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INSTRUCTIONS H

'1. Do not open this booklet until told to do so by your teacher.
2. meﬂlhnannmersheetonwhlchyoumtoindlcm the correct

answer to each question.

3. This is a multiple choice test. Each question is followed by five an-
swers, marked A, B, C, D, E. For each question decide upon the cor-
rect answer; thea *write the capital letter that precedes the correct
answer in the box on the margin of your answer sheet directly under
the number of the question. For example: In questdon No. 3 suppose

that the correct answer is preceded by the letter C; you write the cap-
ital letter Cintheboxdtmtlyunderhlo 3. Fill in the answers as you
find them.

4.  unable to solve a problem leave the corresponding answer-box blank.
Avoid random guessing since there is a pemally for wrong answers.

5. Use pencil. Scratch paper, graph paper, ruler, compasses and eraser .

are permitted. ;

6. *When your teacher gives the signal téar off the cover of this booklet i

.along the dotted line and turn the cover over. Page 2 is your answer ;
sheet.

7. Kaeptbqnostimcmredwlththemwersheetwbﬂeyonfmlnyour }

i

!

OO A eT el T eirs s a1 B ek ey

nmeamlthenameofyourschoolon it.

8. When your teacher gives the signal begin working the problems You
have 80 minutes working time for the test.

ﬂ\hhﬁnd:lunqh-odlﬁullf-eﬂn-ceodnghued-
THURSDAY MORNING, MARCH 10, 1966
©1966, Committes on High School Contests .. : . 2
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To be filled in by the student

PRINT
last name first name middle name or initial
school number street
city county zip code
PART 1
1 2 3 4 S 6 7 8 9 10 11 12 13 15 16 17 18 19 20
PART O
21 n n 24 25 % % 29 30
PART I .
3 32 33 2 as 36 38 39 ©
Not to be filled in by the student
Points Wrong, W
Part Value Points Correct, C (do not inclade omissioes)
I 3 points each 3 times = 3 times =
34 4 points each 4 times = 4 times =
m 5 points each 5 times = 5 times =
TCTALS C= w=
3CORE = C -iw
Use for computation Write scare sbove (2 dec. places)

SEVENTEENTH ANNUAL H. 8. MATHEMATICS EXAMINATION-1966
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1.

PART 1 (3 credits each)

Given that the ratio of 3x -4 to y + 15 is constant, and y =3 when x = 2,
then, when y = 12, x equals:

) & ®) ¥ ©3% - mi (E) 8

- When the base of a triangle I8 increased 10% and the altitude to this base is

decreased 10%, the change in area is:

(A) 1% increase (B) % increase C) 0%
(D) 4% decrease (E) 1% decrease

. U the arithmetic mean of two numbers is 6 and their geometric mean is 10,

then an equation with the given two aumbers as roots is:

(A) x* + 12x + 100 = 0 (B)x* +6x +100=0 (C)x*-12x-10=0
(D)x" - 12x + 100 = 0 (E) x*~6x+100=0

- Circle I is circumscribed about a given square and circle II is inscribed in

the given square. If r is the ratio of the area of circle I to that of circle 11,
then r equals:

(A) V2 (B) 2 (C) V3 (D) 2vV2 (E) 2V3

2x* — 10x

. The number of values of x satisfying the equation X —5x X~ 3 is:

(A)zero (B)one (C)two (D) three (E)an integer greater than 3

AB is a diameter of a circle centered at 0. C is a point on the circle such
that angle BOC is 60°. If the diameter of the citcle is 5 inches, the length
of chord AC, expressed in inches, is:

ws @3 3 53F (@ none of these
Lot FEB . N Mo e andentity in x. The numerical value of
N\N, is:
() -246  (B) -210 €-20 (D210 (E) 248

The length of the common chord of two intersecting circles is 16 feet. If the -
radii are 10 feet and 17 feet, a possible value for the distance between the
centers of the circles, expressed in feet, is:

(A) 27 (B) 21 (C) V389 (D) 15 (E) undetermined

4
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10.

11,

12.

13.

14.

15.
16.

17.

18.

. If x = (loge2)(198;8), then logsx equals:

(A) -3 () -¢ ©) ¢ (D)3 (E)9
I the sum of two numbers is 1 and thelr product is 1, then the sum of thelr
cubes is (i = v=1);

w2 (B z-9£—‘ ©o0 (-2 (5.,

The sides of triangle BAC are in the ratio 2: 3:4. BD is the angle-bisector
drawn to the shortest side AC, dividing it into segments AD and CD. If the
length of AC is 10, then the length of the longer segment of AC is:

. (A) 3% (B)5 ) s¥ (D) 6 (E) 7%
The number of real values of x that satisfy the equation
(255+3) (4% +6) = g4x*5 45;
(A) zero (B) one (C) two (D) three (E) greater than 3
The number of points with positive rationul coordinates selected from the set
of points in the xy-plane such that x +y £ 5, is:
(A9 (B) 10 (C) 14 (D) 15 (E) infinite
The length of rectangle ABCD 18 5 inches and its width is 3 inches. Diagonal

AC is divided into three equal segments by points E and F. The area of tri-
angle BEF, expressed in square inches, is:

Wit - B $ [ ; (D) $V34 (E) V68
K x-y>x and x+y<y, then _ )
A)y<x (B)x<y (C)x<y<0 (D)x<0,y<0- (E)x<0,y>0

I ,‘,—::-9 -8 and ’—;;7'- = 243, x and 'y real numbers, then xy equals:
VRS (B)4 " (c)e (D) 12 (E) -4

'l‘hennmbero(dlsunctpointacommontome curves x* + 4y° = 1 and
@’ +y' = 4 is:

wo @1 )2 D3  (E)4

In a given arithmetic sequence the first term is 2, the last term is 29, and
the sum of all the terms is 155. The common difference is:

3 B)2 © 8 D) ¥ (E) &
R N
“i. 9
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19. Let 8; be the sum of the first n terms of the arithmetic sequence 8, 12. .-
and let s; be the sum of the first n terms of the arithinetic sequence
17, 19, -+, Then 8, = s, for:

(A)novalueof n (B)one valueof n  (C) two values of n
(D) four values of n  (E) more than four values of n

20. If the proposition ‘‘a = 0" is true, the negation of the proposition ‘‘For real
values of a and b, if a=0, then ab = 0”* is: .

(A)I a#0, then ab#0 (B)If a # 0, then ab=0
(C)If a=0, then ab#0 (D)X ab # 0, then a # 0
(E)Ifab =0, then a # 0

PART II (4 credits each) i

21. An “‘n-pointed star’’ is formed as follows: the
sides of a convex polygon are numbered con-
secutively 1, 2, **-, k, >, n,n2 5;for all n
values of k; sides k and k + 2 are non-parallel,
sides n + 1 and n + 2 being respectively iden-
tical with sides 1 and 2; prolong the n pairs of
sides numbered k and k + 2 until they meet. *
(A figure is shown for the case n = §). o
Let 8 be the degree-sum of the interior angles

1
\/

at the n points of the star; then S equals: v

(A) 180 (B) 360 (C) 180(n + 2) (D) 180(n - 2) (E) 180(n - 4)

22. Consider the statements: (I) va¥+b*=0 (I va®’+b’=ab ;
(m) va? 5 ' =a + b (IV) V& +b*=2a - b, where we allow a and b to be !
real or comy:-:x numbers. Those statements for which there exist solutions
other than 2 =0 and b = 0, are:

(A) ), (), (um), (Iv) (B) (), (1), (IV) only (C) (0, (1), (IV) only

(D) (), (IV) only (E) (I) only _ !

23. If x i8 real and 4y’+4xy+x+e=o,tha:theeomplet.ese,tgtvaluesofx ;
for which y is real, is: : !

(A)x£-2 or x23 (B)x£2 or x28 (C)x%-3 or x22
(D)-3£x52 (E)2£x%3

24. Iflogy N = logy M, M # N, MN > 0, M # 1, N # 1, then MN equals:

Wt ®1 ©2 M1
(E) a,number greater than 2 and less than 10

vt i
- .,
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25.

21.

29.

30.

PART III 'S credits each)
31,

1t Fin+ 1) = 2K 2 1 ong p(1) < 2, then F(101) equals:
(A) 49 (B) 50 (C) 51 (D) 52 (E) 53
Let m be a positive integer and let the lines 13x + 11y =700 and y = rax - 1

intersect in a point whose coordinates are integers. Then m. can be:

(A) 4 only (B) 5 only (C) 6 only (D) 7 only !

(E) one of the integers 4, 5, G, 7 and one other positive integer :
At his usual rate a muan rows 15 miles downstream in five hours less time
than it takes him to return. If he doubles his usual rate, the time downstream
is only one hour less than the time upstream. In miles per hour, the rate of
the strream’s current is:

(A) 2 (B) § ()3 (D) ¥ (E)a -

e

Five points O, A, B, C, D are taken in order on a straight line with distances
OA =2a,0B=b,0C =¢, and OD = d. P is a point on the line between B and
C and such that AP:PD = BP: PC. Then OP equals:

D

—

b® - be ac - bd bd + ac
(A)a-—b+c-d (B)a-b+c-—d ©) a-b+c-d

be + ad ac - bd
(D)a+b+c+d (E)ao-b‘q-co-d
The number of positive integers less than 1000 divisible by neither 5 nor 1, is:
(A) 688 (B) 686 (C) 684 (D) 658 (E) 830

If three of the roots of x* + ax® +bx + ¢ = 0 are 1, 2, and 3, then the value
of a+: tis:

(A) 35 (B) 24 ) -12 (D) -61 (E) -63

Triangle ABC is inscribed in a circle with center
O’. A circle with center O is inscribed in triangle
ABC. AO is drawn, and extended to intersect the
larger circle in D. Then we must have:

(WCD=BD=0'D  (B) AO =CO =0D

(>)CD = CO = BD (D) CD = OD = BD
(E)O'B=0'C =0D

< e

v~
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32. Let M be the midpoint of side AB of triangle ABC. Let P be a point in AB
between A and M, and let MD be drawn parallel to PC and intersecting BC
at D. If the ratio of the area of triangle BPD to that of triangle ABC is
designated by r, then

(A) # < r < 1 depending upon the position of P (B) r = } independent
of the positionof P (C) + € r < 1 depending upon the position of P
(D) # < r < } depending upon the position of P (E) r = { independent
of the position of P

U ab # 0 and lal # Ibl the number of distinct values of x satisfying the equa-

x—-a  x-b b a
tion ' a-’x-a*x—b'

is:

(A)zero (B)oue (C)two (D) three (E) four

Let r be theapeedinmilesperhonratwhlchavheel, 11 feet in circum-
ference, travels. If the time for a complete rotation of the wheel is shortened
by 4 of a second, the speed r 18 increased by 5 miles per hour. Then r is:

A9 (B) 10 (c)10% D)11 (E) 12

Let O be an interior point of triangle ABC and let 8, = OA + 0B + OC.
¥ 25 = AB + BC + CA, then

(A) for evey triangle 8, > ¥8s,8, %8s (B) for every triangle s, 2 & 8,
8 < 81 (C) for every triangle s, > 181, 8. < 82 (D) for every
triangle 8,2 484, 8,58, (E) neither (A) nor (B) nor (C) nor (D)
applies to every triangle

Let (1 + X + X)0 =2 + 2,X + 29X” + === + 23nX2" be an identity in x. If we let
8 =20 + &g + A4 + >>- + agy, then 8 equals:

()@ (B) 2?41 (C)L,;l (n)% (s)i";—‘

Three men, Alpha, Beta, and Gamma, working together, do a job in 6 hours
less time than Alpha alone, in } heur less time than Beta alone, and in
one-half the time needed by Gamma when working alone. Let h be the num-
ber of hours needed by Alpha and Beta, working together, to do the job.
Then h equals:

\ ¥ ®) ¥ ©$ o) ¢ €
In triangle ABC the medians AM and CN to sides BC and AB, respectively

intersect in point O. P is the midpoint of side AC and MP intersects CN
in Q. If the area of triangle OMRQ is n, then the aré2 of triangle ABC is:

(A) 16a (B) 18n (C) 21n (D) 24n (E) 27n




39. In base R, the expande. raction F; becomes .373737--- and the expanded !
fraction F; becomes .737373---. In base R; fraction F,, when expanded, :
becomes .252525--- while fraction F; becomes .525252---. The sum of R,
and Rg, each written in the base ten, is: ’

‘A) 24 (b) 22 a1 (D) 20 (E) 19

40. In this figure AB is a diameter of a circle, cen-
tered at O, with radius a. A chord AD is drawn y

and extended to meet the tangent to the circle at

B, in point C. Point E is taken on AC so that D 4C :

AE = DC, H the coordinates of E are (x,y), then: ,‘ .:

= ol ] i

(A)Y'=h_,z (B)”=h“ X A o B‘tl .

S o i

Or-gt; o2-gg S

' ®2-gls |
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1. This Key is prepared for the convenience of teachers.
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2. Some of the solutions are intentionally incomplete; crucial steps are
shown. :

3. The golutions shown here are by no means the only ones possible, nor are
they necescarily superior to all alternatives. :

4. Even where a ‘‘high-powered’’ method i{s used, there is also shown a more
elementary procedure.

)
: 5. This solution Key validates our statement that no mathematics beyond in-
termediate algebra is needed to solve the problems posed. '

10
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o ' 1 National Office Pan American College, Edinburg, Texas 78539
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Aruitoxt provided by Eic:

Note: The letter following the problem oumber refers to the correct choice of the five listed for that problem
in the 1966 examination.

1.

13.

10.

11.

12.

14.

18.

©
(E)

(D)

(A)

(c)

(A)

(B)

(A)

(E)

(c)

(E)

(E)

(c)

)

Ix-4=kiy +15),6-4=k(3 +15 . k=1/9 . 3x=4=1/9(12+15)=3,3x=17,x=1/3

Ky = gbh, Ko = 30 +.10)0 = .1b) K, = 3bh +.95bh ~ .05bh - 1 (01) bh= 1 - .0K,. Therefore.

the change is a decrease of 1% of the original area.

Let r and 8 be the roots of the required equation. Since 6 .rTﬂ , r +8 =12 and since 10 = Vrs,

r8 = 100, so that, io the required equation, the sum of the roots is 12 and the product of the roots is
100. Hence, x* - 12x +100 = 0.

Let s be the lengthofa alge of the square. The radius of clrcl‘% lis -lz-s vZand its area K, = %u’.
The radius of circle I Is % s and its area K, =%n’. arE 'K: =2

For x #0, x # 5, the left side of the equation reduces to 2. .~2=x-3,x=5,but x =5 {s
unacceptable. The equation is, therefore, satisfied by no value of x.

Triangle ABC is a right triangle with hypotenuse AB = 5 foches and leg BC equg) to a radius of the
circle, -g We, therefore, have AC? = AB? - BC? = 25— 145- =235- ~AC -s—zs(lnches).

35x - 2¥ ® N, (x - 2) + Ny(x = 1) {s ao identity fo x. Letting x = ? we find N, =—6 and lettingx = 2
we find Ny = 41, HNyNy = =246

From the diagram we have OP? =OA? ~AP? =10 ~ 82, OP = 6
O'P!=0'A2=AP?=172 =82, 0P =15
500 =OP +O'P=g +15 = 21

1 1 1
log;8 =3 and logg2 =+ .'.x=(-), slogyx =3 logys =
30-1) =—3 3 3 ? 83

or

Lety =log,8(=3) .2"=8(=2%) . yloge2=loge8=1
.'.log.z-—l .'.x-ly'l—v =yy

Hlogyx = —y logyy = —3(1) =—3

Let the numbers be xand y. Then x* +y = (x + y)¥ — 3xy(x +y)
Lty = l&n— D) ==2
or

Consider the equatioo Z' = Z + 1 = 0 with roots 2, = 12438 7, . 1=148
The sum of these roots is 1 and their product is 1, so t.hzt we may takl for our oumbers the

: - 3
numbers Z; and Z;. Therefore Z,’ +Z,’- l—”z—'/i- + 3——;—6
1+431V8 +312-3+3-3V3 +1-31V5 +’-3-13-3V8 _2-18__,

8 8

Sioce the bisector of an ragle of a triangle divides the opposite side into segmeots proportional
to the sides including the given angle, taken fo the proper order, we have

l(l_;x‘;_: -%— S 40 = 7x, x =5$. 10 - x -4% . The longer segmeot is 5%.

The given equation is equivalent to (26%* 3)(21/3x* 8) = p3tixe 8

The left side of this equation equals 26%* 3 . 26x* 12 » 212x 15 g4 the right side is also equal to
21x* 15, 5o that the given equality is an identity in x. It is, therefore, satisfied by any real value
of x.

Sioce x +y £ 5, y £5 - x; for any ratioral vaiue of x. 5 = x and. hence. y i8 rational.
or

Consider the graphof x +y I §; it is the half-plane below the lint: y
x +y =5, including the lioe = +y = 5. Since this half-plane
cootains an infinite set of ruiinnal poiots (points with rational

coordinates), choice (E) is the correct one. ye5
. x+y=
The area of triangle ABC equals §- 5+ 3 =33 Since AE = EF = Fe.

t{n nlgn ost triangle BEF equals % of the area of triangle ABC, that is,
3TN

Sjocex -y >x,y<. Mdsincex +y<y,x <0,

~ Cholice (D) is corre. .

11 :




Aruitoxt provided by Eic:

4 22
le. (B A el b L ox-ye3 oxedyel

2"’ 3!:02.3"_"- 2433 . 2x -3 =5 . xy=4

+.£

17. (C) Both curves are ellipses with the centers st the origin. The ﬂnt. (*)’ 1,

has x-intercepts +1 and =i, a:d y-intercepts *} and —%. The second,

2
% +¥;- = 1, has x-intercepts +1 and =1, and y-intercepts +2 and — 2. The number of

distinct points of intersection is 2.

18. A) s=de+Dwheres=2,1=20,ands =155 ..155=2(2+29 =32 ne1o,

Butl=a +(n—1)d; sothat 29 =2 +9d, 9d =27, d =3

19. (B) 8, =3016 +(a~114), 8, = 3(34 +(n - 1 2. Buts = s, implies 3012 +4n) =332 + 20)
212 +4n =32 + 2n, n = 10 so that choice (B) is correct.

20. (C) To negate the proposition ®p — q°, where p and q themselves sre propositions, we form the prop-
osition “p and not-q®. In this case p {s the proposition “s = 0® and q is the proposition “ab = 0®,
The negation is, therefore, “s = 0 and ab = 0°, corresponding to "i{ 8 = 0, then ab = 0”,

21. (E) utmemmumottheuglunanolnuben'. [T e » 8, and let

o0y . . . Gy be the measures of the interior angles of the polygon,
witha, = a'. 'We have a; =180 - (180 ~ o)) — (18C ~ o) = o + oy — 180, I /
8 >0y +q-1ao.. .+ s Bp= 0y *+a,— 180. Summing. we have &l o~
LM ta,=2(o toyt, ., tay)~n-180 S~
~'8=2((n = 2)180) —n - 180 = 180(a ~ 4) 2 >
-
22. (A) Tis satisfied when b =av"1, II is satisfied when b = -y =,8#1, and T

I and IV are both sstisfied when b= 0 and a is chosen arbitrarily.
Therefore, (A) is the correct choice.

23, (A) We treat the equation as s quadratic equation In y for which the discriminant D = 16x - 18(x + &)=
16(x! -x — 6) = 16(x —3}{x +2). For y to be real D 2 0. This inequality is satisfied when x £ ~2 or

A D IASIEME b i 18 B T L ol RSN NR G 0 AT BT it o WAL

x=33. ;

24. (B) uthnﬂ-nthenlogw-b‘l"-i. sxt=1,x=410r-1. Ifx =1then M = N, but this :
contradicts the given M# N, i x=~1,then N=M~! . MN=1 b

3

7

. or
Letlog ,N=x =logy\M . N=Mand M =N* .. (M%) sN'sM
ax-x®1 S x=l(rejectedorx=-1  N=M-! _ NM=1

25. (D) 2F(n+1) = 2F() +1
zr[u) =2F(n—-1) +1

Ny

2F(D = 2F(1) +1
H2Fn+1)=2F(1) +n- 1

& Fin + 1) = F(1) +%n . F(101) = 2 +%- 100 = 52
1 or

2 {‘,o Fin +1) =2F(1) + 100 2. 2 + 100 = 104 .. F(101) = 52.
1

Mt n e

26. (C) 13x +11 (mx - 1) =700, x(13 + 11m) = 711, x -l:lz—lllm' with m integral and x integral. It is {

easy to see that m must be even. Try 2, 4, 6 In turn. Neither 2 nor 4 produce an integral x but for
m=6, webavex = 9, sulumnnldnllulmlnumcunu-nutmpoht(thculluldonot
coincide), m = 6 is the only possible value.

27. (A) Let m (miles per hour) be the man’s rate in still water, and let ¢ (miles per hour) be the rate of the
current. Then v

15 15 _ 15 1s__ _

m+e m-e¢ § aod Im+c Zm-¢ 1

18m — 18c = 18m + 15¢c -5m?+ 5c’ and 3C» —18¢ =30m + 18¢ - 4m? + ¢!

. ~5m? +6c' =-30c and -4m?+c? =-30c

smi-4c? =0, m=2, 3'=6c, c=2 /

U

. ’ 12




4.

36.

3.

Q

ERIC

Aruitoxt provided by Eic:

d-¢
AP _BP x-a _x-b A athot ey
(B) Since 55 " 5C° d—x ~ c—x o lkl_b =

(B

)

(1]

»

(D)

(B

©

©)

A)

-—8C—bd
a-b+c-d
The required number & is 999 — Ny(5) — Ny(7) + Ny(35) where N,(S) ia the number of multiples of 5,

namely 199, N(7) u the sumber of n.ultiplea of 7, namely 142, and N;(35) ia the number of multiplea
of 35, namely 28. . n ~ 999 - 199 — 142 + 28 = 686

1020301'.-0.1'.--8 Since ~a represents the sum of the roots taken two at a time and ¢ repre-
unutheprodnctoldnm welnve-l--z 3+6-6+12+18 =25 andc = (1)(2)(3)(-6) =-36
satee—-25-36=~61

sxa-b+e-d) =ac-bd, x=

Solve the ayatem 1 +a +b+c=0 t.oobulnu--zb.b-w.c--as.
16+4a+D+c=0 Sa+tec=-61
81+9a+3+ec=0

Qngsm%nl ABDC is inscriptible

~.CD=8D, - CD=BD

{DCO=a +f8, (DOC=a +4,. 0D =CD=BD

Since M is the midpoint of AB, the area of triangle BMC = § the area of
triatgle BAC: But the area of ABMC = the area of ABMD +theareaof A
AMDC, and AMDC = AMDP in area (they have the same base MD and equal
altitudes to thia base since MD ' PC). Therefore, in area ABMC = ABMD

+ AMDP = ABPD, ..t = | independent of the position of P between A and
M. Query; ls the theorem true when P is to the left of A ? ¢

D
alx = 2)'(x = b) + bix = b)!x - a) = ab¥x - b) +a¥(x - a)
alx —a) [(x — a)(x - b) ~ab} ==b{x - b)l(x a){x —b) —-adb]
s l(x —a){x - b) - abllax — a! +bx — b?) = - /
x!-(a +b)x=0or (a +*bix =a! +b? ..x-o.x-a+b.orx-..:: A P M B

1n 1 1

e § SO S ) .
r-T°m-3wo'Mreul¢lm(3num “T=% 5280 3600 =3 * g3g0 - 600 +5
st!-g2t - =3={(t-H2A+N=0,t=T,r=10
OA +0OC >AC OB +OC < AB +AC
OoC + OB >BC OC +OA < BC +AB
OB +OA >AB OA +OB < AC +BC

1> 8 28,<
s > i %<

(l-x 0:‘)‘!|. a,x’a,x’-a,x’ +... (Qex+exdtugyeax+ g ¢,
Lomg taplteaxtie. .. taa™E(l- —x+xDte (1 +x s xDb o .
+

Letx=1 :52ap+ap+... +ag0) =1 +3% 29 =1%4+30 ...-’,

Let a, b, ¢ be the number ogho\;n nleead. respectively, by Alpha, Bets,and Gamma to do the job
S S ST S -2 -
whenvorklngtlou Theal *4 * < "3=% "B-1 o2 *“bea-Sadc=22-12 !
: .15 W 1-8 j.l'%:lhOthl-SllnjOM
] 1 1.3 .pat
spefandesd nledegliegdsel cped
m;mmou-lmoa-l-lmnc-%Mnc-’acquu-%u\ac+n

23
—AABC -—AAw +n

s sk i 0

l-—M” ~AABC = Un

g, 3 _SRe+2 7 1R, +3
'&‘f"‘” B RN é‘-—i i

—"'— Knowing that Ry and Ry must each be integral, and that R, 2 8 (why?), we
nlnbrn.vnhpeﬂnlulbhnhud& Por R, =8, R, iz not integral; for R; = 8 or 10, Ry is
::Hmnl'lorn,-ﬂn, 8 for R, -u.n,umnmt.brn.-u. Ry = 9. The values

-ls.ml’ldonm mﬂneo-lhmolmm valoes R, =11, Ry = 8 do.

- e ———

>
AE cn 1
Ac-Ac miC'=-cp- mm--ﬁnmﬁ‘ —}i Since & - BC! = .

é -
. cp. 'x saly? gt ,Eﬂ-m'.—g'.xu,: Aya-nexd  apegE s
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INSTRUCTIONS

1. Do not open this booklet until told to do so by your teacner.

2. You will have an answer sheet on which you are to indicate the correct
answer to each question.

3. This is a muliiple choice test. Each question is followed by five an-
swers marked A, B, C, D, E. For each question decide upon the cor-
rect answer ; then *write the capital letter that precedes the correct
answer in the box of your answer sheet directly above the number of

the question. Tor cxample: In question No. 3 suppose that the correct -

answer is prcceded by the letter C; you write the capital letter C in
the box directly above No. 3. Fill in the answers as you find them.

4. If unable to solve a problem leave the con;esponding answer-box blank.

Avoid random gue ssing since there is a penalty for wrong answers.

5. Use pencil. Scratch paper, graph paper, ruler, compasses and eraser
are permitted.

6. *When your teacher gives the signal tear off the cover of this booklet
along the dotted line and turn the cover over. Page 2 is your answer
sheet.

7. Keep the questions covered with the answer sheet while you fill in your
name and the name of your school on it.

8. When your teacher gives the signal begin working the problems. You
have 80 minutes working time for the test.

*This instruction may be modified if machine-scoring is used.
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To be filled ia by the student

PRINT
last name first name middle name or initial
school number street
city county zip code
PART 1

1 2 3 4 5 6 7 8 9 10 11 12 15 16 17 18 19 20
PART I
21 22 23 24 25 26 28 29 30
PART 1
31 32 33 34 35 36 as 39 40

Not to be filled in by the student

Part Value Points Correct, C (do?oﬂzl?d?;ﬁ}vm)

I 3 points each 3 times = 3 times =

14 4 points each 4 times = 4 times =

oI |5 points each 5 times = 5 times =
TOTALS = W=
SCORE = C—4w

Use for computation

Write score above (2 dec. places)

EIGHTEENTH ANNUAL H. 8. MATHEMATICS EXAMINATION—1967
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PART 1 (3 credits each)

1. The three-digit number 2a3 is added to the number 326 to give the three-digit
number 5b9. If 5b9 is divisible by 9, then a + b equals:
a2 @B4 (€)6 D8 (E)9

. An equivalent of the expression (xz; 1) (y’;' 1) + (x’ ; 1) (y’; 1), xy # 0, is:

A)1  (B)2xy (C) 2x% + 2 (D)2xy+% (E)27‘+3§

. The side of an equilateral triangle is s. A circle is inscribed in the triaugle and
a square is inscribed in the circle, The area of the square is:

2 2 ‘- 2{5 2,[5 2
wgH ®F O oF eF

. Given 1-25-5 = l_og_b = l_oE_c = log x, all logarithms to the same base and x # 1.

b?
Ifa-a=xy, then y is:

Wt BT (©-p-r On-pr @ -pr

. A triangle is circumscribed about a circle of radius r inches, If the perimeter
of the triangle is P inches and the area is K square inches, then P/K is:

(A) independent of the valueof r (B)VZ/r (C)2ANTt (D)2/r (E)r/2
. If f(x) = 4" then f(x + 1) — f(x) equals:
a4 @BIx) (©€)2f(x) @)3if(x) (E)4lx)
. If% < -:’_c where a,b,c,d are real numbers and bd £ 0, then:
(A) a must be negative  (B) a must be positive  (C) a must not be zero
(D) a can be negative or zero, but not positive

(E) a can be positive, negative, or zero

8. To m ounces of an m% solution of acid, x ounces of water are added to yield an
(m —10)% solution, If m > 25, then x is:

10m 5m m . Sm
Wa—10 Pg-1 COg-w Pg-20
(E) not determined by the given information

NRY
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9. Let K, in square units, be the area of a trapezoid such that the shorter base,

the altitude, and the longer base, in that order, are in arithmetic progression
Then:

(A) K must be an integer  (B) K must be a rational fraction (C) K must
be an irrational number (D) K must be an integer or a rational fraction
(E) taken alone neither (A) nor (B) nor (C) nor (D) is true

b 2:10* + 8

10. If 1—0*—1 * 107+ 2 = T0% = )10+ 2) is an identity for positive rational values

11. If the perimeter of rectangle ABCD is 20 inches, the least value of diagonal AC,

of x, then the value of a —b is:
a4/38 @®S5/3 (©2 M11/4 (E)3

in inches, is:
(A)0 (B)YVS0 (C)10 (D)V200 (E) none of these

12, If the (convex) area bounded by the x-1xis and the lines y = mx + 4, x = 1, and

x = 4 is 7, then m equals:
(A)-1/2 (B)-2/3 (C)-3/2 (D)-2 (E) none of these

13. A triangle ABC is to be constructed given side a (opposite angle A), angle B,

and h,, the altitude from C. If N is the number of noncongruent solutions,
then N

(A)is1 (B)is 2 (C) must be zero (D) must be infinite
(E) must be zero or infinite

4. Let f(t) = t’ t £ 1. Ify = {(x), then x can be expressed as:

(A) :(;) B -1y) (©)—t-y) Oy (B 1)

15. The difference in the areas of two similar triangles is 1¢ square feet, and the

ratio of the larger area to the smaller is the square of an integer, The area
of the smaller triangle, in square feet, i8 an integer, and one of its sides 15 3
feet. The corresponding side of the larger triangle, in feet, is:

A12 (B9 ©6Z (D6 ) 32

16. Let the product (12)(15)(16), each factor written in base b, equal 3146 in base

b. Lets =12 + 15 + 16, each term expressed in base b, Thenc,lnbueb is:
W4 (B)44 ()45 (D46 (E) 47

234 17
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17, If r, and r; are the distinct real roots of x* + px + 8 = 0, then it must follow
that:

A) Ir,+r,l >&¥2  (B)Ir,l1>30rirl>8 (C)ir,l >2andir,l>2
2

D)r,<0andr, <0 (E)Ir,+ 1yl <4‘/L

18. fx*—5x + 6 <0 and P = x* + 5x + 6 then

(A) P can take any real value (B) 20 <P <30 (C)0<P<20
DP<0 (E) P>30 '

19. The area of a rectangle remains unchanged when it is made 2} inches longer
and § inch narrower, or when it is made 2} inches shorter and # inch wider.
Its area, in square inches, is:

(A)30 (B)80/S (C)24 (D)45/2 (E)20

20, A circle is inscribed in a square of side m, then a square is inscribed in that
circle, then a circle is inscribed in the latter square, and so on. If S, is the
sum of the areas of the first n circles so inscribed, then, as n grows beyond
all bounds, S, approaches:

Tm? Ssm® ! * 3
w3 eFHF- OoF ofF ®5F

PART II (4 credits each)

21, In right triangle ABC the hypotenuse AB = 5 and leg AC = 3. The bisector of
angle A meets the opposite side in A,. A second right triangle PQR is then
constructed with hypotenuse PQ = A,B and leg PR = A,C. If the bisector of
angle P meets the opposite side in P,, the length of PP, is:

WL w3 o 3 82

22. For the natural numbers, when P is divided by D, the quotient is Q and the
remainder {8 R, When Q is divided by D’, the quotient is Q' and the remainder
is R'. Then, when P is divided by DD’, the remainder is:

WR+RD (BR'+RD (@RR' (MR @R

23, If x is real and positive and grows beyond all bounds, then
10g.(6x ~ 5) — log,(3x + 1) approaches:

Ao (B)1 ()3 (M4 (E)no finite numbep

AR b gy Aiiat
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24, The number of solution-pairs in positive integers of the equation 3x + 5y = 501
is:

(A)33 (B)34 (C)35 (D) 100 (E) none of these.
25. For every odd number p > 1 we have:

Lg-
() (- 1)7® "V _ 1 g divisible by p -2
' -— -
(B) @- 1)i‘-" D, 115 divistble by p  (C) (@ - )F® "V is divisible by p
) @ -1)7P~D, 15 divisible by p + 1
(E) p- nHP=D_ 45 divisible by p-1

26, If one uses only the tabular information 10* = 1000, 10* = 10,000, 2° = 1024,
211 = 2048, 2" = 4096, 21* = 8192, then the strongest statement one can make
for log,, 2 is that it lies between:

(A)fand& (B)jand% (C)dandy (D)Fand# (E) Fand

27. Two candles of the same length are made of different materials so that one
burns out completely at a uniform rate in 3 hours and the other, in 4 hours.
At what time P.M. should the candles be lighted so that, at 4 P.M,, one stub is
twice the length of the other?

(A)1:24 (B)1:28 (C)1:36 (D) 1:40 (E) 1:48
28. Given the two hypotheses: 1 Some Mems are not Ens and I No Ens are Vees.
If *some’ means ‘‘at least one’’, we can conclude that:
(A) Some Mems are not Vees  (B) Some Vees are not Mems

(C) No Mem i8 a Vee (D) Some Mems are Vees
(E) Neither (A) nor (B) nor (C) nor (D) is deducible from the given
statements.

29. AB is a diameter of a circle, Tangents AD and BC are drawn so that AC and
BD intersect i a point on the circle. If AD = a and BC =b, a #b, the diameter
of the circle i5s:

Wla-bl @ia+d) ©VB © I @ik

30. A dealer bought n radios for d dollars, d, a positive integer. He contributed
two radios to a community bazaar at half their cost. The rest he sold at a
profit of $8 on each radio sold. If the overall profit was $72, then the least
possible value of n for the given information is:

(A)18 (B)16 (C)15 (@) 12 (E)11

139

FPESREREIPL W UPRE SN S SN | SIS N

gL ba




PART I (5 credits each)

31. Let D = a% + b? + ¢ where a,b are consecutive integers and ¢ = ab, Then VD
is:

(A) always an even integer (B) sometimes an odd integer, sometimes not
(C) always an odd integer (D) sometimes rational, sometimes not
(E) always irrational

32, In quadrilateral ABCD with diagonals AC and BD, intersecting at O, BO = 4,
OD = 6, AO =8, 0C =3, and AB = 6. The length of AD is:

(A9 (B)10 (C)6V3 (D)82 (E) V166
33 In this diagram semi-circles are constructed on ' D
diameters AB, AC, and CB, so that they are mutually

tangent. If CD L AB, then the ratio of the shaded area
to the area of a circle with D as radius is:

W12 @13 (V3T 14 (E)VEE Ao 0 ¢ B

34. Points D,E,F are taken respectively on sides AB, BC, and CA of triangle
ABC s0 that AD:DB = BE:CE = CF:FA = 1:n. The ratio of the area of triangle
DEF to that of triangle ABC is:

2 ~ 1 1 2n? s
Wi O T O Oy ®hh

35. The roots of 64x® — 144x® + 92x — 15 = 0 are in arithmetic progression. The
difference between the largest and smallest roots is:
w2 @)1 (@©)1/2 D)3/ (E)1/4
36. Given a geometric progression of five terms, each a positive integer less

than 100. The sum of the five terms is 211, If S is the sum of those terms in
the progression which are squares of integers, then S is:

A)o (B)91 (C)133 (D)195 (E) 211

37. Segments AD = 10, BE = 6, CF = 24 are drawn from the vertices of triangle
ABC, each perpendicular to a straight line RS, not intersecting the triangle.
Points D,E,F are the intersection points of RS with the perpendiculars. If x is
the length of the perpendicular segment drawn to RS from the intersection point
of the medians of the triangle, then x is:

(A)40/3 (B)18 (C)56/3 (D)80/3 (E) undetermined

B . 20
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38. Given a set S consisting of two undefined elements ‘‘pib’’ and ‘‘maa’’, and the
four postulates: P;: Every pib is a collection of maas, P;: Any two distinct .
pibs have one and only one maa in common, P;: Every maa belongs to two and
only two pibs, P,: There are exactly four pibs.
Consider the three theorems: T;: There are exactly six maas, Ts: There
are exactly three maas in each pib, Ts: For each maa there is exactly one
other maa not ir the same pib with it. The theorems which are deducible
from the postulates are:

EA) Tyonly (B) Tyand Tyonly (C) T, and Ty only (D) T, and T, only
E) all

39. Given the sets of consecutive integers {1}, {2,3}, {4,5,6}, {7,8,9,10}, -+, where {
each set contains one more element than tae preceding one, and where the first
element of each succeeding set is one more than the last element of the preceding
set. Let 8, be the sum of the elements in the nth set. Then 8,, equals:

(A) 1113 (B) 4641 (C)5082 (D) 53361 (E) none of these
40. Located inside equilateral triangle ABC ig point P such that PA = 6, PB = 8, !
and PC = 10. To the nearest integer the area of triangle ABC is: j
A)159 (B)131 (C)95 (D)79 (E) 50
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SOLUTION KEY
AND ANSWER KEY

EIGHTEENTH ANNUAL H. S.
MATHEMATICS EXAMINATION

1967

Sponsored Jointly by

THE MATHEMATICAL ASSOCIATION OF AMERICA

MIAIA .
S | A | THE SOCIETY OF ACTUARIES
MIAB] 1y arena ieTA
USE OF KEY

1. This Key is prepared for the convenience of teachers.

2. Some of the solutions are intentionally incomplete; crucial steps are
shown.

3. The solutions shown here are by no means the only ones possible, nor are
they necessarily superior to all alternatives.

4. Even where a ‘‘high-powered’’ method is used, there is also shown a more
elementary procedure.

5. This solution Key validates our statement that no mathematics beyond in-
termediate algebra is needed to solve the problems posed.

© 1967 Committee on High School Contests

Nstional Office Pan American College, Edinburg, Texas 78539
New York Office  Polytechnic Institute of Brookiyn, Brooklyn, N. Y. 11201
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ERIC

Aruitoxt provided by Eic:

Note: The letter followini, the problem number refers to the correct choice of the five listed for that problem
in the 1967 examination. .

1. (C) Since Sb9 is diviaibleby 9, b =4 . a+2=4,a=2 anda+b =8.

2. (D) mtlme’q’“”"’“‘“‘"'("%)('+%)+('-1)("1)

X Y,

- Y.x, 1 .
xy+x+ +xy+xy 5

“in

. 2.
my el

oy

+L
xy

-

Kydextoyletoxty? xl_yl+3 _2xhyle2 2,
The given expreaaion equala LS Xy . x5 m+xy

. (B) Letr be the radiua; b, the altitude; and x, the aide of the square.

1
r-%'b-%-% nﬁ-% .'.Aru(aqure)-x"Zr'-%.

. (C) slnce'ﬁgl-logx.l-x’. Similarly b = x? and ¢ = x*.

19
.-.%-;;‘.—x,-xin'r". sance.al-o.%-x'.y-zq—v-f-

. (D) Let the aidea of the triangle, in inches, be a, b, and ¢. Then

K -%n +%rb +%r¢ -%r?. ~P/K -%.

. (D) f(x +1) - 1(x) = 4%°3 — 4% = 4%(4 — 1) = 3.4" = 3M(x).
. (E) Il’bd>othen-<'%°-. When-e>o.—b{->o..otbat-uleum-podunqmmy.

- & may be positive, zero, or negative.

(A) m.B
Ti% -El—?fo S ml?‘lo' The solution is valid for m > 10. R, therefore, holda for m > 25.

. (E) ‘rhelhorterbnu.thenlutnde.lndthelouerbuamyhenprnenwdbyl-d. s, anda +d,

respectively. .. K -%l(l ~d +a+d)=al Since a! may be the square of an integer, a non-square

integer, the square of a rational fraction, a non-square rationsl fraction, or irrational, the correct
cholice is (E).

(A) a(10%+2) + B(10*-1)=2-10"+3 ..a+b=2and2a —b=3 .'.l-gmdb-% La-b=d

3
(B) Let the dimensiona be x and 10 — x and let the diagonal be d. Then d? = x? + (10 - x)? = 2x? — 20x + 100
-:o:'-m:n + 80 = 2(x — 5)? + 50. The least value of d? (and, hence, of d) occura when x = 5.

o ﬂ.‘.‘)-

oy

mmau‘-m+loolupanbd-wmunlovpom(mtnmm)nnmx(s. 50).
< d? (least) = 50 and d (least) = V50,
or

mmm-m;mmr:ﬁ.mu&ﬁnmnummm Since the perimeter
is 20, the side of the squard is S, and, therefore, d = ¥50:

13. (B) The ares of the trapesc:d thus formed ts 1 (m + 4 + am + ) =7, sma-120, ;. 2

3 3

13. (E) The given parts are not independent since b, = a ain B. There ia no triangle If h, < a ain B or

he >asin B. Whnh.-nlhn.nmhubcbounmAmuBn.lnclndluruhund
laft extensions, where D is the foot of h..

4. (C) Inay-l:‘.y-yx-x.dxul—!? .'.x--i{h--n-y).

[P Y
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16.

17.

18.

19.

21.

23.

24

27,

ERIC

Aruitoxt provided by Eic:

18.

(D) Let Ty, T, represent the larger, smaller areas, respectively. Since the triangles are similar and 3

B)

(A) Binc

(B}

(E)

A)

(B}

) P

(B)

A)

. (A)

. (C)

©

isa ll’de of the lmnllor’trlmgle. we have 18
T °t . Tqg+18 = k2 - .
,-r-:- I _IT’— 2y = k!, k a positive mwger - Ty =¥ 3 since Ty ls an integer, 18 must be
dlvlllble by k?- 1. Only k? = 4 1s scceptable. =4and x = 6.

, 18 or
8ince =1+28 ,r = k!, T, must equsl 6 and k must equal 2. But k is the ratio of corresponding

Ty ]
llden It follows that he side of the larger triangle corresponding to side 3 of the smaller triangle
is 6.

utp =(b+2)b+5)(b+6)=3146 (baseb) . b+ 1352+ 52b + 60 =3b3+Db2 + 4b + 6.
. 0=bd-6b'—2¢b - 27andb=9. Buts=(b+2)+(b+5)+(b+6)-3b+9+4
. 8=3.9+9+424:9 + 4 =44 (baseb).

r,andr,mrenl lnddlm%t. pr-32>0 . |pl>ev2. Butry+ry=~p
ey rgl=lpl lrgrrgl>e

Blncex’ Sx+6=(Xx - 3)}(x—-2)<0, wehave 2 <x < 3. sineep-xhsue.menpqhs 3+
6=30and P >22+ 5.2 + 8 = 20, that is, 20 <P < 30.

1 s o ot s e - -3+ -

-.- a

The radius of the first circle is 7"' the side of the second square is —v/- 2; the radius of the u;:ond
circlell-’ﬂ— i%,mdloforth If 8 is the limiting value of 8,, t.beus-r(%’) +t(7) +

(“') ...-.ma(:+l+l_‘+ ')"""(i) 22

Let BA; = x X --5-.x--lndi—x-- ‘.PR-C-x-%mdpq-x--:-.

“T-x "3 ?
— 2
‘. 8PQR ~ SBAC, the ratio of the sides being1:2. In ABAC, A&} =3t + (3)' = F
1.3% 3%
7 .
=QD+Rand Q=Q'D'+ R’ P-Q'DD'+R'D+R.chhmemldmvhanPudeedbyDD’
the quotient is Q'Mthanmnnﬂer isR + RD.
3_2
u_
Logy (6x — 5) — logy(2x + 1) = logg o——— x+1 -log,2
L]

o AA, -% But PP;: AA; =1:2 .. PPy =

for x » 0. As x grows beyond all bounds,
the last expression approaches log, " logg3=1.

3x = 501 - 8y. Porwaeapollunlnmr“l—a'sl >0 .. Sy<501and y =< 100.

Also x = 167 - y—%’; for integral x, y must be s multiple of 3, that is, y = 3k. Since y <100,
k=1,2,..., 33 or ‘

In Number Theory it is shown that if x,,y, is cne solution of 3x + Sy = 501, then other solutions are
x-x.-gt.y-ypgtﬂureulmlntegnrlnddI-themlw-teommondtvuorof:lms.'o
that, in this case, d =1. An obvious solution of the given equation is x = 167, y = 0. Therefore,

other solutions are x = 167 — 5t, y = 0 + 3t. slneox-m-sno,u%oomu-x.z.....aa.

Since p s odd and p > 1, then ;(p 1)2 1. In every case cve factor of (p — 1) P~ 1 will be

[(p-1) - 1) =p - 2. The other choices are either possible only for special permissible values of p
or not possible for any permissible values of p.

Since 2'* = 1024 > 107 = 1000, 10 logye2 >3 s0 that log;, 2 > 5. Since 2% = 8192 < 104 = 12000,
18 |o¢,.2<4noumlog"z<%.

Let t represent the number of hours before 4 P. K. 'mmhcbuhﬁedenredremlt. Then,

mﬂmﬂuﬁeowlﬂﬂlb’LNML—-L 2(!.-—[; or, more simply, 1---2(1-3)

z-s-nu 33-1- Therefore, the candles should be lighted 13 bours after now:. that 1s,

ulSOPI.

& - =

I
Ty,
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28. (E) The given hypotheses anc. sstisfled 1y any one of these six Venn disgrams:

Do O0O
D - a0 ,
oL OO0 o

Choice (A) in contradicted by diagrams 3, 4, S, 8. Choice (B) is contradicted by diagrams 5, 8.
Choice (C) § , contradicted by diagrams 3, 4, 5, 6. Choice (D) is contradicted by diagrams 1, 2.

or

Suappose there is only one Mem and that it {s not mx En, and suppose there sre nc Vees. Then the
hypotheses are satisfied but (B) and (D) sr+ contradicted. If there sre Vees and the Mem {s one
of them, then again the hypotheses sre sstisiscod but (A) and (C) are contradicted.

29. (C) From similar trlln(lu-- 3 ;
x s ,_ Jim e
Iy a Bt yd- Y)- --l gr ~d=wb

or
Let the degree measure of src AP be m.

Then (D = so-E mzc-%

rdean® .,..ﬂ..,.., (..,__)._1_

m
ld'

m_
.-.un?-s KX s.d*--bd = Yab,
30. (D) (n—z)(-+0)+2-%-72+d.8n’ aan d=o, n'-nn-%-o Bineonlll(loutpoﬂdn)
integer, d must be such thatn? - nn-—yleldc linesr factors with integer coefficients. Hence
d= nmd--lz-oumn'-nn 12= (n 12)(n + 1) = 0 and n (least) = 12.

or
Since 8n! — 88n - d = 0, u-en-—g whence n can be any integer > 11.

3. (C) Dupl+ble+claplia+l)+(a(a+1))t=at+2a2+3a+2a+1=(a+a+1)t,
S VD = gt + g + 1, an odd integer for any integer s.

32. (B) a’-h’+(4+!)'.c'-h’4t'.t-%

.'.h-# .'.x'-h’+5§’-%s- +%! =168 .~ x =v168.

or
ABOC”AAOD"I!II‘HOMOI 2 BC-;X

AAOB ~ ADOC cn-c- Since ABCD is necriptible (why?)
nmmmlmy'n‘nnom
x--+c 4;-(c+4xa+a) ~ x = V188.

33. (D) &-Idml--‘-(z —zAC -{CB’). mn-ncwn.m.na-%--}ﬁé’ + 2AC'CB

+TH - A1 -TEY) -’-"u\c)(cn). But the ares of the required circle equals sCD!, and since &'
= (AC)CB), the area of the gh:cl.equl. #(ACKCB). Therefore, the required ratio is 1: 4.

o




’ ) 34. (A) Designate AD by 1, DB by n, BE by r, ECby m, CF by s, and FA by sn. Let h, ¢
be the altitude from C, hy, the altitude from A, and hy, the altitude from B. s

[}
| ' ny-mmmmr’:-”L”-l—':i SRy ;> .
| . 1 1 nhy ok K r
_ ..mu(AADF)-i(l)(x) Lx In a like manner y = and area ‘h\
A

FERS Y

21+n° 1+n
--l- unh 3 a-‘-’ﬂl'
(8BDE) =4 24, and = T2 and area (8CFE) = 3 7

But the area (AABC) =3 -3 [by(1+0) + By(1 +m) ¢ + hy(1 + ) ] = (1 + n)(hy + byr + bya)
<.area (ADEF) -%(1 + n)(hy + hyr + hys) --;-l—gl-l(h, + hyr + hes) =&L1(h. + hyr + hys)

1+ v
-‘-Ihoreq\umdnuo“ﬂ'-n'bl_ 6(1 +9) |
) (n+1)t

i pn B

or .

. BG_ n o n n
Draw DG I AC. By similar mmglun—c SETY ..BG-IH'BC-m + r(l +n)

g . =nr. Also, letting K be the area of A ABC, we have 258 (8DBG :DBG) *a :'n)’ 8

‘. ares (ADBG) = 3 2__,'” K. 8ince ABDE has base r and altitude equal to that gy
BDG, 2

of ABDG, 3: (ggns) ']!d',% =% .. area (ABDE) .é.(_!"Tn_),. K T—b
n

“Trark b like manner (AECF) “(I_:n)" K and area (AADF) = T : Tk

-
“ #aren (8DEF) =K - gy gy K = S e

s 35. (B) Letthe rootsbea—d, a,anda +d. Then [x - (8 = d)}(x - &) [x — a + d) ] = x? - Sax? + x (3a2 - d}) ‘

I_gdl) = 3 _ 14dx? —15=6afxd - 2x2+ 23, _16\.g . ,0_9,2,23, _16_
+(a'=ad?) =0, Butux. 144x? + 92x - 16 84(): = *1e* a) 0 X < * 16 T 0

= x3 — Sax? _dh—(ad-ad!) -Sa=_2 g3 ~dte2d gt-4 qa.lop-1
x)— 3ax? + x(3a? - dY) - (¥ - ad?) .. -%a gL ‘MSI' dt i6° ¢ jged=+gor 3

< the roots are %. %. nnd%. and the required differences is 1.

36. (C) B=a(l+r+ri+rd+rl)=211. I risaninteger a must equal 1 since 211 is prime. However,
nefthera =1, r=1lnora=1,r=23,nora=1,r = 3 is satisfactory. . 2<r<Sorl<r<2.

Noting that when r -%. m, n integers, a must equal n! since 211 is prime, we try r =%. a=16
Se=16 (1 +%+ (;-).+(-;)'+(%)‘) = 211, and the combination a = 16, r -% is usable. By symmetry

the combination a = 61, r -% is also usable. In cither case, the odd-numbered terms are squares
of integers, and their sum is 16 + 36 + 61 = 133.

37. (A) Let M be the midpoint of CB and let G be the intersection point of A
the three meodians. Draw MN perpendicular to RS. Then AD, x,
BE, MN, and CF are parallel. MN is the median of trapezoid BEFC.

.-.nm-%«r»fu)-xs. In trapezoid ADNM draw AH 1 MN and let AH
intersect GK inJ. Then HN = 10 and MH =  and JK = 10 and GJ = £(5).
»x=GK= 104104420
. 3 3 or
Start with MN = 15 and use the Principle of Weighted Means:
llneothenquG:Gll-2:1.whn0x-wl%.
or

P PV I
Using vectors with O as o , we first show that § =3(@ +b + G)
wbni-oc‘i-ﬁ.s-wi-ﬁ. We bave 3
E-B—S.R-E-iﬁ-%(ﬁ+ﬁ) .'.B’ia%(l;fé-zi).
Bince AG = $AM, AG =3B+ - 2d). BuAG=g-a
~36+e -2 =g-i LE=3E+B+ )
Let unit vector 1 be in the direction RS and unit vector J be in
the direction DA. ‘l‘lung-lxﬂy.‘l‘-txnm).v%-kpsj.
Taly+ 24 Jy=3(10+6+20) ny=L. . -

R

c

Qw X w7

24

v




36. (E) One method of establishing theorems for a finite geometry is to
oonstruct a model. In the one shown here the maa, m (py, py), for P
example, is common to pib 1 and pib 2. The maa common to pib 3 m(p
and pib 4 should be labeled m (py, p,). In this model each of the
four postulates is satisiied. Since &ure must be a maa for every s P,
pair of pibs, there must be a maa for eaoch of the pairs (p,, 'R)l' m{py.py)
(g0 P3)s (P1e Pg)e (P2 P3)e (Pys Py )s AN (Py, Py). 8ix in all. 8
establishes T,. Each pib-consists of exactly three maas. For example, p, consists of m (p;, py).

m (pg. P3) and m (py, py). This establishes T,. For m(p. py) there ie m(p,, py) not in p, or py,
and, eimilarly. for each of the other maas. This establishes T,. .
. or
By Pyand Py there is a one -one correspondence between the set of maas and the set of pairs of pibs.
The Iour piba yield six pairs (listed above) and so T is true. Each pib belongs to three of the six
pairs and so T, ie true. Each pair of pibs is disjoint from cne other pair (for example, the pair p;, py
is disjoint from the pair p,, p;) and so T, is true.

39. (B) The first element in the nth set is 1 more than the sum of the n’umber of elements in the preceding
n- 1uu.unu-.{.1+z+... +n—1}+1=(";z")-‘!)+1="—'29*—2-81n0emmhutcoaumg_

n'_n+2 b+ _bfnl-n+2 nl+n
n :hmuu ita last ezl;ment la-z_ +n-1 —- Therefore, S, 3 (T *T—)
li(n' +1) 8y =z (212 +1) = 4641,
40. (D) Rotate CP through 60° to position CP’. Draw BP’. This is equivalent ic

rotating ACAP into position CBP’. In a similar mamner rotate AABF it.l0
position ACP” and ABCP into position BAP”.

On the one hand hexagon AP"BP'CP” consists of AABC and ACBP’, ACP”,
BAP”. Letting K represent area, we have, from the congruence relations,

K(ABC) = K(CBP’) + K(ACP”") + K(BAP") .. K(ABC) =-;-x (hexagon).

On the other hand the hexa}on consiats of three quadrilaterals
PCP’B, PBP”A, and PAP“C, each of which consists of the 8-(-10

right triangle and an equilateral triangle. .. K (hexagon) = 3 %-6-8) + -i- -10M3 + %.atvfao- -’"-.8"/5
=72 + 60V3 .. K(ABC) = 36 + 25V5 w79, or '

Applying the Law of Cosines to AAPB' rein ZAPB = 150°, we have 82 = 62 + 82 = 2.6 8 cos 160°
=100 + 48%3. Therefore, K(ABC) = 532 = 25V + 36 »79.
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INSTRUCTIONS

*This instruction may be modified if machine-scoring is used

TUESDAY, MARCH 12,1968

1. Do not open this booklet until told to do so by your teacher.

2. You will have an answer sheet on which you are to indicate the correct

3. This is a multiple choice test. Each question is followed by five an-
swers marked A, B, C, D, E. For each question decide upon:<the cor-
rect answer; then *write the capital letter that precedes the correct
answer in the box of your answer sheet directly above the number of
the question. For example: In question No. 3 suppose that the correct
answer is preceded by the letter C; you write the capital letter C in
the box directly above No. 3. Fill in the answers as you find them.

4. If unable to solve a problem leave the corresponding answer-hox blank.
Avoid random guessing since theve is a penally for i rong answers.

5. Use pencil. Scratch paper, graph paper, ruler, compasses and eraser
6. *When your teacher gives the signal tear off tlris cover along the dotted
. line inside. Page 2 is your answer sheet,

7. Keep the questions covered with the answer sheet while vou write the
information required in the first three lines.

. 8, When your teacher gives the slgnal begin working the problems You
have 80 minutes working time for the test.
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i A E
PART III '
1 I |
21 2 ) 2 % % 7 ] D) 70
_ " PARTIV
’ 3 32 43 K kH
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Points Wrong, W
Part Value Points Correct, C 1do not include ominigns)
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- -1 4 points each 4 times = 4 times : '
. ) (¥4
. ' I 5 points each 5 times = - | 5times -
e IV |6 points each 6 times { e 6 times =
- L | TOTALS C= W=
SR SCORE = C -1w
Q . T LUw for computation Write score abuve (2 dec, places)
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3
PART I (3 credits each) 4
1. Let P units be the increase in the circumference of a circle resulting
from an increase of r units in the diameter. Then P equals:
1 n? ?
4) = (B) n (C) = (D) n (E) 2=
T 2
2. The real value of x such that 64*™' divided by 4*-! equals 2562 is:
A -% (B) -4 (c) o (D § (B 3
3. A straight line passing through the point (0, 4) is perpendicular to the
line X - 3y - 7 = 0. Its equation is:
(A) y+3x =-4=0 (B) y+3x+4=90 (C) vy =3x=4=0
(D) 3y +x-12=0 (E) 3y - x=12=0
4. Define an operation * for positive real numbers as a * b = a:)b. Then
4 *(4 *4) equals:
W # (B) 1 (o (D) 2 E 4§
5. If f(n) ={n(n+1)(n+2), then f(r) — f(r — 1) equals:
(A) r(r+1) (B) (r +1)(r+2) (C) §rir+1)

(D) §(r +1)(r+2) (E) §r(r+1)(2r+1)

6. Letside AD of convex quadrilateral ABCD be extended through D and

let side BC be extended through C, to meet in point E. Let S represent :

the degree-sum of angles CDE and DCE and let S’ represent the degree-
sum of angles BAD and ABC. If r=S/8’, then:

(A) r=1 sometlmea;,r > 1 sometimes
(B) r =1 sometimes, r < 1 sometimes
(C) 0<r<1 (D)r'flf- (E) r=1

7. Let O be the intersection point of medians AP and CQ of triangle ABC.
If OQ is 3 inches, then OP, in inches, is:

(A) 3 (B) § (C) 6 (D) 9 (E; undetermined

.. 16 30

T i i e ;ﬂﬂg‘-lsv'#‘wﬁ"“"”-




14, If x'and v are non-zero numbers such that x =1 + i and y=1+ % then

R R T N I e IR T

s. A positive number is mistakenly divided by 6 instead of being multiplied g
by ¢, Based on the correct answer, the error thus committed, to the {
ncarest percent, is: _i(

)

(A) 100 (B) Y7 (C) 83 (D) 17 (E) 3

Y. The sum of the real values of x satisfying the equality |x + 2|=2|x = 2|

153

(A § (B) % (C) 6 (D) 6% (E) 64

lv. Assume that, for a certain school, it is true that
I: Some students are not honest,
II: All fraternity members are honest.
A necessary conclusion is:

(A) Some students are fraternity members, (B) Some fraternity
members are not students (C) Some students are not fraternity -
members (D) No fraternity member is a student (E) No student
is a fraternity member. :

PART II (4 credits each)

11. If an arc of 60° on circle I has the same length as an arc of 45° on circle 1II,
the ratio of the area of circle I to that of circle II is:
\A) 16:9  (B) 9:16 (C) 4:3 (D) 3:4
({E) none of these l

12, A circle passes through the vertices of a triangle with side-lengths 7},
10, 124. The radius of the circle is:

wi  ms ©f of (il

13, If m and n are the roots of .x.z +mx+n=0 m=0, n=0, then the sum
of the roots is: . :

(A) -3 (B) -1 o - M1 (E) undetermined

v equals

(A) x =1 (B) 1-x (C) 14+x (D) -x (E) x

RLTIR s |




15,

16.

17

18.

19..

" 20,

Let P equal the product of any three consecutive positive odd integers,
The largest integer dividing all such P is:

(A) 15 (B) 6. (C) 5 (D) 3 (E) 1

If x is such that ’1?< 2 and i > _3, then:

(A) —§<x,<% (B) ~§ <x <3 (C)x>4
D x>4or -f<x<o (E) x>} or x<-}

T Xy 4 Xg ...+
Let f(n) = ~ X o xn’ where n is a positive integer, If xy

=(-1)¥ k=1,2,3,...,n, the set of possible values of f(n) is:

Wil @t -3 ol ®l

Side AB of triangle ABC has length 8 inches. Line DEF is drawn
parallel to AB so that D is on segment AC and E is on segment BC,
Line AE extended bisects angle FEC, If DE has length 5 inches, then
the length of CE, in inches, is:

@aiy (13 (€ g (D) ¥ (E) 4
Let n be the number of ways that 10 dollars can be changed into dimes
and quarters, with at least one of each coin being used. Then n equals:
(A) 40 (B) 38 (C) 21 (D) 20 (E) 19
The measures of the interior angles of a convex polygon of n sides are

in arithmetic progression. If the common difference is 5° and the largest
angle is 160°, then n equals:

(A) 9 (B) 10 (C) 12 (D) 16 (E) 32

PART 111 (5 credits each)

21.

If all the operations in S =11+ 21 +31+ ... + 991 are correctly per-
formed, the units® digit in the value of S is:

(A) 9 (B) 8 ©5 (D3 (E) 0

o5 - -3
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22, A segment of length 1 is divided into four segments. Then there exists a
simple quadrilateral with the four segments as sides if and only if each

ity g,

segment is:
(A) equal to} (B) equal to or greater than -} and less than }
(C) greater than § and less than } (D) greater than § and less than §

(E) less than i—

L <.
o

23. If all the logarithms are real numbers, the equality
log (x +3)+ log (x = 1) =log (x? — 2x - 3) is satisfied for:

e & T

(A) all real values of x (B) no real values of x (C) all real values

of x except x =0 (D) no real values of x except x =0 (E) all r_eal

values of x except 'x =1

24, A painting 18" x 24" is to be placed into a wooden frame with the longer
dimension vertical. The wood at the top and bottom is twice as wide as
the wood on the sides. If the frame area equals that of the painting it~
self, the ratio of the smaller to the larger dimension of the framed

et g e

painting is:
(A) 1:3 (B) 1:2 (C) 2:3 (D) 3:4 (E) 1:1
25. Ace runs with constant speed and Flash runs x times as fast, x > 1,

. Flash gives Ace a head start of y yards, and, at a given signal, they
start off in the same direction. Then the number of yards Flash must

run to catch Ace is:

. Ny X+
(&) xy - o o e

26, Let S=2+4+6+...-2\, where N is the smallest positive integer
such that S > 1,000,000. Then the sum of the digits of N is: -

(B) 12 (Cr 6 (D) 2 (E)1

.=(=11%""n,n=1,2,... Then Sy + Sy + 8y

(A) 27

27, Let Sp=1-2+3~4+.,
equals:

A0

28, If the arithmetic mean of a and b is double their geometric mean, with

a > b> 0, then a possible value for the ratio %. to the nearest integer, is -

(B) 1 ©2 (D -l (E) -2

(A) 5 (B) & (G 11 (D) 14 (E) none of these

“}:: » 38
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P | 29, Given the three numbers x, y =x*, z = x{X'! with .9<x < 1. 0. Arranged
in order of increasing magnitude, they are:

(A x, 2,y (Bix,y,z Oy, x,z2 (D)yz,x (Bzxy
30. Convex polygons P, and P, are drawn in the same plane with n, and n,
sides, respectively, n; < n;. If P; and Py do not have any line segment
in common, then the maximum number of intersections of P; and P, is

(A) 2ny (B) 2n; (C)nmmny (D) ny+n, (E) none of these

1

. PART IV (6 credits each)

' 31. In this diagram, not drawn to scale,
figuree'I and III are equilateral tri-
angular regions with respective areas
of 32V'3 and 8V 3, square inches.
Figure 1l is a square region with area I u m

32 8q. in, Let the length of segment A B C D
AD be decreased by 12} % of itself,
while the lengths of AB and CD re-
main unchanged. The percent decrease in the area of the square is:

(A) 12} (B) 25 (©) 50 (D) 75 (E) 874

32. A and B move uniformly along two straight paths intersecting at right
angles in point O. When A is at O, B is 500 yards short of O, In 2
minutes they are equidistant from O, and in 8 minutes more they are
again equidistant from O. Then the ratio of A’s speed to B’s speed is:

(A) 4:5 ° (B)5:6 (C) 2:3 (D) 5:8  (E) 1:2
33. A number N has three digits when expressed in base 7. When N is ex-
pressed in base 9 the digits are reversed. Then the middle digit is:
' o (B) 1 © 3 (D) 4 (E) 5

- 34, With 400 members voting the House of Representatives defeated a bill,

' A re-vote, with the same members voting, resulted in passage of the bill
by twice the margin by which it was originally defeated. The number '
voting for the bill on the re-vote was -'-f of the number voting against it
originally, How many more, members voted for the bill the second time
than voted fox, it the ﬁrst time?

O o el (A) 75

ils (B) 60 ()50 - (D) 45 (20 - 34

3 f" u&m,ﬂ_‘l;_ RO TTERIS Nt SRR
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35. In this diagram the center of the circle
is O, the radius iz a inches, chord EF

- is paralle’ to chord CD, O, G, H, J are J
collinear, and G is the midpoint of CD. E HN\F J
Let K (sq. in.) represent the area of c : —l\ D '
trapezoid COFE and let R (sq. in.) { L G MY
represent the area of rectangle ELMF, | a |

Then, as CD and EF are translated
upward so that OG increases toward
the value a, while JH always equals HG, the ratio K:R becomes arbi- i
trarily close to: .

Ao (@1 (02 (D)%f% (E)%za

!
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PAFulToxt Provided by ERIC

Note: The letter following the problem number refers to the correct choice of the five listed
for that problem in the 1968 examination.

. (D) Let C, d, respectively, represent the measures of the circumference and diameter,
Then C + P=x(d +x) =xd + n%. Since C = nd, P =x?, .
2. (B) 64 + 450 = 4334 g0 - 432 Gince 2567 = 4%, 4B g¥ 2k 2 = Bx, x= -4,

3. (A) Methodl. y=mpx +b,4=m-0+b .. b=4, Alsomm; ={my==1 ..my=-3
Yy==3x+40ry+3x =-4=0

Method II. xL‘—°=-3 Ly—4=-3xory+3x—4=0,

4-4 ) _4:2 4
4, '(C)4t4=;—+—4=2..4‘(4‘4)-4+2-3. —
5. (A) () =f(r =1 =4r(r+1)r+2) =§(r=10r)r+1) =§r(r+l)(r+2-r+1)
=p(r+l). E
6. (E) Method 1. S =/CDE + /DCE = 180° — « + 180° - 8 M
=360° - (a +8) II \\C

={BAD + /ABC =360 - (@ +8) . r=5/8 =1,

Method II. S =ZCDE + /DCE = 180° - ZE
' =/BAD + /ABC = 180° -/E . r=8/8 =1,

7. (E) Since 0Q =3, CQ = 9, But OP = { AP and we can
establish an arbitrary length for AP and, hence,
for OP, as follows:
Draw CQ = 9 with OQ = 3. Through O draw OP of any
length and extend PO through O to A so that AP
= 3(OP). Point B is then the intersection of AQ and CP
and, thus, AABC has AP and CQ as medians:

m 52 . gg.a £2, AAOC ~APOQ.

(3) -Q—B- *9B " Y so that Q, P are midpoints.

8. (B]

; is 6N. The error, then, is 6N ~ -‘N Therefore, the per cent error is

6N - N/6 X 100 = 3300 = 97

-~

Let N represent the original number, the result obtained is -‘-N the correct result

6N

9, (E) Slncez+2s2(2-2),x==2andslnce —2+2#-2(-2-2),x#-2
Forx>2,x+2=2(x-2),x=4
For ~2<x<2,x+2=-2(x=2),x=%
Forx<-2. —(X'+2)=-2(x-2),x= 6.acontradlcuonslnce6¢ 2.
~.the sum is 6 +¥; = 6%,
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(A) is invalid by figuras 1, 4

(B) is invalid by figure 3

(C) is valid in all cases {since some studznts exist who are not honest and, hence,
they can't be fraternity members all of whom are honest)

(D) is invalid by figures 2, 3

(E) is invalid by figures 2, 3

8O o ey, - AS .&_E.M-_(a)’_g.
11. (B) 360 X 2ar; = X 271y "I, T3 " Areal) =16

360 4

12. (C) Method I. Since (7Y,)? + 10® = (12%)?, the triangle is right with hypotenuse 12/,
Therefore, D = 2R = 12%, R = 2¥,;

I. 1,
Method IL R = 22€ . abe - UZAONTA) 25
4K  4Vs(s—alNs-b)s—c) 4V15(2%)5)0(7%) 4

13. (B) m+n=-mandmn=n '\ m=1,n==2 "m+n=~-1,

14. (E) Method 1. By subtraction we obtain x — y = % - ’l( = éx—_yl

S(x - y)(l - %) =0,x=y (The result y = ’l( is rejected. Why?)

MethodIl. xy =y+land xy=x+1 " y+1l=x+1,x=y.

Method III, Smcey=l+iandx=l+§,y=lo landx=1* 11.
1+~ 1+~
y x

Therefore, y? =y — 1 =0and x* —x -~ 1 = 0. Let the roots of 22=2-1:0
be r and 5. Then the given equations imply that, when x = r, 50 does
y = r or that, when x =5, s0doesy=s. ..y =x.

Note, For all three methods, since y =x = 0, y cannot equal any of the other
choices shown.

15. (D) Methodl Set P =(2k-1)(2k +1)(2k +3), If2k - 1 =3mthen 3|P. If 2k - 1
=3m +1,then 2k +1 =3m + 3andso 3|P, If 2k-1=3m - 1, then
2k + 3 =3m + 3 and so 3| P.

Method II, Set P = (2k — 1)( 2k + 1)(2k + 3) = 8k’ + 12k? ~ 2k - 3.
' 2P =toxde 12k — 3k - 3) = 1 +k=3Q = (k- 1)(k)(k + 1), Since the
rroduct of three consecutive fntegers is divisible by 3, P = 3Q - 3R,
Hence, 3| P,

Method llI. Consider the three consecutive integers k, k + 1, k + 2; one of these is
divisible by 3 (see Method II). If k + 1 is divisible by 3, then so is
k+1+3=k+4. Therefore, one of k, k +°2, k + 4 is divisible by 3.
Therefore, if P=k(k +2)(k + 4) with k odd, P is divisible by 3.

Note. For all three methods,'since the greatest common factor of 1-3°5 and
7-9-11 is 3, no number > 3 is an exact divisor for all P.

16. (E) Methodl. Lety = ’l( Then (a) For y > 0, when y < 2, % >% nX> %;
1

(b) Fdry<0, wheny>-3.—y<3,—§>-.%<—3

. 1
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{BAE ={BEA. ".BE=AB =8 .. = 5

19, (E) 25q + 10d = 1000, q =40 —~

Method II. Lety = 1 S Xy = 1; the graph is the

two- branched hyperbola shown, At the
point X = -,,y 2, Wheny< 2, x is to
right of 4 ¥, that is, x >4 3. At the point

---&. y=-3, When y> -3, x is to

the left of -4, that is, x < ~§.,

f(n) = 0 in the former case and f(n) = —% in the latter case.

18. (D) LFEG = /CEG. But /BAE = /FEG, and /BEA =/ CEG.

8+x 8
5'

2d 2d
5
k=19 'n=19

Method 1. a+(n-—1)5-160 a=160-(n-1)5

0,

40>— d < 100, But d = 5k

17. (C) Since xi =(-1), x; = -1, X2 =1,..., X3ry = = 1, Xy, = 1. Therefore, for n = 2r,
ctXy=0andfor n=2r-1,x,+ x4 ...

(n-2)180 =4n[2a+(n-1)5] --l-nl320—(n-— 1)5]

+7n-—144-0-(n+16)(n-9)

Method 11. The exterior angles are 20, 25, 30,...;
360 =4n[40 + (n ~1)5] .n’+7n-144 =0

los(x+3)+log(x-—l)-log(x 2x=3) clog(x +3){x=-1)=
'x2+2x 3=x% - 2x -3, x = 0. But when x = 0, neither log (x — 1) nor
- 2x - 3) is a real number.

(24 +4x)(18 + 2x) =2(24 x 18) ~
x4+ 15 ~54=0,x=3
524 +4x =36, 18 + 2x =24, 24:36=2:3

their sum is 360°
.n=9

Each of 5!, 6!,..., 99! ends in zero, and, in consequence, their sum ends in zero.
Therefore, the units’ digit of S is determined by 1! + 2! + 31+ 4! =
Therefore, the units’ digit of S is 3.

Let the sides be s,, 8,, 8y, 8,. Since it is given that 8) + 8, +8y + B = 1, 8, + 8y + By
=1 — 8. But 8y + 8y + 8y > 8;. Therefore, 0 <1 - 28, 5, <
applied to s, 8;, 8y, in turn, shows that each side is less than{ Conversely, a

quadrilateral exists if 8, + 8y + By > By, 8) + 8y + 8, > By, B; + 8y +s‘ > 8y, and By + By
+ 84> By, ltlsgiventhats. +8;+8By+8 =1ands <4, 8 <
Therefore, 8, +8y + 8, >2 and 80 8; + 8y + 8¢ > 81, In a similar manner we prove the
other three cases.

14+2+6+24=33

. Similar reasoning

18 + 2x

i}

0,-3)

~\‘
&
o
A
P4
oy

%t

ENS SERWEE S A AP (38 87 0 TR L AL S Wl

PRV IES

el

Ty




,'4?

25. (C)

26. (E)

27. (B)

28. (D)

29. (A)

Let z represent the number of yards-Ace runs when he is caught. Let a represent
Ace’s speed; then xa represents Flash’s speed. Then
L# 2 = E .= —x—- °, = —L = —Lx

xa a'i_ x-1 Ytz Yt x-1x-1
8§=24+4+6+...+2N=2(1+2+3+...+N)=N(N +1), Siace S > 105,
N(N+1)>10% N =~ 10°. When N =10° — 1, 8 <10,

+N=z10° - N(smallest) = 10° = 1000; the sum of its digits is 1.

Sp=1-2+3-4+...+(=1)""n,n=1,23,...

Forneven.S,=l+2+3+...+n-2(2+4+...+n)=%n(n+ 1) -4-%-%(1 +—)

~Sp=4n(n+1) = §n(n+2) =-in
Fornodd, Sp=1+2+3+.,.+n-2(2+4+...+4(n-1)

1 1 n-1f{" " n-1
En(n+1)-4-2- 2 (1+ 2)

2Sp=4n(n+1) —§(a-1Nn+1)=§(n +1)
5817 =9, 83 =17, Sgp=-25 .8y +8y +559=1.

a+b _,/3b, a+b=4Vab, a? +2ab+ b? = 16ab

2
14b + bV 192 14 + V192
.'.a’-l4ab+b’=o.a=T.-.%, > ‘,14;14___

- “ -
Note. The value % = 1 2 192 ~ M ) 4 _ 0 is not listed

14

Method I. Since 0 <x <1, x to any positive power is less than 1.
-'-3:x""< 1 8o that x<y, ?:x"’“ 1 8o that z <y, and 3 =x!"Y <1
sothatx <z, .Xx<z<y,

Method II. Since 0 <x < 1, 1og x <0, It follows that log x < x log x or log x < log x*
so that x <x* = y, Since z = x*® =x’, log z =y log x, and, since y > x,
y log x <xlog x or log z < log y, 80 that z < y. However, since0 <y <1

and log x < 0, y log x > log x or log z >log x, so that x < z, Finally
x<z<y.

30. (A) Each side of P; can (1) fail to enter the boundary or interior of P,, or (2} it can

enter and terminate, or (3) it can continue on to the exterior.: Therefore, at most,
each side of P; meets two sides of P,, so that the maximum number of intersections
is 2n,. This maximum is attained as follows: Coe=

40

T

a5 b AL
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31. (D) L=16VZ L' =16V2-2VZ = 14VZ=8VZ +x+4V2Z
nx=2vz LI = (2VE) =8 . I -

~ I -1 =32 — 8 = 24 (decrease), ";‘—2 X 190 =75%

32V3 32 8v3
A 82 B4ZE C4Z D

82. (C) Let r, represent thespeed of A, g
and let ry represent the apeed

of B.
X 500 ~
—-2._——5 gz.xgzr.
rs Ta A
. 500 - 2rp
S — =2, Tp + Ty
TA
= 250
500 ~ X + - 500 + .
y=8‘y 5 X _g
rs LYY

y=500+x=8r, | 2y=8(ra +rg) =8-250
y +500-x = 8rp y = 1000
8ra = 1000 + 500 = 2rs, rp =150 /. rp =100 . rp:rp =2:3

2as
33. (A) 8,-70+84°7 + 83 =05-9% + 859 + &y, 482, = 808y +2ay, 3a; =58, + 'i?’

- 2a; must be divisible by 16. Butay = 8 @3 =0
Check 3a, = 5a3 .8 =5, ag3= 3
. 5:7+0-7+3=248=3-92+40-9+5
34. (B) Lety, n, respectively, represent the numbers voting for, against the bill originally,
and let y,, 0y, respectively, represent the numbers voting for, against the bill on the
re-vote. .
y1 +0; = 400, y3 +0y = 400, ya = {ny, ¥2 = 0y = 2(0y ~ yy)
S2(y +ny) =2(y; +0;) a0d 2(-y; + 0y) = Y3 =Dy
540 =3yy + 0y = 3-ffn, + 8y by =§0,
SYr = 3.‘11, =~}n, so that £n, + 0y = 400, ny = 180, n; = 220
;.0 = by = 60 or, since yy = 240 and y, = 180, y3 ~ y; = 60. ’

36. (D) CD=2GD = 2Val—(a — 2x) =2V4ax - 4x3
FE=2HF = 2Val - (a = x)3 = 2V 2ax - x?

K _ x [2V4ax — ax? + 2V2ax —x?) _ 2Vx(Vaa - 4x + V28 = X)
R — x(2V2ax — x3) o 2Vx(V2a-x)
Mooxs+Va-x Va-x |1
2vV2a—x Vea-x 2

As OG Increases toward the value a, x becomes arbitrarily close to zero, 80 that

7——';:_",‘ becomes arbitrarily cloee to —szT = W Therefore, as.OG increases

toward the value a, % becomes arbitrarily close to V; + .', -* +4
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Sponsored Jointly by the TWENTIETH

MATHEMATICAL ASSOCIATION ANNUAL
OF AMERICA
4 SOCIETY OF ACTUARIES MATHEMATICS
. MU ALPHA THETA Mi A A
- G W[aJe)  examinaTion
N

‘-—;i—y 1969

INSTRUCTIONS

NATIONAL COUNCIL OF
TEACHERS OF MATHEMATICS

1. Do not open this booklet until told to do so by your teacher.

2. You will have an answer sheet on which you are to indicate the correct
answer to each question. : .

3. This is a multiple choice test. Each question is followed by five an-
swers marked A, B, C, D, E. For each question decide upon the cor-
rect answer; then *write the capital letter that precedes the correct
answer in the box of your answer sheet directly above the number of
the question. For example: In question No. 3 suppose that the correct
answer is preceded by the letter C;.you write the capital letter C in
the box directly above No. 3. Fill in the answers as you find them.

4. If unable to solve a problem leave the corresponding answer-box blank.
Avoid random guessing since there is a penalty for wrong ansuers.

5. Use pencil. Scratch paper, graph paper, ruler, compasses and eraser

- -are permitted. : '

6. *When yo;nrgteitcher gives the signal tear off this cover along the dotted
line inside. Page 2 is your answer sheet,

. 7. Keep the questions covered with the answer sheet while you write the
information required in the first three lines. :

8. When your teacher gives the signal begin working-tlié problems. You
have 80 minutes working time for the test.

" *This instruction may be modified if machine-scoring is used.

- TUESDAY, MARCH 11, 1969 P
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To be filled in by the student i §
PRINT . i:':#
© - " last name first name middle initial 1
4
school (full name) street address |
&
‘ ‘3
city | stat? | zip code %
d
PART I i\z
1 1 3 1 3 ' T 7 ’ 1 ;
PARTIT
n 1 m T TR T TR )
PART Il .
' 1) F7) B ] 3 ® n 2 - B
PART IV
] I— 3 I
Not to be filled. in by the student
Points W » W
Part Value Points Correct, C ot bkt o i
I 3 points each 3 times = 3 times =
nn 4 points each 4 -tlmes' = 4 ﬁmeé . =
5 points each |5 times = 5 times =
v 6 points each 6 times = 6 times . =
TOTALS ' C= W=
SCORE = C -1w ‘ ' :
v . . IR Use for computation |, Write score above (J dec. places)
o B . SURNTIETH ANNUAL H. 5. MATHEMATICS EXAMJ[QATION—1969
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PARfl‘ 1 (3 credits each) ) A

- 1. When x ls added to both the numerator and the denominator of the
fractlon -, azb, b 0 the value of the fraction is changed to

g # S f e aL s

b d
Then xequals
ad~ be ad — be be - ad be - ad
Wiy BEZE ©H8E o FrallC e

2. If an ltéxh is sold for x dollars, there is a loss of 15% based on the cost.
I, however, the same item is sold for y dollars, there is a profit of 15%
based on the cost. The ratio y:x is:

(A) 23:17 (B) 17y:23 (C) 23x:17 (D) dependent upon the cost
(E) none of these. '

3. If N, written in base 2, is 11000, the integer immediately preceding N,
written in base 2, is:

(A) 10001 (B) 10010 (C) 10011 (D) 10110 (E) 10111

et e b e e

4. Let a binary operation * on ordered pairs of integers be defined as
(a,b) *(c,d) = (a~c, b + d). Then, if (3,2) * (0,0) and (x,y) *(3,2) repre-
sent identical pairs, x equals:

-3 @0 © 2 ™3 (@6

5. If a number N, N # 0, diminished by four times its reciprocal, equals a
given real constant R, then, for this given R, the sum of all such possible
values of N is: _ 4 §

(A) i . (B)R : (c) 4 (D % (E) -

6. The area of the ring between two concentric circles is 1247 square
inches. The length of a chord of the larger circle tangent to the smaller
clrcle, in lnches, is:

WA  ®s @ O . @148

7. I the points (1,y,) and (— 1,y2) lie on the graph of y = ax® + bx +¢, and
Y1~ ya=-6, then b equa.la

0 - Ak Wo c@o  ©3  ovE @3¢ g4
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8. Triangle ABC is inscribed in a circle. The measures of the non- :
overlapping minor arcs AB, BC, and CA are, respectively, x + 75°, 3
2x + 25° 3x — 22°. Then one interior angle of the triangle, in degrees, is: s
(A 5% ®5 - (C) 6o (D) &1 . (E) 122 i

9. The arithmetic mean (ordinary average) of the fifty-two successive
positive integers beginning with 2, is:

(A) 27 (B) 274 (c) 2714 (D) 28 (E) 28%

10. The number of points equidistant from a circle and two parallel tangents
to ihe circle, is: @
(A) 0 (B) 2 © 3 (D) 4 (E) infinite

PART II (4 credits each)

R i.'i_)f'- o : ﬁ; £

BRI

11. Given points P (—1,-2) and Q (4, 2) in the xy-plane; point R (1, m) is
taken so that PR + RQ is a minimum. Then m equals:.

&
(a) -3 ®-2 (©-% (D)% (E) either—% or . 3
12. Let F = 6x__+lgx_+3n_l be the square of an expression which is linear in 5 -
x. Then m has a particular value between: :
(A) 3and4 (B)4and5 (C) S5and6 (D) -4and-3 5
(E) -6 and -5 _ !
kd . ‘ . . ‘ . . -2
13. A circle with radius r is contained within the region bounded by a circle ;
with radius R. The area bounded by the larger circle is % times the area \
of the région outside the smaller circle and inside the larger circle. Then 3
R :r equals: ’ 3
(A V3:vb  (B) vaiva=b (C) vb:vVa—b (D) a:va-b
- A ' i_ - (E) b:va=b o C :
', ) - :
.

; 14. The complete get of x- values satisfying the inequality %———4- >0 is the

7 set of all x such that: -1 g
. (A x>2 or x<-2or-1<x<1 (B) x>2o0rx <=2
: (C)x >10rx<-2 : (D) x>1lorx<-1 )
v ' S (E) x is any real number except 1 or -1 B
O ) S L . ] .
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15. In a circle with center at O and radius r, cnord AB is drawn with length
equal to r(units). From O a perpendicular to AB meets AB at M.
From M a perpendicular to OA meets OA at D. Interms of r the area
of triangle MDA, in appropriate square units, is:
; 3r® nr? r \/_ V3 8
(A) 16 (B 16 (o] (D) 3 (E) TR
f 16. When (a - b)n, n=x=2,ab = 0, is expanded by the binomial theorem, it is
4 found that, when a = kb, where k is a positive integer, the sum of the
, second and third terms is zero. Then n equals:
(A) 3k(k-1) (B) ik(k+1) (C)2k—1 (D) 2k (E)2k+1
17. The equation 2**- 8:2* + 12 = 0 is satisfied by:
(A) log3 - (B) £10g6 (C)1+1log3 (D) 1+ :—g—g—%
(E) none of these 4
18. The number of points common to the graphs of (x—y +2)(3x +y-4) =0
and(x + y— 2)(2x - Sy +7) = 0 is:
(A) 2 (B) 4 (c) e (D) 16 (E) infinite
19. The number of distinct ordered pairs (x, y) where x and y have positive
integral values satisfylng the equation xiyt- 10x%y + 9 = 0 is:
(a) o (B) '3 (c) 4 (D) 12 (E) infinite
® 20, Let Pequal the product of 3,659,893,456,789,325,678 and
342,973,489,379,256. The number of digits in P is::
(A) 36 ®3 (34 (D3 (E) 32
PART IO (5 credits each)
21. If the graph ofx +y?=m is tangent to the graph of X + y = V2m, then:
(A) m must equal % - (B) m must equal »7-2- (C) m must equal V2

\'0\., - (D) m must equal 2 (E) m may be any non-negative real number

-~
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#e the measure of the area bounded by the x-axis, the line x = 8,
e, sirve dofined by § = {(x, )|y =x when 0S xS 5,y=2x-5
’ ﬁ?ﬁ'}.‘mm Kis: .
,u.‘:""u-"-"l ) o .
gLl (B ses (O %65
B 44 but arbitrarily close to it.

tlbr nig 90 the number of prime numbers greater than ni+ 1 and less than

nl +n, is: [n!= 1-2..-(n~1)- n; thus: 3l= 1:2°3 = 6; 5l= 1-2-3-4'5 = 120]

- (80 (B 1 (C)';!orneven,n;l!ox;nodd
(D) n-1 (E)n ' .

. When the natural numbers P and P’, with P > P’, are divided by the

natural number D, the remainders are R and R’, respectively. When PP’
and RR'are divided by D, the remainders are r and r’, respectively. Then:

(A) r > r'always  (B) r < r’ always
(C) r > r’ sometimes and r < r’ sometimes
Dr>r sometimes and r = r’ sometimes (E) r=r' always

. I it is known that log.a + logsb = 6 and that ab is a maximum, then

o o
. A parabolic arch has a height of 16 inches and a span P RS

the least value that can be taken on by a - b is: ‘
(A) 2V8 (B) 6 (C) 8v2 (D) 16 (E) none of these.

of 40 inches. The height, in inches, of the arch at a A z B
point 5 inches from the center M, is: , ' M

' . : : . s M center AB span
A1 (B 15 (0) 154 (D) 15% (E) 153 MC height C vertex

. A particle moves so that its speed for the second and subsequent miles

varies inversely as the integral number of miles already traveled. .For

-each subsequent mile the speed is constant. If the second mile is tra-

versed in 2 hours, then the time, in hours, needed to traverse the nth
mile is: .o

w2 @t ©F om  ®20-

- Let n be the number of points P interior to the region bounded by a

z}t. n

circle with radius 1, such that the sum of the squares of the diatances
from P to the endpoints of a given diameter is 3. Then n is:

Wo.  (B1 . (@2 . (D4 - (E) infinite

-
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_l_
=3 =i

29. Ifx=t andy=t
1
(A) y*=x¥ (B)

(E) none of these

t> 0 t # 1, a relation between x and y is:

yx xy

(C) y*=x? (D) x}"‘c yy

30. Let P be a point of hypotenuse AB {or its extension) o! isosceles ﬂght
triangle ABC. Let s = AP? + PB%. - Then:

(A)'s < 2cP? for a finite number of positions of P
(B) 's < 2CP? for an infinite number of positions of P
(C) s = 2CP? only if P is the midpoint of AB or an endpoint of AB

(D) s =.2CP*always
PART IV .(6 points each)

31. Let OABC be a unit square in the xy-plane with 0(0,0), A(1,0). B(1,1) and

(E) s >2 CP?if P is a trisection point of AB

C(0,1). Lei u = x*~ y*and v = 2xy be a transformation of the xy-plane
into the uv- plme. The transtorm (or image) of the square is:

oy
(0,2 ©.n 0.2
) (8) : “ (©
O Lo O (1,00 «10 [ ao
0. 0.-2
. .
0.2
(0,1) )'
/\m‘
® e O] me

b

tom (-1.ow 710)
f0,-1)

e ir PesaiAa
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32. Let a sequence {u.} be defined by the relation u,+ 1 -u,=3 + 4(n - 1),

n=1,2,3...,andu =5 Ifupis expressed as a polynomial in n,
the algebraic sum of its coefficients is:
(A) 3 (B) 4 (o) I (D) 6 () 11

33. Let Sp and Ty be the respective sums of the first n terms of two
arithmetic series. If Sp: Tp="(Tn + 1) : (4n + 27) for all n, the ratio of the
eleventh term of the first series to the eleventh term of the second series,
is: '

(A)4:3 (B)3:2 (C)7:4 (D) 78:71 (E) undetermined

34, The remainder R obtained by dividing x'® by x* - 3x + 2 is a polynomial
of degree less than 2. Then R may be written as:
A) 2'°-1 (B) 2'°(x-1)-(x-2) (C) 2'®(x-13)
(D) x(2'®~1) +2(2%~1) (E)2'®(x + 1) = (x + 2)

35. Let L{m) be the x - coordinate of the left end point of the intersection of

the graphsof y = x*- 6 and y = m where -6 <m < 6. Letr=l'ﬂl;—m

Then, as m is made arbitrarily close to zero, the value of r is:
(A) arbitrarily close to zero (B) arbitrarily close to %

(C) arbitrarily close to 7-26- (D) arbitrarily large
(E) undetermined ,
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SOLUTION-ANSWER KEY

TWENTIETH ANNUAL H. S.
MATHEMATICS EXAMINATION

1969

yYAIDDN | .
s{a]|-[u[a]e) 20

Njc|Tw/

Sponsored Jointly by the

SR A SN R R i e AT A N

MATHEMATICAL ASSOCIATION OF AMERICA

SOCIETY OF ACTUARIES e

MU ALPHA THETA .

NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS
. . i

:

USE OF KEY

1. This Key is prepared for the convenlence of teachers.

2. Some of the solutions ma, be lntenuonally lncomplete crucial steps are
shown.

3. The solutions shown here. are by no means the only ones possible, nor
are they necessarily superior to all alternatives.

G SN A i £ L o Y

4. Even where a “high-powered” method is used, there is also shown a more

elementary procedure #
5. This Solutlon-Anewer Key validates our statement that no mathematics
beyond intermediate algebra is needed to solve the problems posed. -;
© 1969 M.A.A. Committee on High School Contests 2




1.

4

1.
8.

10.

1.

‘{.."

Note: The letter following the problem number refers to the correct choice of the five listed
for that problem {o the 1969 examination.

(B)

LY

(E)

®)

{B)

©

atx .o M~ bo
b’x--..uhnd-bc*xe sod=be=x(c-d ..x e

Comment. If 3" -.- 2 x= =(a+h),

Let C roprelenl.tho cost (in dollars). Thenx=C ~,16C= ,85C,andy= C+.16C=

1.16C. Therefore,.y : x= (1,18C) : (.85C) = 23 ; 17,

Method 1. N—lQllo -l-l'l‘_’ 1:240.22¢ 022401
SN=-1m1.2840.20 ¢+1-8+1.2+@2-))=10111,

‘Method ll. N= 110005 = 24,y and 24,y -1 = 23,,

Sinoe 23;y™ 101114, N-1= 10111,
By deflnition (3,2) ¢ {0, 0) = (3-0,2-0) = (3,2 and {x, ) * (3, 2) = (x -3, ¥ -m

S T3 8-8 ~0andy~-3=83-0, ..x=6(andy= @,

N-l'--R SN'-RN-4=0. uttbvnuuolunthtyhuhuequnllonbeN..

and Ny, ‘l‘butore. N; ¢+ Ny= R. For example, if R= 3, thea N;, N; ‘are 4,~1 and the
sum of 4 and -1 equals 3.

Let R be the larger radius, let r be the smaller radius, and let L (inches) be the
lewho(theohord.mn'-r’-(%)’. Sincerht-wrt= B g_pa P

(L)-—ML- 50 = 5V3. B

yi=ath¢tcand yy=s =b*+ c "y, -y = 3b. 8ince y; =yy= -6, 2b= =6, b= -3,
x4+ 784 2x+ 25+ 3x~-23=360 ..x=47, AB=1238° BC=119°, CA= 119"
The tnterior augies of AABC are, In degrees, 61, 50}, 59}.

Method I. We have an arithmetic sequence with the first term a = 2, the common
difference d= 1, and the last term 1= a ¢+ (n -l)(!' 2+ (52 -1)(1) = 83,

smooa.-—(hw.m-""’—%’ S

Method . Designate the terma of the lrmneﬂc sequenoe by Uy, ug, . . ., up.
Then A.M. = }(u, + u,)nlneo futn)=f@tata-1a=

joogetlazid fiS .A.u.-{(ss) nf.

Comment. Generally, A, M.= -1—;m i=1, 8. DR N

Polats Py, Py, and P, are each d dis-

- . tance from tangent lines t; and t, and - |¢ (j
circle C.

(8)

e |

w.e

Method 1.  8ince PR + RQ is s minimum, points P.. R; lnd Q are collinear. There~
=2-m

(ou.TT -i-—‘utlmm--} ‘
Method 1. Since PR+ RQ in 4 minlmum, points Py, R, and Q are eomnnr. There-

fore, PR+ RQ= PQ 80 thilt wfl-(-l))‘+(m+ 2l ¢+ Via =)+ (2 -m)t
=Vl - =D+ g+ D

.




s SAGE
+ e R SRR

= ; T SN ;f‘?i:.-'f:,:*'ei.;Z*."?,;Riiﬁ"_f‘;ﬁmtf:??ﬁfﬁﬁaﬁﬁ?ﬁmw'.:x.-.:.-l., i

"

V2t me2t+ Vo+ 2-m? = V25¢+ 16 = VAl
ovViemtam+t d- Vil = ~Vi+ 4 4dm+ m'
ceemieam+ 4 -2VEl VM *Am+ B+ 41 =9+ 4 ~4m ¢ m}
~8m+36=2Val mi+4m+ 6, 4m+ 18= V41l Vml ¢ am + §
S 16m? + 144m + 32¢ = 41m! + 1684m ¢ 328

S 25m'¢20me 4= 0, Sme2=0, m=-}

12. (A Method?. F=xt+ ’-"o%‘-(x*r)'-xhznoﬂ |

3
BPYR ] N S -2,
~2r 3|ndr' z- ~TrgasdmeJ 3} and3< 3f< 4.
Cotimeot. When m = %z' Fex+ N
Method . By completing the square we find that the trinomifal o‘?"o-‘-}-
4\2 8x 16 &, m m 16
(x*a).mre(on.x'*?#? x'o?o—.aothut—g?.nd

2 2
32

. ' ab_ 8
13. (B) 'R"ﬁ(ﬂl'—'l‘) ..F%-R‘(—;-l)»mtﬁ';/—b—_l ._b.nd.henee.
R:r=Vva:Va=b.

14, (A  Method 1. Since 5:—: >0, ('~ 15> 0)=s (x*~ ¢ >0). Therefore, all real valuea

of x auch that x >2 or x <~2 satisfy the (nequality. Also (x!— 1 <()=
{x*~ 4.<0). Therefore, all real values of x such that -1 <x <1 satisfy
the lpoqnaltty. . ' :

Method I1. Since %:-t >0, H - Fa-_l >0. Therefore, 1 > ;3_—1

This latter inequality is satiafied by all x auch that =t =1 >3, that s, by x >2 or
x <=2, and by sll x auch that x*~1 <0, that s, by -1 <x < 1.

15. (D) Since AB= r, the measure of mlé A 18 60 (degrees) and AM = -'lr. In right triangte
MDA, since AM = {-r and the measure of angle AMD is 30 (degrees), AD = %r sod

MD= -}rfa-. _
Therefore, the area of AMDA =} (ADXMD) = ;-{ -_"‘"‘-’-' '%5

16. (E) (a-b)* -l‘-ﬁl“'bf'-'!:—';—"_ (il

ooty *ips 28D gyerpra
. - , .l' )
aekvt e 22byeteg nao1a T e gk,

17. (D) ™ -8-2"+18= (2" ~8)(2~2) m 0 ..2%=G= 0, 3*= 8.
) R o logs
ixlog3=log 6= loga+logd ..xw1+ T%i .
. Comment. The equation is also satiafied by x= 1, .

18. (B) Each of the graphs ta a pair of non-parallel atraight linea. Each line of the first
pair intersects the aecond patr in two distinct points, giving a total of four points.
Commeat. The tnteraection points are (0, 2), ¢~1,1), (1, 1, (}} . }). .

19. (B) x'y'-10xly'+ 0=y -1 (xtyP-9) @0 alyP=1or alyte 9, . xy=+1or-l,

xy = +3 or ~3, Ordered pairs of poaitive integral values satisfying these equations
are (1, 1), (1, 3), (3, 1),

..l >
v 3

\;l R 4 3
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20, (C) Let N, repreaent the firat factor of P and let represent the aecond tactor: Then
9010 > N, > (3 (100" and (}) (10" > Ny > (§) (10)'S, Therefore, (2) (10)* » Ny Ny
> (1) (10)® 8o that the number of digits in P(= N, Ny) is 34,

21. (E) Method I. Let OA be the x-intercept of the atraight line x ¢ y = V2m and tet OB
be its y— intercept. Then OA = OB*= yZm s0 that AOB s a 45°-45°-&..

triangte. ’

Let the point of tangency be labeted C. Since the graph of x2 + y* = n,

fa a circte, OC, the radius r of the circle is perpendicular to AB; thut

18, OC ia the median to hypotenuse AB. Therefore, OC= r=} - 2 Vm -

Vim, and thia s the aame value of the radius given by the equation

»! ¢+ y'= m= (Vm}. Consequently, m may be any non-negative real ;
number. ;

Method I.  Using the distance formula from a line to s point, we have |
d Ny where Ax+ By + C= 0 s the given line and
{xy, y)b ia the given point. The given line fa x + y — V2m = 0 and the
given point ia (0, 0). Therefore, the requiredd= IMO—-%- Vm.

e
But d= r, the radius of the circlex® + y* = m = (Vmi?. Hence, m may
be any non-negative real number.

Method LI, Let (x, y) be the interaection point of the graphs of x* + y* = m and
x + y=v2m. This pair of equations ylelds xy = 'E" and x + y= V2m,

e A Mo S 1 o ke S B e i St

3
i

Thus x and y may be taken aa the roots of !~ V2m t + %" =0, For tan-
gency the diacriminant of this last equation must equal zero. Therefore

2m-—4 ¢ % = 0, an identify in m. Hence, m may be any non-negative real
number.

22, (C}  T:e total area consiats of the trisngular region )
OAD ;. the trapezoidal region ABCD. y cs,11)
S K~ §B)(S) ¢ £ (3) (5 ¢ 11) = 385

23. (A)  Consider the integer n!+ k where1 <k < n.
Since n! contains each of the factora 1, 2,
3, .. ., 0, it contains the factor k. Since
al + k can be written as the product of two
factors, one of which {a k, {t is compoaite.
Hence, there are no primea between nl + 1 D(5,8
and n!* n,

Comment. The conclusion boldsforn 2 1,

B ;
0 A X g

R4, (E) We may write P= QD+ Rwhere0<R< D, and P'= Q4D+ R where 0 § R’ < D.
Therefore, PP’ = (Q,D + R) (QD+* R) = QD'+ ;DR + Q,DR’ + RR’. But RR’=

QD¢+ r', Therefore, PP'= QD'+ QDR+ Q,DR’ ¢+ QD+ r'= D(QQD+ QR+

QR + Q)+ r'. But PP'=QD*r, Therefore Q= QD+ QR+QR'+ Qand r=r',

25. (D) Bince logya + logsh S 6, logeab S 6. .. ab € 2%= 64, Since ab is a maximum, ab=
64. Therefore, the least value that can be takenon by a+ bis 8 ¢+ 8= 16, [If P= ab,

Q

ERIC
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the least value of a + h is VP + VP = 2VP. One way of proving this theorem s to
consider the minimum value of f= a ~a8 + P where8=a+ b. -

Hint. s-nb-n.‘:’_] , y .
. c .
26. (B) Choose axes so that the x-axis coincides h
{ with the span AB and the y-axis coincides 2
with the beight MC. We may then write 16 3
the equation for the pnnboll as y= axt+16. 3
x o
Since 0= a - 20% + lB.n--—z—s. sothat y m 20 5 )
y= -g5*16. Whenx=5,y= -1+16=15. 4
’ . 27. (E} Let v, be the speed for the n~th mile. Then v = -Ll. 2. ‘w*3 l: 7=k J}l
: - 9 = l = — = - _ s = 1 = '?
. Bince T= 1, 2 v k® that k= 5. Therefore,v,= 5r=—h. - Ta v 2(n -1). e
4 ) LB
A %
& 28. (E} Method I. AP'-(r-x)'-op' », BP -~ (r+x)‘- op' - 3. j
AP+ BP - 202 ~2xt= 20P? —2xl. .. 3=2+ 20P%. % .
SOP= i that is P may be any point of a circle '}}
‘ with radius é . ;‘ Pt
£ Method II. Since AP* + BP' = 3 <4 = AP, angle APB > 90° 80 B i
K ' that P is interlor to the circle. Therefore, there are many points P b/
g satisfying the given conditions such that 0 < AP S f . E
‘. M ¥ ;
. 20. (© Method L x=t® i y-tJ-'- QRS I | Ly tx, Alaoy-t("é‘)‘-x‘ 3
: E Lyt (x‘)’- xE L yFe g,
M A
| ! ; A 3
! Method I1. x-t?"".y-t'_“ N R T .'.x-(.!)' .(..Sl)i!‘v g
i x x x X
. D Ll _’y_‘; L=y < ~3
3 "8
¢ 4
30. (D) Method 1. (see fig.1) Let M be the midpoint of
; hypotenuse C. Then 8= AP* + PBt =

(2- )' . 3+x)'=?-2x'. But

2 2 L l
P !
x'-cr'-(;' A M B
ot o
4zcr'-—-zc1"
. (mag 2) 8= AP* + PR'=
! x’+(c+x)'-.c'+zc.x+zx' But
S 5 A

: ,h.on%'. s 8=2cP ‘_
Method I. {for gnur:‘r to ‘:B.x:ll :.) o,
: 8= AP+ PE, A - rpt 3
“ XY T A s-zx'#zy'-z(xhy')- A
2c !

54
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31, (D) The tmage of A(1, 0) y

32. (O .

33. (A

34. (B)

35. (B)

Method III. {for P interior to AB, fig. 4)
Complete AACB to square ACBD. Draw PD
and draw pe ndlculara from P to Ac CB,
BD, DA. A =x'+ , BPm yd 4 ot cPt-
d+2t, DPP e AP+ BPt =
x’*y’# 2+ cp'+ DP' = wade y2egte Wt

LB AP'* BP = CP'+ DP, But DP = CP

(Why?) " 8= 2CP?

n the xy-plane is

A’ (1, 0) in the u‘v- .
plane since u=1*-¢ cl0,1)
= 1 and v=2(1) (0)= 0. B(1. 1)

The image of B(1, 1) V1B'(0,2)
ts B’ (0, 2), the tmage
of Cl0, 1) 1aC'(-1,0),
and the tmage of

0(0, 0) s 00, 0). 00,0 A0 P

The image of the straight line AB whose xy= equation
is x = 1 {8 the parabolic arc A’B’ whose uv— equation
is v = 4(1 -u), & parabola, since u= 1 —y® and v=2y.
The image of the straight line OA (equation y = 0) is

the straight line O’A’ (equations v = 0, u= x¥), and the
image of the straight line OC (equation x = 0) is the ‘ ‘u

e R
£

strafght line O’C’ (equations v= 0, u= =y, ce1.0 00,0 A0

Sary = U, =3+ 4(n-1)
u_ —u =3¢ 4(n ~2) } By “telescoplc’ addition we obtain
. _,,-u.-auu $n =D -1+, since
: * *5,u,,, =20" + n+ 5. Therefore,
e . L -z(n-l)‘+(n-1)+s-zn'-an+e
U~ um3+4(2-1)
Gh-uy=3

Since 2 - 3+ 6= §, the correct answer ia (C).

Let a;'and d; be the firat term shd the gommon difference, respectively, of the first
series, and let ag and d; be the firat term and the common difference, respectively,
of the second series. )

8n _28+ (n-1)d, Tn+1
Then e ™ 28y T lldy  dn® 27"
Let uyy and vy, respectively, be the eleventh terms of the two series whose sums
are 8n and Tn. Then :

. Uy 8+ lod; 2a; + 20d,

- - - Bn_za.*zo.d

I m‘ o, v 20, l-'orn 21, Th _l—m.o .
VL1 148 _ 4

Therefors, i = {aue s " T " 3 -

"'-Q(n)(x’*ax+2)*n(n) Q(x)(x-z)(x-mn(u)wunnw-uw
n(n-x'“-1--+b-ndn(z)-z'“-z.+b

am2®o), bu2 -2 Rix)wx(2® o 1)4 22y, x4 g i
s Rl = z'f’(x 1) -&-2.

L(-ni) L(m) _ -V6- +\/6+

-J—+v/§¢— g m vé+m _ -
m ~Y6-m-Vé*m -m(V6-m+ve6+m)

e AT M, £ = g

Sor

33
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Sponsored Jointly by the TWENTY FIRST

MATHEMATICAL ASSOCIATION ANNUA
OF AMERICA _ t
SOCIETY OF ACTUARIES . MATHEMATICS
MU ALPHA THETA AL '
and s{al-|m{a]0) EXAMINATION
NATIONAL COUNCIL OF \" c | M l"/
TEACHERS OF MATHEMATICS 1970
21
INSTRUCTIONS -

1. Do not open this booklet until told to do so by your teacher.

2. You will have an answer sheet on which you are to indicate the correct
answer to each question.

3. This is a multiple choice test. Each question is followed by five an-
swers marked A, B, C, D, E, For each question decide upon the cor-
rect answer; then *write the capital letter that precedes the correct
answer in the box of your answer sheet directly above the number of
the question. For example: In question No. 3 suppose that the correct
answer i8 preceded by the letter C; you write the capital letter C in
the box directly above No. 3. Fill in the answers as you find them.

4. If unable to solve a problem leave the corresponding answer-~box blank.

Avold yandom guessing since there is a penalty for wrong answers.

5. Use pencil. Scratch paper, graph paper, ruler, compasses and eraser
are permitted. :

6. *When your teacher gives the signal tear off this cover along the dotted ' )

line inside. Page 2 is yonr answer sheet.

7. Keep the questions covered with the answer sheet while you write the
information required in the first three lines.

8. When your teacher gives the signal begin working the problems. You
have 80 minutes working time for the test. .

*This instruction may be modified if machine-scoring is used.

TUESDAY, MARCH 10,1970 , .

© 1870, M.A.A. Committee on High.School Contests

R
I P

TP NP

vk

v ot e S S N R o A




}
2 i
P To be filled in by the student !
PRINT
last name first name middle inijtial
]
]
school (full name) street address |
city state zip code
]
] ]
PART I J
1 ] 3 ] $ 3 1 ' ’ 10
PART Il
11 12 13 14 15 16 11 18 19 20
PART I
; 21 22 23 [ 25 ] 21 28 3] 30
PART IV

3 2 B LT W
Not to be filled in by the student

Points Wrong, W
Part Value Points Correct, C (omnt bckide o biind
1 3 points each 3 times = 3 timeés =
1 4 points each 4 times = 4 times =
Il |5 points each § times = 5 times =
v 6 points each 6 times = 6 times =
N TOTALS C= W=
SCORE = C -iw
Use for computation Tite score ¥ P
Q 3 -JWENTY FIRST ANNUAL H. 8. MATHEMATICS E‘KAMINATION—IEQA,
OO : : o '




PART 1 (3 credits each)

1. The fourth power of '\/l +V1+V1is

(a) VZ + V3 B +7+35) (€)1+2V3 (D)3, (E)3+2V2
2. A square and a circle have equal perimeters. The ratio of the area of the
circle to the area of the square is
(A) 4/r  (B)»WZ (C)4/1 (D)V2/n  (E) r/4

3. 1x=1+2Pandy=1+2"P theny in terms of x is

xX+2 . X x~1
x—1 (C)x_l (D) 2-x (E)——x

x+1
(A) x—1 (B)

4. Let S be the set of all numbers which are the sum of the squares of three
consecutive integers. Then we can say that

(A) No member of S is divisible by 2

(B) No member of S is divisible by 3 but some member is divisible by 11
(C) No member of S is divisible by 3 or by 5

(D) No member of S is divisible by 3 or by 7

(E) None of these

4 2
5. I f(x) = xx : ’l‘ , then £(i), where i = V=1, is equal to
(A)1+i (B)1  (C) -1 (D)o  (E)-1-~i

6. The smallest value of x? + 8x for real values of x is
(A) -16.25 (B) —-16 (C) —-15 (D) -8 (E) None of these
7. Inside square ABCD with side s, quarter-circle arcs with radii s and centers

at A and B are drawn, These arcs intersect at a point X inside the square.
How far is X from side CD?

(A) $s(V3+ 4y (B) V3 (C) }s(1 +V3) (D) $s0/3~1) (E) }s(z ~V3)

8. If a = logg225 and b = log,15, then
fA)ya=tb (B)a=20/3 (c)a=b (D)b=}a (E)a=3b/2
Pt ' '

S . o8

23 "‘;—_x::; \4‘~4>
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9, Paints P and Q are on line segment AB, and both points are on the same side
of the midpoint ol AB, Pomnt Pdivides AB in the ratio 2:3 and Q divides AB

in the ratio 3:4. If PQ = 2. then the length of segment AB is :ﬁ
A 12 (B) 28 («€) 70 (D) 75 (E) 105

In, let B R1In1- - be an intinite repeating decimal with the digits 8 and 1 ~’r
repeating. When F is written as a fraction in lowest terms, the denominator ,
vaceeds the numerator by ) ;;}E

Ay 14 (B) 14 (C) 29 (D) 57 (E) 126

P

PART I (4 credits each)

11 It two factors of 2x* - hx « k are x + 2 and x — 1, the value of |2h ~ 3k | is
Ay 4 (B) 3 ) 2 (D) 1 (Ey 0
12. A .sircle with radius ris tangent to sides AB, AD, and CD of rectangle ABCD

and passes through the midpoint of diagonal AC. The area of the rectangle.
intermsofr, is

s

A ar? (By 6r? (C) 8r? (D) 12r° (E) 20r?

13. Giventhebinary operation=» defined by a*h = ab for all positive numbers a and
L. Then for all positive a, b, ¢, n, we have

1A) asb =bea  (B) as(ec) - (asb)sc  (C) (a*b") = (a*n)*b
(1)) (a*b)? = a=(bn) (E) None of these

14. Cunsider x? + px = q : v where p and q are positive numbers. If the roots of
this equation differ by 1, then p equals

(MVag+1 (Byg-1 (€)-Vig+1 (D)q+1 (E)Vdaq =1

15. Lines'in the xy-plane are drawn through the point (3, 4) and the trisection

points of the line segment joining the points (-4, 5) and (5, ~1). One of these
lines has the equation !

|
(A) 3x -2y ~-1=0 (B) 4x-5y+8=0 (C) Sx+2y-23=0
(Dyx+7y-31=0 (E)x-4y +13:=0

. 59
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16. If F(n) is a function such that F(l) = F@) = F(3) - 1, and such that

F(n+l) = Fin) Fin—1) +1 forn 2 3, then F(6) is equal to

Fin-2)
(A) 2 (B) 3 (C) 7 (D) 11 (E) 26

17, If r > 0, then for all p and q such that pq = 0 and pr > qr, we have

18. Va+2vV2 - vB—2V2 is equal to
(A) 2 (B) 2v3 (C) 4v2 D) V6 (E) 2V2

19. The sum of an infinite geometric series with common ratio r such that

[ri< 1, is 15, and the sum of the squares of the terms of this series is 435,
The first term of the series is

(A) 12 (B) 10 €) 5 (D) 3 (E) 2

20, Lines HK and BC lie in a plane. M is the midpoint of line segment BC, and
BH and CK are perpendicular to HK, Then we

(A) always have MH = MK (B) always have MH > BK
(C) soinetimes have MH = MK but not always
(D) always have MH > MB (E) always have BH < BC

PART III (5 credits each)

21. On an auto trip, the distance read from the instrument panel was 450 miles,
With snow tires on for the return trip over-the same route, the reading was
440 miles. Find, to the nearest hundre\_d'th*o}kq'n lachythe increase in radius
i of the wheels {f the original radius was 13 inches.

(A) .33 (B) .34 (C) .35 (D) .38 (E) .66

22, If the sum of the first 3n positive integers is 150 more than the sum of the
first n positive integers, then the sum of the first 4n positi.e integers is

(A) 300 (B) 350 (C) 400 (D) 480 (E) 600

(A —p>-q (B) -p>q (C) 1>-q/p (D) 1<q,p (E) None of these

2 lpes
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23. The number 10! (10 is written in base 10), when written in the base 12
system, ends with exactly k zeros. The value of k is

(A) 1 (B) 2 (C) 3 (D) 4 (E) §

24. An equilateral triangle and a regulal: hexagon have equal perimeters. If the
area of the triangle is 2, then the area of the hexagon is

(A) 2 (B) 3 (C) 4 (D) 6 . (E) 12

25. For every real number x, let |x) be the greatest integer which is less than
or equal to x. If the postal rate for first class mail is six cents for every
ounce or portion thereof, then the cost in cents of first-class postage on a
letter weighing W ounces is always

(A) W (B) 6[W]  (C) (W] -1) (D) 6([W) +1) (E) -6[-W]

26. The number of diatinct points in the xy-plane common to the graphs of
(x+y-5)2x—-3y+5)=0and (x-y +1)(3x +2y —12) = 0 is

A) 0 _ (B) 1 (C) 2 (D) 3 (E) 4 (F) infinite

27. In a triangle, the area is numerically equal to the perimeter. What is the
radius of the inscribed circle?

(A) 2 (B) 3 C) 4 (D) 5 (E) 6

28. In triangle ABC, the median from vertex A is perpendicular to the median
from vertex B. If the lengths of sides AC and BC are 6 and 7 reapectively,
then the length of side AB is '

(A) V17 (B) 4 ©) 4} D) 25 (E) 4}

29. It is now between 10:00 and 11:00 o’clock, and six minutes from now, the
minute hand of a watch will be exactly opposite the place where the hour
hand was three minutes ago. What is the exact time now?

(A) 10:05§y  (B) 10:074+  (C) 10:10 (D) 10:15  (E) 10:174
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30. In the accompanying figure, segments AB and CD are B c:

parallel, the measure of angle D is twice that of angle B, 3‘,‘p
and the measures of segments AD and CD are a and b *

respectively. Then the measure of AB is equal to

(A) fa+2b (B)ib+%a (C) 2a-b c
(D) 6-7a (E)a+b

PART IV (6 credits each)

31. If a number is selected at random from thc set of all five-digit numbers in

which the sum of the digits is equal to 43, what is the probability that this
number will be divisible by 11?

(A) 2/5 {B) 1/5 (C) 1/6 (D) 1/11 (E) 1/15

32. A and B travel around a circular track at uniform speeds in opposite direc-
tions, starting from diametrically opposite points. If they start at the same
time, meet first after B has travelled 100 yards, and meet a second time 60
yards before A completes one lap, then the circumference of the track in
yards is

(A) 400 (B) 440 (€) 480 (D) 560 (E) 880

33. Find the sum of the digits of all the numerals in the sequence
1, 2, 3. 4, ---, 10000. :

(A) 180,001 (B) 154,756 (C) 45,001 (D) 154,755 (E) 270,001

34. The greatest integer that will divide 13,511, 13,903 and 14,589 and leave the
same remzinder is o

(A) 28 (B) 49 (C) 98 (D) an odd multiple of 7 greater than 49
(E) an even multiple of 7 greater than 98
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35. A retiring employee receives an annual pension proportional to the square
rout of the number of years of his service. Had he served a years more, his
pension wouid have been p dollars greater, whereas, had he served b years
more {b = a), his pension would have been q dollars greater than the original
annual pension. Find his annual pension in terms of a, b, n, and q.
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SOLUTION-ANSWER KEY

TWENTY FIRST ANNUAL H. S.
MATHEMATICS EXAMINATION

1970
/TN
{s]a]-[m][a]e) N
NeLelriw/

Sponsored Jointly by the

MATHEMATICAL ASSOCIATION OF AMERICA
SOCIETY OF ACTUARIES

MU ALPHA THETA. ,
NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS

USE OF KEY

1. This Key is prepared for the convenience of teachers.

2. Some of the solutions may be intentionally incomplete; crucial steps are
shown.

3. The solutions shown here are by no means the only ones possible, nor

are they necessarily superior to all alternatives. '

Even where a ‘‘high-powered’’ method is used, there is also shown a more

elementary procedure. )

5. This Solution-Answer Key validates our statement that no mathematics
beyond intermediate algebra is needed to solve the problems posed.

4.

© 1970 M.A.A. Committee on High School Contests
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PAFulToxt Provided by ERIC

Note: The letter following the problem number designates the correct choice of the five listed

for the problem in the 1970 examination.

1. (E)
2. (A)

3. (C)
4. (B)

5. (D)
8. (B)
7. (E)

8. (B)
9. (C)

10. (D)

11. (E)

12. (C)

13. (D)
14. (A)
15. (E)

16. (C)
17. (E)

18. (A)
19. (C)

20. (A)

. z’lt "ib)

If x denotes the given expression, then x? = 1 +vZ and x* = 3+ 2V2 .

Let the common perimeter be p. The area of the circle is -}p’/l and the area of the
square 18 p?/16. so the ratlo I8 4/x.

x-1=2P, y_1:=2P X~y -1)=1"y=x/(x-1).

Let the consecutive integers be (n — 1), n, (n + 1). Then the sum of their squares is
3n? + 2 wbicb 18 never divisible by 3 but is 77 when n = § and is then divisible by 11
as required in (B). Cboices (A), (C), and (D) are eliminated by taking the middle
integer n equal to 0, 4, and 2 respectively.

Since 1 and 14 are =1 and 1, f(l) = (1 — 1)/(1 + 1) = 0/¢1 + 1) = 0,
xteBx= (x+ 4)’ — 16 whicb is least {(~16) when (x + 4)? = 0 or when x = 4.

Triangle ABX I8 equilateral with altitude }sv3, The required distance is s - 1sv3
or 8@z ~ V3).

226=8%=2% ;. 15=2%/2 Also 15 = 2 ..3a/2 = b -a = 2b/3.

AP = 2ABand AQ= 3aB .. Pq- 2 - 2)AB = AB/35 - 2. AB = 0.
F = 4+ .,081+,00081+ coo = .4+ .081(1 + .01 +,0001 + ++)

i _lm = (4/10) + (81/1,000)(1/.99) = 63/110.
Denominator — Numerator = 110 — §3 = 57, .

= .4+ .081x%

Write {(x) = 2x” - hx + k. Then f(-2) = =16 +2h+k =0 andf(1) =2 = h +k = 0.
Hence h = 6, k = 4 and |2h - 3k| =0,

The length of side AD is 2r as are the distances from the midpoint of the diagonal

AC to AD and BC. Hence the length of AB {8 4r and the area of the rectangle is
(2r)(4r) = 8r2,

(.‘b)n = gbn and a¢ (n) = .bl‘l.
The roots are §(—p + Vp¥ — 4g) and dt-p- Vo' - 4q).
The difference 1s Ypi — 4q = 1. Hence p* =4q +1 and p =g +1.

The trisection points are (~1,3) and (2,1). The slopes of lines joining these points

to the point (3,4) are { and 3. Only the line of (E) has slope } and none of the lines
has slope 3.

Substitution ylelds F(4) = 2, F(5) = 3, and finally F(6) = 1.

Choices (A) and (B) are both false wben p and q are 2 and 1 respectively, and
choices (C) and (D) are both false when p and qare 1 and - 2 respectively. Hence
none of these holds for all values of p and q. :

The required difference 18 2 because it is positive and its square is 4.

Let a be the first term of the infinite series. Using the formula for the sum, we

bave a/(1 —r) = 15. Also a'/(1 - r!) = 45. Dividing gives
a/(1+r)=3..a=3+3randa=15—15r as 5.

Regardless of how the diagram is drawn, M lies on the perpendlculnr‘blsector of
HK 80 that MH = MK always. '

The distances read are inversely proportional to the radii of the tires so that

6
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23.

24, ¢

25.

{A)

N

(E)

(B)

. (A)

8. (A)

(D)

30. (E)

31. (B)

32. (C)

33. (A)

450 x 15 = 440(15 + d) where d i5s the increase. Hence the increase d - 15/44 = .34
inches.

Let S, denote the sum of the first m positive integers. Using the formula for the
sum of an arithmetic progression, Sy, — Sy = 3n(3n + 1)/2 - n(n + 1)/2=4n? +n =
150 . 4n? + n =150 = 0. (n ~ 6)4n + 25) = 0. 1 = 6. Sy, = Sy = 12024 + 1) = 300.

The number 101 = 7 x 6 x 12¢ whea written i» the base 12 system, -ends with ex-

actly 4 zeros.

If the sidz of the triangle is 25 and hence its ares iz ~*/7 = 2, then tae side and

arex i the hexaron are 8 ard 3833F/2 = ¥ respec..i.'y.

I* the number of ....»ces .3 W = w + p where w is a non-uegative integer and 0 < p
s 1, then the pLustage is
6w+ 1): «6l-w = 1) = ~,[-w =1} + ~6l-w - p) =
= =6[-W) cents

~6l-tw + p)}

The two lines whicli are the gi:ph of the first equation intersect at the poin: ..}

and 8¢ do the lines which are the graph of the second equatian whick are distinct

from those o! the first. Hence the twy graphs heve o%iy the one point (2,3; in com-
mor.

i r is the :adius and [ the perime. ¢, then the area of the triangle is fpr = p.
Therefore ¢ » 2.

Le: the medions be AM and BN w!-irh intersect at

Q and let AO and BO have lengths 2u and 2v so A

tiat OM and ON have lengths u and v respectively.
From right triangles AON and BOM, we ohtain

SN
Y. e (6/2)® = 36/4 & >\
u? « 4v? = (7/2) = 49/4 B “\ c

4u’ -+

Four-ﬂhha of the sum of these two equations gives
4u’ + 4v? = 17 which Is the square of the hypotenuse
AB of right triangle AOB. Hence AB = V17,

Let x be the number of minutes after 10 o’clock now. Then equating vertical angles
(measured in minute spaces) formed by a line through 6 and 12 and one in the '‘ex-
actly opposite’’ directions, wi: have x + 6 = 20 + (x - 3)/12 ¢0 that x = 15. There-
fore the time i8 10:15 now.

Let the bisector of angle D be drawn and Intersect AB at P. Tt .n PDCB v a paral-

lelogram and PAD an igsosceles triangle. The measures of A" : «, PB = b, and
hence AB = a + h.

To total 43, five digits must be one 7 and four, 9's or two 6°s and thre? 9°s. Thern
are flve and ten or a total of 15 such numbers three of whic' arz divisihle by 11.
Hence the probahility is 3/15 or 1/5. Divisibility by 11 requ:"¢s that the sum of the
firat, third, and fifth digits minus the sum of second and fours, be divisible by 11;
only 98,989 and 97,999 and 99,979 satisfy this requirement.

Let 2C be the circumference. The retio of the distances travelled by A and B re-
mains constant because their speeds are uniform. Therefore (C - 100)/100 =
(2C - 60)/(C + 60) so that C? = 240C, C = 240 and the circumference ie 480 yards.

Omit 10,000 for the moment. In the sequence 0000, 0::01, 0002, 0003, --- , 99¢" gach

digit appears the same number of times. There are (10,000)(4) digits in all, each,
digit appearing 4,000 times. The sum of the digits is 4,000(0 + 1 + 2 + +- ¢ 9) =-
4 000(45) = 180,000. Now add the 1 ir. 10,iv0 to get 180,001. Bl
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34. (C)

35. (D)

A number that divides two numbers and leaves the same remainder, divides their
difference exactly. We seek the greatest integer thst will divide the dmerence
(13,903 - 13,511) =392 = 72-23 and the difference (14,589 ~ 13,903): 686 - 7.2

The required common factor 18 73+2 or 98,
Let ¥ be the amount of the annual pension and y the number of years of service.
The -ith constant of proportionality k,

X =kvy X*psk\/—¥oi X+q=kvy +b
X =Ky X+p)=ky+a) X+q} =Ky +b)

Replacing k% by X? in the last two equations and simplifying,
2pX+pl=kla and 2gX+q’=k¥

Hence
2pX + p? S X ug® - bp?
29X + q’ b T 2(bp -~ aq) ’

The student should verify that bp = aq can not be zero.
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Sponsored Jointly by the o TWENTY SECOND %
ol !
MATHEMATICAL ASSOCIATION 4
OF AMERICA ANNUAL E
3

r | SOCIETY OF ACTUARIES MATHEMATICS 4
¢ MU ALPHA THETA yAIN\N %

o (s[al-|w{aje)  ExamiNATION

§  NATIONAL COUNCIL OF \¥[c[riw/ ?

- TEACHERS OF MATHEMATICS 1971 £

' INSTRUCTIONS e

1. Do not open this booklet until told to do so by your teacher.

2. You will have an answer sheet on which you are to indicate the correct
answer to each question.

3. This is a multiple choice test. Each question is followed by five an-
swers marked A, B, C, D, E. For each question decide upon the cor-
rect answer; then *wnte the capital letter that precedes the correct
answer in the box of your answer sheet directly above the number of
the question. For example: In question No. 3 suppose that the correct
answer is preceded by the letter C; you write the capital letter C in
the box directly above No. 3. Fill in the answers as you find them.

4. If unable to solve a problem leave the corresponding answer-box blank.
Avoid random guessing since there is a penalty for wrong answers.

5. Use pencil. Scratch paper, graph paper, ruler, compasses and eraser
are permltted

6. *When your teacher gives the signal tear off this cover along the dotted
line inside. Page 2 is your answer sheet.

7. Keep the questions covered with the answer sheet while you write the
information required in the first three lines.

& - 8. When your teacher gives the signal begin working the problems You
have 80 minutes working time for the test.

*This instruction may be modified if machine-scoring is used.

TUESDAY, MARCH 9, 197
68
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To be filled in by the student A
PRINT
last name first name middle tnitial
school (full name) street address
city state zip code
1
/pﬂfﬁn‘
1 2 3 ] 5 8 1 [] 9 10
PART I
T 713 TEENET 1 I 1 ) 2
PART M1
21 2 23 2 25 28 21 28 29 30
PART IV

1] ® 9 LT 3%
Not to be filled in by the student

Points Wrong, W
Part Va}ue Points Correct, C (do not inchude omissions)
I 3 points each 3 times = 3 times =
I 4 points each 4 times = 4times = =
m 5 points each s times = 5 times =
Iv 6 points each 6 times = 6 times =
TOTALS C= W=
SCORE =C -1
A ‘ Use for computation  Wrlte score above (2 dec. plwes)69
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PART 1 (3 credits each)

P Gy S R v a B SR S et e L g

1. The number of digits in the number N=212x 5%
A9 (B 10 ©1mn @12 (E) 20

2. If b men take c days to lay bncks, then the number of days it will take ¢ men workmg
at the same rate to lay b bncks, is
(A) v @B) b2 () ffb (D) bYf (E) f/b’ ’

A ke’ S

3. If the point (x,—4) lies on the straight hne joining the points (0,8) and (—4,0) in the xy-
plane, then x is equal to

a-2 ®2 -8 (D6 (B)-6

4. After simple interest for two month§ at 5% per annum was credited, a Boy Scout Troop
_ had a total of $255.31 in the Council Treasury. The interest credited was a number of
dollars plus the following number of cents

A1n @12 @©13 @O 21 (B3l

B i A aia bt ph o A

5. Points AB,Q,D, and C he on the circle shown and B

the measures of arcs BQ and QD are 42° and 38° A ;
respectively. The sum of the measures of angles P : Q k
and Qis P < ‘j
(A) 80° (B) 62° (C)'40° (D) 46° ¢ D 3
(B) None of these o g .

6. Let » be a symbol denoting the binary operation on the set S of all non-zero real num-
bers as follows: For any two numbers a and b of S, a * b = 2ab. Then the one of the
following statements which is not true, is

(A) = iscommutative over S (C) % is an identity element forsin$S

(B) = is associative over S (D) Every element of S has an inverse for »

(E) —zlais an inverse for # of the element aof S

7. 2=+ _ 9~k -1) 4 2-% s equal to

(A 27% @2r&-D () 27*+*D o (p2
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8. The solutioh set of 6x2 + 5x < 4 is the set of all values of x such that

A) -2<x<1 (B) -$<x<% (C) -4<x<% (D) x<diorx>-%
(E) x<-%orx>1%

9. Anuncrossed belt is fitted without slack around two circular pulleys with radii of 14
inches and 4 inches. If the distance between the points of contact of the belt with the
pulleys is 24 inches, then the distance between the centers of the pulleys in inches is

A 24 @B NI ©25 O 26 (E)443S

10. Each of a group of 50 girls is blonde or brunette and is blue or brown eyed. If 14 are
blue-eyed blondes, 31 are brunettes, and 18 are brown-eyed, then the number of brown-
eyed brunettes is

ASs B7 (€)9 11 (B)13

PART II (4 credits each)

11. The numeral 47 in base a represents the same number as 74 in base b. Assuming that
both bases are positive integers, the least possible value for a + b written as a Roman
numeral, is

(A) Xt (B) XV (C) XXI (D) XXIV (E) XVI
12. For each integer N > 1, there is a mathematical system in which two or more inte-
gers are defined to be congruent if they leave the same non-negative remainder when

divided by N. If 69, 90, and 125 are congruent in one such system, then in that same
system, 81 is congruent to

A3 B4 ©s5 @7 ®S

13. If (1.0025)"° is evaluated correct to S decimal places, then the digit in the fifth decimal
place is :
(Ao B1 ()2 Ms @®s

14. The number (2** — 1) is exactly divisible by two numbers between 60 and 70. These
numbers are

(A) 61,63 (B) 61,65 (C) 63,65 (D) 63,67 (E) 67,69

J'.
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15.

16.

17.

18.

An aquarium on a level table has rectangular faces and is 10 inches wide and 8 inches
high. When it was tilted, the water in it just covered an 8" X 10" end but only three-
fourths of the rectangular bottom. The depth of the water when the bottom was again
made level was ' :

@A @®3 O3 O3 @®4

After ﬁndinAg the average of 35 scores, a student carelessly included the average with the
35 scores and found the average of these 36 numbers. The ratio of the second average to
the true average was

(A)1:1 (B)35:36 (C)36:35 (D) 2:1 (E) None of these

A circular disk is divided by 2n equally spaced radii (n > 0) and one secant line. The
maximum number of non-overlapping areas into which the disk can be divided is

(A) 2n+1 (B) 2n+2 (C)3n—1 (D)3n (E)3n+1

The current in a river is flowing steadily at 3 miles per hour. A motor boat which travels
at a constant rate in still water goes downstream 4 miles and then returns to its starting
point. The trip takes one hour, excluding the time spent in turning the boat around. The
ratio of the downstream to the upstream rate is ,

(A)4:3 (B)3:2 (©)5:3 (D)2:1 (E)s5:2

19. If the line y = mx + 1 intersects the ellipse x?+ dy* = 1 exactly once, then the value of
m?is _
Wit ®t Ot Ot ®1

20. The sum of the squares of the roots of the equation x* + 2hx = 3 is 10. The absolute
value of h isequal to :
(A -1 B4+ ©% ()2 (E) Noneofthese

PART I (5 credits each) .

© 21. Iflogz(logs(logax)) = logs(logs(log,y)) = logs(logz (logsz)) = 0, then the sumx +y + z

is equal to
(A) 50 (B)S8 (C)89 (D) 111 (E) 1296 7R
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22. 1f w is one of the imaginary roots of the equation x> = 1, then the product (1 — w +
w3 (1 +w — w?) is equal to

a4 Bw ©O2 Dw B!
23. Teams A and B are playing a series of games. If the odds for either team to win any

game are even and Team A must win two or Team B three games to win the series, then
the odds favoring Team A to win the series are

(A) 11to$S (B)Sto2 (C)8to3 (D) 3to2 (E) 13to6

24. Pascal’s triangle is an array of positive integers (See 1
figure), in which the first row is 1, the second row 1 1
istwo I’s, each row begins and ends with 1, and 1 2 1
the kth number in any row when it is not 1, is the 1 3 3 1
sumof the kth and (k — 1)th numbers in the imme- 1 4 6 4 1
diately preceding row. The quotient of the number etc.
of numbers in the first n rows which are not 1’s and
the number of 1°s is
n’—n n—n n’—2n n®=3n+2
(A) =T (B) w3 © T (D) B o (E) None of these

25. A teen age boy wrote his own age after his father’s. From this new four place number
he subtracted the absolute value of the difference of their ages to get 4,289. The sum of
their ages was .

(A) 48 (B)S2 (C) S6 (D) S9 (E) 64 A
26. In triangle ABC, point F divides side AC in the ratio F
1: 2. Let E be the point of intersection of side BC and

AG where G is the midpoint of BF. Then point B G
divides side BC in the ratio

B
(A)1:4 (B)1:3 (C)2:5 (D)4:11 (B)3:8 E

27. A boxcontains chips, each of which is red, white, or blue, The number of blue §Mps is at
least half the number of white chips, and at most one third the number of red chips. The
number which are white or blue is at least 55, The minimum number of red chips is

AU B33 (45 @S54 ®) ST
N )
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. Nine lines parallel to the base of a triangle divide the other sides each into 10 equal seg-
ments and the area into 10 distinct parts. If the area of the largest of these parts is 38,
then the area of the original triangle is '

(A) 180 (B) 190 (C) 200 (D) 210 (E) 240

29. Given the progression 10"‘, mﬁ, loﬁ, loﬂ, AN 1oﬂ. The least positive integer n such
that the product of the first n terms of the progression exceeds 100,000 is

(A7 (B8 ()9 (10 (E 1

30. Given the linear fractional transformation of X into fy(x) = 2::11- Define f_ , (x)=

f(f(x) forn=1,2,3, - - -. Assuming that fas(x) = fs(x), it follows that f1¢(x) is equal
to : :

(A) x (n)% ©) "_;-! (D) l-:'; (E) None of these

PART IV (6 credits each)

31. Quadrilateral ABCD is inscribed in a circle with side AD,
a diameter of length 4. If sides AB and BC each have
length 1, then side CD has length

w!l o ovi OVE ®23

32, 1=+ 27+ 2B+ 27 ar27h+27H), tensisequal 1o
WH-27%" @u-27dH" ©1-27% Ou-27% @®1+

33. If P is the product of n quantities in Geometric Progression; S their sum, and S’ the sum
of their reciprocals, then P in terms of S,S', and n is

wesH® ® e © 6P O 6 ® 9

74
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34. Anordinary clock in a factory is running slow so that the minute hand passes the hour hand
at the usual dial positions (12 o’clock, étc.) but only every 69 minutes. At time and one-
half for overtime, the extra pay to which a $4.00 per hour worker should be entitled
after working a normal 8 hour day by that slow running clock, is

i3 (A) $2.30 (B) $260 (C) $280 (D) $3.00 (E) $3.30
35. Each circle in an infinite sequence with decreasing radii is tangent externally to the one
B following it and to both sides of a given right angle. The ratio of the arez of the first k.
N circle to the sum of areas of all other circles in the sequence, is 9
(A d+3v2):4 B)YWZ:2 (O (6+122):1 (D) (2+22/2):1
(E) 3+2V2):1 !
M.A.A. COMMITTEE ON HIGH SCHOOL CONTESTS
National Office: Univ. of Nebraska, Lincoln, Nebr. 68508 i )
Omaha Office: Univ. of Nebraska at Omaha, Omaha, Nebr. 68101 : : S
New York Office: Fred F. Kuhn, 119 Fifth Avenue, New York, N.Y. 10003 1 » |
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2.

10.

12.

13.

(B)

(D)

(E)

A

©

(E)

©
(8

(D)

oy

(E)

(D)

(B)

(E)

..« the required length d

Note: The letter following the problem number designates the correct choice of the five
listed for the problem in the 1971 examination.

Rearcanging the factors, N = 2%(2% X 5%) = 16 X 10® = 1,600,000,000 which is a
ten digit number.

If x, y, and z represent the number of men, days, and bricks respectively, and k
is the constant of proportionality, then z = kxy and the given data yields k =
f/(bc). With this k, the number of days y = bez/(fx) = beb/(fe) = b/

Equate the reciprocals of the slopes of the segments joining (x,~4) with (0,8)
and (-4,0) with (0,8) to get —x/12=4/8. Hence x = ~6.

" The principal at the beginning of the 2 months was P = $255.31/(1 + .05/6) =

$253.20 50 that the interest credited was $2.11 and the number of cents was 11.

3P +%Q=360° - (3PAQ + %PCQ)
=360° ~ (180° - 21°) ~ (180° - 19°) = 40°.

as 2—Ia= 1 which is not the identity element as required.

The given expression =2-2%(2-! — 2+ |) = —2-2k /2= _2~(2k+ 1)

The given inequality is equivalent to (3x + 4)(2x — 1) < 0 which requires 0 < 3x
+4and2x - 1 <0 -§<x<}

A right triangle with legs 24
24 and 10 inches is formed 4\ 16 / .
by the line of centers, a

radius, and a line paralle!
to the belt (See figure). 10 ¢

satisfies d* = 242 + 10% =
26%,d = 26 inches.

There are 50 — 31 = 19 blondes and .. 19 ~ 14 = § brown eyed blondes. .. 18 —
S = 13 are brown eyed brunettes.

Both a and b must be greater than 7and 4a + 7=7b+ 4~ 7b-4a=3..(ab) =

(159) -2+ b=24=XXIV.

The difference of any two congruent integers must be divisible by N. Since 90 —
69=21and 125 - 90=35,N = 7.Since 81 — 4 =77, 81 is congruent to 4.

The binomial expansion gives (1.0025)!%= (1 + .0025)'= | + 10(.0025) +
45(.0025)% + 120(.0025)* + 210(.0025)* + - - .= 1,025 + .00028125 +
.000001875 + terms less than 10™®= 1.02528 accurate to S decimal places.

Two factors are 63 and 65 because 2% — 1= (2 - 1)(23+ 1) = (22 - |21+ ))
Q¥ +1)=(2° - 125+ 1X2"2+ 1)(2% + 1) =63 X 65.(2'2+ 1)(2* + 1).




19.

20.

21.

23.

24

25.

26.

27.

e
. \

1

(8)

(A)

(E)

(D)

©)

(E)

©

(A}

(A)

@

(V)

®)

(E)

Let u and h be the length of the bottom and depth of water when the bottom is
level. Then the volume V of the wateris V= 10hu= 104 8+ 3u,h = 3".

Let the 35 scores be denoted by x;, X3, X3, - - -, X35 and their average by X. Then
35% = x) + X3 + X3 - - - + X35. The average of the 36 numbers is (x; + x3 + X3+ -+
+ X35 +X)/36 = (35X +X)/36 = 36X/36 =X. Hence the ratio is | : |.

A secant can cut across (n + 1), but no more, of the 2n equal sectors, dividing

each into two parts. The total number of distinct areas is then 2n+(n + 1)=3n+1.

Let v = the boat’s speed in still water in miles per hour. Then 1 = ;:—3 + '1—4_?
SV _9=4(v—3)+4v+3) vV -8v-9=0,(v-9)v+1)=0.v=9
Speed downstream (v +3 _ 12 2-The ratiois 2:1

Speedupstream v-3 6 | T

Exactly one intersection requires the roots of the quadratic x* + 4(mx + 1)*= ]
to be equal and hence the discriminant to be zero. i.e. (8m)® - 4(4m? + 1)+ 3=

0.Hence m®= %

ifthe rootsare rand s, then r + s= —2hand rs = —3. Hence (1 + s)’ = r* + s? +
2s=10-6=4h’" |h|=1.

Since the antilog of 0 is ) regardless of base, logy(logsx) = logdlogay) =
logxlogsz) = 1 and hence logex = 3,logsy =4 and logsz = 2. . x +y + z=43+ 2
+31=89.

Factoring the given equation x> ~ 1 = O gives (x — IXx>+ x + 1) = 0.
The imaginary root w satisfies w> + w+ 1= 0. Hence ] + w?=-w, | + w= _w?
L -w w1+ w - w) = (-2w)(-2w?) = 4w’ = 4 because W’ = ).

The four sequences of wins (each followed by its probability) for Team A to Jose
the series are BBB(1/8), ABBB(1/16), BABB(1/16), BBAB(1/16). The total
probability for Team A to lose is 5/16 so that, to win is 11/16. The odds favor-
ing Team A to win are 11 to'S.

In the first n rows, there are (2n ~ 1) I'sand $(n - 2)}(n - 1)=4(n® - 3n +2)
n?’~3n+2
4n-2

Let b and f denote the boy’s and father’s age respectively. Then 13< b< 19.

Also 99f + 2b = 4289. Equating the remainders in the division of both members
of this equation by 9, (casting out nines),2b =32, b= 16. Now 99f = 4289 - 32
=4257andf=43...f+b=59.

Draw FH parallel to AE. Then BE = EH
because BG = GF. Also 2EH = HC because
2AF=FC...3BE=EH+HC =EC...E
divides BC in the ratio | : 3.

other numbers. The quotient is

o E _ H

. Let w, b, and r denote the numbers of white, blue, and red chips respectively.

Thenw<2band 3b<r.Noww+b>55..2b+b=3b>55.b>18§..19<
b/, 57 < 3b < 1. The minimum number of red chipsis 57.
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31.

32,

3.

34,

3.

e \

©
(E)

(D)

(A)

(A)

(B)

(B)

©

Let b and h denote the length of the base and altitude respectively. Since 38 =
(b + .9b).1h), the area $bh = 200.

Since 100,000 = 10%, the sum of the first n exponents must exceed 5. i.e. n{n +
1/22>5:.n(n+ 1)> 110.n= 1.

H g(x) is the inverse of the transformation fy(x), then g(fy; + ;(x)) = fa(x). Since

“f5(x) = f5(x), successive application of this formula yields f3,(x) = f,(x) . f3o(X)

1.
= g(fi(x)) = x . f29(x) = g(x) .. £4(x) = g(g(x)). But g(x) = %-;; o fa(x) =
) = -

Draw radius OB which is perpendicular to
and bisects chord AC at G. Side CD is
parallel to and has length twice that of
segment GO, Similar right triangles BGA
and ABD yield

_lw4cononc2 =4 +D=2G0=7-

Letxsz‘h.'l'hens=(l+x)(l+x’)(l+x‘)(l+x')(l+x'°)
Now(l —x)s=1-x%=4..s54(1 —x)"' =4(1 - 2"5)"

Let the progression be a, ar, ar?, - - - ar” ~ 1, thenP = ade-in g a:——: :n
_g0 ~n=1) _ -
gel oD =L i et 0 s = and

12 hours by the slow clock =69 X 11 minutes= 12 hrs. + 39 min. .. 8 hours by
the slow clock = 8 hrs. + 26 min. Overtime of 26 min. @ $6 per hr. or 10¢ per
min, givess260 ,

Let O denote the vertex of the rlsht

angle, C and C’ the centers, rand v’

(r>r') the radii of any two consec-

utive circles. If T is the point of con-

tact of the circles, then OT =0C’ +
r=(W2+1)fandOT=0C —¢=

(V2 - 1)r. Equating these expres-

sions for OT yields the ratio of con-

secutive radi r'fr = (V2 ~ 1)/(V2+

1)= (/2 - 1) If r is the radius of .

the first circle in the sequence, then o
nr is its area, and the sum of the

areas of all the other circles, which form a geometric series, is

e ((VZ- D+ V2= D] %{J‘Lﬁ (72-,%_—

The quotient of areas = (VZ+1)' = 1=16+12y/2 and the required ratio is

]

(16 +12v2) 1 1.
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INSTRUCTIONS

1. Do not open this booklet until told to do so by your teacher.
2. You will have an answer sheet on which you are to indicate the correct answer to each question.

3. This is 2 multiple choice test. Each question is followed by five answers marked A, B, C, D, E.
For each question decide upon the correct answer; then *write the capital Jetter that precedes
the correct answer in the box of your answer sheet directly above the number of the question.
For example: In question No. 3 suppose that the correct answer is preceded by the letter C; you
write the capital letter Cin the box directly above No. 3. Fill in the answers as you find them.

4, If unable to solve a problem leave the corresponding answer-box blank. Aveid random guessing
since there is a penalty for wrong answers.

S. Use pencil. Scratch paper, graph paper, ruler, compasses and eraser are permitted. h

6. *When your teacher gives the signal tear off this cover along the dotted line inside. Page 2 is 3
your answer sheet. “

7. Keep the questions covered with the answer shect while you write the information required in
the first three lines.

8. When your teacher gives the signal begin working the problems. You have 80 minutes working
time for the test.

*This instruction may be modified if machine-scoring is used.
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To be filled in by the student
PRINT
last name first neme middle initial )
school (full name) street address
city . state zip code
|
P/ART I |=
1 2 3 4 3 8 1 ] 3 10
PART II
< 1 12 13 T 15 18 17 18 19 20
. PART III
v 21 22 3 7] 13 28 27 28 7] 30
PART IV _
‘ 3 TR T 3
. Not to be filled in by the student '
) : . Points Wrong, W
Par. Value Points Correct, C {do not Include omisdons)
. ‘ I 3 points ach 3 times = 3 times =
I 4 points each 4 times = 4 times =
b m 5 points each 5 times = 5 times =
IV |6 points each 6 times’ = "6 times =
TOTAIS C = W=
SCORE =C ~1W
Use for computation Write scoro above (2 dec, places) 3
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- PART I (3 credits each)
1. The lengths in inches of the three sides of each of four triangles
I, II, I, and IV are as follows:

I 3,4,and5 M 7,24,and 25
n 47r,and8- v 37,4r,a.nd5*

Of these four given triangles, the only right triangles are
(A) Tandl (B) JandIN - (C) Tand IV
(D) I, II, and I (E) I,II,and IV

. If a dealer could get his goods for 8% less while keeping his selling
price fixed, his profit, based on cost, would be increased to
(x + 10)% from his present profit of x% which is

() 12% ®) 1% (© %% ) 50% (E) 75%

3.1 x =1—'—2iﬁ where 1 =v_T, then —r-— is equal to

@A) -2 ® -1 ((©)1+¥3 ®1 (E)?2
. The number of solutions to {1,2} ¢ X c {1,2,3,4,5} where X is
a subset of {1,2,3,4,5} is . | _
. @A)2 - B4 ()6 (8 (E) None of these
. From among 2%, 3"/, 8"°, 9'/° those which have the greatest and
- the next to the greatest values in that order, are :
(A) .31[3, 21/? (B) 31/3, 81/8 ) (C) 31/3, 91/9 (D) 8]_./8, 91/9
(E) None of these
. If 32% +9 = 10(3%), then the value of (x* +1) is ,
(A) 1 only {B) 5enly (C) leor r5 @2 (E) 10

=

7 If yzzx:xy 123 thenﬁ l isequalto

ki R idadaieh

©: 14 (n) 21 @ ar 1. 8%
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8.If Ix-logy | =x +log y where x and log y are realfthen
A) x=0 @B) y=1 (C) x=0andy-=1
(D) x(y-1) =0 (E) None of these

9. Ann and Sue bought identical boxes of stationery. Ann used hers
to write 1-sheet letters and Sue used hers to write 3-sheet
letters. Ann used all the envelopes and had 50 sheets of paper
left, while Sue used all of the sheets of paper and had 50 envelopes
left. The number of sheets of paper in each box was

(A) 150 (B) 125 (C) 120 (D) 100 (E) 80

10. For x real, the inequality 1= 1x-21=171is equivalent to
(A) x=1lorx=3 @B) 1=x=3 (C) 5=x=29
D)-S5=x=<1lor 3=x=9 (E) 6=x=<1or 3=<x=< 10

Part II (4 credits each)

11, The value(s) of y for which the following pair of equations

x>+y*—16=0 and x*~3y +12=0
may have a real common solution, are
(A) 4donly (B) -7,4 (C) 0,4 (D) noy (E) ally

8 12. The number of cubic feet in the vblume of a cube is the same as the

number of square inches in its surface area. The length of the
edge expressed as a number of \feet is

(A) 6 (B) 864 (C) 1728 (D) 6x 1728 (E) 2304

13. Inside square ABCD (See figure) with D E .C
sides of length 12 inches, segment AE '
is drawn where E is the point onDC
which is § inches from D. The perpen- -
dicular bisector of AE is drawn and P M A
intersects AE, AD, and BC at points M, A
P,and Q respectively The ratio of seg- |
ment PM to- MQ is.

(A)512(B)513(c)519“ "'A —_
(D)14 (E) 5:21 oA
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14. A triangle has angles of 30° and 45°. If the side opposite the 45°

angle has length 8, then the side opposite the 30° angle has length
A4 B 42 ()43 D) 46 E€)6

15. A contractor estimated that one of his two bricklayers would take
~ 9 hours to build a certain wall and the other 10 hours. However,
he knew from experience that when they worked together, their
combined output fell by 10 bricks per hour. Being in a hurry, he
put both men on the job and found that it took exactly 5 hours to

build the wall. The number of bricks in the wall was

(A) 500 (B) 550 (C) 900 (D) 950 (E) 960

16. There are two positive numbers that may be inserted between 3

- and 9 such that the first three are in geometric progression while
the last three are in arithmetic progression. The sum of those
two positive numbers is

A) 13+ () 11¥ (©) 100 @) 10 (€)%

17. A piece of string is cut in two at a point selected at random. The
probability that the longer piece is at least x times as large as
the shorter piece is

Wt @ oiy o ®E;

x+1

18. Let ABCD be a trapezoid with the measure of base AB twice that
of base DC, and let E be the point of intersection of the diagonals.
If the measure of diagonal AC is 11, then that of segment EC is
equal to

ws$ ®mF ©4¢4 O3k ES3

- 19. The sum of the first n terms of the sequence

1, (142), (14242%), ... (14242%+...4277%)
in terms of n ig,
| @) 2°  ®2"-n () 2™-n
i () 2™-n-2  @®n-2" . 84
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6
20.1f tan x =22 where a>b >0 and 0° <x < 90°, then sin x is
- -
| equal to
a b Va2 — b? vaZ — b? 2ab
Wg ®7 O—F 0O —F% € F7p
PART I (5 credits each) -
21. If the sum of the measures in degrees of B c

angles A, B, C, D, E, and F in the figure to

the right is 90n, then n is equal to N

A g~

W2 ®3 ()4 D 2
5 (® 8 T

22.1f a + bi (b # 0) are imaginary roots of the equationx® +qx +r =0
where a, b, q, and r are real numbers, then q in terms of a and
b is

(A) a2 +b? . (B) 2a%’-b? (C) b?-a? 3
@) b*—2a® (E) b®- 3a®

23. The radius of the smallest circle containing the
symmetric figure composed of the 3 unit squares
shown at the right is i

(A)vZ  (B) V1,25 ) 1.25 -

D) STJIG_?- (E) None of these

24. A man walked a certain distance at a constant rate. If he had "$
gone % mile per hour faster, he would have walked the distance
in four-fifths of the time; if he had gone + mile per hour slower, 3
he would have been 24 hours longer on the road. ‘T‘he distance '
in miles he walked was . 3.

@A) 13z (B) 15 ,,(c) 17 ‘_.‘_.,f'a)) 20 ‘_(E) 25 ./

. 25. Inscribed in a circle is a qi'na.drilateralﬁhav'ing sides of lengths
25, 39, 52, and 60 taken consecutively. The diameter of this
s circle has length

v (A) 62 _;?'.‘(B)‘:,63" @) e D) es @ &5 |




26. In the circle to the right, M is the M

mid-point of arc CAB and segment
MP is perpendicular to chord AB at P.
A B

If the measure of chord AC is x and
that of segment AP is (x + 1), then
segment PB has measure equal to c

(A) 3x +2 (B) 3x +1
) 2x +3 D) 2x +2
(E) 2x +1

27. If the area of AABC is 64 square inches and the geometric mean
~ (mean proportional) between sides AB and AC is 12 inches, then
sin A is equal to

w: @ ©f of ®f

28. A circular disc with diameter D is piaced on an 8 X 8 checker-
. board with width D so that the centers coincide. The number of
chéckerboard squares which are completely covered by the disc

is

(A) 48- - (B) 44 C) 40 () 3  (E) 32

29..If(xf)(x) = 10g (25) 1ok —1 <x <1, then f(:”‘ﬂ*ia) in terms of
£(x) 18 x/

@A) -fx) (B) 2&) (C) 3t&x) (D) [£6c))*
E) [16))® - £(x)

30 A rectangular.piece of paper 6 inches
: wide is folded as in the diagram so that
‘one cornier touches the opposite side.
‘The length in inches of the crease L in
terms of angle 0 is

(A) 3sec®6 cscod
(B) 6 8in 0 sec#®
(C) 3secécscé ' ~
(D) 6 secd csc’d- o s ~

. (E) None of these o 6
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PART IV (6 credits each)

31. When the number 2'°® ig di¥ided by 13, the remainder in the divi-
sion is

Wi ®2 ©3 ©®7T @®n

32. Chords AB and CD in the circle to the C
right intersect at E and are perpéiidic-
ular to each other. If segments AE,
EB, and ED have measures 2, 6; and 3
respectively, then the length of the AV2|E 6

diameter of the circle is \ 3 | B
@A) 45  (B) V65  (C) BVIT \

D) V7 (E) &2

33: The minimum value of the quotient of a (base ten) number of three
different nonzero digits divided by the sum of its digits is

(a) 9.7 (B) 10.1 (c) 10.5 . (D) 10.9 (E) 20.5

34. Three times Dick’s age plus Tom’s age equals twice Harry’s age.
Doublé the cibe of Harry’s age is equal to three times the cube
of Ditk’s age added to the cube of Tom’s age. Their respective
ages até relatively prime to each other. The sum of the squares
of their ages is

(A) 42 (B) 46 (C) 122 (D) 290 (E) 326

.35. Equilateral triangle ABP (See figure)
with side AB of length 2'inches is placed
inside square AXYZ with side of length
4 inches so that B is on side AX. The.
triangle is rotated’clockwise about B, . .
then P, and so on along the sides of the .
square until P returns to its original
position. The length of the path in inches
traversed by vertex P is equal to

(A) 200/3 (B) 321/3 (C) 12r A B X

. (D) 401/3 (E)15n
Printed in US.A. e
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1, This Key is preps ed for the convenience of teachers.

2, Some of the solutions may be intentionally incomplete; crucial steps are
gshown, . . .
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J 3. The solutions shown here are by no means the only ones possible, nor
are they necessarily superior to all alternatives,

4. Even where a ‘‘high-powered’’ method is used, there is also shown a more
elementary procedure,

5. This Solution-Ansiver Key validates our statement that no mathematics
beyond intermediate algebra and trigonometry is needed to solve the
problems posed. ’
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Note: The fetter foliowing the problem number designates the correct choice of the five listed for the
probiem in the 1972 examination.

1. (D) The Pythagorean Theorem applies to show that IV {s not but 1, I, and 111 are right triangles.

2. (B) Let C be the present cost, hence .92C the discounted cost, and x the present profit, in percentage.
then equating the fixed proceeds of sale, gives

C(1 + .01x) = .92C[1 + .01(x + 10)], .08{.01x) = (.92}1.1)-1 = 012, x = 15,

3. (B)X ~x=4(1 - VTP - $(1 - VE) » }(-2 = 21vT) - }(1 - (vT) = -1 and the reciprocal requested s
aiso -1,

4. (D) The union of {1,2} with each of the 8 distinct subsets of {3,4,5} resuits in a different solution X and
there are no other sofutions.
Remark: 1n making the count, one need only enumerate the 8 subsets of {3,4,5} but it is not difficuit
to write down alf 8 solutions. This is left to the student.

8. (A) First note that (2/")" = 8 < (3')f = 9 50 that 2”7 < 3, Aiso (2*)'* « 2° = 512 > (9"°)'* .« 81 8o that

. 2% 5 9''*, and 27 > 8''® = 2%, Hence 3''%, 2'/? have the greatest and next to the greatest values in
that order,

8. (C) Let y = 3% and the given equation is equivalent to y* ~ 10y + 9 = 0 or (y - 9Xy —1) = 0. Hence

y*3" =90orl,x=20r0sothatx’+1=Sorl,

ey

i X L 2. Y2 0.1.4. . .
‘{ 7. (E) The ratio i ".“-2.{ 4:1 because it is given that yz:2x « 1:2 and hence 2yz = zx

= b2 '
8o that & *2and = =34,

8. (D) If (x — fog y) is nonnegative, then the given equation requires that x —log y = x + fog y 80 that
! —dogy =fogy =0 and y = 1. Onthe other hand, if (x ~ fog y) i8 negative ~(x - fog y) = x ¢ fog y
: 80 that 2x = 0. We can write x(y—1)= 0 to say that x = 0 or y = 1 or both.

9. (A) Let x and y denote the number of sheets of paper and of enveiopes respectively in each box. Then
x-y*50 and y —4x = 80 give §x = 100, x = 150 sheets of paper in each box.

. 10. (D) First when x-220,than 1 sx-2=5 7,3 sx <9, Agailnwhen x-2 s 0, then 1 S2 -x = (R
=1 5 -x = Sgives -5 = x = 1 as the other possibility as stated in choice (D).

11. (A) Graphing the circie of radius 4 about the origin and the parabola with
y - intercept 4, it becomes apparent that they intersect oniy when y = 4.
Aiternateiy, we may subtract the second {rom the first equation to g
y'+3y-28=0,y =7 or 4. For y=4, x =0, but there is no reai x for

y =1,
12. (B) Let an edge be { feet and hence 12f inches long. Then f* = 8(121) so that { = 8(12) = 8 x 144 = 864 ft. l‘
" 13. (C) Let Rand 8 be the intersections with sides AD and BC of the line through b E c :
1 M paralief to AB (See figure). Then RM = 4DE = 2{ inches and hence MS
] has length 94 inches. Since PMR and SMQ are simifar right triangles
. PM:MQ * RM:MS » 24:9{=5:19, o
R [
i M
Q
H
, A B

14.' (B) Let 8 denote the required side. Then the Law of Sines gives
s 8 8 8 sin 30°_ &h
| Y iy il ey kb v Sk LA

Alternately, the altitude between sides 5 and 8 has length 4 and fs one leg of an lsosceles right tri- '
angie with t:ypothenue s = 4/7. & ot

" 15, (C) If x is the number of bricks in the wali, then this reduced number of bricks for 5 hours of wo.rk
together, is .

.

-

.';,,sﬁ.;‘—o-w) =X, x = 900 bricks, .
bR L
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16. (B) Let 3, x. y be the first three numbers. Then 5 = l x* = 3y. The last three numbers are x, y. 980
thaty —x =9 -y, x+9 =2y, Eliminate y gemng 2x -3 -27s0, Factorlng (x+3X2x -9)=0,
xsaf,y= ‘—‘ =6d. .x+y=11¢

.

17. (E) Let AB represent the string (See figure) and let P be the point on it
such that AP:PB = 1:x. 1f AP has length s inches, men the lengu.o( “—u—f—u——* 8

PB is sx. The probability that the cut lie on AP ll

. 8ince the cut is equally likely to

T + X ¥
lie within the same distance from the other end B o( the string, the probability of either is —:r of i
choice (E). ©x
18. (A) Let sides AD and BC of the quadrilateral intersect at V. Then diagonals AC v 3
and BD are medians from A and B of triangle ABV intersecting at E which K .
divides AC In the ratio 2:1 so that the length of ECiia & or 34 unltl ]

A B

19. (D) The K® term of the given sequence is equal to 2% -1 so that the sum of the first n terms may be
written as

@-1+@ -+ (@ -1)+...+ (2 -1)
#(2+2°+2+...42%~(14+14+1+ - tonterms)
=™ ~2)-n=2"™ —-p-2
20. (E) Angle x may be taken as the acute angle opposite the lldoo(lcuthzlblna
right triangle (See figure) whase other Leg then has length (a' - b'). The o3 2
hypothenuse s then the square root of (2ab) + (a7 = b°)* = a* + 2a%" + b* or >
a’ +b'. Hence sin x » 2ab/(a’ +b") by the ddlnltlouo(-lne

o

al-pt
Rk
21. (C) Let P and Q denote the intersections of AD with BF and CE respectively. B
Then 3 sums of angles in degrees are
LF + LFPD + (EQA + (LE = 360° A °
(B + (180° - (FPD) + (D = 180° F A
£A + (180" - LBQA) + £C = 180°
Adding th&se equations member by member gives
LA+LB +/LC +L(D+LE +LF +360° = 720°
and the required sum is 360° = 90n° so that n = 4 as in choice (C).
22, (E) Let the third root of the given equation be 8. The sum of the roots is zero, 2a +8 = 0, s = -2a,
The sum of the products of the roots taken two at a time is q,
(a +bi}a —bi)+(a+bi)s +(a-bils=q
(a? + b%) + a(-2a) + bi(-2a) + a(-22) - bi(-2a) = b* -%a* = q which is choice (E).
23. (D) Let P be the center of the circumscribing circle. (See figure). We must have LY
: AP = PB’ sothat (1 -0P) +1'= (1 +op)’ + ::d -20P o‘lz 5-- 20P : 4. ,
169 + 250 5{17 :
OP = . Hence AP* = (1 -OP/' +1’» ) AR b T ol ] Tg?l ) 5 - -
andAP - T : : : A

1.
24, (B) Let D, ‘R, T denote the distance (miles), rate (miles per hour), time (houu) rcmctlvely Then
. D=RT,D sH{R+ YT, D=R-T+ 2.

The first and second equations give 4D = 4T. . D= 2T. .. 2T = RT and R =2, Replaclnc T by 4D
and R by 2 in the third equation gives D = $(4D+ 2), D = 15.miles.

25. (C) Since mglelAandcan supplementary, (See figure) one suspects that each may - cC n
be a right angle. m-mmmwhmeauwlmwmdlm“umo °
common hypothenuse and the dlammrouho circumscribing clrclo : - » A o
'rheumereuultmayboobtalnodnlngthel..lwo(c“InelontrhulelABDmd 3 T
CBD. Thus A . B ; . P
g-as:n::-wmzm 8 S e ‘
BD" = 25" + 680* - 3x25x60 cos A - B . . o o

“" ¥ . KR 30 y

giin ' : = ’ . aoT




Since C Is the supptement of A, replacing cos C by its equal (—cos A) and subtracting, gives
0 =0 + (2xI9x52+2x25x60) cos A. . cosA=0

and A and its supplement C are both right angles. The common hypothenuse BD has length 63 and
is the diameter of the circumscribing circle as before.

26. (E) Draw NQ perpendicular to AB at Q where chord MN has measure x. Since arcs BN snd AM sre
equal, PQMN is a rectangls and PQ has measure x. Hence PB = PQ + QB nas measure
x+(xel)s2x+ 1,

27. (D) The ares of AABC (See figure) is 64 = $AB -AC sin A. ¢
Now AB-AC=144. Hencs sinA = 2280 . 8, :

A B

28. (E) All border checkerboard squares sre not entirely coversd by the disc. Only ths 4 corner squares
of the 8 x 8 *‘checkerboard" of ths 36 remaining interior squares are not entirely covered. Hence
36 — 4 = 32 squares are entirely covered by the disc.

x+x
1+
. 01($555) o I g L 22 (12 - e 22 s
i’s?
30. (A) Liet b danots the length of the sheet. Then h = — v s =80

=3sechcach.
Also L' = h sec 8 = 3gec 0 cac 0.

31. (C) The remainder in the division of 2'* by 13 is 1 because that of 2° = 64 is ~1. Hence
219 o 3% x 3 = (2!%)® x 16 lsaves a remainder of 1% x 3 = 3 when divided by 13.

or
Using congruences, 2* = ~1 mod 13, Hence 2“® = 2" x 2' w (-1)** x 16 w 1 x 3 w 3 mod 13.

32, (B) If AC and BD be drawn, then Inscribed angles B and C subtend the same src AD and hence right tri-
angles ACE and DBE are similar. Hence CE:AE = BE :DE and the measure of segment CE is 4.
The center of the circle at the intersection of the perpendicular bisectors of chords AB and CD is 4
units to the right of and 4 unit above point A. Hence (Radius)® =(4 Diameter)® = 4* + ($)* = (} VEB)*.
& The length of the dinmeter is V85,

33, (C) Let the units, tens, and hundreds digits be denoted by U, T, and H respectively so that the quotient
" to be minimized is M-lowvhiehhlomvhununommeuo(me

U+T+H U+T+H
T +11R 10H -9
values of T and H. Now 1‘0_1109"’.?73_05 which is least when T =8 and H = 1. Hence

the number is 189 and the minimum quotient 1 = 10.5.

) 34.(A) Lot T, D, and H denote the ages of Tom, Dick, and Harry respectively. Then 3D + T = 2H and
2’ = D'+ T or qulv;cﬂ_i; 3(H-D)=D+ T and 2(8' -D’) = D’ + T. Since
+

DOT;‘O.!’%%:;?- B o7 of B' ¢ HD +B" = ¥ DT+ T*. Hence T° - H' = D(T + H) g0 that

T —~H = D, Eliminating T from the last and very first equation gives H = 4D go that D=1 and
H=4 bouuuunndbuardﬂlvol,wlmchtqou.AuoT-H#D-b and the required sum of
squaresis T'+ D' + H's 8+ 1* s ' = 42, .

*35. (D) The point P returns to its original position after 24 = 8 x 3 moves. In 8 of these moves, the rota-
tion is about vertex P with no path traversed by P: 1n ths other 16 moves, 8 are about a mid-point
of a side of ths square with the radius to P sweeping through 120° or 47 radians, and 8 are about a
corner of the square with the radius to P sw through 30° or 47 radians. The total angle

swept through by the radius to P is 8(3 + 4x) = {x radians. Hence the length of the path traversed

byPhS'-:gchou% - heFton o ¢
ST Grsh)a Lo (ix), k2012, ...
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The Occupational Outlook Handbook (OOH) of the U.S. Government's Bureau of
Labor Statistics states, ‘“Mathematics is both a profession and a tool essential for many
kinds of work. The expression of ideas in mathematical language provides a framework
within which these ideas can be understood.” Have you ever thought of some of the
ways in which Mathematics can help you earn a living? For example:

As a Teacher
Do you like mathematics? Do you like to share your enthusiasm for
mathematics with others? Do you like to help people? Do you like
school? If your answer is “yes” to these questions, then you would
- undoubtedly enjoy teaching mathematics as a profession. Since a
. knowledge of mathematics is so essential in this growing technological
society, there is a need for mathematics teachers at all levels including;
elementary school, junior high school or middle school, senior high
. school, junior college, college, and graduate school. You can choose the
age of student with which you would like to work as well as the level of
mathematics that you would like to teach. Mathematics teachers find it
exciting to see others learn mathematical concepts and challenging to
discover new ways of teaching concepts. -Also, good mathematics
teachers find additional excitement and challenge, since they continue
to leam new mathematics throughout their careers. Mathematics
teaching is not without financial reward. Salaries of mathematics
teachers have been steadily increasing and there is reason to believe that
they will continue to increase. Consider. entering this profession of
excitement, challenge, and reward,

Time (Sept. 28, 1970; p. 38) reports teacher “shortages still exist in
mathematics and science.”

As a Statistician
. A power company trying to supply enough electrical power for peak
. periods of demand, a pharmaceutical chemist trying to determine the
. effectiveness of a new drug, and an expert in educational methods
-~ 'trying to decide whether a new approach to.teaching reading is better
. .. than older methods are concerned with apparently different problems;
- . but-each is vitally in need of statistical tools which can be used with the
... 'scientific method to make decisions. A statistician is trained to analyze

" such problems, to design experiments whose results may yield some
answers to the problems, and to interpret ‘the results when they are
obtained; he may-also be an experi in another field such as
communication, agriculture, psychology,- - economics, sociology,
engineering, medicine, genetics, etc. A statistician needs a background
in undergraduate: mathematics as well as in_the 'special fields of
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statistics. If you are mathematically oriented and interested in the
decision-making aspects of research problems of all kinds, consider
statistics as a career.

As an Actuary
The actuary is an executive professionally trained in the science of
mathematical probabilities. He uses his skills on behalf of people to
design insurance plans that will help keep the family stable financially if
the head of the family becomes disabled or dies. He also designs
pension programs to meet financial needs in retirement years. Protec-
tion against financial disaster which might follow an accident or fire
also calls for the skills of the actuary. The actuary is a businessman
deeply involved in all aspects of the insurance business. A large
percentage of actuaries are employed by insurance companies, although
other areas of employment include consulting firms, state and local
governments and academic institutions. Admission to the profession
requires completion of a series of examinations—the earlier examina-
tions being based on college mathematics. Salaries offered are substan-.
tial, and extensive training programs allow the student to obtain
‘professional status while working in a stimulating job. If you enjoy
mathematics and wish a business career, consider the actuarial
profession, ‘

In a letter dated September 1, 1970 announcing the Actuarial Examinations,

the Presidents of the Casualty Actuarial Society and the Actuarial Society

state in part ‘‘the demand for actuaries continues to outrun the supply even

though increasing numbers qualify for professional status each year. It appears
that the shortage of uctuaries will continue for a number of years.”

As an EDP Specialist

 Electronic Data Processing (EDP) has been made today’s’ fastest

growing industry by a seemingly infinite series of advances in computer
development. New and more powerful computers are being used to
-attack an increasing variety of problems. Successful ‘EDP activity,

however, depends on the imaginative application of human intelligence,

without which even the most powerful computers are useless. The
demand for highly trained EDP specialists who can provide guidance
grows steadily each year. To be successful in EDP work, one must have
ability to think logically and to analyze thoroughly .a wide variety of
problems. Solutions frequently involve complex calculations and the
use of sophisticated mathematical techniques. A-solid background in
"mathematics provides an excellent foundation for entering this field. If
you like mathematics, enjoy the challenge of solving complicated
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problems, and would like to be part of a new and dynamic field,
consider a career as an EDP specialist.

As a Worker in Applied Mathematics

Mathematicians are in great demand in the challenging fields of radio
chemistry, rocket propulsion, nuclear physics and space exploration.
Research in these fields is conducted by the Federal Government, by
industries, by universities and by foundations. There ate other fields
too, and just as exciting, in which mathematics is needed to do
research. There has been an unusually rapid increase in the use of
advanced mathematical techniques and concepts in economics, psychol-
ogy, sociology, political science, in business management and in biology
and medical research. In addition to calculus, linear algebra, and
probability, entirely new branches of mathematics (such as the theory
of games, linear and dynamic programming)and new research journals
(such as JOURNAL OF MATHEMATICAL PSYCHOLOGY and MAN-
AGEMENT SCIENCE) now serve this new group of applied mathemati-
cians. Typical problems that use advanced mathematics involve compe-
titive economic systems, learning theory in psychology, inventory
control and production scheduling in business management, cell growth
and the spread of disease in biology and medicine. Or perhaps your
future lies with one of the many kinds of engineering-aeronautical,
chemical, civil, electrical, industrial management, mechanical, metal-
lurgical, nuclear, petroleum, quality control, sanitary, and so forth. You
can see they cover a wide range of activities. Mathematics as you know
is a basic tool of the engineer. If you enjoy mathematics and wish to
make it your lifework, why not investigate more Jully one of the above
exciting fields?

In the Summer 1969 issue of the Occupational Qutlook Quarterly (pp.
25-27), Michael F, Crowley reports “Scientists and Engineers a Fast Paced
Employment Expansion”, an article based on (NSF-68-30) for sale by the
U.S. Government Printing Office; Price 70¢. :

Interested participants in the Annual Examination and their teachers
may gain additional Career information from the OOH which gives
more extended (but still brief) descriptions of about 700 occupations,
each followed by the places™of employment, the training needed, and
the future outlook which is based on five assumptions stated for the
first time in the 1970-1971 biennial revision (p. 11). The OOH is prob-
ably the nation’s foremost source of information on Careers. Bulletin
(NSF-68-30) states the meaning of Scientist including Mathematician
carefully in Appendix C (p. 54), and Appendix D (p. 55) gives.the Basic
Sources of Employment Data on Scientists and Engineers, 1950-1966.

~
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Somewhat more complete information for Mathematicians may be
obtained from Professional Opportunities 'in Mathematics (POM)
published by the Mathematical Association of America. The Eighth
Edition (1971) gives a large number of references to further reading and
the names and locations of many non-academic employers of mathema-
ticians. It is available for $.35 from the MAA Washington Office. The
address is noted below. In contrast to POM, the MAA has for
distribution You !l Need Math (YNM) addressed principally to junior
high scheol students and potential high school math dropouts. YNM
.contains 14 “comic strip type” cartoons under nine of which are very
brief, but accurate, descriptions of jobs. YNM has four lists on page §
naming 75 jobs in which-mathematics ranging from *“some High School
math” to “some College 1nath” is nzeded. The brochure ends on page
16 with the prediction, “Half the jobs you'll see 10 years from now do
not exist today.”

Specifically we suggest that by including three or four years of
mathematics in high sthool, and one or two years in college, you may
keep open the dogrs, otherwise closed, to many opportunities for your
future. '

This material has been made available to the student participants by
the following named Sponsors of the Annual High School Mathematics
Examination:

e L A s RS A A T e

_The Mathematical Association of America
1225 Connecticut Avenue NW, Washington, D.C. 20036

'ISoEiety of Actuaries
208 South LaSalle Street, Chicago, lllinois 60604

Mu Alpha Theta
University of Oklahoma, Norman, Oklahoma 73069
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National Council of Teachers of Mathematics
1201 Sixteenth Street NW, Washington, D.C. 20036

Casualty Actuarial Society
200 East 42nd St., New York, N.Y. 10017
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ANNUAL HIGH SCHOOL MATHEMATICS EXAMINATION

) JOINTLY SPONSORED BY THE
? ) MATHEMATICAL ASSOCIATION OF AMERICA
‘ SOCIETY OF ACTUARIES [} MU ALPHA THETA

NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS
CASUALTY ACTUARIAL SOCIETY

IMPORTANT INFORMATION FOR PARTICIPANTS

Item 1. Definitions and Symbols and their Meanings:

= the same as s less than or equal to
# different from 2 greater than or equal to ?
< less than k]| +k if k=0,-kifk <0 !

> greater than

XY may mean line XY or the length of segment XY, according to
context

£ a function; f(x) is sometimes used In the sense of {
f(a) the unique value of f when the (independent) variable agsumes the per-
missible value a, e.g. f(2) =a - 2Va

Z continued sum, e.g.gc,, =C+Cy+...+C,

S A

TT' continued product, e.g. ;l'_[ €y =CGs...C,
=1
a! n(n-1)(n-2)...(2)(1) for n, a natural nuinber,

Item 2. Below are the essential examination instructions to the student:

1. Do not open this booklet until told to do so by your teacher.

PrARP R I SISV PRI STIRIE S SRR R A

Yoy will have an answer sheet on which you are to indicate the correct
answer Lo each question.

3. This is a multiple choice test. Fach question is followed by five an-
swers, marked A, B, C. D, E. For each question decide upon the cor-
rect answer; then *write the capital letter that precedes the correct
answer in the boxof your answer sheet directly above the number of the
question. For example: In question No. 3 suppose that the correctang-
wer is preceded by the letter C; youwrite the capital letter C in the box
directly above No. 3. Fill in the anawers as you find them.

4. If unable to solve a problem leave the corresponding anawer-box blank.
‘Avoid random guessing since there is a benalty for wrong answers.

R e

e

S. Use pencil. Scratch paper, graph paper, ruler. compasses and eraser
are permitted.

6. *When your teacher gives the signal tear off the cover of the examina-
tion booklet along the dotted line and turn the cover over. Page 2 is
your answer sheet. .

R G S5 1 A R 57 41 ane

7. Keep the questions covered with the answer gheet while you fill in your
name and the name of your school on it,

8. Wi en your teacher gives the signal begin working the problems. You i
have 80 minutes working time for the test. b

*The instruction may be modified 1f machine-acorieg is used. SYMBOLS—-RULES -
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