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ABSTRACT

Using the “How to Solve It" list‘aeveloped by Polya as a
vehicle of comparison, research findings.and key concepts ;rom
lthe psychological study of.problem solving ére applied to
mathemétical probiem solving. Hypotheses conéerning the inter-
pretation of psychologiqal phenomena for mathematical problem
'situations are explored. Severéi'areas of negéed research with-
respect to the‘solufion of mathematical p;obléms are discussed.
Three eiements of Pblyafs list are.identified as having primary
imp0rt§n§é in the solution prpcess. It.isla;guedfthat psycho-
logical:résearch_doés not_éuéport Ehe'usefhineSS;of:”deVisihg a
plan, " ‘but rather impiies that probler_n"'s_:'fé_‘.luﬁigp' is faéj_.li.ted _bl;

the restructuring of data.
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PROéLEM SOLVING: POLYA'S HEURISTIC APPLlED TO .
PSYCHOLOGICAL RESEARCH ' ]
T ' ' ,
The nature of the problem solving process and of optimal
methods of training individuals to solve problems have been
subJects of speculation, introspection, and controlled research
‘among scholars as diverse as philosophers, mathematicians, ex—~

i

perimental psychologists, and educationists for a long time.

However, the,specific questions and conclusions of.theorists and -

reSearchers from any one of these groups seem not to have
' influenced greatly.the work'of those'from other'disciplines._
There are many good reasons for this,-ranging from" fundamental
. differences in obJectives through difficulty in interpreting
data across fields.' 4 S '
The purpose of this paper is'to'integrate,some.of:the
findings of experimental'psychologists, educational researchers,

Cvilo -
and mathematicians in order to test- the~theories'of.one,group

~against themfindings of the others._ Although the laboratory
findings of experimental psychology are generally not directly
applicable to the mathematicslclassroom, this comparison and
analysis reveals many potential relationships between these

situations, as_well as a multitude of hypotheses concerning the

processes by.which students succeed or fail in the solution of

mathematical problems. 4 ' o
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The basic vehicle for this comparison is Polya's heuristic

as described in his book How to Solve It (1955). This approach

to problem solving, developed by.an esteemed mathematician and
teacher of mathematics as an aid to students in solving

problems, is-p:ﬁbéﬁ%y-the most influentiai volume on heuristic
and its application to the mathematics classroom. Psychologists
seem ndt_to have'éaid a great deal of attention to this work,

but as shall be shown'bglow, the_g_2riori~p1ausibility‘of Polya's
system as a ééneral problem solving method, as %ell as its |
génerality of statement, admit fhe possibility of claSsifying

and e#amining expérimental problems and-the findings of
psychologists according to this outline. Beééuse psychological

researches can be so classified, it is possible to use the

) <

empirical data from thesé studies to examine the general
validity of the "How to Solve It" scheme, bringing the contri-
butions of mathematibians and psychologists together in a

single focus. - -

Polya's "How to solve it list®

Polya's listing of steps in problem sdiving includes four
‘basic stages; each stage except the third includes several
substeps. The short version of Polya's listing to be uséa here

'

is as follows:




IL Understanding the problem
' ' A. What is the unknown?
B. What are the data?‘
C. What is the condition?
II. Devising a plan
A. Think of a related problem |
B. Think of a problem with a similar unknown"
C. Can you resfafe the problem?
III. Ca;ry out your plan
IV. Examine your résults
The generality of Polya'slsysteﬁ is evidehced by'the verﬁacular
‘(1.e., non-mathematical) form of the direétiéés oﬁtlinea_above.
This geﬁérality allows‘the'classification offinformation‘
and eventé connected with the solution of a wide variety of
speéif;c problems. In table 1, six éroblems are outlined
according to this sysﬁem.' The fifst'threglof thése problems
lfrhave been used frequently in classical psyéhological research
von problem'éoiving; the fourth problem is the Cryptarithm uéed
by'Newell and;Simon,(1972) in their work on human informgtion
processing. The final two prsblems.are-problems in .algebraic-
arithmetic reasoning whi?h have also been used in studies of

problem solving. ‘



. The "two—string" problem is a classical example of an

ST N

"insight problem.“_ In it the would—be problem solver is faced
with the task of tying together the ends of two strings which
hang from the ceiling; the lengths of the strings and the dis-
tance between them prohibit the subject from simply securing
one and tying it to the other. In order to solve the problem
he must use an object in the room (frequently a-wrench) to make
a pendulum of one string, ' : l"‘ ' o

‘The "water jar" problems, first studied.by Luchins and
Luchins (1v42, 1950), are familiar to many people as puzzles. )
In a typical problem the subject is asked'to describe a
procedure for measuring 5 gquarts of water given- three Jjars with
capacities (a) 18 quarts, (b) 43 quarts, and (c) lO quarts.

In the "Towers of Hanoi“ a subiect'is presented,with'a
board on which three posts are mounted- on one post is a stack
of discs of different sizes, piled according to size. The
problem is to transfer the entire stack to another post by;_
moving discs one at a time without ever placing a disc on top

of a smaller disc. This is to be accomplished~in,the_least,_

possible number of moves.



The cryptarithmetic problem:

DONALD D=5

+GERALD

ROBERT
is ‘discussed in’gréat detail by ﬁewell and Simon (1972) as an
example'of the iﬁformation érocessing technique.bf problem
volving. 1In theory this prqbleﬁ could be séived‘by linear
o - _
alggbré{ but this sblution method is quite complex and sub-

jects do not use it. However, subjects do sometimes use
. : [

algebraic notation and singletons or pairs of equations in the

solution process.
' The problem of the Donkey and the Mule was used by Buswell

‘in his 1956 study of mathematlcal problem solving.
A donkey and a mule were ladgn w1thvine; If 1 gal-
lon were taken frommthe'donkgy and placed on the back
of thé mule, theé mule would have.double'the load of
the donkey.. : But if 1 gallon were taken from the mule

and placed on the donkey, the two animals would have

equal burdens. HbW”ﬁény gallons of wine did each .
' .

animal carry at first? (Buswell, 1956, p. 102)
, | ’

This problem can be solved by simpJe algebra of one or two vari-
' - - C o

ables or by "reasoning.f. Buswell's'study,revealed that very

few subjedts (high school and college sthdents) were able to ;

8 o
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solve this problem on the first attempt, and that more sﬁbjects
uysed “logical” than “algebraic“ methods in constructing cofrect'
(or incorrect) solutions. ’
.The final problem listed in the table was used by Paige and
Simon (1966)- in their étudy_of cognitive processes involved in

solving "algebra word problems:"

A car radiator contains exactly 1 liter of a 90 per

| ° .

cent alcohol-water mixture. What quantity of water

will éhange the liter.to an 80 per cent alcochol

mixture? (Paige and Simon, 1966, vp.— 119)
This problem is ambiguous in thaﬁ it can bé intefpreted.to mean
that water can be added to dilute all of the'éurqgnt solution
or,-aiternatiQely, to mean that some of the’90 per ceht solution
is to be removed and replaced by water. Under either ihterpre-
tation the problem is readily solved by élgebré (one variable).
The ekperimenters do n9£ report any subjects éélving or
‘attempting-£3°solve this problem by means other than algebraic,
sométimes with accompanying figure. _ . |

These'problems have been diséected.acqording'fo “best-fit“.
' with.Polyais list. Reading down Table 1 we are able to make
some g_griori éompérisons.among the proﬁlehs-and to relate the
gxpefimgnﬁal findings with respect.to somé aspeqt.oonne problem

with findings, hypotheses, or questions about the others.

9



Understanding the Problem

In Polya's analysis‘unGEIstanding 5 Problem involves the

determination of three categories‘or information: information
‘concerning the definition of the "unknown," information in the

form of data, and information concerning tne relationships among
the data and unknown which define the problem (conditions).

In all of the problems outlined above the defininion of
the unknown can be assuméd to be well understood by the subject.
In these proolems the goals_and unknowns are virtually identical,
and experimenters in making:clear_tne goals of the problem have
also elucidated the nnknown. (There do exist ‘studies of

 situational problem solving in which the nature of the unknown

is less clear to the subject, however.)

. ' |
What are the data?

The definition of'"data" used'in'this paper is intention—
ally broad; "data" is taken to include not only numerical in-
formation, but also the content of experimenter directions and

| the characteristics of any materials made available_to the
'.subject. | g

In psychologists' discussions of insight_prople@s the
construct "functional fixedness" refers to ‘the failure of
subjects to see an obJect ordinarily serving one purpose as

‘relevant to the resolution of a situation in which it might

}'»,, - 10‘ - ,




serve another purpose. This.phenomenon is classified here as
related to the subjects' determination of'available data.} Under
th1s v1ew, subjects who fail to solve the tWo-strlng problem
may do so because, although they have the datum "wrench" they
do not, have the datum "steel object welighing about two poun'ds."
| A.related phenomenon seems to occur in some subjects'
treatment of quantltatlve problems in that subjects appeat to
see some part of the data as “flxed" by one stated relation-
sh1p, and, therefore, to relate this data improperly, if at - s
' all, to the remainder of the data in the problem. ‘A striking
example_of_thls phenomenon appears ‘'in galge and simonﬁs report
of a subject's attempt to solve the alcoholewatef.problem; it
shows.a case in which addition is inflexibly used. This
subject's-model of the problem seemed to be “(initial mixture) +
(water added) = (final mixture)*; her data then became
“.90 + x = .80" which she wrote down. This subject was unable
R - . .
' to solve the problem, apparently becanse she “fixeq" fhe.addi;
i,tive relationship of water andvsolution. |
In a slightly diffeient instance 11 of Buswell's'61 subjects_
read the data in the donkey and mule" problem in a way that led
them to choose - - -

“There can be_only one gallon on each animal tb.beg;nb

-~

with if the mule's_load is doubled after moving one

w >
gallon fron. the don?ey to the mule.,_

ot




from among six "basic assumption" alternatives. These subjects

seem to have (erroneously) fixed the doubling relationship; the

o

.effect of shifting wine from the mule to the donkey does not

effect their thinking with regard to the first transfer at all.
Paige and Simon (1966), presenting 4ubjects with self-

contradictory problems, had seueral suhjectsgaho”failed to £ind

the contradictions; the protocols given for such subjects seem

to show non-integrative analyses of the problems. These

" researchers hypothesize that in making operational definitions

of variables these subjects identified all noun phrases contain-
ing certain key words. A;t seems clear from the orotocols and
the experimenters’ analyses.of them that subjects who failed to.
find inconsiStencies did so because they "fixed" variables in
accordance with certain salient reélationships and failed to
consider appropriately‘any other restrictions on these variables.

. » i . :
Two fundamental sets of questions about the nature of

mathematical problem solving emerge from the observationAof

this relational fixedness. The first questions concern the
nature and eXtent of such fixedness. Most mathematics'teachers
would agree that 20 the response obtained by fixing the

relation “twice as old as" would be a popular response to the

problem “Jane is twice as old as Bob; in five years Bob will be

H
-
¢

10, . How old will Jane be in 5 years?" similar examples have

12
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been studied by Nesher and Teubal (1975). Yet.little is known:
about the interaction of individuals with relations of this
sort. Do some individuals tend to fix many relations, or do
some relations tend to invite "fixing?l /

The second family of questions arises from comparing results
of experimental studies of functional fixedness with the findings
of Paige and Simon (1966), Buswell (1956) and others to the
effect that subjects do not always (or even usually) spontan-
eously detect incompleteness or inconsistency in data.}
Psychologists studying performance on insight problems have
observed similar failure of subjects to qoontaneously discoyer
(or.use) properties inherent in objects. at their‘ﬁisposal for
use in solving problems. ‘However, Saugstad and Raaheim (1958)
found that subjects who ﬁhad" the data that-a newspaper.can'be
used as a tube and a nail as a hook Qere~able to.solve an
insight problem while subjects who did not list'these as possible
functions of the paper and nail were not. .With this_finding in
mind we might ask whether~Paigevand‘gimon's'subjects "had*

, the notions “extraneous root" or "insoluble equation"; more
generally, does "having" certain bits of'nathematical theory'
and knowledge help in.solVing algebraic problems?

PSCE



Data Seeking

'In several studies'oﬁ mathematical problem solving behavior
there is a question of thelreleQance of various'data available
to the subject (Buswell, 1956; Forehand, 1967; 3imoldi; et al.,
1962; l964;.Gormly, 197l). Buswell's data, taken from a
questionnaire in which subjects'were asked to identify relevant
and irrelevant facts included in prohlem statements, indicates
that high school and college.students are not’ very efficient in.
.suchAidentification (Means: 6.5 of 10 relevant and 5.3 of 10
irrelevant facts correctly labelled), and thatlcollege students
perform no better than high school students on this task.
'Moreover, three additional pleces of lnformatlon were needed to
solve Buswell's problems; in the mean subJects were able to
point out only 1.2 of these mlSSlng facts.

Rimoldi et al. (1962, 1964) and Gormly (1971) have studied
snbjects search for addltlonal data by prov1d1ng a mathematlcalr
problem followed by a series of relevant and irrelevant ques-
tions whose answers can be obtained by removing tabs from the
problem sheet. iRimoldi and his psychometric group have.been
especially 1nterested in training subjects to ‘be more selectlve
in the choice of information for consideration, and have shown
that sueh training is feas1ble,.while Gormly's interest has been

chiefly in inVeStigating the relationship of the personality

14
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trait "comprehcuslveness“ to the number of questlcns selected.
The data of these autho:s clearly suggest thatpmany subjects
do not use,strictly logical criteria_in discriﬁinating between
'televant and irfelevant data.for.the solution of mathematical

problems.

What Is the Condi tion?

The conditions explicit in the'statements of the problem

o _

considered in Table 1 seem to be understood by the subjects.
Newell and Simon's cryptarithmetic. subject S3 requests (and
receives) clarlflcatlon‘of conditions at the outset of his
protocol and later when he asks whether it is posslble“to =
vhave a-digit preceding ROBERT;-HAt times he seems to be
clarifying the condition for himself.

Palge and Simon do not report that the ambiguity of the
alcohol and water problem caused subjects any difflculty, J

\

appa;ently subjects made an interpretation of_the eondlt;on
and‘p:oceeded to work w;th that intexpretation. ”

‘As observed above, some subjects, faced with contradlctery
data (Palge and Simon, 1966) did not cons1der the‘"p0531billty"
condition implicit in the problems of the sort presented

A related phenomenon. seems to oecur ;nnexperlhental

' Studies of the solution of non-mathematical problems; one

1B
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example'ocgurs in Wiér's (1971)'repo:t on'tﬁe'problem “get as
maﬁy marbles as you can." For this experiment Wier built an
apparatus which dispensed marblés thrcugh onelof ﬁhree holes
if the épp;opriate button weré pushed at the right time.
Marbles wére dispensed gy the experimenfer randomly subjéét to

the constraint that: two-thirds of them went to hole number one.

v

to maximize their gains, but'aduitsp apparently believing.there
had to be a non;;;ndom solution, did not.

This phenomeﬁon-éould well be related to tﬂe failure of
Paige énd‘simon‘s subjects to find inconsistenciés_iﬁ their
data; the latter may have felt that there "had to be" an |
lalgebraic solution, and therefore accepted their equations as
solutions. for éome subjects the mere stéteﬁent o{ a problem
may imply the condition "thereris a solution in a standard
-algebraic_form.“_ ;ver a long pefiod many writers on éroblem
solving in‘the %chopls have crificized’the problem sets
typical of m;st textbéokséhd courses as nurturiﬁg this expec-

tation (Diiworth, 1966: Henderson and Pingry, 1953; Thorndike,

1922; and a host of others).

16
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Devising a Plan .

The second major step in problem solving.as ouhlined by
folya entails fhe planning'of a<§oluti6n.methqd. Polya's
advice in this connection is that the would-be problem soiver
search his memory for a related p:oblem, restating the
problem, if necessary, to find a relevant solution method.

The evidence.of psychologists' subject protoqols does not -

. support the notion that planning qf'thé'sort suggested by Polya

is a natural component of subject behavior during problem

solving. The pxotoébls published by Newell and Simon (1972)

anq Paigé and Simon (1966) provide no ev%dence fér this type .

of planniné, and, in fact, the extensive proﬁécol for subject

s3 éoiving'the crypég;ithm DO N“A_L D+GERALD + ﬁ OBERT
sdes conéiderable évidenée of apéarently random gfforts tq

gain insights into parts of the problem. Nowhere in the

« .
licit plan for moving from one step

protocol doeshs3fstéte-an éxp

of the_solﬁtioﬁ'to another.
Gagne and Smith (1962), on the otﬁer hand,-have'shdwh.

that subjects qéh‘bg encouraged to improve performance by. ;}

'verbalizing--at least for the Towers of”Héﬁ§i+§a§d that the

developﬁenﬁ of a strétegy:doeé seem to eAhaﬁcé subjects*

performancg on ﬁore compléx (iﬁe.,Amore discs) prob;ems'oﬁ Fhé

same sort. These experimentefs assigned subjects to four.
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groups for training on this problem with 3 and 4 -discs.
Subjecfs inltwo of these groups were instructed tovverbaiize
their solution processes, giving'réasons fqr each move. More-
qver; one verbalizing group ana one non~verbalizing gfoup.were
instfucted to Fry'to devise a general strategy. Ali groups
.were'then‘given the five disc problem with the result that
verbaiizers used only ?.9'(strategj group) and 9.3 (non
‘strategy) movés more thén the minimum thle noﬁverbaiizers
made 48.1 and 61.7 extra moves, respecﬁively.. Itlis'clear
from these data that the verba}izeré had a considerablev
advantage; it seems that those subjects who workéd.bn a
_general‘strategy may have had.somé SIigPt*advé;t;;elalthough
thésé‘differencgs.are not significant.yféll of the verbalizers
were qblg.to;state é complete (6) or parﬁial.(B) Qerbal érin- :
" ciple for soivihgfthis problem, wﬁeréas'oniy.7 of the'}4 non—
verbaiizérs were able to étaée a paftiél priﬁcibie (of these 7,
6 wére in the strategy group. o
‘ Evén if Gagne and Smith's Qata is aécepted-as.dembnstiat-
- ing sdmé ;dvaptége fbr‘plaﬁﬁiﬁg solufion;, these same invesf

' tigatoré prov;Se indirect evidence fhat dééailed plannin§ is
_hot ihhergnt in the solution pfocesseslof naive'subjects,

Many of the reasons given by thé,ve;baliéihgiSs“fo; movesvﬁéde

in thé three- and four-disc problems were cléssifieé as-"just

- . P——
N s
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to try it," "don't know why," or “the only possible move."
- Some subjects did_verbalize movesfin the direction of an
immediate subgoal, e. g., "to free up a- space" or Qto get at a:
larger disc."‘ Gagne and Smith do not report any evidence |
that subjects who mentioned subgoals had an advantage over
‘ subjects moving.one piece at a time. |

A problem in some senses similar to the Towers of Hanoi
was used by John Hayes (1966) in his'study of subgoals as a
part of the solution process. Hayes' spy problems are based
on the notion that not all spies in a spy-ring can communicate
‘ directly with each other.. In these experiments subJects first
'memorize a list*of eleven pairs of spies who;may talk.to
each.otherf which they learn to a stiff criterion.‘ They are
then_given tasks'such‘aS'FGet a message from Shower to Horse,"

. . R - ]
and the solution time is measured. 1In order to determine

whether subjects were planning a strategy for delivering the'
message or simply moving it one step at a time, HayesJintro—
duced subgoals by altering the problem statement While ‘some

| subjects were given a problem such as "Get a message from Joe
to Cat " for others the problem statement was modified to
include necessarx steps in the solution process yielding, for.j

example, "Get a message from Joe through Ape and Waterfall to'

cat." The addition of this subgoal information had the effect .

{""
Y
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[
of increasing the time required to solve the problem even

though the only solution to the problem involved the informa-
tion given in the subgoal condition (e.g., sending the
. message through Ape and Waterfall).

Thus Hayes has shown that experimenter suggested plans
are far more helpful to subjects in “he process of solving
problems of this type. Moreover, since the stages selected
. for giving to the subject were necessary parts of the message
delivery systems, these data suggest strongly that subjects
did not plan their solutions in advance.

For his 1956 study of patterns in solution of the donkey
and mule problem, BuSwell first collected voice protocols from
a group of pllot subjects. Helthen‘classified the_steps.used
.by pilot'subJects into 81 categories. A.second group'of
subjects were then asked to choose the steps of their solutions_
from among these 81‘ Finally the 81 were narrowed to 38 |
'Hwhich were arranged in a tree—like structure. ,,rhe final
sample of.61-subJects were then given the problem, and were
instructed to choose branches success1vely until they traversed
'the tree to a solution. Buswell's data shQWS'no consistent :
_pattern of.solution.. ,Nor do the data describing successive
attempts of a single subject to solve the problem reveal

‘any - planning.
3 : i o 20
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In a sense Buswell's first choice point, "Will you solve
this by algebfa or logic?" forces subjects to commit them-
selves to a plan. However, subjects who failed in their first

attempts frequently éhanged from one mode to another for the

next -attempt. in only 7 of the 104 comparisons of nth with
(n +'l)st atfempts of a single subjeét is there cénsistency
through three or more stages of problew soiufion; suggesting
that subjects were not really élanning strategies.

Thé evidence cited abgve seems to indicate that;subjects
developing their own solutions to.problems with maﬁhematical’or
relational content do ﬁot spontaneously develop-ldh&'range
solution plans, but’ rather that they move frahééhe stepfto

.

anotﬁer.
Polya; of course, does npt séybthat subjects gg_blah a :
sdlutioﬁ;he;hoq, bué}rather that they should. The evidenéé
‘cited abdve does not tell ﬁé definitéiy whéthér‘khis is good
advice or not... The fesults.of Forelhand suggest that it might

be, while those'of Hayes suggest that it is hot.

Finding a Related Prcblem
. ) * . IS . . . ) ) . )
The second aspect of Polya's advice to problem solvers -
‘who are seeking a method of solution is that they search for

"'a similar problem with which they are familiar, or restate

21 |
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the problem in more familiar terms. Tﬁe literature reviewed:
here providés some evidence that subjects do use such éimilari4'M
ties in their solution processes. For example, subjecté in
Paige and Simon's study of éol&ing algebraic word préblems
exhibit the use of structural similarity of problems wgen they
'spontaneously draw diagrams, or translate the verbali? stated
probie@ into an algebraic statement.

suppes, Loftus, and Jerhan (1969) in their study of the
pe;formance of fifth graders on arithmetié.problémsffound that
the single hést important variable effecfing problem diffi-
culty was the nature of the previousip#oblem; prob#eﬁs wére
easier.when_preceded by problems of a simi;qf typeﬁyhén when
preceded by dissimi;ar ones;.> |

Buswell's generalizafion probleﬁ, on ‘the otqér hand,
provides an éxample in which the apéropriate relationshié;
among problems wa§ pot.obsérved. In Busweil'sygxperiment -
subjects were'pfesepted with addition problems such AS
3 { 5+ 749+ 11 + 13 + 15 + 17 for which they Qgre‘to
' discover a geﬁeral ;ulé fbr répid addition. Subjects Qé;e \
givén_clues until tﬁgy-reached such a“géneralizationl Subse=.

quently subjects were given the problem:
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How many x marks are.in the pyramid below? There
are 9 in the center column.

Buswell reports that only 23 of the 60 éubjects who made ;
correct generalization for the ari£hmétic Problems were able
to apply it to fhis figural_problém. lIn this case the
majority failed t¢ discover a éimilarity to éfoplems they had
. . S

juét finished working on, if indged they Werg “trying'to fiﬁd
simi}ar‘problems." The'similarity of;thié problem Qith those
'-previously solved was.appgreﬁ£1y too weak for transfer to -

~

‘operate.

The‘weli-aocumented resultg of the Luéhinsﬂ (1942, 1950)
w#ter jar p;oblems‘proyide_evideﬁce of a diffgrénf sort. |
Subjectsvwho wéfg_given a serigs'of éighﬁ'problems involvihg
jars A,QB, and C, all haviAg solution B - 2A:— C, weré unabie',
édlfind fhe‘soiutiop A -.C for a subseq@eﬁt'préblémL In this.
case.the similarity of thé test problem with pre&ioug" |
brobleﬁs was too strong for‘subjects_£o o§éfcdmg§ if“Squécts

i
'
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were indeed looking fsrbsimilar problems they fsund them
Quickly and to their“detrimént.

The question of what cohstisutes a useful similar problem
forAsubjects in a mathematical problem solviﬁg situation.is

thus one which should be investigated empirically.

Technical Aspects (Polya's Carrying Out the Plan)

: ihere is a.strong tendency among mathemati;s_teachers‘to_
distinguish ﬁetween “sefting up a probiem“ and‘"s?lving
equatisns:“ very likely this distinction is reléted to
| Polya's definition of a third stage in problem solving.as'

“"Carrying out the Plan.” As We have seen above, it is not
clear that subjects actually develop a plan to carry out!
_Nonetheless the issue of the relationship of solving

equations'and/or performing computations to the ability of

subjects.to'handle'algebraic problems is of'some;imﬁartanse._-

Bl o~

More than oné-ssbjéct in“Paige_and Simon's study of algebraic
probisms apparently félt he hadtsolved.the proplem onée he
had'estsbiished a linear equation descriptive of'the dats
giﬁen, even though the equation had no solhtioq consistent
with the physical situatioh‘(owing to inconsistenciés in the
| dafa)ftrThé”béiisfs of_tﬁésé'subjects“thatmfﬁé'eéhétiéﬁ“was'"”“”'”
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.equivalent to_the solution of the problem seems to Have caused
their failures to discover the'inoonsistencies.

- In situations where no such inconsisteneies exist the
-relationshig between rote compdtational'ability and “creative"
problem solving is an unresolved issue with some evidence .
supporting the view that ‘there is a high correlation between
these abilities and other evidence supporting their inde-
pendence.

suppes, et al. (1969) observed that'their broblem solv- _

ing snbjeets seemed to:;refer certain modes of computation.
over other equivalent modes [f g., the form a - (b + c) is’
more .popular than the equivalent (a - b) - 27} and suggested
that the area of computational preferences.and'habits should

" be studied.

Buswell s (1956) monograph includes a- description of a

study of the order in which comgutations were performed.

"Subjects were preSented with three problems, each involving
the multiplication of four numbers; these problems we/ext//be
solved on a specially des1gned form from which/th//experi-

menter could determine the order in whieﬁ/the'computations

were;made,thu 11" s fairly elaﬁorate analysis of computational A
’/ . / / f T [P
patterns yield no significant relationships with -the order

[

_255' . o ' ,//f;//f/
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in which the numbers were presented in the problem statement,
nor with the magnitude of the numbers.~
3 More.recentiy gurns and Yonnally (1964) have completed a
simiiar'study and.claim/that'problems in whieh the data are
- ,

) - e e "
presented in the "natural” order or the "order ‘in which it is

used” are.easier than others.-kwaever, in the sample problem

o

provided by these researchers fractions must be. used when
computations are performed in.some'orders,_hut not others,
and this could expiain the differences in O ”Ficulty.

In both of the studies cited above the pioblems usedv-i
involved onl>» multiplication‘and division. Since the_order of

operations does not effect theﬂanswer to sugh'problems,.the

importance of these studies p se is questionable. However,

-

/////fﬁé§ do suggest that Similar studies in which ‘the order of :

operations is important should be done. ,;?

Along this line Kennedy, Eliot,_and Krulee (1970),

r

while investigating error patterns of problem solvers, found
that low ability subjeits/yere somewhat'mOre likely to~-use :

. : . / ) .
) . ' . v s e - e s
data in the order/iﬁ/Which it is presented.thap/high ability
subjects~'this result was only marginally/{§gnificant how-

ever, and the phenomenon. needs further study.

//‘

N N

‘ A related issue which/seems to have reoeived very little

attention-is the question-of«whether and how the'complexity
' | ST T T
/26

.....



1

of the numbers involvea in an algebraic word problem effects
the nature of the solution process (distinguished from the
computational pfocess). JThis author$ﬁypothesizes that
subjects’ perférmance oﬁ a problem such as'the'donkey and the
mule problem wduld be greatly effécted if it were restated so
thét 3/7 gallon or .9423 litefs were moved from one beast to
another, and ;hat the differences in subject behavior would be ;
.26bservable_throughout tbe problem solving proééss,'and not_’

~

limited to computational phases of it.

Examination of the Solution Obtained

An importaht aspecf of matheﬁatical pfopleﬁ solving is
the final judgmeht of the solver that hg’pés arri&ed at a
completé and correct solution. Hadamérd (1945)rspeaks.
eloguently of the relation of this aspect to *"good" mathe-

matical problem solving:

*. . < in our domain, we do ﬁot need to ponder on
errors. éood'mathematicians, when they make them,
which is not infrequenty, soon perceive and -
correét_;hém° As for me (and.mine is the caée

of many mathematicians), I make mahy mofg of

them than my students. do; only I always correct .

them so that no trace of them remains.in the ©

27
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final result. The reason for that is that‘when-
ever an error has been_made, insight-—that same
scientific sensibility we have‘spoken‘of--warns
; melthat my calculations do not look as they ought _. 7
to." (o. 49) -
The psychological literature bearing directly on this point is
not as large as in the other areas- discussed above., For in- _
sight problems the process of examining the'solution_is
generally trivial--either oné has or has not succeeded in
tyiné together two strings! In minimization of steps problems
such as the Towers of Hanoi, on-the other hand, the com-
plexity of a proposed solution (2 - l‘steps’if correct) is

sach that the subject can hardly be expected. to remember it,

let alone examine it for errors.

The question of whether subjects spontaneously examine

5

their solutions to problems for accuracy would seem to be
moot. Newell and Simon's S3 did verify his final solution

to DONALD + GERALD = ROBERT- earlier in the protocol he ex-
<pressed the intention to examine his prior work.-m"Now?I'm
'going back to see if I've made some obVious fallacy."f'He

was precluded from doing so by the experimenter S remark "You

haven 't made any obvious fallacies. on the other hand Paige”

and Simon s subjects fail to examine their solutions spon—

-2 53 t_.iﬂ_m);;.,‘i ;__.jdi_m_,;ﬁ fi‘_f;_.mrl‘_’__;1ff?;;-;
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taneously--and thus do not detect the fallacies involved in
some. of the problems. when led by the experimenter to recon-
siderlthese problems the subjects cited uere able to analyze
the;problems and,detect the inconsistencies'involved.
Buswell, investigating whether subjects could estimate
reasonable.solutions to problems in order to "check" compu-
tationally derived answers, found great deviations from the,
anticipated estimates. Many subjects computedpthe actual
figure rather than estimating and 14 percent of these (high .
school) subJects were unable to cope with the problem at all
It is therefore doubtful that Hadamard's insight would warn

these subjects when their "calculations do not look as they

ought to."

The Structuring of Problem Situations'

Searching for a related problem is but one possible
ﬁ_method of acting on and reforming a similar problem~ while the
h psychological. literature on problem solving does not support

1the notion that seeking similar problems is either popular |
or especially fruitful as a method of approaching problems,
«i this literature does reveal that successful problem solvers

restructure problem data during the solution process.

\

The importsnce of understanding the structure of a

problem and altering the problem in successive stages through__ —

29
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structurally consistent steps was first proposed by the Gestalt
psychologists in the early forties (Duncker ‘Wertheimer,
Hartmann). According to the Gestalt:ahalysis a problem
solﬁing subject moves from one state of affairs to another
which is structurally similar. When a subject fails to solve
a preblem it is because he has an inadequate view of the situ-
ation; he may be lacking in‘the breadth of his view of the
problem situations, or eqnversely, viewingvthe structure of
. the situation too broadly. |
More recent work tends,to suép0¥t.the Qiew that‘problemi

’

solving.invqlves.strueturing.and restructuring the iniormatien

V

given. Forehand k1967)'studied organizatioh'of informatien by
problem solvers in a task in;olving matching pairs of indi-
viduals. SubJects in thlS study were given problems ' o
followed by a series of facts in- scrambled order- these facts
hwere to be recorded and used in the solution of the problem.
The records éf facts made‘by squects were analyzee to deter-
minelhhether data.wererorganized in accordance with 0, 1, 2, °
or 3 of the available variables. All subjects sorted on-at
mleast oiie variable, and analysis of variance: showed that )
success in.sblving the problems_was significantly\related_to .q~;:
| the number"of'variables used_ihrergahiaihgﬂthehdata.

30
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In a study along similar lines‘Schwartz (1971) investi-
gated the behavior of problem:solvers given "who donevit" |
problems inyolving.affirmative and negative statements. Sub-
jects were encouraged‘to write downveverything they did.
Examination of these'records revealed that for positively
stated problems those subjects who organized data in matrix-
like structures were most likely to solve the problems. Inda
follow-up to this study Schwartz and Fattaleh (1972) gave
"subjects "who done its" with'thejdata.presented in.various
modes (sentences, matrices, networks). Contrary to their
hypothesis that subjects would fare'better mith'prohlems'
Presented in the matrix mode, these authorsffound_that'success
was influenced most by the ability (or inclination) of the
suhject to restructﬁre the data, regardless of the form in which
it was presented. Ny |

| ’.The main burden of tthe research findinéswis thus con-
sistent with the Gestaltist position. The JOb of the problem
| solver is apparently not te seek (and perhaps be misled by)
similar problems, nor to work at itemized solution plans, but

‘ to comprehend the internal unity and structure of the problem.___

| 3 .
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Summary and Concliusions

While the research findings cited above suggest many
‘"interesting hypotheses which should be pursued in hoth
'laboratory and educational research settings,ftheir majoi
implication for'mathematics-education lies in their,pinpoint-
& , o
ing “of three parts of Polya's solution scheme_as'more
important to the solution procedures ot subjects'than the
others. These three, "What are the data?," "What i's the
condition?" and “Can you restate the . problem?" are all con-
cerned with the understanding and analysis of' the prohlem a§=
a unit, rather than with!its similarities to other problems or
‘ its place in a hierarchy of specific and general ptoblems.
These questiOns are related to each other in that the restate-
~ment of a problém*depends upon the organiZationA(o; neorgani_
zation) of the data in a manner consistent.withdthe condition.
.The.findings.of psychologists suggest; moreover,'that it
is difficult to separate_the subjects" treatment of data and
condition. In the analysis above we have hypothesiéed two
' mechanisms which tend to enhance this identification,
especially in subJects .who fail to solve problems«4~"relational -
_fixedness" which can be thought of as the tendency to treat -

| some salient relationships as absolute and unchanging, and -

the tendency of subjects to. alter problem statements by the

\.32‘
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addition of conditions (and related,"dataﬁ) which seem to be
determined by their past experience. TheSe_phenoﬁené-are
closely linked and'seém to occu? because.problem solvers have
difficulty in overcbming various types of mental associations.
The documented importance of restating or restructuring
problem situations rests, then; on the ;ingular effectiveﬁeés
of this strategy in eliminating nonQessenﬁial associations.
While the dictum "Thipk qf a similér problem"” may invite the
subject to build on irrelevant associations, orlevenfinventv
new ones, the admonition to restate the problem, demands that
he carefully analyze the constitueht parté and éhe‘relation-

’

ships among them in order to derive a new aﬁa usable statement.

. ’
’
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Table 1.
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o \)‘vv B

Analysis of six problems used ﬂ
| Understanding %he,Problem _ Deviaing a
oblen What is the What are | What is the ~  Think of a ]
tvo unknown? the data? condition? related problem
two string Method of Experimenter Strings to be "Real 1ife" . .®
. ‘getting two directives, tied while problems . --+7
strings distance to hanging from involving s
" together be overcome, ceiling pendulums, ;
properties of ' plumb bobs, i
objects in etc.. [ N
the room, S :
hints } o
water Jar ~ Method of Capacities of - Infinite Previous wate
" Problems obtaining " containers, source, pre- jar problems -
' specified * ! rules for cise measure- R _ v
. -amount of measurement ment "
water S '
Towers of Most effi- - Beginning Discs can be - Relate to prob-
Hanoi cient legal state, ter- moved only by ' - lems with .
method of minal state, legal moves, smaller stac
moving stack - definition number of - other games. and
9 : : of legal move. moves ito be puzzles s
. minimized .
Cryptarithm Digits repre- D=5, additive Each letter - Similar puzzles
©. DONALD | gented by ‘the relationship, representsa - = Sy
+GERALD - _ ten letters positional . different . ‘
ROBERT relationships digit
' - (decimal : S o
‘ notation) -
Donkey and Number of , Ratios of =~ - Total load
- Mule gallons on loads under = is constant,
: donkey, number . two. transfor- q[transfer would
1 - of gallons on - mations' vf.g;oduce given :
mule . .. ‘ratios. . -
“ Water/ - - Amount of Initial solu-
- Aleohol - water to be- " tion, size of
3 ' * tank;,. nature

~added

. of final
flsolution‘*'
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.. Plan

a

[

Examine your

.- differing from mea-
. .sures available

. LCarry out-.
* Think of a problem Can you restate your plan r°°91t°

~with similar unknown the problem
. YReal 1ife" problems 2?7 . Psychomotor Trivial
. of making things fit, task '

: stretching, extending

. “Real 1ife" problems Possible ' Solve equation Check the solution
¢ involving measure- diophantine . ’
" ment of quantities equation

8

: ‘Any ninimization of
= Bteps problems

Establish sub-
goals?:

Complex execution
of sequential

pattern of moves

Analysis of

sequence ‘(learning. -

during solution
process, errors)
Heavy memory load

2?7

Digit-by-digit -

v

2?77

Perform addition, -
check for double

usage

: ~

Transform data;
algebraic, logical

Solve equations
Select and test

' _possible solu- -

tions_~

" Do obtained valuesa"

saticfy condition?

" Picture? Trans-

late data,
equation(s).

Solve equations

Do obtained values;: =
" satisfy the condi- '

tion? Are they
physically feasible?
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