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Mathematics Education Reports

Mathematics Education Reports are being developed to disseminate
information concerning mathematics education documents analvsed at
the ERIC Information Analysis Center for Science, Mathematics, and
Environmental Education. These reports fall into three broad categories.
Research reviews summarize and analyze rcceﬁt research in specific
areas of mathematics education. Resource guides identify and analyze
materials and references for use by mathematics teachers at all
levels. Special bibliographies announce the avajlabilitv of documents
and review the literature in selected interest areas of mathematics
education. Reports in each of these categories mav also he targeted
for specific sub-populations of the mathematics education comnunity.
Priorities for the development of future Mathematics FEducation
Reports are established by the advisory board of the Center, in
cooperation with the National Council of Teachers of Mathematics,
the Special Interest Group for Research in Mathematics Education
of the American Educational Research Association, the Confercnce
Board of the Mathematical Sciences, and other professional g "oups

in mathematics education. Individual comments on past Reports

and suggestions for future Reports are always welcomed by the

editor.
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Preface

This paper, which discusses scne recent research on cognition
and its mcaning fov mathematics cducation, was commissioned by the
ERIC Information Analysis Center for Science, Mathematics, and
Environmental Pducation. The paper was presented by Professor
Hittrock at a meeting of the Speciazl Intercst Group for Hesearch in
dathematics Lducation at the annual convention of the Arericen
Educational Research Association on Vebruary 28, 1973. 1¢ is with
gsreat pleasure that ve now make this paper available to the wider

mathenatics education comnunity as a Ilathemutics Sducation Keport.

Marilyn ¥. Suydam
Ii'ditor

This publication vas prepared pursuant to a contract with the
Office of Hducation. U.S. Bepartrent of dealth) Education and Velfare.
Contriactors undertaliing such projects under Government sypoasorship

f

are encouraned to express frecly their judgment in proicssional and
I}

tecimical matters. Points of vice or opinions do not, therefore.
necessarily represceat official Office of Fducation position or policy.




RECENT RESEARCH IN COGNITION
- APPLIED TO MATHEMATICS LEARNING

M. C. Wittrock
University of California, Los Angeles

I. Introductioq

n important. welcome evolution is occurring in the study of S
human learning and retention. As a result of recent research by
gj many people, we are increasing our‘understanding of the processes
involved in cognition and in the learning of mathematics. I want
to discuss some of this recent research and its meaning for mathe-
matics educationm.
As a way to organize this research and to focus your interes.s
. upon its meaning for mathematics education, I will begin with a
hypothesis about human learning that 1 have developed from my research
2 in cognition, aiscovery learning, and instruction in schools. I
will then pfesent a sample of the empirical studies which led to the
generation of the hypothesis. Last of all, I will discuss some of
the meaning of this research for mathematics learning.
The first pc.n- to emerge will be that we can be proud of the
research in the learning of mathematics, including the development
of curricular materials. The second point will be a recomnendation
that research in mathematics learning should increasingly be devoted
to studying the step-by-step specific and higher-order inteliectual
processes which students engage in when they learn mathematics; such

as when they are adding, subtracting, differentiating, and integrating.
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The hypothesis and empirical studies I will present focus upon
the cognitive, generative processes that are involved in the learning
of mathematics. These processes cculd equally well be presented in
simpler S-R terminology. I prefer the cognitive model because I
want to emphasize the learner's step-by-step processing of information.

The data to be discussed will probably arouse in you recollec-
tions of the dilemmas about nativism and tke role of abstractions
in memory, which Plato aud Aristotle wrote about. 1In the Meno,

Plato taught the slave boy to prove that the diagonal of a square
is equal to the side of a’§quare twice the area of the given square.
To Plato, it seemed that éhe abstractions were inherited and primary.

Aristotle circumvented Plato's stress upon nativism and the
primacy of abstractions by reducing the abstractions to nothing more
thén comnonalities across particulars. He made sensory data and the
particulars the focus of human learning. The hypothesis and data
I will present may appear to raise again this ancient dilemma. I will

let you decide whether that is the case.

Learning as a generative process

Succinctly, but abstractly stated, the hypothesis is that human
learning with understanding is a generative process involving the
construction of (1) organizational structures for storing and retrieving

information and (2) processes for relating new information to the

stored information.




Stated more directly, all learning which involves understanding
is discovery learning. We can determine the effects of instruction
best in terms of what the iustruction causes the learner to do.
Effective instruction causes the learner to generate a relationship
betveen new information and previous experience.

Further, I contend that we should not construe learning, even
so-called reception learning, as a passivp reception of someone
else's organizations and abstractions. It is better, I maintain,
to look beyond nominal stimuli to the functional stimuli they become
for the learner. In the past, we have emphasized the importance of
environment and instruétion on the learner. New stress must be
placed upon the active role of the individual in learning.

From this point of view, there is no one best method of teaching
all students, although there may be one best logical orpanization of
the subject watter. It is possible for reception-learning treatments
to lead to discovery learning: however, this is contingent on the
teacher's ability to build upon the learner's previous knowledge and
vhat the resultant instruction causes the learner to do. A variety
of teaching methods will be needed by each student, depending upon
his background and its relaticnship to the subject ﬁatter we are
teaching him.

In sum, learning with understanding can occur with discovery

treatments or with reception treatments. The important pcint is

what these treatments cause the learner to do.




The best way I know to summarize the above conception is as
follows. Although a student may not understand sentences spoken to
him by his teacher, it is highly 1ikely that a student understands
sentences which he generated himself. I believe that in this context,
generation and understanding are closely related; possibly one causes

the eother, or perhaps the terms are synonymous,

Demonstrations of learning as a generative process

Now let me elaborate upon the above argument by presenting you

with two brief demonstrations, one perceptual and one verbal. For

the first demonstration, please look at the black irregularly shaped

objects in Figure 1.

Figure 1.
Look at the black objects above.
What are they?
What do you see? You probably see only black irregularly shaped
objects because your previous experience has trained you to treat
black as foreground on white pages, and also because you were
instructed to process the information as black irregularly shaped

objects.




Now try to process the information in Figure 1 differently.
Process the black as background and the white as foregrcund. When
you are successful at it, you will see the word PLAY in capital
letters. The point here is that the way in which you process
structurally-organized information is crucial to the meaning you
. 8 derive from it, You might reflect on this example the rext time
one of your students doesn't get the point. lie may be senerating
black objects instead of words.
,'7 For a demonstration {rom the verbal arca, read the paragraph

in the box (Migure 2) and generate a title for it.

The procedure is actually quite simple. TFirst
you arrange things into different g~oups depending
on their makeup. Of course, one pile may be suffi-
cient depending on how much there is to do. If you .
have to go somewhere elsc due to lack of facilities
that is the next step, otherwise you are pretty yell
. set. 1t is important not to overdo any particular
5 endeavor. That is, it is better to do too few things
N at once than too many. In the short run this may not
scem important, but complications from doing too many
can casily arisc. A mistake can be expensive as well.
The manipulation of the appropriate mechanisms should
be self-explanatory, and we need not dwell on it here.
At first the whole procedure will seem complicated.
Sonon, however, it will become just another facet of
life. 1t is difficult to foresee any end to the ne-
cessity for this task in the immediate future, but
then one never can tell. {[Bransford and Johnson,
1972.1 .

. Figure 2,
The words seem to apply to many tasks, but identifying a specific

title is difficult for most readers. The paragraph seems very vague—-
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until you are told that the title of the passage is "Washing Clothes."
The title provides the cue that allows you to relate the vague terms
contained in the passage to your knowledge of washing clothes.

Now we will turn to the research literature on generative struc-

tures and processes.

I1. Recent Research

The recent research I will present now is divided into two
sections: (1) structural organization and (2) processing and coding
of information. I will present representative studies only and not

attempt to be exhaustive in citing relevant research in the field.

Structural organization

The example given above which dealt with the washing of clothes
was taken from a study reported by Bransford and Johnson in the

December 1972 issue of the Journal of Verbal Learning and Verbal

Behavior. They found (page 723) that giving the title for the story
before the story was read greatly enhanced its comprehension and
recall, while giving the title after the story did not increase
comprehension or retention. It seems that the structural organiza-
tion in this vague story is too weak to allow much generative processing
of its information.

The second research study to bz cited is by Bower and Winzenz

(1969). They presented students with strings of digits such as the

following:




ERIC

PAFuiToxt Provided by ERIC

Firzst String (17) (683) (9452) (7) (56)

Second String  (176) (8) (394) (5275) (6)

The digits of each string and their order remained the same across
the strings, while the grouping changed from the first to the second
string. The results showed that altering the organization of the
string did not improve learning across altered strings, although the
digits and their order of presentaticn remained the same. Apparently,
each string was learned as though it were a completely new one. By
changing the structural organization, it seems that a new task is
presented to the learner. In fact, we could have predictcd.proactive
interference .n this task, based on the similarity of the digits
across the strings. Because proactive interference among digits did
not occur, it could mean that the groups of digits are treated as

the units to be learned. We need to examine our concepts of the
units learned and stored. These units may be Jarger than we have
assumed.

The third empirical study on structural organlzation (larks,
Doctorow, and Wittrock, in preparation) involves the teaching of
reading to public school children. Two hundred twenty~-two students
were randomly assigned to two conditions which varied the meaningful -
ness of 20 per cent of the words in a commercially-published story
designed to teach reading. From the generative hypothesis presented
above, we predicted tiat the semantic properties of the words would

have decided effects upen story comprehension and retention. The

v
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reason for the prediction is related to an ”qll—or—none” hypothesis.
By increasing word meaning, the organization of the narrative should
be discovered on an all-or-none basis As you can see from Table 1,
story comprehension and retentic » uearly doubled by changing
the meaning of 20 per cent of the words in the story from less-
meaningful ones (e.g., lad) to wore-meaningful ones (e.g., boy).
The use of unfamiliar terms can severely rectard comprehension of
the structural organization of a story. One implication is that a
few unfamiliar terms may have a similar decided effect upon mathe-
matics learning.
The fourth study (Doctorow, Wittrock and Macks, in preparation) -

was designed to test further the generative conception of learning

. presented above by using a familiar organization (a familiar story)
to teach the mcaning of new words to 482 elementafy school children.
Again ve reasoned that a familiar structural organization should :
enable a child to “discover" the meanings of nev words without our
definine them for hin. ~From Table 2 you can see the results {rom
this research study, using commonly available teaching matoerials.
All children read the same stories tvice; hovever, the high-mecaningful
group read a familiar version first, onc which used highly meaningful .
words, and then read the same story but with many new unfamiliar
synonyms that did not change the meaning of the story. The control
group read the version with the lov-meaningful words twice. On the
test of definitions of words, the group which read the familiar version

)
of the story first did much better than the control group.

Q

ERIC




(»1) €29
6¢ 189
€2) (ST (sT) €29 (z2) (v1)
oz 19 9¢ 19 Sy 1L #07
(ST (91) (€D (1) (91) (1)
. TI¢ £S 62 LS Ly KZA 9TPPTH
1) (ST (1) (v1) (61) (v1)
9t 8¢ LY L9 8% €L y3th
Juawleal] juawleal] Juauwleal] Jusawieai] Juawieali], juauw3eaa]
£ouanbaag Louanbaay Louanbaay Louanbaag Kouanbaag {ouanbaaxg
#Mo] Yy3TH mo YySTH nog Yy3TH
ToA97
Sutpeay

3189J, UOTIUIDY

?zZoT)

Ta2a27 Burpesy ,s3oafqng
aaoqy uorsuayaxdwon
jo 13s9%

Te2aa77 Buypeay ,s3ioalqng
IV uoisuaysaduo)
jo 3s9]

uctilualay pue uorsuayaidwo)y Juypesy jo siseilsog ay3 uo
3991107 swLal] jo 28BIULIADJ BYIJ JO SUOTIBTAI(] PIBPUBIC PUB SUBDY

T 9198l

IC

PAFullToxt Provided by ERIC

E\.



10

%°92 Z°19 9°9¢ 9°€S ROFIuUaIaY
1°0T S°ET S*o1 L°TT £L1eTnged0) Yy3TH
LY 8°L 8°Y €L suofisany °dwo)
sS4 %°2S 2°St S°GY uofFjualay —
1°L Z°01 0°¢L 6°0T Axenqedop STPPTH .
(Al 6°L oY 6°9 suorisany *duo) N
0°6 z°0¢ 6°8 ¢°61 UofFjuaIay
LS 8°L €S €L A1eTngedcy Mo
6°¢t [ [ 0°¢L suogisany °dwo)

*baxg mo1 (% *baag u3TH (¢ *baag mo7 (2 *baxg y3n (1

| 3uTualsy] 3urpeay §389] ST9AD] \

S4dN0YD TVINAWINA4XE MNCd FHI YOd STI0DS NVIAR 3urpeay

uorsuayaxduwo)y Suruajzsy] pue w:avmwn
aaoaduy o3 Buguesy paoyM Suysp

¢ 9198l

&

IC

PAFullToxt Provided by ERIC

E




"'~ z2ever defined any words for either group. Neither did we
associate any of the synonyms with each other. Instead, we introduced
a familiar structural organization, a story, and used it as a meaning-
ful context to teach definitions of new words in a relatively painless,
efficient way. T believe the idea of a familiar organization can also
be used to teach the definitions of unfamiliar mathematical terms.

It is proper to end this section on nguctural organization by
mentioning the research of David Ausubel, who piloneered in this area
with his books and articles on meaningful verbal learning. His
studies on learning Buddhism as a new organization which can Le imposed

upon one's previously learned religion continues to stir interest in

structural organizations.

From an S-R perspective, Benton Underwood (1957) also fostered

work in this area with his classical research on the importance of
proactive processes in learning and retention. As I said earlier,
elther associationistic or cognitive approaches are capable of
handling the data of these studies. In fact, to my surprise, when
these two approaches were put to an explicit test in a study dealing
with the retention of sentences (Anderson and Bower, 1971), the
associationistic model was supported. Although the associationists
have won in this arena, the controversy which Plato and Aristotle began
over the roles of abstractions and particu}ars in learning has not

yet been resolved. Unfortunately, no end to it is in sight.




Processing of information

Undér this heading are the research studies in which learners
generate groups or other large units such as stories, sentences, and
images from the stimuli they have been given. The results of these
studies occasionally are dramatic.

For example, Bower and Clark (1969) gave subjects 12 different
lists of ten unrelated nouns. One group of subjects was asked to

learn each 1list in whatever manner each person wished, keeping the

order of the words the same. The experimental group was asked to
make a meaningful story from each list. The results need litte
elaboration. Statistical tests are not necessary either, because
the mean gain from the control to the experimental group was 79 per
cent--from 14 pgr cent to 93 per cent! The generation of a story, a
thematic organization, greatly reduced interference among the 12
lists and facilitated the retention of the words and their serial
‘order.
A number of researchers (e.g., Rohwer, 1973; Anderson, 1970;

and Bobrow, 1970) have found that gfocessing words into a sentence

also facilitates their retention. I will not discuss the facilitating

effect of processing words into sentences any further here, because

of the apparent similarity of this type of processing to the gencra-

tion of =tories.

The next type of generative processing I wish to discuss is imagery, =

which Alan Paivio (1971) and others have extensively studied recently.
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Britta Bull and I (in preparation) have just completed a study
on the teaching of word definitions to 90 fifth-graders, using
three learning conditions. The instructions for the groups differed
as follows: (1) generate (draw) an image of the word and its defi-
nition; (2) trace a picture (image given) representing the word and
its definition; or (3) learn the verbal definition by coping it. We
found that the group means for retention of the definition ranked
from high to low in the order given above. The group that generated
their own images remembered the definitions best one week later.
There was no statistically significant difference between the other
two groups. Again, the generative semantic processing hypothesis
fits the data. It does not seem that the mode of generation (story,
sentence, or imggery) regularly discriminates among performance.

What does seem to be important is that some type of generation be

" called upon.

Processes and structures

To test the latter bossibility, Sheila Goldberg and I (in
preparation) combined into one study the above ...ree different types
of generative processes commonly studies in the literature: (1)
imagery, (2) stories, and (3) sentences, in addition to a control
group. We randomly assigned college subjects to these four condi-
tions and gave them lists of words to remember. The words varied in
meaningfulness and in imagery value. The results are presented in

Figure 3. We found no important mean differences among the three
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generative processes, although the control group did less well than
the other three groups. ilowvever, we did find that the imagery and
meaningfulness values of the words used in the study influenced
retention. The history of associations to words is an important
factor in determining their effect upon retention.

Dr. Goldberg and I have replicated this study with public
school children. We found that verbal processing conditions, sen—
tences or stories, do facilitate rctention‘in children, when compared
vith the imagery conditions. Perhaps, with children, the nonverbal
processes need to be primed more than the verbal ones. This issue is .
still being investigated. The point is that generative processing of
information has effe¢ts upon retention.

The clearest picture I can present to you of hov different
organizational structures and different processes of organizing
information fit together is the one presented in Figure 4. This
figure shows a hierarchical structure which John Carter and T adapted

from a study by Bower et al. (1969). Figure 5 presents the randomly-

L s ]

ordered hierarchy for the concept of minerals. If you struggle with

it for a while, you wil. discover that this hierarchy can be rearranged
into a properly ordered one, with the word "minerals" at the top.

In addition tc the random hierarchy, we developed a proper hierarchy

as shown in Figure 6. Last, we prepared an unordered hierarchv (see
Fig;re 7) by putting conceptually unrelated words into a hierarchy.
These words were compararable in frequency values to the words in the

other two hierarchies.
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We gave these hierarchies to college subjects under two different
proces;ing conditions, In the first, or control condition, the
learners were asked to copy the hierarchies. The second, or genera-
tive processing condition, emphasized rearranging the hierarchies
until an order was found that "made sense.'

The irtcresting results are found in Tigure 4. With the rote
processing indicated in the bottom line, increasing the structural
organization increases retention in nearly a linear fashion. low-
ever, the generative processing instructions had sizable effects
upon retention at all levels. Generative processing had the most
marked effect vhen the organization was in the learners' repertoires,
but not made explicit, as in the randomly-ordered hierarchy (Figure
5) . Because gencrative processing facilitated retention at all three
levels of structural organization, I believe that it makes sense to
separate these two types of factors as I have done in the outline
of this paper. This separation helps to understand sometimes con-
flicting results on discovery learning.

The data in TFigure 4 summarize what I believe to be an important
relationship between structural (content) organization and generative,
semantic processing of information. It was this study which led mé
to conclude that learning with understanding is a generative process.

The above line of research gives a new understanding of what
is involved in meaningful learning. eaningf{ul learning requires a

structural or content organization and enough relevant background
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knowledge t enable one to discover the nev organization when it is
not maée explicit. Whether or not the organization of the content is
made explicit does not seem to be crucial. 1t is more important that
the learner generatively process any kind of organization he is
given. The combination of appropriate background and generative

processing of the new information should facilitate his understanding

of the organization presented to him.

Individua{ differences

I have very recently turned my interests to the study of
aptitude~treatment-interactions (ATI) and to individual differences
in processing variables. The reason that ATI research has not often
produced significant results is probably because we have not often
chosen to study the relevant processes that the learner engages in
vhen he learns a given subject matter. We need to hypothesize about
these proccéses and develop protocols and specific tests for them.

Suppes (1973) and several authors in the Journal for Research

ju ilathematics Education have studied the step-by-step processes of

learners engaged in mathematical tasks, such as addition and sub-
traction. I note also several interesting ATL studiecs on learners'
abilities and verbal processes (summarized by Aiken, 1971) in the

Journal for Research in Mathematics Education. Studies on these

processes have great promise, I believe.
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Brain research

Another important line of research is relevant to describing
the process variables and individual differences involved in ceg-
nition and in the learning of mathematics. Recent research on the
human brain indicates there is a differentiation of functions between
its right and left hemispheres which may tell us something about how
right or left hemispheres process information differently from each
other. This research may also tell us how spatial and verbal proc~-
esses are involved in learning.

In neuropsychological research with people whose brain hemi-
spheres nad been surgically deconnected by severing the corpus
callosum, Sperry (1968) found that the verbal processes were con-
trolled by the major brain hemisphere (the left one in typical right-
handed people), while the spatial-imaginal processes were controlled
by the minor hemisphere (the right one in typical right-handed
people). His subjects correctly named printed words tachistcsconieally
presented for one-tenth of a second to the right visual field, which
connects with the left hemispbere. These same subjects could not
name nor were even aware of words tachistoscopically presented for
one-tenth nf a second through their left visual field to their right
nemispherrs. However. by feeling them with their left hands, which
proyide senscry feedback to the right-brai? hemispheres, these same
pecple correctly selected the objects that represented the words
just presented to their right hemispheres. Even after correctly

selecting the objects, the subjects still maintained that they had
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néver seen the words corresponding to the objects (Sperry, 1968, p.
725). ’Sperry's findings are consistent with the notion that there
are two distinct neural processes which, although connected with
each other in normal people, code spatial-imaginal stimuli and verbal
stimuli differentially.

In a most interesting series of studies entitled "The Other
Side of the Brain," Bogen and co-workers (Bogen, 1969a, 196 Bogen
énd Bogen, 1969; and Bogen et al., 1972) present the results of their
research with "split~brain" subjects, i.e., pecple whose hemispheres
have been severed by surgery. Bogen (1969b) describes the laterali-
zation of the brain's functions as follows. Language, verbal and
logical processes are primarily in thz left hemisphere, while visual,
spatial, Gestalt perceptual, and imaginal functions are primarily on
the right side. He feels that the left hemisohere is specialized for
propositional thought and the right hemisphere for appositional
thought. He quotes Levy-Agresti and Sperry (1963) to suggest laterali-
zation is ay follows:

The data indicate that the mute, minor hemisphere is

specialized for Gestalt perception, being primarily a

synthesist in dealing with information input. The speaking,

major hemisphere, in contrast, seems to operate in a more

logical, analytic, computer-like fashion [and] the findings

suggest that a possible reason for cerebral lateralization

in man is basic incompatibility of language functions on

the one hand and synthetic perceptual functions on the

other hand. (Bogen, 1969b, p. 149)

Figure 8 (based upon Bogen, 1969b, p. 150) summarizes some of

the educationally relevant functions and processes which seem to be
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lateralized in the brain, especially after the age of 5 years. Some
of the categories within a column are repeated because of the over-
lapping comparisons made in the different studies whose findings are

summarized in Figure 8.

Left Hemisphere Right Hemisphere
propositional thought appositional thought
language spatial relations
verbal perceptual
symbolic visiospatial
temporal processing part-whole processing
(Gestalt perception)
logical or analytic analogic or relational
propositional thought visual imagery
linear non-linear

Figure 8., Functions which seem to be lateralized in the brain.

From the above findings, it seems that our brains have at least
two modes of learning, remembering and solving problems, as dia-
grarmed above. If we have multiple modes of learning, we should
use this valuable information in the individualization of instruc-
tion. Another possible meaning of the ,bove rcsearch is that instruc-—
tion should be introduced in our dominant or preferred mode and
elaborated in.our second mode. Again, I feel that research on the

processing of information is a fruitful area for us to investigate.

Higher-order processes

If we are able to isolate nigher-order processes, used in learning

or in problem-solving strategies, can we teach students to improve
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their use of them? The studies on imagery and verbal elaboration
indicate that we can. The answer is also yes if you accept the
following data of mine.

In 1967, I reported a study in the Journal of Educational

Psychology on the teaching of replacement strategies and non-replace-
ment strategies to young children (Wittrock, 1967). I used physical
objects to represent the hypothesis to be tested. 1In the non-replace-
ment strategy each card representing a hypothesis was turned face-
down when it was eliminated from the set of testable hypotheses. In
that study, the children learned and transferred simple problem-
solving strategies to new problems, including ones where their cards

and props no longer appeared.

I am convinced that higher-order strategies can be taught to

children. I notice in the Journal for Pesearch in !{athematics
Education several studies on the teaching of strategies. This is

an important arca toc pursue,

Hotivation i
lecent research in cognition also provides a new perspective
regavding how reinforcement may operate upon students. I will mention
two areas of research here: (1) achievement motivation and (2) delay-

retention effect.
Weiner et al. (1972) and Weiner (1972) indicate that the effccts

of reinforcement depend upon which of the learner's attributes, e.g.,

his effovt or his innate intellectual ability, he believes is being

.
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reinforced. If the student infers that his effort at learning
mathematics is responsible for his success, he is more likely to
persevere with similar mathematical problems than if he infers that
his success or fallure is attributable to factors over which he has
no control, such as his innate ability or lack of it. Weiner's
coguitive interpretation of reinforcement has practical utility for
teachers of mathematics. A student may erroneously assume his fail-
ure to learn is due to factors beyond his control, when additional
effort would solve the mathematics problem and increase motivation

to learn more advanced mathematics.

Delay-retention effect

For many years, it has been believed that reinforcers should
be given (1) immediately, (2) discriminately, and (3) frequently,
during acquisition of behavior. Teacher-education students studying
educational psychology have been taught those "truths' about using
reinforcement and feedback. However, recent data on the delay-
retention effect (Sassenrath and Yonge, 1969) indicate that there
is now reason to doubt the importance oé immediate feedback. One
reason for the doubt is that immediate feedback sometimes reduces
learning when it is compared with delayed feedback, perhaps because
it stops problem-solving and other cognitive prccesses.

The results presented in this paper are compatible with either

S-R or cognitive principles, even though Skinner's logical positivistic

approach does not emphasize that research in cognitive processes is
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a productive way to study human behavior. Nevertheless, learners
do construct relations from their instruction. Their attitudes do
determine, in paft at least, what the effects of the reinforcer arz
and wvhat they will learn and remember. The research summarized

above means to me that learning is a constructive, generative process.

ITI. Implications for the Teaching of Mathematics

From the research and theory developed above, I want to discuss
implications for teaching and research in mathematics learning. In
preparation for writing this implications section, I read many arti-

cles in issues of the Journal for Nesearch in Mathematics Education.

In addition, I read research articles and papers by many of you. I
also read descriptions of the excellent mathematics curricula which
are now being used throughout the public schools of the United
States, such as the SMSG materials prepared under Dr. Begle's lead.

To my joy, I discovered that many researchers in mathematics
education were delving into the same issues that I have discussed
above. I found Suppes (1973) specifying the step-by-step processes
involved in addition and subtraction; Atkinson (1973) considering
the learner's detailed history in ;he design steps in an instructional
program; ATI research using intellectual processing variables; and
attempts to conceptualize mathematics learning from new perspectives
(Scandura, 1971).

After reading some of the research in mathematics education, I

tried to see where educational psychology and mathematics educatioa
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shared common interests: where each field seemed to have something
to offer the other. Tirst of all, it is clear that the two fields
share many common interests., especially in the areas of cognition,
concept learning, and problem-solving. I hope at next yecar's AETA
annual meeting we can arrange a talk entitled 'Recent Research in

Mathematics Learninn Applied to Nducational Psychology'.

The two implicationrs for mathematics learning and teaching which

I vant to emphasize involve the organizational structures and proc-

esses discussed throughout this paper. In structural organization,

mathemat ics education has made great advances in recent tines, largely

because of the carefully organized instructional materials preparcd
by SUSG and other curriculum projects. Their authors and researchers
have emphasized hierarchical organization and meanine. The orgaeni-
zation of mathcgatics around its most fundamental concepts and the

teaching of them {irst to young children is a most important contri-

bution to education. 2Research in ATI, brain processes., and individual

differences is needed to determine if multiple structural organiza-
tions of mathematics will improve instruction.

In the area of processing of information, recent research in
coguition has offered irmportant ideas regarding mathematics learning.
To summarize these ideas, I suggest that learning of mathematics be
viewed as a gencrative proce s. This involves relating the struc-
tural organization to the lec.ner's experience, and encouraging the

learner to process the information. Let me give an example.
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Before a mathematics teacher presents a theorem or equation
with a statement such as "Let x = 2y," he should consider what his
statements will cause the learner to do. What is the purpose of
letting x = 2y? What is the learner to generage from the equation?
How does the equation relate to the learner's experience; his
previous mathematics? What verbal and spatial processes are involved
in the new material?

After thinking about questions such as these, I conclude that
it is important to étudy the step-by-step mathematical and higher-
order cognitive processes involved in every phase of the learning
of mathematics. It may seem trivial to focus on the details, but
it is through the study of these specific processes that a deeper
understanding of the learning of mathematics will develop. Some of
the success of the recently developed curricular materials is due
to their understanding of this point. A similar improvement can be
Qade in the teaching of mathematics by concebtualizing the cognitive
processes in it as generative ones.

Plato taught the slave boy to construct a proof. The boy's
thought processes were engaged in the problem, even though Plato
closely directed the boy's development of the proof. B. F. Skinner
dislikes Plato's style of teaching for the very reason I like it
most, that it was not directive emough. 1In other words, the instruc-
tion left some room for thought within an organized structure. It

left something important for the learner to do; something to process,

something to generate.
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Accepting the notion that learning with understanding is a
éenerativé process requires explicit changes in our methods of
teaching. When we walk into a classroom, we cannot assume that
students are at the same level for storing and retrieving informa-
tion, or that all students procegs information in the same manner.
It is important tc detemmine the individual's specific level of
knowledge and his ways of processing information.

My research on human learning indicates that the ways the
teacher introduces new material, the ways he relates it to the
student's experiences, and the ways he stimulates the student to
generate meanings are crucially important to learning. With proper
attention to the introduction and sequencing of new material, we
may need far fewer reinforced repetitions for learning to occur.

I do not accept Plato's ideas about nativism, about inheritance
of abstractions. But I do accept his belief tiiat the learner must
actively construct meaning if he is to learn with understanding.

Today, after more than 2000 years of Aristotelian-dominated
thought about human learning, Plato's ideas about teaching are still
very much alive.

Let's put these ideas to use.
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