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A task orf mathematics educators is to introduce
various mathematical concepnts into g comprehensive
mathematics drogram for kindergarten tgrough Arade 12,
The Sequencing of these concents is sometimes determined
by the mathematicsg invol&ed, sSometimes by the experiences
deemeqd appropriate for the student's needsg in his phvsical
surroundings, sometimes by the cognitive readiness orf the
student, Sometimes by tradition ang Sometimes by mere
chance. In the case of geometry, the Sequence has tra-
ditionally follqwed the order or the historical develop-
‘ment of geometry , that is, from Fluclidean geometry to
the mére genéral gecmetries.

Jean Piaget [14] contends that the child's conception

of space actually develon: in reverse ¢ - £4 £t is
t-=." ‘onan ar "o~h,  He 2ESErTI “hab .- LTl cone
Lo &we op fir~- in the chi_ » S 2rivi- e Ppem the

top- zical conce; ts, then, are the projective and
Euclidean concepts.

The major bpurpose of this study was to test Piamet'sg
hypothesis, as outlined in The Chilqis Coggéption of
Space, that the four-year-ol1g child's representational

space is predominantly topological in nature.

ORIENTATION TO THE PROBIEM

-
- —~

An analysis of Piapet's experiments and those or

his replicators concerning the child's development of
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However, some mathematical ant psvcholors mical backeround

will preve useful for PuUrposes of this Daper.

IPthematital Rackcround
Ordinarily, & person regards a transformation as

a change. 1In mathematics g transformation nay be regardegd

as a rule associating points of 3 set X with points of

another set v, The transformation 6f special interest

in topology 1s the homeomorphismu If a homeomorphism

exists between the Sets X and v, then we s5ay X and v

are homeomorphic or tooolonically equivalent. g pornular

misaonception about homeomorphism is that ir two sets

are homeomorphie (topolowi<ally ecuivalent}, then 1t

is possible 1o deform one Int0 the otrer ny "ullineg,
bending, stretchin”, and 4 oomislkeipe as lor - - we do not
tear or break, This ig in “Iror.  Howeve: " i converse

is true. That is, a transformation nhich involves no
more than Pulling bending, stretching, ShPanihU and
in general, Shape distortion 15 g homeomornhism. Thus
1f set Y can be obtained by berforming such distortions
on a set X, x and Y are tonologically €duivalent sets,

For purposes of this paper this Intuitive notion of

More rigorous statements are available ip all standarg

topologyAtextbooks and there is“a ratheridiscnrsive treat—

ment in the August~8eptember, 1960, edition or The American
—=nerican

N
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Mat h?matian Honthiy [1]. a4 Property of , 5et X is sgig

—_—

to be g topological Yroperty if any set homeomorphic

to set x Possesses that same. property Thus fopolormical

Properties gre those Properties of 4 Set which remain

invariant under homeomorohl ms.
Some examples of tooolovical Properties ar2 interior
of a s5et, exterigp of a set » boundary o & set, conneet-

ednesg (”one—piece—ness”), and opennegg and closedness

of curves, Circles, trlanvles andg rectangles are all

-topoloplcally €quivalent . Some €Xamples. o7 nonutﬂnological

Properties ape straightness, lensth of lines, o size
of angles.

Contrested With the tb)OJOQih"l transformatfvn
(homeomorph sm) is the Fuclidegn ulaanormation. Fougaly

speaking, a Fuclidean trans?ormation Ores -ryec distances

e

betwesen pairs op poirts, Ag - result it will also pre-

S€rv. shape ana size, These transformations are also

calleq "rigig motidns A Euclidean Property or 4 set

£ is g property Preserveqd by a Fuclidean transfofmation.
The Fuclidean Droperties Will inelude all the above

listed topological Properties gas well as those non- topol—

ogiecal Propertieg 01ted The topological Properties

of a figupe form g suboet of the Euclidean Properties

of that figure. Note that the Prorerties of a figure

cannot be Partitioneg into Fuelidean and topological

Properties, -These categories are not disjoint. It woulqd

be Meaningless to state that a Eiven figuré is g topological

flpure or g Fuclidean figure.
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Psycholozical Backgroung

Plaget ang Inheldger [14] have described g compre-—
hensive theory of the child's conception or Space, They
Sugrest that the child's firgt concepts of Shace are
topological Ones. The theory ig consistent with Piaget's
deVelopmental theory and in Particular with Piaqet,
Inhelder, ang Szeminska's [15] Findings concerning the
child's concept of Measurement, 7p this work one finds

The transitio: from ©OPOlogi - g7 relations tq

Euclidean relez -ions “2nnot h- effected with-

out the elabor-+ion 7 the t-in concepts of

distance and ¢ =~ 1ge o Positi in, These devel-

obments are si#iltaneﬂus in theip O0ccurence

[15, p. 3927.

Piaget's noticn = concent -~ Jomewhat differe~-
from that hala by monT psych:logi:~". " tording to S lxing

[E7. A bria:- CO-M i a1 setwsan ‘he Piagetian and the

di:ériminative TFesponse versions With resnect to environ-

Environmental variability can be regardeq as being
of two major types, variability betﬁeen things and vari-
ability Within things [6], The first type confronts
one with prohilems of similarity and difference, but the
similarities apg differences ape those of spatially
diserste objecte. The second type deals with variability
due to changes of state within an object or due to trans-
formation on an object. Consideratiop of the first typs
of variability will deterﬁine whether or not an oblect

will remain inp that class after some change. Top example



a vehicle may be classified‘as an automobile because

it has selectegd Similarities with other automobiles

and differences from non-automobiles. Bu% that auto-
mobile may be bpainted, Wrecked, op have g flat tire.

Is 1t stili an automobile to the chilge This Question
would be answerad on the basis of the within variability
of the chilg'sg ‘oncept.  Accordin - fo Flking [61, Piaget
is concerned ik both tyvpes orf varinbility ip his con-

ser-. »tion tasles .

Just as the re ape tvo type: 4r r:*iabiliﬁv, every
concent has two 1% feprant inc- oaf CTNT L Theg dis~
criminative B VETS.. s ¢7 :nhe concept concerns

itcelf with the realm of objects that the concept points
to or denotes. These exerplars of the concept éonstitute
what is called the extensive content. Byt Piaget's con-
Servation Problems are concerned with the assessment

of intensive content as wely as extensive content, mphe
intensive content corresnonds to the common features
connoted by a13 the exeﬁplars of a concept. Mo Piaget ,
the "intenéiVefbdntent of a concept 4g always relative

to the transformationg that leave i1t invariant (6, p. 1817.n

As Elkind says, "When the intensive content is cbnceived
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Piaget's emphasis on invariability Ehrough trans-
fdrmationé is esSpecially interesting in view gf the
definition of" a feometry bresented by the i mous math-
€natician Reljix Klein. in 1872. np Feometry is the study
of those Properties or 4 set X which remain invariant
when the elements of ¥ are subjected to the transfor-
mations of some transformation group [18, p. 707."
The‘notions3 Piaget's ang Klein's, dovetail nicely
and have appeal as a means of studving + T L d's
Cornax: “TAace,

In The Chilg's ngpeptioq_gg_Spacg, Piaget is in-

vestigating the child's representationgl Svace., Thig

‘is contrasted with Percevtusl space.
=—=-=Pltlal space

Perceotion is the knowledge of objects result-

ing from direct contact with them., ag against

this, rebpresentation: op imagination involves

the evocation of objects in their absence or,

when it runs Darallel to bPerception, ip their

Presence. Tt corpletes Perceptual knowledge

by reference to objects not actually Perceived
To illustrate, Very young babieg can distinguish between
circular shapes and triangular shapes, but it is not
untillmuch later that they can represent thege figures
to themselves in thought [10, p. 1.

Representational SPace grows as g result of organi--
zation orf actions Performed on objects in Space. at
first these actions are Sensorimotor in nature. They

Progress through an increasingly complex coordination

of overt actions and disvlacements until they reach the

(92



state op internalized actions. The abbearance of the
Symbolice function, around the age of tuwo Years, enables
the child ¢o act not only on objects hich are real and
physically Dresent byt also on ebjects Whose Dresence
is only imagineq., However, mental representation is
not merely g recalltfrom a memory bank, Itbis an active
" reconstruction of an object at the 3ymbolic level.

Based on this theory, the reoresentational Space
of an aduit Would be guite different from that of g

child. That of the adult Would be the result orf Years

of active manipulations_of his Spatial environment. The

Process ang not the result or an immediate beérceptua)
"mental Snapshot" of tne environment,

To summarize, representational Space in'the chilqg
develops slowly, beginning with the advent of the sym-
bolic function at ebout age two Years. The Symbolie
funetion allows cryude interna‘ized actions. pyt these
. early internalizations cannot be coordinated into a system
of actions. Gradually they become more complex, become
revereible in thought, and can be combined intg Systems
of dctions, Piaget, in The Chilgrg Conceptign‘of.Spgge,
- traces this development Process through Successive Steps.

He asserts that . the child's representational &pace is



to ineclyda Projectiye and Euclidean Concepts gpt about

51x or Seven Years of arge,
THE CURRENT STUDyY

As was discussed above, according to Flking an

important aspect of Concept attainment to Piagetvis

intendeq to measyre Whether op not the chilgrg concep-
tualization of space wWould demang that topoloqical Dro-
Perties op Figures remgin invariant when those figuresg
were subjected to transformations. Thelparticular topol-
ogical properties Selecteq for Study were connectedness
and OPeénnessg and closedness of Curves, Connectedness

was Selecteg for study because of itg relative importance
in topology and because, as a Concept , it beaps Simi-
laritieg to what apbears tq be Piagetrg notion 4p con-
tinuity. Openness angd closedness of curves were chosen

because the topic 1s foung in many elementary School

The measuring instrument 1s composeq of six'items
(see Appendix). Fach itep consists o a mode] figure

either drawn on 4 5 x 8 lotecarg op made of one-eighth

thick masonite and three coples made ip the same

manney a5 the models, drawn op Made with Solder, and
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Presanted on 5 x é Notecards op nasonite, respectively.
Copy A is homeomorphic, or topologically equivalent,

to the model. | Copies B an 1 T, while not strictiy
Euclideanly Cquivalent tq the model, coulg represent
attempts 3 Fuclidean equivalenéet““That is, they Preserve
A5 many Euclidean Properties 5r the mode; as is consistent
with the rfact that they have bsen altered so as to elim-
inate g Particular topolosicg) Proverty which the model
Possessed. Thys copies 2 ang ¢ Preserve properties

Such as straightness, cufvature, line Segment lennth,

and angle size, whereas cory A Talls to Dreservea these
Properties of the mode] , ?owexer, Coby B fails to pre-
erve‘the topological Pritarty of being Connecteqd. Ang
cony C I'eébresents & Variation on the tonolowical pro-
Perties of opennes $S and clos sd; ssiof the modes.

Ho two of the modei fisures are topologically equiv-

alent. Thus the mode] fipgure

represent the widest

)]

possible<top010gical variety Possible in g4 Six itenm
test. 1n addition the tess includes botp Symmetric ang
Non-symmetric figures, Curvilinegp and reéctilinear fipures

and severa] vVariations On opennesg and closedness

The Sample
The Sample consisteé of 29 subJects, 30 from each

of the ages b, 6, ang 8. At each aze level children

Were selected randomly, with the age constraint, from

three Sources. The g and 8 year °ld groupg Were composeq
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of children from a rural county school, an Athens, Georpia
private academy, and an fthens public school, ter chilldren
from ecach Source at egch agce 1eve1{ The L year old group
was composed of children from two nurseries and a dayv-
care center in Athens. 1213 age levéls were heterogeneous
with regards %o séx and race. Mean CA was 58 months rfor
the 4 year olds, 79 months fdf the 6 year olds, and 106
months for the 8 year olds. Agze groups forp the study

were chosen with consideration éiven to Piaget's théory

of cognitive development to reflect -behaviors in succes-

sive stages of development.

Administration

Duriﬁg bPersonal interviews the model figures were
bresented one at a time ang in random order tgq each
child. As g model figure was préesented to a chilg for
examination, the child was encouragzed to remember the
model because it Would be taken away. After the chilg
had examined the figure to his satisfaction, the model
was taken away and the chilg was confronted with the
three éopies of the model. The child was asked to selectl
the copy "most iiken the modrl and the "worst" éopy
of the model.

The test was administered in four Modes in the following
order to each subject: .

(1) tactile examination of model, tactile selec-

tion from Copies;

(2) visual éxamination or model, tectile selec- .
: tion from copies; ’
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(3) tactile Cxamination of nodel, visuyal selec-
tion fanp coniss

(L) w1 1ation of nodel, visual selec~-
ies.
During tn £0rtlons of the test the Suvjiect

Vore a blindfold. The test modes Yere administeped
in the order indicateq above in order to Minimize the
child's viewing the figures nrior to feeling then.
Because of the limiteq attention span of the_children,
it was necessary to administer the test in two Sittings,
“lodes (1) and (2) above Wwere given during the first
Sesslon which lasted a@pproxinately 25-35 minutes. The
remaining two modes, (3) ang (R8), were given during
a Second session which usually lasted 15-25 minutes.
Generally the two testing S28slons were two davs apart.
In no instance Were both sessions helq on the same day.
In addition to Selecting copnies "most like" the
quel and "worst" copies of the nodel, each child was
asked to draw coples of the last mogel examined in the
tactile examination - tactile selection test and in
the visual examination - visueal selection test, modes
(1) anqg (4) respectively, Following the selection of
the "most 1iken and the "yopst" for all items in mode
(1), the last model examineq vas presented to the child
again for tactile re-examination. He Was asked to dpraw
a picture of what he thought it looked 1like based upon
his tactile exnloration. When the chilg indicateg that

he was ready, the mask was raised and the chiilqg made

11



his drawine, If he wisheq to feel the flgure arain, he
Yas allowed to Stop drawing, replace the mask, ang feel
the figure once more. pa could then raise hig mask ang
Complete hig drawing, He was not alloweq to view the
model figure Until arter his drawing Was completeq, After
the completion op the mode (4 bortion of the test, the
child was also askeq to Pe-examine the last Mmodel he

had viewed, in Preparation for drawinﬂ his own CoOpY of

the mogel, He was allowed tg interrupt his drawing oncCe

and re-examing the model, byt the model was Not in view

during the actual drawing,-

the test follows,

Interviewep. "T am 70Ing to shoy YOou a picture.
Please look at it carefully, Then T ap fFoing

to show you some drawings Which are Copies or
that Picture, You are to tell me Which of the
drawings is the'copy Most like the first Plcture
and which drawing is the worst CODY of the

first Picture, There 1ig No right op wrong

o answver., 7 Just want to know what yoy think, o

"Look at this plcture, Try to rememher what
1t looks like because T am going to take it
away so that yoy can't see it again."

Hold model in viey until chilqg is Satisfieq,
The chilg Mmay hold the card. Remove model.-
-from view, Present the three copies of the
Model, each on Sebarate 5 x g cards, Vary
the display or the copies gn €ach item go
that copieg A, B, and ¢ are not always in
the same relative Positions.

"Now Please tell me which one Of these is
Mmost like that Picture we viere just looking
at,n" "Which One do yoy think ig

the worst copy?™
—_—
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After al1 gix ltems have been milven ang responses
recorded, bresent the last model figure to the
chlld again for visual eXamination,
"Would voy look at tlis shave arain for me?
I would 1ike for you to dray a pDicture of it.
" en you think vou'pe ready I'l1 take it awav
T vou can dray Yyour picture rioght here. "
«nt pencil ang vaper to chilq. "Aftorp
start drawing, You may look at the picture
one more time irf you want to."
Interviews for the other test modes werpre similar to the
one described above, with appropriate adjustments made

for the particular mode,

Test Rationale
Since the model fipures are not availabile Tor examination,

eilther tactile Oor visual, during the child's trlections

of the "most like" and %he ”worst,” it is necessary fopr

him to reconstruct gn image of the model in his reore-

sentationa] Space. The reéconstructeq imége 1s then compared

to the copies. The coples themselves represent resuylts

of transformations on the model. Copy A is the result

of a homeomorphism-and hence breserves 11 topological

broperties of the model. Copies B and ¢ Dreserve gg

many Euclidean Droperties of the mode] as is consistent

with the fact that they have been altered so as to eliminate

specific topological broperties Wwhich the model DOssesses,
In a discussion of the drawings of children in vwhat

Plaget calls Stage IT (about bi;0 - 6;6), he says "the

topological relationships ++. are hoy universally applied

~to all shapes, ang In the case of conflict prove stronger




than nore Tecently acayirsa ones [14, D. 501" Tatep

in the sanma discussion ne states that although projective

and fuclidegn relationships bemin to develop during

Stage I1, ”representation is stil} €5sentially topological

(1" y, °01." 0Of the Stags T children (about 3;0 - b0y,
- reported that "the Teature vnich Strikes the child-

rer first ang foremost 1y Yihether g shape is open or

closed, ang also, ... whetner there is anvthing inside

Oor outside the closed contoyp (6, p. 617." Laurendeay

has re1lt prefers g shape homeomorphic to 1t [, pD. 62,
ol 677. Not unti] Stage 117 (beginning about 6;6 op
7:0 vears), they concluded, do "distinctions made by

the chilg B0 beyond the ele:entary level or topological
Successess to he linked more and more with the Fucilidean
or metric characteristics - [8, p. 1107].»

The above statements reflect Piaget!s hypothesis
that the représentati%nal Space of the chiig islfirst
tobological in natufe;ﬂiater/géveloping to ineclude
‘Euclidean concepts., 71p topological concepts develop
before Euclidean concepts ang 1¢ invariance under trans-
formation is critieal in concept attainment, 1t seems
reasonable tg expect children ‘rom the four yeap old
age group to designate the CoDY whieh ig topologically
equiValent to the modei, that ig Copy A, as the copy

which ig "most 1iken the Moder . Since both conies R




and C laele Specific topological Dronertieg of the modal] |
one woulq exvect the Same chlldren to selecet the "yopgr
Copy from Coples R and C. 71r guclldean Concents bemin

to gain dominancg after about age six, to €Xnect the clder

children to designate copy B O copy C as best and copy

A as Worst ¥ould seem reﬁsonahle

The Stud- utilizeq 4 mixed desizn with one thWPPn—
and one Within- ‘Subiects Variable, The between- ~Subjects
varlable is age ang the withip Subjects variable isg ftest
Mode.  Since Specifie age grouns are under investigation
using Specifice testing Modes, both age and testing made

are fixeq factors. A diagranm of the deslgn is Presenteq

in Table 1.

TABLE

’T.j

1

Design op the Stuay

Testinq Mode

e "31-60 "31-60 31-60 R31-60
8

Re1-90 R61-00 R61-90 R61-90

"Ri~j indicates Subjects Ry to R



Data fAnalysis and Resulﬁs
| The test consisted of six items given to ecach child
in four modes. TFor each item the child indicated a
"most like" preference and a "worst" nreference. Thus
each child received two scores for each testing mode,
a "most like" pfeference score and a "worst" preference
score. Both scores have a range from zero to six.
FMeans'for both tynes of scores were tested against
chance means by using one-tailed "t" tests. The chance
mean '"most like" prefersnce score is four and the "worst"
preference score chance mean is two. "Most like" scores
significantly above chancé scores would he an indication
that the child's repfeseﬁtational space 1s not predom-
inantly topological in nature. "Vorst" preferénce scores
significantly aboye chance would be a somewhat stronger
indication of the same thing. TFor hiéh "worst" preference
scores indlcate that not only were non-homeomorphic copies
of the model considered ﬁmost like" the model but also
the- homeomorphic copy was considered to be the "worst”
copy of the model. Actual mean scores and their asso-
ciated variances are presented in Tables 2 and 3.
For the test modes .(3) and (U4), mean scores based
on the number of times copies which were not topologically
equlivalent to the model were selected as being "most
like" the model were significantly (n<.01) above chance
meahs at all age levels. 1In addition the mean score

for the ¥ year olds was significantly (p<.05) above chance

14



TABLE 2

Most bHWm‘v%mwodm:om Score Means Qoabm%ma
to Chance Means : Age x Test Mode

Test Mode
— —_—

m 3

. )
) (2) (3) (u)
Tactile Ex mination- Visual Examination- Tactile mmeHsmnMozl. Visual mxmaﬂsmeOSI
Tactile . lection Tactil Selection Visual Selection Visual Selection
X s e s? X s? X s®
h.267 1.857  ° u.y06s 1.314 4.8l 1.025 5 iapsxx .678
h.067 1.168 :.mmw 1.375 5.000%% 2.000 :.mmﬂ** 1.430
4.100 1.403 3.867 1.361 5.233%% .599 5.033%x 1.206
B 2 : $
:mw@:nwpomSwww mbA.omv‘on<m chance
mmmMmSwaodeH% (p<.01) above oijOm
O
‘ om—
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TABLE 3

Worst Preforence Score Means Compared
to Chance Means: Age x Tegt Mode

Test Mode
‘i!lllllllllllllllllilll!llllllilf _ -

) (1) (2) ,
Tact-le Examination- Visual Fxaminaticn-
Toootile Selection Tactile Selection

(3)
Tactile mxmawsmeozl
Visual Selection

(4)
Visual mwaHsmnHosn
<Hmcmw mmwmoﬁuoﬁ

X s X 5° X s° X s

Aoe Y 2.057 2.040 2.211 1.866 3.520%% .57 3.7174% 1.701
mmHm:Mwwom:nH< ﬁvn.omv above chance
wmmwnzwwuom:nww (P<.01) above chance

O
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for mode (2). fThe remainine five means based on the

"mo.l like"”  iterion vere not significantly above chance.

The mean scores based on the number of times the tovolog-
ically equivalent COpYy was selected as the "worst" copy
of the model were.significantly (p<.01) above chance
means for modes (3) and_(“).at allmage levels and for
modes (1) and (2) for é year olds. In addition the

mean scores for the 6 year olds was significantly ahove
chance (p<.05) rfor modes (1) and (2). The only "worst!"
preference score means failing to be significantly above
chance at either the 05 or .01 level were for the foup
year olds in modes (1) ang (2).

In addition to comparing mean scores to chance
means, both "most like" gng "worst" preference sScores
were subjected to analysis of variance. For both types
of séores the contrast was.age X test mode. The ANOVA
information is reported in Tables U4 ang 5.

An indicated by Tables U ang 5, test mode was g
significant source of variance for both the "most 1ike™
and "worst" preference scores., That'is,Athe test mode
had a ‘significant (p<.01) effect-on the means of thege
scores. Age had a significant (p<.05) effect on the
"worst" preference scores but not on the "most like"
preference scores, There was no Significant interacfion
between age and mode for either type of score,

Since the F-ratio's indicated Significant differences

among the mode means for both types of scores and significant



gy TABLE Y

A x M anova for Most Like
_i_ii_ii___,__i_i.ii__Eigfetgnga i“OEQEi___i__iiii___i_
- e -iii“ii_iiii_i_iiiii__
Source of

~Variation —_—____df *hs_ijﬁi_m‘_&_hwm*z~“‘ﬂ_
Between R ’
A (age) | 2 g .209
R/A (residual) 87 2.139 No Megt
dithin R
M (moge) 3 21.935 21 g3sss
AM ' 6 1.300 1.300
RM/A (residual) 261 1.000 No Tagt

%01 level or significance
TABLE 5

Ax M ANQVA for Worst
e

Source of

Variation ___dar .8, m~‘__‘_‘;g__*__
Betﬁeen R
A (age) 2 12.187 3.106%
R/A (residual) 87 3.923 No Test
Within R
M (mode) 3 70.684 40;6o3sx
AM 6 1.374 <790

RM/ A residual 261 1.74 No Test

¥.05 level or 51pn1ficance
.01 level or 81pniricance



differences among the age means rop the "is-~stu preference
Score, Duncan's multiple ranpge test was aprlieq to deter~
nmine which means caused the differences. Results are

displayed in Table 6.

TARLF, 6
Differences Indicateqd By Duncan's
Multiple Range Test#
a.
ode Means: Most Like Preference Scores

(1) (2) (3) (4)
B.185 4,180 5.026 5.007

b.

Mode Means: Worst Preference Scores

(1) (2) (3) (4)
2.383 2.570 d.oth  3.932
C.

Age Means: Worst Preference Scores

Age L Age 6 Age 8
2. 874 3. 454 3.392

®Any two means not underscored by the same
line are significantly different. Any two
means underscored by the same line are not
significantly different.

The analysis of variance indicates that test modge
effected the children's "most like" and "woprst" preference
scores. When children chose by using their sense of

sight, their respective scores were significantly higher

21
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than their Scores where the senge of touch Yas used fop
these Selections, Also foyrp Vear olé children tend
to choose the Copy which 15 topologidally equivalent
to the model as the "worst" €ODY less often than the
older children,

An importart Question ig "How do these Tesults relate
to Piagetryg hypothesis that topological representation

precedes-Euclidean and Proifective representation?" Since

ages. Therefore the analysis ¥ields no evidence that

age effects the children's "most 1ike pfeference Scores,

model in their Selectionsg as freely gag do elght year
olds. Ang a5 Shown in Tapje 2, mean scopeg for the royp
year old age group are at or significantly above chaﬁce
levels. On. the basis or Piaget's hypothesis, one woulg
expect these ;coresféo belsignificantly below chance
levels.

However, the Duncan's~Nu1tiple Range Test Shows
the four year olds more reluectant a% a group to Select
the COPy which jig topologically quivalent to the model

és the "wopgtn Copy. If the rep
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‘COPY of the model gag the "worsgn COpy. But another 1g¢)

at the mean Scores in Table 3 shows that the "worstg "



nraference 3core means for the four yvear old pgrouv are
at or above chance levels 1in all four testing modes.
The means are never below chance levels as would be ex-
pected 1f the four year old's representational space
is prédominantly tonological. Thus despite the fact
that the "worst" preference scores for the four year
0lds tend to be lower than the same scores for the six
~and eipht year olds, they stlll are too high to support

Piaget's theory concerning spatial representation.

Analysis of Drawings

Each child made two drawings. Drawlngs were first
separated according to the sensory mode used for model
examination. Then they wers separated according to
item number. Tinally all drawlngs were evaluated by
twe independent judges and placed into categories on
the basis of properties of the model which the drawing
exemplified. These categories are:

"~ Non-Homeomorphic Drawings
(1) No discernible properties,
(2) Some Curvilinearity, -
(3) Some Rectilinearity,
(4)

4) Quasi-Projective covy;-

Homeomorphic Drawings

(1) Topological properties only,
(2) Some Curvilinearity, »
(3) Some Rectilinearity,
(4} Projective copy.
The two major divisions are based upon whether or
not a drawing 1s tovologically equivalent to the model

which it represents. Within the non-homeomorphic draw-

ings of the model, cases where there was no drawing
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attemrted op wWhere the attempt resulted in only scribbie
Y2re nlaced into the "no discernibile Droperties"aclass.
Cases which were be&ond mere scribble and which displaved
50me elements of curvilinearity or rectilinearity were
Placed into cater -1 g (?) or (3), respectively, of the
non—hOmeomorphie S vies,

It is important to note that the classification
‘of drawings is baseqd upon the broberties of the model
which the drawing Preserves. 4 drawing showing only
curvilinearity while the corresponding model has no
curvilinearity woyulg not be placeqd into category (2)
but into category (1), A similar statement aponlies to
rectilinearity. Thus the.curvilinearity catepgory is nof
apodlicable tqo the Strictly rectilinear models sych as
model figures (1) ang (4) of the test. mphe rectilinearity
category is not applicable"to strictly Curvilinegp models
Such as model (6). lModel Figures (2), (3), ang (5) con-
tain elements of both curvilipearity and rectilinearity.
For these models, the ”ste cﬁrvilinearity” category 1is
Subsumed within tpe "some rectilinearity”'category. That
1s, placement or & drawing inte the'”sbme.rectilinearity"
category may be interpreted‘that the drawing also demon-
strates some curvilinearity. While such an interpretation
could ‘have theoretical inconsistehcies, 1t workeq quite

well in Practice fop drawings of models used on this

test.
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The "TOpoloﬁical Oronerties onlyh caterory g Intondeq
for drawings which ape topologioally eaulvalent to the
node] bevond topological Dronerties, Such 3 dravine would
resemble Copy A of the model .

Drawings classifieq as ”projective” conies of theip
resnective models cxemnlify a11 tooolomioal Pronerties
Oof the moge], In addition, straightness, "mood" curvature ,
intersection of lines, convexity, angle presence; and
Numbeyp of angles are preserved. Such non—projective
Properties ag parallelism, angle Measure, ang length
are not Necessarily Preserved by these drawings
in a Strict mathematical 5ense some of these drawings
are not trye Projective conies of their resnective models

the tern 'projective' was considered g good descriptive
the description of drojective Copies gas nNearly as is

to theip resvective Models . In this respect they resemble
coples B ang C used in the administration Of the test,

Drawings tendeq tq improve ag the age of the children
increaseq (see Tables 7 and 8), Drawings by the four
year olds based on tactile €Xamination fell into the
”non—homeomorphic dréWings” category 9p DPercent of the
time. Ang most of these showed no discernible Properties
of the models they Tépresent, Only 30 Pércent or the

elght vear 0lds! drawings based on tactijle éxamination

fell into the ”non~homeomorphic drawings” category, Tp

Y



TABLE 7
owmmmwwuomw¢on frequencies for meiwsnm After
Tactile nmeHsmcHos of Model

Properties Preserveg . Age I Age 6 Age 8
e

zomlzoamOSOWUwuo Drawings
£

(2) Some ocw@wwwsmmwaw

(1) ¢ discernible Properties 17
— ] ,
4

2 1
S —_—
-Some mmowprSmmwun% 5 3
() ocmmuimonmowM<m Cooy : 2 5
//f T ———— - —————
Yotal:; Percent of Ape Level 27: 90¢ 9; 3079
moamoaoWmeo Drawings
. P £
(1) {opological wOomw ies 35H< 1 .
o a .
(2)  Some “urviline mﬁwc< 2 <
(2) some Rec tllinearity 1
!lllt!ll:llllllllllllllll!!ll ————
1 D cti
(4)  Project Copy _ 11
Total; Percent of Apge Leve] 13; 109 17; 572

Aruitoxt provided by Eic:

E\.
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memmwwwomwwom ﬁwm@cmzoumm for U%mswsmm After
Visual Examination of Model .

Properties Preserveg Age & Age 6 Age 8

2031m05mosowwao mezmsmm

(1) 1o Discernibie Droperties 6
(2) moﬂﬂ;ﬂ:w<wwwzmmwumw .

(3)  Some xmommHM:mmﬁMdMlil

Nxv‘ D:mwulwwoumowu<m Copv

TTTTe—— ————— — e

—3
Total; Percent op Are Tevel 3: 10¢
moSmoaoijwo meSMsmm

(1) Topolocical Propertiesg Only
L WA === 1ES Only

(2) Some o:wquwsmmwunw —_— 2

(3)  Some mmonHHHSmdedu 3

(4) Projective Copy 22

Total: Percent of Age Leve] 12; hog 22; 739 275 90¢

Aruitoxt provided by Eic:

E\.



2R

contrast to those of tha Tonr Year olds, the drawings

~

of' the elirnt yaap 0lds disnlaye - an ability to draw
pDrojective copies of the models. 7Ip light orf this ability,
it is hypofhesized that, given the opportunity, elrht

year olds could have Selecteq 5 projective or Fuclidean
CODY as "most 1ilen the model ficure,

This hrnothesis is Subborted by the fact that 99
Deércent of :the elpht yeap olds drey homeomorphic, tending
to be projective, copies followinm the visya3 portion
of the test. That they chose non—homeomorphic copies
as "most liker™ the modeisg and homeomorphie copies as
"worst" conies of the models more often than chance Sugrests
that even though they POsS3ibly werpe capable of preserving
both topological and non—topological properties, they
Preferred the copies to have the rectilinearity and/or
curvilinearity when forced to discarg some Droperties
of the model,

Drawings or the four year olds were generally better
after the visual portion of the test than after the tactiile
bortion. Although 60 Peércent of the drawings were stili
in the non-homeomorphic category, there was improvement
in representing some discernibie broperties of the models.
However, drawings as analyzed in this study dig not indicate
that the representational Space of four:year olds ig
predominantly topological in nature,

Additiona3 comparisons or the drawings of individuail

children With theip Selections of "most like™ and "worst"
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cc les the tarticular models whieny they drey SUunmestod

T foil. wing nynothesis, It 5 not at~ention to tonoloes-

(o]
3
b

rties, pep Se, *hich 2nables children to draw
3> h 3

he omor:-ie Copies. 7Tt could be insteazq the inereasing
Cé dinas pn of FEuclidean Or projective nrobérties which
Driooices the homeomorphic drawings. Tor prober coordi -
12 on of nrojective Properties results in automatic

Sr'eservation of topological Properties,

CONCLUSTONS

Attempts to confirn Piaget 'y theory of the childg's
conception or Snace ha&e larsely taken the form of repli-
cations. Thepe have been fey ouestions raiseq about the
apbropriateness of his tasks to measure topological
concepts. Replicators Such as TLovell [97, Dodwe1] (37,
Laurendeay and Pinargd (8], ang Peel [13] vary Piaget'sg
tasks only slightly. Consequently the fa&t that thex
obtain results similar to Piaget's should not phe Sur—
prising. Replications are necessary byt cannot pnrovige

information for making &eneralizations. They cannot

Provide information fer deciding whether or not. the

5 phenomené?observed by Piaget are task specific.

This Study was an attempt to Provide such information,

Results do not support the theory that topologicy] corcepts

the chiiq's representations] Spaca, lone of the mean

S2Cres in Tableg 2 or 3 indicate That the four year old's
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representational soace is predomi .antlv topolosical. Tn
modes (2), (3), and (4) four year olds actually preferred
the non—homeomorphiéﬁéopies of the model as "most like"

- the model significantly above chance expectation. 1In
addition they selected the homeomorphic copy as the "worst"
copy of the model significantly above chance levels in
modes (3) and (4). Analysis of Variance and Duncan's
Multiple Range Test failed to oroduce evidence that
topological concents dominate the four vear old's repre-
sentational.

Ninety percent of the drawings made bv the four
vear oids after tactile examination failed to be tonolog-
ically equivalent to their respective models. The percent
of drawings for the four vear olds which were topologically
eauivalent to their respective models increased to b0
percent after visual examination. Yet not one four vear
old made a drawing which préserved only topological pro-
perties. It is hypothesized that it is the increasing

<

coordination of the pProjective and Fuclidean concepts
which produce the homeomorphic drawings. :

This study shogld not be interpreted as a refutation
‘of Piaget's theory of the development of representational
space. Only two topological properties were under éOn—
sideration, namely connectedness and openness and closed-
ness of curves. Studies are needed to investigate other

topological properties. Also, other tasks should be

used to investigate the oroperties of concern in this study.

ERIC

Aruitoxt provided by Eic:
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Plaret's The Chila's Concertion ol 5Space has not
22te Ul 3 - y 3

————

rec=jiveq nearly the attention that his The Child's Concentiogn
= ERbion

of Humber has received. Yet the Zeometry content in the

elementary school is changing ranidly. Plaget's theory

that tooolozical Droperties develon fipst in the chiig

is increasingly yseq a8s a rationale rop structuring

the feometry sequence. 4 theory such as Plaget's, with

its possible implications for the elementary mathematicsg

curriculum should be dealt with more thoroughly than

has been the case ang from various viewpoints, mathenatical

as well as bPsychologica].,
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