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. "FOREWORD )

This handbook has ‘been prepared in- order -to-provide tedélicfs
of seventh year and - Olghth year mathenatics W1th sugge§tions for
teach1ng various aspects-of ‘the--coufse. .It is intendedthat it be
used with and- supplemént the Department syllabus, Mathematies
Tourses for the Seventh Year and Eighth Year;

A committee of tcéachers and:Department- personnel-met in- May
1966 to- develop afi -dutiine for Seventh- and eighth. Lrade mathematlcs.
This -committec- deslgned a recommended fundamental coursé,. the
scope 1nd.organxzatlon of which reflected several guiding pr1nc1ples'
(1) the framework must be colisistent and reasonable, (7) -the
content should be based- on the 7X and 8( ‘materials as: mod1f1ed by
evaluat1ons and recommendatlons resultlngffrom the1r use,. and:
(3) the course must.proV1de good .articulation and continuity with
‘both Hathematics K - 6, A Proposed Proqram and Ninth-Year Mathema=
tzcs, ‘Course I = Adebra, as- révised:in 1965.,: -

The :outline, Mathematzes Courses for. the Seventh Year and
Eighth Year, which this committée constructed; coritains no-optiohal
.topics,; For-suggéstions in th1s area reference wis-made in -thé
Syllabus .to 7% and-8X materlals, -some-0f- which: Are-now.- out -of prlnt
In order -to: prov1de teachers sof seventh and- eighth grade mathematxcs
with a background -of . optlonql mater1als, and. also--to: Flesh out -the
iwhat" of the outl1ne with. some suggestlons concée¥ning the - "how i
th1s Fahdbook was : developed. '

-~

teachers. of mathemat1cs. Such teachers should reallze howeven
that the methods and - lustratlons used .arenot prescrlbed proces
dures, teachers will.want £o- experlment WIth alternate approaches.
as- thes~ come-to “theif attention;

Nor should::teachers- ?eél‘that everything in- this -handbook. must
‘bes "covered" An. every class. A number of areas which-are. deslgnated’
as optlonal have been ificluded in this. development. Stronge1 pup1ls
mdy be led: to.explore sofie of these - optlonal topics, but it is-
probable thatunot all of these top1cs -can’b¢ touched-upon by -any -one
group. It is.:the: -intént -of th1s "handbook to make such exploratlons
profltable -when. opportunltles for th1s act1V1ty ar1 -“The - optlonal
-topics. opent windows upér fasc1nat1ng V1stas ‘but this add1tlona1
‘matérial -should-not be introdiiced -iii- classes where th1s 43 done at
the expense of. adequate treatment of the requ1red -topicss

v

l(peraenced teachers, ‘tod, will welcome néw suggestlons for
presentlng old. and new top1cs Such background supplementat1oan1ll
make' ava1lable to tlem ‘a-wider” var1ety of” approaches and téchniques
‘to-vary the1r presentat1ons. Some of the suggestlons will _provide
the teachét with- procedures which. wlll enabl :greater - emphas1s to-
be placed -on- certa1n asgects -of "modern" mathematics.
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) The or1g1nal draft of the manuscript -was written by Mrs: 1ltna
De- Long, mdthematics teacher, Albany Pubiic Sehools. -She was
adv1sed to. draw. freely on the 7X and 8X. publxcat1ons of the
Department. “Fredric -Paul, asso¢iate; Bureau 6f Mathematics Educa-
t1on, worked ¢l ly with ‘Mrs.. De Long, and checked the manuscr1pt

.as-it:was being Writténs .

Aaron - Buchman, assoc1ate, _Bureati .6f" Mathemat1cs Educatlon,
under temporary -assignment. to: the -Bureau-of Secondary . urr1culum
Development, -organized, edlted and: prepared the final manuscr1pt
for- publlcatlon.
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Gordon- Es Van Hooft Directon-
Division of SchooZ ‘Supervision . :
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T. SETS i ’

The topxc of :sets will -need-thorough developmcnt in some
elaqseq, bt Teview- will: he -sufficient in other-cliasses. depending
_on’ _how.much: has been tnught prevxouslv.

‘The term- ‘set is- undcfxnedehut can-be consxdcred to-be- a
collection of objects - or conceptq Which .arccalled- elements or
members- of ‘the set. The- qvmbol'ep51lon,lé, is-used .to 1nd1cate that
a certain -object ds-an element :0f a-certain qet MIE A" i read
3 -is an- clement: of - set A" *"5 Q AV s, read is=not an: element

of set A". -Sets-mayibe- identificd- -by: lzstznq - -brdces-the clements
of a set such -as {0;1,2,3,4)., The-sdame :set. :may- be-deserihad- in
vords: aq {all -whole- numherq :less “than-or-cqual .to -four). Also,
.some qetqwmav ‘be graphed-on a- numher 1ine.. It )s,quggeqted that -
simple represéntation-of sets-on *° - rumber liné be -taught at this
times

o

|
SRS I,

Thé lqrgest ‘set under conqxderatxon is- the unzversal set; 1tq
symbol: is- usudlly. 0. A firite-sct-contains a-definite -number of

-elements; such-a set i§ {a;b;

endleqs numher of,clementq.

set; ‘ther three dots: denote .the endless p1ttern. The nulg set con-
tains- no nemherq» The set.of all lxvxng dogs with- wings' is.an -

sc,d}.  An infinite set contains.an
For-example, {1;2,3,4;...) is an infinite

example -of the-~ null set ‘which, is symbolized by { ¥ or'é.

‘Equal

sets contﬁxn “the same*elementq
Lquzva?ant'setq are scts with th
onc- to-one correspondence exists,

‘not- neceqsnrxlv*ln the -same order. :
e-Same cardlnal number, S0. that a
Sets. which .contain:no- mcmherq in

common axe-disdjoint sets.

-

When- elementq of the-iiniversal set .are grouped in- Vaéiﬁﬁ% ways

to--form. many sets;. theqe 'SEts are called subaets. The null set -is-a:

-subsct -of -every sct, Fvery set is-a-subset of ltself,

-are _proper- -Subs ~ts except ‘the set 1tse1f

1£ set A is

All qubqets
Kl euhset of B,.

this can- -be indicated by the symhol A &8, If“qet ‘A i's a proper:

quhqet -of 'B;. thxq can ‘be 1nd1cnted ‘hy thé symbol,

-

*

KSR

1he unzon of set -A-and_ set -B-iS- the sét consxstxng of -all:the: :
clements-iin both -sets;. .no- clement may the 1isted-more than-once.. “The
union of $et A-ahd:set B. may be indicated by the_tise:of the: qymholq
NUB.. The zntersectzon of - -$et” A-and set .B. is-thé set contaxnxng

¥

-

all ‘the- elements common. to - both -sets. The ‘intersection-of set A o :

-and”_set ‘Brmay- ‘be- -indicatedThy. the- usé of the ‘Symh6ls A=N:B.. . .

» “SYMBOLS '

€ is:an-element of & 'subset ) L ‘ :

© & is Aot an- element of ’n Jntersectxon, "and“' :
‘{}‘oro¢4'311 ‘set, empty Set U -union; “or'" .

< propér .subset U universal set :

- Jl’ i
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Identification of Sets : ] =
Conegpé:  Meaning of a set:
(1). Any collection.or gronp- of objects or -concepts which: have . :
‘some property. or- Lharwctcrxstlc in-common may ihe- callcd a . X
set. The chairs in-your-classroom-make -up a set. The g - :
properties they have-in.common are that:they are chairs- and" - -
that they -are ‘in-vour ulaﬂsroom. ) .
Look around the c¢lassroom und “dentifu co? Leviiona
or groups: of objecta that ean ke classi} Yed-as sct. - o
‘Answer: The sct of :all-chairs fin the room- ) ) - T
T The set-of-all -desks in the -room: - :
The set -of all hooks- in-the room ) ’ o -
. The set of -al'l: boys .in-the- -room: . - :
- The--set .of allagirls in- the-room- - <
The- s€t ‘of all teachers—in-the room - ’ - : -
‘The- set of wll-11i ghts -in- the room: : o s - £ s
‘The set of @il ulocks ‘it the Toom X . : s
The set-of.all tables in .the-room: - - : T
e. ~ ~Note: The-sets listéd-are-a rcprcﬁcntatzvc sample- - . : T
o of scts -which ‘may-be named. Pupils-may need: - - .
L ~dxrcctxon -in-choosing sets -containing. only. one : .os
,clemcnt. s I
() Sets do-not hnvc -tosbe compo:ed -of ohqutﬁ., 1hcy may “be :
collections or proups. of«concepts or ideas such™ a» ‘numbers, : .
_points,. plancﬁ, and :lines. : . -
flame some sets which-ave not composed of physical - ] -
objecte. ) ) .
Aiiswer: ‘The set of -all. even-humbers' . .- - -
= - The set-of ail -odd -numbers - - ot
The -set of -all :natural:nimbers: . . o
- The sect--of all rational numhcrs * - . .1
. . lhc set of all numbcrs greater than X- (whcrc ‘ T Co:
i X is Some given: number). I
v The s¢t.of all. numbers-gréater than X-but R T
less thany - . o
The set of -all-points-ona.given line: . o
The set-of -all: line segménts-which form a- . :
pivengeometric figure ] .
The sct-of -all planes pnrallcl “to-a. ﬁchn :
-plaie- . i . - B
Cbneept: Symbols -for a set. .

(3) The members. of .o set are- called its- elcmcnts. -A- Set-may he- -of
any -size and may <ontain:no clcmcnns -one - clemcnt, any fxnxte
nimber of” clcmcutq -oF an-infinite- numhcr of cléments. A set

-

k)




»

) ) : is referred to by ‘listing the-names of thc clements in. the

. :ser within braces-or by -describing - the eclements in the-set.
¢ Onc partigglar sct may. be referred to.as "the sé. of all

natural numbers greater than-4 and - ‘1ess_than lo " This -same
sct-may be referred to-as-(S, 6, 7, 8, 9).

Below are sots u?'wh are identified by desceribing the
elerments in the set. Idantify. thege same sete by 1iating
‘their-elemente-wichin ‘braces..

(a) The-set of all-oven.numbers -between: 9- and 21 .

“(b) The-sct of all odd numbers. hetween- 107and 20

“(c). The-sct of .all the months in-the- ‘year which:begin

with=the letter F° -

)] The “set of all the-:states-in:the- U..ited States

) completely:-surrounled:by water

(c) The: set.of-all-men who-scrved as Presidcit -of the
. United States-at-any-time-durinp: ‘the period
: o ) 1931: - 1962
E B - (£)- The-set of :all 'states-in the-United-States which - :
: ’ .- . ) ‘border on:the-Atlantic. Ocean: S T
. o ] () The-set-of all planets -in our solar cystem -whose-

B "+ orbits. are inside-the-orbit of Jus»iter
- ] Ansucrv (a) {10,-12,.14,.116,.18, 20

oar ke nin o e Wi ovitgtasols | ISt

b e -

=

" (b) {11, 13, 15, 17, 19)
(e): :(Febmary)
] (@) (Hawaii)
‘(e) :{Roosevelt, Truman, Fisenhower, :Kennedy)

.(f),

{Florida, (‘eorgia ‘South- Carolina, North
Carolina, Virginia M.n'vl.ma _Delaware,
‘New Jersey, New York Com\eceicut ‘Rhode-

1sland, Massachusetts. hew ihmpshire,
Maine}

‘(g): (Mercury, ‘Venus, Earth, Mars).

(%) Below are sets uhich-are zdent.zfzed by listing Gll the

-alements. in-eaok set. J’dentzfu each of thece sets by-

descmbzng the clements in-the cet. There may be several

‘vays-of deseribing -eack-get-.of elemanta.

(a)- {2, 4,.6, 8,10}
; ) (b) {Alaska, Hawaix, ‘California; Oregon, “Washington) .
S ) () AApril;, . June, November, Septerber}- o

- (21, 22 23, 24; 25}
(e) {4, 8; 12 16 20 24)

Ansuerv (a). The sot of -all" natural: numbers. between,
~ but _nét mcluding, 1 and 11
(b} The set ‘of:all states -in the Umted
' ,States ‘that border on- the-Pacific 0ccan
(¢) The-set of-all: wonths in-the year- that’
have .30-days, and-only 30:days
(d) The set.of all natural numbers greater-
) ‘than- 20-4and Jess than 26
3 (e) ‘The sec-of -all natural mimbérs .Jess than.

25- that are- dxvisxble bv 4




Concept: The use: of -dots in iiétihﬁ,eieménié in a set..

“(S) Three dot s-may be used 1n disting the eleménts in a set

wh1ch contains a ‘largé-number of elements and such that
the elementq form.a definite pattetn.. In the set
{l, 2,3, 4,,3:., 586}, -thie three dots-meap “continding
in the same manner “up to. and 1nclud1nq the number 586 "
'In the set {1, 2,.3, 4, ..:} the three-dots mean
"cont1nu1ng in. the,same -manner without .énd."
Identify each of the foliowing seis by Lisiiw
the elements in eadhi set, using the taree Jots v
they are yse;ul
[{a) -The se; of all-even naturql -pumbers-
-(b)- The set of 111 odd natural numbers up ‘to and
o 1nclud1ng 3339- -
(c) The set - of .all letters in the alphabet
(35 The- set of all states in ‘the United- States
‘(e): THe. sét of all fract1on5'between“-and 2 whose.
denominator is 13 -
Ansvers: (a) {2, 4576 8 FEEEES I
T Ab): Il, 355, 7; :::,3339}
R (35 {A iB, C Dy iie,Z
(d)- {Alabama;,Alaskq, ArizZénay Afkahsvs;, .i.;

e N')

etrer

Wyoming}
.y 13 147 150 16 26.
() {.E’ 13132 132 " 713

The Empty Set

Concept: Meaning-of and: symbol for the empty. set.

‘(1) Somefime a set Will contaxn no-clemefits at all Such a-set
is. called ‘the empty or:null set. The svmbol for ‘the-null
set is ¢ or { }. The setof Al two-headed elephants 4in -vour
classroomsis- the null sét. The set -of numbers. greater than
2 .and. dess. than I is :thé: null set. que must -be taKen:not: to
confuse the .Aumber 0 with: the null qet. Lero 1§ .a number.

It may be llqted .as an: element of a set, The null sét contains
no element. The .set of numbérs which-can be subqtitﬁted for X
to-maké x + 2 £ 2 a-true statement is {0). The set .of mumbers
—wh1ch .can- be stibstitiited .for x to make x ¢+ 2 X a true state-
ment is. $-or { }. ‘This is -a Very common' poxnt of confusion

w1th pupxlq, and some. time should -be devotéd- to- preventing: and-

vclemrlng up- any poss1ble confusion-

>

List the elements in. eqen o."ﬁe beZow,np sets.
(a) The set of all livé dxnoqaurs in your school
(b)) The set of all ‘mimbers. greated than 5 dnd less
thai- 3 ) .
(¢) The -set of all numbers that may be substitiuted: for
y.to make the €quation 6 = ¥ = 6-a true sStatement
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knows

-

(4} The “sct -of 111 nnmbcrs thaf—ﬁxﬁ -be subctxtutcd for
x. to-make the equation % z 0a- truc stitement -

(e) The set .of all nqmbprs tﬁqt may -be- sqbs;;;utpd for
x to.make the equgti@né%t#'O‘n true st5tcmch;

Ansiers:  (a) 45 (b) ¢, (¢)- (0F, (d) ¢; (). (0},

-Finite and Infinite Sets

Concepe:: n finition of finite-and -infinite -sets:

A flnxtc -sct «is: aset whlch cont1_‘<-1 certain.-number
of clcmcnts. Thi‘ number -may-be - f1nt1st1c1llv -huige;

?hy;x@s long.a§ it is dcfxnxtelv :a :numbér ; then -the

ni é—seg; Thc numbcr of molcculcs ‘of water
fnnmbcr. The timber
'thcrc is no h1V‘0f dctcrmlnlnq
a- chxnxtc

is Lonst1ntlv‘ch1ngxng,
tthc ‘humber; bt at -any: ngcn 1n<t1nt thcr
nnmhcr oF molcculcs -of w1tcr prcccnt, and it ds po" iblé-

‘to-name- many l1chAf1n1tc -numbér's. which exceed; thlefhunhcr.
The -set of all molccnlcs of “water in: -the- P1c1£xc 0cc1n is
*thcrcforc‘1 flﬂltCrSOt. An xnflnxtc set is.a- sct“hhlch

-contains -an: cndlcs< numbér- of” clements: The set of 111

'thc natur1l -numbérs-is- 1n Ginfinite sct.. - .

It [s 1mn0551blc ‘to-detcrmineswhéther ccrt11n sets:.per-
talnxng ‘t0- ochcte in:.the universe- are flnxtc “or xnflnltc be-
cause we :do-not “know. 1f ‘the u"vcrcc S flnlte or 1nf1n1tc.

-When- pup11< .ask i f>the sct .of all- clcctron< i sthie-universe:

is- flnxte ~Or 1nf1n1tc,‘thc bcst nnsxcrxxs that “we=do- not.

The - pupils <honld “be-given- cxpcrxcncc :at determining the

*dxffcrcncc “between- scts th1t “have a-Verv. -large-number-of -ele-

ments-. 1nd ~an- 1n£1n1tc ‘Set.
Iaéntth each -of ‘the foZZoana sets ds- aeznr Finite

“or wj inite. . _

(a)- The set of all the &r11n< of saiid- on- a.given hc1ch

(h)f.Tbc set of all- seven- numbers- grc1tcr th1n 10-

‘(¢) The sét of all fract10n< “betveen: the- numhcr< -8 _and:
9. )

(d): The -set oflall points on-a given. line-

-(e) The- sct of all -poifits on.a--line ‘Segment -0 0008 -of

o an lnch‘ln,lcngth

(F) Thc set of all peonle now allvc on carth

(g) Thc set oF all iman- bcxngs hho -are -or who ever
Were allvc=on c1rth -

-(h)- The-set -of all: protons-in ouf solar systcm.

(i) (1;.2, 3, 4, .:=°99999}

g 1% 4

e o




; Gy (1,2, 5, ii’, .g.‘}

? Anxhcrsf (a) TFinite (F) Finite
5 S (b). Inflnltc (g) ‘Finite
N : (<) Infinite (h) Finite
. : - (). Jnfxnltc (1) -Finite
) e e e (c) Infinite (i) Infinite

‘tqual Sets:-and ‘Equivalent Sets
: : _ . oxcapt: Definition-of equial-setss R

A-set may be. desceribed: in= -more” than- onc-way: Thc set
of all. odd inmbers.. grc1tcr than 2 and-:l¢ss than-§ is
‘tile \ct,(a 5, 7}: ‘fhe set .of dll: prlmc,numbcrc
greater than 2,nnd less.than: § s the-set (3, s, 7).
. ) tach-of these sets-contains -the same clcmcnts.~ They
. ) h T are-equal. séts. Tio-kets-are :cqual:-i€; and -onlviif,
. : C :tthALontnln ‘the- same -clements.. The-order-of--the:

B BN -clements-isithin the: <ct:doc~ not ‘matter:.

T

NI

- T Jomeepts rDéEihiviﬁhsoF.chi%gjbntﬁ§cts

] ‘Equivalet - -set's- are -scts- whlch contnln -the -Shmic=nimk
- of clemeiits hhcn tho dcts ¢ontain thc ‘sime nimbe¥-of
i »ngncnt>; therc cxists-aloneto-one- corrc%pondcncc,bcthccn~
. ‘the tivo fets. lor'cvcr ¢lement i :the ‘first set thcrc -is
- a Lorrcxpondlng clcncnt -in_the second sct dnd--for. éve
- o ) —Llcncnt ‘inthe second set there is a corrccpondlnc clcmcnt
iu the Eirst set. Sich séts -arc nlso cnllcd mntchan cctc.
The-Sets--(259;6,;8) and {Mary, “rom;_Joe, Pete} are-cq
or matching sets. The sets (l,-,n 4,...) qnd?(2,4,6,A
are also mntchnnL sets: : J

: . - Equal -sets are- always canivalent; shiit -éauivalent ‘scts,

: are not,nccccsnrxlv cqual.. Thc,cct,oF all: odd -numhers eréater
. . -thair- one-. Jnd less thnn 9- nnd “the set of nll prxmc numbcr<
- - T greater thini 2. - dess than :§- are cqnnl sets {35, 7}

: . '(a,S,f},,hnt thcv are-also- cqnlvnlcnt,clncc ‘the- cnrd1n1l
-nunmber-of cach set -is- ;hrgcu

- : The setofs thc,perJrv ‘colors, {red;, bluc veilow),
- . anlvnlcnt to-the set - (M1rv; Jane, Svel; bnt thcv -are- not
- equal,

In the blanks: below, wiibe thé lebterof the sét in
colum B phieh is equal to the set aFtev ufa Biank in coann As

. i  Colurin # ) Colurin B
() 417, 15, 9, A1} B CYRIC P § i‘s,ﬂz—)
: (2) ‘ihe sct of a1l 5 )
matdral- ‘imbers greated (B) €, 23; “’ 19}
- ‘thii. 20 -and: less- than 10
6
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. _
¢ - o
Colimh_- ‘Colimn ‘B
. g “(3) Fhe-sct of all ©) {7:3) ) )
: ‘tl\'o-dlg-l;t nlimbers Wy (2, 4,6,8, ...} . o
- B “ LU . T
: . T (B) & 2 ) ) : :
¥ & - o .. (5) the set of all ey e e < . S
i g o - pripne nunters () (5 6,0, B, Lo} e
I hetween 10 and: 24 (G) {5, 4,5F
: ,(6)‘—.l'he set .of prime SN LR 5 i : .
factors- of -2 ("’_ [)m’_"“’ 12, ..:,99) - - . o
: . (7) Fhe set of all «(1 i, 3, .9} . ) - :
e o digits in the iy S aE _ALE - ’ T
R -0 - BAR 125, -0:5 :
y ~ -~ -nupbér -195 ) {0*: » 023, 0 75}
B : - ) __;(S)'—l’he sct of all -
= : ’ - natural nimbers . - S :
R : | : divisible by 2 - * ) . : :
: E - - 3 13 25 v . 7 - .
- : , I O EAE SO g ’ : . B
: : 2 = - flﬁ) {.\‘!,‘B,A(.,_‘:D‘, .::;HY L - - ‘ : :
: - Answers: (1A, (), (3) I (1) T, () By (6) €, ()T B o
; : - (5} D, (9)-C.. :(10); E . - -
: ) Fir the blants below, write the le tter of the set in ) . :
colurm B which is equivalent to the sel af :':ez' the biank in ; - B
: cofurmit A: ) :
-Coluni- A- . - (olumn -B - - N
o ) (L 2, 3 (A) the set- of legs- OI)‘.'I norma I: .
: ZQ) A B, i dog 3 =
- ! 6y {_ 357 (B) 535,7,15,45,97,26,60} ‘.
‘ RSPt TRy ) {9; IO} . - i B
) fthc -set of wheels - T (N G} T . -
; -z 4 B on-abic¥éle ’ :
’ Answersi (1) D; (2) B3 ‘G) A, (4)-C .
: i . Covcept: Mcaning of universal. set and’ :El}l)scts,
: ~The largest set undcr consldcr'ltxon is called thc . :
-universal set: Tts <\mbol is U llcmcnts within thc
) universal: set ‘may. -be ;,roum;glr in. various ways to form many -
sets: Ihuc new Sct's.arc called -subscts- of the umvc,r';:ll :
sct. :
- €
1f every clcmcnt in=set A -is .|l<o .an- clement in -$ct. B,
-then set A.is a :.uhsct of set B If the universal set is
) ‘the - -set-of all pupxls in-the-classroom; “then the set of all ™
: o “hovs- is a- <uh~ct .of the-universal set; The-sét of all: dgirls- -
- 1 s
z \) - " .
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1n, he classroom 15 another subset of the un1versal set:

of bovs in the classroom.‘ Every -set is considered-a- subset -
of 1tself Also, the null ‘set is: consldered a: subset -of"

. every set. “The total number of subsets ina set -consisting

of one: element 1s therefore 2. -A- set conslstlng of : tud~ : e
eléments-will have 4- posslbleasubsets A-set - consxst‘lggwof.‘ -
- i 3 elements w1ll have -8 subsets An exauunatxon of thls

s
a set that conta1ns n elements is 2 . The total‘ number of

5
‘snbsets—:o£ a-set: of,S'—elementsf;xs 27 or 32 subsets.

Hhen we say*that set I\ ;s -2 subset of set B, 1t 1s

If sét-A- i a subset of -set. ‘B,. thls -can “be- 1nd1cated Y.
» -the- symbol N "S:B;. If set A is -a-propet- subset of sét B,
thls can-be- 1nd1cated by the symbol AC’ B.
In -the examples. belw, the unzversq_l tas: the sot .
of - all ‘the-whole nuwmbers: In each Aexw?zple, indicate -uhether
-or not-one.set is a subset -of the-other set-and zdentzfy

-which set 15 the . :
(a). A= {895 B-2- {2;.4;:6,.8;.19, 10}
«(b): A= {05 B2 (6,0}
(E). A-E- 3 . B {152, 3, .c::;10F
2(d): A = B= {1, 2, 3}
(e) A-= _9}) =B'f-‘{759}
‘ANSWETS : (a)i "Set -A-i§:-a-subset:of Sét B
- -(b): - subset -of set :B_ and :setB.is:
R subset of :$6t A
_ (¢)- 'Set Ais-a subset of set . B
(d): 'Nelther set is a- subset of the other set
(e) ‘Set Ais-a subset of set -B- and ‘set :B :is-
a subset of -set A
(2) Is-évery-set-d- éubset -of - ztself’

Ansuer' Yes: ‘Evéry - -elemént 1n ‘set A 1§ .21s0" an. element in
= setA. “Therefore, Set:A-is.a- subset _of set A..

(3) If two ‘sets_are- equal 1.s each set a: subsot of ‘the
~ other- Set?
Answer' Yes. ach -element in_oné- set is also :an element in-
- the -other- set. Therefore, each set is-a subset of
the other set.

(4) The letter - 1s used to- 1nd1cate the un1versal set The.
cap1tal letters sucheas A .and: :B-are- used to- 1nd1cate subsets
-of -the un1versal Set.. “The- un1versal ‘set--and- several subsets—
A, -B;- C and D -are- -as “follows..
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Son,

Indicate whwh of the follounna ‘statements are -true and -

2
s

7,
a,

1,
4,

(0, 2; 4
2,3,
6}

3* ..s;10}
10}

6, 8,10}
...,IOP

-

which of them are false:

(4)
(b)
{(d)
Le):
-(£)
(g)-

- (’i:) N

()

ept:

[{,

element?
five elements?
‘Answers:

Set A is:

et A is
‘Set B is
'Set A is
Set C is
Set 'B"is

Set C is

‘Set- b- is
Scr B 1s

Set [) is-
_}’\nsuch'

“(a) !-alse (c)y l‘alse (e): l‘alse -(g) “False: (1) !-al';e
‘(d) False-(f):-Falsé (h) True

(b) Trie

The -Aumber

a- subset -of et B

a_subsét of set-C
a subeet of set A

a subeetf of set )

Aas supeet of set D

a -Subsét =of sSet’ D

-a subset of set A
a subset of set B
.a: eubeet of set C'
a suhset 6f - -set. A

of subsets in a-set:

Ifthe mill set is a subset of every set; List all - : B

List all the posszble <‘ub set
:Answr {a};

st all the: posszble subset.,
{515 (6}

6}

- 'Aiis"iier (4)5.
R & 5
(4,5,

¢

List cil the.possible subsets
Answér: [lJ

{15

{2,3}
(1,2,3}, {2 (1 3,4} ;

‘the :possible subsetls in-the set 10):
LHe post
-Aﬁsi{e’r;

fo}; @

[b} (a, *bl;.

¥, (4,6}, (5 -6}
l)}

(21, (5}, (a}
{l .)} u 41,
(2 a), (3 4}

[1234}

¢

How man iy subsets-are there in a set cont(pmng only J one
thiee-elements? “four- eléments?

two eZements’

n elements') .

2, 4; 8; 16; 323 2"

of the set {a, b}

in the set (1; 25.3,. 4}

oM

e e
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Concept? The-union ofifyd=ceis.

‘1) Con51der the set A = {1, 5, 9, 14; 17} and the set

Cbncept
2y

e

v

Union. and Interséction. of Sets

- - §

Ve

={3; 7, 145 15}. A th1rd 56t may be -obtained: by .
-group)ng the elements in set A- hlth,thc elements- in
set B hlthout reneatlng elementq Wthh are in~both
séts. - The new. set woild: be-C-= {1,3,5,7,9,13,15,17}.
Set C is. thie-union- of sets A-and B: lhesunlon of two
(qets A and: B, ‘is ‘the set- composed’ of cvery element in
set’ A plus-¢vety -clement in- set 'Biwhich-is not in--set A,
Thefuﬁidn;;OfAg6urse3yinélude§~eve ‘"element ‘h
set: A, cvery element which- is -in- st B;. and eVeTry
element hthh i's in-bothi.-set A-and. s6t B=

rhe union- of qet A and- $et -B.may ‘bhe- 1nd1cated}b»
‘the -use’ 6f the evmbols A U B AU B JS read Ay -O1. B! or
“"A~union- B,

Indicate by lzstzng, ‘the union of each pair of the
following sats..

{a). A ={1,-6; 8} .and: B = (5 9 ll}
{b) A= (a5 by -¢; d} .and™ {(a“ b3 K)s
(c): A= (a; §,b; 7).and:B-= (7,:b,5, a},
Wy A= the Set- oflall :boys--in- vour - class.
B= the sect of ali: -brown= eved pupll% An. vour:
Class: B v

“(e)- 5ﬁ;,the set of dll-odd -natural: numherq.

] =Bléithe set ¢ y atural:numberq.
{F, A= 11;.6;9a
(g) A= (John~- ¢ (Cal)fornla}
Answerq (a)+C be »

- (&) (; ;
«(d)=C = fhe set deflned‘by ‘the -1i5t c0n51st1ng
.of -a11--the boys. plus -all ‘the brown= =eyed-

. “. -girls dn:the -class;

(e C = {1,258 s}
(£)C = (16,97 . o
(g) C = (John Californid, Mary, -Peter}

Inetead -of - using- set .C:to 1nd1cate,the union-of’ A and-B
the answer- to a)--could-be -written=A- U B £{1,5;6,8,9,11}
and ‘similarly foi- the rémaining -answers:

The 1ntersect10n of two- sets

Con51der the sets-A = {1, 2,3,4, 5 ;6 7 8) and BE (254, 6,
8;10;12 {2 4 6 8) i5.-Composed -0f every

,elem nt ‘that is. -an- element in: both Set A-and -set B Such

A set is: called the interscétion of,sets A and B. The
ihtefsection: o£ two ‘Sets, A- and By i§ ‘the§ét Lof all ciefients:

-

10

e
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-sets- A'and B- are dzsgoznt

E3

hthh -are ‘elements: Common to - ‘both: sét A- and set B:. The
1ntersect10n of sét A-and set B may be. 1nd1cated by -use

of the symbols A NB: AN B: 1s read WA and BY or "A
1ntersect10n B

szen §éts 4, B, C,. D and iE beZéb, zndzcate the.
ihtérsections. requested ) N
A {1, 3 9 i1} .
B‘—‘{l 3, 5 9, 13}
: {3 9 15 17 21}
{9~d7 21 25}

Ia). Inidicate- the intérsection §f;sets~A and B
:(b): Indicate-t} 1ntersect10n of sets - B
:(€): Indicate -thé-i n-of séts-C and\Ap
(d). -Indicaté.-thé in of sets.C and E.
(e) Indlcaten sets’A B and*C:.

@) C=d d) €=
b) €= €) €= {59)
2) €= " :

Instead 6 us1ng set C9.1 dlcﬁte the 1ntersect10n -of
‘A~and B, the- answver- to‘“) “””1d e wr1tten AN CBIE {13, )
-and 51mllar1y for the ‘Fefaining:answers.

Conzept: :iie_éﬁiﬁgr,éf disjoint sets:

Wo_sets have no- elements 4n- =Cofmmon ; they- are sa1d

e dlSJOlnt sets The~1ntersect10n - d15301nt sets
he -nulli-set..

e et
0 O My
H U‘H

In_each: of ‘the beZowzng, zndzcate whether or not

:of allwnumbers greater than -5 and. less
et -of all ‘fumbers_‘1€ss ‘than ‘6.
et-of a1l even numbers

No they are- not€d15301nt.
Yes they aré-disjoint.

Yes they are*d15301nt

No they are not d15]01nt’

11 -

2
¥
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: . Venn-Diagrams

Sets, -may-be - represented pictorially by the use: 6f 2 rec= T

; X ’ tangle to répresént the universal set- with- c1rc1es to represent .

: - :SubSets of -the un1versa1 sets. There are five- p0551b1e ways of ) -

- ’ ,representmg p1ctor1a11y a unxversal Set -and. two. sibséts- of the B

‘universal set. ) ' - . :
i(1): Set A.and set .B-are i S -

: ‘ disjpint sets. . . E

: , i - ,

: * A(2)- SetnA‘ nd set- B have am- : ;

. : intersection but aré-not -

7 proper: $ibsets -of. each-other.. E

< A

Do - ' |

“(3)- Set ‘A'"is. a propet Siibsét - :

- . ] ;

: , {4) sét B is a-propeér subset of 3

: §ét A. ) i .

: (5) SétA.and- set B are -equal i
séts. They -are subséts-of . . iy
each -other.,

- - 12
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Figure:

‘the- “anion of -Sets.A.

tunlonnof’set Bnand -the- unxverc

Figure: 1I |

In-Figure 111, shade i he- Aréa: that,represents

-theé 1ntersect10n of sets A and B<

dn Flgure II, shade in. the area that repf€§ents the-
nion qf sets. ‘A~ and: B..

1n Flgure I, shqde in ‘the area that—represents Yhe .
1ntersect10n oE setg A-an TRL

ar athit -Fepresents- “the.
] un1versa1 séts
a: that represents ‘the

‘Figure 11T
" Ask ppils to- perfbrm the beZowzng exerczses.’

In Flgure I,,shade in: the -area -that _Tepresents: -the
unlon ‘of sets A and- -Bs

In Flgure I1,. shade=1n the area_that représents:
‘the intefsection -0£ ‘Sets- Avand B:-
An Flgure TIT, -shade -in. the drea- that*represents

-(No*
inter:

seé-

‘tion)

~
-
oz

a1

Han |

L
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Below .are-picforial represcitations of -a.universal set and-
‘three-subsets of -the universal set, .with sc¢veral unions and

interséctions shaded:in:

The intérscétion -of Set A.with.  [:

set i
AN B,

The -union-of sct A with.sét B.

A-U Bx

Thé union of set B with setC: .

B.U-C:

The -intersection of s¢t B-aiid-
sét C.
B~ ﬂ'C ;'

< )

i e
ni
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The union-6f set A (or any set) : 7 ras

with- the universal set

Ay ‘ I=====

-

The -union «of set“C -and the

inion of sets Aand-Bs.
‘(AU B)U C:

The -interséétion-of -set:C }Ji{i[
the intersection-of sets'A and B+
N N:R): th: *

Concept:. fl?ic;jgor;in}'j-c]ii‘pspiit:j:r.i'Gmqf’ ‘three mutually inter=
-Secting-sets.

At the left is-a
. Venn-diagram representing
| the universal set -U-and
|. subsets A, 7B andC.” List
¢ the clements (in-this: casc,
|- the numerals). found within:
‘the-unions .and”interscctions.

Tisted-below, ¢ -

.

(a)
(b)
{c)
(d)
(e).

(f)
(2
-(h):
(i)
(Y-

u-c

>3 m >
DoDococ
cwaw

0.3 o>
coDoCC
=000

=
z
-
o

15-

+ il
b P =
R .
5
<y -
.
- .
:
E
. E
L]
z




Answers: -

(a) {1,2,3,4,5,6,8,10
(b) {1,3,4,5,6,7,8,11}.
(c)-{3,5) -
(d)'ﬁ(sl@) .
(e) 12,3,4,5,6,7,16,11}

(£) (1,2,3,4,5,6,

(h) (4,5
(i) (1,4,5,6,8)
(). {s)

-
7
et

A

7,8;10,11})




> 11, SYSTEMS-GF NUMERATION

Conee gty A sysiort of nuneratwn 42 @ systom used to nane winbera.
R)st\nw of numeration developed as a result of the-necessity ...
- - N for‘xountlng ‘Students' may- ‘enjoy short discussions -on:the 18
' - gvp!inn, ‘Babylonian, andRoman- systems of numeration -hefore - AN
study*ng ‘the Hindu-Arabic system. Students should-be aware )
that other systems of -numeration -existed: before the- decinn’ ‘I
<y<tem, ‘but-too great an- emphasis ‘should not. be placed on : :
e ‘these systems., :

3 - ‘At -this. lcvcl, students shoisld be- taught to- -distinguish i
x : between ninber, an- “jdea. or- eoncept,xhich is independent of R .
R . - langun&c, -and znnﬂcral, -or- 5ymbol’ used to -name aznumber. -W¢ -

‘- . -could-write any of the followxng ‘simhols to-represent-this.
- ’ nimber -of stoles == 0-0-0-0:

v

i
e

g o : |

L. ' L ﬂna-to-ona-corrcapondanca -exists. if- cxnctlv -one. thiug or - T
- object is.matched-with exactly-one- other thing -or oLJcct. . - .

Four letters and four number's -are- in.a one=to-one-correspon- - :
. dence .as follows: )

. 4, W, i1, fmgr.:gi,_: 'l_o-gi;:}§A:§r—é_l-§-;.:1§untr9. 34 a;-. H, .. ) ;

St e

: abed 7
- : - 2 3-4.5 -

‘T Tt isweasy to find éxamples of sets that canbe- “put -into :
- ‘a- ohe-to-one- corrcﬁpondcncc' for.- cxnmplc,lch1xr< =~ desks,
‘.. ‘ floor -~ room, flag = classroom-and-star ~-state. There: i< =
i B also the- possxbility -of -2 onc-to-many correspondence.-and a :
: -many-to-one-correspondence;;. “€or- exnmple teacher-to- students : -

B and” desks to classroom, rcspcct)vcly

Tallying: ; .

R As man's possessions increased-he nceded some- way-to keep

] : : track of them. “He-did -this by tallying ~:hé -made -a- nnrk or *

-a notch on-a stick,. for cnch item-he-had. i¢ might -have used

. | X IINHIIEIE (la) to-represent thxrtcen objects.. -

A-short introduction to .the -Egyptian and- Rq@qn,systems :
would-provide ‘some historical. background to -show-that out
decimal system: “was but-anéthey Step in the- development of
‘. numeration. The-elementary-grades have provided some: work o»

the ancient number systems. Charts of ‘the symbols and their

,!7 - %
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vdlues may be made. No writtén work should bé assigiied;, -but
som¢ pupils mlght enjoy domng somé as- enrlchment
Egyptian-Numerals

Thé Egyptians grouped :the ‘fally symbols $o- that -each.
ten would bé- represented as-N; ThlS of course; 1nmud1ntel\

‘made the1r naming -of numbers simpier. They: used the following
-svmbols to -name -théir- numbers:

R S

1. a0 100 150000 i0;000°
vertical ‘héel=bone  -¢oiled: lotus ‘bent:
staff Tope flower -finger.

The Egyptian numéials could be tepented~and were additive.
So- that to -represeént forty;tho thousand -there ‘lindred:
seyenty= six, the Egyptians wonld write:

it ~nna 999 &1 2000

‘fvaluating. from: Fight to-left yields:

WP/M £ 105000_+ 10,000°+ 105000 + '105000-= 40,,000- .
§ :g‘f = 5000 +1,000° © ] = 2,000
9992 100 + 100+ 100- = 300
NAAN ) ) ) , ) '
NANN= 10 + 10+ 10 + 10 + 10-+ 10 + 10- = 70
A ; o . ’
NP =1+ T +1+1+1+1 - = ___.6
42,376-

*

Roman -Numerals

T Roman -humeral, system i< another systeém of numeration
The "Rowman system used thése symbols:-

vxLcon

1 s 10 §0 100 500 = 1000 - -

This system is repetltlve add1t1ve* subtractive, and
multiplicative as shown-in-the. GOIIOW1ng examples.

XXX £ 10 + lu + 10 = 30 (show Tepétition and addition)

18
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V=5 1354 (shows subtraction)
¥ = 5,000 (a-1ine over a-hifneril miil=
. tiplies its valuc-by 1000)-

Erlercises which may-be-uséd: as enfichment::.

Hpite Th Hindu=Avabic numepais:

O 99 Wr’f’ ) O\n

9999%%

(©) ‘)")72 Answers: (4) 30,501 (b) 23435.

-(€). 1,300

Hrite i Egypticn wmevdls:

(@) 14865 (). 920 (¢): 105004
dswersi  (a) pNNN 2999

Misiérs - WM anng9 9‘@1233*‘31?? |

9999
®) NN 506999

X . IF 2
T Brite in iiii_zd;ei-fﬂz'abic:num’ez'ais.‘,
(1) XXV (b) MDCCLIT -(¢)- MCDXXVI

Write 'in Roman wurerals

) XLV () iV

(a) 2;009 (b) 468 (c) 7,304 (d) 10,000

The Hindu-Arabic -or Decimal System

I the systems of numeration.described above new symbols.had
to be introduced for larger numbers: The beauty-of our Hindu-
Arabic system-is that we use ‘only ten -symbols.or digits to-write

any number -0, 1, 2, 3, 4, 5, 6, 7,8, 9.

Therefore, we call

this the decimal systen of -numeration because the word decimal

comes from the Latin deecem, meaning ten.
able to write any number using only the te
for by two things: (1) the zero, used as

19

The fact that we are
n digits is-dccounted
a placcholder (was
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1ntroduced bet»een 600800 :A.D. ) and ). .he 1dea of place value..
The- d1g1ts -as-we- know them today-were not in- complete ‘use-until:
the .invention- <0f - pr1nt1ng.

Thcre -aré ten symbols- probably bécause-we have-ten- f1ngers
on-our hands. The. decimal system is -also- called: base ten. The
‘térms -base, _seale; and* rddixz all mean thé-samé thing.

Cardinal nuimbers:are used to teil” how many; {3,4; S ,6} "has
four clements and its- card1nal number: is -four: 0ndznaZ numbers‘

are -numbet's ‘used. to-name: a= pos1t1on' “fouris -the. ‘$econd- number
in: {3,4;5;6).

Place Value in-the Decimal System. s

left., he,uould count'4
-ones, -and-We-would- HTlte down the numeral to -
represcnt the -number- of-x:s -as - 43 ‘where
Fx107+ 3 x T 40 + 3-2 43 Thi: aiso shows
that this systeém -of~ numeration_is additzve.
The: numeral io- (re1d one-’ero) in: the decxmal
-System-means§ one- ‘ted and-Zero-ones or- 1 x lO -+
0x1, It is-well to note :that -in-any ‘hase,.
10 Yeprésents-the base rumber -and “that in‘the

- N /X N3 8 :

N

txyxfx‘x;xﬁxygﬂxﬁxrg)

R
YSED

1 31345 S0 DI K KL

dec1m1l system ten isnot representcd ‘by-a-new: d1g1t ‘or new-symbol
-but. only a comb1nat1on of- two d1g1ts already used. Th1s is 1mpor~
realize that there is no- numeral S To count the number of x'

above, we-count and. group by tens. We will ‘have twélve -tens- and

‘four -ones,_ ‘but ‘when we hive ten. tens we.call this-one- hundred .
¥e ‘then have:

w

12 (tens) + 4 (ones) = 1 (hundred) + 2 (tens) + 4 (ones)
or
o 1x 100 + 2 x 10 + 4 x 1
and we write this as 124 and tead it as one hundred twenty -four
(not one-hundred and twenty-four)

20
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Thé-place: values in-base ‘ten would be

| .. +| thousinds | thousands|- dreds| tens|units|tenth

N S I R B ] "_,one,s;‘."',i - ¥ ]
‘ten: i B | *hun=- :} jor- : r

1---fwmo  fre0 |0 fore fr fLooboLo

fe s f10%10510510 [ 10+ f0-10" | -

The-places -to the right. .of the:-one's: place are whatghe comnonly

call the ‘dec mal places although all thc

multlplesAoﬁ tcn* It 1s 1mportant th'lt ‘we-are aicare of the pattern
-ir':the table mvolvmg the factors of tén: The ‘three: dots to: the
left ;nd rlght ‘méan that theé: table 1s contlnued 1ndcf1n1telv

Writing a:Nufieral as-a-Polynomial and
" in-PGsitional -Notation ‘

-Conéept : I'Jmtuzg d numerdl as d-polynomial is the samé as wmtwg
it as ai- expanded numeral:

Ezaiple 1: Write 385 as a polynomial or as-dan expandéd.
numeral

Answer: ;;3x100+8x10+5xl

The same nuferal ‘written 1n*pos1,twngi notation is just
388S. :

Example 2: Frite 1469-as an expanded numerdl.

positional notation exp'mded form
1469 =1 x 1000 + 4 x 100+ 6.x 10 + 9 x 1|

toes
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, and. Spelling Numerals .
ecimal Notationv S

Concept: In forining tihe nwn erals we ushally write the dzgzts in
Groups of three ( pemodo), separated by cofnds for convenierce
in vreadings rhx:. numeral.

: 541,;467,;328;913-

e

5
&

hundred th1rteen. (‘\'otxce . P B
_ groups-of ‘thrée thus- makés them, 1n a- certaxn ‘sense based on- ’one . Lk
thousand. )- - - :
= Other famxhar words contnmng s
4-. -Numeral:_ I - : :
| bil}ion f - :

) . bxmonthly :
‘tridion  Jeri- ] 3 ti"é,x plets, triple ) -
-quadriliion - _quadfs & : gL'ldr'mgle quad¥ilateral,. | : '

T I - quadruped ] . - s -
,qulntxlllon : ‘ ) -
|:sextillion -for 1 6 | sexter : ’
. hex- = . -
4 S fsvebt:-' T — - 7: SeEtember, or1g1n111y 7th- month> . -
J:septillion . or 1 7 JA-before-Juliug' -July and- ) 5 -
1 hept- 1 - i Augustus' August —1 B B : :
: ;octilliob ) ;oét- I 8 E -October; octave 7 . :
nomlllon ‘non= 7 9 ) nomgon .
1 decillion Jdec= | 10 -decimal, decade - . .
[T@ndecillion - I wSee Webste} s New Collegmte . .
: dllOdC‘C11110nA . K . |:bictionary . I .
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As -mentioned-béfore the word and -is not iiged-at all in
: feading a-whole number, bit is: reserved-f6rF readlng the
’ décimal po nt in-.a nuferal siich as 320 47, whieh-is- -read: thice-
huidred twenty nine and forty =seven hundredths Thie numeFals
-betwédh multxples of ten; exceépt for -one through tivénty, are-
‘hyphenated Aas in- fo tv-f;ve and:.ninetv- two;. three hundred is.
ER ‘ ~not_hvphenated* Sin e-mimbers- e\pressed in-billions and
. ) -trlllaons are-seen:-in -the nehspaper almost every-day; we
‘should :be famllzar w1th thé preceding table of number names
(whic¢h would make .- good Latin.1esson)s

Can anyong Yedd the nurerdl 18,446, 244;0‘73;7—2(12, 551;6152 - .

: S - : ‘Studénts. are anuscd-by ‘eeJngrsuch -a-*10ng -fiimerals. Tt -may
: : .also be expressed as 204 It s read eighteen: qu1nt11110n
: 3 : four hundred forty -six: quadrllllon, seven: hundred. fort -four

: ) t¥illion; seventy= three bliilon, seven-hundred-nine million, five .

, : hundred fifty<one: thousand six. hundred flfteen.

[

o o ‘Factors ; Exponents:

R

vt e

: ’Exponents are 1ntroduced at thls pOlnt to Facllatate ‘the
: s WFiting: of a nuiiéral: in e\panded form-as. well: as- their use later
Z on-in sciéntific -notation:

: Concept:. Factors of a product ave nuwibes which; when milEiplied, :
: : - give the product. Tn-this unit the factors uxll be members

: : 4 of the set” of natural numbérs ‘In the example 2 x 3= 6 T . : oz
: . , ? 2" and- .3 afe - factors of -6 because -when-we- multaply <by 3, the: - . :
) : - ] _product 1§-6. Inithis- iinit a- factor of d given numberfmay ‘be : i

H . said

tobe a natural fumbe¥ which- will d1v1de that .given- . :
number without a remainder: one and: the .given-humber itself : :
are dlways factors-of the number. In the example above 2 is i ? :
a-factor of 6. because 6 :2=3, a- natural number, 3. 1s also . B ‘
a- factor-of 6; 4 4§ not a factor of:6 because 6 - ¥4 will not : P
givé d-whole number as- ‘the - quotLent In the- example 2:3+3:5-= ’ ' : ;o
90 (the .dot here- means. ‘the same- thlng as -thie carlier mu1t1p11- - 3 S
atlon sign; My, 2 s a factor 6f90;5. 3 is a -factor of 90, : - i -
: . 3 again -is a fdctor-of-90 (3 is a factor twice); and 5 is a : - :
L : . factor of 90 Anv product contalnlna one or -more of -the . -
factors 2, 3, 3, or''S, used né more t1mes than shown -here, will :
_also-be a factor of 90 In other words, if 243 *3+5-= 90,. a :
; : - llst of all the factors of 90 would-be 15 25 3, S, 23, or 6, ‘!
’ 3*3 or 9, 2°S or 10; 35 or 15, 2+7+3 6F 18, 2°3S or 30, - .
335 or 4S, and 2¢3+3+5 or-90. When a factor is repeated as : )
54545, we éan write this as $3. This means that ‘§ is used .
as a factor 3 times (not that 5 is multiplied by itself 3 ‘ N
times), and is equal to: 125, In the tvo-examples ‘below- express R
: : . the powers in factor form and as a product.

Example 1: 4

e A et e o

o e s e A

SR X e

Ny a ey W e

(not 2+4' = 8)
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) ‘Example 2} ig2 ‘ 10-10 10 z.. odjo;lj - :
- d ‘ In. 10%, thé ° is wntten—smaller than the 10, and is written )

-4 - above:-and- to the r1ght of it. “The ® is- called an exponent the

: . - ‘10 is. the base, 102 6r 1000- i a power Of ten: (in- this-case- the- s
i : i thHifd: power of” ten),. -and 10% is. réad 10.-to: the third: power : 27

: : . Condept: An.eéxponent indicdtes fow many times we use the base as a.

) Factor (ndt how.many: times-we multd ply ‘thé "basé-by 1tse1f) :
Exceptmns are the f1rst powWer: wh1ch iis always equal in value :
: . ‘to the base: i € 10t = 103 S1 S5 and -‘the zéro: _power: -which !
’ R is always equal in- value to-oné: d:ie: 100 -1 sV =T - i
Furthet illustrations-ofpowers are-given: in-thé- folraw'ihg ) . B
tablei - 11y .in: typewmtten “COpY ;. ‘the:-exponent . :
: : is only rolled up ‘and-not :printed- smalleg as’ it -Shotild-be . ) :
E P T ;éNt,xmbég fiéiépqﬁ.éi\,t% ;“f; Meanmg Eq‘li_iils :
; 110 - 10,000 E
) i 2 T4 L . :
: : 1 1.6 A square(d) S66 36 1 : -
: p j;ror6tothe _j - i - 1 ' o
; i = )} second power | r ’ :
A P | : B
: ; 3 2 two cube(d) 34342 8 :
; . ? - iiﬁor two-to -the. . 1 .
: ] ; 1 ‘third power | E T - :
; e e A = :
] 3 T 1 s | . T ... ..
: ) 13 1 : 3 - three -to the | 303+3°3-3. 243
E § ; ' T | fifth. pqwet 1 -t
‘ i I T B I e DR P e -
- ! = T = — - = =T )
: 3 - Q . 8.1 ; 1 8 elght to the ;’ 8 : 8 1 s
; 1 ‘+ first power 1 ] .
! 'k : . I P I R N )
1 8% O 1 s | fivetothe |1 1 1 . s
: ‘ : : - " zeéro ;ﬁéﬁe‘i— 1 - I : -
. 3 The valies 3551gned to the first and Zero powers of a base can
\ -be-made ''reasonable" by developmg -a pattern, though this is mot
; a- "proof".. -
f
t
24
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. : Coneépt: Scientific notation is q-method of writing nunbers as a
: H ’ ‘product of a number betwéen one and’ ten and a power of ten.
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4: If

Erarple 5: if 10

=3 x

. Jor we
¢ Wjo o
.

i

30
400
400-
'4,'
", 400

5000 = S
5000 _

*. 5000

Example 13 Tf §°

Eigmple 2: _1f s°

2

‘Example 67 if 101

-A-umber then

= 125, then. S

215,625, 8> = [a5,625 15 2 3,125.)

= 100°,

nr
4t
=)
-r

L

[ SX5RBX5 = (5X5x5) %5 =
128 x §.=.625

-

Rt IV S Dy

may be- Written in-thiée main-ways:

N

10-= 10

n
&
H

]
=
w

Positional ndtation:

274

25

2

¥ 7x 'i(')li + 4 x10

0

; Condept: If the exporent is inévedsed by 1,. the new value is equal
: g . to the previous value rultiplied by the base. If the expoient
: ' : is decreased by 1;.the new value 1§ equal to the previous
value divided by- the bases-

Polyriomial: 6v-expanded formi 2%-100 + 7 % 10-+ 4-x 1
Exponentidl form: 2.x 10
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After _practise, -studénts -will--bégin to- verballze the counting
off rule, et thém- dlscover it = dornot feed 1t to--them!

-Work -in: bases other than ten: shoiild be 4ntroduced only ‘to
strengthen an- understandlng of“the «décimal systém for -the less able
Students, and” as. enrichment £6r -thé .mofe-cdpables: Excéssive timé
Spent- d01ng operatlona in -other:bases ‘would.be bettér-uséd: in

-practise -in- our-own systém: of ‘humefation: Purely -as enrlchment

‘material = addltlon ‘subttaction and . multiplication- in- -Gther bases.

are. showns Basic -work on systems Other than baseé .ten is$ now a part

-of most. clementary school mathematlcs programs, therefore a

minimum -6f reteachlng shoiild 'bé necessary:

; .
—bigfté‘ﬁﬁiVahio B sés

Concept: The numbep of digits used in any one of -the various i
bases 1§ the same ds the base mwmber. TForf -example,; base 2

1565 .2 d1g1ts, (0:and" 1) The d1g1ts used -are:

“basé 2 ‘(binafy system)i-0; -1

‘base § (qiiinary system): 0, 15253, 4. -

‘base-8 -(octal system).vo,,l 2, 8,438, 6,7 -

base 10" (decimal $ystem): 0, 1, 2;.3; 4,5, 6, 7, 8,9

“pase 12- (duodgcindl system): g, 1, 2,3, 4,.5,6,.75 8;
5 €, €

‘Place Value Tables

:Place-value tables1for $omé .6 thé-whole nunber places. in
various bases: would 1ook liKe this.

__Base-ten_ . _____ . .. N }
Egi’;:ig:‘“ T... 10,000 fr000 | o100 Fio}a fe,
factors .1 10x10x10%10-} 10x10x10-|- 10x10° 10 |- 1
exponénts | .. |10° 110° 1 10% || 10® |..
N _ I L - S
26
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‘ ... _Base 8:place Values. as_equivalent numekals in base .ten e ‘. -
- ~ v EN P p— T ER T IR EEE B Yy
| : Je-- | 4096 T osiz e s i oL R 3
- - 8:8:8-8 8-8:8 88 [ 8 | I o . -
S - 8t 8 82 gt [ 80 | B
i _Bdse 5 place_values as.equivaient. numerals -in base ten .
' | S 1 - a2 IS T A N P |
: e = = = o R : .
N - i, 3 :585¢5+5 5+5¢5 55 5 ) EHEN e - R
) I E e e e L e SHPR - :
i e ¥ R L h- R . .
: i PR 53 . |- 52 sl 50, s . :
: $ ; 7 T - :
: " : e =iz e = :
: : ]
H . _mBase_,Z‘placebvalixés:,’as:;eqmvalent,_numerals<;1ngbase»ten;,‘_‘ Lo
- : G T s 1 4 Fa2 [ ].. : : B
! S BRI SIS N S N I :
; % _ R — 1 | :
. ; 2:2-2:2 2:2:2 222 | 2 1 : :
: @ , 53 ,2 31|50 ]
- ; = == = = = e
B ’ Concept: 7o ¢hange a nuneral in any other base to a base ten :
) ¥ moicrgl. It is important for students. to remémber -that -place .-
3 ! values are dependent on the base. i.e. .
: : 2345ix EZx’62+3i61'+4x'§°="
’ ‘ 2x36+3x6+4x1=
; ' 72 +18 + 4 = 94
. o .
H 27 e
: . >

[€)
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: Concept: To-change d-numéral from base ten-to any-other base.
- cg . There are “three- methods -which may be-used to convert 4710, for
; g T ‘example’, inté a numeral in.base 5. :
: Egample 1} i
Draw a-picture of-this-problem.
- X XX X X XXX XX Now group these-47 x's.in base-5.
XXX XXXXXXX (whicéh we have-done beéfore): Ne )
XX XK XX K XXX -g¥oup-them in-<5is; then.25's, if . N A
XXX XX XXXXX ‘hécessary; when-grouping -larger: : :
XX X x X XX -amounts. = :
. o 7 i f;
: 1%x25. +-4x5 + 2x1- * —— g § :
: ‘I“zsi JQx XX X) h, _’}- g :
- : .47, E 142, = 1" > o :
A : 10" s GxrD D

Method 8%

et mn =

Since we know-the-place values in<base- 5 are ... 125, 25,.5; 1;

o - we can.ask, how many 125's are in 4710 ‘Noneé. How-many 25 's" . B
1 : ) -One. Therefore we will'havé.a 1 in the 25" s place. B} : :
. : T2ETE 1T Fmphas:.ze that if they put the -
- i ——t— place- valués. above the columns . : o
. o 4701 1 - RE 4t will bé-simpler K

% : R 5 . - : oz
47, 8 N[5 T 51 1° : -

o 10 - B o B S .

e e im0 e oo S o e

.
. :

. 2 28
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] . Subtracting 25 from 47 we get 22. We find no groups of 25 in
- 22. What can ve get? Fives.. How many groups of ifive in 227 . :
- . Four. Therefore we'll -have-a-4- in the- five's place, and-4x5 = 20; )
Subtracting 20 from 22, we' get a differcnce-of 2. “There .are no ; ’
‘fives in 2; but we-have 2 ones; the 2 then goés in thé one's place. , .-
Subtracting 2 from 2 we get’ Zero and-oiir-problem-is finished.
» . . _. N - : i
. 4710‘ = 1—425
= : ‘Method -3:. - :
. v 4 [P e e e e . 1_;9_ r 2 4 -
. " % X x- %) -Cxoxox x° X) Divide- 8y a7 ) : :
i ] cxxxx) Cxxxxx) ) 7 - E B
- - — ~. ‘What does-this-"quotient" 9-and I B
E | Gxxx g G xxxx) remainder 2:-mean? This "quotient" 9- : : -
5 G xxx.X) - ) shows- there-are 9 groups.of 5 and 2 P
: : \ -ones-remaining, -Can-we show-this :
y- .on _the diagram? Yes (scc ahove, left): How-can:ve find the mumber-
! of groups-of -5-fives(or-25's) in 9-groups-of five (or45)?
4 74 oy ama e e e Tra e - . - . - - .
. XX X X %) X XXX i a4 ‘. -
- - ] Divide 5y 9 - :
¢ : . v What does this "quotient 1, and . -
. £y o = xx ‘rematvider 4-mean? This "quotient! 1 ‘..
; z:— means-there is :l.group of 25-with 4 Y -
: . . o . (the remainder): groups of ‘5 left -over; X B
: i we-also have- the .2 -ones left from-the -first division. Tf we-divide - E -
: T again-by 5, what will that tell us?
¥ 0_r 1 ) . :
. 5y 1 :
- i3 - - -
v The question-asked by this division is, how many. S~twenty-fives
- H {or 125's) are contained in 1 twenty-five. What does the "quotient" -
: 3 0-and remainder 1 mean here? The “quotient" 0.means therc are zero : -
: groups of-125-with .1 group of 25 remaining. Do we have -to divide . .
) § again? No, for all further divisions will give quotients of -zero. -
i What then does the repeated division-by 5, ds-a whole, tell us?
%
? _ Answer: i '
£ Or 1 —3 S -
- : 5y Tr 4 == " The remainder -1 is the number -of 25's
L 5y 0r 2= The remainder 4 is the number of S's
- 5Ya7 The remainder 2 -is” the number of 1's
. . ]
¥ In other words the remainders are-the-digits in the numeral we
! want; the remainder in the first division is always the digit in the
N ones place.
a3 29
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‘ ‘Method 3 my also-be-done in the following form
: 5 47 R2——
tS~}‘9 R -4
i | SLr Rl

“Where-the remainders are read”
as shown.

Translating-From Any:Base To Any Nther.Base

-Conedpt: Change the-numeral: j?om the -given- base -to base ten; then
change -the base tem ruwmeral to-the deszred base..

ise. 46 . - base-ten. _-base -four -nimeral
i.e l4650ven base-ten -numeral - base four -numeral

16 o 88 % 03

=

-A _method- for- converting- from-one -base -to-another: without
otk conversjon-to-hase- ten-could-make-a-good-enrichment. topic -for-in=
-dependent development.

Cbampte ‘Change 324, to-a hase 5 mumeral.

_ The-converting is-done by dividing the: numher written in-‘the-
original base by -the new: base number -to which-the -conversion is
“heing made - the new:base- number -must also-be -expressed.of as a
numéral -in the orxgxnal ‘base .

: “ -d.e. 5 in base 7°is 5, hence-the divisor -when- changing base-
-i : ' 7 to=base-§-is- S
8 1n base 7 is 11, hence the divisor when changing base
. 7 to base -8 must. be 1.

The-division -is-then-performed in the ariginal base with the
method consistent to. that of -changing frem base ten to another

‘base. -
L Base 7
_ﬂ ol 11 2-43 - 3 6 | 553247 Let b = base number
. -[0{i-0]:-0} 0--Jo o -Jo"{o0 - 26
1J70] 1] 213 [|4.]5 }{6° 34
J2fv]- 21 4~ 11]13}15 34
“13fof 3 6-(12]15]21 (24 —_ . 240 .
R I R ENIE B E::]* 1st Remainder = b~ digit
-0} 51 13]21126]34]42 6
ol ol of 15[24]33142]51 5Y35,~
. 42

[37]+ 2nd Remainder = b} digit

30
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. *
! =
; S ~
sv
— , . 2 .
ij = 3rd*Remainder = b digit .
. o
5) 1
9 . ,
mf-"dt};; R»m;i!‘:icr'arbf"iﬁgit. :
N ‘Cheek o
524, = 1130, 1130, = 1885,
3247 = 168, ,
h 4
, ‘Addition In-Various Bases:
¥ _
: L Example: Add in‘base 8: 43g -
- P Method I: May be done with-th  ase-6f an-addition table:
) i Y
*: Base 8 e
§ +HLO)-- A3 -3 4:1"617'— .
: ) T ) ) Y 458
I 2 54 5] 6] 71 10| 27 )
: ! )| S I Y ) A I 1 n
. S A 51 6 T ol T 12
] 3 A -4 S|6ef 7110 11).12¢ .13
. 3 Ol 5 o 7TEIOC T 121-13] 14
: i Bl 7 Y0] 111 12] i3] 14 15
M ;’ SJH7). 0] 1 121 131141 157 16
! or:
{
g Yethod 2: 438 + 278
§ . = 400+ 3420+ 7
i = 40 +20+3 + 7
i = 60 ¢ 12
: = 60 + 10 + 2
= 70 ¢+ 2
= %
3
. 31




&

: . 43 Of coursé we do not go through all this, we think:
<4 +27 3 +7 =12, 1 eight and 2 ones; the 2 (ones) go in the

[ . N one's place, the 1 (eight) is added in thé eight's
s - 43 placé -(commonly called carrying).. Oné ®ight plus.4

+27 elghts plus 2 eights is 7 eights; ‘the 7 eights- goes T

-2 in the eights place. Our sum therefore is - - .
e e - , .

. ' Subtraction.in.Various Bases

Coneeépt: Thé unportant t’nnq in. subtraction ié that in- "Lorrowing”
or-better "Pégrouping” or ' 'exchanging", we work vith whatever-
base we are in, not necessamly ten.

¥
¥
Y et

E ; _ Method 1: Subtraction.may be done using the addition table; if -
i subtraction i§ done by the additive method. Renaming may be - %
nécessary.

e - i:e. 648 Ask: What.must be added to 2g-to y1e1d

’ 43?7 From the tablé we fmu 2g + 28 = 4g..
s o - '8 What must be added to-1g -to y1e1d 6g?

a : T ) From the table we find 13-+ 58 2 6g.

1 = 4

“Thén: 52g is the difference:

SR U 61 Ask: What must be addéd to 78 to-yield

: S 17 -18? Upon 1nspect10n of the addition -table
8 we find there i5 no basé 8 number which

. may be added to 7g to produce the sum.lg.

- - S Renaming is necessary.

- 6lg = 693 + 1g = S0g + 118 Ask: What must be added to 78

-17g =-10g = 7g 10g = 7g to yield 11g? Upon inspection
) 40g + 2g = 429 of the addition table we find

7 B 2g + 78 ylelds 11g. What must

be added to 108 to yield 508? Since the zeros in this case are place
: holders, only the 1 and S digits must be considered. Upon inspec-
: tion of the table. 1g + 48 = Sg, the answer then to the problem is
40g + 2g = 42g.

A check may be made by 2dding or changing to base ten, adding
and changing back to base eight.

Method 2:

Con e g et -

b i Example, Subtract, base 8: 61
: -17

32 Bl
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Think:

61 = 6(8) + 1(1) = 5(8) + 1(8) + 1(1)
5(8) + 11(1) dnd 17 = 1(8) + 7(1)

Then:

5(8) + 11(1)
7(1)

-1(8) =
4(8) +

Therefore:

Method 1:

Answer:

CEEXEEERET)

CEEEIEIERD)

2(1)

e
L]

5(8) + 10(1) + 1(1)

and-since 11 - 7 = 2*in base 8,

61
-7

32 |

(%= ® % =% % =%[=)

Mu'ltip'liéafion In Various .Bases

Using a multiplication tablé.

_ Base 8

_-t

o)

3

10

14

20

_34

24

43

30|

N | ] S G N O

o|olo|olololo ol <o

N | | o) vi| o] =] of | =)

34

61

33




< Method -2, Using the distributive law. 2138 x 43
. 213 ‘or 4(213) = 4 (200 + 10 + 3).
- . x 4 = 4x200 + 4x10 + 4x3
14 = 4x3 = 1000 + 40 + 14
40 = 4x10 o
1000 = 4x200 Answer: -[[1054g]

Answer: -1054g

Sets- of tables for addition and multiplication--in -thé various
: - bases. shiould- be- constructed and-used-by -pupils. [For- the -less
- able-student in mathematlcs, ‘thé-base ten multxpllcatxon table :
: may bé made and used in the everyday class: situation. Many times
- a student undérstands how to-do an example, but gets lost because
of .a lack of knowledge of the fundamental comblnatlons - especially
for multiplication.] - .

Additional Enrichment Activities: '

1. Abacus. The following electric abdcus could be-made for the
binary -notation. The materials- needed would be-7 Christmas bulbs : -
_ (110 volt) and_sockets : o
and a piece of wood - .
about one foot long.
Depending on their type;
the sockets could-be
mounted on top of the
wood or underneath,
In either case, the
i lights must be of the
to-outlet - type which may be con-=
Figure 1 nected in pdrallel; that
is, when one is turned
out the others will
remain lighted.

The lighted bult would then represent a 1, the bulb off would
represent a 0; thus figure 1 would represent 00101102 or just
10110,. =

2. HNim. This ancient game for two may be played with sticks,
pebbles, buttons, checkers, or any other small objects. The
counters, say checkers, are arranged in thrée rows. The two
players alternately remove checkers according to the following
rules: (1) TIn each play one player may take away checkers. from
only one row. (2) He may take away as many checkers as he wishes
but at least one. (3) He may take away a whole row if he wants
to. The player who takes the last checker wins the game. The
number of counters in each row doesn't matter. For example, let
us play with 3, 5 and 7 checkers in the rows. The arrangement is

34
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shown below in figure 2

number of counters:

000000

This leaves our opponent with o
an even combination (2, 2, 2) oo
and we will win no matter what oo
our opponent does. Let us con-

tinue the game to the finish. --

2 with the binary representation of the

[ 11

[*] 101 - .

0 11 -
223" Summing the 1's above (in

base ‘ten) we-get 2, 2, 3.
This combination. is odd
Figure 2 since it contains an odd
-number (3): 1In order to
-win the game we-must leave
our opponent with an-even
---  combination (all even

o 11 numbers or zeros in the
] sum). If weé remove one
o 100 counter from any row, say

the middle one, the result
will look like that in

o 111
222 figure 3.

Figure 3

o 0o
o oo
OO e
(==

[

N

Our opponent takes three checkers
from the bottom row, leaving us

with

If we take all the counters in oo

the top row, we leave

100
our op- 0ooo0o0 100

ponent with an even combination. . 200

Our opponent takes dll the

checkers in the top row, leaving oo0oo0o0 100
us with an odd combination. 100

We just take this whole row including the last checker and thus
win the game. If we have an even combination our opponent must make
it odd at his move. If the game starts with an even combination and
it is our move we just have tu play und hope our opponent makes a
mistake (assuming he doesn't know how to win every time). If the
game starts with an odd combination the first player can always win,
otherwise the second player can always win. This game can also be

35
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played at the chalkboard. The teacher may want to take on the
whole class before asking them how Nim is related.to the binary-
system.

3. The Tower of Hanoti: This is a very interesting game or
puzzle, consisting of a board with three pegs and 6-discs as
illustrated in figure 4. The pegs aré one-quartér inch dowéls
about 4 inches long; -set into- three holes: - The 6 dis¢s are

-one-<half inch-thick Varying from.a. 2-inch diameter-doim-to a
threé-quarter inch-diameter in steéps of-oné-quarter inch. _Each

disc has a five=sixteenth- inch center hole-

Figure 4

—

On one -peg reSts a number of the discs arranged so that the
largest is on the bottom, the next smaller on top of that and the
next smaller -one on top of that one until the smallest one is on
top. The object of the game is to transfer all the discs from
one peg to one of the other two pegs by: (1) moving only one
disc at a time and (2) making certain that no dise is ever aliowed
to rest on one smaller than itself.

If we start with only one disc, it takes one transfer to move
that disc to another peg. 1If we start with two discs, it takes
three transfers, the smaller disc neceding two transfers, the larger
disc one transfer. In fact, the largest disc will always need only
one transfer, if the moving was done in the least possible number
of moves. The interesting table below shows the number of discs
to start, the number of transfers each disc makes, and the total
number of transfers for the given number of discs.

36
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Number of Number of transfers each disc TotalANumbér
discs on makes i of
peg at startl  (smallest, ..., largest disc) transfers

1 30 = 1

2 21 + 20 = 3

3 ) 2.l 0 7°

a AP L P 18

5 PAdPID NP B U IR

6 BSaete B2t e % | 63

$
a 7S .20 M

. From the table we can see that with four discs to start,
the smallest disc moves eight (2°) times, the next larger disc
moves four (22) times, the next larger two<(21) times and the

largest disc moves once (20).
is 2n - 1 or 24 - 1 or 15.

The total number of transfers

Is there a way of telling which dises to move each time?

Yes, using the binary system.

Suppose we start with four discs.

Number the dises one to four, from smallest to largest, then
number the moves (2% - 1 = 15) from one to fifteen and place the
binary numerals next to the move number (see table 1).

Each place in a binary numeral represents a disc. The one's
place represents disc number one, the smallest disc; the two's
place represents disc number two, the next larger disc, and so
forth. To find which disc to move, go over from right to left

until a 1 is reached.
would move disc number three.

If the 1 were in the third place over, we

Now that we know which disc is moved, we must decide on

where to move it.

If there are no other digits to the left of

the 1 (the disc we are going to move), as at move 8, we place

the disc on the peg with no other discs on it.

If there are

other digits to the left of the first 1, count over to the next
1 (which represents a larger disc which has already been moved).
If there is no zcro or an even number of zeros between the 1's,
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.as at move 6, the smaller disc goes on top of the larger disc,
to-which thé next 1 refers. If there is an odd-number of zeros
‘beétween the ones; as at move 10, the smaller disc goes on the
peg not containing the larger d1sc to which the next 1 refers.

Table 1 gives the instructions needed to transfer -the

four -discs..

Table 1 >

t1 1
12 10
13 11
14 | 100
5 101

6 110
17 111
18 1000
“9 1001
10 1010
i1 1011
12 1100
|13 1101
ha 1110
115 1111

Move disc 1 (smallést) ontd empty peg (no- digits to
left of the 1)

Move disc 2 onto empty peg -(no-digits to left of
the 1)

Move dis¢ 1 on top of disc 2° (no zeros between the
1's)

Move disc 3 onto empty peg (no digits to left of 1)
Move disc 1, but not onto disc 3- (odd number of
z2eros between 1ts)

Move disc 2 onto disc 3 (no d1g1ts betweeén 1's)
Move disc 1 onto dis¢ 2

Move disc 4 onto empty peg

Move disc 1 onto.disc 4 (eveh number of zeros
between 1's)

Move disc 2, but not on disc 4 (odd number of zeros
between l's)

Move disc 1 énto disc 2

Move disc 3 onto disc 4

Move disc 1, but not on disc 3

Move disc 2 onto disc 3

Move disc 1 onto disc 2 (final move)

38
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I1I. THE SET OF NATURAL NUMBERS

The set of natural (or counting) numbers is defined in this
outline as: {1,2,3 ...}

Properties .of the- Natural Numbers

Concept: The natural numbers are closed under addition and
multiplication:

In working with -the -natural:_aumbefs- we f1nd certain- thlngs to
be- always true. -First, 1if-we -add-two- natural numbers; the -sum-is
always a- -unique natural-numbeér: This property is. called -Closure;
we say the set of -natural numbers i§ closed with respect to addi=
tion, Therec are sets of nuibers which -afe. not closed under addi=
tion; for-example, the set of odd numbers {1,3,5,7 ...} is not
closed under addition because 1+7 is.not a member of the set of
odd-numbers. Thé Set of natural numbers-is not closed with res=
pect to subtraction, -for 8=9 is:not a-natural number. The set
of natural numbers i§ alSo-closéd with respect to mu1t1p11c1t10n,
for example, 4x6 = 24, a natural number, The set of multiples of
s, {5,10,15 ...} is closed with respect tO multiplication but the
set of natural numbers <10 is not closéd under multiplication.

=
Concept: Addition and multiplication of* natural numbers is
commutative.

The next property to be discovered is that if we add two
natural numbers, it does not matter in what ordeér we do it; to
illustrate, 3+4=4+3. This is the commutative property and we
say addition is commutative (rever51ble)

Multiplication is also commutative, 3-5 = S5+3. There are
also operations which are not commutative; for example, division and

subtraction are not, for g-# %-and 4-1 # 1-4,

Concept: Addition and multiplication of natural numbers is associa-
tive.

The next property we are aware of is the associative property,
To add the three numbers 4+2+3, we are using a binary operation and,

therefore, add them two at a time, We then have the choice of
adding

(442) + 3 or 4 + (2+3)
6 +3 4+ 5
9 9

In either case the sum is the same and we say that addition is
associative or the associative property holds for addition. In
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general for any natural numbers a, b, and ¢, (a+b)+c = a+(b+c).
As we might imagine multiplication is associative.

*

”?
(2+6)3 £ 2+(6+3)
12 43 £ 2+ 18
36 = 36

_ Notice that when we usé the asSociative property, the order
of the numbers stays. the same. Thus

To Prove:. (3+4)+6 = 3+(6+4)

(3+44)46 = (3+4)+6 )
_ (3+44)+6 = 3+(4+6) associative property
(3+4)+6 +(6+4) commutative property

1

Neither subtraction no division is associative.

Concept: Multiplication is distributive over addition for the
natural numbers.

The distributive property involves-both multiplication and
addition; multiplication is distributed over addition. Thus,
3+(5+4) = (3°5) + (3+4) or (3°5) + (3+4) = 3+(5+4) represent the
distributive law. A picture -of this is-shown -below.

’ 4 The general form of the distri-=
+

,—\_2_;\\ P butive law is a<(b+c) = a*b +a-c

D0DOg DOO0Oo or atb +axc = a(bsc)
3{DDDDD J003J

03000 0000

This postulate is probably the most frequently used (consciously,
at least) of all the postulates. Below are four applications of
the distributive property. (The algebraic applications in the
illustrations (1) and (2) are intended for &th grade use.)

(1) TIn multiplying by a one-digit numeral:

12 .
x4 really means 4+(12) = 4-(10+2) =
48 ) = (4:10) + (4+2)
= 40 + 8 =48

Algebraically this is analogous to multiplying a binomial by
a2 monomial.

xe(y+3) = X°y + x*3 = xy + 3x

40




[€)

ERIC

PAFulText Provided by eric [

i v
T T Y T I T T 8 b LA Y M PN A LR ey ) X

aw

e »

e

B e R T st R

(2) In multiplying two two-digit -numerals:

38 24438 = (2044)(30+8)

x24 or = (20+4)+30 + (20+4)+8 - -
32 =48 = 30+(20+4) +8(20+4) )
120 = 4330 = (30+20)+(30+4)+(8+20)+(8+4)
160 = 20-8 = 600-++ 120 +160 - + 32
600 = 20+30 = 912 .
912

Algébraically this would -be analogous to multiplying two bino-
mials such as:
(ax+b) (cx+d) = (ax+b)+cx + axtb)+d
cx (ax+b) + d(ax+b)
a’cx2 + bcx + adx + hd
ac’x2 + (bc+ad)x + bd

3) In factoring we-use the reverse form: asb + asc = a-(b+c)
Notice that a is a factor of a+b-and also a factor of asc:

= as 2+|77 ]= 8.

(4) In division, we thirk of 8:2 or better

1] o

?

. In another example 2)7320, this is the same as 3;0 2

300420 = [ 7} 1In other words 2- :-. 300420
2

The answer to izrg- is 150410 or 160.
In 44ﬂ- = 100*—20*4_ we can divide each tern by 4; in other words,
find a common factor of 4 in each term, if we can, ‘then

_—4(10";20“) g. + (100+20+1)

100 + 20 + 1 = 121
Concept: The identity element for multiplication of natural numbers.

Another important property of the natural numbers is that there
is only one natural number which when multiplied by any second
natural number results in a product which is identical to the second
number. Of course this number is 1, for if n is any natural number,
then n*l = n. The number 1 is therefore called the identity element
for multiplication (in the natural numbers there is no identity
element for addition because there is no zero in the natural
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numbers). Fron the identity above we can also write

I 1.
T = 1; where o is the

ETE
[}
=
5
[}
=
.
S
1

reciprocal of n. Notice any number multiplied by its reciprocal is
one. Of course there is no number 1 in .the set of natural
n

numbers so this relation finds its use later. However, there is
no number 1 when n = 0. It is also true that n* =nand 1 = 1.
n

. .

Concept: The successor of a number.

An important idea is the concept that each -natural number
has a successor which is obtained by adding '1;:’in other words,
n+l is the successor of n or the next-higher consecutive natural
number. The identity element is very important in division of
the rational numbers.

Concept: The cancellation law for natural numbers.

In- order that we do not produce negative numbers and frac-
tions when we operate on the natural numbers, we postulate the
cancellation laws. For addition the cancellation law is:

if a+b = c+b, then a =.c.

For multiplication the cancellation law is:

if a*b = ¢*b, then a = c.

(Notice that when we get to the integers, which include the negative
whole numbers, we will not have to postulate the cancellation law
for addition).

Concept: The natural numbers are ordered.

The final postulate for thc natural numbers is that of order:

for any two elements a and b, one and only one of the three
following statements holds

(1) a=0»H

(2) There is a natural number X such that a+x = b

(3) There is a natural number y such that a = b+y

This is another way of saying either:

(1) a =b, or (2) a<b, or (3) a>b. In other words there is
an order in which the natural numbers can be arranged.
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Let us summarize the properties of the natural numbers.

*

ot

Under Addition .

Under Multiplication

- Closure property: a+b is
4 unique natural number

Closurc property: a<h is
a unique natural number

- Commutative property ashshen-

-Commutative property asb = bea

Associative property a+(b+c) =
(a+b)+c

Associative property as(bsc) =
(a*h) ¢

Cancellation law:

if a+h = Cancellation law: if a*h =
c+b then a = ¢ c*h than a = ¢
R Identity clement: there

is a number 1 such that
a*l = 1*a = a

Distributive property:
a(b+c) = asb+aec
(b+c)ea = ba+ca

Order:
or a>h

a=bhor a<h
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1V. THE SE1 OF WHOLE NUMBERS

The sct of whole numbers is defined as the sct whose elements
are the nutural numbers and zero, {0,1,2,3, ...}

Concept: The four operations on whole numbers are binary.

An operation in mathematics is usually undefined except to say
it is a usec of clements in our sct to dcsignatc another element
in the set. A binary operation is an operation-on just two.clements.
Addition is-a-binary operation; for example, in 3 + 7.4 Swe add

© 7 to 3, then add 5 to-the sum, cven though-we might do this mentally;

multxpl;catxon is also a binary operation. Taking a square root is
not a binary operation but a unary operation because we are
operating on only one element,

Since a mathematical system says nothing about the set of
elements being- numbers, the operations do-not have to be addition
and multiplication as we know them, and these operations do not
necessarily have to relate to cach other (as the operations of
addition and multiplication on the natural numbers do),

We can think of addition as a combining of two sets of objects

as in 00 + 0000 = 000000 OF wWe ¢an also
ot a4 oS
2 4 - 0 .
think of addition as counting 123456
\\Vi//7
11 1111 111111
2 + 4 5 6

and our crmmon multiplication is usually thought of as a repeated
addition of like addends, as in 2x8 = 848 = 16, But again, multi-
plication can be defined by the multiplication table and not thought
of as being related to addition at all. Multiplication under the
set of rational numbers cannot be thought of as repeated addition

2
TXEED)

Coneept: Seme operations have inverses.

Sometimes we do things, then undo them. For cxample, we open
a door, then close it. We turn on a switch, then turn it off. The
sccond operation is the inverse of the first one. The inverse of
opening a book is closing it. What is the inverse of addition?
Subtraction. The inverse of putting on your shoes is taking off
vour shoes. The inverse of "wmtting on your shoes" is noz "ot
putring on pour shoes' (this would be the negation),

44
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R Select the phrases below that deseribe operaiions which
have inverses and write the {nverses..
(a) Putting on your coat (¢) Multiply
(b) Eat an apple (no inverse) (f) Take off your hat
(c) Take a step forward (g} Add
(d) Smell a flower (h) Jump from a plane in flight
Ansuers: -
(c) Take a step backward (p) Subtract
(e¢) Divide
Conucpt:  Subtraction is not considered a basie operation but is
defincd as the tnwverse of addition.

Thus 8-3 = [_J means 3 + ] = 8. Note that 5 - 8 cannot de
done for the naturial or whole numbers.,

The relation Letween subtraction and its inverse, addition,
is used to check subtraction. To check 10 - 2 = 8 we write an
addition.

Thus, in 8 + 2 = 10 the result is the number we started with.

This is how we check our subtraction, by addition. ‘This horizontal
form should be used more often in all onr work. We also think of
subtraction as a process of taking away.

Concept: Division alse is not conaidercd a besie operation, but
is defined as the invarse of multiplica‘ion.

]

Thus % = [ ] means 2x[ != 8. Note that g =| ! cannot he

(a) Taking off your coat (f) Put on your hat
donc¢ for the natural or whole numbers.

, If §x3 = 24 .
) then 24 .5 »

3

How ¢lae do ve think about division? As a repeated subtraction: ]
for cxample, 1

(721 5
~

1 groups of 3 in 12
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S 12 divided by 3 is 4.

Write each of the following using the inverse operation.

(a) 18:6
() 56

How do we

1 ]6x[J=18 ) 12-[J= 36

—1A
|
u

1 :7=56 (@) Q -az | 142 !

read a division example? 3) 12 is read:

12 divided by 3 equals what?
What times 3 equals 127
3 is contained in 12 how many times?

We can write a division four ways as

(1) 8:2

@ 5 (3 2

ways, the fractional form

8

(4) 8:2 (ratio). Of these

8
8 .. .. . .
5 18 most important because we use this

form in writing number sentences later on. When the division

9

s is read, it should be read as "8 divided by 2" or "what times 2
éaquals 87"

Reading it as how many 2's are contained in 8 is

correct but reading it as "2 goes into 8" leads to complications.

Probably one of the areas in arithmétic which pupils (other than the
mathematically gifted) ind most troublesome is long division. One
of the reasons is the 4-step algorithm, which the pupils do not

understand (1 divide, 2 multiply, 3 subtract, 4 bring down).

2
30

400

2y 564
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Look at the cxample on the left. We can thinkD’Z =
86 or how many 2's are contained in 864. TIn cither
case we can say about 400 2's or 864:2= about 400. Now
400+2 = 800, leaving 64 still to be divided by 2.

64:2 = about 30 and 30-2 = 60 leaving 4 to be divided
by 2. This last division is g = 2; the partial quo-
tients arce added to give the final quotient of 400+30+
2 = 432. This is much more meaningful than the older
4-step process.

Had we divided 864 by 32, we could estimate the partial
quotient or D’SZ = 8§64, say about 20 becausc 2030 =
600. Then 2032 = 640 lcaving 224 to be divided by 32.
224:32 = 7 and 7+32 = 224. ‘the final quotient is

2047 = 27.
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invide in each example below using partiai uotients (in each
case estimate answer {irst).

(x) 183432 (b) 37)HA0  (c) 17)2952
Ansueps: 4 20 70
20 100 100
(a) 18) 432 (b) 37) 150 (c) 7Y 2987
-360 -3700 -1700
72 710 1257
-72 -740 -1190
-0 0 o7
-85
7
132:18 = 21 4440237 = 120 2082:17 = 175 R 7
we 7
= 1754

Coneept: The postulates listed for the watural mumbers hold for
the whole numbers. However, the inclus on of 0 gives us an
identity elemenc for addition.

Zero added to any whole number results in that same whole number.
i.e., a+0 = 0+a = a.
Zero can usually be handled casily in the operations of addi-

tion and multiplication and in the inversc operation of subtraction
to give:

(1) a+0 =a
(2) a-0=a
(3) a-a=0
(4) ax0 = 0 = Oxa
(5) ox0=0

Let us look at the division involving zero in terms of the
inverse operation multiplication.

Thus %= {2 ] meuns 6x I 7 | = 0. From (1) above the \?nly solution

is zero: thercfore g— = 0, or (6) %: 0

Concept: The demominator of a fraction ray not be zero.

Now for the cxample {—)-= {7771: this means 0-[:3 = 7. Since

by (1) above Oxa must ecqual zero, there is_no number which will
make this sentence true. We say then (7) i—,— = No answer or

impossible or we cannot divide by zero. Whenever we sce a gencral
divisor in the literature, we see nf0, which says that we cannot
divide by zero.
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] e 0 _ ..
fhe other possibility in a division would be v =| |. this

means Ox[__] = 0. From (4) and (5) above, 0,1,2,..., any number
will make this sentence true; there is no unique answer. We say

0 .. . .
then (8) § = any number or is indeterminate or undefined.

The Number Line

The number line is a geometric representation « cach number by
a point on a line. There must be the same distance between the
points representing successive whole numbers since the difference
between the successive whole nimbers is the same (one). The arrow-
heads at the ends of the number line are used to show the line T
can continue to the right and lcft (consideration of the numbers
to the left of zero may be deferred until the Sth grade unit on
integers.) The number line is usually horizontal, but may be
vertical or oblique as well.

Concept: Picturing addiiion on tne rumber Iine.
1 G

Show 3+4 on ihe number line.

7
LI |
’l
—
o 1 2 3 4 5 6 7

If we start at zero, go to the right 3, then to the right 4,
we have gone to the right 7. To avoid the static nature of the
numbers here, the 3 and 4 (positive integers) may be thought of as
instructions to move to the right. The negative integers would
mean to move to the left. Show 5+ [::] = 7 on the number line.
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.3
7
5 J 2
’I
———
0 1 2 3 4 5 6 7

Concept: Picturing subtraction on the number line.

Show 6 - 2 =[] on the number line:

| 6
!____‘_-_-.*3—

——— >
0 2 3 4 5 6 7

or 2 +3 = 6 as the inverse would look like this:

6 S|
———t—————— >
0 1 2 3 4 5 6

Concept: Picturing multiplication on the number line.

Show 2x3 and 3x2 on a number linc:

X3 =6

— +
01 2 3 4 5 6
A A WL VN

2 2 2
3x2 =6

Concept: Picturing division on the number line.

Show 10:5 and 10:2 on a number line.
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10:5 = 2

,—~§_,A\_,——\,,——§_ﬁ\_,f—\

Y

A

01 2 3 4 5 6 7 8 9101112

2 2

- ol .
The braces above the number line show by successive subtractions
that 2 groups of 5 arc included in 10, the braces below the number
line show by successive subtractions that 5 groups of 2 arc included
in 10. .

Since there arc various wavs in rounding numbers, the mcthod of
rounding whole numbers is left to the discretion of the teacher.
Mathematical Sentences

A mathematical sentence is a statement using mathematical
symbols, and may bc cither true or false.

13 a true statcment
17 a falsc statcment

i.c. 8+5
749

At this level, the definition of an open sentence should be
simply, a mathematical sentence which contains a wvariable or place-
holder. An open sentence is cither true or false depending upon
the numbers choscn to take the place of the variable.

u

ie. 6+ [ ] =11 trueif ]
false if | |

The replacement set is the sct from which these numbers may be
chosen. If therc arc numbers in the replacement set which make the
sentence true, this set of numbers is called the solution set; if
there are no replacements that make the sentence true, then the null
set is called the solution set. The solution set is a subsct of the
replacement sct. It makes a differcnce from what sct we can draw
our solutijon set. Supposc we have the sentence 7 + [] = § and we
want to find the solution sct, If we are talking about the natural
numbers only, the solution set is §, the empty set or null sct,
because there is no natural number which when put in place of the
box (or in the box) will make this sentence true. How:ver, if we

S, because 6+5 = 11

8, because 6+8 = 14

50




ERIC

PArutToxt provided by ERic:

can draw from the set of integers our solution set would be {-2}.
The set from which we can drav our solution set is called the re-
placement set. Whenever we work with open sentences we must then
specify the replacement set.

An identity is an open sentence which is true for all per-
missible replacements of the variable(s). Examples of identities
are: -

() | J+3 = 3+ | | (If we substitute a 4 in the box on the

left hand side, we must also substitute a 4 in every box
in the sentence.)

B [+ 820+ ]

(c) 3+(y+5) =3

((l)[_—j +0=0

(c) ax1 = &

.

%
b3
e
+
v
b3
w

Note: One use of frames such as [ |, 4,and V as place holders has
been recommended by leading nation-wide studies for clementary
school pupils and for the slower pupils at the junior high lecvel.
With classes of higher ability in the junior high scliool, letters

may also be introduced as placeholders or variables as in (c) above.

Tell which of the following sentences are true, false or open.

(a) 6+3 = 9. (e) n+8 = 20

® [J+8=10 (£) 3x2 = 7

(©) sits in the first row. (g) is the tallest
student in the class.

(d) 7+5 = 11 24

(h) 642 = =

Answers:

(a) true (e) open
(b)Y open (f) false
(¢) open (g) open
() false (h) true

Students should become familiar with the following symbols and their
meanings when read from left to right:

means "is equal to”

means "is not equal to"

means "is greater than”

means "is greater than or equal to"
means "is less than"

means "'is less than or equal to"

In Alv v mon
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Practice should be given in reading mathematical sentences
containing these symbols; such as, 5+2 = 7, 2+4 # 345, 1+3>5,
7-4<6+2, 6<a, 102b. A continued inequality, such as, 2+1<5<4+3 is
most easily recad from the middle as: five is greater than (2+1)
and less than (4+3).

Divisibility

A whole number is divisible by a second whole number, if the
first can be divided by the second whole number without a remainder.
The rules (for base ten) which should be discussed at this time
are:

1) A number is divisible by two if the last digit of the
numeral is an even number.

2) A number is divisible by three of the sum if the digits
is divisible by three.

3) A number is divisible by five if the last digit is a
five or a zero.

4) A number is divisible by ten if the last digit is :zero.

These rules are helpful in complete factorization.
As enrichment the followine divisibility rules may bc introduced:

. A number is divisible by 4 if the number formed by the digits
in the units and tens places i§ divisible by 1.

A number is divisible by 6 if the number is divisibic by
both 2 and 3.

. A number is divisible by 7 if the difference between twice
its unit's digit and the humber formed by its non-unit digits
is divisible by 7. Is 683 divisible by ?? For 693, 3 is
the unit's digit and 69 would be the number formed by the
non-unit digits of 693. Then, twice 3 is 6: 69-6 = 63
which is divisible by 7. Therefore 693 is divisible bv 7.

If a number is divisible by 4 and 2, is Tt necessarily
divisible by 87 28 is divisible by 4 and 2 but not divisible by 8.
The rule for 8 is similar to that of 4 except that 1000 or am
number of thousands is divisible by 8.

. A number is divisible by 8 if the number formed by the units,
tens, and hundreds digits is divisible by 8.

The proof for the divisibility by 9 is rather simple. Suppose
we take the number 432, This may be written

4100 + 3
4(99+1) + 3
(4:99) + 4
(4:99) + (3

52
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Since (4+99) and (3°S) are divisible by 9 and (4+3+2), the sum of
the digits, is divisible by 9, the original number is divisible

by 9.

Notice also that if the sum of the digits of a number were

not 9, or a multiple of 9, this sum would be the remainder when the
number is divided by 9. In general, then

100h + 10t + u =
(99+1)h + (9+1)t + u =
9h + h + 9t + t +u =
(99h+9t) +h + t + u, the part in parentheses

is divisible by 9, leaving the sum of the digits of the original

number.

The rule then .Jor 9:

A number is divisible by 9 if the sum of its digits is
divisible by 9.

The divisibility rule for 9 is the basis for the method of checking
by casting out 9s.

A number is divisible by 11 if the difference between the
sum of the digits in the odd places (units, hundreds, and
so forth) and the sum of the digits in the even places
(tens, thousands, and so forth) is zero. Thus 4796 's
divisible by 11 because

7+6 = 13
sum of digits in the 13-13 = 0
‘odd places ",”,”,,/,,,
4+9 = 13

sum of digits in the
even places

A number is divisible by 13 if the sum of four time the
unit's digit added to the number formed by dropping the
unit's digit is aivisible by 13. The process may be
repeated several times.

Thus 490 is not divisible by 13 because 49 + (4x0) = 49 is
not divisible by 13. 195 js divisible by 13 because 19 + (4x5) =
39 which is divisible by 13.

It is possible to test the divisibility by 7, 11, and 13,
each, any, or all, by considering the number to base 1000
(the usual grouping by sets of 3 digits) and using a test
like that for divisibility by 11. See The Arithmetic
Teacher, April 1961.
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Primes

A prime number is a whole number greater than one, which is
divisible only by itself and one. A composite wmber is a whole
number greater than one, which is not prime.

Onc interesting way of arriving at the prime numbers <100
is by using the Sieve of Eratosthenes. Can you guess how the
Sieve of Eratosthenes works? Cross out 1 then all the composite
numbers. This will leave the primes. The crossing out should be
done systemmatically. Cross out 1, not 2, but all the multiples
of 2, not 3, but all the multiples of 3, not 4, not 5, but the
multiples of just the prime numbers. The prime numbers <100
as seen below are:

2,3,5,7, 11, 13, 17, 19, 23, 29, 31, 37
41, 43, 47, 83, 59, 61, 67, 71, 73, 79, 83, 89, 97.

DO F ® F O F ¢ U6
@M@M}KW@%%
A 22 (23 24 25 26 27 26 Q9 36
absa/}a/;q}&}«%,w}erw
D 42 @Y s 48 6 48 48 S
S 576D s+ 55 56 51 S8 (59 oo
GD 62 65 o4 55 66 €D 68 59 26
@) 22 2 15 26 7 28 (719 se
Bt 87 (83 84 85 86 87 » RO _90
O 92 95 o4 95 96 (@) 95 99 160

The prime factors of a number are all the factors of the number
that are also prime numbers. A number expressed as the product of
primes is the complete factorization of that number. Although there
are only two prime factors of 56, 2 and 7, the prime factorization
of 56 must be stated 2 x 2 x 2 x 7.

Practice should be given to point up the difference between
factors of; prime factors of; and complete factorization of a
number.  Thus, (1) factors of 12 = {2,6}, {3,4}, {1,12}; (2) prime
factors of 12 = {2,3}; (3) complete factorization of 12 = 2 x 2 x 3,
which may be stated as cexpress 12 as a product of primes.

Concepl: The greatesl common factor of a set of numbers is the
largest factor that is common to the set.

It can be identified by writing the factors of each number and
circling the largest common factor.

Find the greatest common factor of 12, 16, 28.

The factors of 12 = 3 x(:)= 6x2=12x1;
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The factors of 16
The factors of 28

4 x<:)= 8§ x 2= 16x1
Mx2=7x@=2qxl

The greatest common factor is .

Two numbers are said to be relatiz2ly prime to cach ¢.. 1f
their greatest common factor is one.

Then, 15 and 8 are relatively prime since:

=15 x
=8 x

and the greatest common factor is 1

15 =35
8 4 x

[ S92}

If any number is multiplied by a wbole number other than zero,
the product is said to be a muiéiple of the given number.

i.e. 3x6 =18, 18 is a multiplc of 3 (and 6)

Concert: The least comron multiple of a set of mumbere 76 the
smallect cormon multiple of the set.

(1) Consider the set {3,5}. List the multiples in a horizontal

tine:
Multiples of 3 ——> 6 9 12 (3
Multiples of 5 —> 5 10 (@5 20 3%

wi

Then, 15 is the least common multiple of {3,5}
{2} Consider the set {3,4,8}

Multiples of 53— 3 6 9 12 15 18 21 (29
Multiples of 4 —> 4§ 12 16 20 (D 28

\Multiples of $ —» 8 16 Qd) 32 40 JI5 56
Then, 24 is the icast common multiple of {3,4,81

A student could mab~ a card with the first twelve multiples of
I to 12 in a horvizont.: arrangement to use for finding least common
multiples, as well as for finding least common denominators. This
is often a stumbline block for him in addition and subtraction of
rationals.

Order of Operations

Whenever there is more than one overation indicated we must
agree upon the order in which they are to be done. This acrcement
on order of operations is the following: Multiplication and
division arc donc first, then addition and subtraction (from left
to right). If we use parentheses or some other symbols of inclusion,

wn
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we consider what is within these symbols as one number and perform
the operation within the parentheses first. If we use more than
one symbol of inclusion we start from the inner one first. In
giving examples to the students, be careful not to get too involved
with negative numbers.

(a) 8x5-12:4 + 5 = | ] (Notice here we work from left
40 - 5 +5 = to right on the second line; we
. 37 « 5 = Answer: 42 4o mot say 3+5 first then 40-8)

(b) 12:4

—

]
19 10
non
19

or 1

o] L1

Answer:

3

(c) [4 + {(8x6)-3}]

f4 + {48 - 3}

[4 + 45 ]

it

Answer: 49

R
@) 4x10° + 2x10° + sx10 + 6x10°
4000 + 200 + S0 + 6

15x3 - 9 v
(e) oo * 14:7 = = l

=3

Answer: 42506

+
to
n

s
()

W
>

2 =

+

[
9]

+ 2 Answer: 5§

(f) 4 + 3x6 - 18:
(g) 12:6 + 2x5 - 7 =
(h) 2(3+9) - 6x1 +
(1) [{6+(3-2)} - (36:

18]
1

i -

Answer: 13

Answer: 5

[::] Answer: 21
x2=[__] Answer: 16

The following material may be used to stimlate further
interest in mathematics. It may best be used for enrichment.

w
L~ ]
~—

Magic Squares

The importance of the magic squares at this level does not lie
in making them, but in using them as motivation for working with
the fundamentals.
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A magic square consists of different numbers arranged in the
form of a square so that the sum of the numbers in every row,
column, and diagonal is the same. Figure 1 shows a magic square
{the simplest) which contains 9 cells (small sauares) and is said
to be of ordi: 3 (3 rows, 3 columns}. ‘The
Sl111]0 integers happen to be consecutive, beginning
wi th one.

31517
Figure 1
419712

The evidelice of the first magic square goes back to China
about 2200 BC and looked like this:

S
R
2 -

which of course is the same one as in figure } except it has been

Figure 2

inverted. The magic square below in figure 3 appeared in a very
T35 T2 T13 famous cngxaying cqlled Melancholia by Durer
= 1T0 111 3 in l§l?. This magic fquare has some remarkable
5T 6T 7112 qualxtlgs, such as: the date the painting was
o done, 1511, is at the bottom of the saunre.
4 115 |14 1
Figure
213
The magic square of oxrder 4 or 4n is made tnis
5 § vav. Draw the two diagonals of the sauare. In
placing the numbers in the cells the first time,
9 12 do not place one in aay cell that lies along
the diagonals. Start by counting from ! in the
11 ]IS upper left hand corner and completing cach row
. from left to right. One is not placed because
Figure 4 this cell lies on a diagonal, the 2 gocs in,

the 3 goes in, but not the 4. The 5 goes but not the 6 or 7 (those
cells lie on the diaconal). The 8 goes in, the 9, but not 10 or
11. The 12, 14, and 15, but not the 13 or 16 (sce figure 1),
Now starting in the upper left hand corner again and working frcm
16 down, place the remaining numbers in the cells the same way. The
resulting magic square whose sum is 34 is shown in figure 5. If we
start with 1 and use consccutive integers, the sum of cvery row,
column and diagonal for a magic square of order n is nt « n. For

. : : 4 + 4 _
the magic square in figure 5. —; = 34.
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(=]
LI
(73]
2 )

51|10 S Figure §

91 7] @ 12

4114 115 1

Ouestions such as these may be asked of the students.

(2) Fill in the cells below to make the figure a magic seaure.
{The mumbers are arranged so that the pupils will not recoenize any
order, but will have to use the fact that the sum of one diagonal,
therefore the sum of all rows, columns and diagonals, will be known.
They can then find the missing numbers in a row given four of the
five numbers in that row.)

30 32 14 18 50 32 IR 18
16 40 | 42 4 16 28 4O a2 E]

14 26 | 38 Answer: 2 14 7724 381 80
18 10 36 48 10 127 2. 36
34 8 20 34 16 8{ 20 22

The magic square above was made by starting with 2, using just
the consccutive even numbers, rotating the magic square 90 deprees
counterclockwise, then removing enough numbers to still make it
possible to complete.

(h) Is the following a magic square? No. This is not a magic

9161 37116 sauare because the sum of every row, column
4115 11 5 and diagonal is not 34. (The 10 and 1 were
14 110 1 8 1 11 interchanged in a transposed magic square

7 12113 2 derived from fipgure 5).

Figurate Numbers

Another interesting topic related to addition of whole numbers
is that of figurate or polygonal numbers. Since the triangle is
the simplest polygon, we will look at the triangular numbers.

1 = 1+2 = 14243 = 1424344 = 142434445 = |, .
1 3 6 10 15 .

The triangle numbers are a sequence of numbers cach equal to a finite
series of natural numbers starting with one. (Note: A sequence is
an ordered sct of quantities; for example, the triangular numbers

and the whole numbers. A series is an indicated sum of an ordered
finite or infinite sct of terms; for example, 14345 and 14243+,

are series.
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The squar + numbers are cqual to the series of odd numbers.
Thus the sequensze (1,4,9,16,25...) which makes up the set of square
numbers has the following equations: 1 = 1, 4 = 143, 9 = 14345,
16 = 1434547, ...

.o ki Rl

1= 143 = 14345 = 1434547 = et

= 9= 16 =
32 2

The sum of two consecu-
tive triangular numbers
(6+10) is a square num-
ber (16) as shown in
figure 9. The penta-
gonal numbers are formed
by the series of every
third integer, starting
with ore.

Figure 9

1= l1ed = 1¢447 = 14447410 = N
) 5 12 22
What do we mean by muliiplication? What does 2x3 mean?

Multiplication is a short way of adding. 2x3 means 2 threces
or 3 + 3= 6. The students should sée the picture:

3 + 3 = 6

Notice the picture above is not the same as the onc for 3x2 or
3 twos, which would look like this:

0
0
2 + 2 + 2 =6 .
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The product is the same but the picture is different.

Draw a picture of 4x6. Draw a picture of 6x4.
ool [Oj O O o0 v __ o
oljolfojto 0O o0 O -0
ol{oyiof}o C_o o o
olfo{fof}o G _o0 o — o
oflof{o[lo

Draw 2 pieture of Zx8. Mrgr q pteture o dxd = 16.

(o o o o 0 o o O)
0 0 0 0 O O o O)

2 times a group of 8 circles.

o o =) (=]
o [=] [=] [=]
o o o o
(=] o o (=]

We could also draw these
as little squares instead of circles:

)
. Missing Digits
Restoration problems are thosc which involve missing digits in an
arithmetical example.
. Restoration problems may be given in the form below. In
; this type, two, or more than twe missing digits in one column
: give more than one solution:
(a) 6749 6749 (b} 262 562
+7247? +9240 3947 3943
75979 15989 28?7 8807
73312 13312
Alphametics

Alphametics are puzzles given as an exercise with digits re-
placed by letters; each letter represents a single digit and the
same letters represent the same digits. Find the numbers such that:

H # C U S Wewill assume whole numbers only are involved
+P # C U S although this addition hac thrze decimal solutions.
PR E S T @ 1In solving this type of puzzle it is advisable to
lay out a plan of procedure, rather than try hit or miss methods.
Let's solve this puzzle.
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Upon observation, we sce P<2. If P = 0, we will obtain

« 1 the decimal solutions, which are possible, but with
_____ which we are’not concerned at this point. We will

1 assume that P = 1 then. If P=1,H=90rlk = 8.
_____ ir H =9 there can be no ten thousands from the pro-

cessing column because it would make R = 1 which cannot be bhecause

P=1. IfH=9,R=0. Since S gives us Headcu s

5 digits in our solution we will now try to + pgcu s

find what S represents. We must actually. P RESTSg

vlace each digit in its corresponding blank 9

as we work along. T e

S0 for R =0 R

S#Z1 forP =1 10

IfS=2thenfi=4, E=8. (E¥9 since H = 9). But then C+C
could equal neither 12 nor 2, .. S x 2.

If 5 = 3 then @ = 6, with one ten thousand for the following
celumn which we showed cannot be, .. S £ 3

If S = 4 then § = 8, with one ten thousand for the following
column which we showed can be, % S x ¢

If S=5, then® = 0. But R = 0. S S AS

S=6, 9=2then § + P with one thousand from the previous

column, givesE=5,C =8, U= 3 1 1
T =7 and a solution. (If E = 4, He2 C U S 9285356
then C = 3 and no value of U PO CU . 12836

will work).

P RESTG®| 105672

IfS=7then@ =4, E = é, C = 3 with one hundred from the
previous column, then no value of U will work. S ST

1£f S = 8, then § = 6 gives one ten thousand more which we cannot
have, S ¥8S #9 forH =9.

The same type of analysis for H = 8 can be shown to fail to give
a solution. The one whole number solution then is

9
1

(o3

283
283

10567

[

For P = 0 the correct solutions are

0.18479 .0.28479

0.08479 0.08479

T0.26958 70.36958
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Some alphametic exercises in addition (with solutions) are given

below.

(a) R

TET
+ V

WYY

29786
850
850

31486

(c) SE

+M0

\D 9567
RE 1085

MINEY 10652

(d) HAVE 1386
SOME 9076
fONEY 10462

(f) THREE 79422 (g) CROSS
+ FOUR- 3104 +ROADS
SEVEN 52526 DANGER

(h)  ADaM 8384

AND 803

EVE 626

oN 50

A 8

RAFT 9571
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V. THE SET OF POSITIVE RATIONALS

Although a raiional maezber is defined as the quotient of two
. a .
integers, 5 where b # 0, it is not recommended that the student be

given this definition at this level.

- D> . .
In the fraction T the 1 is called the denominator (from the

Latin "t5 tell by name”) or divisor and tells by name the size of
the parts we are talking about (here fourths) or we say 1t tells
into how many egual parts the whole has been divided (4); the
numerator (from the Latin 'to count"), or dividend, tells how many
of those equal parts we are concerned with (3). The fraction line
indicates a division.

There are scveral interpretations of fractions that are im-
portant. Firsi we can think of a fraction as a number having a

e . . . .3
position on the mmbher line. Thus the fraction 7 represents the

nunber whose position is shown on the graph.

- ] 3 2 Y 1 1 : M l 3
< L . 4 1 ; t t T >
0 . = 2
5 3 1 1.5

.3 N, =
Seeond, the fraction T represents the division 3:4 or 433

and can be shown as

horme e
-

. . . . D> -
which clearly points up the relationship 7 X 4 =3, as wvell as

the relationship %-of 3 things is the same as 2. of one thing.

a
Finaily, the fraction %-can also be thought of as 3 out of 4 things;
the shaded portion of the diagram below % of 1 things.

/"——‘"‘\~—-—4"‘;i\-———”'—_~_‘-‘\\
o

‘~——\__________.———-"-\V,/""“~——___________./

4
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This idea of 3 out of 4, called a ratio, can be used -to show the
cquivalence of fractions. Thus in the diagrams below we can see
6 _ 1 5

3 -
that:—,—-;‘--l

three fourths of a whole thing.

[iN]

. . . >
. Usually when we write a fraction like T We mean

[~

3 - .
original unit -

L ]

s
8

/":~\_,4>__,/—~\\
%27 %%l

12

LY L2487 /
%4557l
It is important that we know that the whole thing is, because

3 . 3 .
'y of 12 is not the same as -of 8. It is rare that we use the

rational numbers in practice except that they represent a
fraction of something.

Subsets Of The Fractions

The word, fractions, refers either to the number or the
numeral. Various subsets of the fractions are in common use.
Some are:

(1) Equivalent or ecqual fractions - those fractions which repre-
12 45 5

sent the same number; for example, T3 Y T

because 1x24 = 2x12.)

)=~
=
S|t

(

(2) Simple or common fractions - fractions which have integral

. 2 125
numerators and denorinators: 3 3 1600

v co

(3) Unit fractions - simple fractions which have numerators of
1 1 1 1

onel 3 % W

(4) Complex fractions - fractions with a fraction in the numerator

. 2 1 3 0.7

. D e = 22 2l

or denominator or both: 3 25 0%
5 0 4
9

64
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(5) Similar or like fractions - fractions that have the
. 2 1 8

same denominator: =, =, <

> > >

(6) Unlike fractions - fractions that have denominators which are

2 5
not the same: G
(7» Proper fractions - fractions in which the numerator <
denominator: =, &8 L7 )
naters 3 75° 100

(8} Improper fractions - fractions in which the numerator >

L9

’

U\l(ﬂ
(73] R

denominator: =,

(9) Mixed number - the inferred addition of an integer and a

[+

] =

. . = - I
fraction: thus the mixed number 3% means 3 + 5= 5+

5 as an improper fraction.

(10) Decimal fractions - are fractions whose denominators are
powers of ten and are understood by the position of the

>

deciral noint; thus 0.2 = Tﬁ’ 05 = T%ﬁ“ 127.43 =
" " " yerse Ly o g0r 43

(1x100)+(2x10)+(7x1)+(Jxlo)*(axloo) = 127 00

(11) Per cent (%) - = common way of naming a fraction which
has a denominator of 100; thus 5% = 1% = Tg%’

e . Sk o _ 100 ., _ 250
S5 » 100% = Gm> 25 700

—-
100°

If the numerator of a fraction increases (decreases) as the
denominator remaiuns the same, the value of the fraction increases

(decreases); thus %-< ;

If the denominator of a fraction increases (decreases) as the
numerator remains the same, the value of the fraction decreases

(increases): thus = > T%

e

Simplifying Fractions

Concept: The greatest common divisor of two whole numbers is the
largest whole number which divides both without a remainder.

In rewriting a fraction in simplest form (also use the
expressions: simplifying or reducing to lowest terms), look for
the largest whole number which will divide both the numerator and
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denominator of the fraction without a remainder. The greatest common
divisor is the same as the greatest common factor. The greatest
common divisor is not dlways evident, but students can find it by
factoring the numerator and denominator. Divisibility rules should
be reviewed and the use of them stressed at this point. The mathe-
matically less able students can make effective use of the following
method of finding the greatest common divisor.

When the denominator of a rational is the number 1, it is very
common to drop the denominator and just write the numerator; for
example, the rational % is commonly written simpiy as 6, and the
rational % is commonly written as 1. When the numerator of a
rational is zero, it is very common to drop the denominator and write

the number simply as 0; for example %-is often written simply as 0.

The identity element for multiplication (one) plays an important
role in expressing equivalent fractions in different forms, in
simplifying complex fractions and in comparing the sizes of different
fractions.

In simplifying fr.ctions we can think of dividing numerator
and denominator by a common factor or as factoring the fraction to
obtain factors of one, as in the following:

ﬁ;assumed factor of 1, not 0

a) 8 2:2:20%1 011
120 2°2-2+35 ° 15~ 15

b) 90 2-3-3-5 15 _ o
523 1°1° 1° °©

It might be worthwhile to write 1 as an additional factor when
each factor of the numerator (denominator) has been matched with a
like factor in the denominator (numerator) resulting in a fraction
which has a 1 in the numerator or denominator.

IS
=

I

both numeriator and denomir.ator are even
numbers, so two is a divisor (or factor)

Reduce the fraction

«l
>N

N 38 VAN ¥
of each: 78 = T8

Again, numerator and denominator are even
‘numbers, so two is a divisor (or factor)

of each: 26_0
9
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Both numerator and denominator are
divisible by three:

B2 _2
23 3
. 2 _ 2
3% T3
op 24 2°2-35-2 _ 2
3% 2-2-3-35 " 3

Increasing the ierms of a Fraction

If we multiply the numerator and denominator by the same number,
as tn 2 x 4 _ _8, what have we done? We have decreased the size
3x4 T 12
of cach part from thirds to twelfths, at the same time we have in-
creased the number of part% from two to cight.

/\M

8

—r

12

—

. 4 _, . L2
Notice also that 75 and we are really multiplying i—by one.

Since any number multiplied by one is equal to the same number, the

fraction 2 must be eaual to g
12 3.

2, 4.8

3 4 12

12 ¥

2 2

R

To compare more casily the sizes of those fractions with which
we are not familiar, we nsually express them as equivalent fractions
having a common denominator (or numerator). Per cents are used in
this way because they represent fractions whose denominators are
alvays 100. When we look for a common denominator, we are just
looking for the common multiple of the denominators. To find the
2
)

. 3 . .
common denominator of T wd 1o ¢ merely to find among the natural

numbers a common multiple of 4 and 10.

The multiples of 4 are: {4,8,12,16,20,24,28,32,36,40,...}
The aultiples of 10 are: {10,20,30,40, ..}
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The sct of common multiples of 4 and 10 is {20,40,60,80...}

Notice that 4 and 10 have an infinite number of common multiples,
the lowest of which, for the natural numbers, is 20, Now rewrit.
each fraction as an equivalent fraction with a denominator of 20
(or 40 or any common multiple). Using 20 has the advantage of

dealing with fractions having smaller numerators and denominators.

3 ?
To answer the question % = 5ﬁ , we may think of the fornm,
3.2 2 5 .
TXT 5oy We know we must rultirly the fraction hv 1 (the
identity element) in some other form. By what must we multiply
4 to get 20?7 5; therefore the 1 must be in the form gu Then
3.5 15 . . 2 2 4
7Xg= 56-51m1larly, 0 X 3% 35+

.4 15 e 15 . 4 4 .15

Comparing 30 and 50 we know that 30 > 50 or 30 < 30 -

There are other ways of finding the lowest common multiple
of two numbers without cnumerating the multiples of cach number.
Find the lovest common multiple (LCM) of 84 and 45. First find
the prime factorization of each number,

84 = 202+3°7
45 = 3+3-5
Then form the product which contains each distinct factor

that appears, the greatest number of times it occurs in any one
number. Thus the L.C.M. of 84 and 45 js 2¢2+3+3-5:7 = 1260.

-

Operations with Fractions

Either the vertical or horizontal form for operating with

fractions may be used - however, it is suggested that the horizontal

form be emphasized.

Concept: Addition with like denominators.

o1 02

Add : T3
1,2 _1+2 3
Answer: 3 + T "3
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Concept: Addition with unlike denominators:

Add: ll +

Gl -

Answer: A common denominator must be found.

1 1 3 4 3+4 7

=t = = e—  —— = —_— = =

4 3012 12 12 12
whole

whole
A A
NI 1 1|2
NIy 7 | 77

LI R
N

i -

L -

While the lowest common denominator is the easiest to use, some
students will be able to find a commondenominator by using the

following form which might not be the lowest
but is acceptable.

. . a’, c _ ad+bc
This method follows the rule: bt 7" ba
. 2.3 _2(5 . 2(3)
i.e. a) 3+ 57359 + £03)
0, 616
15 15 ~ 15§
1,2 _1(6) 240 _ 6 8 _ 14
R A A T ORI O R T
simplified to T%u

Concept: Addition of mixed numbers.

common denominator

which may then be

Vertical Horizontal
1 _,3 1 2 _ 1 . . 2
1774% A7333=445+5+3%
1 2
+3£=31 :4+3+5+§
3 6
—_— 3 4
=4 + 3 + =+ =
=77 _gal 6 6
=74%=8 =
6 6 =7 7. 8 1
6 "6
69
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Concept: Subtraction with like denominators.
whole

Concept: Subtract with unlike denominators.

As in additio~, a common denominzitor must be found.

3.2.94_ 5 o 3.2_306) 204) 18 8 _18-8 i0
176 12712 A°6TTA6) TG 2T 2d T2
5

Concept: Subtraction of mized numbers.

(A) Mixed number minus whole number

Vertical Horizontal
1 1 1 1
8 — - - = - - = 8- - =
3 83 -2=8+5-2=82+3
- 2

6

i —

(B) Whole number minus mixed numb >r
i

Vertical , .~——  —-- Horizontal
9 8 2 9-3%:9-3%:%:5{)—’-%:
-3%:-3% 5%:
5 5

An alternate procedure for the vertical form may be used in B.

Rule: Add the same fraction to both numbers in order that the
number subtracted is in the form of a whole number.

9 + 1 1

9 ' 6 = 9?)' P
5 5 1
32 (3(7+(7) = -4
— s 1
6
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This invelves the basic concept that adding the same quantity
to two numbers leaves the difference between them unchanged.

(C) Mixed mumber minus mixed number where fractional part of
subtrahend is less than the fractional part of minuend.

Vertical llorizontal
3 3.,1_ 3.2 ) _ .31
t 67 6F-273=6r7-2-7°62+%-3
] 2 ]
23 drg=d3
2 1
dg7=143
5 5 5 1 5 . 1 - . 5 1
2 - - —_— - -= —_- - == = 8. — - =
(2) SE=5% S5 33=5+5-%-5=53+%F-3
s 1l_.52 e 2 ,,3_5,3_,1
3% 53+ 5-g=2rg=25°23
23,1
"6 "3

() Mixed number minus mixed number where fractional part of
subtrahend is greater than fractional part of minuend.

Vertical
) 4-3—:47%=3-}%
2 %:255= 20k
iy

Horizontval

An alternate procedure for the vertical form in D involves the
addition of a fraction to both subtrahend and minuend, so that the
subtrahend is in the form of a whole number,

] 1.1 2 2
83 83+3= 83=8%3
2 2 1 3
-2?-(2-3-*5)—-23:-3
Jed
S =
S
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Concept: Mulliplivation of Rationals.

a

B Thus, .75 =

’

]

Any rational may bhe rewritten in the form
= 10
3 —.

22 31,
2=5 33

Multiplication in the set of ratjonals can be defined as
b c ac : . :
(-&)'(ﬁ-) bl v The product of any two rationals is the rational
whose numerator is the product of the numerators of the given
rationals and whose denominator is the product of the denominators
of the given rationals.

Example Piciure Shaded Portion
- - - 3 -
s e 33 .63 Y L 6.3
(n XTI TTTSTC 3 A <(’"(4 472
%%
| -
\t
AN
Original Unit é??l
%%%
Q)gxa=gx7=7%= I2xg = 5 = 3
3
3 4
/\—-——/\A
3
& )
Original Unit
2.4 _ 8 4 S
Glzxz=1 T X 15 * T3
A, '
12747
3 ;%?.I
Original Unit [ 111 ]
- 7
< 1 2 2 - 1 _ 35
M 3zx1zs= , r~—— A, B X =
Ty58_3 7
273776 5 0097
2 LY
Y Y/
Original Unit 7479/ 0
(I




. If the product of any two nunber s. ¢k is called the
> recipreeal of the other. Meltiplicats is another name
for reciprocal.

1 2 2
TXy=7e!

) 3 7.3 _ 2
ZyxgEgxyearel

Concept: Division of Rationals.

There is usually a need for reteaching division of rationals,
There are three ways to approach this topic:

(1) We realize that a factor x a factor = the product

a X h = c
implies that the product = the other factor

onc factor

< = a
b
or
< = b
. a

Thus, 8x = 24 implies tha. 24 =8 or -'-’—‘s‘-= m]

0

We have learned that for cvery n(nf0) there cexists a number
such that when multiplied by » gives the product 1. This number
we call the multiplicative inverse of n or the reciprocal of n,

Thus n°;l‘- = 1; specifically

-lx% = 1 where %—is the reciprocal of 4 (and 4 is the

reciprocal of -}1-) ™~
- - -;-;-x 4 = 1 where 4 is the reciprocal of 3
3 3 4
(and F, is the reciprocal of %) 9

In other words, any number times its reciprocal equals 1. ’
Now we are ready to talk about the division of two rational numbers.

ERIC | .
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v
[T

By the definition of division

w1
v

1]
wn

D or == D m.ans

(BTN

[T
e
»

M R

= 5. Since the reciprocal of

3 2
?x5 | x $=5. Now, what times one = 57 5.
e~/
1
S x % X % = 5. So the number we are looking-for, the quotient
of%;is in the box and is equal to 5§ x %
3
2 3 15
WS iFEsxzs g

The quotient of two rational numbers is the dividend multinlied
Yy the reciprocal of the divisor. (The division written in this
form, using the symbol #, has the number on the left as the
dividend.)

(2) The first method involves division as the inverse of
multiplication  This second way is showing that division is the

process in which we fiad the number of times the divisor is con-
)

. . . . 4
tained in the dividend. lLet us study the question, how many T

are contained in one whole thing?

.

1 (four-fifth)  + g (of a four-fifth)

From the diagram we see that in onc whole thing there is 1{(four-

fifth) plus % (of a four-fifth) or 1% four-fifths in 1 whole thing.

Thus
‘ 1,1,
A I
S
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1 . . . .
(the %— refers to T of the wnit with which we arc working, @

Sh
.

1
rnot gof 1.)

. S . . 4 .
Notice that 7is the reciprocal of T In other words a number is

e
contained in 1, a number of times cqual to its reciprocal.

1
N How many 2's are. contained in 17
3
13, 2,3,
—2- = :2- , becausce -3- -f =
Ny 3
2, 1 2 " , .
1 () 5 (of a P lllow many 3's are contained in 1?
; = ; becausc 30 = 1
- 33 3

20 3At
How many 4 -:'.; S or l—g— $ are contained in 1?
1 3 14 3
—— = — because —& X — = 1,
_l_i 13 ccausce 3 14
3
Now we ask the question S 2.7 or-s— = ?
v W kt qQues 37" 2 = 1
3

's . . .
in words, how many '—;—" are contained tn 5? 1In 1 wholc thing there
3

2

. 3 .
arc = of them, so in 5 there are Sxx

2

1

w»n

‘&-;— = 5x , as in method (1).

t3] e

Nl

Again the quotient of two rational wumbers is the dividend
multiplied by the reciprocal of the divisor.

(3) 'The third method of showing the division of two fractions,
like the method of simplifying a complex fraction, involves using
the identity clement to. imcrease the terms of the fraction. Thus

2.4 .
== can be written
3 5
7 0 I3
é;- If we now multiply this complex fraction by the identity
4 clement for multiplication, 1, in the form :—2— or % .
5 - P
15
1

(where 15 is the LCM of the denominators of the two
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fractions), we obtain '

We could also have multiplied by 1 ia the
form

5

-g—-where % is the reciprocal of %
4

v

Properties of Positive Rationals

Under addition Under multiplication
Closure: a+b = a rational Closure: axb = a rational
number number
Commutative property: Comrutative property:
a+h = b+a a*d = bea
Associative property: Associative property:
a+(b+c) = (a+b)+c a(bc) = (ab)c

Identity element: There is an| Identity element: There is
clement z in the set such that| an element u in the set such

a+z = a that
(z = zero for the rational asu = a
numbers) (u = 1 for the rational
numbers)
Additive inverse: For every Multiplication inverse: For
element a there is an element every clement a there is an
* .
a such that -1
lement a ~ such that
a+*a = *a+a (*a for the rat- ¢ -1 t 2 1
ional numbers is -a) a*a = a sa=u (a for

e o

. .1
the rational numbers is 59

Distributive Property
a(b+c) = (a*b)+(a*c) and
(b+c)ea = (bea) + (cra)

Another property of the positive rationals is the density property.
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Coneept: The de enstty property states chat bewween any two rational
membors tlore is another racional wmumber.

Given any two different rationals, it is always possible to
determine a rational which is greater than onc of them and less
than the other rational. For example to determine a rational that

. 5 -
is greater than T and less than —%, renlace cach by an equivalent
s . . 10 12 .
rational with greater denominator, thus 53 and 53 respectively.

. . 11 , 10 12 .
The rational 33 is greater than 53 and less than ==. This mecans

s 22
that 1} is greater than —i and less thnn-J;
22 & 11 11

To determine a rational that is between any two given
rationals, determine rationals cquivalent to cach of the given
rationals such that the replacements have the same denominator,
- .. . a c . .
that is, they are in the form t and T If d is between a and ¢,

d . . .
then i is betveen the given rationals. If a and ¢ are consecu-

tive, multiply the nunerator and dcnominntor of cach expression

by 2 so that they arrc sn the form > 7h nnd The numerators are
now cven integers. Ti<re exists an odd lntcgcr that is between the
two cven integers. Bu.a this odd integer is placed over the common
denominator, 2b, the ¢'pression is formed for the rational which

is half way between thic two given rationals. Between any two
rationals, therefore, there exists another rational. In fact,
between any two ratiomnals there exists an infinite number of
rationals.

Given any rational, there is no way of determining the next
greater or the next smaller rational. If any rational is suggested
as the next greater or the next smaller, another rationsl can be
proven to exist between that rational and the given rational.

If there is no way of determining the next greater or the
next smaller rational, then counting cannot be performed in
the set of rationals in the same manner as it was in the set of
natural numbers and the set of integers. liowever, as was pre-
viously shown, certain subsets of the rationals, that is rationals
with the sane denominator, can be counted.

1 1
. F 7
Problem: Picture M ¥ + Answer:
the insertion of 1 3
three rationals T T 3 5 9
d 8’16’ 32’

{

between 7 and 3

Jen

(There are many
others).
hY

&ih—-
1«L

W
O}
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Corcept: Rational numbers mey now be added Lo the number line.
0 1 2 B
- ] Ft 3 "
< v 0 0 t T g -—
» - L] ?
i b : '
PoL. e * H
113 23 21 L
4 2 4 16 8

Coneept: Simplyfing complex fractirns is analogous to the division
of rationals.

We may use the multiplicative inverse of the derominator to
multiply both numerator and denominator.

11,1 1 c
M3 23 7.1
2 1 1 4
23
3 18
6o =
6 °3 3 9.
R i S
3 32 6
11,4 4
93 2°1.2_ 2, .
il o e Sl Sl
T 77T 1

Concept: Base ten notation can be extended to write fractions in
decymal form.

. .o ]
In any decimal numer.:l each place issy the value of the place

to its left and 10 times the v ue of the place to its right. In
discussions of the decimal fractions, place values, to the right

. . 1. .- .
of the decimal point can be presented as powers of TR addition

to naming them. Decimal fractions can now be written in three

forms
a)  .623 positiénﬁ};
b)  6x.1+2x.01+3x.001 polynomial or expanded form
c) 6xr%+2x-—%+3x;ﬁ3 exponential form
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neept s Weifing a common fractior as a decimal fractiow.

% means 4:5 or 5Y 4 . Since 4=4.0=4.00=4.000 and 5 will

not divide 4 an integral number of times, we use 4.0 as 40 tenths
divided by 5, the quotient being 8 tenths.

0.8
5) 4.0

There is no question then as to where the decimal point is placed.

If 4,05 is divided by 5, we can think 405 hundredths divided by 5,
which results in 80 iundredths, then 1 hundredth, or

:gé 0.81 as the quoticent. In changing % to a decimal
5)4.05 fraction we notice that the decimal terminates, that
4.00 is we get a remainder of zero (we could also think
:gg of it a< r(¢peating a zero.) Suppose we change % to

a decimal
.285714285714 The decimal equivalent of % is what we call

7)2
/31'2000 an infinite repeating or periodic decimal

—t because it never terminates and the digits
)

2 —e
-56 285714 recpeat. We say % = (.285714..
40
-35 He put a line over 285714 to show thut these
S0 digits repeat as-a group. The period or
=419 number of repeating digits is 6.
10
-7
30
-28
20
-_— ) -
% = .3 ... although we usually write % = 0.33% expressed as
: hundredths ) :
i -
i 1n11... = .1
2 — .
- = 2172 - 9
1] - =
5= .22 = .3 ..., the ninths being an interesting sct of

g = -2
fractions. The scvenths are also very interesting because the
decimal equivalent is the same 6 digits repeated but in a different
order.

79 %
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a

5
= 0.142857 ...; % =0.285714 ...,

= 0.428571 ...;

~N) -
~j v

Concept: Any common fraction or rational nmwmber can be written
as either a terminating or infinitely repeating decimal.

P

5
Express s as tenths: 0.6 % (6 and % tenths);

5
hundredths: 0.66 % (66 and % hundredths);

2 2
thousandths: 0.666 % (666 and % thousandths)

2 -
Fxpress = as a decimal rounded to the ncurest

tenth: 0.7; hundredth: 0.67; thousandth: 0.667
Whenever a division is asked for, the form in which the answer
is to be shown should be clear, that is, whether to round off to

a certain place or to expréss the answer as hundredths or to
leave the quotient as a common fraction.

Concept: Any terminating deeimal may be easily crpressed as a

common fraction by the use of the place ializs and simplifying.

Thus we can read, wiite and reduce as follows:

287
T
1
ool 2 2
T T Too 2 7 20 T %
33 B . g
005> =& A " " s 3
] 0 - T00 + 4 0T R
2 -
0el. 3 635 2
3 100 - 10-+<3 ° 3 °3
. __52_ 13
0.0%" =560 = 35
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Concept: Writing a repeating decimal as a common fraction.
g

We see that we can write a terminating decimal as a common
fraction, but can we write a repeating decimal as a common
fraction? Yes, very simply. _Suppose we want to find a common
fraction equivalent to 0.434333, .

since X = 0.434343_ _,
100 X = 43.434343. .,
- X = -0.434343_ .. subtracting x
99 X = 43
43
X = 39

Find the common fraction equivalent to 0.2555... .

Let X = 0.2555... then
10 x.= 2,555... o
and 100 x = 25.555...
-10 x = 2.555...
90 X = 23
23
X * 30

Concept: Rounding decimal fractions.

When rounding decimals to a particular place, that place must
contain the last digit of the numeral which is written. Any
additional zeroes written would imply a rounding off to the last
place in which a zero appears. Neither may a zero be dropped if
it is in the place rounded to.

Revnd 3.236 to the nearest hundredth

Answer: 3.24 is correct
3 240 is incorrect, for the zero implies a rounding tc
the nearest thousandth.

Round 4.397 to the nearest hundredih.

swer: 4,40 1is correct

4.4060 is incorrect for the zero implies a vounding off to
v thousandths
4.4 is incorrect for the last digit, 4, in the tenths

place impiies a rounding off to tenths.

w»
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Concept: Comparison of size of decimal fractions.

Start with the tenths place and work to the right comparing
the corresponding digitfs in each place.- If the pl.ce values .
present in the numbers being compared are not in a 1:1 correspon-
dence, zeros may be added to right of the last dieit written.

Which is the larger, 0.1132 or 0.1136?

0 11 3 2 We must inspect digits in the ten

+ ot bt thousandths place before a decision
T T may be made.

0o . 1 1 36

Answer: 0.1136 is larger.

Which is the smaller, 0.6 or 1.617

. 6 0 Some students may need to place a
i 1 zero in the hundredths place in order
6 to comparc.

D > O
— A

-

Answer: 0.6 is smaller. .

In order to compare sizes of common fractions and decimal
fractions - the form of one type fraction must be changed. Do
not insist that only changing the common fraction to decimal form
is correct - it is (probably) the easiest - but changing the
decimal fraction to common fraction form is just as cerrect.

Concept: Addition ¢f decimal fractions.

In the vertical form like place values must be under one
another.

Only digits in like place values, may be added.

Vertical Horizontal
.3 - -
+.04 or S, 4 30, 4 M 4y

&7 10 100 100~ 100 ~ 100

It may be necessary for scme students tc add zeroes as place
holders.




Concept:

another.

Subtraction o, decimal fractions.

In the vertical form the place values must be under one

Vertical

9.04 or
-5.05
4.59

Cnly digits in like place values may be subtracted.

The rules for placing the decimal point in the multiplication

and division of decimals may be given more meaning by wor! =~ with
the corresponding common fractions.

Multiplication: .5 x .17 =

.7

Division: .6).42 6) 4.2

- 242x100 _ 42




VI. THE SET OF INTEGERS ’

Concept: An integer is any element of .tne set {..., -3,-2,-1,0,1,2,
3y..01

The numbers to the left of zcro are called the negative
integers. The positive integers arc to the right of zero. These
two sets of numbers and zero are the integers.

=5 -4 -3 -2 -1 0 1 2 3 4 5
3 J R } } 4 4 ] $ i Y
T T L L] Ll EJ — T L4 ot

Concept: The iutegers may'be shown on the number line.

The urrows at the ends of the number line indicate continuation
in both direcctions. The sign which shows tha* a number is positive
is a small "+", which is written in front of the number,i.c. *2;
the sign which shows that a number is negative is a small "-", which
is written in front of the number,i.e. -4, Parentheses may be used
to cnclose signed nuymbers to avoid confusion with operation signs
i.e. (*2), ('4);///;5

In some téxts, the signs "+" and - wre written in a raised
position as Shown::

.

-5 or +3

This method of sign notation precludes the necessity for
parentheses.

TS5+ +5

In this outline, the signs will not be raised and parentheses
will be used where nceded.

In common usage, the positive sign is not written, but in
beginning work with signed numbers, teachers would do well to
insist *.at it be used, at lecast until the students do not confuse ’ o+
it with the addition sign.

Cone pt: “Zero is neither p~ ‘tive nor negative.

When the integers are arranged on a horizontal number line as
previously shown, the direction from zero toward the right is called
the positive direction and the direction from zero toward the left
is called the negative direction.

Concept: When the integers are arranged in the manner previously
shown, any integer (s greater than any integer to its left.

This means that 0 is greater than -16 and also +3 is greater
than -25.
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n symbols: 0 > -16, and +3 > -i6

Couating can be carried on jndefinitely in the positive
direction and also indefinitely in the negative direction. There
is no greatest integer, and there is no least integer.

Addition

In the set of natural numbers, addition was defined as a
counting opeiation. This same concept applies to the set of in-
tegers, but the definition is now expanded.

Concept: The definition of addition in the set of integers
involves wiree cases: (1) a + (+b), (2) a + (~b),
(3) a + 0 where a is any integer, +b is any positive integer,
-b i3 any negative integer, and 0 is the integer zero.

(1) The swn a + (+b) is obtained by counting "b" consecutive
nunbers from a in the positive direction.
(2) The sum a + (-b) is obtained by counting "b" consecutive
numbers from a in the negative direction.
(3) The swn a + 0 is always tho number q.

The use of a number line can be very helyful in introducing
the concept of addition in the integers, and cun be used by the
pupils to advantage in performing exercises in such addition.

Es:amples
(1) (+2) + (+4) = +6
+2 - Tep ~
=5 -4 -3 -2 - 0 1 2 3 4 5 6 7 8
() (+) + (-3) = +1 -

-5 -4 -2 2 -1 0 1 2 3 4 5
—t— } —

-~
-

(3) (+4) + (-6) = -2

. -6
+4
—_—
-5 -4 -3 -2 -1 0 1 2 3 4 5 6
— 1
8
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(@) (-2) + (-3) = =5

=2 <=2
-6 <5 -4 -3 U - 6o 1 2 3 4 5
4 s n 4 L I I 'l n ] 3 3 N
L T —7 T R T ¥ T L] —t T T
(5) (+2) + (0) = +2 +2
—_—
-4 -3 -2 -] 0 1 « 3 4
e —t—t—t——

As the pupil continues to peyform exercises, he probably will
soon realize that perfovming addition by counting is impractical
where larger numbers are involved. Methods must be developed to
perform addition in sorc manner other than counlirg,

The pupil should te led to realize that the » * of two
positive integers is always a positive integer. . adding two
positive integers, the counting begins at a positiv: number and
15 carried out in the positive dircction. The sum must there-
fore always be a positive number. The sum of two negative num-
bers is always a negative number. In adding two negative num-
bers, the counting begins at a negative number and is carried
out in the negative direction. The sum must therefore always
be a necgative number.

In adding two integers of opposite sign, counting begins at
the first number and is carried out from that number toward zero.
If the second number is small enough so that the counting does not
go to zero, the sum will have the same sign as the first number.
If the second number is such that the counting goes on past zero,
the sum will have the sign opposite to that of the first number.

The rules that are used in the addition of integers shculd
not be given to the pupils, but they should .c¢ encouraged to
develop the necessary rules themsclves from what they learn by
solving exerc?ses.

Subtraction

Concept: As in the set of positive integers, subtraction is related
to a corresponding addition sentence.

Thus, 9-5 =0 may be reﬁﬁ.as S and what makes 9, or in symbols
5 +1) = 9. Subtraction in the set of integers may be introduced,
similarly, through an cquivalert addition sentence. Thus,
a - (+b) = O may be written as (+b) + 0 =aand a - (-b) = O
may be written as (-b) +0 = a
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Evamples
1. (+6) - (+8) = T
This may be written as
(+8) + O = (+6)
To go from +§ to +6, two numbers must be counted in the negative
direction.
Thus = « -2
- 2. (+6) - (-3 =2
Thus ‘may be written as
. (-3) + T = (+06)
To go from -3 to +6, ninc numbers must be counted in the
positive direction.
Thus 00 = +9 y
Coneept:  The definition of subiraction in the set of integers in-
- velves three eases: 1) a - (+b), (2) a - (-b), (Z) a - 0,
. where a 15 any integer, +b is any positive integer, -b is any
negative tnteger and 0 is the integer sero.
(1) the differenze a - (+b) is obtained by starting at a . A,
and counting b eonsecutive wnits in tie negative 4
divection.
: ' (2) the differcnce a - (-b) is obtained by starting at a
. and counting b consecutive units in the positive
diveetion. .
(3)  the difference a-0 is always 2.
[
oy as . Y
Framples: -(+3) :
1. (36) - (+3) = [
. +6 S ¢
. =6 -5 -4 -3 -2 -} 0 1 2 3 4 6 . <
4 S 'l & e 4 L S S s 4 i ' N 1 »
h LR k] L 3 LR L] L] T . 4 ¥ .
+ 0+ (-3) = +7
or
+ 6 - (+§) = +3
87
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2. (-2) - (+1) =

-7 -6 -5 -4 -3 -2 -1 0 1 2

(2}
&
&+
=3

2+ (-1) = -3
or )
-2 - (+]) = -3

3. (#5) - (-3) = *

+5 (-3
7 -6 -5 <4 -3 -2 -1 0 1 2 3 4 5 6 7 '8 9
+5 + (+3) = +8
or .
(+5) - (-3) = +8
4; 3-0= 5
5 -4 -3 -2 -1 0 1 2.3 4 5

The subtractién a - (+b), where a is any integer and +b is
any positive-integer, may be performed by calculating the sum
a + (-b).

The subtraction a - (-b), where-a is any integer and -b is
any negative integer, may be performed by calculating the sum
a + (+b). o=

‘Subtraction in the integers may therefore be performed by
adding -the additive inverse-of the-subtrahend to the minuend.
The subtraction -6 - (-9) may be obtained by performing the addi-
tion -6 + (-9), which is =15, The subtraction -6 - (-9) is equiva-
lent to the addition -6 + (+9), which is 3.

The rules that are used in the subtraction of integers should
not be given to the pupils, but they-should be -encouraged to

formulate the necessary rules -themselves from what they learn by

solving exercises.

Multiplication

L ]

The definition of multiplication in the set of integers involves
the following- four cases: (1) (+a)(+b); (2} (+a)(-b),

88




(3) (-a)(+b); (4) (-a)(-b)., where +a and +b are any positive
integers, and -a and--b are any negative integers.

(1) Concept: The product of +a and +b is obtained by finding the
swn of "a" addends each of which.is the number +b.

(#3)+ (+5) = (+5). + (#5) + (+5) = +15

+5 Coas g T

N T

%5-4-3-2-1 012 3 4 .5 6 7 8 91011 12 1314 15 16
et >

(2). Concept: The preduct of +a and -b is obtained by finding the
sum-of "a" addends, each of whick is -b:

(+3)+(-5) = (-5) + (-5) + (-5) = -15

-5 s . =5

| -17-16-15-14-13-12-11-10 =9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2
— - "

n L ] s I S 3 I Y n i re g 4 2 3
T T t P — T T T 2 2 T 13 g t L4 L L3 0 T

-+ W
-
-+ N

(3)- The commutativé principle for multiplication is an axiom in
the set of integers. Thus, (-a)(sb) = (+b) (-a).

Concept: The product of (-a)(+b) can be obtained by firding
the sum of "b" addends each of which is -a..

(-2)+(+3) = (+3)+(-2) = -6

-2 2. 22
TN N N
8 <7 56 -5 -4 -3 2 1 0 1

+T 0

5 6 7

$
U =

-+ 0

b
- N
3

(4) The last remaining portion of the definition of multiplication
pertains to-the product of two ‘negative integers. The difficulty
in presenting this portion-of the definitioh is that it cannot be
presented in terms of addition. Some other method must be used

to present this concept of multiplication,

A-method-of determining the product of two negative ‘integers
is based on two principles, the principle that the product of zero
-and any” integer is zero, and the principle that multiplication is
-distributive over addition in the set of integers.
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Demonstrate the product in the general case, (-a)(-b), where

-a and -b are any negative integers.
. (-a)(0)
. (-a)[(-b) + (+b)]

(-a) (-b) + (-a) (+D)
(-a)(-b) + (-ab)

“The only integer that will result in

to -ab is the integer -+ab.

a

cood

sum of zero when- added

Concept: Therefore, the product of -a and -b must be the integer

+ab.

The problem-6f determining the product -of any two negative
integers such-as -3 and -4 can be solved in the following manner:

(-3)(0) = 0. The- product of zero and.any integer
. is zero.
(+3)[(-4) + (#4)] = 0.  The sum of any integer and its in-
verse is ‘zero.
(=3)(-4). + (-3)(+4) = 0. Multiplication is distributive over
-addition.

(-3)(-3) + (-12)

0.  The product of =3.and +4 is -12.

The only integer that can be added .to -12 to give a sum of
zero is +12: Therefore, the product of -3 and -4 must be-the

integer +12.

Another method of presenting the concept of the multiplication
of two negative integers is to observe the pattern of the

(+3)(-1)
+2)(-1)
(+1)(-1)

(0)(-1)
(-1 (-1

If the same number.pattern
-1 and -1 would be the integer
tives would be a positive numbe

-3
-2
-1
0

3
-

.products of a series of multiplications such as the following:

is to continue, the product of
+1. The product of two nega-
r: (-a)(~b) = +ab:

There are various other procedures which may be used to
clarify the concept of multiplication of integers and give the

pupils a feeling that the multiplication rules make -sense.

arc advised to comsult textbooks and supplemental materials for

explanations and uses of them.

90
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Division

Concept: If the quotient is on integer, division in the integers
is defined as the inverse-operation of multiplication..
Division by zero is undefined and not permitted. Any division,

atb = ¢, that has a. quotient in the integers, may be performed by

carrying out the equivalent multiplication: (c)(b) = a.

If the quotient (+a) = (+b) = g is an integer, it may be
obtained by calculating what integer multiplied by +b will result
in a product +a. That is, {)-(+b) = +a. The-quotient which
replaces (J cannot be a negative integer because the product of a  *
negative integer and positive integer is a negative integer. Thé
-quotient -cannot be zero because the product of any integer and
zero 1s zero. Therefore, If the quotient of (+a) = (+b) is an
integer, it must be a positive integer. The quotient of {+36) =
{+9) may be-obtained in the following manner:

(+36) = (+9) = O
(D) (+9) = +36
D = +4

If the quotient in(-a):(=b)= [j is an integer, it may be
obtained by calculating what integer multiplied by -b will result
in a .product -a; that is, (iJ)-(-b) = -a. The quotient répresented
by Tjcan cnly be a positive integer because-only a positive integer

can be multiplied.by -b to give a product that is a negative integer.

The quotient of -36 : -9 may be obtained in -the following manner:

(-36):(=9)= -
(£D)=(-9). = -35.
D: = +4

If the quoticnts are integers, the division(+a):(-b}=(] is
written as the-equivalent multiplication -(55).(-b) = +a and the
division(-a) +(+b) =] is written as the cquivalent multiplication
(3)+(+b) = -a. In each case, the quotient represented by J
must be a negative integer, because the product of two integers
with like (unlike)- signs is a positive (ncgative) integer.

Concept: If the quotient of two integers with like signs is an
integer, it is a positive integer. If the quotient of two
integers with unlike signs is an- integer, it is a negative
integer,

The division 0 = a =, if-0 is the integer zero and a is
any integer, may be written as the equivalent multiplication (OO)
(a)- = 0. The quotient which replaces (Jmust be the integer zero
because if the product of two integérs is.zero, one of the given
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‘have had practice solving exercises.

integers must be zero. The integer a.cannot be zero as division
by zero is not permitted. The quotient 0 # a must therefore be
zero.

In both multiplication and division, do not give the rules 'to
the pupils, but let them formulate and-verbalize them after they

N

Swmmary of the Properties of the Integers. The set of integers
has the following properties:

(a) Closure under addition, subtraction, and multiplication

(b) Commutative property for addition and msltiplication

(c) Associative property for addition and multiplication-

(d) Multiplication is distributive over addition and sub-
traction

(e)- Identity element for addition and multiplication

(f) Inderse element for each integer under addition

(g) There exists no greatest and no least intzger.

The integers do not have closure for division. The integers
do not hdave inverse elements for each integer under multiplicatios.
For every integer, a, there does not exist an integer, b, such that
their -product is +1,

The-order of operations with integers-is also multiplication
and division first in the order in which they appear from left to
'right, and then addition and subtraction in the order in which
they appear from-left to -right.

x

Absolute Value :

A convenient way of telling how far from zero a number is on a
number line is to use absolute value. The conventional symboliza-
tion, |x| may be used and is read: 'the -absolute value of x."
Since -6 and +6-are equidistant from zero, then |-6| = |+6] = 6,,
which means =6 and +6 are both 6 units from zero.

Concept: The |x|is the number ibselfrif’m %8 positive or zero, and
is -x the additive inverse of x, if x is the negative number.

The .absolute value of a number then, may never be negative,
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VII. THE COMPLETE SET OF RATIONALS

Although- this unit i% planned” fof the eighth grade, parts of
certain topics, such as measurcment and square root, may be intro-
duced in the seventh grade. Much depends on the readiness and
ability of the pupils in a particular class.

Concept: The quotient of any two uztegem aand b (b # 0) can be
expressed as the rational number F .
Like the integers, the-rationals are either positive + E—,

negative -‘%_or if a = 0, then %: 0.

Congept: The quotient of two integers that have like signs is-a
positive number.

(Y

R . +a X s .
Therefore, the quotient Ip Must be the positive rational + b

. za eas . +

The quotient =g Must be the positive rational +7§—. Thus :%

-:‘-%', and + % are -three difFerent ways of expressing the same rational
=a .  a

: q 2+ =,

number, and- it .follows that —— +b >y 5

Concept: The quotient of two integers that have unlike signs is a
negative nwnber.

. . -a’ N . .
Therefére, the-quotient —-must-be the Regative ratlonal - % .

+b .
+ +
The quotient :% must also be the rational - % . Thus ’:F’ _';, and
- %a're three differehf expressions for the same rational number
+a _ _a
and it follows that — b = 5"

-Just as it is common- practice to drop _the "+'" sign from ‘in
front-of the positive mtegers so it is also comnon :;practice to
drop ‘the "+" sign from in_ front of the positive rationals

a .
and + ‘F may be written as % s

In- the set of integers, division by zero is not permitted.
Therefore, in the set of rationals, there does not exist any
number whose¢ denominator is zero.

Concept: The set of rationals has the properiy that for every
rational there 7s an infinite number of different names for
that rational number.

If two different expressions are names for the same number
they are said to be cquivalent.

.5
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Two rational expressions, %-and T are- equivalent if and

ohly'if ad = ¢b. Two rational expressions- are expreqs1ons for

the same number if and only if the product of the numerator of the

first and denominator of the second equals the product of the

denominator of the first and~the numerator of the second. This

is frequentlv called the cross product test. -Applying this princi-
-a . X

ple; :E"u ﬁ“and -F =35 - Through. further application of this

principle; it can be shown in still-another way that a positive

rational and a negative rational cannot be equal

3 #—;E—g—, since ab # = ab

5%, since = ab # + ab

“Any two rational expressions whose numerators are zero are
. . . .. 0 0 .
equivalent. Using the above principle 2= p o Since 0xb=0xa
0=0.

When arranging rationals on a.number line,. the positive
rationals arc written to the Tight of zero and the negative
rationals to the left of zero. The rationals which have numerators
equal to zero and denominators uncqual to zero.are all equal to
zero.

) Any positive rational is greater than any negative rational
or -the rational equivalent to zero. The ratidnal equivalent to
zero is greater ‘than-any negative rational-

-Rationals with the same denominators; which make up part of
the rationals, may be arranged in order as shown in this example
of rationals with denominator of 3.

X R -

-3 .4 3.2 .1 0 1 2 4 =
.- 3 - 3 3’ 3 = 3 3 3 3 > 3!' 30

When rationals with the same denominator are arranged in order
as shown, any given rational in this -list is greater than any
rational to its left.

-

-Addition of Rationals |
T -
Concept: Rationals may be added when the denominators are changed
to a common form, then the numerator of the sum is always the
sum of numerators of the rationals being combined.

’
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3,-1_3+(<1) 2
) 73 7 7
5.1 _-5+2 _ -3 _ 1
) T3 "% = % °F -3
=2 =1 _ -2+ (-1) -3 .3
¢} S5 3 B 3
2l a1 3D +a (D | 23+ () -1 !
e e e ) = 12 R VRGN V)
Subtraction of Rationals
Concept: Subtraction of rationals may be ecarried out as the
equivalent addition, using subtraction as the inverse of
addition. * )
3 4.3 -4 _ 5(3) +8(-4)..15+(=32) _=-17 _ 17
NV FTETETI a0 "TTad o - Ta ° T a0
3 4 23 24 _7(=3) + 5(=4) _ -21 + (-20) _ =41 __ 41
B) sg 557755 = 35 = 3 OT "33
c);1_1-_4__1*}__4_'5(1)+3(4);,-S,+12 1
3 <3 S - 15 - 15 © 15

Multiplication of Rationals

Concept: When two rationals are multiplied such as % and &, the

d’
product is %5

go,
D @=L - 32

H GBI o2 12
o (Pep-GHER - 2 or v =1

‘Students-.should be able to formulate the foliowiﬁg rules:

1. If the rationals being multiplied are all -positive, the

-product wiil be positive.

2. If there arc an even number of negative rationals, among the

Taticnals being multiplied,the pro@uét will be positi

95
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3. If there are an odd number of negative rationals,. - among
the rationals being multiplied,the product will- be
negative.

Concept: The product of a number and its miltiplicative inverse
{or reciprocal) is alwcys 1. -

The multiplicative inverse of a negative rational then -must be
négative. For example, if the negative rational is

= % , its muliiplicative invérse is - %

4
to check: (- 2)-(- 3) = 1

(-2)(-3) _ 6 =1
3)(2) 6

Any rational equ1valent to zero does not have a mult1pl1cat1ve
inverse since d1v1s1on by zero is not permitted.

Division of Rationals

Coneept: .In the set of rationals, division is- defzned as the znverse
operation of multiplication.

} ) 2 2 6 2y .6
o 2:5.4 or 3.3 .5 _ BE n 4
D 3% 75 TS s T "15°5
6 6 5.
5.2
ad =2 .
2. . 6 5. _ 2
@@ @ =3
12 4
O*15°53
4 -4 4 -4 4
M (h:d-a o5 .35 .3 (3@ 4
N A R
3 ) 3.
(S = A
-4 4 3, 4
= - @P=-3
-1 16
D= g or -3
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5, . -2 -5 -5 <3 5. -3
3 ) s (22 = O =2 n 2 .
9 G0 o LI 72 Gp- 5
-2 T2 -3 1 T
b s 503 3
Q=3 = -7
iy DN
(ll)( ) '(T == 11

-
W

0=

N
[N

Concept: Students should vecognize trat the rules for signs in
division are the same as those for. multiplication since the
use of the multiplicative inverse changes the form from division
to a corresponding multiplication.
-.Summary of the Properties of al™ the Rationals. The following is
. ; a summary of the properties of the rationals:

(a) Closure for addition, subtraction, multiplication, and
division

(b) Commutative property under addition and-multiplication

(c) Associative property under addition and multiplication

(d) -Multiplication distributive over addition and sub-
traction

. : ) (¢) Adentity element for addition and for- multiplidation
: (f) [Inverse property- for addition and multiplication

Negative Exponents

4 -

Negative exponents may now be introduced. Review the rules

@ - * for multiplication and.division of powers-of the same base. Extend
; the use of the rules to include examples where the greater power i3
. in the denominator
‘ , 1000 1 E
' 10,000 ~ 10 o -
"\
; . 3
¢ _10 x 10 x .10 . _ 107 _ .03-d _ 10'1
10xJ0x 10 x 10~ [4° ! =
‘ 101 i
4 1000 100 /
PO . < l
g . ¥ j -10 . 100 143 -2
K : ox10x10 - L3° 10 =10
. 10
3 97
Q

ERIC

PAFullToxt Provided by ERIC




Q

EE

PAFullToxt Provided by ERIC

p———

RIC

Exponential forms .of places to the right of the decimal:

107! 1072 1073 ...

At this point students shculd see that the ones place is the
balancing point of our number system

: 3 .2 0 o1 22 3 . .4
. 10° 10* 10° 10% 10! 10" 107! 1072 1073 07t |
9T 23429 9 9z a9 © = = 2 34
=& Fo b= f=4 () -] [r) [ bead =0
o 3 [« 28] [« - b=} [+] -] -] [« [« 28]
ca 3 . » w = c. e e
[ e ] v v - b= -t [ [
[\ ] [+ & [+) v [} =] (=]
f= I =9 = -] c. Q. -] -1
Q. [~% c. v - [-9 [=%
w w w b=ad [ad (ad
- [ b=ad b=ad
w w

Conecept: In base ten numerals, ineluding decimal fractions, ary
‘place is one tenth of the place to its left and ten times the
place to its right. .

Scientific Notation

Scientific notation can now be extended to decimal fractions.

1

.5 5 x -10°

1 x 1072

.01
n -3
.00236 = 2.36 x 10
Write the following numbers in scientific notation.

a) 5,500,000 b) 639 c) .4372 d) .0057

Answers:

e - -
a) 5.5x10% b) 6.39 x 16° ¢) 4.372x 10 a) 5.7 x 1073

Mezsurement

Coneept: ALl measurements arc only approximations o' the real
measure.

A measurement can not be exact. A measurcment depends on a
calibrated instrument of some kind and a person reading the instru-
ment, so there are chances for making mistakes, one in the calibya-
tion and one in the inaccurate reading of the measuring device. But
more fundamentally for each calibration therc always is a range of
measures which are assigned to -that calibration.
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Concept: Preeision is dependent wpon the size of the wnit of
reasura.

The precision increases as the size of the unit of measure de-
creases; in other words, the-smaller the-unit of meusure, the
greater the precision.

. . . . . 1 . . .

i.c. A ruler which is calibrated in 16 inch units is more

. . . . . 1.
precise than a ruler which is calibratead in 5 inch wnjes.

Error of Measure is the difference between the actual measure
and the measure as it is read. This error may not necessarily be a
mistake, but may be duce to faulty calibration and/or the approxima-
tion which must be made in reading. Since all measurement is approx-
imate, we must expect some-cryror.

Concepl: Absolute error is # (read: plus or mimuas) ene half the
smallest unil calibrated.

i.c. A ruler enlibrated in one tenth inch -units has an absolute
error of & ,0S.

Absolute arror may also be referred to as possible error,
greatest possible arror, or tolerance. 1t camnot bhe determined
unless the unit of measurc used is known,

Concept: The relative error is the ralio of the absolute ervor o
the Ltolal measure.

Thus, the relative error, uring the same measuring device, de-
creiases as the total measure increases.

i.c. Using a ruler calibrated in % units a line mersures

in. The relative error then is % 22 %-or 1:20.

”

)=

Using the same ruler, a line measures 10 in. the relative

error then is %-: 10 or 1:80.

Coneept: Accuracy ia related to relalive error; as the relative
error deereases, the accuracy inereases.

i.c. Using a ruler calibrated to % in., units a 10 in. line is

measured.

1/4 : 10 or R.E. = 1:40

Using 2 ruler calibrated to % in. units a 5 in. line is measured,
1/4 : 5 or R.E. = 1:20
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The measurement of -the -10 in. line is more aecurate since the
relative error is less. : i
- g

-

Concept: Measures which are less than ‘half the distance between
two calibration marks away from a particular calibration
mark, on either side of it, are all assigned the value of thdt
particular cdlibration mark.

A unit

I
% i

T . ‘ 1.
A.measure of % unit on a unit marked to 5 units would be

- s - - L3 . .
assigned all points of the segment between the ‘—lt-and 7 units, as.

P S Y
o ronear e

(A

shown- by the-wavy .lines. .

- Aunit . . _
11
] .

| S|
T+

l 1 - . . 1 .
A measure of 3 unit on a unit marked ‘to ---units would be

- v enge
-

(B)

assigned to all points of the segnent between %’and %as shown bv

the wavy lines.

Students ‘should be shown. that there is a difference between a

reading of a %unit measured with rulers calibrated-with different

degrees of :precision.

1 1 3
Ruler A T<7<T
3 |
Ruler B §'<E<§

The method for-showing thé difference might be to keep as a
denominator the unit of calibration.
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i.e.. For -Ruler A, lwould be used; but for Ruler B; %woulq

be used to show that the calibration was %inchcs.

1. What is the absolute error for the measuring devices calibrated
as showun in the following exercises?

a) Ruler to %-inchcs- b) Cup to %cup ¢} fuler to —l—vinchcs.

10
d). Altimeter to 10 feet
Answers:
a) = —é in. b) = :é;cqp c) = T%E“i“‘ or % E%‘in. or
% .05 inches d)# 5 fecet
2. Find the relative errors of each of the following:
a) 36 ft. b) 360 yd. c). 2.5 mm. d) .126 mm.
Answers:. )
l_-"— - G-3 = 1:72 -05 —.i.--
a) 7" 36 = 1:72 b) 5:360 = 1:72 <¢) 3 E0 - 350 - 1:50
0005 _ S ..
9 56 <160 T 12

3. Which measurement in each pair has (1) the greater precision;
(2) the greater accuracy?
g :

a). 8.2 yds., 3 .l.jyds. b) .75 inches, 23.0 fect

c) .32 cm., .46 cm.

-Answers : T
Precision T Accuracy
a) first first
b) first sccond
<) same sccond

Significant Digits
Significant digits arc important to denote the accuracy of a

measurcment. Regardless of the placement of the decimal point, a
greater number of significant digits show a more accurate measure-
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rent. The error is taken as not greater-than one-half the place
-value of the last significant digit.

Concept: ALl non-zero digits are -significant. Zeros between non-=

- zero digiis are significant. Final zeros of a-measurement
expressed as a decimal fraction (or mixed number) are signi-
ficant.

-Zeros directly following the decimal point in a number less
than onc arc not significant. Final zeros in an integer are not
g significant unless therc is an indication of significance such as
plus.or minus an e ror. - The numerals we use nced to be- supplemented
vith information about -the measurcment unit in-order to-have-an
accurate meaning.

Exercises: (Units of measurcment. will be omitted in these exercises)

1) How many significant digits are there in each of the following

- . " measuremnents?
(a) 482 (b) 30619 (c) 3.14 (d) 2.005 (¢) 200
. (f) 200.0 (g) .0016 (h) .000150

Answers :
(@ 3 (®) 5 () 3 (d 4 () 1 () 4 (g) 2 (h) 3

The number of significant digits can.be shown .in scientific
notation by using an appropriate number of decimal -places:

300, which has one significant digit,3 x 102

340, which has two-significant digits,3.4 x 102

4055, which has four significant digits,4.056 x 10°

5000, which has onc $ignificant digit, 5 x 10°

Square Root

Concept: The square root of a number is one of two equal factors
of the number.

The radical sign,/ -means the positive squarc root and is also
referred to-as the principal root.

- - . 2
~ The square of a number n is n X n = n

102
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Perfect squares arc squarcs of the integers

-2 2
AR 17 = D =1
2 2
2° =4 2% = (-2)-(-2) = 4
2 ) 2 ‘ ‘ -
=9 (-3)" = (-3)-(-3) = 9
ctc. ctc.

The squares of the integers arc always positive numbers.

Concept: 4 positive number then has two square roots, one which
is positive and one which is negative.

The squarc root of 25 = +5 or -5, commonly written * S, which
is read plus or minus five. L

.

Howcvcerfg = +5, thec principal root only..

There are squarc root tables in many textbooks which should be
utilized in the initial work in this topic, starting with the
perfect squares, then progressing to whole numbers:
There are several processes which-may be taught for the
citraction- of 'squarc root: among them the standard algorithm, the
"guess and multiply' or "trial and crror" mcthod, and the averaging -
mcthod. -

Anyonc who knows- the mcaning of squarc root and can handlec long
division may quickly be taught the averaging method: For example,.
we wish to find the squarc root of 482. We assumc that the squarc
root “is 20. If this assumption-is correct, the quoticnt of 482 : 20
should be 20. If 20 is too small, the quoticnt will be larger than
the actual squarc root; while if 20 is too large, -the quotient will
be smaller than the actual squarce toot. When the divisor, 20, and
the quoticnt are averaged, the average should approximate more
closely the squarc root. .

Example shows how the squarc root of 482 may be obtained by the
averaging method.

24.1 The average -of 20 and 24 is 22, which is uscd
20)482.0 as the next divisor.
40-
787
,-8_0— -
20
103
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21.90 . , , e P
22798200 The average of 22 and 21.90 is 21.95 which is

44 correct to the ncarest hundredth. This can be
ey checked by dividing 482 by 21.95

22
200
198
20

21.95
2195.348200.00 If a more accurate square root is needed, the
4390 division by 21.95-may be continued for several
4300 more -places.,, and the divisor and-quotient again
2195 averaged.
21050
19755
12950
10975
1975

In the preceding example the guess was too-small: Since we
already know the -square root to the nearest hundredth, let s now
make a guess which we know is too large to show what ‘happens. Let
‘us assume 25 is -the square root. ’ '

v w

N &0 w
] &

B ) 21.9
22)482.0 22
44 43.9

21.95

In order to keep the division €rom being carried out further
than is useful we may point out the following: In general, if
the divisor and quotient agree in the first n digits 2n digits should
‘be kept in the quotient. If the division.was carried further the
rest of the digits should be changed to zero. Thus, 20 and 24.1,
have only the first digit in common, n=1. Therefore, 2n or 2 digits
will be kept in quotient. Thus 24.1 becomes 24 and- then .is used
for averaging. In the first division it may be necessary to keep
an extra digit or two if the first guess is too far from the
square root, leading to no agreement in the-digits-

104
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VIII. THE SEY OF REAL NUMBERS

Concept: Any number that can be expressed as- the ratio or quotient
of two integers a and b,. that is, in the form %-(b #0) is a
rational number.

A rational may be expressed--in:decimal-notation. The raticnal

%:is the quotient resulting from the division a:b. The rational %

may be expressed in decimal notation by performing ‘the division-a:b.

For cxample, %vﬁ 5:8 = 0.625

Tt is possible that the deéimal does not terminate. Examples
of rationals which form non-terminating dec¢imals are as foilows:

(a) %-é 0.33333 .

(b)*T% = 0.2727272727 ..

(©) g=0.44a44 ...

(@) 3= 0.2857142857142 ...

Concept: If @ rational does not form a termindting decimal, it will
form a non-terminating decimal in which a digit or group of
digits keeps repeating.

When performing the division a:b, the decimal must either ter-
minate or begin repeating by the "b"th digit after the decimal
puint. It may begin répeating sooner, -but it must begin repecating
by the "b"th digit after the decimal point. For example, in per-
forming the division 2:7, each time a digit in the arswer is detér-
mined, the remainder may be 0, 1, 2, 3, 4, 5,-or 6, If the remainder
is zero, the decimal terminates at that point. The .emainder may be
different for the first six digits but when the seventh digit has
‘been determinéd, the ‘remainder must be one of the previous remainders.
When this occurs,. the decimal must begin to repeat. Therefore, every
rational forms either a terminating decimal or a non-terminating
decimal vhat repeats.

Concept: Any decimal that does not terminate and does not repeat
is an expression for u number which is not a rational number.

Three examples of non-terminating, non-repeating decimals are:
L
(a) 0:123456789101112 ...

(b) 1.122334455
(¢) 0.112123123412345 ,.,
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Concept: A number that can be represented on a number line but is
not a rational number is called an irrational mimber.

Numbers such as /2 and 7 are not rational aumbers. They cannot
be expréssed as the quotient or ratio of two integers and they form
non-terminating and non-repcating -decimals.

An important mathematical question that once faced mathemati-
cians was whether or not irrational numbers were represented by
points on a number line, -or would the scﬁ'qf rationals account for
ail points on a number line. There is an infinite number of
rationals, and-between any two rationals there is an infinite number
of rationals. If the set of rationals is represented by points on
a number line, it might scem that every point on the number line
would represent a rational number. The ancient -Greeks discovered
that there were points-on a number line that represented numbers
which were not rational numbers. This can be -demonstrated in an
application of the Pythagorean theorem. -

The Pythagorean.-theoYem states that the sum of ‘the squares of
the lengths of the legs of any right triangle is equal to the square

2 K -
of the length of the hypotenuse: a” + b2 = cz,,whcrc'a'and'b are
the lengths of the legs and ¢ is the length of -the hypotenuse. If
cach leg is one unit in length, then

12412 = ¢
1+1= c2
2= ¢ A

The hypotenuse is Mﬁf units in length. A line segment equal to
the length of the-hypotenuse can be marked off on a number line. If
one end of the segment is at the Zero point -on the number line, the
other end of the segment will coincide with a oint on the number
line. This point must represent the number ,/2: When it was proven
that /2 -was an irrational number, this meant that theré was -a -point
oh the number line which represented an irrational number.

Other irrational numbers such as n are represented by points
on a-number line. w is defined as the ratio of the circumference
. . . . C
of any circle to its diameter. For any circle, y=T- The

circumference is equal to nD. If the diameter is one unit in length,
the circumference is 7 units in length. The circumference of a
circle whose diameter is one unit may be marked off on a number line,
therefore; n is represented by a point on a number line.

e
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Concept: The set of numbers eonsisting of all rationals and ip-
rationals is called the set of real numbers.

Every real number is represented by a point .on a number line and
every point on a number line represents a real number.. There is a
one-to-one correspondence between the points on a number 1ine and the

set of real numbers. For this reason, the number line is-called the
real number line.

107
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IX. RATIO, PROPORTION, PER CENT, VARIATION

Ratio
Concept: A ratio is a comparison of two numbers by division.

The ratio of the number a to the number b (b # 0) is the

. a . . . .
quotient . This ratio may also be written as a:b. The ratio 6 to

11 may be written as T% or 6:11-

The ratio is read: 6 to 11, rcgardiess of the form in which
it is written.

In comparing numbers resulting from measurements, carc rust be
taken that both numbers in the ratio are measures in the sane units.
The ratio then is merely a number.

Problem: Find the ratio of 1 inch to 2 feet. -

1 in. _ 1 in.

2-ft: ~ 24 in:

Answer: The ratio is. 1 to 24

Ratios may be-expressed in- reduced form. The ratio-aib may be
expressed in the rational form %. The concept of reducing a rational

Lo . . .a . . . -
to lowest terms applies to ratios. The ratio § 1s said to be reduced

to lowest terms if a and b have no common factors other than the

number 1. A ratio is reduced by canceling all factors that are

common -to both the numerator and denominator, applying the principle
ac . a

of equality of rationals be- b

Problem: Reduce the ratio 5:15 .

Answer: 5:15 = — = == 1:3

Further work with ratios in the eighth grade may include the
comparison.of ratios. The numerator and-denominator of any given
ratio may be multiplied-by the same factor in forming an expression
equivalent to the given expression (again zero is excluded). Given
two ratios, the method used to determine which is the greater ratio
is the same method used in determining which-.of two given rational
numbers is greater. The ratios are first each-written in the form
of a positive -rational with a positive-denominator. -Expressions
equivalent to the given expressions are determined such that the
changed expressions both have the same denominator. The expression
with the greater numerator is the expression for the greater ratio.
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Problem: Determine which of the two given ratios, %%-or %%3 is the

greater ratio.

Answer: The following-procedure is carried out: 32 = Sé;

%% = %%; and gg > %%; Therefore, %giis a ratio which is greater
.21

than the ratio 35

Concept: A rate is a ratio which compares two numbers which result
from measurements having different units.

Some ratios are the ¢omparison of two numbers which arc mecasures
in different units. Such ratios are usually ¢alled rates and include
a specific phrase of the -form "¢ per 5." The rate of speed’ of an
automobile is -the ratio .of the distance traveled to the time taken
in-traveling that distance. If an automobile travels 200 miles in

4 hours, the rate of speed of the automobiic is—ggg or 5% mph. Many

rates are expressed as ratios whose denominatér is 1, and the units

are indicated: The ratio §% mph above is read "'50 milés per hour."

Proportion

Two ratiosrs-and % (or a:b and cid) are equal if and-only if
ad = bc.. The fact that two ratios are equal may bé expressed as

alo.

a

iy or as a:b = c:d. \

Concept: An expression for the fact that two vatios are equal is
called a proportion. - .

<

A proportion may be written ~ = g or a:b = c:d and in either

o

example it is read "a is to be as ¢ is to d." Note: Division by
zero is excluded.

_ [
Thus, % = %% or 4:7 = 12:21; -and % = %% or 9:5 = 18:10

are -proportions.

Concept: If three of the four terms in a proportion are gtven, the
fourth term can be determined.

Proportions with one unknown term can be solved-by the open
sentence approach. Applying the principle that if a:b = c:d

(or % 5,59 then ad = be, a simpler equation can be written for any

given proportion, and this second equation can be -solved for the

109
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unknown term. For example, if 3:5 = 21:x (orwg = 2%9’ then 3x = 105.

This equation can then be solved by dividing each side of the
equation by 3, resulting in the solution x = 35, The answer can-be
determined- to be a correct solution by substituting it for the
unknown term in the original proportion.

3:5 = 21:35
(3)(35) = (5)(21)
105 = 105 true

This is called checking the solution.

Problem: If an tce cream mix uses 9 eggs to produce 3 quarts, how
many egqs will be used to produce 1 gal? -

Answer: 1 gal. = 4 qts.

9.X%
374

3x= 36
X =12

Coneept: In a scale drawing, the ratio of a dimension on- the draw-
ing to the actual dimension represented by the drawing is
equal to the ratio of any other dimension:on the drawing to
the corresponding dimension of the object represented-by the
drawing. ’

For example, length of drawing _ width of drawing

length of actual room  width of actual room
Rates as -well as ratios may be used to set up the proportion, that
is, the numerator and the denominator of each fraction may be
measured in different units provided that both ‘numerators are
measured in the same unit and both denominators are measured in
the same unit. Also, the ratio of any two dimensions on the drawing
equals the ratio of the corresponding dimensions of the actual
room in the same order. For example,

length of drawing _ length of room-
width of drawing =~ width of room -
Per Cent

Concept: A per cent is a rate in which the denominator is aluays

100.

The term per cent is written as two words; "percentage" is
written as one word and means the -part of the whole which is repre-
sented by the per cent. In-baseball standings, the "pct." or
percentage column is really the per cent of the games won by the
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team, expressed as a decimal fraction rounded to 3 places. How
are per cents used? Some common uses of per cents would be:

(a) discount - 25% off

(b) an interest rate per annum (yecar). = 4% interest

(¢) o commission for selling goods or services - 5% commission
(d) the strength of a solution - 3% hydrogen peroxide solution

. * (¢) a relative change - 15% increasc in salary
. : (f) bascball team percentage
(g) batting averages - a player batting 0.300 = often read as
| : "300""
(h) a meuns of showing statistics = 70% of the praduation class B
- went to an institution of higher learning or soap is

99 T%%—% pure (purc what?)
What does "per cent' mean? This should lead to a discussion of

the literal meaning "divide by 100" or hundredths, drawings of what

it means and-different ways of writing a per cent. We would want

the pupils to come up-with a list of numerals -to-show; for example,

six per cent: - iy

%:0.00, 6:100, 1006,

6
100°

. R
6:100, 6 out of 100, (6 x 100)’
!

(6 x 0.01). A picturc -is shown
at the right.

. -
*

Why is per ceni usad instead of just writink d decimal or common
fraction? We usc percents because:

(1) per cent gives us a common denominator so we can.
compare different fractions .
(2) many pcople do not carc to work with decimals or
common fractions when they can work with whole numbers
with the per cent symbol (%) annexed, thus, 0.28 or
1o o
- =D,

)

-~

Concept: To express the ratio %-in per cent notation -the ratio may

first be written as an equivalent ratio whose denominator is
e
100, such as 700
, . cent notation as ¢%.

This ratio may then be written in the per

N
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For example, the ratio of 4 to 25 is ;%. An cquivalent ex-

pression for = with a denominator of 100 is T%%' This may be
written in per-cent notation as 16%. The fraction % written in

100
decimzl notation is 0.16. By cbserving the relation between a ratio
whose denominutor is 100, its decimal cquivalent, and the cor-
responding per -cent notation, the pupil can casily be shown the
method- of changing a decimal to a per cent. -For example,

|~
n

100 0.07 = 7%
19 - 100
700 © 0.19 = 19%
131 _ . wye .
100 © 1.31- = 1315

From such exwples the pupil can sce that to change a decimal
to per cent notation, the decimal point in the per cent udtation is
two places further to the right than in the decimal notation.

The pupil should already be familiar-with the procedure for
changing a rational to a decimal by dividing the numerator by the
denominator. If -the resulting decimal does not tevminate within
two decimal places it is common practice -to carry out the division
to two decimal places and -then express any rema .nder in fractional

hm.Fmcmww,%=0$%;%=0ﬁé:%ﬁ=mmL

The resulting decimal can then be written in- per cent notation,

0.33.1.— = 33=%
5 K]
1 la

0.62-5 = 625‘
1 1,

0.00-2- = e

Therefore, any ratio can be changed- to™per cent notation by
changing it to cauivalent decimal notation and this to per cent
notation. Except in the introductory woik of this unit, it is
not nccessary to change the ratio to an cquivalent ratio with
denominator 100.

Coneept: Given two numbers, a and b, it ts possible to find vhat
s p
por cent a is of b by expressing the ratfo 2 as an equivalent.

b
decimal and then changing this decimal te per cent neotatien.
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For example, when a ssore sclls merchandise, its per cont
profit is usually defined as the ratio of the net profit to the
total cost, this ratio being expressed as a per cent. If a profit
of $216 is realized on goods that cost $864, then the per-cent

3217 . 0.25 = 259,

profit is 3507 .

Per cent profit may be defined in other ways such as the
ratio of gross profit to cost of poods sold. In presentiug
exercises of this type to the pupils, care must be taken to mahe
it yery clear wiich two mmbers are to be used in forming the
riatio.

A second aspect of the concept of per cont pertains to
calculating a per cent of a mumber. If o mpil were asked to

. o . . .
find 7-0( 416, he would probably realize that this was a multi-

plication prob..m and he would proceed to calculate the product
of % and 416, 1F he is ashed to Tind 0.75-0f 416, this also is
a multiplication problem and is selved by caleulating the product

(.75)(416). If cither the % or the 0.75 is roplaced by the

5
o

equivalent notation, 75%, the problem involves multiplication,
that is, finding the product {75%)(116). Finding 75% of 416
is a_multiplication problem. In multiplying by a per ceht, the

per cent is first changed to the equivalent decimal or fraction

and then the multiplication performed.

*

Probicm: Find 16% of 85. '

Aunswer: The 16% may be changed to the equiv-lent decimal 0.16 and
the muitiplication (0.16)(85) performed, giving the product
15.6.

When a decimal is written in equivalent per cent notation,
the decimal point is two places further to the right than in the
given decimal. Therefore, in-changing a per cont to equivalent
decimal notation, the decimal point will be twi-jtlaces further
to the left than in the given per cent. If desired, the decimal
way be then changed to a ratio ar fractjon. Very often it is of
benefit to memorize a list of commonly used fractions and thejr
equivalent per cent expressions.

A third aspect of the concept of per cent pertains to
determining a number when a per cent of it is given. Onec method
of solving such problems is by the use of simple open scntences.
For example, consider the problem of determining a number when
it is known that 18% of the number is 90. This information may
be summarized by the equation 0.18x =-90, or the equation
18x

100 ° 90. In tle first equation, the 18% has been written in its
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equivalent decimai form and in the second equaticn it is written
in equivalent fractional form. Solving either of these cquations

- gives the solution 500.

The equation 0.18x = 90 is solved by dividing each side by
0.18, ‘ine equation %%%vi 90 may be solved by multiplying -each

side by 100 and then dividing each side by 18, or by first
dividing each side by -i8 and then multiplying each side by 100.

There are advantages in solving all types of per cent probliems
by the use of a proportion. In this -approach the % is first changed

to.a common fraction form.

pProblem: Find 25% of 84. )
. o . 25 _ 1
Answer: .25% = 60 - 3 1
25 n 1 _ o . Lta
6= s °F 1 T %4 Ck. 7 =737
100n = 25(84) 4n = 84 84 = 84
100n = 2100 n= 2= ]
_ 2100 _
n = gp - A
Problem: Find the number if 15% of it is siwiy:
Answer:
PR
15% = Y00 ~ %0 k. <> ° 60
] LR 3 T 300
3 _ 60
20 n
1200 = 1200

3n = 1200, n = 400

Problem: What % of 45 is 9?

Answer:
oo 2
100 ~ 45
45n = 900
= 200 _ 20 _ 204
n=—=e= 20, 100 20%

Verbal problems involving per cent may be solved as general propor-
tions.
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rscoumé: 4 coatl. is on sale at 33%% off the regular price of $75.
(a) Hhat is the amount of dileount? (b) What ts the sale
price of the coat?

Answer: —
a) 55%% = %
L. -
3 5
sn= 75§
n = $25

b) Sale price = $75-$25 = §50

TIf only question (b) is asked, students should be led to -
. =1 . R 2

realize that Sag% off the original price means nlso—66§% of the

original price is left as the cost of the coat. then:

6622 =
o

S0 IN)

VI

1]
“
"
[
w
<

“
n

$50 the sale price of the coat.

Per cent change: (The change is dependent upon what a number was
bejore the change.) A club had- 50 members at the beginning of
the school year, but by the middle of year oniy 35 members
were still getive. Find the % decrease in the membership.

Answer:
50-35 = 15
SLUNJ + 1
1060~ 50
S50n = 15(100)
2
o= 15 (T
<

n= 30 .. 30% decrease in membership.
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Ceneral: There were 100 reserved seat tickets and 300 general

admission tickets sold to a play. a) Find the % of reserved

seat tickets sold. b) Find the % of general admission
tickets sold.

Answer: Total sold is 100 + 300 = 400 tickets

S
o
=4
=
Ll

= 100(100)-

_100(100)
100

b=
n
[
w
.
2.
1
(2%
w
o0

b) —— = I

&
o
o
=
n

100 (300)

100(300)
400

75

12 s %.25% = 75%
100" 75% or 100%-25% = 75

Commission: A real estate salesman works on an 8% commission.
much is the commission on the sale of a $20,000 house?

ors 8% = —o— = -2
Answer: 8% = 100 - 25
B _on 2. o
100 ~ 20,000 or 25 20,000
= 2 .
100n = 8(20,000) 25n = 2(20,000)
8(20,000)
"= oo a= 30,000 <1600
25
n = $1600 amount of Commission

How

A key concept in interest problems is the utilization of the
time factor. There should be an ample discussior of the rate of

interest related to a year. Then develop the idea that 6 mo.

interest is only ;— that for a year, 90 days interest is only -f; that

for a-year, 2 years interest is twice that for a year, ete.
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Interest: A man borrowed $3000 for 4 years at an interest rate of

> 7%. Find the interest for 1 year, and then for four years.
. 7 _ . x
Answer: m = ———3000
100x = 7(3000)
« = 1(3000)
- 7100

x = $210 int. for 1 year
Int. for 4 years-

4 x $210 = $840

Variation

If an automobile is driven along a highway at an average speed
of 50 miles.per hour, the distance traveled increases as the time
traveled increases: As the -number of hours spent in traveling
changes, the distance traveled changes. The time and distance
traveled are called variables and are interdependent. As the
automobile is driven along the highway at an average speed of
50 miles per hour, it will have traveled S0-miles- at the end of
the first hour, 100 miles at the end of the second hour, and 150
miles at the end of the third hour. The distance traveled is always
the product of the rate and the number of hours traveled. If d
represents the distance traveled-and t represents theé time traveled,
then'd = 50t. Dividing both sides of the cquation-by t, the equation

% = 50 resultsS. The ratio of the distance and the time is a
constant.
: Concept: If two variables vary in such a way that their ratio is a

. - constant, each of the varrables is said to-vary dirvectly at
‘.. 3 the other variable. This is an example of direct variation.

Some examples of direct variation are:

. ‘ (a) The total cost of a number of identical items varies
‘directly as the number of items purchased if the cost
of cach item is a coristant.

(b) The total interest on a loan varies directly as the
amount of money borrowed if the interest rate is
constant.

‘ (c) The total wages a worker earns varies directly as the
i number of hours he works providing his hourly wage
: rate remains constant,
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(d) The area of a rectangle varies directly as the length
of the rectangle if the width remains constant.

(e) The circumference of a circle varies directly as the
diameter of the circle.

Problem: 'If t represents the number of hours spent in traveling
at 60 miles per hour and d represents the distance traveled
during time t, make a 3-rowed table for d = 60t, listing

t, d, and the ratio %-fbr t=4, 05, 6, 8 10.

Answer:

d | 240 | 300 | 360 | 480 | 600

—3:- 60 | 60| 60 | 60| 60

odL o X . . s f .o
The ratio Evls constant, therefore this is direct variation.

Denominate numbers: Review equivalent measures and-changing from
larger units to smaller units i.e. feet to inches; and from smaller
units to larger .i.e. .minutes.to-hours. Remainders may be expressed
either in the smaller unit or in decimal fractiofi or common
fraction-part-of the larger unit.

The concept of direct variation can be applied to equivalent
measures using pairs of denominations.

-Problem: If f represents the number of feet and i represents the
number of inches in the same length, fill in the table and
show that this is an example of direct variation.

1 .
£l s | el 5.5
i 1 108 15
i
3
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. Answer: .
y ) ] 1
= f 3 9 45- 1‘—‘- 5.5
- i 36 | 108 54 15 - 66
: - -
I 12 12 12 12 12

Since the ratio %is constant (it is 12) then this is an
example of direct variation.
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X. GEOMETRY

In mastering the material in this unit, the -pupil is embarking
on-a new adventure. While much of the geometry studied in this
unit has valuable app11cat10ns in daily living, some is pure
mathematics. Instead of dealing with numbers of physical objects,
the pupils now deal with mental concept.s such as point, line,
and plane.

1f properly taught, this unit on geometry can be a fascin-
ating and stimulating adventure in mathematics. If improperly
taught, it ¢an become a humdrum process of memorizing 150 terms
and” formulas,.

The pupil must be allowed the opportunity of experiéncing the -
thrill of mathematical discovery. Give him only necessary
definitions and then lead him by skillful questioning and pre-
sentation of problems to discover for himself geometTic concepts
and relationships.

The normal seventh or .eighth grader doe5s not have the tools of
logical proof, but even &t this level the pupil can be taught at
least one method of disproof - disproof by counterexample.

Concept: A. statement can be disproved by producing a. single counter-
example.

The statement: '"Any two.triangles. are congruent if three -angles
of one are equal to three angle$ of the other" can be easily dis-
proved. Construct two triangles whose corresponding angles are
equal but let one triangle have longer sides than the other. The
two triangles cannot be made to coincide and so are not congruent.
The statement is therefore false. Disproof by counterexample is
a simple but effective way of stimulating mathematical thinking and
offering a challenge to even the brightest students.

This unit presents the basic problem of being mathematically
correct, However, teaching above the ability level of the pupils
to be precisely mathematically correct and exact in-all topics is
not advisable. It must be remembered that not all students are going
to-be mathematicians.

Each student should have for his individual use, a pair of
compasses; a protractor and a straight edge. A variety of types
of protractors should be available for student use. Ideally the
straight edge should have no markings, but in classroom use, a
ruler suffices.

¥a

Undefined Terms

Dictionary definitions are usually circular. The dictionary
definition of "equal" is "same." The definition of "same" is
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"identical.'" The definition of "identical" is "same or equal."
If the meaning of one of these words was not already known, -the

dictionary would not be of much help in explaining the.meanings
of the other words.

In any series of definitions, the meaning of certain words
must already be known. It iis necessary to develop an- intuitive
knowledge of the meaning of these words by observing how they
are used in the language. If the meaning of certain basic words

-can be accepted intuitively, then the other tems can be defined
in terms of these-basic words.

The study -of geometry begins with the selection of basic
words, the-meaning of which will be arrived-at intuitively. The
undefined terms are point, straight line, and plane. The meaning
of these words is made apparent by observing how the-words are used
and by examining their basic properties and characteristics.,

Point

Concept: A point has no dimensions. It has neither length, nor

width, nor height. It has a single property and that is the
property of position.

A point can be described by its position. A _point can be
described by its position on a one-dimensional line, a two-
dimensional plane, a three-dimensional space, or in a space of
more than three dimensions which mathematicians have created.

A.point is a mental concept. Its position can be repre=
sented by a dot on a piece-of paper or by a dot on a chalkboard.
The dot is not the point. It represents the position of the
‘point. The dot is nothing but a little ink or a small bit of
chalk having physical dimensions.

As an aid in identifying various points, it is common to use
dots and label the-dots with capital letters for identification.

[}

Line

Concept: A Ziné has no'height and no width, but it does have the
property of infinite length.

Every place on-the line has the property of position -so every
place on the line can be thought of as a point. A line is therefore
an infinite set of points. A line extends infinitely in both
directions and therefore has no endpoints.
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Concept: “Given two points, only one straight line can exist which
contains both points, ard there always is one such line.

Therefore, a straight line can be identified by any two points
on that line. Those same two points cannot both be on any other
straight line,

The symbol AB is ‘used to indicate the line containing the
points. A and B.

Concept: A fintte portion of a line is called a line segment,

It 'has two endpoints. The line Segmeut with-endpoints A and B
can be represented by the symbblAiﬁ which is read "line -segment
AB" or just "segment AB". ’

Concept: An infinite portion of a line which has only one endpoint
is called a ray.

A ray is identified by the endpoint and any o;hé; point on it.
If the endpoint is represented by the letter 0, and“the letter P
represents any other point on the ray, the ray may be identified by

the symbol 53, which is read "ray-OP." The first letter always
represents the endpoint, which is also called the origin.
It iS not necessary to use the F
—symbols,X§,—5?, and 0G, It is just |
as correct to designate -thém as G
"line AB'", "segment OF', and "ray HG,*
The diagram _at the right repre-
sents Kﬁ,,ﬁﬁ, and ’E.

A
v

A succession of connected straight line segments all of
which do not lie-on the same straight line is called a broken
line. 1If thé first and last line segments are connécted to
form a closed path, the figure is called a closed broken line.

A /F\
EL —=(

broken line closed broken line

Thus we may speak of the broken line ABCD and the closed broken
line EFG, The terms point, straight line, and plane should be left
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undefined. Attempts to define any of -these terms usually result
in definitions which are mathematically incorrect or far too com-
plex for pupils at this grade level.

There are differences in methods used to teach the concept
of a curve.

Concept: In higher mathematics all lines are comsidered as curves
and a straight line as being a special type of curve.

There are texts which refer to broken line ABCD as curve ABCD
and closed broken line EFG as closed curve EFG or simple closed
curve EFG. (See the diagram on the previous page.)

A simp closed curve is one which does not intersect itself,
and scparates the plane into three sets of points: the curve, its
exterior and its interior which is called a region.

simple closed curve non-simple closed curve

f

Points that are contained on the same straight line or portion
of a line are called collinear points. Any two points are collinear,
Given any two points, a straight line can bé drawn containing these
two points. Lines which all contain the same point are called
coneurrent lines. Two lines which intersect are - concurre.t lines,
and all concurrent lines intersect. Lines which aré composed.of the
exact same set of points are called coineiding lines. When two
lines are identified as being coinciding, this simply means that
different symbols are béiii§*used to ideptify the same line.

Plane and Lines in a Plane

Concept: A plane has the properties- of infinite length and in-
finite width, but it does not possess_a third dimension.

It has no thickness. It can be thought of as a perfectly
flat surface. A plane can be identified by any three points not

all on the same line, or by a straight line and a point not on
that line.

A line divides a planc into two half-planes. All points are
cither on one side of the line, on the other side of the line, or
on the line.

A plane is a set of points and it is also a set of lines.
very point in a plane can have an infinite number of lines going
through it.

[y
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Points -in the same plane are called coplanar points, and
lines ‘in the same plane are called coplanar lines.

Lines which contain a common point intersect. The point of
intersection is on each of the intersecting lines. Two inter-
secting lines can be considered as
forming four rays. In the diagram
at the right, the intersection
of lines AB and CD at point 0- fomm
four rays, OA, OB, OC, and OD.

Concept: Parallel lives are straight /_’_)
lines in the same plane which do ‘4__;__-————""'%>

not intersect.

It is best to restrict discussion of parallel lines to straight
lines only. [The question of whether or not there can exist parallel
curves is a topic of higher mathematics and is far -above the level
of this course.]

e e et A o, sy,

’ Angle
Concept: An angle is the set of all points that.are contained in
two rays which have the same endpoint.

The rays are called the sides and the common -endpoint is cailed
the vertex.

An angle is identified by the use of the letters that identify
the rays, the three letters being arranged so that the letter that
represents the endpoint is the middle
letter. The angle in the diagram is
identified as 'tangle AOB'" or, by the A
use of the symbol £ , it may be
identified as L AOB. It may also-be 0 i B
identified as 'angle BOA" or '/ BOA."

A concise method of identifying angles is by the use of a
single letter or number at the vertex. This is acceptable,
providing ambiguity does mot result. The above angle may be
identified simply as "angle O." "

The set of all points contained in two line segments that
have one common endpoint defines a part of an angle. The line
segments are considere¢ as parts of rays and the resulting figure
is considered as a pari * an angle. The use of line segments to
form parts of angles is a  —v valuable tool in introductory geometry
and no great harm results i. m referring to such a figure as an

angle.
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The figure at the right can be
alled“"angle AOB" cven though it A
technically is only a part of angle AOB
formed by rays OA and OB, as in the
-prévious diagram. 0 B

The sides of an angle arc rays and so the sides are always of
infinite length. However, the -use of line segments to form angles
« sometimes lcads pupils to believe that the length of the sides has
something to do with the size of an angle. It must be clearly stated
that the length of the line segments uscd to draw the angle has
ne relation whatsoever to the size of an-angle.

Angle DOE and angle CHK in the
adjoining diagram have the same
measuré, with the sccond figure show- D,
ing more of the rays that consti-
tute the sides than the first figure i
does. E AR K

Concept: An angle is cowmonly measured in terms of counterclockwise
rotation.

‘The amount of rotation necessary to rotate a ray completely
about its-cendpoint so that -it coincides-with its original pnbx-
tion constitutes one complete rotation. This amount of rotation
is commonly divided into 360 equal units. BEach such unit is

called a degree. A degree is -1 of a complete rotation; it is
written as 1°. 26

If an angle is cver measured in terms of clockwise rotation,
this must be indicated. In cases where therc is some ambiguity as
to whether the measure of an angle is based on clockwise or counter-
clockwise rotation, a small arrow may be used-to indicate direction
of rotation. This is often used for angles of greater than 180°
of rotation.

A

Counterclockwise Clockwise an angle >
rotation rotation

Apndel of an angle may be made which consists of two cardboard
strips fastened together at one end with an eyelet.
The cardboard strips may be considered to be the
sides of an angle, and the cyelet the vertex of
the angle. Manipulation of the model will provide
a means for achieving a better understanding.
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Measurement of Angles

One way to think about the mecasurcment ‘of an angle is to
consider it to be the-measurc of the amount of rotation that
would be necessary to make the initial side of an angle coincide
with the terminal side of that angle. Because positive angle
measurc as a measurc of counterclockwise rotation is an important

-concept in mathematics, it may be well to emphasize the corresponding

scale on a protractor. Usually a semicircular protractor has two
scales. lLet the pupils receive -training first in the use-of the

scale for counterclockwise rotation, but since, at this level the
direction of rotation is of minor importance, Keep any discussion
and emphasis on an informal level.

A clear plastic circular protractor can be used to measure
angles of any size. However, only angles less than a straight angle
can be measured directly with a semicircular protractor. To calculate
the-measure of a reflex angle by using a semicircular protractor, usc
the scale which is designed for measuring clockwise rotation. Sub-
tracting the clockwise rotation from 360° will give the counterclock-
wise- rotation.. Again, since reflex angles should not receive too
much emphasis at this level, this may be.kept quite informal.

Angles -of certain-size and those that fall within a certain
range of sizes have been given special names.

A right angle is an angle of 90° [or onc-fourth of a complete
rotation.]

A straight angle is an angle of 180° {or onc-half of a com-
plete rotation.] ‘Two rays that form a straight angle constitute
a straight line.

An ageute angle is an angle less than 90°,

. An obtuse angle is an angle greater than 20° but less than
180°,

A reflex angle is an ungle greater than 180° but less than
360°.

If two angles have a common ray and a common vertex, and have
no intetior points in common, they are called adjacent angles.
Angles as Applied to Lines and Planes

Concept: Complementary angles aré two angles whose sun is equal to
a right angle.

Concept: Supplementary angles are two angles whose swn is equal to
a straight angle.
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. The two angles do not have to be adjacent. When two lines
intersect, four pairs of supplementary angles are formed. ‘The sum
of the angles about a point on a plane is 360°,

The non-adjacent puirs of angles formed by two intersecting
lines are called vertical angles. It is simple to show thut
vertical angles must be equal.
In the diagram at the right
L)+ 2=180% L3+L2¢=
180°; L1 + 24 2=03+22;
L1 =03,

The other vertical angles
can be shown to be equal by use of this same procedure.

Concept: Two lines are poerpendicular if they intersact to Jom
right angles.

If they intersect at any other angle, they are oblique to
cach other,

The definition of horizontal and vertical lines (and planes)
is usually far more technical -and complicated than most teachers
realize, [t is best o begin be defining a vertical line. To do
this, suspend a weight at the end of a string so-that the weight
hangs freely. ‘The line in which -this string hangs is called a
plumb line, A plumb line is a veriir  line. A plane which contains
a vertical line is called a vertical plane,

The word "horizontal™ has little real meaning unless you
answer the question "lorizontal with raference fo what?”. In most
instunces, horizontal is used to refer to.a plane being perpendie
cular to a vertical line within the classroom,

A horizo~tal line is a line perpendicular to a partieular
vertical line or plane.

When drawing lines on a piece of paper, it is very common
to refer to the lines going from left to right @s horizontal,
and those running from the top of the-paper to the bottom as
being vertical. ‘ihiere is nothing wrong with such usage and the
model is very convenient, but it may be pointed out that, whi‘e
the paper is ou the top of the desk, both sets of lines ure
horizontal. ‘They are all in the same plane, When the paper
is posted on the bulletin beard, those lines drawn from left to
right can then be considered as being horizental and those drawn
from the top to the bottem can be considered as being vertical,

‘The topic of angles may be explored further in the ecightii grude,
‘The folliowing angle relationships are introduced on this level
using parallel lines and a transversal. A diagram, with the angles
nrmbared for easy reference am! used to show the pairs of angles,
will be much less confusing thaa strict verbal definitions.
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Draw line AB ‘is pnrallel to line CD. E
. Transversal EF intersects AB at G
and CD at H.
A< > B
When two parallel lines are 4 G
cut by a transversal pairs i
of corresponding angles 5 ﬁ\-r
. -and alternate interior angles - C < : > D
- are formed. 8/ -
’ F
Corresponding angles - These are pairs of equal angles as
L1and L5 / 2and L 6
L4 and L 8 L 3and L7 ;
Alternate interior angles - These are pairs of equal angles as
L4 and L 6
L3and LS

In the preceding diagram if we are given one of the eight
angles in degree -measure, the other seven may be found by a number
of methods.

i.e. IfL1=110°

L-1+ ([ 2 = straight angle = 180°
By substitution, the value of £ 2 = 70° .

Now /. 1=, 3and L 2 =, 4 since they are pairs of vertical
angles.

Hence £ 3 = 110° and. 4 = 70°

Also, /3 =,5 and/4 =/ 6 since they are paiys of alternate
interior angles,

Hence/ S = 110° and/ 6 = 70°

Finally,/5 =£7 andf 6 =/ 8 since they are payrs of vertical
angles,

) Hence/ 7 = 110° andZ 8 = 70°

Polygon
Concept: A polygon ig a closed broken line in a plar.

Almost all are named according to the number of their angles.
The quadrilateral is named for its number of sides,
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Three angles: triangle i Eight angles: octagon
Four sides: quadrilateral Nine angles: nonagon
Five angles: pentagon Teh angles: decagon
Six angles: hexagon Twelve angles: dodecagon
Seven angles: heptagon Twenty angles: icosagon

In a polygon, the intersection of two sides is the vertex,
and the line segment joining two non-adjacent vertices is a
diagonal.

Concept: A regular polygon is a polygon that is poth equilateral
and equiangular. :

It is possible for a polygon to-be equilateral without being
equiangular, for example, a rhombus; and to be equiangular without
being equilateral, for example, a réctangle.

Triangle

A triangle can be classified according to the type of angles
it contains. An acute triangle contains only acute angles. A
right triangle contains a right angle. An obtuse triangle con-
tains an obtuse angle. An equiangular triangle contains three
60° angles.

A triangle can also be classified according to the number of
equal sides it has. An isosceles triangle has two.equal sides
and an equilateral triangle has three sides equal. If its sides
are unequal, the triangle is scalene.

Concept: An altitude of a triangle is the pervendicular line segment
Jjoining a vertex of the triangle to the line that contains the
opposite side.

The word "altitude” has three distinct meanings.

(1) The line segment described above

(2) The length of the line segment described above

(3) The line containing the line segment described above

When the word "altitude" i's used, it must be clear from the
context which of these three meanings is intended.

Every triangle has three altitudes. At this point, the pupils
have not yet learned to construct perpendiculars so it probably is
best to have them use a cardboard or some other device with a right
angle to draw in the perpendicular lines that are the altitudes.

It is sometimes difficult for students to understand that the alti-
tudes may be outside the triangle and to construct or draw them it
is necessary to extend the sides. The use of the word "he%ght" may
be helpful in teaching one concept of altitude, as the pupil can sece
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that the altitude may be the vertical height of the vcrtex above
the base. -

The use of the word height also makes the use of the letter

"h' in the area equation A = %bh seem logical.

Concept: A median of a triangle is the line segment drawn from a
vertex to the midpoint of the opposite side.

Finding the midpoint of the opposite side may posé a problem in

that pupils have not learned to deteérmine the midpoint of a line

segment. This can-be done by either measuring or by folding the

paper upon which the triangle has been drawn. The medians meet ) <&
at a single point two-thirds the distance from ary vertex to

the opposite side. This can be presented just as an interesting

fact.

Concept: The sum of the angles of a triangle is equaZ'to 180°,

This is an important concept. The easiest way of demonstrating
this is to tear off the three angles of -a triangle and fit them
together to show they form a straight angle. A second way is to fold
the angles so that their vertices meet on the base and they will form
a straight angle. If the fact that altérnate interior angles of
parallel lines cut by a transversal are equal has been mastered, a
more formal proof may be u<ed. This consists of
drawing a line through y-, +- C
parallel to the base of tue triangle.

Ll =£2and LS =/ 4 because

alternate interior angles of parallel
lines intersected by a transversal

are equal. £/ 1+ /L 3+/.LS5=/24%
L3+L4. L1+ [35+ L5 equals A
a straight angle because 22 +/.3 +/4 *
equals one straight angle. There-

fore, the sum of the angles of a triangle is equal to 180°,

Concept: The sum of the lengths of any two sides of a triangle must
alvays exceed the length of the third side.

This can be demonstrated by having the pupils attempt to-draw
or construct with physical objects a triangle in which the sum of
the lengths of two given sides does not exceed the length of the
third side. The pupils will find the construction impossible under
these conditions and thus will see the need of the restriction given
above.

Concept: The triangle is the only rigid polygon.
The shape of a triangular figure or object cannot be changed

without changing the length of one or more sides. This characteris-
tic rigidity of triangular figures and objects is the reason for use
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of triangular forms of various kinds in construction and engineering
work,

This characteristic also may find use in the concept of
congruency of triangles,

Concept: If two triangles have their corresponding sides and angles
respectively equal, they are called congruent.

Congruent triangles can be made to coincide, In making the
two triangles coincide, any type of rigid motion through space is-
allowed, Tor example, the triangles in the accompanying diagram are
congruent, even though rotation through three-dimensional space is
necessary to make them coincide.
Conversely, as long as the i
triangles can be made to-coincide,
they are congruent,

Concept: If three sides of one triangle are equal respectively to
each of the three sides of another triangle, the two triangles
can be made to coineide and are congruent.

This is actually a postulate, but it is a conclusion easily
arrived at through a discussion of the rigidity of a triangle and
through physical manipulation and comparison of various congruent
triangles,

Concept: Corresponding angles of congruent triangles are equal.

This follows from the definition of congruence but can be
arrived at also through physical comparison of congruent triangles.

Quadrilaterals

The depth to which this topic is treated will depend upon the
mathematical ability of the pupils. It is not intended that pupils
merely memorize these definitions but that considerable experimenta-
tion be included.

A trapezoid is a quadrilateral which has only one pair of
opposite sides parallel. A parallelogram is a quadrilateral which
has both pairs of opposite sides parallel.

The opposite sides and opposite angles of a parallelogram are
equal. This can be demonstrated by having the students draw
several parallelograms,cut them in half and then place one half over
sthe second half, hold up to a source of light, and actually observe
this relationship. In a like manner, the fact that the diagonals
of a parallelogram bisect cach other <an ho demonstrateq by folding
the parallelogram at the point of intersection of the diagonals
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so that the crease is at right angles to one diagonal and' then
repeating for the other:

A rectangle is a parallelogram whose angles are right angles,
To be more mathematically precise, the rectangle can be defined
as a parallelogram one-of whose angles is a right angle.

A rhombus is a parallelogram-whose sides are equal, To
be more mathematically precise,the rhombus can.be defined as a
parallelogram having two adjacent sides equal,

A-square is a rectangle whose sides are equal. A square can
also be defined as a rhombus whose angles are right angles. If
desired, the more precise definition of a square as being a rec-
tangle having two adjacent sides equal may be used. Because the
opposite sides of any parallelogram are equal, if two adjacent sides
are equal, then all the sides must be equal.

Circle

Concept: A circle is the set of all points in a plane which are at
a fixed distance from a fized point.

The fixed distance is called the radius and the fixed point is
called the center. It is very important to include the word$ "in
a plane" in the definition of a circle. Otherwise, the definition
will be that of a sphere.

All points whose distance from the center is less than the
radius are said to be in the interior of the circle, and the set of
all such points plus the center.is the interior of the circle. All
points whose distance from the center is greater than the radius.
are said to be exterior to the circle and the set of all such points
is the exterior of the circle. A circle divides a plane into three
non-intersecting sets of points, (that is, -sets which have no points
in common) the intericr, the exterior and the circle itself. Any
point in the interior or any point in the exterior is not on the
circle. This is contrary to much of the language commonly used in
reference to circles. Very often when we refer to a circle, we
really refer to the circle plus its interior,

Concept: The circle plus its interior forms a closed ecircular
regton.

For example, reference is often made to the area of a circle.
A circle is a curved line. It has no dimensions except length, It
has no area. It is the region which is composed of the circle and
its interior which has area. No doubt the phrase "area of a circle"
will continue to be used, but in using it, the pupil should be fully
aware of the more complete mathematical description which is being
abbreviated in this usage.
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The same applies to polygons. A polygon is composed of
various line segments. It has no area. It is the region which
is composed of the polygon plus its interior which has area.

A chord is a straight line segment whose endpoints are points
on the ciréle. A chord which- contains as one of its points the
center of the circle is called a diameter.

The. radius of a circle is the distance from the center to
the circle. It is also-a line segment whose endpoints are the
center and a point on the circle. The word "'radius" is used for
both the distance and the line segment. _

A semicircle is half a circle.

It should be Trepresented by an arc

as shown in figure A in the .
adjoining diagram and not by figure B figure A
the region shown in this diagram.

However, the latter will no doubt :
continue to be referred to as a semi-

circle, although it should be called

a semicircular region.

figure B

The topic of circles may be extended further in the eighth
grade with several additional concepts.

Concentric circles are circles in the same plane which have
the same point as their center but have radii unequal in length.

A central angle is an angle whose vertex is the center of the
circle. Its sides are rays, each containing a radius of the
circle.

An arc of a circle is the set of
all points on a circle between two
given points on the circle, including
the given points. An arc cannot be A
identified without ambiguity by just
the two given points, as there is no
way of knowing which set of points on
the circle is being referred to.
Arc AB could refer to either the top
or the bottom part of the circle. Three
letters representing respectively an
.endpoint, a point on the arc, and its
other endnoint, identify an arc exactly.
However, it is customary to name a
minor arc by its two endpoints only and this is proper if the
convention is agreed upon.

133




Q

RIC

EE

Aruitoxt provided by Eic:

Thus it follows that a minor arc <180°, and a major arc > 180°.

Measurement and Constructions

The constructions in this unit are tobe performed with the
use of a straight edge-and pair of compasses only. .

The compasses are used to determine the positions of a pair
of points or a set of points. The straight .edge is. used to determine
the position of points on the line identified by two-given points,

The-pupil should be shown how to use a pair of compasses to
mark off two points a distance apart equal to the distance between
two given points, and then how to construct a line segment equal in
length to a given line segment by marking off two points the same
distance apart as the endpoints of the given line segmént and con-
necting these points with a line segment.

The next step is to construct
a line segment equal in léngth to
the sum of the lengths of two given
line Segments. To construct a line S —
segment equal™in™léngth to the sum
of the length of given segments AB
and CD, first construct a segment
equal in length to AB. The problem
now is to mark off the distance
equal to-the length of CD from the
end of the segnent just constructed.

The compasses are used to mark off the distance equal to the
length of CD but there is doubt as to exactly where the endpoint
of the second segment is to be located. The pupil knows the region
where it must be located but does not know its exact position,
This can be indicated by constructing in the region where the end-
point of the second segment must be located a small arc containing
many points at the distance equal to the léngth of CD from the end
of the first segment. The first segment is then extended to inter-
sect the arc. If preferred, a line may first be drawn and then
segments cqual in- length to AB and CD marked off, starting at a
point arbitrarily Tixed on the line.

The use of an arc to indicate the set of all points a fixed
distance from a fixed point within a certain region is extremely
useful in the majority of the constructions to be performed. When
the location of one endpoint of a line segment to be constructed
is known and the length of the segment is known, the other endpoint
must be located on a circle whose center is the known endpoint and
whose radius is the length of the segment. If it is known that the
second endpoint must be located within a certain region, it is not
necessary to construct the entire circle. Only that part of the

circle within that region is necessary.
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It may be best to have the student first construct the entire
circle and lead him to the realization that constructing the
entire circle is-not necessary when'the location of the second
endpoint is known to be within a given region.

To construct a triangle congruent to a given triangle or to
construct a triangle given the three sides, the location of three
points must be determined. When d line segment is constructed
equal in length to one of the sides of the triangle or equal in
length to one of the given line segments, its endpoints constitute
two of the necessary three-points. The problem is simply to
determine the third point.

C

Given triangle ABC in the above diagram, DE is constructed
equal in length to AB. Point F will be located the distance
equal to the length of AC from point D and the distance equal to
the length of BC from point E. Point F must be located on a
circle whose center is D and.radius is equal to the length of AC
and it must also be a point on the circle whose center is E
and whose radius is equal to the length of BC. When these two
circles are constructed, their interséction will be the point F.
The intersection of the two circles will actually result in
two points. Connecting these points to the segment DE will result
in two triangles, each congruent to the given triangle. Since
only one triangle is desired, it is only necessary to construct
arcs in the one region-where it is desired that point F will be
located. ’

If the pupil can construct a triangle congruent to a given
triangle and if he knows that corresponding angles of congruent
triangles have equal measure, he is ready to learn how to con-
struct an angle equal in measure to a given angle.
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An angle is determined by A
three ‘points, one point on each *
ray and the endpoint common to
each ray. Thé point which is the
endpoint must be indicated, If
it is known that points A, B, and . .
C, are on a certain angle, and B C
that point B is the vertex, and
that A.and C.are on different A
rays, the angle can be constructed
by drawing.a ray from point B
through point A and a ray from
point B through point C,

C

Three points also determine a triangle., The three given
points can be considered as being the three vertices of a triangle,

In the accompanying diagram, let B and C be fixed points
on the sides of angle BOC. To construct an angle KHL equal in
measure to given angle BOC, construct HK equal.in length to OB.
Point H will be the vertex of the angle béing constructed,
Point L will be at the distance equal to the length of OC from
point H and at the distance equal to the length of BC from
point K,

C L L
: ,': "N
1 - ]
' ,° |.
] .
'. S
|L N 1” .' P
> I
0 B H K H K

Drawing in the line segments produces a triangle congruent to
triangle BOC. Corresponding angles of congruent triangles have
equal measure so angle KHL is equal in measure to angle BOC.
Extending the sides HK and HL produces tne rays that correspond
to rays OB and OC.

Once the fact has been established that this procedure
results in the construction of an angle equal in measure to a
given angle, the procedure may be simplified in that it is not
necessary to draw in segment LK, To construct an angle equal
in measure to a given angle PQR, mark off S and T so that the
length of ST = length of PQ, and then determine point U so that
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length of TU = length of QR and length of SU = length- of PR,

Once point U has been determined, draw rays from point T through

S and from point T through point U,

An angle is bisected by a ray
if the ray is in the interior of
the angle and if the ray forms two
angles of equal measure within the
angle. The method of bisecting an
angle involves the construction of
two congruent triangles within the
angle, Extending the side common
to both triangles results in a
ray within the original angle which
forms two angles equal in measure
with the sides of the original
angle,

Given angle ABC, determine a point E on ray BC and a point

D on ray BA so that BE is equal in length to BD,
point K which is equidistant from the two points D and E.
in segments DK and EK, and BK. Extend BK to indicate ray BK,

Determine a

The three sides of triangle BKD are equal respectively in
length to the three sides of triangle BKE so the two triangles

are therefore congruent. Angle CBK is equal in measure to angle
ABK because they are corresponding angles of congruent ‘triangles,

D D
A A
B E -~ B C
step 1 step 2
137
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Ray BK is in the interior of the angle and ‘it forms two angles
of equal measure with the sides of angle ABC. It, therefore! bisects
angle ABC. The procedure may be simplified as in the preceding three
step diagram since it is not necessary to-draw in scgments DK and
EK. )

The method of detemining
the midpoint of a line segment by N
construction is arrived at
intuitively by constructing
several points cquidistant from
the endpoints of the line segment
and observing that all such
points are on the same line. By
constructing two. such points,
joining them with a line segment
and extending the segment until
it intersects the given line A . B
segment, the midpoint of the .
given line segment is determined.

The construction can then |~
be simplified by not drawing in ;:>\\

the segments from the endpoints
of the given line segment. See
diagram at the right.

A B
C

Erecting a perpendicular at a given point on a line consists
of bisecting a 180° angle. A perpendicular to a line forms a
90° angle with the line, 1If it forms one 90° angle, it must
form two 90° angles because the two angles must be supplementary
and the supplement of 90° is 90°,

The given point on the line may be considered as being the
vertex of a 180° angle and the two parts of the line may be con-
«sidered as being the rays forming its sides. To construct two
90° angles at this vertex, simply bisect the 180° angle in accor-
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dance with previous instructions for bisecting angles. These
steps are shown in the accompanying diagram,

EESS
< | I i 4\
~ — et
A C B X
=<
step 1
-t 1 ™ | N
< i —
. A C B
step 2 . 1 1
o~ U e
A C B
step 3

As shown in the three diagrams below, the construction of
a perpendicular from a point to a line consists of constructing
two congruent triangles, the three sides of onc triangle being
equal respectively in length to the threc sides of the second
triangle. Measure of 4 EFC = measure of £ DFC because corres-
ponding angles of congruent triangles have cqual measure, ‘These
angles of cqual measure arc also supplementary so they must
both be right angles, Therefore, the segment CF is a perpendi-
cular from point C to line AB.

First construct two cqual segments from point C to line AB,
intersecting AB at points D and E, Biscct DE. The two triangles
formed are congruent because length of CD = length of CE, length
of DF = length of EF, and length of CF = length of CF, LEFC
and LDFC are equal in mecasure and supplementary, and are, thercfore,

right angles, CF is perpendicular to AB,
c
7/
N\

f c c '
]
~ ~ » < -
AD E B A D E B A

D I E B
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The construction may be sim- *
plified by not drawing in segments
CD and CE. Sce diagram at the C
right.

Since two points determine a
line, CF is determined by point C
and the intersection of the: second )
set of arcs., If these two arcs .
intersect very near C, it will be ;><
difficult to draw CF .accurately.
Thus, for accuracy, it is well to

. Ny
have these arcs intersect closer ™€ I —15’ T
to line AB than to point C, or
even on the other side of AB.

Measurement of Distances

Concept: The distance between two points, wunless otherwise
indicated, is always interpreted to be the length of the
straight line segment whose endpoints are these two points.
The shortest distance between two points is the straight
line distance.

At this time it may be well to discuss with pupils the fact
that the distance between two points on the surface of the carth
is usually interpreted as meaning the distance along the surface
of the carth. This is not the straight line distance. The
shortest distance between two points on a sphere (the carth is
not a perfect sphere) is along the great circle route, a great
citcle being the set of all points on<a sphere contained on one
plane which has as one of its points the center of the sphere.
On the other hand it is true that for relatively short distances
on a sphere, the straight line distance serves as a good approxi-
mation for the arc distance.

The shortest distance between two parallel lines, parallel
planes, a point and a line, and a point and a planc is always the
perpendicular distance. This conclusion can be arrived at
intuitively,

The topic of measurement of distances should include finding
the perimeter of any polygon. Rather than using specialized
formulas for perimeters of figures, the concept of the sum of the
lengths of the sides of the polygon should be stressed. Students
will be able to formulate their own perimeter notation.
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i topic of measurement.of distances should include the
measurenent of the lengths of diameters’and circumfercnces of
circles. The circumference of a circle means the length of
the ¢ircle (the circle is the curved line-itself). The .length of
the diameter of a circle can be measured casily enough, but
measuring the circumference which is the length of a curved
line, poses a problem, One method of measuring the circumfercnce
is to cut the region bounded by the circle from heavy paper or
cardboard and -measure the circumference with a cloth tape or
flexible steel tape. The teacher may have to use some ingenuity
in helping pupils devise ways of measuring circumferences.

The use of tin cans may be helpful, The measurement of the
circumferences are then compared with the measurement of the
lengths of the diameters. Allow the pupils to discover the
relationship, At first, they should be able to sce that cach
circumference is a little over three times the length of the
diameter. With more precise:measurements, the circumference
should always be fairly close to 3.14 times the iength of the
diameter,

Concept: The ratio of the circwnferenca of a circle to the length
of its diameter is a constant. This number is called pi and its
symbol is n. This is the only correct symbol for that number.
It is an irrational nwnber.

Such irrational numbers do not have much meaning to pupils
unless they arc compared to some rational number. Performing
numerical calculations involving pi involves converting pi to some
rational number, approximately equal to pi, if the answer is
required to be a rational number. However, if a rational answer is
not required, it is not necessary that pi be approximated. A
circle with a diameter of 3 inches has a circumference ¢f 3t inches,
Pi is a real number. A line can be 31 inches long. However, we
usually prefer the use of rational number as answers so pi is

approximated as 3%, 3.14 or to as many decimal placys as desired,

Approximations of pi have been calculated to 500,000 decimal places,
that is, the approximations and pi differ by an exceedingly small
number which has zero's in at least the first 500,000 decimal
places.

This extreme accuracy is of theorctical importanc: only, for
practical purposes 2, 3 or 4 places suffice.

Measurement of Areas

The method of determining the area of a rectangle is arrived
at intuitively, Have the pupils cut out 20 or 30 one-inch
squares and define the area of a one-inch square as one square
inch. By determining how nany of these squares will cover the
surface of various rectangles, the formula for the area of a
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rectangle can be formulated by the pupils. Next, have the pupils
make a supply of half-inch squares with an area of one-fourth

of a square inch. They can then determine the area of rectangles
whose dimensions contain the fraction one-half. This will verify

the formula for the area of the rectangle they previously deter-
mined.

If the pupil will draw several parallelograms with the same
base but with different altitudes, he can arrive at the conclusion.
that the area of the parallelogram is very much dependent on.the
length of the altitude. By constructing several parallelograms
with the same altitudes but different bases, he can see how the
area is dependent on the length of the base. The formula for the
area of a parallelogram is derived by converting any parallelogram
to a rectangle which has an area equal to that of the parallelo-
gram,

As shown in the accompanying diagram, any parallelogram
ABCD can be converted to.a rectangle by dropping a perpendicular
from D to AB, cutting off triangle AED and then placing triangle
AED along CB so that AD will coincide with CB. The resulting
figure is seen to be a Trectangle because the opposite sides are
still equal and the angles are all right angles. In general,
an equivalent rectangle can be obtained by dropping any perpendi-
cular cutting both bases and interchanging thé positions of the
two sections formed. Good pupils may wish to investigate very
oblique parallelograms in which ne perpendicular cuts both bases.

The length of the base and the length of the altitude of the
original figure have not been changed. The area of the rectangle
is equal to the area of the original parallelogram. The area of
the rectangle is found by the equation A = 1w, In the case of
the parallelogram, its base corresponds to the length of the
rectangle and ‘the length of its altitude corresponds to the width
of the rectangle. Therefore the area »f the parallelogram can be
calculated by use of the equation A = Lh, where "b" is the length
of the base and "h" is the length of the altitude of the parallelo-
gram.

D C n
A i
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Again, this and the following developments should be kept
very informdl with emphasis on the discovering of the relations
through the use of models, cut-outs, and other concrete materials,
much of which can be pupil made.

The formula for the .area of a triangle may be derived from
the concept that any two congruent triangles can be arranged to form
a parallelogram. Thercfore, the area of a triangle is ——
one-half the area of a parallelogram with the base and altitude
equal to the length of the base and altitude of the triangle.

- Given triangle ABC, in the

accompanying diagram, draw CD

paralle! and equal to AB, and e P

draw BD, forming another tri- J
s

angle CBD and the paralielogram
ABDC. The two triangles formed
are congruent (the three sides
of one are equal respectively

to the three sides of the other) ‘
and can be made to coincide, !
so their z2reas are equal. The ;!
area of the parallelogram can be ‘

calculated by the use of the
formula A = bh, so the area of
the original triangle can be

* calculated by use of the formula

A= %bh.
Concept: Tne area of a triangle depends only on the lengths of the

base and the altitude. It may be unchanged by changes in the
lengths of the other two sides. ALl triangles with the same
base and equal aliitudes have erual areas.

Triangles ABC, ABD, ABE,
and ABF all have equal areas
because they have the same base
and equal altitudes. A model
in which AB is ruled line segment
on a sheet of cardboard and AC
and BC are rubber bands is useful
in showing various possibili-
ties.
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In the eighth grade, the area of a trapezoid may be considered.

Tite formula for the area of a trapezoid can easily be derived from
that of a parallelogram by ~onsidering two congruent trapezoids
which are placed together after one has beer rotated through 180°.
Thus, in the accompanying diagram, ABCD and EFGH are two congruent
trapezoids which are placed together after ‘one has been rotated
through 180°, Thus, in the accompanying diagram, ABCD and EFGH
are two congruent trapezoids with bases b and b and altitude h.
Trapezoid EFGH is rotated and placed adjacent to trapezoid ABCD

so that FG coincides with BC. A parallelogram is formed with base
(b+b*) and altitude h, Tts area is h(b+b'). Therefore, the area

of the trapezoid ABCD is %h(b+b‘).

A b!' B E F A b’ B(G) b H
.
’

]

h

l

D b C H G D b C(F) 7 E

An alternate way in which the formula for the area of a
trapezoid could be developed involves the use of triangles and the

formula for the area of a triangle, A=%bh.

Any trapezoid may be divided
into two triangles by drawing a c b!
diagonal, In trapezoid ABCD at
the right, drawing diagonal DB
forms triangle ABD and triangle
DBC. Altitude DE drawn from D
perpendicular to AB is equal to
the altitude from B to side DC.
The two triangles have equal
altitudes. The area of the trape-
zoid is equal to the sum of the
areas of the two triangles. Thus,

A= %bh + %b'h = %h(b+b') as before. B

[32]

A

F
o

2 .
The formula for the arca of a circle, 4 = mr", may be 1n?roduced.
Again, it involves the number pi, which mu§t-bc approximated if a
rational answer is required. Otherwise, pi is not replaced.
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Proportions as Applied to Similar Triangles

If the three angles of one triangle are equal respectively to
he three angles of another triangle, the two triangles are similar.

‘oncept: If two triangles are similar, one is like a scale drawing
of the other. The lengths of the sides of one of the triangles
are proportional to the lengths of the stides of the other
triangle.

The ratio, of the length of .one side of one of the triangles to
:he length of the corresponding side of the other triangle is equal
:o the ratio of either of the other sides of the first triangle to
che length of the corresponding side of the second triangle, Any
such pair of equal ratios can be expressed as a proportion. The
sorresponding sides are therefore said to be proportionazl. The ratio
>f the lengths of any two sides of one triangle equals the ratio of
the lengths of the corresponding sides of the other triangle, taken
in the same order.

As an aid in determining
#hich sides of two tri-
angles are corresponding M
sides, one triangle may
be rotated about a ver-
tex or revolved about a
side until the angles
of the second triangle

N
are arranged in like
manner to those of the
first triangle. For p

«<ample, given triangle 0
K and triangle NOP,
to detexmine which are
the corresponding sides, K L
triangle NOP is rotated

so that its angles are

arranged in the same M
order as those of
triangle KIM. (See
diagrams at the right.)

Indicate the three pair
of corresponding sides in P

triangles KLM and NOP. 7
Answer: KL and NO are
T corresponding sides.
IM and OP are
corresponding sides. K L N 0
KM and NP are

corresponding sides.
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Given that triangles B

ABC and DEF are similar
triangles, write as many
different proportions as c A

possible, applying the *
prineiple that correspond-

ing sides of similar E
triangles are proportional.

IS F D

Answer: AB:DE = BC:EF EF:BC = DE:AB
AB:DE = AC:DF EF:BC = DF:AC
AB:BC = DE:EF EF:DE = BC:AB
AB:AC = DE:DF EF:DF = BC:AC
BC:EF = AC:DF DF:AC = DE:AB
BC:AC = EF:DF DF:AC = EF:BC
BC:AB = EF:DE DF:DE = AC:AB
BC:EF = AB:DE DF:EF = AC:BC
DE:AB = DF:AC AC:DF = AB:DE
DE:EF = AB:BC AC:AB = DF:DE
DE:DF = AB:AC AC:BC = DF:EF
DE:AB = EF:BC AC:DF = BC:EF

Answer the following questions.

(a) If triangle ABC and DEF are similar triangles in which
AB =8, AC = 14, DE = 12, and EF = 15, write a proportion
that can be used to determine the length of BC, and solve
this proportion for BC.

(b) Find vhe length of DF by use of a proportion.

Answers:
(a) AB:DE = BC:EF (b) AB:DE = AC:DF
8:12 = x:15 8:12 = 14:x
120 = 12x 8x = 168
10 = x x =21
BC = 10 DF = 21
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In the diagram at

the right, angle FGH and F G
angle HIJ are right angles \\\\\\\\
and FJ and GI are straight
lines. Is right triangle
FGH similar to right 2
triangle HIK? H

1

I J

Answer: Angle 1 and angle 2 are equal because they are vertical
angles and vertical angles are equal. Two right triangles
are similar if an acute angle of one triangle equals an
acute angle of the other triangle.

Identify the three pairs of corresponding sides of the similar
triangles in the previous question.

Answer: Sides FG and IJ are corresponding sides.
Sides GH and HI are corresponding sides.
Sides FH and HJ are corresponding sides.

E
c5\ >
¥

A boy scout was given the task of determining the distance
across Lake T shoum in the diagram above from point A to point B.
He first paced off an arbitrary distance of 155 feet from B to C
Gt right angles to line segment AB. He then paced off an arbitrary
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distance of 14 feet from C to D at right angles to BC. With the
aid of a homemade transit and a feliow boy scout, he szghted from
point D to point A and determined point E, By measuring, he found
BE to be 150 feet and EC to be 5 feet.
(a) Are triangles ABE and DCE each a right triangle?
(b) Does angle CED equal angle AEB?
(c) Are triangle ABE and triangle DCE similar triangles?
(d) Identify the three pairs of corresponding sides

of triangle ABE and triangle DCE.
(e) Write a proportion that can be used to find the

length of AB and solve the proportion for AB.

Answers:

(a) Triangle ABE is a right triangle because he
marked off BC at right angle to AB. Triangle
DCE is a right triangle because he ﬁarked off
CD at a right angle to BC.

(b) Angle CED and angle AEB are equal because they
are vertical angles and vertical angles are
equal,

(c) Triangle ABE and triangle DCE are similar
triangles. Any two right triangles are similar
if an acute angle of one of the triangles equals
an acute angle of the other triangle.

(d) Sides BE and EC are corresponding sides
Sides AB and CD are corresponding sides
Sides AE and ED are corresponding sides

(e) AB:CD = BE:EC
x:14 = 150:5
Sx = 2100 Lake T is 420 feet from point A
x = 420 to point B.

A second boy scout was assigned the task of determining the
distance across Trout Creek from point H to point X. He paced of]

—————-———lH
—n — N ——
/\.—- et s
o~
s 30 \10
K R\\JAA
20
P

an arbitrary distance of 40 feet from K to M at right angles to HX.
He paced off an arbitrary distance of 20 feet from M to P at right
angles to KM. With the aid of a homemade transit and a fellow boy
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seout, he sighted from point P to H and determined point R. By
measuring, he determined KR to be 30 feet and RM to be 10 feet.
(a) Are triangles HKR and PMR similar triangles?
(b) Write a proportion that can be used to determine

the length of HK and solve the proportion for HK.

Answers:

(a) Triangles HKR and PMR are similar triangles.
Angle PRM is equal to angle KRH because they are
vertical angles and vertical angles are equal.
Triangles HKR and PMR are right triangles and
right triangles are similar if an acute angle of
onc of the ‘triangles is equal to an acute angle

of the other triangle. bt
(b) RM:KR = MP:HK
10:30 = 20:x
10x = 600 Trout Creek is 60 tfeet wide
X = 60 from point H to point K.
Polyhedrons

In the eighth grade, some of the informal ideas about solids
may now be organized and extended. The purpose of this section is
to teach the concept of a solid, a polyhedron, regular and irregular
polyhedrons, the method of classifying polyhedrons, and definitions
of vertices, faces, and edges of polyhedrons.

Before the work in this unit is introduced, pertinent topics
from the previous year's wecrk should be reviewed including the
concepts of point, line, plane,” line segment, polygon, names of
common polygons, regular polygon, congruent, and definitions of
common polygons,

The topic of polyhedrons is introduced by first discussing what
is meant by a solid. A geometric solid may be something quite
different from what the pupil may have been used to calling a solid.
This concept of a geometric solid should be introduced carefully in
simple logical steps beginning with what the pupil already under-
stands. During the previous year, the pupil has been introduced to
the concepts of point, line, plane, and line segment. The topic of
solid can be introduced first through the use of these terms.

The questions and activities begin with a discussion of the
simplest set of points, other than the null set. This is the
set which consists of a single point. The next set discussed is
the set consisting of two different points. Any two points identify
a line and they identify the set of points contained on that line.
Two points also identify the line segment whose end points are the
two given points. The next set of points taken up is the set of
three points not all on the samg line. Such a set of points identi-
fies a plane and the points contained on that plane. These are sets
with which the pupils are already familiar.
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The next set is the set
of four points, no three of
them contained on the same
line and not all of them
contained on the same plane.
Such a set of points identi-
fies a solid.

When each of four given
points contained in such a
set is connected to each of
the other points, four triangles
are formed, and each point is
the vertex of three triangles.
Each of the triangles is in a
different plane.

The portion of any plane contained in the region bounded
by a triangle is called a triangular region. The four given
points in the above set form four triangular regions. These
triangular regions, called faces, are so connected that they
form a closed surface which completely encloses a portion of space.

Concept: A solid is any closed surface which completely encloses
a portion of space. .
Notice that a solid is a surface. This concept of a ge..2cric

solid may be quite different from the concept of a physical solid

which most pupils have. A geometric solid has area but it does

not have volume. When we refer to the volume of a solid, we are

actually referring to the volume of the interior of the solid.

This can be compared to what is meant by the area of plane
figures such as a circle. A circle is the set of all points in
a plane a given distance from a given point. A circle is a
curved line. It has no width or height, only length. It there-
tore has no area. When we speak of the area of a circle, we
actually are referring to the area of the region bounded by the
circle.

Some solids are closed surfaces formed by portions of the
planes bounded by line segments joining four or more points not
all on the same plane. The given points are called the vertices
of the solid.

The line segments joining any two of the given points are
called the edges of the solid.

The regions bounded by the line segments in each plane are
called the faces of the solid.
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Solids may have flat surfaces or curved surfaces. This
unit contains a discussion of (1) the common solids which are
composed or nothing but flat surfaces, (2) some that consist of
both flat and curved surfaces, and (3) one which is only a
curved surface,

Concept: If a solid consists of nothing but flat surfacez. and if
all these surfaces are polygons, then the solid is called a
polyhedron.

. The simplest polyhedron is the one described above, with four
- vertices and four triangular faces.

Polyhedrons are classified according to the number of their
faces. The four-faced polyhedron is called a tetrahedron. Below
are the names of some of the more ~ommon polyhedrons.

five faces pentahedron nine faces nonahedron

; six faces hexahedron i ten faces decahedron

. seven faces heptahedron twelve faces  dodecahedron
eight faces' octahedron twenty faces icosahedron

If the pupils mastered the names of the common polygons last
year, they should have no difficulty mastering the names of these
; common polyhedrons. Except for the quadrilateral, the prefixes
of the names of the common polygons .are the same as the prefixes
for these common polyhedrons, :

Certain polyhedrons are called regular polyhedrons. A regular
polyhedron is a polyhedron all of whose faces are regular congruent =
polygons and whose polyhedral angles are all congruent. A polyhedral
. : angle is the configuration formed by faces of a polyhedron which have
4 common vertex.

Any polyhedron which is not a regular polyhedron is called an
irregular polyhedron,

Concept: There are only five regular polyhedrons: (1) the regular
hexahedron (a cube), (2) the regulur *-~trahedron (a pyranid),
‘ (3) the regular octahedron, (4) the regular dodecahedron, and
‘ (5) the regular icosahedron.

‘The faces of the regular tetrahedron are triangles. The
faces of the regular hexahedron are squares. The faces of the
regular octahedron are triangles. The faces of the regular

: dodecahedron are pentagons. The taces of the regular icosahedron
: are triangles. '
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Tetrahedron
Octahedron
1Y
Hexahedron Dodecahedron
Prisms

The purpose of this unit is to introduce the concept of
prism, right prism, oblique prism, and give the pupil experience
at recognizing polyhedrons which are prisms. As a preparation
for the introduction of this material, the concepts of parallel,
parallelogram, corresponding parts of congruent figures, perpen-
dicular, and the descriptive terms triangular, rectangular, penta-
gonal, hexagonal, and the like should first be reviewed.

Concept: 4 prism is d certain type of polyhedron. A prism is a
polyhedron with two congruent and parallel- faces, similarly
placed, called bases, and whose other faces, called lateral
faces, are parallelograms formed by joining corresponaing
vertices of the bases.

The first three diagrams below represent prisms. The solids

‘represented by the remaining diagrams are not vrisms. To the

right of each of these last three diagrams is an explanation as
to why each cannot be considered to be a prism.

N

Prism Prism Prism
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The solid
at the right
does not have
two parallel
bases so it is
not a prism,

The solid at the right is
not a polyhedron so it is not a
prism,

emmooa,
LY

..

The solid at the right does not have two
parallel bases so it is not a prism,

s - .- - o w——

A prism is triangular, rectangular, hexagonal, and so on
according to the shape of the bases, Most pupils are familiar with
triangular prisms because this type of prism is used a great deal
in science classroom demonstrations to refract sunlight and disperse
it into its spectrum colors, It should be emphasized that this is
only one of many types of prisms,

Prisms may be classified as being right prisms and oblique
prisms. If the lateral faces are perpendicular to the bases, the
prism is a right prism, If the lateral faces are not perpendicular
to the bases, the prism is an oblique prism.

It would be well to have the pupils experience recognizing
right and oblique prisms when viewed from various angles.
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Pyramids

The purposc of this section is to introduce the concepts of
pyramid, regular and irregular pyramid, the difference between
@ prism and a pyramid, and to give the pupil experience at recogniz-
ing pyramids,

Concept: A pyramid is a certain type of polyhedvon. A pyramid is
a polyhedron with one face a polygon and the other faces
iriengles with a common vertez.

A pyramid is a polyhedron and a prism is a polyhedron, but a
pyramid cannot be a prism and a prism cannot be a pyramid. A prism
has two congruent and parallel bases, If two faces are parallel,
the remaining sides cannot be triangles with a common vertex,

In the pyramid the polygon is called the base and the triangles
arc cialled the lateral faces. The common vertex of the lateral faces
is called the vertex or apex of the pyramid.

tach of the figures below, except the last one, represents
a pyramid. Each of these pyramids has onc face a polygon and the
remaining faces triangles with a common vertex.

’ Pyramid

e mr e r i ———_a

Pyramid

Pyramid

Pyramid

The diagram at the right does not ropre-
sent a pyramid, If one face is sclected
as the base, the remaining triangular
faces do not have a common vertex,
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The last fipure canno” be classified as a pyrcamid, because,
although any face chosen as the base is a polygon and the remaining
faces arc triangles, these remaining triangular faces do not have
a common vertex,

The altitude of a pyramid is the segment from the vertex of
the pyramid perpendicular to the plane of the base. The altitude
cian also be defined as the length of such a segment or the perpen-
dicular distance from the vertex to the plane of the base. Pyramids
may be classified as regular pyramids or irregular pyramids.

If the base of the pyramid is a regular polygon and if the
altitude passes thyough the center of the base, then the pyramid
is a regular pyramid., 1f the base is not a regular polygon or if
the altitude does not pass through the center of the base, then the
pyramid is an irregulur pyramid. In the preceding diagrams, the
two pyra. “ds at the left represent regular pyramids. The remain-
ing two pyrumids illustrate irregular pyramids.

There is no restriction on the shape of the base of a pyramid
except that it must be a polygon. Also, there is no restriction as
to the location of the vertex of the.pyramid as long as it is not
located on the plane of the base, It is therefore possible to have
rather odd-shaped solids that are pyramids, The figures below and
on the next page arc a few examples,

Irregular pyramid Irregular pyramid
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Irregular pyramid .

Cones

The cone is the first solid studied in this unit which is not
a polyhedron. A cone has one flat surface and one curved surface,

Concept: Consider a closed curved line in a plane and a point not
on that plane. Imagine all the possible line segments drawm
to every point on the closed curve from the given point. The
surface formed by these line segments plus the region bownded
by the given closed curve is called a cone.

The region bounded .by the closed curve is called the base gf
the cone and the cvrved surface is called the lateral surface. The

given point which was not on the plane of the base is called the
vertex or apex of the cone,

A cone is most often thought of as having a circular base. This
is not a requir -ent of a cone. The base of a cone can have any
shape as long as it is a rcgion bounded by a closed curved line in
a plane. If the base of a cone is circular, the cone is called a
circular comne.

The altitude of a cone is the segment from the vertex perpen-
dicular to the plane of the base. The altitude can also be defined

as the length of such a segment or it can be defined as the perpen-
dicular distance from the vertex to the base.

Cylinders

The purpose of this section is to introduce the concepts of
cylinder, circular cylinder, and right and oblique cylinder,

Concept: A cylinder is the solid formed by the union of the {egiona
enclosed by two congruent cloged curved lines comtained in
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parailel plar.  nd similarly placed and the swrface. formed by
. all the line segments joining ccrresponding points on the wo s
. congruent curved lines.

A cylinder is not « polyhedron. It has two flat surfaces and
one curved surface. The comparison of a cone and 2 cylinrder is much
the same ac the comparison of a pyrafid and a prism. The comparison -
of the relationship of the cone to the cylinder and the relationship
of the pyramid to the prism should be made evident to the pupils at
this point because such comparison is-made-again later in the section
on volumes.

A cylinder is most often thought of as a solid with circular
bases. However, there is no requirement that the bases of a cylinder
be circular. Like a cone, the bases of a cylinder may be of any
shape as long as they are regions bounded by closed curved lines in
parallel planes, are congruent and are similarly placed. Below are
two examples of cylinders whose bases are not circular.

A circular cylinder is a cylinder which has circular bases.
A cylinder whose lateral surface i perpendicular :o the bases is
called a right cylinder. If the lateral surface is not perpendicular
to the bases, the cylinder is an oblique cylinder. gelow is an
example of an oblique circular cylinder and a right circular
cylinder. :
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Spheres

The concepts contained in this section are those of a sphere,
interior of a sphere, exterior of a sphere, radius of a sphere, .
diameter of a sphere, hemisphere, great circles, and small circles. -

A circle was defined as the set of all points in a plane a .
given distance from a given point.

Concept: A sphere is the set of all points a given distance from a .
- given point called the center of the sphere.

A sphere is a surface. It is a closed surface completely
enclosing a portion of space, and is thercfore a solid.

Concept: The radius of the sphere is the distance from the center
to any point on the sphere. ,
Radius is also the name given to any line segment whose end-

points are the center and a point on the sphere, and it is the name

given to the length of such a segment.

The interior of the sphere is the set of all points whose
distance from the ‘center is less than the radius.

The exterior of the sphere is the set «f all points whose
distance from the center is greater than the radius.

Concept: 4 diameter of a sphere is any segment whose endpoints are ,
points on the sphere and which contains the center of the
sphere,

- It is also the length of such a line segfment or the distance
between the endpoints of such a line segment. -

A hemisphere is half a sphere bounded by a great circle.

Grea. circles and small circles are certain parts of spheres.
A good method of introducing the topic of great circles is by first
discussing the intersection of a plane and a sphere. If a plane
intersects a sphere, the intersection consists of either a single
point or of a circle. If the intersection consists of a circle and
if the plane contains the center of the sphere, then the circle is .
called a great circle.- A great circle is the set of all points
contained in the intersection of a sphere and a plane containing the
. center of the sphere.

If the intersection of a sphere and a3 plane consists of a

circle, and if that plane dees not contain the center of the sphere,
then the circle forming the intersection is called a small circle.
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»
If the surface of the earth were a sphere, then the earth's
equator would be a great circle. Its plane would contain the
center of the sphere.

= . ) Surface Areas of Solids

Concept: The surfuce area of a polyhedron is the sum of the areas
- . of all its faces.

Students should be introduced to this concept, but at this
level, only the surface area of a reciangular prism need be -
considered.

{,
1d L

, As enrichment material, the surface area of a right circular
cylinder may be developed. The bases of a right circular cylinder
are circular regions whose areca can be calculated by the equation

A= nrz. To demonstrate one way of calculating the arca of the
lateral surface of the cylinder, cut the lateral surface of a right
circular paper cylinder perpendicularly from onc base to the other
base and lay it out flat. This flattened lateral surface will form
a rectangle.

The area of a rectangle is the product of the length and the
width. In the case of this rectangle, its length is equal to the
circumference of the base of the cylinder and its width is equal to
the height of the cylinder. The area of the rectangular region is
therefore equal to 2wxrh, where r is the radius of the circular base
and h is the height of the cylinder.

. . 2
The area of each base of the cylinder is equal to ar”, so the
entire area of the cylinder is equal to the sum of the arcas of the

two bases (anz) and the area of the lateral surface (2arh). Thus
A = 2ar(r + h), where r is the radius of the circular base and h is
the height of the cylinder, or the perpendicular distance from the
planc of onc base to the plane of the other base.

pra
=%

2ar »

2arh

———
- e
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Volumes of Solids

(In the eighth grade, or as part of a second cycle devoted to
geometry in the- seventh grade, the topic, volumes of solids, may
be extended beyond the volume of a rectanglar prism,)

The concepts introduced in this section include volume, volume
of a prism, volume of a cylinder, volume of a cone and volume of
a pyramid. The material to be reviewed as a preparation for this
new work should include basic units of volume and the volume of a
rectangular prism.

A geometric solid is a surface. Therefore, when we speak of
the volume of a solid, we are actually referring to the volume of
the space enclosed’by a solid. In this section, when reference is
made to the volume of any solid, it is understood that reference is
actually being made to the volume of the interior or the space
bounded by that solid.

The topic of volumes should begin with a reveiw of the basic
units of volume, including the cubic inch, cubic foot, and cubic
centimeter. Models of these units are useful. These and other
models may be used to give a concept of the relative sizes of the
various units used for expressing volumes.

After the basic units of measurement of volumes have been
reviewed, the topic of the volume of a rectangular prism should be
reviewed. Again, physical models are helpful,

The equations to be used in calculating the volumes of most of
the solids can be developed only intuitively at this grade level.
This includes the equation for the volume of any prism.

In presenting the concept of the volume of a prisu, first
consider a prism whose altitude (perpendicular distance between
the parallel planes containing the bases) is one inch. If the
area of the base is X square inches, then the number of cubic
inches which could be made to fit on this base would be X
number of cubic inches. If the altitude is doubled, the number

-of cubic inches contained in the volume will be 2X. The pupil

should soon be able to see that the volume of the prism will be
equal to the area of the base multiplied by the altitude. This
can be expressed by the equation V = Bh, where B represents the
area of the base and h the altitude of the prism.

This equation is valid for all prisms, both right and oblique.
The equation to be used in calculating the “olume of a
circular cylinder can be developed in the same way as that for the

volume of the prism. The result is the same equation V = Bh. In
the case of the circular cylinder, the arca of the base is calculated
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by use of the equation for the area of a circular region A = nrz.
Therefore, in the case of the circular cylinder, the equation for

the volume may be written either as V = Bhor V = nrzh, where r is
the radius of the circular base and h is the altitude.

Experimentation can be used to develop the concept of the
equation to be used in calculating the volumes of pyramids and cones.
This involves the selection of an open pyramid and an open prism
whose bases have the same area and whose altitudes are equal. Fill
the pyramid with water or sand and pour into the prism. Repeat this
until the prism is full. It should take exactly three pyramids
of water or sand to fill the prism. This demonstrates the fact
that the volume of a pyramid is equal to>one-third the volume of
a prism which has a base the same area as the pyramid and whose
altitude is equal to that of the pyramid.

The equatior for the volume of a pyramid is therefore V = éBh.

The procedure can then be repeated using a-cone and a cylinder
whose base and whose altitude are each equa to that of the cone.
It should take exactly three cones of water .r sand to fill the
cylinder, demonstrating that the volume of thc cone is equal to
one-third that of the cylinder. The equation for the velume of the
cone is equal to one-third that of the cylinder. The equation for

1

the volume of the cone is thcrefore V = %Bh orV = 3nr2h.

Space Visualization

A unit on solid geometry méy include a section of space visual-
ization, pertaining to prisms, cylinders, cones and pyramids.
Students may be given exercises in drawing representations of solids;
making models, for which patterns are available in reference
materials; and drawing representations of the intersection of a
plane and various solids. Some of the better students may be
challenged by exercises to develop their own patterns for making
*='id models.

Coordinate Geometry Using the Number Line

Review the number line for integers and rationals, stressing
the equality of divisions for the integral points. Recall that sets
of points may be graphed. The set {-3,2,3,4} is graphed

5 -4 -3 -2 -1 0 1 2 3 4 5
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The student should be familiar with set builder notation.

Thus, {ala = 6} is rcad as the set of all a such that a = 6 and is
graphed as

{

3 >
+ >

4

]
[ S
]
B oo
1
(A S
4
O o=
]
b
o
bt
[P 3

-
6 7

Also, {x|3 < x < 9} is read as the set of all x such that x is

greater than or equal to 3 and less than or equal to 9. The graph
is

'y $ I + I n 4
T 13 3 4 T ¥ J T T 3

J }
’

I L
L4 ¥ BRI

o
o4

6 -5 -4 -3 -2 -1 0 1 2 3 4 S5 6 7 8 9 10

Solid large dots at the ends of the line segments indicate that
the end points are included in the graphed set. Again, {y|-d4<y<5}

is read as the set of all y such that y is greater than -4 and less
than 5. The graph is

PR 1 3 : $ —_—— 4 Il $ 3 3 3
: T T T T T L 4 1 4 T ¥

L] L] ¥ }
=7 -6 -5 ~4 -3 -2 -1 0 1 2 3 4 5 6 7

The circles at the ends of line segments indicate that the end
points are not included in the graphed set. Finally, {y|y<4} is
read as the set of all y such that y is less than 4 and graphed as

1 3 ' 4 ' Yy ' 3
L3 T L 4 L3 T 8

+
-5 -4 -3 -2 -1 0 2 3 4 5

L
o
-

Coordinate Geometry Using the Number Plane

Some practice with the common number-letter grid on a road map,
used to locate the region in which a required city or town is found,
may be used to introduce the concept that two items are needed to
locate a position on a plane. Points on a number planc are identi-
fied by using two number lines intersecting at right angles. The
same units of division should be used on cach number line. By con-
vention the x axis is drawn left to right and the y axis is drawn
perpendicular to x axis. Arrows must be drawn at each end of axes.
The point where » and y axes intersect is called the origin and is
the zero point on cach number line.
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Concept: Each point in the number plane is identified by an
ordered pair of real nunbers with the x value given first,

then the y value: (x,y), called the coordinates of the
point.

There are several ways of visualizfﬁg the manner in which the
coordinates are used to locate the position of a point on the
coordinate plane.

One useful way is to consider the point as being located by
the intersection of two perpendiculars. One perpendicular is
erected at a point on the x axis given by the x coordinate, and the
other perpendicular is erected at a point on the y axis given by
the y coordinate. The figure below shows how the overhead projector
and three transparencies may be used to give practice in locating a
point on the number plane. The first transparency has the two per-
pendicular axes drawn on it. The second is a sheet which is divided
Ywertically”, half transparent and half blue; and the third is a
sheet which is divided "horizontally'", half transparent and half
yellow. The first transparency is kept fixed and the other two are
moved ¢ver it to locate points in the number plane.

-4 4
transpargnt half !

v 77
transparent half %m half 7/

The above diagram shows the transparencies arranged to locate
the point (3,2) on the number plane. ‘

NS 2 7/
77

NN

N

N
N
N
NN

N
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The axes divide the plane into four quadrants, which may be
identified according to signs of the numbers in the ordered pairs.
All values of x to the right of the y axis are positive and to the
left negative. All values of y above the x axis are positive and
below negative.

11 I
|
Identify the quadrant in (x,y) (x,y}
which each of the following (-,4) (+,%)
ordered pairs lies: — .
(8) (4:5): (b) ('3:2): (x:Y) (X,Y)
(-,-) (+,-)
() (-5,23), (d) (7,-5) m ol v

Answers:

(@ 1, () II, (o) II1, (d) 1v

Points may be chosen so that when straight lines are drawn
rectangles, and other geometric figures may be identified.

Plot on a sheet of graph paper each of the following sets of
points which form the vertices of polygons. In each case, join the
points in the order given, join the last point to the first,
identify the polygon formed.

(a) (0, 0), (+4, 0), (+4, +3)

(b) (-5, ‘2): (+5, '2): (+6: +3): ('6: +3)
(C) ('1: 0): (+4: 0): (+S: +4): (0: +4)
(d) ('4: 'S): ('1: 'S): ('1: ‘2): ('4: '2)
(e} (0, 0), (7, 0), (7, 4), (0, 4

Answers: (a) Right triangle (b) Trapezoid (c) Parallelogram
(d) Square (e) Rectangle

Perimeters and areas of rectangles and squares may be found
using coordinates, taking care that vertices chosen will make the
sides parallel to the axes.

Plot the points, (-3,-2), (4,-2), (4,3), (-3,3), and join
the points in order, .

To find the perimeter and the arca of a rectangle it is
necessary to have the measure of its length and width,

Coun%ing the units in the diagram on the next page we have
1 =7andw-=235,
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Then P = 2(1+w) A= 1w
P = 2(7+5) A=7(5)
P = 2(12) = 24 units. A = 35 square units
Y
5¢
44
(-2,3) 4,3)
% —X
24
14
—— +— —+———+ +—t—x
-6 -5 -4 -3 -2 -1 1 3 ¢4 5 6
-14
D
(-3,-2) (4,-2)
-3¢
-44

Right triangles may be graphed - again with judicious choosing
of vertices in order that the two legs (base and altitude) are

parallel with the axes.

(The altitude to the hypotenuse is not

considered in problems at this level of coordinate geometry.)
Perimeters may be found, using the Pythagorean theorem to find the
hypotenuse, using only values which do not result in irrationals.
[Three of the many Pythagorean triples are (3,4,5) (5,12,13)

(7,24,25).

for the three sides.]

Plot the points (1,1),
(4,1), (4,5) and joint the
points in order,

In order to find the
perimeter of the triangle the
measures of the lengths of the
three sides are necessary.

a‘ + b2
3%+ 42
9 + 16

Any multiple of the sets will result in rational values

1Y (4,5)

b
<+
-+

-

0 @D =

———t —t—t—
S -4-3-2-1,9 12 3 45
=2 +
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25=c2
S=¢

Then P = 3+4+5 = 12 uynits

In order to find the area, the measures of the base and altitude

are necessary. We have b = 3 units, h = 4 units.

1
A =, '2— bh
1
A=z (3)4)
A= % = 6 square units

Graphing Open Sentences

.

In the graphing of open sentences, the first graphs may be
those which result in lines parallel to the x-axis or y-axis.

Concept: The x-axis is the line containing the set of all points
such that y = 0; the y-axis is the line containing the set

of all points  such that x = 0.

Y
Using a set of coordinate P ,,c;‘L y=+5
axes, draw and label the =+4 e
following sets of points. - v S A —
(a) The set of all points 4 B |
units above the x-axis +2
(b) The set of all pcints 2 .l
units below the x-axis x
(¢) The set indicated by the ¢ $—f—t—t —t—t——t>
equation y = +5 -5 -4 -3 -2 -1 +1 +2 43 +4 45
(d) ‘The set indicated by the N
equation y = -3 < =2 — ->
(e) The set indicated by the L z =-3
equation y = -5 i
-4%
* arrows at the ends of P _c y=-5
the . s which represent the .
several sets indicate that there -61
is neither a greatest nor a least
x coordinate of the points in -71
these sets. Thus some points in Y

the coordinate plane which satisfy

y = -3, for instance, are (-50,000, -3), (-10,.-3), (-5, -3),

(8, -3), (25, -3) and (1,000,000, -~3). Contrast this with graphirg

open sentences on the number line.
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Using a set of coordinate axes, draw and label the following
sets of points.

(a) The set of all points 3 units to the right of the y-axis
(b) The sct of all points 2 units to the left of the y-axis
(c) The set indicated by the cquation x = +5
(d) The set indicated by the cquation x = -5
(e) The set indicated by the equation x = -3;_—
Answer:
y
+5 4
+4 4
+3 4+
v Hwk; ~ +2 4 ™ n
t { t + +
1) i Hn 1 n,
® x x +14 x x
it e +—+ 4 -+
-$ -4 |-3 -2 -1 +1 +2 +3 +4 +} +6
-1 L 2
24
-3 L
-4 4
-5 4
Graphing - Equalities
In graphing cqualities a ¥
table of values should be made _1
first. ‘
Graph = = y
X y
-2 1 -2
-1 -1
0 0
1 1
2 2
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Graphing - Inequalities

Coneept: The graph of an inequality consists of part of the plane

bounded by one or two lines.

Graph = £ 4. [More precisely, graph {(x,y)lx 2 4))

Answer: This consists of all
points to the left of the y-axis,
the y-axis, and up to and in-
cluding four units to the right
of y-axis, The solid line at

X = 4, indicates by convention
that x = 4 is included in the
graph of x g 4,

" /

el y 3

l'z’..‘”

el
Ll 1
-4 -3 -2 -ﬂ_‘l_gll 1 2 3 5

'Ht'

{1 1

H|HL' y

Graph -3 < x < 5, [More precisely, graph {(z,y)|-3 < = < 5)
Y

Answer: This consists of all

points up to but not including
-3 ¢o the left of the y-axis,
the y-axis, and @11 points up
to but not including S to the

right of the axis., The dashed -1——+-—+—-+hr-
boundary: x = =

= -3 and x = +5,
indicates, by convention,that
x = =3 and X = +5 are not
included,

cemecncaP

]
E=
|

Lemmome ta
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Graph =4 < y 2 3

Aaswer:? This consists of all
points below the x-axis up to
but not incluling y = -4, the
x-axis, and afl peints above
the x-axis up to and including
y = 5. 'The dashed line at

¥ = -4 indicates that y = -4

is not included, while the
soli¢ line at y = 3 means that
y = 3 is inclnded in the praph.

} recccncacaceely

There are a number of enrichment exercises which involve the
usc of graphs. Some of these follow,

I. Using lined graph paper, follow the directions below for
playing the Game of Battleship or Sinking Ships,

‘This game, best plaved
by two pupils or two tcums
of pupils, cmphasizes the
location of a place by co-
ordinates, On onc chart cach
pupil outlines his four ships
as shown, making sure that
his opponent cannot sce this
chart, Ships may be placed
in a horizontal or vertical
position, and can be referred
-to in order of size: ecarrier
{5 consccutive intersections),
battleship (4 consccutive
interscctions), destroyer
(3 consccutive intersections),
submarine (2 consccutive
intersections).

. A B COD
Onc centestant starts with .

a salvo of four shots in an

attempt to locate his opponent's

ships. As he announces c?ch A Possible Diagram
shot, such as B5 or H8,_h1§ ‘or the Game of
opponent tells whether it is a " Battleship
miss or a hit., If s hit is

scored, the opponent tells the

type of ship hit, The offersive

player then records his shot on

PAFullToxt Provided by ERIC




his blank chart. For a miss he records an X. For a hit he

records a number indicating the number of squares occupied by his
opponent's ship. The defensive player records each of his opponent's
shots by writing an X on the chart on which his own ships are marked.

After one contestant completes the first sali., the opponent
akes his turn with four shots, Play continues by turns until one
vlayer has sunk all his opponent's ships. A ship is sunk only when
the number of hits is the same as the number of intersections it
occupies., However, if it is the person or team who began the game ,-- -
who first succeeds in sinking all l.is opponent's ships, the seccond
person is entitled to an equal number of shots in an attempt to

tie the score or, in case he needs fewer shots than did his opponent,
to win,

. Duplicate copies of the blank chart might be furnished by the
’ teacher,

I1. There are available many outlined figures containing
appended sets of coordinate points which when graphed will
produce a picture. Students enjoy this type graphing and
while having fun they are also learning.

For example, in the following exercise, if the points are
connected as indicated a house is added to th. scene,

Locate the following points on the diagram below and connect
each point, in each group, to the succeeding point in the order
listed.

(a) (1,8) (3,12), (5,7), (13,8), (13,3), (5,1), (5,7), (1,8)
(1,3), (5,1)
(b) (3,i2), (11,12), (13,8)
2 LY ) A

e PR 14 1

-+

12 -

0 2 4 6 § 10 12 14 16 18 20
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Glossary of Terms Tor Geometry

Altitude of a cones The segment from the vertex perpendicular to
and terminated by the plane of the base or the perpendicular
distance from the vertex to the plane of the base.

Altitude of a eylinder. A segment from the planc of one base
perpendicular to and terminated by the plane of the other base
or the perpendicular distance between the planes of the bases.

Altitude of a parallelogram. A perpendicular line segment joining
a point on any side of a parallelogram with the line containing
the opposite side.

D.

K/

The length of this line segment. 3
1

]

The line containing this line i
segment. A 0

Altitude of a prism. A segment from one base perpendicular to and
terminated by the plane of the other base, or the perpendicular
distance ‘between the planes of the bases.

Altitude of a pyramid. The segment from the vertex perpendicular to
and terminated by the plane of the base or the perpendicular
distance between the vertex and the plane of the base.

Altitude of a trapezoid. A perpendicular line segment joining a
point on one of the parallel sides with the line containing
the opposite side:

The length of this line segment.

The line containing this line
segment,

Altitude of a triangle. The perperdicular line segment joining any
vertex with the line containing the opposite side.

The length of this line segment. Ci

)
The line containing this 1ine ay
segment, !

emdal oo
: . ~ B
Angle. The sct of all points contained on N e
two rays which have the same endpoint. ol

Angles (adjacent). Two angles in the same plane having a common ray
and a common -vertex and whose interiors have no point in common.

Angle (acute). Any angle whose measure is less than that of a right
angle.

171
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Angles (complementary). Two angles such that the sum of their
measures is equal to 90°. The two acute angles of a right
triangle are 1lways complementary.

Angles (equal). Angles having the same measure.
Angle (exterior). An angle such that one side is the ray containing
one side of a polygon and the other side is the ray which is

. opposite to that which contains an adjacent side of the
polygon.

Angles (maae by a transversal),

In the figure, lines AB -
and CD are intersected by iz
the transversal EF. Angles 3TF
3, 4, 5, and 6 are interior F 2

angles. Angles 1, 2, 7, and
8 are exterior angles. Angles

3 and 6, and angles 4 and 5 _ C S lé >

are the pairs of alternate 718 —>
interior angles. Angles 1 and

8, and angles 2 and 7 are E

the pairs of alternate exterior
angles. Angles 1 and 5,

angles 2 and 6, angles 3 and 7,
and angles 4 and 8 are cor-
responding angles.

Angle (measure of). The measure of an angle is the measure of the
amount of rotation of the initial side of the angle about
its vertex necessary to make the initial side coincide with the
position of the terminal side. The unit of measurement is the

. . 1 .
degree which is 3gg °f @ complete rotation. In more advan-
ced work, counterclockwise rotation is taken as positive.

Angle (obtuse). Any angle whose measure is greater than that of a
right angle and less than that of a straight angle.

Angle (reflexz). Any angle whose measure is greater than that of a
straight angle but less than 360°.

Angle (right). Any angle whose measure is one-half that of a
straight angle, or 90°.

dngle (straight). Any angle whose sides lie on the same straight
line extending in opposite directions from the vertex. Any
angle whose sides are opposite rays. ‘Any angle whose méasure
is 180°.

Angles (supplementary). Any two angles such that the sum of their
measures is equal to 180°.
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Angles (vertical). Two angles such that the sides of one are rays

opposite to the sides of the other.

Are. A segment of a curve, particularly a circle. The length

of such a segment.

Area. The number of times a given unit (such as a square inch) is

contained in the given region.

Areas of plane geometric figures.

Circle A= nrz Triane. A =
Parallelogram A = bh
Rectangle A= lw
Trapezoid A=zh (b+b")

Areas of solid geometric figures.
Cylinder A= 25r” + 2Zirh or A = Zur(r+h)
Cone A= nrz + ars or A = nr(r + s)

Aziom. An assumption.

Axis (coordinate). A line along which or parallel to which a
coordinate is mcasured. The horizontal axis is usually referred

1
2

bh

to as the x-axis and the vertical axis as the y-axis.

Axzis of a right circular cylinder. The segment joining centers of

the bases, or the line containing such a segment .

Axis of a right eircular cone. The segment joining the vertex
to the center of the base, or the line containing such a

segment,

Bisect an angle. To determine a ray in the interior of the angle
which forms two angles of equal measure with the side of the

original angle,

Bisect a line segment. To determine a point on the line segment

equally distant from the endpoints.

Centimeter. One hundredth part of a meter.

Chord of a cirele. Any straight line segment whose endpoints are

points on the circle.

Cirele. The set of all points 1n a plane a fixed distance, called

the radius, from a fixed point, called the center.

Circumference of a circle. The length of a circle.
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Closed circular region. The set of all points on a circle and in
the interior of the circle. "The region bounded by a circle

including the circle itself.
~

Closed plane curve. A curve which completely bounds a finite
portion of a plane called a region.

Collinear pcints. Points lying on the same line.
Compass (more corrzctly a pair of compasses). An instrument used
for measuring distances between two points or for describing
14

circles. :

Coneentric circles. Circles lying in the same piane having a common
center.

Coneurrent lines. Lines which have a pcint in common.

Concurrent planes. Three or more planes which have a point in
common.

Cone. A solid consisting of the union of the region enclosed by
a closed curved line in a plane and the surface formed by
segments from every point on that line to one point not on
the plane of that line.
Cone, circular. A cone with a circular base.
Cone, “oblique. A cone whose axis is not perpendicular to the base.
Cone, right. A cone whose axis -is perpendicular to the base.
Congruent figures. Figures which can be superposed, that is, placed
one upon the other so that corresponding parts coincide. Some-
times taken as an undefined concept.
Coplanar lines. Lines in the same plane.

Coplanar pnints. Points in the same plane.

Cube. A-sclid bounded by six planes, with its twelve edges all
equal and its face angles all right angles.

Cubic centimeter. The volume of a cube each of whose edges is one
centimeter in length.

Cubie inch. The volume of a cube each of whose edges is one inch
in length. .

Curve. A curve is a path consisting of a set of points. In
higher mathematics a curve includes a straight line, but in
this unit a curve will be described as a path no part of which
is a straight linec segemnt.
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Cylinder. ‘The solid formed by the union of the regions bounded
by two congruent closed curves in parallel planes and
similarly placed, and the surface formed by the parallel
segments joining all corresponding points on the congruent
closed curves.

Cylinder (circular). A cylinder with circular bases.

Cylinder (oblique,. A cylinder whose axi$ is not perpeadicular to |
the bases.

Cylinder (right). A cylinder whose axis is perpendicilar to the
bases.

Cylinder (right eircular). The surface generated by revolving a
rectangle about one of its sides. The solid bounded by such
—a surface.

Decagon. . polygon having ten interior angles. A-polygon having
ten sides.

Decahedron. A polfhedron with ten faces.
Degree. A unit of angular measure. See Angle, measure of.

Diagonal of a polygon. Straight line segment connecting two non-
adjacent vertices.

Diameter of a circle. Any chord containing as one of its points
the center of the circle.

"Diameter of a sphere. A segment whose endpoints are on the sphere

and which ¢~»tains the center of the sphere.

Dodecagon. A poiygon having twelve interior angles. A polygon
having twelve sides.

Dodecahedron. A polyhedron with twelve faces.

Dodecaheu. on, regular. A dodecahedron all of whose faces are
congruent regular pentagons and all of whose polyhedral angles
are congruent.

Edge. A line segment which is the intersection of two plane faces
of a solid.

Exterior of a c¢irele. The set of all points in the plane of the
circle whose distance from the center is greater than the
radius of the circle.

Exterior of a sphere. The set of all points in space whose distance
from the center is greater than the radius of the sphere.




Face of a polyhedron. The region enciosed by a bounding polygon
. of a polyhedron. 3

Foot. unit of linesr measure equal to 12 inches. The point of
. ersection of a line with another line or a plane.

Great circle. The circle formed by the intersection of a sphere and .
a plane which contains as one of its points the center of the
sphere.

Hemisphere. A half of a sphere bounded by a great circle,

Hepta-. Prefix meaning seven, as in heptagon (polygon having seven
sides) and heptahedron (polygon having seven faces).

Hexagon. A polygon having six interior angles. A polygon having six

sides. - e
e
Hexahedron. A polyhedron of six faces.
R Fexahedron {regular). A hexahedron all of whose faces are squares
and all of whose polyhedral angles are congruent. .
Horizontal. 1In a plane perpendicular to a plumb line.
Hypotenuse. The side opposite the.rjght angle in a right triangle.
Icosa-. Prefix meaning twenty, as in zZcosagon (polygon having N
twenty sides) and ieosahedror (polyhedron having twenty faces).
s ’
E Teosahedr. sular). An icosahedron all of whose faces are
equila. -iangles and all of whose polyhedral angles are
congruent,
Ineh. A unit of measure of distance or length equal to one-twelfth
. of a foot or = of a yard.
36 !
Interior of a cirele. The set of all points in the plane of the
circle whose distance from the center is less than the ¢
radius of the circle.
Interior of a sphere. The set of all points in space whose distance
from the center is less than the radius of the sphere.
Kilometer. A unit of measure of length or distance equal to one i
thousand -eters.
Leg of a right trigngle. Either one of the sides adjacent to the
right angle. N

Line. An undefined geometric configuration w.ose properties
are length and position.
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Line (broken). A succession of straight line segments connected
end to end, not all of which are in the same straight line.

Line (closed broken). Any broken line which forms a closed path,
Lines (coinciding). Lines having identical sets of points.
Lines (concurrent). See concurrent.

Lines (intersecting). Lines which have one and only one point in
common, .

iine  (horizontal). Any line which is perpendicular to a given
vertical line,

Lines (parallel). Lines in~the same plane which do not intersect.

Line segment. A finite portion of a line containing the points

between two given points, and including the two given points.

Lines (skew). See skew lines.
Line (vertical). The plumb line,

Line (plumb}. The line in which a string hangs when supporting a
weight at one end. S

Median of a triangle. The line segment joining a vertex to the
middle point of the opposite side.

Meter. The basic unit of linear measure of the metric system;
the distance between two marks on a platinum bar preserved
in Paris. It is equal to 59.37+ inches.

Hillimeler. One thousandth part of meter.

Nona-._ Prefix meaning nine, as in nonagon (polygon having nine
sides) and nonahedron (polyhedron having nine faces).

Oblique. Neither perpendicular nor parallel, such as oblique lines

and oblique planes.

Ceta-~, Prefix meaning eight, as in octagon (polygon having eight
sides) and octahedron (polyhedron having eight faces).

Octahed?qn (regular). An cctahedron all of whose faces are congruent
cquilateral triangles and all of whose polyhedral angles aye -~

congruent.

Parallel lines. See lines, parallel.

Parallel planes. See planes, parallel. é
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Parallelogram. A quadrilateral with its opposite sides parallel.
The opposite sides lie on parallel lines.

Penta-. Prefix meaning. five, as in pené&gon (polygon having five
sides) and pentahedron (polyhedron having five faces).

Perpendicular. Two straight lines are perpendicular if they form a
pair of equal adjacent angles. The property of lines and
planes which intersect at an angle of 90 degrees.

Perimeter. The length of a closed curve or a closed broken.line.
The sum of the lengths ¢ the sides of a polygon.

Pi. ‘The name of the Greek letter © which corresponds to the Roman P.
The symbol # denotes the ratio of the circumference of a circle
to its diameter. It is an Zrrational number whose common

rational approximations include 22, 3.14, 3.1416, and 5.14159.

Plane. An undefined unbounded geometric configuration which has
the properties of length and width but has no thickness.

Plane figure. A geometric figure every point on which is contained
in the same¢ plane. .

Plane (horizontal). A planc perpendicular to a plumb line.
Planes (parallel). Two planes which do not interscct.

Plane (vertical). A plane containing as one of its limes a vertical

line. -

Point. An undefined geometric configuration which is nondimensional.
it has the property of position.

Pointe (ecollinear). See collinear. .
Polygon. A plane geometric figure formed by a closed broken line.

Polugon (equiangular). A polygon whose interior angles have the
same measurec.

Polygon (equilateral). A polygon whose sides are equal in length.

Polygon (regular). A polygon whose sides are equal in length and
whose interior angles are equal in measure. A polygon wnich
is both equiangular and equilateral.

Polyhedral angle. The configuration formed by the lateral faces
of a polyhedron which have a common vertex.

Polyhedron. A solid which is the union of regions, called faces,
bounded by polygons.

d O
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Polyhedron (regular), A polyhedron »11 of whose faces ure regular
polygons and all of whose polykedral angles are congruent.

Postulate. An assumption.

Prism. A polyhedron vith two congruent, parallel and similarly
placed faces, called bases, and whose other faces, called
lateral faces, are parallelograms formed by joining cor-

- responding vertices of the bases,

Prism (oblique). A prism whose lateral faces are not perpendicular
to the bases,

Prism (right). A prism whose lateral faces are perpendicular to
the bases.

Protractor. A semicircular plate, or circular clear plastic,
graduated in degrees and used to measure angles.

Pyramid. A polyhedron with one face a polygon and the other faces
triangles with a common vertex.

Pyramid (regular). A pyramid whose base is a regular polygon and
whose altitude passes thrdugh the cepter of the base.

Pythagorcan theorem. The-sum of the squares of the lengths of
the legs of a right triangle is equal to the square of the
length of the hypotenuse,

a

Quaurilateral. A polrgon with four sides.

Hadius of a cirele. . The straight line segment whose endpoints are
the center of the circle and a point on the circle; the length
of any such line segment.

Radius of a sphere. Any straight line segment whose endpoints are
the center of the sphere and a point on the sphere; the length
of any such line segment.

fiay. 1f points A and B are on the same line, the set of all points
on the same side of A as B and including the point A form the
ray AB.

kays (opposite). 1If points A, B, C are on the same line, and A
is betwaen B and C then ray AB and ray AC are opposite rays.

Reetangle. A parallelogram with one angle a right angle and therefore

all of its angles right angles; a quadrilateral all of whose
angles are right angles.

fthombus, A parallelogram with adjacent sides equal.
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Semicirele. One-half of a circle; either of the parts of a circle
cut off by a diameter, Not to be confused with a semicircular
region,

Similar figures. Figures having all corresponding angles equal and
all corresponding line segments proportional.

. ] \} ] - ]
Skew lines. Nonintersecting, nonparallel lines in space.
»
Small circlé. The intersection of a sphere and a plane which inter~
sects the sphere but which does not contain the center of the

sphere.

Solid. A closed surface completely enclosing a finite portion of
space.

Space. A three-dimensional unbounded region.

Sphere. The set of all points in space, a fixed distance from a
fixed point. Sometimes us«1 as the set of all points whose
distance from a2 fixed point is not greater than a fixed
distance.

Square. A rectangle with two adjacent sides equal, therefor~ all
its sides are equal.

Square inch. The area of a square nach of whose sides ir one inch
in length.

Square centimzter. The area of a square each of whose sides is one
centimeter ir length.

Straight edge. An instrument used for determining points on a
straight line identified by two given points.

Surface. A two-dimensional region.
Tetrahedron. A polyhedron of four faces.
Tetrahedron (reqular). sA tetrahedron all of whos faces are con-
g °* equilateral triangles and all of whose polyhedral angles

a.. ,agruent. :

Transversal. A line intersecting two other lines at two distinct
poiats is a transversal to those lines.

Trapezoid. A quadrilateral which has two and only two sides®
parallel.

Triangle. A polygon with three interior angles. A polygon with
three sides.

Triangle (acute). A triangle cach of whose interior angles is acute.
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Priangle (equiangular). A triangle all of vhose interior angles are
O equal in measure.
Triangle (equilateral), A triangle all of whose sides are equal
in length, .
Triangle (isosceles), A triangle with two sides equal in length.
Triangle (obtuse). A triangle onc of vhose interior angles is an
obtuse angle,
Triangle (vight), A triangle onc of whose angles is a right angle,
Triangle (scalene). A triangle with no two sides equal in length,
Triangular region. A region bounded by a triangle,
"Vertex of an angle. The poinrt common to the two rays forming the
angle,
N .
Vertex of a polyhedron, The intersection of three or more edges
cf the polvhedron,
Vertee of a polugon. A point common to two consecutive sides of
the polygon,
Vertex angle of a tr“angle. ‘The angle opposite the base of a
triragle.
[»
Verticil line. See line, vertical.
Ver.ieal angles. Sce angles, vertical.
'
Jolume of a solid. The number of unit cubes which can be contained
in the space bounded by the solid,
. Volumes of geometric solids,
M 2
Circular cone V= %Bh or V= %mr'h
Circular cylinder V = Bh or V = nrh
Cube Veel
Prism V = Bh
Pyramid V= %Bh
Rectangular solid V = lwh
181
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XI. STATISTICS

Statistics is a branch of mathematics which deais with the
collection, organization, presentation, meaningful analysis, and
utilization of data. .

The topics in this unit afford opportunities to inv o the
pupils in interesting, challenging, and enjoyable matheme.ical
activities both inside and outside the classroom, One such activity

" iy the collecting of data, presenting it in the form of graphs,

and summarizing it in terms of mean, median, and mode. Such data

could be a tabulation of pupils' favorite interests and activities,

favorite television programs or-stars, oo it could be a1 voter pre-

ference in an upcoming school election. This could involve activitiss

in sclecting representative samples of o group and performing the
mpling,

Statistics can be fun, ‘The pupils may enjoy presenting the
same facts in different ways to create different and contradictory
impressions, (Some examples of such statements are: “Half of the
class scored 80 per cent or less on the test"; “Half of the class
scored 80 per cent or mor2 on the test"; '*The most frequent score
on the test was 80 per cent.") All of these statements are based on
the same sct of data but each may give a different impression of how
well the class did on the test,

The pupils usually enjoy collecting and Lringing to closs
graphs that may give false impressions, and by learning how to
recognize poorly made graphs they learn how to make graphs properly,

This unit also affords the opportunity to reinforce the study
of other subjects, For cxample, in giving the pupils data with
which to preparc graphs, the data may be selected from aJmost any
other fieid such as economics, geography, physical education,
science, and social studies, In presenting the data to the pup.ls,
the data itself may be discussed, Also, the pupils may collect the
data from other courses and bring it in for use in mathematics class.
Cross-subjects activities of this nature are educationally rewarding.

Statistics tell us what has happened, what is happening, and
aids us in predicting what is most likely to happen,

The pupils may be asked to list various examples of data-
collecting and of activities based on, or greatly influenced by,
data and statistics. A few such examples are determining insurance
policy premiums, government budgets, television program ratings,
sports data of all types, the stock market, and pupil examination
grades, averages, and final marks.
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.A discussion of  datna and statistics probably would not be
complete without mentioning the role of the electronic computer,
The two greatest values of a computer are that it has a huge
memory capability and that it can do lightning~fast computa-
tions, A cumputer can be fed great quantities of data upon which
it can quickly perform various operations to give the desired
information. A computer is not "“intelligent" in the usual sense 6f~
the word, but it is very, very fast. It can perform computations
millions of times faster than the human brain, This is its greatest
villue in the figld of “-*a and statistics.

Often, short cuts .re necessury in collecting data, In
determining how many people are watchine certain television programs
on a given evening, it is a physical an. cconomic impossibility
to contact 180 million peopte in the United States to fiud out how
many are watching cach program,

In attempting to determine how many people are watching
certain television programs or in atiempting to predict the outcome
of an upcoming election, the process of sampling is used.

Coneept: In statisties, a sample is a subgroup selected frem a .
larger group that is under consideration.” The object in
selecting the sample is to maks the selection in such a mamner
that it is representative of the larger group.

That is, the results obtained by collecting data from the sample
will give the same information as if the data had been collected
from the entire group., Such a sampling is called a representative
sampling. Selecting a sample that is representative can be quite
difficult, 1In selecting 2 sample to predict the outcome of an
clection, different results would be obtained if the sample consisted
of predominarely Republicans or predominately Democrats, The sample
would not be representative if it consisted of predeminately men
and one of the candidates has a strong appeal to women.

There is always unczrtainsy about the data obtained from
samples because of the uncertainty as to whether or not the samaple
is representative of the entire group.

Many factors must be taken into account in sclecting a sample,
tlow, when, and where the sampling is done and the size of the
sample all affece the results of the sampling. Selecting a sample
and performing a sampling so that it will be representative can be
quite a difficult task.

Tabulation of Data

Data is tabulated so &s to put it into a more usable form.

Many types of data may be easily tabulated by the process of
tallving, ‘The ages of pupils in a mathematics class may be tabulated
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in ;his way. Supposc the ages of the pupils are: 15, 15, 14, 15,
13, 13, 13; 14, 15, 12, 15, 14, 15, 15, 14, 14, 13, 13, 16, 15, 15,
14, 14, 15, 14, 13, 14, 14, This may be tabulated as follows:

Age Tally marks Number
12 1 4
13 THL 1 N PS 6
14 . - THL THL 10
15 - THL THL 10
16 1 1

There are several ways of tabuiatirg data. The previous illu- -
stration showed how to list in some type of order all the different
numbers that occur in the data and then show how-often each score
occurred-by the use of tally marks.

Concept: The number of times each number appears is .called the
frequency-of that nimber.

This. type- of tabulation of data is called -a frequency distri-
bution. Cumlative frequency shows, for any given score, the
total frequency of all scores -up to-and: including that scorc.

Given the following grades recetved by pupils on a certain
examination: 85, 80, -85, 80, 84, 79, 82, 77, 81, 76, 81, 76, 80,
77. Make a tabluation showing the tally, frequency and cummulative
frequency. .

Answer:

Score Tally Marks Frequency Cumnulative Frequency
85 11 2 2
84 1 1 .3
83 0 3
82 1 1 4
81 11 2 6
80- 111 3 9
79 1 1 10
78 0 10
77 11 2 12
76 11 _2 14

14

Sometimes the data is a set of numbers that differ so greatly
that it is nccessary to-collect similar scores. into groups. For
cxample, the weights of 20 male adults in a certain group may be
as follows: .

158 162 148 167 169

144 151 152 155 157

166 180 177 168 156

171 173 183 159° 165
184
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Score Tally Marks Frequency ~ Cumnulative Frequency
= - .

65-73 1111 4 23
0-65 11 2 * 25
25

For each of the following, make a tabulation o}' tally marks,

Frequency and cummulative frequency, first deciding whether or not

grouping should be uvsed. If grouping is vsed, group into five .
greups. -~

(a) The number of children in the families of the,pupils in an
cighth- grade are: 1, 4,1, 3- 2, 6,1, 2,2,3,2,4,2,1,
-1, 2’ 3, 35 4, 5, 2) 1, 4, 2 2 ']:3' P

(b) The number of telephone calls <ade from. cach of 30 different
-telephones in a day is: ’

S 18 6 3 0 12

14 19 ) 7. 3 2

0 1 9 14 6 11 -
8 3 7 7 9 5 -

4 0 2 13 14 S

(c) The average gasolinc milecage of each of 25 new cars, in
miles per gallon of gasoline; is: -

17.4 21.6 13.1 14.0 13.6
21.0 18:4 15.2 13.8 14.6
15.5 16.7 16.8 15.9- 13.9
14.2 i5.7 17.3 18.8 19.1
24.0 27.0 26.3 25.8 24.4

(d) The height of cach of the boys in. a ninth grade gym Class,
to the nearest inch, is:

68 69 56 63 169 -69 56
63 62 58 60 63 66 59
64 66 61 52 S8 57 61
62 64 68 60 59 30
H
Answers: B
; Children Tally . Cunmulative
(a) in family marks  Frequency Fyequency
6 1 1 1
S 1 1 2
4 1111 4 7 6
3 1111 4 10
2 THL 1111 9 19
1 THI 11 7 26
26
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No two-men have the same weight. A frequency distribution
that did not group the data would glve no further information
than the raw data itself. wWhen it is obvious tha* thé data
should be grouped, the first problem is to decide into how many

_groups ‘the data should be-divided. This decision should be

based on-the range of the data, the number of items forming the
data, and the purpose for which ‘the data is to be used. There
are no hard and fast rules to use to determine the number of
groups, but 10-to 15 groups are very often convenient. The data
above ranges from 144 to 183 or a range of about 40 pounds. The
data could be divided into 10 groups with an interval of 4 pounds
cach. The boundaries of the intervals should be deflned so that
there is no doubt as to where an-item. belongs. Below is a fre-
quency dlstrlbutlon of the above data divided into 10 groups.

Keight ‘Interval Tally Marks Frequency Cummulative Frequency

-92-100

180-183 11
176-179 1
172-175 1
168-171 111
164-167

160-163

156-159

152-155

148-151

144-147

[ 8
O‘b“NN&»—lMM»—H—iN

1f the data had been grouped into 5 groups, the summary would-
be as follows:

Weight Interval Tally Marks Frequency  Cummulative Frequency

176-183 111 3
168-175 1111 7
160-167 1111 . 11
152-159 THL T 17
1444151 111 3 20

The fewer the number of groups that are used, the greater ‘the
information that is.lost.

As another example, the following are the -grades received by
pupils on a mathematics test: 98, 88; 93, 84, 76, 77, -84,.92,
65, 735, 88,92, 96, 100, 87, 86, 42 58 69 77 76 80 90 80 66.
Thls data may be tabulated in groups as follows

Score Tally Marl.s Frequency Cummulative Frequency

83-91 7 13
7482 6 19




e et it §

Number Tally Cummulative "
b of calls.—~ —— marks Frequenc -Frequenc
- (®) ca a requency y_
i 16 - 19 11 2 3
12 - 15 THL 5 - 7
8 - 11 “1111 4 11
4 -7 THY THL 10- 21
0-3 THY 1111 9 30 )
} - 30
Miles per Tally Cummulative i
(c) gallon marks Frequency Frequency -
25.1-28.0 111 T3 3
22,1-25.0 11 2 : 5 .
19:1-22;0 111 3 8
16.1:19.0 THU 1 6 14
13.1-16.0 THLITHL 1] 11 25
25
Height Tally Cummulative
N (d) in inches marks Frequency Frequency
66-- 69 T™HI 1 6 6
62 - 65 ™I 11 7 13 e’
58 - 61 . 1111 9 22
X S4 - 57 111 3 25
50-- 53 1 2 27
27

; Representation of Data

The newspapers and various reports contain examples of the most
: common types of graphs used as a-pictorial representation of
; data: bar graphs; broken line graphs, and-circle graphs. -Almost
. any ‘type of data.can be- represented .by .more than one type of graph,
but each type of graph has-its advantages in representing specific
types -of data, )

%

"

Concept: The bar graph is often used to represent isolated- number
facts, .

For instance, a bar graph- may be used to represent the heights
of the 10 highest -mountains in_North_America or the length of the
world's longest rivers.. Such data is composed of number .facts
. ; assigned to relatively unchanging items,

: Concept: When the data is composed of number facts assigned to

. changing items and the purpose of the graph ie to show the
direction of- change, the broken line-graph is very useful.
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Broken ‘line graphs can be used to show trends, cycles, change
in a variable or relationships between variables,

Conecept: (irele graphs are useful for representing the relationship
between portzons of a whole and the whole.

For 1nstance, a circle graph is useful for representing the
items that make up a family budget. The data represented by
circle graphs- 1S often given as a ratio.of a part to the whole ex-
pressed as a per cent. Such data may also be-:represented by a
rectangular distribution graph which employs the use of a rectangle
instead of a circle. In circle graphs and in rectangular distri-
bution graphs, the area of each region of each graph is drawn
proportional to the data.

If a circle graph is used to represent a family budget, and
20:per cent of the-budget is for rent, then 20-per cent of the circle
must be used to represent’ the rent portion-of the budget. lere
again, what is meant more precisely is that 20 .per cent of the
circular region must be used for this purpose. To-do this, central
angles are drawn at the center of the circle. The sum of all.
such angles will'be 360°. The angle used to form the port1on

of the circle representlng rent will be 20 per cent-of 360° or 72°.

An angle of 72° is drawn at the center of the circle intersecting
the circle to form a sector which is 20 per cent of the entire
circular region. -

In making bar-graphs; -the ‘bars may be drawn either horizoﬁtall}
or-vertically. The width of the bars is the same and-the width
of -the spaces between bars is the same.

One problem with both broken line graphs and bar graphs is
that of detemining: what scales to use. One method of determining
the- scale is.as follows. Determine what is the-largest number that
has to be represented on the graph. Det-~rmine how many graph- paper
units are available to represent this number. Divide the largest
number that must be represented on the -graph by the number available
graph-paper-units. Each .unit on the graph papér should represert
the nearest larger convenient rumber. For -instance, if the number
148,842 is the greatest numbet that must be represented on the
graph, and if there are 15 graph. paper units available, -then
dividing 148,842 by 15 gives a quotient of about 9,900. Each unit
on the graph paper should then represent 10,000 for this ‘scale.

[ . -

Frequency distributions of grouped data may be represented by
a histogram.

Concept: A hictogram is somewhat like a vertical bar graph, except -
that there are no spaces between -the bars.

The intervals are marked off as the horizontal axis and the
frequency is shown on the vertical axis. .

188




bl 3]

BT o TR Dk IS et 6 e e

R N APV

ERIC

Aruitoxt provided by Eic:

 porticn of the graph may

_points do-not repre-

A convenient -interval leéngth is one-which will yield a
maximum of ten to twenty intervals, though in theé initial work
six to ten intervals are an ample number with which to have:
students work. Adjacent intervals have .a common endpoint. End
points should’'be chosen with care in order that data fall within
‘the intervals; at times this it impossible and by convention any
data falling on an endpoint will be assigned -to the lower interval.

 —

Scores on Test Tally Marks Frequency
92 = 100 ™ 5
83 - 91 THL 11 7
74 = 82 THIL T™HIN1 11
65 - 73 1111 4
56 - 64 11 3
47 = 55 1 1

There are no scores ' ;
between 0 and the
47 - 55 interval. This

be omitted.and this is 12—
indicated by-the zig-zag
portion on the. horizon- NgE—
tal scale. The use of
graphs in which a 10—
portion of the graph has
been omitted can lead to
false impressions of -the
data being represented.
This is discussed in a
later-section.

Joining the mid-
points of the upper
bases of a histogram
results in a broken
line graph called a
frequency polygon.
The midpoints them-
selves represent the
medningful data. The 3—
line- ségments connect-
ing the midpoints are 2= /

Frequency

used simply to show
trends- in the ‘varia- 1 ==
tion of the data from
one midpoint to the
next midpoint. The
points on che line seg-
ments connecting mid-

38 47 56 65-74 83 92 100

Test~Scores-

sent meaningful data,
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Relative frequency is the -percent of the total number of
scores that a frequency represents,. Decimal numerZlS aTé uUsed on a
vertical line at the right of a histogram or frequency polygén, to
illustrate relative -frequency.

Interpretation of Graphs

Care must be exercised when interpreting graphs. A common
saying can be slightly altered.to say that graphs do not lie

‘but liars-use graphs, The meaning behind this saying can be

demonstrated by the two graphs-below, Graph A shows the -price-

-of Brand X on the first of each of three consecutive years.

Graph ‘B shows -the price of Brand'Y on thesc same .dates, At
first glance, it might appear that the percentage increase -in
Brand X.has been far greater than the percentage increase in
Brand Y during the same period.

Brand X ) Bfand Y
54¢ — - ' 604 —.
53¢. / 58¢ |—1—|
52¢ —H— 564 [
51¢ — - 544 F
g 7t g
£ 50¢. / < 524
2 494 £ 50¢
T 48¢d—1| @ 48
ST s 48T
MAAANAA - 2¢ MAAYV M
14 B ¢
o L 0. =
-~ N O -~ > S
233 233
A B

A closer examination of the grapks show that Brand X in-
creased from $0.48 to $0,54- while Brand Y increased from $0.48 to
$0.56. Brand Y actually had an increase in price $0.02 greater
than Brand X,

‘How can graphs be-used to create such false impressions? An
examination of the graphs shows that the two graphs do-not have

the same vertical scale. Grdph A has a vertical scale in,whi?h one
unit represents one cent. Graph B has a vertical scale in -which one
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unit represents two cents. »The zig-zag portion of the vertical

scales shows that a portion of each graph has been-omitted, In

cach graph the portion that has been omitted is different from the
portion that has been omitted in the other graph, This makes the
difference in vertical scales less obvious. Omitting a portion of

a graph is not necessarily an indication that an attempt is being made
made to create a‘félse impression. Omitting a portion of a graph

is very useful when the purpose of the graph is to show a trend or
cycle in a variable and the variation percentage-wise is quite small.

Pupils should be asked to look for illustrations in which sta-
tistics are used to show only what is desired, i.c,, "4 out of §
dentists rccommend -z", which might mean only five were asked or
only a certain.S. are being considered, The inference is being
suggested however that of all the dentists in the country, 80%
would- recommend Brand Q,

Measures of Central Tendency

Central tendency refers to the-part of the distribution at which
many -of the scores are concentrated.

Concept: Thé mode is the number which occurs most fréquently in a
set of data: A set of data may have more than cne mode.

Concept: The mean is the arithmetic average of a set of data and
is obtained-by finding the sum of all the nunbers in the set
and dividing by the cardinal rimber of the set.

Concept: The median is the middle monber in a set of data which kes
been arranged in order of size.

If the set of data contains an odd number of elements, the
median is the valué of the middle number; Thus, if there are n

clements in ‘the set, where n.is an odd number, and these are

o . . : . ; . n+ 1
arraneed in order of size, the median occupies position -~ 5 -

If the set of data centains an even number of elements the

-median may be found as- follows: when n is even and the numbers

are arranged in order of size, the medidn is the arithmetic mean

of the mimbers in the poéitions,g and g-+ 1.
Let us see how an analysis of data may be made.

The following is a set of salaries of 12" employeces:

$5,20¢ $5,800 $5,400 $5,600

$5,700 $5,400 $5,200 $5,500

$5,500 $16,400 $5,600 $5,200
191




Arranged in increasing order the salaries are: $5,200, $5,200,

$5,200, $5,400, $5,400, $5,500, $5,500, $S, 600 $5,600, $S, 700
$5,8¢C0, $]6 400. The most frequent salary is SS 200, Therefore,
tho mode is $5,200. The middle 'salary is $5,500. Therefore, the -
median is $5,500. The arithmetic average or mean is $6 375,
Notice how much higher the mean is than either the mode or median.

Each of the following is a true statement, based' on this
data:

The most common'salary among the employees is $5;200.
Half of the employees receive a salary of $5,500 or more.
Half of the employees receive ‘a szlary of $5,500 or less,
The average salary of the employees is $6, 375

-Each-of ‘these-statéments. is a summary of the same data; yet
the impression _giveh by each of these statements can be entirely
different. In this example the median gives the most accurate
average as an indication of central tendency. The reason that the
mean is so high is due to the $16,400 salary in the -data. If this
salary -is changed to $5,700, the mode remains unchanged, the
median remains unchanged, but the mean drops from $6,37S- to. $5,483.
This demonstrates the effect that one number can have on-the mean
of a set of data.

The mode of data that has been grouped in a'frequency distri-
bution would be the interval with the greatest frequency., After the
data-has been grouped there is no way of determining -the most
frequent number in the original set of data,

The medidn of data that has been grouped cannot be precisely
determined but the following is. a description of -how it can.be
approximated.

»Intexvaereargy Salary Frequency

$9,000 -- $10,000
$8,000 - $8,999
$7,000 - $7,999
$6,000 = $6,999 15
$5,000 - $5,999 4
$4,000 - $4,999 3

U‘IOU‘IO\hb—l

s

N = T01

~ There are 101 salaries. The Slst salary will be the median
salary, The.Slst salary will be in the $5,000 -- $5,999 interval,
It can, therefore, be stated that the median salary is in the range
$5,000 - $5,999. Counting- down from the top, the Silst salary would
be the 25th salary in the $5,000 - $5,999 group. Counting from the
bottom it would-be the 16th salary in that group. An approximation

of the median salary would be 3——_ of the way from $5,999 - $5,000
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43 of the way from $5,000 to $5,999. ‘This wculd give an
approximate-tiedian of $5,387, This is only an approximation because
thé calculatibn is based on the assumption that the salaries are
evenly distributed within the group, which probably is-not true,

An approximation of the mean of a grouped frequency distribu-
tion may be obtained by assuming that each number in cach group has
the value of the midpoint of that group, The mean is then calculated
in the usual manner, A shortcut would be to multiply the midpoint.
of each group by the frequency of that group, add all these products
and then divide the sum by the total frequency, This is an approxima-
tion of thc mean because it is ‘based on.the assumption that all the
data are evenly distributed about the midpoint in each gretp.

Concept: Ihe mean, mediun, and mode are nwnbers used as values
typieal or represeniotive of a set of data.

Students and parents arc orten-confused -hv.percentile "scores"

-given as results of standardized tests, The c«planation which

follows should help to clarify the ncaning of percentiles.

One method of -indicating what portion of the pupils are below
a certain pupil is by the use-cf percentile rank, If 4,000, pupils
“take an examination. and one pupil i¥ ranked 1,200, then- 2,800 or-
70 per cent of the pupils taking the test are below him. His
percentile rank is given as 70, This means that 70 per cent of the
pup1ls are below-him, ‘Percentile rapnks are used a great deal in
scoring standardized exam1nataons the purpose of which is not
"pass' or "fail" pupils but it 1nd1catc ability compared to all the
other pupils,

Data and Data Collection

Data for Statistical analysis can not be collected in a blind
and unthinking manner. There are pltfalls to be avoided merely
in the collection of data, before any  mathematical operations are
-performed on this data,

L]

The process of collcct1ng data -can be very cxpcnsxve. For
example, television broadcasting networks wish to know how many
_people are watchxng their programs, If 25 million people ave
uatchxng television in the United States on a certain Tuesday
evening, it would .cost a network a huge sum-of money to contact all
25 million viewers and inquire as to-which program they were
watching. The task of contacting 25 million people in one evening
is a-practical impossibility, Instead of contacting all 25 million
viewers, only a small sample, perhaps-2,000 viewers, are contacted
and asked what program they are watchxng. This i$ called sampling.
Firms that specialize in this activity are called television rating

services,




i If a televigion rating service contacts 2wl people in

by different eities in varicus sections of the country, and if 27 per
) eent of the people contacted are watching a specific televigion

: «program, doee this-mean ihat 27 per cent of all television viewers
in the United States are watching that particular program? ’

Answer: No, not necessarily i
f If a sampling is made in such_a.manner that tke results. are the

) same’ as- would be obtained -if cach person -to whom™ the question:per-
tains was-contacted, ‘the sampling is .called a. representative sampling.
There are-many--factors. that will determine whether:-or not -a

sampling will-be representative. -Such factors as how:the -sampling-
was taken, when it was taken, where it wis taken, and the size of

the sampling are a few such factors,

. Each of the following is an-cxample of a-sampling which is rot:
‘representative, The'results of the sampling are different from the
results that would be -obtaired if eocch_person to-whem-the question
:periains was contacted.. For-each scmpling, indieate why it is not
a .representative sampling,

(@) In attempting to-predict the outcome of an-upcoming presi-
dential clection, 20,000 -high school pupils in 100 high
schoels across ithe country-were-asked-which -¢andidate they

. wished to-see clected,

¥ ] . -
(b) ‘To dete;minq{hpw:many:peqple in the United States watched
a certain television.program each weck, 42 people- in
'seven different cities-were interticwed: -

-Answers:

, (a) The question was asked of the wrong -prople. HKigh-school
~ students are not old cnough to vote and'will not be-voting
in the clection. The question should-have been-asked of
-people who -actually will be-voting in-the election,

(b) Tie-sampling is too small, The numbér of people
-questioned is too small and the number of -cities
involved in the sampling is too-small to be- representative:.

194
ERIC

Aruitoxt provided by Eic:

.
ot pn

P




o e e cafin o

X1l

-ments- are made? - - - . -

-and:an. pmph.nis -on-the 1ikelihood=of :the-cvents mentioned- “Feally
}practicn. purpoecs, “rionexistents.

“1abozatory, -approach-to« probability. ‘Somc - of ‘the-fundamental. concepts.
of ‘probability can-he. illustratcd -on=an: infoml ‘intuitive: basis )
.in-such- coin-tossingfcxperilents. ’ .

e

a
wil) not land on-iEs edge.. Thereforc, whe
.are only-twosposiible outcomes,.: -cither ‘th coin-will 1and-heads up
or-it will l'md tails-up,. :In det ermining ’
‘tossed-coin turning ‘up: hcads, ‘hea:

- jfnvonb!c. -

"PROBABILITY:

“The- natcrial in this.unit i$ suggested -as-an: optional tonic
An-the -8th= gradc. -Probability ‘should’be- approached on -the Junior
high ‘1eve!l ‘on-a- strictly intuitive*basis.

‘A>discussion- of : such words: a.v probably;. aight, chance; i2 a
go0d : starting point. Just uhat As-menist: when-the’ following s:ate-

iar'é'
’(b)é’*. =
7 ‘(C):— :

ﬁ:) ‘"e has: a- chfncc 0580 to ihe center-of the earth: ‘tomorron. ) -

“There: should:be-an ovcr:nll discussion rcgarding ‘the-statements-

+ “The-likelihood-ofthe first :thrce-cvents-happening is:
while :the ‘lik¢13hood:of-the last tuo is, for-all.

Expermcnts involving ‘the ‘tossing-of-coins iform:an: effcctwe

“When.a: coin s tosscd 4n- thc air- thc probnbxlity o£ s
landmg heads-up-‘is-the-same: s -the: probabihty -of its: 1anding:
tagls-up,. In:discussing-the- ,rubability of -one- sxdc of-3- tossed. : -
coin. facing - upward .when “the-co LT hat- ‘the coin
;”coin is tosscd- therc

i he ,probnbihtysot &
2s s:aay-be . .called-the- :favorable
outcorie;. Then, ‘hcrc aretwo: possible outconcs, “one -of* which is-

Loneepts T}xcfmcasum of the probabthty of a- spemfw duteume
occurring. is the- :ratio=of. the=number-of favorable outcomés
to the:mumber’ af possible- outaomee. The- fomula is.

:rmnbcr: Qﬁifavomb le- outecues R
-number-of :posgible-outeomes-” )

Pz'oﬁl}qiiz?li't;ﬁ =

P-s-4: In determining

The robubility -of “heads -is:therefore, -
the: probabxhty of the: outco-cabemg -tai ls, tails ‘i$-faken -as. the
‘favorablc-outcome; ‘Theré=are-tw "sxble .Outcomes-50° ‘the:measuré: R

of the probabxnty of tdilsiis P = -7




- thére dre four ross1b1e -out- -
- - :Comes ¢ " and:(T;. T)s  Notice that the
. dutecme f“mst hedds. and then. tails e not ‘tke -same outcome
- e as the jwst tat Zs and then. heads. Thcee -are two. dlfferent out= )
- :comes ' . o - R ) . - 7
. -are used, At - .
'f”me -out&ome:as: | B -
= e am—
- t . H—_—
:
. ’ ; two of hh1ch,axc favoxable.
> The raim of - favorable outcomes to total p0551blc outcomes ds. i
¢ ‘Whén-a com 1s tossu‘ in. tbe alr threée-: tmcs, there are _
‘eight-out cor - E o
V “Thie- probability -of: iii'f;éékhé,adsi; i85, )
- The probability-6f thres tails 45 1. o
The~ probab111t of t vozheads- aiid “one tﬁllls-g - . )
,fh't?éf!l‘ébiljzi.fﬁ,ty.:qfioﬁé %he‘?xd'—éﬁéi;}ibvtﬁﬁs‘lﬁ‘é % i : . S
- The pmbabmlty of all the ééiﬁé turmng up the same is- 31' .
The probab111ty of only. two coins turmrg up:-the 'same :is g—;
T ¥ ' . .
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At

Probab:.h’t numbcr of favorable outcomcs

_ -npumber- of -possible-outcomes
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.Concept: If‘ Ho «events .are: mutuaZZy echuswe, that ié‘ zf‘ zt
impossible for- ‘both ‘to bceur at the ie--time, thé probabzlztyA
of one .event op- the other-event oceurring is. the ¢ of proba:

) b1.Zzty of‘ the ju's event and ﬁthe probabzlzty of‘ the second

S:OT.

;; 'It 1s a -Sure- thxng.

Whenf?aééi@

Concept- Inrzndependent event:s,
‘events-oceurYing: i

ie V_robabzlzty of‘ t:he second evenf:.

P (A and B)

.(_ 13

Ry

‘fg:‘ife@ﬁp@i as: vhes followmg7 are .uséful;.

A dréve oont’azns 5»whzte socks and 10 black socks. What i
the:probd dt: L1ty that.on he: fwst“d‘w a whz;’:e sock will-be picked?
What ig.the probabzlzty ‘that-on -th Vﬁrst‘ drais-a. black -séck will be
pwked"
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A- Womaii- has,q haZf doZZar, three quarters, two- dimes, and.

five pennies- in“h

r: waZZet.

‘Whatig -the 7probab1,l1,ty ‘that she-will.

draw:out G.quarter: on: her fwst try'f‘
3
T

Answer s

e

When ‘the. pomter

of ‘it stopping oni (a) “an.4; (b)

Bron* C (e) the Zetters B, A D+in three successwe spms"

~Answers.f -

-

th —teacher may w:l.sh ‘to, suggest .to
struct d1als w:l.th sectors wh:l.ch would
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