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i first and most important'question examined was the patterﬁ of student learning -

* PROJECT FOR RESEARCH IN STUDENT LEARNING L

-I. Introduction
. This projecf‘has researched several questions, all related to the pro&uc—
N -0 ’ - - . PN . '
‘tion of cognitivehskills in formal elementary and secondary education. The
over time. The results of that»fesearch have implications for the optimal
allocation of resources over time.

The second quésgion researched here was the pr‘eferences)o'f teachers with

_ i respect to (i) the level andrdistribugion of learning within' the classroom and

(ii) their own geographic 1d;afionJ
The third question examined was ‘the relépionship between studerit work
effort .and student learning. Work effort can be directly'measured or proxied by

‘use of attitudinal variables. Our research primarily used a direct measure of
rtit : ! 1t ;
J .

H . f

work efforf; . Z

Fach of the quesfions %hich we attempted to answer in this ieéeafch project

L)

is discussed in more detaill below. ' For each duestion'we'pfovide a summary of
our findings and their possible pqliéy implications. The c§mb1ete studies which
lie behind these finding; and concLQsions are included in;fhe appendices to

’

this report.

II. Student Learning Over Time N IR .

0

The conventional belief émong psychologists and;educators has been that

.the level of studént knowledge upon reaching adulthood is maximized when

¢

géhool resources are concentrated in the early'yeafs.' This belief, and the

.scanty gmpirical evidence which fies‘behind it,'has provided the major rétionale

for early childhood education programs and for focusing compensatory education

s 1



prog%amS‘in the early years of sc@dol.
° . \ '

We first explored this issueé tﬁéoretically in a paper titled "On the

‘\
Optiﬁal A%lééation of Resourceé iﬁ the Production of Human Capital'. By
postula£ing_a Coﬁleouglas production function ofAknow1edge and assumiﬁg a
fixed school budgeéhqver timé, we conclude that tﬁé optimal iﬁveétmeht
trajeétofy is almost always one Whére expepditures per pupil increase over thé
schOoling périod; | | » ‘ |

| Tﬁe theoretical. finding is suéported by our empific;l research. Using
1ongitﬁdina1 data on school inputs and scores on séandardized-éxamin;tions for
coho;ts.of pupils., we estimated a production functioﬁ for the level of know? -
1édge at‘grade eight. Distributed lag analyéis was empléyed to eétimate thg
productiyityvof school resources over the school-life (eiéht years) of thé |
child: The full study is given iﬁ "Pfoduction of,Hu@ap Capital Over Time" in
Appendix b. | |

The émpirical estimation indicated thét the productivity of’sﬁhool

resources inéreasgs between gfades’one,andveight for the sample as a whole.
In general, the elasticity of grade. eight knowledge with:respect to grade eight

s Jschool inputs is higher ;han tﬁe glasticity of grade eight %nowledge with
-respect to gdee one school inputs. The corresbonding policy implication is
that the annual level of schéol:éxpenditures‘shquld increase over time in order
to ﬁaximize grade eight_échieVemenﬁ. In othér.words, expenditure; should be
ﬁigger in grade eight than grade one.

‘.Howevef, we find'the péttern of‘ptoductivify of échoollinputsvvaries.
bgtweeﬁ.subgroups qf pupilé.~ In géneral, the productivity increases over time

<

.for high income and high achieving pupils, while the productivity remains . : ‘
-relatively constant over time for low income and low achieving pupils. The - |
' |

corresponding policy implications are that expénditufes should inc}ease with

grade level for the high income and high achieving pupils,I while expenditurésb
. r- .
% )




sﬁguld reﬁain relatively constant ovef grede levels for low income and low
;chieving pupils. |

Like most scgool distric&s iﬁ the Uni;ed States, we fpund.that per pupil
expenditures gegerally increase.with—g;age level forAsﬁudeqfs iﬁ the séhéol
»distript which we’étudied. This pattef; is safiéféctéry‘for the ﬁ;éhyincome,
.high achieving pupils. . But low income, low achiéving.pupils would be-bettér .
off, in terms of eighth grade test scores, if ;his patter? were’altered to give
them more resources in the early years.

These findiﬁgs then prdvide empirical'support'for focusing.COﬁpensatory
edhca;ion-programs and ékpenditures_in théuearly'years.of a child's formai
education. Howéver, the findings provide no support for enriched.early child-
hood prograﬁs for all childrén..~This 15tter finding is of Speéia£'importance,
sihce'therevqur;ehtl§ is qonéiderablerpolitiéal pressure to provide enriched
early cﬂildhood experiences to high iﬁéomé as well as low income ;hildren.‘

Our findings, thle interesting, do not néceésariiy exﬁeﬁd to scﬁool
districts unlike the one actually studiedi which is located in an urban,
California ciéy. Fdrthérmqré, our research ehtailé several assumptions of which

the policymaker should be aware. These assumptions are listed and discussed in

the text of the paper itself.

III. Teacher Preferences .

‘We originally set out to examine the preferences of teacﬁers with respect

~ to their,géographic 1ocat;0n. Other studies have reborted that teachers have

' str0ng preferences for teaching ¢hildren of high socio~economic status. A

éorting mechanism.appears to operate in many communities. Most teachefsvprefer
to teach in tﬁe schoqls with high incomé or high achieving.pupils. However, only
the high.quality teachers ére sglécted to teach in thosg séhodlg.‘

If the quality of tha teaching faculty 15 a'funetion“oﬁ the échievement'.




level of the pupils, the estimates of teacher productivity obtained in a

3

- single equation learning model will be biased. We tested the hypothesis that

‘testher quality is not a function of pupil achievemént, bﬁt found we could not

reject it. . Hence, this simultaneous'equaiibns probiem was ignored in the
remainder of our research.

The usual model of léarning assumes that teachers attempt to maximize the .

.

‘average level of leafning in their classroom. However, teachers may -have other

objéétives as well. lFor example, they may wish to minimize disorder or’
disciblinary problems. Or, they may wish to mdximize the learning only of the
.‘ : . s B

brightest children. The péfticular teacher objectives will determine how that

teacher allocates his or her time among the children in the classroom. If the

© teacher objective is not simple maximization of'achievement,'the usual model

may provide biased empirical results with faulty policy 1mplications.

We attempted to estimate teéacher preferences with respect to (i) the
average level of learning in the classroom and (ii) the variance in learning
in the classroom. Learning was measured by £he differencé,in‘séores on’

Stanford Reading Achievement Tests between two consecutive grade levels. We

. found that teachers attempt to maximize average level of learning and minimize

variance in learning. However, they éfrongly prefer maximizing achievement

to miniﬁizing variance. The full results are given in "Teacher Preferences

. With Respect to the Level and Distribution of Scholastic Achievementf”

-This finding does not have any obvious’ﬁolicy implication. However, it
does have relevance for future,xesearch in learning. Teachers do,not simply

attempt to maximize leérning. Ignoring the complexity of the teacher objective

function mav create misleading results and policy implications.

‘IV. Student Work Effort aﬁd.Learning

A

Several studies, including the Coleman Report, have noted a strong

7
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student attitudes.

statistical relationship between student attitudes about the future'or

attitudes ébouththeir control over their environment and student learning.

We, too, find such a reiationship when we regress level of learning on such :

3

. However, these student attitudes are mainly a broxy for student work
effort in the schobl.: If the student believes he_or she has no control over

his environment or lives fqr the present instead of the future, he or she is

likely to spend less time effectively engaged in learning actiuities than a

student who believes the opposite. We find a high correlation between these

student attitudes and actual student work effort for the sample of students

used in our empirical work.

_vOur research and findings on student work effort are reported in the
attached paper titled ”Student;Labor Suuply in Learning".” In the produetion
equation we find that student labor is a strong determinant of student learning.
The elastic1ty of learning with re/pect to student lebor is approximately .2%.
In the labor supply equation we find that the productivity of student labor is

a strong determinant of the amount of labor prdvided in learning. The elastic-

ity of labor supply'with respect .to the marginal product of labor is approx-

imately .30.

—

When the ievel«of.resources received by pupils in.the home or the sehool‘
is changed, student labor may change as‘well. There are two offsetting effects.
The "income" effect’is that an increase in, for exampie, scheol inputs results
in higher learning, so the.studeht is llkely to reduce his work effort and take
more leisure. The "substitution' effect is thet an‘increasevin scnoul‘inputs
ieads to a higher marginal preductivity of labor which provides an,incentive to
the,student to increase_his work effort. We find foéxour sempie that an
increase in school or home inputs‘in>tne prbduttion equation tends to increase

the amount of labor provided by the student in learning. In other words, the




substitution effect exceeds the income effect.

“in detefmining policies which may induce students to increase their work
effort. The research done in thié.project in no way provides définitive policy

implications but is an important first step towards estimation of more real-

V. Future Research

needs to be feplicated and improved before strong policy implications can be . e

Longitudinal studies of learning should receive high pridfity in terms of

* funded research. Onlv through longitudinal studies can one answer queétions

_istic student labor supply functions. -

Student work effort and student attitudes vary greatly tetween races and

between socio-economic groups. Research on studentvlabor supply is important

v

The questions investigated here are very important ories which have not = s
previousiy been’addressed. 'Howe?er, the feseafch ‘u;dertakeh in this project
made . o
| Oqe pdssible fruitful érea of research,ié learning over time; Interest
groups are curreﬁtly advocatiﬁg univers;l enriéhéd eafly chiidhood education
on the basis of very little empirical evidence. Our resea?ch suggests eérly
childhood éducapion may be an iﬁefficient use of resourc;s for'most the nation's

children. However, furthér research obviously needs to be done in this area.

regarding the 6ptimal allocation of resources over time.
* Another area of research which deserves high'ﬁriority is the study of'the

relafiopship between the amount of time spent learning and the amount of know-

ledge learned. In particular, it is important to know what factors affect

" student work effort, and what is the most cost-effective method of increasing

student work effort in or out of school. Related to this is an important

questién: Ts it more cost-effective to increase learning by increasing school

resources or by changing thosé-variables‘which influence student work effort?




Compensatéry education programs which attempt to increase work effort may T
improve learning more than programs which simply provide an enriched
school environment.
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APPENDIX A
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ON THE OPTIMAL ALLOCATION OF RESOQURCES Iﬁ/}HE

PRODUCTION OF HUMAN CARITAL
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1. 7+ Introducticn

Il

. . Tﬁé educational butput yhich is of the most economic interest

. j o .
is the change in the stock of hﬂman capital, broadly defined, embodied by
students. Assuming schoois'wiéh.tq maximize this output, they face the

problem of optimally allocé?ing a constrained‘budgef over inputs. This

/
/

problem has been the}focus;of much economic research on educational production

<

‘functions, starting with £oleman T1]. However, one aspect of this problem

.has'been complétely’igngéed to date: what is the optimal allocation of

/

- 3 ) .u ’/ M 3 3 3 b L]
resources over time irs terms of maximizipg the stock of human capital

existing at the end of the séhooling period?
. ©

. Should rescurces be concentrated in the early grades, as some
' psychologists (notabtly Bloom [2]) contend? Or should the time distributicn
of resources be weighted towérds secondary edgcation, as 1s typically ob-

served? The answver, of course,.largely depends on the dynamics of individual ~

learning. The static micro educational rroduction functions, as esti- '
mated, for example, by Coleman [lj are irrelevant with respect to longitué-

inal resource allocetion considerations. Interaction in educational outputs

6ver time are ignored, and .as a result the terminal output is independent

of the point in time wheh inputs were utilized. To deal with the optimal

~allocation of. scnool. inputs.over time it is therefore necessary to specify

. b3

¥

the educational procuction process in the form of a dynamic model.

In this paber'we theoretically de}iye the optimal path of school

investment or school. resource allccation over time for an individual student

‘The characteristics of the path very with the properties of the dynamic

gpowth model. Tne basic model employed heré has Its intellectual origin

in the ‘economist's modél of capital accurulation. The analogy is not =&
I \ ’ : L.

new one; Een Porath [3] has used & similer model to determine the optimal

172
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economic interpretations and policy implications of the- solutions are

¢
) . . ) .
v <

|

“path of lndIVLdutl Jnvcstmont in human capltal over tlme . However, our

-

............

application is drfferent Ln that the ducislon—maker is .the school, not the

1ndiv1dual, and the objectlve is not max1m1zatlon of consumption over a

-

'lifetlme, but maxlmwzatlon of the ,tock of human capital upOn‘termination

of secondary edueat,on
In what follows ve first develo§ the theoretical model. We postu-
late.é general'production function of~humop capital and employ the tech-

nigues of optimal control to derive a‘pereral solution to the problemn.

- s
)

%cht,'we =pec1fy the dyn&mlc growth model of human capltal, whlch like its

'

analogue 1ncludes a rate of deprec1atlon or obsolescence and a productlop

'function for nev capital. . We derlve the optlmal tlme paths of school invest- '

B

fmentffor a@new'capital production functioﬁ of the Cobb.Douglas type. The
: ' _ |

o

- . [T

., e . @ B : oy
discussed. ' : ~ ' ' : : . :
2. ‘The General Human Capital Accumulation Model

& -

The:mdjor,assdmptioo which lies behind this analysis is that

: schoois atterpt to naximize the human capital embodied ty each student

:,upon termioatioﬁ of secondary_school; It has thereby3bEen implied'that

(a) it is compulsory for students to finish high school, but (b) there

is no constraint on the"levelvo%'scholastic'achievement_attained, and

-

(¢) the school is not concerned with the distribution of achievement.

¥

- Humen capital is here broadly defined as a multi-dimensional vector
of traits, represented by & vector x(t). It may incldde elements which

produce money 1ncome, 1ncome 1n the form of self-produced consumptlon goods

- <

“and psychlc 1ncome Our assumptlon restated 1s that schools attempt to

3

ma71mlze the probab 1lity that students attaln max1muﬁ 1ncome produc1ng N

. capacitibﬁ. o _' . - 13

s

-t
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+ The stock of the human capital embodied in an individual student

~changes over the period of.scﬁooling. The change in the vector of human
- capftal k(t) over time is considered simply as & linear function of the .

/

/ - o
/preceding stock -and the new human capital produced, analogous to changes in
"physical chifal, such that’

o

.
P

where fhc ma£ri; A;is diagonél with'the rates §f~obsdléscence or foréeft;ng
' *associétgd with}each of the humaﬁ capital coﬁponents as'elements, and

the vecfor”fﬁncfién f represents the-ﬁroduction of new human capitél.

-This vector fﬁnction%inclgdeé as arguménté‘thg stock of human capital,

q,vectof.og controllable inputs, u(t), 'and a vector of exdgeneous inputs,

z(t), representing home environment. We assume the home environment is
known over the schcol period and can be expressed as a smooth function

of time, sO that the symbol 5(t) can be replaced by time only .in Eq. (1).

The assumptioﬁs made ccncerning the producticn functions f apd that
the marginal products for kx, and. u afe'nonénegatiye and that the function by

is coﬁcavé.
Recent psychdloéiéai_rééearch in learﬁing provides support fb;‘
a'humahucapital accﬁmulaﬁion‘ﬁodgl’as-given‘iﬁ Eq. (1). In particular,
priorAléarhing levels have been found'to:bg‘stroné detgrﬁingntg~of changes
‘.in learning byﬂBléoﬁ'tQJ andiBlpgkf[h].

The school is now faced with the‘tésk of distributing aﬁ.available'
budget, B,-over input résources and over time, SOVas to méximize,a.scalar

Ca

CL ,index“e%/ﬁhe vector k(t) at the end of the learning period (T), given an

T “-a"? N . ] .
,initial human capital leye;jof’thé‘student Oflho and subject to the human

)
P
P e

capital sccumulaticn equation of Eg. (1).

R ng}‘ : | : . 07_ | -
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3. - Optimelity Conditidnslf

o We‘emp}oy the techniqées of optimél control theory to find the
'ioptimdlity cbndi£ioﬁ; for tﬁe/genéra; model. For simplici?y wevli@it the
"dimension. of thé human cépital vector-épd:of the input vector to one. This
simplificafion coes not in ny way.feduéé the generality of the solution

' me@hpd fol;bwed.A Aftér in foducing.r as the gocial diséountbrate, thé

variable x(t) is defined ds,

x(t) (2)
and the problem can be/restated to be: N
. J = max k(T " (3)
subject to: k = -A/k(t) L
: ‘ | ' (L)
x ,
given the initial time constraints: . - 7
kﬁ#7=k f'
~ "x(t=é)'= 0 B . o
and the terminal time'éthtraints;
72”;‘3 B Lo (8
with the limitations on the state and control . o ,
ko . o om
0<e™u<(B-x(t) .
" In our application of the maximum prihciple we' shall igrore the constraints =~ _g%

of Eq. (7) for the time beinvg.'y 15 R | . ' .
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. the objective function: o ' o BT o CEy

v

©, Varaiysa [S] has shown that the Pontryagin maximum principle

can be used to establish the conditions for an optimum_fof a problém of
thé~%&pe\dgscribed. ‘

Definenthe Hémilﬁonian:

H = -p Ak + plf(k,u,t);+ pze’ftﬁ b ' (8)

vhere the costate variables, Py and pé are defined by

o JBH oA
Py kP17 T P1 ok

or pz(t)_= qonstant

]

‘and the added transversdlity conditiJn derived from the constant ‘term.of

pl(téT) = 1 - | - . f ) _ (20)

~
f .

Thé necessary condition for the maximization of the criterion is that the

control is -chosen so as to maximize the Eemiltonian at each point in time:

dH = 0 - L s . o {(11)
du - , s i ;
The optimal‘cShtrol_is then fbund from the equation: T
Tw."Prag tTPee =0 ‘ oo 12

" The differential equations’ in state. and costate of Eésg-(h) and (9)fwith

the transversalit&#conditioﬁs'of Egs. (5), (6) and (10) form a two point

!

.boundhry valué'problem, once thé control is eliminated from the-differential

-

. equations using Eq. (12).° o B
| e .13 .
. . R
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B

From Egq. (12) and thé assumption thut marginal procucts are positive,

we find
sign (py) = -sign (p,) H - (13)

L3 " -

" Since the first costate has to be positive at the terminal time, and the : o

second coutate is oonstant, the first‘costate'variable is positive oVer the
whole plauning horizon. : BRI
Hence, from Eq. (10) and (12)-it follows that
pl(t) g b o . o a T o
and . - A . b “ (14) -
p, < 0

An economic inte%pretation can be given to the costate variable
and the Hamiltonian introduced in the optinization analvsié. The first

costate Variable reflects the demand price, in terms of k(T), per unit of

.net new additions to the stock of human capital. According to Eq. (9) the

.logarii.‘nr of the pricn detreases if the manginal productiv1ty of. human capital

~, e g ¢<
d T

I3

;

exceeds the constant rate of obsolescence. The second costate variable can Lo

m, o T

N

. be 1nterpreted as the negative of the supbly price, in terms of k(T),

inputs fol the human capital process. - This price is exogeneous to the system ‘
“ SR

and determined by the budget availablc. ' e

T
-

The’ Hamiltonian can then be interpfeted as tﬁe'net‘"profit” Ht time

B

~t from the net 1nvestments in human capital The profit’at a'given'point in

: {
time is the differﬁnce between the value of these 1nveutmente and the total‘

costs of the inputs required to produce the net new human capital.
The optimal 1nvestment trajectory can be computed once the functional

form and the paramoters of the new capital formation function, f, as well as.

~the obso]ogcince and social discount rates are spec1fied. Linear nev’ capital

14
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formation functions are the most widely used by educatibnal_economists'and

2

'psyéhologists, notably by Winkler [6], Murnane [7] and Carroll.[S]. Bﬁt'it

can'be easily shqwn thet the solution of the human capital maximization proﬁlem
withia'iinear human capifai“accuﬁulatibﬁ»model'is élﬁays qf a baﬁg bgng tyﬁet |
Thg policy jmpiicationé of the linfgf médel; i.e..that thg fuii‘budget be spent. -
at the initigl time or atvthé finalitime, are unrealisfici | o

As an alternative we assume a new capital formation function of the

-

Cobb-Douglas type where human capital and school inputs are single dimensiohal:

¢ - (15)

£(k,u) = b k(t) ()L

Pt The Cobb-Douglas New Capital Production Function v
, o ' ro ) TN
Now we have specified the human capital accunulation to be“of @ﬁe

>

' type: - e
| Eeeeksbx®T (e (8)
where & and b are scalars. T _ S ey,

. ..
s Y.
LRI A

_'f With Eq. (12) the optimal control.uo'can.be expressed in the capital

accumulation and thce costates:

(a-l)bi) ert A
1 g2

b, 5 '; _(;7Y
‘The béd“pointipoﬁndarj value problem of the preceding section ié now
describéd byltge fclloying four différential equations:’ :
rtooo .

fa

h' : . “ .;fze ,(a-i')bple l-a;i
Gl s ke ke 22— 1) ,
N . o Po . T
AN _
. " '(a-l) bp ert -1
¢ kS ., y -rt : 1 -
N : "X = e k[ a
~ . Py ‘

.. 18
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Ey ,.'&"" R
T V. \
' (a-1)bp ert :
p..= p; {a - vaf — i a }
S P :

|

o if Py = 0, p has definite Value in terms of p2;.this is true
, : , ‘
enywhere p, = 1. S ’ I ;

‘ §2‘='Q or p, is.COhstant

- with the trénsversalityféonditions:

. . k(O) = k : - ‘ i I - i
. , e B T
‘ ’ . . - T ( T RN
. x(Q) =0 _
~ ' " (19)
x(T) = B
p, (1) = 1
: prdvided_phe constraints
/ , k20 |
/ ' v ot )
F 3 S Oc<ue < (B - x(t)) : N (20)
/ ' )

afe satisficd.
Thgngbneral direction of the optimai'trajectories of "human capital :

_accumulation and coSﬁgtesxcan be found from a phase diagram Csee Figure 1)

N -~

for k and p; in the thi%d quadrant of* the p, - p, plane (where ﬁi >0

end p, < Q). i

”
>

-~ [Figure 1 pere]_ = ; . S ’; : | .

. D .
_ : L Py :
The lines pl(t) and p; = 0 (or pl(t) = [—%-]l—a Tla1y © rt) determine the

two general areas where feasible Py and k trajectoiieévcan be found, i.e.
3 - ’ (\
p, >0

and (@) L) <

(21)

The first area (A) coincides with values of Py corresponding to large budgets

| . 19 '

'\)". | v 16 . | ) . | - ../




A o _
such that 0 > pé > [—%E—]l—a bla - 1) ef*. 1In this whole area the capital

stock is increasing.” In §§§M§999§Q¥ﬁggsiblgwareahwewfind a triangle-where -

A R ; .

the capital stock incfeases (C) and an area wherc it decreases (B). These

three areas, which are drawn in Figure 1 for r = 0, are more precisely

defined:

k<o '1aa Ps £
B & ql- -r :
{ b > 0 ’ 0 < pl(t) <[ b ] bla-1) € (23)
l B
k >.0 : —E;-bp : R p . '
. . a l-a 2 -rt . r a l-a 2 -rt - >
& & _ 7 . 2Ly
c: b, y [p s <R <LE I o e (2h)

The point (D) wlere pl(t) = 1 and bl = 0 can be regarded as a stable singular

4

point of solution.
The shaaci areas represent i@féasible ﬁrajectories since movement is
=‘away from the terninal condition; plt= 1., Optimal trajcctories‘ﬁhére Py moves

. along the line'§1v= 0 to pl(T) = 1 are not allowed (except for point D) since

—

‘f\‘) P, is constant. °
/"‘ . Furthermore, from Eq. (17) it can be shown, using Egs. (18), that
S’ optinal inves%ment trajectories'always'incfease over timel This follows from: -
/- o L
/ : d ' (a=1)bqa 1 or .
. — T = ———e P + —
| 3% log u a:[ D, - (a 1) T . | (?5)
L .

The constant a is positive aé is~£he factor [i%:llﬁ}a ,”sinée p? < 0, As a
. * . 2 ~

20

17

o

PN




result of the fact that e e T ST T
T 0.<a'<1

it follows that.

%'> 0 | | O (26)
| Ve shall explore this general solution further—for-tworSimpTe
T examples, vhich differ only ip the value assumed for the production' "
>élasticity.
' | | Elasﬁiciﬁy: ) _a.= .5 (exampleil) - I C
B @ = .25 (example 2) - | |
Constant: v l b =1
- ‘Initial capital: k‘O = 100 .
Time peridd: B T =10
Discouné rate r=20 ’
Forgétfing'factor . a = 025
The equations of hunan capital.and céstaté‘can be'expressed ana}ytically.
o For,an,elastici%y of a = .5 these optimal trajectoriés are:
o B |
- in k(t) = .25, +21n {1- (, +;1)eﬂ?5(mft)}‘; . -
, In ko =21 {1 - (py + 1) 0257y (27)
% and | . _'» . . . : . R
& . . o ’
| pl'._.[— %;-+ exp {.25(7-t)} (1 +§§)] \;ﬂ_ (28)
~a v
s ;
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" . The costate trajectory is sketched in Figufe 2 for d}ffefent‘budget values.
[FigdfeMZ,herej} 'Tﬁe £hree arees identifiedvin'Figurerl are also delineated .
in Figure 2. The optimal investment‘ﬁrajectories for the given set of budget

'values are shown in Figure 3. . [Figﬁre 3 here]. Both Figures 2 and 3 are in

agreement w1th the general flndlngs, mentloned above, that .

(1) the algn (pl) does not chenge over the plannlng trajectory,

- (2) - sign (EJ is p051t1ve. ¢

The second example; vwhere the elasticity is .25 exhibits the same features.

‘The optimal trajectories are described by the'equations:

- C ) (i)
In k() = 756 + .75 {1 - [1 + (5 p2)3] o To(T-t)y
1n k| 75{1 - [1 + l; p2)3] e’ 17T} , (29) -
and | ; . ‘ .
R T R
P2 P2 / :

Optimal .cc.tate and anuatPLnt trajcctorles for thfs example are glven in
Figures h_and 5 respeeflvely. [Flgures L and 5 here] - .
Both examples confirm the earlier statemeny that optimal investment tra-

Jectories call for increasing invesiments over/time. In fact the numerical

pd

/

examples indicate trejectories which ere exp ehtially increasing.

5 Conclusions and Summary

[

The problem studied in this'paper ii/how schools can maximize the amount

af the end .of some specified schooling

period, given a fixed budget. The humgn capital accumulation equation consists

of human capital embodied in a student

of two terms:

1 : (1) a constant rate of obsolegcence on forgettlng applled to prcv1ously
. accumulated knowledge or /human capital, and o

(ii) a production function fbor r@human capltél.




The anulytical solution to this problem supports the present practice of
inveétihg more in the.later than the earlier years. The optimal investment

trajectories are'found.to increase with time, although in the numerical eXamplés

the rate of change of the trajectory slope is smallé? the Smaller<$hé budget and”

e —-%he -higher tle production elasticity. ) - : - ;
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Abstract

Considers the maximizotion of human capitael at the end of a given

-
L

schooiing period for an indiyidual stuéenﬁ, when a fiXed budget is}fvaiiable.
Human capital accﬁmulatés throﬁghja gencretion of hew knoﬁledge on the

one hand and forgetting or ébéolescenpe bf old k55wl¢dge oh the btﬁef.‘

- The new knongdge producticn function has been'assumea to Be of thé Cobb
Douglas type with the stock of humanwcapital‘and;new investments as "factors -
ofvbrodugtioh.f The'obtimg;yinvestﬁent trajectories are founa to imply
aﬁrincrease in spehding“over“the schooling period, Qhatﬁvertthe size

of the Budget available. . ' _ S =

Ser

el
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' ABSTRACT

st
ehi

(O ,'

The-arguments for earlyfchildhood intervention ptograns in education
implicitly assume (1) the elasticity of final human capital stock with respect
'to initLal human capital stock is greater than one and/or (11) the elasticity |
‘of final capital stock with respect to purchased school ‘inputs decreases over-ﬂ

fthe school-life. This papér develops a model of human capital accumulation in .

N 5

'fthe schocls which enables us. to estimate these ela ticities. Using longitudinal
~ data on cohorts of pupils to estimate the model,'we’find_some support for early
childhood programs for disadvantaged children but no suppcrt for snch,programs,

afor advantagédgchildren. For the latter, - the optimal pattern of resource

allocation over time is one where the level of purchased school inputs increases

with time.

o




grades, {n oarticular; kindergarten. through grade three.

expectationa Evaluations of early childhood intervention programs like

A decade has passedfsince.the passage.of the federal Elementary and - ’ .

Secondary Educati_" uct [mSEA] of 1965 Current federal ekpendifur*s for

A:_ !

'compensatory education under that Act now exceed one and a half billion dollars ..

annually. Those expenditures are largely focused on children'in the elementary
. 1 g

A major objective~of‘compenSatory education progrémshcan be viewed as : a

reducing poverty by increasing the, human capital stocks of studentswpt the end
of their school-lives (i.e., the terminal human'capital stock) . Proponents of
early childhood intervention orograms expect terminal human capital stocks to

be higher when limited resources are reallocated from later to earlier grade

4

levels.. However, empirical research has by-and large failed to fulfill this . -

Headstart have generally produced inconclusive results [Cicirelli (1969),
Bronfenbrennzx {1374), Ryan'(léY&)] 2
There are several possible explanations for this finding, but the one

explored in this research is that the elasticity of terminal capital with reSpect
]

to school inputs received in the early grades is very low.' While the conventional

r

) belief among psychologists and educators has been that this elasticity is high

[Hunt (1961), Bloom (1964)], others have arguedvthlt the elasticity of terminal

capital with respect to school inputs is higher ‘in the adolescent years than

the early childhood years [Rohwer (l97l)] If the latter view 1s correct,

compensatory education programs should maximize terminal capital by increasing

schoolvresources_in the secondary grades, not the early elementary grades. : ,

D)
to




| - Thecpurpose of this paper is to estimate the productivity of school 1nputs - o /

'l»

over time for both advantaged" and 7d1sadvantaged" children.. The estimates. ‘ y

e

obtained'will have implications for the optimal allocation of limited school" /i |
o A . _ ' VAR
- Tesources over the school-life.'3 In the case of disadvantaged children, the , R

estimates provide one possible explanation for the presumed failure of compen#

T

sitory; early-childhood education programs. In the case offadvantagedtchildren,

. . . , a2 o, . . .
;the'results offer on prediction of the. suecess of non-compensatory,,early

childhood educatlon which is receiving increasing political support these days.
.. The model of human capital accumulation is derived.and descrihed in the

.nex% section, follzwed by a discussidn’of.the data and samplewuse

in the
|

'estimation of the e presented,

K

odel. Subseqhently; the estimated results

and the policy imﬁlications of the results are:explored. ' J
I. THE MODEL OF HUMAN CAPITAL ACCUMULATION . -

The voting citizen is thé ultimate decision-maker in public education.

e JE——

- One of the objectives which could be attributed to voters, and thus the schools,
is maximization of individual stocks of human capital upon terminatiOn of the

'formal schooling'period.4 That is the objective assumedain this paper, although‘
voters might also have preferences with respect to the level of human capital -

stocks over the school-life or with r spect to the variance between pupils in

~

the size of the terminal human cap1ta1 stock.

Given the votérsz//bjective, the optimal path of resource allocation over

time depenﬁs qn/the per pupil budget over the school-life and the production

‘of the budget is assdmed exogenous in

function for human capital.  The siz

this paper. We focus on?the produ tion functionvof human capital over time.

-k

The production of the termi’al human capital stock is perhaps most

" appropriately represented by a

"goods in process" model [Haavelmo (1960)]

. New learning by students in

given period of time isya function of theirA
as ; ,

30
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existing human capital stochs‘and the current flow of inputs, Hence, the
productionjfunction for the terminal,capital stock can be expressed as a
I function of the stock upon entering school (the initial capital stock) and the
levels of 1nputs over the school—llfe.
Learning theorx provides little guidance for spec1f1cation of ‘the production
"function'in education, either in terms of the variables which should be'included
T or the functional form which should be adopted ‘Some_guidance for specification
of a~human capital production function is provided by earlier.theoretical and
'_empirical studies. The model adopted here most resembles the one presented_by‘
Ben-Porath (1967). -
fon f Ben—Porath assumes the.production function for h;man capital to bekCohb—
- KRN : " : . N .
Douglas with'decreasing_returnsfto scale such.that
- Q =ads, k)* x .7 | | 'f IR ¢
where a,hY > 0,_Q.is.the’f10w of,output, X is the quantity’of purchased inputs,
and s is the proportion of the stock of human.capitaliused in the production
of new human capital' l
s : Our specification of the production function differs from Ben—Porath's in : ;
several ways. No constralnt is imposed on returns to‘scale,' s 1is assumed to
he constant over time,iand Y is assumed to vary o“ver'timeT Furthermore,
limftations of our data force us to use a.different:measure of output flom.'
Whereas Ben—Porath's measure is in terms of physical units of new capital
produced‘(which isQequivalent to the final level of capital stock.minus'the
depreciated stock of initidl Qapital), the measure used heremis'the ratio of
the final level of capital stock to the depreciated.stock‘of initial capital.

This measure of output enables us to express terminal cap1tal (K ) in terms

only of the capital stock upon enterlng school (K ) and input levels over t1me.

. v, ‘.
- . . -




The production function'used here also disaggregates purchased inpluts -

~ into home inputs, Z, and school inputs, X:

’ ’ . - ] ) . . '(v
Kt ) : a 8 t " R ..
= A Kt 1 2o X, . . N ¢3)
RS ,
where X > 0. There are no observations in our sa;;IE‘where X s 0 i e. *

where the student did not attend school in any\one period Eq (2) can be

rewritten:
K = (1 - 6)‘A'Kt_ Zt X " . . ' (3

Hence, a +1, 'B,:and Y, are interpreted as elasticit1es of the final capital 4 ST
.stock Kt’ with respect to the initial capital stock, Kt 1° home inputs, and
school inpugts respective&y. The initial human capital stock in each period -
\\xrepresents the human capltal available to the child to combine with other
inputs in producing‘the final capital stock The coefficient ‘A represents the

state of technology, and § represents the rate of depreciation, but since both

areaconstants, neither can‘be identified.6 ' _— L.

, ¥

Since data on purchased school inputs 1is available over the school- life of

o

each’ pupil in the sample, a time path of th\ corresponding production elasticities,

Yt,'can be est1mated. Unfortunately, we lack data on how the capital stock and

-

N home inputs vary,ouer the school-life of the child. Hence' the exponents, a + 1
\\\ and B, on those variables are constrained to be constant over, time in .this model.

1

This constraint may bias the estimated time-pattern of elasticities on school
inputs if in the true model o and B are t1me dependent. However, since we have

no a pr10r1 1nformation on how those elasticities-change over time, we cannot

'_determine the direction or size of the possible bias
-
3O
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- Employing Eq. (3) to express KT in KO and.the sequence of school inputs

XO, Xl, sy XT—l‘ e derigé/the equation td be estimated in.this paper: 4 L7

0y

‘l ‘IIV'T""ll Y" .
G xii | . )

// v i=0

/ ' | -1 i
; ) - (o + 1)
1=0 ,
A' = [(1 - 8) A] . . .
o= (d+ 1T / - ©s)
. T-1 i
B' =B I (a+1)"-
“1=0 :
and :
i v 4 R (T-i-1)
Yy o= (o + 1)_' N

Hypotheses‘Relgted‘tofEarly ‘Childhood Education -

The Hypoﬁheses i;plicit in the arguments for early chiidhood iﬁtefvenLiOn
"programs can be tested iﬁ the cOnté#t of our model as reprégented by Eq. (3)..
Thy hypotheses can be best developed by conéidering an example. The impact of
changes in purchaséd'scﬁooi inputs (Xi) at grade oﬁe on the final capital stock
at,asay, gfade two depends on (1) the elésticiﬁy (Yl) of cgpitél stock (Kl)-at
-grade one with respect to'purchased inputs (Xl) at grade one and (ii)ithé :

» . , |-

elasticity (a.+ 1) of final capital stock (KZ) at grade two with respect to the
capital stock at grade one (Kl)' 'Using,Ed. (3) we can quickly compute the

¥ .

44 4 ’ . . . ‘ A
elasticity of capital stock at grade two with respect to purchased inputs at

grade one as Yl(u + 1).

o 8e




If the exponent (a +.1) is greater than one, ceterig paribus, an increase.

in purchased inputs at gradé one results'in a higherlpercentage change in the

final capital stock at grade two than grade one. Consequently, one possible_z
economic interpretation of the arguments for earlyvchildhood intervention
. programs is a > 0, which 1mplies increasing marginal productivity of the initial
stock of human capital The null hypothesis which we test later in this paper
is a = 0, . ' . | : o ) o
R

A second possible 1nterpretation of the arguments for early childhood :

LS ‘

programs is that the exponent Y decreases _over the school life of the child.

‘If Y is a linear function offtime such that Yt'= co + ¢y t the policy

1mplicat10n is, ceteris par{gus, the smaller is ¢y the more resources should be

allocated to the early i;ades,- Hence, we test the null hypothesis of a‘constant

elasticity on purchased/school inputs over time, i.e.,‘.Yt = ¢ for all t.

II. SPECIFICATION jy THE MODEL - v -

A. The Sample and Data

The sample used in estimation'of the huyman capitalbaccumulation model as
representedlby Eq.r(A) consists of 669 students who completed eighth grade by
1965 andvatteéged schools in a single district in California for all eight fears.

-0f the 669/students, 356 are black and 313 are white, 212 are in the college
'preparatpéy track in junior high school and 457 are in the business—vocational
track, /l |
/Race may be considered a proxy for income in this sample. According to s
1966,Census figures, a year when students in “the sample were in elementary
7chool, mean income of black’ families was $5287 and mean income of’'white
,/families was $7768-in the geographic'area included in the school district under
study.v No measures of income were available for the sample used,. but in terms

w

of possible surrogates we find an index of home inputs is 5.17 for white pupils
| | 37
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and 4.25 fofvblack pupils, and the number of siblings living at home is

l.@ﬁ_forvwhites and 2.85 for blacks. The differences are statistically

.o©

sién;ficant.7

Track in“schdol may be cénsidered a pro#y.for achievement oriébility in

:this sample. Upon enteringvjuniOr high sgﬂoél, sﬁudenps afe assigned to —

tracks on the Basis af cdpfséwgrades and'teécher recommendations. The mean

'percentile I;Q; score of pupils in the coiiegé track is highér than the mean o
score of pﬁpils”in the‘buSiﬁess—vocati;nal track ét both grades one and eight?
”;and ‘the difference between those scores increasés;from éight points at gréde
one. to ninetegg_poiﬁts at grade eight. A diépropprtionate-number of studenté
in the,coilege preparatory track”are white and’a~disproportiona£e number of
stu&ents‘in‘the business;vécational traék ;re black.f !

The data collected on the sample includes” measures of' the stock of human
capital at grades.one and eight,.measures of homevinputs collected at gréde
eiéht, and measures of purchased échodl inputs betweénagrades one .and "eight.
The précise sPecification of these variables is provided in Table I. O0f all
the:véfigbles included iﬁ the specification,of thé.model, the -one presenﬁiné

]

the greatest conceptual difficulties is the measure of human capital'stoék.l

-

B. Measuring the'Humaﬁ-Capital Stock . o S o o

Huméﬁ caéital is meésuréﬂ*in\ghzs'paper bz percéntile scores on standard-
ized examinations of cognitive learning. Impliéit ih this measurement éf'human
.capital are the assumptioris that cognitive knowledge cgn Bevmeasured by scores
.tonAstand;rdizéd examinatioﬁs;aﬂé'that cdghitiVe.kndwledge is.an important
detefminant of the~preseﬁt value of one's future eirniﬁg stream. The validity
of these aSsumpbigggui; discussed later. |

The specific mgasufes of human capital stock used in this paper'include

the percéntile I.QQ score at gyade one and percgntile scores on i.Q.~and verbal
.A\_:BEB
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ieVement tests at grade -eight., To test the robustness of the estimated

st ucture of the model,- three measures of grade eight capital stock are utilized:

He on-Nelson:I.Q. (Ql)’ Stanford Language (QZ)’ and the'Differential Aptitude

Te t of Reading (Qsl.

HomevInputs R ' ‘ - '" oo - ‘; .
" The quantity of instructional services providedlin‘the homeais assumed.here
td be a function of the capital-and.labor'in the home.-'By;capitalﬂwe mean both-
ysical capital such as'hooks,;games,'toys,.etc. and:human capital of the”

p rents. By labor we mean the quantity of time parents spenﬁiwith children as

s . . . ' . - ¢

well as the amount of time children spend studying on their.own, | : C

Physical capital is'proxied'in this_study.by (1) an‘index,'compiled from S

situdent questionaire,nesponses, of the number of cultural items in the home
nd (ii) a variable indicating home ownership. The index ranges in value from
"zero to seven. The home ownership variable iszdichotomous,'taking the value e,

he base of the Naperian logarithm, eif‘the family owns its hbme and one otherwise.

s

Human capital is proxied by the‘number of years of education of the mother ~

nd the father, as reported by the student. We have no medsure of"the time

1

nput of children, but the time input of parents is proxied by the number of

?

iblings in the home.8 The reasoning here is that ‘ceteris paribus, the larger

the number of children in the home, the smaller is‘the amount of time the parents
can spend with any one child. The time of ‘older siblings may in this respect

be a substitute for parental time, but.we have no data on the age-ordering of

- o~
. *a,

“

siblings.

D. School Inputs ,

The quantity of,instructional services provided in the school can be assumed
1

to be a function of the capital and labor in the school. Capital includes physical

‘capital such as books, laboratory equipment, special educational aids, etc. and

3
n
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R ; . , . - * .
,human capital of the. teachers, administrators, and other -persomnel. At a
micro level, labor in the school réfefs to the quéntity‘of time a teacher .

1

allqcates to a givep child aﬁd the bupil'é own work effort. .Teache;itime méy
be  related to class‘size,v' - |

| While 1tiéou1d Ee desirable to ﬁave direct‘measu;es of cépital'and labor
in the school, we proxy thése.puréhased inﬁuts'b;icurrent real expgnditures‘pgr
pt;pil.9 This aggregate measure of'sch?ol inputs is alsq ; convenient one to use i4

=

in the estimation of our model. Including'the'individual COmpbnents of

2

€

expenditures in 'this hodel mig%t(result in mulficollinearity'if the components
are- highly co;related over time. |, . | . o : -

| The e#penditﬁ;e vaxiablé wés compupéd frbm‘(i) séhool budget reﬁords, which
gave‘expenditurés on supplies and eduipment, administrative and coun;eling
Zpersqnnel sala;ies,'(ii) teacher personnel files,'which provided inforﬁ&tion’on' )
saiarie§ of spécific teachers, (iii)'shhool atteﬁdggge records,‘wHich reported
~class sizes for each teaéher, and (iv) studeﬁt academic reéorﬁs, which incldded
information on specific schools and clésses of bupils. For the pérticulér .
sahplekﬁse& in this»study,‘expénditUIes.per pupil are relativeiy constant, ;;er»

the élementary years but,inﬁréase sharglyfwhen students tranéfér ﬁo junior high

SChOOl.lO ' s ) ‘ . ] i ‘ : : @ ‘

‘No direct measure‘of the pupil's own work effoit is available to us, but
o . Al s

-

a determinant of that work effort is available. Pupils can be viewed as making

work-leisure choices within the clagsroom., If the returns to work, changes 'in

¥
o

' futuré income énd current rewards from parents and peers, ifdcrease, thé child
.could benexpected to increase his work;eféort:“lf theyéocio-eCOnomic composition
ofbthe éeer gfoup.changés, current‘rewards change, and tﬂe ;hild may change the
proportion‘of time spent in stu&y as opposed to leisure. ﬁeﬁce,vwe include

average proportion of low school peers of low economic status in grades one

through eight as a non-purchased input which could be expected to affect the

A0
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fEhild's work effort and ultimately his terminal capital stock. 1 An increase R

in the proportion of low economic status.peers may also adversely affect - |

.,'

learning by-requiring the teacher to’ spend more time in discipline and less

'in instruction.f

N - .
ITI. RESULTS

| The estimated parameters of the non-linear capital accumulation model

given in Eq. (4) are reported in Table I. The structure was estimated,usingn
T . . . 1 | . 2 ' »

ordinary least squares. The time paths of elasticities associated with SRR

( " -

lpurchased inputs were constrained to‘fit a first~deg§ee polynomial which

53
1

: restricts the Yi' exponents to a straight line.]72 The time path of Yi 1

exponents 1s. similarly restricted oniy if a'= 0.0. Tw reasonsflie'behind.this

specification of the time path. First‘“we\are attemp ing to answer a relatively
l

vsimple policy question. shouTd schools allocate eﬁual quantities of school

. i (/

inputs to- each grade level? The corresp/nding null hyp:fhjﬁis is that

|

.‘production elasticities are constant over/time with:the alternative,hypothesis g

i 3

. _ . i .
 being they are not constant. Hence we are primarily 1nterested in/théf//i, '

By kY

direction of“cbange'of production parameters over~time. Second/ preliminary//

o

" results indicated that alternative specifications of the time pattern/fif’the-

data no better; indeed, coeff1cients on higher degree polynomial terms in the" >

3

distributed lag specification were often statistically insi.gnificant.13

A. Pre-School = ‘ . "
The estimated exponent on the pre—school level of human capital stock (KO)

is .631. 1In other words, a one unit inCrease'in the pre-school stock is

reflected in only a .53 unit'increase;(cOmputed,at-the means.ofKo

the terminal stock; The corresponding value of'a,computedéfrom Eq.(5) is
i

- 064 which//s ‘less than zero and implies diminishing marginal productivity.

and KT) in




B. Home Inputs :

" The exponents on home input variables have the expected signs._ The proxies

for physical capital in the home, the index of cultural items and family

ownershlp of the home,.are both positively related to changes in the human . 3

capital stock At the means of the variables, a one- Enit change in the cultural
-index  is reflected in a 16 unit change in the terminal human capital stock
.Ownership of the home is associated with a terminal capital stock which is 2.28
points higher

| The proxy for human:Eapital in the'home parentaLweducation, is positively
related to changes in the. pupil s cap1tal stock for both parents, but the
fexponent is statistically significant only for education of the father.“ An ’
increase of the father ] education by .one. year results in a .75 unit change in

the pupil's terminal capital stock If we had any a przorz expectation that

these exponents should d1ffer between parents, it would be b at the exponent

.

~

should. bs larger for the mother, since she probably spends more time with the
children than does the father. This is the result ‘obtained by Leibowitz (1974)

in her study of preschool 1nvestment in children. We cannot reJect the null’ -

hypothesis in this study that the exponent is of; equal size for mother and father. .¢;

The proxy for labor in the home, number of siblings, is as expected

negatively related to changes in the pupil s capital stock An increase in the

t

number of s1blings by one is reflected in a decrease in ‘terminal capital of
N

_ 56 percentile points This result is similar -to one found by Bowles (1970) .. b

L . ' °
.y S

C.7 School Inputs
L

i School var1ables include purchased and non—purchased inputs. The latter.
N S

- variable is the proportion of peers of low economic status in grades l 8 wh1ch

is negatively related to changes in the capital stock However, the results

 indicate that decreasing the variable by lO/ would have a cumulative impact on the
. {l') . , {
20 L . ‘
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terminal capital stock of only + 0.6%. Cx N LR

-

The.exponents on.the'purchased inputlvariahleS‘in Table Ivimply a time
path of production elasticities (Y); which is reported in-the first column of
Table II. 'The pattern is not constrained to'always be aboye iero;"hence;
negatiye estimated elasticities are possible. Houever, theﬂnegative exponents

_estimated’are unrealistic and probably result rom the restrictions imposed on
the pattern of exponentséover time; they should:be\regarded as simply being close
.'to zero. . | ) o ) | - -7
The elasticity increases from ,018 in grade one to .l98 in grade eight. A

giuen percentage increase in purchased inputs is estimated to produce a larger
percentage increase in the capital stock at grade eight than at grade one.
Since 0, ,< 0 , the conclusion follows that aqgivenvpercentage increase in ,_-‘

purchased inputs-at grade one results in a smaller percentage change in terminal
. . a Al . . -
capital (KT) than an identical percentage increase in purchased inputs at grade

ﬂeight.

17

The time pattern of elasti ities ) estimated for Q1 is displayed graph— ' '«i.

ically in Figure l. We test the robustness of these results by using two

alternative measures of capital stock, the Stanford Language Test (Q2) and the

Differential Aptitude Test of Read1ng (Q3)

: .reported here because the exponents estimated for other variabies in the model

Only the-parameters o and Yy are
changed vary little in terms.of sign and statistical significance.la' The results
.are given in Table 2 and drawn in Figure 1.
For capital measures Q2 and Q3 we f1nd an estimate of a which is slightly i
' greater than zero. All the estimated time -patterns of Y have the same direction

of change as for Ql’ although the rate of change varies somehwat. Taking these ;

'results together[Eq (5)],we find the elasticity (Y ) of terminal capital stock f

-

with respect to purchased inputs (Xt) increéases with the grade level. The results

43
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obtained using Q. are relatively robust; hence, all further estimation was done

using Q as the measure of the terminal capital stock.

D. Disaggregation by Race and Track - . v —

The. sample was disaggregated by race, and Eq (4) was re-estimated separately

for blacks and whites to determine whetHer or not the time pattern of elasticities

on purchased school inputs differ As noted earlier, race is largely a proxy for

-

income for this sample. The results are again reported in Table 2 and displayed
in Figure 2. The estimates of o are slightly less than zerd for both blacks and

. whites.

£

The estimated time pattern of elasticities (y and.y') on purchased school
. 'iinputs increase over the school—life for whites. For the black sample, we

cannot reject the null hypothesis that the value of y' isxconstant between grades

1 and 8.

The sample was also disaggregated by track in school .and the model re- : !

a

estimated separately for pupils;invthe college preparato{y track and pupils in
" the business—vocational frackl Pupils in the college “tyack are relatively h1gh

9 ach1evers, while pupils in the bus1ness-vocational ‘track are relatively low
/ .

y ,achievers. Again, the estimates of o are 1ess than zero for ‘both suh-samples

The estimated elast1c1ties (Y and Y') increase with time foT both sub-samples v -

) although the results are, statistically significant for the college'track only.

If the elast1c1ty on purchased school 1nputs is constrained to be constant over

time, the estimates ‘become statistically significant for the business-vocational .
4 : K

sub-sample. . These results are again shown in Table 2 and Figure 2. 135 - '
‘The differences in time patterns of elasticities between tracks may be a

result of - d1fferent learning obJectives ‘as well asﬂdifferent student abilities *

{The assumed obJective in th1s study 1s verbal cognitive achievement but it is

possible that the school may not be so 1nterested in 1mparting verbal skills to
. 1 - .
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hvocational track'students as_it is interested in imparting machine-working
" 'skills. |
':Summing up the’results, ne find the estimatesAof o areaalwaysvclose.to .
zero,:irrespective of'output measure or sub—sample employed. The productionv
.elasticities ) ass0c1ated with purchased inputs increase over the eight years
of schooling for the full sample The slopes, however, differ substantially ’
for different measures of the human capital stock and for different sub-samples.
In general, we find‘the slope is higher for a measure of reading achieyement
(Q ) than.a measure of 1.Q. (Q ), higher for whites (high income) than blacks“m

(low income), and higher for students in the college preparatory track (high

,'achievers) than students in the business—vocati nal track (low achievers)

IV. POLICY IMPLICATIONS -

A. A Caveat

"Prior to_discussing the policy.

lications of the empirical results, a

caveat-is in order. The results obtained here may not be generalizeable to

3

3 the world‘as a.whole. These results may be peculiar to the sample used, the

measures "of human capital stock used, and the types of inputs typically purchased :

and teach1ng technology typ1cally employed in the distr1ct studied.

The sample 1s probably.not atypical of students enrolled in large, urba%%,

school systems, but ‘probably has'little in common with school children in

&

rural Iowa; Disaggregation by race and track in school indicates the results can

and do differ “between sub- samples

3
LACLEN

: Measuremeﬁt of the human ‘capital stock is a more. serious problem.

5

s .
»Imp11c1t in the measure ‘of human,capital stock employed in this paper are two Tl

0 s

-

assumptions. First,_cognitive knowledge is assumed to be measured by . scores on
,standardized examinations, 1nclud1ng I.Q. tests; A difficulty with such
standardized exams, is that- they reflect only the 1eve1 of learning relat1ve to -

as5
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some éomparison group (in our case, a national_sample of pupils) instead of
'absolute level of l;cnowledge-..16 Furthermore, the precise skills and knowledge
v measured changes over the school life of a child. Measuring gains in cognitive
knowledge, or educational value- added by comparing percentile scores aé, say,
grades one and e1ght assumes the "same type of knowledge is be1ng measured
which is not precisely true. ]
Second cogn1tive knowledge 1s" assumed to be an'1mportant determinant of
the present value of one's future earning, stream.' 1f both these assumptiops ,
hold true, one would expect'to find a statistically significant, independent | |
relationship between scores on tests of cognitive learning and.future income,
Recent research [Qriliches-and Mason.(l972), Hause (1972)] has.fodnd.such a
relationship to e;ist; although its size is small;‘:The size of thé.'elationship
© o 1is larger if one-explicitly takes into: ‘account the effects of test"scbres in_.
determ1n1ng years of education‘attamned by ind1v1duals [ﬁibich and Murphy (l973)].
A further problem ‘with the examinations used in.this study is th@t they are

all verbal in emphas1s. ~Thus, the results obtained here do not necessarily

extend "to other'types of cognitive cknowledge. | For example, learning makhematics

LA

-1s more structured than learning verbal skill:

-

s requiring a firm grasp of
concepts at one level before the student can'proceed.to the.next levell. Onen
might find a different time pattern of prodiction coefficients for mathematics
‘achievement than was found foryverballach evement. ‘ N . »

In addition tdjthe school output home and. s chool inputs may be. imperfectly

‘fmeasured. Direct observat10ns and measurements of capital and labn* inputs

in the home are ideally required for our empir analysis. At the very least

it would be desirable to have information from parents on the amount of time they

o

spend with children (for example see Leibowitz (1974)) and the types of physical
objects available in the home. Unfortunately, we have to rely upon student

responses to questionnaire items, which serve as proxies for capital and labor

. R . . _hb ’ ' 7 [
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inputs. | o ) -
7 K '

T . [ : .
B DLrect measures offcapital and /Yabor inputs in the school would also be.

desirable., While proxies for these inputs are availahle, we have little

in;ormation on the reliability o those proxies.

/" Lastly, the model says no hing about the effects of changing technology

./ and 1ncreasing expenditures

In the early grades. If early childhood intervention
ijprograms entail radically~'1fferent teach1ng technologies the parameters estimated
in this paper are likely to provide inaccurate predictions of the results of such
programs. Furthermo e, the patterns of production elasticities estimated here
may in part rzé/eé//differences in teaching technologies between elementary and

junior high s ools. . ' '. . . " ’

« B, gypothesis Testing

We earlier formulated two. hypotheses 1mplicit in the arguments for early
childhood intervention programs. The first null hypothesis tested is that - the
elasticityi(a + l) of‘the final capital stock in‘one.period with respect to the
capital®'stock in the°preceding period is equal to one. In other words, the null

.f -hypothesis is a = d. We find we cannot reJect that null hypothes1s for the full
| Fample, any of the suo-samples, or any of the measures of terminal capital
Ltock. "This finding provides no support for the proponents'of'early childhood
) programs. ‘ L

The second null hypothesis is that the elasticity (Y) of the final cap1tal
stock in onefperiod with respect to purchased school inputs in that period is
of equal value ‘for all periods. In other words, the null hypothesis is Y is
constant for all t. The null hypothesis is rejected for the full’sample and.

for what we assume are high achieving and high.income students. We'accept“the

alternative hypothesis that value of Y increases with t1me. Hence, this finding

prov1des no support for those: advocating special early childhood programs for

. a?
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.all children.

‘However, this secorid null hypothes1s cannot be re1ected for what we assume

— are low achieving and low - income students These are precisely the children who

are the targets of early childhood compensatory educatdon programs. Hence, our

findings provide some support for such programs, although it should be kept in

mind that we never found the production elasticities Y to decline with time. -

This latter result would have provided- the strongest support for early childhood =

‘programs Furthermore the values obtained for Y in the early grades are sAall o f?

) :(Yl = ,13 for blacks and Yl Ol for business-vocational track) which indicates

increasing purchased school inputs has aﬂrelatively small effect on achievement.

<

e. thimal Resource Allocation Over Time v a T

v

The hypothesis testing provides some general conclusions about optimal

resource allocation over time. The precise implications of our findings for

resource.allocation can be‘derived by assuming the school attempts to maximize

terminal human capital subject to a,hudget c0nstraint. The optimal investment

/ . . ‘ : :
trajectory, assuming a zero rate of discount, is obtained by setting up the

La_grangian?17

(6)

The first-order conditions for the problem are then 9L O/fsuch that




.Yll - -1 -Y L
X X, TX

] ) .- X, o .

=2

In other words, the pattern of investments gﬁould be in the game direction as

the pattern of change in theuelggtiéities,.or in a continuous time notationf
gign (X) = sign (v,") S ¢ -)) \

The same result is found by applying Pontryagin's maximum principle’; the deriva-

tion is reported in the appendix to Ehis paper, -

»

In those cases where the statistically significant results 3y&ained in

the estiﬁatibn of the model‘showed'produCtidn'elasticities which continuously

increase with time between grades one and eight, the optimal investment tra-

'jectory.should be one where the-quantity of purchased inputs per pupil also

~ -

increases with time. Comparihg two time periods, 1 and j, Eq. (7) cah be

rewritten: R
1) .
' : T-j-1
Y3 (e THTD

(T-i-
Y,'!  (otl) Y .
1 _ = (Ot+l) (j_i) . __i . 'v . (9)

‘Y .
; j

l_i.x IH?<

"y

For the case where output is Q1 and the full sample is used to estimate the

t

‘structure, the optimal investment trajectory is one where about.seven times as
Vman& purchased inputs are given to students in grade eight as are. given'to

students in grade one. This ratio considerably exceeds the actual one as

demonstrated in Figure 1. Marginal productivities computed at the means of the

variables for‘the same sample and output indicate_thét increasiﬁg’pufchased

»

inputs by $100 in gradé.eight,or $100 in‘grade one would intrease terminal
achievement (KT),by 2.5 and .3 units respectively. In other words, one dollar

spent in grade eight has the saﬁe'marginal effect on K_ as HOES\abgut $8.33

.

T
. )
spent in grade one.
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While the conclu51on that school inputs should increase with time appears
to be generally true for whites and high achieving students who are in the
college preparatory track it does not hold for blacks or students in the

‘business and vocational tracksp For these latter‘sub—samples resources should
be,more nearlybequally distributed over grade levels, which implies the actual
expenditure pattern in;the school district should be flattened out with an

<

“increase in dollars spent in the early grades and a decrease in dollars spent
in the lajer grades. ' . v ' B : .
- In sum, this paper provides somensupport for early childhood intervention

programs oriented towards disadvantaged children, but it does not provide
/

support for extending early childhood ‘programs to all children. In the specific
r

district studied, the terminal human capital stock of disadvantaged/children

/

X

could have been increased by reallocating resources from the later grades to

: /
the earlier grades. The opposite conclu51on holds for advantaged children. -/




APPENDIX

In continuous time the problem of maximizing terminal time Human capitai

stock subject to a budget constraint. can be expressed as maximization of

K(t)ydt - (A-1)
0 - s
. ; -f
where-’ '
K= a gt | Ca-2)
- t- t . . . " . .

"* ‘and subject to the budget constraint:

g jxtdt . o (A-3)

’

R=-x o (A-4)
with R(0) = B and R(T) = O .

For the time being we ignore non—negativity constraints on ﬁhe stock of o )
human capital and on investments as well as constraints‘on the amount of

positive investment. The ‘Hamiltonian is then:. >

| oy , | . }
H =.plAKaX t.f X . o . (a-5) .

"The costates are defined by the“differential equations:

p 1Y

Lo ak® Iyt (A-6)

P, ' ,
p2 = 0 . H 7 * , ' . (A?7) “

-

) ' The transversality condition resulting from the objective of maximizing terminal

time human capital stock is

ol




. - o 7 * - ~ ] . .
P =1 . LD - (a-8)

The bpﬁimal investments are then determined.by:

. 1. - .
. , _ a21_Yt o
L B x="_1:;i . aw R
From Eq.véA-9) it now follbwe for Y, > 0 that o | ) | : o ;,»
sigﬁ.(pl)'= sign f(p?_) .  ’-1" (A-10)

Since bz is constant, this implies that p1 does nottchénge~sign, Combining
Eq. (A-10) with thé t:ansversality condition of Eq. (A-8) and eXcluding the
"infinite" budget case where P, = 0, we conclude that,

“

A

~

v pl’t >0 ’ P2 > 0 .- . . - ’ (A‘ll)
,We can now proceed to explore possible upward or downward tendencies in

- the optimal ihvestment.schedule. Differentiate Eq. (A-9) with reépect to time:

o1 qall R R |
1- Ye | Pp Proe Ve P1Y¢ oPqY¢
X . S ,
Yoo 3 . - -1
where “
. ax . B , . i .
ey - ,». (A-13)
, ) ’ . oX
It can easily be.shown that §§>> 0 .. Hence, it follows that ;
. o
, ’ sign (X) = (Y) -
if E“
o1
’ ., . ¢
K#0, P #«o.w..). . ED
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Robert Michael, and Finis Welch;for helpful comments on an earlier|draft.

1 ' L, : . : )
“The source of these data is a Stanford Research Institute report titled,
: _ < :

"Alternative Strategies for Compensatory Education." According to the California

,‘-\\‘

e

State Departﬁent of Education, well over half of all students enrolldd in ESEA,
N ‘ : . ,

s v

_ Title I,'in’the state are in kindergarten through grade three.

| o |
: : I
’2While evaluations of early childhood intérvention programs typically

find large short-run gains in learning,. the longLrun gains are statistically:
. ) - . 4 ' o .l
insignificant.‘ ' L

3There 1s a large body of research on Qroductjon of human capital in

specifie grade levels of public schools’ [Hanushek (l%?D, Katzman (1968), SRR

»

Murnane (1974)1 , but the specifications of the productiontfunctions add 1_ T J.

vthe measurements of human capital have differed suff1c1ently to make the )
- results non—Comparable.‘ Hence, these‘studies have no policy imﬁlications

for resource allocation over time in the sc¢hools. . . » - a

N . 0f course, the rationale for government intervention in education is. the

exietence og.externalities,'whieh areblargely unmeasureable. It could,
‘however, be argued that external as well as private pecuniary and non-pecuniary? S
benefits'are a'positive function of the level of the human capital etock. \\§

- .

//Although there has been considerable theoretical research on optimal

/////////I;veetment in human capital by individuals over: the life-cvcle [Ben-Porath

(1967), von Weizsacker (1967), McCabe (1975), Wallace arid- Ihnen (1975)], that

research’ has only lifited applicability™in this paper. In the prdhlem\gtated

L L. . . : . . . I

™~

; here, the government, not the individual, is the actor, the period of time T~
- during which investment can take place is cleatly defined and constrained, ’ ”
= . ’ ' r
. 06 . : S N .
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.:«

,and'the_objective is kakimization-of'the human capital stock, not individual

utility. o - o

z
o

éfhe data do not fnable us to"distinguish between the model presented
here where depreciatiob is{multiplicative ((1-8) Kt 1)

- .
depreciation is exponential (Kt i) In the.latter model: the corresponding

.4\

and one where

coefficient on 6If'capital.in Eq. (4) is 1-286 + a , and the resulting

estimate of that coefficient, instead of telling us the value of @ nerely

indicates whether or not S'exceeds 0 . In other words, the results'would_

indicate whether or not the rate of dep reciation -exceeds the contribution

oflinitialvcapital o growth-in thefcapital'stock The poriﬁy

‘implications of our results are.similar for both models.

123

7It should alsc be noted that while blacks and whites attended largely

integrated junior high schools, the elementary schools they attended were

oo

. largely segregated on the basis of race. N 4
v . N
8See Bowles (1970) for ‘the rationale behind the interpretation of some of

these variables.

F9Thé usual.simultaneous equations problem in estimation of production‘
functions appears not‘to be present for the cohort of. students under stud&.
It is sometimes argued that ﬁgood" teachers are assigned or.assign themselves
to teach the "best" students,:but our estimates of a simultaneous equation
model of student achievement and teacher_allocation'do not support this asser-
(1974)

tion for the sample under studyu._A<recent study by Greenberg and MecCall

reaches the opposite conclusion for the city of San Diego. It should also
be noted that the estimated production elasticities on purchased inputs may

not be those of the most efficient ‘schools. but rather some average of efficient

SV

-
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and inefficient schools.' This problem is explored in greater detain by

Bowles (1970) and Levin (1974) o ' ' o i 7

10School diStrict'decisions about allocation over gradellevels are

vinfluenced by state grand-in-aid programs in education.v For example, in

California the amount of state aid per pupil is higher in- secondary than’

. elementary educatton. Furthermore, the sharp rise in expenditures at grades '

" seven andfeight is in part due to specialiproperty’tax overhrides legislated
by‘the'etate/for the'purpose.of'inducing districts ‘to provide specialized” 1
education'(where instrUctors'teach their specialty as opposed to one instructor .
bteaching all subjects) l The pattern of expenditures for this sample is, also, /ﬂ
" in part explained by the fact that early childhood compensatory education. |
,'programs were almost non-existent during the years the sample was' in

,

elementary school All pupils in the sample had completed elementary school

S

by 1963. . - . - ‘ e , S N

rt
I's

, . , : z
1Information-on family income is not available for the sample of students

used in this stedy. Data on educational and occupational status of parents
was used to construct the Variable'measuring the_proportion of school peers

of low social status.

12Constraining the time pattern of the Yi' coefficients to fit a first- .

degree polynomial, Eq. (4) can be rewritten:

| 8 T e
o' B' o o (T-1)}
=' . v t
Kp = A" Ky 20 mxy e
Taking-logs we obtain:
S ‘ - -1 T-1
~ 9 ' ¥ ' . iy
.1og KT,_ log A" + o' log KO + R' log 7 + QO L log Xi + 91 L (T.l) iog Xi

| | =0 . 1=0
o C e S8
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where:

L T - i
\f | 80+_(T, i)e1

-

-This is the human’ capital accumulation equation used to estimate o and the

o

pattern of production'elasticities, Yi.’ over time..

'.13An additional reasonffor‘chOOSing a low order polynomial is possible

correlation among resources overutiﬁe Amemita and Morimune (1974) recently

[

_concluded that this is an appropriate procedure when using the Almon

a8 -

distributed 1ag. . o o -

14The full set oftresuits is obtaiJable from the authors.
: . | ‘ : .

e - : . ° . i ' r ' : ’
15Again the full set of results'is available from the authors. Dis-

aggregation of the full sample on the basis of 1eve1 of pre-school capital

‘stock resulted in findings similar to those obtained by disaggregating by

o ¥

track.

<

16Ideally, an absolute measure of cognitive knowledge would be used as

<

a measure of growth in the stock of human eapital. The'reiationship between

the ideal measure and the percentile measure actually used can be shown

' mathematicaily by employing two simplifying assumptions.,fFirst, assume raw

scores (y) on tests are normally distributed so the transformation of raw
' ' 3 o . ' .
scores into standard scores (z) with a zero mean and a standard deviation of

.

2 .
one is a ldneat-o6net—-——
Ty ‘

- . . ] . . N
f“ . ] . . 3
. e
. . . .
Ve . : =

~where He and 0_ represent the mean and standard deviation of the population
| g
S

56

t

-

N

&




v

on which the scores were'standardized for ‘grade t. Second; assume the -
B .

standard scores are distributed -sufficiently close to the Zero mean such

that the transformation between standard scores and percentile scores (k t)

is approximately linear:' ’

kit =50+50| ————|.

“-

If the true model using raw scores is represented by Eq. (4), the model which

'should be estimated using percentile scores is:

i

r - = o

» R A
I i A =2
t+1 e | £+1

Q.
t
=

ki,ttl =504 o]

" This model cannot be estimated using available data for no information exists
on i and O over time. An experiment was conducted to determine the direction

'of.bias'in the pattern of Yg coefficients 1if ut and Ot increase with t.

- e
However, the results were inconclugive.

7We have assumed'a zero rate of discount (r) because (1). there. is no
single correct vn]ue fci o and- (i1) a non-zero rate of discount does not
" change the general policy implications of this paper. Assuming a positive

“rate of discount,’B becomes the present value of the.stream of per pupil

revenue to be receiVed by the district oVer’the school-life'of the child. 1If

—

'KT is maximized SUbJeCt to the budget constraint B = I [X / (1+1) ] the

resulting f1rst-order conditions for optimal resource allocation over time are

) . 7 » 2 . ‘ v T
Yy Gl+r) Y (1+r) _ Yp' (1+r)

_— . .Xl ¢ <X2 ..... XT.

In other words, the general conclusion of this paper that the rate of increase

€0
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1

in Xt should be the same as the rate of increase in th is alﬁered‘to read
that the rate of increase in Xt should béularger than the rate of increase
in Yt'; Even if Y' is constant over time, the policy implication {is that

. the level of expendithres should increase over time.

)
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TABLE I
Estimated Structures of A Human Capital Accumulation Model ForﬁQl
L b . / . . .
/ ;
Variable ,f- ‘ © Mean' . : ‘Coefficients++
Constant, ' ; ~ : o . . -4.294
" Percentile Score on - ‘ 55.24 - .631*
‘Grade One- I1.Q. (KO)" . - (9.4D) - -(.056)
o “ Cultural Index ’ ’ o . 4.68 o .016*
/ | | ©(2.06) ' (.008)
Home Ownership e . A82 049"
' , : ' (.47) (.022)
Family Size’ - 2,345 -.028"
: a | : (2.06) (.007)
Years of Education =~ ' ' - 11.97 ~.085
of Mother . (1.89) (.074)
Years of Education © . 11.86 .190"
of Father ) - .(2.02) (.069)
; . o , .
Proportion >f Peers of - . 342 -.060
Low Economic Status, Grades 1 - 8 (.185) ‘ (.012)
Purchased_Inputs per Pupil 2350. 80
Gradés L= 8+t I (200.62)
vl _ ’ ' . .198
, ‘ , (.034)
%
- - : - -.026
2 : ‘ (.007)
. _Standard'Error : . . . . 247
R? | S o 407
Number of Observations 669 ' © 669

* Statistically significant at .05 level, two-tail test.
+ Standard deviation in parentheses.
++ Standard error in parentheses. (T-1)
++4 V1 and V2 represent the expressions, 7xj and Tx{ , respectively;
the time pattern of elasticities is computed from the exponents on
V]_ and Vj. _ ~y
o ) ol
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ABSTRACT

Education is a'public sector activity which has been the focus of .
. . . &o

much economic research. Studies of educational production typically have

B

. - X
. N Y.
assumed inputs to be exogenous and assumed pupils receive ‘equal amounts 8

of teacher time within the classroom., Here, an economic énalysis is made

" N 1 . ~ ’
‘of the effects of teachers on cducational achievement under conditions

where the teacher resoprcés are'distributed within the classroom according

tb_a deterministic objective function., The maximization of achievement .

.and the minimization-of the variance in achievement are included as -

possible teacher ijectivesL The production function is assumed to be

Cobb-Douglas. The results indicate the elasticities on teacher character-

istics are small in size. Furthermore, teachers are found to strongly

-

prefer maximization of average achievement to minimization of variance

3

in achievement in the class.

o




RN

- (Razin and Campbell, 1972; Levin, 1970).

'(Coleman, 1966; Mosteller and Moynihan, 1972; Jencks, 1972). -Amegmmon problem

“ 1

' The production and disfribution of public output has received increasing

-~ P Y . ’ ) o

attention from economists in:recent,years (Margolis, 1970). Elementary,

secondary, andahigher educationvrepresent a large partfof total public

W

sector activity and, perhaps for'this reason, have been the focus of much
economio'analysis. Studies in publiclprprouided education have analyzed

the optimal provision of such publiéwserVices (West, 1970), how ‘'such services
should_be financed (Reischauer and Hartman, 1973), the redistributive’effects
of public education (Hansen and Weisbrod, 1969; Kryzaniak and Eris, l974),

and the optimal allocation of resources within educational institutions

L4

-

In order to draw i telligent conclusions on optimal resource allocation :

within schools or colleges, one needs information on both the prices of

: . N
inputs and the precise nature of the production process. Levin (1974) and

-

Bowles (1970) have pointed out some of the problems endemic to studies of

»

educational production and, more generally, production of public outputs.

A}

_The purpose of this paper is to 1nvestigate ‘some further problems in estimating

‘production functions of public outputs, ‘again wi'th spec1fic reference to

education.

Several well-known studies in: educational production have found the

~

- effects of school resources on individual learning to be relatively small.

*

Ed

to many such studies_has been that class average and not individual measures of
school'resources have been used as independent variables, thereby implicitly
assuming that school resources are equally distributed across all students
: (;F,
F
64




o . 3
resource measures are easily obtainab]e From school records, whereas

.1ndividual resource measures would require an expensive and time consuming

J'
it

¢
3 & ' ®
. 1 : L ' s :
+ .within the classroom. This is a conveniert assumption, for average school
|
\
|

"data collection For example, measuring'the allocatipn of teacher time
- within the classroom might require placing observers in classrooms. However,

1f the distribution of school resources over students is not equal and is
related to any of "the other independent variuoles in the regression equation,
;

the est1mated school effects are biased ‘and may provide 1ncorrect policy

v

inferences beo K ' . : - .
. ; . .

< ’ - . 4 . . -

., ° : In this'paper'we explore the effécts of‘teacher,inputs on individual_

‘achievement when the distribution of ‘teacher timevis simultaneously related om

to achievement. This relationship is viewed as determined by the teacher s

objective funcLion which is: assumed to Anclude average. level of achievement

and variance in achievement in the classroomvas arguments. The teacher
3 . : € et
R

resources used in the model are two measures of teacher quality: monthly

salary and experience. Salary is, of course, in part determined by eﬁperience,

M H . PR

but 1t is also determined by degree level ‘and credits beyond the baccalaureate
it

| Recent research by kroWn and Saks (1975) lend support to this type of

objeétive function. ‘Using aggregate data for the,State of Michigan, they
conclude that at least the distribution and mean'level of Ethdent outputs

P

should be included as arguments in the school's objeetive function. Using our

data, it is not pOSSible to determine'whether or. not' the preferences of the

©

. schools with respect to level and distribution of outputs coincide- with the .

@

preferences of teachers

1

The results of  the study indicate that teachers prefer a hg her "level o

of average achievement to,a reduction'in the variance of achievement. However,
“8ince the teacher effects are relatively small, the weights on the objective

function of the teacher are a relatitféy unimportant factor in determining

. o

Q . ' €5




N H . ’ ° . ' G
individual student achievement. Although we were not able to do so, alter-

o
~

~ native specifications of teacher objective functions to take account of other

school cutput§ such as socialization or discipline might lead to considerably

different results,

E : *

The Model ) . . | - : . : St

Levin (1974) postulates a general formulation of the production function:
A, = g[F

it )’ X

1(8)” “1(t)? ?im’ %10 Trel - .~»[1]',

where:

it >

Fi(t) = a vector of individual and family background characterisfics
: cumulative to time t . :

X,, . =2 vector of school inputs relevant to the ith studentocumu—
1i(t)
1ative to t :

Pi(t)'; a vector of peer or fellow student characteristics cumulative
to t ) :

Oi(t) = a vector of other external influences relevant to the ith
student cumulative to t

Iit‘ = a vector of initial or innate endowments of the ith student
‘at time t,. :

The mode1~uf production employed in this paper differs from Eq. [1] in

1that the achievement ratio is expressed as a function of prior achievement

-

and home and school input levels in the same time period:

Aje

AjLe-1

= £[F,/, X

1’ Mg Ay 1] : . R [2]

where t and t-1 ceprcsent the level of outputs or inputs at time t.and t-1

respectively.' SchoOl'peer‘characteristics,g Py > are omitted from the model

because the- sample of students a11 come from the same classroom, hence, -

- -’

£9

» ) . : -

a vector of educational outcomes for the ith student at time t




o

e -
o/ . .
J/

Other external influences, 'Oit ,” are omitted because we have no measures of

it

such variables. Innate endowments, I, ', are not omitted but are part of the

v

_recursive model, for A (o] 1s a function‘of ii (o] 38 shown in Eq. [1].°
. ’

w

The functional form of (21 is assumed to be Cobb-Douglas; -the exponential

)

_specification is preferable to a 1inear one both for its mathematical prop-'

1‘//2/ ‘

average peetVEharacteristics are almost identical for each individual student.2

erties and for the type of- substitutability it permits between inputs. Only one

. §y
element of the vector Ait ig used as an output meaﬁure-—test scores on -
. g ,

.standardized reading achievement tests, which are labeled Z it L The

structural equation of‘educational production-is then represented:

6 8 By B, &

o P AT Fpre N Kot Byey | [3]
‘ where- Flit and F21 ‘-represent the two family background variables—- ;
number of. cultural items- in the home and size of family,Aand xlit and
X2it represent two. school environment variables--teacher salary and teacher

.

’experience. The number of Vvariables included in the model 1is limited both
by the available data and the small number of observations.3j Non-teacher
lschool inputs such as books and supplies or building quality are assumed to
be equally distributed among all students in the classroom.. |
. Simple estimation techniques cannot be immediately employed as there
are no individual observations on Xl it and‘X . We have only aggregate

classroom figures for teacher’ salary and experience. However, if we assume .

a process by which xlit and X21 are generated it is possible to derive

, functions.for X and X “in terms of variables for which there are

it 21t

empirical observations. In particular, it is assumed that the teacher has
a utility function containing two elements. the average and the variance

of achievement’ for his or her class,-which he or she seeks to maximize

70 .
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can be derived:

| ;///// — \\\\\\ . -
. ~ \\\
N o . .
subjectffgltWo constraints. 'Fotmally: . ;‘ \\‘\\\
‘ - . .. . -:2 : \\\
°, - ' a. X2, a,n(Z, - Z) ' i o NG
Max: U =-—1t4-2 1 . . [4] T~
IR n . n- : o ) . . |
S : |
| o o
Subject to: -i Xiqe = ™ X, ‘ | [5]
2 X1e = 0 Ky . L6

Equations [5] and [6] embody the constraint that the teacher has a given ‘

fixed endowment of teaching quality and time.

. The parameters 0. and dz Vare, respectively,‘the marginal utility to -

the teacher of increasing average achievement and increasing variance in

achievement. The ratio .ai/az, then represents thg-marginal‘rate of substi- -

tution between the two arguments in the utility function. Forming the

Langrangian,'dropping/the' sybscript for convenience, and manipulating

¢£‘§
the first order conditions for maximization, the. following functional form

Xy . X21 ) al Z + 2a2 Z, (Zi - 2) . - -
'/ s »Xl X2 al.Z + 2a2 var Z . . - ‘ , ?

I3

The educational production function of Eq. [3] can be reformulated with

- : r'e

Eq. [7] to be:

-y . B [ ] B ] B ! ° . ) .
1o At 1 "2 5 . . . 8
2y =AE T By 2 e - [81
. where . . o : T
' — S ‘ '
. 4 . 83 o o I .
: , ' et v ,
2 ey 0y Z+ 20L2 var Zi;1 83. L | .
10T 4 - o : ' [9]
S0y + 2a2 (Zi - z)l : . . -
- e
§
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_.[Kc_,, | | .

'tion between mean.achievement and var1ance in achievement o /

- 1 ) ;
: B. 8, 1-8.' :
T A | -
A= lj\ % 0%, [0
while |
By = By By By - 8)/(8))5 By = 8,/(1-,") and
Bs' = Bs/(1-B3"). | | o | f11]

As a result of adding Eqs. [4] to [6] to the educatienal production

' function,_we.no longer have full|identification of all the coefficients which

we would like to estimate in Eq) [8]. The Cobb-Douglas specification and the

‘constraints imply in Eq. [7] tHat any*student receives equal shares of both . N -

teacher'qUality characteristics, an,iﬁtuitiveiy‘appealing'result_since-teachers

 allocate their time and cannot independently allocate.their characteristics.’

~

Estimation

" By assuming values for Qs Ops and 85' » We can bbtain ordinary least’

——

'sqnares estimates of A', 811, 82"and BS' . We selected that,combination

of dl, Cys and 83' which fit ,the data'on -Zi' best by yielding the smallest

sum of squared residuals. The alternative Rz- statistic would not be-appro-

~

priate in this example, as changes in the assigned values- for ai, s and 83

lead to Ehanges in the value of the dependent var1ab1e Zi' .

In undertaking this analysis we ‘are interested in discovering (i) the

o~

~signs on the parameters o,  and o, -and (ii) the marginal rate of substitu—

1 2
1'a2 . Label the
marginal rate of substitution a' . We discovered early that the sum of squared

residuals is minimized when 0y >0 and o, < 0 . As might be expected, the

marginal utiIity of increasing achievement .is positive;'and the marginal utility

>

LD
¢t
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of increasihg variance is negative. -

Sincevthe signsrqn the parameters were easily determined, the problem

a0

became one.of estimating the marginal rate of substitution,'a' , between the

two_arguments.in.the utility functioni‘ Combinations of‘discrete values of
@' on a'scale of 10 (-100, =90, -..., etc.) and B,' on the scale (.00,

.025, ;OS,V.l, 25 «evs .9) were used for the estimations of A', Blﬂ, 82'

and BS' . The values which dre reported in Table I are those which minimized

‘the sum of squared residualg.. -

The nature and quality of all regression estimates crucially depend on

our knowledge and assumptions about the error term. In general anything

LY

which affects the dependent variable, but which is not contained in the
right-hand-side variables, finds its. home in the error” term. First, if there
'is a misspecification and variables are contained in error terms which are
not random, then we will get biased estimates of the variances of the
coefficents. Furthermore; if the omitted_variable is contemporaneously
correlated with.any ofrthe‘right hand variables, there will be biased_
estimation of the coefficients themselves. 'wé assumevthat there is no

. problem of misspecification, aipoint to uhich we return later.

Second, there are.those random factors, 1like bad'health on the day of
the exam, which atfect achievement scores. In this'regression, obvious
-probleﬁs.arise from such random disturbances as one or ‘the right-hand—side
uariables, Zi,t—l s is subject to the same problems.because it measures
achievement in the previous year by precisely the same method. In essence,.

. we have a problem of errors in the measurement of the dependent variable

-and of'one independent variable through the use of standardized tests, In

general,‘such an error in the measurement of an_independent variable leads

to biased-estimates——Im this case there 1s no a priori suggestion as to the
, . . : ww
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direction of the bias because there 1s no reason to suppose that good health

or bad health should systematically affect a particular level of achievement.

A final factor may enter the error term if teachers fail to optimize.

- The effects of non—optimizing behavior can be seen by adding a multiplicative

error term in Eq. [7]. These error terms compound the,normal error term ‘but

do not bias the estimated coefficients '; B ' and B ' because the variable

from which they emanate has become part of the new right hand variable with

the rearrangement of the regression equation. In general, additional random-

ness of the error term reduces the power of our'estimates. In this example,
if the non—ootimizing behavior is not completely random, it increaseg-the
possibility of marginally'incorrect éheices of o' and 83' as(well. Our .
results; particularly'those»fof' a' and B ' , do not claim 'marginal

precis1on in the first place, so non-optimizing behavior should not present

any great difficulties.

Data.

The.econometric-aﬁalysis was mdade using data on students and teachers

-in an-urban school district in-California. The data collected include

measures of student achievement on the standardized examinations'required
. . ) .
in the State of California, measures of the_studentfs‘home environment
obtained from questionnaires;'and measures of‘teacher.characteristics obtained
from personnel records.4 Student observations were. deleted from the sample
if any of the information used in the model was missing

The model described was tested for two classrooms of students in grades

three, six and eight.5 The achievement'variables are percentile scores on

standardized verbal achievement tests for the current (Z ) and previous grade

leyels_iz = 1) ofvthe—studentT-ﬁNumber ef~cultural~items~{F*-)*is*an"indexrof“‘h——~——
’

A

1 _ -

’



.‘istics are month]~ salary (xli) and years of experience (X

body of data demonstrated that to be the caSe,é

"family possessions which ranges"infgalue from 0 to 7. Family size (F ) is

the number of siblings 11Ving in’ the home of the student. Teacher character-
21) The choice of

the particular teacher resource measures to be included in the model is not

too important in the framework used, as long as they have a statistically

. significant impact on achievement. Farlier cross-sectional research on this

. -

Regression Results

The values of a' and 83' ~for which the sum of the squared residuals

is minimized in the estimation of Eq. [8] are listed in Table 1~together

. with the estimated coefficients, their t- values, the R2 and the number of

- observations, for all of the classes and grades selected.

Deviations in either.direction frem the "best" value of - 83' were found
to increase the sum of the squared residuals dramaticaiiy. The effect of
variations in the value of the preference ratie was iess dramatic. This is
hardly surprising given the low valuation of B '." Since teachers make such
a small c;ntribution, the1r partlcular preference functions and consequent
distributions of time over students have little impact on educational

achievement.

In addition to the consistency in choice of values for o' and 83

shown in the six equations, the resulting estimates of the coefficients
, ! . .

A, B, , '82'-, and , Bsf are’hroadiy consistent. Finally we can note

1

that most of the signs 'of the coefficients conform to expectations, and their

values are . usually significant at a 95% level of confidence.

n
o

It should be recognized that the results for ‘a' and 83" are not.
precise and there is no way of testing the significance of those particular
ray -
§Q
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vaiuations. This being acknowledged, those pérficular_valuations‘do very
crudeiy suggesf-the magnitude of importance pf teaeﬁer inputs to educational -
production at the margin, and they also suggest the relatiye weigets attached
to averege achievement'and variancelof,achievemenf in'the teacbers' pfeference
functions.  From the "best" values of the margihal rate of‘substitueion, it
appeérs that teacﬁers in fact favor an increase in averagelachievement far more
than a decreese in the variance in achievement. For'example;;grade three
teaehers are willing to trade off an increase ip variance of one hundred

T

points for a one unit increase in mean achievement.

At the same time, the values of the.marginal products of the teachér

resources which were -calculated are of the‘same-order of magnitude as ‘those

found in some of the earlier studies mentioned in Section 1. Elasticities

are also close to Ehose found by Hanushek (1972), who regressed average

school achievement on average school resources for a cross-section of schools,

using a Cobb-Douglas specification.

Conclusions and Policy Implications

The results diseussed above have policy implications only if we assume
the @odel te be correct."We noted the possible. bias in estimatee :espliing C e
from errors in Zi,t-lv’ the effects of non-optimizing Eehavior. But the
real problems‘ariSe from the possibility of mis-specifieationhof the produetioe
function.v Unfdrtunately, ie is precisely here that the theory of learning

or educational production provides 1itt1e guidance for any discussion One

cannot produce statistically precise results with clear interpretations in a

- -

pheofetical vacuum.
It‘may be this ignorance concerning the learning ptocess'which has led
to the low value of '63' . For.example,:ignoring a factor which is negativély
i
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- correlated to teache} inputs’'would lead to such a result, even if the real

elasticity of teacher inputs were large. Yet even if the simple framework
exposed here were a true }epresenfation of the process, the results do not
neceséarily imply that schools are ineffeétivq in producing educational

outputs. Schools produce a multifarious assortment of outcomes including

attitudes and social responses; It is then quite plausiﬁlé‘that while_ .

_teachers have little influence on the producfion of veading ability, contin-

. ued -educational expenditures are justified for other purposes..

Schools have bheen ‘assigned several.missions in our society ranging
from imparting cognifive skills to babysitting to acting as a selection

mechanism for ‘the labor market. Our findings are consistent with the latter:

‘function. If teachers in fact have stronger preferences for raising the

average lével of achievément than for reducing variance in achievement,

selection is made easier By emphasizingfor increaéing‘knowledge &ifferences

' between students. Furthérmoreg a Cobb-Douglas pfoduction function of the

type postulated here implies that teachers with such preferences will allocate

- . . . N . » 7
more time or more resources to high achievers or the socially.advantaged.

Y

More. research is requiréd before strong policy implications can be madg
ffom these résults. Not only should more attention be paid to fhe‘developf
nent of a theory of learning to guide empirical work, but résearchers should
also;study the production of tﬁe whole spectrum of school outputs‘and the

. : o
;radéoffs which exist between them. The results of this study suggest not

only that the contribution of teachers to educational achievement as

measured by standardized examinations is relatively small, but aiso that

teachers weigh maximizing achievement more strongly than reducing the variance

in achievement in their preference functions. This conclusion is consistent

with the view that schools éct_asiselection or sorting mechanisms for society

T8
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at large but in no way conclusively proves that sorting is the primary

: |
function of the schools.
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FOOTNOTES

1An alternative assumption is that school resources, especially teachers,
are puréd public goods within the classroom, a reasonable assumption if

teachers spend all their time lecturing to'the class as a whole.

2By looking only at variation in student achievement within the class-.
room we have avoided another simultaneous equations problem in production
wherein the best qualified teachers choose the classrooms with highest
average achievement. See Nerlove (1965) for a discussion of the problem in

estimating production functions in general; Greenberg and McCall’(l974)Q,

. Present evidence that the problem does exist in education.
‘3For example, no information is available on family income.

4The tests used as output measures are the Stanford Reading Achievement

tests for the respective grades.

5Whereas pupils in grades three'and six had a single school teacher

L

for the year, pupils in grado eight had more than one teacher, although all
pupils in a ' class ‘had the samé set of teachers. The preference ratio

then obviously pertains to some set of eighth grade teachers rather than one

i

teacher alome.

.6See Winkler (1975}. . : : y _ .
| | .

7One property of the Cobb-Douglas function is"positive cross derivatives

for any two inputs, ' 3 _9Z >0 owhich implies a larger marginal product
8X18X2
Q

associated with increasing teacher time to a high achiiever or high socio-

'
E} A

economic student than a low achiever or low socio-economic student.
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ABSTRACT .

—

s .

Children cén be viewed as making work—leiéure Choiées wiﬁhin éhe céntéxt
ofﬁthe learning process: By fo£egoiné current leisure in or out of the class-
‘room,,childreﬁ can iﬁcréase their cognitiQe knowledge and ther;by increase
their future earned incomef In this paper wé derive a stu&ent 1ébor,sdpp1y‘_
function which isﬂsimultanéousiy estiméted with a production function of cog-
ﬁitive knbwiedge.' Students are foundrto increase tﬁeir wbrkjeffort‘if the
rgturngffrom that Wd:k, here.mgésufed by the marginal productiVit& of Qtudent
kabor, increase;_'Séﬁdents'are a1so fognd to increase their wqu‘éffort‘if

exogenous school or home .inputs are increased.

g1
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'lhe received economics-literatpre on educational production has largelv
ignored student labor as a variable of interest: The productivitv of stddent
labortin learning'has_never been estimated, nor has much attention beenZPaid
to the Eactors which determine'the amount of student labor supplied to learn-
iné; This paper attemptsvto remedy these dmissions.'

vLike adults, children in.school.can be‘vieged'as making work—leisure
choices which maximize their long:run utility functions. By foregoing.current

leisure, children.can increase their cognitive knoQ&edge and thereby‘increase

their future earned income. ®

\ The'hours.of'schooling'available is ‘'usually exogenous to children. However,

they can increase their supply of labor to education by spending a higher pro-

'v portion of school time‘actively engaged in learning.activities. Children, can

also increase their hours of work by studying more hours outside of school.

The role of student labor in the educational production process has been

generally ignored in past research. Exceptions are those studies'which use days

of school attendance as a proxy for student labor. For example, Wiléy (1973),

v

' c1a1m§ that variation in days of attendance is important in explaining variation

t.

in achievement scores_invthe data of the report ‘on Equalitx,of Educational

. Opportunity (EEO). Empirical studies which ignore the student input to learning .

in effect end ‘up estimating reduced form equations of the learning process.

" This study attempts to specify and estimate a model of the educational

production processlwhere’the stodenthlaborvsmpply is endogenous. This model

1

enables us to provide tentative answers to some important questions. For example,

how do changes in school inputs available to the child affect his supply of

80
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_labor? or, how does home productJon of cognitive skills in the pre-school.

vears affect the child's supply of labor to the learning process during the

school'years?

'THE MODEL T

_Students are assumed to maximize their utility subject to constraints

. on time and educational production. The utility function is assumed to,ﬁave';
the arguments current consumption, CO‘, future consumption, Cf s current
leisure, LO.,’and future leisure, - Lf .2'However, for the purposes of this

paper we assume current consumption is exogenously ‘determined by parents. Due

to child.labor and compulsory education laws, children in general. cannot

a3

- tradeoff current leisure for current income. We also assume children expect

to Work full-time in the future and, hence, view future leisure as fixed at some

 amount ff . . . .

, . .,
Assuming C0 'and Lf arelfixed at Eb. and Lf s the'problem_ae29een by
ithe student becomes one of allocating his total time available,_ T , between
.work in learning, W ,fand leisure;ﬁ LO.’ sovas to maximize utility,.

1. "~ The child's-precise choice:of present leisure andgfuture consumption
depends/on (i)_the possibilitiesrtor transforming leisure into future income .
and (ii)“the child's own preferences'for-leisure and‘income. We assume.future
consumption is_some monotonically increasing function of cognitive gnowledge_ | ¢
such that the tradeoff between current leisure and future income can be repre-,‘
sented by the tradeoff between current leisure and current cognitive knowledge
(YO) . Unfortunatelv, .past résearch on the relationship between cognitive

>~skills and income does not lend strong support to this assumptionul However,

-~  what is important is how the childvviews this relationship,'and'educational‘.

folklore tells the child education 1s the path to higher income and social

1

mobility The’ problem formally stated is:
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Maximize  U(C , C., 1., L.). AU , (1)
L o f o f i ) .

-

@

Subject to T =L_ + W

o
|

= fSW, z) ' P @

where Z is a vector of other variables which enter-the human capital production

function. - L f o . ,

+ o
!

_The tradeoif between leisure andbfuture chsumption is’ the marginal product

_of student labor in educationaL production. Assuming diminishing marginal

s

product1v1ty of labor, this relationship is depicted in Figure 1. J

The student choice of leisure and current consumption is determined by the

/

point at which the product transformation curve is tangent to the highest

'1ndifference curve. This occurs at point A where the .child receives L'f hours

of leisure and C'-'units of future. consumption. At pointlA the rate of -
transformation is equal to the rate of commodity s"ubstitution.2

- . . ° a . 3
In this study we impose the constraint that all students face the 'same

production\function for cogniti?e skills, although the rate of product trans4
formationydepicted in Figure 1 may’ vary between students. AHowever- me assume
students may have different utility functions such that pupils facing the same
production funﬂtion may choose different combinations of leisure and future

consumption.- For example, students, A and B in Figure 1 choose different

combinations of L. ‘and C and have different revealed rates of time preference_;3

o % %

Effects of Other Inputs on Labor Supply _ . o T

One factor which ray cause the rate of'product transformation to vary

between students is ‘the amount of other school resources, X , which they °

.recéive. Changes in X alter the optimal choice of leisure and futupe con-~ - «

sumption. An increase in X can be shown to increase cognitive skills, and

"

thus future consumption, but, the effect on work effort is Jndeterminate.

g7
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Figure 2




.,

9

An increase in sc¢hool resources, X , has offsetting income and sub-

stitution effects, 1In Figure 2 we depict a case where the marginal product

»

of labor is constant over the rangeiot values relevant td the pupil., Line 00
represents the original marginal'product'and point 0" represents the original
- choice of leisure and future consumption; Line NN represents the new marginal
product after X has been increased, and' N' is the new choice of leispre
and future consumption. In this example<work effort has increased,from Lé
to an } In ogher words,_the<substitution effect, Ls “to Lgfjexceeds"the'
income effect,' L, to .Ls oo ' | L
Since - dw/dx is theoretically of an ingeterminate s1gn, we later estimate
a student labor supply function, which.enables us to compute dW/dX . A student
~labor supply function can be deriyed from'the first order'conditions for the
otilitv maximization problem [Eq (1] given above.

‘ The family p.ays a large role in the production of cognitive skills, 'Yp s
in the preschool vears. Like an increase in school resources, an 1increase in
Yp can belshown”to have a positive effect on later cognitiQe knowledge hut.
the effect on student labor/supply is indeterminate. Hence, we estimate dW/dYb

s

within the context(of the model.

H
H

SPECIFICATION OF THE MODEL

“ The Production Function
As is well recognized, there is little theoretical guidance for specifica-
tion of the'production function for cognitive knowledge. We assume, like.
Een—Porath (l9675,'that the funcétional form is exponential'ofjcobb-Douglas.
Theimeasure?of outpot is, again like:Ben—Pprath,'assumed to be~thefchange

in cognitive skills over a given period of time, In th1s case, we use as

output, Yo s the measured change in verbal skills between ' grades six and eight.

The level of verbal skills is represented by the percentile scores of students /

/- S
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a

on standardiéed-ekaminations of verbal skills. While a measure of the absolute
level of cognitive skills of children would be desirable, no such testing

instrument exists.4

(i)«~ﬁome Inputs’

—

The home ‘and family are important in the production of cognitive skills /
"both in the pre-school and the school years/_ The pre-school{influence of the

‘home 1is reflected in the level of cognitivg skills of the child upon entering
: ®

school, Yp . Pre-school cognitive knowledge is a function of both genetic

I

|
potential and family inputs The two factors cannot be isolated
The contribution of the home during the school years‘is here assumed to

consist of parental time, parental human,capitali and physical capital or

~material goods. Parental time is proxied by the number of siblings, S , living -
) in the home. More siblings is presumed to ‘leave less time for the. parents to
spend teaching any one child. Parental human capital is prox;ed by the number

of years of education of the mother, 'Em ,> and the father, Ef . Physical

capital, K, 1is measured_by an index of the number of items such as books,

newspapers, etc. found in the. home.

o

(ii) SchoolfInputs

!

" “The school affects the cognitive skills of children by allocating resources
to the students. The quantity of purchased inputs received by children is
proxied by the average annual level of'expenditures, X , on children in grades

seven and eight. 'Thepouality of purchased inputs_received by children is

‘ proxied,by“a measure of teacher‘quality,_ T . The variable. T 'represents the
proportion.of a student's teachers from undergraduate instiftutions of higher
education which required high scores on college entrance eraminétions for admis-
sion. Since the samples of students and teachers are from California, these

schools are pr1marilv the campuses of the Uniéersity of California and Stanford

*\,




University.

(i11)" Student Labor
Léstly, the student's own labor input, ﬁ s detgrmines his learning. It

“would be ‘desirable to have measures of how much student time within school and
‘outside school is‘spen2k§ct1§éiy 1eafning and'studyiné.' Unfortunately, such

data is not availab1e f0;_this sample. Indeed, such data is rarely céllected and
never cpllectéd in a form which wohld aliow estimatioﬁ of the mode} positéd
here. Oup measure of student labor is an ordinal index of the amournt of time'
outside the school sﬁeﬁt on learning activities. The‘scale of the input'ranges.
from éero,to five.5

\

The production ﬁﬁnction.to be estimated thus takes thekform:

2

2

§ o .
Y =AY S “K"E EX T'W : , . (3)

2

greater. than zero. The variables and their definitions are summarized in

In terms of the above discussion we expect 0; < 0 and all other parameters !

Table I.

- Student Supply of Lébor
The student's labor input is endogenous to the model §031fed here. In
the tYpical‘labor supply model, the number of hoﬁrs wo:ked is a function of
the reward received, usually the wage rate, in the student labor suppiy model,
thé number of hours wérked is also a function of the rewardﬁrééeived, but in

L4

this case the reward% are not necessarily expressed in money terms.

.

Oné of the reﬁards for the student is higherlfuture income or consumﬁtion;
5 this reward is proxied here by the marginal product of labor in the production
of cognitive skills. Given the Cobb-Douglas production function [Eq. (3)] this

reward can be expressed as (a8 YO)/W0 .
o - o1
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1

In addition to receiving a future, monetary reward for additions to. the e

stock of cogndtive knowledge, children receive. current, non—monetary rewards

from parents, and other pupils. The value the peer group places on academic

achievement has been shown to. be negatively'correlated with the socio-economic
level of the peer group [Wilson (1959)] Hence, a child with predoninantly.> ;
low income peers could expect low peer rewards ‘for improving achievement. Peer
rewards are proxied_here by the proportion of 'school peers of low social status,
. , .

The family also rewards the.child for acadenic achievement in non—monetary
ways. The size ofbthosebrewards, wefpostulate,'is oositiuely reiated-to the
educational level of .the parents. Teachers aiso‘reward.pupil-performance, but *.

we have no measures of the types.of rewards--letter grades and verbalicommuni_
cation-jthey are likely to give.
-Differences in peer andﬁparental rewards received for achievement by
- pupils is one reason why children facing similar marginal products of labor may
choose different bundles of current leisure and future consunption as shown in
Figure 1. Differences in the parameters in utility functions may'also‘exolain
the phenomenon'shown in Figure 1. ‘We cannot distinguish between these two

explanations. :While highly educated parents may offer high rewards to children

for academic'achievement, they may also influence the parameters in the child's

utility function. ' C e T

Lastly, we hypothesize that the student'supply of labor may be influench

. by the income and wealth of his family. - Increases in either variable‘might be

i

expected to reduce work effort. As a surrogate for income, - I , we use a dummy
variable which takes the;vaiue’ e 1f the family was never on weifare and 1

. if not. The surrogate for wealth, R ; is a variable which takes the value' e
if the family owns its home and 1 4if not,h

QD

1 ) . & frud
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Summarizing, the student labor supply equation is: T

4

LY -
. .— 1
. : ‘ Yo Yy Y, Yo Y . :
) . Wo=B iés = z 2 Em3 Efé 1”2 g8 - (W

B { 0 B ) . ) . .

Yy Y Yo Y3 Y, Y5 Y6

. 1+Y1 1+Y1 1+y1 1+y1 1+y1 1+'y1 1+Y1 :
. = ) Z T E E I . R (5
‘ o 8" o : m f

Ed. (55 is the eqﬁation estimafed iﬁ-the following section. In terﬁs of the
above discussion, we expect. Yl’ Y3, Y4,> Q; Y2’ YS’ Y6 < Q .
ESAMPLE.AND DATA
The sample consists of 669 pupils who were'enroiled in an urban échool
district in Califofnia in~tﬁe midi1960's. Since only those s;ude;ts with
availah;e schobl reeords from grade one through gréde eighﬁ were’éelected,
the sample is th necessarily reﬁresentative of the school districtvas a whole,
. The.data on standardized test scores ét graaes one; si%, and eight came-“f ‘ 9”'
fromiacademié récords of the pupiis., The data on school inputs was also
obtained:by using academic récords to match pupi1é to specific teachers ahd
classroems. Lastly, the.dapa on home inputs and student work effort came Ffrom
cquestionnaire resfonses"of pupils.
The output measure, change in>percentile scores‘on standardized achievement
tesgs,.is anvimprecise measure of gain iﬁ‘cognitive kno&ledge. A zero change
_in pé;centile scores between grades six and eight does not imply the student

‘gained no knowledge; rather, it indicates the student gained precisely the same

amount of absolute knowledge as the sample of students used in standardizing

the exam.6 While average output as measured here is negative, real output in

o3 -
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TABLE T

Means and Standard Deviations of Variables

Variable A : Meant ' '
|
|

Output -Yl ) -15.10
- e | - (42.67)
NDutput Y, . B ) o =23.34
° . . (27.12)
Output Y, E : : . =31.99
- ‘ ) ’ . : (23.63)
p
Student Labor (W) o 2.84 -
) . R ' 4 t (.73) \
Pre-school Knowledge (Y ) . 55.24
~ P : : (9.41)
Number of Siblings (S) ' , ' 2.35
- . : - (2.06)
Material Goods (K) - ' ‘ “4.68 :
| - . (2.06) - e
Mother's Education (E ) ' : 11.97 ‘
* | - Co(1.89)
Father's Education (Ef) 11.86 g
' : § (2.02)
Purchased School Inputs (X)- : ’ ' 385.43
' : ) (33.76)
Teacher Quality (T) .- . - : . .58
_ : (.23)
Peer Group (Z), . - .23
S C(10)
Income Proxy (I)* ) L. o .74
| ' (.43)
, " Wealth Proxy (R)* .68) -
, ' (.47)

[~

t 'Standard deviation in parentheses.

Dichotomous variables. The mean represents the proportion of the
sample not on welfare (I) and owning their home (R).

-
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terms of absolute knowledge gained 1is positive. Unfortunately, there is no

known transformation hetween absolute knowledge and percentilg test scores in

different gfades.

- Because the output measure is imprecise, weatest the robustness of our
findings with respect to the particular output measure employed.' Three alter-

native output measures dre d;ed.7 The means of all output and input variables

are given in Table I.
[

RESULTS | o ' o

. The model és represented by Eq.'s (3)'and (4) has - two éndogenous ;ariabiés
in eéch’equafion.. Hence,'two>étage least squares was psed to estimate the
structure of the_quelé‘ The estiﬁated struétqre of the production function is

~ given in Téble IT; the estimated strlcture of the»labor supply equation is

given in Tables III and IV.

.

%roduction Function

(i)‘ Home Inphfs.

ghe exponent on pre-school cognitive knowledge,- Yp ’ {?hpoéitive and
stafistically gignificgnt in all three equations. The exponent on number of
siblings, S , the proxy for parental time, is pegative as expécted.and
sﬁatistically significanf in the first two equations. fhe estimated équnent

on material goods, or inputs, K , varies in sigﬁ and is never statistically

- significant.

“Lastly, the elasticities associatedcwith‘parental educaéion, Em and Ef‘,

are always positive but not always statistically significant; furthe%more, the

values vary depending on the particular measure of output.

i

(11)" ‘School Inputs

The production elasticity of purchased‘inputs is -always 1arge,-positive,‘

\ T
S5,
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- . . : TABLE II ;

Estimated Structure of the Production Functiont

o

. Output»
Variable- o . . . Y1 : Y2 m o Y3
Pre—scﬁool Knowledge (Y ) ' ., T L63%% o L BOk*k .34%%
. P (.22) (.20) . (.15)
Number of Siblings (S) —.13*x% - 15%% - .03%%
: (.06)  (.05) (.n4)
Material Goods (K) .02 -.01 -.03
' o - (.06) - (.06) ~  (.05) .
Mother's Education (Em) .37 . JB2%% .24
‘ - (.28) (.25) (.20)
Father's Education (Ef) .27 . i47*§ } G2%%
‘ o , (.27) (.24) (.19)
Purchased Séhbol Inputs (X) .93%% R TE 0 ‘ .92%%
o o (.46) (.41) (.32)
Teacher Quality (T) .19% L21%* . .09
. : ) (.11) ' (.10) (.08)
Student Labor (W) i 124*. .29%% , +25%%
(.13) ' (.11) . (.09)
Constant ; . a2 ~12.05 -8.44
Standard Error " .95 ’ v .85 -.67 X
‘ &
@ t
o StandardGerrbr in parentheses .
* , %tatiétical}y significant at the .10 level, two-tail fest;

*k Statistiéally significaﬁt at the».Oﬁ level, two-tail test.

&6 -




'price variables, E

-

and statistically significant. For each output,nmasure, we cannot reject

. the nuil\hypothesis that the elasticity has the value one, a surprisingly

strong finding-in light of the weak relationship between expenditures and
ilearning usually reported in the literature. For example, in reamalyzing -
the“EEO data,.Hanushek.(1972)°found.elasticities ranging.from',Oﬁ to .22;f
'TeaCher quality is found togbe'éonsistently”positively related to leatn-

.

ing, although the éstimated exponenets are not always statistically signif- -

o

: icant. The measure'of teacher quality used here is probably highly correlated

:with teacher verbal score, a variable which other studies [Coleman (l966), .

Hanushek (l972)] ‘have found to be strongly related to student achievemernt.

(111) Student Labor
Student labor - input always exhibits a statistically significant, positive
relationship to gains in cognitive skills. Furthermore, the estimated exponent

is relatively stable with respect to changes in the measure of learning; the

point estimates.range from 24 to .29, C(Ceteris parzbus, a ten percent increase

" inp work effort on the part of the child is estimated to ‘result in about a .

‘o

2.5% 1ncrease in learning.A : S

Student Supply of Labor

-

The elasticity of student laborbwith respect to the marginal-product of:his“
labor is always positive and statistically significant.' The point estimate

ranges in value from .25 to .37 ' The parameters associated with ‘the other

s E_, and Z , are not statistically significant in the two-
f7 'm

,stage least squares estimation, although some of "~ those parameters were signifi?

cant with the expected signs when the equation was estimated using ordinary '
ledst squares. -

The exponents zon~family,wealth,. R , and income, I , are sometimes

statistically significant at the .10 level Thevexponent on wealthi as proxied-

(}"7
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E‘t“‘,. ‘
:“{\3
k™ .
. TABLE III
Estimated Parameters ‘of the Labor Supply Equation [Eq. (5)]
e
» Variable e . o ' giqefficients
Output (Y,) o () 228 (Y)) .20k (Y)) .27H
’ : (.05). - (.04) - - (.19)
Peer Group (Z) | - -.01 ' ".oL -.001 - s,
v ) -(.02) - (.02) o0
Mother's Education (Em) . " .03 -.05 ' .05
' - ' (.09) - (.10) - (,09)
Father's Education (E) A S .08 .06
D ' . (.08). ~(.08) - (.09)
" Income Proxy (I) .03 .02 .05
o (.03) (.03) (.03)
' Wealth Proxy (R) = -.05%% ~.05% -.02
PR - (.02) S (.03) (.02)
Constant . v .57 - ':88 . .67
Standard Error : ' 297 < . 29 .29
8
~ -




Estimated Structure of the Labor Supply Equation [Eq. (&1
e ) Variables _
g > .z By E , I - W

g

. ,
id
B R A . TABLE IV , ' . o '

¥, | i -0l .04 .14 .04 -.06

Y, - © 25 01 - -06 .10 .03 -.06

Y, . .37 -.001 .07 .08 . .07 . -.03 ST
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by welfare status, is found to be positive.

._DISCUSSION‘ - - o '=2 - o
We noted earlier that the effect of increasing.school inputs or home\
_1nputs on student 1abor supply is theoretically indeterminate. An increase'
.1n some input exogenous to the student has a negative'"income effect and‘a
.posit1ve substitution effect. The net effect can be\either-positive or
negative.. The estimated elasticities given in Tables II and IV enable us to
predict the sign and size of these net effects.
The effect of‘an.increase in school inputs,_ x ,.onbstudent’labor supp1Y'

is (dW/dY)‘(dY/dX)_which,'given Eq.'s (3) and. (4), is equal.to (Y1/1+Y1)- : f ="

e 3

. (a6W/X)'. Sincev Yl. and Qe ‘are both greater than zero? the net effect 1is ‘
Npositive as well.” Similarly, we fin8 an increase in.home inputs'increases | _ i
student work effort. For example, an 1ncrease in pre school cognitive know-
:1edge, Yp , changes work effort by the amoung (Y1/1+y1)(a W/Y ) which is.

- positive., 1In general, an increase in exogenous inputs in the production

i
H

function Has the net;effect of increasing student'work effort.

Because an increase in school inputs results in a positive change in
. labor suppix; the eétimated'elasticity on X understates the total change in
1earning which results from a change in stchool inputs.
The total change in 1earning_is: :
Y OY oW

X oW 98X

which is;equal to

. - _:;; 100
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,insignif1cant relationship between peer group composition and student work

.effort. Although the estimated elasticity was statistically significant in

One of the'surprising‘findings of this study is the statistically_ o \ '
the ordinary least squares estimates, its size was very small (approximately . |

|
-.04). A possible policy implication is that integration on the basis of |
social class can be expected to have little effect on the work effort, and 1

hence the learning, of students unless other school inputs are simultaneously

¥
29

changed.

CONCLUSIONS
t_{ -~ This paper represents a first effort at explicitly including student
labor in the model of learning. While the estimated structures of the produc-

o

tion and labor supply equations are theoretically reasonable, several problems
which remain make policy inferences somewhat questionable. 'The major problems’
exist in terms of measurement of the. endogenous variables. There_exisF=no‘ .
absolute measures of_cognitive knowledge.pr changes in cognitive’knowlédge.
Hence,*we are constrained to use examinations which measure_relative knowledge
and‘which‘may change-in'content'over time.

Student labor is-also only roughly measured in.this_study. lt would be
desireable-to'haveidirect obserVations on student time spent studying in_and

out of. the classroom instead of relying on students for the information. While

L “ - . °

precise labor data is conceptually possible to‘collect, the expense inyolved »
in making direct;observations'may be very large.

= Other possible problems'includevthe-assumptions made about the arguments
in the utility function, especially the agssumption that gains in cognitive
knowledge is a proxy for gains in future consumption. Future consumption is

not solely determined by cognitive skills, and a richer model might explicitly | o

take account,of the other soeial factors and individual attributes which

101 o 4 ]
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.s:\ . » ' . . )
determine income, A richer model might also permit students A6 tradeoff

current leisure for current consumﬁtion. While our assumption that current

.~

consumption is fixed may be fairly accurate for students in elementary

school it is certainly 1less true for secondary school, especially high school
Estimation of 'a richer model, however,»awaits the construction of better

measures of knowledge'as well as the collectlonﬁof;better data. The‘collection

of better data could begin soon with currentAstudies'on the use of time in

the home. The home plays an important role in the production of knowledge.

More precise measurement of parental time and‘student time spent in learning

. . .

activities may - generate information as to how the home affects student

Alearning.
A‘number of, psychologlsts [Carroll (1963), Block (1971)] are currently
investigating,the role of student time in learning.in the classroom.. Their
: research typically'involves direct observation of the use of teachEr and
sbudent time. As a complement to the studies of ‘use of time in the home,
economists might become involved in planning and analyzing the experiments
: vbeing carried out by,psychologists.8 <
This paper should be considered as a preliminary effort at modeling the
‘role of student time in learning We have found a positive, statistically
significant elasticity‘of learning with_respect to student labor. Furthermore,
we have -found a positive "price" elasticity of supply of student labor, the |
exponent on'marginal productivity of labor is positive. Lastly, we concludev'.
that increasing those school and home inputs which‘directly'affect learning
also influence the labor suppiy deciSion offthe student. The substitution
effect of increases in such inputs outweight the income effect of such dncreases;
hence, an increase in some exogenous input results in an increase inhstudent
labor. An interesting policy question, which cannot be answered here, is what-
102
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allocation of Tresources in the school or allocation of parental time in

the home would result in the largest student supply of labor.
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FOOTNOTES

,'1Recent research by Griliches and Magon (1972) and Hause (1972) has found
'the‘relationship between measures of cogﬁitive skills. and income to be small
1 : .
. [ . ) . -
c in size. The size of the relationship is larger, however, if one explicitly

takes into account the effects of ‘test scores in determining years’ ?ﬁzeducation

attained by individuals [Ribich and Murphy (1975)].

2The marginal rate of.substitution'betwéen current lefsure and future
incoﬁe is edual to p times the mafginal rate of substitution between éurrent
income and future income, which is ﬁsually labeled the individual's rate of
time preference. Rhé,in.tu;ﬁ ié equél'to tﬁe marginal rate of substitution
between.cufreng income and‘current leisure. In the qual ;nalysis, p ‘is

p . . .

fouﬁd to be equal to the wage rate. Since Parsons (1974) has estimafed the
wage ratelof malgs to.-be approximately one dollar ($.99 té $1.25), the'marginal

rate of substitution between current leisure and future income is roughly

equal to the rate of time preference.

3If‘cépital markets operated perfectly, the obsérved»rate of fime,
' preference would be equal for all students. However, capital markets do not
operate perfectly; there is no market.mechanism by which elementary school

'pupils can borrow against theéir future earnings.

'4The measure éf 1earniﬁg used here'ié further tainted by the fact that tﬁe
p;ecise skills and knoﬁiedge méasured by standardized éiaminatfbné changeé over
the school 1ife of a child. Furthermore, fhe examinatioﬁs"used'in this study
are all verbal in emphasis. Thus;-the results obtained heré do not necessarily

extend to other types. of cognitive knowledge.
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?The work vafiable, :W ; is‘an ordinél index which can take a maximum
value of four. Sinco‘-w =T-1 ,owe aibitrarily set I ‘equal to five and
subtract an index of leisure which ranges in value from one to five. ‘Tﬁe
leisure index is equal to 1.0 plus the sum of dichotoﬁouS'student résponseo'
jto the following qoestions:

1.1 seldom or never finish my homework (true = 1, false = Q)
2. I spend a lot of:time caring for siblings. (true = l, false = 0)
3. While attending school, I work for pay ten or more hours per
oeek. (true = 1, false = 0)
4. On the average I spénd.too or oore hoors per'doy watching a

television. (true = 1, false = Q)

6The scores used In this paper were staﬁdardized on the basis of a ﬁational

sample, not the school district or classroom of the pupil. o

7The three alternative output measures are:

Y1 = grade eight Stnaford Reading Test percentile score minus gradé

six Stanford Reading Test peroentile score.

Y =.gfaoe eight SLanford‘Reading.Test percentile score minus grade
six California Test of Basic Skills feading percon;ilelsoope;

Y3 = grade eighttStanford taﬁguage Skills Test percentile score minus
‘;rade six California Test of Basic Skills languago péicentils
score. | |

.

Also, Y

grade one Californiq'Mental Maturity Test percentile score.

8Preliminary economic research along these lines has been undertaken by

g

Garner (1973) and Christoffersson (1971) ' ) -
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