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. ABSTRACT -
f. . \1 v -
. . ¢
Differential Performance" of Fourth~ Through Sixth-Grade Students

Id

-

.in Solving Open Multiplication aﬂd Division Sentences
a . . e . " (\
\ - _ o

¢ ", ‘Mary Jane McMaster

Under the Supervision of Professor J. #;EE Weaver

4 -
'

The Problem
The purpose of this study‘ﬁas to find out whether differences
. i _ . .

‘ exist in pupils' performance when sol&ing selected types of open
t& id ) el

multiplication and division sentenc®=tferived from the form'a o b = c.
iy
grocedure -

Specifically, this investigation sought to find out the differeﬁces
in students' responses to open number sentences when the folloﬁing
f;ctore were varled: (A) school érade (%, 5, and 6), (B) the symbol
for the operation specified in a sentence (x.or +), (C) sentence t?pe
as determined by the symmetric propefty of the eqqﬁiity relation‘

(a o b c versus ¢ = a o b), (D) the position of the placeholder
in a sentence (a, b, or c), (E) the existence&h% non-existente of
an open sentence solution within the set of whole numbers (@l x b = 20
versus @ x 5 = 21), and (F) the lar;est number being a bagic fact
product or not a basic fact product in open sentences which have né
= 23).

whole number solution (3 x @ = 25 versus 3 x W

13

xiii ]

=,
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~analysis and analyzed by the Fortap Statistical Package. This proc‘

tests were constfﬁcted and admin;stered to 1298 fourth-, fifthy, and

sixth-grade students. from eight schools. Egch student was administered

a 28~item open sentence humber puzzle test (NPT)'and a l4~item basic -

mulfiﬁlication and division test (BMDT). 3 ¢
The data furnished by all 1298 subjects were corrected and goded .

by the investigator. The information was then key phngﬁZd for computer

ylelded deseriptive statistical results. The data furnished by

‘.students who responded correctly to at least four of the five

nontrivtal multipliéation"items and four of the five nontrivial

items on the BMDT, were further analyzed by ANOVA dnd Wilcoxen : L

N
#

Sigged‘Ranks Test.

Results

o .

1. The performance\levél of subjects on open sentences having whole

number solutions was gignificantly diffeggnt between grade

.

\ levels. '

- 2. Iﬁe péfformancé-level of subjects on open multiplication sentences

was significantly different: from the performance level of subjects
+ on open division sentences,
3. The performance level of subjects on operation-left open sentences

was significantly different from the performance level of subjects

on operation-right open sentences.

v ' ) .
. 14. | | \

xiv




4, The performance level of subjectsgon open sentences was signi-
.ficantly d¥fferent for placeholder positions a, b, and c. ; ,
. '
) 3 Sigmificant interactions existed among the following. factors: Q B
grade level, operation, symmetric property, and placeholder |
position,,
! 6. The performance level of subjects on open number sentences
which have no whole number solutions was significantly different
from the performance level of subjects on open sentences which

L .
have whole number solutions.

r ’ . '
7. Relative to the open sentences with no whole number solutiona,
there was no significant difference between atudents' performance

level on open gentences in which the largest number was a basic

fact product, and students' performance level on open sentences

. ' in which the largest number was not a basic fact product.

Conclusion o=
« The analysis was complex to interpret because of the significant
interactions. There appeared to be a very high interaction between

' ) operation division and placeholder “position a. . Significant inter-
actions also existed between the ﬁollowing factora. (1) grade and
‘operation, (2) grade and symmetric factor' (3) grade and placeholder
position; (4) operation and symmetric factor; (5) ‘operation, .
symmetric factor; and grade; (6) operation and placeholder
position; (7) symmetric factor and placeholder position;'and

'

*
Eg; operation, symmetric factor, and placeholder position. Caution




’

must 60 exerciséd, thereforé,'in taking an overly simplistic inter-
.pretation of significant differences between levels of principal
R ‘ L]

. factors. : . o v !

‘w

Nevertheless, the cvidence warrants the belief that much
greater attention nceds to be given to principal factors B, C, D,
. .

and E in preparation of text materials and in instruction pertaining

- " to open multiplication and division sentences. /

3 [

e it e e e kg




‘ . Chapter {/ :
INTRODUCTION
The purpose of this study was to- find oﬁt whether differences
exist in pupils' performance when solving selected types of open -

A

multiplication and division sentences derived from the form

"aob=e,

Specifically, this investigation sought to find out ghe
differences between foQ;th—, fifth-, and sixth-grade students'
responses to open sentenées when.the following mathematical factors
were varf%d: (a) the operatioﬁ specified in a sentence [x and +],
QP) gentence type as determined by the symmetric property of the

equality relation [a 0 b = c-versus ¢ = a o b], (c) the position of

the placeholder in a sentence [ll ob=c, aoll =c,oraob=N0],

" (d) the existence or nonexistence of an open sentence solution within

the set of whole numbers, e.g., [ ] x 5= 20 versus | x 5 = 21, and
(e) the larfest number in the sentence being a basic fact product
or not a basic fact product in open sentences which have no whole

number solution, e.g., 3 x Wl = 25 versus 3 x W = 23.

. ~

Previous Research ) ’ .
WGQGGr (1971) condhcted a study which investigated student v
reéponseg to open number sentences. The iﬂvestigatioﬁ\involved

first-, second-, and third-grade students. The two operations in-

. vestigated were addition and subtraction. Effects of the symmetiie

T
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it

A | RN
property were examined. Weaver studied the effect of the -placeholder

in each of the three poait:’:fona (M ob=c,aol} = c,.and aob= ).

A parts:of the study also investigated the students’ ability to recognize

open sentences which had no whole number solution. Weaver's study

>

revealed that differences in students' responses to open number .

sentences . do exisgt. d

Grouws (1971) also investigated open number sentences. Among

' \
other things, Grouws investigated the relative difficulty of four open

sentence types involving addition and subtraction. His study sought

to reaffirm that differences do exist in students' responses to open

number sentences, and also, by means of an interview technique, to

’,

investi%ate how the students thought about the different open sentence

types.. o , 4 ‘

Jmportanee of Open Sentences

Grouws (1971) discussed at length the mathematical and pedagogicgd

A

significance of“open sentences. The following six statements summarize

"Grouws' discussion of the mathematical importance of open sentences.

<@ 13

1. The symbolic nature of open sentences makes them useful
a8 an'aid in formulating clear and precise statements
of mathematical relationships.

° 2., Collections of open sentences are frequently used to define
: algebraic structures.

3.- The special class of open sentences called equations have
) been-studied by scholars since antiquity. The result of
this?atudy is the area of mathematics called the theory of

, »  equationms.

! 4. Equations can be used in studying various algebfaic structures

and, in the study of field theory.

‘18

&
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* 5, Equations and S%her kinds of open séntcnces are an integral
part of the study of many branches of mﬂthematics.

6. Open sentences play an’ important role in mathematical model
building [p. 2-4]. -

Grouws summarized his discussion of the significance of open

sentences by stating that:

open sentences are essential in formulating clear and precise
statements of important mathematical and physical.relationships.
Open gentences are important mathematical entities, and they
are valuable in the construction of mathematical models of‘thp
physical world [p. 5].

1

Grouws has indicated that open sentences have pedagogical as
well as mathematical importance. Among the reasons Grouws discussed
as the pedagogical importance of open gentences were the following:

1. Open gentences have been used in elementary school mathematics
programs since the 1940's. )
2. The use of open sentences in a speﬁifia pattern to assist
a child in forming a generalization is a widely used in-
structional”technique.
3., The use of pairs of open sentences in a similar fashion can-
\ be used to help children "discover" other important relation~

ghips. ' ///,/?’”‘,

4. Open sentences prbvi&e a means by which té;&iSciplinary
approaches to many projects and activigies, not usually.
studied in a mathematical lesson, can/be initlated.

5. Open sentences also have important mathematical applications
which can be ‘significant for elementary school children.

6. Open sentences are important in aiding children to develop
! - mathematical modeling ability.

7. ¢Open sentences are useful in improving verbal problem
solving [p. 5-8].

Heddens (1968) emphasized the importance of open sentences in

pedagogy by pointing out that "it is virtually imposaible to teath
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. ] : ’
* mathematics at any level without using mathematical sentences

3 _fp. 335]." Ap examination of contempoféry mathematics textbooks
reveéis that the use 6f mathematical sentences is common plac;
at all educational leyela’(crouéa,,197l, p.AS).

‘One can hardly douﬁt the importance of open sentences in tﬁe
study of mathematics, Open sen;ences are found in fi;et-grade
contemporary mathematics progra&s and continue to bhe foundlthrough

nearly all phases and realms of mathematics. They . add both clarity

and simplicity to the study of mathematics.

Purpose of the Study

The purpose of this study was to exaﬁine the performance of
fo&rth~, fifth-, and sixth-grade students solving open sentences
of the types in'Tablc 1.1. Were the levelerf performance by stu@ents

“at each gvade level significantly different as the open sentence
f/’ types were altered?

If a student can respond "eight" when asked thg solution to
16 + 2 = @ , it has often been assumed that he knows that number
fact. However, when it comés time to tesgiatudents, teachers

1 ' often change thé open sgentence Eype presented to the student. The
| | ‘re&aoning E@qmedfﬁo be thgﬁ if the‘atuden;g‘feally knéﬁf%he number
facts, tﬁe opeh segtence type would be3ugimportant{ ‘Thie implies

that the difficulty level of an open sentence is determined solely

by the number combination involved. If this 1s true, then the

difficulty level of an open sentence is not affectéd’by the oben
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Table 1.1
Open Sentence Typeq,lnvcs;igated ' .
| fﬁ ) a -
Operation Operation - Operation
left~-Symmetric Right=Symmetric °
g 1 faxb=n # @m=axb
d Y
Y 2 * g xE=c *x cmaxm
;
3 *@xbs=c * c=@ xb
4 g+ b= * @=a+b
&
ks
.a 5 *a+8 =c¢C * oc=a4+ 8 . [
2 .
‘d Q .
. {76 | f#meb=c #f c=mab
* These sentence types were also used for the no
whole number solution open sentences.. ‘
- . g ) [
{## These sentence types were not used for the no e
whole number solution open senténces since any i
whole number assignment to a and b in the .

multiplication open gentences would yield a
. whole number solution. Similarly, any whole

. ’ : number assignment to b and ¢ in the division
open sentences would yield a whole number
solution. ‘
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for the placeholder. 1In others, no whole number solution was

- 4 -

gentence type as determined by the ieftiright symmetric property

and the position of thé‘plécehelder within the open sentence.\
Before the discussion of the‘ﬁroblem,bit is advantageous

tg q;arffy the meaning ?f Ehé terms employed in that discussion.

The’fqllowing'definitions were chosen to conform to standard

usdge.

Definitions of Terms

'Open_sﬁntence

A mathematical een;eﬂée in which there exists one or more
variables may be called an open sentence. Once the variables éag
. 7
are replaced by constants, the sentence 18 either true or false. .
Number sentences can be long or short. For this investigation,

all the number sentences involved two whole numbers and one

placeholder. In many cases, a whole number solution existed

Q

possible. - ‘ T

Table 1.1 lists each open sentence type studied. Within the

4

NumﬁefwPuzzieé; Problems, Number Equations

The sentences investigated were open sentences involving

two whole numbers and one plhceholdér (e.ge, 2x W = 8). "

students' textbooks, these open sentences were often referred o
to as problems, or as number equations. Since students
sometimes associlate pfoblems with work and puzzles with fun

activities, for this étudy 1t was decided to refer to the e

22




open sentences as puzzles 5o aB to be less detrimental to the

- o

- gtudeénts. .

Y

- Sﬁmmetric Egopetty--Operation=Left,'Qperhtion-Right
l ,Within'this 1pve§tIgation, reference will be made to operation-
leff and opgration—right open sentences. Operation-left refers

. " to opén sentences in which the operation (multiplication or

division) is on the left of'the equality sign; aob=eg, Thev‘

six open sentence typeakin Column One of Table 1.1 are all operation-
lefé: Operation-right refers to open sentences in which the
operation (multiplication or division) is on the right of'the
equality sign: c = a o b. The 8ix open sentence types in Column

Tﬁo of Table 1.1 are all operation-right.

Placeholder Positions a, b, and ¢ " -

An opaque box (M) served as the placehoider in the open
sentenées. Placeholder position a was the posftion immediately
. to the>1eft of the operation sign, e.g., open sentence types in
Rows Three and Six of Table 1.1. Placeholder b was the position
Iﬁmediately to the right of the operation sign, e.g., open sentence
. . ~ types in Rows Two and Five of Table 1.1. Placeholder ¢ was the
position on the opposite side of the equality sig; from the
/' operation sign; é.g., open Sentence types in Rows One and Four

of Table 1.1.

\‘S\'
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Canonical Form '

| Canonical form refers to the open sentence form in which, the
placeholder occurs by, itself as one member of the eq&ation, e.g.,.
open sentences typeé in Rows One and Four of Table 1.1. Generally

the first experiences thgartudents have with open multiplication

g

and division sentences are in canonical form, and more particularly

operation-left (see Table 1.1 Rows One and Four,:Column One).

. '

Specific Purpoée'of Stud&

This study inveatigated whether or not differences exist in
student performance on open number sentences across three grade
levels--fourth, fifth, and sixth. ’Thia’inveat%gation also sought

\\ to find out whether there existed overall differences in student
performance when the operation was division or multiplication.
Weaver (1971) epﬁcluded that students‘peréormance on basic addition
and subtraction open sentences was not independent of thé operation.

This study investigated whether or not differences. exist in

student performance on open number Bentences which are operation-
right aé compared t6 open number sentences which are operation-left.
Some investigations have been conducted concerning these factors.
With regérd to the left-right symmetric property in connection
with open addition and subtraction sentences, Weaver (1973) stated:
The essence of the symmetric property of the equality
rclation - 1f X = Y, then Y = X - has been viewed all
too often as something that is "intuitively obvious" to

children. Consequently, it often is assumed that if a
c&ild can cope satisfactorily with statements of cquality
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in a particular form (X = Y), he then can cope just as well !
with similar statements expressed in an equivalenc symmetric
. form (Y = X)®

ﬁlndiuge from the inveatigétion reported heré would seem to

raise some doubt about the validity of sugh an assumptions ~

.Equivalent symmetric’ forms of open sentences derived from

aob=cand c>aob were not solved equally well [p. 56].

Specifically this investigation gought to find out whether
differences exist in, performance in ablving miltiplication and
division open nﬁmber sentences when the open sentence type as
determined by the symmetric property of the equality re}gtion was
varied. Was the performance level on nperation-left sentences
(i.e., 2 x 4 = @) significantly different from ﬁhe performance
level on operafion-right gsentences (i.e., Wl = 2 x 4)?

pid the pogition of the placeholder/{h an oben sentence appear
to make a difference in student performance? For instance, were
the performance levela of atudents to these three open sentence
types significantly different' Bx3= 12q bx B=12, and 4 x 3= R?
Studies by Weaver (1971), Grouws (1971), and Suppes (1972) all in-
dicated thaf the position of the placeholder did make a significant

*ﬁiffqéence:in stud;nts'vperformance level of corréct reapoﬁqea given

fo,open addition and subtraction sentences. '« | 7

Were students éenéitive to open aenteﬁcéa which had no whole
number solutions? ™d students realize that 3Vx 8= 7, for instance,
had no whole number solution? Within a previous study, Weaver (1972) stated:

It is neither sufficient nor desirable to restrict instruction

with open sentences to examples for which whole-number

solutions invariably exist. The inclusion of "no solution"

instances will facilitate rather than inhibit pupils' ability
to work comprehendingly with open addition and subtraction sentences,
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It 1o important to cmphasize the left-to-right order of
reading number sentences (open or closed). . . . analogous
convictions apply in conneetion with the operations of
multiplication and division . . . [p. 691].

m the present i;lvestigati;on, the set of op'fzn n?m;beg sentences
with no whole number solutions was divided into two parts. One-
half involved open gsentences in which the largest number was not a
basic fact product, and the remgining one;half involved open
sentences in which the largest num?er was a basic fact product.

For example, 3 x l§ = 13 was improvised from the number combination |
3 x 4 = 12 to offer an instance of an open sentence in which the
large;:hﬁumber was not a basic fact product. The number £aet

4 x5 =20 whs utilized to derive 4 x l§ = 21. 1In this case 21
was a bagic fact product. If the students have never seen the‘
prodﬁcts (quotients) among the basic facts, then those open
sentences might have received "N" responses more often than the

no whole number solution open sentences that involved basic facts’
numbers. .

Answers to questions~such as the above are necessary for text-
book writers, teach%?ﬂ, and teacher educators., If significant
differences exist, then it 18 necessary that these;groups be made
aware of the differences and prepared to deal with them. Textbook °
writers could incorporate ;ore or fewer experiences with the
different types of open number sentences. Teachers could offér

2 .

more experiences with these different open sentence types, as well

as more stress and meaningful instruction when dealing with them.
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- Weaver (1971) in the following way:

. | :
& L o u

4 e

Teacher educators need to make future teachers aware of the Bifferenceaa

- ! ' ;
- various methods to approach’ the teaching of these open sentence types,

and the difficulties‘studenta"mighﬁ encogntei when goéf}onted with
theas various open,senﬁence types. ,Téacﬁer 1nservicé classes.need to‘
stu&; significant/;iffer;nceé in stu&entg responses and diacuéﬁ methods
and ideas that mighf bé‘effectively employed to achiéve the_desired

outcomes. - y

P

Background of tEe Problem-~Related Research

., The‘mdfl éxhauétivé,study c;:Ehcted to date concefninésgradé leﬁel,
operation, symmef}ic property, and placeholders was done by Weaver |
(1971). Thé investigation involved 3,268 f;rst-, Becond;, and third-
grade students from 23 schools in Madisgon, Wiscdnain. vThe two ;péfationa

investigated were addition and subtraction. Effects of the éymmetric L

property were examihed. Weaver studied th# effect of the placeholder

R

. in each of tl}e three p?sitiznsi (W ob=c, a oll=¢c, »and aob=8).
,A part of the study also inveatigate? the Btudenta'ﬂability to recogniée
open sentences which had no whzle number solution.

. Weaver distinguished 20 typés qf Bimple'open addition and ahb-
traction sentences involving whole numbers. These have been clasaified
in Table 1.2. A 32-item inventoryiwaa eatablished with each item

- being one of the 20 fypea of open -sentences. The study was done
withiﬂ the set of whole numbers, and more 3pecificall§ employin§.baaic :

o=

facts having sums between 10 and 18. Basic facts were described by.




‘ | Table 1.2

o

Exampléa of Tweﬁty Open Serntence Types Employed in Weaver Study

SYMMETRIC PROPERTY QF EQUALITY

Operation-left = | Operation-right

P aob=c c;;/é ob C e
Open Sentence T&pes for Which Whole Number’Sofﬁtions Exist

’

" , -
g 0
ﬁ;g a B+2=3 ‘ 3=0+ 2
- '
T°9| b 1+8 =3 3=1+0
1 gl € o . .
a & e 1+2=m s M= 1+ 2
ol a6
9l o, a m-1=3 3= -1
& T8 -
Qo
AR -4 -0=3 3=4 -1
‘., 5% ‘“ j
am| c 4 -3=0 B=4 -3

~

Open Sentence Types for Which No Whole Number Solutions Exist

1Y
(=3} N
€% | a W+4=2 2=W+4
- |E3 - L
50 | b 4L+ =3 3=4+0
gl <€ «
S &
HH c X X
4] ['¥]
8[{8°|a | = x ' X
&3 8 ’ ' |
~ |88 | b & 6 =
il -8= . 6=4-m
28 : -
28| c | .3-5=-m M=3-5

X indicates no open sentence is possible (i.e., any open sentence
- of thig type would have a wjole number solution).

/
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A basic addition fact may be viewed as a statement of the "
form a + b = ¢, where a, b, and c are whole numbers such

that a < 10 and b < 10; thus, necessarily, ¢ < 18, Similarly,
a baglc subtraction, fact may be viewed as a statement of the
form a = b = c whére a, b, and ¢ are whole numbers such that

b < 10 and ¢ < 10; thus, necessarily, a < 18, since a=c + b
[p. 513]. . ’ .

v

Results ofﬂthe Weaver Study
‘.The'performaﬁce level on the 32-item ihveﬁtoyy'inérease@ ’
from g;ade 1 to grade 2 to grade 3, as can be seen in Table 1.3‘
(Weaver, p. 516). » ‘
Table 1.3
Mean' Correct Responq%s

on 32-Item Inventory (Weaver Study)

Grade Level Mean™

(-

1 12.8

2 ' 19.1 :
3 22.5

The performance level was higher ‘for addition.sentenceg than for

subtraction sentences within each grade. Table 1.4 indicates the
means by grade for both the:addition and subtraction sentences. The
performance level on the addition sentences increased from grade 1

5§ ‘

to grade 2 to grade 3. The performance level also increased on the

subtraction sentences from grade to grade.
:

25
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 Table 1.4

&

_ Studenﬁ Means for Addition and Subtraction Sentences

(Weaver Study)

k¢

Mean on Addition Mean on Subtraction

Grade lLevel Sentences Sententes
(16 .Ftems) (16 Items)
2 L 11.1 8.0
3 13.1 ‘ 9.4

- As can be seen from Table 1.5, the pérformapce level on the
operation~-left and operation-right sentences increased fromJgrade
to grade. The performance level was consistently higher for the

operation-left sentences.

Table 1.5
Student Means for Operation-Left

and Operation-Right Sentences (Weaver Study)

Grade Level Oéeration-Left Operation-Right

(16 Items) _ (16 Items)
1 R N . 5.3 .
' 2 10.7 8.4

3 ‘ 11-8 . 10.7 * .
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Table 1.6 indicates the mean correct responses on opén
sentences'hnving placeholders in ﬂiffe;ent positibﬁs. Thevﬁer-
formance level for each of the three placeholde;.pbsitions
increased from grade to grade. The performance level was
consisteﬁtly lowest for plaCehoider a. The perfqééance 1%ye1

~

was highest for placeholder c. -

Table 1.6

Mean Correct Responses on Open Sentences Having'Placeholders
: L)

“in Position 2, b, and ¢ (Weaver Study)

s

Pogition of Placeholder

Grade a b c
Level Mean Per Cent Mean Per Cent Mean Per Cent
(10 Items) (12 Items) (10 Items)
1 2.7 27 5.2 43 4.9 49
- 2 4.7 47 q.7 64 6.7 67

3 ’# 5.9 59 9.0 .75 - 7.6 76

Table 1.7 indicates the mean correct responses on some open
sentences that do and others that do not have whole-number solutions.

As can be seen, there was a tendency for the pérformance level on

whole number solution sentences to increase from grade. to grade.

There was a very slight tendency for the pézforménce level on

sentences having no whole-number solutions to increase from grade

to grade. -
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Table 1.7

Mean Correct Reaponsegﬂon Open Senteucea That Do Have Whole-Numbef

[Solutions and dthers That Do Not Have Whole~-Number Solutions

2

kﬁéaverysiudy)‘,

Y

Grade -

9

Sentences Having Solutions Sentences Having No Solu-
Level ,Within the Set of Whole Nos. tion Within the Set of
Whole Nos.
- 'Y Mean (24 Items) Per Cent Mean (8 Items) Per Cent
1 9.5 40 3.3 41
2 . 15.3 64_ 3.8 48
' 3 18.4 77 4.1 51

3

1,

From these results Weaver (1973) made the followiﬁg conjectures:

It is likely that performance is not independent of ‘open-
sentence form as determined by the s symmetric property of

the equality relacion.

It 1is like1¥ that performance also is related to one or

more of the following factors:

a. grade level (indirectly an indicator of relative

amount of experience with simple open sentences):
the operation used in the statement of an open sentence:

,",thé position of the placeholder in an open sentence:

vy the existence or nonexistence of an open-sentence

- golution within the set of whole nuﬂbers.

It is likely that some interactions exiét -

i

a. between (1) above and some aspect(sﬂ of (2) above, and

b. among aspects of (2) above [p.,55].1

C 82

|
|
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Grouws' Rescarch With Respec; to Difficulty of Yaﬁiehs,OPen Sentence

' Grouws' (1971) investigation continued fromqhbaﬁer‘s (1971)
study. Wba@ér's study revealed that differences‘in students' responses
to open number ‘gentences do exist. Grouws' study sought not only to
reaffirm that difféfences do exist in sé;dents' responses to open
number sentences, but also, by means of aﬁ interview technique, to
investigate how the studepts thought abouttthe different open sentence
types. C |

Among other things, Groﬁws (1971).investigated the relative

‘difficﬁlty of four opén sentence types involving addition and sub-
traction. The four open sentence fypes studied were a + N = b,
N+a=b,a-N=b, and N- a = b. Thirty-two subjects were
randomly selected from a pool of 9 third-grade classes in Madison,’
Wisconéin. Each subject was individually given a 16-item test in

an interview situation, Each interview lasted approximately 33
minutes. The 16 open sentence types on each student's test were

. ~

completely crossed and balanced with respect to the three factors
Grouwg'was investigating: opep‘sentence type, number size, and

context. Table 1.8 indicates the percent of correct resﬁonees for

each open sentence type. One may conclude that the subjects in:the

-4

Grouws study gave the correct response much less frequently for the

sentence type N - a = b than for the other three scntence types.
These results were consistent with the results from Weaver's study

(1971).
: a




Table 1.8
Percent of Correct Responses
for Each Open Sentence Type Investigated

(Grouws Study)

Open Sentence Type N+a=b | a+N=b» N-a=bD a-N=b

Per Cent o 60% 65%. . 37% ' 62%

Grouws algso investigated the effect of number size in solving

[}

open sentences involved basic facts, 4
. ! : '
while the second half involved two-digit combinations. The whole

“open sentences. One half of the

numbers used in the bagic facts open sentences were each lessvthan -
19. The whole numbers used in the open sentences involving larger
numbers were grzater than 20 and less than 100. For example, 13 - N = 8
is an open sentence involving‘bééic facts. 63 - N= 24 18 an open
sentence involving two-digit combinations. Seveﬁty-eighf’percent

> .
of the subjects gave the correct responses to the open sentences

involving thg basic-facts.combinations. Thirty-four percent of the
}j subjects achieved the correct respon;es to the open sentences
involving two-digisﬁnumber combinations. From this one may conclude
that the size of\the numbers involved in the open sentence had a

direct bearing on tbe difficulty level of the open sentence.

34
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Grougs&@lso,inveanig%ted two contexts which he called symbolie

anavvérbal;aﬁmbdiicf A representative.problem in the symbolic

- context was an open sentence. - A problem in the verbalfsymbolicu%rf-5

context required both an;open sentence andva verbal problem appro-
priate to that partidn15¥ Opeh sentence. Half of each studentéf
problems were in the symbolia context. The resultsfindicdted no
 significant difference in pérformance level existed when an appro—

priate verbal problem was present in an open 8entenceuaolving task.

AN 1
. -

Suppes' Research Involving Open Senéence Diffiqulty

While Suppes (1972) was not diréctly‘inyestigating the diffi- -
culty of various open sentence types, there weré some measures of
difficulty of various sentence types;embedded within his 1966—68
Stanford mathematics progfams in computer—assisted instruction.
Stﬁdentg participating in this drill and practice computer—assisted
program were gxposed to open sentences involving all four operations;
. vertical and horizontal format, canonical and noncanonical format,
and differing number sizes. The placeholder aopeared in all three
positions, a, b, and ¢. For example, in their earliest experiences
with addition and subtraction, subjects saw such open sentences as
2+0=12,2+?2=3,4-3=2,and ? -4 =0. Multiplication
first appeared in grades two and three in a horizontal format in
both canonical and noncanonical problems and with)a maximum product
of n%ne.- The maximum product was\81 for students in gra&és three

-and four. In grades five and six the maximum product was increased

to 144,

v

“
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Muitiplication problems in a vertical format wére presented in °
thé third‘grade withjboth one-digit by one;dfgit and one—diéit by ‘ .
ié%o-digit problems. By the sixth grade the problems were more .
complex with multiplication of a three-digit number by a tprdigit
number (p.'33). Problems appeared a8 2 x 3 = 7, 7x 2 =16 and
9x 7= 36. In the exnmpleg given, the placeholder appeared in all
three posigions. Aiso, most of the- horizontal problems were
géeracion-left.' ' , .

| Division was first presented to the students in a fraétlonal

fotm.” Each open sentence had a whole number solutjon, The place-
holder appeared in any.one of éhe three positions. (For example,
15/ 5= %2 7/ 3=17, and 18 / ?7 = 9,) After the students had . <i
completed problems such as 4755 = ? with the respbnse 7, they saw
one of the following ~ 4 x 7 =7, 7 x 7 = 28, or 4 x 7 = 28, and

filled in the blank.

Open ﬁumber‘sentences‘in€olving decimals were presented in
operation-right form. For example, .Q9 = 9 / 7 and Of 35=7 / 100
were'tqo such open sentehces.

N Within grade one, Suppes found the average p:obability ‘
correct as a function of sentence type (see Table 1.9). Suppes ranked
" 39 open addition sentences of various types by Jlfficulty level
according to!highest percentage of correct responses given by second-'
grade students. With one exception, the first 21 rankings were
operation-left and in canonical form. These recelyed correct responses

from 89% to 98% of the time, 2 + 4 = ? was ranked 1 and receilved 98%

36
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- ; )
Table 1.9 i
Average Probability Correct-~Grade 1
(Sﬁppes Studj)
Form Pretest Posttest _
i » a v
Canonical' +b .95 | .95
a+b=? .95
Noncanonical a + 7 = ¢ .87 ' .
7+bm=c .82 .92

correct responses while 4 + 2 = ? wag ranked 21 and received co$£gct
responses 89% of the time. Among the next nine in ranking difficulty,

all were operation-left, one was in canonical form, five had the
i .

.placeboldk;’in b position, and three had the placeholder in g_positioh;

Ranked 30 was 3 + ? = 10 with observed success response of 73%.

Rankings 31-39 were assigned to problem type a + b = ¢ + d with the
'& o . 4

placeholder always in position ¢ or d. These were successfully

answer¢d from a high of 64% of the time down to 9% of the time.

2+ 7= ? + 4 received rank 39 and was successfully answered only

9% of the time.

This same type analysis was done again in second grade with

subtraction problems. Similar results followed. The first 26 out of '
\"A . *

47 rankinéé were operation-left in canonical form except for two examples

4

p : ' .iﬂ%f
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in which the placeholder was in the b position, Percentage correct
ranged from 99% to 88%. Of the 6 problem&'haqigned rankings 27-32,

1

four had the placeholder in the b position and only two were in
canonical form. '10 - 7 = 3 was aasigned”rank 32 and{ana:ered
correctly 702 of the time. ?72=-4 =3 was assigned rank 33 and
answered correctly 442 of the time. Problems assigned ranks 33-47
were all of two forms, 7~ 5= 2 and 10 ~ 4 = 2 =1, 7 ~2m= 2 5
was assigned rank 47 and answered correctly ;nly 4% of the time.

The above student achievement patterns were consistent through-
out the grades investigated. Suppes céncluded:'

The variable PB (placeholder) made a signifiéant contribution

to the prediction of performance in 10 of the 14 predictions,

reflecting the fact that problems in canonical form were -
easier than those for which some kind of transformation was

‘necessary [p. 74]. ‘

Although there h&ve been other investigati;na pertaining to
multiplication and division, these have focused more exclusively on
the learning gr relative difff;ulty of basic facts (e.g., Brownell &
. Carper; 1943) or oﬁ algorithms associated with these operations
(e.g., Van Enéen & Gibb, 1956; Cromer, 1974). Such 9§udies did not
investigate factors such as placeholder position and symmetric.proéerty

of equality that are of concern in the present study.

-,From a synthesis of the previous studies, thé‘follow&hg conclusions

could be formulatedg\\\h’
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« _ : o
» 2 : 1. The majority of the repqgggd inVestiga;iona involving gréde
‘ effect, theieymmetrichérOperty, and placeholder position
Nhave been concerned with the operations of addition and
. subtraction. : .
2. Subjects have been primarily from grades one, two, and three.
3. Operation-left and opefation—right Qﬁen sentences are not
| 9f the saﬁé,degree of difficulty for etudentﬁf §
4.‘ Tﬁe position of the placecholder within an open sentence apéeé;s .
to ééfect the subjects' performance.
5. In general, students have not had extensive experiences with .
open gentences which have no whole number solutions.

>

Most of the previous research regarding open sentences hae,involve&

L the operations of addition and subtraction. It therefore seems that
research involving the operations of multiplication and division is
needed with respect to open sentgnces. These conclusions and thé

L previous discussion provide incentive for investigating egveral

questions.’

N
Principal Questions Investigated in the Study

1. Are there differences in students' performance across three
grade levels--fourth-, fifth-, and sixth-grade?
2. Are there differences in students' performance when the

operation is multiplication as compared to division?

3. Are there differences in students' performance when the

symmetric property is applied?

o 39 :
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4. Are there differences in studentsg' performance when the
placcholder is in the g,‘éﬁ 6r ¢ position?
5. Are there differences.in students' performance when the
open sentence has a whole number eolution'veépus the open b
.sentence which does not have_a{whole number solution?- . ' ‘
o 6. Arc there differences in students' performance to no
whole number sélntion open sentences in which the largest

number 18 a basic fact qfoduct and those in which it is neot »

a basie fact product?

Questions of Secondary Interest .

7. How frequently will students indicate no whole number solutiow
eexists to open sentences which have whole number solutions?
8. How often will students crroneouelg employ the inverse of the
operation indicated?
9. How frequently will sﬁudents respond with a number quite close
to the correct solution? «
10. How often will students perfofm the specified operation "across

the equality sign?" Por example, how often will subjects

respond 138 to the open sentcence 8 x Wl = 167

11. How frequently will students perform the ‘inverse operation
"across the equality sign?" For example, how often will the -

open sentence 15 + l = 3 receive 45 as the response?

)

..,

o




.;Eéhapter:II
IVTHE STUDY
In order to obtain information to ferret out possible differences
in student responsaes to open number sentences, tests were administered
to fourth—, fifth-, and sixth—grade children. These tests consisted
of multiplication and division open sentences in which the unknown
value was replaced by an opaque box (l);ﬂ 842=g and 7x B = 21
. ‘
are examples of a division open sentence and a multiplication open

sentence respectively. To make the tests more appealing to students,

these open sentences were referred to as number puzzles. The students

were to indicate for each number puzzle, the whole number that was hiding )

»

under the box, or mark "N" to indicate that no such whole number existed.
i

Specifically, this investigation sought to find out what differences

A

exist between fourth-, fifth-, and sixth-grade students'. responses to

open sentences when the following mathematical factors were varied:

7

(a).the operation specified in a sentence [x and 4], (b) the’sentence
type as determined by the symmetric property of the;equality'relation

[2.0b =c versus ¢ = a o b], (c)'fhe position of'the placeholder in_

: . “’4- .
a sentence [l o =c, aofl=c,oraob-= B ], (d) the existence or

nonexistence'of an open sentence solution within the set of whole numbers,

nd (e) the largest number being a basic fact product or not a basic -

fact product in open sentences which have:'no whole number solution.

° *

” —
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The Tests

Two distinct types of tests were deaigned:to administer to subjec%e o i
participating in this study. ‘Each student will respond to a 28-item . 5

~

open sentence number puzzle test and a lé—item basic multiplication and
L 4 4
division test. The 28-item open sentence Number Puzzle Test will be -
referred to as NPT. The l4-item Basic Multiplication and Division Test :
) . : ] |

will be referred to as BMDT. &

The Number Puzzles Test (NPT)

.

Based upon the three factors——the sign of the operation specified
in the open sentence, the symmetric property of the equality'relation,
and the poeitien of the placehqlder in the sentédpe,-the 12 generic
open sentence t&pes identified in Table 2.lcan,be generated. These
sentence types are the multiplication and division counterparts of the

LK

addition and subtraction open sentences employed in the Weaver (1971)

study.
Table 2.1 g
Generic Open Sentence Types Investigated
, S . .
axb=0B_, axB=c Bxb=c ‘s .
’ W=axhb c=ax il c=E=xb
< . . -
a+b=0 a+fl=c_ W:+b=c !
M=a+b ~c=a=+B c=m+b
— \ ”

1Y
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As the existence or non-existence of é solution witgin set W 1s
considefedeith thé 12 generic types, iO particular open sentence -
types are“identified,fbeevTable 2.2). It should be noticed that there.
wére faur cells in which no entry was possible. -TWD of these cells
were gerterated by the generic type a x b = | and its symmetric form,
B =axb. Since for any whole numbers a and b there always exists
a whole number solution, the intersection of thése gengric types with
non-existence of a solution is empty. Similarly, .‘ +b=c and
c = l + b must always have whole number solutions since given c and ’
b wholeiqumbers, their product must necessarily exist and be a whole

%

number.
’ ;f the_num;rais 2 through 9 are assigned to a aga b, respectively,
64 multiplication combinations can be generated. Sixty-four division
gombinatioﬁs can be generated by reversing the order of the éigite in
each multiplication combination.
Multipiication and division combinations in which values of zero
"and one were assigned to a and b have unique problems associated with

r

them. Any multiplication combination in which b is assigned a \falue
of zero will not yield a division open sentence by the preceding method.
For example, 7 x 0 = O becomes 0 # 0, which is undefined. Multiplication

combinations in which a or b are assigned a value of one are probably

tv

the most familiar to children. It was deé¢ided f:hat these combinations

>

(multiplication combinations in which one or zero is assigned to a or

b and the division opeﬁ sentences derived from these multipliéation

@ combinations) would not be a pért of the formal investigation but could

be utilized effectively as familiarization number puzzles on hthe
o , ‘

| I;BJ};‘ , C | ‘1:3"




Table-2.2

Open Sentence Types for Number Puzzles Test (NPT)

Generic form A Solution Exists Within W? | ,
of Open : Yes h n ‘No ) -
) Sentence ~ | Type  Test-Number on Test Type Test-Number on Test ’
1. axb=0 W-1 1-1-3 # # : .
: 2 -2 P
.3 -2
N 4 - 3 -, q
2. B=axb W-2 1-3 # {
o 2 -2
3-2
4 - 3 s . .
» »
3. axB=c w-3 ‘1-1 N3 1-1 |
2-3 3-1 -
3-1
4 - 2 .
b
4. c=ax B W-4 1-1 N4 1-1 .
2 -3 3-1
" 3-1
4 - 2
a
5. Bxb=c W-5 1-2 N5 2 --1
2-1- 4 -1
3-3
4 -1
. .
6. c=Bxb W-6 1-2 N6 2 -1
2 -1 4 - 1°
3-3 )
4 -1
*
‘#~-no entry
! W--whole number solution exists .
: N--no, whole number solution exists-
? *——table continued on next page .
o
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Table 2,2 (Continued)

Open Sentence Types for Number Puzzles Test (NPT)

>

L3
2

L] [}

» Generic Form - A Solution Exists Within W? ,
- of Open Yes No
Sentence : Type Test-Number on Test| Type  Test-Number on Test
. 7. a+b=8 W-7 1-2 N7 1-1
: ’ 2 -2 3 -1
3 -1
4 - 3 .
8. B=a=+h W-8 1 =2 N-8 1-1
2 -2 3-~-1
© 3-1
4 -3
9. a+W=c W-9 1-2 N-9 2 -1
2 -2 4 -1
3-2 o
ll"";l
10, c=a-+8 Ww-10 1 -2 N-10 . 2 - 1. f
' ' 2 -2 4 -1
3-2
4 -1
11. W +b=c w-11 1-2 # #
' . 2 -2
3-3
{ 4 -2
12. c=0-=+b W-12 l1-2- # # ]
, 2 -2
» - 3—'3 -
4 - 2

: #--no entry v .
a W--whole number solution exists
N--no whole number solution exists
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- NPT-4 multiplication facts to generate NPT-2 division facts.

€
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3
introductory cover sheet. 'Since this study was concerned with the

basic facts, 10 was mot assigned to a or b in any multiplication

P

combination.

The doubles égmbinations(form a small and uniquegpubsét of the

y

. ‘ £
set of all basic multiplication combinationg. Since thé doubles are

not quife like the multiplication combinations in whiéh a ¥ b, the
investigatog decided .to eliminate both the eight multiplication:*

. Y .
combinations in which a = b and the corresponding eight division

1
il

openféentences. N

5

This process yields 56 multiplication facts and 56 division

;facts.},These 112 facts produced were paytitioned into four groups

of 28 items. Each group of 28 items produced the number facts for
[ . . I
one of the four forms of the Number Puzzle Test. The four forms of
G ;
the NPT will be referred to as NPT-1, NPT-2, NPT-3, and NPT-4. The

systematic indicated assignment of each number combination to one

of the four NPT and the generic type assignment to each number com-

. bination within each NPT (i.e., 1-28), was summarized in Appendix A.

Thg 56-multiplication facts were each assigned to one of the four
NP% in an attempt to avoid creat%ng the opportunity for a studgnb to ’//
utilizedthg solution of o;e open sentence to aid in solving another
open sentence. The 4 and b number assignments that generated the
multipfication open sentences for NPT-1 were also employed to genefate
the,lq-divisién open sentences for NPT-3. Similarly, the multiplication
facts ugsed in NPT;Z were used for the division combinations for NPT-4,

NPT-3 multiplication facts to generate the NPT-1 division facl’z},1 and

is

<2
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assignment procedure yielded the four NPT, eqch composed of 14~
multiplication and 1l4~division open séntencea. | |
In order to generate .some open sentenges with no whole numbe;
solutions, t&o-multiplication and two-division qpen sentences were

1

selected from each of the four NPT.A These open sentences were each’
gltered so that po corfect whole number‘solution‘was possible. The
‘ product (or‘dividénd in 4ivision open sentences) in each open sentence
:was either increased or decreased by one. Within‘eacﬁ NPT, one
multiplication and one division open sentence were altered such that
"the product and:the dividend were numbers correqunding to some basic
fact. Similarly, the remaining ti¥o mﬁltiplication and divisioﬁ open
sék;ences with no whole number solutions were altered such that éﬂ%
"product" and "dividend" were not numbers found among the basic facfs:
For example, NPT-1 had the following two multiplication facts
assigned to the "no whole number solution" cétegory; 6 x 7= 42 and
7% 3=21, "The first was changed to 6 x 7 = 43 (noﬁﬂa basic fact.
number--NBF) and the second to 7:x-3 = 20 (BF). Twenty is a‘produdt
of the basic fact 4 x 5,‘while 43 is not Eﬁe product of any basic fact.
This d;stinctioh was made to help find out whether subjécts cue on
tpe basis of never having seen the number among "the basic facts,;
therefore, there must be no whéle number solution
Each numbé;-combination was rewritten to correspond to the open
sentence type to which the combination was &dssigned. These open
sentences were then randomly éssigned to positions 1-28 within each
of their respective NPT. The resulting four NPT are indicated in

Appendix B:




Basic Multiplication gnd Division Test (BMDT) s
Questianable information ;ould have been gained when open sentence
ﬁypes were varied if the,?tudents did nof know the basic fdets. For
" this ‘'reason it was éesirable to find out whethé£ or not the students
originall& could produce the correct response when asked some mhlti-‘

3

plic;Eion and division facts, "Each studént was giﬁen a Basic Multiplication
8

and Division Test (BMDT). In order to obtain this measure and yet keep
this part of the test short, each BMDT was composed of five randomly
|

selected multiplication facts and five randomly selected division facts

taken from the next higher NPT (i.e., BMDT-1 number facts were taken

from NPT-2). The number facts for BMDT-4 ;ere "keh f;om NPT-1.  These

10 nu;ber facts, along with four additional number fécts involving the

number 'one' comprised the 14 item BMDT each student worked. The

number facts involving 'one' were chosen to. offer some agdcess experiences

aﬁd to make the BMDT appear to be some@hat different from the ﬁPT.

. I. The 14 number facts for each BMDT were then randomly assigned to
positionswl-lé on each of their respective BMDT. The resulting number
combinations assigned to each BMDT are indicated in Appendix C.

Since there were two parts to each student's test (NPT and BMDT),
the risk of learning was presént. For example, the first half of the
test might have possibly affected student responses to the second
half of'fhe test. To balance for this efféct, half the tests were

printed with the BMDT first followed by the NPT, while the remaining

half of -the tests were printed in the reverse sequence. This did not
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, eliminate any possible effects of the first part of the test on the '
| ‘second part, but it did at least balance them. There were four forms ,
of-the‘ﬁPT and two sequences for each fbrm. This determined eight
distinct test sequences. ) : . A ”n
- ! | If the.students had in their possession both halveé of the test
aimultageoualy, information from one part could have been utilized
i \ té énswer open gentences on the remaining part. To avold this problem,
each studeng was to ?aise his hand after he had completed the first
part of the tést. At this time the test administra;or or teacher
collected the first half and gave that studeﬁt the appropriate sec;nd -
half. The eight test sequences were color coded to facilitate test
administration.
. If the students responded correctly to the BMDT, one might suspec;
incorrect responses on the NPT‘were due to changes in the open sentence
types. -If the students did not reach a satisfactory performance level

o
v

on the BMDT, how@ver, it would have been difficult to determine whether

incorrect responses on the NPT were attributable to lack of knowledge
of the basic factg or to the variations in open sentence types. Fpr
‘this reason a cut-off point was es;ablished for part of the analysis
. of the data. , Summary and descriptive analyses were employed on all
the data. After these preliminary analyses, data.on subjects.missing

more than one multiplication open sentence or more than one division

open sentence on the BMDT were set aside in order that the multivariate

tests could be performed on subjects classified as competent in

multiplication and division.




The Instructions to Subjects

In an investigation of this sort it was impérative that the
. L3 '
subjects be familiar with the symbols involved. Any -new or unfamiliar

~

notation needed ﬁb be explained clearly. 1In addition, the directions
neceded to be cleaf’and the set of numbers the students wére to work
with needed té be emphasized. In order to a°°°m?1ig§\§3% above, ;n
intrbductory'cover:page was designed (see Figure 2.1). hll,sfqdents

had the same material on .thelr cover pages. The test administrator
verbally worked th¥ough the cover page with each gnpup“thdt participaéed
in the investigation. - ;

The test administrator discussed with the students what was meant

by a "number puzzle." The test administrator asked what the following

symbols representedf‘ x," "+, and "=," The last symbol was introduced
as "box" (Ml). It was explained to the students that this symbol was
to be considered as a box and that there may or may not be a whole
number hiding under the box. They were to decide whether or not thare
was a whole number uﬁder the box. If they could think of such a whole
number, they were to write it on the line at the right of the number
puzzle. 1f they coulé not think of any such whole number, . they were
to write "N" on the line at the right of the number puzzle to indicate
that no such whole number existed.

The test administrator asked the students what whole number was
hiding under the box between 7 and 9, between 10 and 12, between 15
and 17, and under the box following 20. It was emﬁhasized that the

whole numbers included the set {0, 1, 2, 3, 4, . . .}. The students

ou .
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EA Y

4

MY NAME IS : ' Male/Female

SCHOOL . Math Teacher
. GRADE
. ' NUMBER PUZZLES
- 3
X + o= |

w B 2 1 1w s | v o1

20 . S .

THE SET OF WHOLE NUMBERS: { o, 1, 2, 3, b, . . .}

o

Decide which whole number is hiding under the box. Write the
whole number hiding under the box on the line. If there isﬁﬁo‘

whole number write N on the line.

. a. 55.< - < 57 o
. b. 72 < III < 74 :
/ c. 99 < .<1oo

. ’ d. lII x1l=6 f -l
‘ e. 1 s III = 7 ‘

f.
g. 6 % 2= III .

Figure 2.1. Cover page for number puzzles éests.
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worked ehmple puézlee "a through g" together with the test administrator.
The test administrator read tﬁe puzzlea'aloud gndbthe etudehts offered
verbal responses. None of the responses were acknowledged as correct

or incorrect. The responses from éhe test administrator were consistently-
to the effect, "You decide what you think the correct ‘answer is and

‘write that answer on the line at the right of the puzzle." It was
anticipated that in working example’c. (99 <Hl < 100), many students

would sense readily that the correct response was "N.'" The test

administrator asked "How about 99%?" If the students agreed that the

answer 99%-would be a satisfactory response to example ¢, the test

*

administrator explained to the class that numbers with fractions attached

as part of that number were not whole numbers. The students completed

the sample puzzles "d through £," writing whichever response they i

s thought was correct on the line at the right of the puzzle.

-

. The Pilot Study

A pilot study was deemed necessary to answer the following questions:

1. Was a multiplication and division apen sentence test too

5 , difficult or too easy for fourth- through sixth—gréde level
students? N

2. Was a 28 item test an approp;iate length, and approximately
how long would it taLe the students to respond to 28 open

gsentences?

3. Were the test directions clear to the subjects?

Y

5e
o}
l\:\
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The .pilot study also gave the test administrator experience in ad- .
min;stering this instrument to students. |

The test (NPT and BMDT) was administered to a group of 22 fifth- °
grade female students in Madison, Wisconsin in February, 1974. Based
on the performance of the fifth-grade students, the test was consi&E?ed‘v
appropriate for the fourth through sixth gradea. The test took most
of the students about"710 minutes with the sclowest subjects completing
the feét in about 26 minutes. Since the directions and introductsry

work required about 5 minutes, it was decided that to administer the

test to an intact classroom one should allocate approximately 30

minutes. The'‘pilot study results indicated the subjects followed
directions and responded to the open sentences in an appropriate manner.

! N
The results of this pilot study were summarized in Appendix D.

The division open sentences with the placeholder in a position (both

~ operation-left and opefation-right) were answered incorrectly more
)
\> often than any other open sentence type.
The Sample s ,%

1
It was desirable to have sJ%jects‘selected from a population

. )
employing 4 uniform mathematics textbook series. This allowed the

investigatdr to measure more accurately the population's opportunity
. v

- ~ to learn. Waukesha, Wisconsin wa% chosen for this investigation.
Waukesha 1s an upper middle %lass socioeconomic suburb of -
™

Milwaukee, Wisconsin. The community is very supportive of education

and in turn has a fine school system. The elementary schools are

~

organized around the "neighborhoo? schools" concept. Of the 26 ‘

|

-~
o
ok 4
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elementary schools in the city system, eight were chosen to participate

in this study. These eight schools were selected by the Waukesha math

. coordinator, the assistant math cdbrdinator, and the investigator. The

initial four schools were picked at random. Tpe remaining four schools 1
were gelected in an attempt to balance the sample so that both large -
and small schools wE‘g represented as well as schools from higgfr- and )
lower-gocioeconomic areas. These eight schools were considered

representative of the city school system. At the time of the study, 4

Elementary Mathematics by Harcourt, Brace and World, 1966, was the

uniform mathematics téxtbook employed city wide.

Those 1298 fourth-, fi%th-, and sixth-grade students in attendance
the half day the test was administered in their school were given the
test. Table 2.3 indicates the eight gchools employed, the number of
class;éoms within each grade, and the number of subjects in each

classroom. -
o

Mathematical Background of the Children in the Sample

Two methods were employéd in order‘}o obtain some measure of the
mathematical background of the children in the sample. One method
employed was an examination of the textbooks the students used. Th

schools in this system have employed the Harcourt, Brace and World

Mathematics Textbook series (1966). The investigator tabulated all

the examples of open sentence types a - n found within the third-
through sixth-grade textbooks (ggcluding word problems).. Grade three

was included in order to have a two-year measure for the fourth-grade /
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vt © Table 2.3 i
" Sample Composition by School and Grade . ' Co ) ! |
| §
= - — '
e . o1 X Number of Pupils A .
: ~ School Class Grade 4 Grade 5 Grade 6 = All "~ : e
"~ O ' - ) ) P . e
R ‘ : M . T . . 4 s
Banting 1 28 ©31 .29 290 - ,
" & ) A °
2 |+ 25 . 32, 32 7 ‘
3 26 270 - 33 . T
. ) . . :,ﬁ . R i . :
D 4 -27 : o= == C \ ‘ e
Hadfield 1 . 27 .o 23 29 163 )}
2 30 . 21 o 27 g
Heyer 1 25 - 14 28 T 167 !
2 12 29 29 - | | ‘
' !
' 3 - - 30 ‘ » I3 "
Quarry 1 - 15 - 10 16 41
. {
Randall 1 " 29 20 25 .. 151
4 2 29 Q7 . 26
Saratoga 1 23 28 o271 . 236 s
., 2 26, 27 28"
: L, 3 25 28 26°
) White Rock - 1 18 6, 24 58 '
Whittier 1 13 16 8 192
2} 29 . 25 - .25 )
J
3 . 28 2 24 -
Total = . . 433" 399 466 1298
. 2 r3 e N
b , N , .
00 a
< . \ ¢
r r ’
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students. The frequency of occurrence of each open -sentence type is

LY

-

o

summarized in Table 2.4.

Y

As}one can observe from Table 2.4, the students had no textbook

experiences with open sentence types h, j» m, and n, There were.very

{ew instances of operation;right open sentences. There were no

experiences with -open sentences having no whole number.solntion.
Students had experiences mainly .with open sentence types 4, g,_and e,

Limited experiences were provided with sentence type g; Student

experiences provided with the remaining (b d, ffl, 1-n) sentence

s
¥

types were negligible >
Excluding word problems, ;able'Z.ﬁ indicates'the maximum exposure

tﬁe students might nave had’ to each open.senCence”type as furnished

by the textbook. There was no way of finding out whether the individual

teachers employed these examples in the text. Also the teachers might

have introduced supplementary e;geriences with these various open

>
RS

sentence types. - - :

A second method ﬁééd to obtain scme measure of the mathematical
backgrcund of the chiidren in tne sample was to have the teachers of'
each or the}53.classes participating in the study fill out a Question—
naire indicating the amount of experience they thought their studente
previously had with each cpen.sentence type.~ A sample copy of the
teacher questionnaire is included as Appendix E. Table 2.5 indicates
tne results . of the teacher questionnaire. In‘examining Table 2.5,

- v %
several patterns. are noticeable.
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Table 2.4 )
“ » -‘@
. ] Frequency of Occurrence of Open Sentence Types -
As Found in Mathematics Textbooke %//
v .
(Harcourt, Brace, and World)
- Open Sentence Type Grade 3 ‘Grade 4 Grade 5 Grade 6
a) axb= X x’ X - X
b) @=axb 0 2 , 7 7.
R .
c) axW =¢ 35 35 45 60
d) c=ax® , 0 0 0 12
e) %l xb=c 187 219 254 125
f) c=m xb 1 60 0 22 .
g) M2b=c 0 12‘\3 2 . 6
h) c=m +b 0 0. 0 0
i) a+m=c 0 27 4 ‘11
i) c=a-=+08 0 0 0 0 -
f k) a=-b=080 b4 b4 b4 X
1) B=aa=+b 0 0 4 3
m)*W x 9 = 29 o 0 0 0
n)ff 3 = 28 +'@~ 0 0 0 0

x--The majority of experiences and drill are involved with
open sentence types a and k. For this reason the experiences
for these two categories were not tallied. Excluding word
* problems, this table indicates the maximum exposure the
‘ students might have had to each open sentence type as
‘ furnished by the textbook. Numbers were used in examples
- . m and n to distinguish no whole number solution examples
1n which c 1s not a basic fact product (as in m) and
examples in which a 1s a basic fact preduct (as in 251

%-~-The four multiplication open sentence types with no whole
number ‘solutions are grouped together and represented by
example m.

‘#--The four division open sentence types with no whole number

solutions are grouped together and represented by example
.




Table 2.5

Student Experience With Each Open Sentence Type

(Rated by Teacher Opinion Questionnaire)

Sentence Type

Grades
5th

6th

So..ution Exists in W

7x8=0
@=axb B=5x6

6 x W= 42

(2% ]
.

1]

[

.69 l
.56
.31
.12
.38
.06
.81
69
.19 .
.94

.62

3.00
2.53
2.33
2.33
2.40
?.47
2.20
1.87
2.53
2.00
2.93

2.47

No Solution
Exists in W

a. a
b.

c. a

d. ¢

e. B

f. ¢

g- @ +b
h. ¢

i. a +
j., ¢

k. a =
1. @

mn. W

n.

1

.31

.31

.38

1.60

1.60

Sgores were out of a total possible of three.

A score

of 1 represented little experience, 2 indicated moderate
experience, and 3 indicated extensive experience.
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1. Excluding a, b, m, andvé, the experience scores increased
from grade 4 to 5 and 5 to 6. The downward &iffereﬁces in
a, b, m, and n were nearly ﬂegligible,'béing only .03, 03, »
and .08,.and .0l respectively. ‘

2. Open sentence types g_and“k_were.the opep'sentence types
used for the majority of the multiplication and division -
sentences yithin the students' textbooks. These two openvx

» sentence types also had the highest experience scores as
rated by the teachers.

“3. Open sentence types m and n were not represented in the
students' textbooks. With one small exception in the fourth-
grade, these two open sentence types receivgd the lowest
experience scores.

4. 1In all bué two cases, the ratings for the operation-left

; sentences were higher than the ratings f;r the dﬁeration-

right séntences.

One needs to bé cognizant of these indicators of students'
opportunity to‘learn as One”procéedsvtﬁrough,this'study. ;f the
subjects' responses showed significant differences between the )
various sentence types, one should ask whether the differences were

due to intrinsic+difficulty differences between the various sentence

types, students' opportunity to learn, or to a combinafion of both.
N

Assipghment of Tests to Subjects

The four tests were printed in eight forms. The forms were

<
©
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4
balapced so that four forms had the NPT first followed by the BMDT.
The remaining four forms had the reverse sequence, that is, the BMDTI
] . . ;
first followed by the NPT. The tests were passed out randomly to

[y

- students. Sincte the tests were color coded, it was quite easy to

arrange it such that no two people sitting close together had exactly

the same form of the test. Therefore, copying should not have been ' -
a factor.
\ o~ Test Administration : N .

!
' All the fourth-, fifth—-, and sixth-grade students in the eight

I3

schools selected were tested in:the four-day period, May 7th, 8th,

9th, and 10th, 1974. The schedule was arranged in such a way that

th: test administrator was in each éf the eight schgpls a specified
half day within that four-day period. Testing usually started

U T
mornings at;8:§b and afternoons about 1.

Two methods were employed to administer the tests. In both
situations, the dame test administratbr distributed the tests and -
workeé the introductory cover page with all the students. In
fsituations where time permitted, the test administrator remained

with the students until they had completed the tests. Within the \ .

larger schools, several classes had to be tested within the half

W

day allocated. 1In some situations in which time did not permit the ;
test administrator to remain in each classroom until the students ;
had finished, the clasgsroom teacher finished administering the tests. ,

The tests were all collected at the end of the half day of tesﬁing.

o S $1 V)
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The Experimental Design

' The design used in this study was a 3 x 3 x 2 x 2 factorial design.
These represented three grade levels, fourth, fifth, and sixth, re-
spectively, three placeholder positions, a, b, and\g,'two operations,

~multiplication and division, and two symmetric forms, opefation—right,

and operation-left. A representation of the design is given in Figure 2.2.

Ddta Analysis

@
The data was corrected and coded by the investigator. The information

was then key punched for computer analysis. The data was analyzed by thé
Fortap, DSTAT 2, and Finn Multivariate (Finn, 1967) package programs.
The Wilcoxen Signed-Ranks Test was utilized to examine differences between

5
regsponses to the open sentences with no whole number solutions.

-

Q-
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. 46
6th
GRADE th
4th
# A
PLACEHOLDER B , )
C
*Left Right Left Right
Multiplication Division

* Operation-left means the operation 1s on the left of the eqeality sign k
" (aob=c). Operation-right means the operation 1s on the right of the
equality sign (c = a o b).

# Placeholder a is alwaxs to the left of the operation sign, b 1s to the
right of the operation sign, and C 1s on the opposite side of the equality
sign from the operation symbol. ' ' -

Note ~ set W=1{ 0, 1, 2, 3, 4,5,6,7, ...}

Fipure 2.2, Representation of the experimental design.




Chapter III

DESCRIPTIVE DATA ANALYSIS

Chapter III 1s a presentation and discussion of the descriptive
data analysis. The test was administered to 1298 subjects from
grades four through six. The distribution of students by gradeﬂand

test form is shown below in Table 3.1.

Table 3.1

o NMumber of Students Per Test Form

Grade
Test Form
4‘ 5 6 All
1 A and B 113 102 . 113 328 .
. 2 C and D 116 103 118 337 ,
" 3 E and F 103 101 116 320
4 G and H 101 94 118 313
Total 433 400 465 1298

As Table 3.1 indicates, the number of students assigned to each of the
four tests 1s relatively proportional.
The NPT was formed from a pool of 112 open sentences. The open

rd

sentences were divided among the four tests, thereby yielding 28 open
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! sentences for each test. Considering the posgible combinations of

3 placeholders, 2 operations, and 2 gymmetric forms, 12 open sentences

S

‘types can be'generated. Each distinct open sentence type was assigned
' 3
to exactly one cell of a 12 cell matrix (see Table 3.2).

! ' Table 3.2
Open Sentence Types Assigned to Each of 12 Cells

for Number Puzzle Test

1L CELL NUMBER
Placeholder Multiplication , Division

Position Operation Operation | Operation Operation
Left Right Teft Right
a 1 4 7 10
b 2 5 8 on
c 3 6 9 12

For example, Table 3.2 indicates the multiplication operation-left
open sentences with the placeholder in the E_;bsition were assigned
;1 to cell 3.
t There were nine open sentences in cells 1, 2, 4,.5, 7, 8, 10,
and 11. Cells 3, 6,9, and 12 each contained 10 open sentences.
fﬁ creating the open sentenceé with no whole number solutions, two
] open sentences were randomly selected from each cell. Recall that

open sentence within cells 3, 6, 7, and 10 could not be altered to
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yield open eentencescgith'no whole_number solutiona. Therefore
the number of open sentences within these four cells remained
unchanged. The resultgnt number of open gentences per cell is

indicated in Table 3.3.

Table 3.3
. Mumber of Open Sentences Assigned To Each Cell T

on Number Puzzle Test

Mumber of Whole Mumber of No
Cell Number Solution Whole Number

Open Sentences Solution
. ¥ Open Sentences

1 7 2
2 | 7 2
3 10 0
4 7 2 _
5 7 2
6 T 10 0
7 9 0
8 7 2
* 9 8 ) 2
10 9 0
) 11 ’ 7 2
12 8 - | 2

~ 65 |
/o S o
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As Table 3.3 indicates, the number of whole number solution open

sentences varieg from’seven to ten per cell. The no whole number
solugion cells either contain two open senteﬁces or are empty.

Each student's BMDT and NPT was corrgcted by the 1nyesfigator.
The responses on the BMDT were marked either correct or incorrect.
The responses on the NPT were coded with a number 0 through ?:
The zero code indicatéd a blank or illegible answer. Code 1
indicated a correct response. Code 2 was emplqyed when the subject
resﬁonded with "N" to open sentences which had whole number
solutions. Code 3 was used ﬁhen the subject employéd the inGerse ;—/r\
operation. The subject appeared to have multiplied (divided) while
attempting to solve a d;vision (multiplication) open sentence.
For example, code 3 was used when the subject responded 45 to the
open sentence 15 + 3= W. Code 4 was used when the subject
responded with a number quite close to the correct solution. For
example, 5 x 7 = was coded as 4 when subjects responded numbers
from 28 to 42 exclusive of 35. Code 5 was used when gubjects
performed the specified operation "across the equality sign."
For example, the subject responded IZQ*Z;‘the open séntence

8 x @ = 16, indicating the subject might have considered the

L

open sentence as 8 x 16 = . Code 6 was used to indicate the
subject responded with some numeral not falling into any of the .
above categories. Code 7 was used when the subject performed

the inverse operation "across the equality sign." For example,

Lo -
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. \
|
the open sentence 15 + W <= 3 receilved 45 as the response, in-

dicating the subject might have codsideted the open sentence as
3x15=-0. : "_'\

After each RPT respbnse was coded with a guﬁber 0-7, the
"resulting data was analyzed by the Fortap Statistical Package

]
(Baker, 1969). Appendix F summarizes the response of all students

who completed the NPT.
The results of the analysis are reported in two parts. The

firast part discusses the results for the whole number solution

i

cells. The second patt discusses the results of the no wholé

number solution cells.

Whole—Number Solution Cells

The percentages of reéponses coded 1, 2, and 5 are gummarized
in Tables 3.4 to 3.6y Each table ;ummarizes the percentage of
responses to each open sentence that received one particular code.
Table 3.4 summarizes the percentage of code 1 responses. Code 1
indicated a correct response was given. As Table 3.4 indicates,
the percent of atudengg responding correctly to the open sentences
in cell, 1 varied from 85 percent to 96 percent. This percentage
was fairly representative of all the celia, excluding cells 7 and

10 in which the performance level was very low. The highest

percentage of correct responses for any one cell was 97 percent,
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" Code 2 ! h : ] . e

the frequency of this response was low; varing from 0 percent to

4 . . :
'was 7 percent for one open sentenceqiid varied from 38 percent to

- Code 3

‘of code 3 responses given. - -

. Code 4 | : o ” _—

.subject might have coﬁsidered the sentence to be of the type

. e ‘ | 53 . e}

o

Table 3.5 summarizes the pe?cent 9f code 2 responses. ‘The*

subject responded "N whem he thought‘there was no whole number

-
ks "

solution. If the open sentence‘did have a whole number solution,

an "N" response was coded "2." For the six multiplication cells,

3

-

7 percent. Howeyegf observe the responsé patterns for cell 7. °

- -

Table 3.5 indicates“tbe‘percent of ‘codé 2 responses within cell 7

54 percent for the remaining open sentences'within thidt cell.
h . 1

-

/

» 9
T

Code 3 ?i.e., the'stddent performed. the inverse opération) is ¢

not applicable for cells 1, 2, 4, 5, 7, 8, 10, and 11. Generally,

2

code 3 was déedyinff”quently. Appendix G summarizes'fhe percernt

L)

A

No unusual or apparent patterns were indicated by examining .
- . \r’ .
the frequency of code 4 responses

T ©
Code 5

]
Code 3 indicated the student apparently performed the given

’

operatiog, across the equality sign. For example, the open sentence

8x W =16 receive’d° 128 as ‘the correct solution, indicating the -

-
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35

A

8x 16 =8. This code was not utiiized in cells 3, 6, 9, and 12
since it was not applicable within éhese cells. 1In each of these
cells both numbers given are on the same side of the equality sign
and therefore it is not feasible to talk about multiplying or
dividing across the equality sign, Likewise, code 5 is not
applicable for cells 8 and 11. 1In these cells, if the larger '’
number on one side of thL equation is’divided by the smaller number -
on the other side of the equality sgign, the resultant will be the
cogrect ?nswer. For example in cell 8, onevopen sentenée was

18 + @ = 3. 1If the student divided 18 by 3, the resultant 6 would
be the cornectwsolﬁtiéﬁ for éhat open sentenge. In that event, the -
response would have been coded 1. There is no way of determining
in this investigation how many students did the_above process as
opposed to the thought process similar to}"What‘number can 1
diviﬂé’into 18 and get 3 for the resultant?"

‘Within cel}s 1, 2, 4, and 5, Table 3.6 indicates the percent
of re;ponses coded®as 5 ranged from O percent to 3 percentl Zero
ﬁercent to 39 percent of .the responses in cell 7 were coded 5.
Eight of the open sentenéés had no re;ponses coded as 5. One open
sentence had 39 percent of the responses coded 5. As Table 3.5
indi;ates, elght of these nine open sentences in cell 7 received
code 2 from 38 ;ercent to 54 percent of the time.

The pattern of responses in cell 10 was: basically the same as
in celi 7« Zero percent responded with an answer coded 5 except

for one open sentence which received 50 percent code 5 responses.

@
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.
The other open sentences within cell 10 freceived code 2 from 52

( " percent to 64 percent of the time, whil¢ one open sentence was

A

marked code 2 only 9 percent of the time.

No Whole-Number Solution Cells

.\

The analysis of the no whole number solution Celléldata\is
- summari?ed in Appendix H. Table 3.7 summarizes the code‘},ﬁ{
and 7 responses to the open sentences within‘the'eight no whole-
number solution cells. With the exceptionzof one open sentence,“
Table 3.7 indicates the correct response (code l) was given from
78 percent to 89 percent of the tims.
Responses coded 6 indicated éggisubject responded with soﬁe

number that did not fall into any of the categories 1-5 or 7. The

percent of ¢ode 6 responses varied from 3 percent to 13 percent.
Code 7 indicated the subject performed the inverse operation

across the equality sign. This code was not appiicable for cells 1,

2, 4, and 5 since if the student did perform the inverse operation

across the equality sign, he would have deriﬁed the correcp;solution,

i.e., "N." Similarly, cod; 7 was not applicable for cells 9‘and

12, since both numbers were on the same side of the equality sign,

which therefore precluded performing the operation across the -

- - equality sign. '
For three of the four open sentences in cells 8 and 11, a total

of five responses were coded 7. Table 3.7 indicates, however, that

X
for the second open sentence in cell 11, 30 percent dgrthe responses

were coded 7.
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Summary Conjectures Based on the Data Analysis

Code 1 responses were rather clear cut. Excgpt for cells 7
and 10, the students' performance was rather consistent and the
achievement levels were high.

Recall that code 2 was used when the subject responded "N"
to open eenteﬂces to which he thought there was no whole number
solution. The response pattern for cell 7 is unique. Seven per-
cent responded "N' to B + 2 = 8. TFor the remaining eight open
sentences within cell 7, the percent varied from 38 percent to
54 percent. Two questions are war£anted.

First, why did only 7 percent respond "N" to @ + 2 = 8 when

such a high percent responded "N" to the other open sentencesithin

,
b

the same céll? The answer to this question hinges on code 57-
"subject performed the operation across the equality sign." Sub-
jects did not make a code 5 resﬁonse td}any of’the other open
sentences in cell 7. None of the other open sentences in cell 7
involved numbers that enabled one to divide them and result in a
whole number quotieqt. It would appear that the students saw the
numbers 2 and 8 and the division sign and responded 4. The subjects
either disregarded the position of the equality and operation signs,
or mentally interchanged them for conveniencé.

A second question asks whether %ny cell other than cell 7
received such a high percent of "N" responses. Table 3.5 indicates
cell 10 also had a high percent of "N" responses. The same pattern

of responses occurred in cell 10 as occurred in‘cell 7. 6 =l + 2

. .75
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received responges coded 5 by 50 percent of the subjects. No other AN
open gentence in cell 10 received responses coded as 5. Similarly,\
-as in cell 7 no other open sentence in cell 10 involved digits
that could be divided and result in a whole number quotient. With
the exception of thié one open sentence, the percent of "N' responses -
varied from 52 percent to 64 percent.

One might make twé conclusions. First, in responding to di-
vigion open sentences (both operation-left and operation-right) in
which the placeholder is in position a, students consistently
responded "N," indicating they thought the open sentence had no
whole number solution. Secondly, when the division open sentence
involved digits that could be divided and result in a whole number
.quotient, a high percent of students divided the two given numbers
‘despite the relative positions of the equality sign, placeholder,
and operation sign.

Code 3 (i.e., the student performed the inverse operatioh)
was aéplicable only to cells 3, 6, 9, and 12. Generally, code 3
was used..infrequently. With respect to multiplication, it was
used in two open sentences in cell 3 (3 x 6 ==- and 2 x 6 = i) anci
two open sentences in cell 6 (W =6x 2 and @ =4x 2). Notice "
that in these open sentences one could divide the two numbers giveﬁ
and arrive at a whéle number quotient. None of the other multi-
plication open sentences had this property. ,

With respect to division, few responses were coded 3. Other

than two open sentences in cell 9, not more than five subjects
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3

used the inverse operation for any particular open sentence. Two
open egntences in cell 9, namely, 10 + 5 =} and 8 + 4 = B , were
answered by 15 and 20 subjects.respectivély with responses coded 3.
This might be at;ributable to the size of the numbefs involved in
these two open se;tences. 10 x 5.and 8 x 4 are number combinations
quite familiar to many students. The larger numbers in ‘the other
open sentenceé might have caused the students to examine thg open =7
sentence more éhrefully since the product of the two numbers might
not have been obvious.

Code 4 indicated the student responded with a number quite
close to the correct number response. Within cell 3, the two open
sentences 7 x 9 ="M and 6 x 9 = .' received the highest percentages
of code 4 responses. This m;ght imply the students kqew about what
the answer was, but couldmbnly come close to stating the correct
answer. The fact that these two open sentences both involved nines
along with the tendency for students to learn the ;ines table after
ali the others have been learned, might offer a partial explanation
for these higherwa?rcentages of code 4 responses. Within cell 4,

6 percent responded 7 or 9 to the oi)en sentence 56 =@ x 7. Cell 5
had the highest percent of code 4 responses with 10 percent
responding 2 or 4 to the open sentence 18=6xW.

Within the division 6pen sentences, cells 7 and 10 were
extremely low with peréeﬁt of co&e 4 reepdnses fanging from (Q percent
to 1 percenti Infrequent use of éode 4 fesponses in these two cells

might have been attributable to the high percent of responses

s
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coded 2 as described ;::iier; For the remaining four cells, the
percent of responses coded 4 rgnged from 0 peicent to 7 percent.
No unusual or apparent patterns were indicateé by examining the
frequency of code 4 responses within these four cells.

Code 5 indicated the student performed the specified opération
across the equalitf sign. Within cells 1, 2, 4, and 5 (Table 3.6),
the percent of respomses codéd as 5 ranged from 0 percent tq 3 per-
cent. The students generally multiplied across the equality sign

only in open sentences in which the numbers involved were small.

For example, @ x 5=10, 2 x B = 8, and 12 = 4 x @ are all

‘examples in which the two numbers involved, when used as factors,

were familiar to the students (i.e.,) 5 x 10, 2ff58, and 4 x 12
were factors the students might have encountered previously).
Students did not make responses coded 5 to open sentences that
invoived large numbers. |

Within cell 7, 0 percent to 39 percent of the responses were
coded 5. Eight of the open sentences had no responses coded as
5. One open.sentence (Il + 2 = 8) had 39 percent of the responses
coded 5. As Table 3.5 indicates, eight of these nine open

sentences in cell 7 received code 2 from 38 percent to 54 percent

~ of the time. B+ 2 = 8 was marked code 2 only 7 percent of the

time. I+ 2 = 8 was the only open sentence in cell 7 which involved
two digits that could be divided and result in a whole number
quotient. A possible conjecture for this pattern of responses

might be as follows. The student confronted with the -




operrsentence I + 2 = 8 sees 2, 8, and a ¢ sign. He thinks,
8 s 2 = 4 go "4" 1is the answer. He sees the remaining eight open

sentence similar to @ + 7 =4 and sees 7, 4, and a + sign.

Whether he considers 7 + 4 or 4 + 7, neither results in a whole
numbsr. Therefore, the correct answer must be "N."
The \pattern of responses in cell 10 was basically the same
as \In cell 7. Zero percent responded with an answer coded-5
except to th;a open sentence 6 =8 + 2, which received 50 Percent
code § responses. The other open sentences within cell 10
receivag code 2 from 52 percent to 64 percent of the time while
this oné%open sentence was marked code 2 only 9 percent of the
time. S;gilarly to the example in cell 7, 6 = + 2 was the
only open éentence in which the two numbers-eould have been
divided and result in a whole number solution.

Code 6 indicated the student responded with some number not
falling into any oflthe other codes 1 through 5 or 7. Overall,
the pattern of code 6 responsés seemed to indicate there were

fewer unexplained number answers for the multiplication open

gentences than there were for the division open sentences.

Conjectures Based on the No Whole Number Solution Data Analysis

With the exception of the one open sentence, Table 3.7 indicates
the correct response (code 1) was given from 78 percent to 89 per-
cent of the time. The open sentence 3 = 7 + 0 ,I received only
60 percent correct responses. Overall, the high percent of correct

responses seemed to indicate the students could recognize open
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gentences with no whole number solutions and respond "N' to indicate
no wﬁole number golution existed.
Code 3 indicated the subject performed the inverse operation.
No responses in cell 9 were coded 3. Within/;ell 12, a total of
13 students responded with answers coded 3. Performance of the
inverge operation in cell 12 involved multiplying 20 x 3 and 25 x 4.
These numbers may have been easier for students to multiply than the
s .
numbers in cell 9 (i.e., 13 x 4 and 41 x 8).
Between 2 percent and 10 percent of the responses were coded 4.
Code 4 indicates the responses were quite close to the correct
solution. For the open sentence 13 + 4 =, 7 percedt of the
responses were "3." Code 4 seemed to indicate the tudent gave
the clogegt imtegral response to the correct rational number solution.
\Code 5 was not particularly informative with respect to the open
sentences with no whole number solutions.

Responses coded 6 indicated the subject responded with some

number that did not fall into any of thzﬂééfégories 1-5 or 7.

The percent &6f code 6 responses varied from 3 percent to 13 percent.
The percent of code 6 responses given to the open sentences with

. .
no whole number solutions was noticeably higher than the percent

d ‘
,

of code 6 responses given to the dpen sentences which had whole
number solutions.
Code 7 indicated the subject performed the inverse operation

across the equality sign.  For three of the four open sentences

§0)
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in cells 8 and 11, a total of five responéeé were coded 7.. Tab}g 3.7
indicates, however, that for the second open sentence in cell 11
(3= 7 + W®), 30 percent of the responses were coded 7. Since t:hreeY
of the four open senteﬁces'within cells 8 and 11 received only Eive
regponses coded 7, it seemed to indicate some reason existed to
explain the increase to 30 percent of the students reséonding code 7
regpongeg to the lagt open gentence within theeevtwo cells. The .
small numbers 3 and 7 utilized in the last open sentence might have
been a possible factof,contribuging to the change 6f the pattegn of
responges. For the first ‘hree open gsentences, to multiply. across

" the equality sign would have required mulfiplying the following
combinations: 35 x 9, 47 x 6, apd 3 x 28: None of these com-
binatioﬁs are among ;he basic facts. Tgé last open sentence,
however, becbme9.3 x 7 when one multiplies across the equality

sign. This is a basic fact and probably quite familiar to many

of the subjects. Within the open sentences with no whole number
solugions which involved larger numbers (28, 47, and 35), 78 percent
to 84 percenf of the students indicated no solution existed. In

the open sentence involving small numbers (3 = 7 + ), only 60
percent responded correctly. Thirty percent responded "21."

This seemed to indicate that number size probably did_affecz the

pattern of responses given by students to these open number

sentences.
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Summary . ' :

The student performance levels for cells other than 7 and 20
were encouragingly high. When students were confronted with diviﬂion,’
operation-left, placeholder in g_pos?tion puzzles, however; the
performance levels decreased. It appeared that regarding these
particular puzzles, students disregarded the position of the equality
sign. |

| Student performance level on open sentences with no whole number
solutions was remarkably high even éhough the students had no text-
book experiences with these sentence types (see Table 2.4) and
teachers predicted that students would do poorly on these Sentence
types (see Table 2.5). This seemed to indicate that students do not
need to be instructed in each op&n sentence t&pe in ¢order to obtain
high perfofmance levels. The low performance levels attained 1n
cells 7 and 10, however, indicated that attention needs to be given

to division open sentences in which the placeholder is in the a

pocition.

”~

Chapter IV continues thfs discussion, but further examines each
factor through more precise statistical ins;rumentg., The first
part of the chapter will discuss statistical differences among the
open sentences having whole number solutions. The seqond,part of
the chapter will discuss statistical differences among the open

sentences having no whole number solutions.
v
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Chapter Iv o

. o ,
STATISTICAL ANALYSIS OF THE DATA -

<

N .. ?A;ter the descriptive statistics discussed in Chapter III had
. been generated from‘data furnished by all 1298 subjects, the subjects
. were separated into two categories. The first category consisted of

- ) students who either answered incorrectly or omitted mo more’than one

o/

multiplfcation gpen senugnce_and one division open senténce on the

» . ‘ BMDT. The second category %onsisted of those students who did .

. v - s . -~ — .
13 ) .
answer incorrectly or omit more than one multiplication open ‘sentence . ’ ‘
. - B -
or ‘more than one division open sentence on the BMDT... All the data

analysis discussed in this chapter utilized, the data furnished by

- ' .

the subJects in the first category, 1.e., those students who either

¢

answered incorrectly or omitted no more than ®ne multiplication and

one division open sentence on the. BMDT. - Since‘students in this - *
) . f . B

. . category could respond ‘correctly to mdléiplication%and'division

>

) ., open sentences in standard'ﬁbrm,«it seemed reasonable to attribute ¢.°
,///tgﬁ incorrect responses on the NPT to confusion with the particuiar

-

open sentence type rathet than to the ‘number’ combination involved.
Table 4.1 indicates by'grade level the number :of students in the

. _;ﬁ first and second categories. '
: A N \'. * ®
This chapter 1s organized in three main sections. The first

AN n . 4 ‘ ° ‘
section illustrates the overall plan for the data analysis: ‘Ahe

. , second’ section discusses the analysis for open sentences having
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whole number solutions. The third section discusses the analysis for

-
- open sentences having no whole number solutions.

A. Plan for Data_Analysisvvi

The first analysis was dene on the responses to whole number
solution open sentences. The data generatéd by those students in the
first category were analyzed by the DSTATﬁZ Statistics Program ]
(DSTAT 2:, 1973). This program summarized, for each of the 53 classes,
the number of correct responses for each cell for each test form (see
Figure 4:1——$tep a) (Appendix J).' Since tpere were four test forms,
a mean was computed(ifr each form for each cell which, when averaged
produced‘the mean for the cell. Since there were one, two, or‘thrée
puzzles on each test contributing to each cell, the cells on each
test form contributing one puzzle were weighted by a factor of gix,
éhosé with two were weighted by a factor of three, and those with
threg wefe waighted.by a factor of; two. The ‘transformation mdtrix
uéed is Appendix K. Table 4.2 indicates the transfbrmed‘data:matrix
(sée Figure 4.1--Step b). "

'The class Qeaﬁs in the traﬁsformed’data matrix were analyzed

by ANOVA. Since anal&sis:of variance only indicates whether

e .

signif%cant differences exist and not how the factors differ, che
foliowing comparisons ﬁ;re made-—grade levgé (4 vs. 5 vs. 6)
multiplication versus division, operation-Yeft versus operat%bﬂ-
'right, placeholder position (a vs. b vs. c)--and related inter-
actions vere investigated (see Figure 4.1—Steps ¢, d; e, f).

Since the means in Table 4.2 are on‘;—0—6 scale, it was confusing

to interpret exactly what means, for example, of 2.65 and 3.87 -
d
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v
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q.
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Figure 4.1. Schema for Data Analysis -
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represented. Therefore, the percentage of correct responses for

each of the 12 cells w%thin each grade was computed. This was done

to make the interpretation of the differences ﬁetween and magnitudes
of the means easier to compare. Percentages of correct responses

are on a 1-0 metric within Tables 4.3 and 4.4. Within the diacussion,
meansgs were converted to the more cbmmon 100-0 metric and ére simply
referred to as percentage corrgct.

Means were calculated by dividing the totél number of correct
résponses given to each gentence type by the totgl number of possible
correct responses (see Figure 4.1--Step g). These 36 means were used
to calculate the overall means per grade, multiélication and division
means, operation-left and operationJEight means, and placeholder
means (seé Figure 4.1--Steps h, 1, j, .k). . }

A similar process was used for the no whole number solution open
sentenc;s. The DSTAT 2 Statisties Program summarized, for each of
the’53 Jlasses, the number of correctlresponses for each cell for
each test form (see Figure 4,1--Step &). Means, on‘a 1-0 scale, were
computed by grade for each of the eight cells, Tﬁese means were
calculgted by dividing the total number of correct responses given
to each gentence type by the total number of possible cérrect
responses (see Figure 4.1--S£ep m). Because some cells in the no
wholeé number solution matrix were empty, something other than ANOVA
was required to make»compa;%sgpg with_the_yhole number sélufion

matrix. The Wilcoxen Signed Ranks Test was used to compare whole

number solution open sentences with the no whole number solution
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open sentences (Beé Figure 4.1--Step'n). The whole number solution
means which were on a 1-0 . were compared to the no whole '
number solution means which were also on a 1-0 scale. The Wilcoxen
Signed Ranks Test was also used to compare responses to open sentences
resulting from a basic fact product to thosé not fesulting from a
basic fact product (see Figure 4.1--Step o). The means by grade

for each of the eight no whole number solution cells were used to
calculate overall means per grade, multiplication’and division means,

operation-left and operation-right means, and placeholder means

(See Figure 4.1--Steps p, q, T, 8).

B. Open Sentences Having Whole-Number Solutions

In Table 4.3 the transformed means are presented, grade by grade,
for each of the following factors and levels: (1) o?erall means,
(2) operation multiplication compared to division, (3) operation-left
compared to operation-right, and (4) means for the placeholder in a
position, compatred to b position, compared to ¢ positien. Each cell

entry rgpresénta the mean @fwcorrect‘resppnses given by the students

{

fourth grade——cell 1 (ﬁuitiplication, operation-left, placeholder

in g_poéition) has a’v;ipe of .9185. This iﬂdicateé 91.85% of the

fourth-grade subjects échigved the correct responses to the open ° -
sentences in cell.1'(ﬁiﬁyf:kTﬁémaéfé”IﬁmTEBIéémdﬁgﬂéﬁawz;z“ﬁQGQTBézﬁ“”m”w”m”m”mmumu
used to examine each of the following hypotheses. The formal analysis !

tables are contained in the appendix.

91
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Table 4.3 S
Transformed Means of Whole-Rumber Solution Cellé
Put on a 1-0 Metric
Grade -
’ 4 5 6 all
Overall ‘ .8062  .8556 .8652, 8423
Operation /
Multiplication 9319 .9536  .9536  .9464
Division © .6805 .7576 = .7767 ~ .7383 .
Symmetric Property
operation-left .8338 .8811 .8786 .8645 %
Operation-right (.7786 .8301 .8517 .8201 g
. Placeholder pé&sition ’ ?
a . .6620 .7010 .7122 .6717 ;
b .9038 .9372 .9413 .9274
c - 9128  .9287 .9420 .9278
Placeholder position a was to the left of the operation sign,
position b was to the right of the operation’ sign, and
position ¢ was on the opposite side of the equality sign ‘

from the operation sign. (ax b =c¢c, or c = a ¢+ b)
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Table 4.4
12 Cell Means by Grade—-
Whole-Number Solution Cells Put on a 1-0 Metric
Cell #1 &elf(ba. Cell #7 Cell #10
- MLA MRA DLA DRA .
" 4th | .9185 4 .9168 4 .3679 4 .2049
: 5th | .9545 51 .9350 5 | .5507 5 | .3640
- ‘
6th | .9582 6 | .9346 6 | .5342 6 | .4220
CAl1l #2 . Cell #5 - Cell #8 Cell #11
MLB - MRB DLB DRB
4th | .9574 4 | .9049 4 | .9143 4 | .8386 .
Sth | .9766 W5 | L9415 5 | .9414 5 | .8892 \
6th | .9684 N .9342 6 | .9332 6 | .9292 \
( s ' 3
Cell #3 Cell #6 Cell #9 Celll#12 ‘
MLC MRC DLC DRC ‘ \
4th | .9452 4 | .9487 4 | .8997 4 | .8576 \ \\ <
5th | .9502 5 | .9641 5] .o135] © 5 | .8871 !
r (W
' 6th | .9530 6 | .9733 6‘\ 9249’ |6 | .9169 \
\l
- M = multiplication, D = d&viaion o \\\k
L = operation-left, R = operation-right ?h
) A = placeholder in g_positié?, B = placeholder in b hosition E
y
- C = placeholder in c position, i.e., a x b = ¢ and ¢ % a + b \ b
\\ , \
X
\
o>
93
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1. Ho: The mean performance levé%s

n open sentinces having

%
»,,“ﬁ_

whole number solutions aré\th¥ sane for g}édé four
. N

| \_‘ %
(M:b?’ gim (M,) and grade 6\,'(M3 : \Ml =M, =M.

. 3\
. \
R r Hl . NOt H\O \\*’ \,\

\ . -

Table 4.5 summgiizee the Analysis of Variancé’of thx_

S

———

\ data from Table 4.2. - ‘ .
\ . .
\\ Table 4.5 °
Analysias of Variance for Grade Level (4, 5, 6)
A
5
Source DF ) MS F ) P
i \
Grade 2 7.9608 . 8.8211 \\\ .0006 °
Error 50 .9025 o
\\ s
\
\ [&]

LY \ .
Clearly, significant differéhcea\gxist betqeen grades with probability,

less than .0006. Therefore, the p\ll hypothesis was rejected. The i
\ .

mean performahce levels‘on open senégnces which have whole number \

golutions was significantly different between graaé levels. Table 4.3

indicates students overall performance increased across grades.

Tablé 4.4 indicates every céll mean increased from grade 4 to grade 5.

The cell means between grades 5 and 6 generally increased.

» .
. g _ 2.7 Ho: The mean performance level on open multiplication

sentences (Ml) is the same as the mean perfogmance
%
4  level on open division sentences (MZ): M1 - M2 on

le Ml # M2

é‘ Q ' E{d
- ERIC -
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Taeble 4,6 indicates the results of the fnalysis of Variance of

the data from Table 4.2. - .

Table 4.6
v .
And%ysia of Variance for Operation (Mult., Div.)
\ -

P
e\ ——
” Sourde DF ms F P R
. Y : '
Operation 1 236.8298 1,333.0291 .0001
Error . - 50 ‘ 1777

élearly, gignificant éiffe;encea exist betwepen student performance
levels on multiplication and division open sentences with p < .0001.
The null hypothesis was therefore rejected. The mean performance
level on open multiplication sentencés was not{the,samé as the mean
performance level 99 open division sentences.

Table 4.3 indicates that within each grade the multiplication
means were higher than thi/gjyiﬁi%n means. Table 4.4 indicates thatc
if the cells are compared palrwise with the operation-left or -right
and placeholder variables both held constant, the multiplication

means are higher than the division means in all pairs for all grades

- (i.e., cell 1 compared to cell 7, 4 to 10, etc.). .

3. Ho: The mean performance level on operation-left open

.o T sentences (Ml) is equal to the mean performance lewel.

on operation-right open sentences (MZ): M1 = M2' . %

H.: M1 # M2
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Table 4.7 suﬁmafizes the operation—léfc and operation-right
differences resulting from the Analysis of Variance of the data from

Table 4.2.

Table 4.7

[

Analysis of Variance for Symmetric Property (Oper -Left, Oper~Rt.)

Source DF MS

F P
Symmetric Property 1 12.2750 91.0433 .0001
Error ’ 50 .1348 ‘

]

Clearly, aignificant differences exist between the mean performagze
levels on operation~-right and operation-left open sentences with
p < .0001. The null hypothesis was therefore rejected. The mean
perform;;ce level on operation-left open gentences was significantly
different from the mean performance levél on operatioﬁ-right open
gentences. \
Table 4,3 indicatqs‘that, across all grades, the means for the
operation-left open sentences were higher than the means for the
operation-right open sentences. Table 4.4 indicates that if the
cells are compared pairwise with operation and placeholder held
congtant within each pair, the operation-left means are higher in

all pairs across all grades‘with the exception of cells 3 and 6.

With the operation multiplication and bldteholder in the ¢ position,

-~

J6 S .

o
e -
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»
, - Kl ’
- Q . % ‘
student pefformance was slightly hiéher on operation-right open R
sentences. In all other‘cases, performance was higher on operation-
~ left open sentence. v ‘ g : .
4. Ho:" The-ﬁean performance levels on open gentences with the
" . . placeholder in position g_(Ml), R:(MZ), and E.(M3) are ’ 3
' ¢, ° e
. B 3 the same: M, = M, = M,. / K
: le Not Ho -
There were three placeholder positions to examine. The first
contrast examined was a vs8. b, ,The second contrast examined was X
ab vs. c. -Tablefé.g summarizes the placeholder position statistics
resulting from the Analysis of Variance of the data from Table 4.2.
Table 4.8
&
- B Analysis of Variance for Placeholder Positibns
RN ' gg? o .
~ (@ vs. b and dbvs. ¢) . /
S, , :
LY ‘ V\ 2 Y
Source DF MS F P
Placeholder 2 164.1808 903.3201 . .0001 S
avs. b ©1  249.8057  1325.8050  .0001 .
. . . ‘
ab vs. ¢« X 78.5559 480.8352 .0001
o : yY .
. _ Error 100 .1759 '
S0 -/ ¥
(multivariate analygis used to test placeholder)
‘ : | - ' .
' . » ' <
K A)
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Cléarly, significant differences exist between placeholder positions
with p < .0001. The null hypothesis was theréf;re rejected. The
megn‘penformance levels on open sentences were not the eéme fqr
placeholder positions a, b, and c.

Table 4.3 indicates the means, across all three grades, Werg the
lowest for piaoeholder_g. The meaﬁs for the placeholder positions b
and ¢ were quite close in value. Table 4.4 indicates the means for
the cells comprieed'of the division open sentences withuplaceholder
in a position (both operation-;Lft and operation-right) are much
lower than any other group of cells. The means were slightly bigﬁer
with operation-left éells, but overall considerably lower than all
the other cell means. ) Y

The means for the four ceile involving placeholder position b
a}pear to be quite close in value to the means forwthe four cells
- involving placeholder position é, One might infer that perforﬁance
on open senyences with thé‘placehOIQer in tﬁe R_poéition-wae about
- the same aé performance on open sentences with thé placeholder in

the ¢ position.

.5. Ho: No ihteractione with p < .05 exist among the following

[}

faétors¢ grade level, opération, symmetric property,

and placeholder position. ’ , :
14

. le Interactioné with P < .05 exist among the following
factors: grade level, operation, symmetric property,
2

and placeholder position. o 3

e ih ke ar e e i
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Table 4.9 summarizes the results of interactions tested by

-

..
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(o4

~ Analysis of Variance of the data from Table 4,3,
| ) :
e '
L Table 4.9
- Analysis of Variance Interactions
Source DF . MS F P
Gx O 2 1.9948 11.2279 .0001
Error 50 L1777
) G xS 2 .8388 6.2213  .0039
Error 50 . 1348
Gx P 4 , 1.3578 7.7182 ’0012
Error 100 .1759 : -
\ 0x S 1 5.0422  61.6801  .0001
0xSxG 2 .3106 3.7994 .0292
Error 50 .0817
) 0xP 2 -138.0383  667.4437  .0001
ok Pxe 4 .7256 3.7465 NS
Error 100 .1946
S x P 2 4.2760  57.1078  .0001
SxPxG 4 .0593 .9044 NS\
E&ror 100 .1052
OxS=x?P 2 2.2694 26.5586 .0024
0O0x SxPXG 4 .1158 1.6164 NS
. . Error 100 .0780
L . N
¢ G = Grade - ‘ ,t R
N 0 = Operation ,
S = Symmetric Property .
) P = Placeholder Position .
. e
% 4' /- . ’
° L 4 .
" 99 g
Q
A &
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Taélg 4.9 indicates the folygwing interactjons existed at a

.

significaﬁce level of p <.05: (l)AQ,i 0,.(3) é xS, (3) Gx P,
)0 xS, (550x8xG, (6)0x P (7) SxP, and (8) O x S.x P.
iégse the analysis of Qariance indicated'eignificaéz interactions
ex}eted at p < .05, the null hypothesis was rejected. Significant
interactions exiatedd’!png the following fdbtbte:, grade level,
operation, eymmegric property, and placeholder position.

Table 4.4 indicafee'the means, across,all three grades, were
the lowest for cells 7 and 10. It would Appear that very significant
interaction occurred between operation division ahd placeholder

[y

position a.

C. Open Sentences Having No Whole-Number Solutions

Similar to Part B, the no whole number golution data generated

by those gtudents who either anéwered incorrectly or omitted
no more than one muitiplication and one digieion open sentence on the

BMDT was analyzed by the DSTAT 2 Slatietice program. ¥ With the results
from this statistics program, the investigatvr was able‘to calculate
the eight means (eight no whole number eolufion cells) for each class
p;rficipating in the etudy: . Notice cells 3, 6, 7, and 10 are empty.
All open sentences of these types necessarily have whole'humber‘

golutions. .Table 4.10v£hdiéates these cells iq relation to the

other cells.
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" Table 4.10

, Cells for Each Grade

Plagzholder' Multiplication Division
fiop.~left Op.-rt. |Op.-left Op.-rt.

’ 7 1 4 X, X
B 2 5 8 11

c _ X X 9 - 12

.

*d;erétion-left means the operation is on the left
of the equality sign (a o b = c¢). Operation-right
means the operation is on the right of the equality . {

sign (c =ao b).

{#iPlaceholder a is always to the left of the operation
sign, b is to the right of the operation sign, and
c is on the opposite side of the equality sign from
the operation symbol. ' ) 4

p) 4 Il
Siﬁce 4 of the 12 cells for each grade were empty,'an Analysis of
Variance was not practical.' The eight means for each class were
averaged to produce means by grade for each cell. The results are

/ }

indicated in Table 4.11. The means were utilized to form the more ,
a - B

" general means indicated in Table 4.12. As each hypothesis is
- . ’

examined, reference will be made to these two tables.
. ; \

6. Ho: The mean performance level on open number sentences

‘which have no whole number solutions (Ml), is equal

13

to the mean performance level on open sentences which °

. \\ have who{e number solutions (Mz): Ml = MZ' : . .
. Hpp My # M »

BT 101
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Table 4.11

Eight Cell Means by Grade
No Whole Number Solution Cells
' -Put on a 1-0 Metric -

Cell {1 " Cell #4 cell #7 Cell #10
, MLA MRA DLA DRA
4th | .8103 41,8103 4 | x X
5th | .9091 5 |.8908 .5 X X
6th | .8745 6 |.8874 |- 6 X - X
Cell #2> \ Cell #5 Cell #8 Cell #11
MLB MRB DLB DRB
4th | .7661. 4 | .8421 4 |.7874_ | 4 | .6956 _
Sth| .8287 5 |.8619 5 |.8970 .7333
“6th | .8858 6 |.9361 6 |.8571 6710
— s’
Cell #3 " Cell #6. Cell #9 Cell’ #12
MLC MRC DLC DRC
+ 4th| X .4 X, 4 | .8187 4 | .7953
Sth X 5 | x 5| .8398 s. | .8398
6th|  x 6 | 6 | .9269 6 | .9087

M= muléiplication, D = divigion ;

L =-operation-left, R = operation-right

: ' C
A = placeholder in a position, B = placeholder in b position,

C = placeholder in c position, i.e., ax b =1¢c, and ¢c = a + b.

X indicates no open sentence of this type exists, i.e., all open

sentences of this type have whole number solutions.

h




" Table 4.12 R 3

Meﬁré of No-Whole Number Solution Cells

sign. (@axb=c¢c,0rc=a=* b)
: ™~

{5 Put on a'l-O Metric
Grade
4 5 6 A1l

o§er?1i _ .7907 .8500 .8684 " .8364
Operation | 3 /

Multiplication .8072 .8726 .8960 .8586

Division 7742 8275 .8409 .8142
Syimmetric Property i

Operation-left .7956 .8686 _.8861 .8501 °

Operation~-right ..7858 .8315 .8508 .8227
Placeholder Position ‘o

a o .8103 .9000 .8810 .8638

b T L7228 .8302 .7926 .7819

c |

- .8070 .8398 .9178 . 8549

Placeholder position a was to the left of the operation'sign,
position b was to the right of the operation sign, and position ¢
was on the opposite side of the equality sign from the operation

103 S
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¢ Several statistical tests could have been emplquﬁ to determine
whether gtatistically significqnt diffﬁ%ences exietedvbetweén the
means for the no whole number solution ceTls and the means for the
whole number so;ution cells. The Wilcoxen matched pairs signed

’

ranks test was selected to test for significant differéﬁces betweéﬁ‘
. the two groups. This test.has all the advantages of the sign test )
as well as taking into account the magnitude of the differences
~ between rankings of the eéoree in the two distributions. Hays (1963)
claims the Wilcoxen test hae’; very high power-efficiency compared
to the other methods designed specifically for the m;tched—pair
. «  situation. four geparate Wilcoxen eigned‘ranks tests were done.
These tests were not independent because of pooling. The data
were pooled originally to test for oférall significance. Since
the overall test showed significant differenceé exigted, three‘
geparate tests were run independently, one at each grade level. {‘h

The results of the Wilcoxen signed ranks tests are indicated in

Table 4.13.
.8

T%?le 4.13 indi;ates that, for the three grades combined, the
‘ _probability was less than .0001. The prébability was less than
; .0059 for grades four and five. The probability was less than
.0250 for grade six. The Wilcoxen test indicated that.with b < .05,
gignificant differences existed between the ﬁeans for tﬂe open
gentences with whole number gsolutions And the open sentences with
no whole number golutions. Since tﬂé probabilities for all three

. ‘ \'
grades and the overall pronbability were all less than .05, thie null

o | 104
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Table 4.13

wilcggen Teatg,
Comparison of correct responses given to eight cells for which whole-
.number solutions existed and the same eight cells for which no whole-
number solutions existed.

: Put on a 1-0 Metric ’ .
' ‘
, T ¢

Means of 8 Cells Means of 8 Cells’ Signed P and =z
Whole Number No Whole Number Ciff6rence Rank °  Values
Solution Exists Solution Exists .

. 4th Grade .
€ell 1 .92 ‘ .81 . -.11 =4.5
Cell 2 .96 . W77 : -.19 -8 .
Cell 4 «.92 .81 -.11 -4,5 :
Cell 5 . .90 .84 -.06 -1.5 p < .0059
Cell 8 .91 .79 -.12 -6
Cell 9 .90 .82 ’.-.08 -3
Cell 11 .84 .70 ~-.14 -7 . .
Cell 12 .86 .80 -.06 -1.5 |z| = 2.52

. S5th Grade
Cell 1 .95 .91 - -.04 -1.5
Cell 2 .98 .83 -.15 -7 '
Cell 4 , - 94 .89 -.05 -3.5 p < .0059
Cell 5 .94 .86 -.08 -6
Cell 8 .94 .90 -.04 -1.5 .
Cell 9 .91 .84 -.07 -5
Cell 11 .89 .73 . -.16 -8
Cell 12 .89 .84 -.05 -3.5 |z]| = 2.52
-
: 6th Grade

Cell 1 .96 .87 -.09 - =7
Cell 2 _ .97 .89 . =.08 -6
Cell 4 .93 .89 -.04 -4 p < .0250
Cell 5 .93 .94 +.01 +2
Cell 8 .93 .86 -.07 -5
Cell 9 .92 .93 +.01 +2
Cell 11 .93 .67 -.26 -8
Cell 12 .92 .91 ~.01 -2 |z| = 1.9608

Three grades grouped together--p < .0001 ([z[ = 4,1714).
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H‘pothesis was rejeqtéd;‘ The mean pegfofmance,level on open number

sentences which have no ghole number solutions was significantly.

. 1
’

different from the mean performance leye® on open sentences which

-

have whole numbér solutions". , \

-

’ ‘Table 4.14 indicates both the Eg,whole-ﬁumber-solution gell
means taken from Table 4.12 anq the whole-number-solution ceil
means taken from thé comparable‘eight cells within Table 4:4;
Table 4.14 shows that withig.epch gfade level, the mean for the
eight wholéﬂnumber golution célla wg? gEeater.than the mean for

»

the eight nogvhole number soluytion cells.

Table 4.14

3

Means by Grade for the 8 Ng-Whole-Mumber- Solution Cells .\

.
N

b

Compared to the Comparable 8 Whole- Number-Solution Ceé}s

Means for the Comparable Means for the

Eight Cells for Which Eight No Whole

Whole Number Solutions Number Sylution
. Exist Cells

/

Average for thé—

Three Grades .9228 .8364
4th Grade .9010 .7907"
5th Grade 9298, . ,8500
6th Grade | .9374 8684

o
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The means for each cell (the eigbt no whole number solution

-

. RN
‘cells and the comparable eight whole number solution cellg) within

3
each grade were rounded off to two sighifiqgnt digits and are

w ) -
listed in Table 4.13. Of the 24 differences between the whole
number solution cells and the comparable no whole number solution

cells, 22 were negative values and only two,were positive. The

students seemed to have a higher mean’ on open gentences which had

9 .
whole number solutions than they had on open sentences which had

: Oo . / /\7\'
no whole number solutions. : -

7. Ho: The;e iP no Bignificant difference Fbtween the
- mea; pgrformance level on multiplication (division)

open sentences in wﬁich the product (dividend) is

a product of goﬁe basic fact (Ml), and the mean-
perform&nce level on multiplication (division)' b
open sentences in which tﬁe "product"p(div{aend)

is not- a "product" of some basic fact (Mi):

Ml - Mz.

Hy: M # M,
} In order to test the hyppthesis, tﬁe eight>no whole number
solution cells were éividgd into gyo groups. The first group
consisted of those in which the product (dividend) was a basic-
fact pronét. The s;cond group consisted of those in which

the "product" (diviJend) &as not a basic-fact "product." The

number of correct responses (transformed to a 1-0 metric) for

"~ each of the eight cells are displayed in Table 4.15.
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Table 4.15
No Whole-~Number-Solution Open Sentences
Basic Fact Prodgcta Compared to Not a Basic Fact Products
Humber Correct Transformed to a 1-0 Metric
" "%lcoxen Matched Pairs Signed‘ﬁﬁnks Test
Number Correct Rumber Correct- Signed
Cell Basic Fact Pro. Not a Basic Fact Difference Rank Rank
' Pro.
1 .89 .82 -7 7 -7
2 .78 .82 +4 5 +5
Va P

4 .85, .84 - -1 . 1 -1

5 .86 .82 -4 5 ~5

8 .84 .82 L =2 2.5 -2.5

9 .78 .60 -18 8 -8
11 .81 .85 o+ 5 +5
12 .82 .84 +2 2.5 2.5
z = .77 | .
p < .2206 N.S.

B &

1

The information was s;atistically analyzed by the Wilcoxen matched

pairs signed ranks test.. The analysis is demonstrated in TzB}e 4.15.

The mean number of correct responses to the "not a basic fact"

(open sentencég wag-780, while the mean number of gbrrect respon

to the "basic fact" open sentences was .83.

than .22Q6, which was not significant. The null hypothesié was

0\( —

es

. ~
The probability resulting from the Wilcoxen analyses was less

€
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therefore not rejected. There was no significant difference 'between

-

" mean perﬁgrmance on multiplication (division) open Bentences in
\which the product (dividend) is a product ‘of somé basic fact and

mean performance on multiplication (division) open sentences in which
1 - [

the "product" (dividend) is not a "product" of (some basic fact.

. »
Su ry

Y

Several factors appeared to influence‘performance levels., N

11 -Grade level affected performance levels. Fifth-grade
students had Z higher performance level than fourth-grade -
students and sixth-grade stngp&a:perforped at a’slightly
‘higher level than the fifth-grade students.

2. The performance level on multiplication open séntences
was higher- than on division open sentences,

3; The performance level on operation-left open sentences
was higher than on operation-riéht open sentences.

4, The position of the placeholdeér appeared to influence the
performance level. ‘

5. The eifstence or nonexistence of a whole number solution
influenced the perfornance level,

. The analysis was complex to interpret because of the significant

interactions. There appeared'to be a very high interaction between

operation division and placeholder position a. Significantvinteractions

-also q}isted between the following factors: (1) grade and operation;

(2) grade and symmetric factor; (3) grade and placeholder position;

2 7 ’
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* AN

%) o.perat&m and symmetric fa'ctor; (3) operation, eymmetric
o and grade; (6) operation and placeholder pOBition, (7) symmetrlf
factor ahd placeholder position; and (8) operation, symmetric factor,

a%d placeholder position. Caution must- be exe;cised, therefore, -

" in taking an overly simplistic interpretation of significant .

differences between levels of priacipal factors. Ty

» . . /-(’ &
N o
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. | \  CONCLUSION TO THE THESIS L
N . - y &“ "
Y T . - ' » Q

Introduction . - .

This chapter presents g summary of the study, discusses conclusions
. ~ and iﬁplications resulting frofh the study and/pffers recomméndations for

future research.

Summarx

. - The main purpose of this study was to find out whether differences

exist in pupils' performance when.solving open sentences in whicﬁ the

oﬁen gentence types werq'Var}ed:
Specifically, this investigatibn sought to find oﬁt the differences .
Y'in students' resp;hses to open number sentences when- the following factors i
were varied: (a) school grade [4, 5, and 6], (b) the symbol for the
operation speéified in a sentence [x and ¢], (c) sentence type as deterﬁined
. by the symmetric proﬁerty of the eqpality relation [a o b = ¢ versus
c=a ; b$, (d) the position of the placeholder %E“a sentence [a, 2,.or
' é], (e) the existence or non-existence of an opeﬁisentence splutién within.
the set of whole numbefs W xb = 20‘ versus @ x 5 = 21], and (f) the
largest number bging a basic fact prdduct or not a basic fgct product
T - in open sent;enceé which”have no whole‘number solution [3 x . = 25

versus 3 x B = 23].

Two distinct kinds of multiplication and division open sentence

tes§;7were constructed and administered to 1298 fpufth-, fifth-, and

95
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. , c
"sixth:grade students from eight sghools. Each student was administered a
deitem open sentence number puzzle test (NPT) and a l4-item basic
*  multiplication and division test (BMDT). '
. ;Fbur forms of the;NPT were constructed. Based on the above factors
) (opbration,'symﬁetric property, élaceholder effect, and existence or
non—é§iéfence of a whole number solution), 20 distinct open sentence types
were identified for the NPT. Fifty-six multiplication And 56 division
facts resulted from the assignment of the numerals two through nine, to
: ”
Va‘and b (no doubles). These 112 number facts were partitioned into four
groups of 28 items. Eachygropp of -28 number facts was assigned to one
of the-four test forms and one of the 20 open sentence types.

. H
Information gained when open sentence types are varied would be

questionable if the students do not know the basic facts; To find
students' performance level on operation-left, éanonical form opép
sentences (e.g, 2 x 6 = ), each student was ;iven a basic multiplicatién
and division test (ﬁMDT). E;ch BMDT was composed of five multiplication.
facts, five division facts, and four open sentences ihvolving the number
one. To balance for the learning effect'the.fifst half of the test

might cause, half thg students résponded to tﬁe NPT first, éollowed by

the BMDT.F The other half of fhe gtudeﬁts ;esponded to the BMDT first,
-andothen‘the NPT, > N : .

The conclﬁsions and.iﬁplications resuIting from this study can-be

stated with reasonable. certainty only for Ehe'population from which the

<

subjects were sele?ced. The results are valid for students within the

'

fourth-, fifth-, and sixth-grades within the Waukesha, Wisconsin city

L4 /

<3

N -

. - | ' 112 .

L3

A
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school systes. The.generalizabilitw/of the results to other students
depends on the differences between them and the given population, For
instance, stucen‘s in different grades, students who had qsed a - ;
different mathem:lics textbook series, and students having experiencec
- a different opportunity to learn could be enosgh unlike the students -

in this populatiop that different'results could be anticipated.

In order to obtain information concerning the subjects' opportunity .

to learn, two procedures were used. ’A questionnaire was administered

to all the classroom teachers of students participating in the study.

The individual teachers rated each type of open number sentence (20) as | :

to the experience they believed their students had previously had with

that particular type of open sentence. Also, a thorosgh examination

wss concuctec of the textbooks the students‘used in grades three through

1

six .(Elementary Mathematics, Harcourt, Brace, & World, 1966). A table

was constructed which indicated the max}mhm number of experiences the
students might have had‘with each dpen sentence type as indicated by
the textbooks. This summary did not include word problems. A careful
examination of.textbook experiences the students'might.have bees exposed .
to, together with an indication from the teachers,of cxperiences the
students might have had with each type open sentence, cffered an in-
dicatiorn of the students oppcrtuniti to learn. ' *

The examinsticn of the textbooks indicated stqdents experiencs%!

’with these open sentence types was mostly limited to two types-- - *

axb=f and a + b= @. Open sentence types @ x b = c appeared

- voccasionally. The other open sentence types appeared very infrequently
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% -
or not at all. The feacher opinion queationnaire,indicaﬁ;d-pqrallel
results. The two open sentence types the teachere'.;iredictéd students
would scqre highest on were axb = and a+b = B '. Siﬁilarly,
the sentepce tyﬁes mentionéd inffequently'or not at all in theAteit—
books were scored lower than the other sentenée'types. The sentence
. types having no whole number soluEion‘wefe'rated lower than all the
wholevnumber soiution sentence types. |
The_data'furnished by all 1298 subjects was corrected\and codea
by the investigator. ‘The information was then key punched for. computer
nnalysi; and ‘analyzed by the Fortap Statiétical Paciage. This process
yielded descriptive statistical results reported in Chapter EII. .
| After the degcriptive statistics had been generated, the data ﬁére
separated ‘Into two grdups. The first group consisted of the data
geqerated by fﬁose studenté who missed no more than one multiplication
open sentence and oné divisiéh open gentence on the BMDT. The second
\\‘group consisted of” the data generated by the students who did miss more"
than one mﬁltiplication open sentence or more thgn'one division open
sénfence on the éﬁDTo All the reﬁainingidata analysis utilized those
subjec#s fﬁrthe firstlgfbup.

-

The investigator calculated the means of the 12 whole number
0 S . ! .
solution cells for each class participating in the study. These

cell means were the raw data used for the analysis of variance.
= ‘
‘E

Conclugions andemplicatidns

Based on the reported results in Chapter IV, the following

o conclusions were drawm,
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; 1. The performaﬁce level of subjects on opgn sentences having whole

number solutions was significantly differént between grade levels.

”»

Students' level of pérformance was measured within'the fourth, !
:/J - fifth, and sixth grades. Significant differences do exist between grades

- | (p < .05). TFor the open sentences having whole number solutions, there

. was an increase in performance level across all three grades. Fourth-

grade overall average was 80.62 ﬁercenf, fifth-grade was 85.56 percent,

and sixth-grade was 86.52 pércent. Similar findings resulted for the

open sentences having no whole number solutions. Fourth-grade overéll
average was 79.07 percent, fifth-grade was 85,00 percent, and sixth-

grade was 86.84 percent.

These results are in agreement with the results from WeaQer}s (1971)
study: In Weéver's study the performance level on apen addition.and »
subﬁraction sentences ingreased from grade 1 to éfade 2 to grade 3.. This
seems to\%ndicafe ﬁhat as the students have more experiences in mathe-
matics and more opportunities-to learn their performance {SzglkfﬁE¥éases.

. e

2. The performance level of subjects on ope multiplication sen-

tences was significan;ly different froo the performance level
of subjects on,open division senténces.
Significant differences exist between student performance levels
on open multiplication sentences and‘open division ;entences (p < .0001*.
Within eagh grade, the multiplication means were higher than the division ¢

means. The aQerage student performance level on multiplicdtion opeﬁ

sentences with whole number solutions was 94.64 percent compared QQ
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73.83 percent on division open sentences with whole number solutions.
The student performance level on multiplication open sentences with

«

no whole number'aolutiona was 86.19 percent compared to 81.42 éercent
on division open aentengea'w&th no whole number solutions. This secms
to clearly indicate students' performance level was higher On_multi-
plication open sentences than on division open sentgnces.

Theée regults are in parallél agreement with the results from
Weaver's study (1971). In Weaver's study the performance level was
higher for addition sentences than for subtraction sentences within
each grade.

A partial explana;ion for the etudenta)higher perfoannce level
on mhltipliéation open gentences might be the fact that students
usually study multiplication facts before division facts. Thgrefore,
tﬁey have had a greater oppo?tunity to learn multiplication facts than

v 3 ,

division facts. A few of the fourth-grade classes either had not yet

studied division or had had little exposure to division at the time

'S

. the test was administered.

h

L 3. .The_?erfarmance leval of subjects on operation-left open
sentendés was Bignificanply different grom the performance
level of&subjecta'én operation-right open sentences.

- Significant differences exist between atudént performance levels
én operation-left open sentences and operdtion-right open sentences
(p < .0001). Examining responses to the whole number solution open

senténces, students answered correctly éﬁ.as percent of the operation-

\ ; 116
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0
left sengeﬁéea and only 82.02 percent of the operation-right sentences.
For the open sentences with no whole number solutiogsﬁwétudents angwered
correctly 85.02 percent of the operation-left sentences and only 82.27 ©

percent of the operation-right sentences.. This seems to indicate

-

students' performance level was higher on the operation-left open

»

sentences than on the operation-right sentences.

», .
These results are in agreement with:the results from Weaver's

study (1971): In Weaver's study, Ehe performance level was consistently
d b . L
higher for the operation-left open sentences than for the operation-

4

right open sentences. : s v
‘Student opportunity to learn might account for part of the dif-
ference between the performance level on operation-left and operation-

right open sentences. Nine hundred and eighty examples (excluding' [
. : |

types a and k) within the third- through sixth-grade textbooks were

‘operatien-left, while only 148 were operation right. It would seem

that the students have had more experiences‘with the operation-left
open gsentences than with the operation-right opén gentences. If
teachers want students to be able to solve Qperation-right open
gsentences as accurately as dperption-left‘open sentenceé:'it would
apﬁéar that more experiences with operation-righg open senténces,are
needed.

4. The performance level of subjects on open sentendeg was

pignificanily different for placehélder positions a, b, and Z

C.
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Significantadiéfe?encea exist among the placeholder -positions
(p <.05). Contrasting piacehold;ar a and b and a and b combined
comparedwto ¢, significant differences exist with p < .0001.
‘smc@z it w‘as dv’ifficult to 'get:e,rmine exactly what information was
revealéd by the contrast ab vg. ¢, it was decided to rerun the
analysis of-varian;e'h se;ond time, utilizing contrasts Q_va; g
and bc vs. a., By exam}ning the~output“ffom both runs, information
was revealed concgrning the following contrasts--a vs. Q; gg_vs}tg.
b vs. ¢, and bc vs. a. The researcher believed an cxamination of )
contrasts a vs. b and b vs. ¢ offered an accurate picture of the»trﬁe
situation. All the contrasts involving placeﬁdider positions |
(a vs. b, ab vs. ¢, b vs. ¢, and bc vs. a) are in Appendix L.
Foryh_and ¢ combined comparéd to a, significant differences across
grades exist with p < .0006. Thé only contrast which was not
significant at the .05 Lr lower level was b compared to c. Tﬁié was
no; significant at the .05 level éince P = .0792. For the open
sentences with whole number solutio;s, the mean correct for place-
holder position a was 67a174per§ent, fér E_was 92.74 percent, and L
for c was 92.78 percent: This seems to clearly indicate students'
ﬁapformgn§é4levél,was the lowegﬁAfor placeholder a. For the.open
eentgnces with no:whole numbgr golutions, the mean‘éorrect‘for'
placehol@er a was 86.38 percent, for b was, 78.19 percent, and for
¢ was 85.49 percent. For the open sentences with no whole number

solutions, the studente'performance level was the lowest for place-

holder b. If the two means for each placeholder are combined, the

. o118




103

following overall méuns reqyﬁt: a, = 76.78 percent, b = 85.46 percent,,
\ and'é = 89.14 pércent. Overall, performance level was lowest éor
placeholder a. .
_These results are in agreement with the reéulﬁs from Weaver's °
(1971) stu@y. In his study; the performanceylevel was tonsistently
, - . lowest for placeﬁolder a. The perfofmance level was highest for '
piacehqlder c. >
These results are also in agreement with Grouws' (1971) study.
Of Fhe four open sentehce types he studied, theigtudent performance

level was the lowest on the two open sentences which had the place-

holder in the a position. These results are also in agreement with

, 4
, Suppes' (1972) results. Open sentences with the placeholder in a.
position received the lowest percentages of correct responses.

<

An examination of t%e third- through sixth-grade textbooks indicates
785 multiplication open sentences had gﬁe placeholder in the a position.
Only 103 division open sentences however had the pléceholder in the a
. position.‘ The student performance level was the lowest for divisio;
open sentences with the placeho;der ;n'g position. b
When students were presented with either operation-left or operationf
. riéht»division open sentences with the placeholder in a position, two
response patterns clearly predominate. First“:if one‘ﬁquer of the
open sentence does ﬁot divide the second nﬁmber evenly, a high percentage

_ of students respond with "N"--indicating no whole number solution exists.

1f one number will divide the second number evenly, a high percentage

of the students respond with the quotient of the 2 numéérs (i.e.,

\S\‘
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2= +7, 59 percent regponded "N," 6 = W -t 2, only 8—2— percent .
. ' yésﬁonded "™" yhile 50 percent responded "3"). It appears that in |
division open sentences, Ehg student gees two numbera,’an'operation
, sign, and reapond; with the quotient (if a whole ﬁumbgr quotient
: exists) of those two numbessr It appears as‘if the students either

disregard the equality sign or mentally turn the open sentence

around for their convenience. S .

~

It would geem that if the teachers want ;tudents to be»able\to
golve open gentences with the placehoidere in positions a, b, and ¢
equally well, students will have to be provided with more experiences
with divisién open sentences with the placcholder in the a position.

g. Significant_1§§e?qsf}ons'ekisted among the following factors:

grade level, operation, symmetric property, and placeholder
position. , ° "

An examination of the 11 interaction contrasts indicates seven

o

contrasts were significant at the p < .0l level. One contrast was
significant at the p <'.05 level. Three contrasts were not qignificant
at the .05 level.

The two-way interaction contrasts seem to have the highest
significance levels. The éhree— and four-way interactions pgssibly‘
sFaft canceling each‘pther; therefore not resulting in significant ‘ .,
values. Opportunity to learn might account for some of thé interaction's.

As the grade level increases, etudente.have had more exﬁeriences with'
gsome of the open gentence types. One wouid therefore expect that as

‘7'%he grade"level increases, the performance level on the various factors

%
4

4
. N ’
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would incfease. One would expect significant interactions between grade
. - - L3

and the other factors. v e .

Por instance, a significant interaction exi%ts between grade and
mu%%iplication and division: - In the fourth grade, students have had
little experience with division, while having had a year or two of
experieﬁce with multiplication. By the’ sixth grade, students have
studied muitiplicétion and division for two additional years. One
would exﬁec;,-therefore, that as grade level increased, there wouid be

=

a changevin performance level on multiplication and division open

prade x Placeholder, MD x LR, MD x LR x G, LR x P, apd MD x LR x P.
6. The perfé;mance level of subjecgg,dh open number Sentences

-

which have ﬁo whole numbe:\gglutions was significantly
different from the performance level of subjects on open
,sentences which have whole number Eolutions;
Within each grade level, the mean correct responséa for the eight
open sentence types having whole ﬁumber solutions was greater than the
mean’ correct responses for the eight open sentence types having no

whole number solutions. The Wilqoxen test indi¢atd that with p < .05, sig-

nificant differences existed between the mean correct responses offered

to the open sentencesuhavingiwhole number solutions and the mean cofrrect

responses to the open sentences having no whole number solutions. This
seems to indicate that student performance level 1s higher on open
sentences with whole number solutions than on open sentences with no

whole number solutfons.
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These results are in agreement with tNe results from Weaver's

,
-

(1971) stud&.. Within grade one, percentages of correct responses
differed by 1 percent; bein;gf percent higher for the open sentences
with no whole number solutions. Within grades twoJand thrﬂp'however,’
the performance level was noticeably higher on the open sentences

with whole number solutions than on the open sentencqs”with ﬁé%Qhole
number solutions (grade two, 64% ¥8. 48%Z, and grade three, 77% vs. 51%).

A partial explanation for the gsudents higher performance level on
open sentences with whole number solutions might be their Oppoftunity |
to learn. There were no examples of open sentences with no whole number
solutions within their textbooks. With one exception in thQ\fourth grade,
the open sentence types with no whole number solutions were rated the
lowest by the teacgers. In other words, teachers recognized thaé
studenté had not had much exposure to these open sengence tYpes and
therefore anticipated their performance level would be low.

It would seem_that, if teachers want students to be able to rec;gnize
open sentenceg’ which have no whole number solutions, experiences with -
these open seﬁtences will have to be incorporated within the mathematics
program.

7. Relative to the open sentences with no whole number solutions,
there was no significant difference between students' per-
formance level on m&ltiplication (division) open sentences
in which the product (dividend) was a product of the basic
factf and students' performance.level on multiplication

(divislon) open sentences in which the "product" (dividend)

was not a "product" of gome basic fact.
‘ .
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The mean correct responses to the "not a basic fact" open sentences
N .
was 80.12 percent. while the mean correct responses to the "basic fact"

open sentences was 82 88 percent. The data were tested by the Wilcoxen
signe%aranksltest. No significant differences resulted (p < 4168)
It appears that studcnts can~recognize both types of open sentences (no
whole number solution open sentences whose product is a basic fact
product and sentences whose "product" is not a basic fact product)

equally well.

My

Recommendations for Future Research

The results x¥dported in-this thesis need to be éxamined for validity -
with students of different mathematical backgrounds. The present study
needs to be extended beyond the set of whole numbers. For exampie,<wou1d
similar results occur if the domain was extended to include integers and
rational numbers? In terms of instruction, this is extremely important.

In the elementary school, most of the student's work is with the set
+ . N

of whole numbers. ‘Will the student's'abiiity to‘solve problems within the
whole number domain be systematically;carried over to the other domains?
Or, do students need to be guided and/or instructed in order to-achieve
a systematic transfer of knowledge to the larger number domains?

A study is needed to explore why the results reported in thise
investigation occurred. Placeholder position a division open sentence@
wele answered incorrectly more often than any other open sentence type. )

W7 = 4 BM+2=7,and B + 9 =8 are exaﬁples of operation-left

& :
' open sentences which were answered correctly only Bz percent to 44 percent

. ‘ ) r% ) . ] 0
| 12 ' ' ¥
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" of the time. 8 = 4+ 5, 8 = W+ 6,,~<va‘pd_5 =l + 3 are examples of

o

operation-right open sentences which wére:hnuwered correctly only 27

percent to 31 percent of the time. Overall, placeholder position a
g '

-

received the lowest percentage of correct ‘responses. Is there something

that makes this placeholder'position more diffiéuléf

had-ﬁpre expefienceq with placeholder position a,

b4

nl& the same
probiems persist? |
ﬁultiplication open sentences were answered correctly more frequently
th;n division open sentences. Is this attributable'to more experience
with one‘operatipn»than with the otheé% Is thére somethi;é intrinsicglly
m;fe difficult about the division operation? 1Imn thét évent,‘can one
g#pect perfdrmaﬁce on division open senfences wiil always coﬁsistently
lag behind pgrfo?mance on multipliéatioﬁ aopen sentences?
Opératioﬁrleft»open sentences were ansﬁered\correctly more fre-
quently than operétion-right open sentences. Similar questions should
be exploréd to find out why students' performance level is higher on
operation-left open sentences. Given more experiences with operation;
right, would the differences in perfgrmance levels decrease?
Two pajor questions arc reoccu¥ring; First, is étudent cpportuniiy
to learn the ﬁajqr factor accounting for the low performance level on

selected open gentence types? In other words, if students regularly

explored and solved all the open sentence types, would the performance

'levels be approxihately equal? Secondly, is there some intrinsic

difficulty within some of these open gentence types which makes them

more difficult to solve than others?

-

f the sf:uglents @ ~
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A study invdlving the "effectiveness"‘of teaching. a systematic

methdd of solving various open sentence types to students would be

of interest‘dlsb. For exaﬁple, would students' performance level

~ improve if students were taught the factor pfoduct‘relationship?
v v o

"Given two factors, the students are taught to multiply.b Giﬁen'a

Al

" factor and a producti, the students are instrugted to divide in order

to find the remainiﬁg faLtor. 1 , e

‘ A second method of instruc;io;“might be the "doing, undoing"
commutativity'idea. ‘Students could be’taught’tﬁat a product r;sults
from multiplying two factors. Thqrefofe, if a product and a factor
are given, one can "undo'" the-product by going the opposite operation,
thgt is, dividing. If the students learn the "doing, undoing" idea,

can they relate one open sentence type to another successfully?

-

Students could be taught indepéndent methodéifor solving each

" open sentence typeQ_ Since there are 12 open sent\:Fe types, students

could be taught 12 rules, one for solving each open sentence.
Many unanswered questions remain concerning open multiplication
and division sentences. Answers will come as studies investigating

the above questions'aré conducted. In thé mean time, teachers should

"be made aware of several things. Placehglaer position a needs special

consideration. One can no longer assume that if students can solve
open sentences with the placeholder in position b or ¢, they will
also be able to solve similar open sentences with the placeholder in

a position., If teachers expect students to correctly solve placeholder

L4
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poéition a open éenteﬁces, specific experiences with plaqeholder
position a must be iﬁcorporated in the mathgnatica program. Because
etu&ence can solyeﬁoperhtion-left oben aentenéeeiia no guarantee |
they can aolve}operaqion-right open sentences. SFudentg need
experiences with both types of open sentences. Students give
cérrect reepoﬂbés to division open sentences less frequently than

‘ tﬁg§ do to muléiplication’;peg sentences. More attention and

concern need to be given to division open sentences.

»
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