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ABSTRACT
Two objectives guided the present study: (1) to

provide a suitable test for the hypothesis rho=0, and (2) to
establish a means by which general users of R can set confidence.
intervals on rho. The first objective was approached by testing
several possible solutions similar to the procedure followed by
Forsyth. The second objective was pursued via a combination of a
general analytical procedure (Mood and Graybill, 1963) together with
computer simulation techniques and a curve fitting technique (Usow,
1970). Procedures for achieving both objectives required the use of R
distributions. The method used to obtain the necessary R
distributions and the two procedures and their results are described.
(Author /DH)
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It is well known that the maga of a correlation coefficient

is 'affected substantially by group vari hility. To adja oup

variability, Pearson (1903) derives formal,a for 11, a c:cor e1.at

coefficient corrected for restriction of range. The correction

the onset of inferential techniques and developed to eFLinat 0 for

an unrestricted population in situations where complete selection nod

fusion data Isere available only f 1 city of the popuJ

. tion. Essentially, it was a descriptive statist' provided the z sumptioo,

of a bivariate normal population, homosced icity of 0 s, and

linearity of regression were. n However, 1 is most often used to est' ate

p when both selection and criterion data arc available only from a s_arapie of

a selected extremity,of the population. Consequently, although R was

developed for descriptive purposes, its current use is prima 1- as an

inferential statistic.

As a descriptive statistic, R will not equal p only if the underlyinf,

assumptions have not been met. Two empirical studies (Hovis, 1935; Cre

1953) illustrated .that- in several, cases involving large N's-- the assumptions

are met well enough so that R describes p very well. The same situation

does not hold for info ential statistics. Due to the press nice of sampling
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error, one does not expect n st.qtiStic to equal the parameter even in

Las- s wholo the uadsrlyinr .11.:Lr:--ptioos have been exactly mot. For

this reason. P. in a meaningful inferential statistic only to the extont

that an invosti.gator can specify boundaries within which p will lie.

Presently, investii?ators cannot determine the accuracy of corrected

correlation coefficient, o, because its inferential charactoristicn

have not been assessed. A a result, Lord an] Novick (19(6, p. 147)

stated, . a more cautious attitude toward thaso formulas in

called for in any applicationn in which the ratio of standard deviations

in the unsolected poup to standard Ji.Niations in the selected group

is more than 1.40. This condition corresponds to a selection of approx-

imately the upper 70 percent from a standard normal population."

It has been difficult to explicate the properties of R primarily

because R is dependent upon three parameters; sample Elia! 00, the

correlation coefficient be:wean the two voriablas X and Y in the unre-

stricted population (p), and, the percentile point of the X variable such

that all X values included in the mTlicitly selected sample are larger

than A ri,(A)]. The interdependency among those factors causes intractable'

mathematical problems that have thus far precluded an analytical solution

to the density function of R.

Only one study (Forsyth, 1971) has been undertaken to clarify the

inferential properties of R. using computer simulation methods to simply

test the efficacy of a hypothenized'solution, Fisher's log trannformatioc

of R to set- confidence intervals on p, it was established that the pro-

cedure does not produce suitable accurate confidence intervals.- An
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atte" to "correct' the o,muln the dep of freedom

in the staLis ia-niod the results,

solution to tho interinterval es

Two objectives guidod t]

did nit provide a defile

oblem.

osent study: (I) To provide a suitable

test for the hypothesis arid (2) To establish mcsns by which

gunet tl users of R can set confidence ervals on p. The first o

tLve was approached by testing several possible solutions sir filar to

the procedure followed by Forsyth. The second objective was pursued

via a combination of a general an 1 .al procedure (Hood & Groyhill,

1963) together with computer simuaat on technique; and a curve fitting

technique (11,i-1, 1970). Procedures for achieving both objectives

required the use of R distributions. The method used to obtain the

necessary R distributi- s is descr°i,bed immediately below. Following

that, the two procedures and their results arc described.

There alternative formulas can used to obt

values, and hence esAmate p. One 1_ in common use, a d ..cription of

it cart be found, in Gulliksen 1950) and several other sources. A

second formula d --rihed by Kelley (1923) yields xlmately the

same value of R as does the conventional_ formula be i, more difficult

to use and generally resulted. in less acceptable tests of p®0

(Gullickson, 1971). For those reasons, only the procedures and result

as tl, pertain to conventional formula are described in this paper.

(Lower case letters denote values from the restricted group; capital

letters indicate values for the unrestricted group,)

P. ,
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Foryth (19' fno It distiib Lions obtainod by using
CT in the

above fo -..ui ditfere lictlo ft-m Laiolis oht, -T by t_ling

hence, ww; u:lu,d ) _1,61 fir :7 thc2 c<? pu ,j.or of all F

values sinco L tiimplifiol th(! i-edl. I raucuu _mputcr c

Values of r and s VO.Yu obt_ : :iilcd using a set of normal deviates,

N(0, 1) (Collins, 1970) toga with a ral ldom l u umber generator (Jo _

1970) an a eoinputer vimulation method for obtaining correlated pairs

from a population of paired riate having a. correlation of p

64 Bailey, 1960, p. 220). In this process t variates of the (A

always randomly selected from the population of X values

greater than P(A). Each r value thu obtained was then corrected for

explicit selection r i the co jventional formula obtain R. The pro-

cedure -plicated, holding and P(A) eol_ant, a designated

number of times -D produce a distribu ion ..,!mple point estimates of p,

ing the 0-0

As indicated in Table 1, 11 distribv ons, posed. of 1,000

sample points, were fo med for p=0, W-27, 52, 10 and for r (A),=.10,

.50, .75.

Insert Tabl_e 1 about here

Five test statistics were applied to the R sample points in each of the

nine distributions in an attempt to find the adequacy of the
.

statistics in terms of lctual significance 1-- 1 being equal to re

tive nominal significancenee levels. The five test statistics are listed below:



TABLE 1

N ber of RgJ i @Lions Used for Building R

Distribnti_ is of EStimat of p Uhen p--40

Numbor of R
Sample Points

Pcr Distribution

27 1,000

52 1,000 .10, .50,

100 1,000 .10, .50,
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Of the five formulas 1, 3, and 5 were completely unacceptable.: the

actual Type I error probabilities substantially exceeded the nominal

significance levels. 'Formulas 2 and 4, however, proved to be

more accurate. Although formula 2 yields a 2 statistic, and formula

4 yields a t statistic, both formulas utilize the Kelley formula to

obtain the standard-error of R, and the results obtained from the two

procedures were quit comparable. Betbeldlibited a similar trend and

in no cave ,did one appear to be significantly better than the other.

The average difference in Type I error probability between the results

Of the two formulas was only .0014; Beeanse the two formulas are

siLlilar only the results for formula A are included here (see Table 2).

Result.s for formulas 1, 2, 3, nd 5 are given by Coilickson (1971).

Insert Table 2 about here



TABLE 2

Actual Probability of a Type T Error for Testing

the Hypothesis p 0 with a- Two-- led t-Test

for Various Sample Sizes and Explicit= Selection Points

Nominal Probability of Type -I Error .01 .05 .20

P(A)a N Actual Pr©babilit es of Type -I Error

.10 27 .026 ..063 .115 .207

.10 52 .014 .054 .099 .171

.10 100 .008 .052 .098 .206

.50 27 .048 .099 .155 .219

.50. 52 .021 .069 .112 .181

.50 100 .016 .059 .107 .207

.75 27 .069 .135 .180 .246

.75 52 .032 .086 .130 .198

.75 100 .022 .069 .119 .223

al -P(A) is the proportion of the unrestricted sample employed.



In general, formula 4 provides a liberal test of a, i.c., the

nctpul chance of a Type I aror is greater than the stated nominal

level. The discrepancy between thejlotual and nominal significance

levels becomes less pronounced as any one or combination of the

flowing occur: .(1) c is increased in Magnitude, (2) N is increased

in size, (3) P(A) is reduced. For example, when N=27 and c. 01 the

estimated actual significance level, decreased from .069 to .026 as

P(A) was reduced from .75 to :10. 'or the same a but N=100, the

estimated actual significance level was .022 ,,7hen P(A)=.75 but reduced

to .008 when P(A)=. 10, For research purposes, it is teoemmended that

either formula 2 or 4 be employed for hypothesis testings parposos,

but that no test be made if both N and the proportion in the explicitly

selected sample are small,

Interval v,stimat=-Ion on p

.Since analytic- means of setting confidence intervals are not

available, four sample sizes N=25, 50,.100, and 200, Six explicit

selection points such that P(A)=. 10, .20, .40, .60, .75, and .90, and

ten correlations f,=0, .1, .2, * .9 ware used in all possible

combinations to produce a'total of 240 R distributions (see Table 3).

Insert Table 3 about here
_

Those 240 distributions were in turn used to build 24 confidence interval

nomograms for each of two a values (a. 01 and .0). Al]. nomograms for

a set combination of a and 1)-(A) were than placed on one P vs. p axis to

provide atotal of 12 sets of nomograms as provided in. Figures 2-13.

To build a single 1-a confidence interval nomogram, the ten R distri-

Iutions for co,=0, .1, .2, - .9 and a singleeombination of N and P(A)



TABLE 3

Number of plicatl ons Uni in Minding Each

R Distribution for Inte rval on on p

P(A)Samplo Size
Number of

Replications
per Distribution

25 .10, .20, .40, .60, .75, .90 0, .2, .9 000

50 .10, .20, .40, .60, .75, .90 0, .1, 6,000

100 .10, .20, 10, .60 .1, 1,500

100 .75, .90 0, .1, .9 3,000

200 .10, .20, .40, .60 0, .1, .9 750

200 .75. .90 0, .2, .9 1,500

Note: Each.dintribut:ion was foimechusing a single combination of N, P(A) a A. p e.g.,
using the combination z5, 2(A).10, and 10,000 replications were 6e to form an
R distribution.
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were used the tan p values for N25 and P(A)7.10 Nine cf the

ten R di tri.butions, those d 1 under the condition p...1,

.9, were "', [__'17tinlly used twice. Because p is symmetrical abo t

zero, each R value of distributions could be multipled by -1 to

produ_. e new distributions corresponding to 7-.1, -.2,

The loI r bound of each confidence interval nomogram was formed by

determining the. ci/2 percentile lone of each of the 19 R distributions,

pairing each with the p value it .est. ated, and using those 19 number

pairs with the two additional (R,p) pairs (1,61) and (1,1) to derive a

polynomial line of best fit. The line forming an upper confidence

interval bound was obtained in the same manner except the 1 -/2-pe Pentile

points of the R distributions were used. Those t; lines on an R vs.

p axis form confidence interval bounds on p. Figure 1, an illustrative.

confidence al nomogram, allows one to set a .95 confidence interval

on p for an R obtained. from an explicitly selected sample of N725 and

F(A)---.1. If under the- sp ecified conditions, a user obtained an R value of

.5 the confidence interval on p would have lower and upper bounds of -.02

and .75 pectively,

Insert Figure 1 about here

A single 1-a .nomogram provides precise confidence interval on p only

for a set combination of N and P(A), Obviously there are an infinite-

number of such combinations, and no single nomogram would exactly fit

more than a few cases. However, the combination of four nomography on

a single axis allows a user polate and se. confidence intervals
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for a wide range of ramp Also, the series of Fiyx 2 -7, and

;12

8 -13, allow a user to in_ rpolat2 across values of P(A). Bar interpolating

thin and across a user-can set confidence intervals on p for

any R regardless f the samtl e size or the cutoff point used for explicit

selection.

:As can be noted from Figures 2 -13, the-variance of R in

P(A) is increased. 'That phenomenon appears to he the cause of, an increasing

amount of error in the polynomial lines of best fit (Figures 2-13)

for

ail 6. Because the variance of the R ribu-io- is h lar

P (A)

than for .0, the precision with which the o/2 and 1

points of the R d.ist;ri,bution w rE located was cur esp-. deereased.

As is noted in Table large nn sample points per distributi--

was obtained for all sample sizes when P(A)...75 and '.90 in an attempt to

overcome that problem. The following empirical che.cic, illustrates that the

though large for P(A)=.90, do erially reduce the .pr- ision

the respective confidence interval nomograms.

As a check on the empirically obtainod-c 'fide co intervals a simulation

of 10,000 rot lications was run for N=25 P( )= 90 d pR.65, .75, and .85.

The obtained points were placed in thei respective p asition s for the-lower

line on Figure 7. The largest diL { :rcncc between an obtained point and.

the lin e, 08, occurred when ptz7.75 on Figure 7. Note that if that empirical

cheapoint were used instead of the line., it would resu]t In a confide cc

-:-- interval, cIn tx, being longer by only -appTmimat ly .03 on the lower tail

:ospc-ds to an error of 13.3 percentand .02 on the upper tail. That

in confldonce interval ( tal r, .05, div Ldc ,1 by total confide

intervL1 width, Obv- the Lines approach vertic,



any error would produce n large percentage err

be

13

of the total

fide n'e interval length. Uowever, can be seen, the difference

11eckpoi and the line is negligible in the region of the

large slope.

Insert Figures 2-13 about here

As was noted at the beginning of this article, an indicator of

"goodness" for an _ial star fistic is the width of its resulting

confidence interval on the desired par mate. The width of confidence

interval on p .are very dependent on both (A) and N. The relationship,

although visible in Figures 2-13, --ay be clearly Figure 14.

To obtain Figure 14, the,95-percent confidence i_ntervais were u_ed

for set R acid Tvalues (Figures 13-13) and then plotted against the

respective 1'(A) values. fidbnce interval widths at P(A)m0 were

obtained front a table of confidence -intervals about r on -s (Class &

Stable 1970, p. 537) because when P(A),q), R is a true Pear on

Insert Figure 14 about here

The rolati_n hips illustrated by Figure 14 can be soma

four generalize.

1. For constant: P(A) and R, as N is increased in size the

fiden e interval decreases.

2. As P (A) is increaSed, the proportion in

selected sample decreases, confidence interval width

increaaes proport*

for a s

tely. evctry case the series

ubination of It and N Indicated a

lr r lat Lest hlp bet 1 nfidol 'e interval width
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The rate of change in confidence interval width per unit

change in P(A) (the slope of the line n.d_ent upon

N and decreases a N is increased in size. Note the top

four line: Figure 14. R--,0 for each of the four lines,

and as N increases from N=25 for the top line to N,-,200

for the fourth line, the slope gradually but noticeably

decreases.

G. The rate of change in confidence interval width per unit

change in P(A) is dependent on R and decreases as R

increases in size. Note the bottom three lines of figure

14. For each of the three lines with N---200, with 11,4,

11.5, and R=.7, note that as R increased, the slope

of the line decreases.

Points 2, 3, and 4 make it clear that when there is explicit

selection on one- variable, a considerable price is exacted in terms

of the precision with which inferential statements about p can be made.

The greater P(A) becomes, the greater will be the corresponding loss

of precision. By increasing N the loss of precision caused by

creasing P(A) can be reduced; also, the loss of precision per unit

change in P(A) is decreased as R increases. However, it appears that

only as N becomes very large and R approaches +l will the effects of

selection 1e negligible.

One additional point should be noted. Because of the large

cc fidence als on p, when N is small a.nd P(A) is large, the

obtained R may have little practical value, other than to prevent
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over-interpretation of sempl II values. For oz.mple, when N,-2=5, nnd

F(A)=-,90, not unti3 11,- is groater thnn .84 can p be said Co be.

Alfferent from zero at the 99 percent level of confidence.

Certainly, characteristics just described represent a very real

improvement our knowlede of the inferential properties of R. For

the user, who del,dres to ostimate p from on explicitly selected sample,

;loansthe nomograms (Figures 2-13) provide an efficient and accurate

of setting those: coufie,enco intervals once R hns been calculated. It

is obvious the nomograms are not the ultimate ele-Annt solution, a

simple confidence interval formula, would be much bettor; but the c::so

with which they n be applied mikes them a viable aid to most

practitioners.
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