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EDITOR’S PREFACE -

. THepresent Yearbook is the final report of the Joint Commis,
sion of the Mathematical Association of America and the Na-
‘tional Council of Teachers of Mathematics on “The Place of
Mathematics in Secondary Schools.” As editor of the series of
“Yearbooks I wish to express my personal appreciation both to
the Mathematical Assouauon of America and to the National
Council of Teachers of Mathematics for the generous way in
whlch they have wopelated to make this Yearbook possible.

W. D. REEVE
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THE Joint Commission of the Mathematical Association of
America and the Nationa! Council of Teachers of Mathematics,
on the Place of Mathemiatics in the Secondary Schools, was or-
ganized in 1&35 to tal.e over the work of separate committees of
the two arganizations that had been appointed some months
earlier to study the problems of secondary mathematics. During
the first twp/ ears of its existence the Commission was able to
hold conférences only 5(\ connection with meetings of the spon-
-soring societies, and not much progress was made toward the
preparation of a report.! In January, 1937, the General Educa-
tion Board generously made a grant to the Commission of
$5000, an amount subsequently increased to $6500, and this
subsidy made it possible for the Commission to hold meetings
and carry on its work more effectively. - -

"The Commission had been left free to choose its own approach
" to the general problem of mathematics in secondary education.,
It -became apparent very sonn, however, that the Commission
would not be able to consider all phases of such a troad sub-
ject nor treat exhaustively the topics it selected for discussion.
Among the primary difficulties in preparing the Report was
that of achieving a proper balance between general principles
involved and specific pi'oposals concerning methods of develop-
ing these principles. The Commission believed that there are -
three groups of persons especially interested in such a report:
(1) students of education, (2) administrators, (§) classroom
teachers of mathematics. Obviously these three groups will view

1A meeting of the original commmec.of the Mataematical Association in
December, 1934, was made possible by funds furnished by the Commission on

the Secondary School Curriculum of the Progresswc Education Association, of
which Dr. V. T. Thayer was chairman,
ix
» e
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the Report from somewhac different standpoints. Thus the
student of education and the administrator may_be interested
chiefly in different phases of the broader aspects of the problem,

while the teacher may be seeking answers to specific questions |

~of instruction. It was in regard to possible interests of the

teacher that restrigtions in the scope of the Report had espe-
cially to be made. The Commission could not prepare a general
handbook, and it did_not seem advisable to discuss mecthods of
instruction.

Within the Report itself the Commission has constantly

" sought to make it clear that the members recognize that there is ’

no one perfect pattern of instruction i mathematics. Con.
tinual experimentation is necessary if mathematical teaching is
to meet the demands of changin} school conditions, and it
would be unwise to attempt to mold mathematics int6 a single
shape, or to make any plan too rigid. Good programs depart:
ing considerably from those that are sci forth in this Report are
being successfully carried on. However, the Commission does
believe that the programs suggested are sonnd and,’moreover,
sufficiently flexible to meet -a wide varicty of needs if they are
intelligently_interpreted and fallowed.

If there is marked difference of opinion among teachers con-
cerning the most satisfactory curricula for normal pupils, there
is still more disagreement concerning programs for slow supils,
and, to a less degree, concerning those for superior pupils. Al-
though it is believed t.v many that only a start has been made
toward the investigation of the e problems, the Cg~ ~ission felt
that it could not evade questions that are so 'grcssing at the
present time. It is hoped that the discussion of general princi-
ples and the speajfic suggcmom that are given will-aid those
schools and those teachers who nave not already found a satis-
factory solution to the problem.

The Report is not burdened with extensive references, as is
so oftén the case in odu(atl(mal discussions. Views expressed are
those held by the wmembers of this Commission, based on their
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own experience, their reading and study, and their discussions
with other persons. It seemed that little would be gained by

_trying to trace ideas to doubtful sources or by the citation of

writers who are known to concur with the statements in the Re-
port. When other writers are quoted, they are usually quoted
nut because they are regarded as unimpeachable authorities
behind whom the Commission ean take shelter, but because they
 have given forceful or felicitous expression to views that the
" Commissior. endorses. On the other hand, the two basic pro-
grams for ma hematics instruction that are set forth in Chap-
ters V and VI have elements that are sb familiar it seemed un-
necessary to support them by references. In.some chapters it
seemed desirable, however, to give chort bibliographies, and it
is hoped that the references included will prove sufficient for
the reader who desives a further discussion than that given in the
Report. :

Scveral of the chapters were published in 1938 in preliminary
form in two pamphlets in order to receive criticisms and sug-
gestions. Many letters were received from individuals as well
as more or less extensive comments from committees and groups
that had discussed the preliminary Report. All of this material

was very valuable in the preparation of the final Report, It is \
not possible to record here the names of all the many persons

who, by giving aid and counsel, have demonstrated their interest
in the work of the Commission, but the Commission desires to
express its sincere appreciation to all of them. The obligation
of the Comnission to the following persons is especially great:
Professor Harl R. Donglass of the Univearsity of North Caro-
lina, who met with the Commission during one of its scssions;
Professor E. R. Breslich of the University of Chicago and Pro-
fersor Virgil S, Mallory of Montclair State Teachers College,
wl:\o\in addition to furnishing criticisms of the preliminary Re-
port read some of the revised chapters and responded gener-
ohisly to questions that were asked them; Dr. C. A. Atherton of
Hershey Junior College and Dr. R. J. Hannelly of Phoenix
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Junior College, who helped iu the revisfon of the chapter on the
Junior College. No responsibility should be placed upon these
persons by anyone who disagrees with the Report. Although it
gave careful consideration to advice and criticism, the Commis-
sion clid not always follow the recommendations made, so that
the persons mentioned will themselves not concur with all that is
said in the parts of the Report they especially scrutinized; but
the Report was undoubtedly improved by their counsel and
their suggestions. Finally, the Commission wishes also to record
its great-indebtedness to the General Education Board for the
financial assistance it gavge.
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“I had been to school most all the time and
could spell and re;ad and write just a little,
and could sqy the mul{iplication tablegip to
six times seven is thirty-five, and I don't
reckon I could ever get any further than that

if I'was to live forever, Idon’t take no stock in

mathematics anyway.”
—HUCK FINN

Sim
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INTRODUCTION

THE ROLE OF MATHEMATICS IN CIVILIZATION

“ l‘here was things which he stretched, but mainly he told
the truth.” ‘
—THE ADVENTURES OF HUCKLEBERRY FINN

As a background for discussipg the place of mathematics in any
system of education, it seems appropriate to give some attention
to the ways in which this subject has assisted in the development
of our civilization and the extent to which we now depend upon
it. 8o old are some of the uses of matliemnatics and so deeply are
they embedded in our culture that they are in danger of being
taken for granted ang forg,otu:n. On the other hand, at the
present time the subject iy finding employment «in new ways
that may not be known to those who are not directly concerned
with mathematics, or even to. some teachers of the subject. Ac

.cordmgly the theme that appears in the caption above is hexc

developed briefly.

HISTORICAL PERSPECTIVE

Some of our oldest historical documents have to do, either
exclusively or incidentally, with mathematics. The beginnings
of the subject therefore belong definitely to pre-history. Though
present-day studies arc revealing the existence of a much greater
knowledge of mathematics in antiquity than we had supposed,
we shall never be able to uncover the first steps in its develop-
ment any more than we can know in any satisfying way about
man’s first efforts toward artistic expression. It was a realization
of the age-old character of mathematics and the social canses of

its origin that led Professor Hogben to give the picturesque
: \ .




-2

2 ' &ﬂeenth Yearbook _ / |

Tl 4 ] [] . [] p\l g *
summary, ‘‘The history of mathematics is the mirror of civiliza-

tion.”* During its centuries of growth the subject has received
conur‘hutions from different peoples, has been a common heri-
tage for much of mankind, and throughout the civilized world
is regarded as indispensable for further progress. The realiza-
tion that so much mathematics has come down to ug from past
years often leads to the belief that here at least is one sctence
which has completed its growth. Snuch a view is, however, quite
erroneous, for the subject is one which today is growing so rap-

idly, as the great number of research papers published here and.

abroad*indicate, that the present has been described as the
Golden Age of Mathematics. '

)

MATHEMATICS AN OUTGROWTH OF FUNDAMENTAL
) HUMAN NEEDS L
However refined and abstract much of mathematics now is,

‘one may be sure that its origin had to do with the commonplate
matters of food, clothing, and shelter. Questions inevitable for
all human beings—such as how many? how much? how long?—
could be answered only by counting and measuring. These two
processes, under the relentless stimulus of hunger’, cold, and
desire, gave the basic impulse toward the creation of mathe-
matics, and today, in spite of its growth and ramifications, num-
ber and form remain among the fundamentals of the subject.

ARITHMETIC AND GEOMETRY

Having received -instruction in numbers during early child-
hood, people take them for granted and so do not realize that
the development of the number system was an epic achievement.
One is more like'y to wonder how it ever was possible to get
along with horses and buggies than to wonder how the Rgmans
managed with heir clumsy numerical notation. But upon re-
flection one sces tnat the ideas, the processes, and the applica-

1 Hogben, Lancelot. Nathematics for the Million, p. 32. W. W. Norton and Co.,
1937
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tions of arithmetic, az we have'it'today, forin a highly perfected,

e material world which surrounds us reveals form as clearly
as it suggests number. Although natural objects_present them-
selves in countless varieties, certajn forms have a tendency to
reappear, and this constant recurrence suggests basic concepts
“and stimMates the creation of an appropriate vocabulary, Cir-
cles, for example, ave repe&edly forcing themselves upon us;
one sees them in the sun, the fall moon, the ripples on a pond,
and everywhere, albeit imperfectly, in the trunks of trees and
the stems of plants. For centuries the night.time sky was regarded
as a hemisphere, with the stars fixed upon it, and the modern
astronomer, though he knows better, preserves the illusion and
stillkpcaks of the "cclestial sphere.” long before man had
constructed a circular arch he had seen one flash forth mysteri-
ously in the rainbow. Vaxious practical arts, forced upon man in
the struggle to survive, and raised later to a higher plane by his
~desire to make living nmore comfortable and refined, prepared
the way for geometry.

pe:&:zwm. and universal social heritage. ,

& - .
»

THE GREEK ACHIEVEMENT

The much rcpézltcd story that geometry as a deductive science,
as distinct from a compilation of miscellaneous rules, was started
by Thales after he returned from a busimess trip to Fgypt may
not be true. There can, however, be no doubt that Thales and
other Greeks devgloped ideas that were to prove revolutionary
by laying the foundation for some of the most significant aspects
of Western civilization. To them belongs the credit of initiat-
ing rational science. Long before the time of the Greeks. as early
perhaps as the Stone Age, men possessed certain scraps of scien-
tific knowledge of a practical kind, born heuristically from their
experiences. Thus they understood sbmething about the use
of the lever as an aid in moving heavy objects. At a later period
we find quite remarkable ‘technical knowledge in the civiliza-
tions of the Chaldeans and the Egyptians. But peoples even as

)
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, .
advanced as these did not succeed in giving a reasoned explana.

tion of natural phenomena and technical processes; apparently
they hardly attempted to do so. On the other hand this was
prccisely what the Greeks did, and with: them science as we "
tlunL of it had its beginnings. Much of the Greek success is due
to the development given to mathematics, «

O THER BR‘ANCHd'ZS OF CLASSICAL) MATHEMATICS -

Such concepts as those of equality, congruence, similarity,
symmetry, 1atio and proportion, woven so firmly into geometry,
also contributed, under the sppr of problems of indirect
measurcment, to the development of trigonemetry, which had
been used by the Greeks mainly in connection with astronomy,
As one contemplates the table of chords that Ptolemy gives in

' his great- work, which the Arabs renamed Almayest as an act of
reverence, he realizes haw essential all such work was jf man
were ever to Vcontrol his environment.”

The problems that were being subjccted to mathem.mcal
analysis were constantly, becoming more intricate, and revealed
the necessity for methods more general and techniques more
powerful and universal than the old ones. Out of this need came

. algebra, a subject which has shown a disposition to crowd into
more and more places with benevolent willingness to take upon,
iself a larger amount of the work of the world. '

Appreaating this characteristic of algebra, Fermat and Des-
cartes made a fusion of it and geometry, giving us the study we
know as analytic geometry. Here a strange thing happened in
our gutlook upr n things. Though to our sight the world looks
convincingly like a theedimensional atfairv, the new mathe-
matics enables us to deal with a world not so “cabin’d, cribb'd,
confined.” Adventures into regions of more than thiee dimen
stons have been successfully made. the explorers bringing bhack
valuable suggestions for dealing with the physical world, which
shows the folly of ever committing owrselves to a policy which
considers only things patently “practical.”
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. Soon Qfter algebra and geometry were unitdd, the growing
desive to\deal effectively with phenomena and problems which
had defied analysis brought in the foreground questions about
rates of chanyge. Although certain Greeks, notably Archimedes
and Fudoxus,~had employed some of the conceptions of the

"ealeulus, it icnminc(l'f'or the mventive and penetrating minds of
Newton and Leibnitz to fix the foundations in a definite way.
Theemathematician s justified in growing enthusiastic about
this snbjéct, srce a neiv era for mankind began with its discov-
ery, and human culture will never cease to draw heavily upon

Hits striking methods oLanalysis. When, along with his neighbors,
a mathematician observes publicizing of the fact that the world
constantly changes, he may be pardoned for some sdrprise, for
he is likely ta recall that two and a half centuries ago Newton
was talking about fluxions and fluents,

THESERVICE VALUES OF MATHEMATICS

~Since much of our_ basic mathematics grew out of needs, its

' higlr utility shonld occasion no. surprise. As the subject ex-
.pundul it becaume mbre and more self-contained. Mathemati-
cians lo';lg hive regarded it as one of man's most appropriate
activities, :md,ihcy find satisfaction and interest in the ‘study
itself. This attitude has given an even greater incentive for
pressing its development than has the goad of need; neverthe-
tess contacts with the physical world and applications to it have
been, discovered as by-products, such results being constantly
taken up and culivated by those engaged in various technical
pursuits. As there is no danger of our being deprived of thie re-
sults of mathematical inquities, people may not keep in mind
the many wavs in which the subject ministers to us and-may
even forget how primitive our civilization would be without it.
Most people. for example, do not know that quite-as much use -
is made of differential equations as of wire in radio work. An
inspection of textbooks having to do with numerous technical
fields, professions, and trades reveals their great depeudence
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upon mathematics, and, if made thoughtfully, can well be rec-
ommended for those who aspire to be competent appraisers
of our culture. (See Appendix L.)-
- A Y 4
THE NEWER USES

Since the beginning of the century the science of physics has
been greatly changed. The new work not only has employed
novel apparatus but has required more advanced mathematics.
In the case of the general theory of relativity, mathematics has
been used in a more searclfing way than ever before, since purely
mathematical attributes became a guide in the quest for physi-
cal laws. The greater mathematizing of physics was to be ex-

» . . .
pected. -It was merely another step'in an evolution long under
way. More significant is the fact that some studies, until re-
cently not mathematical at all, are rapidly becoming so. Per-
haps the most notable example is chemistry, which is no longer
almost solely a matter of test tubes and crucibles plus a little
arithmetic, but one of differential equations and integral signs.?
Mathematics is a means not only for giving precise and eco-
nomical statements for truths previously expressed less accu-
rately and gracefully but also for affording new methods of
. discovery,? in some instances excelling the resources of the labo-

ratory, just because it cau bring one to grips with basic-considera-

2So striking has been the change that one chemist has remarked: "Chemistry \
has graduated from the (lass of the descriptive sciences into the class of the-exact
sciences, and has taken its place by the side of physics and engineering as a branch f
of mathematics.” Daniels, Farrington. “Mathematics for Students of Chemistry,” =7
The American Mathematical Manthlyv, Vol. XXXV, pp. 9. 1928,

* An outstanding instance of what mathematics has done for chemistry with
henefit to the entire world has been deseribed as follows:

"A modest professor of mathematical physics at Yale University discovered the
phase rule and other thermodvnamical laws of hetevogeneous so, .tions, and today
these laws are the very cornerstone ‘'of petroleum refining and of other chemical
industries, It would not be inappropriate if the oil bavons and motor magnates
celebrated the bitthday of Willard Gihbs as the most important anniversary in
their calendar—for the billions of gallons of gasoline which last vear activated the
millions of automobile motots were distilled, not onlv out of the refinery stills,

but also out of the mathemmical equations of the meditative prolessor.” Gray.
George S. “Science and Profits.” Harpers Magazine, April, 1936.
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tions. In psycholoi.,y aﬂd physiology, advances of new kmds are

made through the application of mathematics, while certain

 types of geological studies can be made only by means of gnathe

matics, meteorology being quite saturated with it

‘Mathematical methods have appeared somewhat slowly in‘the

social studies, as was to be expected on account of the traditional
descriptive qualities of these subjects. The use of mathematics
in economics will be considered briefly. Although in courses in
economics there is reference to “laws” and Jprmcnples. from
which it is asserted that conclusions are derived. by dcducnve
processes, mi vhematics has often been avoided. At mQst, a
“curve of supply” and a “‘curve of demand” may have been
drawn, and their intersection pointed to with a certain amount
of satisfaction. Fconomists acquainted with mathematical meth-
ods have frequently feli a little uncomfortable at-the inadequic
of the traditional procedures. a notable example being Marshall,
who even in the first edition of his great work, so often reprinted
and revised, made use of the calculus only in thé a

cmphasw however, in the view which he expressed that
nomics must be dcxeloperl by mathematics if it is to afTive at
clarity in its basic considerations. ' ’

It should be observed that it is just one hundred years since.

the appearance of Cournot’s famous Researches on the Mathe-
matical Principles of the Theory of Wealth. Cournot. was d
mathematician who sought to aid scholars n other fields, and his
example has been followed by later mathcm'}nuans who have
attcmptcd to show in some detail wherein may lie ways of prog-
ress in the soc ially important sub]cct of economics.t -

* A hiblivgraphy of mathematical economies from 1711 to afgy. by Irving
Fisher, will be found in the translation by N. T, Bacon of Comunot's‘work, The
Mactullan Co. 1929, Important recent works on the subject by American mathe.
maticians ate -Faans, G, G, Mathematical Tntroduction to Feonomics, McGraw -
Hill Co.. 1930, Roos. Chinles Foo Dynamic Feoyonties, "The Principia Press, 1934,
Reference mav also be made to the works of such economists as H. 1.. Moore and
Henry Schultz. The increasing use of mathematics in economics is also shown hy
the establishing of the jomnal Econometrica.

RIC
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"The mathematics that is of great use in developing concepts
and relationships in the field o. economics is not solely the
mathematics of statistical analysis, but mathematics of a more
fundamental and classic form. It is of course true that statistical
methodstare of growing importance in the study of economics
as elsewhere. From its very modest estate of a few years ago, the
theory of statistics has grown significantly and has been suc-
cessfully employed, for instance, in education and sociology.
Statistical competence can now be regarded as a necessary quali-
fication for many activities. . ‘

’ . MATHEMATICS AS A MODE OF THINKING . *~

" It has already beeh suggested that though mathematics came
into being through quite e"]. ental needs, it has advanced far
beyond that state. By the tiKle geometry had attained the per-
fection that the Greeks gave tb it, mathematics had emerged as
an instance of rigorous deductive thinking. Since then the word
has denoted something. over and above its theorems and its
‘results. To mathematize a subject does not mean merely to in-
troduce into,it equationsind formulas, but rather to mold and
fuse it into a coherent wholeQ with its postulates and assumntiops
clearly recognized, its definitions faultlessly drawn, and its co%-
clusions scrupulously exact. Mathematical methods set up an
ideal, a norm, a pattern, which though not attainable in all the
activities necessary and proper to man, serve as a relentless spur
to improvemerit. Mathematics succeeds because it searches tire-
lessly for the principles that underlie a situation or the weak

point in a problem. It analyzes, it dissccts, and it relates; it tends .

to eliminate what is irrelevant or superfluous in order to attain
an economy in thinking and expression.

THE SIGNIFICANCE OF ACCURATE THINKING

At a time when so much is heard of social needs, it is well to
emphasize those traits which distinguish men from other crea-
tures. Assuredly it is not the social instinct, Tqr there are animals
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and insects, which have highly organized soetal lives; nor is it
even such qualitics as devotion and sacrifice. But man alone has
the language sense and the high degree of reasoning power
which allow the progressive levelopment of one generation after
another, by recording, unalyfing,jnd using past experience. A
squirrel, like man, must deal with the problem of the normal
granary, but it docs not concern itself with questions of abstract
reasoning, which man 'é:mnot escape.

Man sets ideals for the things he does, and accordingly an
ideal must be set for thinking. If accuracy, cogency, should be
this ideal, then it is attained in mathematics, That is why mathe-
maticians are little troubled by the question ‘whether théy see
possible “utility” in this or that, but fecl that they are engaged
in the most human of enterprises, accurate thinking, and are
not demanding immediate outcomes.

Can man by reasoning arrive at conclusions that represent his
highest conception of truth? The answer is yes, and it is the con-
stant business of mathematics to show this. If one wishes an
example, he may recall the proof that n®—n is divisible by 6 for
all integral values of n. Is rational thinking “profitable” as well
as possible? Oue nced merely recall what' the modern world
owes to mechanics in order to obtain the answer. o

The fact that in many situations there are variable and am-
ponderable factors which influence people, in addition to emo-
tional prejudice, has led to the claim that we should be more
concerned with rational living than with rational thinking. It
seems quite impossible to separate rational living from rational
thinking; perhaps the difference between the two is one of de-
gree rather than one of furidamental qualities. In any given
sitnation we may either act one \\':l}:’()l‘ another or refuse to-act;
but in any case. we are held vesponsible for onr decision and we
must face the consequences of it, whether we like to do so or not.
Surcly prudence snggests that we seekK to predict on the basis of
fogical analysis what the consequences of a given mode of be-
havioxwill be.

v
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MATHEMATICS AS RELATIONAL THINKING

}
Professor C. J. Keyser has thade the following forceful st/ te-
“ment in regard to relational thinking: o s

Each thing in the world has named or unnamed relations to every-

thing else. Relations are infinite in number and kind. To be is to.

be related. It is evident that the understanding of relations is a
major concern of all men and women. Are relations a concern of
mathematics? They are so much its concern that mathematics is
sometimes defined to be the science of relations.s

It is precisely in this fundamental problem of searching for rela-
tionships and giving accurate expre sion to them that mathe-
matics has been so successful. Though the thougit of relation-
ship was present in parts of Euclid and in early .trigonometry,
the general quest was handicapped until appropriate symbolism
came into existence, as it began to do with the appearance of
algebra. The letters of the alphabet, having been freed of the

task of representing special numbers through the development .

“of the Hindu-Arabic notation, became available for all nurbers,
and mathematics began tc reveal the great power of symbolic
thinking. With the development of calculus came an entively
new category of relationships, namely those in which change is
involved. Equations in mathematics, from the simple formulas
for the area of a rectangle or a circle to the differential equation
for a radio circuit or the integral equations which appear in
mathematical economics, are nothing more than expressions of
the ways in which one variable is related to others. Similarly, all
the tables we now have for elementary and higher functions are
merely tables showing very explicitly the way in which certain
quantities are connected. As mathematics grows it constantly
acquires and develops ways of dealing with relationships which
before had eluded it. Because a good deal of effort is needed to
understand these methods, there has been a tendency fy& work-
ers in some sciences to neglect them and thereby throw upon

3 Keyser, C. J. Mole Philosophy and Other Essays, pps 94-95. E. P. Dutton and
Co., 1927, -

TR
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mathematicians the responsibility hot only of elaborating the
. methods but also of showing the applications.

|

INFLUENCE OF MATHEMATICS ON OUR
PHILOSOPHICAL OUTLOOK

» The success that has attended the development of mathe-
“matics and the benefits that have come through its wide em-
- ployment hzve had an important part in enlarging the general
intellectual background of the present day. Gertain philoeso-
phers, for example Kant, have drawn very heavily upon mathe-
matics; but it is hard to estimate how much influence such
highly refined theories of knowledge have had outside the small
circle that gives attention to metaphysical considerations, though
undoubtedly some influence has been exert8d by those wlio read
Kant or by those who read those who themselves had read Kant.
The reality of mathematical influence, however, is far cleaver
Aban such a debatable example indicates, for mathematics, hav-
« ing been studied by the majority of well-educated people, has
acted directly upon them, so there is not the need of the inter-
position of the erudite philosopher.

Even people who have no occasion to “use” more than the
elements of mathematics and who have not followed its ad-
vances regard it as a kind of stabilizing influence in a world
quite uncertain about itself, and are heartened by the reflec-
tion that over an ever-widening area of activities man's mind can
work unerringly, without passion, prejudice, or selfishness. Of
course they do not take this as ’iﬁe"mmg tlmt all our problems
may be brought within the cpnipass of mathematical methods
or that extensive nnthcmaurml training is desirable for every
enterprise. The llmlmtmm of mathematics are to be conceded
quite as candidly as one admits those. for example, of music,

¢« of paunting, and of sculpture. But just as these fine arts refresh
and give renewed spirit, so mathematics braces our mental back-
ground by revealing the fact that within some subjects it is
possible to achieve the kighest ideals of thinking. The realiza-
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tion th..t this is so is one of the things that should mcrcasmgly
condition life today. ' '

Our literature, both that which is read and enjoyed over a

_loms period of years and that which is definitely ephemeral,

reveals the ideas just set forth. Few books have received as high
praise as Wordsworth gave to Euclid in the lines:

- . Iﬂ

The one that held acquaintance with the stars,

. And wedded soul to soul in purest bond

Of reason, undisturbed by space or time.

It is clear that Wordsworth recognized a very great human sig-.

nificance in geometry and saw a value in its theorems quite su-
perior to what is meant by utility. A social philosophy is set -
forth in the lines above, one that regards men and women
as being ught together by their intellectual possessioris.

'\\blether uch a community of interests will ever be achieved to

a significant extent is not the question, the important thing
being that an ideal, drawn from Euclid, is set before us in lan-
guage so felicitous that one turns back again and again to read
and reHlect. Such ideals make our civilization seem better and
richer, especially when they are set forth in words that tend to
strengthen the ideals themselves.

Perhaps even more haunting is the line of Edna St. Vincent
Millay, “Fuclid alone has looked on Beauty bare,” and the last
part of her sonnet expresses a thankfulness for haurs spent with
geometry that must stir all who read our language:

O blinding hour, O holy, terrible day

When first the shaft into his vision shone

Of light anatomized. Euclid alone

Has looked on Beauty bare. Fortunate they ,
Who, though once only and then but far away

Have heard her massive sandal set on stone.®

Algebra, too, has left an imprint of its power and gracefulness
that remains {resh in mature years, as shown recently by the
novelist James Hilton when he linked music andy pure mathe-

8 Fram The Harp-Weaver and Other Porms, published by Harper and Brothers,
Copyright 1920, 1921, 1922, 1923, by Fdna St. Vincent Millay.
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matics together, asserting that, in the long run, it is something ¢
like the binomial theorem or a Bach fugue that counts,
Turniug to the daily press we find the same theme. Reporting
upon the Harvard Tercentenary, William L. Laurence wrote'
for the New York Times of September 6, 1936:
- T'he sessions this week’dealt with the achievements of man’s mind
in the realys of the abstract—mathematics, astronomy, astrophysics,
and cosmogony—ivith world leaders in these fields recounting their
latest adventures. ) -
Beginning with the most absty ¢ mathematics, calculating dimen-
sions of the universe, the conference proceeded o the more conerete
sciences dealing with the structure and constitution of man'’s cosmos.
Thus the conference went from the pure achievements of man’s
intcliect outward to the stars and galaxics, Tlig general picture pro-
duced was that of man at his best, elevated by the superiority of his
brain power. o
It is not likely that Mr. Laurence would have written in this
fashion, or that his paper wwould have printed what he wrote, if
it were not realized that there are people who take inspiration
from dwelling a little on man's intellectual achievements. Con-
fused as people are over current problems it is well to remind
them that there is indeed such a thing as “man at his best.”
. We have come a long way in our thoughts, from man the
primitive creature, learning to count in order to cope better
with a hostile world; to the lines of Wordsworth that take one's
thoughts into space, as well as inward to our intellectual posses-
sions, to Miss Millay's conception of beauty and her deeply feit
gatitude to geometry, to Mr. Hilton's lingering memory of the
grip of algebra, and Mr. Laurence's suggestive lines on man at
his best. Surely any question of whether mathematics influences
our plulosophy is answered.

- ERIC - '
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. CHAPTER 1

v

LOOKING AT MODERN EDUCATION AND ITS
GENERAL AIMS

-

' i
“Perhaps after censuring all the opinions that have been
put forward on this obscure sub;ect one ought to propose

some theory of one’s own.”
—~HERODOTUS

OUR FAITH IN EDUCATION

Education in ¢ Democracy. It is clearly the desire of the people
of the United States to give wide educational opportunities to
boys and girls.. From the founding of the Republic to the pres-
ent, men and women prominent in the national life have main-
tained that the successful democracy which we cherish as an
ideal must rest upon the proper and widespread education of its

people. It has been held not only that democracy might cease to ,:

exist without education, but also that a democratic order, even
if apparently successfully achieved, must seek constantly to ex-
tend the advantages of education to those who db not as yet
enjoy them. Thus education is both a primary means to an end
and an end in itself never to be regarded as completely attained.

A Story of Rapid Growth. The growth of our school system
shows how vital and powerful the educational impulse has been,
for schoolhouses and school children are unquestioned realities.
With the increase of numbers in the schools there have arisen”
grave problems for teachers and administrators. Especially has
this been true in the secondary schools, the rapid growth of
which is shown by impressive figures frequently quoted.! The

tThe number ¢¥ pupils has doubled every ten vears since 18gu. In 1986 morc

than 6.000.000 of the appreximately 10000000 youth aged fourteen to seventeen
were in high school. Douglass, Hait R, Secondary Education for Youth

14
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newcomers in the high-school have been from social and cco-
nomic groups whose members previously, had seldom gone be-
yond the elemenitary school, it indeed that was completed. Vari-
ous reasons have been suggested to explain the influx. Perhaps
one reason is that a high school education was considered a
means to increased social prestige, while at the same time tech-
nological developments in industry made it more difficult for
boys and girls of high school age to obtain 3111ployment.~ Indus-
try now’requires more technical knowledge or sufficient skill and
endurance to perform routine tasks rapidly for hours at a stretch.
Whatever the reasons may be, however, it remains that the high
school population has greatly increased, a fact indicating that
‘the people as a whole have faith in education.
* !

NEED OF A MORE COMPREHENSIVE VIEW OF
EDUCATION

'

In the past, the policy of the school was simply that of de-
termining more or less arbitrarily what the boys and the girls
should do. Traditionally, schools have required certain subjects
for study and have provided other activities in which pupils
were expected to engage. But with changing pupil personnel,
traditional curricula proved unsuited to many newcomers, who
seemffd toerive little benelit from their study. The old studies
were therefore modified, and new ones were provided with the
hopc of meeting the changed conditions. But these measures
did not meet the situation fully, and it has come to be recog-
nized that the problems involved must be considered in a move
fundamental way.

Some of the efforts that have been made to snl\c the challeng-

' ing problems will be briefly described.
For as long as two decades attention has been devoted to the
. development of specific objectives for cach of thc subject matter
ficlds. By making clear the way in which p(nlmm of a subject

Modein Anevica, po2X0 Amenican Coundt of Fducation, Washington, gy “i(h
satistios hoon ballenns of the U S Othice of Fducation.,
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can contiibute to achieving the goal or purpose of the whole,
the incffectiveness and aimlessness of much teaching has been
reduced. Educational psychologists on their part have sought
to improve instruction by indicating various "bonds” that are
to be mastered by drill or vepetition. In order to have more
complete appraisals of pupil progress, testing cx‘_pm;ts have con-
st-ucted various Kinds ol tests—inventory tests, diagnostic tests,
and achievement tests—many of which have become standard-
ized and are widely used, .

A frank discussion of the educational situation must note that
the movements deseribed have, along with their good effects,
added some contusion, for there are cases where they have been
carried to an extreme. Thus, if a list of o‘;jccti\'cs is developed
to a too great degree of r¢fineshent, an actual handicap can be
nmposed uponﬁ.,nod teachers. When one aflirms the existence of
this fault, he 1s not denying that there are still many teachers
whose work suflers badly from incolierence and the lack of
definite objectivés. On the other hand, tests have sometimes
been applied without }Sl'op'cx' 1'cg'u'(l for (']'H\':ISiIC, classroom
methods, and time allotments.” Furthermore, in their use con-
sideration hias not atways been given to the backgrounds of the
pupils. It is probable thau a too highly mechanistic procedure
is partly responsible for the emergence of the philosophy of the
child-centered school and other pronounced forms of progres-
sive educdtion.

‘The Eleventh Yearbook of the National Council of Teachers
of Mathematics includes a briof survey of the principal attempts
at curriculum vevision made during the past few decades. Such
studies show that there has been angver-inereasing expansion of
the scope of sccondary education, in the interest of both enrich-
ment and greater flexibility, They also show that there has been
a trend away from authoritarian pwsvriptim;s. and that this
tendency to 1emove fixed requircments has led to a marked
reduction of cniphasis on definitely formulated “subject matter
cowrses.” Some educators now propose extensive participation

o



E

e

Modern Education and Its Aims 17

- in.curriculum making on the part ot classroom teachers and
pupils. The curriculum is then viewed as “dmerging” from day
to day, in accordance with ever new plans of “reconstruction,”
“adaptation,” “integratiun,” and the like, But it is not cleav
how such a program can provide for continuity or coherence, or,
perlaps, even avoid some degree of educational chaos,

The recognition that something more is needed than im-
provement of instruction thirough better utilization of pupil
psydnology, construction of tests for achievement, and analysis
of objectives for specificsubjects has led to the proposal of what
are considered to be more fundamental approachies to educa-
tional problems. It is argued that the schools have been employ-

- ing quite inadequate or crroncous guiding ideals and principles,

though the acknowledged benefits which have accrued from the
schools as organized give evidence to the %ontary, However,
the efforts to tind new and sufficient principles or approaches
have led to so many propesals that the situation has been made
more bewildering to many teachers instead of being convine-
ingly clarified® T'he question arises as to how the individual
teacher or administiator is to choose among such a varied col-
lection of thearies and proposals.

Clearly there is need for a compiehensive point of view that
will Took at eduction as a whole, Only in the light of an in-
clusive orientation \\}1]1 it be possible to appraise adequately the
possible contribution of any subject nuatter ficld, Tt is necessary

“to claborate dc;nmhhlv criteria of appraisal, of selectian, n[

or dnll'. l“()“. nf ILOLECSS, -lll(l SO O11.
~

THE DUAL ASPRECT OF THF CURRICUTU M
Only too ofteu the fact is overlooked that every school activity

of importance has both an impersonal and a personal aspect.

2 A long hst of dilfevent “approackes” advocated at the present time has been
given by Bruner. Habert Boet al., A Tentatiee Tt of Appmoaches to Curnicrdum
and Course of Study Condtryction. Mrmeographed, Teachers College, ‘Columbhia
University, Currictdum Dibrary, 199y, The work of Braner has been used hy
Notton, John K. and Nottew, Matgnet AL Foundarions of Curricnlum Building
Gian and Co., 1936. Sce especadly Clapter T1HL

Q
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The first has to do with the accumulated or developing experi-
ence of the race and is relatively independent of personal opin-

ions or backgrounds. The second has to do with the reaction .

of the individual pupil or school to this reservoir of information
or training. And so, the work of the school has both a static
and a dynamic character. On the one hand, the school transmits
important cultural possessions of the race, without which our
institutions_could not go or. The maintenance of this heritage
gives continuity and distinction to out national life. On the
other hand, each generation necessarily re examines this heritage
and adapts it to its own uses in the light of new and changing
experiences. Therefore it is inevitable that in many areas of
human experience there will be factors that gradually hecome
obsolete while others suddenly assume a crucial importanre,
The drama of human evolution is thus a continuous struggle
between the old and the new. This fact is inevitably reflected
in the problems of the curriculum.

Throughout the whole history of education there have been
countless attempts to define its functions, to clarify the meaning
of the educational process, and to set up programs or regulations
for the guidance of pupils and teachers. By this time we should
realize that there can be no finality about such definitions or
prescriptions. Fach eporh will insist on interpreting in” its own
way the educational needs of the rising generation, in”accord-
ance with new demands and altered perspectives. Sirice human
evolution is an unending process, it follows that education in-
volves the necessity of constant readjustment.

There are, however, weighty stabilizing-factors that prevent
a complete break with the past. There are. in fact, permanent
backgrounds, perspectives, and values so universal and all-

embracing that they might be expected to be held continuously

in view. They are connected with certain permanent physical,
mental, social, and spiritual types of human needs, and with ele-
ments of our world-wide environmment that change only imper-
ceptibly, if at all. It is the function of the school to stress, first
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‘ .

‘of all, &daptations to permanent features of existence, without

neglecting adjustment§ demanded by each successive age. If
there is nothing of lasting significance in the programs of our
schools, then all is writ in water and we are indulging in a’futile

" game of self-deception at the expense-of the youth of the race.

O

There is wisdom in clinging to a firm belief in enduring back-
grounds, and even the revolutionary developments of the recent
past, while profoundly affcctixig human welfare, serve only to
strengthen this ¢onviction. ’

~
ENDURING EDUCATIONAL CONCERNS

. Among the human needs that will never lose their importance

are those of food, clothing, and shelter. A knowledge of facts and
activities centering around these fundamental human require-
ments should be a concern of the schools. Security, reduction
of anxiety, of disease, and of useless drudgery depend to an ever-

increasing extent on the study and control of nature and its re-

sources. Hence science, with its countless ramifications, will
permanently engage the attention of the school. For similar rea-
sons, the study of man’s social institutions cannot safely be neg-

lected. Again, the practicai arts, in conjunction with science,

leading by slow degrees to advanced forms of technology, were

among man's chief tools in his slow ascent from savagery to the °
power age 1 which we now live. Hence, training which aims to

develop creative ability in the ficlds which have to do with the
transformation of raw materials into useful and artistic objects,
is a vast though still neglected domain in the schools. And in
the evolution of science and technology, mathematics has con-
stantly furnished essential and invaluable aid. For that reason
alone the squdy of mathemattics must be regarded as a permanent’
ingredient of every balanced schogl curriculum. "The fine arts,
including music and litevatwre, have provided elements of re-
lease from diadgery and sowmces ol appreciation that are among
humanity’s noblest nesures. To furnish cotinuous contacts
with these great and endming poducts of human genius would

RIC
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. -
seem to be a sacred obligation of the school. Situated at a still
higher level there is a reservoir of spiritual values and visions
pertaining to a nobler and finer life, to ideals of heroism and
self-sacrificing endeavor. To be sure, such values ‘may not' be
suitable for incorporation in textbooks and courses of study.
But it is not too much to expect that thie school shall, by its
spirit and in its daily “activities, keep in mind the infinitely
subtle and permanent problem of. personality growth. )

This brief sketch of the school's permanent interests could
casily be extended or be made more explicits Enough has been
said, however, to suggest the major aims or objectives of the
school. But aims or objectives are not cold abstractions to be

- realized merely by a serics of methodically planned activities.

Thcv are, rather, the school's confession of faith and an indica-

tion of the manner in which it interprets its stewardship.
- (/,’



CHAPTER II

GENERAL OBJECTIVES FOR SECONDARY
. EDUCATION
“I pray thee overname them; and as thou namest them {
will deservibe tlum, mzdkarundmg to my description, level
at my a[]rwrm
—PORTIA IN THEE MERCHANT OF VENICE

. .
IN THE preceding chapter the thesis was developed that the
school should give adequate atteution to the broad areas of ex-
perience that have been shown to be of almost universal occur-
rence and importance. Unless he is blought into contact with
them, the pupil will be unable to interpret, to appreciate, and
to participate helpfully in important domains of modern life.
In the present chapter a somewhat detailed discussion will be
given of certain broad and general objectives that should guide
the instruction and the training which secondary schools pro-
vide for pupils.

A Classification of Objectives. Tt is evident that educational
objectives in the last analysis will center around three perma-
nent factors, namelv, the physical universe, society, and the
child. They are invariant frames of reference of the educational
process. To disregard or overstress any one of them unbalances
the emphasis on desirable purposes of education, .-\('mrdingl):,
objectives may be regarded as having cither a factual and im-
personal aspect or a personal, psychological bearing. Thus,
when we study a given domain in a purely scientific way, irre-
spective ol th(\ lewner's personal reactions, we are mainly
interested in facts, skills, organized kmmhdnc accurate con-
cepts, and the like. If, on the other hand, we scrutinize the way

21
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. _in which the pupjl behaves in a given situation, or his modes of
reaction, we are led to such categories as habits of work or study, .
attitudes, interests, insight, modes of thinking, types of appre-
ciation, creativeness, and the like.

A clear recognition of these two essentially different yet com-
plementary types. of objectives is one of the achievements of
recent educational theary. It is generally conceded that in the
past the chief ‘emphasis was on impersonal or factual objectives.
Perhaps there are extremists now leaning too far in their psy-
chological or child-centered point of view. But educational ad-.
vancement demands that due weight be given to both types of
objectives. '

This chapter will deal with objectives mostly of the: second
type. The discussion will be limited to those objectives to the
achievement of which the study of mathematics can make a sub-
stantial contribution. No attempt has been made to list them in
order of importance. All are signifrcant. It is not implied that
mathematics is the only study that can contribute to the attain-
raent of these objectives, but its contributions are outstanding.

ABILITY TO THINK CLEARLY

Fducational leaders have pointed out that facility with skills
and acquaintance with facts do not constitute a’ sufficient goal
for schools to set in their instruction of youth. One often hears
the complaint that boys and girls are given only miscellaneous
information and are drilled in routine performance when they
should be “trained to think.” The goal implied by the last
words isvery broad, and not all of the related activities are espe-
cially pertinent to the genera! place of mathematics in educa-
tion. An attempt will be made to indicate some activities that
will serve to illustrate behaviors associated with clear thinking,

Gathering and Organizing Data. Many serious problems in-
volve the gathering and organizing of data, or should involve it
if a satisfactory solution is to he obtained. In a way, this is
merely a trite saving, immediarely acceded to; but nevertheless
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the process is not always carried out in a forthright way. Data
may be obscure or difficult to obtain, while in other instances
personal predilections and interests invite biased selection.
School experiences should impress upon pupils the fact that in
many social and scientific situations an essential step in ‘good
thinking consists in obtaining the facts and organizing them.
Pupils should be led to rca'iize that organization of quantitative
data precedes the mathematical treatment essential for adequate
understanding of the scientific principles involved. While the
mathematical curricula of our scmndjry schools have not given
adequate attention to these matters,.the Commission beljeves
that in the future definite provision must be made for training
of this kind,

Repiresenting Data. In urging support for a proposition one
has the problem of properly presenting the underlying data.
Althongh in the ordinary.occupations of cither adolescent or
adult life one does not often deliberately employ scientific pro-
cedures, one should be familiar with such procedures in order to
follow discussions and appraise intelligently issues that may be
vital, or at least interesting, to him. Among the most promising
\\';13'5‘23','1('qniring such ability is that of engagineg during school
years in activities demanding not only the collection but also the
careful presentation of data. By such expetiences the pupil
should acquire the realization that the proper representation of
data is often an invaluable aid to clear thinking about many
p‘l‘()blcnm. .

Draving o -nclusions. Daza, well selected and propaly pre-
sented, provide a basis for diawing conclusions. The difheulty
of this process vanies with the sitnation, 1anging fiom cases in
which the conclusion is simple and obvious to those in which

" penetration of thought or a sequence of consecutive steps of rea-

snnin;{ is imvolved, Furtharmore, the confidence that may be
attached to conclusions varies from a moderate probability to a
high dearee of certainty,

For problems i many fields of man’s activities, a clear and
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permanent solution may be unatt.unable, although the answer
to any particular problem may with the passage of time become
clearer and more certain as pertinent information accumulates
or more profound analysis is employed. Since one of the pur-
poses of thinking is to gain conclusions, it is desirable for youn
.people to have school experience with subjects in which the
ideals of permanence and high precision are realized. This ap-
plies even for those persons whose main interest is in problems
in which conclusions must involve doubt. The contrast that one
is thus led to sce may engender an attitude ‘of wholesome cau-
tion. This experience may indeed leave a particularly vivid im-
pression when opportunities are presented to study problems
where a numerical measure of probability is assigned to a con-
clusion necessarily based on data somewhat contradictory or
otherwise inadequate.

Lstablishing and Judging Claims of Proof. The effort to
establish or judge the validity of many propositions leads to
questions about the nature of proof. Any formal discussion of
«epistemology can hardly find place in secondary instruction, but
there should be conscious experience with both inductive and
deductive reasoning. The character and requisites of these two
procedures should be so clearly grasped that appropriate be-
havior on the part of the pupil is brought about in the direction
both of understanding and of making applications. In solving
problems the pupil should develop the habit of asking whether
he is starting from general premises and is seeking consequences,
or, by examining particular instances, is aiming at universal
('t)ll(‘lll.\i:)’l,‘ls. He should seek to discover and remove ambiguity
in the use’of terms. He should understand the relation between
assumptions and conclusions, and he should grow in the ability
to judge the validity of reasoning which purports to establish
proof. Proper attention must be given to generalizing these be-
haviots and understandings. We may then hope that pupils will
apply them to situations arising in many different fields of

-

thought,
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ABILITY- TO USE INFORMATION, CONCEPTS,
AND GENERAL PRINCIPLES

t

" One of the chief aims of the schools has always been to impart

information which can be employed in one way or another by
the boy or the girl both in youth and later in adult life. Certain
factual knowledge is part‘of the essential equipment of even a
moderately educated person. But it is not enough, for equally
important is the ability to think in terms of broad concepts and
to apply general principles. Since in the secondary school a
higher degree of maturity on the part of the pupil may be as-
sumed, this school begins to differentiate itself markedly from
the elementary school in the development of such capacities.
Here arises one of the difficultics of the secondary school, be-
cause the varying abilities, predilections, and environments of
pupils will greatly influence what the school may accomplish for
them. The problem is complex, but its solution must neverthe-
less remain one of the chief goals of education.

ABILITY TO USE FUNDAMENTAL SKILLS

To be even moderately literate there are certain skills that
each individual must have at his command. He must first of all
be able to read, write, and carry on certain arithmetical work.
The clementary school concerns itself with such matters, but as
society grows increasingly complex, technical, and scientific, the
range of skills that cither are necessary or are highly desirable
is continually broadening. This would seem unquestionably
true in the fields of language training and mathematical skills.
Thus one of the essential functions of the secandary school is to
foster tae retention and further developmeZt of basic skills.!

1The fact that some:subjects. notably mathematics, are tecessary in order suc-
cessfully to carty on other subjects, has Ted some educators to describe them as
“tool subjects.” This has heen unfortunate, for by singling out one quality of a
spbject and using it as a genenal designation one tends td forget other qualities
that are also impoitant, particularly for certain indunidueals. When we conadder
the development of dhvilication we <ee that a tendeney 1o grow away from mete
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DESIRABLE ATTITUDES

Discussion of attitudes has come into prominence in late years
in educational literature. This has involved the explicit inclu-
sion in the program of the schools of certain objectives, which,
while difficult to obtain, are increasingly being regarded as
among the most important’ educational goals. Although the
term “attitude” is relatively new as a specific designation, schools
have always had ideals and purposes which could have appropri-
ately been classified under such a name. Whereds formerly these
aims were regarded as by-products, to be realized automatically,
the, sxgmﬁcant feature today is the attempt o analyze what is
meant by-these attitudes and to develop instructional prqcedurc.
that will achieve what is desired.

The classification of attitudes becomes complex wheh carried .
out in great detail. One finds himself involved in an intricate
mesh of ideas that are overlapping as well as words that are am-
biguous. In the pic.ent connection it is not necessary to attempt
an exhaustive study, so the discussion will be limited to a few
outstanding aims of cduc.mon that fall within the wide category
of attitudes. . -

Respect for Knowledge. The fund of knowledge now avail-
able is so extensive and varied that any one individual can
become acquainted with only a minute port.on of it. At the
same time modern probleins are so complex that most people

tnnl conudcramms is one of its chief characteristics, On every hand one witnesses
the desite to tranvorm what was originally a mere tool so that it will y.eld satis.
factions other than utilitv.  Consequently it is quite unjustified to call studies
“tool subjects” just Déciuse they have great tool values. The physicist needs
mathemarics, but he gains a great deal if he sees .1 the mathematlcs that he uses
as a powerful implement some of the things the mathematician sces, quite as the
persont who is forced to use forcign language finds new satsfuction if he can
develop a little of the spitit of the real language student. Somcthing is sure to be
lont whett ansthing is viewed as g tool which has in fact been mercly one form in
which human thought and aspirations have developed and ideals found har.
momous and complete expression. Such a distortion, usually arising from the
devre for haste and the wish to move duealdy towaid some objective, is likely
to lead to deleat in the end.

S e e e Ll e & e e S ————————— e
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must 1 .y largely upon the efforts of experts té clarify them and
to indicate possible solutions. This rheans that the schools must
seek to inculcate a strong and abiding respect for knowledge in
order that the accumulated wisdom of the race may be preserved
‘and effectively used. "Persons who have developed this attitude
exhibit behaviors such as the following. They strive to make
their own knowledge abaut problems with which they are con-
cerned as conmiplete and as accurate as possit . They seek to.
settle questions on the basis of evidence rather than by personal
opinion or caprice. They recognize that the judgment or opin-
ion of those who have devoted long stu.ly to certain questions is,
- in general, more dependable than that of others. If they cannot
personally attain such standards, they ar., willing to accept the
recommendations of experts as a basis for guidance in the most
desirable courses of action. Schools can help pupils develop this
attitude in various ways. They can assist them to distinguish be-
veen what is worth-while know’edge and what is not and can
ﬁ;ivc thent criteria of judgment concerning the relative merits of
varigiis types of authority. They can impress upon them the
importance of ascertaining who are the authorities in vmiou(ﬂ
fields and the importance of turning to them for guidance. In
these and other ways, the schools can foster an attitude which
will make pupils eager to increase their own knowledge and
sympathetic with efforts to preserve and extend the knowledge
of the race. Interest in a subject can result hom study of it as
well as‘motivate it
Respect for Good Waorkmanship. Society needs good work-
- men, and one cannot meet this demand unless ne has come to
" realize what good workmanship is. To some this realization
comes naturally, while in others it niay be a trait hard to estab-
lish. Much of the work of the modern world involves precision
and minute attention to details, such qualiti(‘s becoming mnre
- pronounced as civilization grows more eomplex. Thaose at every
level of society should be helped to attain an attitude of respect
for good workmanship, and be made to realize that it is effective
a)
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and thorough work that gives one a claim to an adequate return.

for labor. -
‘The ability-to do work well and an appreciation of the mean-

ing of exccllence are not sufticient. There must be a mental and

moral fortitude to stick to a task, even when other activities

which on-the whole are congenial to them spend many hours at
what is wearisome and devoid of much inspiration, because an

seem more inviung. Men and women engaged in professions _ -

interest and absorption in what is being done often mdkes «iw

them oblivious of any distasteful elements. It is even a delusion

of young people to believe that their “‘chosen occupation” will

be full of thrills and devoid of all the elements of drudgery
which they find in other work they are asked to do. In broad
perspective, indeed, all work is likely to involve elements of
drudgery. Many fail to accomplish 11eritorious work within
their possib'ilitics solely because they do not have the quality
commonly described as “stick-to-it-iveness.” The majority must
wotk for other people, and’ any reasonable scheme of social or-
gmlzatmn should encourage the dmclopmem ¢! efficient and
dependable workers. Many students of our social structure can-
not imagine an organization, evet. though it be far more equit-
able and charitable than that which we now have, which will
result in making people feei constantly like sir.ging.ait their
work. Voluntary acceptance of discip-linc is needed in a democ-
racy, and it is a duty of the schools to develop it as a product of
the life of the school as a whole.

Respect for Understanding. Related to the idea of doing
work in a creditable mnanner is the ideal of realizing the differ-
cnce between mastery and superficial understanding. A large
part of the progress’of the race has been due to men who have
seen in apparently familiar situations more than was evident to
others. What is implied by really nnderstanding even a com-
paratively simple thing may be quite an involved problem.
Often it indludes far more than one is at first inclined to believe,
for it is possible for a person to believe he understands when

-
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in fact he does not understand at all. Modern life demands
understanding as well as excellence in work or craftsmanship.
Education therefore has the obligation of bringing pupils into
experiences where they may at least be awakened to the distine-
tion between thorough understanding and routine performance.

Social-mindedness. Here it will merely be noted that it is uni-
versally conceded’ that schools should provide opportunities for
boys and girls to secure a wide range of social knowledge, and at
the same time strive to awaken a sense of social responsibility
which will remain a dominating influence throughout their
lives. Unless this is done there is danger that individuals, edu-
cated within the schools that society has created and'supports,
will use their knowledge and capacities purely selfishly or in
definitely harmful ways. Thus, no matter how thorough the
training that schools may give for the purpose of making people
think clearly, they may be making the clever person more adroit
in achieving ends either individually selfish or beneticial solcly
to a small class or group. Fear of such danger has led some
educators to the position of subordinating the individual inter-
ests of the pupil to a purely social end. When such a position is
carried too far, a personification of society may result that is
almost devoid of meaning, for the implication is likely to creep
in that the views of society may be ascertained as well as those of
anindividual. The imperative need for a large amount of well-
organized mstruction and training having definite social impli-
catioti is generally recognized. The Commission helieves, how-
cver, that some of the desirable qualities of social-mindedndss
may be cffectively aroused and stimulated by a vaniens of studies
which in the past have not been associated with this tvpe of
cmphasis.

Open-mindedness. T'he school has done little ta yemove the
deep and widespread tait of being biased by one's interests, In
actual fact individuals cany onoreflective thinkine over a wide
range of activities in many of which it iy possible for them to

hold a detached and scientihie artitnde. as they search honestly

-
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for the answer that the data indicate. The schools must there-
fore aim to develop persons capable of unblased and- logical

thinking and at the same time to mold character that will lessen
/
the danger of unsocial employment of the power thus sumulate7

and strengthened. .
. S
’ INTERESTS AND APPRECIATIONS y
Pupils in secandary schools frequently have interests and ap-
preciations which the school should help them develop. But in
addition to’ encouraging such pcrsonal interests,” the school
should seek to arouse new ones. There are at least two impor-
tant reasons for this eduu;uonal obligation. In the first place,
the successful pursuit of ‘any chosen activity usually requgres )
competence in fields whose relation to his major interest the
pupil has not previously perceived. Definitely related subjects
should be revealed ds vital to his success. He should acquire the
realization that it<is as difficult to isolate one activity from all
others as it is for a person to live uninfluenced by the welfare or
doings of other people. In the second place, interests actually '
outside the range of oue's main endeavor may have a large in-
ftuence on the satisfaction found in life. Although it is to be
hoped that one will find some enjoyment, or at least content-
ment, in the part of the daily work of the world that he carries
on, one is in a sense unfortunate if, mn an age so rich as the
present. hie does not have some active interests and appfecia-
tions. Even those whose work is of an interesting and satisfying
character often have absorbing avocations in which they ‘may
achicve some distinction. It is still more important when wark
is monotonous and lacks characteristics that are inspirational
to have something to which to turn for intellectual and emo-
tonal stimulus. We cannot depend upon private enterprise to
furnish adequate opportunities for wholesome entertainment.
Thus there is an increasing provision for recreational facilities
at public expense, the public schools often aiding in such pro-
grams through their buildings, equipment, and personnel. The

s
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fostering of interests and uppreciations in pupilg while in school,
which is being stressed here, has a somewhat different purpose,
for it aims to make people, in some ways, at least, more self-
contained, more resourceful, and less dependent upon private
or public mass entertainment facilities as the sole means of re-
laxation and enjoyment.

- At first sight it might scem that the fostcrmg of purely
personal interests and appreciations is giving educatjon an in-
dividualistic bjds at a time when educators are stressing the
importance of sotial attitudes. It would seem to run counter to
the conteption that everything a boy or girl does in school and
everything studied must have @ elear and unmistakable value
for sgciety. On the contrary, however, the cultivation 6f personal
ingerests need not be antisocial. The individual who finds in-
erest in his cultural heritage and is well acquainted with it, is
very likely to see the present more clearly than one who believes
that the problems of (oday can be detached from the past. The
Comunission believes that social attitudes are likely to manifest
themselves in people who have an interest in such domains as

literature, art, music, science, and mathematics. These have
been among the truly humanizing activities in which man has
engaged. They reach his finer rather than his grosser nature,
and through their influence a nobler and more kindly socicty
can be built.

In a democratic society it is imperative that there should he
widespread appreciation and kndwledge of subjects other than
those that have .o do with political or social matters, or are req-
uisite for professional or vo-ational competency. There should
be strong bonds between groups working at diverse occupations,
for in no other way can we be certain of retaining our cultural
heritugcé/m sav nothing of increasing it. There is no doubt that
art, literature, and science will flourish in a state where all pos-
sess sufhicient knowledge of these things to Lave an appreciation
and a liking for them; but there may well be doubt whether the
necessary public support will be given if the schools try to train

O
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only specialists anid pay no attention to thoroughgoing general
instruction. Through their high school studies, boys and girls
of ability can be made to feel that they are partakers of the sig-
nificant achievements and experiences of the race, their common
heritage bringing them together and mitigating the disjunctive
influences of varied avocations and special iriterests. '

One should distinguish between those types of detailed
knowledge which may disappear quite quickly after the study
of the subject has ceased and the general appreciation which re-
mains, A pupil who studies chexrfistry for only a year soon for-
gets the formulas and most of the facts he has learned; within
a short time he could not pass an examination and he would be
-useless in a laboratory unless he devoted some time to review.
But chemistry will not be throughout his life a mystery, a mere
name, or at most a vague dictionary definition. iaving been an
active participant in chemical study, and having himself per-
formed chemical experiments, he knows in an intelligent way
why chemistry is of great importance to human welfare, and he
is familiar with the basic theories of the constitution of matter
and with methads of investigation by which chemistry reveals
many of the secrets of nature. To him the chemists of the world
are not like workers in a land he has never visited and of which
he has no conception whatever. He might truthfully say in after
years that he has never used in any vocational way the chemistry
he studied, just as he may say he has never used the pictures on
the walls of his home in any such sense. But if he says with calm
and deliberate seriousness that the study of chemistry meant
nothing to him. he is merely making a highly damaging admis-
sion ar-d is not in fact criticizing chemistry. A similar statement
can be made concerning the study of any other great field of
learning. For example, a pupil should derive from the study of
trigonometry an appreciation of the importance of the subject
in physics, engineering. surveying, and astronomy that will re-
main after his own ability to solve problems has gone; The
great potential values of the residuals that remain after detailed
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knowledge is forgotten has been well stated "y Professor
Snedden: '

The purpose of the teaching given us in these ficlds was surely
never designed to make astronomers, African explorers, writers of
poetry, or painters of pictures out of us. But we are cultured pérsons
tq the extent that we have’yich appreciations precipitated from such
l(}ng range contacts as we’were able to make in these great human
enterprises.? -

Studies which give a general cultural background can also
create interests to be carried on later as leisure-time activities.
Although much is heard about the necessity of educating for

- profitable use of leisure, the aims are often too low or too cir-
cumscribed, as Professor Briggs has observed:

Unfortunately, the prevailing conception, even among educators,
of leisure time activitics, is that they are primarily hiking, games of -
various kinds, creative work that is more or less artistic, and im-
proved association with one’s fellows.3 |
In short, the aims are often such as can be attained cffectively
without any considerable school experience, and hence are not
ministered to by any supposed “educating for leisure.”

OTHER OBJECTIVES

Other ohjectives are frequently mentioned, of which health is
a prominent one. There can be no question of its importance,
and 1t is passcd over here solely because the subject with which
this report deals is not especially concerned with it. One re-
mark. however. will he made. There is an increasing amount of
knowledize on the part of the public as to sanitation and hygiene,
and people eain information concerning medicine or health
through agencies other than the schools, as is proved by the
rapidity with which they have become vitamin conscious. Thus
in the matter of health instruction, the responsibility of the

TSnedden. DS Flhuan swal Sacaloa for Beommmers, p 520 The Macmillan |
Coa.in2®

¥ Brizes. Thomas H U The Philosophy of Secondany Fducation ™ Teachers Gl
lece Record, Vol NXNVIL pp. 503 603 1035
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school varies greatly from child to child, and in the case of chil-
dren from some homes might even be completely dismissed.

Much has been said concerning citizenship and worthy home
membership as objectives. Such broad terms must be analyzed
before they have meaning. Citizenship should certainly mean
" more than an alertness to current problems, an awareness of
civic responsibility, gnd a willingness to aid in worthy enter-
prises. It should embrace cultural interests and appreciations,
and should imply a high degree of competence in the actual
work in which one is ergaged. One may recall profitably that
Benjamin Franklin, often described as the world’s greatest citi-
zen, was an eminent philosopher and scientist as well as a faith--
ful servant of the people. No small amount of the influence
which he was able to exert, and the confidence he could inspire,
came from the esteem in which he was held because of his bril-
liant accomplishments in a number of fields.

Worthy home membership should likewise imply knowledge
abilities, and appreciations quite as well as the long cherished
domestic virtues, if the word “worthy” is to mean rauch. For
instance, elementary mathematical knowledge can be regarded
as essential in the home, and mathematics more advanced can,
on occasion, be desirable. The objectives previously discussed
can all, in fact, contribute to worthy home membership as well
as to citizenship, if these latter objectives are raised to a desirably
high level.



CHAPTER III

THE- PLACE OF MATHEMATICS IN EDUCATION

b
“I shall on with my story of praise, and then show you
the heart of my message.”
~VIOLA IN TWELFTH NIGHT

THE influence that mathematics has long had in our civilization
and .its growing importance indicate in a general way the place
it should occupy in education. Since the function of the schools
is to equip boys and girls not only to be effective members of
our society but also to be appreciative of our culture, schools
must especially provide contacts with a study which has done so
much toward both “controlling our environment” and forming
our intellectual background. Though such a general statement
is easy to make, difficulties arise when its consequences are
sought it. such specific things as curricula. For illustration one
needs merely to call attention to the divergent views now ex-
pressed. On the one hand there are those who urge that only a
small amount of mathematics be universally required, and who
say that we should expect only pupils with special inclinations
to go further. On the other hand we have the thesis of Hogben,
not a teacher of mathematics but a social biologist, that there
are urgent social and individual reasons for a large number of
persons to become proficient over a wider range of mathematics
than they have covered in the past. '

One point should be disposed of at the beginning. There are
many persons occupying important places in society who to all
appearances have negligible mathematical appreciations yet
live rich cultural lives. In some ¢ases their study of mathematics
evokes unpleasant memories, tempered only by recollection of
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the joy that accompanied ultimatérelease. What does the Com-
mission maxe of this? In many c:ise\s_the dislike for mathematics
mady have been created either by the\ineffectiveness or the per-
sonality of a teacher or by the unsuita lity of the material that
a competent teacher had been required Yo present. This, how-
ever, cannot be offered as a univérsal explanation. If mathe-
matics is to be given the prominence in edycation which this
Commission believes should be given it, evgry effort should
naturally be 1aade to reduce the number of those who carry on
the subject in secondary years with a feeling of unhappiness and -
with a belief that no substantial benefit is being obtained. Bet-
ter courses of study and better teachers can do much to bring
this about. It can be said here, however, that the Comyission is
prepared to accept the pc;ssibility of conditioned antipgthy in
some individuals, and would not force mathematics beyond the
elements of arithmetic either upon a pupil whose rebellious
distaste toward the subject seems firmly entrenc) =d or ipon

one whose genius or legitimate absorptions leave 1.°*le leisure
for mathematical development.

As to the complaint that there are too many cases wher2 mathe-
matics has been unsuccessfully studied, the following needs also
to be said. Similar criticism is made of the teaching of other
subjects, so the complaint is only a part of the popular criticisin
cf current efforts at educating. We “teach’” Inglish, and there is
still much bad grammar and an apparently increased reading of
cheap and vulgar writing. We dwell upon the sorial studies,
and their lessons are left within the classroom by many who
succumb to the lure of economic panaceas. We instruct in
health, but the rules are disobeyed not infiequently by the
teachers themselves as well as by the physiciuns who devise them.
These are discouraging facts about human nature, but they are
not reasous for lowering our educational standards. The Com-
mission believes strongly that edncators should not resign them-
selves to the doctrine of “minimum’education” as the norm. Tt
believes that we should by all means require as ideals and stand-
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.

ards something definitely superior to the small amounts of this
or that subject which some people “get along with.” Constant
reasonableness should be used in meeting the difficult special
situatiens that grow out of mass education; but the schools
should certainly be unremitting in their efforts to raise the gen-

~eral standard of American culture. We should never be content
~with a “high standard of living” only in the material sense.

O

There is a positive answer to the question as well as the some-
what negative answer: just set forth. The Commission believes
that under proper teaching. supported by discriminating and
sympathetic guidance, a fairly large proportion of boys and girls
can realize that man has lived so long, accomplished so much,
and learned so many things, that they caimot reasonably isolate
themseives from traditions which strongly condition tte present.
The conviction will come to them that they can hope to deal
effectively with the future only by.paving attention to the past.
In view, therfefore, of the increasing importance of mathematics
to civilizatiun, because of the techniques it has perfected as well
as its methods of reasoning, the Commission believes that ample
opportunity and encouragement should be given to all indi-
viduals to continue theiv mathematical training as far as their
powers allow and as other conditions permit. Such instruction
should be in definitely organized mathematics courses, for inci-
dental leanning of mathematical fragments in connection with
other studies cannot give either the general understanding or
the appreciation of the subject that is here advocated.

The manner in which mathematics as a school suoject con-
tributes to the objectives discussed in Chapter IT will now be
discussed.

MATHEMATICAL STUDY AS T'RAINING IN CLEAR
THINKING
It is unfortunate that for a long time ir was maintained that
mathematics furnished a general naining of the “reasoning
faculties.” as if a certain power might thereby he developed to
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function in all situations. The problem of “transier,” however,
need not he gone into here more than to note that it is now
generally'accepted that transfer is possible. It is to be observed,
moreover, that nothing was said regarding the training of a gen-
eral “‘reasoning faculty” when in Chapter II the ability to think
clearly was discussed.

What was said about gathering and orgam*mg data, pre-
senting data, and drawing conclusions shows at once how impor-
tant mathematics may be in giving instructive experience in
these procedures. If, as was stated before, mathematical teaching
in the past has not paid sufficient attention to the first point,
gathering and organizing data, this was partly due to the fact
that scholars in other fields were not always cboperqtive. They
shut themselves away froni mathematical methods. But this-has
now changed, and the developinent and the wide use of statisti-
cal m:thods have greatly increased the area in which significant
quantitative work is possible. A certain knowledngf basic
mathematics is required in these areas. A fair competence in
algebra is needed if one is to understand concepts and pro-
cedures beyond the most elementary ones. In'a way algebra may
be a “tool” for statistical work but a tool in a very fundamental
sense, since it is woven closely into the texture of the subject
and into the thinking which is involved. That something far
more than routine skill is required becomes apparent when the
subject is carried into the range of probabilities, a field into
which it inevitably moves as soon as measures of reliability are
introduced.

The truth of what has just been said is being constantly dem-
onstrated by individuals attempting to do statistical work with-
out adequate preparation. The difticulties which so frequently
take them to a mathematician for a‘d usually center around the
meaning of things. Actual use ot formulas may have caused no
trouble, but neither the ideas from which the formulas were
derived nor their implications are understood. The person in
distress has usually obtained a number of whose accuracy h‘e is

Y4
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sure, but whose meaning quite confounds him. Such a situation
is evidence not of lack of numerical adroitness but of compre-
hension. The person may be bewildered solely because he does
not have at his command the only language which will allow-one
to “‘think through” the subject he is trying to handle. Such un-
~ happy situations as this will be corrected only when mathe-
maics is rightly viewed as essential to clear thinking in certain
domains, and all talk of it as only a “tool subject” has ceased.

Portions of mathematics can be made especially effective in
developing habits and traits discussed under the heading “Fstab-
lishing and Judging Claims of Proof.” ‘Geometry has always
been regarded as presenting unusually impressive instances of
.deductive reasoning. In a formal course-in the subject a pupil ©
almost daily has an assignment involying “proofs.” and in no
other study is this likely'to be the case. The nature of the mate-
rial with which the proofs deal is indeed quite different from
the “life situations” which he will encounter later as an adult
‘and a citizen. It is altogether probable that, in the past, mathe-
matics teachers did not do all they should to make the experi-
ences of the geometry class as broadly significant as th\sy may
well be. v .

Geometry has been treated solely as geometry and not as a
subject, which in addition to being a splendid example of deduc-
tive reasoning, important and interesting in itself, can also serve
the purpose of creating a critical attitude of mind toward deduc-
tion and thinking in general, It is essential to have the theorems
of the text understood and the problems worked, and to place
the main emphasis of the study upon geometry itself: but it is
important also for'mathematics teachers to make geometry yield
all the educational benefits it can. Teachers who have experi-
mented have found that, without lessening seriously the amount
of geometry taught, the course can be made the means of estab-
lishing a general critical attitude on the part of pupils, an atti-
tude that they recognize and value. Fspecially at the high school
level, principles of deductive thinking can be most effectively
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taught in connection with a well-organized substanual subject
such as geometry, which, being logical itself and free from per-
sonal prejudice, can serve as a yardstick. It is ciear that littleXan
be accomplished merely by announcing principles and criteria
“of good thinking and calling attention to the danger of their.
violation by illustrations of good and bad thinking taken from
“life situations.” In a miscellany of such illustrations there
would be neither coherence, growth, nor any body of knowledge
significant in itsel{. Furthermore, abstract principles of reason-
ing are not designed to arouse response, particularly in young
people. On the other hand it is not strange, whén ‘one pauses to
reflect about it, that geometry, with its origin in-mensuration
constantly kept before us by its very name, with its employment
of figures and its superb logical structure, often has been a favor-

ite study and has even stirred those gifted with literary expres-

sion, though not pursuers of mathematics, to affectionate praise
of its satisfying truth and its serene beauty. '

Ur- ' recently there has been little inductive thinking in ele-
"men. y mathematics. Comprehensive books on algebra have
frequently contained a chapter with the austere title “mathe-
matical induction,” probably poorly understood ard productive
of little result unless the pupil went considerably beyond alge-
bra. Mathematicians have disagreed with the statement of Hux-
ley that mathematics knows nothing of observation, of experi-
mentation, or of induction. Though definitely untrue, if one
is thinking of the way in which the subject has dC\C]OFLU, the
criticism has been valid when applied to methods employed in
its tcaching. There is now, however, a definite trend toward
leading pupils into new topics through heir own experiences.
Especially is such procedure possible’in geometry, and the ap-
pearance of informal geometry, including intuitive and expcn-
mental procedures, in the seventh and eighth grades’is 2 distintt
and significant step in this direction. The possibilities are cer-
tainly numerous. and it is to he hoped that mathematics will
emerge finally a¥ the vehicle through which may be obtained

¢
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impressis'e experiences ip inductive as well as deductive rea-
soning. 7/

, MATHEMATICAL INFORMATION, CONCEPTS,
: . AND PRINCIPLES

A large body of mathematical knowledge is of unquestioned
utility and involves no intricate techniques. For example,
theorems of geometry are merely facts about figures, of either a
descriptive or a metric character. Necessary for certain trades or
technical occupations, they may be universally desirable. Un-
doubtedly a very large number of Americans can find the arca
of a rectangle. To find the area of a circle, however, would lead
many to ask aid, 'although some would be quick to claim, *I '
could solve such a problem once.” However, just as one need
not ,in\'entory the muthematical requirements of trades and tech-
nologies, he need not enumerate all instances in which mathe-
matical information may profitably be used, in order that the
place the subject deserves in our school curricula, on the score
of information alone, may be recognized.

On a somewhat different level, insofar as they affect mental
activities of cducated persons, come the concepts and principles
with which one has contact in mathematical instruction. When
well impressed upon the mind. thev are more permanent pos-
sessions than facts or even skills, which are likely to be impaired
through disuse. In asocieity which draws so heavily upon mathe-
matics, as does our own, mathematical principles and concepts
should affect the manner in which the individyal thinks and
should color the appraisals he makes. The signed numbers of
algebra, the similarity, the congruence, and the parallels of
geometry, the rates of change of elementary calculus should be
so taught that they leave lasting impressions. "The ambition
to make mathematical instruction more broadly significant
through emphasis on concepts has led to stressing the function
concept as a unifying element. Inasmuch as it deals with rela-
tionships, it is quite true that few concepts have greater *.niver-
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sality or importance. A society, all members of which while in

school have been given persistent and effective contact with this

concept, should view p oblems and situations more intelligently
than a society which has only a certain number of mathematical
specialists. But the great importance of the function idea should

not lead to an over-emphasis upon its significance, nor should it -

lead to slighting mathematics which does not come under its
scope, for very important and very interesting parts of the sub-

ject are unrelated to it. ,

(
MATHEMATICAL SKILLS .

An effort has been made to describe the fundamental ways in
which mathematics is embedded in thinking and to discuss its
concepts in such a way that they will not be confused with skills.
But a_precise dividing line cannot be drawn. Mathematical
technique is a very real thing. Its extensiveness and the diffi-
culty of mastering it will always be a source of discouragement
to som~ pupils and a perplexity to some teachers. Unless one
has facility with its processes, however, mathematics cannot be
used effectively. Its techniques must be so well acquired that,
in a sense, they take care of themselves, leaving all of one’s
powers available for other purposes, especially the higher ones
of analyzing and directing. If the handling of fractions or the
solution of simple equations taxes the pupil’s ability, there is
little chance that he will deal satisfactorjly with situations in
which these processes enter. If there is, on the other hand, such
command of the processes that there is true fluency in their use,
there is likelihood that mmathematics iay be justly appraised and
effectively vsed. :

The character of the techniques of mathematics is in part re-

sponsible for the fact that it is necessary to study the subject for .

some time before it pays extensive returns. A pupil may attend
one class in first ard, learn how to apply a tourniguet, and later
save a lile. But itis havd to conceive of much benefit from one
lesson in algebra or geometry. The deepseated desire for quick
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returns, however, will always arise in. connection with mathe-
matical study as in other situations, and should be honestly
faced. Of course every effort should be made to make mathe-
matics pay returns as promptly as possible; even the very pru-
dent investor with his eye chiefly on the future is pleased with
early dividends, for they support his faith in large ultimate
profit. The recent efforts to make mathematics, especially alge-
bra, yield more of interest.in its carly stages are both laudable
and notable. They make the sfudy resemble an insurance policy
with a good surrender value in early years. _

Though techniques should be regarded as means and not as
ends, those of mathematics have certain virtues on account of
the broad educational processes involved. Some teachers, un-,
settled by attacks upon mathematics, have sought to turn these

attacks aside by flecing from. techniques as though they were
" evil, or have pretended that they could be learned, to the extent
necessary, without conscious or serious effort. The actual edu-
cational value of the techniques, which makes such a retreat
unnecessary, will be touched upon later.

It is not difficult to draw up a list of situations in which one
can profitably use algebra, and such a list assists in a realization
of its importance. One is confronted, however, with the ques-
- tion whether the mathematics that could be used actually will
be used even when the person is competent. Certainly not al-
wavs by any one person; even the accomplished mathematician
may not employ his knowledge in all situations where he could
use mathematics. It is to be expected that in actual life mathe-
matics will be used according to the individual’s taste and the
extent to which he is actually stimulated by some problem.
Neither mathematics nor any other subject can make the horse
drink. The mathematics teacher isas powerless to make a pupil
use mathematics as is the teacher of health to make him fol-
low its well-established laws. But education, which must not
shirk the responsibility of developing capicities, at the samne
titne must cnable persons to realize the neaning of intelli-
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gent living in a scientific age and urge them not to slump into a
state of mental indolence, after having been potentially brought
to a rather high level of understanding.

Comparatively few pupils during the secondary years know
what their later activities and studies will be. In the absence of
required courses or suitable advice, many erroneously assume .
that they will need no extensive work in secondary mathematics.
On entering college they often find doors closed to desired fields
of study because of the lack of adequate mathematical prepara-
tion. For example, they are unable to take work of substantial
character in the physical sciences, or in those parts of the social
and biological sciences that employ statistical methods. To be
sure, special courses are sometimes offered for poorly prepared
students, but such weak or emasculated studies are poor substi-
tutes for standard courses that employ mathematics where it is
naturally needed. To postpone until college years basic prepara-
tory studies that experience has convincingly shown can profit-
ably be pursued in the secondary school, gravely handicaps the
pupil in his later cffort to make a program of rcal collegiate
studies. The doctrine of “postponement,” like the doctrine of
“incidental learning,” however alluring to the shortsighted per-
son and however validSin certain subjects, is indefensible in
the case of mathematics. T'he subject is so extensive and so
diflicult, réquiring systematic and }’n'otmrtcd study, as to be un-
suitable for the general application of either of these doctrines.

Administrators should feel deep concera over the large num-
her of pupils who find themselves withont a-léquate preparation
for the activities. professions, or additional studics which they
later wish to undertake but which presuppose substantial foun-
dations. In their solution of this problem lies the test of their
educational statesmanship. A strong and corrective influence
should be exetted upon those boys and girls who are capable of
doing fair work with secondary mathematics but who, although
they -have no serious dislike for the subject, and insufficient
knowledge to form a sound opinion, think it unnecesary and
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yield to what is easiest or most glamorous at the moment, It is
for the good of society that each year there should go forth from
the secopdary schools a large number of young people with
marked proficiency in the technical skills of mathematics, to-
gether with a fundamental understanding of some of its con-
cepts. The steady flow of such a group into our democracy is
a major responsibility of school administrators.

MATHEMATICS AND DESIRABLE ATTITUDES

It is often asserted that as a people we have high regard for
the specialist, the claim sceming to indicate a 1espect for knowl-
edge and competence. However prevalent such a regard may be,
it is not a discriminating one. Qur people are, in fact, fre-
quen.ly and badly victimized by pseudo-specialists and pseudo-
experts, simply because they are unable to recognize important
fundamentals. In the futwre vears, as in the past, revolu-
tionary programs of an ccoiromic and social nature will be urged
upon our country. After the partisan and political character of
a proposal has been scrutinized, there will still remain the ques-
tion whether the proposal is based on a hoad knowledge of
facts and an intelligent analysis of their relationship, or on little
move thim wishiul thinking.®

Now no subject excelsamathematios and those sciences that
draw heavily upon it for ability to set up high standards of
Knowledee, of analssisc and of techniques for aniving at accu-
rate conclusions. Since mathematios and kindred sciences under-
take to comtiuct swstematic bodies of doctrine. thev stimulate
thinking, analvsis. discovery, and growth. When theé pupil is
studving them, he fimds hiself unable to advance merely by
using his memory o1 his fluency of speech. He uses hooks whose
fust chaprers maest be wnderstood in order 1o advince to the last.
Onvlv by comprchending each step in the progressive develop-
ment ol these scicnces can he bmadlv aon the understanding of
the things that are heing stadied, thines that e permanent and

sienificant. From this contact with ideal knowledee, he gains an
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experience that furnishes 2 background for accurate discrimina-
tions and distinctions. We are at present confronted by so many
social problems for which it is impossible to “know the answer”
that it is especially important for society to acquire the steadying
and careful habit of procedure which may come through the
discipline of mathematical study. Good will and a2 warm heart
are not enough to furnish us with the protection of life insui-
ance; the formulas and the tables of the actuary are in some
ways more necessary. This Commission believes, in short, that
mathematics can be so taught that it will help reveal the mean-
ing of knowledge, as distinguished, on the one har 4, from opin-
ion and conjectures, and, on the othe - iuand, from trivial and

- commonplace facts.

It is probably true in certain respects that pupils are held to a
higher level of achievement in mathematics classes than else-
where by the nature of the subject itself, for here the standard
of accurate defnitions, of logical coherent statements in demon-
stration, and of precise rvesults must necessarily be stressed. Ina
broad sense, all this is merely claiming that mathematical meth-
ods furnish examples of good workmanship. ‘The possibilities
of giving discipline of universal significance are not lessened by
the fact that not all the situations in which it may be used have
the general characteristics of mathematics. The (ll‘lt'sti()n is one
of crcatin‘g an ideal and of setting up standards of excellence,
not one of whether mathematics resermbles other subjects. First
the ideal must be glimpsed: then it must be so lived with that it
will become a part of our lives. This practice can most likely be
accomplished through formal educational experience in which
the ideal is constantdy emphasized. "T'his Commission believes
that some teachers of mathematics have been indifferent to their
full opportumity to hold up to their pupils hugh ideals of work-
manship. College students, showing very clealy thay they have
been allowed to “get by in mathematical work as well as else-
where, will unbhinhingly hand in papars whose caceless appear-

ance should give shame to anv student. Neat, wellarranged
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work can have a sensory appeal, and should stimulate accuracy

“and precision. All these qualities, neatness, accuracy, and pre-
cision, are merely attributes of “taking pains,” a thing that is
essential to good work in any ficld. It is not to be expected that
mathematics will maintain the place its teachers desire, unless
teachers are willing to meet the insistence of administrators and
cducators that their subject yield all possible contributions to
the varicd goals of education,

Intimately related to good workmanship is the ideal of thor-
ougir understanding, and certainly here eyen the techniques of
mathematics can be made to contribute wholesome lessons.
Something as non-essentiat as a change of letters will often
cause confusion for the beginner. Though 1 pupil may think he
understands the identity (a4 0) (¢ — b) = a* — b2, he is not
likely to argue the case if he did not see its application to 8§ X
76 until it was pointed out to him. A pupil’s progress in mathe-
matics depends lavgely upon his grasp of the full implication of
both the comcepts and the powerful techniques. When be fails
to understand some point, his teacher frequently can trace the
difficulty back step by step to something the pupil believed he
understood bhut which in reality he grasped only imperfectly.
The lesson to be leared from such an experience s much
broader than the mathematics involved. Many pats of the sub-
ject can be so presented that mathematics will help to build up
ir pupils the desitable habit of questioning the clarity and the
fullness of all theiv knowledge. 'The desite to Took into things a
little more (l('('];l\' can be stimulated by frequent ilhisnations in
mathematics of the profitableness of such a search,

It might secr at afinst glance that mathematics has little to do
with developing sodal-mindedness, which was set down in
Chapter I{a one of the attitudes much in tivor at present. The
“soctal studies” me arrventhy areed as the care for maladies
which we know atitict us, but which we cannot desaibe except in
vague terms. Ieois, however, to he remembered that mathe-

matics sprang from elementaiy human neads fiom problems of
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feeding, clothing, and snelter; and today, although it embraces
a great deal more, it still has intimate connertions with such pri-
mary questions. Thus, when properly taught, mathematics
surely should appear as one of the chief instruments of “social
progress,”

Open-mindedness, the last attitude discussed in Chapter II,
is related to willingness to admit one’s self wrong, but it is an
attitude that should be carefully distinguished from mere men-
tal instability. In mathematics a person cannot long deceive
cither himself or another, for arguments that arise must end by
the admission of one disputant that he had been wrong. This may
cause the discomfort that some pupils experience in the mathe-
matics classroom, where it is difficult to cover up a weakness.
Even if one's error is honestly come by at the expense of con-
stderable toil, it must be laid aside without prejudice or resent-
ment. Every pupil in geometry has had the experience of see-
ing what he believed was a valid proof of an “original” explode
under the questioning of his teacher. Even in studying his les-
sons, he repeatedly finds it necessary to abandon a thought that
for a few moments held the prospect of being the key to working
a problem or proving a proposition. Such a sitnation may look
somewhat grim, but, though the discipline may be too unpleas-
ant for a few, an actual laboratory in open-mindedness, where
one receives training in admitting an error endeared to him by
the effort expended in secking to establish it, may be more val-
uable in forming a social attitude than vhetorical exhortations.

‘

MATHEMATICAL APPRUECIATIONS

‘The schools must teach mathematcs beyond its elements not
only to eqrip those who need it as a tool, but also to make people
appreciate an g forthright and intelligent way how basic is its
place i our cubture, The artist who depicted the “tree of
knowledge™ for the Hall of Science at Chicago placed mathe-
matics at the very roots, with otaer subjects growing and flower-
g from it. thus implanting in the minds of many pcople the
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idea of its important cultural value, But such a mode of in-
struction _is not sufficient, nor is it sufficient for teachers of
mathematics, animated by enthusiasm and pride, to display
their trees of knowledge in their classrooms, The goal should
ever be to create such understandings and appreciations that
‘pupils in their own right become competent appraisers of math-
ematics. The position of mathematics in the “tree of knowl-
edge” is a challenge to teachers of mathematics as well as an
assertion of the value of their subject, and, repeated in our
classrooms, it is a challenge to pupils, showing them not only
what they may need in order to siicceed, but what they must
know if they are to comprehend certain essential elements of
the civilization they are to share. The “tree of knowledge" is
snggestive of a library with the names of poets, dramatists, cssﬁy~
ists, and novelists cut into its walls. Assuredly: the highest pur-
pose here is not to give merited honor to those who cannot
profit from it, nor to clevate ourselves a little by the act of honor-
~ine thens, but rather to encourage those who see the names to
learn why these names merit the honor shown them, and to
share in o teeling of appropriatencss. ,
In the past mathematics has. enjoved such an appreciation,
shown by the honors paid it in our literature and philosophy,
and it still finds lionor in contemporary literature. The fact that
there are people who study mathematics and then assert that
their time wis wasted does not affect the matter at all. The cul-
tmal tastes. appreciations, and accomplishments of the eriric
should be appraised before weight is given his opinion, though
naturallv in practice charity frequently intervenes. The Com-
mission has stated at the beainning of this chapter that only the
bare elements of mathematics need be required of a pupil thor-
oughlv rebellious against the subject or of a pupil with a strong
talent. wishing to devote his time to other subjects. The Com-
mission believes. however. that appreciation of mathematics
should be even more extensive than it now is, and it stronaly
urges upon administrators the wisdom ad importance of using
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as a general guide the ideas so well expressed by Professor Sned-
den in the lines quoted in Chapter 112 “
There is evidence of some interest in mathematics among
adults for reasons other than narrow utility; for example, news-
papers and magazines from time to time carry mathematical
problems. Although these problems sometimes have the nature
of a puzule, they reveal an inclination toward mathematical
thinking. One would hardly care to venture the prediction that
mathematics will ever be a serious leisure-time activity for
adults to any extensive degree, but we have no knowledge of
what the actual possibilitics are. Encouraging success has at-
tended some notable cfforts to popularize the subject, and a

“thorough consideration of the problem of adult education may

well show that the mathematics taught in the secondary school
is necessary for desirable work in later years.

REMARKS

The Commission believes that what has been said indicates
that math-  ties should have a prominent place in secondary
education. There should be ample provision for.courses be-
vond the ones that ate requied, conscientious efforts being
made to influence pupils to continue mathematical study. Boys
and girls should be informed as to the number of subjects that
cmploy mathematics, and they should be led'to see that an ac-
quaintance with it helps one to live more intelligently in an age
as scientific and as technical as our own. They should also™he
informed that in addition to its great helpfulness to man, mathe-
matics has peculiar qualities, 1epresenting a form of perfection
so striking that many persons, although not following it in any
professional way, have considered their study of it one of their
most valued experiences. Nor should theve be withheld from
them the noteworthy fact that the greatest titbutes to the sub-
ject have come not from mathematicians but from dramatists,
poets, and novelists. Finally, they should be protected against

tace g3. .
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becoming victims of the (lunm e of incidentdl léar ning or the
doctrine of postponement. '

The effort to make mathematics a prominent feature of edu-
cation implies the desire to keep secondary education on a-high
level, with respect to both the ideals that inspire it and the
standards of achievement that are expected. The Comimission
supports such a general educational position, in opposition to
the movement toward minimumn education. It is true that our
attempts at universal education will bring into the schools many
a case of Johnnie Lowique and Winnie Barely- -pass, as well as
delightful Huck Finns who “take no stock in mathematics.”
Unless the American temper changes completely there is little
danger that such boys and girls will be dealt with unsympatheti-
cally while we continue our efforts to devise studies and activi-
ties really suitable for them. But they should not be allowed to
set the general pattern for education, any more than their tastes
should be allowed too much weight in determining the pleas-
ures and diversions available for educated people. A survey of
movies and radio might indicate, however, that such a surrender
is being made. In conc lmlmq. one might sav that the statement
of Hogbhen that the history of mathematics is the mirtor of civi-
lization suggests that its position in the schools mav reveal some-
thing not onlv about our conception of education but about our
national philosophy and ideals.
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CHAPTER 1V

THE MATHEMATICS CURRICULUM

“We shall make one or two postulates, deduce rules, and
give examples.”
—~FOWLER, THE KING'S ENGLISH

BASIC CONSIDERATIONS

The Importance of Continuity and Organic Growth, For many
years American educators have urged the c. tion of curricula
based on the view that the formal educational process extends
from the pupil's infancy through his adolescent years, or even
further. This idea is now receiving uniform emphasis in all the
major subject matter fields. Mathematics, by virtue of its highly
cumulative nature, cannot yield the cultural returns of which it
is capable if it is offered s a disconnected sequence of isolated
units. On the contrary, the major objectives of mathematics, its
central themes and its broad life values, must be given an op-
portunity to unfold gradually and continuously, in harmony
with known facts of mental growth.

The Importance of Flexibility. Se :dary education in
America has not yet achieved relatively stable, clearly defined
lines of demarcation that set it off from the domain of elemen-
tary education on the one hand and from that of collegiate edu-
cation on the other.! We have, and may continue to have, a
diversity of administrative divisions that are due to a variety of
considerations. Thus, in certain communities, the traditional
8—1 plan has heen replaced by the 6-4-4 plan. the 7-5 plan, the
6-6 plan, or the 62 ¢ plan, cither spedifically for curticular

1In this report the jumar coflege is reparded as belonging to the secondary
field. Sce pase 150,

52



E

i

Mathematics Curriculum 53

purposes ot because of a problem of -buildi'ng accommodations.?
. At this point we are merely interested in the fact that because
of this variety of types of administrative organization in the
- field of secondary education it has been extremely difficult, even
if it were desirable, to arrive®at anything approximating general
agreement as te curricular offerings at any stage of the educa-
tional process. No national commission can prescribe, or should
even attempt to suggest, such a rigid organization of the mate-
rials of instruction that there would be no further opportunity
for individual initiative and constructive c\pcumcnntwn. On
the oihcr hand, there is need at the moment to claborate as care-
fully as possible a group of guiding principles that may offer a
defihite step toward educational harmony. A tentative list of
such principles will be owtlined in the following pages. The
second step is that-of describing the curticular offérings, as far
as possible, in terms of broad ficlds rather than in terms of
specific units of work.

Itis the opinion of this Commission that the chvious difficulty

- of proyiding for both continuity and flexibility has been the

areat stumbling block in the development of a unation-wide
mathemadcal program of instruction. Aceordingly, in this Re-
port is desaribed a program for mathematics in orades =10 14
that defimitely aims go provide for continuity of development,
and that at the same time 1espects the reasonable demands for
flexibility on the part of school administriors and teachers,

The Work cf the Elementary Schools, The Commission has
not attempted to suggest mathematios cunicula tor the trst six
grades. That responsibility has been assumed by the National
Council Committee on Arithmetic which will fssue a sepiate
report dealing with this problem.

SData concernine the crowth or the relatinve frequency of these adminntiative
tvpes of armnizanion may be obtaned from the publivations of ediucanonpal
search hareaus, and from edncational vearhaoks and statistical abstiacts, See, for
example. the moenomaphs comprising the Natoonal Swvves of Socondary Foducatog
Bulletin, 1aq2, Na. 12 S, Office of Fducion.

FSponsored by the Nononal Counal of Teachers of Mathematies, umder the
chaitmanship of Professor R L. Marton, Ohio University,
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"The mathematics progiam of the clementary schouis s the
m(hspcnsablc foundation of gli the pupil’s later mathematics
work. If that foundation is weak, the pupil’s subsequent Prog:-
ress is likely to be permanently handicapped.

In the following pages, it is assumed that a,pupil who is ade-

.quately prepared for the work of the seventh grade has acquired

a working knowledge of the arithmetic commonly taught in the
primary schools. An irrreasing uumber of representative syl-
labi also assign to the clomentary grades some preliminary work
in the field of space intuition and a knowledge of geometric
forms. Hence the following attainments may be regarded as the .
normal mathematical cqmpmcnt of the American pupil who.
has satisfactorily completed the work of the sixth grade:*

(1) A f.umlmnty with the basic concepts, the processes, and
the vocabulary of arithnetic. -

(2) Understanding of the significance of the different posi-
tions that a given digit may occupy in a number, including the
case of a decimal fraction,

(3) A mastery of the basic number combinations in addition,
subtraction, multiplication, and division.

() Reasonable skill in computing with integers, common

P

fractions, and decimgl fractions.

() An .uqualmn\c with the principal units of measure-
ment, and their use in evervday life situations,

(6) The ability to solve simple problems involving ('omputa-‘
tion and units of measurement,

(7) The ability to recognize, to name, and to sketch- such
common geometric figures as the rectangle, the square, the
circle, the triancle, the rectangular solid, the sphere, the cylin.
«ler, and the cube.

(Y The habit of estimating and checking results.

*Yor a ssnopsis of prosent tendec esin anithmetie. the reader may be refenied
to the Tenth Yeo book of the National Counal of ‘Teachers of Mathematics., See
abvo Nopton and Notton Foundations of Cowasgpendum Building, Chapter X1 Ginn
and Co . aogh, For the work of the prmas grades, see esperiatly, Maorton, Rohett
Lee, Teackimpe drvithmetee i the £leomentary School. Silver, Burde't Co., 1937,
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A TENTALIVE LIST OF GUIDING PRINCIPLES

Constderations Govenane the Selection of the Materials of
Iystruction, Grades 7-12. Among the considerations governing
the selection of matcarial in building a curriculum, the following
may be mentioned: o

(¢) Since there has been gencral agieement that the learning
of mathematics 1ests upon acquiting a knowledge of a certain
body of concepts. prindiples, processes, and facts that are essen-
tially the same for all pupils there can remain little freedom of
choice as to the inchusion in the curriculum of these funda-
mental elements. The curriculum should include the basic ele-
ments of arithmetic, algebra, geometiy, graphic representation,
and trivogomety, )

(2) In contrast with this permanent foundation, we have the
equally nportant fi ¢ that mathematics has had a remarkable
growth and his been extended to widely varied fields of appli- ‘
cation, :

For every tvpe of pupil, a mathematical course of study must
give constant attention to the “foundations,” while at the same
time it stresses signiheant applications within the learner’s po-
tential range of understandife and interest,

. (;) The selection®of the fundamental mathematical units of

work, especially ingrades 7.0 18 a highly wechnical task.

In particubue, the tundinnentat concepts, principles, and skNIs
of matiiematics st be intraduced and developed in a care®
fulty orgunized pattern. Due attention aamust be given at all
times not only to loaical considerations, but also to psychological
and poedasoutical principles.

(¢ Extensive experience has lul}t( lhc conviction that in the
case ol retarded pupils, modificatiéps are needed in the rate of
progre s and the desiee of comprehension. rather than in the
cnoice of the basic mathematical units. (See also Chapter VIL)

() "The precise scope and degree of emphasis to be given to

cach major tvpe ol wark, ina pmticular school, cannot be
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stated with finality in any general disCussion. On the contrary,

these items must be regarded as'subject to further local experi- - :

mentation, in the light.of actual time schedules and of desired
or possible types of application and of training. '

(€) Psychological considerations such as those having to do

with the problem of understanding, with motivation, rates of
learning, and with degrees of mastery, are also of great signifi-
cance in connection with the construction of modern curricula.

. These questions must certainly be kept it mind when one

wishes to determine the amount of work which may safely be
accomplished during a certain period-of time. They are further-
more of primary’importance in the preparation of detailed in-
structions for the teaching of each unit or topic.

(7) Mathematics is often described as a “hard” subjsgt. It”
has acquired this reputation (i) because it is composed 0. ~ rela-

tively large body of closely related abstract ideas often presented
too abruptly; (ii) because its fundamental facts and principles
must be learned as an organized sequence; (iii) because only
constant attention and real understanding will lead to snccess
in this field; and (iv) because only considerable practice, over a
period of months or years, will insuré mastery and the ability to
apply with ease the results of mathematical training. While
these tuatures of mathematics cannot be denied, it is also true
that each forward step in the subject is. as a vule, a very simple
one. Hence, by safeguarding each day's progress, and by follow-
ing a teaching practice based on the laws of iearning, the teacher
cin climinate, to a large extent, the painful and futile struggle
that is only too evident in some matiiematics classtooms. In
particular, the following considerations are significant: -

(a) TFarly in ecach year the mathematical maturity of each
pupil should be determined. In case the required information
is not available from reports, inventory tests mav be needed to
determine the amount of ground that mav be covered during
the semester. as welt s the necessary amount or reteaching,

(h)y Since mathematics is a cumulative subject, pupils should

e oy
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be made ta realize that cach day’s work counts toward success or
fathure.

(¢) An understanding of the concepts and principles of mathe-
mutics is the key to its successful study. To teach in such a way
that the concepts become clear is the hardest and the most sig-
nificant task confronting the teacher of mathematics. By way of
illustration, a definition should usually be the outgrowth, net
the-beginning, of a learning process.

() "Overviews” and motivating discussions are valuable as

directing guides, while summaries and organic reviews are cffze-
tive mens of creating perspective and confidence. A properly
constructed curriculunt will give adequate attention to such

“considerationts,

O

(¢) In the past, much dependence was placed on mere drill.
Recent psvchological investigations suggest that all techniques
should be based on insight. This implies that adequate practice
is to be provided, not mere chill, to lead the pupil to proper
assimilation and mastery.

(i Modern psychology has proved the effectiveness of “spaced
learning.” "That is, “bunched learning” is not so productive of
Lasting values as “spaced learning.” With slow pupils, especially,
the idea of a I)Cli()'l“l' return to the same topic, providing for its
stowing mastery and entarged application, is of the utmost’im-

portance. Fxperience shows that we cannot expect “one hun--

dred per cent muastery' after a single, briet exposure,

() The slow learner profits by at least the same degree of
motivation, of cultural enrvichment and interest, as do other
pupils. But interest is primarily a means of stimulating cffort,
not a’substitute for cffort.

Principles of drrangement. "The following principles vefer

primarily to the sequence of the topics to be included in the
curriculum.

(7 "The sequence in the anicadum should be sach that each
topic will contribute definitely toward an ever-growing and

more stenihcant oratzation of the basic concepts. principles,
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skills, facts, relationships, types of appreciation, and fields of
application, resulting in the development of a unified mathe-
matical picture.

(2) Even in a reduced prograin, the study should emphasize
problem solving and modes of thinking, and should not become
a mere sequence of formal and relatively abstenct drills.

(3) If a unit mmganization is followed, it is not always advis-
able to attanpt in cach of the units a complete or exhaustive

treatiment of the cential theme or topic under discussion. On

the other hand a unit should not include umrelated “odds
and ends.”

(4) In general, a new topic should not be inttoduced unless
there is a sullicient background of prerequisite concepts and
skills to permit unhindered concentiation upoa the new ele-
ments.

(5) A new idea or principle should not, as a rule, be intro-
duced prior to the time at which it is needed or m.ly be etfec-
tively applied.

- o
L

MATHEMATICAL CATEGORIFS AS A BASIS QF
ORGANIZATION OF THIE CURRICULUM

The Doctrine of “Centers of Interest.” I-'.ivmcm;n'y and sec-

ondary school systems are operating in many cases under differ-

ent conceptions as to the best wav to cury on the “educative

“old educa-

tion” and the “new education™ although such (lv's('x'ipti(ms tend

process.” One can with some propricty speak of the

to oversimplify the problem. Not all $chools of fifty or seventy-
five years ago were alike; manv of lhu}l Were 1ot so narrow in
‘offerings or as restricted i points of view as is asserted in
some present-day writing. In cducation, as elsewhere, one must
remember that a ¢ reful study of the past reveals not only faults
unsuspected by some people hut virtues associated by others
only with the pircsent. On the other hand, what is called the
“new education” mav have more conservetive elements than is
sometimes reaiized. This much, however, it seems safe to say by



E

‘. Mathematics Curriculum '59

way of gencralization, The “old education” interpreted teach-
ing as a process of tansmitting or inculeating a relatively fixed
body of skills, information, facts, behaviors, and habits that were
considered necessiy or usetul to a person, hoth in “making a
living™ and in living with satisfaction, It tended to employ fixed
curricula, though not without giving attention -in varying de-

« grees to the interests and abilities of its clientele through the

use of clectives or different canvicula. The new education,” in
contrast, tends to he muach morve “child-centered.” It questions
fixed curticula, even when provision is made for electives, and
seeks to indace the pupil to reach out for such edements of infor-
mation o1 taining as may be in harmony with his own “needs
and interest,” hoth felt and unfelt, L : b

Under the "new education™ an eftort is being made in some
schools to - build the coniculum primanily amound signiticant
“eenters of interest”™ or "areas of experience,” so broad in char-
acter as to anticipate potentially a Luee number of the educa-
tional needs of childien, By this means it is hoped to insure
both w set of desivable praciical and cultural backgrounds and
the possthility of fnvorable subjective meactions. Furthermore,
it iy hoped that duough sullcciently expart handling of these
backgroundy the school will succeed in tansmitting the skills,
facts, habits, and atndes necessany 1o a successful life and well-
rounded development. Under the “old education” many of the
most important of these Bacts and skills have been isolited, logi-
cally oraanized. aimd sestematically taushe. Under the “new edu-
cation” however, thev e to he acquited much more informally
in the comrse ol experiences selecred, at Teast i part, for reasons
other than their fratttulness as o means of thansmitting prege-
termined skills, froes and Labits,

In the clementay school the “new education”™ has secured
widespread endorsement. The secondary school s heine sub-
fected to great pressure to follow a similar comse: that is, it is
being asked to aive up s “adultoreanized,” sequential subject

matter courses in favor <f bioad, flexible “areas of expericnce”

O
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- that are assumed to appeal to the individual student. In this
Report the concern is mainly with the question of the extent to
which such a conception is feasible in the field of mathematics.

Unsettled Status of This Educational Issue. ‘The fact has been
stressed that the mathematics of the elementary school is a com-
paratively closely organized and cumulative system of concepts,
skills, facts, and relationships. A pupil cannot master a given ’
unit in most branches of mathematics until he has acquired
some understanding of and reasonable skill in the related earlier
steps involved. If the basic equipment in mathematics is to be
acquired by means of “centers of interest,” as these arc com-
monly understood, such as the farm, transportation, and con-
sumption of goods and services, mathematics hecomnes only one
aspect of such study. Today a crucial question of curricular
theory centers around the extent to which the methods of the
“new cducation” lead to mastery or understanding of funda-
mental subjects such as mathematics.

The evidence accumulated on the relative merits of curricula
organized according to the newer and the older theories is far
from mn("lusive, at least with respect to instruction in mathe-
matics.“ The “new education” is still definitely in’ the experi-
mental stage in the secondary school. There can hardly be any
doubt that an exclusive dependence upon ‘“centers of “interest”
as a basis for organizing the curriculum makes very difficult the
application of the guiding principles discussed in this Report.
In the absence of more convincing evidence in favor of one
point of view over the other, this Commission has sought a basis
of orcanization that adheres to accepted principles, yet incor-
potates modern views on the way the mathematics curriculum
should be organized. The Commission recognizes the desirabil-
ity of correlated activities and a reasonable utilization of centers
of interest pertaining to important aspects of modern life, but
under present conditions it recommends that for other than ex-
perimental classes the curriculum be organized in conformity
with principles outlined above and later in this Report.
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Expressing the Mathematics Curviculum in Terms of Broad
Categories. For the reasons suggested above, this Commission
has tound it desirable to outline a general plan of organizing
the materials of instruction in secondary mathematics, for grades
7-12, 1n terms of two principles of classification. First, there is
the subdivision according to major subject fields: 1. The fiel 1
of number and of computation. II. The field of geometric forn
and space perception. 111 The field of graphi¢ representation.
IN. The field of clcmcm;u'y'analysi.s (algebra and trigonometry),
V. The field of logical (or “straight”) thinking. VI. The field of
relational thinking. VIL The field of symbolic representation
and thinking. Second, there is the subdivision of the fields into
categories such as the following: 1. Basic concepts, principles,
and terms. 11. Fundamental processes. II1. Fundamental rela-
tions. IV Skills and techniques. V. Applications.

A curriculum that Js constructed in conformity with such a
plan has the following merits:

(1) It consists of parts which, separately and in combination,”
for many years have constituted the essential elements of success-
ful mathematics work in the grades considered.

(2) It is fiexible enough w make possible its use in schools
representing virtually all the principal administrative types of
organization, such as the 8-4 pla, the 6-3-3 plan, the 6-6 plan,
and so on.

(3) Tt is suthciently adaptable to meet a huge vaiety of
focal conditions and spedial needs.

(4) T provides delinitely for continuity of uaining with re-
spect to thie cential objectives of secondary mathenatics,

{5) Tt suagests and miithes possible extensive correlation with
related fields.

In Lerer chapters of this Report two such cnricula are de-
scrthed, without any implication that other satisfactoy pro
grams are not posstble, Indeed other well considered and tested
plins hase appeared which secw to the Connnission ta be

I).l\i(.l”}' il azrecemoent with those (}«'\(Hh('«l here, The I)’.IH\ o

}
l
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not restrict the freedom of the teacher as to methods of teaching,
or types of motivation, or lesson organization.

ESSENTIALS OF A GENERAL PROGRAM IN
SECONDARY MATHEMATICS

In the following pages there is submitted in broad outline a
summary of those mathematical fields and types of training and
of appreciation that are necessary in order that the pupil may’
meet the demands of modern life and may realize the desirable
cultural contributions that have been discussed. It is the opin-
ion of this Commission that the mathematics program of our
secondary schools, in grades 7-12, should be built subsiantially

.on abilities and outcomes such as those suggested below.

I. THE FIELD OF NUMBER AND OF COMPUTATION
(A Continuation of the Work of the Elementary Grades)

Basic Concepts and Principles. There should be a growing famil-
iarity with the basic vocabulary and working principles of arithme-
tic. This involves (1) naming or identitying a concept when encoun-
tered, (2) giving an example or an informal explanation of the
meaning of given terms, and, at a higher level, (3) developing formal
definitions of terms that have a broad operational significance. Ex-
amples of such terms are the following:

(a) Operations: addition, subtraction, multiplication, division,
rounding oft numbers.

(b) Results: sum, product, difference, quotient, per cent.

(c) Relations: ratio, proportion, equality, increase, decrease.

(d) Applications: interest, discount, commiission, rate, premium,
profit, loss, average.

In all teaching of secondary mathematics much attention should
be given to a conscious grasp of the principles which underlie the
fundamental processes of arithmetic. Examples of such principles
are the following:

(a) The numerator and the denoniinator of a common fraction
may be multiplied or divided by the same (non-zero) number, with-
out changing the value of the Gaction.

(h) The order of the factors in a product does not aftect the
result.

Fundamental SEidls. "The pupils should develop such skills as the
following: :
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(a) The ability to use the four fundamental operations with i
tegers, common fractions, and dedimal fractions, due regard being
given to the learner's maturity.s

(b) The ability to use the principal units of measure in everyday
life situations,

(¢) The ability to read simple numerical tables in connection with
the educational program as a whole, *

Application. There should be a gradual and continuous develop-
ment of the ability to recognize andouse arithmetical facts, concepts,
and principles in everyday life situations, wherever encountered, not
merely for the study of pertinent nimerical problems, but also for
purposes of explanation and prediction.

This ability should be stresed constantly until its use becomes
a habit. ' -

Further ‘Topics. There should be a gradual growth in the pupil’s
understanding of the extended number system (negative numbers,
irvational numbers, and so on). Auention may also well be given
to: )

(a) The ability to perform addition, subtraction, multiplication,
and division by use of a computing machine,

(b) The ability to muliply, divide, square, and find SY1 are roots
by a slide rule.

(¢) The ability to exercise judgment in presenting numerical re-
sults of measurement or of computations based upon measurements.
Due regard being paid to the learner's level of maturity, there shoyld
he developed gradually the habit of retaining an appropriate num-
ber of significant digits and wing appropriate accuracy in com-
putation;

I
IL Tur Firtn o GFoMrerIc FORM AND OF SPACE PERCEPTION

Basic Concepts. The ability to recognize at least the elementary
geometric figures and terms involves (7) naming a figure when scen
or presented, (2) sketching or drawing a figure to illustrate a term,
and, at a higher level, (3) developing a forimal definition of the basic
terms. “The following list suggests types of terms that should receive
attention:

8Lt is understoad that these processes ate to be cansidered not metely in an
absiract wav, but in rany concete problem situations such as those involving
pereentage and other buviness and sodal apphications. Aconacy should receive
the main comsideration. hut a reasonable degree of speed must also be regarded as
essential, .

8 The desaiption viven here will apply with appropriate and rather obvious
modifications 1o ficlds 1L I and IV, and veference will be made back to it on
later pages.

O
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(¢) Entire figures: rectangle, cirdle, triangle, square, trapezoid,
parallelogram, rectangular solid, cube, cone, pyramid, sphere.

(b) Parts of hgures: radius, diameter, diagonal, vertex, sides,
chord, arc. g

(¢) Mensurational ter ms Jength, arca, volume, pcmueler, and
such units as inch, toot, square inch, cubic foot, centimeter, meter,
degree. '

(d) Positional relationshipy: parallel, perpendicular, vertical, hori-
contal, oblique,

(¢) Terms involving comparison: greater, less, cqual congruence,
similarity, symmetry,

(f) Incidence relationships: intersection, tangency, coincidence.

Fundamental Skills. The drawing, the mgasuring, and the basic
construction of the common geometvic figures are skills, the develop-
ment of which should represent a continuous program accompany-
ing the study of the fundamental geometric relationships,

Among the skills to be gressed are the toll(mmg

(a) The ability to use such common instruments as the ruler,
graduated or ungraduated, the compasses, the protractor, and
squared paper. :

(b) T'he sketching, or drawing, and the construction of common
geometric figures, either full size or to scale.

(¢) The direct measurement of lengths and of angles.

() The determination by formula of such common arcas as those
of the rectangle, the square, the triangle, the cirde, and the wape.
zoid,

(¢) The determination by formula of such common volumes as
those of the prisim, especially the rectangular solid and the cube, and
the ¢ylinder.

(1) A use of the technique of indirect measurement in simple
field work. '

Elementary Geomelric Facts, Properties, and Relations. The pupil
should acquire such abilities as the following:

(a) The ability to recall and to apply habitually fundamental
mettic relations or propositions, such as the following: The sum of
the angles of any triangle is 180%; the Pythagorean relation.

(by The recognition of relations resulting from varyving positions
of geometric figmes, such as the possible intersection of lines, of
circdes and lines,

(¢) The ability to recognize and to state simple functional rela-
tions resulting from changes in dimension or position, such as the
change in the arca of a square whose side is doubled.

Disveorery and Verification, There should be a gradual and in
creasing development of the ability to discover and to seek means of
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testing important geometric relationships. An acquaintance with
the major propositions resulting from this training should become
a definite part of the student’s mathematical equipment.

Application. See p. 63.

[1I. THE F1ELd oF GRAPHIC REPRESENTATION

Basic Terms and Concepts. There should be a growing familiarity
with the basic vocabulary of graphic representation. As in other
fields this involves (/) naming or identifying a concept when encoun-
tered, (2) giving an example or informal explanation of the meaning
of given terms, and at a higher level, (3) developing formal defini-
tions of the more important terms. Exaniples of such terms are the
following: ordinate, abscissa, axis. coordinate, distance, tangent, line,
slope, locus, graph, svinmetry, table, formula, scale, bar chart.

Fundamental Skills. The pupil should be able to:

(a) Take :tabular data and construct therefrom a graph with a
suitable scale, properly titled and of appropriate type.

(&) Read a given graph, recognizing not only values at interme-
diate points, but also rates of rise and fall,.and maximum and mini-
mum values, ) '

" () (Optional) Draw a line to “fit” data approximately linear.

Application. Sce p. 63.
Further Topics. Some schools mav find it feasible to extend the

work in graphic representation imo the field of clementary statistics,
including the use of alignment charts (momograms). e

IV T Frern oF FLEMENTARY ANAL SIS

The Basic Vocabutary and Waorking Concepls of Llementary
Analvsis. "The pupil should be able to: (7) name or identifv a con-
cept when encountered, (2) give an example or an infornml explana-
tion of the meaning of the basic ters, and, at a higher lesel, (3) de-
velop formial definitions of such terms as have a broad operational
significance. Among these are the following:

() Types of number: positive and negative numbers, fractions,
irrational numbers.

(h) Operations: addition, subtiaction, multiplication, division, re-
ducing to lower terms, inding square root, raising to a power,

(¢y Structural terms: monomial, binomial, polynomial, cocfhicient,
exponent, radical, similar terms.

() Functional terms: cquation, formula, variable, dependence,
table, correspondence. sine, cosine, tangent.

() Applications: average, rate of motion or of work, evaluation
of a formula, approximation, per cent of ervor,

ERIC
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Fundamental Principles and Techniques. The pupil should be
-able to use the fundamental principles of algebra and elementary
analysis involved in basic techniques and in related pertinent appli-
cations. Examples of such principles are: the rule for the addition
of similar terms, the rule for reducing fractions to lower terms, the
laws of exponents. Illustrations of these techniques follow: :

(¢) The fundamental manipulative techniques.

(b) The ability to solve equations.

(¢) The ability to make trigonometric reductions. .

(d) The ability to solve triangles. :

Application. Sce p. 63. .
Further Topics. Some schools may find it desirable to extend this
field of work to include in the later years some work in the technique

of diffcrentiation, together with applications that are within the
comprehension of the pupil.

V. Tre FIELD OF LOGICAL (OR “STRAIGHT") THINKING?

While it has always been recognized that mathematics is essentially
a mode of thinking, it has not been equally clear precisely how the
types of thinking characteristic of mathematics are to be stressed in
connection with the customary materials of instruction. Nor is there
general agreement as to the degree of emphasis that should be given
to training in mathematical thinking. Recent psychological investi-
gations tend to prove, however, that the “transfer” value of any
given schocl subject is largely a result of a conscious and persistent
application, in everyday situations, of generalized concepts, pro-
cedures, and types of thinking. The ability to apply widely and
habitually such potentially broad areas of training is notacquired
suddenly, but is the result of a gradual process of growth. Hence
every opportunity must be used in the classroom, throughout the
entire mathematics program, to cultivate the active interest of the
pupil in the modes of thinking which we are here discussing. These
considerations suggest the need of analyses of the kind given below.
That is, in this ficld of work we are concerned with aspects such as
the following:

Basic Terms and Concepts. A clear understanding of the mean-
ing of the basic terms and the ability to recognize their actual oc-
currences and their bearings in life situations. Examples of such

TIn connection with this topic reference can be made to Keyser, C. J., Thinking
about Thinking, E. P. Dutton and Co., New York, 1926, and Fawcett, H. P.,, The
Nature of Proof, Thirteenth Yearbook of the National Council of Teachers of
Mathematics, Burcau of Publications, Teachers College, Columbia University,

1938,
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concepts are: assumption or postulalc ploposmun cotiverse, con.
clusion.

Fundamental Principles. A clear grasp and appreciation of the
»assumptions and principles on which the mucgn}cr of mathematics
rests, ‘T'his involves considerations such as the following:

(@) A knowledge of the principles underlyiig the manipulative
techniques of mathematics, such as those relating to order, grouping,
distribution, and the-like.

-(’&) The recalization of the logieal nnpluaunns of related ploposx~
tioph, such as those involving a given theorem, its converse, its op-
posite. . _ .

(¢) The realization of the cconomy resulting from such an organie-
ing principle or asumption as that of continuity.

Y

Fundamental Abilities, Such abilities as the following should be
gradually dmclopcd

(@) To recognize and formulate the assumptions undcrl\-ng an
argument,

(b) To rccog.,mzc terms that require precise definition.

() To organize statements in a coherent logical sequence,

(d) To recognize the proposition under discussion and o realize

- when a conclusion has been reached.

(e) To discover common flaws not only in re ;Nming in mathe-
matical and related ficlds, but also in areas inviting emotional bldb:

or requiring pmpdgdnda analysis.
(f) 'To recognive the luglcal structure or pl.m of an C\unde
series of propositions, or of a related group of discussions,
) . - - 3 . ..- -
Application. A gradual and increasing development of the ahility
to manifest coherent, logical thinking in everyday life situations.

VI. Tur Fiern or Reranosat THINRKING

Here we are concerned with the development of a p,mwing ability
to recognize, in eversday life situations, cases of quantitative rela-
tiomhips and of ‘Functional dependence. The importance of this
tvpe ol training was stressed as tollows in the Report of the National
Committee on Mathematical Requirements (p. 12):

“The primary and underhving principle of the course should be
the idea ol relationship between variables, including the methods of
determining and cxpn-\sin;., such relationship. The teacher should
have this idea constantly in mind, and the pupil’s advancement
should be consciously directed along the lines which will present
first one and then another of the ideas upon which finally the forma-
tica of the general concept of funcionality depends.”8

f Such stong emphasis was quuite justified at that nme. but the present Com
missioi has already commented upon the possibility of over-emphasis. (See p. 42.)

o
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Basic Concepts. The ability to recognize, to name, and in simple
casts to define fundamental terms should be gradually developed.
" Such fundamental terms_include: constant, variable, independent
variabie, dependent \axlahlc vue-to-one u)rrcspondence function,
tormula, table, value of a function, invariant relation, increasing,
decreasing, maxiimum, minimuin, as&ouatcd data, ordered list, inter-
lu)l.lllnn : :

Frndamental Skills and Abzlz!us Among these skills and abilities,.
ares the followi ng:

(n) T'o read tables of related \alms including trigonometric and
logarithmic tables.

(M To evaluate lormulas for assigned values of the independent
variables.

() Tointerpolate in tables and graphs.

() To construct simple tables, such as frequency tables, from raw
data, and nuinerical tables front given formulas.

(¢) To construct appropriate formulas from verbal statements.

(f) To determine the constants (in very simple cases) for empirical
formulas to fit approximately a set of given data.

(2) To recognize functional dependence, and to select variables
pertinent to a geven problem.

Application. "There should be a gradual and increasing develop-
ment of the .1})1111\ to recognize functional dependence as well as
statistical assodiations which fall short of functional correspondence.

VII THE Fiein oF SYMBOLIC REPRESENTATION AND THINKING

The aim here is a gradual development of the ability to translate
<1u.mmatm statements into symbolic form and conversely, and an
increasing appreciation of the cconomy and the power resulting
from the correct use of symbolic lulunqlms

HABITS AND APPRECIATIONS IN THE MATHEMATICS
CLASSROOM

The development of desirable attitudes, habits. and appre-
clations is an outcome of the procedures emploved by the
teacher and of the resuliing classroom atmosphere. Lasting re-
sults of this type, however, depend largely on ¢ontinued atten-

tion to thetr growth, and cooperation thhoughout the school.
Every phase of the mathematics anviculum, as well as all
classroom procedues, should becrutinized for the opportuni-

!
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ties to develop a growing appreciation of the imniense power of.
mathematics, of jts record as a universal servant of mwankind, of”
its cultural significance, and of its permanent place in the study
of nature, in the sciences, in the practical atts, in busmcss. enge
neering, and everyday life. '

Ty pes of Motivation; Supplementary Projects arnid 4(111111103
In recent years encouraging progress has bcc.)jxmdc in the direc-
tion ofstressing the upprc('{utiunajh and cultural aspects of tathe-

matics. Many mathenunics classrooms ave being equipped with

illustrative visual aids and interesting charts and pictures giving
evidence of the important place which mathematics occupies in
the modern world. The literature bearing on this phase of
m.uhcm.mcal instruction is being extended. The Yearbooks of
the National Council of Teachers of Mathematics. monographs
publishe¢ by Seripia Mathematica, numerous articles in such
journals as & he Mathematics Tewchri and School Science and
Mathewatic:, and a growing list of special tieatises, all furrish
vaitble assistanee 1o teachers who desire to envich their usual
pmgmms by contacts with modvatine backeronnds. Sonie
effective nodes of interesting pupils in this domain are sng.
gosted i thie iollowing paragraphs,

Natvie as a Yaoewm of For. In the Introdudction, attention
was called to e arear influence of natine upon mathematices.
Many ccome o0 terms e cimer clenlv seen i or sugsested
by what ton. cheerves about Bim. anid a constant mindfulness of
this fact is to herccommmendaed to ai! clisstoom teachers.,

Hostoorical References: The history of mathematios should not
supcnede mathemariosy e sheaid supplement s stady, Te s
especndiv effective i inareosing the calnaal value ot the sab.
jectand a carefully deseloped acconnt of parts of the history of
thisx old enterprise will give more meaning to hoth clementary
atd secondiay Govicula inmarthanatios, Fuanthenmore, it is to
he vecatled that historical considerations often increas . a pu v
abstract interest that one finds in some 1opic ar soae problem

that hus aspecial appeal to hin
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Dramatizing the Role of Mathematics in Modern Life. Every
effort should be used to make pupils conscious of the contribu-
tions of mathematics to human progress and to individual and
public welfare. The close connection of mathematics with the
practical arts, with technology, industry, business, commerce,
science, and other important enterprises, should rer-‘ve atten-
tion. Among the methods that may be suggested fc. his work
the following have proved successful:

(@) School exkibits. A periodic display, in classrooms and
schiool corridors, of materials that will stiinuiai= interest in pres-
ent-day uses of mathematics can be recommended as a helpful
device, particularly if the pupils themselves have furnished the
materials. :

(b) Assembly programs. Some mathematical units or topics

- are suitable for presentation before the entire school, in a drama-

tized form. Brief plays, especidlly when prepared by the pupils
themselves, seldom fail to arouse enthusiasm and sustained in-
terest, |

(¢)y Mathematical films. "The number of ~-ommercially avail-
able films that have a bearing on mathematics, while still very
small, will gradually become larger; and such visual aids assist
instruction in mathematics as they have already helped in the
field of science. Schools should be encouraged to make simple
mathematical films as classroom projects.

(d) Source books. Pupils shouldbe encouraged to collect and
to preserve, in individial source books, items that have a bear-
ing on mathematics. Those who are not acquainted with this
device are always surprised to discover how very wide is the
range of the source book miterials that can be assembled in thie
course of asingle year by anv class of normal ability.

(ey A permanent mathematical museum. In some schools a
good beginning has been imade in the direction of creating per-
mancat mathematical exhibits. The ideal plan is that of assein.
bling these collections ma cential building, preferably in a
special THall of Mathematies.”

BLIE
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(f) Supplementary mathematical projects. Many enrichment
projects based on local interests and showing local uses of mathe-
matics will suggest themselves to a resourceful teacher. Among
these might be mentioned scheduled talks by leading members
of the community no find daily usc for specialized mathemati-
cal training, such as engineers, actuaries, and bankers. Some-
times trips to large industrial plants, or for the purpose of en-
gaging in el _airy surveving, will add interest and vitality to
the subject.

Mathematical Clubs. In many schools it is possible, among
other extracurricular activities, t()'()‘rganize at least one flourish-
ing mathematical ctub. It may be advisable o have a club for
the earlier years of the high school as well as one for the later
years. Such clubs serve the iimportant purpose of giving a suit-
able forum to particulatly supervior or enthusiastic pupils. The
study of mathematical recreations, of advanced topics, of his-

“torical backgrounds, as well as discussions, reports, competitive

tests, and debates will influence noticeably the daly classroom
routine.: If awards are offered for outstanding work done by
members of the (ub, an effective incentive is often given to
the entite mathematics prourant of the school,

Mathematical Bulletins or School Papers. Another exta
curricular activits which has created enthusiasm and has stimu
Fated etfort. is that of enabling the strongest mathematics pupils
of a school or of the conmmunity to edit a school paper devoted
entirely tomathematics, Such a publicatior: mav also be utilized
by the teachers and the pupils as a meditnn for the collection of
community problems, for book reviews and abstiacts of tmpor-
tant articles, and for tmportant announcements. It mav also
contain the provrans of local or regional marthematcal clabs,
and mav explain and discuss the mathematical equipment de-
manded by tvpical vocations o professions, T short, the mathe
matical paper of a school or a group of schools can attempt 1o
show In what wav mathematios 1s indecd a "minor of civili

zation.’”

O
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CHAPTER V

ONE DISTRIBUTION AND ORGANIZATION OF THE
MATERIALS OF l.\'S’I‘R(‘(Z'SI().\'. GRADIES 7-12

B
“Having premised thus muchwe will now detain those
who Like our bill of fare no longer from their diet, and shall
proceed divectly to seyve up the first cowrse of our history
for their entertainment.”
—HENRY FILLDING, TOM JONES

INTRODUGCTION

It Has frequently been charged that mathematical instruction is
too resistant to change, the case of geometry usually being cited
by way of illustration. We are told that more than two thou-
sand vears have passed since Fuclid wrote his Flements; then we
are reminded that this very successful textbook was prepared for
select and mtetlectually mature students and that the great
teacher of Alexandiia did not have in nind the requirements of
mass education. It is indeed -quite true that although educa-
tional problems today are fuadamentally very different from
those with which Fuclid was familiar, his famous work has been
the model on which geometries have been constructed until re-
cently. With such facts in mind it is hard to evade such ques-
tions as these: Is this the hest we can do? Did clementary
geometty reach its ultimate perfection with Fadid? Is no fur-
ther improvement possible?

It 1s no longer pecessay to sav amvthing erther in defense or
in cviticism of Fuchid, or to debate the question of whether or
not coe were e tially curded merels by gredeteon m onr methods
of teaching geometiy. "The fact is that pupils e being mto-
duced to geoments nowass thae Jdificr stenabe oy from those

=
A
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formerly used. It is true also that extensive changes have taken
place in the teaching of withmetic and algebra as well. Beyond
this there have been efforts to unify the different branches of
mathematics in order to bring related ideas together, as well as
-efforts to develop new methods of approach in the hope of being
more successtul in arousing pupil intevest. For many of these
salutiny changes credie should be given to the Report of the
National Committee on Mathematical Requirements of 192y,

Notwithstanding the desitable 1cadjustments that have al-
ready been made in mathematical teaching, and the indication
that others are sure to follow, 1t isto be c.\'pc'i:lcd that there will
be a.considerable degree of permancence in the matetials com-
maonly wsed in the mathematics classroom. Mathematics repre-
sents one of man’s greatest achievements in things that endure,
not merely from vewr to vear, but from century to century!
‘Throughont its history it has grown by steadily adding new cle-
metts while discnding o repudiating very Hede that it alieady
possessedF New wavs of domg things have been tound, more
pleasing agd powerful methods have been devised, deeper ine
sights have been achieved and concepts that at fust were obscure
have gradually been chaitied. "This growth and improvement
have usuadly been achieved, however, without a disquicting
revolution that s lett all maghennitios unsettled and contused
for a penod. Catain theorems of mathematios mav, with the
}).l\\.l!;{(' of time satisty us Tess o seem ess interesting: but so
fong as weretnn under vy asomptions unattered they remam
vabid theorems, Te should nor sarprise if we find such charace

tetisites of mathemates rcooted e s veaching

CONSIDERANTTONS REFATIVE TO PIME ATLOINMIENT

Feoas andesiable roresad any hach school vear prionr to the
Fast s o o T ven don o athenae al sty aad to crowd
Pl todd oo ot tbes o B e centannes e o and bowoudd coteern
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into it numerous unrelated topics simply to make sure that the
pupils will have encountered them. Pupils need to meet im-
portant topics repeatedly, on successively higher levels. Matu-
ity also is “equisite for the proper understanding of portions
of the subject. It is therefore necessary to have a mathematical
curriculum that runs thhough several years according to a sys-
tematic plan.

One must, however, face the fact that in many school systems
the requirement of mathematies does not now extend through as
many years as, in the opinton of the Commission, are justified by
tue best ultimate interests of the boys and giils. Hence there
1s the mgent practical problem of bringing about an extensive
election of further mathematical courses beyond the required
subjects. Success in this undertaking will depend mainly upon
two factors: (1) The degree to which administrators aid teachers
in giving pupils adequate information on the importance of
mathematical study, hoth practically and culturally; (2) the
extent to which teachers themselves succeed in making the
coutses so ich in meaning that pupils will have gained an ac-
tallv real insight into the tue nature of mathematics and an
cuthusiasm tor it, ‘

The Commision believes that mathematics® should be re-
quited through the ninth school vear, and beyond the minth year
in the case of competent students, with the exceptions previously
mentioned. Inaniving at a decision as to required courses, and
cotses that are recommended or are made elective, the Com-
mission urges that admimisttators keep the following considera-
tions i mind:

(7) There is an inceasing use of mathematics in modern life,
and a growing denuand for persons who have had adequate prep-
atation in the subject.

(21 Al puptls should be made acquainted with the mathe
matics vequirenents of profesions, of business aned industry, and
thev snould dso be informed of the cultaral and social bearmgs

of present das counses i osceondary mathematicos,



Materials of Instruction 75

(3) Serious handicaps often result from the omission of or the,
indefinite postponement of mathematical training.

(4) Irrespective of where actual requirements may end, no
particular year should be described as a normal year for ter-
minating mathematical study.’

(5) The time a pupil should spend in the study of mathe-
ma.ics should be determined by the degree of his understanding,
appreciation, and mastery of the material that modern life seems
to demand.

(6) Inorder to insurc a pupil’s growth in mathematical power
and appreciation, the mathematical program must be carefully
planned as a whole.

(7) The basic mathematical work in any school year, for
pupils of approximately the same ability, should be the same
for those who expect to enter vocational fields in the near future
and for those who will have an opportunity to extend their
training through further academic work.

(8) Capable pupils should be given an opportunity to con-
tinue their mathematical studies throughout the entire sec-
ondary period and should be encouraged to do so.

THE PROBLEM OF THE RETARDED PUPIL

Every teacher has had convincing personal experience with
the different 1ates at which pupils make progress aud is aware
of the varying degrees of mastery that they achicve by com.
parable efforts. There are also many objective studies that
bear upon the question, and that show factually [hc great range
in mental ages of pupils whose chronological ages are the same.
Such data as these make it difficult to defend ihe practice of a
single prograni in mathematics for all high school pupils; ap-
propriate differentiated curricula seemn to be called for. Chap-
ter VII of this Report will deal with both accelerated and slow
pupils. At this point it seems desirable however, to pay some
attention to the question of reredial work designed to rediice
the number of pupils who must be classed as slow moving
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throughout their scconda‘ry years.> The Commission believes
that the best information now available gives validity to the
following statements:

(r) Much more careful work is necessary in the elementary
grades if we are to prevent a continuance of the widespread dis-
abilities now prevailing in the secondary schools. Careful ex--
periments in representative school systems indicate that rctarda-
tion is due in a large part to removable causes. '

(2) Retarded groups of high school age should be given a
program of work that includes a careful strengthening of the
foundations in reading and arithmetic, at least one semester
being needed for such work.

(3) In the case of retarded pupils, it is impossible at any stage
to crowd into a single year all the necessary remedial work and
also the usual program for that year.

(1) If the remedial work is begun as ealy as the seventh
grade, retarded groups can cover a major fiaction of a normal
pmogram in both grades 7 and 8: but unless an adequate founda-
tion in fundamentals has been aeated, little is achieved in
mathematics, .

The program susgested for grade g and the higher grades in
the remainder of this chapter asstnes that the foundation in
arithmetic and geometiy has been well laid.

SUGCESTED GRADE PLACENMENT CHART

GRADES =12

;

The program proposed i this chapter as one feasible curicu-
funmy plan is set forth both by verbat de-cption and in the form
ot a chart (printed as Appendix Voo A chae is vsed because of
the condensation that it allows, and bease of the general

comprehensive grasp that it affords of the program asa whole. Tt

SIn thes cennectan attention mav be call=d 1o an important study conceinines
a temedud reahing prociam o the bich sobeol by Stella S Ceneer and Gladaw |
Petsons, e lune Fhich Sclol Sefewo 0 e Foncdlish Monoaaph Noo 6,
Natenal Conpal of Tewhers of boch b Dy Vppdena Contiry Co o New ok,

LR
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is hoped that the chart will help to give the student of education,
the administrator, and the mathematics teacher an understand-
ing of the extensiveness of an adequate program in secondary
mathematics, and a consequent realization of the time allotment
necessiry for the proper study of the subject.

In describing a program by means of a chart, there is rlsk of
seeming to imply a greater rigidity than is intended.* This
Report has already stressed the importance of flexibility, and it
is possible to assign parts of the various fields shown'in the
chart to other school years than those indicated. The plan isin-
tended for pupils of normal ability wio have had good training.
It is not, furthermore, implied that all the work will be covered
by all pupils. - :

In the chart and in the outline the entire subject of mathe-
matics is divided into fields somewhat different from those on
page 61. T'he composite field of elementary analysis is broken
into its two constituent parts, algebra and trigonometry. On the
other hand, the former fields of logical thinking, relational think-
ing, syinbolic iepresentation and thinking are united into a gen-
eral field entitled mathematical modes of thinking, along with
which are also considered habits, attitudes, ana types of apprecia-
tion. "The history of mathematics appears separately, as does also
the problem of conelated mathematical projects and activities,
The work to be done inall cight of the fields now considered ex-
tends through evary vear of the program, cach vear being ex-
pected to decpen and extend the pupil’s experience with the
broad categories discussed in Chapter IVD Inothe carlier vears
much of the work sn cerram frields will be “informal, but by slosw
degrees as the pupi's mathematical power develops, a transition
may be made to the more formal methods chaacteristic o any

scientific and comprehensive development of mathematics.

VOmmnculnm suinanes for sraodes =020 gab g horee been usend 1o good advan
fre by Rudecch Soheabne s Pl 1o doon: of Matioatus ppoo1o2 o, Ann

Vibor Press Winde boas oartbans e il ot et abead than the (l('\(npluyn\

T (h.- ].||\c||l ol et N u-:llln.|ll\--|l N TITEN (I'IIII‘ P et nne et n x{lm!l lll.l(('
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It is to be noted that the program outlined makes definite
provision for continuity of development of the different fields of

‘mathematics, in accordande with the principles of Chapter 1V.

No discussion will be given of ways in which an integration of
the different subjects is to be effected, for this is largely a matter
of methods of teaching, a subject which this Report recognizes
as of great importance, but cannot treat in ('!,etail'.

THE WORK OF THE SEVENTH AND EIGHTH GRADES

'I'he mathematical prograns of the seventh and eighth grades
are treated as a unit, and by way of prelace some explanatory
statements will be made concerning the roles in these grades of
the chief mathematical subjects.

Arithmetic. On page 54 the CGommission indicated what
mathematical eqquipment it considers normal for the adequately
prepared pupil who is entering the seventh grade. Experience
has shown, however, that the work of the elementary grades
often does not provide a sufficient mastery of the fundamental
processes of arithmetic,’ either for th. aeeds of life or for further
progress in mathems=tical study. Time accordingly must be de-
voted to further instruction in arithmetic, special attention
being given to the development of insight as well as accuracy
and speed.

In the applied phases of arithmetic there is no reason for a
rigid acdherence to any one sequence of problens, so long as ade-
quate provision is made for the definite inclusion of types that
are socially necessary; such problem backgrounds may center
mound significant projects or be organized in a more conven-

8 T'he situation would be much worse if the ductrine of "stepping up” the
teaching of arithmetic in the grades should become piesalent. "The proponents
of this doctrine asseit that many childien are not mature enongh to profit from
a formal study of arithmetic until they reach the third or even the fourth grade.
The Commnssion, howeser, secs no compething reason {or subserihing to the pro-
posal for “stepping up’ arithmetic, but it recognizes that until definite and
anthotitative policies relating to this queston have been adopted. there will be

uncettainty in the<@inds of atministratons as to the amount of mathematics rhat
tan be covered tu grindes seven and eight.
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tional way. There scems to be a growing belief that detailed
work i such ficlds as banking, investments, taxation, and in-
sutance should comie in fater grades. Brief and informal treat-
ments of such topics may, of comse, be included in the work of
ngrmal cighth grade puptls, T

Informal Geometry® Work of an informal kind in geometry
should be given 1ecognition. Some teachers believe that about
as much time should be devoted to it in grades 7 and 8 as to
arithmetic. There should be continnous attention to the wor k,
for little good results from occasional unvelated lessons in geon-
ctrv. Care in teaching the fundamental concepts is particularly
needed, and teachers should not encourage the mere memaoizing
of definitions ov the imitative construction of the basic fignies,
[t must be recognized that the skills, the understunding, and the
appreciations that are the desived outcome of the study arve
acquived only slowly. "The time allowed at present sometimes
seems insutlicient.

Graphic Representation.™ “"Lhe picturing of numerical data
and the mterpretation of graphs are now well-established parts

fInfornd gromens as the Commission conceives it mcudes the follosing:

o lntenve geametis: the pogal ook gt 0 Bigase and savs that soanethime s
obvious, as, for example, the proposition, "It two stnaoahc Hnes mtersed, the
serthoal anules e equal”

2. Fxprianentad geometiy of aosonpde topeostich as antimg ot g paper tangle,
tearnng alf the angles and then plhiong them adpacent to show that thor s s
1502,

$. Obwenvational geometiy, whieh convsts e teongmizine objeas i the world
about us ay tptbang certnm ceomettie o, and i seam certanm telationships
that exist between them,

4. Geomerne conntiuctians, Teading tothe wegucnon of certan shadls, sach s
bisecting an angzle ’ )

5 A sinple approdach 1o dowensoaton thronsh tatmsl preats of sich
thearems as 7 he sum et the ansles of g quondeloreal o a7 gt the pnged
hnows that the sum ol the ang'ss ol o fanzle s s

FAtncthy speakimz aoy st epiesent ceon o Gilier erranpned on sl data
nay be mncheded under the headhnge o Tutiphue epresennation Whien thus
mterpreted, the deasany of ceonmetnie hanres, seoade dbnew o, e ncal daossng,
nop maboe ol cda CHECTpSCe e aspedts i 2eaphine epaesentatien. an
interpiershion vew naed extonsivels v brropean schoals e Mierea when one
\p(‘.lk\ of Coap e vepescntanon, he rets ueaalls o ahe prooor of namenical

o statistaoal Loty
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of mathematical instruction, but some cautions are to be ob-
served. An excessive enthusiasm for graphic representation can
lead and sometimes has led to graphs being used beyond the
point where benefit results.® There should not be an indisctim-
inate employment of unorganized numerical data, selected solely
because they are available. The teachershould give preference
to data which are within the comprehension of the pupils, have
real educational significance, and appeal to the learner’s personal
interest and imagination. It should ‘be remembered that the
pupil’s 4bility to deal with convenient scales usually develops
rather slowly.

Algebra. The algebra that has been successfully introduced
into grades 7 and 8 up to the present time has been limited
largely to the understanding of tlic basic concepts, to the evalua-
tion of formulas, and the solution of very simple equations. It
seems possible and also desirable to include other algebraic
material; but, if it is to prove effective, the work should be
carefully planned and should be soorganized as to be significant
in itselt as well-as designed to furnish a good foundation for
later algebraic study. , '

Trigonometry. In the plan here given no formal work in
trigonometry is recormmended for grades 7 or 8. It s well to
point out, however, that.during these two years the program
outlined includes important concepts, skills, and fxuual knowl-
edge which taken togethel constitute a necessary px eparation
for effective work in trigonometry. Instances are: such concepts
as those of 1atio and proportion, such skills as those involving
the divect measurement of lengths and of angles, the technique
of scale drawing, a familiavity with certain basic geometric prop-
ositions and relattons, and the reading of mathematical tables.

Modes of Thinking, Habuts, and Attitudes "The scope of in-
struction and the types of éxperience for the pupil which may
be included under this heading are so extensive that it'is not

8 In Handmaiden of the Sciences, pp. qo g1 Willuoms and Wilkins Co. 1997).
Fric T. Bell descuibes pic uresquely, that s, graphically, how a “plague of graphs”
has descended upon us in recent years
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expedient to give a detailed treatment huC' there is, morcover,
little general agreement as to the most effective ways of biigging
about desired resuits. The Grade Placement Chart suggests

+  some of the objectiv es which may be classified under the head-
ings above. The extent to which the topics should permeate the
entire course or may become the objects of direct and separate
study by the pupils is admittedly an oper question. For more
extensive discussion of the general theme the reader is referred
to current and pertinent literature.®

"\ Historical Backgrounds. During the seventh and eighth
school years the historical background of mathematics should,
be drawn upon freely, for it gives an approach that is natural
and interestyng. There are at present numerous bpoks and
monographs that can serve as the necessary sources. \

Correlation with Life Situations and QOther School Activities.
No fixed plan will be suggested here as to the inclusion of suit-
able fields of application for the mathematical program. Natu-
rally, the applied phases of this work will vary in accordance
with the maturity level of the pupils, the total time allotment,
community needs and interests, and the life and the spirit of the
school as a whole. Definite provision should be made, however, ’
for the study of many life situations that are mathematically rich
and also for school activities that have a mathematical bearing.
A number of appopriate fields of application for this stage of
the pupil’s development are indicated in the Grade Placement
Chart. ' ’

The Dretailed Outline. In the detailed outline that follows,
the numerals 7 and 8 refer to grades 7 and 8, respectively. When
both numbers appear together, the indicated aspects of the cur-
riculum are intended to extend thioughout the two-vear period.

As previously indicated. the Commission recognizes that sther
satisfactory prograns are possible. Tt helieses, however, that the

® This lter itine tefudes hooks on method, Yearhaoko of the National Couneil,
aiticles in The Mathemeat-«oo Feachey e Scleal Sepenee and Mathematies, and the
like. ’
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one here presented is practicable and has many desirable fea- 3
tures. Parts at least have probably received as much validation

as is possible fgr a program that is to be used in widely different

) schools. '

] )

e A Y ARITHMETIC
1. ,Basic Concepts and Principles. (7, 8)

(1) Development of a reasonable familiarity with the working
vocabulary of arithmetic,
(a) Terms used in the fundamental techniques, such as sum,
addend, xnulupltcr product, per cent. -
(b) Terms used in the applications of aruhmcuc, such as
profit, loss, discount, interest.
() Terms used in connection with the employment of the
common units of measure,
(2) Making sure of a clear understanding of the basic. prmcxples
of arithmetic, such as the follomng
(@) Dividend = divisor times quotient (plus remainder).
(h) Fundamental principles of fractions.
() The value of an exact decimal is not changed by anncxmg
" zeros at the right of the decimal, o

I Basic Skills or Techniques, (7, 8)

() The four fundamental operations, involving (a) whole num-
bers, (b) fractions, (¢) dedimals,
(2) The skillsv and processes needed in dealing with percentage
%, problems and with other business or social applications of arith-
> aetic.
. (3) T'he ability to use realily the tables of measure commonly
needed in life sitnations, and to read such other tables as are com-

’/l"!yl])‘ used iu basic fields of elementary mathematics,
Lo

— HI Using Arithmetic in Probiem Situations. (3, 8)

(+) Development of a problemsolving atitude.
(2) Development of the ability (o analvse ?ri(}lﬂ\(tl(dl pmhlmm
,u\)(l 1o pre pare a (t)mpl(u sr)]lltl(m in written form. ;\
(x) Continp: -1 study of suitable practical problems B Jnereasing
dithtulty, such as the following:
(@) Numericar problems arising in the pupil’s immediate en-
vironment (the heme, the sehool, the store, the commu-

nity). (3)

ERIC

Aruitoxt provided by Eic:
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(b) Everyday business problems (buying and selling, profit and
loss, discount, commission, simple cases of interest). (7)

(¢) Business or social problems demanding greater maturity
(banking, investment, taxation, insurance). (8) (Prelimi-
nary informal treatment in grade 7, in supcrior '(.labbt.s)

(d) (Optional) Problems arising in science, in the shop, in the
houschold arts. (7, 8)

@
bl

1

\
INFORMAL GEOMETRY
I. Basic Concegots. (7. 8)

s

(1) Developiment of a reasonable familiarity with the working vo-
cabulary of gebmetry.,

(2) The ability to explain the meaning of certain key concepts
used in grades 7 and 8§, such as circle, angle, triangle, isosceles tri-
angle, rectafigle, squary, perpendicular,

(3) Development of [the realization that physical measurement
and drawings are only :lppruximatc. :

I, Basic Skills or Techniques. (3. 8)

(1) Learning to use the ruler, the compasses, the protractor, and
squared paper, as geometric instruments, {7) (Other instruments,
such as those needed in mechanical drawing, may be introduced
whenever they serve a uscful purpose.) (7, 8)

(2) Learning to sketch or draw the basic figures of geometry. (7)

(3) Gonstructing (¢) an angle Lqual to a given angle; (b) parallcl
lines; (c) an e uilateral triangle, given a side; (d) an isosceles tri-
angle, given the base and one leg; (e) related figures, (7)

(+) Constructing (a) perpendiculars; (0) bisectors; (¢) common
rectilinear figures, such as rectangles, squares, right triangles, reguldr
hexagons, regular octagons; (d) related figures. (8)

(5) Constructing figures congruent or similar to a given figure. (8)

(6) Mcasuring lengths directly (English units ana metric units). (7)

(7) Measuring angles directly. (3)

(5) Learning to estimate roughly the approximate accuracy of a
_mecasurement, (7, 8)

(9) Finding the pevimeters of figures. (3)

(r0) Finding the area of (q) a square; (b) a rectangle; (c) a tri-
angle; (d) a parallclogram; (¢) a trapezoid; (f) a circle; (g) irregular
figures. (7, 8)

(r1) Finding the volume of (¢) a cube; (b) a reclangulur solid; () a
prism; (d) a cylinder, (7, 8) .

(712) (Optional)) Finding the voluvie of a sphere, a cone, a pyra-
mid. (¥)
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(23) Solving applied problems mvolving lengths, perimeters, areas
and volume. (7, 8)

(z3) Drawing figures to scale. (7. 8)

(z5) Determining distances or’ angles mdnrectly by using (a) the

method of scale drawing; (b) the method of congruent or similar tri- ° |

angles; (c) the Pythagorean relation; (d) the tangent ratio. (7, 8)

111. Important Geometric Facts and Relations. (7, 8)

(0 Introductory study of the geometry of shape. of size, and of
position, for purposes of motivation and orientation. (%)

(2) An introductory study of such basic figures as the circle, the
angle, and the triangle, involving (a) the meaning of related terms;
(b) measurement; (c) classification of angles and of triangles; (d) the
informal study of important properties. (7) -

(3) An informal study of symmetry as a basis for constructions. (8)

(#) An informal study of congruence and of similarity. ()

(5) An informal study of the Pythagorean relation. (8)

(6) A resulting acquaintance with such geometric facts, properties,
and relations as may readily be derived by informal methods, and as
have signiﬁcanc; in the program of geometry as a whole. Among
these are: \

(a) Important metric facts, such as the following:
Radii of a circle are equal. (7)
All right angles are equal. (7)
The sum of the angles of a triangle is.180°. (7)
In the case of parallel lines, certain sefs of angles are
equal. (7)
The angles of an equilateral triangle are equal. (7)
The base angles of an isusceles triangle are equal. (7)
The Pythagorean relation. (8)
Common rules of mensuration. (%, 8)
(b) Certain posmonal relations, such as the following:
A line can | intersect a circle in but two pomts (7
Two unequal circles may be-in one of six possible posi-
tions with reference to each other. (7)
Given a network of squares and two axes, the position of
a point on that network may be determined by a pair of
numbers, (7, 8)
(c) Imporiant functional relations, such as the fact that
if the diameter of a circle is doubled, the circi'mference is
doubled. (7, 8)
The arva of a triangle depends on the length of the base
and of the altitnde. (8)
If the length of a rectangular solid is doubled, while the
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"> other dimensions remain unchanged, the volume of the
solid is doubled. (8) .

1V. I)iscbvering and Testing Geometric, Relationships. (7, 8)

(#) Through the use of a laboratory technique, the pupil should
begin to discover, to verlfy, and tq analyze geometric relationships.
This may involve a variety of approaches, such as (a) inspection of ,

' gdrawmgs. (b) measuring;. (c) superposmon. (d) simple deductive
analysns. (7.8)

GRAPHIC RrPREaEN'rA'erN

L. Ability to interpret pictorial or graphic charts LA thm the com-
prehension of.the pupil. (7)

II. Making bar graphs based on snmple statistical data, havmg "
educational significance. (7, 8)

III. Making circle graphs, preferably in ‘connection with a study
of budgets, of taxation, and related fields. (7, 8)

IV. Making line graphs to show change or fluctuation. (7, 8)

V." Making graphs bascd on social and economxc data, (8)

Ax.csnnf.

1. Basic Concepts. (8)

(1) Development of a reasonable familiarity with pertitient alge-
braic terms used with the work of grade 8.

(2) Ability to explainiclearly the meaning of certain key concepts,
such as coefficient, equation, formula, simi'ar terms.

(3) (Optional.) Signed numbers,

I1. Basic Skills and Techniques. (8)

(These should be based on an understanding of carefully consid-
ered principles. Only work in simple monomials should be stressed
in grade 8.) '

(1) Symbolic representation of simple quanmame statcments or
relations.

(2) Combining similar terms by addition or subtraction.

(3) Evaluating algebraic expressiors or formulas. (This work
may be begun in grade 7.) ‘

(4) Solving equations, each involving cither one or two steps.

(5) Reading a table of square roots.

(6) Making a formula as a shorthand expression of a mathemati-
cal rule. (This *.ork may be begun in grade 7.)
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) AM.'lk'ing a for mulalrcpwscming a m.uh%m.uicul relationship,

(8) (Optional.) Reading a table of tangents

(9) (Optional.) Interpreting and using signed pumbers in life
situations.

(10) (Optional.) Making a table based on a stated relationship.
.(22) (Optional.) Interpreting a table of related number-pairs.

1. Using Algebra in Life Situations or in Problem-Solving. (8)

(1) Solving verbal problems by appropriate ‘methods, including
(a) table; (b) graph; () formula; (d) equation.

(2) Usmg the cquatwn or the formula in the solution of cammon
problems arising (a) in business; (b) in the shop' (¢) in science; (d) in
everyday life. -

. TRIGONOM. =TRY (7, B)

.

L P.imllmnty ‘'with such terms as ratio, proportion, scale, congru-
ent, similar, height, distance, horizontal, vertical.

II. Drawing a ﬁgurc to scdle on either unruled or squared paper.

It (For superior pupils.) \Making simple outdeor measurements
of lines or angles and thus ﬁndmg required feights or distances.

IV. (For superior pupils.) Using the “shadow method,” or a table
of tangenss, to find unknown heights. (8)

V. (For superior pupils.) Making simple surveying instruments.

]

THE REMAINING FIELDS \

The Grade Placement Chart gives suggestions for the other three

[$1y ]
ficlds that are shown on it. .

THE WORK OF THE NINTH GRADE

Since the ninth year occupies a special place in the rather
prevalent 8-4 and b—3-3 plans, it is natural that there should be
lack of agreement in the different cdumtmnal programs used
for that year, The Grade Placement Chart, whl(h -summarizes
the plan of the present chapter, presents the uinth g grade program
as one of general mathematics, with algebra serving as the central
theme. In this connection it may be mentioned that a large
number of texts bearing the title algebra contain essentially the
material that appears here under the designations arithmetic,
gra hic representation, and trigonomeltry.

et

!

=

-
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Arithmetic. E mphasls on accurate arithmetic work should
contmue throughout.the ninth year, Effective practice should
be given in rounding off numbers to a desfred number of signifi-
_cant digits, or of decimal places. Opportunity for some compu-
-tation arises in algebra in connection with such topics ;s the
~evaluation of algebraic expressionsvor formulas. the solution of
“equations, checking of the, fundamen:al algebraic operations,

* the solution of problems, and the use of tables.

Geometry. ' The abilities acquired during the seventh and
eighth grades can now be used in illustrating, motivating,.and

applying algebta. in the solution of geometric problems; fin scale -

draying; in the study of indirect measurement; in (opttonal) a
unit of demonstrative geometry. : !
Graphic Representation. The principal techniques used in
making statistical graphs may be applied in various, more com-
plex situations. Greater attention should be gwen to the graphic
study of formulas and equations.
~lgebra. By a wise and thoroughgoing elimination of unduly

complicated technical processes, time has been gained in recent

% ars for greater stress on understanding, on mastcry of essen-
als, and on significant applicationg'®

10 This improvement is probably due in large measure to the Report of the
Natipnal Commnittee of 1923, which made the following stalement that should
still he kept in mind:

“Continued emphasis throughout the course must be placed on the develop.

" ment of ability to grasp and to utilize ideas, processes, and principles in the solu-

tion of concrete problems ratherXhan on the acquisition of mere facility or skill
in manipulation. The excessive e€mphasis now commonly placed on manipulation
is one of the main obstacles to intelligent p:ogress. [The situation in this regard
is acknowledged to be much better at the present time.] On the side of algebra,
the ability to understand its lapguage and to use it intelligently, the ability to
analyze a problem, to formulate it mathematically, and to interpre. the result
must be dominant aims. Drill in algebraic manipulation should be limited to
those pracesses and lo the degree of complexily required for a thorough under
standing of principles and for probable applications either in commaon life or in
subsequent courses which a substantial proportion of the pupils will take. It
must b~ conceived throughout as a means to an end, not an end in itself. Within
.these limits, skill in algebraic manipulation is important, and practice in this
subject should he extended far enough to euable students to carry out the

essential processes accurately and expeditiously.”
.

v
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* Trigonometry. During the ninth year'a serious beginning
can be made in the teaching of the trigonometric ratios. A unit
of numerical trigonometry, making use of approximate values
for the sine, cosine, and tangent, can be given.

Modes of Thinking and Desirable Habils and Attitudes. As
the Grade Placement Chart suggests, the training under this
heading begun in grades 7 and 8 is continued iuto the ninth,
where it is possible to make an important extension by placing
definite emphasis upon the functional conceépt. If teachers will
be on the alert to take the many opportunities which present

\ themselves, they may reveal to their pupils the important place
' of mathematics in modern life. and do much toward creating de-
sirable attitudes and appreciations through mathematical study.
Historical Backgrounds. As far as time permits, historical
references and comments should be interwoven with the topical
developments of the year. This should not be done in a per-
functory way, but in a manner that shows the development of
our cmlyatlon and the great part that mathematics has played
in it. Such instruction is of cultural value and assists in arousmg
interest Suggestions are given in the Grade Placement Chart.
Correlated Mathematical Projects or Activities. A moderate
amount of timé should be devoted to systematic study of the
3 fundamental and extensive part that mathematics plays in con-
temporary life.. Much of this work will be of a supplementary
----- characier, and the “committee technique’ is suggested as a
means of collecting data, making displays, and giving significant

reports. \ '

The Detailed Outline. It is of course assumed that modifica-
tions of the outline which follows will be made in order to adjust
it to local conditions, or to the needs, interests, and prcp:natory
backgrounds of puplls f

ARITHMETIC {

I. Continuing the study of arithmetical concepts, skills, and prin-
ciples, primarily in connection with the work in algebra.
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IL. Solving a plied problems, as suggested by the work in algeLra:
also problems mvolving approximate computat@'ns; the slide
rule (optional}. ‘ ’

GEOMETRY

I. Reviewing and applying the geometric training suggested for
grades 7 and 8, in connection with the work in algebra,

IL. In classes of superior ability, making a beginning in the study
-of demonstrative geometry. _—

GRAPHI: REPRESENTATION

I Reviewing': nd applying the techniques acquired in grades 7
and 8, in the representation of statistical dara demanding

greater maturity, mainly from the ficlds of business, cconomits,

“the social studies, and science. , .
I1. Making graphs representing algebraic formulas, such as p = 35,
i = .04p, and so on. ' '
11I. Using.graphs in the study of lincar equations,
IV. (For superior pupils.) Using graphs-in the study of simple cases
" of quadratic equations. ‘

ALGESRA
I. Basic Concepts.
(1) The acquisition of the.basic vocabulary.
(2) Developing the ability to explain clearly the meaning of key
concepts, such as exponent, positive, negative, ratio, proportion.

II. Fundamental Skills and Techniques.

(These should be based on an understanding of carefully consid-
ered concepts and principles. Work with polynomials should be re-
stricted to very simple cases.)

(1) The four findamental operations, involving

(a) ‘Positive and negative numbers.
(4) Algebraic monomials or simple polynomials.
(.} Algebraic fractions, mainly with monomial denominators.

(2) Special products and factoring, as follows:

(a) Squaring a binomial.
* (b) Finding the product of the sum and the difference of two
terms.
(c) Factoring a polynomial the terms of which contain a com-
mon monomial factor,
(u) (Optional.) Factoring trinomials of the form x? -+ bx {-¢.

“

»”
R

1
%
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(¢) Factoring the'difference of two squares. -
(3) Powers and roots.
(a) Laws of exponents and their use.
. (b) Square roots of posmve numbers.
(c) Fundamental operations involving radicals, mainly of the
monomnal type

1 Fundamental Prmc:ples

(1)~ _study gf the principles governing the fundainental opera-
tions, such-as/the rules of order and grouping, the rules of signs and
of exponents. .

(2) A study of the prmnples used in the solution of equations,

such as the rules of equality and of transformation.
i

onsths and of Dependence,

g

. Study of Re
(1) By tables,
= (a) Interpreting tables of related number- -pairs.

-

A

b

/ 7 (b) Making tables based on formulas
-~ ) By graphs. ' ’
e (@) Graphs as means of 111ustratmg quantitative relationships.
\ (b) Making graphs based on tables of related number-pairs.
® (¢) Makmg graphs based gn algebrate-expressions pr formu- .
’ 1a:, ar :
\ (d) Using graphs in the study of equations.
. ' ‘k (¢) Using graphs in the solution of problems. ! SRR
' (3) By formulas. /
(a) Formulas as means of expreéssing relation’ip or; depend-;
ence. . /

(b) Makirg formulas based on vcrbal statements; on geomemc
figures; on tables.

(c) Evaluating a formula.

(d) Transfornuug a formula (only simple cases).

(4) By equations.

(a) Equations as means of expressing quantitative relation-
ships. .

(b) Solving equations of the first degree in one unknown.

(c) Solving pairs of equations of the first degree.

(d) S¢‘ving fractional oruations.

(¢) Solving equations ot the form ax? = b.

(f) Solving simple radical equations.

(@) Usmg equations in the study of propomon and of varia-
tion.

(h) Using equations in thc soluuon of pxnblems stated in ver-

bal form.
&

}
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V. Using Algebra in Life Situations and in Problem-Solving,

(#) L.arning tq, translate quantitative statements into the lan-
- guage of zlgebra. '

(3) Learning to make generalizations suggested by the techniques
and principles of algebra, particularly with relation to the precise
."ay in which definitely related, ch.anging quantitics will influence
each other under given conditions.

(3) Solving general verbal problems, using as a means of solution
the table; the graph; the formula; the equation,

(#) Applying the techniques of algebra in problem situations aris-
ing in business; in the shop; in science; in everyday life.

(5) Interpreting the solutions of equations, including negative
values, where they have significance.

TRIGONOMETRY ' . )
I. Reviewing the necessary concepts and skills.
I1. Finding heights or distances indirectly by scale drawing; the
Pythagorean relation, ) : b :
1. Finding heights, o1 distances, or angles, indirectly by using the
natural trigonometric functions (sine, cosine, tangent)

IV. Using a table of natural fur.ctions. (Interpolation should be re-
garded as optional.) '

Tue REMA_INN\: FIELDs

The Grade Placement Chart gives suggestions for the other three
ficlds that arc shown or it. »

THE WORK OF. THE TENTH GRADE"

We are concerned in the tenth grade with a plan that adds
significant mathematical training but does not allow past in-
struction to lapse and be forgotten. Although demonstrative
plane geometry will be regarded as the central theme for the
year, the mathematical fields previously stresred are given atten-
tion; and there is ample opportunity for a considerable degree
of correiation and integration of the new and the old. The out-

1 The treatment o‘f grader 10, 11, and 12 will be more condensed than that
given for grades . 8. and 9. where a general discussion of the different fields was

first given. followed by a detailed outline. All that is said about any one field
will now appear under a single caption,
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line that follows ‘is not exhaustive and '_it admits of either
extensions or contractions. '
Arithmetic. Facility in arithmetical computation should be
stressed. Definite review and extension of the concepts of the
subject in connection with applied problems are needed in most
classes. The use of irrational numbers arises in connection with

the Pythagorean theorem. Approximate computations occur in = *

connection with trigonometric work, where the slide rule may
be used. . ' ) -t

Geomelry. As stated above, the central theme of the tenth
year is demonstrative plane geometry. in the case of pupils who
have not had the benefit of a good course in infOrmal geometry
in the earlier grades, it is necessary to present in a few weeks
a number of items that should have. reteived attention earlier.
Sufficient time must be allowed before the introduction of for-
mal demorstraticn to permit the pupil to become acquainted
with the basic concepts and to become skilled in the use of
geometric instruments. Methods of formal demonstration must
not appear on the scene too abruptly. -

Standard lists of theorems have| been issued by various exam-
ining bodies, such as the College| Entrance Board and the Re-
gents of the University of the Stafe of New York. Of particular
interest, also, is the list of proposifions in plane and solid geome- .
try prepared by the National Committee of 1923. Any one of -
these formulations may be regarded as sufficiently authoritative
for purposes of classroom instruction, and no new list is con-
sidered necessary by this Commission in connection with the
present plan,

Whatever list of theorems mhy be covered in the course, at
least the following objectives shiruld be set for all pupils:

I. Understanding of fundamentals: (r) basic concepts; (2) the vo-
cabulary of geometry; (3) the nature of geometric proof and-its vari-
ous forms; (4) the significance of undefined terms, definitions, and
unproved propositions (postulates and axioms).

1. Acquisition of skills, with an improvement of those set for
grades 7, 8, and g, and the additior. of skill in demonstration.
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I Familiarity with facts of geometry. both those discovered by
informal methods in grades 7, 8, and g, and those established deduc-
tively, The facts and principles should be organized clearly in the
pupil’s mind around certain central topics or themes, such as: (1)
parallelism; (2) congruence; (3) similarity and trigonometric rela-
tions; (¢) concurrence; (5) indirect measurement; (6) mensuration;
(7) loci; and (8) construction.” Théy should also be organized around
such basic figures as: (1) the triangle; (2) the parallelogram; (3) the
circle, and so on.

V. Developmmt of. elementary spatial ms:ght, and the habit of
-noticing-geometric relations in three dimensions, and of comparing

such relations with those in a plane. (E.g., Are non-coplanar angles-

equal, if formed by pairs of parallel lines> How many perpendicu-
lars can be drawn to a line at a point? How should the angle be-
tween two planes be defined, and what question is raised thgreby?)
Such a development can be secured by discussion and generalization
" of certain propositions or problems of plane geometry.

V. Some realization of the significance of geometry in human af-
fairs, both practically and culturally ,

VL. A clear grasp of what is meant by a deductive science; and

abxhty to apply the method of postulahona\l thinking in life situa-.

tions not specifically mathematical.
Note. In the Grade Placement Chart, objecmes V and VI occur
under Mathematical Modes of Thinking, but they are so important
* that they are mentioned here under specific objectives for geometry.

Graphic Representation. In this grade the work in graphic

,represe%non may be restricted to a review of what has been

done previously and to an extension in conrection with the so-
cial studies and science programs. Drawing of graphs in connec-
tion with simple equations may be considered an optional topic.

' Algebra. A purposeful interweaving of algebra and geometry
may be accomplished by the following types of work: (1) the use
of algebraic symbolism wherever it is of advantage; e.g., the use
of letters to denote lengths, angles, etc., as Z id place of 1_9_0;
(2) algebraic proofs of certain theorems, such as that of Pythag-
oras; (3) theotems in mensuration in generalized form, such as
the law of cosines; (y) algebra in the numerous geometric the-
orems and problems based on ratio and proportion; (5) simple
locus problems; (6) equations involved in certain geometric
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theorems. If their use ig desired in trigonometry logarithms

may be taught. 3

/

Trigonometry. The study of similarity and proportion fur-

nishes a firm basis for the trigonometric functions. The subject
can be fu.. her rejated to geometry by detiving the exact values
of the functions for 30°, 45° and 60°, and by expressing the

.area of a triangle in terms of two sides and the included angle. -

The law of sinés and the law of cosines may bé intreduiced.
Logarithms may be employed, but successful teaching of numeri-
cal trigonometry at this level is possible without them.

The Remaining Fields. The Grade Placement Chart gives
suggc;-stioﬁs for the other three fields-that are shown on it,

1

THE WORK OF THE ELEVENTH GRADE' -

The plgn described in this chapter is compatible with the re-
cent effort of the College Entrance Examination Board and
other bodies to get away from a too rigid compartmental plan
of teaching mathemasixs. "1t Jecognizes that, with new outlooks,
mathematical cé¥éiciiia mgy be organized along broader.lines
than in the past, and at the same time pay regard ta both con-
tinuity and flexibility. The Grade Placement Chait indicates

i

that for the eleventh year in the present plan the central theme

is the exténsion of algebra and a systematic study of elementary,
trigonometry. The two subjects are correlated through the use
of the function concept as a unifying bond. Many of the topics

of algebra begun in earlier years are extended. Reviews. should

be provided in these topics whenevér they are needed.

Number and Computatjon. A better understanding of the
number system’ will result from the study of irrationals and an
introductory consideration of imaginary numbers, whict will
form part of the more extended and detailed study of algebra.
Emphasis on approximate compatation is suggested by the study’
of logarithms and especially by their use in the trigonometric

solution of triangles. The writing of numbers fo asto employ "

indicated powers of 10 can be correlated with~work in science.
f

N
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machines, as well as various tabulating devices, may be discussed
informally, primarily for informational purposes.

I Finally, the theory of the slide rule may be explained; computing .

Geometry.: No new work in geometry is contemplated, but

there is occasion for considerable review in connection with the
work in trigonometry. '
- Gragphic Representation. Instruction in graphic representa-
tion can be carried on in connection with: (z) a consideration
of more complicated statistical data than had been used previ-

. ously; (2) linear and quadratic functions; (3) solutions of equa-

tions; () graphs of the trigonometric functioi
Algebra. Throughout the work in algebra the function con-
cept should be continually stressed. This can be done~advan-

tageously in connection with the study of tables, gr'@hsm
formulas, and equations. Impor@]t phases of the work in alge- -

bra are: (7) review and extension of basic concepts and opera-
tigns; (2) a study of linear and.quadratic functions, together
with the solution of numerical and literal equations of the first
and second degrees in one unknown; (3) the solution of sets of
equations involving two unknowns, including simple sets of
second degree equations; (4) a detailed study of exponents and
radicals, with the solution of simple types of radical equations;
(5) a study of logarithins and the slide tule; (6) the solution of
simple tvpes of exponential equations, such as those that arise
in common problems involving compound interest; (7) a gen-
cral study of formulas, their transformation, and, in simplé cases,
their graphic representation; (8) types of variation and their
mathematical expression; (¢) arithmetic, geometries and bino-
mial series: (70) H time permits, a brief introduction to statistical
processes and formulas; (77) significant applications of the pre-
ceding topics. '

Trigonometry. Suitable topics for inchusion in trigonometry
are: (1) definition of the six functions for the general angle and
the reduction formulas that occur therewith; (23 basic identities
mvolving a single angle, (3) the addition formulas for the sine,

N
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-
cositie, and tangent; (4) double-angle and half-angie formula;

-~ (%) the law of sines, the law of cosines, and the law of tangents;

(6) solutibn of triangles, inclhding problems on heights and dis-
tances; (7) components and resultants; (8) work with simple
identities and trigonometric equations; (9) field work. (Some
of the work indicated may be postpofied to the twelfth year,
such ‘postponement being especially desirable if the algebranc
work of the ninth year did not include all the topics suggested
for that year. Topics in trigonometry that could be deferred are

the addition formulas,.the double- and half-angle formulas, and

the law of tangents.)
‘The Remaining Fields. "The Grade Placement @fiarey gives
suggestions for the other three fields.

, THE WORK OF THE TWELFTH GRADE

Instruction for the twelfth year should make possible the
rounding out of the mathematical picture developed during the
earlier grades and at the same time give preparation for future
work for those who will continue their study of the subject. In
the present plan, work for the year consists of a unified course

from the fields of advanced algebra, solid geometry, analytic

geometry, trigonometry, and differential calculus.

Number and Computation. The work includes (r) a review
of the number system through irrationals, with emphasis on
clear concepts and on an untlerstanding of the laws of operation;
(2) use of the polar as well as the rectangular form for writing

and operating with complex numbers; (3) use of the derivative

for the determination o{ approximate errors in computation.

Solid Geometry. Since the pupil now has his first opportunity
for systematic study of three-dimensional geometry, the work
should include the usual theorems and applications, particular
attention being.given to the relation of lines and planes in space,
and to the properties and the measurement of prisms, pyramids,
cylinders, cones, and spheves.

The basic formulas of mensuration can be established in the
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customary way, or by the use of such theorcms as that of Cava-
lieri and the Prismoid formula. Much attention should be given
to the visualization of spatial figures and relations, to the repre-
sentation of three-dimensional figures on paper, and to the solu-’
tion of probiems in mensuration. The latter problems ofter
opportunity for rorrelation of solid geometry with arithmetic,
algebra, and trigonometry. Part of theé importance of the gecme-
try of the sphere comes from the new perspective that it makes
possible. , '

Analytic Geometry. The analytic geometry included is de-
signed to show the power and the generality of the analytic
method of treating geometry and to give the pupil the basis that .
is needed for som:.: of the work in analysis. The study should
deal triefly with the straight line and the circle. The work on
the straight line should include the slope-point form and the
two-point form, with the necessary preliminaries. It should also
embrace work on parallels and perpendiculars, with related
applications. The work on the circle should include the stand-
ard form for the equation and reduction to that form. Locus
problems leading to straight lines and circles should be intro-
duced when possible. Tt may also be possible to include a little
work an the parabola and the ellipse.

Graphic Representation. Further instruction in graphic rep-
rescntation will come through: (¢) graphic solution of equations;
(2) representation of complex numbers; and (3) use of loga-
rithmic paper (optional).

Algebra and Differential Calculus. The work from algebra
and differential calculus embraces: (r) a study of rational inte-
gral functions of the nth degree, including synthetic division,
the remainder thcorem and the factor theorem: (2) relations
between the roots and the coeflicients of an equation; (3) Des-
cartes’ rule of signs: () determination of irrational roots; (s)
permutations, combinations, and simpler cases of probability;
(6) introductory study of differentiation, limited to polynomials,
with applications to slopes. maxima and minima. rates of
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changes, velocity, acceleration, and related problems. Topics
from algebra that may be taken in addition to, or in place of
some of those mentioned, are:!3 () a brief treatment of com-
pound interest and annuities; (8) further work in stacistics.
Trigonometry.. After a review of the work of the eleventh
year trigonometry some of the following topics can be studied:
(1) radian measure; (2) periodicity of the trigonometric func-
tions, with applications to,oscillating physical quantities; (3)
inverse trigonometric functions; (¢) identities and trigonometric
equations; (5) DeMoivre’s thcorem. (Topics (2), (3), and (5)
may need to be omitted if some of the work in trigonometry for
the eleventh year is postponed to the twelfth.)
- History and Correlated Activities. Supplementary readings,
projects, and activities that require some maturity are within
the reach of students during their twelfth year. Such activities
can contribute materially toward creating a lasting impression
as to the nature and scope of mathematics.

1211 is to be noted that the College Entrance Examination Board's Description
of Examinations, edition of December, 1938, says of Mathematics Gamma (the
most searching mathematics examination offered): “"The examination will contain
no questions on determinants, simultaneous quadratics, scaies of notation, or
mathematical induction.” In this Report these topics are suggesied as possible
extra ones for truly superior pupils, with a caution about including too much °
material at the expense of thoroughness. See p. 146.



CHAPTER VI
A SECOND CURRICULUM PLAN

“The teacher will find he can interest the pupil in it quite
well by beginning with the old-fashioned four quarters of
the globe, and coming round to the child’s own parish by
way of Africa and Zululand.”

—MATTHEW ARNOLD, GENERAL REPORT FOR 1848

INTRODUCTION

Various arrangements of instructional materials are consistent
with thg'b{toad principles set forth in Chapter IV, and it is not
to be expected that any single type of curriculum will be ac-
cepted by all schools. Principles for curriculum construction
must be interpieted in accordance with the conditions that af-
fect the schools of a given community, and conditions may differ
markedly from one locality to another. The plan outlined in
‘the preceding chapter, perhaps with modified emphasis on some
topics or with minor rearrangements, should suit the needs of
many schools. On the other hand, substax!nially different plans,
such as those evolved experimentally by various leaders in sec-
ondary mathematics, may be preferred by some administrators
and teachers. It is, of course, undesirable even to attempt to
outline all the different plans of organiiation that are consistent
‘with the principles of curriculum building previoirsty discussed,
and that may be adapted to the needs of diverse school condi-
tions or objectives. "Khe Conimission will, however, describe in
this chapter a second plan for organizing the curriculum mate-
rials for grades 7 to 12. : |

- The chief features of the present plan are as follows. In the
ninth grade there is to be a course in general mathematics in-
volving a more extensive consideration of arithmetic than in the

99
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foregoing plan, both as to processes and as to applications. In
the tenth year there is to be offered a course in demonstrative
geometry which is quite comprehensive, but which should never-
theless appeal also to many pupils who do-not plan to go to
- higher institutions. The eleventh year is to be devoted to a sub-
stantial course in algebra. In the twelfth year the pupil may
select from a variety of courses, described later. In each Qf the
grades 10 to 12, important topics of earlier courses are revieWed,
use being made of algebraic processes fn geometry and geometric

problems in algebra. -

In the case of larger schools the plan includes in addition
during the ninth year a course in algebra, intended especially
for pupils who expect to follow a profession that requires con-
siderable mathematical training, or who prefer such a course.
In the tenth vear such pupils-will take the work in geometry
referred to above, In the eleventh year a third term of algebra
is to be provided for them, and a term of elective work is to be

A chosen from such courses as are available for the work of the
\twclftli‘:ycar. ‘
~ in the description of the work of the different years nathing
is said as to modes of thinking, habits, and attitudes, of histori-
cal backgrounds, or of correlation with life situations and other
school activities—topics discussed somewhat in the preceding
chapter. What was said in that chapter, as well as the entries
on the Grade Placement Chart relating to such matters, can
again serve as a guide for the program that is here described.
A few comments of a slightly pedagogic character are made in
order to clarify some of the suggestions.

THE WORK OF THE SEVENTH AND EIGHTH GRADES
Arithmetic. The contemplated work in arithmetic, including
the applications, involves only the more common concepts, prin-
ciples, and techniques. For example: finding the interest on a
sum of money for a whole numbet of years, but not for a frac-
tion of a year specified by two dates; simple discount, but not
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the value of an interest-bearing note, discounted before due, the
nature and functions of corporations, insurance, and taxes, but
only simple calculations in connection with the problems that
are given.

Geometry. The work in gepmetry is designed to give an ac-
quaintance with the figures mentioned in Chapter V. It also
gives some related numerical work, and instruction in the draw-
ing of figures. It does not, however, provide training in discov-
ering or testing theorems, nor give practice in using relations
that involve such topics as. congruence, parallel lines, and spe-
cial kinds of triangles. \. )

Graphic Representation. 'As described in Chapter V.

~ Algebra. The work in algebra is assumed to be limited to the

.writing of formulas and simple relations. Since many teachers
feel that interest in algebra is not stimulated, but may be de-
stroyed, if pupils are required to use algebra unnecessarily, it
follows that, in a restricted course, the emphasis should be upon
training pupils to express in symbolic language rules they are
using rather than upon systematic substitution in formulas.
Work with negative numbers—if included at all—is supposcd
to be limited to their meaning, and to their addition, with no
attempt at teaching the other operations.

Trigonometry. Figures are to be constructed to scale, and
proportions are to be used to find lengths; but no work with the
trigonometric ratios as such is contemplated.

THE COURSE IN GENERAL MATHEMATICS FOR THE
NINTH GRADE

The work suggested here for the ninth grade is a composite
course consisting of arithmetic, graphic representation, algebra,
trigoncmetry, social mathematics, geometry, and logarithms. A
brief description of the content of each of the subjects follows.
* Arithmetic. Fractions, mixed numbers, decimals, and per,

. gents are to be used frequently, so that the pupil will increase

his skills. Work on mensuration is to be reviewed and extended,
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not merely as a way of giving computational practice, but also

for the purpose of calling attention to geometric forms and their .

uses. Units from the metric system are to be used. Peréentage
reviewed and extended, especially as a means of showing how
use of equations reduces the number of rules and techniques
tuat must be leame@ Work in bookkeeping is suggested, even
if only to a sufﬁcien};xtent to show the nature of debit and
credit entries in simple accounts. Approximate numbers, sig-
nificant figur.s, estimating results, and shortened methods of
multiplying ‘are iricluded as preparatory te the work with trigo-
nometric ratios. Applications of arithmetic are to be extended
to include such topics as per cent of error, medians, and weighted
averages. ' ~ ' _,
It is recommended that ggyticular attention be given to social

- problems that include more stens than those encountered in the

previous grades, even though each step be a simple one, empha-
sis being placed on’the problem as a whole. For example: In

. earlier grades the pupil might find the cost of 10 tons of coal at
- $8a tor} or the interest on $4,000 at 57, for 7 years. Such prob-

lems are unrelated. A typical ninth grade problem is: “What is
the monthly cost of a house valued at $5,000 if money is worth
49, if the insurance is 48 cents per hundred dollars, if the owner

used 8 tons of coal at $g per ton, if repairs amount to $102. and

if depreciation at 214%, is allowed, all the expenses mentioned
bcin'g_ on an annual basis?”

The number and variety of occupations has increased so
greatly in the last decade that it is no longer possible to have the
applications of arithmetic include samples from every type of
activity. Regardless, however, of how the pupil will some day
earn his living, he will always be a citizen and a consumer of
goods and services. Hence there should be an earnest effort to
include in the instruction in arithmetic many problemg based
on activities and interests of the ordinary citizen. Compared
with practice in the past there should be much more work in-
volving such topics as home-owning, mortgages, taxes, install-

/5’7
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ment buying, insurance, investments, automobile expenses,
debts, risks, health, food, badgets, building and loan associa-
tions, cooperative enterprises, and the like. The mathematics
teacher should use such topics not merely as material for com-
putations, but because an understanding of them involves quan.
titative-relations. He should be fitted to discuss many of them.
The information that the pupil receives may be more important
than the benefit to be derived from the computation. The Com-

smission recognizes that the immaturity of the pupil will prohibit

an exhaustive study of the topics suggested, any of which might be
considered further in grade 12, as suggested. later in this chapter.

Graphic Representation. There can be work in the construc-
tion and interpretation of pictograms, broken line graphs, bar
and circle graphs, and graphs of formulas of the types:

y=ax+ b, y=as, xy==tk

Simple ?&&es of the converse problems of fitting such formulas to
also be considered in some cases.

a. The work in algebra that is suggested as part of the
ninth grade course in general mathematics is very restricted, in

¢

so far as technique is concerned. It is centered around such

aspects of algebra as the following:

(1) The use and interpretation of signed numbers.

(2) Algebra as a language, that is, the use of symbols to express.

ideas.

(3) The meaning and importance of generalizing a proklem and
its solution.

(4#) The use of equations to solve problems which cannot be
solved casily by arithmetic.

Ihstrtx_ction under (%) should include not-only the writing of
formulas, but also the writing in mathematical symbols, or a
study of the meaning of such statements as: “When adding sev-
eral numbers it is immaterial which numbers are added first.”
“The increase in profits was not proportional to the increase in
_sales.” “To find a quotient correct to n places carry the division

to n + 1 places.”
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As an illustration of instruction under (3) one can contrast
the problem, “How many gallons of water must be added to 10
gallons of a 12%, solution of an acid in order to change it to a
9% solution?™, with the pnoblem, “How many gallons of water
must be added to g gallons of a t9, solution to make it an 5%

solution?”” Many teachers believe' that sucn problems, slighted
in the past because of assumed difficulty, iliustrate one of the
most important” uses of algebra. By omitting less impoitant
ork, it should be possible to give adequate instruction ia such
questions.

The complexity of the equatxons to be considered under (4)
should-.be determined in general by the nature of the problems
that are to be solved, though it is to be remembered that some
work with equations of greater difficulty is usually necessary in
order to make sure that methods are well learned and adequate
skill is zcquired. A consideration of problemns suitable for the
course; from which the “answer known” type is eliminated,
will show that the equations are not more complicated %an:

2.4 = 1.2%, 0932y = 1.67, n — .8n = 4.60,
Ja—5=ga o3+ 064500 = p) = 05(4500),
r_ 1 2 _ 16 = 2 _

5 " h* — 16 = 100, Sw? = i3.

The literal equations which arise in the problems of general-
ization are not likely to be more complicated than )

nx='s(x—-a), ax+ b(s — x) = cd, a=b—x'-

In the equations above no algebraic technique is involved be-
yond multiplying, as in b(a — x); factoring such an expression
as ax + bx; and knowing that the statement nx = a implies that
x == a/n, where a and n may be anv quantities, provided n -z o.
It is not expected that the solutions of literal equations will be ,
checked by substitution, for such an operation may involve more
algebraic technique than is contemplated.

N
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The subject of ratio, and proportion should not be‘slighted,
but should be used extensively in connection with similar fig-
ures, or fof comparing two areas, two volumes, two gears, or
two levers, as a means of arriving at some desired relation.
This work includes a study of the connection between propor-
tions and direct and indirect variations.

The study of dependence will- be made more fruitful by
emphasizing that an equation such as L = 2¢ 4 1 is not merely
a formula for L, showing how L changes as ¢ changes; but is a
relation between two variables, from which either can be found
when the value of the other is substituted.

It is assumed that exponents will be used chiefly in stating
formulas that involve squares, cubes, etc., and in writing num-
bers in standard form, such as:

45,600 = 4.56 X 104, .0000456 = 4.56 X 1075,

The work on radicals is supposed to be limited to .using a
'~ table of roots of integers from 1 to 100 for instance and making
such changes as:

Vg = 4V/T5 5.1 .3
240 = 4V 15, VB 3 10, \/‘ 5\/—

The arithmetic process of finding a square root should be re-
" viewed; interpolation should be studied; the Pythagorean rela-
- tion should be used, but only experimental testing of it need be
gonsidered, since even the simplest proof involves a more thor-
ough study of triangles than is contemplated in the geometry
work; the formula for the area of a triangle in terms of its sides -
" . (Heron's formula), and other formulas involving square‘roots.

may be included. v '
To avoid misunderstanding it is to be noted that the proposed
algebraic work does not include systematic study of the fol-

" lowing:

4

(1) Multiplications of the types s
45t » 5% (x = 2)(x + 5).
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(3) The four operations with fractions.

(3) Factoring, except that of ax -+ bx. -

(4) Sets of equations, of quadratic equations, except equations
such as d? — 16 = 100, and %3 =13,

(5) The “answer known" type of problem involving ages, coins,

time-rate-distance, etc. |

It is of course not implied that teachers should not go beyond

what is outlined if the preparation of the pupils and their abili-

ties and interests warrant it.

Trigonometry. As a basis for work in trigonometry, there
should be scale drawings, with consideration of similar triangles
and ratio of similitude. The three ratios—sine, cosine, and
tangent—are to be defined, and instruction is to be given in the

use of tables to four decimals, with a tabular interval of 1°,
interpolation being to a tenth of a degree. It is not contem-

plated that relations between the functions be studied, except

the relations cosA = sm(go° — A), sind = cos(go°® — 4).
Other Topics. As mentioned elsewhere in this Report,. op-

portunity should be taken to give ‘the pupil an appreciative

. knowledge of the historical background of mathematics, and

efforts should be made to develop those attitudes and habits of
thinking discussed in Chapter III. As observed earlier in this
chapter, suggestigns made in Chapter V can be utilized. In addi-
tion to such woyk, some classes are able—if too much time is not
gthen the arithmetic work of previous grades—
to include one gr both of the following-topics:

(1) Geometry. When this study is undertaken, the chief objects
should be (a) to impart certain information about geometric forms,
and (b) to illystrate the nature of postulational thinking. The two
objectives should not be separated; each week’s work should show
progress toward both goals. Assuming that the work is spread over
fifteen or twenty lessons, the second objective can be reached by pre-
senting a sequence of theorems, each depending upon and derived
in a logical manner\from some previous general statements. It is,
for example, possible b begin with congruent triangles and advance
to a proof of such thegrems as: “The base angles of an isosceles tri-
angle are equal,”™““THe sum of the angles of a triangle is 180°,” or
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some of the theorems about parallelograms. The possible variations
are quite nunerous.

(2)-Logarithms. When this subject is mcluded instruction should
_ be carried so far that four-place tables can be used with ease. Many
" teachers believe that such work is of more practical value to many
pupils than much of the algebra which has been taught in the past.
In order that pupils who have received inutruction in logarithms
might continue to use them, it would be well if all high schosl books
in mathematics contained a table of logarithms: In connectinn with
«heir study of logarithms, pupils can be given information about
slide rules, even though they might not use them systematically.

Remarks. The general mathematics course of the ninth grade
" may be characterized as follows:

(r) It aims to ¢orrect those weaknesses in arithmetic which
may arise because some of the work of the lower grades has been
deferred to later years.

(2) :i provides the training in arithmetic, graphic representa-
tion, alg.bra, geometry and numerical trigonometry that the
pupil will need while still in high school in such subjects as
physics, chemistiy, economics, and shop work.

(3) It affords a fairly broad mathematical training and out-
look; and it is suitable for all pupils, unless the school is
equipped to offer two distinct mathematical programs in the
ninth grade.

THE COURSE IN ALGEBRA FOR THE NINTH GRADE

The course in algebra that the present plan contemplates for
larger schools, in addition to the course in general mathematics,
can include such topics as the following:

(1) Equations:

(a) Lincar equations with fracuonal and decimal coefficients.

(b) Literal linear equations,

(c) Sets of linear equations in two unknowns.

(d) Sets of literal linear equations in two unknowns,

(¢) Quadratic equations, solved by factoring, by completing
the square, and by the formula. When the roots are irra-
tional, checking may be omitted.

(f) Fractional equations leading to linear or quadratic equa-
tions.




..\v . ..' e ' ,I

-
-

108 . Fifteenth_i’earbook - _ -

(2) Radical cqﬁations not more complicated than 2 4/ % = 3.
(h) Depéndence and variation, including work on finding
\ _ an equation from data congerning the variables.
' - (2) Fundamental opevations with polynomials: Practice must go
beyond the immegiate needs so that pupils may acquire confidence
-and facility. ) '
(3) Factgring: the type ax? + bx +¢. .
(#) Radicals: the work being limited to using a table of roots of
integers from 1 to 100, for instance, agd making such changes as

' == 5=.‘1 ‘To, “ai‘n"s‘ .‘
V240 = 4V/15, .4/8 A V5.

The arithmetic process of finding a square root Gan be reviewed.
Interpolatien in tables should be studied. The Pythagorean relation
should be assumed and used. The formula for [the area of.a triangle

——__in terms of its sides and other formulas involying square roots can
be included. -

(5) Graphic representation: It is expected that less time will be
spent on the censtruction -and interpretation ‘of statistical graphs
than on the graphs of equations such as y = ax 4- b, y = ax2, xy =

G k,x2+,y2=gr-’.l. a yy= ' - ; y )=
(6) Problems: It is expected that this course will include a wider
range of algebraic problems than the course in general mathematics.
Problems about coins and ages, and other problems in which the
answer must have been known before the problem was formulated
are uscful in developing skill in writing equations. Further, the re-
strictions stated above in (z) should not unduly restrict the material
for problems or the methods by which a problem is solved, but it is
important that the pupil should know that the purpose of such
problems is mercly to give practicé and experience in the use of al-
gebra. For example, the problem of finding three numbers such that
‘ one number exceeds twice the first by 5, and the third is 4 more than

the first, the sum of the squares being 121, may be solved by writing

x4 (2x 4 5)2 4+ (x + 4)* = 121, ] .
or by writing,
y=2a2x+5 ~ g=x+4, 2424 =121,

Although sets of three equations, one of which is a quadratic, are

not mentioned in the cquations in'(r) above, nevertheless the pupil

who has acquired the idea of substitution can solve this set, and can

profit from a stndy of such sets. In fact, the pupil should be encour.

aged to use this method*since it is based on writing as an equation
- a given relation between quantities.

- -
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(7}~ Formulas and generahzauons Since this tourse is for a special
* group of pupils, it is expected that much of sthe extremely simple
w vk that has found its way into many courses can be omitted, such
as finding the cost of some sugar at 6¢ a pound by using the graph

of the formula ¢ = 6. The formula should be treated as a summary -

in a gencral form of a relation between variables. The significant
problems should be studied in a general form (the so-called literal

problems, mentioned on page 104), the formula bcmg then regarded

as a solution of a-generalized problem.

(8) The trigonometric ratios: In case considerable time is neces-
sary at the beginning of the course to correct for deficiencies in
arithmetic, it may not be possible to give any instruction on the
trigonometric ratios. Otherwise it should be included.,

THE WORK OF THE TENTH GRADE

The work proposed for the tenth year consists chiefly of
geometric material, and hence is best described as a course in
geometry. It involves, however, more algebraic and trigo-
nometric applications than has been customary to give in the tra-
ditional geometry course. Accordingly, the year will carry for-
ward the work in the various mathematical fields discussed in
Chapter TV. If the work is suitably organized, it should be of
high value to pupils whe*her they had general mathematics or
algehra in the ninth year, and irrespective of whether they go
tngé)llcgc. A reason for believing that the course mnay have con-
siderable appeal ’comes from the fact that geometry touches
human experience in a variety of ways, and in ways that can be
made clear to young people—especially if the informal geometry
of the earlier grades has sufficiently kindled the imagination.
The pupil’s experience with geometry may now be successtully
rounded out by seeing the subject dev clopdemto a great logical
Systern.

What was said in Chapter V concerning the tenth year can
serve as an approsimate description of the content and gerneral
plan of the course. The chicf change i that the course proposed
here devotes less attention to arithmetic and algebra and corre-
spandingly more time to geometiy. The lists of theorems ac-
cepted as satisfactory for the former course mav be regarded as

T e



L3

110" " Fifteenth Yearbook

merely minimum lists here. It seems reasonable to affirm that
the more theorems a pupil actually has at his command, the
more effective will be his work. Consequently the lists referred
to should be supplemented when possible by other useful theo-
rems. In particular, it is recommended that the course include
work dealing with the length of a median; the length of an angle

. bisector in a triangle; the areas of inscribed and circumscribed

triangles, squares, and hexagons, in terms of radii, apothems, cr
sides.

It ma_'y be mentioned that the theorems last mentioned and
Heron's formula provide excellent material for mensuration

. problems employing algebra.  In connection with the Pythago-

rean” theorem, time may wett be given to a review and exten-
sion of the work on radicals. Such changes as

1 1 — “
\«; -2-a2 = -Qa\/z, (@ z o)

and the method of solving such equations as

" .
S\’—f— (;a)2 = g, and 2% = q?

should be taught. The work on proportions need not be limited
to the usual derivation of a proportion from similar triangles,
but, in connection with a review and extension of the corre-
sponding work of the ninth grade, can include inverse propor-
tions, proportions considered as a special type of dependence,
applications from science, .nd other useful problems. The work
on similar triangles wili give the pupils a better tnderstanding
of the trigonometric ratios; the problems need not be restricted
to the very simple ones uSed in the ninth grade.

Although some of the mensurational aspects of solid geometry
have always been treated in the lower grades, there is still dis-
agreement as to how much solid geometry can be introduced
into a course in plane geometry, Undoubtedly abler pupils
profit by seeing some of the theorems of plane geometry ex-
tended through a consideration of related situations tsp;u'c.

N
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Three-dimensional illustrations can be introduced safely when-
ever the pupil’s understanding of plane figures.is thereby deep-
ened or supplemented. Sucli work cannot, of course, take the
place of the thorough-treatment that is demanded by engineer-
ing schools; and considering how- little can be done, it would
seem better in the course here contemplated to devote any avail-
able time to algebraic work, or to the use of non-mathematical
material illustrating deductive thinking. The latter type of
work adds to the appeal of geometry, and will undoubtedly in-
crease in amount in the future.

‘THE WORK OF THE ELEVENTH GRADE

A systematic course in algebra is offered in the eleventh year
for those pupils svho had the course in general mathematics in
the ninth year and also the course just described for the tenth
year, and who continue their mathematical education. Since
these pupils are definitely more mature mentally than ninth
grade pupils and are somewhat experienced mathematically, the
present course can be made maore thorvough, and can cover more
topics than the algebra course previously described (which was
planned for larger schools to offer in the ninth grade for certain
pupils). It can, in fact, include essentially what is now com-
monly designated as intermediate algebra.

The course should consider more difticult cases and problems
than are appropriate for the ninth grade course, and in addition
to the topics in the outline on pages 107109 it can include:

(1) Additional work on equations:
u}’ﬁlunum about the sum and the pm(luu of the roots of
quadratic cquations, and the condition for cqual roots,
(Iy Extrancous roots of radical equations.
() Exponential cquations, such as 47 = 6.
() Systens consisting of @ lincar and a quadratic equation,
and simple cases of two quadratic cquations,
® (») Graphs of quadratic cquations,
(f) Problems leading to cquations of the types considered.
(2) Additional work on fundamental operations, The  work
should contain more imvolved exerdises than those in the minth
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grade, as, for example, operations with polynomials in which terms
contain fractional and negative exponents. '

(3) Factoring: the types ax? 4 bx ¢, ax + ay-+ bx + by, ad +. - _

b3, a® — b3, and expressions reducible to these types; the factor
theorem. : - '

() Radicals; rationalizing denominators; geomctrical material
involving radicals. :

&

-t Al .
(5) Negative and fractional exponents; logarithins; applications

involving more extensive computations ‘than those of the ninth
grade.

(6) Trigonometric work, includ’ng the use of four-place tables.

(7) Arithmetic and geometric progressions, with some applications.
to finance; the limit of the sum of a geometric progression when
r < L :

(8) The binomial theorem. (If this is included, some emphasis
should be on the use of fractional exponents to derive approxima-
tion formulas. Finding the rth term, and related problems are of
slight value to the pupil at this stage.) |

No study of imaginary or complex numbenrs is suggested. This
implies the omission of all quadratic equations having complex
roots.

Students who had in the ninth year a course in algebra (such
as is recommended as an option in larger schools) will now re-
sume the study of this subject after having had the tenth grade
work in geometry. It should be possible for them to cover in
one screster the new topics listed above, with the inclusion of
projects related to the main study.! In the second semester of
the year they can take one of the courses described below in
connection with the work of the wwelfth year,

THE WORK OF THE TWELFI'H GRADE
Under the plan of this chapter there is offered in the twelfth
ver aseinester's work it each of the four subjects: trigonometry,
solid geometry, social-cconomice arithmetic, and college algebra.
Uin connection with the use of supplementary materials, a remark is in order.
It is undesrable to nse titles that tend to magnify topics that may be presented
in a vens honited fmm. Tor instance, it is an exaggerstion to say that onve i
reaching statisties of he is merely having pupils diaw distiibution graphs and

find medians. Some instruction in central tendency and dispersion at least should
be mchuded before the titde statistics is justified.

!
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- It js, of course, not expected that any one pupil will take all the
courses, though, as indicated above, some pupils will have taken
one of the courses in the eléventh year, and can accordingly
cover two more of them in the twelfth year. .

.- -Two of the courses can be regarded as ‘quite special, namely
the course in college algebra_and the course in solid geometry.
As the name implies, college algebra is not a regular secondary
study, but universities and colleges are glad to have students
who intend to specialize either in mathematics or in one of the
mathematical sciences ready to begin-the study of the calculus
when they enter college. They can do this if they have had a
good course in trigonometry and sufficient algebra in high
school, and the advantage that comes to them is above question.
As to solid geometry, it is to be recalled that some instruction
in mensuration is given in the earlier grades, while a develop-

ment of elementary spatial insight was suggested as a part of the

program for the tenth year. Accordingly, the thorough treat-
ment of the subject that is described for the twelfth year may be
desired only by pupils who expect to attend an engineering
school that requires it for entrance, or who wish to specialize in
mathematics, or who have felt a strong appeal in classic Eu-
clidean geometry. ‘

Both tfie coyrse in social-econcmic arithmetic and the course
in trigonometry should have a wider appeal than the two courses
just discussed. So far as the course in social-economic arithmetic
is concerned, it needs merely be noted that it is especially de-
signed to provide instruction recognized as important for the
large group of secondary pupils who will not go to college. On

" the other hand, if some work with the trigonometric ratios has
been given in the ninth grade, the pupil will already have ac-
quired an appreciation of their importance, though he has had
too small an amount of the subject to say that he has studied
trigonometry. Since the trigonometric ratios hold the key to
the solution of so many problems, trigonometry is a highly cul-
tural study. A pupil may forget the details of computing inac-
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cessible heights and lines, and of resolving forces and velocities
_into components, and he may lose his skill of combining several
forces into one force or. several velocities into one velocity; but
.. .ifover a pegiod of several weeks he has had extensive work with
such problems, he will have a lasting and intelligent idea about
one very fundamental kind of scientific work. Just as the theo-
rem of sines. the theorem of cosines, and the theovem of tangents
are essential for “practical” problems, so the formulas for the
functions of the sum and the difference of two angles have a
“touch of the appeal of modern mathematics in its most aesthetic
form. Finally, the almost endiess identities that can be set for
. proof afford an example, perhaps unrivalled, of how rich may
be the conseguences of a small set of simple, wisely selected
propositions. Every teacher ol trigonometry has heard enthusi-.
astic comments upon the rich significance of the subject, from
pupils many of whom were not specializing in mathematics,
and also from people whose school days are past.
Trigonomeiry. In the full semester that is contemplated for
the work in tiigonometry there should be time: not only for
many applied problems, but also for strengthehing any neg-
' lected or weak parts of the pupil's carlier instruction in algebra.
The work should be so well done that it will not have to be
repeated in college. The suggested outline is: -
(1) Problems requiring extensive calculations with  four-place
tables.
(2) Functions of any angle: functions of 30° and 45° and their
multiples; the construction of angles when one function is given;

the determination of the other ratios from one ratio; the reduction
formulas; the graphs of the functions and their periodicity; the in-

verse functions,
(3) Functions of two or more 3'1/142](-9.
¢

(4) Properties of triangl(-s’:'p law of sines, of cosines, and of
tangents, the halfangle toypudas: formulas for the radii of the in-
scribed and circumsaibed dirdes. {or ahtitudes, medians, angle-
bisectors, and arcas; Mollweide's equationd and other checking
formulas. The pupil should acquire considerable skill with the alge-
braic maniptlations of the formulas and not merely a reading
acquaintance with thew.

O
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(5) Identities and equations. This \work is invaluable to the
pupil who wishes to improve algebraic\facility, and it should be
spread throughout the course, :

(6) The use of algebra and geometry in
lowing:

(¢) Finding the [un(u}mf‘u
means of rulcmng raduala and v
tions,

(b) Geometric proof of many of the trigonometric re‘ations.

(¢) The derivation of formulas which solve an entire class of
problems instead of one specitic problem, .

(7) Radian measure with applications,

(%) Optional topics: \

(ay Complex .numbers. -

(6) DeMoivre's theorem and the roots of uttity,

(¢) The components and resultants of vectors,

(d) Polar comdmatcs and the graphs of snnplc polar equa-
tions,

(¢) Instruments used in surveying. .

woblems such as the fol-

o]

57, 18°, and g6° as a
‘ork on quadratic equa-

- v

'\‘

Solid Geometry. Attention has alveady been called to the fact
that a semester course in solid geometry can be regarded as some-
what specialized, but the Commission would mention some sig-
nificant aud sometimes forgotten merits of the study.

(1) The traditional course in solid geometry known as Book
VI not only contains certain theorems about lines and planes;
it also offers an opportunity to enlarge the pupil's grasp of
postulational thinking by a more thorough treatment of con-
verses, inverses, and contrapositives of theorems (and the rela-
tions between theorets), of necessary and sufficient conditions
(a topic that is seldom considered in plane geometry), and of
indirect proofs; other topics of value are line-and-plane dual-
ity and point-and-plane duality. '

(2) There is opportunity for considerable algebraic wotk that
may strengthen abilities the student will need later in parts of
calculus. The theorers about frustums and spherical segments
give a good opportunity for a caetul review of radicals, rational-
ization of denominators, radical equations, and the manipula-
tion of somewhat complicated algelnaic expressions. For a re-
view of liteval equations there are exercises such as: “Fxpress

O
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the lateral area of a right circular cong as a function of the
altitude and the radius of the base.”” “If the eight edges of a-
regular pyramid with a square base are all egqual, express the
- length of an edge in terms of the total area,” o

(3) There is opportunity.for computational work with use of
logarithms. The problems sh@ulq afford practice in orgamzmg
and presenting a somewhat long piece of work such as: “Find
how-many inches of rainfall are equivalent to the water from a
hose through which the water flows for an hour at the rate of 10
gallons per minute, and spreads overa circle whose radius is 12
feet.” » SARP

(¢) In contrast with plane geomctry,, where the pupil con-
structs drawings with compasses and straightedge, the figures of
solid geometry afford opportunity for the teaching of frechand
sketching, which is so valuable to future architects and engi-
neers, and is a worth-while accomplishment for other pupils.
The straightedge may at times well be laid aside and the pupil
be required to practice drawing as in the art class.

(5) The work on logj can be very instructive, particularly the
part that has to do with the use of coordinates.

(6) Althcugh Cavalieri's Theorem and other means can be
used to derive many of the formulas on mensuration which
would otherwise involve a study of limits, some introduction to
the notion of limits can at times be included. Such work will at
least show the pupil the nature of certain difficulties in measure-
ments and how the mathematician has o). :

Social-Economic Mathematics. This course is a half- )ear study
designed to acquaint the pupil with certain problems of modern
society from a quantitative point of view. It assumes that the
pupil has completed the work suggested for the ninth grade, but
he may not have taken the work of the tenth or eieventh grade.
It should be, especially valuable to pupils in the commercial
courses and to tho:e who expect to study the social sciences later.
Many of the topies are to a certain extent repetitipns of-signiiar
wo.k in the ninth grade, but it is expected that, becguse of) the
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+

lapse of time, the pupil will need a review. Moreover, on ac-
count of their greater maturity, pupils will be able to grasp
- more advanced concepts and also do more thorough work.

In the ninth grade many of the topics are. presented largely
from an informational point of view; here it is expected that
more emphasis will be placed upon the quantitative aspects.

~ Since schools have only recently begun to experiment with this
.type of work, only suggestions of a quite tentative character can
be made as to the possible contents of the course.

(r) Measurement and computations; degree of accuracy; approxi-
-mate numbers; significant ﬁgures, short ways of muluplymg and
dividing; loganthms, computing machines.

(2) Such review of the fundamental operations with fractions,
decimals, and per cents as may be necessary; practice in organizing
and presenting problems that may involve only arithmetic, but that
are more difficult than those of'the ninth grade,

(3) The simpler ideas of statistical methods, considered early in
the course so that the subsequent topics may be subjected to mathe-

_ matical analysis as far as possxble
(a) Construction of various,types of graphs, ircluding those
I with logarithmic (or ratio) scales on one axis.
-(b) Frequency tables; various types of averages and means;
scatter diagrams.
(c) Measures of central tendency and dispersion; correlation.

(4) Index numbers. Their construction and use in connection
with commodity prices, real wages, cost of living, business cycles, etc.

(5) Household budgets: the per cents spent on food, clothing, and
shelter at various levels of income; fooPerative enterprises.

+ (6) Installment buying: reasons’ for apparent high rates of inter-
est; influence on business cycles; advantages and disadvantages.

(7) Investments: stocks, bonds, mortgages, investment trusts; bank-
ing procedures; periodic accumulations and payments; cost of home
owning; annuities. —

(8) Insurance: home, fire, theft, property, accident, etc.

(9) Taxation: property, sales, income, direct and indirect; the cost
of government.

(r0) Topics m\olnng national policies, such as crop control, price
fixing, social security, tariffs, foreign exchange, distribution of na-
tional income, etc.

College Algebra. The work in college algebra, which is likely
to be offered only by larger schools, assumes that the pupil has
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had more-than gverage success with his previous work on funda-
mental operations, exponents, logarithmsg, radicals, simultaneous
quadratics, and progressions, (T'o obtain the {ull,benéﬁt' from
it, the pupil should also be abM\to detect-and remedy any de-
ficiencies that may ‘show themselv®y as his work progresses. For
example, he should be able to grasp\the definitions and opera-
tions with complex numbcr~s_ without
room. The work should be essentiallyjhe same as that in the
course with the same title? taught in coNeges during the fresh-
man year, and should be so' well done fhadt the pupil can be
excused from the corresponding course if college. It is reason-
able to suppose that this is possible, sincq high schools can give

each week five recitations of forty mingtes each for approxi-

mately eightcen weeks and the course cdmes when the work in
algebra is still fresh in e pupil’s mind £ The course can include
the following topics: . )

(1) Permutations and combinations; probability. .

(2) Determinants (second and third order determinants evaluated
by diagonals, higher order determinants evaluated by minors and by
inversions); applications to equations.

¢3) Theory of equations: the fundamental thcorem; equations
reducible to quadratics; the factor theorem and the depression of
equations; pairs of complex roots; relations between roots and coef-
ficients; fractional roots; transformations of equations; the character
of the roots; Descartes’ rule of signs; location of roots by graphs;
Horner’s method of approximation,

() Series: revidw of arithmetic and geometric progressions; har-
monic progression; the hinomial theorem; convergence and diver-
gence. a

(5) Mathematical induction.

(6) Undctermined cocflicients.

In the place of the college algebra described above, some
schools may wish to offer a semester of mathematics not limited
to algebra. Such an alternative conrse would place less emphasis
on some of the topics mentioned above. or not ticat all of them,

2Since a Large- nnmber of colleges and universities'posvide two different types
of algebra courses for frishmen, the designation college algelira no Jonger means
merely a course in algebra that is taught in college, but a pavticular course.

tensive help in the class--
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and it would involve an innoduction to the elements of ana-
lytics, differential ﬂ('alculus. the mathematics of finance, and
parts of elementary statistics. Cultural courses of this type can
be made very valuable to all pupils, and, since survey courses

. are beginning to appear in college, such a course might excuse .

a student from a required college course, provided he did not

intend to pursue a systematic syudy of mathematics.




CHAPTER VII /

THE PROBLEMS OF RETARDATION AND
- ACCELERATION '

3

“Undoubtedly philosophers are in the lsight when they
tell us, that nothing is great or little otherwise than by
comparison,

—JONATHAN SWIFT, GULLIVER'S ‘TRAVELS

VARYING CAPACITIES OF PEOPLE

IT MmusT seEM incredible to many teachers that the statement
in the Declaration of Independence relative to equality should
ever have been given a meaning other than a political one, for
classroom experience shows that the abilities of pupils are far
from uniform. Jefferson, who wrote the celebrated words, and
who was a sincere friend of pepular education, was quite pes-
simnistic concerning benefits_of general higher education; his
scheme of education was in fact definitely selective. In the Con-
stitution the postulate of the Declaration finds no place, and
from the earliest days of the Republic schoolmasters and school
teachers have striven with th.e problem of the slow pupil and
the bright one. The dunce cap is not just a fiction of the
present day, for it actually was used both to frighten the able
but indifferent child into activity, and to punish, unjustly, the
truly backward pupil. Fortunately, the picture of the past is
not all of so somber a nature, and it is made more agreeable by
the recollection that scholarships for bright pupils are also an

old institution. Within recent years, indiscriminate assumptions -

as to native ability and intelligence have been sharply called
into question by a number of psychologists. notably those of
the behaviorist school. The doctrines they pronounce help to

~ 120
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keep a general balance in the problem of teaching, even in
~ the mind of a teacher who does not accept them but holds that

the effects of environment must be subject to distinct limits.
In the present chapter the hypothesis of a wide range of abil-
ities or capacities is frankly accepted, and the beéaring it has
upon mathematics instruction is examined.

Although it is easy to be aware of differences- of intelligence,
it is quite another matter to measure them—and it is still an-
other question to devise proper administrative and instruc-
tional procedures to take account of them. It is only within
reécent years that tests have been constructed to measure in-
telligence. Sir Francis CEIF&T is usually credited with the irz-
itial attempts to measure intelligence because of the work he did
in England about 1885. When Binet was given the task of as-
signing children to a home for the feeble-minded in France, he
found that these children were unable to answer certain series
of questions that could be answered by normal children of their
ages. In this way he established tests for various age levels, and
he was led to measure intelligence by comparing the mental
age of a child, as revealed by the tests, with his chronological
age. Later Terman greatly extended and refined the procedure
of Binet, and in 1916 published the Stanford-Binet test, a re-
vision of which was made in 1937. Group intelligence tests,
first devised by Otis, are an important by-product of the World
War, and they are more widely used throughout the schools in
the United States than any other tests.

FUNCTION OF INTELLIGENCE TESTS

A good intelligence test is probably the best single instru-
ment at present known for measuring general scholastic apti-
tude. Nevertheless, some teachers who do not understand the
function of such tests and who have scen them used incor-
- rectly, appear reluctant to avail themselves of this contribution
of psychology. )

In some schools the tests have been carelessly administered
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,and' badly scored, and the results have been unreliable. Ex-
travagant claims that have been made for the tests by over-
enthusiastic novices have also weakened their prestige, Terman
and Merli¥ in Measuring Intelligence describe the tunction of

the tests as follows:!-
L Y

The expression of test results in terms of age norms is simple and
unambiguous, resting upon no satistical assumptions. A test so
scaled does not prevzad to measure intelligence as linear distance is
measured by equal units of a foot-rule, but tells us merely that the
ability of a given subject corresponds o the average ability of chil-
dren of such and such an age. This was all that Binet claimed to

. accomplish, and- one can well doubt whether the voluminous out-.

put of psychometric literature since his day has enabled us to ac-
.complish moye. »

\ —
\
\

/
. /
N 1 R
/.
/

Den cenr

A AN
/ ' .
h I : N !

-

o~ AENDBB K

>
S ]
33 45 35 3

..;_

a3 95 o8 us 125 1385 1§ 135 163

I.Q.
From Ferman and Merrill, Measwr'ng Intelligence, Fin. 1, p. 37; Howghton Miflin Co., 1937

Distributions of Compinite L-M 1Q's of_ Standardization Group
~Ages 2 018 N=2904

As a result of his first investigations, which are generally well
known, Terman divided school children into the following
three divisions:* (1) superior group, 20°; of school population,

"1Q above 110: (b) average ghoup, 607, of school population,((Q

from go to 110; (¢) slow group, 209, of school population, IQ

tTerman, Lewis M. and Merrill, Maud Al
Houaghton Mifflin Co.. Boston, 1937,

2Terman, Lewis M. The Measut it of Intelligence, pp. 38-79. H
Mifilin Co., Bostan, 1916, R

Measuring Intelligence, g. 25.
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below go. These early findings have been confirmed by many
later studies, including others by Terman, wherein he shows
that the intellectual differences of American-born white chil-
dren of ages 2 to 18 can be pictured as in the graph on the oppo-
site page.®

P;ECEN'I' CHANGES IN HIGH SCHOOL POPULATION

The great growth of the enrollment in the secondary schools
of the country has been noted in Chapter 1, where some com-
ments were made as to its cause. The increase in numbers has
resulted in a great change in the type of pupils who are ad-
mitted to the high schools. While formnerly they came chiefly
from the upper economic level of society, they are now re-
cruited from practically all levels. It is not true, however, that
the high school is less of @ preparatory school to any significant
degree than it was at the beginning of the century, for univer-

sity and college enrollments have practically kept pace with

high school enrollments.t This fact, interesting in itself and
often overlooked. does not mean, however, that the high school
problem has not significantly changed, for present data show
that it 1s not only the children of superior or average intelli-
gence who are remaining in school bevond the elementary
arades. The opposite view 1s in fact indicated by such data as
the following, which show the approximate intelligence dis-
tnbution of 2.241 children who entered the cighth grade in
Rochester, New York, September, 1958:

TThe graph is bused on dara in Terman and Menill, op. et p. g7 Tt gives
the distnbution of the composite scores that show the IQ's ohtained from two
forms of the revised Terman scales administered to a standardizatien group of
2 ang children of from 2 to 18 years of age, expressed in terms of per cent of the
cases, at ten peint intersals, i

4 Many staristios beming on the question can be found in the reports of the
U, S. Office of Fducaition: but it i« difficult to tell just what figures one should
<elect, on account of diferences in dassification. ete. Tt appears, however, that
both college entollment broadiy interpieted) and high school enrollment are ten
to twelve times what they wete in 1qoo. During the period of 1900 to 1935 the
high school population: was about five times the college population, and the
ratio is increasing somewhat.

O
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(1') Superior Group 179% of 8th grade IQ 110 or above

(2) Average Group 59%, of 8th grade IQ from go to 109

(3) Slow Group 25% of 8th grade 1Q below go
There is close agreement between these figures and those of
the original Terman study, which was based upon unselected
groups.

In the mathematics classroom the extremes in ability of
pupils stand out clearly, Probably several factors are responsi-
ble; but whatever may be the explanation it is certain that
mathematics teachers face a serious problem if they are to make .
the subject both cultural and uscful to the unselected mass of
secondary pupils who are notv in our schools.

In the immediately following sections of this chapter a dis-
cussion will be given of general methods and devices that have
been employed to take account of the wide range of pupil
ability; in later s:ctions the question of adapting them to the
mathematics program is considered. Perhaps no other part of
the Report deals with a problem at the same time more im-
portant and more baffling. Many teachers who feel themselves
competent to deal with pupils of normal ability are perplexed,
if not in despair, over the question of instructing those of in-
ferior ability, while others feel that they are not providing ade-
- quately for superior pupils. Fxperiments are being carried on
in different school systems, but most programs of instruction
are still so experimental that few results have been published.
Considerable (llffmcn(c of opinion exists even on basic matters,
and much work tcmmm to be done hefore some of the uncer-
tainties can be removed. This perhaps is a field in which the
personality and resourcefuimness of the individual teacher will
alwavs plav a very impottant role. Fet ¢lear and trustworthy
sian-posts exist in this area of the educational problem.

PRESFNT GRADFE GROUPINGS
The oreanization of schools inta grades is for the purpose of
facilitating instruction, for svstem and arrangement are essen-
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tial in any school, especially in a school that deals with large
numbers. The old custom of attempting to retain a pupil in a
grade until he has successfully passed the work assigned to the
grade is certain to bring together in the upper grades of the
elementary school pupils of a wide variety of ages. Those who
barely pass the first grades are likely to fail soon, and their so-
journs in difterent grades will be prolonged as they proceed.
Just how great an assortment of ages would result if rigid stand-
ards were enforced has been shown by Coxe. Taking data from
many sources and using batteries of tests, he has shown by an
illuminating and unusual graph how great is the variation of
achievement 'in children of different chronological ages and at
differen. grade levels.® One illustration will be given of the in-
formation that can be read from the grdph of Coxe. The work
that is regarded as normal for the sixth grade can be done by
the upper quarter of all children at ages between nine years and
ten years six months. The next fifty per cent of the pupils, who
may in general be regarded as normal, reach the same degree of
achievement at ages ranging fromn ten years six months to fifteen
years. The remaining quarter of the entire group never actually
reach the sixth grade standard. A reluctance to have in the same
grade children of different ages has caused some administrators
to abandon almost completely the policy of requiring that a
grade stand uncompromisingly for a reasonable but definite
achievement. The resulting practice of passing pupils whether
they do good work or do poor work raises serious questions. In
the minds of many persons, including some pupils themselves,
it seems dishonest to pass to a new grade a pupil who has plainly
not done the work of the last grade, though he. might readily
have done so.* Tt is clearly not within the province of this Re-

8 Coxe, Warren W. Our Fiducational Problem as Revealed by Pupil Variabilily.
A mimcouraphed publication of the Division of Research, State Educational De-
partment, Afhanv, No Yo oy, ' )

f A strome attacdk upon the practice has been made by John L. Tildslev, 1n The
Mounting Waste of the dmericun Secondary School. Harvard University Press,
1g36.
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port to debate the merits or demerits of the new policy; but it
is to be noted that when it is carried out there is a wide spread
’ of achievement in the upper grades, with incrcasing)liﬂiculty
of instruction. _ . e y
. ABILITY GROUPING -/
It is diflicult to say just when aind where efforts were first
made to achieve homogencous ability grouping in different
grades; but in 1920 I)cumt,, among the large citigs, became
protiinent for ditiding pupils into superior, normal, and slow
groups, the groups being cilled the X, Y, and Z grotyps respec-
tively. The practice and’ designations lmve-‘bcen taken up in
other school systems; ifi some cities séparate schools have been-
estyblished for 510\wr puplls. Since slower pupils give rise to
serious problems ou' account of failure, it is natural that more
solicitude should. be manifested for them than for superior
pupils who, because they succeed well with their work, cause
no comparable problem for a school. Recently, howgver, there
has been a tendency to emphasize the importance of making
really adequate provision for the most able pupils. Since it is
from this class that lcd(lmslnp in all phases of life must come,
it is a responsibility of the school to see that its pupils have their
p powers fully developed and their interests fully awakened in a
wide variety of activities. The size of the school determines the
school years in which the formation of such groups as the X,
Y, 7 groups can be canied on with suceess; in some systems it
has been carried through all the vears of the high schools in
certain subjects,

Homozseneous ahiling grouping has not always led to satis-
factory resuls Some of the failures may have been due to in-
adequate recounition: by administrators and teachas of the
fact that extensive adapt: iions of instiuction are Hecessary o
st e stccess. T some instances the prescribed counse of study,
the character of the standmds, the subject nuatter chosen, as

well as the methods of teaching, have been too nearly the same
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for all pupils. Since ability grouping allows a teacher to work
with a homogeneous group, it is possible to adapt instruction
to a class as a whole. No competent teacher will complain of
a class, all members of which are able and industrious. If the
material taught to a group of slow pupils is wisely selected, and
if due attention is paid to ways of arousing their interest, and
to methods of instruction, satisfactory results should be possible
with such pupils. “The belief that it is well to have a few:
bright pupils in every class because they will serve as a spur to
the others has been overworked as an argument against abil-
ity grouping; it is in fact a spurious argument. The pupil
who can inspire others effectively is one whom they recog-
nize as being somewhat comparable to themselves and who ;
obviously doing well. In order to Traise the level of general
achievement we should have in our classes a few pupils who are
industrious and interested in their work, but whose abilities
are camparable to the abilities of the other members: it is
neither a genius nor even a brilliant student that is required in
every class. When groups are approximately homogeneous, it
is possible to adapt subject matter, meithods of teaching, and
standards of achievement to the needs and capacities of the
individual pupils. When superior pupils are segregated, the
teacher can devote the entire class period to developir:: their
abilities unhampered by the time-dei‘nanding errors cf the dull.
Segregation, wisely administered, gives to the slow pupil a
chance to distinguish himself in his own group, and this is
beneficial to his méntal health. )

After considering very carefully the data that now exist with
regard to ability grouping, Coxe wrote as follows:?

The contribution of research studies tends to give some evidence
that, at least in traditional subject matter, pupils make more de-
velopment under a system of ability grouping than under other
systems of grouping. . . .

? Coxe, Warren W. “The Grouping of Pupils.” Thirty-fifth Yearbook of the
National Society for the Study of Education, Part 1, p. 309. Bloomington, Illinois;
Public School Publishing Co., 1936.
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The trend of the argument in this yearbook . . . is that much

higher achicvement may be expected when pupils are properly
- grouped. The nighest intellectual dévelopments can take place only
when pupils are placed in such situations as will challenge their full
capacity. . : :
'T'his is a temperate statement, but it is a better endorsement of
ability grouping than an over-enthusiastic culogy would be, In
the lines quoted it is not stated that abilities of a group should
be somewhat homogencous, but the context leaves no doubt
on that point. On the question of challenging the full capacity
of pupils, which is emphasized by Coxe, one can return to the
thought expressed above, that another person can stimulate us
effectively if we know we can do as well as he, provided we make
full application ot aur powers.

When funds permit, it seems to be the tendency in the lower
grades to enroll 25 pupils in slow classes, g5 in average classes,
aud 40 in bright classes; in the high school the average class sizes
are smaller. Some administrators,” however, make the group of
average pupils larger than the group of bright pupils, which
tends then to be still more selective.®

It has been found that a cumulative record of a pupil, with
entries supplied by his successive teachers and accompanying
Ris progress through school, furnishes data that are invaluable
in assigning him to the section in which he will do his best
work. Since pupils differ not only in abilities but also in experi-
cuce, industry, interests, health, and amount of knowledge
accumulated (which may not be proportional to mental capac-
ity), and since all these factors influence his future success,
vatious tvpes of information should be entered on his record.
Iu addition to intelligence rating, the record should give such
other facts as actual results obtained in achievement tests,
especially in mathematics and reading, teachers’ judgments as
expressed in school marks, age. physical defects and general
health, special abilities and interests, vocational plans, eco-

“Cone, op cit., p 818
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nomic status and occupations of the parents, and language
spoken at home.

Adjustment of -standards of performance to the abilities of
the different sections raises both educational and psychological
qulstions. In some schools achievement marks over the entire
marking range, for example, A, B, C, D, E, F, Inc., are awarded
to pupils in all the groups, marks being then frankly relative
rather than supposedly absolute in character. Under such an
arrangement a pupil in the Z group may obtain the highest
rating and one in the X group the lowest. It'is of course abso-
lutely essential that the school record show the type of sec-
tion in which a pupil was enrolled, and it is equally important
that the matter be made clear in transcripts to colleges or in
reports to possible employers.

What has been said assumes that secuonmg has been a
recognized practice of the school, systematically provided for
by the administration. When this is not the case a close ap-
proximation to it can be carried on by teachers themselves in
case there are two or more sections in the same subject. Thus
if two sections in mathematics meet at the same hours as two
sections in some other study, a division along’ability lines can
be carried out, though of course compromises will have to be
made in the placement of some individuals. When this pro-
cedure 1s resorted to it may be that the school records will not
show the type of section in which a pupil has done his work,
and the perplexing problem of grades for differentiated sec-
tions will arise. Ffforts may be necessary to prevent an able
pupil from going into the slower section because of the ease
with which a high grade can be won in it.

It is to be remarked that some school systems have abandoned
ability grouping. after having experimented with it. Some-
times it is stated that the procedure is undemocratic. and that
a social or psychological stigma attaches to membership in the
slowest group. The Commission does not believe such reasons
to be sound, though it clearly recognizes the difficulty of plac-
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ing pupils properly and is aware of difliculties of administering .
the program successfully.

OTHER METHODS OF CARING FOR ABILITY DIFFERENCES

When the number of pupjls in a grade or the enrollment in
a subject is too small, it is not possible to carry out the segrega-
tions previously discussed. Nevertheless there are prace re
by which differences in ability can be allowed for, either by
teachers in the method of conducting classes, or by the school
through the provision of what is sometimes called an “oppor-
tunity room.”

Where all (he work of a pupil is with the same teacher, it is
possible to approximate ability grouping in some studies at
least. Appropriate divisions can be carried out ‘n grades seven
and cight if the pupils in these grades do not have diiferent
teachers for different subjects. It is probable, however, that two
rather than three groups should be provided for in any one
study, R '

When pupils veach the place where they go from room to
room for instruction under different teachers, differentiated
assignments can still be carried on, but difhiculties may arise
unless the planning is carefully done and vigilance is exercised.
One procedure is to have pupils study the same general topics,
with assignments adjusted to their varving alertness and
powers. Perhaps the most feasible method of instruction is to
have a common element for all pupils in a day’s. work, with
extra assignments for the abler group. The extra work given
these pupils should not be merely more of the same material
given the rest of the class, unless it calls for a distinctly higher
order of understanding: the general aim should be to develop
a greater breadth as well as more complete mastery. The extra
work must of course be checked bv the teacher and carefully
appraised. and assignments must be handed in frequently. Reg-
ular davs mav be set for the two sections of the class to meet
separately (in the same room if necessary), the abler group for
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discussion of their spe®ial material, the othet group for further
considcrat\v\n of what is required of them, and for reviews. At
such times written work can be provided foy the group that is
not having discussion. Efforts should also be made to have the

stronger group carry on work in special meetings by themselves,

Some teachers report that they have been successful in divid-

. ing classes into as many as three groups, using different texts

with the different groups, quite as if there had been a section-

ing into distinct classes. Undoubtedly a very competent teacher

would be required to conduct a class in such a fashion, and the
procedure tends to put considerable responsibility upon .he
pupils. No one will deny that at least on the surface teaching

reaches its 1.7 al when the teacher adopts the general practice

of helping pupils to instruct themselves: the question is one of

the character of the results obtained. Methods of “progressive

O

education™ call for such a teaching procedure, and di%erenti-
ated assigmnents when fixlly individualized proceed in much
the same say, with pupils having a voice in deciding the stand-
ards they wish to attain. Under such circumstances a ciass meet-
ing is often quite unconventional. and to many teachers it
sometimes appears disorganized. Tq what extent highly in-
dividualized methods of instruction can be used profitably in

biic secondary education will probably long be a subject of
debate. Success will depend net only upon the teacher but
upon ghe size of the class and the personnel that comprise it.
Neither a general endorsement nor a broad disapproval would
seem to be justified.

In the opportunity room, or the adjustment room as it is also
called, pupils are given a chance to make up deficiencies in a
specific subject, such as mathemativs. A good teacher, relieved
of some reanlar instructional duties, should be in charge of the
room. Pupils are assigned to the room by teachers of rvegular
classes for short periods of remedinl work, Such treatment is
especiallv useful for pupils who have been absent. for transfers
from other schools using different comses of scudy, and for

RIC
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pupils suffering from ‘special disabiliNes. Since the.work is
largely individual a teacher may diaé ose difficulties quite
accurately and apply proper remedial treatyment; on the whole
the plan is a better une for remedial work than for presenting
new material to a slow pupil, as there is not\ the benefit of a
class recitation. The plan can become somewhat expensive;
but it can be the means of preventing many failyres, and fail-
ures are still mnre expensive. '
Provision of special instruction for superior pupils, Dy a plan
similar to the opportunity room as here discussed will\be men-
tioned later in the chapter.

CH:\RACT'ERIS'FI(.]S OF BACKWARD CHILDREN

Pupils who are designated as “‘dull normal” usually have\an
intelligence quotient between 570 and go. In this section atten-
tion will be limited to this group, for the defective children,
whose intelligence quotients are below 70, are not often found
in the mathematics classes of the secondary school, and they
constitute a special problem into which this report cannot
enter. An explanation should be made concerning the reason
for using the intelligence quotient (IQ) rather than the educa-
tiona! quotient (EQ), a measure found helpful in certain con-
nections. Although there is a high correlation between the two
measures, the group of pupils with lew EQ’s includes bright
and average children who merely will not work, and some who,
because of physical reasons, are unable to do so. Since such
bright children may be present in considerable numbers and
since they have great possibilities of success when they exert
themselves or have their disabilities removed, general conclu-
sions based upon children with low EQ’'s may be erroneous.
For this reason, it is the child with the low 1Q and not the child
with low EQ who will be considered as backward in the present
discussion.

In order to deal successfully with backward children a teacher
must first of all know some of their traits From an extensive
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study Schorling has formulated the following ge'ncral conclu-
. sions about the dull normal pupil:®

7. The dull differ from the normal not in kind but in degree.

2. As regards sensory and motor capacmcs the dull are not far
. from normal.

3. With respect to instincts and emotions also the dull approach
much nearer the norms than they do in intellectual traits.

4. The higher mental processes differentiate the dull from the
«  normal and the bright. '

This lack of system in the minds of the dull greatly limits the
amount of transfer of training.
It is very difficult for dull pupils to detect an absurdity in an

illogrical statement, _ i

The dull pupil is extremely weak in forming associations bes

tween words and ideas. ,

Dull pupils are limited with respect to imagination.

The dull have an inadequate mermnory,

The assodiation of factors, an important element in recall, is
weak,

. Most important of all, the dull pupil has difficulty in general-
izing,

Then, too, the mentally limited pupil is weak in evaluating
his efforts.

5. Dull pupils have a short attention span,

6. The problem of the dnll normal is fundamentally one of
mcmal health,

. The dull pupil’s responses are less reliable than hose of the
n()rm'll pupil.

8. Experinents as regards relative amounts of play are as yet
meagre but scem to indicate that the dull children play legs than
lhc normal,

. The dull normal usually responds well to responsibility for/-;
lntlv extra jobs than can be delegated to him.

r0. Though the diffcrence between teachers is greater than the .
difference between school subjects, in traditional secondary schools
Latin and algebra hold the unenviable distinction of being the most
difficult subjects for the dull normal pupils,

rr. The curve of growth toward a specific maturation under con-
stant environmental influences appears to be the same for the dull
as for the bright.

?Schotling, Raleigh. The Technique of Instruction for Dull Normal Pupils,
pp- 15 35. Burcau of Educational Reterence and Reseyrch, Ann Arhor, Michigan,

1434,
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Not all hackward childien will possess all these deficiencies
in equal degrees; but no teacher can read the list without hav-
ing his desire strengthened to reach this group of pupils more
effectively. An awareness of such specific traits as those given
above should make it possxble to sclect appropriate material
and carry. on instruction far more successfully. .
~ Other investigators who have worked on the problem have
published imporiant findings. Thus from a study of the growth
curves for a number of childran in learning the tasks in algebra
as measured by the Butler and Breslich tests, Beck conchides,!®
- “The data support the fact that the slow group grows"in the
same proportion as the fast gioup though on lower Ievels of
development.” If the aim of teaching is to help pupils 1mprove
and to aid them in reaching the_state of urderstanding and
achievement of which they are capable, such a pronouncement
as this should not go unheeded.

There is another very important aspect of the prob]cm that
must ‘be considered before a decision is madts to the programs
suitable for backward pupils.. Burt, the Eaglish psychologist,
in an exhaustive study of the slow child!! compared 400 back-
ward boys and girls each with a normal child of the same age
and sex attending the same schoo” He discovered that the
average intelligence quotient of the backward children was
approximately 78. But physical comparisons yz{cre equally strik-
ing. The backward children were on an a&cmge nearly one
inch shorter. In weight, both the defective dnd the backward
were about three pounds below the standards. And, contrary
to popular belief, he found that slow pupils do not excel in
manual skill as a compensation for mental ability, ‘but in this
as in academic work, they rank below the nonnal and the
defective. '

10 Reck, Hildegarde. An Analysis of the Relative Achievement in Mathematics
of Stew and Fast Groups in Junior High School Ievel, p. 48. Unpublished Mas.
ter's thesis, University of Michigan, tns3.

Y Burt, Cyril, The Rackuward Child, pp. 155, 156, 267, 269. D. Appleton-Cen-
tury Co.. New York, 1937,

1
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CHARACTERIS ICS. OF BRIGHT CHILDREN

Baker B o Lorved! that although the superior pupit may
be simila: . the backward child in responses to very simple
situations, the former has the nb{ili‘ty to solve complex prob-
lems by creating and manipulating many a:sociations, a thing
the other child cannot do. Bright pupils enjoy abstractions,
as a general rule; they are capable of reasoning; they have initi-
ative, imagi'nation, associative memory resourcefulness; and
they read with understanding. But much more than this can
be said of them: they wish to anake discoveries for themselves,
though after the discoveries are made they may be bored by the
practice that must follow if they are to retain what they have
achieved. Because of the dislike that bright children have for
practice, some teachers consider it unnecessary for them, and
omit it from their programs. The omission of such an impor-
tant aid to mastery is likely to be detrimental even to bright
children, for it may lead to failure or near failure, or at least
to a lessened efficiency. ) '

It may be a surprise to many persons to know that statistics
show that, considering their mental ages, it is the superior
pupils and not the slow ones who often form the retarded
group in our schools. The competition of other activities, the

. ease with which they excel in a heterogeneous group, the lack

of challenging work suited to their capacities and interests, the
agreement sometimes existing among pupils that a “gentle-
man's grade’ is one givcn'-fo; low achievernent-all thesevactors
have resulted in producing.a deplorable retardation on the part
of some of the ablest children. Such a condition should be cor-
rected; for since it is from the abler pupils that leaders should
come, their vears in school should be spent in serious prepara-
tion for the work that they will later do.

In his detailed study of the traits of the bright child, Terman

12 Baker. Harrv. Characteristic Differences in Bright and Dull Pupils. Puhlic

School Publishing Co.. Bloomington, T, 1y27.

+
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has found'® thaygthe gifted excel not only in intellectual traits,
such as originality, will power, capacity to persevere, sense of
humor, and common sense, but:also in physic:il growth and in
general health, a result in harmony with that of Burt, whxch
was mentioned above.

TEACHERS FOR BACKWARD.AND SUPERIOR GROUPS
When an actual segregation into X, Y, and Z groups can be
made there arises the important question of the selectionwof-\
the respective teachers. ‘ "
There is a growing conviction that for the two extreme

‘groups, for the slow Z group quite as well as for the fast X

group, especially good teachers—though perhaps with different
traitsydre esséntial. This has not always been the case, for in
times past teaching dull pupils was thought to. mean little
more than entertaining them until they reached an age at
which they could legally leave school. This nistaken opinion
often resulted in assigning stow classes to v - least successful
or the least experienced tcachcr, or to a teacher who would not
protest too much. The recent greater concern for the slow
group of pupils comes first from the knowledge that many
pupils in that group can do more than was formerly realized,
and second from a stronger impulse-to help ‘them to the full
development of which they are capable. Thus to an increas-
ing extent slow classes are assigned to very skillful members of
the teaching staff. Under the teaching of such competent in-
structors backward pupils may do much, while-they would fail
to advance significantly under poor teaching, or actually de-
velop undesirable habits of behavior,

A chief requisite of a teacher of slow pupils is a firm belicf
in the worth-whileness of the enterprise and a conviction o6f
the pmslbnhtv of success: no_teacher who thinks that the task
is futile should be so cmplnycd Faith in the value of the work

18 Terman, Lewis M. Mratal and Phyidcal Traits of a Thousand Gifted Chil-
dren, p. 634. Stanford University Press, Stanford, Calif., 1926.
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will come from a study of the capacities of backward pupils,
for such study gives a knowledge of what they can do and of
what is.beyond them; it also shows the way to awaken their
interest and keep them at their tasks. In the teacher there
must. be' sympathy, there must be patience, and there must be
the imagination that will Jead to the presentation of a topic
not just otice and in one way—a thing the beginning teacher
often regards as sufficient—but repeatedly and from different
viewpoints,

In order that their full capacities may be developed, superior
pupils should have sl{perior teachers._ The teacher should be
a distinctly rintelligent person, and sheuld possess not only
good social qualities but discrimination. Though such a teacher
should manifest an awareness of current problems and take an
interest in.them, he should also reveal a firm attachment to
those great underlying achievements and interests that give

t dignity and nobility to human life. He should have a broad

range of information, and an extensive knowledge of the spe-
cial subject taught and its relation to. other fields.

The problem of controlling conduct cannot be ignored.
Though the .backward child may desire to attract attention to
himself, his means of doing so are somewhat restricted. Since
he cannot arouse attention through really superior achievement
—as a superior child can do—he may resort to some crude form
of exhibition. In order to be full master of the situation, the
teacher needs not only firmness but tact, and should seek to
make the simple tasks that are set for the pupils as satisfying

as enticing as possible. The occasional problems of dis-
(1pl~\e which atise with both superior and dull children should
be seen to call for direction and guidance rather than domina-
tion. the aim being to develop intelligent self-discipline in an
atmosphere of mutual respect for character and worthy achieve-
ment  Some of the elements necessary for teachers of backward
and superior pupils sccn to be natural inherent traits; but
study and training are very important in developing these native

.3
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abilities. The increased attention that the problem has recently
received in teacher training programs is an encouraging sign..

TEACHING PROCEDURE

“Since it is now well known that children may be retarded in
school because'of physical as well as mental disabilities, back-
ward pupils should have physical as well as mental examina-
tions, and the results of the medical findings should be followed
up. Children who have been classed as failures are nften able to
make average progress by the correction of physical defects, for
instance by fitting glasses, providing adequate diet, transferring
to open air school, or removing diseased tonsils or adenoids.
But once it is ascertained that unsatisfactory progress is due to
actual lack of mental ability, special teaching methods as well as
special subject matter are indicated, and should be employed in
accordance with the special plan that the school is able to adopt.

Burt!* gives the following advice to the teacher of the back-
ward pupil:

The whole type of instruction needs to be radically changed. . . .
Perhaps the most difficult point to bring home is that there is no
single method appropriate to the backward child as such. The es-
sential need is a teacher with an experimental outlook and adapta-
ble turn of mind. What particular changes should be made will
depend in every instance on the underlying causes of the trouble: |
hence the ‘main key to success i, to vary and modify the teaching
until it fits the individual child,

Slow pupils, like very young children, learn best through ex-
periences with concrete things. They must handle, measure,
count, draw, make models, construct graphs, go on expeditions,
hear talks, see pictures of things, etc., until the quantitative or
spatial characteristics or relationships to be taught are really
understood. After that the teacher may lead very gradually to
the abstract, returning frequently to the concrete to fix and illus-
trote generalizations, Slow children can seldom make generaliza.
tions or discoveries, except of the simpler kind. They profit

I Burt, Cynil, op. at., p. 116,
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from detailed explanations and enjoy repetition of familiar ma-
.terial. The teacher must discover all the short steps by which
their slow minds must travel, and be ready to aid with all the
steps in sequence. Much of the natural vocabulary of the teacher
r st be put aside, in order_to talk in the everyday language of
the pupils who are being taught:- ‘
Reading difficulties form a special wéhkness to be corrected,
and the teacher of the slow-learning will profit from a careful
study of books on the teaching of reading. If children can be

& . [
taught to read successfully, they can often do mathemati

which they formerly did not understand merely because they did
not comprehend the meaning of the words in which the mathe-
matical concepts were cxplained. The matter of reading and
vocabulary, so necessary a consideration in all backward pupils,
is still more important in the case of those who do not speak
English in their homes. ' ‘ o

Oral reading of mathematical niaterial, which may well be
motivated by casting it in the style of a play, affords an excellent
point of departure not only for a discussion of the texthook but
also for the comprchension of the meaning of non-technical
words and mathematical terms. Newspaper clippings furnish a
continuous source for reading and discussion of quantitative
expressions, both technical and non-technical, as, for example,
the association of a tube of any kind with a cylinder.

The'span of attention of the slow pupil is short, and this fact
makes it essential that there should be variety within one period
and that the units of work should be short. Although abstrac-
tions present great difficulties to the backward, slow pupils
should be allowed to reason and discover in the realm of simple
ideas as much as they are capable of understandirg. When they
are in a homogeneous group they often enjoy doing this. Since
it is with concrete material that they will be most successful, the
classrooms of slow pupils should be especially equipped with
rulers, tapes, protractors, compasses, squared paper, mudels, ad-
vertisements, and business forms. Slower pupils actually show
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ability in performing easy computations and in applying simple
rules that may be learned by rote. Their range of ability in
arithmetical computation includes work with decimal fractions
and common fractions as well as whole numbers.?®

It is not necessary to devote as much space to, the discussion of
the traits of superior pupils as was given to the traits of slow
pupils. This statement is not meant to imply that methods and
means of dealing with such pupils are always well understood,
but, since superior pupils should be instructed by a superior
teacher, there should be in this type of instruction a meeting of
minds that have important qualities in common and a contact
of personalities with congenial impulses and tastes. Among the
pertinent characteristics of superior children may be men-

tioned: capacity of sustained attention with a consequent ability -

to work with assignments covering several days, the power of
dealing successfully with abstract ideas, and a readiness in under-
standing applications of an advanced or difficult type. '
A further word with regard to the function of practice seems
appropriate. Even though the superior pupil may be somewhat
rebellious with drill, and may be attracted more to ideas than to
manipulation, extensive practice is often necessary. It is one
thing to understand a process when it is explained, but quite
another to absorb and make it a part of one’s working equip-
ment, ready for immediate use. Superior pupils should be able
to grasp the truth of this fact; a skillful teacher of course helps
relieve monotony by introducing varicty. Although the back-
ward pupil may not grow restless with repeated drilleand may
even take satisfaction in a sense of achievement. the teacher
must make sure that the pupil understands the reasons for what
he is doing. The teacher must also make sure that the pupil is
forming habits of correct response and is not drilling upon er-
rors, for the backward pupil is quite uncritical of his own work.
15 Potter, Mary A, A Study of the Eviors Made in Computational Arithmelic

by Children with High and [.ouw Intellicrnce. Unpublished Master's Thesis, Uni-
versity of Wisconsin, 1940.
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Reviews must be frequent, and there must be considerable .

reteaching of backward pupils. To the slow child merited praise
and satisfaction in previous accomplishments are eftective stim-
uli for new attainments. In this connection Burt observes:18
- It -is amazing to see what a patient teacher, who is prepared to-
make full allowance for such temperamental creatures and to plan
his syllabus along approprigte lines, can extract from this unprom-
ising material.

What has been said above applies most specifically to the
teaching of the Z and X groups when X,'Y, Z grouping is em-
ployed. When that grouping is not possible, and a plan »f
differentiated assignments is used, the teaching problem is quite
different. One teacher must then deal with the whole range of
abilities; but a knowledge of the traits of abler pupils will help
in the problem of special assignments for them, and the reviews
suggested for the remaining pupils will give opportunity to deal
appropriately with the slower members of the class.

'

THE MATHEMATICS FOR BACKWARD PUPILSY

The Commission has already expressed the view that mathe-
matics should be required through grade nine. It believes that
this amount of mathematical st..dy is desirable not only be-
cause it is useful but because it helps in a unique way toward
intelligent adjustment in the present-day world. The programs
outlined in the twopreceding chapters had in mind average
pupils for the lower grades (seven, eight, and nine), and able,
though not necessarily superior, pupils for the upper grades. It
is necossary to consider now how tie work suggested for grades
seven, eight, and nine can be modificd for backward pupils.

Although a great deal of further experimentation is required
to check results, the Conmumission urges that mathematics should

M Rurt, Caril, op. cit, pp. n42-549.

oD lnoushiont this section a backward pupil is regarded as one who has dif-
beutty wath all his « hes. Some of the remarks made do not apply to the pupil

for whom muathematis is a study of special difficulty, and who may appropriately
bem a mathematies dass with the general slow moving pupils.
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not be regarded solely as a study of utility iny the case of back-
ward pupils, with emphasis exclusively on problems they may
actually need to solve. It believes that for backward pupils as
well as for able pupils mathematics should be in part cultural
and informational. The future life of a backward pupil is des-
\ined to be quite circumseribed intellectually, and even a lim-
ited background of appreciations helps make him a better
citizen. Such an aim seems praciicablc if proper material of
instruction is chosen and if there is good teaching.

13:1(']&\}';11'(1 pupils should not be taught only arithmetic,
throwell the mistaken belief that arithmetic is the simplest
mathematics since it is the most clementary. Parts of algebra
and geowmetry are simpler than parts of arithmetic; furthermore,
they may be more useful and more broadening. Slow pupils
should be taught the simple parts of different divisions of math-
ematics.’™ In all the branches of mathematics that are taught
there must bc a preponderance of concrete material and experi-
ence, abstradt parts being introduced slowly and with modera-
tion. A variety of subject matter can be successfully taught if it
is presented in conerete form, if it is properly motivated, and if
time is given for its mastery. Without too great an expenditure
of time the slower pupil can be taught the use of letters for
numbers, evaluation of simple formulas, work with ratio and
proportion, the solution of casy problems, and the reading and
canstruction of varions types of graphs.

In geometry the slow pupil can at least make simple drawings
and constiuctions; he can recognize and enjoy geometric forms
in natme, at, and architecture; he can do considerable work

P Mallory reports that, inthe countrs as whole. if mathenmatics is taught to
dow children in the ninth goade, 1t takes one of the tormse a) rathe tiaditional
aluchia with lowered standaids: (2) modified algebra; (3) review of arithmetic or
Business arithmetic; (4) shop mathematics: ¢5) some type of general mathematics.
His own recommendation is that “the material taught should be so-called gen-
eral mathematics including social uses of arithmetic, practice in computation,
simple alpebria. geomeny, and numerical trigonometry.” See Mullory, Virgil,
“Aathematus for the Slow Pupil.” The Mathematics Teacher, November, 1933,

PP 39t 30X
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mth mensutation; aud he can make scale dxamngs In some
instances a little work in simple geometric dcmonstralion can

be done. Flementary work with trigonometric ratios can be

O

done by many backwar 8 papils it enough time is given to it.

As almatter of significant information that will help form an
intelligent outlook on life, slow pupils can appreciate something
of the role of mathematics in cie{ilil.ation through the story of
numbers and the history of meastrement. Use of simple mathe-
matical tools and inspection of more complicated ones con-
tributes to the same end. Slow pupils can expevience a widen-
ing of conceptions by taking part in trips to inspect the uses of
mathematics in buildings and in industrial plants. The' read-
ing vocabularies can be sufficiently developed for them to appre-
ciate and understand the quantitative expressions commonly
found iin newspapérs and magazires. If the school is equipped
with a good mathematical display and the material in 1t is prop-
eriy explained, the backward pupil mayv gain a greater insight
into he role of mathematics in civilization than is somctimes
suspecte’,

An outline of work for grades 5. 8, and g that cairies out the
ideas set forth above is given in a chart as Appendix VI A
comse for slow pupils that is on the whole in Zl;’,l'(‘(‘lllt‘ll[‘\\'illl
what has been said here has been reported by Fisner as having
been made by The Assodiation of Teachas of Mathematics in
New York City ™ Teis built imound foun Large topics, with sub-
divisions as shown below:

I. ‘The Social Uses of Arithimetic

Recreational and leisure activitios,

Health activities.

Thrift,

Investmenty,

Keeping and interpreting accounts,

Paying taxes,

Providing for iutlm Teeds and CICTECTIOICS,

Solving miscellancons family economic prohlems,
¥ Fusner. Haov, " Lhe Chatlenge of the Stow Pupid.” The Mathematics T'eacher,

Vol NXNIL pp g o Juanuany, igig.
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11 Interpretation and Visualization of Quantitative Data
1.carning of concepts of commonly used quantitative units.
The comprehension of very large and very small numbers.
The use and interpretation of tables.
The construction and interpretation pof graphs such as found
' in newspapers and magazines and relating to safety, budget-
ing, social trends,
The drawing of simple inferences from statistical facts.
111, The Uses of Geometry V
- The appreciation of geometric forms around us.
Mcasurements of lengths, angles, areas, volumes with instru-
meunts,
The concept of approximate nature of measurement.
The solution of direct mensurational problems as applied to
familiar objects in life. .
Indirect measurements including scale drawings and simple
nunierical trigonometry.
Construction of simple geometric figures with instruments,
The experimental discovery of common geometric relation-
ships.
The locus.

IV. Algebra as a Tool of Thought
The use of the formula in geometry and arithmetic.
Signed .numbers,
The extension of arithmetical operations to include literal
numbers.
The solution of simple verbal problems with linear and pure
quadratic equations.

The outline of Appendix VI or that just given could safely be
followed by a school system which does rot wish to build its
own program. Experimental programs of various school sys-
tems have been described more or less fully by diferent
writers.®  In some cases they me connected with vocational

work, at least as a means of maotivation, N

Rl

\\
—,

Y

MATHEMATICS FOR SUPERIOR PUPILS

In dealing with brighter pupils. especially in the lower grades,
opinion has been divided concerming the advisability of enrich-
i an artde, “An Adjusted Curriculinm for the Dull Nortmal Pupil” Occu

fretrons, Vol XVIT pp. 34 30, October, 1998, Mary P, Coote wepotts on programs
tor ten Lage aties in the country.
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ing a course by additional topics and teaching the essentials while
accelerating the pupil’s progress through school. Because chil-
dren appear to develop more naturally and have better mental
health if they are in classes with children of approximately their
own age, and for other reasons as well, administrators recently
have appeared to favor the plan of keeping bright children in.
their own age groups and providing for them an enriched pro-
gram of studies that will challenge their capacities.
_ Although the two programs set forth in earlier chapters had
Co in mind average pupils through grade nine, they were quite
complete, and some optional material was indicated. -By using
special works on enriching mathematical instruction,? and by
referring to somewhat exhaustive textbooks, the teacher should
have no difficulty in providing for the needs of either a uni-
formly superior class, or the yuperior members of a class with
whom some plan of differentiated assignments is being em-
ployed.

The programs given for the upper years in the preceding
chapters were themselves quite extensive, and it is not likely that
additional material will be needed except for very able pupils.
One way to provide for special pupils is to direct them into
parts of analytic geometry and the calculus that were not sug-
gested in the outline; a high school library should have text-
books that are necessary for this purpose. If such instruction
is not desired, superior pupils can be given a broadened knowl-
edge by study of some of the following topics:

In geometry :
The notion of continuity. : ‘;3
The three famous problems of antiquity.
2 A work especally to he noted in this connection is Eurviched Teaching of
Mathematice in the Junior and Senior Hivh Schaok, by Maxie Nave Woodring
and Vera Saunford, revised edition. Burean of Pablications, Teachers College,
Columbia Univeruty, ix + 133 pp. 138 The vatious compilations in this book
can be of the gieatest uawe 1o the mathematies teacher,
¥ The o are tahen largehy fiom livte i Educating Superiar Students, pp.
197-198; American Book Company, New Yark, 1035 A number of the topics given
1 the work 1eferred to are found in the ontlmes of previous chapters in this
Report.




4

O

ERIC

Aruitoxt provided by Eic:

146 Fifteenth Yearbook

Parallelism and infinity.
Non-Euclidean geometry.

Higher dimensionality.

The theory of limits.

Study of the foundations of georetry.

In algebra
Generalization of the function concept.
Maxima and minima problems.
Mathematical induction,
Elementary number theory.
Scales of notation.
Determinants,
Statistical theory.

In trigonometry
Spherical trigonometry.
Applications to astronomy and navigation, .

An opportunity room for supcrinr.pupils is helpful for indi-
vidual and special study, and has been provided by some schools.
When this means of guidance and aid is not av ‘able, the
problem of dealing with the special study of supeiior pupils
becomes a rcspnnsilzi]ity of different teachers.

Other types of mathematical and related readings than those
mentioned are possible.® and able pupils can also be given in-
structive activities in connection with mathematical clubs and
school publications. For all such projects to succeed it is neces-
sary to have the school library properly equipped.

It is not desirable to extend study to new topics at the expense
of thoroughness. Pupils with able minds often believe the quick
perception that comes to them is complete understanding, when
it is not. In an earlier chapter of this report it was stated that
mathematics is an admirable study to reveal the great difference
between superficial understanding and mastery, and mastery
was indicated as an objective of education. Able students
should be guided into the habit of thoroughness, and dilettant-
ism should not be encouraged. Many parts of mathematics

3 The work of Woodring and Sanford. dited on p. 145, will be found quite
as uscful in the matter of hibliographies for the upper grades as for the lower
ones, as its title indicates.
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must be repeatedly retlected upon and must be counsidered from
many viewpoints before they ate adequately understood. Simi-
larly, many of the processes must be employed again and again
before they can be assimilated and used with the readiness that
a skillful person nanifests. An immatare mind may find much
glamour in what is new, but the tained mind experiences great
satisfaction in penenating more deeply and searching for un-
suspected relations among tamiliar things. Some students go on
to university or college with a wide variety ol topics in mathe-
matics studicd in high school but witch fhmited insight and inade-
quate technique. .\ scarching question bewilders, and an in-
volved problem is bevond them. Although it is imperative that
high school programs should provide plenty of material for able
classes or for able students in dirdiny classes, the importance
of thoroughness should not he tongotten. However muach it mayv
be necessary to relax from this ideal i the case of puptls with'
moderate abilities, it should be kept constantly before those who
are superior,
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CHAPTER VIII.
MATHEMATICS IN THE JUNIOR COLLEGE

“I put them aside to finish {ater in the year, and in the
meanwhile, deserving, as I thoyght a little real restful lux-
ury, devoted myself to Differential and Integral Calculus.”

—DE NORGAN, IN' JOSEPH VANCE

DEVELOPMENT OF THE JUNIOR COLLEGE

' THE rapid spread of the junior college reminds one of the devel-
opment a century ago of the high school after its first appearance
in 1821 as the English Classical School of Boston.. Although the

. junior college is especially prevalent in the West, its origin is to

be found in the Fast and the Middle West. The Bradford (Mass-

“achusetts) Junior College and the Joliet (Illinois) Junior Col-

lege both date frop1go2, and of the junior colleges now oper-

ating, they are ap, uRet1tly the first institutions to bear the title.!

Tocay there are more than 550 juhioi/colleges in forty-four

states and the District of Columbia./California has 57; Texas,

38; Iowa, 37; and Oklahoma, 3g. .As to origin, two classifications

are to be noted. In the first place, some four-year colleges which

were not especially flourishing have contracted their programs
and concentrated on the first years of college work.2 In the sec-
ond place, junior colleges as such have been founded, both as
private institutions and as public schools. Of the private schools
some are denominational and some are not; of the public schools

1 The school in Bradford had existed for a century and that in Joliet for a
vear before the present names were adopted. See "Junior Colleges,” Bulletin,
1936, No. 8, U. S. Office of Education, Washington.

2 In this connection it may be noted that President Harper of the University of
Chicago, who is often referred to as the “father” of the junior college, gave no
less than six reasons why a small ineflective college should drop senior work and
hecome a junior college. Cf. "Junior Colleges,” Bulletin, 1936, No. §, U, S. Office
of Education, Washington, p. 19.
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some are supported by a city, some by a district. and some by
a state. No small number of junior colleges have closed their
doors, and on the other hand some have merged with standard

- universities or colleges, or have been resrganized as four-year

institutions.? Although junior colleges are organized differently,
some’giving only one year of work, and some having preparatory
work connected with them, a decided majority of them are two-
year institutions.* With increasing general public support the
junior college is rapidly becoming an important part of the sys-
tem of public education; and, if present trends continue, it will

Iz

constitute the thirteenth and fourteenth grades of the public -

school. Thus, 1t appears appropriate for this Report to deal

ed.acation.?

The recent tendency of the secohdary school system, as herc
conceived, to expand upwards has created a somewhat new
viewpoint toward the entire question of the readjustment of the
administrative organization for earlier years. Although the two
most common types of organization for the elementary andirom-
plete secondary school system are at present the 8-4-2 plan and
the 6-3-9-2 plan, it may be that neither of these plans is the one
that will most generally prevail in the fitture, at feast in many
cities. Theve arestrong advocates of a 6-¢-¢ plan. an organiza-
tion in which there are six years of elementary school, four years

Mhel o oppo vz R ag. 220 Some of the institutions that have cosed were
founded hefore the Bradford and the Johet schools, and the bulletin referred to
makes the followime statement, which shows the impossibitite of any perfectly
acenrate stccount: “Many funve blosomed and died before their names could bhe
iscthed inoany colleve dipegtony.” .

4 Acordmy to the UTunion College Doccton™ of the American dssaciation of
Jrovver Colleges Wishington, g4, there e at presont o 1wo vear schoals,

5 The ypnestion whether the jumor colleze shoukd or should not be regarded as
prirt o the secondary schoal ssstem his beeir much debated. Argnments pro and
con can be fonmd in Lells, Wabier Co 2l fronee College. Chapter XNXIV. Houghe
ton \GtHhin Co L oigqt. The staement in the text i not intended to atign the
Commussion stronely on the affnntive side of the guestion. Fells. who prefers
1o consuder the ot college as constituting eollegrate 1ather than secondary

edacnon. wivs he s not disposed 1o press the matter of tenmimology,

with the junior college ad falling within the field of secondary
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of high school, and four years of junior college or college. It is

not within the province of this Report to go into the advantages

and disadvantages of such a plan.® The discussion deals only
with, wtwosedr type of junior college, which, separated com-
pletely from a high school, offers work only for grades 13.and
14. .+ nored before this is the most prevalent type-of junior

colleze. On the other hand those junior colleges that constitute

the lower divisions.of universities are also not under considera-
tion. How the programs of such institutions should resemble,
and how thev sheuld diffey from. the programs of strong inde-
pendent junior colleges is an interesting and important proble-n,
but one which cannot properly be gone into heve,

FUNCTION OF THE JUNIOR COLLEGY

The junior-college ptavs the double role of a terminal school
and i prepariatory school, As the most advanced part of«the sec-
ondary svstem it offers an educational term nus for many stu-
dents that is comparable to college gradunion of a century ago.
As a preparatory school it provides for other students the pre-
liminay training required for entrance inte the upper vears of

3 The question of (te fourseur junior college is discussed at fength by Fells,
oot pp. 672 710 He himself does not favor the anangement and, for the sahe
ob Lurness. sets fortn supporting arguments by gquotations from i advocates,
Fells amalvzes the disadvantages of the plan, and after refuting arguments in its
frvor desates a chapter opp. 720 7an o a discussion of the two svear junior col-
teae, which s the one he bimself endoises.

I ovgee, by T Boardan, ina Master's thesis ot the tnivensity of Californig
entitled Separatean of Jiowar College from Hich Scd ool presented some interest
gt anpeec o of the question. He showed that heads o jrumor colleqes in Cabitora
werr an ceneral stronghy an favor of sexresation Sf wiades oy and o from the
fower coadess Bowrdman abvo presented the resulte of o studs designed o show
whether praduates of junior cotleges that e searested lrome a hich schoal hasd
better success i subsequent univeraity work than wradiates oF pdor colleges
that are anly partly sezregated. or net sewreated at all. He fonnd prasticdy no
difference in the achievemerngts of graduates of the thiee nvpes of schoals,

Junmor collewes ditfer as 1o the tpe of cernficate thes give for satnsfacton com
pletion of then progams. The 8 V0 Aaociate o Aris, o Asodiate of Atts, is
pranted as a Torle” by many junior colleges, and as a0 Cdediee” by g few, See
“Tunior Colleges” pogry where there o uiven o quotation fram a studs made by
Daak 8. Cample 1 ras g which shows that ar shat tie gy ditferent tides were
Besng wiven by puneoe colloes ‘
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- a four-year college or a university. In the beginning of the
junior college movement most of the students were of the pre-
.paratory type, but in the last ten years there has been a signifi-
cant increase in the number of students intending to end their
formal schooling with graduation from a junior college. For
('xa_mpie, in the Pasadena (California) Junior College in 1926
there were two of the terminal and 43 of the preparatory type of
student out of an enrollment of 45; in 1935 there were 318 of the
terminal and 192 of the preparatory type out of an enrollment
of 510.7 It would seem that the 6-4—4 plan eéncourages more
students to remain after the twelfth year, since entrance into a
new school is not involved. A wider adoption of such an organ-
ization would therefore increase the teadency, already well’
under way, toward a preponderance of the terminal type of
-student in grades 13 and 14.

The junior college should offer a range of instruction that-
will meet the needs of both preparatory and terminal students,
and should provide for: (a) the tust two years of pre-py ofessional
education, given in a manner acceptable to the four-year col-
leges and universities; (b) two years of general and liberal arts
education, suitable both for terminal students and for those who
continue their study; and (c¢) semi-professional education for
which there is a community need. A semi-profession is here
defined as a vocation for which two years of post-high school
education are necded and are adequate. .

f The courses that the junior college offers in any field should

be based upon the purposes of its students and upon community
needs. They may be limited considerably by the character of
the high school preparation presented by entrants and by inade-
quacy of community resources; and they will doubtless e af-
fected somewhat by the type of o:ganization of the school 1tself.
A mere growth of enrollment alone is li'.ely to result in an in-

T Loy College Jonrnal, Vol V., p. 37, 1093435 It is to be noted that the Pasa:
dena schoal, heing of the four-vear tvpe. is not representative, so that figures for
1t may not be tvpical. knrollments i1 grades 19 and 14 alone are inclu 7 in the
ficintes above.
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creased number of vocational prcparato\ry curricula, some of
which may in turn call for the development of somewhat spe-
cialized courses in mathematics and other basic subjects.
PRESENA‘I‘. JUNIOR COLLEGE MATHEMNTICS

Mathematics courses in the junior college have generally beenr |
patterned after the lower-division courses in the universities.®
An examination of 432 junior college bulletins and mathe-
matics textbooks in use in jumor colleges in 1939 revealed the
typical offering <o be: intermediate algebra (offered by 146
junior colleges): college algebra (248); trigonometry (293); and
calculus (176). ‘There were 1,43 ¢ "mbined courses for freshen.
Elementary algebra, plane geometry, solid geometry, solid ana-
lytic geometry, differential equations, functions of a complex
variable, and combinations of these with other subjects were
offered, each by a few junior colleges. Mathematics of finance
was offered by 6g institutions. Few semi-professional .courses
were found.? ' '

In many junior colleges the courses offeved cover approxi-
mately g-to 5°semester hours of college algebra, 2 to 4 howrs of

Jrigoaometry, f to 6 hours of analytic geometry, and 6 to 10

hours of differential and integral calculus. In some junior col-
leges the courses are not organized under these ames but.are
designated as Mathematics I, Mathematics I, Mathematies 111
and the like. Such courses attempt to avoid arbitrary divisions
that have seemed to many college teachers both artificial and
undesirable. However, a careful examination of these “unitied”
courses is likely to show that the student who takes from 15 to
25 semester hours of mathematics in “unified™ courses will have
studied much the same set of topics and to approximately the

8 Hills. Justin E. "Junior College Mathematics.™ Schoal Science and Mathe-
mancs, Vol XX, pp. 880 8Rqygaq, .

% Hannellv, Rabert |. The Mathematics Pragram (8 the Junior College, Un.
published Doctor's dissertation, Univernsity of Colorado, 1039, Sce silso Calvin
Funk, er all Refunt of the Mathematies Connmnt'ee of the Califionia Junior
College Avswecmtien, Munecovtaphed matenals, Cabfornia State Departinent of
Education, Berkeles, 194, -
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same extent as he would have if he had taken that number of
semester hours in the usual courses in algebra, trigon®etry, .
analytic geometry. and calculus. No implication is here in- /
tended as to which a?inngement of material is to be preferred, /

nor is it implied that a completely satisfactory unification could |,
not produce materially different results. /"

DIFFERENT MATHEMATICAL PROGRAMS NEEDED

Since the mathematical courses now offered by the junior col-
lege are in the main patterned after university courses pre- "
scribed for pre-professional training, they presumably meet the
needs of specialist students. Any question as to modilications
that might be advantageous for the pre-professional group falls
within the field of university rather than secondary education,
and is thus outside the scope of this Report. Specific nathemati- .
cal requirements for advanced college work, p'zlirticula_r]y in ‘
scientific and engineering courses, must be fulfilled if the prog-—
ress of the student is not to be interrupted. To the extent to
which a junior college serves a pre-professional clientele, it may
properly include the existing type of course among its offerings. -

As already noted, however, a large majority of junior college
students are of the terminal type. Morcover, a large proportion

\ " of the minority who constitute the preparatory group have a

general or libcral arts interest. Thus only a very small part of
all junior college students are of a pre-professional type.

In setting uR a mathematical curriculum suitable for special-
ists, it seems to Tiave been assumed tacitly that student of the
terminal type, as wellas those intending to proceed with more
advanced work in such subjects as languages and Iterature,
journalism, and social studies, had already received sufficient
mathematical instruction in the high school. Or, it may have
been taken for granted that all students who studied mathe-
matics should be given the same material, although naturally :
some of themn would proceed further than others in the estab-
lished sequence of mathematical courses.
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The validity of these assumnptions is open to serious question.
Y I I q

Any person intelligent enough to graduate from a junior college’

presumably should be able to carry success{ully a course that.is

“planned to give both an insight into the nature of mathematics

and an appreciation of its wide and growing inportance in mod-
ern life. If he does not take such a course, there is a strong likeli-
hood that he will bar himself permanently from understanding
some of the most significant and distinctive phases of our present
“ civilization and culture. -

Morcover, different groups of college studerits, with different
purposes, have different types of mathematical needs. Non-

$pecialists, particularly those having a general or liberal arts

interest, need very little command of the higher techniques;
but they do need the sort of insight and appreciation just men~
tioned--in short, familiarity with the cultural significance of
mathematics.  Students looking toward a semi-profession or
other vocation may also need special mathematical courses dif-
ferent bom those designed for pre-professional }\mmng In
dlscussmg diffcrent types of needs it will be conv enient to clas-
sify all students outside the pre-professional group as either
Semi-proi’nssi(mal, including vocational, or Academic.

COURSES FOR SEMILPROFESSIONAL GROUPS

Semi-professional curricula are feasible oply in large munici-
pal junior colleges or in those small 1‘4{3)1’ colleges of the
district-and-union-of-districts types that are situated in areas in
which one or more common semi-professions are practiced, e.g.,
in rich agricultural or mining regions. Such curricula, not all
of which involve courses in mathematics, are in operation in a
number of special fields, mostly connected with business or en-
gineering. For semi-professions relating to business, appropriate
mathematical work includes computational methods, commerce-
algebra, mathematics of finance, and statistics. More detailed
suggestions will now be given relating to commercial and voca-
tional groups. followed by a remark on cultural interests.
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Commercial Group. The "students of the junjor college in
this group should have an opportunity to continue their work in
commercial mathematics.

The work should be somewhat broader than high school
commercial or business arithmetic, though it must fit the stu-
dent’s preparation. Some students probably will be deficient in
algebra, and since this subject is fundamental to financial math-
ematics, attention must be given to it early in the course. After
a foundation in algebra has been laid, questions involving
simple and compound interest, true discount and present value,
annuities, sinking funds, and amortization, and related prob-
lems can be studied intelligently. Detailed recommendations
with regard to the course do not seem necessary; standard text-
books are available and teachers should bk able to develop
materials suiable for special situations. The use of logarithms
and the slide rule, as well as computing machines, is recom-
mended.

Vocational Group. Students in this group, many of whom
may be graduates of vocational high schools, are likely to have
their objectives rather fully developed. They will represent
many fields of specialization, and in the same cluss there may be
found future carpenters, electricians, plumbers, printers, ma-
sons, and mechanics. In fact, unless the junior college in ques-
tion is so large as to allow separation into mnore homogeneous
groups, such students must receive common instruction.

There can be no question that the vocational group can profit
from the study of mathematics and its applications in their pro-
posed vocations. Decision as to the mathematics best suited for
the purpose must be reached as the result of a careful analysis of
the vocations in question. With the growth of the junior college
movement the field will become one of the most fertile for the
experimentally-minded teacher. Flementary mathematics of
engineering, including the strength of materials, might consti-
tute one approach. The study of stress and strain, force, friction,
beamed structures, and so on has direct applications in all of the

P



E

Junior College Mathematics 15%

vocations, with the exception of printing. The printers consti-

tute a somewhat special group. They are more concerned with
questions of symmetry, layout, and so on, than with pxoblems
that occur in construction work.

Although the vocational gloup or others in the semi-profes-
sional group may express a primary interest in things that are
practical, we can hardly assume that only a few members of
either grqup may be appealed to by other phases of mathematics.
Matters that are strictly “practical” are likely to interest a person
only if they lie in his,own field of activity, w hile ideas and ve-
sults not so narrowly restricted may stimulate- the intellectual
curiosity or satisfy the aesthetic sense of an alert mind, irre-
spective of vocation. So long as we see men in vocations desiring
to have homes that have taste and charm as well as homes that
are comfortable, we should not doubt that a group of vocational
students can be appealed to by the aesthetic nature of matle-
matics. The subject can be distinctly cultural for them, and it is

. one df the primary responsibilities of the mathematies teacher of

such a group to correct any false impression the students may

~huve that the subject exists simply because it is useful in a narrow

bread- ;m(l butter sense, In short, many vocational and other
semi- pmfc%smnal students may develop an interest in the sort
of course now to be suggested as .1ppwpnuc for liberal arts
students.

MATHEMATICS FOR THE ACADEMIC GROUP

The academic group of students constitutes one of the most
perplexing problems of the junior college, in so far as mathe-
matics is conceinced. It will be heterogencous with respect to
hackground; most of the members of the group will have had
no mote than the equivalent of a year of algebra and o vear of

plane geometry, while there will be some who have had mathe-

matics through grade twelve. The students whose mathematical
study has lapsed should be given an opportunity to take courses

different from those of the last two years of high school, which

O
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they already have declined. On the other hand students who '
had mathematics throughout the high school ebviously should
be offered something with a new flavor. By no means should
the work offered the academic group of terminal students be
merely customary high school mathematics slightly glorified.
Great care should be used in so planning a course that it will
give the appreciations and understandings of the nature of
mathematics and its accomplishments that-may form an impor-
tant part of the cultural outlook of the well-educated layman.
An important consideration arises at this point. Few students
who take mathematics in the four-year college go beyond the
calculus of the second year, and the majority who take mathe-
matics stop with one year of the subject. The upper year courses
are composed largely of mathematics majors, and of other stu-
dents who require advanced work. Ii follows that junior college
courses suitable for the academic group of terminal students
should also be suitable for the majority of preparatory students.
Up to the present time, however, colleges and universities have
given a very restricted type of mathematics offering for the first
two years, though there is a tendency now to design survey
courses for the general student. This trend makes it appear
Nkely that the problem of transfernning credits from the junior to
the senior college in the field of mathematics may be liberalized.
The Commission believes that four vear colleges should give
1ecognition to strong survey courses in junior college, whether
or not thew themselves offer such work in their first two years.
If this practice is followed, many prepdratory students of a
junior college may be well served by mathen atics courses set up
especially for the academic terminal students of the school.
The Commission does not wish to endoise only one type of
comse, Two alternative types will be outlined, with the under-
standing that othars are feasible.
Basic General Course. The first tvpe is designed for a five-
hour course throaghout a vear for an able group of terminai-
type students whose high school mathematical preparation
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includes but one year of algebra and one year of gcémetry, or
the equivalent. For a class of medium ability and preparation
some topics would need to be shortened or eliminated; for a
group of yet lower ability enough material is here suggested for
a two-year course. Flexibility is a matter of primary importance,
since one of the problems of the junior college is the adaptation
ofa course to students with different high school preparation.

GENERAL Matnesmatics, Tyee |

(#) Maasurcment and computation: | comparing distances; ac-
curacy of measurement; sifnificant higures; rounding off numbers;
use of exponents; laws of exponents; logarithms; computation by
logarithins.

(2) Elementary trigononmietry: historical develapment of linear
measurements; shadow-reckoning used to determine heights; right
triangles; similar right triangles; ratios of sides of triangle as func-
tions of the angles; construction of tables for sine, cosine, and
tangent; height and distance problems; laws of sines, cosines, and
tangents; solutions of oblique triangles; applications.

(3) Graphs and equations: graphs of straight lines and circles;
graphs of quadratic functions; solutions of quadratic equations;
graphical solution of simultancous line and circle cquations; al-
gebraice solutions,

() Conic sections: definitions of parabola, ellipse, and hyper-
bola; equations in standard forms; graphical and algebraic solu-

- tions of pairs of conics that are casily solved by quadratics; applica-

tions of paribola and ellipse.

(5) S-atistical representation: illustrations of statistical investiga-
tions; meisures of central tendency; statistical graphs; scatter dia-
grams; simple correlation; applications,

(6) Normal distribution: simple illustrations of chance distribu-
tions; curve of normal distribution; ap-plications,

(7) Elementary mathematics of finance: installment buving and
selling: prosent worth of defarred payments; building and loan ac-
counts; annuities. . .

(%) Series: arithmetic and geotnetric series; sum of first n terms
of sesies; infinite descending geometric series; idea of a limit and
the meaning of the sum of an infinite geometric series. *

(v) Derivatives: slope of a straight line; idea of drrivative as slope
at a point; idea of derivative as velocity of falling body; derivatives
of polynomials: maxima and minima; applications,

(ro) Integration: the integral as the limit of a sum; application to

O
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areas; integratign as inverse-of diffcrentiation; uses of integration.

A similar selection of material, but with more emphasis upon
its significance in the social studies, was recommended several
years ago by a commiittee of the Social Science Research Council.

The list of general topics there suggested—details of which, with'

a statement of the reasons for the choice of the material, can be
found in the published report!®—is as follows: C

1) Logarithms, with applications to investinent.
2) Graphs, as a tool in the study of tabulated data.
3) Interpolation by various methods.
4) Equations and forms of curves.
(5) Probability and frequency distributions. _
(6) Elements of differential and integral calculus, including par-
tial differentiation.
(;) Curve fitting and least squares.”

(
(
(
(

In' order to equip students to understand these topics ade-
quately, six to nine semester hours were estimated to be needed.

Higher Orientation Course. The othercourse that is sug-
gested resembles the survey courses that have recently appeared
in some universities, and. that have caused the Commission to
recommend a liberalization in the policy of transferring credits.
The aim of the course is not so much to prepare students to
work with mathematics as to give them a broad familiarity with
the nature of various parts of the subject.

GENFRAL Matuesatics, Tyee I

(1) The genesis and  development of mathematics; origin in
problems of mankind: relation to advances of civilization; impor-
tant role of intellectual curiosity; vast modern extensions through
free creative invention of new fields.

() Euclidean geometry, somewhat critially viewed; its signifi-
cance as a logical system; postulates and undefined clements.

(1) Non-Fudlidean geometries;  Bolvai-Lobatchevsky - geometry;
Ricuniian geomnetry.

(p) Number: successive generalizations; svinbolic treatment; nu-
merical computation: simple illustrations of mumber theory.

(5) The group concepts clementary illustrations of finite groups,

k’.hnrriran Mathematical Monthly, Vol XXXIX, pp. 5tig-557. 1482
S
\
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(6) Classcs: corrcspondcncc typcs of or(lcr transfinite number;
mathematical induction.

(7) Functions: varictics; use in studying scientific laws; periodical
phenomena; some ideas and techniques of coordinate geometry.

(8) Limits: occurrence in familiar concepts; derivatives; integrals.

(9) Statistical concepts: elementary ideas; probability, and the
distribution of errors; illustrations from biology, medicine, the
social studies, psychology and education, technology an
fields.

(10) Further mathematical aspects of the physical sciences:
" differential equations in studying phenomena; relativity, and
modern physical theories.

(11) The nature of mathematics; rival views; nature of t
foundations; significance as a system of thought; relations to phi-

phy, aesthetics, and the sciences.

The outlines above are mecant to give only a first suggestion
of the kind of courses that should be worked out in the interest

the terminal type of junior college student.

In carlier chapters, in connection with the work of grades g
0 12, the importance of instruction in the history. of mathe-
matics was pointed out. The courses outlined above will be-
come more interesting, and may take on new significance, if
they are so presented that students gain a clear impression of
mathematics as a constantly growing sukject. If historical mate-
rial is properly presented, mathematics gives a student a look at
the centuries as well as helps him to understand contemporary
life.
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CHAPTER IX .
EVALUATION OF THE PROGRESS",O‘? PUPILS

“ .. and whether he stood fortieth or ninetieth must-™
have been an accident or the personal favor of the profes-
sor.. Here his education failed lamentably. At best he
could never have been a mathematician; at worst he
would never have cared to be one; but he needed to reac.
mathematics, and he never reached the alphabet.”

—HENRY ADAMS, 1HE EDUCATION OF HENRY ADAMS

A GENERATION' ago the testing movement as we know it today
was in its infancy. Although teachers thought of testing as a
part of their work, their purposes and the methods they used
may now be regarded as rathey inadequate. Almost all teachers
believed that the chief purpose of giving tests was to furnish a
basis for assigning grades. In framing test questions and direc-
tions characteristic words were who, what, when, where, define,
describe, and discuss. The most important qualities which a
pupil needed in order to respond successfully were a good mem-
ory and conscientiousness in studying the lessons that were
assigned. The chief concern of teacher and pupil alike was
mastery of the sul)jv("r"n'l:m('r of the course, while the sthool as
a whole made little systematic effort to determine the extent to
which different studies and other school activities contributed
toward a gencral and broad development of the pupil as an indi-
vidual on the one hand and as a valuable citizen on the other.

As time has gone on a transformation has been under way.
Many teachers have broadened their conception of the purposes
of testing. and gadually the emphasis is shifting to a different
set of characteristic words. The cue is now more often why,
how, explain, tnterpret. There is more concern that the pupil
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understand as well as vemember what he has learned. Probably,
however, the most striking development has been the large num-
ber of so called objective tests that have been published and
ased. Unfortumately it often seems that the authors have been
so interested in making use of new testing techniques that they

_have neglected basic questions relative to the validity of the

tests. In spite of this, however, the tests have revealed many sig-
nificant facts about achievement, and have stimulated the lead-
ers of the movement to re-examine certain assumptions hitherto
uncritically accepted Finally the scepe of testing has been
greatly extended, and an ever larger group of teachers has be-
come concerned with the evaluation of more than subject matter

achievement. They recognize that mastery of various bodies of

subject content is but one aspect of education; and they are at-
tempting to evaluate the development of interests, apprecia-
tions, and other characteristics of personality to which the
schools are increasingly directing their attention. In this con-
nection it is important to note that evaluation means more than
the giving of tests or examinations: the term is used to refer to

any method of obtaining and interpreting evidence about the’

development of pupils. In the process, the discovery of rela-
tionships among data beaving on different aspects of devclpp-
ment is very important, ‘ :

The purpose of this chapter is to call attention to some of the
problems in the field of testing and to encourage investigations
that will contribute to their solution. It is obviously impossible
to give within the confines of a single chapter more than a brief
summary of recent developments. The Commission has there-
fore chosen to consider only a few basic topics. Tt will discuss:
the purposes of evaluation, some limitations of the types of te.2s
now commonly used, some advances that have been made in ve-
cent vears, and some suggestions for improving this phase of
instructional activity., Much of the discussion-teill be quite gen-
eral and will apply not only to the teaching of mathematics but
1o teachineg in other fields as well,
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THE PURPOSES OF EVALUATION

*  Primary Purposes. Many teachers would assert that the chief

purpose of testing is to provide a basis for assigning marks; per-

. haps a deeper analysis is not to be expected from those who
stagger under a teaching load of five or six large classes a day.
But tests are given for many other purposes, among which are
the following: to maintain standards, to select and reject pupils,
to discover strengths and weaknesses of individual pupils or
of the class as a whole, to provide a powerful incentive to study,
to furnish a convenient method of instruction, to stimulate or
even enforce iimprovement of teaching, to afford a basis for the
appraisal of teachers and departments, to serve as a basis for ac-
crediting schools and colleges, to furnish data for educational
guidance, to accumulate materials for résearch.!

Some of the purposes noted are formulated from an adminis-
trative point of view, It is the administrators, for example, who
are most interested in using tests as a means of evaluating the
effectiveness of teaching. The use of tests to discover the diffi-
cultics of individual pupils seems to spring from a different .
type of purpose—it focuses more directly upon the learning /
situation and the pupils. Thus it is possible to distinguisb'{li/
least two types of purposes which differ in point of view. The
first is primarily concerned with evaluation of the educational
status and progress of individual pupils; the second is primarily
concerned with evaluation of the schiool as an institution. Both |
tvpes are important, but it is quite obvious that evaluation of
the second tvpe depends upon evidence obtained -from evalua-
twon of the first type. Under the emerging concept of evaluation,
attention is focused primaiily upon the pupil, the fundamental
purpose being to obtain a comprehensive characterization of
him as an individual and to discover the effects of school ex-
pericnces upon him.

PHawkes, HOF L Lindquist, FoOF L and \Lm::. C.R.tedsY The Construetion arvid

U of Achaeremont Fxamaens, (Houzhion Miflin Co., 1996)  See Chap. IX,
Loy Wind Abnses of Exannnations,”” by Mas MdcConn,
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Evaluation, when approached from the point of view just
stated, is analogous to the prccedure of the biologis: g examining
the internal“srructure of a minute plant or :mm)al Thm Cross-
sectional sllces are viewed undcr the mmoscope. By studying
the variatioh in structural relations from slice to slice, the biolo-
gist is able to reconstruct the organism mentally-and to perceive
the interrelltions of various parts. Similarly, teachers give a
varicty of tests and also use other means of arriving at judg-
ments about specific aspects of learning and personality growth.
The real task of evaluation, and the real purpose of testing. is to
picce together the data of varied tvpes and from many sources
into a composite picturce of the individual.

When evaluation is viewed in this general \s.n some of the
weaknesses of many current practices become more apparent.
Thus the tvpes of fests ordinarily given are scen to be seviously

inadequate in several respects. One recognizes the need for

more comprehensive and refiable testing prograns in order to
avoid giving a distorted picture of the individu.d, 4 few nu-

merical or letter “grades.” representing often littie oore than

ability to recall information about school subjec s wre hardly
sufficient to serve as a basis for knowing what a person s really
like. or what effect the school, or even a particular studv like
mathematics, has had upon him. The necessity of careful inter-
pretation of test results becomes very clear, and one begins to
understand why it is important that results on a particular test,
or in a paticular subject matter field, shoukd not be viewed in
isclation but in relation to results from many other tests and
evidence < hot. a number of different aspects of school ex.
perience.

The acceptance of the fundamental purpose of evaluation
stated above carries with it a number of other purposes as coroi-
Thus it
weaknesses of individual pupils—it implies that the testing pro-

. N . \
laries. includes the discovery of the strengths and

eram should be diagnostic in nature. If an evaluation program

is in fact diagnostic, and if it is granted that the schoo! should
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attempt to develep the talents and aemove the weaknesses of

pupils, then at least an clementuy form of educational guid-

ance is indicated. This Commission, of course, cannot ur-er- -
. take to describe how a guidance program may function, but it
can endorse the proposition that guidance should be based upon
data obtained from reliable tests. If, for example, one obtains
alid evidence that a pupil has wlent and interest in mathe-
matics, the sug, stion that he should take further work in the
subject may be justified. On the otlier hand it may be discovered
that "¢ does poorly in mathematical work—in fact, he may lack .
some of the fundamental mathematical understandings and
skills that are vitally important for successful home living or
competence in many occupatious. In such cases it does not
follow th - he should be advised or permitted to avoid mhthc-/
matics. iooscems rather that steps should be taken to provide
instiuction of a type designed to remove the weaknesses and fit.

[ %3

him for competent citicenship. Such considerations strengthen
the belief that the basic purpose of testing is the construction of
a comprehensive desaription of the individual. We shall have
maore to sav about these matters in later sections of the chapter.
Since, however, many other purposes of testing have been men-
tioned by different writers, some discussion of them may be
wartanted at this point.

Comments on Other P poses. There is one purpose of test-
ing that fooms Large in the thinking of many teachers. Tests are
satd to be necessasy tor the mamtenance of standards. Accord-
iy to one writer, this “seems to mean either one o both of two
things: the imposition and enforcement of a prescribed currica-
tume: or the enforcement of some mimnmum degree of attain-
ment.”” In practice, it means that schools, state departinents of
cducation, or colleges acting thhoneh an examming agency
suchvas the College Fntnance Fxamination Board, requite punils
TO SCCHTC @ CCHEANT HNIMUI SCore ot one or more examina-
dens in oraer to achieve some desited educational status - pro-

motion to another grade. a diploma, entrance to college, and so
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on. There are certain types of situations in which the pr- ~ction
ot society makes such examinations a desirable and justifiable

~hwidle for the candidate to surmount.2 The licensing examina-

O

RIC

tions for entrance to the legal, medical, and teachis:, professions
are cases in point. This also applies to examinations for admis-
sion, promotion, and graduation set by professional schools;
but there is some question as to how far such a justification mav
be extended. What position is to be taken on the maintenance
of standards in the secondary school now ministering to the
adolescent population as a whole? In sceking an answer to this
question it is helptul to examine some of the assumptions upon
which the notion of standards-enforcement is based.

The most obvious assumption is that for any given field there
exists both a well-defined body of subject matter and a standad
of attainment that pupils may reasonably be expected to meet.
It happens. however, that testing progruns based on this assump-
tion have themselves provided evidence throwing doubt on its
volidity. They have, for example, revealed the wide range of
differences in achievement that exist between individuals,
classes, and school systems.® When the same test is given in
different schools it is not unconunon to find that the lowest
score 1recorded in one school may exceed the highest score made
by anv pupil in another. In a 1ecent state testing program it
wis found that of two schools serving the same t pe of commu-
nitv and situated only a few miles apart, one stood at the top
and the other at the bottom in the disttibution of mean scores.
Anather-source of confusion is the Lk of compaability be.
tween tests given in successive vears; tanely is thae any evidence
that & given score an one test represents the same achieyvenent
as the same score on another test in the subject given the follow-
ing vear. Under these circamstances the insertion of a tew items
that differ o difieulty from those on previous tests mav bring

THawkes Tendgot and Mann. ofo et ppo g2 i
YFeberr, Ruth Fo "Realism in Hacher Tducation ™ Fluoatesnal Record, Vol,
NIN ppe s6aog 188,
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about a change in the standard. It has also been found upon '
“analysis that, on the average, pupils do well on material that has

appeared in a number of previqus examinations, although it was
not included in the course of study, hind that they do poorly
with material listed in the course of study but not included in
previous tests. Such findings scem to make untenable the as-
sumption that unifom standards of subject matter content and
attainment exist in practice,

A second major assumption often made in connection with
testing that purpotts to foster maintenance of standidrds is that
the tests used vield 1reliable measures of achicvement. This also
is often highly questionable, Fntorcement of standards in the
sense here used depends upon the establishiment of some critical
or minimum score. Passing over the point that this is usually
done quite ahitiaily, attention is to be called to the fact that
while the tests nsed mav satisfactorily determine both high and
low achievement, they may hack sullicient precision and relia-
bility to placeborderline cises accmately. Yetin order to main-
tain standinds in the strict sense this accuracy is essential.

CAUpresent it is not uncommott for a teacher to issue the arhi- .

trary dictuim: "You muist get amak of soandso per cent on

this test, or else The alteinative mav be to receive a

“faile™ in the comse, o repeat the course, to diop out of

«Chool, or any of a number of other possibilities. This sort of

treatment may be regaded as a finst rough approximation to a
method of maintaining standards, When one of the alternatives
hecomes an actuality it so frequently 1esults in psychological
maladjustment that some educators are supporting a- policy
under which pupibs are advanced into the nest @ ade or course
itrespective of past achicvement. There e nany observers of
the educational scene who assert that sach a policy means a com-
plete breakdown of the con ept of standavds and Teads to educa
tional chaos,

Recoenition of the dubious validity of assaptions like those

mentioned above qand of the ditheulties into which thev lead is
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resulting in modihcations of the ways in which test results are
used in maintaining standards.* There is a growing tendencey to
believe that escape from the ditheulties lies in the direction of
devising not only better methods of measuring but also better
methods of analyzing, 1ecording, and 1eporting achievement,
.~\rl)m.u) decisions, such as those typified by the phrases, “All
who get less than 6o will fail” or “Henceforth there will be
no fatlures i thise school,”™ miust be supplanted by carefully
formulated judgments concerning what is best for cach pupil.
It is particulaly important that the weltire of able students be
nos owetlooked because of preoccupation with those who are
having dithculty. "Tests should be reguded as more than a
method of “separating the sheep from the goats.”™ "They are to
be used as a means of discovering what cacli pupil needs most
in order to gain the full benefit of school experiences. When s
regarded, the notion of how tests may be used to maintain stand-
ards is extended. Achievement of the highest possible qlnlily is

to -be sought for all. "Tests caretully construcged and used pu

. llll) for diagnosis are a means to this end.

It was noted :l_bow that from the administrative point of view
evaluation is im{)ml;mt in order to judge the effectiveness of the
school as an institution, The (mplnsis i this case is not upon
the development of the individual pupxl but rather upon
whether the teachers e pmdlumﬂ the kind and amount of
growth that might 1casonably be expected of the pupils as a
group. This is u justifable purpose. but in following it great
care niust be taken to be sure that the judements are valid, All
that aas been said about evaluation of ihe growth of pupils
applies with additional complications to the evaluation of the
work of teachers. Here alsosa comprehensive picture is needed.
To conclude that a aiven teacher ov school sastem is ineffective
oil the hasis of thevesults oncasingle subject matter test may be

as enoncous as the idea one would get of a miaoscapic organism

Cnee Folls WO " Baas for 0 New AMethaod of Nocrediomne Secondary Schonls
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from the examination of a single cross section. ‘The teacher may
in fact be doing superior work in developing nany ob]ccuves
that the test does not measure.,

In this connection it may be well to call attention to certain
points often overlooked in testing programs. When the same
test is given to a number of different classes (as in state-wide
testing programs), it is customary to compute an average for the
group as a whole and to compare the average achievement of a
given class with the average of the group. When this is done,
teachers or classes that fall markedly below the group average
are often subjected to censure. As a result, steps are taken to
insnre that in the future higher class-averages will result. In
general this is desirable, since it fends to raise the level of
the achievement of the group as a whole. But it is some-
times oxexlooked that the average is a statistical measure. and
that thé abilitics commonly measured are, roughly speaking,

normally distributed. It thus appears that if the pupils in a

given class are below nonual in other respects—of low intelli-
gence, for example, or the product of poor teaching in earlier
work—then one cannot expect the class average to exceed that
of the total group. No amount of pressure upon teachers and
pupils to raise the averages will bring about a situation in which
the average score of every class exceeds the average of the group
of pupils as a whole. Here again the only safe basis for judg-
ment of suceess or failure of teachers is data on many factors that
must be studicd to discover possible relations existing among
them. The aiterion of success should be phrased in terms of
the growth actually produced in relation to the characteristics
of the particular group, rather than in terms of scores made on a
particular test an theit 1elation to averages based on scores
from large heterogencons groups.

Swmomary. Comiderations of the kind mentioned above and
others that cannot be discussed here e biringing about new
conceptions of the purpose of testing, The use of tests to main-

tain ahittary standads and o apprase the effectiveness of



E

.

O

Evaluation of Pupil Progress 171

teachers is entangled in many difficulties and subject to abuse.
Teachers are hecoming more conscious of the fact that the
*,.. . major utility of examihations is ~ducational guidance.
That the developing doctrine of guidance demands, first, diversi-
fication of stgndards and courses and schools, and, second, the
general introduction of the methods now available for the study
of individuals % . . in examining for guidance we need all
known kinds of tests, many of them, preferably comparable tests,
and preferably tests used explicitly for this purpose.”™

The Commission wishes to emphasize in addition that ex-
aminations should aim to reveal the effects of all the educational
forces acting upon the mental, physical, and personality charac-

s

teristics of individual pupils, /

SOME LIMITATIONS OF CURRENT TESTING PRACTICES

Scope of the Objectives Commonly Tested, How well do the
« *s now commonly used serve to reveal the effects of school
life upon the development of individual pupilsz The discussion
thus far has implicd that no single test is adequate for this par-
pose. But what we the eriteria for adequacy? To answer this
question in detail would ead to technical discussion heyond the
scope of this Report. But we may observe that the answer de-
pends fundamentally upon the statements of the objectives that
the schools hope the pupils will achieve. FEarlier chapters of this
Report have disenssed certain educational objectives at sonre
fength, The real gquestion, theny is thise What sort of evidence
do we now obtain about the achievement of these or similar ob-
jectives® The tist criterion for the adequacy of a testing pro-
aram niust be espressed inierms of the extent to which the tests
given vield evidence concernine the achievement of all the ob-
jectives that e considered to be important,

We must recognize at ne outset that until recently few
teachers have been concerned with more than subject matter
achiievement. The tests given by mathematics teachers have not

YHawkes, Lindagunt and Mann, op o at L p. 1R
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‘ hcgwkﬁ{;ned to measure more than achievement with respect

to the subject matter of specific courses. The same remark ap-
plies to tests prepared for state-wide testing programs and fer
entrance to college. This sitnation exists in spite of the fact
that the objectives stated for these courses often emphasize
general abilities—for example, the ability to interpret data, the
ability to gencralize, and the ability to reason logically. These
objectives, and others like them, are also considered important
by teachers of other subjects. The study of mathematics can
contiibute to the growth of these abilities, but it is not unique
in this respect. In stating these and similar objectives the as-
sumption is commonly made that they are general abilities to
be applied on any appropriate occasion. But types of tests in
common use do not take cognizance of this assumption, and
restrict the field of measurement by sampling only the applica-
tion of the abilities in situations ordinarily or exclusively mathe-
matical. In order to satisfy the eriterion given above we must
cither plan to extend the scope of oyr sampling of pupil reac-
tions to include many other types of situations, or we must
suitably testrict the statement of the objectives so that they
apply only to situations that are definitely mathematical. The
latter alternative is one that few teachers are ready to accept per-
manently: but we must admit that at present our tests give us
little direct evidence concerning achievement of many of the
important general objectives of instruction in mathematcs.

A careful analysis of both the tests given by classroom teachers
and those prepared by extvanural examining boards reveals that
they are restricted in anotherway- they measure achievement of
only a few of the objectives that me specifically mathematical.
The ordinary test places too much emphasis upon the _measure-
ment of technical facility and abilits to 1ecall specific Tacts and
principles. Tn the ficld of o' Hra, for example, a considerable
number of test items is deve. od to measurement of the ability
to perform operations with abytiact ssmbols. Skill in adding
or multiplyimg monomials, s”'I\-inf_,r ('qn:ninns, and evaluating



~~—~Evaluation -of -Pupil Progress —— 178 —— :

formulas is an important objective of instruction in mathe-
matics, but not the only one. The well-trained mathematics
teacher should also be interested in discovering the extent to
which the pupil understands the significance of what he -is
doing. The measurement of this understanding ‘calls for ques-
tions’ that require interpretative amswers—statements that ex-
plain why one proceeds as he does, that describe the values
achieved by performing the process, or that show in what sense
the formula or equation involved is a powertul tool of thought.
Quegtions of this type are sadly lacking in most tests, and their
absence is the basis for asserting that present-day tests measure
only restricted types of objectives even within the field of”
mathematics.

One reason for the existence of this situation grows out of
certain theories of test construction. Early work in the field re-
vealed that the scoring of test papers was often a highly subjec-
tive process—the same paper when marked by differcnt teachers
was assigned a wide range of scores. Following this discovery,
test experts began to scek techniques of scoring that would re-
sult in a given paper receiving the same score when marked by
several competent teachers. This led to the modern objective
type of test and the widespread use of short-answer techniques,
such as the “nue-false” and “completion™ type of test item. The
desive for objectivity stimulated a concein for techniques that
tended to obscure more basic questions of validity, The methods
used proved effective in the meastement of skills, the ability to
recall facts, and similar objectives: but thev appeared to be
unsuited for the measurement of understandings, appreciations,
and other ubjectives often called “intangible.” "The assumption
that objectivity requires the use of the better known techniques
has prevented some examiners from concentrating on the ability
to be measured and devising a technique to suit. "This has
tended to stifle mesurement of achievement of many important
objectives. 'The assiy, on aeterred to above is aot, however,

an esseitial one, and recognition of this fact opens the door to

ERIC
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investigations in which the _determination of suitable short-
answer techniques becomes subsidiary to other more basic
.- estions, -

There are, of course, other reasons for the failure to attempt
to measure certain complex abilities, understandings, and appre-
ciations. Perhaps one of these reasons is the assumption that if a
pupil shows satisfactory achievement with /respect to certain
rather specific abilities he has achieved the more general objece
tives. No one doubts that in order to think cleatly and succeed
in mathematical work a student 1equires certain esseitial facts
and skills. If these abilities me highly correlated with achieve- .
ment of the more general objectives, it would be unnecessary to
test divectly for the latter. But to settle this question it is neces-
sy to devise valid news of measining the more complex abili,
ties, understandings, and appreciations, and this has ramely been
done. However, a similar assmption with 1espect to the ob-
jeetives of a number of different college courses ias been tested
and it has been fonnd that the assumption is not entnely valid.®?
similar findings in the field of sccondary mathematics tend to
confirm the observations of teachers that pupils who apparently
kitow the facts and can perform the operations mechanically
may, lack real understanding and comprehension of the signifi-
cance of the processes.”

“Testing in mathematics must find ways of measuring achieve-
ment of many objectives in addition to those dealing primarily
with recall of information and operational skills. Many excel-
fent tests exist for the meastiement of these abilities, and for
certain other objectives of 1estricted types. Study of test exer-
cises indicates that in some cases successful responses suggest
the inference that the pupils undeistand what they ae doing
and why they are doing it. But ovdinarily direct evidence of this

8 See Judd, C. Ho et al. Education as Cultivation of the Higher Memntal Proc.
paes, Chapter 11 ("The Relation between Recall and Higher Mental P'iocesses”
by R.W. Taden, The Maomillan Co., New York, 1936,

Tibod, Chapters IV aned Voo The Number Ssstem and Ssmbolic T hinking™
“Algebna, a svetenr of Abstadt Processes,” by EoRC Brestich),
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understanding is not obtained. Here, then, is a promising field
for investigations relating to instruction in mathematics.

Consumers vs. Producers of Mathematics. "T'here is one aspect
of the usual type of mathiematics test that is so important it de-
serves special tiention. An analysis discloses that tests seem to
be designed primanily to measuie abilities required by those

" who use mathematics from a somewhat advanced standpoint.
Thie number’of such persons, however, is relatively small. A far
greater number of citizens are, on occasion, consuers of mathe-
matics: they read newspapers and magazines, and they study
semi-technical or technical books in which mathematics is used
to obtain or explain the findings of investigators in many fields.
In such cases, the abilities requited are primarily interpretative
vather than manipulative,

Machematical instiuction has hitherto proceeded on the as-
sumption that operational abilities are essential o interpreta-
tive understanding, or that the latter is a concomitant of the
former. "This assumption should be tested, and for this purpose
tests are needed which minimize technique and concentrate
upon interpretation. If it should be found that interpretative
abilitics can be developed by attacking them divectly rather than
through the intermediay steps of calculation, then some reor-
canization of mathamatics COLITACS \\'U'lll(‘l'il[)})(.‘.'ll' to be in order.
The interprettive aspects of mathematics tange from very sim-
ple arithmetical notions to relatively complex concepts assocl-
ated with calculus and statistics, (:()llll;l chension of the magni-
tude of Luue numhf-r\'. such as the size of the national debe, 1s
one simple illustration: the interpretarion of tmbulir and graph-
ical dhata iy another, Matters of this Kind receive insuflicient at-
tention in most mathem wies tests,

Evaluation of Generl Objectives. Mention has been made
above of certain general objectives at present inipafoetly tested.
The illustrations given were all related o the development of

9 See Jndd C0HL CInfonmational ve Conrputational Mathemates,” The Mathe-
wtatios Tracher, Vol XXITL pp vR5 a7, ey,
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various aspects of clear thinking—for example, the ability to in-
terpret data and the ability to reason logically. But there are
many other general objectives of education. They may be classi-
fied under various heads, the following being typical: Interests,
Appreciations, Attitudes, Fffective Work Habits and Study
Skills, and Emotional Maturity, The well-trained mathematics
teacher can contribute to the development of many specific as-
pects under these general headings, but growth with respect to
desirable goals of these types is rimely measured, It is true, of
course, that teachers in other fields have also tended to neglect
the measurement of these so-called “intangible™ or “ulumate”
objectives, in spite of the fact that in-certain ficlds—notably the
arts (including music) and English—objectives relating to inter-
ests and appreciations are of paramount importance. Similarly,
many teachers of the social studies are deeply concerned about
the social attitudes of their pupils, During recent years much
work has been done toward the development of techniques for
evaluation with respect to objectives of the types mentioned, As
the effectiveness of these techniques increases ar- the value ot
the resulting interpretations becomes better known, we may
expect similar techniques to be applied by mathematics teachers
in order to measure the effectiveness of their instruction: with
respect to such objectives and to provide a hasts tor sound educa
tional suidance. The construction of tests that meastne growth
toward “intangible™ objectives and that have special reference
to nrathematical instraction waits primanily upon the recogni-
tion of need tor them and ot the values that would accrue from
ther use.

SOME ADVANCES OF RECEFNT YEARS

The Commission has discussed the linitations of present tests
at some fenath i order o suzgest dircections in which inlpl'O\‘C-
ment may be sovght, It might appeat rom the discussion that
ltde improvement has been niade in testing during the past few

vears. This impression would be enroneous, for the last decade
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has witnessed a number of significant developments. A brief
discussion of several of these may not be out of place here.

The Report of the National Committee, to which reference
was made in earlier chapters, included as an appendix an article
by Professor C. B. Upton on “The Testing Movement in Mathe-
" matics.” That article summarized the status of the testing
movement in 1g23. In this chapter comments will be made only
upon some of the developments since that time.® g
" Among the promising developments since 1923, the following
may be noted: the extent to which knowledge of testing methods
has increased among teachers in general; the publication of im-
proved tests of various types; the growth in use not only of im-
proved achievement tests but more particularly of tests,for other
purposes, such as diagnostic and instructional tests. The latter
development has been facilitated by the appearance of various
workbooks that are designed primarily with particular fpurposes
in mind. This movement, already under way in 1923, \.vas dis-
cussed and its growth predicted by Professor Upton in the Re-
port of the National Committee on Mathematics Requirements.

In spite of growing recognition that modern methods of teach-

9 It is not possible to_discuss particular tests and techniques in any detail, but
the following references are given: :

Hildreth. Gertrude. 4 Biblingraphy of Mental Tests and Rating Scales. The
Psyehological Corporation, New York, 1033,

Buros, Occar K. Educational, Psychological, and Personality Tests of 1933 and
1034, Rutgers University Press, 1935. (Also_extended to period 1983-1936. 1936.)

Hawkes, Lindquist, and Mann, op. cit.

Stalnaker, John M. “Réport on the Mathematics Attainment Test of June,
1936.” Research Bulletin No. 7 of the College Entrance Examination Board.

Breslich, F. R. The Technique of Teaching Secondary School Mathematics,
Chapter VII. University of Chicago Press. 1934.

Smith, D. E. and Reeve, W. D. Teaching of Junior High School Mathematics,
Ginn and Co., Boston. 1927, '

Every Pupil Tests, Mathematics, Supplementary Bulletin. University of lowa,
New Series, No. 716, |

Annanncements nf Tests. The Caoperative Test Service. roo West 116th S,
New York.

Rurh, G. M. The Objective or New Thpe Fxaminalion. Scott, Foresman and
Co . Chicago. 192q.

Buros. Oscar K. ceditor). Mental Measarement Yearbook, 1938 Rutgers Univer-
sity Press. (Includes reviews of tests and of booke on measurement.)
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ing involve more comprehensive evaluation programs, the’
greatest emphasis has been and probably will continue to, bes’
upon the measurement of aclucvcmem} We shall now discuss
some gf the developments in this particular type of testing.

We have already mentioned the growth in popularity of. the
workbook. ‘This device has made testing materials available to
teachers in a cheap and casily administered form, For the most
part the responses of the pupils may be quickhly and objectively
scored. This development has probably been an influential fac-

tor in making teachers acquainted with modern “short-answer™”

techniques. On the other hand, workbooks have in some cases
contributed to formalism. Tcachers have sometimes allowed
pupils to “fill in the blanks™ as a means of disposing of the class
period with a minimun of exertion, both mental and physical.
The blame for such abuses should, however, rest not upon the
instryment, but upon the persons who misuse it. Many of the
criticisins’of tests in_general ae applicable to workbooks, but
the weaknesses are not necessarily inherent in the devices, and
may be climinated by experimentation and study. '

A second significant development of yecent otigin is the Co-
operative Test Sevice. This service publishes annually a large
number of diffcrent tests. Tu the ficld of mathematics alone the
following are available: General Mathematios, Elementary Al
gebia thiough Quadiatds, Intarmediwe Algebra, Plane Geome-
uv, Solid Geometrv, and Triconomeny, The annual forms are
approximatehy cquivalenn e ditheulie, and norms e so com.
puted that comparisons are possible. These tests me wholly ob.
jective, using several of the wellhnown shorcanswer icchimiqgues,
and ae cactulls comstruected aecordine to widelv ace epred teche
nical principles. They e iepresentive of the best modern
achievement tests aenerallyv available.

Another tmportant development of recent vears has been the
spread of state wide ttsu\nlr prozuams. They ame nsually spon-
soted by the state unggerssijes. or state depantments of ednca

tton and e provided for e sdiools of the individual state and

¢
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. others interested, on a non- Lommel cial basis. The decmon to
use them or’ not usuajly rests upon the individual school or
teacher:. Carefully cgn @d (and often e'&peumemally vali-
dated before publicat n) by outstanding teachers or committees

in cooperatign with expens at the umversmes, they are a dis-

" tinct improvement over the average test prepared by classtoom ,

teachers. Norms are computed that afford teachers of the state i

a basis for comparison of their work with that of others in so

far as the tests, pupils, and objectives are similar, and to the |,

exgent that the tes(s measure the achievement of these objectives.
The progmms and tests of the states of Iowa, Wisconsin, and
Ohio are representative of this.movement.

For a generation the College Entrance Examination Board
has been a’dominant factor in secondary education. The com-
mon criticism that extrum{n‘ul examinations encourage the
‘tendency of teachers and pupils to regard passing the examina-
tion as-the chief aim of the course, and the tendency of the ex-
amination to retard curriculum reform, has often been stated
with added force in connection with the College Board examina-
tions.” As a result the Board from time to time has changed its
requirements. A noteworthy revision in the field of mathematics
was adopted in 1935. Beginning in 1936 the Board instituted

three new comprehensive examinations designated Alpha, Beta,
(13 /

and Gamma. They attempt “./. . to combme the advantages _

of the longer essay-type, multiple-step questlon with those of the
single-step question. "

The following quotation from the report ot the Comrm sion
which formulated the revision will mdxcate the spirit of the
recommendations.

— =11 Tormulatinig its recommendations, the Commission has been

strongly influenced by the wish to leave teachers of mathematics in
secondary schools free to guide the developments of their.pupils in
such wavs as seem to them most desirable. f

It has been the aim of the Commission not to indicate the content
of the mathematics courses which lead up to the cxammanopsgm
such detail as to hamper the work of the teacher,.but to bé suffi-

A%
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ciently definite in specn[ymg thé scope af the exammanons to avond
uncertainty on the part of the teachen! ‘
- The'new examinations are superior in several respects to the
former type used by the Board. In the first place, they are much
more readily scored in an objective manner; second, they are.
more general in nature and do not emphasizé the traditional
divisions into algebra and geom_efry—-in fact,' the solutions of
some problems require an effective integration of'these branches.
Finally, there have been indications that the examinations would
include - iteins that aim to- mvestxgate the. candidate’s under-
standing of the nature of logtcala reasoning. - As yet, however,.-
“they have not gone very far in this direction. jo ;
The above discussion of some of the recent developments in
the ficld of educatiohal measurements as applied to matheratics.
should make clear that continuous improvemnent is taking place.
By way of summary we may note that aside from the points
mentioned previously the changes have been chiefly in the di-
rection of in¢reased objectivity through the use of short-answer
techniques, increastd availability of carefully tonstructed tests,
and possibly reduction of the influence that extramural e\(amm-
‘ing bodies have exerted upon the curriculum, )
In connection thh the last point, it may be noted that m;my
educators have e\tpressed the view that the testing prograrns
mentioned above tend to obstruct dgsirable curriculum changes.
There is little doubt that this fear is well founded; but it may
well be that the tests also prevent some teachers from making
unwise revisions and eliminations, andfrom undertaking experi-
mental programs which are unsound in theory and execution.
~On the other hand, the evil cffects are within the- control of
those who make’the tests :ﬁ}d administer the programs and who
can use the tests to bring about gradual improvements in meth-
ods and materials that would otherwise.be deferred for some
time. Thus these programs are a potential source of strength, par-

10 Report of the Commission on Examinations in Mathematics. College En-
trance Examination Board, New Yoik,
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ticularly in that they provide data on which to base conclusiofhs W
and revisions. Real progress is slow when it depends'upon ran-

can be done through concerted action based on reliable evidence.
{ .

A PROGRAM FOR THE FUTURE
“«

The preceding sections of this chapter have indicated some™ ‘
of the developments of the last fifteen years, and have pomted
out some of -the limitations that are recognized to still exist.
The obvious program for the next few years involves work
toward the removal of the weaknesses of current evaluation prac-

‘tices and the levelopment of new or improved. methods. The

followmg discussion will summarize the méMoxnts on which
attention niay well be centered. '
Evaluation. The development of means of evaluating achieve-
ment of important objectives not now measured is the first essen-.
tial of the emerging program. Thig will include a prelxmmary
clarification of the meaning of the objectives, for in many c
they are only vaguely formulated and few descriptions of the
specific behaviors involved exist. It will also i\n\clude th
lection of numerous. illustrations of situaiions in which the .
pupils should exhi“it one or more of the specific behaviors in
terms of which a particular objective is defined. In many cases \
these illustrations should be actual concrete life situations rather
than relatively abstract “problem” exercises. The preceding
steps are in reality a par‘t of curriculum making. Evaluation

‘proper begins when the pupils are faced with the situations and

a record is obrained of their behavior—what they do or how they
think. Further steps in the process involve the interpretation of
the behavior and the attempt to find convenient and-reliable
short-cut methods of obtaining the record. In some cases familiar
types of short-answer techniques may be found satisfactory. But
in general we must expect more claborate testing devices in -
order to measure the complex behaviors associated with many
general objectives. :

-
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N Methods of Reporting. Revision oE methiods of reporting
- ( achievement is a second essential in the program for the future.

In the past we usually have attempted to describe acKfevement

in terms of a single numerical scote or letter grade. This as-

v sumé¥that the abilities involved ave distributed, on a single

9 . linear scale. If the abilitics measured by thé ter* are quite

g homogeneous this is a justifiable and convenjent practice; but

' ‘there is little basis for assuming that all of the varied abilities

included in thc objectives of mathematics arehomogeneous.

The attempt to lump the dxfferent aspects of achievement into a
single score often conceals more than it reveals."

In the future we should seek to express achievement verbally -
infterms of the stated objectives of. instruction. For this pur-
pose we shall need the results from evaluation devices or tests
that measure separately growth toward each important objec-
tive. In many cases-it will be possib'e to compu.ie average scores
or normal behavior with respect to achievement of the diferent
objectives. We can then describe the status of the individual in
terms of a number of different factors This permlts the re-
placement of a single score by a comprehenswe verbal descrip-

: tion of an individual. The lai.ter may, of course, include inen-
tion of the various scores that are included in the total mass of
cvidenee,
It may be well to clarify these points somewhat. Suppose a
pupil has taken tests ‘thatpmeasure different objectives. The
teacher of geometry might thus have available the scores on tests
that reveal: ,
Ability to recall geometric facts and principles.
Understanding of geometric concepts. _
Ability. to prove “original” geometric exercises. 4
Understanding of the rolc of definitions and assumptions in
. an argument.

Ability to recognize .md use certain pr mmples of logic in life
situations. P

Social and economic attitudes or beliefs.

s
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Work Kabits and’ study skills,, including readmg compre-
hension.

Scope and depth of interests.
This list is only a sample of the different types nf objecnves on
which data may be obtained. The last three items are objectives
of concern to teachcrs in other fields, and in some schools the
tests for them are given on a school-wide basis. In such cases the
teacher of geometry would be responsible prlmarxly for the first
five objectives ouly. -

With scores from these tests available, what report might a-

tealher make about a given pupil? In the first place, it would’be
possiblgiyo report or comment on work habits and study skills,
including reading comprehension, and on scope and depth of

interests! These obviously have a bearing on achievement in -
most subjects, and particularly in geometry. In the second place,

it is possible to comment bricfly on achievement with respect
to the objectives relating more specifically to mathematical in-
Sstruction, One pupil may be superior in solving exercives.
Another may do well with purely geometric material, but may
have difficulty in applying principles of logic in life situations.

He may, for example, allow his social and economic attitudes }

or beliefs to supersede logical principles in arriving at corcli-
sionf in these fields. Data relative to the sixth item above would
serve to support or perhaps to weaken a teacher’s jndgment on
this point. Still another pupil may understand the role of
definitions and assumptions in an argument, but show rather
poor understanding of geometric concepts.

Written veports, sometimes in the form of a letier to the par-
ents with a copy tetained for the school files, are now being used
ina mimber of schools. The labor of preparing such reports is
of course greater than that involved in assigning a numerical
“or letter grade. For this reason reports are prepared less fre-
quently, say three or four times a year instead of six, but they
are more thoretigh and more revealing. Moreover, the task of

accumulating the evidence and preparing the reports may be
. .

Ty
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" distributed over a considerable period of time. When achieve-

ment of general objectives is being evaluated, it is not necessary
to wait until the end of a marking period to administer tests and
prepare reports. When tests measure principally recall of in-
formation and skills, a few days or a week or two of instruction
may produce appreciable increments to a test score, but im-
provement. is muth less likely in a short time in the case of
objectives less specific. '

'1f data on the different-abilities are obtdined at intervals, it
is possible to describe growth and retention; if in addition dara
are available on home and community background, previous
training, and similar factors, still more significant interpreta-
tions may be made. The relation of growth made to initial
status may be more significant than the pupil’s final status. Thus
a pupil who originally ranked very low in several abilities may

succeed in reaching the median. 1f his background and a num-.

ber of personality traits are taken into consideration, this de-

velopment may merit high praise, and may represent greater

achievement than that made by a pupil originally well above
the median who succeeds in mainmil]:ing his position but shows
relatively little growth. Numerous tiew methods of recording
and reporting pupil progress are being devised and tried. 1a
every case the aim is to furnish to pupils, parents, guidance
officers, future employers. and college entrance ofticials data
more revealing than data provided in the usual records and
rcp(-,rts.‘ o -
~We may summarize this section by saying that a forward.
looking program of evaluation involves the development of new
‘mmthods of judging. recording. and reporting the achicvement
of pupils. These methods should emphasize growth toward the
objectives of the educational program and the particular course,
and interpretations should take into account evidence concern-
ing many relevant factors that influence achievement.
Administrative Problems. The task of evaluation as here
outlined may appear to be so great that the practicality of the

MU &
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.

B proposals is open to' question. This is a pertinent issue, aud can-
not be taken lightly. The followmg observauons may help to
allay anxiety on this point.

In.the first place] when general ob]ecuvcs become dominant
in an educational program many teachers can contribute to their
development and to evaluation of achievement. The teacher
of a particular subject, such as mathematics, need not be solely
responsible for obtaining all the evidence. A cooperative or
school-wide program of testing becomes possible, and the time
and work necessary to effect it may be shared by many teachers.

In the second placy, the testing does not need to be carried on
in a continuous block of time, say at the end of the year, leading
to the complete exhaustion of both teachers and pupils. Ideally,
it will be distributed tiffoughout the school year, and the keep-
ing of cumulative records will make possible the interpretative .
comparisons that should be made. The total testing period need
not absorb an undue proportion of school time. Some of the
time now spent ir relatively ineffective but extendive testing of
a few objectives may be expended on testing for other 'objec-
tives, and the results of the testd if properly used should lead to
more effective t(eachmg which would compensate for the extra
time requxred The American schools now spend hundreds of
millions of dollars each year on education and the pupils spend
hundreds of hours in school. It is no too much to expect that
ten or fifteen per cent of this expenditure may well be devoted
to the determination of the effectiveness of the remnaining
portion.

The administrative probleins associated with a comprehensive
testing program are gradually being solved. One striking examn-
ple is afforded by the recently invented electrical test scoring
machine. With the aid of this complex machine hundreds of
test papers may be scored in an hour by clerical help, and with
an accuracy exceeding that oljained by hand scotving. This de-
vice may ultimately relieve teachers of most of the drudgery of
scoring test papers, and leave them freer to devote their talents
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to interpretation cf the results and the planmng of more effective

work

o

CONCLUSION

Teachers of mathematics have not been accustomed to con-
sider the problems of testing from a broad point of view. Yet
professional maturity, the welfare of the pupils, and the future

of mathematic. in the secondary schools all demand an ever -

deeper and broader study of instrnctional problems. In such
study evaluation plays a fundamental role. Curriculum revision,

guidance of pupils, and improvem:nt of instructional methods

all depend upon careful evaluation, It it is superﬁcial and nar-
row, the development of the place of mathematics\in education
is retarded. If it is thoroughly and comprehensiyely done, there
is much hope for the future.



"+ CHAPTER X
' THE EDUCATION OF TEACHERS

~ “When I say I'll learn a man . . . I mean it. And you
can depend upon it. I'lldearn him or kill him.”
—MARK TWAIN, LIFE ON THE MISSISSIPPI RIVER
H

GENERAL CONSIDERATIONS

. In A consideration of general educational problems it is neces-

sary to give prominence to the preparation of teachers. The part
of the teacher is so iriportant that other considerations, even
very essential ones, are secondary by comparison. For instance,
any insistence that is placed upon good objectives and good
programs of study only emphasizes the importance of the

teacher. Not until we turf our thought to the persons who are

to carry on instruction.do we reach the crux of the matter; for
then it is that we pass beyond mere plans on pap.r to the per-

‘sonalities who will bring either success or failure to them.

There are two important postulates that underlie our efforts
at mass education and that are related to the teaJer. First, it is
assumed that teachers can be secured in the large numbers re-
quired, and second, it is assumed that the necessary- traimning
will be given to them. ’

There is no reason to believe that the de.nand for teachers
cannot be met numerically. It is truz that the ‘teacher’s salary
is often so siall that it hias been justly denounced as inadequate
when -.ccount is taken of the social importance of his work. Yet
it is sufficiently Attractive for persons to seek it. There has been
a relative stability to the teacher’s pay, even in periods of depres-

“sion, for economies that will make education suflcr are likely to

be applied with some moderation. The possibility that a posi-
) e 187
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tion may be permanent is certain to be regarded as something of

a balance for the smallness of its wage. Herein, however, there -
" ‘lurks a real-danger, for we should not be content tg know that
o we can obtain teachers. We need good teachers, and men and
~ women who are truly able will be atracted into the profession
in sufficient numbers only if there is adequacy as well as relative

“security of compensation. R

There are five major qualities that are to be considered in the

" mathematics teacher: (z) social and civic attributes, (2) general, - -
. culture, (3) familiarity with educational problems and theories,

., (4) skill in instruction, (5} knowledge of and interest in mathe- p

matics. It would be rather difficult to list the five attributes in

o their exact order of relative importance,-but the Commis\sion

_ regards the last quality mentioned as distinctly the most im-

portant of all, after making an assumption, presently to be

, mentioned. In the discussion that follows, (3) and (¢) will be

- ) grouped under the general heading of professional educotion, a.

' designation now very common. ’

"

SOCIAL AND CIVIC ATTI*IBUTES

Since it is undeniable that the personplity and charactey of a
: : teacher have much influence upon his 'Fuccess, an explanation
 is needed to justify considering knowledge of the subject taught
as of more importance. It is taken fo~ gjanted that in the matter
of personality and character the teacher is satisfactory. Persons
who are clearly unsuited for teaching, because of poor personal-
ity, very poor health, or lack of sympathy for young people, _
should be eliminated early and they should not be allowed in
practice teaching courses. Although it is possible to overcome
many pergonal handicaps throﬁgh instruction and the exercise
of vigilance, the instruction required may he of so individual a
nature that universities and colleges cannot provide it. No
greater responsibility rests upon officials and instructors who
are connected with teacher education than that of preventing
persons ‘from entering the profession when they are obviously

N



generally required, is especially adapted to serve as a safeguard-
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unsuited for it. The courr. in practice teaching, which is now

.

ing barrier. . . _
One naturally expects that teachers will show civic interest,

‘for the schools have a purpose beyond spreading the knowledge

that is found in books a'nd‘iﬁpar'ting the understanding that
may be gained in the laboratory. Since an objective of the
schools is to inculcate civic attitudes and ideals, a teacher should
feel the responsibility of exemplifying some of the attitudes that

the school says are important. Public problems should interest
-him, and he should be willing to bear a share of those burdens.-
-that are necessary for the common good. But neither civic nor

non-curricular school activities should be expected or encour-
aged at the expense of good classroom work. The primary duty
of the teacher is to instruct, and it is only a short-sighted policy
that will put upon teachers demands that pr\event a growth in
scholarly attainment or general professional ompetence. It is
to be expected that some teachers will have véry discriyinating

tastes in the matter of using their leisure time. The great- .
estasset to any school system will always be those teachers whose

time outside the classroom is.spent in activities that are con-
genial to a person of intelligence and culture. In ways that may
not be perceived by an undiscriminating observer they reach
those boys and girls upon whom must rest the real hope o{raiging
the standard and tone of American life. Such teachers should

- not be visited with official displeasure merely because they have
~ no inclination toward certain popular activitigs.

o GENERAL CULTURE

" The complaint is frequently made that knowledge is too often
artificially divided into compartments. Of course such a situa-
tion as exists is to a large extent inevitable, being a consequence
of the growth of civilization and a result of «he progress that has
been made in the arts, the sciences, and technology. Fach major
field of learning has become so vast rhat it daunts even thé most

EeN
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industrios student, and if the education of the secondary.
school teacher of mathematics is to bé adequate, a large part of
his col'ege work must be devoted to mathematics and allied
subjects. But this fact is Yot an excuse for departing too ‘much

from the expectation that the teacher of high school mathe-

matics should be a person with varied tastes ‘and one Who has
interests outside of mathematics. Especially is eraphasis to be

placed upon knowledge of English-and correctness in its use, '

both spoken and written.! One cannot expect to have good
teaching of mnathenmtics unless there is accuracy-of exprussion,
corgect use of words, and a watchfulness of shades of meanings
and the implications of sentences. The teacher of mathmatics
should be ab careful in his speech and writing as the teacher of -
English; and he should help English instructors by the standards

he requires in his own classes.

. v PROFESSIONA’%. EDUCATION.

Profes;ionai education is older than is often realized, By
1840 normal schools in America provided practice teaching, and
in the early 1850's some universities did the same. In the }874
catalogue of an academy one finds the statement: “Teaching is

A\

no longer an occupation, it is a profession; a profession-which

demands for its successful accomplishment as studied a prepara-
tion as that required for medicine, law, or the ministry.” In the
general program-that was outline¢/ we find “a course of pro-
fessional instytiction' in which the science and art of Pedagogics
will be presehted with a discussion of all the minutiae of the
school roomgwork.” The modern teachengray not be kindly-
diSposed tgward the word pedagogics, but it miyst be admitted
that it Rad a candid -dircctness. The Commission believes that
professional training 's an important part of the preparation cf
the teacher. We require far more teaches)s than can be obtained
by selecting the “natural born teachers.” Probably such indi-

1 The_ present Commission endoises the statements made with regard to English
py the National Committee of 1923. See its report, The Reorganiwation of Mathe.
matics in Secondary Education, p. 84. v
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vidual éust but most-successful teachers wil) admit that they-
- have learned a great deal by experience. If'this is so, it cert‘m\ly
should be possible to give valuable instrition and trajning to
* the future téacher while he is still a student. Fhe Commission
believes, however, 'that in America, the time spent in profes-
sional training has been carried in some cases beyond all reason,
and it qxpres%.'s the hope that members of education faculties
ho are. canscmus of this danger.will take the lead in maintain-"
-mg a sane'balance. - ‘ -y
The most important element.in professional training is stu-
dent practice teaching, carried out under the most competent
sUpervision that can be procured. The Commission considers
this work so important that it urges that even greater attention
'be paid to it in the futtire than in the past. Work in practice
teachmg should be preceded: by a good course in methods; and
in this course special stress should be put'upon the topics that
are most intimately connected with the ideas, the concepts, and
the basic processes of mathematics. Some phases of the work of
the methods t¢acher should be carefully correlated with-instruc-
tion that students receive in mathematics. : P
Our public school teachers should certainly be. acquainted
with the history of American cducation; tliey should understand
its philosophy, the problems that beset it, and the ideals it strives
for. Incidentally, by way of broadening the viewpoint and giv-
ing the basis for a significant appraisal, they should know some-
:thing-about the schools of other countries. Su¢h topics make
‘ up the content of the familiar course jn secondary education.
It would appear to be more in conformity with sound educa-
tional practice if a person were allowed to demonstrate his
knowledge of them by an examination, without registered at-
tendance at lectures in the subject. Not a great many prospective
teachers would avail themselves of such a privilege, so that
courses in secondary education would not dwindle away. But as
the content of such courses is very simple, with little material
that is in need of the exposition of a teacher, encouragement

~
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“should be given to the amibitious and industrious student who

desives to follow a route other than the customary one.

The science of psychology has achiéved an established place in
teacher education. -Since—the teacher is dealing with human
beings and is seel.ing to stimulate and arouse them to activity,
he should know how to establish sympathetic connection with
them. An understanding of other persons comes to some people
quite naturz{lly, and there are masters of the art of instruction
who never sat in a class in psychology. -But other teachers fail
badly through ignorance of principles that they might readily‘
have been taught. A course in psychology of moderate duration,
devoted largely to its educational aspects and to the learning
process, is an important general requireiment. Teachers are
generous in their praise of such a course, especially if they have
had the good fortune to take it from an instructor who was him-
self a good teacher, and who by his own example could give
conviction of the effectiveness of the principles that he set forth.

The fact that this Report devotes an extensive chapter to the
subject of testing is itself evidence of the importance that the
Commission attaches to the problem. Systematic study should
be devoted to it in the preparation of the teacher. Study of edu-
cational measurement inevitably brings in statistical considera-
tions, for which the prospective mathematics teacher should be
well prepared by courses in his major department. It is not too
1much to expect that mathematics teachers in general should
be helpful to colleagues in th:e subject of educational measure-
ment and statistics.

Professiofial preparation should not be terminated with the

" initial education of the teacher. In fact, one can doubt if a per-

son can appreciate the importance of some aspects of such prepa-
ration without a year or more of active teaching experience.
Formal courses. during gradifate,study inra university, may not
be necessary, though they are valuable when real substance is
put into them. The teacher can grow professionally a great deal
in the environment of his own school and thrcugh contact with
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other teachers. Unless a school is so large that there are several
teachers of a single subject, the only bond between them may be
common educational problems. The only-study that they can
undertake together is study of general educational problems,
and when this is well coriducted by a good school-administrator
it may be as proﬁtable as an ddditional educational‘course. The
professional in-service growth df his teachers is certainly one of

'the major concerns of the principal and the superintendent.

TRAINING IN MATHEMATICS
The amount of study of mathematics that is required in order

to obtain a license to teach the subject in a high school is far too

low in most-of the states. In some of them the prospectwe
teacher need not have studied mathematics in cbllege at all; so

"'"({\:s regulations are concerned, he is not obliged to have ad-

vansed beyond those subjects that he may be expected to teach.
Even in states where there is a requiremént of college study, the
regulation can often be fulfilled by a year, or a little more than-

- a year, of work. All of this indicates that however much we

profess a devotion to education, and however zealous we are
in providing buildings, equipping 'gymnasiums, transporting

_children to schools in rural communities, and doing other like

things, we have not in any determined manner faced the essen-
tial problem of education, namely the competence of the
teacher. By instituting certain professional requirements we
have perhaps guarded against initial ineptitude in an instructor,
and we have encouraged teachers to think about school prob-
lems; but in spite of that, we are content with the-most modest
attainments in the subjects they teach, at least so far as official

‘requirements go. The situation suggests that although we desire

something in this country definitely superior to bare literacy,
we are not greatly annoyed by mediocrity. Excellence or su:
periority does not stir us so deep]y that we choose them as our
watchwords and insist upon them in a grimly uncompromising
manner. We desite that our boys and girls should be instructed
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by teachers with social attitudes and community interests, but.
Ne do not demand that they have contact with teachers who are
! so well informed as to inspire, and who, having’ aWakencd inter-
est, can assist their pupils toward superior attainment.

It is-even argued at times that a scholarly teacher i is likely to
“talk over the heads” of his pupxls, as if it is to  be feared that a_
teacher may be too well informed. A teacher, especially an in-

" experienced one, sometimes docs attempt too much and breaks
connection with even thé abler puplls, through forgetfulness of -
the needs of ‘beginners. The danger may be particularly real in
the case of mathematics, where understanding rather than mere -

» memory is constantly involved. But a teacher who offends in
such a way mxght still perform poorly if his knowledge of iathe-
matics were e\en' more limited. It is not to be forgotten that
the verdict, “He knows his subject, but cannot present it,” is

- often passed on teachers who really have only a modest know!-
edge when judged by a sufficient standard. The evil that is
being considered is one that should be lessened by the practice
teaching course, and experience in the classroom aids in its
eradication. Administrators and supervisors should be only too

“glad to help correct such a defect when they are so fort: xmtc as .
to have teachers who need help in bringing their daily “Class-
room work down to the nccessary level. It is far easier to make a
correction of that sort in the case of a promising teacher than it
is to bring the instruction of a teacher inadequately prepared
in his subject up to the lcvcl to which the able pupils in his
classes are entitled. :

It is fortunately true that in many 1ocalmes the preparation
of teachers is distinctly above the minimum set in the regula-
tions. A large prop ‘tion of teachers of mathematics in the
larger schools today Lave ad in co]legc an undergraduate major
in the subject, or it least a minor.” But so long as defectively low
regulations reflect education® practices, a teacher prepared for
some other subject may be found weakly and diffidently presid-
ing over a class in algebra or nonchalantly listening to the dem-

. )



‘propriety of such occurrences, and we shall never create the
respect for competence and knowledge until such mstances
become very rare. It is, of course, an excellent thing to have

.our practice actuallybetter than-our regulations, but the latter

should be sufficiently high to command respect.

If mathematics were simply a tool subject, it still would be
necessary to insist that teachers study branches of it that extend
beyond the relatively-small field to which the secondary school
is restricted. It is true that a person may .acquire a seeming
proficiency with high school algebra by thorough study of a
number of high school textbooks, and that he can gain a certain
competence in geometric demonstration by painstaking perusal

of the better and more exhaustjve introduttory books: But such-

narrowness of preparation*is contrary to modern ideas of what
education means. There is no margin of safety, no large surplus
of knowledge and competence, always there to be relied upon.
A teacher should not resemble an unhappy banker who, with
reserves in a poor condition, nervously watches the door for the

examiner: At any time the bright boy or the able and insatiably -

curious girl may cause considerable embarrassment. Nothing
but study beyond the bare elements of a sithject can make the
elements seem simple and nan:&l; nothing else can show their
full significance. &

A still stronger reason for requiring broad and thorough
training on the part of the teacher grows from the cultural at-
tributes of mathematics. The teacher's responsibility is not con-
fined to the details of the lesson of the day, for he should seek
to inspire and interest pupils in things superior to the contents
of the book and the day by day discussion of the class. To pupils
he should appear as a person with experience, knowledge, and
capacity that far exceed the’ requirements of the moment. It
should be manifest that he is interested in thinking, that he is
a citizen of the world of ideas. of concepts. of mental enter-
prises, as well as a citizen of a political community with its vari-
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onsiration of & theorem in _geometry. Pupils realize the im-.

.

PR



. . . »
L - . . 7
. o]

196 Fifteenth Yearbook

L3
ous social problems. Contacts with personalities of such a type

should be among the life situations that schools give to boys and .

wirls it we are to hold schools in esteem,-and not be forced efther
th smile or weep over their shortcomings. Of course a large
number of boys and girls, absorbed in adolescent lmpulses or
cnjp ossed in fancied responsibilities, as well as ‘the exhxlaratmg

Huck Finns, will not be at all impressed by such teachers. But

this fact in no way affects* the obligation of providing teachers
with the’characteristics described. :

A detailed consideration of the contents o?the college course
of study is not necessary. In algebra and geometry, which are
fhe basic subjects of the high school program, the study of the
prespective teacher should carry hinn into fields that areidefi-
ni:\\ wider than he will need in his day by day teaching. His
study of trigottometry should make him something of a master
of that subject, so that the parts of it that find their way into
the Jower high school years will seem as simple as they truly

are, while the parts that are taught in later years will present no

dlﬂxcu to him. His contact with the calculus should be suffir
ciently plolonged and exacting to give a grasp of the. prin-
ciples and basic concepts that is so clear that.it will last, and a
grip of simpler techniques so firm as to be durable. The calculus
being in a way ‘the begmmng of modern mathematics, this
Commission believes that it is as bad for a high sdwbl teacher
of mathematics not to have some clear conception of it two
hundred and fifty years after its beginning as it would be for
him not to know where London and Paris are, or to be unable
to tell something of the story of Benjamin Franklin. The
teacher should certainly be able to give an intelligent answer
to the curious boy or girl who may ask a serious question as to
the nature of the subjects studied in the calculus. It is to be
recalled.! furthermore, that pargs of elementary differential
calculus have been suggested in earlier chapters of this Report
as topics for the last vear of the high school. A study. of mathe-
matical statistics and of the mathematical theory of finance is

————
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also inportant in addmon to the study of the traditional
subjects. - . \
The Commission believes that it should stress one subject,

namely the history of mathematics. If the study of secondary-

mathematics is to reveal mathematicq as one of the fundamental
enterprises of man, which, though footed in daily need, is an
expression of deep, irrepressible, and idealistic impulses, then
the teaching of it should censtantly be associated with its history.
One recalls the statement of Glashier, “I am sure that no subject
loses more than mathematics by any attempt to dissociate it from
its history.”? The history of matt\ematics. however, is too often
treated by our universities and colleges as a stepchild. Though

courses in it are provided, the Commlssmn fears that too often,

they are dry and stenle, and it believes that they will remain so
until the subject {s properly appreciated and stepy are taken to
develop more scholars who are ardent in the cultivation of the
history of mathematics and enthusiastic in its teaching.

_ Autention:has already been called to the increasing number of
subjects that are becoming mathematical in nature. The mathe-
" matics teacher may have acquaintance with this general fact,
and know a little as to the nature of the applications, without
having carried on systematic study of the related subjects. It is,
however, quite desirable for him to have had-a good college
course in physics, or chemistry, or astronomy, of such a nature
that the employment of some mathematics was needed. As a
high school teaching subject to bé combined with mathematics,
physics continues, as it has long been, a very natural related
subject for many teachers of' mathematics.

But another consideration should be touched upon, even
if slightly. There are many mathematics teachers who have pre-
ferred foreign language, frequently Latin, as a minor, and others
who have been drawn toward English, or toward history. The

2 Glashier, J. W. L., "Mathematics and Physics.”” Presidential address before the
British Association for the Advancement of Science. Section A, 18go. Nature, Vol.

X'.Il, p 466- . v
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Commission regards such ¢combinations as having much merit,
and would not discourage them. However correct may be the
assertion that Janguage study does not employ mathematics, the
question involved is not disposed of by so obvious an assertion.
v Many investigations have shown a striking correlation between
- grades in mathematics and grades in foreign language. Both

studies are definitely intellectual, with a good firm texture

" unalloyed by the trivial and the commonplace; and it is not

strange that some persons should desire to teach two Subjects

. that spring from congenial nnp;llses Many strong students of
~ m: thematics are not attractedfto the laboratory with- all its
' 'paraphernalia, and it 1s doubtf\l if there is a gain when, for a
second teaching subject, we force,them away from, a natural
inclination into a study. that has unattracuve aspects, just be-

' ause the latter uses formulas and employs equations. - It is also

be recalled that, if our schools'are to exenplify culture in a-

, road sense, it is a wholesome thing to have some teachers cut

. across traditional lines and reveal an interest in subjects that on

the surface seem unrelated. The teacher of mathematics who is

L]

congenial to some teachers offmathergatics, beth on account of

_ the part that deals with grathmar afd the part that deals with .
literature. In fact, if the grex{_mportance of English training v
to the mathematics teacher is stressed, we are quite certain to
find otirselves producing some teachers competent in the two
fields. As to the teaching of history, let the following remarks
suffice. There is a tendency to have history deal more with the
development of culture and less with political and military
matters. The opportunity for the teacher of mathematics is
obvious, especially if he has gl‘\‘(ll thmough s‘tud) to the history
of science. '

Although thy traditional “major work” of the university or

fee
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college department of mathematics has been for the most part
quite well conceived .so far as content is concerned, its acgual
bearing on secondary education has too often been left for the
student to infer, Moreover, university and college teachers have
not always kept in touch with the problems of secondary educa-
tion, even whena large number of their more advanced stpdents
were preparing for high school positions. Every mathematics
department of any size should have some member, well, trained
in mathematics, whose dominant concern is the teaching of
mathematics in the high school. In addition to an awareness
of the difficulties of the problems of secondary education, such a
person should reveal a strong devotion to the subject that he
teaches. Though he may not be engaged in technical research,

.there are plenty of ways in which he can show an extensjve

knowledge, acuvxty, and enterprise.

There is an increasing number of teachers of mathematics
who take. g'radualte study, and in many] of the larger high schools
teachers are expected, if not required to hold the Master’s degree
Though some states nbw require that all high school teachers
-hold the degtee it is to be .observed that such a prescription
may not be acrompamcd bya comparable.mcrease in training in

the subjects that the teacher teaches, stra:ige as this may seem-

to many persons. It is also to be observet) that it the output of

persons receiving a Doctor's degree should exceed the demand

of colleges and universities—a situation that seems likely to
arise—many of the recipients of such degrees will naturally find

. positions in junior colleges and the larger high schools.

Several very important questions arise in connection with
graduate work in mathematics for high school teachers. Al-
though the traditional training has been quite suitable for those

- teachers who are strongest matheatically, it can be doubted
whether it is best suited for many others. Certainly there is a

great wealth of good mathematical material from which courses
could be built that would be appropriate for different types of
high school teachers, although a too diversified list of offerings
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~ is not to be expécted; and the graduate | rograms o1 universities

should not be devised solely for those.persons who expect to
# take the traditional degrees in the expectaubn of teaching in a
umversxty or a collége, A commission of the Mathemancal As-
‘sociation of America has recently published® a *Report on the
.Training of Teachers of Mathematics,” which considers various
aspects of the probiems here briefly alluded, to.

SPECIFIC PROGRAMS'

There is given below an outline of the trammg for mathe-
matics teachers that’the present commission recoimmends, the
recommendations being in essential agreement with those of the
commission of the Mathematical Associatige, to which reference
has just been made.* '

HIGH SCHOOL TEACHERS OF MATHEMATICS AND A
' SECOND SUBJECT

A large number of teachers are employed in high schools in
which they must teach more thari one subject, and in some

states where certification in specific subjects is required, a.can-

didate must qualify in two subjects. A commmee of the North
Central Association of Colleges and Secondary Schools has re-
cently-recommended® that learned societies, “in order to -pro-
tect their own immediate interests as well as to improve the
American high school . . . should undertake the task of de-

" fining the make-up of the broad fields within which their cwn

subjects should be included.” It further states: “It is clear, for
.example, that physics and mathematics are inseparably related

3 American Mathematical Monthly, Val. XLIL pp. 263-277, 1935.

4In its tabulated recommendations the former commissfbn listed the study of
Fnglish. Although this subject is not mentioned in the tabulation of the present
report. cnoug\ has been said already to show that the present commission en-
dorses fulty the statement of the former commission with regard to English, as
well as its statements ahout language, literature, and other cultural studies.

5 See the report “Inadequacies in the Subject Matter Preparation of Secondary
School Teachers and Suggestions for Their Corrections.” North Central Associa:

tion Quarterly, Vol. X1I, pp. 439-539. 1938.
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and together might be regarded as a sufficiently broad field.”
There is no question at all as to the great breadth of the field of
learnmg composed of the physxcs ard the mathematics of today,
but it is to be noted that there is a non¥eciprocal character in
the relation of the two subjects that gives rise t6 a grave question
if one seeks to make a permanent union of them. Mathematics
is necessary for most parts of physics, unless the latter is made
purely descriptive, but physicg is not fundamentally essgntial
for most of mathematics. The present Commission has already
called attention to the fact that many good students of mathe-
matics, finding no special appeal in laboratory manipulation,
would prefer a second teaching subject outside -the broad field
recommended above. Especially in the case of women there is
likely to be an attraction toward a foreign language, toward

English, or toward history; and the Commission does not be-
lieve that the necessity of preparing a teacher for two subjects -

prevents a non-mathematical subject from being joined success-
fully with raathematics. The teacher will presumably have
taken a major in one of the subjects he teaches, and a minor in
the other, though in some current teacher training programs,
relatively equal weight is given to each of two teaching subjects.
As a rule, a teacher of mathematics and a second subject will
not be giving the more advanced courses in mathematics, such as
were outlined for the twelfth year in earlier chapters of this
Report. Consequently a somewhat more restricted training in
mathematics might be accepted than in the case of a teacher-in a
school where more advanced courses are offered.
The teacher’s training should inclyde:

a
(r) In mathematics.

(@) Courses including complete treatments of college algebra,
analytic geometry (including a little solid analytics), and
i six semester-hours of calculus. '
(b) A course that examines somewhat critically Euclidean
geometry, and gives brief introductions to projective
. geometry and non-Euclidean geometry, using synthetic
methods (three semester-hours).

-
:
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(c) Advanced algebra, including work in theory of equations, .
. mathematics of finance, and statisfics (six semester-hours). ,

‘This course should give some carctul attention to the basic

laws of algebra, to the nature of irrational and comple

numbers, and operations with them. It should be througl{ ¢

out somewhat critical and not purely manipulative. .
(d) Either dfrected reading or a formal course in the history

of mathematics and its concepts. '

" (2) Inrelated fields.® g N
An introductory course in physics, astronomy, or chemistry
that makes use of some mathematics. :

¢

(3) In professional preparation.” =

. (a) A conrse in methods (two or three semester-hours). This
work should be given by a person who has had a good - ™
mathematical education and also experience in high -
school teaching. : N "’

(b) A course in seccondary education (three semester-hours).

Some consideration of educational philosophy and of the
history of educition can be given in this course.

. (¢) A course in psychology, with emphasis on its educational
bearing and on the problem of learning (three semester-
hours). : .

(d) A course in edlicational tests and measurements that
employs some statistical material (two semester-hours).

(e) Practice teaching. It is not usually possible for a student A
to have practice teaching in two fields. If mathematics is
his major he should have practice teaching in that subject.

2

HIGH SCHOOL TEACHERS OF MATHEMATICS ALONE

A teacher whose full time is devoted to mathematics and who
is in a school that provides courses in more advanced secondary
mathematics should have, in addition to the training previously
described, as much as possible of the following work.

(1) Advanced calculus and differential equations or mechanics
(six semester-hours). .

(2) Additional work in-geometry, such as projective geometry, :
descriptive geometry, etc. (three semester-hours). ‘

% The related-€ubject iz not regarded here as a teaching subject.
7 The coprses mentioned are likely to be included in state regulations, and it is
taken for'granted that a prospective teacher actually prepares to meet the pro-
fcssi/o al requirements of the state in which he wishes to teach.

o
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(3) Additional work in algebra, including some modern algebra
(three semester-hours).
" (¢) At least one more of the fhree sciences of physics, chemistry,

and astronomy. i

JUNIOR €OLLEGE TEACHERS

The teacher of mathematics in a junior college should have
at least the Master's degree in mathematics, and should pref- \
- erably have some graduate work beyond that normally included
in preparation for that degree. Irrespective of whether a legal
requirement exists as to professional preparation, he should
have given attention to this question. He should be a close
s+..dent of educational problems, especially those that affect the
junior college, so that he can assist in directing this new enter-
prise in American education along sound lines. He should be
able to institute and carry on successfully ingtruction for the
commercial and vocational groups mentioned in Chapter VIII
as well as for the academic group.

.
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e, APPENDIX I
ANALYSIS OF MATHEMATICAL NEEDS

“The faculty for-truth is recognized as a power of distin-
« guishing.and fxmg delicate and fugitive detail.”
~WALTER PATER, COLERIDGE

THERE will be given here an analysis of the mathematical equip- -
ment needed for the activities and experiences of life. In discussing
this question, the word need will be understood to denote not only
such knowledge or capacities a maj be indispensable, but also at-
~tainments that may profitably be used in either a utilitarian or a
cultural manner. In a very real sense such knowledge and capacities
-are actual needs, to be provided for by the schools. For it must be
remembered, as has been said before, that the school has an obliga-
tion to treate capacities of one kind or another, and should explam
to pupils the advantages which may result from them, though it
recognizes that in many cases the capacities will not all be employed.
For reasons that seem obvious, the needs will be discussed under
three headings: “For ordinary life”; “For leadership and higher cul-
ture”; “For specialized use as a yocational tool.” '

FOR ORDINARY LIFE

Arithmefic. The paramount” mathematical need of the average

citizen is for a greater knowledge of arithmetic than is now common.

By arithmetic is mcant more than computational facility and under-

- standing of principles. There is needed also familiarity with appli-

cations to a wide variety of problems or si{uations that confront

people, and ability to understand certain mathematical ideas and
procedures that may be encountered in ordinary reading, .
From among the many activitics of ordinary life which requir -
some use of arithmetic, a few typical examples are listed here:’ fq

(1) The home: e
(a) Budgeting income, keeping-accounts, checking bills.
(b) Quantity and installment buying.
(c) Estimating depreciation on home or car.
(d) Buying or scttling fire or/burglary insurance.

.,,.._/ : 106/ 2((
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(2) Personal finances:
(a) Handling funds: depositing, checking, remitting.
(b) Borrowing; paying loans and interest.
(¢) Saving and investing; choosing sccurities. «
" (d) Buying life and disability insurance, and annuities.
(¢) Paying taxes; contributing to charities.
(3) Recreational activities: ¢
(a) Buyigg season tickets for sports, plays, léctures, music.
(b) Planning trips—expenses, time schedules. ‘
(¢) Arranging social functions.
(d) Helping with neighborhood entertainments.

.

Antong the numcrous iten. often encountered in general reading
matter, the camprehension of which tequires a considerable knowl-
edge of arithmetic, may be mentioned some relating to: '

(1) Civic and social life: .

(a) Taxes—property, income, inheritance, sales, imporgs.

(b) Use of public funds—for roads, pulﬁic defense, social se-

curity, health, interest-on debt.

(c) Social statistics—population, vital statistics, distribution of

wealth, dependency.
(2) Economic conditions:

(a) Industrial activity, volume of output, dividends.

(b) Agricultural acreage, crops, prices.

_ (¢) Labor conditions, wage levels, unemployment.

(d) Price indices, real wages, living standards.

(¢) Financial conditions, interest rates, public debt, monetary
standards.

() Exports, imports, international exchange.

(3) General information: y

(a) Scientific and technical advances, involving use of very
large or very small numbers; e.g., relating to stellar dis-
tances, infra-molecular physics, engineering feats, number
theory.

(b) Statistical data involving averages—mean daily tempera.
ture, or average annual rainfall; average crop per acre;
average speeds.

(¢) Further data involving ratio, proportion, or percentage,
dictetic and budgetary matters, probability of death or
illness, “expectation™ in games of chance, cost of essential
elements in matcrials containing large portions of waste.

(d) Diagrams, records, puzzles in reading material for recrea-
tions, and in accounts of sports.

Graphic Representation. To understand numerous mathematical

R
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ideas which are commonly encountered in general readmg. one
should be able to interpret graphs such as the following:

)

(3)
€)

)

Line graphs:

- As used for market quotations, growth of population, progress
of a campaign, course of a fever temperature. - ..

Bar graphs: :

Showing the distribution of telephones, radios, automobiles.
Circle graphs:

Portraymg the percentages of land given to cultivation, graz-
ing, forest, waste; or the distribution of the national income.
Scale drawmgS'

As used in surveying, or to find forces or velocmes.

‘Algebra. "Although the average citizen rarely or never uses formal
algebra as an instrument of calculation,. it could so be used gtca-
siorially to advantage if its possibilities were understood. For in-

"+ stance, rr studymg investments, installment buying, statistical as-
pects of one’s business, solving mixture problems, or indeed in
dealing most effectively with various matters listed under arithmetic
above, one needs some command of formal algebra. For the average
citizen, however, the chief need is for such algebraic knowledge as

will give him insight into and appreciation of mathematics aspects
of the modern world, scientific achievements, economic questions,

and the like. In particular he needs to be familiar with:

(1)

(2)

(3)

)

Positive and negative numbers:

Their frequent use in describing such opposites as assets and
liabilities, forces or motions in opposite directions, tempera-
tures above and below zero, rates of increase and decrease.
Formulas and the function idea:

Such related variables as the age and value of a house, amount
of use and annual cost of a car, driving speed and distance re-
quired for stopping, length and period of a pendulum.
Equation::

Their constant employment in technical and scientific work,
as a gencral way of finding unknown quantmes

Coordinates:

Their more common use in plotting curves, mapping, and as a

(5)

(6)

basis for engineering projects.

Indirect measurement: )

Finding elevations of inaccessible peaks, or constructing a long
tunnel from both ends, understandable on the basis of nu-
merical trigonometry using simple algebraic equations.
Modern methods of calculation:

The power of generalized exponents as logarithms.

-
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(7) Permutations and combinations:

Their frequent application in devising distinctive labels, etc.

Informal Geometry. Some geometric knowledge is occasionally

employed as a working tool about the home, in such activities as:
*(1) Making menpurational calculations. -

(2) Usig a protractor and other instruments.

But, as in the case of algebra, the most important uses that the
ordinary citizen can make of geometry are those by which he may
achieve insight. For instance, a good foundation in geometry will
contribute materially toward an informed appreciation of matters
relating to: '

(1) Architecture and decoralive art:

F ecognition of the skillful use of geometric relations in pat-
“terns, arches, vaults, columns, buttresses, apscs, wiriddows.

(2) Eggineering and manufacture: " -

Realization of the importance of triangles for rigidity of struc-
‘tures; of angles in ‘3.}r\}eying, geography, and navigation; of
circley in machinery.and appliances; of polygons in furniture,
jewelry, diamonds. _ '

(3) Natural forms: -

Awareness of geometric figures in natural objects, terregtrial,
and celestial, eclipse phenomena, stellar configurations, liexag-
onal cells, crystals. . . .

By way of summary it is to be said that the important uses of
mathematics for the ordinary citizen are in‘large ‘measure cultural.
Mathematics provides an outlook, and a means of understanding.
There arc important aspects of the world that only mathematics can
interpret to the citizen. Mathematics furnishes 2 mode of thinking
about many aspects of life, and a very general kind of language. A
liberal view of education regards such matters as genuine needs of
even the ordinary citizen. It rejects the thought of a person being
satisfied with such a minimum working equipment as would enable
him to exist as nothing more than a “hewer of wood and drawer of
water.” '

FOR LEADERSHIP AND HIGHFR CULTURE

Next will be considered the further mathematical equipment
which is important for most persons who are to occupy positions of
responsibility and leadership, or who seck through higher education
to attain a broad culture marked by a catholicity ofsintcrest.

Public Service and I.eadership. Individuals who exercise large in-
fluence on either organizations or,.communities should understand
public affairs thoroughly. Some wmathematical aspects of such a
many-sided competence are these abilities:
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(1) To judge the significance of c gmplicated numerical éata
Here one needs a knowledge of statistical analysis, involving

‘considerable mathematics.

(2) To follow quantitative studies of social phenomena where
necessary:

. Studies of cyclic changes commonly cmploy trigonometric
analysis; those dealing with population growth and other
trends often involve calculus.

(3) To recognize fallac:ous conclusions:
(a) By checkmg against known facts.
(b) By scrutinizing critically the authority for each step in the

asgument and the cogency of each implication.

)

(¢) By realizing that the validity of conclusions depends not

only on correct steps of deduction but also on the basic
assumptions or presuppositions.

Cultural Satisfaction. The more highly educated groun,of persons
who wish to be familiar with the most significant modern theories,
" the central problems, and the principal methods of investigation, in

various fields, can make good use of mathcmaueal knowledge far be-
yond the elementary field: :

() To yhderstand quantitative procedures:

* Through some familiarity with calculus and with group con-

cepts.

*(2) To follow philosophical discussions:

(@) As to the nature of space: using ideas of non-Euclidean
geometry.

(b) As to the nature of number: complex numbers, series,
theory of classes.

(¢) As to the problem of knowlcdge foundations of mathe-,

matics,
" (d) As to the nature of scientific law: functions of a real vari-
able, and of many variables; point sets.
Obviously lavmen can scarcely devote to mathematics all the time

needed for high achievement along all the lines mentioned; but, to

the extent to which the indicated equipment is lacking), in so far are
an individual's potentialities circumseribed.

FOR SPECIALIZED USE

The mathematical needs of those who are to use this subject as a
\mrkmg tool in their vocations or professions differ greatly, accord-
ing to the ficld. N

K . P
The Physical Sciences. Here the necds are especially extenbive,
There is scarcely any limit to the amount or variety of mathematics

5
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Qh:t can profitably be employed in some branches of physics or in
rtain laboratory researches. Although laboratory work in chemis-
try is not particularly mathematical, it is impossible to follow work
in.physical chemistry or chemical theory without a substantial knowl-
edge of higher mathematics. The following equipment is in very
common use: _

() By physicists:

Advanced cala)lus, probability, theory of functjons, differen-
tial equations, Bessel functions, Fourier and related series,
calculus of variations, differential geometry, vector analysis, -
tensor analysis, matrices, gronp theory, and soon. . |,

(2) By rhemists: , : .

_Calculus, including advanced topics, differential equations,
group concepts.’ '

(3) By pharmacists: ‘

Percentage, proportion, formulation and selution of simul-
taneous linear ¢quations relating to mixtures.

Engineering and Related Activities. Handbooks and shop rules
embody results of mathematical work, and render unnecessary the
direct use of calculus and higher subjects in routine work. To meet
situations which are new, engineers must have a knowledge of the
mathématical principles involved, and must sompetimes formulate
and solve differential equations. The mathemat-kZl requirements of
engineering schools are doubtless reliable indications of a suitable
equipment’in this field: E '

(1) For engineers: .

At least calculus and differential equations, fbesides analytical
geometry and desgriptive geometry.

(z) For engineering employees:

As a minimum, facility in handling algebraic formulas and
graphs, and meehanical drawing; a good knowledge of geome-
try; some familiarity with trigonometric functions and the
solution of triangles. Larger equipment is very helpful.

(3) For skdled mechanics: _

Ability to apply arithmetic principles, to compute without
making mistakes, to determine the degree of precision re-
quired in instruments, and to keep calculations corrggpond-
ingly accurate; facility in dealing with formulas and graphs
that involve positivg and negative numbers, square roots,
quadratic and simultancous equations, sines, logarithms, very
large and very small numbers, occasional interpolation to sec-
onds; knowledge of many geometric facts needed in working

with triangles, and experience in analysis; an extensive mathe-
14
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matical vocabulary and ability to read technical books and
articles.

The Earth Sciences. In physxography, meteorology, geology, as:

tronomy, and such related fields as cartogrdphy, geodetic survéying,

" navigation, and aeronautics, the situation as to mathematical needs

resembles that in chemistry. Many branches of the work are not par-

ticularly mathematical; others are lughly so. Essential equipment is
somewhat as follows: '

(1) Physiogrgphy and cartography *
A good mand of tngonomctry, some analytic gcometry
and calculus.

(2) Metcorology: =

_Elementary mathematics through integral calculus

—7"7(3) Geology:

A

(a) Locating oil deposits: graphxc, alge'bralc and geometric
techniques.
(b) Stratigraphic work: trigonometry. .
{c) Seismology: elementary mathematics through integral cal-
culus.
(4) Navigation (marine or acrial):
Trigonometry at least
(5) Ballistics:
Analytic geometry, calculus, differential equations.
(6) Practical astronomy:
Elementary mathematics including spherical trigonometry.

The Life Sciences. Most of the work here is not mathematical; but
there are divisions in which certain algebraic, geometric, trigono-
metric, or statistic: . techniques are employed, and soine requiring
calculus and differential equations. In listing the following typical
examples of mathematical aspects of biology and related fields, ele-
mentary algebraic, graphic, and statistical methods will not be ex-
plicitly mentioned since they occur so generally:

(1) Biochemistry:

Production of lactic acid by bacteria.

Coagulation of blood by adrenalin.

Rate of digestion as related to the amount of pepsin present—
this study involving a differential equation.

(2) Other metabolic studies:

Healing of wounds—the cclebrated work of Cancl and Du
Nouy. ‘ )

Pathology of bones and other parts of the body.

Production of red blood corpuscles.

Respiration and nutrition. ¢

"




@,

214

Q.

e

(%)

(6)

(%)
9

(¢0)

Appendix 1

Metabolic rate as a function of body weight in mammals. (All
these studies use involved irratibmal algebraig functions, and
some employ nomographic charts.)

Light biology: . :

Depth of penetration of tissues by light of-various intensities.
X-ray therapy (use of semi-logarithmic charts).

Formation of chemical products\m the retina for different in-
tensities of light. N

Fluctuations of luminous intensity in-certain organisms.

Heat and energy prolilems:

Daily expenditure of energy at various ages.

Eficcts of diffcrent types of clothing. .

Mechanical efficiency of muscles during work., . o

_ Circulation of the blood (use of hydrodynamic principles).

Growth and senescence: .

Growth curves—studied by T. B. Robertson and others, using
differential equations.

Growth and form—studxed by D'Arcy Thompson and jullan
Hu\lcy

Tissue culture; rcgcnenauon of tadpole’s.tail; ete,

Effects of diet and light upon growth.

Senescence of various types—studied by James Gray and others.
Population problems:

Census Bureau studies, using multiple integrals,

Human and insect populations—studied ‘by Raymond Pearl,
using differential equations,

Colonics of bacteria, studied by using calculus,

Actuarial problems, requiring probability, calculus, and
higher analysis,

Genetici™~.,

Mendelian and other questions of heredity—using algebra and
probability,

Genetic theories of natural selection (R, A. Fisher); mathe-
matical theorics of evolution (G, U. Yule).

Forestry and agricultural experimentation:

Using sampling theory and other mathematical analysis,
Biometry and anatomy:

Studies of arterial form involving trigonometry,

Studies of measurements and ratios (some used in medicine),
involving frequency curves and correlation..

Relation of body area to weight, involving nomographic
charts and Du Bois’ formulas.

Neifrology:

Elcetromotive force generated by stimulating a nerve,
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“Current strength needed to excite nerves of different lengths.

. Changes in velocity of propagation of‘a nerve impulse.

~ Reactlon times in plants and animals for Varymg stimuli,
Effects of narcotics. .

Psychology and Education. Besndes the extensive use of statistical
fhethods in psychology and educatlon, and the use of matrices in
some of the newer studies, such as those of L. L. Thurstone in his
. Vectors of Mind, the following mathematical sections of the field
-"may be mentioned. )

(z) Threshold stimuli and the Weber-Fechner law:

Some use is made of calculus. -

- (2) Problems of vision:

Campimetry, using mgonometry and’ polar coordmatcs
Helmholtz's studies, using integral calculus.
Psychomemcs—-wnh its phi gamma curves, and dxﬂerentnal
equatxons. ) !

The Social Sciences. In the sotial sciences, economics makes the
largest demands upon mathematics, though political science and so-
ciology make considerable use of statistical methods, and employ
growth curves in connection with cultural change and the develop-
_ment of institutions. Subdivisions of economics which utilize mathe-
" matics beyond arithmetic, including calculus in some cases, are in
part the following:!

(1) Synthetic economics (including statistical laws of demand and
. supply). .

(2) Economic trends and cycles.

(3) Index numbers (and the purchasing power of money).

(¢) General economic theory (including equilibrium, monopoly,

effects of taxation, and related matters).

(s) Mathematics of finance and accounting.

Industry and Commerce. Here the mathematical tools most fre-
quently needed are statistical in character: analyses for the informa-
tion of directors; and sampling theory for the control of output. The
mathematics of finance is also highly important here.

Philosophy. What was said on page 211 as to the needs of the edu-
cated layman who wishes to follow philosophical discussions applies
here with even greater force to the professional philosopher, for
whom a knowledge of symbolic logic isaBo becoming important.

[

. ! Instead of going into detail here reference is made to the report of a com-

mittee of the Social Science Research Council on “The Collegiate Mathematics
Needed in the Social Sciences,” where an extended discussion may he found:
American Mathematical Monthly, December, 1032, pp. 56q-576. See also H. Hotel-
ling.- “Some Little Known Applications of Mathematics,” The Mathematics
Teacher, April, 1936, pp. 159-169.
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Aesthetics and the Fine Artf. A broad familiarity with the princi-

ples of geometry will be found helpful in this field. This is obvious, "~

as regards architecture and some decorative arts; and is doubtless
true in reading such works as Ruskin’s on “Drawing and Design.”

_ Efforts have been made to determine a mathematical -measure for

aesthetic qualities. . :

In the ficld of literary criticism the work of W. W. Gregg, Calculus
of Variants shows what may in the future be deemed a need of some
scholars in that domain, !

-
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APPENDIX II

|
1
 THE TRANSFER OF TRAINING

“Excited as he was, he coul,d“hqve had no conception of
the adventures to which his mathematical calculations were

destined to lure men.” _
~JOHN NOEL, THE STORY OF EVEREST °

THE Commission does not deem it necessary or desirable to present
. an elaborate study on the ‘Transfer of Training. As the problem,
however, has had an important place in recent educational thought,
a brief review will be given of the main contributions and sug-
gestions that have emerged from recent studies and that scem to
be especially-significant for the present Report.

The importance of the attitude of teachers toward the question of
‘Transfer of Training can hardly be overemphasized. According to
Whipple, it has been for many years “acknowledged to be the cen-
tral problem of educational psychology.”

The doctrine of “formal discipline” as a theory of learning, held
many years ago, furnished a valid reason for the inclusion of mathe-
matics in the educational program. This theory was questioned by
many psychologists and as a result of investigation was given up as a
theory of learning. A new theory, known as Transfer of Training,
emerged. Transfer of Training as defined by Orata is ““that process
of using or applying previously acquired information, habit, skill,
attitude; or ideals in dealing with a relatively new or novel situa-
tion.”* This theory has been the subject of scores of investigations,
and even now is central in the study of the educational process. A
large part of the experimental investigation was claimed to invali-
date the theory, and as a result, mathematics rapidly lost its strong
position as a required subject in the high schools.

The Commission feels that it is desirable to point out that “most
of this experimental approach was in no sense scientific, and never
should have been treated as such. Prior to 1916, out of twenty-five
important studies the subjects of investigation in ecighteen cases were
graduate students and instructors of psychology. Very important

1 Orata, P. T. “Transfer of Training and Reconstruction of Experience.” The
Mathematics Teacher, Vol. XXX, pp. gg-109, 19387. 3
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conclusions were reached even though no one claims that the learn-
ing processes of children are the same as those of adults. In the fa-
mous Thorndike-Woodworth experiment of 1go1 a single group of
adults was used. In many experiments fewer than seven subjects
were used. St

Many psychologists and educators have protested against the non-
scientific investigations that were made the basis for far-reaching
changes.” Hollingworth's criticism is typical of that leveled against
this type of study. Referring to the controversy of transfer he says,
"It is a long and pitiful story of the blind leading the blind. . . . In
due time the experimental method was applied, and a long series of
studies appeared, for the most part inadequately planned and often
erroneously interpreted.”? Bagley speaks even more directly, “As a
matter of plain fact, the evidence was (quite without deliberate
intent) actually distorted. Some of the professors of education who
followed carefully the published reports of the ‘transf®’ experiments
as they appeared recognized this and protested against it. Many
professors of education, however, took their evidence, not from the
primary sources, but from interpretations of the evidence from the
point of view of a narrowly mechanistic psychology.”3

In the famous Thorndike experiment of 1g24, in which an effort
was made to discover the disciplinary values of the high school
studies, it was reported by Thorndike: “The expectation of any
Jarge differences.in general .mprovement of the mir.d from one study
rather than another scems doomed to disappointment.”4 It was re-
vealed that one might as well study sewing as mathematics so far as
any development of the thinking habits were concerned. However,
near the close of the report one reads, ““A repetition of this experi-
ment with 16,000 or 18,000 more cases is needed before final conclu-
sions should be stated.” Most educators who were planning for the
great mass of incoming students probably never read that far in the
r(‘POT[. .

Most of the early experiments on transfer dealt with the mech-
anistic or specific habit types of learning, The idea underlying these
investigations was that “the mind is not a collection of general
powers or functions, such as observation, attention, memory, rea-
soning, and the like but that it is the sum total of countless particu-
lar capacities.”® A fundamental weakness of this philosophy is that,

2 Hollinuworth, H. L. Fducational Psychology, pp. 404, 406. D. Appleton.
Century Co.,. New York, 10133,

3 Haglev, W. C. Education and Emergent Man, p. 8. T. Nezlson & Sons, New
York, 1097,

¢ Thorndike, E. 1. “Mental Discipline in High School Studies.”  Journal of
Fducatiomal Pacliology, Vol XV pp. g7 oR, 1924,

8 Orata. P. T. Theory of ldentical Elements, p. 5. Ohio State University Press,
Colutubus, 1328,

1
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from processes involving rote learning, mechanical habits.and drill,
which have little to do with real learning, no transfer would ever be
expected to result. If the teaching and experiments had been

“planned so that large concepts and broad generalizations had been

taught and tested, the results would have been different, as indeed
they were in later, better conceived efforts. The following clear state-
ment as to confusing lower levels of learning with higher under-
standing has been made by Dewey:# T

““In some educational dogmas and practices, the very idea of train-
ing mind seems to be hopelessly confused with that of drill which
hardly touches mind at all—or touches it for the worse—since
it is wholly taken up with training skill in external execution. This
method reduces the ‘training’ of human beings to the level of
animal training. Practical skill, modes of effective technique, can
be intelligently, non-mechanically used, only when intelligence has
played a part in' their acquisition.” .

In the 1922 Thorndike study, ninety-seven graduate students
were asked to square x 4+ y. There was an error of 6% of the results.
Theén the group was asked to square a, + a3, with.a resulting error
of 28%, of the results. According to the sfiecific habit psychology
here are two distinct learning situations. “There was no transfer. Any
teacher of mathematics knows that there is one learning situation
here that is a generalization applicable to the squaring of all bino-
mials. It is very doubtful if any real learning situation had been
de:veloped and hence there could be no transfer. '

Another school of psychology interprets learnirg as a result of a
generalization of experiences.  This demands understanding, a
development of concepts, a conscious generalization of many specific
related experiences. Thus, if the processes of arithmetic are learned,
algebra, except for the notation involvéd, offers far less difficulty
than when it is considered as distinct from arithmetic.

Professor Judd, who has for many years advocated the importance
of training in generalizing as a way of promoting transfer, has given
considerable attention to the casc of transfer in mathematics. Here
much depends upon how the subject is handled, and Judd says,
“The most promising subject in the curriculum can be turned into
a formal and inteliectually stagnant drill if it is presented by a
teacher who has no breadth of outlook and no desire to teach
pupils how to generalize expecience. On the other hand, a teacher
who has the ability to drain pupils to look beyond particular facts
and to see their relatiogs and their broader meanings can stimulate
thinking with any material of instruction that comcs to his
hands.”7

8 Dewey, John. How We Think, p. 2. D. C. Heath and Co., 1033 .
T Judd, C. H. Psychology of Secondary Education, p. 432. Ginn and Go., 1927.

o
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In recent years many experiments have been conducted in which

conscious attempts have been made to produce transfer. Along

with these experiments others have’been ‘set up with no effort
being made to secure transfer. In one of the best studies in transfer,

* #The Theory of Identical Elements,” by Orata, a summary of these

-

Sl

experiinents is given. In the first group of experiments, transfer was .

very evident. Orata makes this observation: : -
“It is evident from this experiment that the automatic transfer of.

training from Latin to English is comparatively small; and that it

can be increased three-fold or four-fold by proper selection and or-
ganization of subject-matter and proper methods of teaching.'8

The Commission could offer much supporting evidence to the
thesis thdt if we wish to transfer we must teach for it. It is the old
saying i diffgrent language, “We- reap only what we sow.” A very
helpful suggestion cunes from another representative of the feld of
educati&{n, Dr. Freeman:®

“WWhdther education improves the intelligence will depend largely
on whe‘tber the education is of a narrow specific sort or of the l}roader

sort which encourages the development of ideas and generalizations. °

The kind of education we give the child furthermore will depend
upon whether we believe in the possibility of the broader outcomes
of education. This being tuu case it seems wise to give the child the
benefit of the doubt and to provide for him the type of education
which will develop his intclligence to the highest. point of which
he scems capable.” .

The education of young people must be a cooperative effort. No
subject will transfer automatically. Very early in the experimenta-
tion on transfer an effort was made to find out if a habit, such as
neatness, would carry over to fields not included?in the experiment.
The teacher of arithmetic was to use all efforts pnssible to secure.
neatness in the class in arithmetic. The improvement in arithmetic
was very tioticeable, but the same pupils showed not the slightest im-
provement in language and spelling papers. In a later experiment.
neatness not only as a habit but as an ideal was held up in not only
a particular class, but in dress, appearance, business, in fact every-
where except in other classes. Three months were required for the
experiment, which included pupils of grade seven in three cities.
W. C. Ruediger who conducted the experiment reported: “Evidently
neatness made conscious as an ideal or aim in connection with only
one school function does function in other subjects.”1°

R Orata, P T., op. cil.,, p. 139.

® Freeman, F. N. “The Effect of Environment, on Intelligence.”” School and
Society, Vol. XXXI., pp. 623-652, 1930, .

10 Ryediger, W. G. “Improvgment of Mental Functions through Ideals.” Edyca:
tinnal. Review, Vol. XXXVI, pp. 364-371. 1908, )
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In an article by W, O. Brownell, giving a summary of transfer
studies recently made, one reads: “The possibility and thé desira-
bility of transfer cannot be questioned. The probiemn thus becomes
one of so organizing the materials and methods of instruction to
guarantee the largest amount of positive transfer.”11 B
* Transfer, when detached from the efforts of the lear r, is a prob-
lem that can be solved only by the joint efforts of all teachers and

by properly uniting various forces that contribute to the develop- :

ment of children. If the teaching of the larger outcomes of learning
is not secured, no positive transfer can be cxpected. Quoting again
from Orata in the recent article: ~ .

“The various subjects of the curriculum, most of all mathematics,
cannot be expected to result iri automatic transfer to the social situa-
tior: that confronts the child, unless by proper insgruction and or-

ganization of the school, these subjects can.be made a ‘way of life’ -

and be so regarded and used by the child himself. This is what we
mean by 'humanizing education in the concrete.’ It is-the kind of
teaching that will promote intelligent .nd functional learning."12

The question 'raised by the quotatinn from Orata is that of-trans-
fer of the results of mathematical study to social situations anel to
specific problems that confront persons throughout life. Such a
transfer is certainly an important concern, and a course of mathe-
matical study should be planned so as to make it possible, and
teachers should teach in such a way as to achieve that goal. The
thought that the transfer that is so earnestly desired may not be
automatic is one to be kept constantly in mind. '

But there is another aspect of the broad question of transfer,
that extends it quite beyond its purely social phases. It is described
as follows by Judd: ‘

“At the higherlevels transfer is typical, not exceptional. Indeed,
the function of the higher mental processes is to release the mind
from particulars and to create a world of %cneral ideas. Thus, when
the intellectual efforts of the race evolved a number system, it be-
came possible to deal readily with every situation in which quantity
is involved; when languages were develeped, men found themselves
in possession of means of communicating on every conccivable topic.
The psychology which concludes that transfer is uncommon or of
slight degree is the psychelogy of animalconsciousness, the psychol-
ogy of particular’experiences. The psychology of the higher mental

" processes teaches that the end and goat of all education is the de-
velopment of systems of-ideas which can be carried over from the

1 Brownell, W. A, “Theoretical Aspects of Lcarnin%::md Transfer of Training."”
Review of Educational Research, Vol. VI, pp- 281-290, 1936.
12Qrata, P. T, op. cit.

Transfer of Training - Can-
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situations in which they were acquired to other situations. Systems
of general idcas illuminafe and clarify human experiences by rais-
ing them to the level of abstract, generalized, conceptual under-
standing.”!?

This statemeng should give the teacher of mathematics a firm
conviction that the mathematics of the secondary school, especially
that of the later years, can be of the greatest possible use in achigv-
ing the highest aim of cducation. But again, it is the teacher’s oéli-
gation to teach so as to assist the pupil in forming those general
ideas and attaining the conceptual understanding alluded to in
the quotation above.
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‘TERMS, SYMBOLS, AND ABBREVIATIONS
IN ELEMFNTARY MATHEMATICS!

oL dis'clos'z'ng the fourth important fact, that the ratio
of the diameter and circumference is as five fourths to four.”,
! HOUSE BILL 246, INDIANA, 1897. (FAILED)

[

VOCABULARY

A PART at least of the difficulty that pupils find in mathematics arises
from the abstractness of some of its coriceptic:s. In'past years an
exaggerated emphasis upon techniques and skills often failed to
reveal the vagueness that enveloped the fundamental concepts of the
subject in the minds of individual pupils. If understanding and
power are to be explicit ‘aims in mathematical education, then it
is essential to emphasize the meaning of all basic'terms. Mere
verbal ‘memorizing of definitions may become a formalistic rote
devoid of value in enlarging the pupil’s intellectual horizon.

The Commission urges that time and effort be devoted directly to
the problem of clarifying the pupil's understanding and increasing
his power to use appropriately the technical vocabulary of the sub-
ject. The teacher should take special precaution to see that mere
imitative usage does not pass {or real understanding. It recom-
mends further that enlargement of vocabulary be a gradual and
continued process, with effective evaluation tests from time to time.
Each new term should be made the object of study rather than be
allowed to enter casually into the working vocabulary of the student.

Terms may be appropriately divided into two categories with
respect to the nature of the pupil's desirable mastery over them. A
large number of the technical terms belong in the category of terms
to be recognized. Such recognition involves, first, that the pupil
learn which term among several terms offcred is the one appropriate
in a given situation, Sccond, after this first stage is mastered, it re-
quires that the pupil become proficient in illust--.ing terms as they
are mentioned; for instance, he should be able to sketch figures, or

! An extension and revision of the recommendations found in (he Report of the
National Comminee of 1933.
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give examples. For the numerous terms in this first category, formal
definitions may eventually. be presented but need not be made the
object of memorization. Formal definitions, despite their logical
priority, must be recognized as psychologically furnishing the sum-
mary or final synthesis of the process of understanding. Explana-

.tions, with simple illustrations, with comparisons and contrasts, serve

to carry the pupil over the first difficult stage of acquiring a new
concept and placing it in proper relation to his previously acquired
system of concepts. - ' -, ,
A second category, much more limited than that just considered,
comprises terms of so clearly derivative a nature as to admit of defi- -
nition in terms natural to the pupil. For this smaller category the

‘pupils may reasonably be-cxpected to ¢hgage in the problem of de-

vising adequate definitions. This endgavor should be a task for the
group, proposals and criticisms being made by all. After a class has
reached a workable definition, a standard official definition may be
offered by the teacher as an exanrple of what others have done. For
all terms in this second categofy the pupils should feel that they
have the power to frame apprgpriate definitions and pick out serious
flaws in defective -proposals. : :

The question whether a-term belongs in the first category or in
the sccond cannot be scttled ofthand or permanently and sjmul-
taneously for all classes. The decision must depend upon the intel-
lectual maturity of the pupils, the time available, the extensiveness
of the course, and so on. Although some thousand technical words
are likely to be met in el¢mentary mathematical instruction, a large
part of them arise in the ficld of application.

The Commission urges that teachers recognize in their teaching
the futility of pretending to define all terms. That mathematics
must be based on certain undefined terms is of course readily seen by
those who examine the nature of postulationat systems. This logical
inpossibility can be recognized in part at least by school pupils. It
is distinguishable from the psychological complication of defining
complex and difficilt notions. At an clementary level the logical
game of attempting to reduce the list of undefined terms to a mini-
mum or of basing mathematics upon general logical rudiments need
not be discissed, It is entirely fitting that a rather extended list of
teris be accepted without attenipt at definition, either initially or
later. Among such terms ave space, point, straight line, distance, and
others listed later.

The teacher should be versed in certain points of view with re-
gard to the nature of mathematics, not for the purpose of training
the pupil -1 pointing out logical, psschological, and metaphysical
distinctions but rather that the teacher himself may avoid making
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wrong statements or even adopting dogmatic attitudes. "The distinc-
tion between the view of classical antiquity as to the nature of pos-
tulates and axioms and the modern conception should be clear to
Kim, For Euclid and his followers through centuries there seemed
to be truths so self-evident and basic that one who could not or
would not acknowledgg their truth would be intellectually or psy-,
chologically unfitted to pursue the study of mathematics. The fun-
damental terms, while undefined or at most partially described, were
. regarded as having clear and, unambiguous meaning. " For modern
postulational “treatment some basic undefined terms are to be
thought of as essentially undefined logical parameters capable of
interpretations and exemplifications different for each student of the
subject. Where consistency is the only requirement, broad general-
ity is available and a system of logical inference becomes at once
applicable to realms not anticipated in the original formulation,
The pupil may be spared all this sort of dxscussxon But the teacher
at least should realize that to ask whether a “point” is a spot located
in the physico-spatial real. . or a triad of numerical coordinates, is
to ask a nan-pertinent question. Relationships among points rather
than the nature of points constitute the concern of formal deductive
geometry. For informal geometry one intends to think about the
- physical space of common sense and daily perception, a space illus-
trating only approximately the idealized, generalized, and abstract
space of pure deductive reasoning. Hence in informal space study it
is appropriate to explain, as clearly as possible by comparison, con-
trast, analogy, and illustrative instance, what is meant by such terms
as point and straight line even though actual realization is foreign
to the conduct of deductive proof.

In a limited measure the pupils will readily sense an element of
arbitrary convention in dealmg with basic terms and assumptions.
They are playing a , ame wita po'nts, lines, etc., according to. rules
which usually at ﬁrst seem vague br tacit, but which the teacher
seens to regard as important and Jirective. They have plaved other
games, lear.iing the rules in most cases incidentally in the process of
active and vigorous participation. Most school work is a mildly ex-
citing (or depressing) game, in which the teacher seems to make the
rules and act as judge. Language, penmanship, spelling. and arith-
metic become collective ventures in which basic principles, if any,
may be unsuspected but in which teachers hope to maintain certain
standards of : accuracy, clarity, neatness, speed, etc. In outdoor sports
and games, also, the individual player is not expected to dictate his
own rules. The first excreises in formal demonstration offer for most
pupils an experience of helplessness in an entirely novel direction.
It might be well to emphasize more than has usually been the prac
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tice that the rules of geometry are the result of a consensus of opin-
ion invglving many wise and skillful players and developed without
essential change in plan over many “senturics, and accepted in all
«countries. But obviously, other games. perlaps closely similar are
possible. )

The Commission belicves that.it is unnecessary to furnish any-
thing like an “Authorized List” of fundamental terms, since such a
list might be in danger of interpretation as both prescriptive and re-
strictive. The sets of terms that appear in current textbooks are in
large part neither too extensive nor too narrow for pedagogical
purposcs. . :

It is to be noted that many words of a geometric or a quantita-
tive significance occur in school subjects other than mathematics, or
are found in general reading and conversation. In some cases the
words are explicitly taught in mathematical works, instances being
cone, convex, spiral. In other casés the words are related to mathe-
matical terms, instances being twbe, oval, orbit, which can be dis-,
cussed in connection with cylinder, ellipse, circle. On the other hand
there are many words that have a quantitative significance, though

* not technically mathematical, instances being the words few and

several. The mathematics teacher should not only be familiar with
the precise vocabulary of the subject, but also be able to use the less
technical quantitative wouds of daily life in thg way best approved.

There are a few terms which are of such freqient use and funda-
mental character, and which at the same timeJpresent such wide
divergence in usage, according to the tastes anfd traditions of indi-
vidual authors, that some special comygents séem to be called for.
The list of terms selected for these (lct‘a{lf({?’rccommcndations is to
be considered typical rather ghan exhaustive. A general comment
mav be made with respect to terms in elementary geometry. The
powers and also the limitations of algebraic language in describing
space figures have motivated a profound change in the fundamental
concepts of elementary geometry, a change hardly suggested by the
vocabulary itelf. Coordinate geometry is well adapted to hindle
algebraic curves, but relatively paorly adapted to represent many of
the figures studied since classical antiquity. With litde change-in
terminology and but minor verbal modifications in the formulation
of theorems, the geometry of the Greeks is being transformed into a
geometry adapted to algebraic treatment. In genceral, portions of a
complete algebraic locus have lost the spotlight in favor of alge-
braicallv complete loci. Specialized restrictions, expressible by in-
equalitics. have been waived, with the result of including rather
than excluding specialized cases. There is a growing tendency 10
recognize directed quantities in geomerry, a tendency favored by the
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conveitions in trigonometry, The Commission approves of the ip- .

.. creasing use not only of negative angles, but also of negative areas,
particularly when this permits a single formulation to cover cases
«otlierwise treated as quite distinet. Such a change in point of view
is in no sense a judgment of scientific error on the part of the
founders of the subject, It is merely an acknowledgment of the
broader paints of view made possible by the discoveries and inven-
tions of Fermat, Descartes, and. their illustrious successors, (These
comments are not intended as any reflection upon the permanent
beauty, conciseness, and suggestiveness of a neat synthetic proof,
when one can be found. Analytic methods are often almost imprac-

. ticable because of tedious complexities. But a terminology adaptéd
to analytic methods offers rich advantages with no corresponding’
difticulties beyond a possible break with the past.)

For the sake of unifying mathematics, and avoiding artificial dis-
tinction requiring the use of specialized terminology that may seem
to the average pupil to be unnecessary or somewhat stilted, good
psychological practice tends to carry over into geometrical discussion
available algebraic notions rather than to preserve a scparate 'system
of terms derived from the Grecks whose knowledge of algebra was
at hest quite meager. For example, the special terms once common
in discussing proportion, such as antecedent, consequent, and sym-
bols such as :: and the sign : for ratio seem inappropriate for present-
day elementary instruction,

There are also trends of current style whose origin may not lie
wholly in logic but which the teacher would do well to respect, and
svmbols used in other classes or outside of school contacts may sonie-
times be employed. Some special recommendations foll sw.

Geometry

Undefined Tevms. T'he Commission recommends that no attempt
be made to define formally terms of logic and geometry, such as
angle, correspondence, d@rection, distance, figure, magnitude, num-
ber, plane, relation, solid, space, straight line, surface, variable, al-
though the significance of such terms should be made clear by
informal explanations and discussions, -

Definite Usage Recommended. 1t is the opinion of the Commis-
sion that the following general usage is desivable:

7. Line should mean complete straight line. 1t has no finite length,

2. Circle should be considered as the curve.

3. Polygon (incuding triangle, square, parallelogram, and the
like) should be considered, by analogy to a circle, as a closed broken
line. Similarly, segment ot a cirele should be defined as the figure
consisting of a chord and either of ity ares,

Q
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4. Area of a circle should be defined as the area (exprcss’ed in units
of atea) of the portion of the plane enclosed by the circle. drea of a
polygon should be treated in the same way. _

5. The usage recommended above with respect to plane figures is
also recommended with respect to three-dimensional figures. For
example, a sphere should be regarded a- a surface, its volume should
be defined in a manner analogous to the area of a circle. A similar
usage should be followed with respect: to such terms as polyhedron,
cone, and cylinder.

6. Circumference should be considered not as a set of points, but
as therlength (expressed in units of length) of the circle (line). Simi-
larly, perimeter sheuld be defined as the length of the broken line
which forms a polygon; that is, as the sum of the lengths of the sides.

». Obtuse angle should be defined as an angle greater than a right
angle and less than a straight angle and therefore should not be de-
fined merely as an angle greater than a right angle. .

8. Coitvex (as opposcd to concave), because of its wide application
in scicnce and the arts, may well be used and illustrated.

g. The term right triangle should be preferred to “right angled
triangle,” this usage being now so well standardized in this country
that it may properly be continucd in spite of the fact that it is not
sinternational.  Similarly for acute triangle, obtuse triangle, and
oblique triangle.

ro. Such English plurals as formulas and polyhedrens should be
used in place of the Latin and Greck plurals,

rr. It is not necessary or desirable to distinguish between axiom
and postulate. The word assumption can be used in place of these
words and may have more meaning to the pupil.

Terms Made General. Tt is the recommendation of the Commis-
sion that the modern tendency of having terms made as general as
possible should be followed, although the special cases may continue
to suggest separate discussion, For example:

1. Isosceles triangle should be defined as a triangle having two
equal sides. There should be no limitation of two and only two
equal sides.

2. Rectangle should be considered as including a square as a spe-
cial case, although the nations of a square may be discussed first.

3. Parallelogram should be considered as including a rectangle,
and hence a square, as a special case.

4. Trapezord scems 10 be most frequently defined in textbooks as
a quadiilateral with two and only two sides parallel; but in some
cascs the “only two” restriction is omitted (which causes a parallelo-
gram to be a special case of a trapezoid). Consistently with the first
definition, a trapezium is defined as a quadrilateral of which no two
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sides are para]lel\ Some Amencan dictionaries agree with such defi-
» nitions, preservmg the “only two” restriction in the trapezoid; but
' other dictionaries interchange the two definitions. The Commission
recommends that t?a\pezozd be defined as first mentioned, and that
the word trapezium be dropped as unnecessary. ;

5. Segment (in contrast to line) should be used to designate the
part of a straight liie included between iwo of its points (as well as
the figure formed by an arc of a circle and its chord), this being the
usage generally recognized by modern writers. (One obtains the
length of a segrient, never of a line, since a straight line extends
indefinitely in each of two opposite difections.) :

Terms to Be Abandoned. It is the opinion of the Commission that
the following terms are not of cnough usefulness in elementary
mathématics at the present time to make their recognition desirable
in examinations, and thai they sérve chicfly to increase the technical
vocabulary to the point of being burdensome and unnecessary. '

1. Antecedent and consequent.

2. Equivalent. This is an unnecessary substitute for the more
precise expressions “equal in area” and *'cqual in volume,” or (where
no confusion is likely tc arisc) for the single word “equal.”

3. Trapezium.

4. Scholium, oblong, scalene triangle, sect perigon, rhomboid (the ;
term oblique parallelogram being sufficient), and reflex angle (in
elementary geometry).

5. Subtend (in certain connections). Probhably pupils have been
confused by the statement that an arc subtends a chord or an angle.
In such connections the word has can be used. There scems, how-
ever, to be no adequate simple substitute for the word in such a
statement as “A flagpole on top of a building subtends an angle of
10° at a point, etc.”

6. Intercept. Since this term has special meaning in highcr mathe-
matics, it seems adyisable to avoid it in elementary work.

-

Algebra

‘

1. With respect to equations, the Commission calls attention to
the fact that the classification according to degree is comparatively
recent and that this probably accounts for the fact that the termi-
nc'ogy is so unsettled. The Anglo-American custom of designating
an equation of the first degree as a simple equation has never been
satisfactory, because the term has no real significance. The most
nearly international terms are equation of the first degree (or first
degree equatinn) ana linear equation. The frequent use of both
phrases will enlargz the pupil’s understanding, though it is to be
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noted that the ap: ropriateness of the name linkar equation is not
seen until the graph of such an equation is considared.

2. The term quadratic equation is well establisheq. - There should
be, however, a clear understanding of the somewhat\ confusing ety-
mology involved, and the use of the description second degree équa-
tion should be neither prescribed nor banned. TheNterms pure,
quadratic, affected quadratic, complete gquadratic, and complete '
quadratic are fortmaely disappéaring, .

3. As to other special terms, the Commission recommends Yhat the
us2 of the followjng be avoided in elementary instruction: evdution
as a general description for finding roots; inuelution for finding
powers; extract for finding a root; multiply an equation, cleax of
fractions, cancel an | transpose, at least until the significance of th

4. The Commission also advises the use of cither system of equa-
tions or set Jf equations rather than. the phrase “simultancous
cipatiops ™ '

5. The term simplify should not.be used w3y cases where there is
possibility of n1isun(\crsmnding. For purposes of computation, for
example, the form /8 may be simpler than the form 2472, and in
some Gses it may be berter to express 3/474 a8 1/0,75 insteac of as
1v/3. Insuch casesg it is berter to give more explicit instruchos
than to use the misledding term “simplify.”

6. 'The Commission §uggests that the word surd need not be used
for the expression ireaYional wuwmber. It recognizes the difficulty
senerally met by youngd pupils in distingnishing between coefficient ~
and exponent, byeeels that it is undesirable to attempt to change
these terms Which have come to have a standardized micaning and
which arve reasonably simple. Considerations of a similar nature
will probably Tead to the retention of such terms as rationalize and
extrnecous ronf,

= Since the word plis is associated with addition and minus wath
subtraction, the Commission feels thar “positive” and “negative”
numbers are-to be preferred to “plus™ and “minus” numbers. The
fact that “plus™ and “minus” serve also to characterize results of
roundme off approximate numbers as i oagae L and 3.4 - militates
against the use ol “plus smumber™ tor “positive number.”

Avithmetic
r. While it is ranely wise to attempt to abandon suddenly the use
of words thar are well established in our languaee, ‘the Commission
feels ecalled upon to oxpress regret thatwery voung pupils, often in
the primary grades, are still required 1o use such rerms as swh-
trahend, addend, mimuend, and multipheand. Teachers seem rarely
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to understand the real significance of these words, nor do they recog
nize that L. ire comparatively modern additions to what used to
be a much simpler vocabulary in arithmetic. ‘The Commission rec-
ommends that such terms of theorctical arithmetic be used, if at all,
only after the sixth grade.

2. Owing to the uncertainty attached to such expresslons as “to
three decimal places,” “to thousandths,” “correct to three places,
“correct to the nearest thousandth,” usage of the followmg kind is
recommended: "“To three decimal places” and ‘“to thousandths”
should be r~garded as identical and as referring to a result carried
-only to thousandths without considering the figure of ten-thou-
sandths, “Correct to three decimal pldces” and “correct to the near-
est thousandth” should be regarded as identical and as referring to
.a result which has been or might have been carried to ten-thou-
sandths and then rounded off to show the nearest thousandth. It
may be well to use “exact” in connecuon with the number of correct
decimal places, using *“precise” as described below,

3. Because of the appearance in many textbooke of careless defini-
tions of “significant figures,” the Commission suggests the following
convention: When every figure in a number except the last is exactly
correct and the error in the last is less than one-half unit, all the fig-
ures have actual meaning and are called significant figures. Zeros
are, significant when ihey come within this definition. When they
are used simply to give place-value to other digits, zeros aze not sig-
nificant, It may be well to use “precise” in connection with the
number of correct significant figures. For example, a measurement
may be precise to one part in ten thousand:

4. The Commissionr recommends the use of the expression “num-
bers in standard furm.” By this is meant a numeral with the decimal
point located uf.er the first digit and this numeral multiplied, if
necessary, by a power of ten to compensate for the change of position
of the decimal point, such as g7000 = g7 X 104, .0n0g7 = g.7 X 104,
97% = 7.8 3 10", 1.487 = 1.014 X 103

SYMBOLS

Mathematics is characteristically symbolic. The importance of the
general question of symbolism is well recognized—words are them-
sclves symbols, For this section, however, we are integested in
nonverbal symbols only. Many qucstmm arise concern@e re-
spomlblhty of those who would ongm.ue new syrm:bols, Matlremati-
cians at advanced levels vary greatly in their readiness to propose and
use novel symbols. There are involved questions of tvpographical
availability as well as questions of intelligibility and good taste.
There can be no doubt that new symbols arc being continually in-
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troduced. Many of them attain favor with the specialists or general
mathematical public; more are eventually dismissed as personal idio-
synerasics. At the secondary school level, caution is usually to be
preferred to unrestrained originality. One should hesitateto assume
that new notation is called for extensively in the traditional branches
of elementary mathematics. Symbolism that is misleading or merely
unintelligible defeats its own purposes, and reasonable uniformity
is demanded for maximum service. Consequently the Commission
makes ceain degailed suggestions regarding individual symbols and
even goes so far as to' propose a st from which teachers may select
such as seem appropridate. Pupils may b¥ encouraged to discuss their
necd for new symbols and devise as exercise material several symbols
to be used in class. But they should everkeep in mind that symbols
are not mer¢ly for the convenience of the writer. Unless the reader
can be expecied to be familiar with them, they fail to serve the first
objective of communication. For habitual use in examinations or
clsewhere, it is wise to be conservative and to use symbols familiar
and acceptable to the public generally. From time to time mathe-
matics teacl ers may be expected to extend approval to new symbols
tried and accepted by experimental classes. ,

Pupils shoald not be allowed to form the habit of using unusual
combinations of symbols and abbreviations. A teacher may well
hesitate to approve such writing as the following: “2 boys bt. 2 doz.
epas @ 456/doz. and §” @ 47¢/doz.”” However, on tests in which
speed is heing tested one may permit symbols and-abbreviations as
a sort of shorthand, provided that no ambiguity results.

Elementary mathematical symbols fall roughly into four types:
(1) General literary or typographical symbols, suchas . 27 ¢ ; (2) those
wed throughout mathematics generally, such as the Arabic numerals,
+, —, =, (). v. x. and the decimal point; (3) those used extensivel'y
in special parts of the theory but chicfly in informal classroom work;
() standzrd commercial symbols that the student of mathematics en-
counters only in applications to comercial problems, such as §,
@. # (for pound or for number).

Geomelry

1. The svmbols A and ¢ for triangle and circle are international,
although used more extensively in the United States than in other
countries. Their use, with appropriate piurals, is recommended.

2. The symbol 1, represanting the term perpendicular or the
phrase is perpendicular to, is fairly international and the meaning is
apparent. Itsuse is therefore recommended.

3. The svmbol 11 for parallel or is parallel to is fairly international
and is recommended, '
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4. The symbol  for similar or is similar to is international and
is recommended. : '

5. The symbols == and = for congruent or is congruent to have "
considerable use in this country. The Commission feels that the
former, which is fairly international, is to be preferred (in geometry)
because it is'the more distinctive and suggestive, particularly since
= has been widely used for identity.

6. The symbol £ for angle is coming to be generally preferred to
any other because of its simplicity, and is therefore reconmimended.

7. Mathematical writers have not developed any symbols that
have general acceptance for the following words, and there seems to
"be no necessity for making the attempt: square, rectangle, parallelo-
gram, trapezoid quadrilateral, semicircle. (Certain obvious’symbols
suitable in print, would produce confusion if written carelessly. o,

8."The symbol AB for arc AB cannot be called internatiomal. |
While the value of the symbol ~ in place of the short word arc is
doubtful, the Commission sees no objection to its use except possible

~difficulty in typesetting for publication.

9. The symbol .. for therefore has a value that is widely recog-
nized, but the symbol - for since is used so selden that lt should be
abandoned. .,

10, With respect to the lettering of figures. the Commission calls
attention, for purposes of general information, to a convenient

¢ method, found in certain European and in some American text-

. books, of lettering triangles thus: Capitals represent the vertices,

corresponding small letters represent opposite sides, corresponding
small Greek letters represent angles, and the primed letters repre-
. sent the corresponding parts of a congruent or similar triangle.
There is much merit in the plan, and the Commission is prepared
to recommend it, with optional use of the Greek letters.

11, In general; it is recommended that a single letter be used to

) designate any geometric magnitude, whenever thcre is no danger of

ambiguity. The use of numbers alone to designate non-numerical
magnitudes should be avoided by the use of subscripts or accents,?
asin 4,, A,, a’, b”.

ra. With respect o the S)mb()hsm for limits, the Commission
calls attention to the fact that the symhol * (for “tends to”) is both
international and expressive and.has constantly grown in favor in
recent vears. Although the subject of limits is not generally treated
scientifically in the secondary school, the idea is often mentioned in
geometry and a symbol may occasionally be needed.

2 Elementary mathematical notation is relatively simple, and superscripts,
which can be easily confused with exponents, are hardly needed. There is not the
same danger in primed letters.
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13. The Commivsion fees no objection to the use of the ldllowing
abbreviations atter the pupil has aequired fac:luy in stating the
theorems:

sss for “three sides,” ‘
~ass for “two sides and an angle adjacent to one of them,”

sas for “twosides and the included angle,” and

aia for "two angles and the incduded side.” L

The words coplanar, collinear, and concurrent have now acquired
wide use and should be retained. Concermving the terms ray and
half-line the Commission wishes to be non-committal,

Algebra

The symbols in elementary algebra are now so well standardized
as to require but few comments in a report of this kind. The Com-
mission believes that it is desirable, however, to call attention to the
follogving points, . ' .

7. Owing to the frequent use of the letter x, it is preferable in
most cases to use the center dot (a raised period) for multiplication
in the few cases in which any symbol is necessary. For example, in a
case like 1 +(x = 1) - x, the center dot s prcfcrable to the
s)mbnl X; \\lnlc i cases like 2a(x — a) no symbol is necessary. The
Commissior tiognizes that the period (as in a . b) is more nearly
internatior- " than the center dot (as in a -#); but since the period
will continue to be used in this country as a decimal point, it is
likely to cause confusion, to elementasy pupils at least, to attempt to
usc it also as a symbol for multiplication. As noted earlier one writes
(in standard form) g7% = 7.8 X 10'3, to avoid possible confusion.

. In recent years the “decimal” point has acquired new uses. For
ex: lmplc. banks quote g5.17 for a Liberty Bond, meaning g5 17 /42,
and cducational psychologists state a pupxls mental age as 12.3,
meaning twelve years and three 1fionths. The Commission looks

_with disfavor upon such practices but admits’ their convenience. Ic

is necessary to inform pupils of these prqcuccs.

3. With respect to division, the symbol = is purely Anglo-Ameri-
can, the symbol : serving in most countries for division-as well as
ration. Since neither svmbol plavs any large part in business life, it
scems proper to consider only the needs of algebra, and to make
more use of the fractional form and (where the meaning is clear) of
the symbol “, and to dvop the symbol = in writing algebraic expres-
sions, In the case of unuxu.xllv longr expressions for numerator and
denominator, one mav write, “4/8 where 4= .. ., B= . ./.,” or
otherwise make clear the occurrence bf division,

4. With respect to the distinction between the use of 4- and — as

_symbols of operation and as symbols to distinguish positive and nega-
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tive numbers, the Conunission sees no reason for attempting to use
smaller signs for the latter purpose, such an attempt never having

received international recognition, and there is not sufficient need

of two scts of symbols to warrank violating international usage and
placing an additional burden on'the pupil. _

5. In connection with signs it is well to refer to the pedagogical
question of explaining the rule of signs in products. One cannot
cxplain, for instance, that a positive number multiplied by a nega-
tive number gives a negative number, by saying that subtraction is

‘involved. A correct explanation based upon the distributive law is

simple, and throws much light upon the nature of algebra. The
proof reveals that algebra resembles a game with the distributive
law prescribed, and shows that important consequences can be de-
rived from the law. Special cases can be used to advantage; for ex-
ample, by applying the distributive law to the product 5(g + (—3) ),
which is known to be 3o, it is readily found that 5(—g) must be —15,.

It is better not to attempt to prove the law of signs than to use
fallacious reasoning that proves nothing and either confuses or mis- .

Q

leads the pupil 3

6. With respect to the distinction between the symbols = and =
as representing respectively ideatity and equality, the Commission
calls attention to the fact that, while the distinction is generally
rcmgnizetf the consistent use of the symbols is rarely seen in- prac-
tice. 'The Commission recommends that the symbol = be not em-
ploved in examinations for the purpose of indicating identity. The
teacher. however, should yse both symbols if desired.

7. The Commission calls attention to and approves the use of the

symbol = for approximately equal to, the svmbol having been intro- -

duced first by the engincering socicties and having found wide use.

For example: 639 X 47 = 6ao X 50 = 1,000,
32 30

8. With respect to the root sign 4/, the Commission recognizes

that convenicnce of writing assures its continued use in many cases

instead of the fractional exponent. It is recommended, however,

that in algebraic work involving complicated cases the fractional

exponent be used. It should be emphasized that |/ (where a is a

3 For somewhat more advanced pupils it is a gond exercise not to yse the pluy
and minus signs to distinguish positive and negative numbers, but to use colors,
writing. for example, positive numbers in blue and negative numbers ih red, A
brief additioh table should then be made out tin rectangular form), restri ted
to integers, in which numbers of hoth colors cccur. Then a multiplication table
should be started. Here the entries for the praduct of a blue number by a blue
numbe* are easilv inserted, and the tahle cin be completed by using the dis-
tributive law and the addition table. A pupil will understand that it makes no
sense 1o say that a blue number multiplied by a red number means subtraction.

3
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positive number) means only the positive root. To have ambiguity
in such a symbol would be confusing, and good usage is clearly es-,
tablished. If the root sign itself indicated two numbers, it would not
be necessary to use the sign of ambiguity, #, in the familiar formula

for the quadratic equation, but that sign is always printed. Thus

V'3 = 2, and it is not good usage to write /3 = * 2. Similarly’the
two square roots of § are /3 and —4 /3. Analogous remarks can be
made about a*?, g, a'’%, etc. '

When imaginaries are used, the symbol i should be employed in-
stead of /=T except possibly in the first presentation of the subject.
The reason for writing /Zz (where a is positive) in the form §y/a
becomes apparent upon considering multiplication. The product of
(iv6) (1V5) = 24/6V5 = — 4/30, which value might not be ob-
tained if the numbers are left in the form /26 and /=75, respec-
tively., Finally it is to be noted that neither i nor —i should be

referred to as positive; “positive” implies “real.” -

9. As to the factorial symbols such as in 5! and (5, to represent
5-4-3-2- 1, the tendeney is very general to abandon the second
one, probably on account of the difficulty of printing it. In such
abandonment the Commission concurs. (This question is not, how-
ever,of great importance in the general courses in the high school.)

ro. With respect to symbols for an unknown number there has
been a noteworthy change within .ceent years. While the Cartesian
use of x and vy will doubtless continue for two general unknowns,
the recognition that the formula is, in the broad 1se of the term, a
central feature of algebra has led ia the extended use of the initial
letters of words to represent quantities, This is simply illustrated
by the formula A .= 02 The custom referred to is now interna-
tional and should be fully recognized in the schools,

7. Unfortunately, it is still necessary to advise abandoning the
double colon in proportion, and the ssmbol » i variation, al-
though both of these symbols are practically obsolete in mathematics
except in textbnoks.

VFRBAL ABBREVIATIONS

There is much difference of taste as to how extensively verbal

abbreviations should be used and how long a list of abbreviations, .

should be allowed. The pupil should be curbed in any tendency to-
ward the sloveniy writing that relics on wholesale use of abbrevia-
tions for words when thev occur in complete sentences. Abbreviated
word-svmbols are acceptable only in so far as they are easily under-
stood and e called for i the interest of compactness and economy
of time.

.
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It may be well for a class to discuss from time to time the words
for which abbrev’ations would be most welcome, and to vote ap-
\ proval, for blackboard work, or upon tests during which a student

is pressed for time, of the use of simple abbreviations;. but it should
be insisted that abbreviations be the same for all users and that no
unauthorized abbreviations be allowed. For example, if “hyp” be
used for “hypothesis” and “hypn” for “hypoteniuse,” then to write

“hyp" for hypotenusc should be treated. a3 a breach of accepted cus-

tom. It is to be hoped that eventually teachers from various schools
and from various parts of the country may come to some common
official understanding as to what abbreviations seem appropriate, so
that students taking examinations in schools other than those in
which they were first trained may be free to use appropriate abbre-
viations without fear 6f ambiguity. No such v.udcspread agreements
have been reached as yet, however.

In closing this appendix it may be well to quote the following
forceful injunction fromn the Report of the National Committee of
1923:

“It is to be feared that many tcachers encourage the use of a kind
of vulgar mathematical slang when they allow such words as ‘tan’
and ‘cos," for tangent and cosine, and habitually call their subject
by the title ‘'math.’”

¢ 2
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APPENDIX 1V :
EQUIPMENT OF THE MATHEMATICS CLASSROOM

“We ought to be entirely thankful for it, and entirely
ashamed of ourselves if we make no good use of it,”

. —JOHN RUSKIN, SESAME AND LILIES )
THE appropriate furnishing and equipping of a mathematics class-
room is receiving more attention than'formerly, many teachers not
being contented with four walls and a blackboard. The movement
is partly a manifestation of the general wish to remove barrenness
from schoolrooms and make them congenial places whose' good
cheer invites study and reflection. But it is also thought that proper
equipment aids instruction, if indeed it iy not an essential for the
type of teaching that has been made necessary. by the present clien-
tele of the schools. ,

Although the Commission strongly recommends that careful at-
tention be given to equipping the mathematics classroom so as to
aid instruction and stimulate interest, it believes that a balanced
point of view should be maintained. The argument for equipment
is injured rather than heiped if reasons are given that are not sound,
or if comparisons are made that are not warranted. For example,
equipment does not bear the same relation to mathematics that it
docs to a laboratory science, such as chemistry or physics. Apparatus,
sometimes very elaborate and expensive, is needed by the physicist;
but the mathematician does his work now as formerly, with paper
and pencil—except when making extensive numerical computations.
For the strongest students in chemistry the most extensive equip-
ment might be needed; for the strongest students in mathematics
nothing is usually required but books and a place to work quietly
and undisturbed.” Classes may, as a matter of fact, be overindulged
with even the simple basic instruments of mathematics. From a
geometry course a pupil should derive ability to make fair frechand
drawings. Both his straight lines and his circles should present a
tolerable appearance; but_they will not do so if all his drawing is
done with ruler and compasses. He will not be able to draw well to
scale assisted only by his eve if he has worked exclusively on cross
section paper or on a blackboard divided nicely into squares. Since

238



Equipment of the Classroom - 239

drawing instruments are not habitually carried, the ability to make
free-hand sketches of both plane and space figures should be obvious
enough. It can be said also that even the immediate availability of
instruments does s10t indicate;that they should unreservedly be used;
for example, alchough the digits on our hands lend themselves to
problems in addition, their use for such a purpose is somewhat in
disrepute. Unless a teacher is careful, he may forbid a pupil to find
the sum of 15 and 12 by using his fingers, only to discover that he
obtains their product by using a slide rule.

The place where proper equipment has by tradition been most
recognized is in connection with teaching solid geometry and for
giving adequate and clear space perception. Stereoscopic views of
figures do more than assist in understanding proofs of theorems;
they cause lines to stand out so clearly that a figure in a plane ac-
quires some of the charm'of a graceful and well proportioned struc-
ture. More aids in the way of models and views at a moderate cost
are available than formerly, and they should be used to instruct and
to arouse interest. Certain basic figures and solids should be promi-
nent in the classroom, to which they give an atmosphere that is ap-
'propriate to the subject that i being taught. A knowledge of the
properties of figures and a recognition of their importance is stimu-
lated by having the figures form a part of one’s habitual surround-
ings. Equipment appropriate for the physics laboratory may also be
employed in the mathematics room. For example, instruments that
explain the resolution of forces will assist in understanding some of
the applications of trigonometry.

The use of calculating machines in connection with commercial
instruction is alrcady well established. It is obvious that pupils
should be taught methods used in the business world and that they
should be made familiar with appliances that have greatly simplified
numerical computation. An understanding of machine calculation
may increase a pupil’s opportunity of finding employment. Ma-
chines also have an important place in mathematical work other
than commercial work. The time that they save in the making of
necessary computations can be devoted to covering more theory or
to studying more thoroughly concepts and principles. Indirectly,
then, machines, when they are properly utilized, can aid in basic
mathematical instruction, Pupils seriously interested in' mathemati-
cal study, as well as those who desire thorough commercial training,
should have the opportunity to gain some skill in machine calcula-
tion. Much can be accomplished in the way of instruction by means
of the lower priced machines designed especially for school use,

Instruments for surveying, cspecially a transit, have considerable
usefulness in teaching parts of geometry and trigonometry. The
interest of many pupils is increased by means of practical problems
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and an instrument makes it possible for pupils to secure their own
data for a variety of exercises. In addition, skill in, the use of instru-
ments is valuable. An accurate engineer's transit is not needed un-
less work in surveying of a high quality is attempted. Very inexpen-
sive transits designed for the use of builders and for farm surveying,
as well as special school instruments, are on the marke., and they are
suitable for demonstration purposes and for the field work that may
go with a course in trigonometry. Such instruments have made it
possible for schools to provide a serious unit of field work, thereby
giving a type of training formerly seldom available. Sextants for
school use are alsp available at low prices and are instructive instru-
ments. A person familiar with the use of such an instrument may
desire one for recreational purposes, and individual ownership of
inexpensive instruments is quite possible.

More varied aids than those discussed above are needed for the
rank and fle of pupils if they are to understand mathematics and
appreciate its place in current life. In Chapter VII it was stated that
the slower pupils “m.st handle, measure, cut, count, draw, make
models, draw graphs . . . ," in order to learn. Accordingly the nec-
essarv equipment must be provided, and it is not expensive, The
interest of average pupils and even of some of the stronger ones may
be stimulated by gathering, organizing, and preparing posters or
other material that will show the wide and varied uses of mathe-
matics. Some artention has already been given to this subject in
Chapter V, and the possibilities open to a resourceful teacher are
very great. Displays are instrudtive things in themselves as well as a
means of stimulating study. Pictures and diagrams do not need to
be restricted to applications of mathematics; theorems and de¢mon-
strations lend themselves to the purpose. The theorem of Pythagoras
with the customary proof is worthy of display in any mathematics
room; one of the simple methods of triseeting an angle by compasses
and a straight edge with marks upon it, would make an exhibit that
would help correct the current misconceeption about one of the most
famous of all mathematical problems. !

Proper furnishing of a room is required for displaying and using
equipment. There should be cases for books, for instruments, for
models, and wall gpace for pictures, and posters. Storage space
should be comveniently accessible for keeping the work that is done
by different classes. There should-be a good drawing table, properly
cquipped, at which carcful drawing can be done; and there should be.
other work tables. In a large school with a number of rooms devoted
to mathematics instruction, a scparate room to serve as laboratory
and museinn can_bgAsed with very valuable results. A projecung
lantern and sercen can be used to advantage at times, and the future
will probably sce the development of more and better filins having
a mathcmatical bearing.
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Some suggested equipment is listed below.! While it is to be ex.
pected that an appropriate amount of the school budget will be
- allotted for the purchase of equipment and supplies for the mathe-
matics 'department, it is to be remembered that most of the charts
and posters, many of the models, and some of the other equipment
can be made by the pupils. '

INSTRUMENTS

Under this heading should be included not only obvious items,
such as compasses, drawing instrumnents, slide rules, nrotractors,
parallel rulers, a pantograph, a verniér, and a vernier caliper, but
the more elaborate equipment, such as a surveying transit, a sextant,
and a calculating machine, whose uses and advantages have been
previously discussed.2 A spherical blackboard sheuld also be in-
cluded, as well as cross secticn blackboard graph charts.3,

MODELS

Among models should be found: Prisms,* pyramids, cylinders,
cones, spheres, the five regular polyhedrons. There should also be
a stereoscope and views.

Ay

SHOWCASE AND WALL DISPLAYS

An abacus, Napier's bones, sundials, pictures of ancient clocks, pic-
tures or models o ancicut surveying ‘nstruments, various models
made by pupils, drawings and proofs of important thearems, pictures
of general mathematical interest, posters, etc. may be among the
she wease and wall displays.

SUPPLIES

Supplies should include: Grapl{ paper: rectangular (several dif-
ferent units), logarithmic, semi-logarithmic, polar. Mimeograph ma-

1See also Woodring and Sanford, Enriched Teaching of Mathematics in the
Junior and Senior High Sciiool, pp. 104-112.

2 Sce Woedring and Sanford, loc. cit., for dealers in in<iruments. Advertife-
ments of mathematicul supplies and equipment will also be fpund in The Mathe.
malics Teacher an School Science .nd Mathematics. Well known mail-order
houses handle low priced wiansits. Among che better known calculating machines
are the Monroe, the Marchant, the Frieden, the Mathematon, and the Mercedes.

3 Different sizes of such charts an slated cloth are available. Since they are
movable they present certain advantages vver a pertaanent wall board that is
ruled.

¢ There should be prisms with different nuinbers of faces, also oblique prisms
and truncated prisms. There should be a corresponding variety of pyramids, and
cones cut to show the different conic sections.
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terial. Gencral supplics—paper, colored chalk, Bristcl board, paste-
board, tracing material. :

L)

TEACHER'S FILE

In the teacher’s file should be: Instructional materials, including
applications. Test materials. Bibliographies. '

MATHEMATICAL BOOKS AND PERIODICALS FOR THE
HIGH SCHOOL LIBRARY

Texts. The library should contain a good selection of standard
texts covering elementary algebra, geometry, trigonometry, high
school general mathematics, college algebra, analytic geometry,
mathematics of finance, elementary statistics, calculus,’ ang unified
college mathematics. There should also be an adequate number of
good mathematical tables, available in the library and at special
places that arc designed for work involving calculations. The li-
brary should also have standard works on the teaching of mathe-
matics for the use df tcachers.

Reference, Books. The list of reference books below does not aim
at completeness, but it covers very adequately the history of mathe-
matics, and also provides for other types of supplementary reading
and instruction,

Abbott, Edwin A. Flatland, (2nd edition). Little, Brcwn and Co.,
Boston, 1g26. 155pp., St.25,

American Council on Education. A4chievements of Civilization,
No. 2. The Story of Numbers. g2pp., $0.10.
No. 3. The Story of Weights and Mcasures. $0.10.
No. 4. The Story of Our Calendar. 32pp., $0.10.
No. 5. Telling Time Throughout the Centuries. 64pp., $0.20.
American Council on Education, 744 Jackson Place NW, Wash-

ington, D. C,, 1933. -

Andrews, F. Emerson. New Numbers. Harcourt, Biace and Co.,
New York, 62pp.. $o.50.

Andrews, William S. Magic Squares and Cubes. Open Court Pub-
lishing Co., Cl.icago, 1go8. 1q99pp. (Out of print).

Archibald, R. C. Outline of the History of Mathematics. (3rd edi-
tion). Mathematical Association of America, Oberlin, Ohio, 1936.
62pp. So.50. ~

8 5ome of the briefer and simpler books on calculus are to be recommended.
Calendus Made Easy, by Silvanus P, Thompson (Macmillan and Co., 2nd ed.
1919, 265 pp . is likely to arouse the interest of students, a fuct that offsets criti-
cism one mizht make of a deceptive suggestion of the title and the unconvention-
ality and lack of precnsion of treatment.
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Ball, W. W. R. Mathematical Recreations and Essays. (7th edition).
Macmillan Co., New York, 1920. 506pp., $3.50.

Bell, Eric. Men of Mathematics. Simon and Schuster, New York, '
1987. 592pp., $5.00.

Bell, Eric. Queen of the Sciences. Williams and Wilkins Co., Balti-
more, 1931. 138pp. $1.00.

Bentley, W. A. and Humphreys, W. J. Snow Crystals. McGraw Hill
Book Company, New York, 1931, 227pp., $10.00.

Bradley, A. D. Mathematics of Map Projection and Navigation.
Lafayette Instruments, Inc, New York, 1938. 108pp. (mxme0-
graphed), $1.75..

Breslich, Ernst R. Excursions in Mathematics. ‘The Orthovis Co., "
Chicago, 1937. 47pp., $1.50. -

Brodetsky, S. 4 First Course in Nomography. Open Court’ Pubhsh '
ing Co., Chicago, 1925. 160pp., $3.00.

Cajori, F. History of Mathematics (2nd edition). “Macmillan Co.,
New York, 1919. 516pp., $4.50.

Candy, Albert L. Construction, Classificatior. and Census of Magic
Squares of Order Five. The Author, 1003 H Street, Lincoln, Neb.,
1938. 141pp., $1.00.

Collins, A. F. I'un with Figures. Appleton Century Co., New York,
1933. 253pp.,.$2.00.

Dantzig, Tobias. Number, the Language of Science (3rd cdition).
Macmillan Co., New York, 1939. . 320pp. $3.00.

Dudeney, H. E. Amusements in Mathematics. Thomas Nelson and
Sons, New York, 191%7. 258pp., $1.50.

Dudeney, H. E. Canterbury Puzzles. Thomas Nelson and Sons,
London, 1919. 255pp., $1.50.

Dudeney, H. E. Modern Puzzles and How to Solve Them. F. A,
Stokes and Co., New York, 1926. 1gopp., $1.25.

Dudeney, H. E. Puzies and Curious Problems. Thomas Nelson and
Sons, London, 1g32. 195pp., $1.50.

Heath, R. V. Mathemagic. Simon and Schuster, New York, 1933
138pp., $1.75.

Hogh n, Lancelot. Mathematics fm the \Itllmn W. W. Norton
Co., New York, 1937, 647pp., $4.7

Hopper, V. F, Medieval Number S)mlmlum. Columbia University
Press, New York, 1948, 241pp.. $2.80.

Hornung, C. P. Handbook of Designs and Devices. Harper &
Brothers, New York, 1932, 20 ¢pp.. $2.50.

Jones, S. L. Mathematical Nuts. The Author, Life and Casualty

Bldg.. Nashville, Tenn., 1932. $jopp., $3.50.

Jones S, L Mathematical Wrinkles. The Authe |, Life and Casualty

Bldg.. Nashville. ‘Tenn, 1926, (3rd edition). §61pp., $3.00,
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Karpinski, L. C. The History of Arithmetic. Rand McNally and
Co., Chicago, 1935. . 200pp., $2.00,

Levinson, Horace C. ¥our Chance to Win: The Laws of Chance and
Probability. Farrar and Rinchart, New York, 1939. $43pp. 82.50.%

Licks, H. E. Recreations in Mathematics. D. Van Nostrand Co,,
New York, 1917. 155pp. $1.50.

Loomis, E. 8. Pythagorean I'heorem Masons, 1321 w. xuth St.,
Cleveland; Ohio, 1927, 214pp.

MacMahon, P. A, New ‘\Iathcm?uuzl Pastimes. Macmxllau Co.,
New York, 1930, 114pp., $3.00.

McKay, Herbert. . ddventures in Arithmetic. Macmillan Co., New
York, 1939. $1.50.

Merrill, Helen Ao Mathematical Excursions. Bruce Humphries,
Inc,, Boston, Mass,, 1933. 145pp  $2.00. .

Sanfofd, Vera. Short History of Mathematics, Hougliton Mifflin
‘Co., New York, 1930. qoopp., $3.25. '

Shuster, C. and Bedford, ¥. Field Work in Mathematics. Amerlcan
Book Co., New York, 1g45. 168pp., $1.20.

Smith, D. E. History of Mathematies. Ginn and Co., Bosum; 1923,
25. 2v. 1321pp., S5.00 cach.

Smnh D. E. Muthcmutus Our De'bt to Greece and Rome. Marshall
Jones Co., Buston, 175pp. $1.7

Smith, D. E. N hrr Slmus 0f lung Ago. Ginn and Co., Boston,
1g1g. 136pp., Su.68.

Smith, D. E. and Ginsbwig, J. Numbers and Numerals. Bureau of
Publications, Teachers College, Columbia University, New York,
1937 52PPw $0-35-

Steinhaus, Hugo. Mathematical Snapshots. G. E. Stechert and Co.,
New York, 1948, 145pp.. S2.50.

Weeks, Raymond. Boys' Own Arithmetic. E. P. Dutton and Co,,
New York, 1g2.4. 188pp., $2.00.

White, W. F. 4 Scrapbook of Elementary Mathematics. Open Court
Publishing Co., Chicago. 1927. 248pp., $1.50.

Woodring, Maxie N. and Sanford, Vera. Enriched Tmrhmg of
Mathematics in the Junior and Senior High School (revised edi-
tion). Burcau of Publications, "Teachas College, Columbia Uni-
versity, New York, 1938, 143pp.. $1.75.

The last book. which has been previously referred toin footnotes
on earlier pages, should be well known to all teachers of mathematics.
Its 133 pages give in convenient form much material and many ref-
crences brought together in no other place. Various scctions in it
are especially useful in connection with pages 6871 of this Report,
and with the last three horizontal dmsxons of the Grade Placement
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Chart, which forms Appcndix V. Blank pages in the bé)ok\give a

'rcady place to supplement it by new references that may be found

in current literature.

Periodicals. Such magazines as The Scientific American and Popu-
lar Science have a certain amount of mathematical intercst at times.

Periodicals of special interest in the secondary mathematics field
are:

The Mathematics Teac he: 525 West 120th Street, Ncw York Cuy
Eight copics a year. $2.00 a ycar.

This is a publication of the National Council of Teachers of
Mathematics. A subscription carries membership in the Council.
The magazine is devoted to the interests of mathematics in elemen-
tary and secondary schools.

School Science and Mathematics. Menasha, Wis. Nine copies a
year. $2.50 a year.

his is a publication of the Central Association of Science and
Mathematics Teachers. Contains articles dealing with mathematics
and its teaching, and also a problem dcp'arlmcnt.

In addition to The Mathematics Teacher, the National Council
has, since 1926, published annually a Yearbook. These works have
covered a wide variety of articles and studies valuable to elementary
and secondary mathematics teachers.

/
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APPENDIX
- GRADE PLACEMENT CHART FOR
*GRADE ¢ GRADE 8 ’ GRADE ¢
/ I
ARITHMETIC || 1. Experiences, ian- 1. Experiences, lan-|| 1, Review and exten-
{(Number and guage, and ideas, uage, and ideas sion of concepts
Computation) ndamental proc- .%contlnucd). and skills,
esses with whole || : 2, Fundamental proc-,| 2. Applications, pref-
numbers, fractions, esses ‘and related: crably in connec-
and decimals, and principles (reviewed tmn with al ebra
("/ related principles, and extended). 3. (Optional)
J . 3. Significant appui- || | 3. Significant applica- rithms and- the
: cations, cations, slide rule.
4. (Optional) Ele-|||4. (Optional) Approxi-|| -
mentary approxn- mate computation
mate computation, (conunucd)
e b | e - -
GEOMETRY (Informal) | " (nformal) . (Informal)
(9pace Percep- || 1. Experiences, lan- |1, Experiences, lan-!| 1. Review and exten-
tivn, Demonstra- guage, and ideas. uage, and ideas, | sion of concepts,
tion) 2. Drawing or con- %commucd) skills, facts, and re-
- structing basic fig-.| 2. Drawing or cun-’ latxons.
ures. | structing important | 2. ghcations. pref-
3. Direct measures | figures. t erably in connec- -
ment (lengths ap 3. Indirect measure-: tion with algebra.
angles), l ment, ‘| 3. (Optional) Intro-
. | "4. Indirect measure- (]! 4. (Optional) Applica- duction to demon-
!i =1t (areas and ' tion of elementary’ strative gcometry.
Li o vol imes). approxunate com-,
i 5. (Optional) Apph- putation " (contin- ! (In grades g and 10,
i|" cation of, clemen--|| ued). algebra and geom-
i tary approximate |'s5. Related facts and ctry may be closely
| computation. ! principles (contin- correlated.)
16. Related facts and | ued). :
! principles '116. Significant applica- |
t9. Significant  appli-! | tions. v
. cations, (!
GRAPHIC t. Interpretation of | 1. Interpretation of I 1. Statistical graphs
REPRESEN- simmple pictograms statistical graphs. (reviewed and ex-
TATION or statistical | 2. Graphic representa- tended).
graphs. tion of everyday sta- | 2. Functional graphs
2. Graphic represen- | tistical data (bar (formulas,y =ax+8,
| tation of simple sta- graph, line graph, | y = ax?).
i tistical data. circle graph). !
3. {Optional) Tabular |
and graphic repre-
sentation of relation-
ships expressed by
i simplr formulas.

Note 1. The central lhrmr or core of cach vear's tee hmrdl work is indicated l)y means of
Noartk 2. In general, no single class should attempt all the optional lines of work or types of
omitted if local conditions require such modification. This is especially true of certain of the
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* GRADE 10

GRADE 11

GRADE 12

1. Review and extension,

1.

Review and extension.

I,

Review and extension.

4. Development  of “ele- |
mentary spatial insight,

I

1. Review and extension, !
preferably in connce-
tion with the social
studies and science pro-

rams.

2. (Optional) Graphs of |

simple equations. '

1

|

i

-

double borders. Muthematical mades of thinking, ete., shonld
enrichment suggested for cach year.

historical topics suggested.

preferably in connec- | 2. Study of the number sys- 2. The number system (com.
tion with applied prob- tem, plex numbers).
lems, 3. Approximate computation. | 3. Approximate computation,
2. The use of irrational | 4. (Optional) Study and use of including use of the deriva-
numbers. the slide rule. tive, "
3. Approximate computa- | 5. (Optional) Use of calculat- : v
tion. ing machines.
4. (Optional) The use of ,
the slide rule.
(Formal) j 1. Review in connection with | 1. Basic propositions in solid
1. Transition to formal trigonometry. geometry with properties
geometry. and mensuration of solids.
2. Acquisition of skill in 2. Equations of straight linc
demonstration. and circle systematically
3. Familiarity with facts, studied.
and pr ~positions, prop- |+ 3. Simple locus problems.
erly organized. 4. (Oprional) Introduction to.

parabola and ellipse.

Kl

4-

. Representation of more

complicated statistical data.

. Graphs of linear and quad-

ratic functions.

. Graphic solutions of prob-

lemns.
Graphs of trigonometric
functions.

be stressed in all years.
Some of the topics not marked optional can be deferred or

. Graphic solution of equa-

tions.

. Representation of complex

numbers (cither in rectan-
gular or in polar coordi-
nates).

. {Optional) Use of logarith-

mic paper,

.

"



. o v .
A\
. . ' . \
10
248 Appendix V | y ,
g . GRADE PLACEMENT
GRADE 7 GRADE 8 GRADE g
. : AN
ALGEBRA 1. (Optional) The use (Informal) (Elementary)
and application of | 1. The shorthand of al- || 1. Language and
. formulas as expres- gebra (concepts and {! idcas (extended).
sions of simple rela- simple techniques). » | 2. Fundamental tech-
tions and of funda- | 2. The formula (evalu- niques.
‘ ., mentalrulesof pro- | - ation and construc- | 3. Fundamental prin-
cedure, tion). *q: ciples. )
' 4. The equation (sim- |.4. Thefunctionalcore !
ple cases). - of ajgebra (for-
4. (Optional) Signed |. mula, table, cqla/
numbers and their |i tion, graph). ~
' uses, : ' 5. Significant\ appli-
5. Significant applica- |'  catiohs. (S\tcxt
tions. for details.)
g | (In grades”g and 10,
' algebra and geom-'
: - | etry may be closely
) - ) | correlated.) '
- _ P i
TRIGONOM-. | (Preparatory Work) i (Preparatory Work) (Numerical)
ETRY 1. Scale drawing (be- ! 1. Scale drawing (con- | 1. Languag¢ and
. gun). tinued), ideas. N
. . 2. Measurement of | 2. Similarity and poo- | 2. Necessary skills
lengths and angles. portion, (drawing to scale,
i . 3. Ratio (begun). 3. Out-of-door work in using tabies of
i indirect measure- | sines, cosines, tan-
.' ment. ! gehts). ’
! | 4. The uée of simplein- | 9, Applied pgoblems,
l ’ i struments, + | 4. Appraximate com-
! | putation arising
. from use of tables.
, ’ 5. (Optional) The
; ’ - slide rule.
! MATHEMATI- . 1. The development of habits of correctness in | 1. Continuation of
I CAL MODES computation, measurement, and drawing, and . the modes of think-
OF THINK- in making verbal statements. ing outlined for
ING, HABITS, | 2. The development of habits of estimating and grades 7 and 8.
ATTITUDES, I of checking. 2. lL.earning to under-
TYPES OF 3. Learning to interpret and to analyze elemen- stand and to apply
I APPRFE.CIA- I tary problem situations, ’ relational“thinking
i TION | 4. Learning to prepare neatly and economically (the idea of de-
' i arranged written solutions of suitable mathe- pendence. of func-
: . matical problems. . tional thinkng) as
i | 5. The development of an int~-est in the study of | a key method of
. | simple quantitative relatic hips with the aid | «dealing with quan-
i of the table, the graph, the formula, and the Yitative changes
| : equation. ’ . arising in nature,
! . 6. L.carning to appreciate the place of mathemat- in business, and in
| irs in everyday life. ! everyday life.

[W—— —
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- CHART (Continued) . .
GRADE 10 GRADE 11 GRADE 12
™ ]
t. Use of algebra in con- . l—————_(larrmrd:zlt) ] (.4(1.171;!;:;1,—;(1—151:1;::;:!: qf_

nection with geometric
proofs and work.

i. Review and extension of
basic concepts and tech-,
niques.

2. Lincar functions and equa-
tions. |

3. Quadratic functions and .
equations, '

4. Radicals and radieal equa-
tions.

'5. Logarithms and the slide

rule. )

. 6. Series (arithmelic, geomet--
ric, binominal).

7+ 1 (See text.) |

. 4. Slopes, maxima and min-,

Differential Calculus) -

1. Basic work in the theory of
equations, including deter-
mination of real roots.

2, Permutations, combina-
tions, and simple work in
probability.

3. Differentiation of polyno-
mials.

ima, rates of change, etc.

5. (Optional or as substitutes)
FElements of finance;-statis-
tics.

2, Functions of 30° 45°,
60°,

3. Significant applied
prnblems involving use
of patural trigonomet-
a1~ funetinng.,

4. The slide rule.

5. (Optional) Use of loga-
rithms and slfde rule.

. tions, i
2. Basic identities. !
. 3. The addition formulas. :
4. Double-angle and half-
i angle formulas.
.5. Laws of sines, cosines, tan-
gents. ‘
6. Solution of triaagies. l
7. Components and resultants.
8. Simple identities and equa-
tions.
. Field work.

SO

» /7 l
Hl
— ' . . w2
(Numerical) (Formal) t. Review :
1. Review and extension.  |. 1. ‘The six trigonometric func- -} 2. Radian mcasure.

3. Inverse [unctions.
4. Identities and equations.
5. DeMoivre’s Theorem.

(When desirable, topics may
be moved from grade 11 to
grade 12, and some topics
above may be omitted.}

1. Continuation of the
niodes of thinking out-
lined for grades 7, 8,
and 9.

2. Le: “ningto understand
a=d to app.y the deduc-
tive ty e o thinking as
a method of dealing
with situations involv-
ing sets of interdepend-
ent concepts and closely
related propositions.

O

+ ERIC

Aruitoxt provided by Eic:

1. Coontinuation of the modes of thinking suggested for grades

7-10.

2. A more systematic application of functional and statistical
thinking, not only in mathematics, but also in science, in the
social studies, in economics, and in related fields.

3.. The development of greater skill in using deductive reasoning
both in mathemadies and in life sitnations,

4. Learning to appreciate more fully both the service values and
the cultural values of mathematics.

|

|
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ﬁ‘ppendix V

GRADE PLACEMENT

GRADE 7

" GRADE 8

GRADE 9

HISTORY OF

-

The story of num-

1. The stor'y of the deci-

1.

The story of alge-

MATHEMAT. bers and numerals. mal system and of braic saymbolism.
(0 2. The story of meas+ computation. 2, The story of indi-
urement. 2. Early history of rect measurement.
geometry, “ 3. (Optional) History
7 of signed numbers
and clementary as-
pects of irrational
numbers.
CORRELATED | 1. Projects (home, | 1. Banks and banking. 1. The placeof . ath-
MATHEMATI- school, commu- | 2. Incomg taxes. ematicsinthem d-
CAL nity). 3. Family budgets. ern world.
PROJECTS 2. The school bank. 4. Instaliment buying. 2. The mathematics
AND 3. Simple measure- | 5. Out-of-door work in of business and of
ACTIVITIES ment projects. measuring heights the shop.

- 4. Simple geometric and distances. 3. Graphic devices
designs in nature | 6. Making geometric used in everyday
and art. designs or posters. life.

5. Making mathemat- | 7. Mathematical recre- | 4. Correlation  with:
ical seurce books ations. . science and the so-
and posters. \ cial studies.

6. Corrclation with 5. Elementary astron-
r~nters of interest. omy (descriptive).

7. Miathematical rec- 6. Mathematical rec-

! reations. rcations
1
‘.

¢

—i_e
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CHART (Continued) .
GRADE 10 'GRADE 11 GRADE 12
1. The development of See Note 2,

geometry in Egypt,
Babylonia, and Greece,
2, Great Greek mathema-
ticians,
3. Pre-Greek mathemat-
ics,

-

e R

- Systematic development of algebra, as centering around the

solution of equations; leading contributors,

tors., .

Bowditch, Peirce, etc.

. Beginning of the modern period, Descartes, Newton, Leibniz.
. Great development of analysis since 17?0; leading contribu-

. Mathematical physics and astronomy; leading contributors.
« The mathematical discovery of Neptune.

- The discovery of non-Euclidean geometry.

. Development of mathematics in America, the influence of

t. Using postulational
.thinking in life situa-
tions,

- 2. The geomygyry of archi-
tecture, of surveying, of
design, and of related
fields,

3. Mathematical recrea-
tions (fallacies and the
like).

o pw

” Calculating machines.
. Making simple surveying

instruments,

. Surveying projects,
. Introduction to astronomy

(rmathematical),

. Mathematical recreations.

1. Statistics and modern life.

2, Mathematics of finance,

3. Elementary work in me-
chanics,

4."The mathematics of the
telescope,

5. The mathematics peeded in
the leading professiofls,

6. Mathematical recreations.
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