ED 082 730

AUTHOR
TITLE

INSTITUTION
SPONS AGENCY

BUREAU NO
PUB DATE
CONTRACT
NOTE

EDRS PRICE
DESCRIPTORS

IDENTIFIERS

ABSTRACT

DocquhT RESUME

3

; Jc 730 230

Sheldon, M. Stephen; Miller, E. D.

Behavioral Objectives and Mastery Learning Applled to
Two Areas of Junior College Instruction.

California Univ., Los Angeles.

Office of Education (DHEW), Washington, D.C. Regional
Research Program.

BR~0-I-132

73
OEC-9-71-0015(057)
90p.

MF-$0.65 HC-$3.29

Algebra; *Behavioral Objectives; College Students;
Control troups; Educatioral Research; English
Instruction; Experimental Groups; *Junior Colleges;
*Learning Processes; Ponst Secondary Education;
*Remedial Instruction; Statistical Data; *Student
Testing

California; *Mastery Learning

Mastery learning is an approach to learning whereby

students are =expected to demonstrate competence of one level, or
unit, of learning objectives before advancing to the next level. Most

junior college instruction is group-paced,

with the instructor

determining the rate with which units are presented. One compromise
between existing instruction and ideal mastery learning techniques is
to provide specific supplementary instructicn for those students who
fail to master a given unit, while maintaining the group nace. The
research teported focused on one form of that compromise: the effect
of teaching one additional lesson per unit to those students who did
not achieve mastery of that unit. Another part of the research
examined the effect of providing students with detailed behavioral

objectives.

algebra courses at

The research was conducted in selected English and

five community colleges in Southern California.

Dependent variables were scores on semester exam and mastery rates,
as defined by the proportion of the number of students who received
At's, B's, and C's to the total number enrolled. The results of the
research are reported separately for the English and algebra classes.
In the algebra classes, the students received testing and remediation
for mastery, and they achieved significantly higher final exam scores
than control students. There was no significant difference between
mastery rates of experimental and control students. In the English
classes, the students who received detailed behavioral objectives
scored significantly higher on their final exam than did control
subjects who did not receive the objectives. (Author/DB)
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SUMMARY

Mastery learning is an approach to learning whereby students are expected
o demonstrate competence of one level, or unit, of learning objectives before
dvancing to the next level. This approach has two basic features: first, be-
avioral objectives, or learning units, are clearly defined and hierarchically
rdered; second, the amount of time students spend on learning a unit will vary
rom student .> student, thereby necessitating some form of individually-paced
nstruction. Most junior college instruction 1s group-paced, with the instruc-
or determining the rate that units are presented. One compromise between ex-
sting instruction and ideal mastery learning techniques is to provide specific
applementary instruction for those students who fall to master a given unit,
hile maintaining the group pace. This research focused on one form of that
ompromise: the effect of teaching one additional lesson per unit to those
tudents who did not achleve mastery of that unit. Another part of the research
xamined the effect of providing students with detalled behavioral objectives.

The research was conducted in selected English and Algebra courses at five
smmmnity colleges in Southern California. Dependent variables were scores on
semester exem and mastery rates, as defined by the proportion of the number

f students who received A's, B's, and C's to the total number enrolled.

The results of the research are reported separately for the English and
lgebra classes. In the Algebra classes the students received testing and re-
edlation for mastery, and they achieved significantly higher final exam scores
han control students (a = .05). There was no significant difference between
astery rates of experimental and control students. In the English classes,
he students who recelved detalled behavioral objectives scored significantly
igher on their final examination than control students who did not receive the
bjectives.
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I. THE PROBLEM

Introduction

Education In America has long proceedec on the assumption that, since stu-
dents are normally distributed with respect vo ability to learn, they will also
be normally distributed with respect to achievement of educational objectives.
With the exception of special classes for the rery low or very high ability,
moet classes involve equal time and equal amounts of instruction for all stu-
dents. The resulting achievement usually approximates a normal distribution of
grades from A to F. The "good" students are those with grades of B and A, while
those assigned C, D, and F grades are considered to have learned some, but not
enough to be considered for direct entrance to four-year college or to many oc-
cupations. "We proceed in our teaching as though only the minority of students
should be able to learn what we have to teach (Bloom, 1966, p. 2)."

Mastery Learning

In recent years, educational researchers have been developing and testing
instructional strategies which enable & majority of studeats to learn well. One
set of these strategies was originally discussed by Carioll (1963) in "A Model
of School Learning,” then elaborated by Bloom (1968) in "Learning for Mastery."
This model for mastery learning suggests that almost all students can measter s
subject or achieve at a desired level of competition in a subject. As summar-
ized by Blocks

[Mastery learning] suggests procedures whereby each student's
instruction and learning can be so mansaged, within the context
of ordinary group-based classroom instruction, as to promote
his fullest development. Mastery learning ensbles 75 to 90
per cent of the students to achieve to the same high level
as the top 25 per cent learning under typical group-based
instructional methods. It alsy makes student learning more
efficient than conventional approaches. Students learn

more material in less time. Finelly, mastery learning pro-
duces markedly greater student interest toward the subject
learned than usual classroom methods (1971, p. 3).

The essential components of mastery learning are:

1. Mastery is defined in terms of particular educational objectives each
student is expected to achieve. These are commonly described as behavioral ob-
Jectives. Identification of the objectives 1s the first step in designing a
mastery learning program.

2. Instruction is organized into well-defined units. Each unit consists
of a systematic collection of specific behavioral objectives.

3. Complete mastery of each unit is required before proceeding to the
next. This is important because the units are hierarchically sequenced so that
successful learning of each unit depends upon prior learning (Gagné, 1961, 1962).

L. An ungraded, diagnostic-progress test is administered after each unit
to certif;; mastery of unit objectives. The mastery level, or criterion level,
is pre-deermined by the instructor or course designer, and is usually between
T5 and 95 per cent of the unit objectives.



5. Supplemental instruction is provided for those students who do not
eet the mastery level on the diagnostic test. A highly Individualized program
411 provide corrective instruction for the specific errors nf each student.
here resources permit, this supplemental instructfon is individually prescribed
or the errors of each student. This ideal is se’dom attainable, and supple-
ental instruction is in practice an alternate form of the original instruction.

6. Time is used as a veriable in individualizing instruction. Students
ace themselves, teking as long as they individually need to achieve mastery.

Mastery learning has been studied on several levels, including Jjunior high
Kim, 1969; Collins, 1969), college undergraduate (Keller, 1968; Biehler, 1970)
nd college graduate (Airasian, 1967). Each of these studies describes a dif-
erent form of class organization and instructional techniques, while maintain-
ng the basic format of mastery leaxrning. In each case the researcher maintsined

high degree of administrative control over the instruction. The results of
hese reported studies have been generally supportive of the virtues of master-
ng learning described by Block.

Problem with Junior College Instruction

One function of comprehensive junior colleges throughout the country is to
rovide the first two years of college work acceptable for transfer to a four-
ear institution. The stated philosophy of the junior college is "open door,"
.e., any high school graduate or eighteen-year old citizen willl be accepted as
student.

The difficulty of relating the diverse goals of 'open door" admissions and
>mpetence in university-level transfer courses is associated with instructional
trategies. One such strategy is to give entry or placement tests in basic aca-
emic skills, then provide remedial courses for those students who lack the
kille prerequisite for university-level:~courses. However, many colleges which
ared to evaluate their remedial progrgms found that very few students who are
neligible on the criteria of testing“Programs and grade point average for col-
ege English and math ever successfully pass college level work (Benjemin Gold,
965; Richard Bossone, September 1966).

In summery, & frequent pattern for entering Junior college students follows
testing-failure-dropout sequence. Students enter the Junior college because
hey are not eligible for a senior institution and do not have the prerequisite

tills to successfully accomplish college level work. They are given a test
attery and placed in one or more remedial courses. These courses are group-
aced, at a rate determined by the instructor or the department. The success
ate, as measured by students who master most of the skills needed for college
evel work, is at most 4O per cent, and usually much less. The remedial stu-
ents suffer discouragement, not only from being placed in remedial courses,

ut from having failed to master the content of the remedial courses. Academic
robation and eventual dropout are frequent occurrences.

The problem, then, is to significantly increase the number of students who .
aster the skills taught in remedial English and math. courses in junior college.
ncreases in mastery rates from 40 per cent to 60 per cent and higher have al-
sady been achieved at the Junior high and college levels through application
¢ mestery learning techniques (Kim, 1969; Keller, 1968). Particular improve-
2nt has been noted with lower I.Q. students (Kim, 1969). Junior college stu-
2nts mey also, because of some academic deficiencies, fird particular improve-

ane.



Research on the Problem

This report documents research on mastery learning in five Southern Cali-
fornia community (Junior) colleges. The subjects chosen were elementary Algebra,
and remedial English, comparable to & 10th or llth grade gremmar and composition
course. Mastery of these subjects is important for success in most college level
math or English courses, so the experiment was not an artificial test of mastexry
procedures.

Research Objective and Questions

The obJjective of the research was to examine the effect of analyzing course
material into discreet sequential learning blocks and testing for mastery after
each learning block was completed. The research questions are:

--==Will Junior college students who are permitted to proceed with instruc-
tion in sequential blocks after mastery of previous blocks, or after a second
attempt at mastery: (1) learn more than a comparable group of students who are
not so instructed?; (2) have a mastery rate which is higher than a comparsable
group who are not so instructed?

Educational S8ignificance

Though attrition rates at Junior colleges very greatly, almost all compre-
hensive junior colleges have a very large proportion of dropouts. One important
reason is the "falling behind" of many students. When one does not master the
first learning block in a sequence, one does not have the prerequisite skills
to learn and understand the next. The reuult i1s a continually falling further
and further behind in classroom work. This Srequently leads to a self-perception
of inadequacy by the learner. This research is & stiempt to examine the effect
of assuring the prerequisite skills in two important subjects of Junior college
work. It provides information to two-year colleges across the country about
their entrance testing and an alternative approach to remediation programs.

Definition of Terms

1. Achievement test - The final semester examination given to both control
and experimental classes.

2. Behavioral Objective - A statement of what the learner will be doing
vhen he 18 demonstrating that he has reached the objective (Mager, 1962, p. 52).

3. Commnity College - A Junior college.

L, Control Group - An intact junior-college class of either English or
Algebra vhich was taught without interference by the experiment.

5. Elementary Algebra - A one-semester Junior-college course which covers
apprcximately the content of on2 year of high school algebra.

6. Experimental Group - An intact Junior-colege class of either English
or Algebra which was taught in the same menner as the control group, except:

a&. There was a different instructor,
b. If instruction was in Algebra, the class was tested for mastery

at the end of each unit of instruction, and those students who failed to

master a unit were provided self-instructional materials and were retested.

c. If instruction was in English, the students were provided with be-
havioral objectives for the course.
The instruction in both English and Algebra was group-paced as in the control
group.

T. Maatery of an Objective - A student will be considered to have mastered
an objective if he can consistently provide the correct response to questions
designed to elicit the behavior specified by the objective, meking allowance
only for clerical errors.



8. Mastery of a Unit - A student will be considered to have mastered a
init when he has demonstrated mastery of a pre-determined percent of the objec-
tives of the unit.

9. Mastery Rate - The ratio of the number of students who complete a
ourse with a grade of A, B or C to the total number who were enrolled end in
att~-ndance the first week.

10. Remedial English - The Jjunior-college course which immediately pre-
cedes college English.

1l. Remediation - Providing self-instructional materials to students who
failed to master the first test of a unit.

12. SCAT-Q and SCAT-V - Schocl and College Aptitude Test, Quantitative
ind Verbal portions. This test is given as part of the placement testing se-
~ies by most California community colleges.

13. Self-Instructional Materials - For this experiment, audio cassette
tapes, programmed instruction, or other self-paced materials, selected and/or
repared by the participating instructors. The same materials were used at
rach unit in all the participating colleges.

14. Unit of Instruction - A series of instructional objectives taught and
sested as a group.

Jdmitations

The research was limited to students in elementary Algebra and remedial
nglish courses at the following Junior colleges in southern California:

Cerritos College San Diego City College
Los Angeles City College San Diego Mesa College
Rio Hondo College

Some compromises with mastery techniques were made in this project. In or-
ier to ensure maximum cooperation by the diverse instructors in the experiment,
some of the cranges prescribed by mastery techniques were either dropped or
wvdified. The most significant change was that of time as a variable. Extra
.ime wes planned for those students who failed to master a given unit, but the
nstruction was still group-paced, rather than individually-paced. Th~t is,
nstruction proceeded from unit to unit for the group as a whole, with non-

1estery students learning the new unit, while also coming in on their own time
‘or supplemental instruction on the previous unit.

Additional changes were in supplemental instruction and in mastery require-
ents. Ideally, supplenental insiruction should be prescribed for each student
ccording to the problems he missed on the unit test. After such instruction
ie would be tested again for mastery and, if he failed to achieve the masfery
evel, new supplemental instruction would be przscribed. The process would con-
Ainue until mestery was achleved. Changes in these mastery ideals were neces-~
itated by the amount of time and effort the participating instructors had avail-
ble for testing-retesting end for the design of supplemental instruction. It
ras decided to use one set of additional instruction programmed for indiviiual
tudent use, but not individually prescribed. One retest was to be given, but
o additional instruction was to be offered.

In addition to the planned compromises with mastery learning noted above,
ne Algebra instructo. found that the constraints of the project were too much
or his courses and changes were made. This instructor at Los Angeles City
ollege was unsble to complete instruction for all of the objectives, so he gave

different final exam from that which was used by the others for reporting



’
achievement scores. The results of the Los Angéles City experimental group are
therzfore reported separately.

All ten of the Algebra classes (five experimental, five control) used the

same textbook (Drooi}, yan, 1969).
\b\‘
Because ¢f th2 close correspondence of the stated behavioral objectives

and the common textbook, the Algebra part of this research was able to develop
and use common unit tests for maestery and common seif-paced instructional ma-

terials for each unit.

The English group was more diverse than the Algebra group, with the result
that several changes were made with the planned research. There was no agree-
ment in the English group on textbook or on teaching methud, so that no unit
tests or common instructional materials were prepared. The agreement on & com-
mon set of detalled behavioral objectives and a common objective £inal examina-
tion was a significant accomplishment in itself, for each college'’s remedial
English course has traditionally taken a different view of how to prepare stu-
dents for a college English course. Consequently, the final examination scores
for the English part of thils research project are a test of the behavioral ob-
Jectives part of the mastery learning technique, and do not reflect that part
of mastery instruction based on test-retest of each unit of instruction. Ad-
ditionally, the non-objective part of the English test, a written essay, was
different for each instructor. As a consequence they sare incomparable and can-
not be used for criterion data.



ITI. DESIGN AND METHODOLOGY

Experimental Population and.
Sample Selection

Five public commority colleges participated in this research. They were
listed in the Limitations section of Chapter 1. These colleges.are representa-
tive of the population of the 92 community colleges in California and, to some
extent. of the nearly one thousand in the country. The student subjects for
this research are representative of every type of student which public compre-
hengive community colleges serve. They come from every social class, every
ethnic background, and every population density that our country offers.

Where possible, two instructors from each college were identified to par-
ticipate in the experiment. They were asked to participate by the president of
the college or by the department chairman after the college had agreed to partici-
pate. Instructions were given that those selected should be representative teach-
ers. There was one faculty member teaching a szction of remedial English and
one teaching Elementary Algebra. The subjects {oxr the experimental groups were
those students in the apprepriate English and Algebra classes of the selected in-
structors during the Spring semester of the academic year 1971-1972. The control
groups were a sample of comparable sections of the same course. Control group in-
structors were selected by the same means as the experimental instructors. There
was no systematic error in the assignment of students to control or experimental
sections, and many sections of each class were taught during a semester. In order
to eliminate as much sampling error as possible, the control sections were selected
vhich were taught at epproximately the same times as the experimental classes.

Variations in the planned number of instructors were necessitated by the
inability to get volunteer instructors for the English classes at Cerritos and
’an Diegc City College. Consequently, two experimental English classes were
;elected at San Diego Mesa. Thus, there were a total of four experimental Eng-
-1sh instructors; one each at Los Angeles City and Rio Hondo, and two at San

Yiego Mesa. There was one experimental Algebra instructor at each of the five
0lleges.,

'regtment Variables

For each subject-matter aree, English and Math, two dependent variables
rere used. One variable wae the set of scores on the semester achievement test
;iven during final exam week. The second dependent variable was the mastery
‘ate for each of the experimental and control classes.

To help understand sources of variance on the achievement scores, data was

Jso collected on sex (male/female) and measures of verbal and quantitative
bility (SCAT-V and SCAT-Q).

levelopmental Proecedures

In the Spring of 1971, instructors were identified for the experimental
nd control classes and group leaders were chosen for the math and English groups.
n meth, the leader was one of the experimental instructors, while in English

he leader wes the English department chairman at & non-participating junior
ollege. The instructors and group leaders are listed in the Appendix, p.

Meetings were then called by the group leaders to: (a) orient the experi-

ental instructors to the concept of mastery learning; (b) form teams responsible

I /
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for development of behavioral objectives, unit tests, final test and self-
instructional materisls. The development of each of the experimental subject
areasg proceeded in different ways.

Development of the Algebra Course
In the Fall of 1971, seven meetings were held by all of the experimental

instructors to develop obJectives and materials. In the Spring of 1572, the
experimental semester, one meeting wes held to discuss problems and adjust in~
structional strategles as needed. In addition to theae meetings there was fre-
quent commnication by teams of instructors responsible for various elements of
the experimentel program.

Responsibility for development of material was distributed as follows:
Two instructors developed behavioral objectives and the final examination based
on those objectives; one instructor developed the 1T-unit tests for mastery;
two iInstructors developed alternate learning materials. As esch of these me-
terials was completed, a meeting was held and the muaterials were edited by the
entire group so that the same material could be used by each instructor.

The behavioral obJjectives were elicited primarily from problems to be
learned in the textbook. From the detailed objectives a representative sample
of problems was chosen for the final exam. The unit cbjectives were chosen ac-
cording to their apparent place in a hierarchical ordering of the course objec-
tives. The hierarchy was determined by discussion among all of the instructors
as to which objectives were prerequisite to others toward mastery of the termi-
nal objectives.

The level of mastery on each of the unit exams was an important issue among
the instructors. Although some recent research indicates that optimum learning
is effected by mastery of 80 to 85 per cent of the objectives (Block, 1970),
most of the instructors felt that a somewhat lower level was more realistic in
their classes. These instructors felt that the motivation of their students
would be adversely affected by & level of 80 per cent. They agreed to set their
own levels, with one instructor choosing 70 per cent, three choosing 75 per
cent and one choosing 80 per cent. -

The alterna.te learning materials were linear programmed and self-instruc-
tional. They each consisted of a cassette tape and a ditto-reproduced set of
exercises. There was one unit of material designed for students who failed to
master each of the 17 units of the course. The material was specific to the
objectives of each unit, but was not- designed for diegnosis and remedietion of
individual errors on the mastery iest. The instructors considered such indi-
vidual dlagnoslse, but the development ci’ suitable branching programs was deemed
beyond the resources of this project.

Development of the English Course

In the Fall of 1971, meetings were held by a.'Ll of the experimental instruc-
tors. After initiel discussion, it was decided to concentrate on the develop-
ment of a common set of behavioral objectives and a final objective examination
besed on those objectives. Since each of the instructors had a different ides
about how to teach to the terminal objectives, there was no agreement as to unit
objectives in an instructional hierarchy, and there was consequently no develop-
ment of unit tests for mastery or self-instructional materials for slternate
learning on each unit. The ingtructors also felt that the development of a com-
plete set of objectives would, by itself, command all of the time and resources

T



which they had for the prrject. At the first meeting they found that their dif-
ferences on objJectives for a course in remedial English were quite diverse, gnd
they were avare that reaching sgreement on a single set nf obJjectives wnuld be
a long and arduous experience. They req:ired nine meetings in all, including
two, two-day meetings.

The actual method of developing objectives was worked out by the group.
At one meeting the instructors brought samples of writing from their classes,
graded according to levels of acceptability for a regular college English course.
The grading measures were: would succeed in a college English course. might.
succeed, and would not succeed. The teachers then graded each other's papers
and found broad disagreement. After extensive sharing of views on what consti-
tutes good writing, they regraded each other's papers and found significant
agreement. The elements of good writing which had emerged in discussion were
recorded and used as the basic outline for development of objectives. Esch of
the instructors took one of the elements of the outline home for refinement into
sub-objectives, then returned it for editing by the group. In this way, a
single and very extensive set of objectives was developed out of what had been
five very diverse approaches to teaching remedial English.

The final exsmination was developed from the objectives, with a multiple-
choice exam to test the sub-objectives of writing style, and a written exam to
test the ability of students to integrate the elements of style.

Experimental Procedures

The instructors for the Algebra component of the experiment followed the
mastery learning procedures of providing students with clear behavioral objec-
tives, testing for mastery at the end of each one-week unit, and providing re-
medial self-instructional materials for those students who failed to master a
unit. After one try at remediation on a unit, non-mastery students were re-
tested, but they were allowed to continue with the class even if they did not
achieve mastery on the second try. Ideal mastery leaining presumes self-paced
instruction and continued remediel work until mastery is achieved on each unit,
sut the participating instructors were not prepared to individualize their
2lasses to that extent. They did not feel that there was sufficient time or
resources to design e completely individualized course.

The experimental Algebra classes used two distinct procedures of mestery
Ltearning: providing students with detailed behavioral objectives, and testing
md remediation for mastery on unit tests. If statistical results were to in-
iicate a significant difference between experimental and control groups, there
suld be no way to determine which effect, behaviorsl objectives or testing/re-
nediation, was responsible for the difference. To preclude such confusion of
:ffects, it was decided to provide the control classes with copies of the ob-
jectives. Therefore, significant differences could be attributed to the test-
ing/remediation effect.

The experimental semester for the English classes was different than for
she Algebra classes because all of the developmental effort had been toward
:reating the behavioral objectives. Without the second effect of test/remedi-
ite for mastery on each unit of instruction, the English experiment was a test
‘or the effect of behavioral objectives. Consequently, the control English
‘lasses did not receive the obJectives, although the control instructors re-
‘elved coples of the final examination. The actual instruction wes as varied
retween experimental classes as between experimental and control classes. The




actual instruction was as varied between experimentsl classes as between experi-
mental and contro? classes. The experimental instructors attempted to teach to
the behavioral objectives while retaining the style and manner of their former
instruction.

At the end of the experimental semester, both Algebra and English classes
gave final examinations. The scores on these examr were used for Judging ex-
perimental effects. The Algebra exam which was initlally created by the ex-
perimental instructors, was rewritten by a professional expert from outside the
experiment in order to minimize the tendency to teach to the test. The rewrit-
ten exsm tested the same objJectives as the original, and was distributed to
both experimental and control inestructors shortly before the final.

Included in the Appendix (p. 35) are copies of t' e behavioral objectives
for both English and Algebra as well as a sample of a u it test and its remedia-
tion materials for Algebra.

Research Questions and Null Hypotheses
After development of experimental meterials, the original research ques-
tions spplied only to the Algebra group. These questions are:

-===Will Junior college situdents in an elementary Algebra class, who are
permitted to proceed with instruction in sequential blocks after mastery of
previous blocks, or after a second stiempt at mastery: (1) learn more than a
comparable group of students who arc not so instructed?; (2) have e mastery rate
which is higher than a comparable group who are not sc instructed?

An additional, or revised, question was posed by the experimental proced-
ures of the English group:

(3) Will Junicr college students in a remedial English class who are pro-
vided with a clear and detailed outline of behavioral objectives, learn more
than a comparable group of students who are not provided with behavioral ob-
Jectives?

Null Hypotheses

1. There is no difference, at the .05 level of confidence, between the
final examination scores of Algebra students who receive the testing and re-
mediation for mastery treatment, and the exam scores of a comparable group of
students who do not receive such treatment.

2. There is no difference, at the .05 level of confldence, between the
mastery rates of Algebra students who receive the testing and remcdiation for
mastery treatment, and the mastery rates of a comparable group of students who
do not receive such treatment.

3. There is no difference, at the .05 level of confidence, between the
final examination scores of English students who receive behavioral objectives
and the exam scores of a comparable group of students who do not receive bhe-
havioral objectives.

Statistical Treatment

The method of analysis of the achievement variable was a two-wey analysis
of variance, using achievement scores on the final examination treated as the
dependent variable, and sex (male-female) and treatment (experimental-control)



treated as the two independent variebles. Separate analyses were computed for
the Algetra and English components of the experiment.

The experimental unit was the individual student, rather than the cless-
room. This method precludes a quantitative description of college/method in-

teraction, but allows fo.' & sample size of greater than 30, rather than an N
of whicﬁ would result if classroom means were compared (noted in Gless and

Stanley, pp. 501-508, "The Experimental Unit and the Unit of Statistical Anel-
ysis: Comparative Experiments with Intact Groups."). Replications of the ex-
reriment over four different colleges and two subject fields will permit quali-
tative description of the college/method interaction.

To anelyze the possible effect on post-test scores of initisl differences
between experimental and control groups, SCAT-Q and SCAT-V scores were collected
and computed in two-wsy analyses of variance. The SCAT scores, computed in
separate ANOVAs for the quantitative and verbal parts, were considered the de-
pendent variable, while sex and group were considered ss independent veriables.
A non-gignificant difference between groups on the SCAT scores would satisfy
the conditions for the experimental design described by Campbell and Stenley as
Design 10: The nonequivalent Control Group Design (1963, 47-50). This design
does not assume random selection of subJects; the lack of systematic recruit-
ment of students to either experimental or control groups will satisfy the re-
quirement of a Nonequivalent control group and allow for analysis by Kirk's
"completely randomized analysis of variance, CR-2" (1969, 102-104). As noted
by Campbell and Stanley (p. 4O and 48-50), this design controls for the follow-
ing sources of invalidity: history, maturation, teeting, instrumentation, se-
lection and mortality.

In general use, this design leaves open some gquestion of validity threats
by regression and several interaction effects. However, regression is & hazard
only if one of the comparison groups has been selected for its extreme scores
on the SCAT-Q test, and this is not the case. There will be no systemetic se-
lection of students, by entry scores or any other measure. The hypothesis of
an interaction between selection and maturation should not be tenable because
both groups should have the seme rate of maturity or autonomous change. The
hypothesis of an interaction of selection and the experimental trestment should
not be tenable because there will be four replications of the experiment, in
Junior colleges as varied in student populations as students throughout the na-
tion. The additional error induced by reaction effect of this design ghould be
minimal (Campbell and Stanley, p. 50).

Date on mastery rates i3 expressed as proportions and is tested for the

significence of the difference between experimental and control groups by a
z-test for proportions (Guilford, 1965).
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III. RESULTS

In this chapter the null hypothesis for each research question is repeated,
followed by the results of the experiment testing that question. The numeric
input data for Questions 1 and 3 of this experiment included values for: stu-
dent number, college, treatment group (control or experimental), final examina-
tion score, SCAT-V and SCAT-Q scores, and sex (male or female). Note that the
number of students varies depending on the analysis, since SCAT scores and sex
data were unavallable for some students.

Null Hypothesis 1: There is no difference, at the .05 level of confidence, be-
tween the finsl exemination scores of Algebra students who receive the testing
and remediation for mastery treatment, and the exam scores of a comparable group
of students who do not receive such tieatment.

Data for Question 1. The data for this question are presented in two parts.
The first part, presented in Tables 1, 2, 3 and 4, is a summary of the two-way
rnelysis of veriance which tests for significant differencus between entry test
scores, as measured by SCAT-V and SCAT-Q, of the experimental and control groups.
The second part of the data presented in Tables S and 6, is a summary of the
two-way analysis of variance which tests for significant differences between
+ final examination scores, the measure of the main experimental effect.

Discussion of Question 1. Algebra Achievement

PART l: SCAT scores ’

Tables 3 and 4 reflect the summary data for differences between experimental
and control groups, as measured by their entry test scores of SCAT-V and SCAT-Q.
The F-Test values for the treatment group comparisons are low: (SCAT-V, F =
2.09; SCAT-Q, F = 2.67). There is no significant difference at the .05 level of
confidence, between the entry scores of the .treatment groups. This result will
be discussed in conjunction with results of the ANOVA for achievement scores.

Other results in these tables reflect minor effects to the experiment.
There is no significant difference at the .05 level of confidence between male
and female SCAT scores (SCAT-V, F = 2.37; SCAT-Q, F = 1.69). There is no sig-
nificant difference for the SCAT-V group X sex interaction (F = 0.02), but there
is a significant difference (q = .05) for the SCAT-Q group X sex interaction
(F = L4,14). This interaction does not affect the experimental results, but
probably reflect. the relatively low mean score (24.42) of the femele control
group.

PART 2: Achievement Scores

Table 6 summerizes the anslysis of variance for testing differences be-
tween final examination scores of experimental and control groups, and of male
and female students. The F-Test score for the treatment group is significant
(F = 12,31): the null hypothesis for Question 1 is rejected at the .05 level
of confidence, This result is probably the most important of the entire ex-
periment, for coupled with the lack of difference on the entry data (SCAT scores),
we may assume that the testing and remedlation treatment contributed to sig-
nificant differences btetween mean finel examination scores of the treatment
groups. The difference between means was 7.79 out of a total score of 68.
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PART 1: ANOVA for Algebra SCAT scores

TABLE 1

Two-Way Statistics for SCAT-V

Group Female Sex Male Row Marginals
Experimental
Mean 38.91 33.74 36.33
SD 16.34 14.76
N 22 58
Control
Mean 34.09 27.85 31.9C
SD 19.63 12.92
N 11 13
Column Marginals:
Mean 36.50 30.79 33.65

Standard Deviation
Number of Students
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TABLE 2

Two-Way Statistics for SCAT-Q

Sex
Group Female Male Row Marginals

Experimental

Mean 38.00 35.27 36.64

SD 14.92 16.80

N 24 58
control

Mean 24 .42 36.77 30.59

SD 20.61 14 .37

N 12 17
Column Marginals:

Mean 31.21 36.02 33.61

= Standard Deviation
N = Number of Students
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TABLE 3

Analysis of Variance for SCAT-V

(Total N = 104)

Sum of Mean
Source Squares DF _ Square F-Test
Treatment Group 497.89 1 497.89 2.09
Sex 564 .98 1 564 .98 2.37
Group X Sex 5.03 1 5.03 0.02
Error 23,881.55 100 238.82

NOTE: The sums of squares are calculated assuming all cell
counts equal 17.35 (the harmonic mean of cell N's).

(Applies to Tables 3, 4, 8 and 9).
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TABLE 4

Analysis of Variance for SCAT-Q

(Total N = 111)

Sum of Mean
Source Squares DF Square F-Test
Treatment Group 727.51 1 727.51 2.67
Sex 460.64' 1 460.64 1.69
Group X Sex 1,129.84 1 1,129.84 4.,14*
Error 29,179.61 107 272.71
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PART 2: ANOVA for Algebra Achievement Scores

TABLE 5

Two-Way Statistics for Achievement

Sex
Group Female Male Row Marginals

Experimental

Mean - 45,80 41.16 43.48

SD 12.81 13.69

N 49 114
Control

Mean 38.95 32.44 35.69

SD 14 .48 - 14 .44

N ' 20 39
Column Marginals:

Mean 42,37 36.80 39.59

Standard Deviation
Number of Students
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TABLE 6

Analysis of Variance for Achievement

Source

Treatment Group
Sex
Group X Sex

Error

(Total N = 222)

Sum of Mean
Sduares DF Square I'-Test
2,312.13 1 2,312.13 12.31*
1,186.50 1 1,186.50 6.32%
33.73 1 33.58 0.18
40,951.73 218 187.85
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A significant difference ¢ = .05, 1s also noted for the sex variable.
Female students had a mean score 5.57 higher than the male student mean score.
Sex difference was not part of the main research question, but the result is
reported here.

Null Hypothesis 2: There is no difference, at the .05 level of confidence, be-
tween the mastery rates of Algebra students who receive the testing and remedi-
ation for mestery treatment, and the mastery rates of a comparable group of
students who do not receive such treatment.

Data for Question 2. Data for Question 2 is found in Table 7. The mastery
rate 1s defined in this report as the number of students who finish the course
with an A, B, or C, divided by the number of students who were enrolled and in
attendance during the first week. Mastery rates were calculated for the experi-
mental end control groups at each of the four colleges which submitted final ex-
amination data for Algebrda. Mastery rates were not calculated for the English
groups because there was insufficient data.

A z-test for significance of differences between uncorrelated proportions
(Guilford, 186) was mede for the treatment groups at each college. There were,
then, four replications of the experiment. -

Discussion of Question 2. Mastery Rates for Algebra

The differences between control group and experimental group mastery rates
are tested -for significance four times, once for each of the colleges reporting
final examination data for Algebra. Table T shows the z-test scores for signif-
icance between propertions. These scores are -.W41, .856, k09, and .786.
Since the z-score for rejection of the null hypothesis at the .05 level of con-
fidence is 1.96 or more, we may not reject the null. There is no significant
difference in mastery rates for any of the four groups.

Null Hypothesis 3: There is no difference, at the .05 level of confidence, be-
tween the final examination scores of English students who receive behavioral
objectives and the exam scores of a comparsble group of students who do not re-
ceive behavioral objectives. '

Data for Question 3. As reported in Question 1, the data for Question 3
will be reported in two parts. The first part (Tables 8, 9, 10 and 11) relsate
SCAT entry scores, while the second part (Tables 12 and 13) relate the achieve-
ment test scores.

Discussion of Question 3. English Achievement Scores.

PART 1: SCAT Scores !

T Tables 10 and 11 summarize the enalyses of veriance for SCAT-V and SCAT-Q.
The F-tests for the treatment groups yielded values of 0.50 and 0.01; both well
below the criterion value for a significent difference, a = .05. Likewise, the
F-test values for six differences ylelded low values of 1.88 and 1.07, well be-
low the criterion for the .05 level of significance. There 1s no significant
difference between SCAT scores for the treatment groups, or for mele and female
students.
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DATA FOR QUESTION 2

TABLE 7

Mastery Rates for Algebra

(X = Experimental Group; C = Control Group)

Number Number Mastery
Enrolled Mastered Rate
College _(N) __ (m) p=_m/N z-8core
Cerritos:
X 87 34 .391
-.441
c 25 11 .440
Rio Hondo:
X 38 20 .526
.856
C 33 14 424
San Diego City:
X 78 30 .385 ‘
_ .409
C 71 25 .352
San Diego Mesa
X 105 63 .600
.786
c 47 25 .532

Cont'd next page
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Calculaticn

TABLE 7
(Continued)

of z-Scores (2 in Guilford,g186):

For:

Then:

enrolled in experimental group (X).
enrolled in control group (C).
mastering X course.

mastering C course.

mastery rate, or proportion,of X.

= mastery rate of C,

ed population proportion

N; = number

N, = number

m; = number

my = number

Py =

)

Ee = estimat

mp + my

‘Nl + N2

ae =1- Ee

z=p] -
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TABLE 8

Two-Way Statistics for SCAT-V

Number of Students

21

(N = 30)
Sex
G- oup Female Male Row Marginals
Experimental
Mean 13.33 21.11 17.22
SD 10.56 15.55
N 5 9
Control
Mean 10.00 16.91 13.46
SD 6.48 15.01
N 4,00 11.00
Column Marginals:
Mean 11.67 19.01 15.33
5D Standard Deviation



TABLE 9

Two-Way Statistics for SCAT-Q

(N = 30)
Sex
Group Female Male Row Margina.is
Experimental
Mean 6.67 21.44 14 .06
SD 5.47 272 K2
N 6 9
Control
Mean 16.00 13.09 14 .55
sSD 12.70 9.09
N 4,00 11.00
Column Marginals:
Mean 11.33 17.27 14 .30

Standard Deviation
Number of Students




TABLE 10

Analysis of Variance for SCAT-V

Sum of
Source Squares DF Mean Square F-Test
Treatment Group 91.78 1 91.78 0.50
Sex 348.65 1 348.6¢ 1.88
Group X Sex 1.22 1 1.22 0.0i
Error 4,821.13 26 185.43
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TABLE 11

Analysis of variance for SCAT-Q

Sum of Mean
Source Sgquares DF Square F-Test
Treatment Group 1.55 1 1.55 0.01
Sex 227.69 1 227.69 1.07
Group X Sex 505.63 1 505.63 2.38
Error 5,516.46 26 212.17

NOTE: The sums of squares are calculated assuming all
cell counts equal 6.47 (the harmonic mean of
cell N's.
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PART 2: Achievement Scores

TABLE 12

Two-Way Statistics for Achievement Scores

(N = 120)
Sex
Group Female Male Row Marginals
Experimental
Mean 59.32 58.30 58.81
SsD p 14.36 15.25
¥
" 28 4
N“V‘/‘ 5
Control
Mean 44 .50 49,92 47.21
SD 8.77 7.68
N 12 26
Column Marginals:
Mean 51.91 54.11 53.01

= Standard Dewviation
N = Number of Students
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TABLE 13

Analysis of Variance for Achievement Scores

Sum of Mean
Source Squares DF Squares F-Test
Treatment Group 3,056.29 1 3,056.29 17.54*
Sex 109.88 1 109.88 0.63
Group X Sex 236.21 1 236.21 1.36
Error 20,212.29 116 174 .24
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PART 2: Achievement Scores

Table 13 summarizes the analysis of variance for testing differences be-
tween final examination scores of the elementary English students. The F-test
score for the treatment group is significant (F = 17.54): the null hypothesis
for Question 3 is rejected at the .05 level of confidence. Since there was no
significant difference on the entry data (SCAT scores), we mey assume that the
behavioral objectives trestment contributed to significant differences between
mean final examination scores of the treatment groups. The difference between
the treatment means was 11.60 out of a total score of 100.

No significant dqifference (a = ,05) was found between achievement means of
female and male students.




IV. CONCLUSIONS AND RECOMMENDATIONS

Conclusion 1 - It is possible, by means of testing for mastery and providing
remediation efter each unit of an instructionsl sequencre, to achieve a sig-
nificant increase in finel examination scores by a Jjunior college elementary
Algebra class.

Conclusion 2 - The use of the techniques of testing for mastery and providing
remediation efter each unit of an instructional sequence does not result in
a significant increase in the mastery rate of a Junior college elementary
Algebra class.

Comment: The mastery rate was based on the subjective measure of teacher
assigned marks (A, B, C, D, F or Withdraw). The experimental re-
sult of no significant difference between control and experimental
mastery rates may be due to the tendency of iustructors to assign
a normael distribution of grades, in spite of the fact that their
cless may have scored in a non-normal manner on an objective cri-
terion measure.

Conclusion 3 - It is possible, by means of providing deteiled and hierarchically
ordered behavioral objectives, to arhieve a significart increase in final ex-
amination scores by a junior college remedial English class.

Recommendations

The statisticel results of this study, combined with anecdotal information
from the experimental instructors, indicate that courses based on clearly speci-
fied and quite detailed behavioral obJectives were superior to control courses.
The objectives in both subject areas served to direct instruction and learning
toward the foundation skills which were prerequisite to mastery of the semester
objectives.

The Algebra instructors were very enthusiastic about the use of testing «nd
remediation for mastery, although they felt pressed for time in giving unit
tests so frequently. PFurther individualization of the course was recommended
by the Algebra instructors, especially in the area of providing time and in-
structionel methods for self-pacing by students. The English instructors, who
did not have the time or resources to carry out the mastery component of the
regearch, expregsed interest in mastery procedures for their classes. 7They
stressed the need, however, for some consensus about optimum sequencing of ob-
Jectives and provision for alternate means of instruction.

The research did not control for selection of instructors, a problem in-
herent in a project which depends on participation of motivated volunteers.
Since no accurate measures of teacher effectiveness currently exist, the degree
of treatment effect due to excellence of instruction cannot be ascertsained.

In further research of this scope, it is recommended that sufficient time
be budgeted for development of each of the components of ideal mastery learning,
including individual pacing (Block, 1971, pp. 64-76). Where a course in Algebra
may be fully developed in two semesters, a course in English, which is tradi-
tionally taught by instructors of diverse instructional methods, may tuke three
or four scmesters to achieve a common set of obJectives and to develop a suffi-
ciently rich set of alternative instructional strategiles.
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It is recommended that further research be done on the relationship be-
tween mastery rates and scores on the final examination. The results of this
research suggest that students who received the experimental treatment scored
significantly higher on their semester exam than control students, yet the dis-
tribution of A's, B's and C's was about the same for both groups. The grading
system itself, based on individual teacher criteria, deserves close scrutiny.
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Contents:

1. Participating Instructors and Group Leaders
2. Behavioral Objiectives:
Algebra
English
3. Sample Unit Test and Remediation Materials
for Algebra.

35



PARTICIPATING INSTRUCTORS AND GROUP LEADERS

lege Math English
Cerritos John D. Baley (none)
Los Angeles City Hyman Z. Solomon Virginia H. Fick
Rio Hondo Gerald E. Bruce Mahlon A. Woirheye, Jr.
San Diego City Harry L. Beldwin, Jr. Sidney E. Forman (did not
finish the experiment)
San Diego Mesa John M. Carman Beverly Erickson
Emil Hurtik

(replaced Sidney Forman)

GROUP LEADERS:
College
Golden West Edith A. Freligh
(led, but did not have
a participating class)
Cerritos John D. Baley
(participant and
math leader)
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ELEMERTARY ALGEBRA

Behavioral Objectives for a course based on
Elementary Algebra, Structure and Skills
by Drooyan, Hadel, and Fleming

(Following each objective is a sample of a
problem that might be used to test the student's
ability to meet the objective.)
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UNIT NUMBER 1 -- SETS

At the conclusion of this unit, the student will be able to:

1. Describe a set in at least two ways: (1) by listing the elements of the
gset (called ruster method) and (2) by stating & rule which defines the get.
++(a) Rewrite the set P = {1,2,3,4,5! by stating a rule which identifies

the set.
(b) Rewrite the set M = the set of all counting numbers which are multi-
ples of two by listing ite elements.

2. Translate English sentences concerning sets into mathematical notation.
++Translate the following exoressions into mathematical notation:
(a) The intersection of sets A and B is the empty set.
(v) Bet M is a subset of set N.
(c) 8et R is the complement of set 8.
(d) "a" is an element of set Q,
(e) "d" is not an element of set Q.

3. When given a universal set U and three sets A,B, and C, find such sets as
A', ANB, AUB, ANC, AuC, BAC, BUC, (AnB)', (AUB)UC, etc.
++Given & universal set U = {a,b,c,d,e,?,h,1,)} , A = {a,b,c}, B = {4d,e,f},
and C = {b,d,?,h}, £ind the following:
(a) AOB = (e) (A0B)' =
(b) AVB = () (AvB)* =
(e) A= ___ (g) BOC =
(d8) B' = (h) (AnB)nC=

4. When given a set, tell whether it is finite or infinite.
++Stete whether the following sets are finite or infinite:
(a) A = the set of all people on the earth.
(b) B = the set of counting numbers greater than one million.
(c) C = the get of all even counting numbers.
(d) D = the get of all multiples of three less than one million.

5. When given a list of sets, ﬁentify the pairs of equal sets and unequal
gets.
++Given that A = {1,2,3}, B = {2,3,4}, and € = {3,4,2}, indicate "=" or
"$" in the sppropriate blanks: (a) A_3B, (b) A_C, (c) B_C.

6. List the subsets of =~ given set with no more than four elements.

Hia; List the subsets of the set A = {1,2,3}.
b) List the subsets of the set B = {a,b,c,d}.
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UNIT NUMBER 2 -- WHOLE NUMBERS
At the conclusion of this unit, the student will be able to:
1. Identify whether a given number is used in a counting sense or in an order
sense, given a atatement in which the number is used.
++In each of the following sentences identify each number as to its use
» (counting or order) and write the correct answer in the blank after each
number:
(a) Sam ia the fifth bug in the line.
(b) Jim ranked number three in a class of SO .

2. Identify the correct order relation between numbers end use the proper
symbol to so indirate.
++Make each statement true by inserting either> or < or =.
(a) 3+5 __7 (b)9+3__9-3.

3. Use set builder notation to express a well defined set:
++Write the following sets in set builder notation.
(a) 12,3,4,5)
(v) {o,1}
(e) 16,7,8...}

L. Qreph various subsets of the whole numbers.
++On the given number lines, graph,

(a) {2,3,6,T} . j—4—|—+—+—3—4—4—o——+—-}
{(b) {all whole numbers between 1 and 8} _| 3
(e¢) {x|x<h eand xzZW} ey et
(a) {y!y>6 end yZN} bttt}

5. Identify which order axiom (reflexive of equality, symmetric of equality,
transitive of equality, substitution of equality, trichotomy, or transitive
of mequality) is the correct Justification for various statements.
++Name the order axiom that Justifies each of the following statements:

(a) I 3=2+1, then2 +1 = 3.
(v) If 6 > 4 and 4> 2, then 6 > 2.

6. Identify which operation axiom (closure of sdd. or mlt., commtativity of
add. or mult., associativity of add. or mult., identity of add. or mult.,
or distributive la.w) is the correct Jjustification for vaious statements.
++Name the operation axiom that justifies each of the following statements:

() 5-7T=7-5
(®) (3+7) -a=3.a+T-8
(¢) (b +7)+3=04+(T+3)
(d) 1(a +b) = a+ b
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7.

10.

Given an operation axiom rewrite an algebraic expression using only the
gpecified axiom.
+Rewrite (a + b)2 using only the distributive law

Rewrite (a + b)2 using only the commtative law for addition.

Rewrite (a + b)2 using only the commutative law for multiplication.

Use the distributive law to rewrite various expressions without parentheses
++Use the distributive law to rewrite the following expreseions without
parentheses:
(a) a(b + ¢c) =
(®) (x + 5)7 =
(c) (a+ 3)(b+6)=
(@) 8(r + 8 + t) =

Identify which theorem (equality of addition, equality of multiplication,
or zero factor) is the correct Justification for various statements.
++Name the theorem that Justifies each of the following statements:
() I£2+5=7T, then (2 +5) + b =T + L.
() 5.7-0=0
Factor into primes composite numbers whose prime factors do not exceed 13

and where no factor is used more than three times.
++Exprese the following composite numbers as products of primes:

(a) Sk =
(b) L62 =
(c) 180 =
(d) 3500 =

UNIT NUMBER 3 -- INTEGERS

At the conclusion of this unit, the student will be able to:

l.

Demonstrate knowledge of the Additive Inverse Law by giving en illustrative
example like 5 + (-5) = O.
++Write an example of the Inverse law of addition.

Express the additive inverse of any integer and thus demonstrate that 1f
a is positive, then -a is negative or 1f a is negative then -a is positive.
++Write the sdditive inverse of each of the following:

(a) 3—

() 5—___ () y—r___ () -z—> __.

Find the sum of any series of Integers.
++Evaluete: (a) (7) + (-9) = ___  (b) (-3) + (5) + (6) + (-13) = _____
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., Use the definition of subtraction to rewrite expressions of the form
a+ -b in the form a - b, or a - b in the form a + -b.
+H{Jpe the definition of subtraction to rewrite,
a8, X+ -5 =
b. y-L =

5. 8Subtract integers by the process of adding the additive inverse of the
integer being subtracted.
++Evaluate: (a) (-6) - (5) = (b)7-9= (e) 5 - (-3) = __

6. Multiply any number of integers.

++Evaluate: ‘(a) (=3)(7) = (b) (2)(-3)(-1)=

T. Recognize whether the quotient of two integers is an integer and if so,

vwhat integer.
++Evaluate the following quotients. If no such integer exists, so state.
(a) 6 (b) :ié . (e) 10 (a) 17 , (e) 5,
2 T —— - 5 T 3 — 0 —
(£) o,
5 n—er—

UNIT RUMBER 4 -- RATIONALS

At the conclusion of this unit, the student will be able to:

1. Demonstrate knowledge of the Multiplicative Inverse Law by giving an
illustrative exemple like L - llf =1,
++Write an example of the. inverse law of multiplication.

2. Express the reciprocal of any non-zero rational number.
++Write the reciprocal of each of the following:
(a) 3> ) 1> () > —

3. Determine the equaliiy or inequality of any pair of rational numbers.

++1a % equal or unequal to %—? ? 1Is % equal or unequel to -6-;- ?

4. Use the fundemental principle of fractions to express rational numbers
as basic fractions. .
++Express the following rational numbers as basic fractions (i.e. simplest

form):
. (a) 12 _ (v
* 3 . ) '3%% ® .




5. Express any rationel number in the required "higher terms."
++Fil1 in the missing numerstors: (a) 3 _ (b) 2x
T° k2 3y | 12y
6. Use the definition of division to rewrite expressions of the form a *
in the fom%‘-, or‘-:- in the form a - tl-,.
++Jse the definition of division to rewrite the following:

a. 3‘]5-'=
b.g;

7. M™Mnd the Lowest Common Dehominator of a series of fractions to be added

o

or subtracted.
++Fnd the L.C.D. of the following groups of fractions:

1
Wgd—  Oppi—

8. Given a basic fraction, or the additive inverse of a basic fraction,
express as a basic fraction in standard form:

a) 2 b) .3 ¢) _ -1
= =7 2

9. Add or subtract groups of rational numbers and express the answers as
basic fractions.

+H+ a8, 2 b. 1 c. A
5*&' g = g &*5
10. Multiply or divide groups of rational numbers and express the answers as

basic fractions.
++Perform the indicated operations and simplify each enswer:

() 3 %, (0) b.-2, (c) &
7°9 ¥ i
|

E— 3x

11. Distinguish between "a square root of 4" and ‘/Z.
++(a) What is the square root of 4? (b) what is Vi

12. Given a simple radical expression state whether or not it is en element
of the set of real numbers.
+Flace a yes or no on the blank after each expression to indicate whether
of not it is an element of the set of real numbers:
a. =4 b, - Vi c. Vb= d.

_— 0
3 — — — 8

e. 6
0

L5




13.

4.

Ls.

At
1.

3.

5.

Evaluate simple radical expressions.
+Evaluate: (a) J9 = (b) -J25 = (¢) (b =

Recognize the relationships that exist amorig the natural numbers N, the
whole numbers W, the integers J, the ratioral numbers Q, the irrational
numbers H, and the real numbers R.
++True or False: (a) HSQ -~ __  (b) If x¢N, then x€R. > ___

(¢) QUE =R ___

Graph subsets of the real numbers.
++0raph the following sete on the number lines provided:
() f{x |-3<x<2 and xeJ} A
(b) {y l-1€y<5 end y€R} -5 0 5
et

UNIT NUMBER 5 -- POLYNOMIALS
the conclusion of this unit, the student will be able to:
Express simple expressions without exponents in exponential form.

++Express in exporential form: (a) 3:3rrrt = (v) bxyyzz =

Expreas simple expressions in exponentiel form without exponents.

++Expregs without exponents: (a) 2ab° = (v) x2y3 -

Use the vocabulary of polynomials: such as term, coefficient, degree,
monomial, binomial, and trinomial to answer questions about polynomials.
~0iven: 2x° : x2-3x+3+ : 2x+ 1
(a) What degree is the monomial above?
(b) what is the coefficient of the first degree term in the trinomial
above?
(c) what is the constant term in the binomial sbove?

Use the rule of order to simplify algebraic expressions.
+8implify completely: (a) 2 + 36 = (b) 343, 223 82
| R OREE

Multiply or divide groups of monomials with positive integer exponents.
++Perform tue indicated operations and express the answers as basic
fractions in standard form:
(a) (4x)(3x)(2x) =

(b) Lﬁ‘aaa.

-Sx

——pmtmmeem
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At
1.

Simplify expressions with zero or negative integer exponents by expressing
them with only positive intgger exponentn.
++Express th: following using only positive integer exponents:

(a)

(v) =7t

MON

Revrite rational expressions containing integer vositive, zero, or
negative exponents using only positive exponents.
++Express the following in simplest form:

(v) (g_l 2.
oy2 .

Add and subtract polynomiels by removing grouping symbols and combining

(a) 4120
2

terms.

(a) (3% +bx - 6) + (x° - 7x+ 5=
(b) (3x -4y +2) - (57 +by+5)=

Maltiply polynomials by using the distributive law to remove grouping
gymbols and then combining terms.
++Perform the indicated operations and simplify:

(a) 3E(UxP-5xc¢2) =

(e) U~ [3x-2(x-5)+x] =

(b) (2y-1)2 =

Express polynomials in one varisble with powers in descending order with

) L

all intermediate powers expressed. For example. x“+3x -7 = 3x +x3+0x2+0x-'{
++Rewrite the following polynomials with powers in descending order with

ell intermediate powers expressed: (a) x3-1 =

(b) 3x-xh+5 -

Perform long divisions of polynonmiels by first degree polynomiale and
express the answer as the quotient plus the remainder over the divisor.

++Evaluate: x+2)x2+8x+12

UNIT NUMBER 6 -- TACTORING
the conclusion of this unit, the student will be able to:

Recognize common factors in the terms of a polyromial and use the distribu-
tive law to factor the polynomiel.
(a) 8p - 16 =

++Factor completely:

(e) x2y+x =

or

perform x3+x2+h by long division
x=-2

(b) 3x° + 6xy - 9x =

. )_'_7



2. Recognize when a binomial that cannot be factored by the distributive law
is a difference of squares and then factor it.
++Factor completely: (a) ‘2_b2 = (b) hxa-l -

3. Recognize when a trinomial cannct be factored by the distridutive law and
use the factoring methods for trinomials to factor it, if it is factorable
+Factor completely: (a) x° - 5x + 6= (v) X2+ x4l

() x° - 5x -2 =

4. Recognize and factor all factorable expressions using all methods
(1. distributive law, 2. count the terms left in the parentheses, a. if
two terme left, use the difference of squares, or b. if three terms left,
use other methods) -
++Factor completely: (a) 3x> - 12x = (v) bx3-10xy-6y° =
(e) x* - 16 =

UNIT NUMBER 7 ~-- RATIONAL EXPRESSIONS
At the conclusion of this unit, the student will be able to:
l. Express rational expressions in simplest form by factoring and then using
the fundamental principle of fractions.

2
++Simplify completely: (a) jﬁslﬂ - (v) 211;:2(-10 -
(c) xPesme6

xa-h

2. Find the least Common Denominator of a sequence of rational expressions.
++Find the L.C.D. of the following groups of fractions:

() 21,1, 1 (® 2 ,_1
bxy Bx® 3xar2 ~ Xoux-2  xPebixth

3. Add or subtract groups of rational expressions and give the answers in
simplest form.
++Perform the indicated operations and simplify:

(a) 2,3, ® 1., () _1_,2 .
x2 xy x=-2 x+2 32'16 Y""h

4. Multiply rational expressions where the numerators and denominators of
all the fractions are monomisls.

(2) -2r%s . -wit?
3rs

L8
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9.

Divide rational expressions vhere the numerators and denominetors of all
the fractions are monomials.
++Perform the indicated operations and simplify:
(o) :g + ﬂg -
uv

2
uv

Express all numerators and denominators in completely factored form when
multiplying or dividing rational expressions wvhere the numerators and
denominators are not monomials.
++Express the numerators and denouinators in completely factored form:
ll-xa-l . ﬁ-_l_;l
2yS-oyeh ¥
Multiply rational expressions vhere the numerators and denominators of

all the fractions are mot monowlals. (a) - b . _1 -t

t2 5 2t2+ht

Divide rational expressions vwhere the numerators and denominators of all
the fractions are not monomlals.

++tPerform the indicated operations and simplify:

(a) xa-3x + x2+2x-3 -

x2-3x-h x2-51+h

Simplify complex fractions.
++Simplify completely:

(a) 3+ -1-5 (b) 1 +—gl
2-1- 1-—].--
5 —— hy?

UNIT NUMBER 8§ -- FIRST-DEGREE EQUATIONS IN ONE VARIABLE

At the conclusion of this unit, the student will be able to:

1.

2.

Find the solution set of a first-degree equation of the type ax = b,
vhere a and b are integers.
++Find the solution set of: (a) 3x =6 (L) 2y =8 (ec) Tx= -12

Write an equivalent equation of the form ax = b when given a multi-term
equation with no grouping symbols and with integer coefficients.
++Write Ux + 2 = 3 - 5x in the form ax = b.

k9



Write an equivalent equation with no grouping symbols and with integer
coefficients wvhen given a multi-ters equation with no grouping sywbols
and with rational coefficients.

+irite L _ il_l._ wvithout fractions.

2x+2-3::

Write an equivalent equation with no grouping symbols and with integer

coefficients when given an equation with grouping symbols and with

rational coetficients.

H L]
Write %(x -2) = 3‘1?: - 5) without grouping symbols or fractions

Write an equivalent equation without the variable in ady denominator when
given an equation with the varisble in one or more denominators.
+Hirite _L4 __ 3 without fractions.

x+1 x
FPerform steps 1 through 5 above, in reverse order, to find the solution
set of an equation that reduces to the form ax = b. ’
++Find the solution sets for: (a) 3x - 5= -7 (b) 3(2x - 4) = x +13

(@ Sx-wyaZx+) @ momafx-s (O Liles

-2x X

Remove fractions, remove grouping symbols, apply the addition law,
factor and apply the multiplication lLaw, in order to find an equation
of the form x = A, where A iy an algebraic expression not containing x.
The equation x = A 18 'n be equivalent to an equation which msy con-
tain fractions, grouping eymbols, and other variables, but which can
be reduced to x = A.

++S0lve for x: (a) ax=mcx+5 (b) U(a -x)=3x+ (c) g_+5=cx
a

UNIT NUMBER 9 -- WORD PROBLEMS

At the conclusiop of this unit, the student will be able to:

1.

Express in mathematical language certain sentences and expressions given
in the English language. These expressions will involve only the sywbols
pres.uced in earlier sections. Also be eble to transglate into math languege

such expressions as: a fraction of a aquantity (1ike "two-thirds of ...")
a percentage of a quantity (like "forty percent of ...")
more than & quantity (1ike "seven more than ...")
less than e quantity (11xe "four less than ...")

the difference between two quantities

50



& multiple of a quantity
the square of or the cube of a quantit,
the next consecutive integer (or the next integer)
the pext conpecutive even or odd integer (the next
even integer)
++(a) 1’ x is an even integer, express in terms of x:
1. the next even integer. ‘
2. four more than twice the integer.
3. the sum of the integer and twice its opposite.
4. one less than the square of the integer.
5. the difference between the square of the integer and the cube
of the next integer.
(b) If x is a mmbor, write in mathematical language:
1. the number is four less than its square.
2. twice the number is greater than helf the number.
3. eight less than twice a third of the number is the number.
4. a third of the number is the same as half of four more than the
number.
5. the square of the number is legs than the number.
(¢) If x is the number of gallons of gas I put into my car last week,
then represent in terms of x:
1. two-thirds of the amount of gas I put intc ay car last week.
2. the amount of gas I put into my car this week, if I put in four
gallons less than twice the amount T put in last week.
3. the amount of oil I put into my car last week, if I use three
timeg as much oil as gas.
4. the smount of gas Sam put into his car this week, if that emount
is three times what he put in last week, and last week he only
put in three-fourths as mch as I did.

\

2. On a given problem, (a) gélect an appropriate variable for a quantity of
interest in the problem, (b) translate all other quantities in the problem
into expressions in terms of the original variable, (c) use these quantities
to form an equation concerning the problem, (d) solve the equation, and
(e) interpret the solution in terms of the original word problem.
++Solve the following word problems:

51



At
1.

(a) The sum of an integer and 3 more than twice that integer is 18.
Find the integer.
(b) If a collection of 23 dimes and nickels is worth $1.70, how many

nickels are there?
(c) Jim 1s three years older than his sister Liz. In two years the sum

of their ages will be 33. How old is Liz?

UNIT RUMBER 1O -- FUNCTIONS AND GRAFHS
the conclusion of this unit, the student will be able to:
Examine a given set of ordered pairs (roster notation or set builder
notation) and determine whether that relation is or is not a function.
Identify the domain and reange of the set. ‘Liat the elements in the domaii
and range of each get.
++Are the following functions or mot: (w). {(1,2),(1,3),(2,2),(2,3))
(b) {(x,y) |x€{1,4,9) and y = Vx}

Evaluate the corresponding elements in the range of a function when given
elements from the domain and the rule of the function in functional notation.
HIf £(x) = 2x° - 5, piod: (a) £(2)  (b) £(-1)  (e) £(x+1)

Express a varisble in an equation explicitly when given an equation that
expresas the varisble implicitly.
++8olve gz;h - 2x explicitly for y in terms of x.

Find order:d palrs that satisfy a first-degree equation in two variedbles.
+HFind 3 ordered pairs that satisfy the equation 2x - 3y = 6.

Graph ordered palrs of rationals with denominators less than 5.

+0n a given coordinate system, plot the points (a) (1,-3) (b) (0,5)
(e) (1/2,6)

Fird the slope of the line passing through two given points.

+tFind the plope of the line determined by: (a) (1,2) and (-3,5)
() (7,4) and (0,-1)

Write in standard form the equation of a line if the line is given in
non-standard form with rational coefficients.
+Write in standard form: A (a) y = gx -5 (b) 2(x+1) =3y - 2)

52



8. Write in slope-intercept form the equation of a line.
++Write in slope-intercept form: (a) 3x - 2y = 12 (b) %(x -5) =2(y +1)

9. Qraph ihe eguation of & line either by plotting pointes on the line (obJ. 3)
or by applying the slope and y-intercept (obj. 7).
++Graph the following equations: (a) ye 2 x+5 (b) 6x = 2y = 9
3

UNIT NUMBER 1l -- SYSTEMS OF EQUATIONS
At the conclusion of his unit, the student will be able to:
1. Graph a gystem ot two linear (first-degree) equations in two var: bles.
++QOraph by the slope-intercept method: hx - 6y = 12
+2y= 6

2. Identify, from graphs, the geometric possibilitizs that may occur (inter-
secting, parallel, or coincident lines) and pair these possibilities with
independent, inconsistent, and dependenti systems.
++0raph and state as independent, inconsistent, or dependent:

hx - Ty = 28 10x + Ty = 35 kx + 5y = 20
(a) (v) (c)[
X+2rm 6 5x+27="'1h . 8x +10y = LO

3. Show that the point of intersection of independent systems satisfies both
equations in the asystem by substituting the measured coordinates of the
point into the equations.
+Graph the following .ystem. Measure the coordinates of the point of

intersection and show tha’.t this ordered peir satisfies the given
system: [5x - 3y = -9
3x + by = 12

4, Show snalytically that inconsistent and dependent systems can be ildentified
by determining the slopes and y-intercepts of the two lines. When the two
slopes are equal but the intercepts are not, the system is incoasistent.
And vhen the slopes are equal and the intercepts are also equal, the system
is dependent.
++Determine the slopes and y-intercepts of the lines in the following

systems and thus judge as to whether each system is inconsistent or

dependent:
0 1ox + Ty = 35 . Euusy:eo
8,
5x + Ly = 14 8x +10y = Lo
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5. "Solve" analytically (either by substitution or addition) e system
of equations.
++Solve the folicwing systems analytically:

(a) [hx -Ty =28 (b \‘lox + Ty = 35
3x+2y= 6 X -2 =10
6. Starting with any system of 2 linear equations, determine whether the
system falls into independency, inconsistency, or dependency, and if
independent, find the solution of the system.
++Determine vhether the following systems are independent, inconsistent,
or dependent. If independent, find the solution point:
by

(a) [3X+5y-9=0 5) ,‘23!-1_ -1_1

8 b 2 -]

Sy-%xﬂ&-o i_g+1+_];=hx+1
3 2 2

UNIT NUMEER 12 ~- ROOTS AND RADICALS
At the conclusion of this unit, the student will be able to:
1. Simplify a term containing radicals until there are no perfect squares
as factors under the radical. This requires the use of the statement:
Jadb = Jeb,
HStmp11fy the folloving: (a) VIS (b) By (o) /362

2. Bimplify a term containing radicels until there ere no fractions under
the radical. This requires the uue of the statement: [a _ /&
b /b

++Simplify: (a, /.ﬂ-_ (b) \/—%

3. Simplify a term containing radicals until there are no radicals in the
denominator. This requires the use of the Fundamental Principle of Fractions.

Simplify: 1 b 2
+S1mpl 1fy (a)n? ()J’&

4. Combine objectives 1,2,3 to simplify any term containing radicals.
+#Simplity: (s) [27x (» 1 /3
y3 3 y

5. Use the distributi.. "aw to add or subtract terms containing radicals.
++Combine: V7 +3/7 , VB - V2

6. Multiply many termed expressions containing redicals.
+HMultiply: (a) J/3(3V3 - V2) (v) 5V 2(3 - 2V§)
o () (/3-VENVI+VR) (& (Vx+ 3)°
S




7. Rationalize expressions wvith 2 terms containing radicals by expressing
the problem as a fraction and multiplying numerator and denominator by
the conjugate of the denominator.
+Divide (a) (3) +(V2-1) (v) 3\& -1

X +1

UNIT SUMBER 13 -- GUALRATIC EQUATTONS
At the conclusion of this unit, the student will be sble to:
1. Rewrite quadratic equations in standard form.

+Hirite in standard form: (a) Sx(x - 2) +1=1=3x (b) 3lx = 6x° + 25

2. Use factoring as a method of solving quadratic equations.
+Eolve: (a) x° -5x+6=0  (b) 1lx =2+ 155

3. Bolve simple quadratic equations by "extracting roots.”
++Solve: (a) -l (b) x2 - 16 =0 (e) (x - 5)2 =T

4, BSolve quadratic equations bv completing the squave,
++Solve by completing the square: (a) X2 -6x-2=0 (b) 3x2-12x+ 520

5. Write the quadratic formmla from memory.
6., Identify the coefficients a, b and ¢ when given a quadratic equation.

T. Use the quadratic equation to solve quadratic equations.
+8olve by use of the quadratic formula:
(8) 2 -x%-5=0 () x(3x +2) = 5(3x + b)
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Thie is a Unit Test for Mastery.

ELEMENTARY ALGEBRA NAME
TEST 12 FORM A DATE HR

10 points per problem
Express each phrase symbolically using "x" as a varisble.
1. a) The sum of twice an integer and 3.

b) Three times an integer suhtracted from its square.

2. a) The sum of an even integer and the next consecutive
odd integer.

b) The sum of an odd integer and the preceding odd integer.
The sum of two real numbers is 37. If x represents the larger number, repre-
sent in terms of x:
3. &) The small number.
b) Three times the smaller number.

L. a) Two times the larger number:
b) The sum of the larger number and the smaller number.
I have 4 more dimes in my bank as quarters. If I have "x" dimes, represent in
terms of x:
5. 2) The number of quarters in the bank.
b) The value of the querters in the bank.

6. a) The value of the dimes in the bank.
b) The total value of the dimes and quarters in the bank.
T. Find three consecutive integers whose sum is 360.
8. A 27 foot rope is cut into 2 pieces, so that one piece is 7 feet ionger
then the other.
a) If x represents the length of the shorter piece, represent in terms of
x the length of the longer piece.
b) Find the length of the shorter piece.
9. A grocer mixes 3 lbs. of 29¢ tea with x lbs. of 48¢ tea to obtain a new
mixture of.6 1lbs. of tea selling for 37¢ per pound.
a) Represent in terms of x the number or pounds of 48¢ tea.
b) Represent the cost of 3 lbs. at 29¢ per pound.
10. One truck has a capacity of 9 tons more than another. Together in € trips,

they haul 12€ tons. How many tons does the larger truck carry in one
trip?
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This is & linear program which follows verbal instructions
given on casgette tape.

ELEMENTARY ALGEBRA

LOOF #12
1. Algebra English
+ more than, increased by, greater than
= is, equal
X times, of
- less than
2. If n represents a number, we can represent
twice the number as 2n
three more than the number as n + 3

a. four more than the number as

b. two less than the number as

c. the sum of the number and six as

one-half of the number as B0 or 'érl
d. one-third of the number as
e. two-fifths of the number as
3.
consecutive integers
2,34 2, 2+1,2+2 n,n+1l, n+2
consecutive even integers
6, 8, 10 6, 6 +2, 6+ 4 nn+2, n+h
consecutive odd integers
7, 9, 11 T, T+2, T+h n,n+2, n+b
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b, The sum of two consecutive odd integers is 16.
Find the integer.
Let n = first irteger
n + 2 = gecond integer

first integer + second integer = 16
n + n+2 = 16
2n + 2 = 16
2n = 1k
n= 7
n+2= 9
5. The sum of an even Integer and three times the next consecutive even

integer is 46. Find the integers.
Let x = first integer

second integer

o @
non

3 times the second integer
c. Write an eguation to indicate
first even integer + 3 times second even integer = 46
+ = 46
d. Solve the egquation to f£ind the integers.

be One integer is four times another. The sum of the smaller integer
and six more than the larger is 26. Find the integers.




L3

T. How many pounds of nuts selling for 90 cents a pound must a grocer
mix with nuts seliing ror 60 cents a pound to get 18 pounds of a mix-
ture selling for 8C cents a pound?

Let x = the number of pounds of 90 cent nuts
a. The number of pounds of 60 cent nuts is represented

by
b. The price or value of all the G0 cent nuts is
c. The price of all the 60 cent nuts is
d. The price of 18 pounds of 80 cent muts is

value of value of value of
90 cent + 60 cent = 80 cent
nuts nuts nuts

e. e ————— + e ——— =

8. 90x + 60(18 - x) = 80(18)
90x + 60 + 18 - x = 1'%

90x - 60x + 1080 = 1440

30x + 1080 = 1440

30x = 1440 - 1080
30x = 360
x =12

g. Practice Problems

l. The sums of two numbers is T6. One of the numbers is 22 more than
the other number Find the numbers.

2. The sum of two numbers is 438. One of the numbers is 26 less than
the other number. Find the numbers.

3. The sui of twn numbers is 118. One of the numbers is 8 less than
the other number. Find the numbers,

4. The sum of two numbers is 147. One of the numbers is twice the
other number. What are the numbers?

5. Find three consecutive integers whose sum is 1Th.
6. Find three consecutive even integers whose sum is 90.

T. How many pounds of peanuts that sell for 60 cents per pound must mix
with cashew nuts that sell for 90 cents per pound to meke a mixture
of 10 pounds that will sell for TO cents per pound?

8. A grocer mixes two grades of tea that sell for 60 cents and TO cents
per pound, respectively. How many pounds of each must he use to
meke a mixture of 40 pounds that will sell for 67 cents per pound?
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Ancwers - Loop 12

Freme 2 a. n+ 4 d. -;-'nor%
b, n-2
ce n+6 e. -gn or 2-'-51
Frame 5
a. x+2
b. 3(x + 2)
c. x+ 3(x +2) = 46
X+ 3x+ 6= 46
bx = 40
x=10, x+2=12
10 + 3(12) = 46
Frame 6
% = first integer
kx = gsecond integer
x + (4x + 6) = 26
5% + 6 = 26
5x = 20
x= U4 bx =16
Freme 8
the length of the other piece is 40 - x
x = length of first piece, 3x = length of second piece
X+ 3x =40
bx = 40.
x=10, 3x =30=4 - x
Frame 11

a. 18 - x b. 90x c. 60(18 - x) d. 18(80)
e. 90x + 60(18 - x) = 18(80)
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l. x = first number
X + 22 = second number
x+(x+22) =76
2x +22 =76
2x = 5h
x =27, x+22=k9
2. x = first number
x - 26 = second number
x + (x = 26) = 438
2x - 26 = 438
2x = 464
x =232, x - 26 = 206

3. x = first number
8 = second number

#

x+ (x - 8) =118
2x - 8 = 118
2x = 126

x =63 x=~8=535
4, x = first number
2x = second number
X + 2x = 147
3x = 147
x = 49, 2x = 98
5. x = first number
x + 1 = gecond number
x + 2 = third number
x+(x+1) +(x+2)=17h

3x + 3 =174
3x = 171
x=57, x+1=58, x+2=259




6.

x = firet number
x + 2 = gecond number
x + b = third number
x+(x+2)+(x+4) =90
3x + 6 =90
3x = 84
x=28, x+2=30, x+4=32
x = the number of pounds of peanuts
60x = velue of the 60¢ peanuts
10 - x = number of pounds of cashecws
90(10 - x) = value of 90¢ cashews
10(70) = value of mixture nuts at TO¢ per pound
60x + 90(10 - x) = 10(70)
60x + 900 - 90x = TCO
-30x + 900 = TOO
900 - 700 = 30x
200 = 30x

622282y 32210-x

3 3 3

6 %pounds of peamuts, 3 %— pounds of cashews

x = number of pounds of 60¢ tea
60x = value of 60¢ tea
40 - x = number of pounds of TO¢ tea
To(LO = x) = value of TO¢ tea
40(67) = value of mixture of tea at 67¢ per pound
60x + TOo(40 - x) = LO(6T)
60x + 2800 - TOx = 2680

10x = 120

x=12, 40 - x=28

12 pounds of 60¢ tea: 28 pounds of TO¢ tea

81



Sample Remediation Material: This is a script of a programmed dialogue which
is on casgette tape. The tape follows a written

linear program.

ETFEMENTARY ALGEERA
LOOP #12

Frame 1

Word problems are a part of algebre that students find difficult. This mey
be because word problems require translating the lenguage of English into the
language of algebra. Also, the student is usually very familiar with the lan-
guage of English, but learning algebra is like learning a new language. The
language of English is not as precise as the langusge we use in algebra. There-
fore, it is often difficult to understand exactly what is meant by the problem,
as stated in English, and to eXpress this problem in the language of algebra.
However, there are gsome rules of translation that can meke this easier. Like,
a plus sign in the language of algebra is usually read as, more than, increased
by, or greater than, in the language of English. An equal sign in the language
of algebra can almost always be translated to, is equal or the same as in Eng-
lish. A multiplication sign usuelly means "times" or "of", like half of ten in
English can be written one-helf time. 10 in algebra. A subtraction sign in
algebra means less than, but watch out, because in English when we say four
less than 10, you write 10 subtraction sign 4. Notice that the 10 came first,

not the £ aur,

Frame 2

Thls freme is some practice representing simple quantities in letters. If
"n" represents a number, we can represent tﬁice that number as 2 tines n or 2n.
We can represent three more then the number as n plus 3. Question A: How can
we represent four more than the number? Write this ouantity on the blank. We
can represent it as n plus four. Now work problems B, C, D and E. Check the
answers in the backrof this loop before you turn on the tape recorder for
Frame 3.

Frame 3 - Ways to represent concecutive integers

Consecutive integers are intege.s that follow right after each other, like
2, 3, 4, 5, 6, and so forth. Now we could represent 2, 3, and % as 2, 2 plus 1,
and 2 plus 2, which seemu a litt+ e strange. But suppose w didn't know what the
first integer was. We could Just ce’.l it "n" and you could rep:-esent the next
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integer as n plus 1, and the integer after that n plus 2, and the integer ufter
that n plus 3, end so on. Consecutive even intagers arz integera that differ by
two, like 6, 8, and 10. &~ you could represent 6, 8, and 10 as 6, 6 plus 2,

6 plus 4. Or if we didn't know what the first integer was, we could say that
the first integer wes "n", the integer after that was n plus 2, the integer
after thet was n plus 4, Consecutive odd integers also differ by 2. For in-
svance, T, 9, and 11 could be written 7, 7 plus 2, ard 7 plus 4, We can rep-
resent consecutive odd integers n, n plus 2, n plus 4, But you may look at the
representations for consecutive even and consecutive odd integers and say to
yourself, "Wait, it's the samr representation", and you're right. The secret
is what we let "n" equal. If we let "n" equal an odd integer then n plus 2 is
the next odd integer, If "n" stands for an even integer, then n plus 2 is the
next even integer.

Frame 4

Here's an example of & basic type of a stated problem: The sum of two “on-
secutive odd intogers is 16. Find the integers. First, we let n equal the . irst
integer. Th~n, as we~did in Frame 3 we can say n plus 2 is equal to the sec-
ond integer. Now the problem tells ur that the sum of the tw. consecutive odd
integers is 16. That translates to say that the first integer plus the second
integer is equal to 16. And if n represents the first integer then n plus 2
equals the second integer. So we car write an equa.tion that describes this
situaticn. n plus, n plus 2 equals 16. Combining like terms, n and n are 2n
plus 2 equals 16. Subtracting a 2 from both sides, 2n equals 14. Multiplying
both sides by one-helf, n equals 7. That's the first integer. The second in-
teger is n plus 2 or, T plus 2 which is 9. Then we check to be sure that this
is the right enswer. Is it true that the sum of 7 and 9 1s 15?7 Yes, then we

have found the two integers.
!

Frame 5

' Here is a problem for you to work with integers. I have given you some
hints. If you answer each Questio.. in order, you should have ennugh information
to be able to solve the problem. When you think that you have worked cut the
problem check the enswers at the back of this packege before you proceed to the
next frame. Shut off the tape vwhile you work.

Frame 6
Here is another problem with integezs. Try to work it on your own. Check
your. answer at the end of this package vefore going onto the next frame.

Q 83




Frame

Suppose that you have a board ti. .« is 15 feet long and you cut two feet
off the board. How many feet are left on the boesrd? Well, the answer is 13,
How did you get that? You took two feet from 15 feet and said, if I cut two
feet off the board, then 15 minus 2 feet is how much board is left. Now let's
generalize this problem. Suppose that you cut 3 feet off the board, you would
have 15 minus 3 feet left. Now suppose that you cut 5 feet off the board,
well, there's 15 minus 5 feet left for 10 feet. But suppose that you cut x
feet off the board. How many feet are left? The answer is 15 minus x feet.
This trick is often used in slgebra. When we want to divide a quantity into
two parts, and we do not know exactly the size of each part, we let x repre-
sent one pert and the original quantity minus x then represents the other
paxrt.

Frame 8

A forty=-foot rope is cut into two pleces. If we let x represent the length
of one piece, how do you represent the length of the other piece? Shut off the
tape recorder if you need to think before writing the anéwer in the blank. 40
minus x is the way that you represent the length of the other piece and is what
you should have written in the blank. Now if one piece 1s 3 times the length
of the other piece, what are the lengths of the two pieces? To solve this prob-
lem, write an algebraic equation that utilizes your knowledge that one piece can
be represented as x and the other piece as U0 mimis x. And have this equation
exprees the second part of the statement, that if one piece is three times the
length of the other piece. Remember that "is" is an equal sign. Solve this
Problem in the space provided. The complete solution to this problem is written
at the end of this loop, if you want to check.

Frame

How much money must you pey for 6 pounds of oranges at 10 cents a pound.
You'll probably answer instantly 60 cenis. Stop and notice thet you got that by
multiplying 6 times 10 cents a pound. How much for 7 pounds of oranges? TO cents
or 7 times 10 cents a pound. O.K. Then how much money must you pay for x pounds
of oranges at 10 cents a pound? The answer is 10x or the price of one pound of
oranges times X, the number of pounds of oranges that you want to buy.

Frame 10

How much money must you pay for 3 pounds of apples at 15 cents & pound and
5 pounds of peass at 20 cents a pound? There's no need to use variebles here.
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Just rill in the blanks and turn the tape recorder back on when you are ready

to hear the answer. There are 3 pounds of apples at 15 cents a pound so the
price of the apples is 3 times 15 or hS, and there are 5 pounds of pears at 20
cents a pound go the price of the pears is 5 times 20 or 100 cents. Therefore
the total price for the apples and the pears is 45 plus 100 or 145 cents. Now
notice that I kept this all in terms of cents rather than saying a dollar forty-
five. You could have saild a dollar forty-five, but it makes it much easier to
solve the equation if you translate all doller and cent figures into cents.

That way we do not have to work with decimals.

Frame 11
How many pounds of nuts selling for 90 cents a pound must the grocer mix
with nuts selling for 60 cents & pound to get 18 pounds of e mixture selling
for 80 cents a pound? This is an example of a dreaded mixture problem. Don't
/“"’f_ﬁaﬁic, they can be solved. I learmed how to do them, you can learn how to do
them. The thing to do 1s to go back and use the trick that we learned in
Frame 7 about cutting a board into two pieces. Notice that the problem said
that we are to get 18 total pounds of nuts when we are finished. Where are the
18 pounds of nuts to come from? Well, they are to come from the number of pounds
of 90 cent a pound nuts and the number of pounds of 60 cent a pound nuts. If we
let x equal the number of pounds of 90 cent nuts then the number of pounds of
60 cent nuts can be represented as the total number of pounds minus x, or 18
minus x. Question B is what is the price or value of all the 90 cent nuts. If
there were five pounds of the 90 cent nuts it would be 5 times 90 or $4.50.
But there is x pounds of 90 cent nuts so the value of all the 90 cent nuts must
be 90 times x. Well, how about the price of the 60 cent nuts. Well, if there
were I pounds of 60 cent nuts the price would be 4 times 60. We don't know how
many pounds, but we have represented the number of pounds of the 60 cent nuts
as 18 minus x. So the price of the 60 cent nuts must be 60 times (18 minus x).
Part D, what would be the price of 18 pounds of the 80 cents a pound nuts? Re-
member that 18 pounds is the final result, and we are going to sell them for
80 cents per pound. The answer is 80 times 18. Now we can write an equation
that describes the situation. The equation is based on the principle that the
value or cost of hoth kinds of nuts that go into the mixture added together must
equal the cost of the total mixture at the end. Shut off the tape recorder and
write in the blank in E, an equation that describes this situation. Turn on
the tape recorder when you are ready to hear the answer.
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Frome 12

The equation that you should have written in Frame 1l was 90x to represent
the value or the price of the 90 cent nuts, namely, 90 cents a pound times x,
the pounds of 90 cent nuts, plgg'60 times 18 - x. That is 60 cents a pound,
the price per pound of the nuts, times 18 minus x, the number of pounds of the
60 cent nuts, equal to 80 times 18, because 80 cents per pound is the price of
the 80 cent a pound nuts and 18 represents the number of pounds of 80 cent nuts.
Now we can solve the equation end find X, which is the number of pounds of 90
cent nuts we should mix. Applying the distributive property: 90x plus (60 times
18) minus (60 times x) equals 80 times 18 or 1h40O. Collecting like terms, 90x
minus 60x is 30x plus 1080 equels 1440. Subtracting 1080 from both sides we get
30x equals 1440 minus 1080 or 30x equals 360, and multiplying both sfdes by
1/30th or by dividing both sides by 30, we get x equals 12, This tells us’that
our grocer should mix in 12 pounds of 90 cent a pound nuts and he should mix in
18 minus 12 or 6 pounds of 60 cent a pound nuts to get himself 18 pounds total
of 80 cent a pound nuts.

Frame 13

Here's some practice problems for you to try. The answers are written out
at the end of the loop. I hope this helps you to learn word problems. Go back
now to your book and start with the easiest work problems in the book. Do not
skip any of the easy problems because it's practice on these problems that makes
1t possible for you to solve harder problems 1. the later section. This is the
end of loop 13.
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