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ABSTRACT
The first part of this yearbook treats the

characteristics and needs of the slow learner, the research
.literature, behavioral objectives, and the creation of a favorable
learning environment. The second part, meant to provide more specific
help for the classroom teacher, deals with teaching techniques,
iudtisensory aids and activities, mathematics laboratories, and
diagnostic-prescriptive procedures. The third part covers classroom
management and school administration, curiciculum for slow learners,
and program descriptions for in- service, teacher education. Two
appendices present activities, games, applications, and sample
lessons that have been found to be effective with slow learners.
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Preface

In the revolution that has reshaped school mathematics over the past
twenty years, the major efforts at first were in behalf of the capable
student. Experienced teachers, however, have long been aware that
mathematically capable students comprise only a part of the student
population. A group often as large as the capable group, and in some
schools larger, is made up of students who have considerable difficulty
learning mathematics and whose achievement is noticeably below de-
sired levels. Dedicated mathematics teachers have addressed them-
selves to the problems of these students for many years. By the sixth
decade of the twentieth century, however, the need for greater math-
ematical competency on the part of all members of society was
becoming increasingly clear. National, state, and local interest started
to focus more than previously on the large number of students in our
schools who have trouble learning generally; and among these, of
course, are those who have trouble learning mathematics.

The Yearbook Planning Committee of the NCTM, at its April
1966 meeting, agreed to recommend to the Board of Directors a year-
book on the slow learner in mathematics,, subject to the following
limitations:

1. No attempt was to be made to identify such students beyond
the general definition of "students who are not achieving at the
desired level."

2. The yearbook was to deal with the subject matter objectives for

slow learners and the methods for attaining these objectives
at various levels.

The Board approved the recommendation, and a planning com-
mittee for the yearbook was formed. The planning committee had as

vii
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its immediate work the development of a proposal for a conference
on the slow learner in mathematics. It was hoped the conference
would generate ideas that would culminate in the yearbook. The
planning committee completed its work in April 1967, whereupon an
editor and an editorial panel for the yearbook were appointed. Four
of the original planning committee members remained on the editorial
panel. Vincent Brant replaced .Jack E. Forbes, who became chairman
of the NCTNI Yearbook Planning Committee at that time.

The conference approach to generating ideas for the yearbook did
not prove feasible because of the cost of such an undertaking, and
that approach was abandoned. During the early part of 1968 the
editorial panel met twice. At those meetings we agreed on basic
themes for the yearbook, selected tentative titles for the chapters,
sketched chrpter outlines, and selected prospective authors. In August
1968 a schedule and a budget for the yearbook were proposed to the
Board of Directors. The Board approved the proposal later that
year. By early 1969 the writing team for the yearbook was complete.

The editorial panel agreed with the first limitation set by the Year-
book Planning Committee and did not attempt to identify slow
learners other than by noting that these are students who are net
achieving at the desired level. \Ve were well aware that there are
a number of reasons why students do not achieve. \Ve were also aware
of the number of different labelsunderachiever, low achiever, low-
ability student, disadvantaged student, and so forthappliea to
various groups of these students. We chose to use the term slow
learner because the students we had in mind were those who learn
mathematics slowly and who have a history of learning mathematics
slowly. If speed of learning is a criterion of ability (there are those
who say it should not be), then perhaps the basic group in mind is
best d^scribed as those students of low ability, and in particular
those of low mathematical ability.

Yet a variety of students, with various reasons why they learn
mathematics slowly, are often placed lit the same "slow learner"
classes. The teacher is confronted with all these students. He is not
always able to determine the cause of slow learning, although seeking
the cause and working to eliminate it as best he can should be a majo'
part of his efforts. The authors for the yearbook were particularly
cautioned not to interpret 'slow learner" in such a way as to leave
out those whose apparently low ability is the result of cultural or
educational deprivation.

The second stipulation of the Yearbook Planning Committeethat
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the yearbook deal with the subject matter objectives for slow learners
and the methods for attaining these objectivs at various levelswas
subject to interpretation. We frankly admit that we chose to em-
phasize the latter. The :nail' purpose of the book is to provide ideas
for teaching the slow learner in mathematics. We felt that it should
not be a book on curriculum; it shot& certainly not attempt to pre-
scribe specific content in mathematics for all slow learners. Hence,
the emphasis on objectives in the book is on how to make them clear
to students and how to state them in terms of desired student be-
haviors, it is not on specific mathematical objectives to be attained.

Certainly, slow learners cannot be classified as being alike in all
respects. However, teachers who have worked extensively with these
students stress that, because of their history of failure and near failure,
almost all of them have a low opinion of their Aorth, at least as math-
ematics students. They emphasize also that these students learn best
when they are actively engaged in the learning activities. Contrary
to the thinking of the panel, some learning materials and some teachers
of slow learners seem to take the position that these children are able
to function cognitively at relatively low levels only, as in the use
of computational skills. With these three points in mind, the panel
hoped to see the following strands running throughout the hook; and
we asked the authors to keep them foremost in mind: (1) enhance-
ment of the self-image of the slow learner, (2) involvement of the
learner in the learning activities, and (3) attention to the development
of both skills and problem-solving ability. That the authors did keep
these strands in mind will be apparent, we think, to anyone who reads
the book.

The reader may find it helpful, as we have, to think of the year-
book as being divided into three parts. The first four chapters give
background information the teacher will find useful. In order, these
chapters treat the characteristics and needs of the slow learner, the
research literature, the advantages of stating learning objectives in
terms of student behaviors and some techniques for stating objectives
in this way, and the creation of a favorable learning environment for
the slow learner.

The second part, comprising chapters 5 through 9, is meant to pro-
vide more specific help for the classroom teacher. Adjusting instruc-
tion for the slow learner in the elementary school and finding teach-
ing styles that are helpful to him in secondary school are the themes of
chapters 5 and 6, re3pectively. Chapter 7 describes a manlier of simple,
inexpensive multisensory aids and aetiviti .'s that can be used with slow
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learners; and chapter 8 is devoted to the laboratory approach to
learning mathematics. Procedures for diagnosing mathematics dif-
ficulties and arriving at individual prescriptions to overcome these
are th veloped in chapter 9.

The third part of the book, for want, of a better name, might be
called administrative considerations. Chapter 10 deals with classroom
management and school administration. Chapters 11 and 12 deviate
from this third theme somewhat but are related to it. Various pro-
grams for slow-learner groups are reported in chapter 11. The panel
purposely chose programs representing a variety of philosophical and
curricular approaches, wishing to leave open the question of what
would constitute a complete and appropriate curriculum for slow
learners and recognizing that a variety of approaches might be suc-
cessful but with different kinds of slow-learner groups. Chapter 12 is
devoted to descriptions of some programs for the in-service education
of teachers programs designed to help them do a better job in their
work with these students.

The two appendixes should be of particular help to teachers. Ap-
pendix A presents a number of activities, games, and applications that
have been fcund effective with slow learners; and Appendix B shows
sample lessons that have been used sueeessfully with slow-learner
groups.

We would be remiss if we did not take this opportunity to thank
those who have helped bring the yearbook to realization. In the early
days of planning, help came from a number of people. Special thanks
are due to Jack E. Forbes; L. Doyal Nelson, chairman of the Year-
book Planning Committee when the yearbook was proposed; and
Donovan A. Johnson, president of the NCTM during the planning
phase for the yearbook. Continued support for the project came from
Julius H. Hlavaty and H. Vernon Price during their terms as presi-
dent of the Council.

We are particularly grateful to the several authors of the yearbook.
They kept close to schedule in submitting manuscript; made changes
willingly when asked to do so; and, along with members of the editorial
panel, reviewed chapters of the yearbook and made suggestions for
elia:iges. We are grateful also to the many persons who submitted
excellent descriptic,s of their programs to be "onsidered for chapter
11. We regret that, ,,:cause of space limitations. only eight of these
could be included. A list of those we did not have room to include is
given at the beginning of chapter 11. We thank also the teachers who
submittc.. the sample lessons for Appendix B. We shall not list here
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the names of the writers in any of these categories, since their names
appear with their contributions in the yearbook.

Too numerous to mention by name are others who read all or parts
of the yearbook in early or late draft stages and made helpful sug-
gestions to the authors or the editorial panel members. Among these
were a number of graduate students at Montclair State College and
the University of Virginia.

Finally, special appreciation is due those at the Washington office
of the Council. James D. Gates, executive secretary, has helped and
advised us on a ipmfber of occasions. Charles R. Hueka, associate
executive secretary, and his senior editorial associate, Julia A. Lacy,
assisted by Charles Clements and Dorothy Hardy, receive our special
praise for the careful work they did in editing and preparing the
manuscript for the printer, and for the excellent job they did in seeing
that the artwork, charts, diagrams, tables, and so on (there are a
great many in the book) were skillfully and correctly done.

The Editorial Panel

Vincent Brant Mary V. Nesbit
Baltimore Comity Public Formerly with the Dadc
Schools County I' .ffilic Schools

Shirley A. Hill Max A. Sobel
University of Missouri at Montclair State College
Kansas City

William C. Lowry, Editor
University of Virginia
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Characteristics and Needs
of the Slow Learner

RICHARD W. SCHULZ

IOW ACHIEVERS, underachievers, educationally disadvantaged, cut-
,

(orally deprived, emotionally disturbedwith an alacrity and con-
fidence betraying only superficial understanding, sor. educators apply
these euphemistic labels to children and adolescents. Whatever term
is used, there is little evidence that human beings can be so categorized
with any degree of precision.

Slow le.trners have been variously defined, in terms of IQ range,
mathematical achievement, teacher grades, reading level, or various
combinations of these. They do indeed demonstrate below-average
intellectual capacity on the basis of at least one of these criteria and
are likely to display mathematical atrophy, or arrested development.
They thus have much in common. Nevertheless slow learnersby any
definitionare not alike. Each has his own unique set of strengths and
weaknesses, and each shares in the universal, though highly variable,
attributes, concerns, and needs of other human beings.

It is commonly said that the child with a poor attitude or self - linage
is deficient in affective functioning and the child with weaknesses in
intellectual skills is deficient in cognitive functioning. This is true; but
it is also trueand it is a major thesis of this chapterthat slow
learning can result from deficient affective functioning as w(ll as from
deficient cognitive functioning.

1



2 THE SLOW LEARNER IN MATHEMATICS

So lnit and Stark have warned that even a child with adequate in-
tellectual endowment can be prevented from learning by a defective
perceptual apparatus, reading and writing disabilities, an inner state
of excitement, or anxiety, overwhelming life experiences, inhibitions in
Curiosity and intellectual activity, and a home or school environment
that interferes with the child's ability to concentrate and learn suc-
cessfully (for example, a perfectionist parent or teacher whose de-
mands arouse resentment and discouragement). They go on to say that
"just as a successful school experience prepares the child for assuming
responsibilities in later life, one fraught with anxiety and failure leads
to the loss of self-esteem and to a self-defeating attitude" (36, p. 989).

Slow learners are likely candidates for such loss of self-esteem. In
treating symptoms of slow learning, teachers must be wary of such
generalized diagnoses as "They don't know their basic facts," or "They
can't read," or "They must be Trouped more accurately and with
greater precision." Even a slow learner has already learned something.
It is the job of the school to find out how he has learned, what learning
disabilities he really has, and what channels of cognitive, affective, and
physical activity are still intact. Ironically, schools may be the only
treatment centers that blame the patient rather than the treatment
when things go wrong. IQ groupings themselves often serve to mask
instructional failures. By putting the blame on the child's innate capa,-
ity ("he is a slow learner"), schools have been able to escape the un-
settling possibility that their own strategy or technology may be at
fault.

This chapter examines the characteristics of slow learners. However,
the reader is warned against assuming that all slow learners are alike
or that the characteristics described below present an accurate profile
of even a typical slow learner, much less a specific individual. The
chapter concludes by reflecting on some important matters of funda-
mental need that are generally overlooked in the treatment of slow
learners. Affective concerns of children and adolescents are stressed,
with an underlying commitment to the position that the child's failure
to learn may be partly the fault of the school or the teacher and not
exclusively the fault of the child.

Characteristics of the Slow Learner

Cultural differences and deficient cognitive functioning are major
influences on the behavior and achievement of slow learners. Before
considering these factors in more detail, however, it should be stressed



CHARACTERISTICS AND NEEDS 3

that differences are not necessarily defects. Concerned by the prevail-
ing preoccupation with negatives, Eisenberg and Riessman have urged
attention to the positives, maintaining that educational planning
should capitalize on those differences that may actually represent
strengths (10). In discussing the untapped verbal ability of disad-
vantaged individuals, Riessman points to these additional positive
dimensions:

... the cooperativeness and mutual aid that mark the extended family;
the avoidance of the strain accompanying competitiveness and individu-
alism; the equalitarianism, informality and humor; the freedom from
self blame and parental over- protection: the children's enjoyment of each
other's company and lessened sibling rivalry; the security found in the
extended family and a traditional outlook: the enjoyment of music, games,
sports, and cars; the ability to express anger; the freedom from being
word bound; and, finally, the physical style involved in learning. [30, p.
230]

Fowler adds that even though an early tendency toward autonomy
may be based on neglect, early independence can be handled ade-
quately by involving the child in responsibility and thus can become
a partial advantage (17, p. 7). One tragedy of contemporary education
may be that so little has been done to identify and take advantage of
these positives.

Poor self - image

A slow learner is likely to have a poor image of himself, both as a
learner and as a person, to the extent that he has been unsuccessful in
his school experiences. As new challenges lead him to question his own
worth, he grows increasingly wary, and his endless frustrations lead to
feelings of guilt and shame. He lacks confidence in his future. During
adolescence a normal feeling of uselessness becomes still more onerous
with the growing sense of powerlessness, particularly when the slow
learner comes from a disadvantaged environment. Indeed, the slow
learner is caught up in what Mager has called universal aversives
conditions and consequences people tend to avoid (27, pp. 50-57).
These include fear and anxiety (for example, of threatened failure, ex-
posing his ignorance at the chalkboard in front of his peers, or being
sent to the principal) ; frustration (when information seems irrelevant
or is presented too fast to assimilate) ; and humiliation and embar-
rassment (repeated failure, "special classes," and even the feeling of
failure that is engineered into "the lower half of the grading curve").

Numerous studies appear to establish that a relationship does exist



u.10)ind luat.u0A0Lian t,ittt)e.totaalap ,q.).\Iss.0.1`.71o.n1 svittix0 oti lir tit 
11v sowttissrp stm um') .10110 0.tout .to 1; act icultt au 6s:40.1;1(11d 

Iootias. Inut.tott silt tit VI:1i p[011 (100(1 snit atI jj 091t01)1101: tit 
fit.ti:(11011.1t:(1 (0.10( 0191.1.ti moiati 0.1otti .10.11.).1 U :dut.091.01: .tattstnal Atov: 

[1:091X) ati) 00tto11atlx.) JA!iptioa st 100110, atI) 00u1 (6-t -(1(1 Lg) aatianbos Itpinoti) IUq.1Ja pop(1J)N0 (In Aututttitquiti 1)111: `::tuoi 
-(10.1(1 pui.100. tamp:tin A1(t.110: 6.1.1utz0:Iutn: 'AutztIn.t.)11.071 .stIttvuotty[00 
laajja pun °sun.) `S1110,1.0 JO q3311011bag Ottuapio tuticjts'snia 

aA(100jja ss.)I aq 01 1(1): st at' 10.1o010K sapttatatjap agog) S13Stz0(( 0) q(10 
s! 10(111101 .»o1s J111, 1h9-£S) 1(1 `jig (1(1 `LI tluti.) pun (.;c1-11) '1111 

'EL tg) utuut,,tio inuottui.).[ put: t8)(100u00 tuottutuaojti! Jo S)tatit:(1 ju.ta 
-(13;1 U pun t uotsuatIattluto0 `.ilit(1.)):11 pun ;iutp00.1 p0lat.11:40.: :5(1,1011141 

1130.)(1:: Inituoj tuatatjap ash o) .1)!1911:ut !Ai:num:Ai 
t/C.Btitiquao.N. paltutti 3!10qui.is-a'Autthtui pat151.10.1otItut 

ut: Jo satist.I.)).00.10tia AtitmoHoj alp Jo 30108 Jp111.)111 6,1:11.11NSJJ011 )011 
01) )11(1 sotattatagap papaiia)tij .majdgap :/imuoq.mi/j anjim/io,) 

)Olt -0Auti .10 aAnti Jo ap!,; (to unlit aati)im (umult) 
-ma S.kkoputv: U `;11toin 1:1x0 untunti .1011)o aliti `saitintan. 

oAqtido.) 0(1) .10.atiatt1m spurtualt in11ta0Ha1ut .10 :4011).1!.1 pogo:: JO 
pinpu) :: otil tI)!. 0igtincl(1uo0tit 0.11: lug) ai.ti)s ut i:aatia.tapti) 

at' A:um glaajap 0.1111a0a J(( 0) 111005 ttat. .).tuat,ititaltu 
U0 S11101110,0 1,1(1.10.1 ) J111 ;11 

DA.t)tao.) .to sins 1n11).0.0110)11! )tt0t0901) aan 5.t)11.a;04 

Rd/qv-mod damul;o,) 

atutut 
-nos s!tI Jo ttoian.t)guoaa.t 01 aq 11110(15 ls.tu `0(1 Xuttt 

scittisuot)1110.1.ta)ut pun s..io)01>j iusnua Jo xtattutt 0(1) .1.0.aintp 'J0(1.11301 

Asois otp Jo satatwtau.)1) pa! tinuatiinut 31I1 sp110))11 1001(05 .111) ;\:' 

foU 1.N S(10111:1!11:11 

0:0111 11119110111,01111 .10J 5110.11 01(1 1.1010.1Jp p111: 'Z(11110111 puo 
tiottua11p0 .10)001.t .titmit111)01 5uotti:(111000 Jo.; 51101101915n 09.41100.1 (101).1 Jo 

`01)11(1 palm pup 00u0puti0.)-Jiag JO :411!100J 01911)00 'Iloonzolap-J10.: pun 
.ittiollajui Jo :,:duti.)0J polls 1.4t1t g)avid 011:1 1,tu11 ttalpitti.) 

40.1":710x Jo 01(110111)5 0.13J alp 11( AU1111:110 )(10)10(1uit 01111111.) un.1.10111v 
pap.t.10.11.10-.:01) tt! 00 01(1 inj)titty apt)) 0unt,sr, (100 5001.7i0N alopa 

:pat,intztip u.)0(1 
alltu!-jias asotp .10100 .cu(: Jo .10(1.1001 mor: at') .IOJ IIJ.0 SH0111),) 

lagnstly 6.10(11001 1.)11i(i ati) Jo stuoitio,u1 pltaa(1.: 011) uo ttitittuatu 
-tuo0 uj (91 68 t 55000115.10 111.)01.),1a111011 1)110 )(100ti00 -jI.): tio,miaq 

t4.)1,1,VIVAITIVIV NI 1IHNII AC Y0-7 RILL 



ex.kiticr,misrics _AND NEEDs 5

Learning style: physical. slow. In one sense, :Mile vement is a testi-
mony to an insidious sorting and rewarding process that prizes head
orientation over hand orientation, or verbal skills and style over physi-
cal skills and style. In such a value system, the slow learner is often a
loser, for in many cases his primary learning style is one of physfeali-
zationconfrontation with t he inimediate environment on a physical
basis. While the importance of visual and action-based mathematical
experiences has been hypothesized on a neurological basis for all
children (15), tactile experiences with objects and events are indis-
pensable to the learner who has no other effective input channel. To
form concepts and work mathematical problems, he needs the physical
input provided by such manipulative materials as fraetion pieces,
Dienes blocks, geoboards, puzzles, games, machine calculators, and in
fact the entire mathematics laboratory.

But just as physicalization implies a physical input. it also hints at
a physical output (17, p. 7). Mathematics teachers are familiar with
the nuisance of the resulting "acting out" behavior: pencil tapping,
rhythmic tapping of the feet, paper crumbling, muttering, waving fists,
walking around the classroom, running in the halls, matching money,
yelling, slamming books on a table, temper tantrums, name calling,
fighting, and similar evidences that any teacher can cite. When an
attempt is made to control physical output, the result can be sullen
behavior, outright hostility, withdrawal, or daydreaming. None of
these consequences is very pleasant, and any can make learning more
difficult.

A learning style that is physical is also slow. Yet slowness should
not be equated with stupidity. Riessman suggests that valid reasons
exist for slow learning:

A pupil may be slow because he is extremely careful, meticulous, or
cautious. He may be slow because he refuses to generalize easily. He
may be slow because he cannot understand a concept unless he does
something physically A fluid may be slow because he learns in
what I have called a "one traek" way; that is, he persists in one line
of thought and is not flexible or broad. He does not easily adopt other
frames of reference, such as the teacher's, and consequently he may ap-
pear slow and dull. [30. p. 226]

Since speed of response is the dominant observable and rewarded
behavior in most academic classrooms, many students may have been
unfairly penalized for their slow styles. It has even been reported that,
in one case study, science and mathematics teachers waited signifi-
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candy less time for poor students to reply to questions. Students whom
the teacher perceived as slow or less able had to answer more rapidly
than those perceived as fast or bright (31, p. 131. If, in addition, slow
learners find that speeding up their work increases not only the prob-
ability of error but the risk of some consequence that will further
damage their self-images, it is not surprising that they continue to be
slow learners.

Cultural differences

In general, cultural differences place the learner at a serious dis-
advantagesometimes by impairing cognitive skills, sometimes by
damaging affective functioning, sometimes by imposing between the
learner and the school a cultural barrier or conflict with which neither
the school nor the child is able to cope. For the slow learner who finds
himself in a disadvantaged environment, life is not-to use Klineberg's
words"fun, filled almost exclusively with friendly, smiling parents,
doting grandparents, generous and cooperative neighbors, and even
warm-hearted strangers" (23). Rather, the disadvantaged legacy is
one of poverty, often complicated by minority status, with a high
potential for economic, emotional, and social disaster. Love of learning
is certainly not a product of a slum home. The marginal family may
be large, extremely overcrowded, noisy, disorganized, broken, highly
mobile, presided ove, by someone other than a parent, marked by
extremes of severe punishment and neglect, chronically insecure eco-
nomically, and further weakened by poor diet and inadequate clothing.
Because of the authority stance of the adult head of the family, cul-
turally deprived children often have had little opportunity for intel-
lectual interaction with adults. Furthermore, adults without an in-
tellectual orientation may not be able to help with academic require-
ments, teach such "school virtues" as promptness and orderliness, or
direct children toward long-range goals. (37, pp. 4-13.)

Thus, children who not only learn slowly but conic from a disad-
vantaged culture may lack hope, tend to behave in a random manner,
respond only to immediate or short-term goals, and neither expect to
achieve nor fear not achieving (20). In contrast, most teachers come
from a middle-class culture, which has given them a generally hopeful
outlook, highly organized their behavior, mad, them conscious of long-
range goals, and led ',hem to expect achievement and success. Such cul-
tural conflict can seriously impair the teacher's effectiveness in work-
ing with children from so discerdant an environment.

A disadvantaged culture does not support the goals and patterns of
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school life. We need to remember, however, that individuals are not
alike. Fowler repeats this caution when he says:

There is a body of evidence now rapidly accumulating which reveals
characteristic patterns associated with these conditions of life.... They
are found in various combinations, although to some degree the presence
of certain styles or traits tends to preclude the existence of others. It
is important to underscore, however, that these must be considered ideal-
type patterns which, while found more frequently in the poor and under-
privileged, are not uniformly present throughout these subcultures. The
range of variation, both in quantity and in quality of types of personality
and cognitn e styles, are as great here as in any other population. [17.
1). 5]

Reality set

It, has been said that many slow learners value education but dislike
school. In a sense, they have a reality set. They are not satisfied by a
phony world, and they raise serious questions about the relevance of
their school experiences. As Fantini and Weinstein set forth the issue:

The disadvantaged child has dared to call attention to the Emperor's
clothes by asking, "What's really in education for me?" In a counter-
point of innocence and defiance, the ghetto student declares that the
school is phony, that teachers don't talk like real people, that his reality
and reality as painted by the language of the school are as night and day.

In questioning whether the school has much intrinsic meaning, he has
become the spokesman for the middle -class child as well. Middle-class
students may drop out of college complaining of the irrelevancy of their
clas.se, and middle-class Amerwa may betray its miseducation by its
apathy toward social injustice. But even if they find the schools too
distant from the reality of their lives they are little inclined to challenge
the entire process becaus._ they have learned to play the game in order
to make it to and through college. [14, p. 105]

Slow learners need to sense reality in the problems with which they
are confronted, to sense at least occasionally that something important
has happened in the school mathematics setting. While social pressures,
adult views, and disciplined logic may affect curriculum choices, rele-
vance must be based on the perception of the learnerin the way the
slow learner views the school program as appropriate to his age, his
social and ethnic background, and as an avenue to a useful adui4, role.
School must he valid in his terms.

This is not to suggest that relevance must be based solely on voca-
tional meaningfulness; for what is relevant to a slow learner is often
related to his affective concerns, to his inner uneasiness. Fun, enjoy-
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went, and discovery can also be relevant if they reach to the feelings
of the 1,..arner. Unfortunately, as Bruner bas noted, the problem is that
learning is taken out of the context of immediate action just by dint
of putting it into a school and "the result, at its worst, has led to the
ritual, rote nonsense that has led a generation of critics to despair"
(6, p. 71).

Need of immediate gratification

Slow learners often find it difficult to defer immediate gratifications
in the interest of long-range goals. More often than not, their academic
school experience is neither clearly nor convincingly related to long-
range purposes. In lieu of responding to such future satisfactions as a
good job or a college degree, slow learners tend to put their energy into
immediately gratified desires: food, sports, cars, friends, sexual plea-
sures, and various other symbols of adult status. To a junior high
school boy already one or two years retarded in school achievement,
the distant outline of a high school diploma seems more illusory than
real. Stated succinctly, the light of available data, graduation is a
bad bet.

Lack of school skills

Whatever the causes, slow learners are not likely to exhibit the skills
required by typical school strategies and routines. One skill they often
lack is that of listeningof paying attention. Poor listening may some-
times be the result of ha; ing been subjected to so much random ncise
that one has learned to tune out audio stimuli. As Asbell suggests:

Psychologists are beginning to ,liscern that the slum child's inattention
may be a high skill, the result of intensive training When the child lives
with II people in three rooms . . sharing their toilets, knowing when
the man is drunk next door and [that] the baby is awake downstairs
a child must learn to be inattentive to survive. His ears become skilled
in not hearing, his eyes at not seeing. [1, p. SI)]

Children who have learned to be inattentive have acquired a charac-
teristic of considerable concern to their classroom teachers.

Another skill that is typically deficient in slow learners is persis-
tence. Many observers have noted the short attention span of slow
learners. However, even slow learners persist well beyond expected
limits when they are engaged in certain kinds of tasks that are either
clearly relevant or unusually interesting.

Shun children are not accustomed to attending to, or being an object
of, the long, orderly, verbal sequences that teachers use in explaining
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ness, punctuality, orderliness, and responsiveness. He may chafe under
the pressures of endless routines, commands, prohibitions.. and direc-
tions. In another setting, however, he is a different person. When out
of school and freed from its unacceptable constraints, he I ay exhibit
aggressive, physical leadership.

Although a slow learner may seek group identification, a large
group (class) may readily "turn him off." Particularly where intellec-
tual perfort»ance is involved, exposing himself to his peers may be too
threatening to his self-image. He is then likely to respond more skill-
fully in smaller; intimate groups, where the risks are smaller and where
attention and reinforcement are more readily available. Thus at one
time the slow learner may seek the support of a peer group, but at
another time he may need to escape from group pressure, to seek tem-
pormy privacyin a study cubicle, in a corner of the room, in the
ha:i, or in the nonevaluative grasp of a headset as he responds to a
carefully planned audio stimulus.

Deficient adult relationships

Kagan has suggested several broad classes of goals that motivate
the child's learning of academic skills. Developmentally, the first goal
is recognition from significant others. For the young child, this group
includes parents and teachers. For the older child and adolescent, it
includes peers and certain authority figures who have either the skills
or the power that the adolescent values. A second goal is identification
with a model who is een as commanding desirable resources. The child
will want to adopt behaviors and learn skills that he believes will make
him more like the model. (22, p. 34.1

Unfortunately, significant others and apprcpriate adult models do
not appear in the adult relationships of many slow learners, particu-
larly those from disadvantaged backgrounds, where adult males are
conspi,aiously unavailable to boysnot only because they find few
male teachers in the elementary school but because the male parent is
either missing or too busy to pay much attention to the family. Many
such children seldom have an opportunity to sit down with an adult
and hold a conversation of any personal consequence. Adults are
creatures to avoid. ("They tell you to be quiet or to get out of the
way, but they do not talk to you.") Yet the essence of a school ex-
perience is the adult conversation that these children have not learned.
Often what passes for conversation is limited to such statements as,
"Mathematics was one of my worst subjects, too," or, "That's not the
way I learned it," or, "Why are they teaching you that?"
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One of the most significant contingencies in a class of ,low learners
is that one of them will find in the teacher an adult model with whom
he can identify, from whom he can catch a positive attitude toward
mathematics, and with whom he can learn to engage in a mathematical
dialogue. Bruner has suggested that "the courtesy of conversation may
be the major ingredient in the courtesy of teaching" (6, p. 90).

Importance of sex differences

No listing of the attributes of a stow learner would be complete if it
did not recognize the importance of differences associated with the sex
of the learner. It makes a great difference whether the slow learner is
a boy or a girl, especially when the school is searching for strategies
and technologies relevant to the slow learner. Whether inherent traits
or cultural imprints, sex-related differences have been observed in
learning styles, role expectancies, sensitivities, aggressive tendencies,
toleration of femininity or masculinity, and response to authority.
How a child perceives his sex role can be a critical factor in his con-
cept of relevancy, his self-image, his tendency to initiate behavior,
and his willingness to complete a school assignment. (19, pp. 59-67;
26; 33.) The feminization of the elementary school may be more than
coincidentally related to the fact that so many more boys than girls
are "serious problem children" (5, pp. 13-17).

Kagan has developed the importance of the sex appropriateness of
school tasks by relating this factor to modeling behavior, or his "iden-
tification motive."

The peer group is not unimportant in the development of standards
and motives surrounding intellectual mastery. The child selects models
from among his classmates once he begins school. As with the lower-class
family, the lower-class peer group is biased against, school achievement
in favor of those behaviors that the boys and girls themselves define
as masculine or feminine. This situation has serious consequences for
school performance. [21, p. S7]

Although arithn rtic is one of the few school activities labeled as
predominantly ma.,culinr by first-grt,:ie boys and girls, the influence
of intellectual motivation has moderated by the fifth grade (22, pp.
36-37). Silberman has noted this important consequence of sex-linked
behavior:

The notion that intellectual activity is effete and effeminate takes
hold among boys around the fifth grade. . . . (Curiously enough, the
notion that intellectual activity is unfeminine sets in among girls at about
the same age.) [34, p. 2031



has been notoriously unimaginative and unsuccessful. Its failure can
he attributed to many factors. For one thing, learning theory has not

The teacher-,nonager as the strategic change agent

In building a mathematical program for the slow learner, the school
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Thus the flight into femininity of iireadoleseent girls may spell addi-
tional trouble for the teacher of mathematics. This is limit one example
of the need for considering sex differences in planning mathematics
curriculum. The implication in this ease is that curriculum materials
should include problems viewed by girls as feminine as well as problems
viewed by boys as masculine.

There arc, of course, other sex-linked characteristics of interest to
the mathematics teacher. Girls are apt to exhibit the approved virtues
of cleanliness, neatness, punctuality, and orderliness. They tend to
function well in groups. They tend to be better with computation but
less proficient in mathematical reasoning (18, pp. 49-50). Particularly
at the onset of iutolescTnee, they are preoccupied with personal appear-
ance and so ial relations. They seek to marry and live happily ever
after. They are more alit tc respond to gentleness, soft voices, fairness,
and democratic firmness. They are more apt to accept the teacher and
the content on faith.

Boys, on the other hand, are preoccupied with things connected with
their masculine status (33, p. 85). This is even more true of boys from
disadvantaged homes where male-female roles tend to lie more sharply
drawn and where sex typing begins early (19, p. 64). Males, even adult
males, from lower -class families gravitate towards male peers rather
than their families. Males seek to dominate, and they fear femininity
in ally form. most subcultures, however, boys are more apt to iden-
tify with activities that are mechanical, scientific, physically strenuous,
adventurous, legal, political, sales-oriented, or technological.

A plea form ore careful examination of sex differences as they relate
to slow learners is made by Bentzen. who says that when a society only
covertly recognizes the possibility of a relationship between a hiclogi-
eally determined differential between the sexes and the three- to ten-
to-one male predominance in learning and behavior disorders, this
itself may "precipitate stress and trauma, thereby frequently initiating
the deviant behavioral response pattei ns that society has come to
expect as 'normal' for boys" (5, pp. 13-14) .

Managing Instruction
to Meet the Needs of the Slow Learner
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provided an adequate base. For another. treatment has vacilla,ed even
as it has ranged from special worksheets to ability groupie g, to pre-
school centers, to such technological resources as computers. Never-
theless, in the present composition of the real world. the teacher is the
critical agent of change who can adapt the strategies and tactics of
instruction to meet the needs of the slow learner The living teacher.
not an abstract program of instruction, is the manager of instruction,
sensitive and responsive to the affective as well as the cognitive needs
of the learner. He must diagnose with systematic care, plan for an
extensive range of individual differences, and mediate effectively be-
tween the things of the classroom and the intellect on the one hand and
the affections of the learner on the other. He brings to the task a bag
of influencing techniques: proximity, signals, humor, constructive cri-
ticism, routines, reinforcements, and affectionsto name but a few. In
even the worst of circumstances he must try to be flexible, responsive.
and nonthreatening. Let us now examine a few of the strategics of the
teacher as an instructional manager who attempts to control. or at
least influence, affective functioning, learning tasks, social interaction,
and the schedule of reinforcements.

Just as there is no stereotype for the slow learner, so there is no uni-
versal prescription for his treatment. In the discussion that follows, the
problem of individual differences is implicit in each dimension of the
learning task and its management. Recognizing that it is impossible
to assign a single teacher to every child, Scars has advocated the de-
velopment of self-instruction devices that children can use at their own
pace and has urged the designing of research studies to diseover prin-
ciples that apply to group-oriented teaching and learning as well as
individual interactions between the teacher and the child (32, p. 6-7).
The following paragraphs call attention to a few such principlesones
that are already known but commonly overlooked.

Affective control: A sense of trust

There is strong evidence that low achievement is as much a per-
sonality problem as an intellectual one. The student must feel good
about himself (37, p. 265). When the slow learner comes to class
with a seriously damaged self-image, he cannot do good work. Effec-
tive learning cannot take place until the teacher and the pupil trust
and respect each other, until the pupil feels socially and emotionally
secure in the classroom environment. Erikson has singled out basic
trust as the first component of a healthy personality, defining it as
follows:
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By "trust" I mean what is commonly implied in reasonable trustful-
ness as far as others are concerned and a simple sense of trust orthiness
as far as oneself is concerned. . . . What we here call "trust" coincides
with what Therese Benedek has called "confidence." If I prefer the word
"trusts." it is because there is more naivete and more mutuality in it.
[12, pp. 56, 611

To manage the environment in such a way as to build a sense of
trust, the teacher must speak to the feelings of the learner. The slow
learner must sense a special, warm, I-care-about-you relationship. He
needs to feel the intimacy through hands-on reassurance or through
carefully chosen words that manifest tolerance, understanding, and
respect. He must find a clear frame of reference with consistent bound-
aries for classroom behavior. He must learn to respond and to engage
in adult conversations with his teacher as well as his peers. The
teacher, in turn, must learn when to talk and when to let students talk.
This may not be easy, especially for teachers who have long defined
teaching as telling and practiced it as such (37, p. 275).

Task control

Initiating responses. Anxious, withdrawn children seldom initiate a
response, whereas confident, explorative children are seldom without
something to do or say. It is not surprising, then, that slow learners,
who are anxious because they are school-conditioned to expect failure,
show avoidance and inhibitory reactions rather than desirable re-
sponses when presented with mathematical stimuli. Faced with this
situation, the teacher-manager must find ways to overcome it.

One way to encourage initiatory responses is to make the classroom
environment more attractive, appealing both to the mind and to the
feelings. Physical arrangements can encourage the slow learner to ask
a question, to inquire about a specific puzzle, or object, or display.
Since questioning by the student is relatively nonthreatening to him
(as long as the teacher refrains from making humiliating evaluations
of the question itself), the teacher's ability to manage the environ-
ment to stimulate questions is an important technique for helping
children begin to feel a part of a warm, human relationship. Ques-
tioning and curiosity should not be punished, and any reasonable
questions should be encouraged, even when they are of a nonmathe-
matical nature.

PhyJicalization. Sensorimotor involvement with real objects (and
pictures of objects) is a crucial preliminary to effective verbalization
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and conceptualization by the slow learner. For him, learning must be
more than passive reception. He needs to do things, sometimes even
interacting with the environment in random exploration with his
unique style and sensory mix. Such learning can be messy rather than
elegant, uneven rather than predictable. Yet the understanding teacher
will know that many children need to learn this way. Asbell makes a
special plea for the culturally disadvantaged:

No one ever tells slum children much about anything. Conversation
is not a highly developed art in their families. Suddenly the child, ac-
customed to learning through his senses, is obliged to sit still all day
before a talkative teachershe can talk for hours without stopping.
Moreover, she seems to think the most important thing in the world
is to make out printed words on a page. [1. p. 91]

And Davis makes a' final stinging observation:

Large-scale observation of American classrooms reveals unquestionably
that, in 1965, the usual (and nearly universal) mathematics class has
children sitting in their seats, a teacher standing at the front of the
room, no physical apparatus for the children to touch and play with,
and a lesson involving merely talking, listening, reading, and writing. . .

This applies not only to the primary grades, but at least as broadly to
K-12. .. . We need much more use of physical apparatus in the mathe-
matics classroom, especially apparatus which the children manipulate
themselves. [9, pp. 356-57]

Alternatives, novelty, and variety. Slow learners not only tolerate
novelty and variety; they demand them.

Reasonable predictability is a prerequisite of classroom security, but
novelty and reasonable unpredictability are required to sustain ex-
ploratory activity. The point is forcefully made by Waetjen:

Nothing erodes motivation more than constant exposure to the pre-
dictable and familiar situation. Of course, classrooms must be somewhat
familiar to pupils, since this gives them guideposts for behavior and
therefore facilitates motivation. But all classrooms should have some
element of unpredictability which gently nudges pupils into an "off
balance" position and which makes it necessary for them to obtain in-
formation in order to regain their balance. [3S, p. 39]

Novelty and variety serve a further purpose by making alternatives
availablethe alternative approaches and procedures needed to ac-
commodate the wide range of learning styles and affective concerns
exhibited by slow learners. "More of the same" is seldom an effective
solution to a learning problem that develops when a child fails to
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achieve a stated objective through a given set of stimuli. It is to be
hoped that alternative stimuli, more lively and in tune with the
learner's style and interests, will then be helpful. Available alternatives
must range well beyond the unimpressive, unexciting, and over-
whelmingly verbal format of the typical mathematics textand beyond
other resources that are commonly used. A workbook of problems all
presented in a similar manner, all requiring the same form of response,
and all leading to a single best answer does not stimulate persistent
behavior or arouse curiosity. And the typical reading-lecture style of
classroom activity is by measure a close match with the physical-
aetio» style of the slow learner.

One important source of variety and novelty is the mathematical
game. Children develop cognitive skills as they play games, making
decisions and carrying out strategies. Aside from this fact, however,
games have value because they arc needed. The rationale for games,
R iessman says, can be found in the learning styles and characteristics
of slow learners:

Their extra-verbal communication (inotorie. visual) is usually called
forth in games, most of which are not word-bound. Also, most games ...
are person-centered and generally are concerned with direct action and
visible results. Games are usually sharply defined and structured, with
clear-cut goals. The rules are definite and can be readily absorbed. The
deprived child enjoys the challenge of the game and feels he can "do"
it this is in sharp contrast to many verbal tasks. [29, p. 711

Teachers alert to the need for variety and novelty, however, must be
equally alert to the danger that the mathematics presented to slow
learners may degenerate into a series of completely unrelated topics,
meaningless tricks, useless applications, or mere amusement and enter -
tainment. Variety must be carefully managed and instruction organ-
ized to provide the feeling of security that slow learners seem to find
when they look forward to a daily routine. Nevertheless, while a
typical class period may include a "wake up" exercise, a review, a
game, the discussion of a new idea, and written seat work or a "quiet
time," within the context of each part of the lesson there is adequate
opportunity for pleasant surprises, unpredictability, and variety.

One further point should be noted. When children are exposed to
many alternatives, they are likely to find a preferred technique, strat-
egy, or algorithm. As a result, students working side by side may be
using different strategies and algorithms. Such flexibility allows for
different learning styles and need not lead to mass confusion.



CHARACCERISTICS AND NEEDS 17

Psychological structure, sequencing, and pacing. That phy,icaliza-
tion and variety are not sufficient in themselves is well argued by
Kagan.

[In preschool enrichment programs for low( r-elass ehildren1 there is
a zealous at tempt to bombard the lower-cla,, child ith pictures crayons,
hooks, speech, and typewriters. as if an intellectual deficit was akin to
hunger and the propor therapy required filling of his cerebral galleys
with stuff.

I would like to argue for a more paced ,trategv, a ,elf-con,cious at-
tempt to intervene when the intrusion i, likely to he maximally dr,tinc-
five 121, p. S21

Fowler carries the thought further:

Key principles are the concepts of structure and sequencing of ma-
terials, followed by the coordination and pacing of the learning aceording
to each child's rate and level of mastery... Selective organization and
sequencing of the material N essential if the disadvantaged child N not
to get lost in a walk in the woods [17, pp 13-14 .1

Instructional materials for the slow learner must he selectively
organized and sequenced so that psychological organization (structure
as the learner perceives it) is consonant 1Vith the logical organization
(structure as the mathematician perceives it). Teachers of slow learn-
ers must attempt to step into the pupil's frame of reference and look
matters over from there.

The following principles are presented as reasonable guides for the
teacher who tries to manage instruction with Loth mathematical and
psychological integrity:

1. The initial learning task must he pared to the learner's state of
readiness, and the child must understand what lie is supposed to ,./o.
Reduced persistence, excessive questions, and irrelevant behavior are
frequently the result when the objectives and procedures are not clear.

2. Ongoing learning tasks must be consolidated and performance
reasonably dependable before new, dependent tasks are introduced.
Furthermore, newly developed concepts will have to he revisited fre-
quently. Just as one plays a recording of a musical composition many
times to appreciate its structure and meaning, mathematical ideas
mature with each revisit. Unfortunately, in the interest of covering
prescribed material, even slow learners are rushed to new concepts
when they would better visit old ones. Superficial verbalizations can
readily he memorized, but concepts develop in depth as they appear
in a variety of instances and contrasting examples.
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3. Successive learning tasks must be properly sequenced and paced.
A child cannot be expected to persist in problem-solving activity if the
ultimate solution of the problem hes beyond his ability or beyond his
repertoire of skills and store of information. Nor is he likely to persist
long if the successive stages are not relatively easy to attain, particu-
larly during the early stages of instruction.

The third principle has implications that should be noted here. When
long-range goals are absent, lessons and assignments in mathematics
must provide unambiguous direction and well-defined, attainable end-
points. Children develop the confidence and persistence required for
longer-range, goal-directed activity only as they frequently experience
closure (that is, sense completion) in activities of much shorter dura-
tion. For the development of personality, it is probably more im-
portant to complete a short assignment than to leave a long assign-
mem unfinished. Carefully designed worksheets, learning activity
packets, and well-managed assignments are among the devices teach-
ers can employ to ensure a reasonable amount of closure for slow
learners in the daily classroom routine. Of course, the work span of a
slow learner can be dramatically lengthened by such factors as per-
ceived relevancy, fun, novelty, and social rewards.

Relevance. In arranging the learning task, adults often assume that
what is meaningful to them is equally meaningful to the learner. The
serious business of children's play may seem a waste of time to adults;
yet the adult habit of accumulating knowledge merely to pass an
examination may seem equally irrelevant to a child. For the slow
learner, the critical test of relevance is not whether an activity is per-
ceived as important by adult society or the mathematical community,
but rather whether it is perceived as important and interesting to him.
As long as a slow learner does not perceive relevance in intellectual
activity, he is in the position of learning useless information. For
example, a girl who views mathematical activity as predominantly
masculine may well find mathematics irrelevant. Wasting time in use-
less activity is self-defeating for anyone, no less for the slow learner
than for the bright scholar.

Before schools existed, relevancy was never a problem; for what was
learned was learned in the context of an immediate application: farm-
ing, building a cabin, hunting, cooking. Today, the slow learner still
seeks relevancy in the here and now. Long-range aspirations have little
attraction and almost no holding power. Depending on his stage of
development, the slow learner may find relevancy in a wide range of
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experiences: shopping; play stores; scales, graphs, and collected data
of the natural and social sciences; student government; peer relations;
family problems; cooking; newspaper ads; social situations; :dentifica-
tion figures; blueprints; and office equipme. to offer a representative
list. However, relevancy is not necessarily practicality. Children do
like the excitement of finding outof inquiring and discoveringas
long as the adventure is not endless and aimless. With patience and
considerable skill on the part of the teacher, even slow learners can
want to learn for the sake of learning. It is toward this kind of rele-
vancy that school experience should be directed.

Relevance can be magnified by permitting students to take part in
the planning of learning activities. When a child is personally involved
in selecting one option from a group of alternatives, he sees the task
as relevant because he has committed himself to it. Something of his
personal life will appear in the task itself. for he has examined his own
interests and priorities and made his decision accordingly.

In any event, the teacher of slow learners must be continually ready
with an answer to the question "What are we doing this for?"

Social control

For practical reasons, the school remains a group-centued expe-
rience for most children. Fortunately, group dynamics offers special
help to the teacher who is attempting to manage the environment to
accommodate the individual differences of slow learners. Since the
motivation of a slow learner is particularly influenced by his strong
peer orientation, improving the social system of the 'lass or school has
significant potential for favorably affecting the behavior of a slow
learner (17, pp. 9, 15; 20, p. 14; 37, pp. 19, 267).

One of the 11.4 powerful applications of group dynamics is the use
of peer helpers Audent-to-student tutors. Classroom groups that are
emotionally stable constitute a significant reservoir of peer helpers.
Slow learners tend to be peer learners by style and by experience.
Sometimes they find it difficult to work alone simply because of their
need for attention and affection (37, p. 19). They are reassured that
"at least two of us are in the same boat." They often ask to study
togethersharing ideas, helping each other, sometimes just relaxing
in occasional conversation as they do their assigned work. Further-
more, student-to-student interaction is readily managed to provide
style matches and sex relevancy (for example, boys can be mutually
supportive even when required to engage in work they perceive to be
feminine) .
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Lippitt and Lohman point to assumptions they have made in de-
signing projects to train student helpers: younger children model the
behavior of their older tutors; older children communicate more effec-
tively than adults at the younger child's level; the older child is less
likely to be perceived as an authority figure; a sligntly older child
provides a more realistic level of aspiration than does an adult; and
the older child profits from cross-age socialization as well as from
developing a more realistic image of his own ability and present state
of development (25).

In his more usual classroom routines, the teacher must manage a
harmonious relationship with the group values of the learners. He must
involve them in planning through discussion and guided activities and
in decision making through affording an opportunity to choose for
thomselves among varied alternatives. He must he alert to any signs
that a child lacks the skills required for effective group interaction,
for there is constant danger that a slow learner may further damage
his self-image if called upon to expose his disabilities before respected
peers. On this account, the teacher must teach to strengthsto suc-
cesses and to such positives as the student has in his hag of attributes.

A word of caution must be offered about the grouping of slow learn-
ers on the basis of deficient school achievement. There is some evidence
that the homogeneous social groups that are a by-product of achieve-
ment groups may not be in the best interests of the slow learner (7,
pp. 21-22) and that the 'labeling of these groups with numbers or as
`bluebirds' and 'crows' undoubtedly affects the parents' and teachers'
expectations for the students as well as the child's level of aspiration
and his self-concept" (28, p. 44). The process of grouping may indeed
be self- defeating, for when a Judea is labeled "slow" he may expect
less of himself; and if he expects less, he may accomplish less. Much
more needs to be learned about the effects of grouping and expectancy
on the slow learner.

Reinforcement control

One of the most critical factors under the control of the teacher is
the schedule of reinforcements. He must determine and provide for the
optimal mix of rewards, successes, punishments, and failures as the
student responds and learns. Skinner has suggested that tokens, sweets,
privileges, and other contrived reinforcers are necessary, in some cases,
to create a special (or prosthetic) environment to compensate for a
defective sensitivity to normal contingencies of reinforcement (35,
p. 7081. In any event, contingency management and the scheduling

,-)
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of reinforcements underlies much of the work in performance con-
tracting in which business and industry have been engaged.

While the slow learner must be relatively free from the threat of
external evaluation and the anxious consequences of failure, he must
also learn to tolerate a moderate amount of failure as he moves
through a prescribed learning sequence. Unfortunately, the slow learner
needs more powerful and individualized feedback mechanisms than are
now generally available.

Some of the more crucial principles that should govern the control
of reinforcements as they relate to the needs of the slow learner (or
any learner, for that matter) a c these:

1. The risk of failure must be kept as low as possible. No one
chooses to invest much of himself in a task where he expects to fail.
To threaten a slow learner with failure is meaningless and even coun-
terproductive. An adolescent might rationalize that to study and fail
is intolerable whereas to avoid study and fail is acceptable. A teacher
must manage the structure and sequence of the learning tasks to
minimize failure and manage the social environment so that failure
is never a humiliating experience. An F must never stand for failure
as a person, and under no circumstances should it speak with finality.
Even the unsuccessful learner must continue to feel, "The teacher
believes in me."

2. Feedback must be informative and carefully scheduled. This is
much easier in basketball shooting than in long intellectual sequences.
Children in their games have developed a helpful solution to con-
tinuous, nonthreatening feedback when they talk about "getting
warmer" or "getting colder." Intuitively they seem to avoid the more
final expressions "You're right" or "You're wrong." In any event, rein-
forcements that do not carry corrective or clarifying information must
be used carefully if they are to be useful in guiding subsequent student
behavior.

3. Reinforcement should be positive and immediate. Teachers of
slow learners should be alert to every sign of success or even of good
intent. Poor work should probably be overlooked more often than it
generally is. Children are much better able to handle absence of praise
for poor work than condemnation or constant carping. Appropriate
rewards can include words (particularly affective-oriented words, such
as "Well done" or "Much improved"), recreational activities (games
or even free time), and tokens (especially when slow learners do not
respond to normal reinforcing mechanisms and as long as the tokens
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are deserved and reasonably accessible). If school grades are ever a
suitable reward, they are certainly inappropriate for slow learners if
they are restricted to the low end of the scale. What can a D convey
to a slow learner who is trying, other than that his best is not good
enough?

4. Punishment should be avoided. Then is little if any evidence
that punishment has value except to inhibit or stop dangerous or
socially unacceptable behavior. Punishment carries a minimum, of in-
formation. It is likely to cause enough anxiety to cripple a child's
initiative and persistence in working at any mathematical activity.
Punishinentwhether physical or affectiveis an crsive technique
and a poor teaching device. Teachers of slow learners must be con-
tinually oriented to the positives and the successes. The effects of
success cannot come unless the learner tries. And if reinforcements
are not properly managed, the rich are likely to grow richer while the
poor grow poorer as they travel along the increasingly complex con-
tinuum of mathematical skills and concepts.

Summary

Slow learners, no less than other human beings, are unique individ-
uals. Each has his own set of strengths and weaknesses; each defies
a stereotype. Yet in some respects they arc alike; for it is common to
find them deficient in affective functioning as well as in cognitive func-
tioning. In fact, if slow learners in mathematics do share any common
characteristic, it is probably that of a poor self-image with respect to
mathematics. Accordingly, this chapter has maintained that work
with slow learners must start with such affective concerns.

The other characteristics here discussed may or may not be attri-
butes of a specific slow learner. These include various cognitive defi-
ciencies and various learning styles in which action speaks louder than
words; cultural differences that sometimes cause conflicts between the
learner and the school; a reality set that continually asks, "What's in
it for me?"; a tendency toward immediate gratification rather than
long -range goals; a lack of certain components of school know-how
(for example, listening skills, which may have been actually un-
learned as a consequence of out-of-school experience) ; social needs
and defective social skills; deficient adult relationships, which make
adult modeling and conversation difficult; and various sex differences
that may affect school behavior and achievement.
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Instruction can he managed to meet the needs of students with
these attributes. It is the teacher who, as manager of instruction,
is the strategic change-agent in the classroom. As already noted,
he can influence affective functioning, learning tasks, social instruction,
and the schedule of reinforcements. his first responsibility is to
establish and maintain a sense of trust. In controlling the learning
task lie should allow for sensorimotor involvemen', (physical manip-
ulation and activity) ; novelty, variety, and alternate learning tasks;
appropriate psychological structuring, sequencing, and pacing; and
experience that is relevant on the learner's own terms. For social
control through group dynamics, the teacher can take advantage
of the slow learner's strong peer orientation by making use of student-
to-student helpers. Finally, in his control of reinforcements, he would
do well to create a success-oriented environment, of which informative
feedbaek, immediate reinforcement, and a nonpunitive climate are
essential components.

This chapter has made only limited and very general recommenda-
tions concerning the treatment of slow learners. More extensive sug-
gestions follow in this yearbook. However, a final caution needs spe-
cial mention hereone that hears careful attention. If slow learners
are unique individuals, clearly each prescribed treatment must be
based on a unique and well-defined set of strengths and weaknesses.
The cure cannot be effective unless the diagnosis is accurate. The
point is forcefully made by Taba and Elkins:

A ba'ic cause of defective teaching strategies, of ineffective selection
of content and materials, of inadequate approaches, and of poor learn-
ing atmosphere is lack of systematic, all-encompassing, and continuing
diagnosis. .runt as a good physician administers treatment only after
thorough diagnosis, a good teacher builds curriculum and instruction on
analysis of data gathered by use of searching diagnostic procedures. (37,
p. 23]

Better tools are needed both to ninpoint the learner's strengths
and weaknesses and to monitor the progress of the learning program.
Perhaps the computer is, as some have claimed, the only instrument
capable of coordinating the complex network of diagnosis and in-
struction. Yet in the event that new strategies and technologies still
fail to deliver a cure, it is to be hoped that the patients will no
longer be blamed for what went wrong and that, instead, mathe-
matics educators will search for even newer, more imaginative, and
innovative strategies and technologies.
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The Research Literature

LEN PIKAART
JAMES W. WILSON

ONE turns to the research literature for information. Ideally, the
extant research would provide solid information for the identifica-

tion of slow learners, for the understanding of th?ir problems in learn-
ing mathematics, and for direct applications to the tealling of mathe-
matics to slow learners. If enough research information were available,
this chapter could be the source document for the rest of the yearbook.
The chapter is not such a source document, for the research informa-
tion about the learner in mathematics is insufficient.

Educational research is a young science. In less than half a century
research design and statistical techniques have progressed from the
relatively simple models described in classic works (e.g., 106, 55, and
54) to the highly sophisticated analyses available today. Educational
research has progressed from that of the individual researcher at-
tacking specific problems to systematic programs of research by teams
of researchers. Educational researchers have begun to use models and
theories for the identification of significant research problems. And
mathematics education has just begun to emerge as a discipline with
its own organized body of knowledge, empirical results, research ac-
tivities, and practitioner'., maxims. To some extent the problem of the
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slow learner in mathematics has had an easy "solution" in the past
the slow learners could be dropped from the mathematics classes. But
modern society demands a greater mathematical literacy than the
societies of at times, and modern educational philosophies of uni-
versal schooling up to the age of thirteen or fifteen demand the use of
other alternatives for the slow learner in mathematics. The discipline
of mathematics education must construct a body of information from
well-chosen innovations, theorizing. and quality programs of research.

During this half-century of development, however, the impact of
research on the teaching of mathematics has been relatively meager.
Why? Why is there not a large body of research information on the
teaching of mathematics to the slow learner? The answer has many
facets; there are many influences. Researchers have been at the same
time overwhelmed by a complex task and limited by inadequate
theories, poor conceptual' ition of problems, and pedestrian research
designs and statistical tecnniques.

Primarily, the many classes of variables associated with learning
mathematics complicate the task of the researcher. For instance, he
must consider previous learning experiences, environmental influences,
personality characteristics, aptitudes, and the interaction of all these
classes of variables. Moreover, the researcher must often conduct a
study in a school setting, and this requires the cooperation of respon-
sible administrators. Often, when the research is completed, the popu-
lation to which the results apply is very limited. Reasonable com-
promises in the research procedure must be accepted. However, many
times these compromises could have been avoided by the use of more
sophisticated research designs if the researcher had been aware of
them.

The results of learning research may be meager because researchers
have not studied the appropriate variables. The burden of research
is to discover or explain the unknown or unconfirmed. Research, as the
primary method of science, must select, by means of an adequate
theory, the appropriate variables to investigate. As ably stated by
Thurstone: "It is the faith of all sciences that an unlimited number
of phenomena can be comprehended in terms of a limited number of
concepts or ideal constructs" (163, p. 51). It is one role of an adequate
theory or model to specify the finite set of variables that may describe
the phenomenain this case, the problems of the slow learner in
mathematics. Most research dealing with the slow learner in mathe-
matics has been atheoretical, and it is no surprise that very little or-
ganized information has resulted from it.
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Although it is true that one goal of research is to obtain knowledge
and information,, it is also true that productive research stimulates
the construction of hypotheses and research questions. If productive
research stimulates research, then any review of research will na-
turally lead to suggestions for additional research.

Therefore, in this chapter the authors will review extant research in
the teaching of mathematics to slow learners, consider the limitations
of this research, and suggest avenues of research that appear produc-
tive. The chapter's major sections consider the identification of slow
learners, concomitant variables of slow learning, research on instruc-
tional programs, and studies that are predictive of future trends.

The Identification of Slow Learners

The history of research on slow learners approximately parallels the
history of the development of the concept of intelligence as quanti-
fiable. Indeed, it appears that the first modern interest in slow learners
began when researchers learned that individuals differ in intelligence
as measured by standardized tests and identified slow learners as those
who have scores below the average on intelligence tests. One of the
aims of this chapter is to convince the reader that such a definition
is inadequate.

Intelligence

The concept of intelligence as a quantifiable and universal attribute
emerged during the current century. The recent history of this concept
is adequately described in most basic texts in educational psychology
(e g., see 116, pp. 245-70), so only the highlights will be mentioned
here.

Unfortunately, the concept of intelligence has been misused as a
theory to explain the failures of education.

In 1904 Spearman proposed a two-factor theory of intelligence. One
factor was general intelligence, designated g; the other factor consisted
of a large group of special abilities, designated s. The g factor was
envisioned as relatively stable, but the several abilities of s were
thought to depend on training and environment. Later E. J. Thorndike
proposed a multifactor concept in which intelligence was thought to be
the arithmetical sum of a series of variti and unrelated abilities. These
abilities were classified as (1) abstract, (2) mechanical, and (3) social.
About 1933 Thurstone proposed a concept of intelligence that em-
bodied both the Spearman and the Thorndike notions. Thurstone's
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multiple-factor theory conceptualizes intelligence as composed of a
great many abilities, but these abilities are clustered and It is the
clusters of abilities that are seen as factors of intelligence. By means
of the statistical technique of factor analysis, Thurstone was able to
analyze the variance of a great many tests and to identify several
specific factors. Thurstone's analysis is operational today and serves
a.; asis for the Primary Mental Abilities Tests (146).

Although Thiirstone's concept of intelligence has been widely ac-
cepted, it has not been the concept most used in practice. Ever since
the introduction of Billet's first test in 1905 and its Stanford Revision
by Terman in 1916 (116, pp. 268-70), most teachers, counselors, and
school administrators have relied on a single measure of intelligence
the intelligence quotient, or IQ.

Even if an IQ score is a valid measure of the construct intelligence
that is, even if it is a measure of aptitude to learnthere is good
reason to believe that its use has been harmful to slow learners. The
assumption that the IQ score is a sufficient measure of aptitude has
led many people to exclude students from opportunities to study some
subjectsthus further limiting their environments, with a likely con-
sequence of retarding their mental ages (103, p. 45). To identify slow
learners by specifying an IQ rangefor example, between 75 and 90
may well be a confusion of cause and effect. Who is to know if slow
learners typically have low IQ scores because they are underachievers
(perhaps only because they learn slowly) or because they lack apti-
tude? Also, it is easy to find examples of students who have low IQ
scores and high achievement in a school subjectand even easier to
find students who have high IQ scores and low achievement in a school
subject. The whole problem, as indicated elsewhere (103, p. 45), is that
the exclusive use of IQ scores as a major classification variable for
making decisions about the educational program for a student implies
either (1) a belief that the Itz is genetically based and therefore in-
flexible or (2) a belief that a valid aptitude score can be obtained at
one point of timea score based on the student's learning (and en-
vironment) up to that time. Such beliefs are invalid. For the IQ, with
all the body of research on its development and validation, is still an
imperfect measure. Educators have often failed to recognize the limita-
tions of IQ measures as they have adapted and used the measures in
simplistic solutions to complex educational problems. These beliefs,
and the educational uses that follow from them, do little more than
excuse some failures of education; they contribute little to helping the
underachiever to learn,
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IQ score is not the only criterion that has been applied to identify
slow learners. For example, in one significant study Herriot reports
(76, p. 51 ) :

"Slow-learners" . . were roughly defined to be the second lowest
quartile. . . . In choosing students to benefit from the "slow-learner"
study, some schools used previous standardized test scores, or teachers'
recommendations, but, in general, the study classes chosen by principals,
teachers, counselors, or coordinators were existing classes of low-achievers.
The initial reasons for children being placed in these classes varied, e.g.

(a) below grade level in mathematics achievement
(b) inadequate reading level
(e) slow worker in mathematics
(d) inaccurate computation
(e) fearful of mathematics
(f) antagonistic toward school
(g) apathetic, indifferent toward learning
(h) recent transfer to school
(i) chronic absentee

Such operationally diverse classification criteria substantiate the
absence of any single satisfactory method for identifying slow learners.
This chapter will argue that slow learners can be best identified on the
basis of their specific learning difficulties or, better, their specific learn-
ing abilities. Classification by any single general score has led research-
ers into unproductive investigations.

Implications of individual-difference studies

Research in psychology during the past seventy years has been very
ably reviewed by Glaser to identify implications for the study of learn-
ing and individual differences (64). Much of the interest in the re-
viewed studies focused on the change in the spread of individual differ-
ences within a group after a period of learning.

As reported by Glaser (64, p. 2), Thorndike reasoned that an in-
crease in the spread of differences following a learning period would
imply that capacities for learning, or "innate aptitudes," were func-
tioning rathc than environmental factors; however, a decrease in the
spread of differences could be caused either by differing native
capacities or by differences in previous practice.

To further explain this notion, reference is made to figure 2.1. If the
curve labeled t,, with mean XI, represents a distribution of a sample
before instruction, then a distribution such as the one labeled t2, with
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mean .1:2, might occur after learning. In this case the spread of differ-
ences has increased, and one might guess that differences in capacities
for learning handicapped low-ability students and helped high-ability
students. Alternately, if the distribution t2 were identical in shape to
that of ti, it might be inferred that everyone had simply increased
his achievement by a fixed amount and thus capacities for learning
had had no effect. Filially, if (2 exhibited less spread than ti. (was very
steep), it would be difficult to hypothesize the cause. Perhaps the in-
struction or practice was so effective that everyone achieved similarly
high achievement scores. In any case, a probable cause would not be
indicated in this last situation.

Glaser marked two studies by Woodrow as classic (64, p. 3). In the
first, Woodrow investigated the effect of practice on convergence or
divergence of individual differences and concluded the change in the
spread of the differences depended on the shape of the learning curve
and the positions of individuals on it (174). Thus, relative individual
differences may be a function of the way a task is performed. Later,
Woodrow explored the relationship of measures of general ability,
such as intelligence, and specific learning variables (173). In this study
the general-ability measures were specified in terms of task accom-
plishments, while the specific learning abilities were defined as change
measured by the difference between an initial score and the final score
on given learning tasks. Woodrow concluded that a specific ability to
learn is not the same as general intelligence and that the correlation
is insignificant or close to zero, thus implying the futility of using
general measures to identify slow learners.

This second study by Woodrow suffered from one impairmentthe
use of gain scores. Simply stated, the problem is that gain scores are
dependent on the initial scores of individuals and subject to errors of
measurement. More to be recommended is a technique that obtains
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a residual gain, which is the final score less the predicted final score.
This predicted final score is determined by a regression function on
the initial scores. (150.1

In spite of the criticism of the Woodrow research, the results have
been corroborated by others (see 64, pp. 4-5). All these studies imply
that there is great danger in using a general-ability measure as a pre-
dictor for student success on a specific learning task.

Concomitant Variables Associated with
Slow Learning in Mathematics

Several studies have been conducted to determine variables asso-
ciated with slow learning, and in general there are many variables.

Ross studied twenty fifth- and sixth-grade underachievers, defined
as those students with an IQ of 100 or more on the California Test of
Mental Maturity who were at least one year below grade level in
achievement (141). He investigated arithmetic performance, general
academic performance, intellectual abilities, physical characteristics,
personal and social judgment factors, and home and family back-
ground. In general, lie found specific deficiencies in basic arithmetical
computation processes, in the solving of reasoning problems involving
multiplication and division of whole numbers, and in all processes in-
volving common fractions. Sixteen of the students (80 percent) were
at least one year below their grade level in reading, and they were
underachieving in other school subjects. Also, the children evidenced
withdrawal and defeatist attitudes. Thirteen were identified as having
emotional problems, and fifteen had shown immaturity or slowness of
general physical development. Parents tended to be from a low socio-
economi class mid to hold one or more teachers responsible for their
child's inadequacies.

With regard to the socioeconomic level of the home environment,
Dunk ley found the achievement of disadvantaged kindergarten chil-
dren to be significantly below that of children in the middle-class areas
(41).

An investigation similar to Ross's vas conducted by Sister Ague:,
Jerome (90), who studied twenty slow learners in grades 3 through 8.
In the areas of achievement and social adjustment her results were
similar to those of the Ross study. The subjects were in satisfactory
physical condition, however, and Sister Jerome did find that thirteen
subjects had Stanford-Binet IQ scores in a range from 74 to 90; the
total group mean was 89.
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Cawley and Goodman studied mentally handicapped children in
special classes (28). They found many significant correlations between
achievement in other content areas and achievement in arithmetic and
between achievement and Primary Mental Abilities Test scores. The
report is particularly interesting because profiles are provided that
demonstrate the wide range for different factors of achievement within
the ago subgroups. For example, children in the age group from twelve
to fourteen years old had mean-grade-equivalent scores that ranged
from the second month of grade 2 in grammar to the tenth month of
grade 3 in computation.

In a study of problem-solving ability, low IQ children, compared
with those of average and high IQ, showed a greater incidence in non-
persistence, in offering an incorrect solution, and in using a random
approach (100).

There is an excellent summary by Cronbach (36) of several studies
conducted to investigate the affective domain in relation to cognitive
learning (e.g., 51, 4, and 69). Cronbach identifies "constructively"
motivated students as those who have a high level of achievement
motivation and low anxiety, whereas "defensively" motivated students
are those who have the opposite pattern. The research summary in-
dicates that "constructive" students learn best when they are assigned
moderately difficult tasks, immediate goals are not too explicit, and
feedback is provided for judging themselves rather than for motiva-
tion. "Defensives," on the other hand, will function best when short-
term goals are spelled out, there is a maximum of explanation and
guidance, and feedback occurs at short intervals. Cronbach also points
out that it is important to remember not only to capitalize on the exist-
ing aptitudes of students but also to attempt, to improve these apti-
tudes. These generalizations have been corroborated by Leiderman
(103, pp. 45-50) in an analysis of other studies (e.g., 108, 79, 91, and
101).

Glick, at the Olympic Center for Mental Health and Mental Retar-
dation. University of Washington, is currently completing a paper on
the relationships between attitude and achievement. of 350 sixth grad-
ers. Although a positive relationship between these variables has been
reported by Dodson (38, pp. 91-92), Glick is attempting to tease out
the relative causal effect of achievement and attitude variables. He
writes:

achievement is overwhelmingly the more frequent causal factor; how-
ever. more frequently than not it occur; in an "incongruent" direction.
That is, it operates to lower the attitude-achievement relationship. When
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attitude is causal, which is in the minority of cases, the effects are, more
frequently than not, congruent. That is, favorable attitudes enhance
achievement and vice versa. Dissatisfaction for the learning task and the
learning situation may be the price we pay for pushing kids toward high
achievement

This phenomenon may also explain the lack of correlation between
attitudes toward school and achievement. Two variables are operating
one to increase the correlation and the other to decrease itand perhaps
they cancel each other.1

Research on Instructional Programs

Cronbach has suggested three major ways of adapting patterns of
education to individual differences, as indicated in the third column
of table 2.1, which is adapted from his summary (36, p. 24).

TABLE 2.1
PATTERNS OF EDUCATIONAL ADAPTATION TO INDIVIDUAL DIFFERENCES

Educational Instructional Possible Modifications to Meet Individual NeedsGoal Treatment

Fixed Fixed la) Alter durations of schooling by sequen-
tial selection

lb) Train to criterion on any skill or topic
(alter duration)

Options Fixed within 2a) Determine for each student his prospec-an option tive adult role and provide a curricu-
lm preparation for that role

Fixed within Alternatives 3a) Provide remedial adjuncts to fixedCORM or main-track instructionprogram
3b) Teach different pupils by different

methods
3c) Teach at an appropriate level on the

learning curve

Fixed goals, fixed treatments

The first pattc is "adaptation within a predetermined program"
in which 15th educational goals and instructional treatments are fixed.
In orc:er to meet individual differences the duration of schooling could
be altered by a plan of sequential selection such as exists in many
schools in England, Australia, and Sweden. However, the International

1. Oren Glick, 196P: personal communication.
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Study of Achievement in Mathematics reported little support for selec-
tive retention (84, pp. 87-1021. In the United States. academic pro-
grams or college -hound tracks, although part of comprehensive schools,
may be thought of as examples of relatively fixed educational goals
and fixed instructional treatments.

An alternative instructional pattern with fixed goals and fixed treat-
ment is to train all students to a criterion, thus altering the time for
instruction. Before the end of the nineteenth century, Sharpe has re-
ported, it was found that students differ in the time needed to memorize
a piece of information (148). Although the effect of Sharpe's report
was to emphasize the existence of individual differences, it also pointed
to a procedure for instructing slow learners. A recent study was re-
ported by Begle at the First International Congress of Mathematical
Education (8, p. 106). He found that fourth-grade slow learners learn
mathematics as well as more able students when instructional time is
increased for the slow learners. These results corroborated results
found earlier by Herriot with seventh- and ninth-grade students (76,
p. 44).

Goal options, fixed treatments

Another pattern identified by Cronbach is an "adaptation by match-
ing educational goals to the individual." Thus the goals become op-
tions, and the instructional treatments may be fixed within a particu-
lar option. In order to meet individual differences, each student's
prospective adult role might be determined and a curriculum provided
that would prepare him for that role.

Margaret Cobb (34) indicated that there was a high risk of failure
when any student entered first-year algebra, as it was usually taught
in 1922, with a mental age of less than 15-6. Mary general mathe-
matics courses and shop mathematics courses were developed to
provide less demanding goals for slower students. Both Castaneda and
Hoffman have reported research supporting the pattern of matching
educational goals to the individual (27; 82).

Fixed goals, treatment options

A third pattern identified by Cronbach is "adaptation by erasing
individual differences"; goals are fixed within the course or program,
but there are alternative instructional treatments. In order to ac-
complish the program objectives with individual differences, remedial
adjuncts to the main track could become part of the program. For
example, remedial work could be available and the student could be
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permitted to branch into the remedial adjunct, as in some forms of
programmed instruction. Alternatively, hierarchies such as those rec-
ommended by Gagne could be established that would serve as bench
marks in the learning process (61).

Several authors have reported research that supports the value of
remedial programs (13; 23; 63). The results of studies of programmed
instruction, regarded as a treatment alternative, are not conclusive
1161; 78; 931. Nutting and Pikaart reported significant increases in
computational speed and accuracy with disadvantaged pupils as a
result of a special program of drill (123, pp. 1-39). Similar success
has been reported in a computer-assisted instruction project of drill
and practice in McComb, Mississippi (158, pp. 22-24).

A slight modification of the previous pattern is one in which the
adaptation is made by altering instructional methods. This pattern
appears to Cronbach to be one of the most promising. in a review of
Cronbach's article, Carroll suggests that another modification might
also be included (26). Because the school does not control the total
history of the individual, Carroll suggests a procedure for locating
the appropriate level on the learning curve for each individual and
adapting instruction to him. It may be that this pattern, listed as 3c
in the table above, would include patterns 3a and 3b in its scope.

Investigations of the effects of altering instructional methods have
often involved a revision of content also. For example, Easterday re-
ported the effectiveness of a special program that changed instructional
methods and content (45). Callahan and Jacobson found success in
the t,c of Cuisenaire rods (22), and Lerch and Kelly reported good
result, in units that employed mathematical structure and student
exploration (104). Berger and Howitz studied the effectiveness of the
NCTM series Experiences in Mathematical Discovery (EMI)) and
found the units were beneficial (12). The EMI) series can be described
as discovery lessons for ninth-grade students in the 30-50 percentile
range. In two other studies of modified versions of the EMD series,
Maynard and Strickland found no significant differences in achieve-
ment among three groups whether the method for each group was dis-
covery, developmental, or expository (113, pp. 178-83; 155, pp. 169-
73). Karnes found that thP relative effects of various instructional
programs can be very significant even as early as ages four, five, and
six (94).

Individually Prescribed Instruction (III), or the Oak leaf Project,
is a developmental project of the University of Pittsburgh Research
and Development Center (159, pp. 78-79). A great many behavioral
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objectives have been specified for the elementary school mathematics
program; and as each student achieves a given objective, a new learn-
ing sequence is assigned for other objectives. Although research re-
ported at this writing is not comparative or sununative, the formative
research indicates that the instructional model is very effective (105).
One of the most encouraging aspects of the IPI program is the premise
accepted by its authors that the student cannot fail. If particular
objectives are not achieved, the staff is committed to design a new
learning sequence for the individual student. Thus, the focus is on
instructional procedures for individual students, as opposed to general
methods for whole classes.

Studies That Are Predictive of Future Trends

Almost all the reports of the implementation of mathematics pro-
grams have emphasized that slow learners need to succeed.

Rosenthal and Jacobson conducted two studies relating to this need
1401. In ane experiment twelve psychology students were each given

live laboratory rats of the same strain. Six of the students were told
that their rats had been bred for brightness in mailing a maze, while
the other six students were told that their rats could be expected to be
poor maze runners for genetic reasons. The students were assigned to
teach their rats to run the maze. During the whole study the rats be-
lieved to be brighter in maze running performed better. At the end of
the study the students were given a questionnaire. and the results
indicated that those assigned the allegedly brighter rats rated their
subjects brighter, more pleasant, and more likeable than the students
who had the allegedly duller rats rated theirs.

In an analogous study by Rosenthal and Jacobson teachers were
told that certain students in their classes could be expected to show
unusual intellectual gains during the school year (140; 139). The
names of these students had actually been chosen by means of a table
of random numbers at the end of the previous school year, yet these
randomly selected students demonstrated significant gains in intel-
ligence as measured by the Flanagan Tests of General Ability
(TOGA).

Although this study was not conducted with slow learners, it appears
that it may have important significance and some important implica-
tions for teachers of slow learners. Teachers' expectations about stu-
dents may be an extremely important variable.

It should be pointed out, however, that a review by R. L. Thorndike
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contains the following scathing comment about the Rosenthal and
Jacobson study:

The enterprise winch represents the core of this document, and pre-
sumably the excuse for its publication, has received wide.4pread advance
publicity. In spite of anything I say, I am sure it will become a classic
widely referred to and rarely examined critically. Alas, it is so defective
technically that one can only regret that it ever got beyond the eyes of
the original investigators! Though the volume may be an effective addi-
tion to educational propagandizing, It does nothing to raise the standard
of educational research. [162, p. 708]

Thorndike's review contains important questions about the re-
liability of the data reported in the study. It remains to be seen if
additional research vill support the original study.

A recurring theme in this chapter has been the notion that classify-
ing slow !earners as underachievers or low-aptitude students is not
helpful and, in fact, may be harmful. A similar ill-advised use of
classification may be the grading process common in this country.
Bloom, Hastings, and Maxim's have observed:

As educators ,ve have used the normal curve in grading students for so
long that we have come to believe in it. Achievement measures ire de-
signed to detect differences among our learnerseven if the differences
are trivial in terms of the subject matter. We then distribute our grades
in a normal fashion. In any group of students we expect to have some
small percentage receiv3 A grades. We are surprised when the figure
differs greatly from about 10 percent. We are also prepared to fail an
equal proportion of students. Quite frequently this failure is determined
by the rank order of the students in the group rather than by their
failure to grasp the essential ideas of the course. [15, pp. 44-45]

The thesis concerns the development of a "mastery" curriculum.
This is analogous to pattern 3b in table 2.1: fixed goals within a pro-
gram and alternative instructional treatments. The authors' hypothesis
is this:

Given sufficient time and appropriate types of help, 95 percent of
students (the top 5 percent plus the next 90 percent) can learn a subject
with a high degree of mastery. To say it another way, we are convinced
that the grade of A as an index of mastery of a subject can, under ap-
propriate conditions, be achieved by up to 95 percent of the students in
a class. [ 15, p. 46]

They suggest, sonic of the following techniques for individual teach-
ers to find ways of modifying their instruction to fit the different needs
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of the students and therefore to work toward a mastery curriculum
( 15, pp. 48-49) :

1. Group study. As students need opportunity for working in small
groups (perhaps of two or three students), this kind of activity can be
useful for discussing points of difficulty in the learning process. The
small group should be noncompetitive in nature, with emphasis on
cooperation.

2. Tutorial help. This is a costly procedure, to be used when other
means of instruction are not available. Ideally, the tutor should be
someone other than the teacher, in order to bring a fresh way of
viewing the learning problem.

3 Textbooks. Since textbooks may vary in the clarity with which
they explain a particular idea or process, one means for adapting in-
struction is to attempt to match alternative presentations with particu-
lar learning problems.

4. Workbooks and program»zed-instruction units. These units may
be especially helpful for some students who cannot grasp the ideas or
procedures in the textbook form.

5. Audiovisual methods and academic saes. Some students may
learn a particular idea besi, through concrete illustrations and vivid
and clear explanations.

At the heart of the mastery curriculum is the formative evaluation
of classroom learning (15, pp. 43-57). This evaluation serves a diag-
nostic function and is used for making decisions about the next stage
of instruction for each particular student. Learning outcomes are
organized hierarchically and diagnostic tests prepared. Then for each
stage in the hierarchy, if the student fails to reach mastery, an alter-
native instructional sequence is specified. Thus the instructional pro-
gram is modified for each individual and structured so that he even-
tually achieves the desired terminal objective for the unit.

Bloom, Hastings, and Madam reported several years' investigation
of mastery 1,rning procedures, where operating procedures stieh as
formative evaluation, diagnosis, and prescription of alternative in-
struction were incorporated into existing classes. Results from algebra
classes and test-theory classes were very encouraging. They reported
significantly better class performance in a test-theory class as a
result of incorporating mastery learning procedures. (15, pp. 53-56.)
Wilson illustrated the use of master.) learning materials from BIGoin's
project in a first-year algebra course (170).

If the notion of a mastery curriculum is feasible, although its im-
plementation is probably more costly than normal expenditures for
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education, it would appear that there is real hope of providing the
education that slow learners have long needed. For, obviously, the
procedure has direct implications for the slow learner.

Thus, in the mastery learning model, all students are helped to
achieve a criterion mastery of the learning at hand. The focus is
not on separating students into grade classifications of A, B, . . . , or
F, but rather on helping students reach the mastery level. Such an
instructional model avoids simply identifying those students who
have not learned; instead, the instructional effort is to determine
how each student can best learn. Research on the development, I se,
and validation of the mastery learning model for slow learners in
mathematie4 is an obvious nee(l.

A useful strategy for identifying problems for research in organizing
instructional objectives, for identifying test items, or for analyzing
results of an evaluation is to classify learning outcomes in terms of
mathematics cow,cnt and in terms of the level of behavior expected
of studeni-s. oeveral classification schemata have been reported in
the recent literature, most of them based on the Bloom Taxonomy
114). Schemata specific to mathematics have been reported by
Wilson (170), Hush (84, pp. 93-94), Wood (171), Romberg and
Wilson 1138), and 13egle and Wilson (9). Kilpatrick has questioned
the predictive usefulness of such schemata precise:y because so many
different formulations have been reported (96). But validating the
hierarchy of cognitive levels is not the major point in presenting
these schemata here. Rather, their value lies in the heuristic direc-
tion they provide for organizing and specifying the problems of
research, instruction, and evaluation. Organizational schemata for
looking at the problems of studying the slow learner in mathematics
are sorely needed.

The most comr,...hensive schema, or table of specifications, has
been provided by Wilson (170) . A simplification of that schema
follows. The essential idea in the table of specifications is that ob-
jectives of mathematics instruction can he classified in two ways:
(11 by categories of mathematical content and (2) by levels of be-
havior. The degree of specificity of the categories in either dimension
is arbitrary and should be adjusted to the task under study. For
example, a set of content categories might be number systems, algebra,
and geometry. This could include most of the types of mathematics
content slow learners might encounter in their school years. (In fact,
a problem, perhaps an area of research, can be identified already in
that slow learners in mathematics would tend to have limited con-
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tact with either algebra or geometry eontent. A set of behavior
levels might include computation, comprehension, application, analysis,
interests and attitudes, and appreciation. See figure 2.2.

CONTENT

Number
Systems

Algebra

Geometry

OBJECTIVES OF M ATI I ENIATICS INSTRUCTION

Compu-
tation

Coming-
hen.ion

13E111\101(S

Application

I nt ereq
and Appt e-

Analy,i, At t it tide, ciat um

fig. 22

Explicit definitions of the labels on each dimension need to be
stated in order for the schema to become operatioaal. One such set
of definitions can be found in Wilson (170, pp. 653-63) .

A cursory examination of the table of specifications suggests some
possible areas of investigation of slow learners in mathematics. For
instance, one would suspect that with slow learners there tends to
be a heavy emphasis on the number systems-computation cell and
little attention to other cells of the table. This might be the ease
because of the assumption that comprehension, application, or
analysis behaviors (and even attitudes and appreciation) are de-
pendent on a mastery of computation. The assumption is a dubious
one, but in any event empirical questions for research can be gen-
erated. Can analysis-level behaviors be effectively taught to slow
learners if they are deficient in computation-level performance? In
what positive ways can a slow learner appreciate mathematics?

Summary

This chapter has examined the research on the slow learner in
mathematics and found it lacking. Therefore, instead of summarizing
research findings the task has been to look into the potential of
research in this area.

Strong traditions were identified in this chapter with regard to
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the use of IQ scores as measures of aptitude. This was found to be
inadequate A more fruitful approach, bringing with it progress in
the understanding of the problems of the slow learner in mathematics,
is to consider specific learning aptitudes of slow learners and to adapt
instruction to take account of these individual differences. It is in
this direction that ,otentially fruitful programs of research on the
slow learner in mathematics are identified.
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Behavioral Obi ectives

HENRY H. WALBESSER
HEATHER L. CARTER

Summary

y ou may find it peculiar to be confronted with the summary of a
chapter at its beginningbut such unusual behavior is to be ex-

pected from behaviorists Beginning at the end, as it were, may seem
like playing a game. It is true that the authors are playing a game, as
may be seen in the use to be made of cartoons. However, the purpose
is entirely serious; and it is only fair to tell you at the start what the
following narrative is intended to convey. The thesis being exposed
here is elegant in its simplicity: If a teacher describes his objectives
for slow learners in terms of observable behavior, then he increases the
likelihood of being successful in teaching them.

Introduction

It is only fair also, and in line with the authors' faith in behavioral
objectives, to tell you at the outset what the objectives for the reader
are. A sensible notion, telling the reader what he should be able to do
after reading something. Why is it not done more often? At any rate,

52
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here are the authors' objectives for you. After reading this chapter and
participating in its activities where indicated, you should have ac-
quired the behaviors illustrated in figures 3.1-3.5.

STATEMENTS

OF

OBJECTIVES

BEHAVIORAL

OBJECTNES

INSTRUCTIONALLY

HELPFUL

/
Distinguishing between

NO

OBJECTIVES

NalEHAVICIRAL

COMFORTABLY

AMBIGUOUS

a statement of a behavioral objective

and a statement of a non behavioral obiective

Fig. 3.1

( INSURANCE POLICs1NSU
e

BENEFITS

j For the
slow learner

IL For I

Describing the benefits of stating objectives in
behavioral language for th, slow learner and
his teacher

Fig. 32



----" STRIOT APPLICATIONre

.-,____----

RICH, INTERESTING
LEARNING

ENVIRONMENT
KNOWLEDGE

OF
OUTCOMES\ -/

Distinguishing between liberal and

FREE AND OPEN

EXPLORATION

strict application of a definition for a behavioral objective.
___/

Fig. 3.3

SUCCESSFUL
LEARNING

,,._____

Dem- nstrating the use of behavioral objectives in the design of instructional material for the slow learner

Fig. 3.4
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.-u--.
Exaggerated

claims

BEHAVIORAL m---
OBJECTIVES ;___

Once a publisher. use

until statements of

behavioral obicctives

--,e_---

Ineffective
instructional

material

--1

Others,

-..._ and evidence of Constructing requests for behavioral ob ectiveS and accompanying
accomplishment are evidence of accomplishment from publishers of instructional

provided - material for the slow learner

1

Fig. 3.5

As you see, the commentary of this chapter is punctuated with visu-
als, which are employed to make important points. This maneuver is
not frivolous; its purpose is to persuade you to read the entire chapter
before making a judgment about the worth of behavioral objectives
for the teacher of slow learners. However, should you abandon this
chapter and need a reason far doing so, a few well-worn but still com-
monly used excuses are offered in the following illustrations.

The Too Confining Reason

I find writing behavioral objectives

to accompany instructional materials

too restricting for my discovery,

inquiry, process, being aware of,

interest, openminded goals

Fig. 3.6
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The Really Important Reason

Behavioral objectives are all right

in their place,but the really important

purposes of mathematics instruction

cannot be described in that way.

Fig. 3.7

The Mind's Eye Reason

/----j-

.S(.14(OL

Sure I have objectives in mind

when I teach something, but it

isn't possible to write them down.

Fig. 3.8

Since behavorial objectives are not an altogether new idea, some
readers may already possess the competencies identified as objectives
for this chapter. For those readers, figure 3.9 and the invitation merely
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to skim this chapter are offered. Skimmers are also invited to try the
assessment tasks at tlio end of the chapter.

The WA Competent Person

BEHAVIORAL OBACTIVES

r"- mV,

L

I need not read this chapter because

and practice
I already possess /\ each of

the behaviors descbed as objectives

Fig. 3.9

An Unusual Committee

Once upon a timeand herein lies the truth to be found in fable
the community of Openminded decided to adopt a new instructional
sequence for slow learners in mathematics. A selection committee was
appointed, with representatives from classroom teachers, parents, stu-
dents, mathematics supervisors, paraprofessionals, and building prin-
cipals. The sunenntendent's charge to the committee was broad and
ambiguous: "Select a mathematics curriculum most appropriate for the
slow learners in our school system."

The committee asked publishers to send their representatives. An
invitation was extended to each publisher of textbooks designed for the
elementary or secondary grade level and intended for the slow learner.
Each representative was to give a clear description of his program, in-
cluding the materials available, with a brief review of the pedagogical
approach. Most companies agreed to send representatives.
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They came, they presented; the committee listened, asked for clarifi-
cation, and recorded what was said.

After the final presentation, the committee met to decide on the texts
to he adopted. They discussed the alternatives as each committee mem-
ber perceived them. The discussions continued for several meetings
with no resolution. Communication difficulties were obvious, so the
committee decided to call in a consultant. Accordingly, a behavioral
scientist was asked to provide advice on selection procedures.

The behavioral scientist came but did not offer the anticipated ad-
vice. No tried-and-true rules were given, no foolproof procedures out-
lined. What is more, no resolution of the selection problem vas pro-
vided. Instead, the consultant raised hard-to-answer questions, such
as, "What do you want slow-learning students to he able to do with
respect to mathematics?" If someone lapsed into ambiguous language
by replying "Know how to ... ," he would tactfully reject the response
by asking another question, "How do you know when the student
knows?" This manner of probing offended some, embarrassed others,
and frustrated most.

The consultant then focused on one topic, asking, "What do you
want every slow-learning student to accomplish with respect to this
topic?" At least half a dozen answers came from committee members,
with twice as many "clarifying" remarks, which some decided were
needed to interpret their responses. The variety of expectations for one
competency was surprising and perplexingsurprising because of the
many differences of opinion, which had never been so clearly voiced;
perplexing because no one knew how to resolve the difficulty.

This procedure was repeated for two other topics, with similar re-
sults. By the end of the meeting the committee members began to real-
ize that the consultant had made them focus their attention on the
outcomes of instruction. More than that, he had led them to consider
these outcomes in terms of observable student performance.

At the conclusion of the session, the behavioral scientist referred to
a procedure employing carefully stated objectives. He suggested that
this procedure be tried as a means of helping the committee members
to communicate with one another as well as to select appropriate cur-
riculum materials. The experience of the past hour was all the persua-
sion the committee needed to try this approach. They agreed that be-
fore any decisions could be made about the instructional sequence for
mathematics, ,,ney would need to define the performance outcomes
expected of their students.

But the committee members were not skilled at writing performance
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statements. Oh yes, some had heard of volumes like Gagne's conditions
book (8), Bloom's Taxonomy (3), Mager's book (131, Cook and Wal-
besser's book on constructing objectives (5), and the work on affective
taxonomy (12). Others recalled names of school systems or projects
that had made use of behavioral objectives. Projects like the "Mary-
land Elementary Mathematics In- service Project" (MEMIP) and
"ScienceA Process Approach" were named; also, activities such as
those carried out in the school systems of Anne Arundel County, Mary-
land; Baltimore County, Maryland ; Bloomfield Hills, Michigan; Cor-
pus Christi, Texas; Frederick, Maryland; Howard County, Maryland.
However, no one was familiar enough with any of these procedures to
be willing to assume the responsibility of teaching the others.

A decision was made to hold a series of instructional sessions which
the behavioral scientist would lead. Objectives for this instruction were
identified. At the end of the instructional sessions each committee
member would be able to-

1. construct a behavioral objective;
2. identify instructional materials that should be used to help slow

learners acquire a specified behavior;
3. construct evaluation tasks to measure the acquisitions of the per-

formance;
4. demonstrate the use of behavioral objectives in making decisions

about the design, construction, implementation, and assessment
of instruction for slow learners.

CONVERSATIONS IN OBJECTIVELAND

APPRENTICE

BEHAVIORAL

OBJECTIVE

MASTER BEHAVIORAL

OBJECTIVE



How does a teacher
decide whether he has been successful?

The teacher decides
he is successful when
his students have learned
what he has intended

them to learn.

How does
the teacher
tell someone
else what he
is teaching fo

He uses objectives
sometimes clear
and sometimes
ambiguous.



How can you distinguish
between clear and
anibigt..sous objectives?

Why, it's easy! Whenever the
teacher's

description

includes global,
ambiguous words.



yyou hear verbs such as
"understand:"appreciate,"
"gain a feeling for" in the descri

But some teachers use those
words all of the time;
they must have meaning.



What do
you rn ea n 7

......---....
Let's take a:- example

suppose you said the objective
is to have the students

understand fractions.



What's wrong with that?
Don't you want them to

understand fractions?

The point is this

what pelorniance does
"understand fractions

describe for you?

I can think of two
no, three no, five or perhaps ten.

i'm beginning to see the point.



e
It's sort of like the problem

of deciding what number
is named by fr.

...

Do you suppose a teacher
knows what he means when he

uses ambiguous words?
Yes, he is

just not clear
about saying it.



f the teacher could be
more specific, his meaning

would be clearer. Could we
help hull?

No! We can help him be
clearer about hispurposes, but we are
no instructionalpanacea.



O.K. Ler fly.
What kind of subject area could we select?

Any subject
area could be

tackled.

Let's fry an "sy one
matheenahcs.

........
All right, but we cannot
choose all of mathematics

in one example.



Let's choose an area
where mathematics
instruction is not

very successful.

How about matheo. talks
instruction for the slow learner?



BEHAVIORAL OBJECTIVES 69

A log was kept of the instructional sessions when the consultant met
with the committee. The following section is a description of that log.

The Committee's Log

Session 1: Characteristics of a behavioral objective

Each member of the committee was asked to write an objective for
an exercise on fractions. Here is a selection of the written objectives:

A. Write a fractional numeral in the form of a decimal.
B. List four fractions in order from least to greatest. Name the

fractions wit: 1 decimal numerals.

C. Rename a fraction as a decimal numeral, given the name of
the fraction in English words.

D. After instruction, each student will be able to distinguish the
largest fraction, given a set of three fr-ctions named by decimal
numerals.
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E. After instruction, each student will understand how to rename
a fraction as a decimal numeral when he is presented with a
fractional numeral.

The consultant identified some of the stated objectives (not all of
which are listed) as descriptions of performance.

Which of those listed (A, B. C. D. E) do you suppose he identified
in this way? Write yr)ir response in the blank provided. Go
ahead, don't be bashful. Write a responseno one will grade you on
it. Did you select any of the first three9 No? Goo -1 for you! The
consultant selected one statement. D.

The consultant then asked: "Why were statements A, B, C, and E
not accepted as adequate descriptions of performance? Were these
statements inaccurate as to content?"

"No" was the general response.
"Are these objectives unrealistic expectations?"
"We can't decide" or "No" were the responses.
"Were the wrong words used?"
About half of the group responded "Yes," while the other half said

"No."
"What do you mean?" was asked of some who had responded "Yes."
Their pooled responses said that the words used in the four un-

acceptable statements did not make clear the desired student per-
formance.

At this point the consultant asked, "With which cbjectives would
there be the most agreement about how to determine whether an
individual had achieved the objective?"

Which do you think? Statements A, 13, C, D, and/or E? Go
ahead, take a chance. Make a response.

The consultant then repeated the statement of the objective which
he had said did describe an observable performance: "After instruc-
tion, each student will be able to distinguish the largest fraction, given
a set of three fractions named by decimal numerals." Suggesting that
the committee members reexamine the statements of the five objectives,
he asked: "How is this one statement different from others? What
characteristics does this statement include that the others do not?"

Th ,,! group decided that the characteristics of a performance state-
ment are determined by the types of information it provides. These
types were identified as follows:

1. Who is to acquire the behavior
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2. What behavior he is to acquire
3. When the behavior is to be aqui' ed
4. Under what conditions, or given what situation, there is a high

expectation that the behavior will be exhibited

The consultant then asked the committee to reexamine the five
statements and decide which of the four characteristics each statement
possessed.

While the committee is working that out, here is a task for you. Ti y
naming each of these four characteristics for statement D above.

I. Who'
2. What 9
3. When?
4. Given9

The acceptable responses are not going to be given, so you might as
well respond now. When you hare completed that task, try doing
the same analysis for statement E above.

I. Who?
2 What?
3. When
4. Given?

After the committee members had examined each of the five state-
ments of objectives, the behavioral scientist led a discussion that con-
sidered each objective. "Did you find any of the four characteristics
missing from the statement of the first objective?" he asked.

Responses that you can prom without any assistance ware made
by the group.

The discussion proceeded, each objective being considered. Every-
thing went along without difficulty. That is, until the discussion of the
fifth objective, there was no difficulty. The committee members could
not reach agreement on this objective. Their discussion yielded this
characterization:

1. Whu? Each student.
2. What? Will understand how to mame fractions as decimal

numerals.
3. When? At the end of instruction.
4. Given? A fractional numeral.

The consultant listened to their arguments but made no comments.
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After the discussion had been going for about five minutes, he inter-
rupted and drew this first session to a conclusion. He left the com-
mittee member, with a task to be completed before the next session
The task was this: each member was asked to construct an assess-
ment task (a test item) for objective I) and an assessment task for
objective E. The consultant said, "Each assessment task should be
one that can be used with slow learners and should be such that pass-
ing or failing the task reveals whether the student has acquired the
described behavior." He went on to say, "Your assessment tasks are
not restricted. You need not use multiple-choice items. Your assessment
ta. ks need not employ paper and pencil or otherwise be restricted to a
format convenient to group administration. The principal restriction
is that the task actually assess the behavior."

Session 2: Task fitting

At the end of session 1 each committee member was asked to write
evaluation items for two objectives. Session 2 began with a presenta-
tion and discussion of the tasks constructed to assess objective I).
Most of the tasks were similar, except for the particular fractions
selected. One typical task was expressed this way: "Give the child a
piece of paper on which three fractions have been written: 4.17, 1.47,
and 4.71. Ask him to place an X under the name for the largest
fraction."

Someone suggested that. one variation on this task was to ask the
student to "place an X under the name for the smallest fraction"
rather than the largest fraction.

The consultant's response to this variant was "That is not an appro-
priate task."

Why did the consultant say that? Surely if an individual can pick
out the largest fraction, he an also pick out the smallest fraction.
Let's listen in and perhaps the consultant's reasoning will become
clear.

The person who suggested the variation observed, "Well, if I only
test to see if the student can pick out the largest fraction, he will
certainly get it right becayse that is what I taught him."

Someone then asked, "What do you want the student to be able to
do? Do you want the student to identify the largest, the smallest, or
both?"

Another person chimed in with, "He should be able to do both."
The consultant then remarked, "If this is so, shouldn't both be
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t'tzderstand was the verb named.
The consultant observed, "Tlie verb understand has a much broader

collection of meanings than dzstinguish has. This may account for the
variety in the assessment tasks you constructed. The greater the
number of performance interpretations a word has. the less clear
the meaning of the objective. The performance verb employed in the
statement of an objective appears to be a central consideration."

It. was apparent that sonie concern had to be directed toward a
mechanism for classifying die meaning of performance verbs used in
the statement of objectives.

The consultant ended this session with an assignment: "By the
following session name three verbs which you feel describe different
performances commonly called for in mathematics instruction."

You are invited to try your hand at this assignment before readi 2g on.



He's just taken the
position that the verb
made a difference in a
statement of an
objective.

.........................r

How many performance
verbs are there

in English?
1 suppose somewhere

between 103 and 106.
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,Session 3: Verb limitations

At the beginning of the session the consultant asked tor the per-
formance verbs the committee members. had named. Of the hundred or
so verbs they named. here are the ones most frequently given:

write an answer give a rule write a name for
solve subt ract add
make know compute
define prose st
identify make an educated guts- estimate

Your collection roballly included some of the same verbs and per-
haps others not named in the list.

Th. 3st frequently used verbs were written on a transparency an
displ*,(1 by using an overhead projector. The consultant as-ed.
"What do you expect the student to do when the objective is indi-
cated by the verb phrase Write an answer ?"

After all the suggestions had been heard and considered, a similar
question was asked about the verb solve.

TI is question-discussion format was repeated for each of the verbs
is ti-c list. For some verb:. there were few responses; for others. many.
Sometimes the student performances described were alike; sometimes
there was little or no similarity.

The consultant observed, "We have already seen that some verbs
are more likely to lead to misinte:pr .tons, because a variety of
meanings can be supplied Maybe just s that an objective should
inehide a performance verb is not sufficient to assure specificity."

From the list of verbs they had already named, committee members
were able to pick out several ambiguous verbs and verb phrases:
understand, develop an awarozess of, gain facility with, and appreciate.
The consultant pursued this probl?m, saying: "One purpose of writing
behavioral objectives was to assure clarity. How can the ambiguity
difficulty he reduced?" He then suggested: "Here is a strategy that I
find helpful. First attempt to identify each different type of perform-
ance you might observe. Don't pick oat a specific hotance in which
the performance is exhibited, but name the class of performances itself.
For example, suppose an objective dealt with the performance of writ-
ing a :amber sentence of some sort. Don't select writing a number
sentence as the ,erfcrmance category, but, rather, the general per-
formance writ My.

"Each type of performance is named and that one name is used to
identify all members of the performance class. For example, all per-
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for:Dances that require the student to write something belong to the
performance class write, whether he is to write a number sentence,
write the name for, or write the name for a given number."

Some commonly occurring performances were seen to belong to the
following nine performance classes, which can he used as operational
guides in setting up instructional objectives:

1. Identify. The individual
selects (by pointing to, touching,
or picking up) the correct
object when given a class name.
For example, when presented
with a set of small animals and
asked, "Which animal is the
frog?" the child is expected to
respond by picking up or
clearly pointing to or touching
the frog. If the child is asked
to "pick up the red triangle"
when presented with a set of
paper cutouts representing
different shapes, he is expected
to pick up the red triangle.
This class of performances also
includes identifying object
properties (such as rough,
smooth, straight, curved) and,
in addition, identifying changes
such as an increase or
decrease in size.

2. Distinguish. Identifies objects
or events when they ire
potentially confusable (square,
rectangle), or when tv,o
contrasting identifications
(such as right, left) are
involved.

3. Construct. Generates a
construction or drawing that
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identifies a designated object or
set of conditions. Example: A
line segment is given, and the
request is made, "Complete this
figure so that it represents
a triangle."

4. Name. Supplies the correct
name (orall3 or in written
form) for a class of objects or
events. Example: "What is
this three-dimensional object
called?" Response: "A cone."

5. Order. Arranges two or
more objects or events in proper
order in accordance with a
stated category. Example:
"Arrange these moving objects
in the order of their speeds."

6. Describe. Generates and
names all the necessary
categories of objects, object
properties, or event properties
that are relevant to the
description of a designated
object, event, or situation.
Example: "Describe this
object"and the observer
does not limit the categories
by mentioning them, as in the
question "Describe the color and
shape of this object." The

IT HAS 4 CORNERS

WITH EQUAL SIDES,
IT LOOKS LIKE

A BOX
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child's description is. considered
sufficiently complete vhen there
is a probability that any other
individual is able to use the
description to identify the
object or event.

7. State a ride. Makes a
verbal statement (not
necessarily in technical terms)
that conveys a rule or a
principle. Including the names
of the proper classes of objects
or events in their correct order.
Example: "What is the test for
determining whether this surface
is flat?" The acceptable
response requires mention of
the application of a straightedge,
ii' various directions, to
determine touching all along
the edge for each position.

8. Apply a rule. Uses a
learned principle or rule to
derive an answer to a question.
The answer may be correct
identification, the supplying of
a name, or some other kind of
response. The question is stated
in such a way that the
individual must employ a
rational process to arrive
at the answer.

9. Demonstrate. Performs the
operations necessary to the
application of a rule or
principle. Example: "Show
how you would tell whether
this surface is firt." The answer



BEli1VIOR 11, Oli,11:("1111;

require, that the nab' ideal
use a straightedge to determine
whether its edge touches the
,urface at all point,. and in
ariou, direction,.

The con,ultant then ,ugge,ted. -1,er, try to Ike the,e nine per-
formance cht,,e,. Suppo,e you work in group, of three t lying to match
each of the performance verb, we Ikted earlier with one of the nine
performanco Eah triple worked through the Ikt.

You ore ?anted to ti a this with the list he prepared of the list shown
ember in this chapter.

When everyone had finhed. the con,ultant a'.ked, -Supptke you
wanted the student to tell ,ifineone how to do something. Which of the
nine performance ht,,e, tell, what you xvould expect hint to do?''

Describe wa-'the action verb ho,en.
The committee tried several more of the verb, and found them,elve

largely in agreement. In fact, the group reported no difficulty in

a,,igning ino,t of their performanee verb, to one or more of the nine
categories. I)ifficultie, came with the same verbs that had Previcusl
created indecision. One of the-e wa, the verb know. After ,ome di,-
cu,,ion, it wa, decided that the yerb know War- not a performance
verb. The dekion wk made to practice with the nine performance
ela,,e, in de,cribing objectives, adding to the Ikt a, the need arose.
It was acknowledged that the name, for the nine performance ela,,e,
were arbitrary, but they were seen to be helpful for communication
among the commit:et. member,.

The con,tiltant ended this session with an a.,ignment. "For our
i;ext meeting. I want everyone to write one performance objective for
On elementztry school mathematic, activity. The objective should deal
with a performance expected to be acquired by all or nearly all slow
learner,. You may use only one of the nine action verb, in naming
the performance in your ,tate.nent of the objective. Each of the char-
acterktie, of a performance statement identified and named in' the first

should be included in your description of an objective." Each
committee member wa, a'.ked to review these characteristic, before
preparing hi, statement.

You. too. arc incited to reciew these eharaetensties beim e preparina
your statement of an objectice.
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and that named by the assessment task for the objective?"
"Yes" was the answer for B, and "In a way" for E.
"Why?"
"Both ask for a definition to be constructed."
"Are there differences between tasks B and E?"

"What are they?"
"There is more information given in task 13. In I3, but not in E. the

students are given a set of closed curves from which to devise a defini-
tion."

"What does the objective state as being given?"
"A set of closed curves" was the response from several committee

members.
"So what's the problem? Which task fits the conditions sp' eified by

the objective?"
The committee finally agreed on task B as the only task that stun-

Died the appropriate performance named by the action verb and
satisfied the specification of what was to be given.

The consultant asked, "How will you decide whether a student's
response is acceptable? Think about a response to assessment task B."

"Why, that's easy," someone said. "As long as he makes a definition
of a closed curve, it's acceptable."

"Will you accept a definition if lie says it, or must he write it?"
Some said yes, others no. The uncertainty of what constituted an

acceptable response became clearer to everyone with this lack of
agreement.

"How could the ambiguity surrounding an acceptable response be
clarified?"

Several committee members contributed to the formulation of this
general position: The statement of any assessment task should include
a description of how to identify au acceptable response.
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When you write
assessment tasks,

also describe the acceptable res

S5

The consultant assigned a task to be completed before the next
session: "Read two pages from one of the texts considered earlier by
the curriculum committee. Identify the possible performance objec-
ties for this instructional sequence. Name the action verbs for each
objective you have identified. Keep a record of Iinc and page numbers
to ,how the section dealing with iaeh performance.- Ali agreed to use
a table xith these heading, to report their findings:

Arno N VER13 1.1 NE Ni men(,) P N mov.a(s

You are invited to attempt thti. task. Select two pages from an ap-
propriate text and try completing a table like the one suggested. You
might also, want to 17'11 a page that deals with problems or exercises.

Sesimi 5: Performance agreement between objective and student
response

The consultant began this session by using an ovelhead projector to
show four rectangles. A committee member was asked to place au X
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below the square region. He selected one of the figures, but not without
some hesitation.

"What action verb describes the performance carried out by
Mr. 9 '

Two responses were given; some said identify, and others distin-
guish. "What is the difference between distinguish and identify? We
agreed on this earlier."

In reply, these distinctions were made: Distinguish implibs a speeial
collection of identify performances. Distinguish is used when some of
the items are quite similar. The actions indicated by both verbs involve
picking out, choosing, pointing to, or selecting;. but one action is more
difficult than the other.

"That's the right idea. Distinguish demands that the elements he
very similar, whereas identify does not require this similarity. Remem-
ber that the choice of identify or distinguish depends on the items in
the task and the characteristics of the learner who is expected to
exhibit the performance."

Someone from the committee suggested that both responses could be
acceptable for the performance with the square region.

"Why would you say that?" inquired the consultant.
"For some learners the performance would be difficult, while for

others the figures would not be easily confused." The committee mem-
ber continued, "If one could use a ruler, the task would h' simple.
But if he has to 'eyeball' it, the task is more difficult because t WO of
the rectangular regions are close to being square regions."

"Good analysis," said the consultant, who went on to suggest, "Sine,'
we've looked at two of our nine' action verbs. let's spoil(' a few more
minutes reviewing the performance meanings of the oth,.rs."

For a start he asked "What performance does this represent?
'Suppose I'm the student and the teacher has just said, 'Show me how
you would find the quotient of 294 divided by 6.' The studnt wrote:

6 294
190 30
104

60 10

44
24 4

20
19 3

1 47r 1

a
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The teacher considered it to be an acceptable performance."
Everyone "happened on" the errors made. Responses ranged from

snickers to near belligerence about not putting down the correct
answers. The consultant stuck to his rendech g of the algorithm. He
then rt peated the task mid the question. saying, "Remember the
teacher's words 'Show' me how you would find the quotient of 294
divided by G.' For what performance did the teacher call?"

"Demonstrate" was the response from most.
The consultant continued, -Recall the definition of demonstrate. Dud

the student [pointing to himseit J exhibit that desired performance?"
A verbal explosion followed. Calm returned. After the many com-

ments were sorted out, it became clear that most responses belonged
to one of two positions being advanced. One group held that the
desired performance was exhibited; the other contended that the per-
formance was not completely exhibit-d. The differences centered on
the obser;ation that the answer given was not the quotient.

The consultant refocused the discussion with this question, "Are
there times when you grade on more than whether the student gives
the correct answer?"

"Yes," came the reply.
"What else do you include?"
"Sometimes we are interested in the technique used or the strategy

employed."
"So there are times when you are concerned with a technique or

strategy.''
"Yes."
"What did we name the class of performances concerned with ex-

hibiting a tactic or strategy for roeedure?"
"Demonstrate," came out hesitantly.
"Did the student demonstrate a procedure that would yield a

quotient ?"
"Yes" was the overall response, with some adding, "but he made an

error."
"But did he demonstrate?"
(I yes:

"But what do we use if the teacher is concerned with the answer as
well as the procedure?" was asked by several of tile committee.

The consultant countered with the question, "How many different
performances is that?"

"Two?" was suggested with a questioning voice.
"Which two?"
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"Demonstrating and constructing."
"Gocd thought!"
"Is it acceptable to combine two performances in a description of an

objective?"
"What does the committee think?"
It was agreed that when two performances were desired, both could

be named in a statement of the dual objective. Someone cautioned that
whenever this combining was done it would be necessary to remember
that there were really two objectives. Listing the two performances in
one statement is only a convenience.

Situations involving the action verbs order, stoic a rule, apply a rule,
and describe were also "walked through" by the coThmittee members.
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The consultant then asked several committee members to record
the verbs they had listed ior the instructional material. In general.
there was agreethent about these. Where disagreements occurred. they
involved the use of distinguish rather than identify or the use of apply
a rule rather than construct. Each of these minor differences was
resolved by the committee.

"Do you suppose this sort of performance description could be done
fo-.. an entire chapter?"

"Yes.- came back the rd -ponce.
"For several chapters or au entire book?"
"Yes" was the opinion of all the committee members.
"Why might we «':1:1t to write performance descriptions for text-

books? What possible purpose would be served''"

What purpoq,s would performance descriptions of textbooks serve
for the teaching of slow learners' Try naming at least two.

Discussion made it clear that with performance descriptions of the
textbook's objectives. a teacher can more easily select those activities
that will help achieve his instructional objective . The possession of
such information places the teacher in an excellent position to ask the
publisher for evidence of the effectiveness of the publisher's product.
For example, the teacher can ask for the percentage of learners who
acquire each of the descaibed performances if an instructor follows
the recommended activities. If teachers insist on such information,
then textbooks--their statement of objectives and the effectiveness of
their activities--Nill certainly improve. This is especially true for
slow-learier mathematics texts, where claims often far outreach
reality. Quality-control standards are and have been lacking; this is
one way of providing such standards.

For the teacher of the slow learner, information about time for
acquisition would be especially valuable. Such questions as "How long
does it take for 100 percent of the learners to acquire the behavior;
for 90 p recut of the learners; for 80 percent of the learners?" have
special significance for this teacher, who needs to know NO) ether slow
learners, given time, can acquire the same mathematical behavior as
other learners.

Interrupting the discussion, a committee member said: "That's all
right; we see how behavioral objectives would help in the selection of
material. But how about teaching? Do you see behavioral objectives
directly helping instruction?"

"flood idea," the consultant replied. "Let's consider the question
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together. Is it important for the teacher to know when lie ha, suc-
ceeded?"

"Yes" was the unanimous response.
"How will the teacher know when lie has succeeded ?"
"When the student, learw4 what the teacher intends" was the first

comment.
"No, that's not quite it." said another committee member. 'The

teacher will know lie has succeeded when lie can see the learner show
tile behavior the teacher is trying to help him acquire."

"In other words," someone interpreted. "if lie shows the behavior.
then the teacher has evldence of success." And another added,- If lie
doesn't show the behavior. then the teacher ha, evidence of failure."

"Whose failure?" asked the consultant.
The consensus was, "If the behavior is not acquired. the instruc-

tional system is at fault."
The ccn oltant then advanced this idea. ''So if we write behavioral

objectives to descrioe the purposes of instruction, all oo troubles with
slow legrnets learning mathematics will be over." And with a twinkle
he added. "That's the way it is. isn't it ?"

To this. the reply was negative. Becoming more clear about the
performances instructors want students to exhibit won't solve all the
problems of the slow learner in mathematicsall knew that

"But it, can't help but make a difference." added several. "If you
know what you want to accomplish and how to recognize when you've
succeeded or failed, it can't do anything but help."

In support of this conclusion. the consultant spoke of recent rese ..rch.
"Investigations by Cook. Engel, Cray, Rowan. r.nd c-zinith provide

evidence of the benefits for the learner when instruction is planned
around stated behavioral objectives," he said. "These five investiga-
tion,: 14; 7; 11; 16: 171 provide insight into the effects of behavioral
objectives on acquisition, rate of forgetting, and generalizability. Each
of the:4e three learning dimensions is important for all learners but
especially impertant for slow learners. For if tewhers can help slow
learners remember what they have learned longer 'rid also generalize
to ne\N situations. one of the most persistent learning difficulties of the
slow-learner popa.tion will have been resolved."

In this chapter it has been argued that behavioral objectives can
benefit the schools in various ways: by heliIing them to select appro-
priate instructional activities and to organize curricula to take ad-
vantage of entry behaviors r d the cumulative nature of learning: by
making it easy for teachers and students to recognize success or
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2. Objective in figure 3.2: To describe the benefits of stating objectives in
behavioral language.

Yes No e. After one semester of instruction, the ten -year-old will have

a. For the learner:

Assessment taRk: Describe three benefits for the learner and three benefits
for the teacher.

(1)

(2)

strengthened his Ability solve problems involving mathe-
matical sentences that require addition and subtraction of
integers. Given a collection of situations involving mathe-
matical sentences, the student will main', the solution
correctly for each sentence.

THE SLOW LEARNER IN MATHEMATICS

(3)

b. For the teacher:
(1)

(2)

(3)

3. Objective in figure 3,3: To distinguish between the liberal and the strict
application )1 a definition of a behavioral objective.

Background information:

Sometimes the value of using behavioral objectives is diminished by
overly strict applications of a particular definition of what the statement of
a behavioral objective is. Such applications might lead some authol s or
teachers to omit important objectives simply because they cannot easily
fit them into the description of an observable performance. This outcome
would be sad indeed and should be viewed as a negative input in need of
correction.

Suppose you decide to use Walbesser's definition: The statement of a
behavioral objective is a statement withsix components telling (1) who the
learner is, (2) what performance he is to exhibit, (3) what is given to him,
(.1) who or what initiates the learner's performance, (5) what the acceptable
responses are, and (6) what the special restrictions are, if any.

Assessment task: The following statements are interpretations of the
application of the definition given above. For each statement, circle the
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appropriate word to indicate whether it is a strict or a liberal interpretation. .

Strict Liberal a. A behavioral objective must be so specthe that only
one acceptable response is possible.

Strict Liberal b. A behavioral objective must be so specific that it
applies to exactly one teaching environment.

Strict Liberal c. Behavioral objectives should always be written before,
not after, an instructional activity.

Strict Liberal d. A behavioral objective must include sonic performance
verb defined by the working team of writers.

Strict Liberal e. k behavioral objective should not be so specific that
it applies to only one stimulus setting.

Strict Liberal 1. A behavioral objective should not he so' specific that
it can be assessed by only one test item.

4. Objective in figure .34: To demonstrate the use of behavioral objectives
in the design of instructional material for the slow learner.

Assessment task: Obviously, any assessment of this long-range objective
belongs to the future. The authors of this chapter invite you to share
your demonstrations with them and the mathematics education commu-
nity. Your productivity will be a measure of whether you have acquired
this behavior.

5. Objective in figure .35: To construct requests for behavioral objec'ives
and accompanying evidence of accomplishment from publishers of in-
structional material for the slow learner

Assessment task: On the supposition thai you are about to select some
instruetional material for a mathematics course intended for slow learn-
ers, construct a letter to he sent to each publisher of materials you might
purchase, requesting the behaviortd obje , Ives embedded in t heir mate-
rials and any evidence that slow learner, have accomplished these objec-
t], es as a result of using these materials.

RANGE OF ACCEPTABLE llEsroNsEs

1. Behavioral objective statements
a. Yes. b. Yes. c. No. d. Yes. c. No.

2. Benefits of stating objectives in behavioral language

a. Examples of benefits for the learner:
(1) The learner can name the competencies he is expected to acquire.
(2) When lie has acquired the competencies, the learner can identify

what' ^ is'askerl to identify.
(3) The objectives act as cues to the learner to help him acquire skills in
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a shorter time and retain :wile:led skill, longer.
I) The objective, act a, guideline, to mt,,i,t the learner in making

generalizations
4. Examples of benefit, for the teaches

(I) The teacher can identify ,dint he ha, to teach.
(2) The teacher can objectively decide when the karner ha, acquired the

(3) The teacher can con,0 net mstinetional ta,ks related to the learner
object ves.

3. Strict and liberal interprdations
a. Strict. b. Strict. e. Strict. d Liberal. c. Lmbeial. f.

5

Curriculum Materials Based on Behavioral Objectives

Some intere,ting curriculum materials employing beim vorial objec-
tives are being developed by school systems, projects, and individuals
in the United Slat( Among these materials are sonic intended for the
slow learner in i mathematics. The following illustrations are taken
from one set of .41ch materials constructed by the Baltimore County
Public School System of Ole state of Maryland (15m The content of
the illustrations is intended to a,,ist teachers and curriculum develop-
ers in the separation of behavorial objectives. their ii.:sessment tasks.
and allied instructional activities.
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Points to Ponder

Behavioral objectives will not remake slow learner, into average or
fast learners.

Behavioral objectives for slow learners in mathematics \ ill be like
behavioral objectives for other learners in mathematics; behavioral
descriptions are the same, but the expectation about how quickly
each behavior is acquired will be different. Slow learners should not
be shortchanged in content or expected capabilities. These are learners
who are simply slower to acquire the desired behavior

Behavioral objectives help the teacher determine when he and his
selected instructional materials have failed.

Telling the learner the behaN orial objective helps him to acquire
the behavior.

The techniques of constructing behavioral objectives are easily ac-
quired, but it is extremely difficult to maintain the discipline of put-
ting them to use. It's too easy not to do it.

At first, try writing behavioral objectiN - for one or two lessons,
not an entire course. See if stating the objectives in this manner helps
your instruction and the children's learning. If it helps, continue to
use it. You will find yourself becoming more and more proficient as
you use these skills. If it does not seem to help, do not use it after the
first attempts. But try it before judging its merits.

Prologue to Action

The literature on individual differences has an important message
for effectively teaching the slow learner. There do exist individual
differences with respect to rate of acquisition. Human beings learn at
different rates, but the organization of schools and school .subjects
seldom acknowledge these differences. If school subjects, say mathe-
matics, were a description of behaviors to lie acquired rather than
material to be covered in a given period, then the slow-learner prob-
lem would no longer be a problem. Children would be expected to learn
at different rates.

This is a bold suggestion, which the authors recognize as such ; but
they submit it as a solution to a problem heretofore insoluble Your
participation in the implementation of the solution is invited.
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A Fa voralble Learning
Environment

.1A 111'40,N

T'Yl is said that the slow learner has a poor s-lf-image; that he shows
ittle euriosity-,slasy. verbal ability, is culturally deprived, that he

has a short attention span, little initiative, and many other character-
isticsincluding, of course, the fact that he learns slowly, A particular
individual 'nay exhibit, all these attributes or only a few. Still another
charaeteristie, however. is inost common--one usually described as "a
poor attitude." The very use of this term explains the total failure of
the school to adapt to that multifaceted and complex phenomenon; the
slow learner.

In too many instances, if Judged by their actions, administrators and
teachers alike have confused the relative positions of the slow
learner awl the school. Once again there is need to sot the record
straight: the school operates for the learner, not the learner for the
school. This means tha the total environment provided the child by
due school must conform as wally as possible to his uniqueness, It is
also clear that slow learners present learning styles, intellectual de-

10,1
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velopnv nt, social skills, self-concepts. and expectancy levels that chal-
lenge honestly attempted efforts to provide them with an environment
conducive to learning.

since he total school environment must adapt to the slow learner,
the classroom facility itself must conform to his needs. Within the
classroom are moods, motivations, and a general atmosphere. all
having effects on the child. In this chapter these factors will be ec-
veloped with specific illustrations. First the appropriate physical char-
acteristics of the environment will be examined. Then the affective
and cognitive aspects of the classroom situation will be discused in

terms of motivational methods, general atmosphere, and the psycho-
logical concerns of the slow learner.

Physical Characteristics of the Environment

A classroom that is gloomy an.l lacks variet3, or surprises in decor
and arrangement nardly nica:,urvs up as a favorable place to spend a
school day. Architectural features are usually out of the teacher's
control. Deei ions have already been made about the lighting system
and windows. Others have decided whether to have a classroom de-
igoed for about thirty pupils or a modern "open: classroom capable of

housing t wo or three times that number. Occasionally this open class-
room adjoins another in the so-called two-pack. Whatever the design,
however, the teacher does have various means of controlling the physi-
cal environment.

The arrangement of the room's furnishings is one means of exercising
control. For the slow learner. this arrangement should be open and
flexible. Desks, chairs, and tables should be moved atmut as any activity
dictates. Several tables, with three or four chairs at each, should be
available for small-group work. The walls or corners should be reserved
for the student who wishes to ork on a project individually.

One part of the room should contain math games am! other equip-
ment, such as a tape recorder, a slide machine or filmstrip projector.
and (if audio tapes are available) a listening center where several
children can listen to tapes at the same time without disturbing others.
Space should be designated for spare pencils and paper (both whole
sheets and half sheets), for the slow' student often lose< or forgets
material. A gaily decorated juice can or a block of wood drilled with
holes will make a fine pencil holder. '1\ lanila folders stapled at the ends
can hold paper.

A math table may have an activity file. This would contain task
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card.: or worksheets for simple activities that could engage the student
Ilio "finishes first- and keep him from distracting others.

Activities Ilith measurement are very popular with the slow learner.
For this reason it is desirable to have on hand a great variety of
measuring devicesyardstick. ruler. tape measure, scale, balance, egg
timer. watch. clock, calendar. and so forth.

Many kinds of containers should he found in the roommilk car-
tons, boxes, cans, cups (paper or plastic), 'Jars. and similar objects.
The student- are eager to bring these in because they cost nothing and
they represent the real world, which too often goes unrepresented in
the mathematics classroom. Use of these objects makes them believe
that perhaps there is some mathematics outside the classroom.

Thousands of paper dips and tooth picks, (for place value), some
drinking straws, and a few jars of beans. peas, rice, or the like could
he used for counting in puzzle situations. (The number of rice grains
in a jar must be estimated quickly. Besides the large jar of rice, the
student has two smaller jars, one larger than the other, and a paper
bag. He may also use a balance or a scale. He places his estimate, his
work, and his name on a slip of paper and puts it in a box. The beans
and peas may be used in the same way.)

Through the use of directions on cards or worksheets, the teacher
can develop self-directed student activities using

road mops ("How far is it from A to B?" "Find the shortest route
from X to Y");

TI" schedules ("Which channel has the most time devoted to
movies?" "Prove it.'' "How much tune does chain), i 7 use for soap
operas?" "For detective or police drama?") ;

food adverti4ements (''Using this ad, plan a picnic for 8 people and
list the food and total cost." "What is the cost of 3 pounds of
ground beef, 11 pounds of boiled ham, 3 dozen cans of Diet Cola,
and 16 hamburger buns '" "Which is the better buythe Del
Monte can of peaches or the Libby can of peaches listed in this
ad?" "Why?") ;

food recipes ("How many ounces of cream would you use to make
this for 5 people?" "Here is a recipe for 6 people; use the attached
advertisement and find the total cost for the ingredients needed").

All the material named above, and much more, should be used with
the slow learner. This workaday material provides the sort of relevance
he has been seekiiig but not finding in his school experiences. The
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ph: -.Ica! tivironment described pr ivide the student 3,vith an in-
fo! to .1 tog that is comfortably familiar and at the same time not

i oaihar to evoke mill curiosity, enjoyment, and a few surprises.
The v..,dls of the cla-sroom are usually hung \yid bulletin boards

.I.,d1;1.0,.1.1. Bulletin board, provide the mathematics teqcher
,,pportutut les to display the usual nosters and "well-done" papers.

W. 11- Ion. Rapers should not necessarily be limited to the so- called
A p 1p,t's In fact, grading the sloe learner at all except by growth is
..i.sord it may be desirable to display his p,etest and posttest papers

bv side %%ben a great deal of growth has taken place. He should
.:110 «I to a Noose. hoN ever, N% holier they will he displayed and how.
Still other purposes may he served by bulletin boards. Ones in well-

Ira% d areas may be used to.display difficult "facts," formulas, prop-
erly labeled geom. me shapes, and tables. Such information can be
placed on a latard ithout fanfare or explanation. When there is some-

in the cort,-"Ium that can he divin«I by viewing it over a period
of time ileit :I. the pattertH in a Im»dreds chart), it is a candidate
for ,n -play on'ktich a bulletin board

Nt I. n total class projects using charts and graphs are developed
h tzt :tithing the sun's shadow at noon.each day from the opening

of -.Imo] in September to the last day of school), a bulletin board
may Av. ruse the results. A trick that often get; the interest of the
hiss is advertising on a bulletin hoard for help hi solving a ee.rtain

Kind of problem A student who stns mastered that type of problem
-ate-. N the ad

Finally, a word on the use of chalkboard in the classroom. Keep
th( jr( of murak, latures, and displays of any kind so that students
ran q,1° them a, they ehoo-e. If this is done, the slow learner may

I It to go to the board with tinotIn . student who has a grasp of some-
flow:, with vshiih he is experiencing diffict.:ty. The slow, learner makes

ater use of the chalkboard when he can use it in this way. Then it
no threat to him, as it would if he were sent to the board to

,Aork some problem before the whole class.

Methods of Motivation

Rc% ii4 candy. a trip to the zoo, "coins," and even trading
stamps re forms of extrinsic motivation used today to encourage the
sttolent t «urk hard and learn. In some performance contracting,
r.tdio, anti ()dim' appliances are being offered for higher scores on
,ieloevemnt tests Some of these extrinsic 'motivators, or rewards,
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actually do reinforce desired behavior in mathematics. However, the
reinforcement that is most desired come.: from some inner contentment
for having achieved, which is a form of intrinsic motivation.

Intrinsic motivators

Expectation. Expecting a slow learner to do a job often motivates
him to get the job done if he is mathematically ready for it. Knowing
that someone expects him to he Ali to acquire a certain skill makes
the student begin to doubt his OW11 low ffaillati011 of his ability. This
approach must be used realistieal,y, with the learner's progress kept
in mind. Therefore, it is a good idea to begin with a task or skill below
what he is ready for, so that he will be assured of fulfilling the teach-
er's expectations. For example, if a student is accomplished in multi-
plication but division is his present area of concentration, it might be
well to.give him partially completed division problems and let him
practice multiplying "down." The teacher might write:

9

id/ 0 8.-
Then the student would write:

/ z 177o*
/OP

or

or

ro
37 2(7777%

37 17-77%
.,96 0

"Merely providing workable problems, however, is not enough. In
every action and word the teacher must exhibit his positive expecta-
tions of a student: (a) by waiting longer for an answer fro,a the stu-
dent during classroom work, (b) by using remarks like "I had an idea
you'd get it" or "I knew it!" or "This is getting monotonous!" (after
the student's second or third correct resOonse in class or on a work-
sheet), (c) by including the slow student in groups with the more
endowed students, taking care that his assignment and acceptance
there will increase his own expee,aney. For example, when a group is

orking on the weight of a number of objects for graphing, the slow
learner could wei0call out the NN: eights to others, or record the
weights called out by others. The level.of his assignment would depend
on the student. His activity doesn't have to be mathematically
oriented. Knowing that hiS teacher does have realistic expectations of
him motivates the slow learner (almost any learner) to want fo ac-
complish the task.
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Hope. Many slow learners come from an environment that could
hardly be expected to motivate them to succeed in school. They see
older people from their culture not succeeding and so have little hope
of improving their lot. In fact, hojie is the most vital part of motiva-
tion. Few people can be motivated to act if they are convinced there
is no hope of success, and when the acts desired by school result so
indirectly in the economic succes..: they desire. slow learners are com-
pletely indifferent.

To change this-lack of hope, the teacher of the slow learner must
provide frequent opportunities for him to exhibit suecTss,,,It is obvious
that these chances to do well must be carefully chosen so tliaTiliire
within the capabilities of the learner. (This is discussed at length
later.)

It is often suggested, and rightly so, that successful men from their
own culture or geographic area or part of the city cow in to talk
individually to the students. This sort of "At least I did it" presenta-
tion is helpful. The person invited does not have to be a Jackie Robin-
son or a Lee Trevino. He can be a grocer, a used -car salesman, a
mechanic, or any successful person who has established himself as a
contributing member of the community.

The mere establishment of the fact that there is an "out"a better
world that can be obtained through school and socially accepted
routesis a big step toward increasing hope and thus promoting
motivat ion.

Example. The biggest role the teacher of the slow learner plays in
the classroom is that of example. If the teacher does not desire to
learn, does not have a healthy respect for (in fact, uncontrolled enthu-
siasm for his own learning, he may find it impossible to teach the
slow learner. How can a student resist the honest, overt seeking and
digging for an answer if the teacher is displaying this himself? 10 do
this, the teacher must put himself in the position of puzzling out the
solution to a (xing mathematical problem, or finding a new approach
to it, and show that he is enjoying himself. During this activity he
might even be thinking aloud so that the class can listen and be
invited to join in.

Throughout his life the slow learner has said. "I don't know"or at
least 'thought itmany times a day. What a fine, settling feeling to
hear the teacher say "I don't know" once in a while. There is nothing
more satisfying, and identifying for the slow learner than to know
that sometimes the teacher is in the same boat.
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Success. Of course the slow learner intest have goals he is able to
reach. These goals, no matter how long-range, must be digested by the
slow learner as many short-term goals. If there is a universal mistake
made by the teacher of the slow learner, it is ''too much too soon."
When the goal:, are in sight and the student knows they are obtain-
able, there will be effort.

It is not enough, however, merely to have obtainable goals. Beyond
the learner must receive sonic sort of satisficr along the way. As

stated before, this can bea "Well done," a pat on the back, oreVell
prizes or gold stars. Ile will be able to apply himself and exert the
proper effort if the satisfaction is there Bugelski (2) feels that con-
centation is not necessarily a special gift. If something has brought
satisfaction previously, then applying oneself to it again is easy. lie
states that "a history of successes can be equated with such satisfac-
tions." What satisfactions are worthwhile? Buge lski adds that even
artificial motives such as money or honor rolls are reasonable as long
as they mire obtainable. "The learner may make his first efforts only
for sordid reasons (such as money), but the satisfactions that conic
from success will eventually be adequate compensations" (2 p. 1661.

Further, the teacher himself can be the satisfier through his efforts
to assure that the student i delmtely going to be successful. at least
initinlly, in all material the student begins. The slow learne'r conies
with a history of faihires, which produced his lack of interest. The
teacher sets about to ehang(fhis history to one of successes through
the careful organizing of the material. For example, to take a slow
learner from 8 x 23 to 18 x 23 would be a in take without the inter-
mediate steps of 10 x 20 and 10 x 23 and more work with the dis-
+zihntive property of multiplication over addition. His _chances of
success with 10 x 20 and then 10 x 23 and finally 18 x 23 are more
assure.' than if he were moved directly into the last problem. Success
is probably the prime motivator, and all teachers of slow learners
should provide for it.

Many teachers feel that progress charts on the bulletin board pro-
vide the learner with satisfaction. (The slow learner should be allowed
the option of ke Ting his own chart and showing it as lie feels it bears
showing ) At any rate. a "picture" of the learner's progress is impor-
tant. The teach( r can provide additional motivation by establishing
steps at arious levels and recognizing each student \len lie Jnasters a
major step, showing his chart if lie wants it shown and rewarding
him with some privilege, such as extra time at the record player or
tape machine to hear his tmorite artists.



, `v.- ., I,
"1 low (ltd you get that "" or -check your decimal point allow

the student to know lie I, on the right track
\\lion correcting papers, it is helpful to allow partial credit for the

correct pl'OCe or equation or numl)or sentence--or even, in extreme
cases, the neat alignment of digits For example, partial credit has been
allowed III the problems in figure 1.1. each of which is orth 5 points
if entirely eortTet.

8.601
+ 1.711

at°
1 0.3 01

90-7,9?
not

bad

Fig 4 1

87
8 696

64
56
54

The feedback, to be helpful to the slow learner, must be received as
soon as possible. Papers kept longer than overnight have almost lost,
their value as teaching agents. In the classroom, it is ideal for the
teacher to be literally at the student's elbow to make suggestions and
answer questions about the work. Knowledge of results can be strongly
motivatingbut only if not delayed.

Extrinsic motivators

Because of the relatively worldly orientation of slow learners, it is
not surprising that worldly goods and activities extrinsic motivators
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A sixth-grade teacher of a low-average group had given the class an
assignment in science that required a one-page essay on one of five
topics. Clara handed her essay in to the teacher, who found that it was
easily the finest, job in the class. A few weeks later a test was admin-
istered and the same topics were given the class for the essay part of
the test. Clara's was so \yell written and sounded so familiar that the
teacher took the essay she hail originally written and compared the
two. They were almost identical. When the class assembled, the teacher
:(cused Clark holding the proof over his head before the class. Catch-
ing himself. he asked to see the now tearful girl outside the room. Clara
pleaded that sh«lid not cheat. that she had written and rewritten her
original essay so many times for a ''good grade.' she knew it by heart.
The skeptical teacher held the papers in his hand and asked the fright-
ened Clara to repeat the essay. Slit did! Word for word! This teacher
escorted Clara back into ('lass, lie apologized to the whole cla,,s and
suggested they show better judgment than lie did when they deal with
people. The class loved him. Clara was heroine again and immedi-
ately established a crush on the young teacher who accused. then vin-
dicated, leer. Although it may be human to lose one's temper, it is in-
human not to set the situation right by a very human apology. Teachers
are human, and certainly each must show this aspect to the slow
learner who comes to him with a long history of human error.



a fact.

E\trio-le motivator- are -trolit4IY attractivo to the '-totivlit and may
tempt him to fudge a- Ito intrm toward -twee-- When offering, tito-o
r't ward,. therefore, the leacher must accept no shortcut : he must hold
the line On \\ hat is or is not successful completion of a task

Ilere are some extrin-ie motivator, that have prove I successful and
art' now in use:

'rime at the reword player or tape machine to loam favorite artists

"Coin," that may he exchanged for time :0 the game table or the
playground

Points that can aecumulate to sho\\ that a student leads the class
in his favorite game

Trading stamps (corrupt a local onipany) that may be collected in
a hook and redeemed for gifts

Sugarless gum and oilier types of sweets

Ticket, for certain movies

Classroom Atmosphere

Smith. who was a specialist working v. ith a group of inner -city
first grader,, opened his lesson with a counting game. He would knock
on the door: a student \vould ask who «a, there: and Mr Smith would
give his number name by knocking say, three times on a desk The
response would then be. "Come in, Mr. Three" (or Mr. Four, ete., de-
pending on the number of times he knocked).

After playing this game successfully in one room, Mr. Smith entered
another classroom. He knocked, only to be greeted with "Just a min-
ute'" instead of "Who is it?" He explained the game again and' re-
ceived the desired response. Then when he knocked his "name" on the
desk, a child responded with 'Come in, Mr. Smith," The elassroom
teaeliet looked scornfully at the student who gave the response: and
the child cringed in the silent r00111. But by this time Mr. Smith was
unable to contain himself. Rushing to the child, he laughed, hugged
the little first grader, and said. "By golly, I am Mr. Smith I'd been
playing this game so long I'd forgotten my name." The rest of the les-

126 THE SLOW LEARNER IN MATHEMATICS

can be of real use to them." Once again. the teacher IA ho reacts to the
child's opinions and academie efforts with respect and understanding
will be able to reach and guide the child's further thoughts and efforts.
Respect is seldom one-way. When it is established through fairness- -
as by Clara's teacher and through patience, it becomes a mutual
feeling.

A teacher of "low level" third-grade children seldom sat at his desk
when he gave assignments. lie was in constant movement about the
roomsitting with the children, discussing the assignments and the
problems, and listening to what the students had to say. lie listened
to mathematics and the nonsense that plays such a big'part in the lives
of eight- year - olds. lie laughed at jokes that had whiskers and "bit"
on riddles that came off the Ark. What is more important, he provided
the adult half of the eonversations with adults his pupils never had
at home. lie listened, reacted in an adult manner, and, by reacting,
gave the children some much needed grown-up experience.

In one seventh grade the teacher makes his assignments from differ-
ent plaees about the room. lie invariably stands near a boy with his
hand on the child's shoulder or neck, giving it a firm squeeze as he is
talking. When he's finished he mutters something low to the boy in an
aside and walks to his desk. The remarks he makes to the children are
inconsequential and include things like "How's it goin'?" "Cool it,
man!" and ''Ilea' we go VIM c" hilt the hnvti wfActou tho ha
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son was more successful than it had ever !wen. and that first grade %%as
the leading "K.nock-knoek- class of the school.

The atmosphere in that room had hem changed. at least while Nlr.
Smith was there: and it is hoped that. as the teacher saw the change,
the tension was eased for good. Classroom atmosphere can stimulate
the slow learner to better n,'llematics. or it can entirely prevent his
learning. In fact. an undesirable atmosphere can lead to truancy and.
at the legal age. dropout.

Routine and ,:arprises

Because of the unorganized. random home life found ill the environ-
ment of many slow learners. the promotion of "school attitudes" is
quite difficult. Routine is necessary to order to have social control. but
it is eve:i more important to the slow learner. Routine provides him
with a certain security reflected in "I know what comes next " This is
the security that is provided by a schedule that is more or less followed

A daily warm -up session of easy oral-mathematics problems may be
used, typified by the "Number Trail" Ithe teacher says. "3 + 8
2 + 6." for example: then he calls on someone for On answer). To as-
sure a quick appraisal of individuals in the class, -Show It" cards
may be used The child represents Ills answers by inserting these nu-
meral cards in pockets designed to hold and exhibit them for the
teacher to see. Naturally any series of problem. will have a limited
range of difficultyone governed by the needs of the class tmd chang-
ing whenever the needs changebut the teacher must be sun that each
series is varied so that, within any range of difficulty, most levels are
represented every day.

The warm-up session could he followed by assignments Ito groups
or individuals, depending on the goal) or by "open desk"a priod
xvhen some of the students work on puzzles or ,tssignments and the
others come. one at a time, to the teacher's desk for counseling, help.
or just talk.

Although routine, or predictability, is required for a slow-learner
classroom. novelty is a necessity. Novelty can he achieved by means
of suckle]) humor, an unusual activity, a break in the schedule, or stop-
ping to pursue a nonmathematical point through On encyclopedia
When should this be done? Probably when the teacher gets the feeling
that "enough is enough" or when he receives signals that the group is
restless.

Humor works hest when it is well timed. A teacher of seventh-grade
slow learners uses some x.ery mild irony when a student is successful
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several tine's in a row during a verbal activity. Turning to another
student. he says, five points for Joeshowing off!" The class
mars with laughter, and Joe feels great. There is another teacher in
an elementary school who occasionally writes a numeral backward so
thatIe can be corrected by a gleeful class Another elementary school
teacher sang a silly song as he handed out papers: "Because the papers
were so good. I feel like singing."

Occasionally, when some subject seiqns to have aroused the students'
curiosity, stopping the class to explore the subject also adds needed
variety A third-grade teacher of slow learner, was found on the floor
on, all fours with his studentslents standing and kneeling around linn. Be-
fore him was a sack of dried lima beans, and he was explaining how
to plant them m small jars so that the root structure could be seen.
Later, when the plants came up, and once a week thereafter. each child
cut a strip of colored paper the length of his bean plant. These strips
were pasted side by side on white newsprint to graph the growth of
the plants

Every once in a while a teacher might say to his group, "Well, no
arm-up today. Fin going to show Donald in Mathenzawc Land." Or

he Might play some math-relaied game, such as Number Password
(Is it greater than a hundred? Even" Odd? Greater than fifty? etc..
until the number is guessed). Surprises such a, these tend to maintain
an atmosphere of informality and enjoyment of mathematics

Variety of activities

The motor-centered learning style of the slow learner doesn't lend
itself to an endless parade of the usual textbooks and worksheets. To
suggest. that a child be given more work in the same way and even in
the same mate.ial that produced no results the first time is sheer folly.
Coming from an environment that values the quick hand and strong,
fast body, the slow learner is confused when placed in the school en-
vironment, which values the clear head and glib tongue Although the
thought ful. verbal style is important, it is much better to capitalize on
the motor skills and watch the other develop in time.

By employing a variety of activities that place things of a mundane
nature, in the hands of the child we can use the skills and curiosity the
slow learner brings to school with him. To provide practice in addition,
where proficiency was slowly slipping away through lack of use xvhile
the class was on other topics, the teacher of a fourth grade provided
certain students with workbooks. At first some work tea. done. After a
while boredom-set in and no one was completing the sheets. The teacher
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brought some rocks to school and, providing a spring balance in grains,
asked each child in the practice group to find the total weight ,,f the
rock$. The scale didn't reach far enough for all the rocks to be weighed
at once, so addition was needed. Later some children brought their own
rocks to school for weighing. In fact, one student left a rock at home
only because, as he said, "I couldn't lift it"nmch to the relief of the
teacher.

Games such as :Cum 1),er Password, explained earlier, provide the
child with variety in drill. A game that involves the child physically
is (Well more successful with the slow learner. "Find Your Place" is
popular with many students. Two or more teams are formed, with ten
students on each team. Each member of a team is given a card on
which i$ written one of the numerals 0 through 9. The teacher calls out
"864." On each team the child with the 8, the child with the 6, and
the child with the 4 must arrange themselves correctly so that Oil
tcaelier can read 864. The first team to arrange itself correctly wins a
point. This activity may be varied for more advanced groups by ask-
ing for the "shortest name" for 300 plus 180 plus 13. There are games
to he played with Cuisenaire rods and with I)ienc8 blocks, both of
which may be purcha$ed commercially. These offer excellent ways to
a-v approaches to mathematics teaching. In fact, the teacher of the

ski.% learner should take advantage of any workshop in the use of
manipulative and laboratory materials. (4.)

The activities of a class can be varied by moving out of the class-
room into the out-of-doors Laying out baseball diamonds, finding the
area of the basketball court and the dimensions of the intersection
nearest the school, timing the drinking fountain's use in a. half-hour,
counting passing cars at three different times in a day, and similar
projects ^an add great variety at no loss to the mathematics program:
Directions for many of these projects can be printed simply on cards
and made available to a team or an individual. Many more may be
found in the excellent book Freedom to Learn, by Biggs and Mac-
Lean (1) .

Class activiti($ can be varied also by the introduction of fractions
earlier than usual a practice that ean reinforce the addition and sub-
traction of whole munbiTs if fractions with common denominators are
used:

246 129
? and

646 295
3 3 2 7- 2

The learner is actually operating in the area where he needs strength-
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ening but is using "harder numbers--to quote a student friend. Ob-
viously it helps the learner for him to be able to say, "We're working
with fractions."

Finally, from the fact that there are many- ways to add, sul: Act,
multiply, and divide (not to mention many approaches to handling
fractions) conies an ob- lolls avenue to variety, namely, varying the
algorithms presented to the children. A typical assignment might be not
to do three subtraction problems but to find three ways to do one.
Robert Davis, of the Madison Project, is (iliac proud of Rye's subtrac-
tion algorithm. When told by a teacher, "You can't take 8 from 4,"
Kye proceeded to show her that he could (3, p. X 13) :

64
284
40
36

Gelosian multiplication (fig. 4.21or lattice multiplication, as it is
sometimes calledmay he introduced as an alternate method. (It was
good enough for Columbus!)

Fig. 4.2

A variety of materials increases the chances to provide the student
with a "thinking model" for his mathematics. A child who at one point
could perform subtraction only with paper clips can now use a stan-
dard algorithm. He had been presented with a variety of approaches

, and chose the one that best fitted his style and pace of learning. He
still refers to the clips, but only occasionally.
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Relaxed and informal

The slow learner adapts more readily in a classroom whose fluidity
allows student movement and informal small-group work than in one
whero every movement is rigidly controlled. The.student must be al-
lmed a certain freedom of movement about the room and contact with
other students, although not to the point of disruptiveness. (More will
he said about this under "Behavior.-) Generally, if the children are
controlled by the-mathematical activity they are engaged in, no fur-
ther control will be needed.

More often than not, the slow learner benefits from work in groups
of not more than three or four. There is a balance within these groups
that allows interaction to be its own check Several years ago it was
unheard of to allow a student to ask another-in class, "What did you
get for the second one?" In small-group work, however, interaction is
normal. The slow learner must be allowed this opportunity where
mathematical activities and worksheets sire concerned The teacher
must arrange, his plans to allow himself time to aid each individual as
he moves about the room. If schedules are in order, the teacher shmild
schedule a part of the period for this interaction of students and their/
freedom of movement.

An important value of small groups has still tc be mentioned. The
,slow learner fears exposure before a large group. For tlus reason lie
will gravitate toward a group where he doesn't feel threatened if he
makes a "dumb nnstake.'"fhe same purpose is served by certain pro-
grammed material and audiotapes used with earphot:es they provide
the slow learner with quiet feedback that doesn't t1-.r,saten his prestige
before the whole class.

Behavior

If the rules for the slow-learner classroom are few zind to the point,
and if they are consistently carried out, the chances are good that stu-
dents will follow and uphold them. Children have a finely developed
sense of fairness; the rules they make up for their own games demon-
strate this. Indeed, by capitalizing on this, the teacher can allow the
students themselves to develop the rules I'm desirable classroom be-
havior.

Much of the misbehavior in a mathematics classroom (or any class-
room) stems from the nature of the material that is foisted on the stu-
dent. For example, boys have a tendency to frown on learning in gen-
eral as "girl's stuff" (especially at the ages of eleven through fourteen)
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and to reject it through antisocial liehavior. In this case the teacher
can make,sure that the problems are of interest to boys as well as girls
by adapting the ones presented in the lesson to a more masculine view-
point. Girls need problems adapted to their interests also. Moreover.
girls respond well to gentleness and an apparent interest in their ac-
tivities. As often as possible the teacher should comment favorably on
their clothes and general appearance. As akay, the remarks should
reflect genuine interest and not appear to he forced By looking care-
fully, the teacher can find something coilplimentary to stv every day.

Classes differ in the extent of their need for control and in the kind,
of control they need. It is suggested, however, that the following

-guidelines are applicable in some degree to every slow-learner
classroom.

n) .Voice. There is a learning noise; and there is a disruptive non-
learning noise. Slow learners are not given to the so-called hum of ac-
tivity. They seldom hum; they "carry on"talk loudly, often yell,
wave arms, and regularly contact one another. This is especially true
among the boys. A teacher of the slow lenrner should expect an almost
regular amount of noise, but this should' he noise in which there are
heard, at least occasionally. sounds of the task at hand.

An argument over how to proceed in an activity or who should
handle what part of the activity is not nonlearning noise. It suggests
that the part each should play in the mathematical activity at hand is
at that moment more'iirportant than the activity The fart that stu-
dents aie involved in the activity at all is the encouraging fact here.
Their ebntinuing involvement can he stimulated by arbitratingthe dis-
pute so that each has recognition for the part he is to play. Compli-
menting the children for their interest and expressing the opinion that
their results will surely he great with all this enthusiasm will help sig-

ficantly.
By contrast, merely playing with the materials or interrupting others

intent on working is not learning noise. There i, a tt ndeney to take
advantage of all informal classroom setting, and the slow learner seems
more prone to do this than others. When the students in a group seem
to be playing with the materials or worksheets, a teacher may ask if
they are "getting used" to the equipment. At that point he may begin
the activity tt ith (not for) the students, taking great pains to see that
there is initial Success before he turns it over to the group. At this
time, another remark about how well they seem to be doing is ap-
propriate.



A FAN'ORABLE RNING ENVIRONNIEVE 119

A. suggested rule, explained to the class beforehand, might be: Noisl.
NOL-T, No! I.MRNING YE-!

to 3[0ring about the room. Here again is an action that should be
encouraged but must be controlled In a fluid classroom arrangement
it is to be expected that movement about the room will create some
problems, but tlWse are increased with a classroom of slow learners. In
fact, in a heterogeneous classroom, it is often the slower student who
ha, the most difficulty adjusting, to this relatively free 'movement about'
the room. If he is to feel free to work with others, ask questions of his
peers. and move to resource center.: when 1w needs this kinds of help,
he must he given guidelines for such activity. If the child recognizes
the importance- of peer help and the rule governing this help is ex-
plain !d carefully, the child will not slip very often.

If a classroom is to be motor-centered, most activities Nvill employ
tai nle materials. Therefore any jostling, pushing, or shoving may be
unusually disruptive. At the same time, the action of going from area
to area within the room is an important outlet for the slow learner.
This. coupled with working on concrete materials and being allowed
to share ideas and ask questions of others in a relatively free manner,
provides a pathway to learning of inestimable worth to the slow learner.
Since free movement will bring success in an enjoyable way, it, is ex-
tremely important and the students soon realize this The teacher
should touch on all these points with the children, allowing them to
come up with reasons for the following rule: Is Tuts mu' NECESSARY?

c) Fighting. Probably the most unsettling and potentially dangerous
misbehavior in a classroom is fighting. Inner-city children especially
bring to Cie school setting an aggressiveness learned on the streets.
Boys have more of a tendency to fight than girls, but they do not have
a monopoly in this aura of misbehavior.

In a large city classroom in the heart of the ghetto. a sixth-grade
teacher broke up a ather vicious tight between two young girls. As
the rest of the class watched, he took! each girl by the arm and led
them to the hall. In minutes they were back. The girls Nvere once again
friends. and the teacher continued his class as though nothing had hap-
pened. In the hall he had said, as if talking to another person: "I can't
get over this. Two pretty chicks, and they're 6crappin'!" Although his
tone was not gentle, his remarks were. Ilere was a teacher who looked
at them as young lathe:, pretty young ladies, and was completely
taken aback that they would fight like boys. The expression on his
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face, an important -part of any interaction with inner -city children,
was one of concern that was dose to tears. He had complimented them
and scolded them in the same statement. They must have come back
into the room feeling that this fellow couldn't possibly be wrong to
expect better behavior from two "pretty chicks."

Fighting among Boys, has always been a problem, and approaches
to handling this vary almost as much as the fighting itself.

A teacher of a seventh-grade class discussed the possibility that
might makes right. He asked the students 4f they would accept pay
for ten hours' work because the boss, who was bigger and stronger, was
able to enforce this multiplication: Five eight-hour days equal a ten-
hour week.

A boy remarked that "5 X 8 ain't 10" and that he'd "call a cop."
This was exactly where the teacher wanted to put things, in the

hands of an arbitrator. Thereafter, whenever a fight 'Seemed imminent,
he would remind the participants of the big boss and it seemed to help.
When the combatants tried to show how their situation was different
from that of the big boss, the teacher continually found parallels, thus
frustrating their "logic." Many times he averted possible fights by
saying aloud before the group, "5 x 8 ain't 10." The class laughed,
and the teacher "got on with it."

Still another method often used by Men teachers is to have the boys
"put on the gloves." They go to the gym and box under stringent ama-
teur boxing rules. This has dubious value in that it seems to reinforce
the idea that fighting may not be so bad after all. From the stand-
point,.of working off their anger in a physical way, however, it may be
justified.

A fourth-grade teacher, a woman, arranged for the boys to arm
wrestle, with the class watching. The winner seldom won much be-
cause she invariably asked him to tell the class what he had shown by
forcing down the other boy's arm. She asked questions like these: "Did
it show that he didn't push you first, as you said?" "Did it show that
he wasn't right, when he said that you started it?" "Did it show that
he started it?" Of course it became clear that victory only showed
that the winner had the strongest arm and lasted the longest during
the wrestle. This almost all the boys admitted. At last report the
teacher still held arm-wrestling tournaments at the request of the class,
but the fights had'stopped, with only a few fiery arguments as remind-
ers of what'might have been.

A suggested rule for fighting:
FIGHTS SETTLE NOTHING! DON'T!
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otlurs' work. The only time when copying is a serious
is %%hen the eluld is being tested.

`opying another's seat work and take-home assignments often results
n the Jon learner is given work that is too advanced for him. If
copying amottntc to getting another student to talk overlhe mate-
and, ii. (AYH.; explain it to inns, then this is precisely what is to be

for tin slim learner. Often this is not the case and the student
is ,imply taking the result!, of another's work and quietly putting them
en hi, pap( r When the student simply copies answers, two things in-
.:art:04y happen First, the student doing the work begins:toleel lie's
b, nig used The trine takes for this student to figure that out is in

relation to the popularity, charm, and persuasiveness of the
epn r, but it tbu , happen. It should be noted, however, that a class

earn shm learner if they feel the fellow is being treated Un-
fairly t,y the roach -'r or that demands made upon him are unrealistic.

thing that happens is that the teacher discovers from the
,;( tt-1 I, suits that he.couldn't have understood the-material he

ta en claiming for las-own. since he performed so miserably on the
"; -t et t ia -zone material After the student realizes that he must simply

Lte through- ,nnilar material again, he begins to see some value in
r\ me; to figUre it out himself.

Copying), of course quite .-erious duiing a test. If the teacher han-
dl., tests for the ,lost learner effectively, he does not test for a grade.`

to determine weaknesses and strengths. He is trying to find
star ::hat is wrong When the students are cOnvineed that they are be-
in tt siod to find out what-is wrong and that the score they make is of
tittle importance to the to opinion of them, any copyiog dis-
ippear, In short, when the testing does not pose a threatand it
-houldn't- -the student performs appropriately. The slow -karner re- -

Tont!. to the analogy of the doctor tat- a temperature to find out
attar 1, the matter. If the patient secretl, places the thermometer in
Another's month, the detor may well treat. the poor fellow for an ill -
13t he. dm -10 hate Or worse, he may not treat him at all fAr the
:11n,, that is killing him. TAKE CREDIT ONLY FOR WHAT YOU HAVE DONE.

Iirrt sly. these gindehnes say to the teacher: Make rules that are 'tea-,
,on.ble consistent, and agreed on by the group. Explain each rule and
ht firm in it imposition It a rule can't be justified, discontinue it
N hem ter possible, encourage the students to develop their own set of

Finally, be fair, considerate, and sensitise in the implementation
of tht,,e rule,

Al

t.
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Mathematical perspective

Presenting concrete models of a concept, operation,' or' algorithm
gives the learner greater opportunity to develop\ his own "thinking
model." Although he may internalize only a part of the Concrete model
into his personal "thinking model," it offers further chances to expand
the way he will look at; the process involved. An eighth-grade student
subtracted integers by thinking of the vertical number line he saw in
class, but he thought of it as "spring loaded" and moving past a fixed
point located at the minuend. Removing (subtracting) positive integers
caused the line to "spring-up" past the fixed point, thus.decreasing the
minuend. Subtracting negative integers caused the line to "spring down"
past the fixed point, thus increasing the minuend. Although the number
line . (an abstraction) helped him develop his "thinking model," the
model itself was a semiconcrete adaptation of it: The model wits how
he looked at the operationa particular perspective.

Planning mathematics lessons that will physically involve him (as
in the "Find Your Place" game mentioned earlier) provides another
perspective relevant to the, slow learner. He finds it intolerable to sit
behind his desk and "listen and think" throughout a mathematics pc-
riod when his home environment places k.alue on the physically in-
volved aspects of life: He is seldom "talked to" outside school, but
must adjust to a lecture as soon as he sits sown in class. As a passive
learner, this child will continue to fall behind. As one who is involved
physically in what he is learning, he has a chance.

Placing the child with material he can manipulate will be capitaliz-
ing on that aspect of his background. The slow learner must have ob-
jects and situations he can relate to and is familiar with. The-materials
mentioned earlier reflect an environment he feels secure in and has
learned to operate within. A teacher of migrant children put place-
value concepts into proper perspective for his second graders. Since
tomato picking is an important part of their lives, he related the ones,
tens, and hundreds places to loose tomatoes, a quart basket (which
held ten), and a crate (which held ten quart baskets). The children
argued from experience that ten tomatoes would hardly fit into 11T-quart
basket unless they were cherry tomatoes, but they accepted this as well
as the absurdity that tell quarts would fill a normal crate. In fact,
the children did manage to build, from cardboard and tape, a crate
that held exactly ten quarts.)

The slow learner places a great deal of emphasis on what is impor-
tant to him now. If the mathematical situations have here-and-now
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aspects, they will interest him. For example, situations involving the
sports page will appeal to boys. Box scores with the totals eliminated
may he used for practice in column addition and to answer such ques-
tions as: Which team had the most hits? Which team won? Or, if it's
a doubleheader, How many hits did May have in both games? For
girls, the food ads may be used to answer such questions as: How
much would three pounds of hamburger cost? Given this recipe for a
dish, how much would it cost to make it? Such activities bring a rele-
vance to mathematics that is sorely needed by slow learners.

If all mathematics has come easily to the teacher of the slow,learner,
he may find it difficult, both psychologically and geademically, to han-
dle the situations that will arise in his classrooms. Although it is not
impossible, it would seem to be difficult for a teacher to empathize
with the slow learner without recalling some of his own frustrating ex-
periences with mathematics. Daniel Boone was said to be an excellent
guide because he too had experienced difficulty finding his way around.
However, when asked if he had ever been lost, Dan replied, "No, I
was never lost, but once I was a mite bewildered for five days." The
teacher of the slow learner should do his.best to remember those times
when he too was a "mite bewi!dered."

Arithmetic algorithms in the four fundamental operations really
have their basis in counting. Counting and other approaches are tedi-
ous and time-consuming, so these quicker methods were developed. It
is a fact, however, that these shortcuts are not always meaningful to
the slow learner. (Many "meaningful" activities are not.) He is a
special person who should not made to conform to a set plan for
working out a problem or to a so-called standard algorithm. For ex-
ample, slow learners reject practice with the following:

432 = 300 + 120 + 12

186 = 4100 + 80 + 6)
But after gaining some understanding of place value, they can acquire
a mastery of

IX 12.

Lattice multiplication (or Gelosian), already mentioned, is a workable
algorithm for multiplication and is acceptable to the slow learner. The
partial sums approach to addition and partial products for multiplica-
tion may also be used.
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4RTI AL SUMS PARTIAL PRUDUCTS

576 647
+ 846 X 9

12 63
110 360
300 5,400

1,422 5,823

Since long division presents a special problem to all students, especially
slow learners, these children should be given instruction that will lead
toward an algorithm they can master and put to use. Perhaps the
short-division algorithm with a one-digit eivisor will provide the work-
able process they need.

Finally, long-range goals fail to hold the attention of this child. In
most cases, it is better for the child to complete short assignments than
to leave long ones incomplete. In Freedom to Learn the authors tell
about a boy who completed only seven proolems out of twenty-seven
on an addition test. When the principal asked why he had completed
so few, the boy replied, "Sir, I did the first sever: correctly; how r3any
do I have to do to show her I can add?" (1, p. 7.)

Attention to the Needs of the Slow Learner

"We are all ignorant, but in different subjects," said wise old Ben-
jamin Franklin. As if to prove the truth of the statement, a university
professor was sent to school while in France with the armed forces
but he didn't know the std ject was taught in French! He now claims
an abiding empathy with the slow learner. And empathy is the basis
for mutual respect.

Most children cannot respect a teacher who ridicules and scolds
them, or their friends, before a group. The slow learner suffers even
more because this teacher has now become a threat and an object of
hatred by overtly reinforcing this student's own low opinion of himself
as a contributing member of society. It is obvious that the teacher who
broke up the fight between the two girls had the right idea when he
led them from the room before talking. There are very few times when
a scathing verbal attack upon a student, can he justified, but to deliver
it before his friends :aid classmates is unthinkable. Perhaps if the
teacher alienated only the student receiving the tirade it would not he
so disastrous, but he begins to lose the whole class with each stinging
harangue he delivers.
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dent who seems gifted (yes, gifted) in art may find geometric con-
structions rewarding and, with the teacher's help, transfer this en-
thusiasm to other areas of mathematics. Another child, with a fine
sense of humor, may well prosper with puzzles and cleverly worded
problems. (One slow learner with a sense of humor made the follow;ng
remarks: "If fractions was important, they'd legalize 'em" and "Air't
not doing homework a civil right?") Where chalices for success an
greater, that is the path to take.

The slow learner is in constant need of reassurance and some signs
that his efforts will be rewarded and successful. This means reassur-
ance from the teacher and signs of progress toward a goal that has
been set and guided by both the teacher and the student. A fifth-grade
teacher takes this so seriously that he uses checks on his class roll to
be sure everyone has a reassuring remark each day. Whether this ex-
treme is the answer is doubtful, but the successful teacher accomplishes

-the same thing in one way or another. Remember, the child's history
of failure can change only, by his stringing together little successes
into big ones, which in turn assure him of progress; and many times
a little success, to a slow learner, is that indefinable something the
teacher shows that tells him he's doing fine.

Summary

Trading stamps, air conditioning, concrete materials, new texts,
learning-activity packages, and every other individualized or nonin-
dividualized approach imaginable mean nothing to the slow learner
without a competent classroom managera sensitive teacher. This
person, armed with a knowledge of his students and their backgrounds,
can create in-the classroom a compensating environment that is favor-
able to learning. He does this in various ways. He plans short steps
that start with concepts the child already knows so that the child can
experience initial success. He varies approaches and activities as well
as the schedule to afford the learner the opportunity to find what fits
his learning style. his hand is always out with offers of hope through
obtainable goals. He encourages, listens, and sets an example. He pro
vides a staff, both emotional and academic, for the slow learner to lean
upon. Finally, he puts mathematics into a realistic setting that pro-
vides the relevance ;to lacking in the child's school environment.

Slow learners learn slowly, and to say they learn not at all is a
contradiction. Provide a setting that gives them the chance they de-
sirethe chance to learn!



THE SLOW LEARNER IN mATHENiAncs

REFERENCES

1. Biggs. Edith E.. and 1.m,'s R. Nlac Lean Freedom to Learn: An Active Learn-
ing Approach to Mathematics. Don Mills. Ont : Addison-Wesley (Canada),
1969.

2. Bugelki, Bergen Richard. The Psychology of Learning Applied to Teaching
New York Bobbs-Merrill Co., 1961.

3. Davis, Robert B, et al. Supplementary Modern Mathematics for Grades 1
through 9: Inservice Course No. 1 for Teachers (Signed Numbers, Variables.
Functions, and Cartesian Coordinate,). Webster Groves, Mo : Madison
Project. 1966.

4. Fitzgerald, William M et al. Laboratory Manual for Elementary Mathematics.
Edited by John Wagner. Boston: 2rindle, Weber & Schmidt. 1970



Atliustment of Instruction
(Elementary. School)

C IL\ 1; L o TT 1:: Vi .1 N E

One of the most important facts revealed by educational ass( ssmcnt
in mathematics instruction is the wide range of achievement levels

in any class in our schools A recent study (see table .7.11 shows the

TABLE 5.1
V %la 111ILITY IN SCORES ON SECTIONS OF THE
CtLIFORNI t ARITHMETIC AcHIEVEMESP TEST

OF IOU CHILDREN IN CUR DE 6 I will(
IQs NGING FROM 90 To 100

-
Loss cwt

R kw St onLA
.

ilighest Mean

GRAM,

Lou eat Iligheat
-

Mean

I. lieoning
A. Nleaning 2 13 8 6 2 7 8 0+ 5 7
B. Sign. 'Intl Symbol:, 5 14 11 8 3 4 7 1 6 2
C, hoblem. 1 12 7 0 2 6 8.0+ 5.4

Tot:ikon A, B, (' 10 35 27, 4 3 9 7.7 5 9
11. uncuta1'

A.

I) Addition 4 IS 10 0 3 6 8.4 6 0
E. Subtraction I IS 9 6 3 4 8.0+ 5 9
F. Mult wheat ion 3 IS 7 5 4.5 8.0+ 5 8
Ci. I hvb,ion 3 IS 8.7 4.4 7 9 6 I

Total., 1), E, F, G 21 52 35 7 4 8 7 4 6.0

Not r. Reprinted perinuoon of the pubiNher from Thecorering Ittantapa :n Elementary School

ibithemat,(44. Sth ed.. by roster Grossnickle. Leo J Brueckner. and John Iteck7eli (tie York
Ilo:t Rinehart & Wmaton 19681. table 18 2, p. 102 ( 1917, 1953.1959,1963. and 1968 to liolt. Rine.
hart et %% mston, Inc
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diverse scores made on a test given to sixth-grade students selected at
random from the whole country. (11, p 4021.

Note that on test C the grade scores range from 2.6 to 8.0+. On
test E they range from 2.4 to 80 +. The ranges are wider.on tests of
single skills than for the general abilities included in the totals.

Although this table represents but one set of data, its scores are
typical of achievement scores in mathematics, and it portrays the
difficulty of trying to teach the same-mathematics lesson to all pupils.
The able learner is not challenged to the full extent of his ability,
and the slow learner meets steady frustration from tasks not paced
to his level of achievement. It is not possible to maintain adequate
levels of achievement for each child by giving standard prescriptions.

However, the most common practice among teachers of mathe-
matics is to have all children work with the same instructional ma-
terials and to assign the same exercises to all. A survey of the intra-
class grouping practices of 1,392 teachers in grades K.-6 showed that
only 33 percent of these teachers grouped pupils for arithmetic in-
struction. The majority did not believe grouping for mathematics in-
struction was as important as grouping for reading (2, p. 310 1

The fact that instruction in mathematics is still largely total-class
instruction may be the result of failure to understand the proper use
of new teaching materials, the concern for excellence and the main-
tenance of high standards, a lack of suitable instructional materials
commensurate with the range of abilities within the class, or the fact
that current curricula are described in terms of class or grade-level
achievement.

The Nuffield Project (1), which is being developed in England, is
a notable exception to this trend. The project directors seek to
identify clearly defined developmental stages in a child's growth and
to develop a curriculum around these stages. This project suggests
a new approach to the organization of learning experiences in mathe-
matics, one in which instruction is mdividualized and children do not
necessarily move together as a group. Booklets from the Nuffield
Project describe learning activities and tell exactly how children
can work individually and in smail groups in making mathematical
discoveries and in recording their findings.

Diagnosing Pupil Performance

The slow learner, while resembling the average and the above
average student in general physical development, chronological age,
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and interests common to his age group, may not learn intellectual
things at the same rate other children, owing either to lack of
potentiality or to personal and emotional factors that interfere with
the ability to achieve. Otossnickle writes that "the methods by which
slow learners master the concepts and skills of mathematics are not
unique or strikingly different from those used by children of greater
learning ability. Slow learners, however, cannot learn skills as rapidly
as children of higher ability (11, p. 421.1 Smith refers to research
by W. M. Cruickshank indicating that retarded learners (1) are.
reasonably Mil. other children in areas of computation, although
they are more careless than average children and use more "primitive"
Habits, such as making marks and counting on their fingers, (2 have
greater difficul,y in identifying and understanding which process
should be used in problem solving, (3) lack skill in separating Ir-
relevant facts from the significant dimensions of a problem,'and (4
have greater difficulty with the reading and language peculiar to
arithmetic (26. p.163).

One of the first responsibilities teachers have in adjusting instruc-
tion for the slow learner is to develop and use procedures for diag-
nosing learning difficulties and determining readiness for new learn-
ing. These procedures should focus not only on the types of errors
made by each child but also on the processes used by tk student. in
solving mathematical problems.

There are basically four ways to proceed in diagnosing' pupil per-
formance:

1. Observe the child at work. Note his patterns of study. his
attitude toward his work, his interest or lack of interest in it.

Observe his habits of work. Does lie approach his assigned tasks
with sonic plan, or does lie Seem to simply "try anything once"? Is
lie overly dependent on classmates for help? Conversely, are class-
mates "helping" by doing his work for him rather than helping him
think through his problem? Observations can be facilitated by the
use of checklists and attitude scales; but there is no substitute for
the good teacher's careful, clinical observation in determining dif-
ficulties met by children in learning mathematics.

2, Interview the pupil. Have the pupil "think aloud" and tell the
steps lie has used in solving a problem. This is particularly helpful
in locating errors in thinking, as well as in computation.

Develop short diagnostic exercises in which the child works with-
out paper or pencil and responds orally to the teacher's questions.



132 :s1,011' LE 1RNER IN N44:111E \11TICS

This technique is particularly valuable in determining readimss for
new learning For example, the teacher can use the previou, knowl-
edge of the child in diagnosing his readiness to discover such rela-
tionships a,

S + 6 - 10 + 4
Ask the -hill to give "other name-- for 6. such a,

Ei = 2 -1- 4

Ask what must be added to 8 to make 10'

8 + 2 = 10

Ask the child to study this exercke:

8 + 6 = S -1- (2 4- 4)

(S + 2) + 4 = 0

Encourage the child to take these steps mentally. using ni:mipolative
material, when they facilitate his thinking

Provide opportuintie for the children to e%timate answer, and to
explain their thinking in arriving at the estimates. For example..

42

26

Stow child More than 10, I e(unn 211, 311, then feounting on finaer-.1 .17,
:39,40.41, 4:2 more than 10

Slow (quid. .1bout 20; if 12 waz; 46, It %%mid be 20 No a lull', le 11).0) 20.
Slow child: About 20. I think 20 from 0

Bnyht Hold Think 20 from 12 1%22 take :may 11
Briyht child Think (411 2(1)

Tape recording- can he made of the-e interviews and the child's
respon-es can be carefully studied to determine error:- in thinking,
faulty logic, and inaccuracies in computation Portable video tape
recorders are valuable took in diagnosis. Videotaped interview- per-
mit the teacher to observe %tudent reaction v,Inle %tudying the mental
proces-es used by the child Recording, of class activities permit the
teacher to asses the success of her mork with children. and are help-
ful in planning follow-up lessons.

:3 .Inal:1:e written work. Study the student,' written a,signments
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(diagrams. examples. and problem solution,) to determine \\ hat kinds
of errors are made and how often they are made. as well as to discover
any er:ors being made by the entire ela,. Chart, of the result:, of this
analysis will be of assistance in arranging individual practice and small-
group mirk

Low achievement in mathematics is frequently accompanied
achievement in reading comprehension and in language skill (8,25).
In fact. low achievement in mathematies may be due to difficulty iu

reau;:og and comprehending the precise vocabulary and abstract symbol-
ism of modern programs. (Sce the discussion that follows under "In-
struction in Reading Mathematics. ") Mathematics shorthand (If

P ABC XYZ, then AB -1=1 X Y) can create serious problems for
slow learner, not yet ready for abstract symbolism. Diagnosis should
include an analysis of the child's ability to read and comprehend direc-
tion. verbal problems, and mathematical symbolism

4. Use tests as clinical tools. A well-coordinated testing program
consisting of standardized achievement and diagnostic test,. teacher-
made tests, and diagnostic 'assignments is a necessary part of a suc-
cessful teaching program for slow learners. Available evidence (25)
indicates that slow learners experience relatively less difficulty' with
computation than with tho,e aspects of mathematics involving, rea-
soning: hOwever, assessment should be macre of computation as well
a-: reasoning and problem solving.

Standardized diagnostic and achievement test results provide a per-
spective of the class as a whole. An item analysis of errors and a de-
termination of the nature of the errors on these tests are basic to
planning appropriate learning experience, Schacht 125) found.' for
example, that Mability to read and comprehend diagrams is a com-
mon source of error, that low achieveN make in problem solving,
common fractions, and measurement Failure to understand the
decimal numeration system was also found to be a common difficulty
in the four operations «ith whole numbers. common fractions, and
decimal fractious

Diagnostic as,:ignnulits prepared by teachers and designed for

easy scoring have special value in helping children appraise their
progress and in reinfiming learning. The following are illu.tration
of kodz, of items that might be used:

a) 1 lete me some %yap; to name the number 12:

,-12 4 3 + 9 111 -3 3 X 4

Can you think of gill other ways?
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b) Write two facts shon by this number line.

0 1 2 3 4 5 6 ---"( 89 10

c) Write the missing numerals.

1 4 9
X 6

(6X9)

JUG (6X40)

El ILH-1 1 (6X100)

(6X 100) +(6X40)+ (6X 9)

d) Here are sets of multiples for 2, 3, and 4:

A = 12, 4, 6, 8, 10, 12, 14, 16, .
B= 13, 6, 9, 12, 15, 18, ..

,C = 14, 8, 12, 16, 20, ...I

List four more multiples in each sat. Name the multiples in set A that
are in set B.
Which of these multiples are also in set C? What is the least common
multiple of 2, 3, 4?

e) Finish this division example:

35 1 6475
35
29

f) Write an equation or inequality for these English sentences:
(1) I. am thinking of it number, Multiply it by 2, and the product is 56.
(2) I am thinking of a number. Multiply it by 4; and the product is less

than 32.

(3) I am thinking of a number. Divide it by 3, and the quotient is 29.

Diagnostic assigns eats may be Used as periodic tests, as inven-
tories prior to introduction of more complex ideas, or as single items
embedded in each lesson to assess understanding and guide review
and reteaching.

Diagnosis of learning difficulties is not an easy affair; but it makes
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it.-trtit tau, et -ier in the end on-tant, eareful diagno-is ea-e, the
',Awl, of ti;, st ocher and improves learning for children

Educational Programs for Slow Learners

11:v 11.:v duce way:, of providing a setting in which
ksle an (TN, tunn y to realize -their full potential. The first

Itrot11111 special form- of ela-sroom organization. the second is

lnont,11 t nun ultim adju-tment,. and the third requires special instruc-
t :mil sdol "tutni, by the classroom teacher. The first two of these
1%,tv. b, low a. subtopics of this section The third way,

ct si nr'-tiuctional adru-tment. the writer considers important enough
to 'no in ,cp irate ,c1 ion- -"St rat egie, for Teaching Slow Learners"

hich con-t out, t he latter part of On, chapter.

rlas..room for h arm ng

II Grouping on the basis of achievement
at,d or Intl Ilia, nee one apprUtleh used frequently to provide for

tdu d n nee- Thi- may result in one of these arrangements:

:vet hit are organized for slow learners in mathematics.
11 to both coot, nt and method, of teaching are adjusted and class
-:z. 1^ -4n,t11, «ith %roll: highly individualized

2 R4 in, +hal noble -low learner: to be removed from their
r sitar , eroup for a -pecified number of period, a week. These

funetion 'best at late third-grade level, for a faulty
it,dation in fundamental under-tandings and skills block growth

t:' 'It, application of these under, hogs and skills to the more com-
p!. %. operation- 0; the middle school years The goal of remedial
rt-tru, tam at Thi, point is w return the child to his regular' class-
rural) soon a- ael venn tit t, arrants

sAll mathematic. clas-es are scheduled at the same hour and
pupil- are d to sections appropriate to their learning level.

atr.ing., meth provide- each teacher with a small group of ehil-
dr, ti ha kit: like aloluie, in mathematic,: and permits her to devote
full oh tune to their needs At the end of the class period the ehil-
dr. 11 worn to thelr respective homeroom's. Reading groups are
frvq,n fitly -cheduled in a similar manner

lf atia nat,e, labarata'ra, These are special classrooms equipped
Hutividoal .tidy " tEer,.. or carrels, and a wide variety of manipu-
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lative and visual materials as well as printed materials at various
levels of'difficulty.'Pupils are referred to the laboratory by the home-
room teacher for a few periods each week. Close cooperation between
the laboratory teacher and the homeroom teacher is essential in main-
taining a consistent pattern of instruction for each pupil.

.Vongraded team teaching. This organization provides for small-
group and individualiz:d study as well as large-group instruction.
One member of the teaching team should be a special teacher with
preparation in mathematics as well as elementary education. This
teacher guides instruction in mathematics and assists other mem-
bers of the team in planning leapopg activitie, for small groups and

Computer-assisted instruction. A new development in classroom
organization is the use of computers in diagnosing difficulties- and
prescribing appropriate instructional activities for individu"al
Computer-assisted, individualized instruction is being tested in a

variety of school situations and at various grade levels as a means of
helping teachers with the ardaous taskS of diagnosis, remediation,
and drill. Notable among the experiments are those under the di-
rection of Patrick Supper at Stanford 'University.

Curriculum adjustments for slow learners

Lerch and Kelly state that the program 'of study for slow learners
"should be a mathematics program in the true sense, and not primarily
a remedial arithmetic program" (16,1,. 232).

Remedial instruction has only immediate usefulness and temporary
value. It is useful for minor problems but does not strike deep- at
the roots of any problem. The slow learner is in need of a program
of study that will give insight into the operations and relationships
of matheninties. The goals of instruction should be immediate, tan-
gible, and prat., lea]. The curriculum shpuld allow for flexibility and the
application of mathematical proCesses in social and vocational situa-
tions. Specifically the curriculum should meet these conditions:

1. It should be well structured and systematic as well as paced to
the individual's level of maturity. Pupil,; whose development is below
average need a longer period of time than the average student to
master ut w content. The timetable within a sequence of learning
:tctivitics should enable pupils to proceed at a pace that will motivate
raid challenge but not frustrate.,
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2. It should establish a minimal program which ineI s new ap-
proaches to computation, new treatment of traditional topics (meas-

urement,, common fractions, graphs, and problem solving), and se-
lected new topics (Paschal indicates that disadvantaged children
appear to think in spatial terms and that instruction for these chil-
dren might begin with a unit on geometry [20, p. 6J.)

3. It should make wide use of visual and manipulative materials,
progressing toward abstract representation but at a more deliberate
pace than for average and above-average pupils.

4. It should give special help on the vocabulary of mathematics
Precise terminology should not be required until the teacher is sure
understanding is developed.

5. It should include instruction on how to locate information, how
to use the textbook, (lbw to study, how to remember, and how to cheek

computation.

6. It Sl, 01(1 relate mathematics to other curricular areas, par-
ticularly to science, social studies, and art.

Strategies for Teaching Slow Learners

Attitudes toward mathematics are of great importance among all

students but arc particularly important among those who experience
difficulty in learning. Negative attitudes of fear, dislike, frustration,
and outright rejection are often firmly fixed among these students.
They do not respond to long-range educational goals. Their goals

are immediate, practical, and self-centered. I'or this reason it is

necessary to provide such a student with problems related to his;

experiences and to the real world in which he lives.

FamIlifir experiences

1. The school lunchroom can provide many opportunities for ap-
plying basic addition and subtraction understandings. A menu and

price list, such as shown in table 5.2, can be placed on the chalk-
board and toy money used for the transactions.

Every day give each child 250 to spend. In the beginning, have the
children tell orally the selections they would make from the menu
in addition to the regular lunch. The computation should he done
by the individual child and checked oy the class. After a few days
ask the children to buy certain extras for a given amount and com-
pute the change from a quarter. (Buy some fruit, milk, and cookies;

4.

1
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TAI3LE 5.2

Menu Pnee

Regular lunch 200
AIIII: toile glass.) 50
131ead trop e.1100) I

lions (each) . 2t
Cookie, (each) 2e -
Ice ete:un (one (lip) 50
Oiange 30
Apple 30

buy cookies and ice cream ; buy a roll and Milk, etc 1 Finally "stury
problems" may be written by the children, placed in a card file, and
used for additional practice in problem solving.

2. Readiness for multiplication and division can be built by march-
ing activities similar to those used in the gymnasium. For example,
select eight children and have them march single file, in pairs, and
four abreast. Count the marchers by ones, twos, and fours Using
felt-board cutouts or magnetic disks, picture the groups as in figure 5 1
Children can observe that an increase in the size of the marching
groups shortens the length of the marching line.

0

Fig. 5 1
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Repeat this activity, using groups of six. ten. or twelve elnldren.
Each time illustrate the marching group with objects or diagrams
(arrays). Finally 1Nk the children to use objects or diagrams to show
all the ways a group of.eighteen children Pall march so that the smaller
groupings are the same in size (ones, twos. threes, sixes, nin--z).

Later these diagrams can 1w associated with appropriate multiplica-
tion and division facts. as in figure 5 2.

4 twos are s x 2 =
2 foot...are s 2 x 4 =
In S there are :.ets of two
In S there are 2 ,e1.4 of four
fi =2 =4 and S =4=

Pig. 52

3. Current event-z can often provide the motivation for introducing
new concepts or applying concepts already learned. One such activity
in a sixth-grade classroom grew out of the launch of Apollo 13 At
the blur of launch the teacher carefully noted (from the TV screen)
the initial launch; data with respect to altitude, rate (feet per sec-
ond). and distance down range from the launch site These data were
placed in two tables, one showing altitude and speed, the other show-
ing altitude and distance down range in the first ten minutes of flight.

A large grid placed on the chalkboard; and the children. with
teacher assistance. made two graphs, using the information', in the
tables. The point at which Apollo 13 began its `94-44111 prograiii be-
came readily apparent on the one graph. On the other, the children'
noted the vertical rise Of Apollo 13 in early flight and the flattened
tratetory as it moved at increasing velocity into earth orbit. Through
this activity words and figures took on new meaning for these sixth-
grade children. Incidentally, much computation was involved in chang-
;ng feet per second to nautical miles per hour!

4. 11, another sixth-grade classroom, problems related to the spring
-pamt tcp, clean up' activitics in the community were used to crtsate
interest in mathematics and to provide practice in problem solving.
'Nlany example , of the use of ratio were found. in mixing liquid
fertilizers, determining the amour,: of gras,4 seed needed for a par-
ticular plot of ground, and mixing paint for prospective home repairs.

c'7
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The gills in the class found and solved problems using jam awl jelly
recipes that called for a certain ratio of juice or pulp to sugar.

5. At holiday tune a project related to »tailing parcel-post packages
provide.: opportunities for developing skill and understanding in

measuring. Have packages of different shapes for children to meas-
ure Apply the postal regulation that limits the weight to 70 pounds
and requires that the package not exceed 100 inches in length and
girth combined. (Giith is the distance around the widest part of the
package.) Figure 5.3 gives one example.

Length ls"
Girth -1'2"

60"

Fig. 53

6. Geometry is. implicit in many of the out-of-school activities of
children. In one classroom a study of right triangles was introduce I
in the following way:

Teacher: "On your way to school this morning, how many cut
across a vacant lot?"

Almost every pupil had crossed A lot somewhere en route. The others
recalled crossing a vacant lot when going to a nearby store, or to
church, or to a friend's house.

Teacher: "Why did you cut across the ;ot?"
Alm° in a chorus they answered, ''Because it's shorter that way !"
Teacher: "How do you know it's shorter? Could you prove it?"
The pupils couldn't prove it exactly, but they knew it must be

shorter because everybody went that way whenever lie could.
'['hey were all anxious to know how to prove it arithmetically, so

the teacher asked several children to go to the chalkboard and draw
a diagram of themselves crossing a lot. They were directed to "be
sure to name the intersecting streets."

When the drawings were finished, the pupils observed that all the
figures had the same shape e\'!en though they were different in size
they all were triangles. Other pupils went to the board and measured
the corner angles in these triangles. They discovered that all were
ninety-degree angles, or right angles.
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On the playground the children proved by actual meaurement
that by cutting across the lot they did save distance, and how much
they sa%ed. (The same type of demonstration can be done in a
gymnasium.) Then back in the classroom, where the original triangles
were still on the board, the children identified the base and altitude
of each. (In an earlier-stud' of triangles in general the children had
become familiar with base and altitude.)

Teacher: "Now in the right triangle we give a name to the third
line also. We call it the hypotenuse. See if you can tell »ie three
facts that you know about the hypotenuse from what we have said
and talked about so far. These facts refer to length and position."

All agreed that (1) it is the longest of all three lines; (2) it is

a shorter lino than the base and altitude added together; and (3) it
is the side opposite the right, angle.

7. Slow will develop basic understandings in geometry
much more readily if frequent reference is made to the use of geom-
etry in daily life.

a) A fourth-grade teacher skilled in the use of the camera took many
colored photographs of buildings. bridges. streets. cars. airplanes.
plants, and animals (fish, turtles, etc.) and had the children study,
them to find different shapes. The bashc shapescircle. square.
rectangle, triangle, and pentagonwere identified again and again.
Illustrations of point, ray, line segment. and line IN cht also easily
identified in the photographs

b) Requiring young children to bring a toy or object from home to
illustrate a geometric shape being studied adds meaning to their
understanding of space and shape. Permit the child to describe
the object he brings, naming the shape it repf(sents.

c) In learning to undersOnd the concept of volume, slow learners will
profit from filling various familiar containers with water or sand
and comparing the sizes of the coulainers by finding which hold the
same amount or which of two containers will hold more. To help
them find volume more precisely, it may be best to use cubes or
rectangular prisms that hold an exact number of cubes of equal
size (13, p. 427).

d) Often a child who has no difficulty in finding the perimeter or
the area of a rectangle or a square will fail to see a relationship
between what he has done and finding the amount of fencing
needed for a yard or the amount of tile needed for a bathroom
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u all. "Matching activities" similar to the following may be used
to build understanding of such relationship.:

Match each item in column I with either item a or item b in column II. ..
I II

What must.I find when I .I must find:
1. frame a picune? a. perimeter
2. build a fence?. b. area
3. the a bathroom %%all
4. cover a floor with linoleum'
5. measure glass for a window?

. 6. put tape around:a table cloth?

Pat terns ana. relationships

The slow-learning pupil has acquired some understanding and
:oine skill. Be needs the kind of instruction that enables him to
collect in a unified way the things he has learned and helps him
extend these learnings into new situations by careful emphasis on
pattern, and relationships. Here are several illustrations:

1. When pupils are involved in using two-place numerals in
adding and subtracting, help them see relationships to previously
learned concepts. For example,

4 -1- 3 =7
so 4 tens and 3 ten, are 7 tens, and

-16 + 30 = 70
Illustrate with manipuiative materials (bundles of tens and ones,
dimes and pennies, tens blocks, Dienes multibase blocks, the abacus,
etc.) and record the results with numerals. One teacher (10, p. 231)
found that using a color code for place value helped the slow learner
at this point. If money is used as a visual aid, the cents column in
addition or subtraction is recorded with blue chalk or crayon, the
dimes are recorded with red, and so on. This same color reference
is used with the abacus; blue .beads mark unit,:, red beads mark
tens, and so On. Once place value is understood, the color code is
replaced and an addition grid or table is developed using multiples
of ten, as in figure 5.4.

2. In developing number patterns with young children it is helpful
to proceed as follows:

a) Use large wooden beads (as in fig. ri.5) 'or kindergarten blocks

....111.
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JO 20 30 40 50 Addends

10 20 30 40 50 60

Addends 20 30 40 50 60 70

30 40 50 60 70
. -

80
.

40 50 60 70 80 90 '

Fig 5 4

arranged in a pat tern dependent on color. Slimy tlw pat tern
once. rPpea t it in part, and have the children tell what should
he added next

b) Repeat the act i vi t y. this time varying the patb.rn in terms of
shape (fig. 5.6)

Fig 56

e) Follow this with a pattern involving both shape :111(1color
(fig 5 7)

171- D OC 0- 0-
-CI -0-

Fig 57

d) Using rhythm slicks, tap out a pattern; ask the children to
listen carefully and repeat the dattern by tapping on their
desks. Permit the ehildren to make up their own patterns to
use with their chtzsmates.
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e) Ask the children to listen to a pattern tapped on a small drum
and to recta d the pattern by using. first. markers, then tallies,
and finally numerals. hir example.

tap, tap , (pause]

E 111 El
/ / and

2

tap, tap, tap

LI LI 0
:I

f) Build patterns using numerals. Begin with a number chart,
erasing or removing numerals in a pattern. Inquire what numeral
should be removed next.

1, ,2,,
10, ,

3,
4,
8,

_, 5,
-, 6,

6,

,,
5,

7,
8,
4,

,,
3,

9, 10, 11, etc.
10,11, 12, etc.

2, 1
fn Start a number pattern on the chalkboard; ask the children

to u rite the next three for five) numerals in the pattern. These
may be built to develop increasingly complex relationships.

2, 5, 8, 11, , _, _
2, 4, 8, 16, ,,,
3, 4, 6, 9, 13, _, _, _

3. When children are developing skill in basic multiplication facts, the
following types of charts and diagrams can be used to build understand-
ing of the commutative property, of the relationships between multi-
plication and division, and of patterns that exist in different multi-
plication tables.

a) Use arrays to visualize the commutative property. These may
be pictured easily on graph paper. (See fig. 5 8 )

U>. 3 rows

WWKzic-0 4 columns

W-',F-)VT V? 3 by4 array

`-§IDW 4 rows

54CX) 3 columns

c77%7) 4 by3 array

WCi-)W
Fig 5 8 /
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b) Use number lines to visualize relationships and patterns

77-(-7-7-7.----,%-,---, 7 --,, ,
0 1 2 3 4 5 6 7 8 9 10 II 12 13
'---._.___________._-A-----.__. ---4--- --,

3 steps 4 units long = 12 units
4 steps 3 units long = 12 units

0 3
.4--L-,--.--L

6 9 12 15 18 21 24 27

I 2 3 4 5 6 7 -8 9
30

10

This product line can be read "2 threes are 6; 3 threes are 9," and so
forth, or "In 12 there are 4 threes; in 15 there are, 5 threes."

c) Multiplication tables may be built first on .an array pattern.

0 0 0 0E -41.

0 0 0 0 2 4- 16

0 0 0 0

0 0 0 0

This array is read:

1 four = 4 1 X 4
2 fours = 8 2 X 4 '
3 fours = 12 3 X 4
4 fours = 16 4 X 4

d) The familiar multiplication table can be studied for patterns,
too. In the table here shown, for example, notice that all products

4 X 1 = 4 4X 6 = 24
4 X 2 = 8 4 X 7 = 28
4 X 3 = 12 4X 8 = 32
4 X 4 = 16 4X 9 = 3.6

4 X 5 = 20 4 X 10 = 40

are even numbers. Notice also that the ones digits form a
repeating pattern of 4, 8, 2, 6, 0; 4, 8, 2, 6, 0. Comparing this
table with that where 8 is a factor reveals similarities.

8 X 1 =
8 X 2 =
8 X 3 =
8 X 4 =
8 X 5 =

8
16

24
32
40

8X 6
8X 7
8X 8
8X 9
8 X 10

=48
= 56
= 64
= 72
= 80

t
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4. Practice should be more than a drill Activities given for prac-
tice, which may be developed first as small-group or class activities
and later used for indi%idual study, should stress the seeing of pat -
tern,, the verbalizing of relationships. the search for clues that will
help children use known 'earnings to solve new problem,:

6 X 30 =
7 X 90 =

180,

630,
so 12 X :30 =

14 X 90 = --
20X 5= 100, so 20 X 10 =

32 4= 8, so 64 4=
and 64 4- 8 =

SO ÷ 8 = 10, so 160 ± 8 =
and 160 4- 10 =

5. At upper-grade levels, visual materials and diagrP is prove
useful in extending measurement to division of rational numbers.
Here ate two teaching strategies:

../

a) Start with a verbal problem- "Tom ha, 12 inches of paper tape
He wants to make as many 1!)-inch labels as he can for his rock
collection. How many labels can he make?"

12" 4- 1" = 0

Provide each child with 12 inches of adding-machine tape and a
ruler Mark the tape in inches and half inches. Summarize-

I n.1 inch there are 2 half inches
In 2 inehes there are half inches
In 3 inches there are 6 half inches

So in 12 inches there are 2 X 12, or 2 1, half inches. Tom can
make 21 labels

b) II av e the student, use graph paper marked in 1-ineli areas to
solve this equation.

Ask them to measure 15!) units on a grid like the one shown
in reduced size in figure 5.9. Select 1 !I'? inches as the unit of
measure. Say, "Count to find the number of 1 1 :'? inches in the
grid."
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'There are' 10 pieces (z-ized 1 iit inches) and ;11) inch over."

Fig 5 9

Next have them count the half inches in 15 ii inches. Say,
"How_ many pieces V) inches in size can be measured on 31
half inches?" By folding the 1 -inelt measure, help. the children
see that the 3'2 inch over is 1/3 of 1 IA. So

1 1 = 10
2 3

Repeat this procedure many times, using other examples
solved with graph paper and/or number lines to build under-
standing of measuring with like units as background for division
with a fraction divisor.

Instructional activities that build step by step are important in
teaching slow learners. A central idea or concept needs to be analyzed
carefully and developed in such a way that the pupil is led from
one level of learning to the next. Drill will be a necessary part of
these activities, but it should be delayed until the pupil has some in-
sight into the processes on which he must drill. A slow learner is
no' 'elped by mere repetition. An. enlarged view, carefully developed,
is better for him than endless review and repetition. The opening
of a larger view is illustrated in the preceding paragraphs that de-
scribe a variety of visual and symbolic approaches to building under-
standing of the multiplication of whole numbers: It does a slow
learner little good to be supplied with one explanation or one way of
solving a problem. lie needs to experience the understanding by
development through as many sensory modalities as are useful
(seeing, hearing, touching, writing) and with a variety of applica-
tions to his own experiences The steps in learning need to, be so
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carefully scaled that his progress toward mas-tery is like walking
a ramp rather than climbing a stair!

Instruction in reading mathematics

Direct instruction in Vocabulary, reading, and the use of verbal
and symbolic cues in problem solving is basic to teaching slow learners
in mathematics.

Learning the language of mathematics, like learning any language,
develops as a result of interaction of the learner with his environ-
ment Many slow learners are retarded in educational development
because contact with their social and physical environment was
limited in their preschool years. A deficiency in verbal development
in these early years has. an adverse effect on the pupil's later ability
to abstract ideas, to use symbolic cues, and to solve Verbal problems.

Reading in mathematieg requires (1) careful attention to detail,
(2) a questioning, critical, reflective frame of mind, and (3) a fa-
miliarity with mathematical- language and ,symbolism as well as
familiarity with the "usual," more general, vocabulary and symbol-
ism. In the study of mathematics, children must read and interpret
words that carry not only a usually understood meaning but .also
a special meaning. Words such as set, power, point, product, root,
rational, irrational, require special interpretation, since many pupils
already have nonmathematical referents fdr them.

Snnilarly, the precise' symbolism and terminology in to lays
curricula must be carefully taught to 'flake pertain that children
can not only "read," or recognize, them but also understand them.
Examples are congruent, rectangle, plane, region, array, set of points,
rotation. Even a cursory examination of a child's textbook impresses
the reader with extensive use of mathematical shorthand. For ex-

ample, such symbols as =, <, >, U, n, 113,

C l- ), anil L (1)E are in common use in elementary textbooks. as
is such punctuation as

A = 11,3, 5, 7, I,
B= H, 3, 5, 7),

(4 + 6) + 3 = + (6 + 3),
and

346..0, = [3 X (8 X 8) + (4 X 8) + 6)
These words, signs, and symbols seldom appear in isolation: they

are usually integral parts of grammatically correct mathematical
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t'01 :1 111pon:rw program- oinpound, reading problems for
%%hi) 12,, thirqiity with handling abstract ideas and ivith

:dott p, 1 -, Conseqm . systematic instriiction. in reading
alat must be a part of an program of study for slow

1,v-la .flol I am can t 171 reeommend that all teachers consider the
f.:- .i,1,)ty of oworpono lag direct study of quantitative vocabulary as
it. :at asp: t of the clas, period m arithmetic. Their study

ad, children -bowed that direct study of quantitative
doil (iv (out ibuted -ntiulleantl, to growth in problem solving.

111 t1t nlong a Nlianu. Florida. prci.lect on teaching culturally
P.,,schal advocates an audiolinguai method.

This. say-- Paschal. "1- .,a,wally a method of sustained practice in
IL, a -. of I. language In the relationship of teacher-speaker, stir -v

art! q`141, 141-'144'11k.'1' ,ituat ions" (21. p 3701. The teachet
'his prop ak ay, us:1 the correct term in presenting the idea

101, did not in-i-t that the child use the correct term at the initial
]. s;4411( ,t4 1114' used by this teacher follow:

1 TI.: t, In i displayed niodels of circles. triangles, rectangles,
Ind - and asked the children to identify them. If necessary,

,, lo d /he name of each shape and the children touched
ran th, 1r finger- around them. and found other objects

I.. roon: -hap: d like thorn

2 Ti eaAdr, a placed tbeir hands behind them. and the teacher
1.., =1 11, ob:, et 10 the hand- of each, who told wlatt shape he had by

carefully

3 g, onletric hapes NN ere placed around the room before
" > hiloren armed When Lhey had got:.,:red, the teacher held up

.1, t shap,1 like a triangle and had the children identify it.
.14 ?lo w t 14' a-ked to look arouad the room and find other objects

IL( ft mu.10 This game continued with other geometric

s "t1 1r.4 111041:11.111( as possible should be used in helping
1..111:4 u 10110 quantitative concepts. Cuisenaire rods, magnetic

d) -k- t, It pieces and attribiu: blocks are excellent at this level. As
Is ate mampula,, d the pupil tell, what he sees, what relation-

ips lo oh-et e- and the teacher supplies more precise terminology
, r. it is needed The pace of instruction in building vocabulary

iust1/i4^111,111eal re:01111es, will of necessity be slow. Stable under-
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standings will not develop if instruction is rushed and symbolic
representation introduced too soon.

At upper grade levels when children have gained some facility
in reading, such activities as the following can be used in building
vocabulary:

1. Words can be matched with definitions, objects, or pictures.
2. Geometric figures, pats of drawings, and steps in computation

can be labeled.
3. The meaning of a phrase, a concept, or a word can be demon-

strated by using concrete materials or diagrams. For example,
the meaning of average can be demonstrated by the use of
books, coins, or blocks. A mirror may be used to demonstrate
symmetry, and congruence can be shown by placing one geo-
metric shape upon another.

4. A picture dictionary of mathematical terms and meanings can
be constructed, as a project for an individual pupil or for a
small group,

5. Bulletin-board displays can be designed in which terms or
definitions are connected by yarn to an appropriate diagram,
picture, object, or example. This same approach can he de-
veloped on an electric hoard and used for individual praetiee.

When reading front a 1:.:thematics textbook slow learners should
be given the same kind of direct vocabulary instruction as is com-
monly tr.d rnding classes. New or difficult words or phrases
shook' be identified and placed on the c:ialkboard or on charts for
discussion and recognition. Guided silent and oral reading should
precede individual solution of verbal problems. Problems should

read rilently, discussed orally by the group, and solved individ-
ually by each

Children who have difficulty in reading and solving verbal prob-
lems need to develop a way of reading mathematics:

1. A first reading to get an overall picture
2. A more careful, slower reading for details
3. Scanning to locate specific data
4. Occasional reading between the lines to note implied data

necessary for solution
5. Thinking about relationkhips in the problem before attempting

solution
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4 X 6 = 24 4 + 7 = 11
24 + = 6 11 4 = 7
3 X 8 = 24 11 7 = 4
6 X 4 = 24 11 = 5 + 6

24 + 6 = 4 11 = + 4
M tKING CHANGE

How many different way can ou make change for 11c. winch Bill and
Joe can share.'

Bill Joe

USING THE HUNDRED CH tar

Make a chart like the one slum a in figure 5 12.
Draw a ring around multiples of 2.
Put a slash mark on the multiples of 3
Draw a t mingle around mull iples of 5

I ® ® /5\ ® 7 ®
11 ® 13 0 Aq-- 17 (# 19 a,

23 (i4) MD V 0 2
31 g 33 0' A @ 37 35A
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 72 73 74 75 76 77 78 79 80
81 82 83 84 85 86 87 88 89 90
91 92 93 94 95 96 97 98 99 100

Fig. 5 12

mat Alta METIC

[Provide each child with a ret of directions and several sheets of graph
paper
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Here is a "3- pattern (fig. 5.13). What would a "2- pattern look like?
What could a "9- pattern look like Would a "5" pattern be attractive?

4I

1-
2 3 4 5

12 13 14 15

! 22 23 I 24 25
1

32

6 7 8 19 10 '

16 17 18 19 20
--r

26 27 28 29 30 !

51 1

61

71

V
81

r
91

Fig 513 j"`

1

_

1
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MICHING VERBAL PIMPLE:QS WITH EQUATIONS

I Prepare set, of verbal problems and equations Children read the problems
and select the appropriate equation for each problem I

Bill and Tom have 12 marbles.

Jane needs 2 more pennies to buy a 100 candy bar
At 60 each, how many candy bars can Tom get for 300?
If one can of soup :erves 3 children, hc,w man,' can are needed lor 12 chil-

dren?

2 -I- N = 100
6 X N = 300

+ 0 = 12
N X 3 = 12
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PR WI'ICE IN PROBLEM SOL INC

Be careful. These problems have number- that are not needed E-timate
each a n-wer Then find the exact an-wer. Check hl comparing

1. Bob had 51.50 Ile wanted to bin six ,-ounce packages of cookie- at
29(4 a package Did he havf enough money'

2 Jim says that five 1s-inch towel rack- at 51,39 each houhl co.4.thout
S2, or S7 Is he right" What as the exact Co-t '

3 Jack bought five paek- of notebook paper for 47(. There wet e 50 shcet-
of paper in each pack Ile e-tnnated the co -1 of one pack to be I of
me. Wa- his estimate a gooti one

4. Find the cost of a game at 49c, a 100-piece jigsaw puzzle at 2sc', and
a pencil at 9e.

5 Jane can get 27-inch-wide gingham lot .tfic a lard and $6-110,-w
gingham for 59e a yard. She need- 'I:, yard of gingham She has a
quhrter. Which kind of gingham -honk! he buy'

Pit l(I ICE FOR %HNC QUO'llEN N

Which statement are true" Which are fake"

3 X 6 < 19
30 X 6 < 190

Make these -entence- true.

3 X 69 < 190
6 X 6 < 52

6 X 90 < 520
6 X 900 < 5.200

22 = (0 X 4) + 2 220 = (0 X 40) + 20
43 = (0 X 6) + 1 430 = (0 X 60) + 10

1 9 = (0 X 3 , A 190 = (0 X 6) +A
52 = (0 X 6) + A 520 = (0 X60) +L

Eind the quotients What i- the remainder in each example'

3 119 30 I196 60

900

T96

52 60 fif2i

:.;7---0 70 1640

9 T81 90 so j25

Written materras

A variety of written materials necessary in any clas room where
instruction is adjusted to the needs and abilities of the learner. Not
only is a ,citable textbook or textbook series necessary. but many
different textbooks should be available in sets of six 0.1. eight. These
textbool:, may be individualized by removing the binding and mount-
ing the separate practice units in file folders. Practice activities on
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problem solving, basic division facts, addition of fractions, and so
forth. may be grouped according to learning difficulty and stapled
into folders. The4Thi liken work through the material in each folder,
writing answers oN separate answer sheets:: Self-scoring devices may
be inch:ed in the folder for ready use by the student. Old textbooks,
or new textbooks other than the basic text, can be cannibalized and
used in this way to provide needed extra practice.

Programmed textbooks and workbooks are available from many
publishing houses. A variety of these should be available for in-
dividual use in each classroom. They should be purchased in small
sets and handled in such a way that they, too, are reusable. Most
publishers have such materials coordinated with their textbook series.

A wealth of good material is available from government agencies.
For example, the U.S. Office of Education has "Space Oriented Mathe-
matics for Early Grades," which is a set of workbook materials by
Edwina Deans; a circular by Patricia Spross entitled Elementary
Arithmetic and Learning Aids, and a bulletin, edited by Lauren
Woodby, entitled The Lou' Achiever in Mathenzabics. Materials of the
workbook type can be obtained also from the Treasury Department
and the Forest Service of th :apartment of Agriculture. These are
well done and are interesting to older students.

There are a growing number of supplementary books in mathe-
matics written for elementary school children. Some of these are
factual in character; others would be classed as fiction but are sound
mathematically and carry high interest for elementary school chil-
dren. Certainly ,a portion of the school's allotment for the library
should be spent for such publications. Recent issues of the Arithmetic
Teacher carry reviews as well as listings of these books as they
become available.

Manipulative materials

Slow learners in mathematics should make frequent use of manipu-
lative and visual materials. Alany of these may be made by the
teacher and the children; others can be collected and adapted to
clas,room use: still other, may he purchased from school supply
houses and textbook publishing houses.

Children's toys can be good _mathematics materials in many in-
stances! These should be used as teaching materials at all steps in
learningto aid discovery. to provide practice, to te-t* understanding.
They should be used by the children and by the t,acher for dem-
onstration. Various construction t6y., stich as Tinkertoys, building
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blocks, link blocks, D-sticks, and parquetry tiles are useful in teach-
ing geometry. Dominoes and various card gamey not only capture
interest but provide practice in counting and computation. A trip
through the toy department, of any large department store will
reveal, to the perceptive teacher, many toys and games that can
serve the cause of mathematics! The writer discovered that the card-
board coin holders used by coin collectors can be used as arrays in
n.:41tmlicat1on and to develop concepts of percent. For the teacher
who needs templates, they are excellent for tracing circles of various
sizes!

It is impossible to list or describe the hundreds of visuals available
for teachers. The Arithmetic Teacher often includes descriptions of
teacher-made instructional devices. Books dealing with the teaching
of elementary school mathematics are veritable gold mines of ideas
for teachers seeking suggestions for making and using manipulative
materials.

Slow-learning children need to resort constantly to objective ma-
terials, pictures, diagrams:, and dramatization to help them "see"
relationships. The written record and verbalization should accompany
the visualization to make sure that the bridge is built between the
operation and the algorithm.

Within-class grouping

Intraclas.s. or within-class, grouping of students is one of the more
suceessful ways of adjusting instruction to the needs of the slow
learner. This type of grouping should be flexible and temporary,
with the size and the number of groups varying with the intent of
the lesson.

For example, in a class working on division with a one-digit
divisor, one group of children might be solving "248 8" by using
bundles of tens and ones. Their approach might be to expand 248
into 24 tens and 8 ones and to divide the 24 ten; into 8 groups of
equal size (or to separate the 24 tens into 8 groups of 3 tens each)
and then to divide (or separate) the 8 ones. The written record could
read:

2.1 tens 8 = 3 tens or 30
8 ones 8 = I one or

2.18 ÷ 8 = 30 -I- I =

A second group could be solving "248 8" by subtraeting, using
the "ladder" algorism:
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1271
80

168

160

8
8

10 X 8 = 80

20 X 8 = 160

1 X 8 = 8
31

159

A more advanced group of children could be using a standard
algorism, first estimating the answer,

.1

30 Estimate: About 30, siiice 8 X 30 = 240

8 ?Fig ,

240
8

8'

Working within this general framework of grouping according to

levels of thinking, the teacher provides opportunities for the slow
learner to make his discoveries under guidance, to share and discuss
his findings with other children, to move slowly by well-graduated

steps from objective materials to pictorial representation, and finally
to move to the written record using numerals.

Grouping by maturity levels develops very naturally from a type
of teaching that encourages discovery.in fr.ct, the class sharing and
discussion involved in group discovery may be one of the best ways

to meet individual diffnrences.
Grouping need not always be used for discovery lessons; it can

be used effectively to arrange, practice activities for small groups
of children with similar needs.

1. Pupil teams can be formed for practice on basic facts and for
remedial help on any of the operations with whole numbers and
fractions. Usually one member of the team should be competent and
able in the content being practiced. Assignment cards can be prepared
in advance for each team and appropriate concrete aids set aside
for use by those children who need to check their solutions with
objective materials.

Occasionally a pupil team may be constituted of two children who

both need help. Recently a sixth-grade teacher who was unable to
motivate an underachiever to master basic multiplication facts as-
signed aim the responsibility of helping a fourth-grade child who
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materials commensurate with the need, of the children should be
provided and .teaching strategic, employed that will help each pupil
perform learning tasks in which he can be successful.

There is 110 single. easy solution in the education of the slow

learner. Ilis problem is complex Teaching must take ihi into ac-
count.
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Teaching Styles
(Secondary School:

FLIZABI.I'll COLLI :S

SI-"" ',RN"- /la% e need'' calling for appropriate styles of
teat long .11though -itch -tudent- .tay be dofincd in terms of ft

,b r,ing of past - role.- Of aead(1,4 ach:Avenient and
,,at ntial the teachint.t -tyle- to which they respond defy hounding.

1.irotT-- or. more /descriptively. -indents who have learned
rep.ent the totial range of p-ychological constructs. It is

okt iN how t-vt r that airy group "f these young people will include
inotional support or even emotional restructuring.

Tt .11 licrs have sit, end nett!, also vhe.; faced with slow learners in
for all too often they have had less training in the

t than ,, acher- aigned to advanced classes. vet they
,1` ait, 331 Tt, - t ;edeTit }o) have experienced failure with 'his

.tine cow. nt for at le I,: a- man. years a- they have been enrolled
th, to,,hr In this -amnion it is important that the teacher'

sly!, timpasIbli filth his personality. impleim nt
room Tit inagt int to -v-t, ins that Ire opt rable with a mini.num amount
of iit I r lot ate or produc Naiet of instructonal
,ii rho- -IT' ivailable and cover a wide 'Imp of student

sts and it I. of thilit til'y
hi apt, r ttre lit- "art loll 'UN. a- it wele--several

111, n 3t st ..t th it ha r proyt d - ,tccesfitl !lase snap. trot
,i4t anal. ,,ed maples are providt d of -iniple
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uses of Val ious resources, and management systems for individualizing
instruction are discussed

Snapshots of Successful Teaching Styles

'.-eaching tyle A

A third-period, ninth-grade, phase I class had been under way for
about fifteen mintites The teacher was seated, busily engaged Leith two
students..kbout ten stpdents were at the chalkboard analyzing different
sets of three problems in subtraetig whole numbers Some students
were working alone and some in group, of two or more. A pair of
students turned from the chalkboard and exclaimed to the teacher,
'We did it' We did it Lid you bring the surprise?"

By this time several students had observed the presence of outsiders
in the classroom, but the teacher had not. Responding to the successful
students' joy and pride in accomplishment, he whirled and spoke in
tones that matched their enthusiasm, You did! I knew you could!
Tell inc, how (I'd you solve the problems?"

Explanations spilled forth, a sentence from one student rolling into a
sentence crom the other.

The teacher continued, "Why were you having difficulties with the
textbook problems?"

The students' answer, included accurate but msophisticated analysis
of theffaulty logic they had used, which they had now corrected. Their
work the chalkboard revealed different approaches 'wing mastered,
as illti,trated by the following:

2.011
'487

'

10

500
1,011

1,527

+ 487 =
+ 190 =
+ 10 =
+ 1,001=

.19)
TOO

1.000
2,011

1,305 =
-S17=__

3

3

12 I 9 I 15
I8 .1 1 7

3,195
268
3,13:i =

=
=

(3,000 100)
+ (30 3)
2,900+ 27
2,927

5 8

uncertain quiet filled the room :is both student, and teacher
beclune aware of the outsider,. Hesitating only moi»entarily. the
teacher faced them and stated, "I promised yesterday to give a reward
to those students who selected an appropi late in(stliod for s( lying the
problems and achieved stiecs, w nth it in today's activities. Th .se have,
and the rely:n.(1 is theirs
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Just cokes

ACTIVITY

Just hot dogs

In set notation '( %%mild IA ite

Set (' has 7 menthols (or elements). The ea: dmal number of set C is 7.
Net II has 10 member-, (01 elements). The cardinal number of .41 II is

number of elements in the int eisect (n) of sets C and
The cardinal number of If =
The immbei of elements in the union (' 1) of sets 11 and C is _
The cardinal number of II V C =

linnibel: of pelsons coming to the' party equals the emdmal munbel
II (1 CIII V C phis jinn, or persons.

Select one

Pall 2 (Exit n..on). Another Party
Situation: II, people ate taking hot dogs,
I-I people are taking cokes, 6 people a:e
taking both hot dogs and cokes. All poisons
going to the party tsdl 1)61.; soillei
Make yInn diagi am here .

Net C has _ members Net Il 111.1, n Nobel,.
The cat alai number of If n C = 'rho cardinal number of

H C =
flow many people ale going to the pat t

Fig. 6.2

mechanical problem that were interfering with individual pacing and
comfort were identified. Objectives were establishcd for the next day,
designated student- choice day. On this day students had free access
to the many involvement games and experiments found in the room,
and they were free to select ally other activity in which they ha,'
interest. The primary objective of student- choice day was to focus on
enabling and fostering socialization an,: its development.

Composite Picture of Successful Teaching Styles

Each tealler described ill the preceding discussion of teaching styles
employed identifiable -=trategies for invking learning relevant and pur-
poseful. In teaching style, A and I), relevance and pupo-e were
achieved by using the _techniques. Of student success. inul,t ainate reward,
and approval of ,tude:,i behavior by the adult model In teach!' g,tyle,
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13 and C. relevance and purpo-e were achieved through direct-involve-
ment experience,. Slow learner, re-pond favorably to immediate ap-
plications of reward sy,tcm. and to instruction that follows experience
in which they are directly involved, either in or out of school.

Significant features in t(:irching style A are the open climate in
winch students are permitted to select different algorithmic methods
and (2) the maintenance. of 2-ttul( .11,'Arn,t by the teacher's following
through on a promi,e. Slow learners tend to he very astute at inter-
preting human ichtivior: they re,pond generously to an adult who does
not let them down. especially when that adult takes risks to keep their
trust.

Teaching styles C and I) give examples of a variety of short, specific
learning experience. The att,ntion .pan of low learners i, likely be

short if they are not completely excited and involved. Since the-c
young person, have difficulty delaying or postponing gratification. their
learning ,experiences should be sequenced to allow for short -terra con -
Naar:Mon. nider favorable conditions. however. slow learners can and
do exhibit the eapacity'for protracted attention. For example, in teach-
ing style C the otu;-week activity evolved into a four-week mil: when
their interest was sparked V their direct experience in applying simple
trigononietrie ratio to rocketry. This interest wa, sustained long
enough to give them a full review of decimals. ratios and fraetion,,'
Consequently. they attained level, of computational skill that would
have been thought impossible for them.

Identifiable strategic, for individualizing instruction can be ab-
stracted from each of the teaching styles that have been t:cscribcd.
Styles .1. B. and 1' ." exhibit techniques for providing for the need,
of individual-, within 'a. context of a group setting that primarily
teacher-paced. Differences in approach. however. are sharply de-
lineated.

1. Style A accommodate, individual difterenee, by introducing and
permitting different algorithmic method, Prsumably two as-
sumption: are being made: (It that individuality is incompatible
with samene and 121 that if a -.Indent ha, failed again and
again with Me approach, hi, conditioning and con,equent
tinning for failure mass be reversed by getting him to try a new
met hod.

2 Style 13 permit, dniere,ni ,tudent perfot mance level. in that not
all ,tud, nt romp', td d an \ ra project. %%hie') unpin- that not
ail Ncre expected engage t10. act y.
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3. Style C' provides an approach to individualization within an
open and free environment that puts to the test the planning a
teacher has done before actually beginning to teach. The quality
of this advance planning is revealed by the degree to which the
teacher is able to become a "learner," maintain control of the
group, and use the stimulated interest for reteaehing and exten-
sion.

4. Style I) illustrates an approach to individualizing instruction
that depends on student pacing and a parti:;).ship between stu-
dents ,end teacher in decision - making and assessi rent. This style
combining rich media environmei:t, availability of alternative
modes, and deliberate efforts to shape student behavior ("Do
you accept this") through actions of the teacherdemonstrates
an effective approach applicable to the general population of slow
learners. Furthermore, the classroom environment, by making it
legitimate to move around, is suited to the motor inclinations of
slow learners.

This style illustrates also an operational definition Of in-
dividualized instruction. namely, that it consists of designing and
conducting, in company with each student, programs of study tit'
are tailor-made to fit his learning needs.

In the short glimpse we had of style D the teacher functioned
as manager of the earni..g environment, consultant, diagnos-

? tician,Sand prescriber of learning alternatives.
Finally, elements in style D are helpful in counteracting the

influences to which inner -city youth are exposed in their invidious,
and often segregated, slum neighborhoods.

The ideal learning climate for :ow learners is rich with varied
media; it is structured, warm, facilitating, accepting of movement and
purposeful noise; it is also nonthreatening, even though limits are
clearly delineated mid strictly adhered to.

The ideal teacher establishes trust, is supportive and sensitive to the
emotional and learning needs of the students, employs teaching
strategies that are compatible with ins own style, provides students
with options on %%Iiich successful learning experiences can he built, and
applies appropriate reward systems. Such a teacher sequences learnings
along a similarity-dis,mularity continuum; that is, amenable aspects
of new learn» g are related to and identified with earlier learnings,
either forma! or informal. thus facilitating transfer of learning from
one setting to anofter
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Fig. 6.3. A model for the proactie pliam of teaching

physical maturity, thereby opening up many possibilities for joint
deci:ion making. Slow learners who Aare in decision making will also -

assume responsibility for eheir learning. Techniques for motivating
students to exercise responsibility for their learning were provided in
each teaching style presented in the preceding section.
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Supports for independent learning

Low achievers often have difficulty following and understanding
written directions. They encounter frustrations when required to sift
out from written directions (a what i expected of them, (b) the
sequence of their activities, and (e the sources of assistance. Direc-
tions should he given in a form that considers the low reading levels
of these young people.

If a slow learner is expected to execute a learning activity inde-
pendently,,not only must the directions be clearly stated with a mini-
mum of \vol.& but the ordering of his experiences must be indicated.
Support should also be provided if he is to make giteralizatiOns. When
independent leamkg activities are presented in charts, such as those
illustrated in figure 6.4. most of these conditions can be,met (3, pp.
123-27; 4, pp. 44-51) .

CHARTS FOR INDEPENDENT sTuDNT ACTIVITIES
Ex NI em: I

Continue FIN1 .1ep

Use <, >, or

Stcon41,t ep Therefore

2 4 2 Xl. 4 X 10 12 2 1

....1111(1

;

< <
3 5 3 X : 5 X 15 15 3 5

3 ' 3X1 2 X 8 2i II; 3 2
and -' >

S 9 8 X 1 72 S 9

5 3
and

6 5

5 45
and

10 90

Ex %mei,. 2

Given
The divhor New

names NInlImly by one example same m;

9

tent le. g X 10 16 X "..11 8 T1-7i ;

Ilundiedth,

tenth,.

Fig 6
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The procedural flow chart is also useful when students are required
to execute ordered sequences and make decisions at certain points
along tl.e way. Units on flowcharting are often motivational and are
elpful for guiding slow learners in thinking through both mathematical

and nonmathematical problems. Flow charts and calculators have been
used together to add new dimens;ons to drill and practice with
algorithmic methods.

Listen to Reod

START tape 'The Objectives
Math Maybes" l of Unit

Do frames 21-25 4- Complete cctivitv 2

View and discuss f ilmstnp
with ctassmate or

teocher, activity 3

LD0 octivity 5

Should yEs I Take and
you take score
pretest/ pretest

NO

Do frames I 20

YES

Do activity 4

HComplete programmed unit

Read by yourself, or
along min tape,
poges 32-34 from
textbook Y.

YES

Take
postterit
(do not
score).

Have cceittrenix
with teacher f
scorng a advice

Select next unt .< NEXT UNIT

Fig 6.5. Examplo of flow chart u,kd by students: An introduotion to probability

The procedural flow chart shown in figure 6.5 was developed for use
in the individualized instructional program poaraycd in teaching
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style D By flowcharting; the sequence of learning experiences and the
options that are inaivnled. a systematic procedure is devised for-

1 involving students in evaluation and 4Ieei, ion making;
2. promoting self - determination through self- pacing;
3 organizing and sequencing a variety of short, multimedia experi-

ences.

It should be observed that the flow chart dire is students to secure
and use equipment and !Inaba This provision capitalizes on the sell-
sorimotor orientation of most slow learners. It also recognizes the need
of adolescents to act without continuous adult supervision. If this need
is to be met in the context here described, then sturdy, reliable equip-
ment must be available and students must be taught to operate the
equipment indevaidently.

Organized instructional matenals

The teacher of the slox learner should have ready access to a
variety of attention-getters as well as varied media modes for student
interaction. The Learning Activity Package is a device for organizing
a variety of related activities.

A U.S. Office of Education grant to the Dade County (Miamj)
Florida School System made possible the organization and field testing
of Learning Activity Packages with slow learners. Basically, each
Learning Activity Package contains the following components:

LEARNING ACTIVITY PACKAGE

Student's Unit

1 Pi ocedure flow chart (see fig. 65)
2. Behavioral objectives stateu in

language students can understand
3 Pretest (situational as well as

paper-pencil)
4 ArtlVities

paper and pencil
audio tapes
films or filmstrip-z
laboratory experiments
reference-, to textbooks,
magazine-, etc
games, puzzles, etc.
drill and practice sheets

Teacher's Commentary

1 Introduction
2. Prerequisites
3. Sequence placements
4 Vocabulary
5. Suggested required activities
6. Objectives correlated with pretest

and activities
7. Comments on evaluation
S. Posttest (situational as well as

paper-pencil )
9. Keys to teats and activities
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1111111Coal aphed .hoot that acl 011111.11)1es I Ile. tape The 01).0'1N0 01 (Alln-MHO

1 N to 11.1%0 Noll (11-coN (1 11111 tut ,u0 one ,01 of Till, Noll 111,1% or 111.i\ 1101

gel ti 111110, and 2 n41,-110(411. N(ill lila% eNcll got all 1)1111 or all led. although

all red I. highly unhhel ' IhmeNet. the melage of the number ot time, utn

land on blue after a number 01 et of .pins will be Now close to ti The
ideal 11,10)31)111(y I- .1 out of 4 of ti ottt of But in actual practice it N not
always po.sible to go the ideal plobaLiktv

Now follow the nktmet ton. on Nom mimeo:0,1141(41 -heet after mining Off
the iet.odel 1Vhen you lime completed e\peintint 1 min tin reetudo

back on.
liow del )our :miage nw»be, of blue. II oil Our' 1 hope it wa. fairly

near (l
Earle'r on this tape I said that the probability of an event wa. the fraction

of the time that tom \\mild edict it to happen Look at spinner Awhat
fraction of the tune %%wild you expect to land on led" On blue'' ellow''
Did you think 1'2. and 2' Hight tht k the mathematical probabdu,
but. again dn. only Divan. that 01 er the hung tun you would probably lad on
each cloq. to >.; of the lime

One fake idea that many people ha% e %%hen thinking about chance N that
if a particular side of .1 C0111, 01 1:1 thr ca.e a palm char color. turn- up
several lime: in a row, champs are les. that it %%ill turn tip again on The ne.t

fhp or spin Thr. 1. not truethe coin and the ...Immo cannot think: they
don't ionember %%hat ha, tune,' up plevunkl Think about it If you fhpped

0 coin time. and it turned up heads each time. you %%mild probably be
tempted to call tail- f u the seventh to-s, thinking that the -law of aNerages
should catch up." Thu. 1. NNronghead and tail- each !aye an equally likely

chancethat 1-, the se% enth fhp The same 1, true of our -.punier- If.
on spinner A, you spin an even number (2, 1. or Co ten time- in 0 row. the

chance for ending up with all (1(1(1 number on the eh venth spin 1. still the

samethat 1 Notice that t2 the -paces on .1 are eN 1) and are odd rse
tht immer for the second e\pelanent On our mimeographed sheet.

Remnd t hi, tape and put 11 away before doing the evcrimnt

fey Learning Activity Package, contain inure than ten pages,
students find them less threatening titan standard textbooks. Learning
Activity Package provide for the crganization of a series of learning
experienees that are sequenced according to iffirtilty :111(1 varied a, to
instructIonal !nodes They ako facilitate iintependent student actions.
It is imperative that such package-. reflect the resources that are easily
accessihk: to students, 110(:111:-.0 low learners tend not to 110 persistent
in academic endeavor,. Figure ti 6 shows relationships between the
unit, of work for uhich Learning Activity Package.. were designed
for the project ill Dade County. Provv.ion nide for both vertical
and horizontal pogres,ion
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Introduction to flow chorts-1

.

t Whole lumbers 1

, Estimation )..-,,- Sets _--)--r-- Bases l<Propertiestalctiotors .....J-Slide rule --)
I I

I

1

--r- 1 1
-

L Eponents-1
----

[ kitroductIon to measurement ] introduction 10 geometry 1

I
[ Factors a primes]

Lfrcctions

[linear measuremer,] CBtatistici)

LAckfrhon a subtracton of measures 1

Slide rule

Pertmet;_I11Geoboardsj--« Area --srVolume Metnc systerr--1-1-6 Constructions 1---J
I

ritto.1:1_proportio;;1

EFercent 1

Appficofons of percent 1

-- 1

r-Probobility_ .,-,)( Graphing) Topology j_

I

((Squares a'- /Negalve '\ ( Eguat.ons 6, )
square root .ntegers ) l Inequalities '

Fig 66. Schema for low-ability students in general mathematics

The Baltimore County. Maryland, project for teaching slow learners
deyelopod a -bawled approach" for organizing and varying instruc-
tional activities II, pp. 58-601. The handed approach is a flexible way
of organizing instructional activities in the class period. Tlie class
period is usually dlviONI into three bands, with the tint and third
hands lasting from five to ten minutes each and the second band
lasting about twenty-five minute.. The major portion of the lesson is
presented during the second band. Each lesson provides for
tenancy of computional skills. An outline of topics for a unit of
banded les,ons is presented in figure 6.7. Banded lessons permit se-
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quential organization of in content and variety within the
clas,room period.

OUTLINE ol."roPics Pop. A SAM PLE UNIT O1 BANDED LESSONS

1.1,ssoN B n

1 Di ill -geontt
figtne,

2 I h -pattern-.

3 \I a t h Budder'

va) II

Patallel line,

Symbol, for -segment
*mil lay, a,,e,,,,,ent
of p. :Wei line,

Copying 'segment-
,t t.ughtedge

I Puzzle multiplication Copying ,egment,
and athitt ton straightedge and

compa,-
A,e,-nient
copying -segment,

idpoint paper
folding
Symbol- for angle,
vet t ex

--c--ment

Symbol, lot angle,
vet lex

(7(my ing angle,
coillpat., tuud
,1 raight edge

Al a t h 13tuldel

6 1)1111 pal t on,

7 Nlath Bullet

S Puzzle thvession

9 \lath 11111141er

10 Tape ve: hal

II Dingine.t ie to -t
addition of
whole iitunbet-

12 1)11 -calendar,

Copying angle,

e-s,men t
copying angle,

11xn III

nunibet-,

Puzzle optical 11111-ion,

Tapeaddit loll

Ala th Rudder

( ;to - number puzzle
place value
Cotett met ion of ruler

Puzzlemilt wheat ion
and addition

m,-uttinber puzzle -
tualttplicattolt
Puzzlerenaming number,

Tic-tac-toe game-

(*out intuit ton of h.-Me-toe
game,

womb

SoutieL. Brant (I, p CAL

The Math lloi'der i oleos's of a sit of 'ilinst rips and a projector Each frame of the filmstrip rheas
a recall respotee from the student The projector call be set to flash the frames out a creeit aCcorailiK
to a predetermined Time uteri , Let,lePIII the frames. tine, permitt mg the re41,011, needed for practice
and drill.

Pig 6.7

Conttacts and Task, Cards have also been used for organizing
learning experience, and motivating slow learners to complete their
tasks. When these task, are related to out-of-school living. tenth,
eleventh, and twelfth grader, are e,ileeially amenable to them. These
students often enjoy eontracts and ta,ks that are not exclusively tied
to the work world.
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TEACHING STYLES (s CON1)1ItY SCHOOL) 1St

of ten-to-fifteen minute,' duration. Some slow leaniers, however. have

sustained attention over ,everal days when they are engaged in solving
open-ended problem, and when the skills heeded for arriving at rea,on-
able solution, are taught within the -ante context.

At the present tine. few secondary schools provide slow learners
with equality Of educational opportunity. By definition. persons who

are labeled "slow learners" learn slowly. If they are to he afforded
equality of educational opportunity. it N the school's responsibility to
provide the time they need to :it nieve the level of mathematieal
literacy demanded of fully functioning per-on,. It is unreasonable to
assume that thtse learners can achieve this level of mathematical
literacy when their experience, with formal instruction are often
limited by the time requirement for earning one or two Carnegie units.

It, is expected that secondary school, will provide opportunities for
minimums progress for the "eollege bound- and the accelerated
learner. How can deliberate denial of opportunities to that segment of

the school population who learn slowly be u,tified?
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Aids and Activities

EVAN M. MALETSKY

GREAT many multisensory aids can he used in the teaching of
mathematics. Some can be bought through conimereial manu-

facturers; others can be made by teacher or student. Some are elabo-
rate and sophisticated, exptmsive, difficult to use. and hard to repair.
Others are simpl obvious, and inexpensive. Some can he used to
introduce and illustrate new topics, whereas others can help to clarify
and reinforce old ones. Some are used seldom and only by the teacher.
Others can be used regularly and by the student as well.

Whatever their size, cost, or !impose, multisensory abls in the
classroom should help to make mathematical ideas, concepts, and
examples more visual and meaningful. Remember that a slow learner
is likely to be a physical, rather than an abstract, learner. If he is
unable to use abstract symbols, he needs models and aids that can
be made, touched, manipulated, and examined. It has already been
mentioned that the slow learner, more than many others in his age
group, prefers and needs tactile experiences. lIenee he needs to lw
involved in the classroom activities. tie frequently becomes moti-
vated by doing things rather than by thinking concepts.

Often the poor self-image of the slow learner comes from his
repeated failure and frustration in the classroom. For this reason

182
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- Number of folds 0 1 2 3

Number of pieces 2 2 2
Fig. 7.1

Now cut the paper the other way (fig 7.21 and find the number
pattern.

aso

Number of folds 0 1 2 3

Number of pieces 2 3 4
Fig 72

Cutting string

Repeatedly fold a piece of :-tring around one blade of a pair of
and then eat a:- Aown in figure 7.3. llow many piece:- are

fonned at each ,tep?

CD,

Number of folds 1 2 3 4

Number of pieces 2 3

Fig 73

Fold a :Thing once Then fold it around the and cut a-
:-hown in figure 74. How many piece:- are formed at each :-tep?

ti
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Number of folds 1 2 3 4

18.5

Number of pieces 3 , 5

Fig 74
7

Firldiny a paper square

Make repeated fold, aeros, a ,quare piece of paper as shown in
figure 7.5 Find the greatest number of part, poible after carp fold.

1

L

Numbs' of folds 0 1 2 3 4

Greates! number
of parts

1 2 4 7

Fig 7 5

Folainq a paper Ntop

I'. okl a ,trip of papr a, slim\ n in figure 7.6. Ilow thick I, it at each
,tep?

- \

Number of folds 1 2 3 4

Number of thicknesses 2 4 8

Fig 7 6

Here is an interesting followup to this sequenee Have the class
estimate the number of folds needed to get a stack a, thick a, the
stack of pag(N in their textbook. This "thickness number- pattern
gives powers Of 2:

28 210

2 4 5 16 32 64 12S 256 512 1,024
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.Nlost bkely nn)( folds will do the trick Bring.in a latershect floor
a newspaper and ask students to tart folding it to see if they can
make nine folds They probably won't be able to. but thee will have
fun dying

Folding a pope/ mangle
Cm wit at piece of paper rn the shape of a right 1-oseele, trtangle

and fold it as shown in figure 7.7 Count the number of sinall triangle,
formed after each fold

0 folds I fold 2 folds

Number of folds 0 1 2 3

Number of small
triangles

1 2 4

Mg 7 7

Thi- activity can be done by each student at his seat It can ttko
be demonstrated by the teacher with a large paper model or shown
on the oveihead projtetor by using a triangle cut from wax paper.
Creases in the wax paper will show up clearly \\ het) projected.

Maintaining Arithmetic Skills

Invariably the slow learner In :.,C4'011(111y chooi weak in his
arithmetic skills More than likely this weakness stems. at least in
part. from hi, failure to master the fundamental addition and mul-
tiplication fact while in eleint :nary school. Hence it becomes in-
creasingly important that attention he given to developing 8101
maintaining itrithnwtie skills at the junior mid sci»o high levels.
The teach( r need,4 to search for many imaginative cunt motivating
aids and activities that either directly or indirectly lead to increased
practice in arithmetic Of all the problem, confronting the mathe-
matic, teacher, this is probably the most difficult. Thiele no ea,y
solution, no obvious method, and certainly no sure result.

Their are some points to keep in mind, however 'Fry to teach the

It
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arithmetic ,1:111, in a format different froth any used in the earlier
grades. lie satisfied with gradual growth rather than expecting im-
mediate. ,u..lifieant improvement Strive for arithmetic competence
rather than alitlimetic ma-tety. Furtheriore. concentrate on simple
numerical examples rather than involved and complicated problem-
lie eali-tic ttttlr the level Of difficulty or the student 1% ill only get more
discouraged with his inadequaele,.

The slow learner needs novelty and variety to stimulate hi interest
and increase hi. attention span line aids anti activity(, described
here can create visual. physical situation, that are nel% to the student
while at the same time belpiin.. to maintain and improvearithinutic
skill,.

Card 110 tne.

-Alo:.t students like game,. They become motivated competition.
and they work under a -elf-unpo,ed pes,ure often quito different from
their normal level of mte,t and attention The following card pioe
can genefatc excitement and at tin same t110' offer an opportunity
to review arithmetic. -kill,.

Number a set of card, from 1 through 9. .1sk to pick
five card, and another to pick ft sixty card. Then see uho can use
the numbers on the five cards with addition, subtraction. multiplica-
tion. and/or division to get the number on the '-ixth.card. Each nun:-
her must he used exactly mice. Numerous tin-wers are po,sinle for
each set Of card, Some examples are given in figure 7. 8.

T13

ED1 1 6 -1- 4 + 2 8 1 = 3
÷ 2) + 6 4- 1 = 3

(7 CO X (9 5 3) = 1
'(3 X 7) 9 5 6 = 1

+ 3+ 2+ 1 8

(3 X 8) (2 X 9) -1- 1 =cD.

Fig 7

For slower lasse-, play a simpler game Draw three cards and use
them with the four fundamental operations to form other numbers.
Son net xamples, cards numbered 7, 8, and 3, are given in figure
7 9.

For a still simpler game, see how many numerals can be formed
using some of the numbered cards as. digits. There arc fifteen possible
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8 + + 3 = IS
8 + 3 = 12

+ 3 8 = 2
7 X 8 + 3 = 59
7 x 8 -- :3 = 53

X 3 -1- 7 = :31

8 X 3 -- 7 = 17
8X 7.X 3 = 165

Fig. 7 9

solutions for three cards with different numbers. All the solutions for
the digits 3, 7, and 8 are listed in figure 7.10.

3 37 378
i 38 387
5 73 738

78 783
83 8:37
Si 873

Fig. 7.10

You can move around the class and let various students select dic-
e:tills. You can Nit out large squares and have the students arrange
them at the board. Or you can prepare a set of small squares of acetate
for use on an overhead projector, where the teacher or student can
arrange them with ease.'

Magic squares

For practice in adding, the same set of cards can he used to make
magic squares. Tape the cards on the chalkboard arranged in a magic
quare. Have the students add the rows, columns, and diagonals to

verify that the sum in each case is 15.

Fig. 7.11

By different rotation.: :ul reflections, eight arrangNnents in the
magic squares ran he formed from the nine cards. One is showi in
figure 7.11. Three more are shown in figure 7.12. The remaining four
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Display cards

Here is a simple variation of a basic type of arithmetic problem.
Have students order fractions and decimals by actually moving num-
bered cards that arc taped on the blackboard or tacked on the bulletin
board (fig. 7 14). The extra activity of having a student physi-
cally order the cards may acid much to his understanding of the order-
ing property of numbers. Have one student put the greatest number
on the right. Have another put the smallest on the left. Have a third
order the rest in between.

1-13 I._
7.c 4 J .2

Fig 7.14

.3223 223

Obviously, the same type of activity can he employed for more dif-
ficult problems, such as ordering the fractions and decimals shown in
figure 7.15.

.2233.2323 31342332

Fig. 7 15

.31231

This technique can he applied to Many different situations, of course.
Another is the equating of fractions and decimals (fig. 7.16). Have

5
E5

Fig. 7.16

students match each fraction with the correct decimal. Once the cards
are matched, leave them on the board for easy reference. You may use
them to introduce a large chart that shows many fraction-decimal
equivalences. If such a chart is available, be sure to keep it displayed
and refer to it frequently.

Flow'charts

Many of the difficulties of teaching slow learners can be solved by
finding new formats for the problems that have troubled these stu-
dents in the past. A flow chart may be one such format. Suppose you
want to review some arithmetic facts. First, cut out from a sheet of
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Fig. 7 17

p-:)er several diagrams like the one shown in figure 7.17. When such
diagrams are placed on the overhead projector, the light will shine
only through the circles, rectangles, and arrows. Next, write some
problems on clear sheets of acetate used as overlays. Put the input
on the top, the opeotion in the center, and the output on the bottom,
as shown in figure 7.18. Project the master diagram and an overlay on
the screen. Of course, you may prefer to dispense with overlays by
projecting the master diagram diroctly on the blackbbard and writing
in the values with chalk. The examples in figure 7.18 show some

typical problems uses, to review the multiplication facts, but you can
vary the problems by asking for a possible operation, as in figure

Input

operotion

output

Fig. 7.19
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0
[ SQUARE

0

I
0

SQUARE
0
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input

operation

output

SQUARE ROOT

Ftg 7 20

[SQUARE ROOT

7 19, or you can give the operation and output and have the student,
find the input, as in figure 7.20. :\Iake problems like t he:e fairly
simple and move through them rapidly.

When you teach fractions or decimals or exponent,. you will find
the same diagram useful.

Another variation with flow charts can he used to give practice in
arithmetic. Cut out a set of circular piece, of paper marked with
various number-1 and some rectangular pieces marked with idifferent
operations. Let one student come up to the board and make his own
flow chart while the class tries to find what the output number is.
TI better students will enjoy putting several operation Me, together

the -amt flow chart.

Percent scales and charts
The slow learner cannot he expected to master all the various types

of percent problems. It is far better for hun to get some basic feeling
for a few commonly used percents and their meaning. Let the stu-
dents make up tables of percent conversions, and encourage their
use Try to relate the percent concept to physical things and situa-
tions.

?
I ,

0%

?
t t,,,,t,,t.,,,t

9
, I , .

7
, , I .

?
. I . .

S
, . i

25%

?

50%

?

75%

©
100%

?

0%

?
l__...t.

25%

7
1

50%

©
1

75%

7
,

100%

?
1

0% 25% 50% 75% 100%

? © ? - ? ?
t , , 1 1 I I / , , , 1 , I , I I

0% 25% 50% 75% 100%

Fig 7.21
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Mark a percent scale on a long -trip of paper Write a number
above one of the percet,. Then let a student Write the eorre,ponding
numbers above ot her points on the scale Point out the variou, prob-
lems that ari,e from placing the number in different po,ition, on the
scale Gee fig. 7.21)

Another activity makes use of a percent chart like the one shown
in figures 7.22-7.24. Rule the grid on a large piece of po,ter paper.
Attach a .tring at the top and use it to locate the bag(' along the bot-
tom scale. Then read percents and corresponding mrechtages along the
vertical and horizontal axe, re,peetively. ()nee the student become,
familiar with the way the chart works, he should find it easy to solve
the I.:trim', form, of pet cent problem-

1. What i. 40'; of 509

lo1, \ 40c; of :50 = ''
a--11

I

Hate = 40';
301 lia-0 = so

Percent 40; Percentage = 9
501 Locate 1 he ...t ring for
60i a bate of 50. Head
701 act o,- at t he pep cent.
80! 40, to find t he pere(ntaae.
90; 20,

Ir'0L- 16203040-56 do 70 8090 100
10'; of 50 = 20

Percentage Base

Fig 722

2 \\*hat percent of 60 i 30?

101

20i
301

40'
Percent 50,

60'
701

80'
901

COL 10 20 -.540 5060 70 80
Percentage Base

Fig, 7 23

'' of 60 =
Iht-e = 60
Percentage =
Pate = 9

Locate the st ring for
a ba.'e of 60 Dead up
from the percePlage. 30,
to find 1 he percent, 50.
50',; of 61) = 30
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3 60 is 75c, of what number?

t'
10

20
30
40
50,
60

Foment 70'
75

80
90

1001
10 20 3040 5060 70 80 90a

Percentage Base

Fig 7 2,1

75e'i. of ? = 60
Rite = 75c,
Percentage = 60
liaze = ?

Read across from 75
on the percent scale
and up from 60 on the
percentage eale. Rers
the string through this
intersection point and
find the bum, at the
point where the Anna
inurseet, the bottom
scale.
75q of SO = 60

Developing Geometric Concepts

Far too few mathematics teachers spend enough time on geometry
with the slow and reluctant learner, and those that do frequently
forget how important the use of aid can be in clarifying geometric
ideas or concepts. There is an abundance of multiscnsory aids that
can be used effectively in teaching geometry. Even pencil and paper
can take on special meaning as aids in teaching geometry Take time
to illustrate important geometric concepts visually and in various
ways. Help the slow learner to see the concepts he is asked to learn.

Congruence

The concept of congruency is all too often assumed to be simple,
obvious, and self-evident. For most slow learners this is not the case--
nor is it for many other students. A basic understanding of congruency
comes best from visual and tactile experiences. Congruence must be
seen, felt, and illustrated in many ways, and at the same time ex-
plained in simple, familiar terms.

Congruent figitres have the same size and shape and can be made
to coincide. Although this approach is decidedly intuitive, it is the
only way the slow student can learn to see congruency. It is also the
way the concept should be illustrated.to the students through various
aids and activities.

Cutting out congruent. figures. Cut out some sets of congruent figurr-
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(haw several congruent segments in this position. Then let dint draw
t011le ill :1110111V1' p0,1110i, NM\ try the same pith a diagonal segmein.
Let ,eyeral student, have (he opportunity to draw congruent ...egitten1'
See if they can find the tow different positions possible (See fia 7.28

Next draw a rectangle On tile blackboard gild Ilave I student (hit\V
a congruent (it,- in a different position In general, for a rectangle
only two positions are possible, vertical and horizonta .

Now draw a right triangle on the blackboard grid Ilave several
students cow up and see how many congruent trinn4les they ran
draw in different relative positions. Your students shoill4 enjoy try-
ing to find all eight, as shown in figure 7.29.

N

Fig.. 7 29

A somewhat more difficult problem is to find all eight cliff rent rela-
tive position, of a general triangle whose vertices are poiuts on the
grid, as shown in figure 7.30.

z17
Fig 730 -

One variation of this involves drawing the figures on an overhead
projector rather than the blackboard. In either ease, let a student
come up and try to draw the congruent figures himself. Students be-
come more actively involved this way, and they u,ually enjoy the
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opportunity to participzite. The rest of the class will he eager to
check for errors or duplications.

Needless to say, much can also he gained by having your students
do several problems. of this type on their owl graph paper In this
case, be sure to draw the original figure on the board for them to copy.

Syininet171 and reflections

Symmetry and reflections are very important geometric concepts,
yet they seldom receive sufficient attention in the cla-sroom. For the
slow learner they are especially important because they are concrete,
visual concepts A few simple activities and aids appropriate for the)

1 topic and the student are given here. Be certain to relate each to the
concept of congruency.

)

! Culling paper. However obvious and simple, the following illustra-
\Lions of line and point symmetry are perhaps the most vivid. Fold a
opaper once and cut out a design across the fold. Then open it up to
form an example of line symmetry Point symmetry can he illustrated
in much the same way bus by folding the pal r twice. (See fig. 7.31.)

One fold
line symmetry

Fig. 7 31

Two folds
point symmetry

In this ease, the figure formed has symmetry about two lines as well
as. about the point of intersection of these lines.

Folding squares. Cut out some squares of paper and punch two holes
in eaoh with a paper punch. Now, without revealing to the students
the procedure, locate the line of symmetry between the holes in one
of the squares by folding it so that the holes align. '(Fig 7.32.) Draw

0/0

Locat ng the line of

(°01 ° 1

Find the lines of symmetry for the
symmetry by folding holes punched in these squares.

Fig 7.32
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the line clearly and show it to the student, a, you discus, with them
the meaning of symmetry with respect to a line Then ask some stu-
dents to draw a hue where they think the line of Ivilinietry is for
each pair of holes in the other squares. Finally, let than see how close
they came by having them fold the squares so that the holes hue up.

Writing reflections. Have a student go to the board and print his
name Have another draw a line nearby. Now have a third try to write
the reflection of the name about the line. (See fig. 7 33 1 Have a mirror

REFLECTION 14011.03.113R

Fur 733

handy to show the reflection if the student needs help.
A variation of this actiN it can be (lone at the students' seats. Dis-

tribute unruled paper and have each student print his name. draw the
line, and try to write the reflection. Have each check his work by
folding the paper on the line and holding it up to the light.

Drawing on gods and graph paper Draw a line on a coordinate
grid on the chalkboard. Then draw a triangle on one side of the line
with vertices on points on the grid. Have a student, by counting
squares. locate the reflection of the triangle on the other side of the
line. The two triangles so found are symmetric about the line and, of
course, congruent. (See fig. 7.34.) This activity is especially helpful

Line of
syrnMetry

Fig 734

to the slow learner. It improves his orientation on a plane yet requires
no skill greater than that of counting.
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Your better students can do a ,imilar problem involving point sym-
men y f,ee fig. 7.35 t.

Point of
symmetry

Flu 7 33

I lyre again the :ion rut be varied by u,ing, an overhead projec-
tor or by having every student work at his seat with hi- own sheet
of graph paper. In any ca,e. draw the first triangle for him to copy.

penthcalars and pm Olds

Fannhar example- of the geometric concepts perpc 011;11110r and
para11t1 abound in the world. and many of them need to be brought
to the attention of student,. Slow learners especially need simple ac-
tivities with -kWh 1111111h: exartiplet. in order to lltier.-lao11 the Con-
cept, and estahlish then; in t heir minds.

Fol(Ung paper Coloruct some perpendiculars and parallels for the
cla,, by folding sheet, of paper as shown in figures 7.36, 7 37, and
7 38. Then have each student fold paper at his desk in ways that show

tg, 7 36 Folding a crea-e perpendleolar to an edge of a paper

Fig 7 37 Folding' t N 0 perpendicular
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I 'it.: 7 3S roltlaw, no rztrallel

his understanding of what pc >pendieutor and parallel mean

Drawing on ['rids and graph paper. Parallel, and perpendicular- arc
e-pecially casyy to illustrate on graph paper or on a coordinate grid
On the board. Point out that the grid itself con-i,t' of many parallel
and perpendieuhr. segments and that many other- can be draAn -by
simply counting squares Draw a few of thew at the board or u-e
an overhead projector. Then have your student,t draw other- on graph
paper, taking t he folio ing procNIpre:

Choose a point and count a, shown in figure 7.39. Then choose other

Parallels

Count to ijapt.. I ana ti 3, or Count toot 4 and gown 2, or

count to id/ I and gop 3. Count to lit 4 and up 2

1. at:. 739

point- and repeat the prod'-- to draw parallel 51gment-. Ncm -egments
perpendicular to these can ea-ily he drawn. Start at either endpoint
but reverse the number of units moved horizontally and vertically and .

al-o reverse one of the two directions (-cc fig. 7.401.

Count to MI 3 and up I, or
count to rigtv 3 and gcwn I

Perpendiculars

Count Vigil 2 and gown 4, or
count to right 2 and up 4.

Fig 7.10
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Fig, 741

Folding space models. It is easy to illustrate' Parallels and pe'r-
pendieulars in space Fold creases perpendicular to Ne edges of twosheets of paper and stand the folded sheets on a flat surface as shown
in figure 7.41. Each crease represents ,a line perpendicular to a plane,
since each is perpendicular to two lines in the plane. Together the
creases represent two parallel lines in space, since both are perpendicu-
lar to the plane.

Other ,ivities and aids to show perpendiculars aiul parallels in
space are given later.

Length. area, and volume

All too many slow learners are unfamiliar with the basic units oflength. area, and volume. One reason for this condition is that they
need more time than they get in the classroom to study, use, and re-view these units of measure. Another reason is that they have notestablished good visual associations with 'these units. They haven't
seen them represented enough, nor have they engaged in measuring
activities that are sufficiently numerous and varied.

Ask a student to think of a hundred-yard length and almost in-variably he has a mental picture of a football field; but ask him to
think of a cubic -foot unit and he probably has no image at all. Even
a square-foot unit is hard for him to visualize.

Begin by collecting some aids. Always have a one-foot ruler and ayardstick in the classroom. Keep cardboard models of a one-inch
square and a one-foot square available. Make models of a one-inchcube and a one-foot cube (fig. 7.42) for the class. Use these aids fre-
quently when working with measurement problems. Emphasize their
visual comparison. It is probably just as important for a student' tohave a good visual idea of the relative sizes of a square inch and a
square foot as it is for him to know that 144 square inches are equalin area to one square foot. It is common practice to teach students
that 1,728 cubic inches are equal in volume to one cubic foot, but to
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;2 one foot edges
6 ore square foot faces

one cubic foot solid

I u! 7 12

t. t- "w e t.timber By keeping models in class and
,ttti a.t make the comparison much more

ti M t.t,t tiong,ful
..t.t t.tr. t- .t tpiti foot of area. but a half-foot square

. , t .t t 1..t'i -total, foot of at Cardboard models resembling
743 me ety effective in iiiictrating this con-

,Xt 3' hod square fGat

iNOT
9:W

cce quarter square foot

),.; 713

!pod, k hke the-t it); tills class. Or better, have some
,%% it h the half-square-foot and quarter-

p, :.ring in different -hape, or positions or loCa-

can he a ry valuable teaching aid. Ar-
t ...omit- Nt ay.. a- in b ,are .14, and hay'' the students

3 cut*

1.114 7;1

4 cubes

; hilt - 311 Titese pI &thus offer good experience not
.11.d area mot- but also in visualizing space.
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Better student, may enjoy finding which of the various ,ohd, that
can be made from four cubes (fig. 7.45) has the least surface area.

Via -A5

Illustrating Algebraic Concepts

The basic concepts of algebra should be taught to all students.
However, teaching them to the slow learner poses'rertain special prob-
lems. Invariably thee, students have done poorly in arithmetic; hence
they lack the numerical foundation so vital to the algebra. Moreover,
by its very nature, algebra is an abstract subject. It requires a high
degree of mental dexterity, which the slow learner generally lacks.
He understand, best by doing, and he remembers best by seeing. In
order to communicate the ideas of algebra to him, considerable at-
tention mug be given to the effctive use of aids apd activities in the
classroom.

The slow student needs to study some of the basic concepts iii
algebra, but he needs to see them in many different ways. There are
only a few skills in algebra he needs to master. There are many more
he should experience.

Nomographs

Nomographs are simple to construct and easy to use. They are
visual aids ?onsisting of nothing more than number line carefully
spaced and calibrated. Prepare a large one for the bulletin board and
another on a transparency for the overhead projector. Let the students
make their own on graph paper.

The nomograph shown in figure 7.46 can be used for addition and
stwtraction of counting numbers. It consists of three equally spaced
scales. The two out..ide scales are calibrated the same; the center
scale has units half the size. To add two numbers, lomte then] on
the outer scales and connect them with a line. The sum is read where
this line crosses the center scale. Subtraction is done as the inverse
of audition, with the difference found on the outer scale.
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Addition

A +B =C
13 + 5=18

I

T-
T5 N"

Q)

C

.3

o o

A
20

18

16

14

12

10

8

6

4

2

0

C II

18

16

14

12

I0

8

6

4

2

Subtraction

C A= B
18-13 = 5

§

c wc0
c co o

The nomograph works this way because of a geometric property of
trapezoids The median of a trapezoid is equal in length to half the
sum of the lengths of its bases (See fig 7.47.) This median is located

2
0

E 2
TRAPEZOID

Fig 7 17

along the center scale of the nomograph. By halving the unit length
on this scale, the. stuns can be read directly.

A nomograph can be extremely useful in teaching addition and
subtraction with integers. In teaching the addition and sul traction
of integers, a demonstration nomograph like the one in fieure 7.48
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A
+8

+6
+16

--+12

+8

+6

Addition
+4 +8 / +4

+2- --/f4 +2
A+ B= C 0- 0 0
(-4) + (1-6) +2

-2 --4 -2
-4 -8 -4
-6 --12 -6
-8- -16 -8

Fig 718

Subtraction

C- A = B
(+2)-(-4). +6

serves several major purposes:

It gives the :student a picture of the relative locations of the posi-
tive and negative integers.

It clearly illustrates the property that the sum of two positive
integers is positive and two negative integers, negative.

It shows how the sum of a positive and a negative number can be
positive or negative, depending on the magnitudes of the numbers.

It shows graphically why the sum of two opposite integers is zero
It can be kept posted so that students can refer to it and use it any

time they want.
There is much value in having-students make their own nomograph::

as well Have them draw the nomograph on graph paper. They get
practice in measuring, marking of units, and numbering scales More-
over, they have a chance to use what they make.

Paper folding
Try this simple demonst.ation of the relationship

(0 + b)= = a2 2ab +
Take a paper square measuring a b units on each side. (see fig.
7.49.) Fold it twice to form two squares measuring a and b units

a+b

a+ b

a
Fig. 7 .19

b b2
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respect] vely Now find the areas of the INN() ,(Illar: ..1)(1 the t

rectangles formed.
Here is a simple demonstration of the relationship

= (a b) (a +
'rake a square in( asuring a units on each side. ISN' fig. 7.50 I Fold

a a- b b
1- /lib

R
I / b

a

a + b

b2 = (a -h) (a +h)

I'm 780

b

it diagonally. Then fold hack at a perpendicular distance b. Tear off
corner and tear clown the remainder of the diagonal. The original

piece measured a'. The piece torn off measured The remainder
measures a= b'. Rearrange the pieces into the rectangle shown. It
measures (a (a + b).

Flow charts

Flow chart can be Very valuable in teaching algebraic concepts to
the slow leatier. For example, such charts cap illustrate the im-
portance of clearly indicating the desired order of operationthe
order typically shown by the presenee or absence of parent!les'es Cut
out from construction paper the shapes shown in figure 7 51 and fill

a
) Square Multiply ?

by 2

Fig 751

them in Now arrange them in two different ways on the board (fig.
7.521. Note how the flow charts help to emphasize the ditTerence in
these problems.
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2a2
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Square
Square
first

0

Multiply 'Multiply
first by 2

1 it 752

0

(2a)2

Several different activatei, can he used for drill on this tylw of prob-
lem. Project the flow chart onto the blackboard, using an overhead
projector. Write in the input and operations, and have the student
rite in the corresponding algebraic expression Or give hint the ex-
pression and have him write in the correct sequence of steps in the
flow chart on the baud. See figure 7 53 for examples. When the chart

ay

Mu'tply
by 3

Add d

Answer
,>3b-f-7

4b2*

Fig 753

0

Answer:

Square

? 1 Multiplyby4

J

4b2

is completed, simply 'rase the board and enter new data. The flow
chart remains projected on the board.

A flow chart can outline the steps to follow in numerical substitu-
tion well. (See fig. 7.54.)
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1
7

Square 16 ? ?

i_._ ___I L

, i--
AdoAd

12 28 ? ?l L__ _ ,..,_____, 1_ _,__-
, , ,

--.- ,

c` +12 28 j ? I ?
. ,,

Ii.:2i 7 5.1

Flow charts can also give meaning to the solving of equation,.
Notice how the step,: are revered to ,olve the equation in figure 755

PROBLEty
7"--li

1 d ) d ) d -8

,.
I

r r---- 7
2d ' Multiply Divide 16- 2 . 8

by 2 I ---- ! by 2 1

i Inverse 1----7---'P. -,toperations

2d+3 !

\2d+3=19

Add
3

4--" I

Subtract
3

Fig 7 55

19

19-3.16

19

SOLUTION j

:tiodets for variation
Graphs -how how variables are related, but frequently the students

fail to see this relationship. The following example illustrates- how
a graph can be closely tied to a physical model.

[

_

177 2x6 L-3x5j 474-' 5x-3 L 6x2 7)(1

Fig 7 56
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Cut out a series of rectangles with perimeters of 16 inches and
sides of int(,gral length, (fig. 7.561. Tape them. to the blaekboard in
order of increasing length Ask what happen- to the width as the length
increases, and (h-cuss what might be the maximum possible length.

Now stack the rectangles against the axes one at a time Mark the
upper righthand vertex of each Then draw the graph through these
points. a, in figure 7.57. Have the students find the area of each

Fig 757

rectangle. Point out that the square has the greatest area. Then see
if a student can sketch how the area varies as the length increase,.

Making Good Use of Models

The slow learner often learns by seeing things. One of the goal- in
teaching is to help him improve this skill in space perception The
clever, it aginative use of geometric models in the classroom can do
a great deal toward achieving that goal.

By their very nature, geometric models can be seen, handled, and
constructed. They are real to the student, even though teachers rec-
ognize them as repre-entatives of abstract geometric figures that exist
only in one's mind Geometrie concepts need to be expressed physically
to the slow learner. New idea, need to evolve from establi,hed ones,
and new ways of seeing things in space need to he supported with
concrete illustratio.is. New, discovery problems need to be related
to old, f' niliar ones.

All too frequently an insufficient amount of time spent on geom-
etry in the classroom, The reasons cited are many and varied. Conte
teachers argue that there is not enough time to master arithmetic
skills, let alone geometric concepts. Some teachers feel that geometry
is secondary in importance to arithmetic ,and algebra. Others find
that they themselves have trouble visualizing 'things in space. Still
others sec only the synthetic structure ancl proof in geometry.
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None of these reasons can be justified for tia slow learner Geo-
metric relationships arc part of the real "orld to him. anc they can
and should be seen and shown. Many aids and activitie, involving
models can be used effectively in the classroom in teaching geometry.
Here are some examples. They are concrete, not abstract. They are
visual, not verbal. They are simple, net sophisticated. And they ac-
tively involve the student.

Making models

Making models is a valuable experience, especially for the slow
learner. It gives hint something to do with his hands and it give, him
practice in copying patterns, in measuring, and in constructing. Many
slow students are especially adept at these types of activities. For
them, making model, provides the much-needed feeling of accom-
plishment. For others, it gives good practice in organization. accuracy,
and neatness.

The very slow class may do best by cutting out patterns supplied by
the teacher, or by copying patterns, using the grid on graph paper.

In all classes, begin by cutting out a large paper model and showing
how it can be folded. (See fig. 7.58.)

Fold the paper
in half.

Fig 758

Fold each half the
same distance from
its left edge.

Fig. 7 59

Fold to form the
four lateral faces
of the prism.
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For classes NA here the ii,e of scissor, and tape is inadvisable. a very
simple representation of a right rectangular prism can be formed
from a plain sheet of paper. (See fig. 7.59.1

Stacking models

Assign the construction of a particular rectangular prism to each
student in class. A convenient ,;et of dimensions is 1 x 2 x 4 inches.
Then develop a lesson around solids that can be formed by stacking
the prisms. Restrict the stacking to the joining of congruent faces only.

Three solids can be formed from two prisms, a, shown in figure 7.60."

Fig. 7.60

Relate these solids to the volume and surface area of the original single
prism, asking:

"Which solids have twice the volume?"
"Which have twice the surface area ?"
"Which has the smallest surface area?"
"Which has the largest?"
For better classes, follow the same procedure with three prisms.

Some of the possible figures are shown in figure 7.61. There are six
altogether.

Fig 7.61 ..

Patterns for models

It is oi.e thing to copy a pattern and make t, model from it. It is
another thing to make up one's own pattern. The :lo learner can
gain a great deal from making and studying patterns for. models.

Cut six squares of paper all the same size. Fasten them on the black-
board with masking tape or a magnet, or on the bulletin board with
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thumbtacks. Then have a student come up and arrange them in a
pattern for a cube. See how many different pat terns can be found. Some
are shown 'in figure 7.62."Don't count different positions of the same

Fig 7 62

pattern. Encourage students to recognize congruefley and to see :sym-
metries, reflections, and rotations.

Show sonic different positions of the same pattern (-fig. 7.63). Let

r
Fig 763

:students see how sonic position, can be reached by rotation, others
by flipping the pattern over, and still others only .hy flipping the pat-
tern and also rotating it.

Here are some variations on this same type of activity. Bring to
class sonic figures formed from six squares joined side to side and see
if the students can tell which can be folded to form a cube and which
cannot. Once they guess, fold up the patterns to support or reject
their answers. See if they can tell which of the patterns in figure 7.64
can be folded to form a cube.

FL
Fig. 764

Cut out a pattern that can be folded into a cube. Identify the top
face and ask the students to locate the bottom one (fig. 7.65) In

Fig. 7.65
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each case follow up their answers by actually folding the pattern. If
this one is on easy, kl,V a harder pattern If it is too hard, use a
simpler one.

Still another related activity requires the identification of the in
correct face on the pattern for a rectangular prism (fig. 7.66). See if
the students can identify each incorrect face.

Fig 7 e>6

Sketching solids

Many students, especially the slower ones, have trouble interpreting
the two-dimensional sketches of three-onnensional solids. This trouble
arises because few teachers explain the parts of a sketch carefully
and because even fewer teachers give students much experience in
sketching solids themselves.

Here are some aids and activities that give students valuable ex-
perience in sketching prisms. They should follow the construction of
three-dimensional models and a discussion of these properties of
prisms:

Opposite bases are congruent and parallel.
Lateral edges are congruent and parallel.

Take a rectangular and a triangular piece of paper. Have the class
first view them head-on, then at an angle, as in figure 7.67. Discuss

Alva! figure Various oblique views

1,4 7.67

which properties of the figures are seen to remain the same and which
appear to change when viewed from different positions. Note that
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parallelism is preserved. as is the number of sides Note also that
dimension is not preserved

Now begin the sketching activity this way Cut out two large
triangular pieces of paper of the same size and shape. Tape one to
the board. Let it represent an oblique view of the upper base of a
right triangular prism. Hold the other on top of it to show that they
are congruent. Then move the second triangle to various positions
below the first one. Seek out the position that appears best for the
lower base. When this base is put in various positions, the students
can see more clearly the reasons for positioning it directly beneath
the upper base. Once the position is agreed on, tape the triangle there
and complete the sketch of th,,, right triangular prism. (See fig 7.68 1

Show Lateral edges do
congruency. not appear parallel

to each other.

Lateral edges do Here lateral
not appear edges appear both
perpendicular to parallel to
the buses. each other and

perpendicular to
the bases.

Fig. 7 68

This entire sequence could also be developed effectively by using
an overhead projector.

Sow illustrate tla,se steps by using a coordinate grid drawn on the
blackboard or projected from an overhead projector. (See figs 7.69
and 7.70.1

Next, have the students copy these figures on their own graph paper.
Suggest that they count the squares carefully in order to get the
correct figure in each case.

Let the students sketch some other prisms on graph paper by them-
selves. Emphasize the importance of preserving the congruency and
parallelism of the bases and of the lateral edges; these properties are
what simplify the sketching technique. With a ruler and graph paper,
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Step 1 Step 2 Step 3
Draw an oblique Draw the lateral Draw the lower base.
view of the upper edges congruent It must appear
base. and parallel. congruent to

the upper base.

Fig 7 69

Fig 7.70

even the slowest student will be able to sketch prisms with good re-
sults. Encourage the better students to follow the same steps but with
out graph paper.

Illustrating properties in space

Most teachers use the classroom itself to illustrate parallelism and
perpendicularity of lines and planes in space. A cardboard model of a
right, rectangular prism can also serve as a valuable aid in illustrating
these properties. Bring these supplies to class:

A large model of a right rectangular prism
Several large sheets of cardboard or a,thin sheet of plywood.
Several thin dowels, balsa strips, stiff wires, pointers, or even yard-

sticks

Use the dowels to represent lines and the cardboard, planes. Place
the dowels along edges of the model to help locate lines, as in figure
7.71.
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wk o. ,,s

24 vows
1, tar

k.,od

In all, 18 pairs
of porallel lines
con be found'

I 7 71

Perpendicular lines

In all, 24 pairs of
perpendicular lines
can be found.
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agatn,t the model surfaces to illustrate planes,
7 7 2

Poraltel
panes

ail 3 ocittl of
planes can

b,

hi: 7 72

Perpendicular
planes

In all, 12 pairs of
perpendicular planes
can be found.

1.= -. Ir. 1,, Eta- aunt; a sk"t eh of a right rectangular
pr.y e ti d te11 t black' d. With colored chalk. mark

4.. 1h, n oil,l(1.1 go to t*, ito,o(i and mark the other
II' pat ii.1 '0 It 1-(' t1u 'nine procedure to show per-

xr well I f the sketch 1..4 projected 'Ai the
ir<1i !ilf".111 projector, the edges win be marked and

: de,troving the oliginal sketeli

Summary

r I, forth only a fe\t of the tiiCk and activities
0 ni ttliemati he,e and many others are dis-
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cussed in detail in the references listed be1,m Together they illustrate
how simple, physical,experiences can add to a student's understand-
ing of a subject. The slow learner needs to see and do things to under-
stand them; and he den.ands novel, meaningful experience, that will
interesthim and-lengthen his short attention span.

As you teach, keep aware of the many uses of very simple things.
Folding paper can illustrate the geometric concepts' of parallelism.
perpendicularity, congruency, and symmetry. It can produce many
types of counting situations, and 4, can offer activities in which the
whole class can become involved. Graph paper gives the students a
chance to copy accurately and to follow the teacher's work in thaw-
ing geometric figures. It can help the student in drawing and study-
ing parallel and perpendicular I.nes as well as congruent and sym-
metric figures through the simple skill of counting. The overhead
projector allows for the advarwe preparation of materials and helps
to focus attention through the use of color and the movement of fig-
ures. It is an aid that the student himself should be allowed to use.
The chalkboard and bulletin board calf serve to display key idea,. to
hold numbered cards for ordering, and to serve as a screen for the
overhead projector.

The only real 'limitation on the effective use of multisensory aids
and activities in the classroom is the creativity and imagination of
the teacher. As you teach the slow learner, use these resources to good
advantage. They can make the difference between hearing without
understanding, and seeing-and-doing with understanding.
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A Laboratory Approach.

PATRICIA S DAVID SO N

MARION I . W ALTER

T IIE DOOR of the mathematics laboratory was already open, and as
the visitor approached he heard an interesting hum of activity. On

entering. he noticed groups of children sitting around tables, working
Imily with materials and talking quietly with each other. One group
was using problem cards as they made shapes with rubber bands on
their geoboards. Others were building three-dimensional models. At
one table students were engaged in an exciting activity involving the
trading of colored chips. At another the teacher was presenting' a
problem to some children working with balances

A glance at the wide variety of "guff" labeled and arranged on the
shelves indicated to the visitor that if he had come at anothet time, he
might have seen quite different activities.

Two students were reading booklets as they sat on a rug in the far
corner of the room. and at this point the teacher moved on to talk with
them. The visitor was pleased to see many written materials, including
textbooks, among the resoorces in the lab.

Later, when visiting thy cirn.srooms, he saw many of the same
manipulative object', and many :ictilties similar to those he had seen

221
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in the lab In smile room, student, were both -doing- and Nvriting-. In
others the teacher %vas at the front of the room presenting a lesson and
the student, were using only textbooks.

At the end of the day the viitor asked many questions about what
he had seen This chapter will deal with the visitor's questions as well
as those usually asked about a laboratory approach and its.iniple-
mentat ion.

A Math-Lab Approach

What is a mathematics laboratory?

A mathematics laboratory should be thought of as an approach to
learning mathematics rather than a particular place in a building
Such an approach encompa,,eS exploring, investigating, hypothesiz-
ing, experimenting, and generalizing. It means that students art ac-
tively involved in "doing" mathematics at a concrete level. It provides
abundant opportunities for them to manipulate objects, to think about
NOW they have done. to discus, and write about their finelings, and to
build necessary skill, Problems are related to the children's own
experience, and oft' ii emerge from the natural surroundings. The
teacher acts as a eataly,t and resource person. becoming an active
investigator along with the students.

What are the purposes of a math-lab approach?

Several major considerations basic to this approach should be
mentioned briefly before discus,ing specific materials and particular
concepts.

N VOLVE M EN1 Al A Com-lir: I,EvEi,

Students need to go through concrete stages of learning before
they can reach the higher levels of abtraetion. If children are to
achieve understanding, they cannot go straight to abstractions but
first must handle things and he involved in "doing." It is vital that
students be guided to early out their own investigations and to think
for them,elves. In tln, way they can build firm foundations and
achieve understanding through experience rather than rote learning.

No>: VERB \l. ( MUNICATION

The use of concrete materials offers opportunities for nonverbal
communication Pint of all. without any words it helps the student to
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Although these questions could produce almost endless auswers. it will
be helpful to discuss a few of these material- and their uses.

GEOBOA R I)

What is a (teoboard.'

A geoboard hich was introduced hy (' Gattegno) is a hoard with
an array Of nails On it. The most common is a 10-by-1 0-incli board
with a 5-by-ii square array of nail. spaced 2 inches apart If a 1-inch
border is left around tlw outside, the spacing is preserved when two
boards are put side by side. Rubber bands are stretched around the
nails to make various shapes. (SC(' fig. 8.1.) Geoboards can he made
of 3s-inch or L-inch plywood and 1 -inch or 3i-inch escutcheon
nails. or they may be obtained commercially ( 140).

C'eoboard ,.v,?r) rubber banos

FT. 81

Dot paper is useful with a geohoard. IThis should be made by
spacing the dots as far apart as the nails on the geoboard.) Grid
paper is also useful for young children. (See fig 8 2.) For older
children. 1., -inch or I /1 -inch graph paper may be used.

L poppr

Fig 82

Grid paper

A variety of other geoboards have appeared in recent years Some
have circular spacing: at -Noinetric- I or equilateral) spacing.
(See fig. 8 3.)
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Circular spacing

Fig 8.3

Isometric spacing

1171w can use a geoboard?

Geoboards arc used by schoolchildren of all ages and abilities They
are not specially designed for any one type or group of students. Chil-
dren can work with geoboards by themselves. in pairs, in a small
group. or even az a whole class. Every teacher, too, should have
an opportunity to work with a geoboard.

Hoe can a geoboard be used?

The boards can he 4sed in many ways. For instance, students inay
use them

for free exploration;

for solving, problems posed by the teacher watching the student use
the board;

for solving problems posed by the student himself :
for solving problems posed on a set of problem cards or in a textbook;
for solving problems posed by another student.

The children should have time to explore the geoboard.z freely.
Some children. for example. may make a picture of a house, a boat, or
a tree; others may 'make using various geoMetric shapes.
(See fig. 8.4.)

A house and a teat A tree A desgn

Fig. 8.4
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When the children me ready for -.mile dilected v ork. often
po-zsible to use a eluld's own picture for a question. It 1- one of the
aims of niathematie teaching, that the student should learn to pose
his own problems. One way for him to learn to do this is to see the
'teacher po-,e problems related to his Dili work and then to he en-
couraged Co add a question luni,elf The range of pos,ible quetions
is broad. Below are a feu examples of ,pictures that students have
made, and beside each picture -are que-t ions that a teacher might have
a--ked. Of eour,e. the level of -any question depends on the stage the
student has readied

s..reDENT'S DESIGN 1'011i1.1.: QUE,TION,

1-4
4 4

a

A l

Bow many nails does the rubber
band touch'

How 'many sides does the shape
hate?

Ca'. you now make a five-sided
soapy 9

Can you do it by moving the rubber
band off only one nail'?

How many triangles can you see?
,Dra them (wing different colors)

on a sheet of dot paper
Which is the longest segment? (Use

strung )
Calculate the length of each seg-

ment (Use the Pythagorean
t heorem. )

How many squares can you see?
How many nails does each square

touch?
If the board were bigger, how many

nails would the ne\t square
touch? And the next?

Do you see a pattern in the number
of nails touched'
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L

'fin, 4-1.0 NV LE \ !\ Ni 4, 1'111, NI 1411('-+

If \ our -hope represent,, one unit.
show 1,3 of the unit, then 1 2 of
the unit.

can tots show the-e parts in more
than one w ay ''

Student, should he enomaged to a.,k their own quetion, It
import ant for them to learn that some quetion,z are difficult or even
unpoible for anyone to ansIler.

FINDING ARE\ ON A (iLOBOUID

It, is helpful to have some ,et, of-problem cold- that children can u-e
independently with geoboard- As a 711nPle, a small sequenee of such
card, ha, been developed to deal \\*it 11 :1 :pcei fi c topicthat of area.
The card. whioh are slim% n below. are equential tlwy illutrate one
way of developing the topic in gradual tage) No prior formal knowl-
edge of the topic 1 lis,umed The ,tud,nt 'hould have, had enough
informal work dealing with :flea to under-tand the need for standard
unit, for mea-wring area and the reit-on shy square unit are better
than circle, for thi- purpo-e 1781. It 1 a''unied that the children
have had prim opportunities to c\plote geohoarik.

h :It work on th.c I ti(t m.a, dons b ,t11(h.lit at :1 oatIonal high
mitool
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Introduction to Area

MATERIAL

Geoboard

Scissors
Grier Piper 'Per squaies



Make this square.

,
S. S.

..
.

Check that your paper square covers it.

...

2





cake

Which ones need 5 paper squares?

(e) (1)



.-

.fakt out t , at het c, 6 apt r to CO ',.tr it

It rest .t,.
i_ap,r square:.

Tnen ask a classmate how many he thinks are needed.

Make a p.ttern that needs 7 paper squarps.

lio% many paper
squares does
this nted'

8

(

Make up other problem,. and eAchanqt with a classmate.

233



rake a paper square.

Cut it into 2 triangles.

Check th,t the 2 triangles rratch

1
',tach is 1 of tne whole. ,
\,,\

\ \

\

Make this square on the geoboard.

Check that the two trlangles war cover it.

or a

9

10

Make

r--.

1.__;

1 1
2

\--.\*
1
7

/..,

--A

,
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11
Make

.2nece that
"6"14C"

You neea 1 1 +

Mare

7
,iow many'

cover

1 2- 1 squares to co ,er it.

12

Make

Checx that

Make

1111 wa11 cover it.

1 11 1 _
2 2-

3

Show that El Fr will Cover it.
. . 2

4



Check that will cover it.

Uow tally paper squares does each need?

Cut the grid paper and use It to check.
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which ones need 3 paper squares?

I.,

(a) In)

Cut out thi, square.

Make Does the hiq paper ;quart

4 small paper zquares



17

Cut as shown. Check that }our 2 paper shapes match.

i

Make hcw'rany small paper squares
I
4 do you need to cover It'

Cut as shorn. Check that

Make
)0,

nd mates.

How many small paper squares

do you need to cover it?

18

Tom says, "I need 2 paper squares to cover It,

because
2

t

is of
1

4
and

of 4 is

Ann says, "I need 2 paper squares to cover it,

because I need
1111 and

2 2
1 a 2."

What do you thins?

238



fit

Cut as shown.

Cu t this rectangle

Make

I How many ;mall squares?

into 2 triangles.

Check that the triangles match

and check that each of the

paper crian9les covers it

19

20

.
Make I How any small paper squares do you need to cover it?

L-24,

Tom says. "I need 1 paper square. becausr,

<Ai is
2
of and 2 o' 2 is 1."

1

Ann says, I need 1 paper square because the missing bit is

the same as the extra bit."

extra bites,
t 0

missing bit

.hat do you think?



l'radin, an extra rurter band



How many, Tom sals that h5 can do 11

lust by thInkinq.



We have been using our stall paper squares to reasure

shapes on a geoboard.

We will call
ERA

1 unit ct aria or 1 square unit

tr:g

ho, many square units does represent'

Make a shape which has an area of 4 square units.

,,
Find its area.

Tom says that he used

1The area is 3-
2

square units.

Ann did it by putting an extra rubber band to rake 4 square units.

She then imagined taking away the extra bit.

She also got 7 square units of area.
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Make
4

I( 17
Find its area.

Ion did it as A r
4 1

The area is 3 square units.

1

-4- -11 -4

_ a 7i+
4n did it as

3

1 _
2- = 3

Both ways of doing it give the same answer. e

28

Make Find its area.

Tom's wa}

Ann's way

-

#

1 1 1 1 = 4

6 1 - 1 = 4

Both ways give the same answer.
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41h tl, ,t card-, - talent- can find the area of
It,.'

',e ork o that cluldten can find the
4 , An4le paraliclograto. or t I.:wenn! on the

if 'h. pt:10., to find. without u-mg any formula,

A I*

It.

A

*

J,/

,47

I' 4/ 1

ti., ),;(rd It >t made unh one rubber band
()I (0'l1 it WO: e thffietlit to 1111(1 the areas

0: 1, type Of %%ork should be carried out

!f 4? qlf tit Itto 'on ,tny foimula- for the areas of tri-

, f .,/, or 1, pobi:ard tx usquil

a al.. .01 ,:sit:01-tit0 h-t u-eful sugges-

, d )2,, (:), (9( IN,. 1211. (23). 12.1), (29). (56).
I I 7), to Indicate the richne-s of the

. A tt og2,et(d (ow..? um, are Aowh



Fractions. If
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is one unit, show 1/2, and % of this unit.
If

is one unit, show 1,4, %, and % of this unit. Using this same unit,
show 1/2 ± 1/3.

Make a shape so that it is easy to show both % and IA of it.

Counting problems. Make a shape. How many nails does the rubber
band touch? How many line segments are there? How many nails are
inside the shape, not touching the rubber band?

How many different sized squares can you make on the geoboard?
How many of each ..i7e can you make?

Congruenc- Make a shape. Ask a friend to copy it on his geoboard.
1 y(,,; cannot decide whether the shapes really match, cut each out cf
dot paper and check.

Can you make these two shapes match?

Is there another way that you can make this shape on your
geoboard?

Shapes. Make and name various shapes.
Find various shapes within shapes.
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Make a design out of squares. What other shapes can you now see?
On the board shown here. can you see a right triangle?

rrr,

Can you make an equilateral triangle?
Can you make a five-sided shape? A six-sided shape? How far can

you continue?

Symmetry. Make a design that looks the same after you have given
the hoard a half-turn. Does it look the same after a quarter-turn?

Where on the geoboard shown could you place a mirror so that you
could still see the whole design?

Can you make a picture that has one line of 3ymmetry? Two lines
of symmetry?

Patterns. What shapes do you see on the board below?
Do you see a pattern? Make the next one.
Ask a question about nails. About areas.

Scale and mapping. Make a simple design on a geoboard. Copy it
on dot paper. Then copy it on smaller-sealed dot paper. In what ways
is your design the same? Different?



1' 1"
Geoboard Regular dot paper Smaller-scaled dot paper

Irrattonals Make a square of area 1 square unit (using the small
square as a unit ). Its side is of length 1 unit.

Make a square of area 4 square units.
Complete the following table:

.Irea of square

9

16

25

Length of side

2

Now make a square of area 2 square units. (Yes, it can be done.)
How long is its side? Is it 1? 2? Between 1 and 2? Try 1.5. Between
1 and 1.5? 1.3? Between 1.3 and 1.5? How can you tell? Following ,

this method, calculate the length of the side correct to two decimal
places.

Make a square of area 8 square units.

How long is its side?

Can you find a way of relating the 8 to the 2 in the diagram
shown here?

Vocabulary. Geoboards encourage the use of words such as shape,
square, triangle, rectangle, trapezoid, quadrilateral, segment, longer,
shorter, inside, outside, more, fewer, straight, vertical, horizontal,
oblique, slanted, length, unit, area, fits, matches, and symmetry.

What games can be played with the geoboard?
Since students will invent many new games, only a sample will be

given here.

262 THE st,ow L .11IN R IN NIATIIENT

i, considered a unit. then what part of the whole is one small cube?

Show A + e.
can be represented by 8 small cubes, or ,A;

1, can be represented by 3 small cubes, or A;
can bc represented 'xi II small cubes, or ,I21.

What is the smallest number of cubes you would need to show both of
them and 1, of them?

Can anything be used besides cubes'

For several of the activities described above, sets of objects such as
bottle caps can he used instead of cubes. For problems involving activi-
ties like coloring a cube, the children can construct their own models
(30; 35; 68). For some of the work, materials such as Dienes 13;ocks
or Cuisenaire ro(is can be used. For problems dealing with only a two-
dimensional aspect of the cube, it is possible to. substitute paper or
wooden squares, Vi-inch or 1/2-inch graph paper, or geoboards.

Where can more ideas be found?

AIany ideas can be derived from watching the children work and
'fi'om working D:th cubes oneself. The following references will be
Iseful not only for new ideas but also for expansions of the ideas
presented here: (6), (20), (36), (571, (66), and (99).



ettordinates, and it al,o provide,. good practice for eat ..dnate

.1/a1,Ing shapes of area 3 Each Ould makes a shalie having an area
of 3 square units, transfers it to dot paper, and cuts it out. The cutouts
are hung on the wall. Then each child tries to make another shape of

area 3one that is different from those already made. If there is an
argument about whether a new shape is different. it ean he settled by
using the paper cutouts. The game i, repeated several times. It calbe
played ,by children alone, in pairs, or m a larger group In one class,
students found over thirty different shapes with area 3 that can be
made on a geolioard, but there are many more.

What are some of the advantages of using a geoboard?

A geoboard is very versatile beeau-e it can be used for a variety of

topics and levels.
It gives concrete experience.
It enables children to check their own work.
It enables a teacher to observe children at work and to gain insight

into their understanding, as well as their nns?oneeptions.
It can be made by parents, teachers, or students. Making geoboards

has proved to he a worthwhile activity for students in some industrial-

arts classes

A topic that permeates much of the mathematics curriculum and

turns out to be a stumbling block for many childrei»s that of place
alue. Among the materials available to help students gain an under-

standing of this important topic are the abacus or counting frame,

Cuisenaire rods (134), Dienes Muitibase Arithmetic Blocks (136),

Stern Structural Arithmetic Apparatus (1491, chips (132), bottle caps,

beads, and straws.
Because chips can be readily obtained, chip trading will be discussed.

The basic idea of this section on chip trading stems from classes

taught by 1. Sealey and A. Gleason at the Cambridge Conference.

For a fuller development of activities, games, and problems see (151),
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Other materials that are generally useful include:

Beads
Beans and other material, that can he used for estimating and connting
Clot hespins
Coat 1-mg-rs
Compasses
Construction paper
Crayons
Dice
Dominoes
Glue
Golf tees
Graph paper (various types)
Index cards
Magic marker:
Masking tape
Mirrors (67)
Oak tag
Pebbles
Pipe cleaners
Plast icine
Playing cards
Prot ractors
'Rubber hands
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What are the chip;?

Chips are plastic disks available in various shapes and colors Any
variety of chips will serve the purposesquare ones and round ones
are on the marketand they should be of five or six different colors
and have a hole in the center so that they can be placed on an abacus
board (59; 130) or on a simple board made with nails (see fig. 85).

Abacus board

Fig. 8.5

Simple nail board

If plastic chips are not available, colored oak-tag squares can be
used instead.

Dice will also be needed for some of the suggested activities.

Who can use the chips?

As the activities described in the next section will indicate, chips
are suitable for use in all grades. Work with chips should not be
considered as only remedial. One puipose of the chip-trading games is
to prevent the usual difficulties with place value.

HoulCan chips he used?

Chips can be used in many ways. For instance, students can use
them

for free exploration;
for games suggested by the children, by the teacher, or by instruc-

tions on a card;
for problems or calculations posed by the children, by the teacher,

by the textbook, or by a problem card;
for work in which the whole class is divided into small.groups;
for work in which only one or two groups are involved.
Some games that can be played with chips will be given here. Once

he children learn these, they will want to make up 06(9 games and
problems. A helpful Way to introduce the games is for the teacher to
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play one game with a group and then have these students play it with
others.

Basic tradmg game

The basic trading game, for three to five children, involve, students
in trading chips according to an established rate of exchange. Suppose
that in the particular collection of chips being used the colors are
yellow, blue, green, and red The children can think of these chips as
coins in some country and make up a .rate of exchange such as the
following:

3 yellows = 1 blue
3 blues = 1 green
3 greens = 1 red

Each student ha, a nail board or a paper till. One child in the group
acts as a banker. He starts with a quantity of chips, as shown in
figure 8.6. and the players with One. Each child in turn (except the

r g b

I I

Banker's board

Fig. 86

hanker) tos-es a die, which tel him how many yellow chips the
hanker must give him Whenever a player has three chips of one
color, he must ask the hanker to exchange them for one chip of the
appropriate color. The hanker can make the trade only after the
player has told him the correct exchange. The player keeps his collec-
tion of chips arranged on his nail board or paper till The first person
who gets a red chip wins the game and becomes the banker for the
next round.

Children enjoy this game, and even first graders are able to manage
well with this small rate of exchange. The game is most effective when
played at an early age, since its purpose is to help lay the foundations
for an understanding of place value. However, it is also effective later
as an initial activity in more advanced work.

There are many variations of this basic trading game. The children
may wish to toss two dice and use the sum to determine the number of
yellow chips ea'h player receives. A different rate of exchange can also
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411141OP

TRADINO WITH CHIPS

be introduced; for example, the children might "fly to another coun-
try," where the rat, of exchange is five to one:

5 yellows = 1 blue
5 blues = 1 green
5 green = 1 red
f reds = 1 black

Over a period of tiae. it is valuable for student- to "fly to many coun-
tries" in order to gain experience with various rates of exchange.

When decidirg on the rules for such game,, one should keep in mind
the value of the chip, and the way they are obtained so that the
number of turn, necessary to win is small enough to keep the gam
exciting. For example, when the rate of exchange is three to one, the
red etnp is worth 27 yellows because

1 red = 3 green- = 3 x 3 blues = 3 x 3 x 3 yellow.,
The maximum numbvr of yellow.,, a player could obtain on each turn
by tossing one die six; hence a minimum number of five turns is
iwce,sary to obtain the red chip.

During a class period it is desirable for the children to play many
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short games, with different students being banker. The roles of banker
and player require different thought processes,-and both are valuable
experiences.

A variation ten to one
If the rate of exchange is ten to one, set the goal as a green chip,

play with two dice, and use the sum of the numbers thrown. (Note
that a red chip would require 1.000 yellows!) Older children could
toss two dice and use the product instead of the sum. This variation
not only gives children practice in multiplying but enables them to
make physical and mental exchanges with larger quantities of chips.
For example, if a 6 And a 4 are thrown, a player could ask the banker
for 24 yellow chips; but with experience he will soon ask for 2 blues
and 4 yellows.

Further variations include the use of three or four dice with sums
or products being taken. One class suggested using two dice of one
color and two of another color; the sums of the number:, on dice of the
same color were then multiplied to indicate the number of yellow chips
to be obtained. Another variation is to prepare index cards resembling
those shown in figure 8.7.

ri-ne bcnker must i Rly the banker bock
Igive ytv rgby I rgby

83 H 9

7
rgby rgby

235 48
_J
Fig 87

Addition and subtraction

Experience with addition can he gained by combining two collec-
tions of chips. In the example given here the rate of exchange is ten
to one. (A smaller rate is more manageable for young children.)

The children stmt by putting the two sets of -chips on an abacus
board or two nail board,. One set could consist of 5 greens, 2 blues,
and 7 yellows; the other could have 4 green's, 8 blues, and 5 yellows.
(Sec fig. 8.8.)

What is the sum of the two collections? Student tend to solve this
problem in one of two ways. Son:: combine the two collections before
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Abacus board

they trade them:

r g

Fig. 8 8

b Y

Nail boards

9 lo 12

Others combine and trade one color at a time. They work it out this
way:

r g b y
5 2 7

4' 8 5

Combine the 12 yellows (7 + 5); exchange 10 of them for 1 blue;
and put the remaining 2 yellows on a nail board.

Combine all the blues (1 + 2 + 8 = 11) ; trade 10 of them for 1
green; and put the 1 remaining blue on the nail board.

Combine all the greens (1 + 5 + 4 = 10); trade them for 1 red;
and put this red chip on the nail board, leaving the nail for the green
chips empty. The result is

r g b y101 '2

Children should be encouraged to' talk about the combining and
exchanging they arc doing. They rs o o n realize that exchanging 10 yel-
lows for 1 blue is a concrete representation of the exchange of 10 units
for 1 ten. and so on. After many such exchanges, "carrying" in addition
will no longer be a mystery to them and they will be ready to record
their activities. By using colored chalk or crayons that correspond to
the colored chips, children can make a gradual transition from the
physical exehanges to a written record of the numbers.

Exchange, with chips can be related to computation On paper as
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shown in the following example of subtraction:

g b y
3 2 91 5 6

The children take the 6 yellows from the 9 yellows, leaving

yellows. They now exchange I green for 10 blues and can rewrite and

complete the problem as shorn:

g
2 12 91 5 6,

1 7 3

The notation used here is that suggested by the Madison Project
(12; 13; 82). The small numerals (like the "12" above) arc called
"Volkswagen numerals" because two can occupy one "parking place."

divimon

Chip trading helps children understand the operations of multiplica-

tion and division.
Here is a multiplication problem:

r g b y

9 8 7 6

X 3

Again, students tend to pi ueeed in either of two ways. Some children

form three such sets, combine them, and then trade. Other' children
combine and trade one color at a time. For example, they get 18
yellows, trade 10. of them for 1 blue, and put 8 yellows on the nail
board. Net they combine the blues [ (3 'X 7) + 1 = 22 blues], trade

20 blues Or 2 greens, and keep 2 blue:, Then they combine the greens

[ (3 X 8) + -2 = 26 greens], trade 20 greens for 2 reds, and keep 6
greens. And so they continue.

It is interesting for students to see the effect of forming and com-
bining ten equal collections when the rate of exchange is ten to one.

Here is a division problem:

g b y

31 2 5 1

In order tc solve the firoblem, children attempt to make three equal
collections. Sonic students want to trade the whole collection for
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yellows, and it is worthwhile for them to see what happens when they
try to do this. Others may realize right away that it is impossible to
divide the 2 greens into three equal parts but that by trading the
greens for 20 blues (giving a total of 25 blues) they can begin the
division process Light blues ran be placed in each of three piles,
leaving 1 blue to trade for 10 yellows. The 11 yellows can be divided
into three piles of 3 yellow chips each with 2 left over. Hence,

g b y
$ 3 2 yellows left over

31 2 5 1

This type of concrete experience helps prepare children for written
work. Even at the stage when they are working on problem, from a
textbook, the chips should be available for them to verify their work

Further work

Eventually the children can use chips of just one color, which
:tresses the fact that place alone determines value.

Chip trading is useful also for formal work with other number
bases The four operations as outlined here could be done,with any
rate of exchange Although the chip- trading activities° can be done
exclusively in nise 10, it sometimes helps older children to see rela-
tionships in a system that is new to them.

Chips easily lend themselves to work with decimals. Children can
keek) the yellow chip as the unit and introduce tenths with chips of
another color.

One can make up many questions related to chip trailing For
example:

"Suppose I have some chips behind:my back They 'are worth .14
yellows (assume a rate of exchange of three to one). What possible'
collections of chips might I have? Which collection has the least
number of chips?"

"Here is a collection of chips:

1

g b y
2 2 1

If the rate of exchange is three to one, how valuable is this collection
in terms of yellows?"

What can be used instead of chips?

Among other Materials that can he used for the work described
here are painted bottle caps, colored heads, colored balls of clay,

4
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strap. of different colors. tongue depressors tied in appropriate bun-
dle,. and tongue depressor «i111 lean stuck on them (1611. Further
information can 1)' 010:M1(1 111 (61, i 41 1, (.56), (59). (60). 179).
1103). and 11.511.

(1:11E-s

Cubes can In used for a wide range of activities and topics,
including building. classifying. making one-to-one correspondence:,
graphing, counting, -perimeter, area. volume. permutations. combina-
tion,, and probability.

What kinds of cubes arc useful.'

For the work described below, the cubes should all he the same in
size, but a variety of color, is desirable. One hundred or 'ore cubes
are needed by one or No children.

Who can use cube.'

Although cubes are often associated with the work of young Ail-
dien, they can also be used for various challenging problem, on a more
advanced level.

How can cubes be used.'

Cube, are probably best known for their use in free play and
building Young children will enjoy using cubes of various sizes, as
well as blocks having other shapes

Children can use cubes for 'problems dealing with one-to-one cor-
respondence and counting. For example, class attendance can be
obtained by asking each child present to drop a cube into a box and
then having someone count the cubes. Cubes of t (vo different colors
can he used to obtain a separate count for boys and girls. Simple
graphs can be made by us;ng cubes:, (47, .57.)

Putt eins can be made w it Ii cube, (17: 93 ). For example

rr

What come, next

What is Elli,:,111;.,,?

Cubes are useful for introducing the concepts of prime and coin-
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posite, even and odd, square numbers, and so forth. For instance, a
child takes twelve cubes. Can he arrange them in one row? In two
rows witli none left over? In three rows with none left over? lie may
write:

/

Nil

of

1 I 1P

.4IA-e
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- ot Lti Lit r and ob,erve how
ti;1 01 hi 1H itl ub, and count how

, ,t, h -hap, t52 1. r children can explore
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Make 1; row:, of 7 cube, each Um% many cube: are there m tIlt- array')

Ks.

What do you notice')

Uz-e cubci to show 5 x (3 x 4).

1.-4e cubes. to Show (5 x 3) x 4.

What do lou notice"
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Make 6 rows of 3 cube, each and 6 row, of 4 cube, each

Make 6 rows of 7 cubes each.

What do you notice?

961

Cubes can be u,zed for work with fractions. For example:

Arrange 24 cubes Show of them. 1)0 this in several way,4. Show of them.

Arrange 24 cubes so that it easy to show both s of them and !, of them.

If

I
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niaties Proiect emphasizes the use of the child and his :surroundings.
It is impossible in a ,few paragraphs to convey the many ideas and
fresh approaches presented in the various Nuffield booklets (40-51).
The Nuffield Project has a short film also (126). Another rich source
for the use of the cnvi "onn is Mathematics in Primary Schools
Curriculum Bulletin No. 1 (57).

The amount of conu»ercially available material deizned for learn-
ing mathematic, is almose endless. A detailed. annotated bibliogra:)hy
of manipulative devices and a of many distributors can be found
in the October 1968 issue of the Arithmetic Teacher (85). For a more-
up-to-date version. see (11 ).. For many of the commercial materials,
written guides are available in the form of cards or booklets Some
are written for the ttacher ancl)sonie for the children Since budgets
are generally quite limited, a list is given here of mathematical mate-
rials that teacher:, and student, have found especially (vela].

MANIPULATIVE DEVICES AND WRITTEN MATERIALS

Abacu, (84: 92)
Attribute Materials: (131: 135)
Balances (138; 147)
Building blocks (139; 141)
Calculators (137, 144; 148)
Chips and abacus boards (130; 132; 151)
Cuisenaire rod, (10: 2S'; 64; 69; 134: 154)
Geoboards (2: 5; 9. 23: 24; 56; 69: 140: 155,)
Mirror Cards (114: 116: 142)
Pattern Blocks (IS; 145)
Tangrams (22; ,55: 150)
3 -I) con-truetlop materials

Also available are small booklet, for student use. (1). (3). (25),
(26). (27). (33). (37). (39), (56), (67). (122) ; sugge,tions for indi-
vidual project, and group activities for teacher and student use. (2.
(4). (71. (12. 113). (14). (15). 121). (28). (31), (38). (53). (54),
(57). (58). (61). (62). (63). '691. (701. (123). 1143); .ett, of problem
card.. 1151). (152). (1531. (1541. (155). (1361: and kit- to give prac-
tice in vomputa) ion. 4157). 1 158) .

In spite of its title, the book Not(-, nn Hot& mot(cs in Primary/
Schoots (2) ptovidt- a wialth of material at the junior high -school
leel also . monbur of ivicivoce, can 11(1p leadICP, relate science
and inathtinatics notably IS), 1:3I, Il(i), 134), 171, 197). (100).
11101. and 11471

Many 'is) ;told, ha\ ,. appt d ui the .1 thm, t,eTi 1119
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and the Mathematics Teachcr (120). as well a, in the British Jcur-,
nal, Primary Mathematics (1211 and Mothonat,cs Teach,ny (121).
Among articles relatIng to a math-lab approach in general are (7.5).
(76), (801. (811-. (821; (861. (881. k,91), (91). (961. (1001. (105).
(107), and (111 ). Among those that relate to ,pecific. material, or
concepts are (63), (731, (83). (87), )89). (1021.-(108), 11101, (112),
and (118).

Son' free material, of inteie,t to teacher, include (1591. (160).
and (1611.

There arc ,ome delightful film, for children: /Mace Stptr«I (12.51,
Notcs on-a Triangle (129), and MathcmaticN Pccp Show 1127) have
inspired many interesting activities at all level,

For what mathematical concepts are the materials useful?

To illustrate some of the possible uses of manipulative device.. three
particular materialgeoboard,. chip,, and cube. have been di,-
cussed and Mated to variou, avets of the curriculuni. One can turn
the itrobleintaround and ask what material, children can use to gain
experience or practice in WOl'IS that deal, with a particular concept.

For example, in working with the concepts of area and volume,
some materiak that are likely to be needed are empty containers,
water. sand. balance:, Plasticine, cardboard. paper, pebbles,
block, of all typ and tile,.

For work with geometry. some useful matt rial, are !abiding blocks.
Pattern Block,, Cleo- Blocks. Geo-Sticks. cardboard, paper, graph
paper, ,tyroloam. :string.. Mirror Card,, mirror,. al:I containers of
all kinds.

tor

IL_
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The folic:ming reference, are pertinent: (191. (431, (47, (5W, (51),
(57), (66), (721, (7g1, 1941, (101), 11041, (106), 1109, (110),,(115),
(116), (1171, (1181.

For work with number skills, some useful ina(erials are (lice. pObbles,
graph paper, chips, ('ui,enaire rods, cubes, squared paper for number
charts, number lines. dominoe:. See 11)4 (2). (7). (16), 141), \ 142),
(37), (69), (70), (74. (9W. 1981. and (154) foi specific suggestions
for the noncommercial material.
-The best sources of all. however, are the teacher and the children

who can invent game,. problems. and strategies hand-tailored to their
needs and interests.

Are there any mathematical games?
There are numerous games with a mathematical flavor that inN'olve

strategies based on pattepis, chance, logical reasoning. perception, or
problem-solving techniques. Here are a few:

Chess

Chinese Shuttle Puzzle
Dominoes
Dr. Nnn
111-Q

Soma Cubes
Tic-tae -toe (ordinary, three-dimensional. and coordinate)
Think -a-Dot
Tower of Hanoi (Hindu Pyramid Puzzle)

Some of these games the c:nldren will play and leave az that ; others
they will want to analyze more carefully and perhaps relate to sonic
mathematical cone( pts. These games can be played at home as well
a, at school. All can be explored on more than one level; for example.
one may merely phi, tic-tac-toe. or one may analyze the game and
get involved in such concepts as symmetry.

Many games relate directly to mathematical concepts. For instance,
by playing coordinate ie-tar, -toe (91. (12), (71), battleship (39),
(56), (1011, Point Set Game (121, and Go (321, children are prepared
for the graphing of points. Ka lah is a "count and capture" game whose
rules can be adapted irons the very Ample fo: first graders to the more
complex for adults Many ctimmereial games. as well as those the
teachers and stud( nts can ,uggest. are good way, of reinforcing the
ha-cr computational ith whole number, and fractions. Pules
eao he changed for many of the games to make-them more eliallengim;
for particular children Once the -pint of inquovi,ing catche- on;
,tu lent, %%ill enjoy ,4 -gesting further act ivito,,
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Game: can serve many purpo-es For some students. game- may
serve as enjoyment and motivation. Other students may come to
realize that they can think several step, ahead or that they can con-
centrate for a long period of time. Through playing game.= together.
students can learn to interact in a small group with other students.
Careful choice of game-, by giving engaging work to some of the
children, allow- the teacher to give elo-e attention to another group of
children. One should not undere-timate the learning that can take
place when children become really involved. The tossing of dice for
learning number facts or generating computational problem- is much
more exciting and palatable than ino,t worksheet, are. The need for
practice is always there. and games afford many good ways of get-
ting it.

What about pencil and paper?
A inath;lab approach does not necessarily mean the use of manipula-

tive Materials. Pencil and paper need not be thrown away! As de-
scribed in this chapter, this approach enable, children to be engaged
in activities ranging from the very simple to the more advanced.
Stuuents certainly can. and often should, use paper and pencil along
with the concrete experiences. Furthermore, they are free to abandon
the manipulative materials when they are ready to do so: when a
child can find the area of any polygonal region drawn on dot paper,
he certainly will not be asked to redo the problem on a geoboard.
Other work can be initiated by the use of pencil and paper: many
examples of their use appear ill the previous chapter.

The approach described in this chapter is not only for rt:ifiitetial
work; in fact, much of the new work should at least be begun P1 this
way. Each student can work at his own pace, using as much or as
little concrete material as necessary.

In the scope Of this chapter, it ha, been po,sible only to give sam-
ples of the types of thing,.: that .an be done; no attempt has been made
to exhaust the problem. This brief introduction to the flavor of a math-
lab approach is to serve a,' an :iduceinert to try it. The follelwing
section offer- some practical suggestion, for getting started.

Implementation

What are some ways of starting a math-lab approach?
Any teacher who mintett - V n ju-t one can mak( a star:

The effectivene-- of the approach depend on 1 ow well the materials
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are u-ed. nut on how many (illicit lit material- are ti-ed. .1 thoroughly
implemented math -Tail program "dot- not hapren inunedial.iy but
tuke- time to evolve from whatever beginnings are

A teacher who wiqies to begin in hi- Own clarooln. whatever the
levy l. should choo-e a few material- or idea- that he likes The mate-
rial- di-eu-sed in thi- ehapter an among the ino-t u-eful. If he is not
able to pureha-e material-. In the, ildent ran Make thing s. or
they eair work -on activitie- requiring noncommereial materials. If a
budg,et avadatle.' is wi-e at fiat to buy in -mall quantities to
avoid obtaining- a large amount of material that turns out to he un-
neee--ary or of little u-e. Sharing .ideas eolleagues, visiting
-,ehool- that u-e a wrath- lab - approach. attending talks. and seeing
di-play- at convention- are other valuable source- of In71p.

Although a Whole .1a-- might %vol.!: with a particular material
:N geoboa rd-. chip-. or cube-. it is u-ually advisable for children to
work in small groups. It i. exeiting for the -tudent- to swap material-
and share experiences.

It may -oulnl difficult t.) have the whole ela-s divided into groups
with each group working with a different nnerial. but it really is not.

,provided the teacher introduces new matelials to small group at
a time. One stnce-sful way to aequaint all the -indents vith a new
material i- to introduce it to a small group first while the.rest of the
ehilden work on their own with something familiar. When tin-4 small
'group know- what io do, the teacher can either work with another
group or ask membe.r of the fir-t group to help introduce the material
to other-. .1ddittonal material- van be introduced gradually, and stu-
dents may wi.h to u-e mon than one nutter). during :t period. The
teacher can circulate from group to group, taking part in tht student's'
invest igat ion-z and posing question- and problenN as appropriate.
Teaclur- miNt realize that they will not know all the an-wer-. The
math-lab approach require- that the teacher have a ,pirit of explo-a-
tiona spirit of wattling to make di-eoveries along with the children.

Bringing out few new materials at a time tor even j,1-4 (net not
only allow- the teacher to work with each material him-ell before
introdueing it but al-o provide- vitality and a spirit of aliticiPatioa.
It 1- deadening to have material- around the loom that either :111'1

he u-ed yf...0 or ale u-ed only superficially \C hen a material i-, not in
active u-e, it - I)oulul not he part of the eh a- -roost environment : other-
w)-e, it will not only lo-e -on e of it, "mpact lint no doubt -mile of it

:t-

Proper -Image anal The -Indent, min-t Inc taught to be

%NI
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of energy and ideas. To he able to keep the material, open, alive, and
challenging, teachers must rock mth these themselves, share idea,.
and develop a repertoire of uses.

A- a school becomes involved in a math-lab approach, it is liel.);111
to pool resources. Since so many of the materials have uses in all the
gra(les,, it becomes essential to think of buying for the school rather
than for each classroom. One teacher might help to provide an over-
view of \\ hat t= needed in each classroom and what would be more
econoinieal to share, and then a loan service could be NVOrked out.

What are some ways of using a matti4ab room?

Some schools are fortunate to have space for a math-lab room. If
this the case, it can serve as a central resource for materials as well
a- a place vhere children work. Although it is not necessary, such a
room has, many advantages Some schools even provide a teacher or an
aide for the lab.

A math-lab room can be used in Many different ways. Sometime,
the children go to the math lab by classes with their teacher so that a
particular unit can be introduced. Work with this unit nughi. be con-
tinued in the lab, or appropriate inaterial, might be taken back to the
classroom.

Sometimes children i» the same math group go to the lab for special
work in sonic area. A student or small groups of students can work
independently or on work suggested by the math-lah teacher, student
teacher, or parent volunteer. The lab provides abundant opportunities
for project work, for enrichment, for drill work, and for "(nching up "

Nongraded session, with a few children from several grades at once
can prove very fruitful. Students of various ages can ork at their
own level with the same materials or with different materials. This
type of situation provides an excellent opportunity for both the stu-
dents and the teachers to see people as individuals When children are
given concrete situations, it becomes dear that the usual age and
ability groupings can be very misleading.

As the program evolve,, the children can help in the lab and in the
clan -rooms as assistants Children from any gra,le can act as helpers

topics in which they are well N.er,vd. A buddy system can be
establish( (I for children with special needs hot example. older student'
might volunteer \\Orli with first graders ident;fied by their teachers
as those who need en her help or enrichment. The ONO!' C11111111'11 :110111(1

have frequent opportunities to discuss their teaching and re« ive help
nom their teacher. I I WI school students, also. can be helpful as
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assi,tants in an elementary. junior high, or ,enioi. 'high laboatory
program

How can the laboratory approach be coordinated with the rest of
the curriculum?

:Nlo:,t of the math-lab material, are so rich and open-ended that
they have implications from kindergarten through high school and
beyond_ They- is need to coordinate their use with the rest of the cur-
riculum. However, there is no need to set :Tiling levels that restrict
the use CZ a material in a particular grade It is n»portat that teach-
ers he able to find out what prior experiences children have haul in
order to build on these experiences

the math-lab approach can be applied to topics in the exiting
curriculum. Teachers can use textbook. a scope-and-sequence chart,
or curriculum guidelines a' a ba,ie outline from which topics are
chosen. In this context, the lab activities provide a means for the
students to gain understanding and to broaden their experiences.
Ideally, there will he someone available to help coordinate the work,
provide. teacher training. and develop guidelines that integrate the
math-lab approach into the curriculum. For a more detailed discussion
and for many helpful suggestions, we the book Freedom to Learn (41
and the film Math's _Ulm (128).

Concluding Remirks

In the ,cope of one chapter, it is impossible to discus all the reasons
for a math-lab approach, all the ways of wing the approach, all
po,sible materials and topic,, and all problenN that arise. It hoped
that the samples of idea' presented here will encourage teachers to use
the reference, and get started on what can he a most exciting and
rewarding adventure
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Diagnostic-Prescriptive
Teaching

VINCENT J. GLENNON
JOHN W. WILSON

ir His chapter discusses four aspects of the problem of the nature
and use of diagnostic and prescriptive teaching of mathematics to

slow learners. First, the larger view of the problem is presented to
enable the reader to see its furthest metes and bounds and be able
thereby to view the narrow limits in which the writers are currently
working. Second, and accepting the fact that their present efforts
in diagnostic-prescriptive teaching are primarily oriented to cognitive
learning, the writers present a taxonomy for the content of elementary
school mathematics in the hope that it will enlarge the teacher's
view to the fullest dimensions and potential of a symptomatic (ob-
servable behavior) approach to the problem. Third, some group
(nomothetie) and some individualized (idiographic) procedures that
are useful in diagnostic- prescriptive teaching are presented And,
fourth, lessons are presented from a ease study in which the content
taxonomy was used by the teacher to guide him in the selection
of appropriate ohjeetives and in the selection of relevant nomothetie
and idiographic procedures. It is hoped that they will provide the
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interested reader with insights that will enable him to carry out
similar diagnostic-prescriptive work with slow learners.

The Larger View

Prior chapters have presented diseu,sions of several of the vari-
ables essential to a well-eunceived theory of instruction for the slow
learner (or any other child). These include knowing his characteristics
and needs, using available research-derived knowledge about teaching
him, using behavioral objectives, creating a favorable learning en-
vironment, adjusting instructional methods, using multisensory aids,
and adopting the laboratory approach. If these and other variables
essential to a theory of instruction were present in the initial teaching,
and in appropriate amounts, the learning, retention, and transfer of
learning would conceivably proceed at an optimum level for any
given child. And, contrariwise, the fact that diagnosis and carefully
prescribed teaching (a rifle approach rather than a shotgun approach)
is presently needed by so many children and youth is prima facie
evidence that one or more of the essential variables were missing
or were present :n inappropriate amounts during the initial teaching
and subsequent consolidation phases of the instruction. To approxi-
mate an optimum level of learning and retention in this situation,
teaching should have a large diagnostic-prescriptive element.

Some essential variables

From the above paragraph it can be seen that diagnostic-prescrip-
tive teaching is a careful effort to reteach successfully what was not
well taught or not well learned during the initial teaching. What, then,
are the essential variables of a good diagnostic and prescriptive teach-
ing program? At the outset let it be noted that such teaching can
be viewed, on the one hand, as being as large as a theory of instruc-
tion itself or, on the other hand, as being fragmentary mechanical
reteaching of each of many unrelated cognitive skills, such as re-
naming (carrying) in addition of the form 47+ 28 = n, or "inverting
the divisor and multiplying" in division of the form 31A + 2A; = n.
When diagnostic and prescriptive teaching of the higher cognitive
abilities is viewed as mechanical reteaching of associations, it is
most unlikely that any educationally significant amount of learning,
retention, and transfer of learning will occur. In other words, if the
slow learner has been the victim of a drill-oriented program of instruc-
tion for, say, six years and has not attained a level of scholastic pir-
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formance consistent with his estimated capability, it is most unlikelythat more of the same type of teaching will succeed in the seventhyear.
The larger view of diagnostic- prescriptive teaching is here proposed

and discussed as a set of constituent variables.

The curriculum variable. The first variable to he discussed within
the larger theory of instruction is a worthwhile theory of curriculum.
This asks the question What mathematical knowledge is of most
worth for the slow learner? There are three possible theories, C r sub-
theorPs, of curriculum to which one can turn to answer the question:
a logical subtheory, a psychological subtheory, and a sociological
subtheory. Each has its proponents and opponents, its advantages andlimitations.

The logical theory of curriculum is about 2,500 yeats old. Its main
tenet is that the curriculum is best organized for teaching and learn-
ing purposes when the subject matter (in this case mathematics) is
organized and developed as a series of related ideasregardless of its
relevance as seen by the learner and regardless of its usefulness in
the common business and social situations of adult life.

Presently its best-known advocate is the cognitive psychologist
Jerome S. Bruner. As hypothesized by him: "Any subject can betaught to any child on any grade level in some intellectually honest
form." This hypothesis and its implications for teaching neatly side-
step a more important prior question: Ought any subject be taught
to any child?

Unfortunately, this and similar statements are used by some sup-
porters to "justify" teaching a few "exciting" lessons in, say, algebra
to third-grade children. Leaping to the untenable conclusion that
slow learners can learn anything that other children can learn, they
argue backward that because slow learners can learn algebra they
ought to learn it. This theory in extremist form offers the teacher
no reasonable guidelines for selecting the content of a &agnostic-
prescriptive program for the slow learner.

A second point of view on what mathematics is of most w.)rth is
the clinical-psychological point of view. The essence of this view is
that the only honest curriculum in mathematics is one that eventuates
from the expressed needs of the child. A. S. Neill states the case for
this theory of curriculum:

Whether a school has or has not a special method for teaching long
di.. ion is of no significance, for long division is of no importance except
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to those who want to learn it. And th -1"Id who wants to learn long
division will learn it no matte* ;ht. [17, p. 51

Selecting the content for diap,ia, ,, and prescriptive teaching for
the slow learner under this theory is essentially the responsibility of
the child or youth. The teacher's role is that of a consultant to the
child after he, the child, has identified and made known his interest
in learning or relearning a particular topic. Presumably, his wanting
to learn will compensate for any absence of the planning and motivat-
ing the teacher would provide under a more structured program. As
with the logical theory, this theory offers the teacher little help in
plannng for the slow learner.

And. th:rd, still others assert just as strongly that the only ac-
ceptable source of mathematical content is that body of knowledge
which is widely used in business and in the common life situations of
the adult population. For many years Guy M. Wilson has been the
most articulate spokesman for this sociological point of view. He
argues that for all children, not just slow learners, the amount of
mathematics that should be "mastered" is very little. For the slow
learner, whose adult mathematical needs may be less than those of
the average person, the mastery program would be even less. After
many years of investigating the mathematics used in common busi-
ness and adult life situations, Wilson states the case for all children
this way:

The mastery [program] consists of simple addition-100 primary
facts, 300 decade facts, carrying and other process difficulties; simple
subtraction-100 primary facts, process difficulties; multiplication-
100 primary facts, proms difficulties; long divisionno committed
facts, general scheme and process steps; simple fractions in halves,
fourths, and thirds, and, in special eases, in eighths and twelfths, general
acquaintance with other simple fractions; decimalsreading knowledge
only. . . . The essential drill phases of arithmetic for perfect mastery
are as simple as that. The load is very small. [21, pp. 3, 41

Two limitations to the sociological point of view, obviously, are
the minimizing of structure and the failure to capitalize on the moti-
vational power inherent in the expressed interests of children and
youth.

Sam wiry dismission of the curriculum. variable. Above, then, are
three very different subtheories on what mathematics is of most worth
for all children (and therefore for the slow learner) and which must
be drawn upon in various amounts in selecting that mathematics
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which should be diagnosed and prescribed for the slow learner. Eachis an extremist point of view. It is the writers' opinion that no one ofthese in its extreme form should dictate the curriculum for the slow
learner. Bruner and the structural, or logical, subtheory is no more
correct than Wilson and his sociological subtheory, or Neill and his
psychological subtheory. From the larger point of view, the question
of what mathematics is of most worth for the slow learner (indeed,for any learner) is far too important and complex to be left to the
mathematicians, or to the sociologists, or to the psychologists. Eachof these has his own form of "the closed mind," each his own formof "Pied Piperism"to use Lee J. Cronbach's apt figure of speech(10, p. 77) .

Important checks are provided by the disciplines among the dis-
ciplines. Mathematics education is an interdiscipline. Mathematics
educators cannot risk the danger inherent in any single subtheory.
The harm to the slow learner would be too great.

Glennon (13, pp. 134-39) developed the model in figure 9.1 to picture
the size of the ball park in which the curriculum game is played andthe nature of a balanced theory of curriculum. The ring (x) in the
"center" of the triangular region indicates the region of optimum
balance for the average child. For any particular child the region
of optimum balance and relevance may be shifted one way or an-
other. For the slow learner with no significant emotional disabilities,

Psychological subtheory

Logical Sociological
subtheory subtheory

Fig. 9.1

the most appropriate curricubmi will draw most heavily on the socio-
logical subtheory and to a lesser but still significant extent on each of
the other two subtheories. That is, the concept of a relevant curriculum
will shift from region x to region y (fig. 9.2).

More specifically, not all number systems and not all numeration
systems are of equal worth for the slow learner; and, indeed, not all
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Psychological subtheory

Logical Sociological
subtheory subtheory

Fig. 9.2
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topics within the real number system itself and in the decimal num-
eration system are of equal worth. Within the limited amount of time
available for systematic instruction in, say, grade 5 (45 minutes per
day for 180 days;' or about 135 clock hours per year), a topic such
as subtraction of whole numbers of the form 45 27 = n would be
of greater relevance and social usefulness than division of fractional
numbers of the form 1% ÷ 31A = it and hence would be more ap-
propriately a part of the instructional program for the slow learner.

When one is diagnosing and prescribing the instructional program
for the slow learner, the greater part of one's time and talents should
be concentrated on diagnosing and prescribing within those topics
of greatest relevance to the learner. The fact that, as the model shows,
the other two subtheories are also connected to the ring in figure
9.2 means that the mathematical structure of the subject matter (the
logical subtheory) and the expressed needs of the child are still
important variables in curriculum decision making and must be
used in appropriate amounts when diagnosing and prescribing for
the slow learner.

The method variable. Any parent of school-age children is well
aware of the fact that a given teacher will be liked by some of the
children and disliked by others. These differing reactions are due to
severe; causes. The cause of concern here is the teacher's percep-
tion of his role in the instructional processa perception largely
determining how he will teach. As with theories of curriculum, the
theones of the teacher's method can be viewed as three very different
subtheories: telling (didactic or expository), discovery, and psycho-
therapy. Glennon (13, pp. 139-41) illustrated their interrelationships
with the model in figure 9.3.

In the discussion of curriculum theory above, it was noted that the
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Psychotherapy

Fig. 9.3

selection of what mathematics is of most worth for the slow learnershould be based primarily on the social usefulness of the topics. Theanswer to the companion questionWhat method is of most worth
in the diagnosis and prescription for learning disabilities?is a far
more complex matter. The answer is intimately and intricately as-sociated with such variables as the cognitive level of the topic being
taught (i.e., understanding the commutative property, consolidationof a skill, ability to solve two-step verbal problems, etc.), the typeof motivation being used, the personality traits of the teacher andthe child as well as their mutual compatibilityto mention several
relevant variables. Each of the three different methods is discussed
briefly in its extreme form for purposes of comparison.

Certainly the most widely used method is that of "telling." In thetypical elementary or secondary school classroom there is very little
dialogue. Most of the talking is the teacher's and most of that is inthe form of directions, commands, leading questionsall kindly, per-haps, but all authority-oriented statements. The teacher view, this
method as the one in which he is most experienced and hence most
comfortable. Too, he views "telling" (perhaps because of the way he
was taught) as the best way to get things done, to "cover the course."In recent years it has become fashionable by some other methods
extremists to satirize and ridicule "telling" when done by the teacher.
But, strangely enough, they applaud "telling" when done by one childin the classroom as he tells the other twenty-five children what he
"discovered."

Although "telling" can be Lnd perhaps is very often overused, the
method has many excellent features for certain kinds of teaching
situations, and it holds much promise for productive research in thefuture. Of this potential John B. Carroll says: "Despite its relativeneglect [in being researched] in educational psychology, learning by
being told has a glorious past. Its future may be even more glorious



DIAGNOSTIC-PIZESCHIPTIVE TEACHING 289

if we will take the trouble to examine it with the attention we have
paid to otherless interestingways of learning." (9, p. 10.)

In the writers' opinion, the au courant extremism in method is the
so-called discovery method. Much has been written about it; for
example, see Shulman and ICeislar, Learning by Discovery: A Critical
Appraisal. When defined in a pure sense, discovery does not appear
to exist in any real, recognizable, or usable form in education. In
a pure sense, discovery would have to be defined as learning that
takes place when (1) the purpose or goal resides wholly and singly
within the learner, (2) the learning experiences are planned by him
only, (3) the knowledge discovered is new to the learner, and (4)
the knowledge discovered is new to that literate population. If any
one of these criteria is not present, the method would be some varia-
tion of guided discovery. Within this definition, learning from read-
ing a book could not be called discovery learning, since the book itself
is a telling or didactic tool.

The guided-dicovery method appears to be used primarily to trans-
mit subject matter. Its adherents also hold that it can be used as a
method of bringing about such process outcomes as "learning to
learn," "learning to inquire," and "learning to ask questions."

The third subtheory of method, and one the teacher should have
available when working with the slow learner in diagnostic-prescrip-
tive teaching situations, is psychotherapy. Unlike telling and guided
discovery, which are primarily concerned with transmitting subject
matter, psychotherapy is primarily concerned with the larger view
of learningthe life skills of understanding of self, acceptance of
others, and so on. Meade identifies five such "life skills": "powers
of analysis, eharacterological flexibility, self-starting creativity in the
use of off-job time, a built-in preference and facility for democratic
interpersonal relations, and an ability to remain an individual in a
mass society" (16, p. 38). nibs: In Search of Self, by Virginia Axline,
is an excellent case study in the use of play therapyone form of
psychotherapy as she worked with a young boy struggling to learn
about himself (2).

Although much has been researched and written (19) on the role of
psychotherapy in teaching, the teacher's professional knowledge of
and experience with the method is usually not complete enough to
use it in the classroom or educational clink. In one sense, however;
almost all teachers are amateur psychotherapists to some children
some of the time. That is, almost all teachers will identify with and
empathize with a child who has evidenced some emotion-based
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problem in the classroom. The teacher behaves more like an artistor a humanist than lik,! a scientist working with things or animalsin laboratory situations. Gilbert Highet comments on this:
I believe that teaching is an art, not a science. . . Teaching is not

like inducing a chemical reaction: it is much more like painting a pic-
ture or making a piece of music . . . or writing a friendly letter. You
must throw your heart into it, you must realize that it cannot all be
done by formulas, or you will spoil your work, and your pupils, and
yourself, [14, pp. vii-viii)

Summary discussion of the method variable. As said above, select-ing the most appropriate method or combination of methods for use
in diagnostic and prescriptive teaching is a far more complex profes-
sional matter than selecting appropriate content. It may help the
reader to see its complexity if a few questions are posed here about
appropriateness of method in two teaching situations.

Mr. A is able to tolerate a rather high degree of ambiguity. He is
teaching a slow learner wno has a long history of inability to tolerate
frustration. The topic is multiplication of whole numbers of the form
4 x 23. Should Mr. A tell how in the belief that this is the most
efficient method even though previous teaching by telling has failed,
and because he is most comfortable and secure with this method?Or, being able to tolerate ambiguity, should he guide the discovery
of the algorithm in the belief that this is a more powerful method
for building understanding of the distributive propertys;en though
the child cannot tolerate the frustration that goes with the teacher's
withholding of knowledge?

Now change the situation somewhat. Mrs. B is unable to tolerate
frustration, is rigid in personality and in her didactic teaching meth-ods. She is working with a slow learner who dislikes arithmetic and
who is also quite hyperactive. When teaching the above computa-
tional skill, should she tell? Should she guide discovery? Or, using
psychotherapeutic methods, should she reflect the child's expressed
feelings of dislike for mathematics, hoping thereby to help the child
see himselfan experience which, if successful over a period of time,
should make it possible for him to attend better, to tolerate better,to learn better, and then to like better? Should this teacher change
her prior, somewhat successful didactic methods to guided-discovery
methods? To psychotherapeutic methods?

To summarize, many variables affect the diagnostic-prescriptive
teaching of mathematics to slow learners in elementary and sec-



DIAGNOSTIC-PRESCRIPTIVE TEACHING 291

111),

ondary schools. No longer can this teaching be viewed as simply
reteaehing (redrilling ?) the computational skills of previous years.
And no longer should reteaehing use only a verbal-symbolic mode
when the great significance attached to the necessary prior modes
the concrete-manipulative (enactive) mode and the representational,
pictorial (ikonie) modeis known.

Moreover, evidence is accumulating that the cultural background
of children may determine to an educationally significant extent the
ability of children to learn by these modes. Fort, Watts, and Lesser,
in a summary of studies of the variability that exists among Chinese,
Jewish, Negro, and Puerto Rican children in four mental abilities
(verbal, numerical, reasoning, and spatial conceptualization), reported
these findings (11, p. 387) :

1. Chinese children performed spatial tasks better than any of the
other tasks. They performed verbal tasks least well.

2. Jewish children evidenced their greatest proficiency in the verbal
area and were next best in numerical concepts. Their spatial skills
were poorest, and reasoning scores were only a bit higher Om spatial.

3. Negro children showed their greatest skill to be in the verbal area.
They performed least well in the numerical area.

4. Puerto Mean children evidenced the least difference in the four
abilities. Their best area was space conceptualization; their worst,
verbal concepts.

The space allotted to this chapter does not permit rendering the
problem still more complex by discussing in detail other variables
that significantly affect the success of diagnostic and prescriptive
teaching. These variables, each of which has constituent subtheorics,
would include at least theories of motivation, theories of personality
development, and theories of child and adolescent development. Al-
though the preceding discussion, limited to theories of curriculum
and of method, shows that diagnostic-prescriptive teaching is a
complex task, it appears much more complex when these latter
variables enter into the tutorial situation.

The patterns listed above and those for other ethnic groups should
have implications for the mode of learning to be capitalized on in
diagnostic and prescriptive teaching. Much has yet to be learned
before these implications can be hypothesized, researched, and gen-
eralized. In the meantime, the teacher will have to work intuitively
as he selects the mode of learning that will be most effective and
efficient for a particular child.
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look into the future

AU !ho preceding discussion has been concerned with diagnostic
an:I, prescriptive teaching from the point of view of teaching as a
humanistic effort. While educational psychologists and curriculum
workers are contributing the ideas above, a new breed of educator
is working from what David Krech calls a psychoneurobiochemeduca-
tion point of view:

There will be great changes made in the first and foremost and con-
tinuing business of society: the education and training of the young. The
development of the mind of the child will come to rest in the knowledge
and skills of the biochemist, the pharmacologist, and neurologist, and
psychologist, and educator. And there will be a new expert abroad in
the landthe psychoneurobioehemeducator. This multi-hybrid expert
will have recourseas I have suggested elsewhereto protein memory
consolidators, antimetabolite memory inhibitors, enzymatic learning
stimulants, and many other potions and elixirs of the mind from our
new psychoneurobiochemopharmacopia. [15, p. 374]

For the slow learner who cannot remember his additi, facts, the
prescription in the future may be chemical rather than practice and
consolidation.

A Model for Cognitive Diagnosis and Prescription

The larger view of diagnostic and prescriptive teaching has been
presented above and is admittedly complex because human learning
is the result of many variables. The intent here is not that the larger
view be used by all teachers today but that one should be aware of
these many variablesparticularly of what he teaches and how he
teachesas he works with the slow learner. Being thus aware, the
teacher who is trying to diagnose the studeht's di iculties can look
for causes other than the immediate, or cognitive, one.

However, from experience with diagnostic and prescriptive teaching
over the past quarter century, the authors are aware that cognitive
disability ranks high in the concern of the teachers and the parents
and are aware also of the fact that a cognitive approach to affective
disabilities can be a powerful one. A negative attitude toward mathe-
matics can often be changed by approaching it from the cognitive
rather than the affective route. Whatever the basic cause of the child's
disability, one can often be successful in diagnostic-prescriptive work
if he begins with the observable behavior symptoms of failuresay,
the inability to rename (borrow) in subtraction of whole numbers.
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The model for symptomatic diagnosis to be presented below is
limited to a cognitive view and was constructed by Wilson (22) as
a threefold guide for :eking answers to the following questions:

1. What specific mathematical learning products might be present/
absent, correct/incorrect, mature/immature?

2.' What ovei t behaviors will indicate the presence, correctness,
and maturity of each of these specific learning products?

3. What kind of psychological learning product does each of the
specific mathematical learning products represent?

As a guide for question 1, Wilson has been developing a content
taxonomy. For question 2, the authors are drawing on theories of
tests and measurements, such as Bloom's Taxonomy of Educational
Objectives (4). For question 3, the work of some learning theorists,
currently the work of Robert Gagne (12), is being used. Each of these
components of the model is treated briefly and separately below.
Finally, a diagram is given of the cross-products model that these
three components yield and an illustration of how this model guides
the diagnosis for one of the main principles in the structure of mathe-
matics.

A content taxonomy

Table 9.1 is an outline of a portion of the taxonomy of content
objectives currently being used. This taxonomy reflects the view that
mathematics is a system of related ideas composed of a vast variety
of subsystems. Each subsystem dealt with in this portion, of the con-
tent taxonomy has three essential aspects that identify it as a mathe-
matical system: (a) a set of elements and symbols for these elements;
(b) a set of operations on these elements; and (c) a set of properties
and laws of the operations. Each of the subsystems for which ele-
mentary and secondary schools are responsible also has its socially
useful aspects: (d) a set of computational procedures for processing
the elements of the system; (e) a set of procedures for solving the
sentences expressing the relationship within the system; and (f) a
set of socially significant problem situations in which the elements
and operations of that system are used.

As the reader can note in the outline (table 9.1), the first-order
categories of the content taxonomy, designated by Roman numerals,
are subsystems of the real number system: setsthe basis for real
numbers(III); whole numbers (IV); fractional numbers -(V) ; in-
tegers (VI); and so on. Within each subsystem, second-, third-, and
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fourth-order categories are designated by capital letters, Arabic
numerals, and lowercase letters, respectively. The first three second-
order categories, A through C, define the learning products of the
three aspects essential to a mathematical systemaspects identified
above as (a), (b), and (c). The categories designated P through F
contain the learning products involved in the various socially use-
ful applications of that particular subsystem.

It is intended that the taxonomic plan suggest the content hierarchies
within and across the number systems treated in elementary school
mathematics.

First, the taxonomy suggests that, in general, a learner must acquire
a knowledge of, and skill with, whole numbers (IV) before proceeding
to the fraetonal numbers (V), since the meaning of, and the opera-
tions with, fractional numbers depend on the meanings, operations,
and laws of the whole numbers.

Next, the second- and third-order categories of each subsystem
are labeled in a parallel fashion (table 9.1). This suggests, for example
that the union of disjoint sets (III B-I) is a model for the addition
of whole numbers (IV B -I ), which in turn is the basis of the meaning
of addition of fractional numbers (V B-1), and so on. Similarly, III
13-2, complementation, is parallel to IV B-2, the operation of subtrac-
tion of whole numbers, and so forth.

Thirdly, within a subsystem, such as the whole number system
(IV), the content taxonomy suggests that a child must, in general,
acquire some level of meaning of the whole numbers and the nota-
tion for them (IV A-1-2) before he can acquire the meanings of the
operations on whole numbers (IV B -1 -4) and the laws governing
those operations (IV C-1-4). In torn, at least some of the learning
products contained in categories IV A through IV C must be acquired
as prerequisites to the acquisition of the principles of, and skill with,
the algorithms (IV D-1-4) ; principles for sentence solving (IV E-1-4) ;

and principles for verbal problem solving (IV F-1-4).
Finally, for any specific learning product within a subcategory,

there may be a hierarchy of levels of maturity or abstraction. For
example, the meaning of addition of whole numbers (IV B-1) may
have several levels of abstraction, ranging from concretely based
meanings, such as "the union of disjoint sets is a model for addition,"
to such meanings as "addition is an operation used to find the sum
of known addends," to "addition is an operation associating a pair
of members with a third number," and so on.

Neither this content taxonomy nor those being developed for metric



298 THE SLOW LEARNER IN :MATHEMATICS

and nonmetrie geometry are considered to be pure hierarchies. The
expression "general hierarchy" must be emphasized. There are levels
of coma ,eteness or abstractness for each of the learning products
within each of the subcategories. This content taxonomy does not
imply that learning products in any one subcategory must be at their
highest level before a child begins to acquire those of the next sub-
category. The arrangement of the subcategories, however, does imply
that some level of acquisition must have been attained for the learn-
ing products in that category if effective learning is to proceed in the
next subcategory.

To flub out the content taxonomy outlined here, a large set of
statements, essentially definitions, for each of the many learning
products of the subcategories must be provided. The statements them-
selves are not learning products; they merely express the meanings
of the products in adult terms. It is not suggested that the student
should learn statements as statements. That would be the poorest of
outcomesempty verbalisms. Of course, at some point in the student's
education the ability to use the statements meaningfully would be
desirable. There is ample research that shows the retention and
transfer power the learner acquires from being able to make verbaliza-
tions of his learnings. (See Brownell and Hendrickson [81 for a well-
given distinction between verbalism and verbalization.) The fourth
section of this chapter gives a session report of an actual case study
conducted at the Arithmetic Clinic, Syracuse University. This report
illustrates, among other things, how the statements in the content
taxonomy are used as objectives in the planning of a session.

Behaviors that indicate the learning product
Each statement in the content taxonomy is essentially a defini-

tion of a mathematical concept or principle. Concepts and principles,
as such, cannot be directly observed. Consequently, keyed to each
of the various mathematically different specific learning products in
the content taxonomy there must be a well-organized set of observable
behaviors from which one can infer the presence or absence, correctness
or incorrectness, and the level of maturity of that learning product
possessed by the learner.

By far the most comprehensive plan for the classification of be-
haviors that indicate learning is the Taxonomy of Educational Ob-
jectives: Handbook 1 (4). The chart below (fig. 9.4) lists the categories
for the cognitive domain. In the complete Handbook, each category
is described in detail and illustrated with behaviors for a variety of
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curricular areas. For each category, illustrative test items are also
provided.

()MANE OF PART 2 OF
TAXONOMY OF EDUCATIONAL OBJECTIVES

HANDBOOK 1. COGNITIrE DOMAIN

Knowledge
1.00 Knowledge, n ecall of

1.10 Knowledge of specifics
1.20 Knowledge of ways and

means of dealing with

Cognilure

5 00 Synthesis
5.10 Production of a unique

communication
5.20 Production of a plan, or

p.oposed set of operations
5 30 Derivation of a set of

abstract relations
6.00 Evaluation

6 10 Judgments in terms of
internal evidence

6.20 Judgments in terms of
external criteria

2 00 Comprehension
2.10 Translation
2.20 Interpretation
2.30 Ext apolat ion

3.00 Application
4.00 Analysis

4.10 Analysis of elements
4.20 Analysis of relationships
4.30 Analysis of organizational

principles

specifics
1.30 Knowledge of the universals

and abstractions in a field

Fig 9.4

Bloom's taxonomy of the cognitive domain is not specific to any
curricular area nor to any theory of learning. This is by intention.
The authors of the Taxonomy leave to the specialist in each cur-
ricular area the analysis of his own field. The content taxonomy
outlined in table 9.1 is intended to do this for elementary school and
secondary school mathematics.

As an illustration of the cross product of the content taxonomy and
Handbook 1 of the Taxonomy of Educational Objectives, consider
one of the content objectives under category IV A-2a: "The number
named by a multi-digit numeral is the sum of the products of each
digit's face value and place value."

To diagnose for this objective, one needs to have in mind a set
of the observable behaviors a learner would display if he has acquired
the above objective. There could be an infinite variety of specific
behaviors that would be acceptable as indicators of the objective's
presence. It is at this point that Bloom's Taxonomy is especially
useful as a means yi exnressing these behaviors and classifying them
by well-defined categories. The following are but a few of the state-
ments expressing some of the behaviors that could indicate the above
objective's presence in the learner in depth:
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1. Be able to identify or reproduce 68 by using objects (rods, tongue
depressors, etc.) and by using counting frames.

2. Be able to translate a two-digit numeral representing a whole
number into an expression of so many tens and so many ones
for example, "68" means "six tens and eight ones."

3. Be able to translate a three-digit numeral into an expression of
so many hundreds, so many tens, and so many ones.

4. Be able to translate any base-ten numeral representing a whole
number into its expanded formfor example, "346" equals
(3 x 100) + (4 X 10) + (6 x 1).

Such a list of behavioral indicators could, of course, be increased
greatly. Each in turn could serve as a guide for the construction of a
great variety of specific diagnostic test items or diagnostic interview
questions that would elicit samples of the kinds Of behaviors stated.
It is evident also that all he above behavioral indicators call for
the same genral class of behaviorstranslation. Hence, as behavioral
statements, all would be in the same category of Bloom's Taxonomy,
namely, "2.10 comprehension: translation." One of the great values
of Bloom's Taxonomy is that it suggests higher-order behaviors that
would indicate not only the presence of the given content objective
but its level of maturity and transferability. Hence, to the same
content objective cited above may be keyed higher-order behaviors
such as the following:

5. Be able to analyze a set of numerals from nonspecified base sys-
tems to determine the face values and place values.

6. Be able to construct a set of single and multidigit numerals
for the first twenty whole numbers by using unique symbols
and any base.

These two behaviors woald, of course, be classified under the
Taxonomy's "4.00 Analysis" and "5 "0 Synthesis."

The lesson plans for Maria I . the fourth part of this chapter
illustrate both the specific content objectives and the expected be-
haviors that are keyed to each of the content objectives.

The joint use of both taxonomies content and behavioralby
themselves is not sufficient for the diagnosis and treatment. Assume,
for example, that there has been built a set of test items for inter-
view procedures for all the behavioral indicators listed above for the
content objective on the meaning of a multidigit numeral. Assume also
that all the test Reins have been administered to a child and that all

i
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his behaviors indicate the absence of that content objective. To what
does the diagnostician look next? The content taxonomy may indicate
the category of learning products that must be diagnosed next, but
it does not indicate by itself either the kinds of psychological learn-
ing products or which specific products must be diagnosed next. It
is for this latter and most crucial task that the learning-theory com-
ponent of the model is considered next.

The kinds of psychological learning products

Statements of the learning product in any one of the categories of
the content taxonomy express a variety of psychologically different
kinds of learning product as well as mathematically different cate-
gories of content. Hence the model should eventually be able to
classify each of the mathematical learning products expressed in the
ccntent taxonomy according to its psychological type.

Expecting this of the model clearly implies allegiance to those learn-
ing psychologists who believe that there are not one or two but scy-

the construction of a model for symptomatic diagnosis in mathematics.

ff

others by reason of the different conditions of learning necessary for

however, seems to be a usable component, if only as a heuristic, in

cognitive -
learning products into eight different types. Each type differs from the

In his book The Conditions of Learning, Gagne partitions cognitive-
ff

II

eral kinds of human learning, each involving different laws of learning.
There are a number of unresolved taxonomic problems facing such

learning theorists. An attempt at resolution offered by Gagne (12),

its acquisition. Gagne speaks of two classes of conditions: internal

concept learning; type 7, principle learning; and type 8, problem-
solving learning.'

1. A more condensed categorization of types 2-7 can be found in Brownell
and Hendrickson (8).

111

capabilities of the learner and external, or situational, conditions. The
internal condition necessary for the acquisition of a given type of
learning product i,i the presence in the learner of the lower types of
learning products prerequisite to the desired type. The external con-
ditions include all the stimuli, the sequence of the stimuli, and the
reinforcing stimuli essential for die type of learning to bo acquired.
Both internal and external conditions are essential to the acquisition
of any given type of learning and are different for each type of
learning.

Gagne's eight types of learning are: type 1, signal learning; type 2,
stimulus-response learning; type 3, chaining; type 4, verbal associa-
tion or verbal chaining; type 5, multiple discrimination ; type 6,
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Perhaps the greatest potential of Gagne's theory is its application
to the construction of what he terms "learning structures." The learn-
ing types 2-8 are supposedly related to one another in a truly hier-
archical order. That is, problem solving (type 8) has as its pre-
requisite, principles (type 7), Which has as its prerequisite, concepts
(type 6), and so on. Within the types, especially principles (type 7),
there arc subhierarchies. That is, simple principles are prerequisite
to higher-order principles. Theoretically, then, any given topic can
be analyzed into the general types and the specific elements of each
type of learning which are prerequisite to its acquisition.

The implication of Gagne's work for diagnosis and prescription
hardly needs to be stated. Once a given mathematical learning product
in any one of the content categories is diagnosed by means of the
behavioral indicators as absent, immature, or incorrect, the classifying
of the learning product as to its psychological type suggests which
prerequisite types of learning must be diagnosed next. This could
be termed "descending diagnosis," that is, higher to lower. "Ascend-
ing diagnosis" could also be used. For example, any desired learning
product could be analyzed into its prerequisite types. One could
then start with the diagnosis of lower types and proceed until the
diagnosis found the highest type that was absent, immature, or in-
correct. Prescriptive or remedial procedures would be directly sug-
gested by the findings of either such diagnosis. For those children,
then, whose underachievement is due primarily to not having been
taught the prerequisite learning, this symptomatic diagnosis would
also be etiologic. Unfortunately, far too few cases of underachieve-
ment are this simple.

The Gagne classifications and the precise stating of the content
objectives, together with the keyed behavioral indicators, should all
aid the diagnostician in identifying both the types of prerequisite
learning products and the specific prerequisite mathematical learning
products to be diagnosed next.

Consider again the content objectives used in the illustration above,
"the number named by a multidigit numeral is the sum of the pro-
ducts of each digit's face value and place value." The statement ex-
presses an objective that is clearly a chain of two or more concepts
and therefore classified as Gagne's type 7principles. Hence, if the
behaviors keyed to this objective indicate that it is not present, the
diagnostician is guided by Gagne's theory to diagnose for the lower-
order prin,!iples and concepts of which this particular principle is a
chain. Moreover, the precision of the content statement suggests which
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of the particular mathematical concepts and principles are involved in
this principle. Hence the terms used in the statementfor example,
"digit," "face value," "place value," "sum," and "product"quite
clearly indicate which specific mathematical concepts arc chained to
this particular principle. With a working knowledge of the content
taxonomy, terms such as "sum," "product,'' and "place value" im-
mediately suggest in which categories statements of these prerequisite
concepts would be found.

For example, "sum" refers to a concept under the operation of
addition. Since in this illustration the concern is with numerals for
whole numbers, the pertinent category of the content taxonomy is
IV B-1 (whole numbers, operations on, addition). The term "product"
suggests IV B-3 (whole numbers, operations, multiplication) ; "place
value," "digit," and "face value" suggest IV A-2-a. Provided the
content taxonomy were comprehensive, statements expressing differ-
ent levels of maturity for each of these prerequisite learnings would
be found in these categories. Each statement would be classified as
one of Gagne's types, thereby implying what its prerequisite types
of learning are. Each would be precisely stated so that its terms
would suggest in which categories and in which specific learning pro-
ducts statements of its prerequisites would be found. Each of these
statements would also be keyed to a set of behavioral indicators
classified according to Bloom's Taxonomy.

A diagram of the model

A diagram can now be constructed to help concretize the scope of
the theoretical implications of the model produced by the Cartesian
set of the content taxonomy and Gagne's and Bloom's taxonomies.
For simplicity, the diagram will be restricted to just one number sys-
tem in the content taxonomywhole numbers (IV). The diagram
will also be restricted to the major subcategories of IV (AF) and
to the major subcategories of Gagne and Bloom.

On one dimension one can represent the content taxonomy's cate-
gories for whole numbers (IV) as in figure 9.5.

On a second dimension one can represent the psychologically differ-
ent kinds of learning Gagne recognizes. Connecting the segments
gives the region of figure 9.6.

Thus far the region suggests that in each category of the content
taxonomy there are theoretically a vast number of each of Gagne's
eight types of learning products. Each could be specified. Each might
need to be diagnosed.
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CONTENT

Number 61 notation

Operations
Laws

Computation

Sentence solving

Verbal problems

Fig. 9 5

Most probably some of GagnC's simpler types of learning (1, 2, and
3) would not be as significant in all categories of content. Gagne him-
self points out that there is little evidence to support the essentiality
of type 1 (S -it) as basic to cognitive learning. However, the theoretical
implications of the diagram thus far are clearly broad in scope.

CONTENT

Operations

Laws

C

B
Number 61 notation

Sentence solving

Verbal problems

'ZOO
Computation

Signal learning (S-R)---- 1

11°
TYPES OF LEARNING

Verbal chains ----4
Motor chains ---- 30"
Stimulus-response (S,R)*2

Concepts

Multiple discrimination *5 S
Principles

Problem solving

6
7

Fig. 9.6

A third dimension to the diagram can be used to represent the variety
of behavioral indicators that Bloom's Taxonomy suggests might be
used to infer the presence of the learning products. The result is
figure 9.7.

The diagram helps concretize what the model for symptomatic diag-
nosis implies. In each category of the content taxonomy there could
be a vast number of specific mathematical 'earnings of each psycho-
logically different kind of learning. To each of these there could be
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keyed a variety of behaviors that would indicate its presence/absence,
correctness/incorrectness, or maturity/immaturity.

It should be clear that the whole structure cannot be diagrammed
into a simple cubical array when it is recalled that only one subsystem
of content taxonomy is accounted forand only the major subcate-
gories of that. One can only muse on how to concretize a model that
will need to account for all the other subsystems of dimensions of
diagnosis: elementary school mathematics (e.g., geometry); other types
of learning (affective) ; and the real problemthe etiology of the
symptoms.

CONTENT

Number 8 rotation Ar II,
operations
Laws

BMW 11111i
Computation D

C ArNMNinifel

TYPES OF LEARNING

Verbal
EAWMARTATItiii

Signal learping(S R)1
Stimulus-response (S,RY2111111111111111111111 i

1111111111/1
Motor chains 3.1111.11.1.11/ r,

Multiple discrimination 5
Concepts 6111111111114ii

Verbal chains 4

Principles 7orams*
Problem

solving
8

11111111111111BEHAVIORAL INDICATORS

Knowledge (recall)

Comprehension

Application

Analysis

Synthesis

Evaluation

10 20 30 40 50 60

1 1
1

Fig. 9.7

Some Procedures for Diagnostic-Prescriptive Teaching

The commonly used procedures for diagnostic-prescriptive teaching
can be divided, according to Windelband's distinction (23), into two
groupsthe nomothetic and the idiographic procedures. The former
group consists of procedures that permit classifying and generalizing.
The latter is concerned with the individual's unique and idiosyncratic
responses and reactions to a given situation.
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Specifically, it is one thing to study the scores made by a large
group of children on a mathematics test in order to be able to state,
say, that the mean number of correct responses on the addition .nets
for children in grades 1-6 increases in a given pattern. It is something
else again to be able to say that Filly arrived at 16 as the :um of 7
and 9 by counting on his fingers, or by adding 9 and 9 and subtracting
2, or by any one of several other more mature or less mature ways of
processing the numerals.

Psychologist Cordon Al 1pert cites a well-known passage by William
.James which contrasts the nomothetic and idiographic procedures:

The first thing the intellect does with an object is to class it along
with something else. But any object that is Infinitely important to us
and awakens our devotion feels to us also as if it must be sui generis
and unique. Probably a crab would be filled with a sense of personal
outrage if it could hear us class it without ado or apology as a crustacean,
and thus dispose of it. "I am no such thing," it would say; "I am myself;
myself alone." 11, p. 53J

Each of the two classes of procmare is necessary ; neither is sufficient.
Of the two, the idiographic approach is the more relevant and the more
neglected in diagnostic-prescriptive teaching.

Nomothetic procedures

The more commonly used nomothetic procedures include the stan-
dardized achievement tests, the teacher-made informal tests, the
standardized diagnostic tests, the teacher-made diagnostic tests, the
numerical section of certain mental-ability tests, and the tests that
accompany the basic textbook seriesboth achievement and, in some
instances, diagnostic.

The use of these nomothetic procedures rests on the assumption that
the teaching-learning process can be separated from the evaluation
process with no loss of-information to the teacher, and with consider-
able gain. When used in a diagnostic-prescriptive situation, any or all
of the above classes of instrutnents provide the teacher with data on
a group of students, or an individual student, which he will use as a
bask for prescribing future learning experiences and which will closely
fit the student's cognitive-development pattern.

Bloom defends this assumption:

The evaluation procedures used to appraise the outcomes of instruc-
tion (summative evaluation) help the teacher and student know when
instruction has been effective.
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Implicit in this way of defining the outcomes and preparing evalua-
tion instruments is a distinction between the teaching-learning process
and the evaluation process. At some point in time, the results of teach-
ing and learning can be reflected in the evaluation of the students. But,
these are separate processes. That is, teaching and lea:ifing are intended
to prepare the student in an area learning, while evaluation (summa-
tive) is intended to appraise the extent to which the student has de-
veloped in the desired ways. [3, p. 8]

Admitting that the kinds of nomothetically oriented procedures
above have some overall diagnostic-prescriptive value (perhaps as
much value as a patient's above-normal temperature would have for
a physician); a more educationally significant approach sees the
teaching-learning and diagnostic-evaluative aspects as inseparable.

Idiographic procedures

More than thirty years ago Brownell discussed the artificiality of
the separation and the need for integrating instruction and evaluation
a statement as good today as when it was written. He noted that
"some test technicians have not felt particularly handicapped by their
ignorance of the purposes of arithmetic instruction. On the other hand,
teachers, who supposedly know the nature and purposes of their sub-
ject matter, arc regarded as unable to evaluate the learning they have
directed" (6, p. 225).

He cites four unfortunate effects of the separating of teaching-
learning from evaluation:

One effect . . . has been to remove measurement further and furthe-
from the immediate learning situation. Tests to be used for diagnosis
and the evaluation of achievement have been standardized, and in the
process of standardization have lost touch with the features peculiar
to the local classroom... .

A second effect . . . has been to limit, measurement to outcomes that
can be most readily assessed. In arithmetic this has meant concern
almost exclusively with "facts," with computational skills, and with
"problem-solving" of the traditional sort, . . .

A third ill effect . . has been to limit unduly the techniques which
are serviceable for evaluation. . . . There are other procedures which
are now ignored. These other procedures . . . are easily managed by
teachers and, what is more important, they uncover kinds of learning
processes and products which at present elude paper-and-pencil [i.e.,
nomothet ic] tests.

The fourth harmful effect . . . has been to create confusion with
respect to the purposes of evaluation. Learning may be evaluated for
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a number of reasons. One may be the diagnosis of failure; another,
the measurement of progress over short units or sections of content ;

yet another, the pre-testing of abilities before starting a new topic,
as a means of "establishing a base line." [6, pp. 225-27]

Again, the important if limited values of the nomothetically oriented
measurement instruments are recognized. But in this chapter the
authors are concemd with procedures for diagnostic-prescriptive
teaching, and they believe that for this purpose the idiographically
oriented procedures are more effective.

For their contributions to the development and use of idiosyncratic
procedures in mathematics development, two scholars are preeminent
in the United States, William A. Brownell; and in Switzerland, Jean
Piaget. Each has spent a lifetime in the development and use of idio-
graphic procedures in cognitive-development situations and with spe-
cific relevance to elementary school and preschool mathematics.

On the one hand, the procedures developed by Piaget for study of
the development of such ideas as classifying, conserving, and the
identity element for addition are more relevant to very young children
and more applicable to the stages that precede the typical mathe-
matical program for grades 1-9. On the other hand, the creative work
of Brownell _(who long ago recognized and cited the monumental
contributions of both his teacher, Charles H. Judd, and Piaget) was
developed and is still being further developed by him in more real,
less clinical, school situations (7). Consequently, his procedures can
be more easily understood and readily used by the classroom teacher,
the mathematics education specialist, and the school psychologist.

The interview technique. Until such time as educators are able to
learn from Kreeh's "psychoneurobiochemeducationists" just how learn-
ing takes place in the brain and is retained, they will be restricted to
the study of learning as the outward, observable changes in behavior
The most powerful technique presently available to us is the interview.
It can yield, as Weaver says, "big dividends" (20, pp. 40-47).

Brownell, in the study cited above, as well as in most of his prior
classic studies, used the interview to gather data on the three systems
of instruction being used in England and Scotlawlthe Cuisenaire,
the Dienes, and the conventional programs. For effective use of the
interview with children, he carefully selected the teachers and cau-
tioned them-

1. to avoid cues and leading questions;
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2. to refuse to stop questioning when only superficial answers
answers that could not reveal what was wantedwere given ;

3. to adapt the pace of interviewing to the pace at which each
child could respond comfortably;

4. to vary questions when responses were ambiguous, in order to
draw children out;

5. to maintain a pleasant, friendly, warm atmosphere;
6. to stop interviews (they lasted about, an hour on the average)

as soon as any child showed rebelliousness or boredom or anxiety,
bringing him back to complete the interview at another time if
this was possible; otherwise, rejecting him as a subject;

7. to record exactly children's answers when the responses were
especially interesting or resisted categorization.

The cautions are appropriate for all teachers who wish to make a
serious effort to collect data from children as a sound basis for
prescribing subsequent learning experiences.2

Modes of response. Over the years the authors have viewed the re-
sponses children can make to questions as being of three modesthe
concrete mode, the pictorial mode, and the symbolic mode. More re-
cently, the first two are sometimes referred to as the "enactive" and
the "ikonic" modes. The first set of terms seems to describe more
accurately the nature and purpose of each mode; the latter set seems
unnecessarily "pcdagese." "Inactive" erroneously implies that cogni-
tive learning is the result of merely doing something with objects. No
learning takes place through mere doing. How many times has a
person dialed a telephone?yet how rare it'is to find a person who can
draw a correct picture of the letters and numerals as they are posi-
tioned on the dial! Rather, one learns by thinking about what he is
doing. And thinking can be done while a person is working with
concrete things, or with pictures of things (e.g., the picture of a num-
ber line), or with symbols.

All three modes are essential to diagnosis, for it is a very real
possibility that a child can respond correctly to 31/2 ÷ 11/4 = n on

2. In his Classroom Questions: What Kinds? (New York: Harper & Row,
1966), Norris M. Sanders used the Taxonomy of Educational Objectives, edited
by B. S. Bloom, as a basic structure for the study of categories of classroom
questions. Illustrative questions are presented in each of the seven Bloom cate-
gories: memory. translation. interpretation, application, analysis, synthesis, and
evaluation.
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the symbolic level, using the conventional algorithm, but be unable
to do so on, say, the pictorial-representational level. Such overtly "cor-
rect" behavior would not represent true or complete understanding
of the operation performed and the social significance of the work.

By way of a second illustration, a child could respond correctly
to the sentence 1/2 = ?/4 by using the concrete mode to show that
one-half of a disk can be represented by two- fourths of the same
disk (fig. 9.8). Yet that same child, when questioned by the inter-

Fig. 9.8

viewer, might be unable at this stage of his development to use the
symbolic mode and the identity element for multiplication:

1i = i X 1
1

X -2
2

= -2

_ 1 .X 2
2 X 2
2

4

One could say that this child has some partial and useful under-
standing of the equivalent values of 1/2 and 2/4 and hence is on the
way to some more complete understanding. The prescription for him
would be that at some appropriate time he, as a slow learner, might
further develop his understanding by working on the pictorial (num-
ber line or ruler) level. But it might be some long time later, if at all,
that the teacher would prescribe that this slow learner should pro-
gress to the symbolic level by using the identity element for multi-
plication in the algorithm above.

Diagnosing process. The above two situations point up the differ-
ence between product and process in diagnostic-prescriptive teaching
a difference that must be kept in mind by the person working with
children and youth. By and large, diagnosis has, unfortunately, been
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limited to the product type of ]earnings, as Brownell has pointed
out many times over many years (7).

The importance of process is presently being rediscovered, ag.d
with variations under su.ch names as "learning tc learn." "heuristic
methods," "inquiry training," "process is the product," and others.
The process by which a child arrives at the solution to a problem
is at least as importa lt as the product itself, if not more so. The
recent renaisrance of the "project method" of the 1910s, 1920s, and
1930s, which is current under the name of the "laboratory method"
(the math lab), rests on the assumption that the development of
learning strategies through solving unique problems is a more im-
portant outcome than the solutions themselves.

The audio tape and video tape in diagnosing process. As noted
above, the use of the idiographic procedures in general and the
interview in particular is not new in diagnostic - prescriptive teaching.
However, the invention and widespread availability of the audio-tape
and video-tape hardware now make it possible for the teacher to
record and study more carefully children's responses. The former
is useful when working and talking on the verbal-symbolic level.
The latter adds a substantial diagnostic capability by making it
possible to record and study behavior (levels of maturity) while
working and talking on the concrete and pictorial-representational
levels as well as the verbal-symbolic level. (See Appendix B, sample
lesson 7, as an illustration.)

Levels of processing addition whole numbers. It may help to
clarify what is meant by "diagnosing process" if a common class-
room situation is used. Assume that the child's ability to find the
sum of a pair of numbers of the form 17 and 25 (i.e., when renaming
of ones is required) is being diagnosed. Also, assume that these
prerequisite abilities have been acquired:

1. The child can count rationally by ones to at least 42.
2. He can rename 17 as 1 ten and 7 ones; 25 as 2 tens and 5 ones;

12 as 1 ten and 2 ones. In general, he "understands" two-digit
numerals and place values.

3. He can respond accurately to the addition factsin this ease,
7 + 5; 1 + 1; and 2 + 1.

One would begin to study the child's ability to find the sum on
the concrete level (using objects), then move to the pictorial level,
then to the symbolic level.
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Table 9.2 illustrates some, but not all, of the ways a child could
process the numerals 17 and 25 under the operation addition. This
kind of diagnostic-prescriptive teaching permits the teacher to locate
the level of thinking the child is using, and it suggests to the teacher
the next level of ability that should be prescribed and achieved.

TABLE 9.2

CHILD'S MODES OP RESPONSE TO ADDITION PROBLEM: 17 + 25
(Maturity level increases from level 1 to level 4)

Maturity
of response Concrete level Pictorial level Symbolic level

Level 1

Level 2

Child counts 17
sticks. Counts 25
sticks. Puts them
together. Begins
at 1 and counts
to 42.

Same as above,
but begins count-
ing at 18 or at 26.

Level 3 Counts by twos or
by fives.

Level 4 Groups by tens.
Sa, "10, 20, 30,
40, 42."

On a number line,
child counts from
1 to 17. Looks at
IS and says, "1."
Counts by ones
until he says, "25."
Looks at sum, 42.

Same as above,
but begins with 26
and says, "1."

Counts tens to 30.
Renames 12 as
10 + 2. Associates
:30 + 10. Says, "40,
42."

Using an algorithm, 17
child says, "7 plus 5
is 12," Writes "12."
Writes "3" in tens 12
place. Adds. :3

+25

42

Says, "7 plus 5 is i
12." Writes "1." Adds 17
tens. Writes "4. +25

42

Says, "7 plus 5 is
12." Renames 12. Adds
tens without need of
helping figure. Pro-
cessing is quick,
accurate, and mature.

The following section presents some lesson plans that set out in
consider. able detail, and from actual clinical situations, the procedure
used to overcome identified disabilities.

Lesson Plans for Maria

IQ 80
SDAT Pretest 5.4

Posttest 6.4

Case: Maria
Grade: 7

Summary Report
Clinician:Hoover

Maria is in the seventh grade. She has six brothers, four of them older.
Her hobbies include cooking and sewing. She comes from a home on the
lower socioeconomic level.
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Maria is rather quiet. She seems willing to cooperate in the sessions but
takes little responsibility for being at the sessions. If anything else comes
up, she simply doesn't show up.

Maria has a pleasant sense of humor. She seems rather eager at times to
learn new ideas, and at other times she seems frustrated by having to think
through problems to gain new insights. She needs patient and friendly under-
standing.

Case: Maria Session: 3
Grade: 7 Clinician: Hoover

I. Planned objectives
A. To review:

1. (IV A-2a )3 Place values in the Hindu-Arabic system are special products
of ten.

2. (IV A-2a) Each place value in the Hindu-Arabic system is a power of ten.
3. (IV A-2a) The exponent tells how many times the base is used 11.%41 factor.
4. (IV A-2a) A mmtidigit numeral names a Timber that is the sum of the

products of each digit's face value and place value.

Expected behaviors:
1. 12.10 translation)4 Able to translate each place value as a product of ten.
2. (2.10 translation) Able to translate each place value as a power of ten.
3. (2.10 translation) Able to translate an exponential numeral to a product.
4. (2.10 translation) Able to translate a base-ten numeral for a whole number

to its expanded form. Able to translate a disarranged expanded base-ten
numeral for a whole number to its standard form. Al 'e to translate a base-
ten numeral for a whole number to an exponential form.

Procedure:
1. I asked her to assign the place values and then to express products. She

assigned the place values correctly and then expressed ten as 10 X 1, a
hundred as 10 X 10, a thousand as 10 X 100. When asked if she could
expand 10 X 100 further, she expressed it as 10 X 10 X 10. We continued
in like manner.

2. I asked her to express the place values as powers. She did this correctly.
3. I asked her the meaning of 104. At first she said "10 X 4"; but when I asked

what 10 X 4 was, she replied, "40," and said that her previous answer was
incorrect. She then gave 10 X 10 X 10 X 10. We did several others in like
manner. (She had to be reminded that any number to the zero power is 1.)

4. I gave her a decimal number and asked her to give it in expanded form,
which she was able to do. Then I gave her a disarranged expanded base-ten
numeral and asked for the standard numeral. She wrote the digits in the
order in which they appeared. When I asked if the values were the same

3 For the meaning of IV A-2a, see the content taxonomy in table 9.1 above. The IV
refers to the set of whol tubers; the A refers to the subcategory "number and
notation." The name 2a rt to "notational systems for positional systems."

4. The numeral 2.10 refer., in the Bloom Taxonomy to the subcategory "translation"
under the main category "comprehension."
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she said, "I have mine mixed up." When I asked what she should do about
that, she did the example correctly. Then I had her check her answer by
multiplying and adding the expanded form. She had suggested this method
of checking.

Inferences:
Maria is not quite sure about powers (exponents) ; so I will want to do

some additional work in this area. She forgets to cheek what an expanded
numeral says at us makes mistakes. Ill give her one or two each time
for a while to 1w,, her get in the habit of checking exactly what is ex-
pressed. She seems somewhat mixed up on the terms product and factor,
1 want to work on these next time.

II. Planned objectives:
13. To review:

1. (IV A-2a) A numeral based on grouping by tens is a base-ten numeral.
Base-ten numerals ara also called decimal numerals.

2. (IV A-2a) The base of a notation system is a whole number, gmeater
than one, multiples of which are used to yield place values.

Expected behaviors:
I. (2.30 extrapolation) Can tell the base of our number systemalso call

it a decimal system. Can give the base of other number systems when
shown the grouping process.

2. (2.10 translation) Able to translate a three-digit base-five numeral
for a whole number into an expression of so many twenty-fives, so many
fives, and so many ones.

Procedure:
I. I asked her the base of our number system; she was unsure. Then I asked

her what number she had used when we had talked about place value
in terms of products and powers, and she said, "Ten." I asked her how
many symbols we had in our number system, and she said, "Ten." I
asked her if she knew another name for our number system; she didn't.
I asked her if she had ever heard it referred to as a decimal system; she
had. We talked about dcci- meaning ten. Then I gave her some examples
of other number systems, showing the groupuip, process, and asked her
to tell me the base of each one. She could do this.

2. We developed an imaginary base-five numeration system wing invented
symbols. After carrying out our numeration to 35, I gave he: a numeral
and asked her for the next one, making hops to get quickly to 125. From
time to time I had her tell me the value of the numeral and how she knew.
At first she had trouble, but once she got the pattern going she was able
to move along quickly. I then gave her a numeral in our imaginary numera-
tion system and asked her to expand it in our base-ten system and find
its standard name. She was able to do this quickly for three-digit numetals
but had trouble with four-digit numerals.

Inferences:
Maria seems to understand the grouping process fairly well. She seemed

to enjoy inventing our own numeration system. I will use this system in
working on other aspects when it is applicable. She will need to review this
a little later to make sure she knows it.
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Grade: 7
Session: 4
Clinician: hoover

Case: Maria

1 Planned objectives
A. To review:

1. (IV ) The exponent tells how many times the base is used as a factor.
2. (IV A-2a) A multidigit numeial names a number that is the sum of the

kid., of each digit's face value and place value.
Expected bets viors:

1 4,2.10 translation) Able to translate an exponential numeral to a product.
2. ;2.10 translation) Able to translate a disarranged expanded base-ten

numeial for a whole number to its standard form.
Procedure.

I. I gave her several exponential expressions, which she was able to translate
us products. When I gave La. 9°, she answered, "Zero." We then went
back to quickly making a place-value chart using both products of 10 and
exponent:, of 10. From this she recognized that a number raised to the zero
power was I. She was able to respond correctly to subsequent examples.

2. I gave her several disarranged expanded base-ten numerals, including
sonic in exponential form, and asked her to give me their standard name.
She did the first one by multiplying and then adding. I asked her if there
was a quicker way for her to get the answer, and she said yes, she could
look for the one uitli the highest place value and then work from there.
She (lid the others quickly, m ing use of place-value knowledge.

Inferences:
Maria seems to comprehend the meaning of place value. She is beginning

to be more careful in making sure she knows what the problem is. She seems
to grasp exponentials, although she is a little unsure of the zero power.
II. Planned objectives:

B. To diagnose:
I. (IV C-lb) Addition is commutative.
2. (IV C-Ic) Addition is associative.
3. (IV C-Id) The identity element for addition is zero.

Expected behaviors:
I. (2.20 interpretation) Illustrates the commutative property of addition

on a number line. Uses the commutative property of addition to deduct
a second addition expression from a given addition expression.

2. (2.20 interpretation) Shows a set representation of the associative
property of addition for a given group of addends. Uses the associative
property of addition to deduct a second addition from a given addition
expression.

3. (2.20 in'erpretat ion) Uses the identity property to deduct a second
addition from a given addition expression.

Procedure:
I. I gave her an addition expression and asked her to give me another that

expressed the same idea; she responded by commuting the two addends.
I asked her to show me on a number line that these two expressions named
the same sum. She was unfamiliar with the number line but quickly saw
how to use it when I showed her. Then she showed that her answer was
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correct and also stated that this worked because addition was commuta-
tive.

2. I gave her an expression involving addition and asked her to exprc s the
same idea another way. She was able to give several diffeient ways of
associating the addends and stated that this worked because addition
was associative. I asked her to show me it was true by using sets, which
she did.

3. I gave her an addition example with a missing addend, whichshe supplied.
I gave her several different examples using the identity property. She
stated that if you add zero to any number, you get that number. For all
the examples in this group, we did Scone using unknown variables, and
she was able to use the properties to deduct the correct answers.

Inferences:
Maria seems to have a good grasp of the properties for addition. She is

able to use the properties and also has labels for them.

III. Planned objectives:
C. To diagnose:

I. (IV B-1) The number obtained by addition is called a sum.
2. (IV B-I) The numbers to be added are called addends.
3. (IV B-I) Subtraction is the inverse of addition.
4. (IV B-I ) Parent heses indicate that an expression is to be regarded

as a number.
5. (1V B) In working examples, you usually carry out the operation

within the parentheses first.

Expected behaviors:
I. (2.10) Can name the numeral that represents the sum.
2. (2.10 translation) Can name the numerals that represent the addends.
3. (2.10 translation) Expresses the number for the complement set as the

number for the total set minus the number for the subset. Translates a
given "addend phis addend equals sum" expression into the appropriate
"sum minus one addend equals other addend" expression.

4. (2.10 translation) Recognizes the number named in parentheses. Treats
an expression in parentheses as a single number.

5. (2.10 translation) Performs operation in parentheses first, before
working with rest of problem.

Procedure:
I. I gave her several addition examples and asked her to name the stun

and addends in each one. At first she had difficulty, but when I showed
her that the numbers to be added were called addends, she was con-
:istently able to respond correctly.

2. 1 gave her a part it ioned set. I asked her if she could give me an expression
for the complement set in terms of the total and the subset. She gave
me a subtraction expression. I gave her an "addend plus addend equals
sum" expression and asked her to express it as a subtraction expression.
She uas able to respond correctly. I asked her in each of these expressions
to name the sums and addends. A few times she got confused but was
making good progress.

3. I gave her a number of examples to work using parentheses. In sonic of
them I provided for her to name the number expressed in pareltheses.
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She was able to do till., and, in all the examples, worked the operation
in parentheses before proceeding with the rest of the problem.

Inferences:
Maria had not learned the labels "sum" and "addend" and seemed to need

these handles for adequately determining what was being asked of her. She
seems to be quickly catching on to these.
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Classroom and School
Administration

PAUL V. ROGLER

T EACHERS will find slow learners assigned to them in many different
kinds and sizes of groups: some as a result of regrouping within their

own classes, some as a result of regrouping within multigrading plans,
some as a result of homogeneous grouping that tries to group whole
class sections of slow learners together, and some as small remedial
classes. This chapter reviews a number of principles and practices
that have been found effective in managing slow-learner mathematics
classes, in working with small groups within classes, and in evaluating
student progress. Also included are points that administrators might
consider in planning for slow-learner mathematics classes. Good gen-
eral principles of class management hold, naturally, for working
with slow-learner groups as well as with all other students; and
many instructional techniques are allied to good classroom man-
agement. If the discussion here includes, in part, some techniques,
it is in relation to their value to classroom management that they
are included.

319
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Classroom Management

Organization of the elms

A first step is to know each student as well as possible. The teacher
will find it helpful to consult guidance records and be aware of all
important facets of each student's personality, his school develop-
ment, and any special physical characteristics. Many teachers of slow
learners keep a folder on each student in which are kept guidance data,
diagnostic and achievement test data, parental reporting data, notes
from other teachers, individual progress charts, and inventories of skills
attained (for review by the student and his teachernot to be made
public).

The teacher may want to make a seating chart early, for it can
help him to learn names quickly. This does not imply that seating
must be static. Altering seating arrangements to permit varied
interactions between students according to the activities being
planned can be a resourceful way to manage productive learning
situations. Seating changes help to assure that all students have
equal opportunities, by the regrouping of social contacts, to develop
friendshipsas well as equal access to various preferred areas of
the classroom. The chart should be kept up to date, of course, for
use by substitute teachers.

Slow learners work best in an uncluttered environment where
routines, established early in the year, are seldom varied. It is well
known that when the slow learner understands what is expected of
him, where materials may be found, and how they should be used,
his performance is more likely to approach his potential. Such chil-
dren perform best, therefore, in a somewhat structured enviromnent.
This does not mean that they require a classroom with a dictator
in charge; it does mean that the children and the teacher, working
together, establish rules and regulations for the smooth running of the
classroom. In an elementary classroom these will include such de-
tails as the following:

Opening exercises: the time, the type, the person in charge
Recording attendance: how it should be done and who should do it
Recording lunch money: how it should be done and who should do it
Handling supplies: how it should he done and who should do it

(One teacher gave each child strips of colored construction
paper. When a child needed a compass, he wrote his name
his IOUon red construction paper. The person in charge of



CLASSROOM AND SCHOOL ADMINISTRATION 321

compasses picked up the red paper and gave the child a compass.
At the end of the period, when the compass was retrieved, the
red paper was returned to the owner. Orange paper was used
for scissors, yellow paper for rulers, blue paper for pencils, pink
paper for protractors, and so on. Each month the person and
his assistant in charge of each material were changed.)

Higher-level classes can have a structure provided by a short
written list of activities to which the student's attention is invited
as he enters the classroom. The activities are planned so that doing
them provides review and preparation for the principal work of the
day. Students may participate in planning class routines; and, as a
general rule, any learning activity should be organized so as to
involve students in its planning and in participating physically in
the activity. Many ways can be devised for using students to take
care of physical needs in the roomdistributing materials, cleaning
chalkboards, planning bulletin-board materials, displaying projects,
collecting papers, checking attendance, arranging desks, and so
forth. These jobs should not be assigned as punishment. The class
plan for handling equipment must be carefully explained (and re-
viewed as necessary) and should be consistently carried out. Many
teachers have a plan for supplying pencils to those who forget. One
teacher buys them in quantity and sells them at cost; another
teacher keeps a box of stubs, which have been left behind in other
classes, so that lax students may borrow a pencil for the day. Some-
times students can share instructional materials and benefit, from
sharing ideas about using the materials. In one class, on the day
after students had prepared a number of sheets of folded paper to
represent halves, fourths, and eighths, some students who had been
absent or who had lost the materials were paired up with other stu-
dents who did have the materials. Mutual discussion helped instill
ideas of equivalent fractions. The class can sometimes be organized
so that better students, from that class or other classes, can be as-
signed to help slow students work through a lesson or a project.

Classroom routine should include, each day, some way of allowing
students to use large as well as small muscles. In elementary classes
24 children might get up and form 4 groups of 6 children, then 6
groups of 4 children. In higher-level groups, moving to one side of
the room or the other for a short mathematics game or contest can
accomplish this. In a classroom where the laboratory type of work
is going on, noise connected with the work is likely to be a necessary
concomitant and, as such, is allowable.
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Since slow learners tend to learn best by doing and seeing, rather
than by listening, activities of a manipulative nature are suggested.
These students must be completely involved if they are to under-
stand the various arithmetic processes. For this reason it is important
that the classroom provide a place for motor activity as well as a
place for the storage and use of many visual materials. Here is the
way one teacher helps students who are doing an example such as

921
187

to understand why regrouping is necessary:

The teacher has a child take a desk at one corner of the room and label
it "Banker." The teacher then gives him a supply of paper money in the
form of 8100, 810, and SI bills. Ancaer child at a desk nearby (but not
too near) labels his desk "Clerk." A third childthe "purchaser"is
given nine $100 bills, two 810 bills, and one SI bill. He deposits this with
the clerk, who records it as a fourth child records it on the board and
the others, remaining at their desks, record it on paper. The purchaser
picks up a package that costs $187 (or several packages adding up to
that amount if he is able to do the more complicated work) and takes it
to the clerk, who tries to give him his balance. The clerk cannot give
the proper change, so he takes a S10 bill to the banker and changes it for
ten SI bills. Later he takes a $100 bill and changes it for ten 810 bills.
While this is happening, the child at the board and the children in their
seats are also working on the problem. When one example is completed,
other children become banker, clerk, and purchaser in turn.

Whatever the activity may be, it should be structured in advance,
it should be carefully outlined to the students, and it should be
consistently implemented.

If slow-learner groups are to w. -irk well, they must be helped in
learning how to studyto organize materials and to follow directions
and to check their work. Some elementary teachers use a shoe box
for each student. The student decorates it and then uses it to hold
ruler, compass, game counters, magic markers, and so forth. A good
practice is to wr't? assignments in concise, simple language on the
chalkboard, using the same corner of the board every day. The
teacher be sure that each student understands what is ex-
pected of him. wand he should give students sufficient time to complete
assignments with success. It is often helpful to discuss what is to
be done, including its purpose and a step-by-step interpretation of
the work outlined on the chalkboard or on an assignment sheet.
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There should be some activity every day that can be carried out
w).,h success by every student. Each should feel accepted no matter
what, limitations there may be on his appearance, or his clothing,
or his ability to contribute to a discussion. The activity for the day
might include a number of choices, so that each student can surely
find one at which lie can succeed. When a question in develop-
mental lesson is asked of students, a "guessing is allowed" situation
should be instituted to encourage hesitant students who are reluctant
to participate because they are often wrong. The teacher needs to
support such students by an attitude that shows it is not bad to be
wrong as long as you make a legitimate try. He also needs to be
alert to ways of rewording student answers so that they still sound
like the student's ideas yet point more directly to the correct de-
velopment of the topic the teacher has in mind.

An occasional class party or class trip can help classroom rappoi
It can also serve educational purposes. Planning a Christmas party
involves practice in number work when costs are being considered,
and it can involve informal geometry in the making of decorations.
One class visited a hospital, where a nurse showed the many ex-
amples of measurement that she used. This led, naturally, to a
follow-up discussion of metric measures.

The mathematics classroom

A mathematics classroom should look like a mathematics class-
room. "Materials for classroom demonstration and materials for
pupil manipulation were in display.. . . Bulletin boards were kept
attractive, instructive, and interesting." (28, p. 120.) Student com-
mittees can he organized for this purpose. The teacher might build
up a store of immediately available books and references. Storage
space should be provided for student texts whenever these are to be
kept in the classroom. A self-help corner might hold a variety of
materials for manipulating, collecting, distributing, counting, classify-
ing, arranging, and measuring. In another area within the room a
number of mathematical games can be provided. An area set aside
for small-group work can be helpful, especially if a teacher aide
is available.

The principle that every mathematics classroom should be a
mathematics laboratory is being accepted in many secondary schools.
Others are providing mathematics laboratory rooms, staffed by
aides, in which mathematics activities can be organized. Still ethers
arrange a large room as a laboratory for reading and language study
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as well as mathematics so that the use )f aides and audiovisual equip-
ment can be efficiently handled. Commercial companies are now
producing tables in a trapezoidal shape, thus permitting a variety
of seating arrangements and orderings.

Silberman reports that many elementary classrooms today are
organized to include a mathematics area, a science area, a reading
area, and a social science area. Small groups work on assigned work
or independent study in each area, and the teacher works with one
small group at a time. All these plans are especially valuable for
the instruction of slow learners in that they are activity-oriented
and tend to aid the individualizing of instruction. (35, pp. 291-97.)
Planning for the substitute

In preparation for the clay when he will not be present, the teacher
should provide, in a place where the substitute will be sure to find
it, such information and suggestions as the following:

Time children enter the school
Time children enter the room
Responsibility of the teacher before children enter the room
What children do between the time they enter the room and the time

school starts
What is (lone about opening exerciz.es
Time each class period starts and ends (a schedule of classes)
Time for recess, lunch, and other activities
Directions for fire drills and air-raid drills
Office signals if no public address system
Time of announcements
Directions for collection of money and what is to be done with receipts
Directions for taking attendance and reporting it
Location of necessary books and supplies
Routines that have been established for using supplies, using the pencil

sharpener, leaving the room, etc.
Location of plan book
Grouping used and students in each group
Names of children who can be t ruz.t NI to give accurate information about

assignments, time for lunch, etc.
Names of children who may be troublesome and ways in which their co-

operation may be obtained
Names of children who need spccial help
Names of children who will help with routines such as distributing rulers,

pencils, compaies, etc.
A list of independent activities that children may perform when assigned

work is finished
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A plan worked out with one student to help a substitute teacher in naming
the students in the class..

One plan might be to provide the teacher with a name-tag holder
(the plastic pin-on type in which a card containing the child's name may
be placed) for every child who attends class in his room As the sub-
stitute presents the child with his name tag he has an opportunity to
study the child and note where he sits. He also has the advantage of
being able to call the child by name.

Homework

It is best to assign homework only when there is a specific purpose
in mind, and after the activities that are described are well under-
stood. The homework assignment should be written clearly on the
chalkboard, or printed on a worksheet, or carefully outlined in some
other way. If slow learners have problems about taking books home,
the books may be kept in some orderly fashion in the classroom.
Students fail to take books home for various reasons: perhaps they
just forget; or their friends make fun of taking books home; or they
play aiong the way home and mislay the books; or they have no
place at home for their books. In some cases, then, students might
be provided with paper sheets of homework problems or activities.
The slow learner may well take home a sheet of paper when he
wouldn't take home a book. A boy can put the paper in a folder,
and a girl can put it in her pocketbook.

Homework should be checked and returned promptly. Its treatment
will vary with its purpose. In all eases some form of reward is suit-
able. If it is drill work, the neatest or most accurate or most im-
proved work might go on a bulletin board. If its purpose is develop-
mental, refer to it and build on it for the lesson. Sometimes it may
just be collected and then one or two of its problems given as a quick
quiz. The teacher should not assume that a student knows the work
just because he hands in his homework.

The contingency- managed classroom

A rather specialized plan for classroom organization is called the
contingency-managed classroom. With this plan the teacher applies
the principles of "operant conditioning." In brief terms, behavior
patterns that are deemed acceptable are immediately reinforced; and
behavior patterns that interfere are not reinforced and through non-
reinforcement are extinguished. A contingency table lists acceptable
activities, and children receive certain units of reinforcement eon-
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tingent upon certain performances. For example, a credit system is
set up based on listed academic or social tasks. A part of the con-
tingency table used in a sixth-grade class might look like this (20,
p. 118) :

Academic Tasks

1. One math assignment of 5 problems
Number of Credits

5-10
2. One outside reading 25
3. Homework signed by parent 25

Social Tasks
1. Neatness in class assignment 5
2. Courtesy to teacher 5
3. Books properly covered 10

The credits can then he used to buy the reinforcements that the
student desires. Some are material rewards. Some are long-term
rewards. Sonic examples of reinforcement items are shown below
(20, p. 120) :

1. "A" in mathematics 500 credits
17. Field trip's museum 75 credits
20. Go for drink of water 5 credits
21. Go to reinforcement area during activity period 10 credits

(The reinforcement area is a separate room where game activities
are allowed during assigned times.)

A self-contained classroom can be divided into functional areas as
diagramed in figure 10.1.

Kay TO DIAGRAM

1. Credit Desk: Assignments are given to students; credits for assign-
ment completion are recorded by teacher's aide.

2. Teacher's Desk : Papers are corrected and student's progress is noted
by the teacher.

3. Materials Area: Necessary student materials are kept in folders;
reference materials and other instructions are kept in this area.

4. Task Area: Students work on individual assignments at their desks.
5. Special Project: Independent study area.
6. Small Group Area.
7. Blackboard: Psychedelic wall used for reinforcement.
S. Blackboard: The Mod Corner used for reinf,reement.
9. Time-out Area.

This division helps to organize the instruction. Cards are kept on
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Fig. 10.1. Self-contained classroom. Reprinted, by permission, from David 11.
Moyer (20, p. 108).

each student to record credits. No credit is given for an assignment
until errors are checked and corrected, but a way is always provided
to get this done. To keep all these records, it is necessary to have a
teacher aide.

Class control,

A teacher's attitude toward his students is an important aspect of
classroom management. He must be fair, firm, considerate, and con-
sistent. An air of positive expectancy helps to produce positive stu-
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dent orientation to classwork. The teacher should meet every class
with enthusiasm and a purpose. In applying rules of behavior, the
teacher's point of view is important; a businesslike but pleasant ap-
proach can help to develop a relaxed atmosphere in which each stu-
dent feels secure that he is not being too tightly controlled but, rather,
is working in a setting of freedom with responsibility.

Class control may become a problem for the teacher in some situa-
tions. Basically the expectation is that good class control will result
from the use of positive classroom management procedures and pro-
gram planning along the lines suggested in this book. Where these
practices are ineffective, possibly because of influences and situations
outside the control of the individual teacher, some specific steps may
be necessary to implement class control. As a starter, an ail-school
effort should be made to establish guidelines of accepted student be-
havior in school and society. General in-class rules should be adds d.
These aced to be worked out with the children so that they uneer-
stand the reasons for the limitations on their actions and the possible
variations that may apply according to the current activity of the
class. Some of the most helpful procedures are those that work
toward preventing disciplinary problems from arising and handle
problems in a ;dine, impartial manner that indicates genuine interest
in the students' social development. Teachers use some of the follow-
ing principles as a guide:

1. Be sure that requests of students are understood by all.
2. Be aware of preserving the students' dignity and try to use ex-

periences to help students learn self-discipline.
3. Show interest in all aspects of students' lives.
4. Group children in many different ways for various activities.

If students are used to being grouped in various ways, regroup-
ing at a particular time to separate certain children will be more
readily accepted without CNAggerating a disruptive incident.

5. Be aware of all that goes on in the classroom.
6. Follow throng] on requests made to students.
7. Deal with disruptive episodes quickly, positively, and in a man-

ner that is consistent and impartial.
8. Be willing to listen to students tell what they felt happened in

disrupting episodes.
9. Follow through on whatever corrective procedure has been

worked out with the students.
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Where there is a guidance counselor for his students, the teacher
can get much help from him in understanding the student and in
working out disciplinary problems as they are foreseen. When a child
indicates upsetting tendencies, the teacher can make the guidance
counselor aware of overt actions that indicate this. The counselor can
help by checking all personnel who work with the student and by
finding an opportunity to talk with the student to draw him out.

Mary Potter writes: "Don't act bothered. Believe that you can
control them and you can." (26, p. 31.) If a student disobeys a rule,
speak to him unobtrusively, without involving the whole class. One
student should not he allowed to become a center of attention. It is
better if instructions and iirection of activity come from the teacher,
not from students (this does not preclude having organized student-
teacher planning). It is not a good practice to use ridicule and em-
barrassment of a pupil. Langworthy writes that this will "only
widen the gulf between the student and the teacher, thus making
objectives almost impossible to achieve. Even if these methods are
used with only one student in the class, the remaining members of
the class will identify themselves with him and the damage has been
done to all and not only to one." (24, p. 74.) A firm, steady voice
that assumes compliance and requests action in a kindly yet au-
thoritative way is a helpful tool for the teacher in establishing a
good classroom climate, thus fostering good discipFne Mary Potter
also suggests: "If it is necessary to ask someone to do something,
call on a pupil that you know will comply with your request first,
choosing if possible a pupil with leadership. After this pupil does
it, the others will follow his example." (26, p. 31.)

Every student is unique, and so is every series of offenses. The
teacher needs to use judgment in being consistent, firm, and fair in
all these procedures. The implication throughout that the teacher
cares for the student and that these steps are part of the process of
helping him to learn how to act in school and in society will help
teacher-student relationships. In considering this problem it is rec-
ognized that having a class under control is not the ultimate goal of
teaching. But this is a necessary step toward the goal of teaching
accepted behavior.

With many students the great problem is getting them to par-
ticipate in class discussions and activities. If careful planning is
being done to assure that the teaching is relevant, purposeful, and
as varied as needed for individuals and topics, then a series of steps
might serve to lead the students into participating.
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It is helpful for the teacher to be especially loran of the interests
and abilities of students who tend to be introverted. He can call on
them by name with questions they can probably answer. He can
ask each of them, at one time or another, to explain some special inter-
est or some method of doing a problem. Or he can involve them
with students who are more outgoing but not domineering Introverted
students need support of this kind. They also need extra praise for
any good attempts they make.

Evaluation

Objectives

Evaluation is an ongoing activity. An important aspect of evalua-
tion is the stating of realistic objectives in behavioral terms. These
will give proper direction to the teacher's planning and will allow for
meaningful evaluation. Evaluation of a student's progress can be made
with reference to these behavioral objectives and with consideration
given to the student's mathematics aptitude. The evaluation indicates
what growth has occurred and what levels of achievement have been
reached. Setting reasonable goals for a student will allow him to
attain success. Diagnostic testing will show where the student is and
help to set, within reason, where he can be expected to go.

Students' daily work

Students like to have written work returned to them promptly after
it is evaluated. Using a bulletin board to show off good homework
or classwork promotes interest and indicates what papers seem to
be closest to meeting stated objectives. The teacher may want to
find ways of varying the criteria for bulletin-board presentations so
that each student can see his work posted occasionally. To keep
parents aware of progress, some papers might be sent home (mailed if
necessary) for a parent to sign and return to school.

It is helpful if the teacher finds something positive to say about
each day's work. For example, although John has every answer
wrong, his work is neat and lie shows increased understanding of the
concept ; what he needs is to learn his multiplication combinations.
Rewards for slow learners are a form of evaluation. They arc im-
portant and are most effective if given immediatelyperhaps a per-
sonal remark, or being among the first to be dismissed, or receiving
a badge. Some teachers have cookies or candies to distribute in small
amounts as rewards.
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ment of successful work. Another is to post answers where the stu-
dent can see them and check his work by them, thus gaining his own

techniques can contain built-in evaluation plans. They establish points

points, knowing that a certain number of points means that they will

reward. Many variations of the old system of a "star" still work
for many teachers. As described above, contingency management

receive some reward or some "grade." Many slow learners come from

est in the children in the home. These students, especially, may respond

for various activities, and students are given many ways of gaining

homes where there is no known activity they can perform that will

if homework is finished There sometimes is just not that much inter-
est

to a reward system that is very Specific.

bring them a reward without fail (like being allowed to watch TV

One way to reward the student is to give immed:ate acknowledg-
ment

again, the teacher's folder on each student will include ma-
terial

done, diagnostic testing can be done weekly, or more often, so that
children can be regrouped to receive the help they need. Students

Where within-the-class regrouping for mathematics instruction is

terial on his evaluation. Frequent short quizzes help the student keep
a high level of success on his record. A diagnostic checklist kept in
the folder can be checked off and rechecked as a way of assuring
that behavioral objectives are being attained and sustained.

may check their own progress-record sheets and work on their own

1141111

deficiencies. Initial tests can be oversimplified to provide some suc-
cesses.

Before any new topic is introduced, it is helpful to give a brief
pretest and to inform students that they are not being graded on the
test (that it is merely help for the teacher).

Some teachers make a careful analysis of errors on student work.
When students show all their work, including the intermediate steps,
errors can be more cagily identified. The student might be encouraged
to try to find his own error; if he can't find it, the teacher can help
him and give him a related exampic for practice.

In correcting papers it is good practice for the teacher to draw a
circle around an error and indicate the correct procedure next to the
student's work. If a number fact has been missed, the student can
practice this fact. Students may be encouraged to make private sets
of flash cards for the number facts they do not know. This identifying
of individual difficulties helps with motivation. When the teacher
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recognize, the need to develop a concept or technique, he must teach
itnot just tell it. The words "move the decimal point two places
to the left" tell the student only what he must do; they do not help
much in understanding.

Two important steps for the teacher, then, are (1) to analyze the
error and (2) to teach the concept.

Teacher-made achievement tests should cover only small units of
work. Reteaching and retesting at various levels on the mathematics
sequence will help the teacher know where his students are. Many
schools have a program that provides for standardized testing of
some sort every year or two. These suffice for the long-term testing
needs of slow learners.

Reporting to parents

In some schools methods of reporting to parents of slow learners
are developed by teachers, principals. and parents as a joint effort.
Many specific ways of working together are possible. Some ways are
well suited to one situation but do not seem usable in another. The
number of pupils for whom the teacher is responsible, the ease or
difficulty with which parents can get to school (because of distance
or work schedules), the extent to which ways of doing things (such
as form or frequency of reports) are held inviolatethese and other
factors in the situation itself influence ways of working together.
Personality differences may also have an influence. Peopleparents
as well as teachersvary in the ways of working together that they
find most satisfactory. At any rate, parents need to he aware of the
reporting method being used, its philosophy, and its details. Johnson
states: "The purpose of reporting is to inform parents clearly, con-
cisely, and accurately how well their children are performing in
school" k ii,, p 983). Where reporting is realistic, realistic programs
and expectations can be developed ior

In the primary grades, two or three conferences, or anecdotal writ-
ten reports, per year can probably best achieve the reporting goals.
In grades 4 and above, as simple a report form as can be worked out
is probably the best means elf reporting. One part of the report
should indicate the level of the student's performance in relation to
that of children of his age. If A, B, C, and D categories are used on
this part of the report, the slow learner will probably be graded only
B with unusually good work, and A with outstandingly fine achieve-
ment. If groups are being delineated according to mathematics achieve-
ment, a B or an A grade would indicate that consideration should
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he given to moving the student into a group that is doing a higher
level of work.

The report form should also show the student's progress as it re-
lates to his ability. On this part of the form, the hard-working slow
learner will be rewarded with an A, or a B, or whatever means is
being used to show maximum effort.

Parents are not likely to read a long report that is hard to under-
stand. They are often unfamiliar with the mode of marking and
need help to interpret the report correctly. In spite of the need for
brevity, however, many systems find that a place for comments is
useful. This can provide a means for the teacher to add an encourag-
ing note by indicating the most positive part of the student's class
work. Crowley makes the following suggestion to the teacher:

Adjust your own goals realistically. Don't expect to make wa% esbe
satisfied with an occasional ripple Success with the slow learner k best
measured in terms of improvement in his attitude, and this cannot take
place overnight.

While fixing realistic goals for yourself, you can be of great help to
the parents of the slow learner. In this competitive world, most parents
want for their children the education that they themselves may not
have had. The child we are discussing here is not likely to succeed in
senior high school or more advanced education. 'You can often lead his
parents to an understanding that tlik child has his own qualities to
develop and that pressuring him to attain impossible goals is leading
him to frustration and, perhaps, rebellion. You can help the parents
of a slow learner to accept their child, and you can encourage them to
encourage him to develop his own potential. [7, p. 491

Grouping for Instruction

Setting up groups

If grouping is to work in the classroom, groups must be purposeful
and each student should understand why he is in a particular group.
Slow-learner mathematics groups that are set up within an elementary
classroom should be made up on the basis of an analysis of needs.

Instruction in the skills should be based on the results of diagnostic
tests, and a child should he allowed to transfer from one group to
another to get the help he needs. Intraclass ability grouping can he
worked out by starting the whole class together on a unit and then,
after a short time, dividing the class into two groupsone composed
of those who appear to learn more easily, the other of those who are
having difficulties. Many initial developments can he worked out with
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a whole class group as various topics are considered, and then dif-
ferent levels of satisfactory operation can be established for different
groups.

Operation of groups

Grouping should be flexible. One group might be composed of those
needing drill on the multiplication combinations; another, of those
learning to add unlike fractions; still another, of those learning sub-
tractive division. At no time should a child be refused admittance to
any group as long as 1w can receive the help he needs there. The names
of those in each group should be posted after each diagnostic test,
and the group should be designated, not as group 1 or group 2, but
as .James's group or the multiplication group, the division group or
the fraction group.

Planning for the group work should be done with the children so
they can know exactly when they should work with the teacher and
what, they should do while the teacher is working with another group.
A teacher's board outline might look like the one shown in figure 10.2.

10 :00-11 :30

ulliplicalion Group

L Do the examples on
t he board, using
expanded notation.

2. Woi k with the teachei.
Use the football game
for a drill on 6 X 4,
7 X 9, 7 X 7, 9 X 6,
etc. Use these combina-
tion. to work on

890 948 7(i4
X7 X6 X6, etc.

3. Coot mue wol king on
multiplication
examples.

Division Group

1. Work with the
teacher on multipli-
cation of 6 X 8,
600 X 8, 50 X 9,
10 X 9, etc,

2. 1)o the work assigned
on the board, begin-
ning wit h 9 X ? =
2,700 (or 9 X ? =
nearly 3,000).

3. Continue woi king on
t he examples on the
board.

Fig. 10.2

Fi ad ion Group

1. Do addition of fractions
on p. 36, 1 It).

2. Continue working on p.
36. For extra credit,
do p 37, 1-10.

3. Wolk with the teacher
on adding unlike frac-
tions, using newspaper,
fractional pies, etc.

Secondary presentations for small groups of slow learners can
allow for concrete, short-time, small-concept 'earnings. For example,
a group of seven students might be 6et up because all within it arc
in need of reviewing one aspect of the division- process. Where better
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students have progressed from long division to short divisionthat is,

65 R3 65 R3 65 R 3
from 7 F58 to 7 458 to 7 F1758

420 60 42
38 38
35 5 35
3 65 3

the slow learners may need to see again, in a different way from
that first presented, the subtractive aspect of division. They might
be allowed to stay with the level of work at which they can success-
fully perform, and to interrelate some manipulative method with
the written algorism.

In speaking of individualized instruction, Wolfson writes: For
real learning to occur, the learner must see a purpose and meaning in
the learning experience" (41, p. 33). To implement this, the teacher
should meet with individuals and small groups for pupil-teacher
planning and evaluation and for teacher assistance when it is needed.
Also, students should be allowed to select from various alternative
resources (human, material, and audiovisual). With regard to class-
room procedures and organization, Wolfson prescribes "grouping for
diversity (multi-age, nongraded) with opportunities for temporary
subgroups to pursue special interests and competencies" (41, p. 33).

Team, teaching

One organizational structure that allows great flexibility in the
grouping of students is called team teaching. "Team teaching is an
organizational procedure whereby a group of teachers pool their
knowledge and talent to provide superior instruction for a larger
number of students than one teacher could handle. They jointly share
the responsibility for the planning, execution, and evaluation of the
educational program for this group." (17, p. 50.) One advantage
gained by this plan is that "team teaching utilizes teachers in differ-
ent functions in accordance with their own special abilities, interests,
and education and in keeping with the variety of the curriculum and
the needs of individual students" (30, p. 39). Many types of team-
teaching structure are used. "Although few plans are exactly alike,
three patterns are emerging from activity across the country. These
patterns might be termed the single-discipline team, the interdiscipli-
nary team and the school-within-school team." (36, p. 16.) However
the groups are formed, team teachers can organize the instruction so
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that slow learners in mathematics are grouped together for instruc-
tion at their proper level. Often one member of the team is designated
team leader, responsible for organizing the planning. Together they
plan ways to use the best abilities of each individual teacher. Sister
Mary Korb observes that "team teaching is an educational innova-
tion that offers a different perspective for the teaching personnel
namely, that the team members, not the administrator, make deci-
sions concerning the program based upon their joint observations
and evaluations" (17, p. 53). No matter what the structure of the
teams, "the diagnostic, planning, and evaluative procedures employed
in the teaching-learning process, when developed by a team of teach-
ers, are generally superior to those developed by a single teacher"
(3, p. 12).

Individualizing Instruction
Individually prescribed instruction

In addition to the use of grouping methods, a number of other in-
novative ways of individualizing instruction have been developed
recently. Some schools are now using a system called "Individually
Prescribed Instruction," developed in the Learning Research and De-
velopment Center at the University of Pittsburgh. IPI, as this sys-
tem is called, "consists of planning and conducting with each student
a program of studies that is tailored to his learning needs and to
his characteristics as a learner" (31, p. 2). It is a nongraded pro-
gram that is used with students at elementary school levels.

Materials consist of (1) pretests for each unit to aid in determin-
ing the program for the individual child and to identify individual
strengths and weaknesses among students; (2) a written prescription
made by the teacher on the basis of the pretests; (3) a series of
individual instruction lessons in worksheet form at all levels in grades
1 through 6 (these worksheets are arranged in a sequential order
called a continuum, and each student's prescription tells him what
worksheets he will work on) ; (4) a series of curriculum-embedded
tests to assess the mastery of each skill after it has been worked on;
and (5) a series of posttests to determine when and where a student
moves ahead in the continuum.

Teachers analyze progress and write the prescriptions. They also
meet groups of students to discuss topics with them as the groups
show that they have similar problems relating to some common skill
or unit.

Teacher aides help keep records and score and check information.
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Computer-assisted instruction

Another innovative approach to individualing instruction is called
"Computer-assisted Instruction." In using it a student sits before a
computer terminal. He identifies himself by typing his name or in
some other established way. Then the computer presents him with
information and questions, either by means of a display tube or on
a printed output. The student responds by use of a light pen or by
typing an answer. "The computer can assign each student to his level
of ability based on previous performance and current progress. It
automatically adjusts to the student's ability level and constantly
leads him to more advanced problems as he progresses." (9, p. 47.)

Present CAI programs are expensive, noisy, slow, and undependable,
but they still show much promise, especially when used with disad-
vantaged children. Experience in using a mathematics drill-and-
practice program for elementary grades developed by Patrick Suppes
at Stanford University indicates that "there is little significance be-
tween groups of high income, high I.Q. children on CAI and regular
instruction (if teachers are comparable in ability but startling re-
sults are obtained in favor of CAI in Negro and low-income groups
regardless of teacher ability" (27, p. 2).

Mendelsohn reports that "an impartial evaluation of the New York
City CAI program prepared by the City University of New York
confirms that students using CAI learn more than students not using
CAI" (19, p. 4) and that "CAI is extremely effective with disad-
vantaged children through the fourth grade" (19, p. 8). If costs can
be brought down and more programs can be developed for slow learn-
ers, CAI shows much promise for the future.

Learning activities adaptable to individual instruction include
using programmed materials;, using IPI materials; using CAI mate-
rials; doing puzzles; individual flash-card review ; problem solving;
paper folding; geoboard exercises; research reading; preparing re-
ports; and one-to-one teacher -to- student explanations, checking skills,
and counseling.

Learning activities adaptable to small-group instruction include
designing bulletin-board displays; playing games; measuring and
comparing geometric objects; working with beads or blocks to show
relationships; following tape-recorded instructions; chip trading; ele-
mentary surveying; and making and handling geometric models.

Learning activities adaptable to whole-class instruction include
developmental learning presentations; class demonstrations by stu-
dents; oral number games; guessing games; contests; simple paper
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folding or number-line work to show arithmetic relationships; "What's
My Rule?" games; film and filmstrip presentation; testing; work-
sheet drills; flash-card drills; and class trips.

Administrative Responsibility

Grouping

An important administrative responsibility is to provide a pro-
ductive pattern of grouping students for learning. There are many
facets to the use of grouping. The administrator should be familiar
with the many possibilities for the use of grouping and should plan
for the grouping organization that best benefits the slow learner in
his school. Good lad indicates that "research into the merits of various
patterns of interclass grouping is inconclusive, controversial, and
misleading" (23, p. 71). And Miller says that "efforts to set up groups
in terms of ability and/or achievement do little to reduce the over-all
range of pupil variability with which to elms must deal. However,
selective grouping and regrouping by achievement sometimes is use-
ful, particularly at the secondary level." (22, p. 141.) Johnson and
Rising recommend that ability grouping "be established wherever
possible" as an aid in considering individual differences among stu-
dents (15, p. 185).

G. 0. Johnson also recommends some form of homogeneous group-
ing as an aid to organizing the teachiiig of slow learners. He says,
"Only in this way can the purposes of education be achieved by the
schools for the slow learners" (16, p. -118). He recommends that
large developmental groups be organized on the basis of overall
physical, social, emotional, intellectual, and academi" growth; within
this framework, grouping for instruction in specific subject areas
should be on a homogeneous basis, with provision made for regroup-
ing on the basis of successive testing.

These considerations point to the value of a nongradcd or educa-
tional-need basis for school organization, possibly up through what
has been traditionally labeled the eighth-grade level. This organiza-
tional plan allows for a block of time set aside for mathematics in-
struction, and for a, special program for slow learners within this
period. Teams of te4chers can organize the instruction in the blocks
of time so that by organizing and reorganizing large and small groups,
individual students can work at a level that is success-oriented for
them.

The program is benefited if administrators understand the time-
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and-space needs of team teaching. They can plan for providing
flexible spaces, a variety of instructional materials, teacher aides,
team planning dine, and adequate blocks of time for instruction.
And they can help teachers learn how to organize for team teaching.

At the 9-12 grade levels, departmental scheduling and guidance
can place the student in the mathematics class most suited to his
ability. Many slow learners can learn algebra if they are placed in
a two-year algebra sequence that covers the work traditionally taught
as Algebra 1. If this class is scheduled back-to-back with a regular
Algebra 1 class, students might be interchanged upon teachers' re-
commendations after the sixth or eighth week of the school year.
After algebra these students can then go on to shop mathematics,
business mathematics, consumer mathematics, or a geometry course.
Many colleges today will accept students with this kind of program
if they have done well in it.

For the non-college-bound student, a program that is related to
job needs, student interests, and some algebra and geometry can be
developed locally. Field trips can let students see people using mathe-
matics. Local representatives of business and industry can supply
forms and examples and are usually glad to talk to students about
the mathematics they use. One teacher invited a car salesman to a
mathematics class. He described a number of car buys to the stu-
dents and then "sold" the cars. The next day lie came back and
showed how he had cheated students who "bought" his ears. His ex-
planation aroused much interest in the importance of the mathematics
involved in careful buying. Another teacher obtained a number of
job-cost-estimate forms and a service-job-rate manual from a local
car-service garage. Students described jobs that had been done on
friends' cars, and then the costs were determined. In another case
actual car-insurance-rate pages were reproduced. These not only
helped students understand why their car-insurance costs were high
but also showed how being a good student might benefit them in
their insurance costs.

If such a program is developed as an ungraded one- or two-year
course and if two or three sections meet at the same time, teachers
can reorganize groups to provide remedial instruction for various
'earnings as the need becomes apparent. Students who have completed
this course could benefit from a consumer mathematics course in the
junior or senior year. In these classes, texts and workbooks should be
available for use primarily as reference and practice materials, with
local student interests and needs dictatiog the general program and
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the unit outline. Copeland states: "In the experience-centered. math
laboratory approach to learning, books are also necessary. Their use,
however, is as a resource material just as are the other materials in
the math laboratory. They are not the only basis for learning mathe-
matics as is the ease in many classrooms." (6, p. 283.)

Administrators would do well to avoid making a slow-learner class
a "dumping ground" for problem students. A slow-learner class is set
up for a particular purpose, not related to solving problems of emo-
tionally disturbed or troublesome students. Although slow learners
tend to have a short interest span, they still need to have the
equivalent of a full 45-60 minute daily period of time for mathe-
matics. And they need to participate in all the school activities.
Provision should always be made for a student to change to a more
suitable class or group if he "wakes up" and improves to the point,
of being able to hold his own in classes that move along at a faster
rate.

Use of teachers

Slow learners need a teacher who is highly qualified. Administra-
tors can help by providing a pleasant schedule and a workable elass
size (less than twenty students where one class is assigned as a unit).
In-service planning time provided for the development and continual
updating of slow-learner programs is an important consideration.
Teachers need time to contact representatives of local business and
industry and to adapt their problems and business forms to the teach-
ing in the classroom. They need time to exchange ideas with other
teachers and to visit classes in mathematics and also, as 11.osenbloom
says. "in other subjectsshop, home economies, and commercial
coursesand see to what extent they can draw mathematics problems
out of the work students are doing in the subjects so as to make teach-
ing more relevant" (29, p. 6). Meetings with parents can also be
productive of understandings regarding needs and requirements of
their children. Many administrators encourage teachers to attend
professional conferences to hear about ideas that have worked; ex-
pense money is made available for this. Most NCTM meetings have
a number of sections dealing with slow-learner problems.

Providing classroom teacher aides is an important way to help any
teacher of slow learners. Although aides are now used mostly in ele-
mentary grades, they can be used in similar ways for slow-learner
classes at any level. Aides should be carefully chosen "who will bring
a whole new set of life experiences into the school and can become
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a real col..munication link between the school and the community"
(1, p. 8). They should be people who can relate well to children and
who like to work with children. Orientation sessions for both teachers
and aides can be organized to establish procedures and to plan the
program; and on-the-job sessions can be planned throughout the
year for improving these practices.

The teacher who uses an aide effectively plans with the aide so
both know exactly what the other is to do.

Some of the ways an aide may help are these:

Make sure all necessary supplies are on hand and ready for use.
Make and run off ditto materials.
Make mathematics games and play games with the children so the

facts that have been taught will be reinforced.
Go over written directions to make sure children understand them.
Work with three or four children in some particular area.
When the teacher is working with one group, make sure the other

children are doing correctly the work that has been assigned.
Make training aids as planned with the teachers.
Operate audio and visual aid equipment.

Summary

Managing teaching so that slow learners can learn mathematics
requires a resourceful teacher who can patiently discover and build
upon whatever skills his students have. He plans to provide an un-
cluttered, structured environment where routines developed with the
students are understood and consistently followed. He provides many
success experiences, using a variety of activities that involve many
muscles, as well as the brain. He seeks ways of working with various
methods of grouping children so that he can find the one that works
best for him, his students, his colleagues, and his school. The admin-
istrator who is aware of what students and teachers need in terms of
space, equipment, and time will help to establish a smooth operation
in the variety of teaching arrangements being used.
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Promising Programs and
Practices

I N THIS chapter various persons describe the programs with which
they are, or have been, associated. These programs have been found

to have promise, at least in working with certain groups of slow
learners or, as in one case, in training teachers of slow learners. In
selecting the programs to be included in this chapter, the editorial
panel made an attempt, to choose them so as to present a variety of
philosophical and curricular approaches to working with various
groups of slow learners.

William DeVenney describes two School Mathematics Study Group
programs for low-achieving junior high school students.

Computer-assisted instruction is often used for all children, but it
has been found in .some instances to be especially effective with low-
achieving students. Melvin Mendelsohn describes the computer-
assisted instruction program in mathematics in the New York City
Schools.

Special problems are associated with teaching children who come
from homes where a language is used other than the language in which
the instruction in the schools is given. Sidney Sharron and Gloria Cox
report a program called MSP ("Mathematics for Spanish-speaking
Pupils") developed by the Los Angeles City Unified Se! ool District.

The Baltimore County program called "Mathematics for Basic
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Education (Grades 7-111" is presented by Vincent 13rant, who gives
further details of a program referred to in chapters 3, 6, and 12 of
this :\,earbook.

The mathematics laboratory of the Sir R. L. Borden Secondary
School. a school specifically for underachievers in Scarborough,
Ontario, is described by Mrs. Strobel.

Project SEED ("Special Elementary Education for the Disadvan-
taged") is a program designed to improve the academic achievement
of disadvantaged elemontary school children by teaching them ab-
stract, conceptually oriented mathematics. This project is described
by its director, William Johntz.

The attempts of a large city (Chicago to meet the needs of inner-
city children are recounted by Jessie Scott.

Filially. the University of Denver programs for teachers of low
achievers are presented by Ruth Hoffman.

Limitations. of space make it inipe,,ible to include all the descrip-
tions of programs, practices, and facilities. received by the editorial
panel of the yearbook. Because the others received by the panel are
certainly worthy of attention, they are listed below. The arrangement
is geographical (alphabetical by state, then city) rather than by
author or tide of the paper. Many of the titles are self - explanatory.
Interested readers are invited to write to any of the listed addresses
for further information.

Oral Programming Slow Learners
Kennet b East erday
Department of Secondary Education
School of Education
Auburn University
Auburn. Alabama 36830

Mathematics Achievement Improve-
ment Program in Birmingham, Ala-
bama

NIargaet NI. Holland
Supervezor, Secondary Alathematis:
Birmingham City School.Q.
405 Administration Building
13irt»Inghant, Alabama 35202

Individual Advancement Laboratory
Program in Mathematics

Marvin L. Johnson
Consultant, Mathematics
Long Beach Unified School District
Board of Education Building
701 Locust Avenue
I.ong Beach, California 00813

Outstanding Mathematics Laboratory
Facilities in Los Angeles Schools

Arthur Freicr
:1Lithematis Specialist
Instructional Planning Branch
Los Angeles Unified School District
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P.O. Box 3307
Los Angeles, California 90054

A Sequential Approach to Individ-
ualization of the Mathematics Pro-
gram

Los Angeles City Schools
Special Education Branch
Instructional Program
450 North Grand Avenue
Los Angeles, California 90012

TTT Mathematics Systems Labora-
tory

Vigo P. Hansen
Dil e. to, , T'.17 Mathematics Com-

ponent
San Fernando Vailey State College
18111 Nordhoff Sheet
Northridge, California 91324

Project FOCUSMathematics
Harry Levitin
Supervisor of Mat hematici
New Haven Public Schools
One State Street
New Haven. Connecticut 06510

Projects in Mathematics for the Un-
derachiever and/or Slow Learner
Involving Staff Members of the
University of Connecticut

Robert A. Shaw
University of Connecticut
Storrs, Connecticut 06268

A Criterion for the Selection of
Mathematics Curriculum for Low
Achievers

Andria M. Troutman
Supervisor, Secondary Mathematics
Hillsborough County Public Schools
Instructional Services Center
707 East Columbus Drive
Tampa. Florida 33602

A Mathematics Resource Center, the
Key to Improve Curriculum

Wallace S. Maiming, Project Director
School Distrii" 01
150 North Water
Idaho Falls, Idaho 83401
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Upward Bound, Southern Illinois
University

Ronald 0. Trimmer
Assistant Director, Upward Bound
Box 54-A
Southern Illinois University
Edwardsville, Illinois 62025

Readiness for Mathematics
Ruth Radcliffe
Coordinator of Mathematics
Fayette County Schools
Lexington, Kentucky 40503

Resource Center for Low Achievers
in Mathematics, Grades 7-9

Lurnice Begnaud
Mathematics Consultant
Lafayette Parish School Board
PO. Box 2158
Lafayette, Louisiana 70501

Using a Laboratory Setting for Slow
Learners

Ingrid B. Weise and Williaw J. Clark
NI:ahem:it ics Supervisors
Montgomery County Public Schools
Educational Services Center
850 North Washington Street
Rockv;Ile, Maryland 20850

The Oakland County Mathematics
Project

Albert I' Sh die, Project Director
Oakland Schools
2100 Pontiac Lake Road
Pontiac, Michigan 48054

Mathematics Experience Program
. Dale R. Rapp, Project Director

Washington Junior High School
Lake Avenue and Third Street
Duluth, Minnesota 55806

Project SOSO (Save Our Slow Ones)
Daisy Howell. Director
Mathematics Department
Delta State College
Cleveland, Mississippi 38732
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I.P.I., Grades 1-6 at Washington
School

John F. Almond
Washington School
Emory Avenue
Trenton. New Jersey 08611

Plus Program Mathematics
Donald W. Anderson, Administrator
Plus Program Nlathematics
Buffalo Public Schools
Room 432, City Hall
Buffalo. New York 11202

The Development of Mathematics
Materials in Cincinnati for Low-
achieving Pupils in Grades 7 and 8

Mildred KeitTer
Cincinnati Public School,.
FA !twat ion Center
230 East Ninth Street
Cincinnati. Ohio 45202

The Philadelphia Low Achiever
Mathematics Project

Sol Weiss. Project Director
West Chester State College
West Chester. Pennsylvania 19380

MCLL 'Pops' into the Classroom
Lanetha C Branch. Lead Teacher
Mathematies/Science Component
Memphis Community Learning Lab

oratory
370 South Orleans Street
Memphis, Tennessee 38126

On Building a Program of Instruction
for the Low-achieving Mathematics
Student

E. L. Likins
Consultant, Secondary Mathematics
El Paso Public Schools
100 West Rio flrande Avenue
El Pas-e Texas 79999

Tailoring Teaching to Tantalize and
Tease Tense Teenagers

Rebecca Ellswoi I h
Coordinator of Mathematics
Ilenneo County Schools
P.O. Box 40
Highland Springs, Virginia 23075

Milwaukee Project
Vincent F. O'Connor
Supervising Teacher
Nlilivatikee Public Schools
P.O. Drawer 10K
Milwaukee, Wisconsin 53201
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SMSG Programs for Low-achieving
Junior High School Students

WILLIAM S. DeVENNEY

In 1964, in order to obtain comments and suggestions from the
mathematical community, the School Mathematics Study Group
(SMSG) convened a conference to discuss all aspects of mathematics
education for below-average achievers. As a result of this conference,
one of the activities undertake» by SMSG was the preparation of
experimental materials for junior high school students. One of the
objectives, was to design materials that would relieve the students
from the burdens of computation whenever possible by providing them
with mathematical tables.

The reason for this approach was the conjecture that many under-
achieving junior high school students had experienced failure in
elementary school mathematics, had been forced to do extensive drill
in computation, had continued to fail, and that this course of events
had led to an -nectation of continuing failure which, in turn, led to
intense dishk And even fear of computation.

Main Study, 1966-68

As a 1-rst step, an exploratory experiment was conducted during
the 1965/66 school year. The encouraging results of this experiment
lcd to the decision to continue the exploratory experiment through
1966/67 and to try the materials and methods developed during the
previous year with a greater number of classes during 1966/67 and
1967/68.

Ten schools in the area south of San Francisco agreed to contribute
one experimental seventh-grade class each, and five others allowed a
seventh-grade class, designated as a control class, to be tested at the
beginning and the end of each school year.

The schools participating in this study were chosen on the basis of
consistency in socioeconomic setting and, for the purpose of seventh-
grade placement, consistency in testing procedures.

In most of these schools, the California Achievemeot Test, in both

I
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reading and arithmetic, is administered to all sixth-grade pupils in
the spring of each year. The results of this testing are then used by
the junior high school counselor for placement of students in the
seventh grade. These reading and arithmetic tests served as the screen-
ing instrument from which students were selected to participate inthe study.

The 261 students who initially participated in the study had a
mean grade-placement, score in "Total Arithmetic" that placed them
1.0 year below actual grade level in arithmetic achievement. They
were chosen from the bottom 20 percent of those tested.

Initially, certain behavior and attitude patterns were observed
which were characteristic of the students in the experimental classes.
Generally:

1. There was a severe lack of organization in their approach to
learning.

2, They appeared to be immature compared to other seventh-grade
students.

3. Their attention and interest spans were exceptionally short.
4. Negative attitudes existed toward mathematics and, in sonic

cases, toward school in general.
5. Students exhibited a defeatist attitude with m egard to their ability

to succeed in mathematics.
Most of the teachers of the experimental classes had been teaching

six years, with a B.A. as their highest degree. They had acquired in
this time more than thirty academic credits beyond the B.A. Most
had taken no credits in college mathematics at the level of calculus or
beyond, and none had an undergraduate major or minor in mathe-
matics. They had, however, taken four to six credits in methods of
teaching mathematics and had involved themselves in other types of
preparation in mathematics.

Throughout the school year, seminars with the teachers of the
experimental classes were conducted monthly. Discussions centered on
methods of presentation of various subject-matter topics and on
problems encountered by individual teachers.

During the summers of 1966 and 1967, material was prepared to
be used by the pupils in the experimental classes. Each unit consisted
of a number of daily worksheets. The lessons on these worksheets
were constructed to be short and complete within themselves, with
many examples foi the pupil to follow. If, because of the nature of the
topic, a lesson required a more lengthy explanation, the lesson was
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then partially programmed. With the attention span of these pupils
being as short as it was, this approach put the pupil quickly to work,
allowed ample time for supervised study, and required little or no
homework.

The worksheets were handed out daily and contained ample space
to do the required work. Worksheets were placed in individual binders
which, in most cases, were kept in the classroom.

A battery of tests was administered in both the fall and the spring
of the seventh-grade year and in the spring of the eighth-grade year
to students in both the experimental and the control classes. Additional
tests were administered to the students in the experimental classes in
the fall of the eighth-grade year.

The Stanford Achievement Test, Intermediate H, in Arithmetic
Computation and Arithmetic Applications, was used as the standard-
ized pretest and posttest for grade 7. The Advanced Test for junior
high school students was used as the posttest for grade 8.

In addition, SMSG-constructed tests which measure mathematical
concepts different from those of computation and applications and
tests constructed to measure attitudes toward mathematics were
administered to students in both the experimental and the control
classes.

Evaluation of the experiment

Analysis of the test data was conducted for each of the two years of
this experiment The following results, which stem from these analy-
ses, are presented in an extremely abridged manner. For complete
discussion of these analyses and their educational implications, the
reader should refer to SMSC Reports 5, 6, and 7.

1. For the two different standardized achievement tests used in
this experiment, one test (CAT) showed the mean grade placement of
the students to be 1.0 year below grade level whereas the other test
(SAT) showed them to be closer to 2.5 years below grade level in
computation. Teachers felt that, initially, the latter figure came closer
to indicating the actual mathematical skills of their students.

2. The analysis of the relationship of reading ability to mathe-
matics achievement was undertaken by means of a stepwise regression
procedure. The results indicated that when other variables are taken
into account, reading accounted for a relatively small part of the total
variance.

3. Approximately 13 percent of the students in the experimental
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classes and 10 percent of the students in the control classes were
absent from class about 11 percent of the time. The mean absence for
both groups th, in excess of twenty-one class periods. The within-
group differences on gains in computation and application between the
absentees and the nonabsentees were not meaningful.

4. Students in the experimental classes evidenced substantial losses
over the summer in computation (approximately 0.7 year) while at
the same time they showed substantial gains in applications (approxi-
mately 0.7 year).

5. Analysis of the data for both the first and the second year of
the experiment indicated that the best predictor of achievement in
computation is, in fact, the students' pretest scores on computation.
The amount, of variance accounted for by the pretest scores on com-
putation, though, was substantially reduced as the experiment pro-
gressed from the first to the second year.

However, regression of posttest scores on the pretest measures show
that in no ease was computation a significant contributing variable in
predicting achievement on any of the other posttest scales.

6. On the SAT Computation scale, at the end of grade 7, students
in the control classes showed a mean gain of 1.7 years. Students in the
experimental cla,cses showed a mean gain of 1.2 years.

At the end of grade 8, the mean grade placement scores for both
experimental and control classes were not meaningfully different from
the scores recorded at the end of grade 7.

7. On the SAT Applications scale, at the end of grade 8 there was
no meaningful difference between the mean scores for the experi-
mental and the control classes, the mean gain being 1.7 and 1.8 years
respectively.

8. Five SNISC, scales were constructed to measure mathematical
concepts different from those of computation and application. At the
end of grade 7, students in the experimental classes showed greater
gains than those in the control classes. These gains were significantly
greater on three of the five scales.

9. Psychological scales were used to measure student attitudes to-
ward mathematics. Students in both experimental and control classes
entered junior high school with what could be considered negative
attitudes. By the end of grade 8, scores on these same attitude scales
indicated that pupils in the experimental classes had developed atti-
tudes that could be considered highly positive toward mathematics.
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However, pupils in the control classes evidenced no such reversal of
attitudes. If anything, they now displayed attitudes that could be
considered even more negative than those displayed on entering junior
high school.

Conclusion

In the opinion of the author, the most important contribution of this
experiment was its demonstration that very low achieving junior high
school pupils can learn sonic significant mathematics and at the same
time want to learn more.

"Secondary School MathematicsSpecial Edition"

Another SAISG activity undertaken as a result of the 1964 con-
ference culminated in the publication of a junior high school mathe-
matics program, Secondary School Mathematic,Special Edition,
designed for students whose mathematics achievement in elementary
school is very low.

The mathematical content of this junior high school program is
derived from the new SINISCI Secondary School Mathematics program.
However, the format of this special edition is a decided departure from
that of the usual classroom textbook.

This change of format comes as a result of the experiment with
3Inlior high school very low achievers described at the beginning of
this paper. The two aspects of the experiment that proved to be ex-
tremely successful from the point of view of both the student and the
teacher were (D the development of materials that would relieve the
student from the burdens of computation whenever possible and
(2 the use of daily worksheets rather than a textbook. These two
features have been retained in this Special Edition.

A grcup of writers prepared experimental versions of nine chapters
during the summer of 1969. During the 1969/70 school year, sixteen
seventh-grade classes, taught by fourteen teachers in eleven different
schools, tried out the experimental chapters. All students were low
achievers in mathematics. Several classes consisted of black students
predominately and two of Mexican-American students.

Throughout the trial period participating teachers attended bi-
weekly seminars in which the materials and teaching problems were
discussed. Problems that arose were carefully noted, and means of
counteracting them have been incorporated in a short commentary
for teachers. Teacher evaluations for each chapter were systemati-
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catty collected, and these evaluations served as a basis for the revision
of tne nine chapters during the summer of 1970. In addition, nine
more experimental chapters were prepared and tried out in the 1970/71
school year by the same teachers and students who used the seventh-
grade material. These nine chapters were revised during the summer
of 1971 and are now available.

Although this material is presented to the student in the form of
worksheets, it is not, in the ordinary sense, a workbook. Topics in
each chapter are developed lesson by lesson. Teacher-led class discus-
sion exercises are carefully programmed to lead the student to success-
ful experiences in the exercise sets. Every effort has been made to
construct lessons that prevent failure. The quantity of reading has
been reduced to a minimum and the reading level kept low. At the
end of each chapter are (1) a cumulative "self-test," which enablesthe student, on his own, to determine hut he is progressing; (2) a
practice test, which, in essence, tells the student what he is expected
to know; and (3) a chapter test, which is administered by the teacher.

This material comes to the teachers in bound volumes. Each chapter
consists of a number of lessons of one or more pages. Each page is
perforated for easy removal. These pages can then be reproduced in
quantities sufficient for the class by means of spirit-master units.
Although this reproduction process may appear to place an extia
burlen on the teacher, in practice the extra time required to reproduce
the material is more than compensated for by the positive results,
both mathematically and behaviorally, that appear in the classroom.

During the trial year 1969/70, students using the experimental ver-
sions of the first nine chapters were tested in the fall and spring by
means of the SMSG Attitude scales. Also, a coverage test on the first
nine chapters was administered at the cnd of the school year.

Results on the Attitude scales were similar to those observed in the
original experiment. Although the intensity of attitude change differed
across groups, gains that were significant indicated a change from a
negative to a more positive attitude toward mathematics.

The purpose of the coverage test was to determine whether the
students in the program had learned and retained what they had
covered. At the time of testing, the fastest class had just, started
chapter 9 ("Congruence"), and several of the slowest classes were
just finishing chapter 7 ("Probability").

Evaluation of the coverage test proved to be inconclusive for the
topics contained in some of the chapters. This was due to the fact that
most classes had not completed the last two chapters in the sequence
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and also that the coverage test proved to be too long for most of the
students to finish in the time period allowed.

The students appear to have learned and understood the topics they
were able to cover during the school yearin particular, the material
contained in the chapters "Structuring Space," 'Functions," "Number
Theory," "The Integers," and ''Rational Numbers." For those students
who were able to complete the test through the items on probability,
scores indicate that topics in this chapter were also learned and under-
stk ud. The item construction and positioning of these items in the
coverage test made it impossible to determine whether or not the
students had a grasp of the topics in the chapter "Flow Charts."

These test results do show that low-achieving junior high school
students can learn and understand topics that are just now being
included in experimental junior high school mathematics programs for
college-capable students.

Obviously, SMSG has merely scratched the surface of the problem
of providing suitable mathematics programs for disadvantaged and
low-achieving students. It is hoped, however, that these activities will
point the way to more numerous and more powerful efforts in the
future.

More information may he obtained by writing directly to SMSG.
The address is Cedar Hall, Stanford University, Stanford, California
94305.

Cony pater- assisted Instruction in
New York City

MELVIN MENDELSOHN

In March 1968 the New tk,...k City Board of Education implemented
an innovative educational toolcomputer-assisted instruction (CAI).
CAI assists the teacher by provid.ng daily individualized instruction
to large numbers of students.

Comp liter-assisted instruction applies modern technology to the
classroom. The computer, with its great speed and vast memory, uses
the information given to it by a curriculum author to drill 192 students
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simultaneously. Each student is given lessons geared to his ONNII learn-
ing ability. lie IS asked questions hard enough to make him work but
not too hard for him to answer.

The RCA Instructional 70 System in New York City uses a Spectra
70/45 computer located at Forty-secom: Street and S2e0Hd
The student terminals are modified teletypewriters linked to the com-
puter by telephone lines.

Both students and teachers use the terminals to communicate with
the CAI system. The computer sends messages or questions to the
terminal by printing on the page printer. The student or teacher
enters his response or questions through the keyboard. The response
is transmitted for evaluction and processing as it types out on the
page printer. The computer responds to each question or i^sponsc in
less than one second.

The 192 student terminals are installed in sixteen elementary schools
in the Bronx, Brooklyn. and Manhattan. In fifteen schools nine to
thirteen terminals are installed in a central classroom where students
go for their daily lessons In one school a student terminal is installed
in each of thirteen classrooms. I) wing the 1968/69 school year 4,000
second- through sixth-grade students took daily ('Al arithmetic
lessons

New York City's CAI system was made possible by a three-year
grant totaling $3.1 million from the U.S. Office of Education under
Title III of the federal Elementary and Secondary Education Act.

Few educational innovations have been watched as closely (and as
hopefully) as New York City's CAI system Would CAI promote
learning? Would CAI help educators solve some of the problems
they face?

The .1lident

A student begins taking daily ('Al lessons the day after he is regis-
tered. The CAI arithmetic curriculum was developed by Patrick

director of the Institute for ..NIathematieal Studies in the
Social Selene, at Stanford Ur''' y. It is organized as a .-ernes of
concept block A concept block is a set of material relating to a par-
ticular 'idea or concept. A brie : description of the material in each
concept bl'ick for grade 2 is given in table 11.1.

The ('Al ar'ilnnetic curriculum provide s material at five levels
of difficulty within each concept Nock. A summary of the Illatcrial
in concept olock 1 for rade 2 is given in table 11.2.

Seven days are devoted to every drill concept block, as shown iii
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TABLE 11 I

('oNci or Him( 1>i scumruty, Cn tot. 2

Mock Description

:357

1 Addition; facts to 10, horizontal format
2 Subtraction: facts to 10: Mu izontal format
3 Addition and subtraction; facts to 10. vei t wal format
-I Addition; facts to 10; mixed Inn imm 1 al and vertical fmmats 'lb vai ;able.
5 Mixed addition and subtraction; facts to 10. mixed hot Izom,,, and vertical

formats Willi vai 'able.
6 Counting by ones and twos (finding what comes berm e and aft el ), inequal-

ities
7 Addition; stressing sinus to 11, 12, 13, horizontal and vent ical foi mats
8 Suitt I:lotion, stressing differences for sums to 11, 12, 13; horizontal and

vertical formats
9 Mixed addition and sold i act ion to 13; Inn izontai and vertical fin mats10 Units to measut e; count ing, inequalities

11 Addition ; st I essing sums to 14, 15, 16; horizontal and vertical format.12 Sub( motion, stressing diffetenees for sums to 14, 15, 16; horizontal and
veil wal formats

13 Mixed addition and subtraction; sums to 14, 15, 16; horizontal and
vertical format s

14 Units of measme; counting to 200, inequalities, some word problems
15 Frail ions; 1/2, 1/3, 1/4
16 Addition, stressing sums to 17, IS, 19; lun ['mint al and veil wal foi mats
17 Suitt tactton, stressing differences for sums to 17, 18, 19; horizontal and

vertical formats
18 Mixed addition awl stibtt action to 19, horizontal and vertical formats
19 Units of measure; counting, inequalities, word problem.
20 :Multiplication, through 9 X 9
21 Commutative and associative laws for addition, :subtraction, multiplica-tion
22 Mixed drill. addition, .subtraction, mo:t iplicat ion, vertical format.
23 Mixed drill: fractions, units of meas:ue, inequalities, molt iplication
21 Final review: multiple-choice, mostly (void problems.

figure 11.1. The pretest, given on the first day of a concept drill,
establishes the level of difficulty for the next day's dill, The student
takes drill lessons on days 2-6, and his results on these drills (except
fr, the sixth day, immediately preceding the posttest) determine his

TABLE 11.2

(lit tin: 2, Cox ci.o 111.oct: 1

Level of Difficulty Vorinat

I:.unrsto6 a +b =
2: sums to 7 a + b = _
3: stuns to 10 a + 6
4: sums, to It) a -I- b a -.1- = e, b = c
5: sums to 10 a -1- b = r a + b = (1
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placement on the following day. If a student does well on a drill,
sQoring 85 percent or more, lie is moved to the next higher level the
next 'lay. With a score of 60 to 84 percent, lie stays at the same level.
With a score below 60, lie moves down a le-vel. On the seventh day the
student takes a posttest.

Dayl

P Score
R

85-100
70-84

E 50-69
s 35-49
T 0-34

Day 3 Day 4 Day 5 Day 6

Fig. 11.1. Branc ling structure for drill lessons

Day 7

Post-
test

After a student has completed four concept blocks, he is given
review in Aerial iii addition to drill material. Review lessons are
selected from the concept block on which the student made his lowest
posttest score. As figure 11.2 indicates, the student is given four review
lessons (on days 2-5) and takes a review test on the sixth (lay. The
review test score is substituted for the previous posttest score on that
concept block.

Lowest
Posttest

Scars

85-100
70-84
50-69
35-49
0-34

Day 2

JR L5
JE L.

V L,

L,

L

Day 3

R
L,

L,

[V

L,

W L,

Day 4 Day 5 Day 6

R
L5 Review

Test
E L. E L,

V
I L,

E
L ----1E L,

W L 1W

Fig. 11 2. Branching structure for review lessons--

Each time e student takes a CAI lesson, lie goes to a convenient
terminal and taps out his assigned number and first name. The com-
puter ilium diately confirms the student's identification by typing out
his last name.

In the same split second the computer checks the student's previou.
performance and dttermines what material lie is to study. It begins
the dey's lesson as soon as the student's name is completed. As the
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student answers the problems or questions, the computer identifies and
helps him correct his errors and ends the lesson by telling him how
well he did. Each lesson lasts approximately ten minutes. The flow
chart in figure 11.3 depicts the problem-procedure program.

L_

PR_ESENTED
QUESTION I

,,--

CORRECT

,...
9

rm
L.'NO, TRY AGAIN"

QUESTION RESTATED

---"" ANSWER
'`,... CORRECT, 1

Yes

1°'
THECUESTION

ANSWER tF/STATEDAGAIN1

-,..,

ANSWE
CORRECT

R Yes

1

I QUESTION RESTATED AND ANSWER GIVEN
"NO, THE ANSWER IS

L
1

NEXT QUESTION ,,
PRESENTED

Fig. 11.3. Problem-procedtai- programa

&aviation, all stuclents
An impartial evaluation of the Nelt ork City CAI grog, ;'n pre-

pared by the City University of New York confirms that student.-
using CAI learn more than students not using CAI. Consistently, in
nearly all groups, the CAI students made greater gains in arithmetic
achievement than the non-CAI students with whom they weic coin -
pared. This study ("Evaluation of the 1968-69 New York Computer-
Assisted Instruction Project in Elementary Arithmetic") was pre-
pared 1y the Division of Teacher Education at the City University
of New Y'wk. The dual purpose of the evaluation was to determine
the effect of the CAI drill and practice program on pupil achieve-
ment and to describe the opinions and attitudes of pupils, teachers,
and administrators.
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Students in sixteen experimental schools and four control schools
were pretested in January 1969. Their progress was charted for the
next five months A po-tte-t was administered during the last two
week. in June. The pretest was taken by 4,573 students (4,077 CAI
and 496 non-CA. The posttest was taken by 3.282 students (2,940
('Al and 342 non-CAL.

The City University' of New York (C1: Y) selected the Metropoli-
tan Achievement Test (1I AT) for the evaluation study because it is
used by the New York City Board of Education in evaluating pupil
achievement. Form C of the MAT was administered in January 1969
for the pretest, and the same form was administered in June 1969 for
the posttest.

The. principal statistieal method used in the study was the compari-
son of group- in terms of the means and standard deviations of test
seores. The significance of differences was tested by analysis of vari-
ance. Differences were considered significant if they were less than the
".01 level of significance."

Data based on all stu :eats who took the pretest and the posttest
«'c re analyzed separately by grade. The mean raw score gains were
high( r in all grades for the CAI groups. The difference in gain scores
is significant for all students in grades 2, 3, 4, and 5, as indicated in
table 11 3.

l'A131,1: 11.3

COMP1ItISON OF NIAT ARITIMTIC COMPOTATIOS
Ii 111-SCORI: G11N:i l';ItNI:1) BY Au. STCDENTS

CAI (1%1%4 NO V.C.% I CAIN*
_ _____ __ ___ __Gnnt: Mean Si) Mean SD p

...........-

2
3

1

5

6

340
726
77(1171

367

6.78
12 68

'4 .3 4

e+I3
.1 54

5 16
5 92
.1.85

6.08
6 83

79
98
93
49
23

3.50
9.31
(1 10

2.89
2.69

4.5!
".34

t..75

8.09
7.44

<.01
<.01
<.01
<.01
n.s.

Raw score gains were analyzed by grade-equivalent levels. (A
child theoretically starts in grade 1 at level 1.0. After one month in
school he should gain one "point" and be at level 1.1; after two
months, at level 1.2; and so CAI students made significant gains
in grades 2, 3. 4, and 5. Figure 11.4 illustrate: the grade-equivalent
score gains.
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Months
10,

77
6, -

Normal gain
expected

4

3

0

7-1

3

.., ---4

2 4 5 6
Grade

Fig. 114. MAT Arithmetic Computation grade-equivalent score gain, valued
by CAI students. grouped according to grade

Socioeconomic status

In large urban school, the student's socioeconomic status is an im-
portant variable in evaluating student progress. CUNY evaluators
determined that CAI is extremely effective with di,advant aged chil-
dren through the fourth grade. The statistic, are illustrated in fig-
ure 11.5 (where the numbers of students in each class shown in
parentheses). The fact that fifth- and sixth-grade children did not
show major gains may be attributable to the "cumulativ(1-(1,e. it
phenomenon." Learning deficits are cumulative, since learning builds
on learning. That is, all learning beyond the first few weeks or months
of life depend, on previous learning. When prerequisite habits or skills
have not been learned, the capacity for new learning is impaired. Data
from the CUNY evaluation seem to corroborate the theory that it is
easier to overcome the cumulative-deficit phenomenon in the earlier
years of school.

Months9
7r
61

Normal go;n 5
expected 4

or
2 3 4 5 6

(148) (183) (282) (146) (143)
Grade

Fig. 11.5 MAT Arithmetic Computation grade - equivalent scow gain, earned
hy CAI student-- in schools located in pr-dominately low socioeconomic areas
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Hatched pars

Students in the non-CAI group were matched with students in the
CAI group, and their score gains were compared (see table 11.4 and
fig. 11.6). Scores from the computation pretest were listed by

TABLE 11.1

COMPARISON or MAT Anrrumt:Ei COMPUTATION
ti w-ti ORE %INS E I{ 1.0 BY M %Town STuni:NTs

Pretest Gains--------- ---------- _

cAl & Non-CAI C.11 Non-C.11
Grade N Mean SD Mean SD Mean SD

2 76 18 0 3 7 7.3 4.2 3 7 4 3 <.013 96 19.8 6 1 13.0 3.4 9.3 3.4 < 014 91 31.3 8.1 7.3 3.3 3.8 3.6 n.s.3 47 20.7 9.4 10.7 6.8 3 2 8 1 <.016 23 33.3 7.6 4.2 3 2 2 7 7.4 n..

grade. For each non-CAI computation pretest raw score, a match
was found in the CAI group. If an exact match was not found, a
score within one point of the score to be matched was selected. If
more than one CAI student earned a score that could he matched
with a non-CAI student's score, a match was selected at random. A

Months

11
10

9

7

6

5.
4

3--

DCA'
ONon-CA,

2 3 4
Orals

Fig. 116. Comparison of MAT Arithmetic Computation grade-equivalent scoregains earned by matched students
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total of 333 matched pair, were identified: the CAI students scored
higher gains than the non-CAI students, A, table 11.4 indicates. the
most significant difference, were found in grades 2. 3. and 5. The raw-
score gains earned by matched student, are analyzed by grade-
equivalence levels in figure 11.6.

Problem-solving concepts

Statistics in the CF NY evaluation indicate that the CAI student
has higher computational skills than the non-CAI student. There is a
high correlation between computation scores and problem-solving con-
cept ,0res on the MAT. The correlation between computation scores
and problem-solving concept scores ranges from .72 in grade 2 to .88

grade 6. This means that CAI assists the student in mastering the
idea, (problem-solving concepts) involved in computation (see fig.
11.71. For example, he understands > and <. He knows what "1**
means in

Row
QOM

20C

18

16

14

12

10

8
6r-

417-

0

135

score

-

and that >

prolgemsomng

JCamp.:tofion

concepts

6.6

127
4.

5.1 5.0

48
9A

`.

83
8.1

68
61 3.7

55

35 08
29 2.7

CAI Non CAI CA! Non-CAJ CAI Nork1A1 CAI Non CAI CA! Non-CAI
2 3 4 5 6

Grooe

Fig. 11 7 Compttrigon of MAT Arithmetic Computation raw sror :, gains and
Problem.Solving Concept raw score gains earned by students grouped according
to grade

Conclusion

As in most studies. prudenee must be exercised in drawing conclu-
sions. Two factors are pertinent in the CUNY evaluation study: the
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time interval for the study was relatively short (five months); and
several variables, such as selection of teachers, selection of schools,
and number of hours of arithmetic instruction, which were not con-
trolled in the study, could have contributed to the earned gains.

Despite these limitations, the study is meaningful because signifi-
cant differences were found with large numbers of students across
grade level and social class.

The mast significant differences in favor of CAI groups oceurr,d-
1. in all students in all school: in grades 2, 3, 4, and 5;
2. in matched ptz'rs of students drawn from the entire school popu-

lation in grades 2, 3, and 5;
3. in all studoits in schools located in predominately low socio-

economic areas in grades 2 and 3.
Further information may be olained by writing to Melvin Alen-

delsohn, Director of Computer Assisted Instruction, at the Board of
Education of the City of New York. 229 East 42d Street, New York,
New York 10017.

Mathematics for Spanish-speaLing
Pupils (MSP)

SIDNEY SITARRON

GLORIA COX

"No two school districts are alike; no two sel.,,ols are alike; and no
two classes are alike; yet the similarities often outweigh the differ-
ences. The report that follows describes what took place when a
committee responded to a need of a specific portion of the student
population in the Los Angeles City Unified School District. To repeat,
similarities often outweigh differences, and if one looks on this report
as a kind of model that may be generally adaptable to other situa-
tions, then at least the start may be made to meet a variety of needs
in a classroom situation.
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Background

In May of 1967 the California state legislature modified the Educa-
tion Code to permit school districts to offer bilingual instruction when
it is advantageous to the pupils. The new legislatio» reaffirmed the
state policy to ensure the mastery of English by all pupils; but it also
provided a means by thich bilingual instruction could accompany the
systet»atie, sequential, and regular instruction in the English language.

Achievement tests and dropout studies indicate that the average
level of educational achievement in East Los Angeles schools is below
that of the pupils in the District as a whole. Most of these pupils
are of Mexican descent, and the probable reasons for the low achieve-
ment could be separated into two main categories: (1) cultural,
linguistic, social, and economic factors that appear to be characteristic
of the Mexican-American population and (2) the other factors that
are common to low-achieving pupils in general. 'Many differences
exist within the Mexican-American school population with respect to
tI c degree of acculturation, dominance of English or Spanish, and
school achievement; but in recognizing these differences, one must
guard against equating "Mexican-American pupil" with "low achiever."

A large ntrlber of Mexican-American pupils do not speak English
until they cuter school. The beginning school experience is usually
one of complete failure because the pupil is not able to communicate
with his teacher. To say the least,. it is obvious that a pupil will have
difficulty in understanding mathematical concepts if he does not under-
stand the language.

Development

Li November 1967 a committee of District personnel proposed that
a pilot seventh-grade mathematics vogram be developed for junior
high schools having a large number of Spanish-speaking pupils. A
competent, bilingual Mexican-American teacher of mathematics in one
of the East Los Angeles high schools was chosen to work as a con-
sultant with the mathematics supervisor in developing and implement-
ing the program. It is interesting to note that the consultant's first
language was Spanish and that she was unable to speak English when
she entered kindergarten.

It was intended that this project would offer a means of finding ways
to improve computational skills of bilingual pupils of the Mexican-
American co,m»unity relic, are achieving below grade level in mathe-
matics. The thinking was that the pupil may respond more favorably
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to a mathematics cla,, that presented in an atmosphere in tune with
hi, environment, his social behavior. and his means of communication.

A search for suitable mathematics textbooks. written in Spanish
and/or Engli,h but depending mo,tly on the mathematical notation
for developing con«,pts and praetie. proved fruitless. Although some
texts were found that were written in hoth English and Spanish %.er-
slows. the level of both the mathematies and the language used was
beyond the comprehension of the students the project was trying to
reach. Consequently, the writing team prepared their own text ma-
terial. With the start of the sluing semester (February 19681 there
\\we junior high.schools engaged in the pilot program. During the
summer of 1968 the text was expanded to cover the full year of
seventh-grade mathematics. and during the 1968/69 school year the
:same six junior high schools offered this special mathematics program.
Students selected for this program were required to have parental
consent.

Description of the program

The text is a eon,tiable, write-in collection of sequential mathe-
matiN lessons consisting of sixteen parl,t. Each part has approximately
seven or eight lessons using 10 pages, making the total text 256 pages
long. There is a pupil's text. English version; a pupil's text, Spanish
version; and an annotated teacher's edition in English. The content is
built around an elementary introduction to the basic operations, first
on whole numbers and then on nonnegative rationale. It is assumed
that the pupils who will use this material have not been successful in
nithematies and that it may he rewarding to start with a careful
dementary presentation. using simple language when the mathematical
notation is not m'equate, and gradually increase the level of mathe-
matical activity to bring it into the mainstream of the regular sevcntli-
?:rade course. The general topics include:

Additiod, subtraction. multiplication, and division of whole numbers
and the same operations for nonnegative nationals, including
decimal fractions

Number patterns and relationships
Introduction to set concepts
Introduction to geometry and geometric con:tructions
Ordered pairs aml graphs
Probability and statistics
Addition and subtraction of integers
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The program is not dependent on the text alone, but rather on an
interaction between pupil and teacher with the text being a catalyst.
Three plans were offered to the school:

Plan 1. For pupils who speak and read Spanish and cannot function
effectively in English

A bilingual teacher is to teach mathematics in Spanish.
Pupils are to use text materials written in Spanish.

Plan 9: For pupils who speak but do not read Spanish
A bilingual teacher is to teach mathematics in English,

speaking Spanish as needol. Pupils are to use text materials
written in English.

Plan 3: For pupils who speak Spanish and have some proficiency in
reading Spanish

A bilingual teacher is to teach mathematics in English and
Spanish. Pupils are to use text materials written in English
or Spanish or both.

It was understood that a school could elect to offer any one of these
plans, any combination of them, or perhaps a plan of its own.

Figures 11.8 and 11.9 show lesson sheets taken from the English and
Spanish editions of Mathematics Lessons (.LISP Project), book 2 (for
junior high school), which was published by the Los Angeles City
Schools in 1968.

Results and evaluation

The students responded favorably to the program, and most of the
students asked to continue in the class the following fall semester.
Questionnaires were sent to the parents, and the general response was
favorable. An interesting side effect was that some parents were able,
for the first time. to help their children n ith their school work. For the
first time, these parents were able to read the textbook the student
brought home.

An evaluation of the program was made, using forms X and W of the
California Arithmetic Test as a pretest and a posttest respectively. A
statistically significant difference at the .05 confidence level was found
in favor of the experimental group when the relative starting points of
tit- experimental group and the centrol group were considered.

Conclusion

Initially. the design of the project was determined by a committee
in response to a need made clear through -equests from teachers,



MATHEMATICS LESSONS
(MSP Project)

Part X

Nam.
Date

Lesson 6

FILL IN THE 0 WITH = <, OR > TO MAKE THE SENTENCE TRJE.

Sample- 1.2 0 2 1

- 0 0 0

1

1.2

2

21

Sample- .3 [II .1

0 .2 4 .5 .6 .7 .8 9 1 LI

When we have two numbers on the number line. the number on the right is always the larger.

So: 1.2

START FILLING.
a

Is

3.

4.

5.

6.

2.1 and

.5 0 .7 .9

2.4 1.9 35

.78 .89 .99

231 El .046 1.46

19.66 El 19,76 17.09

19.68 19 -a
100 .6025

a

4

O .88

14.60

17.20

E] 0024

Los Angeles City Schools Drvislon of Instructional Planning and Services Copyright © 1968

Fig. 11.8. English veroior ;



LECCIONES DE MATEMATICAS
(MSP Project)

Part X

Nombre
Fecha

LocciOn 6

ESCRISAN =, < , 0 > EN EL Ei PARA QUE LA FRASE SEA
CORRECTA.

Ejemplo: 1.2 0 2.1 Ejemplo: .3 0 .1

11-11-1-1i11111111111111111ffillill
0 1 2 3 0 .2 .4 .5 .6 .7 .8 9 1 1.1

1.2 21

-.0 0

Cuando se trata de dos nrimeros en la linea de ntimeros, el ntimero a la derecha stempre es el mayor.

Asres que, 1.2 El 2.1

EMPIECEN A ESCRIESIR,

1. .5 0 .7

2. 2.4 El 1.9

3. .78 El .89

4. .231 0 .046

5. 19.66 El 19.76

6. 19.68 0
100

y .3 Ell .1

b

.9 El .6

3.5 0 4

.99 0 .88

1.46 0 14.60

17.09 [1:1 17.20

.0025 0 .0024

Los AnCeleS City Schools Division of Instructional Planning and Services CoPYright 0 1968

Fig. 11.9. Spanish version
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pupils, and the community. However, when classrmin implementation
began, the actual experience of all these groups provided feedback
that contribut«I to tle revision and expansion of the text. The follow-
ing are some of the major points that encouraged and influenced the
expansion of the program:

1. One teacher stated that without a course of this type, many of his
students would remain almost at a standstill in mathematics
education.

2. Five additional junior high schools asked to be included in the
program the next year.

3. In one school the teacher asked the students for a written ap-
praisal of the MSP cla. The replies were definitely in favor of
the program and expressed a desire to continue having classes of
this type.

4. Most of the parents that were contacted regarding this project
were interested in the approach and agreed to have the children
participate in the program.

As a result of this experience, a teacher committee recommended the
MSP textbooks for adoption in the Los Angeles City Unified School
District, and now these materials are available to any of the junior
high schools that wish to use them. The original 5,06,-, copies have been
consumed, and the schools are now working with the materials pro-
vided by a second printing.

Although bilingual education is not the most pressing matter in many
areas throughout the nation, exposure of this project to other school
districts has always been net with a great deal of enthusiasm and
interest. One teacher from Canada felt that the same type of program
could be carried off successfully in her community, using French in-
stead of Spanish. There have been requests for copies of this material
from educators representing many areas, among which are Cali fornir.,
Arizona, New Mexico, Texas, New York, and Florida. The address of
the Los Angeles City Unified School District is 1849 Blake Avenue,
Los Angeles, California 90039.
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Mathematics for Basic Education
(Grades 741)

VINCENT BRANT

In the summer of-1963 the Board of Education of Baltimore Ccunty
began the first of several summer workshops to construct a program
appropriate to the needs of students classified as slow learners (a pro-
gram not only for mathematics but for other disciplines as well). By
1969 the program in mathematics, titled "Basic Education in Mathe-
matics," was being implemented to a considerable degree in grades
7-10, as shown in the following data:

Grade 7 1,080 students 46 sections
Grade S 966 .students 44 sections
Grade 0 707 students 36 sections
Grade 10 565 students 26 sections

Work on the grade 11 program was begun in the 1970 summer work-
shop and completed in the 1971 summer workshop.

The principals in the schools have limited the average class size to
23 students for this special program. They have also provided for
par -lief scheduling of classes, which permits a low achiever who may
have overcome some of his difficulties to be transferred easily to a
more advancod section. This procedure avoids "locking" a student in
a slow-learner section.

The exploratory 1963 and 1964 summer workshops produced guide-
lines and recommendotions. In particular, the characteristics and
reeds of the slow learner were identified. Criteria were agreed upon
as follows:

MEAsun.unx. OttnntA
1. IQ range 75-90 from at least two group tests or an individual test
2. Percentiles on group tests of mental ability and achievement ranging

from 0 to 19 (approximately two or more years below grade level in
reading comprehension and arithmetic)

3. Teacher gradesconsistently below average

TnArrs CIUTE111.1

1. Limited academic interest

2. Difficulties in planning and carrying out work without supervision
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3. Limited creativity and intellectual curiosity
4. Short attention span
5. Severe Ihnitation in the ability to communicate orally or in writing

The philosophy agreed on by the workshop committee may be stated
briefly as follows:

1. The slow learner should be educated in his own right and to the
maximum of his ability.

2. Any adaptation of an academically oriented program must surely fail.
3. A program of mathematics for the slow learner should be based on the

latest developments and research in learning theory and on an appro-
priate selection and reorganization of mathematical concepts and skills.

4. Proper pacing of the concepts and skills must underlie the structure.
5. All the human resources of the educational systemthe mathematics

teacher, the principal, the mathematics supervisor, the resource teachers,
the guidance counselor, and other specialistsmust he brought to bear
on this problem.

The writing c,-iittee agreed initially to construct a program in
mathematics for grades 7-10 only, making this limitation because
(1) available research indicated difficulty in identifying the slow
learner in the primary grades and (2) the problem of the slow learner
seemed to be most acute at the junior high school level.

The 1966 sunnier workshop produced a resource manual of activi-
tiesdevelopmental, recreational, and computationalas a first stage
in the work. The selection of topics for instructional activities was
based c.i two considerationsmathematicai significance and appeal to
the interest and curiosity of the students. This resource manual was
unstructured with regard to the sequence of topics and the placement
of topics according to grade level. The subsequent summer workshop
in 1967 provided structure regarding the grade placement of topics
and the continuity of desired behavioral outcomes as they relate to
mathematical concepts and skills.

The key features of Basic Education in Mathematics arc the use of
behavioral objectives, the "banded" approach and sample two-week
unit, mathematics laboratories, instructional materials (devices and
games), and in-service courses to provide orientation for teachers in
this program.

Since the concept of behavioral objectives focuses on the perform-
ance of the student, and since slow learners are poor performers, it
vas decided that behavioral objectives should be a foundation stone in
'is program. Walbesser's nine "action verbs" were used to construct
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the behavioral objectives. These action verbs are identify, distinguish,
construct, name, order, describe, state [a rule], apply [the rule], and
demonstrate. In the course guides, these objectives are stated in terms
of the desired behavioral outcomes on the part of the student. Then
student activities are designed to achieve these outcomes. Finally, the
suggested assessment procedures indicate ways in which the student
shows whether or not he has acquired the desired behavior. In effect,
the elements of three setsthe set of objectives, the .,,et of learning
activities, and the set of asssessment itemsshould correspond on a
one-to-one basis. Thus the guide emphasizes three phases: objectives,
instruction, and assessment. An example of these phases is pictured in

Olsir.CTIVE

9 The stt.deIt should
tt: able to demon
Str.tte A prOCCaGie

tor constructant: the
product of two whole
number s.

INSTRUCTION ASSESSMENT

Student uses book to stork problems at Ms
Seat.

Students show work at the board.

Fig. 11.10

figure 11.10. Other examples may be found in chapter 3 of this year-
book. Although the committee firmly believed that the behavioral-
objective approach would materially improve instruction, it was cog-
nizant that an over-zealous and inappropriate use of behavioral
objectives might weaken the program. There was agreement about two
pitfalls to he avoided:

1. The fact that an instructional activity lends itself well to specify-
ing well-defined behavioral objectives is not sufficient justifica-
tion for including that activity in the curriculum.

2. The fact that an instructional activity does not lend itself well
to specific behavioral objectives is not sufficient cause for the
exclusion of that activity from the curriculum.

The 1967 summer workshop contributed scope and a topical sequence
to Basic Education in Mathematics. The NCTIVI "Second Report of
the Commission on Post-war Plans" (Mathematics Teacher, May
1945) was helpful in determining the terminal competencies for these
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behaviors were assigned to each concept and skill in each area of
mathematical competency. Thi.4 information is shown in tlic curricu-
lum guides by a series of chartsmaster charts and grade-level charts.
Sample pages of these ehart, are shown in figures 11.11 and 11.12. The
master charts give overviews of the mathematical content and be-
haviors that the students are to acquire in grades 7-10. Thus the
teacher can use the master charts to obtain a picture of the total
mathematics program for the slow-learning qudent. The grade-level
charts for each area are identical with the master chart except that
they ece,tain only the information for a specific grade. The are used
by the teacher to obtain an overview of those behaviors that should
be acquired by the student in a specific area of mathematical com-
petency fr that particular year.

To assist the teacher in helping students attain the desired be-
haviors, the writing committee also constructed for each grade a list
of behavioral objectives, which enable the teacher to interpret the
details omitted in the charts. The teacher uses these objectives when
planning lessons, since they state precisely what is: expected of the
student. By the end of the year, the students should be able to ex-
hibit most of the behaviors mentioned.

The "banded" approach is another key feature of Basic Education in
Mathematics. It is based on one of tile traits of the slow learnera
limited span of attention. This approach is simply a flexible way of
organizing instructional activities in the class period. Normally, the
lesson is divided into three time bands, although it may be divided
into two or even four time bands, depending on the nature of the
activities. For example, a unit in geometry might be taught along
with related activities on fundamental operations. Thus, the unit in
geometry is split into smaller parcels and presented over a longer
period of time rather than being presented as a two-week concen-
trated unit. The major portion of the lesson might be presented during
a 25-minute segment, since this seems to be about the maximum
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length of time that these students can concentrate on any one activity.
A sample unit of banded lessons is given in figure 11.13.

SAMPLE UNIT OF BANDED LESSONS - Grade 7
OUTLINE OF TOPICS

LESSON BAND I BAND II BAND III

1 Drill-geometric
figures

Parallel lines 4-digit numbers

2 Drill-patterns Symbols for
segment and
ray, assess
ment of
parallel lines I.

Puzzle-optical
illusions

3 Math Builder Copying segments' Tape-addition
-straightedge

4 Puzzle- multiple-
cation and
addition

Copying segments
-straightedge and
compass

Math Builder

Math Builder Assessment-
copying segments

Cross Number
Puzzle-place value

6 Drill-patterns Midpoint-paper
folding

Construction of
ruler

7 Math Builder Midpoint-
compass and
ruler

Puzzle-multiplication
and addition

8 Puzzle-dtvtsion Assessment-
midpoints

Cross Number
Puz,'e-multiplication

9 Math Builder Symbols for
angle, vertex

Puzzle-renaming
number s

10 Tape-verbal
problems

Copying angles-
compass and
straightedge

Tic-Tac-Toe game

11 Diagnostic Test-
addition of whole
numbers

Copying angles Continuation of
Tic-Tac-TOE game

l2 Puzzle-calendars Assessment-
copying angles

Puzzle-hidden
words

Fig. 11.13
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Band I is usually a short activity of about 5-10 minutes' duration.
For example, students may review their number facts (using a con-
trolled reader projector for mathematic-z), have an oral number puz-
zle, or complete a number pattern. The activities that might be used
for maintaining skills and arousing curiosity are numerous.

Band II usually contains the major topic for the clay. It is about
25 minutes in length. For this activity, specific behavioral objectives
are stated. Students are exposed to instructional activities that are
designed to enable them to acquire the desired behaviors. Assessment
procedures might also be employed here to determine whether students
have acquired some of the behaviors specified in the objectives. Re-
maining objectives may be assessed in other bands of subsequent
lessons.

Band III is usually a short activity of 5-10 minutes. This band
can be managed in two ways. First, all the students might begin work
at the same time on a class activity. Second, as each student completes
his work in Band II, he begins some planned individual or small-group
activity. For example, he may go to a specified place in the room and
choose an interesting puzzle or game, work on an SRA computational-
skills kit, or listen to a tape at the listening post. This approach
keeps the students actively involved in learning activities rather than
just waiting for the class to finish the work in Band II. Thus a more
efficient use is made of the student's time.

An important reason for using the banded approach is the necessity
of providing continuous experiences for the maintenance of computa-
tional skills. Research shows that low-ability students provided with
continuous experiences in computational skills reach a maximum that
serves as a plateau. However, if experiences in maintaining skills are
withdrawn, a marked decrease in these skills results. For this reason,
each lesson using the banded approach makes provision for some type
of maintenance of computational skills.

For each of the curriculum guides, the writing committee con-
structed a two-week sample unit which could be used at the beginning
of the school year as a detailed illustration of the use of the guide.
Each two-week sample unit contains (1) a block plan indicating the
topics to be presented each day and (2) detailed lesson plans indicat-
ing the materials to be used, the behavioral objectives for Band II,
suggested methods of presentation, student worksheets, and assess-
ment items.

The student activities section contains units that may be removed
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from the guide and used to make thermal ditto masters for student
worksheets or transparencies for the teacher.

The use of mathematics laboratories, mathematical devices, and
games (many of them homemade) is also a.. integral part of Basic
Education in Mathematics. Materials for this pogram are being added
so that the teacher has a considerable variety with which to motivate
students.

Curriculum guides and materials, by themselves, are not sufficient
to ensure the success of such a program. A continuing activity of the
Office of Mathematics has been the orientation of teachers to this
program through a series of in-service courses, which have been
granted two hours of professional credit by the Maryland State De-
partment of Education.

This program has not been evaluated through a formal research
design because of a lack of personnel and funds. However, informal
evaluations by teachers, staff, and outside eaucators indicate that the
program is proceeding quite well. To be sure, much work remains to
be done. Additional units and activities need to be constructed. More
teachers need to be trained to implement this program. New commer-
cially produced materials have to be analyzed with regard to be-
havioral objectives. But in general, these efforts have shown the feasi-
bility and practicality of using a behavior-objectives approach so that
these objectives have an immediate application in the classroom.
Furthermore, the construction of a program for slow learners does not
have to depend on state or federal funding, although this is helpful.
Basic Education in Mathematics is a project. locally initiated and
locally funded by Baltimore County.

Owing to a lack of production facilities and limited personnel and
funds, the Office of 'Mathematics has been able to produce only enough
guides for use in the county schools. Thus it, has not been possible to
p-oduce enough guides for general distribution or purchase.

For further information, interested educators may contact Vincent
Brant, Coordinator, Office of Mathematics, Board of Education of
Baltimore County, 6901 North Charles Street, Towson, Maryland
21204.
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The Mathematitte Laboratory at the
Sir R. L. Borden Secondary School

MRS. L. R. STROBEL

The Sir R. L. Borden Sccondai, School in Scarborough, Ontario,
was opened more than five years ago specifically to accommodate the
underachiever. A condition of enollmoit is a record of failure at the
eletnentary level. The total enrollment averages 700, the course is
three years long, and the average entrance age is 13.4 years.

The school year is divided -into four ten-week terms. There are no
formal exams. The student is in shop classes half the day and in
academic classes the other half. He may choose a program of three
shops, of which one is a major and two are related, from twenty-six
different shops. These include culinary arts, painting and decorating,
plumbing, hairdressing, textiles, auto service, and so on. Of his four
academic subjects. English and mathematics are compulsory.

The principal problem in rekindling the reluctant learner's en-
thusiasm for school is one of motivation. Mathematics, because it
involves mental discipline, is particularly demanding for those who
have trouble accepting any discipline, social, physical, or mental. To
compound the problem, these youngsters are creatures of their environ-
ment, and this environtnent includes the sophisticated techniques of
television, "-ns, and advertising. Teaching techniques must be as
persuasive.

Variety of techniques

The math lab facilitates the use of a variety of teaching techniques,
particularly those techniques encouraging student involvement. The
reluctant learner is most highly motivated when he is directly, per-
sonally, and constructively involved. Different mathematical topics
lend themselves to different techniques. The development of computa-
tional and equation - solving skills involves a great deal of drill. In
order to introduce variety into the repetitive nature of drill, the desk
calculators, the skill- builder filmstrips, and the computational skill-
building kits are valuable aids. The overhead projector has many
advantages when teaching geometry, particularly in constructions and



PROMiSING PROGRAMS AND PRACTICES 381

graphs. In areas where the steps involved in the solution of a problem
are more important than the arithmetic, the desk calculators free the
students from the frustrations of involved computations and enable the
teaching of topics that would otherwise be too discouraging. Filmstrips
Are effective in many areas, including taxation and insurance. The lab
environment, provides an excellent setting for group or individual
projects where the information must be researched and organized by
the student. Materials are readily available and the equipment familiar
to the student. Change of pace, variety of material, and variety of
approach are essential to the inaintenance of a high level of interest.

The math lab is the integration of filmstrips, teaching aids, tape
recordings, records, transparencies, desk calculators, workshop ma-
terial, and programmed learning material. Each room is equipped with
a math-builder projector; a filmstrip projector; an overhead projector,
trolley (or cart), and screen; and an SRA computational skill-building
kit,. Available when needed are a film-loop projector, a class set of
tweivi desk calculators, a filmstrip reviewer, a tape recorder, a record
player, movie projector, and an opaque projector. The equipment is
arranged on trolleys for convenience and ease of use.

The course is organized into topics of four or five weeks' duration.
The transparencies, filmstrips, teaching aids, and all other appropriate
materials are cataloged and contained in a teaching kit for each topic.
A teacher may choose from a variety of from ten to twelve topics for
each grade, ranging from geometry, algebra of sets, and arithmetic to
budgeting, math in the shops and at home, insurance, and taxation. He
is free to choose a program suitable to the needs and abilities of his
particular classes. Because only one teacher is teaching a given topic at
a given time, the teaching kit is available without interruption for the
length of the topic. Each topic is concluded with a project, week. Work-
ing individually or in pairs, the students research practical applications
of the preceding topic or "discover" ramifications.

The two basic premises o: the math lab are involvement, particularly
student involvement, and variety. Although the freer learning atmo-
sphere is not to be confused with poor discipline, the classical silence
of the traditional classroom is gone. Students cannot exchange ideas
and remain mute! This means more pressure on the teacher to guide
and direct, with the resulting expenditure of energy. Energy cannot
be wasted in hunting up equipment and teaching material. With the
organization of the math lab, the teacher is encouraged to use the wide
assortment of materials, equipment, and techniques which inspire
leaning for learning's sake.
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Guidelines

Choosing a suitable program is left to the individual teacher's judg-
ment, but with the following guidelines:

1. The course in each grade will consist of nine or ten topics. Com-
pulsory tor ies must be covered. Optional topics are left to the teacher's
choice, and their selection should be governed by the caliber of the
class.

2. Four projects are compulsory in each grade. Each project should
take one week of classroom time and be related to the preceding topic.

3. Flow charting should be used to emphasize a logical development
in solutions of more-than-one-step problems. Use flow charting in small
doses and only for important emphasis.

4. Use desk calculators to verify all work. Except for problems
where the logical development of a solution is more important than
the arithmetic computation, the student must do the arithmetic first.
In the former instances arithmetic may be done with calculators.

The program has been extended to include teaching the related shop
mathematics in the shop itself. After a few years of experimenting it
has been found that the most effective way to implement the plan is
to schedule each mathematics teacher with three periods in a six-day
cycle for shop mathematics. He is then free to go to the shops of: a
regular basis.

By assigning each mathematics teacher a certain number of shops
and leaving it up to him and the shop teacher to decide on the ma-
terial to he covered, it is possible to meet each individuAl shop's needs.
Also, the shop teachers do not feel the mathematics department is im-
posing a program on them.

It turns out to be a very interesting form of team teaching, with the
mathematics teacher and the technical teacher each bringing his par-
ticular perspective to the same problem. It also provides new insights
for both.

Perhaps the reluctant learner's problem is so obvious, so pronounced,
that few objections are raised when radical changes in the at t of teach-
ing are used in an attempt to find solutions. As positive results develop
with increasing regularity, the doors gradually open to an atmosphere
where education is not only a means to an end but an end in itself.

For further information about this program, write to Mrs. L. R.
Strobel at the Sir R. L. Borden Secondary School, 200 Poplar Road,
West Hills, Scarborough, Ontario.
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Project SEED
WILLIAM F. JOHNTZ

Project SEED, Special Elementary Education for the Disadvan-
taged, is a program designed to improve the academic achievement of
disadvantaged children by teaching them abstract, conceptually
oriented mathematics in the elementary grades. The major focus of
Project SEED at the present time is on inner-city ghetto children,
predominantly black. Work has also been done, however, with
Mexican- American,. American-Indian, poor-white Appalachian, and
Eskimo children.

Two of the most important reasons for the disadvantaged child's
poor academic performance are these:

1. He enters kindergarten inadequately prepared to learn reading
skills because he lacks the kinds of verbal experiences common to
middle-class children (books in the home, frequent conversations with
adults, enriched vocabulary, nursery school, trips to the library, etc.).
Consequently, he is behind his more advantaged classmates from the
start.

2. By the time he enters school, the disadvantaged child, especially
if black, has already acquired a ne:ative self-image that impedes his
cognitive development. Consequently, instead of catching up with more
advantaged children, he tends to fall further and further behind as he
progresses through school.

Project SEED is based en these major assumptions:

1. Young children in general are capable of understanding and per-
forming abstract, conceptually oriented mathematics. Page and Davis
both reported ten years ago that young children not only are able to
understand high-level mathematics but also become enthusiastically
and creatively involved in learning the subject when it is well taught.
Their work suggests that mathematical talent is, contrary to popular
belief, universal if cultivated before it is destroyed by teachers who do
not understand it and consequently dislike it. (Later work in Project
SEED suggests further that there is a universal enthusiasm for mathe-
matics until it, too, is destroyed. Children have chosen Project SEED
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by popular vote in preference to extracurricular activities such as
music, art, and physical education.)

2. Few children, even those who are advantaged, have had previous
experience in abstract, conceptually oriented mathematics when they
enter the first grade. The disadvantaged child, therefore, is not behind
others in this subject as he is in language skills and, to some extent,
the familiar arithmetic skills.

3. Abstract, conceptually oriented mathematics is seldom a familiar
part of a.iy child's environment ; therefore, it is "culture free"the dis-
advantaged child cannot use it to compare himself unfavorably with
others.

4. Abstract, conceptually oriented mathematics is a high-status, in-
tellectually demanding subject. Success in this subject helps the dis-
advantaged child improve his poor self-image, thereby enabling him to
perform better in all subjects, including mathematics.

The discovery method, is crucial to the success of Project SEED.
Course content evolves, not from lectures, not from demonstrations, not
from exercises in textbooks, but from questions posed orally by the
teacher to the students in a group situation. The teacher never gives
answers; he only asks questions. If a student asks a question, the
teacher, instead of answering, asks a further question designed to lead
the student to the answer. If a student gives an incorrect answer, the
teacher does not say, "That is wrong." To tell a child, especially a
disadvantaged child, that he is wrong destroys both his spontaneity
and his willingness to take risks. Instead, the teacher asks the student,
"How did you find that answer?" The young child often gives an
incorrect answer to a mathematical question because he has (1)
changed the axiom system underlying the question or (2) made up a
new question related to, but different from, the original question. It is
indeed ironic that industry rewards the research scientist who can
change axiom systems or ask new questions while the typical elemen-
tary school teacher punishes the child who will do the same!

(It is not intended that these remarks be misconstrued as a sweep-
ing criticism of elementary school teachers, who, for the most part,
perform a heroic and largely thankless job. They, too, are victims of
hopelessly inadequate mathematics education.)

Because of the demands of the discovery method, the teacher who
is well trained in mathematics and enthusiastic about the subject is a
necessary condition to the success of Project SEED. Only such persons
possess the mathematical fluency needed to ask provocative questions
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that will guide the student to the self-discovery of the concepts and
structure of mathematics. Therefore, a Project SEED teacher must
have at least a baccalaureate degree in mathematics, preferably more.
Most of those presently teaching in the project have had several years
of postgraduate work in mathematics. An ever-increasing number have
Ph.D.'s, including several who are tr.oversity professors or research
scientists.

It should be stressed here that Project SEED never replaces the
regular arithmetic program. It is always, however, offered on a daily
basis during school hours to a regular class. Students are never specially
selected for Project SEED.

Topics introduced to a fifth-grade Project SEED class typically
include an examination of the properties of exponentiation treated as
a binary operation over the rationals, including zero, negative, and
fractional exponents. The log operation, general summation, and limits
are then employed as analytical tools in the study of rational and
irrational numbers. For instance, the students are led to discover that
the lognil is irrational whenever A is even and B is odd, or vice versa.
Then the topic of limits and infinite series is taken up and developed
to the point where the students are led to see that a number D is
rational if and only if it can be represented as a repeating N-mal num-
ber for some fixed N.

Project SEED offers the universities of this country a unique oppor-
tunity to involve some of their top-level personnelthat is, mathe-
maticians and graduate students in mathematicsin community work
on a daily basis in a nonconsulta five, nonresearch role. A version of
Project SEED called The Community Teaching Fellowship Program
became the number one item in the University of California's 1969
Urban Crisis Program, receiving more funds than any other item in
the package.

For the first time in history, industries have also been able to involve
top research personnel in community work on a daily basis in a non-
consultative, nonresearch role through Project SEED. Research mathe-
maticians and physicists from IBM have been teaching Project SEED
classes for two years. More than forty research personnel from Bell
Laboratories have indicated an interest in working in Project SEED.

Project SEED offers school districts a unique kind of in-service
training that is actually an integral part of the program itself.

Considerable effort is spent enlisting the support and cooperation
of the staff in any school in which Project SEED will be implemented;
classroom teachers are asked to participate as colleagues in planning



386 THE SLOW LEARNER IN MATHEMATICS

the program. Project S. ;ED stipulates that the classroom teacher
must be present, observit cr, and participating when necessary, while
the mathematics specialist teaches. The teacher's daily presence helps
her in three ways. First, because the mathematical concepts introduced
in Project SEED are altogeth ,r different from anything the typical
elementary teacher has been exposed to, she inevitably learns an enor-
mous amount. of mathematics and finds that her appreciation of the
subject is greatly enhanced. The cooperative spirit in which Project
SEED is introduced to the schools further facilitates her receptiveness.

Second, her daily nresence helps her to improve her teaching
methods. The discovery method used in Project SEED provides the
participating teacher with an excellent model of classroom questioning
and related procedures. She can adapt what she observes to her own
teachingin other subjects as well as in mathematics. Finally, and
most important, by observing so-called low achievers achieve at very
high levels, the teacher is helped to raise her expectations for all chil-
dren.

Mindful of the need for in-service training, most Project SEED
mathematics specialists set aside one day out of five to work with
classroom teachers as a regular part of the ongoing program.

Statewide evaluations in California and Michigan by the California
Institute of Technology and American Institutes for Research, re-
spectively, reveal that children in Project SEED not only are able to
perform abstract, conceptually oriented mathematics, but also that
their arithmetic computational skills have improved enormously. These
findings were confirmed by similar evaluations in Seattle, Washington,
and New Haven, Connecticut. Other evaluations in Berkeley and in
Del Paso Heights, California, show significant improvement by chil-
dren in Project SEED classes in IQ scores and attitudes toward self
and school. The California and Michigan studies also revealed con-
sistently positive responses to Project SEED from classroom teachers
who were involved in the program.

Project SEED, Incorporated, a nonprofit corporation, has the ex-
tremely low cost figure of $150 per child per year based on an assumed
class size of thirty. This is far lower than other compensatory educa-
tion programs that even approach Project SEED's level of proven
success. There are three reasons why the SEED price is so low:
(1) Project SEED specialists work with the whole class. Most success-
ful compensatory education programs involve one adult working with a
few pupils. (2) Project SEED has no materials or gadgets to sell, only
the skills of a highly trained teacher who can reach children from
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even the most deprived backgrounds. (3) All the corporate people
who work in SEED are volunteers. This helps to bring down the na-
tional per child per year cost.

Information about Project SEED may be obtained by writing its
director, William F. Johntz, 1011 Keith Avenue, Berkeley, California
94708.

Chicago's Attempts to Meet the Needs
of the Inner-City Child -via Math Labs

JESSIE L. SCOTT

I hear, and I forget.
I see, and I remember.
I do. am! I understand.

The philosophy of this Chinese proverb is the basis for the eight
elementary school math labs in Area B, Chicago Public Schools. There
is a lab for each district, similar in layout to the one pictured in
figure 11.14. The labs are located in the following districts and schools
and serve the grades indicated: District 9, Smyth, grades K-8; Dis-
trict 10, Crown, grades K-6; District 11, Doolittle-East, grades 4-8;
District 12, Edwards, grades K-8; District 15, Owen, grades K-8;
District 19, Cooper Upper Grade Center, grades 7-8; District 23,
Woodson-North, grades 4-6; and District 26, Healy, grades K-8.

Each lab has a lab teacher and provides a wide variety of materials
and experiences so that a child can discover meanings and relation-
ships himself. Each lab is so organized and conducted as to meet the
needs of its school population and community. Two of these labs are
for Spanish-speaking children.

This article will attempt to describe one lab in detail. Doolittle-
East is located in inner-city Chicago. The enrollment is 1,078. The
school is at the 30.6 percent poverty level for purposes of the Elemen-
tary and Secondary Education Act. This means that 330 of the chil-
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2. He and his parents do not often think of the school in terms
of his learning experiences.

3. He distrusts teachers and principals.
4. It is very hard to motivate him.
5. His attendance is very irregular because he often has to baby-

sit for younger brothers and sisters and feels that no one cares
if he is regular in his attendance.

6. He expects failure.
7. He cannot relate to the social situations in most textbooks.
8. He does not see that mathematics has any importance for him.
9. He lacks a quiet place in which to study.

10. He has little respect for property.
11. He has low reading scores because of his environment.
12. He needs to sense immediate success.
13. He seldom has the basic materials (pencils, paper, etc.).
14. He "tunes you out" when you arc teaching.

Table 11.5 shows the test results for the city-wide 1968/69 testing
program.

After taking a good, hard look at the picture, Doolittle-East planned
its math lab with the assistance of a consultant.

These objectives were set up:

1. Free the children to think for themselves.
2. Provide many materials so that the children can use many

senses to learn.
3. Provide experiences that will have relevance for them.
4. Establish an atmosphere that will foster a relationship of trust

and respect.
5. Provide activities and practice that will be enjoyable.
6. Provide materials and experiences that will lead the children

to discover relationships and patterns.
7. Develop a positive attitude toward learning.
8. Provide opportunities for the continuous progress of each child

through the mathematical strands.
9. Provide materials and experiences to meet the needs and

abilities of average, below-average, and advanced pupils.
10. Train the children in the necessary mathematical skills.
11. Provide experiences with which a child can be successful.

The math-lab teacher was selected. She had a master's degree in
teaching mathematics and ten years of experience in teaching inner-
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TABLE 11 3

csruiS OF A TI,STIvr: PROGIt 1N1 IN CIIIC WO, 1968/69

Grade
and

Quartile
Scores

School Learning Ability from Intelligence Tests

-1_

Grade 6:
Q3
Q2
Q1

Grade 8:
Q3
Q2
Q1

National--V-- -
IQ

111 75
100 30
89 23

111 75
100 30
89 23

City

IQ

106
93
84

108
95
85

I'll

65
38
16

69
38
17

School

IQ

103
93
82

102
94
86

I'll*

57
33
13

55
35
19

Grade 6:

National

GEt

Arithmetic Computation

PR

City

GEt PR

School

GEt Plt*

Q3 7.4 75 7.4 75 7 3 73
Q2 6.5 30 6.1 35 6.3 44
QI 3.8 25 5.4 16 3.6 20

Grade 8:
Q3 9.3 73 8.6 53 7.5 35
Q2 8.4 50 6.9 28 6.6 24
QI 6.7 25 5.9 13 3.9 13

Grade 6.

Reading

National

GEt PR

City-----_-
GEt PR*

School

GEt PR*

Q3 9.0 73 7.1 33 .9 33
Q2 6.7 50 3.3 29 5.4 31
QI 5.1 25 4.3 13 4.3 13

Grade 8:
Q3 10.1 73 9.0 59 8.0 49
Q2 8.1 30 6.9 38 6.4 32
QI 3.8 23 3.0 14 3.3 18

PR stands for "percentile rank."
stands for "grade equivalent."

city children. Materials were purchased that would help children dis-
cover concepts in all the mathematical strands. (A partial list of these
materials may be found at the end of this article.)
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The math lab is not a program in itself, but a supplement to the
activitics carried on by the classroom teacher. The math-lab teacher
may initiate a project or provide experiences related to the topics being
studied in the classroom. The role of the math-lab teacher is to-

1. create a relaxed atmosphere;
2. lead the children to discover relationships;
3. set up materials in the activity centers prior to the arrival of

pupils in the lab;
4. tape directions for lab activities that will present reading prob-

lems caused by the technical vocabulary ;
5. write activity cards and rewrite commercially written activity

directions at appropriate reading levels for the students;
6. determine individual children's weaknesses and assign appro-

priate laboratory activities;
7. correlate activities with those of the classroom teacher;
8. determine how the children are grouped in the lab;
9. encourage work in research and individual projects.

The children are scheduled for periods in the lab. When a teacher
brings her entire class, she works with the lab teacher, so that the
pupil-teacher ratio is approximately 15 to 1. Small groups of seventh
and eighth graders may report to the lab to work in the research
center during their study periods if they have requested permission
prior to the time of the study period. The schedule of periods in the
lab for any particular child changes periodically, depending op the
achievement of the child and the consequent change in need. Table
11.6 shows a typical schedule.

TABLE 11.6

TYPICu. L1IS SCHEDULE

Time Monday Tuesday Wednesday Thursday ',nosy

9:15-10:00 Prep.* 7th #118 Prep. 7th #316 Prep.
10:00-10:40 7th #116 Prep. 6th #300 Prep. 6th #306
10:40-11:20 8th #216 8th #216 8th #216 8th #216 8th #261
ILunchl
12:20-1:00 8th #212 8th #212 8th #212 8th #212 8th #212

1:00 -1:40 8th #210 8th #210 8th #210 7th #210 7th #218
1:40-2:25 4th #106

or
4th #307 4th #101 4th #103 Research

5th #201 5th #207 5th #100 5th #105 Research
2:25-3:10 8th #312 6th #302 6th #206 6th #202 Projects

* Prep. Indicates preparation period.
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A Typical Period in the Lab

Fourth-grade class

All the fourth-grade children were using Alge blocks in their wirk
with equivalent fractions. The activity cards were on transparencleL
and projected on the screen. The classroom teacher had requested tnat
the children engage in the same activity.

Fifth-grade class

A class of fifth-grade pupils were engaged in activities according to
their abilities:

One group was discovering equivalent fractions by using Alge blocks.
Another group was discovering equivalent fractious by using Cuise-

naire rods.
Each child in the two groups hat a card like the one in figure 11.15

to guide his thinking.

Halves Thirds Po:Wits Fifths Sixths Sevenths Etahls Ninths Tenths

i x
I
3

2
3

i

1

1

Fig. 11.15

A third group was using Cuisenaire rods to discover prime numbers.
See figures 11.16-11.18.

A fourth group, made up of advanced pupils, was working on poly-
hedra with straws and pipe cleaners.

Other groups

On one occasion a group of nineteen eighth graders from three
eighth-grade rooms sought help. They had received low scores on the
standardized test. They were given a standardized test; then the pupils
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1. Place a red rod in your work space. Can
yon make a train with two rods the same
color that would be as long as the red one?

Red

2. Three rods?

3. Four rods?

Fig. 11.16. Card A

I. Place a light green rod in your work
space

9. Can you build a train with two cars the
same color that is the same length as
the light green rod?

3. Three ears?

4. Four cars?.

5. Five cars?

Fig. 11.17. Card B

1. Look at your trains.

2. Are there any others like the train for
the red rod?

3. Name them.

4. If the red rod is 2, what are the fac-
tors of 2? Of 3? Of 5? Of 7?

Fig. 11.18. Card J

393
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and the lab teacher made an item analysis and a study of errors. Next
they conferred with the lab teacher regarding a program for improve-
ment. They selected their activities and determined their curriculum.
They were scheduled into the lab each day in small groups. Individual
progress conferences were held constantly.

One group of eight students requested a retest after a month. As is
characterLiie of inner -city children, they must see that they are being
successful immediately. Table 11.7 shows the results.

TABLF. 11.7

COMP PRISON OF TEST It E6ULTS

Date
Score of Child

It

21 Jan.
26 Feb.

5.4
5 9

4 9
4.2

3.1
6.5

4.8
7.1

5.1
5.4

5.3
5.8

4.2
4.2

3.4
4.0

The math lab is also used as a resource center by principals and
teachers from other schools in the area. Teachers are taught mathe-
matics methods courses in the lab.

There is constant in- service training for the math-lab teacher.
The only evaluation at this time is based on teacher observation of

pupil behavior and willingness to participate in lab activities, some
transfer from lab aetvities to classroom activites, and comments of
pupils and teachers.

Reaction of Children

A questionnaire was given to the children. They wrote their com-
ments about the lab and put them in a large envelope. They were
asked not to sign the questionnaire. Here are some of the comments of
the children:

"I think it helps kids a lot. It makes me feel at ease. I like it a lot."
"It just seems to me as if we can't or don't get as much done as we should."
"I am more interested in math."
"Math used to be a very complicated subject, but now it isn't so hard."
"I felt that math was alright before and very interesting after working in

the lab."
"The math lab is lots of fun."
"I think it's the best place to learn."
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"You get to do more in the lab."
"I still don't like math."
"The lab has many things to stimulate the brain. It has many challenging

things."
"It gives me a more livid understanding of the word mathematics, what it

means, and its many uses and believe methe math lab can rest ore your
brain with all of these answers and many more

"I used to think that math was a boring subject."
"I know more now."
"The teacher explains the work instead of just telling you to do this."
"Miss Thompson figured sonic easy way to do math "
"I was excited in the lab."
"I understand my work more better."
"It is a nice place to make what you feel like doing."
"I feel that we should have it more often."
"I feel like I had the brains to do the things I Ias asked to do."
"Math is getting harder every day."
"Math was nothing I wanted until I went tt the lab."
"It makes you want to do math more."
"Every school should have one."
"I would die if anything happens to the lab."
"I used to think math was a disaster."
"All other mathematics seems simple "
"It has made math become my best subject."
"I felt as if I wasn't learning enough before, and the math lab made me

see that I was right."

For further information about the program, please write 1.o Barbara
Thompson, Doolittle-East Math Lab, 525 East. 35th Street, Chicago,
Illinois 60616, or Jessie L. Scott, Math Consultant, Area B Office,
Curriculum Services, Edwards School, 4815 South Karlov Avenue,
Chicago, Illinois 60632.

AP ATERIA

A partial list of ha) materials is given below, In addition to the
items mentioned, a number of miscellaneous articles are useful
rubber bands, pipe cleaners, rice, beans, straws, rulers, protractors,
tape recorders, overhead projector. previewer, and so on.

Dimensions Battleship
Qwik-Save Sum Tunes
Spare Time (bowling) Dignity
Madagascar Madness Numerals Jigsaw
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Desk Calculator
Color Cubes
Perimeter Area Boards
Computing Abacus
Desk Tape Number Line
Winning Touch
Four by Four
Experiments in Mathematics
Tri-Nim
Configurations
On-Sets
WFF'N PROOF
Chinese Abacus
Timer, Stopwatch
Map Measurer
Cross-Number Puzzle-
Geoboard
Thread Sculpture
Pattern Blocks
Attribute Games and Problem>
Shape Analysis Matching
Cards, Box 1, Box 2
Psyche-Paths
Tangle
Parquetry Blocks
Qubic
Cuisenaire Rods
Place-Value Board
Mathematics Using Strings
Sage Kit
Developing Number Experiences
Twin Choice, Decks 1 through 8
Come Out Even
Bali Buttons
Clinometer
Hexed
I'm Out
Think
Tri-Grams
Solitaire Puzzle
Tuf

Spirograph
100 Square Graph Stamp Scale
Avoirdupois Precision
Napier's Rods Demonstrators and

Pupils' Sets
Compasses
Alge Blocks
Soma
Red Cards and Green Cards
Burns Pupil Boards
Quiet Counters
Kahlah
Cubical Counting Blocks
Walker Geo Cards
Tower Puzzle
Discs
Peg Game
Weights and Springs
Centimeter Blocks
Mathematical Balance
Ascobloc
Heads Up
Numb le
Who Is Your Favorite?
Measurement Kits
Dial-A-Matic
Prime Ed Trundle Wheel
Transparent Globe Laboratory
Tongue Depressors
Fact Pacer
Flat Shapes
Mathematical Shapes
Shapes with Tubes
Mirrors
Pi-0
Map Making
Yardstir
Metes S ck
Dienes Multibase Arithmetic Blocks
Poly-0

:
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University of Denver Mathematics
Laboratory Programs for Teachers

RUTH I. HOFFMAN

A typical classroom in remedial mathematics at the secondary
school has the student sitting at a desk in one-to-one correspondence
with a piece of paper and his own discouragement. He is engaged in
firmly retreading his old failures in exactly the same patterns that have
persisted for many years.

In an effort to upset this unfruitful educational pursuit, several
programs are in operation at the University of Denver Mathematics
Laboratory:

Programs to train teachers in the mathematics-laboratory approach
to teaching low achievers in mathematics

Programs to train teachers of teachers in the same approach
Programs to establish satellite centers for this approach throughout

Colorado
A depository for materials that can be checked out by any teacher

in the state for use in his classroom or for his own experimenta-
tion and planning

o delpro gra in COLAMDA

The programs for teacher training have used as a model the project
COLAMDA (Committee on the Low Achiever in Mathematics, Den-
ver Area), a program funded by Title III, Elementary and Secondary
Education Act, that had its origin and early-stage development at the
University of Denver. For this project, "low achiever" identifies
students in grades 7-12 enrolled in remedial classes with two typical
educational records: (1) two or more years below grade level in
problem solving and computational skills ft :neasured by a standard-
ized test and (2) a record of unsuccessful experiences in previous
mathematics classes.

COLAMDA provides an opportunity for teachers to become a part
of a working model through individualized training in instructional
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techniques and methods, exploration, experimentation, idea exchange,
and preparation of materials.

The teacher-training segment of the project places primary emphasis
on favorable change in the attitudes of teachers toward the teaching
of the low achiever, identification of known successful instructional
techniques and m,?thods, development of realistic objectives, and trans-
position of pure mathematical theory into a usable form for low-
achiever instruction. Each new project participant is required to attend
a workshop designed with the above objectives in mind.

Learning activities and teacher "idea cards" have been prepared by
a project writing team to assist the teacher in personalizing instruction
by supplementing the existing district materials. The activities are
intended to be student-interest oriented and open-ended in structure to
provide for individual differences in mathematics skill development,
interest, and age levels.

Philosophy

The philosophy of the program is the simple one that a low achiever
is a student who has become so embittered by habitual failure that he
hates mathematics. There is little possibility of this student's learning
mathematics until an attitude change has been effected. A new, in-
teresting, involvement approach v ith many and varied pieces of
equipment brings about this change. The laboratory setting gives an
opportunity to go back to basic concepts for a npw approach to under-
standingone that avoids the stigma of doing dull drill on very basic
and elementary topics. The laboratory approach, when properly
carried out, unifies ideas that were previously isolated items of
memorization.

Characteristics of the low achiever

The characteristics of the low achiever are dislike of mathematics
and school, irregular attendance, poor self-image, poor reading habits,
short attention span, and limited success with academic endeavorsall
these qualities pointing to the student as a potential dropout.

The mathematics laboratory

The low-achiever program is one of involvement, with students using
as many of their five senses as possible in learning; therefore the
teachers must experience the same process in teacher-training pro-
grams. For this reason the manner of teaching mathematics is a com-
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plete departure from former c;assroom procedures and is, in effect, a
mathematics- laboratory procedure.

It is difficult to define a mathematics laboratory, but the following
phrases characterize it to some extent:

Active, materials-centered situation
Questioning atmosphere and a continuous involvement with problem-

solving situations
Teaching role that of a catalyst in the activity between student and

knowledge

Phisical plant with equipment
A place where a student learns by doing, with appropriate objects

available

Inexpensive and easily assembled apparatus to give students an
opportunity to arrive at mathematical ideas through experiments

comparing, recording, and analyzing to develop mathematical
relations based on physical evidence

The activities and materials in a laboratory are anything that leads
to modeling mathematical ideas and concepts physically, or to assem-
bling physical models to represent mathematical principles. The fol-
lowing are samples of the kinds of activities and materials that char-
acterize a mathematics laboratory:

Printed software
Hardwarecalculators, adders, tape recorder, overhead projectors,

tachistoscope, video tape recorder, and so forth
Manipulative and concrete aidsabaci, geoboards, Cuisenaire rods,

grids, chips, and so forth
Activities simulating real-life situations
Physical involvementexperimenting, collecting data, building de-

vices

Field workmeasurement and estimation
Multisensory aidsdictating machines, pi ojectuals, video tapes,

films, filmstrips, audio tapes, tachistoscope
Games

Programs of teacher training

Several programs for teachers of low achievers have been held at the
University of Denver. The first few, where a teacher might pay his own
way or be funded by his district, were open to any teacher interested
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in low achievers. Some were for COLAMDA teachers. One was for a
special group, returning Peace Corps teachers; this program was
funded by the Office of Education under the Education Professions
Development Act program.

All these programs, ranging from two to five weeks, were based on
involvement activities. Teachers did laboratory experiments as their
students would do them. These were not presented in isolation but
related to the mathematical concepts the activity exemplified. The
teachers also had time, guidance, and material to make usable equip-
ment for their own classrooms. Since the COLAMDA project was the
model used, the teachers were provided with a complete set of
COLAMDA activity cards and student sheets. The cards are keyed
to the mathematical skill or concept they aid and also to the type
of activitythat is, hardware, simulation, experiment, and so forth.

The program for Peace Corpsmen continued into the school year,
with thirty two-hour meetings, where the same laboratory experience
was used with two extensions: one to computer-extended mathematics
and one to cooperative creation of new laboratory tools.

Programs to train teachers of teachers

Two programs have been conducted to train teachers of teachers.
The first was funded by the National Science Foundation through the
Cooperative College-School Science Program (CCSSP). Twenty-five
qualified secondary school teachers received training in an involvement
program for the elementary school. These teachers then trained an
additional 750 elementary teachers during the spring semester of 1969.

The second program, also funded through the CCSSP, extended the
ongoing mathematics projects at the laboratory to a statewide basis,
using five regional centers. Thus 120 secondary teachers received
specific training concerning the implementation of the laboratory ap-
proach for low achievers.

One outcome of this program is 135 laboratory programs in sec-
ondary mathematics in Colorado. Another outcome is the strategic
location of trained resource personnel available for extension pro-
grams by the local districts throughout the state.

The establishment of satellite centers

The five teams trained as teachers of teachers now have continuing
programs in their areas. They are conducting training programs for
teachers under the auspices of a college or a school district. These five
geographical locations have now become satellite centers for present-
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ing the involvement program to other teachers of low achievers.
Evaluation studies show that they are tremendously successful, and
their programs are received enthusiastically by the teachers in these
areas.

An exciting new program has sprung up in Riverton, Wyoming,
called WYOLAMP (Wyoming Low Achiever Mathematics Program).
It had its origin in the COLAMDA model and is developing with a
similar philosophy and similar goals. It has two excellent, innovative
aspects: the collection of the low-achiever materials for the elementary
schools and the incorporation of occupational packets into the sec-
ondary low-achiever program.

A depository of material for low achievers

The final phase of the work at the University of Denver provides
continuing support for personnel trained in earlier programs. It does
this by making materials and equipment available on a check-out
basis to any interested teacher in the state. These might be individual
items or classroom sets of manipulative materials or resource ma-
terials. Included are such items as geoboards, abaci, grids, chips, games
(commercial or teacher-made), films, tapes, books, guides, enrichment
material, film loops, projectuals, measuring instruments, and many
others.

This brief description cannot express the spirit of cooperation that
has developed among all participants and the workshop staff, nor does
it incorporate many tangential studies that have evolved. For ex-
ample, some graduate students created special computer-assisted in-
struction units for junior high school low achieversunits that have
been successfully used at schools where teletype terminals are avail-
able.

One program leads to many new and innovative programs, and the
cooperative effort of a university, the State Department of Education,
and local school districts (all of which participated in the above pro-
grams) is a powerful combination for helping the low achiever get, out
of his classroom dilemina and away from his one-to-one correspondence
with a piece of paper and his own discouragement .

For further information on this program, write to Dr. Ruth Irene
Hoffman, Mathematics Laboratory, University of Denver, Denver,
Colorado 80210.
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The Training of Teachers
DORA HELEN SKYPEK

'TIMMY SAID, "Teach them how to keep ,rderkindly order."
A second grader in an inner -city school, Timmy was a guest of the

undergraduate honorary sorority in education. The dialogue with his
hostess, a student teacher in Timmy's classroom, was not going as
planned. She had asked, "How do you like arithmetic?" Somewhat
startled when he replied, "I don't," she protested, "But this afternoon
you said that you did."

To help in eliciting a positive response from Timmy, the writer
interrupted the interview with a question of her own. Explaining
that she was a teacher of teachers, she asked, "What do you think
is the most important thing I should teach people who will teach in
your school?"

Timmy relaxed his defensive stance and said, "Teach them how
to keep order." Then he amended the request by adding "kindly
order."

Fantini and Weinstein have investigated the classroom management
strategy that Timmy calls "kindly" order. They call it strength with
sensitivity. They describe a strong and sensitive teacher as a person
who "can maintain a consistent orderly structure in which learners
can operate and, at the same time, indicate that he is constantly
aware of what is going on with the pupils. The pupils are treated as

402
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important and respected persons with feelings, attitudes, .tml ex-
periences that are worthy of attention." (38, p. 324.)

Timmy seems to be asking for just that. an orderly classroom
structure in which he can get on with the business of learning arith-
metic or reacting or whatever and, at the same time, a "kindly"
structure in which his worth as an individual is respected. The low
aehieverand Timmy is onehas often been characterized as not
wanting to learn, but that seems not to he the case with this seven-
year-old. Why else would he have asked for order? It is important
to note that classroom order is not, however, a sufficient condition
for learning in the ease of the slow learner. John Holt makes the
point in this account:

During this past vacation I visited a school that was still in session.
It has the reputation of being very "good" and "tough." The head-
mistress, who was very nice, asked me where I had taught. When
I told her, she said with false humility, "I'm afraid you'll find us
very old-fashioned." But she made me welcome, and particularly urged
me to visit the arithmetic class of her fourth-grade teacher, who had
been there for many years and was generally felt to be a jewel among
teachers and the pride of the school. I went. Soon after I arrived the
class began. The children had done some multiplication problems and,
in turn, were reading answers from their marked papers. All went
smoothly until, right after a child had read his answer, another child
raised his hand. "What is it, Jimmy?" the teacher asked, with just the
faintest hint in her voice that this interruption could not be really
necessary. "Well, I didn't get that answer," said Jimmy, "I got . . ."
but before he could say more, the teacher said, "Now, limmy, I'm
sure we don't want to hear any wrong answers." And that was the last
word out of Jimmy.

This woman is far ahead of most teachers in intelligence, education,
and experience. She is articulate, cultivated, has had a good schooling,
and is married to a college professor. And in the twenty years or more
that she has been teaching it has apparently never occurred to her
that it might be worth taking a moment now and then to hear these
unsuccessful Jimmies talk about their wrong answers, on the chance
that from their talk she might learn something about their thinking
and what was making the answers come out wrong. What makes every-
one call her such a good teacher? I suppose it is the ability to manage
children effortlessly, which she does. And for all I know, even the
Jimmies may think she is a good teacher; it would never occur to them
that it was this nice lady's fault that they couldn't understand arith-
metic; no, it must be their own fault, for being so stupid. [52, pp.
141-42]
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Just as the headmistress in this school does, too many administrators
equate the "ability to manage children effortlessly" with good teach-
ing. In fact, an orderly classroom structure and sensitivity to all
learners are often thought to be incompatible.

The experience of a first-grade teacher is pertinent as an example.
She had been teaching for only two years when she participated in
a summer institute for teachers of disadvantaged youth. The as-
signed reading of Sylvia Ashton-Warner's Teacher made a great
impact on her. The following September she asked for the first
graders who had not passed their "readiness" tests. She let the chil-
dren select the words they wanted to learn to read and wrote them

on large cards, one word to a card. The children studied the words,
traced them with thei! fingers and pencils, and carried them around
with them as "their" words. Arithmetic activities with attribute
blocks and Cuisenaire rods were supplemented by trips to a sandpile
at a nearby construction site. Filling cartons with sand and dis-
cussing the number of smaller cartons required to fill larger cartons
provided experiences in counting, in studying relationships, and in
developing conservation concepts. When maintenance men came dur-
ing class to replace one of the overhead neon tubes, she joined the
children as an interested spectator. In the ensuing discussion she
discovered that for these children the word light meant an electric
light bulb hanging from the middle of a ceiling. Accordingly, with
the help of the repairmen, she turned what in many classrooms might
have been an unwelcome interruption into an exciting and informa-

tive science lesson.
This first-grade teacher was sensitive to the learners in her room,

seeking cues from them and adapting the instruction to them. Her
established limits for a consistent orderly structure in the classroom
were, however, broader than those approved by her supervisor. Her
newly developed sensitivity to learners, expressed in her evaluation
of the summer institute"I see now that the school must get ready
for children instead of expecting them to he ready for school"
was not highly valued. She was transferred to another school; at
the end of the school year she resigned from the public school system.

There is a need to rethink what is meant by order in the classroom,
by teacher strength. To exercise authority need not mean to ignore
the need and the right of children to be respected as worthy individuals.
To have his feelings, attitudes, and talents treated as worthy of his
teacher's attention is among the more important classroom conditions
for every learner, especially the low-achieving youngster, no matter



THE TRAINING OF TEACHERS 405

what his age or w hat the socioeconomic status of his parents may be.
Consider the case of Mike, a tenth grader. His junior high school

teachers generally agreed that the boy was an underachiever, that he
had the intelligence to make better grades than the Cs and Ds on his
report cards but he was lazy and lacked motivation. At the beginning
of the tenth grade, owing to scheduling difficulties, he was placed in a
geometry honors class where the teacher listened when Mike said,
"But I think this theorem could be proved another way." Sensitive to
Mike's imaginative but nonconformist approach to learning, the
teacher encouraged him to write "original" proofsthat is, proofs
different from the ones suggested in the textbook.

He became an A student in geometry and, with his self-image as a
learner of worth somewhat restored, he began to spend more time on
other subjects. However, his "original" papers in English and history
were returned to him marked ,XC (that is, a grade of "A" revised to
"C"). The explanations for the revised grades usually went something
like this: "Your papers are imaginative and exciting to read, but you
must master the mechanics of spelling and punctuation." That was
the only school year of his experience in which Mike almost fulfilled
his human potential.

The study of classroom management strategies has, in general,
been only a peripheral concern of the curriculum reforms and in-
service teacher-training programs in mathematics of the past two
decades. There have occurred major improvements in the mathe-
matics curriculum, in upgrading teacher knowledge in mathematics,
and in innovative classroom methods that engage the learner in
active participation in the learning process. However, the benefits
of reforms and innovations have accrued largely to the bright, college-
bound students. The majority of students have been less affected by
the improved curricula. To serve these childrenthe slow learners,
the disadvantaged, the underachieversis the concern and purpose
of the several in-service training programs described below.

Some In-Service Training Programs for
Teachers of Slow Learners

A program series of three summer institutes and an academic-year
degree program directed by the writer and designed for mathematics
teachers (and supervisors) of disadvantaged youth in grades K-8
is discussed in some detail. Two other in-service programs are more
briefly described, with attention focused on unique or unusual features.
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Programs for teachers of mathematics, grades K-8, Emory University

The first institute, in 1966, included three major components: a
teacher-training mathematics laboratory, a teaching practieum in an
elementary school serving an urban community, and a seminar with
field experiences in the sociology of poverty and minority grodps.
Succeeding summer institutes added seminars in the problems of
teaching mathematics to slow learners, in intergroup relations, and
in language development.

The preliminary report of the Conference on the Low Achiever
in Mathematics, a conference sponsored by the U.S. Office of Educa-
tion and the National Council of Teachers of Mathematics in March

1964, included this statement:

Evidence from research in psycho-pedagogics clearly indicates that
active experimentation in which the child handles concrete objects and
observes what happens precedes the formal operation stage in learning
mathematical ideas. For slum children who come to school with a
paucity of experience with manipulation of objects, the elementary
teacher must provide the first selected planned environment in which
active sensory experiences can take place. Only after the codification
of experiences can the real search for structure begin. [10S, p. 13]

The ability of elementary school teachers to provide selected
sensory experiences conducive to the evolution of mathematical ideas
is dependent on a knowledge of mathematics and a knowledge of
how children learn mathematics. On the twofold assumption that
an adult may also learn from active experimentation in which he
handles concrete embodiments of mathematical principles and struc-
tures and observes what happens and that a teacher is more likely

to teach as he has been taught, each institute was designed around
a teacher-training mathematics laboratory. Other planned experi-
ences were incorporated into the program in order to develop-

1. teacher knowledge of the mathematical principles fundamental
to arithmetic and understanding of the psychological aspects
of mathematics learning;

2. teacher competency in classroom use of concrete materials
embodying mathematical principles and structures;

3. teacher awareness of the importance of viewing the child as
a person of worth and a responsible learning agent;

4. teacher sensitivity and a flexible willingness to adapt instruc-
tion to the experiential needs of disadvantaged youth.

7
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Thirty to forty participants were selected each summer from among
experienced teachers and supervisors of mathematics in inner-city
elementary schools. Recommendations of school administrators were
major factors in the selection procedure. The institute staff included
university instructors in the disparate disciplines of mathematics,
sociology, educational psychology, and reading and lank 'age develop-
ment. Psychiatrists and experienced elementary school teachers were
also on the staff during the last two summers. In an effort to combat
the fragmentation of the usual teacher-education programs, the staff
met often in formal planning sessions and informally with participants
during their free time. Interdisciplinary interest and communication
became increasingly greater so that a remarkable synthesis of the
various components was achieved during the third summer.

Participants were encouraged, in large measure, to direct their own
learning. There were no assigned term papers, research papers. or
curriculum units to be written, and no examinations. Grades of B
were awarded for satisfactory completion of the program. A variety
of materials and books were available in laboratory, reading, and
study roomsrooms set aside for the participants' exclusive use.
These rooms were open during the participants' free time, and ma-
terials could be checked out.

The teacher-training mathematics laboratory. In the mathematics
laboratory each participant was encouraged to work at his own pace,
using task cards involving manipulative materials, related texts, and
optional sets of supplementary materials. '1 he "math lab" supervisor
and assistants gradually assumed the roles of supportive consultants
as the participants pursued their individual interests.

A brief description of the materials used somewhat systematically
in the teach-r-training laboratory and the rationale for their use
follow. The er in which the materials were introduced is indicated.
Commercial sources, guides, and textbooks are included in the ref-
erences at the end of this chapter.

1. Attribute blocks (A-blocks)
The universal set consists of forty-eight wooden blocks, each of

which is a unique combination of one of four shapes, three colors, two
sizes, and two thicknesses They provide experiences in learning to
classify, to discriminate, and to abstract- -

a) concepts of properties of objects;
b) concepts of properties of sets of objects. e g., number:
c) concepts of logical relations between objects and between sets;
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d) concepts of operations on sets;
e) related concepts of relations and of operations on numbers.

2. Dienes Multibase Arithmetic Blocks (.11A13s)
These consist of sets of wooden blocks whose volumes increase

geometrically according to some specific base number; the blocks are
thus a physical embodiment of base systems of mmicrical representation.

For instance, let a 1-by-l-by-1 cm cube represent unit. The next
larger piece in a "base b" set of blocks would be a 5-by-1-by-1 cm
rectangular prism called a long; a b-by-b-by-1 cm prism is culled a
flat; and the b-by-b-by-b cm prism is called a block. The attention
of children working with the materials, exchanging b units for 1 long,
or b longs for 1 flat or 1 block for b flats. is directed to the structure
of computational techniques of "carrying" and "borrowing." or re-
grouping.

3. Cuisenaire rods
These are pieces of wood having a cross section of 1 cm by 1 cm

and varying in length from 1 to 10 centimeters, in increments of 1

centimeter. To each length there corresponas a specific color; the 1-em
rods are painted white, the 2-cm rods are red. the 3-cm rods are light
green, and so on. The Cuisenaire rods provide learning experiences for
a large number of mathematical notions, including the basic arith-
metical operations, rational numbers, bases, and volume.

4. Geoboards
Geoboards, typically, are square-shaped pieces of wood measuring

10 inches on a side, with a 5-by-5 array of nails, 2 inches apart, that

is a physical model of a set of points. A rubber band stretched around

two points is a model of a straight line segment; a rubber band
stretched around three noncollincar points represents a triangle; and

so on. The study of polygons and measures of polygons is based on
manipulation of the rubber bands around sets of nails and observations
of the physical models of segments and interior regions of the polygons.

5. "Red and green pieces"
These consist of small pieces of wood, red or green, and triangular,

diamond-shaped, or square. Depending on how piles of pieces are
"named" or how equivalence relations are defined among "piles," these
materials can be used to embody the ideas of the natural numbers,

the integers, one- and two-dimensional vectors, and matrices. It was
amazing to see how far the participants and their students were able

to progress into "abstract mathematics"from the integers to matrix
algebra and group structuresusing these very simple materials.

6. Cardboard or wooden representations of square, rectangular, or tri-

angular regions
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These representations were used in the study of transformational
geometry. Translations, reflections, and rotations were employed to
examine properties of geometrical figures and group structures generated
by certain transformations. Children, in particular, found the "flipper"
games among the most exciting activities presented during the summer.

7. Calculators and hand-operated adding machines

These pieces of equipment were available in the math lab and in the
practicum. Their use (particularly v ith slow learners) seems to hold
much promise for improving computational skills, for individualizing
instruction, for motivational purposes, and for the development of
marketable skills. A unit on flow charts was introduced in connection
with the use of mechanical computing devices.

8. Other materials available

Dienes's Algebraical Experience Materials, Stern's Structural Arith-
metic Blocks, filmstrips, programmed units, Madison Project Shc'ebox
Labs, Mirror Cards, measuring tapes, stopwatches, abaci, and ether
mathematical ants were also available to the participants for indi-
vidual or small-group explorations.

Many of the materials were homemade, either by the participants
and staff or by the University shop. Activities paralleled, as nearly
as possible, those of an elementary or junior high school math lab.

The major problem in the laboratory occurred luring the first
summer There was one supervisor for thirty participants. Directed
activities in which all participants were involved worked well. How-
ever, as the supervisor diminished his direction of the total group
and encouraged participants to assume qirection and responsibility
for their own learning, activity slowed down and some participants
protested. Experienced teachers are, in general, accustomed to being
passive learners in a classroom setting. Old habits and attitudes
about learning are hard to change. An active, hands-on approach,
in which they follow directions on task cards for manipulating con-
crete materials, then record data and drew generalizations, is not
in their repertoire of experiences or expectations in advanced study.

In subsequent programs alt. i of former institutes joined the
staff as laboratory assistants, one assistant for each group of ten
participants. As instruction became more individualized, the teacher-
participants did learn to direct much of their own karning. The
length of time necessary for immersion in the hands-on approach,
before the learner became self-directed, differed for individual teach-
ers. Initially most elementary school teachers needed more support
and encouragement than was generally assumed necessary (En like
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young children, who are not as inhibited). As they Ivork.td together
in groups of two, three, o; they learned firsthand the role that
social exchange of ideas, .,stions, and conjectures can have in
learning mathematics. The existence of different learning styles be-
came increasingly evident to them, and the right of the learner to
options in the problem-solving process became increasingly important.

The practicum for experienced teachers. The primary purpose of the
practicum was that teachers should learn how children learn through
observing both verbal and nonverbal behaviors that indicate learning
and, also, how to modify teaching behaviors in order to modify
learning behaviors. The number of students assigned to each par-
ticipant varied from not more than two to as many as eight. Super-
visors observed that, in general, a teacher learned to interact with
students on an individual basis when there were only one or two
students. When there were three or more, learning ceased to be a
joint venture and became teacher-directed. There were no specified
topics to teach and no measures taken of children's learning. In
general, the teachers chose to use materials with which they were
working in the mathematics laboratory.

Each summer, principals of local inner -city schools recruited fifty
or so students from grades 2-7 and assigned classroom space for the
participants and their students to work together in small groups.
School records, including reading and arithmetic achievement scores,
were available to the teachers only at the discretion of the super :isory
staff. The first day with only one or two children was somewhat
traumatic for many experienced teachers. To sit across the table
from a child in order to learn from that child something about how
learning occurs is quite different from standing in front of a class
of thirty children on the first day of school with permanent record
folders, lesson plans, and textbooks and with expectations for the
year pretty well fixed. For many teachers it was a first experience
at being totally dependent on the learner for cues, for direction in
the teaching act.

Among the supervisors were instructors in mathematics, instruc-
tors in educational psychology, and experienced elementary school
teachers. The most effective supervision was provided by the edu-
cational psychologist, who, not a mathematics educator, could ask
"Why are you doing that?" without threatening the teacher, who
was himself trying to learn some mathematics. However, the question
forced the teacher to clarify his understanding of the mathematics
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principle embodied in the materials and to identify and evaluate
the verbal and nonverbal learning behaviors of the children with
whom he was working. The experienced elementary school teachers,
former institute participants, were also riore effective supervisors
than were the college instructors in mathematics.

In the practicum, teachers learned to talk less, to ask open-ended
questions, to wait for children to think through a problem, to let
the children verify for themselves the conjectures they made, to
listen, and to interpret nonverbal cues with greater understanding.
They found out that what appears to be lack of interest may be
a protective cover-up for a feeling of shame or stupidity. Prior con-
victions about the hostility or indifference of disadvantaged children
were dispelled as the teachers discovered that children who experi-
ence a measure of success can become enthusiastic learners. The
teachers discovered that disadvantaged child.m can learn mathematics
awl can become absorbed in problem solving.

Teachers evaluated the practicum and the mathematics laboratory
as the most significant of the institute's learning experiences. The
academic-year program was an expanded form of the institute pro-
gram, with the mathematics laboratory as an adjunct to each of five
formal courses in mathematics. Within the framework of graduate-
degree requirements, the practicum replaced the usual research
project and was scheduled in cooperation with three local elementary
schools. The fifteen teachers (full-time graduate students) worked
in teams of five, each team spending one day per week for a period
of six months in the assigned schools.

In general, the teachers defined their own roles in the schools
as resource teachers in mathematics, as math-lab directors, as as-
sistant teachers, as remedial teachers, or as instructors of in-service
workshops. Each teacher exper mentally tried many roles. Instru-
ments for supervision were observations by staff and principals,
weekly logs by team leaders, and consultations. As in the short-term
institutes, teachers in this program thought the practicum to be
the most meaningful experience. Their usual, somewhat prescribed
classroom roles were denied them. The result was a freedom to
experiment with various teaching behaviors, to develop curriculum,
and to assess their behaviors in terms of learners' behaviors.

The practicum must also be assessed in terms of other program
components. Lectures, readings, and seminars provided an academic
knowledge not only of mathematics and learning theories but of the
sociology and language patterns of poverty and minority groups.
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The practicum was the laboratory for applying and evaluating
academic learning; and whatever else it provided, it gave each teacher
an experience in sensitivity to the learner,
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Training in sensitivity. After the first summer, there were struc-
tured training experiences in sensitivity. The weekly institute semi-
nars on intergroup relations were restricted to not more than ten
teachers in each group and were directed by a psychiatrist. During
the third sunnner institute, participants shared a required dormitory
"live-in" experience of two weeks' duration at the beginning of the
term. No family members or other observers were allowed. During
the academic-year program, a two-day encounter group was sched-
uled, as was a two-day workshop in behavior modification. The
reactions of teachers to these experiences were mixedfrom quite
positive (the majority) to slightly negative.

According to Fantini and Weinstein, strength and ,.ensitivity, as
characteristics of the teaching act, consist of interactions with the
learner in a variety of ways and, as such, are behaviors. One learns
teaching behaviors. not through reading about the teaching act. but
through behavingthrough experimenting with a range of possible
behaviors and assessing the effectiveness of different teaching be-
haviors, according to certain purposes and certain learners. (38, pp.
330-31.) Structured training experiences in sensitivity to learners
also included videotaping and role playing as described below.

Videotaping with experienced teachers. During the third summer
institute. a research investigation in the "development and standard-
ization of an instrument for assessing videotaped data of teacher
management in the elementary classroom" (96, p. 1) made extensive
use of the practicum. Each of the forty participants was videotaped
in four ten- minute segments, with the four recorded segments oc-
curring at intervals of approximately one week. After being taped,
each teacher met with his supervisor to view his tape and discuss
Ilk behavior in terms of a management code. Thus the code served
as a basic instrument of supervision throughout the practicum.

The Process Code is the core of the instrument. It is designed to
permit the de,cription of teacher behavior in the service of traditional
learning theory elements. Attention getting. setting up for student
respon,e, taking, feedback from the students, awl reinforcement of the
students are behaviors coded here. Pilot research indicates that these
elements occur throng,hout the teacher-student interaction and can be
coded at regular intervals with a high degree of inter-coder reliability (in
execs of .90).

The Event Code is :m amplification of the Process Code in an effort
to describe the managerial behavior of the teacher in a more episodic
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way. The pilot research indicates that every teacher has a highly
stable style which can he punctuated by any number of measurable
incidents of more or less regularity which contribute to a description
of teacher management. The teacher herself may initiate interactions
with the students winch demonstrate unusual awareness of the student,
or lack of it (Teacher With-it-ness). Again, the teacher may permit
the flow of classroom activity to modify (Wandering). Finally, there
may arise incidents beyond the cont -t of the teacher to which she
must respond in order to maintain management of her class (Disruptive
Outbursts).

The scope of the code is limited to the description of those inter-
actions with the student, of which the teacher becomes a part, in her
role as the adult who is responsible for the creation and maintenance
of a teaching-learning situation. [96, p. 1]

In addition to using the code to assist each teacher in assessing
his teaching style and the behaviors that characterize him in a
uniquely personal way, the participants and supervisory staff used
the tapes to explore teaching strategies in terms of specific instruc-
tional objectives and learner needs or problems.

It is well to note that the reaction of experienced teachers to
viewing themselves for the first time is highly personal"I didn't
know those pants were so baggy." The second time they view them-
selves, they are professionally hypercriticalrelatively minor inci-
dents are singled out for attention. However, in the third viewing
they can begin to focus on the teaching-learning environment as a
whole and can view themselves somewhat objectively. For many
teachers the major observable change attributable to viewing them-
selves was a reduction in their talking behavior and an increase in
their listening and attending behavior.

Role playing for experienced teachers. In the academic-year pro-
gram, the role-playing device was employed. A start was made with
a list entitled "Behavioral Objectives for Elementary Mathematics
Education," from Improving Mathematics Education for Elementary
School Teachers, the report of a 1967 conference sponsored by the
National Science Foundation and the Science and Mathematics
Teaching Center of Michigan State University (55, pp. 14-16).

From the Lhirty-seven objectives listed, twenty were selected as
teaching behaviors with which to experiment. Five of these were as-
signed to all the teachers, and the remaining ones were assigned in-
dividually. Each person had to play the role of a teacher while other
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members of the seminar played the roles of students. The one in the
teaching role was told what grade he was teaching (or was given a
description of a particular classroom situation) and was assigned a
concept to teach. He was charged with exhibiting the behavior specified
in the objective.

For instance, one of the objectives in the list is "Given an ob-
jective, outline an inductive sequence of experiences to carry out the
objective." One teacher assigned the role of exhibiting this particular
behavior was told that he was teaching an average seventh-grade
class and that he was to guide the class in discovering the generaliza-
tion "If a and b are two natural numbers and a > b, then (a b)
(a + bl = a2 b2."

The assignment proved to be a difficult one; the teacher had
majored in mathematics as an undergraduate and found it difficult
to start at the low level of skill mastery on which the others, now
in the role of average seventh graders, insisted that he must. Of
several different sequences of experiences that he might have pro-
vided, the following sequence is one:

Teacher: Let's find the products of the following pairs of numbers. As
you compute the products, search for patterns relating the sequence of
products to the sequence of factor pairs.

13 X 13 =
12 X 14 =
11 X 15 =
10 X 16 =
9 X 17 =

1 X 25 =
0 X 26 =

The computation of products results in this sequence:

13X 13 = 169
12 X 14 = 168
11 X 15 = 165
10X 16 = 160
9 X 17 = 153

1 X 25 = 25
0 X 26 = 0
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The search for patterns begins. Learners easily spot the pattern on the left
side: The first factor in each sentence is one less and the second factor is
one more than are the first and second factors, respectively, in the preceding
sentence. They also discover the pattern of decrease in magnitudes of the
products. When asked, "What else can you say about this sequence' sonic
learners may begin to relate 1:3 x 13 to, say, 9 x 17 and write:

9X 17 = (13 4) X (13 + 4)
Then

and

10X 16 = (13 3) X (13 4- 3)

1 X 25 = (13 12) X (13 + 12)

The decrease in magnitude from 13 x 13 to 9 x 17 is 16. The decrease
in magnitude from 13 x 13 to 10 x 16 is 9. The sequence then looks like
this:

13 X 13 = 169
12 X 14 = 168

11 X 15 = 165

(13 :3) X (13 + 3) = 10 X 16 = 160 = 169 9

(13 4) X (13 + = 9 X 17 = 153 = 169 16

(13 12) X (13 + 12) = 1 X 25 = 25 = 169 144

0 X 26 = 0

Cues from the learners should determine the further search for patterns.
The teacher could ask, "What can you say about the numbers 169, 9, 16,
144, . . . ?" It may be necessary to leave this particular sequence and
begin a new one. (Children do not recognize this kind of activity as drill!)
Try the following:

16 X 16 =
15 X 17 =
14 X 18 =
13 X 19 =
12 X 20 =

1 X 31 =
0 X 32 =

Assuming that the students ha: e been writing "frame" sentences, the
teacher will leave it to the students. to discover
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(0 X (0 + = 02

The emphasis is on using cues that t he learners provide and adapting the'
give-and-take of in to the learners

Another behavioral objective in the list is "Given a variety of
pupil contributions, react positively to all of them." All the teachers
were responsible for exhibiting positive reactions in the following
situation:

Assnine that you a, the teacher have asked five second-grade students
to NN me on the chalkboard "the sum of t o fours." Here are the written
responses:

2 + 4 = 6
4 + 4

44

= 8
Admittedly, the set of responses is contrived to elicit judgments of "wrong"
from teacher-4 However, if a positive response to student work is desirable
teaching behaviorthat is, if teacher responses or judgments are to be
"kindly" or show respect for the child as a Nvorthy learning agentthen
response behav;ors need to he asses-ed and positive behaviors practiced.

No consen,us was reached as to Nvhat kinds of teacher responses
constituted positive responses to these "answers." For example, the
teachers argued about the degree of positivity in the response "Ap-
parently you didn't understand what I said." Some of the' teachers
rated the statement negative in that the student was being blamed
for not understanding the teacher. One teacher protested that it was
the only positive response she could make. The seminar members
were also divided on the response to the sentence + = 8. Some
teachers responded, "Good. You are right ; the sum of two fours is
eight." Others insisted that the student was not right.

Curriculum development and adaptation. It wars not the purpose
of these programs to produce curriculum units. although teachers
did plan and write many such units for their own use. Sharing ideas,
creating homemade models and games, and writing task cards were
optional and free-time activities. "Shoebox math labs'' were created
by the aeademie-year students as part of their mathematics-labora-
tory experiences.
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The main thrust of the programs was the modification of teachet
attitudes and behaviors for the long-range purpose of modifying the
behaviors of children who have generally been unsuccessful in mathe-
matics. A number of commercial and experimental units were avail-
able for teachers' use in developing and adapting the currieulum in
terms of learners' individual needs. One of tht. four major aims was
to prepare the teacher to become a curriculum 1,eyeloper himself,
no longer totally dependent on the adopted textbook series or on
curricula created by others.

Robert 13. Davis has identified pressures in curriculum develop-
ment with Nvhic all classroom teachers and trainers of teachers of
mathematics Nill become increasingly involved. "They include a
technology NVIliCh is becoming more complicated more rapidly than
almost anyone seems to realize. . . They include also the multiple
crises of our largest cities, in which the future of our society and the
future of our education are inextricably intertwined." (25, p. 2.)

One bright promise from the modern computer technology is a
structure for individualizing learning. The mathematics laboratory
also provides for individualizati,'n according to learning needs. 13oth
structures. according to Davis. are "concerned with methods for w-
vising the curriculum much more oftenat least as often as once
a year, saythan was possible during the textbook-using period of
American education history" (25, p. 111.

Ancther pressure for change in the curriculum is the crisis in urban
education. Fantini and Weinstein suggest changes toward a "relevant"
curriculum. Their test for revelance is "the correspondence of the
curriculum to the condition and pattern of experience of the learner."
-In "Toward a Relevant Curriculum" (38, chap. 101, they identify
and discuss dimensions for change under the following subheads:

From a Uniform to a Diversified Curriculum
From a Symbolistic to an Expellent ml Curriculum

From Horizontal to Vertical Skill Sequences
From a Remote to an Immediate Curriculum
From a What to a Why Curriculum
From an Academic to a Participating Curriculum
From all Antiseptic to a Reality-oriented Curriculum
Towara a More Affective Curriculum

To move toward a relevant curriculum in mathematics along these
dimension> suggests uneW that each teacher must become a cur-



THE TRAINING ol,"rE.kcinms; 423

riculum developer for his own students. Ile must know not only
mathematics but also "the condition and pattern of experience of
the learner," as exemplified in an incident related by Fantini and
Weinstein:

An eighth-grade teacher overheard his students discussing their
desire to quit school in order ''to make sonic good money." From
class discussions he found that, to them, "good money" meant "a
dollar-Nenty an hour" or "forty bucks a week." A four-week unit,
evolved from the teacher's perception of his students' interests and
needs.

After developing a working definition of good moneythe amount
one needs for the basic necessities of food, shelter, and clothing
the class consulted newspaper ads for the cost of furnished rooms and
the cost of food for themselves, visited a department store to find out
other costs, and viewed a film on how to get the most for one's money.
"They worked out their complete costs on a yearly, monthly, and
weekly basis. The results were compared with their iginal esti-
mates and discrepancies were discussed."

The problem then was to find out where they could make their
newly eefined "good money." Checking newspaper ads, the students
discovered that "almost without exception, the jobs required special
training and at least a high school diplomathat dropping out of
school is not the first step toward making good money." (38, pp
405-7.)

All dimensions of the authors' definition of a relevant curriculum
are exemplified in this account of a remarkable teacher. The writer,
however. questions the implications of the authors that in the mathe-
matics curriculum for educationally disadvantaged youth one should
abandon the academic, symbolistic, and remote dimensions of the
curriculum.

Many activities in an "experiential" curriculum for younger chil-
dren or underachievers like Mike (the tenth grader mentioned earlier
in this clu., ,er) might have little relationship with practical reality
for the learner. It is also appropriate to have experiences with cul-
ture-free models of mathematical ideas in which the cultural "thing-
ness" of a model does not inhibit the study of classes of mathematical
relations. Among experiential needs are the primary needs for sen-
sorimotor experiences and concrete-operational experiences which
precede formal operational stages of learning. Many learners have
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elementary, six junior high, and three senior high teachers, in addi-
tion to members of the Office of Mathematics staff. Teachers par-
ticipating in the experimental program during the first year developed
one of the unique features of the current instructional program, a
method of teaching called the "banded" approach. This particular
approach recognizes the limited span of attenion of slow learners
and provides for a variety of topics and activities in each lesson.
The major band is devoted to the developmental activity for which
specific behavioral objectives have been written, and it is generally
sandwiched between two bands of shorter duration. The shorter bands
include skill-maintenance activities, exploratory math-lab activities,
pattern searches, or games and puzzles.

The more structured in-service training program, in which teachers
may earn two hours of professional credit, is taught by a local mathe-
matics supervisor, assisted by other members of the Office of Mathe-
matics staff and the writing committee. Among the activities and
topics included are the following: testing and guidance, the nature
of slow learners, behavioral objectives, the mathematical significance
of activities and games already written into the student program,
the construction of additional games or activities, visits to classrooms
using the program, and the exchange of ideas and experiences with
other teachers of slow learners. (12.)

Among the unique and positive features of the program is the
context in which in-service training occurs. The people who have
written the instructional program and who have supervised its im-
plementation in classrooms are also instructing the teachers' in-service
courses. As part of their training, the teachers are developing and
testing instructional units to be incorporated into the curriculum
guide. Academic and laboratory components of the classes for teachers
are, thus, much more closely correlated with the instructional program
and classroom needs than any university-based training could be.

Other special features of the in-service course are the same as those
that mark the instructional program for students: the specification
of learning behaviors and the banded approach. The instructors of
the teachers write behavioral objectives for their classes, just as the
teachers will write behavioral objectives for their students. These
trainers of teachers ask, "What do we expect the teachers to be able
to de?" and then attempt to specify the desired outcomes in terms
of observable be haviors.

For teachers who attend training programs (hiring after-school
hours, the banded approach is a change from the usual sleep-inducing,
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two-hour-lecture format of many in-service courses. A Variety of
topics and activities induce, instead, a change of pace which en-
courages active, creative, even enthusiastic, participation in learning.
In the banded approach, flexibility is the key. The bands may vary
in number and duration, depending on the topic being presented or
the interests and needs of the teachers.

To date, any evaluation of the in-service program is largely sub-
jective. However, the Coordinator of Mathematic- reports that there
is a discernible preference on the part of mathematics teachers for
classes of slow learners rather than classes in general mathematics.
The fact that teachers ask for slow learners seems to the writer a
positive measure of the effectiveness of one school system's efforts
in behalf of slow learners.

Cooperatil,e teacher-training projects, grades 7-12, University of
Denver and Douglas County Schools, Colorado

The features characterizing a series of cooperative in-service pro-
grams for teachers of low achievers in the Denver metropolitan
schools are summarized in the description of two concurrently sched-
uled 1969/70 programs: a University of Denver-sponsored project
for training returning members of the Peace Corps to teach the
disadvantaged and low achievers in mathematics, grades 7-9; and
the teacher-training component of COLAMDA (Committee on Low
Achievers in Mathematics Denver Area). The University-based
program, designed to make use of "the special experience and qualities
of the returning Peace Corps workers" (51, p. 11, consisted of a sum-
mer institute of five weeks' duration, followed by thirty weekly
meetings during the academic year. COLAMDA project teachers
in the training program were selected by their supervisor on the
basis of their "commitment to develop a better learning atmosphere"
for slow learners (92, p. 74). The teachers, each of whom taught a
class in general, or basic, mathematics. attended a two-week work-
shop during the summer; training experiences during the school year
were individualized through weekly classroom visits by the director
of the pioject or one of his assistants.

Participants in both programs taught in junior or senior high
schools in the Denver area. That the two programs were cooperative
efforts, complementary in nIture, is evidenced by the fact that the
planning and instructional staff tor both programs included the director
of the University-sponsored project, the director of the Douglas
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County COLAMDA project. and a state supervisor of mathematics
from the Colorado State Department of Education.

In a brief review and evaluittion of the Unive,sity-based institute.
the director identified its strengths and its weakness as follows:

The major strengths were (11 the training of teacher, in mathe-
matics in a laboratory setting, the format of which was "manipula-
tion, simulation. and measurement": (2) the tying of laboratory
experiences to specific mathematics concepts; and (3) the systematic
study of the mathematics content in the junior and senior high school
curriculum. with some advanced topics included "to raise the teach-
ers' sights" (50).

The major problem identified by the director is also a national
one and a particular educational need to which the institute program
was addressed. According to the original proposal (51, p. 2),

Peace Corps workers who choose to enter teaching in the United
States after their return are frequently disappointed that they are
absorbed into rigidly controlled organizations where they are unable
to u,e those very qualities which make diem valuable to the Peace
Corpsempathy for the disadvantaged and the ability and the patience
to impart to the disadvantaged a desire to learn as well as learning
itself. On the other hand, urban schools in disadvantaged areas .

find it difficult to staff courses with teachers having those qualities.

Of the ten returning corpsmen in the institute, three of them did
experience difficulty in adjusting to the regimentation of the public
schools. Other participants in the program were twenty experienced
teachers. The Peace Corps workers were "cooperative, excited, and
enthusia,tie" about their training and, together with the experienced
teachers, generated a "good group chemistry" (50).

The summer workshop employed the mathematics laboratory as
the central device in training teachers in mathematics and in meth-
odology. Experiences included the use of desk calculators in simu .

lated elan experiments and assignments in mathematics. Flow-
charting was studied as an aid to problem analysis. Teachers had
nece,s to a computer terminal and developed units in compute -aided
instruction. They learned classroom uses of audiographies. Experi-
ences with manipulative devices such as geoboards, Cuisenaire rods,
and abaci were provided. Participants also studied the value of the
controlled use of games, puzzles, and other motivational techniques
for slow learners.

The laboratory experiences were carefully and explicitly related
to skill acquisition and the clarification of concept,. Equipment,



THE TRAINING OF TEAcimits 429

purchased for the workshop was placed in the schools for student
use during the academic year, as were the participant-created kits
of manipulative materials and measurement tools. Mathematics con-
tent emphasized fundamental concepts in computing with real »um-
bers and was developed concurrently with classroom techniques for
working with students who lack foundational concepts and
The basic geometric and algebraic content of junior high school
mathematics was reviewed, with emphasis on methodologies employ-
ing experimentation, discovery, and problem analysis.

The thirty two-hour in-service meetings were given over to par-
ticipant discussion of classroom successes and problems, mathematics
content related to classroot» topics, expanded laboratory activities,
and (in one out of every six meetings) topics in mathematics of
intellectual interest to the participants without regard for classroom
applications. The director reports that the interest and involvement
were "tremendous, with perfect attendance" throughout the series of
thirty lessons.

The COLAMDA project is a joint curriculum-development and
teacher-training endeavor for the purposes of developing

an effective program model for low achievers in mathematics, grades
7-12. . . . The teacher training segment of the project plans primary
emphasis on favorable teacher attitude change toward the teaching
of the low-achiever, identification of known success-fill instructional
techniques and methods, development of realistic objectives and trans-
position of pure math theory into a usable form for low-achiever
mstrnction. Each new project participant is required to attend a
workshop designed on the above concerns. [92, p. 741

Twenty-two teachers were enrolled in the 1969/70 training pro-
gram. The mathematics laboratory was again the central training
device in the summer workshop, with individualized instruction
during the academic year. Desk calculators, adding machines, flow-
charting, instructional aids, games, puzzles, manipulative materials,
and overhead projectuals were used in the multisensory approaches
to learning mathematics. Instructional techniques and methods were
studied in the laboratory and in the classroom, and classroom» ma-
terials and kits were prepared.

COLAMDA project objectives and evaluation procedures are stated
in terms of five major concerns for a program model for low achievers:
(1) student performance in mathematics, (2) student attitudes toward
mathematics, (3) teacher attitudes toward teaching low-achiever
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mathematics, (4) the development or selection of field-tested ma-
terials and teaching aids, and (5) the collection of data on mathe-
matics skills needed for entry-level jobs in the community. as well
a, tho,e necessary for everyday living 192, pp. 77-79).

The evaluation procedure with regard to "favorable teacher atti-
tudes toward teaching low-achiever mathematic.," includes two
criteria.

(The goal I to effect favorable teacher attitude . . will be attained
if there is

a) An increased emmintment by eneh teacher to working with low-
achiever,: in mathematic,. This commitment will be measured by
respond of teachers in an interview, with additional information
gathered from steering committee observations. building principal
observations. and on ob,ervations by the project staff.

b) Evidence of flexibility and adaptation in using material and
equipment in an effort to adapt to individual differences of students.
Data on this will he from interviews, material inventory and
olieriation of laboratory usage. [92, p. 761

Few measurable results of teacher-training programs in mathe-
matics for slow learners have been reported. Most of the published
reports are descriptive in nature. and the evaluations of change in
teaching behaviors arc largely subjective. The ultimate measure,
of course, is student performance in mathematics. Perhaps at some
time in the future there will he more specific guidelines for training
teachers of slow learners. The fact is that the institutions whose
programs are described herein felt they could not wait for answers
in the future. To paraphrase Baltimore County's coordinator of
mathematics, ''The slow learners . . . were with us here and now
and in great abundance. The urgency of the situation prompted the
linstitutionsl to make a start using the best available sources. con-
sultants and the experience of dedicated teachers." (12, p. 47.1 Al-
though the answers are still not in. the writer recommend,: the
directions that have been charted.

Recommendations

The nature of workshops for teachers of slow learners in mathe-
matics will depend on many factors. such as administrative leadership
and support, teacher commitment and prior training in contemporary
mathematics, identification and recruitment of resource people and
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organizations. time schedules, and financial support. The ,uggestions
that follow are by no means exhaustive of the possible structure:-
or resources for in-service teacher training.

Short-term workshops (25-40 hours)

For teachers of grades 7-12. In the October 1969 issue of the
Mathematics Teacher 1\lilton NV. Beekman» describe, a short-term
workshop held at the University of Nebra,ka (8 The schedule of
topics is included in his article, consultants are identified, and re-
source materials and organizations are named. The workshop is

recommended to university -ba,ed mathematics educators, school dis-
trict supervisors, and t1 ,..1artinental chairmen a, a prototype for short-
term workshops

The fifteen sessions of two and one-half hours each could be modi-
fied to meet the time limitations of other in- service arrangements
for instance, that of a district faculty's preplanning week and four
or five subsequent released -time after-school or Saturday morning
meetings.

At each session there were from tO to five presentations, including
reports on hooks and articles related to low achievers in mathematics,
descriptions of low-achiever materials and projects, involvement in
the laboratory type of experiences, films, games. and invited lectures
by master teachers. A one-day conference was held in conjunction
with the workshop, and on this day the presentations were made by
nationally known experts in the field of teaching low achievers in
mathematics.

Detailed reports of each day's s(-4.-ion were reproduced and dis-
tributed to all members for their permanent reference file.

It is evident from Beckmann's description that major factors in
the success of the workshop were strong and concerned leadership:
cooperative preplanning; and the active involvement of participating
teachers in the collecting. reviewing. and developing of materials.

For teachers of grades 1-10. The in-service instructor with limited
resources might consider a program based on experimentation with
selected "models" of teaching behaviors. A collection of profes,ional
periodicals is an excellent source of possible modelsthat is, descrip-
tive reports by individual teachers of classroom materiali and
strategies which they have tried and found successful with slow
learners. (See references at the end of this chapter for suggested
readings from the Arithmetic Teacher and the Mathematics Teacher.)
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In the majority of the reports, the preparation of materials and the
teaching strategies arc sufficiently detailed to allow for emulation by
other teachers.

Participation during the period of the workshop might consist of
two hours each week in after-school or released-time meetings and
one regular classroom period each week in which experimental ap-
proaches suggested by the models are tried. In planning for the initial
in-service meeting, a large number of recent issues of periodicals
should be assembled and one or two model classroom experiences
identified for simulation. The games, worksheets, or manipulative
aids necessary in the simulation will have to be collected or repro-
duced, and the workshop member selected for the instructor's role
may find it helpful to pilot the described experiences in his own
classroom first.

Following the workshop simulations and related discussions, the
teachers can be asked to search the periodicals on hand and select
one or more models which they will try in their own classrooms before
the next meeting. At that time they should be prepared to share
or demonstrate the materials they have used and to discuss their
students' reactions. Subsequent workshop activities should continue
the pattern of experimenting with a range of "model" teaching be-
haviors and then assessing the effectiveness of different teaching
behaviors in terms of instructional objectives and learners' behaviors.

During one in-service simulation, teachers should be assigned
individual or group projects in measurement, the physical acts of
measuring to be carried out during the meeting just as students in
the mathematics classroom should be permitted to make their own
measurements. For instance. the teachers could measure the dimen-
sions of the room in meters; determine the speed of automobiles
passing in front of the building; measure the height of a flagpole;
estimate the number of beans in a large jar and find ways to verify
their estimations without counting; estimate and measure the capacity
or volume of a variety of containers; make several different paper
models of a square foot or a square yard (with at least one foot-
square model and one yard-square model) ; demonstrate with card-
board or paper models that 144 square inches equal 1 square foot and
9 square feet equal I square yard. Teachers who have themselves
engaged in the physical act of measuring are more likely to provide
the same real and practical approaches to measurement in their own
classrooms.

A change of pace can be introduced at the in-service meetings with
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films borrowed front state and local professional libraries: demon-
stations by conunereial distributors of maniimlative materials or
activities units; display and demonstration of student-created work;
new materials and games which a "search" committee ha, located.
reviewed. or develope(1; and, if possible, with consultants who are
knowledgeable about some of the nationally known programs.

The proposed structure can provide th«lirection and the mutual
support and encourag,einent that many teachers need in onler to
initiate change:, in established elassroc in procedures. Experimenta-
tion with different teaching behaviors is, of course, not the whole
solution to the problem of teaching mathematics to slow learners.
but it is a first step. It is hoped teat sustained practice in experi-
mentation will unleash the creative powers of teachers to continue
seeking solutions to the problem long after the in-service program
is completed.

For teachers of grades K-6 Au alternate structure for a short-term
workshop might Int an intensive five- or six-day schedule of seminars
and laboratory sessions. The director of the workshop could begin
by planning and equippi),g a teaching demonstration center that could
also serve as a protot' pe for student learning centers. (For sugges-
tions, see cluAer 8 ',n the laboratory approach and, in the present,
chapter, the deseri,)tions already given of teacher-taining mathe-
matics laboratories.) The cost of equipment and materials can vary,
depending on w1let her one purchases commercially prepared manipu-
lative materials and games, or contracts with local industrial arts
departinents or hobbyists for specified materials, or makes many
of the materials himself with the help of teacher-participants

Money is well spent for selected professional books and periodicals,
prograninied units in mathematics, collections of experimental student
units, teachers' guides, and task can for use with manipulative
materials. (This yearbook will be an invaluable sourcebook.) Pre-
workshop arrangements should include the recruitment of experi-
enced and enthusiastic teachers or consultants to direct the simulated
classroom activities with laboratory materials.

However one varies or modifies the sequence of major topics s,,g-
gested in the' chart, a "banded" approach is recommended. With the
greater thne band devoted to the major topic, the time bands of
shorter duration should allow for individual or small-group work with
materials that have already been introduced and the creation and
construction of teacher-developed materials.
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Meet ings ,Major Topics

1, 2 Discussion of preassigned readings, particularly chapter. 1 and 2
Of this yeai book.
Brief review of Piaget ian learning theory and relat ed resem ch,
with emphasis on number concepts and consei vat ions. Demon-
st int ions.
Classroom simulat ion wit h at t Filmic blocks.
Review and discussion of I less and Shipman's "Cogni I it bre
Elements in Maternal Behavior" (48, pp. 57-85).
Bela t ing and discussing the above.

3, 4 Simulated classroom expel iences wit Ii Cuisenan e rods.

5 Simulated classroom experiences with the Dienes
Mult ibase Arit innet is Blocks.

6, 7, 8,

10, 11

9

___

Study of Wirt z, Rot el, and Beberman's four-part set of books
(106), which is recommended for purchase by each teacher.
(Under each of two titles t het e are two book: a teacher's guide
and a book of student work forms that purchasers may du plkat e
as they wish.) Viewing the set of n i elated films showing class-
room lessons in which the activities and strategies described in
the t cachet 's guides are used.

Using geoboards in simulated classroom activities, as suggested
in exercises in chapter 8.
Doing projects in measurement.

12 Review by workshop members of Nuffield Foundat ion booklets
(73) and Biggs and Maclean's b'ieedom to Learn (11).
Evaluat ion of workshop: "Whet e do we go from here?"

Laboratory activities should be related to the development of
mathematical concepts and the acquisition of skills. Resources other
than those used in connection with major topics sHuld he provided
for outside reading and exploration. Active teacher involvement in
a variety of flexible and experimental approaches to the teaching-
learning act is the immediate goal of the short-term workshop.

Professional credit in-service course (50 hours or more)

A new and promising trend in mathematics curriculum develop-
ment ignores the traditionally horizontal and fragmented treatment
of elementary mathematics and emphasizes instead a collection of
"strands." The strands identify the big ideas in mathematics, such
as relations and functions, numbers and numeration, operations and
properties, geometry, measurement, and probability and statistics.
Guidelines for implementing a strands approach ignore the arbitrary
structures of grade levels, administrative divisions, and branches in
elementary mathematicsthat is. eight years of arithmetic, one of
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algebra, and one of geometry. Instead, the guidelines suggest early,
intuitive experiences of the readiness type in each of the strands,
with the developmental nature of mathematical and logical ideas
adjusted to maturational stages in learning.

The in-service training of teachers of slow :earners in mathematics
could profit from a strands approach Instruction and exchange of
ideas among teachers along the vertical dimension of grade place-
ments would better serve the needs for individualizing learning. Par-
ticipants in the course should be recruited from those who teach
basic. or general, mathematics in a senior high school and those who
teach slow learners in the feeder junior high and elementary schools.
Content strands of the course may include, or be selected from, the
topics that constitute the chapter divisions of this yearbook.

In the content of strands in mathematics and in teaching mathe-
unities to slow learners there is considerable overlap among grades
and administrative divisions. It is apparent from a review of the
training programs described in this chapter that many basic assump-
tions, materials, and strategies in the mathematics laboratories for
teachers of grades K-8 and teachers of grades 7-12 are the same.
The recommended prototypes for short-term workshops, with few
modifications, are appropriate for teachers in any administrative
division. The fact is that instruction in mathematics for slow learners
must be in terms of individual students' developmental needs and
interests, not grade-level placements.

It is especially important to include primary-grade teachers in any
such program. Because problems of slow learners are more glaringly
evident at the upper-elementary and secondary grade levels than
they are in the first and second grades, the greater efforts to solve
the problems have been in remedial programs rather than in early
public school programs. However, if teachers of primary grades were
more acutely aware of the future expectations for their students.
some of the problems might be prevented. For instance, in order to
ensure an adequate and sound development of the concepts and
skills employed in computation, the first-grade teacher, the fourth-
grade teacher, the seventh-grade teacherall teachers who serve the
same child over the period of years lie must attend schoolneed to
talk to one another in an effort to identify and remedy potential
problem areas. The following anecdote makes the point.

The teachers in an inner-city school (grades K -7) were discussing
problems in teaching computation. The fourth-grade teacher had
complained that his students did not understand the place-value
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principles inol, ed in computing differences such as 43 17. In the
ensuing discussion a first-grade teacher remarked that she had just
completed a unit on place value and that all her students knew what
17, 43, and all two-digit numbers meant. When asked to demonstrate
what these first graders had learned about 43, she wrote, "43 =

0 0 0 ® L Further questioning elicited the information
that her first graders had spent about four weeks learning to write that
all two-digit numbers are equal to is with rings drawn around them
and tally marks with fingers drawn under them. The skill is of little
value in preparation for the fourth grade. How does one "borrow"

one of those 's and take it apart to have a lot of:Zs?

These first graders were not unintelligent or unteachable. They had
learned well what they were told to learn. Children from a poor
socioeconomic community, they will be labeled "slow learners" in
the fourth grade. Their poor performance in computation will be
unjustly attributed to their "poor cultural background.'' During the
four weeks allotted to learning about place value. these children
should have been tying string around physical objects in bundles
of tcn, or putting rubber bands around bundles of ten singles, or
putting singles into paper sacks or boxes and then counting the
bundles and the singles left over. As they bundled objects and counted,
the teacher could have instructed them in the arbitrary convention
of recording their counts of bundles and singles. That is, to record
the physical reality of 4 bundles and 3 singles, one uses a coding
scheme in which the count of bundles is written to the left of the
count of singles, and one reads the symbol "43" as "4 bundles and
3 singles" or "4 tens and 3 ones" or "forty-three."

All teachers who are responsible for first experiences, reinforcement
experiences, or remedial experiences in learning to use the decimal
numeration system should recognize that it is an arbitrary and
complex coding system and that the development of skills in compu-
tation is dependent to a great extent on the development of skills
in using the code. Much of the trouble that slow learners have with
computation steins from an incomplete understanding of the numera-
tion, or number coding, system.

A joint study by primary and upper-grade teachers of the strand
on characteristics and needs of slow learners should point up the
physically oriented learning styles of many children and the con-
comitant need for a great deal more physical input in the primary
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grades before coding takes place. A joint study of the strand on
reaching the slow learner through behavioral objectives should lead
to the writing of performance objectives and the identification of
enabling skills; these activities could, in turn, provia more specific
directions for primary-grade teachers in the curriculum choices they
must make and more specific guidelines for middle- and upper-grade
teachers in diagnostic and prescriptive measures. A joint study of the
strands on multisensory aids and the laboratory approach would sug-
gest the meansmaterials and strategiesby which school faculties
could provide a more consistent and purposeful sequence of activities
across the grades to meet the needs for physical input in the achieve-
ment of the specified objectives.

Creative and ingenious leadership will be needed in planning and
implementing a professional credit course along the vertical dimen-
sions of selected strands for teachers whose training and experiences
have equipped them with quite different sets of concerns and ex-
pectations. However, the common concern with a particular popula-
tion of learners in a particular content area should provide a focus
the instructor can use in the planning and execution of the course. For
instance, if teachers arc recruited from schools in a particular geo-
graphic area, then the strand on the characteristics and needs of
slow learners (sec chap. 1) can provide a context in which their slow
learners' characteristics and ieeds can be more specifically delineated.
In turn, the instructor and teachers can use this set of characteristics
and needs as a guide for determining the inclusion of other strands.

To provide for differences in abilities, needs, and interests, learning
can be individualized through laboratory experiences; teacher options
within a required reading list; individual and small-group assign-
ments in reviewing, collecting and developing materials for presenta-
tion to the total group; experimentation with new materials and
teaching strategies in a praeticum; and individual conferences. It is
through the identification and discussion of common problems along
the developmental dimensions of a strands approach that each teacher
can acquire a greater awareness of his role and his responsibility
in the sequenced !earning experiences of his students.

Concluding Remarks

Whether or not in-service training programs use a strands approach,
the major recommendations arc these: The usual lecture format should
be avoided and multisensory aids employed in instructing teachers
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in mathematics. Each teacher should be act;;el engaged in reviewing,
collecting, and developing materials for use in the course and in
his classroom. Experiment' tion with a range of possible teaching
behaviors and assessment m different behaviors in terms of instruc-
tional objectives and learn'.14 behaviors should be supported. Teacher
exchange of ideas and experiences should be encouraged.

Although the suggested content for in-service programs appears
to be a smorgasbord of topics, activities, and strategies. it is im-
portant that the supervisor-instructor provide a structure of rather
clear-cut objectives and direction, at least in the major instructional
"bands."

The ultimate goal of the recommended programs is the establish-
ment of classroom environments in which purposeful, creative, and
self-directed learning in mathematics can take place. The intermediate
goal should be to establish a comparable structure for training the
classroom teachers of mathematics.
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Appendix A: Activities,
Gaines, and Applications

THOMAS E. ROWAN
WILLIAM G. McKENZIE

This beginning section of Appendi.;, A suggests activitiesincluding
applications and gamesthat are suitable for slow learners of mathe-
matics. Many of the activities are adaptable to various topics. Some
are included because they are motivational and because they can be
used to move the pupil toward some specific and valued mathematical
goal. A few are included because of their motivational value alone. It
is left to the teacher to match the appropriate activities with specific
objectives. Many of the activities are useful, in sotne form, for both
the elementary and sec.mdary levels. Again, the decision in this regard
is left to the teacher, since the curriculum at these levels may vary
from one part of the country to another. We hope you will find many
useful ideas here and that this presentation will serve as a base on
which to build an creasing collection of such ideas.

Lightning addition

The pupils select three 3-digit numerals, which t.re recorded on the
chalkboard and on paper by the pupils. The teacher then supplies two
3-digit numerals and asks the students to find the sum of the ti'.e
addends. The teacher or a pupil who knows the method then writes

444
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the sum on the chalkboard without going through the addition. The
pupils check this sum on their papers. Students can be challenged to
find the secret or can be told the secret after their appetites are suffi-
ciently whetted.

Example: The students supply 453, 721, and 584. The teacher acids
546 and 415 to this and immediately writes the sum 2,719.

4531
721 students
584

415
546}

teacher

2,719

The secret is in the fact that the teacher selected the "nines comple-
ments" of two of the student numbers-453 and 584, in this case. Note
that 453 + 546 = 584 + 415 = 999. Thus 999 + 999 = 2,000 2, and
the addition is solved by adding this to the remaining addend, 721.
Thus 721 + 2,000 2 = 2,719, the sum.

This procedure can be done with other variations. You can use more
addends, or more digits per addend. The students always supply one
more than half the ^ddends. Consider these examples:

351

741
students 7,683}

students
2L

23
2,931
7,068 teacher

641 17,682 = 7,683 + 10,000 1
( teacher

76 j

325 = 28 + 300 3

An interesting variation is for the teacher to supply the answer im-
mediately after the pupils have given the first addend. In this case,
the teacher simply uses the first number as the key number and sup-
plies the "nines complement" for each additional addend later given
by the pupils.

838 students

728
1361

students' additional

8631
teacher

271

2,836 = 838 + 2,00C 2
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A version of nim for class competition

Niin is au ancient mathematical game that takes various forms. The
following is just one version that has been adapted for group compe-
tition.

In this version, the objective is to be the player to add the addend
that produces the goal number. Any goal number may be used, but for
beginning play it is best to use a fairly easy one. Let's consider au
example using 11. The players take turns adding addends until the goal
is reached, and the one to reach it wins. The addends that can be used
are selected by the teacher or players:. In the case with the goal of 11,
suppose we use the addends 1 and 2. The game might then progress
as follows:

First -: 1, 3, 8, 11 (the goal)
Second I, ;er: 3, 6, 9,

The game can be adapted for groups as follows: The class is divided
into two teams of equal numbers. If there is an odd number of stu-
dents, one might serve as judge and/or scorekeeper. Each team is then
subdivided into pairs. If each team has an odd number, one member
can be team captain. A player is permitted to talk to his partner but
to no other team member. A pair from the first team plays a pair from
the second team; and this is repeated, alternating the first play, until
all pairs have played. The team gets one point for each game won by
a pair from that team. Players will ordinarily look for the system that
will assure victory. After the teams have played, the teacher may in-
vite anyone from either team to challenge him to a game. If the stu-
dent wins, then his team gets two extra points. If he loses, then the
team loses one point. It is also possible to record the results in various
ways. Sometimes they are recorded as follows:

1, 2, 4, 6, 8, 9, (11)

Other times they may be recorded so that the pupils do a little more
figuring.

1+ 2+ 2+ 1+ 2+ 1+ 2
The g. ' can be adapted to the abilities of the students, as well as
adjus, 'cording to experience in playing, by changing the goal
and/o: addends. Thus a goal of 14, 21, 100, or any other number
might be used. The addends 1 and 2 can be used, or the »umber of
addends can be increased. For a goal of 21 the addends could be 1, 2,
and 3. With a goal of 100, the addends might be 1, 2, 3, . . . , 9.



ACTIVITIES, GAMES, AND APPLICATIONS 447

The game gives practice with basic addition and encourages the
pupils to seek a strategy that will ensure victory. Although the under-
lying strategy is basically the same for all games, it is likely that many
pupils will initially find the strategy only for particular games, so that
each change of addends or goal produces new competition.

The strategy for a particular version of the game can be built around
discovery of a certain set of "key" numbers. For instance, in the game
to 11 that was described above, the first player can always win if he
knows the key numbers 2, 5, and 8; then he is assured of being the one
to get 11. Such a set of key numbers can be found for each version of
the game, although it will sometimes be the first player who has the
advantage and at other times the second player. The general formula
for winning any game is based on recognizing that where n is the larg-
est addend, repeatedly substracting n + 1 from the goal until such
subtraction is no longer possible yields the key numbers. Thus, in the
game of 11, the key nutnbers are 11 3 = 8, 8 3 = 5, and 5 3 =
2. If the goal were 12 and the addends 1 and 2, the key numbers would
be 12 3 = 9, 9 3 = 6, 6 3 = 3, and 3 3 = 0. Since 0 is not
allowed as an addend, the second player can always win if he knows
the strategy.

Many variations of this game can be found in books dealing with
mathematical recreations; others might be designed by the creative
teacher for his particular class.

Magic squares

This is an interesting way to review addition (and subtraction).
To make a magi ,3 square, we must place a different number in each

cell in such a way that the sum of every horizontal row of cells, the
sum of every vertical column of cells, and the sums of the diagonals
will be the same number. Magic squares may be made that have an
odd number of cells or an even number of cells. Following are the
directions for constructing a 9-celled magic square, using the numbers
from 1 to 9, inclusive.

Directions:
1. Draw a square with 9 cells.
2. Place the number 1 in the middle cell of the top row, as seen in

figure A.1.
3. By moving diagonally up to the right, we begin to fill in the other

spaces, but this puts us out of the top of the square. When this
occurs, we simply drop to the last cell in that column.
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ta/
Row 1

Row3 ---- 4 /2*
Fig. A.1

4. Moving diagonally from the 2 puts us out of the side of the
square. When this happens, we simply go all the way to the left
of that row.

5. Moving diagonally from 3 up to the right, we find ourselves in
a space that is already occupied. When this occurs, go back to the
starting point of 3 and put the number 4 in the cell below the
3. This rule also applies if youmove out of the square on the
main diagonal.

6. ContInue until all cells are filled, as in figure A.2. Ask the class
to observe anything unusual resulting from the arrangement of
the numbers. It should be apparent to the student that the sum
of the numbers of each row, column, and diagonal is 15.

8 6

3 5 7

4 9 2

Fig. A.2. Magic square 1

This 9-celled magic square is made with 9 consecutive whole num-
bers. To change the square, each number in magic square 1 may be
increased by the same number. If each number in magic square 1 is
increased by 1, the result is the magic square seen in figure A.3.

9 2 7

4 6 8

5 10 3

Fig. A.3. Magic squ: re 2
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Using this method, squares can be made for class use by omitting
numerals in certain cells, as in figure A.4.

20 24

Fig. A.4. Magic ;411 ale 3

This square was constructed by increasing each number in magic
square 1 by 17. Each number can also be multiplied for divided) by
the same number to create a new magic square. Division will produce
squares with fractions.

One can make more difficult magic squares using 16 cells, 25 cells,
and so on.

To construct a magic square emitaining 16 cells, we do the following:

1. Construct the square and put in all 16 numbers consecutively,
beginning in the upper left-hand corner, as seen in figure A.5.

Rowl 2 3

Row2 5 7 8

Row3 9 JO R 12

Row 4 13 14 15 f6s

Fib A.5

2. Reverse the numbers in both diagonals of the square. This will
yield the completed square, seen in figure A.6.

16 2 3 13

5 11 10 8

9 7 6 12

4 14 15

Fig. ,A.6. Magic: square 4
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By omitting several of the numbers in the magic square, the students
may be motivated to discover the pattern at the same time that they
are rev i swing the addition tu,d subtraction facts.

Magic squares of 25 cells, 49 cells, or any odd number of cells may
be made by following the directions given for the square of 9 cells.
Even-numbered magic squares beyond 16 are possible to make but
are not included here.

Discover the rule
Rules or formulas for the students to discover are shown at the right

of the tabular information that supplies the necessary clues.

1.

2.

3

4.

5.

a 1 4 8 0 10 5 11 16 9

b 1 8 16 0 20

a 2 7 0 9 6 18 16 11

b 10 15 8 17

a 3 7 0 10 5 S 6 1

b 18 26 12

3 14 2 6 12 15

a 6 15 7 11

b 3 1 3 2 5 4

9 16 18 12 25

3 4 3 29 18

9 8 8 11 12 31

a 6 6 9

b 3 2 4 3 5

18 12 18

25 19 25 42 47

2a = b

a + 8 = b

2a-1-12=1,

a

a -I- b

a /)

a +b

ab

ab + 7



ACTIVITIES, GAMES, AND APPLICATIO NS 451

6. a 3 7 0 10 5 S 6 1

b 5 9 2

a + 2 = b

Shortcuts in multiplication

Since 25 can be expressed as 42, multiplication by 25 can be done
in two simple steps:

1. Divide by 4.

2. Multiply by 100.

Example: 25 X 48

100
X 48

4

12

wo 4i4 x . 1,200

1

If the number being multiplied is not . :nultiple of 4, there are three
cases to considor:

a) A remainder of 1

Example: 25 x 73

100
71

X 73

1st
100 74x ioo X 1s.2r, = 1,825

1

b) A -einainder of 2

Example: 25 x 86

21-2-

100 Sri'X i = 100 X 21.50 = 2,150

1

c) A remainder of 3

..,
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Example: 25 x 39

91

100 x mo x 9.75 = 975

1

Multiplication by 50sinee 50 can be expressed as 1.'2'2- can Le
used by following a technique similar to that used in multiplicati( n
by 25:

1. Divide by 2.
2. Multiply by 100.

Example: .)0 X 78
100

X 78

32/

100 7$
X T = 3,900

1

If the number being multiplied is not an even number, the only pos
sible remainder is 1.

Example: 50 X 93

100 x 100 X 46.50 = 4,650

1

An interesting discussion can follow the presentation of these two
.4liorteuts, based on the following questions: What are the possible
endings, tens and units digits, for intitiples of 25? Of 50?

A different kind of shortcut becomes apparent when we consider
multiplication problems involving 11. In the first example shown below
the 5 in the .n Joel is the same as the units digit of the multiplicand.
The 8 is tlw sum of the tens and units digits. The 3 is the same as the
tens digit.

First example: 35

X11
35

35
385
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Other examples:

11 52-572

tens digit 'units digit

sum of
tens and units

digits

11 78 = 858

tens digit units digit
plus 1, which
was carried

sum of tens and units digit,
showing that we put down the 5

and carry 1

11 71,543 786,973

Fibonacci numbers

An interesting sequence of numbers, called Fibonacci numbers, can
be generated in the following manlier:

Begin with two ones, 1, 1; add these to get the next number, 2, of
the sequence 1, 1, 2; then add 1 and 2, and so on, for the sequence seen
below.

1, I, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, .

The sequence has many interesting properties. For example: 2 x 3
= 6; 1 x 5 = 5; 3 x 5 = 15; 2 x 8 = 16; 5 x 8 = 40; 3 x 13 = 39.

For any four successive numbers, the product of the two in the
middle will he 1 more or less than the product of the outer two.

:32 = 9; 5 X 2 = 10 8' =64; 5 X 13 = 65

132 = 169; 8 X 21 = 168
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The square of a Fibonacci number will be 1 more or less than the
product of the two adjacent to it. Squaring Fibonacci numbers we get
a .equence that begins as shown in the upper line of figure A.7. Adding
the products as shown in the lower line of the figure, we get alternate
Fibonacci numbers.

1 1 4 9 25 G4 169/ / \ / \ / \ /
2 5 1:3 34 89 223

Fig. A.7

Writing the Fibonacci sequence vertically, ask a student to draw a
line under one of the numbers. You can immediately give him the sunk
of all the numbers above the line. The sum always turns out to be 1
less than the second number below the line.

Example:

1

1

2

:3

13

21

34

55

89

Number patterns

Complete this pattern:

1 X S + 1 = 9

12 X + 2 = 9S
123 X 8 + 3 = 987

1,234 X 8 1- 4 = 9,876
12,34i X 8 + 5 =

12:3,456 X S + 6 =
1,234,567 X S + 7 =

12,3.15,678 X S + S =
123,45(3,789 X 8 + 9 =

The sum of the numbers above
the line is 1 less than 55, or 54.
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Give the first few products in each 76,923 X 1 = 076,923
pattern. Have the pupils complete 76,923 X 10 = 769,230
the patterns and check some of 76,923 X 9 = 692,307
the products by regular multiplica- 76,923 X 12 = 923,076
t ion. 76,923 X :3 = 230,769

76,923 X 4 = 307,692

76,923 X 2 = 153,846
76,923 X 7 = 538,461
76,923 X 5 = 384,615
76,923 X 11 = 846,153
76,923 X 6 = 461,538
76,932 X S = 615,384

Palindramlc numbers

A palindromic word is reversible, as are MOM and LEVEL. A palin-
dromic number is also reversible, as are 363, 13131, and 66. An inter-
esting way of forming a palindromic number is to select some number,
reverse the digits, add, and then repeat the entire routine until a nalin-
drome is produced. For example:

18 238 20
+ 81 + 832 + 02

99 1070 22
+ 0701

1771

The number of additions required varies with a number used to
start. For instance, 196 requires 100 additions.

Tha lattice method of multiplication

The use of the lattice method or form is simple in its operation
because it presumes only a knowledge of the primary multiplication
facts and the ability to add. There is no renaming during multipli-
cation. This was an early method used for multiplication, and it
was also known by the names gelosia, jalousie, and "grating."

As a first step in the multiplication of 419 by 375, see figure A.B.
Obtain products of the separate factors and in the corresponding

squares write the products, with the numeral representing the ones
digit of the product written below the diagonal and the numeral
representing the tens digit written above the diagonal. For examples,
sec the top row of the completed diagram (fig. A.9) . 4 x 3 = i2,
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419 X 375 =
\

4 I

4_4419 (3 digits)

375 ( 3 digits )

3 x 3, or 9, squares

Fig. AS

so in the appropriate square 2 is written below the diagonal and 1 is
written above it; 1 x 3 = 3, so 3 is written below the diagonal and
a 0 inserted above it; 9 x 3 = 27, so 7 is written below the diagonal
and 2 above it. The final product is obtained by adding the digits
in the diagonals, beginning with the diagonal in the lower right-hand
corner, and adding the numerals in each diagonal until all the addi-
tions have been performed. Numerals arc carried into the next diagonal
row of numerals where necessary, as in ordinary addition. When
the numerals thus obtained are read from left to right around the
lattice frame, the product of the two given factors is obtained, as seen
in figure A.9.

The method works because of the distributive property.

419
375

2,700 = 300 X 9
3,000 = 300 X 10

120,000 = 300 X 400

630 = 70 X 9
700 = 70 X 10

2S,000 = 70 X 400

45= 5 X9
50= 5 X10

2,000 = 5 X 400

157,125
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Fig. A.9

457

r'apier's banes

John Napier developed a method of multiplication closely related
to lattice multiplication that is considered to be a forerunner of modern
computing machines. Prepare a set of strips (bones) with multiples
of the digits 0 through 9, together with an index stick bearing each
of the digits 1 through 9. Figure A.10 shows the hone for 7.

To find a product, use the bones and the index stick as shown in
figure A.11; for 8 x 369, place the index beside the bones for 3, 6,
and 9.

/2

6

/ 3
Fig. A.10 Fig. A.11

)

..

A
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To find the product, use the row alongside the 8 on the index stick
As with lattice multiplication, add on the diagonals. Thus 8 x 369 =
2,952, as seen in figure A.12.

2 //1 ,,;17/ 7 I I

8

9 5 2

Fig. A.12

To compute in situations such as 427 x 369, we use the row beside
the index 4, the row beside the index 2, and the row beside the index 7.
'We get three partial products and then add them in such a way as
to allow for the place value. Thus:

1476
073S

+ 2583
157563 = 427 X 369

iseball game

This game of baseball reinforces the basic number facts for add:
tion, subtraction, multiplication, and division of natural numbers.

The only Qecial equipment needed consists of a color wheel (see
fig. A.13) and flash cards, which can be made of :)oster paper; the
chalkboard can be used for a scoreboard (see fig. A.14), tallies of runs,
and records of the positions of men on base. The flash-card compu-
tations consist of the basic addition and multiplication facts, with
the inverse operations included. They are made in four sets, in

increasing difficul y according to the value assigned to them, as shown
in the examples in figure A.15.

[Color I Play

G \
Red Single

0 /0 Blue Double

B B Green Triple

\ss / Y (3.
Yellow Home run
Orange' Out

Fig. A.13. Color wheel and values
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Inning I I

Teain I

Team 2

3 1

I 5
6 8 9

Fig. .1.14. Seotboqr41

After choosing three field officials, separate the rest of the class
into two teams.

Duties of the officials:
1. Determine, by spinning the color wheel, the type of hit the batter

will attempt to make (an out is automatic when orange is spun).
2. Pick at random, for the batter, a flash card from the rppropriate

set.
3. Keep tally of runs and position of men on base, and make the

proper entries on the scoreboard.
As the year progresses, the flash cards should become more difficult

with the inclusion of fractions, properties, percent equivalents, deci-
mal fraction equivalents, and so on.

Set I SI r .! Set 3 Set
Triple Home run

4 1 6 I 5 I 6
+3 HX3 I I+ I IX

Fig. A.15

Exponents by discovery

This activity can be used to lead to the idea of exponents, providing
drill with fundamental operations at the same time. It is really the
familiar arithmetic game "'What's My Rule?" in a special version.

Duplicate enough cards of the type shown hi figure A.16 to permit
each pupil to have an ample supply.

The activity can be accompanied by a story of some sort if desired.
For instance, the card could be an order card in a shipping department
and the pupils are to guess how to interpret it.

The card is marked with X's or by punching holes above the numerals.
The pupils' job is to %%. lie the appropriate number in the lo,4. left-hand

-4
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1 2 3 4 5 6 7 8 9

Fig. A.16

box. If there are two X's over the 3, a 9 is written in the box. If there are
two X's over 2 and two X's over 5, a 29 is written in the lower left-hand
box. With enough examples from the teacher, the pupils will soon dis-
cover the three X's over the 2 means 23 = S should be written in the
box. Two X's over 4 and four X's over 3 means 42 +.3' = 16 + Si = 97
should be written in the box. Later, if X's are used, the card can be

X

eliminated and X written as al; abbreviation for the inforn,..tio,t ozi toe
2

card. This can then be further abbreviated to 22 and the railed 2 called
an "X-ponent."

Arithmetic with exponents

Would you believe that even some of the slowest junior and senior
high school students could find the answer to

6,5612 X 243' X 729
19,6832 X 59,049

in just a few seconds? To do so, the following concepts must be devel-
oped: The symbol 34 means that 3 is used as a Vactor 4 times
(3 x 3 x 3 x 3) ; 32 means that 3 is used as a factor 2 t4-ies. So
31 x 32 mt ns that 3 is used as a factor 4 + 2, or 6, times. After a
few such examples, the student will see that

3' X 36 = 3"
Similar examples with other base numbers should be used until

the general rule az al/ = az'Y is developed.

The quantity 31 ÷ 32 can be written as

3 X 3 X 3 X 3
3 X 3

i
1

1

i

i
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By dividing numerator and denominator by 3 repeatedly until all
the 3s in the denominator are used up, we are left with 3 x 3, or 32.
So when dividing by 32, we "took away" two of the 3s in 3'. With
a few other examples, the student will be led to the generalization that

a0

Next, have the class complete a table of powers of 3, through 310.

3'
32

= 3
9

'=
37 =

729
2,187

33 = 27 3K = 6,561
3' = SI 3' = 19,683
31 = 243 310 = 59,049

Ask the class to find the product 27 x 81 by inspection. Some
will see that this is 33 x 34, or 37, which is 2,187. In like manner
59,049 ÷ 729 becomes 310 ÷ 36, or 34, which is 81. After some practice,
the class should be able to tackle the original problem:

3s)2
X

(35), X 3s 34
X

35 X 3' X 3-,
X

q, 917

- 39
(39): X

310
33 X 33 X 310

-
3-3

So the answer is 19,683.
Similar tables using other bases should also I used to apply the

same principle.

For example:

5122 X 2563
1,024 X 1'284

can be expressed as

(29)2 X (28)1 213 X 221 212
382

16177----7 42 X (2 ) 10 '8
2 X 2

Number shapes

Present to the class the array of dots shown in figure A.17.

Fig. A.17
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Ask the students to continue the pattern through the next two
sets of dots. Then ask if anyone can predict how many dots would
be in the next set, without actually drawing it.

Hopefully, some of the students will associate the dots with the
following sequence of numbers, called the set of triangular numbers:

1, 3, 6, 10, '5, 21, 28, .

If zero is included, subtracting consecutive pairs of triangular
numbers produces the result shown in figure A.18.

0 10 15 21 28 . ,/ \/
1 2 3 4 5 6 7 .

Fig. A.18

Adding consecutive pairs produces the set of square numbers,
which can also be represented geometrically, as shown in figure A.19.

0 1 3 6 -10 15 21 28 ...\/\/\/\ / / \ \ /
1 4 9 16 25 36 49 ...

Fig. A.19

Subtracting consecutive square numbers produces the set shown in
figure A.20.

0 1 4 9 16 25 36 49 ...\/\/\/\/ \ \ \
1 3 5 7 9 11 13

Fig. A.20

Nanning numbers

The student can asked to see if he can construct a name for
each whole number from 1 through 10 using exactly four 4s, any of
the operations +, , X, and +, and place value.
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Some examples are shown below:

1 = + (4 4)

,

3
4 + 4 + 4

4

4 = 4 + 4 X (4 .1)

_ = (4 X 4) +4

6
4 -r 4

7 = (4 + 4)

S = (4 + 4) + (4 4)

9 = (4 + -1) -I-
4

10
-14 4

4

Of course, there are other ways to construct most of these. The
level of difficulty can be varied by extending the set to be named
(e g., 1 through 20), using additional operations (e.g., exponents,
factorials, etc.), or using other numbers as the base set in place of
four 4s.

Here are two examples of numbers greater than 10, using addi-
tional operations and four 4s.

4 4! 4'4 + 11 and 164 X 4
This activity gives good practice with fundamental operations and

replaces much routine drill.

Bingtac

This game appeared in the April 1969 issue of the Arithmetic
Teacher, in an article written by Russell L. Williams.

Make several sets of wooden cubes with the numerals 4-9 on their
faces and duplicate. enough copies of the grid shown in figure A.21
to give several to each pupil.

4 5 6 7

4

5

6

7

8

Fig. A 21

8 9
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T'.e game can be played with two to four players. Th'y first decide
on addition or multiplication as the operation to be idicated in
the upper left -hand corner of the grid. Then they roll one cube to
see who gets the highest number and plays first. Each player takes
a turn rolling two cubes and placing the sum or product of the
resulting numbers in its appropriate space on his grid. If a double
is thrown, the player gets an extra turn. The first player to get six
in a row, column, or diagonal correct wins and calls out "Bingtac ''
If the player gives a wrong sum or product, he loses that turn. It was
poiatcd out that it is wise not to have the pupils play too long on
any one day, perhaps half an hour or less.

Multiplication by doubling and halving

Consider the multiplication 2 x 4 = 8.

2 X4 = (2) X (2 X 4)
= 1 X 8
=8

Consider also the multiplication 8 x 11 = 88.

8 X 11 = 4 X 22
= 2 X 44
= 1 X 88
= 88

In each case we have taken half of one factor and doubled the
other until the product is achieve,1 This process can be adapted even
when one factor is an odd number by using the distributive principle
and saving all addends of the form (1 x a) where a is any whole
number.

15 X 23 = (14 -I- 1) X 23
= (14 X 23) -I- (1 X 23)

14 X 23 = 7 X 46
= (6 -I- :) X 46
= (6 X 46) + (1 X 16)

6 X 46 = 3 X 92
= (2 + 1) X 92
= (2 X 92) -I- (1 X 92)

2 X 92 = 1 X 184
Thus,
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15 X 23 = (1 X 23) + (1 X 46) + (1 X 92) + (1 X 184)
= 23 + 46 + 92 + 184
= 345

Here is another example: 18 x 19 = ?

18 X 19

8 X 38

18 X 19

=
=
=
=
=
=
=

9 X 38
(8 + 1) X 38
(8 X 38) + (1 X 38)
4 X 76
2 X 152
1 X 304
(1 X 304) + (1 X 38) = 304 + 38 = 342

465

Multiplication by doubling and summing

Any whole number can be expressed as a sum of powers of two.
Listing these powers we get: 2° = 1, 21 = 2, 22 = 4, 23 = 8, 2' = 16.
. . . . Consider 3 = 2 + 1, 5 = 4 + 1, 6 = 4 + 2, 7 = 4 + 2 + 1,
9 = 8 + 1, 10 = 8 + 2, and so on. This is not a proof of the state-
ment, but it does illustrate it. Let's consider a large number, 45 = 32 +
8 + 4 + 1 = 25 + 23 + 22 + 2°.

This principle can be used to multiply two whole numbers. Consider
10 X 13 = 130. This can be solved in the following way, noting that
10 8 + 2.

1X13 =13-
2 X 13 =

Double each time4 X 13 = 52
8 X 13 = 104r

But 10 x 13 = (8 + 2) x 13 = (8 x 13)
26 = 130.

Another example: 33 x 45

+ (2 x 13) = 104 +

33 = 32 + 1 1 X 45 = 45
33 X 45 = (32 + 1) X 45 2 X 45 = 90

= (32 X 45) + (1 X 45) 4 X 45 = 180
= 1,440 + 45 8 X 45 = 360
= 1,485 16 X 45 = 720

32 X 45 = 1,440

The secret of this process is that the first factor is being written
as a base-two numeral and the second factor is being multiplied by
powers of two through a simple doubling process. The product is
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thus found by simply adding those products that occur where there
are ones in the base-two numeral of the first factor. Thus,

= 100001, = (1 x 25) + (1 x 2°) = 32 + 1
Binary magic

Reproduce the four charts seen in figure A.22, either on a ditto,
giving one set to each student, or on tagboard that is large enough
for the entire class to see.

A B C D
I-791

I Ir---i
1210 14 112---i-1 I

[8 fl2 1
. 1 -1

----,----,

1.31111 3 I 111 5i13
r ;

I 9 i 13;

151_131 6 H 6 ;14 110114:
,-----;---., i-,

L7 1_151 1_7115] 7 1151 Ill 115i

Fig. A.22

Ask one of the students to select a number from 1 through 15,
informing the class of his choice. Then ask the class to tell you on
which of the charts, A, B, C, or D, the number appears. You can
then tell them the number they are thinking of by simply finding the
sum of the numbers in the upper left-hand corner of the charts the
students name.

For example, if they choose 13, they will name charts A, C, and D.
You will then add 1, 4, and 8, giving you 13.

The charts are set up by representing the numbers from 1 through
15 in the binary system (see fig. A.23).

All the numerals having a one in the ones column appear on
chart A, those having a one in the twos column are on chart B, those
with a one in the fours column are on chart C, and chart D contains
those having a one in the eights column.

The yes and no responses from the students tell you how to repre-
sent the numeral in the binary system.

Taking the example we have already used, 13, we see that the
results are as shown below.

I) C B A
(8) (4) (2) (1)

Yes Yes No Yes
1(8) + 1(4) + 0(2) + 1(1)

3
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Base-Ten Numeral I Base-Two Numeral

8 4 2 1

1 1

2 1 0

3 1 1

4 1 0 0

14 1 1 1 0

13 1 1 1 1

1) C B A

Fig. A23

An interesting variation of this activity is to prepare a punch card
for each of the numbers 1 through 15, representing them in the binary
system as is illustrated in figure A.24.

DCBA
C, 0 0

DCBA
C-0"7:71n7

I2

DCBA

1
Fig. A.,4

C B A DCBA

rum-inf-15

Again have the students select a number from 1 through 15, and
let you know on which chart it appears.

By using a knitting needle, the cards are then separated in the
following manner:

If the numeral appears on chart A, put the needle through slot A
and separate the cards into two sets. Discard those that remain on
the needle. If the numeral is not on chart B, put the needle through
the B slot of the remaining cards, this time keeping the cards that
stay on the needle. Continue this through the four charts. When you
get to the fourth chart, if the response is yes, the number selected will
be represente' on the card that falls off the needle; if the response
is no, it will be the one remaining on the needle.

If you wish to use more numbers, a fifth chart will extend the set
through 31, and a sixth chart will extend it through 63.
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Odd vs. even

This is a game between two players or two teams. One player or
team uses all the even digits, the other uses all the odd digits. Players
take turns placing the numbers on a tic-tac-toe grid. The first player
or team to place a third number in a row, column, or diagonal such
that the sum is 15 wins. The game can be varied by expanding the
board to 4 by 4 or 5 by 5, and using the numbers 1-16 and 1-25,
respectively, with sums of 34 and 65. Another possibility would be to
use the 9-cell square with multiplication to either of the products 120
or 105 (two goal numbers are desirable in multiplication so that one
is odd, the other even). This may be further varied by having each
team pick its own goal number before play begins.

Turn, Turn, Turn

A novel addition game that. can be played using a single die gives
good practice with fundamental addition while encouraging the pupil
to develop strategies. This can be played with an ordinary die taken
from a game, or a large-size (lie can be made from a wou,len cube
cut to about 11/2 or 2 inches on an edge. The die will have the numbers
from 1 through 6 on it, arranged so that opposite faces e.lways add
up to 7.

The game requires two players. One player rolls the die to start
the game. The number on the top face becomes the first addend. The
second player can turn the die to any of the four faces adjacent to
the top face, but cannot use the top face or the face that is opposite
the top face. The number turned to becomes the second addend. The
players alternate turning the cube to produce new addends until a
goal number is reached. The player who turns the cube to show the
addend that gets the sum closest to the goal number without exceeding
it wins. A good goal number might be 21; another is 50. Players
should be encouraged to analyze the game for strategies that increase
their chances of winning.

First addend Is I Second addend is 2

Fig. A.25. In this example of Turn. Turn, Turn, the players continue turning
until the addends give the sum of 21 or the sum closest to 21 without exceeding
that goal.
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Mathematical mind reading

To find the number of brothers and sisters a student has (assuming
that the student has no more than 9 brothers or 9 sisters), tell him
to follow these directions:

1. Write down the number of brothers you have.
2. Double this number.
3. Add 1.
4. 'Multiply this result by 5.
5. Add the number of sisters you have.
6. Tell your result.

When you hear the result, subtract 5 from it to obtain the number
of brothers (shown by the tens digit) and the number of sisters
(shown by the units digit). For example, if his result is 17, subtracting
5 gives 12, showing 1 brother and 2 sisters.

An explanation of why this "mathematical mind reading" works
becomes apparent when the steps performed by this student are given
below in both arithmetical and algebraic terms, with .c^ representing
the number of brothers and y representing the number of sisters.

Arithmetical :11gebraic
1. 1 x
2. 2 X I, or 2 2x
3. 2 + 1, or 3 2x + 1
4. 3 X 5, or 15 5(2x + 1), or 10x + 5
5. 15 + 2, or 17 10x + 5 + y
6. 17 10x + 5 + Y

Solution: 10x + 5 + y 5 = 10x + y

Operations with fractions

The distributive property of multiplication over addition can be
used to multiply certain whole numbers and mixed numbers mentally.

For example, 5 X 75:

5 X (7 + g) = (5 X 7) + (5 X D
= 35 + 3
= 38

After working several examples of this type, where the product is
a whole number, more difficult examples can be used.
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For example, 4 X 35:

4 X (3 + t) = (4 X 3) + (4 X t)
= 12 + 11
= 12 + It
= 135

An approach to dividing fractions is llustratcd by the following
examples:

3 2Example 1: 4 ,
3

3

4Express the problem as
2
--

3

Find the least common denominator for the two fractions and
multiply this by the numerator and denominator of the complex
fraction.

3 3 12

12 4 1 9
2 12 2 12 8

I

Example 2: 3; ÷ 45

3$ 183 1 8

41 18

3 X 1 8 + 54+4 58
874 X 18 + 5 X 18 72 + 15

Copy numbers

This idea was first suggested to the writer by Dr. Lola .1. May of
Winnetka, Illinois.

An area of frequent difficulty is addition and subtraction of frac-
tions. Copy numbers may be used with students who seem to be
unable to make progress with the usual algorithm.

Notc that:

5 5 + 5 5+ 5+ 5 5+ 5+ 5+ 5
6 6 + 6 6 + 6 + 6 6 + 6 + 6 + 6

3 3 + 3 3 + 3 + 3 3 + 3 + 3 + 3
4 4 + 4 4 + 4 + 4 4 + 4 + 4 + 4
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These are the "copy numbers." Now, suppose we are adding a and 3.
Set up the problem in the vertical form and develop the copy numbers
one at a time, beginning with the smaller denominator and always
working with the fraction having the smaller sum in its denominator.

(1) (2)
6 6 + 6

, 3 3 + 3
4 + 4

(3)
5 + 5

6 6 + 6
3 3 + 3 + 3

+ 4 4 + 4 + 4

At this point, we note that 6 + 6 = 4 + 4 + 4; this tells us we
have gone far enough. Now we can complete the addition.

5 5 + 5 10
6 6 + 6
3 3 + 3 + 3 9+ =4 4 + 4 + 4 12

19
12

Of course, it is not necessary to write everything over three times.
That was done only to spell out the separate steps. Here is one more
example, without rewriting.

5 5 + 5 + 5 15
7 7 + 7 + 7 21
2_ 2+ 2+ 2+ 2+ 2+ 2+ 2 14
3 3 + 3 + 3 + 3 + 3 + 3 + 3 21

1

21

Sometimes the process is very quick; at other times it takes time,
just (Is is the case with finding the least common denominator for
the standard algorithm. It does enable the student to successfully add
fractions with unlike denominators even when he is unable to use the
standard algorithm.

Whole Numbers Down

Whole Numbers Down is a card game that can be played by two,
three, or four pupils at one time. It gives excellent practice in adding
fractions.

The materials needed for the game consist simply of a special deck
of cards. These can be made by the teacher or by a capable student,.
The background for each cam is poster paper cut to approximately
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the size of a regular playing cardor, to eliminate cutting, a three-
by-five-inch index card could be substituted. On a lighter-weight
paper, cards to be cut to the appropriate size should be made up as
shown by the examples in figure A.26.

t 4
9

6

Fig. A 26

The cards showing the fractions should then be cut out and glued
to the heavier cards. A complete set should consist of 40 cards with
various fractions.

The game is played by shuffling and dealing four cards to each
player. The remaining cards are placed face down in the center of
the playing area, then the top one is turned face up. The first player
either takes the face-up card or draws one from the top of the pile.
He then makes up combinations of cards in his hand that add to
any whole number; he lays these whole number sums down face up
in front of him. Finally, he discards one card. The first player to get
rid of all of his cards ends the hand, and each player gets the total of
the points he has put down on the table minus 1/4 point for each card
in his hand. The game is won by the first player to get 25 points.
Anyone who lays down a set of cards not having a whole-number sum
must return these cards to his hand and take an extra card from the
pile without discarding.

Seven

Practice in multiplication and division, as well as the recognition
of patterns, can be accomplished in the following ways:

Ask the class to multiply 142,857 by 1, then by 2, 3, 4, 5, 6, and 7.
After they have done two or three, ask if anyone can ON? the

rest of the products by inspection.



ACTIVITIES, GAMES, AND APPLICATIONS 473

1 x 142,857 = 142,857 5 x 142,857 = 714,285
2 x 142,857 = 285,714 6 x 142,857 = 857,142
3 x 142,857 = 428,571 7 x 142,857 = 999,999
4 x 142,857 = 571,428

Ask the class to change 4-, r, 4, 4-, 4, and 4)- to decimal fractions, carry-
ing the division out to 12 places.

Again, after two or three are worked, ask if anyone can see a special
pattern that would enable him to get the rest of the quotient by in-
spect ion.

Sum and product

Find two fractions that will give the same answer whether they are
multipli^d or added together. Is there a pattern for making such pairs
of fractioi,s': (4- and --7, and etc.)

Regular hexc gons

After learning to construct a regular hexagon in a circle it is a
simple matter to make a triangle and to make regular polygons with
sides of 12, 24, 48, . . . by bisecting a side of the polygon and its
corresponding are.

For the hexagon use r as radius for a circle, and, using this same
radius, mark off points around the circumference of the circle. By
connecting the consecutive points, a regular hexagon is formed. If
every second point is connected, an equilateral triangle is formed.
By drawing two triangles, ACE and DIY, a six-pointed star is formed,
as seen in figure A.29. Many designs can be created by students
from the basic regular hexagon.

F
Fig. A29

Squares

Construct the perpendicular bisector of tb,, diameter of a circle.
Connect the four consecutive points on the circumference and have a
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Fig. A.30

perfect square, as seen in figure A.30. By bisecting a side of the square
and its corresponding arc, a regular octagon can be constructed. Con-
tinuing in this way, regular polygon:: of 16, 32, 64, . . . sides can
be constructed.

Symmetry

The idea of symmetry can be introduced to a class, small group, or
individual using a discovery approach. A fairly large set of cutout
shapes (either geometric shapes or the capital letters of the alphabet)
is required for this activity. About half the shapes should have line
symmetry; the other half should be nonsymmetrieal.

The activity begins when the teacher writes "Yes" as a heading
for one section of a chalkboard or flannel board and "No" as a
heading for another section. A letter or geometric shape is then selected
and held up for the pupils to see. They are to guess if it is a yes or
a no. After all have had the opportunity to express their opinion,
the teacher places the shape (using masking tape, magnets, glued-on
flannel, or something similar) in the proper section of the board.
The shapes are selected one by one for this process. Any pupil who
feels he knows the principle determining the yes shapes can either
write his theory or state it-aloud after all members of the group have
had ample opportunity to guess. The principle could also be described
nonverbally by having the pupils fold the shapes to show matching
halves.

The activity can be made more challenging or can be extended at
another time by including figures that have symmetry with respect
to a point in addition to those having line symmetry.

An individualized version can be developed by putting the shapes
on flash cards with "Yes" or "No" on the back. The pupil would
try to classify a card properly without looking at the back, then he
could check his response. He would put it into the proper set and
continue this process until he felt he could describe the principle
either orally or in writing for the teacher to check.
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Spatial relationships

To aid in developing spatial perception in geometry, exercises ofthe following type may help (build models).
Using six Popsicle sticks of equal length, how can they be arrangedso that four triangles are formed whose side; are the length of thePopsicle sticks? The answer is seen in figure A.31.

Fig. A.31

Ask the students to visualize a 3-incil cube that is painted red.Assume that this cube is cut into 27 one-inch cubes as in figure A.32.

Fig. A.32

How many of these one-inch cubes will have red paint on none oftheir faces? On one face only? On two faces only? On more thanthree faces? Alphabet blocks or sugar cubes are two things that canbe used to build a model if the students cannot visualize the cube.
Elementary surveying:
Use of clinometer to determine the size of an angle

This activity could follow a review of either the concept of similartriangles or the concept of scale drawing.
Heights of flagpoles and buildings or rockets may he solved by theshadow method and similar triangles. Another interesting method isto use a clinometer to determine the angle of elevation. Once the
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angle is determined, eitkr scale drawing or trigonometry can be used
to determine distances.

This activity gives every student the opportunity to discover sur-
veying techniques for himself, since he will make his own clinometer
and use it.

Directions for construction:
1. Use a rectangular piece of heavy cardboard, about 9 by 14

inches in size.
2. Place a protractor close to the edge in the upper right-hand

corner, as shown in figure A.33.
3. Attach a string with a weight at point A, figure A.33.

90°

45

4

Fig. A.33

Directions for ase:
1. The student stands at point P, an arbitrary distance (not too

close) from a flagpole, as shown in figure A.34. In this figure P is at
a distance of 50 feet from the flagpole.

2. Standing at point P, the student sights along the edge of the
instrument to the top of the, flagpole.

3. The string will remain in vertical position because of the
attached weight and will cross the protractor at a point that repre-

0

Angle of
elevation -

_\ J

50feetP
Fig. A34

Height
of pole
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Fig. A.35

Fig. A.36

scuts the measure of the angle of elevation. Figure A.35 shows the
position for a reading of an angle of elevation of 20°. Figure A.36
is a diagram of the scene.

4. Solve the problem by the use of a scale drawing. Graph paper
is ideal for this purpose. Note that construction of a scale drawing
will give the height of the flagpole (x in fig. A.36) above the student's
horizontal line of sight. The student should be sure to remember to
add his eye-level height to the value of x to get the final answer.

The Mobius strip

A Mains strip can be constructed in the following way: Take a
strip of paper (adding-machine tape is quite good), give one end
half a twist, and tape the two edges together. In figure A.37, A would
be joined to A', B to B'.

13 A

Fig. A 37

The Mains strip has many interesting characteristics, which the
following experiments illustrate.
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Fig. A 38

Ask the students to color one side red and the other side blue.
(They will discover, no doubt greatly to their surprise, that this cannot
be done. This will help to prepare them for further surprises in the
additional experiments.)

Ask them to cut the Mobius strir in half, along the dotted line,
as seen in figure A.38.

Then cut the halves in half.
Instead of cutting it in half, try to cut it into thirds.
Make a double MObius strip (see fig. A.39). Join A to A', B to B',

C to C', and D to M. Verify that there are really two strips by run-
ning some object between the two strips all the way around. Then
separate the strips. Then put them back together.

111-711 1B'
PI LA'

Fig. A.39

Probability

This activity is designed to help the student discover for himself
a method for predicting the outcome for certain events.

Have a student flip a single coin several times and record the
results in the following way:

Example:

x
x

x x

x x 6 heads (H), 4 tails (T)
x x

x x
H

Then let the students work in pairs, noting the heads-or-tails
outcome of each pair of flips as shown in the example below.
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x
x
x

479

x 2H-3
x x 111, 1TS

x x x 2T-4
x x x
x x x

11,11 H,T
or

T,T

T,H

Next, have three students working together Here is an example
of possible results:

x
x

x

x
x
x

x x 311-4
x x 211, 1T-10
x x x 1H, 2T-12
x x x 3T-6

x x x x
x x x x
x x x x
x x x x

IIIIII 11TH HTT TIT
HHT THT

Some observations the students might be expected to make on the
second and third examples are: When two coins were flipped at once,
there were about twice as many times one head and one tail appeared
as there were ',Imes either two heads or two tails were gotten. When
three coins were flipped, the number of times two heads and one tail
appeared was about the same as the number of times two tails and
one head appeared. There were about three times as many times for
either of these as there were of getting three heads or three tails.

Divide the class into groups of three or four. Each group should
have a pair of dice and a sheet of paper to record the results of
rolling the dice. The results can be recorded as seen in the tabulation
of po:.Able results below.
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x

x

x x
x x x x
x x x x x

x x x x x x x
x x x x x x x
x x x x x x x x x

x x x x x x x x x x
x x x x x x x x x x x
x x x x x x x x x x x
2 3 4 5 6 7 8 9 10 11 12

A similar table should then be made using the ordered.pairs that
result in the various sums:

(6.1)
(5.1) (5.2) (6,2)

(4,1) (4,2) (4.3) (5,3) (6,3)
(3.1) (3,2) (3,3) (3.4) (4,4) (5,4) (6,4)

(2,1) (2,2) (2,3) (2,4) (2.5) (3,5) (4,5) (5.5) (6.5)
(1,1) (1,2) (1.3) (1,4) (1,5) (1,6) (2,6) (3,6) (4,6) (5,6) (6.6)

2 3 4 5 6 7 8 9 10 11 12

The students should then observe that the table shows 36 different
possible combinations: There is 1 way out of 36 of getting 2, there
are 2 ways of getting 3, 6 ways of getting 7, and so on.

Games with coordinate axes

There ale a variety of games that can be, played on coordinate
axes. One of these is the game that is sometimes called "Battleship."
There are different versions of the game to be found, and the following
is just one possibility.

Three pupils cooperate in this activity. It is a very simple way
to enable them to name and identify ordered pairs on a set of co-
ordinate axes. One pupil serves as the judge, the others are players.
Each player has a sheet of graph paper or a teacher-made version
of a coordinate grid, with the axes marked. The judge puts a curve
around four adjacent points on his grid. The others are not allowed
to see which four points have been identified. The opponents then
take turns calling out an ordered pair, which they each mark on
their respective grids. If one of them selects a point from the four
that were chosen as the battleship, the judge calls out, "Tilt." The
opponent who hits the fourth point of the battleship wins the game.

i

a
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Then the winner becomes the judge, and the former judge plays
the loser. The first person to win three games is the champion.

Another game involving the coordinate grid is a version of tic-tac-
toe. Two players choose a grid of dimension agreeable to both, or
the teacher can pick the playing grid. The players take turns naming
ordered pairs and marking points on the grid, perhaps with their
first initial. Players score a point for three in a row vertically, hori-
zontally, or diagonally. The player with the greatest number of
points when the grid is filled wins. The game can be varied by
requiring four or more in a row for a point or by extending it outside
the first quadrant of the grid. A player who names one ordered pair
and marks a different one loses his next turn. This can be used as a
group game similar to nim, which was described earlier.

Cross-number puzzle
2 3 4

5 6 7 8

9 10 11

12 13

14 15 16 17

18 19 20

21 22 23

Ilorizonlal
1. The L.C.D. of 7/8 and %
3. Change 7,f., to number of 24ths.
5. Change 3111 to a whole number.
6. 6% + 5% + 3:q; +
8. 71/2 - 3%
9. 8% X 1%
10. % of what number i4 28?
12. 461/2
13. Subtract 7% flom 13%

and add 2%2.
14. Add 27'''L 321/1. 16%1, and 447!;;
16. Multiply 13=,. by 2%.
18. Divide 291/2 by 7%.
19. 19% k of whal number?
20. 5:,;, x 11/2 di 1(1111 by
21. Simplify

12% X 21/2
11/2

23. Divide the product of
17 and % by 7/12.

Fig. A 38
Vet tic&

1. Divide 14 by 'he:.
2. Change 1/ to number of 16ths.
3. % +
4. Find 'Yt of 72.
5. 6% X 1%
6. Divide 3:Ym by %,,.
7. Add 148, 210%. 56%, and 402

11. Change 1% to a whole number.
12. NIultiply tlw difference of 120'4,

and 271/2 by 6%.
14. % X 1% X Ms
15. 12 is T1 of what number?
16. Take 'A of 390.
17. L.C.D. of and 11/12
18. :Y1 of what number is 311/2?
22. 11'/ X 2% divided by 3
23. Simplify

5'/ - 2%
--1Tk
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111 2 4II11111
1

I

81
5

42

1 4 IIII I 2 111

IIIII 6 . 8 IIIII
2 I 3

4

11
2 6

I
14

2 I,11 I 2 al
Fig. A.39.Solution
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Appendix B: Sample Lessons
Exploring Large Numbers

(for Slow Junior High or Upper
Elementary Students)

NEIL WALLEN
Assistant Prznapal, Coral Way Elementary School

Miami, Florida

Objective

Given a number of common uniform objects (dimes, dollars, paper
clips, etc.in the principal activity here, dimes), the learner should
demonstrate an understanding of this number by relating some of
these uniform objects to a small unit of measure and then to some
single larger, object (a specific mountain, tower, building, etc.) whose
measure is thereby more easily comprehended,

Materials for each student

Over 20 dimes
Ruler

Worksheet
Conversion table

Teacher-guided activities

1. Give each student a number of dimes and a ruler. Ask him to
find approximately the number of dimes in a 1-inch stack (20).

487
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2. Ask questions such as these: How high would a stack of 40
dimes be? How high would a stack of 60 dimes be?

3. Have the student estimate how high a stack containing 1,000,000
would be. (The correct answer is not to be expected at this time.)

4. Have the student complete the worksheet (fig. B.1).

Inches Dimes

10.000 200.000

Inches Dimes

1,000 20.000

Inches Dimes

100 2.000

Inches Dimes

10 200

Inches Dimes

1 20

Inches Dunes

20.000 400.000

Inches Dimes

2.000 40.000

Inches Dimes

200 1.000

Inches Dimes

20 400

Inches Dimes

2 40

Inches Dimes
C.

Inches Dimes Inches Dunes

300 6.000

Inches Dimes

30 600

Inches Dimes

3 60

Inches Dunes Inches Dimes Inches Dimes Inches Dimes

40 800

Inches Dimes

4 80

Inches Dimes Inches Dunes

5,000 100,000

Inches Dimes Inches Dimes Inches Dimes

5 100

Inches Dimes Inches Dimes Inches Dimes Inches Dimes Inches Dimes

Inches Dimes inches Dimes Inches Dimes Inches Dimes Inches Dimes

Inches Dimes

80,000 1.600.000

Inches Dimes Inches Dimes I nch6s Nines Inches Dimes

Inches Dimes Inches Dimes Inches Dimes Inches Dimes Inches Dimes

Fig. B.I. Worksheet

5. Discuss the worksheet. Have the student check his estimation
made in activity 3 in the following way, using the worksheet.

Dimes Inches High
200,000 > 10,000
200,000 > 10,000
200,000 > 10,000
200,000 > 10,000
200,000 ) 10,000

1,000,000 > 50,000
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6. Using the conversion table (fig. B.2), change the number of
inches (50,000) to the number of feet.

Inches Feet Inches Feet

12 1 810 70

60 5 960 SO

120 10 1,080 00

240 20 1,200 100

360 30 12,000 1,000

480 40 24.000 2.000

600 50 36.000 3.000

720 60 48.000 4.000

Fig. 132 Cons emon table

7. Ask, "If 1,000,000 people each place 3 climes
high would the stack be in feet?"

on a

Dimes Feet
1,000,000 4,166 2/3>

1,000,000 4,166 2/3>

1,000,000 4,166 2/3>

3,000,000 12,498 6/3 = 12,500 ft.>

stack, how

8. Have the children name objuts that measure about 12,500 feet
Look in encyclopedias, dictionaries, and other reference materials for
information such as height of mountains. For example, Fuji in .Japan
is 12,388 feet high.

Reinforcement activities

1. Count the sheets of paper in a stack 1 inch high. Using a
similar procedure, determine how high a stack of 1,000,000 sheets
of paper would be.

2. Count the number of paper clips in a string 1 foot long. Find
the length of a string containing 1,000,000 clips.
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Triangular and Square Numbers

GAETANA LEVINSON
Montclair State College

Upper Montclair, New Jersey

The following is a lesson plan written specifically for the student.
It is a lesson on triangular and square numbers and would be used
in a unit on the study of number character and personality. Other
topics in this unit could include a study of the properties of even
and odd numbers, prime and composite numbers, perfect numbers,
the divisibility rulesin fact, a general "Who's Who" among the
integers.

Please note that the lesson as given here has been completed.
Responses of the students are indicated by being circled.

References used in the construction of this lesson follow the lesson
itself.

Hi!
I'm myself. I'm me.
.a'y name is Triangular.
I am a set of numbers.

I have character, like you. Just as some of you are tall and fat
and cheerful and honest, numbers have character, too. There are
even numbers and odd numbers and prime numbers and square
numbers and many other numbers. All with different personalities.

Do you know what I look like?
I'll give you a hint.
You've seen one of me at the bowling alley as an array of 10

bowling pins. You've seen part of me in the sky, in the formation
of birds flying south in the winter. Pool players use one of my forms
to store the 15 balls of that game when they are not in use.
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Now do you know what I look like?
Well, I just happen to have a few pictures of myself. This is the

first one.

0
As you can see, sometimes I am quite small. Here I am called

the first triangular number. My nickname is T(1).
This is the second one.

000
Here I am as the second triangular number, called T (2) . Do you

see that I get bigger if you put down two circles in the second row?
Unfortunately, I've only one other picture of myself. This is the

third one.

000000
See how the line of three circles in the third row makes inc bigger

still. This is me as the third triangular number, T(3).

Gee, I'm pretty. But I wish I had more pictures of myself.
Could you draw a picture of me? I'll help.
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First, see how my pattern forms a triangle. How many circles are
there in each side of the triangle? Equal number) Whet kind of
triangle does my form take? (Equate

Now you can draw a picture of me at the bowling alley. (Fig. B.3.)

Fir,. B.3

How do I look? (Equilateral)

How many rows did it take to
form me? ®

What would I be called? (T(4))

How many circles did you use?

8
I just love having my picture drawn. Please draw another. I know,

a picture of me on the pool table. (Fig. B.4.)

Fig. B.4

How did it turn out?
How many rows did it take to form me this time?
What wo Ild I be called here?
How many circles did you use? g)

e

3

'i
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Say, you certainly can draw a nice picture of me. Do you think
you could draw me when I am called T(8)? And T(10)? Please try.
(Fig. B.5.)

T(8) 0oo000000000000000000000000000000000

T(tO) 000000000000000
0000000000000000000000000000000000000000

Fig. B.5

How many rows are there in T(8)? 0
T(10)? 0

How many circles did you use in T(8) ?
® T(10)? ®

Did you actually count them?
There must be an easier way, and I bet

you could determine it. You seem so-o-o
smart. (Sigh!)

Now you know what I look like. But you still don't know me
how I'm madethe real me. Or do you?

Look at me again when I am called T(1). See that I equal 1
circle, or 1. Then look at me at T(2). Sec that I equal 1 circle plus
2 circles, or 3.

At T(3) I am (1 + 2 + 3) circles; in other words, I equal 6.
Here's my chart! (Fig. B.6.)
Complete it, and you should know me quite well.

Well, you've done it. Here are the first 10 members of me (and
me in general). Now that you've seen a part of the real me, how
would you define me?

[Seek students' definitionsin their own words.]
My character can be summarized by saying that I am a number

equal to the sum of consecutive integers beginning with one (1).
Now we are true friends.
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[Nick- 1st 2nd 3rd 4th 5th 6th 7th 13th
norm '.ow Ron Row Row Row Row Row Row

0 T( 1) 1 / / / / / /
00 T(2) 1 2 / / / / /
0,0o°0 T(3) 1 2 3 / / / /
0100 T(4) (I) i(g) (.9 65
ci,$) <yo T(5) Ur00

T(6) 0 600,0
rico (90 (3) ®
-T(s) OD ® 0)000(0

(3.)eso00.po

Opt)
/4i 6) 0)10

Ionols, r 1 2 3 4 5

)

Fig. B.6

Oh, here comes one of my favorite cousins, Square Number.

You've met him already? Yes, I imagine you would have. He
really gets around. That's right. He is the product of another number
by itself. (2 x 2 = 4, 3 x 3 = 32 = 9, etc.) And, of course, you met
him when you studied the area of a square (A = 32) and the area
of a circle (A = it r2) . But why not talk to him for a while, anyway?
You might discover something new in his character.

1111111111111111111111111111111111111111111111101111k
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Hi!
I'm Square Number.
I noticed you looking at some pictures of

my cousin, Tri.
Would you like to see some of me? Good.

This is me, at 12. You see I was only a baby of 1. (They called
me S(1) here.)

0
Now here I am at 42, when I was 16. Notice my terrific pattern.

0000
0000
0000
0000

My friends called me S(4) here.
What is my shape? (Square.)
How many circles are there on each
side? 0
My friends called me S(4) here.

My cousin tells me that you draw pictures of us numbers quite
well. Could I interest you in sketching me when I was 22, 32, and 52?
Fig. B.7.)

5(2) S(3)

Fig. B.7

Very good likenesses, I must say.

7
C 0 0 0 0
0 0000
0 0 0 0 0
9 0 0 0 0
(-) 0 0 0 0
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But you haven't captured my resemblance to my cousin, Triangular.
What?? You don't see it? Well, please allow me to show you.

First, let us look at your sketches of me at 2.2, 32, and 52. At 22,
when I was called S(2), my shape was square. What is the length
of each side of this square? 0

How many circles were used to form me? 0
Now, at S(3), what is the length of each side? 0
How many circles were used to form me here? ®
Once more at S(5). Is my shape still the same? (T...)
how long is each side? ®
How many circles were drawn to sketch me?
(I'm glad to see that you didn't count but simply thought 52

means 5 x 5, which equals 25.)
Now, let us try again. What are the first and second triangular

numbers?
What is their sum? 0
How does this sum compare with the second square number,

S(2) ?
See how you drew me at S(2)?

00
00

Now see how I can capture my resemblance to triangular number
by arranging the first and second triangular numbers to form S(2).

Again, the resemblance can be seen when S(3) is sketched as an
arrangement of the second and third triangular numbers.
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Now do you see my resemblance to Triangular Number? Right!
I can be represented as the sum of two consecutive triangular numbers.

Sketch me again at S(4) and S(5) as the sum of two consecutive
triangular numbers. (Fig B.8.)

ta

6 = T(3) 0 0
10 +6=16= 42

T(4)=10 @ © 0 T(5)=15

0
T(4)=100 0

0 0 0

Fig. B 8

10 +15 =25 =52

Yes indeed! A very good resemblance.
Here is a chart of our relationship. (Fig. B.9.) Complete it, and

you will see it quite well.

,---

First 1 Second
triangular triangular

; number i number

Sum of two
consecutive Sum

triangularnumbers j

1 ,

3

1 + 0 1

1 I 3 + 1

6 + 3
4

26 1

10 1

,---e53

3

6_
To

10 +6
.

_____I__
Cs15-o

16 1

25

u.....-
..ivi..

Squarer
number 1

12 [-;---i

22 4
t ----1321 9 ,

42l 16 1-
52 1-0 i

fr) 1 15 ..-71_5.) I 6---611 62 ;601

(2g2) , C.3-6-4-ZED 1 (671) e 103)
.e0 -T--.-si 1 zq-335 -,-"D 92 la30

I (20 (02:....._.-721) I (4§-, 1 72 'qt.&2

1 55 i za I C.531..41.) 400) 10210.0iP

Fig. B.9

Very good, indeed.
Well, I must dash. It, has been a real pleasure having you see the
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relationship to cousin Triangular. See you again. Bye, Triangular.
Bye, students.
Good-bye, Square Number.
And good-bye to you again. I'm happy we met. It would be fun

if we could have another visit. I'm sure my other cousins, Pentagonal
and Hexagonal, would be very happy to have you discover their
characters, too.

REFERENCES

Square

Adler, Irving. Magic House of Numbers, p. 44. New York : John Day Co, 1957.
A New Look at Arithmetic, p. 57. New York : John Day Co., 1964.

I3eiler, Albert. Recreations in the Theory of Numbers: The Queen of Mathe-
matics Entertains, p. 185. New York : Dover Publications, 1964.

Davis, Philip. The Lore of Large Numbers, p. 85. Toronto, Ont.: Random House
of Canada, 1961.
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Linear Measurement
(Grades 4-7)

499

MARY Y. NESI3IT
Former Supervisor of Elementary Mathematics, Dade County Public Schools

Miami, Florida

Objective

Given an object less than 10 feet in length, the learner should be able
to estimate its length using body measurements and report the esti-
mate in feet and inches.

Materials for the teacher

References given at the end of the lesson and any available book on
the history of measurement

Materials for each student

Foot ruler
Yardstick
Paper and pencil

Teacher-guided activities

1. Led by the teacher (who has used the reference sources), the stu-
dents can discuss old ways of measuring and how they led to some of
the standard units of our present linear measure.

2. Students make a table of early measures of length: digit, hand or
palm, span, cubit, foot, and pace.

Example:
4 fingers = 1 palm
3 palms = 1 Span
2 spans = 1 cubit
2 cubits = 1 yard

3. Students may measure given line segments, a textbook, a desk, or
other available objects, using the body measure they feel is most ap-
propriate. Ask them to record these measurements.

.,
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4. Let small groups of students work together to compare the mea-
surements they have recorded. To give a variety of measures the
teacher, an aide, and any available adult may be included in the
groups.

Example:

Measure your desk by palms.
How many palms long is it?
How many palms wide is it?
Compare the width of your palm to the palms of several friends and

to your teacher's and aide's palms.

5. Suggest that each group make a table containing body measure-
ments and comparisons of these measurements to the standard unit to
which they are related.

Example (see fig. B.10) :

Descript ion of A leasurement
First

Person
Second
Pelson

Third
Person

Fourth
Pet Noll

Standard unitlark
width of thumb...
With h of t wo lingo s .

Distance from knuckle to
joint of thumb. . . .

Distance from joint to end
of thumb .

Standard unitFool
Length of foot . .. . . .

Standard unitYard
Dist nine from no>e to t humb of

outstretched arm .. ..... .

13.10

6. Pick the student whose thumb measures nearest an inch. Pick
the student whose foot measures nearest a foot. How many thumb-
inches are in the foot-foot?

7. Ask each student to find his own body measures that are nearest
to an inch and to a foot. Provide objects for each to measure, using
his own body measures.

Follow-up activities

1. Estimate measurements of the following:
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a) Length of room in inches, feet, and yards
b) Distance in inches a bicycle wheel travels in one revolution
c) Dimensions of the chalkboard in inches and feet

2. Measure the length of a block by using the body-foot. Remeasure,
using a yardstick or tape measure.

3. Check the estimates made in follow-up activity 1 by using the
appropriate unit of measure.

4. Make a record similar to the one shown in figurt B.11.

Object Estimate
Accurate
meastne

Amount over Or
under estimate

Speller (height ) 9 inches 11 inches 2 inches

Chalkboat d (length) 10 feet 9 feet + 1 foot,

Fig. B.11

REFERENCES

Horne, Sylvia. Learning about Measure W. Franklin Mathematics Series. Chi-
cago: Lyons & Carnahan, Educational ay., Meredith Corp., 1970.

Johnson, Donovan A., and William H. Glenn. The World of Measurement. Ex-
ploring Mathematics on Your Own series. St. Louts: Webster Publishing Co,
1961.

A "Sticky" Experimenta Lab Approach and
Behavioral Objectives

VINCENT BRANT
Coordinator, Office of Mathematics, Board of Education of Baltimore County

Towson, Maryland

The following lesson is an illustration of the kind of activity appro-
priate for slow learners. This may be used as an activity in the ele-
mentary grades to introduce the basic facts in multiplication. Observe
that the model is based on the Cartesian product of two sets. This
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model may also be used for children who forget their basic facts in
multiplication. In other words, it represents an algorithm of a lower
order of abstraction and enables the child to perform successfully, al-
though at a slower rate, until he convinces himself that it would be
much easier to commit these basic facts to memory.

Objectives

The student should be able to do the following:
I. Identify the horizontal and vertical positions of lines
2. Name the horizontal and vertical positions of lines
3. Draw (place) lines in horizontal and vertical positions
4. Name and identify intersections of horizontal and vertical lines
5. State the rule that the number of intersections of horizontal and

vertical lines is equal to the product of the number of horizontal lines
and the number of vertical lines

6. Apply the above rule

Materials for each student

18 sticks
Preliminary worksheet
Summary worksheet

Plan

1. Distribute the sticks and worksheets.
2. Emphasize the necessity of careful reading and recording.
3. Have an additional activity ready for those children who finish

before others.

Preliminary Worksheet

1. The sticks in these experiments will represent lines.
2. When a stick is placed on your desk as in the diagram below, we

say that the stick represents a horizontal line.

Desk L Horizontal stick

3. When a line is placed on your desk as in the diagram below, we say
that it represents a vertical line.
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Desk Vertical stick

Experiment I
1. Place one stick in a horizontal position on your desk.
2. Place another stick in a vertical position on top of the first stick

as shown below.

L +
3. Do they cross each other?
4. How many times do they intersect (cross each other) ?
5. Record your findings in the chart below.

Number of
horizontal lines

Number of
vertical lines

Number of
intersection,

Expel iment 1

Experiment 2
1. Place 2 sticks in a horizontal position on your desk.
2. Place 1 stick in a vertical position on top of the horizontal sticks.
3. Count the number of intersections of the horizontal and vertical

sticks; that is, the number of places where they cross.
4. Record this information in the chart on the summary worksheet.

Experiment 3
1. Place 3 sticks in a horizontal position on your desk.
2. Place 2 sticks in a vertical position on top of the horizontal sticks.
3. Count the number of intersections of the horizontal and vertical

sticks.
4. Record this information in the chart on the summary worksheet.

Experiment 4
1. Place 3 sticks in a horizontal position on your desk.
2. Place 5 sticks in a vertical position on top of the horizontal sticks.
3. Count the number of intersections of the horizontal and vertical

sticks.



504 THE SLOW LEARNER IN MATHEMATICS

4. Record this information in the chart on the summary worksheet.

Experiment 5
1. Place 6 sticks in a horizontal position on your desk.
2. Place 4 sticks in a vertical position on top of the horizontal sticks.
3. Count the number of intersections of the horizontal and vertical

sticks.
4. Record this information in the chart on the summary worksheet.

You will probably notice that there is a rule that will tell you how
to find the number of intersections without counting. If you know this
rule, write it in the spaces provided in the middle of the summary
worksheet.

If you have not discovered this rule, do experiment 6.

Experiment 6
1. Place 4 sticks in a horizontal position on your desk.
2. Place 8 sticks in a vertical position on top of the horizontal st:^ks.
3. Count the number of intersections of the horizontal and vertical

sticks.
4. Record this information in the chart on the summary worksheet.

Now, to discover the rule, compare the numbers in the different rows.
There is a relationship or rule connecting the three numbers in each
row. When you have discovered the rule, write it in the space provided
in the middle of the summary worksheet. Test the rule, as directed
there, and check your answers by comparing them- with the correct
answers at the bottom of the worksheet,.

Number of
horizontal lines

Number of
vertical lines

Number of
intersections

Experiment 1 1 1 1

Experiment 2

Experiment :3

Experiment 4

Experiment 5

Experiment 6

-f
4
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Rule
The rule for finding the number of intersections of horizontal and

vertical lines is

Testing your rule
By this time, you have probably discovered the rule. It should pro-

vide a shortcut for finding the number of intersections without count-
ing. Test your rule by finding the number of intersections for the ki-
lowing exercises. You can check your answors by comparing them with
the correct. answers at the bottom of this worksheet.

1. 6 horizontal sticks and 5 vertical sticks
2. 7 horizontal sticks and 9 vertical sticks
3. 9 horizontal sticks and 8 vertical sticks
If you should ever forget your basic facts of multiplication, you can

always ase the idea in this experiment. For example, if you forget the
answer to 5 x 4, you can draw 5 horizontal and 4 vertical lines on
your paper, and then count the number of inters( tions.

Correct answers
1.30 2.63 3. 72

Area of a Rectangle
(Fourth Grade)

MARILYN POTTORFF
Fourth-Grade Teacher, F. C. Martin Elementary School

Richmond heights, Florida

Objective

Given a number of horizontal units less than 11 and a number of
vertical units less than 11, the student should learn to compute the
area of a rectangle.
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Hate)ials for the teacher

Dotted grid on .lkboard
Large demonsti n geoboard, if available

.1f ;,terials for each student

1 dotted sheet of rectangles and two other shapes, as in figure B.12
1 data sheet, figure B.13

geoboard, if available

Teacher-guided activities

When children look over the dotted sheets, tell them, "We're going
to find the number of square units in each of the rectangles shown."

r --11Sucire 1 Al I Bunit

--1Fionzontalunit
, 1

1Vertical unit

,

G
1 FF H

L
IA

1

Fig. 13.12. 1)otted .sheet.
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Show on the chalkboard grid one vertical unit, one horizontal unit,
and one square unit.

Relate "vertical" to vertical take-off aircraft.
Relate "horizontal" to horizon.
Discuss the data sheet (fig. B.13) and procedure for each set of an-

sWerS. Make clear that the children count the line segment from one
dot to the next--not the dots.

A 8

Vertical units I

Horizontal units!
1

Square units i

1G H I J K I- 1

Vertical units -4---
Horizontal units

1

rctuare units 1 i

MN 0 PQ1-7
Vertical units

Hor.zonal units

Square units ---1
For those who think they're smart:

R = square units S=._ square units

Fig. 13.13. Data sheet

Do rectangle A of figure 13.12 on the chalkboard or geoboard. Work
A, E, and 11 together. The teacher or a child should write the following
answers on the board, filling in a simulated portion of the data sheet.

ABCDEF
Vertical units I I 1 I 1 4 1 5 1 2 1 3 i

Horizontal units! 2 3! I 1 I 1 2 1 2 '

Square units 1 2 3 1 4 1 5 j 4 1

1

6 1

More figures may he worked out together (as needed).
The teacher should duplicate the outline of the figure and the dots,

since children often have difficulty seeing the square units. As in a por-
tion of the illustration below, count the number of square units by
drawing in connecting lines between dots.
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1

Review results, using the data sheet, after the first few examples.
Allow the children to complete independently the second tow of the
clotted sheet (G, H, and I).

Continuation of teacher-guided activities

Ask the children if they see any relationship between the horizontal
and vertical units and the square units of each rectangle.

Allow them to do independently the third row of the dotted sheet
(JM)

Ask: `'Do you see a shortcut, [multiplication] yet?"
Allow the children to ecmplete rectangles through Q. (Do not do R

and S at the present time, since they are not rectangles 1
"OK. Suppose you knew this chalkboard was 7 vertical units and

10 horizontal units." [Write this on the board in data-sheet form.]

Vertical units 7 1

Horizontal units I 10 1

Sauare units

"Can you tell me how many square units it would contain?"
As the children figure out the shortcut. don't ask for the rule; rather,

give them a simple rectangle to figure out by saying, for example,
"Three vertical and 7 horizontal unitshow many square units?"

For children who seem to have the concept, ask: "How many square
units in a 2 -by-7 rectangle? How many square units in a 7-by-3 rec-
tangle?"

Extensions

1. For those who have caught on, prepare worksheets without dots,
like the one shown below. Later, graduate to larger numbers as their
skills warrant. For groups who have skill using a tape measure. suggest
they measure the room, recording length and width to the nearest
foot, and find the area.
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2. Prepare sheets with dots only and allow the children to make up
their own figures, such as the R and S of figure B.12.

Long Division
(Upper Grades)

JAMES R. PEARSON
Coordinator of Media Valuation, Dade County Public Schools

Miami, Florida

Objective

To enable the student to realize the objective of this lesson, preles-
son work should have been done with an array approach to trultiplica-
tion, of course; this work should also include 1 digit times multiples
of 10, since this is merely basic multiplication-facts drill hidden behind
"big numbers" (i.e., 8 x 60 is really 8 x 6 multiplied by 10). The ob-
jective of the lesson is that the student, given a division problem hav-
ing a 3-digit dividend and a 1-digit divisor, with a remainder of 0,
should learn to compute the quotient.
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3lateiials for the teacher

Chalkboard
Large "array" card

Materials for each student

Scrap paper and pencils
Multiplication tables (if necessary)
Worksheets

Teacher-guided activities

Hold up the array card shown below and review the fact that the

4
rOWS

8 columns 32 objects in the array may be represented by
the multiplication of the number of rows, 4,
by the number of columns, 8: 4 X 8 = 32.

The division sentence might be 32 4 =
what? (8.)

Suppose the array looped like this:

Now we can write 4 X = 32. Is there a
division sentence we can write? (32 4 =-- .)

Review 1 digit times a multiple of 10.
Now, on the hoard, show:

81 320

How can this be written? (8 x = 320.)
Are we sure a whole number can he put in
the box? (We can't always !,e sure.) At any
rate, let's use lrss than or equal to (<1. We
can tail it 'equal or not quite equal to."

Is this true, whether or not the represents a whole number: 320
8 = ? (Yes.) How many tens in 320? (32.)
Write 8 X E:1 < 32 tens. Now it's easy: 8 times what is "equal

or not quite equal to" 32? (4.) Yes, but 4 what? [Point to the space
after the box, wait to hear "tens," and write 8 X [41 tens < 32 tens.
Also ask the students to fill in 8 X < 3201
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Continue with other examples, such as 240 6 = , 639 -:- 9 =
,'and 490 7 =

Look at this example: 504 7 =

E.1

504

How can we write this as multiplication? (7 x < 504.) How
many tens in 504? (50.) Will someone write a sentence using tens?
(7 x tens < 50 tens.) How many tens? (7.) Write 7 x El tens
< 50 tens. What is [write] 7 x 70 = ? (490.) That's not exactly
504. What can we do to find out how much more than 490 we have?
(Subtract: 504 490.) Now we have a 7 x 70 array (490) plus a
7 x array with 14 in it.

7 490+ 14

Now what goes in the box? (2.) So 7 x
= 14.

504
-490

14 Then 504 ÷ 7 = . (72.)

Continue with other examples, such as 384 ÷ 8 = , 301 4 = ,
and 125 5 =

Finally:

100 + 25

125
-100

25

(Leave the above on the board.)
Or we could write it like this:

5 125

125 5 =

5 X 20 < 12 tens
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Now erase the dotted lines:

5 125

A. 20
5 125

- 100
25

13.

A.

13.

5

25
5

20
125

- 100
25
25

A We already found that 5 x 20 = 100, and
WC subtracted the 100 to see how many we
had left. Let's subtract here this time. We
find there is a 5 x array left with 25
in it.

B. Now 5 x = 25, so we'll write that
above the 20 and add up. Now, fill in:
125 + 5 = . (25.)

Now, we'll do the next one like this: 444 6 =

6

6

70
444

-44v
24

74
4

70
444

-420
24
24

A. Can someone write the "equal or not quite
equal" sentence? (6 x < 444.)

How many tens in 444? (44.) Now, write
the "tens" sentence, 6 x Q tens < 44
tens, and 6 x 70 = 420. How much more
than 420 is this? (Someone subtract 444
420.)

B. There's 24 left, and that's an easy fact.
(6 x 4 = 24.) When we add up we get 74.
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Extensions

Worksheets with the following types of work will provide practice:

372 ÷ 4 = 0; X 0 < ; X 0 tens < tens

4

91468

372 4

372

468 ÷ 9 = 0

X tens < tens

REFERENCES

Bigg4, Edith E., and James R. MacLean. Freedom to Lea?n: An Active Learning
Approach to Mathematics, pp. 119-20. Don Milk, Ont.: Addison-Wesley (Can-
ada), 1969.

Dienes, Z. P. Mathematics in the Primary School, pp. 96-98. 107-10 London:
Macmillan & Co., 1964.

Diagnostic Analysis of Mathematics Skills

J A NI E8P.SKAli 13 E K
Principal, Lansdowne Elementary School

Baltimore County, Maryland

Oral analysis is a diagnostic technique in which the teacher not only
observes the child's work but also has him talk aloud as he solves the
problem. The technique enables the teacher to discover how the child
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is thinking about number and number operations. By asking probing
questions, the teacher gains insight into what skills have been mastered
and further insight into what generalizations have been only partially
understood. The technique .can readily he implemented using informal
exercises or test items at any level of learning. Although oral analysis
is valuable for use with all pupils, it is especially appropriate for use
with slow learners.

In order to illustrate oral analysis, the following examples were se-
lected from a fourth-gra(' diagnostic exercise administered at the be-
ginning of the school year. The children had been introduced to the
subtraction skill of renaming as a part of their third-grade program;
the skill had not been reviewed in the fourth grade prior to the diag-
nostic exercise. A tape recorder was employed to record the explana-
tions offered by the children. Each computation is reproduced as it ap-
peared on the child's paper.

Illustration A

Before reading the explanation offered by pupil A, analyze his algo-
rithm. How would one explain the changing of 6 hundreds to 4 hun-
dreds in the sum?

Computation Student Explanation (on tape)

4 I 1
Four minus five, you can't take that, so you'll
have to take [pause you can't take one from
zero, so you take one from the number six and
that will give you the number fourteen and four-
teen minus five is nine and then you conic to the
number zero and zero minus four (pause). You
can't take four from zero, so you come from the
number six again and take one from there, and
that %%ill give you the number ten, and ten minus
four is six, and since you took two from the num-
ber six, that would make the number four and
four minus five is (pause(. You can't tak that
so you just leave it blank, and the number is
number sixty-nine.

Through your analysis of the algorithm were you able to assess
pupil A's understanding? The explanation revealed that pupil A par-
tially understood the concept that in subtraction of whole numbers
every column must have a sum that is greater than or the same as the
known addend. Specifically, the child recognized that the sums named

0 4

5 4 5
69
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in the ones column and in the tens column were not larger than the
known addends and therefore realized that the sum had to be renamed.
However, the child did not understand the concept of renaming. Fur-
ther questioning would he necessary to reveal the child's understanding
of place value.

Illustration B

As you read the explanation of pupil B. assess his understanding of
the operation.

Computation Student Ex/di/nation (on tape)

.5 9 10 You can't take four [pause) five from four. so
6 0 4 you take a hundred out of the hundreds place

and put nine in the tens column and then ten in
the ones column, and then you subtract ten from
pauseI five from ten and put down five, and

tlren your subtract nine from four. and then you
get your answer is five, and five take away fi .T
equals zero.

The explanation indicated pupil B's understanding that the opera-
tion required renaming. The child skillfully handled the zero difficulty
when renaming 6 hundreds to 5 hundreds 9 tens and 10 ones. The diffi-
culty occurred iu providing for the 4 ones represented in the original
sun). Confusion was evidenced, however, in the application of the con-
cept that subtraction is the inverse operation of addition. In two in-
stances, pupil B began to subtract the sum rather than the known
addend; in the third instance, he reversed the numbers but computed
the missing addend.

.1 4 .5

.) .)

Illustration C

BeVieW pupil C's algorithm and analyze the explanation. Based on
your assessment of his understanding, what teaching suggestions could
be offered to help pupil C?

Computation Student Explanation (on tape)

5 4 Zero minus zero equals zero (pause). I crossed
XX 0 out the one 'cause you can't take four from one,

and I took a four from the nine, and the one be-2 4 0 came the four, and four minus four is zero. and
3 0 0 of course the I pause' nine is now five, so I get

five minus two equals three.

A
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Obviously, pupil C is attempting to function at a level beyond his
understanding. Further diagnosis is required to ascertain pupil C's
ability to subtract 2- and 3-digit numerals when renaming is not re-
quired. An instructional program should provide for a review of ex-
panded notation using H111111/(9' frames and place -value pockets to de-
velop the idea that a number can be named in many ways. The concept
of expanded notation should then be used to develop an understanding
of renaming. Expanded notation and renaming should then be applied
to 2-digit numerals and 3-digit numerals before the short subtraction
algorithm is developed.

Illustration 1)

In conta4 to the preceding answers. the answer of pupil I) is cor-
rect As you read the explanation, attempt to identify the method em-
ployed. What recommendations should be offered concerning an in-
structional program for pupil I)?

Computation

0

5 4 5
5 9

Student Explanation (on tape)

Well, you can't take five from four, so you have
to make a four a fourteen, and five from fourteen
would be nine, and then you have to make the
four a five, from ten would be five, and you have
to make the other five a six, and six from six
would be zero.

It should be noted that an inspection of the written computation
does not reveal the take-away equal-additions method; only through
oral analysis is the method evident to the teacher. Further discussion
with the child revealed that the procedure was taught to the child by
a parent. The instructional program should provide for pupil D's un-
derstanding of the method being used by the class. The instructional
program should also emphasize that there are different methods to per-
form number operations and that each method has certain advantages.
The ultinutte choice of method belongs to the child.

Conclusion

Oral analysis is unique in revealing the mental reactions of a child.
It enables the teacher to assess the manner of individual learning and
to program instruction based on that assessment.

A
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Fractions
(Grades 4-6)

AI Ti G A Ti ET II. BE E
District Mathematics Teacher, Southwest Dil,trict. Dade County Public School,

Miami lorida

Objective

Given fractional numbers, the student should learn to identify equiv-
alent and nonequivalent fractions orally or by writing the symbols =,
<, >, and --A.

.Materials for the teacher

6 egg cartons, painted in different colors: 1 whole carton, the others
cut into halves, thirds, fourths. sixths. and twelfths

These egg cartons nest together neatly and compactly.

Materials for each student

6 egg cartons, as listed for the teacher (children enjoy gathering
and preparing this material)

1 large, minded, laminated card
1 crayon
1 tissue or paper towel for cleaning the laminated card after each

response

Teacher-guided activities

During this lesson, have students show answers on the laminated
cards as often as possible so that you can evaluate the response of each
student. Discussion of answers and proofs, using nests, should follow
to allow students to verbalize their responses and to clarify miscon-
ceptions.

Display 1 whole egg carton and ask students to write a number or
a word on their card, with the crayon, that tells how many the carton
will hold. Ask them to show their answers when you say, "Show me."

Discuss the correctness of "12" or "dozen." Suggest that for the ac-
tivities today "1 dozen" be used to name the container.
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Look through your nest of containers and find one that will hold 1/2
dozen. The lesson might then proceed as follows. The responses of the
students, when given, are shown in parentheses

How many of these do you have? i2.)
If we fit these 2 into our 1-dozen container. how do they compare

in size? Do the 2 parts fill the dozen container? (Yes.)
How many parts do you have that show 1,4 dozen? (2.)
Are the 2 parts the same size? (Yes.)
Show me 1 of these 2 parts.
You have shown me 1 part of 2 parts. [Show this on the chalkboard

as indicated below.]

1 part
out.of

2 parts

We can also writ" this as 1/2.
Tell me two ways to read this symbol. OA or 1 part out of 2 parts.)
Look through your nest and find 3 parts of a dozen that are the same

size.
Fit the 3 parts into the dozen container and tell how they compare

in size, or how they fit.
Write the color of your 3 parts on your card and show me.
Show me 1 part out of 3 parts. [Place the following on the chalk-

board.]

1 part
out. of

3 parts

If we called 1 part out of 2 parts 1/2, what symbol can we use to
show 1 part out of 3 parts? (1/2.)

How do we read this symbol? (1/2 or 1 part out of 3 parts.)
Show me

or % of 1 dozen.

2 parts
out -of

3 parts
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[Continue the same procedure with fourths, sixths, and twelfths until
the children demonstrate the fraction by identifying the part named by
the debominat or and the number of parts specified by the numerator]

Show inc 1/2 dozen.
Show inc 1/4. dozen.
How many /2s will it take to fill 1/2?
Use your nests to find out and write your answer on your card, and

show me. (6.)
Next, think about this:

6 parts
out.of

parts

or ';;, is another name for 1/ .
Write True or False on your card for this equation: rYi = (True.)
How do you know?
Show me 1/4 dozen.
Show me V, dozen.
How many 1A os will it take to fill IA':
Write True or False on your card for this equation: 1/4 = 3/i.. (True.)
How do you know?
Write True or False for this equation: 1/4 = o. (False.)
How do you know?
Write the answer on your card: How many 1/4 os equal 1 dozen? 112.)
Write True or False: 1 = 1. (True.) e;;; = 1. (True.) = 1.

(False.)
Chow me 1/3 dozen.
Show me 1/2, dozen.
How many 1/8s of a dozen will it take to fill 1/2 dozen?
Next, think about this:

parts
outof

6 parts
or ;, is another name for 1/3.

Write True or False on your card for this equation: % = 1/2. (True.)
[Continue with other equivalent fractions.]
Use your nests to find which is larger, 1A or 3A. Use them again to

find which is larger, 2/3 or %.
[Continue with other comparisons, allowing the children to manipu-
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late their nests to discover relationships. A sample worksheet is shown
here.]

Use your nest of cartons to compare the fractions.
Put <. >, or = in the frames.

mat
153012 4

r---1 1
6
FT

1

3E1

1

a i
12
f] Li

6

1 ci El
12 I-I

2 In 3 7 2

3 I-I 4 12 3

Follow-up

This lesson should be followed by naming and comparing fractional
parts of number lines and regions using fifths, sevenths, eighths, and
others.
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