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ABSTRACT

A visual problem-solving technique applicable to ..~
several different classes of mechanics time-dependent problems is
discussed. The computer is used to solve the equations of motion of
various mechanical sysfenms by one of several standard methods, and
the solutions are displayed in time.increments. A specific example is
provided to illustrate this technigue. (MLH)
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theory is begun. - ° '_1 - .

» L

Pictorial So]utionsuin Advanced Méchah{;s

-

Abstract

“Due to the expans1ve amount of 1ecture theory workload

and the lack of time avaw]ab1e for per1phera1 prob]em sq1v1ng,

v

. innovative teaching techniques in advanced level mechahics

courses frequently go unconsidered. Another difficulty is

_ that at this fevel, few texts are standard and even fewer

instructors follow these with exactness. The one aspect of
advanced courses, in particular in advanced dynamics, which
remains common to most classrooms is that the same problems

are solved, or at least the governing equafions are so]ved;

-

.Due. to the complexity of such equations, however, a'simplf»

fiéd‘case'or two may be investigated briefly before new ,

What is déscrfbed in this paper is a visual problem-
SOIV1ng techn;que applicabie to several. d1fferent c]asses of
mechanics time-dependerit problems. The computer is used to
solve the equat1ons of mot1on of var1ous mechan1ca1 systems
by one of several standard methods and the so]ut1ons are
d1sp1ayed in t1me 1ncrements W1th this technlque, impor-

tant mechanica]/phy51ca] parameters can be varied "to give 2

. parametric 1nvest1gat1on .capability to the c]assroom.

The problem demonstrated here is a two mass coupled

system whose equations of motion form a set of-

.
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nonlinear, coupled differential equations of two degrees of

freedom. - The solution to this problem has been studied-in

detail, but mainly for cases where the nonlinear behavior is

neglected, otherwise it generally defies classroom attention.
First the initial conditions are prespribeq and then the - _
Runge-Kutta method is apo1ied to extend the solutton for each
time step. The generalized coordinates are stored in g com-

puter and finally a graphrcs routine is 1nvoked SO that at '

un1form1y sPaced t1me steps a picture is d}sp]ayed or printed.

If an interactive computer fac111ty is available, the results
may be viewed directly then electronically redrawn as time is
augmented, otherwise motion picture film or videotape most be
used to first’copy each time frame and theo to display the
.complete motion. : . - - 5

This technique can be useful in exploring the governing
differential equations of many problems. in the area of
dynam{cs and vibrations In particular the motipn of other

systems such as pendulums, gyroscqges, and ridid bodies is

easily introduced into the classroom. . A11 routines are

written in Fortran and available upon.request.




h » Purpose

The use of Taboratory experiments to furnish a physical

foundation for theory at the bqginniﬁg level 1in Mecﬁanic; is

" well established. 1In fact it is customary to devote-formal

£

-
course time nearly equally between lecture and laboratory.

Practica\de-emphasis of Taboratory however %s eventually
assumed by a]most all students because course credit is

applied to that aspect of the educational process very spar-

k¢

ingly. The purpose of this paper therefore is to suggest a

_general method whereby cont1nu1ng physical emphas1s can be

maintained in the advanced level mechanics curriculum without
an inordinate penalty in instructional preparation time. This
purpose is demonstrated by examples of several so?utions fol-
lowing a presentatjon of the appropriate theory. It is hoped
that the ease by which pictorial solutions may beféppliéd to
mechanics will generate an interest on the part of educatqrs

in using this technique and in encouraging the student to

1Y

devote at least some attention to this method of investigating

advanced mechanics.

. an

Théorx

The equations of motion for mechanical systems can be -
written generally as a set of differential equations in N
.
generalized coordinates, q; as the dependent variables for

systems witth degrees of freedom, i = 1,2, .;,, N, with the

-

-
-
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one independent variable time. These éystems are always 2nd
order ordinary differential equations with_variiblé coeffi-
1

cients, and non-linear in nature.' Using the Lagrangian‘fEFﬁ-

ulation for der1V1ng the equat1ons of Motion; it is seen that
-the iagrang1an function, L,is at worst a functnon of qi, §j,
and t. Since single differentiation of the, Lagrang1an with
respect to time g1ves the highest order der1vat1ves of the-

qj and qi 's (qi), then eventually a systeQ of equations

results which is 1inear in the ﬁi's, or

since H% [?L(qi, qi,t :] 3#&::3}‘§) =0

3q].
then at worst

=1, ...,°N.
‘(paired subscripts denote summation)

The Aij coefficient matrix is not generally singular so that

A;} exists leading to a set of N equations for the qjtg of

tﬁe form:

, . A
@ = filag> 450 t1d =1, cous N A :

, -
When this form is established, an effective method

must be ut%]ized which by’ﬁuadrature generates the q;'s as a

function of time. A very general accurate and speedy process
, i
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_is advantageous. Also, practical experience dictates Xhe ‘ |

furthér,condition that the ihtegratign'step should be capable j

of«being varied easily. These conditions.fit.the ﬁuhgé- 1
Kutta? Method attributes probably better than any other..

The advantagp~df?thjs method technically over others for
the progrémmer, a peEiphera] purguit for most of us, is that
prior solution values q;(t,), &i(tn) are sufficient to deter-
min%'the«valdes q; (tp+1) &i(f;+]).' Thus values, fqr 2

. instance, at tp.y, th.p, ty.3, ... ., are unnecessary and
need not complicate the integrationaprdcess or clutter machine
memory, an important con§ider$tion in csre—bound computers.

Although this method is normally stated for first-order
differential equations, it may be extended simb]y [3] by

g res%éting the original problem slightly. For instance if
", there are N qj's and N equations with (2N) initial conditions
qi(ty), ai(to); then thfough the governing differéntial equa-

“tions in g, the solution qj(ty) and-q;(ty) are determined. .

from the so]ufioq at to with t tot he ‘In the general 1
Runge-Kutta Method [a third order example is used], a change

of variable is employed to generate 2N dependent variables as e
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with initial conditions Uj(to)3 qilte)

The solution to this systém at t7 is:

) N . 4 , .
let ki = hUj(to) Ki = hFi(tos aj(te), Uj(to))s § = Tseurs N

L N - .
2y = h[U; (o) + 5K;7, 25 = hFi(ty + %h, q5(to)+ %k;s

n
Uj(to) + %kj); j=1, .2 N i}
. v v - . 3y ; 3
Mi = h[Uj(to) + 3 £i1, My = hF; (%, +‘3h,q5(to)‘+ T4y

\
n
chto)+ % £j); J

1]
-t
-
-
=

—

then qi(t]) q.i(to) + ;_ (Zk.i +. 34&1 + 4m1-)

‘ , 1 n n N -
Ui(t]) = Ui(to) t g (2ky + 3£5 + 4my)
at'%pis point h = ty - ty, can be changed, and the process

repeated.
s » .

~ Procedure
This method is ;very useful if a routine exists which can
transform the gqj's into a Q%aphica] solution at selected
time steps. Thesé time steps are chosen so that’fhey match
framing speeds of conventional cameras, where tyﬁipé]ly h=.05
Sec.,'or CRT or video equipment. 1In, some comp]ei’casgs, the

h used for the video work may be a multiple of the numerical

solution time sfep.
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The computer coding subroutines ekist\at_this writing for
picturing ciques,.on spheres, and'l{nkages or bars. These
are adequate to generate most systems commonly used in class-
room examples. The ma{n computer program ;olves the equatidns
of moti&n for the number of tihe_steps‘untij énother print
step is reached then the gq;'s are us;d to evaluate the center’
point coordinates and radius of any circles to betprinted as
well as the two end pin connections and widgh-of.éach linkage.
Next, the main computer program calls these generation sub-
routines which clear the previous picture. from storage and
form the new image. At this writing printer output has been
utilized on a 10 inch by 10 inch grid with a caption, but the
method’is more effi;ient on CRT d%spjay§ or on plasma ;c}eens
where ava%]ab]e;

The computer program is available as written in FORTRAN
IV.and‘requires onlty approximately 100 K bytes of core. Su§-

O
gested types of mechanical systems which can be easily

depicted are:

Pendulums
%

Top%
N-boﬁy Central Force Problems

. _ Spring Mass Systems,

.
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Sample Problem

A c]ass1ca1 problem involving ‘two masses coupled by a
. ;
string is cons1der3§ One mass, m, is allowed to move on a
friction]ess table while a second mass, km, is attached

“through a ho]e in the tab]e by means of an inextensible cord

Two Mass System

L]
-

The equations of motion [4] are given by

-

(1 + k) ¥ - rB2 = kgand 2rBr + 0 = 0 - and‘gub—
ject to 0(to), 8(to), r(to), r(to).

Lett1ng the Runge- Kutta variables be
\ 4 =0, gy = r, U = e U, = v, and N = 2;

P
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The algorithm becomes: : , _ —_—

= h.j(to) | LR
kz = h U2(to) | . L |
Ly = h[U1(to) + '/z"?:];] .
25 = h[Up(te) + % k7] o
m = WU (L) + 3 E1] | |
mp = h[Us(to) + %22] : \

| = - 2hUq(tg) Uplte)/az(to) ’

! . 2
2 = h{aa(to) Uy (to) - kg)/(1 + k)

n . n , Nt
2y = - 2h(U1(te) + % k) (Ua(to) + % k2)/(a2(to) + % Kp)
‘zé = h((ap(te)+ % ky)(Ug(to) + % E])Z - k@))/ (1 + k)

o= - 3 3 Py &\\’
M = 2h(1 (1) + 3 ) (U (t0) + 3800/ laz(te)\e § 2o)
m2 = h((02(tg) + 3 £2)(U (to) + 2.£1)% - ke)/(1 + K)

: ¢
ay(tq) = ap(t) + .;__(zk2 + 3Ly +-4my)
- ‘. : .'\; n "
Up(tq) = Ug(ty) + :7)- (2R + 3£1 + 4m])
Uplty) = Uplte) + L (2K, + 31, + amp) '

Vi1 -
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fInitia] conditions used for the computer generated

pictures were:  ° " ' : ;

1.0 feet - R P

ro = = 0.0 radians
: -
ro = 10.0 feet/sec. 6, = 3.0 radians/sec..

. k =14.0 g = 32.2 feet/sec.? ’ )
to (tjmg.at stafF@Bf motion) = 0.0 sec.
tpax (time at end of ﬁotidn) = 10.0 ;eﬁ. .
| h = .001 seconds

. Print step at ev?ry .05 seconds. 'r
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