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© Tais paper reviews znd develops summery mgzsures of sssocizrions .
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CLNIRICLI CORZTLATION £WD TEE RELATIONRS BETWzen SETS

- . CT7 TAZI2ZLZS

- 31a16fk, 1971; Goldberger esd Dumcen, 1973.) We wish to direct
. socivlogists® zttention to 2 muttivariate statistical techmigue, vhose .
vsefulness 28 a data a::xalyais zool hes 2 great deal of a;peal vhen
interest centers arow=d the Mint distribntion of two or more sets of
-.ra;iables. The techmiqué, cemomical correlaticm, wes developed by
’zio:,elling {1935, 1936) n;ore than three decades 2go, and is used rather.
eztenaivel':;' in biometrics and psychometrics. In sociological
" literature, Klatzky 2nd Hodge (1971) used the technique to znalyze
intergeserational oceupational mobility, Yen de c-e’ér,(lsn) nsed the”
technigue to estimate the ‘p%eters of imobservable yarizble models,
znd Havser azd Goldberger (1972) noted the simi:‘{.arities\‘cetween
canonical correlation zad confirmatory factor zmalysis in the esti- , ;
mation of morservzble varieble mdels However, these zpplications
do not begin to exnar.et the potential usefnlness Rf catonical cor-
relation 2nalysis. Some of the data analysis s/ tions for vhich
.canonical correlation is appropriate are discussed in this paper.
. . Comsider 2 sitvation in which a researcher is jé 2 position ‘~ N L .
separate the variables of iaterest to him into sets, andwe fsdm - — - - -]
* \ <.
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2 posftion ro postulste "fiows® of influences among the varizble sets

based upon informzticn obtained from a theoretical model. The

! . researchier's primary objective is in determining to what exteat zd

et v¥hat point the distributiops of tb%e‘variﬁ’le'sats intersect. Al1

] » . Tmitivariate statistical techniques are designed to ;:z‘t:v's':‘.,d.e~ znsvers to

-

these /ges of questions, though perheps from differeat dets amaijtic
points of view. Moreover, the researcher 1s interested in zmswering
the following gquestions 25 2 mesns of evalnatmg the plzusibility of
some specific hypotheses {mplied in his theoretical moded: (1) S&z/a:
is the total relationship between the dependent znd the indepesdent
varieble sets? (2) In imstances in which the independent set cozsists
_qf‘ 3e'_veral theoretically distinct subsers, one may 2sk what is the
relative contribution of each subset to the total emount of variation
explained in the dependent ser? (3) Wiich varisbles in the dependent
and independent set{s) i‘espectively contributed most to the topal
emdiunt of variasfon shared betveen th’e sets? Those fzmildiar with uni-
variate con;elatj.cn znd regression a:):alysis wiil i:meﬂdj.ately- ¥éecognize
that queséicns one znd two are practicaily identical to those that one
would ask 1f the relations betveen individual varizbles are pursued.
Indeed, 4t hes been shown that certain aspet;r..s'o_f cenonical correlation\
_analypis are simple extensions of univariate correlation theory
(Rozgoam, 1965, 1968y . . ' N
This ‘papé’t’;&seats 2 pedagogically ordented reyiew of :zuch

;}%cal literature that has been presehted can canonical cor-

Telation (see Bartlett, 1941, 1947; sndevson, 1957; Werpison, 1967;

Cooley and Lohmes, 1971; Van de Geer, 1971). We think tyi¢ the
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’specific provlems explored here, by vay of zn exampie, should stim-
1zte a greater interest in the general usefulness of this mmitivarizte
statistical technigue. Withip this gontext, the curreat discussion

-

focrses cn two .specific obiectives.
| A

Piret, a5 is known by mest practicing ‘methodologists, it is
snggeet,& thet czno:'.ical correlation m.aly;!.s offers 8 parsimoniocus
way to reduce the complexities involved in relating several depezdent
varizbles to several indepeandent varizbles, particularly wnen it is
approprizte to conceptualize dependent and independent wvarisbles
respectively 2s indicators of theoretical constructs. EBowever, it
should be noted that the approach employed here has neither the
statistical precision nor the theoretical parsimtmy of 8imﬁltzneou;
statistical models, particularly vhen the research problem cails for
their t;sé, znd their asemnpticn;s czn be met (see Rauvser znd Goldberger,
1972; 3Burt, 1973; Duncan zad Goldberger, 1973). On the other hand, it

can be argued mat de‘.iciencies in the data andfor in the theoretical

- - «

model shoulq not deter researcherg from exzmining,.at lesst in an

exploratory manner, the frfxitfnlne.ss of a theoretical approa;h to a8
subject that. is defined as problena:ic.' In this respect, canonical o
cma;ﬁticn as it is agplied in this paper, can provide the
eéeazcher V{tﬂl an a.lternative “hose requirezents are less stringent

thza those characteristic of 8immltanecus estiration proceduzea.

=

(
s

pred

i . The second d:jéctive involves an attexpt to resolve some of

the proble:m frequently azcountered in tryi:g to 1nterpret candnical
solutions. It is probably the case thaf: one of the main reassons ‘why

canonical g:orfe.laticn is so inf,requently used by'researche:s hag to do
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with the gifficulty essociasted vwith imterpretiag cezmonicel roets and
vectars. It is suspected that this prodler of inrterpretation zrises
partly frag? a L;.cl of zppreciztion of exactly mt is beaing done vhea
the relatiosship between seps of varizbles are subjected to a czmomical
-correlatic:: aalysis. We tzke the position thar the interpretation
problen czm be praetically eliminated if iz cen be shown ther czmomical
correlatien iézz’ parsinocaions way of cecomposing 2 set of mmlitirle
correletion coefficieats. Thus, it will be shown that both the cenoni-
_cal coefficients and vectors czd be given interpretations that are zs

megningful 2s computing mmltiple znd mltiple-partial correlstion

coefficients.

1I. ipplications 3

in this section the particular azpproach taken toward canonical

correlatioa is applied to a specific research problem addressed by .
wilson's (1973) study of the determinants of housing status. Tre
interest is in znalyzing the deteminants- of the qualiry of houvsing
occupied by primary families who owned their dwelling unit in 1969.
The dependent set Y, bouz;ing quality, is .compoaed of measures of
whether the dvelling unit 1s im standard conditien (¥,), the age ‘of
the unit (YZ), and ; measz;re of the quality a.ttribu-tee of the unit.

(%,). The independent set 7 consists of measures of marital -

3
duration. (le, the total number of children present, in the family

f
‘(HZ), age of the youngest child (w3), education (Xl), occupational
M , -
prestige (X,), and total fenily imcome (X,). The first three 7 ~

4 . .
_,variables are defined as neasures of fanily status ( }/ ), and the latfer

1)
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three zre defined as measurés of socioeconomic starus (X ).2 The
observed correlatiom zmong these measures is exhibited in Table 1.
. - +.
Pigure 1 summarizes ¢he expected direction of the relationships

zmong the variable se¥s. It should be noted that the model as dia-

- . . -

grammed postulates relatiomships among theoretical constructs repre-

sented by the v le sets (cf. Sullivaz, 1972). The reason-for this

relates to the fact that evaluating the full implicatiqn of the zodel

e canonical solution. Thus, for -

m;y Tequire the' use of more than
en Y "and 4its indicators may require
e

tvo differenbser.s of 'esﬂimetea. 4in order to determine the total effects

example, the cor‘relation be

- ’

d . - -~ . . ‘ - -
of H & X , ! E 3
any event, :he:.nodel hypothesizea that the effect of - family

us on housing quality 1is e‘xpeceed”co be negative, largely because
of the inﬁ.uence exerted by family size and age of the ymmge¥t child.
families ‘are_le‘ast likely to be in a2 position to ;pend/agte;t_
deal on ‘housing co< on. Socioeconomic status .should have a nega- ~
tive effect on £ ‘status, because sizé of fanily is inversely
re.iazec_i to all trhge{mkasures of aocioeconanic status. Finally, socio-

economic status should- have a positive effect on housing quality,’ . . -

because the quality of the housing environment~should reflect social
7 / .

Ay
status consideratdpns. g \ . . o v
. With re:yy;he research questions posed eerlier, a full
L
”Z&eValuation ofr the implications of the model diagrammed in Figure 1
< . P ) ] >
. o .

. . ‘e
.’

. - .
-~
A« - v ) i , .- 5,
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_ {1lustrative purposes, let Y

{

require (1) a-measure, analogous to e'bultiple R?, wﬁich_can'be_used

-

o summafize the overall predictive ability of thewmodel; (2) measures,

analogous toO multiple-pertial correlation coefficients, which can be

~used to deﬁermine the relative contribution made by the independent -

5,

subsets -}{ and X to the total variation éxplained in-the dependent

“set Y;'(3) measures that can be used to interpret'the direction

(positive versus negative) of the relationships between tlie variable

h
gets; and (4) measures, when uséd in conjunction with those in 3),

° that can aid in determining which measured indicator variable(s) of

the respective sets played significant role(s) in determiping the

overall relationships.between the variable sets.

Matrix notaeion is empf?yed_throughout this exposition in order

to'clarify and enhance the derivations of speeific measures. For

represent a P1 x N matrix (P 3),

W.2 P, xNmatrix (B =3), X aP meatrix (2 =3),and
w . w

: a P. x N matrix (P, = P_+ P..= 6). * Note further that N
. 2" 2 w X .

.

, refers to sample size, and Pj refers to the number of variables in

Assuming all variables are'expressed in

each set, respectively.

standhrd form, the relationship between sets Y and Z can be

-

expressed in terms of the following equations:
U =AY

. @
V=81 .

. N B ¥




b

t 1y
j .‘

i
3
vhere ) ‘ - ‘

Uaay are X x ¥

, 4 -
A' 224 B' are K‘x?j metrices of canonical weights.

 J

matrices of czaonical variates, 224

The rows of | and Y ‘aze linear combinations of the varisbles ia

sets Y .zmd 7 'r;cpectively.; The yelationship between the jth
linearocnbinatmm{]md&’mbeupressedintenbso‘a.-
camonical correlation coefficient. Ehe.re ar&ch canonica..

Ihe problen addreasd 'by cz:xonical correlation

-

toefficients possidble.

-

reduces to finding: (1) the matrices J and B of centmicat weights,

’ .

and (2) ‘a flx 1 colum wector (, ::itl.z _e_J,emeat.s,c 161 -.1,...,}:),
which are t(he cormlaticns L’etween 1inear combinations of the varizbles
‘4n set Y with those im set /. In order to find the vector. C™ and
She matrices A 2nd B, we form the Producta3

>

Yje—  |YY vz

Yz, =1 )
- 7! ’ Z'Y AV s )
. - . . P a i
\\?mki?;y.mgby 1’?9 . s’ L R
i YJY * YIZ RTY P’TZ . ) -
Y 11 Rry Rez -

s .

ve. the fbllaving set of homgeneous equations A N

\Eﬁliy).l Rn (Rzz 'l RZY ] A - ‘;’ :;. (2)‘ ‘.:‘;_

[RZZ yLe, (Rﬁ)’lp\,z-u] B,=0, » -

%




”J
&

;J &=d - are characteristic roots (J = 1,.:.,K), -
[ is tze identiry mertrix, o

4
AJ znd BJ arerxlcolzmvectorsof cznonical wveights

J=1,...,K) (Tuese vectors zre the trancpose

of:hemveao:sin[{'anis'.) b

end’vhere the following comstraints are imposed: -

A}

(1) ‘R 1s of #gll renk, e.g., (Rf.ﬁ,)-l and

R ZZ)-l exist .

(@ Y 18a 2, 35 matrix.

1

Z is a (?,+?) ¥ =P, x§ matrix. o

(3) 7Tbe first % < min (? "2) characteristic roots of °

.-
- 1

R LRy, R, LR, are atstince.

. C(1f ?2 > ?1, then all of the roots ‘extracted ,

- o~

{R zz.)-l R zZ7 (R YY)-l R 12 will not be disf:j.nct.
The pumbder of nondistinct roots will be equal to 2, - ?1.}
2 ’ -~ a - ] S ‘
4 ' = - 4 ! = ® kA ~
@ A" Ry A, lanBJRZZBJ l,. o

in order that thé cancnical variates in || znd V' af%

a @ -

. : in gtandard form. . -

o .
|
|

14




a;:plying &quaticns (2) z:zd (3) to the o’::served correlation marrix

displayed 4n ‘Iable 1, we bave

.178
» = 4L = 2 .

.135
.003

O
H
O
H

onm——— put—— oy

- 365 -.103  .930 022 . 912  .527

A = 1.137 .94 -.183 -.352  .018 -1.312 \

.921 -.315 -.353 L .052 -.020  .485

/ - - 448,050 -.047
.388 -.096 -.339
.586 -.070 . .125

ht— o—

(o =)
1

-

It can be observed that the char;cteriatic rqg\ts of eguatiorps
(2) zmd (3) are identical znd are the squared canoﬂ—ca correlation
coefficients. Since 211 of the cenonical coefficien:s are aigni.ficant )
oeyo:zd the (.01) level, o:E rejection using 'ﬂilk's la:nbda (Barlzt!t, 1941, :
197{), we are confronted with the problem of interpreting the sub- '

.

stantive significance of at ieast the fix:stati:wgmon;ai coefficiients.

’

L]

- -

- < .

A. Yultiple Coefficfedts g : :

The key .to interpresing canonical :coef.\ficieata i8 recognition

of the fact that they are defined 28 the correlations between lizesr

cozbinations of the original variables in gets -Y and /, and not the

. - . L) ~
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cofrelations betweea the original varizbles themselyes. Thms, each
sgvared ceznonical coefficiext €3 3 mezsure of 2 certain swom: ofvthe
total variation sHared between two. sets of verizbles. & meassare of
the total momnt of varistion shared between two sets of varizbles cen

2lso be cbtafned, vhich Is snzlogons 1o but nof idearical wirh the
. LA
squared ;;roﬁur,jt mcmet‘;,ormlzzien coefficient, or vith the sguared

miltiple correlation coefficient (vhen the independent set is composed & |
of tvo or more independent varicble subsers). This coefficient hes

beea termed the Squared Vector Maltiple Correlation Coefficient (here-
after referred to 2s SVMC) (Srikemten, 1970). The coefficient SVHC is

defined (Rozeboom, 1965, 1963; Srikanten, 1970) as . 3

‘ -
N

. E )
. ‘ SvHC = -1-3_(1-‘:?), ) .

(WY
[

vhere || indicates sequenrial mmitiplication.

—

Row, ’ - )

. | ' ]I(l-cz) o L ’

=1

is the Vector Coefficieni of Alienation, or the vector correlation

¢ .

between y 2nd the residual of Y ~ Y, where Y 45 the leest squares
estizates "of the varizbles in Y. Thus, the correlaticd between Y .
znd ¥ - Y is also a canonical relationghip that conforms to equationa

-4 (2) 234 (3). merefore,
. SVHC = 1 - FCA .

\
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P
is the,'researcher is :nrerested in Estimsting the torel arems

o; weriation chaged be*w;ea ot sets 0f varizdbiles, ST is the

'a;:pro;-riate mezsure. ‘M’t Tespect to tbe £4rsr research guesticn ( ) .

posed earldier,

vhich suggests that 29 éerc&t of the variztion of the variztes in

set | czm be explained 57 the variates iz set Y. BKote partfcularly ‘

that the izterpretetion is applied to zhe variates znd ngr the original

set of varizbles. ) '
Srikzatzn (1970) .?resats two other miltiple cemcmical coeffi-

cie:'xts that mzy be a;;ro;?riate for some Tesearch problems. Ba:evér,

we favor SVHC because it is 2 direct extersion of the sguared »product

zoment correlefien coefficieat. major disadventage of all of these .

mezsures is that their interpretatiocms are not necessarily equivalent

o

to the proportioa of variaticn in the varizbles of set Y that cex be

explained by the varizbles in sex /. Measures that permit this type

-

of interpretation are awailible, znd are our next topic’of discugsion.

(See Stewart and love, 1968; Miller zmd Parr, 1971; Zlpert and

-

Peterson, 1972; Wood, 1972.) .
*In: wvas ntfted previously that the number of nonzero and ‘./_ g f

posifive . c§ ‘values derived from eqz;a-:ion’ (2) is determined by the ’ ‘

rank of the va?i;—mce-cmriance n;trix (the correlatfion matrix in the ’

exarple) associated with the smallest varisble set. _For exarple, 1,:" ' .

the Y matrix contains three varizbles and the ./ matrix six, the .- ,

{ .
.
e -
.

I3 N .
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2 -

mexipmr of aonzers 2od positive t:j values is limired o three

{alttozgs one, azd ;ez:ha;fs all three, may not >e statistically signi-

f;.ca.;r): Conseguently, £t is staetistically possible to expledn ali

S
R . I’ .
the variztion 42 the varisdles ia ser Y 2od caly SO percent 6f the - ;
< ~ .
variztion in the varizbles of set [ (see ilpert z=id Peterses, -
1972) ¥ & zepect of rhe iaterpretatica probler ellzded to eaziler

with :esﬁ'ect to cemoniczl correlation 3s the asmétrﬁ,c charecter of

™
the sguared czmonical correlation coefficients and 1tTs miitiples.
Thes, pur immedizte objective is to évelop &£ 2symmetric meesure oi
eg;lai.n;ed variation, which is znalogous to the sgzared mmltiple ‘cor-
relsticn coefficlent. It will be recalled ther the squered meltiple
correlation coefficient is 2 measure of the anp}:nz of vafiatien in‘a
given varisble that czn be expizined by 2 linear combimarion of .pre-
dicting variebles. Stevart znd Love (1968), and Miller and Parr (3971)

have developed a mezsure for canonical znalysis that Is zn2logons

to the sguared mmitiple correlssion coefficient and gan be inter’: .

preted 2s the proportion of the variation in set Y which cam be

P

explzined by set /. We will denote these nessures zs éay.z shen

. -~ T
. the eémphesis is on explaining the varidtion in set Y, znd .diz-y y ."‘“‘

when the.erphesis is on ezplaining the variation in set 7. In

- generai, i -

-
I~

dayjz 4 dB'z":y" . ‘ ’ ] P

-«

it 1s this ssymmetric quality of this measure (hereafter referred to

as totzl redundancy) that pakes it 2 more useful medsure than esther . A

c2 or its zmultiples. As 2 measure of assogiation, it has the

3 N -
. .
. v .




- followioyg desirzble gqualicies: (1) d?.}"z " w111 be zero if zad oaly -

4 R, =05 =12 ft.v1ll chleve 2 value of 1 1f 223 caly if
the varietion in esch of the j, verisdles czn be completely explained
by -the variztioss in . 7/, e.2., R vz =1."

FTor 1llustrative pirposes, we shall £oces waialy on the deri-

wation of L2, since 2 _ ca& be obradZed in e similar mamer.
522 .5 = .

It czm be shown that d?. .z is &m zrithmetic average of the sgvared

multiple correlatiom coefficients cbtaizned from predicting each "i’i

af

varisble fror all of tbe varizbles in [. Pirst, we define che

?ij matrices RZYU and Rzzv.

R

v
)

e 0w .9 ”
= 347 .938 =,
2 _ e
0919 "olSé L™ 362
I —
and < -
.150  .002 848 | . ,
= 121 .879 .000 | . -
2., |
' 845  .024 .131

19 -

o

—— e - yema— o



Similzriy,
» r—— & —
033 .$92 -.034 | ' . .
. -.1315 J&72 -.750 . ‘
‘ Ray _ f--005 .f201 -.21 : : ]
’ .72& ¢ .331 -.237 . ]
.752 -.035 -. . N .
: L7317 003 ~.017 . 2zd, | : .
‘ '_’.'3'93 .985 = .000 | ° - -
- 13 0&5 .56“3 . “p
R2 = 000 .040 .058 o )
v .} -524 .109 .056 )
- .565 .001 123 - ——— -
.51 .0D0  .000 .
2 - ’ 2 ’ -
The ryi,uj and rzi,-.rj elements in RZYU znd RZZV respectively, i
are defined a2s the proportion of the garia tion in the ith varigble in - N

Y or / that can be explained,bytbe'jth canonical variate in i
or V, respectively. Postmltiplying Rz vu and RZZV by the ¢

“Ex1 colum vector (the yvector of squared canoaical correlation

coefficients), we have ' . = T
2 — ) ’
R wt® =% _ .
;o 150 .002 .848 |
Qy = L1213 .879. .000
<845 -.024 .131
. o o .
.030 )
= 4804 .
L;‘l.sh - .- b
. . - h >
and_ . p "
2 — i ‘ — T e s.t‘r'-'—‘ ,.-" - ;’. e
, Rzzv C - le . ". - 4 - - .- hd
> ]
A ARAY . ¢ R
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bF-ae8 _’ L3

yields 2 ? X he colun:n vector of squared wultiple correlation coeffi- .

-

-

clents. ?ostm}.lti?lyi.ng QY further by a P x1 unity vector T
$ields -, - ' _ )
Pl )
QT = R =, LR/
y°z i{=1 yi'z M -

. E;" . .
¥nasmuch as Bz is s:{z:ply the sunm of the* f& z values predicting
each variable in Y. given the variables in Z, it is possible that
the fom:er can achieve a value greater than ome. The maximum va.lue of

R;.'z is equal to Tr(R ), or the number of variables in Y.

. Ideally, one would want to explcy a measure to explg}n ~variation that
conforms to the 1_11:1:3 of (0,)), v‘nich makes 32 less attractive

&~

as a measure of assfocia.tton. The asyx:netric measure R ez corrects
 for this tndesirable quality by dividing a? ¢ by the mmber of |

i T e .

varizbles in -¥. Total redundancy can thus be defined as .

.
- 4 ~ .

AR w:‘




~E§,§"tive contrﬁmtion tade by each su‘bset of Z to the total amount of

7 x Tox o, L -
) 2 = Z ¢ r vx I? .
5z g 3| g TR
, "
~- — *
k
1 2
= 3] ZR®R|R) ¢ )
2 3=1 J J) b , .
———
- 1 -
X @)
? , R
.1 ’
B 1-1 71 z y
= (.030 + .140 + .154)/3
= .108,
s : P
"where the ri js are elements of Rd znd, the- 'RJsarethe
P; x 1 columm vectors of R

The size of the multiple redundancy measure indicates that

socioeconomic status znd family s.tatus combined explain 11 percent of

.the variation in the measures of housing quality. However, inasmoch as

/

the theoretical model postulates asymmetric relationships zmong the

varizble sets, this measure is of little use in this respect. The
peasures most relevant for t% task ate the multiple-partial measures

of redundancy, which are develbped below.

B. Multiple-rarcial Coefficients - . \\\/ ;
In instances in which the imiependent varisble get can be ',}_ ‘

deco—poseo into subsets, we can define a set of :::ultiple-partial i

coefficients.

These ;:oefficients ‘gan be used to,j.eternine the rela-

-
. -
-

.
»

4

e 2



N

/. . —~

-
z -«

r

variation explained ‘in ser Y. In the ezam;: le, .the independent set Z
is composed of two sets of independent varizbles, i.e,, the subger W

‘of family stagues varisbles, znd the subset X of socioe..oncmic status

varizbles. The first step in the computation of the mltiple-partial

coefficients involves computing the zedundincy measures dRy-w and
dRy:x’ which indicate the zmount of wariation in set Y that can be

explaineé by seU and X separately, Once this is zccomplished,

d?‘y—z can be decomposed into the following co'zz;.x::wt:tta;;i
(1) z * . - R 1- 2
: Eywetn T(d52 T /(T Pya)

= (.108 - .070)/(1 - .070) y

= 041, .
which indicatés that the relative contributiod of fardly status to the

total zmount of variationm explained in housing quality ‘i;s (.041) or

" 38 percent [(.061/,108) 100]. . ) '

s

2)

Eyex T (2 T )/ T ) o )
s .

= (.108 -.06T) /(L - .047) |
- . 2. S
<
~\ = .064, T ) \\

which indicates that the relé"fﬁve contribution of\socioecoﬁomiqstatus

to the total zzount of variation explained in housing quality is (.064)
or 59 percent [(.064/.108) 100]. - . . .

(3) Pinally, we should point out, that. compbnenzs (1) and (2) define

1
-

DI W
*‘T_‘

the “unique” contribution of sets Y and X. ‘It is statistically — -

possible that some portion of the total variation explained in-get., Y™

-

by sets }{ and X mnight represent the cocbined effect of these

L | 28 | o
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independent subsets. This can occur when the independent subsels are

-

highly interrelated and therefore may exert common influence. (See
Duncan, 1970; Coleman, 1970, for exzmples.) fThe third component can be

derived a2s a resideal,

2 = 2 - - :
47y wx{wx) dy-2 (dRy.x * dgy‘v)ll‘ (dRy-x * dRy-w)

) d?’:v'-z - (d?’y-z(V) * dgy-v(x)')

&

108 - (.064 + .041)

= .003

. 4
* .
’ -3

wvhich in our case is very small.,lrhe reader should note, however, that

while the application of the above decomposiiion to situati&ns in which

there are mére than two independent subsets might appear straightforwvard,
N .

it may be more difficult to interpret componefit (3), because this

component would then be eqﬁal to the sum of al} possible nonredundant

combinations of covar&ations existing between the subsets.

The multiple-partial nmeasures of reéundancy provid;'the answer
to the second question p;;ed'earlier. Clearly, the r;lationships besween
socioeconomic and family status with housing.guglity, though small, are
. nonze;o. But the theoretical model postula;es not only that the I

observed relationships are nonzero but also that they should be in a

specific direction. With the multiple-partials, we can only say that

the relationships are of a certain size; we cannot say.whether they
'inply positive or negative relatioamships. This applies as well to ttie J
other canonical coefficients discussed earlier amd largely results from

1)

the éay‘§n which these coefficients are computed. The direction of the




|
varighle-set relationships and the issue of which specific varizhbles }

k4

within the dependent and, independent sets, rgspectively,. are responsible

for the total relaticns between varizble sets cazn be determined by

‘ further meznipulating the r Jud and T,1,v4 elements of Rer and .

sz, respectively.

C. Canonical Variate—Observed Yariable Relations

If we used all of the information .obtaited fror the matrices
RYU and R and the vector g, a more precise description of the
relationships between-socioeccnomic ané'family status and housing
quality would ge a2s cdepicted in Figure 2, wvhere the relations bet?een
. the Yariates (aj) are determined by applying constraints (&) znd (S5),
and the relations between variates and 1?dicators are ?efined as

rij = ryi,uj or T

13 Tzt,vy .

-

4 useful indicator of between-set relationships. is the - sign and

size of the ry&’ and rzi,vj values. If we wanted to relate a

- variable in set Y with a variable in set /, the sign of the Ty .

values are igpportant, because they indicate the direction of the

- association between the two variables as measured by the product moment

. correlation coefficient. Indeed, the product.moment correlation

coefficient has simply been subjected to decomposition and can be

estimated fron the following equation

Tyi,28 T Tyi,0f 3 Tzd,9i. (5)

¥
'l

Applying this equation to the relations betveen Y, and 2, (2, = W,),

’

.we have







. ! . ) ~
= 347 (.422) .D93 + .938 (.358) .992 +-{(‘.ozo) (.G55) .01
. = 4013.¢ .342 + .000 « .
N -
© o+ .,336.

¥Yore generaily, the matrix Rlz czn be reproduced by zpplying tke ; /
. h . .

« .

. Selloving egquation:

t e 5 ‘= ’ ;
R12 = RyyS Ry, ® v

vhere RYU and RZV— are ?lxK &4 ?2

and S 4is a diagonal matriy vith the I cenonical correlation in the

x € matrices respectively,

Ex 1 colum vector C 25 elemehts.

Thus, the signs of the =z, end ‘T values czn de used .

. ji,0] 21,73
to determine the generzl direction of the relationships betwegn the

= varizble sets. Oa the other hand, the sizes of these values are pSor

indicators of between-set relationships by themselves because ghey only

th

indicate the gontribution made by the 1 varizble .in sets Y or Z

- . to the total zmount of varistion extracted by the jth 'canonica.l ~variate.
from all the varizbles jn each set, respectively. If they are weighted S

by the squéred czncnical correlatfon coefficients » they provide some

indication of the zmount of variaticn explained in the 1" varisble
) g

of one set given 211 the varif.;zblee in the other set visz the ktn

.

3

canonical relatiodship. The sum of these values for each varizble o

across the jth canonical relationship is equal to the squared muitiple

" correlation coefficient for that varisble .given the varizbles in the

- P .

.\ -other set. The réader will recail that the P X} columx ‘vect.or' Q@ . ,
\\‘ squaéed multiple Cﬁmhti&n@efficieﬁts wg;s Yuifned as -
- . s+ ) ] )

ty

. * o

e
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Bos we wish to decompose each of the sguared multiple correlariem coeffi-
cients iz%o za 22dirive set ofvaluestha:ca;beassodzagvizhea&

canonical varizte extracted fronm sezY . Tmsg, if ve mdtiply each

rz vaize in Rz by the ::2 value it 3s essocizted with, we have

7i,u] vy 3 .
rz cz = 1 -
Fi,ul 3 “viamd o, : -

vhich is z measure of the zmworat of variztioz explained in the 1=

th

varizble of ser Y by the varizbles in set ] +ia the czoonical

(- varizte. (In the lzagrage of factor analysis,, 1> is simply the

13
square of the loading of thé 1" SariaBYe on the jd':l factor.) It
sbould be obviows that, by cdefinition,

k 2 k .
Ir e, = IT1 ' -
j'l Yi7uj j j-l 71»‘13

-/~_..-—_.._ . ) ’“yi~Z
end .
P
1o Py -
. . z Zr c, = I 1
i=1 j=1 vi,uf 3 1=1 §=1 vi,u} P -~
?l 5 .
, - T B, )
qu1 LTk .
. 22 . .
. « %.z -
. J
1 : .
The lyj.,uj (or ,’zi,vj) values,  thea, a0t only provide us with .
& ’ 2 means of determining which varizble hfset made the largest contri-,
- . o

bution to the 40 cazmomical relatiorhhip, b it also indicates what

T S

s - Y - -




;rﬁ?c:tic:z of the total wvarizticn e::;;:lai:d i 2 gived varisdle

czn be zssociztedWith the 30 cemonicel relstiomehip. Tams, the ¢
total redundency meszsure dzy,z czn be osed to estimate the total
zmomat of veriation in Y that czn be explatned by 7, 2nd its decon-
?oiition into an additive set of valuves permit the determinetion of

" vhich varizble in Y 4s actvelly being explainéd.

I;:':?.e 2 reports the empiriczl estimates derived from most of
the measures we have discussed in this chapter. The lzst colmm in the
teble, reports the mltiple z=d ml:.;.»le-panial reduadency measures,
:v;ose relative sizes s'nggés: thet both socioecomomic znd fzmwily status
are related to the qualiry of the housing emviromment inhzbited by
owner households. s wes zoted ezrlier, our cbiectives are to deter-
mine not caly vherher socioeconomic states znd femdly status are related

to housing quality, but we want to dertermize v;ne.ther the hypothesized
directions of these relationships are confirmed by the data. We noted
that the overall direétion of the relationships between sets can only
be determined by znalyzing the signs znd relative sizes of the relatiom-
<

ships Qetveen the observed measures and me cancnioal,variar,es ¥or

each cznonical solution extracted from equation (2}, Table 2 reports

ri}‘ and li-j values for each of the measuggd vaxiables.‘ 23 2 further
2id to interpretation, thé third columm utméer each canonical soluticon
5 iy L T T )

repotts, the 1,.._1
in each of the varizbles (es rep.rgsented by multiple '?.2 .coeffid.ents).o
From Tzble 2 it cem be cbserved that sociceconomic stetus @peara
tc be related o housing. guality because of the po;izive relationsh:g?s‘
between measures of the former ard qoaéition and quaiity attributes of

éuellings. This observation is supported by the values reported vader

vaiues 22 proportionk of the t,c;tal ‘variation explzined )

‘u‘
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Tespect to this mlatims‘ai;\ our expectations are coxfirmed.

27
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the first cznofical solotion in vhich the signs of the coefficiemrs are
Py -
2311 positive = the 1 /72 valges are ar lesst (.85). The first
t 13%3,.8 T . .
czmonical solvtion ceptures practically 211 of the covariztien that

exists between Pocioceconquic status a2nd bousing quality. Thus, with

~ fhe relationehip berween femdly sretus z=d bovsing ;paucy

grerges in ';he second -canozical soluricrn. 4gain, z:z;ing the 113’??51.2
valves 2s the basis for evaluztiea, it is e'ime:zz thzt 2ge of dwelling
is being expleined by marital curaticm znd numder cv'f children. Clearly,
the basis of the relatiomships that housing quaiity have with socio-
'economb: status znd fewily status are not the szme.y Moreover, it should
be egually clear thit our e:?ectatims in regards to the underlying
ressons for the relstionsidp betweea bousing quality zad ferily states

are not 'confizmd. ¥e postulatd 2 negativa re:iationship beczose it was

" sunggested that large fzmdilies are more likely to 1live in poorer quality

housing. We find, on the other hend, that the relationship is positive
‘znd it is marital duration, oot age znd number of children, that is the
basis for this relztionship. Thes€ results are consisyent with the~
argument that fzmilies age’¢ith their wnits.-

it wes predicted tl;at sociceconoxzic status wauld‘be negatively
related to family status beczuse of the inverse zelatignship between
size of family and the thred*measures of socioecononic status. T:iesle,
relazionships are reported in Tzble 3. wa staltns explained
za average of 9 percent‘of the variation in fa:::l:ly stéms. " Yoreover,
1t 1s cleariy evident that_':ize positive relationship }:e}ween zarifal

duzation 2nd educaticn 1s responsible for the overall relationship’
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between these varizble sets. The relztionship berveen education and
mumber of childrea, though smli, is positive, waile income end occo-
;a:%.onal prestige seem to bear co relzriocaship to this warizbie.
Finally, fexily income appeazs to be positively ml;ted to age of .
7oz:ngest child vith respect to both the first and second cznonical

solntion. 2 relz.tie:fship vhich our theoretical model did oot predict-

- " III. Discussien

One of the main reasoms vhy these partiz:ula sets of varizbles
vere chosen io order to demonstrate the util'ity of czmonical correlatien
znalysis relates to the strocture of the observed correlation matrix.
First, the within-set and between-set co¥relations are rather small,
which is due in part to the particular menner in which these varizbles
(particularly the measures of housing quality) were cperationalized via
the census. Even given these low znd the explax:a:oq nature of

the theoretical model under review, it woiNd still be of some interest

- e _ 4 A

to determine t&¢ reasonéblenees of the model in terms of whether it

warrants further investigation. The ccnceptnalization of the oﬁa
varizbles as indicators of specific theoretical constructs would zppear

to this writer to be a reasona‘ble zpproach to take toward these data.

'I‘hisisthep*imaryreasonwhythemodelasdepictedin?igurelis

* defined in r.ez:::s of the relaticnships between sets of variazales,

although ve ;:r; also interested in the issue of which varia'blee within. E
each se:'::ere rajsgonsibl:e fog the betveez_x-set relationships. L’-oreo‘.rez,

it should be apparent that a tanonical solution is derived mainly frem

the betveen-_'set. correlarion matrix .P"fZ aad th? cotrelation between

° H
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variates end indicztor variebles are largely 2 fv_:zc:ion of the structure
of this metrix. - Thes, the ettempt here wes not to find tke optimal cor-
relsticn bertween 3 theoretical cgqeziﬁct znd its indicators, dbut rather
to sim;l_y sumnarize the relztionehips between varizble sets without
implying that zn optimel setr of rela‘tion‘s vere obtained, Admittedly,
th‘."s goal is less ambitious 2»d less parsimonious than what would be
obta_i_:xeé using a simmitaneons estimati.on procedure.

Sowever, ﬁé;ed fron znother angle, the techniqué employed
presents a clear picture of the complexity of the relationships betveen
the dependent set znd each of the independent sets. We were zble to
detect the fact thzt mezsures of socioecorazic states and family status
are differentially related to mezsures of hmzsing quality. VWhat this
mezns essentially is that if iousing guality were related separately
£o socioceconomic and family status, different varizbles in the former

— o - ~
.seg vc:nld nave emerged«zs Beidg” E_'r’»ely responsible for the total rela-

tionshi? between the varizble sets. In other words, the correla&icK
between indicator variebles and cenonical variates would vary depending
on'the nature of the varisbles in eech set. This is an undesirzble
state of affairs, because unless we can 2ssume that t'K; effects of
indicator varizbles within each indep'endent set are. the same with res-
pect to each indicator im the aependent set, there is no single  best”

escimate of the unobserved-zmooserved correlations and the

-

unobserved-indicator correlations. For example, 1f the first canonical
solution is tazken 2s the best overall estimate of the relatiomship of

s ! k] . .
housing quality with socioeconomic status ard famly startus, thea we

would have virtually elimdnared the relationship between h;msing qualicy

and feuily status, since that relacinnship in the second czaonical
1 .

solution not the first.

3¢
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The probler of differeptial assoctation berwveexn depesdéent znd
independent sers is 1ikely to increase in complexity zs the pumber of
independent sets are increased which, in some instzoces, necessitates

the zpplication of less restrictive and less precise statistical

P

models in order to ewvaluate the implicarions of the researcher's
¢

theoreticel model. Thus, onr main argument is simply that ¢he measures
ve have proposed here can be used to partizlly overcome this problexn

wlen more scphisticated zmd restrictive statistical modets should not

L J

be applied.
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POOTEOTES

- .

1. The mezsure "quality attributes of the dwelling tmit” is define@ 2s that

proporticn of value of property vhich remains after eliminesting from it
 the effects Of its messured dererminents. (Ske Wilsom, 1973.)

2. Age of éwelling umit, agze of yorngest child, r.otal aunbeY of persoms in

the femily, edncatfon an& occupational prestige (Duuczn scale) are

expressed in ogarithms The generalized least squares estimate of uwuits

in stenderd conditicn is employed. This estimage tekes the form:

I, v Q- ?)l’5

- » ~

where

) Yi is the observed (0, 1) value of the variable,

P is the OLS estimate of the probability of 1{ng in & standard

) - tmit.

The data for this znalysis are derived from the 1960 Census %/1,000

-

Public Use Sewple tapes.

3. The interested reader can find an extensive discussion of deriyarions in
the technical literature cited earlier. =

4. 1f ome solves equation (2), then the vector BJ,ca.n be obtained as follows;

) -1 7 - i -1
o _ D=1V a, _ R~ R, A,
.2 B = : R B
J > 3 J X
. [}j] [
' . . ° - 'S

5 ¥ilk's lzzbda conforms approxirately to the chi square distribution with

(Pl) (F ) degreee of freedoz. , oy

6. JThe latter is true if znd only ii the matrix is. of full rank, otﬁr-d.se

) g
) more variation czh be explained. This is the prizary reasorvhy it is
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o

frequently suggested thet the number of vaerizbles in the ge;:‘eadent set
’ . I L

sbould be egual tc or less ghzm the auber of varfzbles id zhe Y¥-denendent

. set.
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