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A note from the editor... 

Two reports abstracted in this issue of Investigations in Mathematics 

Education deserve commentary. Each in its own manner suggests the produc-

tive potential of collaborative efforts in research in mathematicé 

education. 

Firsy Merlyn Behr provides an abstrect_of an evaluation report of an _ 

extensive inservice education project conducted-in California. The evalua-

tion report of the Specialized Teacher Project is notable in that few 

teacher education programs at either the preservice or inservice levels are 

designed to allow sound application of principles of evaluation. The 

natural and reasonable Limitations such as size, implementation, and 

staffing impose constraints on the possible and appropriate for evaluation 

and research. The Final Report of the Specialized. Teacher Project is one 

of a small number of evaluations that indicates inservice education does 

  make a difference in the mathematical performance Of children. 

Behr's abstract. identifies several significhnt questions for 

teacher education that could be productively examined in other such studies. 

As I read his commentary it was easy to conclude that mgwt of the questions 

could not be studies without collaborative efforts spanning several insti 

tutions  teacher 'education. Most single institutions do not conduct 

sufficiently large teacher education programs to conduct thorough research 

or evaluation studies at either the preservice or inservice level. 

Second, Jack Easley and Ken Travers abstract and.cooment on a set of 

five studies by Karplus and his associates. The studies are primarily 

concerned with how children and youth deal with the concept of ratio. 

Karplus' research has evolved over several years.• A longitudinal 



examination of how the research questions about a single topic evolve 'and 

mature is instructive. .One can see how ideas coalesce and begin to have 

-a cumulative effect.' 

The karplus studies suggest again the wisdom of collaborative efforts 

in research. The fact of five or more studies focused on a single'tppic 

has an additive potential for finding.new knowledge about the learning 

and teaching of mathematics. If researchers could cooperate in identi-

'fying questions and conducting research on a topic, then the time to 

produce a set of related studies like those of Karplus and his associates 

can effectively be shortened and the development of new knowledge of the 

tahching and learning processes for mathematics accelerated. 

The research community in mathematics education is 'only beginning 

to realize the potential of collaborative research efforts. Until 

recently little evidence of such cooperation has existed and few mech-

anisms for encouraging collaboration have been utilized by funding 

agencies, although many of the important problems in mathlmatics educa-

tion are large enoúgh to benefit by such efforts. Recently the PMDC 

Project of The Florida State University tapped the wisdóm and talent of 

several researchers at three institutions to examine the learning of 

young children. The University of Georgia Center for the Study of the, 

Learning and Teaching.of Mathematics held a series of five research work-

. shops in the spring of 1975 with the express goal of stimulating 

collaborative efforts in research. _The workshops were concerned with 

the topics: 

1. Teaching Strategies* 

2. Number and Measurement Concepts* 

3. Space and. Geometry Concepts 

https://Teaching.of


4. ..Models for Learning Mathematics* 

S. Problem Solving 

From the mutual stimulus and enthusiasm of the workshops, twelve 

different working groups evolved. Several of the 'working groups are con-

ducting collaborative research: Each group appears to be attacking 

prbblems related to a single topic with the purpose of being systematic., 

We hope this has payoff in the near future. 

Collaborative, cooperative research is a relatively new phenomenon 

in gpthematiee education. Few precedents exist in the field for a group 

of resarchers addressing a single problem area. Undoubtedly, the 

community of scholars in mathematics education will need to learn some 

things about collaboration. At points this learning may be painful but 

on the whole it augurs well for the field. .Collaborative, cooperative

efforts need to be encouraged and sustained. 

Alan R. Osborne 
' Editor 

*The proceedings of each of these 'workshops will be available from ERIC/ 
SMEAC, The Ohio State University,' 1200 Chambera Road, Third Floor, 
Columbus, Ohio 43212. • As this issue of I.M.E. goes to press,'the 
proceedings of the workshops marked with an asterisk aie already avail-
able at $4.00 each. The others will be available later this year. 
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COMPARISON OF TWO INSTRUCTIONAL STRATEGIES FOR TEACHING THE SOLUTION OF 
VERBAL PROBLEMS. Bassler, Otto C.; Beers, Morris    I.; Richardson, Lloyd I. 
Journal for Research in Mathematics E,iucation, v6, pp170-177; May 1975. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by Stephen 
S. Willoughby, New York University. 

1. •• Pprpose 

To assess the relative effects of two strategies of instructing 
students to solve verbal problems. The two strategies studied are called 
the "Polya Method (PM)" and the "Dahmus Method (DM)." In PM, the problem 
solver follows a sequence of steps (1),read and understand; (2) plan (in-
cluding identifying unknowns, relations, operations and analogies to other 
problems); (3) carry out the plan; and (4) examine the obtained solution. 
In DM the problem solver translates the verbal problem piecemeal into 
mathemátical symbolism. 

HypotHesis 1: DM subjects would achieve significantly higher 
translation scores (i.e., write an appropriate mathematical 
equation). 

Hypothesis 2: PM subjects would achieve significantly higher 
solution scores (i.e., get.the correct answer with or without 
an equation). 

2. Rationale 

There have been many studies comparing problem solving strategies and 
many articles arguing for particular methods. The topic seems important 
and the results-of previous studies seem inconclusive. Since the emphasis 
in DM is on translation while the emphasis in PM is on understanding the 
problems, the hypothesis seems reasonable. Although the sample was divided 
into three ability levels, there seemed to be do reason for hypothesizing 
interaction between ability and treatment. 

3. Research Design and Procedure 

Forty-eight students from three ninth-grade algebra classes in a 
private, Catholic girls' secondary school in Nashville, Tennessee were 
divided into six cells (3 ability groups x 2 treatment groups) with 8 
students per cell. Ability groups were determined by the Orleans-Hanna 
Algebra Prognosis Test. 

An "Individualized instruction" technique involving colored slides 
and taped programs was used to teach students the detailed steps of the 
particular strategy they were to use. The tape recorder was stopped when
individual written work was required. Each program was designed to con-
sume seven 40-minute instructional periods. According to the authors, DM 
"required somewhat more instruction ,than PM, but. time allowed was roughly 
equal in both treatments." 



Posttests were administered on the day following instruction, and 
retention tests were administered approximately four weekslater. The 
tests consiéted of ten verbal problems, seven of which weresimilar to 
those presented in the instruction and three of which were   more complex. 
Students were' instructed to find an equ4tion and solve it, but it was 
stressed that even if they could not find an equation they should try to 
find a solution. .This procedure resulted in two scores, one for correct 
equations and pne for correct solutions. The retention test items were . 
essentially identical to the posttest items except that numerical values 
and contexts were changed. The Cronbach alpha reliability estimate for 
the posttest equation scores was .84 and for solution scores was .78. 

A thiee-factor analysis of variance was used to analyze the data. 
Thé factors were ability (high., intermediate, and low as measured by 
Orleans-Hanna Algebra Test), treatment (PM, DM), and test occasion (post, 
4-week retention). Separate analyses were made for equation scores and 
for solution scores, 

4. Findings 

Means and standard deviations are reported in Tables 1 and 2: 

TABLE 1 

Means (X) and Standard Deviations (SD) of Scores on the 
Equation Criterion of the Posttest and Retention 

Test for Each Cell 

Treatment 

PM • DM 

Ability Level X SD. X SD 

Posttest 
High 12.5 2.6 9.6 5.6 
rntermediate 8.3 5.6 2.1 3.1 
Low 4.9 2.3 1.4 1.2 

Retention Test 
High 13.1 5.0 8.6 6.3 
Intermediate 9.6 4.9 • 1.9 1.6 
Low 3.9 3:0 .4 .7 

' (n per cell - 8) 
(score range 0-20) 



TABLE 2

Means (X) and Standard Deviations (SD) of Scores on the 
Problem Solution Criterion of the Posttest . 

and Retention Test for Each Cell 

Treatment 

PM DM 

Ability Level X SD X SD 

Posttest 
High 
Intermediate 

12.5 
2.5 

4.0 
4.9 

12.5
7.6 

4.8 
3.9 

Low 6.8 4.9 5.0 3.2 

' Retention Test 
High
Intermediate 

14.4 
9.0 

4.3 
4.5 

12.0 
9.3 

4.3 
5.4 

Low 8.6 4.4 7.1 3.4 

(n per cell • 8) 
(score range 0-20) 

At the .05 level of significance the results of the analysis of 
variance were: 

For Equation Criterion: 

1. There were no significant interactions of any order. 

2. The effect of treatment was significant. PM subjects had a 
significantly larger mean score than the DM subjects,on the 
equation criterion. 

3. There was a significant•.ability effect. Althbugh individual
comparisons were not made, the mean score of the high-ability . 
subjects was greater than that for the intermediate-ability 
subjects, which, in turn, was greater than for the low-ability 
subjects. 

4. There was no significant difference between the mean posttest 
score and the mean retention test score; 

For Solution Criterion: 

1. There were no significant interactions of any order. 

2. There was no significant effect due to treatment. 



There.waa a significant ability effect. It appears that the 
mean for'the high-ability subjects is greater than that for the 
middle-ability subjects, which, in turn, is greater than for the 
low ability subjects. 

4. There was a significant test occasion effect. The mean for'the 
reteption teat is significantly     larger than the mesh for the , 
posttest. 

Since subjects wete encouraged to determine solutions even if they 
could not write equations, higher scores on the solutions criterion than. 
qn the equations criterion were not ruled out, and in fact occurred for 
all ability groups.' 

S. Interpretations 

Ninth-grade algebra students' taught to solve verbal problems using 
only teaching machines involving colored slides and taped programs • 
apparently are able to write correct equations better if they are taught 
by the Polya Method (pm) rather than the Dahmus Method (DM). However,, 
the investigators call attention to the fact that the level of attain-
ment of all students was not as high as the investigators had hoped, and 
suggest that this lack of learning by all may have suppressed differences 
between groups. Also, the students had all learned to solve some verbal 
problems    by a PM-type" technique in earlier grades which may have inhib'ited 
the DM learners but reinforced the PM learners. 

The authors claim that DM subjects did translaté correctly but simply 
fled to combine the translation into an acceptable equatign. ai

The higher retention scores than posttest scores suggest that problem 
solving is resistent to forgetting, singe the investigators were assured 
that no direct instruction pertaining to solution of verbal problems 
occurred between the two tests. Most of the gain occurred on the three 
problems that were more complex for the problem-solution çriterluu, while 
the subjects made almost no: gain on problems similar to those on which 
they had received instruction. 

The authors suggest that both methods appear to have benefits and 
perhaps should be combined in regular instruction, but used as pure 
strategies for remedial work. 

Critical Commentary 

Verbal problem solving is an important aspect of mathematics teach- 
ing, and the authors have made an interesting contribution to our under-
standing of learning to solve problems. However, there are limitations 
to the study which make it hard to generalize to a typical classroom 
situation. These limitations include:. 

' 1. The fact that all teaching was done using machines. 



2. The fact that all subjects were girls (from á Catholic Parochial 
school with better than'average students}. This may be an 
especially impdrtant limitation in light of the report-from the 
National Assessment inalçating sex differences in solving verbal 
problems. 

3. The very small number of subjects in the experiment could account 
for the lack of statistically significant,differences on the 
eolutións criterion. 

.4. Since it was known that students had received training in pre-
vious grades in solving verbal problems, perhaps a pretest on 
verbál problems similar to the posttest would have been more 
appropriate than the Orleans-Hanna Algebra Progress test. As' 
things stand, [here is the possibility that students knew more 
about problem solving before the tneatment than after. 

Stephen' S. Willoughby' 
New York University' 



A COMPARISON OF THREE METHODS OF TEACHING REMEDIAL MATHEMATICS AS MEASURED 
BY RESULTS IN A FOLLOW-UP COURSE. Corn, J.; Behr, A. MATYC Journal, v9 
nl, pp9-13, Winter 1975. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by Harold C. 
 Trimble, The Ohio State University. 

1. . Purpose 

"To measúre the success of these [three remedial] methods by student 
achievement in a follow-up course." The three "methods" compared in this 
study were "conventional," "modular" and "programmed" as employed in a non-
credit remedial mathematics course for students entering the City Univer-
sity of New York. 

2. Rationale 

Such new methods as modular, programmed, CAI, audio-visual, tutorial, 
etc. have often been evaluated through end-of-course measures. But "rarely 
have these methods been measured in terms of thèir capacity to prepare a 
student ,for a follow-up course." These investigators assume that at least 
one measure of "good" remedial mathematics is performance in a subsequent 
course in mathematics. 

3. Research Design and Procedure. 

This was an after-the-fact study. That is, existing records were used 
at the end of the third term following a remedial course. Students' who 
passed the remedial course under each method were classified as passing, 
not passing, or•ñot regisçering in a follow-up course during this time 
period; grade point averages in follow-up ,,ourses in mathematics were com-
puted; overall grade point averages in the subsequent courses were compared; 
numbers of students originally enrolled in the remedial course (whether or 
not they passed) were used as a base for comparing numbers passing a subse-
quent course in mathematics; even the numbers of students still in school 
were considered. The investigators clearly recognize the limitations im-
posed by lack of control and a sample too small to permit following students 
into specific subsequent courses. Yet they recommend the idea of studies 
of Follow-up work for the purpose of evaluating approaches to remedial 
mathematics. 

4. Findings 

Among the several statistical comparisons made, only the one concerned 
with students passing the remedial coarse and then passing a follow-up 
course in mathematics yielded a significant difference. The source of the 
difference was identified as being between conventional and modular classes. 
The investigators recognized that follow-up courses were taught by the con-
ventional method and, hence, that practice effect in learning by this 
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method may explain this difference. They recognized several other limita-
tions of their study too and suggest ways to minimize these in future 
research. 

5. Interpretations 

The suggestion in the data that the conventional method is superior 
as judged by the performances in a follow-up course of students who passed 
the remedial course is limited by lack of control. The investigators 
propose longer range studies, with better defined alternative remedial 
methods, allowances for differences in initial knowledge of mathematics, 
etc. 

Critical Commentary 

The idea of follow-up to assess program effectiveness is, of course, 
not new. Often it is a difficult one to implement. For example, it is 
costly to follow graduates from a teacher education program and achieve 
measures of the relative effectiveness of the program. Changes in the 
program and limited sample sizes tend to muddy the waters.. As applied to 
courses in remedial mathematics, the idea seems eminently workable. Many 
schools will have adequate numbers of students to implement the suggestions 
for further research made by these investigators. This reviewer does agree 
that "The proof of the pudding is in the eating." 

Harold C. Trimble 
The Ohio State University 



NEGATION, DISJUNCTION SYLLOGISMS, AND MATHEMATICS ACHIEVEMENT. Eisenberg, 
Theodore A. Journal of Psychology, v90, pp1969-1974, May 1975. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by Lars C. 
Jansson, University of Manitoba. 

1. Purpose 

Ta determine if students who are high in mathematical achievement would 
correctly assess disjunctive syllogisms with positively and negatively 
worded premise statements more often than students low in mathematical 
achievement, and if 'they would be mDre confident of their answers. A dis-
junctive syllogism is of the form PVQ, X, where X E (P, -P, Q,. -Q}. 

Rationale 

A number of earlier research studies suggested that students of all 
ages have more,trouble assessing the truth-value of negatively worded sen-
tences than positively worded ones. This is particularly true when nega= 
tively worded statements are used as premises in implicational'syllogisms. 
Moreover, the ability to assess implicational syllogisms correctly when they 
are worded in a negative manner does not increase solely by maturation. • 
Because of the positive correlation between logical reasoning ability and 
mathematical achievement, it was hypothesized that students of high mathe • 
matical achievement would have less trouble than those of law mathematical 
achievement in assessing disjunctive syllogisms whose component sentences 
were negatively worded. 

3. Research Design and Procedure 

A 32-item test incorporating the four types of disjunctive syllogism 
was used. The types were identified as follows: 

I. P V Q, -P / Q ?' 

II. P V Q, Q / P ? 

III. P V Q, -Q / P ? 

IV". P V Q, P / Q ? 

For each type, the first premise could be worded affirmatively (A) or 
negatively (N), and thus appeared in four forms with two questions each 
(AA, AN, NA, NN). To each item the S could answer YES, NO, or MAYBE. 
Following each such item he was asked, "Are you confident that your answer 
is correct? ... YES ... NO." This logic test and the SMSG/NLSMA Mathematics 
Inventory I examination were administered to 550 male andçfemale grade 8/9 
algebra students with no prior logical training. High and low mathematical 
achievement groups were obtained by arbitrarily selecting the top and bottom 
150 students according to scores on the 4athematics Inventory: 

For each item type and wording form, the mean percentage of the population, 
in high and low math groups answering correctly (according to formal logic) 
were compared using a t-test (16 comparisons). Similarly, levels of 
confidence were compared using t-tests. 



4.  Findings 

Percentage of items correct for the high group ranged from 15 to 54, for 
the low group from 13 to 63. No comparisons showed significant differences 
and all directional hypotheses were rejected. 

5. Interpretations 

Low math students unexpectedly outperformed high math students on 
Type I and Type III items, although high math students expressed more 
confidence in their responses. Low math students were not reluctant to 
choose MAYBE on item types II and IV and thus it was not the case that one 
type of student effectively faced a YES/NO option while the other group 
had three choices. The noted trend for Types I and III deserves further 
study as does the high confidence expressed by both groups in their answers, 
especially in light of generally poor performance. 

Critical Commentary 

1. While the author refers several times to the fact that Type I and 
Type III items were better handled by the low math group, the fact remains 
that no significant differences were observed. The trend, however, deserves 
notice. The level of significance and whether a one- or two-tailed test 
was used was not stated. 

2. It is noted that high math students had more confidence in their 
responses (whether justifiably or not) than low math achievers. Again.. 
an interesting trend, but n.s.d. 

3. No comparison was ma'de of item types, i.e., either by math 
achievement groups, or among item types for both groups. Research by this 
reviewer on implicational syllogisms suggests that type is a far more im-
portant contributor to performance Variability than the location of 
negations in the premises. 

4. It would be interesting to know if any attempt was made to in-
terpret the data in terms of the inclusive-exclusive or question. Could 
one or the other of these interpretations by the Ss'help to explain the data? 

S. While the rationale and directional hypotheses seemed warranted, 
a rather large sample yielded no significant difference. This provides in-
formation of.a sort--if the investigator-constructed test is reliable, a 
point on which no information is given. 

6. There is no indication of what effect, if any, the confidence 
questions may'have had on the response pattern to the logic items. Is there 
any relationship between an individual's response pattern and his degree of 
confidence? Did any individual answer all items (or all of a patticular 
sort). correctly? If so, wasthe confident of his correctness? 

The issues of concern in this research deserve continuing attention, 
and a number of directions have been suggested. While there is little in 
this study of immediate import to curriculum builders, it is a contribution 



to the growing bodies of research literature in the areas of logical 
reasoding and psycholinguistics which will in the future have much to say 
to mathematics educators concerned with logical development and the 
language of mathematics. 

Lars C. Jameson 
University of Manitoba 



-EFFECTS OF STUDENT CONTROL AND CHOICE ON ENGAGEMENT IN A CAI ARITHMETIC 
TASK IN A LOW-INCOME SFHOOL. Fisher, Maurice D.; Blackwell, Laird R.; 

Garcia, Angela B.; Green, Jennifer C. Journal of Educational Psychology, 
v67, pp776-783, December 1975.

Expanded Abstract and Analysis Prepared Especially foi I.M.E. by Kenneth • 
E. Vos, The College of St. Catherine. 

1. Purpose

The purposes are to study: 

a) the effects of difficulty level and choice ofdifficulty level 
on the "engagement" of students using a computer-assisted in-
struction (GAI) program on mathematics problems, 

b) possible patterns of student choices, and 

c) the relationship of locus of control measures to Fhoice of 
difficulty levels. 

2. Rationale 

It was assumed that a learner would choose arithmetic problems with 
difficulty levels that would"produce "optimal environmental stimulation". 
Previous studies had found that those problems which are "optimally 
stimulating" produce the desirable match between a learner's degree of 
understanding and the difficulty levels of the curriculum. . 

3. Research Design and Procedure 

The experiment was conducted with 4th and 5th grade students from a 
low'-income and 90% Mexican-American backgr,und school in California. From 
a pool of 100 students, 19 subjects were randomly selected and classified 
the Choice group. From those remaining in the pool, 19 subjects were selected 
as the"No-choice "yoked  control" group. Each subject #n the No-choice 
group was matched to a subject in the Choice group on sex, school grade, 
age, initial mathematics achievement level (Metropolitan Achievément Test 
or Stanford Achievement Test), ethnic background, and classroom teacher. 
Neither group had previous CAI experience. 

The CAt program was administered via two teletypewriters located in 
a separate location from the students' classrooms. Due to previous ex-
periences by the authors, pictures and toys were placed within easy 'reach 
of the subject during the experiment in order to counteract the "intensive 

attracting influence" of CAI. 

The basic instructional material was the Stanford CAI Arithmetic 
Strands Program (Suppes, et al.). Both groups began the first of .a total of 
15 CAI sessions at grade 1.0 difficulty level. Both groups worked for an 
initial 15 minutes each session on problems presented by the computer. , 



After the initial 15 minutes the Choice group were asked by computer if 
they wanted more problema.. If the response was positive, they selected 
harder •easier, or similar problems. The choice was presented each five-
minute,périod for a Maximum of four choices each session. Choice subjects 
could select difficulty levels ranging from grade 1.0 to grade 7.5. The 
No-Choice subjects did not have the option of selting a difficulty level, ec
 but rather worked the same length of time and at about the saute difficulty 
level as their matched counterpart. 

Assessment involved an engagement/disengagement observation and a 
locus bf control measure. The engagement/disengagement observation 
instrument included ten engagement categories (e.g., touching keys,•eyes 
on, paper) and four disengagement categories (e.g., turns toward toys, 
looks away from keys).. The locus of control measure had four dimensions; 
stable/unstable,, control/no control, internal/external, and.self/other. 

Measures were, obtained for length of time each session, correct 
responses,. number of.probléms completed per five-minute interval, pattern 
of choiee, difficulty level, engagement level, and locus of control dimen-
sions. Datà'4ere analyzed by ANOVA and t-test procedures for matched pairs, ' 

4. Findings 

(a)., 'Both groups averaged 23 minutes per session. The No-choice 
group had•a significantly higher (p < .01) percentage of correct responses 
'(842) than the Choice group (80%). ' A significant difference (.01) in the
average number'of problems completed 'per five-minute period was detected; 
the No-choice group averaged 40 and thé Choice group' averaged 31. The ' 
initial mathematics achievement grand mean was 3.7 while the average 
'difficulty lever of problems wes•2;5. and 20 for Choice and No-choice 
groups respectively. The Choice group's average engagement level was 
significantly higher (p_<,.05) than the No-choice engagement level. No 
significant differences were found for disengagement scores. A significant 
decline (p< .05) in engagement, and a significant increase (p < .01) in 
disengagement•occurred Over time. Also a significant decrease.(p < .01) 
on the length.of'time spent on the computer occurred over time. 

(6) When patterns of Choices by the choice group were considered, 
eight subjects, classified as "maximizers," Consistently chose easier or 
similar problems;' five subjects, classified as "minimizers," consistently 
chose harder or similar problems; six subjects, classified as "few-choices," 
trade'too few choices to determine any pattBrn. "Makimizers" had the high-
est engagement levels with diffiçulty levels'lower than their initial 
achievement level.-"Minimizers" had a higher engagement level when .they 
chose easier problems;'nevertheas they consistently chose more difficult 
problems' with lower engagement levels. 

      (c) On the locus of control measure, the Choice group selected 
 significantly (p < .01)'fewer stable and internal characteristics, and 
significantly (p< .05) more self characteristics than the No-choice group. 
There was no significant difference qn the control/no control dimension. • 



5. Interpretation• 

No matter how the'data were analyzed, this concltsion was evident: 
No-choice subjects worked more problems and did so with greater accuracy. 
Since the engagement levels were consistently higher for the Choice group, 
this cbuld indicate that there was more interest in the choosing factor 
than in actually solving the problems. Further research is needed to 
determine how the choosing factor arid engagement levels are related to 
academic achievement. 

Based on the finding that engagement levels decreased as difficulty 
levels increased, it was stated that "...optimally stimulating problem' 
difficulty levels seem to be related more to the choice patterns of the 
subjects than to one theoretical motivation-curve that can be applied to 
all learners". 

A choice factor for learners could indicate a Conttol over perfortance 
by effort and by choice of difficulty, but this was balanced by a lower 
academic performance and a higher engagement level. 

Critical Commentary 

Some of the current research related to curricular concerns have an 
immediate impact for the classroom teacher. This study is not one of them. 
Most, if not all, of the reported conclusidns are evident to observant 
teachers. In addition, the clarity of the study was clouded by engagement 
and locus of conttdl measures which yielded little information. 

Although the authors were Careful with statistical analyses and 
procedures, several concerns do arise. 

(1) There were only two tables. Table 2 was totally unintelligible. 
In addition the tabulation of data was inefficient and ineffective. 

(2) The locus of control measure was of little value as. evidenced by 
the authors' cursory attention in the results and discussions sections. 
It could have been deleted from the 'study. 

(3) The authors did not discuss certain "interesting" items: 

(a) The population of 90% Mexican-Ame rican low-income background 
and its impact on the results was noe mentioned. It seemed 
to be deliberately avoided. 

(b) 'Students ("minimizers") choosing harder problems had an 
initial mean achievement level of 4.06 and chose a mean 
difficulty level of 4.22 with 53% correct. Students 
("maximizers") choosing easier problems had an initial mean 
achievement level of 3.39 and chose a mean difficulty level 
of 1.41 with 91% correct. No mention was made of this • 
result. Does confidence in choosing more difficult problems 
depend on the student's current mathematics achievement 
level? A concise study could be designed to answer this 
particular question. 



(c) The authors seemed to be so locked into engagement and control 
measures that they neglected to pursue why students were choos-
ing difficulty levels twq or three,grade levels above or below, 
their initial achievement levels. 

For this reader the results only reinforced the bias: given a 
choice, either do not choose, or choose something you know already. Four-
teen of 19 subjects in the experiment must also have believed this. 

Kenneth E. Vos 
College of St. Catherine 
St. Paul 



TH$ THINKING ALOUD TECHNIQUE AND PROBLEM SOLVING ABILITY. Flaherty, E. G. 
%Journal of Educational Research, v68, pp223-225, February 1975. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by Gerald A. 
Goldin, Graduate School of Education, University of Pennsylvania. 

1.- Purpose 

The purposes of the study were: 

(a)to study the effects on problem-solving performance of the re-
quirement that subjects "think aloud" during problem solving, including 
the effect of prior practice in the thinking-aloud technique; and 

(b)to develop a coding system'for describing subjects' problem-
solving processes. 

2. Rationale 

In the study of problem-solving processes, the researcher must seek 
to externalize and render observable as much as possible of the problem-
solving behavior of each subject. One widely used, technique is to require 
that the subject "think aloud" during problem solving.' The experimenter 
 may thus obtain a transcript of the subject's verbal "protocol" for 

  subsequent analysis. 

However, it has been suggested that the requirement of verbalization 
might unduly influence the nature of the phenomena being studied--that it 
might, for example, improve or impair problem-solving performance, or 
modify the problem-solving  processes that the subjects would otherwise 
use. Therefore this study compares subjects in a verbalization (thinking-
aloud) group with subjects in a non-verbalization group, with respect to 
(a) the use of correct problem-solving procedures and (b) the use of ten 
categories of problem-solving processes forming a part of the author's 
coding scheme. 

Prier practice in the thinking-aloud technique is often recommended 
by researchers, since subjects may be unaccustomed to verbalization during 
problem solving. The author also examines the effects of such practice 
on the above-mentioned dependent variables. 

Paige•and Simon (1966) have classified subjects as either "verbal". 
or "physical" problem solvers, based on their approaches to problems 
describing physically impossible situations. "Verbal" problem solvers 
tend to translate directly from the verbal problem statement to mathe-
matical equations or fórmulas, while "physical" problem solvers tend to 
set up some form of internal representation of the physical situation 
described in the problem. It has been suggested that verbal problem 
solvers might. be impaired more than physical problem solvers by instruc-

' tions to think aloud, and this possibility is•also investigated. 

https://otherwj.se


Research Design and Procedure 

Participating in the study were 100 senior high school students just 
completing their second year of algebra/ The students had been identified 
by their teachers as "above averdge" in ab,lity. The author employed a 
2x2 factorial design--verbalization (thinking aloud) vs. non-verbalization
and'plrior practice vs. no'prior p'ract'ice, randomly assigning 25 subjects 
to each group. 

Subjects in the "practice" groups were presented with two algebra 
word problems prior to the administration of the main problem-solving 
test. All subjects were then presented with six algebra word problems; 
Including two problems describing physically impossible situations. 
Subjects in the verbalization groups met individually with the experkmenter, 
who encouraged them to think aloud while working each problem, asking 
occasional questions•to elicit their thinking. These interviews were tape-
recorded. Subjects in the non-verbalization group did not meet individu-
ally with the experimenter, but submitted written problem solutions. 

The six algebra word problems were scored an the basis'€bf whether or
not correct procedures" were employed, with no credit being taken,off for 
purely computational or arithmetic errors:.' Two points w/ère allotted for • 
each problem, allowing a maximum score of 12 points. On the "contradictory" 
problemè, full credit was granted if the subject "noted both the grammatical 
And physioal implications of the problem," thup recognizing the cqntradic-
tion, and partial credit (one point)'if the Subject either substituted a 
physicably possible problem for the given problem, or rendered a direct 
translation of the given problem into equation form. 

The author's coding system variables are listed below. The written 
problem solutions submitted by non-verbalization subjects could not be 
accurately coded far the seven starred categories. Mean scores and standard 
deviations were obtained for the remaining ten categories; for the verbali-
sation subjects these were based on their recorded problem-solving ses-
sions, and for the non-verbalization subjects these were based on their 
written problem solutions. These scores were compared for differences of 
statistical significance, 

Coding-System Variables (Flaherty, 1975,   from Table 1) 

*1.Misreads problem 
*2.Rewords problem 
3. Draws diagram 
*4.Indicates familiarity with type, 

of problem 
*5.Notes need for auxiliary 

information 
*6.Lacks a systematic approach 
.7. Recalls'definition or auxiliary 

information 
8.Fails tó use correct auxiliary 

cues 
9.Unsuccessful, adopts new' 

approach 

10.Fails to retain model of 
solution 

11.Makes computational errors 
*12.Indicates concern about 

method 
*13.Signifies inability to solve 

problem 
14.Uses equations 
15.Uses deduction and arithmetic 

„ 16. Stops without solution 
17. Makes structural errors 

*Written problem solutions could 
not be accurately coded for these 
categdries. 



Some of the subjects were classified as either verbal or physical 
problem solvers based on their consistent responses to "grammatical" or 
"physical" cues in the two contradictory problems. For these subjects 
scores were computed based on the remaining four (non-contradictory) test 
problems. Mean scores for the verbal and physical problem solvers were 
compared for all subjects,'and for the thinking-aloud subjects taken 
separately. 

4.' Findings 

Neither the thinking-aloud requirement nor the prior practice variable 
had a statistically significant effect on the test scores (use of correct 
procedures). There was also no significant practice by thinking-aloud 
interaction. 

On nine of the ten coding system variables for which scores were com-
pared, there were no statistically significant differenges between the 
thinking-aloud and the non-verbalization subjects. With respect to the 
"computational errors".variable, a significant difference (p < .01) was 
found--verbalization subjects tended to make more computational errors.' 

Of the 100 subjects, 30 were classified as "verbal".'and 37 as 
"physical" problem solvers. For these 67 subjecrè, there were no signifi-
cant differences between the two types of problem solvers in their scores 
on the four non-contradictory problems. Within the thinking-aloud group, 
there were 15 verbal and 22 physical problem solvers. Here the physical 
problem solvers did significantly better than the verbal problem solvers 
(p < .01) on the four non-contradictory problems. 

5. Interpretations 

In general the findings support the use of the thinking-aloud 
technique as a means of acquiring data on problem solving. The use of this 
technique had little influence on pro,lem-solving success, and little in-
fluence on most of the problem-solving processes examined. 

Thinking aloud did seem to have an adverse effect on the verbal prob-
lem solvers. This may be a consequence, the author suggests, of the
principle that two similar tasks performed simultaneously       interfere with 

each other more than do two dissimilar tasks. For the verbal problem 
solvers, the thinking-aloud requirement may have been more similar to the 
problem-solving task itself than it was for the physical problem solvers, 
and thus may have interfered more with the verbal problem solvers' 
performance. 

.Critical Commentary 

An investigator must always be alert to the possibility that inter-
vention to take measurements significantly modifies that which is being 
measured. The author has asked a worthwhile question, in that the extent 
of such possible modification should certainly be examined for the thinking-
aloud technique of acquiring data on problem solving. ' 



Unfortunately the description of the study afforded by this article 
is inadequate to evaluate the reported findings. No information as to 
school, location, school population characteristics, or subjects' socio-
economic status is given. We do noe know the sex of the subjects, nor 
are any data reported separately for males and females. It is unclear 
when, how, or by which teachers participating students were identified 
as' of "above average" ability. The procedures used for the "practice" 
groups are not described; in particular we are not informed how long 
before the main test the practice problems were given, or whether the 
practice groups had knowledge of their results on the two practice prob-
lems priorto taking _the main test. The conditions of administration of 
the test problems are not described; we do not know, for example, hów much 
time was allotted to each problem. 

No raw scores, means, or standard deviations are reported.at all. 
The absence of statistically significant differences between relatively 
small groups of subjects does not imply that there are no real differences; 
only that the magnitudes of any differences are not sufficiently large 
for the investigator to establish their existence with small samples. We 
are given no information on the size of any of the observed differences, 
statistically significant or not. 

The tests were scored for use of correct procedures, rather than for 
correct answers, a potentially subtle distinction to define and maintain. 
There is no discussion of inter-scorer reliability; we do not know if the 
tests were scored independently by more than one investigator, or if they 
were scored "blind" by people unaware of the experimental groups to which 
each subject beloqged. Similarly (here is no discussion of scoring proce-
dures or inter -scorer reliability for the "verbal" vs. "physical" classi-
fication of problem solvers, or for the coding system variables., 

In the comparison of the "verbal" with the "physical" problem solvers 
in the thinking-aloud group, we'are not told how many of each group had 
prior practice and what effect, if any, this may have had. 

The author's coding system is suggestive, but many of the categories 
are vague, and there is no discussion or elaboration provided. A clear
need does exist in the field for detailed, reliable, and independently 
reproducible coding methods for verbal problem-solving protocols. 

Gerald A. Goldin 
Graduate School of Education 
University of Pennsylvania 
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AN EXPLORATORY ANALYSIS OF THE REPRESENTATION OF A MATHEMATICAL STRUCTURE 
IN STUDYNNTS' COGNITIVE STRUCTURES. Geeslin, William E.; Shavelson, 
Richard J. American Educational Research Journal, v12, pp21-39, Winter 
1975. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by James M. 
Moser, University of Wisconsin-Madison. 

1. Purpose 

The purpose of the study was to examine the correspondence between a 
representation of the structure of a subject matter (content structure) 
and a, representation of this structure in the students' memories (cognitive 
structures) as a result of instruction in the subject matter. 

2. 'Rationale 

Mathematics curriculum revision of the past two decades emphasized an 
understanding of the structure of mathematics. Yet little empirical work 
has been done concerning the communication of a structure to students. 
Structure is defined according to an earlier work by Shavelson; the study 
used .a definition by Begle for mathematical structure. Content structure 
was defined as a web of concepts and their interrelations in a body of in-

  structional material. This structure was represented bx a procedure 
devised by Shavelson in several earlier studies that uses the theory of, 
directed graphs (digraphs) as described in a work by Harary, Norman, and 
Cartwright in 1965. Cognitive structure is defined as a hypothetical 
construct referring to the organization (interrelationships) of concepts 
in long-term memory. Cognitive structure is examined by a word association 
technique. The technique is one described by Garskof and Houston, P. E. 
Johnson, Geeslin, and Shavelsoh. 

3. Research Design and frocedufe 

The Ss were 87 eighth-grade students from 3 intact classes; most were 
Anglo-American of average to slightly above average mathematical ability. 
Ss were randomly assigned to an experimental (E) or control (C) group. The 
E group (N - 43) received programmed instruction on probability from a text 
developed by SMSG. The C group studied a programmed text on factors and 

'primes. Alt Ss received a Word Association (WA) and achievement test on 
probability as a pretest, posttest (11th or 15th calendar day of study), 
and retention test (23rd calendar day). In addition, an attitude scale, 
the Pro-Math Composite developed by NLSMA, was administered to both groups 
at the inception of the study. The main achievement test consisted of 28 
free response and 7 multiple-choice items, the first 30 testing comprehen- 
sion and the last 5 of a novel, problem-solving ,hature. 

The content structure vas analyzed using- the digraph procedure. Ten 
`concepts were 'selected a priori from the probability material: probability, 
equally likelÿ, outcome, event, experiment,:zero, intersection, trial, in-
dependent, and mutually exclusive. Then all sentences in the text containiñg 



at least two of these concepts, were diagrammed using a parsing grammar. 
From this diagram, a digraph using rules described in an earlier study. by 
Shavelson was constructed. From all digraphs, a "super digraph" was 
constructed from which a 10x10 similarity matrix was finally derived. 
This similarity matrix representing content structure was a amined using 
Ksuskal's (Psychometrika, 1964) multidimensional scaling procedure. A 
pictorial model showing the plot of the results was then interpreted as 
another representation of the structure of the probability text. 

The cognitive structure was investigated using a word association 
technique. Each S was instructed to write as many other mathematical 

. concepts as he/she dould think of related to each of thé 10 key concepts 
_listed above. These data`wtere then converted into a 10x10 similarity 
matrix by using the relatedness coefficient (RC) developed by Garskóf and 
Houston (Psychological Review, 1963). This RC matrix was also subjected 
to Kruskal's scaling procedure. 

Comparisons were made between each student's RC matrix and the di-
graph matrix. One method was a simple'visual comparison of the pictorial 
models. The other method, which produced a score. for each S, was to de-
terming the Euclidean distance between matrices. This is obtained by 
squaring each difference between corresponding elements of the two 
matrices, summing the squares, taking the square root of the sum and then 
dividing by 90 (the number of off-diagonal elements in each matrix). A 
nonparametric analysis of variance was performed on the Euclidean distance 
at pretest, posttest, and retention points. 

Achievement test scores were analyzed by a 2x3 (treatment by test 
occasiqn) analysis of variance. Scores from the attitude, achievement, 
and cognitive structure measùres were intercorrelated using Kendall's 
Tau for the E group. 

4. Findings 

The data for the achievement test are shown in Table 1. 

TABLE 1 

Means and Standard Deviations of Scores on the Achievement 
Test for Each Treatment and Test Occasion 

Treatment Group Pretest Posttest Retention Test 

X - 3.65 X - 15.54 X - 16.21 
Experimental o - 2.45 a - 5.74 a - 6.32 

n-43 n-41 n-43 

X - 3.00 X - 3.73 X - 4.16 
Control a - 1.90 a - 2.46 a - 3.06 

n - 42 n - 40 n - 43 



Visual comparisons between the posttest and retention RC matrices 
and the content structure digraph suggested strong similarities. The 
nonparametric analysis of variance on Euclidean distances indicated 
(p < .01) that the cognitive structure of the Ss in the E group correspond, 
more. closely to the content structure than that of the C group. 

The data for the correlations between attitude, achievement, and 
cognitive acores are shown in Table 2. Keep in mind that a perfect 
correlation between achievement and correspondence of structure scores 
would be -1.0 since the smaller the Euclidean distance, the closer the 
correspondence between content and cognitive structures. 

TABLE 2 

Rank Order Correlations (Tau) Between All Measures 
for Subjects in the Experimental Group 

Achievement Correspondence of Structure 

o Pre Post Retention Pre Post Retention 

Attitude 243 186 158 -181 116 042 
Achievement 

Pretest 236 285 -198 -132 -144 
Posttest 724 051 024 104 
Retention Test -036 -080 027 

Correspondence of Structure
Pretest 097 375 
Posttest 372 

[As reported ln Geeslin and Shavelson, 1975, p36) 

5. Interpretations 

The etudy'indieated that the analysis of content structure using di-
graph theory could be applied to a mathematics curriculum. The achieve-
ment test data indicated that the instructional material was effective 
in teaching probability to eighth-grade students and that these students 
learned and retained the structure of probability. .Learning structure and 
learning to solve problems in probability appear not to be highly related. 

Suggestions for further study are to examine instructional variables 
that lead to a closer correspondence between content and cognitive struc-
ture than observed in the present study. Also suggested are studies 
examining the correspondence between cognitive structure, computational 
skills, and problem solving. 

Critical Commentary 

First, some minor points. I really cannot see what benefit to the 
study was the collection of attitudinal data. Could it be another example 
of data overkill? Also, I quarrel`with the authors' assertion that the 



Ss in the E group learned much probability. It seems to me that mean 
scores of 15.1 and 16.2 out of a possible 35 are not all that great, even 
though they clearly did much better than the Se in the C group who had no 
instruction in probábility. 

Thus, it is not the least bit surprising that instruction in a sub-
ject leads to a closer correspondence between its content structure and 
the cognitive structure of those receiving instruction than the cognitive 
structure of those who'did not receive the instruction. Unfortunately, 
the article did not present any data regarding just how close the corre-
spondence was. The visual diagrams did not help because the posttest RC 
graph was a two-dimensional one (description of the dimensions not given) 
while the retention RC graph was three-dimensional (description of 
dimensions again not given). 

When viewed as part of the apparently on-going effort by the second 
author toyinvestigate this particular research methodology, the study is 
worthwhile. From the subject matter point of view, the value is less 
apparent. Using hindsight (always better then the othçr kind!), the 
concern for learning structure is much less prevalent now than it was 10 
or even 5 years ago. To be of, more value, I wish that the study had'been 
done with high school students, the place where structure still seems to 
have relevance for some students. 

James M. Moser 
University of Wisconsin-Madison 



THE CONCEPT OF BILATERAL SYMMETRY IN YOUNG CHILDREN. Genkins, Elaine F. 
In Children's Mathematical Concepts. Rosskopf, M. F. (Ed.) Teachers 
College Press, New York, pp5-44. 

Also reported in: 

A COMPARISON OF TWO METHODS OF TEACHING THE CONCEPT OF BILATERAL SYMMETRY 
TO YOUNG CHILDREN. Genkins, Elaine Francis, Columbia University, 1971. 
Dissertation Abstracts, v31A, pp1355-1356, September 1971. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by Thomas E. 
Kieren, University of Alberta. 

1. . Purpose 

The stated purposes of the study were to: 

(1)compare the effectiveness of paper-folding and mirror strategies 
in teaching the concept of bilateral symmetry to children in
kindergarten and grade 2, 

(2) compare the development of this concept in children at these 
grade levels, and 

(3) investigate relative success of children in identifying exemplars 
and non-exemplars of the concept.. 

2. Rationale 

This study Was one of six which tried to interrelate mathematics and 
developmental psychology in illuminating learning and instructional problems. 
Because of the teaching techniques and the concept studied, the mathematical 
background, given in detailed elementary definitions, was drawn from the 
transformation geometry. 

The psychological background drew on research from empirical perception 
work as well as relevant concept development literature. The perception 
literature was used particularly as b basis for the various orientations 
of the test and teaching items. The developmental framework supported the 
notion that children at two age levels might be expected to behave 
differently on bilateral symmetry tasks. 

3. Research Design and Procedure 

The objective of understanding of the concept of bilateral symmetry 
was operationalized in a 48-item test (actually two, parallel versions were 
used to prevent confounding symmetry and orientation). This test contained 
24 items on cards illustrating bilaterally symmetric figures (B types) .(open, 
closed, curved and polygonal), 12 each oriented vertically and horizontally 
(V and H types). There were also 24 items with figures which were not bi-
laterally symmetric (N type). Of these, 12 were point/ symmetric (P types) 
and 12 were asymmetric (A types)+ 



Two instructional sequences' were designed using paper-folding .and 
mirror work to develop the concept. For the paper group, 16 figures on 

tracing paper, using each of the types V, H, P, and A, formed the concrete 
basis of instruction. Under individual instruction, a child was first 
shown and then guided to see how paper-folding could determine if a 
figure was bilaterally symmetric or not, using B type, P type, and A type 
figures. The child then tried the remaining instructional figures on his 
own. The child Wad both to judge symmetry and to give reasons for his con— 
clusions. The mirrbr sequence was similar but it involved mirror place •-
ment on the figures. 

'To test the validity of this limited approach to motion geometry for 
young children and the relative efficacy of the two instructional sequences, 
three groups were formed at each of two grade levels (kindergarten and 
grade 2). Children for these groups were nearly all of the kindergarten 
and grade 2 pupils in four independent schools in New York City and came 
mainly from upper middle class families. There were 91 and 94 children 
at each grade level respectively. 

The teaching-testing sequence was administered individually by the 
investigator. 'Children were randomly assigned to either the Paper, Mirror, 
or Control group. The training period lasted less than 20 minutes in all 
cases, with grade 2 training proceeding slightly faster than that in 
kindergarten. Because of the nature of the test, the control group 
children required a brief expository period with one example of each of 
the V, H, P, and A types. The training period was followed immediately 
by testing for children in all groups. This lasted less than 25 minutes 
in all cases. 

The experimenter determined for each child the number of correct 
responses for V, H, P, A, B, and N types as well as the total number out 
of 48. For each type and total score, a frequency distribution was tabu-
lated for students from all four schools together at each grade level. 
(In comparing grade levels, kindergarten classification levels were used.) 
.The chi square statistic was used to analyze data for various types using 
tables such as: 

Kindergarten 

High Low 

Paper X11 X12 

Mirror X21 X22 

4. Findings 

Kindergarten level: 

The proportion of high scores in the Paper group was significantly 
higher than the Mirror and Control groups for P, A, and N type figures 
and exceeded the Control group on the total set. 



Grade 2 Level: 

The proportion of high scores in the Mirror group significantly ex-
ceeded that in the Control group for all types of figures and therNEotal set, 
while the Paper group exceeded the Control group for only the P, N, and 
total sets. The proportion of high'scores in the Mirror group exceeded that 
in the Paper group for P, A, and N types. 

Grade comparisons: 

The proportion of high scones in the Control group (using kindergarten 
scores) at the grade 2 level significantly exceeded that of the kinder-
garteners for bilaterally symmetric figures and the totalset. This result 
was repeated for the Paper group. For the Mirror group, the proportion of 
high responses of grade 2 children significantly exceeded that of the 
kindergarten children for all typas of figures. 

Figure type: 

Control group: At both grade levels V figures were moreleasily dis-
criminated than H figures and A figures were more easily discriminated 
than P figures. There were no differences between discriminating N and B 
figures. 

Paper group: At the grade 2 level V figures were more easily dis-
criminated than H figures, A more easily than P, and N more easily than B. 
At the kindergarten level, only the latter two differences obtained. 

Mirror group: Discrimination differences appeared less pronounced 
for this group, although at the kindergarten level there were differences 
favoring A over P and N over B. At grade 2, only the A over P difference 
obtained. 

5.• Interpretations 

(1) The paper folding method is appropriate for kindergarten children 
particularly in identifying non-exemplars of bilateral symmetry. The mirror 
method does not appear enjoyable or effective at this level. 

(2) The mirror method appears appropriate at the grade 2 level in 
helping children understand all aspects of bilateral symmetry.' Paper fold-
ing was enjoyable to this level of child and could be an adjunct instruc-
tional method. 

(3) Bilateral symmetry is appropriate mathematically and psycho-
logically as an introduction to motion geometry at grade 2 level and even 
for kindergarten children. 

(4) There are interesting possible relationships between congruent 
parts of a figure and bilateral symmetry. Thus for dhildren at this level, 
it may be that bilateral, translational, and rotational symmetries would be 
confounded. 



Critical Commentary 

(1) The test items and to an extent the instructional procedures are 
very well done.. These should prove useful to other researchers and teachers 

of young children.

(2) The Very interesting findings of thin study are clouded by the 
analysis techniques. ;Because of the distributions; the median split seems 

to have a high chance of classification error. Even though group and not 
individual results were of concern, ft seems abme criterion score (e.g., 

75%) or.aome other splitting' mechanism would have been more meaningful. 

(9) There are questions of internal validity (e.g., test reliability, 
,rsplicability of instructional procedures) and external validity 
sample type) which go unaddressed in this paper. 

(4) I wish the author had commented more on the developmental aspect 
of the study. For example, to what extend did the Control group at grade 2 
do better than the treatment groups at kindergarten level? If such differ-
ences obtained, is the earlier instruction useful? 

(5) The confounding effects of point symmetry (knd possibly congruency 
in general) seems to cast doubt on whether bilateral symmetry is indeed the 
best entry concept into motion' geometry. 

Thomas E. Kieren 
University of Alberta 



COGNITIVE FACTORS AND THEIR INTERACTION WITH INSTRUCTIONAL MODE. Hancock, 
Robert R. Journal for Research in Mathematics Education, v6 nl, pp37-S0, 
January 1975. 

Expanded Abstract and Analysis Prepared EsPecially for I.M.E. by Otto 
Gassier, George Peabody College for Teachers. 

1. Purpose 

The purpose of this study was to investigate (1) the main effects of • 
mode of presentation (verbal or figural) and sex, and (2) the Interactions 
between personological variables and mode of presentation as ninth-grade 
students are learning concepts and principles associated with a contrived 
mathematical relation. 

2. Rationale 

One way to individualize instruction is to make differential assign-
ments on the basis of some aptitude-variable score. To do this effectively 
individual learning preferences for content or mode of instruction must be 
investigated. One attack on such a problem is through aptitude-treatment 
interaction which seeks to accommodate the cognitive preferences of 
different people. 

Previous research with college students indicated that (1) a group 
that studied a verbal program did better on three of the four criterion 
measures than did a group that studied a figural program; (2) there was 
.no evidence of a disordinal interaction between personological variables 
and mode of instruction; and (3) female subjects scored significantly 
higher on the subtest that measured achievegeent at the highest cognitive 
level. These findings may be unique to college-level ètudenta and 
different resulté may be obtained with a sample from a younger age level. 

3. Research Design and Procedure. 

Subjects were 119 ninth-grade students enrolled in either general 
mathematics, regular algebra. or accelerated algebra. These students 
were assigned randomly by sex to one of twb treatment groups where, for 
three 43-minute class periods, they studied One of two programmed instruc-
tional unite. The content of the two programs dealt with selected con-
cepts and principles associated with a linear order relation. One program 
used a verbal mode of presentation while the other presented the material 
by means of a figural mode. On the day'following completion of the in-
structional programs, subjects were given a 33-item-multipla-choice test. 
This instrument measured achievement at two different cognitive levels as 
well as assessing total achievement: Four weeks later a similar test of 
retention was administered., 

The independent variables in this study consisted of IQ scores on 
the Otis-Lennon Mental Ability Test - Form J; Standard Achievement Scores 



in Mathematics from the Iowa Test of Mental Ability; and scores on a bat-
tery of nine tests developed by Guilford et al., purporting to measure 
cognitive ability dealing with figural, semantic and symbolie content. 
In all there were 14 independent variables. 

Main effects for each'of the six dependent variables (post-learning 
and retention subscores and totals) were tested using t-tests. These 
tests compared the mean scores of (1) the verbal and figural groups, (2) 
the male and female groups, (3) males who studied verbal material and 
males who studied figural material, and (4) females who studied verbal 
material and females who studied figurai material. Interaction effects 
o4 independent variables with treatments were studied using regression 
analysis. Simple linear regression equations were determined and tested 
for goodness of fit. If both regression lines had a significant linear 
component, analysis was continued. Next, if the regression lines inter-
sected within the range of the observed scores on the independent variable, 
the difference between the regression coefficients was tested for signifi-
cance. If this difference was significant, then it was concluded that for 
the dependent variable a disordinal interaction existed between the inde-
pendent variable and the two treatment modes. gignificance levels (a) 
were selected at a higher level than usual in an effort to secure statis-
tical power in the .7 to .8 range. 

4. Findings 

The significant findings were: on the retention test, cognitive 
level I, male subjects who studied the verbal program did significantly 
better than male subjects who studied the figural program; female sub-
jects scored higher than male subjects on all measures except the reten-
tion test, cognitive level II. All other comparisons were non-significant. 

There were 17 significant disordinal interactions. Of these inter-
actions thirteen occurred on tests of retention and four on tests of 
immediate learning. Another breakdown of these interactions indicates 
that one involved IQ, eleven involved semantic factors, four involved 
symbolic factors, and one involved a figural. factor. Finally, of those 
interactions that were related to sex differences, eight of the nine 
involved male subjects. 

5. Interpretations 

The lack of significant findings due to mode of presentation sug-
gests that perhaps these ninth-graders had not yet developed a cognitive 
,preference—or at least an adaptability to material that is verbally
oriented. The overwhelming superiority of female subjects was unexpected 
and, hence, continues to be a variable of interest. 

The preponderance of disordinal interactions on tests of retention 
was interpreted as possible support for the statement that students who 
study an instructional program consisVent with their cognitive preference 
are better bile to  assimilatethe material into their cognitive structure 
than those who do not. It also has the pedagogical implications that 



instructional modes which may be adequate for initial learning may not
be adequate for retention. 

' In terms of variables that may be productive sources of independent 
variables in future aptitude treatment interaction studies, the results

of this investigation would suggest memory variables and semantic sub-
category variables. • 

Critical ,Commentary 

As the author points odt, ATI research is, in the formati+e stages 
and any•intelactione pbtaiñed iii this study should be interpreted with 

'caution. With'this in mind the study provides some interesting and 
possibly fruitful variables to investigate in future research. 

The study was well designed and carefully conducted'. There are, 
'however, some questions about the 'analysis: It would have been prefer-
able to çonduct ANOTAs rather than t-tests to test for significance of 
the main•effects of •mode of.instruction and sex. This analysis would 
have permitted investigation of interaction effects between these vari-
ables. In the abáemce of any significant interaction, there is then no 
need to test the simple effects. .It is also debatable,if tests of sig-
nificance should be conducted both on subacales measuring two diifferent 
dognitive levels ayd on the total test score. These techniques can 
perhaps be rationalized since' this is a study searching for experimental 
hypotheses rathbr than one attempting, to provide definitive results'. 

The report of this research would have been strengthened by an example 
of the figural and verbal modes of presentation. Presentation of both 
modes via programmed instruction may have resulted in the comparison of , 
one level of verbal presentation with. another. .This was impossible to 
determine through reading the.report. It would also have been useful if 
the cognitive level's used in the dependent variable had been defined. 

. Studies such•es this, which repeat with modification previously 
 conducted studies, are needed in mathematics education. Comparison of 

the results of this study using ninth-grade students with those of the ' 
college-level students of a previoue study provide valuable information 

.about'learning differences as' well as give rise to speculation about the 
effectiveness of the treatments with other age levels. 

Otto Bawler 
' George Peabody College for Teachers 



DOES LIVING WITH A FEMALE HEAD OF HOUSEHOLD AFFECT THE ARITHMETIC ACHIEVE-
MENT OF BLACK FOURTH GRADE PUPILS? Jantz, Richard K.; Sciara, Frank J. 
Psychology in the Schools, v12, pp468-472, October 1975. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by Edward 
M. Carroll, New York University. 

1. Purpose 

The purpose of this study was "...to examine the effects of living 
with a male or female head-of-househdld upon the arithmetic achievement 
teat scores of Black fourth-grade pupils" (1975, p. 469)i A subsidiary 
purpose was to determine the influence,of the factors of sex and intelli-
gence and their interactions with the, factor of head-of-household upón 
arithmetic achievement. 

2. Rationale 

The authors cited government cénsus figures for 1972 which indicated 
that an increasing number of households were headed by females and that 
approximately 372 of the households of Black families in large urban cen-
ters were headed by females. Some research on the matricentric family 
system and the factors as related to Black families revealed that this 
system made it extremely difficult for the low-income Black father to 
assume his parental role. Further research investigations revealed that 
father-absent children performed more poorly than father-present 
children on some intelligence tests, academic tests, and overall achieve-
ment. The paucity of research on the effect of father-absence upon the 
arithmetic performance of Black elementary school.pupila led to the null 
hypothesis: 

That there is no effect of head-of-household, sex, intelligence, 
and their interactions on the arithmetic scores of Black fourth
grade pupils. 

3. Research Design and Procedure 

The population for the study included all Black fourth-grade pupils 
enrolled in eight model cities schools of a large midwestern school cor-
poration during the school years 1970-71 and 1971-72. All data relating 
to sex, intelligence test scores, arithsaatic achievement test scores, and 
family status (whether pupil lived with a female head-of-household or a 
male head-of-household) were collected from the permanent record cards of 
the pupils. Approximately 20 percent of the population was rejected be-
cause of incomplete entries on the perménent record cards, resulting in 
a sample of 1,073 pupils included in the study. Of these, 300 pupils 
ware living with a female head-of-household and 773 pupils with a male 
head-of-household. The Metropolitan Achievement Test was used to measure 
arithmetic performance and the Lorge Thorndika Intelligence Test was 
utilised as the measure of intelligence. These tests were administered 
in the Spring term of the school years 1970-71 and 1971-72 as a part of 



the regularly scheduled test program by the testing bureau of the school 
corporation. 

The data were analyzed employing a 2x2x3 factorial design with 3 
factors for intelligence utilizing a multivariate program. The scores of 
pupils were divided according to the criteria that IQ test scores were: 
higher than 100, from 84 to 100, and less than 84. The Newman-Keuls 
procedure for unequal Ns was used to test for significance within the 
interactions of sex and head-of-household, and intelligence and head-of-
household, once an overall significance had been determined by ANOVA. 

3. Findings 

a. There were no significant differences in mean arithmetic scores 
between the male and female Black fourth-grade pupils. 

b. There were significant differences in mean arithmetic scores 
favoring pupils with higher IQ scores over those with lower IQ 
scores% ' 

c.. There were significant differences in mean arithmetic scores 
favoring those living with male heads-of-households over those 
living with female heads-of-households. 

d., There were significant differences in mean arithmetic scores 
favoring female pupils living with male heads-of-households 
over the other interactions of sex and heads-of-household. 

e. There were significant differences in mean arithmetic scores 
favoring those pupils with IQ scores greater than 100 living 
with male heads-of-households over all other interactions of 
the factors of intelligence anti heads-of-households. 

5. .Interpretations 

The authors acknowledged that there is a variety of factors which 
' may explain the difference in arithmetic performance of those children 

living with a male head-of-household over those living with a female 
head-of-household. For example, they cited resulta of previously reported 
research on father-absence indicating: 

a) that children from fatherless homes had lower IQ scores by 
the time they reached fifth grade than did children from 
intact homes (Deutsch, 1965). 

b) that lower IQ scores of children in father-absent homes 
might be attributed to additional stress and loss of male 
identity (Lessing, Zagorow, and Nelson 1970). 

c) that socio-cultural backgrounds, peer interactions, and 
length of time of father-absence are important to pupils' 
performance (Biller, 1971). 



d) that when a father leaves and the type of absence are both 
important to cognitive development (Biller and Bohm, 1971). 

e) that the effect of the father's absence varies with the age 
of the child (Hartnagel, 1970). 

The authors concluded that the effect of living with a male or 
female head-of-household upon arithmetic performance is complex and 
should riot be viewed in simple terms of cause-and-effect relationships. 
However, the effect might be considered an indication of potential 
difficulty for some students. With an increasing number of Black students 
living with female heads-of-household, more male models might be needed in 
the elementary schools. The schools cannot replace the family, but they 
can develop a set of experiences not now available at home. Additional 
research is recommended to identify some of these effective school 
experiences. 

Critical Commentary 

The abstractor agrees' with the conclusions reached by the authors 
"that the effect of living with a male or female head-of-household upon
arithmetic performance is complexand should not be viewed in simple terms 
of cause-and effect relationships" and that there is a strong indication 
that "more male (teacher) models might be needed in the elementary schools." 
Also, additional research is certainly recommended to identify some effec-
tive school experiences with children when more male teachers are on the 
elementary-school staff. 

. Since this was a post hoc study, the data related to socioeconomic 
educational background of the Ss may not have been, available to the 
investigators; however, it would have bee9 helpful to the reader. It has 
been demonstrated that (1) the more educated the parent, the more educated 
the child¡ (2) a child's academic performance is likely to be related to 
his parents' social class; and (3) children whose parents are more edu-
cated begin their school careers with higher achievement' scores than do 
their leas fortunate peers. These data would have assisted the seeder in 
understanding the findings of this study. 

Other questions raised by the report were: 

1. What were the age range of the Ss in the sample? Were any 
of the pupils repeaters, etc.? 

2. What is a mean score of 3.56? Is it a grade level or a 
stanine? Does this score represent only    Test 1 Arithmetic 
Computation, Test 2 Arithmetic Problem Solving and Con-
cepts, or a combined score for both tests in the,MAT 
Elementary Arithmetic Test Series for Grades 3 and 4? 
What were the exact form and title of the teats? 

3. What criteria was used to factor IQ scores into the three 
regions below 84, from 84 to 100, and 100 plus? When the 
generally accepted division of below 90, from 90 to 110, 



and 110 and above are not used to denote "below average", 
"average" and "above average", respectively, very few 
cross comparisons can be made with other studies of this 
nature. 

4. If the factors of heads-of-households such as mothers-
only,'•fathers and mothers, and fathers-only were used in 
thé deèign, would the findings be affected? 

Edward M. Carroll 
New York University 
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FLUENCE OF COGNITIVE STYLE. Karplus, Elizabeth F.; Karplus, Robert; 
Wollman, Warren. School Science and Mathematics, v74, pp476-482, 
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INTELLECTUAL DEVELOPMENT BEYOND ELEMENTARY SCHOOL V: USING RATIO IN 
DIFFERING TASKS. Wolluran, Warren; Karplus, Robert. School Science and 
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Expanded Abstract and Analysis Prepared Especially for I.M.E. by John A. 
Easley, Jr. and Kenneth J. Travers, Committee on Culture and Cognition, 
University of Illinois-Urbana. 

1. Purpose 

This series of five studies by Karplus and his associates at the
University of California-Berkeley, investigated the conceptual development 
of children in the upper elementary grades and high school, and (in one 
study) of adults. Using the group test, the experimenters classified 
responses according to a hierarchical schema, with categories ranging from 
concrete to abstract levels of thought. The studies were intended to 
reveal information about how well certain concepts, primarily that of ratio, 
function at various ages and to explore conditions under which learning of 
these concepts might be facilitated. Implications of the findings for 
mathematics and science curricula were also discussed. 

2. Rationale 

The concepts of ratio and proportion are essential to an understanding 
of quantitative relations in science, as for example in mane mathematical 
models. Hence, it is important that educators and researchers learn 
methods for determining the extent to which concepts, such as ratio, have 
been attained. Furthermore, curriculum developers ought to have at their 
disposal methods for identifying areas of need among students at various 
age and grade levels. The studies also sought to shed light on what tasks 
or techniques appear to promote conceppt acquisition and what learnings 
have accrued from various curricula. The possibility of cross-national 
comparisons of concept learning was  also suggested. The use of group 
testing techniques (as opposed to clinical interviews) for assessing know-
ledge would make possible large-scale investigations of the questions 
addressed by Karplus' research. 



The research appeared to have its point of departure in that of 
Inhelder and Piaget (1958), which defines a stage of formal operations 
and links proportional thinking to this stage. [However, these studies 
of intellectual development also relate to work byLunzer and Pumfrey 
(1966), Lovell and Butterworth (1966), and Dienes (1973). A review of 
these and other studies porporting to deal with formal operations was 
presented by Lunzer (to appear) at the 1973 meeting of the Jean Piaget 
Society (see Critical Commentary below).] 

3. Research Design and Procedure 

The distinguishing features of the five studies are summarized in 
Table 1. Each study is subsequently referred to by the Roman numeral 
appearing in the title (e.g., "III" refers to Karplus and Karplus, 1972). 

1The•five studies, had similar designs in that each consisted of the 
administration of a task, an analysis and classification of Ss' responses 
.to the task, á tallying of the responses in the various categories, and 
a discussion of the resulting data. 

3a. Brief Description of Tasks Used 

Island Puzzle: This palzzle involved four islands in an ocean 
and the possibilities of travel between them. The task was 
designed to assess abstract reasoning ability. Individual 
responses were written. 

Paper Clips. Form As Ss each were given a sheet of paper on 
which a stick figure 7 9/16 inches tall was drawn, together with 
a chain of from seven to ten No.'1 "Gem" paper clips. Sa were 
shown a display chart with the same figure as they had on their 
sheets, with a scaled up-version on the back side of the chart. 
The experimenter had a chain of eight jumbo paper clips. Ss 
were shown that the small figure was four "biggies" (jumbo paper 
clips) tall and the large figure was six "biggies4' tall. Sa were 
to measure the small figure on their sheets with "smafiess 
(small paper clips) and to predict the tall figure's height 
in "smallies." Ss wrote their responses. 

Paper Clips. Form B: This was similar to Form A, with the im-
portant difference that Ss did not ever see the tall figure. 
Sa were told that the small figure was four buttons tall and 
the large figure was six buttons tall. They were to measure 
the small figure in paper clips and predict the height of the 
large figure in paper clips. 

Candy,: Ss were given written information concerning a person 
who had many bags of two kinds of candy, each bag containing a 
certain number of reds and a different certain number of yellows. 
All bags were alike. Ss were given written information relevant 
to predicting the number of candies taken from the bags. One 
task (a) involved application of the ratio 5:3; the other (b) ' 
involved the ratio 2:1. 

https://meeting.Qf


TABLE 1 

Tasks Used in the Five Studies 

Study I II III IV V 

Name of task and Island Puzzle Paper Clips Paper Clips Paper Clips *Paper Clips 
required comple- (10-15 min.) Form A Form A Form B Form B (15 min.) 
tion time (15 min.) (15 min.) (15 min.) *Candy (15 min.) 

**Ruler (2-4 min.) 
**Pulley (4-8 min.) 
*Workbook (20 min.) 

geometry 
arithmetic 

Hod administered Group Group Group Group *Group 
**Individual 

Subjects used Six groups Six groups Grade 6, 8, and Grades 4-9 Grades 7-8 
(N - 449) ' (N - 727) 11 suburban urban and students 
from grade 5 from grades students test- suburban suburban 
through adult 4-12, urban ed in study II (N - 616) (N - 450) 
(teachers of and suburban at grade 4, 6, 
science) and 9

(N - 155) 
plus new group 
of grade 8 
students 
(N - 141) 



Ruler: An individually administered task was used, involving an 
unmarked rod and a ruler marked in both inches and centimeters. 
Ss were shown that a displacement of 2 inches on the rod was 
equivalent to a displacement of about 5 cm. Ss were then asked 
how many centimeters would be equivalent to a displacement of 
8 inches. 

Pulley: Individuals were interviewed using a mechanism which 
involved two pulleys (diameter ratio 3:2) fixed to same shaft, 
a string attached to each pulley, and a meter stick. S and ex-
perimenter worked together on the mechanism and S was shown 
that a displacement of 10 cm on his or her string corresponded 
to a displacement of 15 cm on the experimenter's string. S was 
then asked how far the experimenter's string would move when S's 
string was displaced 6 cm and to explain why. 

Workbook: Two tasks were designed to be similar to those found 
in textbooks. One geometrical task was intended to-assess the 
S's ability to recognize a fraction of a whole and to represent 
this faction pictorially and numerically. The other task, 
numerical, required the S to apply proportional reasoning with 
no circumstantial clues. 

Categories Used to Analyze Tasks 

Study I: 

N (no explanation) 
I (prelogical} . 
IIa (transition to concrete) 
IIb (concrete) 
IIIa (transition to abstract logic) 
IIIb (abstract logic) 

Studies II-V: 

N (no explanation or statement given) 
I (intuition):  estimates,guesses without reference to data 
IC (intuitive computation): data used haphazardly or 

illogically 
A (addition): uses difference rather than ratio 
S (scaling): uses change of scale, not related' to scale 

inherent in data 
AS (addition and scaling): use of difference and scaling 
IP (incomplete proportion): uses one ratio only 
P. (proportional reasoning: uses properties of proportionality. 

3 subcategories of P: 
PC. (proportion, concrete) 
AP' (addition and proportion) 
R (application of ratio) 



4. Findings 

All five studies revealed a tendency for the median frequency of 
tasks to move from the lower level categgries (such as I and S) to the 
higher categories (such as P) as the grade level of the respondents in-

' creased. Wide fluctuations in performance within grade levels were found 
in II. In one urban class, 90% of the responses were placed in categories 
N, I, or IC, while in another class, categories AS and P were more numerous 
than in any one suburban class. In III, a longitudinal design produced 
data suggesting that the categories may be representative of developmental 
levels. Of the 153 students involved in the two-year study, 28% moved 
into P or AS, while only one student moved out from P to A. At the lower 
levels, 7% moved from other categories into I or IC, while during the same 
two-year period, 65% moved out., It was also found, however, that 40% of 
the students remained in their categories for both testings. 

Table II, which combines the categories into three levels, summarizes 
the classification of the Sa in study III over 2 years (1969 and 1971). 

TABLE II 

Matrix Comparing Students in.1969 and 1971 by Levels 
(Number of Students) 

1971 

1969 Level I Level II Level III Total

Level I I + IC 19 22 10 51 

Level II = S + A 7 45 26 78 

Level III - AS + P         0 1 23 24 

Total 26 68 59 153 

(From Karplus and Karplus, 1972, p. 739) 

Study IV used a new form of the Paper Clips Task. It was more ab-
stract than Form A, in that the S'did not ever see the figure whose height 
was to be predicted using a proportion. A dramatic reduction was found 
in the number of Sa' (scaling) responses to Form A (30%) when Form B (4%) 
was used, with a corresponding increase in categories IC, IP, A, and P. 
114 latter categories' require, the researchers assert, conceptual process-
ing of the data by the Sa (IV, p. 480). 

The variety of tasks used in V proved to be interesting. Results on 
Form B of the Paper Clips Task were similar to those obtained by the 8th 
graders in IV. Sex differences in responses werk not appreciable. _It was 
found that the value of the ratio used is a factor to be taken into account. 



In the Candy Task, application of an integral ratio (2:1) was interpreted 
as not indicative of formal reasoning, since use of the ratio did not 
correlate with proportional reasoning in a more complicated task.(V, pp. 
597-598). The Ruler Task was found to be easy for the junior high school 
students, since 87% responded with proportional reasoning. The Pulley 
Task was more difficult and the geometrical and numerical items were most 
abstract (V, p. 604). It was noted that a perfect score on the numerical 
items was a good predictor of success on the geometric items, while the 
reverse did not hold. 

5. Interpretations 

The researchers, overall, were disturbed by the implications of 
their findings.. In study I, intellectual development, as assessed by 
their taxonomy, reached a "disappointingly low level" in the high school 
age group and did not progress much further (I, p. 403). In study II, 
it was found that successful proportional reasoning was not reached until 
the last years in high school. This ooncern was reiterated in III, where 
evidence was found that many students did not advance to more abstract 
categories of thought during the intervening two years of that longitudinal 
study. Another disturbing implication, prompted by the data of studies 
II and III, was evidence of apparent obstacles to learning which may be 
inadvertently set up by "mathematics courses, by teachers, and by the 
children's cultural environment" (II, p. 817). Of particular notice was 
the dramatic contrast between the responses of urban and suburban'llth 
and 12th grade students. It was found that 80% of the suburban students, 
but only 9% of the urban students, were classified at the highest level P. 

The findings of study IV placed emphasis on the context in which•the 
problem wits presented. Since Form B of the Paper Clips Task was more 
abstract than Form A, the researchers concluded that Form B compelled the 
students to make use of the data. Indeed, they concluded, Categories I 
and S under Form A (studies II and III) may reveal an attitude toward 
handling of the data rather than the respondent's cognitive level of 
competence (IV, p. 480). 

The variety of tasks used in V led the researchers to generalize 
about the influence of a task upon the S's response. Tasks tending toward 
concreteness (Ruler, Paper Clips) led to more correct responses than did 
the abstract tasks. The lack of applicability of proportional reasoning 
to physical relationships raised questions about the appropriateness of, 
many instructional strategies, particularly at the junior high school 
level, where only about 15% of the subjects were found to have reached 
the highest level.. The researchers speculated that one source of the 
problem may be that ratios are introduced as fractions and,proportions 
as equivalent fractions. "Curricula make little effort to interpret 
-ratio, proportion, and the related division process in terms of ... 
corespondences of meadurements. In this use of division, the concept of 
remainder has no place" (V, p. 610). 

Critical. Commentary 

It should be clearly noted that Karplus and his colleagues are in-
vestigating a different problem from that studied by Piaget. It is easy 



to lump these together with all kinds of studies involving tasks that can 
be called "formal reasoning," by the ordinary meaning of that term. 
Lunzer (1973), for example, made no notice of the p culiar use Piaget and 
the Geneva School make of that term, but made a broad survey of problem-
solving studies in which logic or other formal rules or procedures were 
used and made it the basis for a critique of Piaget's theory of the stage 
of formal operations. Karplus and his collaborators are careful not to 
identify what they call proportional reasoning in studies II-V and what 
they call "abstract logic" in study I, with Piaget's Formal Operations. 
At least, they are quite open to the possibility that these may turn out 
to be different things. The situation is reminiscent of one involving the 
notion of relative motion. 

When Piaget argued that understanding relative motion required the 
INR6 group, and hence was a formal level task, Easley (1964) attempted to 
provide an operational definition of the INRC group in the snail board 
problem Piaget had used in his studies of relative motion. However, 
Piaget made it quite clear that young children, who could perform in a 
way that satisfied that operational definition would not thereby automat-
ically be credited with having achieved the formal level (personal 
communication). Here in the studies under review, we have evidence from 
high school seniors (and even many adults) who do not employ "abstract 
logic" or "proportional reasoning" in these problems, but we are not 
entitled to infer that.they have not achieved the stage of formal opera-
tions, as Piaget defines it, even though Inhelder and Piaget state that 
proportional reasonijig is only attained at the stage of formal operations. 

Piaget's theory, briefly, is that four cognitive structures called 
logical operations (identity, negation, reciprocity, and correlation), 
usually between the ages'of 10 and 14, unite to form a single structure, 
the INRC group. This greatly increases the power of the individual over 
the intuitive feelings of physical quantity operations. Thus, Piaget 
writes: 

It seems evident, in the instance of weight, that the diffi-
culties of dynamic interpretation presented by this notion 
play a big role in the delay of its operational structuration, 
because of the contradictions that must be overcome between 
thé demande of structuration and the diversity of objective 
causal situations. The same applies to volume, the delayed 
logicalization of which seems to be linked to geometric problems 
of internal continuum...going beyond the realm of concrete 

'operation (1974, p. 3). 

Second, the group composition of the individual operations now permits • 
operations on operations, which supports the development of proportion-
ality. Thus, Piaget writes: 

But we have also seen how the subject succeeds (first) in 
constructing by reflexive abstraction his multiplicative 
operations as additive operations at the second power, then 
his structures of proportionality by equalization of rela-
tionships (therefore, again, by, relationships of relationships 
or relationships at the second power)...(1974, p. 67). 



To discover whether a subject has attained the stage of formal 
operations for proportionality oPerations in a given context, Piaget and 
his colleagues employ the clinical interview with probing (at times, 
prompting the subject first in one direétioir and then in another to 
separate any efforts to please the interviewer from what the subject 
genuinely believes) and continuing the probing until satisfied that the 
most advanced level of which the subject is capable has been demonstrated. 
They thereby incur the criticism of behaviorists that they are leading and 
prompting their subjects. However, Piaget argued (1929) that without such 
methods they cannot discover intellectual structures. 

On the other hand, Karplus and his colleagues are interested in the 
primary or spontaneous level of thought (defined in terms of their cate-
gories) that subjects employ when solving a paper-and-pencil test. Although 
they state that they'have used interviews to check the levels of perform-
ance they get on paper-and-pencil tests, it is clear that they have avoided 
the clinical interview with its probing and prompting. This difference in 
purpose and procedure explains in part the differences in age distribution 
found between the two groupa of studies. A second major contribution to 
these differences, which the research to date cannot isolate from the 
first, is the phenomenon Piaget calls'decalage (separation or displace-
ment). This refers to the delay in development from the first case in 
which a subject can use a given form of thought (in this case, formal 
operations) to a more difficult application that is different in content. 
While Piaget's theory of decalage is not very well developed, the essay 
quoted above (Piaget,1974)indicates that the  developmental relation-
ships between various kinesthetic structures and logical ones is complex.. 
Another difference is that Karplus et al. (study V) employ a concept of 
types of reasoning which depends on the external static form of arguments. 
This contrasts sharply with Piaget's interest in internal dynamic ' 
processes (see Easley, 1973). 

The gulf between the narrow conceptual add methodological traditions 
that characterize these two groups of studies has not yet been bridged.. 
Both groups have legitimate research interests and both have practical 
applications to education. It is interesting,. for example, that the 
Elementary Science Study and the Science Curriculum Improvement Study, 
the latter of which is directed by Karplus, have generally been inter-
preted as attempting to challenge the highest intellectual competence 
of children and not merely tap their typical performance in a situation. 
It might seem then that Piaget's approach to research on cognitive de-
velopment could be gore relevant to Karplus' elementary-school project 
than Karplus' own research approach is, or perhaps that, in preparation 
for the development of new secondary-school curricula, a more.external 
form is thought to be requited. Perhaps there is another reason we do 
not understand for the maintenance of this separation. 

-The issues raised by this series of studies are important ones. 
Other mathematics educators will surely share the investigatórs'~concerns 
over the appropriateness of the cpi'rent curriculum (and its typical 
method, of implementation) for developing applications of mathematics to 
real-world problems. If it can be agreed that the mathematics curriculum'
should indeed promote creative use of numbers to describe physical objects 
(as is required in the sciences), then a research base for curriculum 
development in integrated mathematics and science programs is an important 



emphasis for future study. Also, despite the difference between Piagetian 
clinical interviews and Karplus' paper-and-pencil tasks, both offer alter-
natives to the conventional fascination with standardized (group-normed) 
tests of aptitude or achievement. 

Karplus and his associates also raise the matter of cross-national 
comparisons of educational programs through an examination of intellectual 
development. Such a topic would appear to lend itself readily to consider-
ation for inclusion in the proposed second round of school-subject surveys 
by the International Association for the Evaluation of Educational Achieve-
ment. Information is needed on the relationship between different curric-
ular emphases found in various countries and the attendant differences in 
conceptual development. Might it be the case that some countries are 
indeed much more successful than others in promoting the attainment of 
proportional reasoning for the majority of students during the junior high 
school or early high school years? In terms of Piagetian methods, 'recent 
suggestions that the rate of intellectual development might be uniform 
across cultures (Kamara and Easley, 1967) is not well supported beyond the 
stage'of concrete operations. Further research on this front is needed 
also. 

John A. Easley, Jr. 
Kenneth J. Travers 
Committee on Culture and Cognition 
University of Illinois-Urbana 
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CALCULATORS IN SOME FIFTH-GRADE CLASSROOMS: A PRELIMINARY LOOK. Schafer, 
Pauline; Bell, Max S.; Crown, Warren D. Elementary School Journal, v76, 
pp27-3l, October 1975. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by John E. , 
Tarr and Jack D. Wilkinson, University of Northern Iowa. 

1. Purpose 

The primary hypothesis investigated was that pupils who had briefly 
explored calculators would do better on an arithmetic achievement test 
than pupils who had not explored calculators. 

2. Rationale 

The study was intended to begin exploration in the use of electronic 
calculators in the classrooms, to make informal classroom observations, 
and to generate some hypotheses (especially on achievement testing). The 
writers report that thus far there are fete research-based answers to 
questions related to classroom use of calculators. 

3. Research Design and Procedure. 

 The study compared arithmetic achievement scores of two groups of
pupils--an experimental group and a control group. The inquiry was con-
ducted in April 1974;-in five fifth-grade classrooms of the University 
of'Chicago Laboratory School, where the pupils are predominantly from 
middle- and upper-middle-class families and generally score above the 
national norms on standardized tests. Three classes (69 pupils) served 
as the experimental group; two classes (46 pupils) served as the control 
group. 

Pupils in the experimental group were given calculators to explore 
for fifty minutes on each of two days. They were given problems to do 
and were encouraged to ask questions about the calculators. 

The Mathematics Computation Test (distributed by the Educational 
Testing Service) was used as both a pretest and a posttest. Each item 
was categorized as either a calculator or a non-calculator example. Thus, 
an administration of the test yielded three scores: (1) the whole score; 
i.e., the number of examples correct on the entire test; (2) the calculator 
score ; i.e., the number of examples correct that required either the use 
of some additional information or a two- or three-step computation; (3). 
the non-calculator score; i.e., the examples not scored for the calculator 

score.

Form A of the test was given in February 1974, and used as the pre-
test. Form B of the test was given as a posttest about a week after the 
experimental group had its two-day calculator experience in April 1974. 
The pretests showed no significant differences between the control and 



experimental groups on any of the three raw scores. The posttest data 
were summarized and a t-test used to examine the differences in the means. 

4. Findings 

The posttest results for calculator and non-calculator examples are 
given in the following table. 

Type Number 
of of Mean Standard 

Examples Group Pupils Score Deviation t 

Experimental 69 22.91 1.78 
Calculator  4.204* 

Control 46 20.96 3.20 

Non- Experimental 69 17.71 5.61 
calculator 1.269+ 

Control 46 18.98 1.27 

*Significant at the .001 level 
+Not significant 

There was no differehce reported between the groups on the pretest 
whole score. 

The partial scores for the groups show a highly significant differ-
ence in favor of the experimental group in the performance on calculator 
examples. On non-calculator examples the performance of the experimental 
group was not statistically different from that of the control group. 

5. Interpretations 

Pupils using calculators answered more of'the calculator examples 
than they would have without them. The user of calculators may help on 
examples where calculation is the main issue. 

There may be some loss from trying to use calculators when they are 
not appropriate. The performance of the experimental group was  poorer
than that of the control group. Perhaps the pupils in the experimental 
group depended too much on the calculators. 

Pupils made few attempts to estimate answers, even to the proper 
order of magnitude. This skill is almost egsential if calculators are 
to be used effectively. 

Curiosity ran high and interest in learning additional mathematical 
content was keen. In the classes that were introduced to calculators 
motivation and interest were boosted substantially and pupils generated 
many questions that could easily have beep exploited to begin a series of 
explorations about mathematics. 



Critical Commentary 

There is little question as to the need for action and developmental 
research dealing with the role aid use of the hand-held calculator in 
teaching mathematics. This article provides both direction for future
researchers and questions for current practitioners. 

The fact that pretest data were not reported created some question 
in the way the data dealing with non-calculator examples were interpreted. 

The writers infer that this non-significant difference may be in-
terpreted to mean that "perhaps the pupils in the experimental group de
pend too•much on calculators." Later they state that, "there may be some 
loss from trying to use,calculators when they are not,appropriate." How 
reasonable is it to make these inferences When the treatment and control 
groups may have varied that much on the pretest? 

The nature of the treatment was not clear. The writers state that 
the experimental group was given calculators to explore and that "childrén, 
were given problems to do and were encouraged to ask questions about the 
machines." Some additional information regarding instruction would have 
been helpful. Would the nature of the instruction, type of examples, and 
problems be the most important variable in any study of this sort? 

The study suggests implications for further research One slight 
variation of the study would be to consider four groups: (1) Calculator
experience; pencil and paper on test; (2) Calculator experience; calcula-
tor used on test; (3) No calculator experience; pencil and paper on teat; 
(4) No calculator experience; calculator used on test. This study con- 
sidered groups (2) and (3); another study could consider all four. Other 
questions for further research include: If the use of calculators were 
more than simply a two-day exploratory experience, but rather a one-week, 
structured experience usiig materials written specifically for the calcu-
lator, would even greater differences in scores be found? If materials 
were used with calculators in which common difficulties were encountered 
and pupils were sensitized to these difficulties, would they then perform 
better oá the non-calculator examples? Are the high-interest aspects of 
calculator-usage lasting effects or short-lived effects? Perhaps of 
greatest importance is the question, do pupils with calculators better 
learn mathematical concepts and skill? 

John E. Tarr 
Jack D. Wilkinson 
University of Northern Iowa 



SHIFTS IN READING READINESS PROFILES DURING THE PAST DECADE. Scott, Ralph.
Journal of Genetic Psychology, v126, pp269-213, June 1975. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by Thomas R. 
Post, University of Minnesota. 

1. Purpose . 

To determine whether there have been, within the last decade, changea 
in the, readiness profiles of American children as'measured by the tests of 
Primary Mental Abilities: PMA: K-1. "This instrument yields not only a 
total I.Q. but also four sub-test scores Which provide a general but educa-
tionally useful readiness profile." 

2. Rationale 

"It has been known for some time that social changes may produce a 
shift in the cognitive patterns of children. A number of selected longi-
tudinal studies have indicated that the intellectual structures of children 
in Western societies have been changing during the past several decades. 
For•teachers, the important question is not so much whether the pattern of 
readiness skills has changed, but the implications this may hold with. 
respect to teaching strategies. 

"Since the 1962 revisions of the PMA: K-1, substantial changes have 
occurred in American society which might substantially modify the readiness 
profiles of children entering first grade. The average child now watches 
TV about 50% more than the time hi is in school or an annual average of 
1,340 hours. Observation suggests that the typical child today spends less 
time in motor-expressive types of behavior (such as sports, fishing, help-
ing parents in the kitchen, barn, or garage) than did his'pre-TV. counter-
part. Voluntary reading is another learning-related activity which in-
voives individual decision making, and this too seems to be on the wane: 
from 1959 to 1971 the number of children who voluntarily read at least one 
hour per week declined from 82% to 67%. 

"It is entirely possible that changes in children's free time activi-
ties have altered the readiness profiles of first grade youngsters. 

"The present study examined the possibility that some primary or basic 
readiness abilities, upon which Thurstone's theory of primary mental abili-
ties is constructed, have been modified more by recent social influences 
than have other abilities." 

3. Research Design and Procedure 

The Control Subjects (comparative base) for this survey consisted of 
10,035 first-grade children who participated in the 1962 norming of the 
SRA tests of Primary Mental Abilities (PMA). 

Experimental subjects were selected from six schools within Midwestern 
school districts. Schools were chosen by local administrators because 



they "were representative of lower or upper-class neighborhoods." All 232 
children attending first grade in these six schools (124 lower socioeconomic 
class, 108 middle socioeconomic class) constituted the Experimental Subjects. 
In 1972 Experimental S's were given the same version of the PMA: K-1 as 
administered to the norming group in 1962. 

The PMA was comprised of four sub-scales: 

(1)Verbal Meaning (VM) -purported to measure receptive language. 

(2)Perceptual Speed (PS) - requires Ss to find similar objects. / 

(3)Number Facility (NF) - no explanation given. (The reviewer infers 
this refers to numerical recognition, simple addition and subtraction 
facts and similar type items). 

(4)Spatial Relations (SR) - requires child to reproduce a geometric 
design.and identify missing geometric figures from partially 
completed squares. 

Each subscale of the 1962 version of the PMA: K-1 had a mean of 100 
and a standard deviation of 16. 

Four "types" or categories of IQ were considered;' each corresponding 
to one of the subtest categories. Two levels of Socioeconomic Status (SES) 
were identified: Lower and Middle. Contrasts of 1962 and 1972 results on 

'the PMA: K-1 were obtained by use of t-test statistics. Eight separate 
analyses were conducted (one for each of four categories of IQ, and two 
levels of SES). 

4. Findings 

Table 1 summarizes the results of the aforementioned' analyses. 

TABLE 1 

Mean 1972 Primary Mental Abilities (PMA): K-1 Subtest IQ Attainments 
and Resulting z Scores when Compared with 1962 PMA Norma*** 

Socioeconomic Verbal Perceptual Number • Spatial 
class meaning (VM) speed (PS) facility (NF) relations (SR) 

Lower (N .. 124) 
IQ 104.6, 111.8 111.5 99.7 
t 2.3* 6.0** 5.8** .2 

Middle (N .• 108) 
IQ 107.3 111.4 107.7 100.1 
t 3.7** 5.2** 3.6** .3 

*p<.05 
** p < .O1 
*** 1962 norms: X - 100, s.d. - 16 



As can be seen, children enrolled in first grade during 1972 scored 
consistently higher on three of four subtests than those enrolled in 1942. 
Six óf eight results were statistically significant at the .05 or .01 level. 
No significant differences were reported for the category labeled Spatial 
Relations (SR). The adthor speculates that "the shift in cognitive pro-
files suggests that social changes, such as the infusion of vast amounts 
of TV stimulation may produce a deficiency of sensory-motor experiences 
upon which more abstract forms of reading and comprehension are increas-
ingly dependent as children progress through school." The term Sensory-
motor experiences was used by the author interchangeably.with the term 

  Spatial Relations (SR), the fourth category of IQ measured by the PMA: K-1. 

Critical Commentary 

Surveys of this type provide useful landmark information regarding 
where we have been and how far we have come. They do not, however, provide 
reasons for observed pre-post differences. This point is made because the 
author on several occasions has referred to this research as an experiment, 
which it clearly is not. 

The major question about this research concerns the selection and 
definition of the 1972 population. Three other concerns are briefly re-
ferred to below: 

1. "Experimental" Ss in the 1972 population consisted of all first 
graders (N m 232) in six volunteer schools in a "medium-scope 
Midwestern school district." "Control" Ss consisted of 10,000+ 
first-grade children who participated in the 1962 norming. No 
descriptive population information was.provided by the author. 
This fait coupled with the lack of randomization casts doubt as 
to whether these two populations were in fact comparable. 

2. Given the rapidly changing social conditions referred to in the 
paper., it seems possible that the 1962 version of• the PMA may no 
longer be a relevant yardstick from which meaningful changes in 
readiness profiles can be deduced.

3. As can be noted, Table 1 (which has been reproduced exactly) 
refers to "t" scores and "z" scores simultaneously. The reviewer 
found other reference to "z"'scores in the body of the paper con-
fusing. It is not clear how "z" scores are relevant to the 
analysis reported. 

Changes in readiness profiles of children entering the educational ' 
system must have implications for the reconsideration and possible redesign 
of school curricula. Persons and/or groups responsible for the development 
of curricula should be aware of results such as those reported in this study 
and more importantly should take seriously the task of detailing specific 
implications for curricular redesign. 

It seems obvious (to the reviewer) that this point also applies to the 
area of mathematics education. Curricular change in mathematics, at least 
as applied to the methodological concerns of mathematics instruction, has 
been agonizingly slow. With a few notable exceptions, the elementary school 



programs used by today's schools are•not substantively different from those 
used several decades ago. Clearly more attention must be paid to academic 
capabilities as well as a variety of other pupil cháracteristics in the 
development and implementation of educational experiences for children. 
The author's final admonition is to be taken seriously: "If classroom 
instruction is to keep pace with the impact of social change, it appears 
that there is a need for periodic reassessment of children's readiness 
profiles." 

Thomas R. Post 
University of Minnesota 



FINAL REPORT, SPECIALIZED TEACHER PROJECT, 1971-72. State Board.of Educa-
tion, San'Diego, California. Mathematics Improvement Programs. Superin-
tendent of Schools, Department of Education, San' Diego County, 6401 'Linda 
Vista Road, San Diego, California 92111. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by Merlyn 
J. Behr, Florida State University, 

1 Purpose 

The Specialized Teacher Project is one of four Mathematics Impróve-
ment Programs established by the 1967 session of the California State 
Legislature. The Project. provided in-service training for elementary 
teachers who subsequently taught mathematics to their own and•one other 
class. This Final Report describes a 1971-72 study which focused on the 
longitudinal effects of the in-service training. 

2. Rationale 

As background for the 1971-72 study were studies co[ ducted in 1968; 
1969, and 1970. The ‚focus of these studies was to investigate the 
questions of whether: (1) in-service training of teachers is effective 
as measured by their pupils' achievement, (2) one format for conducting 
the training is more efficient or economical than others, and (3) the ex-
change of classes is a desirable feature. 

Data for these studies were obtained as a result of teacher-training 
workshops within the Specialized Teacher Project. The training program 
of the workshops was to acquaint teachers with the techniques of creating 
in their classrooms a climate in which pupils might more effectively learn 
mathematics. Instruction reflected the thinking of Piaget and other 
theorists who describe a basic hierarchy in learning, from manipulation, 
to representation, to abstraction. It is believed that children learn 
mathematics, first by responding to and manipulating objects in the en-
vironment and then by reacting to representations of these physical 
situations before operating with the abstractions that emerge from these 
earlier experiences. 

"Engaging in the same kinds of activities, enjoying the same kinds 
of individualized learning experiences, and making the same kinds of 
discoveries as subsequently their pupils would, the teachers were trained 
to" use manipulative materials, mathematics-oriented games, measuring 
devices, and other aids in their instructional programs. Provision was 
made for participants to experience a wide variety of activities, in which 
manipulative materials (attribute games, pattern blocks, rods, geoboards, • 
balances, unifix apparatus, et cetera) were used to discover mathematical 
concepts. 

Emphasis was placed on the content defined by the Mathematics Frame-
work for California Public Schools (The Second Strands Report): Numbers 
and Operations, Geometry, Measurement, Application of Mathematics, 
Statistics and Probability, Sets, Functions and Graphs, Logical Thinking, 
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and Problem Solving. Classes were in session each day during the ten-day 
workshops from 8:30 A.M. to 3:30 P.M. The faculty'consisted•primarily 
of elementary•school teachers, uniquely trained, who were successfully 
practicing an active learning approach to the teaching of mathematics in 
their own classrooms. 

Significantly greater growth was observed at the second-grade level 
for pupils whose teachers were involved in the workshops than for other 
pupils, on measures of both comprehension and computation on the Modern 
Math Understanding Test. As measured by scales of items selected from 
the National Longitudinal Study of Mathematical Ability (NLSMA), fifth-
grade pupils performed significantly better on nine of ten scales than 
did pupils whose teachers did not attend the workshops. The scales in-
cluded items on computation as well as understanding of such topics as 
operations, geometry, probability, and graphing. 

Pupil growth was found to be independent of the way in which in-
service training was organized. The achievement of pupils whose teachers 
participated for two summers was greater than that of pupils whose 
teachers attended only one two-week session. Pupils who received in-
struction for two years from Specialized Teachers continued to grow at 
nearly the same rate as pupils who received such instruction for the first 
year. The•Project was equally effective for teachers of children from 
various socioeconomic areas. 

3. Research Design and procedure 

For the 1971-72 study the performances of pupils whose teachers 
attended one or two two-week summer workshops were again compared, and the 
.impact of the training on teachers who participated in 1969 and 1970 but 
not in Summer 1971 was examined. Four categories of classes were defined: 

1. Teachers .who attended only the 1971 two-week summer workshop 

2. Teachers who attended the 1970 and 1971 two-week summer work-
shops 

3. Teachers who attended the 1969 and 1970 two-week summer work-
shops but did not participate in 1971 

4. Teachers who attended none of the workshops 

The teachers in tie fourth category, i.e., those who received no tri-service 
training, applied to attend the Summer 1971 workshops but could not be 
accommodated. Improved versions of the tests used in previous studies were 
administered to approximately 4500 pupils. Seventy-five second-grade and 
74 fifth-grade classes participated in the study. The five workshops and 
the separate geographical regions served by each were reptesented propor-
tionally'in each of the cells. • 

4. Findings 

Statistically significant differences were produced at the second-
grade level on four of the five scales (Computation with Whole Numbers, 



Pattern Recognition, Whole-Number Operations, and Intuitive Geometry) and 
at grade five on two of six scales '(Word Problems and Whole-Number Opera-
tions). To adjust for the differences that existed between the groups 
prior to the treatment and to permit the making of unbiased comparisons 
between the effects, an analysis of covariance procedure was employed. 

The classes of second-grade teachers who attended two-week in-
service training workshops during the summers of both 1970 and 1971 per-
formed better on all scales than the teachers who attended only the 1971 
session. Although the differences on individual scales were not statis-
tically significant, there is a significant overall difference between 
the groups if the results of the individual scales are combined. 

The classes of fifth-grade teachers who attended both the 1970 and. 
1971 workshops performed better than the classes of teachers who partici-
pated only in 1971 on five of the six scales. The findings thus corrobo-
rate the conclusion of the 1970-71 study that a second summer's training 
produces a substantial improvement in pupil performance, particularly on 
measures of mathematical comprehension. 

It would appear that participation in the workshops had a lasting 
beneficial effect on pupil performance during the 1971-72 school year. 
Cusses whose teachers participated in 1969 and 1970, even though their 
téachers received no reinforcement at a workshop in 1971, performed 
measurably better than pupils whose teachers did not attend a workshop. 
Statistically significant differences were observed on all five scales 
(Computation with Whole Numbers, Pattern Recognition, Whole-Number Opera-
tions, Intuitive Geometry, and Word Problems) at grade two, and on two of 
the six scales (Word Problems and Pattern Recognition) at grade five. 

In addition, there were no significant differences in performance 
during the 1971-72 school year between the classes of teachers who attended 
the 1969 and 1970 summer workshops and the classes of teachers who attended 
the 1970 and 1971 sessions. Pupils whose teachers participated in 1969 
and 1970 but not in 1971 performed as well as pupils of those teachers 
whose training was more recent. 

5. Interpretations 

The conclusion of the previous studies that the in-service training 
provided by the Specialized Teacher Project produces a significant im-
provement in pupil performance in mathematics, particularly in the area 
of mathematical comprehension, was verified by the 1971-72 investigation. 

Critical Commentary 

The study reported in this Final Report together with results of the 
previous studies have important implications to in-service elementary 
teacher education. A significant philosophy which was apparent in the,con-
duct of the workshops was that teachers teach in the way they are taught. 
This philosophy was not explicitly stated butwas clearly exemplified by a 
statement describing the program: "Engaging 'in the same kinds of activi-
ties, enjoying the same kinds of individualized learning experiences, and 



making the same kinds of discoveries as subsequently their pupils would, 
the teachers were trained to..." Although this report does not give a com-
prehensive and detailed report of the,particuiar activities in which the 
teachers were engaged, The Second Strands Report is cited as a probable 
source for this information. 

The study involved 16-21 classes pet cell. This•is a relatively large 
number; thus it is apparent that considerable confidence can be placed in 
the statistical results. On the other hand, since the teacher population 
involved was entirely in-service teachers who are more sensitive to both 
mathematical and pedagogical issues of the elementary school than pre-
service teachers, care must be exercised in generalizing the results to 
pre-service education. . Although one might like to believe that a similar 
philosophy applied to pre-service teacher education would result in simi-
lar pupil gains, this study does not give information about this important 
question. A study of comparable magnitude applied to pre-service educa-
tion could make a significant contribution. 

The report could have been improved by observing more specifically 
the areas in which there were greater gains for second-grade pupils of 
teachers who participated in the workshop than for others. Note is made 
here of the fact that when pupil scores of teachers participating in summer 
1971 vs. no in-service are compared, greater gains were observed foi 
Intuitive Geometry and Word Problems but not on'Whole Number Computation 
or Whole-Number Operations. When results for teachers participating in 
summers 1970 and•1971 vs. no in-service are compared, greater gains were 
observed for pupils of participating teachers in the areas of Pattern 
Recognitión and Intuitive Geometry and not the other three. Do these 
results suggest simply that as a result of - the workshops teachers began 
to teach these concepts whereas their counterparts avoided them? This does 
not necessarily argue that the workshops were not successful in producing 
greater pupil gains, but it does cast the success into a different frame 
of reference. To   what does one attribute the success of the training? To 
the fact that teachers learned and used new pedagogical techniques through 
the process of being taught as they "should" teach, or to the fact that 
they learned and began teaching mathematics they were previously uncom-
fortable with and had avoided? Some measures of this would have been a 
useful addition to the' study. Significantly greater gains were not ob-
servid in the important skill areas of whole number computation and oper-
ations. Similar observations can be made about the fifth-grade data. 

Merlyn J. Behr 
Florida State University 



AN EXPERIMENTAL TEST OF FIVE PROCESS MODELS FOR SUBTRACTION. Woods, 
Shirley S.; Resaiçk, Lauren B.; Groen, Guy J. Journal of Educational 
Psychology, v67, pp17-21, February 1975. 

Expanded Abstract and Analysis Prepared Especially for I.M.E. by Robert 
D. Bechtel, Purdue University-Calumet Campus. 

1. Purpose -

To show that the observed reaction times of second- and fourth-grade 
students in responding to "single-digit" subtraction exercises (not prob. 
lems) can be made to fit one of five proposed models. 

2. Rationale 

Groen and Parkman (1972) investigated the processes used by children 
in responding to "simple" addition exercises. The simple counting models 
used in that investigation were adapted to this study. Five counting 
methods were proposed for responding to a subtraction exercise of the type 
m - n - E: 

"1. The counter is set to 0; it is then incremented m times and 
is then decremented n times. The solution is the final value in 
the counter. 

2. The counter is set to m and then decremented n times. The 
solution is the final value in the counter. 

3. The counter is set to n and then incremented (m - n) times, 
that is, until m is reached. The solution is the number of 
times the counter has been incremented. 

4. The counter is set to 0; it is incremented n times and is 
then incremented until m is reached. The solution is the num-
ber of times the counter has been incremented after n is reached. 

5. Either Process 2 or Process 3 is used, depending on which 
requires fewer operations." 

3. Research Design and Procedure 

The five counting models were evaluated by fitting observed reaction 
times to regression lines. The subjects were 40 second-grade students 
and 20 fourth-grade students. A device measured the reaction time of a 
student to the nearest hundredth of a second. 

Fifty-four exercises were Presented individually to each subject for 
five successive dayc The 54 exercises were all possible exercises of the 
form 

m- n m 



where m and n are integer , m > n, 0 < m < 9 and 0 < n < 8. [Abstractor's 
Note: Why was 9 - 9 omitted?) 

4. Findings 

"A series of regression analyses showed that 30 of the 40 second 
graders were best fitted by Model 5, with F values ranging from 13 to 36, 
slopes .22 to .59, and R2a, .20 to .45. Of the remaining 10 subjects, 6 
were fitted best by Model 2, with Fa ranging from 40 to 62, slopes, .45 
to .55, and R2s, .35 to .51. Two subjects were maximally-significant on 
Model 4 (with F values of only 8 and 9, respectively). All of these F 
values were significant at the .01 level (with 1 and 54 degrees of free-
dom). Two subjects were not fitted by any of the. models.' The 20 fourth-
grade subjects were all fitted best by Model 5, with F values from 10 to 
31; slopes, .11 to .29; and R2s, .11 to .36. Very few subjects obtained 
a significant F (at the .01 level) on more than one model. For example, 
of the 30 subjects in second grade best fitted by Model 5, only 4 were 
significantly fitted by any other model." 

5. Interpretations 

The reaction times for moat second-grade students and all fourth-
grade students beat fit a model of counting down from the larger number 
(m) or counting up from the smaller number (n), using whichever required 
the fewer steps. Six second graders consistently counted down. Also, 
"Older children took only about half as much time for each increment or 
decrement as the younger." 

Critical Commentary 

This study investigated processes used in responding to 54 of the 100 
basic subtraction facts. Since mastery of these facts is required of most 
second-grade students and every third-grade student, this study is relevant. 
The study reaffirmed that subtraction exercises of the form 

m 
- n 

where n is small or the difference is small are'much "easier" than those 
with n approximately half of m. An extension of this study could include 
the other 46 basic subtraction facts. 

The finding that suggested some second-gra'io students consistently 
counted down while all fourth-grade students counted either up or down 
might be related to the real-world applications used in the instructional 
program. A "take-away" setting is normally the first object model or 
subtraction, followed by comparison applications, and finally by the "How 
many more are needed" (missing addend) application. The "missing addend" 
application is the basis for the "counting-up" process. Correlations 
between Cheep settings and the computational processes could be explored. 



The experimenters cited making several deletions from their data. 
Lengthy reaction times were omitted, as were response times for incorrect 
answers. These cases might prove very interesting in their own right and • 
could ,help launch further research. Also, throwing away "irrelevant" data 
helped insure a better fit. 

I assume that the references to Grade 1 (page 17) and Grade 5 (page 
21) were careless errors, and should be read "Grade 2" and "Grade 4", in 
order to refer to subjects of the study. 

Robert D. Bechtel 
Purdue University-Calumet Campus 
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