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probability--points of a finite sample space, probability of a simple

The status of three basic concepts of

event in a finite sample space, and quantlflcatlon of

probabilities--possessed by children in grades four through seven was

examined. A test for each of the three concepts was constructed by
the author and administered to a total of 528 students who had not
been taught probability previously. A multivariate analysis of
covariance was performed on the results of the three tests, with

grade equivalent scores on the Stanford Arithmetic Achievement Test
used as covariates. The overall mean performances were significantly
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demonstrated that they had acquired considerable knowledge about the
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Statement of Focus

The Wisconsin Research and Development Center for Cognitive
Learning focuses on contributing to a better understanding of cogni-
tive learning by children and youth and to the improvement of related
educational practices. The strategy for research and development is
comprehensive. It includes basic research to generate new knowl-
edge about the conditions and processes of learning and about the
processes of instruction, and the subsequent development of research-
based instructional materials, many of which are designed for use by
teachers and others for use by students. These materials are tested
and refined in school settings. Throughout these operations behav-
ioral scientists, curriculum experts, academic scholars, and school
people interact, insuring that the results of Center activities are
based soundly on knowledge of subject matter and cognitive learning
and that they are applied to the improvement of educational practice.

This Technical Report is from Phase 1 of the Project on Pro-
totypic Instructional S' -tems in Elementary Mathematics in ‘Program
2. General objectives of the Program are to establish rationale and
strategy for developing instructional systems, to identify sequences
of concepts and cognitive skills, to develop assessment procedures
for those concepts and skills, to identify or develop instructional
materials associated with the concepts and cognitive skills, and to
generate new knowledge about instructional procedures. Contribut-
ing to the Program objectives, the Mathematics Project, Phase 1, is
developing and testing a televised course in arithmetic for Grades
1-6 which provides not only a complete program of instruction for
the pupils but also inservice training for teachers. Phase 2 has a
long-term goal of providing an individually guided instructional pro-
gram in elementary mathematics. Preliminary activities include
identifying instructional objectives, student activities, teacher
activities materials, and assessment procedures for integration into
a total mathematics curriculum. The third phase focuses on the de-
velopment of a computer system for managing individually guided in-
struction in mathematics and on a later extension of the system's
applicability.
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Abstract

This study examined the status of three concepts, basic to fundamental
notions of probability, possessed by children in grades four through seven
who had not had any formal learning experiences with topics in probability.
The three concepts included in this investigation were: points of a finite

sample space; probability of a simple event in a finite sample space; and
quantification of probabilities.

The study was carried out during the first semester of the 1967-68 academic
year in the Wausau, Wisconsin, Public School System. The population consisted
of all children enrolled in grades four through seven for whom a Total I.Q. on
the California Test of Mental Maturity was available from the school records.
The population included approximately 87% of the total number of children
enrolled in grades four through seven in the district in October, 1967. The
sample for the study consisted of 528 children randomly selected from the popu-
lation. The children in sample were stratified into twenty-four subgroups on
the ! asis of sex, three I.Q. ranges and four grades.

Three tests, one for each of the three concepts listed above, were con-
structed by the writer for use in this study. Each test consisted of a set
of items for which the child's responses would indicate if he could apply the
concept in a variety of simple experiment and game situations. Each test
included a diagram representing the objects used in the experiment or game.

Test I consisted of twelve items on the concept of sample space. The
first six items involved only simple counting. The last six items involved
simple ideas of combinationms.

Test II consisted of twelve items on the concept of probability of a
simple event. Each item on Test II presented a lot-drawing situation very
similar to the sjituation presented in thz corresponding item on Test I. The
first six items on Test II tested the notion of probability of a simple event
in which the underlying ideas of sample space involved only simple counting.
The last six items tested the notion of probability of a simple event in which
the underlying ideas of sample space involved combinations.

Test III consisted of ten items on the concept of quantification of
probabilities. Each item presented a game situation in which the child had
to decide which of two conditions represented the better probability of
success for a specified simple event in one trial. Five of the items pre-
sented situations in which the bpecified event had the same probability
of success under both conditions.

The tests were administered as written tests to groups of subjects. The
same tests were administered to all subjects, grades four through seven. The
items on all tests were scored either right or wrong.

'A multivariate analysis of covariance was performed on the results of
- the three tests. Grade equivalent scores on the three parts of the Stanford

@
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Arithmetic Achievement Test were used as covariates. In a multivariate sense
the overall mean performances, adjusted for the covariates, were significantly

different (p<.0l1) among I.Q. groups, sex groups and grades. There were no
significant interactions.

A univariate analysis of variance was also performed on each dependent

‘variable to determine the level of internal differences for significant overall
effects. These results showed:

) l. The significant variation among mean vectors for I.Q. groups could
be attributed to significant differences among means on all of the probability
tests. The mean performances on all three tests ranged from high for the
high I.Q. group to low for the low I.Q. group. :

2. The variation among the mean vectors for boys and girls could be
attributed to the marginally significant mean differences on Test I (sample
space) and Test III (quantification of probabilities).

3. The significant variation among mean vectors for grades was due
mainly to the significant mean differences on Test I. The mean performances

of the children in the four grades ranged from high for the seventh grade
to low for the fourth grade over all tests.

Test I was easiest for all grades and Test II (probability of a simple
event) was most difficult for all grades. The items on Test II which involved
combinations were extremely difficult for all grades,

An analysis of the errors that children made on each of the test items was

also performed in an attempt to-determine what misconceptions children may have
about the concepts tested.

The most significant outcome of this study is that the children demonstrated
that they had acquired considerable knowledge about the three concepts of
probability under investigation and could apply these concepts on a variety of
situations. Thec: children had not recdived formal training on the notion of
probability so their understanding and ability to apply these concepts must
have developed as a result of their background, experience and intuition.

The most important implication for educational practice that arises
from this study is that since young children acquire some knowledge of
probability outside of school, it seems reasonable to assume that some topics

of probability would not be too difficult to include in the elementary school
program. ‘
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Chapter 1

BACKGROUND OF THE PROBLEM

Introduction

Probability theory, which had its beginning approximately three
hundred years ago, is now considered one of the fastest growing
branches of mathematics, Along with the rapidly-increasing store of
theoretical knowledge has come an ever increasing number of practical
applications of this theory. Therefore, probability has become a major
topic of interest not only for mathematicians but also for many ed-
ucators, businessmen, research workers and other members of the general
puBIic whose work and lives have been affected by the‘appligatiohs of
this mathematical theory.

The eighteenth century French mathematician, Simon Pierre

de Laplace, wrote in his treatise on probability,

We see ... that the theory of probability is at bottom
only common sense reduced to calculation; it makes us
appreciate with exactitude what reasonable minds feel by
a sort of instinct without being able to account for

it ... it is remarkable that this science of probability,
which originated in the consideration of games of chance,

should have become the most important object of human
knowledge, 1

IE. T. Bell, Men.gg Mathematics (New York: Simon and Schuéter Co.,
1937), p. 73 .
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Undoubtedly there are some who would challenge the statement that

probability is, or in fact, ever was the most important object of .
human knowledge. However, there can be no doubt that for the past one
hﬁndred fifty years, the study and applications of probability theory
ha:we maintained a lofty and highly significant place in thé develop-
ment of human knowledge. The very important role that probability
plays in our highly technical world of today is apparent if one con-
siders the ubiquitous applicgtions of this theory. For example, pro-
bability is used in the determination of insurance rates; resea;rch in
the physical, medical and social sciences; the development of military
strategy; and as a key to the solution of many complex problems in
most major industries in our country. 1In fact, it is very difficuit
to think of any profession in which probability theory .is not applic-
able,

In recent years, probability and statistical thet;ry has also
gained a greater academic prominence. Many colleges and universities
have introduced new courses in probability and statistics, and some of
the ;larger schools have created new departments of statistics, offering
undergraduate and graduate majors in the field of statistics and pro-
bability. 1In addition to the increased emphasis on the study of pro-
bability theory at the college and university level, recommendations

have also been made to include the study of probability and statistics

" at the high school, the junior high school and even the elementary

school level,

The following paragraphs review some of the recommendations, and

s 19
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the rationale for making such recommendations, for including pro-
bability in the K-12 mathematics curriculum. Also included is a
brief survey of some of the materials available for teaching t-hi.s

topic at various grade levels.

Summary of Recommendations for Teaching Probability in the

Secondary and Elementary Schools

‘textbooks on probability and statistical inference, considered suitable

The Commission on Mathematics, in its 1959 report, recommended
that a course in probability and statistics be included as part of the
high school mathematics curriculum. The report states,

So great is the current scientific and industrial
importance of probability and statistical inference that
the Commission does not believe valid objections based on
theorectical considerations can be offered to its inclusion
in the curriculum. 2

The Commission did feel a valid objection to this proposal might be a
lack of suitable material to use for such a course. For this reason
the Commission prepared a textbook that was considered appropriate for
3

use in a one-semester high school course.

Since the publication of the 1959 Commission Report several other

2Comiésion on Mathematics College Entrance Examination Board,
Program for College Preparatory Mathematics (New York: College
Entrance Examination Board, 1959), p. 32

3Cc:rnm:!.ssi.on on Mathematics College Entrance Examination Board,
Introductory Probability and Statistical Inference, An Experimental
Course (Princeton: Educational Testing Service, 1959)

L.
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for use in the high school, have been published. 4 It is important

to note that many secondary schools now include a course in proba-

bility as part of their regular mathematics course offerings,

Some attention has also been given to the topic of probability
in several of the newer mathematics programs for junior high school
and in a few of the more recent recommendations for improving the
Junior high niathematics curriculum, It is important “o note that these
recommendations and the available text materials assume that the pupils
already have an intuitive notion of probability.and chance events.

Willoughby recommends that the topic of probability be included
in the junior high school mathematics curriculum. He says,

The subject of probability has considerable significance

in the world today. It is of interest to people of all

ages, including junior high school pupils. One of the

best ways to arouse interest in mathematics is to pre-

sent some topic which arrests the attention of the pupils.

Probability is such a topic. >
He goes on to say that junior high pupils will have various ideas about
probability from their past experiences and that it is de#irable to

find out what pupils already know before beginning such a unit,

Howard Fehr, L. Bunt, G. Grossman, An Introduction to Sets,
Probability and Hypothesis Testing (Boston: Heath Co., 1964);
Samuel Goldberg, An Introduction to Probability (Englewood Cliffs,
New Jersey: Prentice Hall Co., 1960); Frederick Mosteller, R. Rourke,

G. Thomas, Probability: A First Course (Reading, Massachusetts:
Addison Wesley Co., 1961). ‘

5Stephen S. Willoughby, Contemporary Teaching of Secondary School

Mathematics (New York: John Wiley and Son, 1967), p. 169
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3 Van Engen, et al., include a unit on probability in their 8th
~grade textbook. 6 " In the teacher notes for the first lesson the

authors say,

The approach in this lesson (Events and their Probalilities)

is somewhat intuitive and informal because we assume that

the students have had some experience in determining the

likelihood that some chance event will or will not occur.

The report of the Cambridge Conference on School Mathematics re-
. commends that probability be included in the K-12 mathematics curri-

culum. The report includes a special section in the appendices which

lists the reasons for including probability in the curriculum and
also includes a brief outline of the topics to be included in the X-12
program. In its proposals for the 7-12 mathematics curriculum the

Cambridge Committee says this about probability,

Both programs include several rounds of probability. It .
is presupposed that the student will have had as a first

i round an intuitive concept of the probability of an event

from the pre-mathematical material in the lower grades.

Based upon this, the second round studies finite events

using the techniques of algebra. The third round is tied

in with the study of infinite sequences and deals with

countable event sets, while the fourth round treats the

continuous case using calculus. 8

In addition to the material mentioned above, units on proba-

bility are found in several junior high textbooks such as the material

? ..6Henry Van Engen, M. Hartung, H. Trimble, E. Berger, R. Cleveland,
: Seeing Through Mathematics, Part 2, Book 2 (Chicago: Scott, Foresman

} and Company, 1961), pp. 449-484

} ¢
!

!

7Henry'Van Engen, et al., Teaching Guide, Seeing Through Mathematics,
Part 2, Book 2 (Chicago: Scott, Foresman and Company, 1963), p. 260

8Cambridge Confer:nce on School Mathematics, Goals for School
Mathematics (Boston: Houghton Mifflin Co., 1963), pp. 48-49
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published by SMSG, the Maryland Projcct and other commercial companies,

Recommendations for including probability in the elementary school
mathematics program and suggested activities for teaching this topic
are beginning to appear in the literature,

9 suggésts the inclusion of some work with probability in

Page
grades K-12 in order to add variety and interest to the mathematics
curriculum and also to provide a novel and pleasant source of drill
work with some of the more fundamental parfs of the curriculum.

'In making specific suggestions for probabilistic activities for
the elementary school Page says,

Throughout Ehe elementary grades there are many oppor-

tunities to give children a better understanding of

standard topics while giving them some ideas about

probability.

Page goes on to list several activities that he feels can be used at
each of the various grade levels, primary, intermediate, junior high
and high school.

Smith 11 makes several suggestioné for activities ih probability
that can be included in grades 4 - 6, He claims that the types of

activities he suggests, dealing with the probability of a simple event,

can be readily used in the elementary classroom,

9David A. Page, '"Probability," The Growth of Mathematical Ideas,
Grades K-12, Twenty-fourth Yearbook of the National Council of Teachers
of Mathematics (Washington, D. C.: The Council, 1959), "pp. 229 - 271

01154., p. 232

11

Rolland R. Smith, "Probability in the Elementary School,"
Enrichment dathematics for the Grades, Twenty-seventh Yearbaok
of the Natiunal Council of Teachers of Mathematics (Washington, D,cC,:

The Council, 1963) pp, 127.-- 133
FaRe
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Deans 12 includes the principles of probability among the basic
mathematical concepts that should be stressed in the elementary school.

Osborn, et al,, recommend that statistics and probability be in-
cluded in the elementary program. The authors make the following
statements aboue the type of activities thae should. be inclueed.

Many statistical processes, techniques, and under-
standings are well within the grasp of the elementary
school child., Since we more and more frequently try to
communicate with each other by associating numbers with
physical phenomena, the child at an early age should be
introduced to those phases of statistics which are within
his grasp. It seems relatively certain that our approach
to statistics in the elementary grades should center around
experiences in the child's ever: expanding environment, and
that his activities should include collection, organization,
and interpretation of data and the more sophisticated arts
of inference and decision-making.

Osborn alse'states_that the subject of probability is very closely
associated with decision-making which suggests that tne elementary child
must have an understanding of probability before'he.can engage in re-
conmended actiQities involving inference pn'deeisien-meking.

14 the

In an unpublished report of a summer writing team;'
Cambridge Committee includes a chapter listing specific activities that

can be used to teach some of the basic eoncepts of probability to

12Edwina Deans, Elementatry School Mathematics: New Directioms,

(Washington, D, C.: U. S, Office of Education, 1963) p. 114

13Rbger Osborn, M. W. DeVault, C, C, Boyd, W. R. Houston,
Extending Mathematical Understanding (Columbus, Ohio: Merrill Company,
1961), p. 194 :

14Cambridge Conference on School Mathematics, Reports of 1965
Summer Study, Unpublished mimeograph report (May, 1966), Section II -
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children in the elementary school.

report. summarizes the Committee's reasons for suggesting the study of

probability in the elementary school.

bility in the elementary school suggest some specific ideas that can
be used as the basis for class activities but do not specify when
these topics should be introduced, except in a very general manner.
The Cambridge Committee 1965 Sunmer Study Report does list specific

activities that might be appropriate for each of the grades 3, 4, S

Today, probability is one of the most widely used
branches of mathematics, not only in various vocations,
but in the everyday life of the "Man in the Street.' The
ordinary citizen is constantly bombarcel with statistics
about toothpaste, automobile accidents, the probability
that there is a connection between smoking and various
kinds of illnesses, the probability that candidate A is
going to win an election, etc,

As well as being useful in the real world, proba-
bility is an interesting and exciting means of getting
children to practice arithmetic, It is also a good mathe-
matical model of the real world, and offers children con-
siderable practice in creating mathematical models with
approximate reality.

All of these reasons seem to point to the early
teaching of some probabilistic concepts in the elementary
grades, Certainly, a considerable amount of probability
should be learned by all pupils before some discontinue
their formal mathematical education. A further reason
for the early introduction of probability into the
curriculum is that many people have the feeling that
mathematics studies only exact data and exact numbers - -
probability will give the feeling of studying distri-
butions and uncertainties before the pupils become
overly enamoured with 'getting the exact answer.' 15

Each of these recommendations for including the study of proba-

[}

and 6, but also states that experience may show that it might be

15:bid., p. 1

The following statement from this
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better to delay eome‘nf_the topics for a.grade or two.

It is apparent from the types of activities proposed . .for the
elementary school that the authors of these necommgndatipns assume
that the children already have some intuitive notions about certain

basic concepts of probability such as identifying all of the out-

comes in é sample space, assigning probabilities to simple events,

and recognizing when events are equally likely.

Short units on probability are found in three'pf the newer ele-

[

mentary arithmetic textbook series. The series Sets and Numbers 16 ;5

has a 6~page unit in Book 4, a 5-page unit in Book 5, and a 7-page

unit in Book 6. The series Modern School Mathematics 17 has a

4-page unit in Book 5 and a 6~page unit in Book 6. The revised . ;

edition of the series Seeing Through Arithmetic 18

has a 10-page
unit in Book 6. An examination of these units reveals that these
authors also presume that the children already have some knowledge

about the basic probability concepts mentioned above..

......

Ernest R.,Duncan, Lelon R, Capps,: Mary -P.. Doliciani W. G.
Quast, Marilyn Zweng, Modern School Mathematics Structure and

Use, Books 5 and 6 (Boston:. Houghton Mifflin Company, 1967), B ~ '
Book 5, pp PP. 252-255 Book 6, PP. 226-229, 250-251

17Patrick Suppes, Dolly Kyser, Catherine Braithwaite, Sets and ;
Numbers, Books 4, 5:and 6 (New York: Singer Company, 1966), " Book 4 i
pp. 316~ 321 Book 5, PP. 294-298 ~Book 6, PP: 314-321

8M. Hartung, 1. Van Engen, E. G. Gibb, J. Stochl, L. Knowles, 3
R. Walch, Seeing Through Arithmetic 6, (Chlcago, Scott, Foresman and i
Company, 1968), PP. 289-298
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The most extensive set of text materi.l for teaching probability in

the elementary school that is currently available is a set of two book-

lets,bProbabilitz for Primary Grades and Probability for Intermediate

Grades 19

written by the School Mathematics Study Group. These mater-
ials do not presume any prior knowledge of probability concepts and
each of the aforementioned basic concepts is developed through a

series of suggested class activities and written exercises. These
materials are not graded but it is suggested by the authors that some
of the units in the first book are appropriate for kindergarten and

first grade with the latter units being more appropriate for second
and third grades,

Need for Research

As vas pointed out in the preceding section, some mathematics
educators are recommending that the topic of probability sliould be

included in the elementary- school arithmetic i;rogram.' The majority of

the activities suggested by these educators, and the units- on.proba-
bility included in some of the newer elementary arithmetic textbooks,
are based on the assumption that children already possess some basic

concepts of chance and are able to apply these concepts in simple pro-

babilistic s:.tuations._ However, none of the recommendations or text

materijials list what must be considered as the minimum requirements that

19School Mathematics. Study Group, Probabili "y for Pr mary Grades
and Probability for Intermediate Gradt.s (Palo Alto, “California:

Stanford University, 1965)
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the children must possess before such activities can be used suc-

cessfully in the elementary grades.

Because. of the increasing importance of probability in the real
world it is reasonable to assume that in the near future this topic

will receive considerable attention from curriculum workers. and ele-

mentary arithmetic textbook writers. It is important that research

evidence be available to help these workers answer pertinent questions

regarding the placement of this topic in the elementary school cur-

riculum, Grade placement of probability topics varies greatly in

materials that are currently available. For example, activities in-.

.volving sample space and probability of a simple event are introduced

as early as the primary grades in the SMSG. booklets. on probability
while similar ideas are not introduced until the fifth or sixth grade

in other textbooks such as Modern School Mathematics Structure and

Use, Books:5 and 6, Houghton Mifflin Company .and Seeing Through

Arithmetic 6, 'Scott, Foresman and Company. . Therefore, it seems i_mpor-
tant that some preliminary Ainvestigation be conducted to assess the
status of basic probability concepts.in elementary school children.

Very -little research has been done on the ‘placement of new topics,

such as probability, in the elementary school mathematics,curriculum.

‘However, -it is generally agreed that experimental evidence which may

, suggest the optimal time for the introduction of nev concepts would

undoubtedly help to improve the curriculum. ‘ Also, little ‘research has

been conducted to determine when the basic concepts of probability,

C

which are aﬂssumed to exist in the minds-of elementary school children,
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Children of 7th, 8th and 9th Grades, Unpublished Ph.D. Dissertat::.on

12

seem to emerge., The studies of Piaget 20 and Leake 21 indicate that

children do acquire some concepts of probability outside of school,

but more evidence is needed. It is desirable to ascertain whether

children have a good understanding of the basic concepts of proba-

bility; such as, the points of a sample space and the probability of
£ .

a simple event, which includes the ability to apply these concepts in
a wide variety of situations, before the children can be expected to
pursue a more systematic treatment of the ideas of probability.

This study was devised to provide some evidence concerning the

development of probability concepts with children in grades four

through seven. It is an attempt to determine when three basic concepts

of probability beg:Ln to emerge in: young children as a result of their

background, experiences and intuition. The subjects are children who

have not had ‘any formel learning experiences with topics in probability.
The subjects were categorized into groups by I.Q., sex and grade.

Grade placement scores on a standardized arithmetic achievement test

were also obtained. The study includes an analysis of the relation-

ships between these factors and the level of proficiency the sub-

‘Jects display in applying the three basic probability concepts in

game situations.

The significance- of this study for education is evident. 1If it

Jean Plaget: Barbel Inhelder, LaGenese de 1 Idée de Hasard
chez 1'Enfant (Par:ls- Ptesses Universitai:;ﬁs de _France, 1951)

21Lowell Leake, The Status ! of Three Concepts of Probability in

|
(Un:l.versit:y of | Wisconsin, 1962) . '
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is found that young children do acquire ideas of probability outside
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of school and can intuitively apply these ideas to problem situations

this would suggest that this topic is not. too difficult.to teach to

elementary school children, 1It'is important to try to. find what in-

tuitive notions children of various ages can be expected to already

know and what concepts of probability might be most appropriate to

teach at each grade level.

It is also important to know the relationship between I.Q.,

arithmetic achievement scores and success on the probability tests
. used in this study.

The relationship between these factors and the

success in applying basic ideas of chance may indicate to curriculum

builders the appropriateness of including such .topics for all chil=-

dren or only for special groups of children in the various-grades.

Interpretations of the Term "Probability™

Despite the importance that the study of probability has achieved
and the number of eminent mathematicians, and' philosophers involved in
its development, there is no universal agreement om: the meaning of .

“probability." .

Historically there are three main interpretations :of the word
probab:liity. 2.2

The classic view, attributed to Laplace and DeMorgan,

is called the a priori definition of probability. . This point of view

.

implies that each simple event in a sample space can be assigned a

22J . Newman, The World of ugthematigs (New York: Simon and
Schuster Company, 19‘56), PP. 1395 - 1414
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number p, 0 < p < 1, which rep_resent:s. the degree of certainty that
event will occur if one element of the sample space is selected at
random. The number p is called the proBability of the simple event,
The sum of the numbers p assigned to all possible simple events in
the sample space must be equal to 1., A certain event is always as-
P signed the number 1 and an impossible event i{s always assigned the

number zero,

A second interpretation of probability is that of an intuitive

relation which has degrees, but is not capable of beiné analyzed

} numerically, That is, althou.gllm‘the degrees of this "probability re-
' lation" exist, they are not measurable. A statement such as, "It is
probable that I would have had a good time if I had gone to the

party," describes a situation in which the use of the word probable

+ fits under this second interpretation.

The third definition of pfobability, sqmeti;pes referred to as
the a posteriori or frequency definition of probability, is the inter-
prétation that is most wide'ly accepted, The determination of a proba-
bility by this method is empiﬂcal or 'experi;xrental.' An experiment or
trial is repeated n times, noting the number of successés s. ~ The
nmber .i is called the probability of success for future' trials of the
same nature.. Technically this number is incorrect s'inée it is impos-
sfble’ ‘to consider all possible t:_rials}' Thus the number. %.13 ‘an approxi-
mation to the pr."obability_of ‘success which is defined as the lim 'E"

>
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Interpretation of Probability to be Used in this Study

The theory of probability can be considered as the study of mathe-

matical models of chance cvents, To develop any mathematical theory

it is necessary to first define the class of things about which this

theory will deal. The class of interest for a particular theory is

often called a universe or space. In probability theory the class of

things with which one deals is a set of experiments involving chance
events and the outcomes of such experiments. Therefore, the first
task in developing a precise and useful theory of probability is

specifying all possible outcomes of an_experiment.. The set of all
possible outcomes is called a sample space of the experiment and the
elements of this set are called_points ot_the_sample space.

The main interest in specifying the points of a sample space 1875
not in the points themselves, but rather in the probabilities with
which these outcomes can occur.

Therefore, the ‘second task in a

systematic development of a theory of probability islassigning a number,

. called the probability of the outcome, to'each point"in.the'sample

space. Under the a priori interpretation of probability these proba-

bilities can be assigned to ‘the points arbitrarily%'bqt must satisfy

the following two conditions-

N L

1. The probability assigned to each point is a non-
' negative number P with 0 < p <1,

2, The sum of the probabilities‘assigned'to‘all'of :
‘the points in the sample space is 1.

The discussion of probability in this study will be limited to

the interpretation described above in which the two underlying corcepts
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are poiunts of a sample space and probability of a leplc event., An
understanding of these concept:s is essential before a syst:emat:ic study

of the more complex notions of probability can be attempted.

Related Research

The most prominent of the st:udies dealing with the development
of probebilit:y cont:ept:s in young children is the series of experj.ment:s
conducted by Jean Piaget and Barbel Inhelder. 25 'In., this study the
authors presented a series of tasks t:o'children.bet:ween. the ages. of
7 - 14 in order to determine the child's conception of chance phenomena.
The st:udy een’sist:ed of three parts, The first part deeit with the
subject's notion of randomizat:ion, t:'he'idea of uniform and normal dis-
tributions .reeult:ing from random movements of physical eb;ject:s and

the relation between chance events and nonrandom events. The second

part studied the subject's conception df probability notions by having

him predict event:s in lot:-drawing, coin t:ossing and drawmg colored
counters out of a bag. Anot:her aSpect: of this part: included the quan~
tification of probabilit:ies' in' 'sit:na‘t:iens sim{iar to the above. The
third part: wa; designed to st:udy the subject: 'S underst:anding of com-

binat:ions, permut:at:ions and ordered arrangement: of object:s. In

each part of the study the ‘situations were present:ed to the subjects

using demonstrations with concrete objects.: The .'s'ubject:'s»were inter-

viewed by the authors, and the subjects' actions and responses were

23Piaget:, et al., op. cit
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! recorded as they performed the tasks and answered questions during

the experiments,

In his conclusions, Piaget classifies three stages in the develop-

ment of the ideas of chance. Although Piaget considers the order in

which the stages emerge to be invariant, he points out that the age at

e

which a given stage appears may vary considerably. Flavell summarizes -

e et Ao e o T o SR b o 4 e NI 4 O 1T

Piaget's comments regarding the relationship between chronological age

and developmental stages as follows:

... Piaget readily admits that all manner of variables
-..may affect the chronological age at which a given stage
- of functioning is dominant in a given child: 'intel-

ligence, previous experience, the culture in which the

child lives, etc. For this reason, he cautions against
an over-literal identification of stage with age and
asserts that his own findings give rough estimates at
best of the mean ages at which various stages are

achieved in the cultural milieu ‘from which his subjects
were drawn,

g The first stage, between 7 and 8 years of age, is what Piaget

e

calls the pre-operational stage. This stage is characterized by an
indifference between chance and certainty because the child does not
as yet have the intellectual. operations necessary to recognize those
" events which are certain, much less those which are uncertain. The’
pre-operational child is not ablc to predict events based on proba-

bilities or quantify probabilities because he has not yet acquired

an understanding of proportions which Piaget claims is fundamental to

243. H. Flavell, The Developmental Psychologx of Jean Piaget
(Princeton, New Jersey' D. Van Nostrand Company, Inc., l963) p. 20
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the understanding of probability.

The second stage, ages 8 - 11, Piaget defines as thc concrete
operation's stage. During this stage the child begins to understand
the difference between chance and certainty but is not able to dis-
tinguish,the degrees of chance based on probability notions. The
child does understand the notion of random mixtures but as yet has
not acquired the idea of the 'law of large numbers' which is nec-
essary to predict the shape of a random distribution. He is able to
quantify probabilities in a limited way but often makes the error of
basing his judgements on the absolute number of objects that are used
rather than comparing the number of objects which represent suc-
cesses to the total number of objects used in the experiment.

The third stage, ages 11 and over, is described as the forwal-
operational stage. At this stage the child is able to work very
well with chance‘events. He is able to generalize ‘the ideas of
uniform random distributions, he is able to quantify probabilities
and has the capacity to compute combinations, permutation and
arrangements in a systematic manner. | |

This study of Piaget s, like many of his other works, is a
valuable. contribution to the study of human development _ However,
this work like many of the others lacks a number of things that are
often considercd fundamcntal in reporting the results of a research
study. The testing and interview proccdures are not precisely des-
cribed.b:lhehreport»doesfnot.include'sample size, method_of'selection,
or background,of.thc subjects. There.is no coefficient of reliability

reported for the evaluation iustrumenL used in the'study. 1t is not

ot |
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clear whether the same tasks or evaiuation.procedures were used on all
subjects. The §rganization aéd analysié of data is very liﬁited and
in most cases the results cited are merely subjective judgements with
o attempt to provide quantitative infofma£ion on thé aata.

only a few studies‘have been'condhcted'in an attempt to test
Piaget's findiﬁgs on the development of the concept of probability;
Other experiments have been conducted ﬁhich in ssme way.deal with the
development of this concept, but‘éften this is a séébndafy issue rathér
than the main queéﬁion»of the study. A few of the most impoftaht of
these studies are summarized below. | |

Yost, Siegel and Andrews 27 tested Piégét's conclusion that chil-
dren before the age of 7 are not able to utilize the coﬁcépt of proba-

.

bility. They criticized Piaget's metﬁods for the heavy reliance on

verbal skills, confounding coiof.prefereﬁcé wi;hhéoibf expectation,
lack of'randoﬁization’of theicancfete ﬁéﬁdry'aids and not providiﬁg a
statistical ahalysigvof the résults.‘ Thé.métﬁgd'ﬁéed bf.Y;st comparéd
a Piagetymethod witﬁ-a‘“déciéion'ﬁethod" uéihg thé'mosg and ie;st pre-
ferred colors of the subjects, objects fén&oﬁiy diéffibutéd.in trans-
parent plaétiéwﬁoﬁéé th~;é§a;aé astinéentivesquk éorr;cﬁ fesponéeé.
The test was to select the boxﬁthat.woﬁidigiﬁe tﬁe bett;r chance of
vinning in a lot-drawing situation with different proportions of
vinning and losing counters. This btuﬂy,showe@*;ﬁ;tfybung children,

4-- 6 years of age, do demonstrate some understanding of probability

25Patricia A. Yost, A. Siegel, J. Andrews, "Nonverbal Probability

Judgements by Young Children," Child-Development, 33 (1952), pp. 769-
780 - ’
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under appropriate conditions.. In this study, scores obtained by the

decision method were significantly greater than scores obtained by the
Piaget method.

Pire 26 used the multiple choice items of a French intelligence

test relative to chance or probability and analyzed the results ob-

tained from a large number of subjects in order to compare them with

the results of Piaget's study. His results show a trend similar to

the developmental growth reported by Piaget, but reported great indivi-

dual differences at all levels. Pire showed that general intelligence

is a source of variation as well as sex. Boys had higher scores than

girls at all age levels., Piaget did not include sex or general intel-

1igence as variables in his study.

Davies . analyzed the data obtained from 112 subjects between

the ages of 3 - 9 years. Two tests ‘were administered, one verbal and

one non-verbal in which probabilities of % and<% were used Davies

reported findings consistent with Piaget s for the pre-0perationa1

child The study showed that non-verbal behav1or of event proba-

bility appears earlier than verbalization of the concept The study

a1so showed that there were no significant differences between sexes

which is contrary to the findings of Pire.

Children," Child Development,

266. Pire, "Notion du Hasard et Development Intellectual,"

Enfrance, (1958), pp. 131 - 143

27C. M. Davies, "Devélopment of the Probability Concept in
36 (September, 1965), pp. 779 .~ .788
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Leake 28 studied the status of thice concepts of probability in

72 seventh, eighth and ninth grade pupils. This:study was not intended
to test the results of Piaget but rather to determine the status
(without any formal learning.experience)'of some of the basic concepts
of probability and to test the significanca of the variables of school,
grade, mathematical ability and sex on the acquisition of the con-
cepts., Leake used a‘repeated measures‘analysis'of variance design to
analyze the data. He reported significant F ratios for the main;
cffects of grade, level of achievement and concepts. He also found a
significant inter-action between the level of mathematical achieve-
ment and the concepts. Leake concluded that mental age is more impor-
tant than chronolegical age in the ‘acquisition of the concepts. The
three ten-item tests that Leake used in the study'relied‘on'a high
level'of'yerbal skill, However, there may be no serious objection to
this at the junior high level. Only tiwo schools from a large city
school district were used in the study so the sample cannot.be con-
sidered a random sample'of'the:junior high school popuiation in the
district. Leake did not claim his sample was a random sample of the
district nor did he attempt to generalize his results. Leake did not
include "low-ability" students in his sample, assuming that these o
students would not know very much about the concepts of probability
under investigation. Since the subjects used in the study had not

had any,formal‘learningvexperiences in probahility the study was to

' 28Leake, op. cit.
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§ assess the status of these concepts based on the subjects' past exper-
iences an intuition. Therefore, there was no basis for- assuming that
low-ability students ﬁould perform differently than other students on

x

the tests used to evaluate the status of the concepts included in the
study.

Cohen 29 has conducfed a number of experiments dealing with "sub-
jective probability," the use of the concept of probability in risk
and gambling situations, and the idea of independence. These studies
were n@t specifically intended to study the development of the concept
of probability ﬂut the reported results do not differ significanfly

from the findings of Piaget.

Cohen's results show that young children are greatly influenced

by subjective preference, ideas of fairness, an§‘superstitious be-
haviof, in dealing,witﬁléituations involving prqbab;}ity. Cohen states
that his results show that the céncept of prob&bility,'ahd_independence
of events, does not develbplbefore the ages of 14 - 16 or older.

Gratch 30 studied the idea of independence with first, third,

’

29John Cohen, C. E. M. Hansel, Risk and Gambling (London: Longmans,

Green, 1956); John Cohen, "Subjective Probability," Scientific American,

197 (November, 1957), pp. 128-138; J. Cohen, E. J. Dearnaley, C.E.M. Hansel,
"Measures of Subjective Probability," British Journal of Psychology, 48
(1957), pp. 271-275; J. Cohen, Chance, Skill:and Luck: the Psychology

of Guessing and Gambling (Baltimore: Penguin Books, 1960)

30G. Gratch, "The Development of the Expectation of the Non-
independence of Random Events in Children," Child Development, 30
(1959), pp. 217-227 , :
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fifth and sixth grade subjects. He does not attempt .to explain the -
actions of the younger children but says that"the‘reactions'of the
11 year old children‘is consistent with Piaget's view on "morally
realistic" thinking‘of.children, vhere they do not distinguish be-
tween moral rules (fairness) and physicai laws based on probability
ratios. : .- S .
Kass31 studied the reactions of 42 subjects; 6, 8 and 10 years -
old, ir a "pay to play" situation. Different probabilities of pay-
off, %3 %-andn%, were used, but the ‘expected return was 0 for all

experiments., . Kass did not find any significant differences for agc

but did find that boys tended to pick the situations with .low proba-

bility, %, more often, while girls picked the higher probabilities,
1 1

3 or -
Ross and Levy 32 did an extensive study on what they call the
"maturity of chances" effect, also called the 'gamblers fallacy"

or "negative recency" effect, which is the tendency to prefer alternate

predictions to‘the occurring run of events. This study used fifth

«grade, eighth grade, tenth grade and adult subjects. -The results

showed -that the tenth grade and adult subjects displayed a greater

‘"maturity of chances" effect.. That is, these subjects made more pre-

:

A T S F O D

Norman Kass, -"Risk and Decision Making as a Function of Age,
Sex, and Probability Preference," child Develo ment, 35 (1964),
pp. 577 = 582 S :

323. M. Ross, N. Levy, "Patterned Predictions of Chance Events:
by Children and Adults," Psycholggical Reports, 4 (1958), pp. 87~ 126 ‘
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. bability were presented in the classroom.
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series of repeated outcomes. ‘This study contradicts .the findings of
Piaget and Cohen with respect.to.this concept'for subjects in the
fifth and eigh}bﬁg:@ﬁeS‘(concrete-Operational and formal-operational
stages) .

Stevenson, Weir, Ziger, Messick, Solley and others 33 have ébn-

ducted many studies dealing with probability learning in young children

“but these studies are not primarily concerned with the status of the

concept of probability in the subjects. These studies concern them~
selves with the application of subjective judgements in risk situations
or learning experiences which include some aspects of probability as
it applieé to a Specific>ta§k.'

Several other studies 34 report the res@lts of experiments with
the teaching of probability in the primary and intermediate grades.
Howevef,,none of these studies have attempted to determine the status

of the concept' of probability in the subjects before the units on pro-

33

S. J. Messick, C. M. Solley, "Probability Learning in Children:
Some Exploritory Studies," Journal of Genetic Psychology, 90 (1957),

PP. 23-32; H. W. Stevenson, M. 'W. Weir, "The Role.of Age and Verbaliza-
tion in Probability Learning," American Journal of Psychology, 76 (1963),
PP. 299-305; H. W. Stevenson, E. F.:Zigler, "Probability Learning in
Children," Journal of Experimental Psychology, 56 (1958), pp. 185-192;

‘M. W. Weir; "The 'Effects of Age and Instruction on Children's Proba~’ §‘

bility Learning," Child Development, 33 (1962), pp. 729-735.

34Ralph‘ Ojemann, E. J. Maxey, B. C. Sinder, “Effects of A Program
of Guided Learning Experiences in Developing Probability Concepts at
3rd Grade," Journal of Experimental Education, :33:(1965), pp. 321-330;
Ralph Ojemann, et.al,, "Effects of Guided Learning Experiences in - _ :
Developing Probability Concepts- at the Fifth Grade Level," Perceptional ° !
and -Motor Skills; (1965), :pp: ‘415-427; J. D: :Wilkinson;, ‘0.’ Nelson,

"Probability,and“Statiscic311’Ttiqureaching in6th Grade,"
Arithmetic‘Teacher, 13 (1966), .pp. 100-106
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Chapter II

THE PROBLEM

'l‘he Ba81c Problem

The problem under investigation is to examine the status of three
basic concepts of probability with children in grades four through seven.
Although this study is not intended to replicate Piaget s experiments

dealing with the concepts of probability, his work motivated the con-

ception and design of this study. Piaget found that the young children

he worked with did acquire some ideas about probability outside of

school. Therefore it seems reasonable to hypothesize that children,

who have not had any formal learning experiences with the topic of

probability, can intuitively apply certain basic concepts of prob-

ability in problem situations.

This hypothesis is further supported by the findings of Leake in

a status study of probability concepts with children in grades seven

hrough nine. Leake concludes R

Without any doubt, the students had acquired considerable
knowledge and ability to deal with.problems.about prob-
ability on the level of the three elementary concepts.
This acquaintance was.not due to: bging ‘taught. probability

concepts, but must have come from their everyday experi-
~ ences and exposures in’ growing....3_,5.- D

~-Other. studies:cited in .Chapter:1 also :concluded. that young

children can intuitively apply certain probabilistic ideas. However,

351cake, op. cit., p. 5O

'
i
1
3

OERUHTPUSPLICRE IR M




e

26
a review of the literature indicates that no study, other than the work

of Piaget, has been reported that deals specifically with the status of

probability concepts with children of ages nine through thirteen. This

is the period which Piaget claims is the formative period during which

children somehow acquire fundamental knowledge of probabili ty without

formal training. Also, the activities that are being suggested for use

in the elementary arithmetic program are recommended for use wlth

children in this age group. Because of the emphasis now being directed

toward including probability as part of the intermediate grades' arith-
metic program, this study is primarily concerned with the performances
‘of children in the grades four, five, six and seven when applying

three concepts of probability to game situations. Although grade seven

is generally not considered as an intermediate grade, it was included
for comparison purposes.
In his study with junior h:.gh school pupils Leake found that level

of achievement on a standardized arithmetic test. (which he . equated with

mental age in arithmetic) was a more significant factor than chrono-

logical age in determining scores on the tests used 36 Since standard-
ized arithmetic achievement scores are generally highly correlated with

1.Q., it is reasonable to hypothesize that there is 2 relationship

between intuitive knowledge of probability and I Q

As previously noted Pire and Kass found tha.t there was a. signif-

icant difference in the performances of boys and girls on the prob-

ability test items included in their studies. However.,  Davis and

361bid., p. 55
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Leake found that the performances of boys and girls did not differ

significantly. Of course these studies varied considerably with respect

to age of subjects, type of test item, setting and so on. Nevertheless
‘they were ail concerned with the subject's ébility'to apply fundamental

concepts of probability to problem situations. Since the results of

thesc studies are contradictory the hypothesis that sex is a significant
factor in the acﬁui%ition of probability cdhcebts needs further study.
Eor this study it was decided to partition the subjects on the
basis of grade in school,.sex and three I.Q. groups. The three I.Q.
rangesnused to partition the population are: 71-104, 105-113 and 114-

144. Approximately one-third of the population for the study was

included in each of the three groups.

The Three Concepts of Probability Included in this Study

The study of probability involves many“fdndamental concepts such
as: a sample space for an experiment, simple and compound events, prob-

ability of an event, mutually exclusive events, probability of the union

of two mutually exclusive events, independent events, probability of the

intersection of two independent events and so on. Since it was con-

sidered impractical to try to include all of these basic concepts of

probability in one study it was decided to limit this study to an
investigation of only three concepts. This decision was made so that

an adequate number of test items could be included for each concept

under investigation and still keep the total testing time for each

group of subjects within the limits of from 45 to 60 minutes. By

. i
limiting the total testing time each group test could be completed in '
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one sitting. Again, this was a practical limitation since the testing
was done in seveﬁtecn‘schools and involved more than five hundred subjects.

The three concepts examined in this study are discussed in the

following paragraphs. The first two concepts were selected from the

many possible candidates because they are considered to be the two

basic concepts that must be acquired before a systematic study of prob-

ability can be attempted. Also, the majority of authors proposing

probabilistic activities to be included in the elementary school mathe-
matics program assume that élementary school children already have some
‘understanding of these two concepts. The third concept is included ih
‘this study because it involves an understaﬁding of proportionality

which Piaget considers to be a fundamental notion in the study of prob-
ability. Flavell, in his summary of Piaget's work, paraphrases this
conclusion of Piaget ‘as "Thus, one intellectual achievement indispensible

in calculating probabilities appears to be the ability to deal with
proportionality." 37

The three concepts to be investigated are:

(1) The points of a finite sample space.

’

A sample space for an experiment can be defined as a set, such

that each element of the set is an outcome of the experiment and any
outcome of the experiment corresponds to exactly one element of the

set. The elements of Suéh a set are called sample points. A sample

space can be an infinite set or a finite set. For-this study the discussion

was ' limited to experiments in which the correSponding sample spaces were

7Flavell,'_o__'g. cit., p. 346 ' - ' .
38 | | ‘
Fehr, et. al., op. cit., p. 92
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finite sets with fgwcr than ten elements.

As an example, consider the experiment in which a fair die is
rolled, and an outcome of the experiment is defined to be the number on
the upper-most face of the die. The set {1,2,3,4,5} is the sample space
for this experiment. 1t is important that whatever constitutes an out-
come for a given experiment is clearly defined, for it is possiBle to
have more than one sample space which describes the same experiment, If
an outcome of the experiment described above is considered to be whether
the number on the upper-most face is odd or even, then the sample space
is the set f{odd, even} .

A listing or description of all the elements of a sample space may
involve more than just simple counting. It may also include an understand-
ing of combinations, permutations or other sophisticated counting techniques.

In this study a subject's understanding of this concept was deter-
mined by ﬁis performance on a test in Which he was asked to list all pos-
sible outcomes for a variety of lot-drawing experiments. Since the pur-
pose of this study was to determine if the children had acquired a basic
undersfanding of the concept, the items on the test involved only simple
counting and a fundamental notion of combinations.

In the following pages of this report this concept will be referred
to as the concépt of sample space.

(2) The probébility of a simple event in a finite sample space.

_ An event is defined as a subset of a sample space. A simple event

0
is a subset containing exactly one-element of the set. ~~ 1If a sample

. n oo
space for an experiment contains n elements there are 2 different

. 3%bid., p. 9%
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subsets of the sample space and thercfore there are 2" different events
%or the experinent. Of course, there are only n simple events. In
this study only simple eventsbwere considered.

Under the a priori interpretation of probability (which is the inter-
pretation being used in this study), given a sample space for an experi-
ment, each simple event is assigned a non-negative number p cailed the

probability of the event. This assignment is arbitrary but must mecet .
: n

" the following conditions of this interpretation: p; < 1 and % P; = 1.

If the experiment is set up so that the simple events can be considered
equaliy}likely then the intuitive or "natufal“ choice of probabilities
is to assign‘the same number p to each éimple event. That is, if there
are n equally likely simple events, each event is assigned the prob-
ability 1. |

The following examples, selected from elementary textbooks, illus-
trate the typés.of exercises involving the probability of an event that
are being included in introauctory units on probability for elementary
school children. The first example is the first exercise on the first

page of the unit on probability in Sets and Numbers, Book &.40

What is the probability of getting a when spinning each of the
spinners shown below? ' :

The page on which this problem appears represents the children's first

formal introduction to probability in this text series. .The page

~|

4OSuppes, et. al.; op. cit., p. 316
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contains a sample problem in which the terms "probability" and "outcome"
are introduced. The ghfldren must recognize the sample space for each
part of the exercise but they are not asked to I{Qt the outcomes. The
children must also assume that these figures represent "fair'" spinners,
The second example is the third problem on the first page of the

unit on probability in Modern School Mathematics, Book 5. 41

—

If there are 7 packages, all wrapped the same way, 5 with candy

in them, what is the chance you would pick a package with candy
in it? .

The page on which this problem appears represents the children's

first formal introduction to probability in this text series., One

_ example, similar to the problem above, is explained in some detail at

the top of the introductory page to familarize the children with the
meaning of the word "chance" as it is béing used in the context of the
exercises.

To answer this problem correctly (according to the answer given in
the answer key) the children mﬁst assume that each box has the same
chance of being picked. They must also recognize that the events 'ibox

e

brobabilities'% and % respectively.

Both of the textbook series mentioned above include probability

with candy} and {box without candy} are not equally likely and have the

1.

exercises involving combinations in their introductory materials,

In this study a subject's understanding of this concept was.
determined by his performance on a test in which he was asked, in a
variety of ways, to give the.probqpility of winning a simple game in

one trial. . The items involved simple counting and‘ combinations,

AID.uncan, et. al., op. cit., p. 252
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In the following pages of this report this concept will be referred

to as the concept of probability of a simple event.

(3) The quantification of probabilities.

‘The term quantifioation here reférs to a comparison of the prob-
abilitics of events; thot is, in one trial the occurrence of one event
is more probable or less probable than the occurrence of anooher event
or the events are equally probable. It is also possible to ‘compare the
occurrence of the same event under different copdi;ions.

One example of an application of this concept is: deciding whether | %
the probability of picking a red ball is greater than, less than, or equal
to the_orobability of picking a blue 5511 from a box containing 3 red
balls and 4 blue balls. It must be assumed that the balls aro well-
mixed and the draw would be a random selecfion.

Another example of an application of this concept is: picking the urn
which affords the better chance of picking a red chip in ‘one draw, if each
of two urns contain some red chips and some blue chipo.' It must be assumed

that the chips in each urn are well-mixed and the draw would be a random
selection, :
Although this concept is not listed among the basic ideas in mathe- i-
matical probability textbooks it does involve seQeral notions which are i
fundamental to an understanding of the ideas of chance. It certainly in- :
volves the notion of proportionality. As previously noted Piaget claims
that the ability to deal with proportion is essential for an dnderstanding

of probability. A cooclusion of Piaget, as reported by Flavell, indicates !

that the preception of young children leads them to make errors in certain
probability situations.because they can not apply the idea of proportion.
Flavell says, . |

During middle childhood, the child begins to try to quantify prob-
abilities but repeatedly makes onc particular error: he predicts

- 49
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solely on the basis of the absolute number of counters with
crosses in eath collection, rather than in terms of the
ratios of these counters to total counters; that is, he seemg,
incapable of rcasoning in terms of the proportions in play.

This concept of comparing or quantifying probabilities is included

in some of the materials suggested for use in the elementary school,

Two examples from Modern School Mathematics, Book 5 serve as ekamples
of how children are expected to demonstrate an understanding of this

concept.

- For B= ({11,12,13,14,15,16,17,18,19,20} which is greater, the
probability of choosing a multiple of 3 or .a multiple of 4? 4

Two of the balls are red, 3 are gray and 5 are black....

What is greater, the probability of getting a red or a

black ball? of getting a gray or _a black ball? 44

In this study a subject's understanding of this concept was
determined by his performance on a test in which he was asked to com-
pare the p;obabilities of winning a simple game in one trial under two

different conditions, Half of the items represented situations in

which the probabilities for success were equal.

Summary of the Problem

This study is a status study examining the pérformances of a random
sample of 528 fourth, fifth, sixth and seventh grade children on three
tests relating to the application of three basic concepts of probability
to simple game situations, The subjects had not been taught prob-

ability in the schools before the administration of the tests,

42p)avell, op. cit., p. 346

Duncan, et, al., op. cit., p. 255

44 1pid., p. 254
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The subjects were divided into twenty-four groups on the basis of
grade in school (four levels), 1.Q. range (thaee levels) and sex (two
levels). The results of the tests,will be analyzed to determine if the

mean performances of the groups differed significantly and if there are

any significant differences due to interactions of the groups.

The tests consisted of a twelve item test on the concept of sample
space, a twelve item test on the concept of probability of a simple

event and a ten item test on the quantification of probabilities. Each

item on the second test relates to a situation similar to the situation

presented in the corresponding item on the first test. The first and

second tests are also divided into two subtests of six items each, the
first subtest involving only simple counting and the second subtest

involving fundamental notions of combinations. A correlation study will

be made between the scores on the three main tests and the subtests.

Hypotheses and Questions :

One purpose of the study was to examine the relationship between

the factors of I.Q., sex and grade and the subjects' performances on

three probability tests. The specific hypotheses to be tested are:

1. There is no difference in the mean performances of children

in the three I.Q. groups.

2. There is no difference in' the mean performances of boys

3. There is no difference in the mean performances of

children in the fouf grades.

3

51




4. There is no differcnce
in the three 1.Q. groups across
5. There is no difference

in the threc I.Q. groups across

6.

girls across the four grade levels.

7. Theré is no difference in the mean performancés of children
in the three I.Q. groups across the two sexes and four grade levels.
Another purpose of the study was to explore:
ship between language, non-language and total I.Q. data and the
per formance scores oﬁ the probability tests; 2) the relationship
betwéen the performance scores on the three ﬁain tests and the subtests.

The specific questions to be asked for this part of the study are:

There is no difference in the mean performances of boys and

in the mean performances of children
the two sex groups.
in the mean performances of children

the four grade levels.

1) the relation-

8. Which of the thfee available scores on the California Test of

Mental Maturity; Language I1.Q., Non-Language I.Q., or Total I.Q. is

the best predictor of the performance scores on the three probability tests?
9. What is the relationship between the per formance scores on

the three probability tests within each grade?

10.

Subtest I-A and Subtest II-A within each grade?

11. What is the relationship between the performance scores on

Subtest I-B and Subtest II-B within-each grade?

What is the relationship between the performance scores on
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Chapter 1II

PROCEDURES AND DESIGN OF THE STUDY

j Population

| The study was conducted in the Wausau,Wisconsin Public School
System in November and December, 1967. The Wausau School Diétrict
comprises an arca of 256 square miles which includes the city of

Wausau and the adjoining townships of Rib Mountain, Stettin, Berlin,

Main and Texas. There are eighteen schools in the Wausau School Dis-
‘trict: one elementary school, grades K-4; fourteen elementary
schools, grades K-6; two junior high schools, grades 7-9; and one
high school, grades 10-12. The high school, junior high schools and
ten of the elementary schoolé are in thé city of Wausau with the other
five elementary schools located in the adjoining townships. The
total Public .School enrollment in December, 1967 was approximately
9,500.

The immediate Wausau area is primarily industrial including
more than eighty diversified manufacturing establishmenﬁé. The |
adjoining townships include small residential communities as well
as many ;mall.and large farms. The population from which the sample
was drawn represented both the urban and rural areas of the district.

The population of the district also represented a wide range of socio-
economic backgrounds.

% : o !
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The population for the study consisted of 2,169 fourth, fifth,
sixth and seventh érade children. This population represented approxi-
mately 87% of the total number of children enrolled in these grades

in the district in October, 1967. The population included all children

enrolled in grades four through seven for whom a Total I,Q. on the

California Test of Mental Maturity 45 was available from the school

files. The California Test of Mental Maturity is administered each

year in the Wausau district as part of the rzgular testing program to

all children enrolled in the third grade and the sixth grade. There-~

fore the 1.Q. data for children in the population were obtained from

tests administered during three different school years. Table 1 shows

Ehe total number of children enrolled in each grade, the number of
children included in the population, the date of administration of the

California Test of Mental Maturity, and the test form used for each

grade level.

The frequencies of the Total I.Q. by grade and the frequenciéé

for the total population are presented in Table 2. The population

was partitioned into three groups, with approximately the same number
of children in each group, on the basis of I.Q. The I.Q. range of

71-104 was sclected as the first I.Q. range, 105-113 was selected as

Table 3 gives the frequency of the grouped 1.Q. for each grade

o — g e s e e .

45 Elizabeth T. Sullivan, Willis W. Clark, Ernest W. Tiegs,
California Short-Form Test of Mental Maturity, 1963 Revision (Monterey,

California: California Test Bureau, 1964)

54 .
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% Table 1
v |
§ Population by Gréde, Dates of Administration and Form
é of the California Test of Mental Maturity Used for
t % Selection of the Population
Total Number Number of
of Children Children in the .Date I.Q. Test  Form of
3 Grade Enrolled Population Administered Test Used
Primary
4 632 603 October,1966  Short-Form S
Primary
5 635 526 October,1965 Short-Form S
Primary
6 _ 566 459 October,1964  Short-Form S
Intermediate
7 672 N 581

January, 1967  Short-Form S

and for the total population. Table 4 presents the mean I.Q. and

standard deviation for each grade and for the total population.

It is clear from Table 3 that the distributions of I.Q.'s are not

the same for all grade levels. The greatest discrepancy is apparent

in grade seven where more than half of the population is in the third

I.Q. range. This may be due to the fact that these children took a

different form of the California Test of Mental Maturity at the sixth
grade level.

A further restriction on the population for this study was that

only children who had not received formal instruction on the topic of

55
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Frequencies of Total I.Q.'s for Each

Table 2

Grade and Total Population

=
N

Frequency
Fourth Fifth Sixth Seventh Total
I.Q. Grade Grade Grade Grade Population
71 1 - 1 3 5
72 - - 1 - 1
73 - - - - -
74 1 - - - 1
75 - - - 1 1
76 - - 1 1 2
77 - - - 2 2
78 - - - - -
79 - - 2 1 3
80 - 1 2 2 5
81 1 - 1 1 3
82 - - 3 3 .6
83 - 1 1 - 2
84 - 3 - 1 4
85 2 1 5 3 11
86 2 4 1 5 12
87 1 - 3 1 5
88 4 - 4 7 15
89 - 1 4 3 8
90 1 - 2 4 7
91 4 4 4 3 15
92 3 2 4 2 11
93 9 5 3 2 19
9 14 5 5 2 26
95 9 9 11 13 42
96 13 10 10 4 37
97 11 10 7 3 31
98 20 16 16 8 60
- 99 27 17 8 3 55
100 22 17 15 4 58
101 ‘14 24 11 13 62
102 22 7 14 14 57
103 21 17 19 12 69
104 24 19 11. 11 65
105 35 27 13 87
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| %~ Table 2 (continued)
; a
£
E Fourth Fifth Sixth Seventh Total
1 ] 1.Q. . Grade Grade Grade Grade Population
106 16 19 22 9 66 -
i 107 22 21 16 9 68
108 25 22 17 22 86
109 31 37 12 20 101
110 25 23 19 20 87
111 12 17 17 14 60
112 23 18 9 15 65
113 22 25 12 30 89
114 18 20 - 10 24 72
115 16 13 8 22 59
. 116 24 22 11 17 74
117 19 9 13 15 56
118 14 17 8 30 69
119 14 .21 10 16 61
120 8 6 9 23 46
121 5 8 13 22 48
122 12 6 10 25 53
123 12 5 3 20 40
124 6 6 7 22 41
125 7 2 7 17 33
126 5 2 6 11 24
127 2 1 4 6 13
128 1 2 4 10 17
129 2 3 1 5 11
. 130 1 2 6 3 12
131 1 1 8 3 13
132 - - 3 2 5
133 - - - 1 1
134 - - 2 2 4
135 - - 2 1 3
136 - - 1 - 1
137 - - 1 - 1
138 - - 2 - 2
139 - - 1 - 1
140 - - 2 - 2
141 - - - - -
142 - - - - -
143 ' - - - - -
144 - - - 1
!
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Frequencies of Grouped Total I.Q.'s for

Table 3

the
Population at Each Grade Level
and the Total Population
1.Q. _Fourth Fifth Sixth Seventh Total
Range Grade Grade Grade Grade Population
71 < 1.Q. £ 104 226 171 169 133 699
105 < 1.Q. £ 113 211 209 137 151 708
114 < 1.Q. £ 144 166 146 153 297 762
Totals 603 526 459 581 2169
Table &4
Mean Scores aﬁd Standard Deviations of Total
I.Q.'s for the Population at Each Grade
Level and Total Population
Fourth Fifth Sixth Seventh Total
Grade ‘Grade Grade Grade Population
Mean 1.Q. 107.84 108.58 108.80 111.81 109.28
Standard
Deviation 8.12 5.73 12.46 12.55 10.19
N :
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probability would be’ considered. The aritmetic textbook seriest6

used in all intermediate grades and the mathematics textbook47 used

in the seventh grade do not contain any units on probability so this
topic was‘not included in the regular mathematics curriculum for~
pupils in the Wausau district. As a further check all classroom
teachers, grades four tiu'ough six, and all seventh grade mathematics

| teachers were polled to see if they had taught any ideas of prob-
ability as sﬁpplementary units. All but two of the teachers replied
that they had taught no probability units in their'arithmetic classes.
One fifth grade teacher indicated that she had spend part of one class

period (approximately 15 minutes) discussing a coin tossing experiment.

~

This discussion was very informal and did not introduce probability
terminology. It was decided that these children had not received

enough training from this one very brief session to bias the study so

this class was not eliminated from the population. Another teacher
reported that one of his sixth grade children was working on a unit
on probability as an independent project. This child was not included
in the population. All elementary principals in the district indicated
that,‘ to-fhé best of their khb\alédge, noﬁe of-.tﬁe fourth, fifth and

sixth grade teachers who had left the system had taught probability

46 g, T, McSwain, Kenneth E. Brown, Bernard H. Gundlach, Ralph J.
Cooke, Arithmetic 4, 5 and 6 (River Forest, Illinois: Laidlow Brothers,
1965) . '

47 Henry Van Engen, Maurice Hartung, Harold Trimble, Emil Berger, :
Ray Cleveland, Seeing Through Mathematics, -Books 1 and 2 (Chlcago. i

Scott, Foresman and Company, 1961)




in their arithmetic classes. Therefore it is réasonable to assume
that the 2,169'children in the population had not had any formal

learning experiences with probability before the tests for this study

were administered.

Subjects

The population of 2,169 fourth, fifth, sixth apd seventh grade
children was partitioned into twenty-four subclasses on the basis of
grade, sex and I.Q. range. The number of‘children in each of the

twenty-four subclasses is given in Table 5.
TABLE 5

Number of Children in Each of the Twenty-four
Subclasses of the Total Population

I.Q. Range Sex Grade
4 5 6 7
Range I Male 122 86 86 64
71-104 Female 104 85 83 69
Range II Male 120 118 80 62
105-113 Female 91 91 67 89
Range III1 Male 80 75 85 136
114-144 Female 86 71 68 161

A random sample of twenty-two children was selected from each of
the twenty-four subclasses shown in Table 5 for a total sample of

528 children. Schools were not considered as a variable so no attempt

9 60
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was made to have cach school represented in céch of the subclasses.
The total sample did include some chiidren from each of the fifteen
eleéentary schools and each junior high school.

After the initial random selection of twenty-two subjécts for
each cell, the random selection process was continued so that each
elementary school had one_alternate, who was enrolled in that school,
for each subclass represented in that school. Since all of the six
subclasses in the ;eventh grade were represented in each junior high
school,.three alternates from each school were selected for each of‘

these six subclasses. As would be expected several of the alternates

were used in place of children who were absent on the day the tests

were administered. The number of alternates selected was adequate

and it was not necessary to schedule any special test sessions in any

of the schools.

The Pilot Studies

Several pilot studies were conducted to help answer the following

questions:

1. Can the tests be administered to a large group
of subjects?

Is there any evidence to indicate that young
children do possess some understanding of the
concepts of probability under investigation?

Is there any evidence to indicate that some
relationship exists between I.Q., grade, arith-
metic achievement and an understanding of the
.probability concepts under investigation?

Is there any evidence of reliability among
items on the three probability tests?

c"'x




&3

AL

TR

G

45

In addition the pilot studies were désigned to help decide:
what probability terminology would be most appropriate; the type of
sample items to include in the instructions so the subjects would
understand the questions to be asked; which items were ambiguous or
misleading; and whether or not the reading level of the items was too
high.

In the first pilot study, conducted in October, 1966, three 8
item tests were administered to 103 subjects in an e1ementar¥;§%h001
in Monona, Wisconsin, The sample consisted Qf one sixth grade class-
room (27 subjects), one fifth grade classroom (27 subjects) and two
fourth grade classrooms (49 subjects). The subjects in each grade
represented a wide ranéé of general intelligence and arithmetic achieve-
ment. The tests were administered to classroom éﬂﬁbps of from 23-27

subjects.

The results of the first pilot study provided affirmative inform-

ation for questions 1, 2, 3 and 4. 1In addition this study indicated

the relative difficulty of the test items and suggested necessary changes
in.the wording and presentation of the items. The study also indicated
that it may be appropriate to include seventh grade s&bjecté in the
experiment.

The tests were revised and second pilot study was con&ucted in
December, 1966, The sample for thi; study included 28 seventh grade,
53 ;ixth grade, 49 fifth grade, and 55 fourth grade subjects from a' .
different elementary school in Monona, Wisconsin. [The results of the
second study were consistent with the results of the first study giving

affirmative information for questions 1-4.

» .4
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The tests were revised again using the item analysis data and
other information gained from the second pilot study. A third bilot

study was conducted in October, 1967. The sample for this study con-

sisted of 60 sixth grade and 43 fourth grade subjects from an elemen-

tary school in Madison, Wisconsin. The information gained from the

third pilot study helped determine the final form and content of the

tests used in the study.

The Tests

The purpose of this study is Eo assess the children's intuitive
understanding of three concepts of probability. To achieve this three
tests were constructed,48 one for each concept, with items for which
the child;s responses would indicate if the child could apply the con-
cepts in a variety of simple experiment and game éituations.

The words u;ed'in constructing the test items were considered to
be words or blends of words that would be familiar to fourth grade
children. A check of the test items by a reading consultant in the
Wausau schools confirmed the writer's conclusion that the items would
not present any unusual reading difficulties for the subjedts in the
study. The meaning of each of the underlined words in the test items
wés explained, in terms of the context of the situation in which it was
being used, in the preliminary instructions to the children.

The items in each test were arranged in what was considered to be.

48sec Appendix A for the test items.
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an order of difficulty, from easicst to most difficult. This order
was determined from the results of the pilot sfudies.

The first test consisted of twelve items on the concept of sample
space. Each item described a lst-drawing experiment, defined an out-
conme of the experiment and included a diagram which illustrated the
objects Qsed in the experiment. 1In each item where an outcome was
a pair of things, a sample of how this outcome could be represented
was included in the item. The first four items involved only simple
counting. Items five and six involvcd sampling without replacement.
The last six items involved relatively simple ideas of combinations.
Item seven involved the number of combinations of three things taken
two at a time. 1Item eight involved the number of ccwbinations of four
things taken two at a time. Item nine involved the number of combina-
tions of four thingélfaken three at a fime. Item ten involved the
number of pairs in a 2 x 2 cartesian product space. Item eleven in-
volved the number .of pairs in a 2 x 3 cartesian product space. Item
twelve involved the number of pairs in a 3 x 3 cartesian product space.
In items ten through twelve the pairs were considered as gombinations,
ignoring the order of elements in eéch pair.

The response for an item in Test I was to list all of the different
outcomes possible for the experiment described in the item. The items
were scored either right or wrong. An item was scored right if all
of the different outcomes possible for the experiment were listed. The

outcomes could be listed in any order and all outcomes involving pairs

of things were considered as combinations or unordered pairs. An item
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was scored wrong if the child's list did not include all of the dif-

ferent outcomes or if the list contained more outcomes than were pos-

sible éor the particular experiment described in the item.

The second teStxconsisced of twelve items on the concept of prob-
ability of a simple event. Each item in the second test presented a
lot4drawing situation simi}ar to the situation in the corresponding
item on the first test. The situations in the items of Test II were
described in terms of a simple game situation .rather than as an ex-
periment as in the items on Test I. An impiicit question in each item
in the second test is: How many different outcomes are possible on
each draw? This is ;he explicit question asked in the corresponding
item on the first test.

In each item on Test II the rules for playing the lot-drawing
game were described. The way in which the game could be won was clearly
specified. The ways in which one would lose the game were described in
a general manner. In addition, just as in Test I, a diagram illustrating
the objects used to play ghe game was included with each item.

The response for an item in Test II was to fili in the blanks in

the expression -~ out of __ which-;ndicated the chancé of winning
the game described in the item if one w#s allowed only one draw; i.e.,
only one opportunity to play the game. This expression represented the
child's interpretation of the probability of the simple event described
in the item as "the way to win the game." .The items were scﬁred éither
right or wrong. An item was scored right if the child's response re-

presented the correct probability for the event described in the item.
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For example, in item 14, "2 out of 12" and "1 out of 6" wzre both con-

sidered correct responses for the item. All other responses which

did not represent the correct probability, including statements re-

presenting "odds of winning" were considered wrong.

The third test consisted of ten multiple-choice items on the con-

cept of quantification of probabilities. Each item described a lot-

drawing game.' The way in which one would win the gamé was clearly
specified. Each item also ihcluded a general description of the ways
one‘wouid lose the game. The diagram accompanying each item consisted
§f pictures of two boxes (or spinners) which illustrated the objects

that could be used to play the game.

The response for an item on Test III was to select one of three

possible choices, "Box A," "Box B," or '"It doesn't make any difference."

N .

The. response represented the child's interpretation of the better prob-
ability of success for a simple event in one trial under two different
conditions. A selection of the third choice indicated that the child
considered the event to have the same probability of success in each
situation.

Items 26, 30, 31, 32 and 33 represented situations in which the
specified simple event had the same probability of success under both

conditions.

The items on Test III were scored either right or wrong.

The threc tests were put together in the form of a booklet with two
items on ecach page. All items were numbered consecutively from 1 - 34,

A blank blue sheet was inserted after item 12 to separate Test I and

,a."f" 1’4’
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Test II. A blank yellow sheet was inscerted aftrer item 24 to separate

Test II and Test III.

Administering the Tests

The tests were administered during tic last week of November and

first two weeks of December, 1967. Tests were administered to children

in all of the fifteen elementary schools and two junior high schools

in the district. A test schedule was arranged with the cooperation
of the school administrators so that all testing in a particular

school could be done on that same day. The tests were administered to

groups of subjects, and whercver possible all subjects in a particular

school were tested at the same time. The test groups in the elementary

schools varied from 8 to 27 children. 1In three of the elementary
schools the children were tested in two separate groups at different
times during the same day. The gfoups'were split in these schools so
that the group size would be less thaﬁ 30 for each test session. The
same tests were administered to all children in the sample so the ele-

mentary school groups were mixed, including children from the fourth,

fifth and sixth grades. Seventh grade subjects were tested separately

in the junior high schools. Because scheduling problems for the junior

‘high schools were more complex and space for administering group tests

was more difficult to obtain, the seventh grade subjects were tested

in groups that were larger than the elementary school groups. In one

‘junior high school the children were tested in two groups with approx-

imately 32 children in each group. 1In the second junior high school
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the children werc tested in one large group of 68 children. The large

groups at the seventh grade level did not create any unusual difficulties

~either in giving instructions for the tests or in proctoring the tests.

The tests were administered in a variety of rooms depending on
the facilities available in the individual schools. Precautions were
taken so that subjects would ﬂot be able to see their neightbor's paper.
The children were seated in alternate desks in a classroom or at widely
Spéced tables in a library, cafeteria or gymnasjum. Cardboard dividers,
approxiﬁately 30 inches high, were used un the tables to help isolate

the children.

All tests were administered by the writer. The same procedure was

_followed for each test session. A brief 5-8 minute warm-up period pre-

ceded each session during which timé the writer introduced himself,
checked the:roll to see if all children scheduled for that time were
present and sent for alternates when necessary. This time was also
used to explain the purpose of the test session. The children were
assured that the set of questions they were being asked to answer would
not be considered a school test; no grades would be given; results
would not be shown to either their teachers or parents; and the answers
they gave would in no way affect the evaluation they would receive for
their regular school work. The children were encouraged to do their
best: work and not to be concerned if they were uncertain about answers
for some of the questions. They were alsq encouraged to anséer all of

the questions on each test and told to write their best "guess" if they

were not certain about an answer. Pencils were distributed to children
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who had not brought their own. Some time was allowed for general
questions.

The test booklets were then distributed. The children were in-
structed to print their name, grade and school on the cover of the
booklet in the space provided but not to open the booklet until told
to do so.

The ins;ructions49 for Test I were read to the children so that
all groups received the same instructions. A box and colored cards
vere uéed to demonstrate the sample items for this test. The sample
items and correct responses for the sample items were written on a
chalkboard or large white cardboard so that they were clearly visable
by the entire group.

After the presentation of the sample items the children were asked
if there were any questions. They were also reminded that questions
would not be answeredvafter the test was begun. After all questio;s
were answered the children were asked to open their test booklets to
page 1. The children'were told not to work ahead but to wait for in-
structions for each item. The first question was read aloud by the
writer whilé the subjects read the item silently. The children were
then asked to write their aﬁswer for this item and to cover tﬁeir answer
with their scratch paper when finished. After all of the children had
written their answers for the first item, the same process was repeated

for item 2. The items were read aloud to eliminate reading difficulties

49 see Appendix A for the instructions for the tests.
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as much as possible, to emphasize underlined words in the items, and
to emphasize the importance of using the diagram in the item to help
answer the question. There was no time limit for the items and children
were asked to be patieﬁt after answering an item to allow everyone
enough time to answer the question before proceeding to the next item.
The same process was repea'ted for items 3, 4, 5 and 6. After item 7
was read aloud the children were told to continue working on their own
through item 12 and to stop when they reached the blank blue sheet in
their test booklet. It was very easy to tell when all children in the
group had completed Test 1 by checking to see that all test booklets
were open to the blue page.

After all children in the group had completed Test 1 the instruc-
tions for Test 11 were read aloud to the group. The sample item was
written on a chalkboard or large white card. A box and colore.d cards
were used to demonstrate the sample item. The response for the sample
jtem was written under the item. A brief explanation was given to show
why the correct response for the sample item was 1 out of 4 rather than
1 out of 3. This explanation included a reminder that, in order to
answer a question like the sample ifem, the child should consider two
important questions: 1) How many different things can happen when play-
ing the game? 2) How many ways can you win the game?

The children were then told to open their booklets to page 7, item

13. This item was read aloud by the wr_i.vr.er while the subjects read it

‘silently. It was pointed out that the question was to be answered by

filling in the blanks out of . The children vere then told
to ansvwer item.13 and to then work ahead on their own through item 24.

v Y90
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They were told to stop a;d wait for the rest of the group when they
reached the blank yéllow sheet in their test booklet.
After all the children in the group had finished Test II the
instruction; for Test III were read aloud to the group. No sample
items were presented for Test III. The children were instructed to
work on the items at their own speed. Subjects were excused to return
to their classroom after they had completed all of the items on Test III.
The time required to administer the three tests, including the

warm-up demonstrations, varied from 40-60 minutes.

Design of the Study

The basic design for the study was a 3 x 2 x 4 multivariate analysis
of covariance design with 22 subjects in each cell. The three factors
(1.Q.: Range I, 71-104; Range II, 105-113; Range III, 114-144; Sex:
male, female; Grade: fourth, fifth, sixth, seventh) were assumed to be
fixed and cbmple&ely crossed. The covariates were grade equivalent
scores on the three parts of the étanford Arithmetic Achievement Test:
computation, concepts and applications.so The dependent variables were
the perfprmance scores of the three probability concept tests described
in a previous section in this chapter. A schemetic representation of
the design is given in Table 6.

Since mult;variate analysis of covariance was used as the basic

.design for the study, the mean vectors in the twenty-four cells of

5OT. L. Kelley, R. Madden, E. F. Gardner, H. C. Rudman, Stanford

Achievement Test (New York: Harcourt, Brace and World, Inc., 1964)
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design represent results obtained from scores that have been adjusted

for the covariates.

_ Table 6

Schematic Representation of the
Design of the Study

; 1.Q. Sex Grades

! ¢ ) ¢ €,

By En, 2. X113, X4,

; A1 :

By Xy, o, X123, X124,

By Xy, 512, %13, %14,

A,

By o, %0, X)23. X4,

= By Xy, %312, %313, %314,

! Ay

-’ By X3, %32, 2323, 2324,

Key -

' , v
Al = Range I, 71-104 B1 = male C1 = fourth grade
A, = Range ITI, 105-113 B, = female ¢, = fifth grade
A3 = Range III, 114-144 C3 = sixth grade

C4 = seventh grade

All underlined symbols represent mean vectors of order 3 x 1.

iR
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N4 jk

, g Xy

i Each cell entry is a vector X 1jk o= 1 » which represents
ik

P a vector of order p x 1, the mean vector of ni jk observation vectors,

one for each subject.
The subscripts i, j and k represent the levels of the factors,
p represents' the number of dependent variables and nj jk represents the

number of subjects in each cell'. For this study, i =1, 2, 3; j =1, 2;

; k=1,23, 4; p=3; and n,, =22 for all i, j, k.

i ijk

For purposes of analysis it was assumed that:

E @ika) =p+ Q4 +'BJ +-Ek +-“Bij + DEik +-B-£Jk + -“B-Eijk' That is, the
; expected value is a linear function of the main effects and the inter-

action effects.

' JonesSl reports that for a design with an equal number of observa-
tions in each cell, the computation and decomposition of total sums of
products'of a multivariate analysis of variance design is directly

: analogous to that of sums of squares in univariate analysis of variance.

Winer 52 outlines a design for a three-factor analysis of

SlLyle V. Jones, Some Illustrations of Psychological Experiments
Designed for Multivariate Statistical Analysis. Report Number 28, The
Psychometric Laboratory (Chapel Hill, North Carolina: University of
! North Carolina, December, 1960) p. 3.

52, 'J. Winer, Statistical Principals in Experimental Design
(New York: McGraw-Hill Book Company , 1962), pp. 170-171.
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variance. Using the models presented by Winer and the two-factor
multivariate model presented by Jones33 the multivariate analysis of

variance (MANOVA) table for this study was constructed and is repre-

sented by Table 7.

This design will be used to Test Hypotiieses 1-7. Pearson product

moment correlation coefficients will be calculated to answer Questions

8-11 of the statement of the problem.
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Chapter IV

RESULTS OF THE RELIABILITY STUDIES

Description of the Statistics Used in the Reliability Studies

Reliability studies were carried out for each of the three prob-

" ability concept tests and four subtests.>" A separate reliability study
was carried out for each test and subtest based on the performance of
the 132 subjects at a particular grade level. A total of twenty-eight
reliability studies were conducted, seven for each of the four grade
levels included in this study. Thé results of these reliability studies
are reported in this chapter.

For each reliability study the following information is reported:
1) a frequency distribution of the total scores for the test or subtest
under copsideration; 2) a two-way ANOVA table for the individuals and
items under consideration and a Hoyt reliability coefficient of internal
consistency; and 3) an item analysis which includes the following stat-
istics for each item: a difficulty index; item-crite:ion cérrelation;

xso; and B.

The Hoyt reliability coecfficient (H.R.) is a measure of internal

54%Frank B. Baker, Test Analvsis Package: A Program for the CDC
1604-3600 Computers, (Madison: University of Wisconsin, Laboratory
of Fxperimental Design, Department of Educational Psychology, .June, 1966).

-
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consistcnéy among test items. This coefficient is given by the formulad?

MS _MS MS
I, = ind ind X items =1 - ind x items
MS MS
ind ind

where MS;,q and MSi.4 ¥ jtems @re two mean squares in a two-way analysis
of variance in which one of the factors in the subjects and the other is
the test items.

The purpose of an item analysis is to describe how each item on
the test functions. The four statistics used to describe thé items of
the tests used in this study are based on the item characteristic curve,
which is considered to be a fundamental goncept in item analysis.
According to Baker, "An item characteristic curve is a smooth curve
fitted to the proportion of persons at each criterion score level who
made the particular response being studied."6 e goes on to say, "If
one assumes the item characteristic curve has the form of a normal ogive
the parameter qf the normal curve @, q) ;an be used to describe the
data."57 Assuming that the item characteristic curve has the form of
the normal ogive Baker gives the following definitions for xSO and B .

The parameters of the item characteristic curve which

specify the normal ogive fitted to the item response data
are the following:

55Frank B. Baker, Empirical Determination of Sampling Distributions
of Item Discrimination Indices and a Reliability Coefficient (Pepartment
of Educational Psychology, School of Education, University of Wisconsin,
Contract E-2-10-071, November, 1962), p. 87.

56prank B. Baker, "An Intersection of Test Score Interpretation
and Item Analysis, Journal of Educational Measurement, I (June, 1964),

p. 24. o -




XSO’ the criterion score at which the probability of correct
responSé is .5, The parameter is expressed in units of the
criterion variable stundard deviation.

B a measure of the stecpness of the item characteristic
curve which specifies the capability of the item to discrim-
inate between the individuals possessing various amounts of
the criterion ability. This parameter is the reciprocal of
the standard deviation of the fitted normal ogive.

The discrimination index B can also be interpreted in a less-

n 39
50°

Even though this interpre;ation is not mathematically correct it provides

technical way as "the slope of the item characteristic curve at X

a usable approximation for practical purposes,
The index of item difficulty reported in this study represents
the proportion of the total group who gave the correct response for the

itém. However, item difficulty is also related to the item indices XSO

and B. "Item difficulty corresponds to the area undef the item char-
60

acteristic curve and is hence a function of XSO and B."

Biserial correlation may be used to compute the correlation between
a criterion variable, such as a total test score, and an item response
variable if it is assumed that the response variable is continuous and
normally distributed but obtainable only as a dichotomus response.

. N . A -
The formula for computing the biserial correlation coefficient is 2

58Baker, Empirical Determination of ..., pp. 1l1-12
59 ) .

~“Baker, An Intersection of ..., p. 25.

60Baker, Empirical Determination of ..., p. 29.
6llbid., p. 5

62

Ibid., p. 6
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where: il is the mean score of all persons answering the item correctly

S

X is the mean of the sample
Sy is the standard deviation of the sample
P is the proportion of persons answering the item correctly

z is the ordinate of the normal curve at the deviate which
divides the area of the unit normal curve into P and (1-P)

The computational formulé B= T'b expresses a relationship
VT =5y
between ry and B and is used in the computer program to obtain B 63

In all of the reliability studies carried out for this study the
tota} score on the items under consideration was used as the internal
criterion measure for computing the item-analysis statistics.

As previously noted reliability studies for each test and subtest
were conducted individually for each of the grades; four, fivg, six and
seven. Thus each reliability study is based on the performances of the
132 subjects in the sample fér a particular grade. In the reports of
the reliability studies that follow, some of the results for all four

gfades are presented in the same table so that the results can be

compared more easily.

Reliability Studies of Test I (Sample Space)

Test I is a twelve item test®% on the concept of points of a

-finite sample space. Fach item was scored either right or wrong.

6BBaker, Test Analysis Package:..., p. 6.
64

See Appendix A for the test items. Test I consists of items 1-12.
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Thercfore the range of total scores possible for Test 1 was from 0
to 12 inclusive.

Tables 8 and 9 present the frequency distributions, mean scores
and standard deviations for the scores on Test I for all grades. Table
8 shows that the distributions of scores vary for the different grades
but there is some similarity between the distributions for grades six
and seven. The differences between grades is also rcflected by the mean
scores reported in Table 9. $he total scbres ranged from 0 to 12 for
grades four, five and seven and from 1 to 12 for grade six. This wide
range of scores within cach grade indicates that the performances of
children on Test I varied considerably. An inspection of Tébles 10-13
shows that the difference between individuals at each grade is signi-
ficant at the 1% level. A more detailed analysis of differences in per-
formances of individuals will be given in Chapter V.

Tables 10-13 give the ANOVA tables and Hoyt reliability coefficients
computed for Test I. The reliabilities for grades four, five, six and
seven are .81, .81, .76 and .81 respectively.

Table 14 contains the item analysis of Test I for each grade.

'The item statistics included in the table were computed using the

total test score as the criterion variable. The item statistics

included in the table are: the item difficulty, X__ and B.

b %50

All of the items were relatively easy for grades six and seven.
The item difficulties.for these grades range from .49 to .94 with
the majority being above .60. Items 1-6, which involve only simple

counting, vere relatively easy for grades four and five also. Only

item 6, grade four, has a difficulty index less than .50. As would

81
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be expected items 7-12, wvhich involve combinations are more difficult,
particularly for g}udu four. The item difficulties for items §-12
range from .24 ;o .31 for grade four. A more dctailed analysis of the
types of ecrrors madevon Ehesc items is given in Chapter V.,

The item criterion corrclations are gencrally high. The exception
is the correlationfor item 1, grade six, which is only .31. However,”~
only cight pupils in grade six answéred this item incorrcctly. Since
this was the first item on the test the errors may have been raﬁébh
which would account for the low correlation. Item 11, grade seven,
has a:correlation greater than 1. The assumption on which the compu-
tation of a biscrial correlation is based is that the variable under-
lying the dichotomy is continuous and normal. Ferguson explains thatpwﬂ
if this assumption is violated irregularities can occur.

Theoretically, the maximum and minimum values of r,. are
independent of the point of dichotomy and are -1 and +l1. An
implicit assumption underlying this statistic is that the con-
tinuous many-valued variable is normal, as well as the variable
under lying the dichotomy. Values of rpj greater than unity can
occur under gross departures from normality.6

Whenever a valuc of ¥b gréatér than unity is obtained, g is set equal
to zero by the GITAP computer program used in this study..

The items appear to be good discriminators at all grade levels.
The majorityméf g's are .70 or greater. A Bof .70 indicates that the

slope of the item characteristic curve at the Xgo point is approxi-

mately 35 degrees.

65Ccorge A. Ferguson, Statistical Analysis in Psychology and
Education (New York: McGraw-Hill Book Cowpany, Inc., 1959), pp.
203-204. . ‘
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Table 8
Frequency Distributions of Total Scores on Test I for Grades

Four, Five, Six and Scven

Total Frequency .
Score Grade 4 Grade S Grade 6 Grade 7

Table 9

Mean Scores and Standard Deviations for Test 1

Grade Mean Score Standard Deviation
4 5.47 , .3.17
) 5 7.16 ©3.24
- 6 8.57 2.72-
7 9.00 2.83
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Table 10

ANOVA and Reliability Table for Test I, Grade &4

Source .of
Variation

Individuals 5.1560%%* 0.81

Items ) 11 4.5591 27.9515%*

Error 1441 ~ .1631

Total 1583°

*% p < .01 ;
Table 11

A

S R e KA D T o

ANOVA and Rel{ability Table for Test I, Grade 5
? Source of
|, Variation d.f. MS F R '
e Individuals 131 .8836 5.3905%%  0.81
T Items 11 2.6799 16.3481%*
Error 1441 .1639
Total © 1583
** p < .01 -
"
)

"_*. ?.“84
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Table 12

ANOVA and Rcliability‘Table for Test I, Grade 6

Source of
Variation d.f. MS F
Individuals 131 . 6224 4 . 1045%
Items 11 2.1283 14 .0355%*
Error 1441 ~1516
Total 1583
%% p < .01
l
Table 13

ANOVA and Reliability.Table for Test I, Grade 7

Source of
Variation d.£. - MS F
. Individuals. 131 6743 5.1432%%
Items 11 1.7948 13.6894%%
Error 1441 .1311
Total 1583
*: p < .01

higs

4%

*
-t




Table 14

}tem Analysis for Test I for Grades Four, Five, Six and Seven

Item Grade Item Ty Xs0 8
Difficulty

1 4 .67 .54 - .81 .64

5 .81 .73 -1.21 1.06

[ 6 .94 .31 -4.9 .33
7 .92 .69 -2.07 .96

2 -4 .71 .69 - .81 .94
5 .71 .64 - .88 .83
6 72 .65 - .89 .86
7 .80 77 -1.07 1.21

3 4 .68 .69 - .66 .96
5 .71 .62 - .87 .79
6 .73 .58 -1.09 .70
7 .79 .87 - .91 1.80

4 4 .58 .58 - .33 .71
5 .79 .72 -1.12 1.03
6 .86 71 -1.53 1.02
7 .89 .67 -1.78 .93

5 4 .50 .66 - .01 .89
5 .65 .51 - .73 .60
6 .81 72 -1.22 1.04
7

.83 75 -1.23 1.16

4 42 .81 .26 1.39
5 .53 .68 - .10 .93
6 .70 .81 - .66 1.36
7 .78 .63 -1.22° .81

7 4 .56 .77 - .20 1.19
5 .67 .64 - .67 .84
6 .81 .65 -1.35 .85
7 .77 .81 - .93 . 1.36
8 4 .31 .83 .60 1.48
5 .49 .82 .03 1.42
6 .67 74 " - .61 1.09
7 .68 .63 - .75 .81
| | ‘:"3986' |




Table 14 (continued)

Item Grade Item r 50
Difficulty b 8
9 4 .26 .81 .80 1.36
-5 .41 .78 .30 1.24
6 .51 .48 .04 .55
7 .49 .68 .03 .94
10 4 .29 .81 .69 1.36
S .45 .92 .13 2.38
6 .56 .80 .19 1.35
7 .62 .86 - .35 1.71
11 4 .24 .86 .80 1.67
S 47 .87 .07 1.80
6 .62 .91 - .34 2.19
7 .72 1.04 - .56 0
12 4 .26 .85 .75 1.64
S 47 .93 .07 2.57
6 .62 .92 - .33 2.30
7 .71 .96 - .58 3.55
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Reliabilities Studies of Test II (Probability of a Simple Event)

Test II is a twelve item test66 on the concept of the probability
of a simple event in a finite sample space. Each item was scored
either right or wrong. Therefore the range of total scores possible
for Test II was from O to 12 inclusive.

Table 15'gives the frequency distributiops of total scores for
Test II. Table 16 contains the mean scores and standard deviations.
Comparing these tables with Tables 8 and é shows that Test II was con-

siderably more difficult than Test I for all grades. An inspection of

‘Table 15 shows that the majority of scores lie in the range 0 to 8.

More than 907% of the pupils in grades four and five and more than 70%
of the pupils in grades six and seven had a total scoréTéfsg.o; less.
It is interesting tb note that only dpe pupil answeréa all items
correctly and this was a fifth grade pupil.

The reliability coefficients for Test II and analysis of variance.

" used to compute these coefficients are reported in Tables 17-20. The

coefficients are .62, .72, .72 and .73 for grades four, five, six and
seven respectively. The reliabilities on Test II are slightly smaller
than the reliabilities on Test I. This is probably due to the fact that
seven of the items on Test II were very difficult items for all grades.
Tables 17-20 also indicate that the differences among items and dif-

ferences among iﬁdividuals;were highly significant for all grades. ..

See Appendix A for the test items. Test II consists of items
13-24 "




Table 21 reports the item analysis for Test II. An examination of
the item difficulties reported in this tab;c shows that itéms.18-24 were
difficult items for all grades. The item difficulties for items 20, 23
and 24 are .10 or less indicating that these items were extremely dif-
ficult for all pupils. These difficulties are not too surprising since

item 18 inleved obtaining the probability of a simple event when

sampling without replacement and items 19-24 involved ideas of combinations.

The xSO vélues reflect the relative difficulties of the items. Almost

all of the Xso's for items 18-24 are high positive values well above the

\

mean of the criterion scores. Items 13-17 were relatively easy items,
except .for grade four.
Items 13-18, 23 and 24 are good discriminators with the majority

of the @'s greater than 1. Items 19-22 do not correlate very highly

with the criterion scores at some of the grade levels and therefore
have an erratic discrimination pattern. A more detailed analysis of
the types of errors pupils made on the items in Test II is contained

in Chapter V.
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Table 15
. Frequency Distributions of Total Scores oﬁ Test 11 for Grades
Four, Five, Six and Seven
| Total Frequency
Score Grade 4 Grade 5 Grade 6 Grade 7
i : .
i ‘ 12 - 1 - -
’ ‘ 11 - 1 2 5
10 - 1 ' - 3
' 9 - 1 2 2
{ 8 2 2 13 10
; 7 6 4 16 19
[E ‘ 6 7 9 16 20
, 5 12 16 13 .23
4 24 24 17 16
3 21 18 24 11
2 20 27 15 13
1 24 13 9 6
0] 16 15 5 4
|
Table 16
Mean Scores and S{;;xdard Deviations for Test II
Grade Heau Score Standard Deviation
4 2.90' 2.02
? 5 3.31 2.33
g 4.51 : 2.44

5.15 2.53
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Table 17

ANOVA and Reliability Table for Test II, Grade 4

Source of
Variation d.f. MS F, R
Individuals 131 .3433 .2.6521** 0.62
Items 11 5.3519 41.3412
Error 1441 .1295
Total 1583
k% p < .01

Table 18

ANOVA and Reliability Table for Test II, Grade 5

Source of
Variation d.f. MS F R
Individuals 131 4544 3.5461%% . 0.72
Items ' 11 6.5709 51.2824%*
Error 1441 .1281
Total 1583
*% p < .01 |

67]7 o }11.




Table 19

ANOVA and Reliability Table for Test II, Grade 6

Source of
) Variation .£. MS
; Individuals .5006 3.5767%* 0.72
, § | Items 11 9.4977 67.8569+%
g Error 1441 1400
| ' Total 1583
§ *k p < .01
Table 20

ANOVA and Reliability Table for Test II, Grade 7

Source of - :
Variation d.f. MS F R
Individuals 131 5362 3.7346%%  0.73
CItems. 11 1.0058 69.9546%%
Error 1441 - .1438
Total 1583
%% p < .01

9




Table 21

Item Analysis for Test II for Grades Four, Five, Six and Seven
Item Grade Item r X
Difficulty b 50 B
13 4 .64 .9 - .39 2,70
5 .69 078 - 063 1025
| 6 .85 .73 -1.41 1.07
7 .83 .80 -1.16 1.37
) . .

14 4 .33 .80 .54 1.31
5 .47 .83 .09 1.51
6 .62 .86 - .36 1.70
7 .73 .78 - .80 1.24
; 15 4 .30 .81 .63 1.40
i 5 .42 .75 .28 1.13
: 6 .57 .82 - .21 1.45
‘ 7 .65 .83 - .47 1.46

% » 16 4 .54 8 - .12 1.26 -
g : 5 .58 .73 - .29 1.06
g 6 . 64 .64 - .54 .84
: 7 .76 42 -1.66 .46

i .

i . 17 4 .33 .60 .71 .75
{ 5 .33 .67 .64 .91
6 .54 .75 - .12 1.15
7 .60 .82 - .30 1.44

g 4 .13
: 5 .16 .99 1.00 17.74
; 6 .33 .88 .49 1.86
; 7 .40 - .88 .28 1.81
§ 19 4 .21 .34 2.31 .37
[ 5 .21 .68 1.18 .92
{ 6 .30 N .70 1.07
1 7 .33 .49 .92 .56
? 20 4 .01 74 3.29 1.09
i 5 .02 .63 3.44 .81
6 .02 .40 5.36 YA
7 .08 1.02 1.41 0




. 77
; _ a Table 21 (continued)

: ' Item Grade r X
i : . - Difficulty b 50 8 ?
] 21 4 ’16 .32 3.07 .34
| : 5 .20 .52 1.58 .61
, 6 .33 .58 T4 .72
: 7 .35 43 .90’ .48
: 22 4 .20 .34 2.43 .36
; 5 .16 .56 1.79 .67
: 6 .22 41 1.89 .45
; 7 .24 .52 1.34 .61
f 23 4 .02 .76 2.80 1.03
g 5 .04 .93 1.92 2.46
: 6 .05 84 2.01 1.55
| g 7 .10 .97 1.33 3.74
: 24 4 .02 .90 2.40 2.11
! 5 .03 1.08 1.74 0
@ 6 .05 .67 2.41 .91
. 7 .10 .97 1.37 4.20

oy ¢ e bt a < ae o
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Reliability Studies of Test I1I (Quantification of Probabilities)

Test II1 is a ten item test 67 6n the concept of quantification of -
probabjlities. Each itea is a multiple choice item with three possible
response options, only one of which is the correct response for.the
item. Each item was scored either right or wrong. The range of total
scores possible for Test III is from O to 10 inclgsivé.

Tables 22 and 23 present the frequency distributions, mean scores
and standard deviations for Test III. Tﬂé scores were not corrected
- for guessing so the expected mean score, selecting options on a purely
Eégdgm basis, is 3.33.

 The reliability coefficients for Test III, shown in Tables 24-27,
are .67, .67, .70 and .80 for grades four, five,six and seven‘respec-
tively. These reliabilities are modest but indicate that the_itéms
are reasonably consistent. Tables 24-27 also show that the differences
among individuals and items are significant for'all grades.

Table 28 gives the item analysis for Test III. Item 25 was an easy
item for all pupils but it does not correiate very highly with the total
test scores and is not a good discriminator. Items 26-34 were very dif-
ficult for fourth grade pupils. A difficulty index of .33 is what would
be expécted from.a random selection of the.respdnse options. Items 26-34
functioned much the same for fifth grade pupils. Items 26 and 30-34 were
very difficult with items 27-29 bnly élight easier. Item difficulties
for items 26, 28, 29, 33 and 34 are similar for sixth and

scventh grades. Item 27 was casiest for sixth grade while items

67§ée Appendix A for the test items. Test III consists of items
25-34,
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30, 31 and 32 werc easicst for seventh grade. Item 30 was an unusually
Vs

difficult item for,all grades. The errors made on this item, as well

as errors on the other ftems, are discussed in Chapter V.

All items except item 1 have high item criterion correlations and

appear to be good discriminators with B's of .61 or greater.

TR Y e At etk R am s do et T A n e i e e e e
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Table 22
Frequency Distributions of Total Scores on qut I11 for Grades

Four, Five, Six and Seven

Total . ' Frequency
Score Grade 4 Grade 5 Grade 6 Grade 7
10 2 4 3 11
9 1 6. 14 16
8 4 7 12 28
7 5 13 20 9
6 15 11 16 10
5 20 28 A 22 17
4 11 20 14 12
3 24 19 14 6
2 21 15 11 13
1 23 6 5 9
0 6 3 1 1
Table 23

'Mean Scores and Standard Deviations for 7Vest II1

- Grade Mean Score Standard Deviation
4 3.58 2.26
5 4.70 2.31
6 5.48 2.38
7 5.96 2.79
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Table 24

ANOVA and Reliability Table for Test III, Grade &4

Source of -
Variation d.£f. MS F R
Individuals 131 .5143 3.0096%* 0.67
Items 9 4.0380 23.6282%*
Error _ 1179 .1709
Total 1319
*% p < .01

" Table 25

ANOVA and Reliability Table for Test III, Grade 5

Source of .
Variation d.f. MS F - R
Individuals 131 .5394 3.0340%% 0.67
Items 9 5.4340 30.5671%%
Error 1179 .1778
Total 1319

*% p < .01
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Table 26

ANOVA and-Reliability Table for Test III, Grade 6

Source of .
Variation d.f. MS F R
Individuals ' 131 .5702 3.3362%* 0.70
Items 9 5.6449 33.0294**
Error 1179 .1709
Total 1319
** p < .01

Table 27

ANOVA and Reliability Table for Test III, Grade 7

Source of .
Variation d.f. MS F R

Individuals 131 .7854 4.,9318%% 0.80
Items .9 3.0169 18.9454%%
Error 1179 | .1592
Total” 1319
*% p < .01
'
,
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\ Table 28

- Item Analysis for Test II1 for Grades Four, Five, Six and Seven

Item Grade Item r, Xs50 8
Difficulty
25 4 .77 .46 -1.61 .51
5 .87 .29 -3.87 .31
6 .89 .37 -3.31 41
7 .90 .34 -3.84 .36
26 4 .32 .73 .65 1.06
5 41 74 .29 1.09
6 .51 .76 - .02 1.16
7 .58 .95 - .20 3.21
27 4 .38 .52 .58 .61
5 .58 .57 - .35 .69
6 .79 .69 - .74 .96
7 .62 .93 - .33 2.48
28 4 .48 .66 .07 .88
5 .63 .66 - .51 .87
6 .73 .77 - .81 1.22
7 .70 .86 - .62 1.68
29 4 .34 .71 .58 1.01
5 .56 .54 - .29 .64
6 .67 .67 - .63 .91
7 .67 .79 - .55 1.27
30 4 .13 -~ .55 2.05 .66
e 5 .15 . .69 1.49 .97
6 .16 .75 1.33 1.12
7 .32 .76 .62 1.18
31 4 .25 © .82 .81 1.45
5 .29 .84 .67 1.57
6 42 .68 .31 .92
7 .58 .75 - .28 1.13
32 4 .30 .77 .70 1.19
5 . .35 .70 .56 .99
6 41 .76 .28 - 1.16
7 .56 - .71 - .21 1.00

-

'113() S
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Table 28 (continued)

¢ Item Grade ry Xs50 8
: : Difficulty
: 33 4 .28 .87 .66 1.77
i 5 41 74 .32 1.10
6 .51 .77 - .02 1.23
7 .55 .87 - .15 1.76
34 4 .34b .55 .75 .66
) 5 .45 .72 .17 1.05
6 .48 .54 .10 .65
7 .48 .59 .10 .73
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Reliability Studies of Subtest I-A (Sample Space : Simple Counting)

Subtest I-A is a six- item test consisting of the first six items
of %est I. These six items involved only simple counting to determine
all of the outcomes of an experimént. Tables 29 and 30 give the
frequency distributions, mean scores and standard deviations for this
subtest. The high mean scores reported in Table 30 indicate that this
subtest was relatively easy for all grades.

The analysis of variance and Hoyt reliability coefficients for
Subtest I-A are reported in Tables 31-34. The ANOVA tables show that
the differences bet&een individuals and the differences between items
are significant for each grade level. The reliability coefficients
for grades four, five, six and seven are .58, .60, .63 and .66 respec-
tively. These are good reiiabilities for a six item test.

The item analysis for this subtest is presented in Table 35. The
total score for the first six items was used as the criterion variable
for this analysis. The item difficulties are the same as those reported
in Table 14 for these items. The item criterion correlations are
generally very high: All items appear to be very good discriminators
with all but two of the g's greater than .87. The fact thaﬁ these items
were easy items for all grades is reflected by the Xso's, all of which

are either below or very near the mean of the criterion scores.
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Table 29
Frequency Distributions of Total Scores on Subtest I-A for Grades

Foyr, Five, Six and-Seven

. Total Frequency
} | Score Grade 4 Grade 5 Grade 6 Grade 7
.6 28 38 61 67
5 19 17_ 19 30
4 19 41 28 17
3 24 17 11 9
2 23 11 1 6
1 13 5 2 1
0 6 3 0 2
Table 30

Mean Scores and Standard Deviations for Subtest I-A

Grade Mean Score Standard Deviation,
4 3.55 : 1.79
5 4,20 1.55
6 4.77 , ’ 1.40
7 5.00 1.35
163::7r - ;
]
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Table 31

ANOVA and Reliability Table for Subtest I-A, Grade 4

Source of
Variation d.f. MS F R
l :
' Individuals 131 .5321 3.1572%% 0.68
’ :
Items 5 1.8379 10.7643%*%
Error 655 .1707
Total 791
k% p < .01
| Table 32

1 ANOVA and Reliability Table for Subtest I-A, Grade 5

% Source of .
‘ Variation d.f. MS F oo R
;
Individuals 131 4027 2.4720%% 0.60

Items 5 1.4316 - 8.7885%*

Error 655 .1629

Total 791

*% p < .01




Table 33

" ANOVA and Reliability Table for Subtest I-A, Grade 6

Source of
Variation d.f. MS F R

Individuals 131 - 3272 2.6694%% 0.63
Items 5 1.1424 9.3201%*

Error 655 .1226

Total 791

** p < .01

Table 34

i ANOVA and Reliability Table for Subtest I-A, Grade 7

Source of
Variation d.f. MS F R

Individuals 131 <3053 2.9543%% 0.66
Items _ 5 4606 4.4566%%
Error 655 .1034
Total 791

*% p < .01




Item Analysis for Subtest I-A for Grades Four, Five, Six and Seven

b

Table 35

Item

Grade

Item rb XSO 8
Difficulty

1 4 .67 .66 - .66 .87
5 .81 .75 ~-1.17 1.14

6 .94 .51 -3.07 .59

7 .92 .86 -1.65 1.73

2 4 .71 .82 - .68 1.46
5 .71 .76 - .74 1.18

6 .72 .91 - .64 2.20

’ 7 .80 .91 - .9 2.18
3 4 .68 .74 - .62 1.09
5 .71 .71 - .76 1.02

6 .73 .91 - .69 2.20

7 .79 .97 - .82 3.79

4 4 .58 .65 - .29 .86
5 .79 .75 -1.07 1.12

6 .86 .64 -1.71 .84

7 .89 .73 -1.66 1.06

5 4 .50 .94 - .01 2.99
5 .65 77 - .48 1.22

6 .81 .97 - .9 3.75

7 .83 1.04 - .89 0

6 4 42 .95 .22 3.21
5 .53 .85 - .08 1.58

6 .70 .94 - .57 2.86

7 .78 .93 2.50

- .83

X"
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Reliability Studies of Subtest I-B (Sample Space : Combinations)

Subtest I-B is a six item test consisting of the last six items in
Test I. All of these items invelwied combinations. Tables 36 and 37
present tfie frequency distributions, mean scores and standard devi-
ations for Subtest I-B. Comparing these tabies with Tables'29 and 30
point; out that Subtest I-B was more difficult than Subtest I-A.

This result is not surprising since it was expected that combinations
would be more difficult than simple counting for elementary school
children.

. .

Althoggh Subtest I-B was more difficult than Subtest I-A the
reliabilities for Subtest I-B are greater than the reliabilities for
Subtest I-A. The reliabilities for Subtest I-B are given in Tables
38-41 along with the ANOVA tables. The reliabilities for this subtest
are .81, .81, .74 and .78 for grades four, five, six and seven respec-
tively. These are very good reliabilities for a six item test.

The item analysis for Subtest I-B is given in Table 42. Items 7-10
have high item-criterion correlations and are good discriminators.
values are greater

b

than 1 and correéponding g's are zero. It is easy to see from Table 36

Little can be said about items 11 and 12 because the r

that the total scores on this subtest are not normally distributed. As
reported in a previous section of this chapter, rp values greater than
unity may'fééﬁlt when the assumption of normality is violated. When an
rp greater than 1 is computed for an item the value of g for that item

is set equal to zero.
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t Table 36
&
%h Frequency Distribu;}ons of Total Scores on Subtest L-B for Grades
% Four, Five, Six and Seven
)i
¥
@ Total Frequency
y Score Grade 4 Grade 5 Grade 6 Grade 7
¢ 6 10 26 28 34
4
5 10 12 37 36
4 13 16 13 18
3 9 22 « 13 16
2 21 14 24 10
1 25 19 9 4 - - |
0 44 23 8 14
Table 37
Mean Scores and Standard Deviations for Subtest I-B
‘ Grade Mean Score Standard Deviation
| :
e 4 1.92 1.95 .
, 5 2.96 2.12
! 6 3.80 1.87
? 7 4.00 1.92
|
i
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Table 38

ANOVA and Reliability Table for Subtest I-B, Grade 4

" Source of
Variation d.f. MS F R
Individuals 131 .6403 5.3163%% 0.81
Items 5 2.0137 16.7203%
Error 655 .1204
Total 791
** p < .01

Table 39

ANOVA and Reliability Table for Subtest I-B, Grade 5

Source of
Variation . d.f. MS F R
Individuals 131 .7561 5.2975%% 0.81

Items S 1.0937 7.6633%*

Error 655 . 1427

Total 791

*% p < .01

"-’~;_;5_!_. ‘
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Table 40

ANOVA and Reliability Table for Subtest I-B, Grade 5

Source of :
Variation _ - d.f. MS F R
Individuals 131 .5871 3.8467%*% 0.74
Items 5 ' 1.4386 9.4256%*
Error 655 .1526
‘Total . 791
*% p < .01

Table 41

ANOVA and Reliability Table for Subtest I-B, Grade 7

Source of
Variation d.f. MS F R
Individuals 131 .6209 4.6093%%  0.78
Items 5  1.2879 9.5612%%
E;ror 655 . 1347
Total 791
*% p < .01
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Table 42

Item Analysis for Subtest I-B for Grades Four, Five, Six and Seven

Item Grade Item

X
Difficulty 50

«56 . .17
.67 . .57
.81 . .11
a7 . .87

~Noond

.31 : .53
.49 . .03
.67 . .61
.68 . .64

~Nown s

<26 . .69
4l . .27
.51 . .03
.49

~Noownp

.29 . .59
45 . .13
.56 . .15
.62 . .32

&4
5
6
7

.24 .67
.47 . .07
.62 .30
.72 .53

.26 .64
47 .07
.62 .30
J1 .53

~Noan S ~Noaun S
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Reliability Studies of Subtest II-A (Probability: Simple Counting)

Subtest II-A is a six item test consisting of the first six items
of Test II. These items involve the probability of a simple event which

is a subset of a sample space obtained by simple counting. The frequency

distributions, mean scores and standard deviations for this subtest are

given in Tables 43 and 44, The distributions for grades four and five,

are quite similar with the mean score for grade five only slightly
higher than the mean score for grade four. The distributions for
grades six and seven are also somewhat similar to each other.

Tables 45-48 present the ANOVA tables and reliability coefficients

for Subtest II-A. The reliabilities are almost identical for all grades.

The reliabilities are .74, .74, .73 and .75 for grades four through

seven respectively. The ANOVA tables show that individual and item
differences are highly significant for each grade level.
The item analysis for Subtest II-A is reported in Table 49. 1In

general these items correlate well with the criterion scores and are

good discriminators for all grades.




Table 43

i Frequency Distributions of Total Scores on Subtest 1I-A for Grades

E Four, Five, Six and Seven

|
] }I : Total _ Frequency
o Score Grade 4 Grade 5 Grade 6 Grade 7
) |

; 6 10 13 27 38

§ 5 9 12 22 23

i 4 14 20 18 21

§ 3 17 17 19 17

é 2 30 29 27 18

| 1 29 23 13 10

i .0 23 18 6 5

! Table 44

Mean Scores and Standard Deviations for Subtest II-A

Grade Mean Score Standard Deviation

4 2.28 1.79
5 2.65 1.85
6 3.55 1.83
’ 7 3.97 1.81

7143
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Table 45

ANOVA and Reliability Table for Subtest II-A, Grade 4

Source of i
Variation d.f. - MS " F R
Individuals 131 .5402 3.7781%% 0.74
Items 5 4.4346 31.0127%*
Error 655 . 1430
Total 791
** p < .01

Table 46

ANOVA and Reliability Table for Subtest II-A, Grade 5

Source of ‘ .
Variation d.f. MS F R
Individuals 131 .5750 3.8839%* 0.74
Items 5 4.6051 31.1041%*
Error 655 . 1481

Total 791

*% p < .01




Table 47

ANOVA and Reliability Table for Subtest II-A, Grade 6

Source of
Variation d.f. MS F R
Individuals © 131 .5633 3.7147%* 0.73
Items 5 3.6697 24.2015%*
Error 655 .1516
Total 791
**% p < .01

Table 48

ANOVA and Reliability Table for Subtest II-A, Grade 7

Source of
Variation d.f. MS F R
.Individuals 131 .5520 4.0151%%* 0.75
Items 5 2.9899 21.7476%*
Error - 655 .1375
Total 791
**% p < .01

415
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; Table 49
é Item Analysis fo} Subtest II-A for Grades Four, Five, Six and Seven
i Item Grade ) Item Ty x50 8
! Difficulty
1 -
‘. Z 13 4 ‘-64 091 - 040 2-16
s { 5 .69 .85 - .58 1.64
’ | 6 .85 .77 -1.33 1.22
l 7 083 085 -1‘.10 1-60
;
14 4 33 .95 .45 2.97
! 5 47 .97 .07 4.27
.{ 6 062 -96 - -32 3-40
i 7 .73 .94 - .66 2.79
! 15 4 .30 .98 .53 4.44
: 5 42 .88 .24 1.88
§ 6 .57 .93 - .18 2.47
: 7 .65 1.00 - .39 0
!
{ 16 4 .54 .71 - .13 1.02
; 5 .58 .81 - .26 1.36
6 .64 .68 - .51 .94
| 7 .76 .61 -1.13 .78
|
17 4 .33 .72 .60 1.02
S .33 .11 .60 1.01
6 .54 .80 - .12 1.36
7 .60 .94 - .26 2.86
‘ 18 4 .13 1.07 1.06 0
5 .16 .99 1.00 38.05
6 .33 .94 .45 2.84
7 .40 .92 .27 2.43
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Reliability Studies of Subtest II-B (Probability: Combinations)

Subtest II-B is a six item test consisting of the last six items of
Test II. These items involve the probability of a simple event which is
a subset of a sample space obtained by using ideas of combinations. Tables
50 and 51 present the frequency distributione, mean scores and standard
deviations for this subtest. An examination of these tables indicates
that this subtest was extremely difficult for all subjects. Only three
children answered all of the items correctly. More than 50% of the children
in grades four and five and more than 30% of the children in grades six and

seven answered all of the items incorrectly. |

The ANOVA tables and reliabilities for this subtest are resorted in
Tables 52-55. Since the items were extremely difficult the.reliabilities
are very low. The reliabilities for grades four, five, six and seven are
.18, .58, .41 and .62 respectively. 1In grade four the differences among
individuals is not significant while the difference among items is signi-
ficant. 1In the other grades both the differences among individuals and
among items are significant.

The item analysis for Subfest II-B is given in Table 56. As pre-
viously noted all items were very difficult. Since the distributions of
total scores are obviously not ﬁormal distributions, as can be seen from
Table 50, it is not surprising that many of the ry values for this subtest
are greater than unity. All of the XSO's are above the mean of the
criterion score because of the difficulty of the items. 1Items 19, 21 and
22 appear to be good discriminators among pupils who do well on this
subtest. Little can be said about the items 20, 23 and 24 because many of
the B's were set equal to zero. A more detailed discussion of the
types of errors.ehi}drehAmade on these items is presented in Chapter V.

-
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Table 50
Frequency Distributions of Total Scores on Subtest II-B for Grades

Four, Five, Six and Seven

Total Frequency
Score Grade 4 Grade 5 ~ Grade 6 Grade 7
; 6 0 1 0 2
§ 5 0 1 2 4
E 4 0 1 1 3
| 3 1 3 6 7
{ 2 21 15 26 24
é 1 37 33 44 43
0 75 78 53 49
o
Table 51

Mean Scores and Standard Deviations for Subtest II-B

Grade "~ Mean Score _ Standard Deviation

| 4 .62 .77
’ 5 .66 1.03
6 .97 . 1.04
7 1.18 1.34

: - 418 .
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Table 52

e e L R =R

ANOVA and Reliability Table for Subtest II-B, Grade 4

Source of

Variation MS

Individuals .1006 1.2222

Items 1.2838 15.5973%%

Error .0823

Total

** p < ,01

Table 53 °

ANOVA and Reliability Table for Subtest II-B, Grade 5

Source of

Variation MS

Individuals 1777 2.3957%% 0.58

Items . 1.1174 15.0663%*

Error- 0742
Total

*k p < .01
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Table 54

ANOVA and Reliability Table for Subtest IX-B, Grade 6

Source of
Variation d.f. MS F R
Individuals 131 .1831 1.7083%%  0.41
Items 5 . 2.6293 24 ,5372%%
Error 655 .1072
Total 791
*k ﬁ < .01

Table 55

ANOVA and Reliability Table for Subtest II-B, Grade 7

Source of
Variation d.£f. MS F R
Individuals 131 .3023 2.6240%% 0.62
Items 5 2.039% 17.6999%%
Error 655 .1152
Total 791

*% p < .01
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Table 56

Item Analysis for Subtest II-B for Grades Four, Five, Six and Seven

o Item Grade Item S X 8

| Difficulty b 50
i 19 4 .21 .93 .87 2.53
y . 5 021 1.05 076 0
o 6 .30 .86 .60 l.65
& 7 .33 .80 .56 1.34
20 4 .01 1.12 2.17 0
5 .02 1.10 1.97 0
6 .02 .77 2.80 1.22
. 7 .08 1.23 1.16 0
21 4 .16 .92 1.08 2.43
5 .20 .99 .83 6.86
6 .33 .80 .53 1.35
7 .35 .67 .58 .89
22 4 .20 .60 1.39 .74
5 .16 .82 1.21 1.45
6 .22 .61 1.27 .77
7 .24 .71 .99 1.00
23 4 .02 .93 2.14 2.60
5 .04 1.22 1.45 0
6 .05 1.23 1.38 0
7 .10 1.25 1.03 0
- 24 4 .02 .98 2.25 3.68
5 .03 1.43 1.31 0
6 .05 1.15 1.40 0
: 7 .10 1.17 1.15 0

j
|




e R

P

105

Summary

Table 57 gives the reliability coefficients for each test and sub-
test for each grade. The reliabilities for Tests I, II and III are
very good considering each test had twelve or fewer items. These
reliabilities indicate that the items on each test are fairly consistent
and suggest that the results 6f these tests may be interpreted yith a
high ?egree of confidence. The reliabilities for Subtésts I-A, I-B
and II-A are also very good and give support to the interpretation of
results contained in Chapter V. The extreme difficulty of the items on
Subtest II-B resulted in a very low reliability for grade four and a
poor reliability for grade six. |

In general all items on Tests I, II and III are very good dis-
criminators at the Xgo9 points for each grade. Only 8% of the g's
reported for all grades-for all items are less than .60. A gof .60
represents a slope of approximately 31 degrees for the item characteristic
curve at the X5q point.

Using the total score of each test as criterion, 75% of the Xgq's
on Test I are below the mean, 27% of the X50's on Test II are below
the mean and 48% of the'Xso's on Test III aré below the mean. Thus Test
II was the most difficult test, with most of the difficulty being

accounted for by the last six items, or Subtest II-B.
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ViraTent

Table 57

R

' Summary Table of Reliability Coefficients of the Probability

s

- Concept Tests and Subtests for Grades Four, Five, Six and Seven

' . Number
@ ! Test 0f Items Grade Reliability
| 4 I Sample Space 12 4 .81
5 .81
-6 .76
7 .81
II Probability of a 12 4 .62
, . Simple Event 5 72
. . 6 .72
7 .73
III . Quantification of 10 4 .67
Probability . ' 5 .67 ;
6 .70 T
7 .80 _ T
I-A Sample Space : Simple 6 4 .68 j
Counting 5 .60 {
L 6 .63 i
7 .66 |
I-B Sample Space : 6 4 .81 §
Combinations 5 81 i
6 74 :
7 .78
II-A Probability.: Simple 6 4 .74 ;
Counting’ 5 74 . i
6 .73 ;
7 .75 ;
= II-B Probability : 6 4 .18
: Combinations 5 .58
6 41 1
7 .62




e R
bl

g
PR AN ol
e s P S SR T RN TR AL

et e a8 o o s e e L8 T TS TGS,

Chapter V

ANALYSIS OF THE DATA

<
e

The r‘esult:s of the analysis of data for this study are presented
in three parts. The first part deals with the tes ting of hypotheses
regarding the relationship between the combined performance scores on
the three probability tests and the factors of IQ » sex and grade. The
second part is concerned with the relationship between performances .

on each of the three tests, and four subtests, viit:hiﬁ each grade. The

third part presents an analysis of the incorrect responses made on

each of the test items.

Part 1l: The Testing of Hypotheses

In the Statement of the Problem, Chapter II, seven hypotheses
were presented for testing. To test these hypotheses a multivariate
analysis of ‘covariance was run to test for equality of mean vectors -
over the factors under considerat:ionf The dependent ‘variables were the
performance scores on the three tests of probability concepts. Tﬁe
cov:ar,i_ag:es- were" t;he grade 'equi,valenc s'co:_es on the ‘three parts of t;he
SCanf;gd A;jit:‘hmet:ic_:_Acl_}igvement:lTé#ts; ~ computationm, coﬁcepﬁ;s and
‘applli.cat:j.ox;ns.."_;'Sj,nt:‘e t:he ggﬁ_zbjgc»t:s; for Ehis;"st:qdy__w‘_ei.je.’rgndomlj sglec'c_gd
and the results of a standardized test used as covariants it':,".ée'émed

’ réasdnaf:ie' to presumet:hat: "t':h_e""ré’sfvs;uthpt:"i'.’ons;_'ﬁ:\ldgr?lyiﬁg ".‘t:hé 'an'avljs;;.s of
covariance ﬁad been met: | o
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The application of analysis of covariance may be used to increase
the precision in a randomized experiment. Cochran indicates that gain

in precision is directly related to the size of the correlation

coefficient p between the covariant and dependent variable. He goes on

to say, "If p is less than 0.3 in absolute value, the reduction in
variance is 1nconsequential, but as p mounts toﬁard unity, sizable
increases in precision are obtained.’68 The multiple correlations

between the grade equivalent scores on the Stanford Arithmetic Achieve-

" ment tests (covariates) and the raw scores on the three probability

tests (dependent variables) are .38, .40 and .30. (See Table 59).

Since these correlations are all greater than or equél to .3 it was

‘decided to include the arithmetic achievement scores as covariates in

the study.

The data analyses for this part were done using a computer program
written by J. Finn69 and adapted fdr_use on the CDC 3600 computer at
the University of Wisqonsin, This program used the computational
procedqrés outlined by Bock.7or

Forneach’hypqthesis the computer program calculated.an overall F

ratio fbr the multivariate test of equality of mean vectors as well as

68W1111am G..Cochran, "Analysis of Covariance: Its Nature and

Uées," Biometrics Vol. 13, No. 3 (September, 1957), pp. 262-263.

69jeremy D. Finn, Multivariance; Fortran Program for Univariate
and Multivariate Analysis of Variance and Covariance . .(Buffalo: State

University of New York at Buifalo, Department of Educational Psychology,
May, 1967) : . o .

. 7°R. Darrell Bock "Programming Univariate .and Multivariate Analysis
of Variance," Technometrics, S (February, 1963), PP. 95-117.
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un'ivaria(:c F statistics for the dependent variables. A discriminant
function analysis for each between-cell hypothesis was also .compqted.
This'discriminant function is reported and diséussed for each .hypothesis
test in which the overall F ratio iridicated tha.t the variation among
mean vectors was signifigant (p<.01). In addiition to calculating the
. F statistics for each hypothesis the program also performed a multi-

var iate regressio;l analysis to test the covariates' relationship with
the depéndent va.riable.s.

Table 58 presents the multivariate regression statistics w.hich
summarize the coﬁtribuéions of the covariants to the analysis. 1In a
multivariate éense, the fhree covariants have a sig-nificar.lt association
with the dependent variabléé. The multivariate test provided a chi

squérc value of 143,98 with 9 degrees of freedom which is significant

at the .01% level. The univariate statistics show that the multiple

correlations of the ‘three covariates with Tests I, II and III are .38,

.40 and .30 respectively. The corresponding F ratios indicate that

these correlations differ significantly from zero.  This indicates
that each of the dependent variables can have a small but significant
amount of its variance predictéd by the three covariates.  The square

of the multiple correlation coefficient 'is an approximation- of the

. per cent of variance predicted:'by the covariates. The approximate

amounts of variance that ¢an be. predicted ‘are 15%, 16% and 9% for

Tests I, II and III respectively.
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Table 58

Statistics for Regression Analysis with Three Ccvariates

Square
Variable Multiple Multiple F P Less
Correlation Correlation Than

Test 1 .15 .38 28.68  .0001
Test 11 .16 .40 31.95 - .0001
Test 111 .09 .30 16.52 .0001

Degrees of Freedom for Hypothesis = 3

Degrees of Freedom for Error = 501

Chi Square Test of Hypothesis of No Association Between

Dependent and Independent Variables = 143.98

Degrees of Freedom = 9 p < .0001

The results of the statistical testing of the hypotheses are

presented and discussed individually.

- Hypothesis 1: There is no difference in the mean performances

_of children in the three 1.Q. groups.

The mean scores on the three;probébility tests for the.three

..1.Q. groups are displayed in Table 59. The multivariate and univariate

F statistics for the main effect of I.Q. are .given in Table 60.

An examination éf Table 60 shows that‘the first hypothesis can
be rejected. The multivariate F statistic indicates that there is
gignificant Qa;iation among the mean vectors for the 1.Q. groups. The
univariate F’é:indicate that the mean differences for each of the three

probability tests are highiy significant. Therefore, the variation

“‘ )‘J("‘ 3 .
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among mean vectors is due to the significant differences among each
of the thrce elements (dependent variables) of the vectors.®

Since the variﬁtiqg hmoqg mean vectors for the main effect of
I.Q. was significant one diécriminant function for this effect is
also reported in-Table 60. The multivariate fesults for the main
effect of 1.Q. indicated that only one dimension of discrimination
was significant.

The discriminant function is the linear function of

the dependent variables which maximally discriminates among groups in

a least squares sense. The discriminant function provides a means of

characterizing the multivariant differences between groups.

The discriminant function for I.Q. groups is:

VIQ = .6162T) + .35321, + 457214
The coefficicnts are presenéed in standardized form and thus represent
the relative mgénitude of the contribution of each dependent variable
to the discrimination between groups. Since the weights in the function
are all positive the discrimination between 1.Q. groups is an overall
effect. An inspection of Table 59 shows that tﬁe directionvof mean
differences among I.Q. groups is the same for each of the dependent
variables. The highest I.Q. group has the highest performance scores ‘
and the lowest i.Q. group the lowe§; pcrformance'scores; The largest
contribution to the discriminant function is Te#t I and Test II con-

tributes the least.

The distributions of standardized discriminant scores, qu, for
the 176 pupils in each I.q. groups appear in Figure 1. This figure

clearly illustrates that the best discrimination is between the low

I.Q. group and the high I[Q. grﬁhb. The distribution of th;hlow group

feidn A e AL e
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is substantially lower than the distribution for the high group. The
distribution of the middle group overlaps a considerable portion of
each of the other. distributions. This indicates that the function
does not discriminate very well between the low-middle groups and
the middle-high groups.

' ﬁese observations are consistent with Leake's results in which
he concluded that mental age was a significant factor in the per-
formances of junior high students on three probability tests. They

are also consistent with the findings of Pire.

Table 59

Meea Scores of the I.Q. Groups

Raw Score Means ' Adjusted Means

1.Q. Test Test Test Test Test Test

2 1 11 111 1 11 111

Range I -5.56 2.67 3.59 2.39 -.39 1.22
(72 -104) . . : ‘ ;

Range II 7.69 3.88  4.92  2.99  -.37  1.49 -

(105-113) | . ;
Range IIT  9.44  5.35  6.25  3.06 - -.28  1.80 ?
- (114-144) : i
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' Table 60

; MANOVA Table for Hypothesis 1
{

o F-Patio for Multivariate Test

of Equality of Mean Vectors = 11,9445

Degrees of Freedom for Hypothesis = 6

Degrees of freedoﬁ for‘Error = 998.00
p < .001
T TR Between T T T T Pless
Variable Mean Square Univ;riate Than
Test T 120.83 : 2285 0001
Test II © 48.58 B .0001
Test III 68.77 | 15.30 .0001 ‘
‘Degrees of Freedom for Hypothesis = 2
Degrees of‘freedom for”Er¥dr ,; 501 :
3 Covgri#tes Have Been Eliminated - ,’j '? |

Discriminant Function, I.Q.;.~ ST :
.VIQ, f: + Af61??T1 '+‘..3§?2T2, + f9572?2 . ;

Hypothesis 2: There is no difference in the mean performances

iy il e e b e R

of boys and girls.

i
Table 61 presents the mean scores for boys and girls on each of %
the three teéts. In Table 62 appears the multivariate and univariate IE
_'._}.
F statistics for the main effect of sex. %
: 3
i
(3
: .ﬁ
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Figure 1. _Disttibutiong of Discriminant Scores for 1.Q. Groups
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The multivariate F statistic reported in Table 62 1nd;cates that
the variation aﬁ;hg mean vectors for boys and girls is significant.
Therefore, in a ﬁultivariate sense, hypothesis 2 can be rejected. An
examination of the univariate results reported in Table 62 helps explain
the source of this variation. The probability levels associated with
the mean differences on fests I and III are .0164 and .0382 respec-
tively. The F ratio for Test II is less than 1 indicating that the
difference between the mean scores on this test is not signifigaht.
Therefore the significant variation among mean vectors can be attri-
buted mainly_t; the variations among the two elements of the vectors

.corresponding.to the mean scores on Tests I and 111I.

An inspection of Table 61 shows that when the mean scores are
adjusted for the covariates the d;rection of the mean difference on
Test III is reversed. Since this difference 1s-ﬁéty small and the
mean differences of the covariates are also very small (less than .2)
this change in direction may be due to Chance. The directién of the
adjusted mean differences on Tests I and III show that ﬁﬁe per formances
of ‘the gir1§ was,sliggtly better than the performances of the boys
on thésevtesﬁs.  0n Tést I1 the gdjusted mean for boys is higher than the
adiugtéd méan fof gifis Sut tﬁeir diffefence is cleafly not gignificant.

Since there is only one degree of freeaom for the main effect of
sex there;is only one characteristic root assoéiated with this factor
Therefore.there can only be one dimension of discrimination for the

main effect of sex. The discriminant function for this factor, as

reported in Table 62, is:
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' Vsex = .8485T; - .1374T2 - 719974
The standardized cocfficicnts indicate that the discrimination between
boys awd giflsis accounted for prim&rily by Tests I and III. Since
the first coefficient is positive and the other two are negative the
discrimiﬁntionvis a contrast of sample ;pace ﬁith probability of an
event.

Figure 2.disp1ays the distributions of standardized discriminant
scores, Viox, fér 264 boys and 264 girls included in tﬁe sample. The
distrfbutions have a considerable ovéri;p with the distribution for
girls being élightly higher than the distribution for boys. The

distributions displayed in Figure 2 indicate that the.fudction does

not discriminate very well between boys and girls.

Table 61

ﬁean Scbrés of Boys and Girls

Raw Score Means

Adjustéd'Means
Sex Test Test Test = Test Test Test
1 II ~ 111 I_ II 111
Boys = 7.35 3.9  5.10 2.63 -.27 ' 1.36
Girls  7.78 3.9 . 4.74  2.98  -.51.  l.64

: S 2.5 o3
L ?— “‘."iidh
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Table 62

MANOVA Table for Hypothesis 2

-

x
'J“\‘
i
&
L
¥
i

F-Ratio for Multivariate Test

E of Equality of Mean Vectors = 4,2819
é Degrecs of freedom fpr Hypothesis = 3
E | Degrees of Freeddm for Error = 499.0C
) -p.< .0054
; Bétweeh Uﬁivariate P Less :
' Variabie Mean Square F Than : '
' Test I. 3.0 s.81 .0164 |
Test I . 0.48 . 0.13. 7169 ]
Test III  18.81 432 .0382
_ 'Degrées'éf Freedom for H}potheéis--= 1 ;
.;!Degfécs of Freedom farlEtpo;_ = '501 %

3 Covariants Have Beén-Eliminated

+° Discriminant Function, Sex:

.o Vsex = .BABST) - 134T~ .7199T3

Hypothesié 3: There is no difference in the mean performances

of children in the four grades. , -

The mean scores. on the three probability tests for the four grades

are given in Table 63. The multivariant and univariant F statistics

gt et e 3T

for the main effect of grade appear in Table 64%.
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Figure 2. Distributions of Discriminant Scores for Boys .
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The multivariate F statistic reported in Table 64 indicates that

LN . s

* there is significant variation among the mean vectors for the grades.
Therefore hypothesis 3 can be rejected. An examination of the

univariate F statistics given in Table 64 indicates the mean differences

for grades on Test I are significant (p < .01). The mean differences

on Tests II and III are not significant. Therefore the significant
variation among mean vectors for grades is due primarily to the signif-
icant differences among thé'elements of the vectors corresponding td

the mean scores on Test I.

The multivariate statistics for hypothesis 3 showed that only one

dimension of discrimination was significant. Therefore only one

discfimiﬁant funct;on for the main effect of grade is reported in
Table 64. This funqtion”is:

Vgrade = .8389T; - .4374?2 + .4568T3 ,
The standardized coeffiéients indicate that Test I contributes most to
the discrimination with Tests II and IiI having weights which are
opposite in sign but of approximatei?fthe same magnitude. The dis-

crimination between grades is accounted for by a contrast of Test I

and Test III with Test II. This may be interpreted as a contrast -

between sample space and probability of an event.

Figure 3 presents a histogram showing the distributions of scores,
Vgrades for the subjects in the sample. The sample included 132 children
from each grade. The distributions. for gfades six and seven are very
much alike. The distributior of grade four is substantially lower
than the distributions for grades six and sevéﬁ._ The distribution for
grade five overlaps a considecrable portion of‘egch of the other
distributicens. The function may be iﬁte?preted as showing the overall
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_performance of grades six and seven is considerably higher than the

overall‘performance of grade four and to a lesser degree better than

the overall performance of grade five on these tests.

These observations are consistent with the findings of Leake.

Mean Scores of the Four Grades

Table 63

Raw Score Means

Ad justed Means

Grade Test Test Test Test Test Test -
) 1 I1 111 1 11 IIT
4 5.50 2.89 3.54 1.51 f1.03 71
) 7.18 3.31 4.70 2.48 -.70 1.45
6  8.57 4.52 5.48 3.24 .15 1.57
7 9.00 5.15 5.96 4.01 .20_ 2.27

134987
SEL
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% Table 64
| , " MANOVA Tablé for Hypothesis 3
; : ] , , .
| F-Ratio for Multivariate Test .
of Equality of Mean Vectors = -2.4627
Degrees of Eréedom' for Hypothésis = 9
E ' Degrees of Freedom for Error ;'= 1214.56
) p < .0088
V'ar'iable' Between 'Uhivariate P Less
’ Mean Square - F Than
' | Test I 25,05 4.41 L0045
- 'l‘e:st II 5.23 1.44 | 2290
Test 11l 7.50 1.72 .1615
— Degrees. of Freedom for Hypothesis = 3
Degrees of. Freedom for Error = '5,01
3 Covariants Have Been Eﬂl"imin'at':ed |
Discriminant Function, Gfade'
Vgrade = ..8389T1 - .%4374_T2 + .4/568:1‘3
Hypothesis 4: There .is no d,if_férence in the mean perfc;rmances
of childrén"in tlu;. three IQ 'grOL;ps.acros§s' the two sex groups.
'_l‘ab'lg‘ 66 presents théf‘mqiti;\/ét"i!até'aﬁd _uhivarié.te F.' ‘statistics l{
fc;r the ’interactio.n 1.Q. lx sex. The h\ul'tivéri’ate F ratio indicates §
- that there is no signi.f}.c'a.r{tE interaction in the multivariate sense. - };
7 'l‘hetv'efloret hypothesis 43éan‘ _m.:it‘ be réjéc.te"d‘. The univariate F ratios , 'i
. | o e A8
- 'Q) . e . o y
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show the interaction of I.Q. x sex is not significant for Tests I and %
I11 but the probability level for the interaction on Test II is .017. |
An cxamination of the adjusted mean scores for Test II, presented in
Table 65, shows that the girls in the low 1.Q. group did better than

the boys, but in the middle and high I.Q. groups the boys did better

than the girls. On Tests I and II1 the adjusted mean scores for girls

are higher than the adjusted mean scores for the boys in all three
1.Q. groups. ‘

Hypothesis 5: There is no difference in the mean performances

of children in the three 1.Q. groups across the four graae levels.

The mean scores for the interaction I.Q. x grade are displayed in
Table 67. The multivariate and univariate F statistics for this
interaction are presented in Table 68. 1In the multivariate sense there

is no significant interaction of 1.Q. x grade. Therefore hypothesis 5

can not be rejected. The univariate F's are all small indicating that

there is no significant interaction on Tests I and II but the inter-

action on Test III approaches significance with_a probability level of .03.
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Table 65

Mean Scores of Interactiom, I.Q. x_Sek

__ Raw Score Mecans Ad justed Means 5
IQ Sex  Test Test Test Test Test Test :
1 11 111 1 I 111 5
1 M 5.40 2.68 3.68 2.25 41 1.19 5
F 5.73 2.66 3.50.  2.52 -.37 1.25 :
2 M 7.43 3.59 5.21 2.91 . -.17 1.36 |
F 7.94 4.16 4.63 3.07 -.56 1.62 i
3 M 9.22  5.69 6.42  2.74 -.23 1.53 i
F 9.66 5.01 6.08 3.36 -.33 2.06 ;

Table 66

MANOVA Table for Hypothesis &

F-Ratio for Multivariate Test !
of Equality of Mean Vectors = 1.8510

Degrees of Freedom for Hypoéhesis = 6

Degrees of Freedom for Error = 998.00

p < .0864 %
_______________________________ i
.Variable Between .Univariate P Less’ E
Mean Square F : Than g
Test 1 1.66 .29 7463 !
1
 Test 1I 14.89 4.11 .0170 %
Test III 1.43 - 33 .7195 g
_ Dégrecs of Frccdém for Hypothesis = 2 g
Degrees of Freedom for Error = 501 %
_3»Covariaées Have Been Eliminated E.
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Table 67
Mean Scores of Interaction, I.Q. x Grade

: Raw Score Means Adjus'ted Means
IQ Grade Test Test Test Test Test Test
1 11 I11 1 I1: 111
4 3.48 1.59 - 2.66 .87 -.48 .81
1 5 5.09 1.93 3.21 2.24 -.62 .80
6 7.00° 3.41 4.71  2.70 -.46 .75
7 6.68 3.75 3.80 3.74 51 2.51
4 5.48 2.73 3.21 2.23 -.96 .93
9 5 6.91 3.18 4.68 1.80 =-.76 1.48
6 8.93 4.82 5.30 3.73 .08 1.61
7 9.43  4.77 6.48 4.06 - -.05 1.93
4 7.55 4.34 4.75 1.44  -1.36 .40
5= 9.55 4.82 6.21 3.39 -.72 2.06
3 6 9.77 5.32 6.43 3.29 .81 2.36
7 10.89 ~ 6.93 7.61 4.09 .15 2.36

Table 68

MANOVA Table for Hypothesis 5 -

F-Ratio for Multivariate Test
of Equality of Mean Vectors = 1.6304 .

Degrees of Freedom for Hypothesis . =. 18

Degrees of Fr:edom for Error = 1411.87
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Table 68 (continued)
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Variable Between Univariate P Less

Mean Square F Than

| Test I 8.73 | 1.54 .1641
} Test 1X : 4.44 1.23 .2916
E | ‘Test III 10.09 2.32 .0324

Degrees of Freedom for Hypothesis = 6
Degrees of Freedom for Error = 501

-3 Covaria-tés Have Been Eliminated

Hypothesis 6: There is no difference in the mean performances of
boys and girls across the four grade levels.

The mean scores for the interaction sex x grade are given in Table

69. The F statisticsfor this iInteraction appears in Table 70. The

results reported in Table 70 clearly indicate that there is no signif-
icant interaction of sex x grade. Hypothesis 6 can not be rejected. o
Hyg’o;hesis 7:. There is no difference in the mean performances of
children in the three I.Q. groups across the two sexes. and four i
grade levels.. | |

The mean scorés for the interaction I.Q.x sex x grade are reported ) {

in Table 71. In Table: 72 appear the multivariate and univariate F ‘
statistics for this interactiph. All F ratios are less than 1l indicating o

. N . . H
thcr-g is no signific'ari't" intcraction among the factors of I.Q.,sex and

grade. Thus hypothesis 7 can not be rejected.

‘v.'.? ' {
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Table 69

Mean Scores of Interaction, Sex x Grade

Raw Score Means

Sex Grade Test

Ad justed Means
Test Test Test Test Test
1 II_ 11T I . 11 . II1 .
4 5.05 2.89 3.80 1.25 -.98 .77
M 5 6.80 3.52 4.88 ©2.49 -.56 1.39
6 - - 8.65 4.53 5.44 3.01 .40 1.28
7 8f89 5.02 6.29 3.78 .09 1.99
4 5.96 . 2.88 3.27 1.78 -1.07 .65
F 5 7.56 3.11 4.52 2.46 -.82 . 1.51
6 8.49 4,50 - 5.52 3.46 . -.11 1.86
7 9.11 5.29 5.64 4.24 .32 2.54
Table 70
MANOVA Table for Hypothesis 6
F-Ratio for Multivariate Test )
of Equality of Mean Vectors =" 1.2171
Degrees of Freedom for Hypothesis = 9
Degrees of Freedom for Error = 1214.59
' p < .2802 |
Variable Between Univariate P Less
Mean Square F Than
Test I - 3.92 .69 ; .5586
- Test II 4.49' 1.24 .2946
Test III 5.44 - 1.25 .2911
Degrees of Freedom for Hypothesis = 3.

Degrees of Freedom for Error = 501

3 Covariates Have Been Elimina;ed'




Table 71

Mean Scores.of Interaction, I.Q. x Sex x Grade

Raw Score Means

Ad justed Means

I.Q.  Sex Grade Test Test = Test

Test Test Test ;
I 1I 111 I 11 111 :
[ 4 3.05 1.46 2.64 22 -1.07 .73 @
; 5 4.86 2.14 3.09 2.58 -.63 1.62 ‘
| M 6 7.36 3.64  5.00 2.61 -.08 .37
- 7 6.32 3.50 4.00 3.59 14 2.02
1
4 3.91 1.73 2.68 1.52 -.89 .89
5 5 5.32  1.73 ~ 3.32 1.90 -.62 -.02
6 6.64 3.18  4.41° 2.78°  -.83 1.13
’ 7 7.05 4.00 ° 3.59 3.89 .88 2.99 |
r 4 4.73 2.64 3.68 2.59 -.72 1.29 g
M 5 6.59 3.05 5.09 1.56 -.67 1.12 ;
6 8.82 4.41 5.00 3.67 .32 1.42 :
7 9.59 4.27 7.05 3.82 .38 1.61 :
2 | :
4 6.23 2.82 2,73 _1.87 -.76 .57
5 7.23 3.32 4.27 2.03 -.85 1.85
F 6 9.05  5.23 5.59 3.80 -.16 1.80
7 9.27 5.27 5.91 4.56 - .47 2.25
4 7.36 4.59 5.09 93 -1.17 .30 i
M 5 8.96 5.36 6.46 3.35 -.46 1.42 i
6 9.77 5.55 6.32 2.76 .95 2.06 :
7 10.77 7.27  7.82 3.92- -.24 2.34
3 : .
4 7.73 4.09 . 4.41 1.9  -1.56 .50 f
" 5 10.14 4.27 5.96 3.44 -.98 2.71 ;
6 0 9.77 5.09 6.55 3.81 .67 2.66 }
7 11.00 6.59 7.41 4.25 .55 2.39

3.
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Table 72

MANOVA Table for Hypothesis 7

F-Ratio-for Multivariate Test

of Equality of Mean Vectors = .5374
LDegrees o{ Freedom for Hypothesié = 18
Degrees of Freedom for Error = 1411.87
p < .9%14
Variable Between Univariate P Less
Mean Square F Than
Test I 3.84 .68 6697
- Test II 0.97 .27 .9516
Test III 3.06 .70 .6480
'Degrées of Freedom for Hypothesis = 6
Degrees of Freedom for Error = 501

3 Covariants Have Been Eliminated

Part 2{ Correlation Studies

In the Statement of the Problem, Chaptef 11, a quéstion was pre-
sented régafding the relationship of I.Q. with the performances on the

probability tests. In addition, several questions were presented with

regard to the relationship between the performance scores on the tests

* and subtests. Pearson product-moment correlation coefficients were

computed to help answer these questions. This section presents the

results of the correlation studies and a discussion of these results.
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? The Total I.Q. on the California Test of Mental Maturity was
<.
:; selected as ‘a stratifying variable for this study. It was assuwmed that
f the Total I.Q. would be a better predictor of the performance on each
; of the probability tests than either tbe_Language 1.Q. or Non-Language
! ' ' '
} \ 1.Q. obtained from the California Test data. Question 8 was presented
| ! ' ’
} to test this assumption for the sample.

Bl

Question 8: Which of the three available scores on the California
Test of Mental Maturity; Language I.Q., Non-Language I.Q., o;
Total I.Q. is the Sest bredictor of the pe;fdrmance scores on the
) 4 three probability tests? | |
Table 73 gives the correlatisns between the three I.Q.'s and the
performance.scores on each probability test for the four grades. An
exanination of this table shows that all but one of thevc;rrelations

are significantly different (p < .0l) frqm zero. These results also

show that, except for Test II in grades six gnd seven, Total I.Q. has
the highest correlétionsfwith ﬁhe test scores in gra&es five, six and
seven. In grade four Total I.Q. has the lowest correlations with the
test scores. However, the differences between the cogrelations are
very small and -are not sggnificant. In general, even ghouéh the dif-
ferences are quite small, Total I.Q. appears to have been the best

choice for the stratifying variable in this study.
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Table 73

Correlations Between the Three Scores on the California
Test of Mental Maturity and the Scores on the Three
Probability Tests for the Children in the Four Grades

Grade 4

Test 1 Test II ~ Test III
Language I.Q. «50%% «53%% «37%%
Non-Language I.Q. ATHRx 53%* «39%%
Total I.Q. I37%% L0k . 25%%

Grade 5
Test I Test II Test III
Language I.Q. 5%k LGk 48k
Non-Language I.Q. . Sh%k 4Bk 48 %%
Total 1.Q. .66k .58 .5 6%
. Grade 6
Test 1 Test II Test 111
Language I.Q. A2k A4B%* «34%%
"Non-Language I1.Q. «37%% .16 « 29%%
Total I.Q. 48 39% .38%%
__grade 7_
Test I  Test II Test III1
‘Language I.Q. C56kk 58w 52%k
‘ Non-Language 1.Q. «55%% WAL AL
‘Total I.Q. 63 5Bkx 54wk

¥ p< .0l *p<.05
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Question 9: What is the relationship between the perfofmance

scores on the three probability tests within each grade?

The correlations between the performance scores on éhe three
probability tests within each of ghe four gradeé abpear in Tables 74,

75 and 76. All of.the'corrglation coefficients'are significantly
different (p < .01) from zero.

The high correlations between performance scores on the three tests
are not surprising because of the close association between the ideas
included in the three testé.. As reported in Chaé;er II, Test IIQealt
with the notion of sample space and.Test Ii 1nvol§ed the idea.of prob-
ability of a simple event. The iﬁems on Test III involved the néﬁion .
of sample spacé and prob;bility of a simple event. .E;chditem in Test
II presenteq a situation whi;h wa§ similar to the situ%tion presented
in the corresponding item in Test I. The qdesgion asked in’each item
on Test I was an implicit question in the corresponding item in Tesg I1.
That is, ‘in order to aﬁswer a quégtionvin.Test I1, involving the prob-
ability of a simple eveng, the child had to.understand what the sample
space for tHe‘sftuationiwas. .The'items of Test I asked the subjects to
list the elements of éhe sample épace for each ;ituation; Because of
the similérity between'sithations'in thé correspondihg'iéems on Tests 1
and Ii oné may.eﬁéect'cgat the coffeiations bétween.performance scores
on thisvbair'df teété woﬁld.bé higﬁgr’than the correlations between other
pairs ofnﬁe;ts. ThignwaQ gfue_for.gr;deé fouf.and six but the’differences
are not gigpificant. ' |
: To gaiﬁ é bette; insight into the reiatioﬁship'between peFformance'
scores on Tééts I ;nd II several add;tional cor;elation studies between

performance scores on the subtests were conducted.
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Table 74

Correlations Between Scores on Test I and Test II

Test II
Grade 4 Grade 5 Grade 6 Grade 7
Test I . 58 ATHex .50 48w
**p < .01 ' '
Table 75

Correlations Between Scores on Test I and III

. Test III
Grade & Grade 5 Grade 6 Grade 7
Test 1 G TR L3k*k 4 0% .50%*
*%p < .01
Table 76

Correlations Between Scores on Test II and Test III

Test III
Grade 4 Grade 5 Grade 6 Grade 7

Test II 2%k 9%k .40 L9%%

*%p < .01

Question 10: What is the reiationship between performance scores

on Subtest I-A and Subtest II-A within each grade?

Table 77 prescnts the mean scores for Subtests I-A and II-A. The
correlations between the total scores on these subtests for each grade
are given in Table 78. Each of these correlations is significantly
different from zero. Because of the }éésongbly high mean' scores on

thesc subtests and the similaritics in the basic situations presented
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in corresponding items of the subtests onc would suspect that these

correlations would be higher. 1t is difficult to understand how a

child can answer a question about the probability ol a simple event
correctly and yet not be able to list all of the elements of the sample

space which contains this event. However, many children made this type

of error which partially accounts for the lower than expected co¥relations.
Tébie 79 contains the correlations for the six pair§ of corresponding

items on Subtests I-A and II-A for each grade{71 The very low correl-

ations between these items are very surprising. About one-third of

the correlations are not significantly different from zero. The only

]

pairs of items which are significantly correlated within each grade are

items 5 and 17 and items 6 and 18. These items involve sampling without

replacement. These items were also the most difficult items on each of
the subtests. Apparently the idea of sampling without replacement not
only made the items more difficult but also eaused these pairs of cor-
responding items 6n the subtests to function more dependeptly.

The fact that the other pairs of corresponding items functioned
indcpendently in most cases can probably Be explained in part by the
nature of the study. The subjects had no formal training on the ideas
of probability and therefore had not been taught the relationship
betwcen sample space and probability of a simple event. It is reason-
able to assume that if these tests were administered aftér the children
had received some instruction on the underlying concepts, the performance

scores would iwprove and the correlations between corresponding items

would be substantially higher,

71The complete inter-item correlation matrices for Subtests I-A
and II-A are reported in Appendix B.
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Table 77

; Mean Scorcs for Subtest I-A and Sdbtest I1-A

& Subtest I-A Subtest II-A

' Grade Mean Per Cent Mean Per Cent
| ) : Correct . Correct
P .
| 4 3.5  59% 2.28 38%,

5 4.20 710% 2.65 449,

| 6 4.77 787 3,55 - 59%
[ 7 5.00 83% 3.97 61%
) : ' "

§ Table 78 -

|

Corrclations Between Total Scores - on Subtest I-A and Subtest II-A

} C

Subtest I-A

| Subtest II-A

Grade 4 Grade 5 Grade 6 Grade /
JA2%: « 25%% 3% ek

*%p < .01

Table 79

Correlations Between Corresponding Items oh Subtests I-A and II-A

Grades ' ' i
Items 4 5 6 - 7. . ;
1and 13 .13 .07 . 19% 30%%
2 and 14 .19% .05 .13 .18% ;
3 and 15 2% .08 .14 .15 3
4 and 16 .10 .12 ¢ 25%% .20% i
5 and 17 . 29%% .19% . 30% 37wk |
6 and 18 .39%% . 29% 36 304 :

: *p < .05

*%p < .01
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Question 11: What is the reldtionship between the pgrforménce

scores on Subtest 1-B and Subtést II-B within cach grade?

The means scores for Subtests I-B and II-B appear in Table 80.
The correlations between total sc;res 6n the subtests are given in
Table 81. Ihe correlations between total scores are significantly -
different. from zero but are very-small. These low correlations are
undoubtably due in part to the fact that Subtest II-B was extremely
difficult for gll grades. An examination of Table 80 indicates that
children in the fifth, sixth and seventh grades exhibit some
understanding of combinations in situations involving the idea of
sample space but are not able.to apply these ideas in similar situations
involving probability of a simple event.

Table 82 give the correlations between the six pairs of cérre-

sponding items on Subtests I-B and II-B.72

All of the correlations
reported in this table are very small. The majority of coefficients
are not significantly different from zero. Five of the correlations

are significant at the .05 level.

72The complete inter-item correlation matrices for Subtests
I-B and II-B are reported in Appendix C.
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Table 80
Mean Scores for Subtest I-B and Subtest II-B
| — —
Subtest I-B Subtest I1I-B
CGrade Mean Per Cent Mean Per Cent
Correct Correct
4 1.92 ' 32% .62 10%
5 2.97 49% .66 117%
6 3.80 637% .97 . 16%
7 4,00 67% 1.18 197%
Table 81

Correlations Between Total Scores on Subtest I-B and Subtest 11-B

Subtest I-B

o Grade 4 Grade 5 Grade 6 Grade 7
Subtest II-B o 27%% «32%% «29%% « 27%%
** p < ,01

Table 82

Correlations Between Corresponding Items on Subtests I-B and I1-B

Grades
Items : 4 5 6 7
7 and 19 13 < 19% .03 .04
8 and 20 .11 .10 .05 .16
9 and 21 16 .16 ~04 .11
10 and 22 .00 .09 .04 .12
11 and 23 .16 .16 .10 « 20%
12 and 24 . 20% .18% _ .12 .18
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Part 3: Analysis of Incorrect Responses on the Test Items

In Chapter IV item statistics, which included an item difficulty
index, inter-itew criterion correlation, xso and B for ecach i;em, were
reported for each test based on the performances of children in each
grade. These statistics helped e#plain how each item functioned at
the different grade Ievéis but did not providelinformation which
would help explain why some items were more difficult than others.

This part includes a summary and analysis of the incorrect responses

on each item, The patterns of errors on each item were examined to

gain some insight into the misconceptions children may have. Since
the tests were administered as written tests, and children were not

interviewed, one can only make conjectures about how children thought

about the items, However, the patterns of errors on certain items
leave little doubt about the pattern of thought employed.

The analyses of errors for the test items are presented individually

on the following pages. For the convenience of the reader the per cent

of children in each grade who answered the item incorrectly is included
under the statement of the item. The reader is asked to refer to the
tables in Chapter IV for the other item statistics.

Subtest 1-A

1. For this experiment a box contains balls as in the picture. To do

this experiment you pick one ball

from the box without looking. @ @

The nuwber that.is on the ball

that you pick is called an out- @ » @ @ @

come of this experiment.

e oAt e e e wpar - o
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In the space below, write all thé different outcomes it would be

possible to obtain-for this experiment.

Table 83

Per Cent of Incorrect Responses on Item 1

| ‘Grade 4 Grade 5 Grade 6 Grade 7

| 33% 197 6% 8%

This item was marked wrong.if the child did not list all seven

of the possible outcomes or if he listed more than seven outcomes.

The item was very easy for grades six and seven. Although more
errors were made by children in grades four and five it can be con-

sidered an easy item for all grades.

All of the errors on this item were du? to not listing all seven
of the possible outcomes for the experimeng describedAin the item. No
one listed more than seven outcomes.

Since this was the first item on the test it is presumed that sume
of the errors were due to a lack of understanding of what was expected.
This was particularly evident in Grade 4 Were approximatelf 10% of the

children that had the item wrong did not write anything on their papers

v}
On item 2 only 1% of the children failed to write an answer on their

' papers. It appears that some children needed a little more direction

than was given in the two sample items.

It is worth noting that only 10 of the children that missed

.item 1 did not make any other errors on the first six items. The

. e
' %6
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majority of children who made an error on item 1 had three or more

A8
i
w
b
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e
5
I
[
A

errors on Subtest I-A.

emem e, T IT NI

2. For this experiment a box contains cards as in the picture.

To do this experiment you pick one

card from the box without lookinél

: R K E
The letter that is on the card that | Lo J LA} €
)
g you pick is called an outcome of S A C ‘R K E
this experiment.

In the space below, write all the different outcomes it would be

possible to obtain for this experiment.

Table 84

Per Cent of Incorrect Responses on Item 2

Grade 4 Grade 5 Grade 6 Grade 7
'}9% 29% 28% 20%,
o

This item was marked wrong if the child listed fewer or more

; than the six different outcomes for the experiment.

This item can also be considered an easy item for all grades.

It is interesting to note that approximately the same number of

: children in each grade made an error on this item.
: The majority of errors on this item were due to listing more

than the six different outcomes for the experiment. Many children simply

listed all of the six letters twice. This indicates a misunderstanding
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of the meaning of the word "different" as it is used in the context of
;he item,

Since the meaning of the word "different" was emphasized in the
sample items, and the word was again given special attention when the
item was read aloud, it was decided to mark the item wrong if the
child repeatéd ény of the letters in his list of outcomes. Approxi-
mately 50% of the children who repeated letters in their lists only
repeated some of the letters, not all six, This suggests that something
else is involved besides a misundersfanaing of the meaning of the word

"different." It is not clear why children made this type of error.

3. For this experiment a spinner is marked as in the picture.
To do this experiment you spiﬁ the arrow on the spinner. (If
tﬁe arrow stops on a line you spin it again.)
The number that the arrow points to when

it stops is called an outcome of this

experiment,

In the space below, write all the different outcomes it would be

possible to obtain for this experiment.

Table 85

Per Cent of Incorrect Responses on Item 3

Grade 4 ' Grade 5 Crade 6 Grade 7

329 29% 27% 21%
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This item was marked wrong if the child listed fewer or more than
the five different outcomes for this experiment.

This item is very similar to item 2. . The per cent of errors for
each grade on this item is the same or very close to tﬁe per cent of
errors on item 2, However, a consider;ble numﬂér éf children (34%)
who resporded incorrectly on this item had item 2 correct. The pattern
of errors on this item is somewhat diffe?ent than item 2. The majority
of errors were due to listing some of the outcomes more than once but
very few children listed all of the numerals on the figure. For
example, many children listed 5 more than once but very few listed 5
four times although 5 appears in foﬁr different places on the spinner.
This type of error again suggests a possible misunderstanding of the
meaning of the wbrd "differeﬂt." A few children failed to include 3
in their list but did list 5, 7, 1 and 8. This type of error suggests
that thesé children did not study the figure carefully but appear to

understand the idea of sample space in this situation,

4. For this experiment a box contains cards as in the picture.

To do this experiment you pick one

card ffom the box without iooking. blue red red blue
' 2 3 1 4

The color~-number pair that is on the

card that you pick is called an out~

come of this experiment. For example, red lblue red l?lue'

s—rvarm

one outcome is the color~-number .

pair (red, 3).

’ : Kl .
In the space helow, write all the different outcomes it would be possible

to obtain for this experiment,

159
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Table 86

Per Cent of Incorrect Responses on Item 4

Grade & Grade 5 Grade 6  Grade 7

429, 21% 14% 11%

This item was marked wrong if the child listed fewer or more than

the eight different outcomes for this experiment.

As indicated by the results in Table 86 this item was quite easy

for all grades except grade four.

In grades six and seven the majority of errors were due to listing

fewer or more than the eight.outcomes. Many of the children in grades

four and five also made this type of error. The common error was to

list only four pairs with the numerals 1, 2, 3 and 4 used only once
or to list two pairs with the color words red and blue used only once.

These children failed to recognize that the pair (Blue, 2) was different

than the pair (red, ﬁ) and so on. Those few children who listed more

than eight outéomes, listed pairs such as (red, blué), (1,2), etc.,
which indicated they did not understand the 5a§ic idea presented in
the item. This latter type of error was very raré. '

Another type of error exhibited by a few children in grades four
and five was a list of only numerals or just the two color words.

These children did not understand the notion of a color-number pair

even though a sample was included in the item.

Cy
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5. For this experiment a box contains chips as in the picture.
To do this experiment you pick one :
chip from the box without looking. ;T‘\\

The letter that is on the chip

2

¥
e
&
5.
1
z.
s
i
[
3
g.’
¥

.
i

| b that you pick is called an

L outcome of this experiment.

' Imagine that the first chip you pick as 4 "K'" on it. You do not put
this chip back into the box. Then you pick a second chip.

In the space below, write all the different outcomes it would be

) . possiblc to obtain on the second pick.

Table 87

Per Cent of Incorrect Responses on ILtem 5

Grade & Grade 5 Grade 6 Grade 7

50% . 35%° 19% 17%

4 . e’

This item was marked wrong if the child listed fewer or more than
the seveh different outcomes for the experiment.

This ite@ Qas congiderably more difficult for fourth and f£ifth
grade children than for sixth and seventh grade children.

More than 80% of the errors on this item in eaéh grade were due
to including K as a éossible outcome on the second pigk. This clearly
indicates that ghese.children did not undcrstand the idea of sampling

: without replacement in thié‘experiment. The other errors were due to

" listing fewer than seven outcomes with answers ranging from onc to six
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outcomes, These children did not have a good notion of sample space

or may have misunderstood the mcaning of the word "differverit."

6. For this experiment a box contains cards as in the picture.

To do this experiment you pick one

card from thé box without looking.

The letter/number pair that is on

the.card that you pick is called an A 1 A 2 A 3 A 4 A 5
outcome of.this experiment. _For :

example, one outcome is the letter/ K 1 K 2 K 3 K 4 K 5
number pair (K/4).

-

Imagine that the first two cards that you pick have the pumber'"4" on

them. You do not put these cards back into the box. Then you pick
a third card.

In the space below, write all the different outcomes (letter/number pairs)

that it would be possible to obtain on the third pick.

Table 88

Per Cent of Incorrect Responses on Item 6

Gra&e 4 Grade 5 Grade 6 Grade 7

58% 47% 30% 22%

The item was marked wrong if the child listed fewer or more than

the eight different outcomes for this experiment.

162
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Item 6 is very similar to item 5 and.functioned in much the same
way. The two items are highly correlated with inter-i;em correlations
. 4 of .67, .65, .66 and .63 for grades four through seven respectively.
Item 6 was more difficult than item 5 because it involved not replacing
two of the objects in the box and the outcomes were described as pairs
rather than as a‘single letter or numeral.
The majority of errors were due to listing one 6r both oﬁ the pairs
A/4 and K/4 as possible outcomes on the third pick. This indicates a
lack of understanding of sampling without replacement‘and in this
respect is very similar tb item 5. However this type of error was not
as prevalent on item 6 as on item 5. The other errors were due mainly
to listing fewer than eight outcomes but in many cases the few outcomes

that were listed included the pair A/4 or the pair K/4. A few of the

four th grade children did not understand the idea of the letter/number

pair and they listed only letters or only numerals.

Summary of Errors on Subtest I-A

From the responses on Subtest I-A it is apparent that:

a) Some children did not understand the meaning of the word
"different" as it was used in the context of the items. |

b) Children in the fourth grade have some difficulty in listing
pairs as outcomes.

c) The noﬁion of sampling without replacement is a very difficult

idea and children tended to keep the object that has been removed as

part of the sample §paqe.

. 183 |

SRR )




147

et 1T

P

Subtest 1-B

7. For this experiment a box contains chips as in the picture.

S et

| i To do this cxperiment you pick two

chips from the box at the same time

e v —_ g

without looking.

The sum of the numbers on the two

chips that you pick is called an

outcome of this experiment. For

.example, one outcome is the sum (4 + 2) or 6.

In the space below, write all the different outcomes (sums) it would be

possible to obtain for this experiment.

* Table 89

: i
Per Cent of Incorrect Responses on Item 7

——%

Grade 4 Grade 5 Grade 6 Grade 7 ‘

447, 33% - 19% . 23%

This item was marked wrong if the éhild listed fewer or more than
the three different outcomes for the experiment.

The pattern of errors was very similar in all grades even though
the item was somewhat more difficult for fourth and fifﬁh grade children.
Of the items marked'wrong, about 30% did not include ady of the outcomes,

about 20% had one of the three outcbmes and the other 50% had two of

the three ouécomes.
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Most of the children who listed two of the three combinations,
listed 4 + 2 and 2 + 3 but missed &4 + 3. It is clear that the position
of the chips in the diagram helped the children recognize the com-

binations 4 + 2 and 2 + 3. -

8. For this experiment a box contains slips with names on them as in

the picture.

To do this experiment you pick two

slips from the box at the same time

Jim Tom
without looking.
The pair of names on the two slips Ed Sam

that you pick is called an outcome

-

of this experiment. For example,

one outcome is the pair of names (Ed, Sam).

In the space below, write all the different outcomes (pairs of names)

it would be possible to obtain for this experiment.

Table 90

Per Cent of Incorrect Responses on Item 8

Grade &4 = Grade §- Grade 6 Grade 7

697 . 51% 33% o 32%

This item was marked wrong if the child listed fewer or more than

the six different combinations for this experiment.

165
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About 607 of the sixth and seventh grade éh'iidren for whom this
item was marked wx:ong had listed four or five of the six pairs of
names . In general, it appeared like they missed some of the pairs
because they did x{ot list the pairs systematically.

The fourth and fifth gra;de children who made an error on this
p item did not have a very good idea about combinations. About 30% of
these children did not list any of the pafrs and another 307 listed only

two pairs. The two pairs usually were (Ed, Sém) and (Jim, Tom) which

are the obvious pairs suggested by the arrangement of names in the

i diagram.

1
i
: 9. For this experiment a box contains cards as in the picture.
i

.

To do this experiment you pick three

cards from the box at the same time ' 1 ‘ 3

without looking.

The sum of the numbers on the three 5 7

cards that you pick is called an

outcome of this experiment. For example, one outcome is the sum (1 +
, 3+ 7) or 11.

In the space below, write all the different outcomes (sums) it would be

possible to obtain for this experiment.

Table 91

Per Cent of Incorrect Responses on Item 9

Grade 4 Grade 5 Grade 6 Grade 7

74% 59% 497, 51%

PRI g
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This item was marked wrong if the child listed fewer or more than
the four combina.t:ions for this experiment.

The pattern of errors was very similar for all grades. Approxi-
mately 487 of the children who made an error on this item did not
list any outcomes or listed only the sample outcome. Abﬁmixt: 157 1listed
only two outcomes and the other 37% listed three of the fo~ur outcomes.
The children who listed three of the four combinations again demonstrated
somc.understanding of combinations but in general did not list the out-

comes systematically.,

10, For this experiment two spinners are marked as in the picture.
To do this experiment you spin the

, SPINNER I SPINNER II
arrow on each spinner. (If an arrow

p—
stops on a line you spin it again.) B A S T
' iy~ AN
The pair of letters in the spaces that
the two arrows point to when they stop _

is called an outcome of this experiment.

For example, one outcome is the péir of letters (A, S).

In the space below, write all the different outcomes (pairs of letters)

it would be possible to obtain for this experiment.
. -8

Table 92

Per Cent of Incorrect Responses on Item 10

Grade 4  Grade 5 Grade 6 Grade 7

e 71% - 55% 447, 387

S irg ik e e TN e ses e e s
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; This item was marked wrong if the child listed fewer or more than
“ the four combinations for this experimen.t.

Apparently the interpretation of the phrase '"on each spinner"
caused some difficulty. About 65% of the errors were due to listing
pairs like (B,A), (B,B), (S,T) and so on, or not listing any of the
pairs. Another 25% of the errors were due to children listing only
two of the pairs. In general the two pairs were (A,S) and (B,T).

11. For this experiment two boxes contaj.n balls as in the picture.
To do this experimént you pick one ball BOX I

. from each box without looking. l @ @ ]

The product of the numbers on the two

; balls that you pick is called an outcome BOX II - 3
; of this experiment. For example, one l@@ @
: outcome is the product (2 x 4) or 8.

In the space below, write all the different outcomes (products) it

would be possible to obtain for this experiment.

Table 93

Per Cent of Incorrect Responses on Item 11

Grade 4 Grade S Grade 6 Grade 7

767 ~ 53% 38% 28%

This item was marked wrong if the child listed fewer or more
than the six combinations for this experiment.
Some children had difficulty with the inteérpretation of the phrase

"from each box.'" A large majority of the errors were due to children pa

g vy
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listing products like (2 x 2), (3 x 4), and so on. Approximately 807
of the crrors on this item were duc to listing products like the above
or not listing any products. The other errors were due to incomplete
lists which gencrally reflectea a lack of a systematic approach for
obtaining all possible combinations.

12. For this experiment two boxes contain cards as in the picture’

To do this experiment you pick one card from BOX I

each box without looking. A B C

The pair of letters on the two cards

that you pick is called an outcome ‘ ' BOX II

of this experiment.. For example,

one outcome is the pair of letters

(C,X).

.

In the space below, write all the different outcomes (pairs of letters)

it would be possible to obtain for this experiment.

Table 94

Per Cent of Incorrect Responses on Item 12

Grade 4 Grade 5 Grade 6 Grade 7

14% 53% 38% 29%

This item was marked wrong if the chil& listed fewer or more than
the ninc combinat}ons for this experiment.

This item is very similar to item 11 and functioned in much the
same way. The results reported in Tables 93 and 94 are almost identical
and the items are highly correlated. The inter-item correlations for

items 11 and 12 are .61, .78, .87 and .68 for grades Four through seven

v 169
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respcectively. About 65% of the erro'rs were due to listing pairs like

(A,A) and (,S) or not listing any of the pairs. The other errors were

due to incomplete lists and again reflected a lack of a system for ob-

taining all possible pairs.

o

s

Summary of Errors on Subtest I-B

) From the responses on Subtest I-B it is apjarent that:
a) Some children used the position of the objects in the figure

for obtaining the combinations and did not consider the less obvious

combinations.

b) The meaning of the word'"each' in a phrase like "from each
i box' was misinterpreted by many children.

¢) Many children have not developed a systematic method for
generating combinations and consequently often omitted one or two of

the combinations in an item.

I

i

! Subtest 1I-A

|

! 13. A box contains cards as in the picture.

To play this game you pick one card

‘, from the box without looking. ‘ ~
L « ' 4 0 2
You win if you pick the card with
the '"2" on it.
: 6. 8 10 7
You lose if you pick a card with any ~

s

number on it.

1f you play this game only once, what chance do/you have of winning?
e
Answer: _ - out of
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Table 95

Per Cent of Incorrect Responses on Item 13

Grade 4 Grade 5 Grade 6 Grade 7

36% 31% 15% 179

This item was marked wrong if the child did not give the response
"1 out of 7."

Approximately 45% of thé wrong answers were given as "1 out of 6."
This gives the odds for winning the game rather than the probability
or chance of winning. It was decided to mark this answer wroné even
though it indicates that children who give this type of answer may
have somé notions of probability. Examining the pattern of responses
for all the items on Test II showed that children who used the "odds"
representation were not consistent in this usage. This inconsistency
gave substance to the decision to consider the "odds' response as
an error.

The other errors were gxtremely varied and did not suggest any
particular patterns.- The error "2 out of 7" did appeaf on a number of
papers. This error may be due to the children confusing the éymbol nan
on the winning card with the chance of picking the winning card.

14. A box contains slips of paper as in the picture.

To play this game you.pick one Q W B F A Y
slip of paper from the box with-

B F Y
out looking. Q W A

Ny 471

-




155

You win if you pick a slip with an "A" on it.

You lose if you pick a slip with any other letter on it.
If you play this game only once, what chance do you have of winning?

Angwer: ____ out of

Table 96

Per Cent of Incorrect Responses on Ltem 14

Grade 4 Grade 5 Grade 6 Grade 7

67% 53% 38% 27%

This item was marked wrong if the child did not give the response
"2 out of 12" or an equivalent response such as "1 out of 6."

The majority of errors were of two types. Aﬁproximately 38% of
the children who made an error gave the answer "2 out of 10." This
represents the odds_for winning the game, not the proﬁability of winning.
Another 40% of the wrong answers were given as "1 out of 12." These
children obviously did not consider both of the slips with "A" on them
as winners. This type of error may be due to children thinking that
they pick one card from a box of twelve cards so the chance of winning
must be 1 out of 12, disregarding the numbe; of:cards which are

potential winners.

The other errors were varied and did not show any particular patterns.




. 15. A spinner is marked as in the picture.
! To play this game you spin the arrow on the
spinner. (If the arrow stops on a line you

spin it again,)

You win if the arrow points to a space

marked with a "4" when it stops.

h : You losec if the arrow points to a space with any other number on it.
If you play this game only once, what chance do you have of winning?

Answer: out of

i ‘ ' Table 97

Per Cent of.Incorréct Respdnses on Item 15

-

f Grade 4 Grade S Grade 6 Grade 7

w

{ 70% 58% 43% 35%

! This item was marked wrong if the child did not give the response

"3 out of 12" or "1 out of 4."

This item is very similar to item 14 and functioned in much the

same way in all grades. Items 14 and 15 are highly correlated with
inter~item correlations of .58, .58, .62 and .55 for grades four through
seveﬂ respectively.

The pattern of errors for item 15 is also similar to the pattern

for item 14. Forty-three per cent of the children who made an error on

this item gave the odds of winning, "3 out of 9," as their response.

e 173 | 3
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The response "1l out of 12" accounted for approximately 307 of the errors.

The other errors did not suggest any particular patterns.

16. A box contains balls as in the picture.

To play this game you pick one ball green green \(green
from the box without looking.' . 3 7 >
You win if you pick a green ball 4 green) /£
with a "5" on it. : ?

You lose if you pick any other ball.

1f you play this game only once, what chance do you have of winning?

Answer: out of

Table 98

Per Cent of Incorrect Responses on Item 16

Grade 4 Grade 5 | Grade 6 Gréde 7

46% 429, 6% 24%

This item was marked wrong if the child did not give the response
"1 out of 8."

This item is éimilar to item 1 but somewhat more difficult. Part
of the difficulty was probably due to the fact that the balls in the
game described in this item are warked with both a color and a numeral.
The balls in item 1 are marked with only a numeral. ~The duplication H

of colors and numerals also accounted for some of the difficulty.

AL TN
R WA

174




158

Of the errors, 23% were given as "1 out of '7," the odds for
? winning the game. Approximately 307% of the wrong answers were ''1 out
= of 8" and another 10% of the errors were "4 out of 8." These errors
‘ cin probably be explained.by the duplication of two colors and four

numerals on-the balls in the figure.

17. A box contains chips as in the picture.

To play this game you pick one chip from the box

i without looking. ‘

You win if you pick the chip with @ ‘ @ @
%' | the UX" onm it.

, You lose if you pick a chip with @ @ @ @

5 any other letter on it.

Imagine that the first chip you pick has "B" on it and is not a winner.
You do not put this chip back into the box. Then you pick a second chip.
What chance do you have of winning on the second try?

Answer: out of

Table 99

— - Per Cent of Incorrect Responses on Item 17
§ .

Grade 4 Grade S Grade 6 Grade 7

67% 67% 46% 409,

This item was marked wrong if the child did not give the response

"1 out of 7."

i g
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This item involved sampling without replacement which undoubtably
accounted for many of the errors. ‘This is evident from the fact that
43% of the errors were given as "1 out of 8." Only 8% of the errors
on this item gaQe the oddé for winning, "1 out of 6." Ab;ut 16% of
the errors were given as."2 th of 8." The later error was probably

due to thé children thinking of 2 balls picked from a box containing

8 balls.

18. A box contains cards as in the picture.

! To play this game you pick one card

5 -from the box without looking.

i rom the box without looking L L L L L

: You win if you pick a card with 1 2 3 4 3
: LAl - ‘

: 2 W_ on it. ' W W v/ W

j You lose if you pick a card with 1 2 3 4 3

' . a "L" Ol‘! it.
Imaginé that the first two cards that you pick have "L'" on them and are

not winners. You do not put these cards back into the box. Then you

pick a third card.

What chance do you have of winning on the third try?

Answer: ___ out of

Table 100

Per Cent of Incorrect Responses on Item 18

_
Grade 4  Grade 5 Grade 6 Grade 7
87% 847, 67% 607%
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‘that the majority of incorrect responses had either 5 or 10 as the

160

This item was marked wrong if the child did not give the response
"5 oub of 8."

As can be seen.from the results reported in Table 100 this was a
very difficult item, particularly for the fourth and fifth grades.

0n1§ 8% of the wrong answers gave the od&s for.ﬁinning, "5'oﬁt of

3." The other errors did not suggest any particular patterns except

second numeral in the answer. As in item 17, much of the difficulty

with the item was most likely due to the children's lack of understanding

of sampling without replacement. ' )

Summary of‘gggbrs on Subtest II-A

From the rebponses on Subtest II-A it is apparent that:

a) One causezfor error was a lack of undérstanding of the idea
of sample space. The inability to recognize all of the possible oub—
comes of a sanmle space lead to an incorrect statement of the prob-
ability of a simple event in the space.

b). Many child;en gave'the odds for winning'a game rather than the
probability or chanée of winning. These children tended to be incon-
sistent in their use of "odds" and '"probability." |

¢) Some children gave responses such as "A out of 6," "4 out of
0," "6 out of K,f and so on which suggests that these children have

not yet acquired an understanding of probability of a--simple event

as it was used in the context of the items on Test 1I1.




Subtest 1I-B

19. A box contains cards as in the picture.
To play this game you pick two cards from the
box at the same time without looking.

You win if one of the two cards that you 1

pick is the card with the '"X" on it.

: . . . W X z
You lose if you do not pick the card with '

the "X" on it.
If you play this game only once, what chance do you have of winning?

[
i Answer: out of

Table 101

-

Per Cent of Incorrect Responses on Item 19

Grade & Grade S Grade 6 Grade 7

79% 719% - 70% 67%

This item was marked wrong if the child did not give the response
"2 out of 3."

The great majority of errors on this item were of two forms.
Aﬁproximately 70% of the children who made én error on.this'item gave
the response "1 out of 3." These children undoubtably based their
énswer on the number of cards in the figure. There are three cards .
in the box and only one card has a "X" on it. Another 19% of the

errors were the résponse "1 out of 2." No doubt this error was also

..:'. N
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due to the child's improper use of the figure. There is one card with
"X'" on it and two cards without "X" on them. These children most
likely did not consider the possible combinations of two cards. Only

2% of the errors gave the odds for winning, "2 out of 1."

20. A box contains cards as in the picture.
To play this game you pick two cards from the box at the same time

without looking.

You win if you pick the pair of cards

with "A" on one card and ''B" on the

other card.

You lose if you do not pick this pair of
cards.
If you play this game only once, what chance do you have of winning?

Answer: ____ out of

Table 102

Per Cent of Incorrect Responses on Item 20

Grade 4 Grade 5 Grade 6 Grade 7 _ t

99% 98% 987% 927%

This item was marked wrong if the child did not give the response

"1l out of 6."




........

As is evident from Table 102 this was an extremely difficult

item and in fact was the most difficult of the 34 items on the tests.

. An examination of the errors clearly indicates that most children did

not think about all the possible combinations of two letters but used

the number of objects in the figure as the basis for their responses.

The response "2 out of 4" accounted for 54% of the errors and another 23%

¢ of the errors were given as "l out of 4." Less than 1% of the errors

gave the odds for winning, '"'1 out of 5."

It is interesting.to note that more than 50% of the subjects did

list all of the six combinations of four things taken two at a time

on the corresponding item on Test I. (See Table 91 for item 8).

———

-

21, A box contains slips of baper as in the picture.

e TPt (M AT 4 AP AN e et R e N 8 e e 1

To play this game you pick three slips from

b o . GO

¢ ‘the box at tl.1e same time w1thout_ looging. STOP BACK
You win if one of the three slips that you —

!

' pick has the word "WIN" on it. : ' WIN LOSE

You. losec if you do not pick the slip with

the word "WIN" on it.
If you play this game only once, what chance do you have of winning?

Answer: out of

Table 103

Per Cent of Incorrect Responses on Item 21

Grade 4 Grade 5 Grade 6 - Grade 7

847 80% 67% - 65%
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This item was marked wrong if the child did not give the response

'"3 out of 4 "

0f the children who made errors on this item, 65% gave the response
"2 out of 4" and 237% gave "l out of 4" as their answer. About 27 of the
errors were given as "3 out of 1," Since there are four possible com-
binations of four things taken three at a time and four slips in the
box in the diagram one can not be certain how children thought about
this problem. From the paéterns of errors on the other items involving
combinations the numbefm;E>objects in the box was probably used as the
basis for many of the answers.

It is suspected that some of the children who gave the correct
answer for this item did not actually.understand.the item. The fact
that there are four slips in ;he box and the directgons for the game say
to pick three of the slips may have prompted the response "3 out of 4"

Therefore this is a very poor item for one can not be certain how the

child arrived at his answer.

22, . Two spinners are marked as in the SPINNER I SPINNER II
picture. To play this game you spin the RED BLUE
arrow on each of the spinneré. (If an P '\

P \
. . . . BLACK GREEN
arrow stops on a line you spin it again.) '

You win if the arrow on the first spinmer points to a space marked red

and the arrow on the second spinner points to a space marked blue when

they stop. You lose if the arrows stop in any other way.

I1f you play this gawe only once, what chance do you have of winning?

Answer: out of
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Table 104

Per Cent of Incorrect ReSpbnseS‘on Item 22

Grade 4 Grade 5 Gradel6 Grade 7

80% 847 18% 767%

This item was marked wrong if the child did not giﬁe the response
"1 out of 4."

Approximately 85% of the errors on this item were given as "2
out of 4," This type of error may be due to the fact that there are
four spaces marked on the épinners and two of the spaces are marked red
and blue. Another 5% of the errors were given as "2 out of 2.,"

Just as in item 21 one can not be certain how the child decided
why the ﬂumeral 4 should be used as the second nﬁmeral in the response.

He may have known that there are four combinations possible or he may

have used the number of spaces’ on the spinners as the basis for this

decision.

182540
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23. Box A and Box B contain colored chips as in the picture.

To play this game you pick one chip BOX A :
from each box without looking. ’ WHITE

You win if you pick the red chip

from Box A and the blue chip from-

BOX B

Box B.
You lose if you do not pick this - “.

pair of chips.
If you play this game only once, what chance do you have of winning?

Answer: out of

Table 105

-

Per Cent of Incorrect Responses on Item 23

Grade 4 ‘Grade 5 . Grade 6 = Grade 7

98% 96% 95% 90%

This item was marked wrong if the child did not give the respoﬁse
"1l out of 6."

This item was very diffiéult for all grades. The pattern of
errors was similar for all grades and clearly indicates that ﬁany

children based their answers on the number of chips in the two boxes.

Approximately 647 of the wrong answers were given as "2 out of 5" and

another 25% of the errors were given as "1 out of 5." The numeral 5

certainly was used because there are five balls in the two boxes.
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These children did not consider the combinations even though many
chi ldren (see Table 94) were able to list the six combinations for

the corresponding item in Test 1.

24, Box A and Box B contain cards as in the picture.

: BOX A
) o To play this game you pick one card
? from each box without looking. 1 2 3
i You win if the sum of the numbers
on the two cards is 6. BOX B
You lose if the sum is any other 4 7 10
number.

If you play this game only once, what chance do you have of winning?

.~

i . Answer : out of

Table 106

Per Cent of Incorrect Responses on Item 24

Grade 4 Grade 5 Grade 6 Grade 7

98% 97% 95% 90%

This item was marked wrong if the child did not give the response
"1 out of 9."
Item 24 is similar to item 23 and functioned in much the same

way. Notice that the results reported in Table 106 are almosf identical

to the results in Table 105. The inter-item correlations for items 23

i | 18




and 24 are .32, .49, .49 and .62 for grades four through seven respee-
tively.

Thirty-five per cent of the children wh§ had this item wrong gave
the answer "2 out of 6'" and another 32% of the wrong answers were given
as "1 out of 6." Obviously these children were influenced by the
number of objects in the boxes and fhey did notlcompute all possible
combinations. The results given in Table 94 show that subjects were
able to list all nine of the combinations for the corresponding item

on Test 1.

Summary of Errors on Subtest I1I-B

From fhe responses on Subtest II-B it is apparent that:

a) Many ghildren used the number-of:objects in the figure for
the item as the basis for their amswer and did not consider the set of
all possible combinations.

b) Some childgen lack an understanding of the notion of prob-
ability of a simple event for they gave responses such as "A out of 5,"
"2 out of X," and so on. |

c) Difficulties such as confusion between "odds'" and "brobability,"
failure to list 511 possible combinations, and misinterpretation of a

phrase like "from each box," accounted for many of the errors on these

items .

Test II1
The summary and anéiyses of errors on the items of Test III are

prescnted on the foliowing pages. Since these items are multiple

185"
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choice items with three options, the per cent of children in each grade
who sclected each option is presented under the statement for each item.
Since some pupils did not answer all of these items the sum of the

per cents for the three options may be less than 100% on some items.

25. Box A and Box B are used to play this game. The boxes contain

cards as in the picture.

To play this game you pick a card from one of the boxes without looking.

You win if you pick a card with a "X" on it. You lose if you pick a

blank card.
If you can play this game only once, which box would you choose to

pick from so that you would have the better chance of winning?

-

BOX A BOX B
Box A
X X X X
Box B
X X x || x X It doesn't make
any difference

Table 107

Per Cent of Children Who Chose Each Option on Item 25

Grade 4 Grade 5 Grade 6 Grade 7
Box A C o 10% 10% 7% 5%
Box B 77% 87% 89% 90%

No difference 13% 3% 4% 5%




Box B is the correct response for item 25.
As can be secen from the results in Table 107, this was a very easy
item for all grades.
Some children may have sclected the third option because there are
eight cards in each box. It is not clear why some children picked Box

A rather than one of the other options.

26. Box A and Box B are used to play this game. The boxes contain
cards as in the picture.
To play this game you pick a card from one of the boxes without looking.

You win if you pick a card with an '"0" on it.

You lose if you pick a card with an "X" on it.
If you can play this game only once, which box would you choose to pick

from so that you would have the better chance of winning?

BOX A BOX B
A - ______Box A
0 ojljolio 0 0 0 _ Box B
X II X X X X X X It doesn't make
— any difference
Table 108

3

Per Cent of Children Who Chose Each Option on Item 26

Grade 4 Grade 5 Grade 6 Grade 7
Box A . 58% 45% 367% 36%
. Box B 10% . 4% - 13% 6%

No difference 32% 417% 517% 58%

'
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The third option is the correct response for item 26.

The pattern of errors on this item is similar for all grades. The

~majority of children who made an error selected Box A. They prob-

ably sclected this option because there are more cards with "X' on

them in Box A than in Box B.

27. Spinner A and Spinner B are used to play this game. The spinners

4 K K
are marked as in the picture.

To play this game you spin the arroy on one of the spinners. (If the

arrow stops on a line you spin it again.)

You win if the arrow points to a space with a "5" on it when it stops.

You lose if the arrow points to a space with any-other number on it.
1f you can play this game only once, which spinner would you choose to
use so that you would have the better chance of winning?

Spinner A Spim;-er B

db ' Spinner ‘A

“ : Spinner B
q» It doesn't make
: any difference

Table 109

Per Cent of Children Who Chose Each Option on Item 27

Grade 4 .Grade 5 . Grade 6 Grade

23% 12% 7% 8%
38% 58% 70% . 62%

No Dif ference 38% . 30%. 23% 30%

‘e
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Spinner B is the corvect vesponse for item 27.

The results on this ftem are somewhat rurprising. It was expected
that this would be a very easy item. The third option was the most
popular of the two incorrect options. The children may have pickea
this option because the spinners are the same size,‘disregarding the size

of the individual spaces on the spinners.

28. Box A and Box B are used to play this game. The boxes contain
black and white chips as in the picture.
To play this game you pick a chip from one of the boxes without looking.

You'win if you pick a black chip.

You lose if you pick a white chip.

If you can play this game only once, which box would you choose to

-

pick from so that you would have the better chance of winning?

BOX A . BOX B
Box A

0000 OO000OO| — >
]
000 009 | .l

Table 110

Per Cent of Children Who Chose Each Option on Item 28

Grade 4 Grade 5 ~ Grade 6 Grade 7
Box A - 487 63% 23% 71%

Box B . 229, 17% 9% 11%

No Difference . 29% 207% 18% 18%




Box A is the correct response for item 28.

The patterns of response;'for grades six and seven are almost
identical. The item was more difficult for grades four and five but
in each grade the third option was a better distractor than the second
option. Children probably selected the third option because there are
three black chips in each box disregarding the number ofkwhite chips in

each box.

It is not clear why children would bick Box B as the better choice

except perhaps as a random choice if they did not understand the item.
29. Box A and Box B afe used to play this game. The boxes contain -
cards as in the picture.

To play this game you pick a card from one of the boxes without looking.

You win if you pick a card with a "W" on it.

You lose if you pick a card with a "L" on it.
If you can play this game only once, which box would you choose to pick
from so that you would have the better chance of winning?

BOX A BOX B
Box A

Box B

It doesn't make

any difference




Table 111

Per Cent of Children Who Chose Each Option on Item 29

Grade 4 Grade 5 Grade 6 Grade 7
Box A 34% 56% 67% 67%
Box B 50% 31% 25% 25%
No difference v 15% 12% 8% 8%

Box A is the correct re;ponse for item 29.

Box B was a much better distractor than the third option. In
grade four, 50% of the.children selected option B. It can be assumed
that childrenipicked Bobe because it contains four winning cards while
Box A contains only two winning qards. The results of this'item, as
in the previous items, suggest that children are basing there answers
on the number of winning counters in the boxes rather than on the prob-

ability of selecting a winning card, chip, ball, etc.

30. Box A and Box B are used to play this game. The boxes contain

black and white chips as in the picture.

To play this game you pick a chip from one of the boxes without looking.

You win if you pick a white chip.

You losc if you pick a black chip.

If you can play this game only once,which box would you choose to pick

from so that you would have the better chance of winning?

[y
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. ______ _Box B
It doesn't make
any difference

Table 112

Per Cent of Children Who Chose Each Option on Item 30

i
l Grade 4 Grade 5 Grade 6 Grade 7
|
g Box A 24% 35% 37% 27%
? Box B 62% 50% 459 429
No difference 13"/°~ 15% 16% 31%

The third option is the correct response for item 30.
This item was very difficult for all grades. Box B was the better
distractor of the two incorrect responses. This is consistent with the

pattern of errors on the other items in Test III.

31. Box A and Box B are used to play this game. The boxes contain
chips as in the picture.
To play this game you pick a chip from one of the boxes without looking.

You win if you pick a blank chip.

You lose if you pick a chip with a number on it.
1t you can play this game only once, which box would you choose to pick

from so that you would have the better chance of winning?
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BOX A BOX B

0000 .
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Table 113

Per Cent of Children Who Chose Each Option on Item 31

Grade 4 Grade 5 Grade 6 Grade 7
Box A 489, 447, 239, 249,
Box B 279, 26% - 339 187,
No difference 259, 299, 429, 589

The third option is the correct response for item 31.

This item is very similar to item 30 but one would suspect that
it would be more difficult than item 30. This is not true. Per_t;aps
the orderly arrangement of the objects in the boxes may have made
this item slightly easier. |

As in the other items on this test, the box containing the

greater number of winning counters was the better distractor.

tamonns SRS PR
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32. Spinnhr A and Spinner B are used to play this game. The spinners
are marked as in the picture.
To play this game you spin the arrow on one of the spinners. -

You win if the arrow points to a black part of the spinner when it stops.

; You lose if the arrow points to a white part of the spinner.
If you can play this game only once, which spinner would you choose to

use so that you wculd have the better chance of winning?

Spinner A Spinner B

Spinner A
Spinner B

It doesn't make
any difference

Table 114

e e

Per Cent of Children Who Chose Each Option ¢n Item 32

Grade 4 _Grade 5 Grade 6 Grade 7
i Box A 52% 33% 29% 27%
Box B 18% 32% 28% o 17%
No difference 30% 35% 42% 56%

The third option is the correct response for item 32,

Over half of the children in the fourth grade and many children
in the cther g;ades selected Spinner'A.‘ Children probably ma@e this
choice bec#use Spinner A contains thiée shaded regions'while Spinner

B has only two.




Onc can not be certain why children selected the third option.
They may have recognized that the shaded areas on the two spinners

are congruent or they may have made this choice because the spinners

are the same size.

33. Box A and Box B are used to play this game. The boxes contain
chips as in the pictuie.
To play this game you pick a chip from one of the boxes without looking.

You win if you pick a chip with a "3" on it.

You lose if you pick a chip with any other number on it.
1f you can play this game only once, which box would you choose to
pick from so that you would have the better chance of winning?

Box A Box B

Box A

OOGOO® | e
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Table 115

Per Cent of Children Who Chose Each Option on Item 33

Grade 4 Grade .5 Grade 6 Grade 7
Box A 60% . 407 36% T 347,
Box B 119 18%, 11% 9%,

No difference " 289, 419, 51% 55%




The third option is the correct respense for item 33,

This item is similac to item 31 and fuuctioned in much the same
way except that it was somewhat easier for grades five and six.

.Box A, -wit_:h the greater number of winning chips, was the bet:.t:er
distractor of the two incorrect options. This is the same type of

error that is evident in the other items on Test III.

34. Box A and Box B are used to play this game. The boxes contain
black and white chips as in the picture.
To play this game you pick a chip from one of the boxes wihtout looking .

You win if you pick a white chip.

You lose if you pick a black chip.

.

If you can play this game only once, w hich box would you choose to pick

from so that you would have the better chance of winning?
BOX A BOX B
Q ‘ Box A

————

Box B

. It doesn't make

any difference

®
O

Table 116

Per Cent of Children Who Chose Each Option on Item 34

Grade 4 Grade S Grade Grade 7

Box A ‘4% - 45% 487% 487,
Box B - 48% 37% - 31% 28%

No difference 18% 17% 19% 237,

136
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Box A is ‘the correct response for item 34.

The results of this item are surprising for it was assumed, based
on the results of the pilot studies, that it would be the most difficulc
item on Test III. It can not be considered an easy item but the results
in Table 116 show that it was considerably easier than item 30 (see
Table 112). TItems 34 and 30 are similar for both have figures in which
the black and white chips are not arranged in an orderly manner, It

is not clear how children mad: their decisions on this item.

Summary of Errors on Test III

From the responses on Test III there seems to be one main source
of error on these ite&s. It appears that many children made their
decisions on the basis of the number of winning objects in the boxes
rather than relating the number of winners in each box to the total

number of objects in the box,

e My g o e
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Chapter VI

SUMMARY AND CONCLUSIONS

The purpose of this study is to examine the status of three basic
concepts of probability possessed by children in the fourth, fifth,
sixth and seventh grades. Tﬁe three concepts under investigation
were; points of a finite samﬁle space; probability of a simple event
in a finite sample space; and quantification of probabiliﬁies.

The study was carried out during the first semester of the 1967-
1968 academic year in the Wausau, Wisconsin, Public School System.

The population for the study consisted of all children enrolled in the

fourth, fifth, sixth and seventh grades in the

a Total I1.Q. on the California Test of Mental Maturity was available

from the central office files. The population

children who had not had any formal learning experiences with topics in -
probability. The population included approximately 87% of the total
number of children enrolled in grades four through seven in the district
in October, 1967. The sample fér the study consisted of 528 children
randomly selected from the population. The children in the sample were

categorized into twenty-four subgroups on the basis of sex, three I1.Q.

iangcs and four grade levels.

181

Wausau district for whom

was limited to those
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Three tests, one for each of the three concepts listed above,
were constructed by the writer for use in the study. Each test con-
sisted of a set of items for which the child's responses would indicate
if he could apply the concept in a variety of simple experiment and
game situations.

Test I consisted of twelve items on the concept cf sample space.
The first six items (Subtest I-A) involved only simple counting. The
last six items (Subtest I-B) involved simple ideas of combinations.

Test II consisted of twelve items on the concept of probability of
a simple event. Each item on Test II presented a lot-drawing .situation
very similar to the sitﬁation presented in the correspond.:i:, item on
Test I. The first six items on Test II (Subtest II-A) tested the
notion of probability of a si;ple event in which the underlying ideas
of sample space involved only simple counting. The last six items
(Subtest II-B) tested the notion of probability of a simple event in
which the underlying ideas of sample space involved combinations.

Test III consisted of ten items on the concept of quanfification
of probabilities. Each item presented a game s;tuation in which the
child had to decide which of two conditions represented the better
probability of success for a specified simple event in one trial. Five
of the items presented situationsin which the specified event had the
same.probability of success under both conditions.

The tests were administered as written tests to groups of subjects

during November and December, 1967. The same tests were administered

~

to all subjects, érades four through seven. The items on all tests

were scored either right or wrong.

-
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A multivariatc analysis of covariance was performed on the results
of the three tests to determine whether significant differences_occﬁrred
among (ke performances of children in the three 1.Q. groups, two sex

/-; groups and four grade levels. Gradc equivalent scores on the three

! parts of the Stanford Arithmetic Achievement Test were used as covariates.
A uﬁivariate analysis of covariance was also performed on each of the
dependent variables to determine the level of internal differences for
significant overall effects. A discriminant function was calculated

for each factor on which the F-statistic indicated significant variation

among the mean vectors for the factor.

| Correlation coefficients were calculated to determine which of
three available scores obtained on the California Test of Mental

Maturity, (Language I.Q., Non-Language I.Q. and Total 1.Q.) was the

best predictor of performance on three probability tests. Correlation

e L Aot B o g < e 3

coefficients were also calculated to gain some insight into what relation-
ships exist between the childrern's performances on the three tests
and subtests. An analysis of the errors that children made on each of

the test items was performed in an attempt to determine what miscon-

ceptions the children may have about the concepts tested.

Results of the Study ;
In Chapter V the analysis of the data is presented in three parts:
1) the testing of hypotheses; 2) correlation studies; and 3) analysi;
of incorrect responses on the test items. A sﬁmmary of the results of
the study, obtained from these analyses, will be presented in a similar

manner.
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Part 1: Results of the Tests of Hypotheses

In a multivariate sense the overall mean performances, adjus§ed
for the covariates, were significantly different (p < .0l) among I.Q.
groups, scx groups and grade levels. There were no significant inter-
actionms.

A further analysis-of gﬁe differences among-I.Q. groups revealed
that the significant variation amoné mean vectors could be atffibuted
to the significant differences among means on all three of the prob-
ability tests. The mean performances on all three tests ranged from
high for the high I.Q. group to low for the low I.Q. group.

The variations among the mean vectors for btoys and girls can be
attributed to the marginally significant mean differences on Test I
and Test III. On both of the;e tests.the ad justed mean scores for
girls are higher than the mean scores for the boys. The boys' per-
formance 6n Test II was slightly hetter than the girls', but the
difference is not significant.

The univari;te F statistics for the four grade levels revealed
that the significant variation among the mean vectors for grades was
due mainly to the significant mean differences on Test I. The mean
differences for érades on Tests II and III are not significant.
While not all of the mean differences on the three tests are signifi-
cant for the four grades, the directioﬁ of these differences is con-

*stant. The adjusted mean performances of the children in the four

grades ranged from high for the seventh grade to low for the fourth

grade over all tests.

et e = o = e s e 1 3 e mem .
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The discriminant function computed for gach of the significant
main cffects prcschtod another way of characterizing the multivariate
differences among groups.

The discrimination between 1.Q. groups is an overall effect with
Test 1 contributing‘most to the function. The function discriminates
best between the high and low groups. It seems plausible to say that
the high I.Q. group displays a better understanding of all three prob-
ability concepts than the low group. i particular, the high group has
a better grasp of the notior pf sample space.

The discriminant function for the main effect of éex indicates

that the source of the difference between boys and girls is a contrast
of Test I with Test III, sample space v;.’huantification of probabilities.
However, the distributions of discriminant scores for boyé and girls
are almost identical, indicating that the discriminant function for
sex does not differentiate very well betweeh boys and girls. Therefore,
although the difference between the overall performances for boys and
girls was statistically significant, the actual difference between
groups is very small.

The discrimination among grades is due primarily to Test.I,
sample space. The function discriminates best between grade four and
grades six and seven. Children in grades six aﬁd seven demonstrate

a better understanding of sample space, particularly the associated

notions of combinations, than children in grade four.
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Part 2: Results of the Correlation Studies

" The correlations of Language I.Q. and Non-Language I.Q. with the
scores on the probability tests are very similar éor all grades. The
differences are all very small except for Test II in grade six. For
this test the correlation with Language I1.Q. is .48 and with Non-
Language I.Q. the correlation is .16. The difference between these

correlations is significant (p < .0l1).

In grade four Total I.Q. has the smallest correlations with the

probability test scores. For grades five through seven the correlations

of the test scores with Total I.Q. are slightly higher than the
correlations with either Language I.Q. or Non-Language 1.Q. except for
Test II in gradeé six and sev;n.' Although the differences are small
this result give some support~to the writer's assumption that total
I.Q. would be the best predictor of performance on the prebability
tests. It was on the basis of this assumption that Potal I.Q. was
selected as one of the stratifying variables for the study.

The correlations between total performance scores on the three
tests within grades aré 2ll significantly different from zero. The
correlation coefficients range from .40 to .58 with the majérity
between .40 and .50. (See Tables 74-76.) This indicates that the
tests are interdependent as would be expected. The concept of prob-
ability of a simple event certainly involves the concept of sﬁmple
space. The concept of quantification of probability involves the idea

of sample space and the idea of probability of a simple event. The

resulzs of these correlation studies do not indicate that these tests
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can be collapsed even though they are related. On the basis of the
data from this study it appears that one can not be certain that a
child understands the idea of sample space because he answers some
questions about probability of simple events correctly. This is
apparent from the results of correlation studies between Subtest I-A
and II-A. Also, the results of Test III would not give a very clear
picture of what the child understands about sample space and prob-
ability of a simple event.

On the basis of total mean scores, Test 1 (sample space) was the
easiest for all grades and Test II (probability of a simple event) was
most difficult for all grades.

| Subtests I-A and II-A co?sist of the first six items on Tests I
and II respectively. The mean scofes on Subtest I-A are 3.56, 4.20,
4.77 and 5.00 and ehe mean scores on Subtest II-A are 2.28, 2.65,

3.55 and 3.97 for grades four through éeven respectively. Subtest I-A
was relatively easy for all grades. Subtest II-A was more difficult
but still relatively easy for grades six and seven. The correlations
between total scores on these subtests are .42, .25, .43 and .47 for
grades four through seven respectively. Because of the close relation-
ship between corresponding items on the subtests and the reasonably
high mean scores, particularly for grades six and seven, these cor-
relations are lower than expected.

.An even more surprising result is the pattern of very low inter-

item correlations between pairs of corresponding items on the subtests.

Over 307 of these correlations are nbt'significantly different from
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zero. Only the 1tgms involving sampling withgut replacement show a
significant interdependent relationship for all grades. This relﬁtion-
ship may be attributed to the difficulty in understanding the notion
of sampling without replacement. (See Tables i7-79).

It seems reasonable to say that children in all grades exhibit
considerable knowledge and understanding about sample space involving
onl& simple counting. Some children in all grades also have an
understanding of probabilify of a simple-event and can apply this.know-
ledge in a variety of different situations. However, the ability to
answer a question about the probability of a simple event does not
necessarily indicate that the child also recognizes all the elements
of the sample space which contains the event.

Subtésts I-B and II-B consist of the last six items on Test I and
IT respectively. The mean scores on Subtest I-B are 1.92, 2.97, 3.80
and 4.00; and the mean scores on Subtest II-B are .62, .66, .97 énd
1.18 for grades four through seven respectively, The correlations
between total scores on these subtests are .27, .32, .29 and .27 for
grades fou} through seven respectively. The inter-item correlations
for the six pairs of corresponding items on the subtests were all
very low. Eighty per cent of these correlations are not signifi-
cantly different from zero with the other 20% being significant at
the .05 level. (See Tables 80-82).

The low correlations between total scores and low correlations
between pairs of corresponding items on ;hese subtests are undoubtedly

due primarily to the exﬁreme difficulty of Subtest II-B.
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These results indicate that children. in the fifth, sixth and
seventh grades demonstrated some understanding of combinat:io'ﬁs in |
situations involying the idea of‘ sample space but they were not able
to apply these ideas in similar situations involving the probability
of a simple event. Children in fourth grade had considerable dif-
ficulty with t:hese‘it:erns and apparently have not developed the ability

to work with combinations to any great extent,

Part 3: Results of the Analyses of Incorrect Responses on the Test Items

The patterns of errors on each of the test items are discussed in
Chapter V., The analyses of errors suggest several generalizationms
about misconceptiuns children may possess, and some apparent difficulties
children experienced with intt;rpret:ing the wording of some of the items.

There was some misunderstanding about the meaning of the word
"different”" as it was used in the cont';ext: of items on Test I. Children
were not able to decide when outcomes for an experiment were different
and when they were the same. An expression like "pick a card from each
box," in items involving combinations, was also misinterpreted_ by many
children, Either the children ignored the word "each" or they did not
understand what it implied. These children included pairs of objects
from the same box in t:he'ir answers as well as pairs of objects obtained
by seiect:ing one -object from ;each box. The difficulties with these
words was'most -apparent for children in the fourth grade although some
children in all grades experienced these problems.

The idea of sampling without Ireplac‘ement was a difficult idea for
many children at all levels. The common error was to still consider the

object that was removed as a possible outcome for the experiment,

) A 31206
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Many cof the errors on the items in Test I which asked the child
to list all possible combinations werc due to the child omitting just
one or two of the combinations. 1In general it would seem that thesc

children did not have a systematic method for genérating the combinations.

This result is consistent with one of Piaget's findings. He concluded
that children in the concrete operations stage (ages 8-11) demonstrated
some understanding of combinations and permutations but had not yet
developed a systematic method for computing such arrangements.

Many children do not distinguish between the probability of success
for an event and the odds for success for the same event. This was very
apparent. in the answers for items on Subtest II-A. 1In general, children
who gave the odds for winning-rat:her than the probability of winning
were not consistent in their use of this représentation. This indicates
that they probably wer:'e not aware of the difference between the two types
of statements, Very few children used the odds representation for
items which involved combinations. This was probably due in part to

- the fact that these items were extremely difficult. Also, for the
majority of these items, the number of ways of winning was greater .
than orb equal to the number of ways of losing. Therefore the odds for
winning had to be expressed something like "3 out of 1" because of the
specified form for the answer. It is assumed tha't: children would tend
to avoid giving this type of answer be-cause it doesn't sound right,

The confusion between "odds" and "probability" is consistent with

the findings of Leake in his study with junior high students. ’
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Another source of error, that was apparent in items involving
combinations, was that children often based their answers on the
number of objects in the diagrams, or on the juxtaposition of the
objects, rather than on the number of possible combinationé.

On Test III (quantification of probabilitie;s) the most common
error appeared to be that children based their answers on the number
of Mwinners" in the boxes rather than relating the number of winning
objects in each box to the total number of objects in the box. Fourth
and fifth grade children tended to make this error more often than
children in the sixth and seventh grades. The items on Test III are
very similar to the éxperiments used by Piaget in his study of
quantification of probabilities. The main difference is that Piaget

used concrete objects in an interview situation while these items

were presented in written form. The results of this test agree with -

the conclusions of Piaget.

Conclusions and Implications

t

The results of this stddy can only be generalized for the popu-
lation under consideration. The study would have to be replicated for

other populations before the conclusions, which are based on the results

 of the study, can be considered to apply to other than the fourth,

fifth, sixth and seventh grades of the Wausau, Wisconsin, Public School

District.




Status of the Concepts

The most significant outcome of this study is that the children

demonstrated that they had acquired considerable knowledge about the

three concepts of probability under investigation and could apply

these concepts in a variety of situations. These children had not re-

ceived formal training on the notions of probability so their under-~

standing and ability to apply these concepts must have developed as a

; result of their background, experiences and intuition.

f This result supports the findings of Piaget, leake and others,

that young children do acquire some basic understanding about concepts

of probability outside of school.

Implications

Several implications for educational practice and research are

suggested by this result. These implications and research problems

will be considered in the discussion that follows.

The most important implication for educational practice that

arises from this study is that, since young children acquire some
. |
knowledge of probability outside of school, it seems reasonable to |

assume that some topics of probability would not be too difficult to

g A 4 e i e s e < 1wyt

include in the elementary school program.

e v vt

1f probability is to be included in the elementary school
curriculum two questions that arise immediately are: 1) What
topics of probability are most appropriate for the élernentary school?

2) When should these topics be introduced? Both questions are very

difficult to answer and perhaps have no definitive answers. Certainly
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more research is ngedgd‘befdre one cén attempt to answer tﬁese
questions on the basis of experimental evidence. The results of

this study give no conclusive answers to these questions but do
suggest some topics .that might be considered appropriate. The results
also give some indication about the relative difficulty of the concepts
included in the study for children at different levels. This provides
some information that can serve as a guide for the placement of
certain ideas of probability.

It appears that the concept of sample space can be included as
early as grade four. The notion of sample space involving combinations
was difficult for fourth grade children but this does not mean that
it should not be included in the curriculum. The most serious dif-
ficulty seemed to be a lack of a system for generating the combinations.
An interesting problem that is suggested by this error is: How early
can children be taught to effectively use a systematic method for
computing combinations? This question is one that ghould be studied
because it has implications for use of materials on probability that
;re currently available to the schools. The SMSG materials on prob-
ability for the primary grades include activities involving simple
combinations. The authors of these materials presume that children
in the primary grades can be taught systematic methods for obtaining
combinations. ‘It is important to note.that it is not necessary to

force the notion of combinations for many interesting and worthwhile

problems about probability can be posed without including combinations.
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| The fact- that young children appe;r to know quite a bit about
sample space involving simple counting supports the assumption under-
lying many of the activities and exercises on probability that are
suggested for use in the elementary school. These activities generally
do not include-preliminary work with listing the elements of a sample
space, assuming that children already have a good grasp of this notion.
! Even though this study supports this assumption, teachers who use such
| materials should not take this ability for granted. This study also
shows that children do_have some difficulty with countingland listing
the points of a sample space. These children would unﬁoubfedly profit
by more practice with exercises in which they were specifically asked
to‘list all sf the points of a sauple space,

The idea of probability of a simple event in which the underlying

sample space involved only simple counting was relatively easy for all

grades. Apparently this idea can also be successfully taught as early

i as grade four. Fourth grade children had more difficulty with the

| items than children in other grades but they did demonstrate some undér-
standing of the basic idea of probability of a simple event.

. There are several implications for teachers of this topic. Children

must be taught the difference between "odds" and "probability." Also,
one can not be certain that a child who gives a correct response to a

question about the probability of a simple event actually recognizes

NIURM L 1L e Bt ot s o 8 ey ¢ Aaeimce ety

"all the elements of the sample space which cont;iné the event, This
latter point 15 one that is often assumed in the probability activities
and exercises suggested for use iﬁ the elementary school. This study
gaowed that this assumption is not necessarily true,
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Probability . of a simple éveﬁt which involves combiﬁations was an
extremely difficult topic for all grades. Young children may be able
to understand this idea after training but this needs further study.

The results of the test on quantificatipn of probabilities agree
with the findings of Piaget that children often basé their answers on
the number of "winners" rather than on the probabilities of success
under different conditions. It is not clear from the children's
written responses how they actually think abcut such items or how
they decide which answer is correct. Further study with the type of
item used in Test III, using an interview technique, could provide
valuable information about children's understanding of this concept
as well as a deeper insight 1Pt° their understanding of sample space

and probability of a simple event.

The Relationship of the Overall Performance on the Tests with the
Factors of I.Q., Sex and Grade

All three of the main factors of this study; I.Q., sex and grade,
are significantly related to the overall performance on the three tests.
The significant relationship between grade and overall performance
gives substance to the proposal for introducing probability into the
elementary school curriculum. Since understanding of ideas of probability
seems to develop naturally in children as they grow older, it seems
. reasonable to suppose that this development'qould be increased and
strengthened through formal learning activities during these early
formative years.

The significant relationship between I.Q. and overall performance

suggests that it may be neceésary to differentiate the types of
(R
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activitices br¢aoutcd to different ability groﬁps. This studf does
not indicate that iow ability children can not or should not be taught
topics of probability. It does indicate that low ability pupils have
aot acquired as much knowledge about the concepts investigated as the
highef ability groups. This means that they will probably need more
work with preliminary activities and their progress may be slower.

The relationship between sex and overall performance was signif-
icant but the internal causes for this relat%onship are not clear. This

result does not suggest any implications for educational practice.

Suggestions for Further §tudy

The analysis of errors on the test items pointed out several
misconceptions that may be ar;ifacts of the tests or may represent
deeper problems. These problems need further investigation before any
conclusions can be drawn.

The possible misinterpretation of‘the words "different'" and "each"
should be tested in other settings. Are children confused because of
the confounding of their use with probability notions or is there some
confusion in the general use of these words?

It is not clear from the study how children interpreted questions
involving the use of spinners. Does the size of the spinnér make a
difference in the way childrgn view these items? This is an important
question because many of the suggested materials for probability
activities include the use of spinners. Does the shape of the spinner
make a difference? It would be interesting to pose questions about
two spinﬁers in which one of the spinmers was the usual disc and the
other had a different shape such as an octagon, hexagon, etc.
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A serious limitation of this study was that each test item was

presenteg as a wiritten item and the accompanying diagram could only
depict the objects used in the problem in a static position. Would
children give the same responses to these items if they had concrete
objects to mﬁnipulate rather than having to use a picture to help
interpret the problem? This problem could be investigated by randomly
assigning subjects to one of‘two groups and using both techniques.

In order to gain a deeper insight into how children think about
the items presented, an interview testing procedure could be used. In
this way subjects could be asked to explain how they arrive at their
answers. The information gained from this type of study would be very
helpful in deciding how to present these topics to children in order
to clarify misconceptions that they may already have formed.

It would also be valuable to expand the study of each concept by
using a greater number of iFFms and present a greater variety of situa-
tions. This should be done within grades and across grades.

This study should be replicated or similar studies conducted for
other populations to see if consistent results are obtained.

Another very broad area for further study is: What effect will the
teaching of these concepts have.on the_performance of children in applying
éhese concepts? This involves the construction of appropriate units
forstudy and the development of evaluation instruments.

This study hasvprovided some insight into the status of probability
concepts in young children. It has pointed out several areas that
should be given careful consideration in classroom practice if the
topic of probability is includéd in the elementary school curriculum. It

has also suggested a number of problems that require further study.
' PRR AN
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APPENDIX A

-

PROBABILITY TESTS I, II, AND III,

DIRECTIONS FOR ADMINISTERING THE TESTS
AND
ANSWER KEY
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" Directions for Administering Test I

Do not open the booklets until I tell you,
Pring,the following information on the front page of your booklet:
Your name
The name of your school
The - grade you are in
In the first part of the booklet you will be aﬁked to think about
doing some experiments. These experiments will be like playing a game,
where you do things like picking a card from a box without looking,
spinning a spinner, or throwing a pair of dice. In each case you can
not be certnin what will happen each time you do the experiment, All
of the things that can happen when you do an experiment are called the
outcomes of the experiment, Different experiments will have different

outcomes. For each question in this first part you will be asked to

write the list of all of the outcomes that are possible for the experi-
ment described in the question.
Look at the first sample question I have written on the chalk-

board (card). (Read aloud and demonstiate with box and colored cards.)

A box contains cards as in the Blue Blue Blue
picture.

After I shake the box so that the Red Red
cards are well-mixed, I pick one

card from the box without looking.

The color of the card that I pick is called an outcome of this
experiment.
(Do you understand that in this sample: The experiment 1is pick-

ing a card from the box without looking? An outcome of the experiment

’:‘!“; 216
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is the color of the card I pick?)

What are all the different outcomes:that are pogssible for this

experiﬁcﬁt? (Write the outcomes on chalkboard or card: red, blue,
green.)

Are there any questions about this first sample question?

Look at the second sample question I have written on the chglk-

board (card). (Read aloud and demonstrate with box and colored cards.,)

A box contains cards as in the " Red Red
picture. 3 5
After I shake the box so that the

cards are well-mixed, I pick one Yellow Yellow
card from the box without looking. 3 5

The color-number pair of the card that I pick is called an

-

outcome of this experiment.

What are all the different outcomes that are possible for this

experiment?

(Write outcomes on chalkboérd or card: (red, 3), (red, 5),
(yellow, 3), (yellow, 5))

Are there any questions about this second sample question?

Do you all understand what I mean by experiment and outcome of
an experiment?

Now I am going to ask you to answer some questions like tho
sample questions, To begin with I will read each question aloud and
I want you to read along with me, but you are to read silently.

Each question has a éictufe that goes with it. It is very
important that you look at each picture carefully because you will

need the picture to help answer the question. Think of the objects

i _17
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1in the pictures as being well-mixed so that you would not be certain
which object you would pick from the box if you pick without looking.

Write your list of outcomes for each question in the épace under
the question. You may do any scratch work that you may want to do
on the teét Booklet or on your scratch paper,

Are there any questions before we begin?

Open your booklets to page 1.

(Read questiohs 1 - 7 aloud. Allow enough time_ for all suﬂ;

jects to answer each question before reading the next question,

»lsubjects.are then to work at their own speed and stop after question 12,)

Stop when you get to the blue sheet in your booklet,

R 248
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21, A box contains slips of paper as in the picture;
‘i To play this gamc you pick three
slips from the box at the same _
time’ without looking. . : i
3 ; STOP GO :
' You win if one of the three - 5 BACK
slips that you pick has the .
word "wm" on it, | ’ ' win| |rosk

- ' You lose if you do not pick :
3 the slip with the. word "WIN"
] on it, ’ 'l'_\':
t :
3 CIf you- play this game only once, what chance do you have of {
winning? . ' 3
Ansver: out of _
Fkkbrleviidinninlinnob deloinldelodeledededo dededeledeleseledededeiededete dodedeteletodededede dedededededetedededededede
22, Two spinners are marked as in the picture. : _ g
Rk To play this game you . _ , ;
spin the arrow on each o _ - g
of the spinners, afg . SPINNER I SPINNER II
an arrow ‘stops on a ' ' ;
line you spin»'it: again,) i
5
You win if the arrow on
t:he first ginner goints %
to a space marked .red and
the arrow on the second S
o , spinner points to a space
[ ; marked blue when t:hey st:op. %
f ‘You lose if the arrows stop | 3
: in any other way. g
1
If you play this game only once, what chance do you have of
winning? . d
Answer: _out of ;
<t
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To play this game you pick
- one chip from each box
wi'thout:' looking.' '

You win 1f you pick the red _
' ch1p from | Box A"and the blue- =
chip from Box B,

 You lose if you do not pick
this pair of ch1ps.

"If you play this game only once,
" winning?

Ansver:

dedededededede "r.;':**:’nd‘f:a’:idd“’c"dc*v‘c****:»’. e devede
24, Box A and Box B contain cards as
To play this game you pick

~ one card from each box
without looking, -

You win if the sum of the
numbers on the two cards
is 6. ’ A

-You lose if- the sum is any
other number.

' If you play this game only once,
winning?

Answer:

Box A and Box B contain 'éolb:ed chips as in tﬁé'piéturé.

BOX A

@ &

BOX B

out of

in the picture.

what: chance do you have of

£ 'c7’:7'(*9#::':1’:**7'&*7’5:*********9:9.‘*'»’.‘7"(*5':*1'{9.‘7’:7’:

BOX A
1 2 3
BOX B
14117110

. ',.1'_.-"
out of

vih‘a't chance do- you have of
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To do this expériment you plck
ouc ball from the box without
looking.

The number that is on the ball
that you pick is called an
outcome of this experiment,

For this experiment a box contains balls as in the picture,

ONONO

© 00 0
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In the space below, write all the different outcomes it would

"~ To do this experiment you pick

. be possible to obtain for this experiment.
b1
:
: ****s':**z'n\-*:':***’;:fcz'c**fnwn':*s':*****fe*’we***a'nh'dcm******fc*****fn'e********ﬁc*

2. For this experiment a box contains cards as in the picture,

one card from the box without 118

A

looking,

The letter that is on the card

that you pick is called an s

al

C R K E

& | outcome of this experiment.

possible to obtain for this experiment,

s
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In the space below, write all the different outcomes it wbuld be




Directions for Administering Test ITIT

In this third part you will be asked to think about some games,

In each question you will be told how to play a certain game and how
you can win the game, |

Open your bookiet to question '25, oaée 13.

(Read duestion 25-a10ud while subjects read silently),

Remember, think io‘f the objects in each box as being well-mixed,
The picture only shows what is in each box, not the way in which the
objects are placed in each box. '

Answer this question by placing a check next to one of the
three. ch01ces at the right of the picture. Remember‘you want to try
to win the game. If you think you would have a better chance of
winning by picking from Box A~ then put a check vin the. blank next to
the words "Box A." If you think fyou wbuid have a better chance of
winning by picking from Box B then put a check in the blank next to
the words "Box B." Tf you think it doesn't make any difference which
box you pick from then put a check in the third blank, next to the
words "it doesn't make any difference." '

A'r_e l.t.he_?r'e— eny q&%éé‘f.iQﬂ??,, .'.

Now work ahead at your own‘speed and ansﬁef'questions 26-34 in
the same way you answered question 25 ) _Check onlj ﬂa_ of the
three’ blanks in each question. . |

When' you-hav__e answered.allqof t_.hequue_s,tions you may return to

1.

L your ;c;_lass"room.'"‘ Leave your booklet and 'scratch paper on the table.
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To do this experiment you spin 8
the arrow on the spinner. (1f

the arrow stops on a line you

spin it again.)

The number that the arrow points v
to when it stops is called an 0
5

outcome of this experiment.

In the space' below, write all the different outcomes it would be
possible to obtain for this experiment,

¢

**********‘*******‘.'ﬁr}'f}':'.'-‘k*******‘.\‘* ‘.'c*a‘n‘nh'dn'n'c3'.'1'{:'::':7’{:':7’:3':1’:1’:**7’:**"k***ic*ah'c*}'dn’n'ﬂ'e

-

4, For this experiment a box contains cards as in the picture,

To do this experiment you pick .

one card from the box without béue rgd r;d blze
looking., - : . :

The color-number pair that is

on the card that you pick is rzd biue ;ed bl‘;e
called an outcome of this , ‘

experiment, For example, one
outcome is the color-number
pair (red, 3).

" In the space below, write all the different outcomes it would be
possible to obtain for this experiment.

31 ¢ -
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25,

You win if you pick a card with |

Box A and Box B.are used to play this game,
The boxes contain cards as in the picture,.

To play this game you pick-a card from one of the boxes
without looking.

X" on it,

a
You lose if you pick a blank card,

If you can play this game only once, which box would you
choose to pick from so that you would have the better

.chance of winning? .

- BOKA . . BOX B \ Box A
X X X X . Box B
11Xl 41 RS ERIE X , It doesn't make

any difference

********i ****f:*****"e*fndc********idc****x**********s'c*****’k**************

26.

Box A and Box B are used to play this game,
The boxes contain t_:ards as in the picture.

To play this game you pick a card from one of the boxes

without looking,

You win if you u pick a‘card with an "0" on ‘it,

You Tose if you pick a card with an "X" on it.

If you can play this game only once, which box would you
choose “to. pick from so that you would have the better
chance of winning? '

.Boxa .. . BOXB

oflofiof fo]|olt] o] lo] |o] Box A
x| Ix] [x].[x] _ﬂ x| |x} [x] | Boxs
It doesn't make
+ " any difference
R
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6.

. The letter that is on the chip @
that you pick is called an

205

For this experiment a box ‘contains chips as in the picture.

To do this experiment you pick one :
chip from the box withéut looking, '

outcome of this experiment.

Imagine that the first chip you pick has a "K" on it. You do not
put this chip back into the box. Then you pick a second ch1p.

In the space below, write all the different outcomes it would
be possible to obtain for this experiment on the second try. . ’

For this experiment a box contains cards as in the picture,

To do this experiment you pick A ' ‘A A _A

one card from the box without :
1 2 3 4 5 i

looking. j

The letter/number pair that is

on the card that you pick is K 1K K
called an outcome of this 1} 2 3 4 5
experiment. For example, one ' ' ]

outcome is the 1et:t:er/number
pair (K/4).

Imagine that the first two cards that you pick have the number ngn

on them. You do not put these cards back into the box. Then
you pick a th1rd card.

PO SRS R LTS

In the space below, write all the different outcomes (letter/number 4
pairs) that it would be possible to obtain on the th third pick.
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27, Spinner A and Spinner B are used to play this game,

_The spinners are marked as in the picture,

To play this game you spin the arrow on one of the spinners,
(1f the arrow stops on a line you spin it again.)

g aaerh e S e AT o i

You win if the arrow gomt:s to a sgace W1t:h a !"s" on it
when it it st:ops.. :

You lose if the arrow pomt:s t:o a space with any ot:her
’ . .number_ on it,

1f you can play this game only’ once, which spinner would

you choose to use so that you would have the better
chance of wmni.ng"

‘
‘hb"

KR feddedededeldrieledednlelededofodedoeledode dede de Sl dedededeldedededodededetetetote do e dedededeto dedevededede do dedededetedededededote

Spinner A
Spinner B
"It doesn't

make any
difference

28, Box A and Box'B are used -to play f:h}s game, T : v‘
The boxes contain black and white chips as in the picture,

To play this game you-pick a chip' from one- of the boxes
without looking,

You win if you pick a-black. chip. o E ' ;
You lose if you pick a white chip. - _ : : .

1f you canplay this game only once, which box would you choose
to pick from so that" you ‘would have t:he better chance of winning?

BOX A o _ BOX B

et e b 3

Box A

IRy P

Box B

It doesn't
make any
difference

h"\/‘rl . o

il o . ’ T ;' s




206

7. For this experiment a box contains chips as-in the picture.

To do this experiment you pick
two chips from the box at the
same time without looking.

The sum of the numbers on the
two chips that you pick is
called an outcome of this
experiment, For example, one
outcome is the sum (4 + 2) or 6,

© @‘).G) l

In the space below, write all the different outcomes (sums)
it wovld be possible to obtain for this experiment.,

fefefedededefode ek dle ke dedesedede Fededededoledolotedede e dedede e dedevede .‘:‘n'n'n'c******m:‘:**********fn'dc***

8. For this experiment a box contains slips with names on
them as in the picture,

To do‘ this experiment you pick

two slips from the box at the Jim Tom
same time without looking.

The pair of names on the two Ed Sam
slips that you pick is called

an outcome of this experiment,
For example, one outcome is the
pair of names (Ed, Sam).

In the space below, write all the different outcom.es
(pairs of names) it would be p_ss:.ble to obtain for
this expenment

223

3
K
;

7
4
R

AL B

R} LX)

i
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29, Box A and Box B are used to play this game.
The boxes contain cards as in the picture,
To play this game you pick a card from one of the boxes
without looking.
You win if you pick a card with a 'W" on it,
You lose if you pi.ck a card mth a “L“ on it
If you can play this game only once, which box would you
choose to pick from so that you would have the better
chance of wmni.ng" ‘ :
BOX A BOX B o Box A
W W Wl lwllw]|w ___Box B
vl Jr] e el e fe]] It doesn't
: , : ‘ make any
difference
: *********Mm:**mmm**m**mwmwm*m***m******fdmmm
30. Box A and Box B are used to play this game.
The boxes contain black and white chips as in the picture,
To play this game you -pick a chip from one of the boxes
without loocking,
You win if you pick a white chig.
You lose if you p:.ck a " black chip., -
1f you can:play this game only once, which box would you
choose .to pick from so- .that you would: have the better
chance of winning?
BOX A | BOX B "__ Box A
RN / ‘ o BoxB
‘ ; g 1t It doesn't
__JeJle)| "’QCQ e
' " "difference
~‘;.}}:q:‘ o _ 287

S
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9. For this experiment a box contains cards as in the picture.

To do this experiment you pick ,
three cards from the box at the 1 3
same time without looking.

The sum of the numbers on the : 5 7
three cards that you pick is
called an outcome of this
experiment. For example, one
: outcome is the sum (1 + 3 + 7)
’ : or 11,

In the space below, write all the different outcomes (sﬁms)
it would be possible to obtain for this experiment.

Lp ot g e S L A S S wkkdleddelledolefelelilalolelelefelolek fedodedokdeledodedododetededet dotoodedede

(3

10. For this experiment two spinners are marked as in the picture,

To do this experiment you spin SPINNER I * SPINNER II
the arrow on each spinner, (If

an arrow stops on a line you
spin it again.) | -

L _ B A !3“ T
The pair of letters in the spaces N N
that the two arrows point to when S ..

they stop is called an outcome of
. this experiment. . For example, one
outcome is the pair of letters (A, S).

In'the'Space below, write all the different outcomes (pairs of
letters) it would be possible to obtain for this experiment.

R n,'.,)‘" B
X ot E4L T 4] .
K ‘.Jv)“"\

. 3]
: %‘f’:
.
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31. Box A and Box B are used to play:this game.
The boxes contain chips as in the picture.

To play this game you pick a.chip .from one of the boxes
without looking. L S

You'win if you pick a blank chip. o
You:lose if you pick a chip with a number on it, .
RS v

If you can play. this game only once, which box would you choose
to pick from so that you would have the bett_er chance of winning?

BOX A BOX B Box A
QOO | s

i It doesn't

00ddlloeoe| T Hm.

g P PSR T AS Tse TEATE
A B R G DUt S P AT

****;Ic***;lf***’fddde**fd:*****idrh’ddc*:k‘.’c*S'da%******s’n‘n'c****Mc*’ki‘c*****a‘dﬁdc**a’dn’c

T

L2 Q n e - Ta YRy DS
pAALE LTS SN e AL ST S M

32, Spinner A and Spinner B are used to.play this game,

The spinners are marked as in'the picture,

To play this game you spin the arrow on one of the spinners,

You win if the arrow points to a black part of the spinmer
when it stops T = Spinner

You lose if the arrow points to a white part of the spinner,

If you can "'pla’jr_' this game iny once, which ‘Spiri_'ner‘ would you ‘
choose to use so that you would have the better chance of )
. winning? '

Sqmner A PR S ; Spinner B ___.__ Spinner A

}

Spinner B

Yommmin It doesn't
o make any
difference
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11. For this eiperiment two boxes contain balls as in the
picture,

; BOX I
To do this experiment you pick
one ball from cach box without

Tooking. ! | ® O |

The product of the numbers on
the two balls that you pick is
called an outcome of this. BOX II

experiment, For example, one | .

outcome is the product (2 x 4)
or 8,

In the space below, write all the different outcomes (products)
it would be possible to obtain for this experiment,

Fedededededeledelelehededededodedededodevedededodedede dededeieved: *fc'.':}':**}’t**:’:*ﬁ********************'k**‘k*

12, For this experiment two boxes contain cards as in the picture.

To do this experiment you pick ' BOX I
: one card from each box without . |

‘ . looking,

The pair of letters on the two
cards that you pick is called
“an outcome of this.experiment, BOX H
. For example, one outcome is the

pair of letters (C, X). . E ’

In the space below, write all the different outcomes (pairs of
letters) it would be possible to obtain for this experiment,

. .E:{;\ '%. . I E

T et Lty

il .. R3S | | - -




Box A and Box B are used to play this.game,

The boxes contain chips as in the picture,

To play this game you pick a chip from one of the boxes
without looking, ' : :

You win if you pick a chip with a "3" on it.

You lose if you pick a chip with any other number on it,
If. you can play.this game only once, which box would ybu

choose to pick from so that you would have the better .
chance of winning?

BOX A -BOX B Box A

@@@@@@ ' | ;.':BoxB
@ @ @ @@ @ ‘ @ @ @@ @@ ____ It doesn't

make any
difference

****‘k7’:‘.’6**fdﬁ’n’d‘k*****:’dn’:*h’c**fg#ﬂ*******'k*****f.;** Fefededededededs

34, Box A and Box B are used to play this game,
The boxes contain black and white chips as in the picture.

To play this game you pick a chip from one of the boxes
without looking. ' ' '

You win if you pick a white chip,
You lose if you pick a black chip,

If you can play this game only once, which box would you choose
to pick from so that you would have the better chance of winning?

BOX A BOX B - - Box A

Box B

. ‘O | ‘ . - I Itkdoesn't
T . O ‘ L ‘ O ; K ng;e:te‘zce
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In this second part you will be asked to think about some games,

209

In ecach question you will be told how to play a certain kind of game

and how you can win that game. The question you will be asked is:

what chance would you have of winning the game if you played the game

only once?

Look at the sample question I have written on the chalkboard

(card). (Read aloud and demonstrate with box and colored cards.)

A box contains four colored cards

as in the picture, You EH‘. if you
pick a red card, You lose if you

pick any other card,

* Answer:

As you can see in the picture the box contains four colored cards;

Red Black
Blue Green
out of

one red card, one blue card, ome black card, and one green card. To

play this game you shake the box so that the cards are well-mixed and

then you pick one card from the box without looking. If you play this

gamevonly once, what chance do you have of winning the game?

out of .

(Ask subjects for answer. Write correct answer in blanks and
discuss why answer must be 1 out of 4 and not 1 out of 3.)
bo you have any questions about the sample question?

Do you understand what is meant by chance ég winning?

Do you understand how you are to answer this kind of question by

£filling in the blanks in the expression

TR

LIRS PRI

out of

2

226

. rm

You answer this question by filling in the blanks in the expressioﬁ

ERTIER L SV RPN LAY
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14,
15.
1 16.
17.
18.

19.

20.
21.
22,

23,

Answver Key
Test 1

3, 8, 2,1, ?, 9, 6

S, A, C; R, K, E
1, 3, 5,7, 8
(red,1), (red,2), (red,3), (red,4), (blue,l), (blue, 2),
(blue,3), (blue,d)
F, S, P, Q, A, E, M
/1), "(A/2), (A/3), (A/5), (K/1), (K/2), .(K/3). (K/5)
G+2), ¢+3), (3+2) ' |
(Jim,Tom), (Jim,Ed), (Jim,Sam), (Tom,Ed), (Tom,Sam), (Ed,Sam)
Qa+3+7, 1+5+7), B+5+7)
@A, S), (A,T), (B,S), (B, T).’
(2x 3), (2x4), (2 x 5), (1 x 3), 1 x4), (1 x5)
(AM), (A X), (A S), (B M), (B, }c), (B S), (C M), (C X), (c,S)
TEST IT | TEST IIT
1 out of 7 25. Bo;c B
2 out of 12 26. It doesn't make any difference
3 out of 12 27. Box B
1 out of 8 28. 'Box A i
1 out of 7 29. Box A - ‘
5 out of ’8 30. It doesn't make any difference e
2 out of 3 3‘1. It doesn't make any difference

1 out of 6 32. It doesn't make any difference

3 out of 4 33. It doesn't make any difference
1 out of 4 . 34, | Box A
1 out of 6

out
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Open your booklet to page 7, question 13, I will read this
question aloud and you read along with me. You read silently while
I read the question aloud. Remember, think of the objects in the
picture as being well-mixed so that you would not be certain which
objeét you would pick from the box if you pick without looking.

Now you work ahead at your own speed and stop after question

24, Stop when you get to the yellow sheet in your booklet.

LA

by
Rledn,




APPENDIX B

INTER-ITEM CORRELATIONS FOR SUBTESTS I-A AND II-A

FOR GRADES FOUR, FIVE, SIX AND SEVEN
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13. A box contains cards as in the picture.

To play this game you pick .
one card from the box 4 0 2
without looking.

You win if you pick the card 6 8 10 7
with the "2"-on it,

You lose if you pick a card
with any other number on it.

If you play this game only once, what chance do you
have of winning?

Answer: out of

********************************%*************************************
14, A box contains slips of pape: as in the picture.

To play this game you

pick one slip of paper Qitw BIIF} A Y

from the box without '
" looking.,

You win if you pick a . | L2
slip with an "A" on it.

v

You lose if you pick a
slip with any other
letter on it.

If you play this game only once, what chance do you have of

winning?
R .
Answer: out of
i
. N ’<8
Valn et . :
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15. A spinner is marked as in the picture..

To play this game you spin the
i arrow on the spinner. (If the
! arrow stops on a line you spin
: it again.)

You win if the arrow points to
ﬁ : a space marked with a "4" when

b ‘ it stops.

You lose if the arrow points to
a space with any other number
on it,

If you play this game only once, what chance do you have of
winning?

Answer: out of

Kedcledododokdlefodedoiedollededs *"c*"‘x***’k**»’:*’ld. % ﬂ‘):**innc*fdc****************‘k*******

[

16. A box contains balls as in the picture.

| To play this game you pick
. . one ball from:the box : green green green .
o - “'without looking. ;
o You win if you picka- | i
i —-1. with ; e : @ @ L
o L—-—ﬂ it. S == . . - \ 9 »

You lose if you pick _ ‘ R o - . b
any other ball, ’ o ' ;

>

If you play this game only once, what chance do you have of E
winning’ _ S

Ansver: out of |

Lo ("\vgs .
L NG
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17. A box contains chips as in the picture.
To play this game you pick one : ' )
chip from the box without K @ @ @ @
looking, ; o - ~
You win if you piclé the chip

‘with_[;_hg"x"o_n__i_t_;_. , o @ @@ @

You lose if you pick a chip
with any other letter on it.

Imagine that the first chip you pick has "B" on it and is not
a winner. You do not put this chip back into the box.
Then you pick a second chip.

What chance do you have of winning on the second try?

Answer: out of

***in’::’c*b**,’:ic*}’c*k*s':-."ddnh\-*#****idc****s'dck*********************fc******a'n'n':*:'(
18. A box contains cards as in, the picture.
'i‘o play this game you o C K e
rasint | R REE

u win Lif you pick
ha'lo

. I‘h

pick a
d‘wi ._11_5

You lose if you- Pick a M M% % H
card with a "L" on it. . V]

Imagine that the first two cards that you pick have "L"
..on: them and .are not winners. You do not .put ‘these cards

back into the box. Then you pick a third card.

Wha_t.chance do, you have of .winning on the third try?

Answer: out of
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19, A box contains cards as in the picture.

To play this game you pick two
cards from the  box at the same
time. without looking.

You win if one of the two cards . W X z

‘that yo you pxck is the card with
the "X'" on it,

You lose if you do not pick the
card with the "X" on it,

1f you play this game only once, what chance do you have
of winning?

- _ Ansver: out of

Fedededediledohiellleiiohiilololedolololololololololeeleefe e delefedededodededetedetedededededededededededededededede dedededededede
20, A box contains cards as:in the picture,
To play this game you pick two

. cards from the box at' the same ) A D
 time’ withopt:looking. '

You win if you pick the pair cl Is
~of cards with "A" on one card :

,-and "B" on the other card

'You lose’ if you do not pick
thxs pair of cards.‘

1.

If you: play this game only once, what chance do you have of
winning? T S '

Answer: - - out of
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APPENDIX C

.

INTER-ITEM CORRELATIONS FOR SUBTESTS I-B AND II-B

-FOR GRADES FOUR, FIVE, SIX AND SEVEN
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APPENDIX D

California Test of Mental Maturity

L Language I.Q.

. NL  Non-language I.qQ.

T Total 1.Q.

i

S1 Computation

82 Concepts .

83 Applications

Probability Tests
I-A Sample Space (simple counting)
I-B  Sample Space (combinations)
II-A  Probability of a Simple Event (simple counting)
. II-B  Probability of a Simple Event (combinations)

III Quantification of Probabilities

Group ijk: I.Q. group i; Sex group j; Grade level k

I.Q. group 1: 71-10& Sex group 1:
I.Q. group 2: 105-113 Sex group 2:
I.Q. group 3: 114-144 »

"Grade Level 1: grade four
Grade Level 2: grade five

 Grade Level 3: grade six
Grade Level 4: grade seven

51

SCORES OF 528 CHILDREN ON THE CALIFORNIA TEST OF MENTAL MATURITY,
STANFORD ARITHMETIC ACHIEVEMENT TEST AND THE PROBABILITY TESTS

Stanford Arithmetic Achievement Test (Grade Equivalent Scores) -

boys

_girls

B T T I YU TR




Subject

Group 111

1.Q. _Arith. Ach. Probability

L 8 T s 5, S, T1I-A I-B II-A II-B III

96 113 103 3.5 2.9 2.9 3 - 1 - 3
109 98 103 2.7 5.0 5.5 2 - 2 1 3
101 100 100 3.5 2.3 3.2 2 - 2 2 -

97 82 91 2.5 1.9 ' 2.1 1 - 1 - 1
107 92 98 3.6 3.6 3.2 2 - 1 - -
104 100 102 3.3 2.7 3.6 3 4 < - 5




Group 112

Arith. Ach. __Probability
1 S, S, I-A I-B II-A II-B III

Subject L - S

9% 3.6
3.1
4.0
4.4

5.2
2.9
4.1

2.7

4.3
2.5
3.1

2.9
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Group 113

_1.Q. . _Arith, Ach. . - Probability
Subject L NL T Sl- 82 83 I-A I-B II-A 1II-B III

1. 110 8 99 4.8 59 6.8 6 3 2 -
e 2 102 9% 98 5.0 6.6 59 5 - 2 2
3 100 - 106 103 4.6 4.6 3.6 5 2 3 -

4 107 88 98 4.1 3.1 6.1 3 1 2 -

o oo & O

113 89 101 7.1 7.6 9.1 6 2 6 2

B T -k
RIRCEAGR fhacde n H o P SO el

6 92 97 95 4.6 5.9 42 2 2 2 - 2

7 113 89 101 7.9 8.2 8.0 6 5 5 2 9

8 83 95 89 4.1 4.6 3.6 6 5 2 1 6

O

110 88 99 4.6- 6.1 4.0 4 6 1 2 7

10 104 90 97 5.2 6.5 5.9 53 4 1 3

TS A T MRS
S LR T RS T LT e T

11 84 9% 89 5.0 5.4 8.0 2 .6 2 - 6
12 102 93 98 3.6 4.0 4.0 3 2 1 1 1

13 110 95 103 4.4 4.6 5.4 6 5 4 1 5 T

_.,A;,‘ﬁ
5 E AP et S 7 sy

6 8 89 8 4.8 4.6 44 & 2 1 - 3
15 117 88 103 3.6 6.1 42 5 4 6 2 7
16 109 93 101 5.6 5.4 7.1 6

17 85+ 98 92 4.6 5.9 57 4 1 1 - 5
18 104 8 95 4.1 '3.6- 40 1 1 3 - 3
19 109 90 100" 4.4 3.6 49 2 5 - ‘- 3

e IR P S P

20 107 8 9 6.5-6.8 7.7 .5 2 6 1 8

21 9% 98 6.3 6.3 5.7 6 3 -4 1 3

o e el
]
-
£

- 22 118 83 101 4.8 5.2 49 - 3 2 -2 -1 5

RS54
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Group 114
1.Q. Arith, Ach. . Probability
Subject L ML T 5, s, S, I-A I-B II-A II-B III
| ‘
i 1 91 101 95 5.8 7.2 6.3 3 - 2 - 1
’ 2 85 97 8 51 6.9 6.3 5 - 3 2 2

3 95 111 102 6.4 6.0 6.7 6 6 3 2 9

4 89 87 89 51 44 40 3 - 1 . 5
) 5 % 95 95 5.8 5.4 5.3 5 1 2 - 1
6 9% 80 87 4.8 5.7 7.2 - - 2 - 4
7 108 91 101 4.5 4.8 5.8 5 2 - - 4
8 105 8 9% 5.4 5.4 5.8 2 - 3 3 8
9 8 97 90 4.5. 5.1 4.9 6 5 3 1 4
10 108 90 99 4.2 4.8 4.4 2 - 4 2 3
11 102 87 95 6.4 7.2 6.7 & 5 &4 2 5
12 101 101 101 6.0 6.3 5.8 1 4 1 - 2
13 ° 99 106 103 3.9 5.1 5.3 5 5 5 - 5
14 90 102 95 6.8 5.1 4.4 & &4 6 1 1
15 . 87 111 " 97 4.8 5.4 6.7 & 6 47 - 3 g
16 100 105 103 . 4.5 5.1 7.9 & 1. 3 ,\r 3
17 85 101 91 4.5 4.4 5.3 5 - 2 - 1 |
18- 111 90 102 6.4 5.7 l6.3 6 3 6 - 9
19 107 9% 103 5.1 6.3 5.3 & 5 2 - 2
20 9% 89 90 3.6 7.6 4.9 6 2 5 - 8 |
2L % 9% 95 45 5.4 63 3 - .1 - 3 §
22 112 75 95 4.8 6.6 6.7 6 1 2 - 5 %
. _ b
Q 7 N . ' 255 }




Subjecf:

v ST YR AR T
sy B N T R

S T TR RS S

[« -]

10

e et

11

fobis SLTir

12
13
14
15
16
17

18

19
20
21

22

1.Q.

Group 121

. Ach.

MW L
- ?'}1‘ S

Axrith
L N T 5 s, s,
100 100 100 3.5 3.3 3.8
100 98 99 3.1 3.6 2.9
97 9% 9 3.6 2.3 2.9
97 87 93 2.9 2.9 3.8
99 99 98 2.5 3.9 3.8
93 94 93 3.5 3.9 4.2
105 98 102 3.7 3.9 3.8
97 102 99 3.8 4.3 4.1
83 .93 8 3.5- 2.1 2.9
98 100 98 3.3 2.5 3.4
107 . % 101 3.1 3.9 4.9
99 104 101 3.7 2.5 3.9
9 . 99 99 3.7 3.0 4.6
98 107 102 3.7 43 4.4
102 105 103 3.6 4.5 4.0
83 99 91 3.7 2.9 4.0
95 87 93 3.6 3.6 3.8
8 92 8 3.7 3.6 3.4
9% 102 99 3.7 3.9 4.1
95 9% 9% 2.9 29 3.
93 101 95 13.3 3.3 3.8
99 110 103 5.0 4.5 4.4

Probability

I-A I-B II-A II-B III




Subject

10
11
12
13
14
15
16
17
18
19
20

21
22

Group 122

1.Q. Arith. Ach. Probabili;y
L NL T S, S, S, T-A I-B II-A II-B iiI
99 106 103 4.9 5.0 55 4 2 5 - 7
95 99 96 4.1 2.5 3.2 1 1 3 - 5
93 93 93 3.7 3.9 4.0 4 1 - - 4
99 95 97 5.2 3.6 3.9 4 1 - - 1
105 99 101 3.4 4.5 41 3 - 1 - 4
% 97 9% 3.3 45 3.2 3 - 1 - 5
112 95 103 3.5 2.7 3.9 4 3 2 2 3
97 102 99 3.3 3.6 4.6 4 3 2 - 5
‘95 110 100 4.3 4.3 46 S5 - 2 - 3
80 95 8 2.9 27 38 1 1 - - 3
97 102 99 5.4 5.4 47 5 2 2 - 2
99 106 101 4.4 5,7 5.1 4 1 1 1 4
97 105 100 4.6 3.9 4.4 2 2 - 2 -
95 98 9 3.6 3.0 3.6 4 3 1 - 1
102 97 99 4.9 5.4 61 6 3 - - 5
99 105 102 4.9 46 51 4 3 1 o0 5
93 103 96 4.1 41 3.9 4 - 1 1 4
100 105 102 3.6 3.6 393 3 1.1 2
94 107 98 4.1 4.6 42 6 1 2 1 -
98 108 103 6.0 5.5 47 6 2 1 - 1 |
92 101 95 4.8 2.9 41 5 1 - “FI |
98 98 ‘98 3.6 5.7 4.9 2 - 3 1 4 |

l JRECITIC SIS PURS e
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Arith. Ach,

Group 123

N R

' _I.0.
Subject L NL T
1 113 87 100
2 106 . 88 - 97
3 105 83 94
4 107 96 102
5 97 77 87
6 93 85 89
7 100 9 98
8 117 83 100
9 106 97 102
10 - 103 93 98
11 110 90 100
12 110 9% 102
13 9% 95 95
14 109 91 100
15 102 88 95
16 98 78 88
17 77 93 85
18 102 89 9
19 95 92 94
20 107 101 -103
21 100 102 101
22 100 104 102
020

Fores

1

4.6
5.4
4.4
1.7
5.4

5.4

6.0

3.8
5.9.

5.9

4.6
4.1
4.8
4.8

2.9

3.3

5.2

4.4

2.6

6.5

- 4.8

6.3

2
4.9
5.4
4.3
6.3
5.2
4.6
6.8
6.8
7.8
6.1
4.6
5.2

4.0

5.9

4.3

3.6

5.4

5.2
4.0
6.1
7.6

4.0

Probability
I-A I-B 1II-A 1II-B 1III

o & o
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Subject

10

11

12

13
14
15
16

17
18
19
20
21
22

IoQ.

——————

Group 124

Arith, Ach.

L

‘105

97
9%
106

102
106
99
101
101
92

98

102

104
9%
92
97
82
88

102

106

NL

95
109
92
86
94
108
83
96
107
90
102
77
97
91

101

- 93

111

88
111
91
9%
97

101
102

95 -

88
100
101

93
101
102

96
102

84

98

97
103

93
101

92

95

88

98
102

Sy

6.3
4.8
4.8

3.6
8.5

5.4

8.0

5.1

)

7.2
6.7
7.2
4.4
5.3
7.4
4.9

) 6.3

4.9
6.7
4.9
4,9
4.4
4.9

- 6.3 .

4.4
4.0

6.3

8.5

. 6.3

7.2

7.9

=59

Probability
I-A I-B II-A 1II-B 1III

&

s 2w

s w s

:
4
1
B
i
A
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-+ Group 211

v 1.Q. Arith. Ach. Probability
Subject L NL T 51 S, S3 I-A I-B II-A II-B III

.4 1 107 101 105 2.9 2.7 3.4 2 - 2 1 -
' gi 2 107 110 108 3.6 4.3 4.6 3 - 4 - 5
%k 3 11 106 109 3.3 4.6 4.0 4 3 1 1 1
%_ 4 108 99 105 3.1 41 4.0. 5 1 - . 1 3
§ 5 14 107 111 2.9 2.7 3.2 f; - 5
; 6 108 110 110 4.6 4.5 4.4 2 - 2 - 6
| é 7 112 105 109 5.0 5.4 7.2 6 4 4 - 3
'E; 8 101 112 106 2.9 2.9 2.9 2 - 2 -
E 9 111 102 106 3.3.. 3.6 2.7 1 2 1 - 2
? 10 116 106 112 4.3 43 44 6 2 3 2 4
2' 11 115 104 112 3.7 2.5 29 3 - 1 1 1
%‘ 12 124 98 111 2.2 2.7 3.6 5 3 3 1 6
3 13° 109 106 109 3.3 4.8 5.8 2 - 4 - 5
; 14 101 122 110 4.9 4.8 3.6 5 1 4 - 5
éh 15 107 107 109 3.3 3.3 46 4 - - - s
% 16 109 107 109 4.4 46 3.8 - 3 1 1 1
i 17 - 110 101 105 4.0 4.5 3.4 1 1 2 1 2

18 119 103 112 3,6 3.6 3.2 3 - 1 2 1
19 % 127 108 3.6 57 6.9 6 6 3 - g
20 111 109 113 44 5.1 46 6 - 1 - g

21 97 118 106 2.7 4.1 6.1 & 1 2 2 5
22 106 108 108 3.5 4.3 3.8 5 1 3 - . s
-’P‘z.»‘."(’.
NI h
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Group 212
I1.Q. Arith. Ach. Probability
Subject L NL T Sl . S2 S3 I-A I-B II-A 1II-B III

1 112 108 112 4.6 6.1 4.4 4 1 2 1 5

2 113 99 106 5.0 5.7 49 2 - 3 - 4

3 114 1205 111 40 3.3 4.2 3 1 2 - 10

4 107 11 109 4.6 5.9 4.9 6 4 1 - 7

5 95 121 105 4.3 4.6 41 3 2 2 1 5

6 112 104 108 5.7. 6.8 6.1 4 z! 3 2 5

7 116 95 105 4.9 5.9 4.6 6 S5 4 - 5

8 109 104 107 4.9 5.0 4.2 1 1 2 2 6

9 116 107 112 44 57 58 6 6 6 - 3

10 115 95 105 41 5.7 5.8 6 6 - 2 9

n 113 104 1120 4.0 5.5 3.9 1 - 1 1 3

12 107 107 108 4.6 6.1 7.5 4 - 6 - 8

13 110 107 110 4.3 6.1 7.2 6 4 4 - 7

i 14 116 102 1209 4.3 5.5 58 5 5 6 3 5
5 15 109 105 107 3.8 5.0 4.9 3 3 - - 3
16 105 110 109 4.1 5.2 55 2 1 - - 2

| 17 120 102 111 46 5.5 49 4 4 - -
§ 18 98 114 106 3.8 5.4 40 5 - 3 - s
19 104 115 109 5.3 5.5 6.2 4 6 2 2 6

20 112 1001 1207 3.6 3.9 3.4 4 - 2 - 4

2L 107 119 13 56 9.5 65 6 3 2 2 3

22 12 99 106 44 5.0 b2 4 2 1 - 6

AT Y
AW L
TR S
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Group 213
: : 1.Q. Arith, Ach, Probability
?? Subject L NL T S1 82 83 I-A I-B II-A II-B 1III

1 113 110 112 5.8 8.2 . 9.6 6 4 5 3 10

2 116 100 108 6.0 7.0 6.1 5 2 5 1 3
3 110 109 110 6.3 7.3 8.0 6 5 6 2 7
4 130 81 106 6.3 7.0 6.6 & 6 6 1 5
5 105 107 - 106 3.8 54 5.9 5 2 2 . 3
6 102 109 106 5.0 5.6 5.9 5. 2 1 - 3 !
7 126 83 106 6.8 8.2 11.1 6 6 6 -5 8 o
8 15 107 11 4.1 5.4 3.1 1 -1 - 4 |
9 108 112 110 4.6 6.3 51 5 6 4 1 6
10 112 101 107 5.6 56 5.9 &4 5 2 - 5
11 132 93 ‘113 6.2 88 6.8 6 5 .6 2 5
12 118 91 105 5.9 7.6 6.3 6 6 3 1 7
13 111 109 110 50 59 6.1 5 2 1 - 3
14 111 108 110 6.2 7.6 9.6 & 6 3 - 5
15 128 89 109 2.9 6.8 6.6 6 6 6 1 1
16 117 101 109 6.5 6.1 4.9 &4 5 - - 8
; 17 116 107 112 5.4 6.8 10.1 5 6 1 1 5
, 18 110 103 107 3.6 5.4 4.4 & 2 - - 2
19 126 9% 110 3.3 6.6 6.6 6 5 5 3 9
; 20 122 91 107 5.4 8.0 9.6 .4 3 5 2 5
21 124 96 110 52 7.6 7.4 & 2 .2 1 2
22 123 101 112 4.6 7.3 5.9 6 1 2 1 4
1 ‘
e

o T . 262
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Subject

10
11
12
13
14
15
16
17
18
19
20
21
22

L

101

‘113

108
97
115

113

106

29
115
113
118
114
118

95
106
111
115
109

9%
116
104
102

1.9.

NL

112
105
106
122
100
101
113
119
104
106

98

106

100
116
105
112
97
101
117
100
112

118

T

106

109

107

109

100
109
109
109
111
111
110
111
100
105
106
112
108
105
105
108
108
109

Group 214

Arith. Ach.

Probability

S1 8, 8,

7.8 6.9 6.7
8.6 7.6 1.4
6.0 6.3 7.2
5.6 5.4 8.5
5.1 6.0 5.8
5.8 6.6 7.9

6.4 6.3 6.7

4,2 8.0 5.3
5.4, 6.0 .7.2

6.2 5.7 7.2

8.9 9.9 10.4
6.6 8.0 10.8
7.6 6.6 10.4

3.9 4.8 4.0
5.4 8.0 8.5
6.2 7.8 1.2
6.8 4.8 8.2
6.0 6.3 9.1
5.6 5.7 6.3
5.8 6.6 9.8

3.6 4.8 4.4

5.8 '6.0 5.8

<63

I-A I-B II-A II-B III

6

4

8

N N

0 v un oo o

10

W

10

o N & O O ® & v

o b ooy ]
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} f Group 221
l .
1.Q. Arith. Ach. Probability
Subject L NL T s, 'S, S, I-A I-B II-A II-B III
|
; S 1 113 109 113 3.1 2.9 3.8 4 3 3 - 4
' 2 112 99 106 3.3 2.3 3.2 4 2 4 - 5
3 113 102 109 2.9 4.5 3.4 3 2 1 - 2
4 101 111 105 2.7 2.7 4.0 3 - - -1

5 116 102 109 4.0 4.6 5.5 6 1 5 1 4

j
| 6 111 99 105 3.7 5.4 49 4 2 1 - 2

| 7 1037 108 105 4.4 4.1 40 1 - 2 1 1
] 8 107 101 105 3.1 3.6 4.1 5 3 - 1 3

9 106 114 110 4.1, 4.1 4.0 2
10 108 114 113 4.8 3.6 5.5 6

4
3

11 115 101 109 4.3 4.8 4.7 3 4 2 2 4
. .

: 12 111 111 112 3.7 5.0 4.4 6 2 1 s
g 13 118 9 108 4.0 3.0 3.9 4 1 1 - ]
i 14 109 106 109 4.0 4.6 4.9 6 1 3 - 1
% 15 110 107 110 3.7 5.7 4.4 3 5 3 - 4

16 112 111 112 2.9 2.7 3.9 4 3 2 1 1
17 113 105 110 3.1 3.9 6.1 6 - 2 2 5

18 107 104 106 3.7 1.9 2.5 3 - 1 - 4

|

5

i 19 107 115 112 4.0 43 49 6 2 3 2 1
| ' | . | |

| 20 112 105 109 3.8 3.9 3.4 1 2 1 - 3
I

4

21 102 118 109 4.4 5.0 5.1 6 5 - 2 5

22 107 115 112 3.1 - 3.3 3.6 ‘3 1 3 1 1




248

Group 222
_I.Q. Arith, Ach, Probability
Subject L NL T Sl Sz' 83 I-A I-B 1II-A II-B 1III

1 11 107 110 52 59 58 & 6 4 1 4
2 111 110 113 6.2 50 58 4 & 6 1 7
3 119 104 112 45 6.8 55 2 1 1 - 2
4 102 116 109 50 6.5 6.2 6 6 1 1 5
_ 5 113 104 110 4.4 6.1 4.9 .4 3 3 - 4
6 110 110 111 3.6 4.3 4.6 5 & ‘22 1 &
7 112 107 110 4.4 4.8 49 5 3 1 1 &4
8 115 109 113 5.6 6.3 6.9 6 6 2 2 5
9 103 109 106 3.7 54 5.5 6 2 1 - &

10 107 103 105 6.4 5.5 6.5 2 2 3 1 3

11 107 100 105 4.4 3.6 5.5 - 2 3 - 3

12 1001 107 105 3.8 4.5 3.8 3 3 2 - 5

13 111 113 113 2.5 4.6 4.1 5 4 3 2 3

. 1% 108 104 107 4.0 5.4 41 4 1 - - 2

: 15 107 113 111 5.8 6.3 7.2 & 3 4 - 4
" 16 101 107 105 3.3 5.9 5.8 & 3 4 - 7
17 107 104 106 5.3 6.5 7.2 5 - 3 - 3

18 112 103 108 3.6 6.8 5.5 5 4 3 2 5

19 105 111 108 4.5 3.6 4.1 3 5 4 - 2

: 20 117 101 110 4.8 8.0 6.9 5 6 3 1 7
21 121 9 108 4.9 4.8 5.3 4 3 5 - 7

22 % 117 105 41 5.2 4.1 fele_ 27 - 4

P v | . 265
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Group 223

: ; 1.0. Arith. Ach. | Probability
g Subject L NL T S S, S, TI-A I-B II-A II-B III
1 131 87 109 5.4 5.4 5.1 5 5 5 2 ' 5§
2 106 110 108 4.6 7.3 5.7 6 4 4 7
3 114 105 110 6.8 7.6 7.4 6 5 3 - 5
4 117 99 108 5.8 6.8 6.6 4 5 4 - 7
z 5 127 97 112 5.6 7.3 6.1 6 4 & 2 4
6 106 112 109 5.4 5.9 6.1 6 &4 5 1 5
‘ 7 .90 128 109 8.4 7.0 8.3 6 6 4 1 7
§ 8 108 107 108 6.5 82 80 6 5 6 2 6
l 9 122 100 111 6.5 7.8 8.0 & 6 2 1 7
; 10 123 87 105 4.6 4.9 4.4 & 4 3 1 7
i 11 130 91 111 4.6 3.6 4.2 2 2 2 1 6
12 124 92 108 7.4 7.0 7.1 2 3.2 2 8
6.3 6 3 - 6
4.9 3 - - 4

S
6
6.3 6 6 6 2 -9
4
6

5.1 5 2 - 3
6.6 6 5 2 9
4.9 6 1 2 1 3
57 6 5 4 1 &4
6.3 6. 6 5 2 2
4.6 4 4 2 1 2
8.0 & 5 5 - 7
266

S




Group 224

Arith, Ach.

Probability

Subject L
1 106
2 119
3 99
4 121
5 107
6 102
7 109
8 116
9 97

10 113
11 108
12 120
13 114
4 125
15 97
16 123
17 119
18 111
19 104
20 108
21 105
22 105

103
102
122

92
108
114
103
108
113
108

106

103

93
95
121
97
100
115
117
106
119

113

T

1
105 6.2
112 8.0
110 6.4
109 8.9
108 4.2
107 5.4
107 9.2
113 5.6
105 6.2
111 6.0
108 5.6
113 8.9
105 6.0
112 6.6
108 7.2
113 4.8
112 7.6
113 6.6
111 5.8
108 5.4

¥

112 <5.1

S

110 8.2

.82

6.3
6.6
5.7
10.3
4.8
4.8
8.5
6.3
5.1
6.0
5.7
7.6
5.1
6.3
7.8
7.2
6.9
9.6
8.2
5.7
6.3

. 5.4

Sy

7.9
8.2
6.3
10.8
5.8
7.4
8.2
7.4
5.3
5.7
5.8
8.5
8.2
7.4
9.1
7.2
8.2
9.8
7.9
7.4
5.8

8.2

I-A 1I-B 1II-A II-B

5 5 1
6 4 6
6 5 6
6 6 6
6 4 5
4 - 2
6 6 5
4 6 5
5 3 2
5 4. 4
5 3 1
6 5 5
6 3 6
6 4 6
6 6 5
2 5 2
5 4 6
6 5 &4
6 5 2
5 4 3
& 1 6
3 3 2

111

10

10

>~ O



Subject

10
11
12
13
14
15
16
17
18
19
20

21

22

Group 311

251

1.9, Arith, Ach. Probability

L m T 5 s, S, TA B I-A 1B IO
124 128 130 3.8 46 4.9 1 - 3 1 2
129 114 125 3,5 54 58 5 6 5 - g
114 112 114 2.7 3.3 44 2 5 4 - 3
13 115 116 4.1 55 47 6 1 22 2 3
12 111 114 4.0 3.6 53 4 2 2 1 3
129 121 123 4.0 4.6 4.6 6 4 5 2 6
115 120 120 4.6 7.6 7.6 6 5 6 2 8
126 108 120 3.7 5.4 6.1 6 6 & 1 5
121 121 125 4.8 4.3 51 3 - 3 - 3
125 119 125 3.5 6.8 4.9 6 6 4 1 3
13 131 123 4.3 6.1 7.2 3 4 6 1 9
111 126 120 4.3 59 4.9 5 - 1 - 3
109 121 116 4.5 5.2 4.7 2 - 4 - &
133 123 131 3.8 6.3 53 4 S5 5 - 10
121 109 117 2.9 3.9 3.4 4 3 1 - 1
121 123 126 3.8 55 4.7 4 5 4 3 8
117 116 119 3.5 52 65 S5 2 5 1 7
125 107 117 4.4 57 6.9 6 6 6 2 7
116 108 114 3.6 4.6 4.7 3 - 1 1 2
111 121 118 3.5 55 53 5 4 3 1 7
121 108 118 1.6 2.9 40 2 4 2 2 1
117 - 113 117 3.8 5.7 6.1 4 2 6 - 5




Subject

w

10
; 11
1 12
13
14
15
16
17
18

P et e ot it A s A= e e«

19
20
21

22

SR
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1.Q. Arith. Ach. Probability
L NL T Sl 82 83 I-A I-B II-A II-B 1III
120 107 114 5.2 5.2 4.9 4 3 4 6
17 117 119 44 6.3 58 4 3 6 9
107 127 118 6.0 85 61 4 5 5 5
129 121 129 4.8 6.3 6.1 4 6 6 4
122 123 119 8.6 7.6 9.5 4 & 5 7
120 125 119 45 7.1 5.3 6 4 2 8
127 106 118 3.1 6.3 5.1 4 & 3 5
116 13 128 7.7 9.5 9.5 -5 6 6 10
128 115 124 53 7.6 9.5 5 5 5 7
1221 110 117 43 6.8 65 6 6 3 8
123 112 115 3.7 6.3 42 & - & 4
121 135 130 4.8 7.6 9.0 6 6 - 6 9
126 125 123 5.2 9.5 8.0 6 5 & 7
113 112 115 3.3 3.6 4.1 4 & 3 5
1227 122 131 43 9.5 58 6 6 6 10
129 121 129 3.5 8.0 51 4 6 5 8
120 107 117 4.6 5.5 4.6 6 3 4 2
124 122 119 41 3.9 3.6 3 4 2 6
120 121 125 5.7 6.1 6.5 6 6 5 5

109 119 116 4.5 5.7 4.6 4 5 5 9
09 119 114 3.8 5.9 58 4 - 2 2
116 108 114 3.6 6.1 4.9 3 4 4 6
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Group 313
1.Q. Arith. Ach, Probability
; Subject L NL T 5, S, S, TA I-B II-A II-B IiI
§ 1 117 121 117 4.6 4.6 6.5 6 2 3 - 6
| 2 142 118 130 6.8 7.3 7.7 2 5 3 1 7
§ 3 118 116 117 4.6 6.5 6.6 2 2 4 - g
} 4 110 134 122 7.1 8.5 8.6 & 3 4 - 5
| 5 135 109 122 6.6 80 83 6 S5 5 2 9
? 6 139 99 119 5.8 8.0 9.1 6 5 5 - 1
| 7 130 107 119 6.0 6.5 6.6 6 5 4 2 8
, 8 122 118 120 5.6 6.8 8.0 6 6 5 1 7
i 9 122 118 120 4.8 5.4 5.4 . 5 4 2 2
| 10 143 119 131 4.4 6.3 8.0 6 5 & 2 10
| S 135 1% 135 7.7 8.5 96 6 6 6 3 7
E 12 13 107 121 6.0 7.8 9.1 6 5 5 - 1
% 13 131 130 131 5.6 6.8 6.5 6 5 5 310
i 1 112 118 115 4.1 4.6 4.2 46 3 1 - 5
15 143 98 121 7.1 7.8 8.6 & 6 3 - 5
16 129 124 127 6.3 7.8 7.7 5 6 6 1 6
17 130 107 119 4.1 6.8 6.8 3 5 5 2 2
| 18 144 126 134 6.3 8.8 10.1 6 & .2 1 7
19 124 116 120 6.8 6.6 9.1 6 6 5 . 2 8
20 138 8 114 4.8 6.5 63 6 3 6 1 9
21 127 13 131 7.7 7.8 8.0 6 6 6 - 9 :
22 145.135 140 7.4 8.2 10.6 6 5 6 2 7 ;
' ig ‘ . ¥ "':l-\i;} st 270 :«,
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Group 314

: :AQ. Arith, Ach. Probability
Subject L ~ NL T 81 , S2 83 I-A I-B II-A 1II-B III

1 132 132 134 12,1 12.0 125 6 6 6 2 10
2 125 126 127 11.9 11.4 11.9 6 6 6 1 10
3 117 116 118 6.0 6.3 82 6 6 4 1 8
4 126 1% 132 7.2 85 82 6 5 6 3 10
| 5 119 125 123 7.8 8.0 1.1 5 6 6 2 8
| 6 131 127 131 12.7 12.7 12.5 6 5 6 4 9
i 7 118 118 120 7.8 6.3 0.4 6 5 6 1 9
? 8 122 122 124 5.1 6.6 82 6 5 4 - 7

? 9 122 115 121 5.8 6.0 4.4
{ - .

| 6 & 5 1 7
g 10. 120 121 121 7.9 7.8 9.1 6 6 6 2 8
é . 11 118 111 117 4.5 6.6 104 6 4 3 - 3
% 12 115 112 115 4.8 6.0 5.8 5 - "1 1 6
g 13 122 127 126 8.9 8.8 11.9 6 6 5 6 10
? 1% 137 128 128 6.2 6.9 7.9 4 6 5 5 8
S 15 123 107 118 4.5 . 5.4 5.8 6 5 4 1 4
i 16 126 116 123 8.6 9.6 7.4 6 5. 6 4 10
17 122 120 123 56 6.3 7.9 6 6 6 5 7
5 18 114 117 117 6.4 6.0 44 5 6 3 3 4
{ 19 125 120 126 4.2 6.3 7.2 6 3 6 1 g
. 20 122 111 119 6.2 7.2 7.4 6 4 6 1 9
r 21 115 122 119 6.4 9.2 11.3 5 6 4 4 9
22 117 116 118 8.0 11.1 10.8 6 6 6 2 8
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Group 321

I.Q. . Arith. Ach. ___Probability
Subject L - NL T 5, S, S, I-A I-B II-A 1I-B III

, 1 121 129 129 3.8 55 4,2 6 6 6 1 7
: 2 120 118 121 3.8 55 6.5 4 5 2 1 ¢
3 121 126 126 3.7 5.0 4.6 4 2 2 1 2
§ 4 114 113 114 3.1 4.6 4.1 4 - - - 6
é 5 108 119 115 3.7 5.2 4.6 5 6 6 -
é 6 108 128 119 3.6 57 4.6 5 4 6 - 3
§ 7 124 115 122 3.8 3.6 4.6 - 6 - 5 - 3
§ 8 125 103 115 45 5.9 51 3 4 5 1 6
| 9 128 107 119 4.0 4.6 3.9 4 6 5 - 6
10 129 113 123 3.8 5.2 4.0 6 6 4 - 6
5 ' 1 114 117 117 3.6 59 6.1 3 2 - 1 ¢
| 12 118 112 116 41 4.5 42 2 2 2 1 3.

B | 13 105 121 114 2.5 5.2 4.6 3 2 4 - 3

| 14 128 120 128 4.4 5.4 42 S5 1 4 - 6
15 113 126 122 4.0 5.0 4.4 3 1 6 1 6
16 121 107 116 3.1 57 4.7 6 1 5 - 1 .

17 113 125 121 4.8 5.5 5.5 5 3 3 2 3

18 120 109 ‘119 4.0 4.1 4.2 3 2 - 2 2
19 111 117 ‘117 3.5 50 49 S5 2 2 - 1
20 111 118 116 3.6 4.5 5.8 6 5 - - 5

21 120 121 123 3.1 5.7 5.8 5 6 3 2 4

22 121 111 120 4.1 5.5 5.8 6 5 6 1 6




Group 322

Arith. Ach. Probability
S S2 83 I-A I-B II-A II-B III

4.8 4.1 4.2 6 5 4
4.3 5.2 4.2 5 4
5.3
5.8
5.3
7.5

8.5




Group 323

Arith, Ach, Probability
1 S2 83 I-A 1I-B II-A 1I-B 1III

Subject L NL T S

1 9% 5.2 5.9 4.6 4
6.3 6.6 6.3 1

6.6 8.5 6.5

6.6 4.4

6.3 6.1

5.6 6.1

6.8 7.1

7.8 8.6

8.5 9.6

9.5 8.6
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,f .. | Group 324

I.Q. Arith. Ach, ' Probability

Subject L NL T Sl S2 83 I-A I-B II-A II-B 1III

1 118 117 118 6.3 6.6 7.9 6 S5 5 - 8

2 119 117 119 7.8 6.6 7.4 6 4 - - 8

é 3 129 98 115 6.6 8.2 7.4 6 5 5 1 7
§ 4 118 124 121 8.9 9.2 9.8 5 6 6 1 8
g 5 115 114 116 6.0 7.6 7.9 . 6 6 6 - 8
| | 6 115 128 122 10.0 10.7 11.1 5 6 6 - 9
7. 119 12 117 6.8 7.8 7.2 6 5 6 - 5

E 8 13 121 128 6.2 7.8 7.4 6 6 6 1 9
; 9 117 116 118 6.8 7.6 6.7 5 5 3 - 5
§ 10 129 114 125 6.6 8.0 7.4 6 6 6 - 9

11 118 120 120 6.2 6.6 8.2 6 6 6 2 8

L
: 12 116 116 118 7.8 6.6 6.7 6 6
b

_ 5 1 4
; 13 128 123 128 8.2 7.8 11.3 6 6 6 3 9

'% 4 129 125 129 7.8 6.9 9.1 6 4 6 1 9,
é 15 123 126 125 7.2 7.6 7.4 6 5 6 - 2
% 16 120 119 122 8.2 9.2 8.2 6 5 6 1 8
f 17 124 125 126 8.6 7.8 10.4 6 6 5 2 6
; 18 124 126 127 4.8 7.6 7.2 6 3 6 2 9
? 19 115 119 118 5.1 8.5 82 6 S5 5 3 9
§ 20 118 117 119 7.6 5.7 8.5 6 5 6 2 8
? 21 123 124 125 .9.6 9.9 10.4 6 5 5 3 7

22 121 116 121 6.2 7.2 108 5 4 5 6 8
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