of years of his age, then he

is less than 80 years old.

(b) If he earns y dollars in a year, his annual

salary is 3600 dollars.

(c) If z is the number of dol' ank's assets,

then the assets are mor lion dollars.

(d) If u, v, w are the o rees of the

angles of a triangle., the ..1131 U.1: the angles is

180 degrees.

If the shorter side of a rectangle is z inches',

and the longer side is 18 inches longer than this,

then the area of the rectangle is 360 square

inches.

7. (a) If Mary's sister is y years old, then

16 y + 4.

(b) If Bill bought b bananas, then

9b = 54.

(c) If the number is n, then

2n + n < 39.

(d) If Betty's allowance is b dollars, then Arthur's

allowance is 2b + 1 dollars, and

2b + 1 = 3h - 2.

(e) 40t = 260
(f.) 1_02 ,-

t

8. (a) If Pike's Peak is h feet high, then

h > 14,000.

(b) 1.4 = 0.003n + 2(.1)

(c) If p is the number of people in a city in Colorado,

then 2,000,000 > 2p.

(d) x2 > (x 1)(x + 1)

(e) If' y ,is the number of dollars in the valuation of

the property, then I0fr6(24) = 348.

If Earl weighs w pounds, then

w + 40 < 152.
(f)

[pages 90-96)

109



94

9. (a) If the whole number is n, then its successor is

n + 1, and n + (n + 1) = 575.

(b) If the whole number is n, then its successor is

n + 1, and n + (n + 1) = 576.

This sentence is false for all whole numbers.

If a number is odd, its successor is even; if the

number is even, its succefor 1,

Hence their sum cannot be even.

(c) If the first number is n, theli ale second number

is n + 1, and n + (n + 1) = 576.

There is a number for which this sentence is true,

since the domain of the variable is not restricted

to whole numbers.

(d) If one piece of the board is f feet long, then

the other piece is 2f + 1 feet long, and

f + (2f + 1) = 16.

(e) 3x = 225

10. If the tens1 digit is t, and the units! digit is u,

then the number is 10t + u, and 10t + u = 3(t + u) + 7.

11. 42 - n

12. (a) If n is the number, then 3(n + 17) = 192.

(b) If n is the number, then 3(n + 17) < 192.

13. If the first number is x, then the second number is 5x,

and x + 5x = 4x + 15.

14. If Sally has K books, then Sue has K + 16 books, and

K + (K + 16) > 28.

115. In one hour he can plow 7 of the field with the first

tractor. In two hours, using both tractors, he can plow

2 27+ 5 of the field. The part of the field left unplowed

is 1 - (4 +ii). The open sentence is f..4. g- = 1.

110
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1 . If t is the number of the hour when you leave New York,

then t + h is the number of the hour, New York time,

when you arrive in Los Angeles.

t + h - 3 is the number of the hour of arrival, Los

Angeles time, and

t + h - 3 < 12.

17. Mr. Brown's weight m months ago was 175 + 5m.

175 + 5m = 200.

18. (a) If n is a Jle , 0, then n + 1 is its

'successor, am + 1) = 45.

(b) If n is an odd number, then n + 2 is the next

consecutive odd number, and n + (n + 2) = 75.

See whether your students notibe that this can

never be true for any odd number, since the sum of

two odd numbers is even.

19. If the marked price was m dollars, then 176 = m - am.

20. If x is the number of dollars for one hour's work at

the normal rate, then x is the number of dollars for
2

one hour's work at the over-time rate, and

40x + 8(ix) = 166.4o.

21. If the target is d feet away, then it took the bullet

1700
seconds to reach the target, and it took the

ound T.Trz seconds to come back, and + DM'Toos 2

An alternate solution which has the advantage of result-

ing in a simpler sentence but the disadvantage of the

variable representing a number other than the one asked

for is: If t is the time in seconds for the bullet to

reach the target and 2 - t is the time in seconds for

the sound to come back, then 1100(2 - t) = 1700t.

[pages 90-96]
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22. If the short cut is x

feet long, then

(200)2 + (300)2 =

23. If y is the flmber of feet

in 4' t the

pole, ,,It!an, by the

Pythagorean Theorem,

(30)2 + y2 = (50)2.

300 e?

24. (a) 35 + 20 t

(b) h 1 is the number of one-hour periLNds after the

initial hour, and the phrase is 35 ?)-,(b - 1)

25. If the radiator oriztnally contains w q s of water,

it con7ains w + 2 quarts of mixture after le alcohol.

was,added. Since 20% of this mixture is-602ohol, there

are7515(w + 2) quarts of alcohol in the mi4e4.0e.

2 = is(w .1. 2)

26. (a) 100x + 405r

(b) 100(2 x 60) + 40y

(c) 100x + 40y = 20,000

.27. (a) + 2w

(b) 12E+ 3w

(a) 20)+ 2w = 12 + 3w

112
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29.

(a)

(b )

x = 2

x

20

20

+

+ 1500

p.

0

o

97

24

1 2
2

3

2 5
2

3

1

p.

21
2

3

3
Alamplio

1

1

2 A
2

5
2

3
10.

41112Amram01...0Eib--1
1 2 3

30 . (a) x > 2
(b ) x < 6
c ) x>2 anc

31 . (a) x =

x > 2 r-pr

2

2

1 2 5

x < 6

1 1

+0 1 2 56
I I I I I 4040
0 I 2 3 4 5 6

> 5 0 1 2 3 4 5 6,

> 5 I I
0 1 2 3 4 5 E.

0 1 2 3 4 5

-4 1. I
0 1 2 3 4 5

5 0 2- Z 4 5 6

[pages 90-96)
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(d) x < 2 and x < 5

32. (x 1 and x < 3) or (x >

33. This problem reviews sums of pairs of members of a set;
it is not a problem set up primarily to get an answer.
The pupil who tries to write an open sentence will find
he is wasting his time. Instead he should observe that
the man has a set of four members: (1.69, 1.95, 2.65,
3.15) and that he should examine the set of all possible
sums of pairs of elements of the set.

+ 1.69 1.95 2.65 3.15

1.69 3.38, 3.64 4.34 4.84

1.95 3.64 3.90 4.6o 5.10

2.65 4.34 11.60 5.30 5.80

3.15 4084 5.10 5.80 6.30

This is the set: (3.38, 3.64, 3.90, 4.34, 4.60, 4.84,

5.10, 5.30, 5.80, 6.30)

From this we see: (a) The smallest amount of change he
could have is 5.00 - 4.84, or 16 cents.

(b) The greatest amount of change possible is 5.00 -
,

3.38, or $1.62.
(c) There are four pairs of two boxes he cannot afford:

one of $1.95 and one of $3.15; one of $2.65 and

one of $3.15; two of $2.65; two of $3.15.

*34. If a is the units digit of one number then 10 + a is

the number. If b is the units digit of the other

number then 10 + b is the other number. If p is the

product of the two numbers, then p = ((1M + a) + b)10 +
ab.

We can verify the above sentence by showing

p = (10 + a)(10 + b).

[pages 90-96]
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Thus, remembering that we can regard 10 + a as a single

number,

p = ((10 + a) + b)10 + ab

= (10 + a)10 + b(10) + ab distributive

= (10 + a)10 + 10b + ab commutative for multiplication

= (10 + a)10 + (10 + a)b distributive

= (10 + a).(10 + b) distributive

Chapter 4

Suggested Test Items

Write an open phrase or open sentence for each of the following:

1. The volume V in cubic feet of a rectangular solid

whose dimensions are x yards, y feet, and z feet.

2. If a boy has 250 yards of chicken fence wire, how long

and how wide can he make his chicken yard, if he would

ike to have the length 25 yards more than the width?

3. in an orchard containing 2800 trees, the number of trees

in each row is 10 less than twice the number of rows.

How many rows are there?

4. Paul has d dimes and three times as many quarters as

dimes. Write an open phrase for the number of cents

Paul has.

5. If h is'the third of five consecutive whole numbers,

then

the fifth number is

the second number is

the sum of the first and the fifth number is

6. Jack is 3 years older than Ann, and the sum of their

ages is less than 27 years. How old is Ann?

7. There are five large packages and three small ones.

Each large package weighs 4 times as much as each small

sne; and the eight bundles together weigh 34 pounds

ounces. What is the weight of each bundle?

[pages 90-96]
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8. Jim has four times as much money as Walter. If he gives

Walter 39 cents, the two boys will then have equal

amounts. How much does Walter have now?

9 A father earns twice as much per hour as his son. If

the father works for 8 hours and the son for 5 hours,

they earn less than $30. How much does thn son r,,,rn per

hour?

10. Separate $38 into two parts such that one part is $19

more than the other.

11- A basket full of peaches costs $2.10. The peaches cost

two dollars more than the basket. How much does the

basket cost?

12. The thickness of a number of pages of a book if each
1page is 7-00 of an_inch thick.

13. The product of a whole number and its successor is 342.

What is the number?

14. Bill's weight, 193 pounds, is at least 10 pounds more

than Dave's. How much does Dave weigh?

15. A salesman insists that he must have at least $12 a day

in an expense account, and his boss insists that he

must be given less than $30 a day. Express this in an

open sentence.

16. Complete the following problem so that the problem

corresponds to'the given open sentence.

Problem. John found a box containing $2.40.

Open, Sentence. 5(x + 4) + 10(4x) + 25x = 240
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17. Translate the following into open.phrases or sentences

using a single variable in each.

(a) $30 more than Tomls weekly salary

(b) Tomls weekly sainrY .1s than $30.

(c) Tomls weekly salary is $30 more than Jimls.

Together they.earn $140 per week.

(d) Tomls weekly salary is $30 more thmn Jimls.

.
Together they earn more than $140 7mer week.

(e) Tom's weekly salary is $30 more than Jimls. The

sum of their weekly salaries is bezween $140 and

and $200.

18. Write each of.the open phrases which results from obey-

ing the following directions:

(a) Choose a number and add 4 to it to get a second

number.

(b) Subtract 3 from the second.number to get a third

number.

(c) Find the average of the second and third numbers.
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Thapter 5

REAL NUMBERS

..5-1. The Real Number Line

In Chapters 1 to 4 the student has been discovering and

etlaplying properties of operations on a set of numbers which we

, called the numbers of arithmetic. This set consists of 0 and

the.numbers assigned to the points on the right of 0 on the

number line. His work with familiar numbers gave him a secure

hold on such concepts as the associative, commutative, and

:distributive (ACD) properties, open sentences, truth sets, etc.

.With this backgroUnd he is now ready to give names to numbers

:which we assign to points on the left of 0. The total set of

numbers corresponding to all points of the line, that is, the

set of real numbers, is now his field of activity.

It should be mentioned that in this course we have chosen

to alaproach the negative numbers in a manner different from some

writers. Instead of presenting a new set of nuMbers (the real

numbers) and then'identifying a particular subSet of these (the

non-negative) with the original set (the numbers of arithmetic),

1,,te have chosen the following approach. We extend the numbers

,of arithmetic to the set of real numbers by attaching the negative

numbers to the familiar numbers of arithmetic. This has several

advantages:_ First, we do not need to distinguish between "signed"

and "unsigned" numbers; to us the non-negative real nUmbers are

the nuMipers of arithmetic. Second, it is not necessary for us

to prove that the familiar properties hold for the non-negatives,

for these prbperties are carried over intact along with the

-numbere of arithmetic. In this manner we avoid the confusion

of establishing an "isomorphism" between_positive numbers and

"unsigned numbers", Notice that we have no need whatsoever for

the ambiguous word nsign".

.

In general, we have takenthe point of view that a ninth

,grade student really has some experience with:negative numbers.

He is quite ready to label the points to the left of 0 and, in

so doing, make the extension to which we referred..
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A general reference for the teacher for this chapter is

Haag, Studies in Mathematics; Volume III, Structure of Elementary

Algebra, Chapter 3, p. 3.16; pp. 3.23 -,3.26.

In this chapter we familiarize the student with the total

set of real numbers. We include the order of real numbers,

comparison of real numbers, and the operation of determining

the opposite of a real number. Another section is devoted to

a definition and disnussion of the absolute value of a real

number. Here it should be pointed out that the spiral technique

iS being applied. This first taste of absolute value is followed,

itn each succeeding chapter by more and more uses and levels of

abstraction of absolute value. The teacher does not need to go

all out here on absolute value, because the topic reappears

regularly.

Then in Chapters 6 and 7 we shall define addition and multi-

plication of real numbers, being careful to choose our definitions

so that the familiar ACD properties of the operations will hold

for all real numbers. In the remainder of the course the opera-

tions on real numbers will lead to many topics usually considered

in elementary algebra courses.

Page Eg_. We introduce the negative numbers in much the same

way that we labeled the points on the right side of the number

line, which correspond to the numbers of arithmetic. Our

notation for negative four, for example, is -4, and we definitely

intend that the dash "-" be written in a raised position. At

this stage, we do not want the student 'o think that something

has been done to the number 4 to get the number -4, but rather

that -4 is a rame of the number which is assigned to the point

4 units to the left of 0 on the number line. In other words,

the raised dash is not the symbol of an operation, but only

an identifying mark for numbers to the left of zero.

In Section 5-3, the student will be able to think of -4 as

the number obtained from 4 by an operation called "taking the

opposite". The opposite of 4 there introduced will be symbolized

as -4, the dash being written in a centered position, and -4 will

turn out to be a more convenient name for -4.

(page 97)
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Since each number of arithmetic has many names, so does

each negative number. For example, the number -7 has the names

-14 -(7 x 1), x 5) etc.

In graPhing real numbers, the studeht should be aware that

the number line pictured which he draws is only an approximation

to the true number line situation. Consequently, any informa-

:tion which he deduced from his number line picture is only as

:accurate as hiS drawing.

yage 98. Once the negative numbers have been introduced, we

Alave the objects with which the student will be principally -

concerned throughout the next four years of his mathematics

education. It is much too cumbersome to have to refer to "the

numbers which correspond to all the points on the number line"

,or to "the number,s of arithmetic and their negatives", and so

we use the customary name the real numbers. bo not let the

students attach significance to the word "real". It is simply

the name of.this set of numbers.

Do not let the class discussion digress too far into irrational

numbers. The proof that /FT is not rational will be given in

Chapter 11. In the meanwhile we simply want the student to,see

. an irrational such as IF or 7 and to be told that there are

many more.

pages. 98-99. Real Numbers

Rational Numbers Irrational Numbers

Rational Numbers
Integers which are not Integers

Negative positive
. 0
Integers - Integers

A common misunderstanding is that some numbers on the line

are real and others are irrational. The student should be

encouraged to say, at least for the time being, that "2 is a

-real number which is a rational number and a negative integer;

2
is a real number which is a rational number; -12- is a real

c;

[pages 98-99]
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number which is a negative irrationnl number". The point is

that every integer is also a rational number and a real number;

every rational number is a real number; and every irrational

number is a real number.

Pap 99. The method of locating 15 on the number line depends

on the studentls understanding of the Pythagorean Theorem.

Again, this should not be allowed to distract from the main

ideas of the section. If it would mean a complete lesson on

the Pythagorean Theorem, it would be better to omit,the construc-

tion.

For the more capable student the scheme given in the text

for graphing lfg can easily be extended to give a method for,

determining successively 145- ,,j7 ,/6", etc. (The teacher

need not feel compelled to pursue this.) Given the unit segment

0 to 1 on the number line, let 2 be a line parallel to and one

unit away from the number line. Suppose that x is a number

greater than or equal to 1, for which"we have been able to

locate 1/7 on the number line. The perpendicular to the number

A B

0
line at VT meets 2 at a point B, and the circle with

center 0 and radius OB then meets the arithmetic number

line at N6E17-1 .
Applying the same technique to vx + 1 ,

we can locate -17--I-23 This process may be continued indefinitely:.

In particular, if x = 1, we can find successively 'VT, ,

, etc%

Similarly, the circle with center 0 and radius NAZ- meets

at a point A, and the perpendicular to 2 at A then Meets the

arithmetic number line at 1447.----1 . If x > 2, the pro.ce6s may

be repeated to get 147-2- , (and so forth).

To illustrate, suppose x = 16. Since we can easily locate

. 4 on the number'line, the scheme above permits us to locate

[page 99]
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virg and ,tiF . Applying the method to each of these, we can

locate IP and .1175 , (and so forth).

Page .22. The student may have acquired somewhere along the line

a feeling that N4F is a rational number, and we hope to dispel

this notion by having him compute the squares of several rational

numbers which he has come to associate with We hope that

he comes to realize that 45' is e number between 1 and 2,

between 1.4 and 1.5, between 1.41 and 1.42, between 1.414 and

1.415, and so on. We will prove in Chapter 11 that VT is not

a rational nu.:..ber.
1 r-

Page 100. Is --1/2 a rational number? 3 Nrf ? In the case
21 t

of --1,2 , help the student to reason as follows: If 114(1; were
2 2

a rational number, then 2 x 22-"..IF would be a rational number;

in other words, 1/7 would be a rational number. But 1,6 is

not a rational number. Therefore, il/F cannot be a rational

number. Similarly, he should ascertain that 3 j2" is not a

rational number, since if it were, then NE . (3 ) - 3

would be a rational number. Do not dwell on this point, but here

we broach for the first time the idea of indirect proof (or proof

by contradiction). A more detailed discussion will follow in

,Section 7-8.

We want the student to realize that there are many points

on the number line which do not have rational coordinates. He

will eventually learn how to name some of these, but he should

not worry about this at present. For a discussion of the repre-

sentation of rational and irrational numbers as decimals, see

Haag, Studies in Mathematics, Vol III, SMSG, Chapter 4 and

Appendix A.

Aram= to Problem Set L-13 page 100:

1. (a) (0, 3, -5, -(1-))

(b) (-(;), -(i))
I- I

4 -11 0
I

2 3

The points located will be only approximations, of course.

The students should have the feeling, however, that there

[pages 99-100]
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are points on the line corresponding to the numbers used

In theexercises and that thenumber line pictures they draw

are reasonable approximations to the graphs of the numbers.

(0) ((4), 5, -7, -(4)) 4 4 4 -44 -41 42 t
(d) -(;), 14) Ill 2-2 3

12

(e) [VET, 3, -3)
i VZ 2 3

() (-1, -(1 + (1 + -0,o 1,

-.2 -0+V-1 0 1 (14) 2

(g) (41 *20 "47), 3))

2. (a), (b), (d), (e), (g),. (h), and (j) follow from the fact

that every positive number is to the right of 0 and every

negative number is to the left of 0 on the real.number line:

(a) 3 is to the right of -4.

(b) 5.is to the right of -4.

(c) -2 is to the right of -4.

(d) 1 is to the right-of -1E .

(e) 0 is to the right of

-(i) and,-(4 are names for the same number and, so,

name the same point on the number line.

(g) 3 is to the right of 0.

(h) NE is to the right of -4.

(i) -(41 is to the right of -(4.

21 3 - a
x

63(TO and -64 x 4)

-44) is to the right of

Because of the manner in which the negative numbers

were constructed on-the number line, the negative number,

-(4), corresponding to the lesser oflithe two numbers

of arithmetic, is to the right of -(6).

(j) is to the right of

[page 100]
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Since "rolling the circle" gives us a length on the number

line equal to the circumference of the circle, the circle

comes to rest at a point on the line r units to the right'

of O. If the circle is rolled to the left one revolution

the circle will come to rest at a point on the number line

whose coordinate is -r.

4. (a) -2 is an integer, a rational number, a real number.

(b) -(1) is a rational number and a'real number.

(c) -12. is a real number.

5. A =

=

=

I .

N =

A, the set of whole numbers, and C, the set of non-negative

integers, are the same since both are comprised of the posi-

tive integers and O. B, the set of positive integers, and

N, the set of counting numbers, are the same, since both con-

sist of.the counting numbers 1, 2, 3, . .

; 5-2. Order On The Real Number Line

We believe that the student will expect the relation "is ---

less than" for the real nutbers'to have the same meaning_ab it

-did for what we auni.call the.non-negative real' numbers.

It is possible that some students may wonder if there is

some other definition of "is less than" which might have been

chosen. If they raise the question, :the following diacussion

of.an interpretation Which at first glance seems plaUsible may

::be helpful. Although "is less than",was defined to mean

(0, 1, 2, 3, . . .)

(1, 2, 3, 4, . . .)

(0, 1, 2, 3, . . .)

C. . -3, -2, -1, 0, 1, 2, 3, . . .)

(1, 2, 3, . . .]

[page 100]
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"is to the left of" on the number line for the numbers of

arithmetic, it could clearly be there interpreted as "is closer

to 0 than". It is then plausible tha't "<" for the real numbers

might well have this latter meaning! On the other hand, the

example of the thermometer does not agree with this interpretation,

nor would such familiar things as the-variation in the height of

tides or.elevations above and below sea level.

There is also a good mathematical reason for rejecting this

interpretation. The mathematician is never really interested

in a relation as such, but rather in the properties it enjoys.

Whatever meaning is attached to "is less than" we want to be able

to say, for example, that precisely one of the sentences "3 ( -3"

and "-3 < 3"is true. The plausible interpretation does not permit

this comparison, since neither of -3 and 3 is closer to 0 than

the other.

Page 102. We expect the student to say that

< means "is to the left of",

means "is to the left of or is the same number as",

means "is to the right of or is the same number as",

4 means "is not to the left of",

$ means "is not to the right of",

on the real number line. He should definitely have a feeling

for the meaning of "<" since much of the further discussion of

order is framed for "is less than".

In attempting to compare negative rational numbers, the

students should be aware that the multiplication property of I

can be applied to convert these into rational numbers represented

by fractions with the same denominator. Thus, to compare

and -(-51-) we have
17 '

-(T-D -(3-4 x -631r17)

-(34x 44) 117 )17 x 13/

125
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Since 13 x 17 =1 x 13 by the commutative property c multi-

plication, it fmLay to compare the numbers

4-111._)I and 117
\13 x 17 c1:7 x 14

Xrewere to Prcitm Set 5-2a; pz-:4:,e

2- (a) 3 f, ise, since 3 iE the right of the

numbe: 2Ti and is therefor± ;sreater than -1. rote

aga= asy comparison of a positive numbe: -nd a

negati nlimber.

(h) 2 < (t) false, since 2 is to the right of--4) and

is thentfore greater than

(c) -4 4 3.5T1s false.

(d) -(14) < -2.2 is true. Changing the decimal fraction to a

common fraction, the statement becomes -(1) < -(g). Now

-(11) -(-124-1.) an'a , so, is to the left of -(E) on the

number line. Thus (14) is to the left of -2.2.

3
(e) < -(3 ()) is true, since -(.5) and -(2+9-) are

names for the same number, they correspond to the same

point on the number line. But any, real number is less

.than or equal to itself!

The truth status of sentences (f) (j) can be determined in

(
the same manner as (a) and (b) above; consequently, we simply

list the results.

(f) -4 / 3.5 is true.

(g). -6 > -3 is false.

(h) 3.5 < -4 is false.

(i) -3 < -2.8 is true.

(j) r 4 -2.8 is false.

2. The purpose of this exercise is to lead the student to com-

pare two numbers. By the time the student completes the

exercise, he should see that there is only one true sentence

in each group of three sentences below.

126
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(a) -3.-1141 13 7rue.

-3.1L 1 is fa ae.

zriLse.

-3.14 134 :o Ihtf:..Left of

bess---tan 3.

-rttc

tut 4ones of the

ipvtr 4 and 4.

cr 5 3 < 2 x 2 is false.

therefcc,

2 < -2

2 = -2 Is

2 > -2 Is

we have t;7.
4 < 4 iE

4= 4 is

-3 on the nutber line and.is

+numbers 5 3 and 2 x 2,2

+ 3'Ie., = 2 x 2 is true..
.ar 3 > 2 x 2 is false.

2
1 %

(d) If we wrf-1.- -c.001 and
( rerez V as

have the ame zamber twice in the

distinct iumWirs. Thus,

3. (a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

.(i)

(nie iu) is

is

(1.4k) -4:56 is

y < 2.

u 4 3.

r -2.

x = 3 or x < -1.

c < 2 and c > -2.

a -3 and a I: a.

.d -1 or d.

a < 6 anc

false.

true.

false.

common fractions, we

pair, instead of two

4111110!
0 2

4 I

0

0

' 3

4 F I I
1 0

411410
3

3
I I I

0

40,1-I---1-41°1110
1 0 2

a <. -2.

[pages 102-104]
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u > 2. And u < -3. The truth set in this case Ills the

emptrzet, jec and henoe has_no graph; .Theatufarelt .

shoulE observe that there is no number both lea& Ulan

-3 and greater than 2. The exercise may serveTto remind

the student to notice carefully whether the co:meat-lye

In the sentence is "and" or "or", and to interp7_7et

the sentence accordingly.

4, (a) A sentence Whose truth set is the set of all real Immibers

not equal to 3.im y / 3. ,Another im y > 3 or y<

Note that although the sentences aboVe are mathemattnally

equivalent, their English translations differ,

is the former sentence which describes the required

set directly.

(b) A sentence whose truth set is the set of all reaa_nombers

less than or equal to -2 is v -2. Another is v -2.

(c) A sentence Whose truth-Set ia the set of all real numbers

not less than -(2) is x 4 -(i). Another is x
2

Notice here that the alternate form is easier to compre-

hend. This may suggest to the student a clearer descrip-

tiOn in English for the required set.

If p is any positive real number, and n is any-negative

real number, then n is to the left of zero, and p is

to the right of zero; thus .n is ti the left of p. (Recall

that this principle was used to speed the comparison of

numbers in many of the preceding exercises.) It follows that

"n < p" and "n p" are true statements and "p < n" is false.

The statement "n KW' is true since the statement means

n < p or n = p, and, though the Second statement is false,

the first is true.

. If p is any number of the set of integers, the truth set of

(a) -2 < p and p < 3 is (-1, 0, 1, 2). .In words, this rls

the set of all integers both greater than -2 and leas

than 3. On the number line the set would have the graph:

1 2
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-2 and -4 < p, is L , This is the set of all

integers both less the_:. -4 and greater than or equaZ

7:=L-2. Its graph is:

(c) . 2 cr p = -5 is (-5, 2j. :17, wards we have the direct

cascription of this set: the set of integers egliPl to

2 or -5. Its graph is:

7. (a') A temperature rise of ten degrees fram -5 means that

the temperature has risen from -5 to 0, an increase: of

five degrees, and then has risen five more degrees,

making the final temperature reading 5 degrees above L

(b) 2:n rising five degrees from an initial reading of -10

degrees, the temperature moves live degrees toward

=ero, making the final reading-5 degrees.

(c) An increase in temperature fram -15° tO 350 above ero

involves a rise from -15 to 0, that is, an Increase

of fifteen degrees and then a further rise from 0 to

35 above zero, an increase of thirty-five degrees.

The total increase is then fifty degrees.

8. Use <, or > to relate each of the following pairs so as

to make a true sentence
3 6

(a) 5 >

lictice that in th.4-s and in most of the following exercises

the mmItiplication property of 1 may be used to facilitate

the comparison.

3 3
(b) T

(c)

7173 -183
(d)

"70'

(e) <
...tz -3

(f) <

129
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. page 105. stating the compazisc property and, later on,.

the -transit:2,a nr.perty, we are fol.lsoging the convention estab-

lished in rl,ppter 2 to the effect that whenever we write a

sentence About numbers, we are trIcLatly asserting the truth of

that- sentenae.

The coL.-..=71:n property here =1 -en is also called the

trichotagy=roty of order. Not.e that it is a property

of < ; ..-3ven any two iiirent numbers, they can be

ordered so .117:tu 74ne is less than 'rle other. When the property

is stated we =metinclude the, thtn=5 possibility that the numerals

name the same..number. Hence, the 7naine "trichotomy".

Although: us b" and ub > a" trvolve different orders, these

sentences say exantIy the same thirz :about the numbers a and b.

Thus, we can -state a_ t2ichotomy pmperty of order involving ">" as:

For- any -number a and any number b ,

exactly one of these is true:

a > b, a = b, b > a.

If, instead of concent.L.dting attention on the order relation,

we concentrate an the two numbers, then either "a < b" or "a > b"

is true, but not both_ Here we fix the numbers a and b and

then make deci on. aa to which order relation applies. It is

purely a mattter of wh-Inh we are Interested in: the numbers or

the order- The compamt son pronarty is concerned with an order.

Answers 7.r. Problem Sen 5-2b; ag e s 105-106:

1. (a) -a < -1. 6.

(13) z 0.

tr..-f.s. point pupT-1T ahould recall that if a number

=mgative Tidli-be 1 crated to the left of 0 on

trme zeal numider line-4 -If' positive, the right of D.

uentig- a_ negative =umber is always less than

a7nraelitt1ve mazabee, oz- zero. Using this fact makes

es.74= Prob.171 i(e) and athers in this problem set.

( )

x 3 x 4- 2 x 3 x 21-
5 ) < 5

d)

[pages 105-106]
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(e) 12 = (5 + 2)4' >: 15-)

Note the use of the associative property

the second number:

x 12) =

7(0(12) =

la.

In simplifying

(f) -2 < 2.

2. Use only "<" to make true sentences.

(a) < 2.

(b) <

6 4
(c) < 3'

4 11(a)

4 11
(e )

Note that 103 206

:3 2 10 10 13<
(g) < '3" 15 15 15

(h) -4a) <

(1) 15 < Re<stlii that kl < < 1.

*(j) 1-5 ? <-44
He the mi-udent nay write 1.5 + 3 = 1.4 + 3.1 and

use the i-riauali-..-des 1.4 <-12- and 3.1 < ir-ro show

that 1. 4 < + Finally, by the -trnnsitIve

property, 1.5 + 3 <-4 + T. Here he has arizicipated

the -pranerty "If a, h, c, and d are real_numbers

for whtch a < b and c < d, then a -1- < b + d", from

Chapter-8.

3. If a is a Teal number and b is a real number, then exact-2y

one of the fallowi=g- is true: 131
[page=- 105-1061



a = b, a > b, b a.
Restating Exercise 1, using pairs of numbers given:

-1.6 > -2. Since -1.6 is
-2 is the true sentence.

4. The best statement wouZ3_ be: "If a is a real number and
b is a real number, them exactly one of the following is
true: a b or a < b.
Some may say "For any real numbers a and b, a
a b. If a b and b a,, then a = b", The last semmence
of this particular statement is reasonahiLe and ±nnocent in
appearance. Surprisingly enough, it ttm--ts out -to he oz
of the most useful criteria f= determi-onz that :nom variables
have the same value! In away- instanc . ita the calculi:Ls, _for
example, one ts- able to shlow by om azgument that 2..<:<- b and

by another that; b a. HE is thn able to ponclud =rat a = b.
Given two numerals, it is r.=-usaly t,4--Trial to check it:mother
or not they name the same number. In t*r--4e, case of twp numbers,
of course, we have complet info 'tor It is only when
our information about two 'L'Immerals is _iJacomplete that a
statement like, "If a <. azal b a, the= a = b", can goRsibly
be useful as a tool.

Page. 106. Any attempt to illtmtrate -this tr=sitive property
of < with triples of integeirs _is like tp be met with a
vociferous "So what!" tle students. Ital other lhapa,
not only can this proper.v,v. he f=ustraned iwt-thl_fracti=a ...m3 in
the text, but the student --qn a/so -begtn -co appreciate! fzza
usefulness and perhaps he ±nclined to -b4ry hts "So wha".7.74" in a

quieter voice.
The student will __in -ftvrP course : ;ofTh1 luathematicar.L tzeining

see many other relattons which have a i---,ranptive propertar:

(a) In 1(a) either -2 > -1.6 or
to the right of -2, -1.6 >

(b) 0 > -2.
(c) x x 5) "(2 x 3 x /4-)(2 5

(d) -16 .
(e) 12 = (5 ± x .

(f) 2 > -2.

117
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"iS fequal to" for nUmbers, "is a fad-tor of" for positive integers,

"is oongruent to" for various geometric figures, etc.

What is an easy way to te111-4. < 3? By the multiplication

property of 1, 3 = 3 x 443, so that < 3. Similarly,.

3 = 3 x
,165,

'

so that 3 <
167

55 55 55'

Answers to Problem Set 5-2c; Pages 106-107:

1. (a) -(20 < < 12,

(b) -7r < -41F < 7r, -7r < 7r.

(c) -1.7 < 0, 0 < 1.7, -1.7 < 1.7.

(d) -(g) < -(A), -(A) < -(4), -0 <

1

(e)

1 1 1
12(-f + 7) 12.7 + 12.7

3 3

6 + 4

(f)

=

Then the order

6 6-(i)< -3-, 7 <

3 x (27 + 6)

10

, -(1.) <
124 +

is

1 112(7 +

3

3 x 33

3

9 . 9

133
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Since 2; < < 4 and 4 < 9, we find that

3 x(27+6) (2 x 3) + (7 x 9)
9

6 2

3 x (27 + 6) (99 x

32

32

9

42,

2

t2
4 16,-and (3

42 4)2,

+ 4)2

32

= 49 Therefore

4)2.

(h) = -(4), (;--) = -(4), = Thus

-(4) < -(112),
< -(j), < -(j), and

< -(1), -(4) < -4)< -(4')

1 3 6
(i) + = or

1 + (1)2 . 1 +

+ 3., or

< < < or

1 + 2 < 1 + 1 + < 1 +

119

i)2, (i)2 p2.

2. Of three real numbers a, b, and o, if a > b and b > c

then a > c.

Illustrations from Problem 1:

1(a) -(t), 12: 12 > > -(tl, 12 > -(t)

1(g) 32, 42, 4)2:' 4)2 42, 42 32, 3 + 4)2 > 32

Art is heavier than Bob.

Bob is heavier than Cal.

Conclusion: Art is heavier _than Cal. Let Art's, Bob's and

Cal's weights be represented respectively by the numbers

[pages 106-107]
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a, b, C.

From the first sentence: a > b.

From the second sentence: b > c.

From the transitive property as stated in Problem 2, a > c,

that is, Art is heavier than Cal.

4. The transitive property for "=" is: For all real numbers

a, b, and c, if a = b and b = c, then a = c.

If Art weighs the same as Bob and Bob and Cal are equal in

weight, we know Art and Cal must weigh the same. If

3 + 4 = 7 and 7 = 5 + 2, then 3 + k,= 5 + 2.

5. The transitive property for would be: For all real numbers

a, b and c, if a 2: b and b c, then a c. If r 3.14

and 3.14 2, then r 2.

6. (a) The non-positive real numbers are the set of numbers

less than or equal to 0; in other words, the set

comprised of 0 and all negative numbers,

(b) The non-negative real numbers are the set of numbers

greater than or equal to 0; in other words, the set

consisting of zero and all the positive numbers.

7. (a) -(1 ) and -(S). Some students may observe that

( = -(1;-) and -(g) = -(22-4). Referring to the

.number line, they will see that -(g) <

Some may reason as follows:

- (4) -(16.
) or -2.

-2 or -( )
>

If -(2;) > -2 and -2 > -(g), then

(b) -(g) and

Note that -(g)

If >

> -(;) or -(4), and -4) or

and -(;) > -(i), then -(N)

135
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and -(11).
k 2 )

Using mixed numbers, -( ) -(543-) and

,If -(5A) < -5 and -5 <

then -(54) < (41?A= and -(12) <

Alternatively,

-(12g) 744) ar 5, and -(4) or k 21"

then -(111) <-:-(1S).

(1E) and:

If -04) < or -4, and -(1M or -4 <

then -(19-:--2 -(34.

5-3. Opposites

Your studen L=m=ouite likely observed by now that, except

for 0, the real, ruiii accur as pairs, the two numbers of each

pair being equi-nt-from 0 on the real number line. Each

number in such a pair :is called the opposite of the other. To

complete the picture, 0 is defined to be Its own opposite.

_page 108. In locating the opposite of a given number on the

number line, you =3- well want to use a compass to emphasize that

the number and Its onnosite are equidistant from 0.

j'age.I.09 Having observed that eaCh negative number is also

the opposite: of a Positive number, It is apparent that we have

no need for two sytiablisms to denote the,negative numbers. Since

the:lower dash 11-11 -2S: applicable to all numerals for real numbers

inihiie the upper 27-m 'fia.;Lsignificance only when attached to'.

_numerals for'Imaa.ive numbers, we naturally retainthe lower,dash.

There are other iless important reasons for dropping the upper

dash in favor of 7the lower: more care must be exercised in

Aemoting negative fractions with the upper dash than with the

'Iamm-m7; the lower dash is universally used, etc. Henceforth, then, .

metrzliie nuMbers llue -5, 7(44;'')2. ,-: and so on, will:be Titten.:
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-5, -2 etc. Thus, we read "-5" as either "negative 5"
7

or 4opposite of 5". Notice that it is not meaningful to say

1
"If equals negative negative i"; rather say, equals the

lopposite of negative
ln u

, or equals the opposite of the

ln
opposite of 7 .

The student must learn to designate the opposite of a given

number by means of the definition. Do not say and do not let

the student say, "To find the opposite of a number, change its

sign". This is very imprecise (in fact, we have never attached

a "sign" to the positive numbers) and will lead to a purely

manipulative algebra which we want to avoid at all costs.

The opposite of the opposite of the opposite of a number is

the opposite of that number. What is the opposite of the

opposite of a negative number? The number, of course!

The student is well aware that the lower dash "-" is read

"minus" in the case of subtraction. We prefer to retain the

word "minus" for the operation of subtraction and not use it

as an alternative word for "opposite of". Thus, the dash attached

toa variable, such as "-x", will be read "opposite of".

If x is a positive number, then -x is a negative number.

The opposite of any negative number x is the positive number

-x, and -0 = 0. Thus, the student should not Jump to the con-

clusion that when n is a real number, then -n is a negative

number; this is true only when n is a positive number.

We do not like to read "-x" as "negative x". A negative

number is the opposite of a positive number only. To relic' "...x"

as "negative x" implies that x is positive, but we want pupils

to think of x as any real number. Some teachers read "-x"

as the negative of x. In this usage the "negative of X" is

synonymous with "the opposite of x". We prefer the latter.

Answers to Problem Set 5-3a; page 110:

1. (a) The opposite of 2.3 is -2.3.

(b) The opposite of -2.3 is 2.3.

(c) The opposite of -(-2.3) is -2.3. Note here that the

opposite of the opposite of a number is the number itself.

[pages 109-110]
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(d) The opposite of -(3.6 - 2.4) is 3.6 - 2.4, or more

simply, 1.2.

(e) The opposite of -(42 x 0) is (42 x 0) or more simply, O.

(f) The opposite of -(42 0) is (42 0) or more simply, 42.

Exercises (e) and (f) prOvide an opportunity to seewhether

the zero properties for addition and multiplication have

lodged in the students' minds.

2. (a) If x is positive, then the opposite of x is negative.

(b) If x is negative, then the opposite of x is positive.

(c) If x is zero, then the opposite of x is zem.

3. (a) If the opposite of x is a positive number, then the

number x itself must be negative.

(b) If the opposite of x is a negative number, then the

number itself must be positive.

(c) If the opposite or x is 0, then the number x itself

must be 0, for 0 is its own opposite.

4. (a) Since every real number has an opposite, it follows that

every real number is the opposite of some real number.

(b) Yes. See 4(a).

(c) Every negative number is the opposite of some (positive)

real number; hence, the set of negative numbers is a

subset of the set of all opposites.

(d) Some opposites, namely opposites of negative numbers,

are not negative numbers. Hence, the set of opposites

is not a subset of the set of negative numbers.

(e) No. See 4(d).

page, 111. In order to motivate the "property for opposites",

here it would be well to consider several other pairs of

numbers; for example, a pair of distinct positive numbers, a

pair of distinct negative numbers, 0 and a positive number,

and 0 and a negative number.

Answers to Problem Set 5-3b; Pages 111-113.

1. Recall: One number is less than a second if it i to the

left of the second on the number line. Also, a positive

number is greater than a negative number.

[pages 110-111j
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(a) 2.97 > -2.97.

(b) 2 > -12.

(c) -358 > -762.

(d) 1 > -1.

(e) -121 > -370.

(f) 0.24 > 0.12.

(g) 0 = -0. -0 is the opposite of 0 and they are the same

point on the number "tine.

(h) -0.01 > -0.1.

(i) 0.1 > 0.01.

2. (a) -
1 2 2 1
E. < and -7 <

(b) -r < 4§- and <

(c) v < 217 and < -7r7

The students may need to be told that r = 3.1416 to 4

decimal places and they may determine 21-= 3.1428 to

four decimal places.

(d) 3(4 + 2) = 3 x 1.4 + 3 x 2 by the Distributive Property

= 10.

+ 8) = (.)(20) + (4)8 by the Distributive Property

= 25 + 10

= 35.

Since 10 < 35 and -35 < -10, we have

+ 2) < i-(20 + 8) and 4(20 + 8) < -3(4. + 2).

% /8 + 6 % 14
(e) ) =

Then -(tli-§.) and -2 are names for the same number.

3. (a) x > 3. 1 t

0
romm*ImENEMOMEIMMIII0.

(b) X > -3.

(c) -x > 3. 4414mmmmm1

The student may use a simple trial-and-error process

in the exercise above, or he may reason along some

(pages,111-113]
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such line as this: The sentence says "opposite of x

is greater than 3". Hence "the opposite of x" would
13

describe numbers such as -717, 4, 6.7, 10, 1000, etc.

If such numbers are opposites of members of the set we
13 h

are seeking, the set itself includes-7, -41 -6.7,

-10, -1000, etc.

It would be gratifying if the students observe

that the open sentences "..4c > 3" and "x < -3" have

the same truth set before they graph the sentences.

(d) ,-x > -3. -4011414mtim°,11*1""BEIT--1--

. (a)- The sentence states "the opposite of x is not equal

to 3. There are many numbers whose opposites are not

equal to 3; in fuct, there is only,One number whose

opposite dots equal 3, and this is, of course, -3.

Hence the required set is the set of all real numbers

except -3.

(b) -x / -3.

By the reasoning of part (a) the required set here is .

found to be the set of all real numbers except 3.

(c) x < 0.

The truth set for this sentence is the set of all real

numbers less than 0, that is, the set of negative numbers.

(d) -x < O.

Here the set required is the set.of all real numbers

whose opposites are less than zero. Now if the oppo-

sites of all members of this set are less than zero,

the members of the set must be greater than zero;, in

other words, "-x < 0" and "x > 0" have the same truth

set. Thus the truth set is the set of all positive

real numbers.

(e) -x 0.

The sentence states that the opposite of x is greater

than or equal to zero, that is, that the opposite of

x must be either zero or a positive number. Hence x

itself must be either zero or a negative number, and

the truth set is comprised of such members. Recall

(pages 111-113]
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that a brief description of this set is the set of

non-positive numbers.

-x O.

Here the reasoning would parallel (c) above: Each

member of the truth set is either zero or a positive

number. This set is described briefly as the

non-negative numbers.

A variety of answers is.possible here..

(a) A is the set of all non-negative real numbers

x 0, -x 0, x 0, -x $ 0.

(b) E is the set of all real numbers not equal to -2.

.x / -2, -x / 2.

Also, x > -2 or x < -2.

(c) C is the set of all real numbers not greater than -3.

x $ -3, -x 4 3.

Also, x g. -3, -x 3.

(d) 0.. .

x 0 and x < 0.

Also, -x 0, -x > 0.

(e) E is the set of all real numbers.

x 0 or x < 0.

Also, -x 0 or -x > 0.

At this point the student has not performed operations of

addition and multiplication with the real numbers, so these

sentences should be free of such operations; or at least,

he should be warned against the danger of using operations

with which he is not familiar.

.6. (a) x < 1.

(b) -2 < x and x 1.

This open sentence can be written much more suggestively

as:

-2 < x 1.

We would read this "x is greater than -2 and less than

or equal to 1". This teMinology emphasizes the number

line picture and suggests strongly that x is 1 or is

betwJen -2 and 1. 141
[pages 111-113]
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We never write, for example "-2 < x 1" as a

shorthand for "-2 < x or x 1" The student cannot

help but read "-2 < x 1" as "x is greater than -2

and greater than or equal to 1"; in other words, he

would read 11-2 < x 1" as a conjunction, when what

is wanted is a disjunction.

(c) x or x > 1.

(d) x > -2 and x < 2 or, more briefly, -2 < x < 2.

7. (a) -3 is the opposite of 3. The greater is 3.

(b) -0 is the opposite of 0. They are the same number.

(c) -17 is the opposite of 17. The greater is 17.

(d) 7.2 is the opposite of -7.2. The greater is 7.2.

(e) is the opposite of -.17. The greater is Ni(7.

(0 0.01 is the opposite of -0.01. The greater is 0.01.

(g) -2 is the opposite of -(-2). The greater is -(-2).

(h) -(1 -
)is the opposite of (1 -

)2. The greater 1.3

4)2.

(i) -(1 - 4)9 is the opposite of ( - (.02). The gmzater

is (1 (1)2).

(j) --- 3.) is the opposite of - 4). The greater is

(2. 11

The opposites of (a), (d), (g) and (j) may be given in

terms of the opposites of the opposites, e.g.,

(a) The opposite of -7,2 is -(-7.2).

(d) The opposite af _lig is ), etc.

*8. The relation " does not have the comparison property.

For example, 2 and -2 are different real numbers but neither

is further from 0 than the other; in other words, none of

the statements "-2 = 2", "-2 2" and "2 f -2" is true.

The transitive property for "1," would read: If a,

b, and c are real numbers and if a I b and b c,

then a ), c. This is certainly a true statement as can be

seen by substituting the phrase "is further from 0 than"

for " wherever it occurs.

(pages 111a3]
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The relations "}," and ">" have the'same meaning for

the numbers of arithmetic: "is further from 0 than" and

"is to the right Of" mean the same thing_on the arithmetic

number line.

.(a) s > -100; s is the number representing John's score.

(b) n 0 and n -200; n is the number representing my

financial condition in dollars.

(c) d - 10 > 25; d is the number of dollars in Paul's

original debt. (Some students may observe that the:

variables s, ,n, and d .would ordinarily be further

restricted to be rational numbers represented by frac-

tions whose denominators are 100.)

10. Following the hint:

-47 ame13 ,nri

13(1A
4-07, 294

W;') = -25

and --g99-34% <

to be comnared.

(Mtltiplication property of 1.)

13Thus -47 <-u.
In order to compare two negative rational numbers, we

use the multiplication property of 1 to compare their

opposites and then use the property of opposites: For

real numbers a and b, if a < b, then -b < -a. We

can describe this briefly as: In order to compare two

negative (or two positive) rational numbers, represent

them by fractions with the same denominator and compare

the numbers represented by their numerators.

5-4. Absolute Value

The concept of the absolute value

most useful ideas in mathematics. We

application of absolute value when we

plication of real numbers in Chapters

it is used to define distance between

define

of a number is one of the'

will find an immediate

define addition and multi-

6 and 7. In Chapter 9

points; in Chapter 11 we

as lxi; in Chapter 13 it will provide a good example

[pages TO13]
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p.f.an equation with extraneous solutions. Through Chapters 14 to

absolute values are involved in open sentences in two variables

'.and in Chapter 17 it gives us interesting examples of functions.

'In later mathematics courses, in particular, in the calculus and

in approximation theory, the idea of absolute value is indispens-

able.

Page 113. The usual definition of the absolute value of the real

. number n is that it is the number Inl for which

m, if n 0

In'

-n, if n < O.

This is-also the form in which the absolute value is most commonly

used. On-the other hand, sin:me students seem to have.jdifficulty

'with deffnitions of this kind, we prefer to define the absolute

value ofta number in such a way that it can be clearly pictured

on the number line. You must avoid at all costs allowing the

student to think of absolute value as the number obtained by "drop-

ping the sign". This way of thinking about absolute value,

although it appears to give the correct "answer" when applied

to specific numbers such as -3 or 3, leads to no end of trouble

when variables are involved. Other less common names for absolute

value are numerical value, magnitude, and modulus.

By observing that this "greater" of a number and its opposite

is just the distance between the number and 0 on the real number__

line, we are able to interpret the absolute value "geometrically".

The symbolism always denotes the positive number

whose square is 2. The negative number whose square is 2 is

written -.127 .

Answers to Problem Set 5-4a; page 114:

1. (a) 7; the greater of 4 and 7 is 7.

(b) 3; the greater of -(-3) and its opposite -3 is -(-3) or 3.

(c) 2; 6 - 4 is another name for 2, and 2 is greater than

its opposite, -2.

(d) 0; by the multiplication property of 0, (14 x 0) is 0,

and the absolute value of 0 is O.

144
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(e) 14; by the addition property of 0, (14 0) is 14, and

14 is greater than its opposite, -14.

(0 3; the opposite of the opposite of the opposite of 3 is

simply -3 and the opposite of -3, 3, is greater than -3.

2. (a) If x is a non-negative number, it corresponde to a

point at or to the right of 0 on the real number line.

Its opposite, then, 'is at or to the left of 0. It

follows that the greater of x and its opposite -x is

here x. By_definition, then, lx1 is x, a non-negative

number.

(b) If x is a negative number, it corresponds to a point

to the left of 0 On the real number line. Its opposite

is therefore-to the right of 0. Thus.the greater of

x and -x is, i.n this case, -x; in other words, if x is

a negative number lx1 is -x, the opposite of x, and

thus a positive number.

(c) For every real number x, jxj is a non-negative number.

In parts (a) and (b) all cases, x < 0, x =-0, x > 0,

have been considered, and in every case, lx1 was found

to be non-negative.

3. For the negative number x, lx1 is greater than x since,

for x negative, lx1 is positiv,e by problem 2(b). Since

any negatiie number is less than any positive number, x < lx1

for all negative x.

4. The set (-1, -2, 1, 2) is closed under the operation of taking

the absolute value of its elements: Taking the absolute value

of each element of the set,

1-11 = 1

j-21 = 2

111 = 1

12
1
= 2

we find that the set of absolute values of the numbers of the

original set to be (1, 2). Since (1, 2) is a subset of

(-2, -1, 1, 2), this latter set is closed under the operation

of taking absolute values of its elements.

145
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:-.Pap 115. It is xluite,apparent that the greater of a poetitive

,humber and.its opposite is just the nnmber itself. Furtiaermore,

101 is defined outright to be 0. These two statements m=n-be

expressed symbolically as: If x 0, then lx1

For negative numbers, the number 1ine.picture Should convince

the student that the greater of, for example, -5, 4, 73,

and -467 and their opposites 5, 3.1, and 467 are, respaatively,

54 3.1, and 467. This same picture can not help but 7,17-.:11 them

:
that the greater of any negative number and its opposi----_-±s the

opposite of the (negative) number. Symbolically, if x < 0, then

-Ixi = -x.

We have therefore arrived at the usual definition ofe.bsolute

value. For all real numbers x,

x, x 0,

lx1 =
x < 0.

Answers to Problem Set -.4b; pages 116-117:

1. (a) 1-71 < 3 or 7 < 3. Ise

(b) 1-21 1-31 or 2 3.

(c) 141 < ill or 4 < 1.

(d) 2 4: 1-31 or 2 1
3.

(e) 1-51 4 121 or 5 4 2-

:True

False

True

(0 -3 < 17. True

(g) -2 < 1-31 or -2 < 3. True

(h)
i

> 1-41 or 4 > 4. False

(i) 1-212 = 4 or 22 = 4. True

(b), (e), (f), (g) and (i) are true.

2. (a) 121 + 131 = 2 + 3 = 5.

(b) 1-21 + 131 = 2 + 3.= 5.

(c) -(121 + 131) = -(2 + 3) . -5.

(d) -(1-21 + 131) = -(2 + 3) . -5.

(pages 115-117]
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(e) 1-71 (7 - 5) = 7 - 2 = 5.

(f) 7 - 1-31 = 7 3 = k.

(g)

(h)

(i)

(j)

(k)

(1)

(m)

(n)

(o)

(p)

(q) -(1-51 x 1-21) = -(5 x 2) = -10.

3. (a) lx1 = 1. The truth set is (1, -1).

(b) lx1 = 3. The truth set is (3, -3).

(c) lx1 + 1 = 4. The truth set is (3, -3), the same as

that of lx1 = 3.

*(d) 5 - lx1 = 2. The truth set is (3, -3).

1-51 x 2 = 5 x 2 =10.

-(1-51 - 2) = -(5 - 2) = -3.

1-31 -121 = 3 - 2 = 1.

1-21 + 1-31 = 2 + 3 = 5.

-(1-31 - 2) = -(3 - 2) = -1.

-(1-21 + 1-31) = -(2 + 3) = -5.

3 - 13 - 21 = 3 - 1 = 2.

-(1-71 - 6) = -(7 - 6) = -1.

1-51 x 1-21 = 5 x 2 = 10.

-(1-21 x 5) = -(2 x 5) = -10.

Some students may see these just by inspection. Others

may think of the fact that,lx1 is the distance on the num-

ber line from zero, so in (a), for instance, x must be

1 unit from zero. Therefore x = 1 or x = -1. Still others

may reason as follows, for (d):

To find the truth set for 5 - lx1 = 2:

If'x 0, Jx1 = x, so 5 - x = 2 or x = 3.

If x < 0, lx1 = -x, so 5 - (-x) . 2 or x = -3.

The truth set is (3, -3).

Have several students explain their reasoning, as this

is a splendid opportunity to check their understanding of

absolute value.

147
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For some better classes you may care to discuss such

equations as the following. While the truth set is obvious,

application of the last method above is interesting.

5 + lxi = 2.

If x 0, lxi = x, so 5 + x = 2 or x = -3. x 0 and x =

gives no solution. If x < 0, lxi = -x, so 5 - x = 2 or

x = 3. x < 0 and x = 3 gives no solution. The truth set

is O.

4. Here students may have difficulty in finding a starting

point. It may be helpful for them to refer back to Problem

Set 5-4a, Problems 2 and 3.

(a) lxi 0 is true for all real numbers x.

If x 0, kl 0. See Problem Set 5-4a, Problem 2(b);

If x < 0, lxi > 0. See Problem Set 5-4a, Problem 3(b).

(b) x lxi is true for all real numbers x.

If X 0, x = lxi. If x < 0, x < Ixl.

(c) -x Ixl is true for all real numbers x.

If x 0, -x lxi. If x < 0, -x = !xi.

(d) -Ixl Kx is true for all real numbers x.

If x 0, -Ixi x. If x < 0, -Ixi = x.

If m is the number of dollars which I have and j is

the number of dollars which John has, the first part of

the first sentence of the problem may be translated from

"John has less money than I" to j < m, and the second part

of che sentence, "I have less than $20", to m < 20.

Now the two sentences j < m and m < 20 are available.

Using the transitive property, we have

j < m < 20,

j < 20;

in other words, John has less than $20.

6. Graph the truth sets of the following sentences:

(a) lxi < 2. ---oggi'mffirrammiz'srs'augao?--2 0 2

The student may arrive at the required graph by trial

of different numbers for x in the sentence. He

may instead reason the, exercise out somewhat ag follows:

The sentence states that "The absolute value of x is

148 (pages 116-117)



less than 2". On the number line, this, statement

becomes "A is less than 2 units away frdm O. There-.

fore, the graph of "Ixl < 2" is the one given above..

(b) x > -2 and x < 2.

(c) lxi > 2. Apm.mmo
-2 0

2

As in part (a) the student here may find, the reqUired

set by trial-and-error, or by recalling the interpreta--

tion of absolute value as a distance on the number line:'

as in (a) above.

(d) x < -2 or x > 2. -2 0

7. The graphs of the sentences in 6(a) and 6(b) are the saMe7.-

The graphs of the setnences in 6(c) and 6(d). are the same.

The student should begin to see that the'statements (a) and

(b) say the same thing, as do (c) and (d).

8. If x is negative, the absolute value of x, being the

greater of the number and its opposite, is the opposite

of x, that is

Ix! = -x or -x =

Since -x and lxi are in this case names for the same number,

their opposites also will be names for the same number,

So that -(-x) = -lxi. As the opposite of the opposite of

x is x, we may say -(-x) = x and finally

x = -1xl.

The set of integers less than 5 is the set

(. . -1, 0, a, 2, 3, 4).

The,set of integers less than 5 whose absolute values are

greater than 2 is

. -5, -4, -3, 3, 4).

-5 and -10 are both elements.of this set, but 0 is not.

0 :

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5

149
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1 . Three numbers:

(a) In P but not in I: All positive numbers except integers,

10' 4F , r, 5.3,-etc.

(b) In R but not in P: All non-positive real numbers,

7, -r, 0, -12-,4 etc.
(c) In R but not in P or I: All non-positive real numbers,

except integers,

74 , etc.
5' ' '2

(d) In P but not in R: All non-real positive mimbers.

Since there are none,this is the empty set, 0.

11. The number representing the degrees of temperature is t.

(In this exercise we interpret nwithin" to exclude the end

points -5 and 5.) Then

iti < 5

or t 5 and t < 5 or 5 < t < 5.

12. Ixl = 0 has the truth set (0).

lxi = -1 has the empty set 0 as its truth set. Students

should recall the difference between (0) and gs.

Answers to Review Problems; pages 119-120:

1. Sentences (b), (d), (e), (f) are true.

2. Sentences (a), (d), (0 are false.

3. (a) --!--f-4Pm°,4=010- (c) 441..1.114mm"4°°""*Imm040
0 I 2 3 -2 -I 0 I 2

(b) i I 1 (a) 1-1-100/"P
-2 0 2 -2 -I 0 I 2.

4. (a) 0
(b) The set of all real numbers.

(c) The set of all real numbers greater than -3 and less

than 2.

(d) The set of all non-positive numbers.

(e) 0.

(0 The set of all real numbers

(a) 1 1 1 0--
-3 -2 -I 0 I 2 3

[pages 119-120]
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(b)
-2 -I

(c)

(d) t-3 0 1

6. (a) If t is the number of degrees of the average temp-

erature on Thursday, then t < (-10) - 4; or, if f is

the number of degree's of the average temperature on

Friday, and t is as above, then t < f - 4, and, since

f is -10, t < (-10) - 4.

(b) If s is the number of degrees of the average temp-

erature, and if we interpret "within" to exclude the

end points -11 and 1, then this can be written as a

compound open sentence: s > -11 and s < 1; or

-11 < s < 1; or Is + 51 < 6.

7. (a), (b), and (e) are true statements.

8.
et" 1-1-71-7t -2 -11 I 2 3 45

9. If n is the integer, n + 1 is its successor, and

n + (n + 1) = n + 1

whose truth set is CO).

10. (a) If s is the number of units in the side of this square,

s is positive and/Fs is the perimeter of the square.

A sentence for this is s > 0 and 4s < 10.

---44will'w."4"'Dm°4"">-.1
0 I 2 3

(b) If A ls the number ofunits in the area of the square,

then A s
2

, where s > 0 and 4s < 10 as in part (a).

Since A is s
2

, and s is a number from the set of

numbers between 0 and 2.5, the truth set of A is the

set of numbers between 0 and 6.25.

151
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CHAPTER 5

Suggested Test Items

Determine which of the following sentences are true:

(d)

(b) 1_81 < 8 (e) -(1-51 + 1-71) = 12.

(c) 121 1-21

2. From R, the set of all real numbers, describe three infinite sets

A, B, C each a subset of R; choose C such that it is a
subset of A but not of B.

3. Rearrange the following numbers in order from the least to

the greatest:

137

1 1 ,-, 1 5
-g, n 7, v, -

4. Which is the lesser of the two?

(a) 2, -1-31

(b) -4, -7

(c) 1-51, 2

(d)

If a < b, write an open sentence expressing the order of

-a and -b.

6. If a < b, is it possible to write an open sentence express-

ing the order of -a and b? Explain.

7. Write an open sentence whose graph is:

(a)
-3 -2 -I 0 I 2 3

(b) 45,111010-1-1--1-4,10,8""ml°10
-2 -I 0 I 2 3 4

8. If b is a negative number, classify each as the following:

(Positive, negative)

(a) -b (c) 1-b1 (e) -(-b)

(b) 1b1 (d) -1-b1 (f) -1-1-b11.

612 323
.9. If is is known that -17 = -7.6 and -17 - -IT explain how

this information may be used to decide which is the greater

611 324of - and -

152



138

10. Draw the graph of the truth set of each of the open sentences:

(a) ixi = 3

(b) !xi - 1 . 5

(c) lxl 0

(d) lxl <

(e) x < 4

(f) < 0

11. Describe the truth set of each of the open sentences:

(a) lxi > x

(b) ixl < x

(c) xl=x
(d) lx -x

12. Describe the variable and translate into an open sentence:

(a) Peter lives closer to school than Ralph. Peter is

more than 31miles from school. What distance is
2

the school from Ralph's home?

(b) Henry's score is i and Joe's score is j, and Henry's

score is at least 10 higher than Joe's.

13. (a) If x > r and x < n what is the relation between r

and n? Can the transitive property be used here?

14. Is the absolute value of x always x. Why? Why not?

153



Chapter 6

PROPERTIES OF ADDITION

One of our main objectives in this course is to study the

structure of the real number system. We began our study of the

set of all real numbers in Chapter 5. However, a system of

numbers is a set of numbers and the operations on these numbers.

Hence, we do not really have the real number system until we

define the operations of addition and multiplication for negative

numbers.

The aim of this and the next two chapters is to correct this

deficiency. Our point of view is that the operations must be

extended from the non-negative reals to all real numbers. Thus

the definitions of addition and multiplication for all real

numbers must oe formulated exclusively in terms of the non-

negative numbers and operations (including oppositing) on them.

We, of course, insist on preserving the fundamental properties

of the operations.

The present chapter is concerned with addition. We first

consider some examples using gains and losses to su.loest how

addition involving negative numbers ought to be defined. The

number line is also used to picture this, and finally a precise

definition is formulated, first in English and then in the

language of algebra.

Chapter 7 is concerned with multiplication. It is more

difficult to find "real life situations" which will suggest what

multiplication involving negative numbers ought to be. However,

after we have addition, insistence on the distributive property

suggests how multiplication must be defined.

Order in the real numbers was introduced in Chapter 5. In

Chapter 8, we return to order and obtain its properties with

respect to addition and multiplication. There is an important

shift in our point of view on order in this chapter. Previously

we have tended to use order as a convenient way to discuss certain

properties of real numbers. In this senie "<" or ">" were hardly
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more than fragments of our language. In Chapter 8, we treat "<"

as an order relation. A similar shift in point of view had to be---
made earlier in the case of addition, for example. In arithmetic,

the sign 'WI in the expression "25 + 38" is nothing more than a

reminder or command to carry out a previously learned process to

obtain 1t631?. The idea of "+" as an operation to be studied for

its own sake is quite a different notion of addition from that in

arithmetic. Thus, in Chapter 8, the order relation becomes a

mathematical object in its own right.

At the end of Chapter 8 there is an extensive summary in

which we bring together the various properties of the real number

system which we have obtained so far. An attempt is made here to

begin thinking of the real number system from the deductive point

of view. In other words, it is an undefined set of elements

endowed with an operation of addition, an operation of multipli-

cation and an order relation subject to certain assumed properties

from which all other properties can be deduced by proofs.

Very quickly in the present chapter the student should learn

how to find sums involving negative numbers. This is easy and is

suggested completely by the profit and loss examples. However,

our immediate objective is more ambitious than just to teach the

arithmetic of negative numbers. We want to bring out the impor-

tant fact that what is really involved here is an extension of the

operation of addition from the numbers of arithmetic (where the

operation is familiar) to all real numbers in such a way that the

basic propertie3 cf addition are preserved. This means that we

must give a definition of addition in terms of only non-negative

numbers and familiar operations on them. The result in the

language of algebra is a formula for a + b involving the familiar

operations of addition, subtraction and opposite applied to the

non-negative lal and Ibl. The complete formula appears formid-

able because of the variety of cases. However the idea is simple

and is nothing more than a general statement of exactly what we

always do in obtaining the sum of negative numbers.

The main problem is to lead up to the general definition of

a + b in a plausible way. We have chosen to make full use of the

[page 121]
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2.

(d) (-6) + (-3) + 4 + 5 . 0. The net gain was 0 pounds.

4(a) 1(

6
4

-7 -6 -5 -4 -3 -2 -I 0 I 2

The sum is -6

(b)
6

I

-10 -9 -8

then

-7

I-I I I . I

-7 -6 -5 -4 -3

The sum is -6

(o)

The sum is 2

-6 -5 -4

10

I I

-2 -I

-!3

4

I r 1 4

-3 -2 -I 0

(d) 2

2

-3 -2 - I 0

then

1

2 4

The sum is 3

157
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-4

-4

(e)

2

-3 -2 -I

then 2

2 -->

2
The sum is 0

(f)

143

2.5 3

-7 -6 -5 -4 -3 -2

The sum is-5.5

(g)

2

-3 -2 -I 0

The sum is 0

(h)

I 2

5

3

3

1

-3 -2 -I 0 I 2 3

then
8

4 5 6 7 8

3

-3

3.

-2 -1 0 2 3
.

The sum is 5

( ) Move from 0 to 7 on, the

units to the right.

4 5

number line, then move 10

Move from 0 to 7 on the

units to the left.

Move from 0 to 10 on the

units to the left.

Move from 0 to -10 on the

number

[page 123]
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units to the 1

(e) Move from 0 to

units to the r

(f) Move from 0 to

units to the 1

(g) Move from 0 to

units to the r

(h) Move from 0 to

units to the r

(i) Move from 0 to

0 units.

(j) Moye from 0 to

units to the r

eft.

10 on the number line, then move:7

ight.

-7 on the number line, then move 10-Y

eft.

-7 on the number line, then move 10

ight.

-10 on the number line then move 7:

ight.

710 on the number line4i7then" move

0 on the number line, then move 7

ight.

4. In (a), (e) and (j)

5. When both numbers were negative, the sum was negative,

and was the opposite.of the sum obtained when both'

numbers were positive.

Answers to Problem Set 6-2a; pages 125-126:

1. (a) (-2) + (-7) = -(1-21 + 1-71)
-(2 + 7)

. -9

A loss of $2 followed by a loss of $7 is a net

loss of $9.

(b) (-4.6) + (-1.6) = -(1-4.61 + 1-1.61)

. -14.6 +_i.q

-6.2

Move from 0 to -4.6 on.the number line, then move

1.6 units.to the left. You arrive at -6.2.

(c) (-3;) + (-24) = -(1-41 + 1-4)
1 2+ 27)

-6

1Move from 0 to -37 on the number line, then move

3

22 units to the left.' You arrive at '-6.

[page 125]
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(d) (-25) + (-73) = -(1-251 + 1-731)

= 7(25 + 73)

= -98

A loss of $25 followed by a loss of $73 is a net

loss of $98.

(e) + = 8

Here we have a problem involving only.the addition

of positive numbers, so that the definition for the

addition of negative numbers cannot be used.

2. (a) (6) + (-7) = -13 (f) 1 61- -4I = 6 - 4

(b) (-7) + (-6) = -13 . 2

(c) -(1-71 + 1-61)=-(7

(d)

(e)

= -13

6 + (-4) . 2

(-4) + 6 = 2

3. (a) (-3)

(b) (-3)

+ 6) (g) 0 + (-3)

(h) -(1- 31 101)
.

(i) 3 + ((-2)+ 2)

=

.

=

-3

-3

3

(c) (-3)

(d) (-3)

. 3

+ 0

If the definition of the sum of two negative numbers is

used, the truth sets of the sentences are easily found.

4. The distance from 0 is (the absolute value of) the

difference between the absolute values of the numbers.

5. From the point of view of the number line: If the

distance: moved_to:the rightwas greater-than_the-dis-

tance moved to the-left, the sum was PositiVe; if the.

distance moved to the left was greater, the sum was'

negative.

In terms of absolute value: If the negative number has

the greater absolute value, the sum is negative; if-the

positive number has the greater absolute value, the sum

is positive.

160
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*6. The sentence is true for all non-negative values of x

since: If x is positive, -x is negative, and our

definition applies.

If x is 0, we have: (-1) + 0 = -(1-11 + 0)

= -1.

If the domain of x is extended to the set of all real

numbers, the sentence is not true; for if x is

negative, -x is positive, and our definition for the

sum of two negative numbers does not apply.

Answers to Problem Set 6-2b; pages 127-129:

1. (a)

(b)

(-5)

(-11)

3 = -(151 131)

= -(5 3)

= -2

+ (-5) = -(1-111 + 1-51)
= -(11 + 5)

= -16

(c) (4) +0= -(14 _ 101)

= - 0)

8

(d) 2 + (-2) = 121 - 1-21

= 2 - 2

= 0

(e) 18 + (-14) = 1181 - 1-141

= 18 - 14

= 4

(g)

12 + 7.4 = 19.4

(4) + 5 = 151 1-41

= 5 -

15 2

13=

[pages 127-129]
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(II) (-35) + (-65) = -(1-351 + 1-651)
. -(35 + 65)

= -100

147

2. Since the sum of two real numbers is a real number, the

set of all real numbers is closed under addition.

3. Since the sum of two negative real numbers is a negative

real-number, the set of all negative real numbers is

closed under addition.

4. The daily mean temperatures were:

71 + (-7), or 64

71 + 2, or 73

71 + (-3), or 68

71 + 0, or 71

The sum of the variations is

(a)

(b)

(0)

(d)

(e)

(r)

(g)

(h)

(i)

(j)

6. (a)

(b)

(c)

(d)

(e)

71 + 9,

71 + 12, or

71 + (-6),or

or 80.

83

65

(-7) + 2 + (-3) + 0 + 9 + 12 + (-6),

If

If

If

If

x is 5, then 5 + 2 = 7 is

y is -10, then 3 + (-10) = -7

a is -5, then (-5) + 5 = 0

b is 10, then 10 + (-7) = 3

If x

If c

If y

I .x

If y

If x

'false

true

true

true

false

is 0, then

is -4, then

is then

is 20, then

is 3, then

is (-1),then

(- g-) + o

(-4) + (-3). -7

5
6

or 7.

true.

is true.

is true.

is true.

is true.

is true.

is true.

e
*2420) ÷ (-4). 0 is true.

+ (-2))+2.= 3 is true.

+ (-1)) + (-3) = -1 is true.

[pages 127-128]
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(f)

(g)

(h)

(i)

false

false

true

true



!r'f,

(a) If x is the distance from the starting point

(with north taken as the positive direction), then

x = 40 + (-55).

(b) If n is the third number,then

(-9) + 28 + n = (-52).

(c) If c is the temperature change between 4 P.M.

and 8 P.M.,then

-2 + 15 + 6 + c = -9.

(d) If g is the number of pounds gained the third

week,then

200 + (-4) + (-6) + g = 195.

(e) If s is the number of points change in the stock

price listing,

83 + (-5) + s = 86.

6-3. proptres of Addition

We have seen in Section 6-1 that the definition of addition

of real numbers satisfies two of three requirements we make. It

includes as a special case,the familiar addition of numbers of

arithmetic, and it agrees with our intuitive feeling for this

operation as shown in working with gains and losses and with the'

number line. The third requirement is that addition of real

numbers have the same basic properties that we observed for

addition of numbers of arithmetic. It would be awkward, for

instance, to have addition of numbers of arithmetic commutative

and addition of real numbers not commutative.

Notice that, while we did not call them such for the

students, the commutative and associative properties were, for all

intents and purposes, regarded as axioms for the numbers of

arithmetic, and the operation of addition was regarded essentially

as an undefined operation. For the real numbers, however, we have

made a definition of addition in terms of earlier concepts. If

our definition has been properly chosen, we should find that the

properties can be proved as theorems. While many of the students

will not fully appreciate all this, you should have it in mind as

[pages 128-129]



1119

background.

.We have tried to give the students a feeling for the pro-

'vability of these proPerties, but very few of them will be ready

to follow through the details. However, for the occasional

student who is able and interested, we have left the way open for

him to satisfY himself fully that the properties hold in all

cases, not just in some particular cases he might try.

page,129. Perhaps you will wish to remind the students of the

closure property: For any real numbers a and b, a + b is

a unique real number. This property is included in the summary

at the end of Chapter 8.

Three cases of addition of real numbers have been illustrat-

ed. Besides the familiar case.of the addition of two positive

numbers, there remain two cases to be illustrated. They are:

(1) If a 0 and b < 0

a + b = - lap, if Ibi -> tat

e.g.

5 + (-8) = (-8).+ 5

(2) If b 0 and a < 0

a + b = -(tat - Ibi), if faj > 1bl

e.g.

(-8) + 5 5 + (-8)

pages 129-130. It is probably not a good idea to try the proof of

commutativity in class and proof of associativity certainly should

-not be attempted. There are too many cases and it is difficult-to

consider theM systebatically.- HoweVer, AoMe-good-students-like-

this kind of thing and may enjoy trying their handat it. The

eager student who wants to write a generai demonstration of the

commutative property.of addition of real numbers for-all cases

might write as follows.

To show thata+b=b+afor all real numbers a And, b:

.If a 0 and b 0, a+b=b+a because they are
numbers of arithmetic.

If a < 0 and b < 0, a + b = -(tat + Ibl)

b + a = + Ian

[pages 129-130]
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But lal and IbI are numbers of arithmetic,

so lal + Ibl = Ibl lal

Therefore a+b=b+ a
If a 0 and b < 0, a + b = (Ial if lal IbI

b + a = (Ial - IbI)

a + b =-(IbI lad)
if IbI lal

b + a =-(IbI - IaI)

In either case a + b = b + a, since opposites of equals

are equal.

If a < 0 and b 0, a + b = -

b + a = - IbI)
lal IbI

a + b = (IbI - IaIif ibi lal

b + a = (IbI - Ia.!)

In either case a + b = b + a.

A careful examination will show that we have considered every

possible case, and every time we found

a + b = b + a.

Therefore this is true for all real numbers a and b.

Page, 130 (line 10). Each pair of'nqmerals names one number.

In the case of the associative.property of addition, it is

unlikely that even a good student should be encouraged to spend

his time trying to demonstrate all cases. The proof is a tedious

affair because of the number of cases which have to be considered.

To compute (a + b) + c, for example, one must examine eighteen

cases:

(1) a 0, b 0, c 0

(2) a < 0, b < 0, c < 0

(3) a 0, b 0, c < 0,

(4) a 0, b 0, c < 0,.

(5j a < 0, b < 0, c 0,

(6) a < 0, b < 0, c 0,

(7) a 0, b < 0, c 0,

(8) a k. 0, b < 0, c 0,

(9) a 0, b < 0, c 0,

(10) a < 0, b 0, c . 0,

a + b IcI

a + b < Icl

Ia + c

la + bl< c

a .11DI

a <IbI Ia + bI c

a <IbI Ia + 131 < c

b Ia + bI c

(pages 129-130]
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(11) a < 0, b 0, c 0, lal

(12) a < 0, b 0, c 0, lal

(13) a 0, b < 0, c < 0, a

(14) a 0, b < 0, c < 0, a

(15) a 0, b < 0, c < 0, a

(16) a < 0, b 0, c < 0, lal

(17) a< 0, 1:o. 0, c< 0, lal

(18) a< 0, 1:o. 0, c< 0, lal

b , la + bl < c

< b ,

k Ibl, a + b jcJ
.11pl, a + b < lel

< lbl

b

< b, a+b lel

< b, a+b < c

In addition to (1) and (2) above, there are sixteen more cases for

a + (b + c) !

If the student is persistent, have him list the cases for

(a + b) + c as above. Such an examination of the possibilities

would be just as valuable as a proof; if he could set forth all

the cases above, he would certainly understand addition of real

numbers.

151

Papa 131. The Addition Property of Opposites says that the sum of

a and (-a) is zero. It does not say that if the sum of a and

another number is zero, the other number is (-a). This fact is

proved:later.

Answers to Problem Set 6-3; pages 131-132:

(a) The left numeral is

(3 + (-3) + 4) = (3 + (-3)) + 4 associative
property of
addition.

addition prop-
erty of oppo-
sites.

The right numeral is

o + 4.

(b) The right numeral'is

((-3) 5) 7 = (5 + (-3)) + 7. commutative
property of
addition.

The left numeral is

(5 + (-3)) + 7.

(c) The left numeral is

(7 (-7)) + 6 = 0 + 6.

(pages 131-132]
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= 6

The right numeral is 6.

(d) The left numeral is'

1-11 + 1-31 + (-3) = 1 + 3 + (-3)

erty of oppo-
sites.

addition prop-
erty of 0.

definition of
absolute value

= 1 + (3 + (-3)) associative
property of
addition.

= 1 + 0. add;tion prop-
erty of oppo-
sites.

= 1 addition prop-
erty of 0.

The right numeral is 1.

(e) The right numeral is,

((-2) + 3) + (-4) = (-2) + (3 + (-4)) associative
property,of
addition.

The left numeral is

(-2) + (3 + (-4)).
(0 The left numeral is

(-1-51) 6 . (-5) + 6

= 6 + (-5).

The right numeral is

2. (a)

(b)

,56.

.27

28

+ (-18)

6 + (-5).

4:),) 4)) 28

definition of
absolute value

commutative
property of
addition.

= 28

+ 3 + .73 = (.27 + .73) + ((-18) + 3)

= 1 + (-15)

= -14

167
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(c) (-5) + 32 + 3 + -8 = (-5) + (3 + (-8)) + 32
= (-5) + (-5) + 32
= (-10) + 32
= 22

(a) (- + 7 + (-2) + (- + 2

+ (- 4)) + ((-2) + 2) + 7
= (-2) + 0 + 7
= 5

(e) + (-3) + 6 + -33% + (-2)

((-3. + + (-2)) + ((-3) + 6)

= (2 + (-2)) + 3
= 0 + 3
= 3

(f) 253 + (-67) + (-82) + (-133)
+ ((-67) + (-133)) + (-82)

= 253 +, ((-200) + (-82))
= 253 + (-282)
= -29

(g) 41 + (-7) + 1-41 = ((4 + + + (-7)
= 8 - 7
= 1

(h) (x + 2) + (-x) + (-3) = + (-x)) + (2 + (-3))
= o + (-1)
= -3.

(1) w + (w + 2) + (-w) + 3. + (-3)

= w + + (-w)) + ((2 + 1) + (-3))
= w + 0 + 0
= w

[page 132]
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3. (a) x = x + .(-x) + 3

x = (x-1-(-4) + 3

x = 0 + 3

x = 3

(b) m + 7 (-m) = m
m + (-m) + 7 = m

(in + (-m)) + 7 = m
0 + 7 = m

7 = m

(c) n + (n + 2) + (-n) + 1 + (-3) = 0

n + (-n) + (n + 2) + 1 + (-3) = 0

+ (-n)) + n + (2 + 1) + (73) = 0

0 + n + (3 + (-3)) = 0

n + 0 = 0

n = 0

(d) (y + 4) + (-4) = 9 + (-4)

y + (4 + (-4)) = 9 + (-4)

y + 0 = 9 + (-4)

y = 9 + (-4)

y = 5

*4. If a < 0 and b < 0, then

a + b = -(1a1 + 1b1) definition of addition

. + tal) commutative property of
addition for numbers of
arithmetic

= b + a definition of addition

*5. If a 0, then

a + 0 = a.

If a < 0, then

a + 0 = -(1a1 - 10()

= -(lal)

= -(-a)

= a.

[page 132]
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*6. If a = 0,

a + (-a) = 0 + (-0)

= 0 + 0

= 0

If a / 0,

either a is positive o't.

a is negative.

If a is positive,

-a is negative.

If a is negative,

-a is positive.

lal = 1-al

Hence, a + (-a) = 0

6-4. The Addition Property of Equality

You may recognize the "Addition ProPerty of Equality" as the

traditional statement, "If equals are added to equals, the sums

are equal." While we shall have frequent occasion to use this

idea, we_prefer not to treat it as a property of real numbers

because it is really just an outgrowth of twb names for the same

number. The name "Addition Property of Equality" will be a con-

venient way to refer to this idea when we need to use it.

From another point of view, the addition property of

equality can also be thought of as being a way of sayins that the

operation of addition is single valued; that is, the result of

adding two given numbers is a single number. In other words,

-whenever we add two given numbers we always get the same result.

TherefOre, if a, and c are real numbers and A = b, then

the statement "a + c = b + c" can be thought of as saying that

the result of adding the two given numbers was the same when they

had the names "a" and "c" as when they had the names "b" and

155

opposite of 0 is 0.

addition property of 0

comparison property

definition of opposites

definition of absolute
value.

definition of addition

Page, 133. While we indicated the addition on the right, the same

property would hold of course for addition on the left,

If a = b, then c + a = c + b.

[pages 132-133]
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We shall be free to use this property for addition on either side.
,,

Page 134. Later in Chapters 7 and 13 we shall learn about.equiva-

lent equations and the permissible operations which keep equations.

. equivalent. For the present, however, notice that all we are

claiming when we apply the addition property.of_equality.is.that,

if a number makes the original equation true, it will make the neir

equation-true. We then have a chance to test each number of the

truth set of the new equation and see whether it makes the origi-,

nal equation true. It'is necessary to make this check every time,

until we have the more complete reasoning of Chapter 7. We

-recommend the form.shown in Example 3. When the student is more

familiar with the addition property of equality he may be

encouraged to think of adding .;." to both sides and not write that

step. We must insist, however, that the phrase, "If the equation,

is true, for some number x, then," be written each time, there-

by emphasizing the real meaning of what we are doing. We'shall

see some problems where there is no x which makes.the sentence

true, and this shows the need for caution.

Answers to Problem Set 6-4; page 135:

The pupil should be able to give a reason for each step in

solving an equation. You may want him to write them down; if so,

you will probably want to suggest a shorthand for doing this.

1. If x + 5 = 13 is true for some x,

then x + 5 + (-5) = 13 + (-5) is true for the same x,

x + 0 = 8 is true for the same x,

x = 8 is true for the same x.

If x = 8,

the left member is 8 + 5 = 13;

the right member is 13.

Hence, the truth set is (8);

the only solution is 8.

171
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2. If (-6) + 7 = (-8) + x is true for some x,

then 8 + (-6) + 7 = 8 + (-8) + x is true for the same x,

9 = 0 + x is true for the same x,

9 = x is true for the aame x.
If x = 9,

the left member is (-6) + 7 = 1,

the right member is (-8) + 9 = 1.

Hence the truth set is (9).

3. If (-1) + 2 + (-3) = 4 + x + (-5) is true for some x,

then (-2) = x + (-1) is true for the same x,

(-2) + 1 = x + (-1) + 1 is true for the same x,

-1 = x is true for the same x.

If x = -1,

the left member is (-1) + 2 + (-3) = (-2),

the right member is 4 + (-1) + (-5) = (-2).

The solution is -1.

4. If (x + 2) + x = (-3) + x is true for some x,

then 2x + 2 = (-3) + x is true for the same x,

2x + 2 + (-x) + (-2)

= (-3) + x + (-x) + (-2) is true for the same x,

x = -5 is true for the same x.

If x = -5,

the left member is (-5)+ + (-5) = (-3) + (-5)

= -8

the right member is (-3) + (-5) = -8

Hence the truth set is (-5).

5. If (-2) + x + (-3) = x + (- t5r) is true for some x,

then x + (-5) = x + (- i;) is true for the same x,

(-x) + x + (-5)

= (-x) + x + (4) is true for the same x,

-5 = - is true for the same x)

but -5 = is false,which contradicts

the assumption that the equation was true for

some x.

Hence the truth set is 0
[page 135)
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6. If lx1 + (-3) = 1-21 + 5 is true for some x,

then lx1 + (-3) + 3 = 2 + 5 + 3 is true for the same x,
lx 1 = 10 is true for the same x,
x = 10 or x = -10 is true for the same x.

7

If x = 10,

the left member is 1101 + (-3) = 10 + (-3)

= 7,

the right member is 1-21 + 5 = 2 + 5
= 7.

If x = -10,

the left member is 1-101 + (-3) = 10 + (-3)

73

the right member is 1-21 + 5 = 2 + 5
. 7.

The solutions are 10, -10.

If (-13) + lx1 = (-4) + (-1) is true for some x,

3 3
then Er +(-13.) + lx1 = (-71.) +(...1) is true for the same x,

3 , 6% 8%
lx +k-u) g) is true for the same x,

3,
1 x1 = - is true for the same x.

But lx1 is non-negative for every x, which contradicts

the assumption that the equation is true for some x.
There is no solution.

8. If x + (-3) = 1-41 + (-3) is true for some x,

then x + (-3) + 3 = k + (-3) + 3 is true for the same x,

x = k is true for the same x.

If x = 4,

the left member is 4 + (-3) . 1,

the right member is 1-41+(-3) = 4 + (-3),

. 1.

Hence the truth set is (4).

[page 135]
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9. If (-7) + (x+ = x+ (x+

8 3 3
then x+ (-6) + = 2x + 6

159

is true for some x,

is true for the same x,

x+ (-x)+ (4) +(4 = 2x+ (-x)+ (;)+..; is true for the same x.

8
- = x

4
- = x

If x = -
l.

4
the left member is (-1.)

4
the right member is

4
The solution is -

+
/

+ ,

4

4

1 %

1%

=

=

=

/ 8%
k-51

- 13

8- -6
13

8% 3+ , -6 ) +

Page3135-139. This is probably the student's first experience at

anything approaching a formal proof. His chief difficulty here is

to see the need for such a proof. We ask the student to extract

from his experience the fact that for every number there is another

number such that their sum is zero. At the same 'time the student

can equally well extract from his experience that there is only

one such number. Why then, do we accept the first idea from exper-

ience but prove the second? The reason is that we can prove the

second. The two ideas differ in that one must be extracted from

experience while the other need not be. The existence of the addi-

tive inverse is in this sense a more basic idea than the idea that

there is only one such number. Speaking more formally, the exist-

ence of the additive inverse is an assumption; the uniqueness of

the additive inverse is a theorem. You are referred to Haag,

Studies in Mathematics, Volume III, Structure of Elementary Algebra,

Chapter 2, Section 3, pp. 3.2-2.7, for further reading.

At this point we are still quite informal about proofs and

try to lead into this kind of thinking gradually and carefully.

The viewpoint about proofs in this course is not that we are trying

[pages 135-138]
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to prove rigorously everything we say - we cannot at this stage -

but that we are trying to give the students a little experience,

within their ability, with the kind of thinking we call "proof".

Don't-frighten them by making a big iesue of it, and don't be dis-

couraged if some students do not immediately get the point. Discuss

the proofs with them as clearly and simply as you can. We hope that

by the end of the year they will have some feeling for deductive

reasoning, a better idea of the nature of mathematics, and perhaps

a greater interest in algebra because of the bearing of proof on

the structure. For background reading on proofs the teacher is

referred to Haag, Studies in Mathematics, Volume III, Structure of

Elementary Algebra, Chapter 2, Section 3.

Page 135. (-3) added to 3 is 0.

4 added to -4 is 0.

Page 136. We added (-3) so that the addition property for oppo-

sites could be used to write the left member of the sentence in

simpler form.

3, 5, -6.3 each have but one additive inverse. Since the set of

real numbers is infinite, we cannot check all of them individually

to confirm that the additive inverse of each is unique.

Page 137. We have used the addition property of equality and the

addition property of zero. The next two reasons are the addition

property of opposites and the addition property of zero.

Answers to Problem Set 6-5a; page 138.

1. In each part of this problem, the number for which the

sentence is true is determined almost immediately by the

uniqueness of the additive inverse; i.e. if x + z = 0,

then z = - x.

(a) -3 (f)

(b) 2
(g)

(c) -8 (h) 3

(d) 175 (i)
3

(e) -3

[pages 135-1381
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Yes, for by Theorem 6-5a there is but one possible value

for the variable, the opposite of the number to which the

variable is added to make 0.

Page 139. Proof of Theorem 6-5b.
,

(a+ b) + ((-a) + (-b) = a +b + (-a) + (-b) . associative property)
of addition

= + (-4+(b+ (-b))commutative and
associative proper-
ties of addition

= 0 + 0

=_O

Thus -(a+ b) = (-a) + (-b)

addition property of
opposites

addition property of
zero
(a+b) has only one
additive inverse

Answers to Problem Set 6-5h; pages 139-140:

1. (a) -(x+ y) = (-x)+(-y) True; proved in Section 6-5.

(b) -x = -(-x) Since -(-x) = x, this is false for all

real x except zero.

(c) -(-x) = x True for all real x.

(d) -(x+ (-2)) = (-x) +2 True; a special case of (a)

where y = -2, -y = 2.

(e) + (-b)) = (-a) + b True; a special case of (a)

where x = a, y = -b, (-x) = (-a),

(-y) . b.

(f) For a = 2, b = 4, the sentence becomes

+

which is false. The sentence is not true for all

real numbers.

while this proof by counter example is sufficient,

one may also reason as follows: Application of the

associative and commutative properties of addition,

the addition property of opposites, and the addition

property of 0 leads to -b = b; in other words, If

a+ (-b)) + (-a) = b" is true for all real numbers

a and b, then "-b = b" is true for all real numbers

(pages 138-140]
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a and b. But "-b = b" is true only for b = 0.

Therefore, the statement "(a + (-b)) + (-a) = b" is

not true for all real numbers a and b.

(g) -(x + (-x)) = x + (-x). True, a special case of (a)

where x = x, y = (-x), (-y) = x.

2. (-x) + (y,+(-0) = (-x) + ((-z) + 3;,) commutative property
of addition.

) + (-z) + y associative property
of addition.

x+z)) + y -(a+ b) = (-a)+ (-b).

= y + (-(x + commutative property
of addition.

3. -(3+ 6 + (-4) + = (-3) + (-6) + 4 + (-5) is true.

The opposite of the sum of any number of numbers is the

sum of their opposites.

(a) True

(b) False

(c) True

(d) False

*4. To show that -(a+b+c) = (-a) + (-b) + (-c), we need to

show that
(a+ b + c) + (i-a) + (-b) + (-0) . 0

because one number is the opposite of another if their sum

is zero.

Proof:

(a+b+c)+((-a)+(-b)+(-c)) = (11-(-a))+ (b+(-b))+(c+(-c)) associative

and commutative prop-
erties of addition.

= 0 + 0 + 0 addition property of
opposites.

0 addition,property of 0.

Hence -(a+b+c) = (-a)+(-b)+(-c).

This could be reasoned similaly for any number of numbers.

*5. For any real number a and any real number b and any
real number c, 177

[page 140]



If a+c = b+c,
then (a+ c) + (-c) = (b+c) + (-

a + (c, + (-c)). b+ (c+

163

addition property of
equality.

associative property of
addition-,

a+ 0 = b+ 0 addition'property of
-opposites.

a = b addition property of 0.

Answers to Review Problems; pages 142-144:

. 1. (a) 3 +(-6))
.

3(2) (d) (- + =

6

(b) 73+ 2 x 3 = -3+ 6 (e) 1-61.131 + (-3) =(.6)*(-3)..

= 3. = 15

(c) 2x 7+ (-14) = 14+ (-14) (f) . 6 (1 + 1-41) 6(1+ 4)
o . 6(5)

= 30

(a) true

(b) true

(c) false

(d) true

(e) true

(f) true

(g) true

3. (a) The left numeral is

+
2

+ -3)) =
2

+ (-4) -F 7)

+ (--3))+ 7

= 0+7
= 7.

The right numeral is' 7.
Hence the sentence is true.

178
[pages 140-142]
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for addition.

associative property
for addition.

addition property of
opposites,

addition property of
zero.
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(b) The left numeral is

1-51+ (-.36) + 1-.361 = 5+
(
(-.36) + 1.360associative property

for addition.
/

= 5+ \-.36) + (.36)) definition of abso-
lute value.

= 5+ 0 addition property of
opposites.

= 5. addition property of
zero.

The right numeral is 10 +((2+ (-7)) = 10 + (-5)

= 5.
Hence the sentence is true.

4. (a) If 5 + 32 = x + 5

then ; + 32 + (4) = x+;+ (4)

(3 +(A + 32 = x + 0

0 + 32 = x

32 = x

is true for some x,

is true for the same x,

is true for the same x,

is true for the same x,

is tuue for the same x.

If x = 32,

5 5the left member is + 32 = 32g,

5the right member is 32 + 325,
9

Hence the truth set is (32).

(b) If x + 5 + (-x) = 12+ (-x) + (-3)is true for some x,

(-x) + x is true for the same x,

is true for the same x,

(-5) is true for the same x,

is true for the same x.

then x+ 5+ (-x) +x = 9+
x + 5 = 9

x + 5+ (-5) = 9+
x = 4

If x = 4,

the left member is 4 +5+ (-4) = 5,
the right member is 12 + (-4) + (-3) = 5.
Hence the truth set is (4).

179
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(c) If
15x + + x = 10 + x +

165

is true for some x,

then x +14 +x + (-x) = 10 + x + (--)+(-x) is true for the same x,

+ x=10+ (4) is true for the same x,

15 + x + (-4) = 10 + (-;) +
(.15)

x= 10 - 11

is true for the same x,

ie true for the same x,

x = -1 is true for the same x.

If x = -1,

the left member is (-1) ++(-1) . (-2) +.4P

11
=

the right member is 10 + (-1) + (4) = 9 +

11

Hence the truth set is (-1).

(d) If lx1 + 3 = 5 + lx1 is true for some x,

then lx1+3+ (-1x1) = 5+ 1x1+(-lxi) is true for the same x,

3 = 5 is true for the same x.

But 3 = 5 is false, which contradicts the assumption that

the equation was true for some x. Hence the truth set

is 0.

(a) 131 + lal > 1-31 is true for the set of all numbers except

0.
(b) 131 + lal = 1-31 is true for (0).

(c) 131 + la f < f-3J is true for 0.

(page 142)
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6. (a) Either both are negative; or one is negative and the

other is either positive or 0, and the negative number

has the greater absolute value.

(b) One is the opposite of the other.

(c) Either both are positive; or one is positive and the

other is either negative or 0, and the positive number

'has the greater absolute value.

7. If x is the number of dollars in the week's sales,

80 + .03 x 116 ,

8. (a) If x is the length of the fourth side,

x 0 and x < 23

(b)

9. (a) 2ab + ac

(b) 2ab + 2ac

(c) 3(a +b)

(d) 5x(l+ 2a)

0 10 20 23

(e) xy(x+1)

(f) 2ab(3a+ b)

(g) a2bc + 3ab2

(h) 3a2 + 6ab + 9ac

10. (a) Yes, the set is closed under the operation of "opnosite".

(b) Yes, the set is closed under the operation of "absolute

value".

(c) Yes, if a set is closed under "opposite" it is closed

under "absolute value", since either the number or its

opposite is the absolute value of the number.

11. (a) Yes, the set is closed under the operation of "absolute

value".

(b) No, the set is not closed under the operation offlopposite".

(c) No, if a set is closed under "absolute value", it is not

necessarily closed under "opposite", since even if the

absolute value of a number is in the set, the opposite of

the number may not be.

12. Since in each hour the faster car covers 10 miles more than the

other, they will be m miles apart in --
10

hours.

[pages 143-144]
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CHAPTER 6

Suggested Test Items

1. Find the common names for the following:

(a) (-7) + (-17) (d) (-3)+ 1(-3) + (-5)1

(b) (-13) + 49 + (-24) (e) (-47)+ 18(0)

(c) (-3) + 1(-3)1 + 1(-5)I n + (-n)

2. Write a common numeral for each of the following numbers,

without using paper for calculations. In each case tell what

properties you used to make your work easier.

(a) (287) + (-287)

(b) (-17) + 30 + (-83)

(c) 19 + 954 + (-19)

3. The following sentences are true for every a, every b, and

every c:

A. a+b=b+ a
B. a + (-a) = 0

C. (a + b) c = a + (b + c)

D. Ifa= b, thena+c=b+ c
E. -(a+b) = (-a) + (-b)

F. -(-a) = a

G. a + 0 = a

Which of the sentences expresses:

(a) the clmmutative property of multiplication

(b) the addition property of zero

(c) the addition property of squality

(d) the fact that the opposite of the sum of two numbers is

the sum of the opposites

4. If m and n are negative numbers, which of the following are

true sentences:

(a) m + n = -( ImI + Inl)

(b) imi = In I
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(c) m+ n < 0

(d) Imi + Inl 0

(e) ( A+ (-11) 0

5. Find the truth set of each of the following open sentences:

(a) x + 2 = 7

(b) 0 = 7 + n

(c) m + (-6) . 0

(d) (-6) + 7.. (-8) + a

(e) Ix! + (-2) . 1

(0 (-3) + w = (-4) + (-3)

(g) Ix + 31 = 7

6. Given the set K = (0, -3, 3)

(a) Is the set' K closed under the operation of taking the

opposite of each element?

(b) Write the set S of all sums of pairs of elements of

set K.

(c) Is set S a subset of set K? Is set K closed under

addition of pairs of elements?

7. When a certain number is added to 99 the result is 287.

(a) Write an open sentence to find the number.

(b) .Find the number by finding the trutn set of the sentence.

8. A mother is 28 years older than her-ton. The 'mother's age is

equal.to the sonts age plus 10 years more than the sonts age.

(a) Write an open sentence to find the sonts age. (Hint:

Find two phrases for the motherts age. Do they name the

same number?)

(b) Find the truth set of this sentence.

9. 47' said "When I buy three dozen more marbles 1111 have three

moz'c than 13 dozen."

(a) Write an open sentence from which.you can find out how
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many marbles Jim has.

(b) Find the truth set of this sentence.

(c) Show how the use of the distributive property helps make

the calculation of this truth set easier. (Hint:. Write

the open sentence leaving the numbers of dozens as

indicated products.)

184



Chapter 7

PROPERTIES OF MULTIPLICATION

This is the second of three chapters in which the operations

with the numbers of arithmetic are extended to the real numbers

and the properties of these operations are brought out. You may

want to refer back to the statement at the beginning of the com-

mentary for Chapter 6 for a more detailed statement about these

three chapters.

Background reading for the mathematics of this chapter is

available in Studies in Mathematics, III Chapter 2 Section 3

and Chapter 3, Section 4.

7-1. Multiplication of Real Numbers

There are several ways of making mltiplication of real num-

bers seem plausible. It seems best to let the choice of defini-

tion of multiplication be a necessary outgrowth of a desire to

retain the distributive property for real numbers.

Pau 145. The properties listed are the commutative and associa-

tive properties of multiplication, the multiplication properties

of 1 and 0, and the distributive propertY.

Examples are given'of all possible cases of multiplication

of pairs of positive and negative numbers and zero.

page,146. Make clear to the students that what we are doing here

is not a proof. We couldn't prove anything about something which

has not been defined. However, to guide us in choosing the defi-

nition we ask "If we had a definition of the product .ab for

negative numbers, how would the numbers behave under the distri-

butive p-operty?" We find that they would behave in such a way

that

0 . 6 + (2)(-3)

would have to be true. But if the uniqueness of the additive

inverse is to continue to hold, (2)(-3) would then have to be the

opposite of 6.
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Page 146. 131.121 = 6 and 1-21 1-31 = 6. These name the same

number as (3)(2) and (-2)(-3). (-3)(4) is the same number as

-(1-31 141); (-5)(-3) = 1-51 1-31; and (0)(-2) is 101 1-21.

Page 147. As in the case of addition, the point of view here is

that we extend the operation of multiplication icrom the numbers of

arithmetic to all real numbers so as to preserve the fundamental

properties. This actually forces us to define multiplication in

the way we have. In other words it could'not be done in any other

waY without giving up some of the properties.

The general definition of multiplication for real numbers is

stated in terms of absolute values because lal and 1b1 are

numbers of arithmetic, and we already know how to multiply numbers

of arithmetic. The only problem for real numbers is to determine

whether the product is positive or negative.

There are a number of devices available to help the teacher

who feels a need to make the definition of multiplication plausible

to his students. Below are two forms of one scheme of this sort,

a scheme which leads the student to the same results as the defi-

nition of multiplication by asking him to recognize a pattern in

the sequence of products. In using either form of this scheme,

however, the teacher should bear in mind that this is a weaker

approach than that of the text; for while the definition in the

text is based on considerations of mathematical structure, the

device below has only the appea2 of an implied extension of the

symmetry of a multiplication table.

(In either form below the student fills in the missing
products.)

(3)(-2) . -6

(2)(-2) =. -4

(1)(-2) . -2

(o)(-2) = o

(-1)(-2)

(-2)(-2)

(1) (3)(2)

(2)(2)

(1)(2)

(0)(2)

(-1)(2)

(-2)(2)

. 6

= 4

. 2

= o

=

=
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(2)
x 3 2 1 0 -1 -2 -3

3 9 6 3 0

2 6 4 2 0

1 3 2 1 0

0 0 0 0 0

-1

-2

-3

Answers to Problem Set 7-1; pages 148-150:
1. (a) (-7)(-8) = 1-71 1-81 = 56

(b) (4)(-12) = _041 I_12D= -((4)(12)). -8

(c) (-3)(2)i (-2) = 1-( I-31 121)1 (-2)
= 1-61 (-2)
= (6)(-2)

= -(161 1-21)

= -12

(a) (-18)(i) = -(1_181

= -(0.8)(-0)

(e) (-i)(-g-*) = I 41 I =46

(r) 1-21 ((-3) 1-30 =2((-3)
.2(0)=0

[page 148)
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2. (a) (-1)(-4) . 2

(b) ((_.)(2)) (-5) = (-1)(-5) = 5

(c) (-1)((2)(-5)) = (-1)(-10) . 5

(d) (-3) (-4) + (-3)(7) = 12 + (-21) = -9

(e) (-3) ((-4) + 7) = (-3)( ) = -9

(f) (-3) (-4) + 7 = 12 + 7 . 19

(g) 1-31 (-4) + 7 . 3(-4) + 7 = (-12) + 7 . -5 .

(11) 1-31 1-21 + (-6) . (3)(2') + (-6) = 6 + (-6) . 0

(1) (-3) 1-21 + (-6) = (-3)(2) + (-6) . (-6) + (-6) . -12

(i) (-3) (1-21 + (-6)). (-3)(2 + (-6)) := (-3)(-4) = + 12

(k) (-0.5) (1-1.51 (-0.5)(-2.7) = 1.35

3. (a) 2(-2) + 7(3) = (-4) + 21 = 17

(b) 3 (-(-2)) + -11.)(3) + (-(-q =

=

(c) (-2)2 + 2Q-2)(-4)) + (-4)2 . 4

. 4 + 16 + 16 = 36

(d) ((-2) + 2 (-6)2 = 36

(e) (-2)2 + (31-4) + (-4)(3)) = 4 + (12 + (-12)) . 4 + 0 . 4

(f) 1(-2) + 21 + (-5)1(-3) + (-4)1 = 0 + (-5)(7) = -35

4. (a) 2(-10) + 8 . 12 false

(b) 2 (_(-10)) + 8 = 28 true

(c) (-3) ((2)(-2))+ 8 20

(-3) (-4) + 8 20 false

(d) (-5) 0-2)(-4) + 30) < 0

(-5) (8 + 30) < 0 true
188

6 + ((-12) + 28)

6 + 16 . 22

+ 2(8) + 16

[page 148]
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(e) 12 + 31 + (-2)62 + (-4)) k 1

5 (-2)(1-21) 1

5 (-4) . 1 true

(a) If x + (-3)(-4) = 8 is true for some, x,

then x + 12 = 8 is true for the same x,

x + 12 + (-12) = 8 + (-12)is true for the same x,

x = -4 is true for the same x.

If x = -4,

The left member is (-4) (-3)(-4) = (-4) + (12)

= 8

The right member is 8.

Hence the truth set is (-4).

41 F

-9-3-2 -I 0 1 2 3 4 5 6 7 8 9 10 11 12 13

The form suggested above should be used as long as you think

it is helpful to your students but not longer. When, in your

judgment, writing "is true for some x" and "is true for the same

x" has served its purpose, you should no longer require it.

The important thing is to make sure that the students do not

lose sight of the ideas they are using here. Find opportunities.

from time to time to help the students keep in mind why a number

which makes the first sentence le will necessarily make the last

sentence true.

Some teachers may wonder why we do not check the solution by

substituting" -4 for x in the sentence. In fact, we have not

used the word "substitute" in this context,for the following

reason. The variable x is a symbol representing an unspecified

number of a given set. We say that the "value of x is.3" when

we specify that x represents 3. If we were to say "substitute

3 for x", the student might get the impression that the symbol x

is somehow erased and replaced.by -the symbol 3. We want

[pages 148-149]
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the student to understand that in such a case x is 3, not

replaced by 3.

The truth sets and graphs for the remaining parts

problem are:

of the

(b) (-2)
-3 -2 -I 0 1 2

(12)(c) 7-
-3 -2 -1 0 2 3 4 5 6 7 8 9 10 11 12

(d) (-36) Iti 11
40 \-30 -20 -10 0

-36

(e) (36) 0-111111;111111
0 10 ?" 30 \340 50 60

6
(f) all numbers greater

than -2 I

-3 -2 -1 0 1 2 3 4 5 6 7

(g) 4 , A) 1
.... ,

i

0 I 1

3 3

6. P . (-12, -8, -3, -2, 1, 4, 6, 9, 16) Making a table of

products may facilitate the student's work in this problem.

7. Q is the set of all real numbers. The set of real,numbers is

closed under multiplication.

8. T is the set of all positive real numbers. The set of nega-

tive real numbers is not closed under multiplication.

9. Referring to Problem 6, above, we see that the subset of P

made up of all positive numbers in P is K = 11, 4, 6, 9, 16).

*10. If a = 0 or b = 0, then ab = 0, laid = 0, and lal = 0 or Ibi = 0,

so lab! lal. Ibi.

If at 0 and b 0, exactly one of the following is true:

ab = lal IbI Definition of the product

or of two real numbers.

ab =

(Note that the two possible values of ab aro opposites.)

[page 149]
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Then labi is either ial.ibl or -(ial-ibi), whichever is
greater

Definition c bsolute value.

But lal.ibi is positive. Definition of the product of two
real numbers.

and -(1a1.1131) is negative Definition of opposites.

.Hence labi = ial.lbi A positive number is greater
than a negative number.

11. (a) Either both are positive or both are negative.

(b) One is positive and one is negative.

(c) b is positive.

(d) b is negative.

(e) b is negative .

br is positive.

*12. 1. Comparison property.

2. Multiplication property of O.

3. 'Definition of multipliCation.

4. .efinition of opposites - if a number is positive, its

opposite is negative.

Thi,s is an example of a proof by contradiction. In spite of

this the proof is_straightforward, and can be followed without a

discussion of rormal proof by contradiction, which is dealt with

in Section 7-8 of this chapter.

7-2. Properties of Multiplication

Again we should emphasize that the demand for the familiar

properties to be satisfied suggested to us what the k_efinition of

multiplication must be. On the other hand, we could have given

the definition of multiplication at the outset without any motiva-

tion whatsoever. Thus the definition itSelf does Aot actually

involve an assumption of the properties. It is even conceivable

that, in spite of being more or less forced to define multiplica-

tion in this way, we might find that the properties still do not

[pages 150-152]
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hold. Hence the need remains to prove that multiplication so

defined does really have the properties. In doing this we have not

fallen into the logical trap of arguing on a circle.

Pages 150-152. You may want to mention the closure property of

multiplication at this point.

The property of 1, which is stated in the form a.1 = a,

could just as well have been stated in the form 1.a = a. Some

like to combine these in the statement a.1 = 1a . a. There is

no objection to your doing this.

Reasons for the multiplication property of 1 are as follows:

If a < 0, a.1 = -(ial.1) definition-of multiplication of
real numbers.

-lal multiplication property of 1 for
a > 0.

= a definition of absolute value, and
the opposite of the opposite of a
number is the number itself.

A proof for the multiplication property of 0 follows:

For any real number a,

if a 0, a0 = lal.101 definition of multiplication of
real numbers.

But if a 0, lal a definition of absolute value.

101 = 0

Thus a0 is the product of two numbers of arithmetic,

and a.0-. 0.

If a < 0, a0 = -(1a1.101) definition of multiplication
of real numbers.

= (0) product of two numbers of
arithmetic

0 the opposite of 0 is 0.

192
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Answers to Problem Set 7-2a; page 152:

1. (a) ((--)(4) (_17) = (1)(-17) . -17

(b) (-8)(5 + (-8)(4)) = (-8)(5 + (-4)) . (-8)(1) . -8

(c) (-4) (4)(4) (4)(-5)) . (-4) ((-6) + 6) . (-4)(0) . 0

(a) ((k)(-6) (-8)(-3)) (44)= ((-24) + (24)) (4).(o)(4) o

2. (a) Done in text.

031 (3)(-5) = -(131 1-51) = -15

(-5)(3) = -(1-51 131) = -15

(e) 4(0) = -(1-31 101) = 0

(0)(4 = -(101 1-41) = 0

(d) (3)(-4) = 1-31 1-41 =

1-41 1-31 = 12

(e) (-7)* = -(1-71 = -5

= 1-71) = -5

Pages 153-154. 1(eb)c1 = labl 1cl It has been stated in the

text and proven in Problem *10 of Problem Set 7-1 that

lab1 = 1a1 1bl. Note that.this property also justifies the next

Step.

If one of a, b, c is 0, then (ab)c = 0 and a(bc) = 0

by the multiplication property of 0.

The proof for associativity is probably too much to demand

of all students. However, the idea is not difficult and might

appeal to tne better students.

193
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Answers to Problem Set 7-2b; page 154:

1.

c,

If a

and b

and c

is

is

is -

- -

- -

-

-

_

-

_

-

then ab

bc

(ab)c

a(bc)

is

is

is

ils

-

-

-

-

-

-

-

-

- -

-

-

.In the text we have seen that for all real numbers

1(ab)cl = la(b01

and that if one of a, b, c is 0, the associative propertY for

multiplication holds.

If l(ab)cl = la(bc)1

exactly one of

_(ab)c = a(bc)

a, b, and

or

(ab)c = -a(bc)

is trTe; that is, either the numerals must name the same number,

or the numbers are opposites. Since the table reveals.that for

all possible combinations of positive and negative values for

a, b, and c, (ab)c and a(bc) are either both positive or both

negative, it is clear that (ab)c and a(bc) are not opposites,

and that (ab)c = a(bc).

2. (a) ((3)(2)) (-4) . (6)(-4) . -24

(3) ((2)(-4)) = (3)(-8) -24

(b) ((3)(-2)) (-4) . (-6)(-4) 24

(3) ((-2)(-14) . (3)(8) . 24

(c) ((3)(-2)) (4) . (-6)(4) . -24

(3) ((-2)(4)'). (3)(-8) -24 9

[page 154]
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3.

(a)

(e)

(f)

(a)

((-3)(2)).(-11.)

(-3) ((2)(-11.)) =

((-3)(-2)) (-4) =

(-3) ((-2)(-11.))

((-3)(-2)) (o)
(3) ((-2)(o)) =
(-5)(17)(-20)(3)

(-6)(-4) 24

(-3)(-E3)

(6)(-4) = -24
= (-3)(8) = -24
(-6)(o) o

(3)(o) = o
((-5)(-24

= (100)(51)

= 5100

((17)(3))

(b) (4)(i) (-4) =

"116

(0) (4) (;) (-21) = ((..) (-21)) (;)

= (-7) (;)

42

(- )(4) (4)(4) = 4) (4)) ((.) (4))

= (-1) (-1)
= 1

(4) (-19)(-3) (50) = (()(50)) ((-19) (-3))

= (10)(57)

= 570

-7) (-25) (3) (-10 = ((-7) (3)) ((-25) (-4))
= (-21)(100)

a. -2100

(a)

(e)

[page 154]
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Page 155.

(5) (2 + (-3)) and (5)(2) + 5(-3) are numerals for -5.

(5) ((-2) + (-3)) and (5)(-2) + (5)(-3) are numerals for -25.

and (-5) 0-2) + (-3)) and (-5)(-2) (-5)(-3) are numerals for
25.

. The following discussion makes it evident why we do not .

suggest that the student, even the eager one, be encouraged to try

to prove the distributive property.

A complete verification of the distributive law requires an

examination of twelve cases for a(b + c):

b > 1c1;

b < icl;

ibi c;

ibi < c;

b > 1ci;

b < 1c1;

1b1 c;

ibI< c.

(1) a> 0, b 0, c > 0;

(2) a < 0, b < 0, c < 0;

(3) a> 0, b 0, c < 0,

(4) a> 0, b > 0, c < 0,

(5) a> 0, b < 0, c > 0,

(6) a .1t 0, b < 0, c > 0,

(7) a < 0, b > 0, c > 0;

(8) a > 0, b < 0, c < 0;

(9) a < 0, b > 0, c < 0,

(10) a < 0, b > 0, c < 0,

(11) a < 0, b < 0, c > 0,

(12) a < 0, b < 0, c > 0,

There are eight further cases to be considered for ab + ac.

The student should be deterred from trying to prove this

distributive property. As in the verification of the associative

law for addition, the number of cases involved is one stumh14.ng

block. Here, though, there is a further difficulty: The proof

requires that the student distribute multiplication over sUbtrac

tion for numbers.of arithmetic. In case (3), for example,

196
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a(b + c) is, by definition, a(b-Icl), and we need to know that

a(b - Icl) = ab - ale'

before we can proceed. This equality holds because of the distri-

butive property mentioned. It is implicit in this property that

ab > aid. The definitions of addition and multiplication then

allow us to write

a(b - Icl) = ab ale'

= ab + (-aid')

= ab + ac.

We have barely mentioned subtraction for the numbers of arithmetic,

so we could hardly expect the student to be aware of the distribu-

tive property of multiplication over subtraction for such numbers,

Answers to'Problem Set 7-2ci page 155:

+ (-9)(-8) = -9 q_92) (..8)) = -9 (-100) = 900

+ (-1.63)(6) 4.63 + (-3..63)) 6 . (-1)(6) . -6

+6) = (2) = -3

(-7) () = -7 ((-4) + (i)) -

5. (4) ((-93) + (-7)) .4 (-100) . 75

6. (-7)(4) + (-5)(4) = ((-7) + (-5)) 4 = (-12)(4)'=

Page 155. Reasons for the indicated steps in the proof that

(71)a = -a are:

a + (-1)a = 1(a) + (-1)a multiplication property of 1.

=( (-1):)a distributive property.

= (0)a addition property of opposites.

= 0 multiplication property of 0.

1.

2.

k.

3,

(-9)(-92)

(.63)(6)

_ ((-4)

(-7)(-4)

197
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Answers to Problem Set 7-2d; page 156:

1. Theorem: For any real numbers a and b, (-a)(b) = -(ab)

(-a)(b) = ((-1)(a)) (b) (-1)x = -x

(-1)(ab) associative property for multi-
plication

-1(ab) (-1)x . -x

2. Theorem: For any real numbers a and b, (-a)(-b) = ab

(-a)(-b). ((-1).a) ((-1).1) (-1)x = -x

= q...1)(A (ab) associative and commuta-
tive properties for
multiplication.

= (1)ab definition of multiplication.

= ab multiplication property of 1.

3. (a) (-5)(ab) = -5ab

(b) (-2a)(-50) = lOac

(c) (3x)(-7y) = -21xy

(d) (-50(4d) -3cd

(e) (.bc)(-6a) =-4abc

(-0.5d)(1.2c) = -0.6cd

7-3 and 7-4. Use of the Multiplication Properties

These sections introduce some of the necessary techniques

of algebra. We wish to give sufficient practice with these tech-

niques, but we wish also to keep them closely associated with the

ideas on which they depend. We have to walk a narrow path between,

on the one hand, becoming entirely mechanical and losing sight of

the ideas and, on the other hand, dwelling on the ideas to the

extent that the student becomes slow and clumsy in the algebraic

manipulation. A good slogan to follow here is that manipulation

must be based on understanding. The student must earn the right

to "push symbols" (skipping steps, computing without giving

reasons, etc.) bY first mastering the ideas which lie behind and

give meaning to the manipulation of the symbols.

198
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Answers to Problem Set 7-3a; page 157:

1. (a) 3x + 15

(b) 7a + (-ak)

(c) 2a + 2b + 2c

(d) (-9a) + (-9b)

(e) 3p + (-3q)

2. (e), (f), (h), (i)

3. (a) 5(a + b)

(b) (-9)(b + c)

(c) 6 (2 + 3) or 6 (5)

(d) 3(x + y + z)

(e) k(m + P)

4. (a) 19t

(b) -6a

(c) 9Y

(d) 13z

(e) (-11m)

(f) 2a

(f) (-Y) + z + (-5)

(g) 13y + xy

(h) 32 + 8m

(1) (-gr) + (-g) + gs + gt

(f) (a + b)(x + Y)

(g) (7 3)(.) or 10 (.3j)

(h) (-6) (a2 + b2)

(1) c(a + b + 1)

(i) 2(a + (-b))

(g) .0b

(h) 8x

(1) 3a + 7Y

(j) 16p

(k) 0

(Y) 2a + lgb

185

.Page 158. In collecting terms we want the direct application of

the distributive property to be the main thought. Donft give

the impression that collecting terms is a new process. We are

avoiding the phrases "like terms" and "similar, terms" because

they are unnecessary and tend to encourage manipulation Without

understanding.

199
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Answers to Problem Set 7-3b; pages 158-159:

1. (a) 13x (h) 2a

(b) -13a (i) 17p

(c) 9k (j) 0

(d) 3b (k) 12a + 3c + 3c2

(e) n (A 6a + kb + c

(f). 9x (m) 6p + llq

(g) -14a (n) 3x2 + (-x) + 1

2. In parts (0 and (g) the miltiplication property of one.

In part (k) the associative property of addition.

In part (n) the commutative and associative groperties of addi-

tion.

3. Since we have not yet introduced the multiplication property

of equality, the pupil will have to go back to "guessing"

the truth set, after collecting terms and using the addition

property of equality where possible.

(a) (2) (f) the set of all real numbers

(b) (-4) (g) (7)

(c) 0 (h) (11)

(d) (-9) (i) (1)

(e) 0 (i) (2)

Page 159. The reasons for the steps of the example are:

(3x2y)(7ax) = 3.x.x.y.7.a.x associative property of multi-
plication.

= 3.7.a.x.x.x.y commutative property.of multi-
plication.

= (3.7)0a.(x.x.x).y associative property of multi-
plication.

= 21ax3y multiplication.

200
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Answers to Problem Set 7-4a; page 160:

1. -24b 8 .

2. -12c
2

3. -72b 10.

iç 42YZ 11.

5. 18bc2

6. -15w
4

7. -12ay
3

12.

13.

14.

187

Tiab2c2d

48112(42

2.70b3c2d

(4ab)0a2) 4.ab 9. a-a

(..9)(aa.a)b
= 3a

3
b

28abc

24a2x2

12a3b20

Answers to Problem Set 7-4b; page 161:

1. (-3c) + (-3d) 7. (-p) + (-q) + (-r)

2. 16 + (-6b) + 14b2 6. (-21a) 35b

3. 18xy + 6xz 9. 12x2y 4- 18x2y2 24xy2

4. (-12b3c2) (-21b2c3) 10. (-a2) + (-2ab) + (7.b2)

5. 5x
2 + 30x 11. (-8ac) + 20bc + 4c2

6. 200 + 700 + (-40b) 12. (-x2) + x

AnsWers to Problem Set 7-4c; pages 161-162:

1. Encourage the pupil to do each of these in the form indicated

for (a)

-(a) (x-+ 8)( 2) (X + 8)X + (X + 8)2

= x
2 + 8x + 2x + 16

x2 + 10x + 16

(b) y2 + (-8y) + 15

(c) 6a2 + (-17a) + 10

(d) a2 + 4a + 4

(e) x2 + (-36)

(f) Y2 + (-9)

2 01
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2. For real numbers a, b, c, d,

(a + b)(c + d) = (a + b)c + (a + b)d

= ac + bc + ad + bd

= ac + (bc + ad) + bd

When the pupil discovers that this gives him a formula for

multiplying expressions of the form (a + b)(c + d) he may want

to use it instead of the longer form indicated in Problem 1. He

should be ehcouraged to do so as soon as he is ready to use it

with understanding and accuracy.

3. (a) a2 + 4a + 3 , (d) y3 + (-6y2) + 9y + (-4)

(b) 6x2 + 17x + 12 (e) m2 + 6m + 9

(c) ab + cb + ad + cd (f) 14 + 9Z + z2

4. (a) 3a2 + 5a + 2 (d) 6p2q2 + (-10pq) 4. (-56)

(b) 4x2 + 23x + 15 (e) 16 + (-14y) y2 + y3

(c) 8 + 13n + 5n2 (f) 15Y2 + (-11xy) + (2x2)

7-5. Multiplicative Inverse (page 1.62)

A given real number remains unchanged when 0 is added, by

the addition property of zero. A given real number remains

unchanged when it is multiplied by 1, by the multiplication

property of one.

If d is a multiplicative inverse of c, then cd.. 1.

By the commutative property of multiplication dc = 1 and, so,

c is a multiplicative inverse of d.

Pages 162-163. To test whether a pair 'of numbers are really

multiplicative inverses, they can be multiplied, and if their

product is one, they are multiplicative inverses.

When pairing numbers on the number line to form pairs of

inverdes, it is found that 0 cannot be paired with anynumber.

-As the student chooses positive numbers closer and closer to 0,-

he finds that the multiplicative inverses are larger and larger;

as he chooses negative numbers greater than -1, he finds that the

[page 162]
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multiplicative inverses are further and further to the left on the

number line. Thus there is no suggestion of a possible multiplica-

tive inverse for 0 on the number line. Furthermore, the multi-

plication property of 0 shows that there is no number b such

that 0 x b 1. The student should conclude that there is no

multiplicative inverse of 0. Formal proof of this follows in

Section 7-8_

Answers to Problem Set 7-5; pages 164-165:

Inverse under Inverse under
1. Number Multiplication Number Multiplication

1 3 43
.3- 7

1 1

-2-

2 -7 -7
1 3 10

-3
---d 10 7-

i 1

--2-
-2 100

100

3 4 1
7 -3- -100

-100

2.

7
1

7
6

0.45

-6.8

100 2075- or 7
44'

8 9

[page 164j

203



190

In Problem 3 each double arrow connects points on .ppoSite sides

of 0, while in Prob1em 2 thY: points connected by a double arrow

are both on the same side of 0.

4. If a > 1, then b 12 between 0 and 1.

.If a is between 0 and 1, then b > 1.

1 is a multiplicative inverse of 1.

5. If a < -1, then b is between -1 and 0.

If a < 0 and a > -1, then b < -1.

-1 is a multiplicative inverse of -1.

6. If a is positive, the inverse o is positive.

If a is negative, the inverse b is negative.

7-6. Multiplication Property of Equality

See comment on the addition property of equality in Chapter 6,

page 155.

Answers to Problem Set 7-6; pages 165-166:

1. (-5)(-3) and 15 are different names for the same number.

When we multiply (-1-) by this number we obtain

" ((-5)(-3)) (;)" and "(15)(;)" as different names for a

new number.

2. (a) true (c) false (e) true

(b) true (d) true

3. (a) If 12x . 6 is true for some x

then (12x)(12.) = 6q0 is true for the same x,

1 1(12-f)x 6(.17) is true for the s'ame x,

1x = is true for the same x.

204
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the left member is 12(.) = 6,

the right meMPer is 6,

and hence the truth oet is 4),

(e) (1) (h)

(f) (4) (1) (...)

(g) (4)

4. The form used in Ppablem 3 may be used here also.

(a) (5)

(b) (35)

(0) (;)

(d) (4)

191

5. (a) Xf V is 84 and h is 7, then V = 26Bh is 84 ..§(7).

tf 84 =413(7) lb true for some B,

then 84 33(7)* jji trUe for the same B,

84 . &A trite for the same B,

= B..4 &A trUe for the same B,

36 = Be(44) &A trUe for the same B,

36 B1 lA trtle for the same Bp

36 m B &A trite for the same B.

B is 36,

the left member la 84,

the right memlber &s (36)(7) or 84.

The truth set As (36).

(page 166)

205,



192
(b) The form of part (a) is to be used here. The truth

set is (13).

7-7. Solutions of Equations

Pages 167-269. This is our first use of, "if and only if". We

bring it in here because the situation is easily visualized in

terms of truth sets. Although the idea is not difficuT.,, "if -I

only if" often gives rise to confusion. The form always is "A if

and only if B", where A and B are sentences. We are act,ually

dealing with the compound sentence "A if B and A only if B".

The sentence "A if B" is a compact way to write "If B then

A", and "A only if B" is a way of writing "If A then B".

These conditional sentences are sometimes written "B implies A"

and "A implies B". Some writers abbreviate "if and only.ir to

"iff". The compound sentence then reduces to "A iff B". The

confusion with "if and only if" comes from trying to remember

which statement is the "if" statement and which is the "only if"'

statement. Everyone has this trouble but it is fortunately not

an_important matter. What is important is that the compound sen-

tence "A if and only if B" means "If A then B and If B

then A".

Equivalent sentences will be discussed in more detail in

Chapter 13. You may wish to refer to the later discussion before

taking it up at this point. The idea is introduced here for linear

equations because the student must surely be aware of it by now and

will become impatient with the checking routine, It'is not our

intention to do away with checking altogether for these equations,

but rather to put it in its proper perspective - a check for

errors in arithmetic.

It is important that the teacher note, and help the student

note, that in the process of solving equations, not all steps

involve directly the equivalence of two equations. Those steps in

which the addition property and multiplication property of equality

are used must raise the question of equivalence, but on the other

hand there may be steps taken with the sole purpose of simplifying .

one member or both members of an equation.

206
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Thus in going from
3x + 7 = x + 15

to (3x + 7) + ((-x) + (-7)) = (x + 15) + ((-x) + (-7)) ,

equivalence is an issue because, for example, the phrase on the

left names a number different from that named by the left member of

the criginal equation, as the addition property for equality has

been used. But in going from

(3x + 7) + ((-x) + (-7)) = (x + 15\ ' ((-x) + (-7))

to 2x = 8

the question of equivalence does not er t picture because all

that is happening is that each member of w. equation is being

written in simpler form. Both types of steps are important, of

course, and students should be abl.: to give reasons for them.

A prolonged discussion in the text of the difference between'

these steps could have been a distraction to the main idea, and so

the task of emphasizing the distinction is largely the teacher's.

This is probably appropriate, because many natural opportunities to

point this out will arise in class discussion throughout the course.

In connection with the work on equivalent equations, some

teachers report that classes have found good practice and enjoyment

as well in the process of building complicated equations from

simple ones by use of equivalent equations. For example,

193

x = 3 2x + 2 = 8

x 1 = 4 2x + 2 + 7 = 8 + 7

2(x + 1) = 8 2x I- 9 = 15

Answers to Problem Set 7-7; pages 170-172:

1. If x is a solution of x + (-3) = 5

then x is a solution of x + (-3)+ 3 = 5 + 3 addition property
of equality,

and x = 8 addition property of
opposites and addition
property of 0.

e207
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If x is a solution of x = 8

then x is a solution of x + (-3) = 8 + (-3) addition prop-
erty of equality,

and x + (-3) = 5 addition.

Thus the equations are equivalent equations, because the

steps used in going from one equation to the other are

reversible.

In a similar manner parts 1(b) through 1(i) may be

done. 1(b), (c), (d), (f) (g), 11) are pairs of equiwlent

cations. 1(c) is rl by' zero is not

a reversible steps.since zero has no multiplicative inverse.

In 1(i) also the equations are not equivalent because taking

the absolute value of each member of an equation is not a.

reversible step.

2. The example given in the text at the outset of this problem

indicates the form to be used. Notice how "is equivalent to"

is written between equations, one of which has been oVtained

from the other by use of the addition property or multiplica,-

tion property of equality. Nothing is written between equa-

tions in which we have written a simpler numeral for one 0:

both members of the equations. Reasons could be written ft-6

both sorts of stcps,:land we hope the student will be thinkt, ;

of reasons for all steoz. Here, though, the emphasis is on

equivalence and the pr=aerties which yield equivalent sen-

tences.

Have the student use this form only as long as you think

it is necessary. After he stops writing "this sentence is

equivalent to" you should check now and then with questions to

make sure that he is thinking clearly about what he is doing.

If he is not, you may want him to go back temporarily to

writing the full form.

(a) 2a + 5 = 17 208

(page 170)
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This sentence ts equivalent to

2a + 5 + (-5) = 17 + (-5).

2a = 12,

and this sentence is equivalent to

1,2a) =
1,--.

7k

a = 6

Hence the truth set is (6).

(b) The truth set is the set of all real numbers.

(c) (6) f )
(-3) (.1) (-3)

(k) (0)

(0) (i) 0

(1) (m) (1)

(h) The set of all real IT7,1,ers

3. (a) If x is the number of Uadtes in the length of the third

side,

then 2x + 3 is the n',4=tmer zr inches in the length of the

second side,

and x + 5 is the number zif Inches in the length of the

first. .side.

+ 5) + (2x + 3) x 44

The truth set is (9), 1;nd leE. sides of the triangle are

14, 21, and 9 inches 1.a. length.

(b) If m is the integer,

m + 1 is the stlatt.
M (M 1) = 2m +.

The truth set is the t of Ul real numbers.

(c) If x is the first o Lite4er

then x + 2 is the secoad 14.4a integer,

and x + (x + 2) = 11. Thp 4cmain of x being the odd

integers, the truth set is and thus there are

(pages 27)-171)
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no two consecutive odd integers whose sum iS 11.

(d) If the wire cost c cents per foot, then

Mr. Johnson paid (30c + 55c) cents, and his neighbor paid

25c cents.

30c + 55c = 25c + 420

The truth set is (7).

The wire cost 7 cents per foot.

(e) If the integer is n,

the successor is n

4n = 2(n + 1) + 10

The truth set is (6), and the integer is 6.

(0 If each man was driving at the rate of r miles per hour,

then 5r is the number of miles the first man went.

5r + 120 was number of miles in the total length

of the course.

3r is the number of miles the second.man went.

3r + 250 was the number of miles in the total

length of the course.

5r + 120 = 3r + 250

The truth set is (65), and each man was driving 65

miles an hour.

(g) If x is the number of weeks from now

then 2x is the number of inches of growth of plant A,

and 20 + 2x inches is the height of plant A, x weeks from

now.

3x is the number of inches of growth of plant B,

and 12 + 3x inches is the height of plant B, x weeks from

now.

20 + 2x = 12 + 3x

(8)

In 8 weeks they will be equally tan;
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(h) If x is the number,

3(x + 17) = 192.

(47)

The number is 47,

(i) If h is the smaller number,

then 5h is the larger.

h + 5h = 4h + 15

(4)
1

The smaller number is 7E.

(j) If x is the number of quarts of water,

then x + 2 is the number of quartS of mixture,

and .20(x + 2) is the number of quarts of alcohol in the

radiator.

2 = .20(x + 2)

(8)

There are F quarts of water in the radiator.

7-8. Reciprocals win
We are now using the symbol it to represent the reciprocal

of a. Before,this, we have used the same symbol as a fraction,

indicating a quotient. For our present purpose, it would have

been nice to haye a symbol which means only "reciprocal" and does

not give away some of the later properties of the reciprOcal. We

considered using al or a* or a
-1 or some such symbol tem-

porarily, corresponding to our use of the "upper.negative" early

in Chapter 5, but decided that this would be moreconfusing than

helpful. In addition, we feel that the student must.become accus-

tomed to symbols and words with more than one meaning. The.par7

ticular meaning attached to such a symbol muat be determined by

the context.

197
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Answers to Problem Set 7-8a; page 173:

1. (a) A (e)

(b)

(f)
1

(c) 1
(g) 3

1
(a) -"1""

2. (a) (e)

1
(b) (11 1-)

(0) 5 (g)

(d) -6

In (a) the common name for the multiplicative inverse was the

same as the reciprocal written in Problem 1.

3: For each non-zero real number a there is only one multiplica

tive inverse of a.

Proof: Assume that both b and x .are multiplicative inverses

of a. Then

ab =1. and ax = 1. definition of multiplicative
inverse.

If ax = 1 for some x,

ax(b) = 1(b) for the same x. multiplication property
of equality.

(ab)x = b commutative and associative prop-
erties of multiplication.

1(x) = b definition of reciprocal.

x = b multiplication property of 1.

1
page 175. -"r and a are both reciprocals of 1- because when

a

either is multiplied by the result is 1.

a

a

[4age 173]
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Answers to Problem Set 7-8b; pages 176-177:

3' It 10 10
1. The reciprocal of 7. is -J. , of 0.3 is 7 , of -0.3 is --y,

of 0.33 is -Tr100, -0,33 .400 of 1 is 1, of' -1 is

-1, of IF is A , of is x2 4, of y2 + 1 is1

1/2 x2 + 4

-72-""'".y + 1

2. a + (-a) has no reciprocal if a . 1, since a + (-1) when

a = 1, and 0 has no reciprocal.

a +2 has no reciprocal when a = -1.

2 ,
a +-A-1) has no reciprocal when a.= 1 or a = -1. Sinr.e

a
2 -4-A-1) = (a + 1) a + (-34), a

2 - 1 = 0 if and only if

a + = 0 or a + -1) = 0, that is, if and only if

a = -1 or a = 1.

a(a----,;- 1) has no reciprocal for a = 0 or a = -1.

a17-471- has no reciprocal for a = 0; it is not'a number if

a = -1.

a- 1 will have a reciprocal for any real a, for

a2 + 1 1 for all real numbers a.

1 will have a reciprocal for any real a.

a' + 1

3. (f(a + (-3)) (a + 1)) (a +1(-3)) = (a (-3)) ( 1 )a + (-3)

Multiplication.property of equality.

(a + 1) ((a (-3)) 4.1(4)) = (a + (-3)) a +1(_3)

.
Associative and commutative properties of multiplication.

(a + 1).1 = 1. Definition of reciprocal.

a + 1 = 1. Multiplication property of 1.

If a = 3, then 3 + 1 = 1, and this is false.

[page 7p]
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We should not expect h e a + 1 = 1 to ve

the same truth set as the o: sentence since our

1
"multiplier" a + 1-3)

iB not a numb,...r when' a = 3, and we

used the multiplication property of equality in the very first

step. In manipulating phrases, as in this example, we have to

be constantly on guard that we do not become so engrossed in

"pushing symbols" that we forget our algebraic structure. So

1
long as we remember that a + (-3)

here is supposed to rep-
.

resent a number, we are safe in using'algebraic properties.

1
When we view a + (-3)

as a symbol only and apply our alge-

braic properties, any results we get can be only symbolic; to

be interpreted as results.about numbers, we have to cpeck to

see that we were actually using (symb.olic) numbers at each

step along the way.

4. Theorem 7-8b says "The reciprocal of a positive number is

positive, and the reciprocal of a negative number is negative."

Since the reciprocal of a real number is the multiplicative

inverse of that number and the additive inverse of a number is

its opposite, the corresponding statement for opposites would

be "the opposite of a positive number is a negative number,

and the opposite of a negative number is a positive number."

Theorem 7-8c says "The reciprocal of the reciprocal of a

non-zero real number a is a." The opposite of the opposite

of a real number a s the number a

Since 0 has no reciprocal, Theorem 7-4 does not apply

to the case a . 0. The opposite of .0 is 0, and the oppo-

site of the opposite of 0 is also 0. Thus, the restriction

to non-zero real numbers is not needed in the statement con-

cerning opposites.
3.1 1 15. If a = 2, b = 3 then 7-7 = -

214
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If a = 4, b = -5, then 4.4 1
20 74:37

1 1 1 1
If a = b = -7, then -_7=7 = C-4)(-7)

1 1 1Thus the sentence -5:715. = 3-76. holds true in all three cases.

1 1
Is -g >16 in all three cases?

1 1(a) > is true.

3 2Z>Z
(b) > is true. One is positive, one negative.

(c) > is false, since

-7., or-45 , is to the left of1

number line.

or -yf , on the

If a > b, a and b positive, then t- > This is a

true statement. An example:

If a = 5, b = 2, (a > b)

then -f >3 (i>t)1 1

If a > b, a and b negative, then . This is a true

statement. An example:

If a = -4, b = (a > b)

'1 1 -1 -1
then >-- B.4.; hence is to the right of -ir on the

number line.

[page 176]
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1 1'
If a is positive and b is negative, a > b, then

for the reciprocal of a positive number is a positive number,

and the reciprocal of a negative number is a negative number.

If a = 3, b = -2.

-1

-2 \-2 Q I 2 3

3

1
*10. We know that a = 1 and we now assume a to be negative.

a

Then by the comparison property exactly one of three possibil-

ities must be true:

1 1 1
< 0 = 0 , 0 < 73: .

1 1
If is positive, then a. is negative, by the d

a a

of multiplication of real numbers. This contradicts

1 1
that aw- is positive. If is 0, when a is n

a a

1then a = 6 by the zero property_of.multiplicati
a

efinition

the fact

egative,

on. This

1again contradicts the fact that a is positive. Hence the.
a
1

only possibility'remaining is that < 0.a

Pages 177-178. In dealing with a "system" which has "structure",

induction plays an important role because it helps us discover

properties that might be true in general. Our confidence in the

truth of the auggested property depends on the fact that we are

dealing with a systeM. The proof of a property suggested by

induction is made by showing that it follows from other properties

which are known or assumed to be true. We discovered many of the

basic properties of the real numbers by induction. At the outset

we had to assume that the properties were true in general. Later

we were able to prove that some of our discovered properties were

consequences of properties which we had either clearly proved or

[page 177]
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assumed-to be true. Thus all of our work rests on the assumption
-
that certain properties of.the real numbers are true in general.

-,The realization of this fact may be disconcerting at first, but

actually all of mathematics is developed,in this way. -When the

1ssumed properties are separated out and stated explicitly, they

:are commonly_called Axioms or Postulates.

Prom time to time we point out informally the difference

'between inductive reasoning and deductive reasoning. 'In some

classes a more extended discussion of this may be worthwhile.

A discussion of deductive reasoning and.references to perti-

nent literature can be found on pages 112. - 113 of the Appendices

''tc) the Report of the Commission on Mathematics. In the Review

problems Of Chapter 14 is included the expression a
2 - a + 41,

which is prime for all integral values of a from 1 to 40,

,...but not for a = 41. This will provide a good opportunity to bring

the inductve - deductive question before the students again.

Answers to Problem Set 7-8e; page 178:

1. (a)

(b)
3ax-

2. 0

no ,because 817 is 138, hence 817 is not 0

4. n is 0

5. p can be any real number

6. p is 0 or q is 0

7. q is 0

217
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Pages 178-179. Impress once again on the students that the sen-

tence "a = 0 or b = 0" allows the possibility of both a and

b being 0.

:When a = 0, the requirement that a . 0 or b = 0 is

satisfied, because a compound sentence whose clauses are connectad .

by "or", that is a disjunction, is true if at least one clause is

true.

The reasons in the proof of Theorem 7-8e, are:

(1)(ab) = 1-0 multiplication property of equality.
a a

1
(--)(ab) = 0
a

(20a)b .= 0

1b . 0

b 0

multiplication property of 0.

associative property of multiplication.

definition of a reciprocal.

multiplication property of 0.

Answers to Problem Set 7-8d; pages 179-180:

1. If (x + (-5)) .7 = 0, then 7 = 0 or x + (-5) = 0 by

Theorem 7-6. But 7 cannot equal 0, as they are names for

different numbers. 0

Thus x + (-5) = 0.

2. If 9 x y x 17 x 3 . 0, then by Theorem 7-8e, 9 = 0 or y = 0

or 17 = 0 or 3 = 0. Since 9 0, 17 4 0, 3 0, we must

have y = 0.

* . No. For example, -2 is between -3 and 1, but -1- is not

1
between -7 and 1.

If, however, a, p, and q are all. positive Or all nega-

tive numbers and a is between p and q, then is betWeen

1 1
and

[page 179]



(a) If (x + (-20)) (x + (-100)) = 0 is true for some x,-

then x,+ (-20) = 0 or x + (-100) = 0 is true for the,

same x.

x = 20 or

If X Ca 20, (20 + (-20)) (20 +

If x 100, (100 + (-2q (100

Hence, the truth set is (20,

x 100

(..100)). 0 (20 + (-100)) O.

+ (-l00))= (100 + (-20) O. O.

100).

(e) (1, 2, 3)

(r) 4, -4)

(g) (-3,

(h) (6)

(i) (2)

Theorem: If a, b, c are real numbers, and if ac = be and

c p? 0, then a = b

Since ac = be and c 4 0,

then ac(1) = bc(1) multiplication property of equality.

a(c(4)) 13(00 associative property of multiplication.

a.l = 1:11 definition of reciprocal.

a = b multiplication property of 1.

-Page 181. If 1+-15 were equal to z-z--.--71F for a.pair of numbers

a and b, then we would have a 4 0, b 0, a + b. % 0, and

1 1 1
= 17-4-7-5 P

b(a + b) + a(a + b) = ab. We have multiplied by ab(a + b )

ab + b
2 + a

2
+ ab = ab,

a
2

+ ab + b
2 . 0.

We may now "complete the square" to get

(a2 + + 2) + 73rb2 = 0,

(a + ib)2 + 4b2 = O.

[page 180]
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Since x2 = x.x . 0 for all real numbers x and since the

sum of two non-negative numbers is non-negative, we must have

1
a +713 = 0 and b = 0. Since b 0, this is a contradiction and,

1 1so, there can be no real numbers a and b for which

1
71.7-`6

Page 181. Proof of Problem 6.

1 1 a 1 1. 1

Definition of reciprocal:

(-1)(-1) = 1.

Commutative property of multiplicabdon.

(-1)x = -x

"The opposite of the sum of two numbers is the sum of their

opposites" and "the reciprocal of the product of two numbers is

the product of their reciprocals" are closely parallel statements.

Answers to Review Problems; pages 182-183:

1. Summary:

We have defined the product of two real numbers a and b

as follows:

If a and b are both negative or both non-negative,

then ab = lal Ibi.

If one of the numbers a and b is positive or zero,

and the other is negative, then ab = -(la! Ibi).

From this definition and the properties of operations upon

numbers of arithmetic, the following properties of operations can

be proved:

1. Multiplication property of 0: For any real number a,

(a)(0) = 0

220
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2. Multiplication property of 1: For any real number a,

(a)(1) = a.

3. Commutative property of multiplication: For any real

numbers a and b,

ab = ba.

4. Associative property of multiplication: For any real

numbers a, b, c,

(ab)c = a(bc).

Distributive property: For any real numbers, a, b, and

a(b + c) = ab + ac.

We have defined amultiplicative inverse as follows:

If c and d are real numbers such that

cd = 1,,

then d is a multiplicative inverse of C.

We have agreed to use the name reciprocal for the multiplica-

tive inverse, and to represent the reciprocal of any number a by

the symbol

We have proved the following theorems:

.1. The number 0 has no reciprocal.

2. For each non-zero real number a there is only one

multiplicative inverse of a.

3* The reciprocal of a positive number is positive, and the

reciprocal of a negative number is negative.

4. The reciprocal of the reciprocal of a non-zero real

number a is a.

5. For any non-zero real numbers a and b,

1
a b = ab

6. For real numbers a and b, ab = 0 if and only if

a = 0 or b = 0.

221
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We have stated the im-1Z--1ication property of equality:

my real numbers a,' b, -and c, if a = b, then ac = bc.

(a) 3a
2

+ (-oa) (d) m2 + (-10m) -4- 25

(b ) N.2 -I- 7x + 6 (e) 2x?- + (-12,)

(e) + (-b2)

(a) 2a(x + (d) 5 (2x2 + -3x) + (-1))

(b) c (a + (-b) + i (e) 3x (3x2 ÷ 2x + (-1))

(c) (a + b)(cx + y)

(a) (2) (a) (o)

(b) (7). (e) (-1)

(a) set of all real nut )ers

5. (a) 4a + 3h

(b) kx 4. (.;.2b)"

*6. (a)

-2 -1

-2 4 2

-1 2 1 0 -2

0 0 0 0 0

2 -4 -2 0 4

P = (-8 -4, -2, -1, 0,

(b)

+ -2 -1 0 2

-2 -14 -3 -2 0

-1 -3 -2 -1 1

0 -2 -1 0 2

2 _O. 1 2 4

R = (-6, -5, -4, -3, -2,

(c) (-6a) + 4.6

(d) lx1 +1-xl

x -14 -.2 0 1 2 4

-2 8 4 0 -2 -4 -8
-1 4 2 -1 -2 -4
0 0 0 0 0 0 0

2 -8 -14 0 2 4 8

2, 4, 8)

-.4 -1 0 1 2 4

.2 -6 5 - It -3 -2 -1 0 2

-1 -5 -4 -3 -2 -1 0 1 3

0 -4 -3 -2 -1 0 1 2 4

2 -2 -1 0 1 2 3 4 6

-1, 0, 1, 2, 3, 4, 6)

[page 182]
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(a) If I pay x

Jim pays x ±2 ,72s

x + ( x + 2) =

14. )

Jim pays $6.50.

(b) If the first odd integ e. ie

the next odd integer ir

x + (x + 2) = 41

0 , since tb rtn. of x is the odd integers.'

There are not two cony--, cdd integers such that -1their

sum is 41.

( )

209

If the number of yards A :width of the rectangle Is

w then the number of the length of the rec-

tangle is w + 27.

2w + 2(w + 2- ) =

The rectangle is 113 long and 86 yards wide.

(d) If Jim's grade is x,

Mary's grade is x +

x + (x + 14) 170

(78)

Jim's grade was 78, Mary's grade was 92.

If the father's wage was dollars er day,
/2.

the son's wage was v)-x trs per day.
5

(e)

The son earned 2(.)x .401b17.

The father earned 11-x dollars.

4x + 2(g)x = 96

(20)

The father earned 20 dollars:IL day, and the son earned

8 dollars a day.

(paE.



(0 If x is the number of pigs,

4x ts the number, of,pigal feet,

x + 16 is the number of chickens,

2(x + 16) is the number of chickens' feet.

4x + 2(x + 16) =) 74

[7)

There were 7 pigs and 23 chickens.

(g) If x is the number of' hits,

x + 10 is the number of misses.

10x + (-5)(x + 10) = -25

(5)

He made 5 hits.

1. Find the value of

Y is 2, a is

Chapter 7

Suggested.Test Items

each of the following when x is
1-4, and b is -f .

(a) 2ax + 3by

(b) 2ab ((-x) + y)

2, Multiply the following:

(a) (-7)(3x + 4Y)

(b) 3y (y2 + (-2xy) + x2)

(c)
(d)

(x + 6)(x + 7)

(2c + (-2)) (3x + 7)

3. Write each of the following

(a) 7a + 7b

(b) 3m- + 15n

(c) hp (-7px)

(c) (a, x +

(d) 2x + (-a) + (-y2)

(e) (x + (-4))(x2 + 5x +

(f) (.x2)(-6xy)

(g) (3ta)(t1.;7)

as an indicated product.

(d) xy + (-xy) + (-x)

(e) (-4)a2 + (-4)x2

224
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I. Collect terms In the following:

(a) z + 3z (c) 1tx + (-: ) + En + 12y

(b). (-15a) + a (d) x + 3y 7x + + 4y

5. For what values of dc,as.each af the f-llowirtzbwre no

reciprocal:

2a + b
(a) f

b2 1

(b) 2a (el 2a + b
/ I(TS771)

(c) (b 2a1i1617:37-7-1)

6. The following sentences arc: true for every a, every b, and

every c :

A. ab = ba

B. (ab)c = a(bc)

C. a(1) = a

D. a(0) = 0

E. :-a)(-b) = ab

F. Er a = b, then ac = bc.

G. a(b + c) = ab + ac

Which of the sentences expresses:

(a) The associative property of multiplication

(b) The distributive 'property

(c) The multiplication property of order

(d) The multiplIcation property of one

Find a real number x to make each mpen sentence true:

(a) ix + (-8) . -4 (d) + I = 4(-3) + (-2) (-8)

(b) I-5I + 7 + (-5) + 2x..0 (e) 2 + 3x . 8 -3x

(c) - ((-5)x + .÷ -7)

225
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8. (a) If s and are real numbers, stá. the property used

in eazin step of th.e .following:

(a--b) (L + = (a + b)a + (a - b)(-b)

= a2 + ab ) + (-b2)

= a
2 + lab + -1)b + (-b2)

= a
2 + (1 + ab + (-b2)

= a
2 + Maio 't-b2)

= a
2
+ (-b2)

(O State in worts the, fact about the -..1,29.1 number a and b

shown in the sentence

(a + b) + (-b)) e2 + (-b2).

Find truth sets for the following open sentences and draw their

graphs:

(a) 7r + 4 + 3r = (-111.7 +118

(b) 24-(y 2) + (-6)(7 3) (-y) = -4

(c) 41x1 = 18 + (---;21x:4)

(d) 3 (x + + (-1)) = 0

..(e) x(x 2)

10. Write .an open semtence for 'each of following problems.

State the trutt sets and answer th;.,., Aastions.

(a) Two -eutomtbiles 360 .mfIes rzar-: ...art toward each other

at the sastie tt-oe and me=1; in 6 Aours. If the rate of

the str twice that -0:ff bue second car, what is

the. 2...--Ate sett?

(b ) Pi:Ear tlinm ±-:eger sTtw more than three times

At-ts succeamno - What fa .ttil.e Integer?

( c ) The, perinier- :lie- a tr.tang. tts 40 inches. The second.

side is res MOZE: than. the: t.trzat side, and the thtrd

side de ame.._.Lach_ :more than twice the first side. Find -the-

length of eat_ side.
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Chapter 8

PROPERTIES OF ORDER

A general reference- for teachers for th±s cjzapter, is-Studies

in Mathematics, Volume III, Chapter 3, Section

13..a. 'The Order Relation for Real NuMbers

Remember that the main object of our attention in this chapter

is the order relation. (See the introductory remarks to th&Com-

,mentary on Chapter 6.) ln talking about-a given:pair of numbers' .we

may, 'and frequently do ,. shift from "less than"''to "greater-than"

.f.:and back again without trouble. However, this7tendo obseare

Hthe idea of order relation and is:not permit:1.541411e when we are

studying the order relation "<" itself. We are making atig. issue

-of this matter becauseit is nathematically important_for the atu,-

:dent.to begin thinking of orderrelationandmot just ord4r. On

the other hand, do not belabor theipoint with:-the,students,,It is

.,:not.essentialthat they be able to explain it, etc. If 3m0hink:

about the order-relation and are careftl_todiscusslt correctly,

:then the student will automatically learn to think aboUt an order
,-

relation as a mathematical object rattter than as &convenient way

Of discussing a pair of real numbers.

Answers to Problem Set 8-1; pages 186-1T;

3 4
1. (a)

(b) -1-71 =-171

(c) Cannot tell; if c real_Inumbel,, then exactly one

of the following-is true: c < 1, c.= 1, 1 < c.

If c > 4 and 4 > 1, then c > 14 transitive property.

(a) true

(0) true

(c) true

(d) true for any real nutber ,a
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(a) true (c) false

(b) false (d) truth set consists of all posttive numbers.

(a). false (c) true

'(b) false (d) true

. (a) 3 < 3 + x

0 < x

Three possible descriptions of the truth set sre:

The set of numbers x such that 0 < x

All numbers greater than 0

The set of all positive rromtis

(b) 3 + x < 3

x < 0

The set of all negative numbers

(a) (1) (c) (13

(b) (5) (d) Or (--F))

8. (a) the set of all_numbers less tWen -

(b) the :set of all 'numbs greater tEtan -3 .and less 7than 3:

(c) all real numbers

(d) the set of all numbers greater than -3

8-2. Addition Property of Order

Addition is naturally tted in with =rif by the at that
x + y is obtained on the number line by:going to thertght from

x if y is positive And goirE to the left if y Is negative.

. However, this is not the property which we want to: emphasize. Tbm

:property-which is regarded as basic istheadditinn property cif

Order. It is easy to prove that tbe firstangewtyssmAtmmedimbame

follows_from the basic' one. For elmmpl.e., then:the

condition a < b says that b The adttion-propertr

gives c < b + 0, which says that, '13 ls positive then b +-c

is to the right of c, etc.

[pages 186,188]
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Theorem 8-1. -Here is another result which is "discovered"

by induction. The proof is another example

of a proof by contradiction.

Page 188. (-3) + (-3) < (-4) + (-3) is a true sentence. If c

has successively the values 4, 0, -7, the sentence is true in

each case. A statement of the addition property of order in.words

is: "If one number is less than another, and to each of these is

added the same number, the order remains unchanged." The corres-

ponding property of equality is the addition property of equality.

Answers to Problem Set 8-2a; pages 188-190:

1. (a) true (c) true

(b) true (d) true

2. If a, b, c, are real numbers and if a b, then

a + c b + c.

If a, b, c are real numbers and if a > b, then

a + c b + c.

If a, b, c are real numbers and if a b, then

a + c b + c.

3. If a < b, then a + c < b + c. addition property of order

If c < d, then b + c-< b + d. addition property of order

Hence, a + c < b + d. transitive property

4. In the following example, call the students' attention to the

fact that we could not test the truth set by substituting num-

'bers into the original sentenee, but had, instead, to verify

the truth set by reversing the steps which we.took in obtaining

it. The students have seen this reversal before, in Chapter 7,

Section 7-7, in connection with equations. At that point we

learned to recognize that Certain equations are equivalent

because we know that the steps we took to obtain one from the

other are reversible. Soon (page 198) we shall apply to'

inequalities this same procedure of recognizing equivalent sen-

tences by the fact that the intervening steps are reversible.

[pages 188-189)
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(a) If 3 + x < (-4) is true for some x,

then x < (-4) + (-3) is true for the same x

and x < -7 is true for the same x.

Thus, if x is a number which makes the original sen-

tence true, then x < -7.

If x < -7 is true for some x,

then 3 + x < (-7) + 3 is true for the same x,

and 3 + x < (-4) is true for the same x.

Hence the truth set is the set of all real numbers less

than -7.

The students should follow ths,abOve form in findipg,-.

truth sets of this problem. The truth sets are as folloWsi

(b) The set of all numbers greater than,

(c) The set of all x such that x < -5

(d) The set of all numbers greater than .

4
7:

(e) The set of all x such that x

(f) The set of all numbers greater than 4

(g) The set of all x such that -7 < x

(h) The set of all numbers greater than -4

(i) The set of all x such that x -1

(a)

10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0

(c)
10 -9 -8 -7 -6 -5 -4 -3 -2 -I 0

(h)
---1-01smisIluslisselmmopempmalimlal
-5 -4 -3 -2 -I 0 I 2 3 4
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6. Theorem: If a < b, then -b < -a.

Proof: If a < b, assumption

then a + (-a) + (-b) < b + (i-a) + (-b). addition prop-
erty of order

+ (-a) + (-b) < (b + (-b) + (-a). commutative and
associative
properties of
addition

0 4. (-b) < 0 4. (-a) addition property
of opposites

-b < -a addition property
of zero

*7 Theorem: If 0 < y, then x < x + Y.

Proof: For every a, b, c, if a < b,

then a + c < b + c. addition property

let a = 0, b = y, c = x:
of order

If 0 < y, then 0 + x < y + x.

If 0 < y, then x < y + x. addition property
of zero

If 0 < y, then x < x + y. commutetive prop-
erty of addition

page 191. We may write the addition property of order thus:

"If a < b, then c 4. a < c + b"

because of the commutative property ofaddition.

Page 191. The sentence 4 = (-2) + 6 can be changed to this

sentence involving order: (-2) < 4.

The number y such that 7 = 5 4. y is 2, found by th-e addi-

tion property of equality. In the same manner, the truth set of

-3 = -6 4 y is found to be 3, again a positive number.

Page 192. The reasons for Theorem 8-2b are as follows.

If 'y = z +

then x + y = x + + addition property of equality

= (X + + z. associative and commutative
properties of addition

In the next paragraph, y is negative, y is 0, or y is

positive. Exactly one of these is true, by the comparison property.

[page 190]
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Answers to Problem Set 8 -2b; pages 1=13-195:

1. (a) -2b- < -15 , -24+ 9 -15 , b = 9

b) 411 4 _64 ..6r8

1TO- < , 45- , b =

(d) < , -4÷ = b =

(e) -345 < -254 , -345 + .91 = -254, b = 91

(i) _43

(g) -0.21 < 1.47 , -0.21 -+ i68 1.47, b = 1.68

(h) < (-0G) $ (4) + (4) =E b

2. We must show there is a =ter b such that c = a + b, and

then show that b is nagatdve.

If b is. c +

then b = c + (-a).

a + b = a + (p-+ addition property of equality

= + (-a) M commutative and associative
properties of addition

= 0 + c addition property of opposites

a + b = c addition property of zero

Hence there Is a numbar Tb such that c = a,+ b.

Exactly one of these iz true:

0 < b, b = 0, or b < 0.

If 0 < b,

then a < a + b. addition property of order

a < p, since c = a b.

But a < c and c < a faa contradiction.

If b = 0,

then a + b = a. addition .property of zero

= a, since: a = a + b.

But c =, a and c < a is a contradiction.

Therefore;, b < 0.

232
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true. (d) true

:(13) false (e) true

:(0) true (0 true

(a) 5 < 13 8 < 13 , (also '5 < 8)

(b) (-3) < (-1), (-?.) < 2, (-3)< 2

(c) 5 + 2 m t , 5 . 7 + (-2)

1.
a

Locate a. Since b < 0, we move 1b1 units to the left to

locate a + b. c is another name for a + b, c is to the

left of a, so c < a.

. (a) false (b) true (c) true

(a) 13 + 41 = 171 = 7
131 + 141 = 3 + 4 = 7 Thus, 13 + 41 . 131 + 141 is true.

(b) 1(-3) + iti . ill . 1

1-31 =I 3 4. 4 7 Thus, I (..3) +111.<1-31+ PO is true.

(0) 1(4) + (-4)1 = 1-71 = 7
1-31+ I-111. 3 +4.7 Thus, 1 (-3) + POLK I-3I +Ml is true.

(d) For any real numbers a and b,

la + 131 4 lai + 1b1.

For any real numbers a and b,

la.bi

(a) If x is the number,

then x + 5 < 2x.

If x + 5 < ax is true for some x,

then 5 < x is true for the same x.

233
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Thus, if x is a number which makes the original sentence

true, then 5 < x.

If 5 < x,

then x + 5 < 2x is true for the same x.

Hence the truth set is the set of all numbers greater

than 5.

(b) If x is the number of dollars Moe would pay,

then x + 130 is the number of dollars Joe would pays

and x + x + 130 380.

The truth set is the set of all numbers less than or equO.

to 125.

Thus Moe would pay no more than $125.

(c) If n is the number,

then 6n + 3 > 7 + 5n.

The truth set is the set of all numbers greater than 4.

The number is any number greater than 4.

(d) If y is the number of students in the class,

then 2y y + 26.

The truth set is the set of all numbers greater than or

equal to 26.

The number of students in class is at least 26.

*(e) If s is the score the student must make on the third

test, then
82 + 31 + s , 90,

and 82 + 91 + a 3 (90).

The truth see is the set of all numbers greater than or

equal to 97.

The student must score at least 97 on the third test.

There may arise in this problem a question of the

domain of s. Some students will claim, a domain of

0 .< S.< 100 is implied, some may assert that El may

be any number, and some may ask "What about 30r?", etc.

It is a good opportunity to note the importance of think-
ing about the domain of the variable.

(page 195]
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and

Again, sinceAgain, since

rs in Bill's age,

and n + 5 + n < 23.

The truth set is the set of all numbers less than 9.

Norman is younger than 9 years old.

8-3. Multiplication Property of Order

The fundamental property is given in Theorem 8-3a. We "dis-

covered" it by induction, but it is provable. This shows :that the

multiplication property of urder is not independent of the other

properties but can be deduced from them. It comes from the addi-

tion property of order by way of the distributive property which

links addition and multiplication.

1 , 2
Page 196. Since s 7 ,

(5) < If(5) if a < b and c > 0, ac < bc

5 10
and <

14
Similarly, since < 1

(40(4)<W4f a < b and c < 0, bc < ac

triTI < 15g

<

(4) il(_Oif a < b and c < 0, be < ac

and

Page 197. The reasons for the steps of the proof of the first case

of Theorem 8-3a are as follows:

1. If x and z are two real numbers such that x < z,

then there is a positive number y such that z = x + y.

2. Multiplication property of equality.

and

(pages 195-1973
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2. Multiplication property of equality.
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3. Distributive property.

4. The product of two positive numbers is positive.

5. If z x + y and y is a positive number,..then x

The students may notice that this.is an example ofa-proof.

_done_by translation back and forth between statementS about order

And statements about equality.

Pages 197422.. The multiplication property of order, seen from:,

,the,standpoint of the nUmbera'rather than the orderrelationoU

be Stated: If one nUmber-is. leas tham:anOther and both are m4ti
t

:plied by a positive'number, the .order remains unchanged;:if orie

number is less than another number, and both are multiplied by

:negative number, the, order is reVersed.

The reasons for the steps of the proof of Theorem 8-3b are:

as follows:

If x 0,

(x)(x) > 0 (x). multiplication property of order
(If a < b, then ac < bc if c -is posi
tive.)

If x < 0,

(x)(x) > (0)(x). multiplication property of order
(If a < b, then be < ac if c is nega-
tive)

If x = 0, x2 = 0; and if x 0, x
2
> O.

Hence, for all real numbers x, x
2

O.

Page 198. To the members of -Bx < -8 we must add 5x + 2 to

obtain the original sentence, (-3x) + 2 < 5x + (-6).

Multiplying the members of 1 < x by -8, we obtain the

sentence --8x < -8.

Answers to Problem Set 8-3; pages 199-200:

L. . (a) the set of all numbers greater than 4

(b) the set of all numbers less than 1

(c) the set of all x such that x < -4

(pages 199-200)
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(d) the set of all numbers greater than 7

(e) the set of all negative numbers

AO the set of all x such that x >4

(g) the set of all numbers less than 261

(h) the set of all numbers greater than-4

(i) the set of all numbers greater than 2

(a)

-2 -I 0 I 2 3 4 5

(b)

-3 -2 -I 0 I 2 3

223

3. (a) If Sally has b books, then Sue has b 16 books and

b + 16 + b > 28.

The truth set consists of all numbers greater than 6

so that Sally has at least 6 books.

(b) If x bulbs wereplanted, then

15 < ix and 15 4.
The truth set consists of all integers between 24 and 40.

4. If a < b, then a = b + el where e < 0. (See Problem Set 8-2b,
Problem 2.)

Then, if c < 0, ac = (b + e) c. multiplication property
of order

ac = bc + ec distributive property

If c < 0, then ec is positive, and If z = x + y and y
bc < ac, is positive, then

x < z.

237
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< 0, then 0 <(-c), and (-c ) is positive.

< b, then a (-c) < b

-(ac) < -(bc),

.and be < ac. If a < b, then -

< b, a > 0 and b 0,

a(H) < b(-14).

a*-1) (t) < (b 4.) (1)

(1)(t) < (1)(1)

1 1
<

7. If a < b, where a < 0 and b < 0,

then

(H) ls pamitive.

a(.14) < 1441)

< ,64)(1)a b a

1 1
< -a:

The relationship holds when both a and b are negative. .

8. If a < b, a < 0, b 0, then -I < 0 and y > 0; hence1

1 1
<,5 , by the transitive property.

The relation < does not hold if a < 0 and b 0.

This can also be disproved by one "counter example":

If a = -2 and b = 2, then I= -4 and =31

1 1Since , the relation is false.

[page 200]
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Addition property of order: if a, b and c are real numbers,

and if a > b, then a + c > b + C.

Multiplication property of order: if a, b and c are real

numbers, and if a > b, then

ac > bc, if c is positive;

bc > ac, if c is negative.

10. If a > 0 and b > 0 and a < b, then by the multiplication

-property of order, we have

aa < ab and a.b < b.b.

If a
2

< ab and ab < b2 ,

then a
2

< b
2 , by the transitive property of order.

8-4. The Fundamental Properties of Real Numbers

This section contains some of themost important mathematical

ideas in the whoI-E. course. Up until-row, we have taken the real

numbers for grantedas familiar objects and have occupied our-

selves with "disacvering" (and sometimes proving) properties about

:"them. In this section we are trying to shift the students thinking

about real numbers from a primarily inductive to a deductive point

of view. The deductive point of view has, of course, been, upper-

most in our own minds from the beginning and has had a great deal

of influence in our study of the real numbers. Thus we have con-

sistently worked toward.the list of fifteen fundamental properties

listed here. Now that the list is complete (for our purposes),

we can.let the student in on the "secret". The idea to which the

student should be exposed here is that we could have started with

these properties in the first place by considering them, not as a

description of, but rather as a definition of the real number

system. Thus, "real number", "addition", "multiplication" and

"order relation" become undefined terms, the fundamental properties

become axioms (for-an ordered field), and all other properties,

as consequences of the axioms, become theorems. Thisis the

axiomatic approach which becomes commonplace in more advanced

mathematics.

[pages 200-205]
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Although we have given considerable preparation for the

shift in point of view indicated here, most students obviously

will not be able to appreciate fully its significance at this time.

We have, however, no intention of proving everything from here on,

but will continue as we have-in the past, "discovering" properties

and giving an occasional simple proof. The principal change is in

our attitude toward the properties discovered, namely; that they

could be proved if we had the time and experience to do so.

The bert studemts will get the idea easily and we hope that

most students, by the end of the course, will be able to think of

'the real numbereystem deductively. The traditional geometry

coUrse, as well:as-the SMSG geometry course, requires a deductive

:approach to geometry. -The SMSG geometr7 course also assumes the_

real numbers-to be:given axiomatically. Therefore, the deductive'

point of view isportant not only for7advanced mathematics but

also for later high:school courses.

Page 202. The missing fundamental property, which would enable us

to obtain everything-about the real numbers, is called the

completeness axiom. It can be stated in a number of forms, one of

the most convenient being in terms of "least upper bounds".

Before stating it, we first define an "upper bound" of a set as

follows:

Let S be a set of real numbers and b a real number

such that s b for every s in S. Then b is

called an upper bOxind for S. If there does not exist

an upper bound for S which is less than b, then b Is

called a least upper bound for S.

We can now state the

Completeness Axiom. If S is any set of real numbers

for which there.is an upper bound', then there exists

a least upper bound for S.

The completeness axiom is needed, for example, to prove the

existence of 47 In other words, one can not prove, using only

the fifteen properties stated above, that there is a real number

a for which a
2

. 2. As a matter of fact, the completeness axiom

(pages 200-205]
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is required to prove the existence of any irrational number. See

Studies in Mathematios, III, Chapter 5, for a more detailed dis-
.

:Odssion of these ideas.

Answers to Review Problems; pages 206-208:

1. (a)

(b)

(c)

2. (a)

(b)

(c)

3. (a)

(b)

(c)

4. (a)

(b)

(c)

5. (a)

(b)

(c)

(d)

(e)

(f)

6. (a)

(b)

(0)

(d)

(e)

(f) 0

-100 < -99

0.2 > 0.1

1-31 < 1-71

true

false

true

not equivalent

equivalent

equivalent

positive

positive

negative

(d)

(e) 3.4 + (-4) > 3

(f) x2 1 > 0

(d) false

(e) false

(0 true

(d) equivalent

(e) not equivalent

(0 not equivalent

(d) negative

(e) positive

(f) positive

the set of all numbers less than (-5)

the set of all numbers greater, than (-1)

the set of all numbers greater than (-6)

the set of all numbers less than (-3)

the set of all numbers less than or equal to 91

the empty set

the-set of all numbers greater than 2

(2)

the set of all negative real numbers

the set of all real numbers except zero

the set of all non-negative numbers less than 90

241
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(a) (2)

(b) (-1)

(c) (-2)

8. (a) (3)

(b) (2)

(c) (4)

(a) (-12)

(b) (-3)

(c) (0)

10. If A

11. If A

*12. If A

13. (a)

(d) 0

(e) the set of integers less than -2

(0 the set of integers greater than -1

(d) (-1)

(e)

(f) (4)

(d) [0]

(e) the set of real numbers.

(f) (4)

is the number of square units in the area,

24 <; A < 28.

is the number of square units in the area,

24 A < 35.

is the number of square units in the area,

25.5225 A < 26.5625.

If p is the number of plants at the beginnimg-of the

second year,

p > 4(240) and

that is, 180 < p < 200.

If n is the number of seeds at the end of the second

year, n > (180)(240) and n < (200)(240);

that is, 43,200 < n < 48,000.

(b) If s is the number of seeds at the end of the:aecond

year, s > (180)(230) and s < (200)(250);

that is, 41,400 < s < 50,000.

14. (a) If the side of a square is x inches long, then the side

of the triangle is x + 3.5 inches long,

and
4x = 3(x + 3.5).

The length of the side of the square is 10.5 'inches.

[page 207]
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(b) If the rate of the current is x miles per hour, then

the rate of the boat downstream is x + 10 miles per hour,,

and
x + 10 .K 25.

The rate of the current is equal to or less than 15

miles per hour.

(c) If x is the number of hours spent on the job, then

3 x .< 5.

Mary can expect to spend from 3 to 5 hours on the job.

(d) If x is the number of hours Jim must work,

1.5 x>. 75.

Jim must work at least 50 hours,

Chapter 8

Suggested Test Items

1. Find the truth sets of the following open sentences and draw

their graphs.

(a) (-x) + 5 < (-8) + 1-81

(b) > x (Jo

(c) (-7) (-y) <4

(d) 37 (-60 + 7 > gr + (-7r) + 8 + (-20-

(e) 5n + (-3) > 2n + 9

4Ix + (-3)1 > 12

2. ,If p, q and t .are real numbers and p < q, which of the

following sentences are true?

(a) .p + t

(b) p + t

(c) pt

(d) pt

(e) <

< q + to if t 0

q + t, if t < 0

< qt, if t 0

qt, if t < 0

[page 208]
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If n is a non-negative number and x is a non-positive

number, which of the following are true?

(a) x 0 (d) x n

(b) n x . (e) x 0

(c) n 0 n x

We know that the sentence "4 < 7" is true. What true sen-

tences result when both numbers are

(a) increased by 5 (d) multiplied by (-5)

(b) decreased by 5 (e) multiplied by 0

(c) multiplied by 5

Write an open sentence for each of the following problems.
.

State the truth sets and answer the questions.

(a) Tom has $15 more than :All. After Tom spends $3 for

meals, the two boys together have at least $60. How much

money does Bill have?

(b) If 13 is added to a number and the sum is multiplied bir

2, the product is more than 76. What is the number?

(c) Tom works at the rate of -p dollars per day. After

working 5 days he collects his pay and spends $6 of

it. If he then has more than $20 left, what was his

rate of pay?

(d) A fariner discovered that at least 707o of a certain kind

of seed grew into plants. If he has 245 plants how

many seeds did he plant?

5. Which of the following sentences are true for every a and

every b?

(a) If a + 2 = b, then b < a.

(b) If a + (-3) = b, then b < a.

(c) If (a + 5) + (-2) = b + 5, then b < a.

(d) If a < 4 and 4 > b, then a < b.

(e) If a + 2 < 7 and b + 2 > 7, then a < b.
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2 3Given 7, 7 and n. In each part of this problem make as

many statements involving "<" about n and the given numbers

as you can, if you know:

(a) n < (b) n < (c) n <2

8. A man has three 'ore samples, each having the same volume. The

sample of lead outweighs the aample of iron. The sample of

gold outweighs the sample of lead. Which is a heavier ore

sample, gold or iron? What property of real numbers is illus-

trated here?
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Chapter 9

SUBTRACTION AND DIVISION FOR REAL NUMBERS

The culmination of our study of real numbers came at the end

-f Chapter. 8. There we describedthe real number system as a set

ACf eleMents (real numbers) for which two binary operations are

"given andrassumed to satisfy- a list of basic properties (axioms).,

'.The two operations are addition and multiplication. Thus, all .of

algebra could be developed without even mentioning subtraction or,

division. However, it is convenient to have the binary operations
.

.of subtraction and division, if only for ease in writing. Evi-

dently, these operations must be defined directly in terms of the

basic operations of addition andmultiplication.

There are two equivalent ways of defining subtraction either

of which could have been used here. They are

(1) a - b = a + (-b)

(2) a - b is the solution of the equation a = b + x.

The writers of this book chose the first of these because it lends

itself more readily to the point of view' that subtraction is a kind

of inverse operation to addition which is already known for numbers

of arithmetic and must be extended to all real numbers. Thus we

have only to identify subtraction in arithmetic with a + (-b) in

order to motivate the definition for all real numbers. This def-

inition also builds on the work done previously with the additive

inverse, which is impOrtant in its own right, and fits in nicely

with the picture of addition and subtraction in the number line.

See Theorem 9-1 in which the two definitions are proved requivalent.

There are also two ways of defining division:

(3) =

(4) t. is the solution of the equation a . bx, b 0.

In this case also the first method was chosen because it parallels

the chosen definition of subtraction and emphasizes the multipli-

cative inverse. It should also be mentioned that under these
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definitions the variOus properties of subtraction and division flow

easily from earlier properties of addition and multiplication.

The second method of defining subtraction and addition uses

"solution of equations" as motivation. It has some advantage when

the objective is to motivate extensions of the number system by

demanding that certain simple equations always have solutions. For

example the equation a = b + x does not always have a solution in

the positive integers (even if a and b are positive integers)

but does always have a solution when the system is extended to in-

clude the negative integers. Similarly, the equation a = bx

(b 0) does not always have a solution in the integers (even if a

and b are integers) but does always have a solution when the sys-

tem is expanded to include the rational numbers. In later courses

the introduction of the complex numbers is motivated by the demand

that x2 + a = 0'(in particular x
2 + 1 = 0) have a solution for

every a.

Once these two ways of defining subtraction and division are

shown to be equivalent (See Theorems 9-1,9-4 ), we are then free to

use whichever one is most appropriate to the problem at hand. You

will notice that we have availed ourselves of this freedom in many

places.

The student is motivated by being asked to describe subtrac-

tion of numbers of arithmetic in terms of what must be added to the

smaller to obtain the larger. When it is established that we must

add the opposite of the smaller, we Immediately take this as the

definition of subtraction for 211.. real numbers. A similar motiva-

tion leads to the definition of division.

Reference to subtraction and division will be found in Studies

in Mathematics, Volume III, pages 3.11 - 3.14,

9-1, Definition of Subtraction

We assume that the student is familiar in arithmetic with

subtracting b from a by finding how much must be added to b

to obtain a. From this our knowledge of equivalent equations

quickly leads to adding the opposite of b to a.

[pages 209-211]
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For the Student who has been subtracting by "taking away",

we hope the illustration of making change will help the tranSition

to an!additive viewpoint.

Page 210.(-5) - 2 = (-5) + (-2) =

5 - (-2) . 5 2 . 7

(-2) - (-2) + 5 =.3.

.(-5) - (-2) . (-5) + 2 = -3

We read "5 - (-2)" as "five minlas the opposite, of 2. The

first "-" indicates subtraction. The second "-" means "the

posite of". (Of course in this case the aecond could al.eo be.read'

"negative 2". If, a variable were involved, however, -ale "-" WoUld

have.to be read "the opposite of".)

We shall soon want our studente to be able to look at a b

and think of it as a aum, the eum of a and (-b).. Tnie is .Jus

tified by our definition of subtraction.

You have, no doubt, noticed that We are not using the word

"sign" for the symbol "-" or "+"-c, We find that we do not really

need the word, and since its misuse in the past has caueed con..

siderable lack of understanding (in such things as "getting the

absolute value of a nUmber by taking off its eign") we prefer not

to use "sign" as a word.

A related Point that we should Mention is that we do not write

+ 5 for the number five. The positive numbers are the numbers of

arithmetic. We therefore do not.need a new symbol for them. Thus

we write 5, not + 5, and the symbol "+" is used only to indicate

addition.

Page 210. Theorem 9-1 Proves-that our definition of subtraction is

consistent with the viewpoint that a b is the number which

added to b gives a. From now on either viewpoint Is available.

Answers to Problem Set 9-1; pages 211-212:

1. -3000

sir
(pages 211-2].2]
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3.
3 9. 15 - (-8) 23

4. -1.262

5. -3.01

6. 5

7. 160

8. -2

10.

11.

12.

13.

(-25) - (-4)

(-9) - 6 = -15

(-12) - (-17)

8 - (-5) . 13

= 5

14. S is a subset of R and is actually equal to R. The real

numbers are closed under subtraction. The numbers of arithme-

tic are not closed under Subtraction. 3-5 is not a number of

arithmetic and serves as a counter example.

15. The left member

a - a = a + (-a) by definition of subtraction,

= 0 by property of opposites for addition

16. (a) The student may apply theorem 9-1;

since y - 725 = 25

then y = 725 + 25

y = 750 .

He may equally well apply the addition property of equality

after first using the definition of subtraction;

y - 725 = 25

y + (-725) = 25

which is equivalent to

y = 25 + 725

y = 750

The truth set is (750).

If you have not already done so, you may by this time want to

allow your students to omit writing "which is equivalent to". You

'should, however, check occasionally to be sure that the students

continue to think cle-rly about

(1) performing on both members of a sentence only those

operations which they are sure will produce an equivalent

sentence, or

[pages 211-212]
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(2) merely changing the name of one, member or the 'other

of the sentence.

(b) (110)

(c) (-12)

(d) (-4)

17. -3 - 10 = -13 ; the new temperature is 13° below zero.

18. 7.23 -.15.50 = -8.27 ; her account shows a debit of $8.27.

19. (-80) - (-50) = -30

20. 14,495 - (-282) = 14,777; the top of Mt. Whitney is 14,777

feet above the lowest part of Death Valley.

(e). (-16.4)

(f)

9-2... Properties of Subtraction

Page212. Subtraction is neither commutative nwassociative.

Page213. The decision that a - b - c shall mean a + (-b) + (-c)

is an arbitrary one. At the same time we can see that it is a con-

venient choice. Because of it we may think of 6a - 2x + b - 3y

as the sum of 6a, -2x, b, and -3y. We hoPe the students will soon

be able to think this way.

Page 24. Example 3. The answers to the three Why's are

, (1) Definition of subtraction

(2) -(ab) = (-a)b and -(-a) = a

(3) Associative and commutative properties of addition

and the distributive property.

Page 215 The justification of each of the steps in the subtraction

(6a - 8h + c) -(4a - 2b + 7c)

are:

(1) Definition of subtraction.

(2) -(x + y + z) =-(-x) + (-y).+ (-z) for all real

numbers x, y, and z.

(3) -(-x) = x for all real numbers x.

250
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(4) Associative and commutative properties of addition.

(5) -xy = (-x)y and x = 1.x for any real numbers x

and y.

(6) Distributive property.

(7) Addition of real numbers.

(8) (-x).(y) = -xy for any real numbers x and y.

(9) Agreement that a - b c means. a + (-b) + (-c).

Answers to Problem Set 9-2a; page 216:

+ 6a

1.

2.

(a) -x

(b) -8a

(a) -7Y

/.%(b) 2c

(c) 11x2

(d) -5xz

(c) -8x2

(d) -2a2

3. (a) -3x + 4y (c) 2a

(b) 5a + 3y (d) x-7

4. -4

5.

6. 1

7. (3r + 9) - (5r - 9) . (3r + 9) + (-(sr 9))

= (3r + 9) + ((-5r)

= (...57r+ (9 + 9)

= 3r + (-5)r) + (9 + 9)

= 3 +, (-5)) + (9 + 9)

= (-2) 7r + 18

= -2r + 18

[pages 215-'2161
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2Y

11. 1-x

0

13. a - lib

14. 42E2 + x + 15

15. -2a + 5b c - 4

16. 11x2 - 10x - 8

h17. 3x
2

+ 4X 8

18. -xy + 3yz - 4xz

19. 10n + 13p - 13a

(3y - 2)

(-(2. + 5x)) + (3y + (-2)) definitiOn.of',
subtractien

((-2) + + (3y + (-21-the'oPpOsite:
a:.aum-18 thel

. sumof,the
opposited:'

= (...5X) ,) ((-3Y) -I- 3y) + + .()s) . aabodiatiVe*-.
tLcommUtatiVe,

..propert1e8.-Of.

0 + 0 + ((-2),+ (-2)) addition property of:opposites-

= -4 addition.of real numbers

21. (11a + 13b - 7c) - (8a - 5h - 4c) = 3a + 18b - 3c

.22. (-3x + 12) _ (_3x2 .1. 5x - 7) = 3x2 - Eix + 19

:23. (-9s - 3u) - (38 - 4t + 7u) . -128 - 10u + 4t

24. If a > bp then

.11 + (-b) > b + (-b), addition property of order

a - b > b + (-b), definition of subtraction

a b">-0. additien-preperty-Of-Oppedites

25. If (a - b) is a positive number, then a > b.

+If (a - b) is a negative number, then a < b.

If (a - b) is zero then a = b.

-26. If a, b, and c are real numbers, and a > b, then

a-c>b-c.
If a > b,

a + (-c) > b + (-c), addition property of order

a - C> b c. definition of subtriction

[page 216]
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Answers to Problem Set 9-2b; pages 217-218:

1.

2.

6. (a) By now the students are probably writing only the

following:

3x - 11 = 5

3x = 9

x = 3

The truth set is (3).

(b) (1)

(0) (2)
.1

(d) all y such that y > -2

(e) all u such that u >
2

(r) (-24)

(g) all x

(h) all a

(i) all 0 such that c > 3

(a) -8 (f) 15 - 10x

(b) 2a - 8 (g) -6x - 6 .

(0) -27 (h) -6x - 6

(d) -5x (i) ab - 2a

(e) 4x - 12 (j) xy + 4y

(al 3a - 6h + 30 (f) 2a2 - ab - b2

CO) -7x (g) a - 2b + 5c

(0 a - 2b (h) -6x2 - xy
(d) 8u2 + 6u - 9 (i) -3ab - ac + 3a

()
2 2

x - y
(.1)

e2 2
a + 2ab + 6a + b + pob + 9

(a) If the rectangle is x inches

long, then it is x - 5 inches

wide and

2x + 2(x - 5) = 38

4x - 10 = 38

x = 12

The).ength is 12 inches.

[pages'217-218]
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(b) The number is 51.

(c) The teacher has less than 23 students.

Page 217. (-3) (2x - 5) = (-3) (2x + (-5)) definition of subtraction

= (-3)(2x) + (-3)(-5) distributive property

= ((-3)(2)) x + 15 associative property and
definition of kultipli-
cation

= (-6)x + 15 definition of multiplication

= -6x + 15 (-a)(b) = -(ab)

In the abbreviated form

(-3)(2x - 5) = -6x + 15

it may appear as though we are assuming a'distributive property of

multiplication over subtraction. Actually, since we are thinking.

of 2x - 5 as the sum of 2x and (-5), we are still using the

distributive property of multiplication over addition and do not

need to extend it to subtraction.

241

9-3 Subtraction in Terms of Distance

The relation between the difference of two numbers and the

distance between their points on the number line is introduced

-.here to make good use again of the number line to help illustrate

our ideas. _

You are no doubt aware, however, of the fact that (a - b)

as a directed distance and la b1 as a distance are very help-

ful concepts in dealing with slope and distance in analytic geometry.

Answers to Problem Set 9

(1) (a) 5 - (-3) = 8

(b) 15 - (-3)1 = 8

(c) -2 - 6 = -8

(d) 1-2 - 61 = 8

(e) 1 - 5 -4

(2) (a) 5 - x

(b) 15 - x1

(c) x + 2

; pages 220-223:

(0 11 - 51 = 4.

(g) -2 .(-8) . 6

(h) 1-2 -(-8)1 . 6

(i) 0 - 7 = -7

(J) 10 - 71 = 7

(d) lx + 21 (g) x 0 = x

(e) -x + 1 (h) 01 = lx1

(0 1-1 + xl
[pages 219-220]
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9 - 21 191

2 - 91 >121

9 - (-2)1 >

(-2) - 91 >

(-9) - 21 >

2 - (-9)1 >

(-9) - (-2)1 = 1-91

(-2) - (-9)1 > 1-21

4. From the preceding exercise the atudent will, we hope, infer

that for any real numbers a and b,

la - bl lal - lbl ,

la - bl 1bl - lal ,

la - bl 11E11 - 1bl .

In'case some of the more capable students are interested in

seeing a proof of these statements, we give the following.

The atatement that lx + yl lx1 + ly1 for any real numbers

x and y can be used to prove the three statements above

(see Problem 7, Problem Set 8-2b):

With x .'a b and y = b, we have

lal = 1(a - b) + bl la - bl lbl .

By the addition property of order,

lal + (- 1bl) la - bl

lal Ibl .s la - bl ,

la .7. bl ;t' lal - 1bl .

Similarly, x = b - a and y . a leads to the sentence

lb - al .2 1bl lal

Since lb - al =, 1-(b - a)]. = la - bl, this gives

la - bl 1bl - lal .

To prove the third sentence, notice that

Ibl - lal EE -(lal 1b1): so that we now have

la - bl lal lbl

la - bl -(tar- Ibi).

[pages 220-221]
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In other words, if lal 1bl , then la - bl is greater than

or equal to the larger of lal - Ibl and its opposite

-(lal - 1b1), and this means that

Ia - bl - Ib II ;

if lal = Ibl , then hal
Ibil

= 101 = 0, so that the

latter inequality is also true in this case.

The distance between a and b is found to be at least as

great as the'distanoe between lal and 1bl , because a and

b can be on opposite sides of 0, while lal and 1bl must

be on the same side.

6. The two numbers x such that the distance between x and 4

is 1 are the numbers corresponding to the two points 1

unit away from 4.

T
I I I 4 I i 4---

0 I 2 3 4 5

Though the above is the suggested approach to this problem,

some students may do it by using the definition of absolute

value.

If x - 4 0, then 1 = lx - 41 = x - 4 and, so, x . 5 ;

if x - 4 < 0, then 1 = lx - -(x - 4)_. -x 4, from_

which we get x = 3.

The truth set of the sentence lx - 41 < 1 is the set

3 < x < 5 .

256
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Rather than using formal methods for solution of the inequality,

the student will be guided by the question: What is the set of

numbers x such that the distance between x and 4 is less

than 1? As in the case of the preceding exercise, the student

may work directly from the definition of absolute value instead

of by the suggested approach.

For example, if x - 4 0, then Ix - 41 = x - 4 and

x 4 < 1

x < 5 .

If x - 4 < 0, then Ix - 41 -x + 4 and

-x + 4 < 1

-x < -3

x > 3

8. All x such that x < 3 or x > 5

9. The graph of x > 3 and x < 5 is

-I 0 I 2 3 4 5

It is the same as the truth set of Ix - JI < 1 .

10. (a) Since Ix - 61 represents the distance between 6 and x,

the sentence Ix - 61 = 8 tells us that the point with

coordinate x must be 8'units away from 6. Thus x must

be 6 + 8 or 6 - 8 The truth set is (-2, 14).

Graph:
-2 0 2 4 6 8 10 12 14

(b) Truth set: (4)

Graph: 1-4-1-1-1-44-1
- 1 0 1 2 3 4 5 6 7 8

(c) Truth set: (8, 12)

Graph:
-4 -3 -2 -I 0 2 3 4 5 6 7 8 9 10 11 12

[page 221]
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(d) Truth set: Real numbers x such that -3 < x < 3 .

Graph:
-3 0 3

(e) Truth set: All real numbers.

Graph: Real number line.

(1) hit = 1

Truth set: (-10 1)

Graph: 1 1 1 4
(g) Truth set: Real numbers y such that 4 < y < 12.

Graph:

(h) izi . -6.

Truth set: The empty set 0 .

(i) Truth set: (-22, -16)

Graph:

12

-22 -16

(i) 1Y + 51 = 1Y (-5)1 = 9

Truth set: (-14, 4)

Graph:
A4

11. Think of

and x .

as the distance on the

x = 3, x = -3 or

x < 3, x > -3 and

x 3, Nbne

x > 3, x* < -3 or

x 3, x. -3 or

x t 3,_ x -3 or

x j 3, None

0 4

number line between 0

x . 3

x < 3

x > 3

x 3

x. 3

*12. Let the distance in miles to the east of the 0 mark corre-

spond to positive numbers:

[page 222]
'
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John's
position on the

number line

Rudy's
position on the

number line

The
difference

Distance
between
them in
miles

(3)(10) = 30

(41)(10) = 15

(lo`i =

5 + 3(10) =

5 + 30 = 35

5 + (1'1)(10) =

5 + 15 = 20

5 + (i)(10) =

5 3 3255

(3)(10) = 30

(4)(10) = 15

(4)(10) =

(3)(-10) = -30

(Ii)(-10) = -15

q)(-10) 10
= - -s-

.(3)(-12) = -36

(*(-12) = -18

60( -12)

-6 + 3(12) =

- 6 + 36 = 30

-6 + (11)(12) = -

- 6 + 18 = 12

-6 + *(l2)

-6 + 4 = -2

(q)(-12) =

A 12) = -33

(1)(-12)

(4)(-12) = -15

-4)(-12) =

4)(-12) = -1

-6 + 3(-12) = -42

-6 + (4)(-12)= -24

-6 + (4)(-12) =

259

[page 222]

I30-(-36)I = 66

115-(-18)1 = 33

14304712 ..212

135 - 301 = 5

120 - 121 = 8

(-2)1 =

13-5 _
' 3 m 3'

130-(-33)1 = 63

115-(-15)1 = 30

66

33

22
3

5

8

3

63

30

13

12

9

3
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9-4. Division

See the notes at the beginning of this chapter about our

choice of definition of division.

Page 223. You will notice that we are becoming more relaxed about

our use words. We shall feel free to use "numerator" for either

the upper numeral in a fraction or the.number which that numeral

represents. This is the wey words are used commonly in mathematics,

so we might as well start getting used to it. In most situations

there is no confusion. When necessary- we can go back to the orig-

inal precise meaning, and it is for this purpose that we should take

Care to establish the precise meaning before we start to relax, and_

we should recall that precise meaning from time to time:

If you find that your students have had earlier viewpoints of

division other than "what times 2 gives 10?", it should_still be

not difficult to satisfy them by examples that our definition for

real numbers agrees with their experience in-arithmetic.

Answers to Problem Set 9-4a. page 224:

1. 15

2. 1

3. 2500

4. 6

5. -6

6. -6

Page 225. It may help to recall this relation between division

and multiplication from the earlier experience of the students if

you ask them what they have learned to do to check division. This

is an example of using the "only if" part of Theorem 9-4, that is,

for b p 0, if a = cb, then it = c .

It is this theorem which shows the-equivalence between our

260
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a 1definition of division ( 6 = a...5) and the other common definition

(It is c such that a = cb).

Page 225. We have tried to give a hint of how one knows where to

start in a proof of this sort. Try to sieze opportunities to give

such hints to your students wherever possible. There is, of

course, not a siligle pattern for all proofs, and we do not expect

to make expert provers of our ninth grade students. It is, never-

theless, by many experiences with,observing patterns in proofs that

understanding and ability are developed.

The reasons for the steps in the proof of Theorem 9-4 are as

follows:

First part, (1) Definition of division,

(2) Multiplication property of equality.

(3) Associative property of multiplication.

(4) Multiplication property of reciprocals.

(5) Multiplication property of 1.

Second palt, (1) Multiplication property of equality..

(2) Associative property of multipliCatidn.

(3) Multiplication property of reciprocals.

(4) Multiplication property of 1.

(5) Definition of division.

Answers to Problem Set 9-4b; pages 226-229:

1. To prove: = a

Proof: a = a(1) property of one for multiplication

a = a Theorem 9-4 with c = a, b = 1

Notice that the above proof begins with a true sentence and an

equivalent sentence is written by applying an "if and only if"

theorem.

[page 226]
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2. To prove: t. 1

Proof: a . a(1) property of one for multiplication

a . (1)a commutative property for multiPlication

a 1

a :1' '
Theorem 9-4 with c 1 and b 0. a

249

(a) -1250, (-1250)(-2) v. 2500

(b) -9, (-9)(5) . -45

(c) 4, (4)(-5o) = 2oo

(d) 41C, (f5)(3) = 31/5

(e) 5, (5)(7P) . 35p

(f) 3r, (370(3) . 9T

(g) P 5)(3)

(h) 36, (36)* = 12

(i) (1 5

(3)

(k)

CP)

(m)

1,

0,

(1)(-976) . -976

(0)(48) . 0

(liP)(2r) . 360

(-5a)(-3) . 15a

(n) -140 , (-140)(O.1) . -14

(0) -111, (-0(-93) . 93m

(P) 70 (7)(2,1-2)

4. If we assuMe the definition of division holds when b 0,

then ag- 28'1 But zero has no reciprocal.
0 w 0

We can also looK at 1- from the standpoint of Theorem 94,

assuming the theorem holds when b O. If 0 then

28 so 0.0. But 0.0 to zero and cannot be a name tor 28,

[pages 226-227]
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A positive number divided by a negative number is negative.

We can see this by looking at the definition of division for

a o and b < o .

--If b < o then is < o by a theorem of Chapter:7 'which says,

"The reciprocal of a negative number is negative". Thus,

a(a) is the product of a positive number and a negative number,

and is negative.

By similar reasoning we can say: A negative number divided'

by a positive number is negative and a negative number divided

by a negative number is positive.

6. (a) Help the students to see that the truth sets of these

sentences can be found in more than one way.

(1) They can apply Theorem r4.

If 6y . 42, then y m

(2) They can get an equivalent sentence by using the

multiplication property of equality.

6y . 42

y = '136'42

= 7

The truth set is (7).

(b) (-7)

(e) (-7)

(d) (7)

(e) (4)

(f) (1)

(g) (14)

(h) (100)

(i) (75)

(41) (12)
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(a) 5a - ...- -53

5a = -45

a = -9

The truth set is (-9),

(b) (16)

8. If n is the number, then

6n - 5 = -37 ,

6n = -32 ,

.32n = - 6 or - .

16
Hence, the number is - .

(c) (5)

(d) (28)

(e) (18)

9. If s is the number, then
232 +s = 38
3

2la = 6 ,

s = 64 or 9 .

Hence, the number is 9.

10. 3._ pound of sugar are needed for 35 cakes.

11. The rectangle is 9 inches wide,

251

12. Dick is 7 years old and John is 21 years old.

13. 22, 24

14. The sum of any two consecutive numbers,from the set of odd

integers between 0 and 42 would satisfy the conditions of

the problem.

15. If the price was p dollars before the sale,

p .20p = 30 ,

.80p = 30 ,
10.0.

P = 30. 80
or 37.50

Hence, the original price was $37.50.

[page 228]
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1
16. 1,4 hours

17.- The number is 9.

18. Let s . be the number of 44 stamps bought. If she was

charged the correct amount, then s must be a non-negative

-integer and

15(.03) + .04s = 1.80 ,

.45 + .048 = 1.80

.048 . 1.35 ,

4s = 135 ,

s = = 33.
3

Since 33 .4. is not an integer, she was charged the wrong Smount.

19. He has 12 pennies, 16 dimes, 22 nickels. He has $2.82.

20. John has $25.

21. 20 miles per hour.

22. 35, 36, and 37.

Notice in this one that one may represent the three integers

by i, 1. + 1, and i + 2. Another choice, though, which is a

little simpler, is.i - 1, i, and i + 1.

23. If n is the first positive integer, then

n + 1 is the next integer, and

n + (n + ])< 25 ,

2n + 1 < 25 ,

2n < 24 ,

n < 12

Hence, the integers are (1, 2) , 2, 3

24. If x is the number of gallons of maple syrup then 166 x

is the number of gallons of corn syrup and

8x + 2.4 (160 - x) 608.

The mixture consists of 40 gallons of maple syrup and 120

ga11ons of corn syrup.
265
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25. If t > o and b 00 then ab > 0.

Proof:

253

it > o and b o is true by hypothesis

p where p > o let p name the same number as

a = pb

ab = pb
2

b
2 > o

pb2 > o

ab > o

Theorem 9-4

multiplication property of equality

Theorem 8-3b

The product of two positive numbers
is positive.

ab and pb2 are names f'or the same
number.

a
If < o and b o, then ab < o.

aProof: 7 < o and b o is true by hypothesis

a n where n < o Let n name the same number
aas
b'

a = bn

ab = b
2
n

b
2 > o

b
2n < o

ab < o

Theorem 9-4

multiplication property of equality

Theorem 8-3b

The product of a positive number and
a negative number is negative.

ab and pb
2 are names for the same

number.

9-5. Common Names

In this and the following section we are interested in four

commonly accepted conventions about the simplest numeral for a

number.

(1) There should be no indicated operations remaining which

can be performed.

[pages 229-232]
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(2) If there is an indicated division, the numbers whose

division is indicated should have no common factor.

(3) We prefer -Ta).' to 1 or t .

(4) It is always possible to avoid more than one indicated

division.

Thus, to illustrate the first convention we would say that

"20" 1 "2 + 3" ncn
is not as simple as "5'; is not as simple as t ;

"42"

ulau.
is not as simple as --te , but x;----L-H.3 cannot be simplified.

non
Similarly, for the second convention

21
is not as simple as J5

nox2 4,11 non
and is not as simple as t . Simplifications of

ax
2

+ 2a

this kind depend on Theorem 9-5, the theorem -2 . 1 for a

and the property of 1.

Page 230. The reasons'in the proof of Theorem 9-5 are:

(1) Definition of division.,

(2) Associative and commutative properties of multiplication.

(3) Theorem 7-8d.

(4) Definition of division.

Answers to Problem Set 9-5a; pages 232-233:

1. If a and b are real numbers, b 0, then

- -aProof:
a , = is true by a.1 = a

- a -1 -a
-"I

a1 .
'
a 0,

a

Theorem 9-5

(-1)a . -a

267
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Also = (-a)(i) is true by the definition of
division

= -(a4) (-a)(b) = -(ab)

-a a
=

definition of division

(b) (c) (d)

(b) -n (c)

(b) (c) - (d) - (e) -

(b) y (c) x + 1 (d) 3.

(b) -2 (c) -2 (d) -2

7. (a) 9-2- (b) ')cy 3 (c) 2x 1 (d) x + 2

8. (a) 2 -a (b) a -.2 (c) -a (d) -1

9. (a) :El-7T (b) 71.-7-27 (c) t - 2

10. (a) 6ab (b) 2a2 (c) (d) - Sc

11. (a) x - 1 (b) t 1 (c) iix - 1) (d) x - 1

1 3x - 2Y12. (a) f/ o
ky - 2 - 6x

(a)

3. (a) n

4. (a)

5. (a) y

6. (a) 2

9-6. Fractions

The main point of this section is to develop skill in sim-

plifying an expression to one in which there is at most one

indicated division. This essentially means that we are learning

to multiply, divide, and add fractions.

Page 233. We are again relaxing our rigor in the use of words. We

shall,allow ourselves to use "fraction" for either the symbol or

the number, even though correctly speaking it means the symbol.

268
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Thus in the preceding paragraph a p'recise statement would have

said 'Ito multiply, divide, and add numbers which are'represented

by fractions."

Now that we have begun to relax our precision of language,

we,shall hereafter, without further comment, feel free to use

convenience of'language even when it-violates precision of Ian-
--

guage about numbers and numerals, as long as we are sure that the

precise meaning will be understood.

We mention the word "ratio" as part of the langdage in certain

applications There are a few problems using ratio in the following

pages. You may wish to mention to the students that an equation .

suchas
'

-which equates two ratios, is often called a'
1197 19

"proportion". It seems undesirable at present to digress into a

lengthy treatment of ratio and proportion since it is just a.

matter bf special names for familiar concepts.

Answers to Problem Set 9-6a; pages 234-235:

Il 436-
T1 21

1. (a) (b) _---6

2. ka) 7 (b) 3 (c) 12
(d)/ .

(a) 10
(b) -242 (c) -1-

10

1
4. ( ) -,2 (b) 1 (c)

1
(d) 4r-r5c.

(a) -i2 (b) ;4 (c) i (d) -23g
,2

. (a) 5 (b) 269 (c) 5 (d) ....t.2.

7. (a)-jia3 (b) 12a (c) I (d) 1

8. (a) -21+2 (b) i(x + 2) (c) -(x + 2)

9. (a) 113--±-3.)6112-"-1 (b) 1
(c) 3xn1 + ai

10. (a) y2 (b) 2a

(pages 234-2351
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11. Every rational number can be represented by a fraction. Not

every fraction represents a rational number. is a fraction
3

but is not a rational number.

12. If there are f faculty members,

f 2
1197 19

f = -2-.1197
19

f = 126

There are 126 faculty members.

13. If the other fund received x dollars,

2
387

x =
3

x = 258

The other fund received $258.

Page236. The amount of telescoping which the student will do in

writing his work on adding fractions should vary from student to

student and from time to time for the same student. Before long,

most students should be able to write

I+ z y.3 5x + 31r

3 5 3 5 5 3 15

They should be encouraged to continue to show the multiplication

by 1 in the form , , etc.

Answers to Problem Set 9-6b; pages 236-239:

1. (a) 191

2. (a) 1-77E

3. (a)

[pages 235-236]
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2
4 . (a) 4-c (b) 2§- (c) -* (d) i

5. (a) 3312'
(b) 203; a (c) 10.at-,_1.

6. (a) 2(2-5-c --.---?-1 (b) ix (c)
2x + 8

x

7. If a, b, and c are real numbers and c o, then

a b a+ b
c =

The left member is

a b 1 1+ = a. + b. definition of division
c c c c

= (a + distributive property

a + b
definition of division

*8. If a, b, and c are real numbers, c o and d o, then

a b ad + bc
c d cd

The left member is

a b ad bc
c =U x.1 = x and 1 .2-c.

ad bc
cd dc

ad + bc

x p xp
y q yq

commutative property of multiplica-
tion and problem 7

It would be undesirable for the student to memorize this

result and use it as a formula. It is given here in a

problem as something interesting to prove. In simplifying

sums of fractions the students should continue to use the

property of 1 to make the denominators alike.
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We suggest-here by an example the procedure of "clearing

of fractions" at the start of solving an equation containing

fractions. While we do not insist that the student use this

approach, we hope that he will, with your help, see the

efficiency of "clearing of fractions" and will learn to use

this method effectively.

(a) (12)

(b) ( 2)

(c) ( 2)

(d) (18)

(e) (20)

(f)

(g) (5, -5)

(h) 1 < x < 5

10. If one of the numbers is n, the other number is

3n = 240

5n + 3n . 1200

8n = 1200

n = 150

3 = go

Or,

If one number is n, the other number is 240-n, and

3n = Tr(240-n)

5h = 720-3n

8n . 720,

n = go

24O-n . 150

The numbers are 150 and 90.

11. The numerator was increased by 5.

12. The number is 312.

13. Joe is 12 years old and his father is 36 years old.

14. The two numbers are 5 and 2. The sum of their reciprocals

is The difference of their ..)ciprocals is

(pages 237-238]
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15. The ratio iS .

16. (a). Joe will paint 27: of the house in one day. Joe will

paint d4 or 4. of the house in d days.

(b) Bob will paint 3.t of the house in one day and 4 in
days.

(c) Together Bob and Joe would paint #+ of the house in

one day or 4+4 in d days.

(d) The part of the house Joe painted plus the part of the

house Bob painted equals the whole house. d represents

the number of days it took Joe and Bob together to paint
56 11the house and is equal to or 3T5 days.

(e) Together Joe and Bob will paint + 1-113.- or 3-6-8. of the

house in one day.

*17. If x is the number of games the ball team must win then

481+54x o.6

x 44.4

Since x must be an integer, the ball team must win at least

45 of the remaining 54 games to finish with a standing of at

least .600.

The highest standing they can get is

118,A.45k = .662

The lowest standing they can get is

48 + o
154 °

312

Page 239. Three methods of simplifying "complex fractions" are

given. Each method has its advantages for certain types of prob-

lems. The student should be encouraged to use some judgment in

selecting his method. For instance, when there is a ?ingle

fraction in the numerator and in the denominator, Method 3 is

[page 238]
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usually most simple. When there is a sum of fractions in both the

numerator and the denominator, Method 1 is effective. So in Prob-

lem Set 9-6c we might find the student using Method 1 on Problems

4, 5, 6, 7, 8, 12; Method 2 or 3 on Problems 1, 2, 3, 9 11.

Answers to Problem Set 9-6c; pages 240-241

1 3

Answers to Review Problems

1. (a)

7. 7

8_ a + 1
7(a 777)

1
(b) This is not a number, since 5. s not a number.

(c) 0

(d) This is not a number; if it were, we could Write the

1 1
number as 0.-5 , but -6 is not a number.

(e) 0
1 1

(0 This is not a number since 5 0 means 5.-5 , and .5

is not a number.

(g) This is not a number, since is not a number.

(11) -36

(i) 3

274

[pages 240-242]



262

2. (a)

(b)

c)

(5

5

7

- 5).7 .

- (5.7) =

- (6 - 2)

0

-30

=3

(d)

(e)

(f)

(7 - 6) -2 .

3.(2 - 2).5

(3.2 - 2).5

-1

0

20

3. ) l,a, xt -1,) a lt2 - 251 . -39

(b) (6)2 - 4(5)(-3) = 96

(c) (-3)2 - 4(1)(-2) . 17

(d) (2)2 - 4(1654)(0) . 4

(e) (0)2 - 4(5)(-5) = 100

U.) 412 - 4(4)(- =

4. since if x is , )2'c _
3(i)

33(i)
22(i)

_
) _ 7 0

5. (a) -6x - 3 , (d) -3x + 2y

(b) a2b2 - ab3 (e) 5a2 + 10ab 15ac
(e) m3 m2

(f) 7x3 - 21x2

(g) (2x - 3y)(x + 4y) . 2x(x + 4y) - 3y(x + 4y)

= 2x
2
+ 8xy - 3xy - 12y2

= 2x
2

+ 5xy 12y2

(h) (2a - 3b)(2a - 3h) . 2a(2a -.3b) - 3b(2a - 3h)

4a2 - 6ab - 6ab + 9b2

4a2 12ab + 9b2
6. (a) For all a, a < 7

(b) (-4)

(c) For all m, m

(d) For all x, x < 9

(e) (12)

(f) For all x, x 2 or x -2

275
[pages 242-243]



263

7. If the number is n, then

1 1T9 +-an < n 25,

2n + n < 8n - 200,

200 < 5n ,

40 < n .

Hence, the number is greater tnan 40.

8.
tx + 3 x - 3 x - kl

x x

3 a. 2 18
7' 7B.5 = AO "" 20!T= 75

<
; thus < is true.

2/ L 28
-20 = ""- 15 7 '&70

'&644 ; thus < is true.

Then, by the transitive property, <45. is true.

*10. If the first shirt cost x dollars, then

x - .25x = 3.75,

.75x = 3.75,

x = 5.

Hence, the first shirt cost $5.00. Since he sold it for

$3.75, he lost $1.25 on it.

If the second shirt cost y dollars, then

Y + .25y =

1.25y =

y =

3.75,

3.75,

3.

Hence, the second shirt cost $3.00. Since he sold it for

$3.75, he gained $.75 on it.

(-1.25) + .75 = -.50.

Thus, he lost $.50 on the two sales.

111. x =--(y - b)
a 276
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12. Last year's cost was d dollars per dozen.

This year's cost is d dollars + c cents Per dozen.

1 dozeh will cost d dollars + c cents
-2-

2

100d + c
cents.

2

13. (a) (x - 1)(x + 2) . 0

is equivalent to

x 1 = 0 or x + 2 . 0

which is equivalent to

x 1 or x = -2

The truth set is (1, -2).

(b) (-5, -7)

(c) (o, 2)

(d) (.-, 2)

(e) 0

(f) (;)

14. (a) For real numbers a, b, c, d, where b 0,

441 a c
1. J. = -a.

then (bd) =§.(bd) multiplication property of
equality. -

(a4)(bd) = (c4-)(bd) definition of division.

I 1
(ad)(bE) = kbc)(d-7) associative and commutative

s4 properties of multiplication.

(ad).1 = (bc).l multiplication property of
reciprocals.

ad = bc multiplication property of 1.

(b) For real numbers a, b, c, d, where b W 0, d W 0,

c W 0,

if Ta:t §
ab cb

then d
multiplication property of equality.bcc

[pages 243-244]
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ab cb
bc dc

ab bc
cb dc

ab bc
"VE -da-C

a, b,- J. = T J.

a b
= "a

265

Theorem 9-5.

commutative property of
multiplication.

Theorem 9-5

multiplication property of 1.

(c) For real numbers a, b, c, d, where a p 0, b 0, c 0,

d 0,

if t

a bd c.bd
rac -71 ac

#1ac 11- ac

*11- :WI
deab b cd
-6 115 =

141 = 1.1

d b
ca-
b d
"F.

(d) For real numbers a, b, c,

if fi =

then

abed
= +

1
+ b. = c-a + d-a

(a + = (c +

a +b c+ d

then multiplication property of
equality.

Theorem 9-5.

associative and commutative
properties of multiplication.

Theorem 9-5

multiplication property of 1.

If x = y, then y = x.

d, where b 0, d Os

addition property of equality.

= 1 Af x 0.

definition of division.

distributive property.

definition of division.

[page 244]
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la ac a.c=

a= E-1

a
=

Theorem 9-5.

if

multiplication property of 1

16. To show that the reciprocal of ra::

that t4-. = 1.

a b ab
a ba

Theorem 9-5.E.-
ab
ab

we need to show
a

commutative property of multiplication.

= 1 = if x 0

Hence _Ia.
1 a

the reciprocal of Or
a b

a

*17. (a) Yes, because the product of any two members of the set

is a member of the set.

(b) (-1)xj = -J; jx(-1) = -j. Hence, (-1)xj = jx(-1).

jx(-j) = 1; (-j)xj = 1. Hence, jx(-j) = (-j)xj.

(-1)x(-j) = j; (-j)X(-1) = j. Hence,(.40x(-j)=(-j)x(-1)

(c) ((-1) x j) x (-J) = (-J) X (-J) = -1.

(=1) x x (-j)) = '(-1) x 1 = -1.

Hence, (r) x j) x (-j) = (-1) x (j x (-j)).

(I x (-1 ) xi . (-1) x J = -J.

1 x ((-1) x j) = 1 (-j) = -J.

Hence, (1 x (-1)) x j = 1 x ((-1) x j)

(d) Yes. 1 x 1 = 1.

(-1) x 1 = -1.

J x 1 = j.

(-J) x 1 = -j.

(e) 1 x 1 = 1. Hence, 1 is the reciprocal of 1.

(-1) x (-1) = 1. Hence, -1 is the reciprocal of -1.

j x (-J) = L. Hence, -j is the reciprocal of. J.

(-J) x j = 1. Hence, j is the reciprocal of -J.

[pages 244-245]
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(r) jxx. 1
(-J) x (J x x) = (-J) x 1

x x x

1 x x = -j

x = -J

The truth set is (-j).

267

(g) Similarly, the truth set is (-1). Multiply by J,

since j is the reciprocal of -J.

(h) The truth set is (1),. Since J2 = -1, multiply by (-1)

which is the reciprocal of (-1).

(i) The truth set is (-j). Since J3 . J2 x j

(-1) x j = -J, multiply by J, which is the reciprocal

of (-J).

Chapter 9

Suggested Test Items

,

1. Simplify

(a) -3 - 7

(b) 9 - 6 - 1

(c) 276§-

(a) -
(e) 17 - +

2m,ar)

(g) 43:?$":trli. 9 (X + )

(h) -1-271127

(i) 2a

a
3

(j) (6x - 2) - (3k + 1)

(k) 2(m - 1) - (m 1)

)

(k - ik + 2)

(n) 2

2

(o) 3y - 7x + 5 + 2x - y - x

280
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(P)

(t)

(u)

(y)

(w)

2x2y6z2
z -7xy

(7x2 - 3x + 2) - (3x2 - x + 1)

3x - y
2y - bx

x + 1 x -
+

m n-,-
n m

m n
Ti m

2. If xi = 6 and x2 = -3 find

(a) xl x2 (c) lx1 x2I

(b) x2 - xi (d) lx2 - xil

3. Solve

(a) + = 10

24_1.

(c) 412' -1-1)(c = 3x

4. Find the truth sets of the

(a) y - 3 = 7 -

(b) 3.7 + x > -3 - x

( c) 4a + =

following

(a) 311111. Imi +

(e) > 10

(f) + = 1
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For what numbers is each of the following true?

(a) 0.x = 0

(b) 0 = 3x

(c) x.0 = 3

(d) 7c)c o

(e) lx - < 0

(f) 3x < 0

6. If a > b decide if possible whether the following are

positive or negative

(a) a - b (e) a and b if ab < o

(b) 1 (f) a and b if T7-; < o

(c) (a - b)2

(d) lb - al

(g) a2 - ab

(h) b2 ab

269

7. What number must be added to 3a - 2b + c to get

a - 6b - 3c ?

8. By what number must 1-32c- be multiplied to.get 17a ?

9. 12 is 30° of what number?

10. If the numerator of the fraction is increased by x where
12

x is positive, the difference in the values of the fractions
1

is -6 . Find x .

11. The ratio of antifreeze to water in the radiator of Jim's car

is 3
. If there are 12 quarts 9f the mixture, how many quarts

of antifreeze are in the mixture?

12. Bob is 4 yearr older than Don. The sum of their ages is less

than 24. Two years from now the sum of their ages will be

greater than 20. How old is each boy?
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