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Gonsider the following situation: A dec%sion-maker in%ends to use a

test to make a decis¥on about each of many persons. For each person the
N ) v N L[]
decision—maker-must take one of twdﬁpossible actions, which-ye will call

Maction A" and "action R". The decision-maker considers action A more
* . »~

. appropriate for persons wﬁ% score high on the test and‘hction R more ap-

propriate for low scorers; the letters A and. R might stand for "accelerated
. ' ’ ' : x \
prdgram” and "regular program", or "award credit" and "refuse credit", or

simply "accept" gnd "reject". _The decision;maker will choose one specific
ooint on the test-score continuum as :He cufoff point; all persons with

test scor&s at or above this point will receive acgion A, while;all those
with test scores below tke cutoff will receive action R. We will use the

3 }

Wsymbol X to refer 't:o this cutoff score. We will restrict our attention to

LS

the situation in which there are no constraints on the numbers of persons
-

assigned to actions A-and R. : X ) A

Now let us suppose that the decision-maker would iike to validate this

decision procedure against a criterion mei?ure.(either concurrently or predic-

.tiVEIy), by administEring’the'criterionlmeasure to a representagive sample of
' ’ : ’ Il
pefsons who have taken the “test. The higher a person's scoré on the criterion

B K €
measure, the better the result of action A for that person .and the worse the ~

tesult pf action R. At some point on thﬁ criterion-measure scale, the decision-

l}mkezgyoold be,undecided between actions A and R} We will' use tne symbol yé ‘to

. c 7 . - .
refer to this.:indifference point:.1 .
- - ]
1 The choice of Yo is logically prior to the choice of X, - Procedures for

optimizing the choice-of X for 5 given value of yo .are discussed by Da@is{
‘Hickman, and Novick (1973). - o ‘ o 5




We can express our decision-maKer's feelings mathematically in the form.

_of tWwo utility functidné. Letfyi'repreqent the score o persoh i on the crite-

) N
sume of the utilities of all the Andividual decisions: ~ ’
ux,) = Z u (yy) + Z . u_(y,) ' 5.
x4 laxo X< o

‘ u, is an increasing fgnction and u_ a decreasing function: to ref&éct the '
. L -

[l B

. -

. ¢
- rion measure. ,Then let \

" ha(yi) = uytility of‘éctgpn A for person i,
. ﬂ S :
3 e R N 1 g . .
) . -~ ur(yi) = utility of action R for person i
s .

-

where ua(yo) - ur(yo) = 0. That is, the zero on fhe'utilityﬁécale is defined
1 3 ) .

to be the value of either action at thé\i?difference point. We assume that
~ ,

.
~ € - \ .

) 7 . L y
greater importance of correct decisions about persons whose criterion perfor-

L -

mance is farther from the indifference poi_nt:.2 Figure 1 presenﬁs an 5;ample
. J : ’
of a possible pair of utility functions. (Note that the criterion measure is

plotted aloﬁg the horizontal axis.) ] &

«
A L) w
[

, Our decision-maker intends to us¢ a decision procedure that can be ex-"

pressed matﬁematically as fdllows: Let'xi be the test score of persdn i'and

v

let X, be the minimum passing® score. Th%n we take action A fof person 1 1if X, 2 x‘
o

and action R 1if X, < ko The utilitf of this decision procedure is the
[3 7

’

.

As a standard for comparison we have the utility of the ideal‘decision“prOCedure

oy

baiiigon knowledge of each person's performance on the criterion measure: .
L‘ - N . ' C ‘ /;
Lo LY, Yy % Vg /
A : 3 \
,

This feature of the situation distinguishes it from the "threshold utility"-
situation examined by Hambleton and Novick (1973) and by Petersen (1974). - T
o ' 4 = . n .

. .-
-~ .

-
1)




Aruitoxt provided by Eic:

- - ¢ v
. 9 )
. . '
-
\
.
‘ ‘ '
Qs
- »
I
. .
. * ’
.. .o,
.
- N
. o ’
. B o
R .
.
.
N

-
+*
: v N
- 8]
u(y) = utility
. . ’ 2
]
b
}
4
. 0
o N
- A
/’.\'
s
..
~
L
]
VS -
.
’U
v g \
- \);. o '

y = criterion

measure °

L4

‘ N

‘¢




[ ] ’
- . -

<"

ﬂfff

S ) Then the validity of the decieion procedure based on x
. o

4

, as compared tg the

. 7

1

v
-

the ratio

s ;‘ ‘ - ‘, - -, . .

' T ' ; - U(x )
’ . [} U(xo’ .yo) 4 o

KX Lo ; - ~ . U(y )

. . i,

S -

. x_ and the indifference point y
i . ‘/\0 ' \ i s o
. of x, and yo & ] .

>

to emphaeize its dependence on the choice -

. A

, r

f .
r

i validity of thel(ideal" decieion procedure baLed Qp Vo0 can ‘be described by

. . This utility ratio3 ﬁs expressed as a function of the minimum paseing score

©

’
L4

’
id

‘S
’

X

\ Becauee the denominator og/éhe utility ratio is- the maximum utility bver

S . J
o all poeeible Bets of decieione - the utility of a correct decision for every

person -=- the utility ratio reaches its maximum at 1. The minimum value for

*

the utility ratio is not‘peceeearily -1 unleeq

u; (y)

-u (y) for

all valuee of y. The utility ratio equale zero when the harm from %he bad Tz_

'decisione exactly balances the benefit from the good decisibne. A negative

-
I'd

utility ratio indicatee that the decieiqn procedure could have been improved

* ¢ ©

. ’ byctaking action A for the‘lowlecorere and action R fer the high scorets.

a

is

eituation would be expected if the test were accidentally reverse-scored.)

. .
’ o . . \

One type of utility function that ie of particular interest because of its

' simplicity-and intuitive appeal is that represented by straight lines.

Let b g
a

:

besathe benefit of accepting a person one unit above yo on the criterion measure

and let . be the cost of rejecting that person.
- .

Similarly, let br' be the
y . : . ‘
benefit of rejecting and <y be thexioet of accepting a person one unit below »

)

3 This ratio doee not correspond to the "utility ratio' defined for the threshold

utility caee by Petersen (l974) Petersen's utility ratio does not depend on

. observed data, but merely describes the utility functions.

14
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) * 3
N LR ) N\ . \ '_4_ ’ . ) . ’ ) ‘ '- o . .' .
s o. . - ‘ / . . . - . *
i ' /9ogon the criterion geagure\“Then let : e“///;7 -,
N ' \ ,: ' ) e ( - R ) . .i: f - ‘ - - ’; ;'\\‘A)‘ ‘:- ) v
RO N S A T - R 3
’ * — ’ .0 . N ) 4:1
. A (y” ) if-y<yo SR | ’ |
) - - “ -; . ," ] .. to- R .
- _ _ . < R - : . .
. u ¥) br (y “yo) 1fy <y . B 4
. " ‘ T oo ; 18 K3 [ R o s
- ‘A ’ ’ Sy Cy - yo)iif y f’yo - . L i
t" IR Utility.functions of this form impiy that _the cost:éf a béd.decieion is pro-
2 portional to°the size of the terror. /Similafiy, they,imply'tﬁdt the benefit - -

. ’

from a good deciéipn is proportional to the size.of the error that- was aveiggd.b
The size of the error made or avoided is the-abéolute\vaIﬁZT;} (yi - yo) .4
- . a ’ o e
. _ . . . .
/ These utility functioms could be deacri;za,as "semi-linear"; ¥hey bécome fully .

1inear when ba.- c, and br : c.. / . . : e
2 oy | : - .

‘Figure 2'111u9tra£¢9 a pair of-utiiity functions of this form. ~ Only the

- Iy
relative sizes of ba‘ s br’ and c. affect the value of the utility ratio, as

can be seen by.mditiplying all foﬁr coefficients by any constant k. This mul-
© . . . \
tiplication would have the effect of muetiplying both utility functions by k.

Therefore thp‘numerator and denominator of the utility ratio would both be
e -

multiplied by k, leaving ité value unchanged. - | \\
. . /

[

%

What is the expect7d utility of a decision procedure in‘which actions A |
and R are assigned purely at random? Is it necessarily zero? Let 1 and P,
be the probabilities of aeeignyng actions A and R, reBpectivel§[ Then the

.- &
expected utility of the :decision procedure 1is \

7

4 e . ° ’ ‘1 4
P C a;l[‘i (p, Qa(y?) +p, v (y,)] |

. *

o] .
. L 7 T
The coefficients ba’ o br’ and c, correspond to.Petersen's (1974) utility

. " values a, b, c, and d, respectively, except that in Petersen's approach tﬁey

..

are not multiplied by the size of the error.

' 7
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This expression will equal zero when the futility functions are such that

Pa / (éuf) - P, / P, for gll valueavof y. If the tti{ity

fupctions are fully linear,
u, & =b_ & " Y,)

u 0 == G-y ¢

then the expected utility of the random decision procé@ure will be pdsitive ~

;o

when
J4 s
). -
: [p. b-(y~y)-p_b_(y-y)]>0; .
. all 4 a a o ) r r . o - \ ‘
L . M ’.' - A
.\ . that ‘is, when - (pa bg - P, br) ) haa_thq same sign as (y - Yo.)

Therefore, if .the average score on the criterion measure were far enough

above the indifference point and the benefit or harm from action A sufficiently

greater than that from action R, the decision-maker would do teghonably‘well by
e O ' '
taking-action A for d11 persons. (This exampl@ﬁﬂunnh4iggi?porg%nce of the
N . : ’ eagrer
requirement that the validation sample be representative of the group of

¢

., persons about whom decisions are to be made.)

v : . A .

Why should a test ueer/g}gh as, the decision-maker descriﬁtd at the begin-

*  ning of thie paper use the utility ratio for évaluating gia teet;baeéé decision
procedure on thé baeia of a tritﬁrion measure? Wouldn' t one of the more familiar

N . )

o correlation—like etatietice serve his purpose just as well? No becauee none of °
’

-the more familiar etatietice uses all that information and onl Yy that information

that the decision-maker actuplly uses in making his decisions and eyaluating

their reeulte.- The utility ratio treats the teed gcore as a dichotomous variable

. . . o . . . "
¥ Yo [N . .
- a > . ~
\ . ) B
., : - . .
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,

®

‘because the test score ii being uséd as a dichotomous variab}d% At the same

" atlows the decisio?—maker too much freedom to influence the value of the nesulting

. coefficient. This objection can be overcome by establishing a conve;tion of com-

time, it dqes ndt impose an unnecessa dichotomy on the criterion measure, as
* 9 ry. my |

.

do the phi-coefficient gnd the per—cent¥agreement statistic. pWhile it treats

the criterion measure as continuous, it takes into account the indifference

.

point that forM a natural zero for the criterion measure and thus makes it

)

a meaningful ratio scale. Finally, it allows the decision-maker to adopt

-
~

whatever utility functioms best refleet his values. i
. Ny , .

Traditionalists may object that a utility-based approach to test validation

. .
. . ARY

puting utility ratios on the basis of fully linear utility functions with equal

slopes: u (y) =y-y,3u (y)- -(y ~ Yo ) « Ad administrator or researcher who

=

.proposes a different set of utility functions in-a particular’ sd{uation would then
be obligated to show why the utility functions he advocates are more appropriate-

than those established by conventioh.5 . |

©

The ‘most obvious use of the utility ratio is for comparing two or more tests.

Al

~

f

However, it also offers a practical alternative to the use of traditional discrim—

ination indices for selecting test items for a test intended to discriminate at a
particular level of ability (either on an external criterion variable or. on the

test itself). It also allows the test constructor to specify the relative impor-
tance of identifying qualified versus unqualified examinees. Let‘xi = 1 ‘ if the

examinee answers the itep correctly and Xy - 0 if he does not. Then if an exter-

‘nal criterion variable is used as the basis for item se ction, the utility ratio

Notice that whenever we use a traditional product-moment correlation to
validate a test we implicitly accept the convention that the utility Qf

test score x for'a person with criterion value y is glven by the product

x-ANG-M.

. | L 10 .




for a given itém would be

AR

. S ENCARE: Z w O |
. x - 1 . o X 0. . -
E: u )+ E: u_ (y,) b
! yi‘% Yo. . Y19,

1
+

test constructor would have to specify utility functions in te

-

scoreg. In this case the y's in the above formula would refer fo scores on

the full tegt;‘yo would repregsent the score level at which maxi discrimi- -
- " .nation is desired. " ¢ . ' | -
-~ \ -
L 3
. \ l
"~ 1]
’ !
Acknowledgments
~ I wish tO(thank Thomas F. Donlen, Frederick R. Kling, Michael M. Ravitch,

and Chery1®Wild Reed for their many helpful comments on earlier drafts of this

-

paper.

» /7 (




a’ [N

U Davié ‘¢. ‘5., Hickman, Jr., and Novick, M. R.

. ‘ o REFERENCES

n B . . - )
- ! 2 N
. .
»
e s N . . '
. )

A primer on decision analysis
> for individually prescribed instruction. Technical Bulletin No. 17.
Iowa City, Iowa: American Collegé Testing Program, '1973.

Toward an integration of theory and

‘ Hambleton; R. L., and Novick, M. R.
Journal of Educational \Mea-

¢y  method for .criterion-referenced tests.
surement, 1973, ;g,_159—17o.

' Ty
. I
Petersen, N. 'S. An expected utility model for optimal" eelection.( Technical
Bulletin No. 24. Iowa City, Iowa: Americaﬁ'College Testing Ptogram,
1974- t' s " ’ . % ” .
. . s M l

4




