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A statlstlcal test for cheatlng is developed. The
case of a single examinee who has taken parallel forms of the same
selection test on 'three occasions, obtaining scores x, y, z, is used

- to illustrate the development. It is assumed that each score is
normally distributed with the same known variance, that is, the
variance of the errors of measurement. These scores are further
assumed to be distributed independently,  since each score differs
from its mean (true) value only because of errors of measurement.
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\ ‘ 1. Introduction

A single examinee has taken parallel forms of the same selection
test on three occasions, obtaining scores x, y , 2 « We assume that
' i -_ - . L3 : : i :2
each score is normally distributed with the same known variance ¢ ,
the variance of the errors of measurement. The scores are assumed %o be
distributed independently, since each score differs from its mean (’true')

value only because of an error of measurement.

=]

Either ,‘ . : | ' »
HO :7 all tﬁreé.scores have the. same mean
or a
Hl : scores Q and  z have ﬁean o fand score ¥y has.mean v
(v>p). S . o ' L L

We wish a significance test for the null hypofhesis HO . In practirce,

; rejection of HO is considered evidencé of éhéating on test y'f

: 2. Reparameterization.

Define © £ v - p - and considexr 6 and L as the (unknown) param- '

<D
eters. Now HO is © =0 . This is in standard form.for a composite

hypothesis about © . .The unspécifled (*nuisance') parameter is p .

3. ‘Transformation of Sample Space

Let us replace the sample obsérvations X, ¥, 2z by the trans-
formed observations

K " (1) | m = (x +y+ 2z)/3 ), . > k. : \\\\

’ ) , ' . : \
. . ’ : ' A\




(2) t 2 (y - m)/o Va3 \
3»(—x + 2y - .z)fo (I 2
() a-G-wfevE .

|

This transformation will turn out to be useful in ‘setting up the desired

/
[

significance test. (The reason x and 2z are not treated symmetrically

in (3) is discussed in Section 10.)

L, Distribution of Sample under HO

From (1); (2), and (3) we find the means, variances, and covariances -

~of m, t, and d under Hy to be

_ 02 .- 0'2/_" ’ I‘

Mo & M ’ m 2 s
2 ) .
o =0 %=1t \
(%) .

Hodq © ° =t
) _ l : ;O =g =0 :
Odt a—,2>vfg ' mt .mdl : . i

The joint distribution of m, % , and d under H 'is normal tri-

. . 0
_////f\v variate with the parametérs given by (4).

5. A Sufficient Statistic under H,

2 . . . ?

Since t and d have zero covariance with m under HO ; they are.
@ : ' -

distributed independently of m.. It appears from (h) that under HO P
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the Joint distribution of t and 4 does not depend on p . Thus m

is a sufficient statistic for p under HO .

N

©. Uniformly Most Powerful Significance Test

.Because of the suffiéiency of m for the nuisance parameter u ,
the problem of finding a'unifqrmly most powerful significance test for the

composite hiyypothesis ‘HO : © =0 1is reduced to the pfoblem of finding

‘2 best critical region for testing the simple hypothesis that © =0,

m  being held constant (Kendall and Stuart, 1973, section ;7.20;
Lehmann, 1959, ‘section M.ﬁ){ The best critical region for the simple
hypothesis will depend on the conditional distributions cf the trans-

formed observations for givén m . . v h

7. <Conditional Distributions of Observations

u

Both t and d have zero covariance with m under either . H or

0
HL . Thus the distribution of t and d is not affected by holdihg m

chnstant. iinder Hy s the means of t and d are seen to be

(”lt

Fld .

]

eI,

6/c V2 . o 7

" are the same as thosé under

2

1

Hy » listed im (4). o ' ,

The variances and covariances under H
Under Hl , the joint dirtribution £ (t,d) of t and 4a

(vhetther conditiconal on m or anconditional) is normal bivariate so that

»

[



2 .

Lo .
(6)  log £y(6,a) = K - —E— (6 -y, )+ (@ - upy)
“8 T\ = z 1t \ 1d
. ) 2(1 - p7)
g I O IDICIERTS)
where K 'is a constant and
1
o = ogi/040, =53
Under HO B ult and “ld are replaced by Hop = Hog =

corresponding ‘equation under Hy. is

1 (te 2

- + d.
. > )
2(1 - %)

* (7) log £ (t,d) = X - - 2ptd) _ -

8. Likelihoad Ratio -

and (7} the logarithm of the likelihood ratio_is

»
Fa
1

Z log Id\t,e),A ;§g_fl(t,d)

2 2
Bty g T 2degg Y g
N P g T 2ed T B gy e
Substituting from (4) and (5); .

rd

.
N
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" [« -2te/o J5]g'+ 2@27502 - 236/0 V2 + 92/202 ‘ o S

. &3 t8/c V2 + V3 a0/a J37_ -3 92/02 Jg_ :

The terms involving d drop out (this was the reason for choosing

— 2

definition (2) for t') and after simplification ‘

3
.

- 1(8) [« 6/c V6 -t .

9. Best Critical Region

’

e -

The best critical region for the simple hypothesis, and thus the

~uniformly most.powerfdl significance test for the composite hypothesis,

’

0

section 22.10; Lehmann, 1959, section 3.3). Since @ =0 -under  Hy ,

best critical region can be defined by -t > ko, the ‘constant k_ being

is defined by [ < constant when H_. holds (Kendail and Stuart, 1973,

" the

2

chosen so that'aPréb(t énko‘HO) = o, the chosen significance level. . . -

©

= Y

——— ~J

10. Truncation on d

..
k]

" .In practical work, it is sometimes a practice to make no investigation -

9

of an ‘examinee unléss- da > d; where 'dO is some predetermined value
(this is the reason for dealing with the rather awkward variable ‘d

throughout this report)l ‘This avoids searching out z for lérge numbers L
of individuals for whom it is highlyAun}ikely,th%ﬁw‘t Z,¥O 5

e
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Under this truncation d > d , the situation in section 4 is the

-t

same as before except that now d and t héve a singly truncated normal

»

e }. . . '
bivariate distfibution, independent of m , the truncation being on d . ,///i//
: Cot ' —
e _ﬁ__”___—_—Sincew—«}—fhas zero—covar1ance*w1 th m*;“r@stTlcti'h on ~d "does not nrevent
N m from being a sufficient statistic for u ~under HO « Thus, the problem o

i§ still reduced to ﬁﬁgaprOblem of finding the ﬂeét critical region for .

amt— : . - oy
. the same simple hypothesis. ~ = ™ o '

N . e e

,The bivariate distribution'of t and d is now proportional to

f (t,d) of (6) except that fl is zero when 4 < d . A similar change
occurs for f (t d) , so that the leellhood ratio [ remains unaltered.

The critical- reglon is still deflned by t > k , where now
. > . b -— > = i i N' PR .. ’ tor
Prob(t > kOIHO, d>d)=a o | o

implies éithér a different ko for given « or a.different & for given

ko than was used in the previous section.

‘ ' ' .- 1l. Small Sample Properti®s—- . oo

it

- It should be noted that the best, critiéél regidn and the uniformly"

&

most powerful 51gn1f1cance test are chosen for thelr optlmum prqpertles,
which do not require large sample size. It-gan be shown that t is a

sufficlent stetistic for © when m ig fixed. ./ °
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12. Numerical Example

It is known from reliability studies that the errors of measurement

' of Scholaét’ic-Aprtitrgd'e”fl‘est scores- have a standard deviation of roughly T
. il - - . 0:
: 0 = 13y6 = 32 on the CEEB score scale. %uppose x = 400 , y = 610 ,
. z =430 . Now m = L8O , % =5 . Under Hy ;- t hasa mean of O and
. . . ~ . v °
‘a standard deviation of 1. Thus Prob(t > S5|H,) is .0000003.
;’ . . . . kY N “ ..> . ‘ |
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