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FOREWORD

The increasing contribution of mathematics to the culture of
the modern world, as well as its importance as a vital part of
scientific and humanistic education, has made it essential that the
mathematics in our schools be both well selected and well taught,

. With this in mind, the various mathematical organizations in
the United States cooperated in the formation of the School
. Mathematics Study Group (SMSG). SMSG includes college and univer-
- 81ty mathematicians, teachers of mathematics at all levels, experts
- in education, and representatives of scilence and technology. The
general obJective of SMSG 1s the improvement of the teaching of
mathematics in the schools of this country. The National Science
Foundation has provided substantial funds for the support of this
endeavor,

One of the prerequisites for the improvement of the teaching
of mathematics in our schools is an improved curriculum--one which
takes account of the increasing use of mathematics in science and
technology and in other areas of knowledge and at the same time
one which reflects recent advances in mathematics itself. One of
the first projects undertaken by SMSG was to enlist a group of
outstanding mathematicians and mathematics teachers to prepare a
serlies of textbooks which would illustrate such an improved
curriculum, ‘ 4

The professional mathematicians in SMSG believe that the
mathematics presented in this text is valuable for all well-educated
citizens in our soclety to know and that it-1s important for the
precollege student to learn in preparation for advanced work in the
field. At the same time, teachers in SMSG believe that it is
presented 1n such a form that it can be readily grasped by students,

In most instances the material will have a familiar note, but
the presentation and the point of view will be different. Some
material will te entirely new to the traditional curriculum. This
is as it should be, for mathematics 1s a living and an ever-growlng
subject, and not a dead and frozen product of antiquity. This
healthy fusion of the old and the new.should lead students to a
better understanding of the basic concepts and structure of
mathematics and provide a firmer foundation for understanding and
use of mathematics in a scientific’ soclety.

It is not intended that this book be regarded as the only
definitive way of presenting good mathematics to students at this
level. Instead, it should be thought of as a sample of the kind of
improved curriculum that we need and as a source of suggestions for
the authors of commercial textbooks. It is sincerely hoped that
these texts will lead the way toward inspiring a more meaningful
teachling of Mathematics, the Queen and Servant of the Sciences.
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PREFACE

Key ideas of Junlor high school mathematics emphasized in
this text are: structure of arithmetic from an algebraic view-
point; the real number system as a progressing development;
metric and non-metric relations in geometry. Throughout the
materlals these ldeas are associated with their applications,
Important at this level are experience with and appreciation
of abstract concepts, the role of definition, development of
precise vocabulary and thought, experimentation, and proof.
Substantial progress can be made on these concepts in the
Junior high school.

Fourteen experimental units for use in the seventh and
elghth grades were written in the summer of 1958 and tried cut
by approximately 100 teachers in 12 centers in various parts
of the country in the school year 1958-59. On the basis of
teacher evaluations these units were revised during the summer
of 1959 and, with a number of new units, were made a part of
sample textbooks for grade 7 and a book of experimental units
for grade 8. In the school year 1959-60, these seventh and
elghth grade books were used by about 175 teachers in many
parts of the country, and then further revised in the summer
of 1960. Again during the year 1960-61, this text for grade 8
was used by nearly 200 classes in all parts of the country,

. .and then this edition was prepared in the summer of 1961.

Mathematics 1s fascinating to many persons because of its
opportunitles fo.’ creation and discovery as well as for its
utility. It 1s continuously and rapicdly growing under the
prodding of both intellectual curiosity and practical applica-
tions. Even Junior high school students may formulate
mathematlical questions and conjectures which they can test and .
perhaps settle; they can develop systematic attacks on
mathematical problems whether or not the problems have routine
or immediately determinable solutions. Recognition of these
important factors has played a considerable part in selection
of content and method in this text.

- We firmly belleve mathematics can and should be studied
with success and enjoyment. It 1s our hope that this text may

greatly assist all teachers who use it to achieve this highly .
desirable goal. ° s
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Chapter 1
RATIONAL NUMBERS AND COORDINATES

't

1-1. The Number Line

The idea of number 1s an abstract one. The development of a
good number system required centuries in the civilization of man.
To help understand numbers and their uses, many schemes have been
used. One of the most successful of these ways to picture numbers
is the use of the number line. Suppose we recall the construction
of a number line as a starting point for further discussion of

numbers.
We think of the line in the drawing below as extending end-

v

r 3

lessly 1in each direction. We choose any point of the 1line and
label it O. Next, choose another point to the right of 0O and
label it 1. This determines a unit of length from 0 to 1.
Starting at 0, we lay off this unit length repeatedly toward the
right on the number line. This determines the location of the
points corresponding to the counting numbers 2, 3, 4, 5, "....
R The number % we associate with the point midway between 0
and 1. By laying off this segment of length one-half unit over
and over agaln, we determine the additional points corresponding
to %, %, g, .+.. Next, by using a length which is one-third of
the unit segment and measuring this length successively to the
right of zero, we locate the points %3 %, é, g, sese Similariy,
we locate the points to the right of 0O on the number line corre-
sponding to fractions having denominators 4, 5, 6, 7,

Some of these are shown in the followlng figure.

11
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By this natural process we associate with each rational num-
ber a point on the line, Just one point of the line is associated
with each rational number. We thus have a one-to-one correspond=-
ence between these rational numbers and some of the points of the
line. We speak of the point on the number line corresponding to
thé number 2 as the point 2. Because cf this one-to-one corre-
spondence-between number and point, we can name each point by the
number which labels it. This is one of the great advantages of
the number line. It allows us to identify points and numbers and
helps us use geometric points to picture relations among numbers,
We shall illustrate some of these uses in the next few paragraphs,

Remark. You might think that this one-to-one correspondence
assigns a number to every point on the line, to the right
of 0. This is far from true. In fact, there are many,
many more points unlabeled than labeled by this process.
These unlabeled points correspund to numbers like T, /2,
V3, /5, which are not rational numbers. In Chapter 6,
we shall study more about such numbers.

Properties of the Number Line

The number line locates numbers by means of points in a very
natural way. The construction of the numter line locates the
rational numbers in order of increasing size. Hence we can always
tell where a number belongs on the line. The larger of two num-
bers always lies to the right. Thus: 5 > 3 (5 1s greater than
3), and on the number line 5 1ies to the right of 3, A number
greater than 3 corresponds to a point located to the right of 3,

[sec. 1-1]
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Since 2 < 4, the point 2 1ies to the left of the point 4. We
can easlly check the relative positions of numbers such as 3, O,
%, i, g, %. Once we have located the correspond;ng points on
the line, 1t 1s easy to tell at a glance whether one number is
greater than another or less than another. _

The point corregponding to. O is chosen as a point of refer-
ence and called the'brigin. (Some_people call 1t the fiducidl
point, and you may call it this to impress your friends, if :you
wish!) The half-line extending to the right from the origin along
the number line 1s called the positive half-line. Any number which
is grezter than zero lies on this positive half-line and 1is called
2 positive number, In particular, we speak c¢cf the counting num-
bers 1, 2; 3, 4 ... as the positive integers. Note that to say a
number is positive simply means that 1t 1ies to the right of zero
on the number line.

Addition on the Number Line

Addition of two numbers can easlly be pictured on the number
line, To add 2 to 3, we start at 3 and move 2 units to the
right. In this way the operation 3 + 2 = 5 1is represented by a
motion along the number line. The motion ends at the point corre-
sponding to the sﬁm.

We may also think of the number 3 as determining an arrow (or
directed line segment) starting at O and ending at 3. To
represent the addition of 2 to 3, we simply draw an arrow of
length 2 to begin at 3 1instead of at 0. The arrow (directed
line segment) representing 3 + 2 thus begins at O and ends at
5. To avoid confusion, we frequently indicate these arrows
slightly above the number 1line, as in the following figure for

- the sum 4 + 2,

[sec. 1-1]
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The arrows suggest a move.of 4 units followed by a move of 2.
units in reaching the point (4 + 2). We also interpret the pic-
ture as suggesting the addition of two directed line segments of
lengths 4 and 2 to form the sum segment of length 6

Applications of the Number Line

The number line is used in

maﬁy forms in our everyday life. T 130
A ruler is a fine example, of 1120
course. The house numbers along {110
some city streets define a raugh 1100 Eggg:es
form of number line. (If you live 1 90 Zero
on a curved street,. you will have + 80
to take more mathematics before 1 70
you study distance and numbering L 60
along a curve!l) + 50
- One of the most common applica- { 40
tions of the number line appears . + 30
in a thermometer. Here we use two 1+ 20
number scales,.one in each direction + 10
along the line. - Temperatures { o
above zero appear above zero on the T 10 Degrees
line; temperatures below zero are 1 o9 Below
measured below zero on the line. R + 30 zero
L 40
Temperature
14

[sec. 1-1]
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To compare profits and losses B ¢
of various divisions of a lérge '
company for a given month, we 5
might use scales as shown at the
right. Division A, which. lost !
4000 dollars would appear at the '
point labeled A. Division B,
which showed a profit of 5000
dollars, appears at B.

What other examples of the use of number 1line

Exerclises 1-1

5000
‘ Profits
Dollars
3000
L. 2000
- 1000
0
- 1000
. Losses
2000 in
Dollars
- 3000
4000
5000

can you think of?

1. For each of the following numbers draw a number line. Use one
inch as the unit of length. Locate 2 point of origin cn the

line, and then locate the point corresponding

to the number. ~

Just above the number line, draw the corresponding arrow.

(a) (c) - 3% (e) 3.75
(®) & C(a) 2 (£) 1.125
[sec.’I-l]
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Represent each of the following additions by means of arrows
on a number line, Use a separate number l;ne for each
addition. -

(a) 2+3 (@) § + §
(b) 1+6 . (&) 3 + 1.25
() 3+2 v+ o2

Locate the following numbers on a number line and determine
which 1is the largest in each set.

() H# 3, L.

on some recent automobiles, speedometers use a form of the
number lirs *. indicate speed in miles per hour. On these
speedometers, a line, similar to an arrow, 1s used to indicate
the speed. Choose a convenient unit of length and construct
such a number line showing speeds up to 70 m.p.h. Label on it
the points corresponding to the fbllowing points., Draw a
corresponding arrow for each number Just above the number line.

(a) . 10 m.p.h.’ : - (e) 35 m.p.h.
(b) 15 m.p.h, (d) 60 m.p.h.

Locate on a number line the midpoints of the—following
segments,

(a) From 0 to 2. (¢) From % to % .
(b) From é to g. I (d) From 2 to 6.5.

Use a dilagram representing addition by means of arrows on the

[sec. 1-1]
16



number line to show that 2 + 3 = 3 + 2. What property of
addition doies this 1llustrate?

7. Using arrows to represesnt addition on the number line, show
that '

(2+38) +1 =2+ (3+1).

What property of addition does this 1illustrate?

8. Think of a way to represent the product 3 .2 by means of
arrows on the number line. Try it also for 5.2 and 6 -%

o J

9. How would you‘show that 2+ 3 = 3+ 2 by means of arrows on the
number line? What property of multiplication does this
illustrate? '

1-2. Negative Rational Numbers

~ In the preceding discussion of number line there 1s a very seri-
ous omission. We did not label the points to the left of zero.
We used only the half-line from the origin in the positive direc-
tion. To suggest how to label these points (and why we want tol), -
let us look at the familiar example of temperature.
A number line representing temperature, such as we find on a
thermometer, often looks like this,

“50 "40 =30 "20 -I0 O +I0 +20 +30 +40 *50 +60 +70

Temperature in Degrees Fahrenheit } —

Here temperatures less than zero are represented by numbers to the
left of the origin and designated by the symbol "™ = ", Tempera-
tures greater than zero are identified with the sign " ¥ ", Thus,
710 refers to a temperature of 10 degrees-below zero (to the left
of zero), and *10 refers to a temperature of 10 degrees above

[sec. 1-2]
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zero (to the right of zero). Actually, above zero and below zero
seem more natural terms to use when the scale is vertical.

This idea.of distance (or of points) along a line on opposite
sides of a fixed point occurs frequently in our ordinary tasks.
Think how often we speak of distances to the left or to the right,
locations north or south of a given point, altitudes above or
below sea level, longitudes east or west, or the time before or
after a certain event., 1In each of these situations, there is a
suggestion of points located on opposite sides of a given point
(or number), or distances measured in opposite directions from a
_.given point (or number). All of them suggest the need for a num-
ber line which uses points to the left of the origin as well as
points to the right of the origin,

The natural way to describe such a number line -is easy to see,
We start with the number line for positive rationals which we have
already used. Using the same unit lengths, we measure off dis-
tances to the left of zero as shown below:

-3 -2 ol 0 * +2 3.

We locate "1 as opposite to t1 1in the sense that it is 1 unit to
the left of zero. Similarly "2 is-oﬁposite to *2, -(%) is
located opposite to f%, -(g) is opposite to fg; etc, These .
"opposite" numbers, corresponding to points to the left of zero,
we call negative numbers. Each negative number lies to the left
of zero and corresponds to the opposite positive number. This
direction "to the left" is called the negative direction.
We'denote negative numbers as "1, ~2, -(%), -(%),_'(g) ete.,
by use of the raised hyphen. We read (T2) as "negative two."
This negative symbol " " ." tells us that the number is less than
zero (lies to the left of zero). We sometimes emphasize that a
number 1is positive (greater than zero) by writing the symbol " *

[sec. 1-Qj
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in a raised position as in +2, % » ete. Usually we do not do

this unless we want to emphasize the positive character of a num- \
ber.

The new numbers we have introduced by this process are the
negative rational numbers. The Set consisting of positive
’ rational numbers, negative rational numbers, and zero, we call the
rational numbers. P ;
i The special set of rational numbers which consists of the
positive integers, the negative integers and zero 1s called the
set of integers. We frequently denote this set as:

I=~_(-", "4 "3, "2, "1, 0.1, 2, 3, 4,-..}.

Note that the set of integers consists of only the counting ‘num-
bers and their opposites together with zero.

Examples of the Use of Negative Numbers

The negative numbers are as real and as useful as the posi-
tive numbers we have used before, 1In fact we have used them many
. times without calling them negative numbers., Their special use-~
fulness 1s in denoting the idea of "opposite" or "oppositely
directed" which we mentioned.

‘Let us use positive numbers to denote distance east of
Chicago. The negative numbers will denote distances west of
Chicago. A number line 1ike the one below

300 -200 <100 O *100 +200 *300 400

Distance from Chicago in miles *

can therefore be used to plot the position of an airliner flying
an east-west course passing over Chicago. For an airliner flying
a nofth-south cdurse over Chicago, how could.you interpret this
number line?

19
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The time before and after thé.launching of a satellite can be
indicated on a number line 1ike the following:

i

-

4
Ly
-

0 *I tz2 t3 ¥4 t5 +g

(Seconds before launching) (Seconds after launching)

Note that the number line we use need not be placed horizon-
tally. If we speak cf altitude above.sea level as positive and :
altitude below sea level as nega-

tive, 1t may seem more natural to L 5000
use a number line in the vertical
position. - 4000
Also, for distances north or L 3000
south from Kansas City you may
wish to use a vertical line. ~ 2000
: r_+500 ~ 1000
400 to Altitude
' : _ in feet
L +200 - 2000 reference
- to -
L 100 - 3000 sea level
L 0 Distance i 4000
1 - in |-
L =100 . 5000
mlles
- T 200 from
- Kansas
- 300 Ccity
- ~400 ,
- 7500 20

[sec. 1-2]
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To represent business profits and losses, a vertical 1line
is more convenient. A higher position in the 1ine seems naturally
to correspond to greater profit. Of course, in other instances
some other orientation (not necessarily horizontal or vertical)
may seem natural for the number 1line.

Exercises 1-2

1. Locate on the number line points corresponding to the follow-
ing numbers.

(a) 8 | (@) g
(0) (D) () 1.5
(o) 1 N NG

. Are there any pairs of "opposites" in this 1list?

2. Sketch the arrows determined by the following rational numbers,

(a) 6 | (@) 42
) v (o) T(2Y)
() 5.5 (n) 2

3. Arrange the following numbers in the order in which they
appear on the number line: "4, %, -(%), g, -6, '(g), %.

Which 1s the largest? Which is the smallest?

4, How could you represent the following quantities by means of
positive and negative numbers?
(a) A profit of $2000; a loss of $6000.
(b) An altitude of 100 ft. above sea level; an altitude of
50 ft. below sea level’,
(¢c) A loss of 15 yards, a gain of 10 yards.

[sec. 1-2]
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(d) A distance of 2 miles east, a distance of 4 miles west,

5. The elevator control board of a department store 1lists the
floors as B. 2, B 1, G, 1, 2, 3. Here @ refers to ground
level . and B 1l, B 2 denote basement levels. How could you
use positive and negative numbers to label these floors?

6. Draw a number line indicating altitudes from ~1,000 ft. to -
+lO,OOO ft. Use intervals of 1,000 ft. Locate altitudes of
“800 ft., T100 ft., t2500 ft., ~500 ft.

1-3. Addition of Rational Numbers

We saw that the addition of two positive numbers is easily
represented on the number line. To refresh your memory, try find-
ing the sums 2 + 4, 3+ 2, 1+ 7 on the number line. On the
number line, the sum 4 + 2 1s represented by the point 2 units
‘beyond 4 (or U4 wunits beyond 2 since it makes no difference
which number is chosen first). Note that in adding a positive
number to another positive number, we always move to the right .
(in the positive direction) along the number line. So we describe
this process of addition by saying that in adding 2 to 4, we
start at 4 and move 2 units to the right, or 2 units in the
positive direction. We saw that a convenient way to represent
this process is by means of arrows (directed line segments) of
appropriate length. Thus, the sum 4 4+ 2 corresponds to this
picture, ‘

4+2
4 2
L) L ] 1 T L} [ 1 L] 1 t v 1} J LS
Ol 2 34567 8 910
22
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To think.of moving from O to 4, we draw the directed 1ine
segment corresponding to 4. Then beginning at U4, we draw the
directed line segment of length 2 which corresponds to 2. ~In
this way we find the arrow of length 6 corresponding to (4 + 2).
| Think now of our construction for the negative numbers ir the
number lihe. Remember that 2 1s the opposite of 2. To say
that "2 1s the opposite of 2 means that 2 1s the same dis-
tance from 0 as 2 but in the negative direction as shown here:

The arrow assoclated with "2 1s 2 units in length and specifies
the negative direction as indicated in the sketch. How would you

sketch ~4; -(%); "3; _(%)?

Remark. Many times it is valuable to indicate the approximate

:position of numbers on the number line in order to compare
their locations relative to one another. In such cases
only a rough plcture is necessary, and careful measure-
ments of length are not justified. We refer to such a
rough plcture as a sketch.

What would we mean’by the sum 5 + (73)? Using directed

‘arrows, we can find the point corresponding to 5 + (~3) by start-

ing at 0, moving 5 wunits in the-positive direction and then 3
units in the negative (opposite) direction. Thus, 5 + (73) = 2,
as shown 1n the following sketch:

2




1k

Here, .-3 " 1s associlated with an arrow of length 2 units directed
in the negative direction. In adding (~3) to 5, we simply draw
the arrow for ~3 as originating at 5 (that is, beginning at the
end of the arrow corresponding to 5),

To add - 3 and 4, Idraw a sketch 1like the following:
-4

Thus, 3 + ("4) = "1. Find the sum 2 + (75) in the same way., .
Consider the sum (2) + ("4). Here the arrows are both in the
' negative direction. We see from a sketch that ("2) + ("4) = (76).

l L J [ 3 - (1 n 4 J
+

=6 —4 -2 ) +2

In the same way, find the sums: (73) + (72); (71) + (76);
(76) + (T2).

One property of special interest 1s 1llustrated by the sum
(T2) + (o).

-~

24
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Here "2 corresponds to an arrow of length 2 units in the nega-
~ tive direction. Adding (~2) and (*2) corresponds to moving
2 units to the left from O and then 2 units back to 0. Thus
("2) + (2) = 0. Check that (71) +1 =0, 3+ (73) =o,

("8) + 8 = o.

".--We see by the use of the number 1ine that the addiﬁion of
numbers, whether positive onr negative, 1s really very simple. We
need only keep in mind the location of the numbers on the number
1ine to carry out the operation. We see that:

When both numbers.are positive the sum is positive,

+ +
as in 5 + "3 = 78,

and, when both numbers are negative the sum is negative,

as in (75) + (73) = 78.

When one number 1s positive and one number is negative,
it is the number farther from the origin which deter-
mines whether the sum is positive or negative,

For example:

In (75) + "3 =g,

the sum is negative because the 5, which is
farther from zero than +3, is negative.

In  t5 4+ (73) = *o

the sum 1s positive, because the +5, which 1s
farther from zero than ~3, 1s positive. '

Another way of saying this 1s, the arrow of greater length
determines whether the sum is positive or negative. 1In fact, this

[sec. 1-3]
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one rule alsoc works in the case when both numbers are positive or
when both numbers are negative. Notice that in cases like

(72) + 2 and 3 + (73), the arrows are of equal lengths but
opposite in direction. I these cases the sum will be zero.

. ™ Exercises 1-3a

1. Find the following sums and'éketch,.using arrows on the number

Iine. B |
(a) 9+ (75) (@) 5+ (T10)

(®) 10+ (7) () (12)+ 7
(c) (8) + 11 (6) 3+ (11)

2. Supply the missing numbers in each of the following statements
so that each statement will be true. ‘ :

(@ 3+ N=-C ) (g B o+ () =0
() ()+(H= o (£) 5 0+ () =1
() (*6)+( )= o0 (8 1+ (72 =(

) (m)7 (To.45)  + o5 -

!
~

(@) (°75) + T4

3. Obtain the sum in each of the following problems.

(a) 25 + (76) (a) (T20) + ("10)

() (75) + (") (e) 17+ (723)

(¢) (78) + 3 (r) (6) + 9
26
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4. Supply a number in each blank space so that each sum will be
correct,

(a) T+ () = 2 (@) (7wy- + ()
(b) 9+ () ="0 (e) (78) + ()

() 10 +.( ) =71 (£) (%) + ()

(72)
(T16)

("10)

5. A company reports income for the first six months of a year

. as follows:

January  $5000 profit April 31000 profit
February $200C profit May 34000 1oss
‘ March . "3$6000 1oss June  $3000 1loss

(a) How could you represent these income figures in terms of
positive and negative numbers? )

(b) what is the total income for the six-month period?

(c) wWhat is the total income for the first three months of the
year?

(d) what is the total income for the four-month period,
March, April, May and June?

6. A boy rows upstream at a speed of 4 miles per hour against a
current of 2 miles per hour,

\ _ ‘
(a) How could you use positive and negative numbers in repre-~
-senting these speeds?
(b) What would represent his actual speed upstream?

'T. In four successive plays from scrimmage, starting at its own
20 yard line, Franklin High makes

a gain of 17 yards, then

a loss of 6 yards, next

avgéin of 11 yards, and finally
a loss of 3 yards,

tsec. 1-3]
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(a) Represent the gains and losses in terms of positive and

negative numbers.
(b) Where is the ball after the fourth play?
(¢) What is the net gain after the four plays?

8. An airplane traveling at 13,000 ft. makes a climb of 5000 ft.
followed by a descent of 3000 ft.
(a) Represent the planet!s final altitude as a sum of positive

and negative numbers .
(b) What is the plane's aititude after the descent?

9. (a) Think of a way to represent the product 3("2) by means
of arrows on the number line. Try it also for:

(8) 5+ (71).
(c) 2+ ().

Inverse Elements under Addition

Recall that "2 + (72) = 0. This sentence says that 2 is
the number which when added to *2 ylelds 0. We séw in Volume I
that 0 1s thz ldentity element under the operation of addition.
Any two numbers with sum_ 0 are saild to be inverse elements under
addition. Hence ~2 1s the inverse element corresponding to *2
under the operation of addition. We call ~2 the additive
inverse of +2. Likewise T2 1is the additive inverse of 2.
Taken together, the elements *2 and "2 are called additive
inverses. :

Class Exerclses 1-3a

1. Find the additive inverse of each of the following numbers.
- - - - -,
T» 9, 11, 12, 6: 15, 20, O, ('3'):

& d, 2.
23
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2. Which of the following pairs are additive inverses?

(a) %20, *a20 | (¢) .5, ~(3)
(6) 5, 75 (@) T, F

On the number line we see that any number and its additive
inverse will be represented by arrows of the saie length and
opposite direction, as indicated by the sketch of ¥2 and Te.

-2 b
: —e— ——
—— S

, . When added, these "opposite" arrows of equal length always
glve 0. To add '2 to ~2, we think of moving 2 units in the
negative direction from O and then 2 .units back in the positive

' direction. The two movements are preciéely the opposite of each
other and bring us back to the starting point. The motions
described are true "inverses" of each other, for when one is added
to the other, the final result is 0. The number line thus pro-
vides 2 geometric picture for the meuning of additive inverses; the
sum of two oppositely directed arrows (motions) of equal length 1is
zero. h

In the addition of a positive and a negative number, we noted
that the longer arrow determines whether the sum is positive or
negative. The length of the arrow for the sum can be obtained by
the picture of additive inverses. For example, 1n the sum
5+ (72) =3 we may write

5+ (2)=3+2+ ('2)

by introducing the additive inverse of the shorter arrow. Then,
since 2 + (72) = 0 we have '

5+ (2)=3+2+(2)=3+0=3.
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Note that the other arrow .of the two into which 5 1s separated
represents the sum 3.

3
-
2
3
-4 -3 -2 “] o} I 2 3 4 5

This procedure is a general one, as the following examples
illustrate.

(7)) =L+ 7+ (7)=1+0=1
(8) +7=(1)+(7TN+7="1+0="1
19+ (726) =19+ (719) + (77) =0+ (77) =

In each case, the additive inverses add up to zero, and the remain-
ing number is the sum.

Class Exercises 1-3b

1. Sketch the arrows corresponding to the numbers in the above
three examples. In each case, determine the arrow correspond-
ing to the sum.

2. Perform the following additions by introducing the additive
inverse for the shorter arrow, and sketch the operation on the
number 1line.

(a) 10+ (75) (¢) (T4) + 3
(b) 8+ (76) (d) (T13) + 9

Exercises 1-3b

1. Complete the following:
(a) 100+ 7= 2 +7+ 77 (d) 23+ "18 = 2 + 2 4+ ~18
(b) T14 4+ 54 = "1k 4+ 24 4+ ¢ (e) 736 + 20 + 20
(e) 12+ T2k =12+ 2 + "2

I
)

+
)

[sec. 1-3]
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" 2. " Perform the following additions using the additive inverse;”m
Example: 28 + 20 =8 + 20+ 20 =8 + 0 = 8.

(a) %2 + T12 (d) 6+ T17
(b) T12 + 8" (e) 344 + T140
(¢) 77+ 35 o (f) Ti72 + %6

3. State whether the sum will be positive or negative.
Example: 7172 + 37 ——> negative.

(a) 26 + 24 ~ ) o+ (@

(b) 72 + ~g2 O I T

(¢) 7376 + 374 (3) T0.132 + 0.0132
(d) 74,312 + 4,324 (k) 73.172 + 3.1724
(e) 1,436,312 + ~1,436,310 (1) 0.0012 + 9

(£) g+ () _ (m) 73.025 + 33

(8) ~(8) + 0.75 (n) 3+ (L)

4, We know that +3 > "17. 1Is the following statement true or
false? "The sum of a positive number and a negative number
always has the sign of the greater number." Explain your
answer.

5. The sum of a positive number and a negative number is zero
when '

A-%. Coordinates
Coordinates on a Line

Let us consider the_nﬁmber line from a different point of
view. As we have seen, a rational number can always be associlated
with a point on the number 1ine. The number associated  in this way
with a point of the line is called a coordinate of the point. In
the following drawing, the number zero is associated with the
reference point called the origin.

[sec. 1-4]
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A

: : A 3 T

0 o e 3 #4546

.l\)om

&5 4 5

Point A is denoted by the number (¥3). Point B is denoted by (T2).
We write A(+3) to mean that A 1s the point with coordinate +3.
Likewise B( 2) means that B 1s the point with coordinate (72) on
the line. ' -]

' Recall that every posiﬁive;rat;onal number fsaassociated with
a pcint on the positive half-line. Every negative rational number
corresponds to a polnt on the negative half-line. The coordinate
we have assligned to a point in this way tells us two things. It
tells us the distance from the origin to the point. It also tells
us the direction from the origin to the point.

Exercises 1-la

1., Draw a segment of a number line 6 inches in length. Mark off
segments of length one inch and place the ofigin at its mig-
point. On the line locate the following points:

A1), B3, c2), m0), (@), =(72).
2. (a) 1In Problem 1, how far is it in inches between the point
) labeled” T and the point labeled L?
(b) between P and B? '

(¢c) between L and B?
(d) from the origin to A?

3. Using a number 1line with 1 'inch as the unit of length, mark
the following points: -

1 -,3 3
R(7), s@), o("(d), ro), EF.
4, 1If the line segment in Problem 3 were a highway and if it were
drawn to a scale of 1 inch representing 1 mile, how far in
mileswould it be between these points on the highway:

- (a) F and R? (b) D and E?

32
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5. Draw a number 1line in a vertical instead of horizontal position,
Mark your number scale with positive numbers above the origin
and negative numbers below the origin. Label points to corre-
spond with the rational numbers o0, 1, 2, 3, "1, 2, "3, k.

Coordinates in the Plane

Recall from your previous work in this chapter that number
lines can be drawn vertically as well as horizontally. ‘

You have learned that a single coordinate locates a point on
the number line. A point 1like S 1in the next figure is not on
the number line and cannot be located by a single coordinate. How-
ever, we see that S is directly above the point.:S A(+3). To locate

: | A
& 5 T4 3 2 -1 0 T F5 +5 +1 F5 wB°

&
<
-

point S, draw a vertical number line perpendicular to the horizon-
tal number line and intersecting it at the origin, Ybur drawing
should look 1like this:

24 .S
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The horizontal number line i1s called the X-axls and the vertical.
number line 1s called the Y-axis. When we refer to both number
1ines we call them the axes. '

To determine the coordinates of polnt S, draw a line segmentA
from point S perpendicular to the X-axis. It intersects the
X-axls at (+3). Now draw a perpendicular from point S to
the Y-axlis. It intersects the Y-axis at (+2). Point S 1s said
to have an x-coordinate of (73) and a y-coordinate of (12),
which we write as (%3, *2). We use parentheses and always write
the x-coordinate before the y-coordinate.

In the diagram below, observe how the coordinates of points
A, B, C, and D were located. ‘

Y
t
+3______________?A(4.3)
|
]
B(1,2)e— — 2 |
I |
| - + 1 ‘ |
' |
_ | N

[ O + +h 43 +q +5 +g X
I

— — — | ,
C( 6 |) e |
: [
24+-— — —bp(2-2)
"3
2l

Thus P(x, y) represents the point P 1n terms of its
coordinates. This may be done for any point P in the plane.
Thls system of coordinates 1s called a rectangﬁlar system because
the axes are at right angles to each other and distances of points
from the axes are measured along perpendiculars from the points to

[sec. 1-%4]
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the axes. Each ordered pair of rational numbers 1s assigned to a
point in the coordinate plane. Locating and marking the point with
respect to the X-axis and the Y-axis 1s called plotting the point.

The idea of a coordinate system 1s not new to you. When you
locate a point on the earfh's surfaée, you do so by identifying the
longitude and latitude of the point. Note that the order in which
you write these numbers 1s important. For example, suppose you
looked up the longitude and latitude of youf home town and acciden-
tally switched the numbers around. It is possible that your de-
Scription would place the location of your home town in the middle
of the ocean,

Suppose you were giving directions to help a friend locate a
certain place in a city laid out in rectangular blocks (streets at
right angles to each other). You tell him to start at the center
of the city, go 3 blocks east and 2 blocks north (see dliagram
below). Would this be the same as telling him to go 2 blocks
east and 3 blocks north? Of course not! Do you see why it 1is
important to be careful with the order when writing a pair of coor-
dinates? '

N , (E2,N3)

F 177

{E3,N2)

N3

s
35
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Exercises 1-U4b

1. Given the following set of ordered pairs of rational humbers,
locate the points in the plane associated with these pairs.
[(431)3 (1,0), (oll)l (234)3 (ulu)l
(-1’—1)’ ,(-3’3)’ (43-3)) (-533)0 (03-5)0 (-630)}0
2. On squared paper draw a palr of axes and label them. Plot the

points in the following sets. Label each point with its coor-
dinates, Use a different pair of axes for each set.

Set A = [(6:-3): (-7:—1): (—9: —7)9 (59-1)9 (—8:10)':
' (0,0), (71,71), (4,3)).
Set B =

[(1’1)’ (6’-5)’ (-3’-3)’ (4’—10)’ (-9’-6)’
(78,0), (0,75), (72,75)}. :
3. (a) Plot the points in the following set:
¢ = ((0,0), (71,0), (*1,0), (72,0), (*2,0),
(73,0), (73,0)}.

(b) Do all of the points named in Set C seem to lie on the
same line? - '

(c) What do you notice about the y-coordinate for each of the
points? :

(d) Are there any points on this line for which the y-coordi-
nate 1s different from zeron?

4. (a) Plot the points in the following set:
D = ((0,0), (0,71), (0,*1), (0,72), (o,%*2),
(0,73), (0,%3)}.

(b) Do all of the points named in Set D seem to lie on the
same line? ' . ~

(¢) What do you notice about the x-coordinate for each of the
points?

(d) Are there any points on this line for which the.x-coordi-
nate 1s different from zero? )

| Did you notice that the ‘half planes above and below the X-axis
intersect the half planes to the right and to the left of the

[secf 1-4]
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Y-axis? These intersections are called quadrants and are numbered
in a counter-clockwise direction with Quadrant I being the inter-
section of the half plane above the X-axis and the half plane to
the right of the Y-axis, This quadrant does not include the points
on the positivéux—axis or positive Y-axis, nor does it include the

origin,

10, 10) | ~ tho, 10

t h\

~9-8-7-6"54-3 -2-:_?_

iy

i

Quadrant —,4'_

I E

-7
(~10,~10) (10,710)

.......

Points in the 1ntersection set of these two half planes are
in the first quadrant or Quadrant I. The intersection of the half
plane above the X-axis and half plane to the left of the Y-axis is
Quadrant II. Quadrant III is the intersection of the half plane
below the X-axis and the half plane to the left of the Y-axis,
Quadrant IV 1is the intersection of the half plane below the X-axis

[sec. 1-4]
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and the half plane to the right of the Y-axis. Note that the coor-
-dinate axes are not a part of any quadrant.

The numbers in ordered pairs may be positive, negative, or
zero, as you have noticed in the exercises. Both numbers of the
palr may be positive, Both numbers may be negative. One méy pe

positive and the other negative.

zZero.

One may be zero, or both may be

Class Exercises 1-4

1. Given the followling ordered pairs of numbers, write the number
of the quadrant in which you find the point represented by each
of these ordered pairs.

(b)
()

(d)

(b)

(c)

Ordered Pair

(a) (3, 5)
(b) (1,74)
() (74, &)
(@) (73,71)
(e) (8, 6)
(£) (7,71)
(g) (73,75)

Quadrant

Both numbers of the ordered pair of coordinates are

positive. The point 1is in Quadrant .
Both ngmbers of the ordered palr of coordinates are

negative, The point is in Quadrant

The x-coordinate of an ordered palr is negative and the

y-coordlnate is positive.

The point 1s in Quadrant

The x-coordinate of an ordered palr is positive and the

y-coordlnate is negative.

If the x-coordinate of an
y-coordinate 1s not zero,
If the x-coordinate of an
the y-coordinate is zero,
If both coordinates of an
is the point located?

[sec.
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The point 1s in Quadrant

ordered pair 1is zero and the
where does the point 1ie?
ordered palr is not zero and
where does the point 1ie?
ordered pair are zero, where
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Points on either the X-axls or the Y-axis do nbt”lie in any of
the four quadrants. Why not?

(a)
(v)

(c)

(a)
(b)

(c)

(a)
(b)

" (o)

(a)
(v)
(c)
(d)
(e)

(a)

(1)
()
(a)
(1)
(c)

(d)
(e)

Exercises 1-lc

Plot the points of set L = (A(*2,%1), B(*2,%3)).
Use a straightedge to Jjoin A to B. Extend 1line seg-

ment AB.
Line AB seems to be parallel to which axis?

Plot the points of set M = (A(*2,%3), B(¥5,%3)].
Use a stralghtedge to join A to B. Extend line seg-

ment AB.
Line AB seems to be parallel to which axis?

Plot the points of set N = {A(0,0), B(*2,%3)}.
Join A to B. Extend line segment AB.
Is line AB parallel to either axis?

Plot the points of set P = (A(*4,*4), B(*2, 0)).
Join A to B. Extend line segment AB. '
Plot the points of set Q = (¢(%6,%3), bD(0,%1)].
Join C to D. Extend line segment CD.

What 1is the intersection set of 1lines AB and CCD?

Plot the points of set R = {A(0,0), B(%6, 0), c(*3,*4))
on the coordinate plane.

Use a straightedge to join A to B, B to -Cy C to A.
Is the triangle (1) scalene, (2) isosceles, or (3) equi-
lateral? . |

Plot the points of set S = (A(*2,™1), B(72,*1),

¢(72,73), D(*2,73)}.

Use a straightedge to Jjoin A to B, B to C, C to D,
and D to A.

Is the figure a square?

Draw the dlagonals of the figure.

The coordinates of the point of intersection of the diag-
onals seem to be ?

[sec. 1-14]
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7. (a) Plot the points of set T = (A(*2,*1), " B(*3,%3),

¢("2,%3), D(73,"1)). .

(b) Use a straightedge to join A to B, B to G,
C to D, and D to A.

(c) What is the name of the quadrilateral formed?

(d) Draw the diagonals of quadrilateral ABCD.

(e) The coordinates of the point of intersection of the diag-
onals seem to be ?

1-5. Graphs

Consider the set of points whose coordinates (x,y) satisfy the

condition: '
y = X.

Draw a palr of coordinate axes and label them. Locate these
points: (0,0), (1,1), (5,5), (72,72), ("4,74). The condition y = x
"1s satisfied for each of these points because 1n each case the
y-coordinate 1s equal to the x-coordinate,_ Can you'find another
point in the plane whose y-coordinate is equal to 1ts x-coordinate?

If you have plotted correctly the -points listed above, you can
draw a line containing them and also containing other points for ;
which y = x.

Y
* Graph of
. y =x
T XA
“1-4-4-4-3-2-(/]°{ 2 3 4 4 ¢ ? 4

=s

-
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Is there any point on this line whose y-coordinate is differ-
ent from 1ts x-coordinate? The graph of the set of points described
by the condition y = x 1s the line through the origin extending
'into quadrants I _and III and making angles with the coordinate
axes that are equal in measure.

Class Exercilses 1-5

In these exer-
clses, use the fig-
ure to the rignt.

1. We have just seen that a line contalns all the points satisfy-
ing the condition y = x. Let us now consider the condition
¥ > X. The ordered pair (3,5) fits this condition. It 1is
name< by what letter 1n the diagram? Another ordered pair
that satisfies y > x 1s (71, 4). What letter names this
point in the diagram? Some other ordered pairs that fit this
condition are: (1,2), (4,6), ("%, 0), (o0,6), (76, 6).
What letters are used to name these polnts? '

2. Thus far all the points whose ordered palrs satisfy the condi?
tion y > x seem to lie ‘abové the line. We should examine
the coordinates of polnts C, H, and R also since they are
above the 1line. 1Is the ordered pair named by H, (72,”%) or

[sec.1-5]
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("4,72)? Naturally, you said ("4,72). Don't forget that this
means x = 4 and y = "2. Do these values satisfy the condi-
tlon y > x? Check to see whether:points C and R '"belong"
to the condition y > x. Is there any difference between the
condition ¥y > x and the condition x < 'y?

3. You should recall that a line in a plane determines two half-
planes. How can this i1dea be used to describe the set of points
whose coordinates satisfy the condition y > x? '

4. Where do the points whose coordinates satisfy y < x 1le?
Check by mentally plotting the points associated with the
ordered pairs 1,73), (4,1), " (2,0), (75,72), (4,77). Do
you find that all of these points 1ie in the half-plane below
the 1ine?

5. Where‘are the points whose coordinates satisfy' X > y? Do the
points whose coordinates satisfy x =y 1ie in either half-
plane determined by the 1line? Explain.

Consider the condition y'= 4., It is satisfied by these
ordered pairs: (2,4), (5,4), (72, 4), (7,4), ("4, 4). The con-
dition is satisfied by any ordered pair whose y-coordinate is &4,
regardless of the value of its x-coordinate.

- The graph of the set of points described by the condition
¥y = 4 1s the line parallel to the X-axis and U4 units above it.
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Now let us consider these conditions:

(a) y> 4 o (b) ~ y< &

In diagram (a) line ./ 1s the graph of the set of points
described by the condition y = 4. Choose.a point (2,6). Does
the condition y = 4 describe this ordered pair? Since the
- y-coordinate in this ordered palr is greater than 4, the condi-
tion y > 4 describes it. Are there other points in the plane
with y-coordinates greater than . 4?2 Locate two other points,

K and M, with y-coordinates greater than 4, Are these points
above the line ./ ° Yes, they are in the shaded region which is
~one of the half-planes determined by the 1line y = 4. -

The graph of the set of points described by the condition
¥y > 4 1lies in the half-plane above the line 4 units above ‘and
parallel to the X-axis. The line 1s not part of the graph.

In the shaded part of diagram (b) are located points for which
the coordinates satisfy the condition y < b, Locate point (2,1)
in this region. Since the y-coordinate 1s less than 4;'the condi-
tion y < 4 describes it. Locate other points in the plane with
y-coordinates less than 4., Are these poihts in the half plane

[sec. 1-5]
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below 1ine./ ? Try other points in the half-plane below line ./
to see if they satisfy the condition y < &4.

' The graph of the set of points described by the condition
¥y < % 1ies in the half-plane below the line 4 units above and

parallel to the X-axis.

Exercises 1-5

1. Sketch the graph of the set of points selected by each condi-
tion below, Use different coordinate axes for each graph,

(a) y="te (8) x="73
(b) y>*e (h) -~ x>73
() y<*e (1)  x< "3
(@) =x=23 (3) vy="2
(e) x>3 (x) ¥> "2
() = x<3 | (1) wy<"2

(m) Compare the graphs obtained in (a), (b), (c):

(n) Compare the graphs obtained in.(d), (e), (£).

2. Some ordered pairs that satisfy the condition y = 3 + x " are
(0,3), (2,5), (73,0), (71,2), (77,74). |
(a) Plot the points assoclated with these ordered pairs.

(b) Draw the 1ine through these points. :

(c) Shade in with a colored pencil the half-plane containing
the poilnts whose coordinates satisfy the condition
y > 3+ x.

1-6. Multiplication of Rational Numbers

In the preceding secticn we have sketched graphs of a few
simple equations. If we wish to graph an equation 1ike y = ~2x,
using positive and negative numbers for x, we will need to find

[sec. 1+6]
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products like (72) * 3 and “(72) * (T4). The work we have
already done in this chapter and in earlier grades has prepared us
for multiplication in which one or more of the factors are negative
numbers. In Exerclses 1-3, you used the number line to find prod-
ucts involving negative numbers in several cases. In Problem 12
of this section, you will be asked to find products 1like (T2) -3
using the number 1ine. First, however, let us consider this ques~
tion from another point of view,

In earlier grades you may have considered the set of multiples
of 2. If the elements of this set S are written in order, each
number may be obtained from the one which precedes it by adding 2:

S= [O, 2, )'", 6, 8!'..}0

Similarly, any number (except the first) in the set of multi-
ples of 7, when they are ordered, may be obtained by adding 7 to
the number which precedes .it.

T = [O, 7, 14, 21: 28:"’}-

For the set T we see that we can also say that each number may be
obtained from the one which follows it by subtracting 7. For
example, 28 follows 21, and 21 = 28 - 7.

>Some of you may have made multiplication tables 1ike this:

X 3 4 5
4 112 |16 ] 20
5 |15 (20| 25
6 {18 |24} 30
7 1211281 35

In this table, 30 1s the product of 6 ° 5. This multiplication
table suggests a way of thinking. about products of two rational
numbers when one or both of the numbers are negative,
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X -2 -1 0 1 2 3
"2 0

! 0 -

0 0 0 0 0 0 0
1 0 1 2 3
2 0 2 4 6
3 0 .3 6 9

4

Some of the cells 1n the above table have been filled from
our knowledgé of,arithmetic. Also we have used the property that
the product of a negative number and O 1s 0. Now to complete
the table, let us observe, for example, as we go up in the right-
hand column that each number is 3 1less than ﬁhe number below it.
We shall refer to this column as the "3 column." Thus, the
"3 column" would become

6

w

W[ OV iw]l O

Similarly the "3 row" would become |76 | ~3 0 3 6 9

Applying this notion fo the remainder of the cells, the table
would be completed as shown on the followlng page.

[sec. 1-6]
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X -2 1 0 1 2 3
T2 4 2 0 | -2 “y 6
1 2 1 0 "1 2 "3
0 0 0 0 0 0 0
1 2 "1 0 1 2 3
2 Ty T2 0 2 4 6
31 76| "3 0 3 6 9

In particular, we see that the top row, which is the
""2 row," 1s completed as shown here:

In other words, if we are to keep the property of multiplication of
counting numbers, which we recalled earlier fbr multiples of 2 and
7, we must accept the following products:

("2) - ('2)‘" =4 and (72) -3 = "6.

You should notice similar results in other parts of the table. For
each coluhn and each row, the difference between two consecutive
numbers 1is a fixed amount. As far as this table 1s concerned, the
product of two negative numbers is“a*positiVe number, and the prod-
uct of a negétive and a positive number (in either order) is a
negative number. These conclusions are actually correct for all
.positive and negative rational numbers. It should be clear,

[sec. 1-6]
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however, that we have not proved this result, nor have we given it

as part of a definition. We have only shown one reason why the

conclusions are plausible.
Another reason for adopting the above rules for multiplication-

i1s that these rules enable us to retain the usual commutative,
distributive, and associative properties. For example:

34+ 3=0
2°(3+73)=2"0=0
2 (3+73)=2"3+42"(3)=6+2"(73)
6+2°(73) =0 '

From this we see that 2.° (73) 1s the additive inverse of 6.
Also, we know that 6 1s the additive inverse of 6.

Therefore; we must have 2 ° (73) = T6. In general the product
of @ negative and a positive number must be a negative number.

Also ' b + "4 =0
' 5 (b4 ) =5 0=0
5 (B +Th) = (T5) b4+ (T5) c ()

We have shown above that (75) * 4 = 4 ° (75) = "20,
and therefore "20 + (75) * (T4) = o.

- This means that (75) ° (74) is the additive inverse of ~20.
We know that 720 1s the additive inverse of 20, and therefore
these two numbers must be equal and (75) * ("4) = *20; that is,
the product of t&q negative numbers must be a positive number.

Exercises 1-6

1. Look at the large multiplication table which we completed in
this section. In which rows do the products increase as we
move to the right? -

2. Using the same table, in which columns do the products decrease
as we meve down?

3. Give, in correct order, the products of 7 and the integers

from "4 to 6.
48
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4, Give, in correct order, -the products of 4 and the integers
| from "5 to 5. _ ‘
5. Complete the following table. If it helps you see the pattemrn,
add appropriate columns on the right, or add appropriate rows
at the bottom of the table. It may also help you to first fill
in the rows and columns for O and 1. :

"3 2 1 0 1 2

6. Using the above table, verify the commutative property of
multiplication for:
() "2and1 (b) "3and 0 (¢) "2and "3 (d) "1 and 3.

7. Illustrate the assoclative property of multiplication for
numbers: 2, "1, and 5.

8. Illustrate the distributive property of multiplicatidn over
addition for the sets of numbers, using the last two numbers

in each set as a sum,.
() 74, 3,8 (b)) "2, 73,6 (¢) T10, 78, M1

.49
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T11.

12,

13.

14,
15,

(a) 3 °

Find the products:

(a) 4.0 (£) 9. 75 (k) b+ 3 - 75
(b) “he2 (g 6. g (1) “6- 8 -1z
(c) 4.5 (n) - 710 « 60 | (m) 3. T2 - T11
() 8+73 (1)  "e1.-u3 () "0+ 78 -"(3
(e) 172 () (70.6) - ("1.4) (o) “(F) - ~(26) - ()

Find the products:

(a) (1) -k (b)) 15 () "1-11 (d) 8+ (71) (e) 77-("1)

Show the use of the number line in finding the products by
repeated addition:

2 - (b) 5 ° 2 (¢) 4 ° ~3.

State in your own words how one could use the number line to
find the product 4 ° 3. (Hint: Use the commutative prop-
erty of multiplication.) '

A football team has the ball on its own 45-yard line and then
loses two yards on each of the next three successive plays.

(a) What will its new position be? .
(b) Write an expression involving negative numbers to obtain
the answer to (a).

What must n be, if 2n = "189

What is n 1in each of the following equations?

(a) 3n = "36 (d) “3n = 30

(b) 50 = 75 () 2078

(e¢) "2n = 10 (f) “6n = "12
50
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16. 1In the following problems in multiplication put a number in
the parentheses so that the statements will be correct.

(@) ()6 = T2 (1) 1 () = =
(b) 5.() = "15 (3) 6 - () = ~36
() (720)-() = 100 (k) (79): () = 81
(4 (75) () = 20 (1)  5- () = "3
(e) (750 :() = 20 (m)  ()-(120) = "9
(£) 11 +() =110 (n) () -("50) = 100
(8) (1)-() = 1 (0) (76 ()= 60
(k) (7T -() = o (® "(H- ()= 71

17. Find the products: ' |
(a) (76) - (T10) (n)  (T16) - (T12)

(d)  (73) -+ (74) (o) (T45) - (73)
(¢) 8 - 6 () 25 -+ (73)
(@) ~(&) - 76 (@  (T21) - o

(e) (&) - v (r)  (716) - (1)

— (£)  (775) * (") (s) (20) - (710) - (75)
(&)  ("%) + (T10) (6)  (78) - (T5) - (T
(h) 4+ (T10) (w) (75).: 6 . (72
(1)  (T10) - & (v)  ("8) « ("5) - 3
(3 (6 - (1) (W) (72) - (T1) - (73)
(k) (715) « (%) (x)  (8) - (T2) .- (*2)
1) 20 - (& (v)  (73) - (73) - (73)
(m) (16) - (T12) o (z) (72) - (2) - (T2)

[sec. 1-6]
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1-7. Division of Rational Numbers

We know that if 3 ° n = 39, then n = 13, since 3 - 13 = 39,
Also, in the definition of rational numbers (Chapter 6, Volume I),
we call %? (or 39 + 3) the rational number n for which

3'l’l=39.
39 _ . o _

Let us apply the methods we have used in division of rational
numbers in the seventh grade as we think of division of rational
“numbers involving positive and negative numbers,

Find n if 2n = T18.
We know 2 (79) = -—18
Hence, . n= "9 or (ﬂgb
Also 18+ 2= 79,

In this section, we will discuss division only as the opera-
tion which 1s the inverse of multiplication. To find ~8 + T2, we

think - - - - o
, . 84+ 2=n or 2+ n = "8

n 4, since "2+ 4 = 78

84+ T2 = 4,
The question, "What is 16 divided by "42" is the same as

the question, "By what number can 4 be multiplied to obtain 162"
We know, "4 "4 = 16, Hence, '

16 -:' -)'i' = -u’o

Which of the following are true statements?

(a) 763 + "9 = 7 (@) "2:7(3 = 3
(b) 45 + 5 = 9 (o) T2 3 =7
() "8 - "13 = 164 () 3+7(dh="2
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You should be able to show that all of these are true state- -
ments except (b) and (e). . .
Before starting to do the exercises, study the following and
. .be sure that you know why they are true statements.

7. "5 =35 35+ 7T ="5 35+75 = 7
T 5 =735 35+ 7= 5 35+ 5 = 77
. 2 = o = 5 -:-é.=

0-2 =- = Ld —-5 = s =
7. 7(2) 75 5+ T = (.7.) 5 (9{.): 7

What is the reciprocal of '(g)? We know that -(g) and n

are reciprocals if

'(g) - n = 1.
- Since (.‘5) N R
and @@ - 1,
we have n = ();

therefore, '(%) is the reciprocal of '(%).

Exercises 1-7

"1, Find the products:
(8 e 7 (@ sea () (- s
(b) "4 . "3 () 8- 79 () - @

() 27 (n "a-Tis @) @) - @D
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by

b4,

Find the quotients:

(&) "8+ 7 (a) T2+ 3
(b) 12 + 73 (e) 72+ 79
(e) T124 2 (£) 1735+ 735
Complete the table:
x v
1
. 0
T2
' 2
5
"6
Complete the table:
X “hx
2 .
"6
i
)
‘ 2
)
3
T
D

()
(h)

(1) -

3+ b
¥+ 7($)
2@
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s0 that these sentences will be true statements,

5. Find p
(@ 3r= 17 (4 "3p.-m (&) “7Tr= 8
(b) 5r="10 (e) 2r-= -g (h) (Té)r = '(13—8
() 2r= 6 (£) 3p. ") (1) 107 - (2
6. Write the reciprocals of each number in p;
P = [6: g: 1: 2: -11 -("g')’ -(%)}
7. Divide in each of the following:
18 "100 64
(2) = g) —— . -
9 . (&) “20 (m) T16
(v) 2 (n) 26 (n) I2
12 30
() 20 (1) 32 () 2
() -2 g5 in 739
% ( ) "o (p) =
30 484 2
(e) 5 (k) —5— (a) gg
30 ~169 90
(£) (1) - r
3 T3 (r) oy
8. Find n 1,
(8) . 7233 - () . 24+73 - 4
9. Write -(g) as a quotient_in two ways,
10. Find n 1if | |
(a) 7n="6 (b) "7n=2¢6
11. Write two sentences, using n, 1in which n = -(%) would make

the sentence a true statement.
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2, Find n for each of these equations.'
(a) ("25)n = 792 () “4n="(3
() (792) % (725) = (@ ")+ (8 =n
13. Write %% as a quotient in another way, using two of the
numbers: 92, 92, 25, or ~25.-

would

mro
Ui

14, ﬁrite two number sentences, using n, in wh;ch n =
make the sentence a true statement.

15. Complete the statements:

(a) If a and b are positive or negative integers, then
. .

3 is the rational number x for which .

(b) 1If % is a rational number then % is positive if a and’
b are

(e) If % is a ratlonal number then '% is negative, 1if
elther a or b 'is o and the other
is - ' .

1-8. Subtraction of Rational Numbers

The number line will be helpful in the understanding of sub-
traction of rational numbers. In arithmetic we learned, for
example, that 1f 7 + 4 =11, then 11 - 4 = 7. This statement
may be explained by referring to the followlng figure.
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We will use this property for negative numbers as well. Since
8+ (5) =3, then 3 - (75) =8. The figure may help you to
understand this. '

0 | N - q

] I [l ] ) I " ] $ 1 [l 3
¥ T T T T T

"3 2 i 0 | 2 3 a4 5 & + &

The property we are using 1s that whenever a + b = ¢, then
¢c -b=a. To find 7 - 4, we must find the number which, when
added to 4, gives 7. Since 4 + 3 =7, 1t follows that 7 - 4 =

To find (77) - 4, we must think of the number which, when
added to 4, gives 7. Since (T11) + 4 = "7, we know that
(77) - b = S

By the commutative property of addition a + b = b + a. Any
statement about addition gives two statements about subtraction
' For example:

3+(@2) =1, sothat 1 -(2)=3 and 1 -3 = ~2,

Notice also that 3 - 2 =1 and 3 + (72) =
So we see that: 3 -2 =3 + (72).

In other: ‘words the result of subtracting 2 1s the same as.
'addigg the additive inverse of 2. The examples given above can
be used to verify this general property : a

Since 3 - (75) = 8 and 3 + 5 = 8,

then 3 - (75) = 3+ 5.

Since 7 -, 4 = 3 and 7 + (74) = 3,

then 7 - 4 = 7+ (74).

Since (77) - = 11l and (77) + (7% = "11,
then (77) - 4 = (77) + (T4). '
Since 1 - (2) = 3 and 1 + 2 = 3,

then 1 - (72) = 1+ 2.

Since 1 - 3 =72 and 1 + (73) = 2,

then 1 - 3 = 1+ (73). o

In each case we see that subtracting a number is the same as add-
ing 1ts additive inverse.
’ [sec. 1-8]
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Exercises 1-8

1., Add the numbers in each set,

(a) 72, 5 (d¢) ", 1, 8 (g) 78, T13, "o
(o) 7, 77 (e) ~2, "3, 15 (n) ~7, 50, "110

(¢) 75, "2 (£) 21, 76, 7 (1) ~23, 19, 14

2, Find the sum of -’(%) and (%) and write two equations
involving subtraction which can be obtained from this sum.

3. Find x 1in the following:

(a) (5) + 2 = «x (e) '(%) + '(%) = x
(®) (3)+.x = 8 (5 "B+ x - (23
() 8 + x =73 (8) "+ x = 3
(4) x +(W=1 () x4+ % =3

4, Supply the missing number in each caée.

(a) 8 + 5 +( ) =8
()  6.+(3)+( ) = 6
() (T11)+ 6 + () ="11

() (1) + (6 +( ) ="

(&) (T3)+( )+ (B8) =(8)
(£) (D+(D+( ) = 7
(8) 3 +(H+() =%
m  F o)+ 3 -3
58




5. Perform the subtractions in the following:

(a) ("¥) - 2 (e) (@ - &
(b))  (76) - (71) (09 @ -(H
(c) 8 - (73) (e) 2 - (72
(6) (711) - (-13) (n) 7 - e

6. What are the additive inverses of

(2 10 () 100 (o) 3 (&) § () "D (0 (¢

7. Change each part of Problem 5 to a problem of adding'the
additive inverse. For example, ("4) - 2 = ("4) + (T2).

8. Perform the following subtractions.

(a) (710) - (73) = (h) 9- (73) =
(b) b -6 = (1) 7- (5 =
(c) 16 -12 = (3 7- (C5) =
(d) 8 -(T2) = (x) 2- 9 =
_(e) (8) - 2 = (1) 2- (9) =
(£) (8) - (T2) = | (m) 3- 10 =
(8) (79) - 2 = (n) 3-{("10) =
89
[sec. 1-8]
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9. Complete the following table;.

(a) x 2x 2x - 3 (b)

-8

"6

10

60
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" Chapter 2
EQUATIONS

2-1. Wrlting Number Phrases

Do you like mystery stories? Have you ever imagined yourself
to be a detective 1like Sherlock Holmes or Nancy Drew? Sometimes a
mathematician must find one or more unknown numbers from certain
clues. Then the mathematician works 1like a detective trylng to
solve a mystery.

For example, suppose you are trying to find a certailn number,
Let us call the humber X. Mathematicians often use letters 1ike
"=," "y," "," and so on to represent unknown numbers. You are

given the following clue:
; x+5=7,

In words we may say that 7 1s 5 more than the unknown number,
In this example can you find the unknown nunmber? You probably

can. : ,
Sometimes the unknown number 1is not so easy to find. For

example, suppose you were gilven this problem:

Toh bought a ticket for a football game, Altogether he
paid $1.10 (or 110 cents), including the tax. If the
cost of the ticket 1s $1.00 more than the amount of the
tax, what 1s the amount of tax on the ticket?

Does 10 cents seem to be a~reasonable guess? “Recall that the

total cost 1s - 110 cents. If the tax is 10 cents, the cost of

the ticket is $1.10 - $.10 or $1.00. But this is not correct,

because 1f the cost of the ticket is $1.00, then the cost weuld

be only $.90 more than the tax. <
Let us agaln check the clues in the problem. You must use the

clues corfectly 1f you are to find the correct, answer. To help

find the amount of the tax, use the clues to write a number sentence.,

61
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Let us use x to represent the number of cents for the tax. Since
the cost of the ticket is 100 cents ($1.00) more than the tax,
we must add this amount to x to obtain the cost of the ticket.
Thus, the cost of the ticket may be represented by (x + 100). If
we add the cost of the ticket (x + ldb),. to the tax, x, we have
the total cost of the ticket, x + (x + 100). Thus we obtain the
number sentence,’

x4 (x +100) = 110.

Cén'you now find the amount of the tax? The cofrect answer 1s
5 cents ($.05). The correct price of the ticket is $1.05. Does
$1.05 - $.05 = $1.00? ,

Some questlions about numbers may be answered easily'with a
l1ittle knowledge of arithmetic. Some difficult problems, hoﬁever,
are more easily solved by first writing a number sentence stating
the condition-of the problem. In the two problems above, we used
the clues to write number sentences. Each clue was a statement.
about numbers. Some of these numbers were known and some unknown.
We then seek to find what number x satisfies the condition
x + (x + 100) = 110, _

In this chapter you will first learn to write number sentences
about problems. Later in the chapter you will learn to use various
properties about numbers in solving more difficult number sentences.

A sentence about numbers may be written 1n this form:

x+7=09.
Thls sentence about numbers says,
"If seven 1s added to a certain number x the result
is nine."
The "9" 1s a part of the number sentence above. Another part of

the sentence 1s '"x + 7." These expressions, x + 7 and 9, are
not sentences. They are odly parts of sentences and are called
phrases.

A phrase doés not make a statement. In a sentence about
numbers a phrase represents a number. A phrase that descrilbes or
represents a number 1s called a number phrase.

[sec. 2-1]
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Some number phrases represent specific numbers. For example,
the number phrases (3 + 5),: 9, %?’ III +V, and 10 represent
" specific numbers., In each of these examplés, the value of the
~number phrase is known, or it can be determined. A number phrase
which represents a specific number 1s called a closed number phrase,
or more simply a closed phrase. » _

What number 1s represented by x - 4? We cannot determine the
number unless we know the value of x. Thus, x - 4 may have many
different values. Number phrases which do not represenf a specific
_ number are called open number phrases, or more simply open phrases,
We may think of an open phrase as one whose value is "open" to
many possibilities. Examples of open phrases are, (x - 4), 7y,
(2+2z), £ and (3x +2x).

To solve problems by using number sentences you must be able
to translate the clues given in the problem into an open sentence.
To do this you must express the numbers in the problem as number
phrases. Earlier in this section, we used the number sentence,

x+5=17,

Is the value of 7 known? What about x + 5? Is 7 an open
phrase?“”What'about X + 5?

To work with number phrases you must also be able to translate
the phrase into words. The phrase x + 5 may be translated as
"the number x 1increased by five." Can 7x Dbe translated as
'seven times the number x"9

Sometimes pupils are confused because zn open phrase such as
X + 7 may have many different translations. For example, other
translations are:

"The number seven added to x,"

or "the number x 1ncreased by seven,
or the sum of x and severn,"
or ""'seven more than the number x."

However, all of the translations have the same mathematical
meaning. Furthermore, all of the English translations mean the
same as "x + 7." with practice you will learn to understand the

different ways of expressing a number phrase.
[sec. 2-1]
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Class Exercises 2-1

1. Translate each of the following number phrases:
(a) The sum of x and 5
(b) The number x decreased by 3
(¢) The product of 8 and x
(d) One fourth of the number x
(e) The number x 1increased by 10
(f) The number 7 multiplied by x’
(2) The number which 1s 11 subtracted from x
(h) The number x divided by 2
- (1) The number which is 6 1ess than x
(J) The number x decreased by 9 ‘

1
vl

2. For each one of the number phrases in Problem 1, find the
number represented by the phrase if x = 12 1in each part.

3. Translate each of the following number phrases into words:

(a) x.+ 1 (d) %?
(b) x - 3 (e) i4x
(¢) 2x . (f) 76 +x

L, Find the number represehted by each of the number phrases
in Problem 3 if x = 6. v

5. Find the number represented by each of the number phrases
in Problem 3 if x = "2,

6. Assume that during January you saved d doliars. In
February you saved 5 dollars more than you saved in
Januvary.

(a) Write an open phrase wbich represents the number of
dollars you saved in February. ‘

(b) Write an open phrase which represents the total number
of dollars you have saved.
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Write open phrases representing each of the following:
(a) The number of cents in d dimes

(b) The number of gallons in q quarts

(c) The number of feet in y yards

(d) The number of cents in one more than n nickels

(e) The number of inches in three less than f feet

Write open phrases representing each of the following:
(a) A number plus four

(b) The sum of a number and twice the number

(¢) A number increased by seven

(d) Five subtracted from a number

(e) A number subtracted from five

() The product of nine and a number

(g) The quotient of a number divided by ten

(h)" The quotient of ten divided by a number

(1) A number subtracted from twice the number

(J) Three times a number divided by two times the number

Exercises 2-1

The unknown number is not always represented as x.

- Translate each of the following number phrases into symbols

using the letter of each part as the unknown number. For
example, in Part (a) use "a" as the unknown number.

(a) The sum of six and a number

(b) Eight times a number

(c) Eight times a number and that amount increased by 1
(d) Three subtracted from elght times a number
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5.

(e)

(£)
()
(h)
(1)
(J)

The amount represented by eight times a number divided
by &

Two times a number and that amount increased by 3
Five multiplied by the sum of a number and 2

Ten less than seven pimes a number

Twelve divided by the sum of a number and 1

The product of two factors, one of which is the sum of
3 and a certain numper and the other of which is the
sum of 4 and the same nymber

Find the number represented by each of the number phrases
in Problem 1 if the unknown numbper is ~3,

Translate each of the following open number phréses into
words. Write the word 'number'" to represent the unknown

(a)
(v)
(c)
(a)
(e)

Find
each

(a)
(b)

Find
each

(2)
(b)

- number in each phrase.

Example: y + 3 A number increased by three.
2n + 5
6 - 3q

7(b - 1)

5-4d
z

15 + 2w

the number represented by the open phrase 2n + 5 for
of the following values:

n=>5 (¢) n=0

n="T75 (d) n="1

the number represented by the open phrase 6 - 3q for
of the followlng values:

q=0 (e) a="*1

5

q="1 (a) q
606
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Write open number phrases to represent each of the following:

(a) Ann's age if Ann 1s three Years older than her brother,
' and he 1s x years old

(b) The cost of ten pencils at Yy cents per pencil
(¢) The number.of cents in q quarters

(d) A boy's age five years from now if he is ¥y years
old now

(e) A girlt's age six years ago 1f she 1s 2z years old now
(f) The total number of points Bob scores in two basketball

games, 1f he scored g points in the first game and
twice that number in the second game

(g) The number of dollars Mary has after spending 6
dollars, if she had n dollars at first

(h) The sum of the three ages, if Kathy's father's age
is four times her age, and her mother's age 1s twenty

more than Kathy's age

(1) The total number of cents Mike has, if he has k
nickels and the number of dimes he has exceeds the
number of nickels by 1

The closed number phrases, 1 + 2, 2 + 3, 3 +U4, and

R 5, represent the sums of palrs of consecutive numbers.

Write an open phrase representing the sum of any two
consecutive numbers. Hint: if n .represents the smaller
of thHe two consecutive numbers, can the larger number be

represented by (n + 1)°?

Write an open phrase representing the sum of any two
consecutlive odd numbers.

Write an open phrase representing the sum of any three
consecutive even numbers,

lWirite an open phrase representing any two consecutive
multiples of ten.
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2-2. Writing Number Sentences

All of us use sentences every day. We use sentences in
talking. When we read, we read sentences. Jn mathematics we need
to deal with many kinds of sentences. We use sentences to explain
mathematics and to discuss mathematics. Some mathematical sentences
make statements about numbers, and it is this particular kind of
sentence which we are studying ln this chapter. Consider the
followlng sentences:

"The sum of 8 and 7 1is 15."

"x + 3 = 8."

"Five 1s greater than the sum of one and two."

32 44,

"The sum of 3 and 4 1s not equal to the product of
3 and 4," ‘

Each of these sentences consists of two number phrases connected
by a verb or verb phrase. In number sentences verbs or verb
phrases are represented by the symbols "=," "¢," "y " ang £"

A number sentence using the symbol "=" indicates equality.
The sentence, x + 3 = 8, makes the statement that - "x + 3" and
"8" are different names for the same number. 'e call such a
sentence an equation. When x =5, the statement, x + 3 =8, 1is
true and when x 1is not 5, the statement i1s false.

Consider the sentence, "x - 4 5 7," 1Is this sentence an
equation? What does the symbol "S" represent? Does i1t have the
same meaning as "="? This sentence indicates that the number
represented by '"x - 4" 1is greater than the number represented
by "7." Such a sentence is called an inequality. Inequality
means "not equal." Other examples of inequalities are
"X + 1 ¢ 15" and "ox # 18."

Some sentences are true. For example, "4 + 5 =3 « 3" and
""The sun sets in the west," are true sentences. Sentences may not
be true, however., "3 > 2 + 4" and "Abraham Lincoln was the first

president of the United States'" are not true sentences.
68
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Consider ﬁhe sentences,

"Jimmy was at Camp Holly all day yesterday,

» and '"x + 3 = 8,"
Are they true? Are they false? You may answer, "I don't know.
“Which Jimmy do you.mean? To what number does "x" rprefer?" These
sentences are neither trué nor false, because they contain words or
symbols which do not refer to only oue thing. "Jimmy" can mean any
boy with that name, and "x" can stand for any number. You might
look at the camp records and say that, if "Jimmy" means Jimmy Mills
of Denver, the first sentence is true; bit, if it means Jinmy-Shultz
of Cincinnati, then 1t 1s false. The second sentence is true if
X =5, but it is false if x =6 or if x is any number other
than 5. '

What can you say about the truth of the three following

sentences?
3 -x=17.
"George was the first president of the United States."”
"3+ x=x+ 3.

These sentences are similar in that each contains a word or symbol
which can refer to any one of many objects. Do you see any
differcnce between the first two sentences and the third? Can the
first two sentences be true? Can the first tvo sentences be false?
Can the last sentence ever be false? .
Suppose a number sentence involves a symbol like "x" or

w." If the symbol can refer to any one of many numbers the
sentence 1s called an open sentence. It is not necessarlily a true
sentence. It 1s not necessarlly a false sentence., It leaves the
‘.abter open for further consideration.

. Look at this equation:

10

X +7 =53
This equation is composed of three parts: a verb "=," and two
open phrases, "x +.7" and ';4%—5." The equation states that for

a certain number x these two open phrases represent the same
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numbgr._MCan you discover such a numbér xé. Can you find more
than one? Try some numbers. Aftér working for a while you might
‘say, "The sentence-is true 1f x =3 or x = "8, but it is false
if x 1s any other number." The numbers 3 and 8 are called
solutions of the open sentence. The set {3,78} 1is called. the .
set of solutions of the open sentence. '

When we find the entire set of solutions of an open sentence,
we say that we have solved the sentence. An equation 1s a partic-
ular kind of number sentence which involves the verb "=." To
solve an equation means to.find its entire set of solutions. The
set of solutions of an equationvmay contain one member or it may.
contain several members. It might even be the empty set.

You may have already used a special kind of equation. For
example, to find the number of sduare units of area in a rectangle
you used the following: 4

, A=/
This 1s an abbreviation of a rule, In words, this rule is:

"The number of square units of area in a rectangle
is (or, is equal to) the prod:ict of the number of units
in the length and the number of 1ike units in the width."

When such a rule is abbreviated and written in the form of an
equation 1t is called a formula. If the length and width of a
rectangle are known, then this formula may be used to f£ind the
area of that rectangle. ' v

Can you determine the set of solutions for the inequality
X - 4 > 7? How large must the number x be in order for the
inequality to be true? Is 5 -4 >7? Is 7 -4 57?2 1Is
12 - 4 5> 7? Do you see that "x - 4 > 7" is true if x 1is any
number greater than 11? Also, "x - 4 > 7" 1s false for any
other value of x. Thus the set of solutions of this inequality
is the set of all numbers which are greater than 11.

70
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Class Exerclses 2-2a

In Problems 1-4 below use your knowledge of arithmetic to find
the solution set for each of the number sentences. Remember that
each member of the solution éet must, when it ls used as a replace-
ment for the unknown, result in a true sentence.

l. (a) x+3 =5 (d) m+ 25 =
() y+3>5 | (e) s +25¢ 31
(¢) k+13 ="T15 ‘ (f) t+104#5
2. (a) x+(77) =2 (d) x + (73) =6
() v+ (7)>2 ) (e) p+(T15) =2
(¢) n+(79) ="2 (1) x+("15) ¢ 1
3. (é) 4b = 12 . (d) s5m < 35
(b) 4a # 12 N (e) 13x = 713
(¢) 5w =35 (f) 7y = 756
Y.  (a) % =2 | (a) % s 2
(v) $<e2 (e) 13 =5
() §="2 () =77

5. A formula for finding the perimeter of a rectangle 1is
QA/ + 2%/, Find the perimeter of a rectangle whose’
length is 7 feet and whose width 1s 4 feet,

6. Use the formula a = %bh to find the
number of square units of area in the
triangle shown at the right. O

Equations are used in many ways in many different filelds. We
solve equatlons to find the currents in an electrical network when
we know the voltages and tne resilstances, to deslign airplanes or
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space ships, to find out what 1s happening in a cancer éell.

We also use equatlons to predict the weather. We now know
methods for predicting tomorrow's weather very accurately. The
only trouble 1s that these methods require the solution of about a
thousand equations with the same number of unknowns. Even with the
best of the modern high speed-computers, it would take two weeks to
compute the prediction of tomorrow'!s weather. Therefore, the ,
meteorologists (look up this word) make many approximations. They
simplify the equations 1n such a way that they can ccowmpute the
prediction in a short enough time. They will be akle to make
better predictions when we know more efficient ways to solve many
. equations with many unknowns.

Many leading mathematicians are working on such problems and
continue to seek new methods for solving equations. In universities,
government and industfial laboratorles there are actually thousands
of mathematiclans who are worklng every day at solving equations,
Some use blg new computing machines. Others use the kind of method
ybu are now learning and work with pencil and paper as you do.

Exerclses 2-2a

o
”

(a) The number x 1increased by 5 1is equal to 13.
(v) The number 3 subtragted from x 1s equal to T
(c) ihe product of 8 and x 1s equal to ol .

(a) 'Whgn x 1s divided by 4 the gquotient is 9,

(e) Teh more than the number x -1s 21,

(f) The number x multiplied by 7 is equal to ~35.
(g) The number 11 subtracted from x 1is 5.

(h) The number 6 1less than x 1s 15.

(1) The number x divided by 2 1is equal to 7.
72 |
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-

For each of the equations you wrote in Problem 1, find the
set of solutions by using your knowledge of arithmetic.

Translate each of the follow;ng number sentences into symbols,
(a) The number x increased by 2  1s greater than 4.

(b) The number x multiplied by 5 1s less than 10.

(c) Tne result of dividing x by 7 1s greater than 2.

(d) Three less.than the number x 1s greater than 6.

(e) The number x decreased by 5 1s less than 13,

(f) The product of 3 and the number x 1s greater than 9.
For each of the inequalities you wrote 1n Problem 2, use your
knowledge of arithmetic to find the set of solutions.

Translate each of the following number sentences into words.
Use the term "a number" or "a certain number" to represent

the unknown number,

(a) y+2=5 ) T+ (k) =2
(b) z+(73) =7 - (8) a+(73) ¢
‘(e) 2a =10 o (h) 3>9

(d) h+(75) ¢ 9 (1) x+ (77) =72
~(e) 5m <15 | () =6

Using your knowledge of arithmetic, find the set of solutions

for each of the number sentences in Problem 5,

What 1s the area of a square whose length is 15 1inches? Use
2

A .

s as the formula for the area,
A formula used 1n finding simple interest 1s written 1 = prt,

where

1s the interest in dollars,
is the principal (or amount borrowed),
is the rate (or per cent) of interest per year,

1s the time in years.

¢ B T
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10.

*11,

*12,

*13,

*1Y,

The formula F = %C + 32 may be used to convert a temperature

Find the interest for a bank loan of $750 for 3 years at
bﬁk ‘interest.

Te find the circumference of a circle; the.formula c = 27mr

may be used, where r stands for the radius. Find the circum-
ference of a circle whose radius is 10 inches,. (Use %&

or 3.14% as an approximation to T.)

The formula: d = rt may be used to find the total distance
traveled i1f the rate of travel does not var: where d 1is
the measure of the distance, t 1s the measure of the time,
and r 1s the rate. For example if d 1is m2asured in miles
and t in hours, r will be in miles per hour. Find the
distance traveled by an automobile moving at a rate of 45

‘miles per hour (m.p.h.) for 13 hours.

To find 19% of §750 you may use the percentage formula,

Pp=rb

R

where p 1s the perceﬁtage; r 1s the rate (or percent);
and b 1is the base. In this problem, r = 19% or 0.19
and b = $750. Find the value of p for this problem.

Find the area of the floor of a circular room.whose radius is
13 feet, The formula is A = wre. (Use '%& or 3.14% for

T,

(a) Find the volume of the cylindrical
tank pictured at the right if the |
radius is 1 foot and the height

Al 22
is 3z - feet. (Use =~ for T.)

(b) Find the capacity of the tank in
gallons, One cubic foot holds

% gallons,

reading on a Centigrade thermometer to a temperature reading
on a Fahrenhelt thermometer. Find the correct Fahrenheit
temperature reading for each of the following readings on a
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Centigrade thermometer,

(a) o° : (b) 100° (¢) 37°

Graphs of Solution Sets

_ We can draw a plcture to represent a set of numbers by associ-
ating the numbers with points on a 1ine. Consider the set

[O, 3, 6}. Each element is a number associated with a point on the
number line., We draw a picture to represent this particular set
by marking a heavy Gaot on the number line as shown below:

"2 il 0 " ‘2 s . "a *s ‘e
<+ + —& 4 — & — + ——>

This drawing 1s called a graph of the set {0, 3, 6}. It is some-.
times useful to draw graphs of solution sets of open sentences.

The open sentence, 'x + 3 =8," has the solution set {5}.
The graph of this set shows a heavy dot only on the point which
corresponds with 5,

What 1s the solution set of "x + 3 = 3 + x"? This sentence
is true for any number we choose as a replacement for x. The
solution set for this equation 1s the set of all numbers. The
graph of this set 1s made by dréwing a heavy shaded 1line along the
entire number line as shown below,

-2 -1 0 *l *2 *3 *4 *5 *e

L I n 2 P

Consider the inequality x - % > 7. The set of solutions for
this lnequality 1s the set of all numbers which are greater than
11. This set of solutions is rébresente& on the number line as
shown below:

2 O *I *2 *3 *q *5 *6 *7 *s8 *g9 *I0 *I *2 Y3 *14 *I5
-3 1 L 3 4 1 4 I 1 — /“l:‘ " " — .

Bl 3 N
.« =
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. The number "11" 1s not in the set. We indicate this by drawing
a cilrcle around the point corresponding to 11 on the number 1line.
The part of the number line to the right of the 11 1s shaded
showing that all points to the right of 11 are in the set of

solutions.
What 1s the solution set for the inequality shown below?

x -1 <1

You should find that the set of solutions is the set of all numbers
less than +5. On the number line this is represented as a circl
around the point corresponding to +5 and a heavy shaded 1line
drawn along all points’of the number line which iie to the left of
+5. Here 1s the drawing:

. -4k ‘3 -2 -l o -0-' -0-2 -0-3 -0'4 -0-45\ -0-? -0-7 -0-8
. —)— } } >

We have found that the sets of solutions for different number
sentences may be different. Some of the solution sets contain only
one member. Such sets may be represented by a single large dot on
a drawing of the number 1ine. The dot is drawn at the point which
corresponds to the number in the set of solutions. If the set of
solutions 1s the set of all numbers, we may draw a heavy, shaded
line along the entire number line. In this case, the solution set
1s represented by the entire number line., The sets of solutions
for lnequalities are represehted by a part of the number 1ine, All
of the lnequalities we discussed were represented by half-lines on
the number.line. A circle was used to indicate a point not included
in the set of solutions.

Class Exerclses 2-2b

What is the solution set pictured 1n each of the following

graphs?
"5 "4 3 T2 - 0 * *2 '3 t*taq *s
lo;_! - 1 L L I 1 * L 1 i ;
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5 ¢ T3 T2 T o Y1 *z2 *z3 *a ‘s
. : L 5 “ i L 1 Il ‘!7 L e L :
-2 -1 0 +) +2 +3 +4 +5
3. < 4 t 4 . ! l 1 1 L Gh
y . : _ -1 + +2 +3 +4 +5
5 "1 0 * *2 *3 *q *5
. < + L t + + . o —o — 00— —¢———
L0 L *2 *3 *4 5
6. 1 L 5 e 'l 1 L ‘ ' . .—.____.’

10 3 |
© — & ¢ o ——— o — & ————»

You are not yet ready to solve very complicated equations or
ineanglitles, Por example, it is much more difficult to find the

g -~ g2lutions for this number sentence,

b

x2 <9
than 1t was to find the set of solutions for the equations and
inequalities we discussed earlier. Other number sentences may be
even more complicated. You will learn much more about these compli-
cated number sentences later in this chapter and again when you
study algebra next year. ~ ’
' [sec. 2-2]
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Exerclises 2-2b

Using your knowledge of arithmetic, find the set of solutions
for each of the following number sentences.

(a) x+2=6 , (e) x + '# >1
(b) ¥ +x=0 (£) §-= "1
(e) 2x =6 (8) 2x ¢ 10
(@ 3x<3 . (B) ¥ -x 51

For each of the number sentences in Problem 1 represent the
set of solutions on a number 1ine.

Using your knowledge of aritrmetic, find the set of solutions
for each of the following number sentences,

(a) x+1=1+x (e) 3w = "15
(b) y+"1>0 ; (f) 1% +x =13
(¢) 1 -1bs'0 (g) 13 -"x = 14
@ a+2=1+a (h) £=71

For each of'the number sentences in Problem 3 show the set
of solutions on a number line. ‘

Sometimes an equation or an inequality 1s only part of a
sentence. Just as you can build longer sentences out of
shorter ones by wusing such words as, "and,™™or," and

“but, " you can join number sentences together to make longer
ones. Such sentences are called compound sentences.

Consider the. compound number sentence
"X+ T4 <7 and x4+ T1>o0."

In order to be a solution of tﬁis sentence, a number x
must be a solution of both the sentence "x + ~4 < 7" and
the sentence- "x + "1 > o."

The elements of the solution set of the sentence are the
numbers which are in both the solution set of "x + ~4 <7
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*10,

*11.

and the solution set of "x + -1 > 0."

The set of solutions of "x + "4 < 7" 1s the set of all
numbers less than 11. '

The set of solutions of "x + "1 > O" is the set of all

numbers greater than 1,

What 1s the seﬁ of solutions of the compound sentence?
Show this set on a number line.

Is the set of solutions for the compound sentence in

-Problem 5 the 1ntersectlon of the sets of solutions for

the two 1inequalities or 1s it the union of the two sets
of solutions?

For each of the following compound sentences find the set
of solutions,

(a)
(o)
(c)

X+ 2<T7 and x+ 4 >6
X+ 3=6 and x+ 3>6
2x > 6 and % <3

For each of the compound sentences in Problem 7 represent
the set of solutions on the number 1line.

(a)
(b)

(a)
(o)

(a)

Find the set of solutions for x° = g, (There are

twd possible solutions.)

Represent the set of solutions for Part (a) on the
number line,

Find the set of solutions for x° ¢ 9.

Represent the set of solutions for Part (a) on the
number line,

Find the set of solutions for the following compound

"sentence:

X+7=6 or 2x+ "1 =5,
(Note: 1In mathematics "or" means either the first or
" the second or both the first and the second.)
[sec. 2-2]
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- (b) Represent the set of solutions for Part (a) on the
" number line. '

*12. (a) Find the set of solutions for x + 1 = b or x4+ "1> 4,
(This compound sentence is sometimes abbreviated

X+ 1>4,)
(b) Show the set of solutions for Part (a) on the

number line.

*13. Find the set of solutions for x ¢ 10 or x + “9 > 0.

In solving problems, the translation of number sentences from
the English language, or words, into mathematical language, or
symbols, 1s often the most importanﬁ part of the task. Also it is
often the most difficult part of the task. When you are faced with

- problems such as those above, think about them carefully. Often
you will find that the problem is only asking, in a complicated
way, for the solutions of a number sentence, By writing the
sentence in symbols the set of solutlons may be easier to find.

It is important that you understand that the open sentences
‘you write are always about numbers. The problems may refer to
inches or'pounds or years or dollars, but your open sentences must
be about numbers only.

Conslder the problem, "The sum of a certain number and elght
1s equal to two more than the product of four and the number.

What 1s the number?" The problem asks us to find a certain number.
We repfesent the number with a letter such as x. We must define
the meaning of x. That 1s, we must state what it is that the
letter x represents, This is the first step 1n writing an open
éentence, and 1t 1s a very important part of the work done in
finding the solution, In this case the meaning of x 1s obvious:
"Let X represent the unknown number." (In more difficult
prob;ems the déffnition of the letter used may be more complex.)

The next step 1s to describe the numbers in the sentence,
using the'symbol for the unknown number where necessary in
writing phrases. The phrases for this problem are:
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the sum of the number and eight" - - - - - x + 8

"two more than the product of '
four and the number" . - _ - _ _ - . o - . bx + 2

We now have two open phrases. For other problems there may be more
‘than two phrases. Using these phrases we write the open sentence:

X +8 =14x + 2.,

Is this sentence an equation or an inequality? Can you guess what
number will make the sentence true? The solution is 2.

Many of the problems in this section may be solved easily by
using arithmetic, and you may question why 1t is neéessary to write
'opeh sentences expressing the condition of such easy problems.
Remember that in this section we are not concerned primarily with
the solutions. You should concentrate on the wrlting of the open
sentences. Later 1n this chapter you will learn to use properties
of numbers in finding the set of solutions for more difficult
problems,

’§ v
Catrrs My
POy

Class Exerclses 2-2¢

For each of the following problems write an open sentence
stating the condition of the problem.

1.. A train travels at 80 miles per hour. How long does it
take for this train to make a 560 mile trip? '

First: Let "t" represent the number of hours the train
travels,

(Note that we specify that the "t" represents a number.
In this'case it represents the number of hours the train
travels. It 1s not sufficilent to say, "let t represent
the time.") -

Second: Write a phrase representing the number of miles the
train travels in t hours,

Third: Wrlte an equation stating the condition of the problem.

[sec. 2-2]
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1o0.

11.

12.

13.

14,

Mary is fourteen years old. She is five years older than her
brother. How old is the brother?

A boy 1is four years younger than his sister. If the boy 1is
ten years old, how pld 1s the sister?

A boy bought a number of model plane kits costing 25 cents
each. He spent 75 cents. How many kits did he buy?

A boy's age seven years from now will be 20. How old is the
boy now?

How many feet are there in a board having a length of 72
inches?

How many feet are there in a board 5 yards long?

Ann was 3 years old ten years ago. How old is Ann at the
present time? :

How many dollars may be obtalned in exchange for a total of
450 pennies?

If three dollars 1s added to twice the money Dick has, the
result 1s less than twenty-three dollars. How much money does

-Dick have? (Will your open sentence for the condition in

this problem be an equation or an inequality?)

At a certain speed a plane will travel more than 500 miles
in two hours. For what speeds 1s this true?

If one is added to twice a girl'!s age the result 1s nineteen.
What 1s the girlls age?

"A man drove a total distance of 240 miles at an average

speed of 40 miles per hour. How long did it take for the
drive?

If a baby sitter earns 65 cents per hour, how much will she
earn in 5 hours?

32
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Exercises 2-2¢

»

For Problems 1, 2, and 3, write open sentenc.s for each
- condlition stated,

1, A boy 1s 7 years older than hls sister.

Let x represent the number of years in the boy'!s age.
The sister's age is represented as x - T

Write equations showing that:
(a) The sum of their ages is 21.
(v) . The boy's age is equal to two times the sister's age.

(¢) Three times the sister!'s age equrls seven more than
‘the boy!s age,

(d) The product of 2 and the zoy's age equals the product
of U4 and the girlt's age.
2. ' Joan has twice as much money as does Cathy.

Let m represent the number of dollars that Cathy has;
then, 2m represents the number of dollars Joan has.

Write equations showing that:
(a) Together they have $15,

(b) If Joan spends $5, she and Cathy will have the same
' amount of money.

(¢) If Cathy spends three dollars, Joan will have five
times as much money as does Cathy.
3.. The length of a rectangle 1s four feet more than the width.

Let w be the number of feet in the width.
Then W + 4 1s the number of feet in the lengtn.

Write equatlons showing that:

"(a) The width when doubled is the same as the length
" increased by three. '

t
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(b) Assume the length i1s doubled. To have the same measure,
the product of 3 and the width must be increased by 1

(c) Twice the widﬁh added to twlice the length 1s equal to
' 36. (This is the perimeter of the rectangle.)

' For Problems 4-14 write open sentences expressing the condi-

1o0.

ii.

12.

13.

of the probl-

In ten more r Mr. Smith will be forty years old. How
old is he no.. ’

If Blll earns five dollars more, he will have earned a total
of twelve dollars. How much has he already earned?

A girl is two times as tall as her brother, If the girl is
64 1inches tall, how tall is her brother?

Paul was 14 years old in 1958. In what year was he born?

Twenty per cent of a number 1s 10. What i1s the number?

(Hint: 20 % = -:é-.)

A carpenter saws a 50-1nch bdgrd into two pleces. One piece
is 10 1inches longer than the other plece. Find the length
of the shorter piece.

In a class election Marge received 5 votes more than Bruce.
Hov many votes did Bruce receive 1if there were 35 voters in
the class? (Assume that each voter voted for elther Marge

or Bruce but not for both.)

If a number 1s added to twice the number, the sum is less
than 27. For what numbers 1s this true?

The population of Minneapolis and St. Paul combined 1is more
than twice the population of St. Paul alone. VWhat 1is tne
population of St. Paul if the combinéd population 1s one
million?

Pat and Mike are twins but they do not welgh the same amcunt.
If Pat welght 105 pounds, how heavy is Mike? ‘

8 i
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14, Last year a boy earned more than one hundred twenty dollars on
hls paper route. What were his average monthly earnings?

*15. Mr. Smith is % times as old as his son. In 16 years he
will be only twice as old. What are their ages now? (Hint:
If the son is =x yeafs old now, how old will he be in another
16 years?)

*16, In a particular triangle one angle 1s twice as large as
anotner. The third angle is three times as large as the
smaller ¢f the two other angles. How many degrees are there
in the measure of each angle? (Hint: How many degrees are
there in the sum of the measures of the angles of a triangle?)

*17. The sum oL three consecutive whole numbers is 123. What are
the thr:2e numbers?

*18. Bob has $1.25 in nickels and dimes. He has three times as
many nickels as dimes. Find how many of each hé has.

- 2-3. Finding Solutilon Sets

We know that there are many different ways to express any
number. For instance 25 = -52—0 = -73-5- =30-5=5%=(31-6). or
all these ways of expressing the number twenty-five, 25 1s the

simplest. Consider the following équations:
-~ X +3=8, x+1=6, 2x=10, x + (72)=3, 10=2x, 8=3 + x.

Each of these equations has the solution x = 5; that is, if in
each equation we replace x by 5 we have a true sentence and if
vwe replace x by any number different from 5, the sentence 1is
false, These equations are call~d equivalent because all the
solution sets are the same. In fact, the equation x =5 cauld
also be 1ncluded 1n the 1ist. Just as 25 is the simplest way
to express the various numbers indicated at the beginning of this
sectlon, so x =5 1s the simplest equation equivalent to the
list of equations given above.
80
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Class Exerclses 2-3a

1, Find six equations equivalent to the equation x + 1 = 4,
2. Find six equations equivalent to the equation x = 3,

3. Find six equations equivaient to the equation 2x = 12,

Y

. What methods can you discover to get from a glven equation
one or more equations eguivalent to 1it?

5. If one equation 1s equivalent to a second equation, i1s the
second equivalent to the first? Why?

~*6, Are the following two equations equivalent: x = x + 3,

X=X -1?

Consicer, for instarice, -the equation
x+3=70

If x 1s replaced by a solutlon of this equaticn, x + nd 7
are two different names for the same‘number, Hence, for Jnstance,
(x +3) +4 and 7 + 4 must be names .or thz same number, shenzver
x 1s replaced by a solution of the glven equation, sinece 1t s
probably easier to see this in terms of numbers firs%, consider
this:

Hence,
10 + 5 =(15 - 5} + 5,

We have added fhe same number to a given r 'mber, 1C, expressed

in two ways. These are examples of the

Addition Property of Equality. If :wd> nw.. :rs, a a. 0,
are equal (that is, if a an® bt &= two {ifferent

names for the sa .e number), then 1f you adq the same
number to each of them, the two sw:; will Eé‘equnla

That 1is,
if a=b, then a +c¢c =%t + c.

[sec. 2-3]
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Graphically, we would have the following figures.

If e>0 - If ¢« 9
a a+c a+c c e]
P"m c
b b+c b+c b

To see how this applles to the equation: x + 3 =7, notice
that if x denotes a solution of this equation, x + 3 and 7
are two names for the same number. Hence in the additive property,

. X + 3 plays the role of the letter a,
7 plays the role of the letter b,

if x 1s a solution of the equation. Hénce, if x 1s a solution
of '
x+3=7
it 1s also a solution of ’
(x +3)+c =7 +c,

no matter what number ¢ 1s. .A brief way of describing this is to
say that we get the second equation from the first by "adding the
same number, c, to both sides of the equation."

The most useful choice of ¢ in the above is 73, for

(x +3) + "3 =7+ "3,
Then, by the assoclative property fo :ditioun, this 1is equivalent

to

x+ (3 4+ 73) =7+ "3.
Hence X + 0 =4,
x =14,

Thus, by the addition property of equality, if any number is
a solution of . x + 3 =7, 1t is a solution of x = 4, Conversely,
i1f any number is a solution of x = 4, we may add 3 to *ath
sides of the equation to get
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and see that if any number is a aolution of x =4, it 1s also a
solution of x + 3 = 7. Hence the equations:

=4 and x+3 =7

are equivaleht equations; that 1is, thelr solution sets are the same..
By this means we can show that: ‘ '

_ a=b and a +¢=Db+ c.
are equivalent equations; that 1s, if._ a = b,’ then
a+c=b+ ¢, and if a +c =Db + ¢, then a =b.

Using this result it also follows that x = 3 and x + 7 =10
are equivalent equations since we got the second equation from the
first by adding 7 to both sides of the equation x = 3.

Class Exefcises 2~-3b

1. Find the solution set of each of the following equations
and check your solutions:

(a) x + 4 =10 l (¢) 3 =x+14%
(b) x + 2=5 () "2 =x+ "3

2. Use the distributive property to simplify each of the

followling:

(a) 2x +3x =7? () "x +7x =72

(b) x + 5x = ? (e) Tx + (T2)x =2
(e) (T2)x + 3x =2 (£) (@)z + (75)x = 2

Suppose instead of adiing a known number to both sides of the
equat.on x + 7 = 10 we add an unknown, 2x. <Then we would have

2x + (x +7) = 2x + 10.
We can write the left side, using the assoclative property, as
(2x + x) + 7.
39
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Now, x =1+ x and hence 2x + x =2x + 1 * x = (2 +1)x = 3x,
using the distributive property. Thus, if we add 2x to both sides
of the equation x + 7 = 10, we have '

This 1s all very well, but suppose we were glven the last
equation. How could we get back to the first equation? Since we
got the last equation by adding 2x to both sides of the first,

we should be able to get the first equation by adding ~(2x) to
both sides of the last. Let us see i1f this 13 s0. Then

“(2x) + 3x + 7 = "(2x) + 2x + 10.
Now ~(2x) + 2x = 0 since ~(2x) 1is the additive inverse of 2x.
But what is "(2x) + 3x equal to? We find 1t this way:
“(2x) +3x=(T2)x +3x=("2+3)x=1 - x = x,
using the distributive property. Thus, by adding -(2x) to both

sides of the equation 3x +7 =2x + 10 we get x + 7 = 10 as
an equlvalent equation. Since the solution of this equation is

3, the solution of 3x + 7 =2x + 10 1s also 3. You should

check this to show that we have made no mistake.
Now we can find the solution of an equation 1like

hx + 5 = 3x + 2,

We wish to find an equivalent equation in which x occurs on one
slde only. To do this we can add ~(3x) to both sides to get

“(3z) +4x +5="(3x) + 3x + 2.
This results in the séntepce
X+ 5=2,7

(You should f£111 in the steps needed to show this.) Then, if we
add. "5 to both sides of this equation (since we want to have x
by itself on one side) we have

(x +5) + 5="5+2

x+(5+75) ="5+2
' x+0="3"
X' = "3
[sec. 2-3]
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Thus x = 3 1s equivalent to the equation 4x + 5 = 3x + 2,
which shows that ~3 1s i1ts solution.
The solutlion of the equation x = "3 1is cbvious and, since
it 1s equivalent to the equation 4x + 5 = 3x + 2, this equation
also has the solution ~3, 1In fact, a method of solving an equa-
tion 1s to find an equivalent equation which has an obvious solu-
tion--that 1s, of the form x = some number., Let us go back over
the process we used. We first added ~(3x) to both sides of the
equation in order to get an equlvalent equation in which x
occurred on only one side: x + 5 = 2. Then, since we wanted an
equation of the form, x = some number, we added "5 to both sides.
To make sure that we have made no mistake, let us check to see
that ~3 1is really a solution of the equation:

bx + 5 = 3x + 2,

If x = 3, the left side of the equation becomes
(73) "4 +5="12+5="7.
If x = 3, the right side of thl*e equation becomes
3(3)+2=",+2="T7.
Hence for this value of x, the number on the left side 1s equal
. to that on the right. This is our check.
Of course there are equations which have no solutions. One
such equation is x + 3 = x. This may be considered !v be obvious

since no number can be 3 greater than itself. But let us find
what this equation is eguivalent to. We may add “x to both sides

and have
“x + (x +3) = x+x
or (Tx +x, +3="x+x
0+3=0
e 3 = 0.

(Remember tha“ Just as ~3 1s the nunber with the property
that "3 + 3 =0, 8o x is the number with the property that

"% +x = 0.)
So the glven equaticn is equivalent to 3 = O, This has no
90
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solution and hence the gilven equation has no solution.

This
this

Other equations have many solutions. Consider 2x = x + x.
1s true for all values of x. You might 1ike to show that
i1s equivalent to 0 = 0O,

Exerclses 2-3a

Using the methods of the previous sectlon, find four equations
equivalent to each of the following equations:

() x+7 =13

(b) 17 =x+ "3

(¢) x=7

Use the addition property to solve the followiﬁg equations,
Check your results.

Example: x + (73) = 11. First use the addition property and
add 3 to both sides of the equation. Tnis glves

(x +73) +3 =11 + 3,
By the associétive property of addition this 1ig equivalent to

x + (73 +3) =14,
x+ 0=14

To check this see that if x = 1%, x + "3 1s 14 + "3 which
is equal to 11. '

(a) x+5=6 (8) "2="h +x

(b) x+6=5 (h) x + % =10

() x+77=7 (1) y+ (.g)=g.

(d) x+ "7="7 (J) U+14'-g-

(e) &+ 6 ="13 (k) =1 4+x

(f) 4 =x+3 (1) x + ‘(%) = -(gg)
[sec, 2-3]
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3. Apply the addition property to these equations, adding the
indicated number, and write the resulting equation. ’

Example: 3x + 4 =5 (add k)
(3x +4) + "4 =5+ "4 by the addition property.
3x + (4 + 74) 1 by the assoclative property.

‘The resulting equation 1g: 3x = 1.

(a) 2x +5=10 (add 75)
(b) 3x +10=5 (add "10)
(¢) Bx +2="2 (adda ~2)
(d) 1x + 1 =9 | (adda 1)
(e) 2u+1 =11 (add "1)
(f) <+ 3=9 (adda  3)
(g) "4y + "3 = -g- (ada  3)

4, (a) What number do you add (using the addition property)
to solve x + 3 = 2?

(b) What number do you add (using the addition property)
to solve x + (77) = 4»

(¢c) what 1s the relation between 3 and ~3 relative
to addition?

(d) vhat is the relation between 7 and 7 relative
to addition?

5. (a) .r x =23, what is ~x?
(b) If x = %, what 1s “x?
(¢) If x =73, what 1s "x? Answer: By x, we mean that
number with the property that x + x = 0. So or
x = 3, we have

"3+ ("x) =o0.
But we know that ~3 + 3 = 0. Hence x must be equal
to 3. In other words, (°3) = 3.

[sec. 2-3]
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(@) If x = "(}), whatis “x
(e) If x =77, what 1s “x?

6. Earlier in this section we solved the equation
bx + 5= 3x + 2

by adding "(3x) to both sides of the equation. Suppose
we had begun by adding ~(4x) to both sides. Could the
solution be found this way? Do you think thig is a Simpler
method of solution?

T Simplify each of the following:
(a) "x +3x =2
(b) 3x + "x = 2
(c) “(2x) +3x = 2

8. Solve the eguation: 2x + 7 = x.

9. Solve the equation: 2x + 3 = x + 2. -

10.  Solve the equation: x = 2x + 6.

]
K

11. Solve the equatiorn: 3x + 5

Adding the same number to both sides of an equation is not
the only way to get an equivalent one. We may also multiply both
sides by the same number. For example:

5+2=7:
1s a true sentence. If we multiply both sides by 3, we get
3(54+42) =3 .7,

This 1s also trie. Thls is an example of the multipiication
property of equality.

The Multiplication Property of Equality: If a and b are
two equal numbers, then ca = cb.

Is 1t true that ca = cb implies that a = b? pefore

[sec. 2-3]
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+

answering this question, let us consider the solution of an

equation using the multiplication property.

Since our method of

solution is very much like that for an equation involving addition,

in the left-hand column below we
the addition rroperty and in the

shall solve an equation using
right-hand column a similar

equation using the multiplication property.

Froblem: Solve 3 +x = 6

First add the additive inverse of
3, to both sides of the equation
to get

"3+ (3+x)="3+6.

Use the assoclatlve property of
addition:

(T3 +3) +x="3+6
O+x=3
X =3

We can use thlis same paralle

i1f ca = cb, and
Problem: Prove that,
if c+a=c+Db, then a = b.
First add “c¢, the additive

inverse of ¢, to both sides of

the equality to get

“c+(c+a)= ¢+ (c +0b)
Usling the associative property

of addition, we have

(e +c) +b
O+bD
b

(e +¢c) +a
O+a
a

9.

[sec.
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First multlply both sides of the
equation by %, the multiplica-
tive inverse of 3,

1

F(3x) = 3(6).
Use the associative property of
multiplication:

3x

Problem: Solve

to get

(3 - 3)x =3+ 6.
1'x=2
x =2

1 treatment to show that

c # O,

=

then a b.

Problem:

For c¢ # O prove

that

1t

First multiply both sides by
the multiplicative inverse of
(note that this inverse exists
only if ¢ # 0) to get. .

1. (ca) = % * (cb)

ca cb, ¢then a b.

C,

c,

Using the associative property
of multiplication, we have

1 1
(3 - cla=(3*c)b
1- a=1°"5b
a=»>

'
i
2-3]
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[T

Thus we have shown that if ¢ #0, ca=cb and a=b are.
equivalent equations., This means that iIf ¢ #0 and ca = chb,
then a = b; alsoif ¢ #0 and a = b, then ca = chb.

Now let us apply this result to the solution of the equation,

4
3x +1 =13,

#e d

We wilsh to have 3x by itself on one side of the equation and, as
in the first part of this section, we can accomplish this by adding
"1 to both sides, This glves us

3x +1 4+ 71 =13+ "1,
3x + 0 = 12,
3x = 12.

Since we wish to have an equation of the form x = some number,
we can accomplish this by multiplying both sides by %, the
' reciprocal (that is, the multiplicative inverse) of 3., Thus the
equation

3x =12
'1s equivalent to <% * (3x) = % (12),
or (% . 3; X o= 4,
or x=4.

We have shown that the equation 3x + 1 = 13 1is equivalent
to x =4, Since x =4 has the obvious solution L, so 1s
the solution of 3x + 1 = 13, From what we have done, we can be
sure that i1f we Jdild not make a mistake x = 4 1is the solution of
the equation 3x + 1 = 13. But 1t is reassuring and is also good
policy for us to check this answer to see if 1t is ind-ad a
solution, If we replace x by 4 in 3x +1 we get 3 « 4 +1
which 1s equal to 13, This is the check we wanted.

Class Exercises 2-3c¢

1. Indicate which property, the addition or the multiplication
property of equality, and which number is to be added or used as a
multiplier in"solving the following equations.

[;ec. 2-3]
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(a) x + 10 = 22 (h) 18 +y= 8.6
(b) 6.2 4+x=1.12 (1) y+6=54+3
(¢) "2+ x="10 : (J) 0.08d = 73
(d) 5x.= 15 (k) 19=6-y
(e) 6=% (1) %ﬁ = 15 + 0.4
(£) 14 - x=0 (m) 45 « b =1
(g) Z =17 () L=1,cHo0

Find the reciprocals of each of the followlng numbers:

(a) 7. Answer: % is the reciprocal since 7(%) =1,

P}

4

2) 73

(a) %. Answer: the reciprocal of a number b is defined
to be that number % such that b(%) =1, Since
%(2) =1, 2 1s the reciprocal of %u
1

(e) T
2

(£) €l

(2) ‘(%) ' -

..Bind the additive inverse and the multiplicative lnverse of

each of the following, belng careful to state which 1s which:

(a) 3 - (v) 3 (c) %

Exercises 2-3b

Pind the additlve lnverse and the multiplicative 1lnverse of
each of the following, being careful to state which 1s which:

(a) 7 (c) "2
(b) % (d) %
[sec. 2-3]
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2. - Solve each of the following eQuations and state where you use
the addition property and where .the multiplication property of
- equality.

(a) 3x +2 =14

n T
(3

T () Tx =2
(e) T3x 4+ T =22
(@) 2% =7

(e) ~(2)x = 14.

Let us try our methods on a more complicated equation:
-1 . S .
(-E)x+2—2x+§_.
We wish first to find an equivalent equation in which only one
fide Yas a term In x. Here we use the addition property and add

§x to both sides:

%x +-<'(%Jx + 2) = %x + (2x +1%).

Using the associative property for addition we have:

1, , -1 _ (1 1
(A) <-§x + (-2—)X) + 2 = (§x + 2)[) + 5
I TR | -1 1
Now Zn + (§)x = 0 since (§Jx is the additive inverse of X

Also by the distributive property,

1 _ 71
X +2x = (5 + 2)x.

Hence the equation (A) above ig equivalent to

'o+2=(-é-+2)x+l;
that 1s,
- 9x + 1
2 =2x +3.

Since we wish the term in x to be by 1tself on one side of
the equation, we can agaln use.the addition property and add —(%)

[sec. 2-3]
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"to both sides of the equation td get
3 5

-2- = —2-2(..
Since we want an equation of the form, a number = Xx, we can
use the multiplication property and multiply both sides by. 5,

the reciprocal of %, and get

g L] § —3 g - §x
We have, finally (you will need to write in some steps)
3 -x
5 .

Thus % is the solution of the equation '(%Jx + 2 =2x + %,

Now getting this result was rather long and there were many
opportunities for mistakes. We should check our result.

If x =2, the left side of the given equation, '(l)x + 2,

becomes —(%) . % + 2= ( ) +2-= -(10) *+* 10 10 ig

ujw

, the right side of the glven equation, 2x + 3

3 1 _ 6 1 _12 5 _ 17
becomes 2 5 + 5 = 3 + = 5 10 + 30 = 10

This shows that for x ='%, 'C§)x + 2 15 equal to 2x +-%.

There are other methods of solving this equation. One would
be to begin by multiplying both sides of the equatlion by 2, to
get rid of the fractions. You are ssked to try this cut in an '

If x =

uljw

+

exerclse below.

Class Exerclses 2-3d

1. what property is used, and how is it used, to get the second
equation from the first? '

Example: (1) 2x +4 =7
' (2) 2x =3 addition property, adding 4.

93
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(a) (1) (g) +1=1 (£)

C(2) =0 |

(b) (1) 1.6=4y ()
@) oway

() (1) Bm+3) _¢ *(n)

(2) 2(m + 5) = 18 \

(@) (1) "x =5 *(1)
- (2) x="T5

(e) (1) 2(y+4) =8

(2) y+4 =14

Solve and check each

Solve the following equations by using the properties of

(a) 3y + 2=7 (e)
(b)) T =03x+1 - (£)
(e) 6 = 3w (g)
(@) 3t - 1.7 = 1.3 " (n)

(1) (0.3m) - 7.2 = 5

(1) %x =
(2) 2x =

10

5

(2) (3m) - 72 =50

(1)
(2)

(1)
(2)

. Py sl

of the following equations:

3x + 6

. X
2=1g
0.1% + x = 5,28
5 - 7T = 2x
X =17 - 2x

Exercises 2-3¢

"equals.". Give your reason for each step.

(a) 2x +1 =7 (¢) £-3="h

(b) y-2=6 - . (d) 3 -5="4

Solve the following equations.

(a) x+3=5 (¢) y-3=5

(v) 3+y="T5 (f) 3 -u="

(¢) 2v +3 = (g) 2w -3 =5

(d) 3+2m="5 . (h) 3-28="5
[sec. . 2-3]
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*'(i) 2w +7=5w+1 *(k) 2t - 11
*(3) 15+ 2w = 5w + 1 *(1) 15 - Sw

56t + 1

2w + 1

27 what number would

3. (a) In solving the equation 9x
you use as a multiplier?

(b) 1In solving the equation %x = 4 what number would
you use as a multiplier?

[V T

(¢) 1In solving the equation %x =
you use as a multiplier?

what number would

(d) what 1s the relation between 9 and %, relative
to multiplication?
(e) What is the relation between 3 and %, relative

to multiplication?

"(f) what is the relation between ‘% and 'g, relative
to multiplication?

L, In solving an equation such as 3x + 1 =9, you have
learned to use the addition property first (to.find 3x)
and the multiplication property second (to find x).
Sometimes you will find 1t best to reverse the order in
which you use these properties. Solve the following
equatioﬁs by using the multiplication property first.

(a) 4(x +°1) =12 (d) 0.6(x - 0.3) = 0.2
(b) 7(x - 2) =13 (e) EFE oy
() 252=5 (1) Bzt =3

.5. To solve the equation %('x) + 2 = % + 2x, begin by
multiplying both sides by 2 and get the equivalent
equation

"X + 4 =1 + 4x.

Then find the solution of this equation. Does it agree
with that 1n the previous discussion? Do you think this

method 1s easier than the one used?

[seec. 2-3]
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2-4, Solving Inequalities

. In Section 2, we found by inspection solutioﬁs of various

" inequalities. The methods which we used to solve equalities in the
previous gsection may be used for inequalities as well., To show
the simllarity, let us solve an equation and a related inequality.

To solve: X+ 4 =7 To solve: X+ U4 <7
Add "4 to both sides of the Add "4 to both sides of the
equation, using the addition inequality, using the "addition
property of equality: property of inequality"
(x +4) + "4 =7+ 7y (x +4) + 74 ¢c7+ "1
+
_Uging the assoclative property Using the associative property
of addition, , i of addition,
X+ (F+74)=7+"y4 ‘ X+ (4 +78) <7+ 74
X+ 0=3 x+0¢3
X = 3. : x < 3.

We lknow that each equation on the left i1s equivalent to all
‘the others. We assumed on the right that the same statements could
be made about the lnequalities. We need to show the addition
property of inequality: '
The Addition Property of Inequality: I ac¢hb, then
a+cg¢b+ec,

To show this, first suppose ¢ = 5. Then a < b means that on

the horlzontal number line, the point which a represents 1s to
the left of the polnt which b represents. Now the point which
a + 5 represents is 5 wunits to the right of the point which

a2 represents; the point which b + 5 'represents is 5 units to
the right of the point,which b represents. Hence the point which
a + 5 represents 1s Lo the left of the point which b + 5§ repre-

sents. This means
a+5«¢b+5,

Second, 1f ¢ were 5, the point which a + ~5 represents is
5 units to the left of the point which a represents, and

[sec. 2-4] -
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similarly for b + 75, Again
a+ 5¢b+ 5.

See the figure below: .
a " - a+5 . at’s . a
A e —t—— ‘4!!% 4 +—t

b. .. b5 b+5 b
In general, 1f ¢ 1s a positive number, the point represented

by a+c¢ 1s ¢ units to the right of the point represented by

a and simlilarly for b +c¢c and b.‘ This, 1f ¢ 1s a positive

“number,

and a ¢b then a +c ¢b+ec

Wﬂy woﬁld the same result hold if ¢ were a negative number? Thus
we have shown the addition property of inequality.
Just as 1n the case of equality we can show:

If a¢b, then a+c¢b+c and 1f a +c b + ¢,
then a ¢ b.

This shows that if we add the same number to both sides of an
inequality, we have an eqguivalent inequality. For 1instance the

inequality _
. - X + —3 < 8 )

is equivalent to the inequality (x + "3) +3 ¢ 8 + 3, that is,

X ¢ 1l.

Exercises 2-4

1. Find the set of solutions of each of the following inequalities:

() x+5«¢7T (d) ¥y + "3 <¢10
(b) 7>x+5 (e) 10¢y + 73 e
(¢) x+72¢8 ' (f) 2x+3 <¢x+2

102
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(8) x+4<5+x (3) 3% +3 5> (Fx +4
(h) x + 4 } 5+ x (k) T+2x ¢x + '(%)

(1)  3x +2 ¢2x + 73

2. Show that if ¢ 1s a negative number and if a < b, then
a+cgb+e.

3. Use the addition property of inequality to show that if
a+cgb+c, then a ¢b. (This may be done by the same
method which we used for equalities.)

L, If a >b, 1s 1t true that a + ¢ must be greater than.
b + ¢? If so, show why. If not, show why not.

5. If a#b must it be true that a + ¢ #b + ¢c? Glve reasons
' for your answer.

(o))

If a< b must it be true that 2a < 2b? Show why this is
true. '

¥7T. If a< b, must it be true that (T2)a < (72)b? . Why or why
not?

2-5. Number Sentences with Two Unknowns

In the preyious examples of number phrases and number sentences,
there was only one unknown number. We could also have more than
one unknown number. ILook at this sentence:

x+1=y,

If x=3 and y =5, 1s the sentence true or false? If x =7,
what must y be for the sentence to be true? If y="6, then
we have "X + 1 = ~6. Yhat must X be in order for this sentence
to_be true? How did you learn to solve an equation 1ike
X +1="6 in Section 2-3? _

. Each solution of the equation x + 1 = y 1s a pailr of
numbers. We can make a table listing some of these pairs:

[sec. 2-5] .
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Table for

X + 1= Yy
X -y
0 1
1
2
=2

()

(23)

Before you. continue reading, copy this table and work out the
missing numbers. For example, to fill in the third line, replace
X by 2 1in the above equation. Ask yourself, "what are the

possible values of y?"
You should read the rest of this chapter with pencil anG paper

handy. Do not go on to a new paragraph until you have answered all
the questions in the paragraph you have just read. In much of this
section you will find it convenient to use graph paper and a ruler,

too. .
If x=0 and y =1, then the equation x +1 =y 1s true.

Hence, we say that the pair (0, 1) 1is a solution of ‘the equation..
Notice that it makes a difference which number is named first. The
pair (1, O) 1s not a solution since if x =1 and y = 0, then
XxX+1=1+1=2 (not 0)

so.that the equation' - x+1=y
is not true. , -

You remember from Chapter 1, that a pair in which the objects
are considered in a definite order 1s called an ordered pair.

The ordered pair (2, 7) 1s the same as the ordered pair
(x, ¥) 1f x =2 and y =7, and only then. This pair is

different from the ordered pair (7, 2).
The solutlon set of the above sentence

x+1=y

104
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is a set of ordered pairs of numbers. For what number y 1s the
ordered pair (2, y) 1n the solution set?

In order to picture the solution set on your graph paper, pick
.out two lines for the X-axis and the Y-axis as in Chapter 1, and
draw them 1n heavily with your pencll. Label the vertical and

horizontal lines as shown.
Y

.

= N W

Nao oAt

F ey

Mark off on your graph paper the points (0, 1), (1, 2), ete.,
whose coordinates are in the solution set of x + 1 =y, What do
you notice about them? All of them 1lie on a simple geometric
figure. To what set of points does the solution set correspond?
In Chapter 1 you learned to call it the graph of the given number
sentence, or equation. The graph of x + 1 =y 1s shown here:

Y /

(1,2)

_ID(H45&'

> X
B 4 3 "2 -,0 2 3 4 5
_x\“jl/ -;
A%
AT 1]
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Let us try another example. What is the solution set of
the equation

2X +y = 17

If we glve Xx a certain value, we obtain an equation to solve

for y. If we try a different value for x we obtain a different
equation to solve for y. Similarly, if we try different values
for y, we obtain different equations to solve for x.

For example: Let x = "3, This gives the equation
2(73) +y="1
6+ y = "1,
We solve this equation by the methods we learned in Section U4,
6+ (6+y)=6+"1 by the addition property,
(6 +76) +y=5 by the associative property
of addition
so y = 5.
If y=5,
then 6+y="6+5="1
S0 6 +y = "1,

Thus, 5 1s a solution, the only solution.
Thus, (73, 5) 1s a solution of the equation 2x + y = 1.

Follow this example to complete thas table of solutions of
2x +y = "1 below. Perhaps you can do some of the steps in your
head. '

X y

"3 5
-1
0
y

2

0

2

[sec. 245]

106



97

When this table is completed we have seven ordered pairs
of numbers which are in the solution set of the equation
2x + y = "1, Choose an X-axis and a Y-axis on your graph paper
and locate the points whose coordinates are these ordered pairs,
Do all of them seem to lie on a 1ine? Draw the line. ILocate a
point on the line which 18 not ont of the seven which you have
plotted. Can you find the coordinates of this point by
measuring certaln distances? The coordinates form an ordered
pair of numbers. If your drawing and measurement were perfectly
accurate, this ordered pair would also be in the solution set
of the gquation. Is 1t°?

From the examples which you have seen in this section and
in Chapter 1, you have perhaps guessed that the graph of any
equation of the form
where a, b, and c¢ are known numbers, lies on a line. This
'1s true. For that reason we usually call an equation of this
type a linear equation. :

Exerclses 2-5a

1. Make up a table showing some of the ordered palrs from the
set of solutions for each of the following equations. On the
same set of axes draw graphs of each of the equations.

y=x+1, y=2x+1, y=3x+1, y="2x+1.

2. Do the same for y=x+1, y=x + 2, y=x+ 3.

3. Do the same for x +y=0, x+y=1, and x + y= 1.
X4 ¥= X _¥_

4, Do the same for 5 +%= 1 and 3 % =1,

5. Do the same for y=x+1 and x +y = 1,

6. Do the same for y =2x +3 and y = '(%x) + 3.

[Bec . :2,4—5]
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Let us try another problem in which two unknowns are involved.
What are the possible lengths of the sides of a rectangle if the
perimeter ia 16 inches? If we let the lengths of two adjacent
sides be called x inches and y inoches then we must have

2x+2y-160

We must be careful, however! This equation is not a oohplete
translation of the real situation into mathematical language.
Can the length of a side of a rectangle be a negative number of
inches? Can it be zero inches? We must have x > 0 and y > O,
and the number sentence whigh really describes the situation is
this:

2x + 2y = 16 and x>0, y>O0.
We can find several ordered pairs in the solution set. Which

of the following pairs are solutions?

(71, 9), (1, 7), (2,6),

(% 8, (5, 3), (7, 2),

(8, 0), (9.5, "1.5)
Remember that to be a solution, an ordered pair must make the
entire number sentence,

2x + 2y =16 and x>0, y >0,

true.

The graph of the equation part of the above number sentence
lies on a line. Sketch it. The second part of the sentence,
namely, "x > 0, y > 0," says that the point corresponding to
conditionis stated above must lie in which quadrant? The graph of
the number sentence is the part of the graph of 2x + 2y = 16
that lles in the first quadrant.

103
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The graph is 2 segment with 1ts endpoints removed as shown

 here:

Which of the above solutions of the number sentence have been

plotted on the graph in the figure?
In this example we had a number sentence which was built of

several shorter number sentences, one of which was an equation

Let us try another number sentence of this type.

Bonnie has in her purse 3 dollars in dimes and quarters.
What possible combinations can she have?

Iet d be the number of dimes and q be the number of
quarters. Just as the value of 3 dimes 1s 10 - 3 cents, sO
the valie of d 'dimes is 10 **d cents. The total value of
these coins is (10d + 25q) cents, and this must be equal to
3 doliars. But, walt a minute! We must make up our minds .
whether we want to measure our money in cents or dollars. Let us
use cents throughout: Then, 3 dollars is 300 cents. Therefore,
the pair (d,q) is a solution of the equation

104 + 259 = 300.

Again we must be careful! Bonnie cannot have twenty-seven

" and one-half dimes, nor can she have ~3 dimes. The unknown

numbers in this problem must be non-negative integers. The number
sentence which really describes this situation is: :

10d + 25q = 300, and d and d are non-negative integers

. 109
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'mhe 801Ution set of this number. sentence 1is made up of the geven

ordered pairs:
(0, 12), (55 10), (10, 8), (15, 6),
(20, u), (25, 2), (30, 0).
The 8T@Ph of this npumber sentence consists orf only seven points.

¥
-
\

'y
19
|2-&T
10 ; °

8- ®

6 [

1 V—L 1 ‘___——’d
5 0 5 20 25 30 :

You may dig@gﬁee with the apove soluﬁion on one point, gince
there 18 anothef way to interpret the Statement "Bonnle has in

her PUTS€ 3 dollars in dimes ang quarters." Does this inciuge

" the pos81bility of ner having no-gimes and 25 quarters? Some

peopl® WOuld say "yes" and otherg would say "no." If your.answer
is "o, " two solutions would be exciuded: no dimes and 25’l
quaftersa and 30 dimes and no quarters. These are represented
by the OTdered pairs: (0, 12), and (30, 0).

We have found the graphs of certaln equations. Now let us
sSee what the graph of an inequaljty 1ooks like. To do this,
first ¢OMpare the tgyle of SOlutigns of ¥ = x + 1, " which we
have 21T®ady found with the table of solutions of y > x + 1,

. T
1i0 |
[sec. 2-5]
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Yy =x+1 y>x+1
X |y b4 y
o | 1 0 |>1
1 2 1(>2
2 3 2 1> 3
- "1 0 1 (>0

This shows that for x =1, for instance, y can be any number

- greater than 2; not only can y be 3; 4, 5, and so forth,
but also 2%, 2%, 2.1. Thus the graph of y > x + 1 1s as
shown 1in the figure. The graph of the inequality does not include
the line itselg: In such cases the line is shown as a broken or

e

"dotted" 1line.

(The ddtted line 1s the graph of y = x + 1. No points from this
line are in the graph of y > x + 1.) ) '

[sec. 2-5]
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What 1s the graph of the following inequality with two unlnown

numbers? R

xy >0
The inequality says that the product of x and y must‘be posi-
tive. What do you know about two numbers whose product is a posi-
tive number? Can elther one be zero? Can x be positive and y
negative in a pair (x, y) which 1s a solution? The pair (x, y)
is a solution if both x and y are or if both x and
y are . Youfill in the blanks. The graph of this
inequality 1s, then, the entire and quadrants.

ILet us consider one equation which is not a linear equation.’
Consider
y=x.
If we take a known value of x 1in thils equation, the resulting
equation in. the unknown y 1s not hard to solve., Fill in the
table of values.

X N X ¥
Ty |16 0
3 1 1
T2 2
"1 1 _ 3

o 112 N
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Plot these points on your graph paper. Then sketch the graph of
“the equation.

MR
l
\ [k
I TITIx
| ~
) NN
) Ny
\\ =” /
T ]
NN
£
EEERNNEES

This curve 1s called a parabola. It is a very important
curve which occurs in many ways in problems about natural events.
The points on this curve are the points whose coordinates (x, 'y)
are solutions of y = x2. All points with coordinates (x, x°),
where x stands for any number, 1ie on the parabola, Where will
a point with coordinates (x, y) 1ie if vy > x2° If a point
(x, y) lies above the parabola what can you say about y and x29
Which must be greater?

The solution set of the number sentence

2
y>Xx

is the set of all ordered pairs (x,'v) for which y > x2, and
the graph of this open sentence 1s contained in the region of the
plane dbove_the parabola which we sketched above. It does not
include the curve ltself. The following figure is the graph of

2
y>x.

113
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Exercises 2-5b

1, (a) Draw the graphs .of the following equations on the same
set of axes: y = x° and y = -(xe).

(b) Do the same for y = x° and y2 = X.
(¢) Do the same for xy =1, xy = 1, and xy = O.

2.  Sketch the'éraphs of the following:
(a)x"' y=1 andv:“}v’_n"'gl‘g% ¥y > 0.
(b) x+y= 19and 'x and ¥ are positive integers.
7 (e) y=x>"and x¢T1.
(a) !yu;'l. (Hint: this is the same as y =1 + (0 * x).’
Ley{ y2 = 1. | |
d(f) x =1,
(g) x*=o0.
(h) x =0 and y = 0.

n
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(1) x° + y2 = 0.

*(J) y = the larger of the numbers x +1 and 2 - x.

*(k) y=x when x>0 and y="x when x ¢ O.

. 3. Consider the number sengenee
" , s and x and y are
non-negative integers," .

wlth each of the following equaéions filling in the blank.
List the solution set in each case, and write the number of

solutlions which the sentence has.

(a) x +y = 1. ' () x + 2y = 3.
(b) x+y=2. ~(h) x +2y =4,
(¢) x+y =20, (1) x + 2y = 25,
(d) X + 2y = 0. (J) 5x +7y = 35.
(e) x+2y =1, | (k) 5x + 7y = 36,
(f) x+2y =2, | - (1) 5x + 7Ty = 37.

L, A chain store has 5 tons of coffee in its warehouse in’
New Orleans. It sends ‘3 tons to San Francisco and n tons
to New York. Not all the coffee is sent to either place. The
total amount shipped is the entire warehouse supply. Write a
number sentence in symbols which describes the relation
o

between 8 and n. On a pair of axes labeled "“s" and "n"
draw the graph of this number sentence.

5. Draw the graphs of the following inequalities:
@) ¥ <% | (¢) ¥ < (%)
(b) ¥ > 4x° (@) ¥° > x.
5. In an earlier problem you used the relatibnship F = %C + 32
between the temperature reading of a Fahrenhelt thermometer

‘and the reading of a Centigrade thermometer placed in the
same spot. Draw a palr of axes with the vertical one labeled

[sec. 2-5]
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. *®T,

F and the horizontal one labeled C. Choose a small enough'
unlt distance and use a large enough plece of paper so that
each axis has points ~50 and 50. Make a careful drawing
of the graph of the above equation. 'Then answer questions

(a) and (b) by measuring certain distances on your drawing.

(a) what is the temperature reading on the Fahrenhelt
thermometer 1f the reading on the Centigrade thermometer
is 725 degrees? ~15 degrees? O degrees? 4 degrees?

(v) what is the temperature reading on the.Centigréde
thermometer if the reading on the Fahrenheit thermometer
1s T30 degrees? ~15 degrees? O degrees? 50
degrees?

(c) Check your answers by solving the appropriate equations.
Remember that 1t 1s impossible to make a perfectly
accurate drawing or measurement. By how much did your
answers in parts (a) and (b) differ from your answers
in this part?

The rate for first-class mail in the United States (according.
to the act of Congress in 1958) 1s four cents per ounce or
fraction thereof. That 1s, a letter welghing not more than
one ounce costs four cents, a letter weighing more than one
ounce but not more than two ounces costs eight cents, and so
forth. On a pair of axes with the vertical one labeled c,
for the cost in cents, and with the horizontal one labeled

w, for the welght in ounces, draw the graph of the cost of
first-class mail of'all welghts up to 6 ounces. The first
part of the table is as follows:

*w may be 1 or any number less - w c
than 1, but it must be greater *lws>0 and wgll| &
than zero. -Similarly, w is Tewg? 8
greater than 1 and any number 2<wg3 15

less than or equal to two.

116 ° :
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8. BRAINBUSTER. Carolyn asked Edward what the temperature in the
freezer was. Edward told her, and she asked, "Fahrenheit or
Centigrade?" He answered, "Both! The readings are the same."
What was the temperature in the freezer? .

9. BRAINBUSTER. The income tax law of a certain country can be
summarized as follows:

A person's tax is either (a) $400 1less than 20% of his
income or (b) zero dollars, whichever 1is greater,

(a) Let T be the tax in thousands of dollars on an income
of I thousand dollars. Write the number sentence
whicn expresses the relation between T and I.

(b) Draw two axes with the vertical one labeled T and the
horizontal one labeled I. Use $1000 as your unit so
that, for example, a distance of 4.850 represents
$4850. Draw the graph of the number sentence in (a)

(¢) By measuring the distance on your graph, answer the
following questions:

What 1s the tax on an income of $10,000?

What 1s the tax on an income of $3,500?

What 1s the tax on an income of $1,500°?

If a man pays a tax of $1,500 what is his 1hcome?

(d) Check your answers in part (c) by using the number
sentence in part (a).

117
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Review Exercises.

Write open sentences stating the condition for each of the
following problems. Then find the set of solutions for each,

1. A board 45 inches long 1s to be cut into two pleces so that
one plece 1s 3 1Inches longer than the other. Find the
length of each pilece,

2. The width of a rectangle 1s 10 uhits less than the length.
If the perimeter of the rectangle is 68 units, what are
the dimensions of the rectangle? :

3. A man left a total of $10,500 for his wife, son, and
daughter. The wife's share 1s $6,000. The daughter received
twice as much as the son. How much does the son recelve?

4, On Thursday a boy read an additional 15 pages of a novel.
At this point he found that he had read less than fifty-one
pages. How many pages could he have read prior to Thursday
of that week? w ’

5{. The manager of a hobby store bought 500  kits of model planes
to sell in hils store. After selling some of the kits, he took
an inventory and learned he had fewer than 100 kits remain-
ing. How many of the 500 kits could have been sold?

6. A student checked the enrollment at her school and learned
tnat during the previous year the number of girls was never
the same as the number of boys. How many girls could have
been enrolled in the school if the number of boys enrolled
was always 1762

Te One number 1s three times aé large as another number. Theilr
difference 1s 12. What 1s the smaller number?

8. Dick has $2.73 in pennles, nickels, dimes, quarters and
half-dollars. He has the same number of each of the different
kinds- of colns. How many of each kind of coins does he have?

9. A"lce and Don ran for class president. Alilce got 30 votes
more than Don, but not all 316 students voted. How many

votes did Don get?
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11.

12.

13.

14,

*15 .
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*17.
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A set of twins find that five years ago their combined ages
totaled 18. How old are they now?

The number of $1  bills is five times that of the §5
bills, and the number of $10 bills is twice that of the
$1  bills. How many $5 bills are there If the total
number of bills is U487

Let x represent the first of two numbers and let Yy repre-
sent the second number. Write an equation expressing the.
following.-conditions. :

(a) The sum of the numbers is 7.

(b) If the second number is subtracted from the first .
number the result is 5.

(a) Make a table showing some of the ordered pairs from
‘the set of solutions for x +y = 7.

(v) Make a table showing some of the ordered pairs from
the set of solutions for x - y = 5,

(c) Draw a graph of each equation in parts (a) and (b),
using the same set of axes. :

(d) Note where the lines intersect. What ordered pair
1s assoclated with this polnt?

(a) Can you find a member of the set of solutions for
the compound sentence "x +y =7 and x -y = 52"

(b) 1Is there more than one ordered pair in the set of
solutions for the compound sentence in part (a)?
Explain.

Find the set of solutions for the compound sentence
X +y=0 and x -y =0."

Find thé set of solutions for the compound sentence
x4+1=y and x -.1 =y."

Find three consecutive integers such that the sum of the
first and the third is 192,
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*18.

‘*19.

*21,

The sum of the number of degrées in the measures of two
congruent angles of a trlangle is equal to the number
of degrees in the measure of the third angle. What are
the measures of the angles?’

The Jones famlly and their neighbors, the Smith family,-
are going on vacations. The two families will travel in
opposite ﬁirections; If the Jones famlly averages 55
miles per hour and the Smith family 45 mileslper hour,
when w111 they be 750 milles apart if they start at the
same time?

Thé radar operator on an alrcraft carrler detects a contact
moving directly toward the carrlier. He estimates the
distance to the contact at 400 miles and the speed of

the contact at 350 mlles per hour. How long will it

take one of the carrler's planes to lntercept the contact
if it flies directly toward the contact at 450 miles

per hour?

In Problem 20, assume the contact 1s observed at a
distance of 10 miles moving directly away from the
carrier. A plane from the darrier'stapts pursuing the
contact. Usling the speeds given in Problem 20, how 1long
will it take the carrier plane to overtake the contact?
How far willl the carrier plane be from 1ts base at the
time of contact?
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Chapter 3
SCIENTIFIC NOTATION, DECIMALS, AND THE METRIC SYSTEM

3-1. Large Numbers and Scientific Notation

In this text we use small numbers, whenever possible, to
make the problems easy for you to do, to make the ideas easy to
understand, and to make the homework easy for your teacher to
grade! But numbers which arise in everyday situations are often
very large or very small. Today's newspaper (June 28, 1961),
for example, mentions the 12,500,000 members of a labor federation,
$2, 484,000,000 in state grants under the National Defense Education
Act, and a national debt of $298,000,000,000. You probably enjoy
at least 3,888,000 seconds in school each year. No doubt you can
think of many other common uses of large numbers. How many times
do you think a heart .beats in an average lifetime? How far will
a satellite travel in 10 years, if it moves at a speed of 50,000
miles per hour? .

Numbers as large as a million or a billion now occur frequently
in such circumstances as those mentioned above. Actually, we have
names for numbers larger than one billion, such as trillion and
quadrillion. Consider the numeral 3141592653589793; such a
numeral is hard to read when written in this form. One way to
make 1t easier to read.is to place a comma to the left of every
third digit counting from the right as follows:

3,141,592,653,589,793.

This separates the number of thousands, millions, billions and
other major units in a natural way. Although we insert commas
from right to left, we read the number from left to right according
to the diagram which appears on the following page. :

12 .
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Thus, we read thils number as follows:
' Three quadrillion,

one hundred forty-one trillion,

five hundred ninéty—two billiion,

six hundred fifty-three million,

five hindred eighty-nine thousand,

seven hundred ninety-three,. .

In reading such a number we have to be careful not to use
the word "and." We can see the reason for this if we consider
the number 593,000 and how it might be read. If 1t were read
"five hundred and ninety-three thousand," as it is by many people,
there might be some misunderstanding. If "and" is associated
- with addition, the meaning would be 500 plus 93,000. If "and" is

" interpreted as it is in ordinary English,,the,meaning would be the

two separate numbers, 500 and 93,000. Thefefore, it 1s preferable
to read 593,000 as "five hundred ninety-three thousand." Omitting
the "and" avoids misunderstanding. We usually do use the "and" to
mark the decimal point; e.g., 563.12 is read "five hundred sixty-
three and twelve hundredths." This use of "and" does not cause
" confusion since 563.12 means 563 + 0.12. “

Actually,’ such numbers as these seldom occur. This does not -
mean that numbers of this size are not used. The point is that
we rarely can count precisely enough to use such a number. We
would Jjust say that the number counted 1is about three quadrillion.
For example, the population of a city of over a million inhabiltants

[sec. 3-1]
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might have been given as 1,576,961, but this just happened to be
the sum of the various numbers compiled bj the census takers. It
is certain that'the number changed while the census was being
taken, and it is probable that 1,577,000 would be correct to the
nearest thousand. For this reason there is no harm in rounding the
original number to 1,577,000. Ih fact, for most purposes, we would
merely say that the population of the city is "about one and one-
nalf million," which could be written also:

.City Population = 1, 500, 000.

The symbol & 1s used to mean "is approximately equal to."

There are other wayé of writing such large numbers. Many
times there are definite advantages in doing this. A suggestion
of one possible way to wiite a large number is given by our
statement "one and one-half million." One million can be written
1,000,000 {but there are lots of zeros in this form!) or
10 x 10 x 10 X 10 x 10 X 10 (even worse, isn't 1t?) or 10°
(there, isn't that neat?). The indicated product
10 X 10 X 10 X 10 x 10 x 10 is sometimes read "the product of six
tens." VWhen we write it in exponent form, 10~, the number of
10's used as factors in the product is indicated by the exponent
6 - We can also get the exponent 6 by counting the number of zeros
in the numeral 1,000, 000. : . .

In the same way we write one billion as 1,000,000,000 or 107,
Thus, the national debt of 298 billion dollars could be written
as 298 x 109 dollars. This way of representing large numbers
in terms of powers of 10 is developed further in the following

class exercises.

Class Exerclses 3-1a

1., Write the following as decimal numerals and also in exponent
form. Example: one million = 1,000,000 = 10°. _
~ (a) one billion (b) one trillion (c) one quadrillion

123
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2. Sirce 2000 = 2 x 1000, we can write 2000 in exponent form
as 2 X 103. Using an exponent, write the followilng:
: . : B

(a) 7000 o (@) 12,500,000
(b) 30,000 - (e) 2,484,000,000
(e) 3,000,000 ' (f) 506,000,000

3. A number 1ike 1500'can be expressed 1n several Ways: 150 x 10
or 15 x 102 or 1.5 X 103. Similarly 325 can be written
as 32.5 x 10 ‘or 3.25 X 10°. Also 298 billion is the same
as 298 x 10° or 29.8 x 109 or 2.98 x 10'1. 1In each of

these examples the last expression 1s of the form

' (2 number between 1 and 10) x (a power of 10).

Write each of the following in this form.

(a) 76 (a) 8,463,000 . (g) 8u1.2
(b) 859 (e) 76.48 (h) 9783.6
(e¢) 7623 (f) 4832.59 (1) 3,412,789.435

(3) fifty-three billion, six hundred forty-two million,
five hundred thousand.

Scientific Notation

As we remarked, we can write 298 billion as 298 X 109 or
as 2.98 x 1011. ‘These are compact ways of writing the number.
Also, 1t 1s easy to compare .several large numbers writfen in this
form. For example, we can tell at a glance that 4.9 x 1013 1s
bigger than 9.6 X 1012 without counting decimal places in
49000000000000 and 9600000000000. We shall see later on that 1t
often simplifies calculations with large numbers to work with them
in such a standard fbrm. This 1s especially true of computations
by slide rule or by logarithms, as you will learn in high school.
For these reasons 1t 1s common practice in sclentific and engineer-
ing work to represent numbers in this way, namely in tHe form

(a number between 1 and 10) X (a power of 10).

[sec. 3-1]
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The number is then said to be written in scientific notation.
If a number is a power of 10 then the first factor ﬁs 1 and we
usually do not write it. Thus lOOOO =1X 10 =10 and
10,000,000 = 107 in scientific notation.

Definition. A number is said Yo be expressed in sclentific
‘ notation if it is written as the product of a
decimal numeral between 1 and 10 and the proper
power of 10. If the number is a power of 10,

T —— ————— ———— —

the first factor is 1 and need not Eg written.

Remark: Sometimes "scientific notation" is referred to as
"powers-of-ten'" notgﬁion. We shall occasionally use this term.

Class Edercises 3-1b

1. (a) Is 15 x lo5 in scientific notation? Why, or why not?
(b) Is 3.4 x 107  in scientific notation? Why, or why not?
(¢) Is 0.12 x lo5 in scilentific notation? Why, or why not?

2. Write the following in scientific notation:

(a) 5687 (b) 1% (c) %million

3. Write the following in decimal notation:

(a) 3.7 x 10° (b) 4.7 x 16° (¢) 5.721 x 1o6

4, Since the earth does not travel in a circular path, the distance

from the earth to the sun varies with the time of the year.

The average distance has been calculated to be about 93,000,000

miles,

(a) write the above number in scientific notation, The
smallest distance from earth to the sun would be about
§<% less than the average; the largest distance would
be about 12' 7 more than the average.

.o (B) Find 13 % of 93,000,000.

(¢) Find approximately the smallest distance from earth to sun.
(d) Find approximately the largest distance from earth to sun.

[seec., 3-1]
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(e) Write the numbers found in Parts (c¢) and (d) in powers-
of-ten-notation. '

Note that 146,000 = .1.46 x 10° could also be written as
1,460 x 10° or 1.4600 x 10°. Each of these represents 146,000
in scientific notation. Although there are situations in which
we wish to write one or more zeros after the "6'" in 1,46, we
shall not do 1t in this chapter} However, as you'willl learn
later, in the chapter on relative error, scientists use the first
factor in this powers-of-ten notation to indicate the precision.
with which a quantity has been neasured.

Exercises 3-1

1, Write the following in powers-of-ten notation:

(a) 1,000 (d) 10° x 107

(b) 10% x_10* x 10t x 107 (e) 10 x 10°

(¢) 10 X 10 x 10 x 10’ - (f) 10,000,000
2. Write the following in scientific notation:

(a) 6,000 (e) 78,000

(v) 678 (£) 600 x 10

(e) 9,000,000,000 (g) 15,600

(d) 459,000,000 (h) 781 x 107

3. The total number of stars which can be photographed using
present telescopes and cameras is estimated to be about
506,000,000a Write this number in scientific notation.

4, Write a numeral for each of the following in ordinary decimal
form (which does not use an exponent or indicate a product):

(a) 10° (e) 6.3 x 10°
(b) 5.83 x, 10° (£) 8.2001 x6108
(¢) 3x10" (g) 436 x 10 -
(d) 5.00 x 107 (h) 17.324 x 10°

120
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5. Write the following, using words: '
 (a) 783 (d) 362,362

(b) 7,500,000 o (e) 4,000, 284,632
(¢) 632,007 : (£f) L4.2506

6.  Round each of the following to the nearest hundred. Express
the rounded number in’scientific notation, -

(a) 645 E (d) 70,863
(b) 93 T (e) 600,000
(e) 1233 3 (£) 5,362 kg

7. Thirty percent of 500 is equal to I—-x 5 0 X ?

8. The volume of the body of the sun has been estimated as about
'337,000 million million cubic miles, Write the number of
cubic miles in scientific notation.

3jzf Calculating with Large Numbers

Not only is scientific notation shorter in many cases but it
ﬁmakes certain calculations easier. We shall start with some
rather simple ones. Suppose we want to find the value of the
product: 100 x 1,000. The first factor is the product of two
tens, The second is a product of three tens, so, we have 100 =
and 1000 = 10°, »

Then,

100 x 1000 = 102 X lo3
(10 x 10) x (10 x 10 x 10)
10 x 10 x 10 x 10 x 10
= 16°
Hence lo2 X 103 = 105. Notice that the exponent 5 1is the sum
of the exponents, 2 and 3.
) Let us look at another example: 1,000,000 x 100,000. Written

in scientific notation this is 10° x 105. How many times does 10
appear as a factor in this product? Is 10" X lo5 equal to loll

| [se‘LZZ-Q]
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This 1s one hundred billion, but it is simpler to. leave the number
-in the form 1011 than to write a "1" followed by gleven zeros.

Notice that agaln we added the exponents, e, a
Suppose we wish to find the product of 93,000, OOOVand 10, 000.

' In scientific notation, thils would be: . %L

(9.3 x 107) x 10% = 9.3 x (107 x 10%) By which prope@ty?
= 9.3 x 10! ,

Now try a more difficult example: ’
93,000,000 x 11,000 = S

7 )4 \“‘.-.%
(9.3 x 10') x (1.1 x 107) Note: The order

7 i ~of the factors:
(9.3 x 1.1) x (107 x 107} P “peen changed

B 11 by using the

= 10.23 x 10 N associative and
_ commutative

= (1.023 x 10) x 10 properties of
- 1.023 x (10 X 1011) multiplication.
= 1,023 X 1012

In studies of astronomy and, space flight, especially, we
encounter very large numbers. The planet Pluto has a mean distance
from the sun of about 3666 million miles or 3.666 x 10° miles.
Distances to; the stars are usually measured in "1light years." A
’light year 1s the distance that 1ight travels in one year. This
is a good way to measure such distances. If we expressed them
in miles, the numbers would be so large that it would be difficult
to write them, much less understand what they mean. But suppose ‘

~we wish to estimate the number of miles there .are in a 1light year.
. This will be done 1n the following class exercise.

Class Exerclses 3-2

1. It has been determined that 1light travels about 186,000 miles
per second. In parts (a) to (d) below, do not perform the
multiplication, Just indicate the product (an example of an
indicated product is 2.4 x 10 x 56 x 10 ).

[Sec. 3-2] Lk
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Using 186,000 miles per second as the speed of 1ight,
' (a) How far would 1ight travel in 1 minute?

(b) How far would 1light travel in 1 hour?
(c¢) How far would 1ight travel in' 1 day?
(d) How far would light travel in 1 year?.

(e) 'Find the number written in Part (d) and show that
when "rounded" it is 5.9 x 1032,

(f) The number written in Part (e) is about
6 ? .

(g) Why is the number written in Part (d) not the
exact number of miles that light travels in one
year? Try to give two reasons.

Exercises 3-2

Multiply, and express your answer 1in scientific notation:

(a) 6 x 107 x 103 (e) 10° x 109 X 7.63

(b) 10%3 x 12 x 105 (f) 60 x 60 x 60

(c) 0% X 3.5 x 107 (8) 7 x 3 x 10°

(d) 300 x 102 x 20 (h) 9.3 x 107 x 10 x 10°
. Multiply, and write your answer in scientific notation:

(a) 9,000,000 x 70,000 (¢) 25,000 x 186,000

(b) 125 x 8,000,000 (d) 1100 x 5 x 200,000

Sound travels in air about one-fifth of a mile in one second,
Answer the following questions, assuming that a space shilp
travels at a rate of speed five times the speed of sound.
Indicate your answers in sclentific notation.
(a) How far will sound travel in air in one day?
(b) How far will the Space ship travel in 20 hours®
.(c) How far will the space ship travel in 50 days?
(&).. How far will the space ship travel in 2 years?

Is this far enough to reach the sun?

[sec. 3-2]
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4, fThe distance from the North Pole to the equator is about
10,000,000 meters. ‘

(a) Express, in meters, the distance around the earth
through the Poles in scientific notation.

v (b) A meter is &qual to one thousand millimeters. Express
in scientific notation the distance in millimeters
from the North Pole to the South Pole.

(¢) One inch is about the same length as Z%ncentimeters.
About how many centimeters will equal a distance of
40,000 feet?

5. 'The distance around the earth at the equator is about 25,000
miles. In one second, electricity travels a distance equal
to about 8 times that around the earth at the equator. About
how far will electricity travel in 10 hours?

6.. Suppose you had the task of making ten million marks on
paper and you made two marks each second. Could you have
made 10,000,000 marks in one year? (One year is
60 X 60 X 24 x 365 seconds.)

7. The earth's speed in its orbit'aroupd the sun 1is a iittle
less than seventy thousand miles per hHour. About how far
does the earth travel in its yearly journey around the sun?

3-3, Calculating with Small Numbers

We have been dealing almost entirely with large numbers,
But we also deal with many very small numbers. The mass of the
electron and the mass of the proton are typical of such very
small quantities, How can we. conveniently represent these

exceptionally small quantities?
Suppose we start with a power of 10, say 104, and divide by .

o
10. We get 103, for lﬁ? = 10 x 10 %‘_610 X 10 _ 10 x 10 x 10 = 103

130
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Now divide 10° by 10, obtaining 102. pivide 102 by 10, obtaining
- the result 10. Now, starting with 104 and dividing by 10 three
times, we obtained

N

10%, 10 2

3, 102, 10%.

‘ Notice that the exponents decrease by one each time. Now divide:
10 by 10. We know that the result is 1. Also, we see that ir .
the exponents are to continue the pattern of decreasing by one
at each stage, the next exponent should be 0., For this reason,
1t is convenient to define 10° as 1--that 1s,10° = 1. Now we
nave obtained tbe following:

10" 51103 c 103 _ 52 102

o) ' T0 > To

The exponent in each answer above is 1 less than the exponent

immediately preceding it. This is reasonabile since each time we

divide by 10 we remove one factor of 10 from the numerator.

0
Again divide by 10: As the next number we get %g fb.

If the pattern of exponents is to continue, we should expect the
next exponent to be 1 less than 0. This is the number which we
write "1; it is a negative number. Hence, it seems reasonable to

0

= 103, 13 = 10%, and 10° = 1.

define 10 i as meaning %b. Now divide 10 1 by 10. The number

obtained is 1% < 10 = 12‘0- 1];6 —12- If the pattern of exponents

10
is to continue, the new exponent should be 1l less than "1, or ~2.

Accordingly, we want to define 10 2 as meaning _l?, It is important

- 10

to notice that the number 10 2 is not a negative number. It is

a positive number, namely the number I%ﬁ

For any positive integer n, then, we make the following

definition of 10

131
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Definition. *If n 18 a positive integer, we define

10" = (the product of ‘n tens),

and
10 ® = 1 4 10" = 1 + (the product of n tens).
For n = 0, we define
100 = 1.
These definitions. enable us to write powers of 10 as 1llus-
" .trated: .
10" 105 | 10° [10' |10° |10 | 10°% 10 3
10,000 |1000 |100 |10 | 1 |+ ™ TU%G

Each number indicated on the first line 1s equal to the number
immedliately below 1t.

Clasq Exerclses 3-3

1. Express each of the following using negative exponents:
1 1 1 1 1

136,000 1,000,000’ 100 109 100,000

2. Express each of the followling 1n fractional form:

103, 1095, 107, 10060,

3. gypress each of the following using negative exponents:

Example: one-hundredth = I%G = —lg = 10 2.
10 :

(a) one-thousandth (¢) one-billionth
(b) one-millionth (d) one-trillionth

Recall now the meaning of a number written in decimal form.

We know that .4 = %5’ Hence .4 = %5 =4 x i% = U x 10 1.

Also .005 - Iﬁgﬁ =';§3 =5 x Iiy 3

5 X 10 Y. This expresses
each of these numbers in sclentific notation.
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Now consider .42 = Ié%‘ This is true since

b2 = %6 + oy = 138 + os Ig%. To put.this in scientific

notation we write

_ 42 _4,2x 10 _ 4,2 1 "1
=TT T E T T M2x = h2xio
Similariy,
2 -
305 3.05 x 10 3.05 4
. I,000,000 ) 10° 107
We can now write 0.16 x 10 4 in scientific notation:
| Ty 1 1 1 "5
0.16 x 10 = 1.6X'I—O-X 1—0-11——1.6X55- = 1.6 x lOv .

We first used scientific notation to represent very large
numbers. We have Jjust seen that the use of negative exponents
makes 1t possible to express very small numbers also in scientific
notation. Thus, :

.0001 = 10 %, .00000673 = 673 x 10 8 = 6.73 x 10 ©,
and 376 . 3.76 x 10 19,
10

When a positive number less than 1 is written in scientific
notation we see that the exponent 1s always a negative integer,

for example, .63 = 6.3 x 10 I.

Now look back at the examples of scientific notation in
Section 3-1. When 1, or any number between 1 and 10, 1s written
in scientific notation the exponent is zero. Thus, 1 = 1o°,
3=3x100, 6.79 =6.79 x 10°,

When a number greater than or equal to 10 is written in
sclentific notation the exponent will be a positive integer.

Thus, 27 = 2.7 x 10%, 10 = 10%, 4,680,000 = 4.68 x 10°.
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In summary, for a number written in scientific notation:

If 0 < the number < 1,
the exponent 1ls a negative integer; e.g.:

.03 = 3 x 10 °,

If 1 < the number < 10,
the exponent 1is zero; e.g.:

3.4 = 3.4 x 10°.

If the number > 10,
the exponent 1s a positive integer; e.g.:

137 = 1.37 x 10°.

Note that we are not now trying to represent negative numbers
in scientific notation. After a 1little more work with negative
numbers, you will see that 1t 1s easy enough to do.

Exercises 3-3

1. Write each of the following in scientific notation.

(a) 0.093 () Iﬁg
(b) 0.0001 ' (g) 0.7006
(c) Iis (h) 0.000000907
(a) 1. (1) 6
(e) 0.00621 | (3) o.o045

2. Write each of the following in decimal notation.
(a) 9.3 x 10 2 | (e) 7.065 x 10 3 —
(b) 1.07 x 10 ! (r) ;o—l
(¢) 10° ‘ (g) 14.3 x 10 7
() 5x 10" (h) 385.76 x 10 ©
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3. Write each of the following in scientific notation.

(a) 63 x 10" ' (e) 362.35

(b) 0.157 x 10 3 (£) 10 2 x 432
(¢) 0.0000024 (g) 0.00000000305
(d) - 5.265 x 10 2 (h) 69.5 x 1p 1

*4, Fill in the blanks in the following to make a true sentence,
Notice that in some parts scientific notation is NOT used.,

(a) 0.006 = 6 x 10—

(b)  0.000063 = [Jx 10 O

(¢) 0.0004015 = 4015 x 10—

(d) 6000.0 = 0,06 x 16:3

(é) 0.213 = 2.13 x 10—

(f) 0.213 = 213 x 10':' )
(2) 0.213= [Jx 10 2

(h) 0.213 = [ Jx 10*

t5, Can youlthink of the one non-negative number that we cannot
express in scientific notation?

3-4, Multiplication: Large and Small Numbers

You have already multiplied numbers such as 103 and 105'

Recall that 10° x 10% = 10° * 3 = 108, often, we need to multiply
numbers where negative exponents appear in the scilentific notation.

Multiply 4.3 x 102 by 2 x 10 3

(4.3x105) x (2x1093) = (3.3 x2) x (10 9 x 10 9)
= 8.6 x (2= x L) - 8.6 x 1L
5 X 1Y e
- 8.6 x 108.
[sec. 3-4]
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o5 "3 1 1 1 -
According to the above, 10 ° X 10 = —~p X-—=g=-—g =10
10 10 10

What is the result of adding "5 and ~3? Do you recall that

"5 + "3 = T8? S0 we have shown that

105 x103 =10{ 5+ 73)

Show as above 'that 10-2 X 10-4 = 10(-2 + -4). Is the same
procedure followed when the exponents are negative as when they
are positive; that is, do you add the exponents in each instance?
Be sure you see why the answer is yes. _

Now multiply 4.3 x 10° by 2 x 10 3,

(4.3 % 105) x (2 x 10-3) = (4.3 x2) x (105 X 1o~3)
= 8.6 x (10° x _13)
5 10
= 8.6 x 10
103
= 8.6 X 102"

It has been shown above that 10 X 10 3 = 102. However
5+ "3 =2 so that

10% x 10 3 = 10{5 + 73),

4 3 = 10( b+ 3). We can now see

Show as above that, 10 X 107
that when we multiply 10% by 10° the result is 1io(® * P) no
matter whether a and b are positive or negative. This
illustrates the following

General Property. If a and b are any positive or

negative integers then
b a+b

102 x 10° = 10

Of course, the property is'valid if either or both the
exponents a and b are zero. For example lo3 x 10° 3

=10,
10o X 10o X 10o =1,

136
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S There is another ldea which 1is involved in some problems.
‘;This 1dea appears in the followlng where the answer is desired
~in scientific notation:

(4.7 x 5.4) x (10 3 x 107)

25.38 x 10( 3+ 7)
25.38 x 10"
:(2.538 x 10) x 19
2,538 x (10 x 107)
2.538 x 10

It

(4.7 x 10 3) x (5.4 x 107)

I

It

n

4

In this problem the numbers 4.7 and 5.% were multiplied to
‘obtain 25.38 and then this number was written in sclentific
notation as 2.538 x 10. Then, 2.538 x 10 was multiplied by

104.

Exerclises 3-4

1. Write the following products in scientific notation.

(a) 105 x 10 2 (e) 0.0001 x 0.007
(b} 0.3 x 10 2 (£) (5. x 10_3) x 10 7
(¢) 107 x10 6 - (g) 102 x 10 3 x 10%2
(d) 0.0 x 0.002 (h) 1012 x10 7 x 10 8
2. Write the following products in scientific notation.
(a) 0.0012 x 0.000024 (d) 3 x 10 6 x 10 *
(b) 6x107 x9 x 10 3 . (e) 38 x10 3 x 0.00012
(¢) 14 x103 x1072 (£) 0.000896 x 0.00635
3. Using powers-of-ten notation find the products of the following:
(a) 10,000 x 0.01 “ (e) 107 x 10 23
(b) 0.00001 x 10,000,000 (@) 10% x-1_  x 1 g%
, 107 10°

4. Multiply forty-nine thousandths by the number seven and six
hundredths using scientific notation. Express your answer
in scientific notation.

[seé. 3-4]
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5. A large corporatior deéiaéd to invest some of its surplus
money in bonds. II 11 vmi11ion dollars was invested at -
an average annval raté‘ofiﬁ%%‘, vhat was the annual income
from this investment? Use scientific notation in the
computation, and also express your answer in scientifie
notation. s '

6. On a certain date the debt of the U. S. Government, when

' rounded to the nearest 100 billion dollars, was 300 billion

dollars. Assuming that the government pays an average rate
ol interest of 3.313 %, what is the number of dollars
interest paid each year? Express the answer in scientific
notation. _

7. If the mass of one atom of oxygen is 2.7 x 10 - grams, what
is the mass of 40 x 10°7 atoms of oxygen? Express the answer
in scientific notation.

23

'8. A chemical mass unit, which is one-sixteenth the atomic mass

of oxygen is approximately equal to 1.66 x 10-24 grams.

What is the mass of a billion chemical mass units?

3-5. Division: Iarge and Small Numbers

The principles involved in division are suggested by thoée
we have developed for multiplication. We saw how to divide
10™ by 104, that 1s

10°  10% x 102 *_ 102 = 106-4
T = T = = .
10 - 10
Another way to do this is to wfite ;
6 - , _ .
00 =108 x 2 = 10°x 10 =208 * (M) 2 300t o 02
10 10 _
Also, from our definition of 10 N as —lH we see that
- 6 6 6 y 10
10° + 10 * = 1o_u =10 _ 200 20 - 108 « 10" = 10%.
10
100 0F 1ot
[sec. 3-5]
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f:But, recall from our study of subtraction for negative numbers
__ﬁ-'in Chapter 1 that
- (C¥) =6+ 4 = 10.

‘vThus, we see that ‘ 6 ' | £
| 108 + 120 ¥ = 207 308 - (TH) _ 4420
10 4

These examples suggest the following

General Property. If a and b are any p*§itive or
negative integers then

102 + 10° = 102 - P,

Let us illustrate the use of this property in the division
of two very small numbers given in scientific notation. Suppose

we wish to divide 8 x 10 3 by 2 x 10 '.

. "3 3 - ..
8><10_ =g_x10_=4x103-(.7)=4x104.
2x 10 ! 10 7

Always remember, however, that we can check our work in such
problems by dealing only with positive exponents, making use of

the definition of 10 n. Thus we may proceed as follows.

8 8 7
- —.3. — X 10
10 103

8 x 10 3 _ 8 x 10"
- = 2 *7‘
7 —_— X 10
2% 10 107 ET
. T4 10 .

Be sure to Justify each of the operatiéhs in fhis.development.

Class Exercises 3-5

1. Using the general property, perform the following divisions
and check your work as we have done above:

(a3) 10 * +10° (b) 10 2 +10 7,

" [see. 3-5]
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2. (a) Divide 10’ by 10°.

(b) wny 1s 10(7-2) equal to 105

(c) Are 10(.+ 10° -and’ 10(7 numerals for tne same

‘ number or different numbers°
3. . (a) Find 6 - ~3.
(b) Fina 10(6 - 79),
(¢) Use the illustrative example above to determine whether

10° + 103  and 10(6 - 3) are numerals for the same
number. ,
4. (a) Fina 100 % = 5), .

(b) Is 10 %+ 10° equal to 10( % - 5)% wny? (You found
"the first number in 1la) ‘

Is 1024+ 107 = 100 2 - 7,

. Wrlte another numeral for 10 = 107,
7. Perform the indicated ‘divisions.

(a). 10" 4 100 () 108+ 109 (¢) 103+ 10,
5 5 -
8. Is (6 x 105) + (3 x 109 equal to g x 22
’ 10

Is the final answer 2 X 10°%
9;‘ Perform the indicated divisions and express the answer in

sclentific notation,.

(a) (1.2 x lo:u) * (4 x 10 )
(b) (6.4 x10°% + (3.2 x10 5)
() (9 x10") ¢+ (0.3 x 10 ?)

140. .
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Write the answers

(a) 10

165 +
103 <+ 10

(b)
100% & 1%

(e)
(@) 107 + 10%2

Write the answers

(a) 10° + 10 2

3

10° & 1o 1

(o)

(c) 1o14 + 10 *

(@) 107 & 1012
Write the answers

(2) 2
(b)
(c)
(a)

10 2 + 10

103+ 10

10 ¥ 1ot
10 17 41012

.' Wirite the answers

10 2 + 10 2
y

13

(a)
() 10 i
(¢) 10 11: 10

(@) 100+ 1012
Write the answers

(a) (6 x10%) +
() (7 x103) +
(e¢) (1.2 x 106)

10 %2 10

Exefcises 3-5

to the following
~(e)

(£)

(g)

(h)
the following

(e)
(f)
(g)

(h)
the following

(e)
(£)
(8)

(h)
the following

(e)
(r)
(g)

(h)
to the following

(3 x10 2) (4)
10" (e)
(£)

to

to

t

o

10 3
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in scientific notation.

101t s+ 10%3

1010 & 1020

100 & 10?2

108 & 10
in scilentific notation.
10t & 1013

1010 + 30 20

10° & 1012

100 =10 %

in scientific notation.

1011+ 3013

10 10 4 1420

10 6 o 1012
n

103 19

in sclentific notation.

103+ 101
10 17 2 10 12

10 10 4 149 20

103 +10%

in scientific notation.

(2.4 x10) + 101
9.6 x 10 *

2.4 x 10 °
7.6
3

1.9 x 10
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o
#

6. Fill in the blank places with the proper symbol.

2 12 = =
(a) 12% = <2, = = 12 x 10 = 1.2 x 10
60 ~ 1,2
(b) 46% =5 =26 _ 46 x 10— = 4.6 x 10—
o 10°
(¢) 0.3%= 9.3 _ 0.3 = 0.3 X 10— = 3x 10—
_ [
10
() 350%= %578 = 350 x 10— = 3.5 X 10—
N =
3 (-] . .
3 x 10 = :
(£) 48?0 = 4800 _ L4.8x 10 =2 x 10—

2.4 x 10— 2.4 x 10—

7. A city government has an income of $2,760,000 for this
year. The income thils year represents 3% of the total
value of taxable property.,” What 1s the total value of

. taxable property? Use scientific notation in your
computations, o

8. A commuter pays$.40 per day for his fare. Would it be
reasonable 'to expect that he will spend one million cents
in fares before he retires? Assume that he travels 250
days per year. _

*3. At the rate of ten dollars per'second, about how many days
would it take to spend a.billion dollars? Assume this
goes on 24 hours a day. (1 day & 8.5 x 10% seconds)

*10. The tax raised in a certain county 1is $160,000 on amh
assessed valuation of $8,000,000. If Mr. Smith's tax 1s
$400 what is the assessed value of his“property?

. ¥11. It costs about §35;000,000 to equip an armored division and
about $14,000,000 to equip an infantry division. The cost
of equipping an infantry division 1s what percent of the
cost of equipping an armored division? '

| 142 -
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’ f12. The mass of the electron is‘approximately 9.11 x 10 28
~grams and the mass of the proton is approximately, 1,67 x 10 24
- grams. ‘

(a) Which is the greater?
(b) Approximately what is the ratio of the mass of the proton
. to the mass of the electron?

. 3-6. Use of Exponents in Multiplying and Dividing Decimals

You know how to multiply tho numbers in decimal form and also
how to divide one by another. When you find the product or
.quotient of two numbers, it 1s usual}y easy to declde where to
place the decimal point. But, when a number of multiplications

- and divisions are required, you may have difficulty in deciding
-where the decimal point belongs in the final answer. By using
powers-of-ten notation we can work entirely with whole numbers
until the very end of a complex calculation and then fix the
location of the'decimal point in an easy way. Also, the exponent
notation gives an"easy way to explain our usual procedure for
determining the decimal point location. We will illustrate these
features in this section.

Suppose we wish to multiply 32,14 by 1.6. Where is the
decimal point to be located in the product?

~of coufse, in such a simple example we see at a giﬁhce that
the product must be a number greater than 32 but less than 64,
and thls tells us where to put the decimal point in our answer,
If we use exponent notation we proceed as follows:

32,14 x 1.6 = (3214 x 10 2)(16 x 10 1)
(3214 x 16) (10 2 x 10 !
(3214 x 16) (10 3)

= 51424 x 10 3
= 51.424
[sec. 3-6] . i
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Here we multiply whole numbers only in the producf (3214 x 16).
The factor 10 ° tells us where to place the decimal point. The

factor 10 3 tells us there should be '3 decimal places to the right

of the decimal point in the product, or 51424 x 10 ° = 51. 42k,
Also, from the way we arrived at ~3 we see the Jjustification
for the rule that the number of places to the right of the decimal
point in the product will be the sum of the number of places to
the right of the decimal point in the two factors of the product.
If you are in doubt about the location of the decimal point
in a product or in a quotient, the exponent notation will make it
easy for you to decide. The advantage hére 1s that we deal only
with whole numbers in our multiplication and then later worry about
the position of the decimal point.
This form of exponent notation is similar to scientific nota-
tion but differs from it in that the first factor does not have to

be a number less than 10.

Class Exercises 3-6

1. <bse fhe'above procedure to find each of the following products:
(a) 6.14 x 0.42 (¢) 649,3 x 14,68
(b) 0.625 x 0.038 (d) 11.4.x 0.0031

We can use the same scheme in the division of decimals., As
an example of how to proceed let us divide 14.72 by 6.1,
14.72 _ 172 x 10 2 _ 1472 | 10 2
6.I "1 - 61 "1
61 x 10 10

lg%g % 10( 27'71) _ 1472 % 10 1
Now the division l%%g 1s simply an operation with

whole numbers and glves l%%g = 24.13, i1f we carry

out the division, correct to the nearest hundredth.

[sec. 3-6]
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Hence, _
l§§§§v.= 24.13x 10 * = 2.413,

correct to the neafest thousandth.

Here, also, we used powers of ten in such a fashion that we

» could divide one whole number by another in performing the actual
division. The exponent "1 simply fixed the position of the
‘decimal point in the answer. ‘

-This notation is often a real advantage when doing more

complicated problems requiring a number of operations with
decimals. For example,

—-

3015 x_.028 _ {3015)(28) 10 3
.00007 x .03 x 1500 7)(3) (15 - 2 2

10 2 x 10 2 x 10

= 268 x 10°
= 26800
"To see how the answer was obtained, fill in all the steps of this -
calculation.
.Exercises 3-6
1{ Place the decimal point in the products to make the following

number sentences true.
(a) 6021 x 0.00003 = (6021) x (3 x 10 7) = 18063

(b) 3.42x 0.02 = (3h2x 10 2) x (2x 10 2) = 684
3
) =

(¢) 2.5x 3,000 = (25 x 10 %) x (3 x 10
(d) 54%.73 x 7.3

(e) 1200 x 0.006 = (12 x 10

(5473 x 10 2) x (73 x 10 1) = 399529

2) x (6x 10 %) = 72

145
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2. Fill blanks with proper symbols.

(a) 4.52 = 45,2 x 10 * = 452 x 10—
(b) 0.012 = 1.2 x 10 ° = 12 x 10—
(c) 65000 = 6.5 x 10— = 65 x 10°

(d) 38.216 = 382,16 x 10 * = 3821.6 x 10 2 = 38216 x 10—

Y2 63.7 x 103 = 637 x 10% = []x 10°
3x 10 = 130 % 10—
0.412 x 10 * = [:::] x 109

(e) 6.37 x 10
() 0.003 x 10°
(g) 41.2x 10 3

3. Place the decimal point in the quotients to make the following
sentences true,
600k _ 600k x 10° _ 2
(a) 008 = - == = 3002 x 10° = 3002
2 X 10
=3 . .
. 6 x 10 “y
60064 x 1

(c) 0.32 [56.006% = 2 - 9 = 17502

=3 X 10
(d) 0.08)4 = 84 X 10 = 7

. 12000 12 x 10°

. "1
(e) 0.2 _ 2 x 10 0.016 x 10% = 16

0.00I25 125 x 10 D

4. Multiply using exponent notation.

(a) 135 x 0.06 . (d) 0.0035 x 16.301
() 76,000 x 3,000 = o (e) 6,000,000 x 0.0275
Hint: (76 x 10° ) x (3 x 10° ) '
(e¢) 18,000 X 0.0003 \ (f) 0.07 x 300 x 0.02 x 6,000
5. Divide using exponent notation. _
(a) 6.3 + 0.3° ' (a) %}%%19
(b) 0.78 + 13 (e) o0.27 [0.8kk02
8750 [21.8
(C) m ‘ . (f) 1800 21.6
) 140
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 *6. Use exponents to place the decimal point in the answer.

418.6 x 0.019
013 = 6118

*7.. How many pleces of popcorn each weighing 0.04 ounces will
it take to make enough to fi11 840 bags? Each bag will
contain 6 ounces of popcorn.

8. BRAINBUSTER. A flying saucer can travel at 100,000 miles
a second. About how long (in years) will it take it to
~visit and return from a star that is 5%, light years away?

1 1ight year = 5.9 x 10%2 miles

1 year & 3.2 x 10! seconds

3-7. The Metric System; Metric Units of Iength

Wé have been using powers-of-ten notation in working with
numbers, especially with very large and very small numbers. As
an illustration of how powers of ten arise naturally in technicsz.
and scientific work we shall now study the metric system. As
you will see, this system of measures is based upon powers of ten,
and therefors the scientific notation we have studied is especially
useful in dealing with metric quantities.

The system of measures used most widely in the United States
is called the English system. Some of the units in this system
are the inch, foot, yard, mile, gallon, pound, etc. As you have
found, these units are a bit difficult to learn and remember
.because of the many different definitions required, 1In this
English system you must learn that 12 inches = 1 foot, 3 feet =
1 yard, 5280 feet = 1 mile, &4 quarts = 1 gallon, 16 ounces =
1 pound, All the relations seem to use different numbers and
there 1s no simple, easily remembered basic relationship among the
units,
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In most other countries, the system of measures 1s the
metric system, in which the basic unit of linear measure is the
meter. The metric system is a simplified system of weights and
measures developed in 1789 by a group of French mathematiclans,
The& deﬁided that, since thelr system of numeration was a decimal
(base 10) system it would be a good idea to have a decimal basis
for a system of measures. In such a system the units of length
would be some power of ten times a basic unit of length, Then it
would be easy to éonvert from one unit to another. It would only
require multiplying or dividing by a power of 10. We shall see
that this makes 1t very much simpler to work with quantities
expressed in metric units.

N. Pol
Metric Units of Length ¢

The French mathematiclans began by
calculating the distance n from the North
Pole to the equator on the meridian through
Paris. For the basic unit of length they

1
10, 000, 000 of this distance, By .

defining the unit in this way the original | Mefer=—m5,"rar
distance could be measured again if the
standard bar of unit length were ever lost.

They named this new standard of length the meter and a
standard meter bar was carefully preserved to assure uniformity
in future meter units. This definition of the meter was used
until October 15, 1960, when a new standard of the meter was
agreed upon by delegates from 32 nations. Tﬁis deflnes the
meter in terms of the orange-red wave-lengths of krypton gas.
Precisely, one meter 1s now defined as: '

took

1 meter = 1,650,763.73 orange-red wave lengths
in a vacuum of an atom of the gas

.krypton 86.

This new definitlon has the advantage that the unit is easily
measured on an interferometer anywhere in the world, Also,

[sec. 3-7]
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it allows an accuracy of one part in one hundred million in
linear measurements. Using the old standard bar of platinum-
iridium an accuracy of one part in one milliqn was the best

obtainable,
In terms of our English system, a meter is a little longer

~than a yard, namely
. 1 meter = 39.37 in., (approx.)

Smaller units of length in the metric system are obtained
by dividing by 10. Thus we define

_ 1
1l decimeter = 6] meter

1 _ 1
ia-decimeter = 306 meter

1l centimeter

' !
centimeter = 560 meter,

L

10 1
For longer units of length we simply multiply by 10. ‘Phus,

by definition,

1 millimeter

1l dekameter = 10 meters

1 hectometer = 10 dekameters = 100 meters

1 kilometer = 10 hectometers 1000 meters./

To émphasize the simplicity of the relations involved, we
write these units in terms of meters, using scientific notation.
Then the relations look 1like this.

1 millimeter = 10 3

meters

10 e meters

1l centimeter =

1l decimeter = 10-1 meters
1 meter = 100 me ters
1l dekameter = 101 meters
1l hectometer = 102 meters
1 kilometer = 103 meters
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Many attempts have been made to get the United States to
adopt the metric system for general use. Thomas Jefferson in the
Continental Congress worked for a decimal system of money and
measures but succeeded only in securing a decimal system of
coinage. When John Quincy Adams was Secretary of State, he
foresaw world metric standards in his 1821 "Report on Weights and
Measures." 1In 1866, Congress authorized the use of the metric
system, making it legal for those who wished to use it. Finally,
in 1893, by act of Congress, the meter was made the standard of
length in the United States. The yard and the pound are now
officially defined in terms of the metri¢ units, the meter and the
kilogram. :

A sudden change from our common units (yards, feet, inches,
ounces, pounds) to metric units would undoubtedly cause confusion
for a time. However, many people think that we will gradually
change over to the metric system. Our scientists already use_the
metric system and people in most foreign countries use it also.

We summarize the definitions and abbreviations for the major
metric units of length in Table A. In this tablé, notice how
useful scientific notation is in showing relationships to the
basic metric unit of length, the_meter. ;

Table A
Linear Metric Units

Name of Unit |Abbreviation | Equivalent in | Meter equivalent in
: Meters Scientific Notatilon

1 millimeter 1 mm. To55 M- 10 % .

1 centimeter 1 cm. 1%6 m, - 10:2 m,

1 decimeter | 1 dnm. £ m. 10 1 m.

1 meter 1 m, 1m., ' 10° m.

1 dekameter .1 dkm. 10 m. | - 101 m.

1 hectometer 1 hm, 100 m 102 m,

1 kilometer 1 km. 1000 m. 103 m,

[sec. 3-7]
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Noctice that all the other metric units of length use the
word "meter" with a prefix. These prefixes are also used to
name other units of measure in the metric system.

Prefix Meaning
mil1i Too = 10:3
centi T%ﬁ = 10_2
deci . _ ' f%- = 10 i
deka 10 = 10%
" hecto 100 = 10°
kilo 1000 .= 103

" In actual practice the hectometer, dekameter and decimeter
are seldom used. The metér, centimeter, millimeter and kilometer
are in very common usage and we shall devote most attention to
them. '

Two other prefixes which we should mentionlherg_are mega.,
meaning million and micro, meaning one-millionth. Thus

Préfix Meaning

mega 1,000,000 = 106
1 _ 6

miero 1,000,000 ~ 20

You often hear now of 3 megatons (3 million tons), 1 megacycle
(1 million cycles). Even the slang term "megabuck"” uses this

classical Greek prefix!
In these days of nuclear and atomic studies very small

quantities are often studied and lengths as small as one-millionth
of a meter are common. The micron is defined as:

1 micron = one-millionth of a meter = 10 6m.

6 3

Thus 3 microns = 3 x 10 “m. = 3 X 10 ° millimeters, since

1 micron = J.O'3 millimeters. fThe usual symbol for micron is the
Greek letter & (read Mu).. Hence 14 4/ = 14 microns = 14 x 10 6 m.

[sec. 3-7]
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Have you encountered the terms megavolt, megohm, microwatt,
microsecond, microfarad? 1If not, you will soon be discussing‘
them in science class. Can you figure out what a micro-micron is?

Exercises 3-7a

l, Complete each of the following:

(a) 1 killometer = . .. hectometers
(b) 1 kilometer = 3 dekametérs

(¢) 1 kilometer .= meters

(d) 1 kilometer = | ' .decimeters

(e) 1 kilometer = centimeters
(f) 1 killometer = millimeters

2., Complete each of the followilng:
(a) 1111.111 meters = : kilometers

(b) 5.342 meters = i centimeters
(c) 245,36 meters = : kilometers
(d) 0.564% m. = mm,

(e) 6043.278 m. = km,

(f) 2020.202 m, = cm,

(8) .Olﬁjmm. = microns

3. Fill in each blank with the correct number.

() 5m, = : cm, (f) 3.25 m. = cm,

(b) 200 em, = ’ mm. (g) 3500 m. = km,

(¢) 500 m. = km., (h) 474 cm. = m.

(d) 2.54% em. = ' mm, (i) 5.5 cm., = mﬁ.

(e) 1.5 km., = ' m. (3) 6.25 m. = cm,
162




143

' : 1

4, A meter was originally defined to be Iﬁ?ﬁﬁﬁ?ﬁﬁﬁ'of the
distance on the earth!'s surface from the North Pole to the
equator. Assuming the earth is a sphere and using scientific
notation, find the approximate number of

(a) meters in the circumference of the earth;
(b) kllometers in the circumference of the earth;
(¢) millimeters in the circumference of the earth.
*5. Express in scientific notation in terms of meters:
| (a) .013 millimeters
(b) 2.34 centimeters
(¢) 6,730 kilometers
(@) 694 microns

(e) "1 mega-micron

Conversion to English Units

Since we use both English and metric units in this country,
it 1s often necessary to convert from one system to another. The
standard U.S. inch is now defined in terms of the metric standard
by the relation ‘

1 inch = 2.54 em. (definition of.inch).
As we have seen, this gives . -
. 39.37 in. = 1 meter, (approx.).
In terms;bf yards, this says that

1 meter = Q%ééz yds. or

1 meter x 1.1 yds.
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For measurement of longer distances, it is often useful to
convert miles to kilometers. From

Lo

A 1 meter = 39.37 in. = égigz ft.,
we see that A .
1 meter = 39. 37 miles. o

 (1000) (39. 37)
1 kilometer = (12)(5280) miles.

Naturally, we now ask you to verify by actual calculation that this

Hence,

relation gives
1 kilometer % 0.62 miles,

Roughly speaking, then, 1 kilometer & .6 of a mile or, for an even
better approximation, 1 kilometer =~ g of a mile.

Exercises 3-7b

1, Convert each of the following metric measurements to approxi-
mately equivalent English measurements.

(a) 100 meters ® yds. )

(b) 200 meters = yds.

(¢) U400 meters & ____ yds, A few of the standard
. > distances for track

(d) 800 meters & ____ yds. and field events.

(e) 1500 meters %, yds. .

(f) 1500 meters = miles/

(g) 10 kilometers % ' miles
(h) 100 kilometers s miles

2. (a). The height of Mount Everest, world's highest mountain
1s 29,003 ft, Approximately what is this height, rounded
to 29,000 ft., expressed in meters?

(b) One of the greatest sea depths was measured as 34,219 ft.
Express this depth in meters, approximately, after
rounding to the nearest 100 ft.

[sec. 3-7]
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3. (a) Show from our earlier relation beiween miles and kilometers
that 1 mile & 1,61 kilometers.

(b) The mean distance from the earth to the sun 1s about
9.29 X 107 miles. About how many kilometers is this?

4, A common size of typewriting paper 1is 8%-;nches by 11 inches.
' What are these dimensions in centimeters?

; 5. (2). What is your height in centimeters? .
(b) In millimeters? ' : I
(¢) In microns?

6. Which is the faster speed, a speed of 100 ft. per seconu, Or
a speed of 3000 cm. per second?

3-8. Metric Units of Area

We have learned how to find the area of the interior of a
simple closed curve for a variety of simple curves. We chose the
area of a square reglon as the best unit to use in measuring the
area of the interior of such a closed curve.

The metric unit for measuring areas is also a square region,
We use as a basic unit the area of a square region with each
edge of length one meter., The area of the interior of this square
reglon 1s called one square meter (abbreviation sq.m. ).

If you have a centimeter rule available you should draw a
square of side 1 cm. in order to get some idea of the size of
one square centimeter. From 1 m. = 100 cm. = 39.37 inches we
see that

1l cm, s .39 inch,

or
1l1em. % .4 inch,
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Compared to the basic unit of one square meter, the square
centimeter 1s small indeed. Remember that 1 cm, = I56 m., hence

=1 1 -
1 84. em. = 755 X 155 Sd.m. = o,ooo sq.m,
Here 1s another instance in which you may prefer to use exponent
notation and write 1lnstead :
1l sq, cm, = 10 4sq.m.

--~“,.Since the meter 1s the basic unit of length and the square
meter the basic unit of area, it is important to give the various
units of area in terms of square meters. The most commonly used
units are 1listed in Table B.

Table B
Unit of Unit of Equivalent Area
ILength Area in Square Meters
millimeter sq. millimeter ———l-—ﬁ-sq. m.
R (1000)
centimeter - sq. centimeter 1 5 Sq. m.
' (100)°
kilometer 8q. kilometer (1000)2 sq. m.

Here again we see that 1t 1s convenient to use exponent

notation and write,

1 sq. mm. = 10 6 sq. m. ’
1 sg. cm. = 10 4 sq. m.
1l sq. km. = 106 sq. m.
[sec. 3-3]
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x?z :‘J - Exercises 3-8

1. Complete each of the following:
Example: 1 sq. km. = _10002 sqg. m, or 106 sq. m,

(a) 1 sq. em. = (1%502 sq. m. or sq. m.
(b) 1 sq. mm. = (Ig%a)e sq. m. or sq. m.
(¢) 1 'sq. cm. = 10° sq. mm. or sq. mm,

(d) 1 sq. m. = (100)2 sq. -cm. or sq. cm,
(e) 1 sq. m = (Iébﬁde sq.-km. or sq. km.

2. Draw a sketch to 1llustrate (¢) in Problem 1.

3. Find the area of a rectangular closed region with the following
dimensions. Be sure that both dimensions are expressed in
the same unit,

Length Width
(a) 35 em, . 9.2 cm.
(b) 1.68 m, 7.6 m.
(c) .97 m. 37 ecm.
(d) .25 mm. 1.2 cm.

- 4, Express the area in Problem 3 (b) in square centimeters.

5. What 1s the area of the interior of a circle whose radius
is 6 m.? Use 3.1% for w and find the approximate number of
square meters in the area.

6. Find the area in square meters of a square closed region

160 em. on a side.

7. If the area of the interibr of a parallelogram is 783 sq. cm.
and the base 1s 27 cm., what is the altitude?

‘8. (a). What 1s the metric equivalent in sq. cm. of 1 sq. yd?
1l yd, = 91.4%1 em., Hence
1l sq. yd & (91.4)2 sq. cm, = ? sqg. cm,

(b) Approximately how many sq. cm. equal 1 sq. inch?

[see. 3-8]
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9. (a) Verify that 1 sq. km. % 0.386 sq. mile.
(b) Verify that 1 sq. mile % 2.59 sq. lam.

10. (a) The land area of the earth is estimated to be about
149 x 106 sq. km. Approximately how many sq. miles
1s this?

6

(b) The ocean area of the earth is estimated as 361 x 10 sq.
km. Approximately how many sq. miles of ocean are there?

3-9. Metric Units of Volume

The metric unit for measuring volume is a cubical solid. The
length of each edge of this cube 1s 1 meter. The volume of this
cube is thus 1 cubic meter (abbreviation 1 cu. m.).

The cublic meter 1s a rather large unit of volume. A much
smaller unit is the cubic centimeter (cu. cm.). As we have seen,
the centimeter is about .4 in.; hence, the cu. cm. is a cube
about the size of a small sugaf cube, To suggest the size of the
.cubic meter, nqte that '

. I | 1 1 - 1 -
1l cu. cm. —mxmxloo cu, m, r,m—o-cuo m.,

In scientific noﬁation,
6

1l cu. em. = 10 6 cu. m. and 1 cu. m = 10 cu. cm.

- By similar calculations we can find the commonly used multiples
and subdivisions of the cubic meter. These are displayed in Table C.

Table C
Unit of Unit of Equivalent Volume
Length Volume in Cubic Meters
. Camld Y
| millimeter cu. mm. -——l———3 cu. m,
(1000)
' 1
centimeter cu. cm, ————g cu. m,
(100)
kilometer cu. km, (1000)3 cu. m.
¢ [sec. 3-9]
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Here, even more than before, we see the convenience of the
exponent notation in writing
3

1l cu. mm.= 10 X 10 3 X 10 3 cu. m, = 10 9 cu. n.

2 X 10 2 cu. m, = 10 6 cu( m.

1l cu., em. = 10 2 X 10

3 3

1 cu. km. = 10% x 10 x 103 cu. m. = 109 cu. m.

Look at the calculations above. You see that

- 3 .
103 x 103 x 103 = (203)° = 103°3 = 109
- - - -~ '3 - .-
102x1202x10 2= (20 2) = 100723 _ 5576
- - - - 3 . -
20 3x 103 x 10 3= (10 3)° = 10(73)"3 _ 1o 2,

N

This 1llustrates a third

General Property: If a and b are any positive
or negative integers, then

(102 ) = oabi

Exercises 3-9

l. Complete each of the following. -
‘Example., There are (1000) 1,000, OOO 000 cu., m.in 1 cu., km.

(a) There are 10° or cu. mm. in a cu. cm,
(b) There are (Iéﬁ) or cu. m. in a cu. cm.
(¢c) There éreb(16%6) or cu. m. in a cu. mm,
6,3 () .
(d) There are (107) or _ 10 cu. mm, in a cu. km.

2. A rectangular solid has dimensions of 6 cm., 7 em,, and
8.4 em. Calculate the volume of the interior of this solid.
Recall that the volume of the interior of a rectangular
solid 1s equal to the product of the measures of the length,
width, and height, when the measurements are expressed in
the same unit.

[sec. 3-9]
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3. What is the volume of the interlor of a rectangular solid
whose height is 14 mm. and whose base has an area of

36.5 sq. cm.?

3-10. Metric Units of Mass and Capacity

The metric unit ?dr the measure of mass 1s defined as the
mass of water contained by a vessel with a volume of one cubic
centimeter. The mass of one cublc centimeter of water is called
a gram. This is a very convenient definition, for when we know
the volume of a contalner we lmmediately know the mass of water
it can contain., For example, 1f the volume of the interior of
a container is 500 cu. cm., then the mass of water it can contain
1s 500 grams. The important thing to note in this definition 1s
that the numerical measures are the same. ‘

When we speak of the volume of a box or other container,
we frequently use the term capaclty. By the capacity of a
container we simply mean the total volume which the container will

hold.

In talking about the volume of liquid a container will hold,
we frequently use sSpecial units, such as, pint, quart, and gallon,
in the English system., Thus, we may say the capacity of a tank
is a certain number oﬁ gallons, and its volume 1s so many cubilc
feet. _ :

In the metric system the usual unit of capacity is the liter
(abbreviated.f/.). One liter i1s defined as the capacity of a
cubical box with edge of length 10 cm. (1 decimeter). Thus,
one liter means a volume of 1000 cu. cm, We say a cube of edge
10 cm. has a volume of 1000 cu. cm. We say its capacity is one

‘liter. It can contain a mass of 1000 grams (or one kilogram)

of water.

160
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One 1liter is approximately one quart, or more precisely,
1 liter = 1000 cu. cm. = 1.056712 qt.
The‘other most common metric measures of capacity are the

milliliter (mg.) = .001 liter
and the
kiloliter (k/.) = 1000 1iters.

‘ A mass of 1000 kilograms is called one metric ton. Hence,
a metric ton contains 10° grams. The metric ton is the mass
of 1 kiloliter of water, L

The most used units of volume, capacity, and mass are
summarized in Table D. Note especially that 1 gu. cm. corresponds
fo 1 gm. of mass and to one miliiliter of capacity.

Table D
Unit of Unit of Unit of
Volume Mass o Capacity
1 cu., cm. 1 gm, l1ml =.001/.
el CUL dm, ’ 1 kem. 1/,
(1000 cu, ecm.) (1000 gm.) (1000 m/.)
1 cu. m. 1 metric ton 1 k..
(1000 cu. dm) (1000 kgm.) (1000 1iters)
(1,000,000 cu. cm.) (1,000,000 gm.) (1,000,000 mA)

There are several abbreviations commonly used for the gram,
The abbreviations, g. or gm., are both generally accepted .and
the form, gr., is also used. 1In this text we abbreviate gram
as gm., kilogram as kgm., and milligram as mgm.
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Exercises’ 3-10

1. The volume of'a'Jar 1s 352.8 cu. cm. What 1s the mass of
the water it can contain, expressed in:

(a) grams?
(b) kilograms?
2. (a) What is the capacity in milliliters of a rectangular
tank of volume 673.5 cu. cm?

(b) What is its capacity in liters?

3. A cubical tank measures 6 feet 9 1inches each way and
1s filled with water,
(a) Find its volume in cubic inches.

“~(b) Find 1ts volume in cubic feet. Recall that 1728
cublec inches = 1 cublc foot.

(¢) Find the welght of the water, Recall that 1 cubic
foot of water weighs 62.4% 1b,

4., The dimensions of the tank in Problem 3 are about 2.06
meters each way. .
(a) Find its volume in cubic meters.
(b) Find its contents in lite:'s. Recall that there are
1000 liters in a cublec metecr.
(c) What is the mass of the water? Recall that 1 1liter
of water has mass of 1 kilogram.

5. How did the time needed to solve Problem 4 compare with the
time to solve Problem 3? What is the main advantage of
computing in the metric system?

| 6. A tank has a volume of 2500 cu. cm.

(a) What is the capacity of the tank in milliliters?
(p) How many kilograms of water will the tank hold?
(¢) How many metric tons of water will the tank hold?
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7. A cubical box has edges of length 30 cm,
(a) What is the volume of the box in cu. cm.?
(b) What is the capacity in 1iters?

(c) How many kilograms of water will the box hold?
(Assume that it is watertight, of course!)

*8. The volume of the sun is estimated to be about 337,000 million
million cubic miles or
3.37 x 1017 cu., miles.

(a) Using the fact that 1 mile % 1.6 kilometers, express
the volume of the sun in cubic kilometers,
(Simply indicate multiplications in your answer if
you wish,)

(b) Express the sun's volume in cu. cm., leaving your
answer in the form of indicated multiplication.

9. The British Imperial gallon, used in Canada and Great
Britain, is equivalent to 1.20094 U.S. gallons,
or,
1 British Imperial gl. ¥ 1.2 U.S. gal,
(a) Wwhen you buy 5 "gallons" of gasoline in Canada, how
many U.S. gallons do you receive?

(b) How many Imperial gallons ape required to fill a barrel
which holds 72 U.Ss. gallons?

Research Problems:

Use the Twentieth Yearbook of the National Council of
Teachers of Mathematics as your reference book.

(a) Collect a 1ist of al1 the various units of measurement
for length, area, volume, and capacity that you can
find listed in your reference book. Bring this 1ist
to school. ‘ 1 63 ..
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(b) Write a composition on "Why I Prefer the English System
of Measures to the Metric System" or "Why I Prefer the
Metric System of Measures to the English System." You
may use your reference book to aid you in getting
information. A good discussion is given in "The Metric
System--Pro and Con," by Chauncey D. Leake and Ralph
M. Drews; Popular Mechanics, December 1960.

(¢) Which weighs more, a pound of feathers or a pound of
gold?

Brief Summary of Relations among Units

The following table summarizes much of the work in the
metric system., From it you can derive all the multiples and
subdivisions of units of area, length, volume, mass,and capacity.

Table E
Iength
10 millimeters (mm,) = 1 centimeter (cm.)
100 centimeters (cm.) = 1 meter (m.)
1000 meters (m.) = 1 kilometer (km.)
Capacity
1000 milliliters (m./.) = 1 1iter (_/.) = 1000 cu. ecm.
Mass

1000 milligrams (mgm.) 1 gram (gm.)

1000 grams (gm.) 1 kilogram (kgm.)

1 metric ton

1000 kilograms (kgm.)

Some important conversion relations between corresponding
English and metric units are 1isted below for reference.

[sec. 3-10]

164



e R

155

Table F

Length
inch = 2.54 em. (definition of....
‘ the inch) .
meter X 39.37 in.
cm.ﬁ X .39 1in,
km, £ 0.62 miles
mile ow 1.61 km,
capacity
lter - X 1.0567 qt.
liter X 1 0.2642 gal,
gal X 3.785 liters
165
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Chapter 4

CONSTRUCTIONS, CONGRUENT TRIANGLES,
AND THE PYTHAGOREAN PROPERTY

4_1., Introduction to Mathematical Drawings and Constructions

Drawing pictures and diagrams helps us solve many problems,
Aeronautical englneers draw pilctures of each part of a new aircraft
to help them study the problems involved. Architects make draw-

" ings of floor plans and pictures of how completed buildings will
look before the actual building is started. Theatrical directors

~ skefch the stage and the location of properties to help decide
 how a certain scene should be staged. A carpenter makes drawings
of the object that he is building. Electricians make dlagrams to
. show how a ‘machine shculd be wired. Many of your problems will

be much easier to solve if you develop the habit of drawing
pictures or dlagrams to help you see the relations in your problem.
Sometimes silly mistakes are made because students do not take the
time to draw.a picture of a problem situation.

For some problems a rough sketch of the situation is suffi-
cient. Rough sketches can be drawn freehand in such cases,
Although "roughly" drawn, the sketch may help you "see" the problem.
There 1s no sense in wasting time on an accurate drawing if a
rough sketch will serve, .

- Some problems can be solved

by measuring drawings, but when ' A
drawings are used this way they [}5
should be accurate representations. A
Many tools are used to make accurate

drawings. A man whose job is to CTESEZEZT:EID
make accurate drawings is called a '

draftsman. He uses a compass and Aifffff§>

A
a straightedgs, but he uses many fe——
other tools. Draftsmen use such

166
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tools as’ protractors, T-squares, 30-60 triangles, U45-45 triangles,
rulers, parallel rulers, pantographs, and French curves to help
make drawings accurate. You will be using some of these tools
but others are too expensive to use at this time. Find out what
the'following tools are and how they are used by draftsmen:

(a) 30-60.triangle '

(b) French curves"

(¢) Pantograph

Tools alone cannot produce accuracy. You must use them in
a way that glves accurate results.>’In the seventh grade you
learned to use a protractor; however, some of you may need to
review this with your teacher.

In measuring an angle, when a ray of an angle is not long
enough to reach the scale of the protractor, extend the ray or lay
a straightedge carefully along the ray. Check to see that you
. use the correct scale on the protractor.

Plane figures, you recall, are figures that lie completely
on a flat surface such as your paper or the chalkboard. Lines,
angles, and polygons are exanples of plane figures. Lines are
the simplest of these figures. The relation of two or more lines
on a plane is of special interest. Perpendicular lines are lines
that intersect so as to form'90O angles. Parallel lines are two
or more lines that do not intersect, or 1n set language, lines
whose intersection is the empty set. '

. ‘Perpendiculars may be drawn accurately with the aid of a
protractor. At any point on a line, measure an angle of 90°.
The rays may be extended to form lines. Lines, rays, or segments
may bé perpendicular to each other.

The ‘edges of most rulers are considered to be parallel. A
qQuick way to draw two parallel lines is simply to draw a line on
each side of such a ruler without moving it. Of course, this
method has limited use since all such pairs of parallel lines are
the same distance apart. To overcome this difficulty the pro-

tractor is needed.
167
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v

Protractors can be used to draw parallel iines accurately 1if
you remember that corresponding angles are congruent when formed
by parallel 1linés and a transversal. A transversal is a line that

intersects two or more lines in £

distinet points. '
To draw the figure at the 60°

A

right, use a straightedge to draw
_1ine /V . At any point on line‘p

° A
o 60 ]
draw a line t so that a 60° angle //

is formed. Draw a third line ﬂl s

intersecting 1line t to form a \\J30° /g
60° angle. Since the correspond-

“ing angles are congruent, line_f . \\\\\ _f

130° i

is parallel to 1line J, .
Is line_j parallel to \\\

line ,P' in each figure? How do
you know? .

T-squares and triangles also
‘are useful in drawing parallel

lines. The figure at the right

illustrates the use of the triangle ‘
and the T-square in drawing lines | 1 /497/ Zﬂ

that are parallel. By moving the

triangle along the T-square or by
moving the T-square, sets of par-

allel 1lines may be drawn.
[sec. 4-1]
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Another type of accurate drawing that will be studied in this
chapter .is a compéss and straightedge constructlon. These con-
structions are drawings that are made by using only two tools, a
- compass and a straightedge. Of course, a pencil (or chalk) can
be used. Since "compass and straightedge construction" is such a
long phrase, the single word construction will be used 1in this
chapter to mean drawlngs that are made with a compass and straight-
edge only. A stralghtedge 1s a ruler without any units marked on
it. It 1is used to make straight lines--not to measure their

lengths.

Exercises 4-1

1. Draw an anglé of 60° without using your protractor. Now
measure the angle with your protractor. How close to 60°
is your answer? Draw another to see if your estimate is

improving.

2. Sketch the followlng angles with these measures in degrees.
(a) 45 - (e) 30 (e) 10 (g) 110
(b) 90 (d) 120 (f) 160 (h) 65

Measure each with your protractor to see how well you estimated
the size of each angle. Try agaln if you aren't satisfied
with your first trial.

3. Which angles in problem 2 are acute angles? Which are obtuse
angles? '

Ik, wWith ruler and protractor draw a transversal intersecting one
of two parallel lines at an angle of 80° ‘

(a) How many pairs of corresponding angleS'dén you find?

(b) How many pairs of vertical angles are there in your
drawing?

(¢) How many degrees are there in each pair of vertical
ahgles? in each pair of corresponding angles?

(d) Can you draw three or more parallel lines each inter-
secting a transversal at an angle of 80°2

169
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With ruler ard grotractor, draw a triangle that has two angles

of 69° with a side al inches long between the vertices of
2

the angles.

’sing your protractor and ru.ier, draw a triangle with sides

6% em. and 4% cri. The angle formed by these sides is 110°. -
What kind of triangie is this?

Do you recall that a parallelogram is any quadrilateral whose
opposite sides l1lie on parallel lines? 1Is a sguse a parallel-
ogram? Are all rectangles parallelograms?
{a) Draw rectangle ABCD with ruler and protractor. What
slze 1s the angle at vertex A? at vertex B?
(b) Are A and B consecutive vertices of parallelogram ABCD?
(¢) Recall a property of parallelograms: The angles of~a
parallelogram at two consecutive vertices are suppléé/'
mentary. The sum of the ﬁeasures of angle A and
angle B 1is . State the sum of the measures of
angle B and angle C. Do the same with each pair of
consecutive angles.

In parallelogram RXYZ

15° 65

1
it

m(/X) + m(/Y)
m(/Y) + m(/2)

m(/2) + m(/R) = .
m(/R) + m(/X) '

170

[seec. 4-1]



162

‘9. Usiﬁg your ruler and protractor, draw a parallelogram with
sldes of 1 inch and 2 inches and with one ‘angle of 75°.

10. BRAINBUSTER. A farmer plans to divide his land equally among
his sons. The land is shaped like the diagram. When he had
two sons, he planned to divide it as shown. It was easy to
divide when he had three sons. Now he has four 'sons. How can
he divide the land so that each son gets the same amount in
the same shape? |

7/ ‘ g
0 |
/ ) et |

Divided for 2 sons Divided for 3 sons How should it be
divided for 4 sons?

4-2, Basic Constructions .

In drawing geometric figures, you have used several inechanical
alds so that you could draw these pictures accurately. In the
2000-year period since the development of geometry as a scilence
by Euclid and other Greek scholars, to place certain restrictions'
on the tools that could be used has been considered useful by
many writers of geometry texts. Under these restrictions, a
stralghtedge may be used to make straight 1line segments., A com-
pass may be used to draw circles and arcs. An arc is any connected
portion of a circle. ) ' . B '

In your constructions you may use a ruler as a straightedgé.
In geometry, however, we think of a stralghtedge as having no
marks on it with which measurements may be made.

You may observe that we draw, or construct, a line segment
by tracing with a pencil along an instrument which has a straight
edge. On the other hand, our method of drawing a circlé is quite

[sec. 4-2]
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different. In constructions we use a 'special instrument--the
~ compass. We do not trace_with a pencil along an object which has
a circular-shaped edge. Efforts to devise an instrument with
which a straight line segment could be drawn without using a
straightedge, form an interesting chapter in the history of geom-
etry. These efforts were successful only about 100 years ago.
Geometric drawings made with compass and straightedge only
" are called constructions. In this section you will learn several
basic constructions used in geometry.
Follow the directions and complete each construction 1
through 4.
1. Copying a segment

(a) Draw a working 1line a 1ittle A : B
longer than the segment that
is to be copied. -

4
v

(b) - Place the point of the compass
at one endpoint of the segment Step a
that 1s to be copiled.

(c) Open.the compass until the ‘
penclil touches the other A= 18
endpoint. (The distance
between the point of the
compass and the eﬁd of the Steps b and ¢
pencil is the lehgth of the
radius of the compass.)

(d) Without changing the radius o _, - lﬁ

of the compass, place the

point of the compass on the
* Step d

working 1line at A' (any

point) and mark an arc where the penéil crosses the 1line,
The segment from the point A' where the compass polnt is.
placed, to B'-(the intersection of the arc and the line)

1s the same 1length as the original segment.

Any time that you need segments of equal length, this construction

1s used.
' [sec. 4-2]
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2. Bisecting a line segment

The word blsect means to divide into two equal parts.
(a) Place the point of the
coﬁpass at one endpoint
of the segment. Set the
compass so that its radius - -—
is more‘thaﬁ half of the
distance between the two
endpoints.

(b) Draw arcs above and below
the center of‘the segment.
Be sure the arcs are long
-enough to include points
above and below the center.

(¢) Without changing the
radius of the compass,
place the compass point
at the other endpoint.
Draw arcs that cross ‘the
first two arecs.

(d) Draw a line through the ><
points where the arcs cross.

This line bisects the
original segment.

Measure the two parts obtained in (d). ><
Are they the same length? What is the
relation between the segment and the
bisector that has been constructed?
173

[sec. 4-2]




165

3. Copying an énsle
(a) Draw a base 1ine, part of

which will be used as one
ray of the angle.

(b) Place the point of the
compass at the vertex of-
the angle and draw an arc

~.through both rays of the
angle.

(c) From a point P, on the
base 1line, draw an arc
with the radius used
in (b). «

(d) Place the point of the
compass at the 1lntersec-
tion of one ray of the
original angle and the
arc that crosses 1it.
Place the pencil of the

. compass on the other
intersection.

(e) With the compass set as
determined in (d), place
the point at the 1lntersec-
tion of the base 1ine and
the arc.” Draw an arc
that crosses the arc
drawn in (c).

(f) Draw a ray from P on
 the base 1line through the
intersection of the arcs. ~~ ] ——

P

Use your proﬁractor"to check this construction.

[sec. 4-2]

174




166

4, Bisecting an angle

‘The four figures illustrate
the steps in bisecting an angle
with straightedge and compass.

- Study these steps in the
constructions. Then draw an
angle on a plece of paper and.
bisect 1t. - . .

Cant you state in your own
words what 1s to be done 1in each
step?

Use your protractor to
measure the two angles that you
have constructed. Are they
equal in measure?
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Exercises U-23

1. Use your ruler to draw a horizontal 1ine 1%-inches long.
Construct on a given vertical line a Segment of the same length.

2. Use your ruler to draw a verticail segment 2% inches long,
~ Construct.on a given horizontail line a segment of’ the same

length,

3. Use your ruler to draw an Oblique ségment‘ 5 centimeters long.
Construct on a gilven horizontail line a segment of’ the same

length.

b, Bisect each segment that you constructed in Problems 1 through
3. Use only compass and straightedge.

5. Draw an acute angle and an obtuse angle. Copy each angle
using straightedge and compass only.

6. Draw an acute angle and an obtuse angile. isect each angle
using stfaightedge and compass only.
7. (a) Draw a large triangle. Bisect each angle of the
, triangle. Extend the bisectors untii they intersect.
(b) When three or more lines intersect,in one point, they
are called concurrent lines. Do the bisectors appear
to be concurrent lines®

8. Draw a segment and then divide it into & eéqual parts. Use
straightedge and compass only, ' '

9. Draw an obtuse angle and construct rays which divide the
angle into four congruent angles. :

The basic constructions that You have studied can be used in
many different ways. At this time you Will explore only a few.
When you stﬁdy geometry in high school, you wilil find many more.
This will be a discovery lesson. If necessary, short explanations

will accompany a problem.
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Exercises 4-2b

1. Draw a line segment about as long as this one.

(a) Using this length as a radius, draw a circle with one
endpoint of the segment as the cénter.

(b) With the same radius and the other endpoint as center,

) draw another circle.

(¢) At how many points do the circles intersect?

(d) Choose one point where the two circles intersect and
draw segments from this point to each endpoint of the
original segment.

(e) Compare the measures of the three segments.

(f) What kind of triangle did you construct?

2. Construct a triangle whose sides are the same lengths as the

segments glven here.

You can use the plan in Problem 1, except that circles in
steps (a) and (b) will not have the same radius.

3. (a) Construct a triangle with a base the same length as the
segment drawn here, and with the angles at each end of
the base congruent to these angles.

Hint: Use the base as one side of each angle.
(b) Wwill all triangles constructed with these measures look
-~ alike? This construction 1s used to draw triangles
when two angles and the side common to these angles are

known. J—
177
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i, (a) Construct a triangle with two sides the same size as
these segments and with the angle formed by these
segments the same size as the angle drawn here.

(b) Will all triangles constructed with these measures look
alike? ' This construction is used when two sides and
the angle determined by those sides are known.

5. Construct a right triangle that has one acute angle of 60°.
Hint: Can an equilateral triangle be used as the basis for
this? How many degrees are there in each angle of an equi-
lateral triangle? Two right triangles can be made from an
equilateral triangle in two ways, using construction 4 or
using construction 2. Try both methods and check your con-
struction with a protractor.

6. Draw the following:
(a) 3 concurrent 1ines
(b) U4 concurrent lines
(¢) 5 concurrent lines

7. (a) Draw three rays such that the endpdints of the rays
, are the only point of intersection.
(b) How many angles are formed by the rays in part (a)?

8. Construct a segment that has the same length as the difference
between the lengths of these segments,

b

9. (a) Draw a triangle, then find, by construction, the mid-
point of each side. Connect each of these midpoints
to the opposite vertex. These segments are called the
medians of a triangle.

(b) Are the medians concurrent?

[sec. 4-2] .
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"A polygon - -is a simple closed curve formed by straight 1ine
segments. A polygon with four sides 1s a quadr_lateral. There
are many kinds of quadrilaterals. Trapezolds, parallelograms,
rectangles, and squares are all quadrilaterals. A polygon with
five sides 1s a Eentagon, a slx-sided polygon 1s a hexagon, and
an elght-sided polygon 1is an octagon. If the sides are all the
same length and the angles all have the same measure,. 1t 1s a
regular polygon. :

If every vertex of a polygon 1s a2 point on a circle, we say
that the polygon 1s inscribed in the circle. In this section,
you will use the constructions you have learned in order to
inscribe equllateral triangles, squares, hexagons, and octagons.
The problems contain enough clues for yw to do all of these

constructions.

Exercises 4-2c

l. Draw a circle of radius 2 inches. With a compezss set to *the
radius of the circle and starting with any point on the circle,
mark off an arc on the circle. Move the point of the compass
to one point where that arc crosces the circle., Mark another
arc on the circle, Continue untll the arc drawn falls at the

Amsﬁﬁrting point., If you do this carefully you will discover
~that %he last arc drawn falls exactly on the starting point.
(a) How many arcs are there? ‘
(b) Connect each intersection of the circle and an arc to
the 1ntersection on each side of it.
(¢) What figure do these segments form?
(d) How can you use these points to construct an equilateral
ﬁriangle?
(e) How can you form a six-pointed star?
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2. Draw a circle and one diameter. Use your protractor to draw
a diameter perperndicular to the first diameter. Connect the
endpoints of fne diameters in order.

(a) What figure does this form?
(b) How can you form a polygon with twice as many sides?
 There are two ways t at this can be done. Can you
find both =m? '
(Since you ﬁsed ~ ‘rotractor, the figure you have drawn
is not called a c¢..oiruction. We will learn in Section g5
how to construct a right argle.) :

Construct a circle and construct in the circle an inscribed
equilateral triangle, an inscribed hexagon, and ah inscribed
polygon of 12 gsides. '

«

i, Many designs can be formed with these basic consfructions,
Three are given here. See if you can copy them; then make up
designs of your own.

180
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In the last section you worked with geometric constructions.
In this sectlion yoa will explore some of the properties of the
figures you constructed. Most of the donstructions are examples

of symmetry and also examples of congruence.
This Section_is developed so that you will be able to discover

for .yourself what is meant by symmetry, and in Sections k-4 and h-5
you will study congruence,

Class Exercises 4-3

1. (» Fold a sheet of

notebook paper (or other paper A
with square corners) down the {47

|

!

|

|

|

|

3

middle. Starting at the rolded
edge, cut or tear off a right
ﬁriangle with the longer leg
along the fold, as in the second
figure. Cut a right triangle
from both sides of the folded -
paper at the same time. The D B
right-hand figure above 1s a

"double" sheet. Unfold the part

which remains. What shape is 1it?

FOLD

(b) Label as A the vertex at the fold, and the other
vertices as B and C. Iabel as D the intersection of the fold
and the side. The figure now resembles the figure below.

(¢) Refold your triangle A
along AD. Do right triangles ABD
and ACD exactly fit over each other?
We say that triangle ABC has symmetry
with respect to the 1line 3% vecause
when folded along 'Kﬁ' the two halves
exactly fit. Line BD 1s an axis of
symmetry of the triangle.

[sec. 4-3]
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(d) How many axes of symmetry does an 1sosceles triangle
have? An equilateral triangle? A scalene triangle°

2. (a) Take another piece of notebook paper and fold it
lengthwise down the middle.

(b) Take your folded sheet
and fold it crosswise down the middle
(so that the crease folds along itself).
Cut off tha corner where the folds meet,
as indicated in the figure at the right. FOL
Unfold the piece you cut off. What
shape 1s 1t?

(¢c) Label your figure as in
the figure ¢% the right. Ir you fold
along AC, do the two halves exactly
fit? What happens if you fold along
DB? Is there an axis of symmetry?

How many?

3. Look at the regular hexagon ! \ /?\
in this figure. Does each dotted /// \‘ ,/ \\\
line determine an axis of symmetry? // ‘\/' \.
There are other axes of symmetry. ""””“‘“‘7("“'"—";7
Can you find them? How many axes //' \\ ;
of symmetry does a regular hexagon ' / \ //
have? ——

L. Draw a circle and c . of its dlameters. TIs this dizmeter on
an axis of symmetry? Does a circle have ot er ~xes of symnie? oy
Are there 5 axes of symmetry? 1007 10”2 A1c there more than

any number you may name?
182
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5. Look at the ellipse in the
figure to the fight. It is a figure
you get if you slice off the tip of
" a cone but do not slice straight
across. Is B an axis of symmetry?
Are theéere others? How many axes c?
symmetry does an ellipse have? The
segment AB 1is called the major axis
of the ellipse. 'On another axis of symmetry is a minor axis of
the ellipse. Why do you think AB 1is called the major axis?
Where 1s the minor axis?

From these exercises.you have learned that many of the geo-
metric flgures you know are symmetrical with respect to a line.
Many ornamental desigr.s and decorations also have such symmetry.

Definition. A figure is symmetrical with respect to a line /ﬂ
' if for each point A on the figure, there is a
oint B on the figure for which [ s a bisector

AE and is perpendicular to AE.

|

1%

LN

Exercises Y-3

1. Draw a vectangle and draw its axes of symmetry. Label each
axis of symmetry{ How many 3 of symmetry does a rectangle
have?

2. Draw an equilateral triangle, and laktel each axis c{ symmetry.
How many axec of symmetry are there? h

3. Draw a square, and label each axis of symmetry. How many axes

of symmetry does a square have?

183
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Draw and label the axes of sywnetry, if there are any, for
each of the figures. How many axes of symmetry does each
figure have?

.
u

(c) (a)

(e) . (£)

(8) ' (h)

Fold a piece of paper down the middle and then cut designs

in it. Unfold. Is the design symmetrical with respect vo

the fold? 1Is the fold an axis of symmetry?

Fold a pilece of paper down the middle, and then fold it agaln
li wie middle, perpendicular to the first fold. Cut a design
in it and unfold. Where are the axes of symmetry?

We »_.- that a clrcle is symmetrical with respect to a point;
its center, and that an ellipse is symmetrical with respect a
point, its center (the point where its ma jor and minor axes
intersect). We also say that the figure below 1s symmetrical

[sec. 4-3]
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ra

with respect to the point 0. Describe in your own words what
you think 18 meant by symmetry with respect to a point,

[°)

Which of the figures in Problem 4 have symmetry with respect
to a point?

8. When an orange is cut through the center in such a way that
each section of the orange is cut in half, we may think oi
the surfaces made by the cut as symmetrical. ® Symmetry of
this kind l1s symmetry with respect to a plane. Name other
objects that are symmetrical with respect to a planef

L-4, Congruent Triangles

In Class Exercises 4-3, Problem 1, by paper folding and
cutting, you produced an isosceles triangle. The axis of symmetry
(the fold) divides the isosceles triangle into two right triangles
which have the same size and shape. When two figures have the
same size and shape we say that they are congruent. The two right
triangles are congruent triangles.

Can you think of other congruent figures? Are two circles

congruent, 1€ each has a radius of five inches? Are two line

segments having the same length congruent?
Since ar angle is a geometric figure, may we talk about two

congruent angles? Congruent figures'have the same size and shape.
Now if two angles have the same measure they have the same size,
and to say that two angles have the same slze means that they
have the same measure. Appearance telis us that two angles with

equal measures have the same shape.

180
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F——

<

Angles B and F, as shown, have equal measures. Ve may say
/B 1is congruent to /F, and we may write /B = /F, where the symbol
" 2 " stands for the phrase "is congruent to." TIs [F = /&?

" We know that two circles are congruent if they have the same
radius. Two squares are congruent if they both have the same
measure for their sides. Two 1line segments are congruent if they
both have the same length. Two angles are congruent if their
measures are the same,

Are two rectangles congruent if thelir bases are equal? No.
If their bases and heights are equal? Yes. You can see that the
rectangle requires two conditions for congruency.

Triangles are so basic in much of mathematics, science, and
engineering, that we ieed to know conditions under which triangles
are congruent. The situation here involves more conditions thaii
in the figures we have already discu.used.

o

m

A ' B b
If triangle DEF were traced on paper and the naper cut
along the sides of the triangle, the paper model would represent
a triangle and its interior. The paper model could be placed on
triangle ABC and thc two triangles would exactly fit. The two
triangles are congruent. If point D were placed on point A
with DF along AC, point F would fall on point C, and point
E would fall on point ®, In these two triangles there would

[sec. 4-4]
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be these pairs of congruent segments and congruent angles:

N

AR = DE /B Y /E Use your ruler and
~ — - protractor to check

CB = FE ‘ZP = [F these measures.

Ch 2 FD /AT /D

Recall that another way of expressing /B = /E is m(/B) = m(/E).
Our cholce of expression will depend upon ‘vhether we wish to
emphasize the angles as belng congruent figures or the measures
as being equal numbers. ‘

If two trlangles are congruent, then for each angle or side
of one triangle there 1s a congruent angle or side in the other
triangle.

In the Class Exercises, you will study with your teacher
conditions which will make two triangles congruent.

Class Exercises U-4

1. Construct a triangle which is congruent to triangle ABC.
A

B C
You might start this construction by constructing a segment
B!C!' congruent to BC.

—1 1

L . T
_ B _ C
Next you might think of constructing an angle congruent to

either /B ‘or' /C. Suppose you choose /B.
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The figure shows the construction of ray B'K 80 that
/B' = /B.

As a next step two possibilities might be considered:

——p —
(1) Mark A' on B'K or (2) construct ray C'L
80 that so that
B'A' X BA ' w. /B'C'L¥ /C

L A"

Bl ) Cl
Draw A'C! :  Mark A",
You now have a triangle A'B!'C! and a triangle A"B!C!.
In both c.. es only three parts of triangle ABC have been

copied,

Is triangle A'B'C' ¥ ABC? 1Is triangle A"B'C' ¥ ABC? In
order to obtain the answers to these questions you must measure
the parts of triangle A'B'C' and of triangle A"B'C' to see if
these triangles are congruent to ABC,

If your constructions and mcasurements are correct you will
find that

AABC ¥ AA'BIC! and AABC ¥ AA“BiC!.

In (1) by copying two sides and the included angle of tri-
angle ABC, you have been able to construct a triangle congruent to
triangle ABC. 1In (2) by copying two angles and the includea side,
you have been able to construct a triangle congruent to triangle
ABC.

In (1) we refer to the included angle and in (2) to the
included side. Do you see why the word "included" is convenient?
In the first case the sides are part of the angle and in the secoﬁd
case the side is part of two angles.

While one construction is not sufficient evidence on which
to base a conclusion, your experience with that of your teacher

[sec, u4-4]
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and your ciassmates should convince you of the following propeﬁfies
of two congruent trilangles.

Two triangles are congruent if two sldes and the included
angle of one triangle are congruent respectively to two sides
and the included angle of the other triangle. We will refer to
this property as Property S.A.S. (Side, Angle, Side).

Two triangles are congruent 1f ﬁwo angles and the included
side of one triangle are congruent respectively to two angles
and the included side of the other triangle. We will refer to
this property as Property A.S.A. (Angle, Side, Angle).

You are asked to accept these two propertlies and a third
one to be developed in Problem 2, on the basis of experiment.
As you continue you will use these three propertlies as a means
of showing other propertles.

2. Construct a trilangle using AB, BC, and CA as sides. Your
work should look like this figure:

- ~
|

You will recall that this !s the constructlion of Problem 2,

Exercises 4-2D.
Is your triangle the same size and shape as triangle AEBC?
Use protractor or compass and ruier to check.

Two trianglies are congruent if the three sides of one trilangle
are congruent respectively to the three sides of the other triangle.
We will refer to thls . Property S.S.3. (Side, Side, S*ie)

Notlce that the congruence sets up a one-to-one correspondence
petween palrs of sides of two congruent triangles, because we can
let qongruenﬁ sides correspond to each other. That 1s, suppose
we call a, b, and c¢ the sides of one triangle and r, s, and

18y
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t the sides of a triangle congruent to it and suppose sgides a
and r, b and 8, ¢ and t are congruent. Then we may call
a and r corresponding sides, b and s corresponding sides,

id ¢ and t corresponding sides. For this one-to-one corre-
..spondence it is true that if two triangles are congruent then their
corresponding Sildes are congruent. We could set up the same kind
of correspondence for angles and have: ir two triangles are con-
gruent the then thely corresponding angles are congruent. The converse
of the first of these two statements is a true statement, but the
converse of the second is not a true statement. You will recall
that the converse of the first statement is, 1f the corresponding
sides of two triangles are congruent, the two triangles are con-
gruent. (Property S.S.S.) See Problem 2 below.

Exercises 4-u4

Use triangle ABC in Problems 1 and 2.

1. (a) Construct a terngle HJK such that H

and HK = AC

(b) Construct a triangle HJK such that [HZ /A, /K2,
and HK = AC.

(¢) Construct a triangle HJK such that ER & AC, HT =
and /H = /A.

(d) were the triangles you constructed r. (a), (b) and (c)
congruent to A ABC? Why?

II.?

&l
=
e
&l
8

'§

2. Construet a triangle HJK, which has /J ¥ /B, /H % /A, and
/X = /C, but in which no side 1s congruent to a side of
triangle ABC.

[sec. 4-4]
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Hint: Choose a segment JH which 1s not congruent
to any of the sldes of trlangle ABC. Construct

/J and /H.

(a) Why do we not nced to construct /K?

(b) Are triangles ABRC and HJK congruent?

(¢c) Why do we not state a congruent triangles property like
those 1n thls section, which we could refer to as
Property A.A.A. (Angle, Angle, Angle)?

- In Problems 3 through 8, there are pairs of triangles.
Cangruent sides are indicated by the number of strokes on corre-
syonding sides of two triangles, and congruent angles by the
number of arcs in corresponding angles. The 2 trilangles in a
palr may appear to be cpngruent when they are not.

Use properties S.3.S., S.A.S., or A.S.A. to decide which
pairs are congruent and which are not., Identlfy the property You
use 1n showing the triangles to be congruent 1f they are,

1914
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Problems 9 through 17 refer to parts of triangles ARC and
PQR. Use Properties S.5.8., S.A.S.,, or A.S.A. to decide which
pairs are congruent and which are not.

9. MT /P, [BY/f, BBYR

l0. FB X PG, AC ¥ PR, BC * @

11. [AE/BELTRE/QY)R

2. [ = /R, /BT /q, AB X g

13. A= /p, /BT /o, BC YR

14, AB =7, Pa =7, m(/A) = 2C, m(/P) = 28, CA = 10, RP = 10
15. AF =3, BC =4, CA =5, Qf = 4, Py = 3, RP = 5

16. Y /P, BT /Q, BB R

17. .C ¥ BC, PQ ¥ R, /P is not congruent to Q.

JE  _. .wo triangles in the same blane are drawn on opposite

$ldes of a line and are symmetrical with respect to the liné;
how can one triangle be superimposed on the other?

. RAINBUSTER. A triangle has 3 angles and 3 sides. "We have
seen that two triangles are congruent LY Property S.3.8.,
Property S.A.S., or Property A.S.A. 1In Problem 2 we saw
that two triangles need not-necessarily be congruent if the
3 pairs of angles (one from each triangle in a pair) are
congruent. Therefore we can not say that if 3 of the 6 parts
(angles and sides) of one triangle are congruent to 3 of the
6 parts of another triangle, the triangles are congruent,

In Problems 1 and 2 we have considered four cases. There are
two cases. remaining. What are they? Construct several tri-
angles to show whether in these cases, two triangles are
necessarily congruent.

192
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4.5, ﬂEhowing Two Triangles To Be Congruent

If we wish to know whether two triangles are congruent, we
could measure each side and each angle. Thils would require 12
measurements, 6 for each triangle. One way we could cut down on
the amount of work would be to measure only two angles in each
triangle. Since the sumn of the measures of the angles of a
triangle 1is 180 we could determine the third anglé in each triangle
without measurement. This wouid leave only 10 measurements 1f we
were trylng to see if two trilangles are congruent. Of'course we
could also test {or congruence by "cutting and fitting," but this
1s also time-consuming and often inconvenient.

We can shorten our use of measurement 1f we make use of one
of the three properties of congruent triangles. For example if
we find two pairs of sides (-ne from each triangle . in a pair) in
two triangles are congruenﬁ, we would then measure the included
angle 1n each triangle. If the included angles are found to be
congruent, then we need take no further measurements, Property
S.A.S. tells us that the two triangles are congruent..

In the figure, AB = AC. A
Hence; the triangle 1s isosceles.

/DAB & /DAC. Hence, AD bisects

/BAC. 1Is D the midpoint of BC?

It looks as 1f 1t might be.. We

. could make measurements which

would answer thils question 1if we

allow for the approximate nature /
of measurement. Would the bisector B D c

of the angle determined by the congruent sides of any isosceles
triangle always intersect the opposite side 1n the midpoint of
that side? '

We can find an answer to the question if we make use of one
of our congruent triangles properties. Consider A DAB and A DAC.

193
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AB £ AC by construction
~/DAB /DAC AD 1s on the bisector of /BAC
B - AD 1is in both triangles

By Property S.A.S., ADAB = ADAC, since 2 sides and the
included angle of A DAB are congruent to the corresponding sides

and corresponding angle of A DAC.

BD = IC since they are corresponding sides of congruent
triangles. Therefore, D 1s the midpoint of B fﬁ If Property S.A.S.
1s true, we now can be sure that:

The blsector of the angle determined by the congrdent sides

et

of that side.

nxeroises 4_5q

1. In the figure the construction of the bisector of ZABC is
shown. Two segments, AD and CD are drawn.

(a) ‘What parts of triangle ABD are congruent to correspond-
ing parts of triangle CBD by construction?

(b) Is triangle ABD congruent to triangle CBD? Why?

(¢) Is /ABD conzruent to /CBD? Why?

194
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- 2. In the figures shown here the construction of ZﬁJK makes
ZHJK = /EFG. Segments EF dnd HK are drawn.

v

.F : - lGAA:

(a) What parts of triangle EFG are congruent to correspond-
e ing -parts of triangle HJK by construction?
(b) Is triangle EFG congruent to triangle HJK? Why?
(¢) Is /J congruent to /F? Why? A
3. Use your protractor to find
the measures in degrees of the
3 angles 1in each triangle.

(a) Are there some pairs.of
congruent angles? If so,
list them.

(b) Jvould we say that the
triangles are congruent?
Why?

(¢c) Suppose that triangle DEF
were constructed with

/A% /D and /B ¥ /E, and
with ED the same length

as AB. What would be true
about the two triangles? Why? E F

L, Mpr. Thompson wishes to measure the distance betwesn two posts
on edges of his property. A grove of trees between the two
posts (X and Y) makes it impossible to measure the distance
XY directly. He locates point Z such that he can lay
out a line from X to 2 and continue 1t as far as needed.

[sec. U4-5]
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Point Z 1is also in a position such that Mr. Thompson can
lay out a line %2 and con-
tinue it as far as needed.
 Mr. Thompson knows that
/1 = /2 since they are
vertical angles, He extends
¥Z so that QZ ¥ YZ, and
XZ so that XZ X R/Z.
(a) Are triangles XYZ
| and QZR congruent?
Why?
(b) How can Mr. Thompson
determine the length
of XY?

5. (a) 1In the figure below are the shaded triangles congruent?
(b) Which properties do you use to test the congrucney of
these triangles? ‘

We will make use of this figure again when we study similar
triangles.

196
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6. Line jl and line jz are parallel 1lines cut by a transversal t.

t

(a) What do you know about angles 1 and 2?
(b) Are angles 2 and 3 congruent? Why?
(¢c) Show that /1 = /3.
7. 1In the parallelogram, ABCD, the diagonals AC and BD
intersect at E. '

197
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(e)
(r)

(g)
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Is angle 1 (in AABE) congruent to angle 2?

What kind of angles are /2 and /37 Are they
congruent? :

How does the size of /1 compare with the size of /3?
Show that /6 = /7 and /5 & /4.

When two ﬁriangles have three pairs of congruent
angles, sre the triangles always congruent? If not,
what else is needed?

Is any side of A ABE congruent to the corresponding
side of A CDE?

Show that the diagonals of a parallelogram bisect
each other. '

). If two angles of a triangle are congruent, the sides oppdsite
them are congruent. Use a property of congruent triangles
to show that this statement is true.

Hint: A triangle can be congruent to itself.
Show ABC = BAC, where /A ¥ /B,
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Erecting g,perpgndicular from a point on a line

Follow the four steps in the con-
struction as 1llustrated in the figures,
and construct a perpendicular from a

\pqiqp on a line. Measure the angles in
the figure you construct to see if the
.1ine you have constructed appears to be
a perpendicular.

If the segments GJ and. HJ are
drawn, two triang;ss GPJ and HPJ
are formed.

'\

— o, ' 7
GP = HP by construction. 0
GJ = I by construction.
PJ = BT a common side to . \
both triangles. 5 >
A GPJ ¥ AHPJ Property S.S.S.
/GPJ = /HPJ  corresponding

angles of two
congruent triangles.
If a protractor 1s laid along fﬁ
with the vertex mark at P and 0° mark
on PH, then the 180° mark will be on
the ray PG. This means that the sum -—
of the measures of the angles at P is
180 and, since these measures are equal,
each must be 90. Hence, angles JPG
and JPH are right angles.

You have now seen how to construct . ><
the perpendicular to a line at a point .
oh the 1ine, and you have seen why the 5 { \ o
construction "works." \ p r
199
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Exercises L_5p

fe

1. Draw a segmenﬁ about 4 inches in length, and then construct
perpendicﬂlars to the segment at each endpoint.
Hint: Extend the line segment when necessary.

2. Construct a perpendicular to a 1ine from a point not on the
line.
Hint: Follow the steps in the constructions given on
the preceding page. '

3. Your construction in Problem 2 . P
will look 1like the figure at the 2
right. Label the intersection
of the 2 ares Q and the inter-
section of PQ~ and A8 as c. -«— >

(a)  Why is triangle APQ con- A
gruent to triangle BPQ?
(b) Why are angles 1 and 2
congruent? K g
(¢) What other pairs of angles are congruent?

y, Using congruent triangles in the figure in Problem 3 show
that PQ 1s perp:ndicular to AB.
Hint: Use Property S.A.S. to show triangle ACP 1is

congruent to triangle BCP. Use a protractor to find

the sum of the measures of /ACP and /BCP.

5. The construction of the perpen-
dicular bisector of segment CD
is shown. Usually the same radius
is used for the four arecs. However,
it 1s only necessary for the two
arcs that intersect on one side
of the segment to have equal
radil, Thus, the arcs drawn from
C and D that intersect at E
‘have equal radii, and the two arcs

200
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drawn from € and D that intersect at F have equal radii.
In the figure, CE 1s not congruent to CF. By applying some
of the properties about congruent triangles, show why EF
bisects CD and is perpendicular to CD.

6. (a) How many pairs of congrueit triangles are there in the
figure for Problem 57 1IList them by pairs.
(b) " Iist the palrs of corresponding sides for each pair of
congruent triangles.
(c) Iist the palrs of corresponding angles for each pair of
congruent trlangles.

7. (a) Draw a triangle. Then erect perpendiculars from each
vertex to the opposite side. Extend the perpendiculars
until they intersect. (It may be necessary to extend
a side of the -triangle so that the perpendicular will
meet this side.)

(b) Wwnhat do you notice in this figure?

8. In what ways are the»constr@?ﬁions for bilsecting a 1line
segment (Section 4-2) and constructing the perpendicular to
a line segment alike, and in what way are they different?

4-6. The Right Triangle

angles. In the followlng set of triangles each has an angle
whose measure in degrees is 90. Trilangles having this property

are called right triangles.

m (/a) is 90. m (/ b) 1s 90. m (/ ¢) is 90.

201
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1ne anclent Egyptians are said to have used a partlcular
.right triangle to make corners "square." This triangle has
"sides 3 units long, 4 units long, and 5 units long. When such
a triangle is made of tautly stretched rope, the angle between
the two shorter sides is a right angle.

While the Egyptians are thought to have made use of this
fact, it was left to the Greeks to prove the relationship involved.
The Greek”ppilosopher and mathematician, Pythagoras, who lived
about 500 B,C. became interested
in the problem. Pythagoras is

eredited with the proof of the
basic property which we will _ }IUM?
study in this sectinn; this

property is still known by his
name, the Pythagorean Property.

It 1s thought that Pythagoras looked at a mosaic like the
one pictured in Figure 4-6A. He noticed that there are many tri-
angles of different sizes that can be found in the mosalc. But
he noticed more than this. If each side of any triangle is used
as one side of a square, the sum of the areas of the two smaller
squares 1s the same as the area of the large> square. 1In
Figure 4-6B, two triangles of different size are inked in and the
squares drawn on the sides of the triangles shaded.

SRS
T L AATS

Figure U4-6A 209 Figure U4-6B
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Count the number of the smallest triangles in each square., For
each triangle that is inked in, how does the number of small
triangles in the two smaller squares compare with the number in
the larger square? If you draw a mosal¢ like this, you will
find that this 1s true not only for the two triangles given here
but for even larger triangles in this mosalc.

Pythagoras probably noticed the same relation in the 3-U-5
triangle that the Egyptians had used for so long to make a right
angle. The small squares are each 1l square unit in size. In the

three squares there are 9, 16 and 25 small squares. Notice that
9 + 16 = 25. Pythagoras was able to prove that in any right
triangle, the area of the square on the hypotenuse (longest side)
1s equal to the sum of the areas of the squares on the other two
sides. .This 1s the Pythagorean Theorem or, as we shall call 1it,
the Pythagorean Property. )

So far this has been shown only for two very special right
triangles. It 1is true for all right triangles. Some of you
may try to prove it for yourselves by studying Section L4-T.

Exercises U4-6a

l. Using your stralghtedge and protractor draw the following:
(a) 30-60 triangle -
(b) 45-45 triangle
(e) 70-20 triangle

203
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2. S8how for each set that the square of the first numbep in
equal to the sum of the squares of the other two numbers,
(a) 5, 4, 3 (o) 25, 7, 24
(v) 13, 5, 12 (a) 20, 16, 12

3. Make a drawing of the triangles with the sides of length
given in part (a) of Problem 2. Use your protractor to
show that this triangle is a right triangle. "

}, Draw right triangles, the lengths of whose shorter sldes
(in centimeters) are:
(a) 1 ana 2 (b) 4 and 5 (e) 2 ana 3.
Measure, to the nearest one-tuath of a centimeter 1f possible,
the lengths of the hypotenuser of these triangles,

5. Use the Pythagorean Property to find the area of the square
on the hypotenuse for each triangle in Problem 4,

In the last set of exercises, you worked with sides of right
triangles and squares bullt on the sides of right triangles. In
Problem 4 you measured the length of the hypotenuse. The hypotenuse
i1s the side opposite the right angle. It is not very useful to
know the area of these squares, but many uses can be made of the
Pythagorean Property if we can use it to find the length of the
third side when we know the length of two sides. In mathematical
language the Pythagorean Property is ca = aa + ba where ¢
stands for the measure of the hypotenuse and a and b gtand for
the measures of the other two sides. The measures of any two sides
can be substituted in the number sentence above, and from this the
third value can be found. We can use a faniliar triangle to show
this. If the two short sides are 3 unitz and & units, what is

the square of the hypotenuse?

c2 = aa + ba

c2 = 32 + 42

ca =9 + 16

02 = 25, o
201
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- Since .c2 is equal to 25, we will know c¢ if we can find
a number whose product is 25 when 1t 1s multiplied by itself. .
Of course, 5 X 5 = 25, SO0 ¢ = 5; 5 1is the positive square root
of 25. If a number is the product of two equal factors, then €ach
factor 1s a square root of the number. The symbol for the positive
square root is: vf—;. The numeral i1s placed under the sign;

for example, V25 = 5,

vmat is ¥9? V162 V362 V30 ? The first three
are easy to understand since 3 X 3 =9, 4 x 4 = 16, and _
6 x 6 = 36, but there 1s no integer that can be multiplied by
itself to give the product 30. In fact, there is no rational
number whose squafe is 30!
Can you find a number multiplied by itéelf that will give
a product close to 30? Yes, 5 x'5 = 25 which 1s close to 30.

what 1s 6 x 6 or 62 This tells us that /30 1is gféatef”than
5 but less than 6. We might try to get a closer approximation

by squaring 5.1, 5.2, 5.3, 5.4 and .5.5. Now (5.4)2 = 29.16

and (5.5)2 is eq@al to 30.25. Because 30.25 is closer.t0~30
than 29.16 we might assume that +/30 is nearer 5.5 than 5.4.
However we would.need to square 5.45 to get 29.7025 before we
can say that /30 1s 5.5 to the nearest tenth. '

You may want to estimate the square roots of some numbers
this way or use the table at the end of this sezcion.

Note that in the table at the end of this section, ~/§6 is
5.477 to the nearest thousandth. Rounded to tenths this would
be 5.5. You can see how close your estimate 1s to the number in
the table.

The table gives the decimal value (to the nearest thousandth)
that 1s closest to the square root of integers from 1 to 100. You
can also use the table to find the square root of all counting
numbers up to 10,000 thdt have rational square roots.
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Exercises 4-6b

When approximate values are used in these problems, use the

symbol, ® , in the work and answer.

1.

2.

Use the table to find the approximate value of:

(a) V5 " (e) V13 - (e) J676
(b) Y41 (@) o2 (£) /5625

Use the Pythagorean Property to find the length of the hypot-
enuse for each of these triangles.
(a) Length of is 1", length of b is 2"
(b) Length of is 41, length of b 1is 5!
(¢) Length of is 2", length of b 1s 3"
(d) Length of is 5 yd.and the length of b 1is 6 yd.
(e) Length of is 3 ft.and the length of b 1is 9 ft.
(f) Length of

P P P P P P

Sometimes the hypotenuse and one of the shorter sides 1s known.

How can you find the 1length of the other side? As an example,

use this problem. The_hypotenuse of a right triangle is 13 ft.

and one side is 5 ft. Find the length of the third side.

c2 = a2 + b2
132 = 52 4 p?
132 + —(52) = b° (addition property
_ o of equality)
169 + ~(25) = b
144 = b ,
| VIEE = /b2
C— 12 =b

The third side is 12 feet long. Find the third slde of these
right triangles. The measurements are in feet.

(2) e=15b=09
(b) ¢ =126, a =24 S
(¢) ¢=39, b=15 -
4
A telephone pole is steadied by _
guy wires as shown. _Each_wire is 5"
to be fastened 15 ft. above the

_—;_?
[sec. 4-6]
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ground and anchored 8 ft. from the base of the pole. How
much wire 1s needed to stretch one wire from the ground to the
point on .the pole at which the wire 1s fastened?

5. A roof on a house 1s bullt as
shown. How long should each
rafter be 1f it éxtends 18
inches over the wall of the

house?

6. A hotel builds an addition
across the street from the
original building. A pas-

- sageway 1s bullt between the
two parts at the third-floor
level. The beams that sup-
port this passage are 48 ft.
above the street. A crane
operator 1s 1ifting these
beams into place with a crane
arm that 1s 50 ft. long. How far down the street from a
point directly under the beam should the crane cab be?

7. A garden gate is 4 ft. wide and 4 p-
5 ft. high. How long should the .. .
brace that extends from C to D S
be? c

8. Two streets meet at the angle

shown. The streets are 42 : ' \ . '
ft. wide. Lines for a cross-

walk are palnted so that the ‘ a7l

walk runs 1in the same direc-

tion as the street. If it is k4o :

4o ft. from one end of the
cross-walk to the point that 1s on the perpendicular from
the other end point of the walk, how lopg 1s the cross-walk?

207
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'How long 1is the throw from home plate to 2nd base in a soft-

ball game? The bases are 60 ft. apart, and a softball diamond
1s square in shape. Give your answer to the nearest whole foot.

Draw a square whose sides are of length 1 unit. What is the
length of the diagonal? Check by measurement. Now draw a
right triangle with the sides 1 unit long. Wnat 1s the "length
of the hypotenuse? '

Now draw a right triangle of sides "square root of 2" and 1
units in length as shown in the figure. In the figure the

~ measure of the length of AB is the square root of 2. What is

the length of the hypotenuse of ‘this new triangle?
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[sec. 4-6]



200

TABLE
SQUARES AND SQUARE ROOTS OF NUMBERS -

Square _ Square
Number Squares roots Number- - Squares - roots
1 1 1.000 36 1,296 6.000
2 4 1.414 37 1,369 6.083
3 9 1.732 38 1,440 6.16MN
I 16 2.000 39 . 1,521 6.245
5 25 2.236 40 1,600 6.325
6 36 2.4h9 431 1,681 6.403
7 49 2.646 4o 1,764 6.481
8 64 2 828 L3 1,849, 6 557
9 81 3.000 bl 1,936 6.633
10 100 3.162 45 2,025 6.708
11 121 3.317 46 2,116 6.782
12 144 3.464 47 2,209 6.856
13 .169 3.606 L8 2,304 6.928
14 196 3.7%2 49 2,401 7.000
15 225 3.873 50 2,500 7.071
16 256 4. 000 51 2,601 7.141
17 289 b, 123 52 2,704 7.211 .
18 324 4,243 53 2,809 7.280
19 361 L,.359 54 2,916 7.348
20 400 4. 472 55 3,025 7.416
21 4hy] 4 583 56 © 3,136 7.483
22 484 4.690 57 3,249 7.550
23 529 4,796 58 ‘ 3,364 7.616
24 576 4 899 59 3,481 7.681
. 25 625 5.000 60 3,600 T.746
26 676 5.099 61 3,721 7.810
27 . 729 5.196 62 3,844 7.874
. 28 784 5.292 63 3,969 7.937
29 841 5.385 64 I, 096 8.000
30 900 5.477 65 4,225 8.062
31 961 5.568 66 4,356 8.124
32 1,024 5.657 67 L 489 8.185
33 1,089 5.745 68 4, 624 8.246
34 1,156 5.831 69 4,761 8.307
35 1,225 5.916 70 4,900 8.367
209
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Square
Number . Squares roots
71 5,0U1 8.126
72 5,184 8.485
73 5,329 8.54k
T 5,476 8.602
75 5,625 8.660
76 5,776 8.718
77 5,929 8.775
78 6,084 8.832
79 6,241 8.888
80 6,%00 8.gu4l
81 6,561 9.000
82 6,724 9.055
83 6,889 9.110
84 7,056 9.165
85 7,225 9.220
86 7,396 9.27Lk
87 7,569 9.327
88 T, 744 9.381
89 7,921 9.434
90 8,100 9.487
.91 18,281 © 9.539
92 8,464 9.592
93 8,649 9.641
ol 8,836 9.695
95 9,025 9.747
96 9,216 9.798 °
a7 9,409 9.849
98 9,604 9.899
99 ‘ 9,801 1 9.950 | ma.
100 10,000 © 10.000
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4-7. *One Proof of the Pythagorean Property

There are many proofs of this property. The one used here 1is

not the one used by Pythagoras. You should actually draw and cut
the squares called for in the explanation.

Draw two squares the same size. Separate the first squaré into

two squares and two rectangles as shcwn here:
a b

Figure u4-7A

Let the measure of each side of the larger square in Figure y_7a
be a and the measure of each side of the small square be b.

Notice the areas of the small squares and rectangles.

One square has an area of measure a2.

The other square .has an area of measure b2.
Each rectangle has an area of measure ab.

Since the area of Figure 4-7A is equal to the sum of the areas of

all of its parts, the measure of the area of Flgure 478 1s

a® + 2(ab) + b2,

Class Exercises 4-7

1. Let a=14 and b =3. Show that (a + b)2 = a2 + 2ab + b2

for these numbers.

211
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t a=2 and b =6 and ¢heck the same relationship.

Now turn to the second square. Use the same numbers, a and
b, that were used in the first square. '

a P b
b a
S
a
b
b R a
Flgure 4-7B

Mark the lengths off as shown here and draw the segments TFQ,
QR, RS and SP. The large square 1s separated into 4 triangles
and a quadrilateral that appears to be a square.

The measure of each triangular area 1is % ab. There are four
congruent triangles. The sum of the measures ol the areas of
~all four triangles is 4(%-ab) or 2 ab '

If you look back to Figure 4-7A you will see that 2ab 1is

the measure of the area of the two rectangles. Cut the two
rectangles from the first square. Cut along the diagonal of
each rectangle. See if the four triangles you cut are con-
gruent with those in the second square. See 1f you can follow.
these steps. '

—a° : 2
Asquare =a” + 2ab + b~ (from Figure 4-7A)

1
Asquare 4(5 ab) + Apors (from Figure 4-7B)

It

2ab + APQRS

212
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' 2 |, o 2
Therefore a” + 2ab + b~ = 2ab + APQRS Wny?

a~+p Apgrs (addition property of
equality.)

This shows that PQRS has an area whose measure 1is a® + b

but _a2 i1s the measure of the area of one small square in the first
figure and v 1s the measure of the area of the other square.

From this the area of the figure in the center of the second square
i1s equal to the sum of the areas of the two small squares.

Place the square wnose area measure is a2 along the side of
length a of one triangle in the second square. Place the square
whose area measure 1is b2 along the side of length b of the same
triangle. The areas of the squares on the tmg,éides of fhe triangle
. are equal to the area of the figure in the center of Figure 4-7B.
All we need to do now is to prove that this figure is a square!

What are the properties of a sqﬁare?

2 units,

1. The four sides are congruent,
2. Each angle is 90° in meagurement.

If we can prove these two conditions for the quadrilateral in

Figure U4-7B, the Pythagorean Property has been proved, L
As -has been stated, the four triangles are congruent since for

each péir two corresponding sides and the angles determined bfﬂ

these sides are congruent, As a result, PQ = QR = RS = SQ because

they are measures of éorresponding segments of congruent triangles.

So far we have shown that the squares in Figure 4-7A are congru-
ent to the squares on the short sides of any one of the trianglés in
Figure 4-7B. We have also shown that the sum of the areas of these
8squares 1s equal to the area of PQRS, and that PQRS has four con-
gruent sides. Let us prove that the angles are right ahgles.

213
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.l a b
(1) In A BsT, m(/ 1) +m(/ 2) = 90 Why?
(2) m(/ 1) =m(/#) o Why?
(3) Therefore m(/ 4) + m(/2) =90 Why?
() and m(/ 2) + m(/3) +m(/ %) =180 ‘why?
(5) m(/ 3) '+ 90 = 180 Wny?
(6) and m(/ 3) - 90 - ' Why ?

We can go through the same type of reasoning to show that
angles 5, 6 and 7 are also right angles.

PQRS has been proved to be a square and 1ts area has also
been ‘proved equal to the sum of the areas of the squares on the -
other two sides.
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4_8. Quadrilaterals

Symmetry and congruence can be found in some quadrilaterals
or parts of quadrilaterals. It 1s also posslble to find applica-
tions of the Pythagorean Property in quadrilaterals. This section
has problems based on quadrilaterals that make use of these three
ideas. In the Exercises it will be oi assistance to keep.in mind
that:

A trapezold has only one palr of parallel sides.

A parallelogram has two palrs of parallel sides.

A parallelogram which has four right angles is a
rectangle.

A rectangle with four congruent sides 1s a square.
]

Exercises 4-8

1. 'K figure 1s symmetrical with respect to a line if 1t has that
line as an axis of symmetry. Which of these figures are
always symmetrical with respect to a 1line?

(a) Trapezoid
(b) Parallelogram

(¢) Rectangle

(a) Square

2. How many axes of symmetry are there 1n:
(a) A rectangle?
~—(b) A square?

3. Is 1s possible to draw a trapezoild that 1s symmetrical with

. respect to a 1ine? If so, draw one.

4, 1Is it possible to draw a parallelogram that is symmetrical
. Wlth respect to a 1line? If so, draw one.

5. One dlagonal of a quadrilateral separates the figure into
two triangles. -
(a) What 1s the sum of the measures of the angles of a
quadrilateral?
| 210
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(b) Name the quadrilaterals that are s=parated into congruent
triangles by a diagonal.

' Rectangle ABCD has a diagonal D C
that 1s 82 inches in length.
The width is 18 inches. What g2 W 18]in.
is the length? A B

The dlagonals of this parallelogram are perpendicular and the
slides are equal in measure. The shorter diagonal is 14 feet
in length and the longer one is 48 feet. How long 1is each
side? (Hint: The diagonals of a parallelogram bisect each

other.)
A B

D C

-Two diagonals have been drawn in each of the following figures.

For each figure, A, B, C, D, E, and F, answer all questions.

Answer questions (a) and (b) for one figure before you answer

any questions for the next figure.
D

WAVAYA

‘ B
-Quadrilateral Parallelogram Parallelogram with
, all sides congruent
Figure A Figure B Figure C
D C D c D c

5 N\

Trapezoid Rectangle Square
-Figure D Figure E - Figure F

[see. %-8]
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(a) How many triangles are there in the figure?

(b) Do any pairs of triangles appear to be congruent? If so,
name the triangles in pairs.

(e) 1If you found triangles ABC and triangles CDA congruent,
in one or more figures, choose one figure and show why
they are congruent. Use the properties, S.S.S., S.A.S.,
or A.S.A. to show this. If you found triangles ABO
and CDO congruent do the same for these triangles. If
you found both sets congruent 1n some flgure, choose .
which pair you wish to show congruent.

L.g, Solids

' You have been drawing figures which are contained within a
plane. You are now to practice drawing on the surface of your
paper plctures of figures in space. You have found that it is
easy to draw a‘plane figure on the surface of your paper or on
the chalkboard. You will find that 1t 1s not so easy to draw
plctures of solids on papér or on the chalkboard. This 1s because
you must draw the figure on a surface in such a way that it will
appear to have depth. In other words, you want to make a drawing
on your paper have the appearance of a box. This requires the

use of projection which you have possibly studled 1in art.

I. Right Prisms
(1) Rectangular Right Prisms. A good example of a rectan-
" gular prism 1s a cereal box. One way to draw a box

1s as follows:
(a) Draw a rectangle such as ABCD in the figure
below.
(b) Now draw a second rectangle RSTV 1in a position
similar to. the one in the figure. You may wilsh
to use dotted 1line segments 1n parts of this flgure.
(c) Draw AR, BS, DV, and CT.

217
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When you look at a solid you cannot See all of the edges, or
faces, unless the solid is transparent . For this reason we rep-
resent the edges, which are not visible, by dotted line segments.
This also helps to gilve the proper perspective to the drawing.

If you wish, the dotted line segments do not have to be drawn,

(2) Triangular Right Prisms. Now that you have drawn a
rectangular prism, a triangular prism will be easy.

(a) Draw any triangle ABC.

(b) At points A and C draw lines of equal measure
perpendicular to. AC. ILabel the end points o
these perpendiculars as R and T. '

(¢c) Draw BS parallel to AR and of equal measure
with AR. ,

(d) Draw ‘RS and 5T. Then TR may be drawn with a

- dotted 1ine.

(e) Compare your figure with the one below.
A C

[sec. U4-g]
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iI.

(f) How many faces does this solid have?
(g) In what way are the faces different?

(3) Hexagonal Right Prisms
(a) Draw a hexagon, similar to ABCDEF of the figure
below. This 1s not intended to be a regular '
hexagon. In order to get the proper. perspective .
it may be necessary to draw some sides longer
than other sides. This is the way a hexagon
would appear 1f looked at from an anglé;
(b) Draw at A and F perpendiculars to AF
having equal measures., Label the end points
. R and S.
(¢) Draw BT and EV parallel to AR and of equal
measure with AR. If you wish, you may draw
dotted 1lines to represent the edges which are not

visible.
c D
B E
A ' F
T \
R S

(d) How many faces does this solid have?
(e) 1In what way are the faces different?

/ Pyramids

Perhaps this 1s the first time you have heard of the
set of solids, called pyramids, in a mathematics text. You
have probably heard of the famous Pyramids of Egypt. A
pyramid has one base, which 1s a region formed by a polygon,

[sec. 4-9]
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and triangular faces which are made by Jjoining the vertices

of the polygon to a point which is not in the plane of the

polygon. A more accurate description of pyramids will come
in a later chapter. Let us draw one.

(a) In this drawing let the base represent a square with a
vertex at the bottom of the drawing. Here_again{wyou
must be careful to get the proper perspective.

(b) First, draw only two sides of the square, such as AB
and BC, as shown in the figure below.

(c) Now select a point P, directly above.point B, and
draw PA, PB and PC.

(d) AED, CD and PD may now be drawn as dotted line seg-
ments intersecting at D, with AD parallel to BC
and CD parallel to AB.

(e) How many faces does this pyramid have?

III. Intersecting Planes
There are ‘times when it is useful to represent, on a
surface, the intersection of two or more planes. An example
is the intersection of a wall and the floor of your room.
Another example is seen when you open your book and hold up
2 page or so. Drawing such a representation is not too
difficult, and it becomes easier with practice. Took at
the figure below and follow the instructions in drawing a
figure of your own.

. 220
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(a) Draw a parallelogram - ABCD. o

(b) Select a point R on AD and draw RV - parallel to AB.

(¢) Draw a pPerpendicular VI to BC and a pPerpendicular
RS to AD so that VI and RS have equal measure.
Now draw TS. L

(d) What kind of a figure 1s RSTV? _
(e) It is not necessary that VT and RS be perpendicular
as described above. It is'desirable, however, that

RSTV be a parallelogram. '

Iv. Line'fhﬁersecting §'P1ané
This type of dréwing 1s also useful at times. It 1s
11lustrated below. , '
(a) Draw a parallelogram such as ABCD.
(b) Select a point R on the surface of ABCD.

[see. 4-9]°
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(c) Now draw a line through R so that it appears to pass
through the surface of ABCD. This will require some
- practice. . , _
(d) You will have a better plcture if the line through R
1s not parallel to a side of the parallelogram,

Exercises 4-9

Draw a rectangular prism so that it will appear to be tall and
Slender,

.Draw a triangular prism so that the triangular faces will

appear to be right triangles.
Draw a pentagonal prism.

Draw a rectangular prism so that it will“aPpear to be short
and fat.

'Draw a pyramid with the base a quadrilateral which does not

appear to be a square, a rectangle or a parallelogram,
Draw a pyramid with a triangular base.

Consider a rectangular prism.
(a) On which pairs of faces are there congruent rectangles?
*(b) Describe the positions of 3 planes of symmetry of 2
rectangular prism. Think of a chalk box and 3 different
planes each of which would divide the box into two parts
which are congruent to each other. Also see Problem 8
of Section 4-3,

Consider a triangular prism of which one face 1s an equilateral

triangle,

(a) _Describe the congruent triangles or rectangles.

. *(b) 'Describe four planes of symmetry.

Answer the questions in Problem 8 if the triangular faces of
a trilangular prism are scalene triangles.

222
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.10. Are there any congruent triangles or polygons on the faces
of a pyramid with a square base? :

11. Draw a plcture of a book shoﬁing two pages at different angles.
12. Draw a pilcture of a flat target with an arrow through 1t.

[\
(A%
(V¥
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Chapter 5
RELATIVE ERROR

5-1. Greatest Possible Error

The process of measurement plays such an important part in
contemporary life that everyone should have a clear understanding
of its nature. A substantial part of the arithmetic taught in the
elementary school relates to measurement. Most of the early work
in measurement is designed to familiarize you with common units
of measurement and their use, and with the ratios between theirn
measures. .

The basic concept to be developed in this chapter is that the
process of measurement of a single thing yields a number which
represents the approximate number of units. This is in contrast
to the process of counting separate objects, which yields an exact
number. When the number.of separate objects is rounded or esti-
mated, the resulting number is treated as an approximation in the
same sense as a measurement. Since measurements are approximate,
calculations made with their measures, such as sums or products,
yield results which are also approximate.

‘When you use numbers to count separate objects you need only
counting numbers. In counting you set up a one-to-one correspond-
ence between the objects counted and the members of the set of
counting numbers. When you count the number of people in a class-
room you know the result will be a counting number; there may be
exactly 11, but there cannot be 11? or 10% . If there are a
great many people, or if you are not sure you have counted correct-
1y, you may say there are "about 300," rounding the number to the
nearest hundred. However, if you did count carefully you could
determine exactly the number of people in the room.

' Wnen you measure something, the situation is different; When
you have measured the length of a line segment with a ruler divided
into quarter-inches, the end of the segment probably fell between
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two quarter-inch marks, and you had to Judge which mark appeared
closer. Even iLf the end seemed to fall almost exactly on a
quarter-inch mark, i1f you had looked at it through a magnifying
glass you would probably have found that there was a difference.
And if you had then changed to a ruler wlth the inches divided
into sixteenths, you might have decided that the end of the seg-
ment was nearer to one of the new sixteenth-inch marks than to a
quarter-inch mark. . |

In any .discussion of measurement we assume proper use of
instruments. Improper use of instruments can occur through
ignorance, or carelessness. These mistakes can be corrected by
learning how to use the instrument and by careful inspection dur-
ing the measurement process. But, even with the best instruments
and techniques, scientists agree that measurement cannot be
considered exact, but only approximate. The important thing to
know 1s Jjust how inexact a measurement may be, and to state
clearly how inexact it may be.

A | 2 B 3
:—l‘ 1 1 I l. N
c—_—
Look at the line above, which pictures a scale divided into
one-inch units, (not drawn to scale). The zero point is labeled
"A", and point B 1s between the 2-inch mark and the 3-inch mark..
Since B is clearly closer to the two-inch mark, we may say that
the measurement of segment AB 1s 2 inches. However, any point
which is more than l% incheélfrom A and less than 2% inches
from A would be the endpoint of a segment whose length, to the
nearest inch, is also 2 inches. -The mark below the line shows
the range within which the endpoint gf‘a line segment 2 1inches
long (to the nearest. inch) might fall. The length of such a
iegment might be almost % inch less than 2 inches, or almost
5 inch more than 2 inches. We therefore say that, when a lilne
segment is measured to the nearest inch, the "greatest possible

error' is -% inch. This does not mean that you have made a

v

- f' [sec. 5-1]
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mistake (or that you have not). It simply means that, if you
measure properly to the nearest inch, any measurement more than
l§ inches and less than 2§ inches will be correctly reported

in the same way, as 2 inches. Consequently such measurements
are sometimes stated as (2 + 5) inches. (The symbol "4" 1g
read "plus or minus". ) By this we mean that the greatest possible
error in the measurement is % inch. To say it in another way,
the measurement 2 inches is correct to the nearest inch.

Suppose we see a sign at a milepost which says "Chicago 73
miles. What unit of measurement are we to assume.and what error
possible? We do not really know, although a reasonable interpre-
tation is that the mileage is correct to the nearest mile, and
that an error of no more than §- mile 1s to be expected.

But what about the milepost which indicates a distance of 1
mile to the next milepost? Are we to assume that the unit is 1
mile and that this measured mile indicates a distance lying
between 0, 5 miles and 1.5 miles? Clearly, this is not a
reasohable interpretation in this case, since we expect this
measurement to be much more precise,.

To state what the greatest possible error in a measurement is,-
we need to know. how the measurement was made and how accurate
the instrument of measurement was. Ordinarily, we do not know
this background. In fact, we really do not know just what is
meant when someone says, an object is "two inches long," or "the
distance is 1 mile." Usually it does not particularly matter
whether the 2 inch measurement is correct to I%N or to éb".
or the mile measurement is correct to .1 mile or .01 mile.
Sometimes, though, it 1ls important to indicate what the error may
be. In scientific and technical work the greatest possible error
is specifically stated. For example, a length would be stated as
(2 + %3) inches or possibly (4 + 0.005) inches, not simply as
2 inches or 4 inches.

Often in business and'industry the term "tolerance" is used.
By tolerance we meah the greatest error which is allowed. The
'tolerance might be set by the person who is purchasing a certain
manufactured product or by the operation of a machine. For
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instance, an automobile manufacturer might speclfy that the
cylinders of an englne should have a diameter of 5 1nches with
a tolerance of one-thousandth of an inch. This means the diameter
cannot vary more than 0.001 inch from 5 1nches; the dimension
would be given as (5 + 0.001) inches. On the other hand, a
producer of water pumps might demand a tolerance different from
6.001 inch. Laws often specifly tolerance for instruments in
commercial use like scales for weighlng. Scales are allowed to
vary wlthln certaln 1limits. Court cases are sometimes decided

on the basls of tolerances allowed in the calibration of police

car speedometers.

Clasé Exerclises 5-1

1. When you measure to the nearest % inch, what 1s the greatest
possible error?

é. A meter stick 1s divided into centimeters and tenths of a
centimeter (millimeters). A line segment was measured with
such a scale and stated to be 3.7 cm.

(a) What was the unit of measurement?
(b) The measurement is (3.7 + 2) cm.
(c) what was the greatest possible error?
Give your answer in cm. and also in mm.

3. Scientists frequently measure to the nearest T%ﬁ of a
centimeter. The greatest possible error for such a unit
is cm.  or mm.

4. The greatest possible error in a measurement is always what
fractional part of the unit used?

5. A tolerance of .0005 in. 1s specified for a metal sheet of
thickness 0.350 1inches. Allowable thickness for the sheet

will be between in. and in.
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5-2. Precision and Significant Digits

Consider the two measurements, 108 inches and 12% inches.
As commonly used, these measurements do not indicate what unit of
measurement was used. Suppose that the unit for the first measure-
ment 1is é inch, and the unit for the second measurement is %.
inch. Then we say that the first measurement i1s more precise than
the second, or has greater Erecision Notice that the precision
of a measurement depends upon the smallest unit used in the
measurement The greatest possible error of the first measurement
i?sqé of '8 ineh, or _G inch, and of the second 1is % of %
inch, or % inch. The greatest possible error 1s less for the
first measurement than for the =econd measurement. Hence the
more precise of two measurements is the one made with the smaller
unlt, and for which the greatest possible error is therefore the
smaller.

To summarize: The greatest possible error in a measurement is
E of the smallest unit of measure used in the measurement. The
more precise of two measurements 1s the one for which the greatest
possible error 1s smaller.

For example, a measurement made using a metric scale may use
centimeter and millimeter divisions (units) of the scale. &
measurement of 37.6 cm., made to the nearest .1 em. (or nearest
mm.) has a greatest possible error of % (1 mm.) or % (.1 em.)
= .05 em. This says that the actual length lies between (37.6 -
.05) em. and (37.6 + .05) em. We indicate these limitations by
writing 37.6 + .05. This is a convenient way of saying two
things at once, by use of the + symbol.

It is very important that measurements be stated in a way
which shows clearly how precise they are. When we use the +
notation there is no doubt about what we mean. Another way to
show clearly what we mean is to make certain agreements about what
is meant when we write a number in decimal form--the form which
most often occurs in scientific and technical measurement. When we
write that a length has been measured as 17.62 inches we underQ
stand that the measurement has been made with an error no_greater
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than .005 in. Thus the measure 17.62 1s correct to the second
decimal place to the right of the decimal point. 1In the +
notation this would be equivalent to writing (17.62 + .005)
inches for the measurement. By this agreement, each of the four
digits in 17.62 serves a real purpose, or is "significant."

Lin measures like 1462, 3.1 and .29637 all the diglts are
understood to be significant. But in a numeral like 0.008 the
three zeros simply serve to fix the decimal point. In this case
we say only the - 8 1s a significant digit.

In the numeral 2.008, all four digits (2, 0, 0, 8) are
significant. In a numeral like 0.0207 the first two zeros are
not significant but the third is. Thus, 0.0207 has three
significant digits 2, 0, 7.

When we write 2960 ft. or 93,000,000 miles it is not clear
which, 1if any, of the zeros are significant. We agree that they
are not significant, since they serve to fix the location of the
decimal point. Thus 2960 ft. has three significant digits
(2, 9, 6) 1in its measure. The measurement is precise to the
nearest 10 ft. and the greatest possible error 1is 5 frt.

Whenever we wish any of the zeros at the end of a number like
28000 or 2960 to be significant, we agree to indicate the
final zero which 1s significant. Thus 2969 ft. 1ndicates a
measurement correct to the foot. The measure has four significant
digits (2, 9, 6, 0). The measurement 93,000,000 miles is
correct to the nearest 100,000 miles. The numeral has three
slgnificant digits 9, 3, O.

Definition. A digit in a decimal numeral is said to be a

"significant digit" if it serves a purpose other
than simply to locate (or emphasize) the decimal

point.
Some further examples:
Numeral Significant Digits (in order)
39060 ‘ 3,9, 0, 6
73.40 229 7, 3, 4, 0
692 o 6, 9, 2
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0.00523 5, 2, 3
8.0057 _ ' 8, 0, 0,5, 7

‘ In 39060, the "O" between 9 and 6 1s significant, the
other "0" 18 not; 1t simply locates the decimal point (under-
 sst6od). In the numeral 73.4%0, the "0" 1s significant because
it 1is not necéssary to have it to locate the decimal point. 1In
-0;00523, all the "O's" are used simply to locate or emphasize the
- decimal point. We understand that the left-most zero may or may
~not be written, and, if written, is simply for clarity in
locating the decimal point and reading the number.
When a number is written in scientific notation we agree that
all of the digits in the first factor are significant, thus:
73,000 ft. = 7.3 x 10" rt.
73,000 ft, = 7.30 x 104 ft.
73,000 ft. = 7.3000 x 104 ft.
Also, the measurement 2.99776 x 10lo cm./sec., for the velocity
of 1ight, has 6 significant digits; the measurement 2.57 x 102
cm. for the radius of the hydrogen atom, has 3 significant
digits; the measurement for the national debt in 1957, 2.8 x 10
dollars, has 2 significant digits; 4.800 x 108 has 4 signif-
icant digits. In the last case, the two final zeros are signif-
icant. Were they not, the number should have been written as
4.8 x 108. It 1s this possiblity of indicating significant digits
in scilentific notation which is one of the principal advantages
of the notation.

]

11

Exercises 5-2

1: Suppose you measured a line to the nearest hundredth of an
inch, Which of the following states the measurement best?
3.2 inches 3.20 inches 3.200 inches

2. Suppose you measured to the nearest tenth of an inch.
Which of the following could you use to state the result?
4 1nches 4.0 inches 4,00 inches (4.0 + 0.05) inches
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3. Tell which measurement in each palr has the greater precision.

(a) 5.2 feet, . (2F + §) feet
(b) 0.68 freet, (23.5 + .05) feet
(¢) 0.235 inches, 0.146 1inches

Lk, wWhat is your age to the nearest year--that is, at your nearest
birthday will you he ten, eleven, twelve, thirteen, ... ?
A1l of you who say ."13" must be between and 13%
years old.

5. (A) For each measurement below tell the place value of the

last significant digit.
(B) Tell the greatest possible error of the measurements.

(a) 52700 feet (d) 52.7 feet
(b) 5270 feet (e) 0.5270 feet
(c) 52700 feet (£) 527.0 feet

" 6. (a) Which of the measurements in Problem 5 is the most
precise?
(b) Which is the least precise?
(c) Do any two measurements have the same precision?

7. Show by underlining a zero the precision of the following
measurements:
(a) 4200 reet measured to the nearest foot
(b) 23,000 miles, measured to the nearest hundred miles
() 48,000,000 people, reported to the nearest ten-thousand

8. Tell the number of significant digits in each measurement:

(a) 520 feet (e) 25,800 ft.

(b) 32.46 in. (f) 0.0015 1in.

(¢) 0.002 in. (g) 38.90 ft.

(d) 403.6 rt. (h) 0.0603 in.

9. How many significant digits are in each of the following:

(a) %.700 x 10° (d) 6.70°x 10”

(b) 4.700 x 104 (e) u4.7000 x 10

(c) 4.7 x 10%° (£) 2.8 x 109
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5-3. Relative Error, Accuracy, and Percent of Error .

While two measurements may be made with the same precision
(that 1s, with the same unit) and therefore with the same greatest
possilble error, this error i1s more Important in some cases than in
others. An error of % inch in measgring your helght would not
be very misleading, but an error of 5 inch 1n measuring your
nose would be misleading. We can get a measure of the Importance
of the greatest possible error by comparing 1t with the measure-
ment. Consider these measurements and thelr greatest possible
errors:

4 in. + 0.5 1in. 58 in. + 0.5 in.
Since these measurements are both made to the nearest inch, the
greatest possible error 1n each case 1s 0.5 inch. If we divide
the measure of the greatest possible error by the number of units
In the measurement we get these results. (Note that the measures
are numbers and the measurements are not. We shall refer to the
number of units in the measurement as the measuré. )

%2 = B = 0.125

o
%éi =—536 X 0.0086

The quotients 0.125 and 0.0086 are called relative errors.
The relative error of a measurement is defined as the quotient of
the measure of the greatest possible error by the measure.

Relative eppor = Deasure of th:hgrzzzssgepossible error

Percent of error is the relative error expressed as a percent,
In the above two examples the relati&e error expressed as a percent
1s 12.5% and 0.86% . When written in this form 1t 1s called
the percent of error.

The measurement with a relative error of 0.0086 (0.86% )
1s more accurate than the measurement with a relative error of
0.125 (12.5%, ). By definition a measurement with a smaller
relative error 1s sald to be more accurate than one with a larger
relative error.

‘The terms accuracy and precision are used in industrial and
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sclentific work in a speclal technical sense even though they are
often used loosely and as synonyms in everyday conversation. Pre-
clision depends upon the size of the unit of measurement, which is
twice the greatest possible error, while accuracy 1s the relative
error or percent of error. For example, 12.5 pounds and 360.7
pounds are éQually precise; that 1s, precise to the nearest 0.1
of a2 pound (greatest possible error in each case is 0.05 pound).
The two measurements do not possess the same accuracy. ' The second
measurement 1s more accurate. You should verify the last statement
by computing the relative errors in each case and comparing them.

An astronomer, fur example, making a measurement of the
distance to a galaxy may have an error of a trillion miles'(l,OOO,
000,000,000 miles) yet be far more accurate than a machinist
measuring the dlameter of a steel pin to the nearest 0.001 inch.

Again, a measurement indicated as 3.5 1inches and another as
3.5 feet are equally accurate but the first measurement is
probably more precise. Why? .

' Suppose we have two measurements of the same quantity, say
3.5 1in. and 3.500 in. There are two significant digits in the
first measure and four significant digits in the second measure.
What does the number of significant digits in the measure tell us
about the accuracy (relative error) of the measurement, Clearly,
the greater the number of significant digits in the measure, the
greater the accuracy of the measure. To 1lliustrate this we writg

the following:

3.5 1in. 3.500 1in. y
two significant digits (3,57 | four significant digits (3,5,0,0}
Relative error = ﬁgg Relative error = égggg

or or
Accuracy =~ .01 Accuracy =~ .0001
Precision = .1 1in. ' Precision = .001 1in.

Try a simllar eomparison for the two measurements 93,000,000
miles and (.03 + .005) in.
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93,000,000 miles (.03 + .005) in.
Two significant digits {9,3] | One significant digit ({3)
Relative error = 935%8698g5 Relative error = 4?%%
or ; or
Accuracy = .005 Accuracy ~ .2
Precision 1,000,000 mi. Precision .01 in.

Exercises 5~3

In all computation express your answer so that it includes two
significant digits.

1. State the greatest possible error for each of these measure-

ments, '
(a) (52 + 0.5) rs. (e) 7.03 in.

(b) (4.1 + 0.05) in. (f) 0.006 rt.

(¢) 2580 mi. (g) 5.4 x 10" mi.
(a) 360 rt.. (h) 54,000 mi.

2. Find the relative error of each measurement in Problem 1.

"3. Find the greatest possible error and the percent of error for
. eéch of the followlrig measurements.

(a) (9.3 + 0.05) rt. (e) 9.30 x 10° rt.

(b) 0.093 r¢. () 9.30 x 10 £t.

4. What do you observe about your answers for Problem 3? Can
‘ you explain why the percents of error should be the same
for all of these measurements? -

2

5. Find the precision of the following measurements.

(a) 26.3 rt. (d8) 51,000 mi.
(b) 0.263 rt. ~ (e) 5.1 rt.
(e¢) 2630 rt. (f) 0.051 in.
6. How many significant digits are there in each of the following?
(a) 52.1 in. (e) 3.68 1in.
(v) 52.10 in. (a) 368.0 in.
[sec. 5-3]
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7. Find the relative error of each of the measurements in
Problem 6.

8. From your answers for Problems 6 and 7, can you see any
relation between the number of significant digits in a
"measure and the relative error in the measurement? What is
the relation between the number of significant digits in a
measure and the accuracy of the measurement?

9. Without computing, can you tell which of the measurements
below has the greatest accuracy? which is the least accurate?
23.6 in. 0.043 1in. 7812 in, 0.2 in.

10, Arrange the following measurements 1n the orde: of thelr
precision (from least to greatest) '
(a) (36— + E) in., (27 + 3—) in., (328 +-—6 in.,

(467 i'TE) in., (22.25 + .125) in. A
(b) 4.62 in., 3.041 in., 3 in., 82.% in., 0.3762 in.

*11, Arrange the following measurements in order of their accuracy
(from least to greatest):

(6.i-§) ft, (3.2 + 0.005) in. . (7.2 + 0.05) miles
(S%i -é) in. 3 yd. (4 ;I-_-Llr) in.

12. Count the number of significant digits in each of the follow-
ing measures:

(a) 43.26 (e) o0.6070 (1) 76,000

(b) 4,607 " (f) 0.0030 (3) 43,000

(c) 32.004 (g) #%.0030 (k) 0.036

(a) 0.0062 (h) 0.03624 (1) 200.0000%4.
13. Express the followlng measures in sclentific notation:

(a) 463,000,000 (d) 32.004 (g) 36.8 x 10°

(b) 327,000 (e) 2 - (n) 0.80 x 1077

(e¢) 0.000462 (f) o0.0000400 (i) 72 biliion.
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14, By inspection arrange the following numbers in order of their
magnitude, from least to greatest. List by letter only.

(a) 3.6 x 10° (£) 4.1 x 10
(b) 3.5 x 1086 (g) - 3.527 x 132
c) 4 x 10° (h) 3.55 x 10
Ed; 3.527 x 10° (1) 3.4 x 1077
(e) 3.5x 10 -12 (i) 3.39 x 1078

15. BRAINBUSTER. A master machinist measures a 33 inch piston
head to the nearest 0.0001 inch while an astronomer measures
by the parallax, the distance to Canis Major (the star Sirius)
correct to the nearest 10,000,000 miles. The distance to
Sirius is 8.6 1light years (1 light year ~ 6 Xx 1012'm11eé).
Which measurement is more accurate?

5-4, Adding and Subtracting Measures

Sirce measurements are never exact, the answers to any ques-
- tlions which depend on those measurements are also approximate.
For instance, suppose you measured-the 1ength of a room by making
two marks on a wall, which you called A and B, and then measur-
ing the distances from the corner to A, from A to B, and
from B to the other corner. Measurements such as these whose
measures are to be added, should all be made with the same preci-
sion. Suppose, to the nearest fourth cf an inch, the measurements

were 72 % inches, 40% -inches, 22% inches. You would add the
measures to get 135 %. ‘Therefore the measurement is 135% inches.
Of course, the dlstances might have been shorter in each case. The
measures cou;d have been almost as small as 72%, 40%, and 22% in
which case the dilstance would have been almost as small as i35§

inches, which is three eighths of an ilnch less than 135— inches.
Also, each distance might have been longer by nearly one-eighth
of an inch, in which case the total length might have been almost
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three-elghths of an inch longer than 135% inches. The greatest
possible error of a sum is the sum of the greatest possible errors.
If we were adding measures of 37.6, 3.5, and 178.6, the great-
est possible error of the sum would be .05 +.05 + .05 or .15.
The result of this addition would be shown as 219.7 + .15.
Computétion involving measures is.very important in today's
world. Many rules have been laid down glving the accuracy or
precision of the results obtained from computation with approxi-
mate measures. Too many rules, however, might create confusion
and would never replace basic knowledge of approximate data. If
the meaning of greatest possible error and of relative error is
understood, the preclsion and accuracy of the result of computa-
tion with approximate data can usuélly be found by applying common
sense and judgment. Common sense would tell us that with a large
number of measurements the errors will, to a certain extent, cancel

each other.
The general principle is that the sum or difference of

measures cannct be more preclse than the least precise measure
involved. ZTherefore to add or subtract numbers arising from
approximations, first round each number to the unit of the least
precise number and then perform the operation. ;
' As we have seen, the greatest possible error of a sum (or '
difference) of several measures 1s the sum of the greatest
possible errors of the measures involved. (To estimate the
expected error of a sum, taking into account the way the errors
would often cancel each other, we need to use some ideas of
probablility, not yet at our disposal:)

Exercises 5-4

1. Find the greatest possible error for the sums Of the
 measurements 1.. each of the followlng. (When a measurement is
given as 5% in., you may assume that the unit of measurement
. was %-in. and correspondingly for other fractions.) v
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1;
(a) 5%1:1., 63 in., 33 in.
1 61

(b) 3% 1n.,

' (C) 4',2 in': 5-03 in.
(d) 42-5 in-: 36-0 in., 49.8 in?‘
(e) 0.004 in., 2.1 in. , 6.135 1R

(£) 23 1n., 1{% in., 3% in.

2.- Add the following measures:
(a) 42.36, 578.1, 73.4, 37.285, 0.62
(b) 85.42, 7.301, 16.015, 36.4
(e) 9.36, 0.345, 1713.06, 35.27

3. Subtract the following measures:
(a) 7.3 - 6.28
(b) 735 - 0.73
(¢) 5430 - 647

5-5.  Multiplying and Dividing Measures

You know thatathe number of units in the area of a rectangle
is found by multiplying the number of units in the length by the
number of the same units in the width. Suppose that the dimensions
of a rectangle are 30 inches and 20 inches. Since the measur-
ing was done to the nearest inch, the measures can be stated as
(30 + .5) ,and (20 + .5). This means that the length might be
almost as small as. 29.5 inches and the width almost as small as
19.5.- incheé. ~The length might be almost as large as 30.5 1inches
and the width almost as large as 20.5 inches. ‘
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Look at the sketch to see what this means. The outside lines
show how the rectangle would look i1f the dimensilons were as large
as possible. The inner lines show how it would look if the length
and wldth were as small as possible. The shaded part shows the
difference between the lafgest possible area and the smallest
possible area with the given measurements.

Let us see what the differences are. The glven measurements
are 20 ft. x 30 ft. The smallest possible dimensions are '

(20 - .5) ft. x (30 - .5) ft. -and the largest possible dimensions
are (20+ .5) ft. x (30 + .5) ft. ‘

Least Possible Glven Greatest Possible
Area Area Area

(20 -.5)x(30 -.5) sq. ft. | 20 x 30 sq.ft.| (20 +.5)%(30 +.5) sq.ft

or or
(600 - 10 - 15 +.25)sq.ft. or (600 + 10 + 15 +.25)sq.ft
or or
575.25 sq. ft. 600 sq. ft. 625.25 sq. ft.

" Hence there is a difference of (625.25 - 575.25) or 50
sq. ft. 1in the two possible errors. The computed area of
20 x 30 sq. ft. or 600 sq. ft. is about 25 sq. ft. greater than
the smallest area and about 25 sq. ft. less than the largest area

possible.
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Therefore, 1f we wish to be very careful about our statements
we must make clear what 1s meant when we say the area of the
rectangle 1s 600 sq. ft. As we have- seen, this answer 1s not
correct to 1 square foot, but it is' dorrect to less than 100
sq. ft. If we wish to indicate the situation as best as we know
it we may write the area as (600 + 25) sq. ft. (We have chosen
here to round the greatest possible area 625.25 to 625 sq. ft.
You might prefer to write 575.25 sq. ft. < the area < 625.25 sq.
ft.) 1If we choose to write the area as 600 sq. ft. we must
interpret the numeral as one with one significant digit. This
says the area 1s given to within 100 sq. fé. and hence lies
between 550 sq. ft. and 650  sq. ft. This 1s correct, but not
quite so good a result as our answer (600 + 25 sq. ft.)

It is really impossible to give a satlisfactory rule for the
nultiplication of approximate measures in decimal or fractional
‘form. However, when data are expréssed in decimal form a rough
gulde can be suggested for finding a satisfactory product. The
number of significant digits in the product of two numbers 1s.not
more than the number of significant digits in the less accurate
factor. ;

Note that this says the number of significant dlglts is not
more than the number of significant digits in the less accurate
factor--1t does not assure you that there wlll be that many!

As an 1llustration of this principle consider the following
problem: What 1s the area of a rectangle with sides measured as
10.4 ecm. and 4.7 em.? S

To find the area we might multiply 10.4 by 4.7 to obtain
- 48,88. Now there are three significant digits in- 10.%
and only two significant digits in 4.7 . Hence, the product cannot
have more than two significant digits and’We_round the area to
49 sq. cm. Hence, the area of the rectangle is =~ 49 sq. cm.

If we wish to find a bétter estimate of the possible error

"+" ' scheme we used earlier. Since

we must use the "4 4
(10.4% + .05) (4.7 + .05) = 48.88 + .52 + .235 + .0025
49,6375
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and
48.88 - .52 - .235 + .0025

48.1275,

we see that 48.1 sq. dm. < the area of the rectangle < 49.7.
If we use only two significant flgures we see that the area liles
between 48 and 50 sq. cm. Hence (49 + 1) sq. cm. 1s a good

answer.
You might ask, why not round the numeral 10.4% to 10 and

work only with two significant digits in each factor? Then 'we

(10.4 - .05) (4.7 - .05)

would get .
10 X 4.7 sq. ecm. = 47 sq. cm.

for the area, and we see that this 1s not correct to two signif-

icant figures.

For such reasons as this, we ordinarily agree to the follow-
ing general procedure when multiplylng two factors which do not
have the same number of significant digits.

If one of the two factbrs contains more significant digilts
than the other, round off the factor which has more significant
digits so that 1t contalns only one more significant diglt than
the other factor. :

Suppose we wish to find the circumference of a circle with
the diameter D equal to 5.1 mm. The circumference C = 7D.
What value of 7 shall we use? Since the diameter 5.1 1s gilven
to two slgnificant diglts we use three slgnificant digits for =
or m ~ 3.14. ' Then

C =wD ~ 3.14 x 5.1 = 16.01%,

which we round to 16, since only two diglts are significant in
the product. Hence, the clrcumference 1s approximately
16 mm.

If we were dealing with a large clrcle with diameter D
measured as 1012 inches, then we would use w7 = 3.1416 and round
the result of the multiplication C = (3.1416)(1012) to four

significant digilts.
Division 1s defined by means of multiplication. *Therefore
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it is reasonable to follow the procedure used for multiplication
in doing divisions involving approximate data.

When a multiplication or division involves an exact number
such as 2 1in the formula for the circumference of .a circle
(C =-2mr), the approximate number determines the number of signif-
icant digits in the answer. We ignore the exact number in deter-
mining the significant digits in the answer. An exact number is
a number that is not found by measuring.

Exerciaes 5-5

1. Suppose a rectangle is 2%‘ inches long and 12 inches wide.
Make a drawing of the rectangle. Show on the drawing that the
length is (2— E) inches and the width (1— E) inches,
Then find the largest area possible and the smallest area
possible, and find the difference, or uncertailn part. Then
find the area with the measured dimension, and find the result

to the nearest %. square 1inch.

2. Multiply the followlng approximate numbers:
(a) 4.1 x 36.9
(b) 3.6 x 4673
(c) 3.76 x (2.9 x 104)

3. 'Divide the following approximate numbers:
(a) 3.632 + 0.83
(b) 0.000344 v 0.000301
(¢)  (3.14 x 10 ) + 8.006

4. Find the area of a rectangular field which is 835.5 rods
long and 305 rods wide.

5. The circumference of a circle is stated C = md, 1in which d
1s the diameter of the circle. If 7 1is given as 3. 141593,
find the circumferences of circles whose diameters have the
following measurements:

(a) 3.5 in.

[sec. 5-5]
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(b) 46.36 rt.
(¢) 6 miles.

6. A machine stamps out parts each weighing 0.625 1b. How
muich weight is there in 75 of these parts?

7. Assuming that water weighs 62.5 1b. per cu. ft., what 1s the
volume of 15,610 1bs.?

There are many rough rules for computing with approximate
data but they have to be used with a great deal of common sense.
They don}t work 1in all cases. The modern high speed computing
machine, which adds or multiplies thousands of numbers per second,
has to have-special rules applied to the data which are fed to it.
Errors 1involved in rounding numbers add up or disappear in a very
unpredictable fashlon in these machines. As a matter of fact
"error theory" as applied to computers is an active field of
research today for mathematicilans.
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Chapter 6
REAL NUMBERS

6-1. Review of Rational Numbers

In your study of mathematics you have used several number
systems. You began with the counting numbers, and you may have
known a good deal about these numbers. before you entered the first
grade in school. These numbers are so familiar that 1t is easy to.
overlook some of the ways in which the system of counting numbers
differs from other systems. Consider the followlng questions:

(a) Think of a particular counting number. What is the next
smaller counting number? ' the next largér° If n represents a
counting number, what represents. the next smaller counting number°
the next larger?

(b) Is there a counting number which cannot be used as a
replacement for n in your answer to question (a)? Why?

(¢) 1Is there a smallest counting number? a largest? If so,
what are they?

(d) Is the set of counting -numbers closed under the operation
of '

(1) addition?

(2) subtraction?
(3) multiplication?
(#) division?

(e) How many counting numbers are there between 8 and 119
between 3002 and M002? between 168 _and 169? Between any
two countlng numbers is there always ano%her counting number?

In Chapter 1 you studied posltive and negative rational
numbers. The set of -integers contains the set of counting numbers”
(called positive integers). For each positlive integer a there 1is
an opposite number "a. The opposites of positive integers are
called negative integers. If a 1is a counting number, then
a+ "a=0. What integer 1s neilther positive nor negative?
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The set of integers is contained in another set of numbers
which we call the set of rational numbers. As you know, the
set of integers 1s adequate for many purposes, such as reporting
the population of a country, the number of dollars you have (or
owe), the number of vertices in a triangle, and so on. The

~integers alone are not suitable for many purposes, particularly
for the process of measurement. If we had only the integers to
use for measuring we would have to invent names for subdivisions
of units. We do this to some extent; instead of sayihg 5% feet’
we sometimes say 5 feet 4 inches. But we do not use a differ-
ent name for a subdivision of an inch. Instead, we speak of 7%
inches, or 7.25 inches, using rational numbers which are not
integers. If we had only the integers, we could never speak of
3% quarts, or 2.3 miles, or 0.001 inch.

Recall that a rational number may be named by the fraction
symbol "g", where p and q are integers, and q # O.

Just as.there 1s a negative integer which corresponds to each
positive integer (or counting number), there is a negative rational
number which corresponds to each positive rational number.

You already may have observed the familiar properties for
rational numbers, which may be summarized as follows:

Closure: If a and b are rational numbers, then a + b is
a rational number, a « b (more commonly written ab) 1is a
rational number, a - b 1s a rational number, and % is a
rational number if b # O.

Commutativity: If a and b .are rational numbers,
then a+b=b+a, and a . b=b + a, (ab = ba).

Assoclativity: If a, b, and ¢ are rational numbers,
then a + (b +¢c) = (a+ b) + ¢, and a(be) = (ab)e.

Identities: There i1s a rational number zero such that
if a 41is a rational number, then a + O = a, There is a rational
number 1 such that a . 1 = a, '

' Distributivity: If a, b, and ¢ are rational numbers,
then a(b + c) = ab + ac.
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Adaitive inverse: If a 1s a rational number, then there
is a raticnal number ("a) such that a + ("a) = 0. ‘
Multiplicative inverse: If a 1is a rational number and
a # 0, then there is a raticnal number b such that ab = 1,
Order: If a and b are different rational numbers, then

elther a > b, or a < b.

Class Exercise 6-1

1. 1Is there a smallest negative integer? A largest one?

2. If n represents a negative integer, what represents the
next larger one? the next smaller one?

3. 1Is the set of negative integers closed under the operation

of
(a2) addition? (¢) multiplication?
(b) subtraction? (d) division?

4. Express each of the following in the form % or '(g),
where p and q are counting numbers.

[
(a) 5% (e) =
(b) 7§ (£) 6+ <%
(e¢) 12 (g) 3.7
(d) o0.47 (h) 7 + %
5. Which of the properties for rational numbers does each state-
ment 1illustrate? e
2, 0.2
(a) 3- + 0 = 3
(b) '(%) + % = g and % is a rational number.
=2y . “(3y = ~(5y . (2
() “3) - @ ="} - &
240
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(£) 5+ (35+-1%)=(——+ﬁ)+1—0-
(g) -(%) . % ( ) and '(%%) is a rational number.

What is the additive inverse of ~({)?
What is the multiplicative inverse of '(%)?

What is another name for "multiplicative inverse"?

\O [0 4] -~ Oy S

If g, or ’(g), is the simplest fractional form for a
rational number which 1s an integer, what must q be?

10. How can you tell whether two fractions represent the same

rational number?

11. What are three other names for the rational number

~Jun
«J

Exercises 6-1

1. Lbok at each statement below and tell which of the properties
listed for rational numbers it illustrates.

(a) ;i%) + g = f%, and %@ is a rational number.

(b) §+o=§

() 1- () ="(3

(@) ~ '(g) = %g and f%g is a rational-numﬁer.
(e) %.( rD=E-+E P

() (@ - =" @

11
(8) 15+ {5+ 10 =
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2. . Express each of the following in the form % or '(g), where
P and q are counting numbers.

(a) 173 | (d) ~0.35
(b) =.? ' (e) 10
(€) 4 +3 (£f) 17.03
3. Write each of these in simplést fractional form.
(a) 3% | (@) &
) 3 (e) ~(8})
(e) -0.62 | (£) 12.5
L, Whét i1s the additive inverse of each of the following?
(2) 28 4 () *s2
(b) 756 | '( (d) '(1%6-

1vn

Complete the statement, "The simplest name for a rational
number written in the form %- is the one in which a and

b have no common factor except !

6. A rational number which does not have a reciprocal is the
number <§ when p 1is

7. Arrange the following rational numbers in order. List the
greatest one last.
b ' 2 -, -2
7: g‘: 0-41: :_L'Z’O-’ g: 4: (3‘): 0]
*¥*8. Find the avefage of the two rational numbers 8 andg - .

*9. Is it always possible to find the average of two integers and
have the average be an integer? Explain.
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10. Multiply each of the folleowing by 10.

(a) 0.33333 (d) o.1k2142
(b) 0.090909 (e) 13.46333
(c¢) 16.31212 (f) 8ub6.u46u6

11. Multiply each number in Problem 10 by 100.
12. Multiply each number in Problem 10 by 1000.

6-2. Density of Rational Numbers

- One of the observations you have made about the 1ntegers 1is
that every integer is preceded by a particular integer, and is
followed by a particular integer. . The integer which precedes
"8 1is 79, and the integer which follows 1005 is 1006. 1In
other words, if n 1s an integer, then its predecessor is
(n - 1), and its successor is (n + 1).

-This means th&t on the number line there are wide gaps between
the points which correspond to the integers.

y

-l | 1 1 1 ]

-3 -2 | (0] I 2 3 4
Figure 6-2A
Now consider all the rational numbers, and the points on the
number 1line which correspond to-them. Such poihts are called
rational points. On the number line below are shown the rational
points between "3 and 4 which may be named by the fractions
with denominators 2, 3, %, and 6. '

v

Aﬁl bt bt b et bk aie Lo e Lot Lo bl 1t J,
-3 -2 - (0] _} ) 2 3 4
Figure 6-2B
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Exercises 6-2a

1., Make a drawing of a number line similar to the one in Figure
6-2A. Mark the points which correspond tg these numbers

@, @, @, @), @), ), 3 & 2 2

2. On the number line which you drew in Problem 1, £ind the pointé
that correspond to these numbers:

(@, '(e-),“(g), @, @, @, @, & & g 2
Were. any of the points in Problems l.and.e thé same point?
If so, which ones®?

\¢/]

‘. Suppose you have already located points for the ratlional
numbers which are represented by fractions witn denominators
2, 3, ", 5, and 6. You then locate points represented by
fractions with denominator 7. How many hegv points (not
already located) for sevenths will there be between the points
for the integers 1 and 2? Between the polnts for 3 and

l!.?

5. Suppose that you then locate polnts for fryctlons with denom-
inator 8. How many new points will there be petween the
points for any two consecutive integers?

6. Consider all rational points from O to 1 whilch are named
by fractions with denominators 1 to 8 d1nclusive. These
points are named on the following page. The first row shows
the fractions with denominator l, the secpnd row the frac-
tion for the new point with denominator 2, the third row
the fractions for the new points with denominator -3, and so
on.
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0 1
T T
1
2
1 2

. k) 3
3
T I
1 2 3 4
5 5 5 5
1 =
3 G
1l 2 3 4 5 6
7 7 7 T 7 7
1 3 5
B 8 g g
(a) Why is % omitted from the row for thirds?
() Why is % omitted from the row for fourths?

(¢) Why are there more new points named in the row for fifths
and in the row for sevenths than in the row for sixths?

7.  The rational numbers named iln Problem 6 are combined in one
row below, and listed in order from smallest to largest.

111112 13 23 1435252345671
8785 %7 3857275837 T%T5%8578T

O

Explain why the first six fractlons should be in the ordér
shown; _the last six fractions..

8. 1In Problem 7 more numbers could be obtalned in the row of
fractions and more points among the éorresponding set of
rational points by 1lnserting next the fractions with denomina-
tor 9, then the fractions with denominator 10, and so on.
How many new polnts Would correspond to fractions with denoml-
nator 9? With denominator 10? With denominator 117
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'9. In Problems 6 and 8, which denominator accounts for the -
largest number of points not already named? What kind of a
number seems to account for the largest number of new points
when 1t 1s useéd as a denominator? Why?

We may follow a different method for naming and locating new
rational points. Consider two positive rational numbers r and
8, with r < s. Then consider what happens when we add r and
S8 to each of these numbers. Let us consult the number line.

— 1—r-ﬂ adding r to r -
0 r T or . T
— P —* __adding s to r R
0 R rss g
%(ns)
— . v l“__r—’l adding r to s R
0 R r+s g
— . ) — * adding s ta s
0 ' s 2s —

We see that 2r < r + s ¢ 2s. Taking half of each we get

T < %(r +8) < s. It is not difficult to show that r ¢ %(r+s) < s,
even 1f r 'is negatlve or r and s are both negative. You
might t:y to prove this yourself using the nunber line, if you
wish., The number %(r +4s) .1s the average of the numbers r and
S. We have observed, then, that the average of two rational
Numbers 1s between these numbers. On the number line what point
db you suppose corresponds Lo the average of two numbers? It is
the mid-point of the segment determined by the two numbers. If r
and s are rational numters, 1s %(r +8) a rational_number?
What properties of the rational number system tells us that it is?
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We can summarize what we have observed: The mid-point of the
segment Joining two rational points on the number line is a

rational point corresponding to the average of the two numbers.

The mid-point of the ségment Joining the polnts for % and

% 1s the polnt corresponding to the number f%, since

[

1,1 .1, 1 2, 1 5§
35+2) =5G+5) =z -23-1 -

The mid-point of the segment Joining the points for é and
1s the poilnt corresponding to the number 'i%%, since

~j

1,1 .1y 1,7 , 8, 1

55+ 7) = 3056+ 55) = 11

' 4
By finding the average 1n this manner it 1s possible to find

rational numbers between each pailr of consecutive numbers repre-

sented in the row of fractions in Problem 7 of Exercises 6-2a. If

we 1lnsert these new fractions the row would begin
0 1 1 1 1 1
T % & I T 8- -

If you found all the new fractions in this row which could be
found in this way, there would be 43 fractions between % and
%. This processocould b%.continued in%?finitelg. You could find
points between T and i between 15 and g and so on. You
could find. as many rational numbers as you wish between O &and
1 by taking averages, averages_of averages, and so on lndefinitely.

The discuséion above suggests an important property of the
rational numbers. This is the ‘

Property of density: Between any two distinct rational num-
bers there is a third rational number. On the number line, this
means that the number of rational points on any segment 1s
unlimited; no matter how many points on a very small segment have

been named, 1t 1s possible to name as many more as you please.

2953
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EXercises 6-2b

1. Are the integers dense? That i1s, 1s there always a third
integer between any two integers? Illustrate your answer.

2. 1Is there a smallest positive integer? a largest?
3. Is there a smallest negative integer? a largest?

_“. Is there a smallest positive rational number? a largest

. negative rational number?

£. Think of the points for 0 and —%5 on the number 1line.
Name the rational point P which is halfway between O and
100 Name the point halfway between the polnt P and 0;
between the point P and TG—

6. In the sahe way, find three rational numbers between gb

1 .
and l—o-
. . _2

7. Think of the segment with end-polnts —555 and 1506° Show
a plan you could follow to name as many rational points as
you please on this segment. Use your plan to name at least

five points.

6-3. Decimal Represéntations for the Ratlonal Numbers

It 1s often very helpful to be able to express rational
numbers as decimals. When 1t 1is hecessary to éompare two
rationals’ that are very close together, converting to decimal
form makes the comparison easier. The decimal form is particu-
larly helpful if there are several rational numbers to ‘be arranged
in order. For example, consider the fractions %%, Eg, %, and
55 and their corresponding decimals 0.£2, 0.8", 0.375, and
0.%%. It is much easler to order the numbers when they are
written in decimal form.

Some rational numbers are ezslly written in decimal form.

We know how to write, by 1nspection,
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1 1 1 1_ 1
=05, F-= 0.25, g = 0.125, 5 = 0.2, 55 = 0.04,

T%E = 0.008, and also %; = 8.8, 5% = 5.75, %%? = 17.5

For other rational numbers, a decimal expression may not be
, as obvious but we can always obtain 1t by the usual process of
division. For example

0.33335

-2.6666666 ...

' 0.142857142857112857 ...

0.07692307692307 ...

tﬂ“‘ {jh“ - <xun |

0.090903909 ...

252 - 8.78571h2857142 ...

The examples we have '‘discussed seem to suggest that the
decimal expansions*férzratiOﬁal numbers either terminate (like
2 =0.5) or repeat ! (1ike % = 0.3333333 ...). What would be a
_ reasonable way to study such decimal expansions? Since we have
used the division of numerator by denominator to obtain a decimal
representation, we might study carefully the process which we

carry out in such cases.

Consider the rational number %4 If we carry out the indi-
cated division we write

‘ .
60 remainder 6
- 56
—To remainder 4
4o
0 remainder O
- [sec. 6-3]
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In dividing by 8, the only remainders which can occur are 0, 1,
2; 3,- % 5B, 6, and 7. The only remainders which did occur
are 6 at the first stage, then ! and finally 0. We could
continue dividing, getting at each new stage a remainder of zero
and a quotient of zero. We could write g = .875000 ... but we
seldom do. The decimal .875000... 1s a repeating decimal with
O repeating over and over again. When the remainder O occurs,
the division is exact. We say a division is exact if the process
of division produces a zero remainder ;nd thereafter zeros as
quotients. Such a decimal is often spoken of as a terminating
decimal instead of a repeating decimal, and we shall do so at
times in this chapter.

What about a rational number which does not have a terminat-
ing decimal representation? Suppose we look at a particular
example of this kind, say {%. The process or dividing 2 by
13 proceeds 1like this: )

0.1538461
13 }2‘.—0%%0?)‘68%

13 remalnder
gg 7
50 5
%%b 11
104
~ 60 6
2
0 8
78
~20 2
1 .
6o !
5
50 5
29
IT 11
ete,

Here the possible remainders are 0, 1, ‘2, 3, 4, s,
6, 7, 8, 9, 10, 11, 12. Not all the remainders do appear,
but 7, 5, 11, 6, 8, and 2 occur first in this order. At

the next stage in the division the remainder 7 re-occurs ahd

[sec. 6-3]
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the sequence of remainders 7, 5, 11, 6, 8, and 2 occurs

again. 1In fact the process repeats itself again and again. The

corresponding sequence of digits in the quotient--153846--will

therefore repeat regularly in the decimal expansion for > A

repeating declimal is sometimes referred to as a periodic decimal.
In order to write such a perlodic .decimal coneisely and

without ambiguity i1t is customary to write
0.1538461538161538461 ... as 0.153806 ...

The bar (vinculum) over the digit sequence. 153846 indicates
the set of digits which repeats. Similarly, we write 0.3333...
as 0.3... . If it seems more convenient we can write 0.3333...
as 0.33... or 0.333..., and 0.I53856... as 0.153846153875.,.

The method we have discussed 1s quite a general one and it--_-
can be applied to any rational number %. "If the indicated
" division is performed then the only possible remainders which can
occur are O, 1, 2, 3, ... (b -1). We look only at the
stages which contribute to the digits that repeat in the quotient.
These stages usually occur after the zeros begin to repeat in the
dividend. If the remainder O occufs, the decimal expansion
terminates at this stage in the division process. Actually, we
may write a terminating decimal expansion like 0.25 with a
repeated zero to provide a perliodic expansion, as 0.25000..., or
we may use the bar, as 0.250.... Note that a zero remainder may
occur prior to this stage without terminating the process; for

example: 112.2

5)561.0
remalinder
0

P

T1 1
10

To 1
10

0 0

If O does not occur as a remainder after zeros are annexed
to the dividend, then after at most (b - 1) steps in the divi-
sion process one of the possible remainders 1, 2, ..., (b - 1)
257
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will occur again and the digit sequence will start repeating,
‘ We see from this argument that any rational number has a
decimal expansion which 1s periodic.

Exercises 6-3

1. Find decimals for these rational numbers. Continue the
division until the repeating begins, and write your answer
to at least ten decimal places.

(2) 2 (r) 182
(6) & ' (8) %
(e) % (h) o
@) £ (1) g5 :
() & () 3%

2. VWhich of the following convert to decimals that : .= »at zero
(terminate)?

(a) 3 ) g
(®) 3 (h) 3
(¢) 7 (1) &
(a) 2 (1) &
(e) 2 (k) 5%
(£) 2 3 (1) 5

258

[sec. 6-3]




250

3. Write in completely factored form the denominators of those
fractions that terminated in Problem 2,

", Carry to six decimal places the following fractions.

(a) (d)

(b) (e)

o g e
~No N -

(c) (f)

6~"., The Rational Number Corresponding to a Periodic Decimal

We saw how to find by division the decimal expansion of a
given rational number. We have found that the decimal expansion
1s periodic. But suppose we have the opposite situation, that is,
we are givernr a periodic decimal. Does such a decimal in fact
represent a rational number? How can we find out?

We can see how to appfoach this problem by considering‘an
example. Let us write the number - 0.132132132132 ... and call it
n, so that n = 0.132132T32 ... . The periodic block of digits
is 132, so we multiply by 1000 which shifts the first block of
digits to the left of the decimal point and gives the relation

1000n = 132.132132132 ...
n = 0.132132132 ...
By subtracting we obtain gQ9n = 132
_ 132
So that n = 549
R
or, in simplest form n = 3535

0Ty
We find by this process that 0.132132132T3% ... = 3‘—3“‘3-

The example here illustrates a general procedure which mathe-
maticlans have developed to show that every periodic decimal

[sec. 6-14]
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represents a rational number. We see, therefore, that there is a

one-to-one correspondence between the set of rational pumbers, and

the set of periodic decimals. It would be quite equivalent, then,

for us to define the rational numbers as the set of numbers repre-
sented by all such peripdic decimals. _

Before we leave the subject of decimals we want to discuss
one 1nteresting fact about terminating decimal-,

We saw thag rationals like % = 0,5, % = 0,2, %? = 1,875,

= 0,397, :ﬁ? = 27.68 are all represented by terminating
decimals. How can we determine when this will be the case? 1If,
for inspiration, we look at the rationals of this type which we
discussed, we see an obvious clue: the denominators seem to have
only the prime factors 2 or 5, or both, (See Problem 3 in
Exercises 6-3.)

Consider a rational number in which the denominator is a power

of 2, such as 2%.

2
_ y 4
. 3 .
By multiplying by » Oor 1, we can write _g_'}'ll'
ET 2" 5

) !
Since 2' . g! may be written

2:2:2:2:5+5+5-5 = (2:5)-(2-5)-(2:5):(2-5) = 10",
we can write:

04 .u .

Similarly if we have a rational number in which the denominator 1is
a power of 5, we can proceed as in the following example,

=
.2~ +32 96
St = 55 =5g.25 = lo,2 " = 100,000 = ©-00096.
;an you show that 55~25 = 105?
2060

[see. 6-4]
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Quite generally, 1f we have any rational number with only powers -
of 2 and powers of & 1n the denomlnator, we can use the same

technique., For example,

3191 _ srores’iet _ _ srorenle2t _ srores’eet _ s7ou.sleet
2f.57  (20.57) (57-2")  (27.57) (5%+2")  10-20" | 10Mt

and this gives a terminating decimal representation, Can you' 3

prove that 791 is a terminating decimal by multiplying by 23?
2 -5 5
In order to establish a general fact of this kind suppose we ask
the followlng question. What rational npmber % (p and q
assumed to have only 1 as a common factor) can be represented

by —HE where N 1s an integer?
10

Suppose that this 1s indeed the case and that

p_ N
4 ok °
k
Therefore a*N = p-10™.,

This =ays that q divides the product of p and 1ok. But

we assumed that p and q have only 1 as a common factor.
Hence q must divide 1ok. But the only possible factors of 10
are numbers which are powers of 2 multiplied by powers of 5,

Thus we have proved that a rational number r has a termina-
ting decimal representation if and only 1f the denominator of r
consists only of the product of a power of 2 and a power of 5.
Then r must be of the form

k

b e D
of gn
where p 1s an integer.
261



Class Exercise 6-U4

1. Perform each of the following cubtractions.

(a) 10n - n (d) 100n - 1on
(b) 100n - n (e) 1,000n - n
(¢) 1,000n - 10n (f) 10,000n - 100n
2. Wrlte the products as a single number. '
(a) 10 x 0.9947 .., (f) 1,000 x 0.6134537% ...
(b) 100 x 3,127 ... (g) 100 x 8.031515 ...
(e) 1,000 x 0.035035 ... (h) 100 x 312.8999 ...
(d) 10 x 16.666 ...- (1) 10 x 312.8997 ...
(e) 10 x 0.o0miT ... (J) 10,000 x 6.01230123 ...
3.  Subtract in each of the following.
(a) 3128.993 ... (e) 1.233333 ...
312.899 ... 0.123333 ...
(b) 9.999 ... (r). 3s54.548% ...
0.999 ... __3.545T
(c) 162,162767 ... (g) 27075.07507F "
0,162762 ... 27.075075 ...
(d) 301.010107 ... . (h) M6.47777 ...
3.010107 ... , M1.60777 ...

. For each of the following numbers. N find the smallest number
of the form 10X (10, 100, 1006, etc.) so that (105:N)-N
is a terminating decimal. Show this to be true.

Example:
N = 1,321 .,
100N = 132, 424517 .,
N = 1.3242% .,
. 100N - N = 131.10000 ...
(a) 0.55% ... (e) 163.177 ...
(b) 0.7373 ... . (£) 672.42%7 ...
(¢) 0.90190T ... (g) 0.1234565F ...
(d) 3.0233% ... . (h) 3.41000 ...
» 262
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5. Express each of the féllowing in the form %, where a and
b are counting numbers.

@ ¥
(6) *:gt L (e) 2%

16.3 o 7,531
(¢) =55 ' (£) 5555

6. If a 1s replaced by 1 1in %, by what numbers between 23
and 50 may b be replaced so that % can be represented b
a terminating decimal?

y

Exercises 6-"

1. VWhat rational numbers in form % have these decimal expres-

sions? ' _
(a) 0.0909 ... (e) 0.1625

(b) o0.1117 ... (f) 0.1666 ...
(¢) 0.0555 ... (g) 5.125125 ...
(d) 0.123125 ... (h) 10.0u5%5 ...

2. Wrlte each denominator of the following numbers in completely
factored form.

2 & e B
(0) & (0 B
(c) % | (8) 155
(a) &3 (h) 155

3. Which of the numbers 1n Problem 2 have decimals which repeat

zero?

h, If a 1s replaced by 1 1in the rational number %, by what
numbers between 63 and 101 may b be replaced so that %

can be represented by a terminating decimal expression?

[sec. .6-4]
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' 6-5. Ratlonal Points on the Number ILine

If we use decimal representations for ratiqpal numbers, we
see immediately how to locate and how to order tne corresponding
points on the number 1line.

Consider for example the rational number 2,395T# ... and
its place on the number 1line. The digit 2 in phe unl¢s place
tells "us immediately that the corresponding ratipnal point P
lies between the integers 2 and 3> on the numper lineg, Graphi-
cally then the first rough plcture 1s this:

<0

|

10

o}
N
w
H
8]
(4,1
~
@
@,

A more precise descfiption is obtained by looking at the first two
diglts 2.3 which tell us immedliately that P Jies between 2.3.
and 2."., On the interval from 2 to 3, then, divlided into -
tenths (and magnified ten times for easy. comparigon) we find P

as shown below

=]
1 1 1 1 Vi 1 1 1 e L.
2.0 23 2.4 2. 5 %.0

2064
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If we continue the process of successively refining the loca-
tion of P on the number line we have a picture such as the fol-

lowing:

P (2.3...)
P (2.39...)
P (2.39...)
P (2.391...)
S S N G . A T R T
P (2.39614...) 2.39610 2.39620

Location of point P corresponding to 2.3961F...

From such a decimal representation for a rational number we
easlly find how to locate the number to any desired degree of
accuracy on the number 1line,

Moreover, glven any two distinet rational numbers in this
form it is a simple matter to tell by inspectlon which is larger
and which 1s smaller, and which precedes the other on the number
line. ' _ _

If you think of locating the point % carefully on the
humber line would you prefer to use % or 0.728ETI ...? If you
wish to compare % with énqther rational, which form 1s easier

tO use, —?‘ Or oo 2857 ”o?

0 -5
Exercises 6-5 -

1. Arrange each group of decimals in the order in which the
polnts to which they correspond would occur on the number
line., List first the point farthest to the left.

[sec., 6-5]
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(a) 1.379 1.493 - i.385 = 5.468 1.372
(b) T9.426 "2.765 T2.761 "5.630 2.763
(¢) ~0.1547% 0.15467 0.154€3 10.15475 0.15598

2. In Problem (1c), which points 1lie on the fecllowing segments:
(2) The segment with endpoints 1 and 2°
(b) The segment with eandpoints O and 1?
(¢) The segment with endpoints 0.1 and 0.2>
(d) The segment with endpoints 0.15 and 0.162
(e) The segment with endpoints 0.154 .and 0.1552

3. Draw a 10 centimeter segment; label the endpoints O and
1, and divide the segment into tenths. Mark and label the
followlng points: o

(a) 0.23 (b) 0.49 (c¢) 0.80 (d) 0.6 (e) 0.08 (f) 095

4, Arrange each group of rational numbers in order of increasing
size by first expressing them in decimal form

(a) '3': Tuﬁ: - % (c) %J | g'
2 7 67 152 415
(b) 3‘: T0? T00 | . (d) 3%3‘: §‘68

6-6. Irrational Numbers

We have learned many things about rational numbers. One of
the most 1mportant is the density property; between any two dis-
tinet rational numbers on the number 1ine there 1s a third
raﬁioﬁal number. This tells us that there are many rational
numbers and rational points--very many of them. Moreover, they
are . spread throughout the number 1line. Any segment, no matter
how small, contains infinitely many rational points. One might
think that all the points on the number line are rational points.
Let us lccate a certain point on the number line by a very simple
compass and straight edge construction. Perhaps this point will.
have a surprise for us. |

[sec. 6-6]
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(a) Draw a number line and call it/ . Let A be the
point zero and B be the point one.
(b) At B, draw a ray m perpendlcular to _/ .
(c) On m draw a line segment BC, one unit ‘long.
(d) Draw segment 7AGC.
(e) with A as center and radius AC, draw a circular
arc which intersects _# . Call the point of inter-
section D. 4
m
C
A B D '
i S 1 1 1 ]
-2 i : 0 | | 2 3 4 4/
Figure 6-6

Now consider two questions:
(1) To what humber (if any) does point D correspond?
(2) Is this number a rational number?

Consider the first question, "To what number does point D
correspond?" First find the length of AC, since AC and AD
have the same length. We shall use as unit of measure the unit
distance on thz number line. In Figure 6-6, triangle ABC is a
right tris.:gle.- The measure of EB 1s 1. The measure of BC
is 1. We can use the Pythagorean property to find AC.

(ac)® = (Bc)? + (aB)2

]

(ac)® = 12 4+ 1°

(ac)® = 2

The positive number whose square 1s 2 1s defined as the square
root of 2 and 1s written /2. '
201
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Thus,
.AC = J2, so
AD = /7.

Therefore, the point D corresponds to the number V2.  Is J2
a rational number? Is it the quotient of two integers,-and can 1t
~be represented as a fraction 2 in which p and q are integers

and. q # 0? ‘

To answer this question, we shall foilow a 1line of reasoning
.which people very often use. It 1s the type of reasoning which
John's mother used one day when John was late from school.. When
his mother scolded him he said that he had run all the way homs.
"No, you didn't run all the way," she said firmly. John was
- ashamed, and asked, "How'did you know?" "If you had run all that
way, you would have been out of breath," she said. "You are not
out of breath. Therefore you did not run." S

John's mother had used indirect reasoning She assumed the
opposlite of the statement she wished to prove, and showed that
this assumption led to a conclusion which could not possibly be
true. Therefore her assumption had to be false, and the original
statement had to be true. v ) _ :

We shall prove that + 2 1s not a rational number, We use
indirect reasoning. We shall assume that /2 1s a rational
number and show ﬁhat this assumption leads to an impossible con-
.clusion,

Assume that Vf__ i1s a rational number. Then we can write
ny. as g, where p and q are integers and q # 0. Take %

in simplest form. This means that p and q have no common
factor except 1.

. ' o) _
If J2 = g, then 2 = Eg, and so 2q2 = p2. Since p and
a ' '

q are integers, then p2 and q2 are also integers. If

'p2 = 2q2 then p2 must be an even number. (An integer 1s even

[sec. 6-6]
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JAf 1t 1s equal to 2 times another integer.) Thus, p-'p must
bé even. An odd number times an odd number is an odd number.

(Do you remember why?) Thus, p must be even, and can be written
as 2a, where a 1s an integer.

Then p2 = 2q24 may be written as (2a)2 = 2q2 ‘%
and (2a)-(2a) = 2q2
and 2-(2a2) = 2q
2 2

and 2a” = g

This tells us that q2 1s also an even number since 1t is

equal to 2 times another integer. So q 1s also an even number.

Thus our assumption, that v/ 2 is a rational number g in
simplest form, has ied us to the conclusion that p and q both
. have the factor 2. This 1s impossible, since the simplest form
for a fraction 1s the one in which p and q have no common
factor other than 1. So the statement "+/2 1s a rational number"
must be false.

Since the measure of segment AD in Figure 6-6 1s 2,
then +/2 must be the number which corresponds to point D. TIt.
has been shown that +2 4is not a rational number. Therefore,
there 1s at least thils one point on the number line which corre-
sponds to some number which is not a rational number. In other
words, even though the rational polnts are dense, the set of
points on the number line contains more points than there are
rational numbers.

.. & humber like +/ 2, which is not a rational number, is
called an irrational number. The prefix "ir" changes the mean-
ing of "rationa”  .c "not rational." '

Exercises 6-6

1. Construct a figure 1like Figure 6-6, and label point D "J/2".
Then use your compass to locate the polint which corresponds to
the number ~(+/2), and label it.

[Sec: 6-6]
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2. Draw a number line, using a unit of the same length as the
unit in Problem 1. Use the letter A for the point O and
the letter B for the point 2, At B construct a segment
perpenidicular to the number line and 1 unit in length, and
call it BP. Draw AP. What is the measure of segment JiP°

3. Use the drawilng for Problem 2, and locate on the number line
the points which correspond to +/5 and “(W5). Label the
polints.

L., Do you think ~/5 1s a rational number or an 1lrrational
number? Why?

*5 Using the same method as 1in Problems 2 and 3, locate the point
v3. Can. you work out a way to 1ocate the point for v 62

For J7?
6. Locate the points which correspond to these numbers?
(a) 2v% (b) 342 () ~(342.)

7. Do you think that (2~4§) is a rational number or an irra-
‘tional number?

8. BRAINBUSTER: Prove that % is an irrational number. (use

" indirect reasoning very simllar to the line of reasoning which
we used to show that 2 1ig irrational. At one point you
will have to know that if p2 has 5 as a factor, then p
also has 5 as a factor. Prove this simple fact. Before you
try to prove that ~f—' is irrational, _think of the unique
factorization property of counting numbers. If the prime
number § were not a factor of p then how could it be a

factor of p 9)

In the preceding discussion 1t was proved that /2 1s not a
rational number. It 1s a great surprise to find that we can so
easily construct a line segment whose length 1s not glven by a
rational number. Moreover, 1t appears that there are many other
‘numbers, such as vff and ~f_ which are not rationals. If you
think about the rationals and the irrationals a bit you can see

270
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how to Write many, many lrratlionals. For example, every number
of the form %1/2, where % - 1s rational, will be irrational.

Hence the set [%uJEj can be put into one-to-one correspondence
with the set of rationals [%}. Yet the set {%«/E} is obviously
only a very small part of the irrationals! :

Indeed, we have suffered a great disillusionment--the rationa:
numbers, desplte belng dense on the number 1line, actually leave
empty more positions than they f111! .

When wé'set up a one-to-one correspondence between a glven
set and the set of counting numbers (or a subset of the set of
counting numbers) mathematiclans say we have "enumerated” the set.
_ We can "enumerate" the set of all rational numbers, but Georg
Cantor (18)45-1918) discovered in 187% that the set of irrational
numbers cannot be "enumerated" by any method. There are so many
irrational numbers that it 1s impossible to set up a one-to-one
correspondence between the set of these numbers and the set of
counting numbers. No matter how you try to display irrational
numbers some irrational numbers will always be left out; more will
be left out than have been included, as a matter of fact. This 1is
what we mean when we say that the rational numbers leave more
places empty on the number line than they fil1l.

If you are interested 1n learning more about this important .
phase of mathematics you might refer to One Two Three ... Infinity
by George Gamow (pages 14-23). A brief but interesting history
of Cantor's 1life can be found in Men of Mathematics by E. T. Bell
(Chapter 29).

6-7. A Decimal Representation for /7

Numbers 1like +/5 and /2" correspond to points on the
number line; they specify lengths of line segments and they
satisfy our natural notion of what a number is. Perhaps the most

271
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- unusual aspect about /2 1is the way 1t was’ defined: 7 1is
the positive number n° which when squared yields 2, so that

n2=2.

This differs from our previous way of defining numbers, since up
to now we have dealt mainly with integers and numbers defined as

ratlos of integers.
In order to help us gain a better understanding of /2 we

shall look for a new way of describing ./2 1in terms of more
familiar‘notions. If, for examplé, we could somehow express 2
as a decimal this would help us to compare it with the rational
numbers we know. It would also tell us where to place 1t on the
number 1line.

Let us think about the definition of the number V2, namely
(«/5)2 = 2. If we think of squaring 1 and 2 we note immedi-
ately that

12.< (/5)2 < 2% ang hence 1 <./2 ¢ 2,

This tells us that +/2 1s greater than 1 snd less than 2,
but we already know that. We might try a closer approximation by
testing the squares of 1.1, 1.2, 1.3, 1.,%, 1.5. A 1ittle
arithmetic of this sort (try it!) leads us to the result

1.96 = (1.4)% ¢ (v2 )2¢ (1.5)2 = 2.5,

and therefore we concludé that 1.! <42 < 1.5.
The arithmetic involves slightly more work at the next stage

but we see that

1.9881 = (1.41)% ¢ (v2)2 < (1.12)% = 2,016,

and therefore
1.M1 ¢ /2 < 1,12,
If we try to extend the process further we get at the next stage
1.0 ¢ /2 ¢« 1.'"15,
272
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You can see that thls process can be continued as long as
our enthusiasm lasts, and gives a better decimal approximation at
every stage. If we continued to 7 place decimals we woultd find

1.4142135 </Z < 1.4142136

This is a very good approximation of 42, for

(1.4142135)° 1.99999982358225,

and

(1.%142136)2 = 2.00000010642496.

By the use of the defining property, (~f§)2 = 2, then, we
can find decimal approximations for 2 which are as accurate
as we wish. We are led to write

V2 = 1.45182135 , .

where the three dots indicate that the digits continue without

terminating, as the process above suggests.
Geometrically the procedure we have followed can be described

as follows in the number 1line. Looking first at the integers of
the number line on the segment from 0 to 10, we saw that +~2
would be between 1 and 2.

gnél 1 1 1 1 1 1 I |
0 | 2 3 4 8 L] 7 9 9 10

Enlarging our view of this segment (by a ten-fold magnification)
we saw that +/2 18 on the segment with end-points 1.4 and 1.5

2
llJlfl B I N SRR SR |

1.0 4 LS 2.0

and again magnifying this picture, +/2 1lies within the interval
(1.41, 1.42)

[sec. 6-7]
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V3

e 1 e i ) 1 1 1 1 1 1 )
.40 141 142 L4S 1.47 .30

and so on till the 8th stage shows us that +/2 lies between
1.4142135 and 1.%142136.

1 1 1 1 L g I 1 ) 1
1.4142138

| - )
1.4142130 1.4142140

This~process shows us how to read the successive digits in the

decimal representation for +/2. At the same time it gives a way
to define the position of the point on the real iine.

' When we write the number ./Z as 1.4142135 ... 1t 1looks

' suspiciously 1like many rational numbers we have seen, such as

3 - 0.3333335 ... and £ = 0.14285714 |

We.pause to ask, how are they different and how can we tell a
rational from an irrational number when we see only the decimal
representations of the numbers?

The one special feature of the decimal representation of
a rational number is that it is a periodic decimal. As we have
seen, every periodic decimal represents a rationgl numbgr. _ Then
the decimal representation of +/2 cannot be periodic, for N
is irrational. We can be sure that as we contlnue to find new

digits in the decimal representation,
V2 = 1.4142135 ooy

no group of digits will ever repeat indefinitely. We can only be
certain that a decimal names a rational number when the period of
the decimal is indicated, usually with a vinculum (7).

274
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n

for

6.

Exercises 6-7

Between what two consecutive integers are the following :rra-
tional numbers? (Write your answer as suggested for (a)).
Use the table on pages 200-201,

(a) ¥30 [_2.< +/30< 2]

(b) 89

(¢) 253

(d) %280 (Hint: 4280 is 42.80 x 10%, sc begin esti-
~-mating by thinking of - ./}43-10)

(e) V9315

Express (a), (b), and (c) as decimals to six places.

(a) (2.731)2 '

(b) (1.732)2

(¢) (1.733)2

(d) Find the difference between your answer for .(a) and
the number 3; find the difference between your answer
for (b) and the number 3; find the difference between
your answer for (c) and the number 3.

(e) To the nearest thousandth what is the best decimal expres-
sion for ./3?

Which of the numbers suggested 1s the better épproximation of
fo’lowing irrational numbers?

J/3:  1.73 or 1.]#
¥15: 3.87 or 3.88
v637: 25.2 or 25.3

Find, to the nearest tenth, the nearest decimal expression

these irrational numbers:
V10 7. /149 8. J?221
[sec. 6-T7]
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¥9. For what positive number n (%o one decimal place) 1is

n® = 102

¥10. For what positive number g (to one decimal place) 1is
n® = 1499 |

6-8. Irrational Numbers and the Re " ber System

We have seen that all rational numbers have periodic decimal
representations and that all periodic decimals correspond to
rational numbers, We saw also that .~/§' is notirational and that
therefore, it represented by a non-periodic decimal. Hence we
have called «2 an irrational number.

We now use this decimal form to define the set of 1rrational
numbers. We define &n irrational number as any number with a
non-periodic decimal representation.

The system composed of all rational and irrational numbers we
call the real number system. '

from this we see that any real number can be characterized _X.
a declmal representation.

If the decimal representation is periodic the number is a
rational number, othérwise the number is an irrational number.

With every point P cn the real number 1ine we-assoclate one
and only one number of this form by a process of successive loca-
tions in decimal intervals of decreasing lengthy The drawings
on the following page illustrate the first few steps in finding
the decimal correspbnﬁing to a point P on the number 1ine. Con-

sider point P between 3 and ‘.

2 76
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v

3. * o
3.0 4.0

J | 1 ! ! | | zl | | N
2 :
3.6. e @

TOO p 400

- | R B | Lottt 1 R
A

3.67...

Note that any two distinct polnts P1 and P2 will corre-
spond to distinct decimal representations, for if they occur as

on the number line we need only subdivide the number line by a
sufficiently fihe decimal subdivision (tenths, hundredths,
thousandths, etc.) to assure that P, and P, are separated by
a point of suvbdivision. _

Conversely, given any decimal, we have found how to locate the
corresnonding point of the real number line by considering succes-
sive ational decimal approximations provided by the number.
(Remember how we started to locate the point 2.39517... 1in Section
6-5.) ' .
Thus there 1s a one-toQone correspond-nce between the set of.
real numbers and the set of polnts on the number line.

The set of real numbers contalns the set of rational numbers
"as a subset. We have learned that these rational numbers form a
mathematical system with operations, addition and multiplication

2771
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and their inverses, subtraction and division. The same 1s true
of the entire set of real numbers. We can add real numbers,
rational or irrational, and we can multiply real numbers. The
resulting number system has all of the properties of the rational
number system. In addition 1t has one important property which
the rational number system does not have. This will be discussed
below, '

Before we 1ist thes= properties we should pause to ask what
we know about the operations themselves. You should not have much
trouble understanding the imeaning of addition in the real number
system 1n terms of the number 1line. Even though there 1s no
simpler name for a sum such as +2 + ~/3:ﬂthan the symbol
"2 +/3" 1itselr, you can think of a method of constructing the
point /2 4 v/3 on the n.mber line by placing segments of length
V2 and /3 end to end. '

The meaning of multiplicatich is somewhat harder to illustrate.
Given segments of length V2 and ~/3_ it 1s possible to des-
cribe a geometric construction of a point which we would nacturally
call +2 . vfgl However, you will have to study Chapte™ 9 before
you will be prepared to understand such a construction. The %“wo
operations can also be given meaning 1n terms of the decimal
representation which we have described, but here, toc. Aiffi~ulties
are encountered which you are not yet ready to handie. This should
not cause you undue concern. Even a mathematician often has to
accept thing: whieh he does not fully understand in crder %o get on
with the work which is of immediate interest to him. But 1f these
ldeas he accepts are important, he always returns to thLem ¢  soor
as he can and masters them. You wlll return to the real nu~-ber
system agaln as you study mathematics in the future, and :sch ti~->
you will understand more of the definition and the meaning o -h
operations. _

We 11st first the familiar properties which the real rumbs»
system share: with the rational number system.

273

[sec. 6-8]



270 ' o

Property 1. Closure

(é) Closure under Addition. The real number system 1s closed
under the operation of addition, i.e., if a and b are
real numbers then a + b 1s a real number. o

(b) Closure under Subtraction. The real number system is closed
under the. operation of subtraction (the iwvarse of addition),
i.e., if a and b are real numbers them a - b 1is a real

number.

(¢) ~losure under Multiplication. The real number system 1is
closed under the operation of multiplication, i.e., if a
and b are real numbers then a ¢« b 1s a real number..

(d) Closure under Division. The real number system 1s closed
under the operation of division (the inverse of muitiplica-
tion), i.e.,4f .2 and b are real numbers then a + b
(when Db # 0) 1s a real number. :

The operations of addition, subtraction, multiplication, and
division on real numbers display the propertles which we have
already observed for rationals. These may be summarized as follows:

Property 2. Commutativity

(a) If a and b av» real numbers, then a + b =D + a.

Il
[}
o)

(bp) If a and b are real numbers, then ¢ b

Property 3. Associativity

(a) If a, b, and c¢ are real numbers, then a + (b + ¢)
= (a +b) + c.

(b) If a, b, and c¢ are real numbers, then (a‘b)-c = a*(b-c).

Property 't. Identities

(4) If a 1s a real number, then a + 0 = a, 1l.e., zero 1s the
identity element for the operation of additiofs

isec. 6-8]
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(b) If a 1is a real number, then a1l = a, i.2., one 1s the
identivy element for the operation of multiplication,

Propert 5. Distributivity
Property 3. I

If a, b, aﬁﬁ“ ¢ are real numbers, then a‘(b + c) = (a'b)+(a-c)

Property &. Inverses

(a) If a 1is a real number, there 1s a real number ("a), called
the additlve inverse of a such that a + ("a) = 0.

(b) If a 1s a real number and a # 0 there is a real number
b, called the multiplicative inverse of & such that

a*b =1,

Property'z. Order

The real number system is ordered, 1.e., 1f a and b are'dif-
ferent real numbers then either a <b or a>hb.

Property . Density

The real number system is dense, l.e., between any two distinct.
real numbers there 1is always another resl number. Consequently,
between any two real numbers we find as many more real numbers as
we wish. 1In fact we easlly see that: (1) There is always a
rational number between any two distinct real numbers, no matter
how close. (2) There is always an 1rrational number between any
two distinct real numbers, no matter how close. (You will learn
how to 1llustrate this later in this sectilon.)

The ninth property of the system of real numbers is one which
is not shared by tr “tionals.

Property 9. - Completeness

The real numoer syst.: *s complete, that 1s, not only does a point'
on the number 1line correspond to each real number, but conversely,
a real number corresponds to each point on the number 1ine.
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The rational numbers differ from the real numbers 1in this
respect. A péinﬁ on the number line corresponds to each rational
number, but no rational number correcponds to certain points on
the number line. We have seen that in the system of rationals
there is no number /2 which when squared yields 2. However,
in the real number system as defined, such a number is included.

If a and b are positive rational numbers and b = a’  we

wrilte
a=n«/b

(read "a 1s an nth root of b"),

It happens that the nth root of any positive rational
number which is not itself the nth power of a rational number
is an irrational number. This means that such numbers as,

4 2
3, AE W VE,
are lrrational numbers, whereas,

]
Vs, WIEY o VE,
are rational numbers. Hence, in the system of rational numbers
we cannot hope to extract nth roots of any rational numbers
which are not nth powers of rational numbers. However, when we
Introduce the 1irrationals to form the real number system we can
{ind nth roots of all positive rational numbers, and of all
peui%.7ze real numbers as well, Thus a very useful property of the
real numter system is:
The real number system contailns nth roots, 27 %» of

all positive rational numbers -%, b # 0; the real
number system contains nth roots of all positive real

numbers.
Tr.is assures us that we can find among the real numbers such

numbe:’'s as

3, YT, NE, 5

281
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and any other nth roots of positive rational numbers, as well as
numbers which are sums, differences, products, and quotients of
such numbers. For example:

1+ V5, YT Y5, /7 V3 ana L
T
are real numbers.

In addition to irrational numbers which arise from finding
roots of rational numbers there are many more irrational numbers
which are called transcendental dhmbers. One example of a tran-
scendental number is the number W which you have met in your
study of circles. Recall that ¥ 1is the ratio of the measure of
the circumference of a circle to the measure of its diameter. It
was surprisingly hard to prove that ¥ 1is irrational, but 1t has
been done. The decimal representation

= 3.14159265 ...

1s not repeating. The number ™ ic not %g, although %2 is

a falr approximation to T . (Compare the decimal representation
of 22 with that oz ¥ .)

When you study logaritihms in high school, you will be studying
numbexrs that, with a few exceptions, are transcendental numbers. If
N 1s any positive real number and x 1s the exponent such that

10° = N

then we say that x 1s the logarithm of N to the base 10. Ir
N 1s a power of 10, say N = 102, then clearly 10* = 102, so
2 1s the iogarithm of 102 to the base 10. 1In such a case, the
logarithmqis a rational number. But for most numbers the logarithm
will be a (transcendental) irrational number.

The trigonometric ratlos, such as the sine and the tangent of
uwn angle, are other expressions which usually turn out to ke

transcerdental irrational numbers. These ratios are defined in
Chapter 9.
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‘Bxercises 6-8a -

1. Which of the following numbers do you think are rational and
which irrational? Make two 1lists.

(a) ©0.23173T ... () 7 V&

(v) 0.23123112311123 ... (h) 9 - V3

(c) 3://_3_ . (1) 0.75000 ...

() /7 (3) %—%

(e) 0.783%2 ... | (k) 0.959559555955559 ...
(£) %

2. Write each of the rational numbers 1.1 Problem 1 as a decimal
and as a fraction.

3. [or each of the irrational numbers in Problem 1 write a
decimal correct to the nearest hundredth.

" (a) wWrite three terminating decimals for rational numbers.
(b) Write three repeating decimals for rational numbers.

(¢) Write three decimals for irrational numbers.

You have learned how to insert other rational numbers between
two given rationals. Now that you have studied decimal representa-
tion for real numbers, you can see how to 1n ert eithér rational
or irratlonal numbers between real numbers. Look at these decimals’

for two numbers a and b.
4.219317317317317 ...

4. 23656556555655556

a

b

These numbers are qulte close. together, but any decimal which
veginc 1,22 ... willl be greater than a and less than b. We
can then continue the decimal in such a way as to make 1t rational

239
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or to make 1t irrational, We can even make the decimal termina-
ting if we wish to do so. For example, %.222 and /,22572% ...
are rational numbers while 4,225622566225666... is irrational.
All of these numbers lie between a and b. ‘

: In order to be sure that a real number written 1n the decimal
form-1is an irrational number we must make certaln that 1t 1s not
periodic. An easy way to do this i1s to repeat a number of one or
more digits and to follow this repeating number by a different
dlgit once, then twlce, then three times, and so on. For example
in the number b = 4,236565.055565555 ... the digit 6 1is
repeated and 1is followed by a 5, once, twice, and so on. In the
number 4,237823785237888... the number 237 1s repeated and is
followed by 8 once, then twlce, then three times, and so on.
Because the diglt 8 occurs an increasing number of times in the
formation of this decima.. the decimal cannot have a definite
period. The number reprcsented must pherefore be irrational.

Exerclises 6-8b

1. (a) Write a decimal for a rational number between 2. 3846875, ..
and 2.369369...
(b) Write a decimal for an irrational number between the
numbers in (a).
2. Wrlte decimals for (a) a rational number and (b) an irra-
tional number between 0,346019... and 0.342806...

3. Write decimals for (a) a rational number and (b} an irra-
ticmal number between 67.283.,. and 67.28106006...

4, Do ycu think that the real number system contains square roots
of all integers? Support your answer by an example,.

An approx:imation which the Babylonians used for % was the
=
interesting ratio %%?. How good an approximation is this?

Is 1t as good as %3 ?

\n
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6-9. Geometric Properties of the Real Number Line

The one-to-one correspondence between the real numbers and
the points of the number 1ine gives us for the first time a
satlsfactory geometric representation of numbers, For this rea-
son 1t 1s customary to refer to the number line as the real number

line.
We know thut there are no gaps or missing points in the real

number line. We can speak of tracing the real number 1line con-
tinuously and know that the segment described at any stage has a
length which 1s measured by a real number. Thus in the number

line indicated below

A B C DE
—s ——o—
0 | vé? 2 ar

we know that BC has a leng’n of measure +/2 - 1, the length of
TD has measure 3 - +/2, BE has measure ™ - 1, TE is
measured by v - /2.

We can think of a point moving continuously from O to 1.
At every location we may associate with it a real number.

t

Because of this continuous property of our real number sycstem,
we sometimes reler to 1t as the continuum of real numbers.

Rational Approximations to Irrationals

Whenever we glve an irrational number in its decimal form,
for example, N = 0.019234675... , we see that we automatically
define a sequence of rational numbers which give closer and closer
approximations to the irrational number N. We can read such a
sequence of rational approximations as,

[sec. 6-9]
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0.01

0.019
0.0192
0.01923
0.019234
0.0192346
0.01923467
0.019234675

Rationals and Irrationals in the World Around Us

We see many examples of rationals every day--the price of
grocerles, the amount of a bank balance, the rate of pay, the
amount of a weekly salary, the grade on a test paper.

Although we have not considered the irrationals for very
long, it 1s easy to see many examples which involve irrational
numbers, For example, consider a circle of radius one unit.

What 18 its circumference? Why 2% units, of course. In fact,
any circle whose radius is a rational number has a circumference
which 1s irrational., Also, the circular closed reglon of radius

r has an area, the measure of which is an irrational number

(m'r ) whenever r is rational and usually whenever r 1s irra-
tional.

The volume of a circular cylinder is found by the formula
V="r h and 1ts lateral surface area A by A = 2 %rh where
h iz the altitude of the cylinder. Here also the volume and
area are given by irrational numbers 1f the radius r and alti-
tude h are given as rationals.

Also, we learn how to draw some lengths of irrational measure

7 the followlng simple succession of right triangles:
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You will notice however that this process gi?es some rational
lengths since Vi = 2, V9 = 5, and so on.

Draw thils succession of righﬁ angles on your paper. Continue
until you have drawn-a length to represent +/10.

Exercises 6-9

1. Which of the following numbers are rational and which are
irrational? -

The number of units in:
(a) the clrcumference of a circle whose radius is % unit.

(b) the area of a square whose sldes are one unit long.

(¢c) the hypotenuse ot a right triangle whose sides are &
and 12 units long.

(d) the area of a square whose sides have length 3 unirs.

(e) the volume of a cylinder whose height is 2 units and
whose base has radius 1 unit.

(f) the area of a right triangle with hypotenuse of length
2 unlts and equal sides.
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2. With the use of the facts that +2 ®1.414% and that -
V7 % 1.732 show that V2o /3 m /6 m2,449,
3« “hen we begln to compute with irrational numbers we sometimes
enchrunter relationships which look rather peculiar at first
but which make perfect sense on closer inspection.

Here are two examples:
The multiplicative inverse of J2 1is % J2.

The multiplicative inverse of ( /3 + /T) 1is
( V3 - J2).

*(a) Verify these «ssertions approximately by using the
decimal apt ~oximations given in Problem 2.

(b) BRAINBUL .. . “.ciry these assertions exactly by com-
puting w - 1rrational numbers themselves,
*I, Find the rac 'us - a cirele whose circumierence 1s 2. Give

an approximite value for the radius. (Use 3.1} ror T.)




