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Abstract -

A measurement method derived from o-dering theory is presented;

ordering theory is an alternative measurement model with a boolean

algebraic framework. With the use of this method, hierarchies among

items can be determined. The item response patterns are processed

according to rules of symbolic logic to describe the array of prereq-

uisite relationships among the items. Al' example of actual data analy-

sis by this method is given with attention to some antecedent formula-

tions of the linear scaling problem.
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Bart (in press) and Airasian and Bart (1970) introduced tree theory

as an alternative measurement model with a boolean algebraic framework.

Subsequent to those two statements tree theory was relabelled by Bart

and Airasian so that the theory would more closely mirror its algebraic

framework. Ordering theory has as its primary intent either the testing

of hypothesized hierarchies among items or the determination of hier-

archies among items. In ordering theory, xesponse patterns for bivalued

items are viewed as atoms in a boolean algebra with as many generators

as there are items being considered. An ordering (formerly termed a

tree) is the union of the obtained atoms and indicates the logical

relationships among the items.

Ordering theory shares with classical models the item response

matrix, but does not use summation across subject rows to express in

the form of the correct responses of a subject his standing on the trait

measured. This is the first departure of ordering theory from older

models of measurement. These models invariably assume that ne trait

measure!. is linearly ordered and can be measured with a simplE additive

model - e.g., a summative score (Gulliksen, 1950). This assurption of

linearity is rarely if ever tested and probably false (Bart, 1970).

Instead of using summative scores as a starting point for further

statistical analysis, ordering theory is used to determine logical re-

lationships between items represented in the item response matrix and

in this respect is more similar to pattern-analytic methods than to



classical measurement models. Contemporary pattern-analytic methods

share as a common feature the search for some parsimonious and manageable

method of representing relationships among items and are coping with

the basic difficulty that the number of response patterns increases

exponentially with the number of items. Fine examples of this type

of approach to measurement theory are papers by McQuitty (1955, 1956).

Ordering theory, which draws heavily in its search for order among

individual response patterns from the theory of boolean algebras (Halmos,

1963; Stoll, 1961), employs a logical-mathematical method instead of

the otherwise mostly empirical search for relationships between items.

The prerequisite relationship

As stated, an ordering is a logical relationship among a set of

items. Within that relationship various constituent relationships in-

volving such logical connectives as "either...or" and "and" may be

employed. For behavioral researchers the relationship "is a prereq-

uisite to," which is the converse of "implies" or "if...then," is a

useful relationship commonly indicated in many theoretical behavior

frameworks (Gagne, 1965; Piaget, 1963). The salient qualities of the

prerequisite relationship for behavioral research warrant its ?rimary

consideration in the designation of the logical relationships among

items.

One requirement for the prerequisite relltionship to be used to

interrelate items is that the items be bivalued "1" is the item score

for item i for subject k if subject k gives a correct response to item

i and "0" is the item score for item i for subject k if subject k gives

an incorrect response to item i. Then a defining statement for the
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prerequisite relationship may be cited based on logic theory (Kleene, 1950;

Stoll, 1961): success on item i is a prerequisite to success on item j if

and only if the response pattern (01) for items i and j respectively does

not occur. The response patterns (00), (10), and (11) are called confirma-

tory and the response pattern (01) is called disconfirmatory with respect

to the two-item ordering, item i is a prerequisite to item j.

For a set of n items such that a correct response for any item

indicates a manifestation of the trait being measured one can construct

a matrix which indicates the percentage of disconfirmatory response patterns

for all of the two-item trees possible among the n items. In other words,

a n x n matrix, indeed along the rows and columns by the item numbers,

may be constructed such that the entry in the cell in the i-th row and

j -th column is the percentage of the total response patterns that had

a "0" for the i-th item and a "1" for the j-th column. With such a table

one may consider a given tolerance level of disconfirmatory response

patterns and then identify item pairs that are related by a prerequisite

zeladonship. Thus if a cell entry for row 2 and column 5 in the matrix

is .2 and one pre-established a tolerance level of 1 percent ,isconfirma-

tory response patterns then since .2 percent is within the 1 percent

tolerance level one can say that item 2 is a prerequisite to item 5.

After various prerequisite-related item pairs are identified, one

may construct a hierarchy among the items. Also for different tolerance

levels one will construct different item hierarchies. It is recommended

that low tolerance levels be used to determine the item hierarchies in

order that the method be as compatible as possible with the logical

definition provided for the prerequisite relationship. Also when indicating



an item hierarchy, the corresponding tolerance level should be reported.

Thus, as algebraic equations can be represented with algebraic expressions

or with geometric forms, so an ordering can be represented algebraically

with a boolean expression or graphically with a line graph that often

has the form of a hierarchy.

Problem of statistical tests

To test the prerequisite relationship that an ite- i is a prerequisite

to an item j, the hypothesis, that the probablility of a disconfirmatory

response pattern (01) for the prequisite relationship for items i and j

respectiN.ely is 0, needs to be tested. A direct way to conceive of the

test for that hypothesis is to use the binomial distribution. One can

consider two mutually exclusive but exhaustive events: a disccnfirmatory

response pattern (01) with hypothesized probability of 0 and a confirmatory

response pattern (00,10, or 11) with hypothesized probability of 1. Thus,

-the problem reduces to testing for a binomial probability value (p) of O.

Unfortunately, this is insolubly for .he variance for such a value is zero

and nullifies any opportunity to use, for e ample, the normal distribution

approximation to the binomial (e.g., Hoel, 1962).

Lending more credence to the insolubility of that test, t,ere have

been two recent attempts to articulate rigorous statistical test procedures

for item hierarchies (or orderings). Proctor (1970) discussed a chi-square

procedure to test whether a set of items form a Guttman scale or, in

ordering-theoretic terms, a linear ordering. In the case of a two-item

linear ordering which indicates a prerequisite relationship between two

items, his procedure is not applicable for there would be no degrees of

freedom being indicated for his chi-square test; at least three items

must be considered in order for that technique to be used. Airasian
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(1968) discussed a maximum likelihood procedure based on the multinomial

distribution to test the fit of a hypothesized hierarchy for a set of

three items. This method, though not as yet generalized to n items, may

prove to be more general than that of Proctor in that the method cited

by Proctor relates to linear hierarchies among items whereas the method

cited by Airasian relates to linear hierarchies among items and branched

hierarchies among items. However, both techniques provide neither a

test for a linear ordering among two items nor statistical procedures

nto test the fit of each of the 2 2 orderings for a set of n items.

In general, the problem of a statistical test for a prerequisite

relationship between two items is unsolved. Thus, the tolerance level

technique discussed in the previous section is the primary procedure to

be used to indicate whether a hypothesized prerequisite relationship

between two items is accepted or rejected.

Ordering theory and scalogram analysis

In the early forties Guttman (1944) formulated the requirements

for a genuine scale, capable of legitimate measurement. The most sadient

features of his scale are that the scale should be virtually homogeneous

and that persons receiving the same summative score as an ind x of their

location on a unidimensional continuum should have responded .n the same

way to all items. As a matter of fact, Guttman himself never maintained

that all of our measurements must strictly comply with this ideal form

and his method later named scalogram analysis is really a procedure for

evaluating to which degree our existing scales of measurement are approxi-

mating this ideal condition, the degree of approximation being expressed

in his coefficient of reproducibility.
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Despite the fact that virtually nobody could oppose the fact that

the criteria of Guttman for legitimate measurement are highly desirable,

his method was widely criticized (e.g., Festinger, 1947; Loevinger, 1948)

mostly on empirical grounds, the most serious objection being that his

criterion of scalability is rarely achieved even when total scores

reach an acceptable level of reliability.

This objection is partially met in ordering theory which demands

the Guttman criterion of scalability being met only in parts of a

test (in separate branches of ordering) and not in the test as a whole,

thus allowing spare channels into which the diversity in test behavior

can be distributed. At this point of the discussion a real example

will be discussed with a step by step description of item hierarchy

construction by the ordering-theoretic method.

An example of the ordering-theoretic method

A simple rating scale of guilt in socially embarrassing situations as

perceived by subjects was written. It is composed of 12 items end

was administered to 15 students enrolled in a general psychology course

at the University of Minnesota. Instructions were printed in caption

on the rating scale: "Imagine that you find yourself in the situations

described below. Rate how you would feel if it happened. Be frank."

The answer choices to each item were the following: 1) very bad;

2) a little bad; 3) not too bad; 4) don't care. The items were

scored in a bivalued manner with "1" being given to either of the first

two choices and "0" being given to either of the last two choices. Table

1 lists the items in the test in the order that they were presentei to

the subject.
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Insert Table 1 about here

Table 2 indicates the item response matrix for the scale and

marginal totals.

Insert Table 2 about here

With the information in the item response matrix cited in Table 2

the matrix of percentages of disconfirmatory response patterns for the

two-item orderings indicating prerequisite relationships can be con-

structed. Table 3 indicates that matrix of percentages important in

item hierarchy construction.

Insert Table 3 about here

If one allows for no tolerance level for disconfirmatory response

patterns (or no error), then one can discern the item pairs teat are

related in a prerequisite manner from a consideration of the z:ro

entries in the matrix of Table 3. Thus, item 1 is a prerequisite to

item 6; item 2 is a prerequisite to items 4, 6, and 8; item 3 is a

prerequisite to item 6; item 4 is a prerequisite to item 6; and so on

to item 12 being a prerequisite to items 1-11. With the prerequisite

relationships indicated in Table 3 one can construct the item hierarchy

that is indicated in Figure la.
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TABLE 1

Basic Items in the Scale of Guilt

1. drinking too much

2. shoplift

3. cheat on exams

4. have an extramarital affair

5. gossip

6. done, go to church on Sunday

7. have an homosexual experience

8. lie to parents

9. lie on income tax returns

10, being caught as a Peeping Tom

11. steal a book from the library

12. steal a book from a friend

z

I

&
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TABLE 2

Item Response Matrix for Twelve-Item Scale

of Cuilt for Sample. of Fifteen Subjects

Item 1 2 3 4 5 6 7 8 9 ]0 "
1

1

!row
totals

Subject 1 1 1 1 1 0 0 1 1 1 1 10

Subject 2 1 1 0 1 1 0 1 0 1 1 1 1 9

Subject 3 1 1 1 1 0 0 1 1 1 1 1 1 10

Subject 4 0 1 0 0 0 0 1 0 0 1 0 1 4

Subject 5 0 0 1 0 1 0 1 0 0 1 1 1 6

Subject 6 1 1 1 1 1 0 1 1 1 1 1 1 11

Subject 7 0 1 1 1 1 0 1 0 1 1 1 1 9

Subject 8 0 1 0 1 1 0 0 1 0 0 0 1 5

Subject 9 0 1 1 0 0 0 1 1 0 0 0 1 5

Subject 10 1 0 0 0 0 0 1. 0 1 1 0 1 5

Subject 11 1 1 0 1 0 0 1 0 0 1 0 1 6

Subject 12 0 1 0 1 1 0 0 0 1 1 1 1 7

Subject 13 0 1 1 1 1 0 1 1 0 1 0 1 8

Subject 14 1 1 0 1 0 0 1 0 1 1 1 1 8

Subject 15 0 1 1 1 0 0 1 0 1 1 1 1 8

column 7 1 13 1 8 11 7 0 13 A Q 11 0 -1

totals



TABLE 3

It ' Percentages of Disconfirmatory Response Patterns

for Tuo-item Prerequisite Relation Orde'ings for Scale of Guilt

10

Items 1 2 3 4 5 6 7 1 8 9 10 11 12

1 .-- 47 33 40 33 0 40 20 20 40 Z7 53

2 7 -- 7 0 7 0 13 0 7 13 7 13

3 27 40 -- 33 20 0 33 7 27 40 20 47

4 7 13 13 -- 7 0 27 7 7 20 7 27

5 33 47 27 33 -- 0 53 20 33 47 27 53

6 47 87 53. 73 47 --. 87 40 60 S7 60 100

7 0 13 0 13 13 0 -- 7 7 7 7 13

8 27 47 20 40 27 0 53 -- 40 60 40 60

9 7 33 20 20 20 0 33 20 -- 27 7 70

10 0 13 7 7 7 0 7 13 0 -- 0 13

11 13 33 13 20 13 0 33 .27 7 27 -- 40

12 0 0 0 0 0 0 0 0 0 0 0 --

1
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A close counterpart of this ordering-theoretic method of item

hierarchy construction is the "Cornell technique" of Guttman (1947).

For the data in Table 2 the coefficient of reproducibility is .86

and the ordering of items as in an ideal Guttman scale (G-scale) is

indicated in Figure lb. The G-scale using the "Cornell technique"

was constructed from the matrix in Table 2 by setting cutting points

in such a way as to minimize error (Edwards, 1957).

Insert Figure 1 about here

In comparing the Guttman procedure and the ordering-theoretic method

as well as the two patterns in Figure 1, one can consider a variety of

interesting properties. First, the Guttman procedure is used partly to

determine the degree to which item data complies to a standard of a linearly

ordered scale; with'the ordering-theoretic method, that is not the case

for an exact-fitting hierarchy can always be constructed for item data.

Second, the ordering-theoretic method is able to provide one with all

the two-item logical relationships such as is indicated in Fi,ure la item

10 being a prerequisite to item 9; whereas, the Guttman procedure can

provide us with a markedly reduced number of interitem relationships.

Thus, for example, the relationships that feeling guilty for shoplifting

(item 2) is a prerequisite to feeling guilty for lying to parents (item 8)

and that feeling guilty for gossiping (item 5) is in a formal logical

sense independent of feeling guilty for lying to parents (item 8) are

specifically indicated in Figure la but not in Figure lb. Third, the

ordering-theoretic method provides valuable information as to the various
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12.

FIGURE 1

Ordering-theoretic item hierarchy (Figure la) and Guttman scale
(Figure 11)) for items in the Scale of Guilt for a sample of fifteen subjects.
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sequences among the items in the guilt scale; whereas, the Guttman

procedure cannot provide such information. With the ordering- theoretic

method cited, the hierarchy for any set of items for any sample of

subjects can be con,tructed through an ordering-theoretic processing of

the item data.

Discussion

With the ordering-theoretic method of item hierar-!-T construction

any array of bivalued item data can be analyzed to determine the item

hierarchy structure. Learning hierarchies, item hierarchies, behavioral

sequenr-., cognitive stage theories, etc., could all be more carefully

studied with this method. There are many other uses to this ordering-

theoretic method such as the following: 1) test data can be analyzed

so that rich prescriptive, directive, and diagnostic information can be

provided for the teacher and other test users; 2) the hierarchy of

'prerequisite skills necessary for reading could be determined with the

use of this method. Also, research could be proposed on the stability

of the item hierarchies over time and over samples of subjects. The

ordering-theoretic method of item hierarchy construction is a tool for

the behavioral researcher with a wide range of potentialities.
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