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EDITOR'S PREFACE

This is the cighth of a series of Yearbooks which the National
Council of Teachers of Muthematics began to publish in 1926.
‘The topics covered in the preceding volumes are as follows:

1. A Survey of Progress in the Past Twenty-Iive Years.

2. Curriculum Problems in Teaching Mathematics.

3. Selected Topics in the Teaching of Mathematics.

4. Siguificant Chuanges and Trends in the Teaching of Mathe-

matics Throughout the World Since 1910,

$. The Teaching of Geometry.

6. Mathematics in Modern Life.

7. The Teaching of Algebra.

Bound copies of all except the first two Yeurbooks can be se-
cured from the Bureau of Publications, Teachers College, Columbia
University, New York City, for $1.95 each. The first is out of print
and the second can be obtained bound in paper for $1.25.

The purpose of the Eighth Yearbook is to present some of the
important phases of the teaching of mathematics in the secondary
school, particularly those that have not been treated in current
magazines as fully as they are discussed here. Space does not per-
mit us to treat as many different topics as we should like to present,
but it is hoped that what is included will be of assistance to many
persons interested in the secondary school,

[ wish to express my persoual appreciation as well us that of
the National Council to all contributors who have helped to make
this Yearbook possible.

W. D. Rervr
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ARTICULATION OF JUNIOR AND SENIOR
HIGH SCHOOL MATHEMATICS

By E. R, BRESLICH
The Schoo of Education, University of Chicago, Chicago, Ninois

The need of reorganizing traditional mathematics. Algebra,
geometry, and trigonometry as taught in our high schools were
originally organized for students in colleges. Later they were taken
over by the college preparatory schools and high schools, being
offered at first in the senior and junior years. Gradually they were
moved downward to the early years of the secondary schools. They
were preseited to high school students almost as they had been
taught in the colleges. When it was found that high school pupils
encountered serious difficulties in the study of alg: bra and geometry,
efforts were made to reorganize or to reconstruc: these courses.

Because cur school system was organized on the 8-4 plan, it
seemed to be impossible to find a solution of the problem. For, on
account of the gap existing between the elementary and high
schools. the teaching of algebra and geometry had to be deferred to
the ninth and tenth school years. This made it necessary to crowd
a large amount of algebra into a year's time and to force the pupils
to advance at a rate too rapid for understanding and assimilation.
Since all the time of the second year was needed to cover the
extensive content of demonstrative geometry, algebra had to be
completely dropped during that period.

Simplification of the problem of reorganization by the junior
high school. Attempts have beea made by individual schools to
solve the problem by offering some algebra in the last year of the
elementary school. However, such efforts usually failed for two
reasons : high school algebra was not easily adapted to the interests
and abilities of elementary school pupils; and high school teachers
were unwilling to accept algebra taught in the eighth grade as an
equivalent to high school algebra. Often it was completely dis-
regarded and the work dove in the eighth grade was repeated in the
ninth grade,

1
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‘The development of the junior high school offered o real oppor-
tunity for the reorganization of secondary school mathematics,
making it possible to extend downward the period of secondary
aducation, to give instruction in algebra and geometry at an early
period, and to distribute the content of these courses over a period
of several years. This involved a reconstruction of the mathemati-
cal curriculum of the secondary school, which would offer introduc-
tory work in algebra and geometry in Grades 7 and 8 and the more
advanced work in the later grades.

The gap between junior and senior high school mathematics.
The reorganization necessitated the training of teach r» qualified
to teach the new courses: elementary school teachers were un-
familiar with the mathematics of the secondary school uand high
school teachers were not accustomed to pupils of elementary school
age. To satisfy this need, courses in junior high school mathe-
matics were offered by the universities, A new type of mathe-
matics was being developed for the junior high school, while the
senior high school continued their program of traditional courses
in plane geometry, advanced algebra, solid geometry, and trig-
onometry,

The administration and supervision of the mathematics in the
junior and senior high schools is usually not carried on by the
same supervisor, and the teaching is done by two distinct faculties.
Neither division knows much about the other.

The development of two tyj.es of secondary school mathematics,
the separation of the junior high school from the senior high school,
and the creation of two distinct faculties teaching the courses tend
to cause a gap in secondary school mathematics fully as serious as
that which formerly existed between the mathematics of the ele-
mentary and high schools. Steps should be taken to bring about a
closer coiiperation hetween these faculties.

Uniformity of administration as an essential factor in se-
curing improvement. An ideal situation is to have but one
department and one supervisor to direct it. When there are two
supervisors, they should feel compelled by professional interest to
develop a program to unify and articulate the work of the two de-
partments. Mutual understanding and harmonious cotperation of
the teachers will not be difficult to secure if there is uniformity in
administration, To ittain it will require frequent joint departinental
conferences in which the problems of concern to both divisions are
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freely discussed, The junior high school teacher will thus become
acquainted with the content and objectives of the higher courses
and will be able to do his work more intelligently. The senior
high schaol teacher will acquire an understanding of the problems
and limitations of pupils of the lower grades and will become will-
ing to assume a just share of responsibility toward them. Both
will grow in knowledse of subject matter. They will reach agree-
ment on methads of tenching so that a pupil passing from one
institution to the next higher need experience no sudden and radical
change in teaching and study:,

Necersity of continuity of instruction. Continuity in second-
ary school mathematies is exceedingly important. Teachers should
therefore cease to regard junior and senior mathematics as distinct
types. The two should be thoroughly merged. One course of study
should be planned to include both, and the details should be worked
out by joint committees selected from both faculties. As the pupil
passes from the junior to the senior high school, the change in
mathematics should be no greater than that usually experience
when he advances a grade, The senior high school course should
begin exactly where that of the junior high school ends. The pupil's
attitude toward mathematics in the senjor high school will be
friendly, for he has had enough mathematics to know what it is like
and, since he has deliberately chosen to continue the study, he must
be interested in it, feel capable to do the work, and believe that he
will be benefited,

Articulation of junior and senior high school geometry. High
school teachers of mathematics are sometimes heard to complain
that it is difficult to teach geometry to pupils coming from the junior
high school.  They assert that the most interesting part of geometry
hias been taught in the lower school and that the attitude of the
pupil is, therefore. one of indifference and exceedingly hard to
change. Usually the difficulty arises from a lack of coiiperation of
the two departments, and the solution lies in estublishing better
understanding hetween them.

It is generally agreed that the course in demonstrative geometry
has too much content to attwin the major objeciives with a large
number of pupils,  Many pupils capable of doing high school work
never develop the ability to solve original exercises and have to be
satistied with learning and repeating the finished proofs found in
the textbooks. It seems that teachers of high school geometry
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should, therefore, welcome the opportunity of having same of the
geometric work done in the lower grades,

From the point of view of the junior high school, the develop-
ment of a course in geometry for the lower grades is not only desir-
able but imperative, because pupils should be taught to understand
and interpret the geometric situations which they meet in the activi-
ties of everyday life and in various school subjects. Familiarity with
the most common geometric figures, knowledge of an essentinl
geometric vocabulary. appreciation of the beauty ol geometric
forms in nature, training in space imagination, ability to meusure
and to estimate size, acquaintance with a number of important
geometric facts and relationships, and skill in the use of the geo-
metric mensuring instruments are all included among the important
social and vocational objectives of the junior high school.  These
phases of geometry are needed in the activities of pupils and are
also an excellent preparation for, and introduction to, high school
geometry, Pedagogically, the junior high school period is the best
in which to teach them.

The teaching of geometry is not always taken as seriously by
junior high school teachers as the mure triditional work in arith-
metic. The content of the junior high sclool course is a1 matter that
must not be neglected: it should be so definite that the senior
high school teacher may know «xactly what has been taught and
whiat he may take for granted in his courses. In addiiion, the
subject matter should he subjected to a careful program of testing
and reteaching to secure objective evidence of what has been
learned.  Where this is done, the study of geometry will proceed
without interruption when the pupil passes from the junior high
school to the senior high school.  Several examples will illustrate
further the need of articulation between junior and senior high
school geometry.

The fundamental concepts of geometry. .\ failure to under-
stand the meaning of geometric concepts is the source of much
difficulty in the subject in high school. A\ definition of the .ew
terms and a few illustrations are often the only explanation that is
given to students at this time.  Furthermore, a considerable number
of unfamiliar terms have to he crowded into the beginning of the
high school course. ‘To the pupil this type of work is uninteresting
and often distasteful.  Failing to catch the meanings, he memorizes
statements which he does not understand.  He ix unable to make
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correct uge of them when they occur later in the logical discussions,
He becomes dizcouraged and falls,

\When the meanings of concepts are acquired in the junior high
school, thix situation may be entirely changed.  There new terms
arise in conerete situations and activities, ‘They do not crowd each
ather.  Ample time is allowed to observe, to compare. to measure,
to draw, and to analyze, Understanding and satisfaction are the
results,  The list of concepts whose meiarings have been extablished
should be availuble to the high school (eacher for inspection, He
may then add other terms gradually as need for them arisex in his
course,

Constructional geometry, Traditionally, geometrie construe-
tons form an essential part of high school geametry. The present
tendency is to introduce them early in the course rather than to
defer them until they may be proved by logical demonstration, 1t
I8, therefore, a simple matter to move at least the so-called funda-
mental constructions downward into the junior high school. They
give the pupil excellent practice with geometric instruments, and
are helpful in making diagrams and designs.  They may be wed
with sufficient frequency to be learned and retained. ‘The simple
repetition of these constructions will not be necessary in high school
geometry, but they will be used in making constructions of a more
complicated type,

Simple geometric facts. ‘The pupil has become acquainted
with numerous geometric facts and theorems through his daily life
experiences before he enters the high school.  Others he has learned
in mensuriational geometry in the elementary school. s far as he
knows, the truth of these facts has never been guestioned snd he
has made much use of them in the solution of problems. At the
beginning of demonstriative geometry he is practically told that he
must forget all the geometry he has previously acquired and that
he will not he permitted to use any fact that has not been estab-
lished by logical proof. This seems to him most illogical and con-
fusing. Often he becomes openly antagonistic.  He is in no frame
of mind to appreciate or enjoy the beauty of the logical system of
geometry.,

The difticulty is easily removed by a little coiperation between
the junior and senior high schools. A agreement should be reached
on the particular facts to be taught in the junior high school,
These facts should then be included among the assumptions with
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which the course in demonstrative geometry begins in the senior
high school. This increases the number of assumptions. Moreover,
it enables the teacher to organize a course which observes a truly
logical sequence. It may call for slight readjustments of the
theorems in the textbook. Some of them will be reduced from the
ranks of basic theorems and included among the exercises. No
harm will be done. This change will conform to the tendency that
has grown up in recent years of diminishing the number of basic
theorems.

Developing the meaning of a logical demonstration. To a
lurge extent demonstrative geometry is really a course in logic. The
pupil entering the tenth grade has developed reasoning ability ; he
can hold his own in an argument and in a debate. However, the
formal demonstration so prominent in tenth grade geometry is new
to him. He comes upon it abruptly, without having had any former
experiences that are similar. Many pupils find the step from junior
high school geometry to logical geometry very diftficult and go about
their work aimlessly for weeks before they grasp the idea of the
usefulness of logical demonstration, Often the inability to take this
step is the cause of failure,

The problem is serious enough to call for careful consicleration
by the teachers of both schools, Somewhere in the course provision
should be made for a period of instruction in which space and logic
are being gradually joined. Modern textbooks on geometry take
recognition of this need by offering an introductory chapter preced-
ing the formal geometry, However, the results are not at all satis-
factory because it takes more time to develop the meaning of
logical demonstration than can be devoted to it in an introductory
chapter.

The chances to solve the problem in the junior high school are
much better. There the progress in the study of geometry is slow.
Ever so many situations present themselves in which facts may be
easily established by simple reasoning cycles. ‘This work can be
made attractive to the pupils. Gradually they will see and ap-
preciate the power and advantage to be derived from the logical
proof. It is possible to work out a detailed. definite progrim which
will lead the pupil gradually from the method of direct observation
through a period of informal reasoning to the stage of demonstrative
geometry. The last belongs properly to the senior high school. The
first two should be provided in the junior high school.
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Continuity of instruction in arithmetic during the secondary
school period. The tundamental processes of arithmetic ure taught
in the first six grades of the clementary school. However, arith-
metical maturity is usually not attained by pupils before the junior
or senior years of the high school. 1t is nov unusual to find high
school seniors who have not advanced beyond the level of the fifth
grade pupil in arithmetic, although sometimes pupils are found in
the seventh grade who have already attained maturity in arithmetic.
Evidently, instruction in arithmetic must continue in secondary
school mathematics even though a formal course may not, or should
not, be offered.  Anyone who has examinad the results of arithmetic
tests administered to high school pupils will agree to this. High
school teachers cannot wave aside the responsibility.  Arithmetical
deticiencies of individuals and of classes should be discovered by
means of tests given each year to each grade. Steps should then
be taken for remedial work, Every teacher from the seventh grade
up should know definitely his obligations in respect to arithmetic,
and the faculties of both schools should coiperate to the fullest
extent in the program of bringing about arithmetical improvement.

The laying of the foundation of senior high school mathe-
maties in the junior high school. The writer does not intend to
give the impression that the major aim of junior high school mathe-
matics is preparation for the later courses. The content of the
curriculum at any stage should be determined first of all by the
needs of pupils in their activities in and out of school. However,
this does not imply that the needs of later life and of the more
advanced mathematics should be disregarded. Frequently the im-
mediate and deferred needs are identical. Even if they are not, the
latter demand and deserve careful consideration, They raise prob-
lems of teaching that are of importance to the pupil's successful
continuation of the study of mathematics. If the faculties of both
schools are interested and coiperate in the solution of these prob-
lems, a correct start will be made and instruction will continue
without interruption and with a minimum loss of time and effort,

It is evident that teachers are not qualitied to teach junior high
school mathematics unless they have a thorovgh knowledge of the
mathematics taught in the senior high school and in the junior
college. Without this knowledge they will luck a comprehensive
point of view, and their work will be ineffective. A few examples
will illustrate the correctness of this assertion.
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Continuity of the teaching of graphic representation, The
teaching of graphs in secondary school mathematics is a relatively
recent innovation. Originally they belonged to the field of higher
matl ematics, but they found the way into high school mathematics
and from there into the junior high school. ‘To-day tuey are
taught, or used, in all mathematics courses and in some of the other
school subjects. Their importance is recognized not only in school
work but also in everyday life. The teaching of graphs begins in
the junior high school and continues in the senior high school.
"The responsibility for teaching them is assumed by both depart-
ments, each taking its share.

In the junior high school the pupil should acquire a knowledge
of different types of graphs used to represent numerical facts. He
shouldl attain conciderable ability to employ them in a variety of
situations and to understand and interpret relationships when they
are pictured graphically. He should become familiar with the bar
.. aph, line graph, and circular graph, and learn to solve linear and
quadratic equations by graphic methods. This cannot be accom-
plished by the study of an occasional chapter on graphs, They
should be used constantly. On the part of the teachers, it presup-
poses a thorough knowledge of the subject.

Graphic work begins when pupils draw line segments of given
lengths and find lengths of given line segments by estimating and
by applying the ruler. From this simple drawing and measuring
of single line segments, but a small step remains to the statistical
graph. This relation is not always recognized by the teachers, and
the introductory work is often slighted and even omitted because
its importance is not realized. ‘The place for teaching it is in the
early part of the seventh grade.

The drawing and measuring of line segments should be assigned
a prominent place in mathematics, not only because it is an intro-
duction to graphic work, but on account of its usefulness for other
purposes. For example, it is essential to an understanding of such
corcepts as ratio of geometric magnitudes. proportion, similarity,
and trigonometric function, 1f in trigonometry the sine function
is introduced as a ratio of two sides of a right triangle. it is assumed
that the pupil knows what “ratio of two sides” means. This seems
justifiable because the term is used over and over in tenth grade
geometry. The chances are that the teacher of geometry also as-
sumed an understanding which did not exist, and failed to explain
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the term. Most likely he disposed of it by saying that the ratio
of two line segments is the ratio of the numericid measures.  How-
ever, the explanation means little or nothing to the pupil who has
not had actual experiences with measuring and with finding ratios
by dividing one measure by another. Thus, the drawing and meas-
uring of line segments is an introduction not only to graphic repre-
sentation but also to the subjects vf geometry, trigonometry, and
analytics.

A program for teaching graphs during the entire period of
secondary school mathematics should be worked out to make them
a powerful tool in the study of mathematics and a mode of thinking
which makes abstract relationships concrete.  Not very long ago
teachers ohjected to graphic representation on the ground that it
introduced rather than removed difficulties. In textbooks on algebra
the graphic solutions of cquations were cautiously placed in a
chapter by themselves where they could easily be omitted. In
trigonometry the graphs of the trigonometric functions were re-
garded as frills. ‘They were taken up when the course was finished,
if time permitted.

The tendency to-day is to make graphs useful and to teach them
not s curiosities but as an essential part of the course. The trigo-
nometric functions illustrate this strikingly. To give the learner a
clear conception of the functions and their relationships to each
other, teachers make use of a variety of devices which may all be
replaced by a simple graph. The student who understands graphs
sees at a glance that the sine function is positive in the first two
yuadrants and negative in the last two; that it assumes all values
from o to 1 as the angle changex from o” to go : that the maximum
and minimum values are -1 and — 1 that the sine of (7> go” + x)
is numerically equal to sine x or cos x according a. » is even or odd;
and that it is a periodic function. Moreover, the graph aids the
mind to retain all these facts and, if in doubt, the student can
reproduce them in a moment by making a rough picture of the
graph.

The importance of graphic representation cannot be over-
looked, and the cooperation of senior and junior high school teachers
is needed if it is to be taught effectively.

The united efforts of junior and senior high school teachers
needed to teach the formula. The formula deserves a prominent
plaice in all mathematics courses. Instruction in it should start

Q

RIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

1o THE EIGHTH YEARBOOK

early and never cease, for some time is required to develop the
various abilities with formulas.

One of these is the ability to derive formulas,  In senior high
school mathematics formulas are rarely used unless they have been
derived by the pupils. The same is true for the formulas which
occur in the science courses.  Experience shows that the deriving
of the formula aids the pupil in understanding it and gives him
confidence in its use.  For this reason the pupils generally develop
the progression formulas, the quadratic equation formula, the
binomial theorem, and the laws of uniform motion and of falling
hodies.

The first formulas with which pupils become aequainted are
simple and easily derived. This is true particularly of the formulas
for inding areas of the common plane hgures and volumes of solids
and for computing percentage and interest.  Nevertheless, teachers
and textbooks often neglect to derive them. ‘They merely state the
formulas, explain the meaning of the symbols, and proceed to the
applications.  Thus the pupil’s conception of the formula is neces-
sarily limited. since he sees in it little more than a rul» or device
which he must learn to manipulate to tind the required answers to
given problems, The opportunity for training in deriving formulas
has been lost,

The evaluation of formulas is another process to be stressed
throughout the entire period of secondary school mathematics. It
deepens the pupil’s understanding of mathematical symbols and
relationships contained in formulas and gives practice in substitu-
tion and in the fundamental operations. This phase of formula
work has always received its share of attention from the teachers.

The transformation of formulas is a third ability to be de-
veloped. ‘Training may begin as soon as the pupil has derived the
first formulas. ‘Thus, he should be tanght carly to solve ¢ = 2w
for ry i pre for pyryor tyd . oort forrort;d o< bh for b or A
It will take a large variety of formulas and problems. as well as
constant practice and teaching extending over a period of years, to
develop proficiency in transforming formulas,

A fourth phase of the study of formulas is the development of
power to understand relationships contained in them. This is
essential to mastery of the proper concepts.  Thus. the pupil should
see that the value of ¢ is doubled in ¢ . 277 if 7 is doubled, hut that
A in the formula A4 - a7 hocomes 4 times as great if r is doubled ;
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. d . . va .
that ¢ in ¢ = , increased if r is decreased, but that it is decreased

if r is increased.

Relationships in formulas have received little aitention in teach-
ing, with a few exceptions, as in the case of the quadratic formula,
Here it is shown that the character of the root of an equation is
related to, and depends on, the values of the coeflicients.  Although
the relationship is simple, pupils usually experience considerable
difficulty in comprehending it.  The reason is that they have not
been trained to examine formulas in respect to the relationships
existing among the variables, The preceding courses should provide
such training.

The solution of verbal problems as a goal of instruction at
all times. Proficiency in solving problems is regarded by many
teachers as the most important function of the teaching of mathe-
matics, They would make the problem the outstanding feature of
each of the various courses. These teachers would introduce new
processes with problems in which they occur and justify the
processes on the ground that they are needed in solving the prob-
lems. Others emphasize verbal problems on account of their in-
formational value. They regard them as the most useful and most
interesting part of mathematics.

On the other hand, the teaching of verbal problems has been
severely criticized for two reasons: the failure to select more prob-
lem material that will be understood and appreciated by the pupils,
and the lack of an effective technique of teaching pupils to solve
problems.  Both criticisms necessitate the careful attention and
cooperation of the teachers, for training in problem solving must
continue without interruption in all mathematics courses, Prob-
lems should be more than mathematical puzzles. They should give
the pupil a feeling of reality and impress him with the value and
importance of mathematics.

Equally important is an effective technique of training pupils
to solve problems. The literature relating to dilficulties experienced
by pupils in solving verbal problems is full of helpful suggestions,
In the beginning of the secondary school period problems are solved
by arithmetic. Later. the algebraic method is used almost exclu-
sively. Somewhere within this period the transition must be made
from the first method to the second.

However. the two methods have certein steps in common, and
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practice in them should be provided throughout the entire period.
‘This includes training in reading verbal probloms understandingly,
in comprehending the social situations contained in them, in analyz-
ing the content of problems for the facts that are stated or implied,
and in senarating the known facts frou those that are to be found.
In addition to this, the arithmetical method requires training in
selecting the right process and the agebraic method calls for prac-
tice in recognizing relationships and in deriving the equation, or
equations, for solving each problem. The chuange from the first to
the second nethod should be gradual. 1t is unwise to force apon
the pupil a method which he does rot apareciate, I he is led to see
the superiority of the algebraic over th: arithmetical method, he
will prefer to use it.

The first step toward the application of the algebraic method
will be the use of literal numbers to denote the unknown or required
numbers. Somewhat later all unknown numbers will be expressed
in terms of the same literal number to simplify the verbal state-
ments, As a further simplification, the equation should be intro-
duced. For the first problems the equations will be simple enough
to be solved by inspection without the use of axioms or laws, As
the problems increase in complexity, axioms will be employed ir:
solving them. Progress should be gradual and sufticient time for
assimilation should be allowed each step. At the end of the junior
high schoel period the pupil should be quite proticient in solving
verbal problems by ulgebraic methods,

The stressing of functional thinking throughout the period
of secondary mathematics. In the past much more attention has
been given to the computative and formal phases of mathematics
than to the informational, cultural, and functional aspects. With-
out disregarding the importance of the first two phases, the tendency
in modern teaching is to give more recognition to the last three.
Thus the student of mathematics should acquire power to think
independently, to learn to enjoy the beauty of mathematics, and to
appreciate the subject as one of the great achievements of man
One of the objectives of the teaching of mathematics is the power
to do functional thinking.

Until recently it was assumed that the function concept belongs
to the field of higher mathematics. It is now generally agreed that
training in functional thinking deserves a place in secondary school
mathematics. Indeed, anyone who watches the activities of young
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children will find evidence of functional thinking in the earliest
stages of school work and in the everyday experiences of the pupils.
‘These experiences should be utilized to give training in functional
thinking. In the junior high school, opportunities for further train-
ing are numerous, especially in the study of algebraic formulas and
the geometric theorems which express relationships between vari-
ables. At the senior high school level, the function concept may
then be muade the central theme of mathematics. “The teacher
should have this idea constantly in mind and the pupils’ advance-
tient should be consciously directed along the lines which will
p.=ent first one and then another of the ideas upon which finally
the formation of the general concept of functionality depends,™!

Summary. Some of the major objectives of mathematics teach-
ing have not been acquired and cannot be attained by pupils as long
as the great ideas are taught as isolated topics. Mastery of these
ideas develops slowly, They must be presented repeatedly in vari-
ous situations and at different levels. Each teacher must know
what has preceded his course and build on it. Each must be fa-
miliar with that which is to follow and must pive the way for it.
The gap between junior and senior high school mathematics will
thus be eliminated. The accomplishment of these results requires
the fullest codperation of the teachers of both departments,
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A SUMMARY OF SOME SCIENTIFIC INVESTI-
GATIONS OF THE TEACHING OF HIGH
SCHOOL MATHEMATICS

By H. E. BENZ
Ohio Univenity, Athens, Ohio

1. INTRODUCTION

‘The research in this chapter received its first iuspiration from a
conviction on the part of the writer that a summary of scientific
investigations relating to the teaching of high school mathematics
should be made, similar to those for other school subjects.

The idea of such a summary persisted largely because the
writer believed that less scientific research was being done in this
field than the importance of the subject warranted: that the Na-
tional Council of Teachers of Mathematics as an organization ought
to be more interested in encouraging such research: and that any
program of investigation must necessarily begin with a survey of
what has already heen done and an evaluation of the adequacy of
this past research for curriculum-building purposes. As a result of
definite encouragement from the editor of the ¥'earbook, the present
study was made,

The work done here represents an effort to summarize the con-
clusions found in reports of scientific investigations of the teaching
of high school mathematics. Tt is not claimed that the field has heen
thoroughly covered. Only those magazines which were found on
the shelves of Ohio University were thoroughly searched. It is
quite likely that several important researches were overlooked be-
cause they were reported in other magazines. No effort was made
to survey systematically the literature written prior to 1913,
although some earlier articles were included. Since the work was
begun early in 1932. no articles for that yvear are included. It was
at first hoped that unpublished dissertations submitted in partial
fultilment of the requirements for graduate degrees could be in-
cluded, but this was found to be impossible. There is, of course, a

14
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wealth of material in this source which should be included in subse-
quent summaries of this kind.

It was necessary to set up a more or less arbitrary criterion of
research when selecting articles to be included in this report.
The literature on the teaching of mathematics is very extensive, and
a very large part of it consists of discussions of the topic which,
although exceedingly helpful, were not, it will be noted, included in
this summary. The reasoned conclusions of experienced teachers
based on years of actual classroom contacts are not to be dismissed
lightly, vet most articles based on such experience were not in-
cluded. Descriptions of classroom procedures, written by critical,
trained, and successful practitioners of the art of teaching. are
often more helpful in pointing the wey to improvement in method-
ology than the statistically reached results of a thoroughly scientific
experiment carried out under elaborate and carefully controlled
laboratory conditions. But this report does not claim to be a sum-
mary of such articles. Articles which represent merely opinions,
or articles which describe the experience of an individual teacher
with a certain technique. were not included regardless of the expert-
ness of the opinion. There is no implication that such discussions
are not helpful, and a subsequent analysis of the literature might
include them, but the present discussion is confined to those articles
which meet the commonly accepted requirements of scientific re-
search in education.

The summary necessarily has heen brief. It might have been
more desirable. had conditions permitted. to discuss the articles
in somewhat greater detail. The reader could judge better the
validity of the conclusions if he could know the conditions under
which the experiment was carried out.  Obviously these conditions
could not be described in sufticient detail to make this possible.
The worker who is interested will wish to read the original articles
in many cases. In some instances this isx imperative, for some
of them were of such a nature as to make it inadvisable to present
even the findings. The reader is simply informed of the existence of
the article. is told of its general nature, and is referred to the place
in which the complete study can he found.

The setting up of a classification was somewhat difficult and the
assignment of some of the reports to certain headings may seem
arbitrary, but this plan was followed because some articles were
found to fit with equal logic under several headings, I this account
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seems to the reader to be somewhat disconnected, he should reflect
that it is largely due to conditions inheren* in the nature of the
situation. Tt is to be hoped that some day we shall be able to write
a systematic discussion of the teaching of high school mathematics
from the results of more complete research. With the scientific
study of the problem of high school teaching in its present state, it
is impossible to write an account of the completed research with any
semblance of system, This lack of scientific evidence was noted
nearly twenty years ago | 129(,' and still persists to some extent.

II. Tue MatHeMmATIcs CURRICULUM

Uses of mathematics in life, Studies dealing with the uses
of elementary school arithmetic in everyday life have been frequent,
but fewer investigations of the uses of high school mathematics
have been made. This may be the result of the belief that many
phases of high school mathematics have justifications other than
their social utility. Only one investigation was found which dealt
with the social utility of arithmetic as taught in the junior high
school. Camerer |17] submitted to thirty-five bank employees and
aizo to certain parents of school children a list of forty-one (ues-
tions about those aspects of banking which are of common interest,
asking their opinion on the relative importance of the items, The
list of questions is given in the article. together with the order of
their importance. Thorndike |113] made a study of the uses which
people make of mathematics above arithmetic, In his study 200
pages from the beginning of each volume from one to twenty-eight
of the Encyclopadia Britannica were read. A table shows the num-
ber of articles and the number of inches which contain one or more
of several types of mathematical material. It was found that 3.57
per cent of the articles used mathematics beyond arithmetic, and
these articles used 18.55 per cent of the space. The author con-
cludes that “algebra is a useful subject. but its utility varies enor-
mously.” In a study carried on by Bobbitt and Scarf [10], the
mathematics required for an understanding reading of popular
science was investigated. A random sampling was made of a total
of thirty-one issues of five magazines (three popular science maga-
zines, one magazine with a science department, and one of general
interest), and three popular science hooks. The report of the in-

! Numbers in brackets refer to titles in the Bibliography at the end of the
chapter.



SCIENTIFIC INVESTIGATIONS 17

vestigation includes elaborate tabulations of units, measures, du es,
processes, and kinds of nunibers used in arithmetic. Twelve alge-
braic terms were found fifty-two times, and eighteen of these cases
were instances of the use of the word “formula.” Algebra was
counted sixty-seven times, and seven different formulas were used.
Negative or fractional exponents were discovered four times, A con-
siderable number of graphs were found. The authors conclude,
“Algebra is very little used by writers of popular science.™ On the
other hand, geometric terms were used 5066 times, In addition to
this, geometric principles, problems, and constructions occurred
with great frequency., There were 196 cases of terms taken from
mathematics above the level of that usually taught in the high
school. Another report of the mathematics used in popular read-
ing was given by Touton [r15]. One of his students checked the
uses of mathematics in a number of magazines and newspapers.
Many concepts of form and quantity are listed in the report. In
one popular magazine there was an average of forty-two mathemati-
cal concepts per page. “The concepts encountered by the general
reader cover a very broad field.”

Propedeutic uses of mathematics. Mathematics has fre-
quently been urged as a suitable field for study in the high school
because of the very great likelihood that the student will find uses
for it in subsequent academic work. Several excellent studies of
this relationship have been reported. Zerbe |131] investigated the
geometry that is needed in high school physics. Ten physics texts
and six laboratory manuals were examined. The results list twenty-
five theorems and ten constructions that are involved in the geome-
try which the physics student should know. Rugg and Clark |o2]
in their very important study of the ninth grade mathematics curri-
culum give an analysis of algebra textbooks which shows how often
the various operations of algebra were used (1) in subsequent topics
in algebra, (2) in plane and solid geometry, (3) in advanced alge-
bra. and (4) in physics and chemisiry. They conclude that “half
the material of first year algebra cannot be defended in terms of
academic use.” Thorndike |[r13| discusses an examination of
forty-four high school texts in the social and physical sciences and
the practical arts. The number of times that algebra was used and
the number of inches of algebra in each text are noted. A\ table is
given that shows which kind of algebra was used. The most ex-
tensive need of algebra in high school courses is said to arise in
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connection with the reading of statistical geaphs: in physics the
student is discovered to require a mastery of formulas including an
understanding of the manipulation which is implied; in chemistey
he ix found to need especially the ability to form proportions,
Thorndike studied also the uses of algebra in college subjects,
College teachers were asked to judge the importance of various
topics, and i great difference of opinion was evident.  Topics are
listed. together with various methods of weighing the judgments ob-
tined,  Statisties and graphs stand high on the list, while literal
equo et other thin formulas ave thought to have low utility, In
his inv agation Thorndike checked the complexity of each topic hy
submitting various levels of algebraic tasks to college instructors of
science, with the question, “Which of these abilities are essential
Many insisted that the pupil must be able to perform algebraic
operations on very difficult Tevels, Tt seems likely that what these
college instructors really want is the degree of intelligence repre-
sented by the ability to do the tasks,  Verbal problems were sub-
mitted with the request that the college instructors indicite which
they considered important,  “Teachers of physical sciences rated the
funtastic problems above the genuine.  Teachers of saciil sciences,
in general, rated verbal problems as useless,

Congdon [235] examined certain college texts to learn what
mathematics is prevequisite. He listed eertain concepts which should
receive more practice in the high school, concluding that “college
subjects dealing with quantitative data make use of an extensive
svmbolic language quite different from that used in high school
mathematics.”  His report states that many special symbals are
usedd, as well as subseripts and primes. Certain arithmetical compu-
titions more complicated than those usually found in elementary
arithmetic are found in college physics,  The geometry needed is
very elementary  Scale drawings, line graphs, standard numbers,
and the meanings of the trigconometric functions are used.  In
general, the mathematics needed is not difficult but often unusual.
The mathematics involved in solving hien school physics problems
was also studied by Reagan |81, He examined carefully the prob-
lem content of one text and found two hundred forty-one problems,
The mathematical needs, he says. are not extensive, but they
possibly cannot he met in certain cases because of what he calls
“misplaced” anphasis in the mathematics courses,  Few problems
require any knowledge of geometry.  In algebra more attention
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shoulil be given to formulas, ratio and proportion, and varfation
tapics which, as a general rule, are deferred too long in the tradi-
tioni, course,

The mathematics needed in the study of chiemistry has received
some attention.  Rendahl [86] examined three high school chemis-
try hooks,  He found 390 numerical problems. and counted the
number of times that each arithmetical process was used and what
fractions were involved.  Decimals, percentage. and proportions
were found frequently, although negative numbers and measure-
ments were used very seldom.  The uses of geometry he reports
as negligible, while —the more important uses of algebra are in
solving simple and fracdonal equations of the first degree with one
unknown and in substituting in a formula.”  Williams | r23]
exatmined it text in college chemistry.  He found —a rather limited
use of mathematics.”™ A thorough knowledge of the fundamental
processes of arithmetic wits seen to be necessary and i mastery of
simple equations in one unknown and simple fractional equations
to he valuable. =\ knowledge of the fundamental processes in
algebra seems desivable though by no means as essential as might be
inferred.”  Zerbe J132] studied the relationship between geomstry
and phe trigonometry. 1o five trigonometry texthooks he found
that sixty-eight geometric principles. theorems, corvollaries, and
constructions were used,

Undoubtedly. the common requirement of mathematics for col-
lege entrance may be traced at least partially to a conviction on the
part of someone thiat mathematics is necessary for success in cal-
lege. A\ study by Lewis |57] shows that from 1806 to 1q16 the
number of American schools requiring solid geowetry for entrance
decreased from thirteen to three.

Interest in mathematies.  Pupils’ interest in mathematics has
heen studied by several individuals,  Downey 331 sent a question-
naire to sooo pupils in tifteen high schools.  Eighty-four per cent
replied attirmatively to the question, *Do you like mathematics "
Liking is hased mainly on the interest, usefulness, and meatal train-
ing involved.  In algebra it was found that manipulation and appli-
cations are equatlly popular,  In geometry constructions are popular,
while originals are unpopular.  Thoradike |rr3] asked 1300 high
school pupils which subjects they liked most and least.  For hoys
algebra hoids a middle position, while girls tend to dislike this sub-
jeer. Nbout one-fourth of all girls reporting said they like it least

Q

RIC

Aruitoxt provided by Eic:



20 THE EIGHTH YEARBOOK

or next least of all the subfects taken in the high school, Plane
geometry ranks below algebra for both groups. Thorndike also
submitted various algebraic tasks to pupils for rating in terms of
interest,  He found that pupils do not prefer applied problems to
abstract computations.  They prefer numerical computations to
literal computations, and dislike fractions and elaborate simplifica-
tions, although they like evaluation by substitution and the graph-
ing of equations.  Difticult material is unpopular. An interesting
study is reported by Davis |27]. He asked business and profes-
sional men, who were prominent in their occupations, their opinions
relative to the teaching of mathematics in the high school. He
found an overwhelming opinion in favor of teaching algebra and
geometry.  Most of them claimed that a certain mental teaining
had been received and a large majority insisted that mathematics
must be retained as a school subject.  In one city g1 per cent of
the business and professional men recommended that mathematics
be made a high school requirement. In a St. Louis high school
about 6o per cent of the pupils claimed to like mathematics very
much, The results from other questionnaires are cited to show that
pupils enjoy mathematics, consider it valuable, and prefer it to
other subjects,

Disciplinary values of mathematics. Most of the controversy
on the question of whether or not mathematics shouid be a required
subject in the high school has centered around the question of
whether or not certain abilities, which it is believed are developed
in connection with the study of mathematics, transfer to other tields.
It is unfortunate that no more work has been done in order to
ascertain the extent to which this transfer takes place. Rugg's
study 9t 93], which he made by an analysis of 413 of the students
at the University of Illinois, indicates that transfer is greatest in
those fields most closely related to the subject in which the train-
ing is received.  This study has to do with the disciplinary value of
descriptive geometry. “The training operates more effectively in the
case of prohlems containing content resembling that of the training
course.”  Lewis | 58] compared the marks of students in mathema-
tics with ahility in reasoning “to find if there is a reasoning faculty
which by exercise in mathematics can he made stronger for other
Kinds of reasoning.”™ The tests used were not objective and perhaps
not very -liable. but the conclusion drawn is as follows: “These
tests are surely convincing of one thing, viz., ‘that students able in
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mathematical reasoning are not even generally able in practical rea-
soning wiel law.” ™ Rietz |87 computed the r from Lewis' data
and found it to be .27 in the ¢ase of law, which he believes indi-
cates that Lewis’ conclusion is not justified. To test these conclu-
sions further, Rietz computed r's between the marks in mathematics
and those in law and found thiat they range from .38 to .68. No
partial correlations are given to show the relationship when the
common factor of intelligence is held constant,

Kelley |34 carried on a study to determine the more general
vialues of algebra. He used equated groups, one group taking the
regular algebra course, the other taking a course designed to :ichieve
certain broader values inherent in the subject. At the end of the
year the pupils in the two sections showed little difference in their
mastery of the algebraic method.  The first group showed greater
power of mathematical analysis, while the second group had
achieved the broader values to a greater extent. The author con-
cludes that “the varied and important values claimed for high
school algebra may largely be realized under definitely aimed in-
struction.”

Objectives. The determination of objectives would seem to be
fundamental to any intelligent program of reorganization of mathe-
matics. The method to be followed in determining objectives was
the object of one study.  Georges |39] asked forty-two teachers
which of five procedures for determining ol.jectives they favored,
and found that most of them preferred following rveports like that
of the National Committee on the Reorganization of Mathematics,
and the tindings and conclusions of investigators in the field of
objectives,

Schorling [98] made a comprehensive study of the entire field
of junior high school mathematics in order to set up a tentative
list of objectives. I'irst he established a series of guiding princi-
ples and then determined by means of tests the mathematical equip-
ment of beginning seventh grade pupils.  His list of objectives was
set up on the basix of social utility. courses of study. textbooks, the
report of the National Committee, and the opinion of a carefuily
selected jury. These objectives were then used ax tie basis of a
teaching program. Vhe new material was taught under experimen-
tal conditions. with control sections using the regular course of
study and regular material.  Twenty-eight of thirty-four experi-
mental classes did as well &ts or better than the corresponding control
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classes. The material was then again revised in the light of the
teachers’ comments. :

Considerable attention was devoted by Smith and Reeve to the
question of objectives for the iunior high school, Their rather
comprehensive list |103|, grouped under several headings, will be
found useful for checking courses of study or textbooks, Lists of
objectives in geometry [83] and intermediate algebra [84] were
worked out by Reeve with the assistance of a “large number .
of experienced teachers of mathematics throughout the country.”
Nyberg {69] set up a list of objectives based on accurate records
of classroom procedure. He listed for thirteen classes just what
happened every day. Nyberg says that Reeve's list is too inclusive
and suggests sixteen topics which he cannot find time to teach.

Miscellaneous studies on the curriculum. Johnson |s52| in-
vestigated the teaching of geometric material in the junior high
school. He asked twenty-four members of the Chicago Men's
Mathematics Club about the grade placement of 125 items in
geometry, and whether they should be taught at all. There was a
wide variation of opinion. He examined the geometric and trigo-
nometric material in ten series of junior high school texts, and
again found a wide variation of opinion. No one, hot even writers
of texts, seems to know what ought to be taught and in what year
the material should be placed.

Rugg and Clark [g2] investigated the question of ~thinking™ in
the algebra course, and from an examination of textbooks con-
cluded that less than one-third of the time in algebra is devoted to
problems requiring thinking. Many high schools tind themselves
faced with the necessity of deciding which of several courses to
offer. Babcock |7] made an investigation to determine whether
solid geometry or advanced algebra should be offered in a coeduca-
tional secondary school which cannot oifer both.  Sixty heads of
departments were asked which of the two was of greater value,
The majority favored offering solid geometry.

[11. Tue History AND StTaTUs OF Marunemaries Teacnine

History. Mathematics is sometimes thought to be a relatively
static subject. Its teaching, however, has changed during the past
few years. A comprehensive study of the history of the teaching
of elementary geometry from the time of ancient Greece to 1909
was carried on by Stamper |1o5]. In his report he discusses also
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the current teaching of geometry in the various countries of Europe,
and an effort is made to interpret contemporary problems in the
light of their historical background. Chateauneuf 19| traced
changes in the content of elementary altebra since the beginning
of the high school period.  She gives tables and chartz showing
changes in emphasis, and the number and percentage of exercises de-
voted to various topics in succeeding decades. General trends and
significant changes are discussed with some care.  Three major
changes have come about in the teaching of algebra in the last
hundred years: the introduction of graphs about 1390, the elimina-
tion of progressions, and the introduct.on of trigonometric ratios.
Minor changes include a gradual increase in the number of exer-
cises, largely in verbal problems, and a reaction against complexity.
In general. algebra is changing in the direction recommended by
the National Committee in 1923 (in many instances this trend
was noticeable as far back as 19oo).  Sanford |oz[. in a careful
study of the history of algebra problems, followed various types of
problems from their tirst appearance, in some cases hundreds of
years ago, to the present. Simons [1o24 traced the history of the
introduction of algebra into American schools by means of a study
of early manuscripts, students’ notebooks, commencement theses,
textbooks, school records, and advertisements of schools which ap-
peared in the newspapers. “Nowhere are there found indications
that a practical need for algebra actuated the teaching of it during
the early period.” It was evidently taught for its own sake,
Sevbolt Jror] discusses brietly the teaching of mathematics in the
colleges and secondary schools of America in the eighteenth century,
He gives many footnote references to the newspapers of the time.
Current practice.  Many studies hrive been made which throw
light on present procedure in the teaching of mathematics in the
United States. Some of these are referred to under other headings.
because they seem to have some other purpose than the determina-
tion of che present <tate of attairs.  Current practice in the teaching
of junior high school mathematies was investigated by Worthington
[ 128].  Hix questionnaire study of eighteen junior high schools in
Pennsylvania and thirty-three outside Pennsylvania showed the
time devoted to the subject and the texts used in each grade.
Usually four or five periods per week were devoted to mathematics
Only one text was used in as many as ten schools. The nfty-one
schoals used sixteen different texts in the <eventh grade.  Almost
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half the schools taught trigonometry. About 3o per cent taught
some demonstrative geometry, while logarithms and the use of the
slide rule were rarely given. In an article entitled “Hotz Algebra
Scales in the Pacific Northwest,” Eells | 34| reports the scores of
more than gooo students in eighty-nine schools. Detailed results
are given and schools are classified according to the text used and
according to the size of the school. No statistical analysis is made
to show whether differences between schools using different texts
are significant. Seventy-five per cent of the schools had medians
which were above the test norms. Rosenberger |8g| investigated
the place of elementary calculus in the senior high school program.
He describes foreign practice, gives a comprehensive history of the
development of calculus as a school study, and then sets up a pro-
posed syllabus for use in the secondary schools.

IV. Tur ORGANIZATION oF SUBJECT MATTER

Correlated and general mathematics. Perhaps the leading
proponent of correlated mathematics in this country is Breslich.
In a report |15] he gives the results of a study of conditions at the
University of Chicago High School. As a result of the development
of correlated mathematics, failures were reduced, until in 1920 they
were less than the percentage of failures throughout the school
as a whole. Withdrawals during the semester decreased, and the
number of pupils electing third and fourth year mathematics in-
creased. Students who later took college mathematics at the Uni-
versity of Chicago made an average number of grade pnints which
was above the class average, although they did not do the same
above-average work in other subjects. Of those who went to other
colleges, over half did better in mathematics than in other subjects.

Burks [16] compared students who took general mathematics
with those who took algebra and geometry. The students were
paired on the basis of past work and intelligence. ‘The general
mathematics group learned as much or more mathematics in
seventy weeks as the algebra-geometry group learned in seventy-six
weeks. [orty-five per cent of the general mathematics group
elected advanced algebra and 24 per cent elected solid geometry,
while 15 per cent of the algebra-geometry group elected advanced
algebra and 14 per cent elected solid geometry. General mathe-
matics seems to be more interesting, Crow and Dvorak [25] gave
the Hotz Algebra Scales and the Minnick Geometry Tests to pupils
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in hive high schools.  Some had taken general mathematics and some
had taken algebra and geometry, The different groups were not in
the same school and groups were not paired and not equal.  Intelli-
gence scores were not available. On the algebra test the general
mathematics group was superior, but not by a signiticant amount.
On the four parts of the geometry test the general mathematics
group was superior and the chances that the differences were real
were 38 to 1, 160 to 1, 369 to 1, and 6.5 to 1, respectively. The
authors conclude that ~the experiment tends to show that the reor-
ganized mathematics gives the pupil as much knowledge as the old
type of organization, though no decided advantage.” Insofar as
geometry is concerned, the authors seem to be very conservative
in their conclusions, Stokes | 108] examined the ninth grade records
of pupils who had had arithmetic in Grades 7 and 8 and those who
had had general mathematics. ‘The ninth grade course was general
mathematics.  Those who had had general mathematics in the
seventh and eighth grades did better work in the ninth grade by an
amount which was 8.29 times the standird error of the difference.
The chances are more than ¢ggg in 1000 that the difference is real.
Seventh and eighth grade general mathematics i< a better prepara-
tion for rinth grade mathemutics than arithmetic. Wallace | 118]
compared the work of two equated ninth grade classes. one of which
was  taught —correlated” mathemuatics and the other “unitied”
mathematics.  In his report the author explains the difference
between these two terms.  No statistically significant difference in
performance was found between the two classes, The cumulative
findings indicate that any difference there may be is in favor of
unified mathematics. .\ most thorough and extensive study of
general mathematics is reported by McCormick [39]. He gives
a history of the movement. cites evidence bearing on the results
of teaching general mathematics, and gives the results of an analysis
of textbooks used in the high school. His study concludes with a
series of concrete suggestions for teaching, Orleans |71 describes
an experiment in teaching advanced algebra and trigonometry as
a4 fused course in Grade 11, He notes the results of Regents’
examinations, The results are not very conclusive because of the
presence of certain uncontrolled factors and the unreliability of the
tests used, but they indieate that pupils learned as much algebra
and as much trizonometry as they do whenr the courses are given
separately.

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

206 THE EIGHTH YEARBOOK

The analysis of al*cbra. A most complete analysis of the
fundamental skills of algebra was made by Everett {37]. He
identifies “associative™ skills as contrasted with “manipulative”
skills, ‘The former are those which **give meanings to operations
and relations.” These associative skills, their place in the subject,
and their importance are described and discussed fully. Errors
which pupils make because of a lack of possession of the associative
skills are described in some detail. Pease 174] made a thorough
and careful analysis of the processes to be taught and the bonds to
be formed in elementary algebra, and determined the relative diffi-
culty of each process by determining the number of wrong answers
which pupils gave to certain test items. He found that algebra
involves 541 different learning units. He notes the complexity of
the mental functions involved and points out the need of an
analysis of these functions. Wuples and Stone [rig} made an
elaborate analysis from the teaching standpoint of a single topic
in algebra—directed numbers. The unit was analyzed for desired
outcomes, and pupils’ difficulties were then determined and classi-
fied. The purpose of the study was to “detine a technique whereby
any investigator may collect methods of remaving pupils’ difficulties
in learning a given unit.”

The analysis of geometry. The common subject matter of
geometry as represented in six texthocks was analyzed by Welte
[122]. He determined whi.h propositions are common to the vari-
ous books and to the list proposed by the National Committee.
He listed the technical vocabulary of gennietry, the “main ideas™ of
geometry, and the frequency with which cach word and each idea
is used. He then set up a -psychological photograph,” a table
showing which words and which ideas are used in each theorem.

V. Coxpirrons AFFECTING OR AccoMpPaNYING TEACHING

Mathematical ability. The analysis of mathematical abilities
has proved to be a fruitful tield for investigation. Several writers
have carried on studies of the relationship between ability in
mathematics and other mental abilities.  McCoy [60] found ability
in algebra related to the following to the extent represented by the
coefficients given: arithmetic, .3y readine, .32 intelligence, .48;
chronological age, .12 interest and persistence, .40.

Thorndike [113] quotes a study by Weglein in which the r be-
tween algebra and the average of all first year studies in the high
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school including algebia is .64. Crathorne found an » of .30 between
algebra and intelligence, Buckingham found .38 between algebra
and scores on the Army Alpha test, and Proctor found .46 between
algebra and scores on the Stanford-Binet test. Thorndike quotes
several other studies and the coefficients of correlation which were
found. He points out that these correlations are higher when cor-
rected for attenuation, and still higher when corrected to express the
relationship as it would be in a standard, unselected. adult group,
when the »'v run from .74 to .92. Buckingham |15| examined the
records of twenty-seven pupils who failed in algebra in the Cham-
paign High School.  The » between scores on the Otis test and
scores on the Rogers mathematical prognosis test was .32.  Buck-
ingham quotes several other investigations as follows: Jordan at
Arkansas found that the r between Army Alpha and mathematics
grades was .21 for ninety-four students, smaller than the relation-
ship between Army Alpha and any other subject investigated. At
the Harrison Technical High School in Chicago the » hetween the
Terman group tests and algebra grades was .25 for 235 cases. At
the Urbana. Ilinois, High Scheol the r hetween Army Alpha and
algebra marks wus .38 for 193 cases, and that between Army Alpha
and geometry marks was .40 for the sane group. These facts lead
to the conclusion that mathematical ability is not zo closely related
to general intelligence as has been supposed.

An elaborate study of the factors of success in first-year algebra
was made by Schreiber [gg]. The Courtis test, some of the Hotz
tests, and the Otis intelligence test were given to 160 pupils during
the last month of school.  Schreiber reports that the algebra pupils
were above normal in arithmetic ability, but that the relationship
between algebra and arithmetic was low when intelligence was held
constant. The correlation between aluebra and intelligence was
higher than the correlation between algebra and arithmetic.  Those
who failed in algebra were below standard in arithmetic and intelli-
gence.  Schreiber concludes that an 1.Q. of go i3 the minimum
necessary for success in algebra.

A study by Haertter [44] was carried oa to determine the
knowledge which pupils brought to their tenth grade mathematics
work. The test used is described in detall and one of the tests is
given. He foand that the pupils tested brought a large store of
geometric information, and that it is not necessary to spend several
weeks teaching terms and concepts if pupils have had the reor-
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ganized program in the junior high school. thus permitting the
covering of more work in the senior high school course. Boyvce |11
carried on an investigation with a class in algebra, giving them tests
in intelligence and arithmetic at the beginning of the vear, part of
the Hotz tests at the end of three months, and the same after six
months of algebra study. Correlations between the alzebra test
and various parts of the arithmetic test were low., “When a student
has passed through the arithmetic of Grades 1 to 8 inclusive,
success in the first three months of algebra seems but very slightly
dependent upon previous attainment in arithmetic.™ Lee and Lee
|56] made a statistical analysis of certain data dealing with the
performance of pupils on prognosis and achievement tests in algebra
and geometry and made a comparison with previous investigations.
They also studied algebra and geometry marks. Their conclusions
follow: Algebra ability and geometry ability are probably related
to an extent best represented by an r between .50 and .65. The
r between achievement in algebra and achievement in geometry i
probably between .40 and .70. Correlations between abilities in the
two subjects are usually higher and more consistent than correla-
tions between achievements in the two subjects.  About 40 per cent
of the pupils show a difference between algebra and geometry in
respect to both ability and achievement that cannot be attributed to
chance. Some factor other thun achievement and ability is entering
into school marks in these two subjects. In addition, the authors
state several less important conclusions, It is unfortunate that this
interesting and significant study did not involve more cases, hut
only two classes were used.

Attempts to develop prognostic techniques of mathematical
ability are reported by two investigators. Perry [78] made a com-
parison of the prognostic value of the Orleans Geometry Prognosis
Test. the Perry geometry prognostic test. and the intelligence quo-
tient as determined by the Terman group test. Achievement was
measured by the Hart Geometry Tests, Test 1, and by teachers’
marks. The Orleans test is more closely correlated with intelligence
and it predicts performince in geometry better thun the Perry test,
Lat when the [.Q. is partialled out. the Perry test predicts better.
The highest r found is .78 between the Orleans test and the Hart
seometry test. This is a zero order . One important difference
between the two tests is noted : The Orleans test measures students’
performance in the face of actual geometric situations, while the
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Perry test tries to give the “potential abilities which, when directed,
can lead to an effective mastery of plane geometry.” Rogers |88]
set up seventeen tests of mathematical aptitude and investigated
their value as prognostic of success. She determined the relation-
ship by the performance of pupils on each test and by general abil-
itv. The six best tests were selected for use in a composite prog-
nostic test. “The correspondence found between the mathematical
abilities tested might he traced to the common characteristic of
capacity to react to partial elements in the situation.” “Mathe-
matical ability can be satisfactorily diagnosed by six tests requiring
an hour and a half in time.” In a total of 114 cases, the composite
diagnostic test predicted school marks to the extent represented by
rs of .79 and .92 in two schools, when the obtained r’s were cor-
rected for attenuation.

Individual differences. Differences in the abilities of pupils
to learn mathematics have interested workers in this field for some
time. Probably because of the relative ease with which studies of
differences can be carried out. this problem has been carefully in-
vestigated. First. with reference to sex differences, Thorndike | 113 ]
reports that -on the whole the ability of the sexes is on a par.” He
finds also that boys in Grade 12 place algebra higher in the order
of school subjects for preference than girls do. Pease [75] examined
tests taken by 6835 pupils and counted the errors in each of twenty-
three fields of algebra. When the results are expressed in terms of
the number of errors per hundred pupils, he finds that boys make
more errors in twenty-two of the twenty-three skills measured.
The average hoy makes 164 errors and the average girl 143. Webb
[121]. making an investigation in geometry, tested 1130 pupils,
classified into five groups according to mental age. In general,
hoys are found to be superior, and this superiority is most marked
at lower mental ages. Only in the group with mental ages of 1814
and over are the girls superior to the boys. Girls, in general, attain
one more year of mental maturity than boys before their achieve-
ment in geometry is comparable to that of the hoys. When the
middle 68 per cent of cases is considered, girls are found to be
more variable. In his study of New York Regents' papers for 2800
pupils in 100 schools. Touton {r116] found that the boys showed
decidedly stronger preference for construction exercises than girls
did. but the range within either sex was much more signiticant than
the difference between the sexes, Perry [76] followed the progress
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of two geometric sections, an experimental and a controlled group.
The boys were higher in mental ability and reasoning ability, but
the girls reached a higher level of achievement in the geometric
exercises. No statistical analysis of the results is indicated in the
report. Taylor [r12] kept a careful check of the daily work of
seventy algebra pupils. A record was kept of the time spent and
the number of items correct on certain daily drill exercises. He
found that those who got the most right answers did their work
in the least time. In general, the brighter pupils wasted that part
of the class period which was devoted to remedying the deficiencies
of their less fortunate fellows. Taylor concludes that pupils of
widely varying abilities should not be placed in the same class.
The ability of students to profit by the study of algebra was care-
fully studied by Symonds [110]. In connection with his results
Symonds gives suggestions for revision of the course of study in
algebra.

Ability grouping. The problem of the homogeneous grouping
of students has occupied the attention of educators for some time,
and the merits of the plan have been carefully investigated. Several
studies have applied to the field of mathematics. Kerr |s5]| reports
an experiment carried on in one of the high schools of Cleveland
in which pupils were classified in mathematics according to ability,
slow groups taking courses in industrial mathematics with much
drill and much review of arithmetic in the ninth grade, and taking
a tenth grade course consisting of material geometric in nature
but without demonstration. Constructions and applications were
stressed.  Under this scheme failures were reduced by about one-
half, pupils were found to be happier. and teachers better satis-
fied. In a systematic consideration of the problem of homogeneous
grouping. Mensenkamp | 62] discusses the various bases for section-
ing and describes how the work may be adjusted to the needs of
varying groups. He gives correlations between different predictive
measures and success. and concludes that those in the lowest fifth
in the eighth grade should take no algebra at all. In the experiment
described, the remainder were sectioned on the basis of eighth grade
arithmetic scores and intelligence as determined by the Otis test.
Austin [6] reports an experiment in which pupils were classitied by
the grade teachers into A, B. and C groups. About 15 per cent
were thus assigned incorrectly. ~The Otis test would have placed
them all correctly.”™ Intelligence, he says, is a necessary but not a
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sufficient condition for success in algebra.  Any pupil with an LB.
(Otis) of 100 can pass in algebra if he is willing to make the effort.
but new material and new techniques must be developed for the
use of the slower sections. In another place [3] the same author
reports that the Otis test is superior to an arithmetic reasoning
test for sectioning algebra pupils, although the Otis test seems to be
somewhat less than perfect, for, he says, the r's betveen the LB,
and algebra marks were found to range from .40 to .54.

Class size. The optimum size of high school mathematics
classes was the subject of two inv~stigations, Jensen [350] reports
a very carefully controlled experimen® in which pupils were put inte
large classes and small classes. The individuals were paired by
1.Q., age, and initial algebra ability. Other factors were carefully
controlled. The progress of the two groups was then compared.
He concludes that achievement in elementary algebra is more rapid
in small than in large classes. and the difference is more marked
in the casge of boyvs. Jensen used only forty cases, and his differences
in favor ot small classes, although he draws the above conclusion
without reservation. do not seem to warrant considering the ques-
tion closed. Hauertter [43] placed twenty pupils in a small class
in geometry and fifty-five in a large one. Each pupil in the small
class was paired with two in the large class. The two groups were
about equal in average 1.Q.. average marks in the previous year,
and averaze mental age. e describes in detail the technique used
in the large group, which involved breaking it up into small groups.
Pupil leaders assisted in carrying out administrative duties. At the
end of the vear the small section had a median score of 562 and
the forty paired students of the large section a median score of
352.5. The comparizon of the individual scores indicated that the
poorer students did better work in the smaller scection, hut neither
one of the sections was found to be demonstrably superior for the
hetter pupils.

Study. Individual and group study habits seem to have some
effect on the extent to which pupils master mathematics in the high
school.  Stokes [1og] describes a technique for measuring applica-
tion in a mathematics class.  Observers used stop watches to time
individual pupils in a group to determine the exact number of
minutes they were studying,  The distzibution for the ninety-two
pupils was far from normal, but the average index of application
increased during the vear. In general pupils worked about 82 per
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cent of the time. The correlations indicate that application has
more effect on achievement than intelligence has.

Johnson [53] compared classes which used the traditional (ues-
tion and answer method with those which used a socialized project
stue. * method. The classes were about equal in ability, but in the
case of both first and second year groups, the socialized recitation
pupils had better scores on each of four quarterly tests and the
semester examinations.  No statistical analysis of the significance
of the difference is given. Douglass [29, 32| compared the study-
recite sequence with the recite-study sequence in several subjects
including mathematics. *The R-S sequence is probably more effec-
tive for classes in mathematics in the junior high school™ In the
three classes used for experiment the chances in 100 that the differ-
ences were real were 97. 50. and 88, respectively:.

Minnick [63] observed the performance of thirty-six pupils
divided into two groups at random. One group spent the recitation
period in geometry and did their study without supervision. The
other spent a period directly following the recitation period in pre-
paring the next day’s work. The supervised group kept notebooks.
“An effort was made to teach the child how to study geometry.”
“In each of the six week’s examinations and the final examination,
the supervised class excelled in both the average grade and the
average number of problems solved.” No statistical analysis of the
differences is given. Experiments in a number of schools with
several subjects are reported by Brown and Worthington |14].
Supervised study groups had sixty-minute periods and other groups
had forty-five-minute periods. In one school the algebra classes
showed no ditferences. In a second schaol the supervised study
group showed “maurked superiority™ by all measures of progress,
The groups were equal in intelligence and at the end of the semester
the median semester marks were 76.8 and 7o0.0 for the supervised
study group and the recitation group, respectively. The probable
error of this difference is not given.

Barton [8] equated two groups on the basis of chronological
age, L.Q.. and ability as measured by the Stevenson Problem Anal-
vsis Test. There were eleven pupils in each group.  Group .\ used
a class discussion method for solving problems. while Group B
used a technique by which individuals received specific assign-
ments.  The group discussicn method was found to he somewhat
superior.
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Teachers of mathematies, .\ comprehensive study of teachers’
subject-matter combinations wits made by Anderson and Eliassen
|1]. They covered twenty-five different geagraphical areas in the
United States, some of which included whole states.  Seventeen
per cent of all the teachers listed taught one or more classes in
mathematics.  In West Virginia only 5 per cent participated in
instruction 1 this field, while in North Dakota the percentage was
17, Of 673 teachers in North Dakota, 246 taught some mathematics
and only eight taught only mathematics,  Forty-five per cent of the
mathematics teachers in New York State taught only mathematics,
Science wis the subject most commonly combined with mathematics
in teachers” programs.

In o study of the training of mathematics teachers, Zant [130]
describes the mathematics programs of schools in England and Ger-
many, the training of teachers, objectives, standards, results ob-
tained. ete.  Standards are much higher in both these countries
than in the United States, but in this country more students take
the work. It was found that teacher-training requirements are
higher in FEurope.  In an article hy Hughes [48] a proposal is made
for a study intended to find out just how much college mathematics
a teacher ought to have. Hughes suggests comparing the results ob-
tained in terms of pupil mastery by teachers with varying amounts
of preparition.

The problem of providing material for a teacher-training course
was attacked by Schaat [97]. He studied the needs of prospective
teachers of junioe high scheool mathematics, examined catalogue
descriptions of courses offered to such prospective teachers, and gave
tests to Treshmen enrolled in teachers colleges.  He then set forth
in some detail the material needed by such individuals in the form
of a syllabus for a proposed course to be taken by teachers in
trainimng.

VI T LearNinG o Marnesaties

Drill.  Those aspects of teaching that are most objective are
likely to receive the most attention from experimenters in education.
The care with which the psychology of drill has been investigated
ilustrates this fact. The amount of il needed to master algebraic
tasks wies studied by Thorndike [113]0 Sixty-cight teachers of
mathematics estimated how many tines a pupil in a typical ninth
srade class would do each of thirty tasks. Thorndike gives these
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tasks, together with the number of times estimated. Estimates of
how often pupils represent a number by a letter varied from 1o0-
to s0.000. Estimates of how often they add algebraic expressions
with unlike signs varied from roo to 1,000,000, and estimate: of
the number of times they divide by a fraction varied from 1. to
tooo. A\ study of textbooks showed a variation from 367 to 550
for the first of these three tasks and from 3o to 62 for the last. “The
plain fact is that nobody, not even an author of a textbook, has
exact knowledge of the amount of prictice it contains unless he
actually makes the count.”

The need of systematic drill is discussed at some length by Rugg
and Clark [92(. These men describe the construction of suitable
drill exercises and give instructions to indicate how they are to be
used. Taggart [111] devised a set of drill-tests for algebra similar
to the Courtis tests in arithmetic. Two sections used them and one
section did not. The results indicate that such systematic drill-
testing is worth while. Coit [22] describes an expe iment in which
tests were given to 260 pupils in various classes :n four schools.
Subtraction was selected for remedial drill and was practiced ten
minutes per day. In a retest the percentage of error dropped for
every item. After two months without drill the test was given again
and the effects of the drill were still evident, for the percentages
of error were even lower. In three high schools the drill was not
given and the reduction in percentages of error was much less. In
a somewhat similar study made to determine the effect of drill,
Armstrong [2] used comparable groups in algebra, and the experi-
mental group was given an eight-minute drill three to five times per
week for seven months. The groups were paired for intelligence.
At the end of that time the experimental group showed a superior
score on the Hotz tests by an amount which indicates that the
chances were 89 in 1oo that the difference was real. The groups did
not differ in problem-solving ability at the end of the experimental
period, which fact may be explained by the designation given to the
drills used, “Accuracy-Drill-Tests.”

Retention.  Inumately associated with the problem of the
efficacy of drill is the one of retention. Worcester [127] gave
different forms of the Douglass algebra test on February o,
March 29, and May 17 to a “small class,” The tests were repeated
the followirg Decemuer. On the retest of the form used in February
the average was 1.09 of the first score. The December averne for
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the test given in Marcii was .83 of the first score, while the retest
of the third form, given in May, showed an average of .35 of the
first score, Certain items were remembered by nearly 100 per cent
of the class. Thorndike |113] gave a short algebra test to 189
college graduates, students in a law school. By estimating from
typical high school performance what the individuals would have
done at the time they finished algebra. he concludes that the com-
monly accepted notions about forgetting are not warranted. Eells
[35] studied the amount of algebra retained by college freshmen.
He discovered that they showed skill above the Hotz star.dards for
problem solving, but below those standards for manipulation, unless
their record showed that they had had three semesters of algebra in
the high school. These were freshimen who elected college mathe-
matics. Those with three semesters of entrance credit in algebra
did not seem to exceed in problem-solving ability to any great
extent those with only two semesters  The author refers to a study
by Woody in which opposite vesults were obtained in one Michigan
high school and quotes Woody s conclusion: “The seniors had re-
tained a relatively large amount of the knowledge of the more
formal aspects of algebra, but a comparatively small amount of the
more complex problem aspects of the subject.”

More forgetting is indicated in a study by Arnold [3] of the
results obtained by testing fiftv-two college students with Hotz
tests. In four out of five scales the median for the college students
wis below that for the end of the first year of high school.  About
half the students had offered three semesters of high school algebra
for entrance. and the test was given after they had completed one-
third of the nirst vear of college algebra. Evidently the first part
of the college zluebra course was not a review of high school aige-
bra, as is fiequently the case. Arnold remarks that the students
tested showed extreme deliciency in all phases of algebri.  Retention
for a shorter length of time was studied by Mirick and Sanford
|67]. Two tests were given. one at the very beginning of the
eleventh year and one five weeks later, to students who had had
two years of mathematics, some, one year each of algebra and
of geometry, and some. two years of algebra. The results were dis-
appointing to the experimenters, and they comment at some length
about the undesirability of teaching many topics in algebra as
though teachers mear merely to show pupils that “it can be done.”
Pupils achieve real mastery of only a very few simple tasks.
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While the retention of algebra has been studied rather carefully.,
only one investigation in the field of geometry was found. Arnold
|4] gave the Schorling-Sanford test to eighty college students and
found that 86 per cent were below the standard median and 26 per
cent were below the tenth percentile. While the test disclosed a
lack of knowledge of basic geometric facts, hased largely on defini-
tions. theorems. and formulae, the most outstanding difticulty ap-
peared in the drawing of conclusions from given data.”

Errors. An analysis of errors found on pupils' papers offers
a relatively easy method of studying the teaching of algebra, but it
must be admitted that in many cases it is difficult to draw appro-
priate conclusions from the facts which are found. One investi-
gator studied the arithmetical errors made by high school pupils.
Minnick [65] reports the results of arithmetic tests given to pupils
entering the high school, The errors were classiied and the types
listed for each problem,

Errors in algebra were the subject of four investigations. ‘Thorn-
dike | r13| gives tables to show the percentages of wrong responses
to simple algebraic tasks. He finds that “pupils lack mastery of the
elements of algebra.” An interesting illustration of the kind of
error study which a classroom teacher can make is found in an
article by Wattawa |120]. She recorded all errors made over
period of three months and found that many were of an arithmetica:
kind. In home work this type constituted 32 per cent of the total.
In class work it constituted 42 per cent of the total, while 41 per
cent of the errors found in the pupils’ work by the Hotz formula
and equation scale were arithmetical in nature. A total of 407
errors were listed.  An extended report by Benz [g| of the results
of the Ohio Every-Pupil-Test in Algebra for 1930-31 gives the dis-
tribution for 16,927 papers. Three hundred typical papers were
analyzed in detail and the types of errors were listed. Each item
is discussed in the light of the errors most commonly found, and
suggestions are made for teaching the principal topic involved.
Pease |74] studicd the errors made in certain algebraic processes
at the time the topic was completed. He tabulates and classifies
these by “error-types.” In all, 43.828 errors are tabulated and
classified. His summary table shows that sign errors constituted
23 per cent of the total and process errors 31 per cent. Pease found
227 different error-types scattered among twenty-three algebraic
topics.  The results of the Ghio Every-Pupil-Test in Geometry were
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critically studied by Christofferson |20].  He examined typical
papers and. in the light of the errors made, sets forth certain sug-
gestions for teachers of geometry.,

Failures. The literature on the teaching of high school mathe-
matics indicates that much of the antagonizsm against making this
subject a requirement grows out of the large number of failures.
This phenomenon has been studied by many workers in the general
field of secondary education. Special studies of failures in mathe-
matics are reported by three individuals. FElder |36] applied the
Indiana Mental Survey scales and the Otis Self Administering Tests
to fifty pupils. The r between the mean percentile ranks on the
two tests and scores in algebra was .60, Assuming that the upper
three-fourths of the scores in ulgebra were satisfactory, he con-
cludes that 89 per cent of those above the thirtieth percentile in
intelligence will pass in algebra and only 31 per cent of those below
this point will pass. Wood [125] made a careful study of a group
of twenty-three pupils who had failed in algebra. When correlating
their 1.Q."s and class grades, he found that R (Spearman) equaled
993. .\ comparison of the meuns of the Rugg-Clark tests and the
[.Q.’s showed an R of .998. while the means of the Rugg-Clark tests
and teachers’ marks showed an R of .9g9. “The class grades were
not based on results of the test.”” The author made out a verbal
problem test on the baris of the text which the pupils had used in
their algebra work and found that this correlated with the means of
the Rugg-Clark tests to an extent represented by an R of 979. The
conclusion is drawn that algebra is so closely related to mental abil-
ity that conducting classes for “repeaters™ is a waste of time. Cer-
tain questions relative to the size of the coeflicients of correlation
shown will undoubtedly occur to the reader.

Causes of failure in plane geometry were studied by Crafts [24].
Intelligence. records, and study habits of @ group of failing pupils
were examined. It was concluded that 30 per cent of the failures
were due to incapacity. Over 50 per cent of the failures were due
to conditions which the school could remedy:.

Various features of algebra learning. In a thorough discus-
sion of the teaching of algebra, Rugg and Clark |gz2]| describe a
program of experimental teaching. They did not use control groups
but selected new teaching procedures, then used them under the
direction of a trained observer. Careful notes of difficulties en-
countered were made immediately after each lesson and these notes
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were used as a guide for future teaching. They found that in some
cases their procedure permitted the topic to be covered in less time
than was usually the case. Comparative tests showed higher scores
for the experimental groups than for other groups. Tt should be
said that the teaching wuas so completely reorganized that it is
difficult to determine to just which features the improved results
were due.

An analysis of the difficulties involved in a specitic topic in
algebra was made by Dickinson and Ruch [28]. They studied
the eifect of subscripts, decimal coefticients, and upper case letters
on difticulty in factoring. They gave eight tests involving 160 items
to a total of 6oo pupils. Three examples which involved subscripts
were missed by 70, 36, and 62 per cent of the pupils, respectively,
while parallel examples with this difticulty removed were missed
by 13, 14, and 31 per cent, respectit ly. Examples involving deci-
mal coeflicients were missed by many more pupils than similar
examples which did not involve this particular difficulty, Exer-
cires involving upper case letters were missed more often than
simi'ar examples using lower case letters. While the various items
compared were not exactly parallel, they were sufticiently similar
to warrant the conclusion that the elements involved need further
treatment if they are not to be sources of difficulty to pupils.

Jackson l49] studied the relationship between the 1.Q. and
success in algebra of a group of hoys in a private preparatory
school. e concludes that a boy with an LQ. of 110 can learn
algebra if he wants to.

Thorndike |113] studied tie relationship of ubility in the me-
chanical skills to intelligence. He concludes that —algebraic com-
putation as actually found is emphatically an intellectual ac-
tivity, . . . It is far above the reproach of being a mechanical
routine which can be learned and operated without thought.”

Various features of geometry learning. In a study of 441
applicants for admission to Cooper Union who took a geometry
placement test and told how long they had studied the subject,
Snedden ro4] found an r of only 218 between success on the test
and the length of time the subject had been studied. He concludes
that “the amount of time a person has put on a subject is worth
almost nothing as an index of his nroficiency in that subject.” Pitts
and Davis [79] made a comparison of the analytic and synthetic
methods of teaching geometry. They used two equivalent groups
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and conclude that, when used as the only method of attack, the
analytic method acts as “a hindrance, deterrent, and eliminator.”
The analytic method was not a help in the solution of originals.
As the classes involved used an elaborate form for recording proofs,
it is possible that this was a major factor in the experiment in both
classes and actually rendered more difficult the thinking that the
analytic method is supposed to encourage. The experiment should
be repeated with greater attention paid to thinking and less to form.
The teaching of geometric concepts was studied by Scofield [ 100].
Four classes were used. Group A, C. and D) were practically equal
in intelligence, while Group B was superior. Groups A and B used
the traditional method, while Groups C and D used an inductive
method.  No textbook was used, but figures were placed on the
blackboard and discussed. At the end of three weeks a test was
given on the mastery of the concepts. Groups C and 1) did better
than Group A. This superiority carried over into the demonstration
work later in the semester. ~The experimental method has given
the pupil clearer conceptions, keener interest in geometry, and a
better approach to demonstrative work than has the traditional.”
A study of the assignment in geometry is reported by Chastain
[18]. In this experiment two sections were used and individual
pupils were paired on the basis of intelligence. The experimental
group used fifteen minutes each day in going over the assignment,
“a carefully planned. analytical assignment.™  The pupils par-
ticipated in outlining the exercises assigned. Geometry tests were
given every two weeks and scores for the two groups were compared.
The ditference was found to be 7.9 times its standard error in favor
of the experimental group. The author concludes that this “differ-
ence . . . cannot be caused by chance.” Every effort seems to
have been made to equalize the two groups. “rhere were perhaps
too few cases and the tests were not as objective as might be wished.
Modern authorities on the teaching of geometry insist that one
of the important objectives is to teach children to think. The
extent to which this can be done has not been sufficiently investi-
gated. Johnzon [s51] studied this problem, using parallel groups.
The experimenta! group frequently discussed common problems of
everyday life which demanded the use of reasoning, and examnined
the logical processes used in their solution. The Burt Reasoning
‘Test was given before and after the experiment, and a small gain in
reasoning ability was found in favor of the experimental group.
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Perry |77] made a careful analysis of the reasoning process and
then devised a technique of reasoning suitable to demonstrative
geometry. An experimental section was taught, the teacher using
this technique, while control groups were taught by a more or less
conventional method. In the experimental section difliculties were
fewer and achievement was greater. The very superior students,
however, were not helped by the experimental technique. The ex-
perimental group showed a marked improvement in the ability to
do non-mathematical reasoning. The process of reasoning as used
in the solution of original exercises in geometry was studied by
Touton |t17]. He examined the work done by pupils on this type
of material on 2800 geometry papers written for the New York
Regents' examinations, He formulated a list of the steps in the
thought process which should be of benelit to teachers of mathe-
matics.

VII. ProrLEM SOLVING

Problem material. The place of verbal problems in the algebra
curriculum has been the subject of some controversy. Problem
material was carefully studied by Powell [8o]. He presents a
collection of 466 verbal problems rated by algebra teachers for
genuineness, importance, and interest. His estimates of difficulty
are hased on pupil performance. The associations are shown be-
tween the various factors and suggestions are made relative to
teaching procedures. Powell discovered that teachers are poor
judges of pupils’ interests, and that pupils are most interested in
problems that imply activity and in puzzle problems when they
are so stated. Reasonableness is a minor factor in the development
and maintaining of interest, while difticulty tends to make problems
less interesting.

Teaching problem solving. The difticulties involved in solv-
ing verbal problems were studied by Clem and Hendershot [21].
They examined the papers of eighty pupils in four classes and con-
cluded that problem solving depends on problem reading: that the
inability to do logical reasoning is a significant factor in producing
errors; that many capable pupils fail because they are not taught
to work systematically; and that many errors are caused by the
pupils’ lack of mastery of arithmetic and by failure to check.
Certain suggestions designed to be helpful to teachers are included
in their report.
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Problem solving is closely related to reading ability. The diffi-
culties encountered in reading mathematical material were studied
by Ceorges [40] He used an individual interview technique and
collected 188 reports. Difficulties which pupils encountered in read-
ing problems for solution, descriptive material, and illustrative
problems are listed. Thirty-seven per cent of the difficulties were
in understanding and interpreting statements, because of pupils’
unfamiliarity with mathematical vocabulary or mathematical sym-
bolism. A lack of a “mathematical apperceptive mass™ accounted
for another 21 per cent of the difficulties. Many difficulties were
caused by the presence of specific words or phrases. Those sym-
bols, processes. and relationships which caused trouble are listed.

The eye-movements involved in reading formulas were studied by
the photographic method by Tinker [114]. He discovered that
formulas demand more fixations than ordinary prose and concluded
that pupils should be taught how to reud mathematical formulas.

VIII. INSTRUCTIONAL MATERIALS

Junior high school textbooks. Textbooks in junior high schoeol
mathematics have been the subject of three important analyses.
Foller | 38| describes the procedure of a committee selected to
evaluate junior high school mathematics textbooks as a guide for a
large city. The procedure is excellent. but such an elaborate study
is impossible for most school systems. Committeés were appointed
to analyze textbooks from each of the following points of view:
content ; presentations, discussions, and methods: manner of devel-
opment ; drills, tests, summaries, reviews ; vocabulary ; illustrations;
authors: size of numbers: mechanical phases,

Williams |124] examined and evaluated three series of junior
high school texts in terms of standards set up by the North Central
Association.  Correlations were worked out bewween the percentage
of space allotted to eighteen different divisions of subject matter
and the percentage recommended. For the three series the »'s were
44, .52, and .69. Hopkins and Paul [46] made an analysis of
thirteen series of junior high school textbooks for a committee of
the Department of Superintendence. They list the most common
objectives for each grade and give the number of authors who
accept each objective. 'The most common topics of junior high
school mathematics are then listed, together with the number of
pages devoted to each topic in each textbook.
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Algebra textbooks. Overman |73] discusses the need of teach-
ing pupils to use algebraic language and presents an analysis show-
ing the number and type of examples which give practice in alge-
braic language in each of seven texts intended for ninth grade use.
He found that books which are part of a junior high school series
are superior from this standpoint to those which are written as
algebra textbooks without regard to their relationship to the work
of the previous years.

In his extensive study of the learning of algebra, Pease [74]
tabulated the number of centimeters of teaching material and the
number of drill problems offered in each of three textbooks. There
was much variation, caused, as the author says, by the lack of an
analysis of the field and of a knowledge of the relative difficulty of
the topics. Thorndike |113| discovered that practice on certain
algebraic skills in textbooks is distributed in such a manner as to
suggest that the authors have ma:le no effort to follow a psychologi-
cal ideal.

Geometry textbooks. In the field of plane geometry Good
and Chipman [41] made an analysis of the topic of proportion in
ten textbooks. They report the definitions taught, pages devoted
to the topic, the number oi cxercises, n anner of presentation, and
the items taught. The texts vary from one-fourth to six in the
number of pages devoted to the topic and from five to sixty in the
number of exercises used to develop the concept.

Miscellaneous studies of instructional materials. While most
studies of instructional materials have concerned themselves with
textbooks, Woodring and Sanford [126] list a large number of
free and low cost illustrative and supplementary materials which
should prove useful to teachers of mathematics. Prices and places
where the material is obtainable are indicated in the book.

Many difficulties in the teaching of mathematics can be traced
to the pupils’ inability to understand the vocabulary used. Rem-
mers and Grant [85]| took samples of words from twelve mathe-
matics textb.ooks, six in algebra and six in geometry, and determii.ed
the difficulty of the words from the Thorndike Tecacher’s Word
Book. The mathematics textbooks contain from 220 to 380 different
words per running thousand, buc the most difticult book does not use
as many different words as Horace Mann's Second Reader. The
books have many words vhich are not in the Thorndike list at all,
one as few as twenty-three, and one as many as sixty-two. These
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represent the technical vocabulary of the subject. Geometry books
vary most. several having a lighter vocabulary load by an amount
which is statistically significant. No statistically significant differ-
ences were found among algebra textbooks. While the authors did
not mention this, an examination of their data shows that when all
the books are arranged in order of their difficulty, the five easiest
are dated since 1920. while the seven hardest are dated 1913 or
earlier. None of the bo ks bear dates between 1915 and 1920.

IX. TesTING AND TESTS

Algebra. Because of the relatively objective nature of the
subject matter, algebra lends itself more easily to testing than do
some other subjects. This fact has resulted in the construction of
a large number of objective tests and the presence on the com-
mercial market of many standardized tests. The construction of a
standard test, the virtues of a testing program. and the interpreta-
tion of the results of the test are described in some detail by Rugg
and Clark |g2|. Various commercially available algebra tests are
discussed by Ruch and Stoddard |¢o]. They give grade norms and
discuss the reliability and validity of these tests. Correlations be-
tween the performance on varinus tests are also given. The problem
of prognosis in algebra is discussed by Orleans and Orleans |72]
in a description of the construction of a test which has prognosis
for its main purpose. The test described is shown to correlate with
achievement to the extent represented by an r of .82. Nyberg |70]
presents 4 method for grading non-standardized tests. He shows
how examples can be analyzed into their component steps and
marked on this basis. He recommends giving part credit, for ex-
ample. if part of the steps are correct. The purpose is to enable
different teachers to grade the same paper uniformly, but he does
not cite data to show that this can be done. Harris and Breed |43
made a study of the comparative validity of the Hotz scales and
the Rugg-Clark test in algebra. They considered difficulty of
items, arrangement of items, convenience, normality of distributions
obtained, and diagnostic value, and found that the items in the
Hotz test are for the most part arranged in order of difficulty,
while the items in the R-C test are not so well arranged. The Hotz
test gives fairly regular distributions. The graphing test of the
R-C series is declared to be a poor measure since the median is
zero. The tests seem to be equally useful for diagnostic purposes.
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Several writers have described the construction of standard
tests. Douglass [30] asked 100 mathematicians what the “funda-
mentals” of algebra are. Fifty-nine replied and he selected (1) col-
lection of terms, (2) multiplication, (3) division, and (4) solution
of simple equations as topics to be included in a test. Ten items
were selected for each section of the test. 'The tests were given to
about 1ooo pupils in fourteen schools in five states. and the indi-
vidual items were given weight according to the percentage of
pupils who solved them. XNorms were then established. The re-
liability of the test was later found to be .627. In a later report
[31] Douglass describes the construction of Series B of his tests.
He asked a number of workers interested in secondary school
mathematics what aspects of algebra need to be measured besides
those represented in Series A. It was decided to include (1) frac-
tions, (2) factoring, (3) formulas and fractional equations, (4)
simultaneous equations, {(3) graphs, (6) square root, exponents, and
radicals, and (7) quadratic equations. He abandoned weighting
because his previcus studies showed that the scores obtained on
the test without weighting the items correlated closely with the
weighted scores. Norms based on the performance of from 315 to
858 pupils in from five to ten schools were established for each
group. Monroe [68] describes an algebra test which was given to
high school pupils for the purpose of establishing standards. A
similar report by Hotz !47| describes the construction of the alge-
braic scales bearing his name.

Dalman |[26] gives a description of the construction and use of
a series of instructional tests in algebra intended to facilitate the
teacher's task of adapting work to pupils’ progress. The classes
using the tests made greater progress than those not using them.
Three tests were made out on each topic, these tests varying in
difficulty. When the teacher thought that about half ihe class could
pass the easiest test, she gave it, and then divided the class for fur-
ther instruction. Later, those who had passed the first test took the
second, while the others repeaterl the first test. Now she had three
groups. Later, the best group took a third test known as the A test,
the second group took the B test, while the slow group took the
C test a third time. The slow group was given a great deal of
individual attention. The author reports that the procedure re-
sulted in improved work.

Some of the more recent writings on the teaching of algebra
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have stressed the need of developing functional thinking. This
aspect of algebra teaching has not found its way into the ctandard
tests up to the present time. Breslich |12] describes the construc-
tion of a test designed to measure functional thinking. A copy of
the test, which was given to 1800 pupils, is shown. It has eight
parts, measuring eight aspects of the pupil’s mastery of the function
concept. The author gives the median and range for each semester
of the high school. Great individual differences were found, but he
concludes that many pupils never acquire the understanding of
functionality as illustrated in high school algebra.

Geometry. The pioneer study of the problem of measurement
in high scheool geometry was carried out in 1916 by Stockard and
Bell |106|. They worked out a test in reometry involving seventy
items. This test was given to six classes, which included 372 pupils.
The items were assigned P.E. values according to their difticulties,
The construction of a typical geometry :est is described by San-
ford |g4] in a detailed discussion of the Schorling-Sanford geome-
try test. Correlations for several classes between teachers’ judg-
ments and pupils’ ranks are given on sections of the test and on the
test as a whole. The reliability of the test in various classes ranged
from .46 to .85. Minnick {66] constructed tests to measure various
aspects of geometric learning. All the tests correlated positively
with teachers’ marks in all t' e sixty-three schools in which they
were tried, and in most cases the coefficient of correlation was more
than three times its probable error. Medians are given for each
test. The author believes that the abilities measured can be de-
veloped by the time the pupil has completed Book I. He found
great variation between schools. In one test the median varied from
38 to 8o. In another report |64] the same author describes the
construction of a scale designed to measure the ability of pupils to
draw construction lines correctly to prove geometry theorems. The
difficulty of the items was determined by finding P.E. values based
on the results obtained by giving the test to about 700 pupils. Five
exercises equally spaced along the line of P.E, values were selected
for the scale. which is reproduced in full.

A new type of test is described by Greene and Lane |42]. They
constructed a series of six tests to be given at intervals during the
school year. each test covering a certain section of the curriculum.
Each theorem on the National Committee list was included in the
test, and the vocabulary was found to be common to eighteen text-
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books.  The reliability coefficients for the tests ran from .78 to .go.
The various standard tests which are commercially available were
studied by Ruch and Stoddard |go]. They describe these tests and
give their reliability and validity when obtainable.

Miscellaneous studies of mathematics testing. A comprehen-
sive description of the problems, method of construction, and uses
of mathematics tests is given by Reeve [82]. He discusses the
place of tests in the teaching program and gives illustrations to
show how diagnosis may be made from the results of such tests.
A set of scales with items arranged according to a scale unit are
included, together with the P.I. values for the items. Stoddard
f107] describes the construction of two tests—one, a measure of
mathematics training and the other one, a measure of mathematics
aptitude. The first was designed to measure the result of the
typical mathematics high school course, while the second was an
effort to predict the probable success of the individual in college
mathematics courses. While these tests were designed for use in
colleges as aids to student guidance, they were used to some extent
in high schools. Norms are given for college classes and the pre-
dictive power of the tests is discussed at some length.

McCoy [61] describes a test in solid geometry which was given
to twelve sections in the Boston English High School. A copy of
the test, distributions for each section, and a distribution for the
test as a whole are included. He discusses the reasons for giving
the test and the reactions of pupils. Teachers will find the test use-
ful and interesting, and may compare the results obtained in their
own classes with those submitted.
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THE TEACHING OF INTUITIVE GEOMETRY

A STUDY OF ITS AIMS, DEVELOPMENT,
CONTENT, AND METHOD

By WILLIAM BETZ
Rochester, New York

“Our sole dignity consists in thinking. Let us therefore strive to
think correctly. That is the beginning of morality.” PascaL

INTRODUCTORY STATEMENT *

Meaning of intuitive geometry. By “intuitive geometry” we
shall denote provisionally that desirable form of elementary geo-
metric instruction which should correspond approximately to the
work in arithmetic and in the first principles of algebra, as now
provided in our best elementary and junior high schools.

Let it be stated at the outset that the designation “intuitive
geometry™ is far from satisfactory. Only the fact that thus far a
better term has not been evolved or generally accepted suggests
its temporary retention. The long list of descriptive adjectives
which have been used from time to time to characterize this subject,
such as concrete, observational, inventional, mensurational, experi-
mental, constructive, propazdeutic, preparatory, empiric, informal,
reflects sufficiently the lack of clearness that still prevails on the
precise function of this phase of the mathematical curriculum. Each
of these alternative designa‘ions evidently refers to one particular
aspect of content, or method, or aim. Ever since Pestalcszi made

* The writer wishes to express his indebtedness to Professor W. D). Reeve of
Teachers College for valuable editorial assistance; to the library staff of Columbia
University for the opportunity of selecting some of the illustrations from rare
volumes in the collections of Professor David Eugene Smith and Mr. George A,
Plimpton; to Dr. Vera Sanford for the latter part of reference 31; to the
library of the University of Rochester for supplving important source materials;
to Professor Raymond Wheeler for permission to quote from his recent texts on
psychology ; and to the numerous European and American publishers and authors
who made possible the remaining quotations and references appearing in this
chapter. To a laree extent, the studies incorporated in this chapter were a direct
outgrowth of the curriculum revision work carried on over a period of vears in
the public schools of Rochester,
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a pedagogic gospel of Anschauung (the German equivalent of “in-
tuition"), there has been a continuous debate in the field of geome-
try on the real meaning and the implications of this many-hued
term. And it is this lack of agreement that appears to be at the
bottom of the negative attitude of many high school teachers of
mathematics with reference to the claims of intuitive geometry.
To them, intuitive geometry only too often has come to mean a
hodgepodge of unrelated geometric impressions which the pupil
acquires uncritically by a variety of “unscientific” procedures, with-
out rhyme or reason, and deveid of organization, thus causing the
worst kind of confusion in the early stages of demonstrative
geometry.

Needless to say, this type of intuitive geometry, wherever it
exists, is a caricature of what the subject should be, and it deserves
all the criticism that is heaped upon it. Intuitive geometry is
neither an inferior type of geometry, nor is it merely a preparation
for the “real” geometry of the high school. It has meaning and
importance in its own right, being essentially the geometry of every-
day life.

In the following pages the attempt wiil be made to offer a con-
structive analysis of the aims, the development, and the inherent
possibilities of this subject, which has been such a storm center for
more than a century.

Nature of questions to be discussed. Geometry, as everybody
knows. has had a long and honorable career both as a sciince and as
a school subject. Anyone familiar with its background will under-
stand why a necessarily brief monograph like this has to limit itself
to the *high spots™ of this development. For purposes of a more
complete orientation, numerous supplementary references have been
added. Unfortunately, many of the most valuable documents relat-
ing to the theme under consideration are not available in English
translations.

‘The following list of questions may serve to suggest the general
nature and scope of the problems to be discussed:

1. What is the real or alleged educational significance of in-
tuitive geometry ?

2. How did intuitive geometry come to be a school subject (¢) in
other countries? (b) in America?

3. What are the ultimate sources of geometric knowledge?



INTUITIVE GEOMETRY 57

4. ls it possible to formulate a compelling type of motivation
for the basic content of intuitive geometry ?

5. What would seem to be some of the most promising modes of
organizing the instructional materials?

6. What suggestions may we obtain from the curricula of other
countries ?

7. In this field of work. what would seem to be some of the
necessary characteristics of an ideal method of teaching?

It is the hope of the writer that the very condensation of the
materials offered in these pages may induce others to make more
comprehensive studies and thus to assist in throwing more light on
the numerous scientific and pedagogic problems that remain to be
solved in this field.

PART ONE
Ti1E, EDUCATIONAL SIGNIFICANCE OF INTUITIVE (GEOMETRY

A long struggle for recognition. Evidence + '! be submitted
in a later section that for more than seventy vears the attempt has
been macde by American teachers and authors to secure a more
adecquate provision in the elementary mathematical curriculum for
systematic instruction in geometry. And yet, aside from the em-
phasis put on the fundamental rules of mensuration in the tra-
ditional arithmetic course, very little progress was noticeable until
quite recently. I'or a long time, all efforts at improvement seemed
unavailing. and were regularly frustrated by considerations such as
the following: (1) there is no time for such work; (2) the teachers
are not prepared to give such instruction; (3) it would take away
the appetite for “reul” geometry in the high school.

At last, the arrival of the junior high school movement led to a
change, supported and guided by the authority of the National
Committee on Mathematical Requirements. Since 1920, a con-
siderable number of texthooks and courses of study have appeared
which reflect this new orientation. Even to-day, however, it must be
confessed that there is still a considerable diversity of opinion about
the precise objectives and the scope of intuitive geometry in our
American schools.

The very first step in the direction of remedying the present
confusion of objectives would seem to be a clarification of the aims
of intuitive geometry. We therefore proceed to an exposition of
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certain challenging arguments which are intended to provide an
adequate educational platform for this branch of mathematics.

1. Tur PrincipalL ARGUMENTS IN Favor oF INTUITIVE (GEOMETRY

The historical argument. The origin of mathematics carries
us back to the dawn of human history. From the beginning, this
great subject has been anchored on the bedrock of fundamental
human needs. For even the primitiwe people found it necessary
to count and to measure. These two unavoidable activities caused
the eventual development of arithmetic and geometry. Thus it is
that, from its very inception, mathematics has had a dual founda-
tion and two principal themes, These two themes of mathematics
developed side by side throughout the ages. The omission of either
one would cripple mathematics beyond repair. Hence, any scheme
of mathematical instruction which minimizes or ignores the indis-
pensable rile of geometry seriously unbalances the curriculum,
endangers the pupil's progress, and leads inevitably to mathematical
stagnation and inefliciency.

The practical argument. We are living in a world which is
incurably mathematical. Number and form accompany us wher-
ever we o, \We cannot make or manufacture the simplest object
without giving due consideration to its skape, its size, and the cor-
rect position of its parts. And as problems of construction become
more complex, correspondingly greater demands are made on exact
geometric knowledge. Thus, a skyscraper, or an automobile, or a
bridge, or a tunnel represents a veritable symphony of applied
geometry.

Hundreds of trades depend for their very existence on precise
measurement, on blue prints and scale drawings. Maps, charts,
and graphs are the very warp of modern travel and commerce, and
the calendar we use is made possible only by a continuous survey
of the heavens. In short, what subject can boast of a more all-
pervasive, practical relation to modern life?

The cultural argument. Many years ago William George
Spencer, the father of Herbert Spencer, who wrote an “inventional
geometry,” penned these interesting lines in support of early in-
struction in geometry :

When it is considered that by geometry the architect constructs our
buildings, the civil engineer our railwavs: that by a higher kind of geometry,
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the surveyor makes a map of a country or of a kingdom; that a geometry
still higher is the foundation of the noble science of the astronomer, who
by it not only determines the diameter of the globe he lives upon. but as
well the sizes of the sun. moon. and plinets. and their distances from us and
from each other: when it is considered also. that by this higher kind of
geometry. with the assistance of a chart and a mariner’s compass. the sailor
navigates the ocean with success, and thus brings all nations into amicable
intercourse . . it will surely be allowed that its elements should be as
accessible as possible.!

It has been said that measurement is the master art. Let any
skeptic ponder the tremendous fact that if number ideas and
measurement were suddenly blotted out,

. science would be lost. machinery would go out of use. and the civiliza-
tion of our industrial age would vanish. ‘The mind of man would be
weakened through the loss of its keenest weapon.  Thought would no
longer be precise. or if precision were ever attained. it could not be
comumunicited.®

Again, the geometric principles of eqality, symmetry, con-
gruence, and similarity are implanted in the very nature of things.
Hence every product of the practical or fine arts must reflect these
principles. Geometry, even in its simplest aspects. cultivates the
ability to visualize, to construct. and to appreciate spatial forms,
Creative imagination of this sort is the tool that inspired the mas-
terpieces of all plastic art.  Perhaps only the exceptional teacher
at present realizes the potential richness of geometry, hut these
cuitural claims of geometry can neither be denied nor ignored.

The pedagogic argument. We have seen above that an organic
curriculum in mathematics is impossible without intuitive geometry:,
It deserves an honored place in the course of study because of its
own inherent significance, quite aside from the aid it renders to
subsequent mathematical work. And vet, its purely preparatory
value cannot be overestimated. If demonstrative geometry is to

! The passaee quoted above wis part of the intsaduction which Spencer wrote
for the American edition of his book (18%;70). The complete introduction was re-
printed by Reevee W Doin The Fifth Yearbook, The National Council of
Teachers of Mathematics, 14920, pp. 8-0. The orivinal Enelish edition came out
about 1830 or 1833 taccording 1o Cujori. Florian, in the Final Report of the Na-
tional Cammittee aof Fijteen an Geometry Syllabus, reprinted in The Mathematics
Teacher, Vol. V. No. &opp g1-131. December. 101200,

“ Quoted from an address by Buckingham. B. R on “Statistics and Modern
Educutional Thousht.” Sehool and Society, March 220 1930, p. i80.
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survive as a school subject, it must have a real foundation com-
parable to that which arithmetic furnishes for the study of algebra.
At present too many pupils flounder in demonstrative geometry

ELEMENTARY MATHEMATICS

Calculus

Analytic Geometry

l Trigonometry

S R

’ Algebra ' l Demonstrative Geometry

e |

Numerical Trigonometry

S —
|

Arithmetic l Intuitive Geometry

because of the almost simultaneous appearance of too many diffi-
culties. Within a few weeks, the perplexed beginner is expected
(1) to master a formidable list of concepts and delinitions, (2) to
acquire skill in handling geometric instruments, (3) to face in a
totally new domain the niceties of a logical procedure which
nothing has prepared him to appreciate. Many of these difticulties
would vanish, or would be greatly reduced, if we had a continuous
six-year course in secondary mathematics in which all the work
were properly correlated, and Laving as its foundation stones arith-
metic and intuitive geometry, as suggested in the diagram above. *

The psychological argument. The cultivation of space intui-
tion and of plastic thinking is characteristic of all properly con-

#8ee A Tentative Syllubus in Junior High Schoo! Muathemalics, p. 5, wssued
by the Universitv of the State of New York, new edition, Alhany. 1911,
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ducted work in geometry, The signiticance of this type of training
as it basic feature of @/l mental work has been brought to light in an
almost spectacular manner by the most fruitful of recent psycho-
logical developments.  The “contiguration™ or Gesiett point of view
in psychology states that our impressions of the outer wori  come
to us in organized »wholes,” or in »patterns,” the parts of which, in
each case. are only appreciated in relation to-the whole. This
doctrine hias heen set forth recently in great detail by Professor
Raymond H. Wheeler of Kansas University.' The relations of this
psychological theory to mathematics, and to geometry in particular,
has been explained in a most fascinating way by Professor Gardner
Murphy of Columbia University. In an article entitled »The
Geometry of Mind.” he says:

But why. you ask. must the world be patterned at allz - Why can there
not bhe things existing for their own sweet sake. detached. serene, and unor-
ganized? Wy must things aliways be related to other thimes and the total
putterns thus constituted be related in turn to still other patterns?  Why, in
fact. when mathematics is such a burden to nearly all of us. should the struc-
ture of the world be mathematical at all? Well, on this point you will have
to vonsult the architect of the universe.  Just as the Abh¢ Haliy found that
crystals formed in some ways and not in others. because numbers were so
and so; just ws Mendelveey found that the elements arranged themselves
periodically because quantity was of the very nature of the supposed quali-
tative difference between chemical elements: just as studies of heredity have
found that the almost intinitely complicated characteristics of che different
members of o species are due not to mere likeness or unlikeness to grand-
parents, but to the permutations and combinations of independent “genes”
behaving according to the law of probability. so. even the psychologist, he
who presides over the inner recesses of the mind. finds that it is a stranger.
the mathematicion, and not he himself, who has the key to the treasure?

In reading these and many similar statements, who is not re-
minded of Plato’s famous dictum, “God always geometrizes'?

We have thus seen that there are excellent theorctical grounds
for the persistent attempts that have heen made in recent years .o
give i more praminent place ta systematic geometric inatruction in
the curricula of our American schools.

FSee Wheeler, R Ho, The Science of Pavehology, Thomas Y. Crowell Company.,
New York. 10205 Wheeler, R H. and Perkins, F, 'T.. Principles of Mental Develop-
ment, Thomas Y. Crowell Company. New York, 10325 Wheeler, R, ., The Lases
of Human Natuve, D. Appleton and Company, New York, 1030,

*Murphy. Gardner, *The Geometry of Mind," Harper's Mugazine, Qctober,
1031, P. £92,
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II. EvIDENCE AND ()mxmxs 1IN CoRROBORATION oF THEsE CLAaIMS
ACTHE ENPERIENCE OF OTHER COUNTRIES

Reports of the International Commission on the Teaching
of Mathematics. Many of the leading countries of the world have
come 1o a substantial agreement in their attitude toward the claims
of intuitive geometry. A survey setting forth its status in fifteen
foreign countries is included in Mr. J. C. Brown's summary of the
world's mathematical curricula.® The Fourth Yearbook, The Na-
tional Council of Teachers of Mathematics (1929) presents & more
up-to-date supplementary picture of the situation in twelve foreign
countries, including Russia and Japan.® Other material on the sub-
ject is furnished by recent courses «: study and by the current
texthooks used in certain of these countries.

It has been fourd that intvitive geometry, when properly pre-
sented, vitalizes and unifies the whole course in elementary mathe-
matics. Certain phases of intuitive geometry are not only of greater
interest to children than are the stereotyped applications of business
arithmetic. but they are also of greater immediate importance
mathematically  These conclusions, an outgrowth of over a century
of experimentation. are in complete harmony with the views of an
ever-increasing group of American educators, as the following testi-
monies will prove,

B, APPRAISAL OF INTUITIVE GEOMETRY BY AMERICAN EDUCATORS

Early endorsements of the subject. Perhaps the first note-
worthy attempt to create a wider demand for a first course in
geometry on the part of American teachers was due to Thomas Hill,
a New England clergyman and one-time president of Harvard Col-
lege. In 18354 he completed a fascinating little hook of 144 pages
which he called Fir.t I~ssons in Geometry, The motto on the title
page reads, “Facts Before Reasoning.” The following quotation
from the preface is of singular interest »ven to-day:

s Brown, J. C.. Curricula in Mathematics, United States Bureau of Education,
Bulletin, 1014, No, 33, Tims decument in condensed form constitutes Chap. X1
of The Rrarganization of Mathemation in Secondary Fducalion, a report issued by
the National Committee on Mathematical Requirements under the auspices of the
Mathematical Association of America, Inc. 1023,

¥ This volume i~ entitled Siewificant Chanee. and Trends in the Teaching of
Mathemuatics Throughout the World Sinee 1y1o.
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I have long been seeking a Geometry for heginners, suited to my taste,
and to my convictions of what is a proper foundation for scientific educa-
tion. Finding that Mr. Josiah Holbrook agreed most cordially with me in
my estimiate of this study. I had hoped that his treatise would satisfy me,
but. although the best T had seen. it did not satisfy my necds. Meanwhile,
my own children were in most urgent need of a textbook. and the sense of
their want has driven me to take the time necessary for writing these pages.
Two children, one of fve, the other of seven and a half, were before my
mind's exe all the time of my writing; and it will he found that children of
this age are quicker of comprehending first lessons in Geometry than those
of fiftern.

Many parts of this book will, however. be found adapted. not only to
children. hut to pupils of adult age. The truths are sublime. 1 have tried
to present them in simple aud attractive deess,

I have addressed the child’s imagination. rather than his reason. because
I wished to teazch him to conceive of forms. The child’s powers of sensiation
are developed, before his powers of conception, and these before his reason-
ing powers.  Thixs is. therefore, the true order of education: and u powerful
logical drill, like Colburn’s adimirable tirst lessons in Arithmetic, is sadly out
of pluce in the hands of a child whose powers of observation and conception
have, as yet, received no training whateveer, 1 have. therefore, avoided
reasoning. and simply given interesting geometrical facts, titted. 1 hope. to
arouse 4 child to the observation of phenomena. and to the perception of
forms as real entities.®

A few years later, Thomas Hill issued his vecond Book in (eom-
etry (1803). not comparable with the first in merit, using as the
motto on the title page, “Reasoning Upon Facts.” In the preface
he states that the first hook was intended for children from six to
twelve years of age, while the second hook was adapted for the use
of “children™ from thirteen to eighteen years old.

A second pioneer effort on behalf of intuitive geometry is rep-
resented by a text also entitled First Lessons in Geometry, written
by Bernhard Marks, principal of the Lincoln School in San Fran-
cisco, It was published in New York in 1871. The title page
states that it was “designed for the use of primary classes in gram-
mar schools, academies. etc.” In the preface the author refers
approvingly to the work of “President Hill of Harvard College.”
The following passages from the preface are of particular sig-
niticance :

How it ever came to pass that Arithmetic should be taught to the extent
attained in the wrammar schools of the civilized world. while Geometry is

*Quoted hy Reeve. Wo Dooin The Fitth Yearbook, The National Counril of
Teachers o3 Muthemutics, 1930, p. 10.
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almost wholly excluded from them is a problem for which the author of
this little book has ofien sought a solution. but with only this result; viz..
that Arithmetic. being considered an elementary branch. is included in all
svstems of elementary instruction: but Geometry, being regarded as a higher
branch. is reserved for systems of advanced education. and is. on that
account. reached by but very few of the many who need it,

The error here is fundamental.  Instead of teaching the elements of all
branches, we teach elementary branches much too exhaustively.

The clements of Geometry are much casier to learn, and are of more
value when learned, than advanced Arithmetic; and. if 2 boy is to leave
school with merely a grammar-school education. he would he better prepared
for the active duties of life with a little Arithmetic and some Geometry., than
with more Arithmetic and no Geometry.

Thousands of boys are allowed to leave school at the age of fourteen or
sixteen years, and are sent into the carpenter-shop, the machine-shop, the
mill-wright's, or the surceyor's office, stuffed to repletion with Interest and
Discount, but so utterly ignorant of the merest elements of Geometry, that
they conid not find the centre of a circle already described, if their lives
depended upon it

Unthinking persons frequently assert that young children are incapable
of reasoning. and that the truths of Geometry are too abstract in their nature
to be apprehended by them.

To these objections. it may be answered. that . . . nothing can be more
palpable 1o the mind of a child than forms. magnitudes. and directions. .
The author holds that this science should be taught in all primary and
grammar schools. for the same reasons that apply 1o all other branches.

If this view is correct. it is wrong to wllow @ pupil to reach the age of
fourteen years without knowing even the alphabet of Geometry, He should
be taught at least how to read it.

[t certainly does seem probable. that if the vouth who now leave school
with so much Arithmetic. and no Gesmetrs, were taught the first rudiments
of the science. thousands of them would be led to the study of the higher
mathematics in their mature vears. by reason of those attractions of Geoms-
etry which Arithmetic does not possess.”

For a considerable period of years New England appears to have
heen the most active center of experimentation in this field of work.
About ten yeuars after Marks's book appeared. Mr, G. \. Hill of
Combridge. Massachusetts, wrote an admirable Geometry jor Be-
ginners V" which reflected a greatly increased interest in the subject.

By 1803, the grammar schools of Cambridge had begun to in-
clude the elements of intditive veometry in their curriculum.  In
that year. Professor Paul H. Hanus of Harvard University gave

“Mark~. Bernhand, Fird Levens i Greapeedvz, ppe sl Ivisen, Blakenuan,

Tarlor and Co o New York, 1550,
Hill Go AL Gromelry For Beginyer-, Ginn and Comjprany, Boston, jsso,
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a course of lectures “to the teachers of the seventh, eighth, and
ninth grades.” These lectures —formed part of the plan whereby
Harvard University gave instruction to teachers of the grammar
schools in certain new subjects introduced into the curriculum.”
From these lectures there evolved a famous “essay,” entitled Geom-
etrv in the Grammuar School. The following quotations from the
first two pages of this pamphlet, while still revealing the influence
of the old “faculty psychology.” now abandoned. may serve to
amplify the practical and the cultural arguments outlined above.

Like every other subject admitted into the curriculum, geometry has a
value as knowledge and a value as discipline.  Its value as knowledge is
illustrated in all the manifold occupations of life: most of the trades and
industries have @ mathematical busis.  Every worker in wood. tin, iron, stone
—whether contractor. builder, tinsmith. mason. carpenter. or what not—
anust appeal to geometry to avoid waste of material and loss of time in use-
less experimenting: so also the farmer who wishes to know the extent of a
pivce of land in crder to estimate the cost of reclaiming it or the amount
of its possible productiveness, who has a drain or ditch to build. or a dam
to construct. keenly feels the lack of such an elementary gknowledge of
zeometry as would enable him to make simple preliminary measurements and
save him bhoth time amd money.

Thus the knowledee talue of geometry is obtviously very great. Tum
now to its disciplinary value.  In itz early lessons geometry develops correct
notions of form and magnitude. and an appreciation of regularity and pro-
portion: and through the definiteness and precision of its data it trains the
nmind to accuracy and clearness in grasping conditions.  The wav is thus
easily and naturally prepared for a strictly scientific study of the subject
later on. when through rigorous procedure from step to step by reference
to fundamental principles, or previously establizhed propositions. and the
ruthlessness with which every error is detected and overthrown, it leads to
the consciousncas of full and solid achievement—the most powerful of all
intellectual incentives to exertion. .\ firm grisp upon data. a rigorous exact-
ness in reasoning. and the consequent achievement help to form the habit
of insisting upon nothing less than adequate mastery, whatever the subject
may be. This habit marks the trained mind.

We condlude. therefore, that geometry has o place in the «  ricidum of
the grammar school hecause it yiclds « pecudiar and important kind of knowl-
cdge and a4 Lichly desirable mental disciplive'

During 1his earlier period the most intluential appraisal was
that of the famous Committee of Ten (1894).°*  The membership
Hanus, Paul Ho Geometry in 2ae Grampoar School, pp,1o20 DL C) Heath and
Company. Bostan, 1%ag.
T-See the Repers af the Commiiiee of Fenoon Secoandary Selianl Stagin, pp.
1og- 110, published for the Natienal Fdeationd Association by the American
Book Company. Inc. New York. 1304
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of its mathematical subcommittee included such outstanding names
as these: Professor Simon Newcomb of Johns Hopkins University,
the distinguished astronomer: Professor Florian Cajori, the learned
mathematical historian; Professor Henry B. Fine, late dean of
Princeton University; and the honored and beloved Professor
George D. Olds, late president of Amherst College. The committee's
“Special Report on Concrete Geometry" is reproduced in full on
page 97 of this Fearbook.

More recent opinions of leading educators. Only a few
spical quotations of more recent date can be included at this point.
They extend over a period of several decades, but have lost nothing
of their actuality on that account,

Professor (. Stanley Hall, the distinguished educationist of
Clark University, in one of his scholarly treatises commented us
follows on the place of intuitive geometry in the mathematical
curriculum ;

Elementary geometry should come very early, but in the form of mani-
fold curious and enticing appeals to the eye, for optical geometry is a very
potent agent in arousing curiosity and interest, and “preforms” the demon-
stration of geometry, which is to come later. It was such things that origi-
nally evoked the process of geometrizing and the buds and rudiments of this
power are big in the child. . . . While this intuitional type of geometry
‘hould come earlier than now, almost at the becinning of arithmetic, algebraic
elements should come much later than pedagogues or mathematicians now
advise, for they are hard because abstract.'s

The Thirteenth Yearbook of the National Society for the Study
of Education contains a monograph on »Reconstructed Mathematics
in the High School,” written by Professor Henry C, Morrison, now
of the University of Chicago. We find in it these interesting pas-
sages concerning the place of intuitive geometry in the curriculum:

There is probably little or nothing in the way of iutroducing the type of
geometrical study which I have described at any time after about the
twelfth year. but the earlicr the better.

The processes taught must be applicd mathematics brought into the pro-
gram at the point where it will be used and taught as a body of principles
directed to a known and felt need and not as a logical svstem. The order of
introduction should probably be: geometry and a great deal of it, then the
necessary algetra, and finally o much of the higher mathematics as will
suffice.

ViHall, Go Stanley. Edueational Problems, Vol 11, pp. 03-2a6 D, Appleton
and Company. New Yotk. 1911,
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The traditional round of mathematics in the high school. to wit; elemen-
tary algebra. plane and solid geometry. trigonometry. and advanced algebra.
must be revised hoth as to organization and content, and adapted to the
known nature of the adolescent and to the social purpose of the high school
as that purpose is increasingly revealed by modern conditions.

Mathematics must be treated primarily as a laneuage, the purpose of
which is the interpretation of the various sciences.

Courses in mathematics must he arranged at such points in the curriculum
as will give immediate opportunity for functioning.'

In an article that appeared in the May, 1918, number of Educa-
tion, President Charles W. Eliot made a plea for an earlier intro-
duction of geometry. He said:

The amount of time cltimed for arithmetic hurts seriously the whole
course of study. . . . Instruction in geometry hias been begun too late.

Professor Charles H. Judd, of the University of Chicago, in his
Psvchology of High School Subjects, states in bold relief some cru-
cial arguments in favor of intuitive geometry. To quote:

The student who knows the abstract demonstrations of geometry, but
does not realize that knowledge of space is involved in every manufacturing
operation. in every adjustment of agriculture ana practical mechanics is only
hall trained. . . . The direct perceptual experience which is most closely
related to all types of mathematical thought is spuce.  Space. because of its
character as a relational tvpe of experience. is not only itself a natural
subject of mathematical consideration. but is also capable of representing
in graphic form those mathematical relations which are usually represented in
letters and numbers. Space is therefoce strongly suggested as an instrument
for both the exemplification and the expression of mathematical ideas.  Fur-
thermore, by virtue of the intimate relation of space perception to mechanics,
space seems to he a good instrument for the training of students in applica-
tion of mathematics. While thus emphasizing the significance of space for
mathematics, it is proper once more to emphasize the historical fact that in
our Western civilization the scivnce of space is prior to all other phases of
mathematics. It is altogether probable that this fact will shortly be recog-
nized in the clementary course. .,

It this book were intended for teachers in the elementary schools. it
would advocitte a course in form study early in the grades. and it would
advocate the use below the high school of some of the economicial methods
of mathematical reasoning tiught by algebra. . .,

... Teachers in the lower schools have never realized that the union of
logic and space studivs deprived them of one of their most natural subjects of

4 Morrison. Henry O Reconstructed Mathematics in the High School,™ The
Thirteenth Yearbook of the National Sociecty for the Study of Education, pp.
q-32. University of Chicigo Presz, Chicazo, T, ro1g.
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instrection, namely. form-study. The logical statement of the principles of
geometry has blinded modern as well as medieval teachers to the true worth
of this subject for younger pupils.ts

PART TWO
TuE DEVELOPMENT OF INTUITIVE GEOMETRY As A SCHOOL SUBJECT

Difficulty of this investigation. A\ complete presentation of all
the factors which influenced the cevelopment of intuitive geometry
as a schnol subject would have to take account of (1) the historic
evolution of geometry as a scieace, and (2) the gradual growth of
the elementary and secondary curricula in all the leading countries.
For obvious reasons. our program must be a very much more
modest one. The period of development in which we are primarily
interested dates approximately from the time of Pestalozzi. and is
coextensive with the creation of common schools “for all the chil-
dren of all the people.” Even with this limitation. however, it
would be necessary to summarize a vast body of literature far ex-
ceeding the permissible scope of this monograph. as well as the
available resources of anv individual writer. Hence. we shall be
obliged to select only those aspects of the story of intuitive geometry
which are likely to be of interest and value in connection with
present educational tendencies and problems.

Modes of approach. First of all, it shouid be kept in mind
that by the time geometry became a subject of instruction in the
modern school. all its fundamental facts and principles had become
known, most of them in the days of the ancient Greeks. Unlike
the natural sciences, which have been in a violent state of flux since
the davs of Kepler. Galileo, and Newton, geometry has had a prac-
ticallv fixed content, In the nineteenth century. it is true, revolu-
tionary changes took place in our conception of the foundations, but
this tremendous upheaval was of too philosophic a character to
affect to a marked extent the point of view of the first course in
geometry. Hence the teachers of elementary geometry at all times
were primarily concerned with problems of selection and of method.
Lines, angles, circles. triangles, polygons, the geometric solids, con-
siderations of symmetry, congruence, similarity. and the technique
of mensuration --these were the basic materials that formed the

“Judd, Chartes Ho Poychelogy of High Selool Subiects, pp. 21, 130132, Ginn
and Uompany. Boston. 1913,
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framework of each geometric course of study, in every imaginable
transformation and comhination. The concepts and facts did not
have to be created anew, but each generation of teachers felt at
liberty to try a different point of departure and to experiment with
ever-changing classroom procedures. And it has remained so to
this day. Many and varied are the approaches to the great and
eternal landmarks of geometry. Essentially, however, all these
roads fall into one of two main groups. There are those who prefer
the slow pedestrian route of svstematic exploration, gradually piec-
ing together into an ever-growing mosaic the daily acquisitions of
new concepts, skills, facts. relations, and applications. But there
are others who reject this svuthetic approach. They desire to ob-
tain at once a larger orientation, a panoramic, three-ldimensional
view of the landscape, and then, by a process of analvsis and
differentiation. to secure an understanding of the constituent parts.

A fascinating spectacle is presented by the manner in which the
national temperament of various countries responds to either of
these routes. In general, the Germanic countries have shown a ten-
dency to emphasize a gradual and systematic type of development.
The Romance countries reveal a passion for clearness and logical co-
herence. even in the elementary stages. In America. however, the
desire for “activities”™ and immediate practical application has
tended to overshadow considerations of thoroughness and scholar-
ship. In our Western civilization the question always seems to be,
“What can I do with this new type of knowlerdge or training>" The
problem of the future would seem to be that of effecting a compro-
mise between the extreme European and American tendencies.

An important distinction. The school systems of Europe still
have a dualistic organization. That ix, the elenientary school sub-
jects are taught not only in the common schools, which corre-
spond to our public “grammar schools,” but also in the lower grades
of the secondary schools. The point of view of the common ele-
mentary schools is that of immediate life preparation, and hence of
simple and practical objectives. In the secondary schools, however,
the primary aim is scholarship and preparation for higher institu-
tions of {earning. Hence, when examining European textbooks and
courses of study, one must always keep in mind whether the ma-
terial under examination ix intended for the ~massex™ or the
“classes.”

In contrast to Kuropean practices, it has heen the well-nigh in-
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superable problem of education in the United States to develop a
unitary system of instruction that shall be of benelit to every
learner without exception.

I. Tue Fatervr INrLUeNce oF Evcerp

The cult of Euclid. Geometry had the fortune, but also the
misfortune, of a masterful compilation, early in its career, in the
form of Euclid's Elements. Henceforth, for more than two thou-
sand years, Euclid dominated the geometric scene to such an extent
that it became almost a sacrilege to deviate in any way from his
sacred text. Why did this treatise have such an amazing influcnce,
comparable only to that of the Bible itself? ' It is, as Professor
C. J. Keyser beautifully expresses it, the most famous example of
autonomous thinking, of the postulational method, in the whole his-
fory of science. He says:

When it was produced, it was so incomparably superior to any other
product of human thinking that men were dazzled by it, blinded by its very
brilliance. so much so that, though they admired it and in a sense understood
it. they failed to perceive that its chief significance was. not geometrical, but
methodological V7

To this day it has been virtually impossible to break this fatal
misconception which has ruined the mathematical education of gen-
erations of pupils, and which is mainly responsible for the negative
reputation of geometry as a school subject. Only in recent decades
has the light of a clearer understanding begur: to affect the first
steps of a beginner in geometry, long after the “cult” of Euclid had
been rendered untenable by mathematicians of unquestioned au-
thority.

In 1849 De Morgan wrote as follows:

If the study of Euclid has been almost abandoned on the continent. and
has declined in England. it is because his more ardent admirers have insisted
in regurding the accidents of his position us laws of the science™

1% See Smith, D, K. “Eudid.” The Teaching of Geometry, Chap. V. Ginn and
Company, Boston, 1011, On p. 457 Smith states that Riceardi in 1885 listed “well
towards two thousand editions” of Euclid,  The standard English edition is that
of Sir Thomas L. Heath, The Thirteen Books of Euclid's Elements, in 3 vols.,
Cambridge, 1908 ; second edition. 1920,

TReveer. C. o Thinking Ahowt Thinking, p, :0. F. P. Dutton and Co.. Inc..
New York, 1920,

U Quoted by Cajori, Flornan, in the Final Report of the Nationel Committee
of Fifteen on Geometry Syllabus, p, 230 0p, cit, 1],
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Twenty years later, at a meeting of the British Association, J. J.
Sylvester expressed his views on the same subject in this manner:

I should rejoice to see mathematics taught with that life and animation
which the presence and example of her voung and buovant sister (natural
science) could not fail to impart. short roads preferred to long ones. Euclid
honorably shelved, or buried “decper than e'er plummet sounded” out of the
school boy's reach

In spite of these strong protests, Euclid's influence continued
almost unabated in England until a veritable explosion occurred in
the form of the Perry Movement (1g9o1), which demanded a com-
plete divorce from Euclid.

The revolt against Euclid. The precise details of the modern
career of Euclid, ever since the appearance of the first Latin trans-
lation from Arabic sources, in the twelfth century, may be read in
the standard histories of mathematics.™ We are here concerned
principally with the pedagogic shortcomings of the Elements, since
it is primarily these which, throughout the centuries, delayed the
development of more sane methods of geometric instruction. Among
these defects the following are the most outstanding:

1. Euclid’s Elements represents a severely logical. deductive array of
propositions.  The proofs are given in synthetie rather than analytic form.
The method by which the proofs were discovered is completely concealed.

2. The sequence of the propositions cannot be understood or appreciated
until the end of the journey has been reached.

3. Practical applications are entirely ignored.

4. The study of solids, and hence the use of three-dimensional thinking,
is postponed to the end of the course.

z. The mode of presentation is pedantic and dry-as-dust.

6. No provision is made for a psychological development of geometric
concepts, skills, and types of thinking.®!

MIhid., pp. 25-20.

* See Smith, D. K ep. cit. [ o], Chaps. I, IV, and VI Heath, Thomas L.,
op.cit. [1o]: Stamper. Alva W., A History of the Teaching of Elementary Geom-
etry, pp. 27 ., Burcau of Publications, Teachers College, Columbia University,
New York, 1000; Rmith, D. K., History of Mathematics, Vol I, Chap. IV, Ginn
and Company. Boston, 1o:3: Sunford. Vera. A4 Short History of Mathematics, pp.
208-275. Houghton Miflin Company. Boston, 1030, [ Al bracketed numbers in
footnotes are references to the previous footnote in which full information iz wiven
about the item listed —FEditor. |

“Uaee Stamper. Alva W ep. cit. [20], Chap. 11 Cijori, Florian, in ep. it
L3 pp. s-320 Enriques, F. Questioni riguardanti la geometria elementare, or its
German translation, Fragen der Elementargeometrie, Vol 1, pp. 2o ., second edi-
tion, Leipziv. 1020 Branfurd, B, A Stady of Mathematical Edueation, pp. 230-
2410 440-3450 Clairendon Press, Oxiond, 1024: Rlvine Foo Elementar Mathematik
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In other words. Fuclid's work was not meant to be a school
subject, but rather a “philosophic treatise intended for mature
mindz.”

Sooner or later the universal revolt against Euclid was bound to
crystallize into concrete suggestions for improvement, and into ex-
perimentil attempts to create a new edifice for geometry. In
America the need of a new orientation has long been recognized.
Perhaps the most authoritative exposition of the newer point of
view is that which came from the able pen of the late Professor
J. W. Young. The following quotations are taken from two chap-
ters of his Fundamental Concepts of Algebra and Geometry:

The chief end of mathemavical study must be to make the pupil think.
If mathematical teaching fails to do this, it fails altogether. The mere
memoricing of @ demonstration in geometry has about the same c¢ducational
walue as the memorizing of @ page from the city directory.  And vet it must
be admitted that a very large number of our pupils do study mathematics
in just this way. There can be no doubt that the fault lies with the teach-

ing. . . . Mathematical instruction. in this as well as in other countries. is
laboring under a burden of century-old tradition.  Especially is this =0 with
reference to the teaching of geometry. . . . OQur texts in this subject are sl

patterned more or less closely after the model of Euclid. who wrote over two
thousand vears ago. and whose text. moreover. was not intended for the use
of boys and girls, but for mature men,

The trouble in brief is that the authors of practically all of our current
texthooks lay all the emphasis on the formal logical side. to the almost com-
plete exclusion of the psychological, which latter is without doubt far more
important at the beginning of a first course in aleebra or geometry. They
fail to recognize the fact that the pupil has reasoned. and reasoned accurately.
on a varicty of subjects before he tiakes up the subject of mathematics,
though this reasoning has not perhaps been formal. In order to induce a
pupil to think about geometry, it is necessary first to arouse his interest and
then to let him think about the subject in his own way. This first and dith-
cult step once taken. it should be a comparatively easy matter gradually to
mold his method of reasoning into a more formal type. The textbook which
takes due account of this psvchological element is apparently still unwritten.
and as the teacher is to a large extent governed by the text he uses. the
failure of mathematical teaching is not altogether the fault of the teacher.

Let the teacher once fully realize that his science. even in its most ele-
menlary portions, is alive and growing. let him take note of the manifold
changes in point of view and the new and unexpected relations which these
changes disclose, let him further take an active interest in the new develop-

vem hiheren Stawd pankte aqus, Vol 11 pp. 203-2062. third edition. Berlin, 1923
(the most searching modern critique o1 Euclidy: Fladt, K., Euklid, Berlin, 1027,
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ments, and indeed react independently on the conceptions involved—for an
enormous amount of work still remains to be done in adapting the results of
these developments to the requirements of elementary instruction—Ilet him
do these things. and he will bring to his daily teaching a new enthusiism
whicl will greatly enhance the pleasure of his labors and prove an inspiration
to his pupils.

The teacher's problem is, especially at the beginning, far more psvcho-
logical than logical. It is obvious that a subject must be presented to a
boy of fourteen years in a different way from that employed in presenting
it to a mature mind. In particular, it is necessary. in the heginning. to make
continued and insistent appeal to concrete yeometric intuition. From this
point of view. the notions of point. straight line. and plane may be assumed
to be sufficiently clear in the pupil’s mind without any forma' -efinition.
Moreover. it hardly seems necessary to say that many assumptions which
are essential in a purcly formal logical development of the science may and
showld be tacitly assumed in a first course.  This is merely another form of
the assertion that the power of abstraction and the amount of formal rea-
soning expected of a pupil at a4 given time must be adapted to his capacity
to form such abstractions and formal deductions at that time. His capacity
in this direction will slowly but surely increase, if it is allowed to develop
natwrally : it will be greatly impaired, if not altogether destroved, by any
attempt to force its growth.

The best way to take account of this psychological element would seem to
be the remozal of all formal considerations from the beginning of the course
in geometry: as much as a helf of the first course micht profitabl v be devoted
to an informal treatment of geometry, in which the pupil is made familiar
with the more important figures and constructions, and in which he is encour-
aged to think about the problems which present themselves in his oum way.
During this part of the course the pupil could be led to see the advantages
of the more formal methods that follow. Unfortunately none of our present
textbooks provide for such an informal introduction.=*

We shall now try to obtain at least a glimpse of the manner in
which some of the leading countries reacted to the necessity of
rebuilding their first courses in geometry. Following the ad-
mirable suggestion of Professor Young., we shall investigate in
particular the psychological transformation of elementary mathe-
matical instruction. Thix leads us at once to an examination of
the coatrolling influence exerted by Pestalozzi, Herbart, and
Fribel.  While the ideas of these great reformers now seem
rather crude. they prepared the way for the profound changes to
follow,

*Younu, Jo W Fundumental Concepts of Algebra and Geametry, pp. 3-3.
tvg 103, The Marmillan Company, New Yorke sotr. Many other passages in
thi= volume will be found equally trenchant,
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H, eyrurtive GroMiTRY 1N THE GERMANIC COUNTRIES
(AUSTRIA, GERMANY, SWITZERLAND)

A. THE ELEMENTARY SCHOOLS **

A new spirit. Up to the time of Pestalozzi (1746-1827) ele-
mentary geometric instruction had been limited essentially to a few
practical rules of mensuration. [Its general educational value was
not recognized. 1t required the unexcelled educational genius of
a Pestalozzi to take the first real step in the direction of **psycho-
logizing education,” This step marked a turning point in the his-
tory of modern education, for it placed the emphasis not merely on
the subject matter to be taught, but on the developing mind of the
child and on the manner in which the learning process should be
carried on. That is, the method of instruction and the spirit of the
schoolroom became of paramount importance. Once this step was
taken, all elementary teaching had to be revolutionized. We are
still in the very midst of the great transformation inaugurated by
the Pestalozzian movement.

The central role of intuition. The foundation stone of Pesta-
lozzi's method, the very center of his educational program, was an
absolute insistence on Anschauung. He made real experience with
natural objects the fundamental starting point of instruction. He
rebelled against the meaningless verbalism of the schools, the prac-
tice of tea hing children words and phrases they could not appre-
ciate. At all times he wished to have the pupil understand the
object before the word, the idea rather than the form.

Kant had distinguished carefully between “empiric™ and “pure”

2 The discussion presented in the following section is based chiefly on the
sources below:

(1 Treutliin, P Der ceometrisehe dnschaimesunterricht, Leipaig. 1a11.

(2) Timerding. H. .. Du Ercichung der Anschanung, Leipzig, 1912,

(1) Hotler. Alois, Diduktik des mathematischen Unterrichts, Leipaiy, 1910,

(4) Lictzmann. W., Methodik des mathematischen Untervichts, Vol. 11, pp. v3-82,
Leipzig, 1023,

() Eneel. Ernst. Roymlehre, Langensialza, thind edition, 1o:2a.

(6) Biittner. A.. cdited by Teichmann, O. Anleitune fiir den Rechen- und
Raumlehre Usterricht, Neuecitliche Raumlehre. Volo Vo twenty fifth wdition,
Leipzie, 1030,

The Austrimn territory s included beenuse of the elose educational affiliations
of Germany and Austrii. The carlier Austrian curricula and testbooks, in intuitive
geometry. surpassed and anticipated those of Germany by several decades.  See
Hifler and Treuatlein,
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intuition. By vempiric” intuition he meant the “direct perception
of actual objects.”*'  This conception coincides with the usual,
everyday interpretation of intuition. “Pure™ intuition, on the other
hand, according to Kant, is something very different. It is that
which we ourselves contribute during an act of perception, by virtue
of the very structure of our senses and of our mind, Hence Kunt
regarded the results obtained by “pure” intuition as absolutely
certain.  Concrete observation was merely the external stimulus
which brought into play the activities of “pure” intuition. *Con-
cepts without percepts iare empty; percepts without concepts are
blind,” beeame one of Kant's most famous sayings. How very
similar to Comenius’ equally famous motto: Quod non fucrit prius-
quam in sensu, non crit in intellectu !

It is more than likely that Pestalozzi's view of dAuschauung was
derived directly from Kant. At any rate, it is certain that he also
used the word in this sume dual sense, a fact which must be kept in
mind in a perusal of the extensive subsequent literature dealing
with intuition.

In his celebrated Gertrude, Pestalozzi characterized the central
importance of intuition as follows:

IT I look back and ask mysell what 1 have rveally done toward the im-
provement of the method of elementary instruction. 1 tind that in recognizing
Anschanane as the absolute basis of all knowledge. T have established the
first and most important principle of instruction,  Morcover, T have tried
to discover the essence of this principle, as well as the original method by
which Nature herselt operates in the educational development of human
heings.=%

Pestalozzi's influence.” It is only too true that Pestalozzi in
reality brought to a culmination ideas, principles, and tendencies
which had been foreshadowed by others, notably by Comenius and
Rousseau. Much of his own work was crude, erroneous, and even
eccentric. It was Comenius who exclaimed: Non verba, sed res.
The Orbis Pictus of Comenius testities to his realization of the im-
portance of Anschawung’* The educational realists of the seven-

=t Kant, Immanucl. Prolegomena su einer jeden Kinstigen Meluphysik, po 34,
Riwa, 1783,

s See Timerdinee Ho Fooopl it 23] poor also Parker, 80 CL The Hidory of
Maodern Flementary Fdueation, p. 324, Ginn and Company, Boston, 1or12.

=i For an escellent account of the Pestalozzinn movement, see Parker. S, Co
op. cit. 125] Chaps. XITT-XV1.

2The Orbis Pictus oUhe World in Picturesy was publizhed in 103zs, It was
for many years the most widely used Latin testboc ko oand editions ot it were
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teenth and eighteenth centuries, guided by thinkeirs like Rabelais,
Montaigne, Bacon, and Ratke—the influence of John Locke and
the association psychology. as well as the writings of the ~philan-
thropists"—had created a background that anticipated the essentials
of Pestalozzi's doctrines. To Rousseau’s Emile Pestalozzi himself
repeatedly acknowledged his greac indebtedness.*

Pestalozzi's main contribution was his unparalleled and untiring
devotion to the new ideas, his passionate enthusiasm on their be-
half. and the missionary spirit with which he inspired those who
followed him., Among hiz most ardent admirers and followers were
outstanding men like Herbart and Fribel, each of whom had made
a careful study of the Pestalozzian methods in Pestalozzi’s own
institutions.

These disciples of the master were destined to affect profoundly
he educational progress ot both European and American schools.
S, (. Parker goes so far as to assert that few madern school prac-
tices are not Pestalozzian or Herbartian. He say. -

When we have selected from recent educational practices those that are
Yestalozzian and those that are Herbartian either in origin or character, there
reman very few aspects of the modern elementary school to be Giscussed.*

Form study, a basic fea. e of the movement led by Pesta-
lozzi. Like Kant, Pestalo =i «aw in mathematics the most note-
worthy expression of “pure " auition,  He came te regard language,
number, and form as the basw elements of all education.  As
to “form,” if one views the external shapes of physical ob-
jects, if one tries te understand and to reproduce the constantly
recurring elements of these shapes. one is led inevitably to the type
of geometry which has always been of primary interest to the
artist, the engineer, and the craftsman. And so. in kis pioneer days
at Burgdorf, Switzerland, Pestalozzi for a time subordinated all
other considerations to a cultivation of geometric ideas, and to re-
lated work in geometric doawing.  Even penmanship, reading, and
arithmetic he considered to be definitely based on geometry, or the
act of mensuration, as he called it.
jesued a0 late ws the nineteenth century.  The cleventr Fnelish Latin edition
appeared in Loadon in 17:8 0 See Parker. 80 Cuoope it ezl pp.o1go ff.o alse
Monroe, D Texthook in the History of Edwcation, pp. go2 fi. The Macniillan
Company. New York, 1918,

2 See Parher, S0 CLoopocit, Tes]o pp ooyl

= 1hid., pp. 4281l
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With incredible patience, and in appalling detail. these ideas
were presented in Pestalozzi's ABC of Perception (1803).*  Its
fundamental idea wuas that of proceeding, step by step. from very
elementary to more complex forms, through the three stages of
(1) accurate percepiion. (2) careful oral description, and (3) a
painstaking development of clear concepts.  Here we encounter
Pestalozzi’s most serious prychological blunder, that of dissecting a
subject into itz “simplest elements™ and then “combining™ these
gradually into a connected and symmetrical whola.

In geom try this error proved to be a fatal one, for Pesta-
lozzi selected as i< point of departure a minute
stu v of the straight line and the square.

.. sample of Pestalozzi’s method. .\ single
example based on Pestalozzi’s ABC of Perception
may serve to give a conception of the wearisome

formali: . to which he was led by his faulty psy- |
choloe (' theeries,
Referring to a tigure like the one shown at the .

rizht. the teacher was expected to conduct oral
exercises such as the following, each statement
being repeated by the class in unison, and for _
cack of the ten lines:
t. This is the f#rst cthe second, the thind oL 0 horizontal line.
2 The siest horizontal te s shorter than the second; the second is longer
than the frst, but shorter than the third.
3o The drst line ixonot divided: the second is divided by one point irto
. ) |
we vqual parts,

4. Fach of the o othree, fours o 0D ceual parts of the second cthind,
fourth, . . v lne is a hedf cthied, fourth, . . .0 of the whole line.

. The distanee Trom the beginning of the fourth oifth. sixth. .. 0 line
to the fiest point on the line is coar-fourth cAifth, -sixth, . 0 of the whole
line.

o, The first Hine i~ one-hall the seoomd; the second is twice 4 long as
the third part of the third.

These same statements, 370 in all, are then to be applied to
vertical lines, until the children can give every relation with com-
plete ease.”™ N\ similar discussion of these topics follows: (1) hori-
zontal parallel lines: (23 vertical parallel lines: (31 a single right

A sumnuay o this dlessie document i siven in Troatlein, Pooep o oir o]

Pros Lwith an appredative discussion of it wreat inflience, see also Timer
dine. HoOF o op ocit {2sl ppoinif,
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angle: (1) two right angles: (3) fone right angles: (6) a square
(with twenty-seven special exercise : (7) a rectangle placed ver-
tically: (8) a rectangle placed hovizontally.  \ consideration of
subdivided «quares nd rectangles closes the preliminary course.
All this oral work was to - ccompanied by related drawing
exercises,

Gradual correction of Pestalozzi’s mistakes.,  In reality. Pes-
talozzi's aim was to establish the rectangle and the square as the
dominant figures of intuitive geometrv. That was a sound idea.
However, hiz monotonous, pedantic procedure ruined everything
and caused a great revulsion of feeling on the part of the public,
Pestalozzi knew too little about geometry to apply his own maxims
profitably in this tield. and although some of hiz immediate fol-
lowers * added other “elements,” such as triangles and circles. they
retained the same barren sequence of points, lines, and combina-
tionz of lines, and the same mechanistic formulation,

A ureat change for the better came about when a friend of Pes-
talozzi, Karl von Raumer, noted as a ustorian of education and as
a weologist, published his ABC of Crystallography (182007 tarough
which he opened a new field for geometry as a school subject. He
suggested the use of sofids from the very heginning, recommending
for the purpose the most common crystals,

Tt was Dr. W, Harnisch who carried out this idea in his hook,
Die Raumlchre oder die Messkunst, ¢ewcdhnlich Geometrie genannt
(Breslau, 182000 - The =olids on which his course was based were
the cude, the prism. the cylinder, the pyramid, the cone, the regular
solids, and the sphere. From these solids Harnisch gradually de-
rived the idea of dimensior s, the various angles, and the important
plane fiwures. His course included a stady of the fundamental con-
structions, of mensuration. and of similarity. Ahove all, Harnisch
heaan his work with ol exercises periaining 1o acfual obijects in
the schoolroom,  He munde constant ise of madels, and created a
more ntural seometrie <equence, His main objective was practical
atitit v, In eeneral, Harnisch foreshadowed the substance of what
is now tauzht of geometry in the German elementary schools, “The

Many attenspis were nnade to igress Pestadosst’s A8C o Perorption. bor

nupserons e-rdion amd reterences, see Tnutleing cp oo 0 S ppe oo 38

See rewt

'
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obvious defects of that system. which have remained in existence
to this day. will be considered on a later page (see page 133).

Harnisch was followed by a number of great methodologists,
such as Diesterweg.' who wrote several influential treatises on the
teaching of geometry, and Kehr,*s whose Pructical Geemetry is still
regarded as a model by present-day writers.

Herbart and the Herbartians.  While Pestalozzi’s work was,
after all. crude and empiric. Herbart (1770-1841) became the lo-
gician and philosopher of the new movement. He tried to create a
really scientific basis for all education, He attached great im-
portance to pure mathematics. Having visited Pestalozzi in 1790,
he tried to make the new ideas known Ly writing two interesting
monographs.  One of these set forth Herbart’s ideas on a first
course in geometry.”  He affirmed that -training in intuition
(Anschawg) is the peculiar function of mathematics.”™ In place
of Pestalozzi’s squares and rectangles, he insisted on the triangle
as the fundamental tfigure of geometry, The work which he outlined
in great detail was in reality a preparatory course in wmerical
trizonometry, intended for children nine or ten years of age, Nit-
urally. these speculative suggestions were so impraciical that they
were never taken seriously.

On the other hand, Herbart's ideas on general method and on
the objectives of cducation were destined to exert a vast influence on
elementary and secondary teaching in both European and American
schools.  The later Herbartians cespecially Ziller and Rein) devel-
aped such doctrines as the correlation theory, the culture-epochs or
recapitulation theory, and above all the famous “five formal steps”
of teaching, ~Genetic” methods hezan to replace dogmatic, imita-
tive procedures, a fact which has permanently affected the teaching
of elementary geometry,  In spite of the cogent criticizms directed

D esterwes, BN L Leitiaden S dess enstens Untervich i dey Formen
Griveesze, ol rawmdichen Verbind:orsaieine, Flberichd, 1Sz,

Kehr, o Die Pravis der Vodkeckade, pp. 220 et Gatha, 13770 see albsa
Kebr., C. Prabtivie Geameide T Volk e wond Forthildiorgesclialen, ifth edition,
Cothu, 1500 tenth edition by Sare, Gothas tore This test furnished the hasis
tor Pant H O Hoanus' Geops 2oy fe zite G omoz e Sei- =D ol

wiRee Parker, 0 Cuoeps it Lesb Chape XV alea Monroe, Pooepo it farl.
ppobsr 030,

“Ree Meshats ABC of Sone Poveption, translated by Bekotis W 1o D
Appleton and Compuny, New York, 1550 The German orisinal appeared in isor,
An apprectitine discesstion nel o sammuary er this antorestins brakoare siven by
Treatlein, Pooep o2 Tesh ppog e

O

RIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

8o THE EIGIITH YFARBOOK

against the Herbartians by modern educational thinkers, especially
by John Dewey,~ the Herbartian movement appears to have left a
lasting impression on the teaching of elementary mathematics.

Contributions of the Herbartians. Lack of space prevents a
detailed description of the numierous excellent contributions made
by the Herbartians in the field of intuitive geometry. The most
noted of these are the works of Pickel, Wilk, Martin and Schmidt,
and Zeissig, a group of masterful teachers. Being a firm believer in
the culture-epochs theory, Dr. E. Wilk wrote a brilliant founda-
tional study. developing this theory in the field of elementary
geometry. He traces the genesis of geometric ideas in primitive soci-
eties through the instrumentality of the manual arts, sketches the
evolution of geometric knowledge through the ages. derives a body
of significant objectives from this hackground. and finally offers a
penetrating critique of current tendencies. Wilk's work antedates
that of Branford and is perhaps the most thought-provoking single
monograph on the significance of intuitive geometry that has ever
been written.

E. Zeissig was the most prolific writer of this group.* In one
of his publications he refers to no less than sixty-seven essAVs or
studies on intuitive geometry as coming from his own pen. His
detailed pedagogic analysix of practically every phase of the sub-
jecty and his minute lesson plans represent a gold mine of valuable
suggestions.

From an American standpoint, however. the most original con-
tribution ix that of Martin and Schmidt.** They build their entire
course around geometric centers of interest. which really represent
form projects. The first project is the home. 1t furnishes the data
for a preliminary study of the rectangle. of parallel and perpendicu-
lar lines. of areas and voiumes, of izosceles and equilateral triangles,
and of the fundamental constructions. The other geometric projects
center around the church tcolumns, arches. circles). the farm (men-

“See the Second Yearbook of the National Herbert Society, 1396, for the
most thoroush discussion of this subject in Enelish; alsu Parker. 8. €. op.cit, L2l
pp. 422 ff.

< Wilke KL Der gegenziartice Stand der Geomtetrie - Methodik, Dreesden. 1vot.

trSee Zeissiv, K. Zur Reform des Geometricunterrichts in der Vialkssehule,
Annabere, 13040 abswo Priparationen iir Formenkunde, in 2 vols. Langensalza. Vol.
I, 1505, Vol H, vgoo: and Formenkunde als Fachk, Dre<den. 1390

YoOMarting Puoand Schmidt, O Rasndeloe, in 5 parts, Berding 130018031 aleo,

Nell dic Rauondehre i Ansehliss an eindeithc e Sachcebivie eliandell sovsden ?
Dessnn 1800 The Latler is a discussion of underlving theories.
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suration), the shop, transportation, and the ecarth (mathematical
geograpby).  Needless to say. this type of organization found few
imitators,

It is characteristic of these Herbartians that they derive all
geometric information from the child’s environment, or from forms
suggested by nature and art. that the universality of space rela-
tionships is stressed continuously, and that at all times there is an
appeal to the learner’s interest and self-activity. That is, artificial
models are rejected in favor of either natural objects or other real
objects of everyday interest (buildings. rooms, bricks., towers, mon-
uments, clocks, coins, pictures).  Models are used only as substi-
tutes when necessary.  Much attention is given to geometric orna-
ment and to drawing. Thus, Fresenius ' characterized geometry as
the “grammar of nature.”

Altogether, the Herbartian influcnce made geometry an indepen-
dent school subject in the clementary curriculum, actermined its
objectives and its content, and created q very rich literature dealing
with ity methodology,

The movement led by Frobel.t* Whereas the Herbartians had
perfected the technique of instruction. thus glorifying the function
of the teacher, the Fritbelian movement exalted the importance of
the child. 1t emphasized the Spirit, purpose, atmosphere, and mo-
rale of the schooiroom.  Henceforth the school was to give con-
stant attention to “the interests, experiences, and activities of the
child, as the starting point and means of instruction.”

Fribel had spent two years at Yverdon (1808-1810). studying
Pestalozzis methods under the daily guidance of the master him-
self. His own program. as incorporated in The Education of Man
Celeon " and i Fducation by Development,' for niny years be-
came identined exclusively with education in the Kindergarten, In-
creasingly however, Fribel's ideas are seen to be fundamental to afl
stages of education, as he himself had claimed. In faer, the most
recent: psychological and educational theories of our times are in

VFreseniuss Kodoe Rusomleher, cine Grammatik der Natur, Frankiurt, 1v3y;
secotd edition, =<

PoSee Parker. S8 C L ep o | ezl Chap. NVHT S also Monrae, P opo it 2],
[‘P. Oy (4150

PEbrobell Vo Pl Fdicazim o8 Mo, transbited by Hailmann, William N . D
Appleton and Compuny. 189

Vbrobels Voo Fdiation L Dielopment. American edition,  translated by
Jarvis, Josephine, D Appleton ind Compuny . New York, 1900
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complete accord with Frishel's major thesis. Fribel regarded the
child as @ crcative rather than a receptive being.  Self-activity of
the mind became Jhe first law of instruction.

As interpreted and transformed by Colonel Parker, William
James, John Dewey, William H. Kilpatrick, and others, the essential
Frobelian ideas have greatly influenced the educational philosophy
of our American schools ™

1o the education of little children Fribel depended on a peculiar
symbolism of form, involving the sphere, the cube, and the square.
His fifth ~gift” involved the construction of geometric forms and
~forms of heauty™ with square blocks and splints. These ideas were
popularized in America by Superintendent W, N. Hailmann.™

A\s o the teaching of intuitive geometry, the influence of the
Friobelian “activity™ idea has been apparent on all sides, especially
in Germany. Arbcitsunterricht (teaching through active participa-
tion) is the current slogan in the Gernuin schools, as it is with us,
It is no longer a question of merely providing models or objects for
exercises in perception (the original meaning of dnschawung). A\
laboratory technigue is made to prevail in the classroom.  The pupil
nimself initintes, observes, creates, and formulates principles through
the medium of properly guided and systematized classroom activi-
ties and discussions, Al coneepts ire derived as naturally and spon-
tineously as possible, life relationships ardd applications are stressed
at every point. interest and eifort are unitied, constructive expres-
sion is encouraged. and a gradual growth in mathematical power is
cliected through the development of genuine insieht.

B, THE SLCONDARY SCHooLs '

The early period. The first geometry text written in German
dates from the end of the fourteenth century and is known as
Geanetria culmensis. 10 was merely a hrief account of rules and

vosce Monroe, Pooepo et ot hopp afT aTi tor o summarny of the educational
etfects of the psydholosival movement spensored by Pestaloasi, Herbart, and
Frobel

foSee Parber. 8O, epo ol sl po po-1 s also Thailnann, Wilham N
Contrnetine Foom Waak, €0, Rirchard, Boston, 1oct.

1 See Stamper. M Wooopt [t ppe 34 720 Cadord, Floriaa, in op it
fist. ppe 1s o, Rleing Boand S hinmack. R Vostrage wher den malliemaiochen
{oastevige 1w o e iterene YRS TSR TR RPN T RO TIPS TR RS b Treutlein, Pooop. il
Poolopp oo Lictenuann, Wooepeer | ShoVel Loppore cau

VSee Tropthe, 1 Geedooine der Blomenta Mathematik, Vol 1IN0 poo1s,
ot edion, Beshine o s
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practices employed in connection with swereeving, The purely prac-
tical character of this treatise was symbolic of a trend that had
persisted through the ceaturies,  That is, the geometry of evervday
life, as developed by the Egyptians and the Romuns, had continued
to exist independently of the “scientific” geometry of Fuclid. This
fact was destined to affect the mathematical work of the secondary
schools, Tt create:] a dualism of objectives and methods which has
Deen at the hottom of many contlicting tendencies to our day. It
i <igniticant that the early printed FEuropean textbooks in geometry
were concerned with the practical aspects of the subject.  Such
bhooks were quite common in the sixteenth and seventeenth cen-
turies. O particular interest. in this connection, is a4 geometry
written Dy the great artist Albrecht Diiver, with applications in
architecture i in perspective.™

The long strugete between the practical and the Euclidean
types of geometry in the secondary schools of Furope has been
sketched =0 thoroughly by others that we shall limit ourselves to a
few helpful references to the literature on the subject.™

It is sulficient to point out that as early as the seventeenth cen-
tury, seametry was taught in a considerable number of German
secondary schools, At first, the work wax of a distinetly oractical
nature.  The transition to a4 more scientific type of geometry was
due to the influence of men like Leibnitz (1ogo-17100, Christian
Waolll (1o70-17340. and Kitstner (1719-18000.  They prepared the
wiy for a formal, “disciplinary™ organization of the mathematical
curriculum, which prevailed during most of the nineteenth century.

Recent developments.  Around 1800 the doctrines of Pestalozzi
and Herbart began to be felt in the secondary schools,  Genetic
cheuristicr methods began to replace the traditional Fuclidean
techuigques. At about the same time, the demand arose for a
spropedentic” (preparatory) course in geometry. For decades this
question was agitated. There were violent partisans in favor of
and opposed to this innovation. © At List a complete victory re-

“Diirer. Vbredht, Ooaderscevaamy der Mesang mil iem Zockel wond Ricltt
sl i Lo, et pand caetoenr Cenporen, Narember:, raos with Latin
edition-, Pasivo vz and vz, aml Arnbeim, 1eos)

= adddition e the sotroes F previotshy, see, for example, Sanford. Vera,
cpos et Chuap VED alee Ko woor, FOWL = The Teaching of Flementarns
Gueonretry i the Sooontesnth Centurs ™ and = The Distinetive Features of Seven

teenth Cortury Geemeten,” e, Vol X aned X
For many interestine et nle, oo Schotten, W Bedede cond Methode ofes

ploodimetresclien {onceneat s, Leipais s
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sulted in favor of systematic preparatory work in geometry. The
culmination of this movement was reached in the famous Meran Re-
port oi 1gos. prepared by a committee of twelve distinguished scien-
tists and mathematicians.”-  Its principal demand was that of con-
tinuous “training in space intuition and in functional thinking”
throughout the <econdary period.

This report, as amended and revised in later editions, is now
being followed by a majority of the current texthooks and courses
of study. The essential features of the newer curricula will be con-
sidered in a later section,

ML, Inteirive GEOMETRY IN ENcLAND, FrRaNCn,
aNp Irany

AL ENGLAND

The Perry Movement. The great agitation of 1g9o1, known as
the “Perry Movement,” referred to above, became of epoch-making
importance not only in England but also in America. ' Among the
stiggestions, old and new, that were stressed by Perry and his fol-
lowers, the following are of signiticance in this connection:

1. Experimental geometry and practical mensuration should pre-
cede demonstrative geometry',

2. Intuition, measurement, motion, visual devices, graphic meth-
ods, and squared paper should be used throughout.

3. Practical applications should be stressed.

4. Work with solids should be introduced very much earlier.

5. Some deductive reasoning should accompany experimental
geometry,

0. Laboratory techniques should be enconraged.

The extreme demands of Perry were soon rejected. .\ middle
around was gradually evolved which may be inferred from such texts
as those of Barnard and Childs  and of Godfrey and Siddons. .\

Detailed sumnmurics or discissiens o1 this important document are siven by
Treatlein, Pooopo i [oahs Klein Foand Schimmack, Rooop et Tys] pp soX
seo. Hotler, Maois epo oot |2l Lictemann, Woepo it Teal Voll 1 ppe seotl

INoune, VL The Ioakme or Moeionties, Chap VL Lonumans, Groeen
and Col New Yark. vgsg. alsas Final Report o the Naticnad Commdttee of Fisteen
o Greomedry Ndlthaes, ppocr U op it vl

Rarnard, 5 and Clnbds, 1M 1 Ve Gromeda v for Sceads, The Maemillan

Coapany, New Vork, roes
S Gadirey, Coand Siddons, v W, Flementaoy Geometry, Cambridee Univer
Aty Pres-, Cambridee. 1903
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pioneer book of this period was a text prepared by Hamilton and
Kettles” .\ more conventional treatment is that found in an intro-
ductory course prepared by Hall and Stevens,

Of great significance was the work of Benchara Branford. who
outlined a historical program >~ similar to that of the Ziller school
in Germuany.  His own “first lessons™ (pages 13-22) would hardly
be imitated by anyone to-day. This is also true of his kick of sys-
tem. But the multitude of valuable suggestions distributed through-
sut the book make it a source of inspiration even for our more
systematic courses,  Influenced by the reading of Branford's manu-
script, David  Mair issued his School Course of Mathematics,™
equally unsystematic. but full of excellent ideas. It is based on
progressively arranged problems and demands much independent
thinking on the part of the learner.

A most interesting and original contribution of the same period
is a delightful booklet by Mrs, Edith L. Somervell. entitled
A Rhbvthmic Approack to Mathematics Tt should become more
widely known. It shows how children of the preschool age can be
introduced to geometric designs by a series of manual activities of
amazing power and charm.  In that connection, attention should
be called to T. Sundara Rows Geometric Excrcises in Puper
Folding.

In 1goz there appeared the First Book of Geometry by Dr.
Grace Chisolm Young an:t Dr. W H. Young™ It was intended
for children as young as seven vears of age, working with or without
a teacher. Based almost entirely on the method of paper folding,
it has become an educational classic of its kind, Tt covers a very
large territory, including all the important plane and zolid tigures.
Among itz obvious defects is its abstract character and the absence
of practical prablems.

< Hamilton, J. Gooand Rettle, o First Geometry Boek, seventh edition,
London, 1ooo.

=~ Brantord, Benchava, A Study of Mathrematical Fdgeation, pp.o13 22 Ozford,
oS : new wdition, tosg. A oexeellent German transhition appeared in 1ot

< Mair, David, School Cogrse of Mathematios, Ozford, Clirendan Press, 1007

e Somervells Bdith oo Rhvthmic Approach to Mathematios, London. 1uon.

St Raw, T. Sundara, Geometric Exercises in Paper Folding, Amerivan edition,
prepatted by Beman, W Wooand Smithy Do FL The Open Covrt Publishing Com
pany. Chicasu. 1001,

“2 Youny, Grace Chiselm and Youns, W H, First Book of Geometry, London,
es. .\ very satisfactory German translation appedred in 1008 under the title
Der Kleine Grometer,
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Later Developments, In August 1912 the International Con-
gress of Mathematicians met in Cambridge, England.  One of its
sessions was devoted to a discussion of ~Intuition and Experiment
in Mathematical Teaching in the Secondary Schools.”™  Professor
David Eugene Smith presented a report on the subject, which was
followed by a discussion participated in oy representatives of Ger-
many, Austria, France, and Great DLritain.  The printed summary
published in /'Enseignement mathématique (November, 1912) con-
tains numerous viluable sugeestions that might well be restated
even at this time,

A critical discussion ol the role of intuition in geometry was
offered in 1913 by G. St L. Carson® The distinction hetween
~deduction™ and “proof,” which he insists on, is of importance he-
cause “pupils can appreciate and obtain proofs long before they
can understand the value of deductions.” and “hecause the functions
of proof and deduction are entirely different.”  OF interest, also.
is Carson's critique of exercises in drawing and measurement. A
liberal number of assumptions is advocated.  He says that “in the
earlier stages every acceptable statement or intuition should be
taken as an assumption : the analysis of these. to show on how small
an amount of assumption the science can be based, being de-
ferred.” =

The recent period. In Fogland appeared the well-known
report on The Teaching of Geometry in Schools prepared for the
Mathematical Association (1923}, It ix comparable in importance
only to the Meran Report of Germany (19o3) and the repori of the
National Committee on Mathematical Requirements in the United
States (1923). It states correctly that »a great deal ol school
geometry is a compromise.”  The most outstanding feature of the
report is Part L which deals with the =division of the geometry
course into stages.” No less than five stages are enumerated and
deseribed. Stage A is designated as the “experimental stage.” which
w<hould end at the age of about 127, vears,” Stage B is the de-
duetive staze.” At this stage the deductive method should be
~prominent, but not to the exclusion of intuition and induction.”
“In Stoxe A the deductive method is weakly developed, but in

woCa oon. G. SC Ly Evavs on Mathematicad Ddweation, Gion amnd Company.
London  nd Bostan, 1o

v lhid | poio.

e Peacl me o8 Geetetey op Schosla repart prepared tor the dlathe
matival As-ociatton. London, ir-t edition, tor o0 —ovond sdiion, voges
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Stage it is supreme.”  The nature and content of Stage .\ will be
outlined in a later section of this monograph (see pages 12611.),

B, FRANCE
The early period. .\ critical attitude toward Euclid was shown
by French writers from the very beginning.  Practical geometry
was given as much emphasis as in Germany. The first geometry
printed in French. that of Bouelle,* coatained two chapters on the
relation of geametry to svmmetry as seen in the anin...te and inani-

Aoy Monessox Maveer. lo Géomdtrle pratige . T oo

mate world. The book was not rigorot s, some theorems being mere
statements of facts.

Petrus Riumus 113800 treated geometry as the art of accurate
measurement.  Le Clere’s fanciful geometry (17300 extended the
idea of Comenius™ Ordis Pictus by supplying numerous pictures
which were supposed to make the prooositons real. No proofs
were given,

“lnteresting data ceneernine the carly French tests may be found in Stamper.
Alvae Wooop et enl pposo ST0 Cidorde Flordan, in cp. vl Tt pp oopss
Rokomoor, I¥ W, vp it zv]: the standand hivtorics or nutheme. t, -,
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Geometry hegan to be studied in the French secondary schoolx
during the first half of the eighteenth century. The greatest in-
fluence on the teaching of geometiy was exerted by Legendre's
Eléments de géométrie, which appeared in 1794, It was widely
imitated. not only in Europe. but also in the United States " It
abandoned the sequence of Fuclid, made greater use of intuition,
emphasized solid geometry. and admitted the use of algebraic
methods. It was “the first logical departure from Euclid that the
world recognized.” > The ideas of Legendre have survived in
French and American texts to this day.

Recent developments.  FFor many vears France has had the
good fortune of seeing some of her most eminent mathematicians
interested in the preparation of texts for her secondary schoals,
To prove this, it is only necessary to point out authers like Hada-
mard, Rouché and Comberousse. Borel, Bourlet, Meéray. Nieweng-
lowski and Gérard. and Tannery. This fact has exerted a profound
influence on all mathematical instruction in France. It is char-
acteristic of the French secondary schoalx that instruction iz given
in three successive stages or “cyveles” comprising, respectively, four
yvears. two years, and one vear.!”  Fach cycle begins by reviewing
all the mathematics of the preceding cycle. but on a “igher level.
In the first cvcle. intuition predominates. and only gradually is the
deductize method allowed to rule,

In geometry, the most noteworthy recent tendencies in France
have centeved around the use of “motion.” the fusion of plane and
solid geometry. and extenzive develonment of geometric drawing,

In the elementary tield. the available literature is not remotely
comparable with that of Germany. Attention should, however. be
directed to a fascinating little book by Professor C. .\, Laisant of
the Ecole Polytechnique in Paris, entitled Initiation mathématique.

w7 Rees for example. Davies, Charles, Elements of Geometey and T riconomrtry,
fram the worke of A M. Legendre, A0S Barnes & Comnany, New York, 18o:.
The ftirst paracraph of the preface reads ag follows:

“Of the wvarious Treatises on Elementary Geometrs wined have appeared
during the present century, that of M, Legendre stands predéminent  Its peculiar
merits hot only have won for it 4 European reputation, bur have b enused
it to be selectedd as the basis of many of the best works on the subject that have
been published in this countiy”

s Stampetr. Mva Wooep et ol p. S

“Rlein, Fooop, cit, [20] p. oS8,

 Latsant. Co AL Iudtiation mathématique,  Genéve-Paris, 1gon:  German
translation,  Finfulireng v dee Mathematik, icipza, e American  edition,
Matitrmatics, Doableday . Pase and Col New York, 11y
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It is deseribed by the author “as a work without any progran, dedi-
ciated to the friends of children.”  Intended Tor Childeen “hetween
the ages of 4 11,7 it offers o series of informal mathematical
ame, diseussions, and problems covering a very wide range, Many
of it ideas are of permanent value,

Aninteresting Géomdtrie, cowrs démentaire, published in Tours
and Paris cundated) by o committee of teachers, shows @ wealth
of illustrations, pictares, designs, and concrete anplications that
make some of it pages most atteactive, 1o very condensed form it
presents the fundamental concepts, as well as the typical facts
refating to plane tigures and solids,  In conelusion, it offers some
fine work in outdoor measurement, .\ second course, by the same
authors. presents the main ideas and applications of plane and
solid geometry in equally simple form,

Anather brief hut valuable booklet was prepared by Professor
Paul Bert, as carly as 18865 The preface states that this e
book is “hoth a preparation for more regublint and more advaneed
study, and at the same time it is a delinite and complete work for
the great bulk of owr pupils in our clementary schools: a work,
that ix, which is self-sufticing, complete in itself." The entite conrse
i built up on direct and indirect measurement, much attention
being given to outdoor cxercises in surveving.

In the clementary schools of France, the study of geomelry
parallels that of drawing, supplemented by the most practical rules
of mensuration, “The revision of the curriculum made in 1923 pro-
duced no marked changes in the geometric work,

CoITALY

The carly period. The tirst printed edition of Fuclicd, the
Campanus translation, was issued in Veniee, in 1482, A\ Tew yeirs
Luter (rg404), Luca Pacioli's Swmma appeared, a general compilation
of the mathematical knowledge of the time, including an uns<itis-
factory summary of Fuclid. As in the case of Germany aml France,
practical geometries were commeon in [taly in the sixteenth century.,
Cosimo Bartoli (r505-1372) wrote i popular hook on mensuration.:
Silvio Belli's practical geometry (15030 - deals primarily with sur-

URerts Baule Fire Blements of Experimental Geom Dy, Fnelish tean-Lition,
Londan, 18s0,

ONtampers MW epo e Tecl ooz also Smith, o 1L ey of Matine-

matics, Vol 1, pogot Ginn amd Company, Boston, 1025
Smitho Do Fooey et freloposops Stamper, Vv WL o beolp s
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Sivio Beuet Quattro libei geometrici, 1595,
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veying problems.  On the whole, however, the gecmetric traditions
in Italy were Euclidean in chavacter.

Revival of Euclidean rigor. On the recommendation of Cre-
monit, in 1867, the Ttalian Government caused i complete return to
Euclid.  ‘The edition of the Elements prepared by Hrioschi and
Hetti (i8o7) helped to make this restoration effective.’ Since then,
i series of ultra-rigorous textbooss hive appeared in ltaly, which
Am to incorporate in the geometr, curriculun of the seconciry
school some of the latest refirements resulting from modern re-
seirch on the Joundations.’*  Aecording to Klein, the excexsively
seientific atmosphere of these books is undoubiedly too rarefied for
all but o tew specially gifted minds, Tt is ulso noteworthy that
Ttaly, for a time, gave considerable support to the plan of fusing
plane and xolid geometry,

The effect of the Gentile Reform of 1923 is described by Pro-
fessor I, Enriques in the Fourth Vearbook of the National Couneil. ™

Intuitive geometry in Italy. Several types of elementary texts
have appeared in Ttaly which represent widely varying interpreta-
tions of the objectives of a first course in geometry., In 1got
Professor P, Pasquali issued his Geometria intuitive.” Tt is “od-
dressed to the eye and the hand.”™ No geometric instruments are
used. Paper jolding is the chief tool for introducing and construct-
ing the principal plane figures and dealing with their properiies.
One section is detinitel; devoted to an analvsis of Frithelian fold-
ings.” Itix highly instructive to see how the Pythagorean theorem
is presented, how algebraic reiations are pictured, and how regular
polygons and complicated relationships are handled by this simple
manual technique,

On the other hand, in 'rofessor Veronese's Nozioni elementart
di geometria intuitiva, ™ we find a rather rigorous outline of the
fundamentals, The greatest care is wken in formulating accurate

UThe Fowrth Yoarbook, The National Cowncil of Teachers of Mathematice,
g, pp. s,

TrSces for examples the tests ol Sannia and d'Ovidio. De Paoli . Faifoter.
Veronese, Enerami. and Enrigques and Amaldic Some of these treatises (Veronese,
tneramb) Tollow o tusion plan. Fhe fusion movement eheauntered Jificulty and
appens to have been abidoned morecent vears.

Enriques, Fooartide in The Fowrth Yearbook, The Nuational Couneil of
Peachors of Machematicy, vazo, ppo71 s,

Pasquadis B Geometrin intdtiva, in g oparts, Parma toor.

SNeroneses G Nocdone elementari di gromelvia intwitiva, third  edition,
Verond, tyot.
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concepts and delnitions.  Rules of mensuriation, as well as the
fundamental constructions, are given without proof, ‘There are very
few applicd problems, and no referencss to life situations.  Only
elght pages are devoted o solids.

Whereas the booklets mentioned above are virtually limited to
plane Ngures, the Geometria intuitive of Dr. G. Costanzo il
Co Negro, intended for the first three classes of the gy mnasium,
has as its outstanding feature a fusion of plane and solic’ geometry,
Thus, & discussion of parallel lines is at onee follows 1 Ly a con-
sideratior of parallel planes, "There are no formal 1+ oofs, either of
propositions or of constructions.  The course closes with “develop-
ments” of solids, including the five regular solids,

IV INTEUITIVE GEOMETRY IN T1E UNITED STATES

The curly period.  Reference has already been made to the
pioneer efforts of Thomas Hill, Bernhard Marks, and G, .\, Hill,
The First Lessons of Thomas Hill veally represent o series of
very elementary conversations about the prrpose of geometr, and
about the principal plane tigures and their properties. followed by
i briel discussion of the cube, the cone, and the sphere, Tts most
ingenjous feature s an ir tormal treatment of certain higher plane
curves, such as the conie sections, the eyvcloid, and the catenary.

Marks's hook, on the other hand, is much more conventional,

et b oconsists of twenty-seven clessons”™ on the coneepts relating
to lines, aagles. triangles, and other plane tigures.  Much of the
material is given in question form and is very tiving to a
madern reader. There are practically no applied problems and no
realistic illustrations. Part T containg twenty-five  propositions
which are demonstrated in considerab'e detail, many of the proois
being preceded by o “development lesson.”™  \n interesting feature
of the hook is the use of color in some of the dingrams.

G. .\ HIls Geometry for Beginners, a0 substantial volume of
314 pages, is ene of the most ambitions tevts of its kind ever
prepared.  Hs thirteen chapters cover praciically the whole field of
everyday geometry, including @ whole chaper on the ellipse. The
treatment is very systematic, The sequence is as follows: introque-
tion, straight lines, angles, triangles (including symmetrical figures).
areas  (Pythagorean theorem, transtormation: and pactition™ of

T Custanso, Gl Neero Co Geometrin mbidhixa ¢ vdioenti di disegno
gromrlrica, second wdition, Bolouna, o7,

O
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tigures inclided)  similar figures, the circle, the ellipse, planes,
“jeometrical bodies™ (prism, cylinder, pyramid, cone, sphere), sur-
fuces, and volumes.  Numerous exercises are given. and the practi-
cil uses of geometry are stressedd.  Much of this volume would now
be omitted in a tirst course, but its general point of view was far
ahead of its time. The following sentence from the prefuce is
of interest:

The author. while residing in Germany in 1875 and 1878, made himself

familiar with their methods and textbooks, and he has freely used the
knowledge thus acquired in writing the present work.

A few years later, the same author issued his Lessons in
Geametry for the Use of Beginners™ Tt was “prepared to meet the
wishes of those who prefer a shorter and easier introductory course
in Geometry than that given in the Geometry for Beginners” ‘The
author says that he had in mind “pupils between the ages of twelve
to sixteen.” There are ninety-six “lessons™ which cover much the
same territory as the earlier book, but in rather formal fashion,
There are many exercises and problems, The cube is the first
figure presented, as in the earlier book. .\ noteworthy feature is
the (optivnal) use of metric units and the attention given to geo-
metric designs.  The author says that the lessons are intended for
"t course of three hours per week for a year, or. what is better for
the pupil. a course of one hour per week for a year. and a course
of two hours per week for the year tollowing.” He continues:
“Gieometry, as here presented, should be studied before algebra.”

In 1888, W, W, Speer (Cook County Normal School) wrote his
Lessons in Form, advocating that “form lessons” should precede
the direct study of number (page 69). The influence of the German
movement is plainly reflected in this bhook.

Professor Paul Hanus, of Harvard Univessity, in the course of
lectures referred to on pages o4 and o3, giver. in 1893, made known
the detailed plans found in Kehr's Praktische Geometrie, “for the
last three years of the grammar school.” together with a brief sum-
mary of Kehr's principles of method.

Report of the Commiittee of T'en (1894). Because of the his-
toric importance of this report. copies of which are no longer
aveilable, the section which deals with “Concrete Geometry™ is
here reproduced in its entirety. It will be seen that we still have

MHIL Go AL Lessows dn Geometry Jor the Use of Beginners, Ginn and Com-
pany, Boston, 1887,
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very much o learn from this forwared-looking document, To quote:;

The Conference recammends that the child's ¢eometrical eduention showld
begin ax carly as pogsible ; in the kindergarten, if he attends @ kindergarten,
ot if not, in the srimary school.  He should at fiest gain familiarity through
the senses with simple geometrical figures and torma. plane and solid; should
handle. draw, measure. and madel them: and should gradually learn some
of their simpler propertivs and relations. It ix the opinion of the Confer-
ence that in the early years of the primary school this work could be done
in connection with the regular courses it drawing and modelling without
requiring any important moditication of the school curriculum.

At about the age of ten for the average child, svstematic instruction in
concrete or cxperimental geometry showld hegin, and should occupy about
one school hour per week for at least three years.  During this period the
muin Gacts of plane and solid geometry should be taught. not as an exercise
in fogical deduction and exact demonstration. but in as concrete and ohjec-
tive o form as possible. For example. the simple properties of similae plane
tigures and simvilar solids should not be proved. but should he illustrated and
contirmed by cutting up and re-arranging drawings or models.

This course should include among other things the caretul construction of
plane ficures, bath by the unaided eve and by the aid of ruler. compasses and
proteactor: the indirect measurentent of heichts and distances by the wid of
fewres carcfully draten to seale ; and clementary mensuration, plune and
sl

The child should learn to estimate by the eve and to measure with some
degree af accuracy the lengths of lines, the magnitides af anceles, and the
arcas of simple plane ficures: to ke accurate plans and maps from his otwn
actual measwrements and estimates: and to make models of simple geometrie
cal solids in pasteboard and in clay.

OF course. while no attempt should he made o build up i complete
logical system of geometry. the child should be thorowehly convineed of the
correctiess of . constructions and the trath of his propositions by abundant
concrete illustrations, amd by frequent experimental tests > and from the hee
ginning of the systematic work he should he encouraged to draw casy infer-
ences,and to Jollose short ¢hains of reasoning.

From the outset the pupil should be required to cxpress himself serbolly
oy ‘.'(':'H 1A ’l_\‘ lh‘l!'la:‘!"ll,' uml mmll‘ HML'. muf the I.mwuuq:' 1'"![)/0)'1'{[ .\/luuhl hr.
as fur as possible, the languaee of the sciener, and not o temporars phirgse-
(',Ul.’.\' to bhe anlvarned tater,

It is the belief of the Conference that the course here suggested. it skil-
tully taught. weill wot only be of great rducational valie to all children, but
will ulso bea most desivable preparation for later mathematical work.

Then, oo, while 1t will on one side supplement and aid the work in
arithmetic. it will on the other side 6t in with and help the elementary
instruction in physics, if such instruction is to he given, ™!

SOReport of the Committee of Ten ov Secondary Sehool Studica, pp. 110-11¢

li2].
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Later developments (1898.1923).  Adelin R. Hornbrook's
Concrete Geometry (1895).% ax the author declared, was “dexigned
especially for use in grammar grades {1 accordance with the recom.
mendations of the Committee of Ten und with the practice of many
of our foremost xchools.” NHesides, the book was recommended
“for supplementary work for beginners in demons (ative geometry."
Its general method is “that of constructing and inspecting geometric
forms and of reporting in the language of mathematics the results
of the inspection.”  The pupil’'s success is said to “depend very
largely upon the teacher.”™  The hook is essentially an exercise
manual covering the whole range of the conventional plane figures,
the cube being the only solid receiving attention.  Many of the
excreises are excellent and stimulating,

William T. Campbell, of the Boston Latin School, in 1899
hrought out his Observational Geometry,: Part 1 consists chiefly
of laboratory work centering around the making of muodels (cube,
prism, pyramid, cylinder, cone, sphere).  ‘The plane figures are
derived from the solids, There are many pictures and interesting
dingrams,  Part 11 presents a more systematic study of points,
lines, angles, polygons, circles, constructions, mensuration, similar
figures, and surveying. It is a charming and interesting book,
in spite of its obvious defects.

In tgot there appeared the First Steps in Geometry by Went-
worth and THILY It contains the best features of Till's earlier
hooks, is beautifully illustrated, and suggests valuable laboratory
exercises.  ‘The preface sets forth the program of the authors in
these words:

This book is intended to be an introduction to elementary geometry, It
aims to make clear by illustrations, definitions, wod exerdises the exact mein-
ing ol the straight line, parallel lines. axial and central symmetry, loci of
points, vqual Ligures, equivident tigures, similar .qures. ard measurements
uf lines, surfaces, and solids.

It aims also to make the learner familiar with the most important
theorems, and to teach him to draw, with instruments and free-hamd  aceu-
rate tigures both plane and solid,

*: Hormnbrook, Ndelia R Conerete Grometry, American Book Co., Ine.. New
York, 1303,

“Camphbell, Williaom UL Observational Geometry, American Book Co., Ine.
New York, 1200.

“Wentwarth, G. AL and Hill G AL Firg Steps in Geomelry, Ginn and Com-
pany. Boston, i1gor,
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Williim A, Schoch, of the «eane Manual Training High School
in Chicago, in 1904 issued an excellent introduction to Geometry,:
e spirvit ix practical and stimubiting  throughout. 1t hax «
splendid chapter on symmetry and valuable work on scale drawing,
and gives one of the varliest treatments of graphic representation,

The Final Report of the National Committee of Fijteen on
Geometry Svllabis C1912) * devotes an entire section to “pre.
liminatry courses for wriaded schools™ (pp. 40-491. 1t asserts that
“itis of the utmost importance that some work in geometry he done
in graded schools.”  Helpful suggestions concerning this work are
given.  Special stress is laid on drawing to scade, on models and
spatterns,” and on “the forms of solid geometry.”

The jwior high school movement, which began at about this
period (1912.1915), absorhed these suggestions and gradually in-
corporited them in the texthooks that were prepared for the new
schools which soon sprang up all over the country.™

The vecent period. The report of the National Committee on
Mathematical Requirements appeared in 1913, 1t served as o elear-
ing house and a summary of current tendencies, and definitely
pliced intaitive geometry into the mathematical curriculum of the
junior high schools.  Since then many variations of the program
outlined in that report have heen tried, and the end is not yet. Ina
later section we shall examine some of the syllabi and resulting
texthook chinges that have been evolved during the recent past,

PART THREE

Tue Basic CoNTENT oF INTUIIVE GEOMETRY

Importance of compelling types of motivation  In recent
years the curriculum experts hive suggested virious eriteria for the
selection of the instructional materials which are to appear in a
mudern course of study, Scores of treatises have presented an im-
posing body of guiding principles for the elabocation of desirable
objectives. Valuable as some of this literature has been, most of
it has heen too theoretical or too complex to be of much use to the
struggling teachers who must accomplish definite task in a limited

schochie W N htroduction to Geometry, Allvn and Racan, Boston, 1904,
Reprinted in Fhe Yhatbemativs Feacher, Vol Vo ppoan o1 December, g0,
osee Betzo W < The Development of Mathematios in the Junior High Schoal,™
Ui First Vearbook, The National Cauncil of Teachers of  Mathematics, 1920,
Pl L1 103,
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perlod of time. What ix still lncking is o simple but comprehensive
point of view, in the light of which all classroom procedures and
lesson plans can be evaluated.  In other words, for each plece of
school work we must have o convincing, a competling doctrine on
its basic importance,  Only den shall we get away from teivial.
arbitrary detadls.  Instead, it must be our alm to anchor each sub-
ject on the permanent bedrock of fundamental human aeeds, in.
terests, and aspirations. Such a basis should be, and can be, created
for the subject of intuitive geometry.

I Tur PERMANENT BACKGROUND 0F GEOMETRY **

The primury sources of geometric knowledge. It has heen
pointed out (page s8) that writhmetic and geometry owe their
origin to two fundimental processes, namely, counting and meas-
wring, and that all constructive activities involve considerutions
of shape, size, and position.  Now, what caused people 1o become
acquainted with and to cultivate the great range of geometric con-
cepts, skills, facts, and relationships?  We shall try to show that
nature and the practical arts are the primary and permanent sources
of geometric dearning,  Once this fact is generally recognized, we
shadl have established geometry as one of the great social institu-
tions that can no more be destroved or overlooked than the force
of gravitation,

AL THE STUDY OF SHARE

How the knowledge of form began, The varliest knowledye
of form undoubtedly wis obtained from natural objects,  Fruits,
shells, trees, animals, owers, crystels -all furnished many beautiful
patterns. .\ pool of water suggested a flat or plane surfuce. The

** Much of the material presented fn the following pages is based on previous
puhlivations Tor which the writer was responsible cither entirely or in part. Insteael
of wsing spevitic quotations, he wishes to enpress his particular indebtedness to
the tollowing sources:

Ket/o W Grametry for Jionior igh Schools, published tor the Board of
Fdducation In Feloff, ], M St Baul Streeet, Rochester, New York, 1g2 1.

Bety Miller Miller. Workbook in Intuitive Geometry, published by the Hacter
Publishineg Compuiny, Clevebind, Ohjo, 1g:¥

Fentative Cowrse of Nty in Juwior Jich School Mathematicy, tor the Junjor
high schools ot Rochester, unpublished, Board of Fducation, Rochester, N, Y.,
1Yi0.

Pupils o1 the Lincoln school thincoln Schaol ur Teachers College, Columbia
Uriversityy Phetiated Mathematical Talks, ppo2 st cOut ar printy Burear ol
Publications, Teachers College, Columbin: University, New Yark, 190, ’
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sky looked like a hemisphere. The rainbow was a huge circular
arch, “The disk of the sun and of the full moon resembled circles.
A heap of sand looked like o cone.  The path of « falling stone
appeared to be a straight line.  Raindrops were seen to fall in
parallel lines. ‘The vertical position of trees called attention to the
“right angle,” At night the stars, like points af tire, outlined in-
numerable figures.

In short, nature is a sort of huge museum containing an endless
virriety of shapes.  Says Emerson:;

The eye is the tirst cirele: the hoerizon which it forms is the second: and
throughout nature this primary picture is repeated without ened. 1 is the
highest emblem in the cipher of the worldl. St Auustine described the
nature of God as a circle whose centre was everywhere and its circum-
ference nowhere.  We are all our lifetime reading the copious sense of this
first of Torms™

But it was one thing to see these forms, and quite another thing
to use and to neme them.  Fortunately, the early people were driven
to a knowledge of form by sheer necessity. They all had to have
food. clothing. shelter, weapons, tools, and simple household furni-
ture. ‘The food had to be stored. and so they made pottery and
baskets.  Clothing had to be made either of skins, or of wool, or
of plant fibers.  Shelters had to be built and equipped. It took
thousands of years to perfect these household arts. But all these
activities led to an increasing knowledge of shape, size, and position,
and so prepared the way for our present science of geometry,

For illustrative purposes, we shall confine ourselves to a brief
rehearsal of the manner in which shelter activities became a source
of geometric information.

Early shelters.  In olden times people lived in natural shelters
such as caves or trees. When they became hunters or took up
cattle raising, they had to wander a good deal.  This compelled
them to “break camp™ very often, and then to put up a new shelter
each time.

What kind of shelter did they build? That depended largely
on the building material which could be obtained. on the climate,
and on other items.  The most common of the early shelters will he
described briefly in the following paragraphs,  Fortunately, the
home life of the American Indian. on the great western reservations

S See Emerson, Ralph Waldo, =Cireles™ Fvays, First Seriess p.o225. Dadwee
Publishing Co.. New York. undated,
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and in South America, still gives us g very goud idea of all the
practical arts which must have been carriea on by wild tribes in
other parts of the world many years ago.  For that reason, Indian
homes furnish the most convenient and interesting examples of
primitive buildings for our purposes.  In putting togethe: their
simple shelters, even the uncivilized people learned much about
geometry,

Lo The tipis Bvery American boy and girl has, no doubt, heard
of the Indian-tipi. 1t has the form of a conre. The figure that had
to be outlined on *he ground in building such a conical shelter was
the circle. “The framework of a tipi consisted of long, slender poles.
It was covereed with birch bark. skins, branches, or mas.  The
Indians often pictured a tipi by means of a ¢rianple.

2. The wigiwam. Another Kind of shelter, used very widely, had
the form of a dome or a bowl turned over. The Mgonquin Indians
in the eastern part of the United States called such a dome-shaped
hut i swigwam.”™ A wigwam has the form of a hemisphere,  Again,
the figure that had to be outlined on the ground in building a
wigwant wis o circle. \When seen at a distance. a wigwam looked
like o semicirele.

3. Raised shelters. Tt was hard to walk around inside either a
ipi or a wigwam. In many parts of the world such huts were
therefore raised and put on posts which were set upright in the
ground. In some cases 4 hole was dug under the hut.  The space
thus addea hael the form of a exvelinder. The form that had to be
outlined on the ground in making a ¢ Windrical hut was & circle.

The three shelters named so far are based on the “three round
bodies,” namely. the sphere, the cylinder, and the cone. They all
have a cirele as their ground plan,

Rectangular shelters.  As soon as farming began and people
settled down, they put up more permanent shelters or houses which
gradually took the forms that are commonly used to-day.

t. The lean-to. Hunters and woodsmen often build a “wind-
break™ having the form of a “lean-to,” The ground plan of such a
shelter is a rectangle.

2. The gable house. A lean-to does not afiord much protec-
tion against the cold or against animals. Tt was only natural to
think of completing it by building a “double lean-to.”  Such a
shelter was used by certain Indian tribes, like the Apache Indians.
A shelter of this kind looked like a4 modern tent. or like a gable
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roof of an ordinary house.  The ground plan of a gable house has
the form of a rectangle. This is also the shape of each of the slop-
ing surfaces or “faces.” The front of such a shelter looks like a
triangle. A form like that of a gable house evidently resembles a
triangular prism.

3 The rectansular house.  As in the case of a tipi or a wigwam,
it is hard to move about in a tent-shaped house.  Gradually people
leatned how to put the gable house on a framework of poles or to
dig a “cellar”™ under it.  The space thus added had the form of a
rectangular box or a rectangular solid. The rectangular hut came
into use in many parts of the world,  Obviously, this kind of shelter
is the forerunner of the ordinary modern home.

4. The flat-roofed house. In regions where there was little or
no rain, the gable roof was often omitted, thus leading to a flat-
roofed shelter. Rectangular houses of stone with flat roofs have
long been built by the Hopi Indians of Arizona.

5. The square house.  Certain tribes, like the Penobscot Indians
in Maine, preferred a square ground plan for their shelters. The
roof of such a shelter was likely to be a pointed one. Each of the
four sloping surfaces or “faces™ of such a roof had the form of a
triungle. ‘The entire roof had the form of a square pyramid.

Modern buildings; the rectangle. The story of the early
shelters readily suggests how the form of a modern house came
about. Most of our homes now have a gable roof which rests on a
rectangular foundation. On the other hand, our big oftice buildings,
business blocks, “skyscrapers,” and manufacturing plants, usually
have flat roofs.  Nearly all these buildings also have a rectangular
ground plan.  Their walls are rectangular. ax well as their tloors,
windows, and doors. The boards in the floors, the bricks and
stones, are rectangular.  Naturally, building lots, as a rule, are
also rectangular.  This has led to straight streets which usually
cut each other at right angles. The sidewalks consist of rectangu-
lar sections.  Moreover. much of the furniture and other equipment
in modern buildings is of rectangular form.

Hence it is that, as someone has said, “ours is a rectangular
civilization.™  The rectangle is casily the most practical of all the
forms we study in geometry,

Dominant forms. An analysis of the geometric forms arising
in connection with such cveryday practical activities as building,
weaving, and farming, and in the industrial arts, shows that among
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the plan~ figures used constantly, the rectangle, the circle, and the
triangle arve easily the outstanding forms.  Moreover, the most com-
mon space forms are the rectangular solid, the prism, the three
round bodics, and the pyramid. In other words, these forms seem
to occur more frequently in the practical work of the world than any
others, In particular, when we understand the evolution of these
forms and the reasons for their constant use in everyday life, we
are no longer in doubt about the reasons for including them in any
truly motivated course of study in geometry.

B. THE STUDY OF SIZL

The evolution of measurement; farming as a saurce of geo-
metric information. The most important of all human activities
have always centered around the securing of an adequate supply of
Jeod. As soon as the ordinary stocks of food in any particular dis-
trict became limited, it was necessary for people either to migrate
or to think of some way of increasing their supplies. This accounts
for the tilling of the soil, or farming, Moreover, it hecame neces-
sary to store food and water. This gave rise to basketry and the
making of pottery. Finally, food had to be transported trom place
to place, which caused the invention of the wheel. The exchange
of commodities gradually led to barter and to other commercial
enterprises. Storehouses and granaries were eventually constructed.
All these and many other activities contributed to the development
of geometry, especially to a knowledge of mensuration.

It has been known since the days of ancient Kgypt that farming
led to surveying, and thus caused the discovery of many geometric
relationships.,  In fact. geometry means “carth measuwrement.”
Herodotus tells us that Egypt was the home of geometry. This
was due to the annual floods caused by the Nile. These floods
regularly destroyed many boundaries, thus making it necessary each
vear to survey the farms anew and to enter on the assessment rolls
the exact area of each piece of land. In this way the basic tech-
niques and rules of mensuration were discovered.  Among the
earliest of these was the rule for finding the area of a rectangular
piece of land. The Egyptians also had rules for finding the area of
a triangle and the area of a circle™

"See R, . Archibalds bibliozraphy on Fgsptinn and Babylonian  mathe-

matics in the American edition of the Rhind Mathematical Papyrus. @ vols.,
Oberlin, Ohio, 1927-1929.
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It is probable, likewise, that at a very early time people learned
to estimate the capacity of bins and granaries. In other words,
farming and the related arts definitely established and developed a
knowledge of the simplest processes of mensuration. The story of
the early units and toals of measurement is of absorbing interest
even to very young pupils.

Measurement as the master art. Just as the study of shape
can always be motivated by reference to nature and to the practical
arts, so measurement is indissolubly connected with the very warp
and woof of our existence. It can be shown that modern life de-
pends on accurate measurement at almost every turn. No one has
explained this more clearly than Mr. Henry . Hubbard of the
National Bureau of Standards in Washington, To quote:

Mveasures rule the world.  All things are made to measure. To indus-
try. measurement is the tool of creation. Industry is science set to measure.
Measurement is a miracle worker,

Here is a shoe factory with a houseful of lasts. The shoe sums centuries
of shoemaking art in a set of measures—length. width, instep, ankle—by
which the shoe is built, classified. sold. and worn.

A dress pattern sums up an age-old art—clothing the body.  Artists of
the mode build their creations on measures of the body. Every cut of the
shears or stitch of the needle is measured. to ensure perfect fitting for com-
fort. taste. or health,

What is true of the shoe last and the dress pattern is true of a hundred
thousand produets of industry. If we need a hat. gloves. collars, the first
question is size. The machine knows only the size. the user only the quality.

Modern science began with measurement.  Measures are great teachers.
They teach truth. By modern methods. scientists measure accurately how
things happen in nature and in experiment.  Such measures build civilization.
They are the numbers which rule the world of enterprise, the unseen frame
of all achievement.

The engineer puts measures to work in skyscraper, bridge. and other
structures.  Measures tlow through his pencil to scale drawings, By means
of measures the engineer builds his dream of beauty. When the cathedral
stands finished, strong and beautiful. we forget the measures, but they remain
forever the strength and beauty of the cathedral.

The blue print speaks the language of measurement. In study. shop,
and laboratory. the world of “Tomorrow” is being traced on paper with the
aid of measured scales.  Measurcments are thus shaping the pattern of the
“Wonderlands of Tomorrow.”

“ For a more extended quotation of Hubbard's views on measurement, see
The Third Yearbook, The National Council of Teachers of Mathematics, 1928,
pp. 151-184.
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C. THE STUDY OF DOSITION

Nature's basic positions. The trunk of an upright tree is in a
vertical position. Some of the branches are horizontal, or nearly so,
while others are drooping or stanting. Again, the trunk of a tree
and its shadow form a right angle, It is easy to see that these
relations were bound to appear constantly in the products of the
manual arts. ‘Thus, the framework of a modern building is a con-
figuration composed of perpendicular, parallel, and oblique lines
Evidently this fact, as in the case of a tree, is Jdue to the force of
gravitation, Hence perpendicularity and parallelism are seen to
have a background as lasting as the laws of nature.

The ompipresent role of position. Even a child learns very
soon, in hix home, that the desks, chairs, pictures, rugs, and all
the other objects in the house, have definite places or positions.
At a later stage, he finds out that, likewise, constant attention is
given to the exact location of things in the school, in shops, in stores,
and in offices. He is told that this definite arrangement of things
is necessary for the sake of attractive appearance and for the sake
of order. Tt has been said that “heaven's first law is that of order.”

Again, we may think of a machine such as the engine in an auto-
mobile. We know that unless all its many parts are put exactly
in the right place or position, the machine will not work and the
car will not run,

When we study a city map, we see that it shows the location of
all the important public buildings, such as schools, churches, fire
houses, banks, and hotels.  In the same way. the map used by a
motorist shows the location of towns and cities, of roads, railways,
and the like.

When we go to school in the morning, we find out the correct
time by observing the position of the hands of a clock. Most of
us do not realize that the stars, as they rise and set from day to
day throughout the year, have enabled the astronomers to develop
the calendar. That is, the positions of the stars represent a great
clock by which we keep time. By observing the positions of the
sun, the mooa, and the stars, and by using his maps and instru-
ments, i captain can steer his ship across the trackless oceitn,

In countless trades and industries. practical people like builders.
contractors, carpenters, and machinists depend on charts and blue
prints which show every detail of the work to be done,
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Every hour of the day, whether we are walking or resting, the
correct position of our body is of importance to our health,

These and many other illustrations that might easily be given
will serve to explain why much attention should be paid to a study
of position,”

Symmetry and position. 1In creating the world of organisms,
nature evolved an unending vaiiety of forms. Many of these, such
as the human body are symmetric. The causes of this symmetric
arriangement are profoundly interesting, but cannot be discussed in
this chapter.”® It is sufficient to say that, for similar reasonsg, man
was also led, unconsciously at first, to give due attention to the
symmetric appearance of hix manual and industrial products. In
countless ways, symmetry accompanies us in every walk of life. A
fruitful and simple field which illustrates the laws of symmetry is
that of elementary design. It is not an acc.dent that since the days
of Diirer in Germany and Bouelle in France the study of sym-
metric figures has been suggested persistently as one of the most
profitable aspects of everyday geometry.

Number and form united. The fact that numbers may be
used not only to indicate size, but also position, is of the very great-
est importance. Everybody is familiar with this idea. It is only
necessary to recall the appearance of numbers on the dial of a clock
and on measuring instruments such as rulers, thermometers, gas
meters, and so on. The orderly position of these numbers underlies
the reading and recording of definite measurements.

In the same way. by using number-pairs, we can locate pointc on
a surface with the aid of #wo axes of 12ference. This is what hap-
pens whenever we locate the points of a graph with the aid of a
table of values. The startling consecuences of this simple idea, as
suggested hy Descartes and his followers, revolutionized mathe-
matics.™ It was Descartes who “presided over the marriage cere-
mony of algebra and geometry,” by making possible the simul-
taneous or unified study of number and form.

“2 See Wheeler, R. H. and Perkins, F. T., op. cit. 4], pp. 102-306; Wheeler,
R. H., The Laws of lHuman Nature, pp. 02. 134, ). Appleton and Company, New
York. 1932: for a further mention of Diirer's symmetry of desien. see page 22q.

“iThe use of cobrdinates, in the modern sense, can be traced back at least
as far as the Tractatus de latitudinibus formarum of the French clereyman and
scholar Nicole Oresme (died 1382).  An even earlier appearance of this idea was
discovered in a manuscript of the tenth century. See Smith, D. E., History of
Mathematics, Vol. 11, pp. 319-320, Ginn and Company, Boston, 1qgag.
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‘This notion of cotrdinates underlies navigation and surveying,
astronomy and higher geometry, Tt is primarily responsible for the
designation of mathematics as the “science of position” or the
“science of order.”

D. BASIC GEOMETRIC IDEAS

Congruence and similarity, The vast practical importance of
congruence and similarity is not realized by teachers and pupils
when the classroom work is limited to the usual “laws” relating to
triangles only.  And yet these ideas are illustrated in every direction
by the products of our machine age. A\ Ford car is made possible
only by the “mass production™ that is characteristic of a modern
factory,  Millions of “parts” are turned out, as nearly alike as
human ingenuity can make them. ‘The same idea is used whenever
designs, patterns, pictures, and plans are “duplicated.” Any “re-
print” is a duplicate of some original. Shoes made on the same last
and according to the same style may be regarded as congruent,
Castings coming from the same mold are congruent. Any two
objects constructed in accordance with the same specifications
illustrate the principle of congruence.

Whenever the scale ratio used in copying a plan differs from
unity, we obtain a set of similar figures. Blue prints, enlarged ot
reduced photographs, maps, and even “moving pictures,” are based
on this idea. The industries often manufacture several “sizes” of
an article, all built according to the same model or style, and hence
similar.

Nature is full of suggestions of congruence and similarity. The
leaves of any plant or tree, as well as amimals of the same species.
resemble each other. Crystals, fruits and flowers, the decorative
patterns of organisms, the cellular structures of plants and animals,
and the rhythmic motions of electrons, ne less than those of the
planets and the giant suns, proclaim th: .ominance of this idea.
It is this very regularity of nature’s patterns and motions which
alone makes science possible.

In the light of the vast ramifications of these ideas, so com-
pletely ignored in the usual course in “demonstrative™ geometry,
should not a first course in geometry point out some of the romance
that they suggest?

Symmetry. \xial and central symmetry, likewise, are of uni-
versal interest, as was pointed out above, Natural and manu-
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factured objects illustrate this interesting relation in an almost end-
less variety:,

In geometry there has been a growing “evviction that the use
of symmetry as a fundamental principle, through the idea of rota-
tion and folding, is the best device we have for making many geo-
metric properties clear intuitively. Unfortunately, our conservetive
high school geometry has avoided the extensive employment of sym-
metry as a tool, although a thoroughly rigorous treatment is possible
on this basis”* and although great mathematicians have long given
enthusiastic support to this mode of approach.

Equality, inequality, and proportion. A very large part of
geometry centers around the idea of equality. In the case of con-
gruent figures or objects, the corresponding parts are equal. We
are surrounded on all sides by equal lines and equal angles. When
figures are similar, however, the corresponding lines are wunequal.
Instead, there is wow an equality of ratios of corresponding lines.
We are thus led at once to the concept of a proportion. Ratio and
proportion are therefore seen to be dominant relations in any course
concerned with evervday geometry.

Functionality and variation. The idea of functional changes,
long ignored in the average mathematical classroom, is now gen-
erally regarded as one of the corner stones of the mathematical
edifice. To quote:

Evervone knows that among the most impressive facts of our world is
the great fact of Change. The universe of events. whether great or small,
whether mental or physical, is an endlessly flowing stream.  Transformation.
slow or swift. visible or invisible, is perpetual on every hand. . .. To dis-
cover the laws of change is the aim of science. In this enterprise of science
the ideal prototype is mathematics. for mathematics consists mainly in the
study of functions. and the study of functions is the study of the ways in
which changes in one or more things produce changes in others.*

The world of forms is a continuous demonstration of these
trenchant words of Professor Keyser. When a stone is dropped into
a pool of water, we soon observe a series of concentric circles travel-
ing rapidly away from the center of disturbance. Any growing
organism presents a functional picture. Its parts vary from moment
to moment in accordance with the laws of its growth. The leaves

M 8See Fladt, K., Elementurgeometrie, Part 11, pp. 0-14. Leipzig, 1028,
Y2 See The Sixth Yearbook, The National Cowncil of Teachers of Mathematics,
1031, pp. 30-31.
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of a tree exhibit numerous variables all tied together in one con-
figuration, or pattern, or functional relationship.

In the same manner, we may view any geometric figure as a
momentary, static member of a functional series. Thus, any given
square is one of an infinite number of possible squares. All of them
reflect certain underlying properties which do not vary, but remain
“invariant.” The perimeter of any one of these squares is governed
by the formula p = 45, and its area by the formula 4 = s*. In each
one, the diagonals are equal, the mid lines are equal, there are four
axes of symmetry, and so on. By investigating the invariant
properties or laws of all squares, we have gained control over the
possibilities of any given square.

This is a simple and yet very profound thought, which can
be developed profitably even in .he most elementary course in
geometry, Ivery geometric formula expresses an invariant prop-
erty of a certain configuration. Every construction line is built into
a functional background.

A wealth of construction problems can be devised along these
lines. The pupils can be told to draw any three lines so as to
form a triangle, and to measure the angles of the triangle. The sum
of these angles is found to be always the same, a surprising and
thrilling discovery to beginners! They can draw a set of con-
centric circles. In each case the circumference is found to be
n times the diameter. Let the vertex of any triangle move along a
path at a fixed distance from the base, and the area of each result-
ing triangle is always seen to be the same. Numerous other ques-
tions can be brought up, such as: IWhat happens when the altitude
of a triangle is made twice as large while its base remains the same?
How does a plan change when its scale ratio is doubled? What is
the effect on a solid when all its dimensions are enlarged or reduced ?

But a chain of similar figures suggests not merely a set of in-
variant properties applying to any onc of them. By comparing
any two members of the series (e.g. two similar triangles) we obtain
a set of invariant ratios. Thus we are led to the study of numerical
trigonometry as a natural outgrowth of a general principle.

It is possible to view almost every classroom activity in mathe-
matics in the light of functionality. As a unifying principle it is
unexcelled, not merely in algebra, but also in geometry. “Func-
tional thinking in geometric form” should become a cardinal part
of our mathematical creed.
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II. THE Basic INSTRUCTIONAL MATERIALS oF INTUITIVE GEOMETRY

No agreement on organizing principles. The struggle for a
universally recognized content and an established sequence of topics
has been going on for many decades in the field of intuitive
geometry. Yet, even if a second “Eu.lid" could oifer a generally
acceptable system, it is doubtful whether such uniformity would be
desirable or necessary. Once we give up a strictly deductive type
of organization, we have considerable liberty of action. But what-
ever one’s organizing principles may be, there is still need of agree-
ment on the main ingredients of the course. Again, once these are
chosen, it will make a difference whether they are assembled in hap-
hazard fashion or are made to fit into an organic whole that is both
significant and appealing, 1n the following pages some of the basic
geometric materials of instruction will be analyzed with a view to
finding criteria for the evaluation of existing or proposed curricula.

A. GEOMETRIC CONCEFTS

A basic list. We have attempted to trace in some detail the
permanent natural setting of the fundamental geometric concepts,
When this background is more fully appreciated, there will be less
uncertainiy about the selection and the relative importance of these
concepts. A basic list should include terms such as the following:

Rectangle. Parailel lines. Congruence.
Square, Perpendicular lines, Similarity.
Circle. Length. Symmetry.
Triangle, Width. Equality.
Rectangular solid. Height. Line.

Cube. Dimensions. Angle.
Cylinder. Area. Measurement.
Prism. Volume, Ratio.

A considerable number of geometric terms might be added. The
New York State Tentative Syllabus in Junior High School Mathe-
matics lists more than 120 separate geometric concepts. Other pub-
lished lists have helped to clarify the issue of determining the active
vocabulary of intuitive geometry.™

5 See Schorling. R., o Tentative List of Objectives in the Teaching of Junior
High School Mathematics, pp. 101 ff.. Georze Withr. Ann Arbor. Mich., 1925 ;
also. Smith. D. E. and Reeve, W. D.. T'he Teaching of Junior High School Mathe-
malics, pp. 44 fl.. Ginn and Company. Boston, 1q25.
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Fallacy of frequency considerations. Curriculum investiga-
tions have often made the mistake of appraising the relative im-
portance of mathematical terms by a count of the number of times
such terms are used in magazines, books for the general reader,
textbooks, and the like, Valuable as such studies have been, they
certainly must not be taken as final. For example, even if the
notion of congruence were not explicitly mentioned in a million
pages of ordinary reading, it would still be true that it constitutes
one of the most essential ideas of geometry, And though the aver-
age citizen of our day might never have occasion to handle a meter
stick, we should still be under obligation to discuss the most scien-
tific sysiem of measurement produced thus far. In other words,
“sociul utility™ is far from being ar exclusiva criterion in the build-
ing of a course of study:.

B, GLOMETRIC RELATIONSUIPS

Metric relations, A very large part of geometry is concernerl
with the mutric properties of the geometric figures. In fact.
measurement, both direct and indirect, is one of the chief concerns
of everyday mathematics. In the trades and industries, in shops
and laboratories, it is perhaps the most important aspect of
geometry., The metric relations of geometric figures range from the
simplest to the most complex. Thus, all right angles are equal.
Vertical angles are equal  Parallel lines, triangles, parallelograms,
circles, all suggest important metric relationships. The rules for
determining areas and volumes are metric. With every angle we
may associate a fixed set of ratios which are the basis of trigonome-
try. Geometry originated as the science of “earth measurement,”
surveying. To-day it furnishes the means of exploring a metric
domain which includes not only the tiniest electron but also the
spiral nebule in the ocean of infinite space.

Positional relations. Though the world of forms exhibits in-
finite variety, the geometer always visualizes and studies these
forms with the aid of a few idealized “elements™ called points,
lines, and surfaces. By combining or arranging these in a sys-
tematic way, he creates, as by magic, an unending set of configura-
tions such as angles. triangles, polygons, circles, higher curves, and
the world of solids,

If three sticks are taken and the various ways in which they may
be used in order to form significant geometric figures are investi-
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geated, paradlel lines and the whole domain of triangles tre at once
available. When four sticks are used in a plane surface, it s pos.
sible to explore the properties of the various quadrilaterals that can
then be Tormed. Signinicant “positional ™ questions will readily sug-
gest themselves, such as: How many different relative positions can
4 point occupy with reference to a cirele? Which conligurations
arise. when we have a circle and a line? A circle and two lines?
Aeircle and three lines? “I'wo circles?

Thix game works both ways, It is hoth synthetic and analytic.
Not only can we “combine” the simple clements into ever more
complex structures, but we can break up a geometric “whole” into
its constituent parts. Let it be recalled that it is this “combinatory
analysis™ which has given to the methods of geometry their vast
potential power,

Functional relations. When we try to determine the properties
of a figure that changes according to a fixed law, we are led to the
idea of a functional relationship. ‘Thus, if a point in a pline moves
in such a way that it is always at a fixed distance from i given
point. it describes o cirele,  Descartes found a method of stating
such relationships analytically.”  In the case of the circle, we
obtain the characteristic equation v 3 v o 2 familiar to most
high school pupils.

To what extent should functional thinking of this sort be culti-
vited in elemenary geometry > We should certainly refrain from
troubling a beginner with the definition of & “locus.” Nor is such
i definition necessary.  Countless “motions under constraint” illus-
trate the idea ai which we are interested at this point. Can we not
depend on simple questions similar to those in the following
list:

. Where are all the houses that ave located one mile from your
school building »

2. What is the path described by the door knob as you open the
door? By one corner of the cover of your hook as you open it?

3. When youopen the drawer of a desk, what is the path of one
of its moving corners? Of its edges?

4. When a street car travels along the tracks, what is the path
of the center of one of the wheels?

A study of machinery in action can be made to suggest func-
tional ideas to any pupil of average intelligence.  For more am-
bitious minds, it is perfectly possible to include a few of the higher
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plane curves. ‘Thus, as a wheel travels along the ground, what is
the path described by a point on its rim?  With the aid of squared
paper, or with the technique used by Mrs. Edith L. Somervell in the
ciase of kindergarten children, a surprising amount of valuable func-
tional work is possible.

C. GEOMETRIC FACTS

Number of facts unlimited. Obviously there can be no limit
to the discovery of geometric truths. Also, there is no reason why
at least the major propositions usually stressed in high school
geometry should not be consideredd in an elementary course, even
though they cannot ordinarily be proved deductively at that stage.
All these geometric truths chould, of course, be derived naturally in
connection with the organic development of the subject, The selec-
tion of geometric facts in any classroom is largely guided by time
allotment and the background to be created. It is desirable to
attempt to classify these facts according to the scheme suggested
for the study of relationships.  Following this plan, we may speak of
metric facts. positional facts, and functional facts.

Metric facts. In thix group helong all the mensurational prop-
erties of figures. Here is a partial list of such propositions:

1. Vertical angles are equal.

2. The sum of the angles of a triangle is 180 .

3. The base angles of an isosceles triangle are equal.

4. The opposite sides of a parallelogram are equal.

5. The diagonals of a parallelogram hisect each other.

There are many such statements,  Obviously, all the formulas
concerned with areas and volumes should be included under this
heading, Above all, the Pythagorean proposition is a fundamental
metric fact of geometry.

Positional facts. In this group we have all the facts that per-
tain to the intersection of figures, the construction of figures, the
uniqueness of constructions, and the like.  This list includes state-
ments such as the following:

. Two straight lines can intersect each other at one point only.

2. Two circles which intersect each other have two and only two
points in common,

3 I two isosceles triangles are constructed on a common base,
the line passing through their vertices is the perpendicular bisector
of the common hase.
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4. Only one perpendicular can be drawn to a given line through
4 given point.

Obviously, many propositions may be classified as both metric
and positional. This is true, for example. of the usual laws concern-
ing congruent and similar triangles, and of symmetric relations.

Functional facts. 1. Any mensurational situation wkich in-
volves two or more variable elements is a fruitful field for func-
tional considerations. Thus, in a formula such as A = o, we may
ask what happens to the value of { when / is doubled while ' re-
mains constant. In doing this kind of work, however, the attack
should be purely pictorial for a long time. That is, the relationships
should be studied by means of diagrams rather than algebraic sym-
bols. A merely symbolic study of variation does not interest the
beginner, nor does it convince him.

2. Here again, we have all the facts pertaining to “loci.”” Many
of the truths that cause such .ifficult; in demonstrative geometry
can be dramatized and made very real and meaningful even in the
most elementary introductory course,

3+ Al construction work offers a natural background for *“func-
tional”™ questions on the part of the teacher Thus: draw a set of
squares, of sides r in., 2 in,, 3 in., and so on. Compare their perim-
eters and their areas. Can any three sticks be hinged together so
as to form a triangle? If four sticks are hinged together so as to
form a quadrilateral, investigate the limiting values of the diagonals.
Consider a set of cubes having as edges 1 in,, 2 in,, 3 in,, and so on.
Study their surfaces. \What do you observe? Can this conclusion
be generalized? What is the practical value of this discovery?

Needless to say, at this point we have the most wonderful op-
portunity of correlating arithmetic, geometry, and algebra.

D, GEOMUETRIC ABILITIES ANDL TECHNIQUES

A word of warning. The practice of dissecting any subject
into its primary “bonds,” skills, abilities, and other “objectives,”
and then subjecting these simple elements to the usual routine of
piecemeal drill and testing, has been shown by the newer psychology
of learning to be absolutely false. The incessant repetition of such
“elements™ does not guarantee learning.  Without adequate, or-
ganic motivation that leads to imsight, and without the =il
to learn, there is no real learning. Then, too, it cannot be
stressed too often that in the field of geometry we cannot expect to
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“get rich quickly.” A proper time allotment must be provided for
growth or “maturation.” A few lessons in “constructive’ or “ex-
perimental” geometry at the cud of the school year, “if time remains
over from the arithmetic work,” will and should prove disappoint-
ing. “We never reap more than we sow."” The principal reason
why geometry so often fails in our schools, aside from the absence
of genuine motivation and good teaching, is the haphazard intro-
duction and hasty presentation of the geometric materjals.

The use of the tools. Each instrument presupposes a “mastery
technique.” A carpenter hecomes efficient in using the tools of his
trade by constantly employing them in meaningful situations. In
learning his trade, he does not drive nails for two weeks, saw boards
for a month, use the chisel or the screw driver alone for ten days,
and so on. In the same way, pupils do not become expert in using
geomettic tools by a few specific drill lessons. To be sure, the
techniqque of handling each instrument must be clearly explained,
rehearsed, and illustrated, to avoid waste of time and materials.
After that. the continuous, organized use of these instruments in
significant geometric situations will gradually lead to a really pro-
ficient response on the part of the pupil.

The standard equipment for work in intuitive geometry includes
the ruler (English and metric scales), the compasses, the protractor,
and a supply of squared paper (both English and metric units being
desirable). .\ more ambitious course also calls for the customary
instruments used in mechanical drawing, and for simple surveying
instruments.  Much of this auxiliary equipment can, of course, be
mace in the school shops. The course of study must be planned in
such a way that these instruments are given adequate attention
throughout the school year,

Classification of geometric abilities. If the geometric class-
room activities are conducted in the proper manner, and if a suf-
ficient amount of time is provided, the pupils will acquire more or
less completely all the desirable abilities that have been enumerated
in recent curriculum studies and in the current literature o1, junior
high school mathematics. ‘These abilities may Dbe classified as
(1) mechanical, (2) conceptual, (3) practical, and (4) appre-
ciational. Thus, the pupil will learn to identify and classify geo-
metric forms. He will eventually be able to draw or construct the
fundamental geometric figures. He will know how to measure line
segments and angles within a reasonable margin of error. [He will
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find it possible to visualize and to imagine geometric figures, includ-
ing three-dimensional figures. He will desire to carry on simple
geometric experiments leading to new discoveries, He will gain
confidence and skill in applying the principles and rules he has
learned in connection with everyday life problems. Finally, he will
“experience” geometry in his surroundings and will appreciate its
all-embracing atmosphere.

., GEOMETRIC DRAWING AND DESIGN

General importance of this field. It has been said that “the
fine arts are the best reflection of civilization.” Many of the fine
arts have a geometric foundation. This is true of such “graphic”
arts as designing, printing and lithography, painting and etching,
of sculpture, and of the making of pottery and jewelry, of fine metal
work and the use of art in advertising. Numerous industries, such
as those concerned with the making of clothing, furruture, and tex-
tiles, with rugs, linoleum, wall paper, metal work and plumbing, as
well as the practical activities of the architect, the interior decora-
tor, the engineer, and the surveyor, would be crippled without a
knowledge of the geometric methods employed in drawing and de-
sign. ‘The blue print is the language of the trades, the map is the
passport of commerce and travel, the graph is the barometer of
industry, and the photograph—nature’s automatic drawing—has be-
come the indispensable instrument for bringing entertainment to
the masses.

In an address delivered several years ago by Dr. Thomas ]J.
McCormack, this inspiring passage occurs:

Reality is what ought to be, not what is. . . . The life of sense is the life
of the animal, with all its immediacy; incoherent. unorganized, chaotie, with
no before or after. The life of man is the life of order, the life of
control, the life of purpose, the life of the idea and the ideal, born of the
past and avid of the future. All other life is unhuman. Where the idea is
lacking, there art, and science, and philosophy are lucking, und existence
sinks to the animal level. The characteristic of man is thought. The
machinery of thought is the idea, the universal. . .. The vestment of thowught
is lunguage. Philosophy, art, science, literature, all are simply species of
one great genus—expression.  And expression is the daughter of reason, not
of sense. “Heuard melodies are sweet, but these unheard are sweeter,”  Let
Phidias carve and Sappho sing: but fairer than the fairest form ever carved,
fairer than the most exquisite musical note ever uttered is the rupturous
vivion of Beauty herself, clear and unalloved. absolute, simple and everlast-
ing. Approximation to this ideal in conduct and expression, and not the
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ravishment of the senses, is the really human life, the only life worth living.

What ought to be always transcends what is. 1t is the standard and
touchstone by which we test our loyalty to our higher selvvs. In every
human life, however low, the ideal is triumphant, some ¢reat desire trans-
figures the imeard cxistence. e never attain the vision, the dream which
we sel, but the dream is always cherished as the wltimate reality.

The fact is that the great and the most beautiful part of life is vicarious.
We live largely by proay. take our sunshine from others. and suffer, not one.
but a thousand luminaries to irradiate us. e are moons, not stars.  Thiy
is the great economy of literature, art and science. In no other Wiy can we
compass life and the universe. They abbreviate infinity for us, and give us
immortality in the passing moment.

The thing that haunted us for years. that begged for utterance for gen-
erations. appears. intelligible and glorious. /¢ iy discovery, revelation, It
is exactly what Kepler did when he unriddled the complexity of the heavens,
or Galileo when he untangled the skeins of earthly motion. or Darwin when
he imprisoned in a word the process of unfolding life.  W'e see it when the
forms of Rodin spring from the shapeless marble. It is the epiphany of the
idea—the same in every Aeld of human thought and expresston v

Classroom possibilities. A great gold mine of valuable geo-
metric training and appreciation lies imbedded in the field suggested
above. So far, only a beginning has been made in bringing these
treasures into the schoolroom. A considerable body of literature
on this subjec. is now available. both here and abroad.  Our very
limited time schedulex do not permit a very liberal margin for this
sort of work. And yet, any teacher who has observed the genuine
joy and enthusiasm with which geometry pupils respond to every
opportunity for free “expression work™ of the artistic type, will try
to “create time"” for this appealing and arresting form of classroom
activity. In any case, it is always possible to depend on the stimu-
lus of “supplementary honor work.” of exhibits and source book
displays, and thus to find an outlet for this phase of applied
geometry,

It was pointed out above that Pestalozzi had a very high regard
for geometric drawing. The Herbartians developed this field to a
considerable extent. Thus, Dr. E. Wilk presented a valuable sum-
mury of the origin and the possibilities of historic ornament, We
have also called attention to Frébel's “forms of beauty.”

In many of the recent European curricula. geometric drawing
has become an integral part of the work in geometry, extending

** MeCermack, Thomas J. Bexond Good and Fd, pp. 6 soaddress given bhe.

{

fore the English sedtion of the State High School  Conference. University  of
Hlinois, Champaign, 1., November 23, 1923,
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over a period of several years. What hus already been accom-
plished in this direction may be inferred from the writings of Jahne
and Barbisch in Austria, of Becker, Treutlein, Lietzmann* Wolff "
Schudeisky and Ebner ' in Germany, of Morris, Spanton, and Mrs.
Somervell in England, of Bourlet ' and Baudoin in France, and
of Garbieri '** in Italy.

The National Comneittee of Fifteen on Geometry referred to
some of the literature on applied geometry, including the field of
design.  Miss Mabel Sykes of Chicago did pioneer work which is of
permanent value.'* The publications of our large museums are full
of excellent material. Trade catalogues, books on applied art,
periodicals and advertisements, and many similar sources, will in-
creasingly assist in transforming the geometry of the classroom into
a living, enjoyable reality.

PART FOUR
ThE ORCGANIZATION OF THE INSTRUCTIONAL MATERIALS

I. ’0ssiBLE CURRICULUM APPROACHES
A. A TOPICAL ORGANIZATION

The synthetic approach. This approach is the old “systematic”
one which, until quite recently, held complete sway in every school
subject. In geometry, it began with points and lines, and pro-
ceeded step by step “from the simple to the complex”—a Pesta-
lozzian idea fostered and abctted by the old association psychology.
For an adult this is a very logical and satisfving scheme, It is out
of place in the schoolroora because it fails to put “first things first,”
when such criteria as interest, social utility, and economy of learn-
ing are applied. Hence it is being abandoned in favor of other
plans that provide both meaning and orientation with less effort
and greater certainty.

The analytic approach. In this case the subject is organized
around large categories, such as shape, size, and position. All minor

o~ Lictzmann, W.. Mataematik und hildende Kunst, Breslau. ro31.

v Wolff, Geare, Mathkematik und Malerei, Leipziz, 1g25.

t Qe Ehner. Max. Awsfiihrliche Stofausionhl fiir die Lehrpline (m wissen-
schaftlichen Zeichnen, Leipzin, 1024,

1 Bourlet, C.. Cours ahrégé de péométrie, Paris, 1907.

12 Garbicti,  Glovanni. Geometrie intuitiva ¢ diseena  geometrico, Paravia
and Company, 19o4.

i Sykes, Mabel, Problems for Geometry, Allyn and Bacon, Boston, 1912,



INTUITIVE GEOMETRY 121

topics or activities are then brought into relation to these broad
divisions. This mode of approach integrates the work under inclu-
sive headings that give meaning to the subsidiary items. In other
words, the point of view is organic and “configurational.” It is more
natural than the synthetic plan and it is more appealing to the
learner. Its danger lies in an overdose of certain fixed materials
at one time, thus leading to monotony and weariness.

The following list shows a topical organization of the sort sug-
gested above:

1. S/I(lpi‘
«. Detinitions (vocabulary).
h. Notation tsymbolism),
¢. Classification of forms,
d. Properties of Hgures (facts and relationships—informational).
. Size
a. Measurement (direct and indirect).
b, Formulas (areas and volumes).
¢. Relations (metric and functional).
3. Position
a. Constructions.
h. Drawing and design.
¢. Facts and relationships (positional and functional).

s

B. A PROJECT APPROACH

Advantages. The use of genuine “life situations™ in the school
has a direct motivating power that no other plan of teaching can
possibly surpass.  This approach would, most certainly, largely
eliminate the perennial ac. :sation that the conventional school is
merely a preparation for life, not life itself (Dewey). And so, our
textbooks are now making desperate efforts to do justice both to
this ideal of immediate interest and to “life participation.”

Difficultics. The proud boast of the project enthusiasts is that
at last they have found a way of “bringing life into the classroom,”
that children originate their own curriculum materials, that there is
spontaneity and self-activity where previously one could find only
imjtation and mechanical drill. But no real geometric project cur-
riculum seems to have been developed so far. The attempt of
Martin and Schmidt in Germany (see page 8o) appears to hawve
betn unique. The reasons are obvious. Among the outstanding
defects of a project organization are the following:

1. Real projects cannot be codified in book form.
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2. Projects endanger or make impossible a systematic develop-
ment of the basic objectives.

3. In an efficient school system the mastery of the essentials
cannot be left to the chance inspiration of teachers and pupils.

4. Slow pupils cannot integrate or assimilate the mary “inci-
dental learnings” suggested by a real project.

5. In the case of parallel classes in the same school, the adminis-
tration of divergent project plans is virtually impossible, and uni-
formity is the one thing proscribed in a project curriculum.

6. A consummate amount of pedagogic skill is required, such as
many teachers do not possess, to bring out and to organize the
educational “lessons™ of a significant project.

C. A "UNITARY " ORCGANIZATION

Meaning and possibilities, A “‘unitary” organization, as ad-
vocated and popularized by Professor Henry C. Morrison ' and
his followers, is the combined product of a Herbartian teaching
technique and the tenets of the measurement movement. Hence its
good features and its obvious flaws. The idea of segregating the
instructional materials of each school year into a moderate number
of “units,” each having its own “central theme" which is rehearsed
until a “mastery test” reveals satisfactory scores, is a simple and
alluring one. Insofar as a “unitary™ organization operates in
terms of large, inclusive topics or problems, it gets away from
trivial “elements” and emphasizes organic learning. This is in
harmony with sound psychological doctrine, Besides, the plan cer-
tainly tends to cause definiteness and administrative efticiency. It
controls the pupil's growth as does no other plan. Many teachers
have come to welcome it.

Limitations, Among the dangers and misconceptions which
are certainly invited by a unitary organization are the following:

1. Whether a given piece of school work can or should be mas-
tered “once and for all” by a continuous exposure to that phase of
the subject is very doubtful. This idea of emphasizing one topic
at a time to the point of mastery requires close scrutiny. The
newer psychology has shown the importance of “spaced learning,”
of repetition after adequate intcrvals, and of provision for mat-
uration,

11 Morrison, Henty C.. The Practice of Teaching in the Secondary School,
University of Chicago Press, Chicago, Ill.. 1920,
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2. A unit which is too extensive causes monotony and aversion,

3+ A comprehensive unit may involve too many objectives, with
the resulting danger of confusion.

4. A\ unit organization often demands much supplementary work
on the part of teachers and pupils.

5. The organic interweaving of relatively independent units is
not an easy task.

D. A PSYCHOLOGICAL VIEW OF TUF CURRICULUM

The curriculum from the standpoint of the learner. Since
the days of Pestalozzi and Herbart. educators have tried increas-
ingly to view school life through the eves of the pupil. The school
has tended to become “child-centered,” often forgetting that the
child must eventually face adult standards whether he likes it or
not. Yet, an exclusive emphasis on the materials of instruction, at
any age level, without due regard for their probable influence on
the immediate emotional and conceptional life of the child, is cer-
tainly no longer defended by anyone. And so, we may view the
curriculum as a many-colored spectrum whose primary colors relate
to such ingredients as knowledge, ~kills, habits, attitudes, and types
of thinking.'" Some of these ¢ ies obviously refer to subject

Objective :

Subjective
" K:S ‘H.A!TH
, i
matter and rome to the learning process. Tt is a mistake, however,
to treat these components in water-tight compartments. Thus,
while attitudes may be listed in a printed course of study. they
should really be thought of as part of the ever-present atmosphere
or spirit of the classroom.

Importance of a psychological orientation. The new psychol-
ogy has thrown a flood of light on the learning process. It has
established the “organismic™ point of view. “\When we think, we
think all over.” says Herrick. The old “laws of learning,” as pro-
claimed by the orthodox “hond™ psychology, especially the luw of
frequency and the law of effect, are being rejected or revised in the
light of recent, crucial experiments. Savs Kilpatrick

e Mead, AL R Learning and Teaching, Chap. X. J. B. Lippincott Co.,
Philadelphia, 1923,
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It appears that in each instance of behavior as above described the
whole organism. and in some measure each constituent part, is involved. If
this be o . . . . learning then takes on a very broad meaning. It becomes
not simply the acquisition of a new way of behaving as commonly con-
ceived.  Rather does each new way of behavior mean in some degree a
remaking of the whole organism. No part is omitted: intellectual in-
sight . . . . emotional changes . . . | glandular readjustments, neuro-muscular
readjustments.  Nome remaking and reorganizing is effected throughout. the
degree of change at any point depending on the character of the experience
as & whole and on the connection of the particular point with the rest.  The
far-reaching significance of this conception no intelligent theory of educa-
tion can disregard.  The whole organism is in some degree chinged in cach
learning experience. i

Above all. attitudes. ideals. and types of thinking are now
conceded to be the most potent carriers of “transfer.” The long
debate about “mental discipline” has resolved itself primarily into
a question of method. The problem of “transfer,” says Judd, is one
of “working for transfer.” '*  And. according to Wheeler. transfer
involves an organismic and configurational background.” Hence,
we cannot be too insistent on adequate means of motivation. on a
continuous struggle for perspective and real mastery. and on a
scrupulous regard for daily lesson plans that are both logical and
psychological.

E. A COMPOSITFE PLAN

Necessity of a compromise. Teaching is primarily an art,
rather than a science. It will remain so until we have progressed
far beyond our present degree of insight into mental and physical
phenomena. And for that reason the school will continue to utilize
and to conserve tested procedures that have been worked out
through incessant labor by generations of teachers. The errors of
each educational program or theory are at last made apparent.
and a new and better synthesis is proclaimed on the banners of
progress, only to be supplanted eventually by a still more promising
reorientation. The story of curriculum revision is one of constant

tes Kilpatrick., W, H.. A Reconstructed Theory of the Educative Process,”
Teachers College Record, Vol 32 p. s34, March. 1a31,

i 8ee Betzo W. “The Transfer of Training. with Parti-ular Reference to
Geometry,” The Fijth Yrearbook, The National Council of Teachers of Mathe-
matics, 1930. pp. 140-108. :

> Wheeler. R, H.. Science of Psychology, pp. 302 ff.. Thomas Y. Crowell
Caompany. New York, to20: also Wheeler, R. H. and Perkins, F. T, op. cit. 14],
pp. 318-327.
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trial.and error, The axiomatic formulations of each age are ridi-
culed by the on-coming reformers and iconoclasts of a new day,
who in turn become obsessed by the fixity of their own visions.

In organizing a program for the teaching of intuitive geometry,
may we not conserve the best features of all the plans sketched
above? There is but one serious stumblingblock. Tt is the well-nigh
universal, slavish cult of the textbook and of prescribed curricula,
the comfortable but paralyzing conviction that a single printed doc-
ument can impersonate or replace a living, enthusiastic, inspired
teacher. Once this radical error is given up, the door is open for
a flexible and ever-progressing type of curriculum.

Nature of compromise. A\ textbook must necessarily present
a definite, systematic program. Every item must be listed on a
specified page. Developments, exercises, definitions, summaries.
tests must all be introduced in a more or less stereotyped fashion.
But the teacher is not bound by these codijied materials. The
interpretation given to the instructional materials and the life that
is infused into them, are the real test of good teaching. Two
musicians may attempt to play the same composition. In one case
we may turn away in despair, while in the other case we are en-
tranced by the magic touch that gives a haunting beauty to the
score.

In the same way. one teacher of geometry may decide to begin
with a project that promises to arouse immediate interest. Another
teacher may depend on a motivating discussion and accomplish the
same purpose in less time. In one classroom we may find a rather
unpromising fopical plan which is yet made to vield good results by
the pedagogic skill of the teacher. Another schoolroom may place
the emphasis on a series of large “units” which are never allowed
to become horing. In one commurity the teachers may be com-
pelled to follow wniform lesson plans, methods, and time schedules.
accompanied by standardized tests. Another school system may
grant much greater freedom to its teachers without being neces-
sarily superior,

Absolute uniformity of attack. of organization and method, pre-
supposes a pedagogic Utopia. Too many variables are constantly
at work. Nevertheless, the preceding pages have attempted to cre-
ate an interpretative background in the light of which it will be less
difficult to evaluate existing or proposed curricula. some of which
we shall now examine.
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Il. Tk CurrictLa of OtieR COUNTRIES

A, THE TIME ELEMENT

The international situation. The graphic representation (on
page 127), reproduced from Mr. J. . Brown’s monograph on math-
ematical curricula,”® shows the number of years devoted to the
study of geometry in thirteen of the foreign countries which are
listed in that document. While many of these curricula have been
modified in the meantime, the time allotments have not been
changed sufticiently to rob Mr, Brown's summary of interest after a
lapse of two decades. New studies are now being prepared and
will become available in a few years.

It appears. then. that in all the leading foreign countries instruc-
tion in geometry is begun not later than the seventh school year,
that it usually extends over a period of several years, and that in
some cases the work is begun as early as the fourth or the fifth
school year,

B. RECENT ENGLISH CURRICULA

Report on the Teaching of Geometry in Schools (1923). In
this document, referred to above, the work in intuitive or “experi-
mental” geometry is outlined as follows:

Stage A: The Experimental Stage. Here the boy will meet with the com-
mon geometrical notions and fngures; a proceeding corresponding to the old
preliminary course of definitions. but differing widely in this respect, that
the treatment is no longer mainly verbal. but arises from real problems such
as land measuring (“boy-scout geometry™). and is illustrated by the use of
drawing instruments and other simple apparatus. As the course develops
a certain number of fundamental facts emerge. relating to angles at a point.
parallel lines, and congruent triangles. Opportunities for the introduction
of deductive work will occur at this stage and should be utilized, the tran-
sition to Stage B being effected gradually. The treatment of deductive
work in Stage A should be simple. and should in the main be conducted
orallv. Formal written proofs should be postponed to the next stage.

Stage A is essential as a preparation for Stage B. but unless it is arranged
carefully there is a danger of its becoming desultory and aimless. It should
end at the age of about 127 vears: thus an average boy who is on the way
to a public school should have entered the next stage before he leaves his
preparatory school,

The first steps in geometrical work will be largely experimental. and will
be connected with arithmetic and geography.  Land measurement seems to

s Brown. J. C. ap, cit. See [o].
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form an important part of this work, and it i suggested that it ciecum-
stances allow, some exercises shoukl be worked out of doors, not. it need
hardly be said, forming a continuous course preliminary to all class-room
work. but interpolated appropriately from time to time.

Apparatus. This should be as simple as possible.  Expensive apparatus
is not merely unnecessary but undesirable, both because the supply will gen-
erally be small and be-ause elaborate details are apt to obscure the main
principle.

Plavground or ficld work.  This may indude: measurement of direction
round a fixed point. determination of position by direction and distance,
planning to scale. measurement of height by set square and by angular
clevation, determination of position and distance by triangulation from a
tixed base, measurement of area by base-line and olisets, measurement of
slope in various directions from a fixed point, and the plotting of sections
and contours.

Class-reom seork. There is much room for variety in the order in which:
this is done; the course should include:

Measurement of length. work with decimal scale, estimation of fractions
of a seale division. comparisor of units cinch, centimetre. ete)); marking
of points at a given distance from a given point. tixing of position by dis-
tances from known points,

Acquisition of the idea of a line ag a boundary or edge. testing of the
straightness of a line and of a ruler-cdge: acquisition of the idea of a sur-
face, testing of Matness,

Finding of areas et of veions ona map) by the counting of squares:
discussion of area of a rectangle, and of volume of a rectangular block:
construction of card models of simple solids.

Discussion of the rotation of a radius, measurement of eles: making
of plans.

Discrimination of vertical lines and horizontal planes. of horizontal lnes
and vertical planes: study of the translation or sliding of fizures.,

Introduction to paraliel lines; recognition of corresponding and alternate
angles: development of the idea of direction: walking of boundaries; dis-
covery of the wngle-sum of triangle and polyvgon, construction of regular
polyizons,

Copying of a given triangle, construction of 2 triangle from data. intro-
duction of the distinction between satisfactory s unsatisfactory cinade-
quate or incoherent) groups of data: recognition of congruence of triangles.
and of similarity of triangles in the three-angle case.

The principal ruler and compass constructions Chisection of lines and
aniles. eteo and appreciation of symmetry in the figures described,

l.)vtormin:llinn of areas of parallelogram. trangle, amd trapezium, by dis-
seehion.,

A Tew sentences from a later section on Staze B oare wdded for
the sake of completeness.
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Stage B: Deductive. This stage is transitional, leading from the boy.
scout geometry of Stage A to the formal geometry of Stage €. 1t is an
essential feature of the Committee’s recommendations that there should he
such a transitional stage, that it should deal with matter selected from the sub-.
stance of Euclid. Books I-1V and VI, together with some solid geometry,
and that it should be an important part of the whole course, taking up per-
haps 2!; years, say from 12!, to 15, But the very fact that the stage is to
be transitional makes it difficult, and as yet undesirable, to frame very
precise proposals.

"I‘he method is to be mainly deductive, but not without appeal to in-
tultion.

Dr. Nunn's syllabus. In 1923 Dr. T, Percy Nunn issued n
Elementary School Syllabus in Mathematics, which contains a con-
tinuous course in geometry beginning as early as the second school
year. A\ synopsis of this syllabus may be found in a recent volume
published by Dr. J. Shibli.'** The earlier stages of this proposed
course suggest numerous exercises in drawing, measuring, and sur-
veying. The development is very gradual. Much attention is given
to solids and to the basic geometric ideas (symmetry. congruence,
similarity).

A number of English textbooks have appeared which are con-
structed along the lines of the syllabi mentioned above.

¢, RECENT GERMAN CURRICULA

The secondary schools. The great political transformation
of Germany has brought many changes into its educational system.
As with us, curricular readjustments have ranged all the way from
minor adaptations to a fundamental reorganization. Again, the
new German Reich is still a federation of relatively antonomous
states, as in the case of the United States, so that one will look in
vain for absolute uniformity of educational programs and practices.
Hence it ix impossible to present a single comprehensive picture of
recent developments. A fairly accurate impression is obtained
only by inspecting the curricula of the major territorial units, The
following account is an abstract based on the authoritative sum-
maties of Dr. W, Lietzmann of Gottingen, whose encyclopedic
grasp of the sitwition has made him the leading spokesman ot the
German reform movement, which is based in the main on the
Mceran Report of 1905 and its subsequent revisions.'!

Ve Shin's 1. Recent Developments in the Teaching of Geomelry, pp, 60-b2,
J. Shibli. State Collewe, Peansylvania, 103..

P Lictzmann, W, op. it (23], Vol 1 pp. 22311,
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Prussia (Regulations of 1g923).

The cultivation of space intuition and the comprehension of the func-
tional interdependence of variable e¢lements in a given setting should be
stressed at all times. Mathematical phenomena in the pupil’s environment
are to receive constant attention. Applied problems should be based on
real data and on life situations. The pupil should be trained from the
heginning in accurate oral expression and in a clear exposition of his
knowledge.

The point of departure in geometry should be the study of simple solids.
There should be much work in estimating and measuring, in the making of
models. and in the use of the geometric instruments.

There should be a gradual transition from intuition to logical deduction.
The idea of motion and of variation, as applied to plane and solid figures.
is to be used extensively. Special emphasis should be placed on axial and
central symmetry, on rotation, translation. and folding.

In addition to the ruler and the compasses. the instruments of mechanical
drawing are to be introduced. From the very beginning grometric drawing
is to be emphasized. A “considerable amount of time” is to be set aside
for this purpose. The relations of art to geometry, including the signifi-
cance of perspective. should be carefully illustrated in the classroom.

Measurement is to be one of the major objectives. T'e degree of accu-
racy is to be increased gradually by mere refined methods.

The great importance of mathematics in the modern world should be
discussed and explained continuously. Historical backgrounds are recom-
mended as of extreme value.

Supplementary manual and shop activities are endorsed. The pupils
should be encouraged to make models and to construct other illustrative
devices. Under the general guidance oi the teacher. mathematical club
activities are to be offered. for a further study of supplementary topics of
special interest.

This program is to be carried out, in conncction with arithmetic,
in the first two vears of the secondary schools (ages 10 to 12). The
fundamental idea, of course, is preparation for the work of the late:
vears. The Prussian program is in close agreement with the general
point of view of the Bavarian.

Bavaria (Regulations of 1914).

Functional thinking. space intuition. a clear grasp of mathematical ideas
and principles. skill in solving applied problems. accurate verbal expression,
avoidance of mere memorization. an intelligent reaction to mathematical
situations suggested by the pupil's environment—are to he dominant aims
throughout,

In geometry. practical illustrations based on the schoolroom and the
school premises are to be the point of departure. The use of the geometric
instruments is to be stressed. All drawings. at the board or in notebooks.
arc to be executed with great care.



INTUITIVE GEOMETRY 131

This preliminary geometric work is to be done during the third
year of the secondary schools (ages 12 to 13).

The official curriculum of Wiirttemberg, though very similar to
the two preceding programs, offers a few differentiating features,

Wiirttembere (Regulations of 19123,

At qll stages. intuition is to be given the broadest possible scope. All
memorization work is to be reduced to a minimum. Illustrative devices are
to he used wherever possible.  The manual activities of the pupils are to be
encouraged. Historical considerations are to permeate the work of all
classes.  Correct oral expression apd accurate, suceinct presentation must be
insisted upon.  All written work must be arranged systematically and :xe-
cuted neatly. Geometric drawings are to exhibit an ever-increasing degree
of accuracy.

In geometry. instruction should begin with the simple solids. from which
the fundamental concepts. the positional relations of lines and planes. and
the prindipal geometric figures are derived.  “Scientific” definitions are to
be avoided. The use of the geometric instruments (including those employed
in mechanical drawing) gradually leads to the fundamental constructions.
Through empiric methods (translation, rotation. folding. and measurcnient)
the principal propositions concerning angle relations and concerning areas
and circumterences are obtained,

The pupils are to have constantly at hand paper models of the principal
plane tigures. and to make cardboard models of the principal solids.

There is to be a gradual transition from intuition to demonstration. Even
at a later stage, many obvious truths may be assumed intuitively.

From the outset, geometrie figures should not be regarded as rigid.  An
extensive Use of motion is recommended for the purpose of illustrating and
suggesting important geometric relations.  Three-dimensional exercises should
he included whenever possible,

Geometric drawing i to receive attention throughout. Colored cravons
should he employed extensively, and all blackboard drawings should be as
accurate and attractive as possible,

As in Bavaria. this work is assigned to the third yvear of the
secondary schools, along with the usual course in arithmetic.

The elementary schools. The oftici~! regulations of 1922
furnish only general directions. and fail to give detailed objectives
for the work of each school year. An inspection of recent elemen-
tary textbooks, manuals, and courses of study leads substantially
to the following picture of present-day German trends and de-
mands in the field of intuitive geometry :

t. The cultural and wsthetic aims are beginning to receive as
much attention as the strictly practical considerations,

2. Purely theoretic and abstract topics are heing dropped in
favor of everyday. worth-while materials of instruction.
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3. The sequence of Euclid is rejected in toto.

4. The extreme project idea (Martin and Schmidt) together
with the “incidental” discovery of geometric truths, is rejected.

5. The immediate environment of the pupil is used extensively
as a geometric background.

6. Applied problems are stressed throughout.

7. Functional considerations and three-dimensional thinking are
receiving due attention.

8. Tables and graphs are being used extensively.

9. Symmetry and motion are found to be of great vialue.

10. Mathematical amusements are introduced occasionally.

11. Life situations are being preferred to models.

12. Outdoor exercises (surveying) are meeting with favor.''*

13. The geometric instruments. often including those used in
mechanical drawing, are employed throughout

14. Mensuration is made real by the measirement of actual
objects.

15. Models and other illustrative materials are made by the
pupils themselves.

16. Socialized discussions. guided by the teacher, are replacing
formal lessons and stereotyped recitations.''®

17. Book problems are being subordinated to problems sug-
gested by the pupils.

18. Mechanical procedures are being avoided.

As with us, the extremists are being held in check by experienced
and conservative minds, and the ultimate goal is a better compro-
mise between the old and the new.

Teichmann gives a complete course of study in geometry for the
last four years (Grades 5 through 8) of the elementary schaol.!'+

E. Engel, an experienced Berlin educator, advocates three stages
of geometric instruction, extending from the kindergarten to the last
vear of the elementary school.'"* The work of the /owest stage is
based on ideas of Fribel and Dr. Montessori. The middle stage
comprises a study of directions, of measurement, of rectangles and

"12 Timmermann, H., Raumlehrestunden im Freien, Union Deutsche Verlags-
sesellschaft, undated.

115 8ee. for example, Scharrelmann, H.. Produkiive Geomelrie, Braunschweig,
to22. Thix publication reminds one stronzly of Georuze lles' A Class in Geometry,
publizhed by F. L. Kellogg and Co., New York, ro14.

HBiittaer. . edited by Teichmann. O. op. ¢it. [23]. pp. 40 ff.

Ve Fneel, Ernst, op. cit. [23).
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squares, rectangular solids and cubes, circles and cylinders. The
last stage completes the usual program of the elementary school,
including angles, triangles, quadrilaterals, polyzons, circles, areas
and volumes, congruence, similarity, symmetry, surveying, perspec-
tive, and geometric design. .\ vast amount of pedagogic experience
is incorporated in this volume of 308 pages, which is perhaps the
most original and up-to-date discussion of the past decade. Its
translation would be a boon to American teachers. Its obvious flaw
is a one-sided though masterly employment of motion as the exclu-
sive generating and organizing principle of geometry.

Defects of German curricula and textbooks. At all times
the Germans have been their own most severe educational critics.
Long and stormy have been their debates about almost every
imaginable school question, Mlathematical reform has been no
exception to this rule. Thus, it is a constant source of regret to
many, as Dr. Lietzmann points out, that the elementary and
secondary schools do not have a unified program for the introduc-
tory courses, a defect which is expected to continue until all the
teachers of mathematics have enjoved ‘%e same degree of academic
training.

Among the shortcomings of the present courses in intuitive
geon.otry the following are usually mentioned as particularly objec-
tionabue

1. There is no recognized organizing principle.

2. The elementary schools still “ape™ Euclidean traditions, with
a view to creating a “scientific” impression.

3. The secondary schools are interested too exclusively in logical,
systematic procecures.

4. Minor topics are often given an unwarranted emphasis,

5. There is still too much Pestalozzianism in the sequence of
topics (e.g. beginning with the straight line or the cube).

ITI. RECENT AMERI“AN SYLLABI AND TExTBOOK TENDENCIES

Syllabus of the National Committee on Mathematical Re-
quirements (1923). In this program intuitive geometry is (reated
mainly as a preparatory subject, in a 6-3-3 organization, precisely
as in the secondary schools of Europe. In the section relating to
intuitive geometry. in Chapter 111 of the Committee’s report, tie
following topics are recommended :
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Intuitive geometry, ta) The direct measurement of distances and angles
by means of a linear scale and protractor. The approximate character of
measurement.  An understanding of what is meant by the degree of precision
as expressed by the number of “significant™ hgures.

(b) Areas of the square. rectangle. parallelogram, triangle. and trapezoid;
circumference and area of a circle: surfaces and volumes of solids of corre-
sponding importance: the construction of the corresponding formulas.

(¢) Practice in numerical computation with due regard to the number
of figures used or retained.

(d) Indirect measurement by means of drawings to scale: use of square
ruled paper.

(¢) Geometry of appreciation: geometric forms in nature. architecture.
manufacture, and industry.

(f) Simple geometric constructions with ruler and compasses. T-square.
and triangle. such as that of the perpendicular bisector. the bisector of an
angle. and parallel lines.

(¢) Familizrity with such forms as the equilateral triangle. the 30°-60°
right triangle. and the isosceles right triangle: symmetry; a knowledge of
such facts as those concerning the sum of the angles of a triangle and the
pythagorean relation; simple cases of geometrie loci in the plane and in space.

t/) Informal introduction to the idea of similarity.

The work in intuitive geometry should make the pupil familiar with the
elementary ideas concerning geometric forms in the plane and in space with
respect to shape, size, and position. Much opportunity should be provided
for exercising space perception and imagination. The simpler geometric
ideas and relations in the plane may properly be extended to three dimen-
siors. The work should. moreover, be carefully planned so as fo bring out
geometric relations and logical connections. Before the end of this intuitive
wo k the pupil should have definitely begun to make inferences and to draw
valid conclusions from the relations discovered. In other words. this in-
formal work in geometry should be so organized as to make it a gradual
approach to. and provide a foundation for, the subsequent work in denion-
strative geometry.,

In several respects this syllabus obviously goes beyon the tra-
ditional offerings. No time schedule is suggested, although each of
the five model plans mentioned on pages 29-30 of the repe rt assigns
intuitive geometry to the seventh and eighth grades. Concerning
schools still organ.zed on the 8-4 plan, the following significant
passage is added:

It cannot be too strongly emphasized that. in the case of the older and
at present more prevalent plan of the 8-4 school organization. the work in
mathematics of the seventh. eighth, and ninth grades should also be organ-
ized to include the material here suggested.

The prevailing practice of devoting the seventh and eivhth grades almost
exclusively to the study of arithmetic is generally recognized as a wasteful
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marking of time. It is mainly in these years that American children fall
behind their European brothers and sisters.  No essentially new arithmetic
principles are taught in these vears, and the attempt to apply the previously
learned principles to new situations in the more advanced business and eco-
nomic aspects of arithmetic is doomed to failure on account of the fact that
the situations in question are not and cannot be made real and significant to
pupils of this age. We need only refer to what has already been said in this
chapter on the subject of problems,

New York State Syllabus in Junior High School Mathe-
matics (1928). The curriculum revision wave which swept the
country during the past decade produced a large number of new
or revised syllabi, issued by committees, boards of education, ex-
amining boards, specialists, associations, and central educational
authorities. All of them aimed to be progressive. Not a few were
hastily assembled, depending on a dubious array of “paper objec-
tives.” Some of them were scholarly and really constructive.
Among these documents the one issued by the University of the
State of New York is especially complete and systematic. For the
study of intuitive geometry it suggests the following topical out-
line:

I. Index of important terms used in intuitive geometry.  [About 120 con-
cepts are enumerated. ]
I1. Relations.

1. Important geometric truths. |A list of basic geometric facts is sub-
mitted.] At the end of the course. the transition to demonstrotive
geometry may be attempted in classes of at least normal ability.
Whether their proof be assumed or not. the three cases of congruent
triangles should be made the basis of a number of the very simplest
original exercises.

2. Impertant geometric relations and loci.

II1. Measurement and applications.
1. Direct: lines. angles. areas. volumes.
2. Indirect:
a. Drawing to scale on squared paper.
b. Construction of the figure involving the unknown length or dis-
tance. using any convenient scale.
c¢. Computation of lengths and distances by numerical trigonometry.

3. Practical measurements: shop. household arts. designs. graphic charts.
and diagrams,

IV. Constructions—ruler and compasses required. as well as squared paper
whenever helpful: triangles and T-square may be used if available.

1. Segments of a line of specified length.

2. Circle of given radius.

3. Angle equal to a given angle.
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4. Construction of triangle, given certain parts: special cases—right,
cquilateral, isosceles.
Parallel lines.

6. Four fundamental constructions: bisection of line. bisection of angle.
drawing of a perpendicular to a given line at a given point in the
line and from a point outside the line.

=. Rectangle. square. hexagon, octagon.

8. Scale constructions: congruence and similarity.

V. Applications.

1. To shop drawings.

2. Interpretation of blue prints.
Making of house plans.
Design.

Pattern making.
Survey plots.

‘s

N e

This outline is preceded by a *Basic List of Central Objectives,”
of which the following have a bearing on intuitive geometry:

1. The fundamental processes and facts of direct and indirect mensura-
tion.
Space .ntuition.
The ability to discover and use relationships.
The mastery of important mathematical terms. ideas. or concepts.
The acquisition of important mathematical skills. habits. and attitudes.
The development of important mathematical types of thinking (anal-
ysis, gcnerallzatwn reflective thinking, functional thinking. etc.).

Appreciation of the indispensable role of mathematics in the modern

world. (a) as a tool. (h) as an organized body of important truths.

8. Appreciation of the ideal of perfection. of absolute correctness and
accuracy. of permanent truth, which dominates mathemutical teaching.

9. Realization of the long and interesting historical development eof
mathematics.

ro. Appreciation of the beauty of geometric forms found in nature. indus-
try. and all the applied arts.

LIV )

C\'_Jl 4.

The syllabus also contains sixteen pages of “Suggestions for
Teachers,” with reference to the teaching of intuitive geometry,
which are concerned with aims and objectives, methou, measure-
ment, concepts, facts, relations, and geometric drawing and con-
structions.

Recent textbook tendencies. Since the textbook is still almost
synonymous with the course of study in many American school-
rooms, it is a matter of serious concern to the future of mathe-
matics that our new texts should be constructed in harmony with
(1) the best traditions of the subject, (2) the recent recommenda-
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tions of competent and experienced specialists in education and in
mathematics, (3) the crucial tindings of actual classroom experi-
mentation over a considerable period of years.

Any impartial analysis of recent texts along these lines is not
very reassuring. Some of the outstanding pedagogic blunders of
the past century are still retained with fatal persistence, We seem
to learn very slowly from the experience of those who have preceded
us. -\ Pestalozzian organization, “from the simple to the complex,™
is not uncommon. In fact, organizing principles are usually con-
spicuous by their absence. No two authors seem to agree on the
most worth-while objectives, or on method and sequence. The scene
is one of almost hopeless confusion. Perhaps this is unavoidable
at the present moment, but it ix a situation which is not conducive
to increasing the regard for the status of mathematics in our
schools.

A group of textbook studies appeared in the Fifth Yearbook of
the Department of Superintendence (1927), which fully corrobo-
rates the preceding statements. An analysis of more than twenty
junior high school texts in mathematics revealed that the amount of
geometry included ranged “from almost no geometric material to
one hundred per cent.” ''* Another analysis, of thirteen series of
junior high school textbooks, prepared for the same Yearbook, led
to findings such as the following:

1. The topics selected by authors to meet these objectives |previously
stated ] vary widely in number and emphasis.  This variation is so great that
the conclusion is reached that authors must interpret these objectives differ-
ently or else there is no relationship between content and achievement of
objectives.

2. With the possible exception of the tirst two topics in each of the books
there is no agreement umony authors as to the vrder of presenting the various
sections.

3. Authors seem to cary less on all these points in the ninct xear than
in the two preceding years.  This is probably due to the fact that the ninth-
grade courses are primarily algebra.

4. Finally. while an attemipt has been made to place the facts in as
favorable a light as possible. one cannot escape the conclusion that junior
high school mathematics is still in a transition stage and that it will grobably
be some years before definite objectives, content, methods, and results can
be agreed upen.

W Depurtment of Superintewdence, Fifth Vearbook, pp. 02 ff., Department
of Superintendence of the Nutional E-ucation Association of the United States,
Wishington, D. C. 1927,
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Tt is encouraging. however, that an examination of seven junior
high school texthbook series in mathematics which have been pub-
lished during the past six years shows a great improvement in cer-
tain directions. For example, the geometric topics or “units" are
tending to become an integral part of the course and are no longer
placed at the end of the book “for opticnal use.” This is certainly
a very great victory for intuitive geometry. Again, the illustrative
features of the texts are often of a superior order. The “life situa-
tions” are becoming less trivial or imaginary. ‘The suggested activi-
ties and exercises are a little less fictitious and come somewhat
closer to classroom poessibilities.  The technique of measurement
has improved. Not enough provision is made, however, for a
gradual growth of the geometric abilities. Materials are often
“bunched™ in a confusing way, showing hasty compilation or a
carcless arrongement,  Finally, all too often, there is lacking the
clear-cut evidence of actual classroom trial and experience. lLet
us hope that the coming decade will Lring further progress and
will eliminate some of these unnecessary blemishes,

PART IFIVE
CrassrooM METHODS AND DEVICES

i. THe ATMOSPHERE OF THE CLASSROOM

A, EQUIPMENT OF THE CLASSROOM

The old and the new. Time was when the standard equipment
of a mathematical classroom throughout the year was a blackboard,
a box of chalk, a set of erasers, and a textbook. To complete the
picture, it was only necessary to add the conventional caricature of
the weary teacher who was busy all day long “kearing recitations,”
“assigning the new lesson,” and correcting many square yards of
faulty exercises “at the board,” and hence always covered from
head to foot with a layer of chalk dust that threatened to carry
her off to an early grave. In this uninviting, truly “dry-as-dust”
atmosphere it was indeed hopeless to make mathematics flourish.

Such professional backwardness an: indifference is no longer
pussible or defensible in this age of photography and magazine
reading. of movies and high-powered advertising, of rapid travel. of
mass education and competing school schedules. Our restless chil-
dren, harassed on all sules by conflicting interests and by a multi-
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tude of daily impressions, are almost forced, in sheer self-defense, to
challenge the wisdom of school programs and daily “assignments.”

“What is it all about?” *What is it good for anyway ?"" Instead
of dismissing such impatient queries as impertinent outbursts of
ill-bred adolescents, the alert, modern teacker welcomes them as a
means of setting the stage for a period of high adventure and
glorious achievement. Under her skillful guidance the classroom
gradually takes on the appearance of a new universe. On display
boards, on charts and posters, in cabinets and bookcases, on desks
and tables, in source books and folders, the necessary illustrative
materials and devices are assembled from day to day, until there
arises a veritable museum of form, and a genuine laboratory of
exploration and thinking,.

A Scuoor EXHIBIT {LLUSTRATING SYMMETRY AND DEsIGN

This illustration is reproduced by the courtesy of Mrs. Mabel Orr. Principal
ol the Alesander Hamilton Hizh School, Rochester, N. Y. and of Mrs, K. D).
Fraher, of the same school.

To experience fully the contrast between the old and the new,
in this respect. one has only to enter almost any classroom in an
up-to-date junior high school, or to study one of the periodic mathe-
matical exhibits of such a school.

Creating a geometric atmosphere. How the transformation
suggested above can be brought about without undue haste or
pressure, is described most convincingly by Miss Olive A. Kee, of
the Boston Teachers College. in a report published in The Third
Vearbook, The National Council of Teachers of Muathematics., A
few signiticant paragraphs from this article will xerve to suggest the
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manner in which Miss Kee approached the task of creating a
“mathematical atmosphere.” ' To quote:

Should the mathematics clussroom breathe mathematics? Is it possible
to develop an arrangement of materials which will make the appearance of
the mathematics classroom as distinctive as that of a room where science
ur history is taught?

It must be admitted that in the majority of cases the visible evidences
that a classroom is devoted to mathematics are few und uninteresting. Pos-
sibly a set of graphs, which have been cut from newspapers and magazines,
and which may or may not mean anything to the students who casually
glance at them, is displayed above the blackboard and above eve-level. Or,
much better. models of the various geometric forins may be displayed in the
cabinet. They may have been constructed by the students, in which case
they surely have some meaning. But. with these exceptions, one is likely to
find little of significance.

Miss Kee then explains how she undertook to develop the idea
of mathematiccl posters to be made by pupils in the schools :

Posters were. (f course, rather generally used in the English and hygiene
departments of our own and other institutions at that time. No one ques-
tioned the fact that a good poster advising us to drink more milk has a
more definite appeal than the bare spoken or written message. Posters in
the mathématics classroom. however, were an innovation,

The matter was first taken up with those of our students who were pre-
paring to teach in the elementary schools. Considering their interest in the
work of the lower grades, the writer saw various possibilities in enlisting
them in the poster-making enterprise. Posters of the following sorts were
sugge 'ted:

1. Those which would show the uses of mathematics in society.

2. Those which carried in their slogan a positive and definite suggestion
for the pupil in connection with certain classroom tasks.

3. Those intended to stimulate vounger pupils to greater endeavor.

4. Those showing geometric forms in nature and art,

The results were very encouraging, as anyone will testify who,
like the present writer, has seen some of the posters made by the
pupils during the experiment. We quote again:

From our experiment we are persuaded that stressing the many uses of
mathematics may, we do not say will. help us to interest students in it. In
any event, there is much evidence to show that students took a livelier
interest in mathematics because of the poster project. One of these young-
sters in the junior high school said enthusiastically to her teacher. “Why,
there's mathematics in almost everything.”

117 Kee, Olive A., “A Mathematical Atmosphere,” T'he Third Yearhook, The
National Council of T'eachers of Mathematics, 1928, pp. 203 ff,
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One of our most heautiful posters was that of “Geometry in the Home™—
a girl making a lamp shade with hexagonal base. An amusing one was
* Know your Proportions™—a luncheon scene with the small son complaining
of too much salt.  Another had “Math. in the Making. Math. in the Baking”
as its slogan. at the risk of having the enemies of mathematics refuse the
luscious cake.

Far-fetched? In some cases. Questionable* True. Yet the boy of the
junior high school age is ready to challenge and to be challenged. 1f he
tries to meet challenge with accurate information, and if his parents take
sides. then the casual public is aroused if not convinced.

In conclusion it may be reiterated that other features than the work on
the blackboard should suggest mathematics. Is the atmosphere such that all
may realize that the teacher loves her subject enough to try to win others
to its practice and delights?  May even those who dislike the mechanics of
mathematics be led to admit freely that the subject lives* ZIf our elass-
rooms breathe mathematics before and after. as well as during class periods,
we may feel that we have taken a step in the right direction.

B. AROUSING AND MAINTAINING INTEREST IN GEOMETRY

The spirit of the teacher. Even the most complete equipment
is useless or harmful when it is not made to serve its real purpose.
Of what use is a mountain of musical instruments where there are
no musiciars to play them? All the paintbrushes in the world, and
miles of canvas. are of no avail when the trained hand of the skillful
artist is removed from the scene. In the same way, geometry can
be taught effectively only by a teacher who understands its back-
ground, knows its laws, has mastered its techniques. and is an eager
student of its limitless possibilities. Only then does the subject
lose its formal, forbidding character, and only then does it convey
a vital message to growing boys and girls.

Means of arousing and maintaining interest. Fortunately,
the well-nigh universal paucity of pertinent literature and of neces-
sary equipment, so characteristic of former years, is gradually being
altered. During th~ ... decade great progress has heen made
in this direction. The available resources, such as inspirational
books and pamphlets, pictures, instruments, study helps, work
books, slides. films, source books, club programs, and mathematical
recreations, have become much more abundant. Dr. E. Breslich
has performed a real service in assembling and making known much
of the recent literature bearing on this subject.!'* A great wealth

1"~ Breslich, Frnst R.. The Technique of Teaching Secondarv-School Mathe-
matics, Chap. 111, University of Chicazo Press. Chicago, T, 1030.
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of valuable suggestions will be found in the pages of T'he Mathe-
matics Teacher, of School Science and Mathematics, and of the
Vearbooks of the Nutional Council of Teachers of Mathematics,
The chapters on objectives, model lessons, home-made instruments,
mathematics clubs and contests. and on mathematical recrentions,
in Smith and Reeve's  Teaching of Junior High School Mathe-
matics ' are very helpful and supply  splendid hibliographies.
Dr. William L. Schaaf's Mathematics for Tunior High School
Teachers ' ofiees numerous sections on educational values and cul-
tural backgrounds.  Woodring and Sanford's Enriched Teaching of
Mathematies ' calls attention to supplementary “enrichment”™ ma-
terials,  In short, the new spirit which is coming into the teaching of
mathematics is in evidence on all sides.  And so. with only a mod-
erate amount of enthusiasm and effort, any energetic and open-
minded teacher should have little difficulty in creating that most
essential of classroom necessities, a mathematical atmesphere,

Typricarn CrassrooM PROCEDURES

A, PROVISION FOR MOTIVATION

Essential nature of motivation, It 1x not generally known, as
vet. that the newer psychology of learning has established motiva-
tion as one of the chief corner stones of education.” = Without it
there is no real learning.  Hence the naive attitude of sarcasm.
with which conservative or reactionary educators are in the habit
of referring to “kindergarten devices,” or “soft pedagogy.™ is not
always based on a real understanding of sound psychological prin-
ciples. alotivation does not and should not aim to eliminate work,
On the contrary, gennine motivation is the primary means of en-
couraging hard work and of making it Jruitful. Tt is vastly dif-
ferent from merely “enterttining™ the pupil. as so many seem to
think. Hence, real motivation should not be blamed for deplorable
evidences of dawdling and inefficiency in some of our school work.
A scientific use of motivation always tends to stimulate @ maximum
of interest and of classroom efliciency,

P Smith, DL ECand Reeve, W Dy op. cit. [ool, Chaps. NI XTH and NIV,

P Schaal, William L. Mathematics for Junior High School e ichers, Johnsun
Publizhing Company, Richmond, Va., 1911.

U Woodring, M. N.and Sanford. V., Ewriched Teaching of Mathematics in
the Iigh School, Burcau of Publications. Teachers Collewe, Calumbia University,
New Yark, 1928,

t=48ce Wheeler. R. Howndd Perkins, F. T, op. cit, 4], pp. 4084200
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Motivating discussions.  Euach important new topic or unit
should be approached by the teacher with a good deal of care. An
attitude of expectancy. even of tension, can be created in advance
by occasional anticipating glimpses of the new material. When at
last the day arrives for a first serious study of the topic. a good deal
will depend on the manner in which the “first moves™ are made.
In the opinion of the writer, which is based on classroom experience,
there is no more simple and more effective means of initiating a
new topic than that of depending on a “motivating discussion.”
This is not a lecture in which the teacher reveals her superior
wisdom. Tt is, rather, a carefully guided “conversation”™ with the
pupils, in the course of which the new abjectives gradually emerge.
Thus, if the new unit relates to “measurement.,” the preliminary
discussion may touch on items such as the following: (1) trades,
industries, and professions which depend largely on measurement :
(2) occasions for measurement in everyday life: (3) the most com-
mon measuring instruments: (4) the purposes of measurement:
(5) interesting meuasurement projects suggested by the community
(6) the meuning ol accuracy in measurement: (7) the historical
development of the common units of length; and (8) what it means
to “estimate” lengths,

In the case of very voung or very restless pupils. it is well to
carry on this background work at the rate of five or ten minutes a
day, for several days. When the soil has been prepared in this
manner. there is usually very little difficulty in attacking seriously
the successive divisions of the topic and in carrying on the activities
that are demanded by its objectives.

Insufficiency of the textbook. It is still a cardinal defect of
our classroom routine that we expect almost evervthing from the
texthook alone.  Nuturally. in these days of mass education. the
texthook is of more vital importance than ever. It cannot be con-
structed too carefully.  But no single book can provide within its
limited dimiensions driving power, enthusiasm, background, the
stimulus of constant vuidance and correction, organic interweaving,
and new outlooks; nor can it cause a growth in skills and abilities.
the creation of perspective, and a socialized atmosphere-—all of
which accompany the orderly progress of well-directed classroom
activities.  Hence. from “hook methods™ come the permanent limita-
tions of the individualized study technique, so loudly heralded for
a while as a panacea. of “directed study,” and of mere “recitations.”
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Intuitive geometry is peculiarly sensitive to the one-sided employ-
ment of these methods. It is cssentially a laboratory subject. Its
results are not obtained bv reading them in ready-made form.
They are derived from an “exploratory technique,” still to be de-
scribed. A large number of witnesses could be quoted in support
of this view, both here and abroad. It is significant that the early
American books were built on a “lesson" plan, now happily aban-
doned. In Europe, many textbooks in intuitive geometry never saw
a second edition.'* Some European extremists have even demanded
that all texthooks in intuitive geometry be officially forbidden.
Perhaps one of the chief causes of the slow progress mace in the
teaching of geometry is to be found in the unwarranted cult of the
textbook.

B. THE TEACHING OF A GEOMETRIC “UNIT"

General nature of procedure. At the close of the motivating
discussion, the various objectives of the unit are introduced system-
atically. They usually occupy the attention of the pupils during a
period of one or more weeks. The classroom procedure is a com-
bination of what was formerly known as the “development method”
and the “laboratory technique.” Under this plan. the whole class
is the working unit. Each pupil has an individual standard note-
book or work book, in which the important introductory exercises
of each group are entered, while the teacher directs the work
orally or from the blackboard. At first, each step is the result of
careful questions and of oral responses or conclusions reached by
the collective codperation of the class. As the work progresses,
additional problems and exercises provide for the var'Hus ability
levels. Each pupil is then expected to work at his own best rate
and to show definitely that he has a satisfactory comprehension of
the day's main objective.

For the sake of variety, or as a rapid check of the mastery ob-
tained, blackboard work may be substituted occasionally or at
regular intervals for the individual desk work. If too great a dis-
crepancy exists between the achievements of the best and the
“slowest™ pupils, it is well to provide supplementary honor work
for the accelerated group while retarded individuals are given more
time to improve. It is a mistake, however. to expect perfection
during the first contact with a new unit. .\ “100 per cent mastery ™

15 Lictemann, W., op. cit, 1231, Vol. 11, p. OR,
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slogan, if employed prematurely, will do much harm. Some skills
and abilities are likely to mature slowly. and temporary back-
wardness on the part of some pupils should not cause undue worry
or alarm.

A typical outline. A texthook cannot possibly present its mate-
rials in strict conformity to a laboratory plan without becoming
too bulky. Tt must introduce definitions. rules. conclusions. exer-
cises, and summaries at definite points, whether the pupils are all
ready for them or not. The texthook can, at best, suggest only the
final product of a lesson series. The 1oad toward that goal will
often differ considerably from that of the book. Hence. the teacher
must have in mind a general plan of action that will eventually
lead to the desired outcomes. Thus, at the completion of a unit
dealing with one of the standard plane figures. such as the angle,
the circle. or the triangle. the pupil should finally be able to show
his mastery of the following aspects of the work :

Definitions t concepts), Constructions and related problems.
Notation. Relationships or facts.
Classification, Applications,

Measurement, Supplementary activities.

The order of these subdivisions may often be a different one. hut
in the main they will provide a fairly complete inventory of all the
classroom or home activities that are suggested by a typical weo-
metric unit.

C. THE DEVELOPMENT OF GEOMETRIC CONCEETS

U'nderlying psychological principles. At no point in the teach-
ing process is there such widespread haziness as in the field of con-
ceptual training. ‘This appears to be due largely to a lack of infor-
mation concerning authoritative psvchological theories about the
formation of ideas. judgments. and concepts, and about the emerg-
ence of reasoning processes. Hence we must pause for a moment
and review briefly the doctrines of the newer psychology that
have to do with these difficult questions.  Says Professor
Wheeler:

The direct memory of a color, a tone. a touch sensation. or any sensory
process is an image. The memory of u perception is called a concrete idea.
o« The memory of similaritics between ohjects is called an abstract idea
ar concept. It is therefore an cutgrowth, genetically, of comparatize Judg-
ine.  Rememberine similaritivs hetwoeen ohjects enables the observer to group
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these ohjects into classes and leads to processes of reasoning. A scientific
laze is a concept derived from noting similarities in the behavior of the same
object under different conditions., A statement with regard to any kind of
uniformity or ¢ nerality is the expression of a concept that makes possible
the rational prediction of future events.  Moreover. definitions of all sorts
are systems of concepts. The entire field of mathematics is conce ptual, A
person uses concepts whenever he employs cny kind of symbol. . . . T
use of concepts and the making of generalizations are the outstanding fea-
tures of intelligent behavior from the standpoint of self-observation. '

The growth of concepts, as investigated by 8. C. Fisher,'* ac-
cording to findings summarized by R. H. Wheeler,'** was observed
to be as follows:

The first stage in the development of the concept was the remembrance
of individual fizures largely in terms of concrete wviswal, motor and other
images,  Later on these concrete images became hazy and attenuated; details
having to do with the variable features of the objects disappeared while
details pertaining to repeated features remained.  Similarities hetween the
ditferent objects, then, were being abstracted from the objects as wholes and
scparated from the features which made one object different from another.
As time went on. these abstracted features were remembered less by means
of visual and more by means of kinesthetic and werbal imagery, until finally
the mame of the figures sufficed as the material of the concept.

Again, Professor Wheeler tells us that :

Intelligent behavior exhibits various degrees of complexity ranging from
perception to reasoning. each level representing a certain stage in a growth
or maturation process, in the life history of the individual. These stages
are perceiving. recognizing, comparative judging, and reasoning.  Associated
with stages one and two is imagery; with stage three. ideas; and with stage
four. concepts.'*

Hence. sensory processes and images are seen to be ultimates of
the mental life and “may be compared very roughly to ihe chemist's
molecules and electrons.”

A more detailed study of perception. judging. the formation of
concepts and of reasoning, is given in Wheeler and Perkins’ Prin-
ciples of Mental Development. To quote:

U Wheeler. R H. The Scienee of Pixchology, p. 1gh. Thomas Y. Ciowell
Compuny. New York. 1g:20.

P25 Fisher, 8. €L “The Process of Generalizing Abstraction. and Its Product,
the General Coneept.™  Pyyehological Monographs, 1910, Vol. XXI, Nu. go, pp.
5-2134.

“Whevler, RO HL The Sceence of Pavehology, pp. 145143, Thomas Y. Crowell
Company. New York. 1020,

VU Thid., p. o140,
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‘The observational world of the child, at about this stage [three years of
age]. is a world of discrete objects. . . . The child sees what he can and
ignores the rest. . .. When the child matures sutliciently to grasp larger and
more complicated situations in their totality, objects then emerge in patterns
of knowledge differentiated with respect to their logical interrelationships,
... When objects emerge from total perceptual patterns <o that the appre-
hension of concrete relutions between the parts is involved. the process is
known as judging. ‘The child is able to tell that this object is different from
that. smaller, larger. longer. shorter. hotter, colder. higher. lower: or. that
one object is doing something to another. . . . Just as perception always
involves an inventive aspect judements are processes of invention.  Each
relution is « discovery. A vast new world opens up to the child ~hen he
discovers that objects and situations actually differ from one another, Again
the discoveries of these differences should alwavs be made in the spirit of
adventure and of creative work. . . .

He [the child] is able to recognize differences between objects sooner
than he is able to recognize similaritics. The latter process must wait upon
further maturation, which appears from the eighth or ninth your on. .,
The patterns of experience that now emerge from this field are pereeptions
of vast total situations, the parts of which are all interrelated. as they emerge.
in terms of explicit knowledge of the properties of wholes,  The properties
have taken on whole-character in their own right. and can be employed.
deliberately. in the processes of thinking. This process is called “general-
izing abstraction.™ or the formation of concep... Tt involves the explicit
recognition of aspects in common between all the parts of a complex situa-
tion. . . .

Expressed in words the difference hetween a judgment and a concept s
this: A judgment is equivalent to saving. “This ice is cold.™ a statement that
implies baving compared a picce of ice with something less cold, A coneept
is equivalent to saying. “All ice is cold.” and implies the discovery of a
property common to all pieces of ice.  Rules, principles, definitions, axioms.
and scientific laes are all examples of concepts.  Judgments. then. are recog-
nitions of concrete relations between specifie ohjects. while concepts are
recognitions of abstract relations.’:s

Classroom applications. In the light of this revealing exposi-
tion, how futile. not to say grotesque, is the “assignment™ of pages
of totally meaningless definitions that are to be learned “once and
for all.” thus dismissing the whole unpleasant job in one grand
sweep! But things do not “get learned” that way. Such a pro-
cedure i= merely a return to the empty verbalism of former gen-
erations. so completely discredited by the experience of the ages.

Of course, a child of twelve or thirteen has gone through the
preliminary stages of perceiving, recognizing, and judging many

1> Wheeler, RoH. and Perhins. F. T oop. cit. [4]. pp. 140 ff,
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times. but not. as a rule, in the field of geometry. Hence, it is
necessary to make definite provision for these essential steps that
lead to the formation of geometric concepts. Perhaps it is now
clear how this should be done. Suppose, for example, that the topic
of “circles™ is under discussion. From a great variety of actual
iftustrations (e.g. objects, pictures) the concrete idea of a circle
is obtained. Circles of various sizes muay ihen be drawn on the
blackboard or on paper. It is seen that each one may be drawn by
a uniform procedure that directs attention to the similarities in the
structure of circles. In each case we have a center; there is a fixed
radius ; the figure is drawn on a plane surface. At first, these con-
stituent elements of the concept “circle” remain attached to their
visual and motor background. Thus, for a time the pupils should
be expected merely to draw a circle and to identify its elements in
the drawing, or to make a “gesture drawing™ in the air. The
“verbal imagery” should be added gradually, until the pupil can at
last give a verbal definition that “suffices as the material of the con-
cept.”  That is, as someonr: has said. ¢ definition should be «
summary of experience, not the starting point!

One more word of caution is necessary. Not every concept can
or should be defined verbally. There must always he basic unde-
Jined terms,  Thus, no
well-informed teacher
will be guilty oi per-
petuating the time-
honored pseudo-defi-
nitions of point, line,
and plane. Then, too,
it is a mistake to de-
mand of beginners an
absolutely  final for-

A Mirivs SURFACE (one-sided) mulation of all con-

cepts, not to be modi-

fied or “unlearned™ at a later stage. The history of science and of
mathematics is full of contrary warning signals. Many a fundamen-
tal concept has been so enlarged in the course of time, because of a
wider experience and a growing insight. that the originators of the
concept would no longer recognize it.  Thus, a Mdbius surface '*

TECA one sided Mabius surface may be obtained as follews,  Take a rect-
anzular <trip of paper, turn one ol the ends over, throuzh an anele of 1% . and
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has but one side. while untutored intuition ascribes two sides to
every surface. There are curves that fill every nook and corner of
a surfacet™  And there are continuous curves that have no tan-
gents.  An examination of recent texts on higher geometry shows
that the development of concepts is one of continuous growth and
hence is a task of extreme delicacy,'

In conclusion. it cannot be stated too emphatically that the con-
cepts of a science are its most essential tools.  Hence, the successful
elaboration of clear geometric concepts will always be one of the
most crucial tests of good geometric teaching. and one of its major
responsibilities,

D. THE TECHNIQUE OF MEASUREMENT

Providing for the organic growth of skills and abilities.
It is now known that -skills,” to be effective, must be developed
in significant settings. Unrelated skills are quickly forgotten. The
following key sentence, to be kept in mind in connection with any
“mechanical™ technique, might well serve as a motto for many a
classroom exercise :

Practical skill. modes of efiective technique. can be intelligently. non-
mechanically used only when intelliznce has played a part in their acqui-
sition,

Hence, it would seem that real projects should always be used
as i background for the major techniques of geometry. Owing to
the usual limitation of time and available resources, however, this
approach is not as ideal as it is thought to be. In most cases the
teacher must he satisfied with described, or dramatized. life situa-
tions. And there is no reason why the child's imagination should
not supply, with sufficient vividness, the metivating reasons for
otherwise barren, unrelated bits of almost any mechanical routine.

Classroom procedures. In 7he Third Vearbook of the Na-
tional Council, the writer submitted a detailed study of the tech-
then p;;;'tc.thc two ends toucther, The fuet that this surface is really one.sided
would quickly be discovered if tae attermpt were mide to use a certain wolor in
paintinig one of its s<ides. and a different wlor in painting the other <ide.  Sve
Lictzmann W., Awibaw und Grivdlage der Mathematik, p. 2, Leipaie, 1g27.

U Young, Jo W Fundamentai Corcepls of Algebre and Geometry, pp. 107

ff.. The Macnullan Company, New York. 1gr1.
Vi See Hilbert, 1D and Cohn-Vossen, Stofan, Awschanliche Geometrie. Berlin.

1932,
Vi Dewey, John, How We Think, p. z:. D C. Heath and Company, Boston,

1q10.
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nique of direct measurement in the junior high school. It was
suggested that the work in direct measurement should be carried
on in four distinct, successive steps, as follows:

r. A careful study of the measuring instrument should be made.

2. Adequate practice in “prescribed” measurement must be obtained.

3. Definite provision must be made for the development of accuracy.
through “controlled™ measurement.

4. The skill thus acquired should then be exercised extensively through
suitable applications, !+

A vprescribed” measurement is one that provides specified nu.
merical data. Thus, we have an illustration of this kind when a
pupil is asked to draw a line segment 4!% in. long, or an angle
containing 57°. All work in scale drawing with given dimensions,
and in the construction of graphs from given data, falls into this
category.

In the case of “rontrolled”™ measurement, the pupil does not
know the final numerical values in advance, but the teacher can
check or control the result by means of the known propertics of
the figure. Thus, if the legs of a right triangle are given numer-
ically, the length of the hypotenuse must have a certain value. If
the pupil measures the successive interior angles of a polygon and
then finds their sum, a definite value must result in each case.
Indirect measurement, when hased on scale drawings, involve: both
prescribed and controlled measurement.

The four steps mentioned above can be used in the case of
linear measurement, of angular measurement, and of areas and
volumes. Thus, when the codirdinates of the vertices of a plane
figure are given, in terms of specified units, a definite perimeter,
a definite angle-sum, and a definite area will be obtained. Similar
exercises might be suggested for a three-dimensional domain.

E. THE TECHNIQUE OF DRAWING AND CONSTRUCTIONS

The care and use of the instruments. Much attention must
he given at all times to *he condition of the geometric instruments.
The mechanical details of this important item should he worked
out at the very beginning of the course. If the pupils have their
own instruments, they must be trained to have them ready for

1453 Betz, W, The Teaching of Direct Measurement in the junior High School.”
The Third Yearbook, The National Council of Tedclhers of Mathematics, 1928,
Pp. 140-194.
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instant use at a moment's notice, without undue noise or confusion.
When the school furnishes all the supplies and instruments, a spe-
cial system of distribution i necessary.  The best device that has
come to the attention of the writer is that of using special trays,
one for each row of seats, with three compiartments in each that
take care of rulers, compasses, and protractors,

‘The pupils must be taught how to hold each instrument or how
to place it on the paper. and how to perform the required motions.
Much time can be saved if drawing boards are available. It is a
good plan to have the pupils visit a elass in mechanical or architec-
tural drawing, and to bring in samples of ¥ gk completed in these
classes. e

The use of the kite and of composite fisures. The funda-
mental constructions are often tangat by a purely imitative pro-
cedure. Thus, the pupil is shown how to hisect an angle without
understanding the reasons for the various motions. The result is
always an undesirable mental uncertainty and confusion. Instead.
a thorough understanding of these constructions can be developed
organically by studying the symmetric properties of the kite, in
which case even very slow seventh grade pupils quickly grasp the
essentials of the construction problems whieh it SULUests,

Again, the isolated presentation of individual constructions is
misleading. They should be used in organic combinations. So far.
no better plan has been suggested for this purpose than the use of
applied design, or of composite figures such as Gothic windows,
trefoils, quatrefoils. star polygons, and the like. Not only are ull
the fundamental construction skills introduced in natural combinzi-
tions when this method is used. but an immediate check is provided
for the degree of accuracy that should be attained at any stage of
the work.

FoINVESTIGATION OF GEOMETRIC RELATIONSHIPS

Three modes of approach. Next to the development of clear
geometric concepts, the study of geometric relationships in a proper
setting is the principal task of geometry. If this work is to be of
educational significance, it must be carried on in the spirit of dis-
covery, of exploraticn, and of adventure. It is not of supreme mo-
ment Aow many facts the pupil learns, but cverything depends on
how he acquired these facts,

In this process of exploration. as has been suggested above, there
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must be a gradual transition from observation to reasoning. Before
we go on, it may be well to recall Carson’s distinction between the
terms “deduction” and ~proof.” To quote:

At this point I wish to suggest that a distinction should be drawn between
the terms “deduction” and “proof.” There is no doubt that proof implies
access of material conviction, while deduction implies a purely logical process
in which premisses and conclusion may be possible or impossible of accept-
ance. A proof is thus a particudar kind of deduction. wherein the premisses
are acceptable Cintuitions, for example), and the conclusion is not acceptable
until the proof carries conviction, in virtue of the premisses on which it is
based. For example, Euclid deduces the already acceptable statement that
any two sides of a triangle are together greater than the third side from the
premiss (inter alia) that all right angles are equal to one another; but he
proves that triangles on the same base and becween the same parallels are
equal in areq, starting from acceptable premisses concerning congruent figures
and converging lines.  The distinction has didactic importance, because pupils
can appreciate and obtuin proofs long before they can understand the value
of deductions; and it has scientific importance, because the functions of proof
and deduction are entirely different.  Proofs are used in the erection of the
superstructure of a science, deductions in an analysis of its foundations,
undertaken in order to ascertain the nwumber and uature of independent
wssumptions involved therein '+t

Three main roads ar. open to us in the game of ascertaining or
testing geometric truths. Some of these facts will seem certain at
once, as soon as attention is directed toward them. This is true, for
example, of the basic positional facts relating to the intersection of
lines or of lines and circles, of symmetric relations, and the like.
Such truths are accepted immediately because they possess an
intuitive, compelling power of conviction,

But there are other truths which, while appearing plausible at
the outset, are made completely convincing only by a physical or
mental “experiment.” Many of the metric facts belong to this
group, such as the equality of vertical angles. the angle properties
of parallels, and the laws of congruence. Here we may resort to
a technique of superposition,' of motion (rotation, translation,

e Carson, G. St L op. cit. fog], pp. 23 ff. A more extended quotation bear-
inz on this point is given by Reeve, W Doin The Fifth Yearbook, The National
Cowncil of Teachers of Mathematics, 1030, p. 12,

12 The question of superposition and motion, in connection with logical geo-
metric proofs. is one of extreme delicacy.  Buclid used superposition explicitly
but three times.  Hilbert eliminates motion by suitable “axioms.”  Veronese,
Bertrand Russell, aned others have attacked the use of motion in geometry on the
ground that ccometry i concerned with empty space which is immovable. Thus,
in 1902 Russell wrote that what in seometry i~ called 1 motion is merely the
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folding), either actually or in imagination. (‘onclusi?v(ls thus ob-
tained may also be verified by measurement, It should be clearly
understood, however, that since measurements are always approxi-
mate, real “proofs” can never be obtained in that way.

Finally. there are relationships which must be approached by a
process of anal ysis followed by an adequate generalization. For exam-
ple. the rule for the area of a rectangle is not immediately apparent.
Hence, we resort to the plan of outlining a rectangle of prescribed
dimensions on squared paper. It is then possible to find a definite
and uniform relation between the dimensions of any rectangle and
its area. Let it be remembered, as Dr. T. Percy Nunn has pointed
out, that a single figure is sufficient in this process of generalization.

In a first course, the process of analysis described above does not

transference of our attention from one figure to another. It appears that Russell’s
oppusition to motion has induced some of our British colleagues to place a
wholesale  prohibition on thiz time-honored pedagoric device.  Tn the report
on The Teaching of Geometry in Schools (London. 1923), there occurs this
quotation from Russell's Principles of Mathematics (p. 403, published in 1903),
relating to the usual coneruence of *proofs™ by the use of motion:

*To speak of motion implies that our triangles are not spatial. but material.
For a point of space is a position, and can no more change its position than a
leopried can change his spots. The motion of a point of space is 4 phantom directly
contrary to the law of identity: it is the supposition that a given point can be
now one point and now another. Hence motion, in the ordinary sense. is only

pussible to matter, not to space. . .. The fact is that motion. as the word is
used by geometers, has a meaning entirely different from that which it has in
daily life. . . . Motion is a certain class of one-onc relations’ between classes of

points. and ‘a motion presupposes the cxistence, in different parts of space, of
figures having the same metrical properties, and cannot be used to define those
propertics.” ™

The report proceeds to give a detailed critique of the related ideas of con-
gruence. motion, and rigid bodies (see pp. 27-33). Sce also, Heath, Thomas L.,
op. cit. | 16]. edition of 1908, Vol. I, pp. 226 ff.; Enviques, F., 0p. cit. | 211, pp.
o¥-118: Enriques, F. Problems of Science, pp. r1oqff.. translated by Royee,
Ratharine, The Open Court Publishing Company, Chicago. 1914

The antaronism to motion has recently led to the increasing practice of
assuming all the congruence proofs. This natural result shows clearly éhc- untenable
psychological consequences which accompany a premature insistence on “pure”’
logic in clementary teaching, For it cannot be repeiated too often th:u/jus! as
the furmation of concepts depends ultimately on sensory images, the pupil does not
arrive suddenly at ideals of “rigor™ by the exacting decrees of the logician. A
transition is necessary, and during this period the vsual assumptions made in con-
nection with superposition are psychologically sound and necessiary. It is reas-
suring that very competent critics in Europe and America are endorsing this
psvchological attitude. (Thus. an excellent discussion of the transition from
“concrete” reasoning to “abstract”™ reasoning, and from intuition to deduction, is
given by E. Rixnano in his Pyychology of Reasoning, Chaps. V' and VI; English
translation by Holl. Winifred A.. Harcourt. Brace and Company, New York. 1023.
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ordinarily rest on a minimum set of assumptions. But insofar as
it employs a chain of connected thought processes or inferences,
it is educationally equivalent to the work ordinarily done in demon-
strative geometry,

G. SUMMARIF® AND TESTS

Importance of frequent summaries. A comprehensive “unit”
will always involve a considerable number of objectives. A young
pupil is therefore in danger of “getting lost” unless the road he is
following is kept constantly before his eyes. Hence, there should
be a growing outline of the work to be placed from day to day on
the blackboard and in the notebooks. At regular intervals, careful
oral or written reviews should be provided. A great variety of pro-
cedures may be followed in “getting a new look at the old mate-
rials.” Nor is it necessary for the teacher alone to initiate and plan
all these reviews. A socialized recitation that causes the pupils to
ask each other “any question anyone can think of™ is often a more
severe ordeal, cheerfully endured. than any teacher would care to
impose.

Insufficiency of objective tests. The exaguerated claims of
the testing expert:, on hehalf of the superiority of the “new type™
tests, have not always rested on a substantial foundation. A\ reac-
tion has set in, caused by the evident defects of many of these
“push button” testing devices. For example, on many of these
tests a4 mere "memorizer” may score as highly as a re»l “thinker,”
thus giving a totally wrong impression of the pupil s+ 1e achieve-
ment. In particular, these tests glorify resuits rather than methods,
Hence, they are often an incentive to mechanical drill, instead of
being a means of developing or testing power.

The progress of the pupil can be appraised adequately only by
a painstaking observation of his daily oral and written work, his
degree of interest, and his growth in the desirable attitudes and
tvpes of thinking. When the limitations of il tests are realized,
they will be used more intelligently, namely as temporary and not
conclusive barumeters of insight and growth. Much improvement
is still possible n. the construction of geometric tests.!*

M A B Miller of the Fuirmount Junior Hizh School in Cleveland. Ohio,
has for years given carcfully constructed and scientifically evaluated objective
veomutric tests in a laree number of classes. This unpublished material, when it
bee smes available, will probably constitute the most authoritative contribution
made thus far,
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HI. StprneveNtary Deviers avp ACTIVITIES

Manual activities and projects. For the active. ~hand-
minded” youngster, intuitive geometry provides an impressive
number of interesting and vahiable activities. Each unit calls for
the collection of suitable illustrative material : magazine articles,
piciures, newspaper clippings, and graphs must be assembled and
put on the display buard or mus* be mounted on charts. Natural
objects or models, as well as instruments, must be secured for many
of the lessons.  Frequent occasions arise for paper cutting. folding,
pasting, measuring. and the like. Posters and large graphs, used
in connection with the various campaigns of the school, offer a
welcome opportunity for those who are “art-minded.” Finally, for
those who are particularly ambitious, there is alway's the outlet of
large. supplementary projects that call for conside rable, long-con-
tinved effort.'*

Source bools. For some years, alert teachers have encouraged
their pupils to make private collections of interesting mathematical
materials that have a bearing on the classroom work. In this way
the pupils gradually build up their own *source hooks™ which they
often prize more highly thun any other feature of their course in
nathematics. It is a matter of continued surprise to teachers and
pupils how many unsuspected “life values™ may be discovered in a
supposedly “academic™ subject like geometry.  Naturally, aside
from cicaiing interest. the primary purpose of source books is the
impetus which they give to the development of “transfer.”

Exhibits. Periodically. the resources of a class. or of several
classes, may be pooled for the sake of a common corridor exhibit,
The incentive coming from such collective displays is almost be-
vond belief. Many a pupil in thix way gets his first glimpse of the
great and permanent values of geometry, and henceforth becomes a
real “self-starter”™ in the subject.

Contests, clubs, and dramatizations. Some adults may be dis-
posed to look askance at certain indirect methods of motivation
which a skillfnl teacher sometimes uses to advantage. Such. how-
ever, is the appeal of leadership, of socialized endeavor. of group
approval in the lives of adolescents, that the modern school has
encouraged the constructive possibilities of these gregarious im-

VESee The Third Yearhook, The National Council of Teachers of Mathematics,
1028, php. 179-182,
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pulses.  Mathematical clubs exist in many schools and do vatuable
supplementary work,  Assembly programs have heen found an ex-
cellent stimulant, as well as a means of correcting false impressions,
Playlets, likewise, expeciatly when written by the pupils, tend to
add & poetic touch to the prose of the daily routine, and thus point
the way to a higher orientation.

Glorifying squared paper. Much of the most profitable work
in geometry, including many of its supplementary activities, may
now be done with the aid of squared paper. Ever since the days
of the Perry Movement and of Klein's espousal of “functional
thinking in geometric form,” this valuable geometric tool has been
enjoying an ever-increasing popularity.  Between 1900 and 1912
more than eighty articles or monographs appeared dealing with
graphic methods and devices.  Of outstanding importance was
Professor K. H. Moore’s classic paper in The School  Review
(1906).'** The recent history of graphic representation is too well-
known to require restatement at this point. Throughout the school
vear there is almost constant opportunity to introduce exercises and
problems that involve the use of squared paper, as the following list
of topics or activities will prove:

1. The construction of bar graphs and line graphs,

2. The direct measurement of line segments.

3- The economical drawing of geometric designs, patterns. and
plans.

4. The study of basic geometric ideas (congruence, similarity,
symmetry. equality, variation).

5. Scale drawing and the indirect measurement of distances.

6. The study of metric, positional, and functional relationships.

7. The plotting of number-pairs in connection with algebraic
graphs.

8. The study of “loci.”

If func ional thinking can be called the basic melody of mathe-
matics, then squared paper can be called the stage on which this
melody is constantly rehearsed and depicted in characters that all
may learn to read.

Outdoor exercises. If the Egyptian scribe Ahmes could return
for a visit to this earth, and could witness a modern geometry class

s Moore, Ko HL »Cross Section Paper a~ o0 Mathematical  Instrument,’
The School Reviewe, Volo XTIV, Noo g, ppe 317 5380 Moy, 1gon.
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in action, he would be full of amazement at the spectacle. What
has become, in the meantime, of this simple science of “earth meas-
urement”?  From direct measurement and sense perception it has
advanced step by step. until now it is even more efficient in indirect
measurement and in purely mental experiments. But let us not
forget that this imposing structure rests firmly. and forever, on the
reassuring soil of Mother Earth. Let us return from time to time,
with our pupils, to this primeval fountainhead of geometric knowl-
edge and skill,

Field trips and outdoor “surveying” exercises tend to reduce
the taint of bookishness which often robs the “grammar of nature”
of its perennial freshness.  However, no attempt should be made to
reproduce or imitate the highly technical precision work of the
trained civil engineer. .\ drumatization of the necessary steps,
with homemade instruments, serves our purposes quite as well, if
not better, at thix stage.  The school premises, or the neighborhood
territory, will usually afford ample opportunity for the direct or
indirect nieasurement of heights and distances. In case of inclement
weather. or of limited time schedules. t1 o school corridors and the
gymnasium will provide temporarily for this improvised field work.

Even a few lessons of this sort will arouse an astonishing amount
of interest.  And to many a young mind there comes in this way.
for the first time. a realization of the tremendous power of a science
that has taught man how to reach across continents and oceans,
and how to explore the mysterious and beckoning labyrinth of
space that holds ir it< infinite recesses an unending configuration of
teeming universes,

CONCLUSION

General summary. 1. We have seen that the geometry of
everyday life came into existence through the manifold practical
activities that called for & knowledge of shape, size. and position.
As these activities were really due to fundamental human needs and
were regulated and governed everywhere by the same universal
natural forces o laws, the development of geometry was bound to
exhibit certain common characteristics in all parts of the world.
The first steps toward civilization were accompanied by a growing
acquaittance with certain outstanding figures. such axs the rectangle,
the circle. the triangle, and their corresponding solids, Techniqus
of mensuration and of construction =oon became a necessity.  The
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ideas of symn.etry and equality, of congruence and similarity, which
were suggested so constantly by natural objects, were seen to be of
basic importance in the manual arts.  Perpendicularity and paral-
lelism evolved as inevitable consequences of the gravitational forces.

2. In this natural and practical background geometry remained
embedded for thousands of years. Gradually geometric instruments
or tools were invented. Units of measurement, at first very crude,
became established in all parts of the world. The incessant recur-
rence of certain geometric processes and constructions, such as were
necessary in building, farming, weaving, and other household arts,
led to the discovery of the principal metric and positional relation-
ships and facts.  And the observation of the rhythms of nature,
iltustrated so majestically by the cycle of day and night, of the
seasons. of the lunar phases, of eclipses. and by the changing posi-
tions of the constellations, prepired the way for functional thinking,
for the creation of the calendar, for spherical trigonometry. and for
a scientific astronomy.

3. Thus it was that when at last the Greeks began to speculate
about the validity of alleged truths, and hence to develop deductive
thinking, the materials of geometry were the universal property of
mankind. The Greek sages did not have to crewte these materials
anew. The basic geometric concepts, however imperfectly formu-
lated, were known to the average adult who plied a practical trade.
as were many of the fundamental geometric skills and facts. Al
this information had been derived throughout the ages from dirvect
contact with the soil and with natural objects or manual activities.

That is, three outstanding facts seem to have emerged from our
discussion, which a teacher of geometry cannot afford to overlook
if he would do justice to the spirit and the potential value of the
subject, at eny stige of instruction. .

First, geometry did not drop from the clouds as a ready-made
science.  Its evolution was very slow and came about in response
to evervday human needs and interests,

Second, the framework of geonetry -its basic concepts, <kills.
and facts--required the prompting and maturing influence of real
life situations, For example. generalizations such as we have in
the rules of mensuration were the ourarowth, or final product, of
constantly recurring occasions demanding a detinite mensurational
procedure.

Third, even after the appearan. @ of Fuclid's masterpiece, the
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world continued to employ the practical geometric methods of the
ages rather than the “scientific” approach created in Greece.

The permanent place of intuitive geometry in the curricu-
lum. In sunming up the educational role of what is commonly
called ~intuitive™ geometry, we may now submit these two theses:

1. Iutuitive geometry is the geometry of everyday life. The
universal forces that created it are also those which will continue to
justify and maintain its place in the curriculum. Geometry de-
veloped in response to permanent human needs, and it can be
defended only when it reflects the compelling background from
which it sprang.

2. If the ~scientific” geometry of the high school is to survive
as o school subject. it must have a prepared soil in which it can
grow. Without the preliminary training. without the body of con-
cepts, skills, and appreciations that a good course in “intuitive”
geometry should guarantee. demonstrative geometry becomes, at
best. a manipulative game and a “bag of tricks.” Very few pupils,
if any, can derive a maximum educational benefit from the present
arrangement which crowds into a few maonths during a single school
year too many stages of development, each of which is now known
to require its own period of maturation.

The réle of intuttion in demonstrative geometry. 1. This
discussion would hardly be complete without a brief consideration
of the function of intuition in the geometry of the high school. No
aspect of geometric instruction is the source of more pronounced
conflict and misunderstanding,

Let it be asserted at once that infuition plays an indispensable
role in demonstrative geometry. And this statement is true even if
we accept a thoroughly rigorous, abstract definition of a “mathe-
matical science.” such as the one given by Veblen and Young in
their Projective Geametry, To quote:

The starting point of any strictly logical treatment of geometry (and
indeed of any branch of mathematics) must then be (1) a set of undetined
clements and relations, and (2) a =et of unproved propositions involving
them: and (3) from these all other propositions «theorems) are to be
derived by the methods of formal logic. =

Morcover. since we assumed the point of view of formal tie. symbolic)
togic, the undetined elements are to be regarded as mere symbols devoid of
con. b cxeept oas implicd by the fundamental propositions.  Since it is
manifestly absurd to spedk of 4 proposition involving these symbols as self-

© The numerids were inserted by the writer.
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evident, the unproved propositions referred to above must be regarded as
mere assumptions. It is customary to refer to these fundamental proposi-
tions as axioms or postulates. but we prefer to retain the term assumption
as more expressive of their real logical character.

We understand the term a “mathematical science™ to mean any set of
propositions arranged according to a sequence of logical deduction.  From
the point of view developed above such a science is purely abstract.  If any
concrete system of things may be regarded as satisfying the fundamental
assumptions, this system is a concrete application or representation of the
abstract science. The practical importance or triviality of such a science
depends simply on the importance or triviality of its possible applications,#

A classic example of such a development is the one suggested in
D. Hilbert's tamous Foundations ¢f Geometrv'  Concerning the
choice of the “fundamental principles™ or “axioms”™ of geometry,
Hilbert says:

The choice of the axioms and the investigation of their relations to one
another is a problem which. since the time of Euclid., has been discussed
in numcrous excellent memoirs to be found in the mathematical literature.
This problem is tantamount to the logical analysis of our intuition of
spuce ¥

Now. our “intuition of space” certainly rests on an empiric
foundation.  Visual, tactual, muscular. and even audiiory sensations
are the ultimate foundations of the “pure” intuitions, the undetined
elements and relations with which we deal in any geometric system.
Without them. these intuitions would not arise.!** This does not
mean, of course, that empiric intuition affects the logical character
of scientifically formulated delinitions or axioms.

Again, it is a grave mistake to suppose that even the most
abstract logician can formulate 4 meaningful system of undetined
elements and relations, including a group of consistent and mutually

S Veblen, O and Younx, J. W. Projective Grometry, pp. 1-2. Ginn oand
Compuny. Boston, taro.

e Hitbert, Do The Forowdation of Geometry, translated by Townsend, E ]
The Open Court Publishing Company. Chicage, 1902; sixth  German edition.
Leipeir, 1023,

Ve thid., p.o1.

oA estensive diterature bearing on this point is now available,  See. tor
example. Mach, Ko Space and Geam s, The Open Court Publishing Compuny,
Chivazo, 1aen: Enriques. ¥ Fragen der Elementargeometeie, ppoo1 oo, second
editinn, Leipsiz. 10235 Enriques, ¥.. Prablems of Scivnee, pp. 109-231. The Open
Court Publishing Caompany. Chicago, 101y Strobul. R Nie Griondheerifie der
reinen Geometrie v fheem Verladinds zur Anschaqwane, Leipzic 1oes: Poincare,
H. Wivenschaft und Hypothese, pp. 2l German transldion, Leipzig, 1a14.
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independent postulates, without a final appeal to intuition. Sooner
or later, he is compelled to come down to earth and to explain his
relations by meaningful terms***  An architect always plans the
foundations of a building with reference to the structure which they
are to support, In the same way. a system of assumptions or
axioms is significant only if it serves as a valid foundation for the
superstructure which it ix to bear: that is, if the use or application
to be made of the fundamental assumptions is known in advance.
But this anticipatory knowledge of the complete editice is possible
only after a preliminary, ntuitive survey of the job that lies
ahead.”"™ For it would certainly be illogical to expect anyone to
claim at the outset a logical character for this enticipated structure
which ~an be made logically coherent only by a properly chosen
=+ adation.”

If all this is conceded, it follows at once that geometry is a
science only insofar as it is concerned with logical deductions
from undefined elements, relations. and unproved propositions. The
moment we raise the question of the ultimate “truth™ of its state-
ments, or the question of its applications. we are at once in the
domain of empiric intuition.

2. .\ rigorous geometry in the sense stated above must neces-
sarily become abstract or symbolic. It tends to eliminate the con-
ventional diagrams or figures and to depend solely on a carefully
detined symbolism.  The reasons for this modern conception of
rigor are well known to anyone who has examined the literature on
the foundations of mathematics.''*  Moreover, a truly rigorous

it See Strohal, Rooopl eir [1gil, pyp 12 0f

Ui, poo1zor see al:o, Poincaré, Hoo “The Value ol Science.” Popular
Scienee Moathiy, September, 1000,

“In a decture by Finstein there occurs the following interesting Hassage,
reminding one of w similar statement made by Bertrind Russell: *In <a fur a-
the propositions of mathenuatics relate to reality, they are not certain: and in
so far as thes are cvertaing they do not relate to reality.™  See Finstein, A
Grometrie wnd  Errahrong, pp. -4, Berlin, 1021,

“HSee. tor examples Vebleno OO and Youne, |0 W apo it [1g0]. pp.
St Younu, |0 W Frondamental Coneepts af Heebya and Geometry, ppo S ff .
The Macmillan Compans. New York, to11: Veblen, O.L " The Foundations of Geom
vtry " Monographs on Topics of Medern Mathematios, edued by Youne, J. W, AL
Lonumans, Green and Coo New York, 19tt; Kesser. & 1. The Pustures of
Wonder, pp g4 1. Columbia University Press. New York, 1eco: Kevser. L ],
Mathenaticl Philovephy, ppozo 0K P Dutton X Coo Ine . New York, 1900
Plerpunt, [, “Mathematical Rizor. Past and Present.”” Balletin of the American
Mathematicadl Society, 1taza, pp. 23-33.
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geometry must explicitly state efl its assumptions and must then
“derive all other propositions by the methods of formal logic.™

It is virtually self-evident that ordinary high school geometry
does not and cannot attain this ideal of logical perfection, For
example, any use of a geometric figure is really an appeal to intui-
tion.  Entire groups of axioms are usually taken for granted with-
out any specitic enumeration. This is true. in particular. of certain
axioms of order (also called axioms of position or “araphic”
axioms)."** We al=o assume tacitly the possibility or the unique-
ness of important constructions.  Thus, no one expects a high school
pupil to proee the proposition that a segment has but one hisection
point. or that an angle has but one bisector.'™ We assume without
proof that the diagonals of a parallelogram intersect. that a seament
connecting any point on the base of a triangle with the oppuosite
vertex lies entirely within the triangle. and so on.

The attempts made thus far to transform high school geometry
into a rigorous system have failed. and for ohvious reasons.: = The
simple truth ix that in putting up the framework of ordinary
demonstrative geometry we cannot get along without the liberal
add of intuition,

3 Finally, it is a common error to suppose that our conven-
tional ~proofs™ are derived exclusively by “the methods of formal
logic.”  On the contrary, the discovery of a proof by analysis. as
well as its restatement in syuthetic form, is made possible at every
step only with the aid of intuition. Logic can guarantee the cor-
rectuness of each step, but it does not tell us which step to take next !
That ix the function of intuition** 1In other words, each proof in-
volves a directive or or¢anizing principle which is never a matter
of pure logic. The reason why =0 many pupils fail in demonstratioe

" See Hilbert, Dooop. cit. Trgtl pp. s 1.0 Veblen, O op, cit. ligs ], pp.
s i Fladte Ko Elementargeometiie, Part 1L pp. 5 i Leipriz, 1023,

S For a simple. ricorcus prool of these propositions, e Thieme. H., Dir
Elrmente dey Geometrie, pp 27 08, Leipeiz, 1oou

" This s <hawn, for example, by the unpedazosic Charader of the splendid
tests published in Dtalys by the total oblivion that has avertaken B, Halsted's
interesting Rt Goomeery Cfehn Wiley & Sons. Inc . New York., 10049, at]
by the forbidding appearance o! such eseellent texts or stindies g« thuse of Thicme.
ot Rillinz aned Hevestadt, of Weber and Wellstein, and, to a4 certain estent. of
[hud.

IC was He Poincarcs espedially. who stresse:l this point agiin and aeain
fsee references given abover,  Other French writer~ have stronzly endursed this
view. notably fules Tannery,  F. Klein's constant emphasis on intuition i= too
well known to require eplicit commae |
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geometry is to be found precisely at this crucial point. Instead of
developing a primary, organic understanding of the whole situation,
they get lost by concentrating attention on isolated steps. Tt is
the old error of the mechanistic association psychology. which has
been exposed so rvelentlessly by the newer point of view. What we
need is an organixmic logic that replaces the old piecemeal arrange-
ment of “steps” by a configurational outline or plan, in the light
of which the steps can be understood.'**  Fach demonstration pre-
supposes an exploratory process, an attitude of discovery. And
hence, a geometrie prool, as was pointed out long ago by Kroman,
Holder. and others, always represents a “mental experiment.” '
Such a view, however, as can readily be seen. amounts again to a
constant dependence on intuilion,

Thus it is that demonstrati-e geornetry, to use a familiar phirase
due to Professor Max Simon, is really o “mixture of intnition and
logic.” It would. therefore, he a wise policy on the part of high
school teachers to make o thorough study of the ways in which
intuitive and demonstrative geometry are interrelated, an dto adopt
a new attitude of appreciative support with reference to the poten-
tial value of junior high school mathematics.

A final appraisal.  Intuitive geometry, as we have seen. offers
a unique field of training in that it exhibits the characteristics of
both the natural and the purely mental sciences. DBy slow degrees
it transforms the crude “spatial”™ =ensations or images of childhood
into the scientific foundation needed in later life. It leads from
immediate contact with “things" to an inner world of thowght, of
precision and beauty. It builds for the mind an ever-larger home
by extending its horizons from the narrow contines of the classroom
and the neichborhood to ever-receding nebule that float as un-
charted islands in outermost space.  And it achieves these astound-
ing results with the aid of man’s most precious gift, namely, his

< ROH. Wheeler has made a0 redd contribution by his usetul and lacid di-
cus-ion of “atomistic loote” as compared with the “logic of unity.” or “orsmi-nn
lovic.™  See Wheeler, Ry H . The Lases of Human Nature, pp. qu . D Appleton
and Company. New York, 1a3:.

oK Rroman’s ddeas about tmental esperiments™ in geometry, dating back
to 1ssiare disuseed by OO0 Hobler i bhis baachannore wnd Denken in der Geom -
one ope 1. Leipsic ruoce In his evacninyg recent treatise, Die muathematiselr
Mozicdr Berling tazgs. Holder aeain analyzes the nature of these mental evperi
ments inan interedine manner opp. 27 0 A most helpiul and readable presen

tatton ol the Kresom tiwer.o, and ol related questions, is found in Righano, F.
Lar Payehe!vly 8 Recomane, ppover fi ope od! |13z
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ability to think, Geometry is indeed the world’s most potent lab-
oratory of thinking, and thinking of a type that can be fruitfully
applied in myriad directions, As such, it will continue to make its
appeal to those who would be truly educated. For back of our
industries. back of our inventions and our social institutions. there
stands- -as the originating and organizing force that keeps all things
moving- -the trained mind of the thinker., “Our sole dignity con-
Rists in thinking.”



COHERENCE AND DIVERSITY IN SECONDARY
MATHEMATICS

A PERSONAL PHILOSOPHY BASED ON THE OPINIONS
O MANY LEADERS IN EDUCATION

By RALPH BEATLEY
Hurvard Graduate School of Education, Cambridge, Muavachusetts

We cannot know, but we can think. We can never fully know
what is the true end of man: we can never know the precise purpose
of the secondary school: we can never know the part which mathe-
matics ought to play in training the vouth of this nation. ‘These
matters rest ultimately upon philosophy. and there are many
philosophies. The answers vary according to the philosophy we
choose. If we choose that one which yields the most satisfactory
answers, we must realize that this very satisfaction. however ob-
tained—from standardized tests, subjective opinion. the expeiience
of the ages, common sense—derives its ultimate validity for us from
some philosophy. Our choice of answer, of what to us is satisfying.
reflects indeed our choice of a philosophy. Our neighbor may
choose differently. As between the respective merits of these phi-
losophies, who can arbitrate?

Even if we can never surely know, a common philosophical no-
tion prompts us to the belief that if we would live, be good citizens
and good teachers, we must try to discover by thinking the most
satisfying philosophy concerning the education of boys and girls in
secondary schools, referring particularly, but by no means exclu-
sively, to the part to be played by mathematics. No philosophy
will satisfy us which will not also satisly the hoys and girls as we
think of them. This chapter aims to present a philosophy which
recognizes ancient good and new endeavor, and attempts to reconcile
them. Contident that anyone else will find it as difficult to prove
the present philozophy wrong as for the writer to prove it right, it
is submitted in the hope that it may provoke further thought.
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An eclectic philosophy. The steady accumulation of statistics,
results of experiments, and philosophical inquiry all indicate that
the wheels of progress are turning. The writer hus gathered the
opinions of leading teachers of mathematics in secondary schools
and colleges and of educational philosophers over a period of vears
as a necessary part of his professional work, and has reénforced these
opinions recently by statements written in answer to his (uestions,
The queries were in the form of a questionnaire which was a bit
unusual in that it allowed the answerer great latitude in discussing
any idea suggested by the questions, and even encouraged such
diversity of response. This departure from accepted practice was
prompted by the fact that the number of persons questioned was
too small to warrant reliable statistical treatment. \When large
numbers are involved. the errors introduced by the necessity of tele-
scoping one's opinion on a complicated question into a convenient
catchword-—hot, tepid, or cool-—tend to cancel one another. In this
case, the small numbers involved and the broad philosophical im-
port of many of the questions caused the writer to give preference
to a procedure which would encourage the answerers to discuss their
opinions in greater detail. These opinions, somewhat conflicting.
yet often surprising in their unanimity, have contributed largely to
the philosophy of mathematics in the secondary school embodied
in this chapter. The responsibility for the final statement belongs to
the writer alone. but credit for the majority of the ideas is due to
numerous authors whose writings have become so much a part of his
thinking that he dares call nothing his own for fear of unconscious
plagiarism : and due also to a group of persons who have contributed
so recently to his thinking that the details of their contributions
can be distinguished and identified.!

""The list of contributing persuns is given here with erateful achnowled=ment :
C. R. Adams, Brown University; Gertrude Allen, formerly Oakland (Cal) Hich
School; F. L. Bacon. Evanston (L) Town<hip Hizh School: Buaneroft Beatley,
Harvard Graduate School of Edueation: W, H. Betz. Alevander Hamilton High
School. Rochester, N. Y.; E. R. Bowker. Public Latin School, Boston: E. R.
Breslich, University of Chicizo: T. H. Brizes, Teachers Colle e, Columbin Uni
versity: Po T Campbell, Superintendent of Schools. Boston: W. W. Charters,
Obio State University; P, W, L. Cox. New York University : Maurive Crashy,
Smith Colleee: AL AL Douglass, Pomona College ; H. R, Dol University of
Minnesuta: W F. Downey, Enelish High School. Bostun; L. P, Fiwenbart, Prince-
ton University: G. W. Evans, Lynn, Mas<: 10 P. Everett, State Teichors Collegre,
Kakimazoo. Mich.o F.o N, Ferriss, Cornell Universitys W. B Fite, Columbia Uni.
versity; Ho DL Gaylord, Browne and Nichals School, Cambridee, Maw: A L.
Could, Awsivtant Superintendent of Schools in charse of Intermediate Schools,
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The old and new contrasted. We know that the secondary
school arose in this country as the first stage in the training of
preachers and teachers. From a prescribed curriculum for a select
few, it has developed into a diversity of curricula and elective
courses for all. - Prospective preachers and teachers are scattered
among our pupils still. hut now in an almost unobserved minority-.
Failure to pass indicated originally that the pupil was not adapted
to the course and the pupil wax dropped: failure is now interpreted
as indicating that the conrse ix not adapted to the pupil. and the
course is dropped. or maditied.  The old courses have lost zome use-
less matter and received slight amounts of new material, mostly
good, A general relaxation in the degree of difficulty of all courses
favors the average student of to-day, less gifted mentally than the
average student of nfty years ago. The provision for students of
even lower mentality, in mathematics at least, is almost wholly
inadequate and grossly unfair to them.  Equally uniair. and much
more harmful to society generally. ix the inadequate provision for
students of =uperior ability,  Can we not recognize and preserve the
good in both the old and the new philosophies. and devise means to
serve better both the old and the new types of students, neither of
whom at present receives his due?

Do we not owe it to the superior student to provide him with
courses of study which are substantial. continuous, and coherent :
courses which are sufticiently challenging to develop the best that is
in him?  Must acceptance of the philosophy of a period of try-out
in the junior high school years mean little detinite progress in those
vears?  What try-out is there in dawdling: what valuable prognosis
for future suidiance?

Wias the elictive system ever intended to sponsor the kaleido-
Bectons W. Co Graustein, Harvard Uaiversity: tienry Hirap, Western Reserve
Universits ¢ M L. Hartune. University of Wiwon-in; E. R, Hedrick, Univer-ity
ol Culifornix at lm Anceles: Martha Hildebrandt, I’rnnm Iu\\ n~hip Hizh Schoal,
Mivwood, HL Lo Rarpinshis University of Michizan: O, D, Kellowe, Harvard
University 1 R I-I Lanzer. University of Wisconsin: W, R. Lonulev, Yale Uni
versity ¢ LB Latles Univerdty of Dlineic: Co L Mersendabl, Newton o Mie-
Hizh Schooli A0 B Miller. Fairmount Junior Hizh School, Clevelind, Ohio:
W. M Procter. Lebind Stantord University: W, D, Reeve, Feachers Callere,
Columbic University s W, 1L Roever, Washinston  University: Vers Sanford,
Western Reserve University : ] Shibli, Pennsy Ivania State Collece: Clarg B Smith,
Wellesley Collese: ROOR. Smith, Central Hivh Schoul. Sprinswll Moo BT
Spauldine, Harvard Grduate Schosl of  Edavation JoN Swensan, Wadleizh

Hizh Shooll New Yark Cmv: B 1 Taslor. Fastern Hilnois Stare Teachers
Colleze: Mary Fo Wells, Vazar College,
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scopic programs of study so commonly permitted to-day? Ought
freedom to choose the field in which a pupil will concentrate his
efforts ever mean freedom to choose to concentrate on nothing at
all?  And how unfair to the pupils, especially those who look for-
ward to professional life, who will later discover that overproduction
in recent years has included overproduction of candidates, under-
prepared for the professions!  The candidates themselves are be-
coming aware of this, in the colleges at least. and from necessity
are embracing the virtue of real concentration in a chosen field,
President Lowell of Harvard and others who have long advocated
that students in college address themselves more strenuously and
whole-heartedly to one subject. with an eye to substantial mastery
of that subject, have been abetted in the latter stages of their cam-
paign by the pressure of necessity upon the students themselves to
follow that very course. There is a lesson here for the secondary
schools. It is not intended. of course, that this concentration of
effort upon a chosen field shall imply a total neglect of other fields:
it demands reasonable distribution as well as concentration.

We have as yet devised very little material appropriate to the
needs of those students of inferior mental capacity for whom we
desire to provide some proper schooling on the secondary level.
We prefer that their entrance into industry or commerce be delayed
s0 that they may enjoy the environment of the school as long as
possible,  We believe also that abstractions and generalizations are
possible at all levels of mentality, though in varying degrees. Since
in the case of some students algebra is a convenient vehicle for the
conveyance of generalizations and abstractions, it was natural that
we try to employ it for inferior students asx well as for superior
ones,  But experience has led us to modify our practice, <o that to-
day our offering to inferior students is hut faintly reminiscent of al-
gebra and ignores generalizations and abstructions almost entirely.,
By all means teach them the elements of formula. graph, and equa-
tion: call these “algebhra™ if o desired, but recognize that our treat-
ment of these topics for inferior students includes little of the true
exsence of algebra. Let us still encourage them to generalize, to think
abstractly @ if not algebraically. then in some other medium. I our
recent efforts convinee us that the proper vehicle for generilizations
and abstractions by these pupils is almost certainly not algebra, let

= The phrase “inferior students” is intended to denote mentad inferority only,
with no implication concerning the students” other qualities,
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us then devise other material better suited to this purpose. This
material might be derived from simple geometric relations, from
numerical relations in arithmetic - generalizing without employing
the general numbers of algebra -or from non-numerical material
essentially social or linguistic.  The artificial languages familiar to
us from certain mental tests are suggestive in this connection. It
may be objected that mathematics cannat fairly be asked to develop
non-mathematical means of teaching generalization and abstraction.
I this. however, less appropriate to mathematics than that part of
our instruction in the eighth grade wherein we impart the details of
certain social customs connected with the drawing of checks, pronlis-
sory notes, taxes, and insurance without making any significant
contribution to arithmetic itself?

In place of algebra for slower minds, we often prescribe com-
mercial arithmetic, bookkeeping, or business arithmetic. Are these
subjects eisier than elementary algebra and are these the people
who will later keep the accounts of commerce and industry? s
there not greater justification for teaching the arithmetic and simple
algebra of business to those who will tinish the senior high school
or even go to college betore entering business ?

Differentiation in curricula.  If the arithmetic of milk and
soil analyses is apparently useless to city boys, has it no justifica-
tion from the point of view of appreciation?  1f there is any mathe-
matics in home economics, is it properly reserved for girls only?
Do not the nuthematics of the home and of business concern us all »
Is the geometry of bridges, silos, belts and pulleys likely to have
less ultimate value for students preparing for colleze than for
stwdents in industrial courses?  For which group is an appreciation
af the geometry of Gothic window tracery more important *  Both
classes of students are preparing for life. and both are actually
living, X topic of imediate utility to one has the possibility of
areat cultural value to the other.  Either outcome has been com-
monly held to justify a topic in mathematics.  What justification
ix there then for marked diversity in the mathematical content of
different curricula? It is true that utilitarian values and ap-
preciatory values motivate students in differing degrees. hut other
aspects of the topic, or of the total learning situation, ustally
transcend the utilitarian and appreciatory values in their motivating
appeal.

Evidently the present differentiation in the mathematical con-
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tent of our various curricula is of no great consequence to our
pupils.  For no one seriously regards the student’s choice of cur-
riculum in secondary school as indicating his final vocational
destiny. It iz & commonplace that bright students in any curricu-
lum can easily go to college.  From the Biennial Survey of Educa-
tion for 1922-24," we learn that 14 per cent of high school students
elect the commercial curriculum, o per cent (hoys) elect industry
or agriculture, and 5 per cent (girls) elect home economics.  The
other 75 per cent elect an academic course. 'This ntoens that they
are preparing for college, for scientific school, for normal school or
teachers college, or are “general students.”  Does anyone believe
thit these figures represent, even approximately. the final vocational
apportionment of these boys and girls? Granting that the distribu-
tion of pupils in curricula ought to accord more nearly with their
final vocational destination, and that there ought to be significant
differences between curriculit -presumably in the various courses
which distinguizh one curriculum from another -there is almost no
justification for providing different courses in the subject of mathe-
matics for different curricula. A dilferentiation according to mental
capacity. however, has much to commend it.  We tend now to ridi-
cule the stilted phrases of “business English™: in business, as else-
where. we demand simply English.  For mathematics, similarly,
regardless of vocational objective. we need simply mathematics.
The generalizations and abstractions of algebra and demon-
strative geometry are for anyone who likes his abstriactions and
generalizations in that form, wholly apart from any question of
transfer, though that too ix germine if not pressed too far. For
the purposes of everyday living, the bulk of our algebra and demon-
strative geometry is relatively useles<: in fuct, hardly 5 per cent
of all students enrolled in the ninth grade will ever make serious
vocitional use of either subject. For only 25 per cent of all these
pupils will go to college, and of these less than 20 per cent will
concentrate on mathematics and the mathematical sciences. The
assumption is here made that all these concentrators make later
use of mathematics, which is most unlikely.  Since the purely
utilitarian value of algebra and geometry is so low, diversitication
of courses in mathematics according to varying vocational objectives
SChap, NXIVL “Statisties of Public Hizh Schools, oo 047 Table 2300 More
recent dita are not available, Fhis i- Bualictin 1020, Noo 50 published by the

.

Bureau of Fducation, Departnient of the Interior, Washinaeton, D, ¢,
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seems doubly futile.  Let us provide the same course in demonstra-
tive geometry and algebra for all bright students who wish to study
it. whatever their chosen curriculum.  To inferior students much of
this algebra and geometry is denied, though many of the educational
outcomes of these subjects can be preserved for them in other
forms. and ought to oe.

The relative uselessness of most secondary mathematics need
not be construed as an indictment of teachers of mathematics or of
the subject itself. This very uselessness is part of the essence of
mathematics and is matched in only slightly less degree by the other
subjects of the secondary school. A\ proper defense of mathematics
rests for the most part upon certain cultural values and upon in-
direct values of a disciplinary sort which can be substantiated only
with the greatest difficulty, though this difficulty in itsell must not
be regarded as any impairment of the values in question.

The proposal to diiferentiate courses in mathematics according
to mental ability rather than by curricula may seem to deny the
equality demanded by our democracy.  Democracy and equality
have been synunyms so long that it is difficult now te distinguish
them. True. we no longer insist that wl men are creted equal.
Having come to recognize that individuals differ in some respects,
we are led to a new interpretation of democracy in terms of equal
opportunity for the development ot each individual.  but the old
flavor lasts,  Our educational system bulks large in politics, and
ought to: but the full import of this new democracy still escapes our
political demagogues.  We de not actuaily provide this equal op-
portunity of the new democracy to either the slow or the quick.

The suggestion is made above iaet try-out courses in the junior
high school ought to be more 1t aantiol, net only to furnish a
genuine try-out of the pupils in thes: (ourses, but to insure eticient
use ol this time by all pupils. For superior students we ought to
devise a more coherent. continuous, and substantial course of study
in mathematics embracing all grades of the secondary school: and
for inferior students another course of study, often of quite a dif-
ferent sort, but forming also a coherent, continuous, and substantial
program which the. ¢ students can follow with pronit. Fach of these
courses of study would contemplate the poszibility that students
might not complete them. The: wouid be devised as far as possible
to give in each succeeding grade the most important subject netter
in mathematics for the pupils in question.  This plan does not deny
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the value of separate curricula for students looking forward to
commerce, industry, or other specific vocation, It asserts merely
that the vocational dilferentiation between curricula ought not to
apply in any large measure to the mathematics of these curricula:
that in mathematics diversity of vocational aim is much less sig-
nificant than differences in mental power,

These matters thus briefly considered. though supported by a
weight of expert opinion, are admittedly contentious, the contention
lving between rival philosophies. et us see more in detail just
what they imply for pupils in secondary schools, whether in aca-
demic, commercial, or industrial courses. Let us begin with the
junior high school.

Junior high school mathematics. An article in The Second
Fearbook, The National Council of Teachers of Mathematies, pub-
lished in 1927, describes the results of experiment and the ex-
perience of many teachers to show that with only one year of
arithmetic divided between the seventh and eighth grades. and with
the remaining time devoted to substantial work in geometry and
algebra. the pupils not only lost none of their meager proficiency
in the fundamental operations. but showed a marked gain in the
ability to solve problems.  This gain resulted undoubtedly from the
algebra they studied in the first half of the eighth grade. a full hal
vear of it, given purposely in the first half year that it might affect
favorably the arithmetic of the second half year. .\ more recent
study * of the relative merits of old and new type courses in the
sunior high school years corrobarates this earlier finding : not only
have the admittedly meager results of our instruction in arithmetic
not been damaged by the intrusion of geometry and algebra. but.
presumably also, these newer subjects have contributed something
of value on their own account.  For ruperior and averaze students
we can surely * give a half year of informal geametry in the seventh
grade, and probably even for students of inferior ability,  Almost
all students welcome the appeal of seometry to manual dexterity
and to concrete representation. and for studentz of inferior ability

Vee the article by the author, “Eteas of Varvine the Amounts of Arithmetic,
Geometry . and Aleebra Studied in the Junior Hich School ™

< Reatley, Bancrott, Achictomer: o the Dovor Hich Sehool, Harvard Studies
in Education. Vol 50 Hareard University Preo<0 Cambridee, Mas<, to4e.

" For ~ubstantition of this pomnt. consilt the aotiele meadoned shove hy the
author in The Second Yearbook, Tie Nadioal Coweil of Toachero of Mathe-
Mulics, 1y2s,
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it is particularly appropriate, affording relief from the constant
reference to abstractions in arithmetic.  Unfortunately the geometry
most commonly tiaght in the seventh grade to-day is largely con-
fined to the mensuration formerly included in arithmetic.  Besides
the mensuration. there is much that can be done with compusses,
procractor, scissors, and paste pot to te h the important facts of
geometry, including solid geometry. The construction of cardhoard
models of prisms, evlinders, pyramids, cones. and the three simplest
of the five requlir poly hedrons is w1 within the range of ability of
pupils in the seventh grade. Dec .og where to put all the tlaps
for pasting demands spatial imagination, but no more than the
pupils can sunmmon, .\ whit more patience and a somewhat longer
span of attention make possible the construction of the dodecahe-
dron and the icosahedron also. The geometry of loci is well within
the ranae of seventh grade pupils; we need only suppress the techni-
cal term locus™ o discloge a vast field of simple and significant
ceametric endeavor.  Slow students who would get little from more
arithmetic derive a great deal of profit from informal geometry, and
what they wet is suited to the hrighter students alzo.

That we can well afford to give more attention to geometry in
the jun‘or hizh school is borne out by the answers of many educa-
tional leaders csee footnote 11 to the question, *Could we double the
ustitl dose of geometry in Grades 7 and 8 including three-dimen-
sional tizures  without lessening the return from the arithmetic ?”
Fallowing are some typical answers:

Probubly ves,

Noo Increase the veometry by about 8ty per cent. bt nat double.
Swchoa cheze mighe he o very destrable.

Yoo, \.(‘l’_\’ rvn!il_v

W votdd praably increase the amount of geometry tapght in Grades
Tand s inchiriing Owe o solids without lessening the return from arithmetic,
I doube it we could Jdouble the moane

In our Geentedine schools the work o B oand S i admost entirely
e bl weonenge,

Yoo Iowvenld be dificult to reduce what is already <o near 1o zero

Nooo Wee o not have o swticlent amount of arithmetic ninereasingdy
<ignitteant g corpplex sititions for Grades = and <0 There is an abundance
of wsetyd arithene b which i =tll untouched,

Noo The rerurns fromp arithmetic are poor enotch: those fromy such
Alacbre e weoncrry as are et in our grade systenis seem even poarer,

Whe o heBde™ s We have heen giving o course i intuitive seonmetry
externiing throagh Greedes =V =B and SB during the past owelve vears

Withous rofucine oo ordhodiox rivinietie conten!l
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Yes. In the junior high school. geometry of three dimensions should
be kept before the pupil even when two-dimensional figures are studied.
Arithmetic will be helped by geometric problem material because it is real
to the pupil.  The “usual doxe™ of geometry in Grades = and 8. it scems
to me. i very small,

About one-third of the replies denied without further comment
the possibility of doubling the present amount of geometry,  Most
of the other replies indicated the desirability of increasing the pres-
ent offering in geometry.,

It seems to be generally agreed that the geometry in Grades 7
and 8 ought to be mainly factual. and outside geometric facts to
include nothing of the methods peculiar to demonstrative geometry.
In response to the guestion, "What important geometric facts are
better withheld from junior high school students and postponed
until the tenth grade or later. and why>" the following reply was
received, which summarizes most of the others also:

It scems to me that hardly any geometric facts need he withheld. Any
ninth grader can deal successfully with the fuacts of congruence. similarity,
angle sums for polvgons, angles of a stripe. and so forth.  What needs to
be withheld is the method of geometry. its bases. its logical development.
He is not mature enough to protit by or to comprehend a discussion of these
matters until the tenth, eleventh, or twelfth grade.

Some of those uestioned made special exception of incommen-
surables and one or two other of the more difficult geometric facts,
but on the whole they agreed that so long as the geometry of the
junior high school contined itself to factual muterial. there was little
to limit it.  One person, while disclaiming any interest in a unit of
demonstrative geometry in the junior high school. would endeavor
to show pupils the nature of a “proof of reasoning.” though pre-
sumably not in the seventh grade. We shall return to this idea.

The geometry and arithmetic of the zeventh arade ought to
contain applications to commerce. industry, sgriculture, the arts.
and the home regardless of the future vocational specialization of
the individual pupils.  Little need exists in this grade to provide
markedly different subject matter for hright and dull pupils: the
difference in emphasis suggested by separate sections for bright and
dull ought to suffice.

Grade 8 mathematies. In Grade 8 the case is different. The
duller pupils here will get little from algebra bhut formula, equation,
graph and of these they will master little beyvond the technique.
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A formidable difficulty to be overcome in providing diversitied con-
tent in algebra for bright and dull pupils is that the relatively use-
lexs “tool™ aspect of algebra the various techniyues---is compara-
tively easy to teach. whereas the appreciation of algebra as a
ageneralization of arithmetic, and its symbolism as @ most expressive
language. is very difticult to teach and not easy for pupils to grasp.
That part of algebra which is of greatest importance to the “general
reader” i much harder to acquire than the technique of algebra,
which hardly one in twenty pupils will ever need to use. It would
seem practically futile to try to give the slower pupils this apprecia-
tion of the real meaning of aleebra. Fither we must excuse them
irom further instruction in algebra bevond formula. equation. graph.
or else we must devise wholly new material by which we may give
them an appreciation of generalization and of a symbolic language.
Here in the eighth grade we come for the first time to diversitication
in subject matter according to mental ability.

A genuine prognosis.  The eighth grade nas long been a weak
spot in our scheols, notorious for dawdling, whether under an 8-4
or a 6-0 plan. Under the 8 4 plin, dull students were encouraged
to remain and receive their diplomas: consequently the mathematics
of the eighth grade contained little that was vital and new. - merely
additional social applications of arithmetic. I some algebra was
included. evervone knew that it was to he repeated in the follow-
ing vear. This persists to a lesser degree under the o -6 plan. 1t is
at this point that the teacher’s earlier doubts concerning a pupil's
aptitude for advanced mathematical and scientitic work are likely
to be reinforced. Here then is a crucial point in the pupil's career.
A substantial half vear of algebra in the eighth grade. not merely
a dabbling with formuli, craph. and equation. hut a more thorough
treatment of these subjects, together with a lirge amount of work
with problems and in the four fundamental operations with negative
numbers, would give us at this peint a reasonably good indication
of the future mathematical promize of the individual student. Tn
short, a prozram is proposed that approximates in degree of dith-
culty the traditional first half year of aluebra. though following
perhaps a different order of topics and a different method of treat-
ing them.

Some such prognosis of the pupil’s likelihood of success in
mathematical and <cientific work is due the pupil. the school. and
society. 11 we are to offer a course claiming to have reasonably
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reliable prognostic value of this sort. then this course must do what
it pretends to do. sift out those who can from those who cannot.
The time so spent ought to vield a reason: tbly sure result aad ought
in no way to be consider»d time wasted for those who pass the
test and are allowed to continue.  The meager course in algebra so
commonly a part of eighth grade instruction to-cliay is neither one
thing nor the other. Tt is not difficult and substantial enough to he
an adequate selective sieve, and for those who pass throush ijts
meshes it yields so slight a return for time spent that the matters
studied are repeated in a later grade. If a subject is not substantial
enough to be considered a suitable foundation for later study, how
can it serve as a prognostic guide to success in that later sty ?
It we are really sincere in demanding a try-out in Grade 8. then the
try-out must he genuine.

By the end of the seventh grade we shall undoubtedly recognize
many cases in which it will be unnecessary and unfair to subject the
pupil to the genuine try-out in algebra just mentioned.  And others
who embark upon this substantial course will shortly see the wisdom
of quitting before it is over.  However, no one wishing to persevere
to the end should be denied.  The advantage of a substantial try-
out in algebra in the first half of the eighth grade would be positive
as well as negative. Those who passed could he labeled with con-
siderable assurance as likely to succeed in later mathematical and
scientific work.  In our present course for the eishth srade we have
no such assurance, and find ourselves h; impered in later courses by
students who cannot do the work.

Thiz choice of algebra as a crizerion for later success in mathe-
matics is supported thouzh by no means unanimously  hy the
opinions of college teachers of education and by teachers of mathe-
mitics.  In reply to the question. ~Which aspect of junior hich
school mathematies. intuitive geometry or elementary algebra. is
more valuable in discovering a pupil's aptitude for advanced mathe-
matical and scientitic work > three-fifths answered “alechr” One.
fifth said ~geometry. because of the *original thinkine it demands,”™
or made equivalent response. Even if they believe that alechra
properly redaires more abstract thinking than intuitive “(HI]I(II‘\
they undoubtedly expect little of it in the alsebra of Grade 8. for
they expressly reject this alzebra as “merelv dabhling with sVI-
hol=™ The writer aurees that this description of the aleehra given
15 unhappily aceurate in too many instances ; unfortunately. how-
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ever. the dahbling spirit here alluded to iz present also in the
geometry,  IFrom this point of view, neither serves as a reliable
measure of the pupil's aptitude.  Perhaps the last 1ifth of the replies
had this in mind when expressing doubt about which subject was
to be preferred.  Much less doubt was expressed by thoze who
actually teach matheatics: almost all these teachers preferred
algebra in the eighth arade as a measure of future mathem:atical
power.  Of course the thing to do iz to make objective trial of
the matter.  Inasmuch as algebra has traditionally | or till very re-
cently. demanded a degree of sustained thinking not yvet commonly
expected inintuitional geometry, and inasmuch as most colleges
and technical schoolss Princeton and the Massachusetts Institute
of Technology, for example  would testify that students in {resh-
man caleulus and analytic geometry are generatly hampered by
Lack of mastery in algebra. and practically never by deticiencies in
geometry, it seems not unreasonable to Took to a substantial course
in alaebra in the eizhth grade as a signiticant index of later mathe-
matical proticiency.

This insistence on algebra ouzht not 1o obscure the need of fur-
ther work in arithmetic in Grade § for pupils of all degrees of
ability. The solving of problems demanded by this arithmetic is
much helped by the aleebra which has preceded. more <o by the <ub-
stantial course than by the skeleton course for inferior students.
There seems little reason to prescribe more arithmetic for this latter
group of students than for the averaze and superior students. but
they might well be given more geometry than the others have at this
time. including an amplitication of similar triangles and proportion
to embrace the most elementary use of  trivonometric tables,
Educational leaders. recipients of o questionnaire. replied alimost
unanimousty that the arithmetic of adult tife usually tauzht in the
eizhth erade is harder than the geametry of compisses. seizsors, and
paste pot commonly recommended for the juidor hich schoel,

Difterentintion according to ability.  The diversincation in
subject matter of mathematics recommended for Grade 8 is brjetly
this:a substmtial hali year of alsebra and @ hali year of arithmetic
tor =tudents of average and <uperior abilitv: for interior students,
as much of formula, wraph, and equation as they can aceept, re-
placing with zeometric material the ditticult parts of the aecha
appropri-te o the other students, and following this with a4 hali
vear of arithmetic. Fhe arithmetic will be the <ame for all stwdents
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except for slight variations between sections of different ability.
The extra geometry for the inferior students anticipates in slight
measure the more intensive course in geometry which the other
students will take later. Some of the generalizations and other
values of the algebra withheld from the inferior students will be
served up to them in non-mathematical form in Grade o, together
with a non-mathematical treatment of logical argumentation and
other values supposed to inhere in demonstrative geometry. By the
end of Grade 8 every student, whatever his ability, will have had the
opportunity to master all the mathematics which, in the restricted
meaning of the term, is considered useful in adult life to-day.
Grade 9 mathematics. The mathematics of Grade ¢ and later
grades must be justiied mainly by reference to cultural and dis-
ciplinary values, hoth difficult to substantiate, for we have already
shown that not over 3 per cent of all pupils enrolled in Grade 9
will make direct use of algebra above the elements of formula.
graph, and the solution of simple problems hy means of one eyua-
tion in one unknown. True, we cannot know just which pupils in
Grade o constitute that 3 per cent. hut we can be reasonably sure
that none are to be found among the students of inierior ability.
From various sources it seems clear that pupils with an LQ.
less than rro will derive little benefit from a stady of ulgebra which
goes much beyvond formula, graph. and simple equation.  Separate
objective studies by M. V., Cobb, 1. J. Bright, O. \. Wood. and I. N.
Madsen 7 give an LQ. of 103 as the lower limit for minimum profit
from algebra as commonly taught ten years ago: another study by
Madsen gives 1235 as the median 1.Q. of hoyvs (and girls) successful
in aleebra, and 111 as the median 1.Q. of hoys who fail ; and W, M.
Proctor reports that all students with an LQ. of 120 or over pass
their algebra,  Professor Thorndike “oives it as his opinion that
pupils of LOQ. less than 110 are unable to understand the svinbolism,
generalizations, and proofs of algebra.”™ > At the present time pupils
with an LQ. less thun 110 constitute about oo per cent of the total
enrollment in Grade o, leaving only o per cent gualified to study

CReported by Douzlasse A0 AL Secondary Education, pp. 2%q-20:. Houghlon
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algebra according to this criterion. On strictly utilitarian grounds
alone we can justify the study of algebra for only 5 out of these g0.
For the other 35.i.e.. 87 per cent of all students allegedly competent
to study algebra, we must argue the cause of algebra on the basis of
appreciatory and disciplinary values.

Presumably far more than go per cent of the pupils enrolled in
Grade o are at present sitting in algebra classes. Do they all belong
there?  Figures quoted above from the Biennial Survey of Educa-
tion of rg22-1924 show us that 75 per cent of all students in high
school are in the “academic”™ courses. The writer has heen unahle
to find corresponding figures for Grade o alone, but infers from
known rates of elimination in the different grades that at least
to per cent and probably oz per cent- of all pupils in Grade ¢
are in the academic group. It our estimate is correct that only
40 per cent of all ninth grade pupils can study algebra with profit,
and 1 we aseribe no pupils with an LQ of 110 or over to the non-
academic curricula, even =o. at least one-third of the pupils in the
academic group will get almost nothing from algebra which goes be-
vond the simplest treatment of formula, graph. and equation.  For
this third of all students at present enrolled in academic courses,
and for the large number of students in commercial, industrial,
agricuttural, and home economics curricula who will not wish to
continue with alzebra. we may still be able to save some of the
cultural and disciplinary values which algebra can vield. but we
shall probably have to resort to a non-alzebraic medium to accom-
plish this,

Algebra as a diseipline.  Whatever discipline may come from
algebra hy way of accuracy in reading the printed word, in precise
thinking, in checking the reasonableness of results, and from the
training in generalization which aleebra can give  though often it
seems not to give it we cannot insist that these outcomes are
obtainable from algebra alone, and that without algebra pupils will
not he able to develop these qualities. 1t would seem likely that
inspired instruction in English composition, in the social studies.
in experimental science. and in the transktion of foreign langiaees
could yield all these outcomes. Tt may be that the very abstrac-
tions of alachra point to o greater likelihood of attaining these oh-
jectives through algzebra than through the other subjects of the
school program. Whatever mediam we employ for the development
of each quality. we ntust lead the pupil to generadize it (o raise it
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out of its local setting, if we wish to insure transfer of the discipline
to situations in everyday life. Do we commonly do this?>  How
many of us who cling to the possibility of transfer of training
acquired in algebra and other mathematics. regarding it as sufficient
apology for our subject and for our teaching it. remember that to
convert this possibility into probability much is required of us?
Stll admitting the possibility of transfer in the most general sense,
we feel on =urer ground in asserting that our subject develops
mathematical  reasoning,  mathematical  precision.  mathematical
dizciplines.  Probably we cen dissociate this precision and this rea-
soning from their aleebraic matrix and transfer them to non-
mathematical situations,  And perhaps an original mathematical
setting is peculiarly favorable for the dissociation and transfer of
these and related disciplines.  But this dissociation and transfer
cannot be relied on to take place without connivance on our part;
these are outcomes to be accomplizhed, not simply expected.  There
is still a large dizcrepancy between what we do and what we can do

what we might do. We do well to hesitate to press this more
general claim of transfer of disciplines inculcated by our subject
until we have gone farther toward clearing our title.

A pupil who finds reasoning about mathematical ideas stimulat-
ing and enjoyable will et from that exercise much the same sort of
thine that another will get from reasoning in another field.
Fach in his own way will acquire an appreciation of what reasoning
is. 11 we can broaden this appreciation to include an appreciation
of what reasoning in general is. so much the hetter.  But there are
other things in algebra besides “disciplines™ to be appreciated.

Algebra as a social study,  Professor Judd has denounced the
point of view of those who see only the utilitarian value of arith-
metic, who delight to dub it a ~tool subject”™ and o damn it with
faint praise.”™  True. numbers and the number system are tools
which we aratefully employ in many different ways. but they are
more than tools, as Professor Judd has taken pains to emphasize.
and hiz remarks concerning number in arithmetic can he applied
to aleebra as well. We wish our pupils not only to appreciate the
uses we can nitke of arithmetic and algebra, but also to understand
the very nature of the number system developed by the human race

Judd. Choarles FLL »The Fallaey of Treatine School Subiedts as Tont Sub
eSS Pl Yearhock ) Tie Nazional Cosoni! of Peachiers of Mathemalio,
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over so many ages. This aspect of arithmetic and algebra is indeed
a social study,

We teach negative numbers partly because we have a use for
them and want our pupils to realize the many applications we can
make of them. But utility alone is scant justification for algebra,
as we have seen. We also want our pupils to grasp the way in
which the extension of our number svstem to include these new
numbers has made possible o generalizatioo of the operation sub-
traction so that now subtraction is always possible. whereas for-
merly it was limited by the relative size of minuend and subtrahend.
Thiz very striving for generalization is of the essence of mathe-
matics.  The student can new look back and appreciate that
earlier extension of the number system when fractions were in-
cluded with an eye to generalizing the operation division. He can
understand, further. that these extensions of the number system
were not forced upon us by their usefulness, hut were suggested
rather. and that the decision to extend or not to extend the number
system by including new numbers was in each instance essentially
arbitrary.

This arbitrariness of our number system and of the laws of
operations with numbers is easily demonstrated to a2 class by de-
veloping with them part of the multiplication table for integers
in the number scale with base 5. I they demur and snicker
L T T O L T N R T they
quickly see that these results, obviously l)l/lllt‘ and unorthadox,
are just as correct as the more familiar relations, Tt all depends
upan the point of view. There is a philosophy of relativity here
that the pupil can easily understand. which is basic to all mathe-
nuatics, and to fields far removed from mathematics. The extension
of the laws of exponents, first announced with reaard to positive
integral exponents only. is another example of the same idea.  Here
i= matter which can be presented without the aid of aleehraic sVm-
holism. though reference to negatives and exponents offers wider
exemplitication of the principle : matter which can he appreciated
also by pupils who are not taking algebra.

To characterize algebra as “mainly o tool subject™ is to suggest
at onee itz “mass of meaningless technique.™  Protessor Thorndike
pointed out years ago that this much malizned technique can be
an important avenue to appreciation. The technique of aluehra,
the gramnuw of its syntholic language, is the very essence of the
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subject. It is not only not meaningless, it is highly significant.
It the technique appears to some students to be devoid of meaning,
then the whole subject is meaningless also: they sinply do not
comprehend what it is all about.  To miss this understanding of
the true nature of algebra is to miss far more than a bit of “tool
technique.” That it ix far easier to give pupils the relatively unim-
portant “tool technique™ than to lead them to appreciate the real
siznificance of algebra is pointed out above, The latter is the im-
purtant aspect for most pupils: the former alone -technique with-
out meaning is useful to nc one. Why trouble to bring pupils to
this stage if they cannot go on to genuine comprehension?

This insistence on the fundamental importance of a true appre-
ciation of algebraic symbolism, and on the relative unimportance
of algebra as a tool subject™ tinds support in many quarters, In
answer to the question, “For what percentage (estimated) of all
pupils enrolled in the ninth grade will algebra above the elements
of formula. graph. and the solution of simple problems by means
of one equation in one unknown---he primarily a tool subject 2" the
median of twenty-tive replies was 5. Only six, all teachers in
secondary schools, suggested a percentage higher than 0. One
answer makes gloomy admission that “few ninth grade pupils get
sufticient command of algebra, beyond the topics excepted. to use
it as a tool.”

The question, *For what percentuze of all pupils enrolled in the
ninth grade can we justify a further study (then or in a later
srade) of algebra as a generalization of arithmetic, in which the
laws of multiplication, for example, are extended so as to apply
to negative numbers and to irrationals, and in which the nature of
the number system of algebra is called frequently to the pupils’
stention 27 elicited responses varymg from o to 100 per cent.
The median of all replies received from teachers of education
(generalists) vias 20 per cent: from teiachers of mathematics, oo per
cent: from both groups together. about 30 per cent. I quote the
following:

An clementary and caretul treatment shoubd be dnduded for all who
are able to take it becruse of the cultural satue

We can justir, it tor alb those who have the inteilizence to understand it,

Too many Loer regret not having continued.

Nearhy all ninth grade chikdren whon T have met are capable of appre-
ciatineg more of pure mathemativs than we atten give them eredit for,
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These replies are siunificant when compared with the estimate
given above (page 178) that about 4o per cent of all pupils in the
ninth grade have sufticient intellectual power to benelit from a
substantial course in algebra ; and signiticant also as indicating that
students who can appreciate the meaning of algebra ought not in
general to be permitted to elect mof to take it in the ninth grade,
Teachers ¢f mathematics in secondary schools were practically
unanimous in agreeing that we ought to give our pupils ome idea
of the development of the number svatem of alucbra, Two or three
would limit this to the better students, College teachers of mathe-
matics were for the most part doubtiul if it could be done. but were
not unwilling to see it tried,

A\ course in computation. Ninth erade pupils who have had
a substantial half year of algebra in Grade 8. have the ability to
attain a reasonable facility in the technique of algebra and, more
important still, can appreciate the real meaning of algebra, will
not need all the ninth grade in which to master simultancous
equations. radicals, and  the simplest beginnings of quadratics.
Time will remair for the application of algebra to compound in-
terest and related topics, for logarithms, the slide rule, and the
numerical trigonometry of the right triangle.  These latter topics
emphasize computation, whether in regard to avithmetic, to aleebra,
or to geometry, This return to arithmetic for the consideration of
certain awdvimced topics in the light of the aleehrn already mastered
repeats the idea earlier expressed with regird to Grade 8. [t
ought also to serve as further answer to those who might feel that
the algebra of Grade 8 has been emphasized at the expense of
arithmetic,

A non-mathematical course for non-specialists.  ‘The course
just outlined for the upper 4o per cent of Grade o cannot be fitted
to the needs of the other vo per cent by simply madirving certain
details. The oo per cent will heve to have something quite different,
as they are practically at the end of their mathematical tether,
Whatever their vocational objective, they will need to know the
common arithmetic of business and the details of modern business
practice.  Sonie of this they have learned in Grade 8. The rest
comes hetter as incidental to, and as an integral part of, a course
in junior husiness training not under the control of the department
of mathematics and taught presumably by teachers specially trained
for that purpose.  The hookkeeping which formerly bulked so Lrge
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in the commercial curriculum is to-day regarded as the specialized
work of only a relatively small number of persons engaged in busi-
ness and is not a it topic to be studied by all and sundry who have
little aptitude for nuthematics,  Still more is this true of com-
mercial algebra which is far harder than the ordinary algebra of our
secondary schools. There is almost no topic left in mathematics
which these inferior pupils can study profitably.  If. however, they
are unable to grasp the abstractions and generalizations of algebraic
st mbolism. it may still be possible to school them in abstractions
and generalizations mostly non-mathematical, preserving for them
in thix way some of the values which the study of algebra is sup-
posed o yield to their brighter classmates. If we can devise such
a body of instruction, we ought to incorporate in it also as much as
possible of the training in logical argumentation which is supposed
to resuit rrom the study of demonstrative geometry.  IFor presum-
ally this also is a subject which these pupils could not pursue with
pront. Let us see what such a course for the group we are consider-
inz might contain,

First. it could proceed from simple problems in arithmetic con-
cerning, Tor example. the varying cost of different numbers of oranges
o general questions of the same sort without numbers,  Questions
like thi= appear commonly in algebra texts, hut we should expect
here to get ilong without the letters #, ¢, x, inducing the generaliza-
tion from several numerical instances. From several simple cases
all illustrating. for example. the same principle of the law of
contracts, aereenents to buy or sell, or he shipping of goods on a
common carrier. we could expect the pupil to induce the general
principle around which each group of illustrations was built.  The
object here is to provide material for generalizations outside the
Neld of mathematics. Other moeterial can be taken from the
sciences where in similar manner the pupil, confronted with a record
ol observations on the hehavior of some animal, or the like, would
be expected to induce the underlyving general iw, The point here
is not to encroach upon other school work in scientitic or social
studies. but rather to collate al! sorts of generalizations with an eye
ta emphasizing the common aspect of <o many different situations.
It these pupils are not to use the generalized symbols of alucbra,
they can have, nevertheless, certain sieniticant  experiences in
acnerdlizing outside mathematics. 1t the abstractions of alaebra
we ot for them, could they not derive <ome profit from toving
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with the abstractions present in an artincial language of the sort
often used in intelligence tests?

They will not learn of the successive extensions of the number
svstem i of the operations with nuabers which are part of the
spirit of alkebr:: but without algebra they can widen their under-
standing of the familiar number system of arithmetic to the base
1o by constructing tables for adding, subtracting, multiplying, and
dividing numbers to the base g, and by solving a few simple prob-
lems in this new number system.  This Is not intended to sugygest
the topic “seales of notation™ in advinced algebra, and is not as
hard as it may appear; it merely indicates a sportive adventure
in the field of elementary number to bring out the signiticance of
place vitlue in our method of writing numbers.  The very incon-
gruity of the number combinations to the base g is an important
part of the exercise, emphasizing guite deamatically the arbitrary
nature of our familine number relations,  Here is a bit of mathe-
matival philosophy within reach of students of average and less than
average ability, Tt is but an arithmetical rendering of one outcome
to be expected from a study of algebra,

Most of these pupils will never study demonstrative geometry:,
Nevertheless, we wish them o acquire, if possible, an appreciation
of the nature of a proof based on reasoning: to see the need of
axsumptions, definitions, and undefined terms behind every body
of logic: to distingaish petween good and bad arguments: and to be
critical of their own, and others’, reasoning,  Granting that de-
monsteative geometry lewds itself G this purpose pecaliarly well,
it is not impossible to learn these things from non-mathematical
material.  Anassumption underlies every advertisement,  every
political slogan: the student can fervet these out, examine them, amd
see if he agrees with them, We often meet arguments which take
for granted the very thing they are trying to prove: the student can
learn to detect these cases of “hegging the question.” We can dis-
tinguish necessary and sufticient conditions without resort 1o mathe-
maties, I a man lives in Ottawa, then he lives in Camda, To
live in Ottawa is sufticient ta make him a resident of Canada, hat
not necessiaey, For living in Toronto s also sulticient to make i
person i resident of Caniweit. - On the other hand, living in Canada
is e neeessary condition for living in eithes Ottawa or “loronto,
Fvery £f 000 then L statement ix osuseeptible of these two
interpretitions s the @ clause s o suflicient condition for the
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then clause, and the feen cliause is o necessary comdition for the
if clause, The converse of a proposition ix important in this con.
nection: and here too we do not require & mathematical setting for
the consideration of converses and whether or not they are true,

Thix non-mathematical course for students in the lower oo per
cent of Gride ¢ is designed to capture and preserve for these
students some of the elementary philosophy of algebri and geometry
which every “general reader”™ ought to get from these subjects -
and alxo every specialist, ‘This course, like all the mathematics for
the upper 4o per cent, can draw appropriate exumples from the
fields of business, industey, and agriculture,  The proposal to
diversify our courses in mathematics on the basis of intellectual
ability rather than curricula does not mean that we shall now avoid
allusion to vocational applications of miathematics, but that these
shall be a part of all mathematics for every sort of student so long
as he studies mathematics.

Limiting the “regular” course in algebriin Grade o to the upper
40 per cent need not be construed as making this algebra a free
clective. Presumably those pupils who fall in this group and have
passed the algebra of Grade 8 will, with few exceptions, go on to the
algebra and geometry of Grades 9 and 1o, getting in more extended
mathematical form the outcomes which can be attained from the
stidy of these subjects. Those who wish to continue in science or
mathematics onght to take the mathematics of Grades 11 and 12,
The entire program for the upper 4o per cent should be a coherent
and substantial unit throughout the six years of the secondary
school, though it is expected that some students will not continue
beyvond Grades to or 11, The work of Grade 7 can be the same for
all pupils in the «chool.  For inferior students there should be a
separate course in Grades 8 and ¢ as indicated above; these students
would end their study of mathematics here,

General mathematics and parallel method. 1t will he ob-
served that at least two subjects in mathematics have been proposed
for cach grade of the junior high school. and further, that all these
ere to be considered as parts of g substantial and coherent unit
course extending over several years.  Fhey are not presented here
as forming a course in fused mathemitics.” however, since it seems
just as impoctant to preserve the essentially -listinet characteristics
of cach subject as to indicate the signiticant mterplay of two or
more of them. ‘This point of view is supported almost wwmimously
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by twenty-vight Teading teachers of matlematics In colleges and
secondary schools.  In answer to the question, “Do you think that
algebra and geometry (on the secondary school level) have se much
in common that they can he fused, or should you prefer some made
of presentation which reveals signifcant relations between the two
while preserving the distinctive characteristics of each? * all but
three proferred the latter, ‘Two of the three answers favoring fusion
are given here:

I believe the student tinds the logic of geometry suicienty difficalt to
make it advisable to proceed some distance in geometry before  fusing
geometry amd algebra, but 1 would favor fusion at the carlivst date at
Which the student can undertake it without confusion,

I have no ebjection to “Tusion™ if it is not used as an exeuse for omise

sions amd general weakening of the course. which seems all tos commen
in Cfused” courses,

The repudiation of fused mathematics need not mean that we
must revert to the practice of devoting an entire year to a given
subject, “Nnishing arithmetic” before we begin algebra, and break-
ing the continuity of algebra in Grades g and 11 with a full year of
demonstrative geometry in Grade 1o, We can adopt the fexible
course of study so common to-day in which the various subjects
appear successively, with varying degrees of exposure. all included
between the covers of a single textbook under the title Genera!
Mathematics, ov Eighth Year Mathematics, or the like. Or we
cin teach two subjects simultancously according to the common
practice in Furope, where each subject is printed in a book by itself
but taught in parallel with o second subject.  We commonly say
that our teachers in this countey are more dependent upon the text-
book than are teachers in foreign countries.  1f the texts we put
into the hands of our pupils do not present the essential charac-
teristics of each subject separately, contrast them, and indicate the
pertinent cross-reliations beiween subjects, shall we suppose that the
pupils learn these things from their teachers and despite the texts?
Whether we elect for the present to administer separate and succes-
sive doses of the different branches of mathematics, or attempt o
present two subjects in parallel, we can at least put into the pupils’
hands separate and well-ordered presentations of the different sub-
jects, and then teach as we please, It would seem far simpler to
correlate, interpret, and amend two different subjects, given first
a clear exposition of eich one separately, than to start with a com-
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posite of hoth subjects and then attempt to bring out the essential
characteristics of cach,  We want hoth correlation amd contrast,
Do we gt both?  We recognize individual differences among our
pupils: we recognize also a valid social demind for a certain degree
of conformity in their behavior. In mathematics, similarly, we
want a degree of conformity hetween the separate subjects, but
not such as to submerge their signiticant individual diffevences.
The parallel methot of instruction yields to none in its ability to
show the mutual interdependence of the different branches of mathe-
matics: it surpasses all in its ability to preserve the continuity and
integrity of the individual subjects,

That there is demand for less confusion and greater continuity
of our instruction in mathematics ix apparent from the answers
received to our questions,  These answers reveal complete agree-
ment on the need of greater continuity in the course of study, and
unanimous  condemnation of the present practice of permitting
algebra to become rusty during the fourteen months of forgetting
between the ninth and eleventh grades.  The parallel method of
instruction received equal amouats of wpproval and disapproval,
while a few doubtful persons expressed interest in secing it tried.
‘This even division of apinion held for college teachers of mathe-
matics, and also for teachers of mathematics in secondary schools,
All but two of the teachers of education favored the parallel method,
Inasmuch as this question is so evenly contested by those who are
closest to i, it seems better to omit from the final record this
apparently deciding vote by the “generalists,”™  Even a Hfty-lifty
response from the specialists on @ matter involving so considerable
a change in teaching practice, and presented without previous
warning or discussion, indicates that there 1s something here that
deserves further investigation.

The consideration of parallel method appeared in two questions
widely separiated in the questionnaire.  This wis done to check the
replies, but proved to have been unnecessary.  On each question
the number of persons answering “ves” was one more than the
number answering “ho”; in all, 1o said cyves,” 6 ~doubtful,” and
c7 7no” Some of those answering “no™ based their objection on
the administrative difticulties to be overcome.  The questions re-
ferred to read as follows:

1 Certain advocates of fused or general mathematics have con-
cluded that demonstrative geometry stands apart from the rest
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of mathenutics, resisting fusion,  Granting the conclusion, is it
desirable to allow the uther mathematies to get badly rusted during
a fourteen-month holiday while the pupil is learning demonstrative
geometry *”

215 there need of greater continnity in the course of study
in mathematies

3 “Waould it be better 1o tench the demonstative geometry in a
more attenuated course throgh two successive years, paralleling it
with instruction tunder the sime teacher) in the other mathematics
which the student ought to have at his command **

4. Shauld you approve an attempt to gain greater continuity
of instruction in secondary mathematics by means of parallel in-
struction in both algebra and geometey in Grdes 10 and 11 ¥"

Fquaote i few of the answers to the questions on parallel method

IV three years are given to algebra and geometry. we would suggest
that the fiest year be devoted to algebra and that the nest two vears there
e iven o course in alechra and one in geometry running simultancously.,
[From the dopartment of mathemates of an eastern university)

Yoso we ey thiso TN very hiage city high schoul

This has been tried but it is an “avademic™ proposal because every hall
yeiar aur pupils ave unserambled and sent into ditferent classes. Until this
nonsense stops. None can do nothing of this sort in g e schoa!, | From
the supervisur ot mathematics in . Lige city system |

Evidently the question of continuity of instruction is ane that
concerns  ather  subjects  besides  mathematies,  Administrative
ofticers have to be caretul not to get <o enmeshed in the gears of
their awn machine that they torget that their oftice is properly the
servant of instruction. On the other hand, teachers of mathematics

and doubtless teiachers af other subjects also frequently cloak
their own indifference with the mantle of administrative difticulty.
This particular difticulty  has been easily surmounted in schaols
where the teachers of mathematies veally want o change, as in the
Boston Public Latin Schaol, in the Newton High School, and in
other schools inand around Boston, - Apparently it is not impossible
to get teachers to teach algebra twa or three consecutive days a
week and wecretry three or two davs, and to assign grades in
“mathentios™ rather than in algebra and geometry separately.,
This made of marking does not mean that the two subjects are
“Tused™ in the teacher's mind, or in the pupil’s. The object is 1o
simplily the teacher’s records: ulso, to make it possible to promote
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a student who may be deficient in one subject, provided this defi
clency {8 balanced by his showing in the other subject. 1t is prob.
ably wise to omit the algebra during the first few weeks of the
demonstrative geometry until the pupils have hecome familinr with
the system peculiar to this new subject.'' [t is obvious that an
ordering of the subjects which makes unnecessary a long recapitulu-
tion of the algebra of Grade ¢ in Grade 11, but proceeds without
wiste of time to new topics, and which spreads out the instruction
in demonstrative geometry over two years so that the geometry may
lie in the pupil’s mind longer and profit by his own gain in mentul
maturity, will lend greater continuity and efficiency to our instruc-
tion. Perhaps we shall regard this method of parallel instruction
with greater fuvor when we retlect upon the history of the teaching
of mathematics in our secondary schools, and consider the forces
which have molded our present course of study,

Algebra and geometry were college subjects {rom 1720 to 1800,
but by 1844 Harvard required both these subjects for entrance —u
year of each--and by 1860 hoth subjects were a1 recognized part of
the curriculum in the high schools of Massachusetts. At this time
onc-quarter of these high schools taught algebra and geometry in
parallel during the first two years of the high school course, Bv 1895
most colleges required both algebra and geometry for entrance and
the parallel method had been generally abandoned. The requirement
in algebra for college entrance was raised to one and one-half years
in the decade 189o-1900 and the Committee of Ten was recommend-
ing two full years. This was in 18¢93. When the colleges required
the extra half year, and later the addidonal full year, it seemed a
natwal administrative maneuver to tack this on to the course of
study then in effect.  But the recommendation of the Committee
of Ten in 1893 was quite different. They recommended five hours
a week of algebra in Grade 9,' and “about two hours and a half a
week during the two years next succeeding.” They also reported,
“The conference believes that the study of demonstrative geometry
should begin at the end of the first year's study of algebra. and be
carried on by the side of algebra for the next two yvears. occupying
about two hours and a half a week.™ It is evident that they were in-
terested in continuity of instruction.  They said further. “If the
introductory course in geometry |this referved to informal geometry

11 Qee The Harvard Teachers Record, April. 1031, p. Ro. and Aprili 1932 p. 84,
12 They recounized later the possibility of beginning algebra in Grade 8.
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in Grades g 0, and 7] has been well taught, both plane and solid
geometry can be mastered at this time.”"  For science students in
Grade 12 they recommended trigonometry and adviineed algebra,
We shall return to this kst recommendation later,

In 1899 the Committee of the National Education Association on
College Entrance Requirements met and reported.  In crder to
standardize the concept of a year of algebra and a year of geometr,,
they defined @ “unit” of instruction.  Uhis definition has been ¢ -
monly accepted, while other suggestions of this Committee have
been ignored.  They recommended parallel instruction in geometry
and aly.ebra throughowm Grades 7, 8, 9. and 1o, They called atten-
tion to three stages of instruction in geometry : concrete geometry,
the introduction o demonstrative geometry, and  demonstrative
geometry, thus anticipating stages .\, B, and C of the British Report
on The Teaching of Geometry in Schools (1923). They admitted
that their schedule made possible i half year of instruction in one
subject followed by o hadf yeir of instruction in the other, but they
expressly disavowed this, saying “that is not to be preferred.”
They wanted every teacher of mathematics to teach every branch of
puathematies.  This committee not only expressed its interest in
greater continuity of instruction in mathenitics: it was definitely
out to achieve it!

Geometry in Grades 10 and 11, Despite frequent adverse
criticism, demonstrative geometry  will probably remain an im-
portant part of the course of stidy in mathematics. This very criti-
cism. however, may ciuse an acceptance of many modifications in
content and method.  Just what these modifications will be, is not
eisy to predict. We have as yet no clear idea ot what this subject
ought to give those who study it, and no agreement on who should
sty it. We think we desire different emphases on geometric fact
and logic Tor different sorts of pupils. but the details of this differen-
tiation are still undetermined.  When we zhall know how mwuch
training in mathematical reaxoning a pupil can expect 10 obtain
from demonstrative geometry. the extent to which this specia® train-
ing can be extended to apply to reasoning in general —if 1's be
possible at all and the relative importance of the residual disci-
plinary and cultural values of this subject. we shall be better able to
decide how much of this is suited to students in college preparatory,
technical, industrial, agricultural, commercial, and home economics
curricula,
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The important facts of geometry can be learned apart from the
details of logical deduction common to demonstrative geometry:,
True, the logical connections offer convenient associations of one
fact with another that can facilitate this learning, but the mere
acquisition of the facts of geomelry for some utilitarian purpose
can be accomplished without this aid. 1t can be argued that geome-
try exemplilies to a marked degree the great advantage of u logical
system when one is ordering a multiplicity of facts.  In this respect
gremetry, though not unique, may be preéminent, When we re-
gard geometry from this point of view, however, we are conf onted
with the delicate task of determining the worth of an appreciative
insight and of weighing the possibility of transferring a geonetric
discipline to the world of thought outside geometry.,

There are almost no geometric facts essential (o students it col-
lege preparatory., technical, industrial, commercial, or home eco-
nomics curricula which cannot be learned in the junior high school,
‘These comprise the facts concerning parallels, the sum of the angles
of a triangle, simitar triangle: and pronortion, the Pythagorean
theorem, regular polygons and the circle. areas, volumes, and ele-
mentary ideas concerning focus.  We have seen, moreover, that  he
slight divergences in the factual material of geometry essential to
the various vocations do not warrant the differentiation of studerts
of demonstrative geometry in Grades 1o and 11 according to curii-
cula.  The important outcomes of demonstrative geometry pertain
not to facts, but to appreciations and disciplines,  Differentiation
according to mental ability, theretore, would seem more sensible.
Pupils who cannot appreciate an abstract logical system, mathema-
tical reasoning, will find little significance in demonstrative geome-
try. A course in non-mathematical reasoning and generviization
which is hetter suited to such pupils is outlined above,  Let us con-
sider what demonstrative geometry can offer to the brighter pupils
« sy the upper o per cent -in Grades 1o and 11,

There is practical agreement that the main justitication of the
study of demonstrative geometry reiates to fogical thinking, at least
s0 fur as this is confined to mathematical thinking. ‘The doubts and
ohjections multiply it we assert that the study of geametry improves
thinking in general.  Almnst no one denies thit through geometry
students can learn to appreciate what is mesnt by an abstract
logical system, especially a geometric system, and can impreve their
ability v reason logically in mathematical situations.  Difference
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ol opinion exists concerning the possibility of generalizing this
ability, dissociating it from geometry, and transferring it to tficlds
outside mathematics.  The specialists assert thut this dissociation
and transier are possible: the generalistse -teachers of education
are evenly divided on this point. 1t will probably be sater to dis-
count the enthusinsm of the specinlists here and to interpret the
division among the generalists as a csuspended sentence.”  For
whether or not there is possibility of transier. specialist and
genecilist alike admit that most teaching of geometry fails in this
respect. It will be salutary {or teachers of geometry to regard the
qquestion as still open, and the final verdict still in their hands. Con.
ceivably they can learn to teach this pacticular logical syswem,
demonstrative geometry, in such a way as to give their pupils an
appreciation of the characterisiics common to all logical systems:
to insist not only on logical deduction in geometric situations, but
to demand also a conscious dissociation of this discipline from its
original setting and its application to situations quite outside mathe-
matics.  Not until teachers idealize geometry and so reveal it to
their students can we expect any appreciable transfer,

That the opinion of general students of education has been cor-
rectly represented, and the opinion also of specialists, teachers of
mathematies in school and college, will appear from the answers
received to a long list of questions concerning geometry, as follows:

. 1t is commonly saia that the study of geometry in Grades 7
to 12 should have three main results: (1) a knowledge of important
geometric facts, (2) an improved ability to reason logically, (3) an
appreciation of an abstract logical system. Do you agree with this
statement - If not, what is your opinion?”  Twenty-four agreed
with this statement: three agreed only in part: and two dissented.
One of these last wanted analytic geometry in place of demonstra-
tive geometry. ‘The other qualitications tended to limit any im-
provement in logical reasoning to purely mathematical situations,

2. +Can the important feets of geometry he mastered below the
tenth grade?” Twenty=two sai ' oves": three said “many of them™:
four said “no.”

3. Ought the main outcomes Hf demaonstrative geometry to per-
tain to logical thinking?™  Twenty-seven said —yes™: three said
“no.”

4. Ought a course in demonstrative geometry to show the pu-
pily tamong other things) the nature of a mathematical system. the
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needd of undelined terms, the arbitrariness of ussumptions, the possi-
bility of urrangements of propositions other than that given in their
text? How important is this, relatively " To the tirst part of the
(uestion twenty-three answered “yes” though four of these were
dubious if any but the best pupils could profit by such instruction;
six suid “no."  Most of the doubters were college teachers of mathe-
mitics.  “Teachers in secondary schools maintained on the whole
that this was very important.  One replied, “Certainly.  No impor-
tant that it’s a calamity so few teachers are prepared to give jt."

5.\ certain experiment seems to show that demonstrative
geometry -us now taught- -trains the pupils’ ability to reason little
or no better than certain commercial subjects. Do you think that
demonstrative geometry can be so taught that it vill develop the
power to reason logically more readily than other school subjects?"
Al but one of the teachers in secondary schools said “ves” to this.
Of the teachers of education, five said “yes™ and five said “no,”
while two were uncertain,  Some of the replies from general educa-
tors were its follows:

Yes if that objective is clearly in the mind uw the teacher and means
are adapted to ends,

Idon't know. Perhaps yes, if geometry mekes 1 conscious effort in that
direction while other nelds continue to be casual about it.  If all studices

tricd to achieve this end. 1 don't know which would be likely to make the
greatest contribution.  The social studivs, T suspect.

Several replies intimated that for those who like geometry, it is
a good medium of logical tiaining; for other students other subjects
would be better,

6. “If not [see Question 3], what justification is there for con-
tinuing to teach demonstrative geometry *" ‘The answers here we. e
predominantly “none” or “very little™: though some recognized a
cultural value in understanding what is meant by a logical science,
and some rated it at least as good as other subjects for developing
the ability to reason logically.

7. “For what percentage (estimauted) of all pupils enrol'ed in the
tenth grade can we justify a protracted study of the logical aspects
of geometry ¥ Four said from 70 to 8o per cent: three said 10 per
cent or less: the remainder said 30 per cent or thereabout. An esti-
mate of so per cent in answer to this question comports well with
ous estimate of 4o per cent in Grade g who can profit from the study
of algebra.
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8 I you still see educational possibilitiex in demonstrative
peometry, do these depend on a certain ‘transfer' of the logical train-
ing of geometry to sitwations outside geometry 2 In answer to this
question zeventeen secondary school teachers sadd yes,™ two said
“not entively,” and one said that the transfer s “negligible.” The
teachers of educiation showed greater divergence of opinion: four
satid cyves,” two cpartly, and three “no.”

9. Do teiachers of geometry ordinarily teach in such a way as to
secure the teansfer ot those browder attitwdes and apprectations
which are commonly siid to be most easily transferable? © To this
twenty-one said “no” Seven others graciously qualitied their re-
plies s, for example, “some do.” “yes, but in varying degrees,” “not
as much as they ought.”  One wrote, = \s a rule, no.  The pupils’
and the teachers” daily aim and concern is not with logical thinking.
not with creative, inventive, intuitive thought checked by logical
proof. but with “getting the next two propositions.” ‘reviewing the
last ten,” or *doing Exercises 1 to 7." "

1o. “If not |see Question o], hew ought they to madify their
ordinary methods in order to secire this transfer?”  Some of the
answers to this were as follows

Make every possible eifort to supply the commaon cdements of teanster,

They ought to recogiize that transfer is not likely to occur unless it s
shirectly zought, and they ought to teach for the purpose of securing transfer.
They ought tu have clearly in mind the situations to which they are secking
transfer. and make these situations a part of their subject matter,

They ought to employ more illustrations of the use of logic in other
tields.

They need to tfind examples in life where much geometric reasoning can
be used and put them betore their pupils.

The teaching should be on the thinking level, and not on the mechanical
level,

They shouid iltustrate the principles of reasoning in everyday lite as well
s in geometry,

Bring to consciousness the togical aspects of geometry, Stress the
method of analvsis.  Apply the methods of geometry (o other ficlds of
thought.

Our teaching pays a0 good deal of attention to converse statements and
to the indirect proog, living some emphasis on the form of statement or of
argument, rather than on the content. With these exceptions hardly any
attention is podt e 20 G formal logie as criteria of judgment. Even
in these exceptional cases it is seldom that stitements not referring to
peametry are ever discussed; in fuct the word “converse™ here has i sense
not permitted ovtside geometry. This state ol things would e much
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improved by the o ldition of one or two logical patterns, such as contrae
wsitive statements and De Morgan's invention of the universe of dise
course, and expuecially by plentiful discussion of examples from non-technical
speech.

Require less formal writing of proofs and mare thinking.

Stress simple originals with which pupils can succeed. using the theerems
chielly as patterns. Consider analogous steps in well-organiacd arguments.
articles. pleas, ete,

Apply methods ta problems in other tields, ¢, cconumic problems s
illusteated in current events.

Insare the dissocittion of the method and its application in non-geometric
situttions. ‘The question then comes whether you are really  teaching
geomelry.,

Contraddictory as it may seem, 1 helieve that the teaching of demonstea.
tive geometey would be improved i it involved more intaitive material.
Some intuitive material from the geometry of theee dimensions or conic
sections: might be included. The inteaduction of proofs weitten in essay
furm but none the less rigorous might be hetpful,

These replies show a demand for conscious generaliziation of the
method of demonstrative geametry and its application to other felds
of thought. True, this latter is not propetly geometry, But what
matter, it it makes the whole of demonstrative geometry much more
sinilicant? - Very likely, a relatively small number of excursions
of this sort will suffice to indicate how the logical discipline of
geometry can be transferred to situations vutside geometry,  After
all, the human mind can still generalize.

The method of demonstrative geometry unique in secons
dary mathematies,  Evidently the most important characteristic of
demonstrative geometry is its method.  In this vespect it holds a
unique position in secondary mathematics,  The movement to batter
down the partitions between the ditferent branches of mathematics

acommendable movement, be it said, so long as the original con-
tours can stitl he traced — encountered serious resistance in demon-
strative geometry it woukd not fuse. “T'he function concept, widely
heralded s anitying principle in all madhematics, applies to
demonstritive geometry in a sense quite doferent from that in
which it is apphed to arithmetic, whgebra, and factual geometry,
For these Litter it means the dependence of one variable upon an-
other: for demonstrative geometry it indicates, i anything, the de-
pendence of conclusion upon hypothesis. ‘True, the numbers of
arithimetic amd algebra are employed in geometey and the logical
system ol geometry has its counterpatet inarithmetic and sdgebea,
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bur both are on a higher level than we ordinarily attain in our
present insteuction in secondiary schools, The student should ap-
preciate the relation between irrational numbers and incommensur-
ables an geometry s and he should know that, like geometry, arith-
metic and aleebra are abstract logical systems - -so abstract, in fact,
that for exemplification of a logical sy=tem in detail. we prefer the
concrete contigurations of geometry to the abstractions of anthmetic
and algebra.  We can, indeed, show him very little of algebra viewed
as a postulational system, hardly more than the part which defini-
tions play in topics like negative number and fractional exponents.
We prefer, on the whole, to illustrate the logical method of geometry
by pertinent reference to fields outside mathematics.  To facilitate
this transfer we ought indeed occasionally to abandon the usuul
columnar arrangement of the written proofs, in which the state-
ments Therefore ., . appear always on the left and the reasons
becanse ... are always on the right, in ovder that the student
nuty practice the presentation of logical argument in ordinary essay
form such as we use in everyday life,

The method of demonstrative geometry is not limited to de-
tached arguments, [t reveals itself further in extensive and coherent
logical systems wherein we recognize the need of undetined terms,
definitions, and assumptions.  We see that theorems in any system
are true only in relation to the initial assumptions: if we vary the
assumptions we have a new geometry. We can do this easily within
the feld of Fuclidean geometry by substituting for the parallel
postulate of the textbook any one of the theorems on parallels
immediately following it. We can remind our pupils that textbook
writers frequently construct variant geometries in this way. and can
show them other texts which differ from theirs in choice of assump-
tions and in sequence of propositions.  The student will appreciate
the meaning of a logical system far more from this insight into the
possibility of several, many, geometries than from the dogged mas-
tery of “one absolute geometry,”

The logical chain of the geometry text used is prohably not com-
plete.  No matter, so long as the student sees where the breaks
occur,  Fvery geametry for adolescents permits such gaps in its
logical framework in order to keep within the pupil’s power of com-
prehension,  This is perfectly proper. [t would be highly instruc-
tive, however, if the text called the student’s attention to each such
break in the reasoning.
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Thix emphasis on the logical aspect of demonstrative geometry
indicates the desitability of reéxamining the introductory chupter
incurrent texts. Itix not unusual to find diagrammed therein cer-
tain interesting optical illusions to show that we cannot always trust
our eyes, but must check our observations by other meuns. The
authors do not suggest that a more exict experimental method would
suftice: their aim is to persuade the student of the need of logical
development in gecmetry.  Would it not be more signiticant to
supplement this with excerpts from our everyday reasoning, and
show that we need a check not only on our eyes but also on our
logic ¥

A class in geometry will understand that the assumptions must
all be consistent, but need rot be independent. They may be few
or they may be many. If we start with a brief list of independent
assumptions, we shall have to prove many apparently obvious prop-
ositions by long chains of involved and difficult reasoning. We
can avoid this complication by taking these obvious propositions as
assumptions.  In this way also we can avoid all mention of super-
position, which, while logically defensible, is a psychological stum-
blingblock at the beginning of the course and not in keeping with
the educational aim of the instruction. DPresent practice in this
country takes “motion™ and “rigid™ as wndefined, postulates vigid
motions of geometric figures, defines “equal,” and proves equality
by rigid motions, i.e., by superposition. The British Report on T#he
Teaching of Geometry in Schools (1923) suggests that it would be
simpler o take “equal™ as wundcfined, postulate the existence of
equal figures, ie, the uniformity of space and the possibility of re-
producing figures, and to use this postulate of equality instead of a
postulate of superposition to prove equality, In the same spirit, it
seems to the writer that it would be still simpler to take “equal” as
undefined, postulate outright the first proposition concerning equal
triangles, the case of two sides and the included angle, and prove
by this means the second proposition on triangles, the case of one
side and the adjacent angles- -or even to postulate all three proposi-
tions on equal triangler, and one or two others also, at the beginning
of demonstrative geometry,'

An allusion is made above to the desirability of linking the in-

A muore detiiled account appears in oan article by the author, “Notes on the

First Yeiur of Demonstrative Geometry in Sceeondary Schools,”™ The Mathematics
Teacher, Vol XXIN. No. g pp. 213 2220 Aprill 1031,
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commensurable case with irrational number, as much o show the
full signiticance of irrationals as to complement the proofs of com-
mensurable cases in geometry, Tt happens that our habit acquired in
arithmetic of approximating an irradonal number by means of trial-
and-error sifting of rationals into two groups  too small, too large. -
is essentially the detinition of the ircational,  Incommensurables are
defined simitarly in terms of commensurables,  1f M.V is parallel to
side BC of triangle ABC, and LW is not commensitrable with 18, we
can approxin ate to LW tand so define it) by sorting out the com-
mensurable lengths e’ b’ bn’** .. which are too small, from
the commensurable lengths AN AN AW 0L which are too
large.  Parallels to BC through m’. m, m**'. . . . and A, M,
M2 cmeet AC at wtoow w0 and NN N, L
The proof of the commensurable case tells us that An* = LA’
e N kAW D und AC A B, These commen-
surables are divided similarly into two groups-—too small, teo
large -which together denne the incommensurable .V and state
that it ix equa. w A4, Teachers can impart the spirit of this, if
not the details, to their classes in order that they may better appre-
ciate the nature of the number system and its relation to geometry.,
It is not expected that the students will memorize an official para-
phrase of this “to please teacher™ or to satixfy an examination re-
quirement.

The relation of number to geometry is fundamental and students
should appreciate this, but this appreciation must not be won at the
expense of an understanding of the logical outcomes of demonstra-
tive geometry. which it is almost unanimously agreed supersedes all
else.  Pertinent references to trigonometry and analytic geometry
are illuminating and proper so long as they do not hinder the logical
development of the demonstrative geometry.,  Other material suit-
able for illustration and emendation of present subject matter is to
be found in the geometry of three dimensions and in certain topics
of “modern geometry™ such as duality, similitude. power of a point,
projection, and inversion: though here, too. it is important that the
embellishizents he not allowed to obscure the main theme, but be
admitted only to give it greater signiticance.

The ideas expressed above concerning a longer list of assump-
tions, some menticn of incommensurables, and the subordination of
numericial trigonometry to the logical outcomes of geometry receive
support from leading teachers of mathematics in colleges and secon-
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dary schools,  Tn reply to .ae question, “Inasmuch as the method
of superposition is at variance with the usual logical tenor of the
text, should you object to postulating the congruence theorems in-
stead of proving them? And the theorems concerning central angles
and their corresponding ares likewise?" nineteen expressed them-
selves in favor of postulating the theorems mentioned, and eight
were opposed.  Five of these eight were college teachers of mathe-
matics, and their opinions were exactly balanced by the opinions of
five other college teachers of mathematics. The teachers in secon-
dary schools were overwhelmingly in favor of extending the list of
postulates.

In reply to the question, “Are you content to see incommen-
surables commonly disregarded > Should you favor a treatment of
incommensurables which depended on the pupil's earlier experience
with irrational numbers instead of on a ‘theory of limits'>” six said
they were content to see incommensurables disregarded. ‘Three of
these taught mathematics in secondary schools, and three in col-
leges, Eighteen wished to see some treatment of incommensurables
retained, three of these fuvoring a treatment in terms of limits.

When asked, “Would you interrupt the logical development of
demonstrative geometry with a treatment of numerical trigonometry
in connection with similar triangles, or should you prefer that this
topic had been covered earlier in intuitive geometry or algebra?”
eighteen replied that they preferred to have the trigonometry
merely incidental in the course in demonstrative geometry, two were
uncertain, and five were willing to have the trigonometry play a
large part.  Four of these five were teachers in secondary schools.
Two of them said, ~The interruption is pleasant.” A third desired
“the correlation of number with geometric magnitude for expand-
ing the number concept and for clarifying the fundamental ideas of
arithmetic. and the utilization of algebraic and trigonometric ideas
wherever they will serve either for compatation of geometric magni-
tudes or for demonstration of theorems.” The opinion of the pre-
ponderant eighteen indicated that thev favored earlier emphasis of
the numerical trigonometry before t : student should have begun
demonstrative geometry : that they would admit it gladly for the
“computation of geometric magnitudes,” but would not use it for
the “demonstration of theorems.”™ This opinion was well expressed
by i college teacher of mathematics who wrote, 1 do not believe in
‘covering’ o topic and leaving it. I am in favor of ‘touching on’ an
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important topic at every opportunity., 1 prefer that numerical
trigonometry be begun in algebra and carried along in cumulative
reviews throughout geometry.™
Certain leading teachers of secondiry mathematics, almost all
of whom are engaged also in the training of teachers, were asked,
“How would you link the idea of functionality with the logical ab-
stractions of geometry?” The replies were, respectively:
I do not know.
I'd like to know.
I wouldn't.
Until T have a better. or different. conception of functionality, I would
say that this is the wroag place to attempt the formulation of such a link.
. . . through continuity and variation.
. through the measurement of angle and the comparison of areas.
. through Cartesian geonmetry.
Every proof shows that the outcome depends entirely on the data.
Sometimes a slight change causes a complete change in the results.

It will be noted that these last four replies link functionality
with certain numerical relations in geometry and not with its logical
abstractions: with geometry, but not with demonstrative geometry.
The logical method of demonstrative geometry is undoubtedly
unique in secondary mathematics. Let us try to preserve its in-
tegrity and widen its applicability.

This insistence on the importance of the logical aspect of demon-
strative geometry as contrasted with the facts of geometry is signifi-
cant when we consider the sort of geometry, if any, we should give
to students in the different curricula. Tt seems clear that, regardless
of the particular curriculum a student may elect, he should have the
opportunity to study and appreciate the logical framework of
demonstrative geometry if he has the requisite mental ability, and
should be spared prolonged effort in this cirection if he has not.
This appears from the answers of teachers of mathematics and col-
lege teachers of education to a series of eight questions asking them
whether geometry ought to be taught in the tenth, eleventh, and
twelfth grades in technical curricula, in industrial curricula, in
commercial curricula, in home economics curricula; and whether
the geometry of these different curricula ought to stress the logical
or the factual outcomes. Only a very few would not offer zeometry
to students in commercial or home economics curricula. Almost all
preferred that it be an elective for students in these curricula and
that the subiect matter stress the logical as well as the factual as-
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pects of the subject,  For students in industrial curricula there was
a much greater demand that the geometry be obligatory, and a
corresponding lessening of the demand for the logical outcomes; for
those in technical curricula an even greater insistence on geometry
as a prescribed subject, and on the logical outcomes also. Except
for the students in technical curricula, there was no disposition to
prescribe the logical rigors of demonstrative geometry for those who
cannot endure them. For these and all others it is clear that geome-
try as an elective was not deemed worth while unless its logical side
be stressed along with the geometric facts,

A comprehensive course in mathematics for Grade 12. In
the course of study in effect in most schools to-day, the mathematics
of the twelfth grade consists of solid geometry and trigonomet.y.
Greater continuity in the course of study could result in a somewhat
earlier completion of algebra and geometry, coupled with greater
comprehension of these subjects, and would make possible an earlier
start on the advanced subjects. Many schools, especially those
which have a six-year course in secondary mathematics beginning
with the seventh grade, can give a year and a half to advanced
mathematics. Let us assume, however, that we have but the
twelfth grade available for the advanced subjects and consider
whether we make the hest use of this time.

The solid geometry gives valuable training in the visualization
and representation of figures in three dimensions; it also provides
further exemplification of the logical methods learned in the demon-
strative geometry of two dimensions. In the logical phases, however,
we tend to be less exacting than in plane geometry, and the difficul-
ties of our pupils are not in this quarter, but are concerned rather
with the actual relations between lines and planes in space. This
reflects, perhaps, our opinion that we have reached a point of dimin-
ishing returns from the sustained logical treatment of geometry and
ought to concentrate on other matters, such as the facts of solid
geometry and the further development of the pupil’s spatial imagi-
nation. Important as these latter are, we ought to recognize that a
licge part of thiz training in visualization and representation of
three-dimensional figures is more appropriate to the lower grades of
the secondary school, although some of it, doubtless, is diffi~ult
enough to warrant its position in the twelfth grade. Tt is not clear,
however, that because part of solid geometry is diftficult, we ought to
withhold all of it until the final year of the secondary course. A
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great many of the facts of solid geometry are within the reach of
students in the junior high school and ought not to be denied those
who go no farther. There is less reason to continue giving a half
vear of solid geometry in the twelfth grade when we dixcover that
the colleges, while interested that solid geometry receive its proper
share of attention in the secondary school and willing to credit a
half year of it for admission, are even more interested in other
branches of mathematics. The higher technical schools and the
scientific schools of universities find that their students” difficulties
in freshman mathematics are due mainly to feeble and fumbling
technique in elementary algebra rather than to any lack of informa-
tion about the zeometry of three dimensions. They are not particu-
larly interested in the topics usually covered in advanced algebra,
but they definitely desire that their students give evidence of greater
algebraic experience and maturity, and recognize that this would
undoubtedly result from further work of any sort in algebra. They
all demand trigonometry and would regret any abbreviation of the
present course. Some of this firm stand in favor of trigonometry
derives from their fundamental interest in algebra. for in the trigo-
nometric equations and identities they see excel'ent opportunity for
further exercise of algebraic technique, almost the only opportunity
for students who offer solid geometry and trigonometry for admis-
sion. Without yielding the formulation of thc course of study in
secondar: schools to the demands of colleges and higher technical
schools, we can at least study the latter's desires and opinions to see
if they contain suggestions of value. These institutions are no
longer inclined to dirtate to secondary schools, even though they are
not wholly satistied with their products. Undoubtedly they would
be quite content to leave the < hoice of topics in mathematics en-
tirely in the hands of the secondary schools and to build their
courses on top of this foundation, if only they had assurance that
the secondary course in mathematics was substartial, thorough, and
continuous from start to finish, and in the hands of competent
teachers. Taking their suggestions, and with them the suggestions
also of teachers in secondary schools and of teachers of edvcation
in general, let us try to devise a course for Grade 12 which shall be
for the best students an appropriate summary and final goal of
their entire course in mathematics in the secondary school.
Trigonometry. In a course of study which is thorough and con-
tinuous, a full half year of trigonometry in addition to the logarith-
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mic solution of the right triangle now included in elementary algebra
seems hardly defensible. 1f a half year was sufficient before this
change was made, something like two-fifths of a year, say fourteen
weeks, ought to be ample for the remaining topics, i.e., the oblique
triangle and the analytic trigonometry of identity and equation.
This suggestion implies no lessening of the present requirement in
trigonometry. but merely limits to a half year the aggregate of all
time spent on it,

Solid geometry. Offsetting somewhat the argument given above
in favor of reducing the amount of time devoted to solid geometry
in Grade 12, is the contention that in this country in school and
college alike we tend to neglect the mathematics of three dimensions
and should do nothing to augment that tendency. The writer would
not sacrifice the solid geometry cut out of Grade 12, but would in-
clude it in the intuitional geometry of the earlier grades. The ma-
terial thus demoted would be principally the mensuraticnal proposi-
tions. For quasi-logical treatment in Grade 12 the writer would
reserve most of Book VI, and selected theorems from the later
Books, especially those concerning the sphere. The term ‘“quasi-
logical” is used because the course would not be confined to a logi-
cal treatment of the subject matter, but would include also the
elaboration of certain configurations with careful use of drawing
instruments, and computations based thereon involving numerical
trigonometry. The appendix of the Collcge Entrance Examina-
tion Board Document, No. 108, which defines the requirement in
geometry, gives further details with many diagrams. This was
prepared by Professor W. R. Longley of Yale University and is the
source of the suggestion made above. The time devoted to solid
geometry under this suggestion would be in the neighborhood of
ten weeis.

Algebra and analytic geometry. The desire of the colleges for
surer technique in the elementary operations of algebra is reminis-
cent of the familiar plaint of business men with respect to the
fundamental operations in arithmetic. They would gladly sacrifice
the delightful excursions beyond the fild of arithmetic with which
the schools beguile their future employees, if only they could count
on greater expertness in the fundamental operations of arithmetic.
‘The schools must meet this challenge, but not necessirily by con-
fining the necessary drill to arithmetic. They must provide for
sufiicient overlearning to leave the desired residue of skill, hut some
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of this overlearning can profitably be acquired in fields ditferent
from “the same old arithmetic,” though closely related to it.
Similarly. we can meet the request of the colleges for greater mas-
tery of algebraic technique—if we decide that it is for the best in-
terest of the student to do so—by other means than by mere repeti-
tion of the elementary operations of algebra in their most obvious
and familiar form. Perhaps we can enhance the drill by providing
the necessary repetitions in a variety of novel settings, in topics
taken from advanced algebra. or in an extension of the earlier
work in graphs to include the analytic geometry of straight line,
circle. and parabola.

Earlier in this article allusion was made to the algebra of busi-
ness, commercial algebra. as less appropriate for students in the
commercial curricula of high schools than for those students who in-
tend to go to college before entering business; appropriate in some
degree for all, however. to the extent that all of us have some con-
tact with the business world and ought to understand the important
part which compound interest plays in simple situations involving
sinking funds, annuities, buying .on the installment plan, and the
operations of codperative banks, This sort of algebra makes signifi-
cant application of the binomial theorem and offers ample oppor-
tunity for drill in fractions and exponents. Some of it belongs in
the eleventh grade uas appropriate illustration of the hinomial
theorem. Further details can be given in the twelfth grade if de-
sired,

Of all these suggestions—advanced algebra, analytic geometry,
commercial algebra-—the analytic geometry offers probably the most
natural point of departure, Five weeks ought to suffice for signifi-
cant treatment of straight line. circle, and parabola, with sufficient
exemplification of the solution of “geometry originals™ by analytic
methods to show what it is all about. Theorems concerning
parallelograms. trapezoids, and concurrent lines of a triangle require
very little analytic geometry beyond that already taught in algebra
to-day, and reveal the method of analytic geometry very effectively.
One of the biggest obstacles to overcome in the beginning of this
subject is the prejudice of the pupil in favor of positive numbers,
It is hard for him to recognize the point («. o) uas representing
points on the negative axis of v equally with points on the positive
axis. If the analytic geometry teaches him nothing else, it will have
served to drive home this fundamental idea of the generalized num-
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ber system of algebra. In addition, this subject will undoubtedly
give him much practice with equations and fractions of a sort to
extend still further his appreciatioun of the symbolisn» of algebra
and the technique of employing it.

The theory of equations and the derivative. The foregoing
demands nothing beyond the linear and quadratic equations of ele-
mentary algebra. Since pupils generally consider the approximate
determination of roots of equations of any degree higher than the
second as quite beyond their powers, it would seem highly desir-
able to disabuse them of this idea, to explain that in general the
approximate methods are the only methods for equations of the
third degree or higher, and to show them that their knowledge of
graphs and functions is not restricted to quadratics. In addition
to the analytic geometry, the writer would suggest, therefore, a
brief treatment of the theory of equations which would include the
remainder and factor theorems: the determination of rational roots
of polynomials: Descartes’s rule of signs without proof : the proof
that complex roots occur in pairs: and as much of differentiation
as is necessary to get the ecuation of a tangent to a polynomial,
to determine relative maxima and minima, and to locate irrational
roots by Newton's method. The allotment of not over six weeks
to these topics indicates the scope of the suggestion.

It is frequently asserted that secondary mathematics is not
really complete until the essential spirit of the differential and in-
tegral calculus has been revealed. It is easier to subscribe to the
ideal than to realize it in practice under present conditions in the
schools, where relatively few teachers are equipped to teach this sub-
ject. Nevertheless, certain schools now offer some bits of the dif-
ferential and integral calculus and have for several years. If it seems
wise to encourage this movement, teachers will learn how to bear
their part in it. This is the time to consider all proposals for a
comprehensive and clinractic course for the twelfth grade, even if
we dedcide later to qualify certain more novel recommendations with
the proviso that they wait upon the competence of teachers to im-
part them. The topics from the differential calculus suggested above
to accompany the treatment of certain topics in the theory of equa-
tions represent about the usual recommendation for this subject
and the usual point of application. The integral calculus is less fre-
quently mentioned. Still, if we hold to our ideal that secondary
mathematics will not be fully rounded until we have revealed the
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spirit of the integral calculus, we must set down here the hope that
sometime we can follow this brief treatment of differentiation with
a significant exposition of the inverse process, using tne indefinite
integral to determine the areas under curves and the volumes of
solids of revolution. )

A comprehensive examination. This proposed course for
Grade 12 can be briefly summarized :

Completion of the present course in ftrigonometry (14 weeks).

Solid geometry—logic, drawing. and incidental trigonometric computation
(10 weeks).

Further work in algebra. including the analytic geometry of straight line.
circle. and parabola ¢ 3 weeks); including also some basic ideas on the theory
of equations with pertinent application of the derivative (6 weeks).

A comprehensive examination based on the work of these 35 weeks.

This examination will be at the same time a general examination on
the entire course of study in mathematics in the secondary school.

Here we have a comprehensive course of study in advanced
mathematics which preserves the essential unity of the different
branches, while showing important relations between them. The
analytic trigonometry demands facility in algebra: the mensura-
tion of solids is designed to involve numerical trigonometry : the
analytic geometry applies algebra to geometry ; the theory of equa-
tions has a geometric setting and leads to an introduction to the
methods of the calculus. An examination covering a vear's course of
this nature would serve at the same time as a general examination
on the entire course of study in mathematics throughout the secon-
dary school, and would be in itself a significant educational experi-
ence for the student, who would find therein a fitting climax for his
mathematical studies. Those who do not wish to elect this final
vear of advanced mathematics would find similarly that an exami-
nation at the end of the eleventh grade in the algebra and geometry
which they have been studying throughout the year would be at the
same time a comprehensive examination on all their course in secon-
dary mathematics.

The proposal of a course of study in advanced mathematics
which ignores the present division into half-year units, and the
further proposal of a comprehensive examination at the end of the
twelith grade, find support in many quarters, as we shall see.
The so-called comprehenzive examination in advanced mathematics
(CpH) of the Collcge Entrance Examinaticn Board would seem to
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make progress in this direction difticult, though surely not im-
possible, for the Board has always been ready to give careful con-
sideration to new proposals and to establish alterna ive require-
ments whenever there seemed to be a demand for them. However,
this CpH examination cannot be regarded as truly comprehensive at
all, and school and college would both be better served by an in-
divisible examination covering a year's work in all three advanced
subjects—trigonometry, solid geometry, and advanced algebra,
Under advanced algebra are included the analytic geometry and
calculus mentioned above. .On such an examination it would be
possible to set questions involving two or more advanced topics
simultaneously. Then for the first time we should have a truly com-
prehensive examination in advanced mathematics. The present re-
quirement governing this CpH examination is a development of the
original regulation establishing the New Plan of admission to col-
lege, under which a candidate offers four subjects and is examined
up to the limit of the instruction he has received in each. To follow
precisely the original intent of this regulation would mean the
preparation of a comprehensive examination in elementary mathe-
matics, as at present, and seven other comprehensive examinations
involving elementary algebra, plane geometry, and each combina-
tion of the advanced subjects taken one. two, or three at a time.
For several years these seven were combined in one paper (Cp4)
from which the candidate selected rjuestions a:cording to the extent
of his preparation. Obviously no one of the examinations contained
in this composite could fairly be called comprehensive, partly be-
cause of the time limit imposed, but principally because no question
on the elementary topics could contain reference to any advanced
topic, and no question on an advanced topic could depend on either
of the other advanced topics, for fear of injustice to one or another
of the seven different groups of candidates. The suppression of this
examination in favor of the CpH, and the restriction of this latter
to those candidates who have studied at least two advanced sub-
jects, corrects certain minor abuses of the examination system, but
still offers a paper which attempts to examine candidates prepared
in a multiplicity of different combinations of advanced subjects,
although now reduced from seven to four. If the next adjustment
could subtract another three and leave us with but one combination.
we should have a genuine comprehensive examination in advanced
mathematics, and should satisfy the original intent of the New Plan,
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Such an adjustment requires an agreement between colleges and
secondary schools on an indivisible course in advanced mathematics,
and an examination framed in accordance with that agreement. \We
have had similar agreements heretofore ; it is not too much to expect
others.

Opinions on the proposed course for Grade 12. Let us see
to what extent teachers of mathematics in schools and colleges, and
teachers of education in general, support the ideas on a course for
Grade 12 as expressed above. In response to the first part of the
question. “Would the mathematical training of high school seniors
be more effectivel - cupped by a composite course in Grade 12 which
should include Book VI of solid geometry, & numerical and some-
what trigonometric treatment of Book VI, the remainder of
numerical trigonometry and analytic trigonometry as at present, and
the theory of equations from advanced algebra: or is the present
practice of selecting two of the three advanced topics and ighoring
the third about the best we can hope for?" eighteen teachers of
mathematics said “yes.,” six (four of them college teachers) said
“no,” and one was doubtful.'' In response to the question, “Should
you wish to encouriage competent teachers to make some use of dif-
ferentiation in connection with the theory of equations in Grade r2
and of the indefinite integral for the mensurition of certain solids?™
nineteen teachers of mathematics said “yes,” six (three of them
college teachers) said *no,” and two (both college teachers) were
doubtful, preferring not to pyramid novelty upon novelty. The
question, Do you favor a comprehensive examination at the end
of the twelfth grade for students who have undertaken an extensive
program in mathématics?” received the assent of alnost all the
teachers of mathematics in secondary schools and of teachers of
education.  Only two «aid *no.” wnd only two were undecided. One
who favored the comprehensive examination added, however. that
he had never seen a published comprehensive examination that
would be suitable for the purpo-e. Several approved the compre-
hensive examination. but wanted cumulative reviews and cumulative
examinations throughout the enure secondary course.

The following opinions concerning the comprehensive advanced
course for Grade 12 show the extent of the difference of opinion

111t should be noted that this question does not entirely aeree with the course

suggrested above for Grade 120 it sepves. however. to indicate the attitude of
teachers on this weneral problem.
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among teachers of mathematics; in most cases this difference is
more apparent than real.

One teacher who favored the composite course, including a bit
of diff:rential calculus, asked:

But why omit Book VIIT?  Spherical geometry with its surprises and its
interest seems to be left out all around and yet I think it is thrilling.

An excellent answer to this and to other similur protests is not
to omit spherical geometry, and some of it has been included in the
course outlined above. Oue of the few dissenters replied:

I believe we shall have better results, certainly for the student going to
college, if we do not undertake more than two of the advanced topics. 1
am convinced that tinwe would not permit anything but the most superlicial
acquaintance of the student with the two concepts (differentiation and
integration) if the necessary work to cover the usual ground is not to suffer.

[t is part of the plan that the “usual ground™ will not be covered,
but that certain topics will be omitted to make room for the new
topics.  The danger of a superficial treatment is teal and so must
be wvoided, here as elsewhere. The beginning of any new ven-
ture runs the risk of an initial stage of superficiality, but it is not
intended that this shall be a permanent, or even temporary, feature
of this new course.
A member of the division of mathematics at Harvard wrote:

[ have often wondered why algebra was left out of the advanced course
in mathematics in <econdary schools. It seems to me unfortunate, and I
heartily endorse the movement ta replace some of the demonsteations in
solid geometry by selected topics from algebra.  The theory of equations
is an excellent choice.  Determinants and their application to systems of
linear equations would be next in line. The minor topics sometimes treated
are hardly worth while. I am not quite so enthusiastic about the intro-
duction of a little caleulus, at least at the present time, for two reasons 'o—
first, brictly. to avoid trying too many new things at once: second. lest the
lter treatment of the caleulus in college lose some of its savor,

A group of five members of the department of mathematics at
Princeton replied:

Because of the great importance of algebra in mathematics in college and
the relative unimportance of solid geometry, we advocate a1 combination of
trigonometry and advanced algebra and have been doing so for at least
five years. We favor the use of differentiation of the polynomial for abler

P From this point o the end of the parageaph the wording of the ansv.er wits
summarized by the writer,
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students but feel that the indefinite integeal should be postponed until
college.

A member of the department of mathematics at Yale wrote:

This ideit cof a composite course) appeals to me.  General agreement on
details may be difticult to get. I should spend little time on Book VI. 1
should prove nothing that is self-evident as a faet. 1 should emphasize the
trigonometric treatment of Book VIE because of its value in developing
space pereeption. 1 should begin the year with analytic trigonometry and
end with solid geometry ax offering the best climax to a cumulative rourse.

He approved the inchusion of certiain topics from the calculus.

The conzensus of members of the department of mathematics at
the Massuchusetts Institute of Technology seemed to be that they
would be willing to accept a comprehensive examination in ad-
vanced mathematics in place of separate examinations in solid
geometry and trigonometry, provided this new examination should
demand a greater competence in algebra without lessening the
present requirement in trigonometry. ‘They were not deeply inter-
ested in solid geometry and would gladly forego some of that in
favor of greater competence in algebra, even elementary algebra,
with extended application to straight line and circle in analytic
geometry and with a little, perhaps, of the theory of equations,
They did not care for determinants, but attached the highest im-
portance to the mastery of analytic trigonometry. They were in-
terested in encouraging an introduction to the calculus in secondary
schools. but not very much interested; and they would surely wish
the teachers who undertake this work to be competent to do so.

From another member of the division of mathematics at Harvard
the foliowing reply was received :

What i needed s drill. or practice. in correct algebraic manipulation.
When our students fall short in algebra (I mean college students), it is he-
cause they citnnot add two fractions correctly. or cannot handle exponents.
or the like, Ttisn't hecause of theorems they don’t know, like the hinomial
theorem. or the relation between coetficients of an equation and the sym-
metric functions of the routs. Their big need i accuracy in algehraic trans-
formations, Thix defect. Le. innocence of manipulative ability, has a first-
rate chance in trigonometry, ie. in aralytic trigonometry.  There you get
transformations galore, with algebra and trigonometry working together.

Another tield for excellent practice in algebra is analytic geometry.
I should prefer putting in some of that to putting in theory of equations.
It hooks up immediate! with the trigopnometry and the solid geometry, and
gives 1 better introduction to the ideas of the calculus. Thir connects also

Q

RIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

to
—
o

THE EIGHTH YEARBOOK

with the pupils” graphs in algebra, and moreover, it has an appeal, namely
of a machine that works.  Finally, analytic geometry helps much to create
an appetite tor theory of equations at a later date.

Of course I'm all for the schools trying to frame an ideal education
from their standpoint. and for the colleges taking what they get (or the best
of i), Precise topics are important almost not at all.  Maturity is the hig
thing.  When colleges learn this, we shall have better education.  But that's
all another story.

Certain teachers of mathematics in secondary schools replied as
follows:

T should like to see some advanced algebra or analytics replace a part
ol solid geometry, I should favor a brief study of the eloments of diier-
ential and integral calculus, but not as indicated in the question.

[t is my opinion that whatever subject is taught should receive thorough
treatment. . Preserve us from a “hodgepodge.”  Not only the teachers, but
the students also must be competent. 1 teach as much differentiation as
they can stand and use in the theory of equations. I have not taught the
indefinite integral.

I woulll have & minimum of solid geometry, trigonometry, analytic geom-
etry.and caleulus. 1 have given such a course this vear to superior students.

A recent syllabus for a half-year course in advanced algebra now
eflective for the State of New York includes the analytic geometry
of straight line and parabola, and an optional section on differen-
tiantion with applications to problems in maxima and minima,
velocity. and acceleration.

From this diversity of opinion a body of ideas emerges on which
almost all can agree. First. if we devote Grade 12 to but two ad-
vilnced subjects in mathematics, the two we regard as most im-
portant, we are compelled to ignore other advanced topics some
parts of which we wish to retain.  Second, we ought o provide
a significant, substantial, composite course in advanced mathe-
matics as a fitting climax for the entire course of study in sec-
ondary mathematics.  Third. we had better not tamper with trigo-
nometry. Fourth, the amount of solid geometry can be reduced.
and demonstrative methods be replaced in large measure by
an intuitive and computative treatment. Fifth, those who are
to use mathematics in college ought to have .reater proficiency in
algebra.  One way to obtain this ix through analytic geometry.,
Sixth, there is considerable interest in certain topics of the calculus
as - proper closing theme for the course of study in secondary
mathematics, in arder that the student may glimpse the methods of
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modern mathematics and the sort of problems it can solve. Seventh,
this program should culminate in a genuine comprehensive exami-
nation.

Summary. This article collates the theories of general educa-
tors with the theory and practice of teachers of mathematics, and
shows a surprising agreement among them. All are interested to
strengthen the pulse of junior high school mathematics, to provide
the proper course for inferior students as far as they can pursue
mathematics with profit, to give greater substance and coherence to
the mathematics program for superior students throughout the
entire six years of the secondary school, to permit students to termi-
nate their mathematical studies at any one of several stages, while
not interrupting the continuous advance of those who intend to
persevere to the end; in short, to recognize individual differences
and diversify the offering accordingly : to recognize also the need of
individual development and meet this need with a coherent and
continuous program,

The practical application of these findings to the course of
study can be represented schematically as follows:

FOR SUPERIOR STUDENTS For INFERIOR STUDENTS
Grade 7

Geometry (a full nalf year) and Geometry (a full half vear) and
arithmetic. arithmetic,

Grade 8

Algebra  (a full half year) and Formula. graph. equation; uarith-
arithmetic. metic; geometry including trigo-
nometry of the right triangle.

Grade ¢

Algebra.  advanced arithmetic Junior business training, with inci-
tcomputation), and numerical trigo-  dental  arithmetic, taught by the
nometry—for the upper 4o per cent  commercial department.  (This ends
of students in this grade. the preseribed course in mathe-

matics for the lower 60 per cent.)
A half-year non-mathematical course
in generalization and logical argu-
mentation designed to preserve so far
as possible the outcomes of algebra
and geometry,
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Grade 10

Demonstrative geometry for the No mathematics above this point

upper 50 per cent of students in this  for inferior students.

grade. After this is well started. a

continuation of algebra in parallel

with it. (Those who take algebra in

Grade ¢ ought to continue through

Grade 10 before dropping mathe-

matics.)

Grade 11

Demonstrative geometry and al- No mathematics.
gebra in parallel. completing the
usual course in elementary mathe-
matics.

Grude 12

A comprehensive course in trigo- No mathematics.
nometry, solid geometry. algebra.
analytic geometry. and some refer-
ence to the methods of the calculus.

The differentiation in subject matter is made according to mental
ability and not according to curricula. Mathematics deals with ab-
stractions and also with the practical application of these abstrac-
tions to life. Every student ought to get as much as possible of
both phases. The mathematics of the shop is little different from
mathematics in general. A course in shop mathematics serves
mainly to capitalize the shop interest of the pupil: it ought to turn
his interest to mathematical abstractions and generalizations, and
extend these beyond the field of mathematics, just as every good
course in mathematics strives to do.

The secondary schools copied the elective system and “credit
counting” from the colleges. Now that the latter are turning from
this to the balancing of wide distribution with concentrated mastery
of a chosen subject, the secondary schools might consider if they
too cannot provide greater continuity of instruction and substantial
mastery of a subject for students. As an aid toward that end,
parallel instruction has been proposed in algebra and geometry,
followed by a comprehensive course in advanced mathematics for
the best students, and capped by a comprehensive examination on
the subject matter of secondary mathematics. Such a course pre-
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serves the essential individuality of each subject and reveals also
the important relations between subjects. Each subject is viewed
as a separate whole, and as part of a larger whole.

This program demands more of the individual teacher than is
now expected. In fact, certain adverse criticisms of this program
were directed not so much at the ideas proposed as at the apparent
failure to recognize how foreign they are to the professional equip-
ment of most teachers in service. The innovations proposed come
at significant points in the course where a little, deftly adminis-
tered, will go a long way. These many “mickles” make a mighty
“muckle.” An understanding of the number system of algebra,
the relation of irrational to incommensurable, an appreciation of
what an abstract logical system really is. are all matters
within the grasp of teachers in our schools and are a necessary part
of their professional equipment. We have paid glowing tribute to
the work of Professor J. W. Young in behalf of secondary mathe-
matics in this country. For a real appreciation of his contribution,
let us read again, and stuay carefully, his book on The Fundamental
Concepts of Algebra and Geometry, With that as background let us
return to our classes, not to teach the matters set forth in his book,
but ready always with the point of view which, by a brief sentence
here and there, can orient the pupil and give him a genuine apprecia-
tion of the subject he is studying. This program demands also the
svmpathetic oversight of a supgervisor who is interested in both
bright and dull pupils, is thoroughly familiar with the mathematics
of all six grades, and can teach in every one.

The proposals made in this chapter aim to reconcile two philos-
ophies: one, the philosophy of the Committee of Ten (1893) and
of the Committee of the National Education Association on College
Entrance Requirements (18g9) favoring a substantial, continuous
course of study for superior students: the other, the philosophy of
modern psychology which recognizes the unsuitability of much of
this material for less gifted students and would provide markedly
different subject matter for them.




THE MATHEMATICAL COLLECTION
By GEORG WOLFF

Herschelschude, Hannover, Germany

INTRODUCTION

Deductive reasoning versus inductive reasoning. Raphael’s
famous fresco “The School of Athens,” which is in the so-called
Stanze of the Vatican, illustrates the opposition between two schools
of thought which have existed in all branches of learning since the
ancients, and especially in philosophy and mathematics—deductive
reasoning symbolized by Plato as opposed to inductive reasoning
symbolized by Aristotle. Two of Raphael’s pictures represent, on
the one hand, the very strictest reign of logic in the science of
numbers—in arithmetic, algebra, and analysis—and, on the other
hand, the greater tolerance of geometry as an applied science.
Euclid’'s compendium of the mathematics of his time followed
Plato's steps, thus leaving little strictress of construction to be
desired.

For centuries this scientific method of Euclid's has been used
in schools as a method of teaching mathematics to young people,
without any consideration of the fact that reasoning ability must
first be developed and that according to psychology the way leads
from the inductive process to the deductive.

Pedagogical science only has been interested in the important
trend from primary emphasis on deduction to primary emphasis
on induction. Johann Heinrich Pestalozzi (1746-1827), Johann
Friedrich Herbart (1776-1841), and Adolf Diesterweg (1790-1866)
came forward with their principles of Anschauung (intuition), and
happened to be interested in pedagogy as well as in mathematics.
If they had not been, who knows how mathematical teaching might
have developed! Later the great pedagogue George Kerschen-
steiner (1854-1932) with his profound ideas on activity-instruction
joined them as a friend and promoter of our subject.

The movement toward emphasis on intuition and activity.

This movement to emphasize intuition and activity was chiefly a
216
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pedagogical one, and was pushed forward by resolute didacticians
of mathematical teaching, above all by Pelix Klein and Peter
Treutlein. Their names are closely connected with the well-known
Internationale Mathematische Unterrichts-Kommission (1M U K).!

The necessity of changing the point of view of teachers in our
subject has been thought very important. This is evident from the
fact that at the fourth meeting at Cambridge, England, in 1912, a
member of the central committee of the [ M UK, Professor David
Fugene Smith of Teachers College, Columbia University, gave an
important report on “Intuition and Experiment in Mathematical
Teaching in the Secondary Schools.” The essential point of this
report was the discussion of the question of how far strict system
in geometry and algebra had been given up in the different coun-
tries of our globe. Professor David Eugene Smith stated that in
Germany a considerable fusion between deductive and inductive
reasoning could be observed and that in object lessons different
means of instruction  were being used for the purpose of making
clear and deepening the abstract subject.

Fusion of deduction and induction. Since 1912 we in Ger-
many have pursued this method of fusion, since it is the only one
that arouses the interest and activity of youth. The heart of the
matter is for us to go back to the inductive method: then to try
to come to analysis, We do not proceed to deductive reasoning
before a subject has been sufficiently developed in an inductive
manner and before the young intellec is capable of receiving sys-
tematic statements. This method of instruction may be called the
~physical method™ on account of its close relation to the teaching
of science. In consequence of this parallel to the sciences, we
speak of demonstrational teaching, practical work, classroom work,
laboratory work, and “mathematical collection.™ The substance of
the new method is the collection of models, for by this means occa-
sional practical work in the mathematical laboratory is possible.
However, we do not think of transforming the whole teaching of
mathematics into practical exercises--as is the case with physics,
chemistry, and biology- -but teaching by demonstration is at present
of greatest importance to the pupils, and in this method models are
certainly of great assistance.

The Englishman, John Perry (1850-1920), planncd practical
work in mathematics lessons. but there is a great difference between

t International Commission un the Teaching of Muthematics,
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his and the modern point of view. Perry walked with seven-league
boots across the matter of instruction. He attached little value
to systematic advancement by the pupils from proposition to prop-
osition, from rule to rule: he only informed them of the results,
as in the theory of powers and roots, and introduced them to the
technical application of these rules. This method may be practical
for the training of reasoning power, but it cannot result in such
good qualities in youth as those we intend to develop.

EpucarionanL SysteM AND (CURRICULUM

The curriculum of the Herschelschule. A\ short account will
be given of the organization of the mathematical collection at the
Herschelschulc,* Hannover. Before doing so, the outlines of the
educational system of this school and of its curriculumm for the
teaching of mathematics must be traced.

The Herschelschule is an Oberrcalschule. Tt has nine grades
divided into three sections: lower course (first to third yvear), inter-
mediate course (fourth to sixth vear), and upper course (seventh
to ninth year). Pupils enter the school at the average age of ten:
they usually pass the final examination (the .1bitur) at the age of
nineteen. The following is the teaching curriculum:

LOWER COURSE
1. Arithmetic, Operations with whole numbers and fractions
(common and decimal), reckoning in ¢ concise manner, rates of

interest.
2. Geometry. Beginnings of geometry, congruence, symmetry,

the quadrangle up to the trapezium.

INTERMEDIATE COURSE

1. Algebra. Use of letters, theory of equations up to quadratics
in one unknown quantity. proportions as equations, powers, roots,
logarithms,

2. Geometry. Exercises on triangles and quadrangles, equivalent
figures, the whole theory of the circle. similar figures, simple exer-
cises on orthogonal projections, axonometry.

3. Trigonometry. Right-angled triangle, law of sine and cosine,
practical exercises.

2 The school is named after the great astronomer, Frederick William Herschel
(1738-1822), barn at Hannover,
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UPPER COURSE

1. Arithmetic. Arithmetical progressions of first and higher
order, finite and infinite geometric progressions, compound interest
and annuities, statistics.

2. Algebra. Quadratic equations in two unknowns, solution of
a cubic and other equations by graphs, table of values and nomog-
raphy, elements of differential calculus up to the discussion of
graphs, elements of integral calculus.

3. Geometry.  Analytical geometry of the straight line, the
circle, and the conics, producing of conics by cuts and by affine,
collinear and commonly projective relationship, perspective, pho-
togrammetry, difficult exercises on orthogonal projection.

4. Trigonometry. Difficult calculations in plane trigonometry
field work, spherical trigonometry of the right-angled triangle, law
of sine and cosine, astronomy with practical exercises.

This curriculum we call Kernlehrplan (curriculum essentials).
With exceedingly clever classes these subjects may be increased, as
there is also a Randlehrplan (bordering curriculum) that includes
items such as analytic and geometric discussions of functions
with complex variables, nomography, amplified statistics, and diffi-
cult exercises on integral calculus.

TuE ParaBOLA

General use of mathematical figures. The parabola will be
discussed first in order to give an idea of the models, the means of
instruction used with such a collection, and the mathematics les-
sons as a whole. It is very important to show the student mathe-
matical figures, not only in their abstract shapes. but also in the
great variety of forms and applications to be seen in daily life
both indoors and outdoors, and in the apparatus of factories and
laboratories : in short, mathematical forms evident in the surround-
ings of man wherever he may be.

Before explaining our ideas on the use of models during lessons,
the subject of teaching must be considered for a moment. When
a pupil. the writer learned only the old Greek definition of a
parabolz which is founded upon the focus and directrix (Fig. 4).
He became acquainted with many nice qualities of this curve,
opef on one side. bhut did not obtain a complete idea of the parabola
until after leaving the secondary school. The present German
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generation is better off. Another example of the new method is
used in the intermediate course when pupils learn the power func-
tion v a® (Fig. 1) and to understand variables like vy — —x*
They also understand x* = v and 1% = — v without difficulty.

Generation of the parabola. At the Oberrealschule we try to
make pupils understand the methods of generation which modern
geometry gave us more than a hundred years ago. They have the
advantage of variety and claritv. The generation of the patrabola
by a projective range of points (Fig. 5) and the special cases result-
ing from it, like Fig, 3, must be mentioned here.

The generation of a parabola by envelopes is another related
method ; these envelopes are tangents (Fig. 2) and are, therefore,

Fig. 1 Fig.3 Fig. 4

the dual case of that shown in Fig. 4. the generation by a projective
range of points.

But there is still another method. The question, keeping in
mind the idea of the transformation of figures in Poncelet’s sense,
i how to get a parabola by affine projection. It ix only possible
by another parabola.

If these different methods of generation are carried through dur-
ing the class period and if the pugls actually draw the curve ac-
cording to these directions with their own hands, they will surely
understand the parabola better than we did in our schooi days.

Examples of the use of models to enlarge geometric con-
ceptions. The models are found to be of still further assistance
in the cnlargement of geometric conceptions. Those which we see
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Fig. 6 \

in Figs. 6¢ and 6f are especially useful if we turn the bars to which
the rods are fastened. The Figs. 6a, 64, 6¢, and 6d illustrate the
operation. If we imagine the initial motion continued in each case,
we finally see the parabola become a straight line.

Nor is a use of such models sufficient. Experiments. other
models, and a study of the relationship of geometric forms to the
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external world all lead to a deeper insight into the subject. The
work is planned in this way to necessitate deduction and to provide
examples of application, which cannot be discussed here, before
theoretical treatment. The exact arrangement is a matter of taste,

Fig.7

of dispoxition. of personal point of view. One cannot proceed in
the saume manner every year.

Every pupil has observed the stream of water that makes a
“hend™ as\g comes from a hose. This curve is shown by an experi-
ment (Fig. 81, Bolts and projectiles (Fig. 9) fly in a ballistic
curve which is nearly a parabola. When metal is deflected (Fig. 10),
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a parabola can appear. Finally, we study something connected with
the subject of falling bodies, namely, that curve which results when
the spaces traversed in equal portions of time are represented by
hanging rods (Fig. 7).

Examining the change of volume of water between o and &
centigrade when discussing the theory of heat, we find the parabola
indicated in Fig. 11,

When we were studying the conic sections in this way, a pupil
produced Fig, 12, and verified the fact that there was a parabola
by pointing out the vertical bars involved.

Fig. 14

L

When a cyhnder containing some liquid is turned on a whirling-
machine (Fig. 13), a parabola is distinctly to be seen. This gives
the first occasion for the mention of that solid figure which is the
result in reality, the paraboloid. We use the same whirling-machine
and put on it a parahola cut out of metal.* By rotation we obtain
the parabolic =olid (Fig. 135) of the equation x* - v¥ . 2ps .= o,
its projection (Fig. 16) being a circle (see also Fig. 17). When we
discusse ] this generation of a paraboloid, a pupil presented the two

= All the above-mentioned models can be obtained (rom the Schul-Verlwshand
lung Kreye, Fernroderstr. 16, Hinnover, Germany.
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plaster mudels of parnboloids (Figs, 18 and 19) depending upon the
parabolas »* - 2z and v ¢ 4s.
So the problem of the elliptic paraboloid suggested itself.  Its

eyuittion is:
AR

Lt 2P0
o b P

After this digression into solid geometry, we return to other
methods of generating a parabola.  The fact that the sections of
the above-mentioned paraboloids produced parabolas supgested the
question of how to obtain this curve by other sections, ‘The experi-
ment with a conical glass (IFig, 23) nilled with a dirk liquid shows
the parabolic form. Germinal Pierre Dandelin (1704-1845), as is
known, inscribed a sphere in a cone (Fig. 20) with the aid of which
one can obtain the analytic form of a parabola without extraor-
dinary difficulty.  If we intend to connect the parabolic section with
centril collineation, the model (Fig, -1) will be of great use. The
movement (Fig. 22) shows the perspeciive relationship which exists
between the circular base and the section with the vertex of the cone
is center,

The crown of geometric research still remains the central col-
linear drawing which we used at the last. The sketch in Fig. 14
shows in the form of a diagram how to get the figure of a parabola
with the aid of a projector and a circular disk of metal or wood,
The brush of rays and the position of the circle is demonstrated
very distinctly in Fig. 24.

General purpose of the method, et us cast a backward
glance at this brief account, The essential point is observation of
functions in the soidest sense, On the one hund, the various forms
of the parabola in itsell are to oe demonstrated quite clearly to the
pupil. as the many forms shown to himindicate.  On the other hand,
the pupil has to realize fully the diversity of generation. Therefore,
the curve itsell and the methods of generation are seen to be
actually functional.

We must cease to show the pupil the mathematical figures in the
texthook or on the blackboard.  He must draw them  himself:
he must take the models in his hand and <tudy with his own hand
and eye what takes place, The experiments described must either
be executed by him or demonstrated to him in the mathematics
lessons, Then his eyes. and his heart too, will he opened to the
curve: then he will get a vision of space in the world around him,



THE MATHEMATICAL COLLECTION 21§

ey
| B A A
e l ‘i N
/ .
R S
( > \\ __J_,. ‘//.

Figls  Fig 16

Fig.23 Fig. 24

GeNERAL REMARKS ON THE Usk or MobELs

Usefulness of mordels in mathematical instruction, A further
discussion of the models referred to above is necessary to explain
their use in mathematical instruction. ‘This may be demonstrated in
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a general as well as a rpecial sense. Generally speaking, there is
great educational value in the methodical and pedagogic aspects of
the use of models: specifically, we have to acknowledge the didactic
and logical assistance of such material.

Models may be used as follows:

1. Mathematical qualities can be symbolized by real actions.
Here we mention IYigs. 6 and 23.

2. Understanding of difficult processes of reasoning can be facili-
tated by empiric help. This purpose is served by Figs. 14 to 22,
and 24.

3. The possibilities of applying mathematics can be shown in
the pure and applied sciences. The models shown in Fig. 13 and
in Figs. 7 to 12 are suited to this purpose.

4. The usefulness of mathematics in social life can be proved.
Here we mention the many games that use small sticks and plates,
as well as the arithmetical and geometric games.

Models can be employed in teaching in the following ways:

1. To prepare a deduction. Example: If a paraboloid has been
generated by rotation (Fig. 15), its equation can be easily deduced.

2. For the deduction itself. The typical example is the model
of Dandelin’s sphere (Iig. 20). The qualities of a parabola are
scarcely to be comprehended without this means of instruction.
The experiment illustrated in Fig. 8 is a good example.

3. To prove a deduction. 1f we have demonstrated, for example,
the proposition of the similarity of all parabolas, the models in Figs,
6a, 6¢, and 6¢, with the indicated points, will show this quality.

4. To prove theoretical reasoning. The relationship between
circle and parabola is to be deduced in quite an abstract manner.
The models in Figs, 21, 22, and 24 illustrate the truth of this reason-
ing. The apparatus in Figs. 7 to 1o can be employed likewise.

5. To widen the subject dealt with, In the first place examine
Fig. 12, The right use of models relieves mathematics of its in-
trinsic rigidity. 1t clarifies ideas and notions according to the -
famous vords of our Konigsherg philosopher Emmanuel Kant:
Begriffe ohne Anschawung sind iecr, that is, - Ideas without views
(perceptions) are empty.”

ARITHMETIC AND ALGEBRA

Further examples of the use of models, Some models from
the different branches of school mathematics will now be described
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according to their purpose and use. It is not possible to name or
present all the apparatus which we have collected in the course of
time. Such an enumeration would be too long and of no general
interest. The intention here is, in the main, to indicate some
novelty. .

In arithmetical teaching, the abacus in the form of a soroban
can be used according to the example of the Asiatic nations. In
Figs. 250 and 25h we see a ledge dividing the case into two parts.
In Fig. 2350 each ball above the ledge means ten units: in conse-

A
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Fig. 26 Fig27

quence. in the lower part of the case ten halls are to be found on
each rod. The balls pushed upward are ccunted and the number
48 can be read off on this model.

On the second abacus five balls are below and two are above.
Each upper ball means five units. The number 68 is easily read
off. From this abacus the mechanical calculator has developed.

Fig. 28 shows our idea of how to demonstrate and make clear the
simplest matters of instruction. These scales are taken into the
classroom, and water or something else is weighed, so that the
pupils learn to use weights,

The nomogram (Fig. 30) can do good service in the addition
and subtraction of whole numbers and fractions.
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Dr. Spitta has constructed the apparatus of Fig. 26 after an
old model designed to demonstrate fractions. We see that the rim
is divided into twenty-four equal parts. At the present moment
the fractions 1/3 and 2/3, distinctly set off by colors, may be read.
The apparatus is adjusted by turning the white lever.

Fig.28 Fig.29

Proportion forms an important subject. Though we have re-
duced proportions entirely to linear equations, the difficulty of
obtaining a clear understanding of ratio cannot be denied. Here we

Fig. 32

see a very good example of practical exercises done by pupils. Fig.
31 shows an arrangement of which we do not think a precise de-
scription and explanation -~cessary, since extension is known to
be in proportion to weight. The proportional factor is easily found.

The model shown in Fig. 29 may be of use to demonstrate in-
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verse proportionality; the smaller the radius, the greater is the
number of revolutions, and vice versa.

That proportional compasses must be used in a study of the
theory of proportion goes without saying. They are often repro-
duced in American textbooks.

The theory of proportion affords a very good example of prac-
tical use according to the methodical principle of “concentration,” *
as proportions were used by artists for drawings of men and women
in the days of the Renaissance when man was regarded as the meas-
ure of all, and when the chief aim of artists was to model the human
body in an ideal form. We know that Leonardo da Vinci (1452-
1519) diligently studied proportion in order to create beautiful
bodies. These proportions of the human
body were analyzed in the time of the an-

ients. Great tables w aw | ”“!
cintera s e draen o ||

another and especially of all parts to the
whole body. Such a table was called a |RiSiianiiosaime
“canon,”

One sketch Ly Leonardo represents a ARk
L T T T R L T W U W Y
head. In it one can see that the part AR
above the forehead is equal to the k i
breadth of eves and to the distance from
nose to mouth. Likewise we find the
same distance from eye to point of nose
and from mouth to chin. Moreover, we Fia 33
see that the shorter distance is contained 3
twice in the space from mouth to chin and three times in the fore-
head. From a similar sketch, of a leg, we can also tead off some
proportions,

But we must not think that every painter proceeded in the
same way so that every body was similarly constructed: with
other painters as with Leonardo we find several kinds of measur-
ing tables., The German painter Albrecht Direr (1471-1528) also
designed his human bodies by Zirkel und Richtscheidt, i.e., by com-
passes and ruler.

For the teaching of algebra we have additional models: a slide

4 See Richtlinien fiir die Lehrpline der hiikeren Schuden Prewssens (Course of
Study for the Secondary Schools of Prussic). Weudmannsche Buchhandlung.
Berlin, 1oz,
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rule, two catenaries (Fig. 27)— the parallel rods can be adjusted
narrower and wider—and finally Galton's board (Fig. 33) for the
calculus of probabilities. At this board practical exercises can be
undertaken in an experimental way to study the curve of the rule
of partnership as stated by Gauss, leading later to a theoretical
consideration. The equation reads:

GEOMETRY FOR THE INTFRMEDIATE COURSE

Models used in plane geometry. As a first example let us
describe that model by which angles of parallels can be studied
(Fig. 32). There are two parallel straight lines and another one
bisecting them. The problem is to compare the magnitude of the
original angles.

To read off the angles, we have set down the points of inter-
section as centers of full circles. For practical purposes the model
nas been constructed of slats which can be pivoted. The parallel
slats are connected with wires, and on these are drawn the three
lines mentionec.

The different angles are read off in various positions of the
straight line and the parallels, their magnitudes are compared,
and so we find out the well-known relations between alternate and
other angles. This can be done either by obvious demonstration
or as a practical exercise by pupils. We think an abstract proof
is not necessary. The empiric comprehension shows the mathe-
matical quality quite distinctly.

Models used in solid geometry. XNow for the solids! We
attach much value to solids of different sizes and of different ma-
terials, right and oblique. The drawings (Figs. 34a and 345) show
some of these solids. We teachers know that in solid geometry
the great difficulty is the transition from prisms to pyramids. The
principle of Francesco Bonaventura Cavalieri 15982-1647) helps
over this difficulty (Fig. 35). The essential point is that here
careful reasoning about transition (Grensbetrachtung) is used, with-
out which we cannot succeed. LFormerly the pyramids and prisms
were only constructed of small plates 1 cm. high.  Nowadays we
begin with these models too, it is true. hut we have these small
plates made of the thinnest paper in order that we may omit
the well-known steps at the lateral edges of the pyramid. Here
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it becomes evident how profoundly the pupil must think over the
process of transition, so that he will understand it clearly.
The result of the indicated reflection is the theorem that the

L TR -

-
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volume of a prism is three times as great as that of a pyramid of
equal base and equal height.

For this theorem we have very valuable tin models, with which
the experimental proof by sand or water is done in the classroom
or as a practical exercise by the pupils (Figs. 36 and 37). The
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solids belonging together can easily be discovered. Fig. 37 shows
how the prisma is supplied with sand up to the edge by filling the

pyramid three times.
‘The most important step for pupils working with solids is the

construction of these solids with their own hands, using small

sticks. For this purpose we have special cases filled with small

sticks and “plastilina.” * The sample on the case (Fig. 39) shows
b

i

the right use of the materials within. Fig. 38 shows other examples

of such solids.
It is surprising how eagerly the pupils work with these small

sticks (at Hannover called Wurstspiclery.  Activity begins when

o Modeling clay.
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pupils construct with their own hands, come into contact with the
solid, and see the possibility of putting in some colored sticks rep-

resenting diagonals and heights  of
planes or of solids, With the aid of
his model the pupil is able to ascer-
tain the triangle of a giver height, i.e.,
slant height and to calculate the miss-
ing part. This personal activity
stimulutes covperation extraordinarily,
and we consider rousing the pupil’s
interest an important part of our
teaching.

The principle of universal func-
tionality also deserves notice in con-
.ection with golids. The sphere, the
cylinder, and the cone (Fig, 40) have

F

L5+

to be generated by the revolution of a circle, a rectangle, and an

isosceles triangle on the whirling-machine,

By means of sand and funnels (Fig. 41) we form cones and

Lo e s 2t

,..?

their osculant line as a curve of three dimensions and of the fourth

order.

Finally, we use the thread model of a cylinder to show the pupils
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the ever-amazing transition from the cylinder to the one-shelled
hyperboloid and to the double cone (Figs. 42a, 426, and 42¢).

To be quite clear, something should be added to this account
of solid geometry. With us in Germany the principle of teaching
geometry in the sense of dealing with solids prevails more and
more, We not only study angles, lines, distances, and figures in
two dimensions, but we also lay great stress upon continually chang-
ing planes and solid bodies. After deducing a proposition about

Fig. 42

the isosceles triangle, we search all solid bodies for this triangle in
order to get a clear picture of what we have learned. Following
Schimmack, we call this method of teaching geometry *fusion,”
that is to say, a continual connection between solid and plane
reasoning.

These words of explanation were thought necessary before going
on, for preci:e mathematical particulars cannot be given without
a discussion of many more models, and because of the confined
space available here. The only additional comment to be made
will be that the above-mentioned method of using sticks is applied
to plane geometry as well as to solid.
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Additional discussion of models used in plane geometry.
For plane geometry still other apparatus must be used for the pur-
poses of illustration and explanation. The relations of quadrangles
only will be discussed.

In several German towns the cyclists use direction pointers so
that they need not lift their hands from the handlebars at cross-
ings. This apparatus is repre- S e
sented in Fig. 43. ‘The upper B /
figure shows the rhombus- =TT
shaped links: at the right is a \ Lo
white and red disk. and at the Lo
left is the handle for adjusting. g
In the lower figure the disk is \
projected. This is the position ’ s
from which to start when teach- N
ing. The links form squares. ) P
In drawing back the disk. the S
squares change into equilateral Lo
quadrangles of various forms.

This transition is used in
Fig. 44 to introduce a diagonal and to study the angles. The next
model contains two diagonals.

Fou the illustration of the relationships of angles and diagonals
we have constructed a model (Fig. 45) which is adjustable. We

Fig 43

./-'-\,‘-

can make the sides longer and shorter, and we can shift the sides
correspondingly : at the same time we have two diagonals. The
sketches 43a to 45/ illustrate this clearly. We see « the rectangle,
b the square, ¢ the parallelogram, d the rhombus, ¢ the trapezium,
and f the quadrilateral.

Of course there are models for the theory of circles. Some
sketches are shown. They concern the theorem of Thales which
deals with the right angle in the semicircle (Fiyg. 46a), the re-
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lation between the inscribed angle and the angle between the chord
and the tangent (Fig. 46b), and the angle at the center (Lig.
46¢).

When dealing with the sphere, difficulty arises in finding out
the number . According to modern ideas in mathematical instruc-
tion, the teacher’s main duty is to preseat the idea of limit. Here

| Do - 7
V/
| __V//,' ah
) /}';\\' ! [ X
-
o | - X
a b

a practical exercise is of great importance. We have wooden
disks of various radii. The pupils measure the circumference (c)
with a tailor’s tape mieasure and the radius or the diameter (27);
then they try to find out the value of ¢/2r on different disks. The
result of course can be only approximate: the point of this exercise
is for the pupil to realize the constancy of this quotient, however
large or small the disk may be. In order to give the pupils an
idea of the transcendental and irrational character of the number a,
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we have indicated the value of x up to fifty decimal places in the
form of a frieze on the wall of our collection room.
At the conclusion of this account of the intermediate course

two pieces of apparatus should be described. In Fig. 47 we see a
model for the changing of surfaces. 4 and B are fixed points, 4D
and BC are elastic. DC slides in a _
wooden slat of the size of 4B, To e
the small slat in which DC slides F
hooks are fastened which can be /
shifted on a longer bar, By shift- /
ing, the rectanele ABCD was made / /
into the parallelogram ABEF of f ’/
equal area, When dealing with f
geometric proportions we show and A
use the diagonal scale. On our fig. 47
maps we have different scales, eg,
1:1000. 1:625. 1:2000, and so forth, Practical exercises are done
with them,

Besides the models mentioned already, there are of course sev-
eral others such as pantographs, but they are to be found in every
mathematical collection,

GEOMETRY FOR THE UppkER COURSE

Unification of the subject of geometry. The great reform of
mathematical teaching under the leadership of Felix Klein. David
Eugene Smith, and others first prompted the teaching of analytics
in the secondary schools. In geometry, the problem of introducing
the subject and the problem of educating teuachers to include the
study of space was discussed, for the useful unification which
arithmetic. algebra, and analytics had underzone had found no
parallel on the side of geometry. The reformn in the teaching of
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geometry wis followed by a movement to luy great stress on the
promotion of the subject in secondary schools. .\ “silent reform™
began, as we say. This movement tried in the first place to amal-
gamate the various branches of geometry: BEuclidean, analytic, pro-
jective, descriptive, and Apollonian geometry.,

The importance of projection in geometry. [Felix Klein in
his famous Erlanger Programm * has indicated the importance of
the projective group in the unification of geometry, ‘The entire
subject of geometry may be divided into five topics: congruence,
symmetry, simitarity, affinity, and collincation.  This sequence is
divided in such a way that in the intermediate course the first
three predominate, in the upper course the last two. The affine
and central-collinear transformation as part of the projective aspect
form the connection hetween the conic sections and the cylinder
and the cone. in a word, between the parallel-projective and central-
perspective ways of generating conics.  And thus an important
connecting link to descriptive geometry is created,

The aftine relation v . en two prismatic sections is shown by
the model in Fig. 48¢. T . comnecting lines of corresponding points
are parallel il the points of intersection of corresi.onding straight
lines are situated on the so-called axis. the section-line of the two
section-planes.

Now it is important that this relationship remains when we
turn one section-plane.  The hand holds this plane straight in turn-
ing.  Having arrived at the level of the other section-pline, we
see that the aftinity at tirst defined for three dimensions has also
validity for two.  This plane affinity produces other relations,

Keeping in mind these relations, the models of Figs, 486, 48¢,
48d, 48¢. and ggc are based.  They indicate the affine relations he-
tween circle and ellipse. and between ellipse and ellipse.

The highest stage of affine projec ion is that of central collinea-
tion.  Instead of putting water into a eylinder as in Fig. 48¢, we
have to use the cone (Fig. 48/) and obtain the ellipse.  The collinear
relation isx obviously shown hy the projective threads in Fig. 48g.

Perspective position and three dimensions,  Fither at this
time or at another a clear understanding of the famous theorem of
Girard Desargues (13593-1061) is of high importance.  As is known,
the problem is to tind out the condition for the perspective position

“Klein, Kelise Grwemelte Werke, Vol 1 ppe g1 B and pp. goo £ Julius
Springer. Berlin, 1021,
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of two figures. The theorem has validity for planes and for solids.
The model (Figs. 48% and 48/) makes this relationship clear,
Probably this turning apparatus is the most important means of
teaching objective lessons in our mathematical collection. It illus-
trates affinity, similarity, symmetry, and congruence, and shows
clearly the relation in the second and third dimensions.

The models shown in Figs. 49¢ and 494 indicate the peda-
gogical importance of the train of thoughts discussed above, for
the understanding of three dimensions in the relationship between
circle and hyperbola is extremely difficult. The projective lines in
Fig. 49a clarify this excursion into the third dimension, which at
other times is very troublesome: Fig. 494 has the same effect.

The models according to Dandelin (page 224) are represented in
Figs. 49¢. 49d. and 49e, as a sort of summary. Once more we see
the projective and central-perspective relationship of three dimen-
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sions. We have already become acquainted with the models for the
study of the parabola (Figs. 14 to 24).

Miscellaneous illustrative models for the upper course. As
to the ellipsoid and the one-shelled hyperboloid, we refer to their
generation by means of the whirling-machine. Of course there are a
considerable number of models of wood and gypsum for the various
ellipsoids and hyperboloids in our collection room.

Fig. 49

The next =ix models are related to the parallel and to central
projection in a special sense. In Fig. sou¢ can he seen a cone in
different positions,  In Figs. soh and so¢ the means of discover-
ing the real length of a straight line from its projection is
shown, The advantage of this arrangement is that the line may be
turned down into the horizontal plane as well as kept in an upright
projection.  Since the supporting triangle is difficult to conceive,
it is represented in Fig. sod. With one finger the triangle is held



THE MATHEMATICAL COLLECTION 241

and with another a separate hypotenuse. On the horizontal plane
the way of turning down the hypotenuse and with it the means of
generation are indicated by which the gradient of slope, in other
words the supporting triangle, may be obtained. The area of a tri-
angle, as is known, is to be found from its projections, The model

Fig. 50

in Fig. 300 may be of use in solving this problem. The demon-
stration of the perspective of a cube may be mentioned as the last
of this group.

In spherical trigonometry we have necessarily to consider the
celestial vault (Fig. 31) and its orientation. The development of
ideas about the universe und the heavenly bodies is of historic in-
terest. The difliculty which the so-called loc y line of the planets
caused all their interpreters leads us te Claudius Ptolemaus of
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Alexandria (200 B.C.) and his theory of cycloids which we make
use of now and then.

The Landheim. Our school is well off in possessing a Land-
heim,’ where we are able to take up celestial studies and the ap-
plication of mathematics to field work. The teaching of mathe-
matics can be very successful in the Landheim. Apparatus for both

Fig. 51

simple and difficult measurement must be available there, such
as tape measure, theodolite. surveyor's table, and leveling instru-
ments.  We strive to construct the measuring apparatus ourselves,
if possible, in our workroom. In Fig. 52 the latest products of the
Herschelschule in this respect are to be seen.

YA Landheim is a house [8r pupils ia the country where they go for a
fortnicht every vear during the school term. They sre taught there as well as
in town, but the principal matter of interest is that the instruction refers to the
country and its inhabitants. to civilization, to the surface of the ground. and
the like.
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CoNCLUSION

In the above account of our models only a selection of such
things as appeared essential has been made, Besides the models,
apparatus, sketches, and tables, we have a collection of lantern slides,
containing pictures showing the relationships between art and per-

N T el
Ed

P

spective, proportions in art, allegorical representations of mathemat-
ics, and finally a large number of portraits of great mathematicians,

All this we have brought together to make mathematics pieasing
and concrete. The well-known discrete curve of Karl Th W,

Fig. 33

Weyerstrass (1815-1897) obviously showed that abstract Gehirn-
mathematik (brain mathemutics) 15 of no use in school. Peda-
gogics, psvchology, and experience in teaching demand that we
teach demonstrative mathematics, in the sense of educating the
pupil to good mathematical reasoning. Irom empiric to abstruct
subjects—that is the way!

In our collection there is also an amusing assortment of models
composed of chocolate boxes (Fig. 53). Sweet mathematics
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UNITS OF INSTRUCTION IN SECONDARY
MATHEMATICS

THE UNIT, DIRECT LINEAR VARIATION

By J. S. GEORGES
Crane Junior College, Chicago, Ilinois

General principles of unitary organization. The organiza-
tion of instructional materials into units has for its main purpose
the enhancement of the value of mathematical instruction, and the
facilitation of the learning of mathen.atical concepts, principles, and
processes. It undertakes to group together homogeneous materials
which are different aspects and manifestations of some basic mathe-
matical principle or concept.

It has been found expedient to base unitary organization in
mathematics upon the following general principles:!

1. Each unit of instruction is to have a central theme. The
theme of the unit is a fundamental concept or process around which
the instructional materials are organized.

2. Each unit of instruction is to have distinct, but associated
unit elements. The elements of the unit are related processes and
principles that will actually aid in the development, presentation,
learning, and application of the theme.

2. Each unit of instruction is designed to result in definite and
real learning products. The learning products become the zims of
the unit.

4. Each unit of instruction is to be a significant part of the
course. The course is thus constituted of related units. The course
bears the same relation to the constituent units that the unit bears
to its constituent elements.

5. The instructional materials of the units must be those exer-
cises, problems, and applications that actually center about and
focus upon the theme.

stone, C. A, and Georees, J. S, "General Principles of Unitary Organization,”
School Science and Mathematics, Vol. XXX, No. 8. pp. 001 0o, Novembrer. 1930,
204
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6. ISach unit of instruction must be teachable at the school level
where it is presented for instruction. The learning of the unit must
a. cually attain its definite aims.

7. Each unit of instruction must provide means of identifying
the presence of the uttained learning products. The tests should
be adequate to determine whether the learning products have or
have not been attained.

The scope of this chapter will permit the discussion of only the
first four principles, illustrating them in terms of the unit, Direct
Lincar Variation.

The theme of the unit, the concept of direct linear variation.
The concept of function is of such fundamental significance in
mathematics, and of such universal interest in non-mathematical
fields of thought, that some phase of thic rich concept should be
made the basis of the organization of a unit of instruction and its
entire study be made as a sequence of related units. The relation-
ship v == ax is presen*ed here as a typical unit of that sequence, and
specifically as defining the concept of direct linear variation.

The linear function v = ax may be interpreted as a process in
the .tudy of variation and dependence of a specified nature. The
study of this function involves phenomena and relationships that
are assumed to contain but two variable factors, associated to-
gether by a relation whose nature is well defined and is expressible
in mathematical symbol’sm. The variables ¥ and x represent the
two variable factors, and the parameter a represents the specific
mode of variation between the two variable factors. ‘The statement
of the relation between y and ax as well as between x and :z' gives
the law of variation. )

The relation v == ax defines direct linear variation between the
variables v and v, and it represents the simplest and the most satis-
factory way of stating simple proportionality. The concept defines
a definite and complete process by which certain types of variations
can be studied. The concept thus preseuts definite learning prod-
ucts in terms of its various manifestations and applications.

The elements of the unit. The elements of the unit have been
determined upon the basis of their logical connections with the
theme of the unit, the concept of direct linear variation. They
have been selected also because of their significance both in mathe-
matics as basic concepts and processes, and in all scientific fields

Q
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as definite processes of quantitative thinking. The determination
of their values in instruction has been based upon the following
analyses: (1) books on the teaching of mathematics: (2) articles
dealing with the concept of function: (3) selected textbooks in
algebra and general mathematics. The six elements of the unit are:

1. E,—Tabular representation of direct linear variation.

2. E.-—Graphic representation of direct linear variation.
3. E.—Algebraic representation of direct linear variation.
4. E,—The algebraic function v .= av.

5. k,—The ratio form : == d.

N . Vi

6. k.—The proportion form -t', =0

The first three elements of the unit as presented here show
how these processes, which are in general use in all branches of
scientific and quantitative thinking, may be applied to the study
of direct linear variation, The last three elements are specific
algebraic forms representing direct linear variation.

Element E,. The tabular method. which the pupil may have
studied in previous work in mathematics, is presented here in its
relation to direct linear variation. A table is considered a con-
venient way of showing him two related sequences of numbers, A
number-pair defines two corresponding numbers. Qur problem is
to find the nature of the correspondence, that is, the relationship
which holds throughout the table. The pupil can see that the tabu-
lar method. as presented in the unit, can be applied in the study-of
industrial, commercial, scientific, social, and educational problems
which obey the law of direct linear variation. IFurthermore, the
method can be used to determine whether or not a given table of
numerical facts displays this sort of vaiiation,

The three methods of determiving the relationship between the
number-pairs ot a table, applicable to the present unit. are: (1) the
method of differences, where the differences of the corresponding
number-pairs are compared ; (2) the method of averages, where the
averages of the number-pairs are compared: and (3) the method of
ratios, where the ratios of the corresponding numbers of the table
are compared. While all three methods are applicable to the rela-
tion y =z qx, the first two are shown to be applicable to the general
linear function v - ax -+ b, thus distinguishing between these two
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types of relationships. Furthermore, the methods are used to de-
termine when the relation expressed by a given table is nearly linear
of the type v = ax.

The law of variation of a table, or the formula which states the
relationship between the elements of a table, is determined by means

LN .
of the ratio e where v and x represent any corresponding elements
of the table. If this ratio is the same for all the number-pairs, the

. . v . v .
law is stated in the form P It is shown that the form Tl

equivalent to the form » = qx. Direct linear variation is specifically
defined in terms of tke function v = av.

Element E.. In F. ti-e graphic me.uod of studying direct linear
variation is considered. 'upils are shown that this method is to be
used to represent related {* vts geometrically. It not only illustrates
the relation between the two variables, but also enables comparisons
as in a table. Moreover. the graph is shown to furnish additional
facts which are not obvious in the table. It has the advantage of
being thus more compact than a table.

Though the graphic method may have been studied previously.
special attention is paid in the unit to the making of a graph to
show the one-to-one correspondence between the number-pairs of
the table and the points of the graph. Tabulation. selection of the
reference lines. selection of suitable scales, plotting the points, and
drawing the graph are the processes which are reviewed in their
relation to direct linear variation. The terms codrdinate axes,
ordinate, and abscissa are used. Directed numbers are used in divid-
ing the plane into four quadrants.

In interpreting the graph. special emphasis is placed upon the
relation between the straight line graph and a table representing
direct linear variation. The pupils are shown that any algebraic ex-
pression which can be written in the form y = gx has a straight
line for its graph, and that the graph intersects the coirdinate axes
at (0. o).

The rate of change of the variable y with respect to the variable
X is found by determining the ratio of the v-value. or the ordinate.
to the x-value, or the abscissa. for any point on the graph. This
ratio is seen to be the same for all the points on a straight line
graph representing direct linear variation. just as it was true for
all the number-pairs of the table. The rate of change is also in-
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terpreted in terms of the tangent of the angle formed by the graph
and the x-axis.
The constant of variation « is identified and associated with the

rate of change, and with the ratio % By drawing several graphs

using the same codrdinate axes and the same scales, it is shown that
the rate of change depends only upon the particular value of the
parameter ¢. Thus it is shown that specific values of the parameter
a represent specific applications of the law of direct linear variation.

Element E.. When the nature of any relation between two
variable cuantities is completely determined, the elation can be
expressed algebraically. In Element E, derivations and interpreta-
tions of formulas representing direct linear variation are considered.
In addition to the derivation of formulas from tables and graphs,
which was considered in the Unit Elements E, and E., this part of
the unit treats the translation of statements of variation into alge-
braic symbolism, and conversely, formulas are translated into state-
ments of variation and dependence.

The statements of direct linear .ariation may be of the following
types: (1) specific relations explicitly stated, for example, the
weight of water is 62.5 pounds per cubic foot; (2) implied relations,
for example, a train travels at a uniform rate: (3) statements of
dependence, for example, the perimeter of a square depends upon
the length of the side; (4) statements of direct variation, for ex-
ample, the weight of an object varies directly as the density: and
(3) statements of proportionality, for example, the weight of copper
in an alloy of copper and zinc is directly proportional to the weight
of the zinc. In each case suitable symbols are selected for the
variable and constant quantities, and the relationships are ex-
pressed algebraically. Each formula assumes one of the forms

¥ Vi M

vImgx,” =@, or " -=="".
X Xy X,

Throughout the Unit Element E, the formula is interpreted as a
standard of exactness in the sfatement of functionality.

In the evaluation of the jformula, products and quotients of
integral and rational numbets, both absolute and directed, are
presented.

Element E,. Here the relation y == ax is associated with the
meaning of function, that is, the expression ¢x is a function of x,
and v iz a symbol for f(x). It is shown that as x varies over its
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range of values, the function ax, that is v, varies over its range of’
values in such manner that the relation y == av always holds, ‘The
function ax is compared with other algebraic functions. both linear
and of higher degree. to emphasize its nature. and to enable the
student to recognize this function out of a multitude of other alge-
braic functions.

In the form v == ax the nature and the meaning of the symbols
are studied: x is interpreted as the independent variable. v, the
dependent variable, and ¢, an arbitrary constant. A true under-
standing of these ideas facilitates the transformation of a formula
from one form into another, so that the independent variable of one
form becomes the dependent variable of another form. Thus the
idea of dependence is closely associated with that of functionality.
If v is a function of x, the equation may be so transformed that x
is expressed as a function of y. It is shown that this is always
possible in direct linear variation,

The applications of the form y = ax utilize the processes of
evaluation and the solution of equations. Evaluation is the finding
of specific functional values for assigned or determined particular
vialues of the independent variable. The solution of the linear
equation. on the other hand, is used to show that for given values
of the dependent variable. the corresponding values of the inde-
pendent variable may be readily determined.

The linear equation in one variable. namely ax - A, is shown to
be but a special case of the linear function y - wx. This point of
view needs further amplification.  While traditionally the equation
in one unknown is made the basic principle about which are built
up and developed related algebraic manipulations and applications,
the presenc point of view considers the general function in two
variables as the basic principle and reduces the equation in one
unknown to a specific application of the general law. The equation
asks the question:  What is the specific value of the independent
variable & which corresponds to a specific value of the dependent
variable v? This point of view has governed the selection of the
instructional materials. Instead of the puzzle pronlems based upon
the ~popular sport of hunting the unknown.” such as the classical
number and age problems, practical applications and illustrations
of direct linear variation from various sources are introduced in this
connection which in their particularities yield equations in one un-
known,
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The method of sums and differences is resorted to in presenting
equations of the form ¢,x = ¢, = =-a.x = ¢., which are reducible
to the form ax = ¢. One of the important functions of mathemati-
cal thought is the generalization of specific cases, more so in func-
tionality than elsewhere; hence special provision is made to develop
the habit of recognizing generalities of similar situations, and of
interpreting like specific cases in terms of the general law covering
them,

Element E.. While in the development of the relation v = ax
the meaning and significance of the constant of variation ¢ has been
made evident in the previous elements of the unit, in E; the em-
phasis is placed on the ratio % The variable ratio% represents
various particular manifestations of the law of direct linear varia-
tion. Thus the law of uniform motion, d = rt, may be considered
as applying to many specific situations, each case being an appro-

priate interpretation of the law. For example, ff- = 4 may apply to
the case of a man walking .t the rate of 4 miles an hour; 24:.: 30,

0. d . d
to an automobile; = = 50, to a train; - = 1350, to an aeroplane;

t t

and so on. Furthermore, since all these particular relations are

1. s d . .

expressible in the form 7= the symbol r is a parameter wk "

remains fixed for a given relation, but varies from relation to re-
lation.

The values of @, which in reality represent the variable ratio

%, are directly associated with the rate of change of v with respect
to ¥, and with the slope or tangent of the graph.
. N .
T'he processes attendant upon the form L= u are: (1) reduction

of ratios or fractions: (:) evaluation: (3) solution of equations;
and (4) transformation of torinulas.

. . . A
The transformation of formulas into the linear form 3«: = q re-
quires the identification of the dependent and independent variables

and the solution of the formula for the ratio : Thus, E-S == R-S’
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\
v 4

) . Ia 1, .
is put into the form RS by solving the formula for the

ratio fé , the value of the constant ¢ being represented by g
- v Voo oo, g
Element E.. The form "_-3 = which is treated in E, is the
RY A

form in which the law of direct linear variation is generally known.
It is in this form that the law is appropriately called the “law of
simple proportionality.” In many scientific problems, such as in
physics, chemistry, and the social sciences, the proportional form is
commonly used because it yields results simply and readily. In
geometry, the concept of similarity is presented entirely by means
of proportionality, and its use is carried to such an extent that
often the law itself is not made evident to the student. Proportions
are set up and solved without due regard to the law which governs
similarity of geometric figures as a special case. In art, symmetry
and harmony of line and form utilize the proportional form of the
law. Thus it becomes perfectly clear that special emphasis is
needed, first, to show the relation of the form to the law of direct
linear variation, and, second, to enable its intelligent use as a
process in the solution of problems. Without a clear understanding
of the nature of the law, the use of proportion reduces to a juggling
of numbers to obtain some kind of answer, often unreasonable.
Ample opportunity is provided in the unit to associate the pro-

} 3 . .
portional form%—l:: y with: (1) the number-pairs of a table;
1 w3
(2) the coordinates of points on a graph: (3) statements of direct
linear variation; and (4) the algebraic function v =ex. The as-
sumption is made that the straight line law is completely de-
termined from two specific situations. Calling the specific values

of the variables v,, x, in the first situation and v., x. in the second,

the form \‘ = - ° is readily obtained. Again, proceeding from the

X,
law v == qx, the proportional form is readily derived. Ior, since the
law holds for all corresponding values of » and x, v, ==ax, and

\ VoL
V. T AX Qr 't‘ =-" ", it is not necessary in many problems to solve
Wy R

for the constant of variation, the proportional form giving the de-
sired result at once.
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‘The applications of the form to specitic problems are hased upon
the determination of proportions from tables, graphs, statements,
and formulas.  The resulting proportions yield the simple equa-

U

tions Yo or
A RE

b

proportions as

[ ¢ . . .o .
¢ Using sums and differences, we obtain such
X ¢

(V&)W
(v

The learning products of the unit.  The learning products of
the unit, the linear function ¥ ax, have heen classified in terms
of the elements of the unit into three main classes: the recognitions,
the understandings, and the abilities. The recognitions are definite
learnings which may or may not he associated with complete under-
standing of the concept.  For example. the recognition of func-
tionality in the algebraic expression may be associated with a com-
plete understanding of the nature of the law if the expression is
linear and has only two variables, but not if it has several variables.
The understandings are interpreted in terms of reflective thinking
about the concept. The rationalization of the concept. its signifi-
cance, nature, and manifestations constitute the understandings of
the unit if real learning has taken place. The abilities constitute
the acquisition of skill in the necessary operations and the asso-
ciated manipulations of the processes related to the fundamental
concept,

Though in the presentation of the results of this study, and
generally in a theoretical way, the learning products come first in
the scheme of organization. their determination follows the selection
of the theme and the identification of the related elements of the
unit. It is very essential to distinguish between two procedures:
the first which sets up the aims of the unit and then determines the
necessary instructional materials, and the second which determines
the instructional materials and then identifies the learning products,
meanwhile eliminating those materials that do not vield actual
learnings.

‘The recognitions of the unit are presented in Table 1. They are
classified into: (1) recognition of variation in general: (2) recog-
nition of the types of variation; and (3) recognition of the linear
variation v .::ax.  The check marks in the table indicate the
elements of the unit which provide opportunities for the learnings
associated with each item.  For example, the recognition of varia-
tion in the statement. “one thing depends upon another thing,” is



UNITS OF INSTRUCTION 253

provided for throughout the unit, while the recognition of variation
in the statement, “"the greater the first factor, the greater the second
factor,” is treated only in the first three elements of the unit.
The understandings of the unit are presented in Table IT and
are classified as follows: (1) understanding the tabular method of
studying variation: (2) the graphic method of studying variation;
(3) the algebraic or symbolic method of studying variation: (4)
understanding the linear form v == ax: (5) the linear form 31' e

a;

. . TR, O . o
(6) the linear form - [ e and (7) understanding the application
of the linear function to practical problems. The table presents the
distribution of the various items of each cliss under the elements
of the unit where opportunities are provided for :ie attainment of
the understanding.

The resulting abilities are presented in Table IIT and are
classified into: (1) abilities associated with the tabular method;
(2) abilities associated with the graphic method; (3) abilities as-
sociated with the algebraic method: (4) ability to manipulate the
various forms of the linear function v:==ax: (3) ability to apply
the formulas of the linear fnction ¥ == ax: and (6) ability to solve
the equations resulting from y == ax.

The unit a significant part of the course. The present unit
is designed to be the first of a series of related units constitu.ing a
course in high school algebra. The various units have in common
the interpretation and application of the concept of function. They
differ in the manner of interpretation and application. Each unit
presents a unique type of algebraic function.

A unit of instruction is an integral part of the course, and as
such must make definite contribudons toward the realization of the
instructional aims of the ccurse. The organization of educational
courses by units might be thought of as parallel to the structure
in units of bhiological organisms. The units are to the course what
the various organs are to the organism. The evolutionary processes
of nature do not first set up an organism and then apportion to it a
set of organs to perform the essential functions. Hence. is it not un-
natural to set up a course of instruction beforehand and then de-
termine units for it which are to be its integral parts, as is usually
done in the construction of courses? The attempts to take a
traditional course of insttuction. which was originally organized

O
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TABLE I: THE LEARNING PRUDUCTS As RECOGNITIONS

i : Usit ELeMENT
LEARNING PrODUCT 4T e
i BB R R B R
I Rm ugm(:on of variation. T
A. In statements:
I. ..depends upon... ............... VIiviviviviv
2o.variesas.. .V PV L VLV \/l\/
3. .ovaries directly as.. Lo RV, VIiVvIiViVviVv
4. ..is proportional to.. ........... vVivivVv ' v
5. wis diectly proportional to... .... | \/ | vV Viviviv
6. ..is a functionof... ............. VIiViviv!IVv FV
7. The ratio is constant. ........... VIiviv VARV
8. ..increases as .. increases. ... iV [V [V [V |V ;
9. ..decreases as ... decreases. ...... N1V | V|V vV o
10. The greater the ... the greater the; [ l
......................... i Viviv |
I1. 'Ihe less the ... thelessthe .. ....0 V|V |V |
B. In tables: ‘ i , l
ovardes direetly as oo N PV IV ViV LV
2. .sa function of.. ...l NIV IV VY ’ \VARRV/
3. The ratio is constant. . .......... YA BVARY, ! \/ , v
4. ..i8 directly proportional to... . ... PV i DV l ! RV
5. ..dncreases as .. increrses. ..., 0 \/ I\ .V ooy
6. ..decreases as ... decreases. ......; \/ , ViV l L
C. In gnphs L ,' Pt
o.ovaries directly as.. ... PV IVIV OV VY
2 s @ function of.. ..o oV iViviv.V
3. The ratio is constant. . ..., ... .. VIV IVIV LV
4. ..ds directly proportional to... .. .. N VvIiviviY
3. ..increases as ... iicreases. ....... VAR | i |
6. ..decreases as ... decreases. ...... - i\ \/ ! '
D. In formulas: ! : ; ; : ‘
1. ..varies directly as.. ....... ... PN TN ' VvV V
2 s a function of.. Lo oL ViV v ! ViV
3. The ratio is constant. ........... 0 \/ N/ N/ VRN
4. wds directly proportional to.. ... 0N PN\ | V4
§. ..ncreases as .. increases. . ...... i \/ ) NARVILRNVE :
6. ...decreases as ... decreases. . VYV NV
1. Recognition of the tvpes of uzrmtum | .
A Multiple-factor types in statements.. . = | VooV
B. Two-factor types: : : b
1. In statements . ... ... .. ..., VoV VY : VoV
soIntables oo o NV ' \/ i Voo
SIngraphs ..o L IEVANEVAR BN IRV vV
4. Informulas ... ... L, RV ‘ V | VAN ’ Vi | \/
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TABLE 1 (Continued)

- U~nir ELEMENT
LEARNING Provucet '
E. | B E | E | E|E
C. Dxrut linear mnatxon ;
. In statements ........000veen. VIiVvIViVvViVV
2. Intables ... VIivivivivIiv
3. Ingraphs ... ViVIiViViV
4 Informulas oo VIiVvIiViVIViV
1I1. Recognition of the linear variation y - ax.
A Asageneral law. ..o vViviv:iv]iviv
B, Asaspecal type....ooiiin i vViv | vViviviv

TABLE 11: THe LEARNING PRODUCTS As UNDERSTANDINGS

! Uyt ELEMENT
LeArRNING PrRODUCT ! - e

I‘:x i I‘:J En E4 Ej l':.l

1. Understunding the tabular method of] i
studying variation.

Al Depcndenu, of the elements.

. Variable factors of a table....... \V4
2 Number-pairs ... oo \V4
3. Relation of correspondence be-
tween number-pam v

B. \Iethods of comparing the elements :
. Ratios of number-pairs ......... | V
s, Ratios of differences............ V4

3. Ratios of averages ............. \V4
C. Relation between a table and its
graph.
1. Number-pair corresponding to co-
ordinates of a point............ v
2. Ratio corresponding to the tangent.

D. The law of variation of a table. I
1y cax-bb oo
20P T X e v |

IL U nderstaa 'ing the graphic method of l

<L K L
<KL <L <KL
<<

< < K<L
< < LK<

<<
<
<
<

<< <<

stindying variition.
A. The making of a graph.
1. The coordinate axes ............ VLV
Ao The Units oo veen i einannens VoV
3. The ordinate. the abscissa....... ViV
4. The correspondence between points
and number-pairs ... VoV
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T\BLE I (Contmm’d)

i Uit ELEMENT
LrarniNGg Probuver . I e
' 1‘4 | 1‘;, I E'; ' 1‘4 E'. ) o
B. lnu-rprc ation of a straight line ;.mph l ! i :
The form of the graph.......... i PNV “VIivIVv
2, The intersection with x-axis, - . i : i
ANIS e NV VO
3. The rate of increase............ : vV LV
4. The tangent .................. VAR VAR _ :
3. The formula. the law of variation. : ARRVERV, Y l \V4
I Understanding the algebraic or symbolic . ' !
method of studying variation, : : ; : 5
A Algebraic  statement  of - “depends ; I ; t
UPORT g ViV oV I \/
B. Algebraic statement of “is a function ! ! ' i
) S VY :
C. Algebraic statement of “varies di- f : _ '
rectly as” oL VvV VIV VLV
). Algebraic statement of “is directly : : : !
proportional to™ ... o oL VvV ViV
E. Algebraic statement of “their ratio is : : l
constant” L L. \' NV AV
F. Algebraic expression of rules. ... ... : ViV V.
(. Formulas of tables of variation. ..., ; \V ' .V :
H. Formulas of graphs........... ..., ! Y l \Y ! iV
I. Formulas as laws of variation....... VoV IV V
IN. Understanding the form v .. ax. ' i : i :
A vasafunctionof x ... . L. ! PV, :
B. » varving directly asx ... VoVviviivoo ViV
C. v as directly proportionai to x ... ... N VA N RV
D. Variables and constants, f l ; !
i. Independent variable x ... ..., NV VIV LV
2 Dependent variable v ..o SNV NV Vo \/;
1. Constant of variation o ... .. .. Vo VIV VG
L. The transformation of v ax into’ ,
T P N ARV R
F.Theeraph of & = ax ... ... ... VOV Vo "V
G. The equation ax -+ h, ' i
The special case of ¥ - ax ... \Y I !
2. The solation and the root ..., ... \ i
No Understanding the fnrm% . l
v SRR S
A Derivarion of . a from: _ ' !
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TABLE II ( Continued)

‘ UsiT ELEMENT
LrarNING Pronver R AT
AR NE
{ Statement, “the ratio is constant.”* V| V|V I Vv
aoTable oooiiiiii i \Y oY
5 Grph ; VooV |
LN . - . ' '
B. The ratio S variable. ... ... oL ; : : : \4 i
* ! . ! :
C.The  -. aconstant............. VAR ANV v Vo
X | i : j
. . LN : :
“s. Reduction of ratio FEEERIRTRREEREE ; ; V.
. . - . y :
E. Transformation of y  axinto” = u.i vV \
e . . . X |
F. Transformation of ¥~ axr into - I :
. < ;
L \\ .................... ' ! - \/
a ! .
.. ¥ : !
G. Solution of formulas for:—r- ......... . : N
i . :
H. solution of formulas fora......... ; : _ Vv
s R Ly i :
I. Nolution of the equation .z w=bo i -V
¢ : ! '
i
o . a _
J. Solution of the equation ™ — = b... I -V
o : YoM ‘ |
VI, Understanding the form - = %, | i
1 X, ! ! |
_— v ! | E I
A. Derivation of =% = % from: l : [
X, ox _ g -
1. Statement. “is directly propor- | .
tional to™ Lol ‘ VAN Y
ooTable oo oo i Y : -V
" 1
3. Graph oo c Vo PV
T P ! i | AVARRN ; \
\I ;
[T TP R R VooV
X ! _ |
. . A AP I : !
B. The proportion = .. "ol i RV V4
X, X | i
e g . . a h | l
C. Nolution of the equation R | . I . \/
A LN b ‘ b
D. Solution of the equation = == =~ . \/
d (S
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TABLE I (Continued)

' Uxit ELEMENT

Learnine ProDUCT

. iElEB|n] E| B E
VIL lmlerstamhnq the applxcatwn of lmear | !
function to practical problems. Lo ;

A. Special cases of linear function. ... .. i ‘ ! 'VIVIV

B. The characteristic formula......... TR RVERVARY

C. Relations explicitly stated....... ... f ! : IAVE VARV

D. Relations lmpllcd ............... _— i ViviVv

TABLE I1I: Tue Ll-c\R\I\G I’Rum CTS AS SPECIAL ABILITIES

| L\n luu.\u\r
Learnine Pronver e S
Ex l‘ I 4; ' l'd l‘-*. En
1 Abilities associated  with the tabular | :
method. ! P
A. Ability to tabulate. ; l
1. Statements of variation ........, 'vViv Vv VA RVARV]
2. Graphic relations .............. | \ - :
3. Algebraic relations ............. | i NV V
B. Ability to interpret tables.
1. Finding ratio of corresponding I S
number-pairs .............. ..., VARV | \/ | ViV
2. Finding ratio of corresponding dif- ! ' : :
ferences of number-pairs........ DV RVARVE
3. Finding ratio of corresponding av- ! ' : ‘ '
erages of number-pairs.......... Vo ; ‘
4. Stating the law of variation. .. ... Vs l VARVA:
1L llnlme* ussociated with the graphic . . i ? :
method, 5 : : I :
A. Ability to make a graph. : i ,
1. Selecting coordinate axes........ ' NPV TV AV
2 Selecting units ... ... L. : R VARIRVG iV
3. Plotting the points ............. NV OV PV
4. Drawing the graph ............. NV V] .V
B. Ability to interpret a graph. . , |
1. Determining ordinate for given . : : ; :
abscissa ... oL i ViV vV RV
:. Determining abscissa  for given : : ! !
ordinate . ..................... VooV ; \/ AV
3. Determining  coirdinate of given _ : .
points on the graph............. ViV V4
4. Determining ratio of coordinates. Y | \/ i \Y4 ! l




UNITS OF INSTRUCTION 259

| L\n L!E\u.\r
LrarNiNG Propuer R e e s
| L‘ Bl E|E]|E| R
3. l)etcrmmmg ratm ot u)rre\pond- ‘ |
ing differences of codrdinates . ... & ViV|Vi
6. Determining rate of increase. .. .. ; Viviiv! v
=. Determining the tangent . e VI
8. Determining the law of \Jrlatlon : Vi l VRV V4
111, Abilities associated with the algebraic i
method. l i
A. Ability to express relations algebra-: f !
ically. E i
1. Selecting letters for variables. ... FVIVIVIVIVIV
2. Representing constants ......... PVIVIVIVE VY
3. Expressing statements:
a. Depends upon... ............. ViV
h Varies directly as... ....... ... VIiVIVIVIVIV
. Is directly proportional to... ... L v/ |V | V ViV
l The ratio is constant . ........ V4 vV Vv
Is a function of... ....... Vo v
4. Dctermlmng tormula~ from tlble 4N l N :
3. Determining formulas from graphs. VAR IS
B. Ability to interpret formulas. i !
1. Stating the laws of variation in !
words ..o e VA IRVAR BRVA IRV
2. Determining the independent vari-
able oo ViV
3 Determining the dependent vari- i
able i e vVivi]iv
4. Determining the constant........ VivIiviviy
IN. AAbility to manipulate the various forms { ]
of the linear function v - ax. ! )
A. Ability to evaluate formulas. | i |
1. For the dependent variable......: V | vViv.Vv:
. For the independent variable. . ... PV ViV V.
3. For the ratio : ................. Vivive : V4 | v
: L
3 I-'m'lhvr;uio':_.................; I TV '_\/:
. i
2. For the constant a . ..o vvevn. s, NIV Y ; ViV I v
B. Ability to transform formulas. ! ! ! [ .
1. Into the form v - ax.oooaa., | | SV | \
‘ ; :
2. Into the form : 1 '; : ‘ VooV i v l
| i : : |
3. Into the form N, ' ! \ vV | Y/
X, X, i I | I ;
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TABLE III (Cont:mad)

U\xr ELEMENT
LeARNING Proprer e —
_ B E|F | E|E|E|E
C. '\blllt\ to solve formulas, i
1. For the dependent variable . ..... ! vVIiviv
2. For the independent variable. .. .. ] vViviv
3. For the constant ¢ ... .......... ! vViv!ivVv
1 1
4. For the ratio ; ................ : viviviv
. Ability to apply the formulas of the
linear function v - ax. '
A. Relations explicitly stated.......... " : vVIiviv
B. Special cases .....iiiiiiiiiiie. | | vVIiviv
C. Relations implied ................ ! vViviv
V1 Ability to solve the equations reszdtmgI :
from y - ax. ] : -
A 0K = 20 € v bV : vVivivVv
BB s vy
¢ L
C. ax - :_‘:?i— ..................... .o \/ \/ \/ \/
DY ' VARVARY,
b T d !
E. 4. I o A : vV \Y4
bx
F. 'a - _-_f;-c- ..................... \/ \/
by d .
B e R P ' { \Y4
Hoaovaaxc oo i, 1 i \Y4
Loax +c = wx2=c, ..o, ! ! \Y
ax 0 ax ¢ | ' v
J. b= {1; =), e g ‘ | ! \Y

upon an entirely different pian —the chapter or topic plan-—and
create units for it will prove unsuccessful, for it is unnatural. The
course divisions. thus determined, may be labeled units by the text-
hook writer or the course maker, but nevertheless they are the
original chapters or topics under a new name. Changing the name
of the parts. or painting them different colors, may alter the appear-
ance of the structure but not the structure itself.

The concept plan which is the basis of the present organization
brings together those methods, principles, forms, and applications
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that can be homogeneously molded together to present the concept
in its entirety. Such a body of instructional materials constitutes a
unit made up of definite elements. A sequence of these related con-
cepts, resulting in closely associated units, forms the course,

To determine whether a unit is or is not a significant part of the
course. a very simple test will suffice.  Omit the particular unit
from the course and observe the effect on the course. A course con-
structed on the chapter or topic plan will not materially suffer by
such an omission. while a course consisting of a sequence of units
is entirely wrecked, for the sequence is destroved when any one of
its elements- a unit--is removed. This is obvious from the fact
that each element of a sequence is based upon and is a consequence
of the preceding element,

The linear function y -= ax as a significant part of algebra.
The full realization of the significance of a unit lies in understand-
ing its relation to the unique functions of the subject of which it isa
part. In other words, the aims of a subject are only attainable
through the contributions of the separate units. Whether the unit,
direct linear function, is or is not a significant part of algebra
depends upon what educational ax well as what mathematical values
we may assign to the subject, and whether the unit contributes
significantly to the realization of these aims.

While space will not permit a full discussion of the problem of
the determination of the aims of mathematical instruction in general
and of algebra in particular. nevertheless, there are certain geneial
and specific aims. values. and purposes commonly attributed to the
subject which might be used as a basix of comparison and evalua-
tion. For example, we may use the list of abilities, understandings,
and appreciations representing the crystallized opinions of mathe-
maticians and teachers of mathematics. as reported by the National
Committee on Mathematical Requirements.* Their list follows:

A. Practical aims. i.e.. of immediate or direct usefulness in life.
1. Developing the ability to apply the fundamental processes of arithmetic.
». Understanding the language of algebra,
3. Developing the ability to understand and use algebraic technique.
4. Developing the ability to understand and use graphs.
5. Developing familiarity with geometric forms.
6. Acquiring the ability to understand and use quantitative ideas.
2 The Reorganization of Mathematics in Sccondary Education, p. 10,
;cpnrt issued under the auspices of The Mathematicsl Association of America,
ne, 1023

O
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B. Discinlinary aims. ie.. related to mental training.
1. Acquiring ideas and concepts used in quantitative thinking.
. Developing the ability to think in quantitative terms.
Acquiring mental habits and attitudes useful in functional thinking,
Acquiring the concept of dependence and relationship.
ultural aims.
. Appreciating beauty in the geometric forms of nature. art, and industry.
2. Acquiring ideals of perfection.
3. Appreciating the power of mathematics.

“

s E

—

Table IV presents a clear picture of the treatment in the various
elements of the present unit of the general aims of mathematical
instruction recommended by the National Committee. It is to be
noted that A5 and Cr are the only two items not considered in the
unit and they are purely geometric aims.

TABLE 1V

AIMS OF THE NATIONAL CoMMITTEE CONSIDERED IN THE PRESENT UNIT

UNiT ELEMENT

Cosmaiatieg List T T e e e
e C B EDE BR[| B
AL o iViviviviviv
A ;\/:\/5\/ ViviVv
.‘\j .................................... . : ‘\/ \/\/ \/
.-.:4 .................................... : :\/!\/ \/1\/ v
A6 i v v
Br o I VIV VIV |IVIV
Ba VIiVIVIVIVIV
B3 VIV IVIV VIV
53‘4 .................................... ViVIVIViIViV
G ' \/II\/ \
S \,/l\/ \V ,

A list of the concepts, processes, and principles of algebra which
has been compiled by the writer from the literature available® is
presented in Table V in order to show how they are treated in the
present unit.

As Whitehead has well said, “Algebra is the intellectual instru-
ment which has heen created for rendering clear the yuantitative

# Georges, J. S. “Mathematics in the Scheme of General Education.” Sehool
Ncience and Mathematies, Vol. XXXIL, No. 1, pp. 57-b4. January, 1032,
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TABLE V
MALGEBRAC CONCEPTS. PROCESSES. AND PRINCIPLES CONSIDERED IN THE

PrEsexT UNIT

CoNCEPT Ok PROCESS

l NIT Iul EMENT

BB K, f h. l L.‘

3

1. Algebraic representation ......... ..., VoV \/
2. Application of formulas........, : VIV
3. ACCUTACY v ee e e e AV A VA Y/
4. Approximation ........... . L. VN

5. Compurison of data. method of dltlervnw\ VoV VoV
6. Comparison of data, method of averages. - \/ . :

7. Comparison of data. method of ratios ... . v vV VvV '\ V
5. Combination of terms., . ............... NV
9. Correspondence ..., e Y AV VAR VAR N
10. Directed number ......... e ‘v Vv ViV .V
t1. Direct variation .......... ... ... 'V VvV VvV V V
12 Errors Lo \V4 :

13. Evaluation .. .. .o i v V. V V.V
14. Exponential representation ............ '
15. Factoring ... . ... ! N
16. Fundamental operations .............. vV VvV V.V , V4
17. Functionality ....................... 'V "V V "V V
18, Generalization ... ... ... ... ..., i j v VvV VvV
19. Graphic representation ............... ' v V V :V
20. Inverse variation ........... ... ... .. . !
21, Joint variation ............ .. ... ..... , | VoV
22, Laws of variation .................... vV .V ViV iV
23. Limits o, | _ |
24. Linear function ..................... ’ Voo ViV
25. Logarithmic computation ............. l ' : ; f
26. Maxima and minima ................. f ' _ ' ;
25.NUMber A N R VAERY/
28. Probability ... ! ; i
29. Progressions ... oo I : b
3o. Proportional representation ........... vV Vv ;Z
31. Quadratic function ... L. : : I
32, Runge of variation ................... | “V 1 |
33 Rate of variation. . ................... 'OV OV iV
34. Ratio oo AVARRVANEVAURVAN V]
a3, Special cases ... v iV VoV |V
36. Systems of equations ... ... .. L., E
37 Solution of equations. .. .............. | _ VIV ' v
38. Tabular representation ............... Voo N PV RV
39, Transformation ... ... ....... .. ' ! l V4
Jo. Variables and constants . ... ... . ... Vo I V \ Vv
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aspects of the world.” Function is the method of algebra in study-
ing and stating the quantitative relationships of the concrete world
of form and the abstract world of ideas. .\ unit which considers
an aspect of the fundamental concept of function is indeed a very
significant part of algebra. Tables IV and V justify this claim for
the present unit of instruction,



