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The rathematical derivation of the staticsties used for inference in
er some linecar models assumes that the values of the independent variables
uff* are measured without error. This assumption is often disrecarded when
~ these models are utilized in research. This study is an investigation
<:ﬁ3 of the consequences of the violation of this assumption for one family
C:D of linear models on the magnitude »f these statistics and the frequency
C:ﬁ of Type I error in these models. The results of this study indicate that
R the frequency of Type I error in these models is relatively unaffected,
érq and the values of the statistics are probably not seriously affected by

the concomitant variable being other than error free. However, an inade-

quacy in the procedure cuuse any conclusions to be of a tentative nature.
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A TIRICAL INVIUTIGATION OF OOVE EFFECTS OF TEL VIOLATICI OF

TiT. ASSUMPTION THAT THE COVARIABLE IN ANALYSIS OF COVARIAIICE

IS MPASURED WITHOUT ERRORl

Dick S. Calkins2
The University of Texas at Fl Paso

R. A. Fisher, who conceived the statistical technique analysis of
covariance (Fisher, 1932), stated that "it [analysis of covariancg]
combines the advantages ar.d reconciles the requirements of two widely
arplicable procedures known as regrcssion and analysis of variance"
(Fisher, 1973, p. 283). Although this combination of regression and
analvsis of variance is obvious in most presentations of analysis of
covariance from an applications point of view, the contributions of
regsression to the set of assumptions for analysis of covariance are
seldom mentioned. This study involves two of the often nerlected
assumptions of analysis of covariance which stem from the role played
by repression.

In a linear model context analysis of covariance can be thousht of
as a data reduction procedure in which characteristices or performance of
objects or individuals can be described in terms of statistics which occur
as coefficients in an appropriate linear model and as an inferential pro-
cedure for contrasting certain of the statistics which have been obinined

by tie solution of the model for a particular set of data. In such a data

lThiz paver renresents a report of one aspect of a continuire cmpiricnl
research effort conecernines certain aspects of thne anrlysis of covariance
procedure, The author would like to recornize and tianh the folloving
persons for their various contritutions to this resenrch: *'archall Adams,
Jacnueline ¥W. Calkins, lLorraine !'atteson, Tusene Schuster, and the compu-
tation center staff at The University of Texas at Fl Paso.

‘"a author is an Assistant Professcr in the Department of Fiducantional
Psycholory and fiuidance at The University of Texas at Il Taso.
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reduction procedure, the statisties describing the characteristices or
rerformances of objects or individuals classified in a particular manncr

by a riven value or iven values of the inderendent varinble or variables
can be seen to be based on the attributes of a jJoint freauency distribution
of the dependent variable and concomitant variable(s). Ouch statistics arc
obtainable through the mathematical fit of an anprorriate function to the
space penerated by the date occurrine for the dependent variable and
concomitant variable(s) for each grouping of objects or individuals defined
by a particular value of the inderendent variable or by particular values
of the independent variables.

Comrarison of ohjects or individuals classified in a particular manner
by a value of the independent variable or values of the independent varinbles
can Le visualized ceometrically as comnarison of these joint frequency distri-
butions and more specificallv as comrarison of the attritutes of the mathena-

tical functions ootained for each frequency distribution. Onch comparisons

ct

of these groups can be quantitatively accomnlisiied in termz of assessing the
rrobability that differcnces arong the arpropriate statistices which occur in
the linear model as summaries of the frequency distributions do not exist
for the porulations from wiiich the groums were obtained. These probabilities
can be obtained thirough evaluation of T statistics which are calculable as
functions of the mmount ol error in one model in which differences in the
apnrorricte statistics are alloved to exist and enother model which has been
conatrained to eliminate the differcnces Lo be examined,

Tie simplest cane of analysis of covariance is the most usunl arnlication
of this technique. 1In thic case therce is & single concomitant variable and a
sintle indenendent variable, and a linear relationshin is the most anrropriate

mathematicnl function with which to fit the data for erch proun, Cince the

latter condition implies that the relationshin between tie dependent. variable
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and the concomitunt variable is linear, it can be readily scen tiat a true
modecl for this case must contain an intercert and a slore for each value
of tiiec indevrendent variable. Obviourly, comparisons amons tiie various
groups, vhich are defined by the independent variable, must be accomplished
in terms of differences among the group slores and intercepts.

The following procedure is intended to demonstrate how such comparisons
can be accormplished when certain assumptions involving the variables are met.

To test for differences among the groun slopes, the I statistic from the exrression

(q2 - ql) / af,

Fslopes

can be calculated and evaluated where ql is the error sunmn of squares for the
true model which contains a slope and intercent for each groun; a, is the
error sum of squares for = model which contains an intercert estimate for
each groun bhut the same slope estimate for all groups (this restricted model
constrains each group to have the same slope, thus eliminating all group

slope differences); df, 1s a number with a marnitude one less than the nurber

1
of srouns; and df, is a number with a nagnitude equal to the surmmation of the
nurber in each group reduced by two (Ward and Jenrings, 1973, pp. 138-1h8).

To test for differences among the groun interceprts when the group sloves are

not differert, the I statistic from the erxpression

T,
intercents /

can be calculated and evaluated vwhere U iz the error sum of squarecs for the

restrict.d model presented above; q. is the error sum of squares for a moAder]

3
wiich contains the same intcrcent estimate and the same siope estimate for
each rroun (this further restricted model constrains each proun to have the

) . . . .
EE i(j same intercept and the same slope, thus eliminating all grour intercert and
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sroup slope differences); dfl is a number (as above) with a magnitwie onc less

than the number of [rours; and dfg 15 4 numver with a marnitude crual to the
summation of the number in each group reduced by a number one less than the
nunber of grouns (Ward and Jenninrs, 1072, pp. 138-1L48).

Alt.. " 'rh particular interpretations of dif'ferences among group slopes and
intercepts depend upon particular situations, some general internretations are
as follows:

1. The occurrence of differences in the group slores implies that the

rate of changre of the dependent variable with respect to the concomitant

varinble differces for Lhe various grours.

2. 'The occurrence of differences in the group intercepts when the proun

slones are not different imnlies that there are constant differences among

tine groups in terms of the dependent variable for each value of the con-
comitant variavle.
Cenerally comparisons of group intercepts are of little interest if the rroun
slopes are different, because in this situation differences among the rrouns
are variavle, since the difference depends on narticular values of the concomi-
tant variable.

In order to show the inherent distributional assumntions involving the
variables for analysis of covariance when there is only a single concomitant
variable, the relationshin between the demendent and concomitant variables is
linear, tne group slopes are not different, and there is only one indepcndent
variable, the following model fer analysis of covariance as rresented by

Graybili (19¢1, pp. 383-33L) will be used. "Tie model is

v..= B4+ T, 4+ ., + e. )
‘,1.1 BT Bxl.j el.} i=1,2, .. .1

where yi1 is an observed random variable; xi1 is an obwerved fixed quantity,
L] t

usually -alled a concomitant variable; p is a constant; Ti is the ith treatmont

constant; B is the regression coefficient (unknown); and ei1 are unobserved
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normnl variables that are independent and have means 0 and constant vari-
ances 02." Examination of this model and its assumed distribwutional proner-
tics revenls thnt (1) the devendent variarle ¥ 15 assumed to be a randor
variavle measured without error; (2) the concomitant variable x 15 assumed
to be a fixed varianle measured vithout error; and (3) B is a constant for
81l treatment rrouns. The model is essentially the one discussed prev.iously
in wihich all grouns were constrained to have the same groun slore.

In addition, Crayvill (1061, pp. 3%h-30€) shows that vhen the data
conform to tie distributional assumptions of the model, many desirable
mathematical prooerties result. It is only as a consequence of these
resulting mathematical properties that the descriptive and inferential uses
of analysis of covariance are viable. Unfortunately, it seems that little
pertinent research by ti.c mathematical statisticians is available to indjcate
vwhat conSequences are to he expected when the data do not conform to the
distributional assumntions of the model.

For tne u.ual application of such models by researchers, the assumptions
involving error free measurement of the dependent and concomitant variables
and the necessity that the concomitant variable be a fixed variable arn often
ne;lected. Previous research (Calkins and Jennings, 1672) has indicated that
tiie consequences of the violation of the assumntion that the concomitant
variavle is fixed arec probably of little practical importance to investigntors
concerned with estination of slopes and intercepts and Type I error resulting
from contrasts of slones and intercents. 1In the research presented in this
parcr, some of the consequences of the violation of the assumptions that the
concomitant variabtle is quantified in an error free manner and that the con-
comitant variavle is fixed and quantified in an errorless manner have been

investigpated.
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PROCEDURE

This research was conducted in much the same manner using essentially
the same cemputer programs as the previous investigation in this series
(Calkins &nd Jennings, 1972). Since complete details of the procedure were
presented in the previous investigation, this procedure section will be
abbreviated, and nersons interested in more details may consult that parer.

The set of models investigated are those discussed previously in this
paper in which the true model contains one independent variable and one
concomitant variable which is linearly related to the dependent variable.
The investigation of the effects which occur in these models when the
concomitant variable contains error, or contains error and is not a fixed
variable, was restricted to possible disturbance of (1) the distributions
of tiie slopes and intercents, and (2) the distributions of the F statistic
utilized for decisions concerning possible differences in the slopes and
intercepts. Possible disturbance of the distributions of the slopcs and
intercepts were examined throuch the calculation of functions of the first
four cumulative moments of tneir respective distributions, tihe mean, variance,
skewness and kurtosis. Theoretically it is exnected that the slopes and

intercents will be distributed normally with the following values:

I'xnected mean for slores =

n

Exnected variance for sloves

. P v’y
Expected mean for intercepts = u
X o v
X
n g 2
i . _ R _ 2y (g 2 + 2)
Exrected variance for intercepts = (1 oxv ox “x

132 2
2(n-1) o

(anproximate formuln)
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where n 15 tuce sample size

pxy is the correlation for the population

ux and uy are the marginal population means for the x and y populations

Ux and cy are tiie marginal population standard deviutions for the x and

y porulations.

Possible disturbance of tiic distributions of the I' statistic utilized for
decisions concerning possible differences 1in the slopes and intercepts were
examined througih comparison of tiie mean of the observed sampling distributions
with the theorctical values and comparison of the numver of observed valucs
for the distributions of I''s for slope and intercent which were equal to or
greater than the specific values of the central F distribution for the proper
decrees of freedom at the .05 and .0l confidence levels. Sfince in this
investipation all the samples were drauvn from the same ponulation, the expected
values of F should be near df3/(df3 - 2)anda ¥ should bve near

intercept slope

df‘g/'(df‘2 - 2) where df,, and df, vere previously defined in this paper. 1In

3

addition, anproximately five per cent of the values observed for F,
: intercent

and Fslope should be equal to or greater than the specific values of the

central F odistribution for the apnropriate deprees of freedom at the .05 level
and approximatecly onc per cent should be equal to or greater than the equivalent
value ut the .01 level.

This empirical research, wiich was performed with the indispensable heln
of u dijital commuter, is of tuc illonte Carlo tvre. The commuter system utilized
was a ChC 2150 loecated at The University of Texas at T1 Paso. The FORTRALN
projrams written for this ceries or investipotions function to (1) renerate
multiple pairs of values wilich simulate random samples of X,Y pairs from
bivariate popalations of values with various characteristies; (2) combine

tuese pairs of values into samples of srecified size; {3) caleulate various

quantitative indices on the data for and between the samnples which correspond
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to tue quantitative indices resulting from thie descriptive and inferentinl use
of the lincar models rresented previously; (I) tabulate these indices for o
speeified nuriber of experiments, each including a specified number of samnles,
in order to outain a frequency distribution for eachi index; (5) calculate
descriptive cuharacteristics for each frequency distributicn; ar.d (f) produce
output showing the frequency distributions and their descriptive characteristics.
In this procedure, error in the covariable was introduced by generating a pair
of X and Y values which had suitable characteristics for a certain condit%on
of the experiment and then adding a component of error which was a random
normal deviate from a population with zero mean and specified variance to
each X value.

The characteristics of the bivariate populations wiiich are specifiable
with this set of programs and which were varied in this investigation are
(1) sampling procedure for the covariable (random or fixed); (2) distribution
shape of the covariable (normal or rectangular); (3) amount of error in the
covariavle (in terms of tihe standard error of measurement as a function of
percent of standard deviation of Y -- 0%, 33%, 677, and 100%); (4) variance
of the Y values in each X array (in terms of standard error of estimate as
a function of correlations of .0, .30, .60, and .90); and (5) sample size
(samples of 5, 13 and 39 X,Y pairs were used). The characteristics of éhe
bivariute populations which are specifiable but were not varied in thig
investigation are (1) means of the X and Y marginal distributions (maintained
at or near 50)}; (2) number of groups obtained for each experiment (each
experiment consisted of the data obteined for two groups with each group
containing either 5, 13 or 39 ¥X,Y pairs); and (3) number of experiments
(1000 exreriments were conducted Tor each of tie possible combinations of

the characteristics of the bivariate populations).
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It was intended that the standard deviations of the ¥ and Y marginal
distrivutions be maintained at or near 10., but procedural constraints
interfered to some extent. Hovever, as an attempt to compensate for tnis
lack of control, tvo sets of theoretically expected values for the mean
and variance of the distributions of slope and intercent are presented in
tile Results section; one set 1s based on the intended vopulation values
and tiic other set is based on ovserved values. Comparison of these values
should indicate to some degree the extent of this problem or the adequacy
of the entire procedure.
Since it is alvways desirable in any scientific enterprise to maintain
constant as many variables as possible, in this series of investigations
it sould be desirable to maintain constant the X variance for all experi-
mental conditions. However, these constant variances are difficult to
acuieve, especially for the fixed X condition (at least from the author's
current cognitive set). This difficulty occur> because for the fixed X
case it nust be decided wnether it is more importent to maintain a constant
variance for the covariavle or to use the came fixed ¥ values for the various
sariple sizes. In the first investigation in this series (Calkins and Jennings,
1970), tie same set of X values Were used for all the fixed I caces for the
two distribution shapes by varying the frequency of occurrence of each ¥
valuc, wut in tinis procedure the variances of the ¥ values were allowed to
vary. (Tue peculiar choice of X,Y pairs per sample -- S, 13 and 39 —- is a
biproduct of thlc procedure.) In tie present investigation, o compromise

Letween malntnining constunt variunce and the same set of fixed values
was effected, und as & consequence neither objJective was fully attained.
In tikis investipntion foirly constant variance for the zero error condition
was acniceved by allewing the set of fixed X's to differ for differcent swaple
sizes, but when the ¥ values contained a component of error tue variance of

) . . | .
EE i(j tne X valucs was to some extent uncontrolled. Some coutrol over thce variance

Aruitoxt provided by Eic:
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in this proceidure could be established by a linear transformation of tie
X valucs containing error by subtructing a different constant for each
quantity of error and each sumple size, but such a transfonﬁation would
destroy tiie concept of one set of fixed X's for all experimental conditions.
(The autior would appreciate comments concerning this problem.)
RESULTS

The results are presented in Tables 2 through 25. Tables 2-5 present
the results of the experiments invoiving the investigation of the distributions
of slopes for the several experimental conditions for the concomitant variable
normally distributed with each table representine a particular value of error
of estimate. Table 6-9 contain the same information as Tables 2-5 except that
in these tables the concomitant variable is uniformly (rectangularly) distri-
buted. Tables 10-13 present the results of experiments involving the investi~
gation of the distributions of intercent for the several exnerimental condi-
tions for the concomitant variable normally distributed with each table repre-
sentinf a particular value of error of estimate. Tables 14b-17 contain the
same information as Tables 10-13 except that in these tables the concomitant
variable is uniformly (rectangularly) distributed. Tables 18-21 present the
results involving the critical statistics for comparison of slopes and inter-
cepts for the several experimental conditions for the concomitant variaﬁle
normally distributed with cach table representing a particular value of error
of estimate. Tables 22-25 contain the same information as Tables 18-21
except that in these tables the concomitant variable is uniformly (rectangularly)
distributed. Table 1 presents explication of the terms and abbreviations found
in Tables 2-25.

Proner interrretation of these results can reveal the consequences of

three aspects of the violation of assumptions concerning the concomitant
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TABIE 1

Explication of Terms and Abbreviations
FPound in Tables 2 through 25

exnected values based on specified characteristics of the
bivariate populations

1. Expect T

N

expected values based on observed characteristics of the
ronulations (example - the expected value for intercepts
is calculable by subtracting the mean of the frequency
distribution containing 2000 slopes multiplied by the
mean of the frequency distribution containing 2000 X
marginal means from the mean of the frequency distribu-
tion containing 2000 Y marginal means)

Expect O

3. Error -~ standard error of measurement as a function of percent
of standard deviation of Y values

L. RN - values of X (the concomitant variable) were obtained by
random samnling from a normal distribution

S. FN - values of X {(the concomitant variable) were preselected
(fixed) such that they have zero skewness and kurtosis

6. PR - values of ¥ (tiie concomitant variable) were obtained by
random sampling from a uniform (rectangular) distribution

7. IR - values of X (the concomitunt variable) were preselected
(fixed) such that the values have equal frequency (rec-
tanpularly distributed)

3. Mean F mean value of the observed frequency distribution of

I values

numver of Type I errors observed at the .05/.01 level
of significance

9. I-Error
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varinble: {1) the concomitant variable is random rather than fixed; (?) the
concomitant variable is fixed but contains error; and (3) the concomitant
variable 1s random and contains error. ‘I'he first of thete throe, wiilich is
a rartial replication of the Calkins and Jennings (1972) study, cmn be
examined by observing the results of the random and fixed sampling procedure
(RN, random normal, and PR, random rectansular, versus Fil, fixed normal, and
and ¥R, fixed rectangular) for the various experimental conditions when the
concomitant variable contains no error. The sccond aspect, the concomitant
variable is fixed but contains error, can be examined by observinr the results
of the fixed samprling procedure (Fli, fixed normal, and FR, fixed rectanfular)
{for the various exverimental conditions when the concomitant variable contains
varying amounts of error. The third aspect, the concomitant variable iz ran-
dom and contains error, can be examined by observing the results of the random
sammling vrocedure (RPN, random normal, and RR, random rectangular) Tor the
various experimental conditions when the concomitsnt variable contains varyinr
amounts of ecrror.

Examinatior of Tables 2-25 reveals that considerable variation occurs
for the observed values {(OBSERVED) obtained in the experiments. For the
variance, srewness, and kurtosis of the distributions of intercents and
slopes, tihe means of the distributions of the critical statisties, and the
nwroer of Type I errors for intercerts and Slores, the observed values secn
to vary about tiie exnected values (FXPFCT T and FXPECT O) with no particularly
imrortant discerneble pattern which can be attributed to the factors varied
in the ecxreriments,with one excention. The excention is evident for the
distributions of intercent and slope for samrles of size five where some of
the velues of skewness and kurtosis are of sufficient magnitude that it seems
unlikely that these values are distributed normally. Thus it anpenrs that

neithier (1) amount of error of estimate, (2) shane of the distritution of the
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concomitant variable, (3) sampling procedure for the concomitant variable,
(4) sample size (with the exception noted above), or (5) amount of error
in the concomitant variable are related to any sizable disruption of

(1) the critical statistics for contrasts of slones and intercents, or

(2) the variance or normality of the distributions of the values of inter-
cent and slone.

However, examination of Tables 2-17 reveals considerable disparity
betveen expected values for central tendency for the distributions of inter-
cept and slope (EXPECT T - MEAN), which are hased on knowledre of the
specified population parameters, and the corresponding observed central
tendency values (OBSERVED - MEAN). Since the magnitude of this disparity
increases with increasing amounts of error and seems unaffected by change
in the other factors which vere varied, it would seem reasonable to conclude
that the estimates of the central tendency values for distributions of
intercept and slope are disturbed by error in the concomitant variable.
his conclusion, however, overlooks a crucial lack of control in the procedure -
the lack of control over the variance of the concomitant variable after the
introduction ~f the error component. When an expected central tendency value
(EXPECT 0) vhich was computed from the observed characteristics of the bivariate
and marginel distributions is compared to the observed central tendency‘values,
the nmarnitude of the discrevancy is greatly reduced, and the observed values
acain anpear to vary about the exmected values with no particularly important
discernable vattern which can be attributed to the factors varied in the
experiments. fThus it appears that when the results are viewed in such a way
that tihe lack of control of the variance of the concomitant variable is
comnensated for, neither (1) amount of error of estimate, (2) shape of the
distribution of the concomitunt variable, (3) sampling procedure tor the

concomitant variable, (L) sample size, or probably (5) amount of error in
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the concomitant variable is related to any systematic disruption of thre
estimates of the intercept and slope values.
CCNCLUSIONS

In the mathematical treatment of linear models, certair of the indepen-
dent variables are assumed to be fixed variables (Graybill, 1961). When this
assumntion is made, it can be shown that the computed estimates of the para-
meters occurring in the models have the desirable characteristics that they
are "rood" estimates and are normally distributed.

It is often convenient to overlook this assumption when linear models
are utilized in a research situation, since the nature of a varia%le often
does not allow the researcher to sclect cases with particular values of a
variable without discarding large amounts of data. This empirical study
was undertaken as an attempt to discover the effects produced for the com-
puted statisties and for the decisions made on the basis of a critical
ratio concernins differences in thesé statistics for a particular familyv of
linear models wirn certain independent variables are not fixed variables.

The assumrtion “rnt certain independent variakbles have fixed values

can be violated ir arns or inun of two wars: (1) the researcher can fail to
rreselect values of wio varialles which will be found in the data and utilized
to estimate tie sintiiwizs, ard or (2) measurement error can be introduced
throurh tne rrocess F o oervine the values of the independent variables.
Calkins and Jenrings 71770 revorted that when certain independent variables
are not fixed but are ciserved Wi t.out error, the consequences of the viola-
tion of tue assumption are neslicizie. The present study focused on the

effects produced when the concemizant varinvie is either fixed or random
but measured with error.
The particular family of linear meaels Investicated nre a set presented
by Ward and Jennings (1973, np. 138-1L7), wie apply them to problems renerally
O
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approached by the use of the technique of analysis of covariance. The
estimable terms in these models represent the estimates of the parameters
of intercerts and slopes of proup repression lines.

Three cases of the violation of the assumption that the concomitent
variable is a fixed variable were investigated in this study. These three
cases were (1) the concomitant variable is fixed but contains error,

(2) tne concomitant variable is random (partial replication of Calkins and
Jennings, 1972), and (3) the concomitant variable is random and contains
error. Three types of consequences of these three departures from the
assumptions were investigated: (1) the estimates of the slope and intercept
parameters are not 'pood," (2) the distributions of the values of these
estimates are non-normal, and (3) the number of erroneous decisions concerning
differences in the estimates are greater than expected.

In general the results of this study indicate that little discrepancy
was evident between the observed and exmected number of Type I errors resulting
from any of the three cases of violation of the assumption. In addition, for
none of tne three cases did the distributions of the values of intercent and
s3lopc appear to be distributed other than normally excent for samnles of size
five. Althiourh there were differences of consideratle marnitude between some
of the expected and observed estimates of the intercept and slope perameters
winich appeared to ve associated with amount of error in the concomitant
variable, these differences were probably due to lack of control over the
variance of the concomitant variable, since when the expected vealues Were
calculeted utilizing the actual variance of the concomitant variable the
magrnitude of these differences was considerably reduced. Thus it appears
likely that for none of these three cases of violation of the assumption
are the estimates of the rovrulation values of intercent and slope seriously

affected.
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Frobably only tiie tentative conclusion that the violation of thc assump-
tion tnat the concomitant variable be fixed and contain no error presents
little or no problem for researchers should be drawn from this investiration.
Before firmer conclusions are Justified, the investigation should be repeated
with better control of the variance of the concomitant variable when it

contains error.
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