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PREFACE

In American schools today nearly everyone of the roughly 30
million students in grades K-8 studies basic mathematics. The in-
struction is provided by at least 750,000 different teachers with
extremely varied prepavation, experience, and interest in mathematics
teaching. At the high sthool level, about 9 million students are

earolled in hundreds_of different special courses ranging from re-

e m-tgi@diale arithmetic and elementary algebra to computer science and
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calculus. These students are taught by at least 75,000 different
teachers -- most specialists in mathematics, but again with widely
Varyingwabilities,hobjectives,uandfmethods'for“mathematiCS”instruc="

tion.

Despite this immense diversity of student, teacher, and insti-
tutional goals and capabilities, the continuing debate that influ-
ences .program priorities and resource allocation makes frequent re-
ference to supposed ''mational trends'" in the practices and attain-
ments of méthematics teaching. Because many of its member organiza-
tions have a vital interest in the health of school mathematics, the
Conference Board of the Mathematical Sciences appointed in May, 1974
a National Advisory Committee on Mathematital Education kNACOME).
The Committee was directed Lo prepare an overview and analysis of
U.S. school-level mathematical educatior -- its objectives, current

practices, and attainments.




The members of NACOME include Robert P. Dilworth, James F. Gray,

Shirley Hill (Chairperson), John L. Kelley, Peggy Neal, Jack Price,
and Rheta Rubenstein. This Committee brought .a wide rangé of ex-
perience and expertise to the very difficult task of surveying and
analyzing practices and issues in mathematics teaching from kinder-
garten through senior high school. Taken together, their current
activities span classroom teaghing of mathematics from elementary
grades through graduate school, mathematical research, pre- and in-
service teacher education, curriculum development and implementation
projects, supervision of curriculum and instruction, and evaluatiod
of programs in school mathematics and teacher education. Their ex-
periences include such activities in rural, suburban, and urban
schools from across the United States and several foreign countries.
Furthermore, they have been active as leaders of state and national

professional organizations in mathematics and mathematics teaching.

NACOME invited input for the study from all concerned profes-

sional groups and individuals and has profited immensely from infor-
.. . . _mation and.insight they have provided. .We are particularly grateful

to the officers, committees, and administrative staff of the National
Council of Teachers of Mathematics for assistance throughout the
study, including financial support for an exploratory survey of ele-
mentary school mathematics teaching practice that was vital to our
work. The Association of State Supervisors of Mathematics provided
important assistance in our effort to assemble an overview of emerg-
ing programs of objectives and assessment at the state level. ‘The
documents and personal observations provided by these state leaders

|
were of immeasurable value in giving naticnal perspé¢tive to current ‘
3

RNV

practices and issues in mathematics teaching.

The NACOME overview has also drawn on information from a num-
ber of recently published reports, including the survey of Course

Offerings and Enrollments in Public Secondagz Schools of the National |

Center for Educational Statistics, a survey of Computing Activities in

iv
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Secondary Education by the American Institutes for Research, and

various technical reports from the 1972-73 National Assessment of
Educational Progress in mathematics. We are in debt to all these
organizations for access to advance copies oi these important docu-
ments. v

In portraying current trends in curriculum and instruction we
have utilized information provided generously by directors of many
major research and development projects mentioned in Chapters 2 and
3 of our'réport. Special insight into the progress and promise of
computers in mathematics education came from members of the 1972 CBMS
Committee on Computer Education and several other consultants. Sim-
ilar advice on the statistics and probability curriculum came from
the Joint Committee of the American Statistical Association and the
National Council of Teachers of Mathematics. The NCTM Commission on
the Education of Teachers of Mathematics provided inforﬁation from N
an exploratory survey of teacher education activities and, ﬁﬂ%dﬁéﬁﬂ:M“m

deliberations at their meetings, helped us to identify important

_issues. in teacher education. -In--attempting to-assemble dn “accurate "

picture of trends in the practice and results of standardized test-
ing we were aided by information frdm developers of several major
tests. Publishers of widely used mathematics textbooks provided
similar information on the content and style of instructional mate-
rials. Research on many broad questions was expedited considerably

by assistance of the ERIC center at Ohio State University.

Overall support for the NACOME project was provided by the
National Science Foundation. We are particularly indebted to Pro-
fessor James Wilson of the University of-Georgia for his continual
input of information and imsight throughout -the study -- initially
as a member of NACOME and then as NSF liaison for the project during

1974-75 when he was on leave at the Foundation.
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We are deeply indebted in myriad ways-tb our Project Director,
Truman Botts, and our Executive Secretary, James Fey. Truman Botts'
efficient organization and administration of the project have made
the work of the committee not only possible but enjoyable. And it
is impossible to overstate the crucial nature of the role James Fey
played in this study and the impressive manner in which he played
it. The collection and organization of é massive amount of infor-
mation was a monumental task and whatever positive contribution
this report may make can be attributed largely to his judgment and

efficiency.

b Shirley Hill
November 1975 ) Chairperson, NACOME
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INTRODUCTION

For nearly twenty years mathematics has held a position of
unprecedented favor and prominence in school curricula. Spurred by

technological competition with the Soviet Union, federal agencies

-and private foundations have invested heavily in mathematics cur-

riculum development in grades K-12. Mathematicians, teacher ed-
ucators, and classroom teachers have collaborated on projects whose
acronyms have been standard vocabulary in education -- SMSG, UICSM,
UMMaP, Madison Project, SSMCIS. The goal has been major reconstruc-
tion of the scope, sequence, and pedagogy of school mathematics. To
facilitate implementation of the new programs the National Science
Foundation joirned state and local educétional institutions in a mas-

sive effort to up-date mathematical competence of teachers. Yet to-

day mathematlcs teachlng is a troubled profe551on Strident criticism

from coxleagues and the popular press has forced many mathematics
educators to re-examine the wisdom and effectlveness of their wvaried

"new math''.

innovations known collectively and popularly as
Critics of these curricula complain that reform has produced
programs that are excessively formal, deductively structured, and
theoretical -- ignoring essentially intuitive interactién of mathe-
matics with its applications. They argue that ''new math' curricula
fail to meet the needs for basic mathematical literacy of average
and low ability students. These challenges have led to recent pro-
posals for interdisciplinary and career oriented curricula in which
mafhematical topics enter where proven valuable for scientific, tech-

nological, or consumer problem solving. Recent emergence of low cost

" electronic calculators has added another dimension of uncertainty to

curricular decision making, challenging the traditional priority

ix




assigned to avithmetic skill development in grades K-8§. At a higher
level, growing accessibility of computers raises .serious questions

i
about the organization and emphasis of tdpics in algebra, geometry,

and calculus.

Challenges to recent and traditional curriculum priorities are
paralleled by an equally spirited debate over alternative instruc-
tional styles. The model for "nmew math' teaching was Socratic dia-
logue guiding students to discovery of key concepts. There is wide-
spfead doubt that this teaching style ever gained much classroom
acceptance, and mathematics teachers today are struggiing to find
proper uses for a wide range of competing methods -- including lab-- .
oratory, small group, individualized, and computer mediated instruc-
tion. As the management concepts of performance objectives aﬁd
accountability gain influence on educational practice, mathematics
teachers face the task of specifying and measuring accurately the
full range of their expected instructional effects. Teacher ed-
ucators face' a similar challenge in the growing movement *oward per-

formance-based teacher education.

The most public controversy in mathematics education centers
on conflicting reports of student achievement in current mathematics
programs. Critics cite evidence of declining mathematics scores in
California, New Hampshire, and New York and on the nationally known

College Board tests. Defenders of

'new math' offer contrary evid-
ence, point to declining scores in other subject areas, and argue
that measurement of mathematical abilities is an extremely complex
task, interwoven with many crucial factors of school situations.

. Yet there is an uneasiness, widespread among teachers and parents,
that students are not up to par in mathematics. The concern is com-
pounded by disagreement and confusion over proper goals for school

v

mathematics.

Recent changes in American mathematics education have been part

of a worldwide movement to up-date the content and teaching of school

X
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mathematics. The main themes of United States reform have counter-
parts in similar, often more daring, developments in Canada, Japan,
the Soviet Union, Germany, Denmark, Belgium; France, and Great Britain.
The "new math'" is now subject to professional and public criticism in
mawry of these countries too. The process and product of curriculum
change in most foreign countries is easy to describe. Central minis-
tries of education direct curriculum writing teams tﬁat produce syl-
labi and text materials for use throughout the country. The minis-
tries control teacher certification and in-service education, and
they commonly give comprehensivé national examinations measuring
achievement in the syllabi. In such situations diScussion of mathe-
matics programs can focus on reasonably well defined curricula and
pedagogy for which systematic effectiveness measures are available.

In contrast, for American mathematics education fundamental
decisions on curriculum content and instructional practice are trad-
itionally made at the local school level -- usually allowing class-
rooﬁ teach%rs substantial freedom in choice of materials and methods.
The United States does not have official national mathematics syllabi,
teacher certification standards, or achievement tests. School mathe~
matics programs evolve in response to a vast array of professional
advisory group and public pressures -- operéting.on a patchwork infor-

mation base.

Since its founding in 1920, the National Council of Teachers of
Mathematics (NCIM) has been the forum for discussion of issues in
school mathematics. Its commissions have produced periodic influen-
tial guidelines for curricular change and teacher education. The
Committee on the Undergraduate Program in Mathematics of the Mathe-
matical Association of America (MAA) has published guidelines thaf
have had some impact on teacher education. Test syllabi of the
College Entrance Examination Board have long exerted clear (if un-
official) influence on the character of college preparatory mathe-

matics programs, and widespread use of a few commercial standardized

ERIC 13
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achievement batteries almost certainly plays a similar role at lower

grade levels. New curricular ideas have cbmmgg;y made their way

into classroom use through the highly competitive commercial text-
book marketplace where authors and publishers search for a winning
blend of traditional material and fashionable innovation. The strat-
egy of .federal support for curriculum development, a phenomenon of
the 1955-1975 period, has been to generate alternative innovative

programs, not a single approved model.

Given the diverse character of United States school mathematics
programs and the incomplete data base for assessing nature and
quality of the progfams, how can teachers, supervisors, teacher ed-
ﬁcators, or the concerned public make reasoned judgments of compet-
ing curricula and instructional practice? In June 1974, at the re-
quest of several constituent organizations, the Conference Board of
the Mathematical Sciences appointed a Natidnal Advisory Committee on

. Mathematics Education (NACOME). With financial support from the
National Science Foundatién, NACOME has attempted to assemble a com-
prehensive overview and analysis of the current status of mathematics
education K-12 -- its objectives, current and innovative practices,
and attainments. In light of this overview and analysis, the Com-
mittee has formulated specific recommendations on the needs and op- -

portunities for improvement in school-level mathematical education.

The Committee's work was timed to capitalize on publication of
three extremely helpful statistical studies. The National Assessment
- of Educational Progress (NAEP) conducted its first mathematics assess-

ment in 1972-73. Data analysis was completed and Lechnical reports
published in 1975 -- giving the first national profile of mathematical
abilities possessed by 9, 13, and 17 yéar olds. The results of this-
assessment and the mathematics objective framework planned for 1977-
78 national assessment have important implicé;ions for current debate

on the goals and attainments of school mathematics.

xii aie
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Also in 1975, the National Center for Educational Statistics
(NCEé) published results from its 1972-73 survey of course offer-
ings and enrollments in public secondary schools. The most recent
previous report of this census-like school practice survey was in
1960, at the very beginning of an innovative decade in school pro-
grams. Together with patterns in earlier surveys (back to 1890)

these data give valuable perspective to current offerings and trends.

September 1975 American Institutes for Research (AIR) published

a survey of Computing Activities in Secondary Education. Along with

an earlier (1970) AIR study, these data give valuable insight into
the impact that computing is making and the accessibility of future

computer based innovations.

NACOME has examined carefully a fourth source of national per-
spective on school mathematics, the growing trend toward state level
objective and testing programs. With support of the Association of
State Supervisors of Mathematics (ASSM) we were able to survey and
analyze the current goals for mathematics instruction expressed in
state syllabi and to synthesize varied data on achievement arising

from state assessment efforts.

These studies gave insight into the goals and attainments of
school mathematics. But very few data exist to help characterize
the fundamental part of amy program, the actual patterns of class-
room inmstructional activity K-12. Here the NCTM helped NACOME with
financial support for an exploratory survey of curricula, teaching
style, and teacher preparation in elementary school mathematics.
Data from this survey helped the Committee construct more reliable
descriptions of maghematics teaching today, and they suggest impor-

tant directions for future research.

While many educators and laymen criticize the priorities and

achievements of current school mathematics programs, many others

xiii
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appiaud recent innovations and find little cause for alarm in achieve-
ment reports. The issues are complex and the pertinent information
m - e drawn from widely disparate sources. 1In appraising each of
the «ata sources and formulating recommendations for progress in
school mathematics, the Committee has benefited from contributions
of countless individuals and professional groups concerned about the
future of mathematics teaching. Our goal has been to clarify issues
of curriculum and teaching, to identify the range of viable alter-
native practices, and to survey and evaluate information useful in
choosing among the alternatives. Several of the issues have a long
history in mathematics education. Serious gaps in the available

information prevent definitive resolution of many que%tions. How-

-ever, we hdve striven for a carefully reasoned synthesis of current

ERIC
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practices, proposals, and evidence of achievement that we hope will
provide valuable national perspective for crucial decisions facing

mathematics education today.
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] CHAPTER 1. MATHEMATICS CURRICULUM REFORM 1955-1975

Beginning in the mid 1950's, efforts to improve school mathe-
matics emphasized the content of instruction: new mathematical
topics, new organization and grade placements of traditional topics.
Public and professional debate over school mathematics has focused
on the merits of these curricular innovations. To clarify issues
and alternatives in this debate, the present survey and analysis
sought answers to the following questions:

What have been the goals and rationale for recent cur-
riculum developments?

How accurately and broadly are these goals realized in
current school programs?

What potent forces and promising innovations should
shape mathematics curricula -in the years immediately
ahead?

1.1 Geals of the Reform

The initial "new math" curriculum development projects were
directed at the high school program for college preparatory stu-
dents. Rationale and design for thélggjor innovations were for-

- mulated at a series of hmerican and iqternational conferences in
the late '50s apd early '60s. The most carefully reasoned and
influential reﬁort came from the Commission on Mathematics of the
College Entrance Examination Board (CEEB). The Commission Report,
published in 1959, made the case for réform with the following

arguments:

ERIC "
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1. ©Extensive development of new concepts and methods
has dramatically altered the structure of pure
-mathematics. ’

[i]

The spectacular growth of pure mathematics has
been accompanied by successful application of
both classical and recently discovered ideas

to previously non-mathematized disciplines like
biological, social, and management sciences.

3. To meet the fast growing need for mathematically
sophisticated scientific manpower, ‘secondary school
instruction must present new content organized in a
way that helps bring students more efficiently to
the frontiers of pure and apnlied mathematics. [1]

The Commission Report suggested that topics from logic, modern‘
algebra, probability, and statistics be among the new content of
school instruction. But the major recommendations focused on effi-
cient ways to reorganize the treatment of traditional school topics.
Plane and solid geometry were to be integrated in a single course;
trigonometry was to merge with the conventional second year algebra
course; and the entire curriculum was to be unified through judi-
cious use of deductive method, the process of pattern searching,
and structural concepts like set, relation, and function. Through
curriculum development efforts of the Schooleathematics Study
Group (SMSG) and the University of Illinois Committee on School
Mathematics (UICSM) th:

ain themes of the Commission Report were

soon transformed into model classroom course materials.

As the Commission Report was beginning to influence curricula

for college preparatory high school students, the 1963 Cambridge

Conference endorsed the main lines of school mathematics reform in

far more daving Goals for School Mathematics, grades K-12. The
Cambridge Report claimed to express only tenéative views on the‘
nature of a good school curriculum for the future. However, its
striking proposals to acceleraﬁe(and enrich traditional curricula
have undoubtedly influenced all subsequent curriculum research and
development, particularly at the elementary level where inmovation
had only begun in projects at Stanford University and Cleveland,

Ohio schools.




-

The CEEB and Cambridge.proposals were generated largely in res-
ponse to developments within mathematics. But justification on psy-

‘ chological grounds came with the 1960 publication of Jerome Bruner's

The Process of Education. This eloquent analysis of psychological
issues in science instruction was persuasive justificatidnm for
teachers to emphasize concepéual understanding of mathematical

'methodS»f- understanding to be conveyed by stress on unifying struc-

tures of the discipline.

N If the high school mathematics program was to incorporate new
content in a curriculum organized around powerful but abstract.
structuring concepts and processes, preparation in elementary and
junior high school had to change too. At the same.time Bruner fore-
cast improved acquisition and transfer through focus on the struc-
ture of disciplines, he re-emphasized concern for psychological
issues like readiness, intuitive versus analytical thinking and
concrete versus formal experience in learning. These curricular

and psychological forces had a strong impact on thinking about goals

for mathematics instruction K-8.

In materials developed by the Uniwversity of Maryland Mathematics
Project (UMMaP) and SMSG, the traditional junior high review of prdc-
tical arithmetic* was augmented by informal geometry, probability,
algebra, and analysis of number and numeration structures.

SMSG introduced similar topics in its K-6 experimental curricula
-- probing Bruner's hypothesis that "any subject can be taught effec-
tively in some intellectually honest form to any child at any stage
ofF development." [2] Influenced by Piaget's theories of cognitive
development, curriculum developers began careful ahalysis of what’

could be learned by children at various stages of development. These

* held over from days when the junior high school was for many’
students their last formal education.

oo
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studies were reflected in new designs for elementary mathematics
programs in which the preferred "intellectually honest form" of

instruction was often some concrete model of mathematical ideas.

Cardinal numher concepts were deveioped by variations on the
’Piagetian one-to-one correspondence tasks; ordinal number concepts
were developed by manipulation in various systems of rods or blocks.
The clear thrust was to replace an elementary curriculum emphasizing
rote learning of arithmetic by psychologically appropriate instruc-

tion.

1.2 Implementation of New Programs

Critical appraisal of curricular changes is a complex task
involving interdependent judgments of what should and can be proper
goals of instruction. Recent public debate over the merits of '"'new
math" has suffered from the participants' tendency to caricature
both broad themes and specific content of new K-12 programs. Further-
more, in judging the effectiveness of new programs, critics tend to
assume that the curricular designs of major conferences and experi-
mental projects have become uniform classroom practice throughout
the country. As Bruner points out, when major curriculum experi-
mentation got-underway in 1957-1960 developers faced a twofold pro-
blem: 'first, how to have the basic subjects rewritten and their
teaching materials revamped in such a way that the pervading poﬁer-
ful ideas and attitudes relating them are given a central role;,
second, how to match the levels of these materials to the capacities
of students of different abilities at different grades in school."
Q[3] Their efforts took many different forms, and as the initial
material filtered into commercial texts and widespread classroom

use the variation increased dramatically.

Choosing the year 1972-73 (date of the NCES survey of course

offerings and the National Assessment) as a benchmark, NACOME has

tried to assemble an estimate of the national impact that '"new math"

goals have had ®n actual school curricula.
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Senior High School. Carrying influential endorsement of the
College Entrance Examination Board, recommendations of fhe Commission
on Mathematics were immediately realized in high school programs.

The widely u§gd SMSG texts stressed the themes of

--treating inequalities along with equations

--structure and proof in algebra

--integrated plane and solid geometry with coordinate
methods

--integrated algebra and trigonometry

--a twelfth grade course in elementary functions.

As a result, one 1965 survey of College Board examinees [4] showed
that, with the exception of probability and statistics, content re-
commendations of the Commission had entered the programs of many
schools. 1Impact of the Commission plan to prepare students for col-
legiate study at the level of caiculus can also be inferred from the
decline in college offerings of pre-calculus courses evident prior

to 1970, a trend which shows some signs of, reversal today.

The Colleéé Board program and survey indicate changes for
a targeted but narrow sample of secondary mathematics students.
Changes for less able students in conservative systems were undoubt-
edly slower and less pronounced. However, a ''before and after" con-
trast of leading commercial texts reveals clearly the broader impact
of Commission recommendations by 1972-73. And data from NCES sur-
veys of course offerings and enrollments [5] confirm the trend to-

ward new course organization.

The 1960 survey showed a growing proportion of secondary stu-
dents enrolled in mathematics courses. In 1949 only 65% of second-
ary students (7-12) were enrolled in some mathematics course; by
1960 the figure had risen to 73% . Individual increases were pro-
minent in advanced general mathematics, plane geometry, advanced
algebra, and trigonometry -- indicating that students were already
beginning to seek more extensive prepafation for college level sci-
ence study. Furthermore, the 1960 survey revealed that 2.3% of all

twelfth graders were enrolled in advanced mathematics courses such

21




as calculus (3,723 students in 170 schools), probability and statis-
“tics (1,605 students in 58 schools), mathematical analysis (10,430
students in 347 schools), college mathematics (3,260 students in 108

schools), and analytic geometry (4,153 students in 203 schools).

)

Though data from the 1972-73 survey have been reported some-
what differently, making comparisons difficult, they reveal some
very interesting patterns. The number of students Eaking a second
~course in algebra or the new integrated algebra/trigonometry course

had risen to nearly equal the number of students taking elementary
algebra (about 2 million students at each level). The algebra/tri-
gonometry format captured 40% of the advanced algebra regisfrations.
Over 260,000 students were in calculus or other advanced level math-
ematics courses (four times the 1960 figure). Some 500,000 séudencs
were described as studying one of the various expérimental curricula
(SMSG, SSMCIS, UICSM, etc.). Furthermore,"the variety of mathe-
matics courses available to proépective students had expanded dra-
matically since 1960. (see table 1) ”

The impact of Commission recommendations on thinking about pro-

per curricula for schools is evident in the decline of solid geo-

metry offerings (coupled with rise of unified plane and solid geo-
metry courses), growth of the advanced algebra/trigonometry option,
and appearance of many different twelfth year options in advanced
mathematics. These offering and enrollment data are paralleled by
patterns of change in state and local curriculum guides and mathe-
matics objectives, mdst of them formulated during the period of

curricular evolution.
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Despite this formal evidence of "mew math' adoption in schools,
appraisal of curricular effectiveness is stymied by a deeper ques-
tion on which helpful pertinent data are sparse -- were the con-
tent and organizational innovations realized in the classroom pre-
sentations and evaluations of any 1argg fraction of mathematics
teachers?

Do teachers really emphasize the structural properties
of number systems that underlie algebraic techniques,

or do they continue to stress rote memorization of mani-
pulative rules?

Have the common text introductory chapters on sets or
functions led to subsequent ‘coherent organization of
algebra and geometry, or have the concepts and ter-
minology been learned as sterile formalism and then
forgotten? :

If one can infer teaching emphasis from testing practice, the
syllabus of 1972-73 National Assessment [7] gives some insight into
the above questions. After consultation with mathematicians, teacher
educators, classroom teachers, and laymen the NAEP staff adopted a

content/behavior matrix in the form shown below to guide test de-

velopment.* The content dimensions include sets,
Content Number and. |Properties of
Numeration Numbers and
Behavior Concepts Operations Logic
1. Recall of definitions, -

S

facts, and symbols

2. Perform mathematical
manipulations '

3. VUnderstand mathematical
concepts and processes

4. Solving mathematics
problems

5. Using reasoning to
analyze problems

6. Appreciation of

’ mathematics

% The goals, procedures, ‘and findings of National Assessment will
be discussed in detail in Chapter 5.

"




inequalities, functions, probability and statistics, and logic along
with the more predictable conventional topics. But of the 250 items
used with 17 year old studequ, only 15 covered concepts or skills
in these topic areas that &Buld not have been likely to appear in
a similar effort of the pre-1960 era. Balanced appraisal of the
NAEP testing framework hardly suggests a drastically revised second-
ary curriculum, but it must be remembered that the National Assess~
" ment goal was to sample the mathematical accomplishments of all

ability groups, not only the college bound.

Junior High School. Curricular innovation at the junior high
level is generally unencumbered by college preparatory, Carnegie-
unit syllabus traditions. This has made change easier to imple-
ment, yet much more difficult to survey. Courses adjusted to stu-
dents of widely varying ability levels all pass under the title of

"general math'.

Widely used commercial texts that followed the lead of UMMaP
and SMSG experimental material are testimony to an altered junior
high curriculum. Students covering these texts encounter ihe con-
cepts an%w}anguage of sets, algebraic properties of number systems,
non-standard numeration systems, informal properties of number systems,
and number theory -- rich preparation for high school study and a
striking contrast to pre 1960 texts for grades 7-8. These changes
are confirmed by inspection of state and local school objectives
and curriculum guides developed throughout the 1960's. Yet the
question remains: Did the innovations become regular features of

classroom instruction and testing?

NACOME found no firsthand survey data that indicate relative
emphasis of new and traditional junior high school topics. Again
indirect evidence comes from analysis of National Assessment and

commercial standarized test battery syllabi.
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Of approximately 200 itewms used to sample mathematical attain-
ments of 13 year olds, NAEP included very few related to sets (6),
probability (6), inequalities (2), and non-decimal numeration sys-
tems (2) -- topics that entered seventh and eighth grade instruction
recéhtly. There were many geometry items, though stress was on mea-
surement aspects that are not particularly novel. On balance the
assessment item pool shows some signs of a changing curriculum, but

not dramatic upheaval.

As part of the emerging movement toward accountability for
educational programs, both state and local school systems have
begun to make use of several nationally standardized tests. Syl-
labi for those test batteries are developed to reflect common goals
of scﬁool programs, so it seems reasonable to infer classroom em-
phasis“f}om the tests. Unfortunately, the four most widely used
batteries‘appear to be measuringfquite different kinds of school
programs. Set concepts, elementary number theory, and geometry
appear in all batteries; but the emphasis varies from slight to
prominent and the knowledge tested is most often only use of lan-

guage and symbolism. !

Elementary School. Recent critics of schools have alleged

broad decline in achievement of basic reading and mathematical
skills, attfibuting'tﬂis decline to curricular innovations includ-
ing ”new-matH”. Evidence that will be presented in Chapter 5 sup-
ports the contention that test scores are falling. But interpret-
ing this trend -as a consequence of specific curricular innovations
is less convincing. Primary responsibility for developing arith-
metic skills lies with K-6 instruction. "Thus this section attempts
a thorough analysis of the character and extent of curricular change

in these grades.

Elementary school curricular change was slower in devel-

oping and more difficult to implement than similar junior or senior

10
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high school innovation. Since each elementary school teacher com-
monly pfovides mathematics instruction for only one class of 30
students, the diffusion of any innovation is a massive undertaking.
Despite their general willingness to try new curricula and teaching
methods, elementary teachers are seldom mathematics specialists

and few in-service training programs prepared them to exploit fully
the letter and spirit of new curriculum materials. The reconstruc-
tion of K-6 mathematics was also dependent on information from psy-
chological studies, including many still unanswered questions about
growth of mathematical abilities in young children. This barrier
to effective curriculum development was compounded by the limited

rolelof experienced elementary school teachers in development teams.

Judging from inspection of popular textbook series or school
curriculum guides, the common elementary program has undergone sub-
stantial change in the past ten years. The label "arithmetic" has
appropriately given.Way to "mathematics" as curricula incorporate
varying amounts of geometry, probability and statistics, functions,
graphs, equations, inequalities, and algebraic properties of number
systems. Despite presence in most text series, these topics are

most often skipped in favor of more time to develop computational

skills that are comfortable to and valued by elementary teachers.

Analysis of National Assessment items for 9 year olds confirms
the picture of slow change in the substance of elementary mathematics-
instruction. Only a few items on sets and twenty-five items on geo- '
metry (about half involving recall of names for figures) are excep;

tion to emphasis on arithmetic concepts and skills.

The most widely used commercial achievement test batteries
vary immensely in the extent to which they test mathematical know-
ledge beyond manipulative skill. Several attempt to probe student
understanding of number and numeration concepts, operations, and

properties, though material on probability or functions or reasoning

11
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patterns is not common. If the new test s-llabi are compared to an *
image of K-6 mathematics devoted to arithmetic computation alone,
they indicate a noteworthy shift toward comprehension goals -- still

falling short of expections in most curricular innovations.

The above collection of information permits 6n1y oblique and

sketchy inference of "

new math" impact on elementary schools. Re-
cognizing the extremely limited data base for decision making in
this crucial phase of mathematics education, the National Council of
Teachers of Mathematics commissioned a 1975 exploratory survey of
second “emi fifth grade curriculum and instructionai practice. Res-
ponses. from 1220 teachers (in a sample of 3000) help elaborate the

scene with data more directly representing classroom activity. [8]

The teachers were asked 120 questions about the content and
style of instruction in their classes, their own preparation to
teach mathematics, and their feelings and beliefs about priorities
for instruction. For instance, they were asked to estimate the

relative importance of skills and concepts as instructional gdals.

Do you prefer a text that has:

a. extreme emphasis on skills and drill (14%)

b. greater emphasis on skills than on concepts and
principles (27%)

c. equal emphasis on both (48%)

d. greater emphasis on concepts and principles than
skills (2%)

e. extreme emphasis on concepts and principles (0%)

The teachers were given the following list of content topics
and asked to report on whether the topics were in texts and state
or local objectives and tests, then to judge instructional time
allocated to each, and to indicate how they established time priori-
ties for instruction.

Computation with whole numbers
Concepts of number and operations
Fractions

12
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Problem solving and applications
Measurement

Metric System

Geometry

Graphs and Statistics
Probability

Relation and Functions

Vot surprisingly, teachers judged that texts, objectives, and
tesiting programs emphasized the first five content topics. However;
65% reported that their textg contained little or no treatment of
the metric system; 45% reported that metric system objectives were
not a part of their stale vr 1ocail ‘syllabi: -50% reported metric
system not a part of system-wide testing; and 61% spent fewer than
5 periods per year on metric system ideas. The most common expla-
nation for slight attention to metric skills and concepts was lack

of suitable instructional materials.

Though geometry is 6entioned as being part of texts, objectives,
and testing, 78% of the teachers report spending fewer than 15 class
periods per year on geometry topics. Graphs/statistics and proba-
bility are reported by many teachers. as not treated in their texts
(52% and 62%), not part of system objectives (40% and 42%), not
part of testing (43% and 58%), and taught fewer than 5 periods each
year (55% and 74%). Over 45% of the teachers judged probability
difficult for students and of low importance, their reasons fdf small
amount of instructional time assigned. While a substantial number
of teachers report material on relations and functions in their
texts (over 70%), nearly half of the teachers report no testing of
these concepts and skills and they devote fewer than 5 class per-

iods per year to the topics.

The impression that emerges from surveying the limited indi-
cators of recent curricular goals is one of modest movement toward
inclusion of new mathematical ideas at all levels and of renewed

emphasis on understanding the structural unity in mathematical ideas

13




and methods. Thé effectiveness of programs aiming at these goals
will be discussed in detail in Chapter 5; but many curricular de-
cisions reflect professional value judgments not éettled easilybby
comparative data collection. Almost as soon as UICSM, UMMaP, and
SMSG began work, disagreement é}ﬁéted over proper content and organ-

ization of mathematics curricula.

1.3 Analysis of the Innovations

The most persistent and influential criticism along all fronts
of recent school mathematics innovation has come from Morris Kline,
o + ‘professor of applied mathematics at Néw York University. For nearly l
twenty years Kline has argued eloquently against reform which he
.

claims emphasizes.

-- novel content such as set theory, Boolean algebra,
topology, symbolic logic, and abstract algebra, which
is inappropriate for school curricula;

-=- rigorous deductive .logical presentation of ideas,
contrary to all historical experience of mathematical
discovery;

abstract ideas not properly grounded in concrete
experience of the physical origins for mathematics;

-~ sterile excesses in terminology and symbolism. [9]

The charges have gained some support among teachers and mathematicians.

1

.

Are the main lines of this criticism on target? Do they accu-
rately represent the goals or accomplishments of recent efforts?
What redirection. of current curricula seems warranted in light of the
criticism? Balanced appraisal of Kline's claims is difficult in
view of the immense diversity of intentions and accomplishments at
various levels of mathematics. Undoubtedly one can locate many
instances of such excess in existing text materials and anecdotes
of classroom observation. But carefully reasoned judgments of reform

efforts can not depend on selected evidence of pathology.

Content Innovations. The criticism of recent content inno-

vations can be analyzed in several ways. First, though several

14
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curriculum projects experimented with teaching concepts from Boolean
algebra, topology, symbolic logic, and abstract algebra, no serious

proposal has urged dropping the traditional subject matter in favor

“of these new fields and this change has not taker place in schools.

The major content innovations recommended by the Commission on
Mathematics and subsequent curriculum projects focus increased
attention on fundamental subjects -- geometry, probability, and

cstatistics.

In our view, the introduction of coordinate and transformation

~methods and solid geometry concepts make the traditional high .rhool

course far more useful preparation for application of geometry to
future mathematical and scientific study. Attempts to include in-
tuitive geometry in elementary and junior high school programs are
equally laudable. But slow acceptance of these topics in new pro-
grams and continuing controversy over the content and organizatioﬁ
of high school geometry are evidence of fundanmental disagreement

over the purpose of school geometry as a whole.

The case for early and extensive school probability and statis-
tics instruction grows stronger each year as demands for statistical

decision making spread throughout all areas of contemporary society.

Though Kline holds little brief for importance in the school cur-
riculum of algebraic concepts like inequalities, matrices, or groups,
we disagree. Numerous p;bblems of optimization in the complex sys-
tems of social and management‘science dehonstrate the growing im-
portance of inequalities and matrix methods. Algebraic structures
like groups and fields can also be justified by emerging applica-
tions - at a high level of science, but the case for inclusion -of

these topics is interwoven with pedagogical issues too.

T

The popular image of 'new math" content innovation centers

o
on set concepts, algebraic commutative/associative/distributive

15
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properties, and number bases. Being most unlike Eraditional_school
mathematics, these topics were often featured at exhibitions of
"'mew math'" for parents, and they did find substantial space in both
experimental and commercial texts. Debate over the merit of these
topics has, in our view, taken too little care to distinguish be-
tween ends and means of curricular experiences. The most convinc-
ing arguments for including set concepts and terminology in school
curricula rest on the role that these ideas can play in organizing
other mathematical facts and methods ~-- in demonstrating connections
between apparently different mathematical tools so that acquistion,
retention, and transfer can be enhanced. Set theoretic ideas offer
another vehicle for explaining, illustrating, and practicing basic
mathematical concepts and skills. A similar argument supports in-

clusion of algebraic field properties in study of number systems.

"The subtle function of these unifying concepts was often poorly
incorporated by new curriculum materials and by classroom teachers.
Early modern textbooks began with chapters on set concepts, language,
and bperations; but the balance of these books used little more than
the notation of sets. For example, some teachers began '"taking off
points'" for answers not enclosed in curly brackets. They drilled
young children in correct spelling of the "commutative", "associa-
tive", and "distributive' terms rather than useful application of
the concepts in computation. " The proposed means to deepen under-

standing of useful mathematics became ends in themselves.

Experience with these new ideas over several years of class-
room implementation has now led to a much better perspective in bopﬁ
texts and teaching. Furthermore, so-called "second round" vurri-
culum development projects of SMSG, the Secondary School Matiematics
Curriculum Improvement Study (SSMCIS), and the Comprehensivi 32chool
Mathematics Program (CSMP) are generating promising approact.a for
introducing the concepts and new curriculum structure which cavital-

izes on their unifying power.

16 '
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Role of Deduction. The second major criticism of ''new math"

»

innovation is overemphasis on deductive presentation of ideas. We
cannot deny the contention that historically most mathematical ideas
developed intuitively out.of physical analogies and generalizations
based on simple cases -- that formal logical organization is an end
product of inductive exploration and analysis. But the transforma-
tion of this view into telling criticism of recent school mathemat-

ics innovations fails on at least three counts.

First, the new programs have by no means adopted a uniform de-
ductive presentation of ideas. Analyzing the elementary texts of
SMSG, E. G. Begle [10] has convincingly refuted Kline's charge of
pedagogy ruled by logic. At the high school level, the traditional
geometry course experience in deductive reasoning has been reorgan-
ized to give a more realistic view of the role played by axioms and
formal definitions. In contrast to the earlier pattern of listing
all axioms, postulates, and definitions at the outset, new geometry
texts introduce assumptions and terms throughout the course only

when it can be demonstrated that further inference depends on them.

Newer programs do give emphasis to deductive reasoning in alge-
bra I, algebra IIL, and trigonometry, but the rationale for this em-
phasis is not based on naive misunderstanding of mathematical methods.
It is instead grounded in the hypothesis that students peréeiving
the structure of mathematical ideas will become more effective learn-
ers and users of the subject. The deductive organization of facts
and methods in number systems or algebra is only one of several

vehicles for conveying structure. .

A third weakness in Kline's criticism of logic in school math-
ematics is his reliance on the creative experience of great mathema-
ticians for insight inﬁo proper pedagogy for all students. Most of
our students seek from mathematics a collection of well established

concepts and methods that can be applied to, problems outside of

17
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mathematics. It is not at all clear tc us how organization of these

tools into logical structure will be necessarily a barrier to learn-

ing -- though in many cases initial presentation might well be guided
by psychological rather than logical organization.

No doubt some recent curricula and instructional trends have

over-emphasized or misunderstood the proper interaction of inductive
and deductive methods in mathematics. Yet logical reasoning is one
of the fupndamental characteristics of mathematical thought and a

crucial contribution to problem solving. Ignoring logical structure

in school mathematics would be a serious mistake.

Role of Abstraction. A curriculum organized by broad struc-

tural concepts and processes is predicated on the ability of learners
to make appropriate abstractions and generalizations. These ab-
stractions arise from, but ultimately transcend the limits of, spe-
cific concrete representations. Addition of numbers is originally
suggested.by combining sets of blocks or sticks or beads; properties
of measurement are observed in constructing rulers, protractors, or
balance scales; group theorems are suggested by similarities and
differences among whole number, integer, and rational number opera-

tions.

Proper timing and balance of concrete and abstract experiences
has been a fundamental pedagogical problem in recent curriculum de-
velopment. Kline argues that new programs consistently err in the
direction of premature abstraction; but again, Begle has analyzed
Kline's charges in light of SMSG text material and found them to be

unwarranted. [11] The basic thrust of K-6 innovation has been to

~replace traditional rote learning of formal arithmetic with mean-

ingful development grounded in physical experience. With this back-

ground, secbndary level courses appear less forbiddingly abstract.

Current school mathematics curricula can probably be improved
by more creative interplay of concrete experience and abstract ideas.

1
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SeveralJ

'second round" projects have shown ways that this development
might proceed. Reaction against abstraction at any level denies®the
very real contributions that its process and product make to mathe-
matics and would be a step backward in developing improved school

programs.

Role of Symbolism and Terminology. One prominent manifestation

of abstraction in mathematics is the symbolism used to convey ideas.
Since early Babylonian and Egyptian efforts 5000 years ago, mathe-

maticians have groped for even more efficient numeration systems to

vecord quantitative information. It was an attempt to improve teach- |

ing about numeration that led to one of the best known features of
""mew math" -- number bases.

Research on arithmetic difficulties of youné children shows
that inadequate understanding of our decimal place-value numeration
system is one of the most common barriers to improved computation.
Reasoning that work with other numeration systems would highlight,
by contrast, the essential features of base 10, many curricula intro-
duced extensive activity with base 2, base 3, Egyptian hieroglyphics;
and so on. Research has since shown this practice to be relatively
ineffective and already emphasis on "bases" is justifiably declining
in elementary and junior high school programs. A similar appro-
priate fate has befallen the overly rigorous distinction between
mathématical objects and iheir names, most notably the number/numeral
fetish. However, the de-emphasis on both topics must not result in
a loss of the insight tiztat can be gained by teachers and students
through proper understanding of the principles involved.

In a move to clarify the vague language of many traditional
mathematics texts and .instructional traditions, most new programs
strove fb}ggrecise usé,of symbols and definitions of terms. The
effort did not result in any kind of uniform symBolic’conventions

or definitions. For instance, different texts denoted angles and
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their measures with a bewildering array of symbols: LA, KA, mZABC,
XEEZ etc. And there is still lively debate over the preferred de-
finition of angle: union of concurrent rays, intersectien of half-

planes, or rotation. Nonetheless, Kline and other critics have ar-

gued that these efforts at precision have no practical or pedagogi-

cal payoff; they argue that symbols and terminology do not make
understanding -- in fact, excessive formalization is a barrier to
learning. Most recent trends in school texts and teaching practice
indicate acéeptance of that view and return to a much more modest
emphasis on symbols and precision of expression. We only caution
that historically,tge‘pyegise?§ymbqlic‘lgnguage of mathematics has
played an important role in the development and communication of
ideas. The most effective instructional balance of informal and
rigorous expression is a function of mathematical topic, student
aptitude, and student experience. Understanding of this interéction

merits extensive psychological and classroom research.

Furthermore, in a world of increasing complexity weighed down
by a flood of concrete and detailed information, understanding and
skill with processes of abstraction and symbolic representat%on may
be as importanc in the ordinary citizen's equipment for life as were
the purely numerical skills (still not to be neglected) in an earlier

era. Margaret Mead, in Culture and Commitment, and Marshall McLuhan,

in The Medium is the Message, are but two of the many voices which
claim that our young people live in a radically different culture
that we constantly fail (or may be unable) to understand. Character-

"non-linear" multisen-

istic of this world is the constant bath of
sory symbols. General familiarity with symbols -- their uses, their
formalities, their limitations =-- is an educational objective appro-
priately developed in the mathematical area of school life along

with the direct and unique experiences in abstraction and general-i
ization which the subject provides. These elements should never be

completely abandoned in any particular progrém, but developed and

fostered in an appropriately proportioned manner.

20




Summary. The preceding analysis has focused on criticism of
innovation planned or accomplished in recent curriculum development.
From a 1975 perspective the brincipal thrust of change in school
mathematics remains fundamentally sound, though actual impact‘has

been modest relative to expectations.

The content innovations K-12, the emphasis on student under-
standing of mathematical methods, the judicious use.of powerful uni-
fying concepts and structures, and the increased precision of math-
ematical expression have made substantial improvement in the school
mathematics program. Unfortunately, the innovations have not ful-,
filled the euphoric promise of 1960, and current debate seems intent
on locating blame for failures in real or imagined 'new math" pro-

grams. Popular reports of this debate suggest inevitable and bitter

I

polarization of the mathematics community on the issues:

old or new

skills or concepts
concrete or abstract
intuitive or formal
inductive or deductive

This dichotomization of curricular issues does not accurately convey
the intentions or the accomplishments of recent innovations. Fur-
thermore, the acrimonious criticism sends many teachers and laymen
in retreat to truly outmoded curricular goals, r-.ther than moving
forward by building on positive features of recent change to meet

the new mathematical challenges of 1975 and beyond.

Much of this wasted energy and unnecessary battling can be
attributed to a fallacy that seems very difficult to eradicate:
that of viewing the 'mew math' as a monolith, a singfg phenomenon
that one can be for or against. Actually it refers to two decades
(1955:1975) of developments that had a general thrust and direction
but sprang from many roots, took many different and even opposing
forms, évolved and changed with facets disappearing and new ones

arising. Using the phrase "New Math'" to describe this era gives

21
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it the nature and flavor of such phrases as "The Roaring Twenties"

or "The GCreat Society'.

NACOME strongly recommends that all who are interested in what
is going on in school mathematics tod;y, whether as supporters or ,
critics -- parents, teachers, mathematicians, educafionél adminis-
trators, lawmakers -- from this point in time use the term 'new math"
only as an historical label for the vague phenomenon or the very
diversified series of develoﬁments that took place in school mathe-
métics between 1955 and 1975. Reference to current school mathe-
matics, its status, its trends,,anduipS.problems should be_man
only in such common-noun terms as the "present mathematicshﬁ}aéfam”,
"current school mathematics", "contemporary mathematics teaching",

etc.

z
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CHAPTER 2. CURRENT PROGRAMS AND ISSUES

Mathematics program improvements of the 'rew math' 1960's were

primarily motivated and designed to provide high quality mathematics =~

for college capable students -- particularly those heading for tech-
nical or scientific careers. (Cuidance in the curriculum. development
came largely from university and industrial mathematicians, and the
model for curriculum structure was the logical structure of mathe-
matics. Today mathematics curriculum development focuses on issues
largely ignored in the activity of 1955-1970. Responding to the con-
cerns of classroom teachers, as well as educators and laymen inter-
ested in the basic goalsfof general education, attention has now
shifted to programs for less able students, to minimal mathematical
competence for effective citizenship, to the interaction of mathe-
matics and its fields of application, and to the impact of new com-
puting technology on traditional priorities and methods in mathe-
matics. Furthermore, the dominant role of mathematical structure in
organizing curricula has been challenged by many who advocate peda-

gogical or psychological priority in.determining scope and sequence.

2.1 New Curricular Emphases

While each of the above topics (including technology, if not
computers) has been a major issue at some time in the history of
mathematics education, the first section of this chapter is devoted
to a perennial problem once again on center stage -- the relative

importance of '"basic skills."
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Computational Skills. One of the strongest undercurrents in

present curriculum decision-making is pressure to re-emphasize com-
putationél skill in arithmetic and algebra. The trend is undeubt-
edly a response to public criticism of declining computation test
scores. However, NACOME finds the case for such return to skill
oriented curricula completely unconvincing. In the first place,
test score evidence which we have examined does not suggest precipi-
tous drop in mathematics achievement attributable to the content and
emphases of ''new math'. The data are presented and discussed in
Chapter 5 of this repbrt. In general our impression is that mathe-

matics perfbrmance only paralleled, and in some cases resisted, de-
- A . e e :

.

clining performance in all school subjects. Moreover, it appears to

us that the case for decreased classroom emphasis on manipulative

skills is stronger now than ever before. Impending universal avail-

" ability of calculating equipment suggests emphasis on approximation,

orders of magnitude, and interpretation of numerical data -- not drill
for speedy, accurate application of operational algorithms. In high-
er level manipulations of algebra, computers are beginning to demon-
strate new ways of approaching traditional equation solving problems
and the symbolic manipulations that require so much instructional

time in secondary school.

Conceptual thought in mathematics must build on a base of fac-
tual knowledge and skills. But traditional school instruction far
over-emphasized the facts and skills and far too frequently tried to

teach them by methods stressing rote memory and drill. These methods

- contribute nothing to a confused child's understanding, retention,

O
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or ability to apply specific mathematical knowledge. Furthermore,
such instruction has a stultifying effect on student interest in

. .
mathematics, in school, and in learning itself.

Far from ignoring functional competence in basic computational
skills, many teachers of the ''mew math' era sought levels of skill

achievement that had escaped traditional efforts. But they sought
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improved skill performance through deeper student understanding of
the structures underlying computational methods. Though the goal
of increasing computational competence has not been reached on any

"under -

massive national level, this failure does not invalidate the
standing leads to skill' hypothesis. We have reason to suspect that
in many classes teachers very poorly related structural understand-
ing to algorithms embodying the structures. In other classes, teach-
ers made structure a royal road to skill and failed to provide any
emphasis on computational practice. The conviction remains that a
reasonable understanding of unumber and process, supported by neces-

sary elements of practice, can lead to effective computation, while

mere return to rote memorization and drill cannot.

The members of NACOME view with dismay the great portion of
children's school lives spent in pursuing a working facility in the
fundamental érithmetic operations. For those who have been unsuc-
cessful in acquiring functional levels of arithmetic computation by
the end of eighth grade, pursuing these skills as a sine qua non
through further programs seems neither productive nor humane. We feel
that providing such students with electronic calculators to meet their
arithmetic needs and allowing them to proceed to other mathematical

experience in appropriately sdesigned curricula is-the wisest policy.

Applications. Mathematics and science have had a long and tre-
mendously producti?e interaction -- science providing the genesis of
most important mathematical ideas, and mathematics in turn providing
the intellectual tools for description and prediction of scientific
phenomena. The Commission on Mathematics urged strong Secondary
school programs to meet increasing mathematical demands of scientific
careers. But in 1959 this emergence of mathematized biology, psy-
chology, sociology, and management was only beginning at a high level.
Since specific implications and illustrations for school curricula
were not evident, the first generation experimental texts did not

incorporate extensive applications as motivatiocn for learning or as
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practice in the modeling process. Inspection of current commercial
texts, standardized tests, national assessnent items, or state and
local mathematical syllabi confirms the disappointing impression

that "application" in school mathematics means "word problem.' For
most of these problems, the main task for students is translating the
technical jargon of mathematical prose into simpler language and then
into suitable symbolic form. Furthermore, subsequent arithmetic and
algebraic manipulations inevitably lead to simple closed-form solu-
tions which students quite accurately see as applying to few realis-

tic situations...

For years this weakness in the practical problem solving phase
of mathematics teaching has been consistently and broadly criticized,
most notably by Morris Kline. Recommendations on the appropriate
interaction of school mathematics and science have been forcefully
presented in a sequence of curriculum planning conferences.* Al-
though there is general agreement that ability to apply school mathe-
matics is a crucial learning goal K-12, efforts to achieve this goal
take widely divergent and contradictory forms:

Should applications be used mainly to introduce or
illustrate mathematical ideas that have been sequenced
according to the logical structure of mathematics?

Should the scope and sequence of mathematics instruction
be designed to meet the needs of parallel science in-
struction?

Or should the entire school curriculum be reorganized
around broad interdisciplinary problems, with mathe-
matics developing incidentally?

At the elementary level, three curriculum development efforts

stand out as explorations of the way that mathematics instruction

#*Cambridge Conference on the Correlation of Elementary Science and Math-
ematics (1967), Cape Ann Conference on Junior High School Mathematics
(1973), Estes Park Conference on Learning Through Investigation and
Action on Real Problems in Secondary Schools (1973), Snowmass Confer-
ence on K-12 Mathematics Curriculum (1973).
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might interact with applications. First is the Minnesota Mathe-
matics and Science Teaching Project (MINNEMAST) begun in 1961. The
goal of MINNEMAST was production of coordinated science ahd mathe-
matics materials, and at termination of the project in 1970, twenty
nine units for grades K-3 were available -- though not widely used.
Because there was no summative evaluation of the MINNEMAST program
it is difficult to assess its effectiveness or to infer feasibility

of the integrated math/science curriculum style.

A second major elementary project grew out of the 1967 Cambridge
Conference. Unified Science and Mathematics for Elementary Schools
(USMES) aims to develop student ability to make infofmed decisions
on matters affecting their own 1ivés,and society in general. The
vehicle for attaining this instructional goai is a collection of
challenging real but manageable problems to be solved by elementary
school students. The problems are generally interdisciplinary and
it is intended that their solution will lead to learning of concepts
and methods from science, social studies, and mathematics as well

as heuristic strategies applicable in any decision-making situation.
The USMES goal is production of 32 problem units, 4 for each grade
1-8. Evaluation completed during the 1974-75 school year indicates
that these problem solving experiences are attractive to students

and teachers, who see many important mathematical ideas developed by
the units. However, the extreme diversity in patterns of trial usage
make it difficult to judge the potential of USMES as more than a sup-
plement to ordinary mathématics and science curricula. If anything,
USMES teachers have replaced regularly scheduled science time, not
mathematics. Progress Eoward the goal of enhanced student problem

solving ability is very difficult to assess.

The third type of curriculum development relating mathematics

and apblications at the elementary level is Project ONE. This pro-

ject differs from MINNEMAST and USMES in its expressed commitment

to produce what is.basically a mathematics program. However, by
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focusing its objectives on the requisites for quantitative thinking
in realistic situations, Project ONE proposes a breakdown of the
traditional sequential logical organization of school mathematics.
Instead it offers a series of 65 half-hour television programs for
use in classrooms and at home (with coordinated hands-on materials)
organized first to meet the needs of student interest and relevant
problem solving activity. The underlying mathematical ‘themes will
be counting and ordering, measurement, estimation, ratio and size
scalinét and gréphing. These content objectives will be paralleled
by .goals for developing broad heuristic strategies. Clearly the
project aims to use applications to motivate and illustrate mathe-
matical learning; but the criterion of usefulness also appears to
play a strong role in selection and sequence of mathematical topics.
The programs are scheduled to be televised beginning in January 1976,

so it is impossible to estimate their effectiveness at this fime.

At the junior and senior high levels, mathematics and science
instruction have traditionally fitted into separate courses sﬁruc-
tured according to the patterns of parent disciplines and taught by
content spgcialists. Thus it is not surprising that in grades 7-12
most energy has been directed toward supplementing mathematics mat-
erials with appealing motivational and illustrative apﬁlications.
SMSG produced three such resource volumes for teachers; an American
Statistical Association/NCTM Committee on the Statistics and Pro-
bability Curriculum has produced a four volume resource series Sta-

tistics By Example; and a joint NCTM/MAA committee is developing a

Sourcebook on Applications of Mathematics. Research for Better

Schools (RBS) has produced learning activity packages illustrating
the types of mathematics used in a wide variety of non-scientific
occupations. In addition to the resource books, SMSG produced and
field tested several ''mathematics through science" units for sec-
ondary schools. The impact of these resource efforts is difficult
to assess. It is safe to say that they deserve to be much more

widely available and known to teachers.
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There are at least five current curriculum development projects
illustrating major new ways to blend mathematics and appiicatfons at
the secondary level. Following the lead of the Cape Ann Conference
(1973), a project at Boston University is producing seventh and
eighth grade mathematics courses which will emphasize mathematical
thinking in a context of applicafions. From an orientation appar-
ently similar to that of Project ONE, this curriculum will stress:
1. Orders of magnitude and estimation; 2. Functions, graphs, and
their applications to life sciences as well as physical sciences; 3.
Descriptive statistics; and 4. Space perception and representation.
Quite evidently the infusion of an applications point of view is in-

fluencing selection and organization of mathematical topics.

Two other "applications oriented' projects are developing al-
ternatives to the traditional ninth grade algebra course The UICSM:

Introduction to Mathematical Methods in Algebra, Geometry, and Pro-

bability and Zalman Usiskin's First Year Algebra Via Applications

attempt profuse practical illustration of the concepts of algebra
and probability; more important, the materials try to frequently
develop important mathematical ideas as models of physical problem

situations.

The Engineering Concepts Curriculum Project (ECCP) has produced
a senior high course, The Man Made World (TMMW) emphasizing use of
the systems approach to solve social, political, environmental, and
technological problems. The course is interdisciplinary and not in-
tended to replace any existing mathematics course. But the problems
draw on many mathematical methods and several chapters are devoted
to design and application of computers. Many higﬁ school teachers
are finding TMMW a rich resource of ideas for standard mathematics
courses. The material is designed for students of middle range
abiliﬁy and has special appeal for inner city students. Modifications
of the text for use in an activity based junior high school setting

are now available.
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Quite a different setting for mathematical learning is emerging
from the Biomedical Interdisciplinary Curriculum Project (Biomed).
This program for high school juniors and seniors is organized around
concep”s and problems from medicine with topics from science, social
studies, and mathematics chosen as they contribute to‘kﬁe career
oriented educational goals of students interested in the health

sciences.

Of these secondary school mathematics/applications curricula,
only The Man Made World has been-completed and fully field tested so
far. However, the range of developing alternatives offer a genuine
challenge to secondary curricula whose topics are traditionally sel-
ected and organized according to the logical structure of pure math-

ematics.

At elementary, junior high, and senior high school levels, ef-
ficacy of various application oriented curricula can and should be
judged by evaluation of these innovative programs.

Do the applications improve student interest or attitudes?

Does experience with applications improve understanding of
mathematical ideas or problem solving ability?

Do interdisciplinary programs place too much faith in
incidental learning of mathematics?

Which mathematical concepts and skills seem most effec-
tively taught through specific real life models?

While the verdict is still out on these fundamental questions
we urge teachers at all levels to experiment judiciously with avail-
able materials and thus participate in developing balanced mathe-
matical experiences for their students. 'Meanwhile, both the exten-
sive claims for the meaningfulness of applications in the curriculum
and the volume of activity taking place to develop them point to the
necessity of early and serious evaluative efforts to answer some of

.

these questions.
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Many proponents of the application based programs seem to sug-

gest, need for choice between antithetical goals: applications or

theory, problem solving or structure building. We are convinced

that this is a false antithesis, that these aspects of mathematical

education can and should complement each other. As Peter Hilton

has suggested, "if we are to be able to apply mathematics, there

must be some mathematics to apply' and "problems are solved by re-

_cognizing the structure and nature of those problems, and this re-

cognition comes by placing the problem firmly in its appropriate

analytical context." [1]

It is also important that the term "applications' not be con-
strued too narrowly. Applications include all of the practical uses
of mathematics needed by everyone for daily life today and in the
future, a need mathematical educators accept as both valid and yet
poorly fulfilled by present school mathematics programs. But appli-
cations in school mathematics cannot be limited to this important .

dimension. They must include all problems susceptible to mathemati-

2.

cal analysis -- not only those encountered by every citizen in his
daily life. Applications must also include the development and use
of sophisticated mathematical models in the sciences and other schol-

arly fields.

Curricula for Less Able Students. The original SMSG secondary

school courses were designed for college capable students. But sev-
eral subsequent investigations indicated that by slowing the pace of

instruction the same ideas could be learned as well by less able stu-

.'dents. For a short time general mathematics texts incorporated many

“of the content innovations of more high powered courdes and reports

of success were common. The practice of offering Algebra I as a two
year course (grades nine and ten) emerged and is now quite widespread.

Nonetheless disillusion with "

new math'" for low ability students soon
set in. There was public dismay at reported student inability to per-
form practical arithmetic. There were repeated calls to develop more

appropriate curriculum materials.
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Development projects responding to this call have focused main-
ly on>pedagogical innovations to meet the special needs of slow
learners -- variety of activity, physical embodiment of ideas, low
reliance on reading, more practice with skills, motivation by prac-
tical utility of skills, etc. As a result, logical structure has
taken a back seat to pedagogical possibilities in determining cur-
riculum content. For instance, UICSM produced a year long seventh

grade course, Stretchers and Shrinkers, devoted solely to fractions
— ’ y i,

and operations; the companion eighth grade course was all Motion
Geometry. An NCTM committee produced the series of booklets for

slow learners, Experiences in Mathematical Discovery. The booklets

are largely independent of each other im content, with topics chosen
because of practical importance and mathematical appeal to slow

learners.

Students having difficulty with any subject are the first to
ask '"What good is all this stuff?" So renewed attention to low
ability students has strengthened interest in applications. Most
such devélopment -~ specifically directed to non-college bound stu-
dents -- has been generated in local school system and commercial
textbook projects. For instance, Baltimore County Public Schools
have produced modularized applied mathematics courses treating con-
sumer, Qoeational, and technical topics such as renting .'n apartment,
auto mechanics, machine shop, home decoration, etc. There are similar
course materials available in many parts of the country -- for ex-
ample, RBS in Philadelphia, COLAYDA in Denver, and WYMOLAMP in Wyom=-
ing. Recently quite a number of commercial texts have appeared to
meet the demand for high school consumer and vocational-technical

mathematics courses.

The NCES survey data for 1972-73 indicate growing offerings and

enrollments in courses intended for non-college bound students.
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Table 2

U. §. Public Schools Offering Various Mathematics Courses
Given as a Percent of Total Number of Schools [2]

1960 1972
Remedial Math 7-8 -- 9.7%
Remedial Math 9-12 -- 19.4%
Consumer Math -- 2.9%
Applied Math -- 6.87%

The 1972-73 enrollment in these courses and high school general
mathematics was approximately 2,750,000 students, with every reason

to believe the number has increased since that survey year.

The shift of labels from ''the less able" to 'the non-college
bound" in the preceding paragraphs is symbolic of the ever-shifting
nature and description of certaln target populations in mathematics
teaching.A In its inception, '"non- college bound' was synonymous with

"less able."

But changing cultural conditions have led increasing
numbers of students from all levels of ability and high school suc-
cess to become ''mon-college bound", to seek a direct entry into
adult life and work after high school. The general literacy of a TV-
oriented age and on-job training opportunities in many reasonably
high level occupational areas make such a move feasible for these
young people and acceptable to many educators and industries. Sim-
ilarly, various mathematical education programs have been aimed at
target populetions described as '"disadvantaged" or "inner city"

The loose and fluctuating use of these labele has been its own kind
of problem. There are "disadvantaged" youngsters in many places be-
yond the inner city. Neither the disadvantaged nor inner- city pop-
ulations are necessarily less able; certainly many programs work
directly at increasing the college bound numbers from these popula-
tions, rather than capitulating to creation of programs which type

them as non-college bound.

The growing interest in applications, in programs for low abil-

ity students, in the immediate employment needs and upward mobility
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thrusts of imner city populations and other disadvantaged groups are

all reflected in recent developments of career-oriented curricula

t

The broad term "career education" has many definitions. When inter-

preted as a collection of career awareness activities, it seems to

offer valuable enrichment and motivation for current programs. But

if, as some suggest, career education implies reorganization of the
entire school curriculum around preparation for the demands of 15-
20 job clusters, there are serious implications for each of the tra-

ditional disciplines.

The challenge of career education proposals ana the more gen-
eral search for curricula appropriate to students not interested in
collegiate level scientific and technological education has provoked
lively debate on the proper goals for school mathematics instruction.
Contrasting syllabi and texts for the different student audiences,
one is quickly struck by the emergence of two distinct mathematical
cultures -- one focusing on broad structural concepts and heuristic
methods, the other on computational skill and specific techniques
applicable to problems of everyday life and specialized trades. Is
this dichotomy inevitable and appropriate? Are there readily ident-
ified minimal mathematical competencies for every secondary school
student to acquire? Is narrow, career-oriented mathematical train-
ing a suitable or effective alternative to the traditional programs
for less able students? These are fundamental questions that deserve

careful study by all concerned professional groups.

Comguters. Curriculum innovation of the 1960's could only antic-
ipate the educational impact of emerging electronic calculating and
computing technology. Though computers were then in widespread sci-
entific and commercial use, school access via time-shariﬂg or on-site
computers was extremely rare. Thus compuﬁer capabilities influenced

"mew math" only in minor or indirect ways. ..

In 1975 student access to computers is growing, and the pro-

blem solving and instructional potential of computers has become
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much clearer. The American Ins¥itutes for Research (AIR) survey of

Computing Activities in Secondary Education (1975) [3] indicates that

over 58% of American secondary schools now make some use of computers
(up from 34% in 1970). Over 26% of these schools use the computer
to some extent for instruction (up from 13% in 1970), and of the in-

structional uses 43% are in mathematics (down from 47% in 1970).

Computers can influence the content and process of mathematics

education in four basic ways:

1. Mathematics teachers are frequently called upon to
provide basic instruction in principles of computer
science. This includes computer literacy =-- struc-
ture, capabilities, and limitations of computers --
and programming in various special languages.

[p%)

Carrying out high speed arithmetic calculations and
logical operations according to given directions,
computers assist problem solving, exploration of
mathematical concepts, and simulation of complex sys-
tems.

3. Communicating with students via teletype and a pictor-
ial display mechanism, computers can serve as a medium
of instruction -= presenting information, conducting
drill and practice of skills, and engaging students in
dialogue about mathematical ideas -- all generally re-
ferred to as computer assisted instruction (CAI).

- 4. For management of instruction, computers can keep re-
cords of diagnostic testing, prescribe instruction,
and monitot student achievement -- all generally re-
ferred to as computer managed instruction (CMI).

The 1975 AIR survey noted above indicates the relative frequency

of these four instructional computer applications in mathematics:

computer science® 20.6%
problem solving

and simulation ~ 55.3%
CAI 20.8%

CMI , 3.3%

*Computer science usage is reported in a separate category also, con-
stituting 21.8% of all instructional computer use in schools.
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In mathematics the median number of students per school involved
with the computer is 30, likely indicating a select group of ad-
vanced mathematics students. Though some high school texts now
include independent computer programming units, our survey of state
mathematics objectives revealaed only a few modest efforts to incor-*
porate computer goals. Standardized tests and the National Assess-
ment of 1972-1973 include no items related to flow charts 6r comput-
ing, though the planned 1977-78 National Assessment will probabiy

include computer literacy items.

The rapidly expanding availability of computers in schools and
the equélly rapid improvement in capabilities of the machines them-
selves mandates thorough re-examination of the content and methods
of mathematics instruction at all grade levels. The nearly univer-
sal experience of mathematics teachers introducing their students
to computing is a strong boost in student motivation and interest.
There have been particularly noteworthy results with students ident-
ified as educationally disadvantaged. The demands of computer pro-
gramming reinforce desirable mathematical methods such as organizing
information, analyzing procedures systematically, checking answers
for reasonableness, and finding errors. Furthermore, computer access
increases student power to explore mathematical concepts by checking

many examples in search of a pattern.

But computer access suggests more fundamental rethinking of cur-
riculum priorities and organization. If a computer system contains
routines for solving quadratic equations or systems of linear equa-
tions, should algebra students still spend considerable time practic-
ing formal techniques of solution? if computers can generate pre-
cise geometric drawings in appropriate three dimensional perspective,
given only a rough hand sketch, must students devote extensive time
to descriptive geometry? Should probability instruction emphasize
sophisticated combinatorial counting techniques or computer-based

Monte Carlo modeling? Are common fractions worthy of extensive
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school practice when the language of computers is decimals? Should
the curriculum pay more attention to errors and approximation since

computers inevitably truncate or round off all calculations?

Computer capabilities also open up fascinating possibilities
for realistic application of mathematical techniques and simulation
of interdisciplinary problem solving situations. Because computers
can easily cope with complex calculations and numerical values; 6nce
programmedbby a human problem solver, it seems likely that teachers
and students will be able to focus more attention on the modeling
process -- problem formulation and interpretation of results -- and
less on practicing manipulative skills and accuracy.

Efforts to explore the many potential computer contributions to
mathematical ‘learning have been more diverse and less influential
than the major curriculum projects such as SMSG or UICSM. A small
set of formal projects have developed around existing computer facil-
ities. But a great deal of work has also been generated by local
school efforts, communicated around the country by a lively network

of user newsletters.

The major curriculum development project that has explored com-
puter enriched learning of mathematics is the Computer Assisted Math-
ematics Project (CAMP) at the University of Minnesota. CAMP pro-
duced a series of secondary school books (grades 7-12) to be used
parallel to existing curricula. The CAMP texts demonstrated ways
that flow charting and programming of basic mathematical techniques

could elaborate and deepen instruction.

Efforts to replace existing mathematics courses with programs
depending on access to computers -- approaching traditional topics

from novel viewpoints -- have not been prominent. A small consortium

of Denver area schools participated in development of ArSecond Course

in Alpgebra and Trigonometry with Computer Programming. At the level
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<df calculus, the Florida State CRICISAM project has reorganized con-
ventional presentation of elementary calculus in order to take ad-
vantage of computer oriented activities as part of basic concept for-

mation.

Two major projects are currently exploring much more daring re-
conceptualizations of the school mathematics curriculum, fully ex-
ploiting computer capabilities. At the elementary level, Seymour
Papert of MIT Project LOGO is investigating the consequences of de-
signing mathematics instruction predicated on an environment of com-
puters and computer coétrolled devices. Papert argues that computer
access should alter our conceptual approach to basic ideas of geo-
metry and number and also offer a fertile environment for teaching

general problem solving strategies.

At the secondary level, the University of Pittsburgh's Project
SOLOWORKS has explored a similar point of view on computing and math-
ematics teaching. Principal investigator Thomas Dwyer argues that

'computers can provide the vehicle for a learning style with powerful
motivational and cognitive effects if students develop SOLO ability

at programming and then apply their ability to challenging inter-

disciplinary problems. Dwyer claims that a loosely structured ma-
trix of appropriate problems -- not a linear hierarchy of specific
mathematical skills -- is the style of curriculum organization that

will most effectively stimulate powerful mathematics learning.

"The SOLOWORKS project, PLATO at the University of Illinois,
and Huntington II at SUNY-Stony Brook have developed extensive com-
puter-based simulation activities.which give exciting promise of
fulfilling that objective for computer use. For instance, both
PLATO and Huntington IT systems include models of population growth
which allow students to observe the effects of changing birth and
death rates on the age profile of populations in a country. One

Huntington II simulation activity helps students experience the
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inﬁeraction of competitive forces in an economic system. A fasci-
nating PLATO simulation allows students to 'conduct'" research by
probabilistic computer simulation of the breeding of fruit flies.
These projects and several others are also involved in research and
development of what might more properly be labelled computer aided

instruction or computer mediated instruction.

In 1972 a CBMS committee made six major Recommendations Regard-

ing Computers in High School Education [4]. The Committee called

for:

1. Preparation of a junior high school course in "com-
puter 11L€racy i

2. Preparation of text materials for follow-up courses
in computing, modules which integrate computing into
high school mathematics courses, and other modules
which utilize computers in simulating the behavior of
physical or social phenomena.

3. Development of special programs for high school stu-

dents showing unusual aptitude and promise in comput-

er science.

4. A major effort aimed at making vocational computer
training more generally available and at the same
time improving the quality of such training.

5. Development of a variety of programs for the training
of teachers of high school courses involving comput -
ers.

6. FEstablishment of a clearinghouse for information about
high school computer education.

Each of these recommendations is still important today. Com-
puter literacy has not yet become a prominent goal of school mathe-
matics instruction. But whether it enters as a speécial junior high
school course or as a strand woven into the curricula of mathematics
and related school subjects, general understanding of the capabili-
ties and limitations of computers must become part of everyone's ed-
ucation. Contact with computers must expand beyond a few very able
mathematics students. The development of modules that integrate
computing and regular mathematics courses is a sensible first step
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in realizing the extensive impact of technology on the methods of
mathematics;;“However, it is now timely to begin reconstruction of
school mafﬁ;;;tics curricula, choosing content and organization pre-

dicated on universal availability of computers im the near Future.

For several years to come mathematics teachers will very ligely
be expected to carry the burden of computef science teaching éfyghe
school level. Thus computer science education must become part of
the preparation of mathematics teachers. At least one course should
be of sufficient depth to guarantee that the potential teacher can
program in a problem oriented computer language well enough to teach

it to high school students, and ancther should cover the broad issues

involved in computer literacy.

In school systems that have a combination of access to machines
and knowledgeable teachers there.has been a proliferation of local
curriculum development efforts.v But cowputer materials do not

1 "transport' easily. A center that could coordinate the documenta-
tion and dissemination of these existing materials could be a valu-

able step toward much broader school usage of computers,

Calculators. WNearly everyone realizes that computers are wide-
ly used in government, science, business, auad industry; but as a
topic for K-12 instruction, computing still has the image of an ex-
otic luxury, not high on the financial priorities of hard pressed
school budgets. The capabilities and widespread availability of

hand-held calculators cannot be so easily ignored on the school

level. For under $20 students can obtain a dependable tool to per-
Zorm the operations of arithmetic that have long been the focus of
elementary school mathematics instruction. For under $50 high school
students can obtain calculators that handle sll the computational
functions of any ordinary college preparatory mathematics curriculum.

It is extremely difficult to convince students, who have ready access

to calculators, . 9* they must develop facility in mental calculation
40
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assisted only by pencil and paper. The simple arguements "What if

" the calculator is not available when you need it?" or "What if the
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calculator breaks down?" are justifiably weak motivation for ele-

mentary and secondary school arithmetic students.

The challenge to traditional instructional priorities is clear
and present. If mathematics education takes full advantage of the
new technological capabilities, we envision at least the following
kinds of change in school programs. First, the elementary school
curriculum will be restructured to include much earlier introduction
and greater emphasis on decimal fractions, with corresponding delay
and de-emphasis of common fraction notation and algorithms. This
change is appropriate to match the language of instruction to the
language of calculators (decimals). But further justification lies
in the impending metric system adoption, the opportunity to exploit
natural similarities between decimal fraction and whole number algo-
rithms, and the chance to avoid very difficult (and less effectively
taught)j procedures involving common fractions (lowest common denomi-

nator, equivalent fractions, and reduction to lowest terms).

Second, while students will quickly discover decimals as they
experiment with calculators, they willﬂaiso.encounter concepts and,
operations involving negative integers, exponents, square roots, sci-
entific notation and large numbers -- all commonly topics of junior
high school instruction. These ideas will then be unavoidable topics
of elementary school instruction. For instance, students may dis-
cover from the calculator that the product of two negative numbers
is a positive number and computational facility with integers (using

the calculator) will precede, rather than follow, the careful con-

ceptual development of these ideas.

Third, arithmetic proficiency has commonly been assumed as an
unavoidable prerequisite to conceptual study and application of

mathematical ideas. This practice has condemned many low achieving
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students to a succession of general mathematics courses that begin
with and seldom progress beyond drill in arithmetic skills. Pro-
viding these students with calculators has the potential to open a
rich new supply of important mathematical ideas for these students
-- including probability, statistics, functions, graphs, and coor-
*  dinate geometry -- at the same time breaking down self-defeating
negative attitudes acquired through years of arithmetic failure.
Fourth, for all students, availability of a calculator does not
remove the necessity of analyzing problem situations to determine
appropriate calculations and to interpret correctly the numerical
results. The user must still determine which calculator buttons to
push. With de-emphasis on the purely mechanical aspects Qf arith-
metic comes an opportunity to pay close attention to other crucial
aspects of the problem solving process and to treat more genuine
problems with the "messy'" calculations they inevitably involve.
Facility in the mental estimation of arithmetic results, to check
that one's calculator is functioning well and that correct problem

analysis has preceded calculation, will continue te be useful.

. Fifth, present standards of mathematical achievement will most

certainly be invalidated in "calculator classes". An exploratory
study in the Berkeley, California public schools indicated that per-
formance of low achieving junior high students on the Comprehensive
Tests of Basic Skills improved by 1.6 grade levels simply by per-

mitting use of calculators.[5]

Despite the obvious promise of calculators for enriching math-
ematics instruction, important questions of their optimal use must
be investigated by thorough research:

When and how should calculator use be introduced so that
it does not block needed student understanding and skill
in arithmetic operations and algorithms?

Will ready access to calculators facilitate or discourage
student memory of basic facts?

J
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For which mathematical procedures is practice with step-

by-step paper and pencil calculation essential to thor-
ough understanding and retention?

What types of calculator design -- machine logic and dis-
play -- are optimal for various school uses?

What special types of curricular materials are needed to
exploit the classroom impact of calculators?

How does calculator availability affect instructional
emphasis, curriculum organization, and student learning
styles in higher level secondary mathematlcs subjects
like algebra, geometry, trlgonometry, and calculus?

As yet there is very little published research on these ques-
tions -- though we suspect a great many studies ars under way. One
thing is certain. Calculators will very soon be a tool available to
and used by every American. They in no way diminish‘the importance
of school mathematics instruction, but instead allow students to
feel the power of mathematics and free time for teachers to concen-
trate on the conceptual aspects of the subject which are of funda-
mental importance.¥

Metric System. For years mathematics teachers have been

attracted to the elegant simplicity of the Systeme International

d'Unites (SI), known commonly as the ''metric system". While United
States adoption ogﬂs; now appears imminent, the NACOME exploratory

"survey of elementa;y school teachers indicated that schools are not
yet devoting much sgtggtion to the metric system -- apparently be-

cause available curriculum materials do not treat the topic ade-

quately.

The SI implementation involves two changes in curriculum. First

is use of a new set of base units, meters/kilograms/liters instead of

* The remarks on calculators draw heavily on the paper by John Kelley

and Ira Lansing prepared for the Indiana University project on '"Pro-
blem Solving Strategies and the Use of Hand Calculators in the Ele-

mentary Schools'. [5]
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feet/ pounds/ quarts. But more important for mathematics teaching
is a new system of derived units which are related by multiples of

ten easily expressed in decimal numeration.

An NCTM Metric Implementation Committee has carefully assessed
the impact of these changes and made recommendations on desirable
practice in several key areas. They suggest that the adoption of
new base units can be most smoothly accomplished by the strategy
"think metric" that implies & variety of early school experiences
to develop skill in estimating metric measurements and a minimum
amount of conversion between metric and traditional English system
measurements. The shift to decimal representation of measurements
suggests ‘a striking change in the importance of traditional arith-
metic skill with common fractions. As mentioned in the preceding
section, decimal arithmetic is generally fairly easy for elementary
students since it builds on algorithms for whole number operations.
On the other hand, common fraction operations require new skills
that are traditional stumbling blocks for students through junior

high school.

We urge that all school systems give serious attention to im-

plementation of the metric system in measurement instruction and

-that they re-examine the current instructional sequence in fractions

and decimals to fit the new priorities. The NCTM Metric Committee
has produced helpful metric competency goals for students of various
ages, and it appears that commercial publishers are preparing basal
text and supplementary materials that will greatly facilitate metric
instruction. In fact, the move to metric might well give a fresh
boost to teaching about measurement, particularly emphasizing the
importance of physical experience, estimation, and laboratory style

investigations.

Statistics and Probability., Statistics, the science concerned

with collection, analysis, and interpretation of numerical information

b4
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is important in the life of every citizen. It is needed for the
proper evaluation of everyday matters such as advertising claims

about gasoline mileage and relief from indigestion, public opinion
polls and weather reports. It is indispensable for the solution of
policy questions, from local affairs such as property assessment and
predictions of school enrollments to national problems involving un-
"employment, crime, airplane safety and health. Even though numerical
information is encountered everywhere, in newspapers and in magazines,
on radio and on television,.few people have the training to accept

such information critically and use it effectively.

Many recent curriculum planning conferences and resultant devel-
opment projects have given prominent attention to statistics and pro-
ability throughout elementary and secondéry mathematics programs.
While probability instruction seems to have made some progress, sta-
tistics instruction has yet to get off the ground. At the elementary
school level, most common topics are only traditional graphing ex-
ercises and elementary descriptive statistics. Furthermore, the NCTM
exploratory survey indicates that these topics get very little time
in the "average teacher's mathématics instruction. At the high school
level probability topics in Algebra I and II texts are commonly omit-
téd. A one semester senior course in probability and statistics has
gained only a small audience of the very best students. Furthermore,
this course places a heavy emphasis on probabiiity theory, with sta-
tistics, if treated at all, viewed as merely an application of that
theory. Though National Assessment gives reasonable attention to
probability and statistics objectives, current commercial standard-

ized tests do virtually nothing with these topics.

Realizing the need for broad based efforts if statistics is to
take its place in the school curriculum, The American Statistical
Association (ASA) and the National Council of Teachers of Mathemat-
ics (NCTM) in 1967 agreed to sponsor the Joint Committee on the

Curriculum in Statistics and Probability. The committee decided to
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chus its efforts on two tasks. TFirst, school boards, principals,
teachers, and parents would have to be persuaded that statistics is
indeed important and useful and should become part of the elementary
and secondary school curriculum. Second, materials would have to

be prepared which teachers, willing to introduce statistical units

in their courses, could utilize and consult.

To accomplish the first task, the committee prepared a volume

of essays, Statistics: A Guide to the Unknown, in which well-known
statisticians described in nontechnical language important applica-
tions of statistics and probability. A brief glance at the table
of contents shows the broad spectrum of statistical applications:
Man in his biological world; man in his political world; man in his
social world; man in his physical world. It is difficult to think
of human activities where statistics does not get involved in one

way or other.

In considering its second task, the Committee saw no shortage

of good probability texts and they had little doubt that secondary

scho6l mathematics teachers are able to offer work in probability

to studéﬁts who have the necessary mathematical preparation and who
have the inclination to do the work. Statistics, on the other hand,
presents quite a different picture. In spite of the rather wide-
spread belief that statistics is a branch of applied mathematics,
statistics has important extra-mathematical features to be presented
along with the mathematical methods. In contrast to the case of
probability proper, interesting and authoritative teaching materials
in statistics at the pre-college level are hard to come by. It seems
inevitable that for many years to come mathematics teachers will have
to take over the bulk of secondary statistics instruction. But it'i;
unrealistic to expect these teachers to assemble appropriate teaching
materials on their own. The Joint Committee set out to do something

about this void.
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In four booklets entitled Statistics by Example, 52 real life

problems with real data are explored in great detail, extending all
the way from data organization to sophisticated model building. Each
problem represents a series of mini-learing experiences or case his-
tories, and each problem proposes additional exercises and projects.
Some of the examples fit well in courses in the social sciences, bio-
logy, economics, civics, and even history and English, and reinforce
the need to think of statistics not primarily in terms of its mathe-

matical contents but as an interdisciplinary subject.

This past year and continuing into 1976 the Joint Comhittee has
conducted working sessions at regional NCTM meeting to acquaint’
teachers with some of the materials. But much more needs to be done.

Sales of the introductory book, Statistics a Guide to the Unknown,

have now reached about 50,000 copies; however, it appears that the
sales are mainly to college 1eve1 students of statistics as a sup-
plementary readings book, not to the intended lay public. Sales of

Statistics by Example have reached about 15,000 copies, but again

teachers who have tried the materials indicate need for more ele-
mentary reé%urce material and specific guidelines on where and how
to use statistical topics in the normal curriculum. Development of
these materials should have high priority in curriculum making. But
most -important is acceptance of the premise that statistics can and
should be taught all the way from Kindergarten through grade 12.
NACOME recommends that instructional units dealing with statis-
tical ideas be fitted throughout the elementary and second;ry school
curriculum. The following are some possible ways to do so.

1. Use statistical topics to illustrate and motivate
mathematics.

2. Emphasize statistics as an interdisciplinary subject
with applications in the natural, physical and social
sciences and the humanities. Possible interdiscipli-
nary courses: a course oriented towards computers
and statistics; courses in the physical, biological
and social sciences using statigtical tools.
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3. Develop several sebarate courses dealing with statis-~
tics to meet varied local conditions.. Two possible
courses are:

a. A statistics course for high school students with
little or no algebra, especially non-college bound
students or college bound students in the social
sciences who as consumers and citizens must learn
to cope with numerical information. The main
theme of such a course would be "making sense out
of numbers" without getting involved with compli-
cated mathematical formulae.

b. A senior year statistics course with a probability
prerequisite for more mathematical and scientif-
ically minded students. The need for such a course
would be greatly enhanced if CEEB introduced an Ad-
vanced placement Program in Statistics and by the
inclusion of substantial statistical problems on
standardized tests.

Summary. The above outline of prospective curriculum develop-
ment in school mathematics suggests an exciting period of innovation
ahead. Better use of applications, calculators and computers, or
probability and statistics, and appropriate response to career ed-
ucation demands will necessitate substantial curriculum development
and teacher education efforts. Impending adoption of the metric sys-
tem of measurement will require a similar national effort K-12. To
meet this challenge, it is imperative that teachers, teacher educa-
tors, and research scientists from pure and applied mathematics re-
establish the powerful cooperative working relationships that char-

acterized innovative efforts throughout the 1960's.

2.2 Curricular Impact of Pedagogical and Accountability Trends

Curriculum content innovation potentially or'already available
to school mathematics could produce during the next decade an even
greater change than the "revolution'" of the 1960's. But the major
issues in curriculum change may well be generated by forces directed
at changing instructional and evaluation practice rather than con-

tent.
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The most fundamental of these férces is the increasing move-
ment éoward specifying goals of education as precise performance
abilities to be acquired by students. Grounded in a combination of
behaviorist psychological theory and public demand to make educa-
tional institutions more clearly accountable for their efforts, the
behavioral objectives style of curriculum planning and evaluation
has become common at every level of education. Because mathematics .
education is perceived to have readily described and measured skill
objectives, the school mathematics curriculum is facing the chal-

lenge to specify its objectives.

As part of the NACOME effort to survey the status ofAmathema- |
tics education in the United States, we have collected whatever pub-
lished mathematics objectives were available in each of the 50 states.: ©
The diversity of this collection defies detailed quantitative anal-
ysis, but there are some general patterns and important implications

suggested by the survey.

With few exceptions, state departments of education and state
supervisors of mathematics have traditionally played an advisory and
resource role in curriculum and instructional development. This role
seems to be changing -- with over 30 states now reporting some form
of mathematics goals or objectives, most of them developed recently. qf
InV12 states the objectives were developed in response to legislative
accountability mandates; in another 20 states the initiative came
from state department of education concern -- quite often as part of
"needs assessment" efforts required to obtain federal support for
educational programs under Title III. 1In 15 states the mathematics
objectives are clearly related to regular assessment programs; that
is, the tests are constructed to match stated objectives or the ob-

jectives are constructed by analysis of a chosen assessment test.

*We must acknowledge the important assistance of the Association of
State Supervisors of Mathematics in conducting this survey.
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The objectives themselves vary widely in organizing framework,
specificity, grade level focus, and content. For instance, in Penn-
sylvania one of Ten Goals of Quality Education states simply:

Quality Education should help every child acquire to the
fullest extent possible for him mastery of the basic skills
in the use of words and numbers. [6]

The Michigan Minimal Performance Objectives for Mathematics are ar-

ranged in a detailed hierarchy for grades K-9 with objectives like:

Given a set of lapeled fractional cut-out parts including
several unit wholes, the learner will demonstrate the re-
sult of adding two mixed numbers with like denominators

of 2,3,4,6, or 8 by fitting the appropriate parts together
and writing the sum as a whole number and a proper frac-
tion. [7]

Each. objective is accompanied by sample assessment items.

The range of objective styles between these extremes includes
moderately specific performance objectives, topic lists organized
by grade or by traditional high school courses title, scope and se-
quence charts arvanged into content strands, or (in a few cases)

only specified levels of attainment on standardized tests.

For instance, typical Wisconsin objectiVes for grade 4 expect
that students should be able to “

‘Determine the factors of a counting number.

Read and write numerals as needed. )
Recognize parallel lines as lines in a plane which do
not intersect. [8]

\Florida establishes, each year, collections of priority objec-
ives to serve as the basis for state assessment. These objectives
are not intended as a comprehensive curriculum. Rather, they "iden-
ify skills (1) which educators throughout the state consider impor-
tant for students to learn, and (2) which can be measured in large
group, standardized testing situations." Some samples from the 1973-
74 objectives for grade 3 include
Given addition exercises with three or more addends which
are grouped within parentheses, the learner names sums
through 18.
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Given multiplication expressions involving products less
than 30, the learner selects the picture which represents
each expression. [9]

The California objective scheme is typical of the content strand
by grade level organization. The main content strands‘for grades
K-8 are: Applications and Problem Solving, Arithmetic/Numbers/ Oper- .
ations, Geometry, Measurement, Probability and Statistics, Relations
and Functions, Logical Thinking. But the presentation of objectives
within this framwork is not a list of discrete behavioral expecta-
tions. It is an expository guide to instructional approach and em-
phasis. For instance, from the content strand on measurement:

Arbitrary Units of Measure

In the introductory stage, pupils first become familiar
with the properties of the objects to be measured. Next
they learn to make discriminations among those properties.
They then learn to compare objects according to the quan-
titative properties they possess in terms such as '"is
equal to', "is less than'", or "is greater than"... [10]

Kentucky objectives are apparently dictated by the state assess-
ment program. For instance, one 1973 objective was

During the spring semester of the eighth grade, Kentucky
pupils will demoustrate application of arithmetic computa-
tion by attaining an average grade equivalent score equal
to or exceeding the criterion (8.7) as measured by the
Arithmetic Computation Subtest of the Comprehensive Tests
of Basic Skills, Form Q, Level 3. [11]

It seems likely that the assessment test plays a substantial de facto

role in setting goals for mathematics instruction in many other states

as well. .

While NACOME was unable to make a similar comprehensive survey
of objective setting practices in local systems and individual schools,
signs point to equally extensive and diverse activity at those levels.
The NCTM exploratory survey of second and fifth grade teachers showed
76% of the districts have published mathematics objectives for stu-

dents. Of those who reported objectives in their state or district,
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52% claimed to base their teaching on thuse- objectives regularly

and another 20% sometimes for some topics.

The process of generating state, system, and school mathematics
objectives has clearly absorbed a great deal of professional time and
energy. This allocation of resources and the educational consequences
of adopting benaviorist principles in curriculum and instruction have
not gone unchallenged. So it seems appropriate to ask '"What are the
potential payoffs from constructing state or local system objectives?"
and '"What forms of objectives are most likely to achieve the varied

goals?"

Arguments in favor of constructing precise behavioral objectives
for mathematics instruction promise benefits in a wide range of in-
structional activities. Some argue that objectives facilitate design
and writing of text material, planning for classroom teaching, and
construction of fair and comprehensive evaluation instruments. Others
cite the usefulness of objectives in setting minimal competence goals
for all students and making schools accountable for achieving their
educational tasks. Several states have begun implementation of
"learner verification' laws that require publishers to provide evi-
dence that their material is effective in achieving its stated ob-
jectives, prior to approval of that material for purchase under the

state text adoption program.

A more fundamental argument for the behaviorist point of view
is the contention that learning a mathematical principle, concept,
or skill is dependent on acquiring a collection of simpler component
performance abilities organized into hierarchies of learning depen-
dence. This Hypothesis suggests analysis of mathematics learning
tasks into subordinate behavioral objectives, design of instruction
to accomplish each of these compbnents, and individually sequenced
and péced instruction that proceeds from pre-test (for placement in

the learning hierarchy), to instruction, to post-test, with the goal
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mastery of each objective. Attempts to implement this type of "in-
dividualized" instruction have led to widespread localized curri-
culum development in which systems, departments, or individual
teachers write their own objectives and key those objectiveé to

learning assignments in a variety of different textbook resources.

Opponents of behaviorism counter that objectives of a mathe-
matics curriculum are really implicit in the problems set for stu-
dents in each section of a text. They claim that detailed speci-
fication of behavioral objectives falls far short of creating lively
instructional material or classroom activity, and focuses on trivial,
low-level skills because those are easy to translate intc the limited
language of behaviorism. They argue that rule by objectives in school
mathematics discourages %pen-ended problems that stimulate student
craativity, offering instead a collection of disjointed training éx-
eré}ses that form a ceiling (not a foundation) for the mathematical

vigion and-ambitions of-students.—

The objection to behaviorism in mathematics education also re-
flects deep disagreement on fundamental psychological issues of learn-
ing theory. The cognitivists claim that while learning of a mathemati-
cal principle or skill might occur by acquisition of many simpler re-
lated skills, this is not in any way evidence that-the optimal learn-
ing situration presents those skills in serial order. They argue for
the importance of giving students generous experience in unravelling
complex problém situations, acquiriag in the process many heuristic

skills that generalize far beyond any specific situation.

One special manifestation of the current interest in objectives
and accountability is widespread concern for establishing minimal
mathematical skill lists. Responding to the question of what mathe-
matics is required by every citizen in order to be an intelligent
consumer, an employsable worker, or an informed participant in social/
political decision making, various state departments of education, an
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NCTM Committee, and many individuals have generated basic compet-

ence recommendations.

tn NACOME proposes no list of our own or endorsement of any other
list. However, we feel it is important to analyze the effect that
this quest for minimal mathematical requirements can have on total
program planning. Identifying specific minimal goals for mathematics
instruction can help assure that important objectives are not over-
looked and that reasonable instructional effort is devoted to those
objectives. At least this assumption is inherent in the widespread
support for state and local objective and assessment schemes. On
the other hand, focus on minimal objectives has several potentially

serious drawbacks.

First, the objectives intended as a miqimum for mathematical
achievement can all too easily become a ceiling also. Particularly
is a reasonable tendency to set very modest goals. Second, focus
orn minimal skill goals can inappropriately constrain planning for
instruction by suggesting that skills must be acquired in a rigid

sequence of mastery level steps. Though arithmetic computation is

y

0 . . et
important for problem solving, one need not achieve complete mastery %

of aritnmetic before gncohntering meaningful probiéms. Some éédéept
areas, not commonly represented in minimal learning goals, serve as
excellent vehicles for teaching basic skills.  For instance, valu-
able practice with arithmetic and graphing skills can develop in the

course of a unit on statistics and probability. Third, in a cumula-

tively structured subject like mathematics, it seems highly unlikely
that fundamental concepts and skills will be passed over by instruc-

tion reaching for higher goals.

Any curriculum design is based on a prediction of the informa-
tion and skills that will be most useful to young people many years

atter the time of instruction. In the rapidly changing technical
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world we experience today, it is hard to have much confidence in any
very specific list of essential skills. If the task of identifying
minimal mathematical competencies leads to careful analysis of the
fundamental concepts and methods that have characterized the dis-
cipline throughout its history, it can Ero?ide useful insight for
curriculum development and teaching. If, as we fear, the search is
for a list of easily taught and easily measured skills it will not

be productive.

One of the unfortunate patterns in American response to educa-
tiqnal innovation is a tendency to draw hard and fast battle lines
between dichotomous positions. From both sides the debate over be-
havioral objectives and their uncritical application in mathematics
instruction has taken on an "all or none" tone. The members of
NACOME believe that the extreme and hard positions taken By some per-

sons on each side of the debate are unhealthy and that both points

-of view lend valuable insight to the design, execution, and assess-

ment of mathematics instruction. But we agree that implementation
of an extremely narrow, overly-specific conception of behavioral
objectives is a severe danger to mathematical education and we de-

plore much of what is current practice in producing more and more

lists of low-level, narrow skills as the sole or major objectivest
of mathematical instruction. We challenge the uncritical accept-
ance of the engineering or management metaphors as the best models

for educational practice.

We urge all mathematics educators to tackle the task of develop-

ing and measuring attainment of the attitudes, problem solving, and
critical thinking abilities traditionally judged so important in
mathematics teaching. We urge similar experimentation with flexible
curriculum structures that nonetheless convey to students the power-
ful unity of mathematical ideas and methods. And we urge that these
mathematical ideas be offered in a variety of instructional modes
until or unless sound research demonstrates (far more convincingly

than evidence now available) superiority of particular methods.
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CHAPTER 3. PATTERNS OF INSTRUCTION

Public controversy over the quality of school mathematics has
tended to focus on issues of content, sequence, and priority in the
curriculum. However, much of the urgent debate within the profes-
sion has centered around recent innovations in teaching styles and
organizational patterns.

The reader is urged to read this chapter with caution, avoiding
over-generalizing. We discuss trends and new directions and chang-
ing patterns as they are seen in the more visible programs, for they

EN
lead educational reform. But we are brought up short by surveys sug-
gesting that very little of this is.in evidence in many cyggs:;oms
across the country. Space devoted to new directioggqis in no way

commensurate with magnitude of present impact.

At the secondary school level, proponents of ''mew math'" commonly
espoused instruction in a style of questioning which would lead stu;
dents to discovery of mathematical ideas. Implicit in this advocacy
of the Socratic teaching model was belief that such learning would
result in deeper understanding, better retemtion, and easier transfer
to novel problem solving situations. At the elementary level recent
findings of psychological research in development and learning have
been translated into prescriptions of imstructional style that alter
significantly the traditional patterns of teacher/student interaction.
Piagetian developmental theory has reaffirmed the importance of
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readiness in planning for concept instruction, and emphasized the

role that action on physical models of ideas plays in such learning.
As a consequence, there has been a strong effort to base much ele-
mentary and junior high school instruction on laboratory or activity
center models utilizing many forms of manipulative macterials and pat-
terns of child/child interaction in'place of the traditional teacher-

directed large class.

Sensitivity to readiness of learners quickly demonstrates the
widely varied skills and aptitudes possessed by any group of child-
ren and makes a strong argument for increased individualization ofk
instruction -- matching the content, presentation mode, and pace of
teaching to the unique capabilities of each student. Current popu-
lar models of individualized instruction, based on a behaviorist
model of learning, cast the teacher in a role of educational consul-
tant. At all levels of instruction there are experiments in which

alternative media act as agent and manager of instruction.

3.1 -Alternatives in Classroom Instruction

A‘typical characteristic of proposed new mathematics programs
at the elementary school level has, been the development of alterna-
tives to traditional teaching practices. Many of these challenges
to the comﬁon format of teacher-directed question and answer develop-
ment and written seat work ('supervised study') fit in one of three
categories: the wide variety of "individualized" iégﬁfuction proce-
dures or classroom organizations, mathematics laboratory activities
and the use of manipulative materials, and interdiéciplinary Lr ‘

problem-centered courses.

Individuslized Instruction. The basic components of an individ-

uvalized program are: a set of objectives to be achieved, diagnostic
pre-tests for each student for each unit of study, a prescription to
guide students through the objectives to be attained, post-tests,

and an opportunity to restudy to mastery. Ideally the student may
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determine personal goals both in content and time, a preferred type

of learning material and pace of learning.

Unfortunately, there are few, if any, ideal individualized pro-
grams, although devotees and users of various types argue their case
forcefully. Critics of individualized schemes focus on four major
weaknesses. First, few such programs really match instruction to
learner styles. The only individualized feature is pace since all
students cover essentially the same materials in the same manner.
The predominant mode of instruction in these programs is teacher-
‘prepared or commercial worksheets or programmed texts. Until re-
cently, there have been few attempts in such programs to allow stu-
dents the opportunity to develop concepts through use of concrete
materials or to learn via any other mode of instruction. For ex-
ample, one of the early individualized programs was the Individually
Prescribed Instruction - Mathematics (IPI-Math) developed at the
University of Pittsburgh. This program is built on a sequence of

359 instructional objectives with a student booklet for each behav-

iorally specified skill. Students take a pretest to determine their

placement within a specific skill and the teacher then writes a pre-
scription for the student from one of the skills booklets. Teaching

is done- by the booklets with little or no outside help for the stu-—

dent. Since each student is expected to pass through all the skills .

in the booklets, the "individualization' refers to the pace at which
the student works. The basic characteristics of individualized pro-
. grams embodied in IPI-Math are now found in numerous other experi-

mental and commercial programs.

While evaluation of such programs indicates that students learn
the mathematics skills included as objectives, critics maintain that
many of the problem-solving skills and attitudes considered to be
part of a good mathematics program are missing. : Responding to this

- concern, a newer version of IPI makes use of manipulative materials
as an adjunct to the regular skills booklets. For the most part,
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however, the program emphasis has remained building computational

skill.

The second main criticism is that most individualized programs
deny the value of students discussing mathematical problems with each
other and with a teacher. The critics maintain that most learning
theories imply the importance of student interaction with other stu-
dents, with teachers, and with their environment. Probably far too
few of the individualized programs in widespread use have provided
for such interaction. Considering the limited time devoted to mathe-
matics in the instructional program, it is clear that in a narrowly
defined "individualized" program the amount of time a teacher spends

with each student is very small.

The third major criticism of individualized programs is that the
emphasis on testing until mastery tends to lead students to shallow
learning of "local" rules and to emphasis on low-level skills. Major

concepts are often difficult to generalize solely from paper and pen-—

.cil activity, particularly at the lower grade levels. The necessary

abstractions often have not been based upon the concrete experiences
of the children. Thus, there is a tendency by the child to learn

just those rules which will allow passing the post-test. He or she
may then be unable to integrate and apply the skills or concepts in

novel situations.

Finally, a major difficulty with most diagnostic/prescriptive
individualized programs is the quantity of required record-keeping-:
The teacher must keep track of what each student has accomplished,
who needs to be tested, what prescriptions need to be made next.

The time consumed by these tasks reduces the time for helping stu-
dents. Some local school districts, as well as commercial publishers,
are. developing computer managment systems for individualized programs.
These computer systems generate and administer diagnostic and post-

tests; make individual prescriptions for learning, drawing on a
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variety of teaching materials; and keep records of student progress.

As these systems become cost effective, they may signal a true break-
through in personalizing instruction for each student. Currently, less
costly alternatives are also possible. With appropriate training and
guidance, paraprofessionals, student clerks, or the students themselves

can do the recordkeeping.

\ Individualization of mathematics instruction at tﬁe secondary
school level has grown in popularity immensely during the last 5 years
~- though data indicating the extent of such innovation is limited.
There have been fewer curriculum development projects or commercially
published systems designed for use in individualized algebra, geometry,
or advanced mathematics courses. But secondary mathematics special-
ists are much better prepared to produce their own objectives, tests,

and guides to learning materials for individualized systems.

.. . ... . .. At the secondary level modular scheduling has, at. least-in
. theory, provided a promising vehicle for individualization and in-
dependent study. For example, modular séhéd&l{ng may provide for
. small and large group instruction as well as individual tutoring on
specific problems, counseling on advanced independent work, and spe=-

cial research projects not otherwise available within the standard

mathematics class pattern. Secondary schools are increasingly using

media/learning centers as the logical outgrowths of the library, and
satellite centers specifically designed for mathematics activities

are encouraging the increased personalizing of mathematics learning.

Activity, Multimedia, Laboratory, and Materials-Oriented Pro-

grams. There has been a great deal of published enthusiasm for
mathematics laboratories and the use of maﬁipulative materials, K-12.
Perhaps the most recent historical antecedents of this category of
organizational style have been, along with other sources of influ-
ence, the Madison Project in the United States and the Nuffield

Project in England.
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The Madison Project was designed to develop a system of teaching
activities based on discovery approaches to learning. The project
lessons and materials emphasize the importance of doing mathematics
rather than simply learning it; and, as a consequence, they stressed
stories, games, and concrete materials to learn new concepts. The
approach required interactions of students with materials and stu-
dents with students. While the Project was never meant to provide
a complete mathematics program, it influenced :ind was influenced by
others which did provide, in a similar conceptual framework, a more
complete mathematics program. The Nuffield Mathematigs Project and
the Mathematics for Schools programs in England met th{é challenge.
These programs were based on the concept of active learning, chil-
dren doing mathematics, éeeing mathematical implications in every-
day situations, aqd conducting mathematical investigations using
everyday materials and ideas. Children worked in teams or individ-

ually on topics that piqued their interest and which had been pre-

~viously developed through task-card activities.-

In addition to the availability of varied manipulative materials,
increasingly popular open space programs are generally characterized
by the use of varying imstructional styles, multimedia approaches,

variable-sized groupings, and learning (interest) centers. After an

initial motivating lesson by the teacher, students individually or

in small groups select a center and begin working there at the task
indicated. These tasks idéally consist of problems or leading ques-
tions designed to require the student to experiment, infer generali-
zations, draw conclusions, and predict other consequences based on
the generalizations. In ideal form, opportunities for review of the
mathematics concepts or skills needed to work on the problem are pro-
vided within the framework of the task or as a prelude to the task.
Often students rotate through several centers during the development
of a particular unit. Goals of the use of learning centers may in-
clude development of basic skills or the extension of these skills

into higher order mental processes or concept building.
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Criticism of laboratory or activity center patterns of instruc-—
tion focuses on the degree of structure and systematic objective
development involved. Outcomes are not always precisely stated or
tested and clear-cut, systematic goals may not Be evi@ent to the
observer. It is often contended that learning outcomes are frag-
mented, uneven, difficult to assess or even based only on '"faith".
Involvement, motivation, and intense activity do not necessarily

guarantee significant learning.

Séveral current experimental programs are attempting to meet the
common criticisms of individualized and laboratory style instruction
with a blend of activity methods, varied concrete materials, student
interaction>with peers add the environment, and carefully planned
objectives and evaluaﬁion of student progress. The Developing
Mathematical Processes (DMP) program at the University of Wisconsin
attempts to meet those goals. The Comprehensive School Mathematics
Project (CSMP) in St. Louis is another promising form of individu-
alized program -- very different from those with a managérial

orientation.

Even if teachers or school systems are unable or unwilling to
implement an activity based total mathematics program, it is possible

to enrich regular instruction by using some of the manipulative

materials that embody abstract mathematical ideas. One major longi-

tudinal study has pinpointed the effectiveness of such teaching by
teachers who had, themselves, gone through an inservice'training

program directly related to the use of manipulative materials. The

"Specialized Teacher Project [1], one of the California Miller Mathe-

matics Improveﬁent Programs, demonstrated over a three-year period
that students at all grade levels achieved better and had improved
attitudes when taught by teachers who had specific training in the
use of mathematics laboratories and manipulative materials. However,
in spite of the recent publicity and emphasis it is not at all clear

that manipulative materials are widely used. For instance, 37 percent




of the elementary school teachers in the NCTM survey had never used
the mathematics laboratory, and ten percent had never used manipula-

tive materials at all.

Problem-Centered and Interdisciplinary Programs. Perhaps the

instructional pattern approached with most reluctance by mathematics
teachers is the interdisciplinary program whiéh integrates mathema-
tics with the 'sciences and other subject areas. Many such programs
have been attempted during the past 15 years, and up to now we have
seen little lasting effect on the mathematics curriculum. An earlier
discussion in Chapter 2 outlines the aims of MINNEMAST and USMES as
examples of programs in this category.

There are also current projects experimenting with problem-
centered programs in which the emphasis is on mathematics. In one,
located in centers at the Ind;ana University, the University of
Northern Iowa and schools of Oakland County, Michigan, a prominent

component is work with calculators.

The interdisciplinary program concept is achieving a consider-
able degree of implementatién in association with the middle school
movement. The middle school is a different administrative section

_of the grade level pattern, usually (not strictly by definition,
”thbugh) comprising those levels for children about 10-13 years old.
But many people consider middle schools a movement with differing

emphases, identity and definition. Many consider an essential
characteristic of the middle school to be its emphasis on the in-
terrelatedness of subject areas rather than their distinctions.

Some critics urge caution in this approach, expressing fears
that in such programs mathematics becomes overly dominated by the
sciences and other areas and thus not only subsumed but gradually
squeezed out. They also object that there are jusEifications fow

teaching mathematics as a human endeavor in its own right, not
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solely as a support of or application to the problems and methods

of other fields.

Summary. Most exemplars of the instructional patterns discussed

above are to be found at the level of elementary, middle, or some-

!
times junior high schools. 1t appears that less change in instruc—.
tional methodolqu has occurred in the high school, although the

influence of mathematics education reform can be seen in a tendency

toward more Socratic dialogue or genuine discussion rather than the l

"lecture and problem set" tradition.

With an increasing array of patterns of instruction being de-~
veloped and advocated, a sound empirical base for choice and selec-
tion is needed by teachers and administrators. Unfortunately, such
'a basis for decision-making is not yet available, Research does
not present a useful answer at present. It is not that there has

been a lack of investigation of this important question. There

have been many studies attempting to determine the effects of vari-
ous methods of instruction. But‘they do not present strong and
conclusive evidence and almost all suffer from weaknesses in design.
For the most part, the particular methods being studied are poorly
and vaguely defined. Most are based on a small samble‘and offeh
lack a convincing methodology to assure that the method purportedly
being used actually described what "happened in the classroom. The
large projects experimenting with various methods of instruction
have done little summative evaluation. It seems fair to say then

that research presents no convincing case for a particular metho~

dology or pattern of instruction at this stage.

3.2 Alternatives in Instructional Staffing

Alternatives in classroom patterns have been accompanied by re-
lated variations in the role of teacher and other instructional per-
sonnel. Examples are team teaching, differentiated staffing, and

the use of paraprofessionals or vo%ynteer;help.

a
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There has been little re§earch relating variables of instruce
tional staffing and patterns of curricular organization. A study /
by Conant [2], to be discussed later in this chapter, suggests that
in elementary school the percentage of mathematiqs class time de-
voted to individualization increases when paraprofessionals are
used. In that study, while the total time allotted to mathematics
remained at about 18 minutes per day, the time in individual work

increased by more than 40 percent.

In the NCTM survey, 68 percent of the teachers indicated that
they had not participated in any kind of team teaching. In fact,
40 percent of the respondents indicated that they taught whole-class
instruction 50 percent or more of the time. One type of teaming,
the use of specialized teachers, does appear to be prevalent, how-
ever, particularly at the upper grade level in elementary schools.
Of the fifth-grade teacher respondents to the NCTM survey, 38 per-
cent indicated they were specialized in mathematics.  However, there
appeared to be very little difference in the methods that they used

as compared to the traditional self-contained classroom teacher. [3]

It is apparent that we need a body of research bearing on the

complex interrelatidnships among classroom organization and vari-

ations in instructional roles and staffing characteristics.

3.3 Alternatives in Media and Materials

Presumably, changing methods and instructional patterns imply
changes in utilization of different media and materials. Individ-
ualization usually entails a greater reliance on manipulative ma-
terials; multiple texts; tapes, cassettes, films and filmétrips; or
perhaps technology-based media such as the computer and instruction-
al television. But aside from manipulative materials it does not
appear that any of these other media is yet making large inroads in
the mathematics classroom. In féct, the NCTM survey showed that 56

percent of the teachers used a single textbook. Further, the study
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has indicated that 78 percent of the teachers have never used in-
structional television, 83 percent have never used hand calculators,
and 81 percent have never used computer-assisted or computer-medi-~

ated instruction.

This is complicated by the fact that studies investigating the
relative effectiveness of var%ous media of instruction have revealed
no consistent, significant pattern of results favoring either tech-
nology-based or teacher-centered procedures.. In 56 studies of in~
structional television compared to traditional instruction in mathe-
matics, 89 percent showed instructional television doing as well as
or better than traditional instruction, particularly at the lower
grade levels. [4] Although fewer studies have been done for com-

puters, similar results have been indicated.

While development in the area of television and computers is
very active, these media have not -yet been fully.exploited as~teéch~
ing tools of mathematics. It appears that while there is some prom-
ise, this promise has not been realized in most of the mathematics

classrooms in the country.

Both television and computer-mediated instruction meet with

strong opposition from many teachers. Part of the opposition may

come because the early advocates 'came on too strong' and oversold.
Part of this opposition also may come from the threat teachefs feel
because they do not know how these new tools will change their roles
or even how the tools may be used effectively. Further, technologi-
cal advances in the fields are still unknown to most teachers.

Early television programs, for example, were little more than talk-
ing faces presenting materials in ways many teachers felt capable

of delivering themselves. Recent advances in television communica-
tion, however, have led to Sesame Street-type programs which allow
for viewer participation or response and immediate follow-up by the

classroom teacher.
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Computers, too, have moved beyond the early drill and practice
systems. Mathematics students are now able 'to use computers and
programmable calculators as problem-solving tools, as well as in
student/machine interaction, at a level beyond simple drill and
practiée. Individual computer companies have developed uger group
publications which have allowed schools to exchange programs and
cooperate in curriculum development activities. A major problem
with computer-mediated instruction is cost effectiveness. While
costs for some large districts may be low because of volume and the
ability to tie into existing facilities, the computer is still out
of the cost range for most smaller school districts. It is likely
that a lower price tag would result in much wider use of the com-
puter in mathematics classrooms. Breakthroughs in the microcomputer

field may soon provide major developments here.

When any report, conference ot survey attempts to present a
broad view of what is harjcning in tcication, it is unavoidably but
justifiably subject to the criticism that it presents a distorted
view. One of the frustrations of working in the educational enter-
pris¢ is that the very magnitude of the endeavor prevents our ever
getting a truly accurate picture of what is really happening in or-
dinary classrooms across the entire country. When reports and con- =
fecences discuss what is '"current'", weaning what is going on at the
cutting edge of innovation, they sometimes leave the impression that
it is a time of great change and ferment. Meanwhile, back in the
ordinary classroom -- the classroom which is not a part of some well-

publicized, well-funded project —-- we may find little evidence of

profound differences over a decade or so.

3.4 Research on the Teacher and Classroom Instruction
The overwhelming feature of the educational system is its con-
servatism, inertia, and imperviousness to sweeping, profound change.
It accepts, accommodates and swallows up all sorts of curricular
fashions and practices. This is not Lo say theré is never change.
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But reformers may have to be content with the gradual evolution

|
characteristic of The School, as the product of many, many small
but important increments rather than radical revolution. Perhaps
the multi-faceted, complex, bewildering array of alternatives be-
ing tried today represents a recognition of this fact rather than
the confused state or lack of focus which some educators despair.
Indeed this is a lesson we may have learned from "new'math" which
was, after all, a heady time of.common purpose and singular focus

aimed at sweepling change.

The alternative instructional patterns discussed above are
trends in the forefront of educational change; They are the highly
visible, well-publicized manifestations of the educational system's
neeg to experiment, change, adjust, reform. But they are not neces—
sarily descriptive or even suggestive of what goes on in the ma-

jority of classrooms.

The question '"What goes on in the ordinary classroom in the
United States?”bis surely an important one, but in attempting to
survey the status of mathematical education at "benchmark 1975,"
one i1s immediately confronted by the fact that a major gap in exist-
ing data occurs here. Appallingly little is known about teaching
in any large fraction of U.S. classrooms. Such a situation~is in-
tolerable in the face of the growing emphasis on assessmenﬁ, since
exhibited effect generates a need to find cause, and much of.today's
controversy centers on assumed and suspected causes for reported
test results. The vacuum of data on classroom practices should
should give pause to those who present simplified cause-and-effect

explanations. We need information, not scapegoats.

The NCIM Survey. In.an effort to get some information on

trends in teaching, NACOME undertook an exploratory survey of the
characteristics and teaching practices of elementary school.teachers.

The survey, which has been referred to earlier in this report, was
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'funded by the National Council of Teachers of Mathematics and con-
ducted by Jack Price, Jonathan Kelley, and J. L. Kelley. The de-
tailed description of results which follows is taken directly from

their final report to the NCTM. The findings represent responses

room situations across the country.

' from 1,220 teachers (over 40% return) from a wide variety of class-
. a) Procedure of the Study. The study was conducted through
use of anﬁanonymous questionnaire. Three hundred supervisors from
a list of more than 800 provided by the NCTM were randomly selected
and asked *“o distribute ten questionnaires each. These question-
naires were also to be distributed randomly according to detailed
proqedures provided to the supervisors, five to second-grade teach-
ers and five to fifth-grade teachers in the area served by each
supervisor. A post card was provided each supervisor to indicate
when all the questionnaires had been distribﬁted. Post cards were
received from 191 supervisors indicating at least 1,910 question-

naires had been distributed.

- It is conceivable that the method of selecting respondents
through supervisors introduced a bias in the results, since not all
districts have mathematics supervisors. - It might be assumed that
such a bias would result in the group of respondents being more
professional, better prepared, and more likely to try innovative
methods in mathematics teaching than the average teacher.

-

b) Characteristics of Teachers. The characteristics of the

‘ teachers are very important, since the remaining findings should be
considered in light of these characteristics. Differences between
respondents by geographical areas, type of districts, socio-economic
status of the school, and grade taught are small. Fifty percent of
the respondents were first-grade teachers, 47 percent were second-
grade teachers, and three percent.declined to answer the question.

They were relatively young -- 53 percent had been teaching ten years
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or less, and 56 percent were 40 years of age or younger. Over 90
percent of the second-grade teachers and 70 percent of the fifth-

grade teachers were women.

As a group, the teachers liked mathematics -- 65 percent
found the teaching of mathematics very interesting, 45 petrcent pre-
ferred teaching mathematics to reading or social studies, and only
11 percent liked it least of the three. Also, 53 peréent thought
it was the easiest of the three subjects to teach successfully.*

As further evideﬁce, 53 percent believed that their present stu-
dents were doing better than past comparable classes, and only 20
percent thought their students were doing less well than similar

classes.

Eighty~eight percent of the teachers had had two or more
semesters of high school algebra, 70 percent had at least two semes-
ters of high school geometry, 63 percent had at least two mathema-
tics courses in college, and 48 percent had at least two mathematics

education courses in college.

Two of the wmost startling statistics are that 84 percent do
not belong to any professional mathematics organization, and yet 38
percent of the fifth-grade respondents are specialized teachers of
mathematics. There was no dramatic difference between the special-
ized teachers and the others in either training or point of view.
The specialized teachers had a little more mathematical background
and were somewhat more favorably disposed toward mathematics teach-

‘ing.

<*In a study by Jonathan Kelley in the Berkeley, California ééhool

district only 22 percent of the teachers preferred teaching mathe-
matics to teaching the other two subjects, and only 20 percent re-
ported that their students were more interested in mathematics than
the other two subjects. But, 43 percent of the teachers in this
survey reported that their students were most interested in mathe-
matics. [5]
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The picture of the elementary school mathematics teacher
which emerges is generally encouraging. The findings of the follow-
ing sections consequently take on increased meaning as they relate

to the implementation of new programs and new methods of teaching

in the elementary mathematics classrooms.

c) Objectives and Assessment. The questionnaire was designed

to elicit data regarding objectives and assessment, textbook topics
and usage, time in specific classroom activities, and teaching meth-

ods and procedures.

A major effort in mathematics education, as in many other
subject matter areas ovar the past few years, has been the develop-
ment of instructional objectives. Most states now have some kind
of objectives at least for mathematics and reading. Further, many
states and most large districts have developed assessment plans of
varying complexity and value. It was the purpose of one set of
questions to explore whether the extensive work had, in fact, made

an impact on the classroom.

. Apparently, this wofd has made its way to the classroom.
Eighty~three percent of the respondents reported that either the
state or the local district or both had published objectives for
mathematics. Only 13 percent did not know about objectives, and
three percent indicated that neither the state nor the local dis-
trict had them. But, of those who indicated knowledge of objec-
tives, only 63 percent said they made a conscious effort to use

them in their teaching.

Further, 77 percent indicated that either or both the
state and the local district had some sort of mathematics assess-—
ment. Another 11 percent did not know and ten percent indicated
that neither their district nor the state had mathematics assess-
ment. Of those who reported mathematics assessment, 43 percent

said they based their teaching on the results of the assessment.
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d) Textbooks and Topiecs. A major recommendation of the mathe-

matics reform movement has been a decreasing reliance upon a single
source of mathematics information coupled with an increase in topics
not previously covered in elementary texts. Some state or district
"textbook" adoptions have become "instructional systems' adoptions
in which a multitude of supplementary and audio-visual materials and
equipment are made available. Among topics considered new at the
elementary level ten years ago are probability, statistics, the met-
ric system, and relations and functions. One set of questions was
designed to determine whether new topics were available and taught

and whether multiple materials were used in this teaching.

Of the respondents 56 percent used a single textbook.
Another 26 percent used one predominantly among two or more. Only
seven percent used no basic text. Interestingly enough, 65 percent
of the second-grade teachers used a single text, but only 49 percent
of the fifth-grade teachers did. Their texts were relatively new
» and fairly satisfactory; 60 percent reported a copyright date of

1970 or later and 70 percent were very or fairly well-satisfied with

the book. Texts that emphasized skills over concepts were preferred
by 42 percent, and another 48 percent preferred texts that empha-
sized them equally. Only 2 percent preferred texts with emphasis

on concepts over skills.

The texts were followed closely by 53 percent of the
teachers. “However, more than half of the teachers reported that
their students actuélly read less than one page, or at most one or
two pages of textual materials out of every five. It seems likely
that texts are used primarily as a source of problems.

Many questions asked teachers to report the topics stress-
ed in their classes. Detailed discussion of these findings appeared
in Chapter 1. We only recall here that many of the 'new math" inno-

vations like geometry, statistics, probability, relations, functinns,
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and the metric system have apparently made little headway against

the traditional domination by arithmetic computation.

e) Class Time. Earlier studies have estimated actual time
spent during a school day in mathematics activities as ranging from
18 to 37 minutes. The literature reports a trend toward increased
time spent on mathematics in the elementary classroom. This étudy

appears to support the contention.

The average student is exposed to mathematics one—-half
hour or more in ninety percent of the classrooms studied. The
weighted average time in mathematics class for all respondents was
43 minutes.* This largé.time span could have been attributable to
the number of mathematics specialists at fifth-grade level. How-
‘ever, as it turned out, 40 percent of the self-contained classroom
fifzhggradé teachers spent 50 minutes or more daily on mathematics
while only 31 percent of the syecialist teachers spent that much
time. A further breakdown by grade level shows that 83 percent of
the fifth-grade teachers spend 40 minutes or more on mathematics
daily, while 55 percent of the second-grade teachers spend that

“ much time. On the other hand, only five peréent of the fifth-grade

teachers reported less than 30 minutes, compared to 14 percent of

the second-grade teachers.

Of the 4l-minute average class time, 43 percent was spent
in written or seat work. Thirty-six percent was spent by teachers
discussing or explaining and 21 percent in other activities. Thus,
seat work occupied 20 minutes or more for 86 percent of the respond-
ents. Less than 20 minutes was spent discussiné and explaining by
51 percent of the teachers, and 65 percent spent less than 15 min-

utes on other activities.

s

*Teachers in the Berkeley study also claimed 44 minutes per day of
mathematics teaching. However, they in fact spent above 37 minutes,
as indicated by a question of the type, "Of course today may not
have been typical, but how many minutes did you spend on mathematics
today?" [6]
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f) Teaching Methods. The new mathematics movement has been

characterized in part by changes .in the instructional patterns in
the élassroom.‘ A great deal of attention has been given to Socra-
tic-or discovery approaches. Laboratory experiences and reliance
upon concrete, manipulative materials have been the mainstays of
many new instructional modes. Diagnostic/prescriptive teaching,
individualized and small-group imnstruction, team teaching, and
learning centers have been widely reported as activities of modern
classrooms. New technology in the form of computer-assisted and
computer<mediated instruction, instructional television, and hand
and desk calculators have also been indicated as having impact.

At least for the teachers in this sample, there appears
to be more telling than doing with respect to the above instruc-
tional innovations. 'Forty percent of the respondents use whole-
class instruction most of the time, but only six percent.say they
have never tried individualizing. Forty-three pércent of the
second-grade teachers use whole-classroom instruction more than
30 percent of the time, and 39 percent of the fifth-grade teachers
use this method. (This is not entirely consistent with their be-
lief as expressed later in the questiondaire. Only seven percent
felt: that mathematics should be taught in a ‘single group as com-
pared to 84 percent who favored grouping by ability.) It is in~
teresting to note, however, that the specialized teachers at both
levels use whole-classroom instruction significantly less than the
self-contained classroom teachers at both levels. For example,
while 46 percent of the second~grade self-contained teachers use
whole-class instruction 50 or more percent of the time, only 28

percent of the specialized second-grade teachers do.

As might be expected, thg second-grade teachers use
manipulative materials significantly more than the fifth—grade_
teachers; 21 percent of the second-grade specialized teachers in-=

dicate their use nearly every lesson. As a whole, 72 pevcent of
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the respondents say they use some sort of laboratory experience only
occasionally (less than ten peicent of the ﬁime) or never. Computer-

assisted or computer-mediated instruction has never been used by 81

percent of the respondents, and 78 percent have never used instruc- f

tional television. Eighty-three percent have never used hand calcu-

lators, and 68 percent have never tried any type of team teaching.

g) Teaching Experience. In various parts of this report,

characteristicsiof a '"'modern" approach to teaching mathematics have
included use of multiple text materials, individualization of in-
struction including diagnostic/prescriptive teaching, and the use
of manipulative materials, particularly at the early grade levels.
The survey found that the use of these.did not vary much according

to teaching experience. The following table breaks down the three

processes by grade level percent of responses:

Table 3.1

Percent of Respondents Indicating Each Procedure According to

Teaching Experience (Years)

Years of Teaching Experience
1-3 4-10 11-15  16-25 26+

GRADE TWO

Single text

Whole class ‘50% or more

Manipulative materials less
than 1/4 of lessons

GRADE FIVE

Single text
Whole class 50% or more

Manipulative materials less
than 1/4 of lessons

b
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h) Low Socio-economic Status Schools. During the past ten

years, a great deal of attention has been paid and additional funds
have been available to low socio-economic status (SES) schools.
While 18 percent of the respondents indicated they taught in low

SES schools, 66 percent of these second-grade teachers and 67 per—
cent of the fifth-grade teachers had less than ten years' experi-
ence. Forty—eight percent of the second-grade teachers in these

low SES schools were ‘under 31 years old, and 38 percent of the
fifth-grade teachers were. At the second~grade level, 59 percent

of these teachers used a single text, 38 percent taught the whole ,
class more than 50 percent of the time, and 46 percent used manipu-
lative materials less than one-fourth of the lessons. At the fifth-

grade level, 42 pércent of - the teachers used a single text, 31

- percent taught the whole class more than 50 percent of the time,

and 78 percent used manipulative materials less than one-fourth

of the lessons. Even though the teachers’in low SES schools, in
general, were younger and even though they were faced with more
complex problems associated with SES schools, there appeared to be
little difference in approach or materials from other age groups

or other SES schools.

i) Inservice. Finally, no real changes in methods or materials
can take place unless teachers are given the opportunity for inser-
vice training. The implemgnca;ionsof any new program bears a direct
relationship to the understanding of the programvby the teacher and
the amount of assistance the teacher has. Patterns of such inservige
support for curriculum innovation must remain the province of anéther

study.

In this study, mathematics-related courses or workshops
had been taken during the most recent school year by 32 percent of the
respondents, but another 30 percent had not had such experience since
1970. Of these courses or workshops, 40 percent were sponséfed by a

district or a region, and another 27 percent by college extension.
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In actual classroom assistance, only one-~third had help from some
kind of resource personnel, but two-thirds thought such help could
be useful. Twenty-eight percent had never observed another teacher
teach, and a total of 74 percent had observed other teachers at
most four times. Yet 64 percent thought that such observations

could help their teaching substantially.

Mg

Coniclusions. The overwhelming conclusion to be drawn from
these findings is that mathematics teachers and classrooms have
changed far less in the past 15 years than had been supposed. The
following is an over~simplification, but we think not a misleéding
description of the results. 7

1. The "median" teacher is a woman under 40 years of

age who has been teaching ten years or less. She

. took two semesters of high school algebra, two of
high school geometry, and two mathematics courses
‘und one mathematics education course in college.
She belongs to no mathematics teachers association
and has observsd someone else teaching a mathema-
tics class at most two or three times (exclusive
of master teacher, student teacher, and supervising
teacher), but she believes that watching someone
else teach children mathematics could improve her
teaching. She is likely to find mathematics easy
and interesting to teach.

2. The '"median" classroom is self-contained. The mathe-
matics period is about 44 minutes long, and about
half of this time is written work. A single text
is used in whole-class instruction. The textyis
followed fairly closely, but students are likely to
read at most one or two pages out of five pages of
textual materials other than problems. It seems
likely that the text, at least as far as the stu-
dents are concerned is primarily a source of problem
lists. Teachers are essentially™teaching the same
wvay they were taught in school. Almost none of the
concepts, methods, or big ideas of modern mathematics
programs have appeared in this median classroom.

Here are some further conclusions:

1. If there are indeed declines in mathematics test
scores, it is questionable that a large part of that
decline can be attributed to ''mew mathematics' since
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few of the reform movement's suggestions have been
extensively implemented in the classroom.

2. Elementary teachers who specialize as mathematics
teachers of self-contained classrooms, are a little
better trained and have a somewhat more positive
attitude toward mathematics teaching. They seem to
make more use of the concepts and processes of the
modern mathematics program.

3. If there.has been increased funding and availability
of additional help in the lower socio-economic sta-
tus schools reprecented in this survey, these have
apparently not resulted in great changes in teaching
methods .

Other Studies vn Use of Instructional Time. Over the years,

studies have attempted to determine what a teacher does all day.

Few studies, however, have been devoted directly to mathematics in-’

struction. Recent studies by Conant [7], Olson [8] and Kelley [9]
each give estimates of time devoted to mathematics imnstruction in
grades K-6 and descriptions of how that time is spent. Exact fig-
ures vary from study to study. In the 1973 Conant study, done in

Portland, Oregon with 47 teachers, approximately 100 minutes of the

schovl day in grades 1-4 were considered related to imstruction. Of

these minutes, about 18 were in mathematics, and these were equally
divided between individual and whole-class instruction. The 1970
Olson study was national in scope (112 districts) with a large
sémple (18,528 classrooms). It focused on instructional sessions.
At the elementary level, 21 percent of them were devoted to mathe-
matics. In the mathematics classes, seat work took up 39 percent
of ﬁhe time; questions and answers took up another 24 percent; and
individual or small-group work, about 16 percent. Kelley's study
in the Berkeley, Californié, school district in 1970 indicated
approximately 37 minutes devoted to mathematics. He, like Conant,

however, found that teachers spent a large amount of time with

clerical or administrative duties. The result of the 1975 NCTM

survey matched closely those of Kelley's earlier study.
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At the secondary level, there appears to be a fairly consistent
pattern in mathematics classes of 200-300 minutes per week. Olson's

observations in secondary mathematics classes showed the dominant

patterns were: question and answer, 33 percent of the time; seat
work, 15 percent of the time; and individual work, si# percent of
the time.

Additional and continuing studies of classroom practice are
needed to determine whether the traditional pattern of large per-
centages of instructional time devoted to teacher lecture and seat
work on the same materials is changing as more alternatives are

proposed.

Research Needs in Patterns of Classroom Instruction. The NCTM

survey described abovérwas designed and implemented in the face of
a near vacuum of pertinent information. It provided NACOME with in-
teresting, provocative data, but is obviously one small step. Much
more information is needed. Many more questions need to be ans-
wered and many more teachers and other educational personnel sur-

. veyed. Primarily this study provides hints of what is happening in
classrooms and, more important, it may be useful in suggesting

fruitcful directions for future investigation.

It should also be clear from this chapter that we need evalu-
ation and comparative data on the variety of patterns in which in-
struction can be organized and studies of the interrelationship of
variat*oné in teaching and learning styles and their effect on

achievement and other outcemes.

3.5 Summary

As students have individual learning styles, teachers also have
individual teaching styles. To prescribe one style for all teachers

is as mistaken as to affirm a single learning style best for all
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students. Methods and organizational patterns and media are not

" panaceas. Teachers should be eclectic pragmatists, selecting those
methods and materials which seem to work best at a parcticular time
for a particular student.or group of students working with a par—
ticular concept. There are times and situations for which large
group instruction is still appropriate, just as there are situations,
teachers and students best suited to small group or to independent
work. Perhaps.the optimum, judicious mix of all these modes is what
the conscientious teacher seeks. It is unlikely that real educa-
tional progress results when groups lose all balance in passionate
proclamations of their favorite teaching/learning patterns as THE
WAY, exclusive of other patterns. The PR, ballyhoo, bandwagon ap-

proach to educational experimentation is counter—productive.

The recommendations we make are not specific to the teaching
of any describable subset of children, whether gifted students in
the ghetto or low achievers in the suburbs. It is obvious that any
group defined has problems if not unique to itself at least exacer-
bated by its characteristics. But there are commonalities and gen-
eralizations that apply nearly universally as well. One recommenda-
tion for teaching children is just that -- that a wide variety of
materials, instructional methods, and concepts should be availableA
to all children. Each child has the.right to be taught significant
mathematics in a method consonant with his or her learning style by
a well prepared, caring teacher. When we can assure each child

this right, we will have made a giant step toward universal mathe-

matical literacy.
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CHAPTER 4. TEACHER EDUCATIGN

The dominant feature of the mathematics teacher education pic-

ture is the absence of hard data concerning programs and practices,

< requirements, and characteristics of the products. Much of what is
N written, discussed in conferences, and used to justify recommended

programs is -based on sketchy impressionistic data, randow oases of

innovative activity and research, and opinion. It is impossible to
even attempt a description of the "typical’ graduate of a teacher

education pre-service program, much less that same individual after

péssible éxposure to 3 wide variety of in-service training experi-
ences.

Thus we begin with a caveat that the picture we present must be
viewed with awareness of its limitations, for it is necessarily based

on incomplete and even old information.

4.1 Pre-Service Education

Published recent data on the requirements in mathematics and
mathematics teaching methodology of pre-service teacher education
programs are non-existent. And the certification requirements of
the states, while undeniably exerting considerable influence on the
programs, are not reliable indices to what is actually contained in
the institutional teacher education‘degree. At best they provide

minimal, often vague, standards and a base from which inference is

hazardous. At the secondary level, surveys have been conducted

" ERIC 97

Aruitoxt provided by Eic:




recently and additional "information should be available in the near
future. But it is .at the elementary level that variation in require-

here that data are most sketchy and perhaps obsolete.

Prior to the decade of the 1960's the training of elementary

ments, change, and pressure.for change have been greatest and it is
teachers in mathematics was fairly uniform. Typically the teacher

™
would take one course in the teaching of arithmetic and no mathe-

matics content courses, unless a course was required as part'of the
institution's general education requirements for all students. (It
should be remembered that a significant proportion of teachers now

teaching in stable districts are products of such programs. The ex-

tent to which these teachers have been touched by in service courses,

especially in content updating, is totally unknown.)

The high school teacher education requirement tended to Be

equivalent to the minimal mathematics major with other profes-

sional courses in methodology and educational theory. 1In fact,

“partly because mathematics teachers were in short supply, many

‘persons teaching junior and senior high school mathematics did

not have the equivalent of the training.institutions' require-

ments for secondary school mathematics teachers. Little is known

on a broad scale of the actual preparation of teachers now teach-

ing high school mathematics.

In 1961, the Committee on Undergraduate Program in Mathematics

(CUPM) of the Mathematical Association of America published guide-

lines for the training of teachers of mathematics. These were re-

vised and updated im 1966. [1] There is evidence that these guide-

lines had considerable impact on the teacher education programs for

N \
elementary teachers. A plethora of new textbooks for college courses

were published in the 1960's and nearly all of those related t6 math-

ematical content indicated in prefaces and introductions that they

were based on CUPM guidelines.
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In the e§fly years of the 1960's CUPM held a series of forty-

one conferencesat state and regional levels on the training of
teachers of elementary school mathematics. Teachers, mathematics
educators, and state department certification officers participated.
It is reasonable to assume that these conference exerted some in-
fluence on certification policies and teacher education institution -
curricula. While strict causation cannot be attributed to CUPM
efforts, they were an important contribution to the general climate
and pressure of the times to make teachers at the elementary level
more knowledgeable in mathematics. Many changes in state certifiéa-
tion requirements, teacher education requirements, and standards of
the National Association of State Directors of>Teacher Education and

Certification can be documented during this period.

A survey conducted in 1966 by CUPM gives evidence of increased
mathematics requirements by the teacher training institutions. There
was a decrease from 1962 to 1966 from 23% to 8% in programs that re-

quired no mathematics credit hours and an increase from 27% to 38%

the mode remained at 3-4 semester hourg (38.3%) but nearly as many
institutions in 1966 were requiring 5-6 hours (37.6%). [2] At the
least, these data can probably be interpreted to mean that the gen-
eral pattern of change was for institutions to add one course to .
their mathematics content requirements. Such a change hardly seems
monumental but when one reéognizes that education in geneval and
teacher education in particular is characterized by conservatism

and inertia, this shift in attitute toward the mathematics component

of an elementary teacher's preparation can be viewed as significant.

It is not at all clear that the CUPM recommendations had a
similar impact on the preparation of junior high school and seniof
school teachers of mathematics, insofar as required courses are con-
cerned. The role of advisors in planning of a secondary teacher

candidate's program is a key factor, however, and it may be im this

in programs requiring 5-6 semester hours of mathematics. In fact, o
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way that the professional organization recommendations are more in-
fluential. The emphasis. on the need for a modern geometry course,
for computer science, for probability and statistics, for applica-
tions, that is found in recent recommendations, may be having more
effect in course selection and in course design than statisticai in-
formation could indicate. Detailed discussion of the CUPM 1961 and
1966 revised recommendations, as well as survey data, may be found

in Chapter VII of the NSSE 69th Yearbook. [3]

At the time of the CUPM survey and conferences, considerable
optimism was expressed that the pattern of change toward increased
course requirements in mathematics would continue. It was felt that
what the survey demonstrated was heartening but only a first step
and that the momentum generated would lead téuf;rther, though gradual,
change. Such optimistic predictions proved to be unfounded. It is
doubtful that the situation today in pre-service mathematics teagher
education is in any significant respect different than in 1966 aAd
there are signs that many states and institutions may be backing off

““earlier ‘support for a strong mathematics component. It appears that
mathematics teacher education is in an embattled defensive position
and may have difficulty in merely maintaining even its present por-

tion of the total prz-service degree.

In the absence of recent survey information, one can only specu-
late from scattered and incomplete sources that the most typical pat-

tern today in the pre-service program for elementary school teachers

is one or two courses in mathematics covering number systems and per-
haps some geometry and a»methods of teaching mathematics course.

The NCTM survey [4] tends to substantiate this although its results
refer to all courses, not just pre-service. Of those responding,

18% reported having had one mathematics course, 32% had two, 31% had
three or more. Sixteen percent had had no mathematics courses. For
other courses in mathematics educatipn, results showed 11% had none,

38% had one, 29% had two, 20% had three or more.
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There is probably greater variationfiﬁ“théwﬁackground of middle

a3
or junior high school teachers, some of whom moved from an elementary
teacher's preparation with perhaps some additional mathematics course

work, and some of whom were prepared as secondary teachers.

The senior high school teacher's content preparation is little
changed from the 1960's except that more recent graduates are more
likely to have worked with computers, are more likely to have taken
courses in probability and statistics and perhaps combinatorics, and
may have been exposed to some serious work in applications or modell-
ing. Given that more of them will teach geometry than any content
other than algebra or general math, it is likely that the weakest
link in their content preparatina is geometry. This is partially

the result of the mathematics agucstion profession's inability to

“achieve consensus as to the kind of geometry courses teachers should

ERIC
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take and the failure of most mathematics departments to strengthen
quantitatively and qualitatively the geometry segment of their offer-

ings appropriate for secondary teachers.

In 1971, CUPM published an entirely new set of recommendations
based on several conferences and its Teacher Training Panel's per-
ceptions of the changing picture in mathematics curricula and up-
dated assessment of the mathematical knowledge needed by teachers.
[5] Like the 1961 and 1966 recommendations, the attempt was to deal
only with the mathematics content component of the teacher's pre-
paration. Rather detailed course guidelines were written. Major
changes for elementary teachers were the following: (1) to stress
the integration and interrelationship of concepts and the unifying
ideas of mathematics, design the recommended courses in a spiral
organization with gradual development from informal to formal, con-
crete to abstract; (2)-expand and modify the ir%ormal geometry to
incorporate considerable treatment of transformational geometry and
coordinate geo%etry; (3) include some (nearly 20% of the detailed

guides) probability and statistics; and (4) stress applications.
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For high school teachers, additional emphasis was placed on applica-

tions, probability and statistics, and computer science. Course
work in geometry was to include-concepts in transformational, pro-
jective, and vector geometries as well as the more tradiational syn-
thetic approaches. There is no evidence to suggest that these re-
commendations have had any impact on teacher education programs. In
fact, they appear to have been largely ignored and little if any at-
tempt has been made to apply professional pressure through confer-
ences, accreditation or certification agencies. The difference in
impact appears to be a matter of timing. There is no doubt that the
1961 and 1966 recommendations fell on very fertile ground. Attention
to mathematical education in teacher training seems to be cyclical,
ranging from positive emphasis to indifference. The climate of the
1970's has not been friendly to the concerns of mathematics teacher
educators e&cept_as they fit the general trends and favored fashions

in the field of professional education.

-In 1973 the Commission on Education of Teachers of Mathematics
(CETM) of the National Council of Teachers of Mathematics published

Guidelines for the Preparation of Teachers of Mathematics. [6] The

guidelines are stated in terms of specific competencies and cover
mathematical content, contributions of humanistic and behavioral
studies, teaching and learning theory with laboratory and clinical
experiences, practicum and pre-certification teaching. Thus these
guidelines are intended to cover the full range of pre-service pre-

paration.

It is difficult to compare the CUPM guidelines with the Commis-
sion guidelines for content preparation because the formats are so
different. There do not appear to be conflicts in the extent or
emphasis on particular topics, however, and our iudgment is that they
are compatible. The entire set of four courses recommended by the

1971 CUPM guidelines for elementary teachers probably entail con-

siderably more mathematical content than can be inferred from the
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a great deal of methodology is imserted into content courses, and

NCTM Commission competencies, and the great stress placed by CUPM on
unifying and integrating ideas is not apparent in the Commission
guidelines. There is greater emphasis in the Commission guidelines
on the practical use of instruments (e.g. use of the calculator in

problem-solving) than is to be found in the CUPM document.

There have been very few well-publicized programs experimenting
with changes in the pre service mathematical education of teachers
in recent years. A notable exception is the Indiana University Math-
ematics Methods Program which integrates content, methods, laboratory
clinizal and fiecld experience within course modules, rather than sep-
arating them in the traditional manner. Teacher educators have ex-
pressed considerable favor for the concept of integrating.content and
methods. Bﬁt there has been limited implementation in formal pro-
gram structures. The difficulties of cutting aéross administrative
and departmental lines in colleges and universities have blunted many
attempts at organization change. On the other hand, it appears that
vice«vérsa,-when the instructors are knowledgeable, competent, and
interested in both the mathematics and the pedagogical and curricular.

concerns.

Over recent years there has been a significant change in methods
courses through the introduction of mathematics laboratory experi-
ences. (The laboratory method-is sometimes utilized in the content
courses as well.) As physical materials for use in mathematics
teaching have become increasingly available, exploration and inves-
tigation of materials and activities in laboratory settings have be-
come commonplace in the elementary teacher education program. In Lo
some instances, the laboratory carries the major burden of instruc-

tion for pre-service elementary teacher candidates.

There is little evidence of recent widespread change or innova-

tion in the methods component of the secondary teacher education
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program. Perhaps an exception is the: growing use of video taping.
In 1972 a survey of mathematics educators was carried out to deter-
mine revommendations for secondary teacher education. [7] A large
number of changes in practice were suggested. A near consSensus was
found on.the need for earlier and more extensive observation and
field experience-prior to student teaching. We believe this to be
a need at elementary level also. In the NCTM survey, 28% of the

teachers responding had never observed another teacher teaching math-

ematics except as part of their student teaching experience.

The NCTM Commission on Education of Teachers of Mafhematics has
indicated several serious concerns about current pre-service teacher
education. One is the severe lack of research on and evaluation of
teacher education programs and especially the need for shafed infdr-
mation and coordination of research and evaluation efforts involving
several teacher training institutions. Another is the recommendation

that earlier field experience be incorporated into programs in such

a way as to accomplish the overall goals and objectives of the pro-

gram. Tha.Committee emphasizes_;he need to.relate research and teaéﬁgm
er education efforts in mathematics teaching to the present emphasis

on preparing special education teachers for the handicapped and for
children with learning disabilities. -Specifically, joint efforts be-
tween the mathematical tducation community and the specialists in ed-
ucating children with handicaps or learning disabilities should de-

velop guidelines for mathematics in\special education.

4.2 Certification and Accreditation

Certification of teachers is the responsibility of the 50 states
and the District of Columbia, and there is wide variation in the de-
gree of specificity of requirements. Many states put requirements in
such a way as to leave latitude for interpretation by the teacher ed-
ucation institutions’ and some base certification on completion of a
NCATE (National Council for Aécreditation of Teacher Education) ac-
credited program. There is no common or typical pattern in the math-

ematics requirements of state certification.

‘s
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The organization to which gtate certification agencies belong
is the National Association of State Directors of Teacher Education
and Certification. It publishes general standards which individual
state agencies support. The 1971 NASDTEC standards for college pro-
grams preparing secondary mathematics teachers are:

STANDARD I. The program shall consider the sequential
nature of mathematics and shall provide ‘the prospective
teacher an understanding of some of the aspects of math-
ematics which his pupils will meev in subsequent courses.

STANDARD II. The program of preparation shall include
mathematical studies and experiences which are relevant
to the school curriculum e.g., algebra, geometry, trigo-
nometry, analytic geometry, calculus, probability and
statistics.

STANDARD III. The program shall assure krowledge by the
prospective teacher of curriculum improvement studies in
" mathematics currently being made by various national groups.

STANDARD IV. The program shall provide knowledge of ways
to apply the principles of mathematics to other disciplines,
e.g., logic, science, psychology, economics.

STANDARD V. The program shall develop for the prospective
teacher an understanding of the historical relationships
..of mathematics to the culture in which it existed or exists.

STANDARD VI. The program shall provide laboratory experi-
ences in working with pupils of both high and low academic
abilities and shall develop the ability to teach computa-
tional as well as abstract mathematics.

STANDARD VII. The program shall include a substantial
experience in the field of computing as it relates to
mathematics and the teaching of mathematics.

STANDARD VIII. The program shall'provide substantial
experience with mathematical model building.

In the field of accreditation, the regional associations accredit
institutions. Academic areas have accrediting agencies specific to
those argés. In teacher education the accreditation agency is the
National Council for Accreditation of Teacher Education (NCATE). The
standards of NCATE do not speak specifically to the question of math-
ematics or mathematics methods requirements but one standard requires
that the institution demonstrate it is familiar with and has consid-
ered the guidelines of professionai organizations.
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The guidelines of NCIM's Commission on Education of Teachers of
Mathématics and of the MAA Committee on the Undergraduate Program in
Mathematics are the pertinent guidelines to be uéed in evaluating
mathematical education components of teacher education programs. Re-
ports from institutions having had NCATE team visits suggest, however,
that there is considerable variation in the extent to which this stan-
dard is investigated. For many visits it seems to be sufficient for
the institution to list guideline documents on hand with little at-
tempt by NCATE to check on whether the institution's decision makers
are familiar with the contents. If no NCATE visiting team member re-
presents mathematics, for example, it may be difficult for team mem-
bers from other disciplines to interpret the specifics of the guide-
lines and the institution's work is taken at face value. An attempt
by NCATE (the PEP plan) to ask for subject matter éxperts' separate

advice on institutional reports has recently been abandoned.

The Mathematical Association of America has produced a set of

guidelines for use by regional accreditation associations in evaluat-

*ing“mathematics-departmentS"and“these"guideliﬂES“épeak to the ques- =~

tion of the mathematics course offerings for teacher education candi-

dates These guidelines were revised in 1975 by a commlttee with re-

-

presentatives from both MAA and NCTM. [8]

B

These guidelines, it should be noted, pertain to the minimal

course offerings expected of mathematics departments and to the

quality of imstructors for these courses and are not directly con-

cerned with requirements of the teacher education degree. They do,
however, present professional opinion as tovthe content of courses
provided for teacher education programs. Thex state that for an
institutién that prepares elementary teachers, the mathematics de-
partment should provide at least 3 courses designed appropriately

for elementary teachers. The statement is significant in that the
professional organization in mathematics (MAA) is saying that courses

should be developed around the specific needs of elementary teachers,
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that not just any of the department's regular offerings are appro-
priate. Content should include at least what might be called the

"theory of arithmetic,'

informal geometry, and probability and sta-
tistics. The guidelines also state that instructors in such courses
should be 'prepared and competent in mathematics, but with experi-

ence and interest in elementary school curricula."

Courses provided for the secondary teacher training program
should include linear algebra, abstract algebra, probability and
statistics and geometry, electives from a prescribed list of courses;
and a course dealing with modeling, applied mathematics or program-

ming.

What might turn out to be the most important change in teacher
education certification and thus teacher education prog;ams in the
near future, Cohpetency-Based Teacher Education or Performance-Based
Teacher Education, will be discussed in a later section ou general

trends in teacher education.

4.3 In-Service Education

In recent years the attention of mathematics teacher educators
has turned from pre-service to in-service education. This is almost
exclusively true for the two committees within NCTM and MAA which are
those professional organizations' arms for teacher education concerns.
The activities of CUPM related to teacher education are now in the
in-service realm. The Commission on the Education of Teachers of
Mathematics conducted a survey in 1974 of classroom teachers' per-
ceived in-service needs. [9) Both committees are at present plan-

ning in-service projects.

The Commission recognizes that the sample for its 1974 survey
is not entirely representative. NCTM membership roles were used to
select the sample and obviously such individuals are the more pro-

fessionally-oriented among the teacher population. Some of the
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samples' characteristics bear this out. The average respondent had
eleven years teaching experience, tenure, course work or degrees
beyond the bachelors degree and taught in an urban or suburban junior
or senior high school. Nonetheless, some useful information was gain-
ed. Topics ranking high on the list of those in which teachers feel

a need for in-service work are: motivation, metrication, laboratory
learning, slow learners, learning styles of students, mathematical
games, development of instructional materials, problem solving, class-
room use of computers, applications, gifted learners. Those topics
were checked by over 100 of the 266 respondents. Lowest on the list
are content topics. Tt is of interest that of the content topics the
one that ranks highest in perceived need for work is geometry, check-

ed by 76 respondents.

In their attitudes toward in-service education, 88% felt a need
for in-service work but 61% felt in-service education has not fit
classroom needs and 37% reported the in-service work they had had to
have been '"a waste of time and énergy.” Three-fourths believed that

teachers should be released from classroom dULleS for in- se:v1ce

educatlon and 76/ thought theyréhould be pald expenses fur such work
72% tnought in service education should be required for mathematics

teachers and 90% believed school districts should make it available.
A small majority preferred that in-service education be separate and

distinct from university degree programs.

The Commission rightfully calls attention to the trend toward
teacher demands to participate in the design of teacher education
programs, teacher certification, and program accreditation and the
trend toward school district reliance on their own resources (per-
haps with outside consultative 'help) in the design and implemehtation
of in-service education. The almost abs?lute control by teacher ed-
ucation institution$ of the training of ﬁeachers is being weakened,
and realignments in the control and influence of various groups with-

in education on teacher education and entry into the profession are
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cartain to occur in the near future. The implications of such polit-

“ical changes for both pre-service and in-service teacher education

are profound.

The governmental funding agencies, NSF and NIE, currently are
putting the emphasis within their teacher education efforts on in-
service programs. Very little funded experimentation is to be found

in pre-service programs.

At the state level there have been some examples of successful
in-service projects, notably the Specialized Teacher Project in
California. The project was established by the California State
Legislature and provided in-service training for elementary school :
teachers. Teachers attended two-week summer workshops organized
along the lines of the Madison Project and designed 'to acquaint
teachers with the techuniques of creating in their classrooms a cli-
mate in which pupils miéht more effectively learn mathematics." [10]

Orientation was toward manipulative materials activities and inquiry-

discovery methods. Content emphasis was from the Mathematics Frame-

work for California ?ﬁblic‘Schools (The Second Strands Report): num-

bers and operations, geometry, measurement, applications of mathemat-
ics, statistics and probability, sets, functions and graphs, logical

thinking and problem solving.

Evaluation for 1971-72 supported earlier (1968-69, 1969-70,
1970-71) findings, that the pupils whose teachers attended the work-
shops perform significantly better on measures of comprehension and
computation than pupils whose teachers did not receive the training.
Statistically éignificant growth on measures of mathematical achieve-
ment was reported by pupils of the teachers who attended the work-
shop. 1In looking at longitudinal effects, evaluation found that
attendance of a second summer workshop produced a substantial im-
provement in pupil performance, particularly in measures of mathe-

matical comprehension, and that workshop had a lasting beneficial
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effect that carried over to a third year even though their teachers

did not take a workshop the third year.

In 1973 a summer workshop program patterned after the Special-
ized Teacher Project in California was begun.in the State of Wash-
ington. This program has the special feature that the workshop par-
ticipants are required to give in-service training to other teachers
in ‘their school buildings during the school year following the work-
shop. This proliferation scheme has the potential for greatly ex-
tending the benefit. of the workshop experience. The project is con=-

tinuing and evaluative information is not yet available.

Theére is considerable activity in in-service work at local
levels and systematic information needs to be collected -on the ex-
tent of these efforts. Information is from scattered sources and
the overall picture is not clear.

One increasingly popular format for imn-service work.is the
Teacher Center. Centers may be operated solely within a given school
district or in some cases are cooperative efforts that include sev-
eral districts. One salient characteristic of Teacher Center activ—
ities in teacher training is the central role played by the teacher
in assessing needs, designing and controlling programs. To some ex-
tentheacher Centers are the teaching professio&'s own attempt to
update and maintain its preparation. However, it is nonetheless
true that in most instances, Centers are organized and funding se-
cured by college teacher educators who act as consultants or by dis-
trict administrators. But subsequent adminisfration and governance
is often in the hands of the teachers, at least in the capacity of .
governing advisory bodies. For a comprehensive look at the présent
status of the Teaching Center movement see a report by Schmieder and

Yarger for the American Association of Colleges of Teacher Education.
[11]
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Therebis pressing need for a continuing program of in-service
education, both in large scale systematic efforts and in small in-
dividual ways such as teachers sharing of ideas or observiné other
teacheré. But more is required than the initiatives of teachers,
funding agencies and professional organizations. School district
administrators must have a serious commitment to continuing teacher
education responsibilities and provide the means in time and funding
to enable teachers to take advantage of in-service education oppor-
tunities whenever available. These opportunities go beyond the or-

ganization by the district of formal course work or workshops.

On the whole, curriculum development projects have paid insuf-
ficient attention to the education of teachers essential to the last-
ing success of their products. Their efforts have often been con-
fined to»minimal training in how to use the project materials and
methods. It is doubtful that two-week or even two-month workshops
will have any significant impact on the fundamental proparation need-

ed by teachers to assure improvement in mathematical instruction.

4.4 General Trends in Teacher Education

It is doubtful that the present situation in mathematics teacher
education can be understood without a fairly :lear perception of the

major trends in teacher education in general.

The clearly discernible shift in attention from pre-service to
in-service teacher education on the ,part-of the mathematical educa-
tion community and the funding agencies may have its roots in two
fundamental trends. One is a major political movement in decision
making and governance in teaching as a profession; the other is the

present practical economic reality of teacher supply and demand.
As was mentioned earlier in this section, as teachers as a

profession increasingly find strength in organization and grow

AY
more assertive, there will be increasing demand for more meaningful
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participation in the governance of education, of teacher education
and of entry into the profession. Initially the natural entering

point into decision-making is at the level of in-service education,
which hs- cen traditionally more localized and subject to the con-
trol of sctool districts. The next’ logical step is probably in the
process of certifying individuals for entry into teaching. But the
latter process has a significant influence on pre-service program

requirements.

The broad outlines of the job market situation are familiar to
everyone. We have come from a situation of shortage to one of over-
supply of teachers. But the details and what they entail for the
future change rapidly. Data are available concerning teacher supply
and demand and teacher turnover but become obsolete rapidly. These
data, furthermore, do not give a detailed picture of the situation
in particular fields of teaching, such as mathematics.

In 1973 and 1974 the Rand Corporation did a study for the
Department of Health, Education, and Welfare, Analysis of the Edu-

. cational Personnel System. Models were developed to make -projec-

tions of -teacher supply and demand. The Rand study, like other
projections, forecasts a continuing over-supply of teachers until
at least 1980 but the analyéis cast some doubt on the magnitude of
other projections. It suggests that the dynamics that produced
the surplus are changing and that it appears we might reenter a

period of shortage in a decade or so. [12]

In particular, the Rand analysis suggests that earlier studies
overpro jected futufé supplies of new teachers because now the rate
of decline in the production rates is likely to be significantly
larger than the rate of growth in numbers of new graduates. Thus
Rand expects a sharp decline in the annual supply of new teachers

throughout the 1970's.
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As the Rand study points out, there is "considerable inertia
in the supply of teachers.'" Current levels of production depend
upon choices made perhaps four years ago. It reminds us that the
inertia works in the opposite direction as well. In summary, the
provocative prediction made by the Rand analysis is that "it appears
that if and when the surplus ends, the inertia in the system will
lead to the almost immeaiate onset of a substa;tial and lengthy

teacher shortage.' [13]

While economic realities undoubtedly justify an immediate con=-
centration upon in-service education in that it may be more economi- .
cally efficient to retrain present teachers than to train new ones,
it will probably be short-sfghted and extremely costly in the long
run if the inadequacies of present pre-service education are ignored.

It is apparent that the mathematical education community, through

its professional organizations considers present pre-service programs

far from ideal. Yet a sufficient base of support for experimentation

with changes in pre-service teacher_education cannot be seen as forth-

coming.

It is impossible within the boundaries of this report to dis-
cuss adequately the many trends in teacher education which bear upon
mathematics education and to which mathematics teacher education must
constantly react and accommodate itself. The reader is referred to a
summary of these trends prepared by J. Myron Atkin and James D. Raths
of the University of Illinois, Urbana, Illinois [14]

The trend discussed at length by Atkin and Raths and likely to
have the most profound consequences for teacher education in the im-

mediate future is competency-based teacher education (CBTE) or per-

formance-based teacher education (PBTE). 1In a 1972 survey by the

"American Association of Colleges of Teacher Education (AACTE), 1250

institutions were asked if they were operating, investigating and/

or planning competency-based programs. Of 783 respondents, (63%
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return), 17% said they currently operate such programs, 29% said

they were not and 54% said they were in some stage of investigating. ‘
But the real push for incorborating CBTE in the training insti-

tutions will come from the state department level, where interest and

activity in competency-based certificatiop runs hiéh, or from state

legislative action. In November, 1974, the MultieState Consortium

on Performance-Based Teacher Education published in its newsletter

a survey of activities ,at state level on competency-based teacher
education. [15] Most states responded in terms of the use of the

concepts in certification.

To summarize the responses reported from 50 states and the
District of Columbia: 5 have some form of competency-based certi-

fication in use either for initial or recertification or as an al-

ternative; 23 report some definite official action already taken to
move toward CBTE or competency certification; 23 report they are in -
some stage of investigating or studying the concept. Every state
indicated a positive interest.

.

CBTE or PBTE is highly controversial with passionate proponents
on one side and hostile opponents on the other. It is the manifesta-
tion in teacher education of tﬁe accountability pressures on educa-
tion. Basically the idea is to identify the operationally-defined
skills that relate to student achievement and to build the education
of tea;hers and the gatekeeping rules for entering the profession on
these ''competencies'. It is a part of the inchoate feeling on the
part of the public that somehow education is not accohplishing its
goals (whether realistic or not)_and that this failure can be rec-
tified by efficient management. Atkin describes the response re-
flected in CBTE and other managerial systems as the adoption of the
engiﬁeering model. He claims that the engineering metaphor under-
girds the thinking of all those who see the educational system as
a mechanism to be redesigned to meet certain agreed upon and pre-

specified goals. [16]
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Critics argue that the atomization necessitated by listing spe-

cific competencies ignores essential interactions, eliminates higher~

order concepts and processes, chooses only low-level skills easy to
fieasure, considers only short-term objectives, reduces teaching to

a routinized, mechanical task and generally trivialized educational
goals and processes.

Without entéring the argument, one can say two things objective-
ly; first, there is totally lacking a research base to support the
concept, andksecond, its serious implementation would almost entire-
ly change the character of teacher education. Reviews of the liter~
ature on PBTE conclude that there is no empirical support at present
for the concept. Heath and Nielson state, "In our opinion, an anal-
ysis of the research on the relation between specific teacher skills
and student achievement fails to reveal an empirical basis for. per-
formance-based teacher education.” They conclude that the conceps

tion, design and methodology of the studies "preclude their use as

a basis." More serious is their criticism that the PBTE model does
not recognize two important types:of variables. "It ignores what is
to be taught: and "the model ignores who is to be taught.” We agree

with their opinion that "It .seems unlikely that one set of teacher
behaviors is most effective for teaching everything to everybody."

[17]

The NCTM Commission on the Education of Teachers of Mathematics
has reported it will not take a stand until more evaluative evidence
cap be provided. This‘ié no doubt an objective and écientifically
sound position but has resulted in silence on the part of NCTM as
an influence outside its own membership on a highly sensitive and

political matter which has serious implications for mathematics ed-

ucation.

A% a more politically sensitive act, the National Council of

Teachers of English passed a resolution urging officials in education
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not to move exclusively into CBTE or competency-baséd certification
until more research and objective evaluation of its outcomes are

available.

The members of NACOME also take the position that neither teach-
er education nor certification procedures shouid be based solely on
competency or performance-based criteria without a sound empirical
ra’ionale. Furthermore, we believe that the crusade-like zeal and
bandwagon mentality with which these concepts are sometimes promoted
and accepted is a real and present danger to mathematics education.
We urge responsible authorities in both public and private sectors
to insist upon sound and objective justification before émbarking

upon a course with such profound implications.

There are undoubtedly positive results possible from a thorough
dispassionate, objective study of what competencies, abilities, skills,
and knowledge relate directly to effective successful teacﬁing. Clar-
ification and agreement on broad goals for mathematical education are,
hoWever, a necessary condition and prerequisite'to determination of
sdch competencies. At present, we seem to be a long way from these
ideas. Reasoned and responsible investigation and argument from

both sides of the issue are sorely needed.

4.5 Teacher Effectiveness

The issue of competency-based criteria is embedded in a larger
problem, that of inability to define clearly and thus identify "good"
teaching. Are there identifiable teacher characteristics that bear
a relation to teacher effectiveness? What shall be the criteria for

judging effectiveness in teaching?
There is a vast body qf research that attempts to come to grips
with these and similar questions. Reviewers of this long history

of research conclude that an educationally-significant relationship

between teacher characteristics and student achievement simply has
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not been demonstrated. The problem is terribly complex and is per-
haps beyond our present level of research methodology. But there is
no doubt that it is of crucial significance to every segment of the
educational system and in light of its importance it still seems to
merit concerted and large-scale efforts toward some stage of empiri-
cal sophistication. The alternative is to continue to judge teach-
ing on a merely subjective, vague or even ineffable basis. We urge
continued and fresh, creative efforts to define effective teaching
and the successful teacher and to develop methodélogy useful in

identification and recognition of good teaching models.
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CHAPTER 5. KEVALUATION

The most important indicators of quality in school mathematics
curricula and instruction are the measures of student achievement
and attitudes. Most recent critics of school mathematics have sup- \
ported their arguments with selected data indicating a sharp decline
in student performance on nationally standardized achievement tests.
The declining mathematics test scores are only a part of general
school achievement trends that also include weakened performance in
feading, writing, and science. However, to examine the validity and
implications of the 'test score' issues, NACOME has collected achieve-
ment data from four major sources: developers of major nationally ..
normed achievement tests, mathematics assessment efforts in several
states, the National Assessment of Educational Progress, and re-
search studies such as the National tongitudinal Study of Mathemati-

cal Abilities.

The questions to be answered by investigation of achievement
and attitude data are deceptively straightforward:

Are students acquiring the mathematical skills and under-
standing needed for meaningful participation in our con-
temporary technological society? e

Is school mathematics successful in preparing interested
students for careers in business, industry, government,
-engineering, and the sciences like physics;, biolegy, sta-

tistics, or computers?

Are students developing positive attitudes toward the
methods of mathematics and appreciation of the role that
mathematics has played in development of contemporary
culture?
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Unfortunately, there has been no comprehensive long-term effort to
measure the effectiveness of American mathematics education in achiev-
ing these goals. As NACOME attempted to piece together a profile of
attitudes and achievement among students in grades K-12, the data
fitted no clear or simple pattern and suggested much déeper questions
about the nature of mathematical abiliny and the relation of assess-
ment techniques to goals for school instruction. Recent trends in
achievement vary according Eo grade level, geographical region, and
instructional emphasis. Furthermore, results-in a single grade, re-
gion, and curriculum vary over time -- undoubtedly reflecting chang-

ing interests of students and priorities for schools.

The information and recommendations of this chapter are pre-
sented in two main sections. The first section is a collage of
available achievement data; the second section is a discussion of
the nature and assessment of mathematical abilities, examining the
adequacy of current and proposed measurement schemes and the impact

that assessment has on curriculum and instruction.

5.1 Achievement Data

Information on the current mathematical achievements of students
K-12 was available to the Committee From several sources -- each fo-
cusing on somewhat different goals and employing different measure-

ment procedures.

o
Y

State Assessment Reports. Though many state departments of ed-

ucation now regularly test the mathematics achievement of students
K-12, only two states (New York and California) have conducted such
programs long enough to give reasonable indications of meaningful

trends.
In 1966 the New York State.Departmeat of Education initiated a
program of annual fall achievement testing required for all pupils

in public and non-public schools. Originally used for allocation of
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Federal Title I funds, the program established levels of performance
in reading and mathematics at grades 3, 6, and 9 that identified the
lowest 23% of 1966 students. Subsequent test results have been re-
ported as 'percent of students falling below the 1966 reference
point". By 1973 performance of New York students had changed notice-
ably. [1] Only 18% of the state's third graders fell below the pre-
vious 23% cutoff point. However, at grade 6, 32% of the students ang
at grade 9, 34% of the students performed below the 1966 reference
point. Thus in some sense mathematical performance improved in the

third grade and declined in the sixth and ninth grades from 1966 to

1973. . -

As might be expected, the greatest changes were in New York City
and other large cities, with the third grade increase “aad™&ixth and
ninth grade declines being greatest in ﬁhe cities. Furthermore, most
of the change occurred between 1966 and 1970, a period of political
and racial stress in large city schools of the staté: The trends in

reading achievement were generally the same as those in mathematics.

Results of the Califorﬁia-mandated testing show a decline in
mathematics achievement during the years 1969-1973. [2] In grade 6,
the median score on the Comprehensive Tests of Basic Skills (CTBS)
maﬁhe&atics test dropped from 47 in 1969 to 38--in 1971 and then re-
mained constant for the next two years. In grade 12, the median
score on the Iowa Tests of Educatioﬁal Development (ITED) mathematics
test showed a modest decline from 49 to 46 over the five-year period.
During this period the California reading scores on these tests de~

clined also.

In 1971 and 1972, California implemented the SCIMA testing pro-
gram which provided statewide mathematics achievement data for a
variety of content areas at several cognitive levels. At grades 3
and 6, there were no significant differences in any categéry between

1971 and 1972 scores. However, at grade 8 there was a significant

104

120




decline in the content areas of whole numbers, rational numbers, and

mathematical sentences. [3]

For many teachers and parents, declining mathematics perform-
ance simply means declining skill at arithmetic computation. Alarm-
ed by indications of falling computational skill scores, the New
Hampshire State Dgpartment of Education conducted several longitudi-

nal studies of mathematics achievement during the 1960s, a period of

1mplementat¢on~fo%§newer mathematics ptograms in that state. [4]

The results are difficult to interpret, since the groups of students
being compared were selected solely on the basis of the textbook used
.for instructional purposes and different tests were used in different
years. Groups of students using modern, transitional, and tradition-
al tests were compéred in 1965 and 1967. 1In 1965, the modern group .
scored significantly higher on the Otis Gamma Mental Abilities Test
than either of the other two groups, but lower on the arithmetic com-
putation test. Im 1967, the modern group scored higher on the com-
putation, concepts, and application subtests as well as on the Otis
tests. However, all three groups showed declining ability to perform

arithmetic computation.

Two more New Hampshire studies compared the performance of 1965
eighth graders two years later when they were in tenth grade studying
algebra and geometry. At this stage the groups did not differ mark-
edly on ability measures, the transitional groups was superior to the
other two on a test on numerical competence, and the modern and tran-
sitional groups were dramatically superior to the traditional group

on a test of algebra and geometry achievement.

The New Hampshire studies have been interpreted both as in-

\
dictment and support for the innovations of "mew math'. But what
comes much more clearly from reflection on the data is a realization
of the complexity of curricular imnovation and its evaluation. The

sharp drop in performance on traditional arithmetic skill goals,
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independent of curriculum embodied in textbooks, suggests a difficult
transitional period as elementary school teachers tried to learn new

mathematical ideas and begin implementing them in their teaching.

- Furthermore, evaluating mathematics programs with tests norméd accord-

ing to different goals and priorities clearly gives misleading in-
dications of effectiveness. The orientation of teachers, students,
and parents to language, concepts, and methods of new curricula is

a slow process.

Though New York and California are the only states with records
of student achievement over many years, other states have accumulated
achievement data in mafﬁematics for several recent years -- after
curricular-innovations have had some time to settle in. Recent re-
sults from Rhode Island, Delaware, Mississippi, and Virginia [5] sug-
gest steadily improving mathematics performance in those states. In
several other states that have completed only one round of assessment.
or have adopted a criterion referenced sty}e of testing, the perform-
ance record in mathematics closely parallels that in reading suggest-
ing that subject matter achievement is bound up\in a complex web of -

school characteristics.

Standardized Test Trends. Until recently, the most common na-

tional indicators of school mathematics performance have been the
variety of college entrance examination tests. Increased state and
local testing at elementary and junior high school grade levels has
now made standardized test batteries such as the Metropolitan Achive-
ment Test, Iowa Tests of Basic Skills, Comprehensive Tests of Basic
Skills, or California Achievement Tests equally well known as common
denominators of school achievement. NACOME examined these nationally
standardized mathematics tests to get insight into school curricular
trends, but we also sought from test developers data and informal

insights into national achievement trends.

The pattern of results for the Scholastic Apitude Tests, used

for college admission decision making, is unmistakable and widely
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known. [6] From 1962 to 1975, the mean score on the quantitative
section of the SAT has declined each year. The total drop has been
from a high of 502 to the present 472. At the same time, there was:®
a drop in the mean verbal score from 478 to 434. Perhaps more sig- -
nificantly, the percentage of scores above 600 in mathematics de-
clined from 20.2 to 16.4 while the percent of verbal scores in that
range aeclined from 14.6 to 8.9. These results clearly show that
for the upper secondary levél, the decline in mathematics abilities
was not as marked as the decline in verbal abilities. What is not
so clear is whether or not the mathematics score decline would have
‘been more severe if the réform movemént had not occurred. However;'
it is interesting to note that the scores on the College Board Level

I and Level II achievement examinations in mathematics did not ex-

hibit this decline.

Developers of the standardized achievement batteries used irn
elementary and junior nigh schools collect national samples of stu-
dent performance only when establishing norms for new versions of
the tests. The norms are usually established by performance of
roughly 2,000 students at each grade level, chosen by carefully
stratified sampling procedures. When a new test is ''normed",
it is common practice to administer the test version being replaced
to an equal sample, in order to assess comparability of perform-
ances. The most widely used achievement batteries are the Iowa
(ITBS) and the Comprehensive (CTBS) Tests of Basic Skills. Reports
from developers of these tests indicate recent decline in perform-

ance of norming groups.

The Iowa Test has concept and problem solving sections. Be-
tween 1963 and 1970 ITBS data indicate general improvement in the
lower grades, but consistent and sizeable lossés in the upper grades
on both concepts and problem solving. Fairly consistent losses also
occurred in reading and some language skill areas during the same

time period. [7] The CTBS consists of computation, concepts, and
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problem solving sections. Between 1968 and 1973 performance on the
mathematics computation section of the test dropped sharply; the drop

was accompanied by a smaller decline in verbal scores. [8)

A number of local studies have also verified the decline in
achieveﬁent of basic skills during the late 1960's and early 1970's
For example, a studf of the Stanford Achievement Test scores of four-
th graders in a modern mathematics program in a New Jersey school
system for the years 1968-1972 showed a decline in mathematics sub-

test scores as well as comparable decline in the subtest scores for

‘word meEning;~ paragrapn’ meating, spelling;” work Stddy “skills, lan-'~

guage, social studies, and science. [9] This study also showed that
the timed nature of the arithmetic computation subtest significantly
affects the performance of these students on the subtest and suggests
that students in a modern mathematics program may be able to compute
as effectively but more slowly than'students in a traditional pro-

gram.

"In contrast, Milton W. Bechmandgdministered a basic mathematical
competency test to a group of 1,296 étudénts in 42 Nebraska higk
schools in the fall of 1950. [10] 1In 1965, the same test was given
to a comparable group of 1,384 students from 40 of the same high
schools. The mean score of the 1965 students was significantly

higher than the mean score of the 1950 students.

The National Longitudinal Study of Mathematical Abilities. As

soon as the experimental curriculum materials of SMSG, UICSM, UMMaP,
and the Greater Cleveland Mathematics Projects entered schools for
pilot testing, teachers and educational researchers began a series
of small scale comparative studies: new math versus traditional
math. Using year-end mathematics achievement as the criterion of
success, these studies usually showed that the two groups performed
at about the same level on standardized tests. Sometimes students

of conventional textbooks were slightly better at doing arithmetic
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computatiop. If a test was given that used modern terminology and
that dealt primarily with concepts unique to modern programs, stu-
dents using the modern textbooks showed a strong superiority, as one

would expect. . ’

»-

Although these studies may have quieted the fear of alarmists
who predicted drastically inferior achievement by students of the
new materic!., there was a clear need for more extensive investiga-

tion with the following characteristics:

1. To separate the effects of using a particular textbook
from the effects of having a particular teacher or
" peing in a particular school, one-needed a study that
involved many teachers in many schools.

2. To determine the differential effects of different
curricula, one needed a testing program that measured
achievement in many potentially independent conten*
and ability dimensions of mathematics.

3. To test”the contention of new math developers that
many of their fundamental learning goals would develop
only after a student had been in the newer programs
for several years, one needed longitudinal research.

In 1961 SMSG undertook such an investigation, the National Longitudi-

nal Study of Mathematical Abilities (NLSMA). [11]

In the fall of 1962 NLSMA identified and began testing three
groups of students: The X~-population, consisting of 38,000 fourth
graders in 1962, was tested every year for five years; The Y-popula-
tion, consisting of 48,000 seventh graders in 1962, was tested every
year for five years; The Z-population, consisting of 24,000 tenth
graders in 1962, was tested every year for three years. All sub-
jects were from schools that volunteered for the study and SMSG had
no control over the textbooks or instructional methods used in the

classes.

At the outset of the study, mathematicians of the SMSG Panel on

Tests hypothesizé&d that there are many components of mathematical
achievement and ability rather than a single unitary trait. Thus the

#
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NLSMA test batteries administerea”éach fall and spring during the
study consisted of numerous short scales -- each designed to assess
én identified component of mathematical achievement. These scales
included measures of student achievement on specific mathematical
topics, as well as development of various psychological traits such
as mental ability, attitudes toward mathematics and school, spatial
visualization and deductive reasoning and self-concept. Question-
ngires sent to schools and teachers gathered data about the instruc-

tional and socio-economic settings for learning.

The main puipose of NLSMA was to investigate the -relationship
of textbook usage and the broad collection of mathematical ability,
achievement, attitude, and psychological variables measured in the
study. The NLSMA approach to comparing textbooks placed less em-
phasis on the question "Which is best?" and more emphasis on the
question '"What are the patterns of achievement associated with the
use of various textbooks?'" NLSMA investigators were not in a posi-
tion to cp?trol the textbook usage in participating schools, and
the diversity of textbooks used during the five year period is tes-
.timony to the changes taking place in school mathematics and the
independence of local school districts. In all, over 800 different
textbook series were in use at one time or another during the five
year study. To facilitate compérisons, only textbooks used in sev-
eral schools were included in the analysis. Grades 4, 5, and 6 were
grouped for the analysis; grades 7 and 8 were grouped; and each of

the grades 9-12 was analyzed separately.

The main conclusions of the study at grades 4, 5, and 6 are the
following: First, after achievement measures have been adjusted for
a reasonably comprehensive set of initial conditions, many signifi-
cant differences between textbooks groups remain. Second, between
the behavioral levels of computation and comprehension there were
o radically different patterns of achievement among the textbook'groups.

For instance, for those measures classified as computation, the SMSG
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group was below the grand mean for nine of the 11 scales. On the
other hand, at the behavioral level of comprehension, the SMSG group
was above the grand mean on all of the 19 scales and indeed had the
highest standardized adjusted mean for 14 scales. This tends to re-
inforce the contention of SMSG test planners that mathematical
achievement has many partially independent components.\ Furthermore,

as E. G. Begle has said, SMSG students could 'add well enough to win

the problem solving contest". [12]

From a somewhat different point of view, the study showed that
while there is a clear trgnd for modern textboqksvto be associqtedl
withvpdorer performance on computation scales, the modern textbooks
theﬁselves are associated with widely varied patterns of performance
on the other scales. This observation reinforces our earlier cau-
tion against viewing ''new math' as a uniform, easily identified pro-

gran of concepts and skills.

At the seventh and eighth grade level, the NLSMA analysis sug-
gested the following general conclusions. First, students who used
a conventional mathematics textbook series im the- seventh and eighth
grades did relatively well on test items dealing with computation
and relatively‘poorly‘on test items that require the more complex
abilities of comprehension, application, and analysis. Though the
SMSG group achievement fitted the opposite pattern, the different
modern textbooks exhibited quite dissimilar profiles of performance
on many of the mathematical scales. Second, the results of both X-
and Y-population anaiyses at grades 7 and 8 support one of the guid-‘
ing hypotheses of NLSMA: that mathematics dchievement is a multi-
dimensional phenomenon. Evidence for this assertion comes again
from the split between computation scales and higher-level scales.
Unfortunately, the concentration of scales in the number systems cat-

egory did not permit an adequate test of the model at the seventh

and eighth grades.
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.there is evidence that.the modern textbooks do.promote comprehen:, .

While "new math'" programs in elementary and.junior high' schools
were accused of sacrificing computation ability in order to boost
comprehension, similar criticisms were directed at high school alge-
bra instruction. Results of testing the Y-population in grade 9
give some support for this contention. In general, the modern text-
book groups were relatively strong in ability to deal with number
properties, graphs, and algebraic inequalities and relatively weak
in ability to perform routine algebraic manipulations and to formu-
late number sentences. There was substantial variation in perform-
ance levels within the set of modern text groups, although overall
R e A A
sion. However, the question of whether the modern texts promote
higher-level thinking may have to wait for more sophisticated mea-
sures than were‘used in NLSMA.

' In general the analyses for grades 10, 11, and 12 showed fewer
clear trends of achievement associated with textbook classification.

Amoné poséfble explanations for this situation, most plausible is

the fact that senior high school teachers are generally far better
trained in mathematics than their elementary or junior high school
counterparts. Thus they tend to rely less on textbooks for course
outline and emphasis -- excising and enriching textbook presenta-

tions where they see fit.

The preceding discussion has-focused on relations between text-
book usage and achievement. Though NLSMA also obtained extensive
data on attitudes and many psychological attributes of students
(such as anxiety or flexibility), the study revealed few relation-
ships bet&een these variables and basic mathematical achievement.
These findings do not necessarily mean that no such relationships
exist. More likely, the measuring instruments for afﬁeptrve vard~

ables may not have been appropriate or sufficiently sensitive.

As NLSMA date collection was being completed, SMSG undertoock -»

similar, more limited investigation of textbook usage and achievement
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in' grades 1-3. The Elementary Mathematics Study (ELMA) did uncover
several interactions between textbook style, socio-economic status
of students, and patterns of achievement. Howevef, the results were
much less definitive than those of NLSMA.

\

National Assessment of Educational Progress. The most recent

national indicators of the mathematical abilities being acquired by
students in elementary and secondary school are the 1975 reports of
the National Assessment of Educational Progress. Based on testing
done during 1972-73, the NAEP reports describe achievement of 9, 13,
and 17 year olds in 15 content <trands..at. <ix levele of, behavir=al |
complexity. For a mathematical knowl?dgevor skill- to-have been in-

cluded in the zssessment, it had to h;ve been considered by scholars,
laymen, and educators as sbmething that should be taught in American

schools. 5

The exercises developed for use by National Assessment differ
from the more common educational test items in that these exercises
are not designed to discriminate between individuals or groups. The
concept of total score is inappropriate for interpretation of NAEP
results. In fact, the main technical report on mathematics is simply
a reprbductionﬁof released items with description of student fesponses

to each item. For instance, [13]

Problem: Add $ 3.09
10.00
9.14
5.10
Responses: ) 9 13 17 Adult
Correct answer 407% 847% 92% 86%

Added correctly, but
made decimal error o 22% 8% 2% 6%

While it is helpful to get such detailed information on mathe-
matical abilities -- rather than the single scores reported from use
of traditional standardized tests -- interpretation of the results

must be approached with a good deal of care. Many mathematics
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educators have been pleased by the performance of 13 and 17 year )
olds on the above samplg problem. Yet others express shock that -
147% of_the young ;adults could not correctly add amounts of money

in a problem similar to many business arithmetic situations. Both
groups are entitled to subjective evaluation of performance levels

on individual items. However, implicit in praise or criticism of

the results is comparison to previous levels of mathematical achieve-
ment that is in no way indicated by National{A?sessment. The 1972-
73 assessment will provide baseline déta on the attainment of varied
mathematical knowledge and skills; but not until the next assessment,
when approximately half the exercises will be reﬁégted, will NAEP

ATy A

indicate growth or decline of these attainments.

In examining results of individual exercises it is also very
tempting to generalize strong or weak performance to broad classes
of similar items. For instance, based on performance oﬁ the follow-
ing exercise and a similar unreleased exercise, NAEP reported ''Less
than one half the 17 year olds and adults could determine the most
economical size of the product." [14]

Problem: A housewife will pay the lowest price per ounce
for rice if she buys it at the store which offers

13 17 Adult
o 12 ounces for 40 cents 13% 10% 4%
o 14 ounces for 45 cents 9% 8% 5%
e 1 pound, 12 ounces for

85 cents 25% 34% 39%
o 2 pounds for 99 cents 46% 46% 47%
o I don't know 6% 3% 4%

The problem of drawing broad conclusions from sparse data is compli-
cated by the fact that the roughly 200 ekercises administered at each
age level (not all given to each subject) are distributed among the
75:célls of a behavior/content exercise specification matrix. To
help educators make use of the assessment results, NAEP has prepared

two reports of selected results, Math Fundamentals and Consumer Math,

9
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which collect items related to the specified themes. Furthermore, a
special NCTM committee has prepared detailed analysis and interpreta-
tion of the results for presentation at the meetings and in the jour-

nals of NCTM.

NACOME has examined carefully the NAEP assessment scheme, the
released items, and the various technical reports aﬁd journal inter-
pretations that have been prepared.* While there is little virtue
in repeating the details of those reports, there are several broad
topic areas in which the assessment includes enough exercises to in-
dicate reliable performance trends with important implications for

school mathematics.

a) Arithmetic Computation. Though we have argued in earlier

sections of this report that the importance of computational skill
is diminishing in the modern world, the prominence of calculational
proficiency in current school goals makes it a topic of interest.
The assessment included 20 exercises on addition, subtraction, mul-
tiplication, and division of whole numbers -- most administered to
all four age groups. The four sample exercises below illustrate a

pattern which we judge to be strong performance. [15]

e Add: 38
+ 19
9 13 17 Adult
.Correct Response: 79% 947, 97% 97%
e Do the following subtraction: 1,054
- 865
. 3 13 17 Adult
Correct Response: 27% 80% 89% 90%
e Multiply: 38 '
x 9 ;
9 13 17 Adult
Correct Response: 25% 83% 88% 81%

N

*We are in debt to the NAEP staff and the NCTM interpretation com-
mittee for early access to their reports.
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e Divide: 5 1125

9 13 17 Adult
Correct Response: 15% '89% 93% 93%

Unfortunately, very few computation exercises involved common
fractions or integers, so NAEP suggests little of value in these
important topic areas. The assessment did include 7 exercises on
percent, many in problem solving situations, and performance was
disappointing. The following sample exercise indiéhtésthéCtypes

of errors and level of performance. [16]

‘Problem: 'Candidate A receivéd 70 percent of the votes
cast in an election. If 4,200 votes are cast
in the election, how many votes did he re-

ceive?
13 1  Adule
Responses:
Correct answer 10% 41% 627
Correct process,

- wrong answer 2% 3% 5%
Attempt to divide (4200 = 70)  29% 17% 6%
Attempt to add (4200 + 70)

or subtract (4200 - 70) 16% 27 -
Other unacceptable 20% 197% 15%
"I don't know'or

no response 23% 187% 12%

b) Geometry and Measurement. Though geometric topics have

long been standard fare in high school mathematics, recent innova-
tions have attempted to introduce geometry in elementary and junior
high school. Many of the NAEP geometry exercises involved only re-
cognition or recall of names for vagious planeAand solid figures.:

At all age levels the solid figures were much less readily identified.

For instance, [17]
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9 13 1 Adult

Recall name: :

triangle -88% - - -

sphere 2% 21% 46% 41%

cube 4% 26% 43% 54%
Identify the shape:

rectangle 745 - - -

cylinder 37% 58% 70% 68%

cube ' 39% 63% 74% 73%

When it came to applying geometric relationships, performance of 9°
year olds was relatively poor and 13 year olds much better, ;hqugh
far from perfect. For instance, only 5% of the 9 year olds aﬁdv36%
of the 13 year olds could calculate the diameter of a circle given
the radius. Only 36% of the 9 year olds and 607 of the 13 year olds
could calculate the distance between centers of two adjacent squares

of the same size.

Another indication of school geometry emphasis and effective-
ness comes from the NAEP measurement exercises. It appears that at
all age levels students d; not understand basic ccncepts of length,
area, and volume. For instance, whiie 82% of the 9ryear olds could
accurately measure a 7 inch segment, only 48% could measure a 15
inch segment -- longer than the foot ruler they were given. Only
7% of the 13 year olds could calculate the area of square.with per-
imeter 12 inches. Older respondents also had difficulty with area |

and volume problems calling for thoughtful application of concepts

and formulas. [18]

¢

Overall, the NAEP results suggest very modest progress toward
enriched geometry programs K-8. Even at higher grade levels there
appears to be need for greaﬁer emphasis on understanding basic .con-
cegts. Many respondents seemed too willing to apply any simple for-

mula“"they remembered rather than to analyze the problem setting.
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c) Problem Solving and Applications. The assessment included

a wide variety of exercises that called for application of arith-

metic or geometric skills and concepts to verbal problems. Learning

to solve word problems is notoriously difficult, yet the assessment
data\indicate that when respondents understand the pertinent mathe-

matical concepts, they can use the concepts in correct analysis of

simple word problems. When they are not completely familiar with

the underlying mathematics or when the problem is more complex, .

errors in problem analysis are more frequent. For instance, 75-80%

of 13 year olds could subtract accurately when regrouping was need-

ed, and 72% of this, age group could solve the following problem: J[19) ......uem

A rocket was directed at a target 525 miles south of its
launching point. It landed 624 miles south of the launch-
ing point. By how many miles did it miss its target?

On the other hand, though 17 year olds and young adults were reason-
ably proficient at basic arithmetic, the unit pricing problem cited
earlier -- involving divisions, comparisons, and conversions of units

-~ caused considerable trouble.

’

Results from the first National Assessment do not provide a com-
prehensive or definitive picture of schobl mathematics achievement.
They suggest topics in the curriculum that we judge worthy '0f in~
creased emphasis and instructional research -- many of them perenmnial
difficulties. The results on computation do not confirm charges that
basic skills seriously deteriorated during the "new math" era. On
the other hand, they suggest the need for greater attention to -under-
standing basic concepts in topics like measurement and problem anal-

ysis.

Summary. Taken together, the achievement data that NACOME has
examined suggest two broad conclusions about the state of school

mathematics achievement.

1) When it has been possible to compare similar classes using
traditional and modern mathematics texts, there has been a
tendency for the traditional classes to perform better on
computai-on while the modern classes perform better in
comprehension.
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2) There appears to have been a decline in basic scholastic
skills since 1960. Mathematics achievement has shared in
this decline. Recalling our observation in Chapter 1, that
the reform movement in mathematics was not widely imple-
mented in the classroom, there is still some evidence that
secondary classes using a modern program have tended to re-
sist the general decline in achievement.

In general, data that would supply a definitive picture of math-
ematics achievement in grades K-12 do not exist. The national picture
is far more varied and complex than either proponents or critics of
recent curricular innovation suggest in theilr current public debates.

3.

5.2 Evaluation of Mathematical Abilities

The content and instructional styles of school mathematics are
shaped on one hand by the educational desires and abilities of stu-
dents and on the other by the expectations and resources of schools,
expressed in their programs. In any school or class the individual
students have a wide range of goals: to acquire specific mathematical
skills, to prepare for specific employment opportunities, to develop
broad intellectual skills, to attain prerequisites for further study,
etc. These students bring to pursuit of their goals unique combiﬁa-
tions of aptitude, interest, and previous learning. Evaluation is
essential to determine student progress toward the goals and to help
design optimal instructional programs. The schools have a wide vari-
ety of program goals: to raise overall student performance in areas
of mathematical skill or understandirig, to develop new curricular
material, to improve effectiveness of teachers through in-service
education, etc. Evaluation is essential to measure progress toward
these goals and to plan program improvement. Thus there are many
different ‘purposes for evaluation in school mathematics and, accord-
ingly, many conceivable techniques for accomplishing the various pur-
poses. Unfortunately, evaluation in American mathematics education is
is characterized by use of limited techniques inappropriately matched

to goal assessment tasks.
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The various techniques of evaluation fall into three broad cate-

gories, each with particular advantages and important limitations:

‘ Evaluation by subjective methods of measuring student or
program progress toward goals includes: teacher judgment of a stu-
. dent's achievement or attitudes; ékpert opinion on effectiveness of
a curriculum; considered judgment of an evaluation team; or responses
by program participants to an evaluation questionnaire. The advant- -
age in this style of individual or program evaluation is that the
personal evaluators can be chosen because of their close familiarity
with the subject to be evaluated. They may be able to offer partic-
ularly insightful criticism and view the individual or program activ-
ities from a broad perspective. The major disadvantage is that the
biases and prejudices of the evaluators are likely to have a strong
effect on the results of the evaluation. 1In fact, it is almost im-
possible to find people who are sufficiently well informed to be
good evaluators but have not already formed strong opinions of the

person or program they are asked to evaluate.

For many individual students and educational programs, spe-
cific learning experiences are viewed primarily as means to achieving
broader goals at a later time. Some students 1earn'£usiness mathe-
matics to prepare for employment in sales or bookkeeping; some study
analytic geometry as preparation for calculus. Many teacher in-ser-

(et e

vice programs are designed to '"sell" specific curricular innovations.

In these situations delayed gutcome data are natural evaluative mea-

sures. Success of students in subsequent employment or coursework

and the innovative activity of participants in teacher education

Unfortunately; this type of evaluation usually comes
too late to be of any real use. For example, although student per-
formance in college mathematics may be an excellent indication of

accomplishment in secondary school, what is really needed is infor-

mation on that student's likelihood of success prior to entering
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college study. Similarly, if evaluation of an innovative curricular
or instructional program must wait for such delayed 0utc@me measures,
an ineffective program may be supported long past the ti%e it should
have been discontinued. \'
Evaluation by testing consists of setting individual or
group tasks which are related to goals in such a way that achieve-
ment of the goals would be reflected in better performance on the

given tasks. Testing provides an immediate and objective approach

to the evaluation of either individual student progress or the ef-

fectiveness of an educational program. On the other hand, a testing
procedure can only sample the possible outcome of an individual stu-
"dent's experience or a program's activities. Most of the misuses

and abuses of testing are associated ‘with this sampling problem.

The objectivity and immediate feedback potential of testing make
it such a wesirable approach to evaluation that it is important to
identify and eliminate the abuses and misuses of tests and test data.
In this section we shall examine common testing materials and practi-

. ces from this point of view.

~

Analysis of Testing Practices in Mathematics. There are at

least five types of tests used in the schools today.

1. Teacher-constructed classroom tests
2. Text publisher's end-o.-chapter or unit tests

3. Tests prepared by department, school, district, or
state

4. Norm-referenced tests

5. Criterion-referenced tests
Teacher-constructed classroom tests and publisher's tests aré largely
used for grading and occasionally for diagnostic purposes. ' The scores
provide the teacher with information émucerning'the progress each
pupil is making in learning a particular topic. Strengths and weak-
nesses of individual students can be identified, enabling the teacher

to give special attention if required. The performance of the class
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on a classroom text also gives the teachzr some indication of his or
her success or lack of success in treating the particular topics.

Teacher-constructed tests will continue to be an important source of
diagnostic information on student performances. ‘towever, they cannot

provide a rating of student performance on an absolute scale.

Tests prepared by a départment, school, district, or state usu-
ally have the objective of evaluating particular programs. Although
the scores may be used for the evaluation of individual student per-
formance on a broader base, their main use is the comparison of groups

of students participating in alternative or competing programs.

A norm-referenced test is a test carefully constructed to repre-
sent the content area common to many of the curricula used in the
schools and normed with respect to an appropriate stratified sample
of the national population at the given educational level. The re-
sults are reported either as normalized scores, percentile ranks, or

grade level scores.

The grade level score is based on the average performancé of
students at each grade 1e§e1 for the given time ef the year. Thus
a grade level score of 3.6 represents the average performance of
students six months into the third grade. Though grade level score
reporting has a certain bopular appeal, it has a number of serious
shortcomings. First, it does not have a natural statistical inter-
pretation in terms of the population of stﬁdents at the grade level
of interest. A student's grade level score is not determined by
and does not explicitly identify his position in the distribution
of scores for his age group peers. Second, in the popular mind,
all students are expected to perform at grade level or above.- How-
ever, from the norming process approximately half of the population
will of necessity perform below grade level. Third, it is naturally
expected that there will, on the average, be a unit increase in grade

level score after a year's instruction. For students with scores
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well below or abbve their grade level this is not reasonable. Fi-
nally, the grade level scores are easily misinterpreted. A bright
third grader who receives a score of 5.5 is not necessarily berform-
ing like a mid-year fifth grader. As a third grader he may simply
be doing very well on the problems appropriate for his grade level

but might be able to do very few of the fifth grade level problems.

In view of the pitfalls of grade level scores it is unfortunate
that teét results are so frequently reported in this form. NACOME
recommends that grade level score reporting be abandoned. A viable
alternative for score reporting is the use of stanines which give
the score as one of the integers 1 through 9. Each stanine score
corresponds to a specific portion of the normalized score range and
thus has a statistically valid interpretation. Stanine scores are
not subject to the fine distinctions which are frequently but impro-

perly made on the basis of normalized or percentile scores.

Norm-referenced tests are widely used both for individﬁél stu-
dent assessment and for program evaluation. As an instrument for
individual student evaluation, the test praxides a score {(or possibly
two or three subscores) which compare his performance with that of

the norming population. Furthermore, the score (or scores) repre-

‘'sent average performance in a wide range of content areas at sev-

eral cognitive levels. Hence, areas of relative strength and weak-
ness cannot be determined. This fact makes the test practically use-
less for diagnostic purposes and thus a poor instrument for evaluat-
ing student progress toward individual educational goals. 1In fact,
the test is appropriate only in those few cases where the student's
objective is directly related to overall school performance. The
use of the College Board SAT test as a criterion for admission to

college is a relevant example.

The standard norm-referenced tests are even less appropriate

for program evaluation. Only rarely are progréms directed solely
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at an overall improvement in student performance. Usually the pro-
gram has a specific set of objectives and the testing should focus

on these objectives. It may be that the general impact of the pro-
gram is of some interest, but this is of low priority compared to the
impact in the specific areas represented by the objecéﬁves. The norm-
referenced test scores which measure overall performance simply cannot
provide the specific informa;ion needed to evaluate the impact in the
areas of interest. Indeed, a specific program impact may be missed
altogether since its effect can be masked by the effect of the pro-

gram in other areas.

In many cases where norm-referenced tests are used for program
evaluation the entire group of students participating in the program
is tested. When the group is large, and this is the usual case, this
results in unjustified over-testing. In program evaluation it is not
the performance of the individual student but the performance of the
group as a whole which is relevant. Testing an appropriate sample
of students will provide reliable data on the performance of the
group as a whole. This points up the inefficiency of administering
a single many-item test for the purpose of program evaluation. Since

the tésting of a selected sample of students will provide sufficient-

- ly accurate data, a number of short test scales directed at specific

program objectives may be administered to appropriately selected sam-
ples of students. In this way significant information concerning

the effect of the program in a number of different areas of iﬁterest
can be obtained while maintaining a very light testing load for each

student.

4

In recent years there has been increasing use of another type

of standardized test, the criterion-referenced test. It is normally

concerned with a specific content area and the standardization con-
sists in setting a percentage of correct responses which constitute
mastery of the content area. Accordingly, these tests are sometimes

referred to as mastery tests. Criterion-referenced tests are
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frequently used as end-of-unit mastery tests in a programmed course

of individualized instruction. However, the principle is applicable

to many other testing situations. Since criterion-references tests
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concentrate on specific content areas, they can élearly be used as

a diagnostic tool for individual student evaluation. Of course, the
content areas must be selected sc as to be relevant to the student's
educational objectives. The level of mastery required may vary with
the objective so that a sta&dard mastery level may not always be
appropriate. Nevertheless, the possibility of directly relating the
test to the objective gives this type of test a distinct advantage

in individual student evaluation. A danger associated with criterion-
referenced testing is the possibility that the standards set in the
testing program will become ceilings for student perfogmance. Stu-

dents should be encouraged to exceed the standard limits .~

In principle, criterion-referenced tests may be used for pro-
gram evaluation provided the tests are relevant to the objectives
of the program. However, the mastery criterion may not be the most
effective way of collecting the testing data. Clearly such a use
of criterion-referenced tests involves a great deal of testing,

though the burden on students can be alleviated by item sampling.

For purposes of program evaluation, the principle of using tests
directed at specific objectives can be combined with the norm-refer-
encing technique. Thus a collection of short scales directed at spe-
cific content areas can be normed on a suitable population. Using
item sampling, if necessary, the sgales are administered to the group
of students participating in the program. In this way, information
concerning the performance in each of the objective areas is obtained
and can be compéred to the corresponding performance of the norm
group. The SCIMA program in California described in the next section

is an example of such an evaluation scheme. -

Since standardized, norm-referenced tests do not meet the gen-

eral requirements of objective-directed testing, it is unfortunate
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that they are so widely used for student” and program evaluation.
However, they will undoubtedly continue to be extensively used until
suitable collections of carefully constructed, objective-directed
test scales are widely available. The development of such collec-
tions as alternatives to the standardized tests now in use should

be a high priority consideration of the testing industry.

Measuring Affective Variables. The preceding discussion of

evaluation techniques and the testing results reported in section
5.1 focused almost exclusively on the cognitive outcdmes of mathe-
matics instruction. Many psychological tests havei%een used in re-
search aimed at uncovering important relationships between cognitive
and affective variables. To date findings have been minimal -- in
spite of the fact that there is almost universal agreement that af-
fectiye variables play an essential role in the learning of mathe-
matics. New ideas are badly needed for appropriate and sensitive

measures of the affective component in mathematics education.

Cultural Bias in Testing. In recent years I.Q. tests have come

under severe criticism on a number of counts. The most serious ob-
jection has been the allegation that they penalize the poor or the
culturally different. Since mathematics testing and I.Q. testing
share some common features, this criticism has ¢lso been directed
toward mathematics testing. Tﬁus it is important to examine the
extent to which this criticism is valid and to formulate testing
principles which will insure that the tests are fair to students

from a variety of cultural backgrounds.

Almost all mathematics tests have a certain reading component.
This will be particularly prominent in tests with a large proportion
of word problems. However, except for those which are purely com-
putational, most problems will contain some descriptive‘material.
Clearly a student who has limited English speaking ability or dif-

ficulties in reading comprehension will be handicapped in taking a
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mathematics test. The handicap will be particularly severe if this
test is a speeded test in which a premium is placed on understanding
the problems quickly and doing them efficiently. Traditionally, com-
putational tests have been speeded, since one of the objectives be-
ing tested is the ability of the student to perform calculations
quickly and accurately. On the other hand, it is not so clear that
speed is of major importance in mathematics understanding. It is
the completeness and depth of the understanding which is éf primary
interest. The ability to comprehend a problem quickly and to do it
efficiently may be some indication of depth of Qnderstanding, but

a much better indicator is the ability to solve difficult and com-
plex mathematical problems. Less use of speeded instruments for
testing'mathematical understanding would be a big step in reducing
the reading comprehension problem. At the elementary level, the
reading problem can be further reduced by having the verbal portion
of the problem read to thé studepts in a language they understand.
At all levels the problem can be alleviated at the item construction
sgage by reducing the verbal component to a minimum, choosing the ~
simplest possible terminology and replacing or supplementing the
verbal statements with appropriate diagrams whenever feasible. With
careful attention to item construction and proper test administra-
tion, mathematics testing should be practically bias-free as far as

language barriers and reading comprehension are concerned.

Cultural background will determine to a large extent the nature
of the mathematical concepts which children briﬁé with them when

entering school. It is the responsibility of the mathematics curric-

‘ulum to correct and refine the concepts so that they can be used ef-

‘fectively as a common language of mathematics in later years. Hence,

O

as long as the test items contain only those concepts developed in
the school curriculum, there cannot be a serious cultural bias in the
conceptual content of the test. One class of test item, however,
falls outside of this category -- items treating applications of

mathematics. Since the applications may be drawn from a wide variety
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of human activities, cultural differences may easily affect the
understanding of the framework of the problems. In order to avoid

unfair bias in such items, the areas of application must fall well

~ within the cultural experience of all members of the population

being tested.

A third source of possible cultural bias in mathematics testing

"1s in the testing operation itself. Testing assumes that the stu-

dents will be stimulated favorably by the competitive situation to
perform at the highest level of their abilities. It is known that
individual students do not always respond in this manner. A few may
react to the competitive situation by intentionally performing poor-
ly. Others may respond to the pressure by becoming so tense that
they perform badly in spite of themselves. Unfortunately, such be-
havior patterns may be culturally related. A history of poor per-
formante on reading or [.Q. tests may lead to a negative attitude
toward tests in general on the part of a'cultural group. Under the
circumstances, the testing operation cannot provide a valid measure
of performance of this particular group. There are several ways in
which a cultural bias of this kind can be overcome. First, many of
the formal arrangements and activities associated with testing could
well be eliminated (special seating, proctors, special timing, etc.).
Second, testing should be incorpgrated as far as possible into the
regular classroom activities. Third, the testing should consist of
short scales, administered over several days if necessary, so that
it does not become a big operation on a particular\day. Finally,
the test items should be interesting, so that a student's natural

curiosity will stimulate him or ner to a high level of performance.

5.3 State Assessment Schemes

In Chapter 2 we noted the recent emergence of state level ob-
jectives for mathematics instruction in grades K-12. In most states
it appears that the objectives have been developed primarily to

guide accountability-motivated mathematics assessment programs. The
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assessment testing programs have typically been established after
broad consultation with mathematics teachers, teacher educators,
mathematicians, and interested laymeQ) and the most commonly stated
purpose of testing is to provide backgfound information for long-
range educational planning. vYet infdfmal reports to NACOME indicate
growing concern among teachers about -the competitive impact of com-
paring results from different schools éﬁ&'districts within a single
state. Furthermore, there are unmistakable signs that the testing
programs are beginning to influence the curriculum and instructional
priorities in many states. Thus the substance, technical design,
and use of state assessment have become a central concern for mathe-

matics teachers across the country. N

To serve as a basis for critical analysis and recommendations
on future directions for mathematics assessment, NACOME collected
descriptions of assessment schemes from each state. The specific
content, procedures, and purposes of testing are extremely diverse
and changing from year to year, but the following summary indicates

the range of current practice. [20]

Twenty-two states now have regular programs of mathematics
testing and ten more have conducted at least one recent statewide
assessment. Among the states with regular testing programs, ten
use norm-referenced tests, ten use criterion referenced tests, and
two use a cémbination of both. Most testing is in grades K-9, but
several states follow the National Assessment model of ages 9, 13,
and 17 and two states focus on a twelfth grade "school leaving"

examination of basic skills.

Uses of Standardized Tests in State Assessment. When the first

state accountability and assessment programs were formulated, the
predominant conception of testing was measurement against a standard
of national, state, or local norms. In many states the basic assess-
ment instrument is still a standardized achieQement battery; but

#
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thes: norm-referenced tests are being used to serve a variety of

information gathering pruposes. For example:

1. Several states have assessment programs, but no specific
mathematics education objectives. These states commonly
use one of the standard commercial test batteries for test-
ing with the intention of providing general information
about trends in educational achievement at various grade
levels. In these states assessment reports commonly in-
-dicate average grade equivalent performance for the state
and for each m&jor "educational district within the state
on the total battery and on each main sub-test. These ..
scores are also compared to previous year scores,
with some compensation for differences in aptitude and
socio-economic background of the districts. This type of
testing and reporting is used in Virginia, Mississippi, and
Rhode Island. In Rhode Island the issue of test score com-
parison between districts has become a delicate political
issue.

2. Several states have formal schemes of objectives for math-
ematics, yet assess ‘achievement by standardized achievement
tests. In Maryland the state has 6 broad goals for mathe-
matics education, comparable to the 1972-73 NAEP behavioral
categories of recall, manipulation, understanding, problem
solving, reascning, and appreciation. Each local district
and school develops its own performance objectives within
the state framework, yet the legislature accountability re-
port is based on state-wide administration of the ITBS at
grades 3, 5, 7, and 9. The report indicated grade equiva-
lent performance of each county and school in the state,
adjusted for differences in aptitude and socio-economic
factors.

3. In Kentucky the state mathematics objectives are simply
specified levels of performance on the CTBS. The tests
are administered at grades 4, 8, and 11 in each education
district of the state and results are reported in two ways.
First are the state and district average grade equivalent
scores on computation, concepts, and applications. Second
is an item analysis of the test indicating performance on
various clusters of items that make up the major subtests.
For instance,

Comprehension gﬁ Equations -- The expected criterion
level for fourth grade pupils was established as 66
percent. The average percentage of correct items for
fourth grade statewide sample was 64 percent.

The expected performance level is hased on item data from
the national norming sample. The use of item analysis data
from adrinistration of a standardized test is one way to
make a.norm-referenced test serve criterion-referenced
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purposes. In Georgia and New Mexico results from use of
the CTBS at various elementary grade levels have been re-
ported in this form too.

4. Delaware has adopted another variation of the mixed norm-
and criterion-referenced testing procedure. After develop-
ing statewide terminal mathematics objectives for grades
1, 4, and 8, the State Department of Instruction contracted
with the Educational Testing Service to comstruct an ex-
amination testing achievement of those objectives. Since
a high percent of the items used were drawn from a pool for
which national norms were available, the report of results
makes several comparisons -- Delaware versus national norms
and versus Delaware in previous years. Pennsylvania has
used a similar strategy in constructing a test of basic
skills with nuribers. :

acarare
red
4

Though nationally standardized tests are widelyvused in state
and local assessment efforts, the various attempts to tease specific
achievement information from item analyses are symptomatic of grow-
ing dissatisfaction with testing programs that reduce mathematical

achievement to several numbers indicating overall performance.

Uses of Criterion-Referenced Tests in State Assessment. If
assessment data are to be used constructively in program improve-
ment they must provide detailed analysis of the concepts and skills
possessed by students. Thus the current trend is toward develop-
ment of tests that measure student mastery of carefully delineated
mathematical objectives. The variety of existing criterion-refer-
enced testing programs is a measure of tﬁe variety in scope, detail,
and organizing schema for state mathematics objectives.

1. The most common organizing framework for objectives is a
grade level by content strand matrix. For instance, in
Wisconsin, panels of teachers and mathematicians developed
moderately specific behavioral objectives for grades K-8
arranged in strands like sets and numbers, numeration sys-
tems, order, computation, size and shape, sets of points,
symmetry, ete.. Another panel constructed test items and
arranged them according to priority.. In gsubsequent admin-
istration of the assessment test to a sample of 3rd and
7th graders (2000 per item) statewide criteria of perfor-
mance were set at 75% correct for top priority items, 50%
for second priority items, and 25% for third priority items
(none included in first testing). The data are reported
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in detail -- each objective is stated, the corresponding-‘E
test item given, and performance of the state sample re-
ported along with an evaluation of the performance. Pat-
terns in the individual item results are summarized in over-
all recommendations. [21]

For example:

Objective/Item State Sample Evaluation

m57 Add rational numbers
expressed in ''ter-

minating'" decimal form. a. 4.3% - E: Acceptable
5.87 + 25.003 + 0.95 = b. 9.5%
A. 30.873 o SiZf
B. 25.953 ’ e
C. 31.823
D. 31.853

New Jersey has developed mathematics assessment tests for
grades 4 and 12 using an approach similar to that in Wis-
consin. For the New Jersey test no levels of priority were
established and no fixed criteria for acceptable performance.
Furthermore, the test results are reported according to com-
munity type (urban, suburban, rural) and geographic region
in the state.

Michigan has developed a criterion-referenced testing pro-
gram based on minimal mathematical competencies at grades

4 and 7. The Michigan objectives are much more specific
than those used in Wisconsin, each objective is tested with
5 appropriate items, and 80% correct is established as a
criterion for success. A summary report from the State De-
partment of Education highlights objectives for which over
85% of the students reached criterion and others for which
criterion was attained by fewer than 35% of the students.
The detailed interpretive report emphasizes diagnostic and
remediative analysis with tips for improved teaching going
well beyond the simple acceptable/unacceptable judgment.

As part of the accountability interest in assuring that
students have minimal mathematical skills for successful’
citizenship,; several states have developed criterion-refer-
enced tests for use in twelfth grade. Wisconsin, Missouri,
Georgia, and New Mexico are among the states that have re-
cently initiated this type of '"school leaving" exam.

In Georgia and Florida, teams of mathematicians and teachers
have formulated mathematics objectives for various grade
levels. Then the state departments of education contracted
with commercial testing companies to develop criterion-
referenced tests based on those objectives. 1In both states
the objectives are organized into content strands; however,

ar
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the Florida objectives are viewed as "priority objectives',
not the outline of an entire mathematics program.

The mathematics assessment programs of many states are clearly
influenced by the conceptions of @athematical achievement and strat-
egies for measurement developed in NLSMA and National Assessment.

In such states the mathematics objectives and test items are orga-
nized in content/behavior matrices. As is characteristic of such
schema guided assessments, the emphasis is not on a single test
score, but on patterns of achievement in many different facets of
mathematics. ' '

6. After many years of statewide testing with nationally stan-
dardized tests, California has recently converted to the
objectives referenced SCIMA -- State of California Inventory
of Mathematical Achievement. The SCIMA testing matrix has
five content strands (arithmetic, algebra, geometry, mea-
surement, probability and statistics) and three behavior
levels (computation and fact knowledge, comprehension,
application). Tests are then designed and reported to in-
dicate performance in each of the resulting 15 skill areas
and many sub-areas. As is common in such matrix testing
programs, the various test items are administered to only
a sample of California students at each grade level --
permitting inclusion of many more items in the test with-
out putting an imposing burden on each student.

7. In Minnesota, Maine, Illinois, and Wyoming the National
Assessment model of achievement testing has been the basis
of state assessment programs. Though modified to meet local
needs, this generally implies a content/behavior matrix for
organizing the test items, testing at age intervals gsimilar
to those of NAEP, and use of selected NAEP released items
within the state tests. These testing schemes will lead to
criterion-referenced reporting, with an opportunity to com-
pare state performance to national results on many items.

These descriptions suggest the range of existing or emerging
state mathematics assessment procedures. NACOME had no way of de-,
termining a reliable profile of testing purposes and procedures at

the local school district level. Testing serves more diverse pur-
poses at the local level -- thorough measurement of the abilities

possessed by each student along with more general assessment of
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program effects. Furthermore, the practical impact of test content,

procedure, and reporting is likely to be greater at the local school

level.

In wne rush to implement accountability related testing pro-
grams at all school levels, the wide ranging implications for school
curricular and instructional practice have frequently been all too
cursorily considered. The variety of existing assessment programs
might be taken as evidence that states and school districts are
acquiring'test data uniquely suited to their educational objectives
and informational needs; on the other hand, many schemes seem based
on narrow views of the goals of mathematics instruction and produce
information likely to be of little constructive value for improve-

ment.

5.4 Summary

At the beginning of this chapter we posed three questions on
the extent to which school programs are developing those mathematical
skills and attitudes essential for effective participation in our
contemporary technological world. The data present an incomplete
pattern of mixed success and failure that must be interpreted hes-
itantly. Part of this difficulty of interpretation can be attriéuted
to lack of information on existing curricular and instructional prac-
tice. But the NACOME analysis suggests fundamental problems in cur-
rent practices of evaluating mathematics education.

f

Most of the methods currently used for evaluating and reporting
program effectiveness are not sensitive to the specific objectives
of the programs and are inefficient in terms of the time and effort
required. Many testing programs use instruments that provide such
crude measures of achievement that they have limited value for im-
proving instructional programs or assessing an individual student's

educational needs. .
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Evaluation is an essential and useful phase of any instruc-
tional program.. But to make evaluation play a positive and effective
role in school mathematics today there is an urgent need to develop
a much broader collection of measurement techniques and instruments
and to match these evaluation tools more appropriately to the varied

purposes of evaluation.
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CHAPTER 6. RECOMMENDATIONS AND PERSPECTIVES

This survey covers a vast and jumbled mathematical landscape.

It is more than the proverbial jungle; there are obvious mountain

peaks and gaping chasms. As a survey it came in a period of con-
fused and changing boundaries amidst the partially receding, waters
of the "new math'" deluge. It attempts to chart what is because it
is important to do so now, knowing full well that the outcome may
resemble those amusing early maps of the New World. It would be
presumptuous for this’ small group, awed by the survey task itself,
to formulate a comprehensive set of recommendations on the future
course of mathematiqs in the schools. Nevertheless, having charted
the waters, however roughly, we have come face to face with some
unmistakable topographical features and feel that it is valid to

call these to the attention of the mathematical community.

A. Policy Recommendations

Recommendation 1: Anti-Dichotomy

In the creation, introduction, and support of mathematics pro-
grams, neither teachers, educational administrators, parents, nor

the general public should allow themselves to be manipulated into

false tiioices between

the old and the new in mathematics
skills and concepts

the concrete and the abstract
intuition and formalism

structure and problem-solving
induction and deduction
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The core of evevy mathematics program should contain a judicious
combination of both elements of each pair with the balance, propor-
tion, and emphasis between the two being determined by the goals of
the program and by the nature, capabilities and circumstances of the

students and teachers in the program.

Furthermore, little is communicated by polarization of positions
about terms and slogans that have long since lost agreed-upon mean-
ings. Therefore, we recommend that the term "mew math" be limited
in its use to describe the multitude of mathematics education con-
cerns and developments of the period 1955;1975 and that reference
to current school mathematics, its staéhs, its trends, and its pro-
blems be made only in such common-noun tefms as the "present mathe-

matics program', '"current school mathematics, "contemporary mathe-

matics teaching', etc. i

Recommendation 2: Quality Education

Those whe are concerned about the education of young people
must reaffirm their commitment to full, comprehensive mathematics
education for all youngsters regardless of race, national origin,

Oor sex, and to the encouragement of each to pursue mathematics so

as to make maximum use of his or her mathematical talents.

O
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Implications:

a) that every child is entitled to the mathematical com-
petencies necessary for daily living in today's civi-
lization, but the concep! of "basic skills' essential
to the consumer and the citizen be defined to include
more than computational skill -- also abilities to
deal intelligently with statistical information, to"
reason logically and think critically.

b) that minimum skills cannot be allowed to become ceil-
ings of performance for any youngster.

c) that the provision and support of qualified teachers
is primary to the accomplishment of these goals.

d) that teachers at all levels and in all geographical
areas should have the opportunity to select from
among the growing array of alternative teaching styles
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and materials those that best meet the needs of their
students. )

e) that teachers of mathematics continue to be supported
within their school systems by qualified resource
specialists in mathematical curriculum and instruc-
tion.

Recommendation 3: Curriculum Content

Curriculum content, subject to the flux of accelerating change
in all areas of our society, cannot be viewed as a fixed set of goals
or ideas; it must be allowed to emerge, ever changing, responsive to
the human and technological lessons of the past, concerns of the pre-
sent, and hopes for the future. With this in mind, no defiuitive
curriculum can ever be recommended. At benchmark 1975 the National
Advisory Committee on Mathematics Education sees the following re-

commendations as reasonable and essential features of a contemporary

mathematics curriculum.

a) that logical structure be maintained as a framework
for the study of mathematics.

b) that concrete experiences be an integral part of the
acquisition of abstract ideas.

c¢) that the opportunity be provided for students to
apply mathematics in as wide a realm as possible --
in the social and natural sciences, in consumer and
career related areas, as well as in any real life
problems that can be subjected to mathematical anal-
ysis.

d) that familiarity with symbols, their uses, their
formalities, their limitations be developed and
fostered in an appropriately proportioned manner.

e) that beginning no later than the end of the eighth
grade, a calculator should be available for each
mathematics student during each mathematics class.
Each student should be permitted to use the calcu-
lator during all of his or her mathematical work
including tests.

f) that the recommendations of the Conference Board of
the Mathematical Sciences 1972 committee regarding
computers in secondary school curricula be imple-
mented .
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NACOME especially underlines recommendations:

-- that all students, not only able students, be
afforded the opportunity to participate in com-
puter science courses,

-- that school use of computers be exploited beyond
the role of computer assisted instructiof or com-
puter management systems,

-- that "computer literacy" courses involve student
"hands-on' experiences using computers.

g) that all school systems give serious attention to
implementation of the metric system in measurement
instruction and that they re-examine the current
instruction sequences in fractions and decimals to
fit the new priorities.

h) that instructional units dealing with statistical
ideas be fitted throughout the elementary aud secon-
dary school curriculum.

Recommendation 4: Teacher Education N

Colleges of education, professional mathematics education organ-

izations, accrediting agencies of teacher certification, and the

mathematics community must cooperate to produce mathematics teachers
Rnowledgeable in mathematics, aware.of, oriented to, and practiced
in a multitude of teaching styles and materials and philosophically
prepared to make decisions about the best means to facilitate the
contemporary, comprehensive mathematics education of their students.,
Further, the above bodies, together‘vith local school boards and
organizations representative of teéeﬁzrs must continually facilitate
the maintenance of teachers' awaremess of and input to current pro-
grams and issues.

AN

Implications for pre- and in-service teacher training:

a) that professional organizations continue to update
and publish the profession's view of the educational
needs of mathematics teachers and that professional
organizations take an active and aggressive role in
apprising decision-makers in teacher education, cer-
tification, and accreditation of these views.

b) that a joint commission of NCTM and MAA be established
to present a united position on requirements for the
education of pre-college mathematics teachers.
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c)

d)

e)

£)

g)

h)

that the professional’ organizations in mathematics
education take initiatives to insure that mathematics
educators have a role in decisions ré¥ating to the
preparation of specialist teachers in special educa-
tion, early childhood education, bilingual &ducation,
career education and other areas in which mathematics
is part of the curriculum.

that mathematics specialists with broad- “and long-
range perspective concerning the nature of mathe-
matics and its role in society (mathematicians and
mathematics educators) maintain a prominent ‘role in
decisions concerning the mathematical competencies

of teachers, both in design of teacher education pro-
grams and in the certification of teachers. \

that neither teacher education nor certification pro-
cedures be based solely on competency- or performance-
based criteria without a sound empirical rationale.

that the background of instructors in both pre-ser-
vice and in-service courses for teachers include not
only the relevant mathematical competence but both
current experience and interest in the mathematical
curriculum of the level those teachers will teach.

that, since the successful implementation of any
thrust in school mathematics depends on the realistic
acceptance of that thrust by teachers, programs seek-
ing national acceptance must identify the factors
promoting such acceptance and integrate these into
in-service workshops. Among the factors .considered
should be:

-- the conditions under which the teacher is attend-
ing the institute,

-- the teacher's opportunity to make input into the
program,

-- the teacher's opportunity to adapt methods or
materials to his or her own style of classroom
instruction,

-~ the opportunity to air misgivings and apprehen-
sions and to brainstorm both future difficulties
of implementation and alternatives for avoiding
or handling them.

that school districts, teacher organizations, and
sponsoring agencies of teacher education programs
should work together to identify the conditions that
will promote teacher participation in in-service pro-
grams. Possible factors might be released time, edu-
cational leave time, university credit, stipends,

o




credits toward other negotiated benefits, and incen-
tive teaching materials.

i) that teacher education place emphasis in the follow-
ing areas:

1) the development of process abilities, that is,
abilities in logical reasoning and problem solv-
ing, and methods of developing these abilities
in children,

2) development of teacher judgmental abilities to
make intelligent decisions about curricular issues
in the face of growing outside pressure for fads
and uninformed policy,

3)

recognition that skills
and the ability to deal
lections of information
minimal skills required

of statistical inference
intelligently with col-
are among the essential,
by every person in today's

world,
4)

appreciation of the uses and applications of math-
ematics in the solution of 'real world" problems,

5) development of skills in teaching the effective
use of computing and calculating machines in

solving problems,

6) for secondary teachers, literacy in at least one
problem solving programming computer language and

grasp of the issues in computer literacy,

7) preparation of new teachers to enter realistically
the existing school systems as well as to partici-
pate in emerging trends.

\

Recommendation 5: Affective Domain

Despite legitimately changing national priorities, where human-
ities or sociological concerns supersede the technological, mathemat-
ics remains an ever-growing requisite for both personal living and
the maintenance of the industrial and scientific society we have be-
come. DPositive attitudes and expressions on the part of parents,
teachers, and the general public with regard to mathematics that
leave the student free to encounter without prejudice the realities
of mathematics, with its own attractions and difficulties, are fun-

damental in successfully providing the young with a mathematical ed-

ucation that will fulfill their personal needs as citizens and provide
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the pool of mathematical talent requisite for the social needs of

the nation.

Implications:

a) that the affective as well as cognitive domains in
mathematics should be the subject of constant and
programmatic attention,

b) that basic research into the affective domain specifi-
cally vis-a-vis mathematics should be pressed,

c) that attempts to create more appropriate and sensitive
instruments for assessing the affective domain should
be mounted,

d) that the ite@§ or scales referred to in ¢) above then
be included in national and regional assessments and
- in all major program evaluations,

e) that pre-service and in-service programs, both gen-
eral and those related to specific projects should
formally embody objectives in the affecitive domain
and program elements to achieve them,

f) that the unfounded assumption that mathematics is
more a subject for males than a subject for females
is to be vigorously opposed.

Recommendation 6: Evaluation

Given the prominence and value of evaluation in the scheme of

education today, more critical attention needs to be given to this

Impiications:

a) that evaluation instruments be selected after program
or individual goals are identified and that they be
matched to these goals,

b) that grade-level score reporting of student perform-
ance on standardized tests be abandoned,

c) that an intensive effort be made to develop objective-
directed tests to replace the standardized norm-refer-
enced tests now commonly used for student and program
evaluation.

d) that sampling techniques should be used in program
evaluation wherever appropriate, to minimize the
over-testing problem, ’




e) that evaluation results be reported in a multi-com-
ponent form corresponding to the multiplicity of goals
. normally associated with education programs,

f) that extreme care be used in test construction and
administration to minimize potential cultural biases,

g) that evaluators should be more sensitive to the effects
upon performance of certain factors of testing condi-
tions, e.g. time limitation, over-testing, lack of
motivation, unfavorable physical conditions, attitudes
of test administrators and teachers.

B. Recommendations for Research and Development

Recommendation 1: Needed Research

‘ While continuing research is essential to every empirical issue
in mathematical education, there are particular issues either of such
overriding importance or for which the evidential base is so weak
that we believe attention should be called to them. The following is
by no means an inclusive list but it represents areas that appeared
notable in the course of our survey‘éé‘fepresenting areas of special
need.

a) Research on objective means for identifying good
teaching and the characteristics of the effectiwe
teacher is needed. Present methods for identifying
effective teaching models are largely subjective
and impressionistic. Yet fundamental current issues
in teacher education and teacher certification, such
as the definition, recognition and development of
teaching "competencies', cannot be satisfactorily
resolved without a sound research base relating
teacher characteristics and behaviors to successful
educational outcomes and accomplishment of goals.

b) There should be continuing attempts to find a sound
empirical basis for the recommendation of particular
patterns, methods, and materials of instruction and
of particular instructional and curricular organiza-
tion. Needed are extensive evaluations of programs
and comparative studies of alternative programs.

c¢) Considerable study is called for concerning the com-
plex interrelationships among variations in teaching
and learning styles and among variations in such
styles and instructional staffing patterns and among
these variables and content goals.
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d) Once goals are clearly established concerning desired
computational ability, research is needed to identify
the techniques and balance of rationalization and prac-
tice, that are optimal for attainment of these goals.

e) Continuing research is needed in the affective domain,
on variables associated with the development of atti-
tudes and motivation and the relationship of these
variables to achievement outcomes.

£) Little is known about the effective, optimal balance
or interaction of informal and rigorous modes of ex-
pression in learning mathematics and its relationship
-to content, ‘student ability, and .experience.

g) Research is urgently needed concerning the uses of
computing and calculating instruments in curriculum
at all levels and their relationship to a broad array
of instructional objectives.

h) Evaluation of the many alternative programs that are
oriented toward the application of mathematics to
varied problems or other content areas is needed. 1In
particular, the success of specific instructional
variables in achieving godls of modeling, application,
i problem formulation, development and selection of
: strategies, interpretation of information, discovery
of relationships, etc. demands investigation. - bateny

Recommendation 2: Needed Information

Throughout the report, the committee has indicated areas where
we have been hampered by the lack of information. Without listing
these in detail we will note broad categories which seem to call for
extensive information-gathering.

a) Extensive and detailed information about classrocom
practice is an urgent need. The status of mathemat-
ical education can certainly not be known until we
have far more dependable data on what actually happens
in the classroom. Any attempt to link cause to the
assessed effects of testing programs is suspect until
such information is available.

b) We know shockingly little about the preparation of
teachers. Surveys are needed to determine common
practices, program requirements, etc. in teacher
education. In addition, it is suggested that teacher
education institutions not only evaluate their pro-
grams in follow-up studies of their graduates but
initiate means of sharing these findings on a broad
scale.
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c)

A 1§fge-scale assessment. of present needs for in-ser-
vice education is timely; such assessment, to be use-
ful, will depend upon the development of instruments
more sophisticated than just polls of teacher opinion
as to their perceived needs.

Recommgndation 3: Needed Curriculum Development

The improvement and updating of curricular elements and material

is a perpetual need, but there are particular areas considered in

this report where new curricular organizations, instructional materi-

als, and courses are of urgent concern.

a)

b)

c)

d)

Instructional materials at all levels in: the use of
calculators, applications and modeling, statistics
and the general ability to collect, organize, inter-
pret, and understand quantitative information, com-
binatorial mathematics, and metric system measurement.

Curricular revision or reorganization in the light of
the increasing significance of computers and calcu-
lators.

Curricular revision of the relevant components of the
total program in light of the increasing use of the
metric system in measurement.

Integration of statistical ideas throughout the cur-
riculum at all levels. Some ways in which this might
be done are:

1) Use statistical topics to illustrate and motivate
mathematics,

2) Emphasize statistics as-an interdisciplinary sub-
ject by encouraging the insertion of statistical
ideas into the study of the natural, physical and
social sciences and the humanities.

3) Develop several separate courses dealing with
statistics to meet the most varied local condi-
tions. Possible courses: are:

a) a ninth grade statistics course available to
all students, with no algebra prerequisite.
This could probably be the most useful math-
ematics course for the non-college bound or
any student who as consumer and citizen must
cope throughout 1life with numerical informa-
tion.

b) a senior year statistics course with a pro-
bability prerequisite. -
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c) interdisciplinary courses oriented tcwards
computers and statistics and social-, natural-
and physical-science courses using statistical
tools.

e) Recommendations of the CBMS 1972 Committee on Computers
in the Secondary School are supported by NACOME.

1) preparation of a junior high school course in
~ "computer literacy", general understanding of
the capabilities and limitations of computers

and their role in our society. '

2) preparation of text materials for follow-up courses
in computing, modules which integrate computing
into high school mathematics courses, and other
modules which utilize computers in simulating the
behavior of physical or social phenomena.

3) development of special programs for high school
students showing unusual aptitude and promise in
computer science.

4) a major effort aimed at making vocational computer
training more generally available and at the same
time improving the quality of such training.

f) Techniques and materials which will support and effec-
tively develop abilities in problem solving, in logical
reasoning, and critical thinking.

g) New and imaginative approaches to the geometry in high
school, junior high school and elementary school. 1In
particular, a rethinking of the role geometry should
play in the objectives and goals of the mathematics
curriculum and its relationship to the rest of the
mathematics program would be timely and valuable.

h) Effective materials and techniques for remedial in-
struction.

i) New and revised teacher education programs at both
pre-service and in-service-levels. The emphases
recommended above all have implications for changes
or new priorities in the teacher's education, of both
mathematical and pedagogical nature.

j) Collections of short test scales directed at specific
objectives as alternatives to the general purpose
standardized test now widely used.

k) Appropriate and sensitive measures for the affective
component in mathematics education.

Mathematics is more than just a school subject. It is a na-

tional resource, a national concern and, at times, a national issue.

s 162

ERIC

Aruitoxt provided by Eic:




School mathematics is in an unusual state today. Long enshrined as
a unique and well-supported discipline with a clear-cut and almost
monolithic identity, it is suddenly beset with many troubles -- an
identity crisis brought on by the usual causes: internal confusion
and loss of clear-cut direction and external changes in familiar

support and status structures.

Current cultural preoccupations no longer award mathematical,
scientific and technological disciplines the first place of honor
(and funding) that has been the case for many years. The centrality
of mathematics to national needs triggered by the Sputnik launching
is no longer felt. Young people who formerly flocked to mathematics
because it was so important and had such national status now look

elsewhere. The popularity of mathematics and its funding by public

P

and private agencies has greatly waned. At the same time, a plateau
has been reached in the two-decade series of developments referred

to as the 'new math'. Whatever its achievements (and they were many),
it also has enough problems and unfulfilled goals to generate a host

of critics among educators, parents and even politicians.

While some demythologizing of mathematics is probably justifi-
able, it may be that these two forces have too severely depreciated
the role of mathematics (and its consequent support) in, the eyes of
many not only in the profession but, more regretably, among educators,
governmént, and the general public. Yet whatever alternative fields
of scholarship take precedence over mathematics and wh&tever external
criticisms of developing mathematics programs arise, our world re-
mains a scientific, technological, and industrial world and mathe-
matics remains essential to its caretaking and improvement. It is
necessary to reaffirm the continued importance of mathematics to

society and to the individual.

It is also necessary to appraise criticisms realistically. For

that, one must realize that all of American education has been deeply
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conditioned by recent cultural changes. School-work attitudes,
habits, and motivations have dramatically altered and, as a con-
sequence, have definitely reduced many formerly expected educational
outcomes. Many criticisms aimed at the "new math” are actually a
response to this general educational decline, while other criticisms

remain addressed directly to the mathematical program itself.

Furthermore, we as a society seem to be emerging from a naive
period in which the simplistic assumption was held that education
could provide the solution fo;“mo§t social ills. We are confronted
with increasing evidence that the school is only one of a vast com-
plex of forces which influence the achievement of children in scho-
lastic areas. Thd% a serious study of changes in educational out-

comes must be put ‘into the context of the dynamics of the society

a

|

as a whole.

Avpositiye sidélof the current wave of criticism is the evident
interest and involvement in school mathematics of many important
groups. This interest and even this criticism are welcpmed, with
the hope that they will be responsible and responsive to dialogue
and interaction and will reflect the appropriate roles and compet-
ences of the critical bodies. Legislatures édd governmental bodies

have a legitimate interest in educational outcomes -- but seldom the

professional depth of educational expertise. Their voice is impor-
tant -- but should be raised with restraint and should remain in the
policy sphere. Parents should remain interested and vocal -- but
should make every effort to become informed before becoming critical.
Teachers, individually and through their various professional agen-
cies, should have an increasing voice in determining the pérametérs

of mathematical programs in the schools.

All of these groups should recognize that mathematics is in no
way a less appropriate subject for female than for male students and

that national interest as well as personal justice indicates that
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everything be done to open mathematical horizons-and opportunities
equally to both sexes. In all, mathematics education today is much
like a healthy but not untroubled teen-ager. 1Its pre-teen period of
enthusiastic preoccupation with the relatively clear-cut issues of

content development has given way to a confused recognition of addi-

tional and much more elusive problems.

The school mathematics community is very much aware of and deep-
ly involved with a host of problems: the diverse needs of many Sub-
cultures in the schools; questions of teaching and learning theory;

' the tremendous gap between theory and practice; problems of evaluat-
ing the merits of educational programs; the difficulties of accept-
ance and implementation even for programs of proven worth; pivotal
issues of pre service and in-service teacher education so vital to
this implementation. But the complexity of these problems compared
to the earlier questions of content and curriculum is such that they
have left.the mathematical education community momentarily unsettled
and unsure of direction and strategy. The teen-ager has acquired a

healthy awareness of the broader issues of maturity.

Mathematics education today is the healthier because it has
lost a certain.simplistic view of its educational challenges and
an undue certainty about its answers. It has embraced more fully
problems that have always been its to" address and is beginning an
era of new endeavor -- charting, exploring and hoping to conquer

more formidable reaches than ever before.

.
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ASA
CAI
CBTE
CEEB
CMI

COLAMDA

CSMP
CTBS

CUPM

IPI-Math
ITBS
MAA

Madison Project

MNNEMAST

NAEP

NCES

NCTM

NIE

NLSMA

NSF

PBRTE

GLOSSARY OF ACRONYMS

American Statistical Association
Computer Assisted Instruction
Compétency Based Teacher Education
College Entrance E%amination Board
q8mputer Managed Instruction

Committee on the Low Achiever in Mathematics,
Denver Area

Comprehensive School Mathematics Project
Comprehensive Tests of Basic Skills

Committee on the Undergraduate Program in
Mathematics (a committee of MAA)

Individually Prescribed Instruction-Mathematics.

Iowa Tests of Basic Skills

Mathematical Association of America

A curriculum and instructional development
project located for many years at Syracuse

University and Webster College

Minnesota Mathematics and Science Teaching

‘Project

National Assessment of Educational Progress
Nationél Center for Education Statistics
National Council of Teachers of Mathematics
National Institute of Education

National Longituainal Study of Mathematical
Abilities

National Science Foundation

Performance Based Teacher Education
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Project ONE

RBS

T
SAT

SCIMA

SMSG

SSMCIS
UICSM

UMMaP

USMES

WYMOLAL P

ey

B

A curriculum development project located at
the Educational Development Center in Newton,
Massachusetts

Research for Better Schools, a regional educa-
tional laboratory in Philadelphia

Scholastic- Aptitude Test -

State of California Inventory of Mathematics
Achievement

School Mathematics Study Group

Secondary School Mathematics Curriculum
Improvement Study o

University of Illinois Committee on School
Mathematics

University of Maryland Mathematics Project

Unified Science and Mathematics for Elemen;ary
Schools c h o h

A project developing material for low achieving
students, located in Wyoming
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