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PREFACE

Since its frst appearance fifteen years ago. this monograph has been
twice revised and updated. Meanwhile, the literature of recreational mathe-
matics has proliferated to such an extent that instead of merely updating
the original bibliography once more it seemed desirable to issue & second
volume which would not only be more timely but also enlarged in scope
and improved in format. The two volumes thus complement one another
and provide a comprehensive coverage of the field. When used together, they
should hopefully serve the reader well, whether an amateur or a professional.

—W. L. 8.

Buca Raton. Floride
September. 1969

PREFACE TO THE FIRST EDITION

The late G. H. Hardy once observed that there are few more “popular”
subjects than mathematics. His contention is amply borne out by the uni-
versal interest manifested in mathematical recreations for over 2000 years,
ranging from the Joculus of Archimedes and the talismen magic squares of
the early Chinese to the cryptanalysis and topological recreations of modern
times. One need only recall how testament problems, ferrying problems,
coin problems, problems of pursuit and problems of arrangements have
come down through the ages, ever dressed anew, yet always the same old
friends, Labyrinths, dissections, acrostics, tangrams, palindromes, and so
on, are likewise virtually ageless. Hence it should occasion little surprise
that an enormous body of literature has arisen in the last 300 years.

It has been my purpose to gather a considerable part of this material
between the covers of one bock for the convenience of students and teach:
ers, as well as laymen and specialists. The more than 2000 entries by no
means represent a complete or exhaustive compilation. But enough has been
given, I hope, to be of real help. I have tried to meet the needs of almoat
any reader—the beginner, the dilettante, the professional scholar. Hence I
have deliberately included some “popular™ articles along with erudite and




O

ERIC

Aruitoxt provided by Eic:

technical discussions; many contemporary and recent publications. as well
as some of an earlier period; some that are readily accessible, and others
that are to be found only in important libraries; most of them in English,
some in French. German, and Italian; most of them significant, a few, some-
what superficial. In this way, it is hoped, both the neophyie and the sophis.
ticated authority will find what they need.

The task of organizing this material yielded a more or less arbitrary
classification of mathematical recreations. Occasionally, where helpful, en-
ti'es have been annotated; to have commented upon each item seemed quite
unnccessary, and would in any event have been prohibitive.

It would scarcely seem necessary to suggest how this guide may be used.
To be sure, a number of entries listed under each of the more than 50 head-
ings will not be available to the reader unless the facilities of a large library
are at hand; yet there wil! alinost surely be some that are accessible. In
most instances the reader will have little difficulty in selecting items per-
taining to a given topic: he should be guided by the title of the book or
article: by the annotation. if anv: by the sort of periodical. whether scholarly.
popular. professional, newsy, and so on: and. to some extent. by the length
of an article. Naturally, the reader’s purpose. as well as his familiarity with
the subject. will loum large as factors in helping him select items to be
consulted. Nor should he be deterred by references in a foreign language:
after all. the mathematical symbols and geometric figures are essentially the
same. s¢ that even a moderate facility in French or German often suffices.

This guide will serve as a place to begin to look for source materials. It
will help the student pursuing his mathematical studies in high school or
college: the mathematics club looking for program and project material:
the teacher gathering human interest of motivation material: the more ad-
vanced student engaged in research; the amateur mathematician or the
proverbial layman happily engaged in that most delectable of all activities—
a hobby or a recreation.

May following these trails afford the reader as much pleasure as it has
been for me to map them out for him.

~W.L.S.
July 1954
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“But leaving those of the Body, |
shall proceed to such Recreations as
adorn the Mind; of which those of the
Mathematicks are inferior to none.”

—WILLIAM LEYBOURN: Pleasure with Profit {1694).
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Chapter 1

General Wernks

$ EARLY as 1612 the Frenchman Claude Gaspard Bachet de Méziriac

published his Problémes plaisans et délectables, qui se Jont par les

nombres; & second edition appeared in 1624. ln the same year, under
the rom de plume of Van Etten, there appeared a volume entitled Récréations
mathématiques, the author of which was the Jesuit Jean Leurechon. General
interest in such books apparently increased, for this was followed in 1630
by Claude Mydorge’s Examen du livre des récréations mathématiques et de
ses problémes. 1In 1636, Danie} Schwenter's Deliciae physicomathematical
oder Mathematische und philosophische Frquickstunden appeared posthu.
mously, and in the years 1641-42 the ltalian Jesuit Mario Bettini issued the
first two volumes of his Apiaric universge philosophise mathematicae in
quibus paradoxa et nova pleraque machinamenta exhibentur, to be foliowed
in 1660 by a third volume under the title of Recreationum mathematiarum
Apraria X1l novissima. On the heels of this came the Arithmetische Lust.
garten of Johann Mohr, published in 1665. Thirty years later we have Wil-
liamn Leybourn’s Pleasure with Profit: Consisting of Recreations of Divers
Kinds, viz., Numerical, Geometrical, Mechanical, Statical, Astronomical,
Horometrical, Cryptographical, Magnetical, Automatical, Chymical, and His-
tericai.

At the very threshold of the 18th Century, in 1694, came Jacques Ozanam’s
treatise on mathematical recreations: Récréations mathématiques et physiques.
Ozanam may be regarded as the forerunner of modern books on mathemat-
ical recreations. He drew heavily on the works of Bachet, Mydorge, and
Leurechon; his own contributions were somewhat less significant. The work
was later augmented apd revised by Montucla, and still later rendered inte
English by Hutton, passing through many editions.

In more recent times, a host of illustrious names come to mind: Robert
Abrzham, Walter Ahrens, W. W. Rouse Ball, H. 8. M. Coxeter, H. E. Dude-
ney, E. Fourrey, Royal V. Heath, G. Kowalewski, Maurice Kraitchik, Joseph
Leeming, Walter Lietzmann, Edouard Lucas, Jerome Meyer, Geoffrey Mott-
Smith, E. P. Nosthrop, Hubert Phillipe, J. J. Proskauer, Hermann Schubert,
Victor Thébault, Theodore Wolff, not to mention a score or more of others.

1
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2 RECREATIONAL MATHEMATICS

1.1 Early Twentieth Century Books—1900-1924

AHRENS. WILHELM. Altes und Neues cus der Unterkhaltungsmathematik. Berlin:
1918.

AHRENS, WILHELM. Maihematische Unterhalitingen und Spiele (2 Vol.}. Leipzig:
Teubner. 1910-1918.
Extensive bibliography, Vol. 2, p. 375.431.

Aunens, WiLHELM. Mathematiker-Anekdoten. Leipzig: Teubner, 1920,

AHRENS, WiLHEeLM. Scherz und Ernst in der Mathematik: Gefliigelie und unge-
Ritgelte Worte. Leipzig: 1904,

BacuMan, L, Das Schachspiel und seine historische Entwickiung. Leipzig: 1924,

Baiy, W, W. R. Récréations mathématigues et problémes des temps anciens et
modernes (Tran., J. Fitzpatrick). Paris: 1909.1926.

BiscHoFF, Da. Die Elemente der Kabbalah. 1913,

Biscrorr, Dr. Mystik und Magie der Zahten. 1920.

BrytH, Wirt. Maichsiick Magic. London: 192},

CoLLins, A. FrepericK. Short Cuts In Figures. New York: Edward J. Clode, 1916.

Czera, A. Mathematische Spielereien. Stuttgart: Union, Deutsche Verlagsanstalt,
1915.

DeLEns, Paur, A. P. Problémes d'arithmétiques amusanies. Paris: Yuibert, 1914,
164 p.

Duvesey, H. E. Amusements in Mathematics. New York: Thomas Nelson & Sons,
1917. 258 p.

Dubewey, H. E. The Forld’s Best Puzzles. Strand Magazine, 1908,
Ennst, E. Matkematische Unterhaltungen. Ravensburg: 1911.12.

Evans, Henny R. The Old and the New Magic. Chivago: Gpen Court Publishing
Co., 1909.

FengoL. Dr. F. Dgs neue Rechnungsrerfahren. 1919,

Firting, F. Schubert’s “Mathematische Mussestunden.” Berlin: 1924,

Fourney, E. Curiosités géométriques. Paris: Vuibert et Nony, 150, 1920, 431 p.
Genav, A. Mathematische Uberraschungen. Amsherg: 1913.

Guersy, 1. Matematica dilettevole ¢ ctiriosa: problemi curiosi e bizzari. Milano:
1913. 748 p. '

Hanoensere. Kuno v. Die Losung eines alten gkulien Rétsels. 1924.

Harmis. A, V.. & Warpo. L. M. Number Games for Primary Grades. Chicago:
BeckleyCardy, 1917,

HewrenBacH, L. Die Magie der Zahlen. 1910,

Héraun. A. Jeux er récréations scientifiques. Paris: 1884-1903,

HutiscH. Zahlenmagie in Bezug auf das Menschliche Leben. 1910,

Ienamiey, E. 1. Mathemaiische Spiele, Ritsel, und Erholungen. Petersburg: 1903.
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GENERAL WORKS 3

Joties, Samuer 1. Mathematical Puzzles. Denton, Texas: News Print, 1902. 76 p.

A collection of the most amusing properties of numbers, and many of the
most difficult mathematical problems with their answers.

KowaLewski, Gerane W. H. Mathematica delectans; ausgewdhlte Kapitel aus
der Mathematik der Spiele in gemeinverstindlicher Dagrstellung. Leipzig:
W. Engelmann. 1921. Heft 1. Boss-puzzle und verwandte Spiele,

Lance, M. Das Schachspiel und seine strategischen Prinzipien. Leipzig: Teubner,
1923.

Lean. Joun U. Freaks of Figures. Detroit: Modern Methods Publishing Co.,
1907,

Lierzmann, Warter. Trugschlisse. Leipzig: Teubner, 1923.
List, G. Das Geheimnis der Runen. 1908,

Lovo, Sam. Cyclopedia of 5000 Puzzles, Tricks and Conundrums. New York:
Morningside Press. Franklin Bigelow Corp.. 1914

Loyp. SaMm. .4 Puzzle Book for Children. Philadelphia, Pa.: David McKay Co.,
1912,

Maack, Ferosnano, Elias Adreista Redivicus. 1913,

Maack, Feroinano. Die heilige Mathesis. 1924,

Maack, Fesoinano. Raumschach. 1909,

MaenncrEN, P. Geheimnisse der Rechenkinstler. Leipzig: Teubner, 1924,
Maront F. Mathematical Dexterities. St. Louis: 1906,

MirvenzweY, L. Mathematische Kurzweil. 3rd edition; gth edition. Leipzig: Xlink-
hardy, 1895. 1912,

Neukaus, O. Rechenkinste und Zahlenspiele. 1992,

Peano, G. Gigsocht df aritmetica. 1924,

Praunoien, L. Dgs chinesisch.japanische (o.-Spiel. Leipzig: 1908.
Rice, F. M. The Jolly Tinker. New York: D. Appleton & Co., 1923,
Riey. A Le probleme du cavalier des échecs. 1906.

Row, T. Sunpanra. Geometic Exercises in PaperFolding. Madras. 1893. Revised
edition, Chicago: Open Court Publishing Co., 1901. 148 p.

Scrusert, Hermann, Mathematical Essays and Recreations. (Trans. by T. }.
McCormack). Chicago: Open Court Publishing Co., 1910. 149 p.

Stoane, T. O'Conner. Rapid Arithmetic. New York: Van Nostrand, 1922,

Tevssoneat, Ep. 100 récréations mathématiques. . . . Curiosités scientifigues.
Paris: A. L. Guyot, 1904. 185 p.

Tromrson, J. E. anp Svoane, T. O. Speed gnd Fun with Figures. New York:
Van Nostrand. 1922. 559 p.

Weeks. Ravymonn, Boys' Own Arithmetic. New York: Dutton, 1924. 188 p.

Write, W. F. 4 Scrapbook of Elementary Mathematics: Notes, Recreations, Es-
says. Chicago: Open Court Publishing Co., 1908. 248 p.

Wunsce, H. Unterhaltende Rechenstunden. Wien: Gerold, 1918,




4 RECREATIONAL MATHEMATICS

1.2 Contemporary Books—From 1925 On

ABeoTT, Epwin A, Flatland: A Romance of Many Dimensions. New York: Dover
Publications, 1952, 103 p.
Revised edition. after 70 years.
Aprayiam, RoperT M. Diversions and Pastimes: a Second Series of Winter
Nights Entertainments. New York: Dutton. 1935. 153 p.
Match and coin games; knots and strings; fun with paper; conventional
puzzles.
AsravaM, Rosert M. Winter Nights Entertainmenis. New York: Dutton, 1933.
186 p.
Card and coin tricks; paper folding; match tricks; string games; knots,
Apams, Joun PavL. Puizles for Everybody. New York: Avon Publishing Com-
pany. 1951. 128 p. (Paper}
Aprer, Invine. Magic House of Numbers. New York: John Day, 1957. 128 p.
AMERNS, WILHELM. Altes und Neues aus der Unterhaltungsmathematik. Berlin:
1938.
Well.known classic.
AHRENS, WiLHeLy. Mathematische Spiele. Leipzig: Teubner, 1927,

ALBUQUERQUE, TRENE DE. Jogos ¢ recreacdes matemdticas. Rio de Janeiro: Con.
quista, 1954.

BaksT, Aanon. Mathematical Puzzles and Pastimes. New York: Van Nostrand,
1954. 206 p.

Bakst., Aaron. Mathematics, Irs Mugic and Mastery. New York: Van Nostrand,
1952, 790 p.
An interesting popular exposition. with much recreational material.

BarL, W. W, R. ano Coxeres, H. 5. M. Mathematical Recreations and Essays.
London: Macmiitan. 1942. 418 p.
The granddaddy of all modern bhooks in this field. Arithmetical and geo-
metrical recreations; polvhedra; chessboard problems; magic squares;
map-colouring: unicursal problems; Kirkman's scheol.girls problem:
manipulate arrangements: duplication. trisection. and quadrature; cal-
culating prodigies: cryptography and cryptanalysis.

Beer. Fritz, Pseud. “Complexus.” Frihliches Kopjzerbrechen; 100 Aufgaben
fir scharfe Denker, mit einem Anhang: Lésungen und Erlguterungen. Wien
und Leipzig: M. Perles, 1934. 152 p.

Boow, Frevenick C. Puzzle Papers in Arithmetic. London: G. Bell & Sons, 1937.
64 p.

Boucnenv, G. Curiosités et récréutions mathématiques. Paris: Larousse, 1941.
147 p. .

Branees, Louis G. Math Can Be Fun. Portland. Maine: J. Weston Walch. Pub-
lisher, 1956. 200 p.
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GCENERAL WORKS 5

Brown, Josern C. Eusy Tricks with Numbers. Pelham, N, Y.: 1. C. Brown, 1943,
48 p. (Pamphlet)
Bauneau, A. Iaitiation d curivsités methématiques. Paris: Nathan, 1939. 317 p.

Caro, Vicror Evuaroo. Los nimeros; su historia, sus propiedades, sus mentiras
y verdades. Bogotd: Editorizl Minerva. s.a.. 1937. 291 p.

Carroit, Lewis. Symbolic Logic, Part I, Elementary. (4th edition, 1897, 240 p.)
Newtonville, Mass.: E. C. Berkeley & Associates, 815 Washington 5t. Reprint,
1955,

Contains Lewis Carroll’s inimitable and entertgining problems in symbolic
logic.

Crarke, L. Hapwoov. Fun with Figures. London: William Heinemann, Ltd.,
1954, 87 p.

Coruivs, A. FrepEniCK. Fun with Figures. New York: Appleton.Century, 1928,
253 p-

CoNgpEs INTERwATIONAL DE RECREATION MaATHEMATUE. Comptes-Rendus du
premier Congrés. Bruxelles: Librairie du “Sphinx,” 1935. 131 p.

Concres InTernaTionaL DE RECREATION MaTHEMATIQUE. Cemptes-Rendus du
deuxieme Congrés. Bruxelles: Librairie du “Sphiox,” 1937. 103 p.

Curueeat, W. R. Days for Dates. Alhambra, California: the author, 1944, 31 p.

Davis, FRepEAKCK. Fascinating Figure Puzzles. Burroughs Adding Machine Com-
pany, 1933. {(Pamphlet)

Decrazia. Joseru., Math Is Fun. New York: Gresham Press, 1948. Emerson
Books, lnc.. 1954. 159 p.

Assorted puzzles, chiefly arithmetical; problems of arrangement and
manipulation; cryptograms.

Demine, A. C. Number Stories. Chicago: Beckley-Cardy, 1936.
Dovie, Josern A, Fizardry in Multiplication. Georgetown, S.C.: 1949, 28 p,

Duoeney, H. E. The Canterbury Puzzles and Other Curious Problems. New York
& London: Thomas Nelson, 1908, 1949. 255 p.

A distinguished collection by a veteran puzzle expert.

Duseney, H. E. Modern Puzzles and How to Solve Them. London: C. A. Person.
1926; New York, Stokes, 1926.

Dupenev, H. E. Puzzles and Curious Problems. London: T. Nelson & Sons, 1932.

Duntam, Davio. Every Man ¢ Milliongire. A Balloon Trip in the Mathematical
Stratosphere of Social Relations. New York: Scripta Mathematica, 1937,
97 p.

EmpE, Dr. Palindrome und die Satorformel. 1925,

Ererson. D. B, (editor). The Lewis Carroll Puzzle Book. Appeal Office, 97 Crane
St., Salisbury. Wiltshire, England, 1948,

FARRUGIA, VINCENT. Sharpen Your Wits. London: Frederick Warne & Co.. 1956

Fioeiak, AntHony, 100 Puzzles. New York: A. S. Barnes & Co., 1942, 120 p.
Excellent collection of manipulative puzzles.

17




6 RECREATIONAL MATHEMATICS

Frasen, PRYLLIS AMD YOUNC, EviT8. 4 Treasury of Games, Quizzes and Puziles.
New York: Grossett & Dunlap, 1947, 212 p.

Freeman, Max anp Fateman, Ira. Fun with Figures. New York: Random House,
1946. 60 p.

Simple discussion of common geometric figures such as the parabola,

apirals, helix, screw threads, tangrams, and such. Attractive photographs.

(The) Friday Night Book (a Jewish Miscellany). London: The Soncine Press,
1933.

Frizup, ]J. Newron. Numbers: Fun and Faces. New York: Scribners, 1954, 208 p.
GarpRen, MarTIN, Fads and Fallacies. New York: Dover Publications, Inc., 1957.

Garpren, Mantin, Mathematics, Magic and Mystery. New York: Dover Publica-
tions, Inc., 1956. 176 p.

Girres, WiLLiam F. The Magic and Oddities of Numbers. New York: Vantage
Press, 1953, 65 p.

Goopa, W. G, (Comp.). Lioyd’s Log Problem Book. London: Lloyd's, 1944. 87 p.
Gerar, Urpice. Kabarett der Mathematik; Zeichnungen von Maria-Erika Gref.
Dresden: 1. Ehlermann, 1943. 96 p.

GRUMETTE, MURRAY. Geomerricks: . .. . Album of Puzzles. 12th revised edition.
Brooklyn, N. Y.: Playcraft House, 143 East 16 St., Brooklyn, 1939,
Contains 21 cardboard tile dissection puzzles and tangrams.
Hrarp, Harmier V. Mathematical Puzzles. (Service Booklet #171). Washington

Service Bureau, 1013 Thirteenth St, N. W., Washington, D. C.; 1941, 24 p.
10¢.

HearH, Rovar VALE. Mathemagic. New York: Simon & Schuster, 1933; 138 p.
Dover Publications, 1954. 126 p.
Puzzles, tricks, and games with numbers for the parlor magician.
Hmscanenc, Antaun. Can You Solve 117 New York: Thomas Y. Crowell, 1926,
1932, 330 p.
Hogsow, E. W, ET aL. Squaring the Circle and Other Monographs. New York:
Chelsea Publishing Co., 1953,

Four well-known essays on problems of geometry: “Squaring the Circle,”
by E. W. Hobson; “Ruler and Compass,” by H. P. Hudson; “The Theory
and Construction of Nen-Differentiable Functions,” by A. N. Singh, and
“How To Draw a Straight Line: A Lecture on Linkages,” by A. B. Kempe.
An intriguing, meaty little hook.

Hureren, 1. A. H. Fun with Figures. Toronto: Oxford University Press, 1956, 160 p.

Jomwson, Huserr REr. Recreational Exercises in Mathematics: or, “A Sheet of
Paper” and Other Problems. Washington, D. C.: 1926. 204 p.

Jonss, S. 1. Mathematical Clubs and Recreations. Nashville, Tenn.: 8. 1. Jones
Co., 1122 Belvedere Drive, 1940. 256 p.

Indispensable for mathematical club programs and activities.
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Jounes, §.1. Mathematical Nuts. Nashville, Tenn.: S. 1. Jones Co., 1936. 352 p.

A companion volume to Mathematical Wrinkles; contains material from
trigonometry, analytics, calculus, and physics.

Jongs, S. 1. Mathematical Wrinkles. Nashville, Tenn.: S. 1. Jones Co., 1930. 376 p.
A handbeok of problems and recreations; mensuration; fourth dimension ;
quotations; and such.

JuNe, W. M. Stunts with Numbers, Games, and Cards. Syracuse, N. Y.: the author,

757 Oatrom Ave., 1937. 25¢ (Pamphlet)

KaurmaN, GEraLp L. The Book of Modern Puzzles. New York: Dover Publica

tions, 1954, 188 p. {Paper)

Kaurman, GERaLD L. Geometric Verse. New York: Beechhurst Press, 1948. 64 p.
A unigue collection of humorous verse.

Kaurman, Gerawp L. Jt's About Time. Garden City, N. Y.: Heyday House, 1935.
168 p.

Keast, Bruno. Mathematische Spiele. Berlin: G. Grote'sche Verlagsbuchhandiung,
1933. 90 p.

KinnaRp, CLARK (editer). Encyclopedia of Puzzles and Pastimes. New York:
Grosset & Dunlap, 1946. 431 p.

Contains some 2500 puzzles, many of them mathematical; includes crypto-
graphs, dissectsd figures, knight's tours, logics, mazes, magic squares.
palindromes, and paradoxes, as well as the usual assortment of acrostics,
anagrams, crossword puzzles, guizzes, whodunits, and such.

KowaLewsKy G. Alte und neue mathematische Spiele: Eine Einfihrung in die
Unterhaltungsmathematik. Leipzig: Teubner, 1930. 145 p.

KowarLewskl, G. Boss Puzzle und verwandte Spiele. Leipzig: Kohler's Anti-
quarium, 1937,

KRAITCHIK, MaURIcE. Mathematical Recreations. New York: W. W. Norton, 1942;
Dover Publications, 1953. 328 p.

A classic; for beginners and for experis; chess, bridge, roulette; Russian
bank, dominces, cryptograms, and such.

KrartcHix, MaURIcE. La mathématiques des jeux, ot récréations mathématiques.
Paris: Gauthier-Villars, 1900; Bruxelles: Stevens, 1930. 566 p.

Kra1TcHiK, Mavnice. Le probléme du cavalier aux échecs. Paris: Gauthier-Vil-
lars, 1927. 96 p.

KRAITCHIK, MavniCE. Le Probléme des reines (2 parties). Bruxelles: 1926.
Kuntzann, T. Die Runen als Heilzeichen. 1925.

Lee, Watiace W. Math Miracles. Durham, N.C.: Privately printed, the author,
Box 105, 1950. 83 p.

Leemine, Josepn. Fun with Paper. New York: Frederick Stokes, 1939,

Leesine, Josepn. Fun with Puzzles; puarzles of every kind for everybody. . . .
problems with coins, counters and matches, brain twisters, mathematical
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and number puszles, pencil and paper prablems, and such. Philadelphia and
New York: Lippineott. 1936. 128 p. Comet Bouks Edition, 1949. p. 213,

Author is 8 well-known writer with many books to bis credit: fun with
string. with paper. with magic. and such.,

Leeming, Josern. Fun with Siring. New York: Frederick Stokes, 1940, 160 p.
Leemine, Josern. More Fun with Puzifes. Philadelphia: Lippincott, 1947. 149 p.

LeeminNG, Josern. The Regl Book about Megic. New York: Garden City Books,
Garden City, N. Y. 1951. “Mathematical magic,” p. 58.68.

LedmaN, Max. Neuwe mathemutische Spivle Hir die Jugend: der geometrische
Aufbau  gleichsummiger Zuhlenfiguren. Wiesbaden: Schellenberg, 1932,
384 p.

Leororp. JuLes. 4t Ease! 200 Houars of Fun and Entertainment. Mew York: Mc.
Graw-Hill, 1943.
A varied collection of puzzles and stunts, games gnd gags—everythitg
from mathematical twisters to tips on checker playing, from cryptograms
to match tricks.

LeoroLb, Juires, Check Your Fits! New York: McGraw-Hill, 1948,

A collection of puzzles. brain teasers. number problems, tongue twisters,
and other assorted enigmas.

Licks, H. E. Recreations in Muthematics. New York: Van Nostrand, 1917, 1929,
155 p.

LIETZMANN, WaLTER. Lustiges und Merkwiirdiges von Zehlen und Formen. Bres-
lau, F. Hirt, 19285 Tth ed., Gittingen: 1950, 307 p.

LietzManNN, WaALTER. Riesen und Zwerge im Zuhleareich: Plaudereien fiir klcine
und grosse Freunde der Rechenkunst. Leipzig: Tenbner, 1932,

Number giants and pyvgmies, by a well-known writer on expository mathe-
matics.

LIETZMANN, WALTER. B0 steckt der Fehler? Mathematische Trugschliisse und
Farnzeichen. Leipzig: Teubner, 1923, 1950. 182 p.

Loriin, Z. L, aAnD HEeano, Ioa Mag. Just for Fup. Lafavette., La.: Southwestern
Lounisiana Institute, the authors, 1948, 55 p. (Mimeo.)

LoncsTREET, JuLian. {Psendonym)}. See Rulon. P. J.

Lucky, Rocer MARTIN, A Problem @ Day. Harmondsworth, Middlesex, England:
Pengnin Books, 1937, 1952, 204 p.

Lucey, Rocern MaRTin. Problem Parade. London: John Gifferd, Lid., 1944. 134 p.
MAACK, Feroinanp, Die Losung des Satorgeheimnisses. 1926,

MacHuisoeAw, HamisH. Yesterday's Impossibilities. Glasgow: Fraser, Edward &
Co., 1943. 52 p.

MacManon, (Matort P. A New Mathematical Pastimes. Cambridge University
Press, 1930. 116 p.

Contains unique recreatinons related to repeating designs.
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MeLLo £ Souza, Jurio Cisar oe. O Homem que calcalava; romance. Rio de
Janeiro: Conquista, 1954. 258 p.
Fiction; mathematical recreations.

Merro € Souza, Juvo Cesar pE. Matemdiica divertide e fabulosa; problemas
ctiriosos, anedotas, recreactes geométricas, frases célebres, erros, disparates,
enteléquias, subtracbes poéticas, imagens numéricas, etc. Rio de Janeiro:
G. Custa. 1942, 213 p.

Mevaker, Frep, How Smart dre You? Stimulating and Amusing Puszles and
Problems to Test Your Wits. New Yurk: Sentinel Buoks. 1935. 63 p.

Mesmincer, Karr. Al Beba und die 39 Kumele; ergit:liche Geschichten ton
Zahlen und Menschen. Munchen und Berlin: R, Oldenbourg. 1941, 130 p.
MerriLy, Herew A, Mathemuatical Excursions. Boston: Bruce Humphries, 1933,
145 p.
Miscellaueous prublems; mustly serious. ie., illustrating significant mathe-
matical jdeas.
Mever, Jerone S, Fun with Mathematics. Cleveland & New York: World Pub-
lishing Co.. 1952. 176 p.
Sophisticated and attractive; cuntains considerable new material.
Meven. JEROME 8, Puccle Paradise. New Yurk: Crown Publishers, 1946. 126 p.

Mcevyer. Jerome S. Puzzle Quiz and Stunt Fun. New York: Dover Publications,
1956. 256 p.

Mivick. Ev. Montages matlematiqgues. Paris: Girard. Barrére et Thomas. 1947,

Mitcrew. Donarp V. Take the Sting Out of Mathematics. Seattle, Washington:
the author. 12345 Sand Point Way, 1953.

Motr-Smite, Georrrey. Marhematical Puzzles for Beginners and Enihusiasts.
Philadelphia: Dover Publications, Inc., 1955, 248 p.

Unusually fine collection of mathematical recreativns, well presented.

MivLer, Fritz. F'arum? Frohliche Fragen zum Nachdenken, von Fritz Miiller-
Partenkirchen. Leipzig: L. Staackmann. 1926, 160 p.

Munray. History of Buard Games, exclusive of Chess. Oxford University Press.

Nowomann. A. B. One Hundred More Parlour Tricks and Problens. London:
W, Gardner, Darton & Co.. Ltd.. 1927,

Nontrror, Eucene P. Riddles in Mathematics: a Book of Pargdoxes. New York:
Van Nostrand, 1944, 262 p.

Paradoxes in arithmetic and gevmetry; algebraic and geometric fallacies;
paradoxes of the infinite; paradoxes in probability; logical paradoxes;
paradoxes in higher mathematics. Sophisticated; scholarly.

Norturue, E. F. Pseud., Akad. Zero to Eighty. Princeton, N. J.; Scientific
Publishing Co.. 1937.

Peer, H. E., anp Crare, F. L. Number Games and Steries. Boston: Houghton-
Mifflin, 1930.

Pererman. 1. E. Recreational Arithmetic. 6th edition. Leningrad: 1935, 176 p.
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PereLman, 1. E. Recreational Geometry. 5th edition. Leningrad: 1935. 300 p.
PuiLuies, HusenT. Brask Up Your Fits. Philadelphia. Pa.: McKay, 1936. 116 p.

PaiLLips, HUBerT. Hubert Phillip’'s Heptameron; a Miscetlany of Entertainment
by Hubert Phillips. London: Eyrc & Spoltiswoode. 1945, 314 p.

PaiLuies, Hueewt. Question Time: An Omnibus of Problems for ¢ Breiny Day.
New York: Farrar & Rinehart, 1938, 265 p.

PuiLtips, HuerT. The Heek-end Problem Boak. Bloomsbury: Nonesuch Press,
1933.

PHitLes, H.; SHoverron, S.; ane G, Massnace. Caliban’s Problem Book. Lon.
don: T. De la Rue & Co.. 1933. 330 p.

PuLrLock, Sauvr. Mathematical Paradoxes and Recreations. Los Angeles, Calif.:
American Assuciativn for the Advancement of Visual Instruction in Mathe-
matics. 2512 5. Vermont Ave. 1937. 108 p.

PonTtun. D, Exercises on Stories about Muthematics Land. London & Toronto:
1. M. Dent & Sons, 1927,

Pontun, D. Stories about Mathematics Land. Books 1 & 11. London & Toronto:
J. M. Dent & Sons, 1922, 1927,

Proskauen, J. Puzzles for Everyone. New York: Harper & Bros., 1944. 176 p.

RavemacHen, Hans, Fon Zaklen und Figuren: Proben mathematischen Denkens
fir Liebhaber der Mathemutik: ausgewdhlt und dargestellt von H. Rade.
macher und Otto Toplitz. Berlin: J. Springer, 1930. 164 p.

RapeEmacHER, Hans ano ToepLtz, Otro. The Enjoyment of Mathematics. Prince-
ten, N. J.: Princeton University Press. 1957. 204 p.

Ransosm. WiLLiam R. One Hundred Mathematical Curiosities. Portland, Maine:
J. Weston Walch, Publisher. Box 1075, 1955. 212 p. (Paper)

Miscellaneous well-known mathematival paradoxes, puzzles, tricks, recres-
tions, and curiosities.

ReicHmany, W. J. The Fascination of Numbers. Oxford, England: Blackwell’s,
1957,
Elementary number theory; digital roots and recurring decimals; magic
squares; number curiosities; pseudo-telepathy.

‘Rithmetic of the Purest Kind: 200 Tricky Problems with Answers; Tricks of
Figures That You Can Do, Combining Recreation with Education for Young
and Old. New York: Emerson Books, Inc., 1939, 27 p. {Pamphlet)

RoussoucH. Lyan. Puzzle Craft; Plans for Making and Solving 40 Puzzles in
Fire, Wood, and String. Delaware, Ohio: Cooperative Recreation Service,
“Kit 8, 1930, 1932, 25 p. (Pamphlet}

Interesting dissectivn and other manipulative recreations.

Row. T. Sunbara. Geometric Exercises in Paper Folding. Chicago: Open Court
Publishing Cv.. 1941, 148 p.

Rozsa. Petea. Dus Spiel mit dem Unendlichen. Mathemetik fiir dussenstehende.
{Translated from the Hungarian). 1955, {n. p.)
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Ruton, P. 1. Brain Teasers; or, Hurdles for the Mental Athiete. Boston: L C
Page & Co., 1932. 250 p.

SAINTE-LAcOE, A. drvec des nombres et des lignes. 2nd edition. Paris: Vuibert,
1942, 358 p.

Sainte-Laciie, A. Géométrie de situntion et jeux. Paris: Gauthier-Villars, 1930.
75 p.

SaMmpLE, ANNA E. Fifty Number Games for Primary Children. Chicago: Beckley-
Cardy, 1927,

Sanrorp, Vera. The History and Significance of Certain Standard Problems of
Algebra. New York: Teachers College, Columbia University, 1927. 102 p.

SAUERHERING, Di. Paracaidas. 1929,

Scuupent, HErMANN. Mathematische Mussestunden. Eine Sammlung vor Gedulds-

pielen, Kunststiicken und Unterhaltungsaufgaben mathematischer Natur. 3
Vol. Leipzig: 1900; Berlin: 1935.

ScnuH, Frep. Fonderlijke Problemen. Leerzaam Tijdverdrijf Door Puzzie en Spel.
Zutphen, Netherlands: W. J. Thieme & Cie, 1943. 334 p.
Amusing instruction through puzzles and play.

Swoane, T. O.; THomeson, J. E,; anp Licks, H. E. Speed and Fun with Figures.
New York: Van Nostrand, 1922, 1939,

SmiTH. ARTHUR. The Game of Go. Rutland. Vti.: Charles E. Tuttle Co.. 1956.
220 p. (Paper)
Comprehensive treatment of the national game of Japan,

Spargawk, Norman P. Numbergrams. Boston: The Van Press, 27 Beach St.,
Boston, Mass. 1932. 50 p.

SPERLING, WaLTer. Denkspiele fiir hiuge Kopfe; knifflige Aufgaben qus der
Mathematik, Arithmetik, Geometrie, ps.w. Ziirich: A. Miller, 1940. 270 p.

SPERLING, WALTER. Kuriose Probleme der Arithmetik, Geometrie. Mathematik,
Optik, Physik; fiir grosse und kieine Denlker. Berlin: Scherl, 1936. 95 p.

Sphinx: A Magazine Devoted to Mathematical Recreations. 173 Ave. W. Church-
ill. Brussels: Belgium. 9 Vol. 1931-1939.

Steinaavs, Huco. Mathematical Snapshots. New York: Oxford University Press,
1950. 266 p.

A unique collection of interesting mathematical facts, expository and
recreational material.

SroaME, PeTer AND StrYFE, PavL. How To Tortere Your Friends. New York:
Simon & Schuster, 1941. 170 p.

Delightiul assortment of brain twisters, puzz]es. fallacies, tricks, quizzes,
and quips, attractively presented.

Strauss, ALFrRep. Deutsche Cabbala; Zahlenmagie der Namen. Leipzig: 1929.
79 p.

STREHL, SiMON. Frohliche Wissenschafi. Nuremberg: Willmy Verlag, 1941.
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StuyvseRT, M. La Bosse des Mathématiques. Gaud: Van Rysselberghe & Rom-
bant. 1927.

Suess. De. The Omnibus Boners. New York: Viking Press, 1931,

THEBAULT. YicTor. Les Récréations Mathématiques. (Parmi les Nombres Cu-
rieux). Paris: Gauthier-Villars. 1952, 297 p.

Travens, James. Pussling Posers. Lundon: Ceorge Allen & Unwin. 1952, 80 p.

The ¥ & ¥ Puzzte Omnibus. London: Vawser & Wiles, Ltd. n.d.
Several small tracts bound in one; c. 1953.

VaATeiQuanT. 3, Les Mathématiques Récréatires et I'Enseignement. Bruxelles:
Librairie du “Sphinx,” 1935.

Ventness, H, E. Mathematical Pas:les und Problems. Washington Information
Bureau, 1927. {Leaflet} & p.

WHiTe, Wuy. F. 4 Scrap-Book of Elementary Mathematics: Notes, Recreations,
Essays. Chicago: Open Court Publishing Co., 1908, 1927: 4th edition, Lon-
don: 1942. 248 p.

WiLtiams, W. T. avp Savace. G. H. The Penguin Problems Book. New York:
Penguin Books. 1930. 156 p.

Collection of 180 provocative inferential and mathematical problems, and
100 word problems (arrostics. anagrams, word squares, and such).

Winniams, W. T. ano Savace. G, H. The Second Penguin Problems Book. New
York: Penguin Books. 1944, 467 p.

Wirniams, W. T. ane Savace, C. H. The Third Penguin Problems Book. London:
Penguin Books. 1946.

WinTen. Ferpinano. Das Spiel der 30 bunten Wiirfel. Leipzig: Teubner, 1934,

WolLFF, THropor, Die lickelnde Sphinx: Von grossen und kleinen, von ersten und
heiteren Prablemen. Prag: Academia Verlagsbuchhandlung, 1937, 312 p.

WoLFF, Tucooor. Fom lochenden Denken: ein Buch von Wundern wund Pro-
blemen. Berlin: A. Scher! gan.bh., 1931. 268 p.

WorrF. Tueowvor. Der Fettleuf mit der Schildhrite: gelosie und ungeloste
Probleme. Berlin: A. Scherl g.mb.h.., 1929. 383 p.

Wryatt, E. M. Pazsles in Food. Milwaukee: Brece Publishing Co.. 1928, 64 p.

Wy, C. R.. Jr. 101 Puziles in Logic qnd Thought. New York: Dover Publica.
tions, Inc., 1957.

Zetss, Enwin. Zahlenzauber. Wien: Kommissionsverlag Rudolph Lechner & Sohn,
1934. 62 p.

1.3 Periodical Literature

Antine. Norman. New slants on old problems. M. T, 45:47475; 1952,
Anneng, NorMan. Secrates teaches mathematics. S. S. M. 23:581-84; 1923,
BaksT, Asron, Magic of mathemutics. Science Digest 10:3438; 1941,
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Baxst, A. Recreational mathematics. M. T. 43:347, 416.17; 1950,

Bankan, 5. H. Puzle instinct in 1eachirg mathemdtics. Bulletin of High Points
12:69.70; 1930.

Barnes, A. Making mathematics interesting. M. T. 17:404-10; 1924,
BenTLEY, Byron. Recreations for the mathematics club. M. T. 23:95-103; 1930.
Bercen, M. C. Misplaced mathematical recreations. §. §. M. 39:7656.68; 1939,

Brawoes, L. G. Math. can be fun: tricks, puzzles. wrinkles raise grades. Clearing
House 25:75-19; October 1950.

Branoves. L. G. Recreational mathematics as it may be used with secondary
school pupils. 5. S. M. 54:383.93; 1954,

Branpes, L. G. Recreational mathematics for the mathematics classrooms of our
secondary schools, §. 5. M. 54: 617-27; 1954,

Branpes, L. G. Recreativnal mathematics materials in the classroom. California
J. of Secondary Education 28:51.55; January 1953.

Branves. L. G. Using recreational mathematics materials in the classroom, M. T.
46:326.29, 336: 1953,

Branpes. L. G. Why use recreational mathematics in gur secondary achool mathe-
matics classes? S, §. M. 54:289-93; 1954.

Bibliography.
Bruown, ELizapetH. Old wine in new bottles. M. T. 47:414; 1954,
Baown. L. M. Adventures of an x. Open Court 28:529.37; 1914,
Carony, F. Absurdities due to division by zero. M. T. 22:366.68: 1929,
Carvanayn, W, W, Host, S. 5. M. 28:604608; 1928.
Crawrurd, ALma. A little journey to the land of mathematics, M. T. 17:336-42.
Dintrurr, E. J. Brain-teacers in uniform. Populer Science 143:89+; 1943,

Dressier. H. Ein mathematischer Scherz und seine didaklische‘\’erwertung
Z. M N U 43:16; 1913,

Famaan, Cuirvon. Party of Oae. Holidey 21:6+ : Junuary 1957,
“Fallacies.” The Pentagon 2:26-27; 1942,

Garower. MartIv. Mathematical Games. Sci. dm. 196:138+, January 1957;
1524, February 1957: 160+, March 1957: 14, 1664+, April 1957: 150+,
May 1957,

GiLes. CaTHERINE. Not mathematically minded. Journal of Educetion 117:63.64;
1934

Hate. Arriug, Using mathematical receeations in the junier high school. M. T.
48:48487% 1955,

Hartswicks F. Gureony, This punading world. Esquire. May 1935, p. 86, 137,
Hassirr. J. 0. What prive entichment? M, 7. 34:243.47: 1941,
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HiroeseanoTt, E. H. C. Mathematical games, stunts, and recreations. Am. M. Mo.
47:236-39; 1940.

Hove, E. Mariz. A numerical test. The Pentagon 7:33.35; 1047.

Hubgrt, C. La défenses des récréations mathématiques. Lz Nature 58:130; Pant
2, August 1930,

JasLovower, ]. Jabberwocky was a lark, or the mathematician takes a holiday.
M. T. 26:302.306; 1933.

Junnson, Donovan anp OtanpER, Cramexce. Mathematical games build ekills.
M. T. 40:292.94; 1957.

Kararerorr, V. The way logarithms might have been discovered even though
they weren't. Scrip. M. 12:153-59; 1946.

Kavrman, GeraLp LyNTON., Geo-metric verse. Saturdey Review of Literature,
October 12, 1946. p. 22.

Kemener, A. 1. Paradox in nature and mathematics. Sci. Mo. 37:207-17; 1933.

KeMePNER, A. J. Remarks on “unsolvable” problems. Am. M. Mo. 43:467-73;
1936.

Lavtree, G. oe. Mathématique et philosophie: considérations dun humoriste.
Mercure de France 162:690.99; March 1923.

Leacock, S. B. Human interest put into mathematics. M. T. 22:302-304; 1929,

Lioyn, Mary. Mathematical recreations. The Duodecimal Bulletin 3:25-26; 1947.
4:13-17; 1948,

MaAuRkE, D, anp Pacel, W. Origins of mathematical mysticism. Isfs 37:131-33;
1947,

“Mathematical Recreations,” M. T. 11:177-81; 1919.

“The Mathematical Romance of Poly-1- and Ray-2.” The Pentzgon 6:25.26;
1946. Also, Am. M. Mo. 43:41: 1936.

“The Mathematical Saga of Linnie R. E. Quashun.” Am. M. Mo. 46:234-235;
1939. Also, The Fentagon 5:19.21; 1945.

*Mathematics Demonstrates It Still Appeals to Youngsters.” Business ¥ eek, March
31, 1956. p. 24-25.

MzeeKs. ANNA. Recreational aspects of mathematics in the junior high school.
M. T.29:20:22; 1936.

Mitres, M. H. Test your common sense. Science Digest 29:55.57; March 1951,
Micner, F. Mathematics and fun. St. Nicholas 55:15-18; 1927

Morerey, Caristoeuer. Bowling Green. Saturday Review of Litergture 15:12.13;
1937.

Moaiey, Cumistoener. Mandarin and mathematics. Saturday Review of Litera-
ture 10:147; 1933.

Nev. R. Minp. Running around in circles. Scrip. M. 20:92.95; 1954,

Interesting discussion of why men and animals move in circles when de.
prived of vision.
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NewHaLL, . W. Recreations in secondary mathematics. S. §. M. 15:277.93;
1915.

Niks, Rurt H. Classroom experiences with recreational arithinetic, The Arirh.
metic Teacher 3:90-93; 1956.

Noreis, Run¢. The use of fimzzles and uther recreational aids in the teaching of
mathematics. Bulletin, Kansas Assoc. Tchrs, Math, 22:55-56; April 1948,

Parxer, JEAN. The use of puzzles in teaching mathematics. M. T. 48:218-27; 1955.
Bibliography.

PeTarp, H. A contribution to the mathematical theory of big game hunting. Am.
M. Mo. 45:446-47; 1938.

Pierce, ManTHa. Mathematical recreations. M. T. 19:13-24; 1936.

Porrten, R. B. Effiect of recreations in the teaching of mathematics. Schoo! Re-
view 46:423.27: 1938,

*Quick Trick Mathematics.” Literary Digest 46:1058.1059; 1913.

Rapnes, C. anp Van SanyeEn, W. Problems for recreation. S. $. M. 34:87.90;
1934,

REab, C. B. Mathematical fallacies. S, 5. M. 33:585-89, 977-83; 1933.
ReaD C. B. Mathematical magic. S. 5. M. 37:597, 650, 847, 919; 1937,
Rovunns, E. Pursuit of zero. M. T. 17:365.67: 1924,

Saversret, M. A, Mathematical recreation. High School Clearing House 5:373.74;
1931.

Scaar, W. L. Mathematical curiosities and hoaxes. Scrip. M. 6:49-55; 1939,
ScHaaF, W. L. Some curious mathematical tracts. Scrip. M. 20:209.12; 1954,

Scuurtes M. L, Extra.curricular mathematics activities in secondary school. M. T.
33:32.34; 1940,

SHaw, James Brenie. How Alice made Pi Mu Epsilon. M. T. 20:344-48; 1927,
SHULMAN, Davip. My all-time favorite puzzles. Esquire, May 1947,

SiMons, Lao G. Place of the histoTY and recreations of mathematies in teaching
algebra and geometry. M. T. 16:94.101 ; 1923,

Siocum, Jermy. Making and solving puzzles. Science and Mechanics 26:121.26;
October 1955.

Miscellaneous puzzles., some of them of matbematical kind.
SmitH, Jessie R. Cross-figure puzzle. M. T. 47:30-31; 1954.
SmitH, JessiE R. Cross-figure puzzles. S, 5. M. 45:576-78; 1945.
“Some Fun for the Mathematically Minded.” Sci. Am. 150:42-43; 1934,
“Survival of the Mystical Mathematician.” Currens Opinion 65:376.78; 1918,
TabaTcunik, JosHua. A spiral scale of square roots. Serip. M. 5:260-62; 1938,

Tayrom G. M. P. Mathematical recreations. School {Secondary Edition) 27:593-
94; 1939,
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Tavror. HereEn. The mathematics library and recreational programs. 8. 8. M,
30:626-34; 1930,

Trice. C. W. Holiday greetings fromv thirty scrambled niathematicians. 5. 8. M.
54:67Y; 1954,

Vest: L. T. Modernize your algebra! Tesus Outlook 14:49-50; 1931,
Weaver, Warnen. Lewis Carroll: Mathematician, Sci. 4., April 1956, p. 116.28,
Weiner. M. From interest to interest. M. 7. 30:23.26; 1937,

WHites W. F. Alice in the wonderland of mathematics. Open Courr 21:11.21;
1907,

Wianko, F. H. Mathematical recreations. School ( Secondary Edition) 27:677-81;
1939.

1.4 Mathematics Club Programs; Plays

Apren, lrvine. Fun with mathematics: an assembly progeam. 3f, T. 42:153.55:
1949.

Interestiug skit involving tricks with numbers.
ApLER, lrvine. Theory aud practice. Af. T. 41:218-20; 1948,

Brief skit involving the binomial probability distribution.
AcNEs, (S1sTER) ANNE. Archimedeans. M. T. 47:366-67; 1954.
BentLEY, B. Recreations fur the mathematics club. M. 7. 23:95-103; 1930.
BeawsTEIN, 5. anp Reiner. H. Mathematics club paper. High Points 17:68; 1935,
Bocen. Ismore. Mathematics jn life. High Points 31:73.79: 1949,

Braveaman, BENTJAMIN. The quiz jn 8 mathematics assembly program. High
Points 29:64.69; 1947,

Brown. b Mathematical ¢lub in a girls’ school. Journal of Education (England)
38:556; 1916,

CuerTorF, I. A suggested program for a high school mathematics meeting. Bul-
letin, Assoc. of Mathematics Teachers of New lersey, February 1945. p.
15.18.

Contey, M. Mathematics club. Catholic Schools Journal 39:56; 1939,

Conoerr. C. M. Colorful Mathematics Teaching. Portland. Maine: J. Weston
Walch. Publisher, P. 0. Box 1075. 1957, 190 p.

Contains five practical mathematics plays.

*Directory of Mathematics Clubs jn Colleges and Universities of the United
States and Canada.” 4m. M. Mo, 43:420.3]; 1936.

Esmonp, R. V. Magic letters—TV-~and magic squares. M. T. 48:26-29; 1955.

FisHER. GENEviEVE. A mathematical assembly program. Bulletin, Kansas Associ.
ation of Muthematics Teachers 20:5-7; 1945,

“Flatland: A Mathematics Play.” 5. 5. M. 14:583.87; 1914.
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GecennEIMER. F. Mathematics clubs, §. 5. M. 16:791.92; 1916.

GucLe. MaRrie. Recreational values achieved through mathematics clubs in sec.
ondary schools. ¥. C. T. M., First Yearbook, 1926. p. 194.200. Alse, M. T.
19:214.18: 1926,

GuLptn. M. Mathematics club program. Af. T. 17:350.58; 1924,

HavcueR, Faances. A living theorem; a class day program. S. §. M. 16:39-40;
1916.

Harton, M. Mathematics club. M. T. 20:39-45; 1927.

Hoac. R. Scurces of program material and some types of program work which
might be undertaken by higbh scbool mathematics clubs. M. T. 24:492.502;
1931,

Jope, T. Types of programs and needed library equipment for mathematics clubs.
Teachers College Journal 5:95.98; 1933.

KarLan, Morrts. Monroe Survevor's Club. High Points 22:55-56: 1940,

Krotz, C. E. Mathematics clubs for high scheols. School Activities 21:59.61;
1949,

LermMany, PavL. A math circus; an assembly program. 5. 8. M. 47:560-63; 1947,

LeventiaL, B. E. The evolution of a mathematics assembly, Bulletin, Association
of Teackhers of Mathematics of the City of New York. A. T. M. 6:17-1%:
1952

MacKenzie, E. G. Builder of an enquiring mind. M. T. 48:109-11; 1955,
“A Mathematical Dr. 1. Quiz-em Program.” . T. 45:30-33; 1952,
*Mathematics Clubs.” 4dm. A. Mo, 47:312-17; 1940.

MuLLex, F. The math star. Chicage Schools Journaf 19:169.72; 1938,

NewnraLn, C. High school mathematics club. Educational Review 29:515-22;
1905.

NewuaLt, C. Secondary schoul mathematics club. §. 5. M. 11:500.509; 1911.

NueenT. M. Guide for the conduct of high school mathematics clubs. Teachers
College Joarnal. fndiana State Teachers College 10:136: July 1939,

Parsons. G. Work of a junior mathematical assuvciation. M. Gaz. 19:65.72; 1935,
Pensox. R. Junmior high school mathematics clubs. M. T, 34:228.29; 1941,

PauiLLips, K. Junior high school mathematics club. High School fournal 13:68:71;
1930.

PortERFIELD: JAcoB. Fun for the mathematics club. M. T. 37:354-57; 1944.
Price, H. V. Mathematics clubs. M. T. 32:324; 193%.

Ranvcer, E. R. Mathematics and the assembly program. The New Jersey Mathe.
matics Teacher 8:46: February 1952,

Reep, Z. High school mathematics clubs, Af. T. 18:341.63; 1925,
Rerior, S. Mathematical clubs in the bigh school. Af. T. 15:434-35; 1922.
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Russer, H. Mathematics clubs. M. 7. 17:283.85, 350.58; 1924,
ScHaaF, W. L. Mathematical plays and progeams. M. 7. 44:526.28; 1951,
Annotated liat of 50 plays and pageants about mathematics.

ScuLosser, J. Meeting the challenge of youth through mathematics club pro-
grams, bulletins. and procedures. New Jersey Association of Mathemamics
Teachers, 1940 Yearbook. p. 24-29.

Scuor, HarrY. A mathematics assembly program. M. T. 47:476.78; 1954,

SuoesmitThH, B. Mathematics clubs in secondary schools. 5. S. M. 16:106-13;
1916. Also, School Review, January 1917,

Sunriven, W. Q. Purpose and value of mathematics clubs. Teachers College Jour-
nal 5:92.94; September 1933.

SneLt. C. Mathematics clubs in high school. M, T. 8:73.78; 1915.

Soamer, J. W. Mathematics club is interesting! School Activities 27:95.97; No-
vember 1955, )

Steeuens, H. W. Mathematics club for future mathematicians. S. 5. M. 54:715-18:
1954,

Stewanp, M. Mathematics club of the Pontiac High Schoel. . T. 23:25.29;
1930.

SurLvan, O, A. The high school mathematics ¢lub. M. T. 35:275.76; 1942,

SweenLer, B, Mathematics club at Curtis High School. M. T. 20:304; 1936, Also.
High Poins 19:62.64; February 1937.

Tayror, H, Mathematical library and recreational programs. S. 5. M. 3(:626-34;
1930,

“Thisty Topics for a Mathematics Program.” . S. M. 27:170-71; 1927.

Vaucun, ApaH. Professor Whiz and his class in math magic. 8. 8. M. 39:540-45;
1939,

WessTen, L. Mathematics club. M. T. 9:203-208; 1917.
Weisss M. Math club—streamlined. High Ppinss 21:74-77; 1939,
WheeLer, A. Mathematics club program. M. 7. 16:385-390: 1923.

Wuite, A. Mathematics club of Western High School. Baltimore Bulletin of Ed-
ueation $:163: April 1926,

WiLttams. A, J. Organizing a mathematics club. §f. 7. 49:149.50; 1956.

1.5 Mathematics and Philately

Bover. Cart B. Philately and mathematics, Scrip. M. 15:105.14; 1949,
“The Hamilton postage stamp.” Scrip. M. 10:213-14; 1944,
Horron, C. W, Scientists on postage stamps. 5. 5. M, 48:445.48; 1948,

Jouwson, R. A, anp Akcuisarp. R. C. Poestage-stamp or coin portraits of mathe-
maticians. Scrip. M. 1:183-84; 1932.
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LarsgN, H. D. Mathematics and philately. Am. M. Mo. 60:141.43; 1953,

Lansen, H. D, Mathematics on stamps. M. T. 48:477.80; 1655,

Larsen, H. D. Mathematics on stamps. M. T. 49:395.96; 1956,

ScHAAF; W. L. Philately and mathematics—-a further note. M. T. 49:289.90; 1956,

1.6 Mathematical Contests

“Algebra Baseball Game.” M. T. 23:317-20; 1930.
Bouckn, E. Mathematical contest. S. §. M. 17:329-30; 1917.

Braverman, BEnJamin. The quiz in a mathematics assembly program. High
Points 29:64-69; 1947,

CHiIPMANR, Horg. A mathematics quiz program. M. T. 46:537-40; 1953.
Crasks, E. H. Prize problems for prize students. M. T. 23:30-34; 1930.
DEecrazia, J. Quiz: math is fun. Science Digest 24:26-29; July 1948,

Evcerton, H. A.; Britt: 5. H.; anp Norman. R. I). Later achievements of male

contestants in the First Annual Science Talent Search. American Scientist
36:403-14; 1948.

FeLtees, E. M. Planning a mathematics tournament. M. T. 43:268.70; 1950.

“Fiftb Annual William B. Orange Mathematics Prize Competition.” M. Mag.
29:77.82; 1955.

FrigpMan, B. A mathematics tournament. S. 8. M. 42:523; 1942

GrossMan, H. Against mathematics teams. High Poings 18:73; 1936.
“Interscholastic Mathematics Contest.” Secondary Education 4:160; May 1935.
Kocu, E. Mathematics contests, M. T. 9:179-86; 1917,

Koctr, E. ano McCormick, T. Mathematics relays for high schools. §. 8. M.
16:530.36; 1916.

Lioyp, DanigL. The national status of muthematics contests. M. T. 49:458-63;
1956.

Lio¥p, DanigL. New mathematical associstion contest. M. T. 48:469.72; 1955,

“Los Angeles City College Mathematics Prize Competition.” M. T. 45:34 ff.; 1952,
M. T.46:536 ff.; 1953. M. T.47;129 f.; 1954. M. T. 48: 585 f.; 1955.

“Mathematics Contest of the Metropolitan New York Section of the Mathematical
Association of America.” Am. M. Mo. 57:657; 1950.

Mavos, Joun R. Pi Mu Epsilon contests and awards. M. T. 43:193-94; 1950,
Mavor, J. R. Recommendations on contests and scholarships. M. T. 42:297; 1949,

Mavor. J. R. Would contests and scholarships contribute to increased interest in
mathematics? M. T. 42:283.89; 1949,

MenaiLy, HELEN anp STARK, MagtoN. A mathematical contest. Am. M. Mo. 49:
191.92; 1942,
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Moore, LiLLian. The challenge of the hright pupil. M. T. 34:155.57, 1941.
Rapo, TiBog. On mathematical life in Hungary. 4m. M. Mo. 39:85.90; 1932.
Rouer, J. New form of school contests. Educational Review 57:339:45; 1919,
ScrontinG R. Mathematieal contest. 8. 5. M. 15:794.97; 1915.

“Stanford University Competitive Examination in Mathematics.” Am. M. Mo.
53 :406-409; 1946.
Also, suhsequent years; gives annual examination (uestions.

TacersTrom, T. H. Fonrth annual mathematical vontest sponsored hy metropolitan
New York section of the Mathematical Association of America. M. T. 47:211.
12; 1954,

WaLker, HeLen. A mathematical coutest. M. T. 20:274-79; 1927,
Wiener. M. From interest to interest. M.T. 30:23.26; 1937.

“The William Lowell! Putnam Mathematical Competition.” Am. M. Mo. 45:64-66,
332. 339; 1938.
Also, subseqnent years; gives examination gnestions, except for 1943.45.

1.7 Mathematical Models

Artaro. N. M. Individual lahoratory kit for the mathematics student. M. T. 47:
160-101; 1954.

Bagavarie. H. Demonsiration of conic sections and skew curves with string models.
M. T. 39:284.87: 1946.

Bercer, E. J. Elliptical billiard board. M. T. 43:405-406; 1950.

Bencer, E. J. Model explaining how latitnde may be determined by making ob-
servations on Polaris. M. T. 47:405.06; 1954.

Bercer, E. J. Model of a circular cone with a variable axis. M. 7. 45:441.42; 1952.

Bercer, E. J. Model for giving meaning to superposition in solid geometry. M. T.
47:33.35; 1954.

Bencer, E. J. Model for visualizing the Pythagorean theorem. M. 7. 48:246.47;
1955.

BerGER, E. J. Models for teaching infinite series to high school students. M. T.
47:101-105; 1954.

BErcER. E. J. Tetrahedron with planes bisecting three dihedral angles. M. T. 47:
186-88; 1954.

BeremAN, STeFan. Models in the theory of several complex variables. Am. M. Mo.
53: 495.501; 1946.

Bover, L. E. The Dandelin spheres. M. T. 31:124.25; 1938.

Briot. C anv BovgreT. ), C, Lecuns de Géométrie Analytique. Paris: Libraitie
Ch. Delagrave, 1893,
A comprehensive exposition of the Dandelin spheres.
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Burc, W. Demunstration of intersections. ¥. M. M. 13:192.93; 1939,
Cannastan, Warrer, Hlustrating the conic sections. 5. 5. M. 45:313-14; 1u45,
CARNaHaN, WALTER. A variable parabola demonstrator. M. T. 44:32; 1951.

CatiLriern, A, String Models of Certain Mathematical Configurations. Nashville,

Tenn.: George Peabody College for Teachers, 1938.
Unpublislied Master’s thesis,

Coupant, RicHarp. Seap flm experiments with minimal surfaces. dm. M. Mo.
47:167-74; 1940.

Cusoy, H, M, anp Rowikrr, A, P. Mathemutical Models. New York: Crford Uni-
versity Press, 1952, 240 p.

Cus»ons, G, W, Mathematival Models. Encyclopaedia Britannica, 14th edition.
15:72.75; 1939,

Puek. Warrnen, Keatalog Muthematischer und mathemutischphysikalischer Mo.
defle, Apparete und Instrymente. Monich, 189293, Vol. 1. 430 p.; Vol, II,
135 p.

Caleulating muachings: slide rules; instruments and models for higher
niathematies: mechanical devices for drawing curves; ete.

EvvLiore, C. Hodels to Hiustrate the Foundations of Mathemutics. Edinburgh, 1914,

Esch, Arsovo, Muthematical Models. Urbana: University of Illinvis Press. {Four
pamphlets: n.d. i

Description of string medels of surfaces of higher mathematics.
Ewing, G. An optival fllustration of conic sections. 5. 5. M. 38:276-77; 1938,
GIeBEL, K, dnfertigung mathematischer Modvlle. Leipzig: Teubner, 1925, 52 p.
Includes polyhedruns. elementary surveying instruments, pantographs, slide
rules; also. instruments for showing variation of angles and circles, and of
parts of a right triangle.

Fainean, W. L. Casting geometric solids in plaster-of-paris. AL T. 48:329; 1955.

Hakp. BEnJamin, Mathematical Medels. Nashville, Tenn.: Ceorge Peabody College
for Teachers, 1935,

Unpublished Master’s thesis,

HawTHORNE: FRaNK. Frequency distributions with shot. 5. 5. M. 51:394.95; 1951.

HawTtHorNE, Frank. A model of the conic sections. 5. 5, M. 51:299.300; 1951,

Hemexway, L. D, Optical method for demonstrating conic sections. M. T, 46:428.
249; 1953.

HiLpesrawot C. Erzeugung konfukaler Kegelschnitte mit Hilfe des Dandelinschen
Satzes. Z. M. N, U. 35:466; 1904.

Huprtount, E. H. A simple uptical device for demonstrating the conic sections.
5.8, M. 41:828.31: 1941,

Jantonowen, . anp Basco, A. Dimension theory and dimension models. Am. M.
Mo, 43:215-25: 1936.

JusianyessonN, 1. Die Bedeutimg des Muodells in Mathematik, Naturwissenschaft
und Fechnik. Forschungen und Fortschritte Vol. 18. 1942,
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KaRAPETOFF, VLADIMIR. Device for demonstrating the properties of a simple
permutation group. 4m. M. Mo. 45:516-19; 7938,

Kenst, B, Zur Verwendung der Dandelinschen Kugeln. Z. M. N. [/, 49:265; 1918.

Liekin. E. Ein Modell 2u den Satzen des Ceva und Menelzus. Z. M. N. U, 52:258:
1921.

Macin. E. Bemerkung zu den Dandelinschen Kugeln. Z. M. N. [/, 47:23; 1916.

Ovanper, C. Model for visualizing the formula for the area of a circle. M. T. 48:
245; 1955. 1

Prasterers E. Demonstration apparatus for the composition of two simple har.
menijc curves. 5. 5. M. 34:424-26; 1934.

Puarr. J. R. Madels as aids in calculation. American Journal of Physics 13:53;
1945,

ReicHEL. WaLTER. Mathematischer Werkunterricht: Eine Anleitung zur Herstell:
ung und Verwendung einfacher mathematischer Modelle fiir Lehrer und
Schiiler. Leipzig: Quelle ynd Meyer. 1914,

Riccs, WM. F. Stereoscopic harmonic curves. §. §. M. 24:29.356; 1924,

Savre. ETueL. Paper model for solid geometry. M. T. 49:185-86; 1956.

Savre. ETHEL. Simple paper models for the conic sections. M. T. 48:42-44; 1955,
ScHacHT. Jouw. Models of loci. M. T. 47:546-49; 1954.

ScHILLING, MarTin, Catalog mathematischer Modelle Jiir den hdheren mathe.
matischen Unterricht. Tth edition. Leipzig: Verlagshandlung von Mantin
Schilling, 1911. 172 p.

Very complete source of materials.

P
S1ecEL., JOHANNES anp KREessner, Hans-Encar. Kugel-Klapp-Modelle, Leipzig:
Martin Schilling Verlag. n.d. 16 p.

Discussion of models of spherical triangles.

*Soap Films Automatically Solve Problems in Higher Mathematics.”” Life Maga-
zine 12:118: March 16, 1942,

STRUYK. ADmaN. Geometrical representation of the terms of certain series and
their sums. 8. 8. M. 37:202.08; 1937.

Strurk, Aprian. Three folding models of polyhedra. M. T. 49:286-88; 1956.

WHitMaN, E. A, The use of models while teaching triple integration. 4m. M. Mo,
48:45-48; 1941.

WienNer. H. anxp Treutitkin. P. Abkandlung zur Sammiung mathematischer Mod.
elle. Leipzig: Teubner, 1907-1912.

WiLLerpiNG, M. F. Models of solids of known parallel cross section. S. 5. M. 51:
617: 195§,

WiLLERs. H. Patentldilsen “Sphinx™ zur Herstellung mathematischer kristallogra.
phischer und andersr Modelle. Z. M. N. /. 59:363 ff.; 1928.
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1.8 Mathematical Instruments

Baxanpact, Davip. Catalogue of the Collection in the Science Museum, South
Kensington; with descriptive and historical notes gnd illustrations. Londen:
H. M. Stationery Office, 1926.

Baxanpace, Davio. Mathematical Instruments. Ercyclopaedin Britannica, l14th
edition. 15:69-72; 1939,

Baxanpace, Davio. Mathemarics. 1. Caleulating Machines and Instruments. Lon.
don: The Science Museum, Scuth Kensington, 1926. 85 p.

Dyck, WartHen Kutalvg muthemutischor und mathematisch-physikatischer Mod-
eile, Apparate und Instrumente. Munich: 1892. 430 p. Supplement, 1893,
135 p. 3

GALLE, AnprEaSs. Die mathematischen Instrumente. Leipzig: Teubner, 1912,

Gunrtier, Roeert. Early Science in Oxford. Part I : Mathematics. Oxford Univer-
sity Press, 1922, 101 p.

Descriptions of early scules and protractors. drawing instruments, elliptival

trammels, meastiring instrunients, micremelters, quadrants. slide rules, ele.

GuntHER, Rosert. Handbook of the Museum of the History of Science in the Old
Ashmolean Building, Oxjord. Oxford University Press, 1935.

GuntHer, RoBerT. Historical Instruments for the Advancement of Science. Oxford
University Press, 1925.

Horssurcw, E. M. Modern Instruments and Methods of Calculation. London: G,
Bell & Sons, 1914. 343 p.

Jowes, P. S Napier’s apd Genaille's rods. M. T. 47:482.87: 1954. Also, 48:250;
1955.

Bibliography.

Micer, Hener. L'art des instruments de mathématiques en Belgique an XV1e
siécle. Bulletin de la Société Royale d'Archeologie de Bruxelles No. 2; 1935,
p. 65-79.

Micuer, Henrr. Introduction @ D'étude d'une collectivn d'instrumentes anciens de
muthématiques. Anvers: De Sikkel, 1939. 111 p.

Unustial essays on early mathemalival instruments.
Moore, E. L. Carpenter’s rule: aid in teaching geometry. M. T. 46:478; 1953.
Pixerre, L. K. Proportional dividers. M. T. 48:91.95; 1955,

Bibliography.

Ruook, A. Die Geschichte der wissenschaftlichen Instrymente vem Beginn der
Renuissunce bis zum Ausgang des 18. Jahrhunderts. Leipzig: Klinkhardt &
Biermann, 1923.

Smire. Davin Bvobae. Catalogue of Mathematical Yostraments. The Industrial
Museum of New York 1:585 1930,

Sauve, Davip Evcene. Gift of historival.mathematica]l insiruments to Columbia
University. Science n.s. 83:79-80; 1936, Alsv, School and Society 43:313-14;
1936. ’
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Stanx, W. E. Early forms of a few common instruments. 5. S. M, 9:871.74; 1909.

Sver, Henry W, A classification of mathematical instruments and sources of their
pictures. N. C. T. M. 18th Yearbook, 1945, p. 194.203.

Torrevson, H, €. Equativn balances. 5. 8. M. 55:104-108; 1455,

Wierees, F. A. Methematische Instrumente. Berlin: De Gruyter, 1926, 144 p.
Brief, but very useful treatment.

WitLErs, F. A. Mathematische Instrumente. Berlin: R. Oldenbourg, 1943, Re.
printed, Edwards Bros., Ann Arbor, Mich.. 1943. Bibliography, p. 245.64.

Wittkrs, F. A, Mathematische Maschinen und Instrumente. Berlin: 1951, 318 p.
Woobn, F. Sectors compasses. M. T. 47:535-42; 1954.

Bibliography.

Wuoosy, L. G. Angle mirror; teaching device for plane geometry. M, T. 47:71-72;
1954.

1.9 The Abacus

ApLER, J. Se you think you ¢an vount! 3, Mag. 28:83.86; 1954,
Ganoy, 5. Did the Arabs know the abacus? 4Am. M. Mo. 34:308-16: 1927,
Govooricis L. €. The abacus in China. fsis 39:239 (Part 4); 1948,

How to Learn Calculation on the Soroban or Abacus. Tokyo: Banyusha Syroban &
Co., 1950. 27 p.

ivEr. ¥. B. The Hindu abacus. Scrip. M. 20:58-63; 1924,

Jexkns, Q. Larey and the abacus: a story. The drithmetic Teacher 1:21.24; 1954,

Jones, P. . Finger reckuning and other devices. M. T. 48:153.57; 1955,
Bibliography.

Kxorr. €. G. The Caleulating Machine of the East: the Abacus. In Horsburgh,
Modern Instruments and Methods of Caelculation, @ Handbook of the Napier
Tercentenary. Londun: G, Bell & Sons, 1911, p. 136.54.

Koima. Taxashl. The Jopanese dbacus: fts Use and Theory. Rutland. Yi.:
Charles E. Tuttle Co., 1954. 102 p.

ELazar. Natuan. The Abacounter: a device for teaching concepts and operations
relating to integers and fractions. Supplementary” Educational Monographs,
No. 70. Chicago: University of Chicago Press, 1949, p. 87-100.

Lazar. NaTuan. From the abacus to the adding machine. The Duodecimal Bulletin
6:17,

Leaveus. D. H, The Chinese suun p’an. 4m. M. Mo. 27:180.84; 1920.

Lir. W. Q. The swunpan, Bulfetin, New Yook State Socicty of Certified Public
Accountants, October 1931, p. 34-43.

Loy. Wone Do. How to use an gbacus. Popular Scienve 153:86.89; August 1948,

Loy, Wong Do. How to Use the Chinese Abacus. Washington. D. C.: Loy’s
Chinese Calculator, 1947, 56 p.
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Swrrh, R. C. Abacus: working drawing. Industrial Arts & Vocational Education
43:277; October 1954.

Seirzex, H. F. Abacus in the teaching of arithinetic. Elementary School Journal
42:448-51; 1942,

SueLTZ, Ben. Counting devices and their uses, The Arithmetic Teacher 1:25-30;
1954.

Tochto. K. Tockio’s Computation o the Soroban, Yokohama: Kelly & Walsh, Lid.,
1912,

WiLLiams, F. H. The Abacus and How to Operate It. Shanghai: Kelly & Walsh,
Lid., 1946. 27 p.

Yi-Yun, YEN. The Chinese abacus. M. T. 43:402.404; 1950,

Yosuino, Yozo. The Japanese Abacys Explained. Tokyo: Kyo bun kwan, 1937,
240 p.
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rnithmetical and
Algetrnacc Recreations

t¢=g=iHE COMBINED ages of Mary and Ann are 44 years, and Mary is twice
T as old as Ann will be when Ann is three times as old as Mary was
when Mary was three times as old s Ann. How old is Ann?” The
question: How old is Ann?, has long since become a household byword; it
is known to have been asked as early as 1789.

Many of the popular puzzles and recreations which fascinate the multitude
are mathematical in nature-—and a large part of these are arithmetical or
algebraic. The range of subject matter, so to speak, of this large body of
problems is truly amazing. Jn ancient and mediaeval times there were the
ever-present problems of the cistern, the courier problems, the God-Greet-You
problems, the lion-in-the-well problems, the time-of-day problems, and the
testament problems. In mediaeval times, to be sure, emphasis shifted some-
what toward comunercial problems: jnterest and usury, discount, insurance,
coinage, exchange, weights and measures, and related matters.

In modern times, many of these old problems reappear in new guise. Of
course, some new ones have been added. Like women’s fashions, they ap-
pear to be subject to whimsy and caprice. Twenty-five years ago, problems
of the “engineer-fireman-brakeman™ type were in vogue. In turn, there
would seem to be a revival of interest in a succession of classics: the monkey
and the coconuts; the bumble bee flying back and forth between the radiators
of two approaching automubiles; the prolific bacteria and the half-filled jar;
and s¢ on and on. At the moment of writing, the public fancy has been
regaled with the egg problem of Victorian New England: Three boys, A, B,
and C, went to sell their eggs. A had 10 eggs. B had 30 eggs, and C had 50
eggs. They each sold their eggs at the 2ame rate, and received the same
amount of money. How much did they sell their eggs for? No, it’s not im-
possible.

2.1 General Arithmetical Recreations

BaksT, Asron. How the number magician does it. Mathematics: fts Magic and
Mastery. New York: Van Nostrand, 1941. p. 150-57.
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Barr. W. W, R. ano Coxeren, H. 5, M. Arithmetical Recreations. Muthematicul
Recreativns and Essavs. London: Macmillan. 1942, p. 2.75.

Beeman, W, E. Originality in arithmetic. M. T. 48:495.96; 1955.
Examples of the SEND MORE MONEY type.

BerkeleY. Epmunp C.. & Associates. Numbles: Number Puzies for Nimble
Minds. Report No. P25, 815 Washington St.. R136. Newtonville, Mass.: E. C.
Berkeley & Associates, Publishers. 31 p.
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London Mathematical Sociery 10:162-65; ,935.

LieTzMANN, WaLTHeR. Lustiges und Merkwiirdiges von Zahlen und Figuren.
Géttingen: 1950. p. 170-85.
Deals with the relations of binary notation to perfect numbers.

MasoN, T. E. On amicable aumbers and their generalizations. Am. M. Mo, 28:
195-200; 1921.

PouLET, P. De nouveaux amiables. Sphinx 4:134-35; 1934,
PouLeT, P. La Chasse aux Nombres, Fascicule I. Parfait Amiables et Extensions.
Brussels: 1929,

PotsLET, P. 43 new cuuples of amicable numbers. Scrip. M. 14:77; 1948.
l.’owEas, R. E. The terth perfect number. Am. M. Mo. 18:195.97; 1911.
Puram, T. M. Petfect numbers. 4. M. Mo. 17:165; 1910,
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ican Mathematical Society 53:163-64; February 1947,
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2,7 Fermat's Last Theorem

The great Fermat theorem, stating that the equation x™ 4 y" = z", where
A is an arbitrary integer, has no integral solutions for integral values of &
except when » = 1 and 2 = 2, is as interesting today as it was some 300
years ago when first enunciated by the great master of number theory. De-
spite the lure of a prize of 100,000 marks offered shortly after the turn of
the present century, all efforts to find a complete proof have thus far been
fruitless. And yet Fermat claimed that “he had found a really wonderful
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be sure, the theorem has heen shown to hold for exponents below 100, but
that is scarcely a mathematician’s dream of success.

Incidentelly, Fermat’s alleged proof plays a significant part in a contem-
porary mystery novel, Murder by Mathematics, by Hector Hawton (London:
Ward, Lock & Co., 1948},
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February 1, 1908. p. 75.
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64; 1949. 18:87.90, 177.78, 310-11; 1952,

Grey, L. D. A note on Fermat’s last theorem. M. Mag. 27:274-77; 1953.54,
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*Some Introductory Comments on Fermat's Last Theorem.” M. Mag. 27:213.16;
1953.54.
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163; 1952,

WEAvER, W, Lewis Carroll and a geometrical paradox. Am, M. Mo. 45:234.36;
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Chapter 3

Geometric Recreations

KIS RATHER broad category includes not only geometric fallacies and para-

doxes, optical illusions, dissections, tangrams, and geometric construe-

tions, but also material on regular polygons and polyhedra, tessellations,
linkages, and the mechanical construction of mathematical curves. Such
amusements often appeal to the eye-minded, and to those who are not par-
ticularly intrigued by numerical or algebraic puzzles.

Among seme of the best known geometic fallacies are the alleged proofs
that an obtuse angle equals a right angle; thar every triangle js isosceles;
that the length of part of a line equals the length of the whole line; and that
the sum of the lengths of two sides of a triangle equals the length of the
third side. These and similar proofs rarely fail to intrigue high school
puptls.

As for optical illusions. the explanation generally hinges upon considera-
tions of perspective. shading. dispesition, and such, or upon purely psycho-
logical considerations. Among the most widely known optical jllusions are
the two equal segments with reversed arrowheads; the “Which is taller, the
policenan or ihe little boy ?”’; and the “How many cubes are there—six or
seven?"”. Optical illusivns such as the last of these are the more tantalizing
because they sometimes seem to “turn inside out™ as you look at them,

3.1 General Geometric Problems and Puzzles

AbsoTT, Epwin A. (A Square). Flatland: a Romance of Many Dimensions. Bos-
ton: Litde. Brown & Co.. 1928. 155 p. New York: Dover Publications, 1952,
103 p.
A delightful. well-known little classic.

Annine, Noratan. More about nedians. M. 7. 44:310-11; 1951.

Bare. W. W. R. anp Coxerems H. S. M. Mathematical Recreations and Essays.
Lundun: Macmillan, 1942
“Geometrical recreativns’ Fallacies; dissections: tessellations; cyclotomy;
chessbuard problems. p. 76-128.

Banvgork, Lo, The Fibonacei arbefos. Sorip. 37, 20:218: 1954,

Baniorr. Leon. The golden arbelos. Scrip. M. 21:70-76; 1955.

Banavarte. Hexman, Dynamic circles. Scrip. M. 18:83.85; 1952,

Braro. Rosert 5. A variation of the Apollonius problem. Scrip. M. 21:46-47; 1955.
5l
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BERNHART, ARTHUR. Curves of pursuit. Scrip. M. 20:125.41; 1954.
Scholarly trestment; allusion to Zeno's paradox. p. 125.26.

Boots. A. L. A msthematical recreation—some angles of a right triangle. M. T.
11:177-81; 1919.

Brueckry, Faank. Psrallelograms with integer sides snd diagonals. S. S. M. 56:
687-96; 1956,

Cotst, N. A. Fagnsno’s problem. Serip. M. 18:95.96; 1952,
Curmis, H. J. A note on the taxicsb geometry. Am. M. Mo. 60:416-17; 1953.
Dawson. T. R. Match-stick geometry. M. Gaz. 23:161.68; 1939,

DoerscinG, Joan. Parallelograms with integral sides and imegral diasgonals.
S. 8. M. 56:156; 1956.

Escorr, E, B. Geometrie puzzles. Open Court 21:502.595; 1907,

Fousrey, E. Curiosités géométriques. Paris: Vuibert & Nony, 2nd edition. nd.;
3rd edition, 1920 (?}. 431 p.

FursTeENBERG, H. A geomelrical curiosity. Scrip. M. 19:194; 1953,

Giiman, R. L. What ~an be done with a single setting of the compasses. Scrip.
M. 5;68-69; 1933

Cinspure, JekuTHiEL. Craphs of linear congruences. Serip. M, 13:106-13; 1947,
GoormacHTICH, R. A geometrieal curiosity. Serip. M. 20:171; 1954,

Grossmay, Howanp. Fun with lattice points. Serip. M. 12:86-87, 160-61. 223-25,
288.90; 1946.
13:98-102, 217-22; 1947.
14:62.65, 157-62: 1948.
15:79-81, 232.37; 1949,
16:119.24, 207-12; 1950.
17: 1951,
18:298-300; 1952,
20:203-04; 1954.
22:153.58: 1956,
Grossmaw, H. D, ano Kramea D. A new matchgame. Am. M. Mo. 52:442-43;
1945,
Hagris, I. Geometric recreations. S. S. M. 20:731-33; 1920.
“Harvard University Student Makes Straightline Drawings.” Life, March 18, 1940,
p- 43-44.

HenpersON, ARCHIBALD. A classic problem in Euelidean geometry. Journal of the
Elisha Mitchell Scientific Society 53:246-81; 1937.
Proof of the proposition that if the internal bisectors of the base angles of
a triangle are equal, the triangle is isosceles.

HexoersoN. ArcHIBALD. The Lehmus-Steiner-Terquem problem in global survey.
Serip. M. 21:223.32; 1955.

HiLsert. D anp CoHn-VosseN. S. Geometry and the Imegination. (A transla.
tion of the classic Anschauliche Geometrie.) New York: Chelsea Publishing
Co., 1952, 358 p.

Curves; surfaces; lattices; crystals; polyhedra; topology; and so on.
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H. W. R. Solution of a geometric puzzle. M. Gaz. 28:31-32; 1944,
Iver. R. V. Intersecting magic lines. Scrip. M. 21:43; 1955,
James. Guenn. Long-short lines. M. Mag. 29:254.56; 1956.

Kasper. Louvts. There Is Fun in Geometry. New York: Fortuny's, Publishers,
1936. 135 p.

Kempner, A. J. Geomelry as an avocation. 4m. M. Mo, $0:455-71; 1933.
Kraircetik, Mawuice. Qn certain rational cubolds. Scrip. M. 11:317-26; 1945,

Knarresmik, Mavrice. On the concurrence of the legs of equiareal triangles. Scrip.
M.O11:178; 1945,

Lancrorp, C. D. Uses of a geometric puzzle. M. Gaz. 24:209.11; 1940,
Lancatan. Harpy. A disc puzzle. Scrip. M. 17:144.45; 1951.

Lancman, Hagny. Polygons. Scrip. M. 19:79.80; 1953.

Lancatan, Harry. Rotations. Scrip. 1. 15:93; 1949. 16:72; 1950.

Mapoen, O. A geometrical recreation. M. Ggz. 28:55; 1944,
Canved wooden models.

Mencer, Kart. You BFilt Like Geometry. (A Guide Book for the Illinois Insti-
tute of Technology Geometry Exhibition at the Museum of Science and In-
dustry, Chicago. 111.). Chicago: the suthor, 1952, p. 34. 10¢.

An exceptivnally uppealing and suggestive booklet.

Morgis. Ricnarp, The cyclic quadrilaterali a recreation. 5. 5. M. 24:296-300;
1924,

Muettenr. C. H, Geometric Concepts. New York: Wiley, 1931
Nev. R, Mino. Geometrical magic. Scrip. M. 19:198-200; 1953,

Nev. R. Mo, Mathematics on the chess-board. Scrip. M. 20:110; 1954
Brief note on the number of squares and rectangles yisible on any square
board of aquares.

Nev. R. Mino. A square within a square. Scrip. M. 19:270; 1953.
Nev. R. Mo, Supremacy of obtuse-angled triangles. Scrip. M. 20:205; 1954.

Nev. R. Mivo. Too many? Scrip. M. 21:296.98; 1956,
A paradox about packing layers in & box.

Rosen. Monmss. Taxicab geometry. The Pentagon 15:4-145 1955.

santE-Lacve, A. Géométirie de situation et jeux. Paris: Gauthier-Villars, 1930.
75 p.

SaTTERLY. JouN. The Morley triangle and other triangles. 5. §. M. 55:685.701;
1955.

SATTERLY, Jonn. The nedians of a plane triangle. M. T. 44:46-48; 1951.
Suaw, James Byanie. Kaleidoscopic rhythms. Scrip. M. 12:101.11; 1946,
STanciies, Fentoo. Residue curves. Scrip. M. 13:114-15, 232.33: 1947,

“Taxicab Geometry.” 0. U. Math Letter {University of Qklahomal, Vol. 4, No. 2.
December 1954, p. 3.

“Testing Your Imagination.” Science Hiustrated 2:32-33-t; December 1947.
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TuépavLT. VicTos. The area of a triangle as 2 function of its sides. Scrip. M. 18:
151-61; 1952,

THEBAULT, YicTor. Curivus squares, Scrip. M. 13:41-42; 1947,
TugésavLt. Victor. Curvilinear and mixtilinear figures. Scrip. M. 19:69.77; 1953,
TuéeavLT, VicTor. Geodesics. Scrip. M. 21:147.58; 1955,

THEBAULT. YICTOR. Parmi les Belles Figures de la Géométrie dans PEspace
{Géométrie du Tétradgdre). Paris, 1955. 288 p.

TuEBAULT, YICTOR. Recreational geometry. Scrip. M. 15:82.88, 149-55; 1949, 18:
151-61; 1952

THEBAULT, VICToR. Recreational geometry: the triangle. Scrip. M. 22:14.30, 97
105; 1956.
A collection of theorems and properties rslating to the medians, angle-
bisectors, angle-trisectors, etc., of a triangle.

TrEsavuLT, VicTor. Triangle bordé de triangles isoscéles semblables. M. Ggz. 24:
111-12; 1940.

Tummere, H. C. Signed areas applied to “recreativns of geometry.” M. T. 40:3.7;
1947,

Vuisert, H. Les anaglyphes géométriques. 3ril edition. Paris: Librairie Vuibert,
1912. 82 p.

WHITE, W. F. Geumelric puzzles. Open Court 21:241-44: 1907,
WaitLocK, Louis. A stamp problem. Scrip. M. 21:92: 1955,

3.2 Geometric Fallacies—Optical IHusions

BAK>T, Aanon. The Mathematics of Seeing. Mathematics: Its Magic and Mastery.
New York: Van Nostrand, 1941, p. 469-78.

Barr, W. W. R. anp Coxeter, H. 8. M. Geometrical fallacies. Mathematical Rec-
reations ¢nd Essays. London: Macmillan, 1942, p. 76-87.
Beerew, N. F. anp Branpey, F. M. Experiments in Optical [Husion. New York:
Crowell, 1951,
Branoes, Louis G, An [ntroduction to Optical Nlusions. Portland, Maine: J.
Weston Walch, Publisher, P. 0. Box 1075, 1957. $1.00.
A vollection of 25 striking drawings,—common optical llusions.

Baanvis. Lovis G. Optival illusions: a presentation for high school mathemativs
students. 8. 5. M 54:557-06: 1954,

Borsmester, Lubwic. Theurie der gevmetrischoptischen Gestalttduschungen. Zeip-
schrift fur Pyschologie u. Physiologie der Sinnesorgane. Leipzig: 41:321-48;
1906.

Cannanan, W. H. Note un the fallacy. A1 7. 19:496-98: 1926,

Gennice. K. Optische Tiauschungen wn Figuren in geumetrischen Lehrbiichern.
Z M. N U, 57:369 41 1926,

HaLsteap, G. B. Fallacies of geumetry. 4m M, Mo., Vol. 9. 1902,
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Jounson, Wu. W. Proving a geometrical fallacy by trigonometry. §, §. M. 19:527-
28: 1919.

LercH, H. Irrefiihrung durch Anschauung. Z. M. N. U, 47:52+; 1916.
LigtzMany, WaLTer. Wo stekt der Fehler? Z. M. N. U/. 48:367; 1917.

Lietzmany, WarTer. Optical illusions. #o steckt der Fehler? Leipzig: Teubner.
1950. p. 15-25.

Liprs, THEoDOR, Raumaesthetik und geometrisch.optische Tauschungen. Leipzig:
1. A. Barth. 1897.

Low, A. M. Optical Hllusions. Popular Scientific Recreations. New York: Roy
Publishers, n.d. p. 205-22.

Matiaews, R. Pasadox in congruent triangles. §. §. M. 16:248-49; 1916.
Mever, E. Zu geometrisch-optischen Tauschungen. Z. M. N. I/, 61:78-80; 1930.

Meves. JERoME. A two-inch line with a six-inch “perimeter.” Scrip. M. 7:156-57;
1940,

NonrTHROP, EUGENE. Geometric paradoxes and fallacies. Riddles in Mathematics.
New York: Van Nostrand, 1944. p. 47-64, 97-116.

“Optical Nusion.” §. S. M. 14:190; 1914,

Weaver, W. Lewis Carroll and a geometrical paradox. Am. M. Me. 45:234-36;
1938,

WiLeens, H. Geometrisch.optische Tiuschungen in mathematischer Behandlung.
Z. M. N U. 60:499; 1929,

3.3 Geometric Dissections—Tangrams

Geometric dissections, generally spesking, divide a given plane rectilinear
figure by means of straight lines into parts which can then be reassemhled to
form some other preassigned configuration. Many recreations are built around
such dissectious. Some very well-known dissections have heen applied to the
proof of the Pythagurean theorem.

Tangrams go back to ancient times. They consist essentially of flat tiles or
other pieces, usually seven in number, with definite shapes, such as a square, &
rhombus, and five triangles. The jdea is to form picture figures hy suitahle
arrangoments of the fans, as the pieces were called. Although an Oriental recre-
ation, it was also known to Archimedes. His elahorate tanfram consisted of 14
pieces, cut out of a rectangle whose length is twice its width—the *stomachion”
of the Greeks and Romans.

Bari: W. W. R. anp CoxeTer. H. 5. M. Geometric dissections. Mathematical Recre.
atiens and Esseys. London: Macmillan, 1942, p. 87-94.

Brooks, R. L.: Svrta, C. A, B.; Stong, A.-H.;: anp Turre, W. T. The Dissec.
tion of rectangles into squares. Duke Mathematical Journal 7:312.40; 1940,

Gives a solution of the prohlem: to divide a square into a number of
smaller squares. no two of them equivalent.
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“A Dissected Square,” M. Mag, 28:106-107; 1954.

“Geometsical Proof of the Identity &* — 8 = (a + &) (@ — b}.” Serip. M. 11:
172; 1945,

Govpserc, MicHAEL. Solution to Question E 401. Am. M. Mo, 47:570-71; 1940.

Goubsenc, MicuaeL. The squaring of developable surfaces. Serip. M. 18:17-24;
1952.
Grossman, Howaro. Plane—and space—dissection. Serip. M. 11:189-90; 1945,

GrumerTe, MURRAY. Geometricks: An Albune of Intellectual Time-Killers. Brook-
Iyn, N. Y.: Playcraft House, 1939,

Collection of 21 dissection puzzles.

Hartswick, F. G. The Tangram Book: Adventures of the Beautiful Princess in
Triangle Land. New York: Simon & Schuster, 1925,

Horrmann, Pror. (A. J. Lewis). Puziles Old and New. London: F. Warpe & Co.,

1893. 394 p.
Contains many dissection problems,

Lancrorn, C. D, Dissecting a regular pentagon. #. Gez., Vol. 11, No. 333. October
1956,

Lancvan, Hanny, A problem in dissection. Scrip. #. 18:112; 1952,

Lancuman, Harry. A simple cut-up. Serip. M. 18:304; 1952,

Lancman, Hagrry, Squaring the double cross. Serip. M. 16:271; 1950.

Linocnex, H, Geometric dissections. Australien Mathematics Teacher, April 1951,

MacCauray, W. H. The dissection of rectilineal figures. Messenger of Mathe.
maties 3:53; 1923.

Mathematics Staff, University of Chicago. More new exercises in plane geometry.
M. T.50:330-39; 1957.

Mathematics Staff, University of Chicago. More on the cutting of squares. M. T,
49:442.54; 1956,

Muathematics Staff, Univerdity of Chivago. More on the vulting of syuares. The
Mathematics Student Journal, Yol. 3, No. 2, April 1956; Vol. 3, No. 3, Oc.
tober 1956,

Mathematics Staff, University of Cliucago. New exercises in plane geometry. M, T.
50:125-35; 1957.

Dissections of sqtares and rectangles.

Mathematies Staff, University of Chicago. On the transfornation of any rectangle
into a square. The Mathematics Student Journal, Vol. 4, No. 1. 1857,

Mathematics Staff. University of Chicago. A problem on the cutting of syuares.
M. T. 49:332.43; 1956.

Mathematics Staff, University of Chicage. Still more on the catting of siquares.
M. T. 49:585-96; 1956,

Maver, Haveriy, Testing with o tangram. M. T, 48:525.27; 1955,

OupHasm, R. D. Old Archimedes teases the moderns. New York Times Magazine,
August 1926, p. 6.
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“On Transforming a Hexagon intoc a Square.” The Mathematics Student Journal,
Vol. 4, Nu. 2. May 1957.

Sarreacy, Joun. Meet Mr. Tau again. S. 5. M. 57:150; 1957.
Diw. :ction of 2 regular pentagon.

Smith, C. A. B., anp Turte, W. T. A class of self-dual maps. Canadian Journal
of Mathematics 2:179-96; 1950,

Spracut, R. Uber die Zerlegung von Rechtecken in lauter verschiedene Quadrate.
Journal die reine und angew. Math. 182:60-645 1940,

SPRACUE, R. Zur Abschitzung der Mindestzahl inkongruenter Quadrate, die sin
gegebenes Rechteck ausfiillen. Mathematische Zeitschrift 46:460-71; 1940,

A Square Dissection.”” M. Mag. 29:110-12; 1955.

Turee, W. T. Squaring the square. Canadian Journal of Mathematics 2:197-209;
1950.

Wane, F. T. avo Hsving, C. Theorem on the tangram. Am. M. Me. 49:596-99;
1942, .-

WyaTn E. M. Puzzles in Wood. 10th edition. Milwaukee, Bruce Publishing Co.,
1956. 64 p.

Dissection figures and other yathematical puzzles.

Wyatn E. M. Wonders in Wood. Milwaukee, Bruce Publishing Co., 1945. 76 p.
Contains many fine puzzles.

Yates, Roeear C. Addition hy dissection. 8. §. M. 40:801-807; 1940. -

3.4 Regular Polygons and Polyhedrons

The elementary characteristics of regular polygons and polyhedrons were
known to the ancient Greeks, who gave us the regular Platonic solids and
the semi-regular Archimedian solids. But the elaborate development of the
subject in modern times is scarcely 100 years old. The general theory of
regular polytopes is intimately associated with several branches of higher
mathematics, notably group theory, topology and n-dimensional geometry,
not to omit its relation to the science of crystallography. A polytope is a
geometrical figure bounded by portions of lines, planes, or hyperplanes; in
2.space it is a polygon, and in 3-space, & polyhedron. The study of regular
polytopes is unusually fascinating. It appeals to many on the ground of
sheer beauty and imagery; the mathematician cannot resist the urge to gen-
eralize; and the scientist, of course, is concerned with regular forms in
Nature. .

Bane. W. W, R. a0 Coxerer, H. 5. M. Polyhedra. Mathematical Recreations and
Essays. Londen: Macmillan. 1942, p. 129-60.

Bantorr, Leon. Regular polypons of 2, 3, 4 and 6 sides inscribed in circles of
unit radins, Serip. M. 21:252; 1956,
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Bruecknen, M. Vielecke und Vielfliche. Leipzig: Teubner, 1900. 227 p.
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schrife 46:380-407; 1940.

Coxerer, H. S. M. Regular Polytopes. London: Methuen, 1948, 321 p.

Very scholarly and complete work; extensive hibliograpby. Regular poly-
gons and polyhedra; quasi-regular solids; tesselations; honeycombs; star
polyhedra; Kaleidoscope; group theory; polytopes in higher space, and
such.

Coxerer, H. S. M. Regular skew polyhedra in three and four dimensions, and
their topological anslogues. Proceedings, London Mathematical Seciety 43:
33.62; 1937,

Coxerer, H. S. M. The regular sponges, or skew polybedra. Scrip. M. 6:240-44;
1939,

Coxerer, H. 5. M. Six uuiform polyhedra. Scrip. M. 20:227.28; 1954,

Cunoy, H. M. Models ju polyhedra. M. Gaz. 26:178.79; 1942,

Cunpy, H. M. anp Rorrerr, A. P. Mathematical Models. New York: Oxford
University Press, 1952, 240 p.
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solids. the four Kepler-Poinsot star solids, stellar Archimedian polyhedra,
and so on.

EperHasp, V. Zur Morphologie der Polyeder. Leipzig: 1891. 245 p.
GaroNER, Marmin. Flexagons. Sci. Am. 30:162-66; December 1956.

GHYKkA, Matia C. The Geometry of Art and Life. New York: Sheed and Ward,
1946. Geometrical shapes in space, p. 40-70; regular partitions on the plane
aud in space. p. 71-86.
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16; 1954.
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GinTHER, 8§, Vermischte Untersuchungen zur Geschichte der Mathematischen
Wissenschaften. Leipzig: Teubner, 1876. Histerical account of the develop-
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Haac, F. Die reguldren Kristallkorper. Rottweil, 1887,

HarTLeY, MiLes €. Patterns of Polyhedrons. Urbana, INinois: Unjversity High
School, the author. 1948. Revised edition. 45 p.

Pamphlet containing excellent plates for folding patterns of polyhedrons.

HawTHORNE, Frank. A model of the five regular polybedra. S. 5. M. 52:125-263
1952,

Heatits Dwicnt. Some Composite Polyhedrons. Published by the author, Frank.
lin College, 1940. (Mimeo. 11 plates).

Heames, E. S. T. O. Uber die Anzahl und Form von Vielflichen. Berlin: Gartner.
1894,

Hess, E. Einleitung in die Lekre ton der Kugelteilung. Leipzig: Teubner, 1883,

Hess, E. Uber die zugleich gleicheckigen ynd gleichfldchigen Polyeder. Kausel:
Kay, 1876.

Hess, E. Uber vier Archimedeische Polyeder hiherer Art. Kassel: Kay. 1878.
Hess, E. Zur Theorie der raumbichen Konfigurationen. Leipzig: Engelmann, 1890.

Hil, LesTer. Notes on the regular icosahedron and the regular dodecabedron.
Serip. M. 7:99.109; 1940,

Hore-Jones, W. The regular octahedron. M. Gaz. 26:41-46; 1942

HoreJones, W. The rhombic dedecahedron for the young. M. Gaz. 20:254-57;
1936.

Josern, MarcareT. Hexahexaflexagrams. M. T, 44:247-48; 1951.
KeLM, FeLix. Leciures on the Icosahedron. Lendon: Kegan Paul, 1913,
Kocht, C. Uber regulire und halbregulire Sternpolyeder. Tiibingen: Fues, 1887.

KowaLewsky, GerHanp, Der Keplersche Kérper und andere Bauspiele. Leipzig:
K. F. Kéhlers Antiquarium, 1938, 65 p.

KucLer, Harry L. Models of Geometric Solids, Crystal Forms, and Penetrating
Card Polyhedrons. Unbound folders. Copyright, H. L. Kugler, I East Willow
Gr.. Philadelpbia, Pz., 1935, 1936. Privately printed.

Lesman, A. Uber halbregulire Korper. Z. M. N. [/, 47:105+; 1916.

Lispemann, F. Zur Geschichte der Polyeder. Bayerische Akademie der Wissen-
schaften, Mathematisch-Naturwissenschaften, Abt., Sitzungsherichte, 1934,
p- 265-75.

Lines, L. Solid Geometry. London: Macmillan, 1935. 292 p.

Material on regular polyhedrons. semi-regular and star polybedrons, and
crystal forms.

LomuoLT, A. Reguidre Polyeder. Viborg: Jacchsen, 1895,
MaunseLL, F. G. The fiexagon and the bexabexaflexagram. M. Gaz. 38:213; 1954,
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MorLey, FRANK. The hexlet. Nagure 139:72; 1637, .

Pomnsor, I’Arres M. Sur les polygones et les polyédres étoilés; polygones funicu-
laries. Nouvelles dnnales de Mathématinues 8:68-74; 1849.

Potnsor, CAUCHY. BeERTRAND, Cavirey. Abhandlungen Gher die regelmdssigen
Sternkirper. Leipzig: 1906.

Porya, G. Uber die Analogie der Kristallsymmetrie in der Ebene. Zeitschrift fiir
Krystallographie und Mineralogie 60:278.82; 1924
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RausEnBERGER. O. Konvexe pseudoregulire Polyeder. Z. M. N. U. 46:135, 477;
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Sacus, E. Die finf Platonischen Kirper. Berlin: 1917.

Suaw. J. B. Kaleidoscopic rhythms. Scrip. M. 12:101.115 1946,
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SoopY, Freperick. The kiss precise. Nature 137:1021; 1936. 139:62, 1545 1937.
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FProceedings, Royal Society of Edinburgh 43:85.116; 1923,
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polygons and polyhedrons. p. 62-85.

Sreencen. Uber halbregelmdssige Vielfliiche. 1905, 44 p.
STRUYK. Aprian. Three folding models of polyhedra. M. T. 49:286-88; 1956.

Unecs. Polvtopes réguliers de Pespace @ n dimensions e leur groupes de rota-
tions. Zitrich: 1925,

WueeLer, A. H. Certain forms of the icosahedron, and a method for deriving
and designating higher polyhedra. Proceedings, International Congress 1:701.
708; Toronto: 1924,

Worrrine Ernst. Mathematischer Biickersotz. Leipzig: Teubner, 1903,

Gives over 150 references to books prior to 1900 deuling with tetrahedra
and polyhedra, p. 237-40.

3.5 Geometric Constructions
ApcEr, Avcust. Theorie der geometrischen Konstruktionen. Leipzig: G. ). Go-
schen. 1906.

Apr, F. ist es moglich, ein heliebiges reelles Dreieck aus zwel Sticken zu kon
strujeren? Z. M. N, U. 51:18; 1920.

ArcsisaL, R. C. Constructions with a ddubled-edged ruler. Am. M. Mo. 25:358.
60; 1918,

ArcHiBALD, R, C. Geometrography and other methods of measurements of geome-
try. Am. M. Mo. 27:323-26; 1920.
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Bakst, AaRoN. Geometric Constructions. New York University Bookstore: the
author, 1950. 59 p. (Miiteo.)

Rannert, & Geometrical constructivns arising fromi siinple algebraic identities.
S. 5. AL 38:521-27; 1938

Beman. W. W. Ceometric constructions, S. §. M. 10:528-29; 1910,

Biesersacu, Lupwic. Theorie der geometrischen Konstrukiionen. Basel: Verlag
Birkhiuser, 1952, 162 p.
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527.33; 1927,

Breuer, S. [st es moglich, ein beliebiges reelles Dreieck aus zwet Stucken zu
konstruieren® Z. M. ¥. U7, 51:164; 1920,

RitcHnen. P. Aus der Theorie der geometrischen Konstruktionen. (Basel, Switzer-
land) : Elemente der Mathematik 1:1.3; 1946,

Tov vonstruct a square whose sides (or extensions) shall pass through four
noacollinear random puints in a plane.

Bicuxsir, P. Die Beniitzung des Imaginaren bei Konstruktionen. Z. M. N. I/. 61:
338-43: 1930.
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vertain well.known geometry texts. 5. 5. M. 34:50.57; 1934,

Eckuarpt. 0. Teilung einer Strecke in o gleiche Teile. Z. M. N. U, 56:30; 1925,
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Vuibert, 1924, 142 p.

Fuur, H. Konstruktion mit dem Zeichenwirkel. Z. M. N. [7. 65:279.87; 1934,

GEnrarn. Construction du polygone régulier de 17 cités au moyen du seul compas.
Mathematische Annalen 58:390; 1896.

GrROTTNER, ADALBERT. Die Grundlagen der Geometrographie. Leipzig: 1912,

Hess. Aorien L. Certain topics related to constructions with straightedge and com-
passes. M. Mag. 29:217-21; 1956.
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Lageverhéltnissen. Leipzig: 1906,
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3.6 Mascheroni Constructions

When Lorenzo Mascberoni published his Geomeiry of the Compass, in 1797,
he showed that any comstruction which can be executed with the straight edge
and compass could also be carried out with tbe compass alone. Obviously, his
points are not determined by the intersection of two straight lines. Furthermore,
a straight line is considered as given or obtained when two points lying on it are
known. Nearly 100 years later, A. Adler verified Mascheroni's claims. Adler used
the idea of inversion with regard to a circle, an idea unknown to Mascheroni,
having been discovered by Steiner in 1824,

Strictly speaking, Mascheroni's constructions are not usually thought of as
recreations; the problems that arise, however. are not only fascinating—the¥ make
considerable demands upon one's ingenuity.

ApLew, A, Theorie der geometrischen Konstrukiionen. Leipzig: 1906. p. 92-122,
BYRNE, OLivER, The Geometry of Compasses. London: 1877

CaJorts F. A forerunner of Mascheroni, Am. M. Mo, 36:364-65; 1929,
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Cesino, E. Les probléemes de géométrie resolus par le compas. Mémoires Soci-
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Cuxnev, W. F. Can we outdo Mascheroni? M. T. 46:152.56; 1953,
Friscuavr, J. Geometrische Konstruktionen von L. Mascheroni und J. Steiner.
Graz: 1869,
Gricer. Ein Beitrag zur Mascheronischen Geometrie des Zirkels. 2. M. N. U. 41:
548+ ; 1910.

GoLppErc, M. All geometric construction may be made with compasses. 5. S. M.
25:9561.65; 1925,

Hogson, E. W. On geometrical constructions by means of the compass. M. Gaz.
7:49-54; 1913.
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3.7 Llinkages—The Pantograph

The problem of transforming line motion into circular motion is simple
enough, but the reverse problem, of converting circular motion into motion
along a straight line, is considerably more difficult. The latter problem was
of slight interest to earlier mathematicians, and only attracted widespread
attention some years after the first solutions were given by Sarrus in 1833
and Peaucellier in 1864. Considerable enthusiasm in the subject of linkages
developed during the last quarter of the 19th Century, stimulated largely by
the work of Sylvester, Cayley, Kempe, and others, and culminating in
Kempe's demonstration of the remarkable theorem that any algebraic curve
can be described by a linkage. The bars of a linkage need not be straight;
the only requirement is that they be plane, inextensible members. Certain
linkworks are of considerable importance in mechanics and engineering,

AHRrenpT, M. H. A genersl method for the construction of 2 mechanical inversor.
M. T. 27:75.80; 1944.
ArcriBarp, R. C. Biblingraphy of the theory of linkages. Scrip. M. 2:293.94;
1934,
Gives about a dozen references not covered in Kanavama's list {see below).
Assugy, F. C. Concerning a mechanical Inversor, School {Secondary Edition) 33:
610:13; 1945.
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Gives 306 titles covering period 1631-1931.
Kempe, A. B. Huw To Draw a Straight Line. New York: 1877.

Kesee, A. B. How Tu draw i straight line: a lecture on linkages. The Pentagon
11:67-100; 1952
A reprint of the original book, first published in 1877.

KempE, A. B. How To Praw a Streight Line: A Lecture on Linkages. New York:
Chelsea Pnblishing Co.. 1953. {Reissne: bound with H. P. Hndson: Ruler
and Compass; E. W. Hobson: Squaring the Circle, and so on.) 311 p.

KeMrE, A. B. On a general method of describing curves of the nth degree by a
linkwork. Proccedings, London Mathematical Society 6:213-16; 1876.

Kemre, A. B. On some new linkages. Cambridge Messenger of Mathematics 4
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clastica. Proceedings, Physical Society of London 55:471.81; November 1943.

Bunc, WaLren, An experimental construction of the sine curve. 5. 5. M. 44:467-
68; 1944.

CoLwery, R. C. Mechanical devices for drawing Lissajou’s figures. S. 5. M. 36:
1005-1006; 1936.

Groos, J. A. van. A new ellipsograph. 5. 5. M. 22:471.72; 1922.

78




GEOMETRIC RECREATIONS 67

HesgerT, C. H. A cardiograph. Am. M. Mo, 22:12-13; 1915,
Hiscox, G. D. Mechanical Appliances, Mechanical Movements and Novelties of
Construction. New York: Norman W. Henley Pub. Co., 1927,

Hiscox, G. D. Mechanical Movements, Powers and Devices. New York: Norman
W. Henley Pub. Co., 1903.

Jaxes, W. C. Garrett's mecranism. (for drawing a sextic). N. M. M. 12:118.21:
1937.

Jouses, PHiLLIp, An carly wotk on mechanical devices fur drawing the conic sec-
tions. &, €. T. M., 16th Yearbook, 1945. p. 273.79.

Joxes. PriLue. Mathematical apparatus. N. ¢, T. M, 18th Yegrbook, 1945, p.
213.25,
Mechanical con :ruction of higher plane curves.
KrucLax. H. Simple blackboard ellipsograph. #f. T. 33:179; 1940,
Lar, J. L. C. The coniv compass. 5. 5. A1, 38:842.46; 1938.

Mackenzie, A. 5. An instrument for drawing a sive curve. Physical Review 15:
366-67: 1908.

Prasterer, E. G, Demonstration apparatus for the compusition of two simple
harmonic curves. §. 5. M. 34:424-26; 1934,

Surron, R, M. An instrument for‘drawing confocal ellipses and hyperbolas. Am.
M. Mo, 50:253-54; 1943,

WourrF, GEorg. The mathematical collection. N. €. T. M., 8th Yearbook, 1933.
p. 216 ff.

Wourr. Gzong. Mathematics as related to other great filds of knowledge. N. C.
T. M., 1ith Yearbook, 1936, p. 207 fl.

Yares, R. C. Curves and Their Properties. Ann Arbor, Mich.: J. W. Edwards,
1947. 245 p.
Discussion of linkages, line motivn, harmenic motion, Lissajou curves,
mechanical inveisors.

Ys1es, R, C. An ellipsograph. V. A1, 3.12:213.15; 1938,

Yares, R. C. Geometric Tools. St. Louis: Educational Publishers, 1949, 194 p.
An extremely stimulating study and work book.

Yares, R. C. A grooved mechanism. M. T.37:23.26; 1944,
Yares, R. C. Mechanically described curves. N. M. M. 10:134.38; 1936.
Yates. R. C. To have and to hold. N. M. M. 14:2; 1939,




Chapter 4

Pssonted Reereations

ROM ONE point of view, mathematical recreations fall into two major cate-
gories: those that involve number relationships or computation, and
those that depend chiefly upon the manipulation of objects. Conspicuous

in the jatter category we find the problem of ferrying the wolf, the goat, and
the basket of cabbages across a stream (or the three couples with jealous
spouses, where the boat will hold only two people); the problem of measur-
ing out one quart of a liquid with only a 3., 5-, and 8.quart measure avail-
able; the problem of the three coins; the twelve-coin problem; the shunting
of freight cars; the Chinese ring puzzle; the problems of chains and links;
the Tower of Hanoi; the Josephus problem; and the Boss Puzzle, or
15-Puz:zle.

included also anwng the manipulative recreations are string figures, paper-
folding exercises, card tricks. chessboard problems. unicursal problems,
labyrinths, and a variety of topological problems.

Because of the recent popularity of the 15-Puzzle. it merits some observa-
tions. Invented in America bv Sam Llovd in 1878. it tovk Europe by stonn.
“driving people inad.” A square arrangement of 15 small square hlocks num-
bered from 1 to 15. with room fur 16 blocks. so that the 15 squares can be
interchanged by sliding them about. The total number of conceivable positions
is factorial 16. or almost 21 billion. Tt can be proved that from any given
initial arrangement. only Aalf of all the possible arrangements can be obtained
by sliding the squares about. 1n the current revival of interest, the puzzle
appears in dime stores. and is made of inodern plastic material. Variations
have alsy appeared—rectangular versions coutaining 19, 21, and 31 pieces.
respectisely.

4.1 Boss Puzzle
Bitr. W. W. R. avo Coxerer. H. 5. M. The 15-Puzzle. Mathematical Recreations
and Essavs. London: Macmillan, 1942, p. 299-303.

Jounson, W. W. anp Strony, W. E. Notes on the 15-Puzzle. American Journal of
Mathematics 2:397.404; 1879.

Kasner, E. ano Newnstan, J. Mathematics and the Imagination. New York: Simon
and Schuster. 1940, p. 173-80.

Kearrcig, M. Mathemarical Recreations. New York: W. W. Nerton. 1942. p.
3uz-308.
6%
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Licks, H. E. Recreations in Mathematics. New York: Van Nostrand, 1917, p.
20.21.

Proctor, R. A. The 15.Puzzle. Gentleman’s Mugazine (new series) 26:30,
Procruk, R. A, The 15-Puzzle. Knowledge 1:37. 79. 185,

Ssowoon, J. 8. The 15-Puzzle. Leisure Hour 29:493.

Steinuaus, H, Mathematical Snapshots. New York: G. E. Stechert, 1938, p. 15-16.
WarnEN, G. W. Clue to 15-Puzzle. Nation 30:326; 1880.

4,2 Card Tricks—Manipulative Puzzles

Apter, lrvinc. Make up your own eard tricks. Bulletin, Association of the Teach-
ers of Mathematics of the City of New York 5:4-7; 1951.

*An Application of Mathematical Induction to the Tower of Hanoi Puzzle.” M, 7.
45:522-23; 1952,

Association of American Playing Card Manufacturers. Take a Card. New York:
the Association, 420 Lexington Ave.

A free pamphlet.

Bart, W. W, R. anp Coxeter, H. 5. M. Munipulative problems. Mathentatical
Recreations and Essays. London: Macmillan, 1942, p. 299.325,

BeiLer, A. H. Electrical Chinese ring puzzle. Am. M. Mo. 51:133.37; 1944,
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Couwt, N. Avtsuirier. Perplexities of a potato-pusher. Serip. M. 14:151-56;
1948.

Reference to games of tic-tac-toe.

Freeman, MaE anp Freeman, Lpa, Fun with Figures. New York: Random House,
1946,

FunkeneuscH, W. asd Eacie, E. Hyper-special tit-tat-toe, or tit-tat-toe in four
dimensivns. N. M. M, 19:119.22; 1944,

GaroNER, MarTiN. Mathematical card tricks. Serip. M. 14:99-111; 1948.

Ganower, MarTiN, Mathematical tricks with common objects, Serip. M. 15:17-26;
1949,
Tricks with dice, duminoes, calendars, watches, dollar biils, matches,
books.
GaneNER, MarTin. Mathematical tricks with special equipment. Scrip. M, 18:237-
49; 1952,

GRAVATT, G. G, Encyclopedia of (Self.Working) Card Tricks. 1937, 1940, 403 p.
Large collection of card tricks based upon mathematics, involving little or
no sleight of hand.

HocpeN, LavceLoT. Mathematics for the Million. 3rd edition. New York: W. W,

Norton, 1956,
Chapters on “Statistics” and on the “*Algebra of the Card Pack”.
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505; 1951,

Jounson, PauL B. Stacking colored cubes. Am. M. Mo. 63:392.95; 1956.
Jones, Puite. Algebraic tic-tac-toe. M. T. 44:43; 1951.

Kirxpatnick, Pavr. Probability theory of a aimple card game. M. T. 47:245-48;
1954,

KogneN, WiLLiAM, Using the tower of Hanoi to present the principle of mathe-
matical induction. M. T. 48:330-31; 1955.

Leemine, JoserH. Games with Playing Cards, Tricks, Stunts. New York: Frank-
lin Watts, Inc., 1949. 104 p.

MANHEMER, WaLLACE. A club project in a modern use of mathematica. M. T.
50:350-55; 1957.

Mathematical card tricks, etc., based on binary notation and feedback.
Mathematica and Ticktacktoe. Time 68:78-80; July 23, 1956.
Pricre, Inene: "1 Doubt 1t”"—a mathematical card game. Am. M, Mo. 49:117;
1942,
Ristric, GeraLo. Some comments on a simple puzle. M. T. 49:267-69; 1956.

Roursovuch, LYNN, Puzzle Craft; Plans for Making and Solving 40 Puzzles ir:
Wire, Food, and String. (Kit U). Delaware, Qhio: Cooperative Recreation
Service, 1932. 24 p. 25¢. (Pamphlet)

Ruperman, Harry. The game of tic-tac-toe. M. T. 44:344-46; 1951,

Sawyer, W. W, Analysis of an Indian game. Scrip. M. 22:71.78; 1956.

Extensive discussion of a manipulative puzzle game similar to “Fox and
Geese.”

Sawyen, W. W. anp Seawrey, L. G. Designing and Making. Oxford: Basil Black-
well, 1950,
ScuuELer, F. W. A method for determining the thickness of material by folding.
3. 8. M. 45:725-263 1945.
SoMmerveLL, Eptti. A Rhythmic Approach to Mathematics. London: George
Philip & Sen, 1906. 67 p. {Pamphlet)
Reprints obtainable from Miss L. E. Christman, 1217 Elmdale Ave., Chi.
cago, Jll. Discusses curve-stitching.
Tuurston, Howarp. 300 Tricks You Can Do. New York: Pocket Books, Inec.,
1948. 239 p.
Card tricks, number tricks, and somes paper and ring tricks involving
topology.

WALKER, §. W. Games of the checkera family in line, plans, and space. Bulletin,
American Mathematical Society 62:825; 1946.
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4.3 Chessboard Problems
Baii, W. W. R. anp Coxeter. H. 5. M. Chesshoard recreations. Mathematical
Recreations and Essays. London: Macmillan, 1942, p. 161.92.

GinsBune, JExutHiEL. Gauss's arithmetization of the problem of queens. Scrip.
M. 5:63-65; 1938.

Huser-Stockar. Emine, L'Ecbiquier du Diable: un jeu de composition & plus
de 5000 solutions. Deuxiéme Congrés International de Récréation Mathé-
matique, Bruxelles: Librairie du “Sphinx,” 1937. p. 64-68.

Huber-Stockar, EMiLE, Le probléme du cavalier géndralisé. Bruxelles: Librairie
du *Sphinx,” 1935.

DE JAENIS-CH. Dy probléme du cavalier. Chess Monthly, April 1859.

Jones, Norma L. A game of solitaire with checkers. F'Ae Peatagon 14:96-98; 1955,

Knu;ﬁcmx. Maunice. Le probleme dy cavalier. Paris: Gauthier-Villars, 1927,
p.

Lawemaw, Harry. A problem in checkers. Scrip. M. £0:206.208; 1954.

Livpe, A. v. d. Geschichie und Literatur des Schachspiels. Berlin: 1874.

McCoy, Joux C. The magic knight's tour, Scrip. M. 12:79-86; 1946.

Nev, R. Minp. Mathematics on the chesshoard, Scrip. M. 20:110; 1954,

Ruska, Jurius. Zur Geschichte dey Schachhrettaufgabe. Z. M. N. U, 47:275-82;
1917.

SmitH, ARTHUR. Go, the National Game of Japan. Rutland, Vermont: Charles E.
Tuttle Co., 1956. {Reprint}. 220 p.

Stewart, B. M. Solitaire on a checkerhoard. Am. M. Mo. 48:228-32; 1941.
TomiisoN. Amusements in Chess. London: 1845,

4.4 Topological Questions

“Analysis Situs.” Encyclopaedia Britannica. 14th edition, 1939,
AYres: W. A, Some elementary aspects of topology. 4m. M. Mo. 45:88-92; 1938,

Baii, W. W. R, ave Coxerer. H. 8. M. Solid.tessellations; ball-piling or close.
packing. Mathematical Recreatfons qnd Essays. London: Macmillan, 1942, p.
148.51.

BiumentHaL, L. M. A paradox, a paradox, a most ingenious paradex. Am. M,
Mo, 47:346-53; 1940,

CouranT. R. anp Roeeine, H. Whar Is Mathematics? New York: Oxford Univer-
versity Press, 1941, p. 235.71.

[Evier, Leonzard.] Leonhard Euler and the Koenigsherg Bridges. Sci. Am. 189:
66-70; July 1953,

Frankitn, Piiiip. What is topology? Philosophy of Science 2:39-47; 1935.
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Gamow, Georce. Unuseal properties of space. Gne, Two, Three—Infinity. New
York: Viking Press, 1941; Mentor Books, 1947. p. 50-70.

Garoner, Martiv, Topology and magic. Scrip. M. 17:75-83; 1951,

Describes the Afghan hands; handkerchief tricks; tricks with string and
rope; vest tricks,

Gaeirzen, SamuiL. Topology. Selected Topics in Higher Mathen atics for Teachers.
New York: Association of Teachers of Mathematics of New York City, 1942,
p. 5:25.

Hart, D. W. Some concepts of elementary topology. M. Mag. 22:267.74; 1949.
Hart, ¥. What is tupology? M. T. 34:158-60; 1941.

Hovrzman, Haray. Topological party. Science [llustrated 3:20-23, 110; March
1948,

Kasner, E. Note on non-Apollonian packing in space, Scrip. M. 9:26; 1943,

Kasner, E. Anp NEwaman, J. Rubber-sheet geometry. Mathematics and the Imagi-
nation. New York: Simon & Schoster, 1940, p. 263-98.

Kasner, E. anp OTHERS. Covering the plane by circles. Scrip. M. 9:19-25; 1943,

Kasngrs E. ano Suemick, F. Apollonian packing of circles. Proceedings, Na-
tional Academy of Science« 29:378.84; 1943,

Kiives I. R, What is the Jordan curve theorem? 4m, M. Mo. 49:281-86; 1942,
Bibliography.

McCoy, Donoruv. Space. N, M. M. 9:155-62; March 1935,

Mencer, Kare, What is dimension? Am. M. Mo, 50:2-7; 1943,
Bibliography.

MEservE, Bnuck. Topology fur secondary schools. M. T. 46:465.74; 1953,

NogrraroP, Euceng. Topology. Riddles in Mathematics. New York: Van Nostrand,
1944. p. 64-76.

Porces, ArTHun Filling a square with circles, S. 5. M. 45:858-61; 1945.

Sewrent, H. anp TuusLrarr, W. Lekrbuch der Topologie. Leipzig: Teubner, 1934,
353 p.

Bibliography.

Sieapinskt, W. fntroduction to General Topology. University of Toronto Press,
1934, 238 p.

Yery readable and suggestive.

SteinmAus, Huco. Mathemarical Snapshots. New York: Oxford University Press,
1950. p. 214-40.

Tuckerr A. W. ano BaiLey, H. 8. Topology: turning inner tubes inside out; one-
sided bands and puttles. Sci. 4m. 182:18.24; Janoary 1950.
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4.5 String Figures—Theory of Knots

ArTiN, EmiL. The theory of braids. American Scientist 38:112:193 1950,

ASHLEY. CrLirrunp W. The Ashiey Book of Knots. New York: Doubleday Doran
& Co., 1944, ‘

Bawt, W. W. R. String Figures. Cambridge: W. Hefler & Sons.. 1921
Basting, W, Bandknoten. 2. M. ¥. U/, 53:172; 1922,

Bevasy, ConsTanTINE. Braiding and Knotting for Amareurs. Boston: Beacon
Press, n.d.

Buucess, Josepn T. Knots. Ties, and Splices. London: Routledge. n.d.

Day. Cyrus Lawrence. Sailors’ Knots. New York. Dodd Mead & Co., nd.
FrscHer. OtTOK AR, [{fustrated Maogic. New York: acmillan, n.d.

Frankuin, EriC. Kgmue: Pictures in String. Arcas Publishing Co.. 1945, 60 p.
Haopon, KaTHLEEN. {rtists in String. New York: Dutton, n.d.

Happon, KATHLEEN. String Games for Beginners. Cambridge, England: W, Hefler
& Sons, 1951.

Hiseman, Many G. On knots, with a census of the amphicheirals with 12 cross:
ings. Edinburgh: 1918. Reprint from Transactions, Royal Society of Edin.
burgk, Vol. 52. 1917,

Hewrwic. P. C. Square Knot Book. Brooklyn, N. Y.: P. C, Hertwig Co.
Huit. Burring, Thirty-three Rope Ties and Choin Releases. New York: n.d.

James. STewart. The Encyclopedia of Rope Tricks. Colon, Michigan: Abbott
Magic Company. 1945, 498 p.

JAaYNE, Caroring F. Savages’ Strin& Figures, London: G. Newnes, 1913, p. 273.78.

Javyne, CaRoLINE F. Siring Figures: A Study of Cat’s-cradle in Many Lands. N. Y.:
C. Scribners, 1906. 408 p.

Excellent bibliography.

KorieRr, L. Uber einige allgemeine auf Knotenverbindungen beziigliche Geserze.
Wien: Gerold, 1884.

Leemine, Joserr. Fun with String. New York: Frederick A. Stokes, 1940, 161 p,
A Collection of String Games . . . Knot Werk and Magic with String and
Rope.

“Mathematical Theory of Knots.” Seience Progress 32:70:74: 1937,

RerpeMeisten, K. Knotentheorie, Berlin: Springer, 1932, New York: Chelsea Pub.
lishing Co. 78 p. -
Concise and complete; bibliography.

Smaony, O. Losung der Aufgabe: in ein ringférmig geschliossenes Band einen
Knoten zu machen. Wien: Gerold, 1881,

Tarr, P. G. On Knots. Parts 1, 1, 11I; 1879.1885.
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4.6 The Mbbius Strip

Bonp, Nersos. The geometrles of Johnny Day. Astounding Science Fiction, July
1941.

Humorous sketch based on the M6bius strip.

Ganoner, MarTiN. The no-sided professor. Esquire. January 1947. p. 67+.
Humerous story based on the Mobius strip.

Herixne. C. Flat band with only one snrface and oue edge. Sci. Am. 110:56; 1914,
“Mobius Surfaces.” Scrip. M. 5:208; 1938.

NixkLITsCHEK, ALExaNDER. Das Ding. dag nur eine Seite hat. Im Zaubergarten de:\-
Mathematik. Berlin: Verlag Scherl, 1939, p. 217-28.

NorTHRU?, Eucene. Mibius strip. Riddles in Mathematics. New York: Van Nos.
traud, 1944. p. 70-73.

Stemwuavs, Huco. M#ibius ribbou. Mathematical Snapshots. New York: Stechert.
1938. p. 114-17.

TuckerMand. A non-singular polyhedral Mobius band whose boundary is a tri-
angle. Am. M. Mo. 55:309.11; 1948.

Upson, WitLiam. Alexauder Botts and the Moebius strip. Saturday Evening Post,
December 22, 1945, p. 22 .

Humorous skit based ou the Mébius strip.

Urson, WirLiam. Paul Bunyan vs. the conveyor belt, Ford Times 41:14.17; Dear-
born. Mich.: Ford Motor Ce.. 3000 Schaefer Road, July 1949.

Another humorous skit.

47 Map-Coloring Problems

A well-known problem of iuterest to mapmakers is the auswer to the ques.
tion: “How many colors are necessary to color a map, showing any number
of countries, in such a2 way that vo two counntries havivg a common boundary
shall have the same color?” Apparently an innocent enough questiou, it con-
tinzes to baffle topologists.

Thus one might expect that the more elaborate a map becomes, the more
colors would be required if the desired conditiow above is tu be felfilled, but
such is not the case. Curiously enough, no map has yet been constructed
for which fonr colors would rot be sufficient. This is very different, however,
from proving the generalization that four colors would suffice for any con-
ceivable map.

What has been proved, among other theorems, is that five colors are
always sufficient for auy map drawn on a sphere or on & plane. Whether five
colors are always necessary is still an open question.
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CaYLEY: A. On the colouring of maps. Proceedings of the London Mathematical
Society, Vol. 9. 1878. p. 148.

“Concerning the Four-Color Problem.” 4m. M. Mo. 60:121.22; 1953,
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50:645-49; 1950.

BiyTH, WiLL. More Paper Megic. London, Pearson, 1923,

BuyrH. WiLL. Paper Magic. London, Pearson, 1920.

Brirton, SAraH L. Paper folding in plane geometry. M. 7. 32:227.28; 1939,
CamreELL, MRs. Marcarer W. Paper Toy Making. Londen, Pitman, 1937, 72 p.
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EncLEHARDT, PAUL aAND LiLLack, A. Papiergestaltung. Leipzig, 1926.
Paper-folding, p. 8-18; paper knots, p. $6-47.

FouRrreY, E. Procédés originaux de constructions géométrigues. Paris, 1924,
Paper-folding, p. 113-139.

GierkE, Hitnzcarp von ano Kuczywsky, Avice. Allerlei Papierarbeiten. Leipzig:
Teubner, 1910. 73 p.

Houoint, Harry., Houdini’s Paper Magic. New York: E. P. Dutton, 1922. 206 p.
Huser, Jouanna. Ein lustiges Faltbichiein. Ravensburg: Maier, 1927, 1940. 55 p.
Jowes, PuiLuip 8. The pentagon and Betsy Ross. M. 7. 46:341.42; 1953,

Josern, MancaneT. Hexahexaflexagrams. M. 7. 44:247-48; 1951,

Leeming, JoserH. Fun with Paper. New York: Frederick Stokes, 1939, 152 p.
Leemine, JosepH. Paper-crafe. Philadelphia; Lippincott, 1949.

Lecman, G. Bibliography of paperfolding. Journal of Occasional Bibliography.
1952. 6 p.
Contains approximately 150 references,

Lecman, G. Paper-folding. Magical. May 1952. p. 4-5.

Bibliography, 40 references, many of which are unfortunately inaccessible;
books only.

Lotka, A. J. Construction of conic sections by paper folding. 5. §. M, 7:595-
97; 1907. Also, Scientific American Supplement 73:112; February 17, 1912.

LucHia, ANToNIo AND Comina Luciant oe, E! Plegado y cartonaje er la escuela
primaria. Buenos Aires, 1940,

MotiTero, N, El Mundo de Papel. Vallodolid, 1939.
MorLey, F. V. Paperfolding. Am. M. Mo, 31:237.39; 1924.

Murray, W. D. ano Reney, F, J. Fun with Paper Folding. New York: Revell,
1928. 95 p.

Nerzrann, G. Faltarbeiten aus Papier. Stuttgart: Kohlhammer, 1936,

OsporNE. THoMas J. Napkin Folding. Philadelphia: the author, 1945. 48 p.
Earlier edition entitled: “Fun at Dinner with Napkin Folds.”

Ransosm, W. R. A six-sided hexagon. S. 5. M. 52:94; 1952,

Ranuccl, Ernest. Pop-ups. The New Jersey Mathematics Teacher 12:3.6; 1956.
Flat assemblies which open up into the third dimension,

Rotue, RicHaro. Falten und Formen mit Papier. Wien: Deutscher Verlag fir
Jugend und Volk, 1923. 154 p.

Row, T. Sunpara. Geometrical Exercises in Paper Folding. Madras. 1893, (Trans.
by Beman & Smith, Chicage: Open Court Publishing Co., 1905, 1941. 148 p.)

Rurp, C. A, On a transformation by paper folding. Am. M. Mo. 31:432.35: 1924,
Sarasas, Mus. Cravune. Origami: Folding Paper for Children. Tokye, 1951, 53 p.
Savrg, ETHeL. Simple paper models of the conic sections. M. T. 48:42-44; 1955.
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Soonc, M. H. Art of Chinese Paperfolding for Old and Young. New York: Har.
court Brace. 1948. 132 p.

“Tieing a Strip of Paper into a Knot to Form a Pentagon.” S. S. M. 26:654:
1926.

Trice, C. W. Configuration generated by folding a square. Scrip. M. 21:77-80;
1955.

Trice, C. W. Folding an envelope into tetrahedra. Am. M. Mo. 56:410-1z; 1949,
Trice, C. W. Folding a hexahedron. M. Mag. 28:34; 1954,
Taice, C. W. Folding tetrahedra. Am. M. Mo. 58:39-40; 1951,

Trice, C. W. Geomeiry of paper folding. S. §. M. 54:453.55; 1954,
The first of a series of short papers on the subject of paper foiding.

Trice, C. W. Geometry of paper folding. S. S. M. 54:683.89; 1954,
Tricc, C. W. Problem 2184. S. §. M. 50:407-408; 1950.

Trice, C. W. Tetrahedron from an envelope. Los Angeles Mathematics Neswslet-
ter 2:1; January 1955,

Yarunr, Rusivo. Plegado. Buenos Aires, 1939.
Yates, Rosert C. Folding the conics. 4m. M. Mo 50:228-30; 1943,
YaTes. Ropert C. Paper folding. N. €. T. M., 18th Yearbook, 1945. p. 15459,

YosH1ZAWA, AKIRA. The New Art of Paper Folding. {In Japanese). Tokyo, 1954.
62 p. (Box No. 3, Ogikubo Post Office, Suginamt.-Ku, Tokye-TFo, Japan)

Despite langusge barrier, diagrams and directions are exceptionally clear.

4.9 Unicursal Problems—Labyrinths
Barr, W. W, R, anp Coxere®, H. 5. M. Unicursal problems. Mathematical Recre-
ations and Essays, London: Macmillan, 1942, p. 242.65.
Braune, R. Die Vielpassaufgabe. Z. M. N. U. 51:23; 1920.
Dostar, H. Zur Yielpassavfgabe. Z. M. N. [7. 51:204; 1920,

GraHam, J. L. Experiment in generalizing; a unicursal problem. Journal of Ex.
perimental Psychology 23:96.-100; 1938.

“Labyrinths.” drchaeological Journal 15:216.

LizTzManN, WarTer. Labyrinthe. Z. M. N. 7. 61:128.31; 1930.

Laxcman, Harry. Web routes. Scrip. M. 18:162; 1952,

Tucker, A. N. A Christmas maze to occupy your holidays. S. 5. M. 47:761: 1947,
WirsoN. J. C. Traversing of Geometrical Figures. Oxford: 1905.
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Chapter 5

MHagie Sguares

NDOUBTEDLY of Chinese, or at least Oriental origin, magic squares seem
always 1o have been associated with mysticism. Through the ages they
have been used iu fortune telling and as talismen and amulets. Often

they were associated with the symbols of the alchemist; and they played 2
significant role in the cabalistic writings of the Hebrews.

Although the theory of third-order squares is simple and complete, no
completely general methods of construction are known, nor has a complete
count of magic squares of all orders ever been made. Magic squares may be
derived from a given arrangement by various transformations, such as mirror
reflection, rotation through 90°, cyclic interchange of rows or columns or
both, and, in the case of even-order squares, by simple interchange of oppo-
site quarters.

In addition Yo ordinary magic squares, a number of interesting varieties
are to be found: bordered squares, i.e., squares within squares; pandiagonal
squases, ie., squares that are magic along the broken diagonals as well as
along the two main diagonals; symmetric squares, i.e., squares of order n
such that the sum of any two numbers in skewly related celis shall be con-
stant and equal to n* 4- 1; magic squares of nonconsecutive numbers;
doubly-magic squares; magic domino squares; magic cubes; magic circles;
interlocked hexagons; composite squares; and so on.

The theory and construction of magic squares is related to lattice theory.
Indeed, as James Byrnie Shaw has aptly said: “Latin squares, magic squarés,
linkages, polyhedra, crystals, groups, properties due to singulerities, auto-
morphic forms, lattices, topology, isomers, isotopes, valences, equivalences,
syzygies, systems of forms, transitivity, linear dependence, functional de-
pendence, and many other related topics sall are fundamentally based on
symmetries of some sort.” Is it any wonder that magic squares are so
fascinating?

5.1 Books—1900-1924

AHRENS, WiLHELM. Hebrdische Amulette mit magischen Zahlenquadraten. 1919.
AHReNs, WILHELM. Die magiscken Zaklenquadrate. 1915,
ARRENS, WiLHELM. Planetenamulette. 1920.

Anomews, W. S. Magic Squares and Cubes. Chicago: Open Court Pub. Co., 1908,
1917. 199 p.

it
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BarseTre, Epovanv. Les cdarrés magiques du mieme ordre. Liége: A. Pholien,
1912,

BakBe1TE, EnoUArD. Les piles merveilleases. Licge: A. Pholien, 1912, 16 p.
BargerTE, EpouUsko. Sur les currés punmagiques, Bruxelles: Hayez, 1913.

Baaepop, Cravok. Ornament from Mathematics. Architecture and Democracy,
New York: Alfred Knopf, 1918, p. 77-103.

GrAT2ANGER. Talismunische Dimonologie. 1920,

HeLLEnpacH voN Paczoray, Lazar. Die Magie der Zaklen ais Grundiage aller
Munnigfaltikeit und dus scheinbare Fatum. 1. Aofl. Leipzig: O. Mutze, 1923.

Laauss, H. Das Gekeimnis der Amulette. 1919,

LarriTe, Prosrew pe. Le carré magique de 3: Solution &énerule du probléme.
Paris: Gauthier-¥illars, 1904. 32 p.

La¥FiTe, ProSPer pE. Essai sur le carré mugique de n nombres. Agen: 1906,

MacManon, P. A, Muagic Syuares gnd Other Problems. 1902,

Marcossian, A. De Pordunnance des nombres dans les carres magigues impairs
{ procédés généraux pour leur construction immediate). Paris: A. Hermann,
1908,

PoRTIER, B. Le carré cabalistique de 8. 1902.
PorTier, B. Le carré punmugique. 1904,

RieLy, AcHuLE, Etude sur les triangles et les carrés magiques uux deux premiers
Degrés. Troyes: 1901,

RiLeY, AcHILLE. Liste des 38439 suites bimugiyues de 8. Troyes: the auther,
1906.

RioLvror, 1. Les carrés mugiques: contribution a leur ¢tude. Paris: Gauthier
Villars. 1907, 1912, 120 p. ]

RucKTASCHEL, EnnsT ALBERT. Geheimnisse des Sieines der Weisen. Mir 201
Bildern oder Zeichnungen gus dem Steine der Weisen. Zittau: E. A. Rock-
tischel. 1913.

SaLomon, C. Esseis de Magie arithmétique polygonale. L’Etoile magigue & 8
branches (24 points) et les étviles hypermugiques impaires (3 n points).
Paris: Gauthier-Villars. 1912, 24 p.

Savomon, C. Nouveaux essais de Magie arithmétique polygenale, Etoiles magiques
4 10 et 12 branches (30. 36, 48 points) et hexagones et octogone magiques.
Paris: Gauthier-Villars, 1913, 28 p.

Sacomon, C. Questions inedites de Magie arithmétique polygenale. Eloiles
miagiques A 8, 16 et 20 brupches (24, 64 et 100 points) et rosaces hyper
magiques (16, 25 et 36 points). Paris: Gauthier-Villars, 1913, 22 p.

ScHuBerT, HERMaNN C. H. The magie sqyuare. Mathemutical Essays gnd Recre-
ations, Chicago: 1898, 1910. p. 39-63

Smite, D, E. ano Mixami. Y. A History of Jupanese Mathematics. Chicago: Open
Court Publishing Cu., 1914. p. 290.93.

Tanny. G. Le carré trimagigue de 128, 1906.
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Tanry, G. Carrés cabalistiques Eulériens. 1904

THomas, Wieoiam Nasn, 4 Mathematical Curivsity. Lugan, Utah: 1917,

A single sheet. containing the numbers from 1 to 2500, arranged in a2 magic
square, and having "a tulal of 62.525 in 102 different wavs.” In Library
of Congress.

Wrwesass, W6 L Zanberyuadinie nad andece nragpise e Labdengigaren ofe
Ebene und des Raumes. Leipzig: Leiner, 1922,

WrLis, ). Magic Squares and Cubes. 1909,

5.2 Contemporary Books—From 1925 On

Auveny. A. Carrés magiques impairs. 1928,
Awveic, Jan. Les carrés magiques. 1932,

BarL, W. W. R. anp Coxerver, H. S. M. Magic squares. Mathentaticd Recreations
and Essays. London: Macmillan. 1942, p. 193-221.

Brasven, CLavoe. Man: The Magic Square. The New fmage, New York: Alfred
Knopf, 1928. p. 161-73.

BURNETT. (Magsous ). C. Easy Methods for the Construction of Magic Squares.
London: Rider & Co.. 1936. 77 p.

Canoy, Ausert L. Construction, Classification and Census of Magic Squares of an
Eren Order. Ann Arbor, Mich.: Edwurds Bros.. 1937.

Canoy. Avsept L. Construction, Classification and Census of Magic Squares of
Order Five. Lincoln. Nebraska: the author, 1938. Revised, 1939,

Canoy, Arbert L. Pandiagonal Magic Sqaares of ComPasite Order. Lincoln, Ne-
braska: the author. 1941,

Canoy, Asert L. Pandiagonal Magic Squares of Prime Order. Lincoln. Ne
braska: the author. 1940.

Canoy. Acorrt L. Supplement to Pandiagonal Magic Squares of Prime Order.
Linvoln. Nebraska: the author, 1942,

Cazavas, GENFRaL. A travers les hyperspaves magiques. Brossels. Belgiwm:
Librairie du Sphinx. (Pamphllet)

CazaLas, Jean JAME. Carrés Bimagigues. [ Two Essavs). 1927,

Chzaras, Jean JAME. Carrés magigues au degré n séries numérales de G.
Tarry. Avec un apercu historique et une bibliographie des figures-magiques.
Paris: Hermann et Cie.. 1934. 192 p,

Valuable bibliography. p. 167-91.

DeLESALLE: A. Carrés Magiques. Paris: Gauthier-Villars, 1955. 70 p.

DeLracass, Luctano. Suai quadrati mugici. 1931,

Duier, M. ). van. Magic Squares of (2n + 1) Cells: avec sommaire: Les carrés
magiques impairs. London: Rider and Co.. 1936. 90 p,

Drier. M. ). van. A Supplement to Magic Squares of ¢2n + 1) Cells. London:
Rider and Co., 1939.
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Firning, FriepricH. Panmagische Quadrate und mogische Sternirelecke. Leipzig:
K. F. Kihlers Antiquarium, 1939.

Frrming, FRIEDRICH. Rein Mathematische Behandlung des Problems der magischen
Quadrate von 16 und 64 Feldern. 1931.

TrenicLe DE Bessy, Bernarp. Frénicles 830 Basic Magic Squares of 4 X 4 Cells,
Normelized, Indexed, and Inventoried (and recounted as 1232) by K. H. de
Haas. Rotterdam: D. van 5ijn apd zonen, 1935,

KrLeTLEr, Bruno. Muagische Zahlenquadrate: mechanische gemeinverstindliche
Losungen fiir alle Arten von Quadraten. Fritzens-Wattens: Tirol. Selbstverlag,
1930. Wien: Braunmiiller: 1930, 55 p.

KowaLewski, GerHarp. Magische Quadrate und magische Parkette. Leipzig:
K. F. Kihlers Antiquarium, 1937,

Krarrcaik, Maunice. Magic Squares. Mathematical Recreations. W. W. Norton,
1942, p. 142.92,

Krattesik, Mavmice. Traité des carrés magiques. Paris: Gauthier-Villars, 1930.
108 p.

Lenmann, Max. Newe mathematische Spiele fiir die Jugend: Der geomerriche
Aufbau gleichsummiger Zahlenfiguren. Wieshaden: Schellenberg, 1932, 384 p.

Comprehensise discussion, devoted entirely te magic squares.

Lewis, Sister Mary Teresing. Consiruction and Application of Magic Rectan-
gles Modulo p, for Smull Values of p. Catholic University of America, 1947,

MaACK, FeroiNAND. Die astrologische Bedeutung der magischen Quadrate. 1025,
Maack, Fenpinanp. Die heilige Mathesis; Beitrige zur Magie Jes Raumes und
der Zgh!l. Leipzig: R. Hummel, 1930,

Maack, Feapinano. Folisman Turc; ein Beitrag zur magisch-quadritischen Dechif.
frierung ton liebes-und krankheits-Amuletten zum Ursprung und Wesen
magischer Quadrate souwie zur wissenschaftliche Periodologie. Radeburg bez.
Dresden: Dr. Madaus & Co., 1926.

Maroer., CrLarence C. The lmrinsic Harmony of Number. New York: E. B.
Hackett, Brick Row Bouk Shop, 1940.

McDonaLp, K. Magic Cubes Which Are Uniform Step Cubes. University of Cali.
{ornia, 1934. 35¢. (Pamphlet)

Meister, Fr. Magische Quadiate. Ziirich: Verlag vou Ernst Wurzel, 1952. 71 p.
Bibliography of 140 items. from 1668 te 1939.

SaveErHERING, FRIEDRICH. Magische Zahlenquadrate; eine gemeinversiindliche
belehrende Darstellung mit einigen neti ermittelten Losungen. Lindenthal:
Wellersberg-Verlag, 1926.

SCHAEFER, A. Die magischen Quadrate. Leipzig: Teubner, 1035,

SternN. ERICH. Noupelle méthode pour construire et dénombrer cestains carrés
magiques d'ordre 4 m avec applications aux parcours makiques {Trans. from
German of E. Cazalas.) Bruxelles: Librairic du *Sphiux,” 1937. 20 p.
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VaraQuant, 8. Les parcours magiques de Lange. Bruxelles: Libraire du
“Sphinx.,” 1933.

Zuiss, Erwin. Zahlenzauber. Wien: Kommissionsverlag R. Lechner & Sohn. 1934

5.3 Periodical Literature
“Addition Magic Squares; Multiplication Magic Squares.” Bulletin, Association
of Teachers of Mathematics of N. Y. €. (A. T. M.} 7:13-16; June 1953.

AHREN, WiLHELM. Uber magische Quadrate; Anzahlbestimmungen; Vorkommen
auf Amuletten. 2. 4. N. 17, 45:525; 1914.

Arren, E. G. Pan-magic squares of the fourth order. Am. M. Mo. 53:450-51;
1946,

Anpeason, F. J. The 33 supermagic squares. Science Progress (London) 13:86-
896; 1918. Also, Scientific American Supplement 87:44-45; January 18, 1919,

Anorews, W. 5. Construction of inagic squares and rectangles by the method of
complementary differences. Monise 20:434-44; 1910,

AnprEws, W. S, anp Baxer, A, L. Magic squares. Monist 15:429, 355; 1905.
Anprews, W. 8. anp Carus, P. Franklin's magic squares. Monist 16:597; 1906.

Anorews, W. ° anbd Frigasow, L. S. Construction of magic squares. Monis: 22:
304-14; 191:.

Anprews, W. S. ano Savres, H. A. Magic squares made with prime numbers to
have the lowest possible summations. Monisz 23+ 623-30; 1913.

Angma, ANprew 5. Frankiin mag.ic squares. Serip. M. 11:88-96; 1945.

ANema, ANDREW 5. Perfected Benjamin Franklin magic squares. M, T. 49:35.36;
1956.

ARNoUx, GasRist. Les espaces arllhmetxques dont lezs cotés somt des nombres
premiers inegaux. heur apphcatlons, 1" i la théorie des congruences; 2" &
1a construction des espaces magiques. - . . Assoc. francaise pour Pavencement
des sciences; Compte Rendu, Sess. 34. (1905). p. 103-22, 1906.

Avyancanm, A. A. K. Indian magic squares. Scrip. M. 20:202; 1954,

Barnanp, Freoerick A. P. Theory of magic squares and of magic cubes. Memoirs
4:209.70; Washington. D. C.: National Academy of Sciences, 1888,

BercHoLt Eanest. The magic square of 16 cells; a new and completely general
formula. Nature 83:368-69; 1910.

Berxkowirz, Harny L. Magic squares. Mathematics Clubs, Journal 1:51.52; New
York University: 1937,

Bernnanp, H. A. A simple method of generating a magic square of doubly even
order. Serip. M. 15:245-46; 1949.

Brock, Wa. E. Magic squares and cubes. 5. 5. M. 45:839.50; 1945,
BracooN, Cravoe. The Franklin 16 X 16 magic square. Scrip. M. 4:158-60; 1936.
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Bracoow, Craupe. More ornament from magic squares. Architectural Record 62:
473-80; 1927.

Bracoon, Craubne. Ornament from magic squares. Architectural Record 60:506
16; 1926.

BrownE, C. A. Magic squares and Pythagorean numbers. Monist 16:422; nd.

Buanert, J. C. Bordered squares of fifth order and their magic derivatives.
Nature 116.573-74; 1925, 127:443; 1931.

Burnerr, J. C. Magic squares of hfth order. Nature 125:17; 1930.

BurnerT: J. C. Subsidiary rectangles as applied t the formation of magic squares.
Nuture 121:57, 172, 985: 1928.

Canoy, AueerT L. Covnstruction of magic squares of order 2n by the method of
current groups. Mathematics News Letter, Vol. 8, No, 7. 1934,

Cancy, ALBERT L. The number of 12 . 12 squares that can he constructed by
the method of current groups. §. M. M, 9:223.35; 1935.

Canoy, ALeeeT L. To construct a magic sguare of order 2r from a given square
of order n. ¥. . M. 9:99.105; 1935.

Canus, P. Magic squares. Monpist 16:123; 1906.
Cazaras, JEan J.AM.E, Goethe et les corrés mugiques. Sphinx 2:65-66; 1932,

CHATER, NAnCY Asp CHaTER, W, ]. A note on pan-magic squares. M. Ga:z. 29:92.
103; 1945.
Cuatiey, H. On the magic virle. Mopist 21:137-11; 1911,

Cuermick, Jack. Sulution of the general magic sduare. 4m. M. Meo. 45:172.75;
1938.

DELLAcAsA, Lociano. Sui quadrati magici. Bollettine di Mutematica, N. §, Anno
27, 3l p. 311,

“Derivation of New Magic Squures.” Scientific dmericun Supplement 88:191;
1919,

bDopgny, H. E. Amusements in Muthemutics. Londou: T. Nelson & Sons, 1917,
p. 119-26.

Esstonp, Rogert V. Magic letiers—"TV-—and magic squares. M, T'. 48:26-29; 1955,

Sirnine. Fo Die Remponemten magiseber Quadrate und ihre Verwendung zur
Konstruktion sulcher Quadrate. Dentsche Mathematiber Vereinigung, Julres
bericht 12:254.65: 1Y33.

Frigoman, M. J. Lines in a 4 - 4 wagiv sqnare. Serip. M. 5:70; 1938,
Frierson, L. S, Mathematical study of magic squares. Monise 17:272.93; 1907,

Frierson, L. 5. New method of making magic sguares of an odd degree. AMonist
19:441-30; 1909,

Frierson, L. 5. Notes on muage squares. Monist 21:148-52; 1911,

Frost, A, H. Muygic squures. Ouartoriy foarnal of Mathematics {London) 15:
3449, 1878,
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Garoner, Martin. Mathematical games: a new kind of magic square with re-
markable properties. Sci. Am. 196:138.42; January 1957.

Giupice. Francesco. Tavole ad allineamenti d’uguali somme o prodotti. Bolletzino
di Matematica 31:129-37; 1935,

GropeN. A, Magic squares and mulligrade chains, Scrip. M. 12:225.26: 1946.
GoopsTEIN, Epic. A note on magic squares. M. Gaz. 24:117: 1940,

Guttman, Soromon. New magic in old magic squares. Scrip. M. 14:284-86;
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CurTMaN, Soromon. A triply magic square. Scrip. M. 15:243: 1949,

Gurrman, Soromon. Universal magic squares and multigrade equations. Serip.
M. 13:187.202; 1947,

Gurtman, Soromon. The zero magic square. Scrip. M. 14:125; 1948,
Heath, Roval V. Another all-prime magic square. Serip. M. 19:235 1953,
HeaTi. Roval ¥. A compasite magic square. Scrip. M. 5:134-35; 1938.
HestR, Ruvat V. Concentriv magic squares. Scrip, M. 4:66-67: 1936.
Heati. Rovat V. A curious magic square. Scrip. M, 3:250; 1935,
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Heath. Rovat ¥. A four-way magic square. Serip. M. 18:68; 1952,
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Heath. RoyaL V. The magic vlock. M. T. 30:84: 1937,
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tober 3. 1914

Kinceny, F. M. Magic cube of six. Monist 19:434%41; 1909,

Kearrcrik, M. A dated magic square. Scrip. M. 20:110; 1954,
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Larosky, B. F. A pandiagenal 10 X 10 magic square. Scrip. M. 16:115; 1950.
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Chapter 6

' ;
HIS CELEBRATED theorem is notsble, first hecause of the rich historical
T assaciations suggested thereby; secondly, hecause of the amazing variety

of proofs which have been given; and thirdly, because further exploration
quickly leads to interesting and perhaps unsuspected byways, such as the
Golden Section, dynamic symmetry, logarithmic spirals, angle trisection,
duplication of the cube, squaring the circle, determination of the value of w,
the concept of the irrational number, regular and star polygons and poly-
hedra, theory of numbers, construs..bility of angles and polygons, continued
fractions, phyllotaxy, musical scales, Diaphontine equations, Heronian tri-
angles, and Pythagorean number lore.

Two works are of particular interest: the brief monograph by Loomis,
which gives over 200 proofs of the theorem, and the stimulating tract by
Naber, which is unusually suggestive with respect to the ramifications of the
theorem.
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Chapter 7

Famous Prolblems of
Antiguity

va.n Two thousand years ago Greek mathematicians devoted themselves
te certain problems which have engaged the attention of men ever

since. The many attempted solutions and the spirited controversies
which these problems created through the ages served to stimulate immensely
the development of mathematics, particularly algebra, equation theory, geom-
etry, theory of numbers, group theory, and analysis.

Three of these problems are usually thought of together, namely: (a} tri-
secting an angle, (b} duplicating a cube, and (c)} squaring a circle. As pro-
pounded by the Greeks, all three preblems were to bhe solved by “pure
Euclidean” methods—that is, by the use of compasses and the unmarked
straightedge only. With this limitation—the use of straight lines and circles
alone—none of these three problems can be solved. But this fact was not
proved until about 1800. Nevertheless, each passing year witnesses stubborn
attempts, on the part of laymen and amateurs alike, to tackle one or another
of these famous “unsolved’ problems and so achieve immaortality.

Also of greal concern to the Greeks were the famous paradoxes of Zeno.
Somewhat different from the classical constructions, they presented an im-
posing challenge to the imagination—-a challenge which, in slightly different
form, plagues the mathematician even today. What is involved is nothing
less than the concepts of infinity and continuity, ideas which lie not only at
the roots of modern analysis, but at the very foundations of mathematics
itsclf.

7.1 Classical Constructions

ArcuiBarp, R. C. Gauss and the regular polygon of scventeen sides. Am, M. Mo.
26:137; 1918.

Bussey. W. . Geometric constructions without the classical restrictions to ruler
and coinpasses. Am. M. Mo. 43:265-80; 1936.

Canstaw, H. 5. On the constructions which are poessible by Euclid’s methods.
M. Gaz. 5:171; 1910.

Crarnk, M. E. Construction with limited means. Am. M. Mo. 48:475-79; 1941.
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7.2 Trisecting An Angle

In many ways. this has become the most famous of the three gncient problems
—also the most tantalizing. 1t is so easy to bisect any angle!

Both the trigonometric and the algebraic analyzes of (e problem lead to an
equation of the form x* ~ 32" ~ 22 == 0. The question then arises: for all values
of a, is it possible to find a root x of this equation by means of compasses and
straightedge alone? Modern mathematics has given an unequivocal answer: No.
For it has been shown that with the straightedge and compasses together, and
no other instruments, it is possible to make only those constructions which are
glgebraically equivalent to a finlt¢ pumber of operations of addition. subtraction,
multiplication. division, and the extraction of rea] square roots involving given
lengths. Yet despite this irrefutable evidence, the race of angle-trisectors, as
R. C. Yates has suggested, is indeed a hardy one.

It remains fo- be pointed out. of course. that not a few constructions with
straightedge and compasses yield remarkably close approximations for trisecting
a given general angle. Some of them are so close that their discoverers often
delude themselves; indeed, the mistakes in the purportedly exget constructions
are often extremely difficult to detect.

“A propos du Probléme de la Trisection de I'Angle.” Mathesis 50:266.75: 1936,
ArcHigaLp, H. C. Bieberbach's trisection method. Scrip. M. 4:98-99; 1936,
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BreipENBacH. WaLTer. Die Dreitéilung des Winkels. Leipzig und Berlin: B. G.
Teubner, 1933, 1951. 54 p.
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Givens, W. B. The division of angles into equal parts and polygon construction.
Am. M. Mo, 45:653.56; 1938.
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7.4 Squaring a Circle

In this classical problem the goal was to determine the side of 2 square
whose area should be equal to that of a given circle. Strictly speaking, this
is N0 more a recreation, in one sense of the term, than the trisection of an
angle or the duplication of a cube, Yet tlic problem has a long and honor-
able history.

About 200 years ago it was shown that = is incommensurable. Toward
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completely vanished. It probably never will, any more than the select coterie
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7.5 History and Value of Pi (7)

The various values assigned to = at different times and the numerous
attempts to find more precise approximations constitute a fascinating story,
from Archimedes’ value 314 > = > 31%, to Shanks’ computation to 707
decimal places in 1873-74. During the 18th and 19th Centuries the number
= occupied the attention of mathematicians (including many amateurs) in
connection with the problem of the quadrature of the circle. Enthusiasm
for that problem diminished, however, when in 1882 Lindeman proved that
= is transcendental, although the race of circle-squarers js a hardy one.

Popular interest in the computation of the value of = was revived late in
1949 when the ENIAC, an electronic computing machine at the U. S. Army's
Ballistic Research Laboratories at Aberdeen, Md., computed = o 2035
places certain in about 70 hours of the machine’s running time.
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7.6 Zeno's Paradoxes

Nearly 2500 years ago, mathematicians and philosophers were greatly
concerned by certain paradoxes involving the notion of the infinite, Modern
mathematicians are egually puzzled by these paradoxes.

The famous paradoxes on motion, propounded by Zeno about 500 B. C,,
included:

1. the Dichotomy-—that motion is impossible, because a moving object

must arrive at the middle before it reaches the end;

2. Achilles and the Tortoise—if the tortoise is given a head start, Achilles

can never overtake him;

3. the Arrow—which must either move where it is or move where it

isn't, and so, slthough in flight, it is always motionless;

4. the Stadium—in which it appears that a given time interval is eguiva-

lent to an interval twice as great.

Beneath the apparent sophistry of these contradictions there lie subtle and
elusive ideas of the most profound sort. Many explanations of the paradoxes
have been offered over the years. Their meaning depends upon what inter-
pretation is given to the logical foundations of mathematics-—~an area in
which moedern mathematicians are very far from being in agreement.
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Chapter 8

Hatbematical
Wi seellant

8.1 Mathematics in Nature

Long years before modern biology finslly succumbed, as did the other physical
sciences, to the relentless scrutiny of mathematical analysis, professional entomolo-

. gists as well as lay naturalists observed many instances of matbematical relation-

ships in living forms—notably shells, Aowers, spider webs, honeycombs, and the
like. One of the most brilliamt and prolific writers in this field was the late
D*Arcy Thompson. Another astute observer was the naturalist Jean Henri Fabre,
“poet and prophet of the insect world,” self-taught amateur mathematician, whose
inimitable beauty of style is exemplified in the following passage:

“With this weird number [¢= 2718 . . .] are we now siationed within the
strictly defined realm of the imagination? Not . all: the catenary appears actually
every time that weight and Aexibility act in concert. The name is given 1o the
curve formed by a chain suspended by two of its points which are not placed on =
vertical line. It is the shape taken by a flexible cord when held at each end and
relaxed; it is the line that governs the shape of a sail bellying in the wind; it is
the curve of the nanny-goat’s milk-bag when she returns from filling her trailing
udder. And all this answers 1o the number ¢ . ..

“What a quantity of abstruse science for a bit of string! Let us not be surprised.
A pellet of shot swinging at the end of a thread, a drop of dew trickling down a
straw. a splash of water rippling under the kisses of the air, a mere trifle, after
all, requires a titanic scaffolding when we wish 10 examine it with the eye of
calculation. We need the club of Hercules to crush a fly.”

A. Form and Symmetry

CoLEMAN, S. aND Coan, C. A, Proportional Form. New York: G. P, Puinam’s Sons,
1920, 265 p.
Discussion of mathematical forms in Nature.

Cook, T. A. Spirals in Nature and Art. London,' 1903.
“Economy of Symmetry.” N. M. M. 12:210-12; 1938,

Ganoner, Mantin, Is Nature ambidextrous? Philosophy and Phenomenological
Research 13:200-11; December 1952,

1luminating discussion of symmetry, asymmetry, “lefi-right,” etc.

GARDNER, ManTin. Left or righe? Esqguire, February 1951,
Symmetry and asymmetry in Nature; excellent.
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Cuuncu, A. H. On the Relation of Phyllotaxis to Mechanicel Laws. London:
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8.2 Machines That Think

Regardless of what the future historisn may say, there is no doubt that
developments during the last dozen years in the field of electronic computing
machines have been litile short of phenomenal. Amazingly enough, the rami-
fications of these unbelievably rapid developments have gone far beyond
computing even of the most elaborate sort. Apparently we are on the thresh-
old of whai is yet to come in the way of thinking machines, giant brains,
logic machines, and machines that play tit-tat-toe, gin rummy, and chess. 1f
ever man’s ingenuity and imagination have served him well, it is in this area.
He has drawn upen material from symbolic logic, Boolean algebra, and
binary notation, and, with the aid of the elecironics engineers, has boldly
synthesized mechanisms which can handle information with uncanny skill

and breath-taking speed.
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8.3 Cryptography and Cryptanalysis

The art of writing secret messages is as old, presumably, as the human
desire to convey information to certain individuals while withholding it from
all others. Clearly this has utility for political and military purposes. The
ability to read a secret message without having possession of the key, also
a highly useful skill, has its sheer recreational and challenging aspects.

The terms code and cipher are not to be confused. A code is a device which
requires a code dictionary to write and to read, or, more precisely, to en.
cipher and to decipher. An encoded message is shorter than the originsl, or
plain-text message; a few consecutive letters may represent an entire para-
graph. A cipher, on the other hand, is as long or longer than the plain-text
message.

Ciphers are of two general types: (a) transposition ciphers, in which the
leiters of the plain-text message are unchanged but their order is scrambled
in some systematic manner; and (b) substitution ciphers, in which letters,
or groups of letters, or other symbols, are substituted for letters or groups
of letters of the plain text.

Thus when a bona-fide person in possession of the code book simply re.
verses the process of encoding a code message, he is said to decode or to
decipher it. When a person having no knowledge of the key to a cipher or
cryptogram “breaks” the cipher, he is said to have solved it. The art of
devising secret ciphers is cailed cryptography. The art of breaking crypto-
grams is known as cryptanalysis.

Apart from the utilitarian a8nd romantic aspects of secret messages, crypt-
analysis offers an imnplied challenge to human ingenuity which is not easily
resisted, and which intrigues many devotees to whom utility and sentiment
are immaterial.
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8.4 Probability, Gambling, and Game Strategy

“To err is human; to forgive, divine.” Man errs frequently because of
the uncertainties with which he is beset. Human experience is steeped in
probabilitics. To be sure, some things are certain. The object dropped will
surely fall to the ground. Five cards drawn from a deck at random will
surely not contain five aces. Many other things are equaily certain. But
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many more are subject to “chance,” which means that we are not certain.
In other words, we do not know; we are ignorant. It reminds one of the
two perplexed weather bureau officials, one of whom suggests to the other:
“Why don’t we just tell them the truth—either it will rain tomorrow or it
won't.”

Mathematicians have at various times espoused two principal approaches
to the quantitative study of probability: (a} the subjective view, according
to which probability describes the degree of certainty or uncertainty, or the
intensity of one’s belief; and (b) the statistical view, according to which
probability is regarded as the relative frequency with which an event occurs
in a certain category of events; or, popularly paraphrased, “that which
usually happens we say is probable; the more often it has happened, the
more likely it is to happen again.”

Both points of view have advantages as well as serious limitations. The
calculus of probability (which draws freely upon both), has proved ex-
tremely fruitful not only to physical scientists, but to economists, sociologists,
and businessmen as well. The entire institution of modern insurance rests
in large part upon probability theory. In recent times, the theory of proba.
bility has seen brilliant advances such as those exemplified by sampling and
quality control techniques on the one hand, and by the theory of games and
strategy on the other—to cite but two of the most dramatic recent develop-
ments.
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8.5 The Fourth Dimension

This hoary anachronismy should doubtless be left to sink into oblivion
along with angle~tr’:secl':on and perpetual motion, And yet—some rather
intriguing matters compel our attention.

For example, there were the machinations of the charlatan Zollner and
his spiritualistic friends. who. toward the close of the 19th Century, insisted
that the properties of physical space of four-dimensions admirably accounted
for otherwise inexplicable peychic phenomena. Then there are the phenomena
of congruence, syinmetry, asymmelry, isomerism, polarization, and such,
and their relation to the concept of dimensionality. Curious, also, is the
connection, earnestly professed by some, between religion and “the fourth
dimension.” And not without interest is the use of four-dimensionsl con-
figurations. or their projections, as a source of original design. Finally, we
must not overlook the popular notion that, in relativity physics, time is the
fourth dimension.
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8.7 Dynamic Symmetry

In the realm of art, the term symmetry generally refers to the relation of
the parts of a design to the whole. Thus classical symmetry concerns the
disposition of the parts of a design, or the interrelationships between linear
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dimensions of a design. Often based upon regular polygons or polyhedrons,
it has been alluded to as Gothic symmetry, or atatic aymmetry.

Dynamic symmetry, on the other hand, involves proportional areas. It is
often thought of as an organic sort of symmetry, being exemplified in living
organisma such aa piants, flowers and leaves, and in the human figure.
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in a square, Thus the familiar root-n rectangies, the whirling square, and
such, suggest the force of the term “dynamic.”
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8.8 The Golden Section

Just as the Pythagoreans first showed the relation of number to tone in-
tervals in music, so it was also the Greeks who first claimed that there was
always some law of number that was applicable to creationa of nature and
art, and which explained the beauty of such creations. One of the most
notable of these laws is the Law of the Golden Mean, or the Golden Section,

The lsw appears in many forms. In geometry it arises from the division
of a given line segment into mean and extreme ratio, i.e., into two parts, a

and b, such that % = %b' , where & < b. This proportion was called
the “Divine Propoztion” by Luca Pacioli. By setting x = -f-: , we have

e
x’—x-—l=0,orx=1—"——2\—/§.'rheratio, le\/E= 1618 ... or

\/52—1 = % = 0618

&, is known as the “golden number”’; the ratio

\/52"' 8 = gr=2618..

As one pursues the ramifications of the Golden Section one encounters a
variety of mathematical interrelationships: the pentagram and the regular
decagon, Fibonacci numbers, continued fractions, dynamic symmetry, and
so0 on.

The Golden Mean appears al many unexpected turns. In Nature, among
various plant and animal forms, we find phyllotaxy in leaves, pentagonal
symmetry in flowers and marine animals, and pentadactylism in vertebrates.
In the proportions of the human body the Golden Mean is again to be found.
Man has employed the same principle in the creative arts, &s seen in the
dynamic symmetry of early Greek vases and statues, in classical Renaissance
painting®, and in varjous aspects of contemporary design. including “lay-
outs” in the printing and advertising crafts. For example, the majority of
people consider the most aesthetically pleasing rectangular ahape that rectan.

., and the ratio . , are all intimately related.
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