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PREFACE

Since its first appearance fifteen years ago, this monograph has been
twice revised and updated. Meanwhile, the literature of recreational mathe
matics has proliferated to such an extent that instead of merely updating
the original bibliography once more it seemed desirable to issue a second
volume which would not only be more timely but also enlarged in scope
and improved in format. The two volumes thus complement one another
and provide a comprehensive coverage of the field. When used together, they
should hopefully serve the reader well, whether an amateur or a professional.

W. L. S.
Boca Raton. Florida
September. 1969

PREFACE TO THE FIRST EDITION

The late G. H. Hardy once observed that there are few more "popular"
subjects than mathematics. His contention is amply borne out by the uni-
versal interest manifested in mathematical recreations for over 2000 years,
ranging from the loculus of Archimedes and the talismen magic squares of
the early Chinese to the cryptanalysis and topological recreations of modern
times. One need only recall how testament problems, ferrying problems,
coin problems, problems of pursuit and problems of arrangements have
come down through the ages, ever dressed anew, yet always the same old
friends. Labyrinths, dissections, acrostics, tangrams, palindromes, and so
on, are likewise virtually ageless. Hence it should occasion little surprise
that an enormous body of literature has arisen in the last 300 years.

It has been my purpose to gather a considerable part of this material
between the covers of one book for the convenience of students and teach
ers, as well as laymen and specialists. The more than 2000 entries by no
means represent a complete or exhaustive compilation. But enough has been
given, I hope, to be of real help. I have tried to meet the needs of almost
any readerthe beginner, the dilettante, the professional scholar. Hence I
have deliberately included some "popular- articles along with erudite and
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technical discussions; many contemporary and recent publications. as well
as some of an earlier period; sonic that are readily accessible, and others
that are to be found only in important libraries; most of them in English,
some in French. German, and Italian; most of them significant, a few, some-
what superficial. In this way, it is hoped, both the neophyte and the sophis-
ticated authority will find what they need.

The task of organizing this material yielded a more or less arbitrary
classification of mathematical recreations. Occasionally, where helpful, en-
u'es have been annotated; to have commented upon each item seemed quite
unnecessary, and would in any event have been prohibitive.

It would scarcely seem necessary to suggest how this guide may be used.
To be sure, a number of entries listed under each of the more than 50 head.
ings will not be available to the reader unless the facilities of a large library
are at hand; yet there will almost surely be some that are accessible. In
most instances the reader will have little difficulty in selecting items per-
taining to a given topic: he should be guided by the title of the book or
article; by the annotation. if any; by the sort of periodical. whether scholarly.
popular. professional. newsy, and so on; and, to some extent, by the length
of an article. Naturally, the reader's purpose, as well as his familiarity with
the subject. will loom large as factors in helping him select items to be
consulted. Nor should he be deterred by references in a foreign language;
after all. the mathematical symbols and geometric figures are essentially the
same. so that even a moderate facility in French or German often suffices.

This guide will serve as a place to begin to look for source materials. It
will help the student pursuing his mathematical studies in high school or
college; the mathematics club looking for program and project material;
the teacher gathering human interest or motivation material; the more ad-
vanced student engaged in research; the amateur mathematician or the
proverbial layman happily engaged in that most delectable of all activities
a hobby or a recreation.

May following these trails afford the reader as much pleasure as it has
been for me to map them out for him.

1W. L. S.
I

July 1954
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"But leaving those of the Body, I
shall proceed to such Recreations as
adorn the Mind; of which those of the
Mathematicks are inferior to none."

WILLIAM LEYBOURN: Pleasure with Profit 41694).
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Chapter 1

fe4geita ?An 44
AS EARLY as 1612 the Frenchman Claude Gaspard Bache de Meziriac

published his Problentes plaisans et rielectables, qui se font par les
nombres; a second edition appeared in 1624. In the same year, under

the nom de plume of Van Etten, there appeared a volume entitled Recriations
mathentatiques, the author of which was the Jesuit Jean Leurechon. General
interest in such books apparently increased, for this was followed in 1630
by Claude Mydorge's Examen du livre des recreations mathirnatiques et de
ses problemes. In 1636, Daniel Schwenter's Deliciae physicomathematical
oder Mathernatische and philosophische Frquichstunden appeared posthu
mously, and in the years 164142 the Italian Jesuit Mario Bettini issued the
first two volumes of his Apiaria universae philosophiae mathematicae in
quibus paradoxa et nova *rogue machinamenta exhibentur, to be followed
in 1660 by a third volume under the title of Recreationum mathematiarum
Apiaria XII novissima. On the heels of this came the Arithmetische Lust
garten of Johann Mohr, published in 1665. Thirty years later we have Wit
learn Leybourn's Pleasure with Profit: Consisting of Recreations of Divers
Kinds, viz., Numerical, Geometrical, Mechanical, Statical, Astronomical,
Horometrical, Cryptographical, Magnetical, Automatical, Chymical, and His.
toricai.

At the very threshold of the 18th Century, in 1694, came Jacques Ozanam's
treatise on mathematical recreations: Recriations rnathentatiques et physiques.
Charism may be regarded as the forerunner of modern books on authorial.
ical recreations. He drew heavily on the works of Bachet, Mydorge, and
Leurechon; his own contributions were somewhat less significant. The work
was later augmented and revised by Montucla, and still later rendered into
English by Hutton, passing through many editions.

In more recent times, a host of illustrious names come to mind: Robert
Abraham, Walter Ahrens, W. W. Rouse Ball, H. S. M. Coxeter, H. E. Dude-
ney, E. Fourrey, Royal V. Heath, G. Kowalewski, Maurice Kraitchik, Joseph
Leeming, Walter Lietzmann, Edouard Lucas, Jerome Meyer, Geoffrey Mott-
Smith, E. P. Northrop, Hubert Phillips, J. J. Proskauer, Hermann Schubert,
Victor Thebault, Theodore Wolff, not to mention a score or more of others.

1
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2 RECREATIONAL MATHEMATICS

1.1 Early Twentieth Century Books- -1900 -1924

AHRENS. WILHELM. Rites and Neues aus der Unterhaltungsmathematik. Berlin:
1918.

AHRENS, WILHELM. Mathematische Unterhaltungen and Spiele (2 Vol.). Leipzig:
Teubner. 1910.1918.

Extensive bibliography, Vol. 2, p. 375.431.

AHRENS, WILHELM. MathematikerAnekdoten. Leipzig: Teubner, 1920.

Anima. WILHELM. Scher: and Ernst in der Mathematik: Gelisigelte and urge
Agate Forte. Leipzig: 1904.

BACHMAN, L. Das Schachspiel and seine historische Enttolcidung. Leipzig: 1924.

BALI., W. W. R. Recreations mathernatiques et problemes des temps anciens et
moderns (Trim., J. Fitzpatrick) . Pans: 1909-1926.

BISCHOFF, Da. Die Elemente der Kabbalah. 1913.

Boca:tom DR. Mystik and Magie der Zahlen. 1920.
arra, WILL. Matchstick Magic. London: 1921.

COLLINS, A. FREDERICK. Short Cuts In Figures. New York: Edward J. Clode, 1916.

CEEPA, A. Mathematische Spielereien. Stuttgart: Union, Deutsche Verlagsanstalt,
1915.

DELIUS, PAUL A. P. Problemes d'arithmetiques amusantes. Paris: Vuibert, 1914.
164 p.

DevEraY, H. E. Amusements in Mathematics. New York: Thomas Nelson & Sons,
1917. 258 p.

Duesnix, H. E. The World's Best Puzzles. Strand Magazine, 1908.
ERNST, E. Mathematische Unterhaltungen. Ravensburg: 1911.12.

Evans, HENRY R. The Old and the New Magic. Chicago: Open Court Publishing
Co., 1909.

D. F. Das neue Rechnungsrerlahren. 1919.
FITTING, E Schubert's "Mathematische htussestunden." Berlin; 1924.

FOURREY, E. Curiosites geom;triques. Paris: Vuibert et Nony. 19... 1920. 431 p.
GENAU, A. Mathematische Oberraschungen. Arnsherg: 1913.

GHERSI, I. Matematica diletterole e curiosa: problemi curiosi e bizzari.
1913. 748 p.

HARDENDERC. KuNo v. Die Losung eines alters okuhen Reisels. 1924.

HARRIS. A. V.. & WALDO. L. M. Number Games lot Primary Grades. Chicago:
BeckleyCardy, 1917.

HELLENBACH, L. Die Magie der Zahlen. 1910.

Weave, A. leux et recreations scientifiques. Paris: 1884.1903.

HULISCH. Zahlenmagie in Bezug au/ das Menschliche Leben. 1910.

ICNATIEV, E. J. Mathematische Spiele, Ra.tsei, and Erholungen. Petersburg: 1903.
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GENERAL WORKS 3

JONES, SAMUEL I. Mathematical Puzzles. Denton, Texas: News Print, 1902. 76 p.
A collection of the most amusing properties of numbers, and many of the
most difficult mathematical problems with their answers.

KOWALEWSKI, GERHARD W. H. Mathematica delectans; ausgewahlte Kapitel aus
der Mathematik der Spiele in gemeinversaindlicher Darstellung. Leipzig:
W. Engelman. 1921. Heft 1. Boss-puzzle and verwandte Spiele.

LA NGE, M. Das Schachspiel and seine strategischen Prinzipien. Leipzig: Teubner,
1923.

LEAN, JOHN U. Freaks ol Figures. Detroit: Modern Methods Publishing Co.,
1907.

LIETZMANN. WALTER. Trugschliisse. Leipzig: Teubner, 1923.

Ltsi, G. Das Geheimnis der Runen. 1908.

LoYD, SAM. Cyclopedia ol 5000 Puzzles, Tricks and Conundrums. New York:
Morningside Press. Franklin Bigelow Corp.. 1914-

LOYD. SAM. .4 Puzzle Book for Children. Philadelphia. Pa.: David McKay Co..
1912.

MAACK, FERDINAND. Elias Artista Redivivus. 1913.

MAACK, FERDINAND. Die heilige Mathesis. 1924.

MAACK, FERDINAND. Raumschach. 1909.

MAENNCHEN, P. Geheintnisse der Rechenkiinstler. Leipzig: Teubner, 1924.

MALONE, F. Mathematical Dexterities. St. Louis: 1906.

MEntrawzy, L. Mathematische Kurzweil. 3rd edition; 6th edition. Leipzig: Klink-
hardt, 1895. 1912.

NEuttais, 0. Rechenkiinste and Zahlenspiele. 1902.

PEANO, G. Giuochi di aritmetica. 1924.

PFAUNDLER, L. Das chinesischjapanische GoSpiel. Leipzig: 1908.

litat, F. M. The Jolly Tinker. New York: D. Appleton & Co., 1923.
RILLY. A. Le probleme du cavalier des ichecs. 1906.

Row, T. SUNDARA. Geometic Exercises in Paper Folding. Madras. 1893. Revised
edition, Chicago: Open Court Publishing Co.. 1901. 148 p.

SCHUBERT, HERMANN. Mathematical Essays and Recreations. (Trans. by T. J.
McCormack). Chicago: Open Court Publishing Co., 1910. 149 p.

SLOANE, T. O'Comiza. Rapid Arithmetic. New York: Van Nostrand, 1922.

Ttvssotitxu, Ea. 100 recreations mathematiques. . . . Curiositis scientifigues.
Paris: A. L. Guyot, 1904. 185 p.

THOMPSON, J. E. AND SLOANE, T. 0. Speed and Fun with Figures. New York:
Van Nostrand. 1922. 559 p.

WEEKS. RAYMOND. Boys' Own Arithmetic. New York: Dutton, 1924. 188 p.

WHITE. W. F. A Scrapbook ot Elementary Mathematics; Notes, Recreations, Es-
says. Chicago: Open Court Publishing Co., 1908. 248 p.

WUNSCH, H. Unterhaltende Rechenstunden. Wien: Gerold, 1918.



4 RECREATIONAL MATHEMATICS

1.2 Contemporary BooksFrom 1925 On

ABBOTT, &mot A. Flatland: A Romance of Many Dimensions. New York: Dover
Publications, 1952. 103 p.

Revised edition, after 70 years.

ABRAHAM, ROBERT M. Diversions and Pastimes: a Second Series of Winter
Nights Entertainments. New York: Dutton, 1935. 153 p.

Match and coin games; knots and strings; fun with paper; conventional
puzzles.

ABRAHAM, ROBERT M. Winter Nights Entertainments. New York: Dutton, 1933.
186 p.

Card and coin tricks; paper folding; match tricks; string games; knot..
ADAMS, JOHN PAUL. Puzzles for Everybody. New York: Avon Publishing Com-

pany, 1951. 128 p. (Paper)
ADLER, IRVING. Magic House of Numbers. New York: John Day, 1957. 128 p.

AHERNS, WII.HELM. .41tes und Neues aus der Unterhaltungsmathematik. Berlin:
1938.

Well -known classic.

AHRENS, WiEttet.m. Mathentatizche Spiele. Leipzig: Teubner, 1927.

AtatiquEliquE, IRENE DE. logos e recreacoes matenuiticas. Rio de Janeiro: Con-
quista, 1954.

BAKST, AARON. Mathematical Puzzles and Pastimes. New York: Van Nostrand,
1954. 206 p.

BAKST, AARON- Mathematics, Its Magic and Mastery. New York: Van Nostrand,
1952. 790 p.

An interesting popular exposition, with much recreational material.

BALL. W. W. R. AND COXETER, H. S. M. Mathematical Recreations and Essays.
London: Macmillan, 1942. 418 p.

The granddaddy of all modern books in this field. Arithmetical and geo-
metrical recreations; polyhedra; chessboard problems; magic squares;
mapcolouring; unicursal problems; Kirkman's school-girls problem:
manipulate arrangements; duplication, trisection. and quadrature; cal-
culating prodigies; cryptography and cryptanalysis.

BEER. FRITZ, Pseud_ "Complexus." Frohliches KopJzerbrechen; 100 Aufgaben
Jur scharfe Denker, mit einem Anhang: Losungen and Erliittterungen. Wien
und Leipzig: M. Perles, 1934. 152 p.

Boo N, FaznEitictc C. Puzzle Papers in Arithmetic. London: G. Bell & Sons, 1937.
64 p.

BouctiENv, G. Curiositis et recreations mathematiques. Paris: Larousse, 1941.
147 p.,

BRANDES, Louis G. Math Can Be Fun. Portland. Maine: J. Weston Walch, Pub-
lisher, 1956. 200 p.
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GENERAL WORKS 5

BROWN, JOSEPH C. Easy Tricks with Numbers. Pelham, N. Y.: J. C. Brown, 1943.
48 p. (Pamphlet)

Bautizso, A. Initiation a curiosias mathenuitiques. Paris: Nathan, 1939. 317 p.
CARD, Vicron EDUARDO. Los nimeros; su historia, sus propiedades, sus mentiras

I verdades. Bogota: Editorial Minerva, s.a., 1937. 291 p.

CARROLL, LEWIS. Symbolic Logic, Part 1, Elementary. (4th edition, 1897, 240 p.)
Newtoaville, Mass.: E. C. Berkeley & Associates, 815 Washington St. Reprint,
1955.

Contains Lewis Carroll's inimitable and entertaining problems in symbolic
logic.

CLARKE, L. HAKWOOD. Fun with. Figures. London: 'William Heinemann, Ltd.,
1954. 87 p.

CoLums, A. FREDERICK. Fun with Figures.New York: Appleton-Century, 1928.
253 p.

CONGRBS INTERNATION AL DE fitCRtATLON MATH tI4 ATIQUE. ComptesRendus du
premier Congres. Bruxelles: Librairie du "Sphinx," 1935. 131 p.

Coaceis INTERNATIONAL DE R ten tATION MATHiM ATIQUE. COMptesRendus du
deuxieme Congres. Bruxelles: Librairie du "Sphinx," 1937. 103 p.

CUTHBERT, W. R. Days for Dates. Alhambra, California: the author, 1944. 31 p.

DAVIS, FREDERICK. Fascinating Figure Puzzles. Burroughs Adding Machine Com-
pany, 1933. (Pamphlet)

DEGRAZIA, JOSEPH. Math Is Fun. New York: Gresham Press, 1948. Emerson
Books, Inc., 1954. 159 p.

Assorted puzzles, chiefly arithmetical; problems of arrangement and
manipulation; cryptograms.

DEMING, A. C. Number Stories. Chicago: Beckley-Cardy, 1936.

DOYLE, JOSEPH A. Wizardry in Multiplication. Georgetown, S.C.: 1949. 28 p.

DUOENEY, H. E. The Canterbury Puzzles and Other Curious Problems. New York
& London: Thomas Nelson, 1908, 1949. 255 p.

A distinguished collection by a veteran puzzle expert.

DEIDENEY, H. E. Modern Puzzles and How to Solve Them. London: C. A. Person,
1926; New York, Stokes, 1926.

DUDENLY, H. E. Puzzles and Curious Problems. London; T. Nelson & Sons, 1932.

DUNHAM, DAVID. Every Man a Millionaire. 4 Balloon Trip in the Mathematical
Stratosphere of Social Relations. New York: Scripta Afathematica,1937.
97 1:0-

EMDE, DR. Palindrome and die Satorformel. 1925.

EPERSON, D. B. (editor). The Lewis Carroll Puzzle Book. Appeal Office, 97 Crane
St., Salisbury, Wiltshire, England, 1948.

Folsom, VINCENT. Sharpen Your Wits. London: Frederick Warne & Co., 1956
FILIPIAK, ANTHONY. 100 Puzzles. New York: A. S. Barnes & Co., 1942. 120 p.

Excellent collection of manipulative puzzles.
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6 HIC.IIZATIONAL IdATHESIATICS

near" PHYLLIS AND YOUNG, EDITH. A Treasury of Games, Quizzes and Puzzles.
New York : (,roseett & Dunlap, 1947. 212 p.

FRIESIAN, MAZ AND FALLMAN, IRA. Fuss with Figures. New York: Random House,
1946. 60 p.

Simple discussion of common geometric figures such as the parabola,
spirals, helix, screw threads, tangrams, and such. Attractive photographs.

(The) Friday Night Book ea Jewish Miscellany). London: The Soncino Press,
1933.

nitro, J. Ntwvott. Numbers: Fun and Facts. New York: Scribner., 1954. 208 p.
GARDNER, MARTIN. Fads and Fallacies. New York: Dover Publications, Inc., 1957.

GARDNER, MARTIN. Mathematics, Magic and Mystery. New York : Dover Publica-
tions, Inc., 1956. 176 p.

Qum, Wn.uasz F. The Magic and Oddities of Numbers. New York: Vantage
Press, 1953. 65 p.

Coons, W. C. (Comp.). Lloyd's Log Problem Book. London: Lloyd's, 1944. 87 p.

GRAF, ULRICH. Kabarett der Mathematik; Zeichnungen von Maria-Erika Graf.
Dresden: L. Ehlermann, 1943. 96 p.

GRUNIETTE, MURRAY. Geornetricks: Album of Puzzles. 12th revised edition.
Brooklyn, N. Y.: Playcraft House, 143 East 16 St., Brooklyn, 1939.

Contains 21 cardboard tile dissection puzzles and tangrams.

HEALD, HARRIET V. Mathematical Puzzles. (Service Booklet #171). Washington
Service Bureau, 1013 Thirteenth St., N. W., Washington, D. C.; 194L 24 p.
10*.

HEATH, ROYAL YALE. Mathemagic. New York: Simon & Schuster, 1933; 138 p.
Dover Publications, 1954. 126 p.

Puzzles, tricks, and games with numbers for the parlor magician.

HIRSCHBERG, ARTHUR. Can. You Solve It? New York: Thomas Y. Crowell, 1926,
1932. 330 p.

Howson, E. W., Er AL. Squaring the Circle and Other Monographs. New York:
Chelsea Publishing Co., 1953.

Four well-known essays on problems of geometry: "Squaring the Circle,"
by E. W. Hobson: "Ruler and Compass," by H. P. Hudson; "The Theory
and Construction of NonDifferentiable Functions," by A. N. Singh, and
"How To Draw a Straight Line: A Lecture on Linkages," by A. B. Kempe.
An intriguing, meaty little book.

Hunt" J. A. H. Fan sash Figures. Toronto: Oxford University Press, 1956. 160 p.

Joanson, HUBERT Rzx. Recreational Exercises in Mathematics; or. "A Sheet of
Paper" and Other Problems. Washington, D. C.: 1926. 204 p.

JONES, S. I. Mathematical Clubs and Recreations. Nashville, Tenn.: S. 1. Jones
Co., 1122 Belvedere Drive, 1940. 256 p.

Indispensable for mathematical club programs and activities.
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GENERAL WORKS 7

Jones, S.I. Mathematical Nuts. Nashville, Tenn.: S. I. Jones Co., 1936. 352 p.
A companion volume to Mathematical Fria ldes; contains material from
trigonometry, analytics, calculus, and physics.

Joins, S. 1. Mathematical Wrinkles. Nashville, Tenn.: S. I. Jones Co., 1930. 376 p.
A handbook of problems and recreations; mensuration; fourth dimension;
quotations; and such.

JUNE, W. M. Stunts with Numbers. Games, and Cards. Syracuse, N. Y.: the author,
757 Ostrom Ave., 1937. 25* (Pamphlet)

KAUFMAN, GERALD L. The Book 01 Modern Puzzles. New York: Dover Publica-
tions, 1954. 188 p. (Paper)

KAUFMAN. GERALD L Geometric Verse. New York: Beechhurst Press, 1948. 64 p.
A unique collection of humorous verse.

KAUFMAN, GERALD L. Its About Time. Garden City, N. Y.: Heyday House, 1935.
168p.

Kum. BRUNO. Mathematische Spiele. Berlin: G. Grote'sche VerlagsbuchhandIung,
1933. 90 p.

KINNAIRD, CLARK (editor). Encyclopedia of Puzzles and Pastimes. New York:
Grosset & Dunlap, 1946. 431 p.

Contains some 2500 puzzles, many of them mathematical; includes crypto-
graphs, dissected figures, knight's tours, logics, mazes, magic squares.
palindromes, and paradoxes, as well as the usual assortment of acrostics,
anagrams, crossword puzzles, quizzes, whodunits, and such.

KownLzwsxt G. Alte and neue mathematische Spiele: Eine Einliihrung in die
Unterhaltringsmathematik. Leipzig: Teubner, 1930. 145 p.

Kownixwm, G. Boss Puzzle and verwandte Spiele. Leipzig: Kohler's Anti-
quarium, 1937.

KRAITCHIK, MAURICE. Mathematical Recreations. New York: W. W. Norton, 1942;
Dover Publications, 1953. 328 p.

A classic; for beginners and for experts; chess, bridge, roulette, Russian
bank, dominoes, cryptograms, and such.

KRAITCHIK, MAGAIcE. La mathenzatiques des jeux, ou recreations mathimatiques.
Paris: GauthierVillars, 1900; Bruxelles: Stevens, 1930. 566 p.

Ka *intim, MAURtcE. Le problerne du cavalier' aux ichecs. Paris: Gauthier-VI
lam 1927. 96 p.

KRAITCHIK, MAutticE. Le Probleme des reines (2 parties). Bruxelles: 1926.

KURTZAHN, T. Die Runen al, Heilzeichen. 1925.

LEE, WALLACE W. Math Miracles. Durham, N.C.: Privately printed, the author,
Box 105, 1950.83 p.

LEMING, JOSEPH. Fun with Paper. New York: Frederick Stokes, 1939.

LEEMINC, JOSEPH. Fun with Puzzles; puzzles o/ every kind /or everybody. . . .
problems with coins, counters and matches, brain twisters, mathematical
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and number puzzles, pencil and paper problems, and such. Philadelphia and
New York: Lippincott. 1936- 128 p. Comet Books Edition, 1949_ p. 213.

Author is a well-known writer with tnanv books to his credit: fun with
string. with paper. with magic. and such.

Lt. mine, JOSEPH. Fun with String. New York: Frederick Stokes, 1940. 160 p.

LE:xatsrac, Josuett. More Fun with Puzzles. Philadelphia: Lippincott, 1947. 149 p.

LEE,MiNG, JOSEPH. The Real Book about Magic- New York: Garden City Books,
Garden City, N. Y. 1951. "Mathematical magic," p. 58.68.

LEnra am MAX. Neue mathematische Spiele fur die Jugend: der geometrische
Aujbau gleichsummiger Zahlenfiguren. Wiesbaden: Schellenberg, 1932.
384 p.

LEOPOLD. JULES. At Ease! 200 flours of Fun and Entertainment. New York: Mc.
Graw-Hill, 1943.

A varied collection of puzzles and stunts, games and gagseverything
from mathematical twisters to tips on checker playing, from cryptograms
to match tricks.

LEOPOLD, JULES. Check Your Wits! New York: McGraw-Hill, 1948.
A collection of puzzles, brain teasers, number problems, tongue twisters,
and other assorted enigmas.

Dots, H- E. Recreations in Mathematics. New York: Van Nostrand, 1917, 1929.
155 p.

LIETZMANN, WALTER- Lustiges and Merkwiirdiges von Zuhlen and Formen. Bres-
lau, F, Hirt, 1928; 7th ed., Giittingen: 1950. 307 p.

LIETZMANN, WALTER. Riesen and Zwerge im Zahlenreich: Plaudereien jar kleine
and grosse Freunde der Rechenkunst. Leipzig: Teubner, 1932.

Number giants and pygmies, by a well-known writer on expository mathe-
matics.

LIETZMANN, WALTER. ro steckt der Fehkr? Mathematische Trugschliisse and
Warn:eichen. Leipzig: Teubner, 1923, 1950. 182 p.

Lanus, Z. L, AND HEARD, IDA MAE. Just for Fan. Lafayette. La.: Southwestern
Louisiana Institute, the authors, 1948. 55 p. (Mimeo.)

LEM:STREET, JULIAN. (Pseudonym). See Rulon, P. J.

LticEY, ROGER Wants. A Problem a Day. Harmondsworth, Middlesex, England:
Penguin Books, 1937, 1952. 204 p.

LUCEY, ROGER MARTIN. Problem Parade. London: John Gifford, Ltd., 1944. 134 p.

MAAcx, FEnootano. Die Losung des Satorgeheimnisses. 1926.

MAcHtusDEAN, HAMISH. Yesterday's Impossibilities. Glasgow: Fraser, Edward &
Co., 1943. 52 p.

MAcIdAnorq, (ItiouoDI P. A. New Mathematical Pastimes. Cambridge University
Press, 1930. 116 p.

Contains unique recreations related to repeating designs.
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MELLO E SOUZA, JULIO CiSAR DE. 0 Homem que calculava; romance. Rio de
Janeiro: Conquista, 1954. 258 p.

Fiction; mathematical recreations.
MELLO E SOUZA, JULIO CiSAR DE. Matematica divertida e fabulosa; problemas

curiosos, anedotas, recreaciies geometricas, (rases celebres, erros, disparates,
enteliquias, subtraciies pokkas, imagens numericas, etc. Rio de Janeiro:
G. Costa. 1942. 213 p.

MENAKER, FRED. How Smart Are You? Stimulating and Amusing Puzzles and
Problems to Test Your Kits. New Vtirk : Sentinel Books. 1935. 63 p.

MENNINcER, KARL. Ali Baba and die 39 Kamele; ergiitzliche Geschichten von
Zahlen and Menschen. Munchen and Berlin: R. Oldenbourg. 1941. 130 p.

MERRILL, HELEN A. Mathematica1 Excursions. Boston: Bruce Humphries. 1933.
145 p.

!Miscellaneous problems; mostly serious. i.e., illustrating significant mathe
matical ideas.

MEYER, JEROME S. Fun with Mathematics. Cleveland & New York: World Pub.
Fishing Co.. 1952. 176 p.

Sophisticated and attractive; contains considerable new material.
MEYER. JEROME S. Puzzle Paradise. New York: Crown Publishers. 1946. 126 p.

MEYER, JEROME S. Puzzle Quiz and Stunt Fun. New York: Dover Publications,
1956. 256 p.

MILICK. EL. Montages mathi.matiques. Paris: Girard. Barrere et Thomas. 1947.

MITCHELL. DONALD V. Take the Sting Out of Mathematics. Seattle, Washington:
the author. 12345 Sand Point Way, 1953.

Morr-SotiTH, GEOFFREY. Mathematical Puzzles for Beginners and Enthusiasts.
Philadelphia: Dover Publications, Inc., 1955, 248 p.

Unusually fine collection of mathematical recreations, well presented.

MULER, Finn. Warum? Friihliche Fragen zunt Nachdenken, von Fritz Miiller-
Partenkirchen. Leipzig: L. Staackmann. 1926. 160 p.

MURRAY. History of Board Games, exclusive of Chess. Oxford University Press.

NORDMANN. A. B. One Hundred More Parlour Tricks and Problems. London:
W. Gardner, Darien & Co., Ltd., 1927.

NORTHROP, EUGENE P. Riddles in Mathematics: a Book of Paradoxes. New York:
Van Nostrand, 1944. 262 p.

Paradoxes in arithmetic and geometry; algebraic and geometric fallacies;
paradoxes of the infinite; paradoxes in probability; logical paradoxes;
paradoxes in higher mathematics. Sophisticated; scholarly.

NORTHRUP, E. F. Pseud., Akad. Zero to Eighty. Princeton, N. J.: Scientific
Publishing Co.. 1937.

PEET, H. E., AND CLAPP, F. L Number Games and Stories. Boston: Houghton.
Mifflin. 1930.

PERELMAN, I. E. Recreational Arithmetic. 6th edition. Leningrad: 1935. 176 p.
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PERELMAN, I. E. Recreational Geometry-. 5th edition. Leningrad: 1935. 300 p.

PHILLIPS, HUBERT. Brash Up Your Sits. Philadelphia. Pa.: McKay, 1936. 116 p.
PHILLIPS, HUBERT. Hubert Phillip's Heptameron; a Miscellany of Entertainment

by Hubert Phillips. London; Eyre & Spottiswoude. 1945. 314 p.
PHILLIPS, HUBERT. Question Time: .4n Omnibus of Problems tor a Brainy Day.

New York: Farrar & Rinehart, 1938. 265 p.
Plow Ps, HUBERT. The Leek-end Problem Boak. Bloomsbury: Nonesuch Press,

1933.

PHILLIPS, H.; SHOVELTON, S.; Aso G. MARSHALL. Caliban's Problem Book. Lon.
don: T. De la Rue & Co.. 1933. 330 p.

Put.Locu, SAUL. Mathematical Paradoxes and Recreations. Los Angeles, Calif.:
American Association for the Advancement of Visual Instruction in Mathe-
matics. 2512 S. A'ermunt Abe.. 1937. 108 p.

PowroN. D. Exercises on Stories about Mathematics Land. London & Toronto:
J. M. Dent & Suns, 1927.

PONTON, D. Stories about Mathematics Land. Books I & II. London & Toronto:
J. M. Dent & Sons, 1922. 1927.

Pnoso:Auzn, J. Puzzles for Everyone. New York: Harper & Bros., 1944. 176 p.

RADEMACHER, HANS. Von Zahlen and Figuren; Probers mathematischen Denkens
bur Liebhaber der Mathematik: ausgewahlt and dargestelit von H. Rade.
macher and Otto Tiip litz. Berlin: J. Springer, 1930. 164 p.

RADEMACHER, HANS AND TOEPLITZ, OTTO. The Enjoyment of Mathematics. Prince.
ton, N. J.: Princeton University Press. 1957. 204 p.

RANSOM. WILLIAM R. One Hundred Mathematical Curiosities. Portland, Maine:
J. Weston Walch, Publisher. Box 1075, 1955. 212 p. (Paper)

Miscellaneous well.knuwn mathematical paradoxes, puzzles, tricks, recrea-
tions, and curiosities.

RucusiANN, W. J. The Fascination of Numbers. Oxford, England: Blackwell's,
1957.

Elementary number theory; digital roots and recurring decimals; magic
squares; number curiosities; pseudotelepathy.

'Rithmetic of the Purest Kind: 200 Tricky Problems with Answers; Tricks of
Figures That You Can Do, Combining Recreation with Education for Young
and Old. New York: Emerson Books, Inc., 1939.27 p. (Pamphlet)

Rounnoocw. LYNN. Puzzle Craft; Plans for Making and Solving 40 Puzzles in
Wire, Wood, and String. Delaware, Ohio: Cooperative Recreation Service,
"Kit U," 1930, 1932. 25 p. (Pamphlet)

Interesting dissection and other manipulative recreations.

Row. T. SUI4DARA. Geometric Exercises in Paper Folding. Chicago: Open Court
Publishing Co:. 1941. 148 p.

ROZzA. PETER. Das Spiel mit dem Unendlichen. Mathew:auk .4ussenstehende.
(Translated from the Hungarian). 1955, (n. p.)
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RULON, P. 3. Brain Teasers; or, Hurdles for the Mental Athlete. Boston: L. C.
Page & Co., 1932. 250 p.

SAINTELAGOE, A. Avec des nombres et des lignes. 2nd edition. Paris: Vuibert,
1942. 358 p.

SAmTE-LAGOE, A. Geomitrie de situation et jeux. Paris: Gauthier-Villars, 1930.
75 p.

SAMPLE, ANNA E. Fifty Number Games for Primary Children. Chicago: Beckley-
Cardy, 1927.

SANFORD, VERA. The History and Significance of Certain Standard Problems of
Algebra. New York: Teachers College, Columbia University, 1927. 102 p.

SAUERHERING, DR. Paracaidas. 1929.

SCHUBERT, HERMANN. Mathematische Mussestunden. Eine Sammlung von Gedulds.
pielen, Kunststiicken und Unterhaltungsautgaben mathematischer Natur. 3
Vol. Leipzig: 1900; Berlin: 1935.

Senna, FRED. If onderlijke Probletneu. Leerzaam Tijdverdrejt Door Puzzle en Spel.
Zutphen, Netherlands: W. 3. Thieme & Cie, 1943. 334 p.

Amusing instruction through puzzles and play.

SLOANE, T. O.; THOMPSON, 3. E,; AND Licks, H. E. Speed and Fun with Figures.
New York: Van Nostrand, 1922, 1939.

SMITH. ARTHUR. The Game of Go. Rutland, Vt.: Charles E. Tuttle Co., 1956.
220 p. (Paper)

Comprehensive treatment of the national game of Japan,

SPARHAWK, NORMAN P. Numbergrams. Boston: The Van Press, 27 Beach St.,
Boston, Mass. 1932. 50 p.

SPERLING, WALTER. Denkspiele Iiir kluge Kople; knittlige Autgaben aus der
Mathematik, Arithmetik, Geometric, u.s.w. Zurich: A. Miiller, 1940. 270 p.

SPERuttc, WALTER. Kuriose Probleme der Arithmetik, Geometric, Mathematik,
Optik, Physik; Iiir grosse und kleine Denker. Berlin: Scher], 1936. 95 p-

Sphinx: A Magazine Devoted to Mathematical Recreations. 173 Ave. W. Church-
ill, Brussels: Belgium. 9 Vol. 1931.1939.

STEINHAUS, HUGO. Mathematical Snapshots. New York: Oxford University Press,
1950. 266 p.

A unique collection of interesting mathematical facts, expository and
recreational material.

STORME, PETER AND STRYFE, PAUL. How To Tortare Your Friends. New York:
Simon & Schuster, 1941. 170 p.

Delightful assortment of brain twisters, puzzles, fallacies, tricks, quizzes,
and quips, attractively presented.

STRAUSS, ALFRED. Deutsche Cabbala; Zahlentnagie der Namen. Leipzig: 1929.
79 p.

STRUM, SIMON. Pastiche Wissenschatt. Nuremberg: Willmy Verlag, 1941.
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STI.TYv Atm M. La Bosse des Mathematiques. Gaud: Van Rysselberghe & Rom.
bant, 1927.

SUESS, DR. The Omnibus Boners. New York: Viking Press, 1931.

THEBAULT, VICTOR. Les Recreations_ Mathimatiques. (Parmi les Nombres Cu-
rieux). Paris: Gauthier-Villars. 1952. 297 p.

TRAVERS. JAMES. Puzzling Posers. London: George Allen & Unwin. 1952. 80 p.

The Y & IV Puzzle Omnibus. London: Vawser & Wiles, Ltd. n.d.
Several small tracts bound in one; c. 1953.

VenuquANT. S. Les Mathimatiques Ricriatives et TEnseignement. Bruxelles:
Librairie du "Sphinx," 1935.

VENTHESS, H. E. Mathematical Pasties and Problems. Washington Information
Bureau, 1927. (Leaflet) 4 p.

WHITE. Wsi. F. A ScrapBook of Elementary Mathematics: Notes, Recreations,
Essays. Chicago: Open Court Publishing Co.. 1908. 1927; 4th edition, Lon.
don: 1942. 248 p.

WILLIAMS, W. T. AND SAVAGE. G. H. The Penguin Problems Book. New York:
Penguin Books. 1940. 156 p.

Collection of 100 provocative inferential and mathematical problems, and
100 word problems (acrostics. anagrams, word squares, and such).

WILLIAMS. ir. T. AND SAVAGE. G. H. The Second Penguin Problems Book. New
York: Penguin Books. 1944. 467 p.

WILLIAMS, W. T. AND SAVAGE. G. H. The Third Penguin Problems Book. London:
Penguin Books. 1946.

WINTER. FERDINAND. DOS Spiel der 3U bunters iiiirfel. Leipzig: Teubner. 1934.

WoLFF, TREopoit. Die liichelnde Sphinx; Von grossen und kleinen, von ersten uno!
heiteren Problemen. Prag: Academia Verlagsbuchhandlung, 1937. 312 p.

Wow', TittoDott. Vom lachenden Denken: ein, Buch von IV undern und Pro.
blemen. Berlin: A. Seherl gan.b.h.. 1931. 268 p.

WOLFF. Ttmonott. Der Wettlauf mit der Schildkrote: geloste und ungeloste
Probleme. Berlin: A. Scherl g.m.b.h., 1929. 383 p.

WYATT. E. M. Patsies in Wood. Milwaukee: Bruce Publishing Co.. 1928. 64 p.

WYLIE. C. R.. Ja. 101 Puzzles in Logir and Thought. New York: Dover Publics.
tions, Inc., 1957.

ZEISS. ERWIN. Zahknzattber. Wien: Kommissionsverlag Rudolph Lechner & Sohn,
1934. 62 p.

1.3 Periodical literature

ANNING, NORMAN. New slants on old problems. M. T. 45:47475; 1952.

ANNING, NORMAN. Socrates teaches mathematics. S. S. M. 23:581-84; 1923.

BAKST, AARON. Magic of mathermtics. Science Digest 10:3438; 1941.
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ilattsr, A. Recreational mathematics. M. T. 43:347, 416.17; 1950.

Bmixati, S. H. Puzzle instinct in teaching mathematics. Bulletin of High. Points
12:69.70; 1930.

BARNES, A. Making mathematics interesting. M. 7'. 17:40410; 1924.

BENTLEY, Bynou. Recreations for the mathematics club. M. T. 23:95-103; 1930.

BERGEN, M. C. Misplaced mathematical recreations. S. S. M. 39:766-68; 1939.

BRANDES, L. G. Math. can be fun: tricks, puzzles. wrinkles raise grades. Clearing
House 25:75-79; October 1950.

BRANDES, L. G. Recreational mathematics as it may be used with secondary
school pupils. S. S. M. 54:383-93; 1954.

BRANDES, L. G. Recreational mathematics for the mathematics classrooms of our
secondary schools. S. S. Al. 54: 617-27; 1954.

BRANDES. L. G. Recreational mathematics materials in the classroom. California
J. of Secondary Education 28:51.55; January 1953.

flaszquEs. L. G. Using recreational mathematics materials in the classroom. M. T.
46:326.29, 336; 1953.

BRANDES, L. G. Why use recreational mathematics in our secondary school mathe
mattes classes? S. S. At. 54:289-93; 1954.
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Chapter 2

rhalmeteca aed
ritelekaie Remettedge4
I I HE COMBINED ages of Mary and Ann are 44 years, and Mary is twiceT as old as Ann will be when Ann is three times as old as Mary was

when Mary was three times as old as Ann. How old is Ann?" The
question: How old is Ann?, has long since become a household byword; it
is known to have been asked as early as 1789.

Many of the popular puzzles and recreations which fascinate the multitude
are mathematical in natureand a large part of these are arithmetical or
algebraic. The range of subject matter, so to speak, of this large body of
problems is truly amazing. In ancient and mediaeval times there were the
ever.present problems of the cistern, the courier problems, the GodGreet-You
problems, the lion-in.the.well problems, the timeofday problems, and the
testament problems. In mediaeval times, to be sure, emphasis shifted some
what toward commercial problems: interest and usury, discount, insurance,
coinage, exchange, weights and measures, and related matters.

In modern times, many of these old problems reappear in new guise. Of
course, some new ones have been added. Like women's fashions, they ap.
pear to be subject to whimsy and caprice. Twenty.five years ago, problems
of the "engineer.fireman.brakeman" type were in vogue. In turn, there
would seem to be a revival of interest in a succession of classics: the monkey
and the coconuts; the bumble bee flying back and forth between the radiators
of two approaching automobiles; the prolific bacteria and the half.filled jar;
and so on and on. At the moment of writing, the public fancy has been
regaled with the egg problem of Victorian New England: Three boys, A, B,
and C, went to sell their eggs. A had 10 eggs, B had 30 eggs, and C had 50
eggs. They each sold their eggs at the same rate, and received the same
amount of money. How much did they sell their eggs for? No, it's not im-
possible.

2.1 General Arithmetical Recreations

BAKST, AARON. How the number magician does it. Mathematics: Its Magic and
Mastery. New York; .Van Nostrand, 1941. p. 150.57.
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GLODEN, A. Notes on Diophantine equations. Scrip. M. 14:185-86; 1948. 15:163.
64; 1949.18:87.90, 177.78, 310.11: 1952.

GREY, L. D. A note on Fermat's last theorem. ht. Mag. 27:274.77; 1953-54.

Guy, L. D. Round table on Fermat's last theorem. M. Mag. 27:274-77; 1954.

Gamut, THOMAS. Proof of Fermat's last theorem for n = 2(8a 1). M. Mag.
26:263; 1952-53.

HEIMANN, P. H. AND ELSTON, F. G. Round table on Fermat's last theorem. hi.
Mag. 28:49.50; 1954.

JAMES, G. A higher upper limit to the parameters in Fermat's equation. Am. hi.
Mo. 45:439.45; 1938.

JUZUK, Dov. On the converse of Fermat's theorem. Scrip. M. 11:100; 1945.

KLEIN, FEt.tx. Elementary Mathematics from an Advanced Standpoint: Arith.
meat, Algebra. Analysis. New York: Macmillan, 1932. p. 46-50.

LEH5IER; LEHMER; AND VANDIVER. An application of high-speed computing to
Fermat's Last Theorem. Proceedings. National Academy of Sciences 40:2533;
1954.

MANN, Louis. A remark on Fermat's last theorem. Al. Mag. 28:153.56; 1954-55.

Mum, G. A. A few classic unknowns in mathematics. Sci. Mo. 1:93-97; 1915.
MILLER, G. A. Some thoughts on modern mathematical research. Science 35:877.

87; June 7, 1912.
MORDELL, L. J. Three Lectures on Fermat's Last Theorem. London: Cambridge

Univ. Press, 1921.

NocuEs, R. Theoreme de Fermat: son Histoire. Paris: Vuibert, 1932. 177 p.
PIZA, PEDRO. Fermat coefficients. M. Mag. 27:141.46; 1954.

PIZA, PEDRO. On the case n = 3 of Fermat's last theorem. U. Mag. 28:157.58;
1954-55.

PUP., PEDRO. Pythagorean transformation of Fermat's equation. Scrip. A!. 9:189;
1943.

SEGAL, D. A note on Fermat's last theorem. Am. M. Mo. 45:438.39; 1938.

"Some Introductory Comments on Fermat's Last Theorem." M. Mag. 27:213.16;
1953.54.

STONE, D. E. On Fermat's last theorem. M. Mag. 28:295.96; 1954.55.

VANDIVER, H. S. Examination of methods of attack on the second case of Fermat's
Last Theorem. Proceedings, National Academy of Sciences 40:732-35: 1954.

VANDivER, H. S. Fermat's lust theorem. Am. Al. Mo. 53:555.78; 1946.
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2.8 Fibonacci Numbers and Series

ARCHIBALD, R. C. Fibonacci series. Am. M. Mo. 25:235.38; 1918.

BALL, W. W 11. AND COXETER, H. S. M. Mathematical Recreations and Essays.
London: Macmillan, 1942. p. 57, 86.

BEARD, Ronal. S. The Golden Section and Fibonacci numbers. Scrip. M. 16:116-
19; 1950.

BLANK, GERSHON. Another Fibonacci curiosity. Scrip. M. 21:30; 1955.

BLOCK, DANIEL. Fibonacci summations. Scrip. M.19:191; 1953.

BLOCK, DANIEL. Symbolic formulae involving Fibonacci numbers. Scrip. M. 18:
306.307; 1952.

CANDIDO, G. Fibonacci series and their squares. Scrip. M. 17:230; 1951.

DICK, F. J. The King's chamber and the geometry of the sphere. .4m. M. Mo. 27:
262.63: 1920.

DICKSON, L. E. History of the Theory of Numbers, Vol. I. Washington, D. C.:
1919. p. 393.411.

GINSBURG, JEKUTHIEL. Fibonacci pleasantries. Scrip. M. 14:163.64; 1948.

GINSBURG, JEKUTHIEL. Summations. Scrip. M. 20:231; 1954.
Summation of Fibonacci and Lucas series.

HAMBIIJGE, J. Dynamic Symmetry. New Haven: 1920. p. 146-57.

HEATH, ROYAL V. Another Fibonacci curiosity. Scrip. M. 16:128; 1950.
HEATH, ROYAL V. Fibonacci congruences. Scrip. M. 15:91; 1949.

Eloccm, VERN. A type of periodicity for Fibonacci numbers. M. Mag. 28:139.42;
1954.55.

JAitos:N, Dog. Note on Fibonacci ta.eries. Scrip. M. 15:114; 1949.

JARDEN. Dov. Nullifying coefficients. Scrip. M. 19:239.41: 1953.
Discusses the Fibonacci counterparts of binomial coefficients; also, a
Pascal triangle fur Fibonacci sequences.

NORThaop. EUGENE. Riddles in Mathematics. New York: Van Nustrand, 1944.
"Fibonacci series.- p. 48.55.

PLOTNICK. S. M. The sum of n terms of the Fibonacci reties. Scrip. M. 9:197;
1943.

RAiNE, C. W. Factorization of Fibonacci numbers. Scrip. M. 17:142-43; 1951.

RAINS, G. W. Fibonacci equiareal triangles. Scrip. M. 20:96.98; 1954.

BANE, C. W. Fibonacci numbers as generators. Scrip. M. 19:241; 1953.

listnE. C. W. A Fibonacci solitaire game. Scrip. M.19:190; 1953.

REICHMAN. RAPHAEL. A summation formula involving Fibonacci numbers. Scrip.
M.20:111-12; 1954.

ROBERT. HARRY C., JR. The Fibonacci series. buodeciaid Bulletin 3:3.9; February
1947.
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ROBERT. HARRY C. Fibonacci series and reciprocals. The Duodecimal Bulletin
10:11.

ROSENFELD. A. Fibonacci differences. Scrip. M. 15:241.42; 1949.

SANDERS, I. Sums of terms of the Fibonacci series. Scrip. M. 14:162: 1948.

SCHUB, P. Minor Fibonacci curiosity. Scrip. M. 16:214; 1950.

Som. P. Reciprocals of Fibonacci numbers. Scrip. M. 17:97; 1951.

SEBBAN, H. Problem No. 2809. Am. M. Mo. 28:329.30; 1921.

STEINHAUS, H. Mathematical Snapshots. New York: C. E. Stechert. 1938. p. 28.
STativx, ADRIAN. The Fibonacci numbers. S. S. M. 44:701.707; 1944.

&ABA RAO. K. On summation formulae involving Fibonacci numbers. Scrip. M.
21:214-17; 1955.

SUBBA RAos K. Some properties of Fibonacci numbers. Am. M. Mo. 60:680.84;
1953.

Slim RAo, K. Some properties of Fibonacci numbers. Scrip. M. 20:29; 1954.
UIVIANSKY. H. L. Pythagorean triangles from Fibonacci numbers. Scrip. M. 18:

163; 1952.

WEAVER, W. Lewis Carroll and a geometrical paradox. Am. M. Mo. 45:234-36i
1938.

YAttoen, D. A bibliography of the Fibonacci sequence. Riveon Lematematika
2:36.45; January 1948.
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Chapter 3

9eomeereee ReeizeatioN4
TMs RATHER broad category includes not only geometric fallacies and pars-

doses, optical illusions, dissections, tangrems, and geometric construc-
tions, but also material on regular polygons and polyhedra, tessellations,

linkages, and the mechanical construction of mathematical curves. Such
amusements often appeal to the eye-minded, and to those who are not par-
ticularly intrigued by numerical or algebraic puzzles.

Among some of the best known geometic fallacies are the alleged proofs
that an obtuse angle equals a right angle; that every triangle is isosceles;
that the length of part of a line equals the length of the whole line; and that
the sum of the lengths of two sides of a triangle equals the length of the
third side. These and similar proofs rarely fail to intrigue high school
pupils.

As for optical illusions. the explanation generally hinges upon considers-
Lions of perspecthe, shading. disposition, and such, or upon purely psycho-
logical considerations. Among the most widely known optical illusions are
the two equal segments with reversed arrowheads; the "Which is taller, the
policeman or the little boy?"; and the "How many cubes are theresix or
seven?". Optical illusions such as the last of these are the more tantalizing
because they sometimes seem to "turn inside out" as you look at them.

3.1 General Geometric Problems and Puzzles

Assort &min A. to Square). Flatland: a Romance of Many Dimensions. Bos-
ton: Little. Brown & Co., 1928. 155 p. New York: Dover Publications, 1952.
103 p.
A delightful. well-known little classic.

ANNINc. Norttra4. More about nedians. M. 7. 44:310.11; 1951.

BALL. W. W. ft. AND COXETER, H. S. M. Mathematical Recreations and Essays.
London: Macmillan, 1942.

"Geometrical recreations." Fallacies; dissections; tessellations; cyclotomY;
chessboard problem:, p. 76-128.

BANKOF1, LEON. The Fibonacci arbelos Scrip. M. 20:218; 1954.

BANKOFF, Lsom. The golden arbelos. Scrip. M. 21:70.76; 1955.

BAHAVALI.E. litastkN. Dynamic circles. Scrip. 211. 18:83.85; 1952.

BEARD. Rosser S. A variation of the Apollonius problem. Scrip. M. 21:46.47; 1955.
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BERNHART, ARTHUR. Curves of pursuit. Scrip. M. 20:125.41; 1954.
Scholarly treatment; allusion to Zeno's paradox. p. 125.26.

BOOTH, A. I.. A mathematical recreationsome angles of a right triangle. M. T.
11:177-81; 1919.

BRuzacm, FRANK. Parallelograms with integer sides and diagonals. S. S. M. 56:
687.96; 1956.

CoVRT, N. A. Fagnsno's problem. Scrip. M. 18:95.96; 1952.

Guam, H. J. A note on the taxicab geometry. Am. M. Mo. 60:416.17; 1953.
DAwsoN, T. R. Matchstick geometry. M. Gas. 23:161.68; 1939.

DosascluNG, JOAN. Faullelograms with integral sides aid integral diagonals.
S. S. M. 56:156; 1956.

Escort, E. B. Geometric puzzles. Open Court 21:502.505; 1907.

FouRRET, E. Curiositis geomitriques. Paris: Vuibert & Nosy, 2nd edition, n.d.;
3rd edition, 1920 (?) . 431 p.

FURSTENBERG, H. A geometrical curiosity. Scrip. M. 19:194; 1953.

GILMAN, R. L. What can be done with a single setting of the compasses. Scrip.
M. 5:6849; 1938.

&moms, JEXUTHIEL. Graphs of linear congruences. Scrip. M. 13:106.13; 1947.

GOORMAGHTIGH, R. A geometrical curiosity. Scrip. M. 20:171; 1954.

GROSSMAN, HOWARD. Fun with lattice points. Scrip. M. 12:8687, 16061, 223.25,
288-90; 1946.
13:98.102, 217-22; 1947.
14:62.65, 15742: 1948.
15:79.81, 232.37; 1949.
16:119.24, 207.12; 1950.
17: 1951.
18:298-300; 1952.
20:203.04; 1954.
22:153.58; 1956.

GROSSMA4, H. D., AND KRAMER D. A new matchgame. Am. M. Mo. 52:442-43;
1945.

HARRIS, I. Geometric recreations. S. S. M. 20:731.33; 1920.

"Harvard University Student Makes Straigbtline Drawings." Lite, March 18, 1940.
p. 43-44.

HENDERSON, ARCHIBALD. A classic problem in Euclidean geometry. Journal of the
Elisha Mitchell Scientific Society 53 :246.81 ; 1937.

Proof of the proposition that if the internal bisectors of the base angles of
a triangle are equal, the triangle is isosceles.

HENDERSON, ARCHIBALD. The Lehmus-SteinerTerquern problem in global survey.
Scrip. M. 21:223.32; 1955.

HttsERT, D. AND COHNOSSEN, S. Geometry and the Imagination. (A transla
Lion of the classic Anschaultche Geometric.) New York: Chelsea Publishing
Co., 1952. 358 p.

Curves; surfaces; lattices; crystals; polyhedra; topology; and so on.
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H. W. K. Solution of a geometric puzzle. M. Gas. 28:3132; 1944.

Ina. R. V. Intersecting magic lines. Scrip. M. 21:43; 1955.
JAMES. GLENN. Longshort lines. M. Mag. 29:254.56; 1956.

KASPER. LOUIS. There Is Fun in Geometry. New York: Fortuny's, Publishers,
1936. 135 p.

KEMPNER, A. J. Geometry as an avocation. Am. M. Mo. 40:455.71; 1933.

Kim-roux, 111 Aunicz. On certain rational cubolds. Scrip. M. 11:317.26; 1945.

KRAITCHIK. biAnnice. On the concurrence of the legs of equiareal triangles. Scrip.
M. 11:178; 1945.

LANGroao, C. D. Uses of a geometric puzzle. M. Go:. 24:209.11; 1940.

LANGMAN. HARRY. A disc puzzle. Scrip. M. 17:14445; 1951.

LANGMAN, Ulm Polygons. Scrip. M. 19:79.80; 1953.

LANGMAN, HARRY. Rotations. Scrip. M. 15:93; 1949. 16:72; 1950.

MADDEN, 0. A geometrical recreation. U. Gaz. 28:55; 1944.
Carted wooden models.

MENGER, KARL. You Will Like Geometry. (A Guide Book for the Illinois Insti-
tute of Technology Geometry Exhibition at the Museum of Science and In-
dustry, Chicago, IBA. Chicago: the author, 1952. p. 34. 104.

An exceptionally appealing and suggestive booklet.

MORRIS. RICHARD. The cyclic quadrilateral; a recreation. S. S. M. 24 :296.300;
1924.

MUELLER. C. H. Geometric Concepts. New York: Wiley, 1931.

NEV. R. MIND. Geometrical magic. Scrip. M. 19:198.200; 1953.

Nev. R. MIND. Mathematics on the chess-board. Scrip. M. 20:110; 1954.
Brief note on the number of squares and rectangles visible on any square
board of squares.

'hv. R. Minn. A square within a square. Scrip. M. 19:270; 1953.

NEV. R. MIND. Supremacy of obtuseangled triangles. Scrip. M. 20:205; 1954.

Nt.v. R. Minn. Too many? Scrip. M. 21:296.98; 1956.
A paradox about packing layers in a box.

RosEll. Moans. Taxicab geometry. The Pentagon 15:4.14; 1955.

&AINTE-LAGUE, A. Geo:14We de situation et jeux. Paris: GauthierVillars, 1930.
75 P.

SAYTERLY, JOHN. The Morley triangle and other triangles. S. S. M. 5S :685.701;
1955.

SAYTERLY, JOHN. The nedians of a plane triangle. M. T. 44:46.48; 1951.

SHAW, Toms BYRNIE. Kaleidoscopic rhythms. Scrip. M. 12:101.11; 1946.

STANCLIM FPNTON. Residue curves. Scrip. M. 13:114.15, 232-33; 1947.

"Taxicab Geomet*y." 0. U. Math Letter (University of Oklahoma), Vol. 4, No. 2.
December 1954. p. 3.

"Testing Your Imagination." Science Illustrated 2:32.33+; December 1947.
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THCIAULT, VICTOR. The area of a triangle as a function of its sides. Scrip. M. 18:
151.61; 1952.

THiDADLT, VICTOR. Curious squares. Scrip. M. 13:41.42; 1947.

THEBAULT, VICTOR. Curvilinear and mixtilinear figures. Scrip. M. 19:69.77; 1953.

THtBAULT, VICTOR. Geodesics. Scrip. M. 21 :147.58 ; 1955.

THEssuLT, VICTOR. Parini les Belles Figures de la Giometrie dans TEspace
(Geometrie du Tetraedre) . Paris, 1955. 288 p.

THiBAULT, VICTOR. Recreational geometry. Scrip. M. 15:82.88, 149-55; 1949. 18:
151.61; 1952.

THtBAULT, VICTOR. Recreational geometry: the triangle. Scrip. M. 22:1430, 97.
105; 1956.

A collection of theorems and properties relating to the medians, angle-
bisectors,,angle.trisectors, etc., of a triangle.

THillAULT, VICTOR. Triangle horde de triangles isosceles semblables. M. Gaz. 24:
111-12; 1940.

TRIMBLE, H. C. Signed areas applied to **recreations of geometry." M. T. 40;3.7;
1947.

VUDIERT, H. Les anaglyphes geometriques. 3rd edition. Paris: Librairie Vuibert,
1912. 32 p.

WHITE, W. F. Geometric puzzles. Open Court 21:241-44; 1907.

WHITLOCK, Louts. A stamp problem. Scrip. M. 21:92; 1955.

3.2 Geometric FallaciesOptical Illusions
BAK,T, AARON. The Mathematics of Seeing. Mathematics: Its Magic and Mastery.

New York: Van Nostrand, 1941. p. 469.78.
BALL, W. W. R. AND COXETER, H. S. M. Geometrical fallacies. Mathematical Rec-

reations and Essays. London: Macmillan, 1942. p. 76.87.

REELER, N. F. AND BRANLET, F. M. Experiments in Optical Illusion. New York:
Crowell, 1951.

BtartnEs, Louts G, An Introduction to Optical Illusions. Portland, Maine: 3.
Weston Watch, Publisher, P. 0. Box 1075, 1957. $1.00.

A collection of 25 striking drawings, -common optical illusions.

litto.oEv. Lot's G. Optical illu.ioit*: a presentation for high school mathematic;
titudent.. S. 5. 11_ S4:557.66: 1954.

littitstesTEft, Lunwts. Theorie der geometrischoptischen Gestalttauschungen. Zeit-
schrift fur Pyschologie a. Physiologic der Sinnesorgane. Leipzig: 41:321-48;
1906.

CoNsttoi, W. H. Note un the fallacy. Al. T. 19:496-98: 1926.

CENTiLE. K. Optische Tiiuschungen an Figured in geometrisc-hen Lehrbuchern.
Z. Al. N. U. 57:369+ : 1926.

H t LsTEAO, G. B. Fallacies of geometry. Am M. Mo., Vol. 9. 1902.
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joHNSoN, Was. W. Proving a geometrical fallacy by trigonometry. S. S. M. 19:527-
28: 1919.

LERCH, H. Irrefiihrung durch Anschauung. Z. M. N. U. 47:82+; 1916.

Lizrzstatai, WALTER. Wo stekt der Fehler? Z. M. N. U. 48:367; 1917.

LIETZMANN, WALTER. Optical illusions. Ilro steckt der Peltier? Leipzig: Teubner,
1950. p. 15-25.

LIMPS, Macioce. Raumaesthetik and geometrachoptische Tatischungen. Leipzig:
J. A. Barth, 1897.

Low, A. M. Optical illusions. Popular Scientific Recreations. New York: Roy
Publishers, n.d. p. 205.22.

Msrulaws, R. Paradox in congruent triangles. S. S. M. 16:24849; 1916.
METER, E. Zu geometrischoptischen Tiiuschungen. Z. M. N. U. 61 :78.80; 1930.

METER, JERoME. A two-inch line with a six-inch "perimeter." Scrip. M. 7:156.57;
1940.

NORTHROP, EUGENE. Geometric paradoxes and fallacies. Riddles in Mathematics.
New York: Van Nostrand, 1944. p. 47.64, 97-116.

"Optical illusion." S. S. M. 14:190; 1914.

WEAVER, W. Lewis Carroll and a geometrical paradox. Am. M. Mo. 45:234-36;
1938.

WILLER% H. Geometrisch.optische Tfinschungen in mathematischer Behandlung.
Z. M. N. U. 60:499; 1929.

3.3 Geometric DissectionsTangrams
Geometric dissections, generally speaking, divide a given plane rectilinear

figure by means of straight lines into parts which can then be reassembled to
form some other preassigned configuration. Many recreations are built around
such dissections. Some very wellknown dissections have been applied to the
proof of the Pythagurean theorem.

Tangrams go back to ancient times. They consist essentially of flat tiles or
other pieces, usually seven in number, with definite shapes, such as a square, a
rhombus, and five triangles. The idea is to form picture figures by suitable
arrangements of the tans, as the pieces were called. Although an Oriental recre-
ation, it was also known to Archimedes. His elaborate tankram consisted of 14
pieces, cut out of a rectangle whose length is twice its widththe "stomachion"
of the Greeks and Romans.

BALL, W. W. R. AND Comm, H. S. M. Geometric dissections. Mathematical Recre-
ations and Essays. London: Macmillan, 1942. p. 87.94.

Bnooxs, R. L.: Smut. C. A. B.; STUNS, A..11.; AND TUTTE, W. T. The Dissec-
tion of rectangles into squares. Duke Mathematical Journal 7:312.40; 1940.

Gives a solution of the problem: to divide a square into a number of
smaller squares. no two of them equivalent.
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"A Dissected Square." M. Mag. 28:106-107; 1954.

"Geometrical Proof of the identity to b' = (a b) (a b) ." Scrip. M. 11:
172; 1945.

GOLDBERG, MICHAEL. Solution to Question E 401. Am. M. Mo. 47:570.71; 1940.

GOLDBERG, MICHAEL. The squaring of developable surfaces. Scrip. M. 18:17.24;
1952.

GROSSMAN, HOWARD. Plane-and space-dissection. Scrip. M. 11:189.90; 1945.

Gaumerrx, MURRAY. Geontetricks: An Album of Intellectual TimeKillers. Brook-
lyn, N. Y.: Playcraft House, 1939.

Collection of 21 dissection puzzles.

HARTSWICK, F. G. The Tangram Book: Adventures of the Beautiful Princess in
Triangle Land. New York: Simon & Schuster, 1925.

HOFFMANN, PROs. (A. J. Lewis). Puzzles Old and New. London: F. Warne & Co.,
1893. 394 p.

Contains many dissection problems.

Lotman. C. D. Dissecting a regular pentagon. M. Gaz., Vol. 11. No. 333. October
1956.

!AMMAN, HARRY. A problem in dissection. Scrip. M. 18:112; 1952.

LANCMAN, HARRY. A simple cut-up. Scrip. M. 18:304; 1952.

LANCMAN, HARRY. Squaring the double cross. Scrip. M. 16:271; 1950.

LINDGREN, H. Geometric dissections. Australian Mathematics Teacher. April 1951.

MACCAuLAY, W. H. The dissection of rectilineal figures. Messenger of Mathe-
matics 3:53; 1923.

Mathematics Staff. University of Chicago. More new exercises in plane geometry.
M. T. 50:330-39; 1957.

Mathematics Staff, University of Chicago. More on the cutting of squares. M. T.
49:442.54; 1956.

Mathematics Staff. University of Chicago. More on the cutting of square,:. The
Mathematics Student Journal, Vol. 3, No. 2, April 1956; Vol. 3. No. 3. Oc-
tober 1956.

Mathematics Staff. University of Chicago. New exercises in plane geometry. M. T.
50:125-35; 1957.

Dissections of squares and rectangles.

Mathematics Staff, University of Chicago. On the transformation of any rectangle
into a square. The Mathematics Student Journal, Vol. 4. No. 1. 1957.

Mathematics Staff. University of Chicago- A problem on the cutting of squares.
M. T. 49:332-43; 1956.

Mathematics Staff, University of Chicago. Stilt more on the cutting of squares.
T. 49:585.96; 1956.

MAYER, HAYARLY. Testing with a tangratu. M. T. 48:525.27; 1955.

OLDHAM, R. D. Old Archimedes teases the moderns. New York Times Magazine,
August 1926. p. 6+.
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"On Transforming a Hexagon into a Square." The Mathematics Student Journal.
Vol. 4, No. 2. May 1957.

SATTERLY, JOHN. Meet Mr. Tau again. S. S. M. 57:150; 1957.
Dk.,r.ction of a regular pentagon.

SMITH, C. A. B., AND Tune, W. T. A .:lass of selfdual maps. Canadian Journal
of Mathematics 2:179-96; 1950.

SPaAcur. R. Ober die Zerlegung von Rechtecken in lauter verschiedene Quadrate.
Journal die rein and woo. Math. 182:60.64; 1940.

SPRAGUE, R. Zur Abschitzung der Mindestzahl inkongruenter Quadrate, die eiu
gegebenes Rechteek ausffillen. Mathernatische Zeirschrift 46:460-71; 1940.

"A Square Dissection." M. Mag. 29:110.12; 1955.

TUTU, W. T. Squaring the square. Canadian Journal of Mathematics 2:197-209;
1950.

WANG, F. T. AND Ramo, C. Theorem on the tangram. Am. M. Mo. 49:596.99;
1942.

WYATT, E. M. Putties in rood. 10th edition. Milwaukee, Bruce Publishing Co.,
1956. 64 p.

Dissection figures and other mathematical puzzles.

WYATT, E. M. fenders in Food. Milwaukee, Bruce Publishing Co., 1946. 76 p.
Contains many fine puzzles.

YATES, Ronal. C. Addition by dissection. S. S. M. 40:801.807; 1940.

3.4 Regular Polygons and Polyhedrons

The elementary characteristics of regular polygons and polyhedrons were
known to the ancient Greeks, who gave us the regular Platonic solids and
the semi-regular Archimediau solids. But the elaborate development of the
subject in modern times is scarcely 100 years old. The general theory of
regular polytopes is intimately associated with several branches of higher
mathematics, notably group theory, topology and nimensional geometry,
not to omit its relation to the science of crystallography. A polytope is a
geometrical figure bounded by portions of lines, planes, or hyperplanes; in
2space it is a polygon, and in 3-space, a polyhedron. The study of regular
polytopes is unusually fascinating. It appeals to many on the ground of
sheer beauty and imagery; the mathematician cannot resist the urge to gen.
eralize; and the scientist, of course, is concerned with regular forms in
Nature.

BALL, W. W. R. AND Coxzrta, H. S. M. Polyhedra. Mathematical Recreations and
Essays. London: Macmillan. 1942. p. 129-60.

Bott,orr, Leon. Regular polygons of 2, 3, 4 and 6 sides inscribed in circles of
unit radius. Scrip. M. 21:252; 1956.
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BARAVALLE, H. Continuous transformations of regular solids. M. 7'. 39:147-54;
1946.

BEARD, R. S. Tessellated polygons. Scrip. M. 17:125.31; 1951.

BRUECKNER, M. Vie lecke and Eielfliiche. Leipzig: Teubner, 1900. 227 p.
Deals with all forms of polyhedrons, including semiregular and star poly-
hedrons.

CADWSLL, J. H. Models of polyhedra. M. Gas. 25:235.36; 1941.

COXETER,11. S. M. The densities of the regular polytopes. Proceedings, Cam-
bridge Philosophical Society, Vol. 27. 1931.

Count', H. S. M. Easy method for constructing polyhedral group pictures. Am.
M. Mo. 45:522-25; 1938.

COXETER, H. S. M., ET AL. The Fifty.Nine Icosahedra. (Math. Series No. 6).
Toronto: University of Toronto Press, 1938. 26 p. + 20 plates.

COXETER, H. S. M. Interlocked rings of spheres. Scrip. M. 18:113-21; 1952.

COXETER, H. S. M. The nine regular solids. Proceedings, The First Canadian
Mathematical Congress, Montreal: 1945; Toronto: 1946. p. 252.64.
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25:961.65; 1925.

linasort, E. W. On geometrical constructions by means of the compass. M. Gas.
7 :49-54 ; 1913.

' 7 5



64 RECREATIONAL MATHEMATICS
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trans. by A. M. Carette, 1828; Berlin: German trans. by 3. P. Galion, 1825.)

Mascuznom, LORENZO. La Geometria del Compasso. Edited by G. Fazzari,
Palermo, 1901.

Mtus, C. N. The problem of Napoleon. M. T. 46:344.45; 1953.
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The problem of transforming line motion into circular motion is simple
enough, but the reverse problem, of converting circular motion into motion
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attention some years after the first solutions were given by Sarrus in 1853
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78



GEOMETRIC RECREATIONS 67

HERBERT, C. H. A cardiograph. Am. M. Mo. 22:12-13; 1915.
Hescox, G. D. ]Mechanical Appliances, Mechanical Movements and Novelties of
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Hiscox, G. D. Mechanical Movements, Powers and Devices. New York: Norman
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Chapter 4

Adtvded Reeiteatieued
ROM ONE point of view, mathematical recreations fill into two major cate-

r gories: those that involve number relationships or computation, and
those that depend chiefly upon the manipulation of objects. Conspicuous

in the latter category we find the problem of ferrying the wolf, the goat, and
the basket of cabbages across a stream (or the three couples with jealous
spouses, where the boat will hold only two people); the problem of measur-
ing out one quart of a liquid with only a 3-, 5-, and 8-quart measure avail-
able; the problem of the three coins; the twelyecoin problem; the shunting
of freight cars; the Chinese ring puzzle; the problems of chains and links;
the Tower of Hanoi; the Josephus problem; and the Boss Puzzle, or
15Puzzle.

Included also among the manipulative recreations are string figures, paper-
folding exercises, card tricks. chessboard problems, unicursal problems,
labyrinths, and a variety of topological problems.

Because of the recent popularity of the 15Puzzle, it merits some observa-
tions. Invented in America by Sam Lloyd in 1378. it took Europe by storm.
"driving people mad." A square arrangement of 15 small square blocks num-
bered from 1 to 15, with room for 16 blocks, so that the 15 squares can be
interchanged by sliding them about. The total number of conceivable positions
is factorial 16. or almost 21 billion. It can be proved that from any given
initial arrangement. only half of all the possible arrangements can be obtained
by sliding the squares about. In the current revival of interest, the puzzle
appe.Irs in dime stores. and is made of modern plastic material. Variations
have also appearedrectangular eersiuns containing 19. 21. and 31 pieces.
rei.pectie ely.

4.1 Boss Puzzle

BALL. W. W. R. AND COXETER. H. S. M. The 15-Puzzle. Mathematical Recreations
and Essays. London: Macmillan. 1942. p. 299.303.

JontmoN, W. W. ANo STORY, W. E. Notes on the 15-Puzzle. American Journal of
Mathematics 2:397.404: 1879.

IC kSNER, E. kilt, NEWMANJ. Mathematics and the Imagination. New York: Simon
and Schuster. 1940. p. 170-80.

KRAITCHIK. M. Mathematical Recreations. New York: W. W. Norton. 1942. p.
302.308.
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Lim% H. E. Recreations in Mathematics. New York: Van Nostrand, 1917. p.
20.21

PROCTOR, R. A. The 15- Puzzle. Gentleman's Magazine (new series) 26:30.

PRocToR, It A. The 15Puzzle. Knowledge 1:37, 79. 185.

Stiowoort, 3. S. The 15Puzzle. Leisure Hour 29:493.

STEINHAUs, H. Mathematical Snapshots. New York: G. E. Stechert, 1938. p. 15.16.

WARREN, G. W. Clue to 15-Puzzle. Nation 30:326; 1880.

4.2 Card TricksManipulative Puzzles
ADLER. litTINc. Make up your own card tricks. Bulletin, Association of the Teach-

ers of Mathematics of the City of New York 5:4-7; 1951.

"An Application of Mathematical Induction to the Tower of Hanoi Puzzle." AC T.
45:522-23; 1952.

Association of American Playing Card Manufacturers. Take a Card. New York:
the Association, 420 Lexington Ave.

A free pamphlet.

BALE, W. W. R. AND CoXETER, H. S. M. Manipulative problems. Mathematical
Recreations and Essays. London: Macmillan, 1942. p. 299.325.

SEILER, A. H. Electrical Chinese ring puzzle. Am. M. Mo. 51:13337; 1944.

"Card Trick Over Three Hundred Years Old." Scrip. M. 19:220; 1953.
COUNT, N. ALT$HILLER. Perplexities of a potato-pusher. Scrip. M. 14:151-56;

1948.
Reference to games of tictacoe.

FREEMAN, MAE AND FREEMAN, IRA. FM with Figures. New York: Random House,
1946.

FLINKENBIACH, W. AND EAGLE, E. Hyper-special tit-tat-toe, or tit-tat-toe in four
dimensions. N. M. M. 19:119-22; 1944.

GARDNER, MARTIN. Mathematical card tricks. Scrip. M. 14:99-111; 1948.

GARDNER, MARTIN. Mathematical tricks with common objects. Scrip. M. 15;17-26;
1949.

Tricks with dice, dominoes, calendars, watches, dollar bills, matches,
books.

GARDNER, MARTIN. Mathematical tricks with special equipment. Scrip. M, 18:237-
49; 1952.

GRAVATT, G. G. Encyclopedia of (Self-Working) Card Tricks. 1937, 1940. 403 p.
Large collection of card tricks based upon mathematics, involving little or
no sleight of hand.

HotmEN, LANCELOT. Mathematics for the Million. 3rd edition. New York: W. W.
Norton, 1956.

Chapters on "Statistics" and on the "Algebra of the Card Pack".
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"An Inductivedeductive Experiment with the Tower of Hanoi Puzzle." M. T. 44:
505; 1951.

JOHNSON, PAUL B. Stacking colored cubes. Am. M. Mo. 63:392.95; 1956.

JONES, PHILLIP. Algebraic tic-tactoe. M. T. 44:43; 1951.

ICnucpAntac, PAUL. Probability theory of a simple card game. M. T. 47:24548;
1954.

KOZNEN, WILLIAM. Using the tower of Hanoi to present the principle of mathe-
matical induction. M. T. 48:330.31; 1955.

Latintvc, Joon,. Games with Playing Cards, Tricks, Stunts. New York: Frank-
lin Watts, Inc., 1949. 104 p.

MANIIIIIMER, WALLACE. A club project in a modern use of mathematics. M. T.
50:350.55; 1957.

Mathematical card tricks, etc., based on binary notation and feedback.

Mathematics and Ticktacktoe. Time 68:7880; July 23, 1956.

PRICE, IRENE; "I Doubt it -a mathematical card game. Am. M. Mo. 49:117;
1942.

Marto, GERALD. Some comments on a simple puzzle. M. T. 49:26749; 1956.

ROHRSOUOIL LYNN. Puzzle Craft; Plans }or Making and Solving 40 Puzzles it:
Wire, food, and String. (Kit U) ..Delaware, Ohio: Cooperative Recreation
Service, 1932. 24 p. 25*. (Pamphlets

Room:HAN, HARRY. The game of tic-tac-toe. M. T. 44:344-46; 1951.

SAWYER, W. W. Analysis of an Indian game. Scrip. M. 22:71-78; 1956.

Extensive discussion of a manipulative puzzle game similar to "Fox and
Geese."

SAWYER, W. W. AND Sa Awuty, L. G. Designing and Making. Oxford: Basil Black-
well, 1950.

ScHonsa, F. W. A method for determining the thickness of material by folding.
S. S. M. 45:725-26; 1945.

SOMERTELL, EDITH. A Rhythmic Approach to Mathematics. London: George
Philip & Son, 1906. 67 p. (Pamphlet)

Reprints obtainable from Miss L. E. Christman, 1217 Elmda le Ave., Chi-
cago, lll. Discusses curve-stitching.

lummox, HOWARD. 300 Tricks You Can Do. New York: Pocket Books, inc.,
1948. 239 p.

Card tricks, number tricks, and some paper and ring tricks involving
topology.

WALKER, S. W. Games of the checkers family in line, plane, and space. Bulletin,
American Mathematical Society 62:825; 1946.
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4.3 Chessboard Problems

BALL, W. W. R. AND COxETER, H. S. M. Chessboard recreations. Mathematical
Recreations and Essays. London: Macmillan, 1942. p. 161.92.

GINSBURG, JEICUTH1EL. Gauss's arithmetization of the problem of queens. Scrip.
M. 5:63-65; 1938.

HUM-STOMA% EMILE. L'Ecbiquier du Diable: un jeu de composition it plus
de 5000 solutions. Deuxierne Congress International de Ricreation Math&
nsatique, Bruxelles: Librairie du "Sphinx," 1937. p. 64.68.

HUDERSTOCKAR, EMILE. Le probleme du cavalier gine.ralise. Bruxelles: Librairie
du "S ph inx," 1935.

DE jAENISCH. Du Probleme du cavalier. Chess Monthly, April 1859.

Jonts, NORMA L. A game of solitaire with checkers. The Pentagon 14:96-98; 1955.

KRAITCHIK, MAURICE. Le probleme du cavalier. Paris: Gauthier-Villars, 1927.
96 p.

LANGMAN, HARRY. A problem in checkers. Scrip. M. 20:206.208; 1954.

Linos, A. v. d. Ceschichte and Literatur des Schachspiels. Berlin: 1874.
MCCOY, JOHN C. The magic knight's tour. Scrip. M. 12:79.86; 1946.

NEv. R. MIND. Mathematics on the chessboard. Scrip. M. 20:110; 1954.

BUSKA, JULIUS. LIT Geschichte der Schachbrettaufgabe. Z. M. N. U. 47:275.82;
1917.

SMITH, ARTHUR. Go, the National Game of Japan. Rutland, Vermont: Charles E.
Tuttle Co., 1956. (Reprint). 220 p.

STEWART, B. M. Solitaire on a checkerboard. Am. M. Mo. 48:228.32; 1941.

Tosiumson. Amusements in Chess. London: 1845.

4.4 Topological Questions
"Analysis Situs." Encyclopaedia Britannica. 14th edition, 1939.

Arms, W. A. Some elementary aspects of topology. Am. M. Mo. 45:88-92; 1938.

BALL, W. W. R. AND Comte. H. S. M. Solid-tessellations; ballpiling or close-
packing. Mathematical Recreations and Essays. London:,Macmillan, 1942. p.
148.51.

BLUMENTHAL, L. M. A paradox, a paradox, a most ingenious paradox. Am. M.
Mo. 47:346-53; 1940.

COURANT, R. AND BOBBINS, H. What Is Mathematics? New York: Oxford Univer-
versiti Press, 1941. p. 235.71.

[Emu, LEONHARD.] Leonhard Euler and the Koenigsberg Bridges. Sci. Am. 189:
66.70; July 1953.

FRANiatN, Pamir. What is topology? Philosophy of Science 2:39-47; 1935.

83



72 RECREATIONAL MATHEMATICS

GAMOW, GEORGE. Unusual properties of space. One, Two, ThreeInfinity. New
York: Viking Press, 1941; Mentor Books, 1947. p. 50-70.

GARoNER, MARTIN. Topology and magic. Scrip. M. 17:75-83; 1951.

Describes the Afghan hands; handkerchief tricks; tricks with string and
rope; vest tricks.

GREITZER, SAMUEL. Topology. Selected Topics in Higher Mathematics for Teachers.
New York: Association of Teachers of Mathematics of Nev , York City, 1942.
p. 5.25.

HALL, D. W. Some concepts of elementary topology. M. Mag. 22:267.74; 1949.

HALL, F. What is topology? M. T. 34:158-60; 1941.

HOLTZMAN, HARRY. Topological party. Science Illustrated 3:20-23, 110; March
1948.

KASNER, E. Note on non-Apollonian packing in space. Scrip. M. 9:26; 1943.

KASNER, E. AND NEwmAn, J. Rubbersheet geometry. Mathematics and the 'magi-
nation. New York: Simon & Schuster, 1940. p. 265-98.

KASNER, E. AND OTHERS. Covering the plane by circles. Scrip. M. 9:19-25; 1943.

KASNER, E. AND SUPNICK, F. Apollonian packing of circles. Proceedings, Na-
tional Academy of Sciencet 29:378.84; 1943.

KLINE, J. R. What is the Jordan curve theorem? Am. M. Mo. 49:281.86; 1942.
Bibliography.

McCoy, DOROTHY. Space. N. M. M. 9:155.62; March 1935.

MERGER, KARL. What is dimension? Am. i IL Mo. 50:2.7; 1943.

Bibliography.

MESERVE, BRUCE. Topology for secondary schools. M. T. 46:465.74; 1953.

NORTHROP, EUGENE. Topology. Riddles in Mathematics. New York: Van Nostrand,
1944. p. 64.76.

Pours, ARTHUR. Filling a square with circles. S. S. M. 45:858-61; 1945.

Smut H. AND THRELPALL, W. Lehrbuch der Topologic. Leipzig: Teubner, 1934.
353 p.

Bibliography.

SIERPINSKI, W. Introduction to General Topology. University of Toronto Press,
1934. 238 p.

Very readable and suggestive.

STEINHAUS, HuGo. Mathematical Snapshots. New York: Oxford University Press,
1950. p. 214-40.

TUCKER, A. W. AND BAILEY, H. S. Topology: turning inner tubes inside out; one-
sided bands and bottles. Sci. Am. 182:18.24; January 1950.
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4.5 String FiguresTheory of Knots
ARTIN, Emit. The theory of braids. American Scientist 38:112.19; 1950.

ASHLEY, CLIFFORD W. The .4shley Book of Knots. New York: Doubleday Doran
& Co., 1944.

BALL W. W. R. String Figures. Cambridge: W. Heiler & Sons., 1921.
&STINE. W. Bandknoten. Z. M. N. U. 53:172; 1922.

BELASH. CONSTANTINE. Braiding and Knotting for Amateurs. Boston: Beacon
Press, n.d.

BURGESS. JOSEPH T. Knots. Ties, and Splices. London; Routledge, n.d.

BAY, CYRUS LAWRENCE. Sailors' Knots. New York. Dodd Meal & Co., n.d.

FrscHEn. Orroxtn, Illustrated Magic. New York: Macmillan, n.d.

FRANKLIN, ERIC. Kamut: Pictures in String. Areas Publishing Co., 1945. 60 p.

HADDON. KATHLEEN. Artists in String. New York: Dutton, n.d.

HADDON, KATHLEEN. String Games for Beginners. Cambridge, England: W. Heiler
& Sons, 1951.

HASEMAN, MARY G. On knots. with a census of the amphicheirals with 12 cross.
ings. Edinburgh: 1918. Reprint from Transactions, Royal Society of Bolin-
burgh, Vol. 52. 1917.

HERTWIG. P. C. Square Knot Book. Brooklyn, N. Y.: P. C. Hertwig Co.

HULL. BURLING. Thirty-three Rope Ties and Chain Releases. New York: n.d.

JAMES, STEWART, The Encyclopedia of Rope Tricks. Colon, Michigan : Abbott
Magic Company, 1945. 498 p.

JAYNE, CAROLINIT F. Savages' String Figures. London: C. Newnes, 1913. p. 273.78.

JAYNE, CAROLINE F. String Figures: .4 Study of Cat's-cradle in Many Lands. N. Y.:
C. Scribners, 1906. 408 p.

Excellent bibliography,

KOLLER, L. Ober einige allgemeine auf Knotenverbindungen beitigliche Geseue.
Wien: Gerold, 1884.

LEMING, JOSEPH. Fun with String. New York: Frederick A, Stokes, 1940. 161 p.
A Collection of String Games . . . Knot Work and Magic with String and
Rope.

"Mathematical Theory of Knots."Science Progress 32:70.74; 1937,

BEIDEMEISTER, K. Knotentheorie. Berlin: Springer, 1932. New York: Chelsea Pub.
lishing Co. 78 p.

Concise and complete; bibliography.

Simony, 0. L6sung tier Aufgabe: in ein ringf6rmig geschlossenes Band einen
Knoten sr.; machen. Wien: Gerold, 1881.

TAIT, P. C. On Knots. Parts I, IL III; 1879.1885.

85



74 RECREATIONAL MATHEMATICS

4.6 The M6bius Strip
BOND, NELSON. The geometries of Johnny Day. Astounding Science Fiction, July

1941.

Humorous sketch based on the Milius strip.
GARDNER, MARTIN. The no-sided professor. Esquire. January 1947. p. 67+.

Humorous story based on the Miibius strip.

HERING, C. Flat band with only one surface and one edge. Sci. Am. 110:56; 1914.

"Mains Surfaces." Scrip. M. 5:208; 1938.

NIKLITSCHEK, ALEXANDER. Das Ding, das nur eine Seite hat. Im Zaubergarten der
Mathematik. Berlin: Verlag Scherl, 1939. p. 217-28.

NORTHRUP, EUGENE. M5bius strip. Riddles in Mathematics. New York: Van Nos-
trend, 1944. p. 70.73.

Sinnw*us, Huco. Mins ribbon. Mathematical Snapshots. New York: Stechert,
1938. p. 11447.

TUCKERMAN. A non-singular polyhedral MObius band whose boundary is a tri-
angle. Am. M. Mo. 55:309-11; 1948.

UPSON, WILLIAM. Alexander Botts and the Moebius strip. Saturday Evening Post,
December 22, 1945. p. 22 ff.

Humorous skit based on the MMus strip.

UPSON, WILLIAM. Paul Bunyan vs. the conveyor belt. Ford Times 41:1417; Dear-
born, Mich.: Ford Motor Co., 3000 Schaefer Road, July 1949.

Another humorous skit.

4.7 Map-Coloring Problems

A well-known problem of interest to mapmakers is the answer to the ques-
tion: "How many colors are necessary to color a map, showing any number
of countries, in such a way that no two countries having a common boundary
shall have the same color?" Apparently an innocent enough question, it con-
tinues to baffle topologists.

Thus one might expect that the more elaborate a map becomes, the more
colors would be required if the desired condition above is to be fulfilled, but
such is not the case. Curiously enough, no map has yet been constructed
for which four colors would not be sufficient. This is very different, however,
from proving the generalization that four colors would suffice for any con-
ceivable map.

What has been proved, among other theorems, is that five colors are
always sufficient for any map drawn on a sphere or on a plane. Whether five
colors are always necessary is still an open question.
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BACKER. S. M. Da. Four-colour problem. Nature 153:710; June 10, 1944.

BALL, W. W. R. AND Comma. H. S. M. Map-colouring problems. Mathematical
Recreations and Essays. London: Macmillan, 1942. p. 222.41.

BIRKHOFF, G. D. A determinant formula for the number of ways of coloring a
map. Annals 01 Mathematics 14:42; 1912.

Wixom G. D. On the number of ways of coloring a map. Proceedings, Edin-
burgh Mathematical Society, Series 2, Vol. 2. p. 83.

BIRKOFF, G. D. The reducibility of maps. American Journal of Mathematics 35:
115; 1913.

BRAHANA, H. R. The four-color problem. Am. M. Mo. 30:234-43; 1923.

CAYLEY, A. On the colouring of maps. Proceedings of the London Mathematical
Society, Vol. 9.1878. p. 148.

"Concerning the FourColor Problem:' .4m. M. Mo. 60:121.22; 1953
COZETER, H. S. M. The mapcoloring of unorientable surfaces. Duke Mathemat-

ical Journal 10:293.304; 1943.

DIRAC, G. A. Colouring of maps. Nature 169:664; April 19,1962.
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ERRERA, ALFRED. Expose historique du probletne des quatre couleurs. Periodico
di Maternatiche 7:20.41; 1927.

FRANKLIN, PHILIP. The FourColor Problem_ New York: 1941. 85 p.

FRANKLIN, PutuP. The four-color problem. American Journal of Mathematics
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FRANKLIN, PHILIP. Note on the four-color problem. Journal of Mathematics and
Physics 16:172; 1938.

Fatroc, 0. Annals of Mathematics 27:491; 1926.

HEAwoon, P. J. Mapcolour theorem. Quarterly Journal of Mathematics 24:332-
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theorem. Proceedings, London Mathematical Society, Vol. 33. p. 253.
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Kscno, I. Note on the eawood color formula. Journal of Mathematics and
Physics 14:228; 1935.
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and Schuster, 1940. p. 287.97.
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WINN, C. E. A case of coloration in the fourcolor problem. American Journal of
Mathematics 49:515; 1937.

WINN, C. E. On certain reductions in the fourcolor problem. Journal of Mathe-
matics and Physics 16..159; 1938.
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4.8 Paper Folding
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ABRAHAM, R. M. Paper folding. Winter Nights Entertainments. New York: Dutton,
1933. p. 23.48.
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50:645.49; 1950.

Burnt, WILL. More Paper Magic. London, Pearson, 1923.

Burnt, WILL. Paper Magic. London, Porsou, 1920.
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ENGLEHARDT, PAUL AND LILLACK, A. Papiergesta hung. Leipzig, 1926.

Paper-folding, p. 8-18; paper knots, p. 46-47.
FOURREY, E. Procedes originaux de constructions geometriques. Paris, 1924.
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Chapter 5

Iltafie Sreene4
utinounrEour of Chinese, or at least Oriental origin, magic squares seem

always to have been associated with mysticism. Through the ages they
have been used iu fortune telling and as talismen and amulets. Often

they were associated with the symbols of the alchemist; and they played a
significant role in the cabalistic writings of the Hebrews.

Although the theory of thirdorder squares is simple and complete, no
completely general methods of construction are known, nor has a complete
count of magic squares of all orders ever been made. Magic squares may be
derived from a given arrangement by various transformations, such as mirror
reflection, rotation through 90°, cyclic interchange of rows or columns or
both, and, in the case of even-order squares, by simple interchange of oppo-
site quarters.

In addition to ordinary magic squares, a number of interesting varieties
are to be found: bordered squares, i.e., squares within squares; pandiagonal
squares, i.e., squares that are magic along the broken diagonals as well as
along the two main diagonals; symmetric squares, i.e., squares of order a
such that the sum of any two numbers in skewly related cells shall be con-
stant and equal to le + 1; magic squares of nonconsecutive numbers;
doubly-magic squares; magic domino squares; magic cubes; magic circles;
interlocked hexagons; composite squares; and so on.

The theory and construction of magic squares is related to lattice theory.
Indeed, as James Byrnie Shaw has aptly said: "Latin squares, magic squares,
linkages, polyhedra, crystals, groups, properties due to singularities, auto-
morphic forms, lattices, topology, isomers, isotopes, valences, equivalences,
syzygies, systems of forms, transitivity, linear dependence, functional de-
pendence, and many other related topics all are fundamentally based on
symmetries of some sort." Is it any wonder that magic squares are so
fascinating?
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Chapter 6

We Pfe44904414
Reistioado
'THIS CELEBRATED theorem is notable, first because of the rich historical
I associations suggested thereby; secondly, because of the amazing variety

of proofs which have been given; and thirdly, because further exploration
quickly leads to interesting and perhaps unsuspected byways, such as the
Golden Section, dynamic symmetry, logarithmic spirals, angle trisection,
duplication of the cube, squaring the circle, determination of the value of w,
the concept of the irrational number, regular and star polygons and poly-
hedra, theory of numbers, constrigllility of angles and polygons, continued
fractions, phyllotaxy, musical scales, Diaphontine equations, Heronian tri-
angles, and Pythagorean number lore.

Two works are of particular interest: the brief monograph by Loomis,
which gives over 200 proofs of the theorem, and the stimulating tract by
Naber, which is unusually suggestive with respect to the ramifications of the
theorem.

6.1 The Theorem of Pythagoras
Aanoox, G. Le cas gittirai du carre de l'hypothenuse. Digae: 1889.

BAR AVALLE, HERMANN. A dynamic proof in a succession of five steps. Scrip. M.
13:186; 1947. Also, N. C. 7'. M., 18th Yearbook, 1945. p. 80.81.

BARAVALLE, HERMANN. A model for demonstrating the Pythagorean theorem.
Scrip. M. 16:203.207; 1950.

BERGER, EMIL. A model for visualizing the Pythagorean theorem. M. 7'. 48:246.47;
195S.

BERNSTEIN, F. Der Pythagorische Lehrsatz. Z. M. N. U. 55:204.207; 1924.

Bt. Akst.sz, T. Ptolemaic and Pythagorean theorems, from an identity. S. S. M.
14:748; 1914.

BoTTCHER, J. Beweis des Tsabit fiir den Pythagoreischen Lehrsatz. Z. M. N. U.
52:153; 1921.

CANERS, LEONARD. Pythagorean principle and calculus. M. Mag. 28:276; 29:40,
204205; 19541956.

CHERTOTP, I. Pythagorean theorem model. M. 7'. 45:371.72; 1952.

so



90 RECREATIONAL MATHEMATICS

COLUMN. A. Pons Asinorum; new solutions of the Pythagorean theorem. Scien
ilk American Supplement 70:359. 382-83; December 1910.

CoutuE:4. A. Study of the Pythagorean theorem and its proofs. M. T. 4:45.47;
1911.

CONDIT, A. New proof of the Pythagorean theorem. S. S. M. 40:379-80; 1940.

D Avtoson, E. High school boy's proof of the Pythagorean theorem. S. S. M. 7:777.
78; 1907.

D Eursat. H. Einfache Ableitung des Pythagoreischen Lehrsatzes aus dem Satz
von den Tnhaltsgleichen Parallelogrammen. Z. M. N. U. 45:183+; 1914.

DIEMEL, R. F. Pythagorean theorem. Science 33:457; 1911.

D INTZL, E. Ober die Zerlegungsbeweise des verallgemeinerten Pythagorischen
Lehrsatzes. Z. M. N. V. 62 :253.54; 1931.

D ot, 11. H. Pythagoras theorem. M. Gar. 29:70; 1945.

EAGLE. EDWIN. Note on "Model for Visualizing the Pythagorean Theorem." M. T.
48: 475.76; 1955.

EAGLE, EDWIN. Pythagoras and Ptolemy must have looked at the conclusion. The
Pentagon 10:79-83; 1951.

EAVES, JAMES C. Pythagoras. his theorem and some gadgets. M. Mag. 27:161.67;
1954.

Bibliography.

EAVES, JAMES C. The Pythagorean theoremproof number 1000. M. T. 47;346-
47 ; 1954.

ECKHARDT, E. Ober eine einfachere Fassung des allgemeinen Pythagoreisehen
Lebrsatz. Z. AL N. U. 34:335; 1903.

EPSTEIN, P. in Zerlegungsbeweis des Pythagoreischen Lehrsatzes. Z. M. N. U.
37:27+ ; 1906.

EVANS, G. Proof of the Pythagorean theorem. M. r. 16:440; 1923.

GAITEctio, C. Note on Pythagoras' theorem. M. T. 45:6-9; 1952.

GENNIMATAS, N. Zu den Pythagoreischen Dreicken. Z. M. N. U. 44:14; 1913.

GEORGES, J. Pythagorean theorem. S. S. M. 27:367.78; 1927.

GOLDMAN, BERNARD. A proof of the theorem of Pythagoras. S. S. M. 43:781-82;
1943.

GOODMAN, B. M. A proof of the theorem of Pythagoras. S. S. M. 43:781.82; 1943.

GUTHEIL, F. Ein neuer Zerlegungsbeweis des Pythagoreischen Lehrsatzes. Z. M.
N. U. 45:564; 1914.

HAENTZSCHEL, E. Eine seltene Schrift mit 93 Figuren zum Bewelse des Lehrsatzes
von Pythagoras. Z. M. N. U. 47:183; 1916.

HARTIC, H. Proof of the Pythagorean theorem. S. S. M. 13:819; 1913.

limatat, G. Ableitung des Pythagoras aus inhaltsgleichen Parallelogrammen.
Z. M. N. U. 45:565 ; 1914.

102



THE PYTHAGOREAN RELATIONSHIP 91

Horn,' ANN. J. J. 1. Der pythagorliische Lehrsatz mit 32 Berceisen. Mainz: 1819.
1821.

HUNGER, K. Ableitung des verailgemeinerten Pythagoreischen Lehrsatzes and der
Heronischen Formel. Z. 31.N. U. 44:379; 1913.

HUNGER. K. Apschauliche Beweise fur den erweiterten Pythagoreischen Lehrsatz.
Z. M. N. U. 52:160; 1921.

JOFFE. J. A. Old and new proofs of the Pythagorean theorem. Scrip. M. 14:127;
1948.

JONES. PHILLtp. The Pythagorean theorem. M. T. 43:162.63; 1950.
Historical observations.

June, G. Zur Einfiihrung in den Satz von Pythagoras. Unterrichtsbliitter jar
Mathematik und Naturuissenschajten, Vol: 12. 1906.

KAILASAMAIYER, N. A proof of Pythagoras' theorem. M. Gas. 28: Mathematical
Note No. 1746; December 1944.

KAMMER. Anschauliche Beweise fur den Hiihensatz, Kathetensatz und Pythagorei
schen Lehrsatz. Z. M. N. U. 49:262+; 1918.

KATANIK. H. New proof of the Pythagorean theorem. S. S. M. 15:669; 1915.

KINNEY, J. M. New proofs of the theorem of Pythagoras. S. S. M. 41:249-54; 1941.

KNOER. A. Proof of the theorem of Pythagoras. M. T. 18:496.97; 1925.

LANCMAN, HARRY. A proof resulting from the solution of a simple dissection
problem. Scrip. M. 14:16; 1948.

LAWRENCE, B. E. Pythagoras and an extension. M. Cas. 28: Mathematical Note
No. 1751; December 1944.

LirTZMANN, WALTHER. Der pythagoreische Lehrzatz, mit einem Ausblick uuj das
jermatsche Problem. Leipzig: Teubner, 1912. 72 p.

LIETZMANN. WALTHER. Von der pythagoreischen Gleichung sum lermatschen
Problem. Leipzig and Berlin: Teubner, 1937. 48 p.

Loomis, ELISHA. The Pythagorean Proposition. Berea, Ohio: Baldwin-Wallace
College. 1941. 214 p.

LosclinoRN, K. Ober das Alter des Pythagoreischen Lehrsatzes. Z. M. N. U. 33:
183; 1902.

MAENNERSOOnsER. A. Lehrsatz des Pythagoras als Sonderfall eines HOhensatzes
Z. M. N. U. 52:35, 219; 1921.

MALENcazAth 3. Etude critique du theorime de Pythagore. Lausanne: 1945.

MAROGER, A. Les trots stapes du probleme Pythagore. Paris: Librairie Vuibert,
1951.98 p.

Mathematics Staff, University of Chicago. Three algebraic questions connected
with Pythagoras' theorem. M. T. 49:250.59; 1956.

MCCARTHY, 3. P. Huygens' proof of the theorem of Pythagoras. M. Cas. 20:280.
81; 1936.

10 a



92 RECREATIONAL MATHEMATICS

MCFARLANE. A. Pythagorean theorem. Science 34:181.82; 1911.

MoEsstiElt. ALFRED. Consequences of A2+132=

MOORMAN. R. H. Pythagoras: mathematician
8:79-84; 1949.

2. The Pentagon 16:76.77; 1957.

and philosopher. The Pentagon

Minim. A. Ober eine Verallgemeinerung des Pythagoreischen Lehrsatzes. Z. M.
N. V. 44:134; 1913.

MOLLER. Dun'. Zur erkenntnistheoretischen Grund egung des Pythagoriiischen
Lehrsatzes (Erwiderung). Annalen der Naturund Kulturphilosophie 12:234
35; 1913.

MiALF.a. J. W. SYstematische Zusammenstellung der wichtigsten bisher behandel-
ten Beweise des pYthagorilischen Lehrsatzes. Niirnherg: 1819.

NABER, H. A. Das Theorem des Pythagoras; wiederhergestellt in seiner urspriing-
lichen Form und betrachtet ads Grundlage der ganzen Pythagoreischen
Philosophic. Haarlem: Verlag von P. Visser Azn-, 1908. 239 p.

NIELSON. C. Ober Zerlegungsheweise zum pythagoreischen Sa
fiir Mathernatik und Naturwissenschaften 16:39 +; 1910.

NIELSON, C. Zwei anschauliche Beweise des pythagoreischen
richtsbliitter fur Mathernatik und Naturwissenschaften 14:

z. Unterrichtsblfitter

Lehrsatzes. tinter.
79; 1908.

NOODT, G. Mathematische Experimentiermappe fur die Hand der Schiller. Leip-
zig: Teubner. 1911. Chapter 17: Der pythagoreische Lehrsatz.

NORTHROP. E. Is this a dynamical proof of the Pythagorean theorem? Science
n.s. 32:863-64; 1910.

"Old and New Proofs of the Pythagorean Theorem." Scrip. M. 12:266; 1946.
Also, 13:116; 1947.

OLANDER. CLARENCE. A model for visualizing the Pythagorean theorem. M. T.
48 :331; 1955.

"Proof of the Pythagorean Theorem." The Pentagon 5:22; 1945.

"Pythagorean Proposition: Question of Priority." Sci. Am. 182:28; March 1950.

"Pythagorean Theorem.' Science 33:457; 1911.

"Pythagorean Theorem." (Garfield's proof.? The Pentagon 7:38; 1947.

RAGMAVA RAO. K. V. Proof of the Pythagorean theorem. Scrip. M. 16:168; 1950.

RuPERT, W. W. Famous Geometrical Theorems and Problems with Their History.
Boston: D. C. Heath & Co.. 1900. (Pamphlet)

SaLacnowsKY. I. Beweis des Pythagoreischen Lehrsatzes mit Hilfe des Satzes
von Menelaus. Z. M. N. IL 52:257+; 1921.

SATTERLY. JOMN. Meet Mr. Tau. S. S. M. 56:731 - 41;1956.

SCOTT. W. Pythagorean theorem. S. S. M.10:550; 1910.

Sturm. A. G. Proof of the Pythagorean theorem making use of symmetry. M.
Gaz. 35:243: Scrip. M. 18:184; 1952.

104



THE PYTHAGOREAN RELATIONSHIP 93

Smote, M. Ober die Enttvicklung der ElementarCeometrie im XlX fahrhundert.
Leipzig: Teubner, 1906.

Pythagorean theorem, p. 109 ff.

"Solving the Theorem of Pythagoras." Scientific .4merican Supplement 84:362;
1917.

STILLING. J. Ein rein anschaulicher Beweis des Pythagoreischen Lehrsatzes. Z. M.
N. U. 37:527; 1906.

"A Symmetrical Figure to Demonstrate Pythagoras' Theorem." M. Caz., Decem
ber 1951.

Mathematical notes.

THiBAULT, VICTOR. A note on the Pythagorean theorem. M. I'. 43:278; 1950.

THEBAULT, VICTOR. A second note on the Pythagorean theorem. M. T. 44:396;
1951.

Gives proof of the converse of the Pythagorean theorem.

THEBAULT, VICTOR. A third note on the Pythagorean theorem. M. T. 46:188.89;
1953.

THOMAS, K. Das Pythagordische Dreieck and die ungerade Zahl. Berlin: Herbig,
1859.

Mon, C. W. Propertiea of the Pythagorean configuration. S. S. M. 55:318.20; 1955.

Vzoova, Gcoscg. The Pythagorean doctrine. The Pentagon 9:85.93; 1950.
VOLT, H. Die Geometric des Pythagoras. Bibliotheca Mathernatica (3) 9:15;

1909.

Votsv, A. Neue Verallgemeinerung des Pythagoreischen Lehrsatzes, Z. M. N. U.
51:118+; 1920.

WINKLEIt, A. Ein Modell, das alle miigliche Fine des Lehrsatzes von Pythagoras
veranschaulicht. Z. M. N. U. 60:49 +; 1929.

WIPPER, G. Sechsundvierzig Beweise des pythagoreischen Lehrsatzes, nebst kurzen
biographischen Mittel langen fiber Pythagores. (Trans. from the Russian of
F. Creep). Leipzig: H. Barsdorf, 1880.

WubzuP, IzAAK. A generalization of the Pythagorean theorem. The Mathematics
Student Mimed, Vol. 2, No. 2. April 1955. p. 2.

WITTING. A. Einige Beweise elementarer planimetrischer Siitze. Z. M. N. U. 42:
158+; 1911.

ZOELAR, M. Der Pythagoreische Lehrsatz. Z. M. N. U. 44:531; 1913.

6.2 Pythagorean NumbersRational Right Triangles
A general Pythagorean triplet may be expressed as (p, q; r), which means

that p, q and r are distinct integers satisfying the equation p2 + q2 = r2.
if p, q and r have no factor in common, the triplet is called a primitive
triplet.

Pythagorean triplets exhibit many interesting properties. The familiar 3,

'"5



94 RECREATIONAL MATHEMATICS

4; 5 triplet is the only one which consists of consecutive positive integers.
In some triplets, p, q and r form an arithmetic progression; but no Pythago-
rean triplet exists in which one untidier is a mean proportional between the
other two. Again: no primitive Pythagorean triplet can contain two een
numbers. Furthermore, if ip. q: r) is a Pythagorean triplet, then p and q
cannot both be odd.

Two fundamental relationships are of interest:
I. The numbers 2n + I, 2n (n + 11, and 2n:' + 2n + I form a Pytha-

gorean triplet for every value of n.
2. Every primitive Pythagorean triplet tp, q; r) is of the form p = 0

v:, q = 2uv, r z.-1 te + v2, where u and v are relatively prime
integers, one being even and the other odd, and with u > v.

AtiDE. H. T. R. Rational right triangles. Ant. .1/. ,110.39:353.54: 1932.

BALL. W. W. R. sun COXETER. H. S. M. Mathematical Recreations and Essays.
11th edition. New York: 'Macmillan. 1942. Rational right-angled triangle,
p. 57-59.

BALLENTINE. J. P. min BiionN. 0. E. Pythagorean sets of numbers. .4m. M. Mo.
45:298-301: 1938.

BEARD. R. S. AND BEARD. R. H. Elements of primitive right triangles. The Duod'eci
mal Balletin 8:e.

BERKHAN, C. A. W. Die merloirdigen Eigensehaften der P)thagoriiische Zahlen,
Mr Bildungsgesetz and ihr Gebrauch in der unbestimmten .4nalytik. Eisle-
ben: ReIchhardt. 1853.

BRAGG. F. C. Right triangles with integral bide*. Journal of Engineering Educa
Lion, October 1952.

BitoNsretti, IAColl. A generalization of Pythagorean numbers. Serif,. M. 5:32;
1938.

BRoWN, E. N. Integral right triangles. S. S. AL 41:799.800; 1941.
BRoWN. F. Furtnulae fur integral sided right triangles. S. S. M. 34:21.25; 1034,

BRIACKEL. FRANK. Parallelograms with integral sides and diagonals. S. S. 41
56:687-96; 1956.

CAMERON, W. T. Pythagorean integers. Australian Mathematics Teacher, Vol. 2.
Mathematical Notes, No. 45; November 1946.

CLARKE. 1. H. C. Pythagorean integers. Australian Mathematics Teacher, Vol. 2.
Mathematical Notes, No. 44; November 1946.

COmEN, ISRAEL. Rational sets of Pythagorean numbers. Al. 7. 43:352; 1950.

COLLINs. JOH4. Pythagorean triplets. The Mathematics Student Journal 1 :5; De-
centber 1954.

COLWELL, L. Exploring the field of Pythagorean number. S. S. M. 40;619.27;
1940.

DODDS. W. 1. Formula for right triangles with integral sides. The Pentagon 8;36
37; 1948.

1 o 6



THE PYTHAGOREAN RELATIONSHIP 95

Dn Ems, A. Pythagorean numbers. An Invitation to Mathematics. New York:
Henry Holt 1936. p. 1.11.

DUNCAN, D. C. Generalized Pythagorean relationships. N. AL M. 10:209-11; 1936.

"Formula for Rational Right Triangles." S. S. M. 10:683; 1910. 11:293; 1911.

GAUSS, F. Ober die Pythagoriiische Zahlen. Pr. Buns lau, 1894.

Gimsatinc, JEKUTHIEL. Complex 'numbers as generators of Pythagorean triangle.
Scrip. M. 13:105; 1947.

GINSBURG. JEKUTHIEL. The generators of a Pythagorean triangle. Scrip. M. 11:
188.89; 1945.

GOODRICH, M. T. A systematic method of finding Pythagorean numbers. N. M. M.
19:395.97; 1945.

HART. PHILIP J. Pythagorean numbers. M. T. 47:16.21; 1954.

Bibliography.

HEATH. T. L. Pythagorean numbers. A History of Greek Mathematics. Vol. 1.
London: OxfordClarendon Press.1921. p. 79-82.

JONES, PHILLIP S. Pythagorean numbers. M. T. 45:269-70; 1952.

ItiticE, G. Die pythagoreiscbe Zattlenlehre. Deutsche Mathematik 5:34.1.57; 1940.

KHATRI. M. N. Triangular numbers and Pythagorean triangles. Scrip. M. 21:94;
1955.

KNIRR, J. Das rechtwinklige rationale Dreieck. Wien: 1881.

MARTIN, ARTEMUS. Formulae for rational right triangles. S. S. M. 11:293-94;
1911.

MARTIN, ARTEMUS. On rational righangled triangles. Proceedings, Filth Interna
tional Congress o.1 Mathematicians, Vol. 2. Cambridge University Press, 1913.
p. 40.58.

MCLEAN, E. Pythagorean numbets. M. Gaz. 24:59,125; 1940.

MERRIMAN, G. M. Pythagorean numbers. To Discover Mathematics. New York:
John Wiley, 1942. p. 42-48.

MIKSA. FRANCIS. Integral squares with square sum. M. T. 48:481.83; 1955.

MIKSA, FRANCIS. Table of integral solutions of a2+62-1-c2=r2 for all odd values
of r from rm3 to r=207. M. T. 48:251.55; 1955.

MIKSA. FRA*ZIS. Table of primitive Pythagorean triangles whose areas contain
all the digits 1. 2, 3. 4. 5, 6. 7, 8. 9, 0. Scrip. M. 20:231; 1954.

MOESSNER, ALFRED. Pythagorean variations. Scrip. M. 20:110; 1954.

MUELLER. CLARA AND JONES, PHILLIP. Pythagorean numbers. M. T. 45:269-70;
1952.

"Notes on Generalized Pythagorean Numbers." Scrip. M. 5:142.43; 1938.

ORE. 0. Pythagorean numbers. Number Theory and Its History. New York :
McGraw-Hill, 1948. p. 165.79.

OSBORNE, G. A. A problem in number theory-Am. M. Mo. 21:148-50; 1914.

1 0 7



96 RECREATIONAL MATHEMATICS

PETRIE. F. Integral right-angled triangles. Nature 132:411, 597; 133:106; Sep.
tember 1933.

"Pythagorean Triangles." Nature 12:320; August 19, 1875.

"Pythagorean Triangles in Arithmetical Progressions." Scrip. M. 12:293; 1946.

"Rational Right Triangles." Am. M. Mo. 7:232.33, 271; 1900.

Ross, W. B. A chart of integral right triangles. M. Mug. 23:110.14; 1949.

Siam, C. L. A formula for primitive Pythagorean triangles. Scrip. M. 9:268;
1943.

TALBOT, W. R. Pythagorean triples. Am. M. Mo. 56:402; 1949.

VEttmzmazs, A. Die Pythagoriiische Zahlen. Pr. Giistrow, 1863.

Wtrr, J. Aulgaben ausder Lehre von den Pythagordische Zahkn. 3 Vol. Itzehoe:
Claussen. 1856.1860.

WRIGHT, H. N. First Course in the Theory oj Numbers. New York: John Wiley,
1939. p. 92-96.

YOUNG, J. W. A. Monographs on Topics oi Modern Mathematics. London: Long -
mans, Green. 1911. p. 31.1.19.

6.3 Special TrianglesHeronian Triangles
Aaaorr, R. R. The equation 0 = 2A' + 2A + 1. Scrip. M. 11:196.97; 1945.

Integral right triangles with legs differing by one.

ALLISON. N. Heronian triangles. Mathematical Snack Bar. New York: Chemical
Publishing Co.. 1936. p. 116.25.

ANEMA, ANDazw. Pythagorean triangles with equal perimeters. Scrip. M. 15:89;
1949.

AUDE. H. T. R. A class of integral triangles. The Pentagon 11:23.24; 1951.

BRADLEY. H. C. Rational oblique triangles. Am. M. Mo. 30:70; 1923.

BROWN, D. M. Numerical double.angle triangles. The Pentagon 7:74-80; 1948.

CARMICHAEL, R. R. Diophantine Analysis. New York: John Wiley, 1915. p. 116.
25.

On Heronian triangles, and such.

CHENEY. W. F. Heronian triangles. Am. M. M0.36:22.28; 1929.

Dimon, L. E. Rational-sided triangles. Am. M. Mo. 1:6.11; 1894.

DICKSON, L. E. Rational triangles and quadrilaterals. Am. M. Mo. 28:244.50;
1921.

FIOLA, HARVEY. Integral right triangles of equal area. The Pentagon 14:27.29;
1954

GINsauftc. Juttyrnizz.. Triplets of equiareal rational triangles. Scrip. M. 20:219;
1954.

GoonsTeta, R. Rational triangles. M. Gas. 23:26467; 1939.

1 08



THE PYTHAGOREAN RELATIONSHIP 97

HERZOG, F. Pythagorean triangles with equal perimeters. Am. M. Mo. 56:32+;
1949.

Ksanisa, EDWARD. Neo-Pythagorean triangles. Scrip. M. 13:43.47; 1947.

Kam-mum, M. On the concurrence of the legs of equiareal triangles. Scrip. M.
11:178; 1945.

KRAITCHIK, M. Pythagorean and Heronian Triangles. Mathematical Recreations.
New York: W. W. Norton, 1942. p. 95-108.

Lama, LEO. On equiareal Pythagorean triangles. Scrip. M. 11:97.99; 1945.

LEMUR, D. N. Rational triangles. Annals of Mathematics 1:97-102; 1899.1900.
Also, American Journal of Mathematics 22:38. 1900.

MARTIN, ARTEDIUS. Croups of rational right-angled triangles whose hypotenuses
are consecutive numbers less than 1000. Scrip. M. 14:33.34; 1948.

MARTIN, ARTEMIS. Some properties of rational plane triangles whose sides are
whole numbers. S. S. M. 13:320.26; 1913.

MCCARTHY, J. P. Rational-sided triangles. M. Gas. 20:152; 1936.

MIKSA, F. L. Pythagorean triangles with equal perimeters. M. Mag. 24:52-53;
1950.

MOSER, Leo. Pythagorean triangles with square perimeters. Scrip. M. 14:60.61;
1948.

ROBERTS, HARRY C. Pythagorean triangles and their inscribed circles. The Duo-
decimal Bulletin 5:41.

Roams" L. V. Building triangles with integers. N. M. M. 17:239.44; 1943.

SCHERRER, F. R. Die Struktur der Heronischen Dreiecke. Z. M. N. U. 47:513;
1916.

STRUYK, ADRIAN. Viand a series of Heronian triangles. Scrip. M. 20:63; 1954.

STRUYIC, ADRIAN. The generation and use of Heronian triangles. M. T. 44:264-65;
1951.

STRUYK, ADRIAN. Quasi-right triangles. M. T. 47:116-18; 1954.

THEDAULT, VICTOR. A class of Heronian triangles. Am. M. Mo. 60:119; 1953.

UNANSKY, H. L. Pythagorean triangles from recurrent series. Scrip. M. 22:88;
1956.

WHITLOCK, W. P. An "impossible" triangle. Scrip. M. 9:189; 1943.
An approximate isosceles Pythagorean triangle.

WHITLOCK, W. P. An interesting classification of Pythagorean triangles. Scrip.
M.9 :268; 1943.

WHM.00K, W. P. Nests of Pythagorean triangles. Scrip. M. 19:66.68; 1953.

Wnrrtocit, W. P. Pythagorean triangles in arithmetical progression. Scrip. M.
12:293: 1946.

WHITLOCK. W. P. Pythagorean triangles with a given difference or sum of sides.
Scrip. M. 11 :75-81 ; 1945.

1 69



98 RECREATIONAL MATHEMATICS

WHITLOCK, W. P. Pythagorean triangles with square perimeters. Scrip. M. 14:
60.61; 1948.

Warn-oat, W. P. Pythagorean variations. Scrip. M. 12:259-65; 1946.

WHITLOCK, W. P. Rational right triangles with equal areas. Scrip. M. 9:155-61,
265467; 1943.

WHITLOCK, W. P. Sides (of Pythagorean triangles) as generators. Scrip. M. 11:
274; 1945.

WHITLOCK, W. P. Squares in arithmetical progression. Scrip. M. 19:206.207;
1953.

Relation of Pythagorean triangles to the equation e y' = y' e.

Witrnoctc. W. P. Triangles with area less than a given number. Scrip. M. 9:268;
1943.

6.4 Miscellaneous Pythagorean Recreations

BELL, E. T. Solution of Martin's problem. Scrip. M. 12:88-89; 1946.

Bloat, D. AND tttatiskv. H. L. Pythagorean variations. Scrip. M. 15:243.44;
1949.

CHAROSII, M. On the equation x' + y' = .-e. Am. M. Mo. 46:228+: 1939.

FRAME, J. S. Solving a right triangle without tables. Am. M. Mo. 50:622.26; 1943.

GINSBURG, JEKUTHIEL. Pythagorean pleasantries. Scrip. M. 11:191; 1945.

KRAITCHIK, M. On certain rational cuboids. Scrip. M. 11:317-26; 1945.
Includes discussion of Pythagorean triangles and their properties.

MacMaHots, P. A. (Ma Joa). Pythagoras's theorem as a repeating pattern. Nature
109:479, 579; 1922.

MISKA, F. L. Primitive Pythagorean triangles whose areas contain all the digits
1, 2, .... 9. Scrip. M. 20:231: 1954.

MOESSNER, ALFRED. Pythagorean numbers pleasantries. Scrip. M. 6:120; 1939.

Mozsstsza, ALFRED. A Pythagorean pleasantry. Scrip. M. 18:304; 1952.

MOESSNER, ALFRED. Pythagorean variations. Scrip. M. 20:11j; 1954.

PIZA, PEDRO. Pythagorean triangles by sums of powers. Scrip. M. 15:90; 1949.

RAM, CHARLES W. Fibonacci numbers as generators of rational right triangles.
Scrip. M. 19:241; 1953.

RAINE C. W. Pythagorean triangles from the Fibonacci series 1, 1, 2, 3, 5, 8 ....
Scrip. M. 14:164.65; 1948.

RICHARDS, JOHN F. C. Boisslere's Pythagorean game. Scrip. M. 12:177217; 1946.

Roams, H. C. Pythagorean triangles and the Tarry-Estott problem. Scrip. M.
16:132-33; 1950.

SCHORER. Tapetenmuster and der Satz des Pythagoras. Z. M. N. U. 60:43439;
1929.
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SHEDD, C. L. A hypotenuse common to 64 primitive right triangles. Scrip. M. 15:
132; 1949.

STRUYK, ADRIAN. Generating certain huge Pythagorean triangles. M. T. 46:269+;
1953.

TERRY, GEORGE. Martin's problem. Scrip. M. 12:72; 1946.

THOMAS, K. Das Pythagoraische Dreieck and die ungerade Zak!. Berlin: Herbig,
1859.

UHLER, HORACE. A colossal primitive Pythagorean triangle. Am. M. Mo. 57:331-
32; 1950.

UstArtskv, H. L. A Pythagorean pleasantry. Scrip. M. 17:54; 1951. 18:320; 1952.

Um ANsitv, H. L. Pythagorean triangles from Fibonacci numbers. Scrip. M. 18:
163; 1952.

UMANSKY, H. L. A triangle of Pythagorean hypotenuses. Scrip. M. 16:128; 1950.

WHemock, W. P. A family of giant Pythagorean triangles. Scrip. M. 6:246; 1939.



Chapter 7

91~44 pfate,..4
Arieterdo

OVER TWO thousand years ago Creek mathematicians devoted themselves
to certain problems which have engaged the attention of men ever
since. The many attempted solutions and the spirited controversies

which these problems created through the ages served to stimulate immensely
the development of mathematics, particularly algebra, equation theory, geom.
etry, theory of numbers, group theory, and analysis.

Three of these problems are usually thought of together, namely: (a) tri-
secting an angle, (b) duplicating a cube, and (c) squaring a circle. As pro-
pounded by the Greeks, all three problems were to be solved by "pure
Euclidean" methodsthat is, by the use of compasses and the unmarked
straightedge only. With this limitationthe use of straight lines and circles
alonenone of these three problems can be solved. But this fact was not
proved until about 1800. Nevertheless, each passing year witnesses stubborn
attempts, on the part of laymen and amateurs alike, to tackle one or another
of these famous "unsolved" problems and so achieve immortality.

Also of great concern to the Greeks were the famous paradoxes of Zeno.
Somewhat different from the classical constructions, they presented an im-
posing challenge to the imaginationa challenge which, in slightly different
form, plagues the mathematician even today. What is involved is nothing
less than the concepts of infinity and continuity, ideas which lie not only at
the roots of modern analysis, but at the very foundations of mathematics
itself.

7.1 Classical Constructions

ARCHIBALD. R. C. Gauss and the regular polygon of seventeen sides. Am. M. Mo.
26:137; 1919.

BUSSEY, W. H. Geometric constructions without the classical restrictions to ruler
and compasses. Am. M. Mo. 43:265.80; 1936.

Csast.sw. H. S. On the constructions which are possible by Euclid's methods.
M. Gaz. 5:171; 1910.

CLARK, M. E. Construction with limited means. Am. M. Mo. 48;47549; 1941.
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COURANT, R. AND ROBBINS, H. What Is Mathematics? New York: Oxford Univer-
sity Press. 1941. p. 147.52.

DICKSON, L. E. On the trisection of angles and the construction of regular poly-
gons of 7 and 9 sides. Am. M. Mo. 21:259-62; 1914.

DICKSON, L. E. Why it is impossible to trisect an angle or to construct a regular
polygon of 7 or 9 sides by ruler and compasses. M. T. 14:217-23; 1921.

FEHR, HOWARD. Geometric constructions with compasses and straight edge.
Secondary Mathematics.Boston: D. C. Heath, 1951. p. 382.405.

FRAENKEL, A. A. Division of the circle into a number of equal parts, and other
problems. Scrip. M. 9:81.84; 1943.

GIVENS, W. R. Division of angles into equal parts and polygon construction. Am.
M. Mo. 45:653-56; 1938.

HUDSON, limmt P. Ruler and Compasses. London: Longmans, Green & Co., 1916.
143 p.

Possible constructions; constructions with ruler only; ruler and compass
constructions; compasses only; bibliography.

Kuirt, FELIX. Famous Problems in Elementary Geometry (Trans. by Beman and
Smith). Boston: Ginn & Co., 1897; G. E. Stechert, 1930.

illinscumutvo, ARTHUR. Das Problem der Kreisteilung; ein Beitrag zur Ge
schichte seiner Entuicklung. Mit einem Vorwort von H. Liebmann. Leipzig:
Teubner. 1913.

Oc Aos;a. M. n' Un curiosite mathematique; l'inscription de l'ennegone regulier
dans le circle. Revue Geniral Scientifique 44:625-27; 1933.

ORE, 0. The classical construction problems. Number Theory and Its History.
New York: 1948. p. 340-48.

RUPERT, WM. W. Famous Geometrical Theorems and Problems. (Heath's Mathe-
matical Monographs. edited by Webster Wells). Boston: D. C. Heath. 1901.
(Pamphlet 1

STARK, Maalox E. Constructions with limited means. Am. M. Mo. 48:475-79;
1941.

TatxmaA. FRANCItICO. Sur les prollemes cilibres de la geomitrie Himintaire non
resolubles arec la regle et le compas. Coimbra, Universite, 1915. 132 P-

IMP'', M. Diophantine analysis applied to the constructibility of regular poly-
gons. S. S. M. 21:422-24; 1921.

Vsmats, T. Konstructionen and Approximationen in systematischer Darstellung.
Leipzig: 1911.

YATES. ROBERT. C. The angle ruler, the marked ruler, and the carpenter's square.
N. M. M. 15:61-73; 1940.

YATES. ROBERT C. Geometrical tools. N. C. T. M., 18th Yearbook, 1945. p. 204-11.

YATES. Roam C. Geometrical Tools: A Mathematical Sketch and Model Book.
Raton Rouge. La.: 1941. Revised edition. St. Louis, Mo.: Educational Pub-
lishers. Inc.. 1949.
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7.2 Trisecting An Angie
In many ways. this has become the most famous of the three ancient problems

also the most tantalizing. It is so easy to bisect any angle!
Both the trigonometric and the algebraic analyses of the problem lead to an

equation of the form xs 3x' 2a 0. The question then arises: for all values
of a, is it possible to find a root x of this equation by means of compasses and
straightedge alone? Modern mathematics has given an unequivocal answer: No.
For it has been shown that with the straightedge and compasses together, and
no other instruments, it is possible to make only those constructions which are
algebraically equivalent to a finite number of operations of addition, subtraction,
multiplication. division, and the extraction of real square roots involving given
lengths. Yet despite this irrefutable evidence, the race of angle-trisectors, as
R. C. Yates has suggested, is indeed a hardy one.

It remains fo be pointed out. of course. that not a few constructions with
straightedge and compasses yield remarkably close approximations for trisecting
a given general angle. Sonic of them are so close that their discoverers often
delude themselves; indeed, the mistakes in the purportedly exact constructions
are often extremely difficult to detect.

"A propos du Probleme de la Trisection de l'Angle." Mathesis 50:266-75; 1936.

ARCHIBALD, B. C. Bieberbach's trisection method. Scrip. M. 4:98-99; 1936.

Bacxus, A. D. Trisecting that angle. Industrial Arts and Vocational Education
33:390; 1944.

BALL. W. W. B. AND COXETER, H. S. M. Trisection of an angle. Mathematical
Recreations and Essays. London: Macmillan, 1942. p. 333-35.

BENNECKE. F. n-Teilung beliebiger Winkel fur alle rationalen Zahlen n. Z. M.
N. U. 65:274-79; 1934.

BERGER, E. J. A trisection device based on the instrument of Pascal. M. 7'. 45:
287+ ; 1952.

BEalczt. E. Mechanical trisector. Sci. Am. 113:519; 1915.

SORRIER°, ANTONIO. La trisezione dell'angolo e la risoluzione dell'equazione
cubic a. Rollettino di Matematica. Nuova aerie. 1923. p. 25-30.

BREIDENBACIL WALTER. Die Dreitillung des Winkels. Leipzig and Berlin: B. G.
Teubner, 1933, 1951. 54 p.

CANDY, A. L. Tice trisection of an angle. Kansas University Quarterly 2:3545;
1894.

DANIELLS, Mmitkx. The trisector of Amadori. M. T. 33:80.81; 1940.

DURHAM. R. L A simple construction for the approximate trisection of an angle.
Am. M. Mo. 51 :217-18 ; 1944.

EtvaiquEs, F. Verdoppelung des WGrfels, Dreiteilung des Winkels. Fragen der
Elementargeometrie. 2 Teil, 2nd edition. Leipzig: 1923. p. 189.226.

FERcusim, D. F. Geometrical construction for the trisection of an angle to any
required degree of accuracy. M. Gas. 9:373; 1919.
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Ft.ovn, C. S. To trisect an acute angle. S. S. M. 6:35859; 1906.

FREEMAN, J. F. To trisect an angle. Industrial Arts and Vocational Education
33:80, 390;1944.

Fume, H. Konstruktionen mit dem Zeichenwinkel. Z. M. N. U. 65:27986; 1934.

GAMBIER, BERTRAND. Trisecirices des angles d'un triangle. Bulletin des Sciences
Mathematiques 61:36068; 1937.

Canna, RAYMOND. Bieberbach's trisection method. Scrip. M. 3:251.55; 1935.

Camay Raystortn. ii note on Bieberbach's trisection method. Journal fir die
reins und angewandte Mathematik 173:243.44; 1935.

Gunton, J. S. Another approximate trisection method. S. S. M. 44:690; 1944.

GIVENS, W. B. The division of angles into equal parts and polygon construction.
Am. M. Mo. 45:653-56; 1938.

GIVENS, W. B. The trisection of an angle. Am. M. Mo. 44:459.61; 1937.

Comm EDWIN. A note on Bieberbach's trisection method. Scrip. M. 3:326;
1935.

Comm:4, J. L Angle trisected by graphic methods. Civil Engineering 18:27-28,
172-73, 243.44; January 1948.

HARPER, J. P. An approximate Euclidean trisection. S. S. M. 43:812.16; 1943.

Haarstartn, W. Einige Gruppen von Winkeldreiteilungen und die numerische
Grosse ihrer Fehler. Mit einem Anhang: Ober eine merkwiirdige Eigenschaft
der Pascalachen SchneckeEin KreisKurve Problem. Deutsche Maths.
matik 3:556.97; 1938.

Holmium, JOSEPH. Ober die Figure der Winkeldrittelnden im Dreieck. Z. M.
N. U. 69:15862; 1938.

"Horns for Dilemma; To Trisect Angles." Newsweek 35:54; May 8. 1950.

IGLISCH, E. Ober die Dreiteilung des Winkels und die Verdoppelung des Wiirfels
unter Benumung von Zirkel und rechtwinkligem Dreieck. Z. M. N. U. 64:
207-10; 1933.

JAMISON, H. F. Trisection! M. T. 46:342.44; 1953.

JOSEPH, F. A. Trisecting a given angle; a mechanical solution. Scientific Amer.
icon Supplement 74:123; 1912.

JUREDINI, G. M. A new curve connected with two classical problems. Am. M. Mo.
33:377; 1926.

Kamm EDWARD. Squaring the circle; also duplication or doubling of a cube
and the trisection of an Ingle. Sci. Mo. 37:67.71; 1933.

KAVEN, H. v. Ein Stu iiber aie Winkeldreiteilenden im Dreieck. Z. M. N. U. 69:
155-57; 1938.

KNIGHT, W. A. Trisecting any angle by means of a hyperbola. S. S. M. 10:582-
83; 1910.

LEY, WILLY. Some angles on trisection. Technology Review 50:375-77; 1948. Also,
Scrip. M. 14:172; 1948.
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LoasterZ, FLOYD S. Trisection of the angle. S. S. M. 47:255.57; 1947.

Lucy, A. W. To divide an angle into any number of equal parts. M. Gaz. 14:137-
38; 1928.

LUCY, A. W. A method of trisecting an angle. M. Ca:. 11:21; 1922.

Must, A. Eine neue Naherungskonstruktion zur Dreiteilungen eines Winkels.
Z. M. N. U. 66:16940; 1935.

Magma, B. E. Let's teach angle trisection. M. T. 44:547.50; 1951.

MIDONICK, HENRIETTA. Three janzous problems. Association of Teachers of Mathe
matics of N. Y. C. (Radio Talks on Mathematics). 1941. p. 30.33.

MORLEY, R. K. A trisection. Am. M. Mo. 39:230-31; 1932.
Uses the fourleaved rose, p = cos 2*, as the trisectrix.

MOSER, LEO. The watch as angle-trisector. Scrip. M. 13:57; 1947.

Ocauta., M. D'. etude rationelle du probleme de la trisection de l'angle. L'En
seignment Mathematique 33:49.63; 1934.

OCAGNE, M. o'. Solution tres simple du probleme de la trisection de ranee.
Revue General Scientifique 45:481, 577-78; 1934.

OnzErtooar, CLARENCE. The trisection of an angle by means of a graduated ruler
and compasses. S. S. M. 13:546; 1913.

Pam, V. H. Trisection of an arbitrary angle. S. S. M. 40:707; 1940.
PicKsrunG, E. D. Graphical trisection of an angle. S. S. M. 22 :548 -49; 1922.

PONDER, WANDA. Angle trisection. The Pentagon 11:13.18; 1951.

POPPER, 3. Trisection of an angle. M. Gas. 28:84; 1944.

PRIESTLEY, H. 3. Duplication, trisection and elliptical compasses. M. Gas. 12:212.
16; 1924.

Roma, HARRY. The derivation and applications of the conchoid of Nicomedes
and the tissoid of Diodes. S. S. M. 14:790.96; 1914.

SACKMAN, BEaraAM. The tomahawk. M. T. 49:280.81; 1956.

SCHEPLER, H. C. An analysis of a purported trisection of an angle with ruler and
compasses. S. S. M. 43:465.67; 1943.

Sciatica; EDWARD. Die Dreiteilung eines Winkels; ein mathematisches Problem
innerhalf seiner Erfuliiingsgrenzen im Vergleiche zum rermatischen Problem
in seiner Losung. Munchen: G. Hirth Verlag A.G., 1980.

SCUDDER, H. T. How to trisect an angle with a carpenter's square. Am. M. Mo.
35:250.51; 1928.

Swum JUAN. A new approach to the trisectrix of Maclaurin. M. T. 45:234.35;
1952.

THIESSEN' ALFRED H. A machine for trisecting angles. S. S. M. 14:236; 1914.

THURSTont, L. L. Curve which trisects any angle. Scientific American Supple-
ment 73:259; 1912.

Tone, WERNER. Trisecting any angle. M. 7'. 43:278.79; 1950. 44:194.95; 1951.
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"Trianalyst."Sci. Am. 151:329.30; 1934.

"Trisecting the Impossible; Why the Angletrisector Is Wasting His Time." Sci.
Am. 154:190.91, 228-29; 1936.

"Trisection: General Bibliography." L'lntermediaire des Mathimaticiens, supple-
ments of May and June, 1904.

"Trisection of an Angle." Engineer (London): 129:175, 189; 216-17; 1920.

"Trisection of an Angle Is Still Impossible." Science News Letter 47:200; 1940.
TucK, F. E. How to draw a straight line. S. S. M. 21:55458; 1921.

VoceL, F. Ober die Niherungskonstruktionen fiir die Dreiteilung eines Winkel*.
Z. M. N. U. 62:145.55; 1931.

WEAVER, JAMES H. The trisection problem. S. S. M. 15:590-95; 1915.

Wilma, W. Eine angeniiherte Dreiteilung des Winkels. Z. M. N. U. 60:220; 1929.

YATES, ROBERT C. The angle ruler, the marked ruler and the carpenter's square.
N. M. M. 15:61-73; 1940.

YATES, ROBERT C. Line motion and trisection. N. M. M. 13:63-66; 1938.

YATES, ROBERT C. A rose linkage, trisection, and the regular heptagon. S. S. M.
39:870-72; 1939.

YATES, ROBERT C. Trisection. The Pentagon 3:20.27; 1943-44.

YATES, ROBOT C. Trisection. N. C. T. M., 18th Yearbook. p. 146-53. 1954.

YATES, ROBERT C. The trisection problem. N. M. M. 15:129.42, 191-202, 278-93;
1940.41. 16:20.28, 171.82; 1941-42.

YATES, ROBERT C. The Trisection Problem. Ann Arbor, Michigan: Edwards Bros.,
1942. 1947. 68 p.

A refreshing treatment of a hoary problem; many solutions, historical
notes, interesting sidelights.

YATES. ROBERT C. A trisector. N. M. M. 12:323.24; 1938.

7.3 Duplicating a Cube

ALLMAN, G. J. Greek Geometry from Tildes to Euclid. Dublin: 1889, p. 84 if.,
110 ff., 157 ff., 173 if.

BALL, W. W. R. AND CORETER, H. S. M. Duplication of the cube. Mathematical
Recreations and Essays. London: Macmillsn, 1942. p. 327-33.

BEEIDENDACH, WALTER. Das Delische Problem (Die Verdoppelung des Wiirfels).
Leipzig: B. G. Teubner, 1952. 59 p.

CRESSEY, CHARLES. Spheres . . . and Cubes as Doubled Volumes. San Francisco,
Calif.: the author; McDougall Press, 1949. 17 p.

Durrnovstor, A. A. Approximate solution of the problem of the duplication of
the cube. S. S. M. 13:311-12; 1913.

"Duplicating the Cube, Almost." Scientific American Monthly 3:364; April 1921.
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Cow. J. 4 Short History oj Creek Mathematics. New York: Stechert. 1923. p. 161
ff., 180 ff.. 263 ff.

Gaszssza. R. F. Archytae duplication of the cube. M. T. 49:393.95; 1956.
HEATH. T. L. 4 Manual oj Creek Mathematics. London: Clarendon Press, 1931.

p. 154 ff.

Hessasstiu, A. Das Delische Problem (Die Verdoppelung des Wurfels.) Leipzig:
1927.

JONES. PHILLIP S. Lill's method for evaluating polynomials. M. T. 46:35-37; 1953.
Reference to an ancient Greek mechanical device for solving a continued
mean proportion.

KLEIN. FELIX. Famous Problems in Elementary Geometry. (Trans. by W. W.
Boman and D, E. Smith). 2nd enlarged edition. Boston: Ginn and Co., 1897.
New York: Stechert, 1930.

MACKAY. J. S. The ancient methods for the duplication of the cube. Proceedings,
Edinburgh Mathematical Society 4:2-20; 1886.

MCCLELLAND, H. H. Duplication of the cube. M. T. 46:108-109; 1953.

ROESER, H. The derivation and applications of the conchoid of Nicomedes and
the cissoid of Diodes. S. S. M. 14:790.96; 1914.

RUPERT. W. W. Famous Geometrical Theorems and Problems. Boston: D. C,
Heath. 1900. (Pamphlet)

WEAVER, J. H. The duplication problem. Am. M. Mo. 23:106.13; 1916.

WEAVER, J. H. Pappus' solution of the duplication problem. S. S. M. 15:216.17;
1915.

7.4 Squaring a Circle

In this classical problem the goal was to determine the side of a square
whose area should be equal to that of a given circle. Strictly speaking, this
is no more a recreation, in one sense of the term, than the trisection of an
angle or the duplication of a cube. Yet tk problem has a long and honor-
able history.

About 200 years ago it was shown that -IT is incommensurable. Toward
the close of the 19th Century the transcendence of it was established. Until
then the endless futile attempts to solve the problem had led to innumerable
fruitful discoveries. Since then, of course, interest in the problem has all
but disappeared, although the tribe of would-be circle.squarers has not yet
completely vanished. It probably never will, any more than the select coterie
of angle-trisector', and those who would demolish non-Euclidean geometry
as unthinkable.

The history of the problem has been well documented: for example,
Montucla's Histoire des Recherches sur la Quadrature du Cerck, edited by
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P. L. Lacroix, appeared in 1831. The inveterate debunker Augustua De-
Morgan wrote many articles on the subject, particularly in his Budget of Para-
doxes (1872). E. W. Hobson's history of the problem (see below) first ap-
peared in 1913.

BALL, W. W. R. AND COMER, H. S. M. Quadrature of the circle. Mathematical
Recreations and Essays. London: Macmillan, 1942. p. 33549.

BALLORE. R. DE Monvessus inc. La quadrature du cercic. La Nature 61:273.75;
1933.

BARAVALLE. H. von. The number v.111. T. 45:34048; 1952.

llattoLev, H. La quadrature du cercle. La Nature 65:81.82; 1937.

BWTEL, E. Die Quadrant). des Kreises. Leipzig: Teubner, 1913, 1920, 1951. 63 p.

&town, E. R. it and James Smith. Discovery 5:58.60; May 1924. .

BUSSEY, W. H. Geometric constructions without the classical restriction to ruler
and compasses. Am. M. Mo. 43:265-80; 1936.

CHASE, P. E. Approximate quadrature of the circle. Journal of the Franklin In-
stitute 108:45, 105-109:409. 111:379.

COLWELL, LEWIS W. A simple method of rectifying small circles. S. S. M. 42:419-
20; 1942.

CRESSEY, CHARLES. Squared Circles and . . . Spheres . . . Cubed Spheres . . . and
Related Equivalents. San Francisco, Calif.: the author, 2135.28th Ave., 1949.
26 p.

DEHN, M. AND HELLINGER, E. D. Certain mathematical achievements of James
Gregory. Am. M. Mo. 50:149-63; 1943.

Dinzmozv, F. Zur EulerGikingschen Rektffikation des Kreises. Z. M. N. U. 33:
238; 1902.

ENRIQUES, F. Ober die transzendenten Aufgaben, insbesondere iiber die Quad-
raturen des Kreises. Fragen der Elementargeometrie. 2 Teil, 2nd edition.
Leipzig; 1923. p. 26?326.

GRIDGEMAN, N. T. Circumetrics. Sci. Mo. 77:31.35; July 1953.

HAYN. JULIUS. Can the sinusoid or sine curve of trigonometry "square the cir-
cle"? School Magazine 7:321.23; 1924,

HEATH, T. L. A History of Greek Mathematics. Vol. I. London: Clarendon Press,
1921. p. 220.32.

HEISEL, CARL T. The Circle Squared Beyond Refutation: Behold! The Crane
Problem No Longer Unsolved. 2nd edition. Cleveland, Ohio: 1934. 278 p.

Hoason. E. W. Squaring the Circle; A History of the Problem. Cambridge Univ.
Press, 1913.

Howson. E. W. Squaring the Circle: A History of the Problem. New York: Chel-
sea Publishing Co., 1953. (Reissue; bound with A. B. Kemp': How To Draw
a Straight Line, H. P. Hudson: Ruler and Compass, and so on.) 110 p.
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HOFMANN, JOSEPH. Ober die Quadraturen des Artus de Lionne. N. M. M. 12:
223.30; 1938.

JoHNSTON, L. S. An approximate rectification of the circle. Am. M. Mo. 46:226;
1939.

KAsNER, E. Squaring the circle; also, duplication of a cube and the trisection of
an angle. Sri. Mo. 37:67-71; 1933.

KLEIN, FELIX. Famous Problems in Elementary Geometry. (Edited by W. W.
Beman and D. E. Smith). Boston: Ginn and Co., 1897. New York: G. E.
Stechert, 1930. Chapter 3.

KoKostoott, F. W. Mathematics in Human Affairs. New York: Prentice-Hall,
1943. Chapter 16.

LOWSTON, W. H. Note on an approximation to the square of the circle. N. M. M.
17:81-82; 1942.

MUKUNDA MARAR, K. AND RAJACOPAL, C. T. On the Hindu quadrature of the cir
cle. Journal of the Bombay Branch of the Royal Asiatic Society (n.s.) 20:
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7.5 History and Value of Pi {Pr)
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from Archimedes' value 3t4 > IT > 31%1 to Shanks' computation to 707
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7.6 Zeno's Paradoxes

Nearly 2500 years ago, mathematicians and philosophers were greatly
concerned by certain paradoxes involving the notion of the infinite. Modern
mathematicians are equally puzzled by these paradoxes.

The famous paradoxes on motion, propounded by Zeno about 500 B. C.,
included:

1. the Dichotomythat motion is impossible, because a moving object
must arrive at the middle before it reaches the end;

2. Achilles and the Tortoiseif the tortoise is given a head start, Achilles
can never overtake him;

3. the Arrowwhich must either move where it is or move where it
isn't, and so, although in flight, it is always motionless;

4. the Stadiumin which it appears that a given time interval is equiva-
lent to an interval twice as great.

Beneath the apparent sophistry of these contradictions there lie subtle and
elusive ideas of the most profound sort. Many explanations of the paradoxes
have been offered over the years. Their meaning depends upon what inter-
pretation is given to the logical foundations of mathematicsan area in
which modern mathematicians are very far from being in agreement.
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Chapter 8

Weetraematual
Wtideetiotee4

8.1 Mathematics in Nature
Long years before modern biology finally succumbed, as did the other physical

sciences, to the relentless scrutiny of mathematical analysis, professional entomolo-
gists as well as lay naturalists observed many instances of mathematical relation-
ships in living formsnotably shells, flowers, spider webs, honeycombs, and the
like. One of the most brilliant and prolific writers in this field was the late
D'Arcy Thompson. Another astute observer was the naturalist Jean Henri Fabre,
"poet and prophet of the insect world," self-taught amateur mathematician, whose
inimitable beauty of style is exemplified in the following passage:

"With this weird number [a == 2.718 . . .1 are we now stationed within the
strictly defined realm of the imagination? Not c. all the catenary appears actually
every time that weight and flexibility act in concert. The name is given to the
curve formed by a chain suspended by two of its points which are not placed on a
vertical line. It is the shape taken by a flexible cord when held at each end and
relaxed; it is the line that governs the shape of a sail bellying in the wind; it is
the curve of the nanny-goat's milk-bag when she returns from filling her trailing
udder. And all this answers to the number a . ..

"What a quantity of abstruse science for a bit of string! Let us not be surprised.
A pellet of shot swinging at the end of a thread, a drop of dew trickling down a
straw, a splash of water tippling under the kisses of the air, a mere trifle, after
all, requires a titanic scaffolding when we wish to examine it with the eye of
calculation. We need the club of Hercules to crush a fly:'

A. Form and Symmetry

COLEMAN, S. AND CORN, C. A. Proportional Form. New York; G. P. Putnam's Sons,
1920. 265 p.
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8.2 Machines That Think

Regardless of what the future historian may say, there is no doubt that
developments during the last dozen years in the field of electronic computing
machines have been little short of phenomenal. Amazingly enough, the rami-
fications of these unbelievably rapid developments have gone far beyond
computing even of the most elaborate sort. Apparently we are on the thresh-
old of what is yet to come in the way of thinking machines, giant brains,
logic machines, and machines that play tittattoe, gin rummy, and chess. If
ever man's ingenuity and imagination have served him well, it is in this area.
He has drawn upon material from symbolic logic, Boolean algebra, and
binary notation, and, with the aid of the electronics engineers, has boldly
synthesized mechanisms which can handle information with uncanny skill
and breathtaking speed.
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8.3 Cryptography and Cryptanalysis

The art of writing secret messages is as old, presumably, as the human
desire to convey information to certain individuals while withholding it from
all others. Clearly this has utility for political and military purposes. The
ability to read a secret message without having possession of the key, also
a highly useful skill, has its sheer recreational and challenging aspects.

The terms code and cipher are not to be confused. A code is a device which
requires a code dictionary to write and to read, or, more precisely, to en-
cipher and to decipher. An encoded message is shorter than the original, or
plain-text message; a few consecutive letters may represent an entire para-
graph. A cipher, on the other hand, is as long or longer than the plain-text
message.

Ciphers are of two general types: (a) transposition ciphers, in which the
letters of the plaintext message are unchanged but their order is scrambled
in some systematic manner; and (b) substitution ciphers, in which letters,
or groups of letters, or other symbols, are substituted for letters or groups
of letters of the plain text.

Thus when a bona-fide person in possession of the code book simply re-
verses the process of encoding a code message, he is said to decode or to
decipher it. When a person having no knowledge of the key to a cipher or
cryptogram "breaks" the cipher, he is said to have solved it. The art of
devising secret ciphers is called cryptography. The art of breaking crypto-
grams is known as cryptanalysis.

Apart from the utilitarian and romantic aspects of secret messages, crypt-
analysis offers an implied challenge to human ingenuity which is not easily
resisted, and which intrigues many devotees to whom utility and sentiment
are immaterial.

A. Books and Pamphlets

VACAPEYEFF. A. Codes and Ciphers. London: Oxford University Press, 1939.

1114,:sr, Aratow. There's secrecy in numbers. Mathematics: Its Magic and Mastery,
New York; Van Nostrand, 1941. p. T9-101.

132



MATHEMATICAL MISCILIANIES 121

BALL, W. W. R. AND COXETER, H. S. M. Cryptography and cryptanalysis. Mathe
'nada Recreations and Essays. London: Macmillan, 1942. p. 379-409.

Bustuss, Evtartme. Les chiffres secrets devoiles. Paris: 1901.

CANDELA, R. The Military Cipher of Commandent Bazeries. New York: Cardanus
Press, 1938.

"Cipherwriting." Encyclopedia Arnericarut, 1943.
Short bibliography.

"Codes and Ciphers." Encyclopaedia Britannica 5:95459; 1946 edition.
"Cryptography." Encyclopaedia Britannica 6:807.808; 1946 edition.

Flo., A. Systeme des chiffrierens. Graz: 1926.

FRIEDMAN, WILLIAM F. Codes and Ciphers. Encyclopaedia Britannica. 14th edition.

FRIEDMAN, WILLIAM F. Riverbank Publications, No. 15.22.

FRIEDMAN, WILLIAM F. War Department Publications. Elementary Military Cryp-
tography; Advanced Military Cryptography; Military Cryptanalysis; and
such.

GAINES, H. F. Cryptanalysis. New York: Dover Publications, 1956. 237 p.

GALLAND, 3. S. An Historical and Analytical Bibliography of the Literature of
Cryptography. Evanston, Ill.: Northwestern University Press, 1945.

Givizacz, C. M. Cours de cryptographic. Paris: 1925.

GRANDPRi., A. DE. La cryptographic pratique. Paris: 1905.
HARRIS, F. A. Solving Simple Substitution Ciphers. Canton, Ohio: American

Cryptogram Association, c/o W. G. Bryan, Burton, Ohio. 75#. (Pamphlet)

Hirr, PAsar.. The ABC of Secret Writing. New York: Puck Products Co., 1935.
HITT, PARKER. Manual for the Solution of Military Ciphers. Fort Leavenworth,

Kansas: U. S. Army School Service. 1916. Reprinted, New York: New York
University Bookstore, 1943.

Kock', E. Cryptography. Belleville, Ill.: Buecher Publishing Co., 1936.

LANGIE, ANDRE. De la cryptographic. Paris: 1918. (English translation by I. C. H.
Macbeth, "Cryptography," London: Constable & Co., 1922.)

LANGIE, ANDRi, AND SOUDART, E. A. Traite de cryptographic. Paris: 1925, 1935.

LYSING, HENRY. The Cryptogram Book. New York: David Kemp, 1937.

LYSING, HENRY. Secret Writing. New York: David Kemp, 1936.

MANSFIELD, L. C. S. One Hundred Problems in Cipher. London: A. Maclehose &
Co., 1936.

MANSFIELD, L. C. S. Solutions of Codes and Ciphers. London: A. Maclehose &
Co., 1936.

MILLIKIN, D. D. Elementary Cryptography and Cryptanalysis. New York: New
York University Bookstore, 1942.

Nawrasa, BERNARD. German Secret Service at Work. New York: McBride & Co.,
1940. Chapter 13: "Codes, Ciphers, and Communications."

133



122

71

RECREATIONAL SI AT II EMATICS

(WAVER. M. E. Cr)ptaarant Solving. Columbus. Ohio: Stoneman Press, 1933.
Pt:T cuso ft, ( i. 4 %u Mcat N'I lli:K. M. A Guide to Codes and Signals. Racine, W is-

consin : Whitman Publishing Co., 1942.

PicLoLtr, M. La Cryptarithmie. Brussels: Sphinx, 173 Ave. W. Churchill, 1935.
(Pamphlet)

PRATT, FLETCHER. Secret and Urgent; the Story of Codes and Ciphers. Indianap-
olis: Bobbs-Merrill, 1939. Blue Ribbon Books, 1942.

SMITH, L. D. Cryptography, The Science of Secret Writing. New York: W. W.
Norton, 1943. Dover Publications, 1955. 164 p.

UNITED STATES SENATE. Senate Document No. 244. (Report of the Pearl Harbor
Investigation Committee.)

Discussion of Winds code and the machine MAGIC.

V ALER/O. P. De la cryptographic. Part I, Paris: 1893; Part II, Paris: 1896.

WHITE, M. Secret Writing. Washington. D. C.: Washington Service Bureau, 1942.

Wout, J. M. A First Course in Cryptanalysis. 3 Vol. New York: Brooklyn College
Press. (Mimeo.)

YARDLEY, H. 0. The American Black Chamber. London: Faber & Faber, Ltd.,
1931. Indianapolis: Bobbs-Merrill & Co., 1931. Garden City, N. Y.: Blue
Ribbon Books, 1931.

YARDLEY, H. 0. Yardleygrarns. Indianapolis: Bobbs-Merrill Co., 1932.

8. Periodical Literature

MOREL RICHARD. Cryptanalysis. Scrip. M.18:5-16; 1952.
Excellent introductory discussion; annotated bibliography.

ANDREF, ittcusan. Cryptography as a branch of mathematics. M. T. 45:503.509;
1952.

Annotated bibliography of 36 references.

"Automatic Code Messages.- Science 63:10.12; February 19, 1926.

BATES, D. H. A Rebel cipher dispatch. Harper's Magazine 97:105-109; June 1898.

Btaucat, E. A telegraphic cryptogram. Sci. Am. 113:519; December 11, 1915.
"Bibliography of Cryptography." Am. M. Mo. 50:345; 1943.

Barwron, W. W. The science of the cipher. Scientific American Supplement 79;
39495; June 19, 1915.

BORDEN, H. A. Cipher codes. Scientific American Supplement 83:139; March 3,
1917.

BURNETT, E. C. Ciphers of the Revolutionary Period. American Historical Re-
view 22:329-34; 1917.

"Ciphers and Cipher Keys." Living Age 333:491-95; September 15, 1927.

"Codes and Ciphers." Am. M. Mo. 26:409.13; 1919.

DAVIS. W. Cipher-writing machine, New York Times. Current History Magazine
24:425; June 1926.

134



MATHEMATICAL MISCELLANIES 123

EDWARD'S, E. E. Cipher codes and their uses. Sri. .lm. 113:9; July 3. 1915.

FIORDM AN, W. F. AND MEM/IA.50PN, C. J. Notes on code words. Am. M. Mo. 39:
394.409; 1932.

GoLotmaTT, RAMONA. Ramifications in cryptography. The Pentagon 9:11-14;
1949.

GusTalso, B. R. Ciphers and ciphering machines. Swedish Engineers' Bulletin
36:6; October 1941.

HANCOCK, KEN. An insoluble exponential code. The Pentagon 9:94-97; 1950.

ElsswELL, J. H. Secret writing, the ciphers of the Ancients and some of those in
modern use. Century Magazine 63:83.92; November 1912.

HELMICK, L. S. Key woman of the T-men. Reader's Digest 31:51; September
1937.

HILL, L. S. Concerning certain linear transformation apparatus of cryptography.
Am. M. Mo. 38:135.54; 1931.

HILL. L. S. Cryptography in an algebraic alphabet. Am. M. Mo. 36:306; 1929.

HOLSTEIN, O. The ciphers of Porta and Vigenere. Scientific American Monthly
4:332; October 1921.

HOLSTEIN. O. New cipher. Scientific American Supplement 83:235; April 14,
1917.

JormsoN, T. M. Secrets of the master spies. Popular Mechanics 57:636.40; 58:
409-13; 1932.

Koutio, JOHN. WHEW B1SEY PYMQP UQRPD. Collier's 126:22.23; October
28, 1950.

KoitosTomx, V. DE. Black cabinet; secret codes and ciphers in first World War.
Contemporary Review 167:162-65: March 1945.

"Magic Was the Word for It." Time 46:20.22; December 17,1945.

MirmusONN, C. J. Blalse de Vigenene and the chiffre carre. Proceedings, Amer-
ican Philosophical Society 82:103.29; 1940.

MENoitsoNN, C. J. Cardan on cryptography. Scrip. M. 6:157-68; 1939.

MOORMA N, F. Enciphering and deciphering codes. Sci. Am. 113:159; August 21,
1915.

MURTFELD; E. W. Spy hunters find clues in secret codes. Popular Science 132:
32.33; June 1938.

"NARY° WUMNO LTADI." Nation's Business 36:82; June 1948.
Commercial codes.

PADDOCK, I. J. Cipher codes simplified. Sci. Am. 113:271; September 25, 1915.

PADDOCK, P. Magic lure of ciphers. Popular Mechanics 46:54668; October 1926.

"Pearl Harbor." Time 46:20+ ; December 17, 1945.
Note on machine MAGIC used during World War II.

POST. M. D. German war ciphers. Everybody's Magazine 38:28-34; June 1918.

RHODES, J. K. He solves the secrets of cipher writing. American Magazine, Janu-
ary 1925. p. 3639.

135



124 RECREATIONAL MATHEMATICS

"A Secret-code Message Machine." Literary Digest 89:22; April 17, 1926.

"Secrets of the Black Chamber." Popular Mechanics 62:220.23; August 1934.
Sessicur, S. H. Elements of cryptanalysis: the simple substitution cryptogram.

The Pentagon 13:80-86; 1954.

Sessxm, S. H. An introduction to cryptanalysis: two ciphers. The Pentagon 14:
16.26; 1954.

SEssER4,,S. H. Modern trends in cryptography: the fractionated cipher. The Pent
gon 14:76-88; 1955.

SHULMAN, DAVID. Ciphers and their solution. The Police Journal, July-August
1939.

SMITH, D. E. John Wallis as a cryptographer. Bulletin, American Mathematical
Society 24:82.96; November 1917.

Shinn, L. D. Secret messages vital in war. Science Digest 14:15-20; July 1943.
"Some Inside Facts about Ciphers: Secret Language of War." Popular Science

141:86-89; November 1942.

STROTHER, F. Fighting Germany's spies. World's Fork, June 1919. p. 134.53.

"Uncle Sam, Cipher Wizard." Literary Digest 55:46; November 3, 1917.

UNDEawDorp, R. S. A simple and unbreakable code. The Pentagon 8 :3.4; 1948.

WICKWARE, F. S. Secret language of war; breaking Japanese code before Pearl
Harbor. Life Magazine 19:6364; November 26, 1945.

WILKES, G. Cryptography. Cosmopolitan 36:475.78; February 1904. 36:715-18;
April 1904.

Woux, J. AND MAcNEtsti, H. F. Secret writing and spies. Science Digest 12:91-
94; December 1942.

WOODWORTH, H. S. A simple cipher code. Sci. Am. 113:291; October 2, 1915.

"Working Puzzles To Save Britain." Literary Digest 112:38; January 2, 1932.

YARDLEY, H. 0. Ciphers. Saturday Evening Post 203:35; May 9, 1931.

YARDLEY, H. 0. Codes. Saturday Evening Post 203:1617; April 18, 1931.

YARDLEY, H. 0. Cryptograms and their solution. Saturday Evening Post 204:21;
November 21, 1931.

YARDLEY, H. 0. Secret links. Saturday Evening Post 203:3-5; April 4, 1931.

8.4 Probability, Gambling, and Game Strategy

"To err is human; to forgive, divine." Man errs frequently because of
the uncertainties with which he is beset. Human experience is steeped in
probabilities. To be sure, some things are certain. The object dropped will
surely fall to the ground. Five cards drawn from a deck at random will
surely not contain five aces. Many other things are equally certain. But
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many more are subject to "chance," which means that we are not certain.
In other words, we do not know; we are ignorant. It reminds one of the
two perplexed weather bureau officials, one of whom suggests to the other:
"Why don't we just tell them the trutheither it will rain tomorrow or it
wont"

Mathematicians have at various times espoused two principal approaches
to the quantitative study of probability: (a) the subjective view, according
to which probability describes the degree of certainty or uncertainty, or the
intensity of one's belief; and (b) the statistical view, according to which
probability is regarded as the relative frequency with which an event occurs
in a certain category of events; or, popularly paraphrased, "that which
usually happens we say is probable; the more often it has happened, the
more likely it is to happen again."

Both points of view have advantages as well as serious limitations. The
calculus of probability (which draws freely upon both), has proved ex-
tremely fruitful not only to physical scientists, but to economists, sociologists,
and businessmen as well. The entire institution of modern insurance rests
in large part upon probability theory. In recent times, the theory of proba-
bility has seen brilliant advances such as those exemplified by sampling and
quality control techniques on the one hand, and by the theory of games and
strategy on the otherto cite but two of the most dramatic recent develop-
ments.
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8.5 The Fourth Dimension

This hoary anachronism should doubtless be left to sink into oblivion
along with angle-trisection and perpetual motion. And yetsome rather
intriguing matters compel our attention.

For example, there were the machinations of the charlatan Dinner and
his spiritualistic friends, who, toward the close of the 19th Century, insisted
that the properties of physical space of four-dimensions admirably accounted
for otherwise inexplicable psychic phenomena. Then there are the phenomena
of congruence, symmetry, asymmetry, isomerism, polarization, and such,
and their relation to the concept of dimensionality. Curious, also, is the
connection, earnestly professed by some, between religion and "the fourth
dimension." And not without interest is the use of four-dimensional con-
figurations. or their projections, as a source of original design. Finally, we
must not overlook the popular notion that, in relativity physics, time is the
fourth dimension.
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8.7 Dynamic Symmetry

In the realm of art, the term symmetry generally refers to the relation of
the parts of a design to the whole. Thus classical symmetry concerns the
disposition of the parts of a design, or the interrelationships between linear
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dimensions of a design. Often based upon regular polygons or polyhedrons,
it has been alluded to as Gothic symmetry, or atatic symmetry.

Dynamic symmetry, on the other hand, involves proportional areas. It is
often thought of as an organic sort of symmetry, being exemplified in living
organisms such as plants, flowers and leaves, and in the human figure.

The principles of dynamic symmetry were rediscovered by the late Jay
Hambidge some 35 years ago. As used by Hambidge, the term is peculiarly
appropriate to describe proportioning of areas, since to the Greek maths.
matician &waits eiwterpoe meant "commensurable in power," particularly
in a square. Thus the familiar root* rectangles, the whirling square, and
such, suggest the force of the term "dynamic."

Interestingly enough, the only peoples to use the principles of dynamic
symmetry were the Greeks and the Egyptians. Even more interesting are the
many bypaths into which the subject leads: (a) mathematicsthe Golden
section, Fibonacci numbers, continued fractions, the number system; (b)
sciencephyllotaxy, physiology, anatomy; (c) the arts -- sculpture, ceramics,
painting, architecture, design, and modern advertising and printing layout.
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8.8 The Golden Section

Just as the Pythagoreans first showed the relation of number to tone in
tervals in music, so it was also the Greeks who first claimed that there was
always some law of number that was applicable to creations of nature and
art, and which explained the beauty of such creations. One of the most
notable of these laws is the Law of the Golden Mean, or the Golden Section.

The law appears in many forms. In geometry it arises from the division
of a given line segment into mean and extreme ratio, i.e., into two parts, a

a
a + band b, such that b

, where a < b. This proportion was called

the "Divine Proportion" by Luca Pacioli. By setting x = a , we have

1 :LI
ratio,

1 +. 1 = 0, or x 1.618 . .. or
2 2

14', is known as the "golden number"; the ratio 1 = 0.618

VS+ 3and the ratio = 4+2= 2.618... , are all intimately related.

As one pursues the ramifications of the Golden Section one encounters a
variety of mathematical interrelationships: the pentagram and the regular
decagon, Fibonacci numbers, continued fractions, dynamic symmetry, and
so on.

The Golden Mean appears at many unexpected turns. In Nature, among
various plant and animal forms, we find phyllotaxy in leaves, pentagonal
symmetry in flowers and marine animals, and pentadactylism in vertebrates.
In the proportions of the human body the Golden Mean is again to be found.
Man has employed the same principle in the creative arts, as seen in the
dynamic symmetry of early Greek vases and statues, in classical Renaissance
paintings, and in various aspects of contemporary design, including "lay-
outs" in the printing and advertising crafts. For example, the majority of
people consider the most aesthetically pleasing rectangular shape that rectan
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gle whose sides are in the approximate ratio of 81 G = 1.618 . . .) ,

or 31 (4* = 0.618 ...).
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