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A tieneral Computsr Progeam for 1stimating a Linear Suiuctural

LY .

’ L]
hquation System Involving Multiple Indicators of

. - Unmeasured Variables

1. Intrcduction .,

.

We shall describe a general computer propram for estimating vhe unknovn

coefficients in g set of linear structural equacions. In its most general
A .

.

‘form the variables in the equation(system may be unmeasured hypothcticel

8 . -

constructs or latent variables and there may be several measured variables

Y
. ¥

or multiple indicators for each unmeasured variable. Also, the method alleys

«

for both errors in equations (residuals, disturbances) and errors in the

observed variables (crrors of measurement, obser&ationél errors) and vields
estimates of tHe distuarbance variance—covgsigﬂte matrix and }he measurement
error variances as well as eslimates of the unknown coefficicn&s in pﬁe
structural equations, ﬁrovided that all these parameters arc idcnti}ied.

The method is so general and flexible that it is possible to hu 1l a wide

&+

range of moﬁels, for example, path anal&sif models (Wright, 105k, 1004,
1960; Turner & Stevens, 1959; Duncan, 1966; Duncan, Haller & Portes,ﬁi}iiLé
Land, 1969; Heise, 1970: Bialock, 1969, 1971; Cg;tner, 1569; Hauser &

Goldvkrger, 1971), econometric models (Goldberger, 1964; Maldnvaud, 1.70: N
Johnstén, 1472), factor analysis and covariance shructure models (JBreskog,

1969, 19Y70). The model, considered har: is a generalization of tnc mﬁgul

considered-by JB8reskog (1975). ' . ’
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1.1. The tencral Fodel . ' . . i .
~ 7? :. -
- Sonsider randon vectors ' - (NL’H“""’W%) znd £
8 true dependent and Independent variables, rospectively, ! } '
td . ‘ : . Eed
. systew of linear structural rolations -
. . ) . t —
. By =T¢ ¢ . (-
. A ~ R , ‘ . D
) o d i , : s s 2 ? Pt »
whele B(m % m) and T(m « f) are coefficient matrices an. - (gl,ﬁ
: . i . . .
t..,C ) _ds a random vettor of residuals (errurs in enuations, randon .
i 0 ST ' -
. disturbance ,berms). Without loss of penerality it way be ascumed that
: = ' = O ! \ = f 5 ‘t' 2 o) Lty el - Y "t e
e(y) = () = and, t{t) = 0 . It is furthermorc -assumed that ( 1z
uncorrelated with - & and that 2 is nonsingular. ¥
The vectors n and ¢ are not observed but instead vectors A
« (V73755 +%,y, ) and "x' = (x1,xo,...,xq) are observed, such that -
£ J 1% N ~ - oy
} . . : . .
- yo=pot Ay g . ( .
v ~ ~ ~ o~ ~ . . /
I . .
~ * > - .
= v i AE+D - ( i
wvhere p = €(y), v=¢(x) and <& and ® are vectors of errors of o
measurement in ¥ and x , respectively. The matrices Ao ¥»'1m) and 1
~ ~ YT
. . e
N . Af(q X n) are regression matrices of y on 71 and of % on ¢,
. w2 ) ~ ~ T~ ~ |
respectively. It is converient to refer to y and x as the-obscrved - {
. ? ‘ .. ~ ~ .
; . l, [ 1‘
as the trie variables. The errors of measure- ~
e uncorrelated with each other and with theltrue -
. ‘ |
. X‘S -. ‘
. ¢ - ,f" ‘ v . |
— - - L3 < I
. » = . 3
. ' .« . . J '
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o d N J s v
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Let ¢(n: n) and J(m «m) be Lhe vaciance-covarians wmbrices ol
~ ~ -

~ . .
: . oy I . v
- . 7 % and -, respeetively, . and '3 the diagonal matrices of crrort |,
~ ~ ~ ~ (s f . .
: ‘ ~ .
- variances for y and =~ , respectively. .Then it follows, fror the above R .
- M ~ ~ . . L
. ¢ . . * . - i
B » assumptions, that the variancc-covariance matriv 2@ ca) - (0 - a)] e -
1 co ~
3 “ S - ~
z = (y',7')" is . * ' . .. ’
, o AN »
, - ¢ . LA .
+ ‘ .
21 - sl —_ e . : .
: e by o 1 ptdy JL) R Fepnr \ ¢ . <
Ng ~in < A% ~7  ~€ TS i ) &

. \ A (:\T"B' At -/\-Q)/‘.',T D) P {\ . N P
. I I . { ‘
4 ': h’ ~
» * . ¢ [ * .
The elements of L arec functions of the c.eﬁ@nté of” Ay PRI A L
M o ~ . 3 " ~ ~ 7 o ~
- , V¥, @6«, and’ AT "In a}nllcatloﬂs some of these clements arc fi‘fd
" and equal to assigned values- In particidar this is so for elements in
. i . . - v
’ - <, . . v -
A A B and I', but we shall allow for firxed values in-the other ma-
:/ 2 o D 2 =
~ ~ ~ ~ .
trices also. For the remaining*® nonfized elements of the siz parareter T&t?t/’\ .
A}

one oy more subsets may have identical but unknown va;ues;> Thus < Lements, -
@

in A A, , B, T, &, ¥, G ,and & _  are of threc .inds: .

. ) ~y 7 - ~ ~ - ~5 - .

(i) fixed parameters that have been assigned ziven values, (11 onstrained i &} N
i - ; conprra nee
parameters that are unknovn but equ&l to one or more other -raramncters and y

-+ - . > 1
(iii) Free parameters that arc unknown and not constrgined to be cqua{h;x; .. .
" i * R a%
any other parameter. .’ )

&,,,\-/

;> Before an attempt is made to estimate a model of this kind, "the identli-
: . . B Q ot .
fication problem must be examined. Identifiasbility depends on the s;c:ﬁfjca-
. . . * ) . " . . ¥
tion of fixed, constrained, and free parameters. Under a given specifica-
¢ - no® 3 . '
. tion, a given structure éy s D B, T, by, @y, B generate

~ 7y

L.

one and only one ¥ but there may be several structurcs generating. the 4
. - ) W N ) — , ' - ¢
aSame z . I two or more structures generate the same L5 thevstructirés .
. . .2
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© his i rérardsedas a funciion of the dnderopdent distinet pacaelers wn
J , .
. ! . . J
Lo, B r v ? % 5 and . oand 1oobl ueoenarleizedewiti
, N 2o ) > 7 - 2. e .
) I R A \ [T
. ' .8 - . .
' reapaet to these, taking iuto aczount thal rove oloponbs oy b fisdd omrd 7

' s L. . % .
- sore: way be cqnstrained o be equal to core other.. lardeizii lof Lo . \ .

. . 2 ‘ A o) - ’ L ) .
\ ir equivaient to winkmizing ' ] % ' .
. A ’
. . o - g ,‘ )
a : T (1feMiss (2] we(s27T) - tos sl - (¢ )1 . () E

W

ke
- « T HBuwehoa minimiza%icn problem may ve formalized . follovws. - s :
- ! 1 I ‘
: ; ' S Lee N o= (By,7 A ) bea vgmwr' g1 241 the elementic o PR ' '
. < No= '\_!} \2’...)/\7' ‘. N:A 24 o - - e D 2 “
R 1 x ~ ~ .
Il * » " * RIS
B, T, s uy, P and ' arranged in = rrescribed order. Taen, o
] IS . ~ 87T ~E . . J .
ol KA N . S, vy
w‘é\‘:;"' be '_r'eé‘,;arded as a 113{1(’ tiocn ¥ (/\) Y ?\_1 B 7\2; ceey, ?\7- , wWAlCh is conbirnacic N
- ~ - . -3 13 .
A9 ' . N . . n 2 - - PO g
and has continucus derivatives oF /u?xs end "o F/&:/\Euf\‘. of first :;;;d 3
¢ > (" . 4
> - . «
- > . ¥ M - . -
’ second order, except where .5 -is singular.  The Yoltality ni vheso - . .
*  derivatives is represented By a gradient Vr~c1ﬂr JPfoN and 3 sy 'r\c ric (
. _ , ~ 0 )
) matris ?/()7\;:2' . liow lew some r - 5 of tHe M's be fired and dencter
. " . ~ . b . N
» - -
’ 'y . . ,‘ 5 . ~ rrye N - s - -
~ the remaining Ns by 7, e, , s r . The function Fois now ,
- € | - ~ . = 2 ’ - ,

\ * ' - . .
- considered as z fumetion (x) -of K iTnyeee,i o ¥ .r-z_vat‘v(" L"'l/"n

.y, and col' mns correspondin:: 1o e Pioed "'o.® Among T, eee, T, Lot .
P : B . > : 1 b 'Y .

therg be some T ~distinet pammf'cﬂrs denoted K P RLLT R - <z, . : i
éﬁ . 2

.’ : same < . Tt 7= (k..) ‘be a2 matrit of order s : L viin n

N ~ Loy M 2
. r . - . -, .
;" - Loif g.'= v, and K., = 0 otherwise. The function .
1 3 3 ’ -
- e . -~ - \ ,
nog a fuwictron (<) of K. Rqyeee, ry. and ve have: “ . o=
. . . , N . r. - A\ N
[ - . . i ‘-" Y . _ [
. "h . ’ -
. i -
+ b, . i
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yrogram by I-ouvaeus andteHreskog (1970)0  This method makes aSe of 2 ratri- .
. - . & ' ". »
o, which is rvaluzyed in each iteration. 1Initiglly E »ig any wosivive
~ $ . ~o v
- . P N 2> - .
definite matrix aprrorimeting the inverse of o fifoxos™ . In-subseguent -
. . r~ oA~ . . )
: 1 ne- . .

iterations - ic improved, nsing dhe information Built wpo a

LN =0 .
. tion so that ultimately converges to an approlimation of the iNgarge el

2

)

. ./ .
' * oTlfewosl st the mindmum. 18 Shere “fe many varameters, the number

- . . ) »
iterationr may be cxecessive, but 2an be consideratly decrezsed by the .
. . - ) -
. . ‘ Y . / +
provision of 2z moed initial estimate of 7 . Such ansshtimate may be ob-
* . . .
tyined oy “inveriing the information mairir - o, ’ . o
- ’ ¢
» - 5 kY
I ) ., .o . R 2 / .
Cye I - . (. N . ~ -
gle fi/(:w.wc') = Ke(e o foon )L, . (11)
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where (e !;/uﬁusr') is obtained
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. Wnen the maximm likelihood estimates of the parameiers have beaen ob-
lained, tne goodness of fit of?the model may be tested, in larr: caryles,

by the likelihood ratio technigue. Iet H be the null hypothesis of the

0

model:under tihe givep specifications of fived, constrained, and free Daramn-

.. . e 5 . . 3 . N . .0 .
eterss Filrst consider the case when the alternative hypothesis I is .

is apy- nositive definite matrix. Then winus twice the logaritha

of the likelihood'ratio ic NFO where FO

1]
C
Y
i

is the minimum valu

3,

[¥ the model holds, this is distributed, in large samples, zs X with

d =

M=

(m+ n)(m t n -

1) - ¢ (LQ

degrees of freedom, ¥Where, as béfore, t 1s the total number of indevendent

(parameters estimated under . . ; »
~ 4 - . A

be any specific hypothesis concerning the varametric structure
1}

Let i
4 0

£ the general model and let Hl

against Hl + Let FO be the minimum

be an alternative hypolhesis. 1In large

samples one can then test o

ik

0

of\ ¥ under ”O and let F1 be the mininmum of F  under Hl « Then
‘Fl < FO and minus twice the logarithm of the likelihood ratio becomes

i, this is distributed approzimately as X with

L(FO - FL) + Under i

degrees of freedom cqual to the difference in number of independent

5

varameters estimated énder ”l and HO .

o

[ RUSNE

¢



. O »
) b .
f -
- 3
. . - -
-
. .
- . -
. ’
,
Ve - e
’ .
- .
’
. -
. -
. . s Y - ,
. : »
..\.).. ¢ ~
2
-
. <
M .
A —~—

)

7o illustrate the ideas of the rreceding sections consider tne rodel

d=.icted in FTigure 1, where circles dencte true variables and zquales
d. note observed variables. The other variables in the figlre are residialc
or crror variables. A one-wsy arrnw denotes a direct causal inflodnce . 2
whereas & double arrow denotes correlation or covariation »itiout 2
czusal interpretation. The vwo arrows betveen 2& and -, denotve recin-
. . . . <. \ )
rocal interaction (81multane1ty or interdcpendencey).
[ * . s
L] el &,_ ~a -~ .
. The model in Figure 1 has o : & y -variables, « - 7 ~varialles,
’ m = 0 3 -variables, zand n = 5 £ -variabdes. The structuaral apations
axrs ” .
- - -
4 : . £
¢ . = =037 « vt E Py, e o { : ) .
. « ll 4 ...‘V}E /lsl /.L o gl ) 3 .
- ’
. . ) .
. ¢ n = =f - BV £ FES
R T T T S B o
. . . t
’ or . - .
L . L -~
t »
. i ¢ .
. i TR o\ ayr 0 > ’ -
had ‘Sl ]_ 71 l \)5 l 31
o = e, |+ (L) - )

The two 7 -coefficients in the Tirst equation are assamed to be egual Lo

- ¥
. - .
illurtrate the idea of a constrained parameter. The <quations relating :
’ . ’ B
the cbserved ard true variubles are " , - « .
. ::L . a.‘
\\ :
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SIS L0 j R
Yo % e \ ‘ 7\:L 0 T}l« . €2 -
.. =l " l; + 0 1 ] , + ¢ . (l) )
'35 b N 2] 5
yf&/ “M-/ \_O 7\2—- eh’
and e , ot
t N
“l\ A . 1 0 OE 61
‘ oy 1 Vs 7\5 0 O 62
. : - . 0 .
3 '3 My 7\5 /gl °3 i
% | = vy, +]10 1 0O} §2 +, 514_ . (15¢)
¥ " 0 =
s| s |0 e \&5 °5
x6! Vs 0 o0 1 66 .
X, | v,| 0O 0 A 5 '
ﬂ " SR | 7
1n (15b) and (15¢) one A in each column ofh\BST\an;‘é has been set ®
equal to one to fix the scales of measwement in the true Variables. When
a solution has been obtained, one can scale this so that all *true variables
A~

have unit variance if this is desired.

t

Data for this model were generated by assigning the following values

1.000 0.0 .
A . |0-902 0.0
~y 0.0 1.000 ?
0.0 1.095
1.000 0.0 0.0
‘ 1.300 0.0 0.0
. 0.900 1.201. 0.0
v T 10.0 1.000 0.0 ?
0.0 1.098 0.0
0.0 0.0 1.000
0.0 0.0 1.400 \
) 5. [ 2.000 70.493
- -0.595 1.000| -




[ 0.399 0.399 0.0 )
-1.000 0.0 ~ 1.198 ’

0.999 '
0.700 « 1.199
0.601 -  0.3%00 1.398 ? \

1
i »
i

e
L3
1l
—— —————

0.506 )
0.386 0.705/ >

&
i

diag(0.522, 0.432, 0.356, 0.452)

)

!
f
I
|
= |
8 = diag(0.613, 0.515, 0.418, 0.522, 0.6k, 0.526, 0.41k) ,4@
4

to each of the parameter matrices. These gererate a I ~according to (b4),
; =

\
where

4

5.815
s o 34195 5.068 ,
~yy 2890 5.508  5.775 ’ ‘
| 4.259 3.842 6.182 6.973 | : N
p— \
0.76:  0.690  0.176  0.193]
0.994  0.896 0.229  0.251
1. 690 1.525 0.347 0.380
- Lo, = 0.835 0.753 0.157 0.172}
~ 0.917  0.827  0.173  0.189
14259 1.136 1.824 1.997
1. 55 1.591 2.58h 2.797
A
L.37h ©
1.298 1.952 1
1739 2.260 L. 22k : .
L = |0.700 0.909 2.069 1.471
~XE 10,768 0.998 2.272 1.317  1.822
0.601  0.781  0.902  0.300 0.330 1.675
0.841 1.09% 1.262  0.4k21  0.462 1.9 2.91h

A

In the Appendix this model is analyzed using the above matrices as Syy s
S ,and S .
Q ‘ ~ZY ~KX

e
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1.5. A Model of Duncan, Halley and Portes

In a study on peer influences on aspirations, Duncan}\ﬁaller, and

"Portes (1968) gave seversl examples of path analysis models. Their model

IV is partlcularly interesting since it 1nvolve;MEﬁo unmeasured variables. .

This model is reproduced here, in different notation, in Figure 2. 1In this

model, p=L4, gq=6, m=2, n=6. The six x -variables are

" assumed to be measured withcut error, so we take gi =S¥, =V

i i?

i=12,...,6, i.e., in terms of equation (%) we have Qx = I and § o .

The structural equations are

‘N, 0
1y (M \ /ux
[ v o
y2 - “’2 5 D O T]l + 2 . . . 1.6b )
) yB “5 Z:-) 712 u3
yh’ “-1*‘ \_\ O b 1*: U.u‘

®

Duncan, Haller, and Portas posbalate that the u's aie correlated with each

other except® that u1 and u, are tincorrelated and aLso u., and ui‘L

. v o

However, thé four cor ”CldL;OHS p(u .u, ) 3 p(ul,uu) s p(ue,u ) and

p(ug,ul) are not allsadentlflod To make the modei identified one of them

.
A

must be fixed and we’have chosen to set p(ug, )

not in the form required by the general nmdel- This is easily remedied, by

o

) =0 . ZEquation (ifb) is

representing u  as

s
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(16¢c)

ﬂ5 5. qi s n5 , and g are mutually uncorrelated and of unit

variances. . It should te noted that there is a one-to-one correspondence

betw=en the nonzero variances and covariances of

\Introducing '27 = “5"~ Eg 2 My > 59 z ﬂs , and

model may be specified as follows

-

™

o O O O

\

~

e

>

~

X
(o S ) B A VI

o ¢ O O = W
=

o O

o O O

<

<
= W -

<, <
oN i

o O = O O O

o = O O O O

O O O O O

O O O O O

o O O O = -0

© O O = O O

(1, 75 75 7, O
°© 0 5 75 7,
0O 0 0 0 o0
= 0 0 0 o0
0 0 0 0 0
0O 0 0 0 ©
0O 0 © 0 o0
0O 0 0 0 O©
0O 0 0 0 0
1 0 0 0 0
0O 1 0 0 ©
0O 0 1 0 0

LN
u and %5,%6,...,%11 .
510 Mg the whole
éli
Y
o 0o 0o o o] ts
74 O C 0 ofle,
0-1 0 0 0 g5
0 0.1 0 Of g N
O 0 0 1 0 t
0 0 0 0 tg
Ey |
t1of
oo
0 o0 /Ze\ 0}
3
0 © gu 0]
0 o0 0
D (
0 56 +[0
0 0 o |-
1K
v 0 O' §8 0
“ \59
€10

[

Yol
N
e ot i = i = S0

O O O O ¢~

—




Furthermore one specifies

[ .
: §xx(o * 6)
#(10 x 10) = ' , .
o x 8)  T(k x k)
~ ~ /

- )
b |
% ot t,) 2
' . §(6 % 6) = 0 0 0 ,
* -~ 0 0 0 0
‘ ' 0 0 0
0 0 0 0 s} .
] 0,(6 x6) =0 5

and

@e(l& xbk)y=0 . .

v . -
This model is analyzed in the appendix using the following data

- vy
from Table 1 of”Duncan, Haller, and Portes (1968).( N = 329 ):




. %o Xl x5 vy Y, 25 . Yg %),

a D i @
1.0000 .18%9  .2220 .4l0O5 - .LbO4Z  .3355  .1021  .1861  .2598 .2905\ h

1.0000 .0489 ~ .2137 .27h2 .0782 .1147 ..0186 .0839 . 112k
1.0000 - .324C  .hOLT | .2302 .0G31  .2707 «.278€  .305Lk;
1.0000 .6247  .2995 .00 .2930  JL4R21E  .32€9i
g = : 1.0000 .2865 .0702 .2407  .3275  .3EEG!
- g ‘ 1.0000¢ .2087 .2950 .5007  .5191:
1.0000 -\0L38  .1988  .2784
. . o 1.0000 .3607  .4105
" - ¢ . 1.0000 - -.6hOL
. o 1.oooc_>J

Jo— ~
* ~

£

1.6. A Restricted Factor Analysis Model

Consider the model shown in Figure 5. This is a restricted factor
analysis model in the sense of,J8reskog (1969) and may be most conveniently

analyzed by the method described-in that paper. However, it -can also be
&

analyzed using the migel considered in this paper. To do so one specifies

[NE

1

-~

£, i.e., one chooses B(3 x3) =I, I3 x3)=1, and :{ =0 . The

matrices Ay and Ax are as follows:

N 0 0 © s
' N 00 Ao )
- a,=100N O L0 A =lo A 0] .
7. los A, O ~¥ :
A" 0o 0 A
6 o A -
0 Y '
0 : , -
"~ ‘ . 10 ° 6] ,

L4

: o . . y 2 .2
The matriz ¢ 1is specified to Ye a gorrelatlon matrix and ©_ and 98

* . .
contain the unique variances of the tests« An example is given in the . -

~

Appendix.
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. 2. The Program .
. . ) ~F _' - . ¢ . . - . .-
In this section we describe briefly what the program does. . Delails v .
- = -
. . . .
. i : . »n - . . I -.
about the input and output are given 1in sections 3 and i respectively. .- ’
. , -
. - o * ’ . ’ r )
. 2.1. What the Program Does 3 ! _ .

[y . -

.y . '_ - . A . .. . £ .
The input sdata may be a dispersion matrix, a correlation matrix, a

a

correlation matrix with standard deviatiens, or raw data from which the
2 . 3

matrix to be analyzed can be computed. From the,input matrix, variebles

’

may bBe selected to be excluded in thé analysis, so that the matrix to be ,

analyzed may be of smaller order than the input watriz. This selection
i . Lt s N 6 »

procedure also ‘allpws columns (rows) of the input matrix to be imterchanged.

»

» The matrix to be analyzed may bissums of squares and cross products,

deviation sums of squares and cross préducts, a dispersion matriz, or a

. R - o~
correlation matrix. . . .

~ Simplified versions: of theé general model may be estimated. That is, ’ .

. < . ’ .. + . . -
the user can specify to estimate a model where there are no disturbances, -
o

or a model wheﬂg there is no =z , or a model where B = I . 1In these cases . . ¢

the equations are simplified and the minimization procedure is faster.

Also, the user can request an accurate or an approximate solution. If an
EEEE———— v

» ! » .

decurate solution is requested, the iterations of the wminirization method are o
continued until the minimum is found, the conVergencé criterion being that
the magnitude of all derivatives bé less than .00005. The solution is
then usually'corrept to three significant digits. If an aporoximate solutioh
is requested, the iterations terminate when the decrease in function valuei);
is‘less than 5%. The approzimate solution may be substantially different

from the exact solution, but the residuals and the value of x© will usually

Aruitoxt provided by Eic:
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L
&

sz g . .
’ . .=20- . . . .
% - 'y N - -

' give an indication’of how reasonable the hypothesized model is. The option . o

- s “u - " - .
of an approximate solution has been “included in the program for the purpose /// )

RN
&

3 d
. Of saving computer time in exploratory studies when the primary purpose is o :
4 * h - ’
S

tc find a reasonable model. Once such a model has been ‘found, an accurate

-

soluticn may be cqmputed. . s ~ . 6 ‘
: X ' . A

~ A variety of options for the output is availabie. Residuals may T

be printed. Thise are d$fined as the difference between reproduced (Z)‘
. . e - ~

- -
o

and observed (S) variances and covariances, which are useful for judging . ’ ) -

1 = oo ’ .
the gbodness of “it of the model to the data. The standardized solubion can

. .
- ~ *

be computed and printed if requested. X ‘is ‘printed as an_overall goodness

of fit test statistic. The final maximum likelihood. solution may be punched

- ' d

on’cards if requected. ¢

. L .

nOw Fixed, Free and Constfained Parameters Are Specified-

The elements of the eight parameter r trices are assumed to be in the

order Ay s b, 5 B, D0, %, 8 , 9 and within each matrix, the

~y ~
.

’ . : : £ - -
elements are ordered row-wise. The diagonal elements of the diagonal matrice:

»
.
. - -

. @e and @6 are treated as row vectors and only the lower diagonal parts

~ ~

kﬁk symmetric 4 and ¥ are taken into account.

)

For each of the eignht parameter matrices, a pattern mdtriz is defined,-

with elements © , 1, 2, and 3 depending on vhether the corresponding

. ~

element in“the parameter matrix is fixed, free, constrained follower and -

constrained leader, respectively. A constrained parameter is called-a con-

strdined leader the first time it appears in the sequence. The parameters,

appearing later in the sequence and assumed to be equal to the constrained

leader are called constrained followers.

ERIC

Aruitoxt provided by Eic:
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The above technique defines uniquely the positions of the f. ed, free

. & : o . s
and cénstrained leader parameters. It does not -define, however, which

$ - : 3 H
followers go with which#leader, if there is more than one leader. To do v /

80 one must also specify all the followers associated with a given, legder.

This is done by assigning to each leader and follower a four-digit number

4

MCCC, where M defines the matriz in which the constrained parameter aprears

and CCC defines the position of the parameter in that matrix. PAus,

- v

M=1 for B, 2fer:h , 3 for Bk for T', 5 for ¢, 6.for v, ;
7 for @ , and 8 for é& v For examplZf . ’ ¢
~ " /
. kool 4005 5014 ¥ ‘
defines the first element in T, 7y 5 %O be equal to %:e fifth element in :

r, 75 ) s well as the fourteenth element in ¢ 5 9y, » where 7, is the

leader and 75 and ¢lh— are the followers. . §%§

L. 3

- Pattern matrices have to be provided for each matrix containing both

‘
¢

fixed and free parameters and for each matrix containing constrained param-

-

eters. Patternz for matrices whose elements are all firxed or all free arc
set up by the program. ’ - T

. . - Y . <A .
Ve give'a simple example to illustrate the above specificitions.

‘- PR

" Suppose B (3 % 3) ="I and D (3 x 3) = I, all elements in both B and )
B ge P L

~

I’ fixed, % (3 5) with all diagonal elements frée, ‘and

~ ) % ~‘
Ay 0- 0 |
Y " '
ho 0 0 7\7 0 0 ] 1
. ' ~
=10 7'\5 o} '/_\:‘::‘ C 7\%/ O‘ 'i(g = @l 1 \
0 -0 0. 07 A ] o5 o5 1| .
— 1 - -
0 0 7\5 .
0 L 7\6 - " &
B cdiag (9.) = (@, ,6_ ,8: ,5 =9 ,9 )
[« 1 62' C5 Cﬁfﬁl 65 G('




& -
A}
.

<

L 4
]

. " "ﬂ:‘i'.th ?\l = 7\2 = ?\8 = ‘32 ) ?\5 = )\6 and 961 = 96,- > 967 = 66\ >
2 3
8 =9 + The pattern'matrices fgr A, A , $and 9, are
e € €, ~y N 7L ~7 5\ .
5 8 .
13 0 0.
A4
200 [i 00 0
PA_ = |0 1 O PA =0 2 0 I& = 1’ ?
J 0 10 * oo 1 2 10 )
» 0 0 3 . a
P .
. 0 0 2] prA=[323232] '

) x

#
S e,

"and the specifications of leaders and followers are .

]

.
. .

1001 1004 2005 5004 ) . .

) 1015 1018
. e 7001 7002 ,
) . 7003 7004 <
7005 7006 T
/l

In this model fourteen indepéhaent parameters will%be estimated.

In addition to the above specifications for fixed, free and constrain~d
parameters, start values have to be given for all parameter matrices, except

when a $implified model is to be estimated (see 2.1). That is, if there are

”
S

. no disturbances,start values for ¢ are not read in. If B = I, B is not
» tb,, ~ . ~ ~
read in. ‘And if there is no x start values for A&’, ', ¢ and Oy,

~

are not read in. The start values define the fixed parameters and the

P

initial values for the minimization procedure.fbr the other parameters.
Constrained parameters assumed to be equal must be given the same values.
& Otherwise, start values may be chosen arbitrarily but the closer they,

are to the final solution the less computer time it will take to reach

the solution. .
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4
Limitations 14 ' %

The program is written in FORTRAN IV - G and has been tested out on”
the IRM 360/€5 at Educational Testing Service. Double precision is used
in floating point arithmetic throughout the program. With.minor chapges
the Brogram should run oﬁ?an& computer with a FORTRAN IV compiler. Eﬁ
computers with a single word length of 36 bits or more, single precision
is probably suffi;ient.

Limitations as to the .maximum number of variables, the maximum number .

~

. {2 .
of independent and nonfixed parameters, and the maximum order of the pagam-

L4

~r matrices allowed, as well as the core requirements of the program

on the IBM 360/69 are given in the following table.

max. no, of variables (pO + qo) bef?re sel;ction =8
max. no. of variables (p + q) after sglécﬁiqn ’é 30
max. § & - = 15
éax. a ‘ = 15
max. m = 15
max. noo. = iS
max. no. of independent parameéers = 80
max. ho. of nonfixed parameters = 80
core requireme;ts (K = 102k bytes = 256 words) = 140K

-

2.4, Availability

A copy of the program may be obtained by writing to Marielle van Thillo
at FIS. The user must provide a tape 5nlwhich the program will be loaded.
The program will be writﬁen on the tape with 80 characters per record. The

tape will pe unlabeled. The user must specify whether he wants the tape

.

T L o

o




y .

: -2h-
. » ¢ .
. ' - -
N ] [y .

- o

blocked or unblocked, on.7-track or 9-track, in EBCDIC or BCD mode, as

well as the density and parity required. Test data will ke at the end

L.

of the progrdm. The'test data are described in the Appendix. Anyone ™
- ) - . »
3 using the program for the first time should make sure that the test‘data
. & . — 4 . .

*

run correctly.

Although the program has been vory.ng satisfactorily for all data
Lol

>

analyzed so far, no claim is made thct it is free of error ai?/ﬁb warranty

is given ag to the accuracy and functioning of the program.

o ‘ /
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5.

5. Input Data

7cr each data to be analyzed, the input consists of the following:
1. Title card
2. Paraﬁeter card
3. Input matrix
i, Specifications for selection of variables from thé
input matrix
5. Pattern matrices for the parameter matrices
0. Fqualiﬁies
7. Start values for the parameter matrices
8. New data set or a STOP card
Sections 3.1 *hrough %.8 describe in general terms the funétién and setup
of each of the above quantities. Illustrative examples are given in the
Appendix. ‘
Whenever a watrix or vector is read in it is preceded by a format
card, containing at most.80 columns, beginning with a left parenthesis and”
*ending with a right parenthesis. The format must specify floating point
nurbers for the input matrix and parameter matrices, and fixed point numbers
for the pattern matrices, consistent with the way in which the elements of
the matrix are punched on the following cards. Users who are unfamiliar

with FORTRAN are referred to a FORTRAN ““.nual, where format rules are given.

Matlrices are to be punched as one long vector, reading row-wise. TFor the

°

symmetric maurlcos ongy_+ne lower half of the matrix 1nclad1rgﬁthe alagonal

should be punched.

3.1. Title Card ' - -

Whatever appears on this card will appear on the first page of the

printed output. all 80 columns of the card are available to the user.




Ty vwon W i ¥ T ad Cad 4 ) hitbae AINA ol hadii

. ’ -QGT . : ‘
A
\ N
5.2. Parameter Card \ T
All quantitie§ on this card, except for the logical indicatcrs, must
be punched as integers right adjusted within the field. * }
cols. 1 -5 number of variables ( 08 ) in y before selection
cols. 6 - 10 number of variables ( 4 ) in x before selection .

(i.e., the input matrix S is of order

(po + qo) bl (po + qo) befof% selection of °®

22

variables) .

cols. 11 - 19 number of columns in é& (m)
cols. 16 - 20 number of columns in A (n)
cols. 21 - 25 number of observations (M )

. >

~

cols. 26 - 3 total estimated execubion time in seconds for all

3

stacked data ( SEC ). This should be,a number
slightly less than the time requested on the
control cards so-that the progrém will have time
to print and/or punch results up to that point
(Note: SEC should be read in for each data set
and should be the same for all data sets in the

stack.) ' -

col. L1 logical variable ,

F if .here is no % , i.e., there are no ‘Ay PR
&, 95 (In this case n =g =0 ).

T otherwise

4

col. 42 logical variable

F 1if there are no disturbances ¢{ , i.e., there

is no V¥

f

T othervise




col. 43

cols L5

col. 47

col. 51

N &
-27- - ~
logical variable 5
=F if B =1 - ‘

K -

= T otherwise

logical variable

= F 1if the exact solution is to be computed

~

=T if the approximate solution is to bé-computed h
logical variable '
= F if the solution is not to be punched on cards
= T if the solution is to be punched on cards.
This will automavically be done if IND £ O
(see 4.land 4.6)
logical variable
= F if variables are not to be selected from the
input matrix “
= T if variables are to be selecteq from the
input matrix ' . . .

logical variable®

F if the standardized solution is not %o be printed

T 1if the standafdized solution is to be
printed (see k4.)4) ‘
= 1 if raw data ( X|§ ) is read in to compute
the matrix 5 to be analyzed
= 2 if the input matrix is a dispersion matriz !
= 3 if the input matrix is a correlation matrix
= 4 if the matrix to pe analyzed 1s che same as

in the previous data set, i.e., the inpul
@

matrix is not to be read in -




545,

col.

col.

52 .

55

Input Matrix

=1

= 2

-28-

if the matrix to Ye analyzed is sums of
squares and cross products
ifsthe matrix to be analyzed is deviation

sums of squares and cross products

Note: Col.52 can be 1 or 2 only if col. 51 = 1

=3

=L

=0

= 1

if the matrix to be analyzed is a dispersion
matrix -

if the matrix to be analyzed is a’correlation
matrix 7 % .

if only the standard output is to be printed
(see k1) . ' . .-
if the input matrixz, the specification _
matrices and the initial solution are to be
printed

if I ; the-residuals and matrices C and D are

to be printed (see h.5ji
if both 1 and 2 apply

if technical output from the minimization
procedure is 1o be pfinted (see 4.5)

if both 1 and % apply

if both 2 and 4 apply

if 1, 2 and & apply

‘

If ¢ol. 51 = 1 on the parameter card an M x Kpo 4 qo) matrix ( X}Z )

of raw data is read in, one row at a time, starting a new card for each row.

%2
Note that this is the ol

B

Y input matrix not read in as one continuous long

vector. The matrix is preceded by 4 format card. .
-~

&
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‘.

(P " % ¥ Pyt %) =
The input matrix is preceded by a format card. If ‘a correlation matrix is

read in but a dispersion matrix is to be analyzed (i.e., col. 51 = 3 and

col. 52 = 3),the input matrix S is followed by a format card and a
vector of standard deviations on subsequent cards.

If ¢coi. 51 = 4 on the parameter card the input matrix is not to be

read in.

3.4. Specifications for Selection of Variables from S

These cards will be read in only if column 46 = T and column 51 # &

LY

on the parameter card. Omit otherwise.

The first card w;ll have the integer vaiues p and g punched in
columns 1-5 and 6-10 respectively, ri-ht adjusted within the fi:1d. Thesc
integers will specify the order of § after selection (p + g < Py + qo ). >

The next card(gl will contéin integers, right adjusted in five ‘

T v o
Q!‘
.
%
. X 29 o
i ' If col. 51 = 2 or.3 on the parameter card the lower triangular part,
‘ includ.ng the diagonal, of the inpyt matrix & is read in, reading row-wise. :
By S we mean the partitioned matrix ) T
. , §w(po X po) o A ) . ) ‘

|
|
J
i

column fields (i.e., sixteen such values will fit on one card) specifying

L4 . !

5 |

which columns (}ows) are to be included. For example, if po =6 s qo = 2 ‘

and p'= 3, d=1 and columns (rows) 1, 2, 5, 8 and 9 of S are to be

excluded, then this card will have a‘B pwiched in column 5, and a 4 ‘ |




L;o_

4

punched in column lb, a 6 punched in column 15 and a 7 punched in column
0.
Note: 1If P + qo =P + g there will be no reduction in the size of*

$ but columns (rows) can be interchanged.

3.5. Pattern Matrices for the Parameter Matrices

The pattern matrices are preceded by a data card with entries in
columns 1-8, the column defining the matrix in question, 1 for éy ’

2 for A, 5 for B, 4 for I', 5 for ¢, 6 for ¥, T for @, 8 for

-

A
) .

=B
&

(@}
i}
o

cols. 1 - 89 CCCCCCCC  where if the matrir ic fixed
. C =1 if the matrix is free
C = 2 if the matrix has mixed values
and/or constraints
A pat%e;g métrix should be péovided only when C =2 . (See é.2.)
For example, if columns 1 - 8 are punched 22002021 the matrices
contain mix;d %alues and/or zonstraints, the matrices

B, -T', ¢ areall lized and matriz Oy is all free. 1In this case only

pattern matrices for éy » A, ¢ and @ are to be read in.

o~

y

The pattern watrix consists of a format card specifying an I-format

and subsequent cards with the integer entries of the pattern matrix.

%.6. Fqualities

>

Omit if the pattern mavrices do nct contain any elements 2 or 3 -
&
Otherwise starting in column 1 punch the four-digi% numbers MCCC as

deseribed in section 2.2. For each new constrained leader start a new

card. The last entry on cach 'equality" card should be a zero indicating

\) ' ’

i




Y

1=,

more "equality" cards are to follow or a nine indicating it is the last
one. In the example used in section 2.2 these cards would look as

follows: .
100110040
¢ . 100810110 .
101510180
700170020
700370040 > . .
700570069

3.7. Start Values for the Parameter Matrices .

Start values for each of the parameter matrices are read in, each
preceded by a format card, and in the order previously'described (i.e:,

A

v A, § , Iy, ? ) g B @e 5 @5 ). Only the lower half of ?

~X -~

and V¥ - dre read in. ’
- - <

- o

£ col. 41 = F on the parameter card do not read in start va%ues for

d and O, .

./..\x’ S’ ~ ~

If col. 42 = F on the paraﬁeter card do not read in a start value for

k4

v ~

If col. 43 = ¥ on the parameter card do not read in a start value for
? .

. . ¢

< v .
5.8. Stacked Data .

In sections 3-} to 3.7 we have described how-each set of data should
be punched. Any number of such sets of data may be stacked together and

analyzed in one run. After the last set of data in the stack, there must

be a card with the word STOP punched in columns 1 - 4.

~ ’




b, Printed ard Punched Output

L}

“The output consists of a series of printed and punched tables as
described in sections k.1l - 4.5. Examples of printed outpuvs are given

in the Appendix.

4L.1. Standard Qutput

The standard output is always obtaiped, regardless of the value
I3 Q =~ 4

punched in column 53 of the parameter card (see 3.2).% The standard .

, output consists of the title with parameter listing, %the final solution~

»
-

ang the result of the test of goodness of fit.

2

The parameter listing gives the information supplied on the param-

eter card. N oo
L

The "final solution consists of the eight matrices A , A , B,
~J ~ ~

2y

a

o, v, % » B + ALl numbers are printed with three decimals.

>

The tesf of goodness of fit giyes the value of X2 and the cor-
responding degrees of freedom. The probability level is also given. This
is defined as the probability of getting a X2 velue larger than that

+ actually obtained, given that the hypothesized mode} is true.

Just above the table giving the final solution, the following message

is printed’

Usually X = O, but if, for some reason,'iﬁ has not been possible to
determine the final solution, X will be 1, 2, 3, 4 or 5. 1If IND is
1, 2 or 3, "serious problems” have been encountered and the minimization

. the function cannot continue. One reason for this may be erroneous

]
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input data. Another reason may be that insuf icient arithmetic precision

the solution obtained so far is ‘automatically plr

ied on cards in ,such a

way as to be immediately available as initial estimates for a new run’

.

A .
with the same datas. Thus there is little loss of information when

a - .

evecution is terminated with IND £ 0 . :

5.2. Input Matrix S and Parameter Specificatdons

I#£ column 5% of the parameter card is 1, 3, 5 or 7 (see 3.2), the
2 .

e

matrix to be analyzed,, § , 4s ¢btained after exclusion or interchanging of

varisbles, if any, is printed. By S we mean.thé partitioned matrix

- S .
s= | W . .
S. S ' ol
~EY ~EX A%,
~%
The matrix $ will be printed first, followed by § and S . .
~¥Y - : ~ry ~¥X

A table of parameter specifécations, containing the information provided
By the pattern matrices and equality cards (see 2.2) is also printed.
Integer matrices are prigted corresponding to the pérameter matrices. 1In
each matrix an e¢lement is ag integer equal ?o the index of the corresponding
parameter in the sequence of independent parameters. Elements corre-

b . .

gponding to fized parameters are O ani elements corresponding to the szme
constrained parameter have the same value. Erxamples are given_in the
Appendix. .

The initial solution or start values for the parameter matrices will

&

also be printed.

’

et T A A A T e A a6 T
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-

~ oA
4.%. Matrices. I , , D and Residuals

WD

If column 5% of the parameter card is 2, 3, 6 or 7 (see 3.2), the

4 %

-~ ~ ~ *
matrices L, C , D and residuals are printed. .

. a fa] Fad * ‘ - ]
The matrices Z 3 C, D are computed from the final solution. By
~N ~ . ~
Z, C, D wve mean o
A
z
A ~¥Y
=
~ o ol -
z z
~2y ~XX .
wvhere . ’ ot
, .
. g - “~ 6?\.' . ~2 ~ .
. T | |
el AN AN
T... = AGDA!
~EY e~ Y
L
A A AN nD
X = N sAT 4 D
~V K P Py 4 ~6
-
~ AN A= | AN - ¢
C=DD' + B le L. /// > it .
"~ /\—l/\
D=B T .

If the fit is good ﬁ should agree well with §_ and the residual
- S, should be small. Elements of the residual matrices may

o

suggest how the hypothesized stiucture should be modified to obtain a

3 ne

matrix,

-

better fit. The matrices are printed row-wise, each element with three

decimals. . .
s 5 R

4.4, Standardized Solution

3

If column 47 or the parameter card is T (see 3.2), the standardized
. ;

solution ( K; , é; s g* , f*., §* ana @* ) will be prin%gd, as well

as the standardized matrices 5* and ﬁ* +« That is:

~

-

e
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N {
-35-
. A= RA
"y T =y :
A* _ AN A .
. '{}X l:\:xéé 2 ‘ .
LY AK A—lAA %
.BE = & §ﬁn P fa
. A AT AN '
N S
.J:. - é}'] ;{.-J’g 2 . . )
A=dAnc]
o¥ = oA
o7 e Ll ’ . .
A A=lAanll
¢ = A J -
A A_l/\/\ »
¥ = A DA .
~ ~-q ~~§ J
ATAan ¢
o = ATRTE .
~ ~T] ~~»rl .
where )
Kq = (diag §)l/2 s C
. A 1/2 ’
A, = (dia '
2 (3 g §) . .
4.5, Technical Output
r, If column 53 of the parametver-card is 4, 5 or 7 (see 3.2), the techni-

-

cal output is printed. This consists of a series of tables which describe

the behavior of the iterative procedure and give various measures of the

accuracy of the final solution. Ordinary users will have little interest

En these~tables.
The tables show the behavior of the iterative procedure under the .

steepest descent iterations and under the followiﬁg iterations by'the Davidon-

FlefcherlPowell method. . For interpretation of these tables the reader
. L. - R

>
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is referred to GruVaeus and J8reskog (1970). If something goes wrong, soO
that IND is 1, 2 or 3 (see 4.1), these tables may contain valuable

.

information.

L.6. Punched Output

If column 45 of the parameter card is T (see 3.2), the final solution

is punched on cards. The wmatrices are punched on cards in rector form,
reading row-wise, each preceded by a format card. Only the lower diagonal
parts of ¢ and ¥ will be p&nched. £ column 41 of the parameter card
is F, A, ¢, @ and I'"-will not be punched. If column 42 of the
parameter card is F, ¥ will not be punched. And if column 43 of the
parameter card is F, B will not be punched.

If IND # O (see-k.l) the final solution will be automatically

punched, regardiess of the ¥alue of column 45 on the parameter card.

o
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Appendix

We shali itlustratve how input data are set up and what the printout

)

0o0ks like by ueans AT three small data sets. These data also serve as

test data 1o be run when the program has been compiled on a different

i

computer.
Pagés 45 - Al show card by ca~d how the input data are punched. Ore
line corresronds to one card. Pages AS - A3L show the corresponding printout’

sbtained. ) .

The first set of data is the artificial data discussed in"section 1.k,

3. irtermediate oubputsis requested and the standardized solution is not
rrinted.
v

The second set of data is the model of Duncan, Haller and Portes .
discussed in section 1.5. There is.no selection of variables from the

matrin, bul cclumns (rows) are to be reordered. The standardized solution

is requested and printed. Note that the correct number of degrees of freedom

.

o
ic twelve and not 35 as given by the program. Since we know the solution

t Sl

= 6 , we treated ¢ as fixed at SXX when the program was run. But

~ % ~

1 should be considered as free, which accounts for the discrepancy in

®

derrees of [reedom.

ﬂThe'third set of data-is the restricted factor analysis model dis-

>

cussed in section 1.6. Note thet this model neither ¥ nor B are
17 be read in. Columns (rows) of the input matrix are to be reordered.
Intermediate output is requested.

For all three data sets both the input matrix and the matrix to be

analyzed are correlation matrices.

S ey
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Aruitoxt provided by Eic:

-p2%

¢

At various places in fhe output, time estimates are printed. The
time shown is the time taken to compute the solution that follows the time

estimate. This time includes only the iterations and not the time for

printing, except possibly the technical prihtout.

™
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