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PREFACE

’ " Key ideas of Jjunior high school mathematics emphasized in
this text are: structure of arithmetic from an algebrailc view-
‘point; the real number system as a progressing development;
metric and non-metric relations in geometry. Throughout the
materials these ideas are associated with their applications,
‘Important at this level are experience with and appreciation of
abstract concepts, the role of definition, development of
precise vocabulary and thought, experimentation, and proof. v
Substantial progress can be made on these concepts in the junior
high school.

Fourteen experimental units for use in the seventh and
eighth grades were written in the summer of 1958 and tried out
by approximately 100 teachers in 12 centers in various parts
of the country in the school year 1958-59. On the basis of
teacher evaluations these units were revised during the summer
of 1959 and, with a number of new units, were made a part of
sample textbooks for grade 7 and a book of experimental units
for grade 8. In the school year 1959-60, these seventh and
eighth grade books were used by about 175 teachers in many
parts of the country,and then further revised in the summer of

1960.

Mathematics is fascinating to many persons because of its
opportunities for creation and discovery as well as for its
utility. It is continuously and rapidly growing under the
prodding of both intellectual curiosity and practical applica-
tions. Even junior high school students may formulate
mathematical questions and conjectures which they can test and
perhaps settle; they can develop systematic attacks on _
mathematical problems whether or not the problems have routine
- or immediately determinable solutions. Recognition of these
important factors has played a considerabile part in selection
of content and method in this text.

We firmly believe mathematics can and should be studied
with success and enjoyment. It is our hope that this text may
greatly assist all teachers who use it to achleve this highly
desirable goal. .
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NOTE TO TEACHERS

Based on the teaching experience of nearly 200 Junior
high school teachers in all parts of the country and the estimates
of the authors of the revision (including Junior high school
teachers), 1t is recommended that teaching time for Part 1, be

as follows:

Chapter Approximnate number
of days
7
15
14
15
12
17
13
13

t———

Total 106

N oUW

Teachers are urged to try not to exceed these approximate
time allotments so that puplls will not miss the chapters at the
end of the course. Some classes will be able to finish certain
chapters in less than the estimated tine.

' Throughout the text, prohblems, topics and sections which
were designed for the better students are indicated by an
asterisk (*). Items starred in this manner should be used or
omitted as a means of adjusting the approximate time schedule.

10




Chapter 1
WHAT IS MATHEMATICS?

General Remarks
This chapter 1s intended to give the pupil an appreciation for

the importance of mathematics, 1Its objcctives are:
I. To develop an understanding of what mathematics is as
opposed to simple computation.
II. To develop an appreciation of the role of mathematics
in our culture. ‘
III. To motivate pupils by pointing out the need for mathe
maticians and for mathematically trained people.

Since this chapter is much different from ordinary textbook
material it will need a different treatment. The purpose of the
chapter 1s not to teach many facts or skills, but rather to build
an enthusiasm for the study of mathematics. Good attitudes will
be built 1f you use imagination and enthusiasm in getting these
objectives across to the pupils. Since the material is not to be
taught for mastery, we strongly recommend that no test be given
covering the contents of this chapter.

Experlence shows that this chapter can be covered within six
to elght lessons. Certainly no more than eight days should be
devoted to 1it.

Where seventh graders are in a new school situation and have
so many interruptions during the first few days, some teachers may
wish to precede this chapter with review exercises which are more
familiar to the pupils.

Note that Exercises 1-6, (Page 13) and Exercises 1-7, (Page 14)
are suggestions for background study to be carried on throughout
the year. These should be'begun during the first week, with
periodic reports on progress by pupils. Where guidance personnel
are avallable, thelr services should be solicited to help the
class outline a plan of action for the year.

11



It might be worthwhile to have the pupils read this chapter
again at the end of the year. The problems might also be solved
again. They should be much easier to solve after the course has
been completed.

Encourage the more able students to solve the brainbustera
but be ready to help them if they have difficulties. Most pupils
will want to puzzle over the brainbusters for a few days. For
this reason, only individual help is suggested until the time

seems appropriate for general class discussion.

l-1. Mathematics as a Method of Reasoning.

Page 1. It might provide adaitional challenge to emphasize to the
pupils that Exercises 1l-1 and Exercises 1-2 are not easy. More-
over, no simple formula for solution can be given. Some of the
pupils (and many parents!) will certainly find the problems diffi-
cult and time-consuming at this stage. You may not wish to
assign all the problems in these two sections.

Answers to Exercises l-l--Page 2: .

l. Two sons cross; one returns. Father crosses; other son
returns. Two sons cross.

2. No. They need a boat carrying 225 pounds. Solution as
in 1 above.

3. Man takes goose and returns alone. He takes fox and
returns with goose. He takes corn across river and
returns alone to pick up goose.

4. Yes. This depends on the fact that 8x + 5y = 2 has
solutions in integers, such as x = -1, y = 2 and x = 4,
¥y = -6. The first means that if you fill the 5-gallon
Jug twice and empty it once into the 8-gallon Jjug, you
will have 2 gallons left. The second solution means
that 1f you fill the 8-gallon Jjug four times and use it
to rill the 5-gallon Jug 6 times, you will have 2 gallons
left. Point out that the first solution is best.

[pages 1-2]
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5.

6.

3

Most pupils will need paper and pencil for this one. As
they attempt the solution in front of the class 1t 1s a
good 1dea to minimize the help from others in the class.
If an error i1s made, another student should be selected to
present his solution. It should be pointed out that a
crossing necessitates a landing.

Ml M2 M3 C1 02 C3 M1 C1 cross river;

=

returns.

returns.

C cross river;

2
1

2 a
w M H

C3
M M2 cross river; 02 return.
M3

M cross river; returns.

1

Q Q

C, C, cross.river; 1 returns,

172
Cl C3 cross river.

Balance the two groups of 3 marbles each. If they balance
then 1t 1is only necessary to balance the remaining two
marbles to find the heavy one. If the two groups of 3
marbles do not balance, take the heavier group. Of the 3
marbles in the heavier group balance any 2 marbles. If
they balance, the remaining marble is the heaviest one.

If the 2 marbles do not balance, the heaviest will be 1
of the 2 on the balance.

In solving the problem is it practical to try out all the
possible ways the dominoes may be placed on the board?
Thls would be difficult because there are more than

65,536 ways to cover the whole board. The solution may
be found in another way:

?gﬁ)many squares are there altogether on the board?

How many squares must be covered? (62)

What 1s special about the two squares next to each
-other? (They are of different colors.)

‘What 1s speclal about the two opposite corners?
(They are the same color.)

[page 2]
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If you place any number of dominoes on the.board can you
say aijything about the kinds of squares which will be
covered? How does this compare with the kinds of squares
which you are supposed to cover? Do you have to make
even one experiment in order to get the answer to the .
original problem? Can two squares of the same color be
covered with one domino? The answer to this question
should help some of the students reason why the soluticn
is impossible. '

1-2. Deductive Reasoning. .

Page 3. After the concept of deductive reasoning has been intro-
duced, 1t i1s still necessary to gilve the students an understanding
of 1ts importance. Examples of scientific advances in which de-
ductive reasoning was used might be Einstein's discovery of the
atomic energy formula E = MCe, space travel, satellites, digital
computer development, nuclear energy, etc. :

Answers to Exercises 1-2 - Page U:

1. After each person recelves one~pénc11, the 5th pencil
must go to one of the 4 people.

2. (2) Yes.
(b) Someone gets at least 3 pencils.

3. 367. {The answer must take leap year into account.)

1. Tell the class that the first two to enroll might be
twins.

6.
1.

g

Only 1.

6 committees.

O ® N oW

12 committees. .

[pages 3-14]
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1-3. From Arithmetic to Matheﬁatics.
Page 5. Before considering Gauss's discovery of summing an arith-
metic series, you may wish to offer the following as an example of
a sclentific experiment in which mathematics is used.
‘ Make a pendulum by fas 5tening a

welght to a string 40 inches long. < Ceiling
Attach the string to an object that

eye hook

will not move. The pendulum should
swing freely. Set the pendulum ///
into motion. Count the number of
times 1t swings back and forth in /
30 seconds. Shorten the string by // /
5 inches and repeat this experiment. W _ / A
Shorten again by 5 inches and do 1t N ~ _
agaln. Make a table of your ob- I
servations.
Length of string No. of swings
in inches in 30 seconds
4o ?
35 : ?
30 ?

Does there seem to be a relationship between the length of
the pendulum and the time? Can you predict the number of swings
in 30 seconds if the String 1s 2C inches long? How does the
number of swings depend upon the length of the string?

You have actually repeated an experiment done by Galileo
about 400 years ago. Galileo was a famous Italian scientist who
- 1ived 1n the years 1564-1642. He got the idea for the experiment
by watching a hanging light fixture swing back and forth. He
timed the swing by means of his pulse beat. He was one of the
first sclentists to show how important 1t was to 1nvest1gate
problems by the experimental method.

15
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In mathematlcs we often use the inductive method to dlscover

: sémething. Then we use deductive reasoning to Ezgxg‘that it 1s s

" true. . . . ' |

- John Friedrich Karl Gauss was born in Brunswick, Germany, in
:"1777.' He died in 1855 at the age of 78. The pupils may be inter-
" ested 1h noting that his lifetime almost spanned the years from the
. American Revolution to the Civil War. '

‘ Many mathematliclans conslder Gauss as one of the three great-
est mathematiclans of all times, the other two being Newton and

" Archimedes.

In this age of space exploration’lt 1is interesting to note
that Gauss developed powerful methods of calculating orbits of
comets and planets. Hls interests extended also to such fields
as magnetism, gravitation, and mapping. In 1833 Gauss invented
the electric telegraph, which he and hls fellow worker, Wilhelm
Weber, used as a matter of course 1n sending ﬁéssageé.

In 1807 Gauss was appolnted Director of the G&ttingen
' Observatory and Lecturer of Mathematics at Gﬁttingen University.

. In later years the greatest honor that a German mathematlclan
could have was to be appointed to the professorship which Gauss
had once held. .

This secticn deals w:i+i Gauss's discovery of the known method
of summlng an arithmetic .uwirles. It dramatizes how some pupills
(and mathematicians) apply insight to finding a solution to a
problem. Your better students should be told that'there are
methods other-than Gauss's for finding the sum df a serles of
numbers. Some students might be encouraged to discover methods
of their own for adding number series qulckly.

The "middle number" method 1s one that may be used. This
scheme can ‘be used for an even or an odd number of integers. The
following examples may be used to explaln this method to the
students who have tried to discover other methods.

[page 5]
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Example Ae 1+ 2+ 3+ 4 %+54+6+7= 2

*" In this series the middle number (4) 1s the average of the
1nd1v1dua1 numbers of the series. The sum is the product of the
middle number (4) and the number of integers in the series or
4y x 7 = 28,
Some pupils may prefer to think of the serieé as
(B+7)+(2+6) +{34+5)+%=(b4+b)4 (44b)4 (hogod)
+4 =7 x b2 o8, :
Example B. 1 + 2+ 3+ 4 4+54+6+7+8-=
In this case the "middle number" is halfway between 4 and 5,
or 4%. Then the product (4—) X 8 = 36 1s seen to glve the correct
sum. e
It may seem more plausible here to write the sum as

(L+8) +(2+7)+ (3+6)+(4+5)=
(4%-+ 4%) + (4% + 4%) + (4% +-4%) +_(&% + 4%) = 8 x 4%.'
Clearly, Gauss's method 1s to be preferred in this case,

Answers to Exercises 1-3--page 6:
1. Another method is this: 2 + 4% =3 + 3, 1 +5 = 3 4+ 3.
That is, the sum 1s the same as: ' '
3+ 3 + 3+ 3+ 3=5x3=15.
This can be called the "averaging method."

2. Elther method works. Gauss method: §,g—§ H

S _ Averaging method: 5x 4 = 20.
3, }§L§;§ = 64. Here there 1s an even number of quantities
so that the averaging method" must be
modified to give 8 eightt!s or 8 x 8 = 64,

b, (a) 4.
(b) 9.
(¢) 16.

(d) The sum of the first "n" consecutive odd numbers
equals the square of "n". .
(e) 64,
17
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. '93-3-19 = 310; 31 x 10 = 310.

5
6
7. 2%2L - 1275; 51 x 25 = 1275.
8

 Yes, provided that the numbers are in arithmetic progres-
_sion, that 18, there 1s the same difference between each’
pair of adjacent numbers. ' - -

9. Yes.  If we start with 1 there are 200 integers in the

‘serles giving us_‘(1 + %00)200. If we start with O there
(0 + 200)201
2 -

are 201 1ntegersein the serles giving us

The products of like factors are equal. The method also
may be used in a series if we select a number other than
1 or O as a starting point. Some of the better students
may investigate whether the method works in other number
series. _ )
10. (a) 1If you add 1 to the quantity, the sum up to any
number 1s equal to the next number. Hence, the
sum plus 1 1s equal to 2 . 256 = 512. Therefore,
the sum 1s 511. '
(b) This 1s more in the spirit of Gauss:
Sum=1+2+ 4% 4+ ... + 256
2 sum=2+ 4% + .. + 256 + 512
Subtracting: Sum = 511.
11. Sum =2 + (6 + 18 + ... + 486)
3xsum=26+ 18 + ... + 486 + 1458
Subtracting: 2 x (the sum) = 1458 - 2 = 1456
Sum, 728. '

1-4. Kinds of Mathematics.
Page 7. Discussion of this section should emphasize the dynamic
character of mathematics. It 1s not a "dead" subject as many

parents belleve.

18
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It 1s important also to point out here (and throughout the
course) that certain Important 1ngréd1ents aré common to all the
many varletles of mathematices. The method of loglcal reasoning,
the use and manipulation of abstract symbols, the inslstence on.
precision of thought and clarity of expression, the emphasis on
general results--these are some characteristics which need to be
stressed whenever possible.

Probability--page 8:

This sectlon gives only a very brief introduction to proba-
bllity. Although students may become interested at this point and
attempt more coriplex problems, it would be better if they wailted.
A chapter on probability is included in Volume II. Some supple-
mentary units also a-e avallable.

Answers to Exercises 1- 4--page 9:
2. One out of four or-E

3. One out of two or-%
4, One out of 52 or 59.
A 1
5. Four out of 52 or 55 = 13°
The probability may be ‘thought of as a ratio of

the number of possible favorable selections
the total number of all possible selectlons.

The puplls should be reminded that to say hils chances are
1l out of 13 does not mean that he will necessarlily draw

. an ace 1in the first 13 draws.
6. One out of six. A die has 6 sides and only one side has

two dots, .’
7. There are four possibilities in all, only orie of which

1s favorable. Hence the probability 1s %w

8. One out of 36. The more advanced students should reason
that there are 36 possible combinations. A table may be
constructed to show the possibilities. A possible dlagram
is the following. :

[pages 8-9]
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10 o

Number of . A
Possibilities |1 |2 {3 (4|5|6|T7|8]9 ... 34|35 |36

1st die 1l1j1j1ji1jrijgj2|l2 ... 61616

2nd die 123 (4/5]6{1]l2]3 ... 4| 516
Since there 1s only one possible way of making two ones

the probability'is _5

9. The possibilities are easlly enumerated.

Number of -

Possibilities |1 |2 |3|415]|6|7]8
1st coin H|H|H{H|T|T|T|T
2nd coin HIH|T{T|H|H|T]{T
. 3rd coin H{T|{H|{T|H|T|H|T

For 3 heads to come up, the probability is B' For
exactly 2 heads the probabllity is 3 out of 8 or~8 For
at least two heads the chance 1s 4 out of 8 or %- Note
that this equals the probability of exactly two headség)
plus the probability of 3 heads (8) .

Class Activities 1-6 and 1-7--pages 13-14:

The exercises suggested in Section 1-6 and Section 1-7 should
be undertaken as year-long projects to be reported on perlodically.
Much of this information would be good bulletin-board materlal.

A general aim 1s to make the puplls alert to the current news
relating to mathematlics and mathematiclans. As the year progresses
they should gaib an increasing apprecilation of the impbrtant role
mathematical thought 1s playing in our present éivilization.

The National Sclence Foundation, Washlngton 25, D.C., pub-
lishes pamphlets which contain information On'fhe number of
mathematiclans and where they are employed.

20
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A survey of college requirements in the vocations students
may choose should be especially valuable at this stage. We hope
it may ease the difficult task of effective guidance in choosing
their high school courses.

One word of caution is perhaps warranted here. The purpose
of these sectlions on mathematics today is to call attention to 1ts
central role in the pupllt!s daily life. The necessity for a mini-
mum knowledge of mathematics is to be stressed. It is not the
intention to recruit people for careers as mathematicians.

1-8. Mathematics for Recreation.

Page 15. Bring out the fascination of mathematics as a leisure
activity or hobby. Encourage students in finding recreational
mathematics from the books available at school and from current
magazines or rotogravure sections of newspapers. '

Choose such problems now and then, throughout the year, at a
time when- the class needs a change of pace. These kinds of
problems can be used profitably with the class perlod before a
1engthy vacation.

Discussion of Konigsberg Bridges Problem.

By experimenting you can show that it 1is impossible to pass
Just once over every bridge if there are more than two points
where an odd number of routés come together. Since there are—
four points where an odd number of routes come together, this
makes 1t impossible to walk over each bridge once and only once.
You may wish to consult the'supplementary unit on the Konigsberg
Bridges for further ideas.

Answer to Exercise 1-8--page 16:
l. The first figure can be drawn if you start at either of
the vertices where an odd number: of segments come to-
gether, The second figure has no such vertices. so it

can be drawn by starting at any vertex. The third figure

has four vertices where an odd number of segments come

together so it cannot be drawn without 1ifting your
bPencll or retracing a line.

[pages 15-16]
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1-9. Highlights of First-Year Junior High School Mathematics.
Fage 16. This section is intended to give the student a general
overview of the scope of the filrst-year course in Junié% high
school mathematics. It 1s intended to broaden his ideas of mathe-
matics by discussing very briefly the topilcs that will be sfudied.
This, together with the introduction of logical reasoning and
probabllity earlier in this chapter, will help dispel the general
idea that mathematics 1s computation only. .

Reading this chapter agailn later in the year may strengthen
the student's understanding of what mathematics is.

22
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Chapter 2
NUMERATION

Introduction

qu this unit 1little background is needed except familiarity
with the number symbols and the basic operations with numbers.
The purpose of the unit is to deepen the pupil’s understanding of
the decimal notation for whole numbers, especially with regard to
place value; and thus to help him delve a 1little deeper into the
reasons for the procedures, which he already knows, for carrying
out the addition and multiplication operations. One.of the best
‘ways to accomplish this is to consider systems of number notations
using bases other than ten. Since, in using a new base, the
pupll must necessarily look at the reasons for carrying and the
other mechanical procedures in a new light, he should gain deeper
insight into the decimal system. A certain amount of computation
in other systems is necessarj to "fix" these ideas, but such
computation should not be regarded as an end in itself. Some of
the pupils, however, may enjoy developing a certain proficiency

In using new bases in computing.
Perhaps the most important reason for introducing ancient

symbolisms for numbers is to contrast them with our decimal system,
in which not only the symbol, but 1ts position, has.significance.
It should be shown, as other systems are presented, that position
.-has some significance in them also. The Roman System has a’ start
in this direction in that XL represents a different number from

LX but the start was a very primitlve one. The Babylonians also
made use of position, but lacked a symbol for zero until about

200 B.C. The Babylonian symbol "$ " denoted the absence of a
figure but apparently was not used in cémputation. The‘numeral
zero 1is necessary in a positional system. In order for the pupils
to appreclate the important characteristics of our system of
writing numbers, the following table may be discussed.

23
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. Base Place Value Zero
Egyptian Ten No No
Babylonian Sixty Yes-# - Limited
meaning
Roman Varied No, but 1t has No
. positional value
N N \
Decimal Ten ) Yes Yes i

Pupils should not be =zxpected to memorize anclent symbolism. It
is recommended that little time be spent on the use of the symbols
themselves. ’ -

It 1s especlally lmportant to distingulsh between a number
" and the symbols by which it is represented.' Some of the proper-
tles usually connected with a number are really propertles of 1its
notation. The facts that, 1ln decimal notation, the numeral for
a number divisible by 5 .ends in & or O, and that = 1 has an unending
decimal equivalent (0.333... ), are 111ustrations Most of the
properties with Which wve deal are properties of the numbers
themselves, and are entirely independent of the notatlon in which
they are represented. Examples of such properties of numbers are:
2 +3 =3 4+ 2; the number eleven 1s a prime number; and six 1s
greater than five. The distinction between a number and the
notation in which it 1s expressed should be emphasized whenever
there 1s opportunity. ‘

An attempt has been made to use "number” and “numeral" with
precise meaning in the text. For example, 'numerals" are written,
but "numbers" are added. A numeral is a written symbol. A number
is a concept. Later in the text 1t may be cumbersome to the
point of annoyance to speak of "adding the numbers represented
by the numerals written below." In such case the expresslon may
be elided to "adding the numbers below."

At several points, numbers are represented by collectlons of
x's. Exercises of thls kind are important, because they show the
role of the base in groupling the x's, as well as the significance
of the digits in the numeral for the number

24
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Suggested Time Schedule

It 1s important that only enough time be spent on the various
sectlons to secure the understandings desired. The historical
symbols- themselves are not important. Neither are the numerals in
other.bases valuable in themselves, but the ideas that they help.

to clarify are important.

Familiarity with the subject matter is an important factor in
a smooth presentation. Teachers report that a second experience
with this material is much easier than the first. The lesson
moves more rapldly, apparently, as the teacher galns confidence
in the subject matter presented.

Homogeneously grouped classes undoubtedly will alter the
suggested schedule since the more able students can complete the
chapter in less time whlle less able students may require a consid-
erably longer period of time on various sectlons. The following
schedule may then be adapted .to local needs, taking into consi-
deration the length of class perlods and other factors. It
should be remembered that extra time spent on this chapter will
necessarily reduce the number of days avallable for later important

chapters.

Sectlons Days
1 . 1
2 1
3 1-2
4 2
5 3
6 2
7 1
8 1
9 2

Test 1

Total. 15-16

Fifteen to sixteen days should be sufficient for the chapter and
a test on the chapter.
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2-1. History of Numerals.

Page 21. The purpose of the historical material 1s to trace the
continuing need for convenient symbols and for a useful way of
writing expressions for numbers. The idea of "one-to-one" corre-
spordence is introduced. It 1s developed later and should not be
defined here where the emphasis 1s uponAnumerals rather than upon
number. Egyptlan symbolism 1is introduced to famlliarize the
pupils with one of the first lmportant systems of notation. Do
not consume an excessive amount of time in discussing the Egyptian
or Babylonian systems. '

Page 22. The Babylonlans were among the first to use place value.
The base sixty system 1s mentioned because of later reference tc
it, particularly in measurement. There ls evidence that the
Babylonians also used symbols 1like () but there is no need to
introduce these to the pupils. No pupil should be required to
memorize ancilent symbolism except in the case of Roman numerals.

. Page 23. The Roman system may be stressed because of 1ts contin-
ued use. Note that the subtrazting principle was a late develop-
ment. It may be polinted out that computation in ancient symbolilsm
was complex and sometimes very difficult. Because of this,
various devices were used, such as the sand reckoner, counting
table, and abacus. After decimal numerals became known, algo-
rithms were devised and people'were able to calculate with symbols
alone. There was much opposition 1n Europe to the introduction
and use of Hindu-Arabilc numerals, especlally on the part of the .
abaclsts. As the new system became accepted, the abacus and
other computing devices slowly disappeared 1ln Europe.

Answers to Exercises 2-1--Page 24:

1. *(a) N . @ £9 25 AN
nt 4 a
(v) NONNNII ‘ZP?);’ nnnN
(c) P92 999 (e) ¥ 222 22N
ANNANNN .

|1 R T I

[pages 21-24]
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10.

11.

nnie, otk inn g,

17

Altn -, 1Nk, N

(a)
(v)

()

(a)
(a)
(b)
(c)
(a)
(a)
(b)
(c)
(a)

(a)

(b)

(a)

(b)

(c)

(a)

(b)

. number of units. The decimal system involves place

2640

200,105 ‘ (¢) 1029
2052 . (a) 1,100,200

1 (®) <1 (e) <L

R R

rn y
15 . (v) 37 (c) 55

29 . " (e) 666

61 , . (£) 500,000

90 (g) 1492

105 '

XIX o (d) Mpexc

LVII (e) W

DCCCLXXXVIII (f) XV

7 (b)) 2 (¢) 7 (a) 10

No. Since X represents a smaller number than c,
XC means 100 - 10 or 90 while CX means 100 4 10 or
110. , .

Yes, since the position indicated whether the
numbers are to be added or subtracted.

Three.
One hundred eleven. T

- In"the Roman system, the symbol shows the number

of unlts to be added while our-system shows the
number of groups and each group has a different

value while the Roman system does not.

1709
_654
2363 or MMCCCLXIII

1408
4O48 or MMMMXLVIII

[pages 24-25]
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2-2. The Decimal System.

gagg.gé, The illustration of grouping in tens suggests a method
useful in mental calculationuas 37 + 62 1s 3 tens + 6 tens + 7 + 2
which 1s 99. Note that parentheses are used to show that certain
combinations are to be considered as representing a single numeral:
In a later chapter a different use of parentheses will be dis-
cussed 1n greater detall. Emphaslize the value represented by a
diglt and the value of position 1in decimal notation.

Emphasize the importance of the inventlion of a useful system
which lends itself easily to calculation. The effilcliency of the
decimal-system lies in a combilnation of factors.

1. Only a few symbols are needed, no matter how large or
small the number expressed. Some students may observe
that we use ten. symbols while the Babylonians used Just
two and the Egyptians and the Romans each used 7. How-
ever, in the decimal system no additional symbols are
ever needed as larger numbers are introduced; this is

"not true of the other systems.

2. Place value 1in which each position corresponds to a

power of the base 1s of importance in a system used for

calculation.
3. The concept of zero as a place holder 1s essential in the

development of a place value system.
Page 28. The reading and writing of numerals may be treated as a
review, or if needed, as a thorough study, depending on the needs
of pupils. Some pupils may know and understand this material
completely. Others may have a very limited proficiency in this
area. ~
A class discussion might deal with the following:
Suppose we used systematic names for numerals.such as "two
tens" for twenty, "two tens, one" for twenty-one, "ten, one" for
eleven, and "ten, two" for twelve. How many differant, basic
words would be needed to name all counting numbers up to a
trillion? (Remember that a numeral like "one hundred, three tens,
six" 1s made up: of basic words used many times in other numerals.)

There are fifteen essential words: ‘'"one, two, three,......, ten,

[pages 26-28]
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hundred, thousand, ..., trillion."

Answers to Exercises 2-2. Page 29.
l. Ten; 0,1, 2,3, 4,5,6,7, 8, 9.
2. (1) units, (2) tens, (3) hundreds, (4) thousands, _
(5) ten thousands, (6) hundred thousands, (7) millions,
(8) ten millions, (9) hundred millions.
3. (a) three hundred.
- (b) three thousand five.
(¢) seven thousand one hundred nine.
(d) fifteen thousand fifteen.
(e) two-hundred thirty-four thousand.
(f) six hundred eight thousand fourteen.
(g) ‘one hundred thousand nine.
(h) four hundred thirty thousand one.
(1) nine hundred ninety-nine thousand nine hundred
ninety-nine. '
(Note: Only the tens numbers are hyphenated, as.
_ "twenty-three", etc.)
y, '(a) seven million thirty-six thousand -two hundred
ninety-eight.
(b) nine trillion three hundpred billion seven hundred
eight million five hundred thousand.
(¢) twenty billion three hundred million four hundred
, thousand five hurndred.
(d) nine hundred billion.

-------

5. (a) 159
(b) 503
(c) 6857

(d) *3,070,013
‘(e) 4,376,007,000
(f) 20,010
(g) 9,015, 200
6. 99,999 means (9 x 10, 000) -+ (9 x 1000) + (9 x 100) +
(9 x 10) + (9 x 1)
ninety-nine thousand nine hundred ninety-nine

29
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7. 100,000 means (1 x 100,000) + (O x 1o,ooo)'f (0 x 1000) +
(0 x 100) + (0 x 10) + (O x 1). One hundred thousand.

2-3. Expanded Numerals and Exponential Notatilon.

" Page.30. Exponents are introduced here in a situation which
shows clearly their usefulness for concise notation. Further-
more, theilr use serves- to .emphasize the. role of the base and of
position. This role will be more fully utilized in the sections
to follow.

The Celts and Mayans used twenty as a base probably because
they used their toes as well as their fingegs_in counting. The

. speclal name sometimes used for twenty 1s "score.” Some Eskimo
tribes count by five using the fingers of one hand.

Answers to Exercises 2-3. Page 31.
1. Ten to the first power, ten to the second power (or. ten

square), ten to the third power (or ten cube), ten to
the fourth power, ten to the f%fth power.

2. +(a) 3° (e) 5 i
(v) 2* - (£) »2
(c) 6° (g) 279°
(d) 253 : (n) 161
3, (a) three (d) ten ,
(b) seven (e) An exponent of one indicates
(c) two the value of the base. In
a strict sense this 5 1s not
a fector. .
(f£) five
k. (a) b x4 x4

(b) 3 x3x3x3
(c¢) 2x2x2x2x2x2x2x2
(d) 10 x 10 x 10 x 10 X 10 X 10 x 10
(e) 33 x 33 x 33 X 33 X 33
(£) 175 x 175 x 175 x 175 x 175 x 175
5. The exponent tells how many times the base 1s taken as

a factor.

[pages 29-31]
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6.

10.

(a)
(b)
(c)
(a)
(e)
(f)
(8)
(n)
(1)

(8

(k)
(1)

(a)
(b)
(a)
(v)
(e)
(a)
(e)

-

1019

109

107

10°
102
10t
10°
102

101

21
X3 =27 ' ;
25
b x4 = 256
2 X2 x2 =32
36 '
7T =343 -
64
= 81
10 X 10 x 10 = 1000
3X3X3x3 =281
2X2X2x2x2x2 =64
bx b x i x4 x4 = 1004

X X

X

W 0O~V =y W

XXXXXXXX

W 0O~ oD =Wy W
]

4> means 64, BLl means 81.
29.means 512, 92 means 81. .
(4 x 10%) + (6 x 101) + (8 x 1)

(5 x 10%) + (3 x 10%) + (2 x 10%) + (4 x 1)
(7 x 10°) + (0 x 102) + (6 x 10%) + (2 x 1)

(5 xdloa)“+'(9 X 10°) + (1 x 102) + (2 x 10%) + 6 x1)

(1 x 10°) + (0 x 10*) + (9 x 103) + (1 x 10°) +
(8 x 10%) + (0 x 1)
10,000, 000,000 ten billion
1,000,000,000 one billlion .
100,000,000 one hundred million
10,000,000 ten million
1,000,000 one million
100,000 one hundred thousand
10,000 ' ten thousand '
1,000 one thousand
100 one hundred
10 ten

The exponent of the base "10" tells how many zeros are
written to the right of the "1" when the numeral is
written in the usual way. )

[page 31]
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1. (a) 105 (b) 10° (c) .106 (a) 108

12. 10%99, (It may be pointed out to the pupils that 1190

is 1.)

1%, 100, 10, 1. Some discussion‘might be devoted to‘thé
meaning given to 100. This po;nt need not be stressed
at this time, but it will be used in later chapters.

2-4., Numerals in Base Seven.

| Page 33. The purpose of teaching systems of numeration in bases
' other than ten is not to produce facility in calculating with
such systems. A study of an unfamiliar system alds in under-
étanding a familiar one, just as the study of a forelgn language
aids us in hnderstanding our own. The decimal system 1s so
familiar that its structure and the ideas involved 1n its algo-
rithms are easily oJerlooked.' In this section attention 1is
focused on numerals, rather ‘than on numbers. :

Page 34. Questions may arise about the notatlion for a numeral

~ to base seven. We do not write "157" because the symbol "7" does
" not occur in a system of numeration to this base. Replacing the
numeral by the written word emphasizes this faét.

Later in the chapter and in succeeding chapters, some classes
may agree to indicate the base, as different systems of numeration
are introduced, by a numeral in decimal notation. They may agree
that they wfll regard the éubscript in this case as alqays based
on ten. Thus they may write for 25seven the expression 257; for
18twelve the expression 812; and for 110, ., 110;.

After the pupils have had practice in grouping by sevens,
introduce counting. Puplls enjoy counting in turn, and helping
each other as 30seven’ uoseven’ and lilke nﬁmqrals arlse. Have
them f£i1l in missing parts of the list on page 35 orally with

perhaps a recorder at the board.

32
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Page 35.

Numerals (in base seven) from 21 oven O 202,

30 40 50 60 100 110 120 130 140 150 ‘160 200
21 31 41 51 61 101 111 121 131 111 151 161 201
22 32 42 52 62 102 112 122 132 142 152 162 202
235 33 43 53 63 103 113 123 133 143 153 163
guv 34 ﬁu 54 24 104 114 124 2134 134 154 124
5 35 5 55 2 105 115 125 135 145 155 165
26 36 46 56 66 106 116 126 136 146 156 166

At Géseveh you may wish to say: "This is the number of
states we had in the United States before Alaska became a state.
How many states did we have after Alaska and before Hawaii? How
shall we write this number in base seven numerals? We have gone
as high as we can in the 'one' place and in the 'seven! place.
What 1s er more than 66seven? What do you do when you reach 99
in the decimal system?" When the pupils understand that after
66seven comes 100, ..., ask them, "How many states are there when
we include Hawali?" Pupils may read 101 . on @5 "one, zero, one,
base seven."

Have the pupils continue to count orally until they reach

202seven'

It is usually helpful to keep the chart on page 35 on the
board during the time this section 1s studied. Some teachers
emphasize the meaning of exponents by writing the chart in two

ways: e
seven’ seven’
(seven x seven X seven X seven) (seven x seven x seven)
seven® , seven?t : one
(seven x_seven) (seven) (one)

- It 1is suggested that alternate exercises in this 1list be
discussed and answered in class as a group undertaking. The
puplls should then be ready to attempt the remaining exercises

without further help.
33.

[page 35]
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Answers to Exercises 2-4.

Page 37.

1. (a) 13seven'
(o) auseven
(c) 116seven

2. (a)

(b)

—
Q
~—

566
50

Ll
Ll
]

(d) Mxxx x x X
XXXXXXX
XXXXXXX
xxxxxxx| x
XXXXXXX
XXXXXXX
XX XXXX
3. (a) (3 x seven) + (3 X one) = 24
(b) ~(4 x seven) + (5 X one) = 33
(¢) (1 x seven X seven) = 49 -
(d) (5 x seven X seven) + (2 X seven) + (4 X one) = 263
uf (a) loseven (d) 1635even
(v) 1lseven . (e) 10Qoseven
(e) 55seven (£) 1010sever}
5. (a) 560seven The 6 means 6 sevens
(b) 56seven The . 6 means 6 ones
(¢) 605 The 6 means 6(seven X seven)'s or
Seven 6(forty-nine)ts
(d) 6050seven The 6 means 6(seven X seven X seven)'s

6. sevenu
The product of
132

o

seven

or 6(three hundred forty-three)

or seven to the fourth power

9 sevens or (79).

e

34
[page 37]
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11.
12,

13,

14,

15.
16.

17.

18.

25

I
L2 seven'
10.

205ten

Neither. They are equal.
(a) Yes. 304en = (34en X ten) + (0 x 1) -

(b) No. Wnhen 241ten is divided by 10, ., there is a
non-zero remalnder. .

(¢) If the units digit is zero the number is divisible
by ten; otherwise it is not divisible by ten.

3oseven = 21ten 1s not divisible by ten.

60seven = 42 en 1S not divisible by ten.

(a) It has a remainder of zero when divided by seven.
(b) 1 Yes. (3 x seven) + (0 x 1) is divisible by seven;
Remainder is 0.
No. (3 x7) + (1 x1) =22 1s not divisible. by seven.
A number written in base seven is divisible by seven
when the units digit i1s zero. .
4ten and 68ten are divisible by two. A number not
divisible by two 1s called an odd number. A number
divisible by two 1s called an even number,
11seven 1s evenf
No; you cannot tell merely by ‘glancing at the numerals.
You could tell by converting each number to base ten.
There 1s another method which is shorter and has much
value in teaching divisibility ideas; 1t may be a bit
advanced for grade seven. For example, .
12 even = (1 X7) +(2x1) =1x (6 +1) + (2 x 1)
(1.x6)+ (1 x1) + (2 x 1)
(1 x6) + {{(1 +2) x1)
The first term is divisible by two but the second term
1s not divisible by two; hence the sum is not divisibile
by two. - Note that the digit in the units place of the
last. expression in the display 1 + 2, 1is the sum of
the digits of 12__ on 30d this sum is not divisible by
two. This 1s a general rule for base seven numerals,

[page 37]
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19. They use seven symbols and seem to have a place value
system with base seven. They appear to use |, L , A4,
0o, 8, ®, for1l, 2, 3, 4, 5, 6 and ~  for zero.
L L follows L . '

20. See discussion problem 18.

2-5. Computation in Base Seven.
- Page 39. Be sure that puplls understand the construction of the
addition table for base ten.

»

Addition, Base Ten

+jol1}i2|3|4|5]|6]|7 9

0 112314567809

1] 1 3l 45| 6]7]8] 9]0
21213 51 6| 7|81 9 |10]11
313|415 78] 910 |11 |12

; bl 4| 516|717 9 [10 {11 |12 |13
55|67 9 |De 11 |12 |13 |14

6|1 6| 7| 8] 9|10 |11 |18 |13 |14 |15

71 71 8] 910 |11 {12 |13 |T% |15 [16
|8]8] 9|01 |12 |13 |14 i5 6|17
"9 ] 9 {10 |11 12 |13 (14 |15 {16 |17 (I

Pupils‘should be helped to observe the symmetry of the table
with respect to the diagonal. They will notice that 8 + 6 =
6 + 8, for example, and that this 1s true for any pair of numbers.
Later they will learn that thils is the commutative property of
addition. It 1s suggested that the word commutative not be used
at this time. .

If pupils know the facts, no time should be wasted on the
table after 1ts characteristics have been discussed.

[page 39]
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'~ Addition, Base Seven

Page 40,
+ 1012 /34|56

OJoN1|2|3]|4|l5]|6

1123|4560

2 |23 5| 6 |10 |11 ’

3 13|45 10 |11 |12

Y14 1516 |10 [11NJ12 |13

5 1516|1011 [12 [13]1%

6 | 6 |10 |11 |12 |13 {14 1
There 1s no value in membrizing this table. The process is
more lmportant than the facts. The point to be emphasized 1is that
numbers and number properties are independent of the numerals or
symbols used to represent the numbers. 'Commutativity holds 1n
base seven as well as base ten because it is a property of numbers,

not numerals.
Answers to Exercises 2-5a.

1. (a) 11 (b) 17
3. (a) Yes
(b) By reading each result from the table and noting
results,

(c) Chart is symmetric with respect to the diagonal.
(d) 55 different combinations; Just a bit over half"
the total number of combinations.
5. (a) 28 different combinatlons. Fewer than 49 because
of the commutative law of addition.
(b) In base seven because there are fewer.
(q) They are equal since 9 = 12, ven’

Addition in base séVen 1s undertaken to clarify addition in
declimal notation. Some of the newer elementary school textbooks
prefer to use the word "change" or "regroup" rather than "borrow"
since the first two words seem to describe the actual process

[page 40]
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better than the last.

Point out to the puplls that in adding 1n base ten it is
often necessary to regroup ten ones as one ten, whereas in base
seven we regroup seven ones as one seven.

Page 42. As pupils use the table in subtraction, they may observe

that subtraction 1s the inverse of addition.
Some of the exerclses 1in additlion and subtraction are written

"in horizontal fashion in preparation for future work in algebra.

Answers to Exercises 2-5b--Page U43.

1553

(a) 56seven

(g)

.l' seven
(19 + 22 = 41) (327 + 299 = 626)
(b) 110 .. (h) 14562 . ..
(41 + 15 = 56) (2189 + 1873 = L4062)
(e) 300seven (1) 6uulseven
(109 + 38 = 147) (2160 + 123 = 2283)
(d) 62058V8n (J) lG’-l»’-l»seven
(91 + 217 = 308) (327 + 342 = 669)
(e) 281 ven (k) 14,65useven
(33 + 94 = 127) (1917 + 2189 = 4106)
(f) .12668even
(199 + 290 = 489)
2. (a) 25eyen (®)  45even (e) 4 ven
3 (g) 2 (d) 1515even
(v) 36 (e) 6
(47 - 20 = 27) (32 - 26 = 6)
(c) 163seven (f) 506seven
(98 - 4 = 94) (323 - 72 = 251)

[pages 40-43]
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(g) 2033eveﬁ (J) 305even
(247 ~ 146 = 101) (74 - 47 = 27)
(h) uosseven (k) 125useven
(1715 - 1513 = 202) (1261 - 781 = 480)
(1) 5523even (1) 5useven
(319 - 37 = 282) (136 - 97 = 39)
i ,
Page 44, ' Multiplication, Base Ten
Xx1o0r112 31456 7!s
0 otoflojofo]lolololo
1}o 2|13 4%] 567|819
2]o] 2 6| 8 (10 {12 [14 |16 |18
3o 3 12 |15 [18 |21 |24 [o7
b ol u. 12 |18 [20 {24 |28 [32 |36
51015 |10 |15 |20 30 |35 |40 (45
6 |o]| 6 |12 |18 |24 30 42 148 |54
T 10| 7 [14 |21 (28 |35 |42 |56 |63
8 10| 8 [16 |24 {32 |40 |48 56 72
910 9.

18 |27 [36 |45 |54 63 T2

Answers to Exercises 2-5¢c. Page b5,
- 1. Study of this table should emphasize the following:
(a) The product of O and any number 1is zero.
(b) The product of 1 and any number is the number
itself.

[pages U43-45]
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2. The order in multiplication does not affect the product.
This 1s indicated by the fact that the parts of the
table on opposite sides of the diagonal line are alike.

3. Multiplication, Base Seven
X 0 1l 2 3 h 5 6
0 0 0 0 0 0 0] 0
1 0 1 2 3 h 5 6
2 0 2 ) 6111|135 |15
3 0 3 6 |12 |15 |21 |2t
4 0 4 111 |15 (22| 26 | 33
5 0 5113 |21 | 26 | 34 | h2
6|l o] 6|15 |eu]33|s2|51

Study of this table 1s valuable for the additional insight it
affords into the understanding of multiplication. There is
no value 1n memorizing it. The table may be used to emphasize
thet division 1s the inverse of multiplication.
“. &iwce multiplication combinations are needed only up to
£ X & 1instead of up to 9 X 9, multiplication 1s easier
tn leuarn 1n base seven than 1n base ten.
£, {». ioth parts are alike.
(b) 3seven x useven = useven X 3seven; this 1s an 1llus- .
tration of the fact that multiplicatlon is commutative

6. 2835; 18,675; 2,017,372; 697,226; 3,981,354,

PN TN
R

Page 47. Since division is the most demanding operation, it is
suggested that teachers regard the toplc as optional and do only
as much as they judge appropriate, in class discussion. Pupills
may need help in learning how to use the multiplication table to
find division facts. Exerclses are included for those puplls who

49
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wish to attempt them.

Working: with base ten and base seven numerals, using the
tables, and changing from base seven to base ten, provide many
“oppertunities for needed drill in the four operations, Teachers
may wish to observe the kinds of drill needed and to devise

additional exercises of the appropriate type.

Answers to Exercises 2-5d.

_ 1. (a) 45seven (£) 443’115seven
(b) 222 () 106,533,
(c) lll6seven (n) 5,511,uzéseven
() 3325, cn (1) 15,150
(e) 3h6M_ (3) 1,660,201

2} (a) 5seven
(b) 623even .
(c) uzlseven with a remainder of 2 even”

(a) 123 even With a remainder of 12_.ven:

3. (a) (A x7x7)+(0x7)+ (3 x 1) = 199¢en
(®) (1 x10x10) + (8 x10) + (9 x 1) = 189 en

b uo3seven

5. (a) 66seven ‘ (c) 1061seven
(b) 123seven (d) ' 1205seven
6. (a) '4seven C (b) 26seven (c) 334seven

7. Room 123; book 7; 15 chapters, 394 pages; 32 pupils;
5 days; 55 minutes; 13 girls; 19 boys; 11 years old;
66 inches or 5 feet 6 inches tall.

41
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2-6. Changing from Base Ten to Base Seven.

Page £§l Puplls in general find it easier to change frbm base

seven to base ten numerals than the reverse. ‘'his section glves
'much detail in order to provide help\to pupils who may have

trouble.
'Ask for the highest power of seven which is contained in
the number given 1n base ten riumeration. ~For example, consider
: 63410. Is 7LL or (240110) contained in 63410? Is 73 or (34310)?
After we have taken as many 34310's as possible from 63410, how

muach remains? The next power of 7 1s 7. How many 4910’5 are
contained in 29110? Flnally, how many T's, and how many l's are
left? _

Page 51. A second method of changing from base ten to base seven
numerals 1s developed in Exercises 3, 4, 5 on Page 51.

10 1958 S
.10 195 remainder 8
10 19 remainder 5
10 [ remainder 9 The number is 1958
0 remainder 1
7B
7 [[4 remainder 6
7 [0 remainder % The number is 1346 base seven
7 |1 remainder 3 ‘
0 remainder 1

Some pupils will see that the 6 ones are found first when
T4 groups of 7 are taken away. These groups of 7 are then put
together 1n,gf0u§§ of 7 sevens with 4 groups left for the numeral
in éhe 7 place. The process 1s repeated to find the digits for
successive places in the numeral.

Answers to Exercises 2-6. Page 50.
1. (a) 50 e = (1 x Sevena) + (0 X seven) + (1 X one)

= 1015even
(b) 145ten = (2 x sevena) + (6 xs8veh) ¥ (5.iX one)
= 265:¢ven i
(c) 1024, = (2 x seven?[1+ (6 x sevena) + (6 x seven) +

(2 x one) = 2662g¢yen
[pages 48-51]
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Divide by seven
seven.,

= 195
=1

=1

15

““seven
51
62

Seven

10
useven

seven

uBlseven
3564

'Seven

0

Th
10

WM o wm oo oy
|

0

33

524ten = 1346seven; the
digits of the base seven
numeral are the remainders
which have Just been obtained.

and continue to divide each quotient by
The digits in the numeral sought will be the

remainders in order with the first remainder in the
"one" place.

(a)
(b)

(£)
()

ll6lten
275ten

65488V8n

462

seven

lllésevgn !
3

ko2

seven

43
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2-7. Numerals 1n Other Bases. .
Page 52. Bring out the idea that the base of the system that we
use 1s "ten" for historical rather than mathematical reasons.
Some mathematiclians have suggested that a prime number such as

7 bas certaln advantages. The Duodecimal Socilety of America, _
20 Carlton Place, Staten Island 4, New York supports the adoption
of twelve as the best number base. Informatlion about the duo-
decimal system 1s furnished by this soclety on request. Exercises
in other number bases help establish an understanding of what a
positional, power system of numeration is.

Answers to Exercises 2-7. Page 5&4.

e o ot - —— — — —

= . i >N
> > DD @
L&z «x® 2/

(a) 5 groups of three and 1 left over.
(b) No. COCnly the digits "0", "1", and "2" are used

in the base three system. "S5" 15 not one of these.
(¢) (1 group of three2) + (2 groups of three) +

(1 left over).

(a) 16, = 121thr_ee' P
/, \
bg / X
2. (a) 2’ Yien (c) {@ @\pc > 11, o
!
x \ )
. \ /
S
X X :
(b) X X X » llten (d) x > llten
X XX X x Ix
XX X JIX
3, |Base Ten O | 1) 2 |3 %] 5) 6] 7| 8| 9| 10
BPase Five |0 | 1| 2 | 3| & |10 11| 12| 13| 14 | 20
Base Ten 11 |12 [13 |14} 15]16] 17] 18] 19 | 20
Base Five 21 |22 [23 {24 [ 30 31 32 33| 3% | %o
Base Ten 21 [22 |23 | 24| 25| 26] 27 28| 29 | 30
Base Five 4y {42 |43 | 44 [100 101 [102 {103 [10% [110
L, (a) two (b) two (e) two (d) two

[pages 52-54]
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(2 x 36) +(4x6) + (5 x 1)

5. (a) = 101
(b) (4x25)+(1x5)+(2x1)=107
(e) (1‘x27)+(0x9)+(0x3)+(2x1)=29

(d) (1 x64) + (0 x 16) + (2x4) +(1x1) =173
¢ Other answers are acceptable, i.e., (2 x.62) + (4 x 61) +

[page 54]

(5 x 1). ‘
6. Base Ten Base Six Base Five Base Four Base Three
(a) 11 15 21 23 . 102
(b) 15 23 30 33 120
(c) 28 Ly 103 130 1001
(a) 36 100 121 210 1100
7. Two. The binary base. With only one symbol it would
- be impossible to express both zero and one.
*8. (a) 1003, (e) 1L r
(b) 1110, () 1045six
(c) 1002, o (g) 112, -
(a) 424I‘:Lx_re (n) 22th::-ee -
. 9. The new system is in base four.
Base | New |New Base Base- New - New Base
ten | Base Names ten Base .| Names
0 O do 11 N2 mi fa
"1 | re 12 20 fa do
2 N mil 13 > fa re
3 > fa 14 2A fa mi
4 10 re do 15 22 fa fa
5 |11 re.re 16" | 100 re. do do
6 | IA re mi 17 101 re do re
7 11> re fa - 18 oA re do mi
8 AO | mi do 19 102> re do fa
9 N | mi re 20 IO re re do
10 AN | mimi
45



+lol1|[Al> x[Oo]1|A]>
olo| 1 |Al>] ol|o 0|00
L1 |IA|2]10 Lo | I A2
A[(A[2>]1001 N[O [A]IO]IA
> 2ol {Ian] - 210 | 2 |IN|AI
q.«f?-»"

2-8. The Binary and Duodecimal Systems.
Page 56. Junior high school puplls are often intrigued by a more
extended discussion of computers than i1s found in the text. This
i1s something you might bring out in classroom discussion. For
example, you might say, "Now that we have seen how a row of
lights may be used to represent a number using the binary ‘system
of numeration, how might we design a simple adding machine?"
- It is unimportant and quite beside-the point, at this stage,
for the pupll to be concerned with the electrical problems of
"'design. He can, however, discover what such a machine might look
like and what it must do. In the process he may galn some under-
standing of the fact that the binary system of numeration enables
one to reduce computational problems to purely mechanical and
electrical ones in a rather slmple way.

Suppose we wish to design a machine to add any two numbers
which can be written in the binary scale with no more than 5
digits. We will need three rows of lights.

A OOO000O
B QOOO00O0O
,{.-.,-J.ﬁ OOOOOO

il

46
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The numbers to be added will be entered into the machine by
turning on appropriate 1ights in rows A and B. The sum 1s to
be shown in Row C. The swltches which operate the lights 1in
Row C are to be wired in such a way that they are activated
by the lights in rows A and B. Our task s to describe just
when a 1light in Row C 1is to be on and when it is to be off.

Consider a few simple addition problems, and observe how
they appear both in binary numerals and 1n lights. Suppose we
wish to add 1010y ~and 100 .

1m%m A OOOQO
100, B 0000
110, c CO0000

From this problem we can recognize two requirements for the
wiring of our machine. R
1. In a given column, i1f the lights in both Rows A ~and
B are off then the light in that column in Row ¢
should also be off.
2., In a given column, if one of the twd lights in Rows A
and B 1s on then the light in that column in Row C
should turn on. ) -
Now consider what happens when we add 1011t wo and 101two'
Here we need to carry,' and our machine 1s not equipped to do
this. It doesn't know what to do if two lights in a gilven
column are on. We need one more row of lights; a "ecarrying row.
The machine must look like this:

. 00000

A COO0CO
B
c

QO0000
OC0000

with Row X wused only for carrying. The second addition looks
like this:

S a8

 [page 56]
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111 x OOCo0®

10114 w0 A 0000e
Oltwo B —— 0000®
10000, q”b.OOOO

When we turn on lights in Rows A and . B as shown, the .
indicated 1lights in Rows C and X must~turn on automatically.
Thus we see a third requirement for our wiring. I

3. If, in a given column, any- two lights in Rows A, B,

or X are on then the 1ight in Row C will remain off
and the 1ight in Row X 1in the column immediately to
the left will turn on. :

Requirement 3 says that if we have

x O X @

A @ or A O

B @ B @
‘then we must have

X @0 X 00
‘ A () A O

B o or B ®

c @) c O

Finally, we have
4, If, in a given column, all the lights in Rows A, B,
and X are on, then the light in Row C must go on
and also the 1light 1n Row X -of the column immediately
to the left 1s to go on. '
The addition
1111
101

two
two

10100two

would appear on the machine as

48
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X 00000
A OC0000
B ole] Jef
¢c OC00000

*‘and the sum 10100two would appear in Row C ef lights almost as
soon as we had entered the numbers 1111tw and 101 1n Rows A
and B.  We have designed an adding machine in the sense that
requirements 1, 2, 3 and 4 can be built into a box with the re-
quired rows of lights by means of switches and relays. The
important thing for the pupil at this stage is not the electrical
problem, itself, but the knowledge that  the binary system of
notatlion makes it possible to reduce computational problems to
purely mechanical and electrical construction in this rather

simple way.
As an extension of the discussion, you might ask how we

might use two of these adding machines to build a new machine

for adding three numbers together. If we use the notation '
to indicate two lights wired so that they are always

lighted or unlighted together, then such a machine could be

. diagrammed as follows

x 00000
I A O00OO0O0O
I1_ B OOOOO
c QQD -
" O%%%%%
A -Obbbby! | L
III | B OOO0O00O0
SUM ¢ 0000000

If each of the smaller boxes dithin the larger box 1s an
adding machine of the type described above then the large box
is a computer which will add triples of numbers If the binary
numerals of the numbers are entered in Rows I, IT and III, the

sum appears in the bottom Row C.
[page 56]
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The use of binary notation in high speed computers 1s, of
coursé, well known. The binary system is used for computers since
there are only two diéits; and an electric mechanism 1s either
"on" or "off." Such an arrangement is called a flip-flop
mechanism. A number of pamphlets distributed by IEM, Remington
Rand, and simllar sources may be obtalned by request and used
for supplementary reading and study. "Yes No - One Zero" pub-
lished by Esso Standard 011 Co., 15 West 51st., New York 19, -

New York 1s avallable for the asking only 1ln states served by

Esso. . _ i

It should be of interest that the sum 11001 + 110 looks the _
same in the binary system, decimal system, and, 1n fact, all
positional number systems. The meaning, however, is quite dif-
ferent. '

; The base two has the disadvantage that, while only two
. different digits are used, many more places are needed to express

numbers in bilnary notation than in decimal, e.g.,
' 2000ten = 11,111,010,000two

Pupils may be interested in the remainder method for changing
a number from one base to another. This.method of changing 25ten
to binary notation rests on repeated division by 2, to identify
the powers of 2 whose sum is 25. To change 25ten to base three,
repeat dlvislon by 3; to base four, divide by %; and so on.

The division is shown below for changing 25ten to binary
notation, followed by an interpretation of the results of the
division at each stage. It will be noted that the remainders
in reverse order indicate the digits in binary numerals.

Recall that 2° = 1.

2)2 25 = 25 X
{13 ,R1 25 = p 12 x2] +1 X
2) 6, R0 25 = 3 6 x 25 +0x2) +1X
23 ,R0 25 = y 3 X25 +0X2; +0x2] +1X
2) 1 ,R1 25 = 5 1 X 2u + 1 x_23 + 0 X 22 + 0 X 21 + 1 X
2)0,R1 25 =0X27 +1 X2 +1x2° +0x2° +0x2! +1 x

[pages 56-57]
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Here 1s a set of cards which can be used in a number trick.

1 2 - 4
1 9 17 25 ~ 2 10 18 26 4L 12 20 28
3 11 19 27 3 11 19 27 5 13- 21 29
5 13 21 29 - 6 14 22 3 LB 1k 22 30
15 23 33 15 23 31[- 15 23 31
8 16
8 12 o4 28 16 20 24 28
9 13 25 29 17 21 25 29
10 .14 26 30 18 22 26 30
11 15 27 31 B9 23 27 31

Using the first four cards, tell a person to choose a number
"between 1 and 15, to pick out the cards containing that number and
to give them to you. By adding t¢he numbers at the top of the
cards he gives you, you can tell him the number he chose. Note
that the numerals at the top of the cards represent the powers

of two. :

By using all five cards, you can pick out nmnerals from 1 to
31. The trick is based on the application of the binary numerals,
If you have a peg board and some match sticks, you can
represent base two numerals on the board. ILeave a hole blank for
O and put in a match stick for one. Represent two numbers on the

board, one below the other, and try adding on the board.

The twelve' system uses two digits more than the decimal
system. From some points of view twelve is a better choice for
a base than ten. Many products are packaged and sold by the
dozen and by the gross. Twelve is divisible by 2, 3, 4, and 6
as well ‘as by 12 and 1. Ten is divisible only by 1, 2, 5, and
10. Because it employs a larger base, large numbers may be
represented in base twelve with fewer digits than smaller bases
require. For example:

TOE = 1451

twelve ten

51
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Answers to Exercises 2-8. Page 58.

1. .
|Base ten |0 | 1] 2] 3| & [ 5] 6 | 7 8 9 | 10
Base two Q4 1}110f11 |100}101| 110.| 111 | 1000 1001 | 1010
11 12 13 14 15 16 17 18 | 19 20
1011 1100| 1101} 1110| 1111| 10000( 10001| 10010 | 10011| 10100
21 22 23 24 25 26. 27 28 29
10101 10110{ 10111| 11000( 11001| 11010| 11011| 11100 | 11101
.30 31 32 33
11110| 11111§ 100000| 100001
2. Additlon, Base two
+ 0 1 There are only four
0 0 1 addition 'Facts.
1 1 10
5. Multiplication, Base Two There are only four multi-
» 0 1 plication 'facts." The two
tables are not allke, ex-
0 ° © ~ cept that O + O and O X O
1 0. 1 both equal 0.
The binary system 1s very simple because there are
only four addition and four multiplication "facts" to
remember. Computation is simple. Writing large
numbers, however, 1s tedious.
L, (a) 111, . = (1 x twoz) + (1 X two) + (1 X one) = 7

(b) 1000, = (1 x two’) + (0 X twoZ) + (O x two) +
(0 x one) = (1 x27) =8
c(e) 120001, = (1 x two") + (0 x two?) + (1 x two?) 4
(0 xtwo) + (1 x one) =(1 x 2h) + (1 x &)
+(1x1) =21
[page 58]
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() 11000, = (1 x two") + (1 x two?) + (0 x two?) +
(0 x two) + {0 x one) = (1 x 2%) +
(1.x 22) = 24
(e) 10100, = (1 x twou) + (0 x two3) + (1 x twoe) +

(0 x two) + (0 x one) = (1 x 2*) +

(1 x 29) =
5. 22 = 1Tt welve
23 = 1E¢ elve
24 = 2Otwelve
" 6. 408

2
7. (a) 111 eive = (1 X twelve®) + (1 x twelve) + (1% one)

= (1 x 144) + (1 x12) + (1 x 1) = 157
(b) 3724 weive = (3 X twelvea) + (T x twelve) + (2 x one)
= (3 x 144) + (1o X 12) + (2 x 1) = 554
(e) 47Etwelve = (4 x twelvea) + (7 x twelve) + (E X one)
= (4 xabk4) + (7 x 12) + (11 x 1) = 671 -
(d) TOEtWelve = (T x twelvea) + (0 x twelve) + (E x one)

(10 x 144) + (11 x 1) = 145)

|

8. (a) 111, o (e) 110000,
(b) 011, o (a) 110110,
9. (a) 1040 (e) 11y
(v) lltwo (d) 11two
10. (a) 100011, (e) 1100,
(b) 1qooooootwo (a) 1100100, .
11. (a) Addition 3234 e lve (e) Subtraction 149twelve
(b) loo5twelve ' (a) 85Etwelve
. - i
[page 59] *
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13.

14,

15.

The blnary system i1s extremely simple in computation.
Large numbers are tedious to write.

The duodecimal system may be used conveniently
to represent large numbers. Twelve 1s divisible by
1, 2, 3, 4, 6 and 12 while ten i1s divisible only by
1, 2, 5 and 10. The twelve system requires more
computational "facts" which will increase difficulties
in memorizing tables of addltlon and multiplication.
We do use twelve in counting dozens, gross, ete., and
in some of the common measures of length.

(a) 2Estwelve

(b) 378twelve

Five welights; 1 oz., 2 02., 4 o0z., 8 oz.; may be used
to check any weight up to 15 ounces. By adding a 16 oz.
welght, any welght up to 31 ounces may be checked.
People who work with computers often use the base eight.
To change from binary to octal and back 1s simple with
the help of the table:

Binary Octal

000
001
010
011
100
101
110
111

~NOoOWM WO

For example, we have

2000ten = 011,111,010,000two = 3720e1ght_

Note the grouping of numerals by threes in the binary
numeral. The sum of the place values of digits in each
group results in’ the octal numeral. Hence

011

(1 x 2) +(1x1) =

111 = (1 X 4, r (1 x2) + (1 X 1) =7, ete.

[page 60]
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2-9. Summary. .
Page 61 The discussion is self-explanatory Expansion on any

of the toplcs 1s left to the- discretion of the teacher,

1

Answers to Exercises 2- -9. Page 62.

1. (a) l|||1||||||| LT = 18, velve
®) @ qnnp I = 26,
(c) Y
(a)
WO
2. (a) twelve (¢c) five
(b) seven (d) two
3. (a) 111 = (1 x twoz) + (1 x two) + (1 x one)

(1 xu4) + (1 x 2) +(1x1) =

(3 x four ) + (2 X four) + (1 X 0. 2)

(3 x16) + (2 x 4) + (1 x 1) =

= (2 x seven3) + (6 x seven2) + (3 X seven)
+ (1 x one) = (2 x 383) + (6 x ko) +
(3 x7)+ (1 x 1) = 1002

(b) 321fouf

.(c) 2631

seven

(a) 3TTewelve = (3 x twelvez) + (7 x twelve) + (T x one)
= (3 x 144) + (7 x 12) + (10 x 1) = 526

4

4. 1000, - 1750¢1 gnt = 1,111,101,00Q,,,

5. loonine’ 101nine’ 1Ozﬁine’ 103nine, loLLn:Lne'

6. (a) 2; 61; 3600; 216,001; etec.
(b) No. It cannot because the decimdl system has a
symb ol for zero. If this Symbol doesn't appear
between the two 1's then no zero can be intended.
() 1t < Qv (V7 x sixty?) + ({11 x sixty) +
((' X one)
(2 x 3600) + (12 x 60) + (11 x 1)
: = 7931
[pages 61-62]
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*7.

10,

(ds _?Oten =1 <
111tewn =1 ((((('

jooo, =1 MM <<
(e) (v <K

The base 1s twenty.. Four score and seven = 47twenty
= 87¢en- N
Since there are only flve symbols the base is five.
DCBAO = 43,2104,
= (4 x fiveu) + (3 x five3) + (2 x fivga) + (1x fie)
+ (0 X one) _ '
(4 x 625) + (3 x 125) + (2 x-25) + (1 x5) + (0x1)
2930ten.

|

|

n

The base 1s twenty-six.
B = (2 x twenty-six) + (5 X one)

= (2 x26) + (5 x1) =57,

E = 2Stmrent:y—s:!.x

TWO = (T X twenty—sixa) + (W x twenty-six) + (O X one)
(19 x twenty-sixa) +(22 X twenty-six) + (O X one)
(19 x §76) + (22 x 26) + (0 x 1)
13,416 ' .

FOUR = (F X twenty-s1x3) + (0 X twenty-six

|

|

2)

+
(U x twenty-six) + (R X one)
= (6 x twenty-s1x3)'+ (0 x twenty-sixa) +

(20 x twenty-six) + (17 x one)
(6 x 17,576) + (0 x 676) + (20 x 26) +(17 x 1) *

105’993ten R s

|

|

[pages 63-64]
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The method works for base twelve and base seven. It
will also work for other bases. For bases larger than
ten, add. Por bases less than ten, subtract.

Example in Base Six: .
multiplying: (4 x 4)

uusix = 16
ug - 16 = 28ten
Example in Base Fifteen:
B854 freen multiplying: (4 x 5) = 20

h§ +20 = 66, en

Students may suggest other methods which should be
checked carefully for validity.

Sample Questions for Chapter 2

, The sets of questions presented at the end of each chapter
 1n the Teachers! Commentary are not intended as a chapter test,
Teachers should construct chapter tests carefully by combining

selected i1tems from the set of questions included in this book

and questions of their own writing, Great care should be used

to avold making the test too long.

1.

Part I. True - PFalse

The 3 in 356seven stands for three hundred.
10" means 10 X 10 x 10 x 10.
The numeral @ means the same number in the ten system

as in the twelve system.
The smaller the base, the more basic'combinations there

are in the multiplication table.
The fourth place from the right in the decimal system

has the place value 105.

In base two numerals the number after 100 is 1000.

We can make a symbol to mean what we wish,

When wgw"carfy"mof""régroup”_in addition the value of
what 1s carried depends upon the base. -

[pages 64-65]
87




48

10.
11.

12.
15.

14,
15.

16.
17.

18.
19.

20.

[ )W 6] =W

O 0 N

10.
11.

12,

A number may be written in numerals with any whole
number greater than one as a base.

In the symbol 63, the exponent 1s 3.

5134, means (5 X six X six X six) + (1 X six X six) +
(3 x six). '

The 1 in 10,000 (base two) means 1 X 2Ll or sixteen.
The following numerals represent the same number:
183twelve’ 363eight’ 1033s1x

In base eight numerals, the number before 70 1is 66
Four symbols are sufficient for a numeration system
with base five. ‘

In the base four system 3 + 3 = llfour'

When we "borrow" in the twelve system as in 157 - 6E,
we actually "borrow" twelve units.

In the Egyptian system a single symbol could be used
to represent a collection of several things.

The Babylonians made use of place value in thelr numera-
tion system. "

The Roman numeral system had a symbol for zero.

Part II. Completion

In decimal numerals 1utwelve is

MCXXIV in decimal numerals 1is
The decimal system uses different symbols.

In any numeration system, the smallest place value for
whole numbers 1s .
629,468,000,000 written in words 1s

The number represented by 212seven 1s (even
or odd).

In expanded notation 5,678ten

625seven + 344seven = seven’

Multiply 312four by 32four'

1100-11two = en
The numeral uuufive represents an (even, odd
number).

Add: b2py o o+ Ty, =

58



15.
14,

15,
16.
17.
'18.

19.
20.

Lten = two*
The numeral after 37 eight 18 —eight.

Using all of the digits 5, 6, 7, and 0, write the
largest possible 4-place base ten numeral .
Using all of the digits, 5, 6, 7> and O, write the
smallest possible b-place base ten numeral _

‘What 1s the .largest number you ecan write, using two

bt's and no other symbols? .
Write this numeral without exponents: 53
The numeral immediately before 1000two is .

Subtract: u?five - 1ufive.= .

~

™ Ppart III. Multiple-Choice

In which of the numerals below does 1 stand for four?

(a) 21

four
(b) 21eight
(e) 100, .
(d) 102three
(e) None of the above 1s correct.

In what base are the numerals written if 2 x 2 = 109

a) Base two

b) Base three

c) Base four )

d) Base five :

e) All of the above are correct,
decimal numeral which represents an odd number 1is:
) 461,000

) 7629

) 5634

d) 9,000,000

) None of the above 1s correct.

If N represents an even number, the next consecutive
even number can be represented by:

(a) N

(
(
(
(
(
A
(a
(b
(e
(d
(e

99
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(b) N+1
(¢) N+2 .
(a) own \

R (e) All of the above ‘are correct.
5. Which numeral!mepresents the  largest number?

(a) 43 five S o
() 212three ’
(c) 10110, ...

(a) 2l"nine

(e) 10 enty-rive

6. Which is correct?

. (a) 5'i545+54+5
(b) W o= x b oxl
(e) s o4 x b ox 4 oxEoxh
(a) 22 =2 x 3

|

|

(e) . None of the above is correct.

7. 6120nine is how many times as large as 612

nine?
(a) twelve

(b) ten

(¢) nine

(a) five

(e) None of the above is correct.

8. In which base does the numeral 53 represent an even

number?

(a) twelve
(b) ten
(¢) eight
(d) seven
(e) six
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Ansvers to Sample Questions for Chapter 2

Part I. True - False

1. False ' 11. False
2. True 12, True
3. True 13. False
4, False . 14, False
5. False 15. PFalse
6. False 16. False
7. True. - , 17. True
8. True _ 18. True
9. True 19. True
10. True : 20. False
Part II. Completion
1. 16 11. even
2. 1124 12. lllfive
3. Ten
13, 1101
4, One two
: 14, 4o
5. 8ix hundred twenty-nine eight
billion, four hundred '
sixty-eight million. 15. 7650
6. oad 16. 5067
7. é5 X 10{; + (6 x 102) + A7k
T x 10 8 x 1) 18. 125
8. 1302seven 19. 111two
9. 23310four o 20. 23f1ve
10. 51
Part III. Multiple Choice
1. (c) | 5. (e)
2. (e) 6. (b)
3. (b) 7. (c)
4, (c) 8. (4)
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Chapter 3
WHOLE NUMBERS

3-1. Counting Numbers.

Q'Page 67.
(a)

(v)

(e)
(4)

Answers to Exercises 3-1. Pages 68-70.

Understandings to be developed in this section:

Number 1s an idea.

(1) Small numbers can be learned without counting,
some large ones by patterns. (Cards, Dominoes)

(2) The number of members of any set can be found by
matching the members of the set with some standard
set. This is a clumsy method if the number of
members 1s large, as the standard sets must them-
selves be iarge.

(3) Matching the members of a set with a memorized set
of ‘sounds representing the counting numbers is the
best known way of finding the number of members in
a set, ‘

One-to-one correspondence.

Two sets are in a one-to-one correspondence when
each member of one set 1s matched with only one
member of the other set and vice-versa. '

"Counting numbers" are sometimes called "natural numbers"

The name that we give to the set of counting numbers

and zero 1s "whole numbers." The counting numbers do

not include zero.

1.

N

(a) l’ 2’ 3’ u’ 5’ 6' .

(b) 1+41,2+1,3+1,0+5, 5+ 1, 1 +6, 5+ 3,
(¢) 1Iv, Vv, VI, VII, VIII, IX, X, XI. :

(

d) 1seven’ 2

10

4 6
seven’ 3seven’ seven’ 5seven’ seven’

seven’ _
all; 7 and 8. .
Putting them in a 5 X 5 square will probably be as
simple a pattern as any other.
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. (a) NN T

(b) = =Z:Z

5. Multiply 4 by 3; (2 x 5) + (2 X 1); 2 X 6 on each side
of diagonal; 2 X 6 on each side of the vertical line
segment; any other way that doesn't use one-to-one

correspondence.

6. French - un; Spanish - unos; German - ein; Russian - adeen

7. IV corresponds to two dots.

8. 8 was left out.

9. 17

10. He subtracted 27 from 81. No, the answer should be 55.

11. Two-to-one correspondence Four-to-one correspondence
(a) Feet to people - (a) MTires to cars, wagons
(b) Ears, eyes, arms, hands (b) Legs to dogs, horses

etc., to people. COWS
12. The following illustrates a one-to-one correspondence
"between the counting numbers and the even numbers.

3-2. Commutative Propefties for Whole Numbers.

Page 70. The principal objective in the study of the commutative,
assoclative, and distributive properties is to have the pupils
undersfand"their statements in mathematical language; to dis-
tinguish one property from another; and to recognize the property
or properties, that may be used in such problems as in Exercises
3 and 4. These are not properties that are being proved. The
puplils have used them for a long time, but they probably have

not had names for them and have not recognized when they have

been using them.
The puplls will be helped in understanding the commutative

_property 1f they have some small objects with which to work.
Pieces of paper will do but cubical blocks will be better. Cubi-
cal blocks will be more useful in illustrating the assoclative
property for multiplication Emphasize that the commutative
property is a property of (belongs to) the operation of addition
and 1s not dependent upon the numeration system that 1s used.

[pages 69-70]
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Use Roman numerals and numbers in base five to i1llustrate. For

example 1n base five add

2pive * Srive = 2p1ve t 12pive = uofive

WJE I3 * %, CAA AL T 11T %%y JERERE RN NR 3 3 3% * *:l***)l

12 23 . 40 -

This is a good apportunity to review numbers in numeration systems
other than that with base ten.

Students should be taught to add "up the column" as well as
"down the column." Use three whole numbers in the addition since
the use of three numbers will not only illustrate commutativity
but will lead very naturally into assoclativity.

476 I76
3241 324t
935 935

Commutative Property of Multiplication
Diagrams of stars on the blackboard, arrangements of the

‘‘‘‘‘

%* I % ¥ -

R Five rows of 4 stars in each row

* % %% Four columns of 5 stars in each column
%* % ¥ % *

After repeated arrangements of stars (or blocks) in rows and
columns strive for understanding of 'a'b = b-a . whére ‘'a and b
represent any whole numbers. "

Answers to Exercisesﬂ3-2a. Page 73.
l. Parts a, ¢, d, £, h, 1, m are true
Parts b, e, g, J, k, 1 are false
2. (a) 644 (b) 110,596 (c) 155,752 (d) 10%.ven
3. (a) T+4=4k+7 (£) (3-2)+5=54+(3.2)

(bp) 12 -5>5 .11 (g) 8-3<9-3
(e) 23 - 12 ¢ 12 . 32 (n) 86 + 135 = 135 . 86

(d) 3<6 (1) 24 +3 >3+ 24
(e) 16>9>3 (3) a>e¢
b, (a) 2052 (b) 25,620 (¢) 289,884 (a) 1135, o

[pages 70-74]
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5. (a) 5 (e) U6
(v) 5 (£) o0,1,2,3, 4, 5,6
(e} © (g) 0,1,2,3,%4
(a) o, 1 (n) any whole number

Answers to Exercises 3-2b. Page T4.
1. Result is unchanged in parts a, b, c.
Result is changed in parts d, e, f, g, h, 1.

2. No. ,

3. The activities are commutative 1n parts a, c, e.

4, Yes. .

5. The operation in part 4 1s commutative. (The opera-

tions in parts a, b, ¢ are commutative only if the
first number in each 1s equal to the second.)
6. Examples of commutative activities.
To wash your face and wash your hair.
To go north one block and then west one block.
To count to 100 and write the alphabet.
Examples of activities which are not commutative.
To put out the cat and go to bed.
To eat dinner and get up from the table.
To rake the leaves and burn them.

Y

3=3. Associlative Properties for Whole Numbers.
Page T4. Have the students use blocks or disks to make such
arrangements as

¥* 3% ¥ % ¥ 9 I W *

Then have them push the first two sets together and count the
total (3 + 2) + 4. Then after rearranging have them push the
_second two sets together and count the total 3 + (2 + 4). Use
sufficient variations of this procedure to lead to the under-
standing that (a +b) + ¢ =a + (b + ¢) where a, b, ¢ are any
counting numbers. :

Then ask: Is the product (3 X 4) x5 equal to the product

3 x (4 x5)°

[pages 73-T4]
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This may be 1llustrated by arranging a set of 20 blocks in
a rectangular array, 4 by 5. Then put® two more layers of 20
blocks each on top of these forming a box arrangement. Look at
1t in different ways to see (3 X 4) X 5 and 3 X (4 x5).
Different sets of boxes may be made to illustrate 2 X (3 x &),
(2 x3) x4 and many others. Again, emphasis is upon arrival
at understanding that a : (b + ¢) =(a + b) . ¢ where a, b, ¢
are any whole numbers.

Point out some operations or activities which are not assocl-
ative and have students suggest others.

Answers to Exercises 3-3. Pages 77-78.
1. (a) (3 +7) +2 =4+ (7 +2) Aassociative property

(3 +7) +2 =11 + 2 = 13 of addition

b + (7 +2) =4 +9 =13

‘(b) 8 + (6 +3) = (8 +6)+3 . Associative property
8+ (6+3)=84+9= 17 of addition
(8 +6) +3 =14 +3 =17

(46 + 73) + 98 Associative prop-
46 + 171 = 217 erty of addition

119 + 98 = 217

(¢) 46 + (73 + 98)
46 + (73 + 98)
(46 + 73) + 98

(a) (6 - 5) 9 =6-:(5":9) Asssc .tive property
(6 v 5) . 9 30 + 9 = 270 of mulitiplication

6 (5°9) =6-. 45 =270
(e) (21 +5) + &4

(21 +5) + &4
21 + (5 + 4)

(f) 9-7) -8=9: (7 .8) Associative property
(9 - 7) - =63+ 8 = 50! of multiplication

8
9+ (7 -8) =9 - 56 =504
(g) 436 + (476 + 1) = (436 + 476) + 1- Associative prop-

436 + (476 + 1) 436 + 477 = 913 erty of addition
(436 + U476) + 1 =912 + 1 = 913

I

21 + (5 + 4) Associative property
26 + 4 = 30 of addition

21 + 9 = 30

Il

[pages T74-78]
66




58

(h) (57 - 80) . 75 = 57 - (80 - 75) Assgongivelprop-
. . erty of multi-
(57 - 80) - ™5 .= (4560) - 75 plication
57 - (80 - 75) = 57 - 6000 = 342,000
2. (a) No. (b) No. (c) There is no associlative
property of subtraction, or the assoclative property of

subtraction does not hold.

3. (a) No. (e) 80+ (20 +2) =8
(b) No. (f) (80 + 20) +2 =2
(¢) (75 + 15) + 5 =1 (g) The associative property
() 75 + (15 + 5) = 25 does not hold for division.

7 +9 =16, or

6 + (1 + 9) Associative prop-
erty of addition

4. (a) Either (6 + 1) +9
' (6 +1) +9

=6 + 10
= 16
(b) 2« (13 - 10) =2 - 130 = 260 Pupils may prefer

this way.
(108) - 10 = 1080

(¢) (12 . 9) - 10
(d) 4 - (25 - 76)

(4 - 25) - 76 Associative property
100 - 76 of multiplication

7600

340 + (60 + 522) Commutative
property of
addition.

(340 + 60) + 522 Associ:tive
property of
%00 + 522 addition

= 922
(67 - 5) - 2 Commutative property
of multiplication.

67 - (5 - 2) Associative property
67 - 10 of multiplication

670

(e) 340 + (522 + 60)

() (5 - 67) * 2

3-4., The Distributive Property.
Page 79. Emphasize that the use of two operations in this prop-
erty makes it easy to distinguish the distributive from the two

[pages 77-79]
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preceding properties,
The blocks can be used in the following way. Lay out 2

T'ows of 3 each and 2 rows of 5 each.

L 2 1) % %% %
* %% L L2 22

‘Ask: If we move these together, we will have 2 times what® When
we move them together do we get 2 times 8? ™yis ean be repeated
until pupils understand that
a-(b+c)=(a.b)+(a- ¢)
when a, b, ¢ are whole numbers. Repetition of the same illus-
tration with different numbers of blocks may be better than
different types of illustrations. For bright students, the dis-
tributive property can be extended to 3 terms. This can be
1llustrated and used with 3 digit numbers. The general form is:
a(b +c +d) = ab + ac + ad

Use the distributive property to help make mental computations
such as:

732 =7-(30 +2) = (7-30) + (7+2) = 210 + 14 = 224

35°8 = (30 +5)-8 = (30-8) + (5°8) = 240 + 40 = 280

5:152 = 5-(100 + 50 +2) = (5.100) + (5.50) + (5-2)

= 500 + 250 + 10 = 760

Answers to Exercises 3-4,. Pages 82-84,

1. (a) 6 30
5 + =30 + 20 = 50

4L ™20

(b) 9 .27
3< =27 + 18 = U5

6 ™~18

72
72 + 84 = 156

L
[¢]
N?
—
o
“;/4x\:h
®
=
I

[pages 79-82]
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(d)
<:::::::. = 117 + 153 = 270
(e)

= (48 + 42) + (32 + 28)

o
~ ® ~>/<$\<n

= 90 + 60
= 150
28
() 10 _200
20 2o<:::::;
| 80
+ = (200 + 80) + (70 + 28)
" 10 .70 = 280 + 98
7 7<\ = 378
2. (a) b4-12 = 48 (£) 30 + 18 = 48
28 + 20 = 48 6-8 = 48
(b) 18 + 24 = 42 (g) 2-24 = 48
67 =42 32 + 16 = 48
(¢c) 48 + 42 = 90 (h) 12-5% = 63
156 = 90 60 + 3 = 63
(d8) 235 = 115 ' (1) 3216 + 3484 = 6700
46 +69 = 115 67:100 = 6700
(e) 11-7 =77 (3) 36 + 36 = 72
33 + 44 = 77 72-1 = 72

3. (a) 3-(4 +£3) = (3-4) + (3.3)
(b) 2-(4 +5) = (2:4) + (2:5)
(¢) 13-(6 +4) = (13.6) + (13-14)
(@) @-7) + (3:7) =(2+3)7
(e) (6°4) + (7-4) = (6 +7)-4

[page 82]
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4. (a) 9:(8 + 2) | (d) (13-6) + (27.6)
- (v) (8-1%) + (8-17) (e) (15-6) + (15-13)
(¢) (12-5) + (12.7) (£) 12:(5 + u)

5. (a) (5:7) + (5-8) = 5:(7 +8)
(b) (3°4) + (3°5) = 3-(4 + 5)
(e) (5-11) + (5-2) = 5-(11 + 2)
() (3-9) + (3-17) =3-(9 + 17)
(e) (5-20) + (5-23) = 5-(20 + 23)
(£) (3:10) + (3:7) =3-(10 + 7)

6. The following parts are true: b, ¢, d.
The following parts are false: a, e.

7. (a) (20 + 7)-(30 + 4) = 20-(30 + 4) + 7-(30 +4)

(20°30) + (20-%4) + (7-30) + (7-4)
600 + 80 + 210 + 28

918

(600 + 80) + (210 + 28) = 918

10-(20 + 2) + 3:(20 + 2)
(10-20) + (10-2) + (3-29 + (3-2)
=200 + 20 + 60 + 6
=286

(e) (30 +7)-(30 +3) =30-(30 +3) +7-(30 +3)
= (30-30) + (30-3) + (7-30) + (7-3)
= 900 + 90 + 210 + 21
= 1221

(b) (10 + 3)-(20 + 2)

[pages 82-84]
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60-(60 + 6) + 4-(60 + 6)
(60.60) + (60°6) + (4-60)+ (4-6)
3600 + 360 + 240 + 24

(a) (60 + 4)-(60 + 6)

= 4224
60, 3600
60 _60< +
* 6™ 360 . | |
1 + = (3600 + 360) + (240 + 24) = h4oo4
60 240
4 4 +
6 ™24

70°(70 + 5) + 5-(70 + 5)

(70-70) + (70-5) + (5-70) + (5-9
4900 + 350 + 350 + 25 '
5625 .

20°(20 + 9) + 1-(20 + 9)

(20-20) + (20:9) - + (1-20)+ (1-9) .
400 + 180 + 20 + 9

= 609 ' ne

(é) (70 +5)-(70 + 5) -

(f) (20 +1)-(20 + 9)

- 8. From (a) to (b) Commutative property of multiplication
From (b) to (c) Assoclative property of multiplication
From (c) to (d) Commutative property of addition
From (d) to (e) Assoclative property of addition
From (e) to (f) Commutative property of multiplication
From (f) to (g) Associlative property of multiplication
From (g) to (h) Distributive property

3-5. Sets and the Closure Property. ‘

Page 84. Emphasis here 1s placed upon (1) understanding the

- meaning of set and (2) the meaning of a set closed under an opera-
tion. Puplls willl give many examples of sets. There 1s Jjust one
empty set. The set of marbles which has no marbles in 1t is the
same as the set of coins which a pupil has in his pocket i1f he

- [pages 83-84]
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~ has no coins in his pocket.
Good.ekamples of sets closed under addition:
- The set of whole numbers. |
The set of counting numbers.
- Then ask 1f they are closed under multiplication. Under
""subtr'act:l.on‘> Under division?
: Emphasize that if just one pair of counting numbers can be
. found such that their difference (or quotient) is not a counting
' number, then the set,of,counting numbers is not closed under sub-
traction (or divisioﬁ)'ﬂ Foﬁiexample, 9-12 is not a countirg

© number for there is no counting number which can be added t: !2

to get 9 and @? 1s not a counting number since there is no
counting number which can be multiplied by 9 to get 12.

Answers to Exercises 3-5a. Pages 87-88.
1. (a) No. The sum of 2 odd numbers 1is always an even
number. '
(b) No.
2. Yes, since the sum of 2 even numbers 1s always an even

number,
3. Yes. Since each of the numbers in the set is a multlple

of 5, the sum of any two numbers in the set i1s a multi-

, ple of 5,
k. Each set is closed under multiplication,.
5. (a) Yes.
(b) No. For example 500 + 501 = 1001 and 1001 is not
,  1n the set.
(c) No. For example, 3 + 47 = 50, and 50 1s not in
the set.

(d) Yes. If the numerals of 2 numbers end - in 0, then
the sum of the numbers ends in O.

6. (a) Yes. (b) No. (c) No. (d) Yes.

7.. Yes. Multiplication is an abbreviated process for
.addition. ‘

8. No.

o Mo, 72

[pages 84-87]
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Answers to Exercises 3-5b. Page 87. ' _

1. (a) 8578 (b) 3165

2. 19997

3. 221312

L, 4ot

5. 27% : .

6. (a) 4596 (b) 1470 (¢c) 5081

7. $20.10 '

8. $389.37

9. 4800 _

10. Two million, seventy thousand,'three hundred fifty-one.
1ll. 72 cents . o :

12. (a) . 78,528 . (b) 450,954 (ec) 2,499,574

3-6. Inverse Operations.

Page 88. The basic concepts in this section are:
1. The meaning of inverse.
2. Addition and multiplicatlon have the closure,
commutative, and associative properties, while
their inverses do not.

The meaning of 1nverse may be explalned by giving an exampie.
"I write on the chalkboard" may be stated as one actually writes
"inverse" on the board. Then the teacher may say "The inverse
of writing on the board is erasing the board." The board may be
actually erased. If the phrase "opposite or inverse" is used 1t
may help the pupil undersfand the meaning of inverse. It should
be emphasized that the 1nverse operation undoes the first h
operation. Some puplls may think that the faillure to do an
operation 1s the inverse of the Operation For example, to the
question "What is the inverse of singlng?" the pupil may say
"Not singing." "Not singing" is the negation of "singing" and
1S not the inverse of "singing."  In this connection it is
important to point out that some operations have no inverse.

Some discussion of a - x = b may be helpful to many
students. The following queétions may be suggestive.

l. What operation i1s indicated by a - x?

2. What operation will undo multiplication?

[pages 87-88]
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3: What 1s the inverse or multiplication?
4. To undo a *.X, do we divide a - x by‘_a or .a * x
by x? (Since a * x means a times x we divide by
- a, the multiplier.)
5. Hew do we undo % + 2?2 8 x 49 Divide 6 by 3; divide
3% by 82 -
_ 6. I terms of these symbols, can you define division?
jAn understanding of a * x = b willl be helpful-to the pupil as
. he studies percentage, and the equivalence of the two statements
"+ a=x" and "a . x = b" will be of great importance .
-] Chapter 6. Therefore, an emphasis en understanding the relation-
"ship between a, x, and b 1s desirable.

Answers to Exercises 3-6. Pages 90-91.
1. The operations in the foliowing parts have inverses:
a, b, ¢, d, e, f, h, j, 1, o. '
2. (a) Put down the pencil.
(b) Take off your hat.
(c) Get out of a car.
(d) Withdraw your hand.
(e) Divide.
(f) Tear down.
(h) Step backward.
(i) Subtraction.
(1) Addition. '
(o) Putting on a tire.

3. (a) 46471 (£) $1342.67 (x) 33
(b) $s507.10 (g) 876 (1) 1476
(c) 506 rt. (n) 987 (m)- 68
(a) $ik1o.78 (i) 798 (n) 143
(e). $1101.04 (3) 697 (o) 58140

4, (a) =5 (f) o
(b) 5 - (g) 8
(e¢) 12 ~(h) &

(a) 7 (1) 3
(e) None - (3) 3

[pages 88-91]
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' (k) None (s)

6

(1) 7 (t) o .

(m) Any whole number (u) O

(n) & (v) O —

(o) 5 (w) ©

(p) 5 (x) 1

(a) 9 (v) 1

_(r) 9 (z) 1
5. (a) 19 (e) 165821

(b) 1992 (£) 13

(e) 89 | (g) 6

(d) 19,219 (h) 20 . e
6. (a) 21 (£) 20

(b) 84 (g) 104

(c) “202 (h) 5

(d) 3 o (1) 11

(e) 46 (3) 11

5-7. Betweenness and the Nﬁmber Line.

Page 95. Understandings

1. The number line helps to show how the counting numbers
are related. The students may ask about the dots to
the left of zero. These dots will be discussed next
year.

2. A number is less than a second number if the first is
to the left of the second. A number is greater than
another if it is to the right of it.

“%. There 1s not always a counting number between two count-
ing numbers. '

L. TPco find the number of whole numbers between two other .
numbers (if it can be done at all): Subtract the
smaller from the larger and then subtract one (1) from
the remainder. Or, subtract one (1) from the larger
and then find the difference between that and the
smaller. Or, add 1 to the smaller and then subtract
from the larger. Example: Between 7 and 15.

Method 1 15 -7 8 8 ~1=717
Method 2 15 - 1 14 14 -7 =7
Method 3 7+1=8 15 -8-=17

[pages 91-93]
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Answers to Exercilses 3= z

" (a) a7 ' (£) 2
(b) 21 (g) None
(c) & ' (n) 88
(a) 71 - (1) 3 1is answer. ~Discuss with
(o) Nome.  class et e s
(a ~=b) -1 or (a - 1) -b.
2. (a) 10 (e) 18 '
(b) 11 (£) 22
(c) 24 (g) 16 .
(a) 30 . (h) 9 ' o
(a): (b):‘(c): (g): (1): (J)-
4, {(a) Yes. (b)'_Yes. (c) Yes. r .
5. e o A - | Q- 12 3

Either of the two situations is possible. The diagrams
indicate that b 1is between ¢ and 4 regardless of
~whether c<d or.dc<ec.

3-8. The Number One. :
A Page 2&._ In this lesson emphasis should be placed not only on
Speclal properties of the operatlions-with "1  but also on the
‘closure, associative and commutative properties. The fact that
there i1s more than one way to represent the number 1 is empha -
sized in the first exerclse. Of course this glves the teacher
an opportunity to review the concept of numeral as a name for a
number and not the number itself. Pupils think of the operation
with numbers so frequently that they forget that (4 - 3) is
really another way to represent 1.

A class discussion of the lesson summary in symbols may be
profitable for many ﬂupils Of course some other letter in place
: of} C could be used as practice for pupils in translating symbols
"1nto words Be sure that the pupils have the ideas before
attempting symbolism. Pupils! translations of the mathematical

[pages 93-94]
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sentences could be somewhat as follows:.
(a) The counting numbers (C) are obtained by starting
with 1 and repeatedly édding- 1, .
(b) If any counting number is multiplied by 1, the product
is the same number. '
(c) 1If any counting number is divided by 1, the quotient
is the same counting number.
(d) If any counting number is divided by the same number,
the quotlent is 1.
(e) The number one, raised to any power which 1s a counting
number, equals 1. |

Answers to Exercises 3-8. Page 96.
"l. The symbols in the followlng parts represent the

number 1:  .

(a), (b), (c), (d), (e), (1), (k), (1), (m), (o), (p).
2. (a) 100-1 = 100 (d) 1-%.1 - %

(b) 10-1-1-:1 = 10 (e) 01 =0

(c) %# = 14 (f) 1'0=0

3. We can get any counting number by the repeated addition
of 1 to another counting number if the number we wish
to get is larger than the counting number to which we
add. K
We can get any counting number by the repéa%éd subtrac-
tion of 1 from another counting number if the number we
wish to get 1s smaller than the counting number from
which we subtract. ‘ '

4. Yes. 1-1=0; 3-1-1-1=0. Zero._ is not a
count’rg number,
5. T wucce ;sive addition of 1's to any counting number
- wiil glve a counting number. But, the successive
subtraction of 1l!'s from any counting number will become

0 if carried far enough.

6. (a) 876429  (c) 897638 (e) 3479 (g) 1
(v) 976538 (d) 896758 (f) o7 (h)

[pages 94-96]
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5-9. The Number Zero.
Page 97. The purpose of this lesson is to understand why we can
or cannot perform the fundamental operations with zero.

It is important for pupils to understand that zero 1s a
perfectly good number and that it does not mean "nothing." The
pupll should see that, in addition and subtraction, zero obeys
the same laws as the counting numbers.

In explaining the product of ¢ . 0 and 0 . ¢, it may be
‘helpful to review briefly the meaning of multiplication. Such
discussion questions might be:

1. What 1s another way to find the answer to 3 Xx 5%

2. What does 3 X 5 mean? It means 5 + 5 4+ 5 and .not

3+3 +3 +3 +3,

3. Make up a real problem using 3 X 5. (The price of 3

' pencils at 5¢ each.) . -

4. What does 5 X 3 mean? (It means 3 + 3+3 +3 +3,)

5. Make up a real problem using 5 X 3. (The price of 5

pencils at’ 3¢ each.)

After such questions, zero may be introduced in the discusslon
as multiplicand and multiplier, since 5 . O = O 5 by the
commutatlive property for multiplication..

In case of division, pupils should understand why we dilvide
O by a and do not divide a by 0. It may be desirable to
use several examples 50 that the puplls will see that g should
be 0O and 6 1s not the name of any whole number.

Some of the puplls may be interested in why we do not define
£=1 or some other number. They should understand that it

0 :
would be out of harmony with the fact that zero times any number

.equals gzero.
The translations into words of the symbollc statements
concerning zero can be somewhat as follows:
(a) If zero is added to any whole number, the sum is the
same whole number.
(b) If any whole number is added to zero, the sum is the |

same whole number.
(e) If zero is subtracted from any whole number, the dirfer-

[pages 97-100]
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ence 1s the same whole number. S

(d) If any whole number is multiplied by zero, the product
1s zero. -

(e) If zero i1s multiplied by any whole numbé?; the product
is zero.' ‘ '

(f) If the product of any two whole numbers 1s zero, then
one of the whole numbers 1s zero or both are zero.

(g) I zero 1s divided by any counting number, the quotient
1s zero. o

(h) 2Zero cannot be used as a divisor.

Answers to Exerclses 3-9. Page 101. :
. 1. The symbols in the following parts represent zero:

(b), (d), (£), (n), (1), (J), (k), (1), (m), (n),
(0), (Q)’ (S).
2. (a) 18424 (1) 897

(b) 641388 (m) $397.16
(c) 144, remainder 56 (n) Division by zero not possible

(d) 152, remainder 60 (o) 1

(e) $36538.26 (p) $1846
(r) $60477.81 (a) ©

(g) o (r) ©

(n) $846.25 (s) ©

(1) $70.65 (¢) o

(3) 679 (u) 976 =
(k) 379 : (v) $97.46

3. The error is in the generalization to c¢ in part (1).
If a +b=c¢c, a or b does not need to be c.
Example: 2 - 2 = 4. This exercise shows the error
that may be made by making a generallzation on a few

cases.

3-10. Summary. Page 102. (In student text only)
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Answers to "How Are You Doing?" Questions, Chapters 1-3.

1. (122)three = (17)ten = (32)five (It is easiest to get
to base five by going through base ten.)

2. Yes. Start by filling either the 3=-cup or the §-cup
contalner. If the three-cup i1s filled first then: 4
(a) Pour 3 into 5; (b) Fill 3; (c) Pour 2 from 3
into 5, which leaves 1 in 3; (d) Empty 5, pour 1 left
in 3 into 5; (e) Fill 3. Now we have Ui,
If the fivé-cup i1s filled first then:
(a) Pour 3 from 5 irto 3, which leaves 2 in 5; (b) Empty
3 and pour in 2 from 5; (c) Fi1ll 5; (d) Fi11l 3 by
pouring 1 from 5; (e) Empty 3. Now we have U.

1
[3)

1,111 '

176 x 176 x 176 x 176 x 175 x 176 x 176

Addition

Base 2

(2x27) + (0x9) + (1 x3) + (0x1)

31

b x 216 1s the value of the U4 in (4512)six‘wh1ch equals

864. U4 x 27 -1s the value of the U4 in (k1)

which equals 108. 864 is 8 times 108.

11. The set of whole numbers has a zero and the set of
counting numbers has not.

12, The statement 1s false. If one can find one example
where the operatlon is not closed, then this operation
is not closed for the set of whole numbers.

15. Commutative property of multiplication.

14. oOne (1)

15.  Any of the properties 1listed in the section on zero.

16. 13:(2 +5) or (2 + 5)-13

17. 136 + (25 + 75)

18. Multiply 65 times 11 and see if the product is 715.

19. 40

20. (7-3) +6:(53) 80

O V0 O~ oVl &= W

10.

twenty-seven’

[page 103]
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Sample Questions for Chapter 3

The sets of questions presented-at the end of each

chapter in the Teachers' Commentary are not intended as
a chapter test. Teachers should construct chapter tests
carefully by'combining selected items from the set of
questlons included in the guilde. and questiogfhpf thelr
own writing. Great care should be used to avoid making
the test too long.

1.

10.

11.

12.

13.
14,

Insert a symbol which makes a true statement:

8 + 4 4L + 8
How many days are there between March 13, 1951 and
March 27, 19512 :
Show wlth one example that the set of numbers from 10
to 15 1s not closed under addition.
Answer true or false: The identity for multiplication
in the-.set of whole numbers is zero.

If K 1s a counting number then 9 = ?
Apply the commutative property of addition to: (4.5) + 6
We are using the property when we say

that - 3a + 5a 1s another way of writing (3 + 5)-a.

If the product of 5 and a certaln number is zero, then
that number must be: (a) 1 (b) 0 (e) 5

(d) None of the above

When the number one 1is divided by any counting number n,
the answer is always: (a). 0 (b) 1 (e) n

(d) None of the above

Which of the following numerals are names of counting
2

numbers? (1o)two 14 0 (713)ten 3 XIV
((7 +3) +7-(6'5)] = [(7 +3) + (7-6)-5] illustrates
the assoclative property of ?

How many counting numbers are there between (10)five and
(13)four

Make a true statement of (3.7) + (& ) 7-( )

To check the statement 7 X 345 = 2415 by the inverse
operation we would ?
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15. The letters a, b, and x represent counting numbers,

and'§»= X. What can we say about the relation between
. a and b?

Answers to Sample Questions

1. = ' 9. a

2. 13 : 10. (1o)two, 14, (713)ten, XIV
5. 12 4 13 = 25 11. Multiplication
4, False _ 12, 1
5. 0 13, (3-7) + (4-7) =7-(3 + 4)
6. 6 + (4-:5) 14%. Divide 2415 by 7 (or by 3i5)
7. Distributive - 15. a 1s a multiple of b, and
8 b - o a 1s elther greater. than
e b or equal to b.
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Chapter 4
NON-METRIC GEOMETRY

The principal objectives of thils chapter are threefold:
(1) To introduce pupils to geometric ideas and ways of
thought, » .

(2) To glve pupils some familiarity with the terminology

and notation of "sets" and geometry, and

(3) To encourage preclsion of language and thought.

There 1s an attempt to guide the student to the dlscovery of
unifylng concepts as a basis for learning some of che more specif-
‘1lc detalls. This chapter forms a background for Chapters 7, 9,
and 10, which deal with metric or distance properties. It attempts
to focus attention on ideas which are fundamentx: but which (while
sometlmes vaguely taken for granted) are of.or poorly understood
by students. -

Traditionally, these 1deas have been taught when they were
needed for a particular geometric discussion. But, all too often
the teacher has assumed tnat these propertles are obvious or clear
without mentioning them. Also, there' should be some advantage in
considering together this group of closely related analagcus
properties and observing relations among them. The higher level
study of some aspects of non-metric geometry has become a separate
mathematical discipline known as projectlive geometry.

Reading the Text. This chapter has been written with the
intent that it be carefully read by students. We suggest that not
only should students be assigned to read the material, but that
they also be encouraged to study it. Reading mathematics 1s not
iik» reading a novel. Students may find it necessary to "get in
and dig" for ideas. After Section 4-2, students should be advised -
to read with a paper and pencil'et hand so that they may draw
dlagrams to assist thelr understanding. "

Precision of Language. Puplls should be encouraged to ex-
press themselves accurately. 'Some puplls will be z2ble to do much
better than others. ’ '
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Spatial Perceptlion. It hss been oi.r effort here to help
boys and girl§ develop spztlzl understanding. We do this 1n
part by repfesentations in space. We hope that suggestlions glven
tc the students and the notes here may be helpful 1ln selecting
other representations appropriate for your class. This course 1s
not—a 12th grade course. It 1s intended to provlide background
which is sometimes assumed in later courses. .

Testing. In testing, tr test for grasp of 1ldeas, not
for mere recall. Students s .id e encouraged to express ldeas
1n‘thé1r own words. .Because .tles 1n geometric perceptiqn

and understanding differ from abilitles in arithmetic, you may
observe some redistribution of hligh anc low grades among your

studensz,
| T.... Schedule. The followlng time schedule 1s suggested:
1st week Sections 1 through 4
2nd week Sections 5 through 7 or 8
3rd week Remainder of chapter 1lncluding test
evaluation. ,
High ablility classes may do the chapter 1n 11 days including
the test.

Each sectlion was concelved as a one-day sectlon. It seems
possible that Sections 3 and 5_may take 2‘days each and that an
extra day or so imight be spread over Sections 8, 9, 10. We
"believe all sections are important. We have tried to order the
sections so that tu2 ideas do not become more difficult. In fact,
che second half of the chapter which deals less wlth spatlal
perception may well be easler for some students. Some students
will particularly enjoy Sectlons 8 and 10. If a class 1s under
great time pressure, Section 9 might be omitted. If so, it
should be assigned to all the better students.

Materials. .
Insights into ideas developed in this chapter will be greatly

enhanced by use of instructlonal devices. Encourage students to
make slmple models as a means ol helping in basic understandlngs.
Emphasize ldeas, not evaluation of models. As 1ln using any
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instructional material of this kind, seek understanding of ideas
without over-dependence upon representations.

Suggested Materials:

String--to represent iines:in space.

Paper--to represent planes, and folded to represent
lines and intersections of planes.

Tape or tacks for attaching string to walls, floor,
other points in the room.

Model {as illustrated)

T T

Suggest making the model as shown above by using a card-
board carton (or, it can be made with heavy paper,
oak tag, screen wire). Cut away two sides so that
only 2 adjacent sides and bottom of box remain.
String, wire, etc.f may be used to extend through
and beyond "sides," "floor," etc.

Oak tag for makling models to be used by both teacher
and students. ‘

Coat-hanger wire, knitting needles, pickup sticks.

Scissors, colored chalk. .

Light-weight paper (ror tracing in exercises). »

Yardstick or meter stick with several lengths of string
tled to it at different intervals. By fastening
3Clck to wall, lines may be represented by holding
the string taut. By gathering together the free
ends at one point the plane contalinling the point
and the yardstick may be shown.

‘'nticnal:

Long polnter for seeing lines.

Tinker-Toys for bullding models.

Toothpicks for student models.

Saran wrap, cellophane, and wire frame for representing
planes. . .
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4.1, Points, Lines, and Space.
Page 105,
1. Understandings:
‘ (a) A point has no size.
(b) A line is a certain set of points.
(c) A line is unlimited in extent.
(d) Through two points there is one and only one line.
(e) Space 1s a set of points. ‘

2. Teaching Suggestions:
Just as we use representations to develop the concept of the

"counting numbers" (2 cars, 2 people, 2 hands, 2 balls, 2 chalrs,
etc., to develop the concept of twoness) similarly we must select
representations for developlng the concepts of point, line, plane,

and space. ‘ .
Point. Identify things which suggest the i1dea of a point

keeping in mind that one suggestion by itself 1s not adequate.for
déve10ping the idea of a pbint. One needs to use many illustratior
in different situations. Suggestions: tip of pencll, neecle,
pointer; collection of boxes, putting one inside another and
always belng able to place one more inside of the last 38:r.d

the point indicated as belng in all the boxes; pupil c¢f the eye

in intense brightness; progressive closure of shutter of camera,
dot of light on some TV screens; particle of duw.st in the air.

Line. Identify two points using some o% the siltvations av

above, such as tips of two pencils, etc. Bring cut the i172a thatb
glven these two points there are many other polnftsz «n the llne
that contain them. Some of these are between the twe polnts, some
"are "beyond" the one, and some are "beyond" the othe . Also.
thrbugh‘two points there can be only one line. The Z*ne has n~
thickness and no width. It ls_considered to exteri. indef' . itely.
Use string held taut between two points tq show rerres “t{ .on3 of
lines in positlons that are horizont:-1l, vertical, and siantinéz
Each student may represent lines by using a pencill tetweexn his
fingertips. With each example talk about thinking of a line as
unlimited in extent. Emphasize frequently that we use the word,
"line," to mean straight line. Identify other representations f

. [pages 105-106]
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lines such as: edge of tablet (holding tablet in various posil-
tions); edgé of desk; vapor trails; edges of roof of building;
ete. It is important to select 1llustrations representing lines
in space as well as the usual representations made by drawing on
chalkboard and paper,

Space. Models will be most he.pful here. Using "string on
yardstick" and consldering some point on a tabkis, desk, or on
some object which all students can see, let all the r2presentatims
of lines from the yardstick pass thfough the noint. Also, use
string to show representations of other lines from other points
on . ifferent walls, the floor, etec., all passing through the
point. Use the model as described in drawing under "Suggested
Materials." ' Pass 1ines (string, wire, thread) through "walls"
and "floor" to Suggest infinite number of lines and that these
lines extend indefinitely. Bring out the idea that each line.
1s a set of polnts, and that Space 1s made up of all the points
orn all such lines. o

YARDSTICK

DESK STRINGS

Answers to Class Discussion Problems in 4231,
l. Depends on what objects are in the room.
2. The body of the porcupine is like the point. The quills
are like lines through this point, '

Answers'Eg Exercises 4-1. Page 108.
1. No, the ribﬁons are usually not straight,
2. Trere is eXactly one 1line containing the two points on
the monuments.
3. The line of the new string passes through the same two
boints as  the line of the o1ld. (Property 1)

87
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4.2, Planes.
Page 108.
1. Understandings. N
(a) A plane is a set of points 1n space.
(b) If a line contains two different points of a plane, it
1lies in the plane. o
(¢) Many different planes contain a particular palr of
points. N
(d) Three points not exactly in a stralght line determine
a unique plare. ' a

2., Teaching Sugg:stions.

Identify surfaces in the room which suggest a plane--walls,
tops of desks, windows, floor, sheet of paper, piece of cardboard,
chalkboard, shadow. Make use of Saran wrap, cellophane, and a
wire frame to show further a representation of a plane since this
more nearly approaches the mathematician's idea of a plane. With
each example bring out the idea that a plane has no boundaries,
that it is flat, and extends indefinitely. It is an "ideal" of
a situation Just as is a line and a point. .We try to give this
idea by suggesting things that represent a plane. ‘It 1is limpor-
tant to suggest representations of planes in horizontal, vertical,
and slanting positions. Note that if a line contains 2 points of
a plane, it lies in the plane and that many planes may be on a
particular palr of points as pages of a book, revolving door, etc.

Then using three fingers or sticks of different heights in
sets of 3 (not in a sStraight line) as '
suzgested by the sketch at the right,

see what happens when a plece of card- Nails or
board is placed on them. Add a fourth Darning needles
finger or & rth stick and observe

what happens.
Each student may try this experi-

ment by using tnree fingers of one hand BOARD
(and alsc three fingers using both
hands) letting a plane be represented

[page 108]
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‘ by a book, plece of oak tag, card. Change position of fingers
and thumb by bending the wrist (changing sticks in model). Ask
class to make a statement about three polnts not in a straight
'line (Property 3).

Demonstrate with wires or string the ideas in the last para-
graph before asking students to read it or suggest that one or
two students be responsible for demonstrating the idea to other
menbers of the class.

The Class Discussion Problems may well be developed as a
class activity,

) A note. What 1s a basic motivation for the study of geometry?
In our daily living we are forced to deal wlth many flat surfaces
and with things like flat surfaces: It would be foolish not to
note similarities of these objects, So, we try to note them. In

- 80 dolng we try.to abstract the notion of flat surface. We try

to find properties that all flat surfaces have. Thus, we are led
to an abstraction of the flat surface--the geometric plane. We
study two aspects of this--(1) What a plane is like, considered
by itself (plane geometry), and (2) how various planes (flat
surfaces) can be related in space (one aspect of spatial geometry).

Just how do we study the geometric plane? We studylit by
thinking of what the plane is cupposed to represent, namely, a
flat surface. However, in trying to understand a plane (or
planes), we find 1t difficult to think Just abstractly. Thus,
we think of representations of the plane--wall, chalkboard, paper,
etc., and we think of these as representations of the abstract
jtez. The abstract idea erables us to idertify characteristics
which all flat surfaces have in common. o

Answers to Questions in Text, 4-2. Page 110.
Yes, this 1s what Property 1 says. Yes, the lines must be
on the plywood. Hold palm flat and move arm and hand in
plane desired. Yes, new position; and no, only 6ne way.
Taree points are in one plane; the fourth may not be 1in 1it,

Property 2.
89

[page 110]
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Answers to Class Discussion Probliems. Page 112.

1. Depends on the particular classroom. ‘ 4
2. There are many different sloping positions, illustrating
Property 2.

Only one, illustrating Property 3.

Answer~ to Exercises 4-2.
1. All in the same 1l1ine.
2. Not all in the same line.
3, All legs must rest on the same plane or the device may
" _rock. Three points not all on the same line are in

exactly one plane.

4, (a) Many (unlimited quantity) (b) One

5. (a) Many (b) Many  (c) Exactly one, unless the
‘ points are all on the ‘'same 1l1ine.

6. Wing surface, flat surface used on water. Consult

dictlonary.
*7, (a) Six, as long as no three are on the same line
(b) Six

8. Explanation in Section 4-5.

4.3, Names and Svubols.
Page 113.
1. Urderstandings. .
(a) Students learn to recognize how planes, lines on plancs,
- lines through planes, etc. are represented by drawings.
(b) Students learn to name particular points, lines, and
_planes using letters. ete. '
(c) Students learn how to interpret and understand perspec-

tive drawings.
(d) Students learn to develop an awareness of planes and

lines suggested by familiar obJjects.

2. Teaching Suggestions.
Bring out the idea that we make agrbements as to how to

reprersent certain ideas, i.e., "." for a point; 'L////’//

' pe. 112-113]
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n
or zr/”’/é? for a llne; and the use of letters for naming

lines and polnts. Note that we usually name points by capital
letter, lines by lower case letters or palrs of capital letters
with bar and arrows above, as, AB , and that a plane is named
by three capital letters or a single capital letter. Alsu, we
sometimes talk about ‘two or more lines, planes,’etc., by using
subscripts, such as, Apl, Aﬁ , and /P

Students should be encouraged to make such drawings on the
chalkboard as well as on paper.

Studentg enjoy a guessing game about abstract figures such
as these: |‘] “man looking over fence" or __w&_;_ "boat
sinking." “ They might enjoy a similar game with planar abstrac-
tions such as:

El%l[: "open .door" or Af(:::> "pup tent" or

“"butcher knife."

W w
Answers to Exercises 4-3. Page 119,
1. A 1s to the left; B to the right
C 1s nearest the top; D nearest the bottom
2. A table
3. It has turned upside down
4. (a) cot (g) Line of laundry
(b) Ping pong table (h) Open door
(c) Football field (1) chair
(d) Carpet (3) Shelf
(e) High jump (k) Ladder

(f) coffee table
6. Yes (or nol; We assume point V 1c on line PO and
"behind" PQ.
<. No
No
One, P.
7. 1, b b, a
2, d 5, a
3, c 6, a
[pages 113-119]
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8. (a) Yes
(b) Yes
(e) Yes,,? 1 is the only line through P and Q

(a) o 1s the intersection M, and M,
(e) No :
(f) No

(g) No

L-4., Intersection of Sets.
Page 122.
1. Understandings.
(a) A set contains elements which are collected according
some common property or expliclt enumeratlon.
(b) The common elements in two or more sets make up the
elements ¢. the intersection of two or more sets.

- 2. Teaching Suggestions.

Review the 1dea of sets by asking studentis tc dascribe
certalin sets, as set of names of members of the class, the set
of members of the class, set of all students 1n class whose last
name begins with "B", set of even numbers, set of couating numbers
betweca 12 and 70 having a factor 7 (i.e. 14, 21, 28, ...).

Explaln that any 2 sets determline a set which is called their
intersection, that is, the set of elements (if any) which are 1n
both sets. Have students give the lntersection for the set of
odd numbers between 1 and 30 and the set of counting numbers
having the factor 3 between 1 and 30. Note the three sets--the
two glven sets and the intersection of the two sets. Use other
illustrations such as set of boys in the class and the set of
students with brown eyes. Also find intersection of three sets--
students in class having blonde hair, students in class having
birthdays in November, and students in class riding the school
bus. Ir selecting sets, include some in geomeiry (i.e. the
intersection of two lines in the same plane, etc.).

Note thatlthe empty set 1s the intersection of two sets with
no elements in common. Call pupils! attention to the meaning of

[pages 119-122]
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"common" as it is used here.

After developing the idea of intersection g0 back to examples
and describe how the idea can be expressSed in symbols. It is a
code We can use and like many codes it simplifies the expression.
For example, .

Set A {3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25 27, 29)

Set B {3, 6, 9, 12, 15, 18, 21, 24, 27)

ANB = (3, 9, 15, 21, 27)

You may wish to refer to the supplementary unit on "sets."
It will provide further symbolism for better students and/or
those who especially enjoy using symbols,

Answers to Exercises L4-4. Page 123,
1. (a) (18, 19, 20, 21, 22)

b) As in your state

¢c) 'The empty set

2. (a) 1, 3, 5 (a possible answer)
(b) 5, 10, 15 (a wossible answer)
(¢) P, R, T (a possible answer)
3. (a) 9, 10, 11, 12
(b) As in your class
(¢) The point. P
(d) The 1line
4. sNT = ({10, 15, 23)
(a) An edge
(b) The empty set
6. (a) S = ({Maine, N. H., Vt., Conn., Mass., R. I.)

T (New Hampshire, New York, New Jersey, N. M.)
V = (Texas, New Mexico, Arizona, California]
(b) New Hampshire
(c) The empty set
(d) New Mexico
7. (a) Yes .
(b) Yes. The addition of multiples of 5 gives multiples
of 5.
8. Each part is almost obvious from the notions of set and
intersection. -

[page 123]
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(a) ' This is by definition since the empty set 1s a set.

(b) The set of those elements in X which are also in Y
1s the set of those elements in Y which are also in
X. :

(c) Each "side" of the equality means the same set: namely,
the set of all elements which are in each of the three
sets X, Y, and 2.

4-5. Intersections of Lines and Planes.
Page 125.
1. Understandings.
(a) Two lines may:
(1) be in the same plane and intersect;
(2) be in the same plane and not intersect (intersect
in the empty 'set);
(3) not be in the same plane and not intersect (inter-
sect in tic empty set).
(b) A line and a plane may:
(1) not intersect (intersect in the empty set);
(2) intersect in one point;
(3) intersect in a line,
(c) Two different planes may
(1) intersect and thelr intersection will be a line;
(2) not intersect (have an empty intersection).

2. Teaching Suggestions.
Use models in order to explore the possible situations for

two lines intersecting and not intersecting. (let each student
have materials, too.) Also, use a pencll or some other object to
represent a line, and a card to represent a plane. Use two pleces
of cardboard each cut to center with the two fltted together to
represent the ldea of two planes and their intersecticn, and,

from these, state some generall.ations thaﬁ may be made.
13

LR p

w J°

F

[pages 123-125]
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Also, identify situations in the room which are representa-
tions of different cases of intersections of lines and planes.
Some may wish to express the ideas in symbcls. For example, name
the line of one of the front vertical edges./ » and line along the
top front of desk, k. Then A/f1k is a point.

Subscripts also may be used so that we talk about lineSzP
andfy o- The use of a few subscripts should be encouraged.

" Answers to Questions in Text 4-5. Page 125.
Indefinite question - no specific answer needed. Yes 1t 1is
true of edges of classroom. VYes; yes; yes, no. Yes; filgure
from Section 4-3 could be used.
Page 126. C se 1. If they did, 2 and k would be the same line.
A Line and a Plane. Yes; Figure (b) 1ine and plane with one
point intersection;
Figure (a) 1ine lying in plane.
Two Planes. No; no, cannot hold sheets to do either.
Page 128. No other case; either the planes intersect or they

do not.

Answers to Exercises 4-5. Page 129.
1. (a) Intersection of line and plane, empty set. Line’

and plane are parallel. No point.
(b) Intersection of line and plane, one point line

plerces plane.
(c) Intersection of line and plane more than one point.

Line lies in plane. _
2. Intersection of floor and front wall, Intersection of

celling and side wall, etc.

<> <>
AB N AC = Point A

[pages 125-129]
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k. Yes; yes; no (no point in all planes); the empty set; no.
5. Yes; yes; one point
6. Yes; yes; a line (the fold)
7. (%) The empty set

(5) One point

(6) The line
8. & ' v) \ | , <) d)

0 points 1l point 2 points 3 polnts
Using Only Lettered Points

9. (a) HGD and ABC (one other possibility)

( (

(b) +GB and GBC (many other ‘possibilities)
(e) 8, BGD, FGD, (many other possibilities)
(¢ FGD, BGD (some other possibilities)
(e, .» FE (many other possibilities)

(") T3, GD (many other possibilities)

() ED, AB (many other possibilities)

(*Y ED, GD, CD (many other possibilities)
(L) FGB, FGD, HGD, BGD

o

h-6. Segments.

Page 131.
1. Understandings.

(a)’ If A, B, and C are three points on a line, our
intuition tells us which point is between the other two.

(b) A line ségment 1s determined by any two polnts and is
on the line contalning those points.

(c) The two points which determine a segment are called
endpoints of the segment.

(d) A line segment 1s a set of points which consists of
its endpoints and all points between them.

(e) The union of two sets consists of all the elewents of

the two sets.

[pages 129-131]
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2. Teaching Suggestions.

Bring out the idea that when we draw a sketch or a pilcture
of a line, we draw a picture of one part of the line, ard that
this is, progerly, a line segment. However, we often represent
a line by a part of a line (since we cannot do anything else).
One should be careful to say that the sketch represents a line
or line segment as 1s appropriate. Draw a representation of a
line on the chalkboard and name two points of the line, A and
.B. Note that AB means points A and B .and all points between
them. Name  other points on the line and various line segments,

Review the idea of intersection of two sets. Then develop
the i1dea of union of two sets using line segments much as is
suggested by student text. Extend this idea by selecting other
i1llustrations, as, set of girls in class and set of boys in class
and that the union of the two sets is the set obtained by combin-
ing the two sets. FEach member of the union is then either a boy
or a girl in the clasz. Have students suggest other sets, noting
what can be said about the elements of the union. of the two or
more sets. Take illustrations«from geometry too, such as, the
union of two lines, line and plane, etec. Again note that if an
element is a member of both sets, it appears only once in their

union.

2

Answers to Exercises 4-6. Page 133.

In text BC
1. “~ P Q R S —
(a) PR, @ or PR, QR etec.
(b) PQ, QR etc.
(¢) Pq, RS
(a) Pq, RS
2. A B ¢
(a) The point B
(b) BC
(¢) AC
(a) AT 97

[pages 131-133]
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5. Yoeem>
4,
2 P Q R S
6. No.
P A 'BQ
7. . '
' IA. T Yes; no.
_C. .
B.

8. We would have more than one "straight 1ine" through two
points. See question 6.
9. (a) This follows from the idea of set.
(b) The set of .elements which are either in X or in
Y 1s the same as the set of elements which are
: either in Y or in X. :
(c¢) Each side of the equality means the same set;

least one of the same three sets X, Y, or 2.
10. The set of elements which are either in set X or in
set X 1s naturally Just the set X. a

4-7. Separations.

Page 134.
.1. Understandings.

(a) A plane separates space into two half-spaces.

(b) A line separates a plane into two half-planes.

(¢) A point separates a line into two half-lines.

(d) A ray is the union of a half-line and the point which
determihes the half-line.

2. Teaching Suggestions.
Use cardboard models to develop understanding of these ldeas.
[pages 133-134]
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Note how one slde of the model pictured in the materials section
of this Commentary,separateéhspace and that we call the two sides
half-spaces. Ask how we could separate a plane into two half-
planes and a line into two half-lines before the students have

read these parégraphs.

Thls section gives an unusually good opportunity to emphasize
You can expect

relations among point, line, plane, and space.

seventh grade students particularly to enjoy this section. It

gives a certaln structure to geometry.
Draw a number of 1lines on the chalkboard.

_angle."

Mark points on
them and talk about half-lines, rays, and endpoints. Talk about
the intersection of 2 rays, two half-lines, and ray and half-line.
If students are worried about whether a half-line has an endpoint,
see explanatlon in student text for saying "an angle of a tri-

Also, identify representatlions of half-spaces, procuced by

room dividers, walls in building; of half-planes, by linas on
paper, lines on wall, etc.; and of half-line by naming a partic-

ular point along the edge of a ruler.

Answers to Questions in Text 4-7. Page 135.

Beginning below the first figure of the section:
Yes; no; not the empty set. A half-line is one of the two

sets of points into which a line 1s separated by a point. Yes,

a point; yes (a set consisting of one point).

No;

yes; yes for

flgure. See statement (3) immediately below in text.

Answers to Exercises 4-7. Page 137.
1. Yes; no; yes; no; yes.

2. AB (or FK); a half line to the left of

3. (a) BR,
—>

< . > (b) Ba,

A B c D —

' (c) EC,

. (a) Ba,

—>

(e) BaA,

4, No, no
5. Yes, yes

... [pages 134-137]
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‘ 6. Yes
*T7, Not if they are half-planes from the same line, but yes
if you use parallel lines and overlapping half-planes,
#8,., No; yes

-4-8. Angles and Triangles.
Page 138.
1. Understandings.
(a) An angle is a set of points consisting of 2 rays not
both on the same straight line and having an endpoint

in common. .

An angle separates the plane containing it.

A triangle is the union of three sets, ﬁﬁ, BC, and CK
where A, B, and C are any polnts not on the same

line. e

o’

. A B
(a) A triangle determines 1ts angles but does not contain .

its angles.

2. Teaching Suggestions.

Illustrate the idea of angle as two rays with the same end-
poifit. Use colored chalk to show interlor and exterior. Also
note how we name an angle. (This is not the only way to consider
an angle. This definition, however, '1s ldentical with that which
is very likely to be used in the 10th grade. Later, the measure
of an angle and angle as a rotation will be considered.)

In”developing the 1idea of triangle, put three points on
board and note them as endpoints of 3 line segments, AB, EC, AC.
Note the set of points in each segment and that a triangle is the
union of these three sets. Use colored chalk to show interlor
and exterior. Emphasize the set of points o{ the irterior, the
exterior, and that of the trilangle. o

Agaln students may be 1lnterested 1n drawing angles, triangles,
shading, etc. (This is not perspective drawing. ) This is good
material to dévelop imagination and to encourage drawing, etc.

How many triangles can be drawn with Just four lines? How many

[pages 137-138]
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- with four lines two of which are parallel? Etec.

In discussing the angles of the triangle bring out the idea
that although people often talk about angles of a triangle, 1t is
a short way of saylng that they are the angles determined by the
triangle. Use such analogies as the school determines its gradu-
ates but graduates are not in school; a city "has" suburbs, but
the suburbs are not part of the city, etec.

Answers to Questions in Text 4-8. Page 139.

Yes, the sides of the triangle are in the triangle; that 1is
to say, every point of each side is in the set of points which i

the triangle.
No, the angles are not in the triangle.

Answers to Exerclses 4-8. Page 140.

1. (a) fThe interior of £ ABC

(b) The interior of A ABC
2. (a) Yes, they have different vertices

(b) Yes

(¢c) The lines containing the rays determine a plane.
3. (a) The point A

(b) No
(¢) TB
(d) =B

4, (a) The two points X and W
(b) A AWX, A ABC, A BWY, A XCY

(¢c) None .
) (d) A, B, C, W, and Y '
(e) B, A ’

5. (a) .

facs 4

(b)

(c)

B _ . T c
R can be on WX

[pages 138-140]
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~ 7 6. (a)

(b) . () |

(d) .Not possible

(8)

7'(|8)AAM Y mv ﬁ

8. (a) The points A and ¢
(b) 7B
(c) The points A and B
(d) The point B

(e) ¢ ACB —
(f) .EBC
(g) BC

(h) The union of ZB and B¢
*9. No; yes. ' '
*10. (a) Yes :
(b) It may or may not, depending on choice of P and Q.

(¢) Yes P
(a) No Q.
4-9., One-to-one Correspondence.

Page 1h2. ,
1. Understandidés.
(a) The idea of one-to-one correspondence 1s fundamental in
counting. (Chapter 3)
(b) One-to-one correspondences 1in geometry can be establishea:
(1) Between a certain set of lines and a certain set
of points .
(2) Between the set of points of one segment and the
set of points of another segment
(3) Between certain other geometric sets in palrs.

[pages 140-142}
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2. Teaching Suggestions.

Review the idea of one-to-one correspondence and the neces-
Sary conditlon that for each element in set A there corresponds
an element in set B. For example, if there are 5 chailrs and-

5 people, for each chair there is a person and for each person
there is a chair.

This 1dea, while elementary, is sometimes hard to grasp.
One-to-one correspondences between finite sets (sets having a
specific number of elements as in the illustration above) are
reasy to observe if they exist. If sets A and B are finite,
then if A and B have the same number of elements, there exists
a one-to-one corréspondence between them. Such follows simply by
counting. But we are sometimes interested in a particular one
of the possible one-to-one correspondences. For the two congruent
triangles below we are interested in matching A with D, B

with E, and C with F. It is on such basis that we get the
e F ‘

A B D E
congruence. If we were to match A with F, B with D, and

C with E we would not be noting the congruence.
~ For infinite sets H and. K we may be int rested in two
aspects:

(1) Is there any one-to-one correspondence between H and K?

(2)° Is there a "nice" or' "natural" one-to-one correspondence?

In the examples in Section 4-9, we not only show that there
1s some one-to-one .correspondence but that there is a "natural® or
"nice" one. There also would be a great many that are not "natural"
or "nice."

To establish a one-to-one correspondence we need (1) a
complete matching scheme, and (2) in this particular device it
must be true that for any element of either set there corresponds
a unique element of the other set. It is implied by what we say
that 1f a corresponds to b, then b corresponds to a.

[page 142]
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In effect, to establish a one-to-one correspondence we must
have a way of "tyilng" each element of either set to a partiecular
element of the other. And the "string" we use for tylng a to
b also ties Db- to a. ' .

In the text we describe a one-to-one correspondence between
a certaln set of lines and a certaln set of points.

Problems 2 and 3 (Exercise 4-9-b) are developmental and
because of this are suggested for posslble classwork.

Answers to Questions in Text 4-9. Page 142.
Yes (if all ticket-holders show up). Same number.

Yes. No.
One more person than chairs. Yes, at the end of the game.
- No. a b c b g '

3

e
v ¥
I II IIT IV v
Answers to Exercises 4-9a. Page 143.
1. Depends on the number of pupils and the number of desks.
2. No. There are more states ‘than there are cities of
over 1,000,000 1n population.
~.3. Yes. For each person there 1s a nose and for each
nose there corresponds a person; hence, counting noses
glves the tocal number of persons involved.

A)'I'. 1 3 7 o
$ $ 2 each odd 1s matched to the next

0 2 4 lower even.
5. Yes. Match elements of R with elements of T by

means of elements in S,
6. Each whole number is matched with the whole number

. which 1s two times as. large. Thus:
REEEE
o 1 2 3 oo,
Answers to Class Exercises. Page 1h4%.
4, (a) No.
(b) Yes. Property 1. (Section 4-1) e
104
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5. (a) Yes.
(b) 3.
(e) Yes.
(d) Yes.
(e) Yes.

6. Yes.

7. (a) VYes.
(b) One.

8. 1line; point; point; 1line.

Answers to Exercises 4-9b. Page 145,
l. Each vertex to the side opposite., Yes.

2. : B

A ¢/ \N c

Yes, you should observe it.

Yes; yes.

3. Yes; yes; yes; yes; yes.

*4, There are rays in space similar to the set of rays
described in Problem 2,

*5. The set of intersections of the elements of K with
a plane form the set H. '

*5, (a) Yes

' (b) Yes

(c) Yes, see Problem 5 (Exercises 4-9a),

4-10. Simple Closed Curves.

Page 147.
1. Understandings.
(a) Broken-line figures such as those we see in statistical

graphs, trlangles, rectangles, as well as circles, and

[pages 144-147]
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figure elghts are curves,

(b) A simple closed curve in the plane separates the plane
into 2 sets--the points of the interior of the curve
and the points of the exterior of the curve. The curve
itself 1s contained in nelther set.

(¢c) The curve is called the boundary of the interior (or the
exterior).

(d) If a point A 1is in the interior of a curve and a point
B 1s in the exterior of the curve, then the intersection
of AB and the curve contains at least one element. '

2. Teaching Suggestions, ‘
Draw some curves on the chalkboard, bringing out the 1ldea

that we call them "curves" and that a segment is Just one kind
of curve. We use the word "curve" in a special way in mathe-
matics.

Note that.a simple closed curve separates a plane into two
sets and that the curve itself 1s the boundary of thehtwo sets.
Also, that any quadrilateral, parallelogram or rectangle 1s a
simple closed curve. Identify some of the many curves which are
suggested in the room, such as boundary of chalkboard, total
boundary of floor surface, ecc.

Students enjoy drawing elaborate curves which may still be

" classified as simple closed curves. Encourage their drawing a
few simple closed curves for a bulletin board exhibit.

Answers to Exercises 4-10. Page 1149.
1. |

Six

2. The 1ntéfsection of the exterior of Jl and the interior
of J2.

106
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This is ruled
out because of
the extra point
of intersection.

T

Yes, 3,

4. No, it contains two.
5. Simple closed curve, line, angle
6. (a) B and D
N - (b)
(¢) BA and DE
*7.
d
>
*8 C

9. Because the curve weuld have to cross an even number of
times. If the curve crosses three times, the pencil is
then not on the same side of the line as where it started.

Sample Questions on Chapter 4
The sets of questions presented at the end of the chapter in
the Teachers 'bb@mentary are NOT intended as a Chapter test.
Teachers should.--construct chapter test carefully by combining
selected items from the set of questions included in the gulde
and questions of their own writing. Great care should be used to

[page 149]
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avoid making the test too long.

1. If two different planes each contain the same three
points what can you say about the three points? (The
points are on a line.)

2. Draw L ABC. lLabel P a point in the interlor. Shade

the P-side of line Rg t%

3. Draw two simple closed curves whose intersection is a

set of exactly four points. .
( ) D)
<

4, Draw a simple closed curve which is the union of five

segments, no two on the same line. <::::::>

5. Draw APQR. Label a point A between P and Q.
Draw the 1ine XR. List all tri- R
angles represented in your figure.

( APQR, & PAR, A RAQ.)

P Q
6. Each point of a line separates the line into two half-
lines. Make two similar statements, one about a line
and a plane and the other about a plane and space.
(A line separates a plane into two half-planes. A plane
separates space into two half-spaces.)
7. Suppose the intersection of two lines 1s the empty set.
If they are in the same plane they are ( parallel ).
If they are not in the same plane they are (_ skew 2.
8. Consider the figure at the right.
(a) TList 3 rays represented.
&, B, B 4
(b) what is AN aaBc? (D)
(c) what is ABNAG?
(Point A) 8 c

108
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11.

12,

13.

) <>
and BC.

101

‘Draw a horizontal line. Label four points on it P, Q,

R, and S 1n that order from left to right.

P Q R S

. (a) Name two segments whose intersection is one point.

(PR and R) .
—>
(b) Name two rays whose union is the line. (PQ and -Q_f)
(c) -Name two segments whose intersection is a segment.-

(PR and  §®)
(d) MName two segments whose union is not a segment.
(P§ and RJ)

Using the planes of the Wallé and ceiling.of your robm,
list three planes whose intersection is exactly one

‘point. (Front wall, side wall, and ceiling.) :

Label 'A, B, and C three points not
all on the same line. Draw Kg, TE,

(a) Into how many pieces (regions) does the union of
the segments 7%B, BC, and BC separate the plane?

(2)

“(b) " Into how many pieces (regions) does the union of

: lines AW, €0, and B0 sepraate the plane? (7)
Draw a vertizal line /( on your paper. Label points
A, B, ¢, and D in that order from top to bottom.

(a) wnat is AC NED? (BC) A
(b) Wnhat is BA N e (The empty set) 8
(c) Wh_z;t is the union of AB and BC?
(AB) | ¢
(@) What is the union of AD and. BC? D
(7D)

In the figure, a set of rays
from - P may be used to establish
a (one-to-one correspondence)
between EC and BED.
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To the left of an 1tem 1n the left-hand column place
the letter of a corresponding item from the right-hand

column:

(g) 1. the,union of PA and ©PB a. AP

(£) 2. NS -~ b, BB .

(¢c) 3. segment A&Q c. AQNTB
(4) 4. point in interior of L APB a. Q

(e) 5. B _ ' " e. ,f,

(a) 6. ray onz& f. P

(b) 7. the union of AQ and QB g. L APB

(1) 8. VNS, - h. empty set
(h)- 9. TN 1." B |
(j) 10. the union osz and AP J. j,

15.

In -the corresponding blank to the left of each of the

follow'ing"statements indicate 1f 1t 1s true or false.

(True) 1. Point Q 1s on the C-side of .

(False) 2. ‘98 1s the :atersectlon of two half-planes.

(False) 3. The union of b and FK LABC.

(Palse) 4. Point B separates TB 1into two segments
' CB and BD.

116, o
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, (True) 5. Point 'B separates CD into two half-lines.

v (True) ~ 6. Point Q 1s in the interior of angle ACB.
(False) 7. Point Q 1s in the interior of angle DBA.
(True) .8. The interior of angle ABC 1s the intersection

of a half-plane'containing C and a half-plane
‘ containing A. f

(True) 9. Triangle ABC 1s a simple closed curve.

(True) 10. A one-to-one correspondencé may be established
Egpween (a2) the set of lines 1ntersecting
AC and containing B and (b) the set of
points on ‘KE

16.

'6//// . M,
a4

Multiple Choice.
1.4 | anaf ot
(a) 1intersect in the empty set
(b) are parallel .
(c) 4intersect in one point ‘
(d) are in the same plane 1__(a)
2. Segment QP:
(a) 1ies in plane My
(b) 4is in plane M,
(c) connects an element of M, with an
element of M2

(d) none of these : 2__.(¢c)
1¥1
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3. (a) Aﬂz separates M, into two half-planes
(v) 4 oNM, 1s the empty set

5.

. (a)

(¢) p,NM; 1is the empty set
(d) 12 separates space
Mzﬂ,/l =P

(v) w0y =fy
(¢) M, does not extend endlessly as does/2
(d) M, contains all the points of,/1
Point P: , .
(a) is in the intersection of M, and N,
(b) 1ies in a half-plane whose boundary 1is
(¢) 1is not an element of PQ.

~(d) 1is not an element of .Z i

112
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Chapter V

- .. FACTORING AND PRIMES
¥ 51, 'Primes.
T?;_Jg_ A51. It is important that in the beginning the pupils
7'experiment with numbers and at the same time become accustomed
- :to the equivalent terms "divisible by" and "multiple of." To
emphasize this and to give the initial development of the Sieve
? of Eratosthenes, the pupill is first asked to cross out the
f_multiples of 2, except for 2 itself, in the 1ist of numbers
_up to 31, then the multiples of 3.

Page 152. As a class exercise, the Sieve for the numbers up to
100 1is to be constructed. It will save class time for the teacher
- to have prepared on ditto sheets the numbers from 1 to 100
arranged in rows of ten. If the teacher wishes, the next hundred
numbers might also be included. The pupils should check their
- coples carefully and keep them foqﬂfuture reference.

' It should be stressed that 1l 1s a special number in various
ways. First, every counting number i1s divisible by 1. Second,
1 s divisible only by itself, that is, i1t has only one factor.
Because of these properties, the unique factorization theorem,
- introduced in Section 2 of this chapter, would not hold if 1
were classifled as a prime number.

' . In constructing the Sieve the students should realize that
after crossing out the multiples of 2 (except for 2) only the

odd numbers remaln, that 1s, only those. numbers which are not
divisible by 2. After the second step, only the numbers

l, 2, 3 and fhose not divisible by either 2 or 3 remain.
After the third step, only the numbers 1, 2, 3, 5 and those not
divisible by 2, 3, or 5 remain. After the fourth step, only

the numbers 1, 2, 3, 5, 7 and those not divisible by 2, 3, 50r7
remaln. This pattern continues.

The students are encouraged to try to see why in the fifth

step, involving multiples of 11, no further numbers are crossed
-out in the set from 1 to 100. 1If no student discovers why
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this 1s so, the teacher should pass over the polnt since 1t 1s
important that 1t be discovered in the student's own time; but
some student may notice that any number less than 100 which is
not a prime‘number must have a factor which 1s less than the
square root of 100. From this 1t follows that, except for 1, all
the numbers rémaining iIn this Sleve after the fourth step willl

be prime numbers. The fourth step 1s the crossing out of all
multiples of 7 other than 7.

i Sleve of Eratosthenes
for the numbers from 1 through 100:

'i!l <::> G” A (::) & (;;% & 9 16
) ¥ @13 ¥ 15 26 8 ({9 e
2X . 22 @) 2 py 26 2+ 28 9 30
%”%W}?%@z«%:@—w
he @ woas a6 @) s s se
S 52 6 s¥ 55 56 5+ 58 6) 6o
€) 6z 53 &r 65 66 G) 68 69 7o
@%g%’%%}?ﬁ_%
8T 87 %85'«8'6’-3?',_»8'8’,96
S 927 95 9% 95 96 Q) 98 99 100
. for the numbers from 100 through 200: ™ A
lez"§§§ 10k 105 x66 @ID 168 ‘GID A
LR AXF 15 136 17 138 9 120
ier 12z ok 125 106 o8 ime 130
Hr e 3 1 s OGS dﬁ; 150
@) 1se a5k 155 156 (5) 58 159 6o
16 162 (6 16+ 165 166 (16) 160 6y 170
we (79 a5 w6 T w8 (19 280
‘1’82'—18*1-8’5'}86"'_1‘87'_;88;39—}9@.
mmwme—mm
¥ ReMemper' 1 1is not a prime number.

. L.
s
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Answers to Exercise 5-1. Page 15U

1. a. 2,8,5,7,11,13,17,19,23,29,31,37, 41,43 »47,53,59,61, 67 71,

73,79,83,89,97 .
b. 101,103,107,109,113,127

2. a. 15 b. 25 c. 31
3. 0,5,10,15,20,25,30,35,40,45,50,55,60 .
4. 0,7,14,21,28,35,42,49
5. 0,15,30,45,60,75,90
6. ' 12 14 a7 18 20 25 .27
1 12 1% 17 18 20 25 27
2 6 7 no 9 10 no no
3 - b4 no no 6 no no 9
4 3 no no’ no 5 no wno
5 no no no no 4 5 no
-6~ 2 no no 3 no no no
_ T no 2 no no no no mno
7. a. 12=3x4 or 2x6 b, 36=2x 18 or 3 x 12
or 4y x 9 or 6 x 6 c. 31 is prime’
7 is prime e. 8=2x% f. 11 is prime
35=5x7 h., 5 is prime i. 39 =3 x 13

42 =2 x21 or 3 x14 or 6 x7 k. 6=2x3
41 is prime m. 82 =2 x 41 n. 95 =5 x19
Of course in all these cases the two factors may be written

.

H <. g A

in reverse order.
8. a. The number 24 is divisible by 1,2,3,4,6,8,12 and b,

b. 24 1s a multiple of 1,2,3,4,6,8,12 and 24.
. ¢. 24 is a multiple of each of the sets of numbers in
a. and b. since being a "multiple of" is the same
‘as belng "divisible by." _
9, 1222x6 = 6x2=3x4=4x3=2x2x3=2x3x2=
- 3 xa2x2 ' .
10. 3and 5, 5and 7, 11 and 13, 17 and 19, 29 and 31, L4l and 43,
59 and 61, 71 and 73. There are eight such pairs. e

\
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11, 4 =2+2; 6=3+3; 8=5+3; 10=3+7=5+5;
12=5+7; 1 =3+11=7+7; 16=3+13 =5 + 11;
e~ 18 =5+413 =7 +11; 20=3 +17 =7 +13; 22 =3 +19 =
5417 =11 +11. |

. 12. Yes;3,5,7. This 1s the only set because at least one of any
| set of three consecutive odd numbers 1s divisible by 3.

[

|

|

B0 1@0@r®6Ds 210@i12@» 15 6@ 18YW
‘ etc. (d) yes. The numeral 2 1s the only numeral circled
which 1s not underllned.

14, 3,5,7,11,13,17,19,23,29.

PN

5-2, PFactors. - .
The purposes of this section are to develop“ﬁﬁderstandings of

the terms "factor," "cemplete factorization," "composite number, "
and of the Unique Factorization Property. Notice that the
definition of factor includes zero; thus zero has factors.
‘Problem 4 of Exercises 5-2 serves as a basis of a discussion

of zero.

Page 157. We do not conslder 1t mandatory that puplls use
exponents. They should be encouraged, however, to use them where-

ever 1t 1s reasonable:'to do so. _
As a matter of interest, the Unique Factorization Property

1s usually referred to as the Fundamental Theorem of Arithmetic.

Notice that in complete factorization for a prime number ;;m
like 17 only one factor is written, as: 17 = 17.

The definition given of a composlte number 1s felt to be
the easlest to understand of various possible ones. Some teachers

' may prefer to stress the definltions in terms of number of factors

since thls does have some unifylng effect. If this 1s the case,
the counting numbers would be classified as follows:

a. The number 1 which has just one factor, namely, 1ts¢lf.

b. The prime numbers which have just two factors; namely;

1 and the number 1tself
c. The composite numbers which have, more than two factors.
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It 1s Important to notice that every counting number comes under
one of these headings.

Notice that the definition is given of a complete
factorization, not the complete factorization, since the order
of the prime factors may vary. _

In the previous edition of this sectlion, diagrams of .
numbers were considered in connection wilth factoring. Teacher
reaction was mixed, some finding it very useful and others
.0f no asslstance at all. Teacher reactions seem to 1indicate
that some students acquire better understanding of factorization
by use of these dlagrams, others are confused by them. Since
also it was felt that the development of this method might be
easier 1f the teacher was not bound by a text, we are confining
the description of this method to the teacher's commentary.

Basicall%, we can represent a product by the diagram
2 3
° - =%  vwhere the 3 assoclated with the line 1s the
multiplier, which "takes 2 into 6." The arrow indicates the
direction in which the multiplication goes.
2 3 6 i 24

Similarly o >0 _ 50 represents the product
(2 x 3) x4,

Then the three different complete factorizations of 18 could
be represented by the followlng dlagram. Notice that all the

factors of 18 also appear in the diagram

2 3
2 3
3, 3
9
2
18

In making a diagram you may suggest to the puplls that it 1is
best first to make a list of all the factors of the number and to
arrange them from the smallest to the largest. For 12 this would
be 1, 2, 3, 4, 6, 12. Then start with 1. and continue to bulld a
‘chaln so that the second number 1is diviSible by the preceding nun-
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ber, and so on. Thus, one chain would consist of 1, 2, 4, and
12; another chain would consist of 1, 3, 6, and 12; and the last
chain would be 1, 2, 6, and 12. In each of these chains, taking
any palr, the second 1s divisible by the first and there.is no
factor between them. We could not go from 1 to 4 since there
is the factor 2 between 1 and 4. Remember that one of the
rules of the game 1s that there may be no other factor between
successive numbers.

The diagrams for the numbers from 1 through 20 are
shown here:

2 5
2

2
= 17 12

a 2 2
2 3 2 2
z 8 6 S 4 0

¥ 3 2

16 17 18 19 20
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Some teachers may be interested in pursuing the investigation
of these diagrams a‘little further. The followlng examples are
included for this purpose. Also, a few of your very gifted pupils
may galn better understandings about numbers from these examples.
However, i1t 1s felt that 1if presented to. all students, the extra
time used may not justify the results.

Example I. Iet a and b represent two different prime numbers.

Complete each of the following sketches:
b. ! d.

P8

a. We found that 6 and 10 had patterns like the one in
Problem 5a. Name 3 other numbers that we have not
sketched which have the same pattern.

b. Notice that 4 and 9 have the same pattern as Problem
S5b. Name 3 others which we have not sketched that
have the same pattern.

c. A number like 12 or 18 has the same pattern as
Problem 5¢. Find 3 other numbers which have this
pattern.

Find 3 numbers which have patterns like 5d.
e. Find patterns which have not been represented so far in

the unit.
Answers for Example I.
a. ab b. a2 c. ab d. ab; a3b

Answers for Example II.
a. 21, 22, 26, 33, 34, and so on.
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25, 49, 121 or any other square of a prime number.
c. 28, 44, 45 or any others of the form azb where a

and b are prime.

24, 40, 54, 135 or any others of the form a3b. ,

Here are some possible forms: a2b2: 36, 100, 225;

aSb2: 72, 200, 108

Answerskgg“Exercises 5-2 Page 158:
1. a. 1, 2, 5, 10

b. 1, 3, 5, 15 s
c. 1, 3, 9 '
d. 1, 2, 3, 6, 9, 18
e. 1, 3, 9, 27
£. 1, 2, 3, 4, 6, 8, 12, 24
g. 1, 11 .
2. a. 1 *10; 2 . 5
b. 1 -+ 15; 3 5
c. 1 9; 3+ 3
d. 1 =+ 100; 2 -+ 50; 4 - 25; 5 - 20; 10 - 1Q
e. 1 oh; 2 - 12; 3 - 8; 4 - 6 S
£f. 1 16; 2 8; 4 - 4
g. 1 - T72; 2+ 36; 3 - 24; 4 -18; 6 -12;8 -9
h., 1 +81; 3 +27;9 9 :
3. a. 2 5 -
b. 3 5
c. 3 = 3o0or3d
d. 2 3 -5
e. 3 =3 -5o0r 3° -5
£. 2 5 -50r 2 - 5°
g. 13

_4. Zero 1s not a factor of six since there is not a number which,
when multiplied by zero, glves a’ product of six, 6 1s a
factor of zero since the product of six and zero 1is zero,
thus the definition Ls satisfiled.
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5. a. 1,'4, 10, 20 b. 1, 4, 6, 8, 9, 18, 24, 36, 72
6. a. 3 5.7
b. 23 -7
c. 3+5-50r3.5°
d. 3-2-:2-5-50r3-.2%.5°
e. 26
£f. 3 -5 .23
g. 311 (This is a prime number)
h. 23 .53 ,
1. .7 - 43 . o
J. 17 - 19 -
7 a. Even f. Even
b. Even g. 0dd
c. Even h. 0dd
d. Even 1. 0da
e. 0dd J. Even
8. a. vllthree is four; 1t is even
b. 12five 1s seven; it 1is odd.
Ce 33five 1s eighteen; it 1is even.
d. leltwo 1s five; this is odd.

.9. Divisibility is a property of number. It is the number which
is divisible by another number. The numeral is a way of writ-
ing the number. In base ten, a numeral which represents an
even number ends with an even number; in base five this is
not necessarily so. This is illustrated in Exercise 8.

*10. Some of the items in the table will be: N _
Factors of N Number of Factors Sum of Factors

18 1,2,3,6,9,18 6 39
2”‘ 112’3,1",6,8,12,24% . 8 60
28 1,2,4,7,14,28 6 56

a. 2,3,5,7,11,13,17,19,23,29 (the prime numbers)

b. 4,9,25 (the squares of prime numbers)

c. Three: 1,p and p2

d. Four: 1,p,g,pg. The sum is 1 + P +g + pg

e. The factors are: 1,2,22,23{ «ees 2. There are k + 1
of them. '
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f. The factors are: 1, 3, 32, 33, ooy 3*. There are
k + 1 of them.

g. If N= pk, the factors are 1, p, p2, p3, eeey pk.
There are k + 1 of them.

h. In this list the c¢cnly numbers having 2N for the sum
of their factors are 6 and 28. These are the two
smallest perfect numbers. There is a general formula
for all even perfect numbers. It is

2p-1(2p - 1) where both p and 2° ~ 1 are prime
‘numbers. The third perfect number is 496.

5-3. Divisibility.

fﬁEE.léQ- 'The purpose of this section 1is to facillitate the
discovery of factors of numbers by inspedtion of the decimal
system numerals which represent them. Since we need be concerned
only with prime factors, we confine ourselves chiefly to 2,3

and 5. At thié point in the pupllt!s development 1t was felt that
the discovery of patterns would be more meaningful than the
discussion dissecting the numeral according to the powers of

ten. Some teachers may prefer the treatment in the supplementary
unit on divisibility since 1t glves a 1little more Inslight into
the reasons back of these patterns.

It is hoped that most of the pupils wlll go a 1ittle further
than merely seeing that as far as the table ‘goes, every number
divisible by 3 has a sum of digits which is also divisible by 3.
They should look at the transition where the tens diglit Increases
by 1, as is suggested in Problem 3.- Some may be able to go
further and see that where the hundreds digit increases by 1,
the tens dilglt decreases by 9 and the unlt digit.by 7, leaving
a net decrease of 9 + 7 - 1 = 15 which is a multiple of 3.

Some pupils may even go further and notice that if one takes the
sum of the digits, the same property holds. ‘

It is not intended that great stress shall be lald here on
tests for divisibility in other bases but it 1s very lmportant
that the pupils realize that the tests glven here dependUOn the“

way the number is written (that is, the system of numeration
[page 160]
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used). Just a little discusslon of tests for other number systems
seems to be the best way to emphasize this point,.

Answers to Exercises 5-3 Page 163:

1.
2'

a. 5 - b: -3 e¢. 3 d. 2 e. 7 f. 11

a. 39=3x13 e 180=2"x32x5 1, 5762632
b, 60=2"x3x5¢f. 2x3x43 3. 729 = 3°

¢ 81 = 3 . 8. 378 =2 x 33 x 7 K. 1098 = 2x3°x61
d. 98 =2 x7%2  nh. 132 = 2% x 33 1. 2324 = 227x83

See discussion above.

For divisibility by 5 one needs only to see that when 5 1s

added to a number whose units digit is O, the sum has units

digit 5; if 5 is added to a number whose units digit is 5,

the sum has units digit 0. This pattern repeats to show

the test for all numbers.

The followlng table can be made for multiples of 9:

Multiple of 9 9 18 27 36 L5...90 99 108...

Sum of digits 9 9 9 9 9 9 18 9

A counting number will be divisible by 6 if and only if it is

divisible by both 2 and 3. Hence the test is that it must

be even and the sum of its digits must be divisible by 3.

If a number is divisible by 15 1t must be divisible by both

3 and 5, and conversely. Hence the test 1s that 1ts last

digit must be one of O and 5 and the sum of its digits must

be a multiple of 3.

a. Since the last digit 1s odd, the number is odd.

b. The number is 400 in the decimal system and hence 1is
even. The bright pupil might notice that the number
1s even since it can be written in the form 73 + 72 + T+1
which 1s the sum of an even number of odd numbers.

¢. Here the number in the decimal system is 259 which 1is
odd. The bright student might notice that it may be
written 6° + 62 4 6 + l.yhich 1s the sum of 1 and
three even numbers; hence is. -odd.
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d. Here the number in the decimal system 1s 40 which is
even; or it may be shown even by the same kind of
argument as in part b. :

9. If a number is written in the system to the base seven, 1its
last diglt 1s zero if and only if 1t is divisible by seven,
but it need not be divisible by ten. To test divisibility
by 3 write the first few multiples of three in the
system to the base seven as follows:

. Number to the base seven 3 6 12 15 21 24 30 33 36 42
Sum.of the dlgits 36 3 6 3 6 3 6 12x6
*Notice that 12 1is also wriften in the system to the base
seven. Here when the first digit increases by 1, the
second digit décreases'by 4 giving a net decrease of 3. Hence
the same test for-divisibility by 3 works both in the
decimal system and in the system to the base seven.

10. If a number 1s written in the number system to the base twelve
and has zero as 1ts last diglt 1t must be divisible by 12
but need not be divisible by 10. It will be divisible by 3
if 1ts last digit is one of 0,3, 6,9. This may be shown in
the same way that we tested for divisibility by 5 in thHe
decimal system, since :the pattern 3,6,9,0 repeats in the
sequence of multiples of 3 wriltten to the basé-twelve.

11. A number written to the base seven will be divisible by 6 1if

‘ the sum of 1ts digits is divisible by 6. This is apparent

‘from the table given for exerclise 9 if we notice that every

other sum of digits is even.
~12. A number written in the decimal system will be divisible by
4 if one of the following holds: '
a. the last digit is one of 0,4,8 and the tens digit is even.
b. the last digit is 2 or 6 and the tens diglt 1s odd.
This can be seen firom the pattern in which the multiples
of 4 fall. Also, since any multip.~ of 100 1s divisible
by 4, we could also say that a numbez is divisible by 4
if the number represented by the last two diglts 1s divisible

by 4.
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5-4. Greatest Common Factor.
' The following skills and understandings should be developed
through this section: .

l. To identify the common factors of several numbers.

2. To find the greatest common factor of several numbers in
two ways--by listing the factors of each and by using a
'complete factorization of each number.

It 1s recommended that.the abbreviation (G.C.F.) not be
used in this section. Use the complete phrase ' greatest common
factor" in order to fix the meaning of the concept in the minds
.of the pupils,

Explain that if sometning is "common" to several things, then .
- one meaning 1s that they are similar in some way. If two numbers
i "have a certaln number as a factor, we say that factor l1ls common
" to both. :
_ Provide-rdrill on finding the greatest common factor by 1listing
‘all factors to ensure that pupils have a thorough understanding
~of the meaning of the term. Some students may discover the method
of finding the greatest common factor by complete factorization
before 1t is introduced in problem 14, but if they do not discover
it, do not "push" them into this prematurely. Students ‘should
be encouraged to use ''short division when the divisor 1is less

P r 0

than ten.

Discussion of Exerclses 5-4. Page 166,

14-16. Method of finding the Greatest Common Factor by
Complete Factorization., This is a procedure for computing the
greatest common factor but it is not intuitive. The method of
the definition (1listing all the factors, etc.) should be used
in class until the concept 1s fixed in the minds of the pupils.

Illustration of Method: Find the greatest common factor of
24k and 60. ' |

First, find a complete factorization of each number:

24 2 X 3

60 = 2° x 3 x 5
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The factor 2 occurs three times in the complete factorization of
24 and twice for 60; hence, 2 can occur at most twice for 60;
hence, 2 can occur at most twice in any factor common to both 24
and 60. The factor 3 occurs Just once 1n each, and hence can
occur at most once in any common factor. 'The number 5 1s not

a factor of 24, and hence cannot occur in any common factor.

Hence the gréatest common factor 1s 22 X 3 = 12. Notice that

the power of each prime fagtor of the greatest common factor 1is

the smaller of the powers to which i1t occurs in the two given
numbers.

Summary of Method: (1) Find a complete factorization of
each number. (2) Pick cut the primes which occur in all (every
one) of these factorizations. (3) For each prime picked in (2),
write the smallest power of 1t which occurs in any of the factor-
izations. (4) Multiply all the powers written in (3); this
product 1s the greatest common factor.

The pupils will find it easier to pick out the primes and ex-
ponents in steps (2) and (3) above if the original numbers are
written in a column with the complete factorization of each

- number to the right of the number.

16. h. This exercise gives the puplls an opportunity to
establish a procedure forvsearching for factors of numbers -
when they cannot guess them. It is time consuning, and
may be omitted if time is not available for 1it.

In factoring 1173, remind the puplls of the test for
divisibility by 3 and obtain 1173 = 3 X 391. For the
number 391, we try .the successive primes 2, 3, 5, 7, 11, 13,
17, to find 391 = 17 X 23. Review the reasons for trying
only the primes--i.e. for skipping 9, 15, and all the even
numbers except 2. Point out that, since 20 . 20 = 400 .
1s larger than 391, it is only necessary to try the primes
less than 20 (391 cannot be the product of fwo factors each
of which is larger than 20). In general, if the primes_
are tried in order of magnitude, one should stop'when the

quotient 1s less than or equal to the divisor.
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Illustrate the results in a ,'b » ¢ Dbelow using the

values a =6, b=9, ¢ =12. '

a. The set of counting numbers 1s closed under the operation

Asince, for any counting numbers a and b, aAb'= '
the greatest common factor'of a_and .b 1s agaln a
counting number. :

b. The operation Z\ 1is commutative since the greatest common
factor of a and b 1s the same as the greatest common
factor of b and a. R _

c¢. The operationzf&is associative since each of aZB

(b c) and (aAA\Av) Ac 1s the grzatest common
factor of the set {a, b, c].

~ Answers to Exercises 5-4.

1.

a. (1, 2, 3, 6}

(a, 2, 4, 8}

(1, 2, 3, 4, 6: 12}
(1, 3, 5, 15}

{1, 2, 4, 8, 16}
(1, 3, 7, 21}

o’
.

(1, 2} d. (1, 2}
(1, 2, 4} . e. (1, 3}

. {1, 3) £. (1, 2, 4)
(1, 19} '
(1, 2, 4, 7, 14, 28}

n
(1, 2, 3, 4, 6, 9, 12, 18, 36}
(1, 2, 4, 5, 8, 10, 20, 40)

(1, 3, 5, 9, 15, 45}

(1, 2, 3, 4, 6, 8, 9, 12, 18, 24, 36, 72}

OO‘NH)(D-Q-OO‘WOO‘WH)(DQ-O
......... e e e e

(1} d. (1, 3, 9]}
(1, 2, 4} e. {1, 2, 4, 8}
(1, 2, 4} £. {1}
a. 4 d. 9
b. 4 e. 8
c. &4 f. 4
{page 166]
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10.

11,

12.

13.

14,

a.
b.
c.
d.
e.
a.

b,

c.
a.
b,
c.
a.
b,
c.

a.
b?
c.
d.
e.

.
b.
c.
a.
b.
c.
a.

5 f. 3
6 g. 12
12 h., 8
.25 ‘ 1. 15
16 J. 10

6

29

a.

1

1

1

Yes, 1

Yes, ¢=3, 8=3, b=6or 9 or 12, ete.
No; the greatest common factor can never be greater
than the smallest member of the set of numbers used.
No. (6, 10, 15} |
Yes. G. C. F. of 6 and 10 is 2.

G. C. F. of 6 and 15 1s 3.

G. C. F, of 10 and 15 1s 5,
Ais (1, 2, 3, 6, 9, 18]
B1is (1, 2, 3, 6, 7, 14, 21, 42)
(1, 2, 3, .6}
(1, 2, 3, 6}
The intersection set of the set of factors of A and the
set of factors of B 1s the set of common factors.
¢ is (1, 2, 3, 5, 6, 10, 15, 30}
D 1s {1, 3, 17, 51}

cMNp 1s (1, 3}

E 1s {1, 3, 13, 39}

¢ is (1, 2, 4, 13, 26, 52}
ENG 1s (1, 13}
36=2+2.3¢+3=2%.3
45=3 -3 .5=32.5
The greatest common factor 1s 32-or 9.

128
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15, a. 18=2-+3.3=12.32
b. 90=2:3:.3-5=2.32.5
. e. GOF =2 .32.18
16, a. 24=2%.3, 60=22.3 .5
G.C.F. = 2° . 3 = 12
b. 36=22.3% 90=2-32.5
G.C.F. =2 - 32 - 18 '
c. 72=2%.32 108-22.33
G.C.F. = 2° « 32 - 36
d. 25 =52 75 =3 - 52 105 = 5°

G.C.F. = 5° = 25 : .
e. 24=23.3, 60=22.3. 5, 84 =2
, G.C.F. = 22 - 3 =12 .
f. ke=2-3-7, 105=3-:5.7, 147 =3.7
T G.C.F=3-°7=21

g. 165=3 511, 234 =2 - 32 . 13
G.C.F. = 3 :
h. 306 =2-3%.17, 1173 =3 .17 . 23 -
G.C.F. =3 * 17 = 51 (See Discussion-®f Exercises 5-4.)

1. eoso=2% 3 -5-17 , 2184 =2%.3.7.13

G.C.F. = 2% - 3 =24
17. a. 6 (6 x 0 = 0)
b, 1 . o
c. 1
18. a. Yes (See Discussion of Exercises 5-4)
b. Yes '

‘c. Yes

5-5. Remainders in Division.

This gectlon serves a dual purpose: to help review basic
understandings about division and to séparate the section dealing
wilth greatest common factor and least common multiple.

h.Also, this section should help strengthen the pupils! ideas
concerning divisibility. We use the idea of the Euclidean
division algorithm, but we do noé'introduce the term "algorithm."

[pages 168-169]
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It 1s not necessary to confuse puplls with terms not needed in
understanding the baslic ldeas discussed. N
Page 170. The division relation should be discussed following
the introductory work and review. It 1s important that the
pupil understand the relationships among a, b, q, and R
" in the expression a=(b-gqg)+R. If care 1s used to

relate these symbols with the terms dividend, divisor, quotient,
and remainder, the pupil should not find it difficult to use
the symbol form with understanding. '

The pupll should understand that division always involves.
a remalnder. We may not always write a zero remainder, but the

importance of recognizing zero as a remalnder should not be
minimized. It should be pointed out to students that when the
remainder is zero we can use the division relation to express

divisibility.

Discussion of Exercises 5-5.

Page 171.
1. J. It shouldebe noted that there are several possible answers.

This exampie may be used to help explain the answers in

question 2. :

7. This method 1s based on the division algorithm. Most students
will not understand all that 1s involved here. It 1s recom-
mended that teachers not try to achieVe mastery of this

o technique. This 1s a starred exercise and may be omitted
without serious loss. It 1s introduced to review greatest
common factor and to Justify the discussion of the division

relation in this chapter.

Answers to Exercises 5-5. Page 172.

1. Dividend Divisor Quotient Remainder
a. 2
b. i 2
c. 9
d. 7 2
e. 130 i 2
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g.
h.

1.

.8

c.
d.
e.

123 -

Dividend Divisor = = Quotient Remainder
3 2
10
66
20 . _
There are several possible ahswers for J.
9 9
3 27
1 81
27 3
81 1

No; 8see a and /.

The dividend 1s greater than the quotient in this case.
The divisor must always be greater than the remainder,
Yes. 0+3 =0 or 0=3"+0+ 0,

No. 3 +01is impossible because there is no number
which when multiplied by O' gives 3, with a remainder

“less than the divisor.

Yes. 0O+~ 3=0 _
or 3 + 5 may be considered as giving a quotient of O
with remainder 3. fThis might be the answer to the
question: '"How many $5 shirts can you buy with

$3?u
Yes. 66 =1 with O remainder
6 -2 =3 with O remainder
Yes '
No. It 1s impossible to divide by O.
Yes. _
Yes. A remainder of O 1s a whole number,
a b a R
| 2 1
98 |
4 2

[pages 176-171]
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4, con't
d.
e.
£.

5. a.
b.

e.
f.

a b a’ R
1 100
2 50 There are many
4 25 . possible answers as
5 20 indicated here. By
10 10 the commutative
property the reverse
order for each of
, these 1s also an
. acceptable answer.
16 11
25 '
No
Yes, (16=2 =8, 6 =2, q = 8)

Yes, (200475 = 2 and Remainder 50
q=2, R=50).

- No. The divisor, b, may be any whole number except

zero. Division by zero 1t impossible.)

Yes (counting numbers do not include 0).
Yes. (a may be O, then ¢ = 0. Or, a, may be
any other number. However, g 1s not a
counting number if 'a < b.)
{o, 1, 2, 3}
The members of the set of all remainders are the whole
numbers less than eleven. "

25

K

(1) 92 = 32 = 2 and Remainder 28
(2) 32 =~ 28 = 1 and Remainder &

(3) 28 =~ U4 .= 7 and Remainder O

. 4 1s the divisor that results in a zero remainder.
The G.C.F. 1s 4.

(1) 192 + 81 = 2 and Remainder 30

(2) - 81 + 30 = 2 and Remainder 21

]

[paggs 172-173]
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(3) 30+ 21 =1 and Remainder 9
(4) 21 + 9 = 2 and Remainder 3
(5) 9+ 3 =3 and Remainder O
3 1s the divisor that results in a zero remainder.
Therefore the ¢.C.F. 1s 3.
c. (1) 150 + 72 = 2 and Remainder 6
72 + 6 = 12 and Remainder O
The G.C.F. is 6. . .
d. {1) 836 + 124 = 6 and Remainder 92
(2) 124 + 92 = 1 and Remainder 32
(3) 92 + 32 = (see answer 7(a). The G.C.F. is 4.
e. G.C.F. 1s 28
f. G.C.F. 1s 71

5-6. Review. :

This sectlon provides a review of the work of grades 1-6 and
of chapters 1-4 of this book. It 1s placed here to allow the
puplls extra time to fix in their minds thé concept of greatest
common factor before being introduced to least common multiple.

Discussion of Exercises 5-6.

9. a. Consider first two of the lines. Since they are different
lines and are not parallel, they o
intersect in exactly one point as
sketched. The third line either goes through this point
of intersection or 1t doesn't. The two cases are 1llus-
trated below. '

1 intersection 3 intersections
[page 174]
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19.

20.

22.

. 23.

b. ¢. In part a , we discussed the cases where no two of
the lines are parallel; these two cases are also possible
in parts b and - ¢c. We have left to consider the case
where at least two lines are parallel. The third line
1s elther parallel to both of them or to nelther of them.
The two cases are illustrated below,

b. 2 intersections ¢. O intersections
Since a, b, f, g are four different numbers and g 1s a
factor of both a and b, we must have g < a, g ¢ b.
Also, f 1s a factor of both a and b (different from
g) and g 1s the largest common factor of a ana b.
Thus f ¢a, f ¢b and f ¢ g. Illustrate with a = 12
b=18, f=3, g = 6. '
If the numbers are allowed to be equal, all four of them
may be the same so that there may be no inegualities among
them. Illustrate with a=b=f =g = 1,
a. If we consider the experiment of drawing one plece of
paper from the hat, there are 50 possible outcomes: the
numeral drawn could represent any one of 1, 2, 3, ..., 50.'-

‘ Of‘these 50 outcomes there are five favorable (10, 20, 30,

40, 50). Thus the probability of a favorable outcome is
2. -1 .

50 ~ 10°

b. Of the 50 outcomes, there are 10 which are favorable
(the numeral drawn represent a number divisible by 5),
namely: 5, 10, 15, ..., 50. Thus the probabllity of a

favorable outcome is 10/50 = 1/5.

The explanation for ¢ and d follows from above.

a. Of the 50 possihle outcomes, there are 50 in which
the numeral drawn represents a number which 1s divisible
by 1, namely: 1, 2, 3, ..., 50. Since every numeral
represents a number divisible by 1, only one draw 1s
needed.

[pages 175-17T7]
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Answers

to Exercises 5-6. Page 174.

127

For 2, we would have to draw enough times to draw all

numereals representing numbers not divisible by 2;

1, 3, 5 ..., b9, There are twenty-five such numeral$’

One more, the twenty-sixth, must be a number divis'ble

by 2.

Of the 50 possible outcomes, there are 16 in which the

numeral drawn represents a number which is divisible by

3, namely: 3, 6, 9, ..., 48. To be Bure of drawing at

least one of these numerals, we would have to draw enough

times to draw all the other numerals and then one more;
(50 - 16) + 1 = 35 draws.

Each of the sets has eleven elements (or members). One

suggested correspondence is given here:

2 3 4 5 6 7 8 9 10

0 1
¢$$$$6¢¢¢$$¢

7 8 9 10 11

Each of the sets {51, 53, 55, ..., 79) and (18, 20, 22,
s 46] has 15 elements. There are many different ways

in which a 1-1 correspondence can be set up between the

two sets. Three of the correspondences are given below.

51 «—>18 51 «——>U46 51 «<—>20
53<«<——20 53¢«—— 4} 53 ¢€«&——>22
55€—>22 55 ¢—3lo 55 «——>2l

79 <——> U6 79 «—>18 77 €<—>46

79 «—>18

Each of the sets (3, 6, 9, ..., 42} and (105, 112, 119,
.» 196} has 14 elements. There are many ways in which
a 1-1 correspondence can be set up between the two sets.

1.

a.
b.
c.

996 d. 1,423 g. 903 J. 1660 Rl
101 e. 561 h. 1,408,744

5,073 . 14,476, 1, 79
135

[pages %TZ—ITB]
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2. a. 55seven b. 11Olseven c. 3uaeven d. l211.=3even
3. a. (1, 2, 3, 6) ec. (1, 2, 3, 4, 6, 12}
b. (1, 3) d. (1, 3, 13, 39}
o e, [lseven’ loseven] ¢ [lseven, 2seven, 3 sevenj
seven, seven, 15seven
b. [lsevenj 2seven;3 seven,
seven d. Q2 seven]
5. a. 3932 e. 364
b. 20,394 f. 607 Remainder 12
c. 5,077 g. 6 Remainder 5
d. 95,985
6. a. 6 c. 12
b. 28 d. 1
Page 175.
7. a. 15seven b. m5seven C. llseven
8. a. % d. %
_ 2 5.
b. ¥ & 37
c. 20 £, %
9, a. 1 or 3 >k:
b, 2 ==
c. 0O ==
10. a. 8 (each corner of the room)
b. 12 (each "edge" of the room).
11. Divis}ble by 2: b. 101five and d. 101seven
12. Multiplies of 3: c. lufive, d. 15seven and e, 17eight
Page 176.
13. Composite Numbers Prime Numbers
a. aufive - b lllfwo
d. 91 c. 155seven
e. 63 f. 10two
h. 35 g. 103

nine

. [pages 174-176]
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17.

18.

19.

20.

2l.

22.

~ b. one example:

129

a. one example:

ol

Y

a. seven hgndred thousand three

b. eight hundred three thousand forty

c. six hundred ten thousand five hundred two

d. one hundred-twenty-nine thousand forty-seven

a. {0, 1, 2, 3, 4} , '

b. 14 _

c. (1, 31} 31 is a prime number. Hence the only possible
factors are 31 ‘and 1.
801 '

a
b, 307,000

c. 21,024

d. 4,500,000 . :

a. No; 2+ 7 =9. Only one example to the contrary is

needed to show that this set 1s not closed with respect

to an operation. y
b. No; 7 X3 =2l. The product of two numbers such that

both are greater than 1 will always produce a composite

number.
a. < -
b. «
c. <
d. a=16 b=12, g=4, f =2
a. = or ¢
b. = or >
c. =o0r ¢
d. ;?> or ¢
a. Commutative Property of Multiplication
b. Assoclative Property and Commutative properties of
multiplication, |
c. Only one. (see Unique Factorization Property)
a. 15 b. <% e 5% d. 1
(see discussion of exercises 5-6)

[page '176]
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23. a. 1 b. 26 c. 35 d. 41
(see discussion of exercises 5-6)
Page 178. ‘
24. a. Yes (see digeussion of exercises 5-6)
b. Yes e
c. Yes :

5-7. Least Common Multiple (L.C.M.)

Skills and understandings to be developed:

l. To find common multiples of several numbers.

2. To find the least common multiple of several numbers in

two ways--by listing the multiples of each and by using
a complete factorization of each number.

It is recommended that the abbreviation (L.C.M.) not be
used in this section. Use the complete phrase "least common
multiple" in order to fix the meaning of the concept in the

. minds of the pupils.

‘That zero is a multiple of any whole number is introduced here
so that we may be consistent in the definition of an even
number, i.e., "a number divisible by 2," or "a number ending
in 0, 2, 4, 6, or 8." A careful treatment of zero should help
clarify some of the special properties of zero.

That the "least common multiple" is the smallest counting
number is an important distinction. Othéfwise, for any members'
of a set of numbers, the least common multiple will be zero.
Since zero as a least common multiple is not particularly
useful to us in mathematics we choose to use the least counting
number in a Set of common multiples. Provide drill on finding
the least common multiple by listing multiples. This provides
some basitc drill in multiplication and division. Problem 13

. 1s designed to help students. "discover" a shorter way to find
the least common multiple. Do not insist on the use of this
method at this time, but encourage the students to use it if they

understand why it works.

[page 178]
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| Method of finding the Least Common Multiple by Complete Factorization

Example: Find the least common multiple of 12 and 18. First
find a complete factorization of each number:
12 = 22 x 3 '
18 = 2 x 32
Any number which is a multiple of 12 must have 22 as a factor
and also 3 as a factor. Any number which 1s a multiple of 18
must have 2 as a factor and also 32 as a factor. Thus a
number which is a common multiple of 12 and 18 must have among

i1ts factors all of the followilng:

22, 3, 2, 32¢

A number which has 22 as a factor certainly has 2 2s a factor. -
Similarly, a number which has 32 as a factor certainly has 3
as a factor. Thus any number which has ‘the two factors 22 and
32 will have all four of the factors 22, 3, 2, 32. The
smallest number which has the factors 22, and 32 is

22 x 32 = 36.

On the other hand, 22 x 32 .1s a multiple of 12 (which is
2% x 3) and 1t is also a multiple of 18(which is 2 x 32). It
1s thelr least common multiple. Notice that the power of each
prime factor in the least common multiple is the larger of the
powers to which it occurs in the two given numbers.

Summary of Method: l. Find a complete factorization of
each number. 2, Notice which primes occur in at least one of
the factorlizatians. 3. For each prime noticed in 2 s write
the largest power of 1t which occurs in any of the factorizations.
4, Multiply all the powers written in 3; this product is the

I
Tre T »MJ«

least common multiple.

The pupils willl find 1t easier to pick out the primes and ex-
ponents 1n steps 2 and 3 above 1f the origilnal numbers are
written in a column with the complete factorization of each
number to the right of the number.

139
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Answers to Exercises 5-7 Page 180:
1. a. The set of multiples of 6 less than 100 is (0, 6, 12, 18,
2k, 30, 36, 42, 48, 54, 60, 66, T2, 78, 84; 90, 96}.
b. The set of multiples of 8 less than 100 is (o, 8, 16, 24,
32, 4o, 48, 56, 64, T2, 80, 88, 96}
c. The set of multiples of 9 less than 100 is (O, 9, 18, 27,
36, 45, 54, 63, T2, 81, 90, 99}
d. The set of multiples of 12 less than 100 is (O, 12, 24,
36, 48, 60, 72, 84, 96} :
. 2. a. The set of common multiples of 6 and 8 1less then 100
is (o, 24, 48, 72, 96}. :
b. The set of common multiples of 6 and 9 1less than 100
is (o, 18, 36, 54, 72, 90}
c. The set of common multiples of 6 and 12 less than 100 __
is (0, 12, 24, 36, 48, 60, 72, 84, 96}
d. The set of common multiples of 8 and 9 1lessthan 100
(0, 72} : .
e. The set of common multiples of 8 and 12 less than 100
is- (0, 24, 48, 72, 96} '
f. The set of common multiples of 9 and 12 1lessthan LOO
is (0, 36, 72}

3. a. The least common multiple of 6 and 8 1is _eb .
b. The least common multiple of 6 and 9 1is _18 .
c. The least common multiple of 6 and 12 .is 12 .
d. The least common multiple of 8 and 9 1is _r2 . -
e. The least common multiple of 8 and 12 is _24 .
f. The least common multiple of 9 and 12 is ._36_.
4, a. 10 e. 30
b. 12 f. 60
c. 30 g. 42

d. 12 h., 72

140
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a. 6 g. 26
b.. 15 h. 77
e, 21 1. 39
d. 35 J. 143
e. 22 k. 30
£. 55 . 1. 667

E 6. a. . Prime numbers
b. The L.C.M. of two different pPrime numbers is equal to
the product of the two numbers.

7. a. 12 B ' f. 60
b. 8 : - g.: 60
e, 20 o o h. 60
d. 18 o 1. 30

e. 40 _ 3. ou

8. Composite Numbers .
9. a. Yes 8 is the L.C.M. of 4 and 8.
b, No The L.C.M. of 8 and 9 1is T72.

10. a. 6
b. 29

c. a

Page 182.
11. a. 6
b. 29

c. a

12, a. Nojwhat is the L.C.M. of 2 and 3?
b. For two different prime numbers a and b,
the L.C.M. 1s the product of the two numbers a + b.
. ¢. For three different prime numbers, a, b, and ¢, the
L.C.M. 1s the product of the three numbers, a * b - c.
13. (See the Discussion of Exerciges 5- 7).

2 4 h. 360

b. 112 : 1. 660 ,

- ® J. 720 —
- 7o k. .1000.

e 1. 680

| [page 181]
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“1t., a. No.

' b. No.
c. No.

15. a. Yes.
b. ¥Yes.
c. Yes.
d. O.

e. No. Zero is not a counting number.

Exercises 5-8;

The purpose of thils sectlion 1s to summarize in general the
new materlial introduced in this chapter. Rather than produce
a glossary, which might confuse pupils with definitions "out
of context," we chose briefly to discuss the new terms.
Attention is drawn to the terms which we wish to stress by

.'wr;ting them out in capital letters. ..

The dlagram used in the 1ntroductofy paragraph of this
‘section might be discussed 1n class at some length to assure
puplls'! understanding of the relations among the séts of numbers
included here. Pupils shoulgmpnderstand for example, that the
set of prime numbers is a- subset of the.set of whole numbers
and a subset of the couhting numbers;similarly, for the set of -
composite numbers and the number "one." They should also under-
-stand that the number "zero" 1s a subset of the whole numbers
but 1s not a subset of the counting numbers. Care should be
.used to explain these ideas. It 1s not intended that the word
"subsets" be introduced, because the ideas involved in the
.diagram‘can bé‘discussed wlthout using set terminology.

Another purpose of this section 1s to fix in the pupils'
minds the differences between the greatest common factor and the
. least commoﬁ multiple. Note that we- have avoided using the
.abbreviations L.C.F. and L.C.M. in the pupils' materials.

[page 183]
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It 1s recommended that these abbreviations not be used at this
" time.

The discussion should emphasize agaln that the greatest
common factor of ‘two different numbers 1s smaller than one or both
of the numbers. Also, the least common multiple of two different
numbers '1s greater than one or both of the numbers.

Answers to Exercise 5-8. Page 185.

1. a. 1 g. 1
b, 2 h. 6
c. T 1. 3
d. 5 J. 2
e, 12 k. 9
f. 3~ 1. 4
2. a. 6 g. 989
b. 24 h. 858
c. 14 1. 663
d. 75 J. B4o2
e. 36 k. 2520
f. 105 1. 31,372 -
3. Product of the numbers Product of the L.C.F. ard
in problem 1 L. C. M. of the numbers in
problem 1
a., 2x3 =26 a 1 x6=2¢6
b.. 6 x8 =18 b. 2 x 24 = 48
c. T xX14 = o8 c. 7 X 14 = 98
d. 15 X 25 = 375 d 5 X 75 = 375
e. 12 x 36 = 432 e 12 x 36 = 432
f. 15 x:21 = 315 . f. 3 x 105 = 315
g. 23 x 43 = 989 g. 1 x 989 = 989
h. 66 x 78 = 5148 h. 6 x 858 = 5148
1. 39 x 51 = 1989 1 3 x 663 = 1989
J. T4 x 146 = 10,804 . J. 2 x 5402 = 10,804
k. 45 x 72 x 252 = 22,680 k. 9 x 2520 = 22,680
1. 44 x 92 x 124 = 501,952 1. 4 x 31,372 = 155,488

" Note to teachers: It is alwéys true that the product of
two numbers 1s equal to the product of their G.C.F. and

[page 185]
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‘their L.C.M. This can be seen from the following example:

Let r = 23 X5X7 and s =2 X 52 X 13

To get the G.C.F. we take the product of the primes occuring
in both raised to the smaller power: 2 X 5. To get the
L.C.M. we take the product of the primes railsed to the
larger power: : ; '

23 x 52 x 7 x 13.

Then rs = 25 x5 x 7 x 2x5° x 13 ~
and G.C.F. times L.C.M. = 2 x 5 x 2> x 52 x 7 x 13.
One product 1s the same as the other except that .the members

3

are rearranged. o .
This 1s not true Tfor three or more numbers. See

part I.
b, a. {4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20, 21, 22, 24, 25,
e, 26, 27, 28, 30)
b. {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47)
" Page.186. )
5. é. The product a < b o
example (1) The G.C.F. of 3 and 5 1is 1.
The L.C.M. of 3 and 5 1s 15,
example (2) The G.C.F. of 4 and 9 1s 1.
. The L.C.M. of 4 and 9 1is 36.
b. No. Not necessarily.
The G.C.F. of 2, 3 and 4 is 1.
The L.C.M. of 2, 3, and 4 1s 22 + 3, or 12. It is
. not 2 ¢« 3 .+ 4,
6. a. 2 1is a prime number. It is the only even prime number.
b. All primes except 2 are odd, ie, 3, 5, ...y
c. Qgé. Only the prime number 5 has an ending in 5,
. All other numbers ending in 5 are multiples of 5,
1. e., 15, 25, 35, ...s. '
d. 2 and 5. ' :
e. 1, 3, 7, and 9. "
7. The two numbers are the same. For example: The L.C.M. of 7

and 7 1s 7. The L.C.M. of 7T and 7 is 7.
) [page 186]
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8. a. 1. One is the least common factor of any two whole
' numbers. .
b. No answer 1s possible for the'greatest common multiple
of any two whole numbers. A -
9. a. Rows Bulbs per row (Bulbs and rows may
' ‘ 'be interchanged.)

1 112

2 - 56

L 28

8 14

16 7 ’ 3

10. a. 3, 6, 9, 12, 15--first bell,
' 5, 10, 15--second bell,
They strike together again in 15 minutes,
b. 6, 12, 18, 24, 30-:first bell,
15, 30--second: bell,
They strike together again in 30 minutes,
c. 15 1s the least common multiple of 3 and 5.
30 is the least common multiple of 6 and 15.

11. a. Yes. The G.C.F. of 6 and 6 is 6.
The L.C.M. of 6 and 6 1is 6.

b. No. The G.C.F. of the members of a set of numbers can
never be greater than the largest number of the set of
numbers because a factor of a number is always less than
a multiple of the number unless the multiple is zero.

¢c. No. The L.C.M. of the members of a set of numbers can
never be less than the largest member of the set of
numbers, o

.as the larger of the two numbers (since the L.C.M. is a

multiple of the larger number). The greatest common factor

of two numbers 1s no larger than the smaller of the two
numbers (since the G.C.F. 1s a factor of the smaller number).

If the least commoﬁ multiple and greatest common factor are

equal, the larger and smaller number must also be equal.
- [page 187]
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12,

13.

14,

15.

16.

Illustrate with 4 and 6, locating the L.C.M. and -

G.C.F. on the number line; then use 4 and 4.

a. No. It is not possible to have exactly four numbers
between two odd numbers. Between any two odd primes
there is always an odd number of numbers. If they
are consecutlve odd primes all the numbers between
would have to be composite. '

b. Yes. For'example, between 23 and 29 there are
exactly 5 composite numbers; 24, 25, 26, 27, 28.

a. 135, 222, 783, and 1065 are all divisible by three.

b. 222 1s the only number divisible by six

¢. 135 and 783 are divisible by nine.

d. 135 and 1065 are divisible by five.

e. 135 and 1065 are divisible by fifteen.

f. None of the numbers are divisible by four.

Many different answers should be expected from.the students;

in a way hils reasons for his answer are more important than

the answer itself. The most obvious answer is that as far
as multiplication'is concerned, the prime numbers are the
bullding blocks of all counting numbers, since any counting
number can be expressed as a product of prime numbers. If.
we know a complete factorization of a number, then we can
find all its factors. Also from complete factorizations, the

,G.C.F. and L.C.M. of sets of numbers may also be found. |

BRAINBUSTER. The pattern is a five-pointed star.

There is no greatest prime number.

The following proof 1s for the information of the teacher.
It is not expected that'ahy”except the most brillliant
students would proflit by it in the 7th grade.

To show there 1s no largest prime number, we will show
that 1If p 1s any prime, there 1s another prime larger than
pP. Denote by M the product of all the primes less than or
equal top: M=2 X3 X5X7 X1l X ... Xp.
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Then M + 1 1is certainly larger than p and M + 1 has at
least one prime factor (it may be a prime). But M + 1
does not have any of the primes 2, 3, 5, 7y ..., p as a
factor since division by any of these primes leaves a
remainder of 1. Thus all the prime factors of M + 1

are larger fhan P, and hence p - 1s not the largest prime.
Since p was an arbitrary prime, there 1s no largest
prime.

Sample Questions for Chapterlé.

Thls set of questions 1is not intended as a chapter test. Teachers
should construct a chapter test carefully by combining s€lected
items from this set of questions and questions of thelr own
writing. Care should be exercised to avoid making the test too
long. '

I. True-False Questions ‘

(T) 1. Every composite number can be factored into prime numbers
_ in exactly- one way, except for order.

(F) 2. The sum of an odd and an even number 1s always an even

number.
(T) 3. Some odd numbers are not primes.
(F) 4. Every composite number has o only two prime factors.
(F) 5. The number 51 1s a prime.
(T) 6. All even numbers have the factor 2.
(F) 7. Any multiple of a prime number 1s a prime.
(T) 8. 8 can be expressed as the sum of twin primes.
(T) 9. Even though 1 has as factors ‘only itself and 1, it is
- not considered a prime number, ‘
(F) 10. All odd numbers have the factor 3.
(F) 11. No even number 1s a’ prime.
(T) 12. The least common multiple of 3, 4, and 12 1s 12.
(F) 13. The number one 1is a prime factor of all counting numbers.
(F) 14. The greatest common multiple of 2, 5, and 10 is 100.
(T) 15. The difference between any two prime numbers greater than
100 1s always an even number.
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(F)
(F)
(F)
(T)
(1)
(T)
(F)
(F)
(1)

(1)
(F)

IT.
27.

28.

16.
17.

18.
19.
20.

21.

22.

23.
24.

25.
26.

The number 41 1s a composite number.

A multiple of 6 must be a multiple of 18.

The least common nwultiple of 2 and 6 1s 12.
The'greateét common factor of any two even numbers 1s
at least 2, '

The difference between any two prime numbers greater
than 8 1s always an even number.

A fraction can be reduced i1f the greatest common factor
of 1ts numerator and denominator 1s greater than one.

If z 1s different from O then 3z _ oz

z
z
A composite number 1s one whose only factors are itself
and one.

The multiplier and multiplicand are both called factors
of the product.

There is only one even prime number.

The least common multiple of 3, u,‘6, and 12 1s 2%4.

Multiple Choice

Which one of the following 1s an odd number?

a. (24501)six

.b' (6065u)eight

c. (TElOLl)twelve

d. (110100)two

e. None of the above 27. a,
The greatest common factor of 48 and 60 1is:
a, 2x3

b. 2 X2 X3

c. 2X2x2x2x3xX5

d., 2X2 X2 X2X2Xx2xXx3xXx3x5

e.

None of the above : . 28. b.
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29. Bvery counting number has’at least the following factors:
a. Zero and one -
b. Zero and 1itself
" ¢« One and itselr
d. Itself and two
e. None of .the above ' 29, c,
30. In a complete factorization of a number
' a. All the factors are primes.
b. All the factors are composites.
¢. All the factors are composite except for the factor 1.
d. All the factors are prime except for the factor 1.

e. None of the above 30. a.
31. How many different prime factors does the number 72 have?
a. 0 ‘ | '
b. 1
c. 2
d. 3
e. None of the above 31. C.
32. The least common multiple of 8, 12, and 20 is:
a. 2 X:.2

b. 2 x3 x5

c. 2X2x2x3x5 i

d. 2X2xXx2x2x2x2x3x5

e. None of the above ' 32. C.
33. Which of the following is an even number?

a. (100)three
b. (loo)five

c. (100)seven

d. (lqo)eleven

e. None of the above 33. e.
34. Which of the following numbers 1s odd?

a. 1l7 x 18

b. 18 x 11

c. 11 x 20

d. 99 x 77
L ) l 4 9
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35-

36.

37-

38,

39.

e. None of the above 34, d.

Which of the following is not a prime number? There is
only one. < .

a. 271 o

b. 277

c. 281

d. 282

e. 283 35. d.

Let a represent an odd number, and b represent an even
number; then a + b must represent

a. an even number.

b. a prime number.

c. an odd number.

d. a composite rnumber,

e. none of these. 36. ce |

If n represents an odd number, the next odd number can.be
represented by '

a. n+1

b. n + 2

c. n + 3

de 2 Xn

e. None of these 37. b.
A counting number 1s an even number if it has the factor:
a. 5 .

b. 3

c. 2

d. 1

e. None of these 38. C .

Which of the following sets contains only even numbers?
a-. [2: 3, b, 5, 9, 10}
b. (2, 5, 10}

C. [3: 5: 9}‘
ia. {2, 4, 10}
e. {3, 9} . 39. d .
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~ Which of the follbwing i1s a prime number?

y
T
.

None of these B ko. b,

ch of the following is not a factor of 212

2 -

3

4

9

12 41, d,

ch of the following is the complete factorization of 262
Yy x9
2 X3 x6
3 x 12
2
2

x 18
X 2'x3x3 _ ho, e.
numbers 8, 9, 16, 20, 27, and 72 are all
prime numbers.
even numbers.,
odd numbers.
composite numbers _
none of these. ’ 43. 4,
many multiples of 4 are there between 25 and 507?

5

7

9

11

None of these . by, e.

a whole number has 6 as a factor, then it also has the
lowing factors: .

2 and 3

2 + 3

12

all multiples of 6 Gy

none of these 45, a
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L6, &Suppqse 'p and q are counting numbers and q 1s a
factor of pj then: . i
‘a. q 1s a multiple of p . ~
b. p 1s a multiple of g
c. q must be a prime number
d. the greatest common factor of p and q must be

less than q

e. none of these - b6, b.
47, fThe greatest common factor of 60 and 42 is
a. 2XxX3°

b 2 x2x3
c. 2X3 X5
d. 2xX3xT
e. none of these 47, a-

48, The greatest common factor of two different numbers must be:
a. a composite number .
b. a prime number
c. smaller than one of the numbers
d. smaller than both of the numbers
e. none of these : 48. c.

49,  The least common multiple of two numbers is always:

a. thelr product
b. the product of thelr factors
c. the sum of their factors
d. the sum of the numbers
e. none of these ' 4 Lo, e
50. Which of the following statements describes a prime number?
a. a number which 1s a factor of a counting number
b. a number which has no factors
¢. a number which does not have 2 as a factor
d. a number which has exactly 2 different factors

e. none of these : 50. d.
51. How many prime numbers are there between 20 and 40?
a. 4. '
bo 5 - .
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d. 9
» e. none of these 5l1. a.
" 52. When two prime numbers are added the sum 1s
a. élways an odd number
b. always an even number
c. always a composite number
d. always a prime number
e. none of these 52. e.
53{ The set of factors of the number 12 1is
a. {1, 2, 3, 4, 8, 12)
b. (1, 2, 3, 4, 6, 12)
c. f{1,2,3,u,6}) 7
d. {2, 3, 4, 6, 12)
e. none of these 53. b.
54. How many different factorizations of two factors each

does 175 have?

a. 2
b, 3
c. W
d. 5
e. none of these - 54, b. =
55. The number of factors in a complete factorization of 182 is
a. 2
b. 3
c. U
d. 5
e. none of these 55. b.
56. Which one of the following 1s not a prime number ?
a. 17 .
b. 23
c. Uy -
d. 49
e. none of these 56. d.

57. Which one of the following numbers has an odd number as a

prime factor?

a. 8




b, 2k

c. 32

d. 128

e. All of these ' 57. b.

The greatest common factor for 51, 68, and 17 1s .
a. 1 ’

b. 3

c. T

d. 17

e. None of these 58. d.

The greatest common factor for 72 and 36 is .
6

a.
b, 12

c. 2 X 32

d. 22 x 3°

e. none of these. 59. d.
What 1s the greatest common factor of 48 and 642
ae. 23

b, 22 x3

c 23 b4 32

d. 2 x3°

e. none of these. - 60. e.

The numbers 9, 25, and 36 are all .
a. prime numbers

b. even numbers

¢. odd numbers

d. composite numbers

e. none of these. 61. de.
Problems Answers
Find a complete factorization of each nHmber
a. 16 62. a. 2

2 2
b. 100 b. 2° x5
c. 57 : c. 3 X19

Find tne greatest common factor of each set of numbers.

a. 5 and 25 63. a. 5
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b. 18 and 27 b. 9
c. 60, 36, and 24 ‘ c. 12
- 64, Find‘the least common multiple of each set of numbers.
a. 6 and 8 64, a. 24
b. 7 and 9 b. 63
¢c. 16, 12 and 20 } . c. 240

65. Name the numbers in the set of countling numbers between 16
and 25 which have a factor of 3. 65. {18, 21, 24}
66. What 1s the sum of all of the factors of 28 less than 2829

66. 28,
67. Find the smallest number which has:a factorization composed
of 3 composite numbers. 67. 64 =
68. ' Show that a product is even if one (or more) of tts factors
1s even 68. Every number which

has 2 as.one of its
factors must be
divisible by 2.
69. Is the set of even numbers closed under addition? Show that
your answer 1s correct. . 69. Yes
70. If the complete factorization of a number is 2X3 X5x%xT,
what factors less than 20 does the number have?
70. 1, 2, 3, 5, 6, T,

10, 14, 1s.
71l. Find all the common’ multiples less than 100 of these three
‘numbers: 3, 6, 9. .71. 18, 36, 54, 72, 90
T2. Write all the factorizatlons of two factors for the number
210. _ 72. 1 x 210, 2 x 105,

3 X70, 5% 42, 6 x 35
o 7 X 30, 10 % 21,
14 x 15.




Chapter 6

THE RATIONAL NUMBER SYSTEM

Overview _
The most important objective of this chapter 1s to present
the reasons behind the rules for the arithmetic operations of
multiplication, division, addition, and subtraction on the set
of rational numbers. The student will be able to use these
“rules correctly and with facility if he fully understands the
reasohs‘behind them. We reiterate the principle that mathematics
stresses reason over rote learning and concept over technique.
At the same time, an equally important goal at this level i1s to
reinforce techniques which the pupll has already learned. These
two goals should not be incompatible. We are assuming that the
pupils have already been introduced to these operations and have
had some practice in them in an earlier grade. This means that
they already know what a fraction is--at least in easy situations.
The seventh grader 1is probably not ready for a postulational
approach to the study of nﬁmber systems. The whole numbers and
the rational numbers are part of nature for nim. To speak of
constructing the rational numbef-system from the whole numbers
would be meaningless at his level, as 1t would be to speak of
the problem of defining the operations 1n this set of numbers.
For this reéson we have not stated postulates or definitions.
Instead of posing the problem of how to define multiplication
of rational numbers, for instance, and then bullding toward
this deftuition, we have pProposed’ to the pupil that we examine
the reasons why multiplication behaves as i% does. We try to
motivate the usual rule for multiplication, and then state this
rule clearly and conclgsely. Instezd of treating the commutative,
asscclative, and distributive properties as postulates we simply
colnt them out and state them clearly early Zn the discussion of
the operations and then use them in subsequent discussion. It
48 hoped that as he follows this treatment the pupil will begin
to see the skeleton of a mature mathematical approach to number
Ssystems without being smothered by the more subtle ideas which
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are necessary for coumplete understanding. Do not tell your
pupils, however, that they are really Just talking in a very
naive way about something that is really somewhat sophlsticated.

The student will probably bring a wealth of terminology and
calculating procedures with him from the sixth grade. He 1is
probably familiar with the terms mixed number, proper fraction,
improper fraction, decimal fraction, and lowest terms. We
suggest that you use the terms ﬁhat are femiliar to you and to
your students. We have made no attempt to build such a '
vocabulary in thils chapter because these terms are not used
extensively in subsequent mathematics.

We wish to discourage the indiscriminate use of the

operations of "cancelling" and "reducing fractions". Instead we
stress the operations of "factoring" and "finding the simplest
form for a fraction" Thus instead of

12 ., 3 _ tz,g Y

I5* 5~ §3 =3
we prefer

12,.,3_12.5_4.3.5_ 435 3.5.5,
IZ3°515 3~5.3 3 - 537

l -1

W+
W]+

The term ."factor" has been used in an earlier chapter.
Moreover in ninth grade algebra a student is asked to factor
x° - 1.

We use freely the terminology and concepts developed in
earlier chapters. Thus the terms factor, prime, greatest common
factor, least common multiple, ray, and segment are used.

In order to discuss the arithmetic operatlons intelligently,
indeed to tell what the elements of our system of rational
numbers are, we must first discuss the meaning of a "fraction"
and the "equality of fractions'". We must point out that a
fraction is a - name for a number and that a number has many names.
We shall not belabor the difference between a number and 1ts

name.
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Various means are used to describe a ratipnal number--
measures of quantitles, points on the number 1ine, ang_ quotients
of whole numbers. We hope that you will find that we have
introduced the number sentence b e« x = a in an easy way. We
realize that students will vary greatly in the amount of abstract
mathematics they will comprehend. These different approaches
can be viewed as three distinct explandtlons, or each can be
vliewed as an interpretation of the other. This chapter can
serve as a bridge from arithmetic to algebra. Our concurrent
use of the number line and of equations or number sentences is
intermediate between a concrete interpretation of number and the
abstract manipulation of number as represented by a symbol in an
equation. You may want to point out that while plles of sand or
points on the line are not rational numbers, problems 1nvolving
them provide motivation for the abstract mathematical definitions
which ereate the system of rational numbers. You may also want
to give more "social-type" exercises and examples. ‘

All pupils should be able to see that % represents the .
number x such that b ¢ x = a and to know that a rational
number 1s one which can be written as a quotlent of a whole
number and a counting number.

In connection with our use of the number sentence, you will
note that the most elaborate equation discussed 1s of the form
ax =b or a-+x=>b. Itis always the case that x 1is to
stand for a number. We are usually seeking a replacement for 1it,
elther from the set of whole numbers, or from the set éf“rational
numbers. The symbol "x" is not to be regarded as a variable.
In any number sentence or equation, the point 1s made that we
have a representatlion of the same number in two different ways.

- When an operation 1s performed on this number, we get the same
result, no matter which representation is used. Thus when an
operation l1ls performed on both sides df an equality, the equality
remalns true, although the numbers involved may be changed.

You may have other highly successful teaching methods for
presenting the arithmetic operations with rational numbers. You
may even have found that equatiogs<cannot be introduced in the
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seventh grade. We hope you will try to understand the approach we
are making here. By simply regarding %- as the replacement for
X which makes bx = a true, we think we are able to present .
sound mathematical reasons behind the arithmetic operations.

This is actually the point of view from which fractions are
introduced traditionally. The number ; 1s what you get when you
divide 5 into 7 equal parts; this 1s another way of saylng that if
you take seven of these parts you get 5. It is somewhat analogous
to answering the question: What was the color of Washington's
white horse? This way of looking at fractions may be a little
difficult for the students at the time, especlally if the teacher
has not tried it before. But it should pay dividends in the long
run. One such place 1s in the introduction of negative numbers
from an analogous point of view.

6-1. History of Fractions _
The historical remarks show that arithmetic concepts were
introduced with some difficulty into ancient civilizations.
" Egyptian and Babylonian fractions provide an opportunity for a
brief review of the operatlions you think the students should
already be able to perform.

6-2. Rational Numbers .

Two ideas, on which the rest of the chapter depends, are
introduced in this section. A

1. Equivalent fractions are merely different names for the

same number.
2. x = % because bx =a, b £ 0,

It 1s felt that the students are well grounded at this stage
in considering fractions by means of specific examples, and in
realizing that % 1s eilther E of 3 or 3 times E’ but . that they have
had 1little experience in consldering a fraction as the result of
division, or in division as an inverse operation to multiplication.

[pages 189-190] —
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'~ The chapter has been planned to give more practice in these
concepts, since they are baslc as one continues with mathemat;cs;wﬁ:
Other approaches are easiler, but they do not achieve this result.
It must be emphasized that the rational number % 1s the number
whosé product with b 1s a, and that a concise way of saying
this is: F is the number x for which bx = a.

In thls section the switch from the arithemtic symbols for
multiplication and division to those generally used in science
and mathematics, 1s made. The symbol 5 X 6 is now written as
5 - 6or5(6), axb as either a * b or ab, and 5 + 6
s B |
Some speclal comment on the use of the words "fraction" and
"rational number" seems in order here. In the text we have tried
to be very careful to use the word "fraction" only when we refer
to a symbol of a certain kind. It 1s a rame for a number. There
are several reasons for this. In the first pléce, we want to refer
to the numerator and denominator which are parts of a symbol for a
humber. Thus we can speak of the numerator of a fraction but not
the numerator of a number. This reinforces the important idea
that a number has many names — some of these names are fractions.
Secondly, we are looking ahead to the time when we shall want to

call such things as:
3(% and ax + b
o cx + d
fractions.

Thus we write of equal numbers but not of equal fractions.
When we write % = g we do not mean that the fractions are equal
but merely that the numbers which they represent are equal.
Fractlons which represent the same numbers we call "equivalent"

- but ‘we usually .can avoid this word. Also, we add and subtract
numbers but we do not add and subtract fractions.

Making these distinctions requires great care at times since
traditionall& the word "fraction" 1s used in both senses, but it
1s felt that such care will avoid confusion now and later. Though
1t 1s very important that the text be pﬁéﬁise in this respect, it

[pages 190-192]
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is probably too much to expect pupils at this stage to exercise
equal care in their expression. The teacher will know where
careful usage will avoid confusion (and there are many such
places) and where use of "fraction" in both senses will result in
no'difficulty.

Answers to Exercises 6-2.
1. (a) 1, 2, 3, etc.

(b) 0, 1, 2, 4, etc. L
(c) o )
(d) Numbers such as %, %T
2. All are rational numbers.
3. (a) 6 (e) 1
(b) 3 (r) 6x =18
() 5 (g) 3x =4
(a) &4 There are other correct answers
: for £ and g.
b (a) 2 (v) 3 (e) 7 (£) 3
5. (a) 5 +*x=1 (e) 5x =0
(b) Ux =14 (£) 11x = 123
(¢) 3x =11 There are other correct forms
(d) 9x = 63 for the answers,

6. (v) 1 (d) 7 (e) ©

7. (a) true

(b) false
(c) true
(d)‘ true
(e) true

[pages 193-194]
6.1
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8. (a) If x 18 the number of cookies each boy should
receive, then 3x = 12.

(b) If x 1s the number of miles Mr. Carter drove on
each gallon of gasoline, then 10x = 160.

(¢) If x 1is the number of bags of cement needed for
each foot of walk, then 30x = 20.

(d) If x 1is the number of pupils in each group, then
hx = 32,

(e) If x 1s the number of sheets of paper each pupil
recelves, then 2i4x = 12.

6-3. Properties of Rational Numbers

Here 1t 1s poilnted out by examples that the closure,
commutative, associative, and identity properties of addition and
multiplication, and the distributive property of multiplication
over addition, hold for the rational numbers as well as for the
whole ﬁumbers. Many teachers may find this an oppohﬁune review.

On the basis of these properties, it is shown that % and %%%

represent the same number by considering a corresponding problem
in terms of multiplication. It is not appropriate ‘. "his time to

show g-= %&% by saying % = % . % because no method 1c¢~ multiplying

fractlons has been discussed.

By generalizing from this example, Property 1 1s obtalned.
For selected students you may wish to glve an argument for
Property 1 as follows:

Let us now look at the general situation. If a, b, and k
are whole numbers, b and k not zero, and bx = a, then

x =<%.‘ Since bx and a are names for the same number, k(bx),
(kb)x, and ka are different names for one number.
(kb)x = ka
ka

If (kb)x = ka, then x = 5

[pages 195-199]
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The simplest fraction for a rational number is & fraction
in which the numerator and denominator have no common factor
except 1. We have ocontinued to call this "the simplest form of
the fraotioﬂ" although this présents loglical difficulties. By

this definition the simplest form for lg-is %n When this occurs,

pupils should be encouraged to glso write the number as 2.

Until now pupils may have been urged to always change
improper fractions to mixed numbers. This 18 unrealistic. Both
forms are correct and both forms have their uses. In many
eXxerclses there are various correct forms for the answer. If a
student gives an alternative correct form, he should receilve full
credit.

Answers to Exercises 6-3
1. All except k.

2. Correct ways are numerous. Some possibilities are:

@ % & 5 . ©%& 2 4

®) T & (&) o & 2

© v o3 ™ 383

@ & 2 3 (1) -g-, 1z, 1.2

() 0, 2-0, 3-0 1) & 12 1
3. (a) % (£) 2 or 3

(®) 2 (@) %

() () 2

(@) £ (1) 2

(e) T or 4 (1) %
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4, (a) Commutative for multiplication

(b) Associative for multiplication

(c) Distributive

(d) Distributive

(e) Identity for multiplication

(f) 1Identity for multiplication

(g) Identity for addition

(h) Commutative for addition

(1) Associative for addition

(J) Associative for multiplication
5. (a) 7 (¢) 10

(v) 8 (d) 3
6. (a) 75 cents, or $0.75, or % of a dollar

(v) %

7. Numerically there is no difference.

8. (a) , (v) ‘
0F B I T [ ) ]
NI
' Pl
] | | |
(¢) % and % (@ 3.2 =%.3
9. g or %

10. No difference in area.
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n_| a -2
2| 3 |
y €
6 9 B
8 | 12
10 | 15
etc.

12. If 2x and 3 are names for the same number then
' 1 .
'§(2X)—-=%' 3
1.
(§ 2)x =

But 1f 2x = 3 then x = gn We have three names for the

' same number x,.gu and % * 3. Since g-and % * 3 are names for

l-the same number, %-= % 3,

6-4. Reciprocals

If the product of two rational numbers is 1, these numbers
are called reciprocals of each other. The toplic of reciprocals
- 1s introduced relatively early in the chapter to provide for an
appiication of the definition of rational numbers, addlitional
review of skills learned in earlier grades, and in preparation
‘for later topics, particulariy division. .

It 1s assumed that students already know that n ° % =1,

for n # 0. Jany of them probably would also know that the number

by which % would be multiplied to obtain 1 is §° Neveritieless

i1t should be profitable for them to review multiplicatién 1n these

speclal cases in a setting which emphasizes the definition of a
rational number. Such review should make some of the later
developments much more meaningful .

inages 201-202]
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At this point it seems undesirable to think of the product

2- 3- as 5 "g since such a step 1nvolves exchanging the

numerator of the numerals for the rational numbers rather than
using the rational number as a number on which operations can
be performed without regard to the particular numeral used to
express 1t.

Answers to Exercises 6-4

1. (a) 1 (£) 2%
(b) 1 (8) %
() 1 (n) ¥
(d) 1 (1) 1
(e) 1 (3) 1

2. (a) (e) £
()  »or (£) #5
(c) 37 (e) To5o
(@) s (n) 32

5. (a) L (@) £~
(®) % (e) &
(¢) ¢

bo(a) 2 (a) %
(v) £ (e) ¥
(c) 12

[pages 203-204]
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5. (a) . Tn =38, n=$
(v) 20n = 15, n = %
(c) .17n =100, n = %%9
(d) lln = 2’ n = ‘igf
(e) 13n = 1492, n = 1422
(f) 300n = 6, n = 5%
(g) 4751’1 = 5’ n = %
(h) 361’1 = 6).],’ , n = 1.96_

6. Set of reciprocals is (1, %, %, ,<g: %: g]-

7. (a) If the number i1s between O and 1, the reciprocal
1s greater.

(b) If the number 1s greater then 1, the reciprocal
i1s less.

(¢) The reciprocal of 1 is 1.

(a) One of these sentences, and only one, 1ls true
for every counting number.

" 8. &
9. (a) 2 (b) &

- (c¢) They are reciprocals of each other.
] T . 8-
10. (a) . . (b)) 1=
(¢c) They are reciprocals of each other.

*11. (a) If 14n and 5 are names of the same number,

then %(IUn) and %(5) are names of the same number.
167
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A,

-*12. X = 2 and y = %
"Or in a more sophisticated way,
ax = b by = a
(ax)(vy) =b " a
(ab)(xy) = ab
Xy = g% =1
The students many wish to thihk qf Xy = W, to have
(ab)(xy) = ab
. : (ab)w = ab
' | w = %% =1
Xy =1

6-5. Using the Number Line

Here the purpose of the introduction of the number line is
partly for review and partly to discuss some of the previous parts
of this chapter from a somewhat geometrical polnt of view. It was
felt that the use of the figure should contribute to the under-
standing of some of fhe relationships involved. Most of the
concepts dealt with here are already somewhat familiar to the
puplls and the stress which the teacher lays on this section
should depend partly on how familiar puplls are with these ideas.
The chilef new ldea in this section concerns two methods of '
determining whether or not two glven fraction§ represent the same
number. Thils also looks forward to the discussion of the ordering
of rational numbers in the last section of this chapter,

Many teachers will notice the absence of the terms "mixed
number" and "improper fraction". The former was omitted in order
to avold some semantic difficulties since the term "mixed number"
really refers to a property of the numeral rather than the number;
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e.g., 1; 1s not a mixed number in the usual sense even though
4% 1s. The adjective "mixed" refers merely to the way the numeral

1s written. The term "improper fraction" does not have this
difficulty since.it can be described as a rational fraction whose
numerator 1s greater than 1ts denominator. But there still did
not seem to be any point in introducing it in this section. It
1s referred to in the last section of the chapter but not
especlally emphaslzed.

Example 4 comes very close to another method of determining
whether or not two fractlons represent the same number. Here, to
‘compare % and % we write % = %—g- and % = ﬁ%
' This shows immedlately that % and . -% represent the same
number 1f and only if ad = cb. This was not mentidned in the
students' material because 1t was felt that unless the student
dlscovered this for himself, the test would be a purely mechanical
one. This also applies 1in the section on ordering.

Answers to Exercises 6-5.

1. (a) »~ + 4
0 1 T2
2 .2

(b) +— ' + y
0 1 2 3 a

3 3 3 3

e

(c) :‘ : 4 L : L i 4 :
o] A 2 3 a S5 s 4 8

8 8 8 8 8 8 8 8

d — + + 4
(a) ) ! 2 3
3 3 3

169
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(e) +— — + t ' 4 :
o 1 2 3 4 5 6
6 & [3 6 € [3
(£) + t - 4 t {
o) | 2 3 4 5
T 5 k) ) 5
g._6 i
20 e 573 .# lg lg' >
0 X=4 ! 2 B 3 4 42 5
12 8 T
1 2
3. (a) A 5=F= % (b) The rational number located
1 2 _ 3 at point B 1s less than the.,
B: T=8-13 rational number located at
. _ 6 _ point A. Because point B.
¢: $=g-=15 .
. 1s to the left of point A
o1 _2
D: F=%-= % on the number line.
E: 2_L4_6 (c) Point A is to the left of
> 5779 point C. Therefore the
F: %-= %-= % rational number located at

C 1s greater than the.one
located at A.

4. Here there are at least two interpretations .for each.
Perhaps the teacher would prefer to require two answers
for each. For example in (a) one could exhibit a number
line wlth 20 divisions and note that if it 1s divided
into 5 equal parts, each will be 4 units long. Also, the
same divisions could be labelled as fifths and then the
line would be four units long. It 1s lmportant that the
students see both.

5. (a) 35-118 (v) ¥ =55
170
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6.1 l
-] 5
........................;
o 1 2 3
12 2 12 -

6 _ 24 8 _ ok
7- (a) '§—3'—6' and «1—2-—-3—6-.
Hence the fractions are equal.
2 -85 8 2060 |
() 15=75 ad F=75
Hence the ffactions are not equal. -

8. (a) Here one measures three units to the right from
the O polnt, then moves two units to the left from
the point 3, arriving at the point 1 which 1s

equal to 3 - 2,
(p) Similar

Notice that here negative numbers are not involved. It
is merely the i1dea that if we move to the right to add,
we move 1n the opposite direction to subtract. The
teacher should not belabor this point. :

*9, One can certalinly find whether two fractions are equal
by changing them to fractlons with equal numerators and
examining thelr denominators. There afe times when this

" method 1s easler than the other method, for instance,

in examples like: Is f%-= f%? Is f%-: é%?

6-6. Multi=n’<izatlon of Ratlional Numbers

Using familiar products such as 2 . % as a basls, a

development through products such as 2 - %-1eads to the general

situation % -'% = %—T—%u As before, the basic properties are

used to develop the usual rule for .the operation. Pupils should
not be expected to reproduce such a development, but only to see
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how 1t leads to the procedure they already know.

You may prefer to place more emphasis on the properties of
1l and use these in place. of Property 1, now that multiplication
for rational numbers in fractional form 1s defined ;

Further exerclses may be obtained by asking that the answers

in some of Exercilses 6-6 be in a different form.

Answers to Exercises 6-6

1. () (1) 3 (@) 154
®) & (1) 5 (r) o
(c) =5 (k) 3 (s) 10
(1) = (£) 6 (t) 20
(e) 125 (m) 6 (w) %
(£) 225 (n)  2p (v) 1
(g) 1 (o) ' b5 (w) &
(n) < ) (x) &

2. (a) 31—9 (£) ‘20 (k) %
(b) 135 (e) 3 (8
(¢) 55 (n) () 2
(a) 10 (1) %o (n) £
() - f5 (5) 3 (0) %

13. See answers for 2.

172
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b () %
(v) 3
(¢) 70

N
=y

(a)

ﬂ.

cup
cup
cup
cup

cup

cup
(b)
cup

cup

cup

VI 0 Vi Vo WE WD W = WD e o Ll -

cup

8. 16%-

cup

(a) £
(&) 2
(£) 2

orange Jjulce

wetones e 1y

lemon Julce
grggefruit Julce
pine;;ple Juice
water

syrup

orange Jjulce
lemon Julce

grapefrult julce

pineapple julce

cups water

syrup

6-7. Divii on of lational Numbers

Care sh:ould be taken that the puplls understand that

2
—%T 1s just another way of writing % = %. You may wish to

[pages 215-217]

173



167

point out that if the bar lengths are not carefully done, on

2 L

" "may not be able to tell what is meant. Example Eu Is this

Ao

The procedure in this sectidn 1s o show that our previous

o~

properties and definitions lead us from-é;to %-' %, which

generalizes to the

usual rule:

p.|o|o1m
]

' %. Again pupils

olw

should not be expected to reproduce this procedure but merely
to see that we are led to the rule. '

Answers to Exercises 6-7

1.

(a)
(b)

(c)
(a)
(e)

(£)
(a)
(b)
(c)
(a)
(e)

1

1
°9

16

v\m;: +\o Rﬂ“

()
(h)

(3)

[page 218]
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5. (a) 2 (£) o
(b) 75 @
(c) 8 | () 12
(a) '1%. (1) 6
(e) 2%

b (a) % (r) £
(b) 7 (e) 15
() 1 (h) %
(@) 3 (1) &
(e) §

5. (a). 3 ) 2

6. (a) ¢ (b) 2

7. (a) 10 times as large
- (b) %g times as large

Diereen

D

6-8. Addition and Subtraction of Rational Numbers
The purpose of thils section 1s to strengthen the pupils
understanding of these two operations by seeing justification of
the ‘methods of procedure with which they are already familiar.
Puplls can see that the methods they learned in 5th and 6th
grade to ad4d and subtract rational numbers are correct, They also
see that there are many other methods of solution, some more
applicable to one example than to another.
| Thils sectlon glves practice in the use of the least common
multiple introduced in Chapter 5. It also 1llustrates how other
names for the same number are extremely useful in the addition
and subtraction of rational numbers.
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Encourage pupills to compute mentaliy as much as possible.
This may be the pupills first Introduction to a horizontal rather
than vertical pattern in wrlting down work as a problem is
solved. Encourage use of the horizontal form. The habit of
using the vertical form may be strong. This habit may be
difficult for some to overcome. Use of the horizontal form may
encourage pupll to do more mental work.

Answers to Exercises 6-8a

1. (a) g or 2 (e) f%
(b) g or 2 (r) &
(c) 4% or %2- (g) %g or lf%
(a) .43 or %? (h) %% or 1%6
2. Yes. t
“M3- (a) %- or 2%-. (e) 3%% or %gl
(v) -;f- or 231- (f) %1- or 3%—(1)
(c) 335- or 1{4 - (8) % or 31Z5—
(@) P or 1f (h) %— or 3125-
L, vYes.
*5, (é) Yes. (b) The commutative property.
*6., (a) Yes. (b) The assoclative property.
7.. (a) lg-yards o | (5) 39¢
1% pounds

176
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Answers to Exercises 6-8b L
@ 4 ) 100 (o) 5% () 37k
2. (a) % (b) 10&% or 10% (c) 17%
3. (a) & or i e L |
e il (h) 5
() 1 or 18 . (1)
(a) 32 or 1 () %

(e) }2-212 or 6.37'- (k) 16

(£) &) T3
4L, (a) ‘They are equal. (b) They are equal.
5. (a) (®) 15 () 24 % be
6. (a) 2 (v) 15
7. No.

8. Sums of columns, 'rows, and dlagonals are 22—%—:

9. 5¢

Answers to Class Exercises -
1 ad - b
(&) %2

1. (a) % or %
(v) % (h) 3%
() & 1) 1%
(@) =% (1) 55 or &
() %5 (k) 3§ or 2
(£) For k0 o

[pageg_' 223-226]
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. (m) 75 | (0) 3
R (n) § or %

IRERRR o

o 2. (a) 1§, 1.e5, %g-, etc.

(v) %1]‘: 2.75, _28?_’ 28-, etc.

(c) lé, 1.6, %‘(65" etc.
(a) 75—’, 5.666. .., ?55, 5rs»  etc.

Answers to Exercises 6-8c

1. (a) & or é (h) 145 or 532
(b)) 72 (1) lz%% or '0.791
(c) (1 3
(@) 3% or k) 3

(£) They are equal.

(e) 2%% or

(r) 1§- or (m) Yes.

7 s B o9

(g) 1y or .
2. Jane lives farther because 3 . 16> 5 . 7.

*3. A Mel's home
B Vic's home
C Bob's home :
. B 1is 7-35 or -glﬁ- of a mile farther than A.

11
C 1is 75 of a mile farther than A.
L, 14—2— rods
5. %Second

178

[pages 226- 230]




172 | | | .

6. 31]8'; yard
7. % hour or 45 minutes

8. (a) raised
(p) %# per pound

9. (a) |Less
(b) If the difference were exactly 11, the larger
, = 1
number would be 6% + 11 or.lTﬁ. Since lTE < 17%3
the difference 1s less than 1ll.

10. In . general, yes, unless the number subtracted 1ls zero,
_cr the original fraction has a value of 1.

1. | T
. Szl
3 3 ] 2
L] 5] 2
4 12 | 12
i 3| L .
3 3 3

The sum 1n each row, each column aﬁd each diagonallis %.

Sy

6-9 and 6-10. Ratio and Decimals

v These two sections should be considered as an introduction
.to two important uses of rational numbers. Both of these the
students have met before. Here they are shown that a ratio 1s
another way of thinking of a rational number and that a decimal
is a way of writing a fraction having a power of 10 1n 1ts
denominator. Decimals and fractions are not separate toples but
should be treated togetner. (In fact, the old term was "decimal

~ fractions".)

The purpose of the applications 1s to glve the student a

little idea of why these notions are useful. Thls 1t as far &s
this chapter is intended to go. Any mastery over elther ratio
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or decimals will come later. If ine teacher feels, for instance,
that any problem having to do with rates would be too difficult
for his class. he mav well omit &his topic here.

"It 1s in Chapter-9 that rat<o -and decimals are taken up
more thoroughly after the ideas of this chapter have been given
an opportunity to "set" for awhile. They are also treated in the
elghth grade in various approprliate nlaces. These toplcs are much
too important to be relegated to - ;. e chapter and then
forgotten. The full appreciation eirvrelationship wilth each
other and later with percent will cowme in good time 1f the teacher
continually works ,toward this end. At thils stage many applica-
tlons would cnly obscure the fundamental mathematical relation-
ships. As 'i,~ pupill acquires more experience in his science
courses in uuhool and hils informal education outslde the class-
room, he bullds a body of knowledge from which more applications

e,

¢an be drawn. S
On the other hand, it is approprlate to introduce these
-.topics here as preparation for what comes later and from the same

point of view.

Ratio and decimals will be treated much more extensively in
Chapter 9. It 1s not expected that students will acquire much
skill with these topics in this brief introduction. It would be
quite satisfactory not to include these topics in the chapter
test. Rate as one of th. applications of ratio 1s included to
emphasize that ratio is a number and is not assbciated with a
unit of measure. As ratio is used in a problem situation, it
may be necessary to interpret an answer obtained in terms of a
unit such as miles per hour or cents per artlcle. The latter,
for example, would arise in a problem about the cost of 15 pencils
1f six pencils sold for a quarter. One can think of the ratio

of the number of cents to the number of penclls which is %é.

Rate, as an application, was chosen for this sectlion, also

bece e the formula, d = rt, is mathematlcally exactly the
same sentence as bx = a, which 1s a basic consideration of the
chapter. Similarly, cn = t, a formula for the cost of n
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articles which.sell for ¢ cents per article, 111us€rates a

use of the sentence bx = a.

Answers to Exercises 6-9

1. (a) 5 (e) 3
3 6
b f =
) g (£) 2
14 7
() 5 (&) Té%
: 9 18
(@) # (n) 3T
2. (a) 520 miles per hour
" 2600 _ 520 _
(b)  =5= =<7 = 520
3. There 1s a small advantage 1n using the same unit 1in
numerator and denominator (which is not always possible).
By so doing errors may be avoided. However, in a scale
1ike 1 inch to 100 miles it would be quite Inconvenlent
to change 100 miles to inches.
1l
b (a) =5 (b) 85
24" 1ong, 16" wide
1
6. . (a) BTO-
(b) 3600
(c) % in.
1
(a) &
(b) 120 feet
1
(c) [}
8. 3
181
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11.
12.
*13,

1k,

1.

10 | 12 | 16
25 30 40
(a) 2 (b)
27, 2
(a) 32 (b)
22
2
(2) $I
74

(b) 57
(c) &I

Answers to Exercises 6-10 .
(a) 0.5 (8)
(b) o.25 (h)
(c) 0.375 (1)
(d) 0.7 (1)
(e) o0.34 (k)
(f) 1.25 (2)
(a) 2 (&)
(0) £ (n)
() £ (1)
(a) 28 ()
(e) = (k)
(£) 322 (2)
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5.

w

*9-

(a) Seventy-five hundredths

(b) One and seventy-five hundredths
(¢) Six-tenths

(d) Five and six-tenths

(e) Thirty-six hundredths

(f) Two and thirty-six hundredths
(g) One hundred forty thousandthé
(h) Twelve thousandths

(1) Eight hundred twenty-five thousandths ~
(3) Eight hundred seventy-five thousandths
(k) One and five hundred six thousandths
(£) Two and eight thousandths

$50.53
%?‘
‘1.25, 0.5, 0.375, 2.5, 0.625
5.25 )
28.996
(a) 32.5 (v) 8.1
(a) 0.0k (e) 1 ="
(v) 2.5 (£) 67..
(¢) 0.356° : (g) 0.001
(d) 2.%0 (n) 2.76
(a) 0.667 (f) 2.375
() 0.833 (g) 13.667
(¢c) O.44y (h) 7.857
(4} 0.091 ) (1) 166.667
{¢) 0.111 *(3) 101.620
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¥10. 35.25 = 325(0.01) 6.71 = 671(0.01)

3.25 + 6.71 = 325(0.01) + 671(0."M)
(325 + 671)(o0. 01) 996(0.01) = 9.96

6-11. Ordering
. The chlef object of this-section is to give a means of

comparling two fractions. The method of finding the decimal
equivalents of the two fractions is probably a 1ittle longer to
write out than the other meth.:d but 1t also may be easler to
understand. The pupils should understand both and then be .

. allowed to choose that mnich they prerer.

It is not thought necessary to glve detailed explanation of
why 1t 1s true that when two fractions have equal denoniifiators,
that with the greater numerator represents the greater number
If some students have trouble with this it might be explained
for example, that

> < .2
10 7 10

because
3 x (75) > 2 x (s)

Probably the simplest method of comparling fractions 1is not
mentioned. If in Section 5 of this chapter the pupils found that
% = % if and only if ad = be, then 1t should not be hard
for them to deduce and use

B> 3  if and only if ad > be.

This 1s prnbably the simplest test of all, but it is not mentioned
because 1f not understood it .often becomes purely mechanical. ’

Answers to Exercises 6-11

1. (a) % = ;% and hence %- J%.
(b) % = g% and —% 8% Hence %g > %.
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(c) %? = %% and %2 = gg. Hence %? > %;.

The bright student might find the answer more
quickly by noticing that the numerators are equal
and hence the larger fractlon 1s the one with the
smaller denomlnator, since the denominator denotes
the number of equal parts into which the numerator

1s divided. See Problem 5.
2. One must compare f& with %. Now f%-: %% and % = %%

5o 4
and hence 5] > g
1 .
3. For brand A, one gets 5% of an ounce for one cent, for

brand B, %% of an ounce, that 1s, % of an ounce. Now
2 _ 46 15 _ 4 2 15 .. ,
3 =59 énd‘ ?% = 68. Hencg 3 > E% and brand B ;s

cheaper. The same‘result may be found by comparing the
23 12

the costs per ounce, that 1s, 5 and T -

4, The pupil might answer this questlon by glving several
examples showing the following which, for the benefit
of the teacher we show in letters: a > 2b 1lmplles that
% > -259- = 2 . .

*5. If two fractions have equal numerators, the fractlon
with the smaller denominator represents the larger
Number. A satisfactcory reason from ths pupllts point of
view at this stage should be that the denominator denotes _
the number of equal parts into which the numerator 1c
divided; if the number of parts 1s smaller, each part
must be larger. It 1s too early to discuss manipulations
with inequallties.

130
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Sample Questions for Chapter 6

I. True-False Questions

(T) 1.
(r) 2.
(T) 3.
(7).
(T) 5.
(r) 6.
(T) 7.
(F) 8.
() 9.
(1) 10.
(F) 11.
(T) 12.

The product ; ) % 1s equal to ;._

Whole numbers are not rational numbers.

’l .

87=1 |

mﬁ"ﬁ. »
In adding rational numbers, if the denominators of the
fractions are equal we add the numerators. B

The fbllowing numbers are all examples of.rational
numbers:

-8 1
%, 5, 3 and 1'§.
Zero 1s the identity element for addition of rational

numbers .

The fractilons g and g represent the same rational

number if neither a nor b is zero.,

If a and b are rational numbers, % +3 always a

- ratlonal number. (Note: O is a rational number;

except for O the statement is true.).

A rational number multiplled by its reciprocal equals 1,
(Note: 1If i1t is zero, it has no reciprocal.) :

The symbol %; stands for a number which is both 2 whole
number and a rational number.

The sum of two rational numiesrs whose fractions have
equal numerators may te found by addirg their
denominators.

The product of zero and any rationazl number 1s zero.

e
0.8
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(F) 13. 1If one fraction has a larger numerator than a second
fraction, the number represented by the first fraction
1s always larger than the number represented by the
second fractlon.

(T) 14. Even if a = O, % 1s a rational number.

(F) 15. If two fractions have the same denominator, the numbers
they represent are always egual.

(?) 16. The reciprocal of %% 18 —i—.

_ 5
(F) 17. The least common multiple of the denuminators of %

and % 1s 12.

(T) 18. In the division problem % divided by -31-, we are looking

for a number which when multiplied by % glves %.

.

(F) 19. In the division problem % divided by %, we are seeking

a number which when multiplied by %-gives %.

(F) 20. The reciprocal of the reciprocal of 3 is %.

(F) 21. Even if b equals 0O, % is a rational number.

b

+ g 1s equal to

a

(F) 22. The sum: _;

olw

II. Multiple Choice.
is equal to which of the following for

cct

23. The sum: g +

all counting numbers r, s, t ="nd u:

r + t st + ru
a. s + u d. sSu
b, Lt E e. None of these
su
c rs + tu 23 L
* su . s =
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24, which of the following pairs of numbers are both
divisible by the same number greater than one?

a. 7, 3. d. 5, 23.
b. 8, 9. e. None of these.
c. 7, 28. 24, ¢

25. The product: g-' E i1s equal to which of the following

1f x, t, z and k are counting numbers:

a. X plus z plus t plus k.
b, X d.  (xt)(zk)
xt
c. o e. None of these
25. _C_

26. If %r%e % and a =6 and b = 12, then

a, X =2y d. 12x = 12y

b. y = 2x . e. None of these

c. 6x = y B

27. We can change the denominator of the fraction

ro
Uy o o

*
to the number "1" without changing the number represented
by the fraction by:

a. Adding %-to the numerator and denominator.
b. Subtracting % from the numerator and denominator
c. Multiplying both the numerator and denominator

by %.
d. Dividing both the numerator and denominator vy %.
e. None of these. 27. ¢
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28. Given the five numbers: 0.12, ,lr, & 0.099, .

The smallest 1i8:

a. 0.12 d. 0.099
1 2
b. T e. T
c. ‘% 28. D
29, QGiven the same five numbers as in Question 28. The
largest 1s whilch of those indicated? 29. B

IITI. General Questions. In most cases the student should give
reasons. In each case below insert one of <, =, > 8o
as to make the statement true:

Answers

0. § g >
2§ 3 >
32, % -32- >
» 3 F =
sk gy A . <
5. 2 2 =
36, % % 2

37. Express as a singie declimal: i Answers
a. 15+ 100 * 05 0.111

b. {5+ 185 * 1600 0.3

c. % + %' + % 0.95

@ gyt 1ot % 0.55
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by,

ho,

183

Write each of the following in decimal. form:

Answers
& 1% 0.13
. o 0.013
c. 1% 13000,
. 1'(15%?76 0.013 |

Write each ol the following as a fraction with
countling numbers in numerator and denominator.
Answers

a.  0.15 75 = 25
b.  0.013 085

c. 1.25 3B -2
d. 15.12 -11%3=%’f5§

Show by changing decimals into fractions:
a. 15.1 - 100 = 1510 '

b. - 8% = 0.0151

c. 12.3 x 0.5 = 6.15
d.%:j,;3

There are 40 questions on a test. If all questions are
glven the same value and if a perfect paper gets a grade
of 100, how much should each question count? How many
questions would a student have to answer correctly to
get a grade of 90 or better? ' Ans: 2%, 36
When a merchant buys candy bars, he pays 40 cents for
boxes holding 25 bars. If he sells them at 2 bars for
5 cents, what 1s his profit on each bar?

Ans: Each par costs 1.6 cents, he sells them for 2%
cents each. Hence his profit is 0.9 cents each. This
can also be found using fractions exclusively.

19¢
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43.

iy

45.

46.

L7.

48.

49.

51.

52.

A crafts class needs a type of decoration that sells
for 7% cents a foot in one shop and at 3 feet for 25
cents in another shop. How much can be saved on each
foot at the cheaper price?

Ans: At the second shop the price 1s 8% cents for a
f'oot and hente g of a cent per foot can be saved by
buying at the first shop. '

A group of seventh graders have promised to collect 50
pounds of scrap metal. They have 36% pounds; how much
more mu.t they collect to keep thelr promise?

Ans: 13g.

Tom ne-ds four pieces of wood 2% feet long for the legs
of a table. Boards from which this wood can be cut come
in the following lengths: 8 feet, 10 feet, 12 feet.
What length board should he get and how much will be
left over?

Ans: He needs 11 feet; hence he should get the 12 foot
board and will have one foot left over.

A boy'!s car used 15 gallons of gasoline for a 225 mile
trip. How many miles did he drive for each gallon of

.

gasoline used? ‘ Anz: 15

If 6 inches ¢on a map represents 90 miles, how many miles
does each inch represent? Ans: 15 miles

Find the value of X, 1n simplest form which makes the

following true:

‘-0 . (L . 1 . 1) Answers
- 3 77E x =20
X = % + (% + %) : x = %%
x _ b6 _
59 x =2
x = product of %% and %% X = %%
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Answers

)
n i

53.

54.

(|
+ 1
huma ey

] ]

56.
5T.
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CHAPTER 7
MEASUREMENT

_ Introduction :

The idea of measurement is of fundamental importance in
modern life. Tnls 1s true in the day by day activities of
ordinary citizens and equally true in the activities associated
with most vocatlors. Newspapers and other kinds of reading
~matter are full of references to measurements of one kind or
another. Consequently, there is a gfeat deal of information
about the topic which could conceivably be taught in the seventh
grade, and which some, if not all, seventh grade pupils would
find both useful and interesting. The ability to understand
what other people are dqing depends to a considerable extent on
- understanding the kiﬁds of things they measure and the techniques
of measurement which are used. This in turn depends upon an
understanding of the nature of the thing measured. Adequate
treatment of many techniques of measurement is therefore more
sultable content for courses in other fields, such as science,
than in mathematics.

The fundamental notion of measuremert, however, is common to
measurement in all fields, and the development of basic concepts
is therefore an important topic in the mathematics curriculum.
The measurement of one-, two-, and threeﬂaimensional figures 1is

also essential both for development of certain geometric concepts
and for applying these concepts. Furthermore, many things which
are not geometric in character are measured by relating their
properties to linear or circular scales. In this chapter, there-
fore, attention is focused chiefly upon development of basic
concepts which underlie measurements of all kinds, and upon
measurements of line segments, surfaces, solids, and angles.

v While pupils entering the seventh grade have had a substantial
amount of experience with.measurement, some of them may have no
clear understanding of the basic concepts and assumptions which
underlie the process. Among the concepts developed in this
- chapter are the following:
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1. The size of a collection of discrete objects is found by
counting and described by numbers; the size of a continuous
quantity is found by measuring and described by a measurement
which contains both a number and a unit of measurement.

2. The process of counting separate objects yields'a whole
number which represents exactly the size of the collection; the
process of measuring yields a number of units which is never
exact, but 1s an approximate representation of the size of the
quantity measured.

3. Since all measurements are approximate, a measurement
should be reported so as to indicate its precision, or its
greatest possible error. The precision i1s shown by naming the
smallest unit or subdivision used. This implies the size of the
greatest possible error, or the interval within which the true

measurement lles. Pupils should be encouraged to report measure-
ment3 which they have made in a way consistent with this idea, but
cannot be expected at this stage to understand fully its impli- =~
cations for computed measurements.

4, As suggested above, development of a method for measur-
ing anything rests upon understanding the aspect of 1t which is to
be measured. This is true of the measurement of geometric con-
tinuous quantities to which a large part of this chapter refers.
Therefore, four assumptions regarding the nature of geometric
continuous quantities are stated.

5. A unit of measurement for geometric quantities must be of
the same kind as the thing to be measured--a unit line segment to
measure a line segment, a unit surface to measure a surface.

' 6. The sizeé of a unit of measurement is arbitrary.

..... 7. The measure of a geometric quantity i1s obtained by sub-
dividing it into parts the size of the unit, and counting the
number of unit parts. '

8. Standard units of measurement are necessary in highly
organized socleties, and are established by social agreement.

9. "It 1is convenient to have reléted units for length,
surface, and volume, such as the inch, square inch, and cubic
inch.

194




189

10. The area of a reglon enclosed by a simple closed curve,
such as the rectangle, may be found by computation from lengtns
rather than direct measurement of surface; the same 1is true for
the volume of a rectangular solid.

11. Just as there are many names for the same number, there
are many names for the same measurement.
12. Many quantities of different nature from those stressed

in this chapter can be measured when suitable units are used.

7-1. Counting and Measuring

Section One develops the difference between discrete objects
and continuous quantities. Four properties of geometric figures
are developed at this time:

1. The motlon property states that figures can be moved
without changing size or shape.

2. The comparison property states that the sizes of two
geometric quantities can be compared provided these
quantitlies have the same nature.

37 The matching property states that two geometric quanti-
ties. have the same size if every part of one can be
matched to a part of the séccnd so that no part of
elther figure 1s omitted.

k. PFinally, 1t is stated that a geometric figure may be
subdivided.

These four properties are the hasis of measurement. The
teacher should be alert in later sections to point out that the
measuring process utilizes these properties Measuring is done
in this section but many students will not recognize it as such
since standard units are not used.

Problems 1 and 2 develop the concept of continuous quantities
in contrast to discrete objects. Problems 3 to 5 develop the
concept of measuring as a comparison to a unit having the same
nature as the object measured. Problems 6 and 7 direct attention
to the possibility that different sized closed reglons may be
bound:zd by closed curves of the same length, and that a closed

[pages 243-245]
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region of a given size may be enclosed by curves of different

lengths.
Answers tc  :rcises 7-1
1. (a) Counting (d) Measuring
(b) Measuring ’ (é) Measuring
(¢) Counting | (f) Measuring
2. (a) Continuous (d) Continuous
(b) Continuous (e) Discrete
(¢) Discrete (f) Continuous
3. (a) Congruént (d) TRT
(b) TRT (e) TP

(e) Congruent
4, Closed region C < Closed region
Closed veglon C <  Closed reglon B
Closed region C < Closed region D
5. (a) All are approximately equal.

(b) To compare A with B, cut along shorter diagonal
of A.

To compare A with C, turn A over.

To cohpare A with D, cut

and reassemble as follows:mmg _//

|

pApp——

(¢) A1l should have the same area.
6. (a) Curves have the same length.
(b) Closed region E is larger than closed region F.

[pages 246-2u48]
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7. (a) Pupils will probably assemble the parts like this:

—
/ ./
// - //
or LV
Equally correct: or any other re-
4
I/’ 4
I'd ’
arrangement. Areas 1 of new figure and
4 .

area of the square are the same.

(b) Lengths of the curves will vary but all will be
longer than the original square. The diagonal is
longer than a side. Figures like the last one
increases the length of the curve by an additional
length.

7-2. Subdivision and Measurement

Measuring geometric continuous quantities is accomplished by
the process of subdividing the quantities into unit parts. We .
think of geometric figures as keeping both size and shape when
they are moved. This 1s important for comparison of two geometric
quantities, and also for subdividing a quantity into pa-ts. o

There 1s the hidden assumption in the Comparison Property
that, for two geometric quantities a and b, a=b, a 1is
greéter than b, or a 1s less than b, and that exactly one
of these relations is true. By using the Motlion Property it is
possible to determine which of tiiese relations is true for any
two quantities of the same kind. ‘

The Matching Property is basic tec the notion that differently
shaped polygons, or other simple closed curves, may have equal
perimeters or form closed regions having the same area. It leads

"to the Subdivision Property which states the assumption that a

[pages 248-249]
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quantity may be subdivided without producing a change 1n the size
of the whole. All of these properties are used in the process of
measuring. ' '

Note that we do not define such concep%s as length, area,
volume, etc. We attempt to lead the students toward an intuitive
grasp of these concepts. «

The paragraphs on Subdividing Continuous Quantities illlustrate
with line segments the essential notion that a unit segment "n"
may be laid off repeatedly on a glven segment to locate a polnt
such that the segment remaining is less than one unit. The
concepts developed in Sections 1 and 2 provide the basis for the
definition of the terms “"measure" and "unit of measurement." Note
that, according to the definition, the measure is a number, whlle
the length 1s defined as a phrase which includes both the measure
and the unit. ’

Actually we take a measurement of a length. The more preclse

n

our measurement 1s the closer we come to the length. However,

the measurement 1s not the exact length since we cannot possibly
hope to achieve absolute precision. Hence, when we say the length
is 4n we mean the measurement is 4n. The length is =% In.
Here we have a clear-cut example of the distinction between the |
abstrict mathematical notion of length and the fitting of this
notion to the physical world through measurement. This. 1s why'We
3ay all measurements are approximate.

Answers to Exercilses T-2

1. Length of AB ® k¢

2. (a) Size of closed region A ® 3 times size of closed

region B.
(b) 3

3. (a) Length of curve D X 2 times the length of curve C.
(b) Closed region D % 3 times closed region C.

4, 3 Note: The definition of rectangular solld appears
in Section 2-of Chapter 8 where a more formal discussion

[pages 251-252]
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of vclume is developed.

5. (a) Segment of length c.

(b) &

6.  (a) Closed region B.
(b) 3 '

7. (a) 6t
(b) 12t

(¢) Léngth of curve D is 2 times the length of curve C.
(d) Closed region C is the unit; closed region D is 3
times closed region C.

8. Unit of measure was rectangular solid B; rectangular
solid A is 3 times rectangular solid B.

9. (a) DE, AF, FC are approximately the same length.
AD, DB, EF are approximately the same length.
BE, EC, DF are approximately the same length.

(b) ADF, FEC, DBE, DEF, ADEF, FDEC, DBEF, ADEC, DFCB,
AFEB, ABC.

() Aapr, ADEF, ADBE a1l have the same area as
AEFC. The closed triangular region ABC is 4 times
the closed triangular. region EFC.

the same area.
‘Closed quadrilateral regions ADEF, :DEC, DFEB have
the same area.

Closed quadrilateral regions ADEC, FDBC, and EFAB
have the same area. '

(a) Closed triangular regions ADF, EFC, DEF, DBE have

7-3. Subdividing Units of Measurement

This section strengthens the basic concepts of measuring and
provides for utilizing rational numbers to express measures that
do not appear to be multiples of the unit. The measured obJject
has been subdivided previously. Now the measuring unit is sub-
divided in order to cover the whole surface.

[pages 253-254]
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The arbitrary nature of the measuring unlt is emphasized as
is also the 1dea that the measuring unit must have the same nati.re
as the object measured.

The use of plane figures of many shapes as a unit should help
the student appreclate the advantages of a 3quare unit, and later
of a cublcal unit as the unit of measurement for three-dimensional
figures. These figures are also used to polnt out that the measure
18 independent of the way the units are matched to the object.

Answers to Class Exercises 7-3

1. Answers will vary but should be reasonable.
2. Answers will vary but should be reasonable.

3. Differences arise from differences in unit of measure-
ment, 1.e., length of foot.

4, Book, chalk box, ream of paper, etc.

,5' The measure 1s the number of sheets used but the slze
is the number and the name, "note-book sheets."

6. Measures varied.

Answers to Exerclses 7-3
1.

(a) The answer depends upon the size of sheet used. For
an 8% X 11 sheet of paper, the computed numbers of

units required are as follows:

Rectangular unit -- about 47

_Isosceles right triangular unit -- about 47
Equilateral triangular unit -- about 54
Circular unit -- about 30

(b) The circular unit is probably hardest to use
because of the space between the units. '

(c) Same for rectangular units (2" x 1") end isosceles
right triangular units with 2" legs.

[pages 254-259]
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2. The measurements will differ, since the puplls' feet
will differ in length

3. Marbles are a poor unit because of space between them.
Rectangular blocks would be much better.

b, BRAINBUSTER.

(a)
!
2
A B
(b) Y — — I fThe s0l1d 1ine shows the
/ \~\ arrangement of the parts
/ . s of triangl~ ABC, and the
G H

dotted lines the arrange-
ment of the parts of
triangle DEF.

Note that the measure of JG is one-half the measure
of the altitude of each triangle.

-
B Tited

[pages 259-2€0]
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c
(e) |,
!54 6 )
(@) The solid line shows the
AN parts of triangle ABC, and
\ S~
N T~ the dashed line the parts

of triangle MKL.

7-4. Standard Units

The pupils have had many exercises to demonstrate the meaning
of measurement and the arbitrary nature of the unit. This section
should establish the social need for units that are the same for
the entire group. Mass production and the convenience of inter-
changeable parts provide a wealth of material for pointiag out
this need. The historical material should be of interest and show
suclety's increasing need for standard units.

Archimedes used dehsity in dr termining the purity of gold.

' By experiment, he found that the same weights of silver and of
-gold displaced different volumes of water. By immersing gold that
had the same weight as the crown and comparing the water displace-
ment with that displaced by the crown; Arcinimedes showed that the
crown was not all gold.

The metric-system is briefly introduced in this chapter only
because of the chapter's length; it will be discussed more fully
in Chapter 3 of Volume II. It should be s%ressed that our linear
_units are defined, by law, in terms of the metric units. The
metric system i8 legal in the U.S. If class time permits, a dis-
cussion of the new definition of a meter as 1,650,763.73 times the
wave length of orange light from krypton 86 might be interesting.

[pages 260-263)
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This standard for the meter is difficult tc visualize, but has the
advantage that 1t can be reproduced in any good scientific labora-
tory and 1s more precise than the platinum and iridium bar in
France that 1s the present standard for the meter.. This definition
has been adopted by the Advisory Committee on the Definition of the
Meter. (Current Science for the week of September 29 - October 3,
1958 has an zrticle on this at the student's level.

The approximate nature of measurement has been pointed out
throughout the chapter. Continuing emphasis on the fact that
measurements are not exact should be made, although this toplic will
be treated more formally in Section 5. Comparing measurements of
the same object made by different students and also measurements
determined by instruments marked with varying degrees of precision
help develop the concept of the approximate nature of measurement.

Some Tth grade students have difficulty measuring with a
ruler. Through making cardboard rulers and studying the increas-
ingly fine divisions in Figure T-4, i1t 1s hoped that the poor
students will overcome their difficulties while the better student
1s seeing the relationship with base 2. The "Class Problems, 7-4"
should be done orally in class. Some of the actual measuring
should also be done in class so that the teacher can identify and
work with students who have not mastered the use of the ruler.

In the hodge-podge that is the English system of measures,
there 1s a variety of standard units. Conversions from one unit’
to another cause a great deal of trouble both ir mathematics and
in sclence. Conversions are treated as number sentences with a
stress on the relation between the units involved in the conver-
sion. This should be developed in class and class practice should
be provided to make sure the students understand what they are
doing. The use of estimates and common sense are both important
aids in converting units. Measurements recorded in different
units but treated as the same unit are the basis for many student
errors. Pupils should bz taught to read the names of units as
well as the number of these units. Common sense 1s called on again
to declde which would be the best unit to use for a particular
problem.

[pages 260-263]
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Exercises 7-4a

These exercises are desigqed to show the value of standard
units to social 1living. ‘Some’ of the questions are answered best
by personal interview with loéél'merchants. All values to the
students could be realized by having each student do one or two of
the exercises.

1. Most bread 1s bought by the loaf. Loaves are baked in
various sizes and many bakeries indicate the welght on:
the wrapper.

2. The size of food cans 1s related to volume. Since a
packer could leave space at the top of a can, the law
requires that each can have the welght of the contents
printed on 1t. Students might check different brands
of the same item to see i1f the contents of the same size
can always has the same welght.

3. A few items to suggest, if the students faill to find
others, are: bicycles -~ diameter of the wheel; hats -
diameter of head for men and perimeter for women; pans -
capacity; screws - length and threads per inch; fishing
rods - léngth;* drill bits - diameter.

Exercises T7T-i4b

These exercises glve the student practice in measuring and
they develop the need for fine subdivision. It 1s a good pre-
paratory exercise for those who have difficulty with reading a
ruler. ’

1. and 2. Cardboard rulers can be checked with commercial

rulers.
3. (a) 22" (v) 3} Tle) 2" (@) 4" () 3"
b, (a) 2.;. (b) 3-;‘:-01'% (c) é%; (a) 31‘:1 (e)3°r3%:
5. (a) 23 (b) 3§ (c) 2gorep (d) 33 or 3k (e)3f

[pages 263-264]
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Answers will vary but should approximate those above.

gths of an inch since the divisions come closer to match-

ing the line segments.

Class Exercises T-%

1. The need to measure segments smaller than an inch.

2. Into 2 parts.

3. Each section of the inch on the left of any given inch

' (except the 6th inch) i1s divided into two parts.

b, Each section is divided into two parts.

5. 4; 8; 16. (The third inch lies between 2 and 3.)

6. The line segments are longer.

7. Longer line segments help group the shorter line segments
sc that the number and size of the spaces are easier to
see. ' '

8. Theoretically, there is no limit to the number of
divisions.

Exercises T-4c
1. 32
' " 1"
2. (a) 3 (£) 43
1"
() 1g () 5"

(C) 2g-ll (G) 55_"

(D) 3%" or 3%

[pages 265-26T]
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\n

(2) %" (d) 13 or 1g
(b) 2% (&) § -
(c) %" or.g“ o
(a)l—g - I A I I n P
(0] 5 in.
(b) 8
(¢) The divisions on the line plicture one meaning of
5+ g; there are 8 pileces.
(a‘) — L 1 1 _
T 1 n "
% % 2 %
(b) M4z (¢) M3
# 1
(a)' 'I% (e) %|
(b) 1% () 3p
) 5 @ 1
1 n
(a) 23 (h) ¢
(a.) AB %E" FG & 1" )
BC %%%" GH = %"
oD % | HI = g“
DE%%" I =® g"
~ 3“
EF « T
There 1s a possibility of a slight (%3") discrepan-

- ()

cy due to the approximate nature of measures.
200
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Answers to Exercises 7-Ud

Base
1
]
1
T
1
8
1

16

201

10 Base 2

g

10,000

Since all divisions are obtained by dividing existing
divisions by 2, the number of sectlions increases by
powers of 2, or, in base 2 notation, by annexing a zero
to show the number of divisions.

l.

2.

Answers will vary.

(a)
(b)
(c)
(a)

(v)
(e)

(2)
(b)

(c)

2%" (a) 13n
% o 3
23

73" (a) 73"
7" (e) 653
9" (£) 73
No.

Make the string fit the figure and then measure
the string.

(1) 9%%" (computed) (3) =x 8"
(2) =~ 9" (3) =~ 6".

207
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P24

5. (a) Length 5400 in. (Answers in feet are accept-

Width X 900 in. able. See part b.)
Height = 540 in.
(b) Length = 1450 ft. ® 150 yd.
Width =& 75 ft. & 25 yd.
Height % 45 ft. % 15 yd.

*6. The S. S. United States is 990 ft. long. The dimensions
given for the Ark make 1t surprisingly large for the
engineering of that time. The length is greater than
the length of a football fleld.

Answers to Class Exercises 7-l4e

2. (a) =~ 6cnm. (d) < 10cm.
(b) = 9cm.
(¢) = 6cm.
3. (1) 2(6cm. + 3cm.) % 13cm.
(2) 3cm. + 3cm. + 5Sem. + 3cm. + 4em. & 18cm.
(3) 2(4cm.) + 4(3cm.) ® 20 cm.

(%) 8em. + Sem. + 4em. + 3em. ® 20 cm.

Answers to Class Exercises T-Uf

1. (a) & 64mm. (@) . ® 97mm.
(b) = 86mm. (e) =~ 80mm.
(¢) = 56mm.

208
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2. (a) 2(58mm + 32mm) % 18Cmm.

(b)  33mm + 26mm + 50mm + 26mm + 38mm X 173mm.

(¢)  2(65mm + 50mm) X 230mm.

(d) SOmm + 65mm + 83mm X 198mm.

(e)  2(39mm) + 4(25mm) ® 178mm.

(f) 80mm + 50mm + 42mm + 26mm % 198mm.
3. (b) 11in. % 2%em.

(c) 1in. X 25mm.

7-5. Precision of Measurement and the Greatest Possible Error

This section is the first attempt in this book to formalize
the approximate nature of measurement. Precisionnof measurement
is introduced through work with the ruler. Precision, as such,
i not defined. We do speak of one measurement as being more

preclse chan another. At first, increasing precision of measure-
ment 1s indicated by increasing'denpminators (of the fractions
representing the subdivision being used). This was done so that
the two "things" under discussion would both be "moving" in the
same direction, i.e. increasing. Later the idea is introduced
that increasing precision of measurement is associated with
decreasing unit size (this counter motion can cause difficulty
for the students).

Suppose we are given units A and B with B smaller than A.

A measurement made with unit B is more precise than one made
with A because the measurement obtained with unit B is closer
to the true measurement than that obtained with unit A.

If an attempt 1s made to define precision as a noun we get
into & situation where increasing precision 1s associated with
decreasing accuracy. This should be avoided as it contradicts
normal assoclations of these words.

209
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‘Two notations are used for indicating precision of measure-
ment .

1. Indicated by the form of the numeral and the name of the
unit, e.g. 38 in. indicates measurement to the nearest
“3 in. This fraction must not be simplified to 33 This
idea can be used later with decimals, e.g. 4.13 in. in-
dicates measurement to the nearest Tﬁ- in.

2. Indicated by using the greatest possible error and the
name of the unit. This 1dea 1is used later in the dis-
cussion of precision of area measurement. The first
notation cannot be used for area; this 1s pointed out in
Section 7. '

Answers to Class Discussion Exercises 7-32

1. 3" ‘ 3. 3"

2. 3_Jlill or 3_32_-_" Ll'. 36 1t
There 1s at least one point at which the measure may

. stay the same. A higher degree of precision may produce
further change, i1f such rulers are avallable.

6. ILine (c) 2"; 2%"; 2%" or 2%"; 2{%"; same as Prob. 5.

7. Closer to 3%" than to either 3%" or 38"' Nearest %".

i

Answers to Class Discussion Exercises 7-5D

1 (a) (b)  yes;

(c) No, this would indicate measurement to the nearest

T%'in.;
(d) Precise to the nearest é-in.

2. Precise to the nearest %S in.

[pages 275-280]
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1
3. (a) iB
"(b) No, since precision to the nearest -113 in. 1s desired;
1
(c) To the nearest 5% in.
4. Marked in 16th 1in.

Answers to Class Discussion Exercises 7-5¢

1.-1]f1n. 2. Ein.
3.
1 |2\F-- |3
Lllllllllllllllel el LlLlnll

|
l |

Right end-point of segment could 1lie between A and B.
Greatest possible error is 1]5 in.

*. %m' 5. 3151n.

6. (b) Tlsn,; %XTIGH _.3]_-5", (e) i]_-,o_n’ -flé"’ .
@ B @ . A
@ ¥ A |

7. (b) Between (l%g - -flé) in. =1

and (132 + 55) 1n. = 133 1in.
(c) Between (’-l-% - %6) in.

and (l.% + T%) in. = 15 1n
(d) Between ('E_\g - 1]-'6) in. = 2-% in.
and (ag + T16) in. = 2%% in.

211
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(e) Between
and

(£f) Between

and

Answers to Exercises 7-5a

(Tg + 37) 1in.

|
[ el
fo

2 - 3 1n. - 3
,(3%% + é%) in.
(Tg -'%g) in. =

oF

i
q
oho
[ el
B

1
1. 5
2. , o (Divided into 8Bths of an
~“inch)
3. — — (Divided into 4ths of an
inch)
L,
Figure (') (2) (3)
" (cI " J e T S P
zMarks | Error [|aMarks| Eppor figMarks| Error
) | £ 3% BN IE R
wi 1% 4 2 {18 & 32
N R GE R B
wl|l 2% 4 hggprzﬁ ! 218 32
G | Z|Feoret] & [ oW
e 9 | F lzee| | e | 3
dé 2 -é-" J: 2%“ —l_" 2{%" ._I-"
(d) " 4 4" 8" | " 32
el 3 3 0r 3 s
212
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pre e e e e o e e e ot — e o — —— e — — - t— o—

Note: These rectangles
could be drawn so chat
there is a border on all
- four sides also,.

B T T e —y

Note: These squares
could be drawn so that
there 1s a border on all
4 gides also.

213
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Answers

to Exercises 7-5b

1.

10.

A ;- lglgl.g ] 3
Cc D
cD = 13"
_ 13n + 1n
CD = lE -8
cD = 13"
Between 18" and 14" %f
(a) 8'R 6. (a) &%
3 n n 3 n Sn
(p) lyg" - and 1 (v)  25p" and 2y
) 1
(c) _Ilsu (c) T6“
(@) 1 ¥ % in. (a) ag"
Answers will vary. Be sure the t greatest possible
error notation is used,.
Answers will vary. Be sure brecision 1s shown by not
changing fractlons to lower terms.
Note: The answers in Problems 9 and 10 are given for
rulers divided into '16"P% of an inch. v
: 3u + 1la
i
- e ot or ot e o)t
= 62" + lu
AC = 6]-.3 and 6 - 33
AB = 33" and 3 %
BC = 143" and 193 I
R

[pages 284-286]
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T-6. Measurement of Angles

In Chapter 4 the pupils have been introduced to the concept
of angle as the set of points on two rays with a common endpoint,
and have learned to describe the position of a point as being on
the angle, in the interior of the angle, or in the exterior of the
angle. The measurement of angle follows essentially the same ideas
as measurement of a line‘segment; that 1is, (l) the unit for measur-
ing an angle must be itself an angle; (2) the interior of the angle
is subdivided by drawing rays which form angles like the unit
angle; (3) the measure of the angle is the number of unit angles
into which it 1s subdivided. After these ideas are developed in
Exercises 7-6a, the standard unit, the degree, and the scale for
measuring angles in degrees, are introduced. The unit angle is
deﬁermined by a set ¢ " 181 rays drawn from the same point. 'These
fays determine 180 c..gruent angles which, together with their
interiors make a half-plahe and the line which determines the half-
plane. The rays are numbered in order from O to 180, forming a
scale. Figure 7-6a shows such a scale. One of the 180 congruent
angles 1s selected as the standard unit angle. Its measurement
1s called a degree.

The most common type of protractor shows the scale only from
0 to 180, and usually contains two such scales, one with 0 at the
right end and the other with O at the left end of the semicircular
8cale. Each pupil should have a protractor and should become pro-
ficient in using it, both to measure a glven angle and to draw an
angle of a specified number of degrees.

The angle 1s defined as having a measure greater than O de-
grees and less than 180 degrees,

Angles are classified as acute, right, or obtuse, according
to theilr ﬁeasures. The pupils should practice estimating the
number of degrees 1ln an angle by comparing it with a right angle.

Perpendicular rays are defined as‘fays.which form a right
angle and the term "perpendicular" is also applied to lines, seg-
ments, and to combilnations of these.

1
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Answers to Exercises 7-6a

1. The size of [RST =3 u

2. The size of /ABC® 5 u

3. The size of / EDF = U4 u e ,

k. The size of L KML = 6 u T

Answers to Exercises 7-6b
1. ug° 3. 90°

2. 95° ¥, 8o°

Answers to Exercises 7-6¢

1. (a) 15 (g) 60
(b) 35 (h) 145
(e) 60 C (1) o
(d) 90 : (3) 85
(e) 100 (k) 10
(£) 25 | (£) 65
2. The size of / A® 50° The size of / C = 123°
The size of / Bw 90° The size of /D= T4°
3. The measure of / BAC % 35.
L,
5. (a) 180

(b) No. The definition of angle (Ch. 4) rules out an
angle of 180° because the rays may not be collinear.

- 216
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Answers to Exercises 7-6d

1.

(a)

(b)

(c)

(a)

(b)

/ B,
LA, /Lo
/D, /F

Obtuse angles:

LE

Acute angles:
Right angles:
Acute angles:
Right angles:

Obtuse angles:

w n
- L)

() o,
(v) 90,
/ BAG, / BAH
{.BAD

/ BAF,
/ BAC,
/ BAE
/ EAD, / EAc,
/ EAB, / EAK -

/ EAF,

None

90
180

Z EAG,

211

/ EAH

(¢) Right angles: / KAE
/ KAD,

/ KaH,

Obtuse angles: / KAC
/ KAG, / KAF

/ JML 1is obtuse

Acute angles:
/ ABC 1is

/ EDF 1s
angle

/ BKG is
See (c)

acute

a righf / PRN 1s a right angle

acute / QS 1s e use

(b)
(c)

The size of / ABC & 10°

The size-of / EDF =~ 90°
/ HKG = 65°

/ ML s120°

The size of

The size of
The / PRN =~ 90°

/ Qs ~130°

size of

The size of

217
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Answers to Exercises 7-6e

1. (a) 3 e
(b) 5 (3 and 1 could be so interpreted also)
(¢) 2 '
(d) 1
(e) 6
(£) 4

2. Edges of book, edges of Intersecting sidewalks, inter-
secting edges on a wectangular prism, etec.

3. Edges of gable roof, dlagonal parking line and curb, .
hands of clock in many positions, etc.

Sample Questions for Chapter 7

Select from this 1list. There are too many questions for one test.

I. True-False Questions

(F) 1. The counting numbers are all that are needed for both
counting and measuring.

(F) 2. If two simple closed curves have the same length, then
the corresponding closed reglons have the same area.

(T) 3. Perpendicular lines nlways meet so that rays with the
’ endpoints at the intersection form right angles.

(T) 4. A rectangular closed reglon can be used to measure a
squ-re closed region.

(T) 5. All measuring units can be sub-divided.
(T) 6. A ruler is one application of a number line.

(r) 7. Base 2 is related to the subdivisions of an inch on the
rulaer commonly used in school.

(F) 8. The measure in degrees of an obtuse angle 1s smaller than
that of a right angle.

[page 297]
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(T) 9. A measuring unit may have any size we choose.

(F) 10. If two rectangular closed regions have the same area,
then their lzngths are the same and so are thelr widths.

II. Multiple Chiolce, Completion and Matching

(c) 1. To measure a iine segmens, you must use as a unit:
(a) 'An inch (d) A square inch
(b) A foot (e) None of these
(e) A line segment

(a) 2. Choose the best way to complete the statement,
Standard units of measurement are used because:

(a) It is important for people to use the same unit
in dealing with each other.

(b) Standard units give more accurate measurements
than units which are not standarg.

(c) Peopleé have always used them.
{d) They are all related to base 10 numeration.
(e) None of these.
(e) 3. All rectangles with perimeters of 20 inches:
(a) Have the same area.

(b) Have areas that increase as the base increases in
length.

(c) Have areas that increase as the height increases
in length.

(d) Have the same area as a square with a 20 inch
perimeter.

(e) None of these.
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(c) 4. fhé“markings on a ruler divide each inch into 8 equal
parts. The correct ways to report one measurement made
with this ruler are:

(a) 3{% in. and (3‘11i5i3}2) in.
2 1+1
(b) 3gin. and (3E - g 1in.
2 1+ 1
(c) 3g in. and (3E - 1) in.
(d) 3§ tn. ana (35T 3 1n.
(e) None of these.:
(b) 5. The rays oa the complete scale for measurirg angles are
' numbered ’ o
(a) From 1° to 180° (c) None of these.
(b) From 0° to 180°
(v), (c) 6. Below is 2 list of thiigs, some of which can be
:ﬁgugg)be counted while others must be measured. Under-
under- line those which must be measured.
lined.

(a) Crowd at a meeting _
(b) Time 1t takes to walk home
(¢c) Weight of a brick

(d) capacity of a gas tank

(e) Coats in your closet

7. If a length is to be reported as 3% in., the
© true length must be between _ in. and
in.

8. An obtuse angle 1s one whose measure in degrces
1s between and

9. If the léngth and width of a rectangle are
" doubled, the perimeter of the new rectangle 1s
times that of the original one.
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Protractor 10. The instrument used to measure an angle 1is
called a
' Kind or 11. A unit of measurement must be of the same
nature

as the object measured.

Acute 12. Afii_>‘ represents a(n) angle.
Right w{ represents a(n) angle.
Obtuse \ represents a(n) ___ angle.
13, a | B ® ¢ ® 0@
'1||]1||I;IIIU'I“IU|||TP||||||’||nllj|
1 2 | 3 4
¥hat number on the scale corresponds to:

_l%“ (a) Point B
2g" (b) Point C
4%" (¢) Point D

III. Problems

1. On the number scale for Question 13, mark the point which
: corresponds to the numbers given below and label them «-.i.
with the letter indicated.

(a) 3% E (e) 2% q
(b) 42 F

P
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2. Measure these segments to the nearest 16th inch. Report
the results so that the correct precision is indicated.

3{%" or (a)

" or (b)

wt L

lé%" or (c)

3. Measure each of these angles.

(a) 38 (a) (v) ()
{n) 142° |
(c) T4°
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Chapter 8
AREA, VOLUME, WEIGHT AND TIME

'8-1. Rectangle
The two primary aims of thls section are to develop the

pupils! space perception, especlally as 1t relates to perimeters
and areas, and to develop methods of finding these guantitles for
a rectangle by computation when the length and width are known.

In development of space perception and a geometric feeling for
slze, 1t 1s important that models be consténtly in sight. Perhaps
drawings of the actual slzes of the inch square, foot square, and
yard square could be kept on the blackboard as soon as area has
‘been introduced. Possibly models could be placed on the bulletin
board. Also emphasis on estimating lengths and areas willl help to
develop a feeling for size. As often as possible have estimates
made of lengths and areas and then have them actually measured

(or computed) to check the accuracy of the estimate. This
emphasis will necessarily come largely from the teacher, as such
questions can only be suggested occasionally in the text. It 1s

interesting that most people are quite surprised to see the
actual size of a square yard.

Two points of terminology should be clarified.

1. By its definition a rectangle 1s a collection of
segments. Such a set of polnts does not properly have
an area (or possibly it should be sald to have area
zero). The area with which we are concerned is
the area of the closed rectangular reglon; that 1s, the
union of the set of points on the rectangle and the set

of points in its interior. In order to emphasize this,
i1t is the plan in the text to state that we mean the
area of the closed rectangular region when we say the
area of the rectangle. While the student may lapse into

the mathematical slang of speakling of the area of a
rectangle, from time-to-time remind him of the fact that
he 1s using mathematlcal slang. )
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The concept of area of a closed region is close to the
intulitive concept which young students have. Moreover, with
this 1dea length, area, and volume can be treated similarly in
terms. of unions:

l. A line segment 2 lnches long 1s the union of two unilt
line segments each 1 inch 1n length.

2. A closéd rectangular region of length 2 in. and width
1l in. 1s the union of two unlt rectangular closed reglons
1 in. by 1 1in.

3. A rectangular solid 2 in. by 1 in. by 1 in. 1s the union
of two unlt cubical solids.

This closed region viewpoint 1s different from that used in
the 1959 edition.  In that edltion area was based on the concept
" of reglon as defined in Chapter 4; you thought, for example, in
terms of "the area of the interior of a rectangle." In terms of
the "interior concept," the preceding statements 1, 2, and 3 do
not hold. Many people believe that the "closed region concept"
will be easier to teach because 1t 1is closer to the student's
"experience."

No definitions of length, area, or volume appear 1in this
chapter. The viewpoint 1s quite intultive. When precise
definitions of these words are glven 1t can be shown that area of
the interior of a simple closed curve has meaning. Moreover, this
latter area 1s equal to the area of the corresponding closed
region. In a similar fashion we could talk about the set of
points on a line segment not including the endpoints as the

"interior" of the line segment. This set of points would have a
length-equal to the length of the line segment. Simllar comments
can be made for volume. ‘ ‘

Mathematically speaking, neither of these vlewpolnts 1s
preferable to the other. As stated, the student has in mind the
concept of a line segment. The closed reglon concept tles into
this concept of length.
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Both terminologles appear in problems. It 1s natural to
think of the volume of a room as meaning the volume of the
interior of the rectangular prism.

2. It has been emphasized in previous sections that the
measure of a quantity is the number of units 1t contains.
However, 1n describing the result of a measurement it 1is
meaningless to glve the number without specifying the
unit. Thus when we speak of a length, or an area, or
a volume we siidll mean the number together with the unit,

_as a length of 5 ft. or an area of 5 square inches. On
the other hand we should keep clearly in mind that
wherever literal symbols are introduced, they stand

only for numbers. We add and multiply numbers, not
units. Thus 1f we consider a rectangle whose length 1s
5 in. and whose width is 3 in., and if we wish to use

the notation of the number sentences p = 2(£+ w) and
A =€w, we write £=5, w=3, p=2(5+3) =16,

A =53 =15 so we conclude that the perimeter is 16 in.
and the area 1s 15 sq. in. Note that we do not write
Jf= 5in. or A =15 sq. in. Here agailn, the student
méy in the future, without permanent harm to lhis

|

character, write such mathematlcal slang as A = 15 sq.
in., but at this point it has seemed better to
distinguish clearly between a length, which requires
specifying a unit, and the number of units & 1in this
length.

The questlon about the relation of squares to rectangles in
the flrst paragraph of this sectlion has two purposes. The
discusslon should first serve fo clarify any doubt as to exactly
what a squafe 1s. Then, bringing out that such a figure is a
speclal case of a rectangle gives a good example of one set
contained 1n another. The question in the second paragraph is
intended to bring out that a segment 1s measured by a number line
of segments and our model of this 1s a ruler. However, a closed

225
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rectangular reglon not being a segment, cannot be measured by
segments, but must be measured by a closed rectangular region--
something of the same kind. Some puplls may argue that you could
measure the closed rectangular region with a ruler by seeing how
many times the ruler could be fitted on 1t. In a sense this 1s
true, but polnt out that, if you do that, you are no longer
considering the ruler as a model of a number line and using Jjust
its numbered edge. You would actually be using it as a closed
rectangular region.

Exercises 8-la

Problems 1-5 are part of the developmental work and should
definitely be used,'31though_éome or all of them might well be
done in class. The ofher problems in the set are practice
exercises on understanding perimeter, computatlon, and change of
units. .Problem 10 should be 1nciuded in the asslgned work as
these 1ldeas often seem troublesome.

Areas of Recténgles

The question in the first paragraph about an instrument to
use directly in measuring areas should provoke useful dilscusslon.
Someone may well point out that you could have a network of closed
square regions (or whatever flgure you use as unit of area) marked
on. transparent plastic and just place this on the rectangular
closedvregion being measured. This is qulte true, and'is both an
interestiing and valuable idea. However, 1t should be pointed out
that in using this you would actually have to count up the squares
(and parts of Squares). You cannot number the squares ahead of
time so that you can Jjust look at the number attached to a "1ast"
square and say that 1s (approximately) the desired area. The
difficulty 1s that while all segments have the same shape in the
sense of being fitted by a number line {ruler), areas may occur in
all sorts of shapes so that no prearranged pattern can be designed

[pages 299-306]
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to fit all the shapes to be measured in such a way as to read off

areas at sight. Your puplls may be interested to know that there

are 1nspruments_wh1ch can be run arourd the boundaries of a simple
closed curve and give at once an approximate value for the area of
the closed region. One such instrument is the planimeter, but

its theory is far beyond the level of our work here.

In developing the method for computing areas of rectangles
from the length and width it 1s noted that different ways of
counting the unit areas 1llustrate the commutative property of
multiplication.

It 1s hoped that class discussion will bring out the
advantage of having a unit of area which 1s a closed équare reglon,
one unit of length on a side. In the case of the illustration of
the rectangle 6 units by 3 units, notlice the effect of using, as
unlt of area, a closed square reglon ]l units on a side. There 1s

' 2
no trouble about covering the closed rectangular region with these

units as shown below. .
7
0

\ ////

However, the number of squares in each row 1s no longer the number

4

N

3 UNITS

N

/

N~

6 UNITS

of linear units in the length (6), and the number of rows is no
longer the number of linear units in the width (3). Thus we *
would lose the relationshilp of finding the number of square units
of area by multiplying the numbers of linear units in the length
and width. It certainly would be possible to devise methods of
computing the number of these new square units of area, but it
would also be more complicated. '
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Class Exercises 8-la

Problems 1-3 are developmental, leading to the method for
computing area of a rectangle from the numbers of linear units
in the length and width.

' Exercises 8-1b

In conrection with Problem 3 notice the comments in the
first paragraph of the commentary in the section about emphasizing
space perception. Estimating areas of doors, windows, black-
boards, etc. in the various units of area and then measurling to
check estimates is very valuable experience. Following Problem
3, which furnishes'the information necessary, many of the problems
call for conversion between various units of area. The process
is the same as for linear units, but 1t may be well to 1llustrate
it for the class. For example, since 1 sq. ft. = 144 sq. in.,
then 1 sq. in. = T%E sq. ft. Thus to change 360 sq. in. to
square feet we write 360 sq. in. = 360 - 1 sq. in = 360 - I%E
sq. ft.=%g%sq. ft. = 23 sq. ft. |
Problems 4, 5 are designed to clarify the common confusion
between the 3-inch square and the area of 3 square inches, and to
emphasize the different posslible shapes an area of 1 square inch
may take. Problems 11-15 are a connected group and are extremely
important. They emphasize the effect of doubling the dimensiocns
of a rectangle either separately or slmultaneously. Problems
11-14 approach the problem geometrically and i1t should be empha-
- sized that such doubling amounts to laying identical rectangles
end to end or side by side. The dotted lines 1n the filgures 1n
the answer -key indicate the relationships we hope the pupll will
see. Problem 15 shows how these geometric facts are related to
properties of rational numbers that have already been studied.
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Exercises 8-lc

Problems 1-5 are drill problems in finding areas and
perimeters and in converting units, with emphasis that such
answers must generally be considered approximate. This section
could provide further opportunity for estimating and verification.
Problem 7 illustrates finding areas as a difference of known
areas.

Class Exercises 8-1b

Problems 1-3 are a unit which develop the idea of precision
and greatest possible error in a computed measurement. They are
important if the class 1s capable, though not easy. The length
and width of a rectangle are given with a precision of~% inch
(1.e. measurements to the nearest quarter inch). The pupil is
asked to compute the area from these figures. This proves to be
8%% sq; in. He then draws the largest and smallest rectangles
which are represented by the given measurements with this
precision and computes their areas. The largest possible
difference between the true area and the computed area above
proves to be g% éq. in. so the result is written in the form

) " Area is (B%gﬂi g%) sq. in.

The greatest possible error is %% sq. in. and the precision,

wnich 13 the total range about 8%% withln which the true answer
must occur, 1s %2 sq. in. (i.e. twice the greatest posslble

error). The ilmportant thing to emphasize 1s the size of the
possible error\in the calculated answer. The average pupil who

- computes an area as above and gets 8%% sq. 1n. 1s inclined to
assume this 1s correct to the nearest sixteenth of a square inch,
but the calculation shows that the possitle error 1s much greater
than this. ;
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The intentlion 1n these problems 1s to promote a healthy
skepticism about the precision of calculated answers, 1.e. to
have the students realize that working with approximate figures
not only gives approximate results but that the errors may be

expanded and that the results are generally not as good
look. As a matter of fact they are practically never
as the form of the answer suggests.

The other two sides are then 6 inches and 4 inches long,
and the perimeter 1s 20 1inches.

The number of unlts in the other two sides are.ﬂ and w.
The number sentence could be any of the following:

p=~L+w+E+w or p=2L4+2w or p = 2(£+ w)

600 in. or 50 ft. or 16% yds. (if inches, feet, yards are

456 in: or 38 ft. or 12§-yds. Does not matter where

12 ft. by 12 ft. - no; not enough fence.
8 ft. by 3 ft. - no; doesn't use all the fence.

Any five of the following: 11 ft. by 1 ft., 10 ft.
by 2 ft.,, 9 ft. by 3 ft., 8 ft. by 4 ft., 7 ft. by

greatly
as they
as good
Answers to Exercises 8-la
5. Equal
4,
5.
6. 1200 ft.; U400 yds.
. $2000.
units chosen).
9.
doorways are.
10.
8 ft. by 4 ft. - yes.
5 ft., 6 ft. by 6 ft.
11. 193—3&1.
12.

Any two of: 2{- mi., U84O yds., 14,520 ft.,
174,240 in.

[pages 299-301]
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- 13. $687.50 |

14, The man from T saved nothing; the man from B
saved 2 blocks.

*15. S8ide opposite glven side is 40 ft. long, other two sides
each 80 ft. long; elther 2x + 240 = 240 or
2(x + hP) = 2lo.

*16.

a B
Simple closed curve Numbers of units in perimetér
AFE ' a+ b+ ¢
FBD | a+ b+ ¢
EDC a+ b+ ¢
EFD a+ b+ ¢
AFDE 2a + 2b
EFBD 2a + 2¢
EFDC 2b + 2¢
ABDE 3a + b+ ¢
FBCE a+ b+ 3¢
DCAF “ a+3b+ ¢
ABC 2a + 2b + 2¢
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Answers to Class Exercises 8-la

1.

*3.

11; 5; 55; fg sq. in.; %g sq. in. or 3%% sq. in.
The numbers 11 and 5 are the numbers of guarter

inches in the length and width. Thus they are the

numerators when the length of 2% is written as %%

and when the width of 111; is written as %

Small square %-1nch by %-1nch; 11; 9; %2 or 24%u
| ' Figure not necessary to
do problem. Use method
of Problem 1 above.
]
K4
1
2
Ie ————— 5—|II_- o _?i
K3
~ :
!
!
— ]
4%“
I
!
|
!
|
I
&

o {

[pages 306-307]
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The division of the unit squares 1s suggested by the
fractions in which measurements are Ziven. Each closed

rectangular region is = % $q. in. There are 11 X 14 =
154 such regions, so the area is 158

that l%i 1s exactly %%-' %;.

sq. In. Note

Answers to Exercises 8-1b

1. The number of square units of area in the interior of a
rectangle 1s the product of the number of units in the
length by the number of units in the width.

2. A=/2w

3. 1 square foot contains 144 square inches; 1 square yard
contains 9 square feet.

L,
|
| |
| | |
I
! I I An area of three square inches.
Three~inch square.
The 3 1nch square 1s larger. Its area is 9 square inches
(These figures are not full size but to a scale with %
inch representing an inch.)
5.
LN
2 IN.
L
3N
4 IN.

[pages 307-308]
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108 sq. ft., 12 sq. yds., 15,552 sq. in.

7. 8100 sq. ft., 900 sq. yds.

10.

11.

Area 1s 3600 sq. ft. This 1s less than half the area

of a baseball diamond. Actually 1t 1s’ g- of 1t.

3,097,600 sq. yds. in 1 sq. mi.

Area of. smaller inside rectangle is 2+3 = 6 square
units.
Area of larger inside rectangle 1s 6°3 = 18 square
units.
Area of outside rectangle 1s 8:3 = 24 square units.

ok = 6 + 18
83 = 23 + 6°3
8:3 = (2 + 6)3 Distributive property
2

Dl-—---=-=-=-

3 Rectangle with
Original doubled length.
rectangie. :

7 Rectangle with
doubled height.

3

Orizinal area is 6 square units. Both new areas are 12
siquare units. New areas are double the original one. '
The dotted lines are drawn to show geometrically why
this 1s true. They are not pvart of the drawing asked
for .n the problem.

[pages 308-309]
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13.

14,

*15.

*16.

229

No. Doubling ggg_méasurement (length or width) of any
rectangle doubles its area.

3 !
Original :
rectangle. ;

: !
!
6

New rectangle.

(Dotted lines not a part of required drawing, but are

shown to make clear the geometric relationship).
Doubling beth measurements (length and width) of any
rectangle multiplies the old area by 4.

Perimeter of original rectangle is 10 units.
Perinzter of new rectangle is 20 units.

Doubling both measurements (length and width) of any
rectangle doubles its perimeter. (The drawing of
Problem 13 makes clear that this relation does not
depend on the particular measurements.)

626 - 422 =2 - 313 -2 .211=2 .2 .313 . 211 =
22 . 313 - 211

Commutative and assoclative properties are used.

The statement says the area of the new rectangle 1is

% times that of the original rectangle - (4 = 22).

Yes, 1t agrees with Problem 13.

If length and width are tripled, the area of the new
rectangle is 9 times that of the original rectangle.

_ =2
(9 = 3°). 235
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If length 1s doubled and width tripled, the‘areé is
multiplied by 6. (6 =2 : 3)

Answers to Exercises 8-lc

2. Area s 2520 sq. 1n., 17% sq. ft., 1%% sq. yd.
Perimeter s~ 204 in., 17 ft., 5§-yd.
Area s 55- sq. mi., 371,712 sq. yd.

14 1bs.

2% sq. yds.

99 sq. rt., (or 11 sq. yds.)

~N O U1 =

570 sq. fo., 63% sq. yds. (or 82,080 sq. in.),
It does riot matter where the opening 1is.

8. By Problem li4 of Exercises 8-1b the perimeter will be
doubled by doubling length and width, so the order for
the fence 1s correct. By Problem 13 of Exercises 8-1b
the area of the garden will be multiplied by 4, so
the fertilizer order is wrong. He should order 4
bags of fertllizer.

236
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. Answers to Class Exercises 8-1b

1. A=2w, AR (—lg)( , A® 8%%— so the area is

approximately BT% sq. 1ia, For figure see Problem 2.
l .

2. (a) 3g and 3%
(b) 2g and 2§
(c) and (d)

A S T 7T 7 77 7 77 7 7 7

A A A A v 49 A 9 A v v v A,
ERE ¢%
by | L/
| | i /]
(I I 4%
| i //
ln'u l“ /
2l 23| 28 4
| | ! //
| | 1/
{ | | %
{o! [ /]
Ly %
I ' " 4%
| | 4—4——'—;—————35 —————— '9‘//
v v ¥

e—————— g ———— - ——— >

P _3_:-|l__________>

3. Area of smallest rectangle is 8%% sq. in.
Area of largest rectangle is 9%% sq. 1n,
Difference between answer to Problem 9 and smallest
possible true answer is é% sq. 1in.
Difference between answer to Problem 9 and largest
possible true answer is é% sg. in.

Greatest possible error 1is therefore g% sq. in,

The area 1s (?%% i.£%> sq. 1n.
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Answers to Exercises 8-1d

1. (1)
Minimum Rectangle } Measured Rectangle| Maximum Rectangle
5% in. 3% in. 3% in. - [Length
4 in. © 4% in. 44 in. hiidth

-2%6]-'- sq. in. or ?1552— sq. in. or ?1655- sq. In. or Area

13-}% sq. 1in. 15%- sq. 1in. 17%% sq. 1in.

(2) Calculated measured area - calculated minimum
' area = difference.

%-2-

Calculated maximum area - calculated measured -
area = greatest possible error.

28? 252 _ 3
- 16 T .‘L%'
(3) Thus the precision of the calculated area is

15%1% sq. 1in.

2. (1)
Minimum Rectangle | Measured Rectangle| Muximum Rectangle
1g in. 14 1in. 1§ 1in. [ ength
2§ in. oF in.’ 2§ 1in. Width
-?6211]-'- sq. iIn. or % sq. in. or 26%5_ sq. 1In. or Area
32 sq. 1in. 3%2- sq. 1in. ll%% sq. in.

(é) Calculated measured area - calculated minimum
area = difference.

%-%-8

[page 315]
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Calculated maximum area - calculated measured
¢ area = grea2test possible error.

%% -8

(3) Thus the precision of the calculated area is:

(R * B)sa. 1n.

3. (1)
Mini%um Rectangle| Measured Rectangle Maximum Rectangle
2f in. 2 1n. 2f 1n. Length
3%% : 3% in. 3%% 1n; Widfh

%%%i sq. in. or‘ %%3 sq. in. or ‘%Eég sq. in. or Helght
72;- sq. in. 8%% sq. in. 8%%% sq. in.

(2) Calculated measured area - calculated minimum
area = difference.

-5 5

Calculated maximum area - calculated measured
area = greatest possible error.

-5

(3) Thus the precision of the calculated area is

(= &) w0 on.

Answers to Exercises 8-le

1. (10)(10) or 100. There are 100 sq. miliimeters in
1 sq. centimeter.

2. (100)(100) = 10,000. There are 10,000 square centimeters

L]

in 1 square meter.

3. (100)(10,000) = 1,000,000. There are 1,000,000 square
millimeters 1n 1 sguare meter.

[pages 315-316]
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4. The area of a 3 centimeter square is 9 sq. centimeters.
It is therefore larger than the area of a rectangle
whose area is 3 square centimeters.

5. A= (2)(3) = 6. The area is 6 square meters. 2
2(2 + 3) = 10. The perimeter is 10 meters.

6. (4)(3) - (1)(1) =12 - 1 =11. There are 11 sq. meters
of floor space. '

8-2. Rectangular Prism

The remarks under Section 8-1 about development of space
perception should be repeated here emphatically. The concept
of volume and the sizes of different units of volume need much
reinforcing. Models of cubic inches will be constructed but
models of cubic feet and cubic ysrds are necessary also. Practice
in estimating volumes should be very helpful. A framework for
a model of a cubic yard can be formed from 12 yardsticks.
Most adults are astounded at the size of a cubic yard when they
see one. One teacher had students bring in cardboard cartons
that could be cut to the size of a cubic foot and assembled a
model cubic yard from @27 of these boxes. Grocery cartons which
are partitioned by cardboard dividers may be helpful in visual-
1zing the subdivision of a volume into units. '

Just as a rectangle 1s composed of the points on its
segments, so a rectangular prism is made up of the points on
its faces, 1.e. on its surface. Thus if a brick 1is suggested
as an example of this figure, point out that the prism consists
only of the surface of the brick. A rectangular solid consists
of the points cn the surface of a rectangular prism together
with those in its interior. For this reason though we do speak
of the volume of a rectangular prism, we actually mean the
volume of the rectangular solid. As in the last section, the
stating of a measurement requires both the number and the unit

used, but any letter 1n a number sentence stands only for a

number. 240
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The rectangular prism with its 6 faces, 12 edges, and
8 vertices will need to be shown to the class with models and
1llustrations. The approach is frankly intuitive. However,
once 1t has been agreed that the faces are rectangles, this can
be used to déduce the fact that opposite faces have the same
measurements. ' For example in the following figure

EF and AB have the same length because they are opposite
sides of rectangle ABFE.

KB and TD have the same length because they are opposite
sides of rectangle ABCD.

TD and TGH have the same length because they are opposite
sides of rectangle DCGH.

Thus the four segments KB, TD, EF, GR all have the same

length. Similarly AE, DH, TG and BF have the same length

and AD, EH, TG, and BT have the same length. This shows

that any tﬁo opposite faces have the same measurements.

Exercises 8-2a

These problems will probably be difficult, not because of
the arithmetic, which 1s easy, but because of the spacial visual-
izing requiréd. It 1s suggested that in doing these problems
each pupil keep a box or other model in front of him to help
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visualize the problems that are presented. Except for the
difficulty of visualizing, the problems are applicatlons of
work on rectangles 1ln the last section. There 1s further drill
on change of units. Problems 3 and 6 give further rractice on
finding areas by subtraction. Problem 9 introduces the term
cube .

In discussing the cholce of a unit of volumenbring out that
1ts edges are units of length and its faces units of area, while
1ts interlor is the unlt of volume. '

Class Exercises 8-2

A péttern for a 1 inch cube 1s glven here. These cubes
should be made in advance so that they are ready for use in the
classroom. The problems of the set should be done in class.

It 1s extremely important that the pupll see and be able to
visualize that the effect of doubling“the length of a rectangular
s0lild amounts to laying two such solids end to end, both .just
like the origlnal one. Simllarly, that douiiing two of the
measurements amounts to putting four such solids together and
that doubling all three measurements

Pattérn for 1 inch Cube

[pages 320-322]
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Pattern for Model of Problem 7, Exercises 8-2¢

P = o = e e e e s - e = o]

1s equivalent to putting eight such cubical solids together.

It 18 this visual perception, not a counting up of the cubical
solids used, that 1s feally significant. Also the models formed
here show nicely the layers of solids which are used in the next
development .

In the question asked just before Exercises 8-2b, observe
that 1f the base contains a half-unit square, we need only slice
a unit cube in two vertically and stand this half unit cube on
the half unit square. Similarly, for a quarter unit square and
8o on. Thus the total number of cubtic?l solids in the bottom
layer of volume 1is always the same as the number of square units
in the base. '

243
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Exercises 8-2b

These problems have all been designed to emphasize the
relation symbollzed by the number sentence V = Bh. They have
been deliberately chosen in such a way that the actual shape
of the base 1s not known in dny of them. This 1s to lay the
foundation for the discussion later of volumes of prisms and
cylinders, as well as the specific case of the rectangular prism
which is discussed next.

In the question asked just before Exercises 8-2c the
properties involved are the commutative and assoclative properties
of multiplieation. '

Exercises 8-2c¢

Problems 3 and %4 are an integral part of the development.
Problem 5 lays the basis for changes of cubic units which are
introduced frequently thereafter. Problem 7 1s to'clarify
confusion of a 3-inch cube with a volume of 3 cubic inches.
Problem 8 emphasizes two different possible shapes of a volume
of 1 cubic inch. Patterns for the models, if this 1s necessary,
are found on Pages 236-37. Problem 9 is an algebraic approach to
the geometric ldeas developed 1in Class Exercises 8-2. Problem
10 affords opportunity for more estimating and measuring.
Problems 18-20 develop the ideas of greatest possible error
and precision for computed volumes. They are comparable to
Problems 1-3 of Exercises 8-1b and the same comments apply.

With respect to error in computed volume, it is possible to
glve a graphic illustration of the substantial effect on volume
of a failrly small error in measurements of length, width, and
height as follows: Take a rectangular block of cheese (a two-
pound package possibly, though a smaller one would do) and
imagine an error of % inch. With a cheese cutter slice off é
inch thick slices from three faces which meet at a vertex. The

total volume of these slices 1s the change in volume due to an
error of only % inch in each of the three measurements. This

[pages 323-326]

244




239
1s quite an impressive amount. A rectangular block of clay
could perhaps be used for the same purpose. This demonstration
could be done without attempting to do Problems 18-20 above.

As noted earlier,.a skepticism with respect to the precision
of such computed answers 1s a healthy thing.

In the discussion of dimension some of your better pupills
may ralse the questlon of describing the location of the sugar
in other ways than by motions parallel to the edges of a room.
For example 1n the second figure in the section under Dimension
1t may be suggested that the fly at A might simply point out
the directlon of S and tell his friend to crawl a certain
dlstance in that direction. This 1s an excellent i1dea. However,
note that these directions still call for two numbers, one
describing the angle telling the direction in which the fly 1s to
crawl, and the other giving the distance he must crawl. A
preclse definition of dimension involves very substantial
difficulties beyond the scope of this course, but you will find
that any "reasonable" way of describing location of points in
the different sets will use the same number of numbers 1n%the
description, so that concept of dimension has meaning.

In the determination of volume for an irregular stone you
may get various interesting suggestions to consider. One method
1s the immersion method, which would work as follows: Take a
rectangular prism partially filled with water (or sand or salt
or some other convenient substance). By measuring the length and
wldth of the contailner and the depth of the water, the volume of
water can be found. Now immerse the stone and determine the
new volume. The dlfference of the volumes is the volume of the
stone. In practice it is often a problem to find a suitable
rectangular container. Sometimes toothbrush contalners come in
this shape and would do for small stones. Rectangular aquariums
are godd if you can find one and want to measure a good sized
stone. If salt or sand is used as material, plenty of cardboard
boxes are available.

245
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In the experiments to find the number of cubic inches in a
liguid pint or in a bushel, the theoretical volume of the liquid
pint is 28% cu. in. and a bushel is approximately 2150 cu. in.
Possibly the bushel problem could be done by a few students as
an outside project. o

Answers to Exercises 8-2a.

1. 52 square units
._;152 square inches

2
3. 230 sq. ft., 25% sq. yd.
M

Area of glass is 200 sq. in. = 1%% sq. ft.
Area of wood 1is 1100 sq. in. = 7%% sq. ft.

5. (a) 180 squares of tile
(b) 720 squares of tile

6. 396 sq. ft. No, it does not matter where windows
are placed.
3 quarts
312 in., 26 ft., 82 yds. ’

3
9. 1944 sq. in., 13-%- sq. ft.

|

*¥10., S = 2/w + 2wh + 2fh or S = 2(&w + wh +£h)

11, e = 4.+ 4w + th or e = 4(.Z+ w + h)

|

12. There are 6 sq. ft. of surface to varnish on each box,
sc 300 sq. ft. to varnish in 31l. One pint of varnish
will cover 72 sq. ft., so 2 gts. will cover 4 times -
as much or 288 sq. ft. This is not enough, so answer
to problem is no. .
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Answers to Class Exercises 8-2

1. Cubilc foot - cubical solid each edge of which 1s 1 ft.

Cubic yard - cubical solid each edge of which is 1 yara.
Cublc meter - cublcal solid each edge of which 1s 1 meter.

2. 24

3. The number of cubes .r each of the new solids is just
double that in the c:'!..!'nal solid.

4. Doubling one measurement (length, width, or height) of
any rectangula:- rr» m doubles the volume of 1ts interior.

5. Ratlo of number oi .ubes in new solid to number in
original soiid 1s '%. That 1s, there are 4 times as

.many. The result would be the same 1if any two of the
measurements are doubled.

6. Doubling any two measurements of any rectangular prism
guadruples its volume (i.e. muitiplies it by 4).

7. Ratlo is T ‘That - 1s, there are elght times as many.

8. Doubling all three measurements of any rectangular prism
ylelds a prism whose volume 1s § times that of the
original prism.

9. BRAINBUSTER. The ant must crawl so that if the plates

were flattened out into a single rectangle as shown
his path would be a line segment.

8
2t
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Answers to Exercises 8-2b

1.
2.

5.

T.

85 cu. ft.
20 cu. ft.

The number of cubic urits of volume 1n a rectangular
prism is the product of the number of square units of
area in 1ts base and the number of linear units in i1ts
height. .

2 ft.
20 sq. ft., 2880 sq. "n., 2% sq. yds.

If x *stands for the number of square feet in the end
\hase' the number sentence is 13x = 260.

Volume of room 1s 1600 cubic feet.

30 children would require 1500 cubic feet, so 30
children 1s a legal number.

Greatest legal number of ~hildren 1s 32.

V = Bh

Answers to Exercises 8-2¢

1.

2.

" Volume 1s 748 cu. in.

Area of wax paper 1s 431 sq. in.

No. Volume of 1st trunk is only 9 cu. ft.
Yes. Volume of 2nd trunk is 10 cu. ft.

—

The number of cubic units of volume of a rectangular
prism is the product of the numbers of linear units in
the length, width, and height.

V =4Zwh

The number of inches in each edge of a cubic foot is
12, so the volume is V =12 - 12 - 12 = 1728, or

-’
......

1726 cu, in. There are 27 cubic feet in a cubic yarc.

e
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11.
12.

13.

14,
15.

16.
17.

18.
19.

243
(a) Volume is 27 cubic inches.
(b) Larger
fc) No, if 2 1is less than 1, 1t 1is false.

%- inch

Yes, the volume 1s 23 - 37 . 59 cubic inches.
Volume of new prism is 46 - 74 - 118 cubic inches.
46 - T4 - 118 =2 + &3 -2 .37 .2 . 59 =

2.2 -2.25 37 %59=2> .25 .37 + 59
Second volume is 2° or 8 times the first.

If all measurements are tripled the new volume will be
27 times the old volume (27 = 33).

If two dimensions are doubled and one tripled the new
volum2 will be 12 times the old volume (12 = 22 < 3).

Veight = £0,500 1lts. or 20% tons.
Volume ~ 189,000 cu. ft., 7000 cu. yds.
2 min.

fg mi. 1s the’same as 110 yds. It 1s less than the
distance between the end 1lines of a college football
field (120 yds) but more than the distance between
goal lines (100 yds). Number of people: 133.100.

Depth s 1%-ft., 18 1n.

Welght of gold is 2250 1bs. Men can 1ift 2000 1bs.,
so they cculd not 1ift t.« <hest.

1728 in., 144 ft., A48 yds.

There would be space for 545,177,600 people. You
could accommodate the population of the United States
or of China, but not both at once.

1l cu. mi. = 5,451,776,000 cu. yds.

183%-cu. in.
107 and 10f; 4 and 55 3¢ and 32.
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20.

10f in. Dby 4% in. by 3% in. (smallest)

10% in. by 5% in. by 3% in. .(largest)

Voiume of smallest prism is 158%% cu. in.

Volume of largest prism 1s 211%% cu. 1in.

Difference between smallest possible true volume, and
answer to Problem 19 1s 25%% cu. in.

Difference between largest possiblé true volume and
answer to Problem 18 1s 27%% cu. in.

Greatest possible error 1n answer to Problem 19 is,

therefore, 27%% cu. in. The volume is (183%-i 27%%)
cu. in.

Answers to Exercisz>s 8-2d

2.
3.

154 sq. ft. of carpet. Volume 1386 cu. ft.

Volume of pantry is 180 cu. ft., volume of deep freeze

is 42 cu. ft. Remaining space is 138 cu. ft. or
3 :

5§ cu., yd.

Answers to Exercises 8-2e

1.

(10)(10)(10) = 1000. There are 1000 cubic millimeters
in 1 cublc centimeter.

(100)(100)(100) = 1,000,000. There are 1,000,000 cublc
centimeters 1n 1 cublc meter.

(1000)(21,000,000) = 1,000,000,00C. There are
1,000,000,000 cubic millimeters in 1 cublic meter.

(3)(3)(3) = 27. The volume of the 3 centimeter cube
1s 27 cublc centimeters. The volume of the 3 centimeter
cube 1s larger than 3 cublc centimeters.

[pages 328-331]
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5. 2[(2)(3) + (2)(1) + (3)(1)] = 2[6 + 2 + 3] = 2(11) = 22.

The total surface area 1s 22 square meters.
The total volume is 6 cubic meters.

6. (a) (5)(4)(3) = 60. The volume of the room without
the closet 1s 60 cubic meters.
(b) (1)(1)(3) = 3. The voiume of the closet is
3 cublc meters.

(c) (a)-(b) 60 - 3 = 57. The difference in
volumes 1s 57 cublc meters. R
(d) Yes. '

8-3. Other Measures

Students should not be left with the impression that length
1s the only item that is measured. This chapter has dealt largely
with length, area and volume. .Some time was spent on angle

measure and students are familiar with time, temperature, and
welght as measured quantities. The limitatlon of time forces a
choice between a casual and inadequate treatment of many measures
and a more thorough treatment of a few. A real understanding

of measurement concepts should make any future work with other
measures simpler. To overcome the impression that only lengths,
areas and volumes are measured, a short section on time and welght
1s included. i

The distinction made in the student‘text between computing
with numbers and computing with measurements should be emphasized
though not belabored. Note that we actually give new meanings to
"equals," "add," etc. This type of procedure is quite common
further along in mathematics.

Seventh grade students have had some experlence adding and
subtractl: g measured quantities. The explanation given here
should be :ireated as review. Subtraction provides an excellent
oppertunity to strengthen the student's understanding of place
value and the base of a number system. This can be brought out

"rages 331-334]
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by showlng that in subtracting'méasures, a procedure simllar to
subtracting numbers 1s used. In base ten, when a diglt in the
minuend 1s too small for the step 1n sub;raction a one 1n the next
larger place 1s exchanged for ten of the smaller. Similarly,'when
necessary in subtracting measures, one large unit 1s exchanged

for its equlvalent iIn smaller units. The complete lack of system
in the relationships between various units of measure offers an
opportunity to review number bases by showlng what bases would be
convenient to use for a specific set of two related units. Tnis
should appeal to the brighter student.

Multiplicatioh and division of measured quantities by a
number will be new for most 7th grade students, but should cause
1ittle difficulty. Some of the better students will benefit from
dividing composite quantitiles without_changing to the smallest
unit. An 1interpretation of the meaning of the remainder should
be required. Practice 1n simple conversions 1s an essential part
of this process, since remalnders must be changed to the next
smaller init in order tc complete the problem.

Some of these conversions provide considerable practice 1n
fundamental arithmetic operations; unlts of area and volume
_require large numnbers. .

You will notlice that without additlonal comment we have
referred to the gram as the unit of mass, not welght, in the
metric system. It was thought best not to lnvolve the puplls
in a full-scale discussion of this point here. An adequate
treatment of the ideas belongs in a high school physics course.

It is likely, however, that some of your pupils will ask questions
about this terminology, and you will want to know how to answer
them correctly, if not in complete detail. The followlng dis-
cus§ion should be adequate for this purpose. Should you wlsh more
information on the subject, you might refer to Physics, Volume I,
prepared by the Physical Sciehce Study Committee of Educatlonal
Services, Inc. (This is the first volume of the so-called M.I.T.
course for high school physics students.)
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What 1s the welght of an object? It 1s a measurement of the
force or "pull" of gravity on that cbject. An ordinary bethroon -
scale measures thils pull by the amount 1t stretches, or twists, a
spring. We think of weight as measuring the "quantity of matter"
in an object, 1ln some sense. A box of lead welghs more than the
same box filled with feathers because the lead has a greater
"quantity of matter" packed into the given volume than do
feathers. There 1s another way to measure the "quantity of
matter" of an object. This is to compare the object wlth some
standard, or unit, bodies on a balance. If we have a supply
of identical objects called "“grams" we can determine the number
of these "grams" 1t takes to balance the box of lead. This number
of grams we call the mass of this much lead.

These two different ways of measuring "quantity of matter"
can be used lnterchangeably for most purposes in any one fixed
locatlion, but they are not, strictly speaking, measurements of
the same thing. Welght depends on the nearness to the center of
the earth. The pull of the earth--gravity--on the bex of lead
would be much smaller 1n a space sialp as far from the earth as
1s, say, the moon. The weight ¢f the lead would be much smaller
there. However, the lead wculd balance the same number of "grams"
on the space ship which 1t balanced on the earth (the "grams"
would themselves weigh correspondingly less) so its mass would
be unchanged. To summarize:

Welght 1s the pull of the earth. It changes as
the distance between the object and the center of
the earth changes.

Mass is a corparison of the object with a set of
unit bedies. It does not depend on the position
In space where 1t is measured.

253
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We humans are normally restricted to a very narrow range of
altitude above sea level, and with that restriction, we can think
of weight and mass as having a definite fixed relationship. (It
is tempting to predict that as we enter the space age and are
released from these restrictions, weight and mass and the dis-
tinctlons between them will become subjects for household
discussion.) In the English System weight 1s measured in pounds,
mass in slugs. An object which has a mass of 1 sluvg has a
welight of approximately 32.2 pounds at sea level. The weight
in pounds of ény object 1s approximately 32.2 times its mass in
slugs. The hore'common unit in this system, of course, is the
pound. In the metric system, when mass 1s measured in grams,
weight 1s measured in dynes. An objectv whose mass 1s one gram
has a weight of approximately 980 dynes at seo level. The
welght of this same obJect in the English System would be
approximately 0.0022 pounds. As you probably know, the more
familiar unit in the metric system is the unit of mass, the gram.

In the text we have introduced only the more familiar units,
pound and gram. This has made 1t necessary to use both words,
mass and weight., You must judge for yourself how much of the
above discussion of the two ideas you will use in your classroom.
If the subject does come up, however, be sure to make one point:
both mass and welght can be measured in either of the systems of
units, English and metric. If you fail to point this out to the
pupll, he may interpret the discussion in the text to mean that
weight 1is something‘measured in the English system and mass
something measured in the metric system.

Answers to Exercises 8-3a

1. (a) g%i cu. in. or 57% cu. in.
(b) Yes

S (c) Often there is a roof-shaped top containing the
pouring spout but not filled with milk.
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2. Less than a quart by 2%% cu. in. (Volume of contalner

is 54%% cu. in.)

5. The same volume oﬂ'different materials have different
welghts. The old Saylng 1is roughly true for water,

Y. (a) 64%%%‘cu. in. (Remember, however, this result is
' not as precise as the form makes it look).

(v) 67% cu. in.
(¢) No
-5
5. (a), 3535 cu. in.
(v) 33%%-cu. in.
(c) The vox holds l%g Cu. in. more than it should.

6. Presumably in measuring dry quantities such as berries
and the like ther. are air spaces not filled with any-~
thing, so this is compensated for by increasing th
total volume which 1is to be called a quart . '

T. Save $1.07 by buying the bushel .

- Save $0.25 by buying the bushe] .
> 1.7 ., _23
9. Height should be 9% in. 75 h = —%—
10. 11 in. by 7 in. by 3 in.

Answers to Exercises 8-3p

1. (a) 6 hr., 45 min.
(b) 405 min.

(c) Sog-min. However, 1t should be pointed out that
~"passing time" would make these periods shorter.

(a) 57g-m1n.

255

[pages 335-338]




250

2f 1269 hr.
2. 10 days .
L, 4 nhrs *
5. 2184 1b.
6. Brand B 2 0z. more.
7. (a) 420 oz
(b) 26f 1b.

(d) 1% cans

(e) Brand B. Brand A costs $6.30. Brand B costs
$6.16. Thus Brand B costs 14¢ 1less.

8. (a) 8 Tons
(b) 16,000 1b.

9. (a) 21 million grams
(b) 1,000 kg.

10. BRAINBUSTER. A cubic foot of water. Water welghs
approximately 62% 1bs. per cu. ft. while ice welghs
about 57% l1b. per cubic foot. Seventh grade students

"are not expected to be aware of specific gravity but
some may be aware of the fact that ice floats.

. Answers to Exercises 8-3c

1. 10 hrs. 10 min.
2. 1€ yds. 11 in.

3. 15 gal. 3 qts.
L, 28 hrs. 6 min. 8 sec.
5. 13 sq. yd. 3 sq. ft. 119 sq. in.
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11.
©12.
‘ 13.
1k,
15.
16.
“17.
18.
19.

20.
o1,

251
11 cu. yd. 3 cu. ft. 807 cu. in.
(a) ©22; 2ft. 5 in.

(b) One ten was exchanged for 10 ones; cne foot was
exchanged for ‘12 inches. In base ten, "1" in any
place can be exchanged for ten in the next smaller
place. In measures, one large unit can be
exchanged for its equal in smaller units.

2yd. 2 ft. U4 in.

1l hr. 35 min.

2 gal. 1 qt. 1 pt.
2yd. 2ft. 7 in.

2 sq. f£t. 79 sq. in.

6 cu. yd. 1717 cu. in.
31 hr. 30 min.

121 yd. 2 ft. 9 in.
1146 gal. 3 qt.

79 hr. 38 min. 45 sec.
102 T. 804 1v.

728 sq. ft. 146 sq. in. or 80 sq. yd. 8 sq. ft.
46 sq. in.

47 min.
‘2yd., 1 ft.
Division without changing units.
2 yds. 1l ft.
10 )25 yds. T It. -
20

3 yds. = ft.
ft.
10 ft.

[pages 341-343)
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22.

23,
24,

25.
. 26.

27.

203 1b

2 qt. 1 pt.

39 sq. in.

58 cu. in.

(a) Pints and quarts
(b) Feet and yards
(¢) Ounces and pounds
(d) Hours and minutes

BRAINBUSTER. 3 oz. @- 0z. is -}r of the total weignt;
4 x %-= 3)

Sample Questions for Chapter 8

Select from this list. There are too many questions for one-test.

I. Multiple Choice, Completion and Matching

(b) 1.

(e¢) 2.

A hall 1s 6 feet long and 2% feet wide. How many
square yards of carpet will cover 1it?

(a) 17 (@) 55
(p) 1%- (e) None of these

(e) 15

The volume of a 4-inch cube is:

(a) The same as 4 cu. in.

(b) Smaller than 4 cu. in.

(¢) 16 times as large as 4 cu. in.
(a) 4 times as large as 4 cu. in.

(e) None of these
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(v) 3.
4,

7

2

1

3

6

6, 5

12,8

3 6

2

4 7
8.

8

253

2 cu. ft. are equal to:

(a) 2% cu. 1in. | (d) 18 cu. yd.
(b) 3456 cu. in. (e) None of these
(¢) 266 cu. in. '

Choose from the right-hand column, the term which best
describes each term in the left-hand column and write
its number on the line. '

(a) Face of a cube

| =)

Ray

(b) Side of a rectangle 2. Line segment
(e) .Side of an angle 3. Point
(d) Intersection of edges of a 4. Line
rectangular prism____ 5 Plane
(e) Face of a rectangular prism _ 6. Rectangle
7. Square
A reétangular prism has faces, edges, and
vertices.
A rectangular solid 1is dimensional while any one
of its faces 1s dimensional.

If the length and width of a rectangle are doubled,
the area of the new rectangle is times that of the
originai one. ’

Which of the units in the right-hand column would be
the best to use to measure the thing listed in the
left-hand column? (A unit may be used more than once.)
Write the number of the unit 1in the right-hand column
on the line in the left-hand column.

(a) Air space in a room. 1. Degree
(b) Linoleum needed to cover a 2. Foot
shelf. A 3. Square foot
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4 op - (c) Amount of water in a 4, cubic foot
small aquarium. 5 Mile
2or7 (d) A clothes line.__ 6. Square mile
4 (e) Space in a refrigerator. 7. vard
1 i (£ An aﬁgle‘—u- 8. Square inch
" 9. Cubic inch
Any 9. cim has 26 feet of left-over fencing to use around
igggths Lswe @ Small garden. Give two different sets of
that add dimensions he could use. Find the area of the
to 13!, a " :
Areas will garden 1n each case.
vary.
10. A rectangular prism is 8 ft. long, 2 ft. wide and
24 sg. ft. 5 ft. high. The area of the largest face 1s__
48 cu. ft. sq. ft. The volume of the prism 1s cu. ft.

2592 12. An area 1s found to be 18 sq. ft. This 1s the
sq. in.
2 sq. yd.

same as sq. 1n. or sq. yd.
ITI. Problems.
1. (a) Draw a rectangle 2% in. by 3 in.
10%" (b) Find the perimeter of this rectangle.

7%-sq. (¢c) Find its area.

2. A sand box 1s 3 feet wide and 4 feet long. How many
10 cu. cubic feet of.sand are needed to fill the box to a
depth of 10 in.?

3. An aquarium is 14_1nches wide, 22 inches long and
9 in. holds 12 gallons of water. How deep 1ls the water?
(1 gal. = 231 cu. in.)
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*4 . A rectangular playground is 180 ft. by 330 ft.

59,400
sq. ft. (a) What 1s its area in square teet? In square yds?
6,600 sq.
yd.(b) What is its perimeter?
1020 ft.

$5,940 (c) What would it cost to put blacktop on the play-
E
: ground at 90¢ a square yard?

$1552 .50 (d) A fence 1s to be put arouni the two short sides
and one long side of the playground. Vhat would
this fence cost. at $2.25 per foot?

5. A chest 1s 30 inches wide, 2 feet high, and 5 {eet long.
55 sq. ft(a) Find the area of the surface.

No (b) A small can of-stain will cover 30 square feet.
Is one small can enough to stain the top and sides?
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