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PREFACE.
NATURE AND PURPOSE OF TIE REPORT

From 1950 to 1955 the United States of America was
engaged in. an active investigation and reform of its school -
mathematics curricula. Most of this activity was carried
on within traditional curriculum framework, that is,
teaching arithmetic, algebra, and geometry as self-
contained blocks of mathematical knowledge. By initiating
an early start (in the 7th or Sth grades) of the traditional
sequence of high school courses, the more able students
were enabled to study calculus during the last year of
secondary school instruction.

By 1950 however it had become evident that the tra-
ditional separation of mathematics stuvdy into the several
isolated branches was no longer indicative of its nature
or its uses in contemporary society. Today algebra has
become a subject based on structures and their realizations,
Geometry, and its newer extensionns, has now become s study
of various types of spaces and much the teaching of ordinary
synthetic Euclidean geometry is of little subsequent use.
The newer concepts of sets, relatlons, functions and
operations have become basic to all of the traditional

branches. Probability, statistics, numerical computation,
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computers and mini-calculators, all yield a quite different

spect to the treatment of problem solving, applications,
and modelling. Morcover, placed in a contemporary setting,
the important content of the traditionzl branches is
interlocked through fundamental structures that have
become the backbone of 211 mathematics. Ve now recognice
the fact that we must teach this contemnorary concention
of mathematics if our students! knowledge 1s not to be
cnachronistic when they enter adult cociety.

The need to reorganize the mathematics of the

traditional separated branches into a unified single

study was recognized by most European countries as early

as 1960. How to accomplish this reorganization in actual
classroom teaching was then unknown and in the first
attempts mistakes were made. But by 10065 some definite
procedures and desirable goals had sufficiently matured

to indicate a type of unified secondary school mathematics
that could be both possible and worthy of attainment.

This awareness gave rise to a proposed study to create

a wnified curriculum, educate teachers in its content,
pedagogy and goals and to experiment with selected students
in New York suburban sccondary schools. The proposal was
accepted ond Tinanced first by the Federal Orfice of
Education from 1035 to 1969, and then by the HNationnl

Science roundation (19G69-1976),

4
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This report is in a sense a historical one. First
there is a highlighting of significant events from 1800
to 1950 in the field of creative mathematics that led to
the contemporary view of the nature of mathematics. This
review is followed by a discussion of significant movements
in curricula reform sponsored by international organizations,
and persons, which contributed to the unified concept.
Then the preparation, production, innovation and evelucztion
of a unifled mathematics program is described. The report
closes by emphasizing the need to extending the program
of unified mathemztics to the majority of secondary school
students,

It is our hona

“u g

IJ-

(.

guide to curriculum improvement in the decades ahead. A
continuous search, under controlled expérimentation, for
ways of adapting mathematics study to the capacities of
the human mind and the needs of society, 1s a necessary
activity of educational development. In any society that
is seeking the vetter life for its people, the growth of
scientific knowledge, the use of electronic computers

and calculators, and the extension of mathematical methods
into almost all other disciplines, demand a minimum know-

ledge of contemporary mathematics for all its members.
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Chapter I
SIGNLIFLCANT DZVELOPMENTS IN MATHOMATICS
LEADING 10O A UNIFIED CONCEPT

The growth and development of mathematics during the
last two centuries is a tremendous achievement. To depict
this growth in detail would require volumes of great
length. Here we must be satisfied with a bird's eye view
of the significant developments leading to the present
day conception of our subject. While all branches inter-
acted in leeding to the contemporary structures, for the
sake of clarity we consider the several branches independently
and then show how they became more or less a unified body
of knowliedge.

In the li.crature on mathematical education one
frequently finds reference to mathematics called traditional,
classical, old, new, modern, fused, integrated, contemporary,
and unified. Huch confusior.-and unwarranted distinctions
have arisen from these categorizations. Most mathematicians
look upon their subject as one of continuous development
over a long span of centuries and having a contemporary
aspect which changes as time moves on. When in 1930,

Van der VWaerden labelled his book Medern Almebra, a nwme

noy frecuently applied to the treatment of alpebra in the
manner of his book, he did not intend to say that it was

new-born. All h: meant to convey by the term "modern’ was



N

the wiy the subject was concelived oand beinp taucht by
his collesypues {(at Hambure) anda himselir. In the fourth
edition of hiz book, 1944, he dropped the word Modern,
using only the word Algebra. lost of the so-called
classical or traditional mathematics finds itself, along
with newer conceptions and new topics in the body of

important present day mathematical knowledge.

L. alpebra.

The a2lgebra taught in secondary schools during the
twentieth century, nand still dominant in instruction,
may be described as classical elgebra. It 1s concerned
vith operating on expressions, finding solutions to
equations, and applying special techniques (factoring,
sinplifying, reducing, etc.) to algebraic forms. The
material is applied to solving "word" problems. This
algebra originated over 4,000 years ago and reached a
climax by the end of the nineteenth century.

The first viewnoint of algebra began with the

Babylonians and Egyptians who created numerical methods

to solve various problems encountered in the organized
activities of early civilization. Most certazinly the
denands of o growing commerce. with exchanges of various
money currencies, led to the neced Tor chrracterizing the

answer to n special problem as on Tunknown'.  This primitive

8
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algebra nade no nee of symbolization cxcept for o system
of numeration. So far as is known, solutions to thecoe
probloms were not achicved by any form of gencral rcaconing
or by proof. I wes strictly a numerical and an empirical
alyebri ~- a listing of verbal instructions for obtaining
an answer to a particular type of problem. The methods
uscd rclied on numerical tables, giving the squares and
cubes of whole numbers. Within these limitations, thc
Babylonians were able to solve certain types of cubic

and quadratic ecuations, systems of two lincar equations,
and certnain quadratic sycstems.

WVhile we look upon this work as rudimentary and
primitive, nevertheless, the Babvloninns must be credited
with a substontial achievement, and in at least one aspect
the solution of a cubic equation, were not surpassed until
the beginning of the 16th century. However, tle lack of
symbolization was a great deterrent to creating an orgznized
science and for over 2,000 years prevented tihe generzlizations
and abstractions so germane to the development of Algeora.

Tor this reason their contribution should be called pre-algebra.

The Egyptians, contemporary with the Babylonians,
developed an cven wealker algedbra, so far as complexity and
depth of reasoninsg were concerncd. Although they relerrad

~

RRFR B T . L PR R
sbhol Torx it, thelr melthod of

E ~ v ‘. . ~ 3 v - r .
to an ‘unknown sl neod o

coliution was one of fuessing an answer and then meking
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corrcction to 1t. If an answer was not correct, it was
usually casy to see in what ratio to the given numbers
in the problem, the answer was either in excess or in

1"

defect, and it was necessary only to alter the "guessed"
answer in accordance with this ratioc. This 1is a forerunner

to recently highly developed methods of interpolation and

iterative processes in approximating solutions to problems.
One of the significant geops in the development of
mathematics was the failure of the Greeks to formulate a
concept of rational and irrational numbers, or real numbers.
However, they did develop a highly systematized theory of

ratio of whole numbers which contains, in many ways, the

the failure of the Greeks to develop & concept of irrational
numbers that led them to pursue, as théir great contribution,
the axiomatic study of space--the only axiomatic theory in
mathematics until the 19th century.

The proof, given by Eucliid, that there is no ratio
of two whole numbers to represent the measure of the
diagonal of a unit sguare is well known, Because of this
viewpoint, all measure theory involving incommensurable
segments was treated geometricelly, not algebraically.
From Ikuclid until the time of Iiewton and Leibnitz, every

thing that wan not geometry wns designated as alzehra.,

10



In the later Greek period (100-300 ALD.) two Greek
mathemticians, licron and Diophantuc, did make contributions
to the development of algebra.  Dionhontus made the firct
brealithroush towhrd symbolization in what is now caliled
syncopated alcebroa. lHere he used letters to reprenent
the unknowns in the equation, «nd also special symbols

for addition, multinlication, ~nd ecuality. Thus Tor the

first tine, alpgebra went beyond mere verhnl instructions
for performing certain operations on nuniers and uniknowns.

However his algebra remained essentially mumerical and

each problem was given its own speclal mode of solution.
¥or Diophantus, a quadratic equation had two, one or no
solutions, only a positive whole number, or ratio of such
numbers being accepted as roots. It i1s significant to

note that in the domain of whole numbers and their ratios,

he was correct in his interpretation. IFinally, it must
be noted that his solution of one equation in several
unknowns, for example 3x + U4y = 5z, initiated a field of
investigation that incubated much of modern number theory.
During the dark ages, the study of mathematics, as
with 21l other knowledge, declined, and was not revived
wuntil the iilndus and Arabs broucht new computationnl
teehnlaues into nlay. The iHindus werr the first Lo
introduce a form of proof into algebra. They hed a

11
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primitive 1des ol the homopeneily ot tervine In an cquation.
Thus x-x has o counterpart the area of a cauare and 3-x-x

is the volume of o rceotansulay parvallelepiped wilth cdges

3, x, and x. Omer Khayyam in his treatice on algecbrao
solved quadratic equations 1n this manner.

The Arabs were more interented in number than in
geometry. They introduced the idrrational numbers, but not
understanding their nature, referred to them as fictitious.
To the Arabs belongs the credit of giving the name algebra
to this branch of mathematics. The Arab mathematician

Mohrunmed Ibn lMusa Al-Khwarizmi, among several books he

wrote, entitled one of them Hisab Aljebr w'al Mudgabala

or the science of transposition and pbalancing. The Arab
"Aljebr’ was latinized into "algebra’ as we use 1t today.
Beginning about 1200 A.D. Europe entered into a
period of increased mathematical creativity, especially
in the field of algebra. The Italian school starting with
Fibonacci, and culminating with Ferrari, Tartaglia, Cardan,
Bombelli.,, Tocused its attention on discovering a general
solution for cubic equations. The Hindus had already
given a general solution of the quadratic by completing

the square in the form of the universally known formula

o) .
for the roots of ax” 4 bx = -¢. (At this time the number

0 wag not th nceepted, and one ncver found an € uation
b
1 ?A
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written in the form ax® + bx + ¢ = 0.) With Tartaglia's
formula, given by Cardan in his book, the general solution
6T the cubic was completed and a new search began for the
general solution of the fourth degree equation.

By 1600, the work done in solving equations had
resulted in a large collection of special devices (algorithms)

Tor finding solutions. The French mathematician, Francois

Viets, examined all these special procedures and succeeded

in finding a general algebraic theory for finding positive
solutions of equations of the first four degrees. This

was made possible by the creation of a system of symbolization
that had not previously existed for variables, constants,

and merations, Vieta called this logistica speciosa,

where he used the vowels a, €, i, o, u, to represent

variables and consonants, b, ¢, d, £, g ..., to represent

knowns or constants. Later Rene Descartes introduced the
procedure of using the last letters of the alphabet, X,
v, 7, ¥, ..., as "uninowms’ in the sense of a nuabor whosc
value is to be found, and the first letters, a, b, ¢, ...,
as arbitrary constants, a system quite commonly used today.
Around 1600, zero became accepted as a number and
equations took on the form ax2 + bx + ¢ = 0, With this,

algebra became a science of symbolic calculation on letters

and numbers as contrasted with arithmetic which always

operated on numbers. This algebra is epitomized in content

13



and concept in Euler's Introduction to Algebra (1760)

in which algebra is defined as The Theory of Calculation

with Quantities. This is the first view of classical

algebra. ~e subject matter is an assortment of tbpics
such as can be found in any of the present-day secondary
school textbooks on the subject.

The second view of algebra was initiated in the
fifteenth and sixteenth centuries by the Italian school
with its attention to equations. Having solved the fourth
degree equation in «ll gererality, attention was now
given to fifth and higher degree equations. A host of
theorems were developed during the next three hundred
years, as well as special procedures on isolating roots,
relating roots to coefficients, the number of roots, the
fundamental theorem of algebra, and the well-known im-
possibility of a finite general prodecure for finding the
roots of an equation of degree greater than four. All
of this knowledge found its way into the textbooks. By
1860, with the publication of Serret's Algebra, a hundred
years after Euler's publication, the second, and indeed
even present day view of classical algebra emerged, namely

The Science of the Solution of Bauations. In fact, in

Serret'!'s text one finds for the first time the highest

point in the algebraic theory of cquations, namely,
Galois thecory which is a first milestone in the development

of a contemporary algebra.

11



The Development of the Contemporary Aspect of Algebra.

It is difficult %o fix the date of the birth or
modern algebra, that is, when it’could be recognized as
a unique and different study from that of classical
algebra. Perhaps the first date is 1910 when Steinitz's

Thz Algebraic Theory of Fields was published. Here

there is a systematic treatment of operations upon abstract
elements, that is, things that are no longer numbers,
variables, or figures of classical arithmetic, algebra,

or geometry. The next book to accomplish this same task

was Modern Algebra by Van der Waerden, published in 1931.

In 12941, the first book of this nature in English appeared

e

as A Surveycaf Modern lgebra by Birkhoff and MacLane,

N ST S VR . B noooa
ates confirm the proper use of the word "modern. "

€y

These

The creation of modern algebra was not instantaneous;
it was preceded by a century of intensive creativity in
research and development of new ideas. During this time,
there were three great streams of mathematical endeavor,
running concurrently, which can be listed as follows:

1. Algebraic, in the sense of solution of equation,
given in the studies of Lagrange and Gauss, with Abel and
Galois developing the theory of groups of permutations,
and the formalizing of this study by Jordan and Serret.

2. Geometric, 1n that the geometrical explanation
of complex numbers by VWessel, Argand and Gauss led to

the study of vectors which blossomed into what today 1s
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called linear algebra. From a pure point of view, this
geometric development was highly influenced by the study

of geometric transformatioﬁs and the operation of composition
of transformations. Furthermore, the invention of non-
euclidean geometries led to relations between geometries

and groups of transformations, as given by Felix Klein.

This was one of the movements that led to the significant
feature of' contemporary mathematics, called its unity.

3. Arithmetic. During the nineteenth century

beginning with Gauss (Disquisitiones Arithmeticae. 18C1)

the unfolding ot tne nature of number was accomplished.
Gauss gave the first introduction to some of the funda-
mental ideas of modern algebra, e.g. equivalence relations,
“inite commutative groups, and extensions. During this
reriod, the principal researchers on humber were Dirichlet,
Kummer, Kronecker., Weierstrass, Meray, Cantor, Dedekind,

and Hilbert. The American mathematicians Benjamin Peirce,
his son C.S., Peirce, Gibbs, and Dickson also made
important contrioutions,

It would be out of place to atempt here a complete
historical development of these three streams -- algebra,
leading to groups and operational sysvems; geometry, lead-
ing to linear algebra; and arithmetié,leading to an
understanding of number and some ideas of modern algebra.

We give only some significant examples,

10
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Returning to the middle ages, we find the rirst step
toward the "modern" was the discovery and use of complex
numbers. Cardan used them but called them fictitious.
Bombelli showed that they could be roots of a cubic
equation. DeMoivre, in 1725, gave a complete theory of
computation for these numbers, using the forms a + bi and
r (cos © + 1 sin 0.). The geometric representations of
these numbers, given around 1800 by Wessel (Denmark),
Argand (France) and Gauss {(Germany), paved the way for the
acceptence of these numbers as bona-~Tide mathematical
entities. After thirty years of work, Gauss in 1831 gave
a purely algebraic theory, independent of any geometric
interpretation, that is accepted today. A complex number

is an ordered pair of real numbers (a,b) with the properties

(a, b) = (¢, d) if a =c and b = d (equality)
(a, b) + (¢, d) = (a +¢c, b + 4d) (addition)
(a, b) * (c, d) = (ac - bd, ad + bec) (multiplication)

Now the set R = {(a,0)}, a subset of the set of complex
numbers, has the same structure as the set of real numnbers.
Further, since (0,i) * {0,1) = (-1,0) we can say that a
squére root of (-1,0) is (O,l) which is denoted by the
symbol i. Since the set P = {(0,b)} can be identified
with the set [(b,0) * (0,1)},

(a,b) = (2,0) + (0,b) = a + bi

Returning to the geometric representotion, the number L wos

17
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also interpreted as a rotation operator of g-centercd at
the origin. Later Cayley gave a matrix representation
for complex numbers which for the first time introduced
the idea of a structure and its realization.

Gauss' logical exposition of the complex number
system was a turning point in the development of mathmatics
because it marked a first application of the postulational
method to algebra and also because it opened the way for
an explanation of systems of ordered triples (a,b,c),
ordered guadruples (a,b,c,d), and finally ordered
n-tuples, (al,ae,...,an). In 1834, the British
mathematlcian G. Peacock published an aigebra in which
the first volume treated the algebra of the domain of
whole numbers and introduced the communtative, assoclative,
and distributive laws. So novel was this that it gained
no acceptance until 1870. In his second volume Peacock
extended the algebra to include rational and real numbers
by the so-called Law of Mathematical Permanence. This
principal is no longer held, but in essence it decreed
that if a number system is extended to contain new elements,
then the operactions on the elements of the new system
must be so defined that the properties of the old system
will continue to hold. This idea of extension is the first
hint of the manner in which subsequently vectors were

extended to n dimensions, finite cr infinite,

18
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The second stream leading to modern algebra arose
from the continued study of solution of equations.
Lagrange sought the reasons for the success in the solution
of equations of the first four degrees and the stumbling
blcck to the solution of higher degree equations. For

tle quadratic equation x2 + bx + ¢ = 0, the roots are

related by %y + X, = -b and Xy%X, = C. Lagrange investigated
the relation of the roots of the cubic
3

X 4+ px+qg =0

Jsing Cardan's well known formula, namely,

A3 - :3-+‘//°2 + p® B -4 . /o + Ri
2 I~ " 57 2 "N T T 37
the roots of the cubic are
A+B, A-+B%, 22+ B
where - = % +'£%i and ,'2 = %-—'{%i (the complex roots of

unity). Designating these three roots by X1s X, and X35
respectively Lagrange first noted that there can be six

permutations of these roots which can be grouped into two

sets.
(xl,xg,x3); (x2,x3,xl); (x3,xl,x2) (1)
(xl,x3,x2); (x3,x2,xl); (x2,xl,x3) (11)
Lagrange proved that the expression
_ 2. 3
(x4 +ooxg 4 X )

(where (i,J,k) is any permutation of (1,2,3))
took on only one value for any permutaticn in Group I and

another value for any permutation of Group 1I. In fact,

19




14
a little algebra will show, recalling 1 + . + ﬁ2 = 0, that

Xy + X, * .2x3 =3B, xq + X3 + '2x2 = 3A (r11)
Finally the relation Xq + x2 + x3 = 0, added to those in
III, reduced the solution of the cubic to that of a system
of three equations of the first degree. This is one of
the first examples of reducing an algebraic problem to
linearity.

Lagrange also investigated the roots »f a fourth
degrec guation and showed that the expression (r1 ’ re) +
(r3 ’ ru) took on only three distinct values when the
roots rl,rg,r3,ruof the equation were permuted in every
possible way (4! or 24 ways). This was sufficient to
suggest that the problem of solving equations of the fifth
degree or higher wzs relcoted to certain erxpressions which
were in some way invariant under permutations of the roots.

For over 300 years the problem of finding a finite
algorithm for determining the roots of an equation, which
involved only the operations addition, subtraction,
multiplication, division, and extracting roots, challenged
the greatest mathematicians. Lagrange came very close
when he sensed that the key to the problem involved
studying permutations of the roots of equations. Fifty
years after this conjecture, Niels Abel and Evariste
Galois solved the problem--there are no formulas for
equations of degree five or higher. This ushercd in a

new era in the development of algebra--the beginning of

2V
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the theory of groups and the resulting study of structures.

Galois continued the study which led to the creation
of group theory by examining the set of permutations of
the roots of polynomial equations of given degree n. He
thus derived the simpler properties of composition of
permutations of roots. A binary operation was performed
on other objects than variables and numbers.

The third stream leading to modern algebra concernsd
itself with numbers. In 1801, Gauss defined congruence of
integers -- a brand new idea in mathematics.‘ Two integers
a and b are congruent, modulo m, if and only if a and b
give the same remainder when divided by m. An important
outcome of this definition: a = b (mod m), is that the
relation "=" is an example of an equivalence relation;
that is, '"congruence, modulo m" is reflexive, symmetric,
and transitive. Gauss was the first to show the importance -
of thies relation. He further showed that this equivalence
relation partitions the set Z of integers into disjoint
subsets whose union is all of Z. E.g. if the relation is

congruence modulo 3, the subsets, called eguivalence

classes, are

s, = (0, 43, #6, #9, #12,...]
sq = (..., =5, =2, 1, 4, 7, 10,...)
S2 = {---- "7: "}'L: "1: 2: 5: 8:---}

Now an algebra of classes can be formed consisting

of three elements S sl, s?. These classes can be

21
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operated on according to the tables shown,

s | S1 | 5o 5o 51 So
So SO Sl 52 So So SO So
S1] %1 | %2 | %o S1 | So | S1 | S0
"“2 S? SO Sl 52 SO S,(} Sl

This same idea was applied by Cauchy and others to
congruence of polynomials. Cauchy considered congruence
modulo (}:2 + 1). The remainder of two given polynomials
after division by x2 4+ 1 are then polynomials of the
first degree. Thus for any two such functions one has

24 1)); g(x) =c + dx (mod(x® + 1))

f(x) = a + bx (mod (x
From.this it is easy to show that
£(x) + a(x) = (a + c) + (b + d)x(mod(x® + 1)) and
£(x) * &(x)

These formulas, along with the geometric. interpretation

il

(ac - bd) + (ad + bd)x(mod(x> + 1)).

il

by Gauss and others for complex numbers showed that the
algebra of complex numbers is reduced to that of the
congruence of pclynomnials with real coefficients, modulo
(x2 4+ 1). This was a forefrunner of the concept of
isomorphism.

These investigations led to the extenslon of operational
syc¢tems beyond the complex numbers. In 1843, Hamilton
invented quaternions. Early work on complex numbers

showed that they could be used to describe rotations

22
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and dilationc in the plaene. After yeazrs of unsuccessful
attempts, he finally perceived that the /obstacle to success
in extendinz complex numbers was the commutative law of
multiplicetion. According to Peacock's law of permanence,
this property should be retained. However, in a moment of
insight (after 15 years of deliberation), Hamilton banished
the Jlaw of permanence, developed his quaternions, and freed
mathenaticians to extend their investigations to a much
wider variety of algebraic structures.
In the manner that complex numbers were represented
as ordered prirs of real numbers, Hamilton's hypercomple:x
numbers (or quaternions) were ordered guadruples (r, a, b, c)
for which
(1) (r, 2, b, ¢ ) = (xr', a', b', c') if
r=r', a=a', b=b', c=c'.
(2) (r, a, b, c)+ (r', a', b', ¢t) =
(r+ r', a+a', b+ b', ¢ +c').
Using a sultable definition for multiplication, e.g.
(r, a, b, ¢) (r', a', b', ¢') =

(rr' - aa' - bb' -~ cc', ra' 4+ ar' # bc' - cb',
rb' 4+ br' 4+ ca' -~ ac', rc' 4+ cr' 4+ ab' - ba')

and designating (1,0,0,0) by u, (0,1,0,0) by i, (0,0,1,0)
by j and (0,0,0,1) by k, the product of any two of these
elecments mey be computed by using the following table.

A .’) D
I‘Iote: 1.0 b J sz k ==,
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v i J k

u u i j k
i i-u k -j

J J -k -u i

k k Jj -1 -u

In 1844, ¥.G. Grassman published the results of a
morec general theory of n-tuples. Here he showed the
vast richness of structure that was esvailable through the
use of only a few postulates. He called his develop-
ment the Theory of Extensions (Ausdehnungslehre) and.
although he anticipated many results of later algebraists,
his work remained largely unknown until after 1900 when
it was applied to quantum theory in physics.

The study of matrlices was part of the third bpig strean
leading to modern algebra. They were brought into being
by Cayley around 1860 as he was studyiné linear transfor-
mations on equations with two variables. Ignoring the
variables, Cayley abstracted the coefficients of the
transformation and wrote them as a square array. Thus

the transformation

il

x! ax ¥ by

b

y! cx 4 dy

could be completely described by
a b
(22
Caylexr developoed an albedbra of matrices of order n by

using the propertics of linear transformations on n
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19
variables. He also showed how to use 2 x 2 matrilces to
represent quaternions and later (1884) how to represent
the complex numbers by a certain subset of the set of
2 x 2 matrices.

To summarize, the nineteenth century produced three
great streams of algebraic development. One of these
was the work in pure arithmetic dealins with the extension
of the real numbers to complex numbers and guaternions,
leading to ordered pairs, trinles, quadruples and n-
tuples of real numpbers. Another stream was that of
classical algebra as exemplified in the attempted soluticns
of higher degree equatipns. This stream led to the study
of permutation groups and finite groups which was greatly
celavorated at the end of the last century. The final
stream had a distinctive geometric flavor as seen in
Hamilton's quaternions, Grassman's extensions and
Cayley's matrices, all of which led to the developnent
of linear algebra and vector spaces. By 1910, all these
streams became one great confluence which we now tern

as modern algebra,

Alrehra Today.

The preceding pages have troaced classical algebra
Trom its varuae numerical besinnings to that of calculsations

with cuantitiecs an "inally to the study of solution of

20
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equations. The merging of the three great streams just
described gave need for a new definition of algebra as the

study of structures,

This new definition of algebra has slowly evolved over
the past two centuries with two intrinsic characteristics
of all mathematics. First, little by little, the theory
of groups was extended (and narrowed) to include structures
such as rings, integral domains, fields, monoids, semi-
groups, ete. The concept of' a groun with other structures
operating on its elements led to the development of vector
spaces, modules, algebras, and so on. TFor the mat matician,
it was the use of, and the recognition of, funda nl
strucutres as given above that represented a tremc 4 s
breakthrough in mathematical thouzht. Problems that
previously were insoluble by the techniques of classical
algebra wvere now examined from a different point of view
and in many cases were solved. In geometry and analysis,
algebraic structures have become a wunifying threéad which
has recently extended into all branches of mathematics.

The university instructor who gives a course in modern
analysis finds that unless his students have a good
fecundation in contemporary algebra he cannot discuss
important concents, for exsmple,that of an cperator.
Nor can he discuss the behavicr of operators acting on

Banach or liilbert spaces (both arising from the vector
20
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space structure), the continuity of operators on these

spaces, or the spectral theorem in any of its particular
Tforms. In geometry the concept of a group enabled the
mathematician to describe different geometries in terms

of groups of transformnations. In fact, the recognition of
structure in geometry actually contributed to a new definition
of the subject as given later. The new concept of zlgebra
became a tremendous tool in the further expansion of all
mathematics.,

The second characteristic is that the structures of
abstract algebra began to find application in the description
of physical phenomena. In 1890, the Russian crystalo-
grapler E.S, Fedorov showed how group theory could be
applied to classify systems or points in space which
describe the atomicstructure of crystals. This marked the
first time that group theory had been applied to solve a
previously unresolved problem in science. Later, J.V.

Gibbs, an American scientist, used an algebra of ordered
triples to help in the theory of refining oll by cracking
crude oil. Recent applications of matrices and the techniques
of linear algebra (whose foundation is built around the
concept of a vector space ) have helped to

solve technological problems in all sciences -- physical,
behavioral,biolozical, astrophysical., They have alco

contributed Te the basic reguirc.azal Jor accabianes o
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any new development in mathematics -- that is, it must
have application outside of mathematics.

The current view of algebra can be described as an
ever gencralizing study of structures for which there is

(1) A set of elements (undefined).

(2) A set of statements relating the clements (the

structure).

(3) A logic for drawing inferences.

(4) A series of propositions that can be proved in

the structure (the theory).

(5) A search and study «f significant realizations of

the theory (the - nlication).

From all that has Veen presented above, it is clear
that algebra today contains all the essential substance of
classical algebra. But it is also a completely differently
conceived organization in which numbers and equations are
subservient to the structures, the realizations of the
structures, and the host of activities and applications
that can be derived from both the structure and its
realizations., TFrom 1910 to 1955, the development of
abstract and linear algebra was conceived as an advanced
study far removed from the high school instruction. Today
we recognize that this modern algebra rmst be at the very
core of the alrebra we teach in secondary school -- of

course, presented in « form adepted to high ochool situdent

28
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maturity. Morcover, the unity of all mathematics demands
that this algebra be taught with every opossible appropriate

intervention into geometry and analysis.

IT. Geometry.

The history of the origins of geometry is similar to
the development of the concepts of number and algebra.
Arising out of opractical activity (observation of the sun,
stars, and physical pehnomena) and a need to describe
his surroundings, man slowly cohceptuaiizcd concrete
geometric forms until they took on a imeaning of their
own. Ve know that the earliest definition of geometry
wes that of a study of "earth measure'". From texts such
as the Moscow (circa 1850 B.C.) and Rhind (circa 1650 B.C.)
papyri, it is possible to examine the type of problems
which were being solved more than 3,000 years ago. All
110 problens solved in these two texts are numerical, and
twenty-six of these are geometric -- mostly concerned
with the problems of calculating areas and volumes. The
Moscow papyrus even contains a correct description of
the formula for the volume of the frustrum of a square
pyramid. Geometry remained a calculating science for over
1,000 years, before it became a deductive subject. This

vias the contrivution of the Greeks.
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The Euclidean Era

Although geonetry was developed into a deductive
scicnce in Greece prior to Euclid, his collection, synthesis
and elaborction of this knowledge into the Elcments
represented one of the greatest achievementc in the short
history of mathematics. 1In fact, for more than tuo
thousznd years nothing was added to geonetry to essentially
change its foundatiocns until the eppearance of Lobachewsky's

lew Elemcnts of Geometry (1829).

It is well known that the geometry contained in the
Elements is ncither a complete exposition of Euclidean
Geometry nor is it a flawless presentation of what it
does contain. Recognizing that the text nrobably apr~ared
around 225 B.C. (although no original copy has ever been
found), this certainly comes as no surprise. However, it
is essential to discuss some of these logical difficulties
in order to understand and appreciate the recent develop-
ments in the subject.

The nececsity to accept certain primitive terms as
undefined in order to develop a non-circular system was
rieither recognized by the Greeks nor by Euclid. The first
flaw in his work, then, was his attempt to define objects
such as, a strajght i1ine (o line which lies evenly with
trie voints on itself), a boundavy (soumething which is the
oxtrenity of snyvithing) and o surfoce (that which hmc only

lensth and bresdth).  As a result certain logical defects

,.
4
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developed in his system. For example, if a straight line
lies "evenly" with the points on itself, how do we define
"evenly"?

A second fault was that his set of assumptions was
incomplete. It was not possible to prove all the state-
ments contained in the Elements from Euclid's axioms and
common notions. This flaw also leads to certain well-
known fzllacies and inconsistencies.

As early as Proposition 1 of Book 1 of Euclid's
Flements, we can find an incomplete proof. Here Euclid
considers the problem of constructing an equilateral triangle
given a side. This well-known construction requires that
we determine the points of intersection of a certain two
circles., Euclid merely asserts that they intersect, probably
because the diagram strongly suggests they do. The fact
is, on the basis of Euclid's definitions, axioms and
postulates, it can ot be proved that the circles intersect.
In order to prove this construction additional postulates

are needed,

Non-Euclidean Geometries,

The first postulate to undergo critical analysis was

the zsswaption that through a point not on a line there

exicts one ~»nd onlw one line containing that point znd
paraillel to the given line (Playfairt's version). Hath-

ematicians had a feeling that this assumption was not
o -
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independent of the « -~ postulates but could be deduced
as a theorem. The theory of parallel lines, therefore,
became a focal point for the energies of some of the
greatest mothematicians of the past (Wallis, Saccheri,
Lambert, Legendre, Gauss, Bolyai and ILobachewsky. It is
a tribute to Euclid's genius that he included the statement
concerning parallelism as one of his postulates (even
though there is indication that he was not guite sure of
its independence).

As we now imnow, if the postulate concerning parallel
iines is replaced by the following:

Through a point not on a line there exists more than

one 1i§§ containing that point and parallel to the

given line.

then a perfectly logical neon-Ruclidenn gecometry (hyperbelic

may be developed. This was the importanit contribution of
Bolyal and Lobachewsky, who benefitted from the years of
efforts of those who tried to show that Euclid parallel
postulate was deducible from his other assumptions,

It is a matter of record, however, that Lobachewshy
had begun to work on the independence of the parallel
postulate as did his predecessors., Ilis approach was to
assume (1) and Euclid's other assumptions and then deduce
some consequences from them, If he were to arrive at sone
contradiction, the't uclid's postulate would have been
proved irndirvecetly,  Since no conhtradiction was resched,

he concluierd

32
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a. that the parallel postulate is not provable
from Iluclid's other assuwmplions.

b. that a geonztry may be develoned which appears
to contradict our intuition but is logically
consistent.
The obvious implication of these two statements is:
THERE IS MORE THAN ONE GEOMETRY!

It is interesting to note that rarely is one man
totally recsponsible for developments in a science as we
hnve described ohove. Among the great mathematicians
who were attracted to the problems off geometry were
Johann Bolyasai, Taurinus, Legendre, d!'Alembert, Schweikart,
Lagranse, Gauss . and Saccheri. Saccheri more than 90
years before Lobachewsky reached his conclusion, pilonecered
the nee of the indirect method of proof in analyzing the
parallel postulate. He, too, could not arrive at any
logical contradiction to the axioms but did not recognize
the gsignificance of his findings, In fact, Saccheri
deduced many of the theorems which eventually beceame a
part of hypervolic geometry.

The mathematical world did not immediately accept
the conclusions of Bolyai and Lobachewsky. It wasn't

until Bernhard Riemann's publication, The Hypotheses Which

Lie at the Foundrtions of Geometry (originally given as a

lecture in 16540 but published posthumonsly in 18458) that

o

In this ariticle. Riemann not only peneralized the concent
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of space by considering various n-dimensional spaces with
metrics but he allowed for the creation of other non-
Eudlidean synthothlc geometries by replacement of the
parallel postulate with the ctatenent:

Any two strailght lines in a plan2 intersect.
Also in some of the geometries one has to negate Euclid's
postulate that two dictinct lines have at most one common
point.

The dmmediate result of Riemann's publication was
a burst of activity with emphasis at first on the devel-
opment of different types of geometries. A new light
was thrown on these different geometries by Felix Klein
in 1872. In his Erlanger Program he showed quite clearly
that one of the criteria that may distinguish one geometry
from another 1s the particular group of its transformations.
Different geometries are viewed as those possessing particular
properties of space that are preserved under particular
groups of transformations. A geometry can be determined
by a group, every group of transformations determinecs a
geometry. (llowever there are geometries that do not fit
into Klein's classification.) In particular, groups of
similtudes and isometries lezd to affine and Euclidean
spaces respectively,

Morcover, Ricmnnn extended the growing subject of

differential geometry from a study of curves and surfaces

St
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in three dimcnsional Eueclidecan space to a study of quadratic
forms with n coordinates. The story of the advance from
Riemann to the present duy global differentlal gecometry
and differential topology 1s well known to rescarchers

in this field. Today the development of geometry and

its counterpart topolopy are goingon in all directions.
The geomelrics being studied include projective space,
Fuclidean spnce, Hiibert and Banach svaces, 4, n, and
infinite dimensional speces, convex spacces, metric spaces,
topelogical spaces, and so on. These theories are finding
applicetions in and ouvtside of mathematics, for example

in the relativistic space of the physics of time and
gravity and the guentum theory of nuclear physics. Fronm
all this activity it is plainly evident that geometry
today has a tremendously different aspect than that which

is still in today's high school program.

"he Perfection of Iuclid

Beginning a century ago, with the revelation of
Buclid's flaws, a movement developed among the outstanding
mathematicians really to clear Euclid of all blemishes.

The search was for a minimal complete set of independent
axioms which would nlace @uclid's synthetic geometry on a
perfect lormical Toundntion. ALl inconsistencies, fall:acies,

and hidden or wanentionzd asswipiions werce to be eliminated,.



The tusk was fivoet completed by Morit: Pasch 1in 1882, It
was followed by others, numely Peano, Pieri (members of the
"Formularie" group, a forerunner of "Bourbaki') and

culminated in 1899 with the publication of Grundlagen der

Geometrie by David Hilbert. 9The problem of perfecting
Euclid was solved for the mathematicians, However, the
solution was far too complicated and abstract to be used
ae a high school subject on axiomatics and proor,

There then followed a period of sixty years of sporadic
efforts to do something about the subjecct as a secondary
school subject. Euclid must be saved! The first significant
modification of Hilbert's axioms was gilven in 1929 by
G.D. Birkhoff who affected a great economy in the number
of" axioms to be admitted by substituting the order and

compleizness propertics of the real numbers.

Geometry Today

Today, geometry must be defined as a study of smaces.

Each geometry is a (set, structure) where the elements of
the set are called points, and the structure is a set of
axioms (including definitions) which relate the points
and important subsets of them. It 1s useless to attenpt
to list all thecse geometryics (look in any library catnlor
under geonctry), since to do so would certainly result
in unintentional omicsions. This new definition cvolved
slowly as a result of two phenoiiena. The first was
30
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purely mathematical--the diccovery and description of non-
uclidean geometrics and of "spaces” such as topological,
vector, Banach, Hilbert, metric, etc. The second phenomenon,
and more influentiol, occeurred as a result o' advances in
scicnee and technology. The advent of relativity was
most cignificant. After Einstein showed that the existence
of matter in o space-time relationship is actually desceribed
by « four-dimensional model of a Riemannian space, other
spaces found upplication in physics, astronowmy, biolozy,
and eccnomics. Duclid's geowmetry is just one of many,
and to imply othorwise would be to deny all that heas
happcned in mathematics and science during the last 100
years.

How geometry may be viewed todey is cpitomized in the
following description by Seymour Schuster:

"Geometry is to be regarded as a body of knowledge
that had its origins in the study of physical space and
physicul objects, but concerned itselq with abstractions
that derived from such study. Hence early geometry dealt
wilth concepts such as points, lines, curves, surfaces,
distance, area and volume. Over the past few centuries,
the imagination ond creativity of mathematicians (infTluenced
considerably by the changing ideas in vhysics) have produced
many cxtennions of this study. They have developed hiiher

levels of abstractions, varliations of axiomatic systens,

37
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and meny different techniques for the winlysis of geometric
problcms.  Thus we have differcent geomctries: Euclidean
and non-Fuclicdenn geometries, projcetive gecometries, n-
dimensionnl and infinite dimensional geometries, and a

hozt of others; and we have different analytical techniacues
that are exhibited by some of the following familiar
labels; analytic geomectry, vector geometry;transformation
geometry, diffcrential geometry, algebraic geometry,

t
combinatorial geometry and still others.

Unification of iMathematics.

The foregoing historical development of algebra and
geomevry indicales the sort of unity that mathematics
has achieved. One cannot help but notice that there are
conmon concents and strands namely -- sets, relations,
mappinge operations, structures, and logic that pervade all
the branches. These ideas occur in all the branches with
exactly the same conceptualization and mode of use. While
the fundamental elements -- points, numbers, functions, or
what you will, may take on a specific meaning, according
to the ctructure plizcced upon them, the sane structures
appcar in all the branches. These Tundamental ideas
become vnifying azents. This unity and inter-relatedness
can ve chonerved In Misuroe 1owniceh illucirates, din part,

the orpanization created by Bourb:dil., We shell refer to
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1t as "Mathematles in o Contemporary Sebting, "

Thic unity of mathematics has been well exprenscd

by Andrce Lichnerowic:, o distingulshed profcssor of Appliced

Mathemntiecs  at the Collere de France, os Tollows:

"What Piaget culls deduetive sciences -- logic,math-
emaxtics in the usunl sensc of the word, and alco information
theory -- I shall now bhaptize "Mathematic'" beeuuse it all
concords with the mathcmntical process and its ambitlon
to bulld up a type of discourse "without background noise"
which is coherent and compelling for others and able by
its very form to prevent rejection of its content.

Logic may mean either the mathematical study of certain
forms of algebra or what is also often called Metamathematic.
But we have learned with Godel that mzthematics is not
only infinite downwards -- this we have alrezdy known for
some time -~ Dbut also upwards and that it is pure con-
vention which now and then mzkes us put up the sign
"liathemctics country begins here'", Recently, for specifically
mathematical rensons with the apncarance of the notion of
category, the sign was moved wupwards sbove the concept
of sets.

Mathematics has been studying itself for a century
and a half ~nd hss become aware of its real ambitions anad
the limice imposed on those ambitions: it throws on aseptic

lirht cverywhere on the wvorkings of our minds and on the

Mrthem:tics and Trencdiscivlinaerity.  fddress by Andre
Lichnerowicz at 0.L.C.D. Conicrence liice, 1970,
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conditions of communicaticn, the essential point being as
follows: eany would-be unequivocal discourse without
misunderstandings or background noise can only be a dig-
course subject to mathematical severity, i.e. in fact, a
mathematical discourse. But the irony of mathematics

has suoplenented this by the Tollowing: it is impossible
to prove mathematically that the mathematical discourse
is really uncauivocal. Anyone who studies contemporary
mathematics' view of itself will observe three major
features.

One ic first struck, I think by the zbsence of a

privilersed olan of mathematical beinms. A set (or a

category) is, I venture to say, a set of anything --

i1t also a set of sentences

a1
th
<
4]
(@]
(<
k..
Q
V3
2
(¢
)
L
ot
£
‘Jn
3
l_l
A
~

NGRLESYs O
in a language, of elementary tasks in a project or of
exhchanges within an economy. Various structures can be
defined from these sets, the actual concept of structure
lending itself to a technical definition which has no
place here and is based on two fundamental operations
concerning sets: taking the product of several sets,

taking the set of the parts of a set. Perfect dictionaries

can exist between sets, respecting or transporting structures,

which leads us to the concept of lsomorphism between structures.

it the seme time, there is no idolstry of the thing or

iteelf, no working of miracles, within the mnthematical
procecs, The mathematiclan always works to the nearest
perfect dictionary and often unscrupulously identifies

objects of difTerent nature when a perfect dictionary Or

41
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icomorphicm assures him that he would only be saying the
same thing twlice in two different languages. Isomorphism
takes the place of identity. The Beinm is put between

brackets and it ic precisely this non-ontolozical char-

¥

acteristic which gives mathematics its power, its fidelity

and its polyvalence. In truth, any fact can be regarded
as mathenmutifiable so long zs it submits to this singular
treatmznt of isomorphism or rather insofzr exactly as what
we overlook in this way is not important to us. We can
always weave a mathematical net with an arbitrarily close
nesh but from which the ontological wsv2 will necessarily
flow away.

The third feature of contewporary mathematics is its
unity. Wy making a common language and finding common
elementary structures it has cast aside.the old historiczl
framework which woulda have broken it up into disciplines
cvolving indifferent weys. That is why we can speak of
the Mathematic.”

This is a beautiful and highly literate expression of
mathematics today, which, to place 1n more common language
would be to destroy its effectiveness. Such a viewpoint
however wns made possible by three outstanding contributions
among many other of lesser importance. The Tirst of these

£

was Geory Cantort's Sef Theor: (2874-1807), 1ts accept-nce

wt the olart wos dolired by ceri-in prradoxes which were
-
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later removed, but for the first time in the history of
mathematics, the elements under any discussion were
sinzlcd out into a domain of discourse. These elements
vere given a mede or symbolic process for representation,
and a meaning by the structure placed upon the elements.
In this way, precision was given to the extended study of
the (set, structure) through the use of formal logic. For
the first time in history, the word "abstract" had a new
reference; it meant, essentially, that the elements were
without wny scnese of esistence or meaning except that
imposed by the nostulates and definitions which constituted
the structure. Tinis was David Hilbert's contribution,
which came to be known as "Formalism'.

Prom cmall cim
and it was natural‘to suppose that one could find a complete
structure for all that came under the néme of matl.cmatics.
In faoct Hilbert attemnted to develop such a program of
mathemnatics, and it adds more to his fame that he did not
succeed, for later meta-mathematics showed that this is not
possible., (See paragraph 3 of Lichnerowicz above). How-
ever, formalism trmiscended the other schools of thought
such as intuitionism, and logicism, and today it is the
busic setting of &1l mathematics.

It remoined for the group of mathematicians who were

orcanized In the mid 1020's ond ealled themselves N, Dourhaii
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to take the last step so far as mathematics today is
concerned. Using sets as a basis, and the formalism of
Hilbert, they reorganized and rewrote all the essential
existing mathematics -~ traditional and modern -- into a
contemporary setting. Their work did not constitute new
research or discoveries in mathematics but it was an
attempt to organize existing mathematics in a form for
basic study by prospective mathematiciens. They broke
down the walls separating arithmetic, algebra, geometry znd
analysis and made a great overall open structure. In
years past a mathematiclan used to refer to himself as a
geometer, or an algebraist, or an analyst. Today he is
more apt to say "I am an algebraic topological znalyst."
This 1s the contemnorary setting ot mathematics.
While at the secondary school we dc not attempt to teach
- mathematics just to procure future mathematicians, yet
for generzl culture we should reflect in our program the
contemporary nature of our subject and its use. How this

can be done 1s the subject of thec next chapter.
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Chapter TI1

STGNIFICALT REFORM ERMORTS IN SCHOOL MATHEMATICS

It was only natural that the traditional secparation
of mathematics into the four branches - arithmetic, algebra,

geometry, analysis, - would selt the pattern for teaching

th

mathematics. In the 13 and 14th centuries arithmetic

was a university study pursued by the leading intellectual
leaders of that era. By the 1700 century it had already or
descended into schools preparing for entrance to universities
ibr business, governmental and maritime careers, During

th

the 18°" and 19th centuries it found a place in upper

elementary school and lower secondary school instruction.’

tTh

In the 2C century all arithmetic of whole and rational
(positive) numbers is mastered by the majority of students
before leaving elementary school. Only the application of
ratio, propvortion and percent to business, banking and other
social uses remains a part of lower secondary school study.

th

In the 14th and 15 centuries only top researchers

were engaged in algebraic study confined mostly to the
solution of equations and systems of equations. In the
th th .. .
16 and 17 century, this algebra became a university
study exempliTicd by Buler's treatige of =2lgebra as a
study of culculation with cuantities, At the end of the
th

e
18“h century »nd dquring the 10 century, thizc alrebra
N 5 ; .
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enternd lower university and upper secondary school study
‘hile the more theoretical parts remained as college
algebra. At the beginning of the QOth century, elemeniary
algebra -~ quadratics and beyond had esfablished itselfl

as secondary school study - (Grades 9 ~ 12).

If a mathematical tree had been drawn four hundred
years ago, it would have put arithmetic and mensuration
(geometric measures) as its roots, algebra as its trunk,
both cupporting the crown of geometry. Geomatry, the
type developed by Euclid and expanded on by great scholars
down through the centuries, was researched by the
mathenaticians, and taﬁght as the only axiomized structure
of xnowledge in university institutes of geometry (The
Cremona Institute of Geometry, the University of Bologna,
e.g. which still exists today). It remained a university
subject until the middle of the 19th century when the first
few books of Euclid descended into the last years of high
school study. Today, Euclid's plane geometry in modified
form is generally a tenth year school study;

The calculus was conceived by Newton and Leibnitz
during the period 1665-1700. It was post-university study
until 1750 or later. From 1800 to 1870 it was an upver
university study, but by 1200 it had become, in the
larger established univercsities, a sophomore - junior
year study. In 1C00 relix Kledin urped thot caleulus be

. .. . th
taucht in the last year of the German syanasuim (13

40
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fter Vorld Var II, the calculus moved

w
3

school year) and
down to become a first year university study. The tree

of mathematics moved all of its previous subjects down
into the roots and trunks and calculus became the crowning
glory. 1In the 1950's for capable students, an advanced
placement program nmoved secondary (9 - 12) insiruction in
algebra , geometry, and trigonometry to grades 8 - 10,

a pre-calculus study of algebra, trigornometry and analytic
geometry to grade 11, and a year of caleculus study to

crade 12.

The only goal of all this secquentizl arrangement was

preparation for the study of calculus. The program was
esteblished by the College Entrance Examination Board in
1201 and is almost wniversally in existence in the schools
of the U.S.A. today. It ic illustrated by the Figure 2.
The use of this mathematics was largely or totally confined
to the study of physics and a:stronomy. Ir ~ountries other
than the U.S5.A., the branches had bccome fragmerbted, that
is,algebra, geometry, and trigonometry wefe tavght in

each of the school years 7 throusgh 12 but each remained a
separate branch, mostly unrelated until the study of calculus
was begun., Calculus, for those who managed to continue
mnthemntices study, became the great unifyving arent.

Todny the U.S. A, 1s the only develoned nation that

conbtinnes thie 1200 A.D. conceplion of separation of the
4
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Traditional U.S 4. lMathematics Sequence

Subject
CAILCULUS
N

ANALYTIC GEOUETRY

AN
Pre-
Csaletulus AILGEBRA 3
AN

TRIGOHOMSTRY
n

SOLID GEOMETRY

PLANE SYNTHETIC GEOMETRY

ALGEBRA 1

T

BUSINESS ARITIETIC
and
PHYSICAT, GEOMGETRY

)

ARTTHMETLC

Figurec 2
;

43

School Year

Regular Advanced
2 12-13
13 11-12
12-13 11
12 11
12 11
11 10
10 9

9 8
7-8 7
1-6 1-6
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branchcs. A whole year of first course in algebra is
followed by a whole year of synthetic Euclidean gcometry;
this 1s followed by a whole years study of a second courcse
in algebra vhich is about one-third merely review of the

first course. This is followed by o terminal year study

N

of solid geometry, trigonometry and sometimes more study

of algebra. The students are left with an 1850 conception
of mathematics as though nothing has happened in mathemztics
in the Jast 150 yeers.

However in the 165C's dissatisfaction with the status
quo gave rise to reform movements - at first in the U,S.A.
and later world-wide., The strongest force for reform
came from the universities where there was close relation-
ship with the groduate and research activities of on-going
mathematics. The criticism that arose_resulted in a
radical change of presentation both in content and formality
of undergraduate mathematics courses and a strong disapproval
of the high school preparatory mathematics.

The first two efforts at school reform were the
University of Illinols Committee on School Mathematics
(UICS!M), and the Commission on Mathematicsbof the Collegze
Entrance Examination Board (CEEB). The UICSM began by
listing 104 skills the Ensineering School expected of
entrants from the traditional program. lowever the later

study switched to developing concepts as well as skillz.
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The work and report of the Commission resulted in the
formztion of the School Mathemetics Study Group (Si5G),
which while maintaining the traditional separation of the
branches in high school study, developed a curriculum for
school years 1-12 that did update the concepts of algebra
and geometry.

While many people ascribe the impetus for reform of
the study of mathematics in schools to the successful
launching of sputnik, the professional attack on the
problem came at the 1958 Edinburgh International Congress
of Mathematicians. 1In the Educationzl section of this
Congress the first paper revealed the lack of any genuine
mathematics being taught around the world to students
ages 6 to 16, the most formative cognitive years of life.
A third sesgsion was given over to U.é.A. efforts to im-
prove mathematical study (the UISMC, CUPM, and CEEB and
SMSG with speakers Tucker, Allendoerfer, Price, and EBegle
among others), At the close of this session, mathematicians
and educators of all European Countries and the U.S.A.
remained for more than 2 hours to discuss what their
respective nations should do to reform school mathematics
instruction. Among these persons was the educational
director of the Organization for Furopesn LEconomic Co-
operation (0OFEC), later to bhecome the Organization for
Jconomic Cooncrition and Develcpmant (ORCD).

In November, 1958, followins the 1ICM meeting, the

50
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OLEC orgaenized a two-week sceminar held at the Inter-
nztional Center of Pedagogy, Sevres, PFrance. It was
attended by reprecentatives of all the NATO countries

and concentrated on a thoroush cexawmingtion of the math-
emztics program in effect in rFrance from the L'Ecole
Maternelle throush Li'Icole lioymal Superieur. The prosran
wis found to be formal and severe, but of a vintage of
1850, Az Lichnerowicz said latexr:

"in the whole world, and particularly in Irance
our cducastion had adovnicd o vsuvedo-historical style,
in which higtory ig artificially recconstructed in a
genernlly mist-aYen monner, Hach mathematical notion
is embedded, in our instruction, in the philosophy
of the time in which was crested. 1In studying geometrey.
wie have been obhlipgated to beconme Greek, and Arabians
in studying ¢lassical algebra, and Vestern people in
in 1/th and 15th century in studyving analysis or
mechnanics znd that was the end of - <«duzation.

Tnus, the ordinary man bed Lo ask, ‘s 1t possible
to invent something in mathematics?” whis guestion

seenms to me the mest serious protest against & cerizin
type of education. BSuch non-unified concept of math-

ematics brings the students into a stage of deconditioning

followed by o painful staze of reconditioning. The
students have been opliged to think about the same
thiny over and over again by meahs of different con-
cepls which appear strange to them and like different
languages.”

As a resulﬁ of this seminar, OEZC arranged for an
international seminar to discuss vhat is new in mathematical
thinking, and what means should be taken to reform math-
cmatical educotion so as to reflect contemporary notions
ond voes of the subjectv. This seminar took place at

Tovawnont. Prsnce November 23 - December /t, 1059 and is

reported in New Thinking in school Mothemavics, OBCD,

Poris 1G°1,. It was this seminar and its report that gave

o1
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rise to the Nordic Commitiee on Mathematics Reform (Ice-
land, Norwey, Sweden, Denmark, Finland), the School
Mathematics Project of England, the Chambery Plan of
Irenece, and Hation:nl Committees in Italy, Greece und Spain.,
The report made a strong case for reform, a unified
cyllabus, the use of modern terminolosy and symbolism,
the eliminntion of most synthetic geometry and much
obsolete algebra, the introduction of vectors and vector
alpebra including vector spaces, the inclusion of differ-
ential and integral celeulus through a conceptual approach,
and the teaching or probability and statistical inference.

(1t is significant that the teaching of flow-charting and

3

computer prosramming vas not mentioned at this seminar. Com-
puters hzd not yet arrived in the world of school mathematics.
How to implement these new concepts and topics, how
to educate and re-educate teachers in the newer concepts
and how to create teaching materisls were problems that
reguired further study. To prepare materials, ORRC
convoked 17 mathematicians and educators for a one month

vorking session in Zazreb and Dubrovailk in August and

September 1950, Their work is given in Synopses for

Modern fSecondary School Mathem-tics., GECD 1941, The

synonses proposed topilces Tor the firct cycle of secondary
school (Grades 7-03-9) and for the second cycle (10-11-17),

s Lndiceadod the sy encil Lopic wes to Le treated in the
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classroom, but still left open the procaiure of wnifying
the instruction to classroom erxmerimentation in the
years ahead,

AfTter observing the emerping prosrams of mathematics
study in the nordic countries, Belgium, France, Germany
and Bngland, there was evidence as early as the £ail of
1953 that there was shapinzg up a general conception of
unified mothematics. The conception waz based on the
algebraic structures that had first been brought into

prominence by Van de Wzerden's !Modern Alrehra (19030)

and Birkhoff and MacLane's Survey of lModern Algebra (1041

The work of Georg Papy and Willy Serveis of Belgium were

cspecially significant for their spiral approach to the

v -~ Vo e L T ek B el
4 (VWA VI S VA G R S )

arning of the dmportant strands wound arvound
The OECD organized a Tfinal conference of all its member
countries, held in Athens November 17-23, 1963. The

report of thig conference appears in lMathematics Today,

A Guide foxr Tenchersz, OECD, 1944

With the publicstion of this report, there cculd be
no doubt that the immediate future of mathematics study
should take the form of a single unificd subject of
instruction. This conclusion was further strensthened by
che Cambridoe (Massachuselts) Conference, Report on CGoals
for School lMathematics, This report pointed out the

s

Iimitabions undor which the UXCH and

2 ohe

t oncratod wilth

recpect to ~ classical curriculum Tramework, and the lack

D
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of zdeaquately prepared teachers Lo teach contemporary
mathematics proposed by the Conference. The Programs
(two of them) pronosed by the Caumbridse group, were concerned
only with the teaching of z contemporary mathematics that
would be required of all scientifically minded persons in
the decades ahead. It, in essence, reconstructed a 19h3
contemporary mejor mathemutics program through the junior
year of a top-rated university in o form that wss to be
mastered in 1290 A.D. at the end of the seniocr high school
study (by cepsble students).

It is now established that much of what these math-
ematiciuns caelled for can be lecrned in the secondary
school. Onec way is throush a unified mathematics progranm

that has been develoved and is cet for th in the next

5 i

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

4

Chavter III

Al EMERGING CURRICULUM IN SECOMNDARY SCHOOL MATHEMATICS

Tha vast accumulated and growing body of mathematical
knowledere that is capable of belng learned by secondary
school sctudents can no longer serve as a principal basis
for building an educational program in the subject. There
is Jjust too much of it. OfFf course there is a core of
mathematical understandings and skills, not too large,
thot is essentinl for carrying out everyday activities--
arithmetic comnutation with numbers in decimel notation,
geometrical explanations of size and shape, and the use
of formulas ..nd graphs. Thics knowledge also appears to
be useful in the generation shcad, and it must be learned
in schools. EHence it must remain in the curriculum, 3Hut
if we attempt to construct a curriculum based solely on
specizl utilitarian objectives we shall make a number of
mistakes. First, viewing the changes in technological
developrment and social behavior in the past decade, and
still continuing, we can expect many utilitarian needs
of today to become obsolete and their practice useless
ten years from now, We need only cite the rule of three,
the rule of five, and the six-nercent rule for finding
interent, once taucht to cvery junior high cchool pupil.
I the rexder docs not recosnise theue, he need not wor»y--

they ore obsolete and not used.

Wi
C
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Secondly, utilitarinn training in mathematics is
generally taucht throush rote learning without comprehension
of the underlying theory thus constraining the mind to
act in a narrow behavioral associative manner rather than
being tought as a basis for aiding the intellect to form
generalizations for wider application. Thirdly, it is
an attempt to make of the lLuman mind a cog in a techno-
cracy -- rather than teo ¢ eate a flexivle mind that can
adapt itself to new situations -- and indeed to be the
creator of tham. Lastly, it is evident that it is impossible
during the school years ceven to twelve to determine which
students will need what special mathematical knowledge and
skills in their future careers. Hence, special utilitarian
aims can play only a minor role in the school mathematics
progranm.

In chapter one it was shown that formal mathematics
can be organized in terms of the fundamental ideas of sets,
relations, Functions, operations, and structures, both the
algebraic -- group, rings, fields, vector spaces -- and
topological -~ compact spaces, melric spaces, and others.
This Tact was established by Bourbaki as early as the 1¢40's,
What was not known, until quite recently, was how a similar
tvpe of unified organization of cubject matter could be
prescented to seccondary school students in o teachable nnd
leaynahle forma., Guide lines foy such o conutruction hove
becomre available in the form of syllabus conferences and re-

cent classroom experimentation in the United States and Burope.

Dy
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The programs that are cmerging, as revealed by these
confercnces and cxveriments, wnile differinsg in degree of
formnlism and abostractnecs reveal o strikingly common
structure. The development hao o kind of double helix
organization in which abstract concents and structures as

a central core develop in ceordination with the moct
important realizations of these strucuters namely the several
nwsber systems, matrices, #nd synthetic, coordinate, vector

snd transformation geometry. Probubility and statistics

-

\

as pare and applied mathematics, calculue as real and epplic
annlyzsia, and numerical analysis related to the use of
digital compulers ere futher realizations of the structures.
At all timcs informal lozic provides a precise coordinating
languagse.

To show this substance in more detail, it will be
convenient to consider separately how esch of the topics--
almebra, geometry, unalysis, probability, lozic, applications
and numericol analysic, are entering in the school progran.
Then an overview will be presented on how thec topics

merse into one continuous unified study.

Alrebra Instruction.

Ouyr purnose in this secction is to answer the ouestion--
how ¢ sleebus Le oranised »nd wrecsented o hisn cchool
stiidents in o nanner to be uoeitl, put which will reflect

botihh in content and coirit the contenmporary viewpoint of
the subjecty A preliminary puide line for presenting all
5'¢
o
O
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secondnry school mathematical study 1s the following:

1. Develop the concepts of set, set manipulations,
relations, mappings and operations.

2. Use notions from the theory of sets and the
properties of operational systems to introduce the concepts
of the structures of groun, ring, and field.

3. The tcaching of important topics from classical
arithmetic, algebra, and gecometry should arise from the
study of properties possessed by these fundamental structures.

I, Develop the concept of vector space and its reel-
izations as one of the strong unifying elements of all
mathematical study at the secondary school level,

As remaried earlier, algebra is no longer merely
calculation with nunericel «nd literal quan
just a science of the solution of eqguations. I
more encompassing study of structures,'realizations and
all the activities derived from both of these entities.

At the secondary school level, we shall mean by structures
essentially those of operutional system, group, ring, field,
and vector space, By realizations we shall mean the
various systems of numbers: whole nuwnbers, integers,
rational numbers, real nwribers, comnlex numbers, finite
(clock) nunber syctems, coniormntle maﬁrices, polynominls,

and veetors (or ordered n-tuples), all of which exemplily

or serve ~n nodels for the varios strucbares. Uy activiti

I8}

we shall meon tr sc of veriables ~nd the ctudy of

4t

[
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expressions, functiocns, solution of conditional sentences
(cquations and incoucntions), absolute value, and application
to problems both within and outside of mathematics.

These activities include all the important skills
and cormputations learnced in the traditional alsebraic
instruction but now treated from the contemporary viewpoint
as well as many ilmportant new ideas. The use of the fun-
d2mental structures lies not in their Formalism or rigor,
both of which need not be emphesized, but in their dominant
role of unification of mathenmatics, of permitting efficient
study and giving genuine understanding of the basic concepts.

Secondary school algebra involveS the following content:
operations and onerational systems: groups, rings, field,
veeltor spaces, ¢ms, Tunctions including poiy-
nowial, rationsl, irrational, exponential, logarithmic and
triconometric, their construction and ﬁheir graphical
representation, the solution of systems of equatiors and
ineguations including those with absolute value exprescions,
applications including isomorphisms and models.

To visualize a possible curriculum sequence, we state
in more detail the topics that must be considered. To
bridgé any existing gap between elementery and secondary

4 ~

school study the seventh year can besin with the investiisgation

ol Tinite, so-collied clock overation systems, which can be

Acaimn-ted b
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(7., + ) < (n clock numbers, addition,
n’ S 7 multiplication)

and contrast their properties with those of famillar whole
nunbers. This study initiates the concept of a variable,

the idea of domain, the search for an identity element and
existence of inverce elements, the comnutativity, associativity,
and distributivity properties, tle construction of expressions

and the solution of open sentencecs. Thus in (ZG’ +, .0,

N

oy 4+ 3 = 1 has two solutions, namely 2 and 5; but 2x + 3 =
has no golutions.

This study can set a base for a general study of a
binary operation defined on a set L, as one that assigns
to each ordared poir of the Cartesian produce E » E one
element of the set T. The usuvzl opcrations addition,

exmonentation (or powsr), subtraction and

B

multinlicaotion,
divicion arc re-exmmined in this light as well as new binary
opcrativas such as mesximua, minimwn, constant, first elenment,
second element, len, gci, and others created by the students.
These operations ere examined for the properties listed in
the Torersing paragraph, ond then used for calculation in
numerical expressions that ccon be simplified to a single

=

element. The work eculminates in singling out the pro-

pertizs of a group which are then stressed as Tundamental

te ail subscauent study. Iater, after the study of integc*s,

rvationals . reols, ond teanciornstions of a plane, the groud

w11 hewn sutiiciont exennles o warornt the study of

[

1tnell as an Sroortant otructure.
G4

O
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The concept of function is usually introduced by mapping
a set into itsclf, or Into another set, using arrow dia-
grams., These diggrans are now finding use in elementary
school instruction. The role of domain aond codomaln now
enter the instruction. Relations are contrasted with
functions or mappings, the latter being a speclal type of
relation. This initiation to function paves the way for
later concepts of ordered pair definitions, and ultinmately
the definition in terms of subscts of the Cartesian product.
Right from the start, the contemporary notation of funciion
should be used namely with £, g, h as functions, for example

f: x &———> x+ 3. The function that takes each

x{of & domain) into x + 3.
g x Y X, The function that mzps each
X into,xg,

The notation f(x) or g(x) is used only for naming the as-
signed element, or the second clement in the ordered pair
definitions. Finally the operation composition on » set
of functions extends the idea of operation beyond that
defined on number sets only. The composition is designated
by T © g, read "f following g". All the above development

is limited a2t first to whole and finite numbers svstems.

e

5 strecsed.

e

on

¢

When intecers are introduced (there zre many wavs of
doins this) their zroup structure under -ddit

How «11 the provious wori on expressions, ifunctions,

01
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solution to conditional sentences, mappings, etc. can
be applied to the set of integers, revealing new possibil-
itles, e.g. subtraction is an operation cn the integers.
When multiplication is introduced as the operation, the
group structure does not exist. With the two operations
we have a new system (Z, +, .) which is a ring. This
ring of integers can be ordered. 1In a simlilar sequence
of study, the rationals under addition form a group.
Under both operations they form a field, and to be sure
an ordered field symbolized by (Q, +, ., (). This ficld
has gaps, Tor example there is no rational number to solve

2
X2 = n, whera n is not a perfect square, that is %2 or

am oda
Lllv

he]

, b0, To remedy this situation real numbers are

oo

e
H

cduced in an informal manner, by =djoining all ir-
rational numbers to the rationals to give a completely
new ordered field structure. A study éan be made of
operations on real functions, that is of £ 4+ g, £ ° g,
f - g, and £ + g (the last with domain restricted to those
real x for which g(x) # 0), with graphical illustrations
of all these cases.

The polynomials can be constructes hy the use of
the constant and identity functions and operations of
ofition and multiplication upon them. The polynomials

present a new ring structure. All the usual traditionzl

sbudy -- Tactorine, spoecinl praoducts, grevhso, gundratvic
equations, and rational fimctionz -- arise naturally =o
N
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activities but always in a sctling that demands a specif-
icatlion of the domain of diccourse in each activity.

Similar approaches can be made to the study of nmatrices,
complex numbers, and exponentinl «nd lozarithkmic functions.
Thus the entire study of school algebra grows Trom the
simple to the more complex, and from the concrete to the
more abstract over a period of six years of study. ‘The
varallel and interwoven developncent of structures, real-
izations cnd activities is Lllustrated in Iigure 3 on

the center o2nd risht-hand colurns.,
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Geometry Tnstruction.

The most debated subject during recent years from the
point of view of school instruction, is geometry. 1In
1959 when the fumous mathematician Jean Dieudonne sald
"Down with Euclid", he did not imply that gcometry
instrucvion should be abolished. To the contrary he
enhanced the study of geometry, but from an entirely
different aporoach than that of a long synthetic study of
Iueclideon geometry with its global set of axioms. Recent
conferences at an international level likewise all point
to the necessity of teaching geometry from other points
of view in addition to the synthetic approach, and to make
the subject an integral part of all mathematics. 1In
general the pact method of the study of goeometry isolated
it from all the other parts of mathematics,.

The essential elements of geometry -- points, lines,
planes, space, polygons, circles, rays, segments, angles,
common solids, etc. are now taught in the elementary school
as physical elements in the world about us. At the start
of secondary school it 1s only necessary to review these-
concepts, to develop some skill in making representative
drawings, and to secure some sort of abstraction of these
elements as ideals of what they represent.

Todny, secondnry school geometry must be conceived

of as study of spzces. Each geometry is a (set, structure)

6o
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where the elements of the set arce called points and the
structure is o set of axloms, including definltions, which
relate the points and their important subsets. With this
conceplion, instruction in geometlry must be brought more
and more into relation with algebra and its structures,
and thus it must be developed 5o as to permit and exhibizt
Lvhe use of algcebraic structures and technigues. This is the

spirit of the times. In this respect, a very important

objective should be to develop freometry so that it leads to

a bosic understonding of vector spnaces and linear algebra,

There are a number of ways, all valid, to study spaces.
One can use intiition alone and study physical objects

in 2- and 3-space and, by abstracting shape, position,

and metric propertics where they exist, develop a practlicel
geometry or a°  ast a useful set of geometrical relavions,

One can procecu gynﬁhetically, as Euclia did, choosing a
convenient (but small) set of sxioms. One can coordinatize
-pace and make use of the real numbers, as Descartes in-
dicated could be done. Perpendicularity and a distance
function can then be used to obtain the Euclidean coordin-
atized plane. One can also follow the Erlanger Program of
Klein, studying mappinss, transformations and groups and
the resulting geometries. One can also usge vectors, first
as sensed Jine secments, and then 25 points in a space with

o n alrebra of points as n-tunlas,

ck

o Tiwed orisin, leodins

Then cne cnn o from affine to Puclidezn vector space by wny
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of an inner product of vectors. Since in the sccondiary
school we are not, and do not need to he, solely concerned
with teaching future profccsional mathematicians, none of
thece anproaches should be used to the exclusion of the

others. 1t aprenrs | oal a contemporary view of geometry

for the educnated layman is best achieved by o study that
contains «ll these approaches.

With the educational goals stated at the start of
this report and considering the mathemntical content
feasible for sccondnry school instruction, the following
objectives should guide the development of the secondary
school geonmetry instruction:

1. Develop the concept of space as a set with special
subsets, having structures that are linked to others --
especlally vector, atftine, and Euclidean zpace.

2. Develop the knowledge of precise relztionships
between the line and the set of real numbers. This leads
to coordinatized spaoce.

3. Develop an understanding of the principal trans-
formations, groups of transformations, and their application,
especinslly in a coordinatized space.

L. Develop an understanding of an axiomatic structure
by this seaouence of zstudy: the affine line, the affine
plme, ~ffine svrnce, metric nnaca, Buclidean sprce =23 &
vector spree,

5. Dbevolop akill in applying the ceveral methods of
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geone bric development Lo the solulion of oviginal problems -
both mathematical and applied.

6G.oUndty the mathenatical stwly of alpebra and peometry
in the concept »nd spnlication of veetor spaces waul lincor
alrebra,

Geomelry instruction should be lncluded in every yoar
of stndy beginning in prade seven and continuing throurh
grade twelve., 1t should prow in complexity and abstraction
and ot 21l times be related to those alpebrale methods
thrt enable it to become imbedded in a veetor-space
ctrocture. Al ©11 times it should be applied so that it
becomes o woy of thinkinz., As Willmore (1970) has said,

"What is importent is a geometrical way of looking at a

mathematical situation; geometry is cssentially o way of 1iie.

There are many seauenhces in which the geometric
inctruction outlined above can be organized to achieve
desired objectives. One neced only study the official
syllabi of Buropezan countries to recognize how many diffcrent
approaches, with different emphoses, reach the same goal.

The following ceauence, integrated into a six-year uniiled
study, 1s one reasonable proposal:

1. Start with a physical, informal study, using
dr:owinecs, paner folding, meacuring, ond physical objects

1ans Jors fisurces in Buclidenn -

.

(@]

to iodin an intuitive e

>

anad Gecpoce, eonteicdly Tor lines, rayo, sorments ~nd anglon,

5. Deveoloon the number line as o mapping of real numeers

(et
o
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into the set ¢f points nn a line, preserving order. Scale
the line man& ways to develop the linearity of relazations

of the scales, x' = ax + b. Compare yard with meter, dif— ‘
ferent temperature scales, and so forth.

3. Develop lattice points as intersection points of
two directions. Use the coordinatized affine plane (parallel-
ism only). Introduce perpendicularity and develop trans-
formations of the plane that are isometries. Use translations
and groups of .ranslations in connection with vectors,
eguipollence of vectors, and addition of vectors. Use
both transformations asnd vectors to prove relations in the plane.

L, Introduce dilations with a fixed point and elementary
ideas of similitude.

5. Intiroduce axioma fTine plung geometry with a
minimum of axioms. Develop ideas of proof and prove
theorems. Apply them to finite models; then to lattice
points, and finally to the continuous plane.

6. Using further axioms (or better, informally),
introduce the cooirdinatized affine plane.

7. Introduce perpendicularity and distance to obtain
the fuclidean plane. Examine the group of transformations
constituting isoncu~les) treat congruence by isometry. Do
linc:ar equations and inegualities with respect to the inter-
section of lines and halfl planes. Relate them to matrices.
Relate 2 x 2 matrices te transformations in the nlone.

8. Introduce 3-spzce, both affine and Fuclidean, informally

(we
N
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Study relations of lines and plones in space. Consider
the measure of length, area, and volume.

9. Introduce (informsally or with axioms) coordinstized
affine 3-space.

10, Do the alzebra of points in an affine plane.
Develop the notion of a localized vector and.the equation
of a vector line and an affine line. Apply this to geometric
nroperties in a plane,

11. Develon tne vector-space structure and its linesr
algebra; apply this to the plane using the concepts of
busis, linearity, dependence, and indepnendence; give many
other illustrations and applications of vector space.

12. Introduce the concept of inner product; develop
affine X-space as a vector space, define rarpendicularity
and Buclide: 3~-space, and cevelop theorems in Euclidean
3-space.

13. Develop the conic sectioas, either by vectors
or by rectangular coordinate geometry. Generalize trons-
formations in the a2ffine and the Euclidean plane.

14, Use natrices, transformations, and complex numbers
to develop and relate all mathematics in developing trig-
onometric analysis.

The reometry prosran sugisested in the briefl outline

>

-

above 1o nanoeclectin one, to ve cure. It sttermpto Lo

)

. . . SN R e - e . KR e R 2 3 — R
anow Lo soe cxtos s Lont o eacntyy Lo toda, it oives dn-

>

nortant geometric i knowledze; and chove 11, 1t shows how
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the subject gives clarity and understanding to all other
branches. PFurther, it develons a tool for genuine use for
all those who continue their study of mathematics and
science. How this geometric study may be organized in scme
structured way that unifies the various aspects with the
'lorge! mathematiczl structures is shown in Figure 3, the

center and left hand columns.

Prohability and Statistics.

ndvances in science and technology have made it necessar
to includc new topics in secondary school mathematics
and science. Probability, in its contemporary setting is
one of these topics. Today, the educated citizen must
understand the concepts, language, interpretation, and
application of this aspect of mathematical knowledge in
order to carry on everyday affairs intellipently. The
following seqguence of instruction is one frequently cited
for the scecondary schools.

1. The empirical background of probability theory
throuch the exhibition of statistical regularity in every-
day 1lifw, in nature, in games, in science, etc.

2. A development of the mathematical theory of probab-
i1lity.

3. A hont of cpplication of this theory to the des-

cription and prediction of random phenomena.

I, A brief overview of the historical development of

the theory.
71
O
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To meet thesec poals requires a continuous development
of the subject froco grade 7 through senior high school, as
its concepts =re developed inrelation to, and along with,
the corresponding set,algebrai-. and geometric study that
iz needed. Using both a-priori and a-posteriori procedures,
the subject starts in grade 7 to build the empirical know-
ledge of outcome, outcome space, trial, event, relative
Trequency and probability mezsure. The gathering of data
and the study of the = _stribution of outcomes leads to
granhical representations -- histograms and freguency poly-
gons -~ and the measures of central tendency and dispersion,
for exemple, the arithmetic mean, mode, median, range, and
standard deviation.

AT the next level of insiractlion, e siudy can be
related to sophisticated counting, tree diagrams, permut-
ation, combinations and the binomial diﬁtribution. From this
empirical and algebraic study, a formal set of axioas can
be abstracted to define a probability space with a probability
measure. With this elementary treatment which relates
events to the simple set theoretic algebra of union, inter-
section and ccmplementation, a host of interesting and
genulne provlens can be examined.

The culmineting aspect of pronability study for the grent

of students lies in its extension to conditional vprohability,

out of wnhich ti: Liens of dernendent ond independent events
can be drawn. This leads to the consideration of randonm

[ 20
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variables and expectation, two dideas that are pervasive 3n
the affairs of modern living. All this knowledpge can give
genuine and neccssary insight into insurance, lotteries,
and aopplications to bpiology, genetics, and physics that
abound in the daily : :ws and affect the behavior of every
citizen.

arther study, for those with interest and ability
can be spent in exanining independent and dependent random
variables, HMarkov chains, transition matrices and mathematical
distributions. DProblems proverly selected, can show the
wide zpplication of probebility theory. In the last year,
with the tools of calculus at hand., the extension to con-
tinuous probability can be made. Here one scees the funda-
mentnl ddeas vnderlying the use of polls; gampling, and
quality cont.ool technigues.

It should be evident that this prdgram in probability
and statistics should not be presented in isolation from
the other parts of mathematics and it should not be deferred
as a scparate study until the last ycar of sccondary school.
This is too late for by this time many students have left
the study of mathematics for other interests. Unfortunately
some of these other interests, sociology, economics, business,
for example, now rcguire an elemcntary knowledge of pro-
bability ~nd statictics for thelr comprehension. But more
izport .ont is the het thnt vrecenting the subject as an

intesral unified port of all the rest of mathematics lends
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efficiency qna o 2ater understanding to the learning of it.

-~

The Caleulus.

Untsl guilte recently, the czlculus was considered o
wniversity level subject of instruction. In order to study
the subject, ctudents were expected to have acquired =
rather comprcechensive knowledge of algebra, especlally
algebraic manipulation, geometry, trigonometry, especially
triconometric anzlysis, and coordinate or analytie geometry.
This ecxpectation has changed radically, and good treatments
of the calculus now include the study of nmuch that yes-
terday was consldered pre-requesite.

It is true., however, that one of the reasons for knowing
alrebra, coordinate seometry, and trigonometry is the basic
foundation they give for the study of infinite processes.
llere, in calculus, the student sees the total intersection
of all these subjects as a unified mathematics study. The
student also finds a great number ol genuine problems
that con be solved by technigues of the calculus, but that
can not be solved by any m:thematics previously studiled.

The calculus is, in this sonte, a high point in the apprenending
of what mathematics is today, and vhat its power is in
the solution of pronlems.
e troaiiionsl introduction o colculus began withi o
17 ol seaunnces ond linito of nmeanenees.,  The exidston:te
of o limit was tousht infermally throush the use of in-

equalities with merely a mention of ubsolute value15'~nd G}
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continuity of a function at a pzrt or in any
interval was then defined in terms of limits. However,
the advent of metric topolory has brousnt cbout o growing

trend to revise the order of study of limits and continuity.

This emphasis on understandin~ infinite processes, as well

as being able to carry out operations involving these pro-
ceoses, is the more recent apnroech to learning the subject.

The teaching of analysis can be strengthened in the
secondary school by preparing for it esrlier in the school
progran.,  Une following topilcs should occur early and he
gontinued crch year of study until the Tormal study of
analiysis is introduced.

1. Since the first course deals escsentizlly with functions
of a rezl variable, enrich the study of functions with =
stady of ., cose circular Tunctlons, logarithmic and exponential
functions, and special functions.

2. Familiarize the student with approximate numerical
computation with provlems lending to the solution x as lying

s’

in the interval a < x " b or in the form of an estimated
error |x-d| . -

3. Place importance on the manipulation of inequalities
with absolute valucsf

L. Introduce lineer interpolation either ns syproxi-
mation to o Munction wailue or to replace on incomwletely
wnown funciion by a piccevice iinear function.

e

-

5. Otroesc Sn ool teasching Lhat the rood numters osre

To

O
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ordered field with properties carelfully, but informally
stated and tected.

6. By introducing a concept of "distance" in the
topolosical sense chow several different disteance functions
by means of definitions that can be intuitively sensed.

The study of analysis itself begins with that of con-
tinuity and limits where the limit of a function at a point
is the vulue to be given to the functior 4t this point in
order to malke the function continuous at this point. The
intuitive topological concepts of neighborhood, open and
closed intervals, and deleted neighborhoods enables con-
tinuity to be defined in terms of & -neighborhoods of the
domain associated with €& -neighborhoods of the codomain --

-~ e S - [RURET SV 3 RN | L ;e m oy P S | rey . - e L N
Tirst ¢ pPOoLile & chen over an i "V ‘e 1imit of

o

a function is then defined in terms of continuity and not
in terms of a sequence. |

The derivative can be introduced through linear
approximations to a curve at & point »nd this also leads
to the differentizl as a linear mepping. The study can
then follow the traditional seguences leading to formulas
for diffcrentiation, derived functions, and applications.

The notion of primitives can be introduced informally as

anti-derivatives. Integration c:n be intreduced independcen

ol differentistion as a solution to a nroblem off measure,

e modern nreseont: tion weinn with » et of piocewise

monotonic step functions on which one constructs the cliosi

tly

cnl
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rectanglices which cenclose the bounding function between two
step functions, Thic leads o the Riemann integral. The
fundarentzl trecorem of integral calculus follows, along with
a1l the clrssicsl techniques of integration and application.
¥e now sce analyois, as deccribed in this section, o3
an indiccriminate user of &1l the fundamental ideas of
number and space as it develops its owvn unigue procedures

for the study of infinite processcs. In modern socicty

~

the concepts and applications of analysis are of great
use not only to scicntists and technicians, but to the
educated citizen o3 means of understanding what is happening

in our scientific-technological culture.
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Humerical An~lycis and Compnuters

Perhops the moot striking and far reachlng technological
developaent of our age is the digital computer. The first
commercial electronic computer, the UNIVAC dates from 1950.
Todeoy there are thousands upon thousands of highly efficient
computers that have completely transformed the modus
operandi of business, engineering, and science. Their use
is literally changing the culture of world societies. It
thus becomes socinlly necessary that all fubure citizens
know the nature, purpose, and use of these machines, that
there is no nagic in them, and tlmt while they may appear
to perform miracles, they can do only what man tells them
to do.

Pcople must be cducated in o culiural wnderoianding of
these machinés. Also, a host of millions of workers must
be prepared to program them by the proﬁer use of computer
languages., In addition, a large group of scientists and
researchers will be needed who must have a far more extensive
knowledrse of the mathematical and electronic theory of the
construction of computers. The use of the computer as a
learning tool is growing, and its use demands a deeper
understsnding of algorithmic processes, as well as newer
constructive thcories as used in the solution of all kinds
ol cquntions, in lincar propramaing, and in cvaluation of
interals.  unee aoain our instruction returne to nuwmericnl

analysis, but with more general and deeper methods of

fRe!



O

ERIC

Aruitoxt provided by Eic:

70

obtaining particulsr numerical znswers.

This study should begin eorly in school instruction,
no later than grade ceven, by making flow charts for simple
aritnhmetic caleulations, that is by understanding an al-
gorithm as an operational process. These simple processes
applied to the study of real nuubers and measures, lead
also to an understanding of the nature of approximations
and errors. As soon as possible, f{low charts should be
programmed by the study of simple computer languazes, of
which a munber arc now available. As soon as a computer
is available, by itself or througir a console relayed to a
computer center, programs should be carried out and zpplied
to all the current study in mathematics -- this means prac-
tically adll matnématics study involving numerical or loglical

answers. The computer should be used to solve all types of

. problems, for example: systems of linear eguations, systems

of linear inequalities, probability problems involving
simuletion, problems involving matrix operations, solving
polynomial equations,derivatives and numerical integration.
For ezample, instruction in the theory of equations is
shifted from the classical processes to newer iterative
nethods for isolating and approximating the roots. The con-
puter and its accompanying inctructional material, a2gain

serve as a means of unifying thc branches of mathematics.
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Loric.
In the traditionsl program of high school mathematics,
lozic, as a separate study, held no place. It was limited
in its vse to the study of geometry where axioms, definitions
and demonstrations were used as means to initiate students
to Tormal presentations. The analysis of sentences was
usually limited to those of the form of an implication:
Lf -- then. The use of bi-implications -- "3{ ana onlvy if,"
or 'necessary and sufficient” -- were seldom if ever menticn- 4
Likewise the uce of the quantifiers "for some A" or "for all
A" were never mentioned in stating theorems or nropositions.
If tne purpose of geometry was to teach the use of logic.
it did not succeed in doing so.
formal mathematics, structures on sevs, axiomatics,
and demonstration, reaquires the cexplicit use of logic., How-
ever, the degree of formalization and symbolization found
in mathematical logic is more than is needed by, or within
the maturity and experience of, the students in sccondary
school. Further, the logic that is essential applies to
all parts of mathematics -- number theory, algebraic
structures, geometric systems, analysis and applications.
It must be sufficient to give pupils a correct and usable
concent oi axiomatic glructure. definitions, and methods of
prool. Its nain use is that of o tool to check the correct-
ness of onds thinking., Tt has little or nothing to do with

~

the creative or discovery aspects of learning mathematics.
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After the gtudent hasd nnd a good amouht of informal.
inductive, munipulative thinking about pasic mathematical
topics -- numoer theory. grouns, geometric relations of
figurcs in a plane, probability situations, and the like--
11 would oppcalr reasonable ©O spend SOne time putting
these topics into an scceptabic structure. ToO do so requires
a4 basic knowledpne of the ciements of logical structure.

This structure can be built up as the study of mathematics
continues, put its Fundamental jdeas must be initiated
carly in the sacondary cchool programn. hile the usc of
logic per SC is nov linited to the study of mathematics,
and certainly occurs in everyday 15fe situations with the
use of the natural spoken language, yet for clarity and
precision it should DdC related to mathematical situations.

The initial usc of connectives "and", "or'" and negation
"not" can he taught in connection with sets and operations
on sets. lHere, also, one can teach the precise use of

1

logical words "a' s "one",

"some" , "each", "every", "gp11",
ngpe', and relate them to the phrases they modify DbY¥ the
use of the universal guantifier "por all A’/é".

The gentential calculus 1.7 the most important for the
study of rmathematics. First onec clarifies the meaning of
P2 declarative stabenent with its assigned tme or faloe
volue, tnen throuth the ust S simple truth tables one
establishes tne truth values of implications, bi-inplicatlons,

and contrnnositivcs. inally all of the foreroing study 1s

e
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used to develon several inference strategies which can be
used to test -- prove or disprove -- stated conjectures.
The indirect method of proof or contrapositive, loses its
mystery when it is subjected to this type of logical analysis.
The only cymbols needed in all this study are

not and or if~--~then iff infer

—_ A v .
' . Al /:__' ""A»
' ‘ A

Their usc lies in the simplification of expressions,

/

not in formalicm. These symbols may be introduced gradually,
but once lexzrned they should continue to be used throughout
the remaining part of mathematical study wherever proof
enters. They are tools for common use in mathematics, as

well as in all rational thought wherever such thought occurs.

APPLICATICHS.

If the utility of mathematics is to recognized, we
must provide illustrations of applications of mathematics
in our school study of the subject. Beyond illustrations,
we must also, whene&er possible, develop the ability to
apply mathematical theory and concepts to the solutions of
real problens in affailrs of Zife. It is casy to show the
"tool" value of clementary arithmetic and physical geometry
in the cveryday sociol, business, and trade life of ~ll
ndivvadasls, U is yporce difficult to cee the hifher uaes,

{or cxoople tho matheraiical cxplonntions ol scienbidic

82
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phenomena as it occurs in physics, chempistry, biolozy, cr

economics, or the way mathematical theory serves as

to cxplain relativity theory,

incumbent upon to

us

A1l "word

problems” .aay be

show its uses.

censidered as

or the

a model

structure of a1 aton.

develep our study of mathenm-tics, it is

mothenatics, and this tyre of problem should, insolar as

possible,

thet actunlly ccecur in current life.

7o bevond o

just studlied.

For example,

cinoa.e example of the mathematics

the axiomztic probavbility spac

reflect real situations -~ that is problems

These provlems should

o~ L) - -
et has ooen

O

with a measure function is a model of practically 1l chance

situctions o person fac

are cnormous.

-

(S33)

day after day.

entering every field of acedemic study.

The applicatlinns

his

fact shou.d be continuously exploited throughout ezch yeer

of study of mathematics.

The teaching of calculus bring

with it the host of applications ©o physics and engineering

that show the utility ol the subject.

However, therc are newer applications cf more recent

mathematicszl content that are interesting and desirable.

Tinear pro;rzuming offers simple, yet genuine examnples of

the solution ol linear inecualities subject to constraints,

a0

simpLex ncethod.  Wne uo

¢ of

8.

proszroamned for electronic o

)

sohically, exnlained theoreticnlly,

oimuter colution by the

sets ~rc

1
L

1o:0ic in develonin a



Roolean lgebra thot can be applied to simnle elatricesl
dircuits isc anoiher newer apnlicotion., In “net set theory
can be vsed, not only to eymlain mathenmatica2l systems, but
also Lo interpret such politicnl phenomena as voting co-
alitions and blocs. The applications of groups and other

wetures are likewise invading the other disciplines, and

2

ct
0

caen find this for cxanple 1n modern »ooks on =yn

L]

D

N
J

o

and gr-ommeticeldl constructions in lansuazes. The alert
che

teccher will find and use prohle: emistry,

4

w

.J)
K
Q
3
'3
=y
S
e}
l,.J
o
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navigation and so on

(T)

biolory, peolory, cecononics, s»nac

=N

becruse all these fields make wide use ol many areas o
4.

mathennatics ~nd mathematical thinking, that egain reflect

the uwnified asnect of the subject.

A UNMIFLED CURDILCULUN

nen one looks at the Bourbaki struclture of mathematica
and the historic=l events leading to its development, one

cah sense that the universality thet unites so many braznches

into 2 connected entity is acquired lzrzely throuvgh the
fundanentel use of ets, relotions, and siructures. With
this coacention we can no longer afford to think of school
mathemstics as o collection of disjoint branches. The
scinool mothenslics mact be newly conotructed by maXing use

of 1L this mothenvicel aevelopm2nt, vroovcrly ad=snted 1o

Le nehuUTe s cvreanses o osoanraery cononl learain.
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The forcgoiny partizl listing of the content of
ceocondary —chool mnthematics shows To soue extent the unity
c. mathenstical study., A complete view of the inter-
ralotedness however must come throush a comprehensfive
study of the content and the manner in which it is taurht
and lenwrned. Fisure 3 can help the rewder to cece to come
derree the way the entire subject is held firm by a centrsl
core of fundamentalsand structures, for which both geomatrical
and algebraic reslizations form the basis for all the math-
ematicel activities derived therefrom., These activities
includs the study and use of operctions within the structure
realizations, monipulating veriables, expressions, and all

tyves of functions, the study of conditionel sentences and

B A e e P AR P I B e I R A~ v - 1 -3
WLions, graphs and aphilcavisnsg, Lsomeuerills, S

-4

thelr oo
ilarities, constructions, and other geometrical applic:iions.
For efficient teaching and 1earniﬁﬁ, the school

curriculum should be -5 unified as possivle. The prograin
discussed above .ty be described as one that constitutes

an advance over the traditional orgsnization by embedding
all of mathematics, traditional and new, into a contemporary
setting of the subject. The learning is designed <o educate
our youth for orientation to change and to avoid anachronisn

1t woriirg world,

<

o

#s they cnter tne university or the ad

The goal ic to provide:

N

[y

(1) o contomnorary vicwpsint of aligebra a5 a study o

.

structures . their rexlizstions in the several number swstems,
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and all the derived activities. It will be a body of
tnowledyge that includes much that is now in collegiate
progrums. It will prepare students to bepin a rigorous
abstract algebra and vector space study at college entrance.

() a modern viewpoint of gecmstry os a study of
spaces -- cventually related to the algebraic structure of
vector space., This is a point of wiew not available in
many college progiams today, but it must become the common
knowledge of all educated people.

(3) a unificd approach to the study of matheomatics
with the concepts of sets, relaliions, mappnings, operations,
and structures ninding all tne truction into a continuous
spiral approach to le.rnirg,.

(&) applications o7 mathemabics, not only tco physics,
but to new areazs in tne hehavioral sciences, where probability
and finite mathemaiics are extremely important, perhaps more
so than analysis.

(5) an intuilive, non-rigorovs, tut correct intro-
duction to analysis via continuity and limits.

This program 1 rovides - genuine liberzl edu:s .o in
mathematics as i¢ is corn~eived in vhe last quarler o8 the
twentieth century. It Toris a2 basis fcr entering the

college or univers.ity -t the urdespradu-te level for ~uy

professiontl ctudy wihether ot bLe in cecience, ongmincearing,
law . medicline, econmics, & ricoviorsl sceiences, or in pure

niathematiow,
3.
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O
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Vhile in its more scvere form it is for studonts wn
the vpper 17, ©o 20° of co,. nitive intellirence, - & mo- n
concrete and practical modificction it is a prop . for
maos cducation.,  In 21l of America today, whi ~ -t evident
in 7 newly construcisd curricula, yet clearly discernible
HOLlitival, cozinl, and economic expressions, nade
Ly vhe govern-~ut, business, and the public at large, there
is growing u grezt conccen for mass education. This concern
is uwsunlly cxnrensed os equal educational opportunity for
11 children, where equal opportunity is not construed as

equil zceess bhuld as equal acaulsition of knowledsze.

Vhether this is possiblevor not, it indicates, along
with the description by Lichnerowicz, that there is only
onec mithematics -- the same for all people, Ry proper
modification, with more concretization of abs* ¢t theorics,
and presented at a slower pace, two-thirds of the nroposed
program could well give a great mass of students intellectuzl
satisfacts and the knowlcdge needed to understand., and

to succeed in, a competitive technological society.
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Chapter IV

T WORL OF SSHCTS

It is a stimulating and exciting adventure to construct
a mathematics curriculum that will have a completely dif'-
ferent organization from the traditional sequence. Here one
is z2llowed freedom of selcction and structuring of the con-
tent, freedom to create new pedagogical procedures for es-
periméntal clasgsyroom use, and is challenzed to look ahead
to the needs of tomorrow. All 6f these conditions contributed
over a period of nine years to a contini-us and unrestrained

enthusiasm that produced the Unified bModern Mathematics

textbooks, teachers commentaries, and technical renorts
of SSMCIS.

However, it is another matter to report the work of
SSMCIS so that the reader captures the spirit of thae higao.
professional interchange and creation of ideas that low 7o
the final product. A report tends to become a li.*% -~ une
activities in a summary form, des/oz. i the arguments,
disagreements, accordances, expect:r: ..ou, 77 .appointments,
elations, and determiniations of =il iLhe personsz involved.
This ~hapter will attempt to reveal nol only the modus
operarci but also scme of the elan that madc the adventure

sueccessful one.
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Initisl Procedures.

Ly June 1974, moathen~tics curriculum construction in
the U.S5.0, had reached a climax in the work of the Com-
mission on Mathemntics, the University of Illinois Comnittee
on School lMathem-tics, and the School Mathemetics Study
Group. 4ll these grouvns made their reforms within ti.:
framework of the traditional organization of year long
studies of the sepurate branches. The only contribution
beyond these three movements was that in the proposals of

the Cambridge Conference on Goals for School iathematics.

flowever, durine the @ viod 1958 to 196/, Europeans were
committed to radical reconstruction of their mathematics
curricula based on recently developed movements in mathematics
itself. Among these were the School !ithematics Project

in England, the work of G. Papy in Belguim, the new curricula
of the HNHordlc countrizs znd the work of Kolmogorov and hMark-
ewschevicz in Russia. The Buropean thinking h o failed to
interest any of the reform groups in the U.S.A.

Accordingly, in October 1954  a proposal . 153 made to

the PFederal Crffice of Education, for the support of a pro-
ject to construct zn entirely new organizatic:n of mathematical
study for the school years seven through tiaive to begin in

school year 1905-1G77, The ohjective, as stated at that

"It i propoced to construct a new detailed syllabus

8Y
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Tor a unified progran of mathematical instruetion,
largely oloebra oriented, for the secondary school
years, pgraedes sceven through twelve., This syllabus is
to encompass all that is now ceonsidered a first year
university program. From the syllabus it is proposed
to write complete textual material for pilot class
experimentzl teaching by scholarly and specially
trained teachers. Concomitant, it is proposed to deter-
mine the tencher education in mathematics and mathem-
atical pedagogy necessary to teach the new progrem,
and to develop tests and testing techniocues to Jocer-
mine the mzstery of the materials to be taught. 1In

effect, the objective is to realize part of the "Goals

o ~ ~ <"r~‘~ﬂn - - r\ﬁt” -~ ~ -~ i e o~ - - - - -

for Schonl linthemotics LuCcILJG.Ly ae ulODG\:’L Lyothe
: N o 1
Cambridge Conference, Ju. ., 104673,

Thrre is a great difference betweeh the U.S.A. uvpdating
cype of reform and one in which the entire curriculunm is
reconstructed from a glotal point of view - one wihich
eliminstes the sepsration bharriers among the several classical
Sranches, unifies'the subject through its general conceptis
(set, relations.m pvings, functlons) and builds the funda-
mentszl structures (sroup, ring, field, vector space). The
efiiciency gnined through such organization {(and the cliwiin-
ation of outmoded parts of the subject! » n permit the
intrmnduction into t.e hish schosl prosr T muen that was

previcusly conoiderod andergradunte mat: Latics.
9u
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In order to initiate the preoject, it was proposed to

bring in thoe thinkine oi’ Furopesn as well as U.S,A. math-

crieticinns, all off whom would be committed to the ¢onstruction

of a modern unificed secondnry cchool vrogram for the
scientiiic linc - those students compnrising the upper 15
to 20" of coxnitive 2bility

The Office of mducation after receiving the proposal

Tavorably, susgested some modifications of the procedures

2
and bud;,conry provisions. An ameadment to the original
propors] wes mode on March 9, 1675 and the inauguratior

of tine project wus delayed by one year. Appended to the

N

proposal wins o scction of the ONCD rcenort of the Athenc!

working scusion on Teaching Methinds of School Mathematics,

-

hey + oe IR ol IR TP I P S K themntd
p'“t) MES] [N O IR I CUl __Lx‘lx_.u_‘) i J\D:;l‘ollmenlu okt Gl CL

(')

Subject lrtter for lcient’ "ic Sections of Secondary Scheols
This appcndix 'ormed the hasic for the initial work of the
project. Finel approvel was glilven to the proposal in
september 15, the initial phase to operate for one and

one-halfl yocars,

Tive Proiect Comicneas

Since the onerations] scheme of this initial one-:rd-

one--hn~ll yenrs phase set the ctate for 2all subscauent yenrs

4

ol opcration, it is reported here in some detail. Iiny

2

(1) Mothenstics Tod-y - 4 Guide for Tenchers, ONCD. Poris,

.-~
o
-

P
L

(1)

10454,
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groups voriced cooaperctively.  Mivst thoere was on Siiocutbive

Advicory Counclil or seven looding
This Council held its {.rot conference in December 1905 in
o two-dny senrvlon to prepare the meterial for what became
an annual June conference. A second group consisting of
approxinately twenty nmathenaticinns, educators, and teachers
held a two to thrce weelt coniercnce each June for seven
cosecutive yenrs prewaring a 3 xd sylilnbus for the
following yenr of experimental 2. At the June
conference tne scone and neouence oi the study were put
in sufificient detall to pernmit the writing during the
sunser, of textual moccerinl o0 clasocroom teaching dur'ng
the Tollowing scroll yeor, A third group were the swamer
writore who, durias the months o July anl fAngust, nrodveed
the otuwdent tertbosks for the experimental teaching in the
nexi cchool yenr, Each chanter writﬁcn'by one person was
revicewed by another writer and also by o mathemotician from
the Junc groun in order to check its mathemotical corrcct-~
ness, itc pnedarsogical soundness ond its agreement with
the June confercnce pronosal,

A fourth ¢groun consiszted o:i wvecearch assistants and
typists who nroen-red the textbook manuscrivts for offset
print iz, Aocer ench mee was cheelted and the figures

drswen, 11 s fMurl oo oedlit vy Liever Jordan,one the thc

c. 1

navhienmaticsl concuil-nts . His woreiml work yesy after yeow

not only =ilmin-t2d errafa, bul insured cHr-fal rephrasing

ERIC
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of much of the writing to make 1€ more readsable as well as
corveet, The complete books were ready for classroom uso
at the ctart off the school year.

A fifth grown conristed of 20 to 24 classroom tenchers
who, 1in e~ch successive summer took an intensive =i weoi
coure of 100 hours of study in both related subject n-tter
(25 o backsround) and o nedariosical interpretation of the
curriculwa they would instruct during the coming schnol
yerr, During the first yezr off classyoom cxwmerinent- tion
with ench cource there werve tvo teuchers in the clecorocn,
Thereafter the wsutl one teacher to @ clacss prevailed.
These teachern were taught by highly competent professors
from groun two above.

Aol proun were iudents selecled to study the
profsram, A1l students in the program were allowed to
elect it or to remain in the tr-ditional classroom. The
studcnns were sclected on the basic of their elementary
achool achievement, a stond:rdized mathenmatical tect score
and an intelligence test score, to insure that 23 would
be in the upper 207 of intellectunl ability.

A final groun consisted of the director, reseanrch
assistants and celected memoers of the advisory Council
who throuhout the year obocerved the classroom teaciving,
contecrred with vhnoe closaorcon teqwchors and students, nd
aurins the wesr held four ~1l-diyy Joturday confereincen

with all th» toachers incolved in exmerimental terchinge.
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e overlopping of nemberolrin in thece groups conducoed
to «n wnderst nding ol the probloms ond dilfficultics in
adapting the textundl naterial o student learning.  2~l)
crouns - students, teochors, writers, cdvastors and moath-
enalticians - held hich veswpect for enc @ other and all
lictened atientvively, thou~h not ¢lwaye with arreceoment to
the c¢oiticisms, sugrestions and desires of each group.

It was this hich level of coopevativeness and willingness
o' eompromice in controvercinl reas thet led %o the
succeassTul development of the nrogr:om,

The pattern thus set becnme the modus operandi in «ll
the sucececsive yvears 19487-1072, nomely

o) A lote £411 or carly winter Adv’sory Council

~ o Y ~ - D mee
[

Gt ome s D . e
LI CLGCilUtL y T =) WLy is,

(@)
[
ary
o
«q
Ci
o
(]

b)

ety

winter and corly spring of preparatory w
dircctors officce.

c) 4 June planning Conterence of the syllabus, 2-3 weelks,

jon

Tl

A cwmmer training prosrom for 24 teachers, & weeks.

0

) A sumiec-wreiting end producing texthooks, 2 months.

) A yenr of exneri-ontsl teaching, observation, and

cvoination confevences,

e Pivet meetin ol Lne Adwioory Council wor ¢ld
ienryer 0 s 0 e e wmening srrencoments voere
daGe Doy Lthie trsd olonnlas conreernar o e pead in Jdune

the dnnoroont onveonen ol the Jdvicory Couwncll
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meeting was the propseetion off « mogition ponor.

1t woen apveed thot o pesition popey should be one
that would. wilh o minlnun of debete or discussion, scerve
as oo bosis for the work ol 11 subscouent conferences. Along,
other itens, the position paper stated

@) the preoehle to the research crant statingeg the
objective of the crperiment. (See page 60 ).

L) The booic knowledre expected Trom griades K-
coudy on the part of the entrants to the experinental classces.

c) The objectives of the study of hirh school mothematic:.

d) The ccope »nd ceoucnce of the sibjcet matter to

group of students for whom the airriculua is intended.

o
S
[ Shad
B
—c
—
D

=y

~
=

The treindag aud gualliy of Leachoers in the vrogran,
;) The stald we ghinll take with regard to geometry
instruction.

h) The presentation of number theory and polynonials,

i) The nature of «v.lu~tion of the curriculwn - the
preparation of tests.

3) lect controversy ihst mirht be expected, with
recso ad connromice,

J0% mombers oorecd it thie poper snould aticipe o

[P

ipnimusce., Anonsg

e

avornd Lo urnecocoorr use o connioticnted

the v oectlons vor prevarineg Lhn mooltion parer, the IDllowin
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"I thinks that we should emphnsine the concept of

LPeYT LI (:oooptur, funetion, Lransiormation ) s basic

in alyebrn, peomelry, and analysis, treating adrmebra

ac the theory of oncreotions  and enphisising £ rouns

and horomorphicms, ITn peomctry T think we should develon

PSS,

the concept of peonetric tronsiormetion (operation) and

use it oysteomaticlly «n o Tool in muking feometrical

constroetions and geometricnl prooln.,  As for axionatic

ceom2try oo convineed that we should Tollw Asvin
(for the affine structure) »nd Choguct (tor Lhe specinl-

lznation of Buclidenn geonetry), The theory of real

e ers o would pe develoned on the buasils of aloebraic

awnd o geonntric reo wlts and chould not be divorced ron

1 S e se LY A R [ o IS
LoLliuw LIS tAaLue 1 0L

re B T NN
t,\,u [ TOR VI of L N Y]

rseonetry,

"We are writing for a hi hly cap ‘ble and interested
body of stuaents. At a subsequent period, after the
initial cxperiment, we can consider what modificationa
would be mnde for the leus capable., The clasnes mas
be bousht by highly capable and well-trained teachers.
There must e no vinding whntsoeover o any traditionnl
projran,  We sre frez orents, snd should not atuenpy
Lo wmodcify the prosr:m to rdmift ctudents &t o subsceuent
Tiocd o who havo not pursued Lhe ewperimential nrorreoas,

cooaner U aroonrinent o oon e tichtls contrelled

Vel Lt

o~
v
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"To evaluate the experiment, we should not attempt
control agzinst a traditional achievement test. Ve
should develop new special tests, which test the aims
and objectives of the material to be tausght; which test
concept development and related problem solving, as
well as the acquisition of manipulative techniques.
We must use teacher reports based on guestionnaires,
interviews and attitude measures."

"Elementary Number Theory should be included in
the program. It goes a long way toward developing the
concept of theorem and proof, which traditionally was
ascribed to teaching geometry.' In this connection the

role of proof in the program should be spelled out.

Are we to teach formal mechanical logic, or to develop
thinking about proof? Informal logic ties up nicel;
with set theory. First proofs should not be of the
obvious, but of urexpected results."

"We must take a firm stand on geometry. It should
be headed toward coordinates and vector spaces. One
purpose in geometric instruction should be the develop -
ment of intuition. Vhile the Pythagorean theorem is
important, there is z great deal of pre-mathematical
value of relations in a plene which can bhe introduced
without « formal proor. to give the noticn of what a
plane is like."
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“phe limit concept nnd steps toward {he calculus
chould be spelled out 5o that 1deads o the calculus ¢ n
be introduced carly. Thus Egﬂﬁiﬁﬁiﬁi should enter
{the prosyam At an oorly otoot. i euphasis is to bo
ploccd on overtions and creng formntlions, then noviouns

of wanpinis, relations. ~unctions and perrubations

4 ve stressed. Junacricnl AN lysis chould thuo

«hou

be introduced heirnore the Calculus, +nd not bve deluyed

until after e Colculurn io bowsidv,

By My 15, 107, not only wns on acceptible pocition
pancy campiled, but nlso & det~iled f1low chort hnd been

prepored hy Profcusor vincent ik, shiowing ohe pocsoible

-~

ontcine o froethiennties aratrivubed over whe yerrs OF
atudy [row crade i throuzh grade 12, ‘These tyo itemsoet
the stage for the June + - June ale confcrence (1¢ working
dnyc). The WO procecdcd ng Tollovs.

Firot dav: Piscussion. amenanent and apreement on
the porition paper ond {low chart. |

second Qay: Discussion and daet.ailing of content with
respect to rrades SEVeEn and eight, thnt is, Courics T and
ir.

Third TO rirteenth doys s edon of detniled Gyl

o [ollnus: Total pProrfrast, SEUENEY preiniled ayllobus {OT

prodes onnd O nodnyn onohy Se0ne and seouwcnee ol Cowrsae

O
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by chapters, 4 days.

Sixteenth doy: Sequence and ccope by chapters and
topics for grade 7 and 8.

Seventeenth day: Detuziled chapter outlinec znd assicn-
ment of writewrs for Course I.

Eighteenth day: Evaluvetion and procedures for ecxtending
the project in subseguent years.

Each writer reviewed his assigned chapters with the
mrtliemotician vio was principally engazed in develonirsg the
chanter, in order to have complete understandinsg on the
objectives, nature of presentation, tyoes of exercises. and
genera2l format of the chapter. At adjournment on June 25

set for two months of intensive preparation

everything was

+ T 2

tu

-
R

,;1

()

or the a
The versons who took oart in the 1dv1sory Council and

June planning conferences are listed in Appendix A.

Experimental Schools, VWriting, Teacher Training.

The Metronolitan School Study Council is a collahoration
of about 124 school districts in the New York metropolitan
area. Twenty of these districts were selected as possible
places for the SSMCIS experimentation bpecause they hsd a
relatively stable ponulation, sufficient number of academically
capable students., and teachers favoravnle to attemptinzg new
muterials. By June 1, ¢ districts (one with two junior
hizh schools) had accepted the invitation to experiment in
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the project. All of these diﬁtricts, withlthe exception

of onc at Carbondale, Illinois, were in close enough prox-
imity of New York City to permit classroom visitation and
ovservation by the SSHCIS staff. The textbooks and teachers
commentarics were supplied free by the project.

Office space and libreary facilities were provided for
the writers. This made it possiole for the writers and
reviewers to work at home, in their personal offices, or at
Teachers College, as well as to keep constantly in communic-
ation with each other. At regular intervals all the writers
convened in a plenary session to raise and answer questions
with regard to sequence, repetition of the same material in
different chapters and to omissions that would handicap
the tcaching of subsequent topics. These sessions also
acted as a time-guide on completing the writing so as to
have the textbook ready for the opening of school in
September of each year. Each course, from the beginning
contained two or three added chapters so as to be prepared
for any misjudgment on the amount of material that could be
learned in a given year of study. In subsequent years, as
adjustments were made the revised courses contained only
those chapters which could reasonably be covered in the
resular school year. The exercises in the textbooks contained

ufficient nurber of more challenging problems to accomodate

[}

a

the students who could cover the course in less than the
expected time.
100
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The training of the teachers to teach the unified
program wes at first a dirfficult task. In the first place,
before their summer training began they had no notion of
the nature of a wnified prozgram., The ideas of sets, re-
1ations, monpings, and matrices had never been in their
traditional trainin? courses. They tended, as teachers in
general do even today, to teach the same subjects in the
same way they werc taught, It was difficult for these
adult experts to adjust to new concepts, new operations,
and new organization of the subject matter. In the second
place, it ywyas difficult to adjust to new goals or outconmes
to be expected from their students. With greater stress put
on conceptual teaching and with less stress on memorizing
stereotyped operzstional algorithms, a new pedagogical apv.oach
to learning had to be acquired. In the unified programn,
learning by discovery, exploration, seeking patterns and
meking abstractions and generalizations from situations
called for a larger share of intellectual activity on the
part of the students.

It was necessary then, that the instructors of the
experimental classroom teachers be selected so as to exhibit
the same characteristics that would be demanded of the
experimental classyroom teachers in handling their students.
Mortunately such vrofessors were available, once of whom was

wn internationclily outstonding educator in mathematics,

101
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Professor Willy Servais of Belgiuwm. He demanded a high
degree of scholarship, rigor and comprehension in his
instruction, while showing great sympathy with the mental
strain to which his teuchers were put., Year alter year

he won theilr confidence and resnect as he molded them from
junior high school teachers into senior high school teachers
by presenting university level unified mathematics for

their study.

Besides the advanced mathematiédi knowledge, it was
necessary to develop within the classroom teachers a peda-
gogical theory for presenting the new unified concepts to
their students. There wac a real need to break away from
traditional goals and methods, and to establish new targets
through the use of the textbooks their students would usec.
The teachers had to study the texts and work all the exer-
cises which in the following year they would expect their
students to do. Among the writers, there were several
college professors of mathematical education who year
after year in the summer teacher training programs developed
the theory of ingquiry, learning by discovery, examining
situations, and the building of strucutral concepts.

It was in this manner that the SSMCIS brought about a
dual reform in mathematics education: (1) complete reorsgan-
ization of the scope and seauence of mathematics to be

learncd so us to conform to the late twentieth century
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concept of the nature of the subject, and (?) complete
swlitch around from purely skill-centered learning, lesrning
on behavioristic #nd rotc memorization characteristics, to
one based stronzly on structured and conceptual approaches
to learning.

The foregoing account may make it appear that every-
thing ran smoothly and in harwmony. This was not the caose.
Many times there were very serious disagreements among
the mathematicians, between mathematician and writers,
between writers and the classrocm teachers (and presumable
between teachers and their students). These differences
had to be resolved. Thus there was a difference of judgment
on whether to present a topic in rigorous and formal style,

te Ccontia-

or to‘be informal, Lut correct; there were gui
dictory view-nolints on the teaching of logic-truth tables

Tfor example. The affine geometry progfam was at first
considered too difficult by the teachers, but by the third
time of teaching, it was accepted as a first rate mathematical
study. The teaching of the calculus brought into clash

three opposing theories - the traditinnal 1imit approach,

the use of infinite series and epproximations approach,

and the continuity-first approach, the last of which was

agreed upon.

-

The approaches to topices were correct, and could be

made o5 rigorous a5 desired, Put pedagogically, to the

(8
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extentl that it could be determinced in these cexperimental
classes, some apovroaches were more suitable to certain

age groups than others. For example, during its firct

year the program attempted to develop a fairly rigorous
approach to the integers as equivalence classes of ordered
pairs of netural numbers. At the end of 4 weeks of teaching
the students (age 12 years) were still mystified. 'The

next year the inlegers were introduced informally by motion
on the number line and in two day:s the students were operating

on them in & mexningful manner. Again it is apparent that

mathemztics is indeed a discipline but mathematics education
is not. It is a practical and theoretical study of what
to teach and how it can be effectively learned.

The procedure described above was repeated cach year
from 1966 to 1972. The first year was given over to Course I,
the second year to revising Course I and creating Course II,
the third year (1978-69) to finalizing Course I, revising
Course II and creating Course III, and so on. By 1971,
the first three courses were in final form and placed in
the public domain, by 1973 all six courses for grades 7
through 12 had been established as a superior program of
mathematics for capable students. The title of these

tests is Unified Modern ifathematics. A chapter by chapter

list of contents for each course is given in Apvendix B,

\
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Evaluation

The success or failure of an experimental program
cahnot bc based on observational judgment alone. There
must be some form of testing outcomes against pre-determined
targets. Since the explicit goals of SSMCIS differed
greatly from the traditionally oriented programs, it is
evident that the use of standarized tests in algebra and
geometry would not provide the measures of atteinment
expected of SSHCIS students, It became necessary to create
tests geared to the content and goals of unified mathematics.

These testc were used for two purposes. The initial
and continued activity was content-formative in nature, that
is they were used basically to improve the product of the
project. These tests were constructed by the staff of
SSHMCIS with the help of the classroom tecchers, and adminis-
tered at the end of each unit or chapter of study. These
tests revealed the difficult material, the easy subject
mtter, the needed re?isions etc. and aided in making the

revisioms of each of the courses.
After three years of experimentation a new phase of

testing - swmmative in nature, that is assessing the gquality
of the outcome - became necessery. In 1969 and 1970 the
asiicIs students were entering the seninr hich school and
competing with students in the established advanced place-

ment prograns. “hey were obliged to take the College Entrunce
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Examination Bourd Mathomatices and Scholastic Aptitude Teste
as well as Negents teots il they were New York State stludents,
rCrY Ry t

The New Yorik State Regents cooperated by allowing the SSMCTD

- L)

th yenr Regents

staff and teachers ©o crente & specinl 10
Examinotion, 'The results were cxcellent and the next year
(1972) the iathematics Department of the N.Y. Regents

vorited with the teachers of the S3MCIS ﬁrogrhm to create a

th

) th . ot . .
10 and 117 year test in unified mathematics. Again the

results of the tests were excellent, and in fact so high
in quality that begpinning in 1973, all teachers of SSMCIS
ciasces in llew York State were allowed to make their own
testo, to rate them, and to give Regent credit to all
students doing satisfactorily on the tests.

To determine the ability of SSHMCIS students in C.=2.E.B.
examinations, the SSHCIS stafl, cooperating with the Edu-
cational Testing Service's Mathematics Department undertoox
three studies: (1) the administration of a pre-test form of

level IT Mathematics Achievement Test in Spring 1971; (2)

the administration of th~ Preliminary Scholastic Aptitude
Test, Mdﬁhematics Section, in October 1971; (3) the com-
parison of 339 SSHCIS llth grade students with the same
number of comparable advanced placement group students
taking the PSAT in the Fall of 1972, 1In all three studies
the S0MCiS students had supcrior results, in the last one

at the 0,001 levecl of confidence., All the foregoins evaluntion

proved the gu.lity of SSMCILS progrem., It enabled our
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students to compare favorably on t aditional type examinatilons
with superior students who had received a traditional high
school mathematics education. In addition the SSMCIS
stuéents learned a great deal more mathematics that is
not as yet included in CEER examinations.
The questlion of arithmetic computational skills may
take on a new interpretation with the advent of the electronic
mini-calculators, However in 1970-71 the Stanford Advanced
Arithmetic Achievement Tects were administered to SSMCIS
and comparable non-SSCIS classes 1n grades seven and eight
in Montgomery County Schools of Maryland. Using pre- and
post-testing, gains were found for all students but gains
favored the SSMCIS students. Thus the stress on concepts
and reasoning showed no bar to gaining requisite skill in
computation. The quality of the SSMCIS product was validated.
Alongside of the cognitive aspect of development in
school learning, there is always the affective domain that
is to be considered. Right from the start SSMCIS was
concerned with the attitude of its students toward the sub-
ject in general, toward the courses (books) they were
studying, and toward the type of teaching they were experiencing.
The difficulty of measuring attitudes was recognized at
the start. At first there was concern for the formative
aspect. It was nccessary to present those topics that
students liked and in a manner that attracted their interest.
Capitalizing on this, it would be casier to present that

mathematics whiich was essential for further application and

further study.
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A preliminary Student Opinlon Survey (S0S) was developed
and adnminlstered in all experimental classes in 1959-1970.
The test contained the following scection: (1) a list of
chapter headings in each of the Course I through IV for
which the students were asked to rank the three they enjoyed
most, and the three they enjoyed least, (2) a set of state-
ments concerning the courses and the textbooks to be rated
agree or disagree; (3) a list of statements concerning at-
titudes toward maothematics to be rated 1 to 5 from strongly
disagree to strongly agree. The results of these tests
enabled the writers and teachers to see the relative
Judgments of the students' affectation to mathematics.,

During the year 1972-1973 the original SO0S was modified
for readministration to both SSMCLS classes and non SSMCLS
classes., Two forms A and B were constructed of items used
in the original SO0S, along with items from Aiken's Revised
Math Attitude scale and the scales used in the Internationai
Study of Achievement in Mathematics. The test was administered
to 1160 SSMCIS students and 862 non-SSMCIS students in
accelerated classes. In general, there was no difference
between SSMCIS and non-SSMCIS attitudes toward mathematics.
However the SSMCIS students appear to have formed a more
favorable and more mature outlook toward specific aspects
of the subject. In many ways, their viewpoint is more

modern then that of thelr compeers,.
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The complete results of all the evaluétion studies
appear as technicél reports 1 through 14, issued by SSMCIS.
The conclusions permit it to be said that the Unified
Modern Mathematics of SSMCIS 1s well within the complete
mastery of the upper 10 percent of academic ability, and in
a somewhat modified form can form the basis of a mathematical
education for the upper 20 percent of mental ability. The
attitude of students in these courses is slightly more
favorable toward the subject than that of equal ability
students in the traditionzl program. It is significantly

more favorable to modern and structural aspects of the subject.

Innovation.

In a country with a strong central Ministry of Education,
introduction of a new curriculum is either impossible or
easy. If the ministry does not favor the curriculum it is
simply not permitted in the schools, If it favors the
curriculum it is introduced into all schools by edict and
becomes the program of the state. All book publishers in
the state create a new series of publications to meet the
new curriculum requirements., But in a democracy with no
central or federal ministry, as in the United States of
America, introduction of a new school program 1s more
complex and difficult. Even thoush most states have a
Department of ikducution, these departments usuelly act as

advisory agencics on matters of external management, and
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seldom if ever impose a fixed educational program on all
of their school districts. Each school district in the
U.S.A. (and there are tens of thousands of them) is a law
unto it: "f in Tixing the mathematics program for its
school constituents.

Most districts follow the programs set by the major
publishers of textbooks. Tﬁese publishing firms, select
authors, or teams or writers, to produce & program in
mathematics education that (1) follows a national trend-
not too radical - that teachers will most likely feel at
home with and (2) will make the sales of the books and
required materials a successful financial adventure. Hence
introduction of new programs by publishers is a rare event,
all thc more so since in the near past, a few publishers
have not been financially rewarded by such publications.
The classroom teachers tend to teach that content that
they were taught and frequently in the same manner in
which 1t was taught to them. Thus traditionalism tends to
be entrenched in school programs. Any innovation in school
mathematics needs the financial support of foundations
(or government) as well as the professional support of the
mathematical world.

A number of procedures were uscd by SSMCIS -~ Informational
Bulletins sent to leaders (about 1500) in mathematical
cducation: onhservation of the nrogram in actibn in the

experimental classrooms; informational conferences, lasting
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from 1 to 5 days. at various parts of the country; placing
the first three courses in the public demain, using HSF and
other workshops and institutes to train the teachers; cap-
italizing on large districts that were willing to show
leadership; urging publishers to use the material in the
public domain with their own team of authors.

Success in Cne School. 1n 1966, SSMCIS invited a number

of schools on Long Island, N.Y. to participate in its
experimental program. The only school to accept was the
Alva T. Stanforth Junior High School at Elmont. The exper-
imental class had about 35 students. Every year, in the
spring, a Long Island Mathematics Fair is held for students
in grades 8 through 12. In 1968 the studenté from 7th and
Bth grades SSMCIS competed for entry among themselves and

the school entered 25 candidates at gth grade level. At

the first elimination contest in Nassau County from 125 gth

grade contestants 21 bronze medals were awafded and 16

went to Stanforth students. At the second eliminaiion of
bronze medalists from both Nassau and Suffold counties in

a fiéld of 45 contestants, 11 were awarded silver medals

and allowed to enter the final round. Ten of the 11 finalists

came from Stanforth. No school in the history of the Fair
hnd ever had such z2n-overwhelming majority in the fin-1l

round. The winner of the {inal round, awnsrded the old
medal was Ronsld CQuartararo, a student at Stanforth. The

Monday following this award, more than 30 administrntors
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from Long Isiand called the SSHCIS office seeking admiscion
to the SSHMCIS program. The program spread so rapidly

that by 1974, a full day S5$MCIS Experience sharing Conference
was organized and financed versonally by 425 teachers from
the three Mathematics Teachers Associations of Long Island.
The progranmn is well established on Long Island and growing.

Information ConTerences. From 1970 on a number of

conferences of short duration were organized to inform
cuperintendents, supervisors, ond mathematics teachers of
the naturec of the SIMCIS program, ond the needs aad manner
for innovating the progruam. At these confercnces there

vere lectures on the nature and purpose of the SSMCIS
program. class demcnstraotions of the teaching, the conferees
deoing study and examplcs from sample textbooks, discussion
groups on what teachers must know, and the manner in which
in-service teachers could be educated tb innovate the program;
znd the like. The size of these conferences ranged from

GO to more than 100 participants. 1In all the regions
(except one) where these conferences were held, the program
has been introduced into some of the schools.

Large City Centers. 1In large metropolitan areas there

are opportunities to organize experimental classes with
cualified teachers Tor a number of reasons. Such areas
usually have one or several outstanding supervisors, as

N

well some tenchors hishly competvent in subhject matter and

3

teaching skilils. The student population is large enough
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to find a sufficient number of classes of the type reouired
for the new program. There are University Departments of
Mathematics and Mathematics Educatlon to which the city can
look for guldance and cooperation. These conditions existed
at Los Angeles, Philadelphia and New York where the program
has not only bpeen established for the better mathematics
students but it is also being modified to adapt to a larier
part of the student body. In Utah, it was a state venture
involving both North and South Utah districts.

Publication. The final editions of the experimental

textbooxs were published by Teachers College Press because
the cost of printing was underwritten by the project..These
textbooks were published as paperbacks and at a reasonable
price (to recover printing costs). However paperbscks do
not last well with student handling and hard-cover books

are preferred by school districts. All the courses were

advertised to be given to the private publisher with the
best offer, but of 19 publishers approached none accepted.
All publishers praised the high quality of the program,

but were afraid to take the financial risk of publishing

the series. Only one publisher produced a limited number of
its own commercial rewriting of the first four courses.
Commercial publishers, in general, tend to perpetuate the
traditional and to avoid any radical change of their past

successful publications.,

N.S.I', Institutes and School In-Service Vorkshops.
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The greatest source of power for innovation 1s a body of
knowledgeable and enthusiastic teachers. Since 1948 the

National Science Foundation has supported swmmer institutes

to train teachers specifically to teach Unified Modern

Mathematics. In 4 to 8 weeks the teachers were given an

madvanced mathematical background and a thorough study of
bﬁhe SSHMCIS textbooks they would teach. When there were

no nearby institutes, or institutes were not available,
school districts established in-service workshops carrylng
out the same programs as the institutes. Thus in each of
the six years 1970-1975, approximately 200 teachers were
trained to introduce the program into their classes. From
these institutes there have come forth well-trained persons

to carry on workshops in their own schools or districts.

Translations. The SSHMCIS program has received attention

around the world. The supervisor of mathematics in the
Israel Ministry of Education requested permission to trans-

late Unified Modern Mathematics into Hebrew for use in his

country. As a result it 1s being used by the schools in
all major Israeli cities. When UNESCO began its Arab
Mathematics Project, it requested the use of Courses 1 to
JITI. As a result, the material of SSMCIS is reflected

in the new Arab program. In 1973 a group of 50 Japanese
mathematics teachers visited the SS5MCIS for a full day of

bricfing on our program. As a result Courses I to III have
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bcen translated into Japanese and published in 1975 for

use in junior high schools in Japan.

Outstanding Teachers. Scattered throughout the U.S.A.
in each of hundreds of small school systems there exists
at least one mathematics teacher, well grounded in math-
ematics, responsible and well prepared for directing the
mathematics education 5f the system. These teachers attend
regional and national conferences on education and bring
pack to their communities the latest and the best thinking.
There are a nunber of these teachers - in states across the
union - that have introduced unified mathematics for their
better students. The real hope for future innovations
lies in an abundance of such knowledgeable teachers. No
progran, Nno matiér how good, can succeed with ignorant
and uninterested teachers,

So, as of September 1975, there is.estimated to be
about 80.000 students studying unified mathematics as
developed by SSMCIS. These classes involve about 3000
teachers. This is a relatively small number of students
compared with the number having the capacity to‘do the study
successfully., With an estimate of 10,000,000 students, the
upper 2075 would includc 2,000,000 students in grades 7
through 12 all of whom could profit by the serious study
of mathematics of anAadvanced contemporary sort.RBy keeping
them in an outmoded 7th and Sth frrade program znd restraining

them in a traditional algebra-geometry-trigcnomerty senior
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hizh school program from learning the mathematics they
will need in the world of tomorrow we are placing an
enormous block on the creative minds needed for the

future development of our country.
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Chapter V
MATHEMATICAL EDUCATION AS A SOCIAL ENTERPRISE

At every crossway

On the road that leads to the future
Each progressive spirit is opposed by
A thousand men

Appointed to Guard the Pass

Maurice Maeterlinck

The development of Unified Modern Mathematics by

SSMCIS has resulted in an educational program for the

upper 10 to 20 percent of academic ability, that is chal-
lenging and gains the student about two years in mathematical
maturity over the traditional U.S.A. secondary schecol

study. It is intended for a six-year sequential study
through grades seven to twelve. However, not all schools

are organized Iin a six year junior and senior high school
structure. There are schools with 7 or 8 years elementary
school followed by a four year high school. The teachers

in the seventh and eighth year classes are frequently
elementary school feachers with little training in ﬁathematics
beyond one or two years of algebra and geometry. There ic
nced then to modify the S3SMCIS program to begin in grade

8. or even in grade 9. Such modification, without loss
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of advance has been made in specialized high schools -

e.g. the PBronx High School of Science in New York

where the ability of the students is at a very high level.
There have been other successful projects Tor the

good academic students c.g. those at the University of

Illinois and thelSchool Mathematics Study Group. Also

much attention has been given to the so-czlled slow learner -

the academically handicapped, the disadvantaged and those

who have had great difficulty with computational arithmetic.

However, in all these educational endecvors, the problen

of creating a viable and useful mathematics study for the

great majority of the students - the middle 60 percent in

academic ability - has been in abeyznce. This might well
be the next significant undertsking for improving math-
ematical literacy in the U.S.A. Iuropean nations have
already embarked on this study.

Outside of business mathematics, the mathematics
curriculum in secondary schools has been dominated and
dictated by university entrance reguirements. The only
consideration given to non-college bound students is to
teach this college preparatory mathematics (perhzps) at
a slower rate and with less accomplishment. The actual
necds of these people when they enter the adult working
and socinl world have never been investigated in a systemutic

manner. For exsmple they study elgebra merely as propuacdeutic
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to studying more algebra ~- but where they will ever use or
neced it, as contribuiing nmembers to society, has not been
investignted.

There can no longer he educ~tional policy and goals
or mathematical targets for school teaching that are apart
from the entire life of our culiure. Political goals,
societal desires, industrial - economic demands must and
will have great force in establishing educational goals
and hiow they are to be achieved.

Some major issues are:

(1) societies are looking upon their people as a
reservelr of talentcs and skills, which are more widely
distributed throughout the popul.ition as a whole then
formerliy believed. The schools are to select and develon
these abilities in all their students. The level of education
must be raised and will be raised.

(2) There must be a body of knowledge common to all
peoplz which forms a core of understandings essential to
good citizenship. There must also be opportunity for
individual talents to be realized in their fullness.

(3) Our education system must provide for change
«nd reinterpretation, There nmust bhe built into our teschers
and their tenching, =nd into the students and their lenrning,
an nrientation to chanre, so thret lezrning will continue
hedr lives,  Thie hins real immlicotion

for the tyvme of special skills we teuzch as opposed to the
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dévelopment of conceptual thinking.

The forces compelling us to change and restructure our
mathematical education for the masse:z are:

(1) Demographic: All children. in increasing numbers
are attending school longer. We must teach more mathematics
to a greater and more varied clientele. The learning and
teaching requir: optimization for all students according to

endowed or acaquired abllity, with little or no failure.

(2) The expansion of knowledge requires selection and
continuous change in our curriculum. There is too much
knowledge to teasch all of it.

The explosion in knowledge continues, but our ability
to organize it into the school curriculum has not grown as
rapidly. We need much more intellectual activity and
financial support in fundamentsl learning and curriculum
research.

(3) Education must be related to the outside world,
i.e., out of the school walls. Society with T.V , radio
newspapers, organization, etc. is a powerful educational
force in itself which we cannot ignore as we make our
school education programs. |

(4) Scientific and technological developments are
transforming our societal habits, beliefs, and action.
Knowledge previously restricted to the academic elite,
is now demanded by =211 persons, Social strats are being

compressed into z2n ever narrowing band.
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There are shifts in educational philosophy that demand
a complete change in the manner in which we must present
our subject to the masses,

(1) There is a shift of conception of knowledge as an
exploration of a fixed pre-existing domain to the concept
that knowledge is limitless and capable of indefinite
- expansion. Knowledge 1s creatable. This opens the field
for study (and research) to all disciplines -- especially
those previously forbidden by religious, moral, and ethical
avthoritarianism of the past. It diverts the attention
from the mere accumulation of facts (information) committed
to memory, tb a search for general principles and concepts
for processing problematic situations.

(2) There is greater concern for utility rather than
knowledge for its own sake.

(3) There is an increased orientation in education
toward the future rather than toward the past. Education
must be a power to bring about social, political, and
economic changes while continuing to conserve the important
traditional institutions,

(4) Trans-, multi-, or pluri-disciplinarity is becoming
essential as the humanities, science, and mathematics
unite in proposing and solving problems of modern society
(ecology and pollution, for example), Such core, or
integration of edv~-tive material is in its infancy. Thus,

not only must ou: thematics become a cross-branches
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program -- one mathematic -- but mathematics and science
must be . a more integrated progren,

The emerging pressure of political, social and economic
desires of the veople at large; the overview of how these
desircs are related to what goes on in the schools; the
forces of educational change, and the shift in concepntion
and purpose of knowledge, all necessitate a procédure for
constructing. on a more scientific manner than heretoforsz,

a purposeful program of common core mathematics for the

creat najority of our students.

Factors in Building a Curriculum,

With the foregoing issues as a backgrounc v zan now

address ourselves to the problem under discussion -- namely,

jor]

what is the role of mathematics in the general education of
our youth?¢ First of all we must ask what society expects
our schools to do. In the past many idealistic goals have
been set for schooling to accomplish, for ekample, our
graduates were to have achieved worthy citizenship, worthy
use of 1iesﬁre, worthy home membership, etc. It did not |
take a long time to learn that schools could not produce
this product. DBDut there were fundamental objectives that

schools could obtain, most of which were effected by

intellectunl develonment and Tormatisn. Thus the school's

yerszons, people who

S

main target is to develop literate

can read. write, speak, and reason about life affairs, who
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have acquired a set of concepts and skills that are useful
in engaging in the “vie courant’, and who have developed
the attitude and mental power to acguire new knowledge and
new points of view. We cen today still maintain this gozl
as the prime purpose of school education. It appezrs as
tenable for the future also.

Secondly, we should clarify what meaning we give to
the word '"general’ in referring to education. One meaning
of the word is "liberal" in the sense that a general education
develops a scholar or a man of letters. Another meaning
is "for all persons as a 'common body of knowledge" every-
body should possess. A third similar interpretation is
that education which reveals all that permeates our cultural

d ey o T n And arnavme it ~en + lr.f\n ~An o ~v ocr less
Omu..Lu.. .4..1'1 ]-CC\'LAV Je\x.l.u, 1 4aCL0 valilhi ~is CL mu.LC “a S XS

vulgar connotation of education for the "less capable” than

college preparatory students appearing in such titles as
general science, general mathematics, general business
practices, and so on. It is suggested here. that the word

be used in relation to mathematics as that tyve of mathematical
education which the person who has acquired it will find use-

ful and operative in our scociety today, and insofar as can

be seen, tomorrow also. The word "useful”’ is used not only
in o vocationnl sense, tut also as‘an instrument for inter-
preting and understandings a scientific, technological, indus-
trial, and cconomic culture and the advancement of lmowledge.
If it is so used. then the word “general' takes on a different
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significance for each of scveral levels of intellectusl
ability found among school children, and provisions must

be made to give that tyve of general mathematical education
best suited for each level.

Thirdly . we should investigate who decides what math-
ematics should be taught. e could well investigate who
decided our present mathematics program and on what bvasis
it was done. Surely it was dictated largely by uriversity
inzthematicians on the basis of propacedcudic material for
the continued study of mathematics. This happened when
almost all secondary school graduates went on to university
study. So wie ask, for this group, what mathematics should
they study, for what purposes, and who makes the decision.
It should be noted that curriculum development is not a
cold, objective, scientific endeavor with ccorrect and exact
content derived f{rom rigorous research; On the contrary it
is an expression of social, political and pelagogical goals
in conformity with all the goals of the education process.
As such, it is greatly influenced by the value assumptions
of all persons involved in it. This is reflected in the
orientation of the developers as exemplified by thelr owm
attitudes toward objectives and evaluation, and who they are--
mathematicians, psychologists, educators, generalists,
teachers, parents, ctc.

There in n groving resisi-nce by teachers to accepting
'new' curricula handed down to them by authorities from

above. All over the world, teachers arc being swamped by
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new projects, and they are no longer satisfied to be at
the end of the production line. They want to be in; they
want to be heurd. Vhere curriculum development begins is
a very sensitive issue, and it should be treated as such
by all those who claim to know how change takes place. It
mict be admitted that there is no one way to make a syllabus.
No teacher should fear -- nor should enyone hope for -- a
technocracy of curriculum development that would threaten
the essential human relationship between a young student and
his teacher. who is for him the primary interpreter orf
vhat adult society is demanding.

We can represent all persons involved in a circular

diagram as nmakers, givers, takers, and users which returns

again to the mekers. The mzkers, those who decide the

content, rmust be the purc and applied mathematicians, educators,
textbook writers, and generally those who know wnat math-
ematics is and where and how it is used. The givers are

Users

L EY Business tiorld
Educators University

Textbook Viriters Society-at-Large
Scientists

Takers

Students

Givers
Tencrers
Supervicors

the school tenc! rs and supervisors who ndminister the
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syllabus., The takers are our students who learn what is
presented to them. The users are sociely at large, the
business-industrial world, the universities, and all those
who need mathematical competence to carry on. The circle
then goes to reform by the makers in a continucus process

that induces necessary chenge as societal demands chznge.

Goals.

All persons involved in the educative process must
sooner o1 later recognize quite clezrly the goals, targets,
or objectives of mathematical study. This applies to the
makers, givers, takers, and users, although each of these
nay see the goals in a different light or to a greater or
lesser depth. But no one can bhe genuinely motivated in
constructing, teaching, learning, or using mathematics for
which no reasonably accepted purpose has bez2n justified.
These goals can be stated generally,or as in behavioral

learning, objectively. In nost cases it clarifies our

thinking to have both. kinds of statements. Let me first
state three general objectives.

1. To the extent that it is possivle for each individuzal,
all secondary school students (grades 7 through 12) should
learn t5 comnrehend the manner in which mnathematics is con-
ceived of and used today. By the way we teach and what we

teach, the humon nind should ne developed in its capacity
120
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to wnderstand and to interpret nwacrical, spatial, logical,
and probabhilistic situntions occurring in our cultural
milicu. Vthen the students become adults they should ap-
proach prceblens with a scientific and questioning atiitude --
looking at a situation. seeking a mathematical explanation,
and possibly referring it to a mathematical theory. All
persons nust come to know what mathematics is. as conceived
of in the last quartecr of the twentieth century, what ideas
and nmaterials it deals with, what type of thinking and
rezsoning (not only axioaatics) it uses, how it accomplishes
results, and particularly how it is.used in other disciplines.
2. Mathematics must have an “information and skill”

dimension. Our students should leazrn that mathematlcs

[

12t appears essenblal, inherited from one generation Lo

t+

he next, along with skill to apply it. This knowledge
and skill can be acgquired during the pfocess of developing
mathematical thinking. This goal permits us to cast oug
of our teaching much that, while important years ago. can
no longer be considered useful.

3. Finally, it is the usefulness of subject that has
maintzained it as a required school discipline. Our pupils
should develop the capacity to solve problems and to con-
struct, or at least interpret, mathemaztical models of physical,
cconomic, and other scicentific situations.

These thrce general objectives can operate as a guide

for more sneciiic ones. Various groups have attempted to
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list such goals unc "pehavior outcomes" (see Bloom's
taxonomy ). Here I shall merely exenplify their nature.
1. To develop, so that they can be recognized, described,
and exemplified, the following concepts. Here one liste
every concept to be develoned, for example, sct, union,
intersection, Venn diagrwm, relation, function, operation, etc.
2, To develop, so that they can be applied wherever
skills. Then one lists in detail

they occur, the followin

[

every computntion skill of arithmetic, every algebraic
manipulation, all geometric constructions, and so on.

3. To develop problem solving ability of the following

type: Then one lists: to translate a word situation into
a mathematical expression, to formulate a mathematical
explanation, to construct a mathematical model, etc.

4, To develop mathematical thought. Here one lists:

to use mathematical induction. to give a proof in an
axiomatic system, to apply the rules of mathematical logic,
to apply infinite processes, etc.

5. To develop the ability to do independent study: Here

one assigns simple research topics, for example the numbers
T, e,Y, or the properties of a group ; To make a project
for a mathematics fair. to do a chapter in the textboolk
all on one's own.

These Tive benaviorsl items are the most freauently
named -- concepts, skilds, problem solving, mathematical

thinking. and independent study. However, most good
128 '
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mathematics teachers add another.

6. To develop, to the extent possible, an appreciation

of the power and beauty of mathematics. This goal may be
attained by revealing the nature of symmetry. of trans-
formations, of structures -- group, field, vector space, --

of isomorphism, periodicity, etc.

What Mathematics for General Tducation.

In the past -~ geared to.a nineteenth century culture--
the school program consisted of arithmetic, algebra, and
gecmetry. The tremendous advances made in scientific and
mathematical knowledge and their application to almost
every aspect of modern living compel us to look anew at
the nm-thematics we should be giving our students as a
part of gencral education. For the purpose of relating
mathematics to the above stated goals, it is advantageous
to consider among others the following topics: arithmetic,
algebra, probability and statistics, numeracy,(l) geometry,
logic, and applications. There is no question that the
teaching of arithmetic, especially computation . with whole
and rational numbers in decimal notation is an absolute
essential now. and in the futurc, for every active citizen,
far none. Thic is imwerative in spite of the ever~increasing
number of low-cost calculators and their use. Without this
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(1) "Numeracy” is a recently coined word to denote literacy
in number and numerical proecesses.
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knowledge of arithmetic and its uszes inddaily 1life, including
percent, ratio and proportion, it is impossible to understand
modern society regardless of its political setup. The
acquisition of some minimum skill in computaticn and
application of arithmetic to the solution of everyday like
problems is cssential for an individual to function in
modern socilety. TFor the great majority of students, this
must be acguired in early secondary school study.

The physical geometry of size, shape, position, asnd
relations of figures hoth plane and solid. belang in the
same category of everyday use. 'The ideas ofparallelism,
perpendicularity, congruence, similarity, length, area,
volume, and distance, penetrate every description of the
world we l1live in, no matter how small or large. They are
indispensible for understanding and describing the real
physical structure of the world about us.

Simple algebra, involving at most the rational numbers.
occurs in *the home, office, newspaper, and most occupations
in the guise of formulas and graphs and again falls within

the conceptual knowledge all persons should have. Here it

is not special skills (as in factoring or simplifying expres-
sions) that are important, but the ability to read alsgebra
for the generalization or direcﬁion itiigves to specific
domains of work. Conceptual algebra is morc important than

merc manipulation. All the above content may be considered
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a concrete foundatinon upon which to build necessary math-
cmatical content f'or common use. Murther we must concider

mathematics as needed by a citizen of the modern world.

Frobabllity and Statistics

The number of applications of probability and statistics
has grown greatly in the last 50 years. These applications
are found everywhere -- in industry (guality control).
commercial enterprises (decision making), agriculture (crop
experimentation), politics and society (opinion polls),
economics (cost of living indicies), etc. 1In the physical
and behavioral sciences, the use of probability has greatly
increased. Many countries conduct national lotteriles.

I teaching sclehce, 1t is no longer suflficlent to
develop only deterministic thinking; probeabilistic thinking
which dominates the phenomena of heredtfy, radio-active
processes, astrophysics, etc. deserve attention in the
sqhool instruction of all students. 1In daily life one meets
a number of hazardous situations (crossing traffic. con-
tracting disease) and reports in all the news media all of
which require a minimum knowledge of probability and statis-
tics for their correct interpretation. 1In these media,
graphs, histograms, rates, and percentages are used in
reportiﬁg insurance data, incomce taxes., demography. traffic
accidents, ecconomic output and the like. 1In particular,

opinion polls especinlly with regard to elections, and
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societal preferences, interest the entire public, which
however, has little or no knowledge of the methods used
in making, or of inferences drawn from, polls.
Misinterpretation of statistics is well known and it
is dangerous. Ve must tcach sufficient probability and
sampling statistics to all students to make them literate
in the subject. This includes the concomitant knowledgé
of' sets, set manipulations, functions, and counting pro-
cedurcs, that are essential for the understanding and
application of elementary probability theory, as well as

the graphic and algebraic exposition of statistics.

Numeracy.

A hundred ysars ago commerclal enterprises needed
employees who could perform written and mental computation
with extrazordinary speed. Today there.is no need at all
for such performers ~-- the work is done automatically. 3But
what is needed, and the need is growing, are persons who
understand the theory (the algorithms) underlying a host of
new uses of numerical caculation. The flowchart, the lan-
guages of the computers, the programming of problems become
required knowledge for all persons -~ partly because =z
significant sector of the mass of workers will find then-
selves engaged in such work for a lifelihood, and more to
the point, it will be a part of the literacy of all people

to understand a computer-automated era of civilixzation.
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In this study one will require the concomitant math-
ematlical study of number systems (whole, integers, rationsle
and perhaps the reals), of algorithms and lterative pro-
cesses, of approximations, and of matrices as they are
now, =znd will continue to be used in many disciplines.
svery student must know with what, and how, computers
operate, appreciate their services, and certainly understand

what they cannot do. They should know that technology is

man-made f£or the use of man in improving his condition or
living. It is not made to enslave man in a technocracy.
This is another point illustrating that mathermatical

literacy is a must for mass education.

1t was a tenet of traditional teaching of geometry
that it taught the nature of axiomatic structure and of
logical demonstration. All cvldence points to thé fact
that these logical goals were rarely achieved, the most
that occurred was some understanding and a repetition of
so-called demonstratlons of theorems., To achieve these
ideals, for those students who may need them, we have
simpler algebralc structures as well as local-axiom systems
for study in seconduzry school. Put the study of geometry.
from a modern point of view, has other social value,

The jnformal study of trznsformation (mapping geometry
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explains mirror images (reflection), enlargemznts and
shrinknages (dilations). and makes symmctry, which is found
in almost all organisms -- animal or plant -- stand out as
one of the most descriptive of both concrete and abstract
constructions. It is easily related to the arts -- music,
dance. painting, sculpture, architecture -- and the total
esthetic appect of life.
It is intuitive geometric knovledge rather then

rigorous axiomatic development of the subject that has

he greater social significance. Thus graphs, coordinates,
and geometric paradigms of physical, biological, and
behavioristic phenomena contribute greatly to-the common
understanding of these great ficlds of explanation of the
man and his world. In secondary school a small Tormal
axiomatic presentation has value in showing the highest
form of human reasoning in the sense tﬂat "Buclid alone
has looked on beauty bare”. All future voters whould
experience some study of an axiomatic structure to know

what it is that mathematicians do ta check discoveries.

Logic. -

Perhaps one of the greatest contributions to misunder-
standings, and through it. failure to solve serious political
economic, and humane problems 1s the lack of clear, precise,

corrcet communication. To say what we mean, and mean what
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we say, and to do it without fear ol misinterpretation is
a difficult task. The logle exprezsced by natural langunge
1s freguently clumsy, and it can be zided by giving ztten-
tion to simple mathematical logic and its application to
expression in all the other disciplines -~ especially in
the use of the communication media.

The words ~-a. an, the, one, zll, some, each,
and every-quantify our statements.

Of greater impact is the use of implications in
relation to statements Here simple truth tables give a
graphic illustration as to what is meant by implication.

bi- implication and the connectives "and", "or" and the

negation "not"”. Finally, simple inference schemes are all

that is reguircd For
All this logic could be applied in structuring math-

ematical knowledge, but this is not thevkey point Logic

is of value because it can be applied to any field in which

rational thought occurs -- the many affairs in the life

of every person -- as a means of checking decisions. Thus,

it should also be a part of the instruction in the naturzl

language -- where st present too much attention is given to

literature and emotions and not enourch to grammar. syntax.

and rational discourse.

It should be evident from the foregoing that we are

living in a society where mathematicz can no longer be
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considered of value merely as a tool kit of special skills.
It hns become a cultural subject for all citizens who must
usce this knowledge as a means of realizing what the world
is all about. If humanity is to advance to a higher state

of living on this earth, it can no longer afford to have a

huge segment of its population as scientific illiterates
left far behind a small group of elite authoritarians. The
population must be enabled to some degree, to understand

what it is that society as a whole is doing in its uncertain
quest for a better lifc. TIor the mass of students, to

learn this mathematics will not be easy -- will not be play;-
but for them it will be a hard study, one that contributes

to mental formation. but it will accomplish for them especially

-" —~ - E SN - el . - el o - PR P
a closer tie with those who create,

Applications.

All students down through the ages have demanded an
answer to "What use is there for the mathematics we learn?"
Certainly they deserve an answer to this legitimate question.
if for no other reason than to motivate the continued study
of our subject. Our teaching should usually begin with,
and culminate in, some genuine or quasi-genuine a?plications
to the world of reality. To this end the usual problems
on ages of persons, the number of different coins in a
colleetion, rowing up and down stream. and £0 on nmust give

place to a more current concept of the nature of application.
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space as a means of explaining the nature of relativiistic

space.

Conclusions.

What mathematics then shall be studied for general
education? Mirst, there is a Tundazmentl knowledge orf
arichmetic, physical geometry, and 2lgebraic formulstion
including mztrices that each citizen must know and apnly
more or less routlnely in his every work-a-day life. Today
this knowledre must be augmented to include probability,
statistics, rntional discourse. numerical processes, pro-
gramaing and the computer. All of this knowledge should
be prescnted as a unified body of knewledge based on common

Undcrlying «il mathenatics -- namely

SDics
sets, relations, functions and operations,

It is the usefulness of mathematicé that has maintained
it, next to the mother tongue. as the principal discipline
of school study. The content, its organizestion. and methads
of teaching must exhibit this usefulness at every possible
opportunity. For the great majority of students we must
obtain this type of mathematical literacy if we are to avoid
harm“ul social conflict in the years ahezd. Today, a great
chasm has =2risen between those few personz who know. use

and spe=x a scientific lzniunage and the vast majority who

do not understand mathematics and cven foar it. The chasn

4
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mist be bridged. The future citizenry must come, with &
modest degree of understanding, to know how mathematics
operates in scientific explanation. A small segment of
the populsation has alwnys seid of mathematics:

Ctest plus belle parce-gue c¢'est inutile!

Iff we teach proper mathematics in an understandable
manner to the great majority they will respond by saying

of mathenatics:

C'est belle parce-que c'est si utile!!

Whilc the substance of this chapter indicated a type
of mathematical education for the great majority of studentz
in our schools, it did not to set down a2 detailed progran.
For this purpose we need a national committee composed of

-
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and business personnel,educationzl psychologists, all concerned

with this great cection of the school ﬁopulation This com-
mittee must set goals of desirzble outcomes, establish =z
fixed sequence (for a very mobile population), contact and
coerce publishers to produce voosks for teachers as well as
studcnts; and create an evaluation procedure to measure
progress - pernaps throuzh existing organizations. It must
be done if we are to improve the intellectural accomplichnent

of' our next foneration
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