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Abstract

A computer-assisted instructional package designed to teach both specific
series-solving skills and general problem-solving skills was run in a

school environment for one year. Students had access to the program dur-

-ing their free time. This pPaper analyzes the progress made by one student

in both series solving and general problem solving during his four hours ‘of‘

work on the program.
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THE SERIES PROGRAM: ONE STUDENT'S BEHAVIOR
Richard A, Roman and Joan {, Heller

Learning Research and Development Center
University of Pittsburgh

Several computer programs for use by elementary schoo!l students
havu heen ‘design‘ed by the Computer-Assisted Instruction in Problem-
Solving Project at the Learning Research and Development Center, 6ne
of these, the Series program, is designed to teach specific series-
solving skills and yeneral problem-solving skills, To assess the pro-
gram's effectiveness, two studies have been undertaken, In the first, a
laboratory controlled study, the learning and transfer of series-solving
skills were measured (Heller, Note 1). This paper reports the second,
a study of one student's entire history on the program, including boti\ his

serics learaing and his general problem-solving learning,

The introduction describes the program as the student saw it, the
way in which the series were chosen, and the context in which the stu-
dent worked. In the next section, the student's work and learning with

respect to s ries-solving skills is described. The final section describes

‘the same work. but focuses on zencral problem-solving skills,

t

How the Program Works

In the Series program, specific series-solving skills are learned
through the selection and sequencing of the Series pnzzles themselves.

General problem-solving skills are learned through the environment

o
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created for the students while they are working on the progranic in this
snvitonment, students are placed in complete control of several aspuects
of their vxperience, Students select the tevel of difficulty for each scries
seon; they control the amount of time on vach series by indicating when
they want to change to a new geries;: they reculve :\(ldili'on:\l information
{terms of the series) only upon request,  After changing to a new scries,
students receive feedback on their previous performance. Thus, students
typically work through a cycle including solecting a level of difficulty for '
the next series, working on the new sories for as long as desired, getting
fecdback o‘n their performance, and sclecting a hew serics, This cycle
repeats until the students stop for the day; it resumes when they return to

the computer terminal for a subsequent session,

Now. consider what happens during work on each serics, Once a
series is selected, displayed, and work commences, the plobal goai for
the studehlt is to solve the series by inferring the rule of formation and
generating the next terms of the series. Episodes of work involve the
more immediate goal of getting the next term displayed. A new episode
of behavior begins with each new term. For example, when the series
12, 65, 8, 11, 14, « . "8 displayed, the student's immediate goal is to
get the next term (17) by scme sequence of actions in the available reper-
toire. The program allows three actions: Change to a new series, aban-
doning the task; ask for the next term, causing the computer ta display it;
or guess the next term, receiving feedback on the guess, The student may
attempt many guesses, but may change only once per puzzle and ask for
the next term only once per term. Part of the global problem for the stu-
dent is to determine when the series is understood or when the series is

too difficult: these are appropriate times to change to a new series.

The displays constructed by the program convey all’of the informa-

tion given above in more concrete form to the students. One typical cycle

6



1
of use is illustrated in Figure 1. The initial display for a cycle {4 given

in Figure 1, Frame L. Notice that feedback for the previous cycle's glo-
bal performance is given (YOU JUST PASSED LEVEL 13) and that the
student may select from any of the %0 available levels. When the student
selects a level (17 in this case), one of 40 sorles whose difficulty is near
that level is selected at random as the next problem. The initial display
for a series is illustrated in Frame 2 of Figure |. Notice that five terms
are given and that the student's options are listed. in this case, the stu-
dent enters "P," a plausible, but incurrect, yuess, ‘The feedback is shown
in Frame 3 of Figure 1. Notice that the student again has the same three
options and is still working on the same lclrm. The student types "NEXT,"
, asking the computer to supply the next tcr-m. Because the student previ-
ously made an error on the term, the incorrect guess is preserved in the
display so comparison is possible. Frame 4 of Figure | illustrates the
addition of a new term by the use of "NEXT.'" The next two guesses were
s wrong ("B" and "P"), but the ihird guvss was correci. Frame. 5 of Fige
ure 1 illuétrates feedback for a correct guess after two wrong guesses.
Notice the reinforcing comment, "GREAT!". The display is accompanied
by ‘he sound ~f a bell for correct guesses. Frame 6 illustrates the dis-
play when a correct guess follows "NEXT" or another correct guess. .The
pruvious; series is erased from the screen and all the kiown terms are
displayed at the top of the screen, As with al) correct guesses, the rein-
forcing comment "GREAT!" is displayed and accompanied by the sound of

the bell.

How Series Are Forined

The Series program can display any of 400 general problems. Most
of the 400 general problems are completed when the problem is selected by
randomly choosing a starting point and/or an increment value. For exam-

plmé".' if the general problem is to increment each term by 3, the specification

might be éompleted by selecting a starting number between 1 and 20. Thus,

|
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LEVELS GO FROM 1 TO 50
YOU JUST PASSTD LEVEL 13
WHAT LEVEL DO YOU WANT NOW ?

TR

i Frame )
1nitial display tor cycle.

o .

o, 8B P O 8,

TYPE "NEXT" OR ~GHANGE” OR YOUR GUESS,

Frame 2
Initial display tor series.

o, B, P O 8,
P IS INCORRECT

TYPE “NEXT' OR “CHANGE” OF YOUR GUESS.

see NEXT

_—i

Frame 3
Feedback for incorrect juess.

_/

_ ),

o 8 ¢ 0 b
# 1S INCORREGT

o, B P 0O B, 0,

eee B

Frame 4
Dusplay fot SNEXT' atter 1ncortact guess.

TYPE "NEXT” OH “CHANGE” OR YOUR GUESS.

/

I

] o, 8 P O B O
g 15 INCORRECT

P 15 INCORRECT

GREAT!

o 8 P O 8 0 O

Xy} _!_j_

Frame 5
Display for correct guess
after two wrong guesses. :

TYPE "NEXT" OR “CHANGE™ OR YOUR GUESS.

i

W

o, 8 P O B 0, O, B8

+os CHANGE

TYPE “NEXT" OR “CHANGE" OR YOUR GUESS.

AN | )

Frame 6
Display for correct guess
after "NEXT* or correct guess.

Figure 1. A sequence of displays trom the Series program.
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20 Epecilic seriey might M diaplayed from a single general problen,
There are hundrods of thousands of unlque serics that can be displayaed
by the program, Although that numbuor ta large, Ut ropresents only a
small fraction of all imaginable patterned sequences of lettors and num-
bers, In this wection, the principles for selecting probloms and for

assigning difficulty are described,

Basic serles. Certain series are l;.\qlc. and it ix nnumvtl that all
users of the program can extend them w;thout diffieulty, I‘hesc include
the alphabet, the counting numbers up to 109, and hny repeating pattern
of one to four terms, The alphabet series can begin at any of 26 letters
and continues in a cycle with '"A" following "2, v The :\lphabet sceries is
called "ALPHA " g & specific serles, such as "R, 8, T, U, Voo o,
the name is "ALPHA starting at 'R" Y The series of counting numbers ts
called "CCOUNT, " The speeific sertes 27, 28, 29, 3¢, . . ."{s named
"COUNT starting at 271, " Any repeating pattern is called g "REPEAT"
serirs,  The name for the speeific series 'R, M,R, M, R, ., ." is
“REI’IETAT of '"R' and 'M'." The Dasic series ALPHA, COUNT, and RE-
PEAT were assigned difficulty levels between 1 and 5, More complex

series are built from the Basic series,

It is convenient to treat two other serics as Basic, These are the
backwards alphabet, "BALPHA, " and the backwards vounting numbers,
"BCOUNT.” These series are not recognized immediately by all students
and were assigned difficulty levels between 5 and 10,

Any series can be used as a subserics in more coniplex series, The
prouram uses three methods to con'lb'me sitnpler series into more complex
series: the intersperse method, the concatenate method, and the skip

method,

lntnrqpurs'u seriesyz 7o make a new serics by the intersperse method

two or'niorc¢’subserics are combined by taking terms alternately from cach

T
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to make the new perles,  lhus TR LRS- PR P 20, T, e i niers
aperse nerles of nn ALPHA m'rlun atarting at "RY and n CUOUNT serles
starting at "e7. " The difflculty of an Intoraporeo Reticey depuends on the
contrast betwoen the terms of the subsarics, the diffteulty of thy pubneries,
and the number of subsoeries involyed in the pattern, the Ucontrast' 18 the
most complex concept unod in assigning ditticnlty levals, It can be ¢X-
plained best by erxamples. Two series derived (rom Pasie werles with the
samue characters have lower contrast than two derived from Rasie neries
with different charvacters. Compatoe the difficulty of R, 2, S % T, 4, U,

.M with "R, M, g, N, T, 0. U, P, ... o Glven the same characters
in each subseries, contrast is higher {f the terms are widely separated in
the Dasic acries, Compire w2, 16, 13, 1y, 14, 1200 - - with "12, 87, =
13, 88, 14, 89, 15, 99, « . . When three subseries are combined by ’
the intersperse muothod contrast is low only when all three come from the
wame character set. Otherwise, the distinctive character sot marks off
the constituent subsuries, Compare vy, 7, V2, 8 19, 3,79, 9 ¢« - Al
with "A, 7, 110 B g, 1@, C, 9 9 e .." (Note: The letter "O" is dis-
tinguished from the pumber zero in this paper by the use of a alasﬁ across
all zeroes [letter: O: number: 81 - i

. Contrast is related to the difficulty because high contrast makes it
casier to find the period with which the terms$ alternate. Kotovsky and
simon (1973) have noted the relevance of this dimension in their Find

Period operator.

Concatenate series. The concatenate mx.thod for combining simpler
series to make more complex series requires that terms from two or more
subseries be written next to each other. The factors that make the series

g more difficult are analogous 'O those in the intersperse method. For exam
ple, the geries "6M. 7L, 8K, 97, 10L, - . v ig a Concatenate series of
two contrasting subseries: COUNT starting at ng" and BALPHA starting
at "M." The form of the Concatenate series makes it unnecessary to find

the period: each term contams a term from cach subseries.

6
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Nikip avries,  The skip mothod for cotmbining borfos roguires a aube
sertes and a numerie anbrories that doseribes the skipping pattern,  The
sevves U2 Iy b8, L LY Can be described ay a Skip sertes on the
COUNT serbew wtarting at "9 aecarding to the pattern REFIAT of vy,
The analogy to "D, W, 3, Moo .*.ilélp serics on the ALPHA sories
starting at "D according to the pattern REPEAT of "3, " makes the Hete
eratity of this naming clear.  The dfenlty of Skip <evies depends on the
subseries wsed and the complexity of the pattern,  Generally, o similar

pattern will be more disficult when it operiates on serfes derfvad from

\

ALPHA than on series derived from COUNT,
Combined series. IPinally, the conilnning method can take serles

that are themselves combined types as subscries to create even more cone

plex formys,. For example, wo subseries that are interspersed might theme-

selves be Skip subsertes, In the rest of the paper such complex serics will

be called “combined types,

The power of this combining method can be seen in the examples

bclow:‘
ALPHA starting with "A, " "AL B, C.DE R, (1)
and COUNT starting with "1, 1, 2, 3,04, 5, ., " (2)

are both assigned difficulty |1,

The Intersperse series of (1) with (),

"ACLO R, 20C, WD, .. L, and (3)
the Conc.‘\ten,"uv of (1) with (2),

"AlLL BRI CR e, FR, L ) (4)

are both assigned difficulty 3.

The Skip on {1) according to pattern REPEAT of "1 and 2,

YALRC DL E, Gy HY KL L . v (5)

11

has diffienlty 13,



Coticatenate of (%) with (Y,
HAL, I, DA, B G, Hoy, 37,00 0 0" {6)
has dlffieulty 25,

Interwporsing of () with {4},
nAl, AL, B, B O P, I, By BB, G o, Hoy o o ()]
hay difticuity 40,

Skip on (7) according to pattern REDPAT of "4 and ~2, "
AL, DI, B2, B5, D4, "o, Gy o 0 0" (H)

is vory likely unwolvable by grade wchool ntudents,

Method

The Serlee arogram was available to students in yrades 2 through 6
in an elementary school, Sixteen torminaly wore distributed among three
learniny arcas in the school, and many programs Qere aveilable (Block.‘ ‘
Carlson, Fitzhugh, Mau, Jacobsan, Puente, Rowner, Simon, Glaser, &
Cooley, 1973) Sories was used as a aeleocted activity on & voluntary basins
after other work was completed, Usage varied from one gession to over
sixty sessions dur ng the year, Typical sensions lasted ten minutes and

included about seven puzzles.

Nescriptions of student behavior atc based upon an analysis of the ‘
printed protocols that document the student's entire Serics experience.
Only typed responses are represented in these protocols. Other data
such as verbalizations, gestures, facial expressions, or detalled timing
are not available. To infer information processes from such limited data
is a difficult task. Generally, several observations are needed before
inferences can be drawn and stated. In the sumﬁuary that follows, excerpts
from protocols will be included. Statements derived from this evidence

will be explained in detail.

O
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There are benefits to focusing on the work of ohly one student as we
have done in this paper. Most obvious is the wealth of detail available.
Each of our g‘oals can be evaluated for this student. The particulars of
behavior have led to insighis about the learning precess and have helped
to formulate further research questions. ‘A statistical study of all the stu-

dents would mask many of the .relevant details.

The student chosen for this analysis was among the 150 who used the
Series program during its first operational year. At that time; any student
who wished to could select the program as a free activity as frequently as
he or she desired. - No supervision was available while the students worked,
so their performance reflects the motivational and instructional aspects of
the program itself. This particular student was selected because he was
amﬁng the 25 most frequent users and, therefore, data accumulated on him
was sufficient to make analysis mieaningful. At the time, he was 10 years,
1l monthg in age. His IQ score (117) was slightly above average for the

school. ‘ .

The full protocol consists ! work on 119 series in 241 minutes. For

convenience of exposition. the work has been divided into four one-hour

segments, s shown.in.Table.1...

Table 1

Disthbution of Puzales During Student's Four Hours of Series Experience

. Hour Puszie numbers Number of
. puzzles/hour
Furst ' ' 1.34 . 34
Second 35-64 30
Thurct 65.95 31
Fourth 96 119 24
a

st
Co
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The next two sections of the paper discuss the development of seriess
s.olving and general probiem-solving skills, respectfully. Serivs are di:—
‘vided into two categories: (a} Basic series, which include the .;xlphabct and
backward alphabet (ALPHA and BALPHA), counting (7, 8, 9, 14, « . ) 7
both foward and backward (COUNT and BCOUNT), and REPEAT series
(¢, F. F, F, . .. ); and (b) applications of these Basic series to com-
bined forms of varying complexity (Skip, Intersperse, Concatenate, and
combined types). The student's knowledge of both of these categories is

evaluated in the section on development of series-solving skills.

Problem-solving skills in the context of Series will be described in
terms of the iollowing: (a) testing of hypotheses, (b) use of feedback from
guesses, (c) gathering of additional data when needed, (é) consideration of
all the data available, (e) choice of appropriate time to stop work on a
series, (f) actions after groups of correct guesses, and {g) use of overall
result on series for subsequent choice of new dﬁficulty level. This dis-

cussion of problem-solving activity is contained in a later section.

Development of Series-Solving Skills

i Thi s -s€ction.documents the student's learning of series-solving
skills. Series are considered in the categories Basic, Concatenate, Inter-
sperse, ukip, and combined types. The student's work in each category

will be described as it changed over time.

In discussions of series-solving skills, a particular series is con-
sidered ''solved' when the student gets a sufficient number of terms right
' in a row. ''Sufficient! takes on different values depending upon the series
worked on. Series with a period of one, with no describable period, or
with a very lengthy period generally require two right in a row to be con-
sidered solved. Series with two ér three terms in the period generally

require the same number of correct responses in a row_as there are terms

[y
e




in a period. When the student understands part of a series, such partial

solutions will also be considered and described.

. Basic Series

The student made no errors in identifying and extending the Basic
series ALPHA, BALPHA. CQUNT, and gCOUNT during his first hour of
work., He typically entered two or t}‘xree correct responses in a row and

. changed to a new puzzle within one minute of work. Figure 2 illustrates

the student's behavior on a puzzle involving Basic series.

g \ ‘

1A 28, 3

e c

1. A, 28 3C

cev 3

1A 2,8 3.C 4,
see D

1, A 28 3C 4,0,

CHANGE R
[Puzzte 5. Difficulty 4]/

Note.  Student responses are underlined.

WO W WA e

@©

Fiqure 2. Student's behavior on Basic series in first hour.

In all figures, student responses are underlined to distinguish them
from computer actions. In Figure 2, line | shows the {irst five terms of
the series as they were displayed for the student. Each time the student
makes a correct guess, his guess is preceded by "##%, " as represented in
l‘ines 2, 4, and 6 of Figure 2. This new, correct term is then appended to
the previous terms. The revised displays of the series after each correct
guess are contained in lines 3, 5, and 7. The student chose to change prob-

lems after his third correct response, which is represented in line 8 by

11
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MCHANGE." In the series illustrated in Zigure 2, the student recugnized
two separate subseries comprising 'the méin series. He idcntified'andwex-‘
tended them as COUNT and ALPHA series without error. The student ex-
hibited similar behavior whenever he encountered these Basic series, as
well as BCOUNT and BALPHA series, beginning at random letters or num-
bers, throughout his first hour of work. These Basic series were extended
in different contexts, including the interspersed terms in Figure 2 and con-

.

catenated terms such as upeU, 99T, 985, 97R, . - -« M

Basic series were also applied as hypotheses in more complex ser-
ies. For example, given the display "'C, I, W, B, L X, .. ., " the student
guessed "A," an incorrect guess. It is inferred that he analyzed the series
as containing three subseries: "C, B, . . JRITIRL SO SRR and "W, X,

. . . ." The seventh term of the main series is the third term of the first
subseries. The guess, 1A, ' then represents a hypothesis that the first
‘subser" . is BALPHA beginning at ncr (C, B, A, « .« ).

After tue first hour on Series, the student continued to recognize

and extend the ALPHA, BALPHA, COUNT, and BCOUNT Basic series.

During his first hour on Series, the student recognized the identity
relationship between terms and solved REPEAT series. He was success-
ful in solving all REPEAT series he encountered. Those series included
series with from 2 to 12 terms in a period. For instance, the first RE-‘
PiZAT series he saw repeated after 12 terms. The student used "NEXT"
nine times in a row until two terms appeared which were identical to the
first two terms of the series. He then typed enough correct items to solve
the series. It is inferred from this behavior that the student recognized
the identity relationship and proceeded to extend the series by entering
subsequent terms as they appeared earlier in the series. A series con-
taining RE_PEAT as a subseries was extended and solved without error
(9, 14, 9, 11, 9, « « o )s The student also solved REPEAT s—e.-ries with
six terms in a period (C, I, W. B, I, X,C I, W,...;andL H, V, H,
H, W, 1, H V... . )e

12

16




In his ser:'qnd Eour of work, the student extended a series requiring

the Eepetition of a three-element term. Each term was formed by the con-

' catenation of three REPEAT subseries: "I, I, I, . . ."; "85, 85, 85, , . .M; A
and '"O, O, O, . . .'"; giving the final appearance, 1850, 1850, 1850,
+ + «.'"" He made no errors extending both a single-element repetition
(16, 16, 16, . . .)and a .Concatenate series with a subseries of two re-
peated symbols (-Q, +R, -S, +T, . . .). AnIntersperse series similar‘
to those solved in his first hour ;at work was extended with no errors (l, X,

2, X, 3, .. 00

The student continued to solve REPEAT series when he encountered
them in hours three and four. In addition, he incorrectly hypothesized the
existence of REPEAT patterns in seven series. Typical behavior in the |

student's third hour on Series with a REPEAT pattern is shown in Figure 3..

0,B.P 08 \

1.

2 ¢

3. NexT

a. 0.B.P O 8 O,

5 8

g P

7 see Q

8 O0.B. P O B 00

9. ... B

10. 0.B.P, 0 8 0 0 B8,

1, eee P

12. 0.8, P..0. B O O, B P

13. .« Q

14 0.B P 0 8 0 0 8 P, O,

th ass g

16. 0.B. P 0.8 0, O, B P. O, B,

17, e Q

8. 0.B.P, 0 8 0 0, 8 P, O, B8 O,

19. s Q

20 0,8 P 0.80 0.8 P O 8 0 O,
‘ 21. CHANGE

\ [Puzzle 87, Ditficulty 171/

Figure 3. Student’s behavior on REPEAT series in third hour.

13
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. .
All student responses are underlined, while computer actions are not. Cor-

‘rect responses are pre'ceded by !k, 1! as described for Figure 2. In addi-

" tion, Figure 3 contains incorrect guesses. These are the underlined terms:

in lines 2, 5, and 6. It is inferrefl from his first guess, "P" (line 2), that
the student ini‘:ia.lly hypothesized a REPEAT series with three terms (O, B,
P) in the period. When this hypothesis proved incorrect, he typed "NEXT"
for additional information (lir.2 3).  Both previcus times that "0 appeared
in the serie. it was followed by "B.' The subseq: 2nt:guess of "B'' implies
that the student hypothesized another instance of the "O, B" seciuence (line
5). It 18 infeyred that the student's next two guesses, nptt and "O'" (lines

6 and 7)., were hypotheses that the series consisted of the letters "O, "

"B, "'and ""P" only, in some pattern. Itis reasonable to assume that "P"
was g\iessed before "'O' becausr thére was no previous instance of two
identical letters in a row. When the "O'" proved correct, the student hy-
pothesized that the series was a REPEAT series with six terms (o, B, P,
O, B, O)in theg period and correctly extended the series by seven addi-
tional terms (lines 8 through 20). This protocol prévides evidence of the
student's ability to recognize the identity relationship and to hypothesize

various REPEAT patterns in a series.

Concatenate Series

Concatenate series are those in which terms from two or mor¢ sub-
series are written next to each other to form a single term of the main
series. When the subseries contain different symbol sets, usually num-
bers in one and letters in the other, the contrast between subseries is high
and the Concatenate is easier to solve. When the contrast is low or the
subseries are more complex than Basic series, Concatenate series are

harder to solve.

Throughout his Series history, the student made no errors extending

Concatenate series composed of the contrasting Basic subseries: COUNT

14
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. or BCOUNT with ALPHA or BALPHA; and REPEAT of "-1, +" with ALPHA -
" or COUNT. Series solviéd without error included 1A, 2B, 3C, . . ."; o
190U, 99T, 98S. . . .";and "-1, 42, -3. . .. ." Inthis third hour, the

_student encountered two Concatenate series that presented some difficulty .

for him. The first consisted of two REPEAT subseries with different length
periods: REPEAT of "R, S, T" and REPEAT of "3, 4, 5, 6, 7." His solu-
tion of this series appears in Figure 4. From the student's repeated guess,
"T8" in 1 es 2 and 3, he clearly recognized the repeated "R, S, T' sub-
series and hypothesized the second subseries to be a COUNT series. He

often guessed the same term twice whan & hypothesis was strongly implied.

R3, S4, 75, Rg, S7 \

1
18

NEXT

R3, S4, 75, Ro, S7, T3

_\ |

PN e s w N
.
:
:
D
F-9

R3, S4, T5, R6, S7, T3, R4
ses S5
R3, S4, T5 R6, S7, T3, R4, S5

11. R3, S4, T5 R6, S7, 73, R4, S5, T6

12, es R
'3. R3 S4, T5, R6, S7, T3, R4, S5, T6, R7

\ : {Puzzle 89, Ditficulty 91)

~

Figure 4. Student’s behavior on Concatenate series in third hour. .

The student asked for the next term (line 4), which was "T3." This re-
vealed the student's hypothesis about the first subseries to be correct and
the second subseries to be a REPEAT pattern as well. The student pro-

ceeded to extend the series successfully, entering the correct term, "S3, !
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at line:14 when the second subseries started a new period. He coatinued

~entering correct terms through a third start of that pattern before typing

"CHANGE."

A Concatena-e series that the student did not solve contained a Skip
AlPHA subseries (every third letter) and a BALPHA subseries (WJ, XI,
CH, FG, . . «)- The student's guesseé always contained a correct exten-

sion of the second subseries, but he could not extend the first.

Skip Series

Skip series exhibit wide variety because t}-e"pattérn by which skipping
occuré within one subseries is controlled by a second numeric subseries of
arbitrary complexity. . The first subseries can be either alphabetic or nu-
meric; the magnitude of numbers involved can vary widely: the direction of
skipbing can be either forward or backward; the number of terms in a p:riod
can be one, two, three,‘ or even highbor; and the amount to skip can change
significantly. Each of these factors contributes to the difficulty of the solu-
tion. The student's work will be traced across time in several categorier.

suggested by the distinctions drawn here.

In alphabetic Skip series, the student made no errors when every
other letter was skipped, as in 'S. U. W, Y.A, ...." He had more
difficulty with skipping two letters. He first encountered a series of this
type as a subseries of a Concatenate series. FHis guesses indicated that
his hypothesis was a skip of only one letter, and he could not solve it at
that point. Two puzzles latér (see Figure 5), the student did solve this
series when he encountered it out of the Concatenate context. His first
guess, "A" in line 2, implies a hypothesis that ‘he series skipped only one
letter, but he then extended the series successfully. Tiae ne:xt time he saw

this type of series, the student extended it without error.

20
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M, P, S, 'V, Y, B,
eee £ ‘ .
M, P, S Vv, Y, B E,

“ss !i

M, P, S VvV, Y, B, E H,
ses 5

M, P, S V, Y, B, E H, K,
CHANGE

=3

{Puzzte 92, Ditficul‘y 23)

-

Figure 5. Sgudem's behavior on alphabetic Skip series in taird hour.

During his first hour of work, the student made no errors solving
numeric Skip series thal increased or decreased by a constant amount,
These included series starting at from 1 to 94, wizh differences between
terms from 3 to 119, e.g., "3, 6, 9, 12, . . ., " and "'64, 131, 198, 265,
++ - +" One puzzle solved without error was basad on backward counting:
'"94, 94, 86, 82, . . . ." A series in which each term was doubled to form

the next was extended as well (1, 2. 4, 8,16, ...)

In his second hour of work, the student s=ived a BCOQUNT Skip series
with a difference of 54 between terms without error: ''4989, 4935, 4881,
4827, . . . ." He also solved a series beginning at 484 with a difference
of 10 between terms. However, he made arithmetic errors on some series
he previously solved without error, series which started at 2 and 3, increas-
ing by 8 and 6, respectively. He also made arithmetic errors on a series

beginning at 5955 and decreasing by 75,

Figure 6 shows his behavior on another series which was also at a

~ difficulty level he previously solved. Instead of consistently adding the
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AW
o,

ERIC

Aruitoxt provided by Eic:



i}
correct difference of 8 between terms, the student added 5, 7, 17, and l‘8 .

" in’lines 4, 8, 11, and 12 {line 5 contains the student's typographical errér).

1. 7, 15, 23, 31, 39,
2. e+ 47
3. 7,.15, 2% 31, 39, 47,
a 82 .
5. 5
6. e+ 55
7. 7, 15, 23, 31. 39, 47, 55,
8. 62
9. NEXT
10. 7. 15. 23, 31, 39, 47, 55, 63,
11, 80
12. 81
13, e 11
14, 7. 16, 23. 31, 39, 47, 55, 63, 71,
15, e+ 19
16. 7. 15, 23, 31, 39. 47, 55, 63, 71. 79
17. CHANGE
{Puzzle 63, Difficulty 131

Figure 6. Student's behavior on numeric Skip series with constant increment in second hour.

In his third hour, the student continued to extend without error Skip
series with constant differences beginning at numbers | to 18 with differ-
ences of magnitude | to 1¢. He also made no errors on Sy ip series of

BCOUNT starting at 226 and 884, with differences 8 and 14, respectively. -

During his final hour on Series, the student made no errors solving
series beginning at & and increasing by © and beginning at 5@ and increas-
ing by 109. He did make some arithmetic errors on, but solved, a series

starting at 72 with a difference of 16 between terms.

18
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A Skip series which the student did not solve is shown in Figure 7.
2. The student never added the correct difference of 8 to a previous term;

. 'i'r'l‘é‘tead‘.‘ his guvesses were incre.rh'.:nbts”of iB, 19, and 2 (lihes Z, 3, ahd 6);

/ 348, 356, 364, 372, 38@ \

398
308

NEXT

348, 356, 364, 372, 388, 388,
398

NEXT -
348, 356, 364, 372, 38g, 388, 396,
CHANGE

\ [Puzzle 100, Difficulty 21]/

 Figure 7: Student’s behavior on numeric Skip series with constant increment in fourth hour.

@ W~ o e s WwN =

Numeric Skip series with period two skip by a repeated pattern of
two numberc, suchas "2, 3, 2, 3, 2, 3, .. ."or "3, -1, 3, -1, 3, . . . .."
The sizes of the i.iitial number of the two repeating numbers determine the
difficulty of the s:ries. In his first hour of work, the student made no
errors extending numeric Skip series of period two that started it numbers
less than 18 and increased or decreased by differences of 5 or less (both
differences of the same sign),. such as "6, 7, 9, 14, 12, . . . ." All other

such series throughout his history were also solved without error.

In his first hour, the student made some errors on, but solved, all
numeric Skip series of period two which started at numbers up to 19¢ and
generated terms with any combination of positive and negative differences
of 7 or less. Typical behavior on such series appears in Figure 8. This

series begins at 1@#® and decreases by alternating value of 1 and 2. The

19
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student entered two correct terms (lines 2 and 4), decreasing the previ-

" ous term by 1 and 2, but then decrewsed by 2 again out of the proper se-

quence. Evidence such as this implies the student’s understanding of the
conceptual principle of Skip series with period two, but a tendency to lose
track of his position within the period. During the rest of his Serics his-

tory, the student solved most such series without error.

N

19g. 99, 97, 96, 94, w

aee gg
19@, 99, 97, 96, 94. 93, L.
vesw 9_1

199, 99, 97, 96, 94, 93, 91
89

CHANGE

I S S

[Puzzle 14, Difficutty 12}

\ -

Figure 8. Student’s behavior on numetic Skip senes with period 1wo in tirst hour,

The student did have difficulty with one series in the fourth hour,
as illustrated in Figure 9. Although he had solved puzzles similar to
this without error, he had difficulty keeping track of the period here.
This series decreased by alternating values of 1 and 3. The student
erred by using the wrong difference in lines 2 and' 8 and by using the
wrong sign of difference in line 3, but he then entered five correct re-
sponses in a row, demonstrating a correct alternation of difference
values.

24
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(1. 199, 99, 96, 95, 92, j
2. 89
3. 93
4. NEXT
5. 184, 99, 96, 9%, 92, 91,
6. «-- 88
7. 199, 99, 96, 95, 92, 91, 88,
8. 85
9. .ev g7 :
10. 194, 99, 96, 95 92, 91, 88, 87,
1, eee 84 :
12, @@, 99, 96, 95, 92, 91, 88, 87, 84,
13. .. 83
4. 189, 99, 96, 95 92, 91, 88, 87, 84, 83,
15, ees §E
16. 189, 99. 96, 95, 92, 91, 88, 87, 84, 83, og.
17, eee 79
18. @@ 99, 96, 95, 92, 91, 88, 87, B84, 83, 8g, 79,
0. CHANGE

\ [Pszzle 101, Ditficutry 12!)

Figure 9. Student’s behavior on numeric Skip series with period two in the fou. th hour.

In his second and third hours, the student encountered, but did not
solve, numeric Skip series of period two that started with numbers of mag-
nitude up to 1#8 For example, one series started at 6 and alternately
increasc.;d by values of 18 and 39. He used the difference value 18 to enter

one correct term, but tried the same valuc again for the next term. n his

“.fourth hour, he did solve without error a series beginning at 473 with dif-

: ferences between terms of +6 and -7. That series, ''473, 479, 472, 478,

471. 477, . . . ,'" may have been solved as an Intersperse of two BCOUNT

© subseries.

Numeric Skip series of period two with multiplicative differences be-

. tween terms were difficult {or the student. He solved one such series

0y =
&)
20
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without error in his first hour of work (1, 2, 5, 19, 13, e o) in which :
terms were henera' .4 by alternately multiplying by 2 and adding 3. Al-
_though seven wer« attempted no other series with multiplicative dliier-‘ ‘
ences were solved in the. remainder of the ‘student's Senes work. The |
‘student typically saw differences as additive instead of mulnphcanve in

these series, as illustrated in ¥ q,ure 10.

2, 3.6 7. \

595”.“.‘7‘9‘.5?*’."-‘]

2
10 NEXT
13, 1.2, 3. 6.7 14, 15, k'R
12, CHANGE

{Puzzie 93, Ditficuity 24}

Figure 10. Student’s behavicr on numeric Skip series with penod two fequiring
; multiplication i thud hout, '

In the series in Fq,ure 10, terms are generated by alternately multi-
plying by 2 and adding 1. ‘the resulting differences between the five terms

origmally displayed for the student (line 1) are all either 1 or 3. The stu-

~ dent's hrst two guesses, 10" and “8' (lines 2 and 3), were increments

from the last term, "7,  of 3 and 1, respectively. Since these guesses

were incorrect, the student asked for addxhonal information. He guessed
11154 (line 6), an increment of 1 from the new term, which was correct.
His next guess was also an increment of 1 {line 8), but a multiplication
operation was required, and his guess was incorrect. The subsequent

guess of "21" (line 9) was most likely an increment of 7 from 14, indicating
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his perception of the "7, 14" sequence as an addition of 7. With the addi-

tional term provided by his request for "NEXT, " he still did not perceive

..the multiplicative relationships between 3 and 6, 7 and 14, and 15 and 3@,

and chose to "CHANGE. "

Numeric Skip series with period three use three different inc rement
values and are more complex than those with period two. In his first hour,
the student encountered the only period three Skip series he ever solved.
The series started at 9 and increased by three positive differences, 1, 2, -
and 3. He solved this series without error (9, 19, 12, 15, 16, 18, 21,

« + +). This repeating pattern of differcnces (1, 2, 3,1,2, 3,1, ...)
is smong the simplest possible, An earlier puzzle of differences was
"1, -2, 3,1, 2,3, 1, . .. ." The student made errors of ~ign and mag-

.

nitude and entered only one correct guess before changing to a new series.

In his second hour of work, the student partially solved a series with
terms and differences of greater magnitude than those iu his first hour.
This series is shown in Figure I1. This series has differences hetween

terms of +14, -5, and 4121. The student's guess of "'62" (line 4) was an

-

1. 12, 26. 21, 42, 56,

2. NEXT f
3. 12, 268, 21, 42, 56, 51,

4 &

5. see 7_2

6. 12, 26, 21, 42, 56. 51, 72,

7 see %

8. 12, 26, 21, 42, 56, 51, 72, 86,
9. CHANGE

\ [Puzzle 36, Difticulty 331/

Figure 11. Student’s behavior on numeric Skip serias with period three in second hour.
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increment of 11 from the previous term. This was most likely a guess’

based on an arithmetic error, for the student then added the correct incre-

- ment of 21. He again incremented correctly by 14 before typing "CHANGE. "

The student did not enter enough terms for complete judgment of his under-
standing of this series. He could not solve the only other Skip series of
period three he encountered, which started at.494 and had differences of

+15. -5. and -8 between terms.

Intersperse Series

Intersperse series are formed by taking individual terms of the main
se: s alternately from a set of two or more subseries. The difficulty of
an Intersperse series is controlled by the contrast between the subseries
and the difficulty of the component subseries themselves. Throughout his
four hours, the student made only one incorrect guess while solving Inter-
sperse series of period two, with one subseries alphabetic and the other
numeric. A typical example is WX, b Yo To Zyowoe s ! The subseries
used included REPEAT, COUNT, and ALPHA. The student made no errors
extending a series with two numeric subseries, one REPEAT and one COUNT

(9, 16. 9, 11. % 12, .« + )

A series with three interspersed alphabetic subseries was encoun-
tered by the student. His wor': on this series appears in Figure 12, The
series in Figure 12 consists of three subseries: ALPHA beginning at "E. "
ALPHA beginning at "V." and REPEAT of the letter '"M. " It may be in-
ferred fr‘om the student's guess ''N" (line 2) that he recognized the presence
of three subseries and hypothesized that if the first two were ALPHA, the
thxrd was as well. When this proved incorrect, he asked for more informa-
tion. He then extended the first two subseries correctly (lines 5 and: 7) and
typed NCHANGE. " 1t is likely that the student understood the entire series,

but the protocol does not contain an extension of the third subseries.

24
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B NO @A WL =

E, V, M, F. W, ‘\\

N

NEXT

E, V. M, F, W, M,

o g

E. V, M, F, W, M, G,
enn l

E, V., M, F, W, M, G, X,
CHANGE

\ {Puzzle 45, Difticulty 40) )

Figure 12. Student's behavior on alphabetic intersperse series with period three in shcond hour,

(=]

Intersperse series with numeric Skip subseries presented greater
difficulty for the student; he did not solve any such series he encountered.

Typical student benavior on an Intersperse of two numeric Skip series

.appears in Figure 13. The first subseries of the Intersperse scries is a

Skip series beginning at 68 and increasing constantly by 4; the second be-

'gins at 48 and increases constantly by 3. The student's first guess, 81"

(line 2}, is an increment of 5 from the last term. This difference may
have been extracted from the difference between the last digits of the previ-
ous two terms, 51 and 76. His next guess, "56' (line 3), was a decrement
of 2@, the first difference in the main series (between 68 and 48); his final
guess, ''100" (line 4), was an increment of 24, the second difference in

the main series (48 to 72). None of the student's guesses imply a recogni-
tion of an Intersperse pattern. IHowever, when two such numeric Skip
series were interspersed with an alphabetic subseries, increasing th~e con-
trast among subseries, the student did successfully extend the alphabetic ‘

series.

25



1. 68, 48, 72, 51, 76, R .
2. 81

3. 56

4. 129

5. CHANGE

[Puzzte 44, Difficulty 39]

N L,

" Figure 13, Student’s behavior on numenc Intersperse series with Skip subseries in second hour,

Typical student behavior on an intersperse of twoe alphabetic Skip
subseries appears in Figure 14. The two alphabetic subseries are: '"T,
Y, D, ..."%and "V, Z, D, . . .'": they skip by five and four letters, re-
spectively, The student never saw alphabetic Skip series with such large

increments as a main series, so the series in Figure 14 proved difficult.

o N

1. T.V.Y Z D
2 &
3. F
4. NEXT
5, T. V.Y, 2 D D
6 1
7. CHANGE
{Puzzle 109, Ditticulty 501

\_ _/

Figure 14, Student’s behavior on atphabetic Intersperse series with Skip subseries in fourth hour. *
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His first two guesses, "E" and "F," arc local increases from the fifth
term D" The use of "NEXT" is excellent, The student's next guess,
"T," stems from a hypothesis that the series repeats from its first term.
Throughout his work-on the series, the student shows no awarcﬁcsa of the
Intersperse pattern in the series. I‘WO other Intersperse series presented

similar difficulty for the student.

The student made some progress toward solving a period four series

containing REPEAT and Skip subseries, as illustrated in Figure 15. The

series has many confusing terms, but can be decomposed into four simple

subseries thal alternate. The first repeals 6; the second repeats 7; the
third skips counting by a constant 7 (7, 14, 21, 28, . . . ); and the fourth
repeats 7. Eight of the twelve guesses before line 24 in Figure 15 were
"6!" and "7,'" the numbers that are repeated in three of the subseries and
are correct for nine of the first ten terms. The remaining four guesses
are governcd by more local patterns. The guess of "8'" in line 6 is gen-
erated by a counting hypothesis beginning with the subseries "6, Ty 0 .. L
A similar counting appears with "15" in line 10. Here the hypothesis is
more complex, involving the fact that counting occurs elsewhere. Some
awaromest of the periodicity may therefore be in evidence as early as line
10, The guess of '"14" in line 11 recognizes that terms sometimes are
repeated after themselves. Finally, the guess of "14'" in line 20 recog-
nizes the local subseries "6, 7, 6, 14, 6, 7,6, . . ."as a possible re-
peating patte'rn with period four. After line 22, four of the next five
‘guesses are correct. The error comes from anticipating 28" too early,
losing track of which subseries is in control. The student stopped working

at this point when his understanding is still in doubt, but he has made

excellent progress on the series.

a1
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1. 6 7. 1.7, 6 w
2. §
3 e 1
4. 8, 17, 1 7.6 1
5. 1
6 8
7.8
8. NEXT
9 6 17, 1. 1.6 1 14,
0. 15
.18
12. NEXT
|3.6,777,67M,7
4. 1
15, NEXT
16.677.7,6,71476
17, ese 1
, 18,6,7,776,7.1176,7
19. 27
20, 14
21. 6
22. NEXT
23.6,7,/7,6.71476721
24, e00 1
25 6.777,6,714767.2\,7.
26, ¢ 6
216777,6,7!4767,21.7.6.
28. 28
29, o0 1
30 6,7,77,6714767,21,7,6,7.
31, ees 28
3. 6, 7. 7. 1.8 7 4.7, 6 7,21, 1. 6 7. -28,
33. CHANGE
{Puzzle 84, Difficulty 2]

_/

Figure 15. Student's behavior on numeric Intersperse series with period four in third hour.
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Combined Types

The increasing increment series are related to Skip series. Instead
of increasing by a constant amount or by a repeating pattern of differences, . .
the amount of increase is itself a Skip series, For example, in the increas-
ing increment series "1, 6, 13, 22, 33, 46, 61, 78, , . ,," the subseries

by which terms increase is s, 7, 9, 1, 13, 15, 17, ., .. .n

The student encountered, but could not solve, three increasir{g incre-
ment series in his first two hours on Series. Of these, the most interesting
is illustrated in Figure 16. The increments in the puzzle increase by dou-
bling, "5, 10, 28, 49, 86, 168, 320, , . . ." The student's guesses show:
little awareness of the pattern. Some information has been assimilated,

though, for most of the student's guesses end in the digit "6, " as do all terms.

1, 6. 16, 36, 78, \

, 36. 76, 156,

@ ND s wN -
o
[~}

1, 6. 16, 36, 76, 156, 316,

5 ©
3
Iw
[+
-»

33
NEXT

', 6, 16, 36 76, 156, 316, 636,
13. 976

4. 876

15, CHANGE

\ [Puzele 46, Difficulty 41)

Figure 16, Student’s behavior on increasing increment series with multiplicative Skip
subsertes in second hout,

N
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The firat guess, 126" (line 2), is an increasc of 5¢ from the previous

: term where the increment was 4¢. Only at line g, when he guesses 11436, "

340 above the previous term where the previous increment was 32¢, does

the student show similar awarencus of the increasing increment.

In his {ourth hour, the student again encountered an increasing in-
crement series, The geries started at § and had the difference series
vs, 19, 15, 20, 25, « . " (sce Figure 17). It is clear from the student's
first three responses (lines 2, 4, and 6) that he analyzed the progression
of differences correctly and incremented by 25, 3¢, and 35, as required,
He lost track of the differences and incremented by 35 to gucss Vwp7sY in
line 8, but he immediately corrected himself. There is no obvious explana-
tion for the error in line 11, but the student entered the next term cor-
rectly and did solve this increasing increment series. [.earning occurred

in this class of series.

( 1. @, 5, 15 3B, 58 \
2. ser 15
3 g 5 15 34, 5§, 5.
4, s 185
.5 @ 5 15 3¢ 5B 75 195
6. v 148
7. B, 5. 15, 3f. 58, 75, 195, 148
8. 175
9. -+ 188
10. @ 5. 15 38, 58. 75, 15, 149, 186,
1. 126
12, wee 225
3 i 5 15, 38, 58, 75, 16, 1af, 18d, 225,
1a. CHANGE

|Puzzie 106, Difficulty 24]

Figure 17. Student’s behavior on \ncreasing increment series with additive subseries in fourth hour.
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Series with increasing period, a second combined type, are those
in which the period gets longer as the series progresses, for example,
"y, 2,2, 3,3, 3 4, 4, 4, 4, 5 .. .." The student encountered one
such series in his first hour of work (6, 7, 7, 8, 8, 89, . . .), Given
the first five terms of this series, the student guessed "9" twice and

changed puzzles.

In his fourth hour, the student again encountered an increasing
periud series, His solution appears in Figure 18, The student's first
guens. "F" (line 2), was a hypothesis t‘hat each letter repeated twice,

* disregarding the first, single, letter. Notice the similarity to his guess
of '"9" on the puzzle just described, His second guess, "C" (line 3), is
generated by a hypothesis of a REPEAT of all five terms. He then guessed
"E" (line 4) and "F" (line 6) and extended the series successfully for eight
additional terms beyond those shown in Figure 18, Learning has occurred

on increasing period type serics.

C. D. D, E 5 E

vee F

1
2
3.
4. e E
5
6
7. C.D D, E E E F

{continued for B more toriect terms)
[Puzzle 115, Ditticutty 15]

- _/

Figure 18. Student's behavior on alphabetic increasing period series in fourth hour,
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Summary of Series-Solving Skill Development

Protocol analysis provides evidence of the student's entering knowl-

_edge of the Daslc serics COUNT, BCOUNT, ALPIIA, BALPHA, and RE-

'PEAT. These Dasic serics were recognized and extended cor rectly when

encountered aloneor as subseries of Intersperse and Concatenate series

throughout the student's history.

The student entered with the ability to concat‘enatc two subseries to
extend main series; he successfully extended all Concatenate series en-
countered which were composed of contrasting Basic series (letters with
numbers, or numbers with the signs "'+" or w.ty,  Evidence of learning
appears in one of these series with which the student had some difficuity
(see Figure 4), Itis clear from this protocol that the student learned to
kcép track of two REPEAT subseries of different lengths and to concatenate
them according to his current position in each rupeating cycle. This learn-
ing represents both a specific series-solving skill and a more general
problem-solving skill; the student has decomposed the problem, solved
each subpart, and recombined the separate solutions to produce a solution

of the full problem.

Only one Concatenate series remained ultimately unsolved in the
student's history. Since one subseries was beyond his:series-solving

repertoire at that time, this puzzle was too difficult for the student.

The majority of series the student saw were of the Skip type, These
varied widely in difficulty depending on factors discussed in the section on
Skip series, and were either numeric or alphabetic. Alphabetic series
that skipped every other letter provided no difficulty, but the student
strugg‘led to his eventual solution of series that skipped tiwo letters be-

tween terms (see Figure 5).
€y (2
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Numweric Skip series with a period of one were solved throughout the
student's Series experience,  Arithmetic errors were made in adding or

subtracting the constant differencen between termis {n these scries, but the

. ktudent underatoad the concept tavulved,. Series solvad started with num-

bers between 1 and 5955 and increased or decreased by values from 3 to

148,

Numeric Skip series with a period of two skip by a repeated pattern
of two numbers that are cither both positive, both negative, or of mixed
signg.  The student solved almost every series of this type that he encoun-
tered. Evidence lm;;llcs that the student understood the conceptual basis
of the ‘Skip serics with period two, although he often made arithmetic errors

and occasionally lost track of his position within the period of some geries.

The student's main difficulty with these series arose when difference values

excevded 2.
Multiplicative Skip series, in whirh the terms are alternately multi-
plied by a number and either increased or decreased by another number,

proved difficult for the student.  Although he solved one such series in his

first hour of work, the student typically saw differences as additive instead
of multiplicative.

One numweric Skip series with a period of three was solved by the stu-

‘dent. This serics started at 9 and increased by the repeating pattern of

"I, 2.3, L.2,03, 1,0, " Progress was made toward solution of a
series with terms and differcnces of greater magnitude and mixed signs,
but the student stopped too soon for complete judgment of his understanding.
Two period three Skip series were not solved. Evidence for the student's
understanding is inconclusive.

Intersperse series of period two with contrasting Rasic scries (one

alphabetic and one numeric subseries) were solved consistently by the
ey r
Sy
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student throughout his Series experiencu, He wag at least partially suc-

ceasful on all serivs with two numeric subserivs or threo alphabetic sub-
gerles but had difficulty with interspersed b’kfp subseries of low contrast,
1t appoarcd that when the inturspersion was eanily perceived, the student
golved each subseries and combined them to solve the main series. How-
ever, when the {nterspersion was not suggested by the immediate appear-
ance of the series, the student did not hypothuslzu the existence of intur-

apersed subsueries.

During his Series experience, the student learncd how to solve series,
with increasing increments. In the three scries of this type seen in the
student's second hour of work, only minor evidence of awarcness of the
{nereasing increment was found. A fourth scrics, scen in the student's
fourth hour of work, was golved using the corruct progression of differ-

ences.

A second combined typt, suricy with increasing period, was not
solved by the student when first encountered. In his second exposure to
this type of scries, the student worked out the correct solution. Learning

occurred on increasing period series.

Throughout the discussion of geries-solving skills, we have inter-
preted the data as conservatively as possible. Thus, if no errors Were
made on a scries, we inferred that the student knew how to do that series
when he began his work on the program, It seems likely that a less con-
servative interpretation would be justified; some learning that oceurred
during work on the preceding series helped in solving the new one. There
is no way to determine the facts from the data in hand, and we choose to

present the data cautiously.
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Development of Problem-Solving Skills

This section describes the student's dovelopment of problem-solving

skills, including: (a) testing of hypotheses, (b) use of feedback from
guesses, (c) gathering of additional data when needed, (d) consideration
of all of the data available, (e) choice of appropriats time to stop work on
a series, (f) actions after groups of correct gucsses, (g) actions after in-
correct guesses, and (h) use of overall results on serics for subsequent

choice of new difficulty level.

First Hour

Substantial changes in the student's problem-solving behavior oc-
curred within the first hour of work. Overall he chose difficulties increas-
ing steadily from 1 to 31 with one exploration to difficulty 50. This infor-

mation is summarized in Table 2 along with similar data for the other

three hours.

Table 2

Percentage of Puzzles Selected in Each Difficulty Range for Each Hour

Hour
Difficulty Range 1d 2b 3¢ qd
1-10 32 . 0 39 13
1120 29 13 26 21
21 - 30 32 7 19 29
31 .40 3 33 3 4
41 . 50 3 17 13 12
2~ 34 By = 30 ©y = 31 dp =24
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In hits first hour, the student passed 22 of the 3 werlon e saw with
ao errors at all, and passed 6 of the rematning 12 atter minor errora.

Therefore, his gradual Increase of difflcully may reproesent a L0o conservas

tive use of the feedback on his overall rosulty,  On the 22 series nolved
without error, he chose appropriate times to change problems after ho
knew the solution, The 12 series with which he had difficulty provide in-

sight into his other problem-solving skills,

On a serics which prescnted difficulty in the ecarly part of the hour's
work, the student typically behaved ag illustrated in Figure 19 After

making two incorrsct guesses (lincg 2 and ), the student changed to '@ new

neﬁuu. The student was testing a reasonable hypothesis but did not use
the feedback that his first guess was incorrect: he made the same guess
twice. He did not attempt to gather additional data which may have led to
a ‘solution and did not consider all of the information available, that is, he
disregarded the fact that the first term appeared only once. [lis probleni-

solving repertoire seems limited.

6 7.7, 8 8, \
9

;]
GHANGE

& won -

{Puzzle 16, Difficulty 14}

- _

Figute 19. Poor use of teedback in first hour,

Another example of the student's early repertoire is illustrated in

Figure 2C. The student entered one correct response (line 2), made three
36
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plausible, but incorrect, guesses, and cﬁanged. He did not request addi-
tional data.” The student changed without asking for the additiénal data

that might have been helpful in two other series during the first hour. We
infer that the student did not recognize the utility of typing "NEXT" to get
help until after Puzzle 24, although he had used it in Puzzle 2 where he
typed "NEX T" nine times in a row until he noticed that the last two terms
were repetitions of the first two. He then proceeded to extend the REPEAT

pattern. This was the only use of "NEXT" until 52 minutes into his first

hour.

1,18, 2, .20, 4, ] ﬁ

e 4_q
.18, 2, 29, 4, ag,

.

Nowawn o
oo

0Olw

HANGE

[Puzzle 21, Ditficutty 19)

N

Figure 20. Failure to seek additional data in first hour.

’

Figure 21 illustrates a new step in ;:he development of the student's
skills. The. student was faced with three interspersed subseries, one
alphabetic a.nci two numeric series. He tested two hypotheses and then
typed "NEXT" (line 4). This was an appropriate time to ask for new data
since feedback indicated his two hypotheses were incorrect. He correctly
extended the alphabetic subseries (line 6) but then typed "CHANGE.'" He
did not do any more work toward extension of the two numerlc subseries,

once agaln stopping before trying every possible strategy toward solution.
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L, 98, 32, M, 95, 35.
eer N N

CHANGE .
[Puzzle 29, Difficulty ZG]J

Figure 21. Seeking additiona! data in first hour.

N o g R W

A more effective strategy is seen in Figure 22 where the student
asked for an additional term (line 2) as soon as he saw the origirial display
in line 1. We infer from his guess of "A" (line 4) that he hypothesized the
series was comprised of three subseries, the first of. which (g:e.rms 1, 4,
and 7) was BALPHA beginning at "C." He sought more information after
recei\;ing feedback indicating that his hypothesis was incorrect. This new
term, "'C" (line 6), revealed the possibility of a REPEAT pattern, and the
student‘hypothesized the next term to be "I' (line 7). This was correct
and the studenf proceeded to use all of the data available to him to extend
the series for five correct terms in a row. He chose to stop when he was
convinced that he thoroughly understood the series. His next puzzle was
also a REPEAT series with six terms in a period. He used "NEXT!" twice

to gather more information and extended the series successfully for seven

- correct terms in a row.
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I aae !V_
10 ¢ o1, w, B, X, C I, w,

11 vae E

12 C LW B I, X, C I w, B,

13. see l .

4. C LW B I, X C I w,B, I
L 15 eee X

6. C LW B I, X C I, wBI X, .

17. CHANGE : ‘

& [Puzzle 32, Difficulty 29)

Figure 22. Seeking enough additional data in first hour,

Summarizing the first hour's work, the student was seen to create
and test reasonable hypotheses. Howéver, in those cases when his hypothe-
sis proved false, he was unable to generate an alternate hypothesis. He
used feedback from guesses to decide when to change puzzles. For most
of the hour, three or four correct guesses or two incorrect guesses led to

a change. During the last few minutes of the hour, wrong guesses led to

. gathering new data, a much more productive strategy. The choice of new

difficulty levels followed a simple rule: Increase difficulty by one each

time. This rule led to too slow an increase most of the time.

Second Hour

In his second hour of work, the student chose series of greater diffi-
culty than in his first hour. The distribution of difficulty in the second hour

is given in Table 2.
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The student's behavior on those series which he failed to solve falls

_into three categories: (a)testing hypotheses based on given data only;

(b) accumulating additional data and tesling hypotheses bul failing to enter
any eorrect responscs, and (c) accurnulating additivnal data and partially

solving the series (some correct guesses).

There were just two series in this hour's work on which the student
had difficulty and did not use "NEXT.'" On one of these, the student tested

only incorrect hypotheses before changing puzzles, as illustrated in Figure

13, The puzzle in Figure 13 is an Intersperse series compnserl of two

Skip subseries. This type of series was beyond the student's level of com-
petence and was never solved during his Series experience. Those hypothe-
ses tested in lines 2, 3 and 4 were attempts lo extend the series by using
differences between terms of the main series. No awareness of the inter-
spersed series is implied, and it is likely that the student used the only
series-solving strategy in his current repertoire to make t}:tose guesses.
Add1t1ona1 data might thereciore have been of no assistance in this particu-
lar puzzle. ' Conversely, had the student persisted by asking for new terms
and testing hypotheses. it is possible that he may have eventually recognized

the intersperse¢ relationship.

Another series in which additional information would more likely have
led to a solution is illustrated in Figure 23. The puzzle is an Intersperse
series. The student's correct extension of the second subscries in line 2
implies an awareness of the Intersperse pattern. His guess "O" (line 4)
reinforces the inference that he recognized two separate series and had
only to deduce the precise Skip value in the first subseries. A request
for more terms would have been a productive strategy here; the student

changed too soon.
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1. H, U, K, V, N,

2. .o W

3. H, U K, V., N W,
a9

5. CHANGE

[Puzzle 53, Difficulty 32] j

Figure 23, Changing puzzles too soon in second hour.

. Additional data was requested by the student in all other series with
which he had difficulty during the second hour of work. On several of
these series, he did succeed in making sorrie cofrect guesses. One such
series is shown in Figure 11. The puzzle in Figure 1l is a Skip series
of period three with difierencgs between terms of +14, -5, and +21. The
student asked for another term immediately (line 2), and made one incor-
rect guess before proceceding to extend the series with two correct terms.
He consxdered all available data in order to enter these terms with the
increments of 21 and 14 in proper sequence. He stopped working before
entering a third term which would have confirmed a total solution of the |

series, but he may have considered the series solved.

Another appropriate use of "NEXT' is shown in Figure 12, The stu-
dent guessed ""N" (line 2) hypothesizing the third subseries to be ALPHA
beginning at ""M.'" Feedback indicated this hypothesis was incorrect, and
the student requested another term. He then extended the other two sub-
series correctly. Once again, he stopped working without entering a cor-

rect third term, but he was probably convinced of his own understanding

of the series when he stopped. Four other series included requests for

‘additional data when needed and demonstrated the student making some

progress toward solution.
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The student exercised problcm-solving skills on several series during
his second hour on which he had no success. One. such series appears in
Figure 24. This suneb_xs one with an increasing increment, a type with
which the student had much difficulty. In this instance, the student tested
three hypotheses (lines 2, 3, and 4) and asked for more data when feedback
indicated they were incorrect {line 5). He made two more incorrect guesses
(lines 7 and &) and uscd "NEXT" twice to gather more terms for considera-
tion (fines 9 and 11). This new information was apparently of no help. 'I'he

student used whatever series-solving and problem- solving strategies were
available to him, and when he could still make no progress, he appropnately
chose to‘go to a new puzzle. In four other series, the student made no

progress toward solution but chose to stop working at appropriate times.

ﬁl. 6.8, 12, 20, 36, \
2 4
3. 48
4. 38
5. NEXT
6. 6. 8 12, 28, 36, 68,
7. 8¢
8 14
9. NEXT
0. 6. 8 12, 24, 36, 68, 132
1. NEXT
12. 6, 8 12, 24. 36, 68 132, 26§
13. - CHANGE

k [Puzzle 54, Ditficulty 401

Figure 24. Good problem solving in second hour.
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During this second hour, the student solved many series without
errors or with minor arithmetic errors. His behavior changed considera-
bly from such series in his first hour. Instead of entering his usual 3 to 5
correct terms, as in‘the first hour, the student entered from ! .to 28 cor-
rect résponses in a row. He typed 6 or more right in a row on more than
half of these puzzles. These series were trivial for the student, e.g.,
ALPHA beginning at A: 28 right in a row; COUNT beginning at 38: 13 right
in a row. Such large numbers of correct answers in a row are excessive.‘

and this behavior cannot be considered productive problem solving.

Third Hour

During his third hour on Series, .only ten puzzles proved difficult for
the student. He tested hypotheses and requested additional daté on all ten
of these series and succeeded in solving two of them. Of those he could not
solve, he did succeed partialiy on three.. Typical third hour behavior on
one of these appears in Figure 10." The student tested two hypotheses
which provéd incorx;ect (lines 2 and 3) and requested another term (line 4).
His next guess (line 6) correctly incremented the new term by 1, but his
next two hypotheses were not correct (lines 8 and 9). He again asked for
more information but still could not discern a solution and appropriately
chose to stop. This pattern of testing hypotheses and asking for "NEXT"
is an effective problem-solving tactic which the student used frequently
during the third hour. See also his behavior when working on the series in

Figure 18. }

Figure 25 illustrate:; soine typical third hour behavior. When the
student's hypothesis in line 5 proved incorrect, he asked for another terrﬁ.
This was an appropriate time for the request, but the student then stopped
wofking on the series. Here the student changed too soon. He did not

persevere on the task long enough to determine how much progress he
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might have made toward a solution. The student stopped too soon on four
other series during this hour. In contrast, the student stopped at an appro-
priate time on Puzzle 90; he tested four hypotheses, asking for more data
after the first and third, and stopped work only when every scr‘ies-‘solving

strategy in his repertoire at that time was used.

1.0, 2, 28, 4, ‘\\

1,18, 2, 28, 4, 40, 8
CHANGE

{Puzzle 70, Difficulty 20]

F‘."F”.‘-“P.‘*’!".“\
w
11

Figure 25. Changing puzzles 100 soon in thued hour,

The two series the student solved with effective problem-solving
strategies during his third hour appear in Figure 3 and Figure 4. These
both illustrate student testing of hypotheses, use of feedback from incor-
rect guesses, requests for more information when needed, consideration
of all of the available data, and appropriate choice of stopping time when

¢

solution was confirmed.

On those puzzles which the student solved without algorithmic diffi-
culty, or with no errors, behavior changed during the third hour's work,
Excessive correct terms in a row were entered in the early part of the
hour (between 7 and 25 right in a. row); but no more than 5 correct re-
sponses in a row were entered in the remainder of the hour on this type of

puzzle.

”
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‘Fourth Hour

’

In his fourth hour on Series, thelst‘udent worked on only six puzzles
which required application of problem-solving skills. One of these was
solved and extended successfully with use of ~feedback from tWo incorrect
hypotheses, as is showx,;l in Figure 18, Figure 7 and Figure 14 illustrate
two miore examples of student testing of hypotheses and use of "NEXT"
but without progress toward solution. Figure 9 contains the last example
of student problem solving leading to successful extensipn of a series. The
student tested hypotheses, chose to gather information after receiving feed-
back regarding these hypotheses, used all available data in his eventual
solution, and stopped working when a solution was assured by five right

terms in a row.

On the rest of the series of this hour's work, the student m‘ade either
arithmetic, typographical, or no errors. On three such series, he entered
excessive correct terms in a row (53, 21,.and 32 terms). On the remain-
ing 13 puzzles, the studept stopped working after solution was assured by "

no more than 7 correct answers in a row.

A final, more global, perspective for viewing the student's problem-~
solving behavior is to consider his plan for attacking the entire set of availa-
ble series. The student's use of his overall result on a puzzle for choosing

the subsequent difficulty level is one aspect of this behavior.

Series are available at difficulty levels from 1 to 50. During his first
hour of work, the student approached the series methodically, requesting
difficulty levels in increments of one from his last request. In this way, he
requested series from difficulty | to 31 in his first hour. He did not solve
six puzzles during this time but chose to proceed one difficulty level at a
time regardless of the result on any puzzle. Although he was prirharily suc-
cessful wi'th the puzzles seen, the lack of responsiveness to feedback re-

garding result cannot be considered a constructive problem-solving strategy.
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At the beginning of his second hour, the student continued his climb

from 32 to 35 but encountered difficulty with each puzzle. As a result, he

“abandoned his technique of steady incrementation at this point. He began
choosing difficulty levels with no clear pattern, still withz:;ut regard for
results on previous puzzles. (The one exception occurred at the end of his
second hour when he resumed steady incrementation from level 12 but aban-
doned it early in the third hour at level 20.) Only 15 puzzles worked on
after the student's first rise in difficulty level from | to 35 were of difficulty
30 or greater; 9 of these 15 were puzzles at levels 45 to 50, clearly beyond
his average competency level in series solving. The remainder of puzzles
seen in the last three hours' work were primarily below difficulty level 20‘
and provided little opportunity for additional learning. It is likely that had
the student spent more time working on puzzles between the extremes of
less than 20 and greater than 45, he would have enjoyed more opportumtxes
for solving possible series. Instead, he worked on puzzles which were

trivial or too difficult.

« Summary of Problem-Solving Skill Development

Problem-solving behavior changed dramatically within the student's
first hour of work, Initially when the student encountered difficult series,
he neglected to request additional information, tested few hypotheses, did
not consider all available data, and chose to stop work too soon. By the
end of the hour, more productive strategies were evident. The student
learned to use "NEXT" at times when more information was needed, tested
hypotheses, and persevered until there was enough information to solve
series. He stopped work when his understanding was apparent. However,
the majority of series worked on in the first hour were too easy for the

student.

Although the student's behavior in the first hour indicated that pro-

' ductive problem-solving skills were available, his subsequent behavior
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" deteriorated in some respects. Throughout the rest of his history, "NEXT"

was used effectively to gather needed additional information. However, the
student stopped work too soon on numerous occasions or, conversely, per-.
sisted in entering correct responses on Lrivial puzzles, Difficuity levels
chosen were.‘ for the most part, either too low or too high. Therefo‘ré, the
student's exposure to solvable middle-range problems was limited. It

would have been in this middle range that problem-solving skills might have

been most effectively applied and practiced.

Conclusions

A detailed study of one student, such as this, leaves o})en questions
about the generality of findings. While these can 9nly be answered by
studies of rﬁore students, it is possible to supblement these findings with
informal impressions from other data. In all, over 250 students have used

the program for as little as 10 minutes or as long as 10 hours. . One large

group of students has had only one session, a controlled introduction to the

program. Of those who have worked a second time, the average time at
work is nearly one hour. The authors have looked at all the protocols of

all the students; their impressions are q'ualitative.

Few students begin their work with as many skills as this subjeét.
Most have difficulty with Skip series with differences larger than 9, with
an Intersperse series of low contrast terms, and with concatenation of any-
thing but Basic series. Further, initial skills in problem solving--particu-
larly thé use of "NEXT" to gather information, the use of "CHANGE" when
the puzzle is solved, and the selection of appropriate levels of difficulty--
are typically less developed than our student's skills. Most students im-
prove in problem-solving and series-solving skills as they use the program,

but only a few would surpass the performance of the student studied here.
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Throughout the discussion, there have been references to inappropri-
ate behavior by the student. One feature of ‘the Series program is that it
allows students to exhibit inappropriate and unproductive behavior in a Iow-
threat environment.. The analysis. of protocols gives the researchers in
this case, or possibly a teachec, an opportunity to see precisely what
problem-solving skills are present and which are absent. Few, if any,

environments in the s.%.00l arf>rd this opportunity.

Many of the inappropriate behaviors could be eliminated by modifica-
tion to the Series program; however, most of the obvious fixes remove the
possibility of inappropriate behavior. and thus the chance to observe the

problem solving skills of the student. Consider some examples:

The student did not reliably choose puzzles at difficulty levels appro-
priate to his skills. He spent most tirae working on puzzles too hard or too
easy for him. One proposed modification was tested by Heller (Note 1).
She modified the program to choose a new puzzle close to the current level
of work. - The distance of the change was related to the result on the last
puzzle and the students' estimate of how difficult the puzzles were for them.
No change ever exceeded three steps down or two stcps up. This solution
simply hides the problem. The students did progress appropriately in dif -
ficulty, but they received no instruction and no experience selecting their

. tavel of difficulty. No evaluation of their skills in that area is possible.

A second example concerns the use of "NEXT" by the student. A
general heuristic in the Series program is that after one or, at most, two
errors, the student should scek more information by typing UNEXT." The
student in this study grew in his ability tc use “"NEXT" appropriately; other
students do not. A modification would force the use of "NEXT" after an .
incorrect guess; less drastically, the program could merely suggest the
use of "NEXT." In either case, the fact that the student uses "NEXT" wl’len
directed or forced to do so gives.no information about his general problem-
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 solving skills. It is only in the student-controlled environment as it stands

" that valid observation on this important skill is possible.

‘Similar modifications could be suggested to make the student change

puzzles after some number of correct guesses, or after some fixed time

without evident progress. These are open to the same criticism.

A second kind of modification appears more promxsmg. The program
could explicitly reinforce the behaviors believed to be productive problem
solving. Most are easily detectable, based on simple counts and occurrence
of events. Reinforcement could be given on various schedules when good
problem solving occurs. The present program relies on the intrinsic rein-

forcement of "making progress" and the explicit reward of feedback on the

entire puzzle, Perhaps more direct reinforcement would be more effective, '

F
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Reference Notes

Effects of limiting stu-
e outcome.

1. Heller. I. Evaluation of the Series program:
dent control on instructional effectiveness and affectiv

Master's thesis, University of Pittsburgh, 1976.
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