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The recent release of achievement data in eadin _aud mathematics

by the National Assessme
nil Progress has given a new

and current emphas.ts to the prc lem otT sox ditiet2aces in school achieve-

This problem as been lout of fashion" with rsearchers in

-duatlon for several. years. The riew NAEP data clearly
ma dem

shows that ignoring the problem has net mad- it go awav.

The geaesis of this collection of papers was a symposium presented

at the American Educational Research Association Annual meeting in

Chicago in 1974. The symposium was jointly sponsovee by two AERA special

Interest Groups: Research on Women and Edteation and Research on Ma he-

mati s Education. After the sympo- IM participants iare asked to revise

and ex end their pr - n ations in a series uf papers. This publication

is a result of

The papers examine the research backgrotuH on sex difft-:ences

mathematics achievement. Hopefully they will be tie vanguard ot

additional research to come in thi- impnr ;Int area.

Jon L. Higgins
ERIC Associate Director
for Mathematics Education

This publication was prepared pur uant to a contract with the National

institute of Education, U.S. Department of Nealth, Education and Welfare.

Contractors undertaking such projects under Government sponsorship are

encouraged to express freely their judgment In professional and technical

matters. Points of view or opinions do not, therefore, necessarily

represent official National. Institute of Education position or

policy.
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INTRODUCTION

Mathe educato7s have often believed that girls achieve

lower leve s ln mathematics than do boys. Although this belief has

generated no aceion to improve the learning of mathematics by girls,

careful readin2 of the literature of the past decade cr so reveals that

this belief is not valid in all situations. In 1974 ilennema concluded

reviewineethe aiterature that "no significant differences between boys'

and girls' mathematics achievement were found before boys and girls entered

elementary school or during early elementary years. In upper elementary

and early high school years significant differences were not always apparent.

However, when significant differences did appear they were more apt to be

in the boys' favor when higher-level cognitive tasks were being meaeured

and in the girls' favor when lower-level cognitive tasks were being measu- d."

No conclusion could be reached concerning high school learners. (Fennema,

1974, 136-137.) Maccoby and Jacklin made a stronger statement when they

concluded that one sex difference that is fairly well established is "that

boys excel in mathematics ability." (Maccoby and acklin, 1974, 352.)
While thfs conclusion appears to be based on an incomplete review of the

literve and is ambiguous becausa no distinction is made between ability

and achievement, at the 1lery least such a strong statement points up the

need for in-depth analysis of the learning of mathematics by girls.

Even though no definite conclusion can be reached at thi_ time about

the comparative levels of learning mathematics by the eexes, it is clear

that, starting at about the tenth grade and continuing throughout all post

high school education, girls increasingly chose not to study mathematics.

Economie: as well as moral reasons compel mathematics educators to be con-

cerned with this problem. If mathematics is important for Hys, it is

eqeally imporf-A.nt for girls. However, before a cry for change in the

mathematical education of girls can be made, it is important to take

stock of what is known about mathematics learning by boys and girls. The

papers that follow explore some areas that are known to effect the learning

of mathemetics. Some hypotheses are suggested that, when data is available,

will provide some insight concerning comparative mathematics learning by

the sexes and why they are unequal in their studying of mathematics.

The mein factors related to sex differences in the learning of mathe-

matics 141-7h are emphasized in this set of papers are intellectual factors.

Largely clitted is the large set of social/culturai factors which effect

the learning of mathematics as it is related to the development of one's

sex role identity. A discussion of these highly important factore was

omitted because, while there is a large body of knowledge about factors

which effect the sexes differentially in achievement motivation in gene

there is a paucity of data which deal explicitly with the learning of

mathematics and the development of sex role identity. The reader should

not assume that the omission of these factors reflects the lack of their

impact on the learning of mathematics. On the contrary, it is hoped that

lack of discussion of such societal influences will stimulate studies that

will give direct information on the learning of mathemativs and 8ex role

7
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IATMEN TICAL PRECOCIOUS: MALE OR E2

Lynn H. Fox
The Johns H University

Typically what has been learned of precocious mathematical ability

and achievement in childhood and adolescence has been gleaned from retro-

spective study of the lives of eminent persons. Several famous scientists,

mathematicians and quantitatively-oriented philosophers such as Pascal,

Leibnitz, and Gauss were reported to have been mathematically precocious

children (Cox, 1926). Since far fewer women than men have achieved emi-

nence ia mathematics it is not surprising that there are few reports of

genius and childhood precocity among women (Cox, 1926; Bell, 1937;

McCurdy, 1957; Stanley, 1974a; Stern 1971). There has been no evidence,

however, to suggest whether or not precocious development is indeed more

rare among females than males or merely less visible.

Perhaps because of their assumed rarity cases of precocious intellectual

development and educational achievemenc have not been well-researched. Not

even the monumental longitudinal study of intellectual giftedness by Terman

(1925) provides information concerning precocious mathematical talent and

achievement among children designated as gifted by measures of global

intelligence.

An ongoing study of mathematIcal precocIty at the Johns Hopkins Univ -

sity offers some iateresting insight iato the queation of sex differences In

mathematical precocity. First it provides information concerning the

existence of precocious mathematical reasoning ability among adolescents,

and secondly it explores the question of how precocious achievement in

mathematics can be fostered.

The rence of Precociou r41.14:saApnirlg /94P-tY 411e*Pts,

The Study of Mathematically Precocious Youth (SMPY) began in the fall

of 1971 to search for junior-high-school-age students who were precocious

in mathematical reasoning ability as evidenced by very high scores (660-800)

on the Scholastic Aptitude Test Mathematics (SAT-M). In order to discover

these talented students, SMPY conducted a talent search in each of the

years 1972, 1973, and 1974. The rationale for discovering precocity wee

use difficult pre-college level tests and this is discussed in depth

elsewhere (Stanley, Keating, and Fox, 1974). The results of each year of

teeting are summarized in the following sections.

The 1972 Contest

In March of 1972 seventh, eighth and young-In-grade ninth grade

students in the greater Baltimore area who had scored at or above the 95th

percentile on the numerical subteet of an in-grade standardized achievement

test such 8111 the lowa Tests of Basic Skills were Invited to participate in

a contest. Three hundred ninety-six students (223 boys and 173 girls)

accepted the ohallenge and took the SAT-M.

8
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The results of the testing were startling. Twenty-t o boys (abouL

10 percent of the male contestants) scored 660-790. This is better than

the average Hopkins student scored as an eleventh or twelfth grader.

Clearly, there are many math_latically precocious boys. The highest score

for a girl, however, was 600. Although 44 percent of the contestants were

girls, 19 percent of the boys scored higher than the highest scoring girl.

The difference in points between the highest scoring boy and the girl was

190 points (Stanley, 1973; Keating, 1974).

The mean scores for boys and girls in the contest, by grade, a e shown

Table 1. Since the number of young-in-grade ninth graders was small

Mean

Table

s on SAT-M for Students, by Grade and Sex

in the 1972 Talent Search.

Number Mean

Boys 133 524

8th and 9th Grade
_irls 96 456

Boys 90 460

7th 'rade
Girls 77 423

their scores a e reported w_ h toose of the eighth graders. The highest

mean score for any group was 524 for eighth and ninth grade boys. Seventh

grade boys had a mean score of 460 followed by eighth and ninth grade girls

and seventh grade girls with man scores of 456 and 423, respectively.

The 1973 Contest

In the winter of 1973 a second talent search was conducted. This

time students were considered eligible for the contest if they had scored

at or above the 98th percentile on an'in-grade numerical subtest of a

standardized test such as the Iowa Test of Basic Skills, Wider publicity

helped to increase the total number of students who participated. There

were 666 students in the contest (420 boys and 246 girls). The percentage

of girls, however, dropped from almost a half (44 percent) in 1972 to just

2
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over a third (37 percent) in 1973. This decrease in
participation by girls

may have been due in part to the fact there were actually twol contests in

L973 - one for mathematics in January and one in the verbal area in February.

Students in both contests took tile SAT-M and SAT-V. Students were told

they could enroll for either contest and be eligible for prizes in both.

The total number of students in both contests ws 953. There were 537

boys (56 percent) and 416 girls (44 percent).

The highest SAT-M score for a girl in the 1973 conteStS was 650,

while two boys (one a seventh grader) attained scores of 800 (Stanley,

1973). Seven percent of the boys in the 1973 contests scored 660 or

more. No girl did. The mean scores on SAT-M, by sex, grade, and contest

are shown in Table 2.

Table 2

Mean Scores on SAT-M for Students by Grade and Sex,

and Contest Entered, in the 1973 ToTent Searches

I-Mathematics
: Contest

Verbal
Contest Combined

Nu ber Mean Number Mean Number Mean

Boys 285 551 65 490 350 540

8ch and 9th Grade
Girls 158 511 103 446 261 485

Boys 135 495 52 434 187 478

7th Grade
Girls 88 440 67 396 155 421

I In 1972 the Study of Verbally Gifted Youth (my) was begun at The Johns

Hopkins University. Thus in the winter of 1973 there were two contests.

SMPY held their contest in January and SVGY held theirs in February. The

SAT-M and SAT-V were given at both contests. Students were told to register

for the January contest if they were primarilY interested in mathematics,

and to register for the February contest if their interests were primarily

in the verbal area. Students were eligible, however, for prizes in both

contests.

3
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In the total group of contestants fo_ both contests eighth and ninth
boys scored highest (540) followed by eighth and ninth grade girls _t 5-

and seventh grade boys (478) and girls (421). Girls in the mathematics

contest in both grades scored lower than the boys in their grade-group who

came for the mathematics contest, but scored higher than either boys or
girls in their grade--roup who were tested in the verbal contest.

The 1974 Contest

In January of 1974 a third talent search for mathematics was held.
Students throughout the entire State of Maryland who had scored at or above
the 98th percentile on the numerical subtest of a standardized achievement
test were eligible for the contest. The testing was conducted in four

centers across the state (The Johns Hopkins University, University of Mary-

land at College Park, Salisbury State College and Frostburg State College).

A total of 1519 students took the SAT-M. Thirty-nine percent of the

participants were girls (591)-

Sixty-one students scored 660 or above. Seven of those students were

girls. One girl scored 700. The hi ghest score earned by a boy was 760.

In 1974 less than 2 percent of the boys scored higher than the highest

scoring girl. Mean SAT-M scores in 1974 are shown in Table 3, by grade and

sex. The pattern of mean scores in 1974 was similar to that of 1973. There

were sex differences within each grade-group in favor of the boys.

Table 3

Mean Scores on SAT-M for Students, by Grade and Sex,
in the 1974 Talent Search

Number Hean

Boys 556 541
9th, & 10th Grade

Girls 369 503

Boys 372 473
7th Grade

Girja 222 440

4



precoci-oue: Male or Female.

Boys and girls who participated in a voluntary mathematics contest

(and who qualified for that contest on the basis of high scores en

standardized tests of grade-level mathematics acnievement) differed con-

siderably with respect to performance on a difficult pre-college level

test of mathematical reasoning ability. Mean scores for boys in the

contests have been at least 35 points higher than for girls in each of the

three years.

Thus as early as grades seven and eight boye out-perform girls on

difficult pre-college level tests of mathematical reasoning ability and

the differences are particularly striking at the upper ends of the die-

tributions. In three years of searching SMPY has identified considerably

more males than femalep who are highly precocious mathematical reasoners.

The self-selection aspect of a contest may have contributed to the greater

male than female participation in the contest but this does not explain why

the ratio of boys to girls who scores 660 or above (16 to 1) wes so much

greater than the overall ratio of boys to girls in the contests (1.4 to 1).

Whether or not these apparent differ n-es in mathematical aptitude for

the two sexes is a result of biological differences or differential cultural

reinforcements over time, or a combination of the two, is not clear. One

would expect to find a large gap at the upper end of the distribution of

mathematical ability (as was found by SMPY) if the biological explanation

of sex differences in mathematical ability is correct. At the present time,

however, many researchers feel that there is too little known about the

inheritance of specific abilities such as mathematical aptitude to justify

such a conclusion (Meccoby and Jacklin, 1972; Astin, 1974).

Some researchers believe that the differences between the sexes in

average performance on tests of specific abilitiee such as mathematics

reflect differential cultural reinforcements over time which have shaped

the career and educational goals, interests and achievements of the two

sexes (Aiken, 1970; Astin, 1968e, 1968b, 1971; Hilton and Berglund, 1971).

SMPY's study of the characteristics of mathematically precocious adolescelts

doee lend some support for the social explanation of sex differences at the

higher levels of ability and achievement.

Boys who scored 660 or more on SAT-M had stronger orientations towards

investigative caraers in mathematics and science and greater theoretical

value orientations than did their less mathematically precocious male and

female peers (Fox, 1973; Fox and Denham, 1974). Many of the highly mathe-

matically precocious boys report studying mathematics and sometimes science

textbooks systematically with the help of a parent or interested teacher,

while others have worked informally with mathematical puzzles, games and

books. What has motivated this extracurricular pursuit of knowledge appears

to be strong theoretical and investigative values and interests.

1 2
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Girls, even the most mathematically talented, are far less likely than

bloyA, particularly the most mathematically talented boys, to seek out speeial

experiences related to mathematics and science. Girls tend to have valuee

smd interests ef a more social than theoretical nature (Fox, 1973; Fox and

Deatatn, 1974). Thus it is not surprising that few girls report that they

etudy mathernaticS on their own. Thus differential performance by the sexes

on difficult pre--college level tests of mathematical reasoning ability at

grades seven and eight could be partially a result of differential exposure

to and practice t.eith Wthemmtical problem solving situations which result

frcem dafferent &rite-rests and value orientatioes.

Girls also smear to receive less encouragement at home to consider

scientific pursuits. In a small sample of gifted students studied by

Atin (1974) poremtsof boys often had noticed their sons' interest in

scince at an early age. Parents of boys typically reported that they had

discussed college careers in science, mathemaeics, medicine, and engineering

erith cheir sorsa. Theee parents reported providing more scientific materials

such so toys, books, and games for their sone than did parents of girls.

Very few Parents of girls had noticed their daughters' showing interest in

mathematics or science.- at an early age. The occupations which these parents

tad diacemsed with their daughters were more apt to be traditionally

lereinine ones such as nursing and teaching. The parents of the girls had

given leso thouglt to future educational plaee fer their daughters than h d

Parents of telyrEi.

Yoterirlapreievernent

Xttlough it is difficult to draw coneluaLon about the relative n

flute-Ices of biological and social factors upoe the performance on Mea ures

of aptitelde (e.g., some would even argue the possibility that some of the

differences tn test performance are artifacts of biased test materials),

there is clear evidence that precocious achievement_in mathematica can be

directly influenced by environmental factors. SWN's attempts to foster

acceleration in mathematics provide some interesting insight into the

dynemics of preeoetows achievement among bright adolescent boys and girls.

SP1PN hos sponsor d three experimental acceLerated mathematics classes

on the Hopkins campus and two classes in a public junior high school. The

details of these classes are reported in depth elsewhere (Fox, 1974a, 1974b;

George, 2974; Stanley, 1974b). A summary of the results of these five classes

end ttmir implication6 for understanding the differences between the sexes

with respect to precoc ous achievement is pres nted in the following sections.

6



flfatcrnatiaily ecoc ue: Male or Fe-ale?

Class 1 - Boys and Girls

In the summer of 1972, 30 end-of-the-year sixth graders2 (18 boys and 12

girls) were invited to a special summer mathematics class which met two hours

a week. Fourteen boys (78 percent) and seven girls (58 percent) enrolled for ,

the program. The initial success of the class in mastering Algebra I with

only 18 hours of instruction was so great that the class continued to meet

for two hours a week through the middle of the following summer. Of the 21

students who taitially began the course, six boys (43 percent) and one girl

(14 percent) oampleted the study of all their pre-calculus mathematics

(Algebra I, Algebra II, Algebra III, Plane Geometry, Trigonometry and

Analytic Geometry). Six of the boys took calculus the following year in

a senior high school

Class II - Boys aad Girls

In the summer of 1973, 85 students (51 boys and 34 girls) who had

participated in the 1973 ta ent search and who had scored at least 500 on

SAT-M and 400 on SAT-V were invited to a summer accelerated mathematics

class. Most of these students were eighth graders who had completed

Algebra I. TVenty-two boys (43 percent) and nine girls (29 percent)

enrolled. Fourteen boys (64 percent) and none of the girls completed all

the pre-calculus mathematics by the middle of the following sumner meeting

only two hours a week during the school year and four hours a week during

the second summer (George, 1974).

Although these classes were highly successful in promoting precocious

achievement in mathematics amoni boys, they were both far less successful

with girls. First, more boys than girls were eager to enroll in such a

program. Secondly, girls who did enroll tended to drop out of the classes

before their completion.

Interviews with the girls Indicated that one major reason for dropping

out was a reluctance to become accelerated in their placement in school.

Many of the girls seemed to fear being labeled as different from their

friends by virtue of becoming somewhat accelerated. Girls also reported

that the class meetings were dell, and some made references to the boys in

the classes as "little creeps." The overall reaction to the classes by 'the

girls was that it was socially unappealing and might have negative social

consequences for the girls in school.

It has been reported that even very bright girls often self-select

themselves out of advanced mathematics classes in high school (Haven, 1972)

and that few women ever pursue doctoral degrees in mathematics (e.g., in

1969 only seven percent of the doctoral degrees awarded in mathematics were

2 Thirty students were invited. One was an end-o -the-year third grader,

Another was ea end-of-the-year eighth grader. The remaining students were

end-of-the-year sixth graders.

7
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earned by women (B _conti and Astin 1973

however, it was not known that bright gir
far more reluctant than boys to participat
matics programs and, especially to persist

Class III - An All Girls Class

ences

Until this present study,
n junior high school would be
in special accelerated mathe-
n them.

The results of testing values and interests of boys and girls in the

1973 contest suggested that even the most mathematically able girls were

likely to prefer social to theoretical activities. In combination with the

results of the first two accelerated mathematics classes this suggested that

to interest girls in learning mathematics faster it would be important to

consider the social aspects of a program. Thus in the spring of 1973 an

all-girls accelerated Algebra I class was organized for seventh grade girls

who had been in the 1973 contest and who had scored at least 370 on SAN-M

(the average of female juniors in high school)3. The details of the progr m

for girls are reported elsewhere (Fox, 1974b). In brief, the clase was

designed to appeal to the social interests of girls in a number of ways.

It emphasized social cooperation rather than competition and Was taught by

a woman rather than a man. Men and women scientists and mathematicians spoke

to the girls about exciting careers in mathematics and science (such as

operations research, health statistics, and social science research) which

deal with social problems as well as theoretical ones. This approach to

an accelerated program was considerably more effective il recruiting girls.

Of the 34 girls invited, 26 enrolled (76 percent). Eighteen girls (69 percent)

completed the course. Not all girls, however, chose to accelerate their

mathematics in school the following year and a few actually met with

resistanze from their schools to their acceleration. Eleven did take

Algebra II the following year; 10 of these (38 percent) were considered to

have been successfully accelerated.

The emphasis on tbe social interests of girls was moderately effective

in promoting greater achievement in mathematics for girls than had the two

mixed-sex more theoretically taught classes. This approach, however, did

not promote the same extent of acceleration for the girls that the other

two programs did for the boys. Five of the girls from the all-girl class

have indicated some interest in becoming further accelerated in mathematics

(by as much as two or three yea ) by the time they complete high school

and enter college.

-TWo girls who had not participated in the 1973 contest were la_er tested

on SAT-M and allowed to take the course. One of these girls scored 350 on

SAT-M. Since she had been eligible for the first class but had not enrolled,

the decision was made to let her be in the all girls class. Her score of

150 was considered to be an under-estemate of her ability. The following

year she scored 570 on a different form of the SAT-M.

8
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Mdthema ica

Classes IV and V - City Public School

-cocious: Male or Famal

In the winter of 1974 Leon Lerner, a guidance counselor at Roland Park

School in Baltimore City, asked SMPY to set up in that school a fast-paced

mathematics class based on the principles learned from classes I-I1I.

Twelve boys and twelve girls in gracies four through seven were selected to

participate. On the basis of past experience SMPY suggested that there be

two fast-paced classes - one for boys taught by a male college professor

and one for girls taught by a female college professor. One boy and one

girl dropped out of the program. Both classes made rapid progress through

Algebra I meeting two hours a week for a total of 37 hours the first year

and all who remained in the school the following year elected to continue

in the fast-paced class to study Algebra II. Although on an average the

girls wre a somewhat less able group than the boys, the two groupa performed

about equally well on a standardized Algebra I test at the end of the firet

year. Both classes were considerably more successful la mastering Algebra I

than the class of eighth graders in a regular Algebra 1 program for a full

year (Stanley, 1974b).

The success of these two classes in fostering high achievement at an

accelerated pace suggests that special programs of this type may be mor-

succeasful for girls when they are conducted within the context of the

regular school. Further research is needed to determine just how successful

these programs can become for both boys and girls if implemented on a large

scale within public schools or school systems. Whether or not sex-segregation

and women teachers as role models are actually crucial for the success of

girls needs to be studied systematically within school settings,

Cu5 ion

the basis of S1"s research on the mathematically precocious, it

appears that males are more likely than females to perform at a very high

level on pre-college level tests of mathematical reasoning ability (at

least in a voluntary cootest situation). The sizable gap between the sexes

on mean SAT-M scores and at the upper end of the distribution as early as

grade seven suggests that there may be biologically-based differences

between the sexes with respect to mathematical aptitude. There are, however,

strong indications that some of the apparent differences are related to

environmental factors. Whether or not greater efforts to encourage and

develop mathematical interests among women in childhood and adolescence

could eliminate or reduce this sex difference at the higher levels of

ability is not known.

Clearly it is much more difficult to foster precocious achievement

and acceleration in mathematics among girls than boys. Some attention to

the social interesto of yoang women in structuring learning environments to

foster accelerated achievement appears to increase the rate of participation

and success of females. To date, however, SMPY has not effectively helped

to accelerate any girl as far or as fast as most of the boys in its programs.

This should not be interpreted as meaning that it is unprofitable to work

with bright girls. Although mathematical precocity (both In measured ability

9
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and achievemmnt) is far more evident among young males than females, SMPY's

efforts to foster greater achievement among very bright students does suggest

that girls can be helped to develop their quantitative potentials; more fully.

Even if there are biologically based differences between the sexes which

account for much of the differing degree of precocity between the sexes, it

is still desirable to develop ways of fostering greater achievement among

women as well as men. It would appear, however, that our instructional

strategies and classroom environments should be more systematically studied

and regulated to avoie unnecessarily discouraging young women from develop-

ing their mathematical potentials to the fullest.

The fact that mathematical precocity appears to be rarer and not juat

less visible among females than males in adolescents at the present time

can lead us into one of two directions for future educe ional planning and

development. First, we could concentrate upon boys all efforts to find and

foster high level achievement and talent in mathematics, since they will be

easier to find and to work with. (This first direction sounds very much

like what, perhaps unintentionally, is occurring in most schools today.)

The second direction would be to concentrate our efforts to identify

talented young women as well as young men but modify or restructure our

instructional strategies for girls to optimize their chances for high

level achievement. The long-term benefits of this second approach could

have some quite gratifying results.

17
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SOME SPECULATIONS AND FINTINGS CONCERNING SEX DI FERENCES

IN MATHEMATICAL ABILITIES AND ATTITUDES

Lewis R. Aiken, Jr.
Sacred Heart College

Charlotte, North Carolina

The notion that boys and men are better in mathematics than girls and

women, speaking both historically and currently, has received attention in

various sources. Looking at the matter historically, Hypatia was apparently

the only woman mathematician of importance prior to the 18th century. Since

then Maria Agnesi, Sophie Gernein, Sonja Rovalevsky, Emmy Noether, and per-

haps a few others are notewot:hy. But these are only a handful compared

to the number of men who have achieved eminence in mathematics during the

same period (Iacobacci, 1970). On the more mundane contemporary educational

scene, the typical finding in the elementary school is that girls are at

least equal to and sometimes better than boys in mathematics achievement,

and ev the mathematical interests of the two sexes are not significantly

diffe. At the junior high level, however, boys begin to surpass girls

in ma,'ecratical achievement and to express greater interest in the subject.

The superiority of boys in mathematics after grade seven is revealed parti

cularly on problem-solving tasks such as those appearing on mathematical

reasoning tests (Hilton & Berglund, 1974; Jacobs, 1974; Jarvis, 1964).

2.1411Es.r!_ti.gSlor. HypothesIs

There is evidence that the factor structure of mathematical ability

becomes more differentiated with maturity (Very, 1967; Dye & Very, 1968).

These studies also reveal a greater number and more sharply differentiated

factors, especially in the mathematical reasoning and spatial areas, in high

school males than females. The observation that the abilities of both boys

and girls become more differentiated as the individual passes through the

school grades and has a greater variety of experiences is consistent with

Ferguson's (1956) hypothasis that particular abilities result from transfer

of training among different tasks required of people in a given culture.

Thus, the emphasis in Western culture on the acquisition by girls of relati-

vely greater verbal skills, as opposed to quantitative reasoning and spatio-

perceptual skills, may explain In part why a well-differentiated verbal

factor but less distinct quantitative reasoning and spatial factors are

often obtained when a variety of psychological tests are administered to

girls.

Sex Differences J.- Abilities

It in debatable whether sex differences in mathematical abilities are

the cauSe or the effect of the popular conception that mathematics is

primarily a maoculinc enterprise. In any event, at leaat four explanations

have been proposed to account for these differences: the sex-linked, recess-

ive gene hypothesis; the masculine-identification hypothesis; the same-sex

JA)le modeling hypothesis; and the differential social expectations and

13
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reinforcement hypothesis. Stafford (1972) proposed that sex differences in
numerical and spatial abilities are due in large measure to the fact that

these abilities - like pattern baldness, hemophilia, and red-green color

blindness - are transmitted by sex-linked, recessive genes. If this hypo-

thesis is correct, then a person's mathematical ability should be more

closely related to that of the opposite-sex parent than to that of the same-

sex parent. Reported findings that mother-son and father-daughter correla-

tions on measures of this ability are equal to each other but higher than

the mother-daughter correlation, and that the father-son correlation is

essentially zero have been cited in support of this hypothesis. Although

this is a compelling and timely hypothesis, it has encountered certain
technical difficulties (see Carron, 1970). An alternative hypothesis
proposed by Weiss (1973) maintains that an autosomal-receasive allele in the

homozygous state is a prerequisite for the ability to carry out highly

qualified mathematical and technical work.

A second explanation - the masculine-identification hypothesis of Plank

and Plank (1954) - states that since working mathematics is an aggressive,

masculine occupation, both boys and girls who are good at it identify more
closely with their fathers or other strong male figures. An implication of

this hypothesis is that women mathematicians are more masculine than women

non-mathematicians. Cited in support of the masculine-identification hypo-
thesis are studies relating father absence to ability in mathematics (Carl-

smith, 1964; Landy, Rosenberg, & Sutton-Smith, 1969). But the notion that

a masculine interest pattern and a higher level of aggression are associated
with proficiency in mathematics has failed to receive much empirical support.

At the very least the evidence shows that women mathematics majors are not

necessarily aggressive or "masculine."

Related to the masculine-identification hypo hesis ia the proposal that

sex differences in mathematical ability are the consequence of same-sex role

modeling (Bem & Bem, 1970; Maccoby, 1966; Milton, 1958). According to this

explanation, since mothers are typically more verbally oriented and fathers

more quantitatively oriented, young girls who model their behavior after

their mothers come to view themselves as incompetent in mathematics. A

fourth hypothesis maintains that sex differences in quantitative ability are

produced by differential social expectations and reinforcement. According

to this hypothesis, boys are expected to be more proficient in mathematics

and receive more positive social reinforcement than girls for success in

the subject. As a consequence of such expectations and encourageritent4

boys come to be better in mathematics.

Some research, much of it not very well designed1 has been conducted

to teat the last two hypotheses and to find ways of improving girls` Mathe-

ical abilities. Two conclusions stemming from this research are that:
improving their attitudes toward mathematics seems to helplirls do

be ter in the subject; (2) casting mathematical problems in terms of "typi a

feminine Interests" content helps improve girls' scores on those problems

(Carey, 1958; Graf & Riddell, 1972; Milton, 1958).
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Sex Differences in Attitudes

Although sex differences in attitudes and anxiety toward mathematics

are not always found (Jacobs, 1974; McClure, 1971; Roberts, 1970), as with

differences in mathematical achievement, attitude differences tend to favor

boys after elementary school (Hilton & Berglund, 1974; Keeves, 1973; Nevin,

1973; Poffenberger, 1959; Simpson, 1974). It has also been reported that

mathematics test anxiety is significantly higher for eighth grade girls than

for eighth grade boys (Szetela, 1973).

Greater interest and more positive attitudes toward mathematics and

science on the part of males have been found in other countries as well s

the United States. For example, Nevin (1973) concluded that Irish girls

have a deeper interest in human relationships than their male counterparts,

which interferes with an interest in mathematics. In a discussion of the

results of a study on mathematically precocious youth, Fox (1974) also

suggests that the greater social interests of girls, especially during

adolescence, may interfere with concentrated effort on mathematics.

Ability and attitude are f course, not independent psychological

dimensions, but rather are interrelated components of human personality.

The relationship between attitude or interest and performance is reciprocal

aed dynamic, in that attitude or interest affects achievement and achievement

in turn affects attitude and interest. Consequently, it is possible that

lack of success in mathematics,which could easily lead to a negative atti-

tude toward the subject, is due to some extent to a genetically-determined

low aptitude for the subject. But since there are disparities among

countries in the magnitude of the differences in attitudes of boys and girls

biological explanations appear to be insufficient. The influences of

differing socio-cultural "expectations," same-sex role modeling, and rein-

forcement for success in mathematical endeavors must also he taken into account.

A_Cor_ip2fitte ilypothesis

In keeping with a more dynam_c exp anation of mathematical ability and

attitude, it is proposed that both specific abilities and attitudes be recog-

nized as learned response tendencies shaped by socio-cultural experiences

impressed on a more general, genetically-determined temperamental and ability

base. This composite interpretation views the several components of mathe-

matical ability as acquired differentiationa of general cognitive ability,

such differentiation being the consequence of the expectations of "significant

others," the modeling of their behavior, the pattern of reinforcement supplied

by them, and the transfer of skills and knowledges from one mathematical task

:0 another. Attitude and other affective variables, which interact with

aptitude to influence proficiency in mathematics, are also conceptualized

as learned response tendencies. Such a dynamic, interactive explanation

has been the guiding principle of my research on psychological factors in

learning mathematics. This research, which has been concerned with junior-

and senior-high students end college undergraduates and graduates, has

involved correlational, multiple regreaeion, and factor anulyses of scores

on a wide range of affective and cognitiVe variables.

15
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Mathematics L5

A Research Illustration

What Research Says About Sex Differences

As an example of these studies, Table 1 contains the results of two
orthogonal powered-vector factor analyses - one for 72 eighth-grade girls

and a second for 84 eighth-grade boys. These analyses are based on five

ability measures, scores on the Mathematics Attitude Scale, and scores on
sixteen items of a specially designed biographical inventory. Two inde-

pendent factors were obtained for girls and one factor for boys. Factor A

in both cases is interpreted as "Student's Mathematical Ability," and Factor

B for girls is "Father's Reported Mathematical Ability." Note that since

Factors A and B are orthogonal, it may be concluded that for the females

"Student's Mathematical Ability" was independent of "Father's Reported Mathe-
matical Ability." In contrast, for males "Student's Mathematical Ability"
was positively related to "Father's Reported Mathematical Ability." These

findinga are clearly inconsistent with both the "masculine identification"

and "sex-linked recessive gene" hypotheses.

Of interest in this connection is Hill's (1967) intensive study of 35

seventh-grade boys and their parents. Hill found that it was the father,

rather than the mother, whose expectations for his son's performance in

mathematics were associated with positive attitudes on the part of the
This was especially true when the father expressed warm feelings for the son

and participated more in rearing him. Hill interpreted these finding$ aa

supporting the position of identification theorists that the father is the

critical parent for the sex-role learning of the son, but a simple same-sex
modeling hypothesis was not a sufficient explanation of all the data.

Finally, it can be determined from Table 1 that mathematical abil ty
in these junior-high school girls is more closely related to their attitudes

toward mathematics than in the boye. Behr (1973) and others have reported
similar findings, in addition to the fact that mathematical ability test

scores and mathematics marks are more closely related in girls than in boys.

Although there is some variation in predictability with age, using both
affective and cognitive variables we are usually able to do a better job of

forecasting the school mathematics grades of females than those of males.

Consequently, another noteworthy sex difference - seemingly the reverse of

the traditional stereotype - emerges from these studies. Women, at least

on psychological and educational measures, are apparently more predictable

than men!

2 3
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Table 1
Factor Analyses of Eighth Grade Data

Variable

Gi N m 72) Boys (N is 84)

actor A Factor B Factor

Eighth-grade final math mark .791 -.025 .745

CTMM Language I.Q. .826 .001 .773

CTMM Nonlanguage I.Q. .774 .015 .728

CAT Arithmetic Reasoning .922 .003 .897

CAT Arithmetic Fundamentals .875 -.027 .862

Mathematics Attitude .378 .061 .268

"My father and I have always been
very close to each other." .085 .092 .120

"I have an older brother who likes
mathematics." -.039 .164 -.330

"I have an older brother." -.091 .013 -.337

have a younger sister." .130 .058 -.030

I have a younger sister who likes
arithmetid." .069 -.091 -.221

"My father graduated from high
school." .207 .270 .428

My mathematics teachers in school
have usually been somewhat
impatient and demanding." -.423 .030 -.285

"My father uses mathematics on his
Job." .192 .146 .177

"My mother graduated from high
school." .396 .331 385

"I have usually been an excellent
student in school." .169 -.114 .300

"My father made high grades in mat e-
metics when he was in school." .034 .828 .262

"In elementary school, my grades in
arithmetic were usually high." -.027 .122 .343

")ly father is a professional man
(doctor, lawyer, engineer, teacher,

etc.)." .299 .089 .393

"My mother made high grades in mathe-
matica when she was in school." .073 .154 .108

"Hy father likes mathematics." .126 .822 .309

"I usually stick to a job until

lt is finished." .088 -.110 .156

2.4
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FACTORS IN INTELLIGENCE AND MATHEMATICAL ABILITY WHICH MAY ACCOUNT

FOR DIFFEREN

Introduction

_ IN MATHEMATICS ACHIEVEMENT BETWEEN THE SEXES

Jenny 1U Armstrong
University oI ' Wisconsin

Intelligence and mathematical ability, both of which are implied

from the standardized observation of performance, are comprised of many of

the same faetora (8ue Figure 1). The nature of the '?:ORrion botwen

mathematical ability and intelligence, which will be explored in more

detail, is important to any explanation of sex differences in mathematics

achievement because of the assumed relation between mathematical ability,

intelligence and mathematics achievement.

Intelli nce _tical Abilityl and Mathematics Achievement_

The existence of a strong, positive relation between intelligence and

mathematics achievement and between mathematical ability and mathematics

achievement has been consistently supported (Aiken, 1971). The identifi-

cation of particular factors of intelligence and mathematical ability which

are important to mathematics achievement has been less consistent. Similarly,

the relation between factors of intelligence and mathematical ability has not

been sufficiently clarified. Even so, there has been some work completed

which provides insight into these relations.

The global "g" factor in intelligence has been found to be strongly

related to general quantitative reasoning or problem solving in mathematical

ability (Barakat, 1951; McAllister, 1951), and a sensori-motor factor in

intelligence has beea found to be strongly related to a computational-

mechanical factor in mathematical ability (Coleman, 1956). In addition, a

reflective intelligence factor has been found to be strongly related to a

deductive reasoning factor in mathematical ability (Skemp, 1971). Memory

has not been found to be an important factor and spatial ability only in a

limited area of mathematics (Coleman, 1956).

Muscio (1962), in an examination of the relatiena among mathematical

ability, achievement and intelligence, found strong positive telations

between both mathematics ability and achievement and iatelligence and

mathematics achievement. Mathematical ability was also found to be related

to certain reading factors, paragraph meaning, reading to understand precise

directions, and reading to note details.

When intelligence was partialed out the relation between mathematical

ability and mathematical achievement, although decreased, was still

significant Specific factors in intelligence found to be related to
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Differences .nat s Achievement Bctcen tiw L;exau

mathematical ability were: spatial relationships', numerical reasonfng,
logical reasoning, verbal concepts, total verbal, and total non-verbal

(Muscio, 1962). The arithmetic achievement subrests which were fnund to

be related to general intelligence were: arithmetic reasoning, arithmetic

compt;tation and mathematical vocabulary.

Other specific mathe_atical ability factors have been identified but the

relation to intelligence is not clear. In one study, the following factors

were fdentified: verbal comprehension, deductive reasoning, algebraic
manipulative skill, number ability and adaptability to a new task (Kline,

1960). In another study, these factors were identified: algebra achieve-

ment, m,-Ithematical aptitude, verbal and number (Wooldridge, 1964). Yet

anothe,7 study identified the factors: general reasoning, deductive
reasoning, numerical space and verbal comprehension (Werdelin, 1966).

Many of these same factors were identified in a factor study of

intelligence by Harris and Harris (1971b). This study examines four models

of intelligence: (a) Thurstones1 (1938) 1941, 1944, 1962) Primary Mental
Abilities Model; (b) Guilford's (1967) Structure of Intellect Model;
(c) Ou-Aman's (1970) Behavioral Model; and (d) Harris and Harris's (1972)

Cognitive Model.

Using the methods for dete mining Common Comparable Factors (CCFs)

(Harris & Harris, 1971a), the results of the study indicated that the most

viable model for explaining the factorial structure of intelligence was the

Thurstones' model (1938, 1941, 1944, 1962). The factors included in their

model were: (a) spatial, (b) perceptual speed, (c) numerical, (d) verbal,

(e) word fluency, (f) memory, (g) induction, (h) deduction, and (i) closure

Harris and Harris (1971b) found six of these nine factors represented

for boys and five of these factors represented for girls. The five factors

which were found to be the same for boys and girls were: (a) verbal,

(b) induction, (c) memory, (d) word fluency, and (e) perceptual speed. A

number factor was found for boys, but not for girls.

Similar to the findings of Harris and Harris (1971b), Aiken (1973 ), by

summarizing the factor analytic work of several different investigators,

identified several specific intelligence factors which have been found to be

strongly related to both mathematical ability and achievement. They were:

deductive (general) reasoning (Blackwell, 1940; Kline, 1960; Very, 1967;

Werdelin, 1958, 1966), inductive reasoning (Werdelin, 1958), numerical ability

(Kline, 1960; Very, 1967; Werdeiin, 1958, 1966; Wooldridge, 1964), spatial-

perceptual ability (Blackwell, 1940; Very, 1967; Werdelin, 1966), and verbal

comprehension (Blackwell, 1940 Kline, 1960; Very, 1967; Werdelin, 1958,

1966; Wooldridge, 1964).

1 The relations between spatial ability and mathematics achievement are

examined and discussed in more detail in this paper series by Fennema.
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Sex has been included as a variable in several studies of mathematics

achievement which we,e reviewed by Fcnnema (1974). The conclusiono drawn

about the aature of sex differences ln mathematical achievement were:

(a) there are ue consistent differences in the knowledge of mathematics

between boys and girls before they enter school or at kindergarten level;

(b) there are no consistent differences in the learning of mathematics by

boys and girls in the early elementary years; (c) there are no differenes

that nonsistently appear between the learning of boys and girls in mechematics

in the =ourth through ninth grades; there ar , however, trends which indicate

that if I:here are differences, and they occur during the upper elementary

juaior high school or .rly high school yea.;:s, girls tend to perform better

on tests of mathematical computation, while boys tend te perform better on

tests of mathematics reasoning (i.e., comprehension, appPeation, and analysis);

(d) there a',-e no conclusions which can be drawn from the studies which have

exa-ined high hool level subjects (Fennema, 1974).

Sex oifferences in intelligence and mathematical a ility show a similar

nd to mathematics achievement relaf.Lve to emergence. In a review of

research by Maccoby and Jacklin (1972, 1974), sex differences in intelligence

and mathematical ability were not consistently found until early adolescence.

Consistent differences between the sexes were found only in verbal ability

and analytic ability. Girls and women tended to be superior in verbal .

ability and boys and men tended to be superior in analytic ability.

Differences between the sexes in analytic _and verbal ability were ale()

reflected in the factor analytic study of intelligence by Harris and Harris

(1971b). Verbal items were found to consiatently load higher on factors

identified for the girls while analytic-type items tended to load higher

on factors identified for the boys. As noted previously, a number factor

was found for boys but not for girls. The types of items which loaded

heavily to form the number factor for boys were: number class extension,

seeing trends, arithmetic problems, and number relations. Number class

extension, seeing trends, and number relations items all require analysis of

a situation to determine the rule or generalization and then the specification

or identification of examples which satisfy the rule. These itema did not

load on any factor for the girls. The remaining types of items on the number

factor, arithmetic problems loaded on the word fluency factor for girls As

eluded to by French (1965) and Fredricksen (1969), this type of factorial

composition may reflect the different cognitive strategies that boys and girls

are using to solve the same problems. It would appear that boys are relying

more on their analytic ability while girls are utilizing their verbal ability.

Whether the number factor identified by Harris and Harris (1971b) is

the same or similar in content to number factors identified in other studies

(Kline, 1960; Very, 1967; Werdelin, 1958, 1966; WooldrlJge, 1964) is unclear.

Canisia (1962), however, in a study of eleventh grade grls found the number

factor identified by Kline (1960), Wooldridge (1964) and Werdelin (1966) to

be unrelated to other mathematical ability factors. if the number factor

24



-72ces in cs Achievement Be twcn tht,

beng assessed in these diffcs.ent studies is the same or similar, then the

lack of relation found by Canisia (1962) may parallel the findings of Harris

and Harris (1971b). Certainly more study of the nature of the factorial

structure of intelligence in the sexes at different age levels nueds to be

done. This is particularly true due to the large difference in the ages of

the girls in the Hartis and Harris (1971b) and Canisia (1962) studi

(i.e., fifth and eleventh graders).

Stafford (1972) in examining an hypothesis relating to sex-liaked chromo-

somal transfer of "quantitative reasoning" ability, combined two of the typcs

of items used in the Harris and Harris (1971b) study: (a) Necessary

Arithmetic Operations and (b) Arithmetic Problems. Necessary Arithmetic

Operations items, which were the original arithmetl.c reasoning types of

items used by Thurstone and which more recently have been used as a part of

the reasoning test from the NLSMA Reports (1968), are problems of the form:

Jane's fathei. was 26 years old when she was born. Jane is new 8

years old. How old is her father now?

A. subtrac-
B. divide
C. add

D. multiply

"Arithmetic Problems -type items involve computation. In the Stafford (1.S72)

study, the items were combined. In order to get a correct score, the subjects

in the study had to both identify the appropriate cperation (Necessary ArLth-

_tic Operations) and do the computation (Arithmetic Problems). The fact

that these two types of items which loaded on sei,(rate factors in the Harris

and Harris (1971b) study, were combined in the Stafford (1972) study make

the results very difficult to interpret. Similarly, although Stafford (1972)

suggests that there are sex differences in performance at each level (ages

12 to 18) favoring boys no specific tests of significance were reported.

Necessary Arithmetic Operations items were also included as reasoning

items in the NLSMA (1968) study and, as reported by Fenuema (1974), trends

indicated that boys in grades nine and ten were outperforming gias in the

reasoning area. Nscessary Arithmetic Operations items In the Harris and

Harris (1971b) study did not load consistently and strongly on any factor.

Necessary Arithmetic Operations did, however, show loadings on different

factors for boys and girls. Necessary Arithmetic Operations items loaded on

the verbal factor for boys and the induction factor for girls. Again, the

differential loadings may imply different cognitive strategies for solving

the same problems In this case, however, it would appear that boys are using

a weak ability (verbal) to solve a type of problem they have been found to

perform well on elsewhere (NLSMA, 1968). Perhaps the age differences between

the subjects in the two studies would account for these discrepencies. The

subjects in the Harris and Harris (1971b) study were 10 and 11. The

emergence of differences between the sexes on reasoning items in the NLSMA

(1968) data are not well established for subjects until they were in the

14-15 year age range (Fennema, 1974)

25

32



r? .
ut ,fieS 111 e_

In general, tie reults of studies of the relatiCns among intelligence,

mathematical ability and mathematics ec!lievement indicate that there is a

ong positive relationship both beLween intelligence an, mathematical

achievement and mathematical ability and achievement. Intelligence and

mathematical ability have several fectors in common. The nature of the rela-

tion between intelligence and mathematical ability is such that some of the

same factors (or abilities) which heve been defined as components in intelli-

gence have also been defined as comeonents in mathematical abiliey (see Figure

1). The specific factors which Vele been most frequently idautified as com-

ponents in both intelligence and methema:Acal ability are: (a) general

reasoning, (b) deductive reasoning, (c verbal comprehensicn, (d) general non-

verbal factors, (e) space relations, and (f) nurbev abilior. Three factors

have been ideatified in intelligence but not ia mathematical ability:

(a) memory, (b) inductive reasoning, and (c) induction. Two factors have

been identjied in mathematicel ability and not in intelligence; (a) algebraic

manipulation and (b) adaptability to a new tank ($ee Figure 1).

General reasoning. General reasoning has been identified as a factor

both in intelligence and mathematical ability. The general reasoning factor

in mathematical ability hos also been found to be related to the global

factor in intelligence which has in turn been found to be related to

quantitative reasoning and yroblem solving in mathematical ability. General

reasoning (i.e., global "g", quantitative reasoning and problem solving) have

all been found to be related to mathematics achievement. No consistent sex

differences have been found in general reasoning ability.

Deduetive reasoning. Deductive reasoning has been identified as a

separate factor in both iaLelligence and mathematical ability. The reflective

intelligence factor has been found to be related to the deductive reaeoning

factor in mathematical ability. Deductive reasoning (logical reasoning) hau

been found to be related to mathematical achievement. No evidence is available

to support differences betweee the sexes on these factoes.

Verbal com rehension. Verbal comprehension has beee identif ed as a

factor in both intelligence and mathematical ability. The verbal concepts

factor and the verbal factor of intelligence have been found to be related

to the verbal comprehension factor in mathematical ability (Muscio, 1962).

Word fluency was found to be a separate but related factor to the verbal

factor in intelligence (Harris & Harris, 1971b). Verbal factors in intelli-

gence and mathematical ability have been found to be related to mathematics

achievement. Prior te adolescence, no coreistent sex differences have been

found in verbal ability. During early adolescence, however, sex differences

in verbal ability emerge. Girls and women are found to be superior to boys

and men in verbal ability.

General non-verbal factors.
Senaori-motor intelligence has been found

--
to oe related to die computntlonnl-mPehnnieal factor in mathematical ability.

"Non-verbal" and "senaori-motor" are both terms which have been used to refer

to the non-verbal items on standardized assessment tests. Perceptual speed
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is.a separate factor of intelligence which has been identified and which

would seem to he related to both non-verbal intelligence and computational-

mechanical factors. No research, however, has been reported to support that

relation. Sensori-motor intelligence and computational-mechanical ability

have both been found to be related to mathematical achievement. No sex

differences have been found cal these teeters.

Space relations. Space relations have been identifieu as a tactor in

both intelligence and mathematical ability. Numerical space has been

identified as a factor in mathematical ai_Ality and spatial-perceptual

ability has been identified as a factor in intelligence. There is little

evideace tu support, howeve:-, any relation betweun mathematics achievement

and spatial ability. Similarly, there is little evidence which suggests that

there are consistent sex differences on this factor.

Number abilitx. Number ability has been found as a factor both in

intelligence and mathematical ability. This factor has also been found to

be related to mathematical achievement. This factor is one of the few

factors of intelligence and mathematical ability which has been found t

differ between sexes. This factor has not been found for girls, but it has

been found for boys. The number factor involves rule inference and computat on.

Girls, it appears, solve computational problems verbally. It is unclear how

rule inference problems or problems involving analysis might be solved by

girls. It appears that performance in this area of problem solving is

lower than that of boys.

_Unique factors, Memory, inductive reasoning and induction have been

identified as factors of intelligence. There is no evidence to suggest the

nature of the relation between the inductive reasoning and induction factors

identified. Similarly, there is no evidence to suggest the nature of their

relations with either mathematical ability or achievement. There is evidence

which suggests that memory is not a critical factor la mathematical achieve-

ment.

Algebraic manipulation and adaptability to a new task have been found

to be related to mathematics achievement. There is no evidence to suggest

the nature of their relationship with intelligence. No sex differences

have been found on any of these factors.

Mathematics achievement. Diffe ences bet _n boys and girla in mathe-
, _ ---

matical achievement do not emerge until the late elementary, junior high and

early high school years. Although no consistent evidence is available on the

differences at the high school level, one would assume that the trends

identified would continue. The differences in mathematical achievement are

a difference in kind. Girls tend to do better in computation; boys tend to

do better in comprehension, analysis and application.

Differences between the aexes in intelligence and mathematical ability

may explain some of these mathematics achievement differences. First,

differences between the sexes in mathematics ability and intelligence tend
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to appear at the same time in the developmental sequence as do mathematics

achievement differences (i.e., at the onset of puberty). The types of

intellectual and mathematical ability diffe.:ences between the sexes which

are found to occur could, in part, explain the mathematical achievement

differences found between the sexes.

For example, the more frequent loadings for boys on items which involve

analysis parallels the requirements involved in the solution of some of

the higher cognitive level mathematics iems. The higher loadings for girls

on verbal items and the use by girls of verbal ability to solve problems

involving computation may account for higher achievement in this area.

Conclusions

Evidence suggests that mathematical ability and intelligence are

strongly and positively related. The nature of the relation is summarized

in Figure 1. Mathematical ability and intelligence are also strongly and

directly related to mathematical achievement. Some factors of intelligence

and ability are more important than others in explaining mathematical

achievement differences in the sexes. The most important factorial differ-

ences are in verbal ability and number ability. The superior verbal

ability of girls may account for their higher achievement in computation.

The superior number (analytic) ability of boys may account for their higher

achievement on the:higher level cognitive items.
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MATHO TICS, SPATIAL ABILITY AND THE SEXES

Elizabeth Fennema
University of scon-4fadison

A paper about mathematics and spatial ability confronts two dilemmas:
(1) because there is too much iaformation on spatial ability, it is
impossible to review the literature adequately, and (2) there is too
little information about spatial ability and mathematics to come to any
final conclusion about their relationship. In spite of these dilemmas

however, this paper will give an overview of sex differences in spatial
ability and suggest how mathematics and spatial ability might be related.
Also some researchable hypotheses about how differential spatial ability
may effect mathematics achievement will be suggested.

Spatial Ability±and the Sexes

Male superiority over females in tasks measuring all kInds of spatial
ability has been an accepted truism documented by many authors (Garai and

Scheinfeld, 1968: Maccoby, 1966; Kagan and Kogan, 1970; Kogan, 1972;

Sherman, 1967; Anastasi, 1958; Tyler, 1956). However, as with many beliefs

that have been held about females, new evidence and new interpretations

are suggesting that this truism may not be universally true. Eleanor

Macceby, a highly respected psychologist at Stanford University is a

pioneer in summarizing the literature in aex differences--particularly in

intellectual ability. It is informative to trace her etatements about sex
differences in spatial ability. In 1966 she states: "by the early school

years boys consistently do better on saatial tasks,_and this difference

continues through the high school and college years", (Macaoby, 1966,

p.26). In 1972 Maccoby and Jacklin state4 that "spatial ability continues

to be the area (i.e., intellectual area) th which the strongest and most
significant sex differences are found. Sex cafferences remain minimal
and inconaistent until approximately the age of 10 or 11, when the superiority

of boys becomes consistent on a wide range of populations and tests."

(Maccoby and Jacklin, 1972, p.41). In 1974 Macoby and Jacklin sharply
restricted their conclusion of male superiority on all types of spatial
tasks and moved the age of appearance to adolescence. They said: "Male

superiority on visualspatial tasks is fairly consistently found in
adolescence and adulthood, but not in childhood." (Maccoby and Jaeklin,

1974, p.351). In 1966 Maccoby believed that males were superior to
females in all types of spatial ability starting with the early school

years. By 1974-8 years latershe had changed her conclusion to male

superiority in only one type of spatial ability, i.e., spatial
visualization, with the differences not appearing until adolescence.
The accepting by Maccoby in 1974 of a more precise and definitive view of

spatial ability appears to explain this remarkable change in belief .

her earlier writing Maccoby, with her major concern limited to sex
differences, treated spatial ability aa a unitary ability. This was in

conflict with others who were defining and describing spatial ability
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(Smith, 1964; Kagan and Kogan, 1970; Werdelin, 1961). The consensus of

this writing is that spatial ability is not a unitary factor but is composed

of two or more factors, the number and names of these factors differing with

various authors (Smith, 1964). Adding te this broader definition of spatial

ability was Sherman (1967) who demonstrated that tests supposedly of other

abilities, e.g., the Rod and Frame Test and the Embedded Figures Test,

included a large spatial component. As the definition of spatial abilities

became more precise to those who were writing about sex differences, the

literature indicated that males are not superior to females in all spatial

abilities and that the differences in male/female performances do not

appear at an early age. (See Maccoby and Jacklin, 1974 for a complete

review.) However, on tasks measuring one kind of spatial ability, i.e.

spatial visualization, data from a variety of sources indicate that males

perform at a hvigher level than females starting about at adolescence and

continuing throughout high school and adulthood.

It is interesting to note that sex diffeTence in performance on
spatial tasks, broadly defined, does not appear in all cultures. Kabanov -

MelleY (1970) reports that sex differences on spatial tasks do not exist

between Russian boys and girls in Grades 4, 5 and 6, although as is usuul

in the Russian literature, little empirical data was reported to sub-

stantiate this belief. Berry (1966) and Kleinfeld (1973) report that while

Eskimos appear to have highly developed spatial skills, no difference is

found between spatial ability of male and female Eskimos.

Relationsh_ S'atial Visual z- ion Abilic to the Lea in : of Mathematics

Spatial visualization involves visual imagery of objects and movement

change in the objects themselves or change in their properties. In

other werds objects or their properties must be manipulated in One's

"mind's eye"-or mentally. In Figure 1, one item from a widely used test

of spatial visual.ization is shown.

The relationship between mathematics and spatial viaualization ability

is logically evident. ln mathematical terms spatial visualization requires

that ebjecti be (mental-1Y) rotated, reflected or translated. These are

important ideas in geometry. In fact James and James (1968, p.162) in

defining geometry as "the science that treats ef the shape and size of

things...the study of invariant properties of given elements under specified

groups of transformations" are describing accurately most conditionu which

are met by items on spatial visualization tests.

Many mathematicians believe that all of mathematical thought involves

geometrical ideas, as the total discipline of mathematics can be defined

as the language for describing those aspects of the world which can be

stated in terms of "configurations" (Bronowski, 1947). Meserve (1973,

p.249) believes that each person who makes extensive use of all areas of

4 0
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Figure I

Space Relations Test of Spatial Visualization'

the Sexes

This test consists of 60 patterns which can be folded into figures.
To the right of each pattern there are four figures. You are to decide
which one of these figures can be made from the pattern shown. The

pattern always shows the outside of the figure. Here is an example:

.
Bennett, G. K., Seashore, H.C., and Wesman, A. G. Differential

APtitude Test: Space Relations. Form T. The Psychological Corpor-

ation, NY, 1972 . Reproduced by permission. Copyright 19471

0 1961, 1962, 1972 by The Psychological Corporation, New York,

NY All rights reserved.
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of mathematics uses the modes of thought of geometry at every turn and
that "even the most abstract geometrical thinking must retain some link,
however attenuated, with spatial intuition." In the Russian literature,
mathematics and spatial abilities are regarded as inseparable (Kabanova-
Meller, 1970). Therefore, if spatial visualization items are geometrical in
character and if mathematical thought involves geometrical ideas, spatial
visualization and mathematics are inseparably intertwined.

Not only are spatial visualizat_,n components an integral part of the
structure of mathematics, spatial representations are being increasingly
included in the teaching of mathematics (e.g., the Piagetian conservation
tasks, which are becoming a part of many preschool programs and involve
focusing on correct spatial attributes before quantity, length, and volume
are conserved). Most concrete and pictorial representations of arithmetical,
geometrical and algebraic ideas appear to be heavily reliant on spatial
attributes. The number line, which is used extensively to represent whole
numbers and operations on them, is a spatial representation. Commutativity
of multiplication illustrated by turning an array 90 degrees, involves a
direct spatial visualization skill. Many other examples could be cited.

Although the relationship of mathematical ability and spatial visuali-
zation ability appears logical, empirical data confirming a positive
relationship is less clear. Many factor analytic studies have explored this
relationship and several authors have reviewed the literature. Some

investigators have definitely concluded that spatial ability and mathematics
ability are not related. In 1967, Very (p.172) concluded "research on
spatial ability has failed to produce any significant correlation of (the
spatial factor) with any facet of mathematics performance." Fruchter (1954,

p.2) stated that "spatial ability is unrelated to academic performance with
the possible exception of a few very specialized courses such as engineering

drawing." Smith (1964, p.127, p.68) concluded that although "there are
several studies which indicate consistently that spatial ability is important
in tests which are genuinely mathematical as distinct from those which involve
purely mechanical or computational processes 0 . . the question whether the
mathematical ability is dependent on the visual factor factors) has not

been definitely answered."

Even in the specialized mathematical area of geometry where one would
expect to find the strongest relationship, empirical findings do not indicate
clearly that the two are related. Lim concluded in 1962 after a thorough
review of relevant literature "unfortunately the evidence for a relationship
between geometric ability and spatial visualization remains inconsistent and
unreliable," Werdelin (1961, p.39) also was not willing to definitely
conclude that empirical data indicate that spatial visualization ability
and geometry ability are related. However, he felt that "there is strong
pedagogical reason to believe ina connect on between the ability to
visualize and geometric ability."

Other authors feel that data indicate a positive relationship. In

1951, Guilford, Green and Christensen concluded that spatial viouslization
ability helped in solving mathematics problems. French (1951, 1955) also
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showed that successful achievement
in mathematics depends to some extent on

use of spatial visualization skills. In a recent review Aiken (1973, p.406-7)

concluded that spatial-perceptual ability was one of the "most ealient"

mathematical factors extracted in various investigations. Obviously, the

relationship between learning in mathematics and spatial ability is not

clear and the need for more data is great.

Even less is known about the effect that differential spatial

visualization ability has on the mathematics learning of boys and girls.

Indication that the relationship between the learning of mathematics and

spatial visualization ability is an important consideration, is the parallel-

ing of development of sex differences in favor of males in mathematics

achievement and spatial visualization ability. No significant sex

differences in either mathematics achievement or spatial visuanzation

task performance have been consistently reported in subjects of 4-8 years

of age. Sex differences in performance on spatial visualization tasks

become more pronounced between upper elementary years and the last year of

high school and the differences show a pronounced increase during this

time-span (Maccoby and Jacklin, 1974). It is also commonly believed that

sex differences in mathematical achievement appear during this time span

and also show a pronounced increase (Fennema, 1974).

It appears reasonable, therefore, to hypothesize that since there is a

concurrent developmental trend and since tests of spatial visualization

ability contain many of the same elements contained in mathematics, the

two might be related. Perhaps less adequate spatial visualization ability

may partially explain girls inferior performance in mathematics, However,

there are no data available which enables one to accept or to reject this

hypothesis. In addition to the need for correlational information, several

additional areas when investigated, may provide important insight into the

relationship between mathematics learning, spatial visualization ability and

the learning of mathematics by boys and girls.

What i_ the effect of catial on mathematical leatoin at var ous

deve epmental_level

Smith (1964) has hypothesized that while spatial ability may not be

related to mathematics ability at beginning stages of mathematics learning,

advanced mathematics learning increasingly depends upon spatial ability.

It would appear that this hypothesis was made after surveying a number of

studies which used high school or college students as subjects and relatively

sophisticated mathematical ideas as criterion measures. Little or no data

were presented from studies with younger learners. However, in 1964 one

could have built a strong argument that logically supported the idea that

spatial ability was not related to mathematics ability at beginning stages

of mathematics learning. Little or no geometry was taught at the pre-high

school level and most pre-high school mathematics tests would not have

included geometrical items. Such tests would have focused primarily on

arithmetical/computational ideas. Computation has been found to be negatively

correlated with spatial ability (Werdelin 1958). Therefore, Smith's
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hypothesis that spatial ability was not related to mathematical ability at
beginning stages of mathematics learning was believable in 1964 because the
tests used to measure mathematics achievement probably included few items
relevant to spatial ability. These tests reflected the mathematics program
of most schools previous to 1964.

However, since 1964 a ma:or change has taken place in MOst 1(12

mathematics curricula. More emphasis is placed on the structure of mathe-
matics and its underlying principles. Geometry has become an integral part

of the entire mathematics curriculum. Increasingly mathematics is taught as

an interrelated system of ideas. In order to learn new ideas, learners are

dependent upon prerequisite ideas in their cognitive structure. Little is

known concerning the impact of spatial ability on the acquiring of these
prerequisite mathematical ideas in which all later mathematical knowledge
is based. It appears to be of the utmost importance.

Developmental psychologists patterned on Piaget have theorized that at
different stages of cognitive development certain modes of thought predominate
and ideas are added to one's cognitive structure by utilizing actions, symbols
which represent those actions, and symbols alone, in somewhat different blends.
According to this theory, mental structures are formed by a continual process
of accommodation to and assimilation of the environment. This adaptation
(accommodation and assimilation) is possible because of the actions performed
by the individual upon her/his environment. These actions change in character

and progress from overt, sensory actions done almost completely outside the
individual; to partially internalized actions which can be done with symbols
representing previous actions; to complete abstract thought done entirely
with symbols. Thus, development in cognitive growth progresses from the
use of physical actions to form schemes to the use of symbols to form
schemes, i.e., learners change from a predominant reliance upon physical

actions to a predominant reliance upon symbols.

Mathematical educators have increasingly accepted this theory of
cognitive development and have translated it into educational practice by
an increased emphasis upon the instructional use of three modes to represent

mathematical ideas, i.e., concrete (enactive), pictorial (ikonic), and
symbolic. Such a belief suggests that the blend of the usage of these
representational modes should reflect the cognitive developmental level of

the learner. Particularly at early stages of mathematical learning it is
important to provide leer :era with concrete representations of mathematical

ideas while symbols assume increasing importance as learners mature and
mathematical ideas become more complex.

As was illustrated earlier, concrete and pictorial representations
of mathematical ideas include spatial attributes, uome of which are relevant

to the mathematical idea being taught and some of which are not. Since the

only way to add simple mathematical ideas to one's cognitive structure at
early developmental levels is by interaction with concrete.or pictorial

materials which represent those ideas, and since those representations depend

heavily on spatial attributes, if for some reason one is hampered in percep-

tion of those spatial attributes then one is hampered in learning those
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early mathematical ideas. Without knowledge of thesk ideas, it is impossible

to learn advanced mathematics. Therefore, spatial visualization ability

appears to be of utmost importance at early stages of learning.

Sherman (1967) has suggested that boys outperform girls on spatial tasks

because they participate voluntarily in more spatially oriented activities.

Girls learn to read more easily than do boys. Because of ease of use of

symbols (i.e., reading) do girls voluntarily, or by encouragement, rely more

heavily on symbols to learn mathematics rather than using concrete or

pictorial representations? If so, perhaps inadequate usage of spatial

representations may hamper both the development of their spatial ability

and ability to do well in more advanced mathematical learning.

No data is available to give insight into this question. Empirical

data from studies dealing with the use of various representational modes

are not conclusive even about the value of concrete and pictorial :repre-

sentations and as far as this author knows no study has included spatial

visualization ability as a control factor. Certainly, more data are needed.

What is the interaction effect of other abilities and s.atial visualization

abilitY on achievement in mathematica

Werdelin (1961) showed that girls were able to prove verbal theorems

better than boys but were less able to translate words into figural images

and then to transform those images in a directed way. It has been another

accepted truism that females* verbal ability is more highly developed than

males. (MaccobY and Jack lin (1974) believe this is still true.) Does the

development of verbal ability in some way interfere with development of

spatial ability? Werdelin (1958) in a factor analytic study found one

spatial visual factor in hgih school students which was related to a

factor he called a mathematical reasoning factor. Interestingly, he found

the correlation between his visual factor and a numerical (or computational)

factor was negative. Females often score higher on tests of computation

than do males. Perhaps higher development of numerical or computational

ability interfered with development of spatial-visualization ability. Both

of these questions appear related to the earlier one of the impact of spatial

ability on early mathematical learning. Does facility with symbols--compu-

tational or verbal--interfere with development of spatial ability?

What is the _e_fect o eater variet of well develo

abilities on mathemat cs

Harris and Harris (1972), Werdelin (1958), and Very (1967) have shown

a larger number of space factors for males than for females. Werdelin (1961)

concluded that if one could attack a problem either verbally or spatially,

one would be more apt to be able to solve it, and his data showed that boys

were superior on items which measured the ability to comprehend the organi-

zation of a visual figure and to reorganize. Where items could be solved

by verbal means and did not require that the problems be translated into

a mental figure, no sex differences were found. Perhaps because males have

developed more abilities than have females they are enabled to attack

mathematical problems in a variety of ways and thus are able to score

higher on mathematical achievement tests.
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What sex differences in mathematics achievement_would be found if S atial

abilit,y_were not_a factor?

Tittle (173) has shown that many tests, commonly used to measure
achievement, are sexually biased. Certainly if a mathematics test contains

many items that rt,luire spatial ability to solve, there is a possibility

that girls will not do as well as will boys. It would be very interesting
to construct a test that had little or no spatial content in it and compare

the sexes on achievement. Perhaps no differences will be found if the test

content is controlled in the spatial area. On the other hand, spatial

visualization may be such an integral part of higher mathematical thinking

that eliminating spatial aspects of mathematics tests too narrowly restricts

the area of mathematical thinking. This aspect should be investigated.

Implications and Directions for Further Research

Data related to the questions found in thia paper will be helpful.

Also needed are data which give insight into how spatial visualization

ability is developed. Several investigators (Kleinfeld, 1973) have
suggested that spatial ability is us important as are other abilities which

have received extensive attention in the schools, i.e., verbal ability.

Certainly a plethora of abilities will be more effective in dealing with

modern day society than will one, so this appears reasonable. Although the

main concern of this paper was to explore one facet of why girls achieve at

lower mathematical levels than do boys, it is hoped also that one of the

outcomes will be an increased awareness of a specialized ability that has

received inadequate attention from mathematics educators in recent years.

Hopefully, more data will be forthcoming in this important area.

It is temp ing to look for a simplistic explanation for sex differences

in mathematical achievement. If one says that such differences are the
result of differences ir spatial visualization ability, one has such a

simplistic explanation which is totally inadequate. This paper by no means

suggests that sex differences in spatial visualization is the only factor

contributing to sex differences in mathematics achievement. Other possible

factors include the hypothesis that fewer females than males inherit a gene

for quantitative reasoning (Stafford, 1972); stereotyping of mathematics as

a male domain; lack of encouragement of females by parents and peers; and

lack of clearly perceived vocational plans for females which would include

the use of mathematics. Nonetheless, spatial visualization ability is one

factor which may contribute to mathematics achievement and the relationship

warrants further investigation.
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CONCLUDING STATEMENT

Elizabeth Fennema
University of Wisconsin-Mad son

Mathematics educators have often believed that girls achieve

lower levels in mathematics than do boys. Although this belief has gen-

erated nO action to improve the learning of mathematics by girls, careful

feeding of the literature of the past decade or so reveals that this belief

is not valid in all situations. In 1974 Fennema concluded reviewing the

literature chat "no significant differences between boys' and girls' mathe-

matics achievement were found before boys and girls entered elementary

school or during early elementary years. In upper elementary and early

high school years significant differences were not always apparent.

However, when significant differences did appear they were more apt to be

in the boys' favor when higher-level cognitive tasks were being measured

and in the girls' favor when lower-level cognitive tasks were being measured

No conclusion could be reached concerning high school learners. (Fennema,

1974, 136-137.) Maccoby and Jacklin made a stronger statement when they

concluded that one sex difference that is fairly well established is "that

boys excel in mathematics ability." (MAccoby and Jacklin, 1974, 352.)

While this conclusion appears to be based on an incomplete review of the

literature and is ambiguous because no distinction is made between ability

and achievement, at the very least such a strong statement points up the

need for in-depth analysis of the learning of mathematics by girls.

Even though no definite conclusion can be reached at this time about

the comparative levels of learning mathematics by the sexes, it is clear

that, starting at about the tenth grade and continuing throughout all post

high school education, girls increasingly chose not to study mathematics.

Economic as well as moral reasons compel mathematics educators to be con-

cerned with this problem. If mathematics is important for boys, it is

equally important for girls. However, before a cry for change in the

mathematical education of girls can be made, it is important to take

stock of what is known about mathematics learning by boys and girls. These

papers have suggested hypotheses that, when data is available, will provide

some insight concerning comparative mathematics learning by the sexes, and

why they are unequal in their studying of mathematics.

The main factors related to sex differences in the learning of mathe-

matics which are emphasized in this set of papers are intellectual factors.

Largely omitted is the large set of social/cultural factors which effect

the learning of mathematics as it is related to the development of one's

sex role identity. A discussion of these highly important factors was

omitted because, while there is a large body knowledge about factors

which effect the sexes differentially in achievement motivation in general

there is a paucity of data which deal explicitly with the learning of

mathematics and the development of sex role identity. The reader should

not aSsuMe that the omission of these factors reflects the lack of their

impact on the learning of mathematics. On the contrary, it is hoped that

lack of discussion of such societal influences will stimulate studies that

will give direct information on the learning of mathematics and sex role
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development. The influence of such factors as stereotyping of mathematics

as a male domain, differential expectations of significant others (teachers

parents, peers) toward the person as a learner of mathematics and attitude

toward success in mathematics literally demand exploration.

It is a changing world. The Women's Liberation Movement and economic

realities have combined to make the role of females different in 1975 than

it has been in the past. This "role" of females (or in reality "roles")

includes the learning of mathematics and it is risky to say that any

conclusions reached in these papers on the basis of previous studies would

necessarily be the conclusions reached if new data were available. There-

fore, these papers are seen as a starting point from which concerned

researchers and teachers can start to equalize the studying and learning

of mathematics by males and females. Certainly as researchers and

teachers become more aware, and as a result more concerned, about the

"drop out" rate of girls in the studying of mathematics and perhaps the

less adequate learning of mathematics by girls new insight will be

generated into the learning of mathematics by both sexes.

Elizabeth Fennema
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