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NOTES . .

from the Editor

What constitutes a research study? This question
becomes crucial in selecting articles and documents to
be abstracted for Investigations in Mathematics Education.
We believe that readers of this journal will be best served
by a broad interpretation of that issue rather than a
narrow definition. We have abstracted evaluative studies
of large curriculum projects or teacher-training programs
even though these projects and programs did not show
evidence of the careful control of variables usually
associated with research studies. Evaluations of math-
ematics education programs call for practical applications
of many research techniques in settings not particularly
amenable to classic research design. Analyses of studies
where research techniques have been applied to evaluate
existing programs can provide important insight into
these special problems.

The first abstract in this issue discusses a study
which looks carefully at a particular research technique
(item-sampling) as applied to formative curriculum evalu-
ation. As our abstracter points out, this particular
study is not experimental. But it does provide guidelines
for the use of the item-sampling technique in other
formative evaluation studies. The application of this
particular technique is important to all researchers.
We believe it is a good example of the advantage to be
gained by adopting a broad view of research when selecting
articles for this journal.

We appreciate comments from our readers concerning
the coverage of articles abstracted in this journal.
Readers who would like to see specific reports or documents
abstracted by Investigations in Mathematics Education
are encouraged to write the editor.

Jon L. Higgins
Editor

IN
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Expanded Abstract and Analysis Prepared Especially for
I.M.E. by Arthur F. Coxford, University of Michigan.

1. Purpose

To investigate the application of the technique of
item-sampling to formative curriculum evaluation in
mathematics.

2. Rationale

In the item-sampling technique, a set of n items is
randomly partitioned into r subsets. The r subsets of
items are randomly assigned to s subjects so that each
subject responds to only a subset of the items. Theoreti-
cally the descriptive statistics obtained for an item, a
subset of items or the entire set of n items are estimates
of the respective population descriptive statistics. There
is evidence which suggests that means obtained by item
sampling techniques may be significantly greater than
means obtained by conventional procedures. Even so, when
subjects are exposed only to item sampling techniques,
the conditions which influence performance are assumed
uniform and inflated means are much less important.

In mathematics curriculum development a great number
of objectives are sought over a year. In formative eval-
ation of a mathematics program, information on all these
objectives is desirable at several times during the year
so that the curriculum developer may identify weaknesses
and institute correctional procedures. These needs cannot
be met by conventional testing procedures. They may be
satisfied by the item-sampling technique because all ob-
jectives can be measured several times during the year
without having every subject respond to every test item.

1
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In applying an item-sampling technique to formative
curriculum evaluation in mathematics several interrelated
questions need to be answered.

1) What sample size is needed?
2) What accuracy of the sampling estimates is

desirable and obtainable?
3) How many items need to be used?
4) How many items per test are desirable and feasible?

3. Research Design and Procedure

The mathematics program which was formatively evalu-
ated was the sixth grade portion of Patterns in Arithmetic
(PIA) which is made up of 64 fifteen minute TV sessions
with pre and post activities, Teacher Notes and Pupil
Exercises. Two TV lessons were viewed each week by the
students in 62 participating classrooms within a fifty
mile radius of Madison, Wisconsin.

Twelve 20 item tests were developed for use in the
evaluation. Testing was done four times during the 1968-
69 school year. The first administration (T1) followed
program 5 (September) of PIA, T2 followed program 20
(November), T3 followed program 41 (February), and T4
followed program 63 (May). At each administration every
student completed a test, all tests were administered and
a student completed a different test at each administration.

Each evaluative instrument contained twenty items.
There were thirteen multiple choice items and seven free
response (work out answer and record it) items. Each test
had the same directions for administration. In strict
item-sampling situation, items are randomly assigned to
tests. In the present study a pool of items was con-
structed in June 1968, partitioned into homogenous (by
content area) subsets, and each test was constructed by
selecting items from a variety of content areas and a
variety of difficulty levels. The aim was an interesting,
informative, and balanced test. Thinty-five minutes was
hypothesized to be sufficient for test completion by al-
most all students.

The first administration of the twelve tests was pre-
scribed by the researcher. Participating teachers were
required to follow directions carefully so that each test
was taken by two or three students in each class. Upon
receipt of the student rosters along with indication of
the test completed by each student, the investigator as-
signed tests to be completed by each student at T2, T3



and T4. The assignment was random within the restriction
that no student should take the same test twice.

In order to provide a basis for making judgments con-
cerning the effectiveness of PIA, each item measuring a
program objective was classified into one of 5 categories.
These categories were (1) Mastery level 1--Item easy for
most students at the end of the year; (2) Mastery level
2--Area received strong emphasis during the year yet high
level mastery is not expected; (3) Mastery level 3--Items
represent more complicated aspects of content in PIA as
well as problems which are conceptually difficult and
computationally complicated; (4) Transfer level 1--Items
involve minor extensions of concepts; and (5) Transfer
level 2--Items are usually conceptually difficult, repre-
sent extension of program content and contain difficult
computations. A lower bound of acceptable end of year
performance was arbitrarily set for each of these cate-
gories.

4 Findings

1) The average class time needed to complete the tests
at T1, T2, T3 and T4 was 23.8 min., 24.8 min., 23.9
min., and 23.8 min.
2) Four items appeared on two different tests. Analy-
sis of the response rates for these four items demon-
strated that 120 random responses produced a reasonably
stable estimate of item difficulty.
3) A growth profile of correct response rates was
constructed for each item.
4) The 240 items administered at each testing period
were partitioned by content area to aid interpretation.
The content area results formed the basis for decisions
made regarding changes in PIA.
5) On the basis of the test results

a) Major revisions in two TV programs of PIA were
deemed necessary.

b) Several areas of weakness were identified, i.e.
measurement, problem solving, long division,
and ratio.

6) The item pool was weak in that it did not include
items representative of all major objectives of PIA.

5. Interpretations

1) Large variations in responses to single items
should not be considered as firm evidence that program

3
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change is needed. Rather, a set of related items
should be examined if single items suggest the possi-
bility of a problem.
2) The item pool used in item-sampling must include
only items which provide information relative to the
objectives of the program being evaluated.
3) Test instruments should be constructed so that
every pupil will have the opportunity to respond to
each item.
4) Test items should be classified prior to their
use in evaluation. A minumum number of categories
should be used and the final level of performance for
each category indicated by setting a lower bound
criterion for each category.
5) An aid in making the testing results useful is to
group items into content areas and to indicate, via
a code, the type of instructional emphasis on each
bit of content occurring between testing periods. It
is recommended that two symbols be used--one for ex-
tensive coverage in the program and one for signifi-
cant review.

Abstracter's Notes

This is not a report of an experimental study. It is
a careful discussion of the technique of item-sampling as
applied to formative evaluation. The author has provided
well reasoned arguments for variations from the completely
random assignment of items to tests and tests to subjects.
He has provided good guidelines to other curriculum de-
velopers for the successful use of the item-sampling tech-
nique in formative evaluation.

Arthur F. Coxford
University of Michigan
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ISOLATION OF FACTORS THAT INFLUENCE THE ABILITY OF YOUNG
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pp49-52, Jan '71
Descriptors--*Classification, *Geometric Concepts, *Instruc-

tion, *Mathematical Concepts, Association (Psychological),
Preschool Children, Readiness

Expanded Abstract and Analysis Prepared Especially for I.M.E.
by Jerry P. Becker, Staff Associate (Mathematics), National
Science Foundation Science Liaison Staff, New Delhi/India
(an leave during 1971-72 from Rutgers University, New
Brunswick, N.J.)

1. Purpose

To investigate the ability of young children to compre-
hend the relationships that exist between a solid and its
representations expressed in the form of sketches or
photographs.

2. Rationale

Various ideas, concepts, and topics are regarded as im-
portant in the intellectual development of a child. An
important question, in this regard, is: What is the best
time at which these ideas and topics can be comfortably
acquired? Also, are there factors in the perceptual
development of some young children which enhance or in-
hibit the growth of their ability to associate different
size solids with representations of a given size?

3. Research Design and Procedure

Five solid shapes were used in this investigation: right
circular cylinder, sphere, ellipsoid, square based rectangu-
lar parallel piped, and cube. These shapes were used because
the possibility exists that one of them might be mistaken,
on the basis of only some of its defining characteristics,
for another solid in the set. As an example, failure to
consider height could result in selection of a rectangular
solid as a cube, or vice-versa. To introduce an additional
factor--that of size--four solids of each shape were used:
one small, two medium, and one 'large. Solids were constructed
so that the height of the small rectangular solid and the
length of the base of the middle sized one were each the
same as the length of an edge of the middle sized cube.
Similarly, the height of the middle sized rectangular solid
and the length of the base of the large rectangular solid
were each the same as the length of an edge of the large
cube.

5
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A color photograph and a black line sketch of a middle
sized solid of each shape were used as classification
stimuli. The sketch and photograph of each solid were
fastened together, back to back, and hung on a string
fastened to a container in which the solids could be
placed. (This procedure facilitated switching from one
representation to another half way thru the test.) A
randomized order was used in presenting solids to the
children for classification.

Seventy one three-year-olds and 58 four-year-olds were
tested, all individually. Children were to find the
representation which they felt depicted the solid they
were holding and then place the solid in the box with the
choscn representation. Selections were recorded, compiled,
and later analyzed in three ways: item analysis, Paired T
Test, and multivariate analysis.

4. Findings

An item analysis showed that correct classification of
cubes and rectangular solids were most difficult for the
children, whereas, cylinders, spheres, and ellipsoids were
relatively easy to classify.

Out of a possible 20 items, the mean score for subjects
was 17.43, indicating that the test was easy for many of
the children. The distribution was negatively skewed and
exhibited a strong ceiling effect.

The Paired T Test was used to compare several partial
scores for each child, with results showing that three-
and four-year-olds associate a solid equally well with
its photographic or sketch representation. Children could
more easily classify solids that were the same size as the
solid in the sketch or photograph. Although both large and
small size solids were difficult for children to classify,
neither was significantly more difficult than the other.
A multivariate analysis was carried out, with the following

factors considered: (1) Teacher and experience (whether or
not the student had formal lessons pertaining to shape),
(2) Order of presentation (sketches or photographs first),
(3) Socio-economic level, (4) IQ. Results showed that the
Teacher and the Experience of the child with an instruc-
tional unit dealing with shape were the most influential
factors in the child's performance. It was not possible to
differentiate between Teacher and Experience or to ascer-
tain which, if either, made the more significant contribu-
tion to the child's performance: Results showed, however,
that there is high potential effectiveness in teaching
three- and four-year-olds to identify shapes and that the
child's performance in the classification of any medium or
large solids and of cubes of any size will serve as a good
indicator of the experience (or teacher) with which the
child was associated.
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IQ also affected performance of the children. Small
solids of any shape as well as any cylinder can be used
to discriminate between IQ groups. Medium IQ children
(between 90 and 110) and high IQ children (above 110)
scored significantly better than children with low IQs
(below 90).
When order of presentation was significant, higher scores

were achieved by children who first observed photographs
for the placement of the 10 solids, and then observed
sketches for the remaining 10 solids; but only rectangular
solids provided a basis for discrimination between children.
Children were classified into one of five socio-economic

levels using the Hollingshead Two Factor Index; however,
socioeconomic level was not a significant factor in any of
the comparisons.

5. Interpretations

The study showed that three- and four-year-old children
are able to classify solids by either pictures or sketches
of the solids. Their ability to identify solids correctly
appears to be influenced by a reasonable training program
and the IQ level of the children. Further, placement of
solids appears to be dependent on physical characteristics
of the solids being classified and data show that the
children had the most difficulty differentiating between
cubes and rectangular solids.

Abstracter's Notes

Studies such as this, in which a child's acquisition of
mathematical ideas and relationships is studied, are always
of interest to mathematics educators. However, a clear
cut rationale for the study is not stated, nor does it seem
obvious. For example, it is not clear what the results of
such research can tell us about the intellectual development
of a child. Nor is it clear how such results fit into
the picture of a child's mathematical thinking development.
And what are the implications for curriculum development?
These are questions that might be discussed so that mathe-
matics educators get a better understanding of how the
research can help us and be used.
A mean of 17.43 out of a possible 20 items seems quite

high. Accordingly, it is not clear why an extensive
analysis of the data is made, leading to the conclusion
that the test was easy for many of the children.
It was found that three- and four-year-olds associate

solids equally well with their photographic or sketch
representations. But what might be the characteristics of
the photographic and sketch representations which might
lead us to hypothesize otherwise? Also, it was found that
the Teacher and the Experience of the child with an instruc-
tionirERTE dealing with shape was the most influential
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factor in a child's performance. While not being able to
differentiate between these factors, the author goes on
to mention that a child's performance in the classifica-
tion of any medium or large solids and of cubes of any
size will serve as a good indicator of the experience (or
teacher) with which the child was associated. I am not
sure of the value of this observation nor of the degree to
which it might be generalized.

IQ is found to affect the performance of a child. However,
IQ is a general kind of construct, which may have many
components. In particular, spatial ability is a part of
the more general concept of IQ and may have played a role
in the performance of children on the test. For example,
might not children with "high" spatial ability'be able to
perform consistently better than children with "lower"
spatial ability? In general, examination of the role of
particular aspects of mental ability in performance on
mathematical tasks may be more revealing than by examining
the role played by more general IQ measures.

Jerry P. Hecker
Rutgers University
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Descriptors--*Concept Formation *Elementary School
Mathematics, *Mathematical Vocabulary, Mathematics
Education, *Reading Research, *Secondary School
Mathematics.

Expanded Abstract Prepared Especially for I.M.E. by
L. D. Nelson, University of Alberta.

1. Purpose

To develop a difficulty measure of mathematical terms
and mathematical symbols as a step in the development of
readability formulas appropriate for mathematical materials.

2. Rationale

The level of vocabulary difficulty in reading material
is usually determined by comparing the words in the mater-
ial with a list of words having a certain familiarity or
frequency of use. Quite serious problems arise, however,
when the material contains a large proportion of special-
ized vocabulary such as is found in mathematics textbooks.
This vocabulary is made up of words which may have gener-
al meaning but are used in mathematics in specific con-
texts (e.g. set); which may have mathematical meanings
different from ordinary meanings (e.g. field); which may
have meaning only in mathematics (e.g. perimeter); and
the like. There is also a complex system of symbols
(e.g. the square root sign). It was to determine a mea-
sure of difficulty for such mathematical terms and sym-
bols that the authors conducted this study.

3. Research Design and Procedure

It was proposed to obtain measures of familiarity of
mathematical terms and mathematical symbols of seventh
and eighth grade students in the United States. To do
this the authors proceeded to develop two measuring
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instruments - one for mathematical terms and one for
mathematical symbols. If the student could remember a
definition, give an example, or give an explanation in
his own words he was deemed to be familiar with a term.
The student was the judge and would check either "know"
or "don't know" for the term. The familiarity score for
a term was the percentage of students who indicated they
knew the term. A similar procedure was used to get a
familiarity score for a mathematical symbol.

A sampling frame or list of mathematical terms to be
tested (1165 terms in all) was compiled from pre-calcu-
lus mathematics books. Pre-calculus texts were used
because the authors were primarily interested in the
readability for seventh and eighth graders of elementary
and secondary materials. The phase "additive identity"
and the words "additive" and "identity" would all be in-
cluded in the frame. If familiarity of a word which ap-
peared in a phrase was wanted, such as "acute" in "acute
triangle", the word whose familiarity was to be determined
was set between asterisks (*acute* triangle). From the
list of 1165 terms approximately 5000 unique tests of 100
items each were made up using a randomization program.

The 154 symbols were obtained from the same textbooks
and 9 tests of 36 symbols each were generated. Symbols
were randomly selected and each symbol appeared in at
least two of the tests.

Seventh and eighth grade students from the United
States were selected by what the authors call a propor-
tionate stratified random sampling. From the sample of
students approximately 350 responses were obtained for
each term and 250 responses for each symbol. Measures
of stability, level of agreement of scores, and other
checks into the precision of the results were obtained.

4. Findings

Frequency distributions of mathematical terms and
mathematical symbols according to intervals of familiari-
ty were presented. Lists of mathematical terms whose
degree of familiarity were found to be between 90% and
100% and between 80% and 90% were given. A list of sym-
bols known by at least 70% of the students was also given.



5. Interpretations

The following observations were made.

1. Students tended to distinguish between word
forms with some precision.

e.g. Word Form Familiarity

equal 92%

equation 83%

equality 72%

equate 24%

2. Consistency of student responses and differ-
entiation according to form in which they
appear can be noted in the following example.

Word Form Familiarity

commutative 71%

associative 76%

distributive 67%

commutativity 44%

associativity 39%

distributivity 38%

Some rules for different word forms may have to be
established.

3. Students respond discriminatively to mathe-
matical words used in different contexts.

e.g. degree of an angle - 77%

degree of a polynomial - 26%

4. Familiarity measures for mathematics vocabu-
lary (terms and symbols) now exist.

16



Abstracter's Notes

The authors leave us with the question, "Will a meas-
ure of vocabulary difficulty have predictive power in a
readability formula?" Most readability formulas do con-
tain vocabulary difficulty as a predictor variable and
the care with which this research was carried out would
indicate that the results will prove very useful in this
connection. However, as the authors point out, the va-
lidity of the measures they have developed is yet to be
established. In any event it is almost certain that
these measures will provide a useful guide for those in-
volved in producing mathematics material for junior high
school pupils at least.

L. D. Nelson
University of Alberta
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A TECHNIQUE FOR STUDYING CONCEPT FORMATION IN MATHEMATICS
Collis, K. F., Journal for Research in Mathematics Education,
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Descriptors--*Cognitive Processes, *Concept Formation,
*Learning, *Mathematical Concepts, *Secondary School
Mathematics, Grade 8

Expanded Abstract and Analysis Prepared Especially for I.M.E.
by Richard J. Shumway, The Ohio State University

1. purpose

Is there a potential usefulness for a particular card
sorting task in the study of mathematical concept formation?

2. Rationale

Card sorting tusks have long been used by psychologists to
study "artificial" concept formation. It is proposed here that
such tasks can be designed to study the formation of mathematical
concepts taught in school mathematics. It is implied that the
card sorting task suggested helps to meet "A fundamental
methodological requirement that the researcher be able to
observe, record, and quantify the child's mathematical thinking
without too much disturbing, disrupting, or distorting it."

3. Research Design and Procedure

Based on an examination of Hubbard, Numbers in Relationship
(Academy Press, 1964) and discussions wilE7age-W teachers
using the text, 56 items limilar to the following were chosen
and printed on 3x4 cards:

1. 3 x 4 = 4 x 3
19. y = ax + b
23. 5 - 5
28. 2x = 8
40. 2b = a
48. x is integral

3x = 7

7. w-m=m- w
20. b = y - ax
25. 0 x 7
31. 3x - 7 = 12 - 7
42. b/a = 1/2

50. -6 =

According to the experimenter and a panel of four expert
teachers, the items fell into the six categories: (1) commuta-
tive principle with contrasting examples, (2) equivalent formula,
(3) zero (with one contrast), (4) equation with one variable

13



x = 4, (5) ratio, and (6) impossible statements for these
students.

Two items were rejected as redundant. For the card sorting
task each subject was given a pack of the 54 cards, instructed
to lay them all face up on the table, and arrange the cards
in any groups which seemed to go together. Cards which did
not fit were kept separate. There was no time limit. The
subject was not shown any category system and was free to make
as many groups as she wanted. The experimenter recorded the
items placed in each group and the number of groups for each
subject. For a pilot study, five subjects were randomly selected
from one grade 8 class in each of four convent girls schools.
Each of the 20 subjects was given the card sorting task six
times over a period of seven months in 1965. According to
the experimenter, the student records were examined in two
ways,

(a) the development of what may be termed "pure"
categories, that is, categories containing two or
more cards but with no misconceptions or irrelevant
cards included and (b) the patterns of category
development that showed up upon inspection of the
individual protocols.

The experimenter was interested in the number of "pure"
categories at each administration (graph suggests that the
number of pure categories at each administration ranged from
about 60 to 200) and the pattern of category development.
The data were summarized descriptively.

4. Findings

The number of "pure" categories formed "increased" from first
administration to last administration. Smaller categories
were integrated in later administrations "in order to associate
the cards concerned with a higher level principle." Based on
the first three administrations the experimenter was "able to"
predict the emergence of new categories as distinct groups in
later administrations. No statistical tests of significance
were used.

5. Interpretation

The in/estigator concludes that

a) designing, administering, and interpreting the
results of the card sorting task are "skills
already within the competence of the classroom
mathematics teacher."
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b) "the card-sorting technique would be of assistance
to a teacher in tracing a child's conceptualization
of the various principles in a particular mathe-
matics course."

c) the technique would offer teachers and psychologists
in remedial education "an aid to determining the
adequacy of child's cognitive functioning level ...
without intervention of...reading and written expres-
sion ..." variables.

d) "the possibilities of the technique for use in
educational research have been enhanced by develop-
ments in the field of factor analysis that enable
data gathered by the means described above to be
analyzed more objectively."

Abstracter's Notes

It is important to emphasize that this is a feasibility
study for a particular research technique. Some questions
come to mind:

1. Can this card-sorting task be analyzed in the
experimental psychologist's terms? Is it in the
reception or selection paradigm? Are the concepts
conjunctive, disjunctive, conditional, bicondi-
tional, or some more complicated combination? Is
the task simply concept formation when it involves
multiple concepts? What about relevant and ir-
relevant attributes?

2. Did the experimenter entertain the hypothesis that
the changes he observed could be caused by the
training provided by the task itself? What is the
reliability of the instrument?

3. Why were there so many (200) distinct pure categories
at the sixth administration? What were they?

4. What types of statistical analysis could be applied
to the data available from the card-sorting tasks?
Could they have been illustrated with the pilot
data? The experimenter's advice would be welcome.

5. What limitations does the experimenter see for the
card-sorting task?

Since this is a feasibility study we assume the findings
reported in the pilot study are simply illustrative of some
of the potential questions which could be asked. The value
of the report is in the description of the card-sorting task
and the suggestion that it may be useful in educational
research.

Richard J. Shumway
The Ohio State University
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Expanded Abstract and Analysis Prepared Especially for
I.M.E. by Shirley A. Hill, University of Missouri, Kansas
City.

1. Purpose

To devise a set of prototypic tasks which would test
various aspects of concept learning. To determine the
effect of two instructional variables, number of instances
and emphasis of relevant attribute values, on the per-
formance of these tasks.

Two hypotheses were tested: 1) that level of concept
mastery would increase as a function of the increase in
number of instances presented and 2) that emphasis of
relevant attribute values would facilitate concept learning.

2. Rationale

Concept learning research should be extended in sev-
eral ways: 1) a wider range of concepts should be ex-
amined, with careful specification of the essential char-
acteristics of the concepts; 2) various instructional pro-
cedures should be utilized, verbal as wen as nonverbal
strategies; 3) a set of differentiated response measures
should be employed to assess both short-term and long-term
retention; and 4) performance of subjects of different
ages on the same task should be compared.

The study attempts to deal with these four needs within
the following framework. Fourth- and sixth-grade children
were taught geometric concepts which bore complex inter-
relationships to one another. A strategy for character-
izing the concepts was developed. This consisted of de-
termining the attributes relevant and irrelevant to the



concept and of determining the relationships of each con-
cept to the other. Concepts were taught by a combination
of definitions and examples, with variation in number of
examples and relative emphasis of relevant attribute
values. Eleven tasks were identified as test items to
measure attainment of each concept.

The effect of number of instances presented on concept
attainment has not been clearly established in previous
research.

Emphasis of relevant attribute values has been shown
to improve concept learning but research has been on in-
ductive tasks only. This study investigates the effect
for deductive tasks.

3. Research Design and Procedure

The subjects were 154 fourth-grade and 126 sixth-grade
children. The fourth-grade children comprised the entire
fourth-grade population of one school in a midwestern
suburban community. All sixth-grade children were from a
middle school in the same community. These classes were
selected from the total sixth-grade classes for convenience
of scheduling.

Instructional materials and tests were constructed and
refined in a pilot study. They were developed from a set
of behavioral objectives based on an analysis of cognitive
processes in concept learning. Concepts used were the
geometric concepts, quadrilateral, trapezoid, parallelo-
gram, rectangle, rhombus, square and kite.

LeTgaii-Taigica-1-3-teach the concepts were similar to
the usual school lessons but controlled the particular
variables of interest, number of examples and emphasis of
relevant attribute values. Combinations of these variables
and counterbalancing resulted in eight different treatments.
Within each of the classes subjects were randomly assigned
to one of the eight treatment groups. Each group had four
lessons, one on background, one two on attributes, one
or two on concepts.

Each concept lesson had two positive and two negative
instances. Thus half the groups got 4 instances, half 8
instances. For half the groups the concept lessons also
had questions directing attention to the relevant attri-
bute values and a review of these relevant values.

Tests were a multiple-choice test and a completion test
developed from the pilot study tests.

Experimenters were two graduate students, familiar with
materials and procedure.

22
17



The design was a treatments X blocks design with sub-
jects nested within class and treatments crossed with
class. A two-way fixed effects analysis of variance model
was assumed with the mean square error term as the denomi-
nator of the F-ratio for both main effects and interaction.
Independent variables were number of concept examples (4
or 8) and emphasis on relevant attribute values (presence
or absence of emphasis).

4. Findings

Reliability estimates (Hoyt) for the total multiple-
choice test were .81 for grade 4 and .86 for grade 6; for
the total completion test were .87 for grade 4 and .87
for grade 6.

Multivariate analyses of covariance were carried out
for each grade level. Dependent variables were total score
on the multiple-choice test (MT) and total score on the
completion test (CT). The covariate was the raw score on
the Paragraph Meaning test of the SAT, in order to reduce
variability due to differences in reading ability. The
analysis revealed that the covariate had a highly signi-
ficant correlation with the dependent variables.

There was a significant variation among mean vectors
over the six class groups. A t test indicated differ-
ences were not due to the different experimenters but to
differences among class groups.

The variation in mean vectors due to emphasis of rele-
vant attribute values was highly significant for Grade 4
(p<0.0085 on MT, p<0.0076 on CT). The effect of number
of instances and the interaction between number of in-
stances and emphasis of relevant attribute values were not
significant.

For Grade 6, there was no significant variation among
mean vectors for any of the main effects or interactions.

5. Interpretations

While item difficulties increased from task level to
task level on the test, there is not sufficient evidence
to suggest a hierarchy of task complexity. Refinements
in tests and expansion of subtests might permit more ana-
lytical differentiation of levels of concept mastery.

Interference in tasks may have been due to different
meanings previously associated with concept labels and to
similarity of concept labels themselves.
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The general lack of effect of the variable of number
of concept instances may be related to the fact that all
groups received both positive and negative instances.
Greater effects might have resulted from use of positive
instances only.

The significant effect of emphasis of relevant attri-
bute values at Grade 4 and lack of effect at Grade 6 sug-
gest that the greatest effect of such emphasis is on the
ability to correctly label attribute values.

Abstracter's Notes

This is a very well-designed and well-conceived study,
focusing upon important variables in concept learning in
mathematics. As is so often the case, however, the re-
sults leave us with continuing uncertainties about the
effects of the variables. The limits of time and other
constraints imposed on research in the classroom make
definitive answers extremely illusive.

A factor which must have some effect on the results is
the students' background and exposure to the concepts
taught. Even though they were not a part of the formal
program previously, many of the concepts (squares, rec-
tangles, etc.) were those to which nearly everyone is ex-
posed informally in varying degree prior to Grade 4. This
cannot be fully accounted for or controlled in experiments
of this type.

The question of an effect of number of instances is
complicated or clouded by the equating of positive and
negative instances. Previous experimentation in concept
learning suggests we might look more closely at the par-
ticular sequence, combination (perhaps ratio) of positive
and negative instances before we can determine clearly the
comparative effects of number of instances.

Shirley A. Hill
University of Missouri
Kansas City
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1. Purpose

The purpose of this study was to investigate the
effectiveness of spaced reviews in terms of retention of
mathematical rule learning. Specifically, the investigator
sought to determine

a) the effects of one review on rule retention
b) the effects of temporal position of one review

on rule retention
c) the effects of two reviews on rule retention

(regardless of temporal position)
d) the effects of temporal position of two reviews

on rule retention.

Three hypotheses were developed from a review of pre-
vious research. They are in summary:

a) One review will significantly enhance retention
of rule learning

b) Temporal position of one review will not have a
significant effect on retention of rule learning

c) One early and one late review will be more ef-
fective than either two early reviews or two late
reviews in strengthening retention of rule
learning.

A number of subsidiary questions were also investigated.

2. Rationale

An extensive literature search was made of studies of
the relationship of review to retention of both non-
meaningful and meaningful learning. The latter studies
usually employed reading passages. These studies of reten-
tion of meaningful learning tended to support the following
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generalizations:

a) both early and late reviews seem to affect reten-
tion equally, but for different reasons. An early
review appears to promote consolidation of what
has been learned; while a late review appears to
promote relearning of what has been forgotten.
Therefore, one would not expect differences in
retention scores when comparing a group receiving
an early review with a group receiving a late
review.

b) Retention does not vary when degree of original
amount of learning is the same for all subjects.

c) Spaced reviews or distributed practices are more
effective than massed practice.

d) One review will produce greater retention than no
review and two reviews will produce nearly three
times as much retention as one review.

However, none of the earlier researchers had investi-
gated the effects of review on retention of intellectual
skill or concept learning such as mathematical rule
learning. Nor had any previous investigation been made
of the effects of temporal position of reviews on such
learning.

The author derived the purposes and hypotheses from
implications of these previous studies.

3. Research Design and Procedure

This study consisted of two separate experiments as
described below.

Experiment I was designed to examine the temporal
position effects of one review on retention of mathematical
rule learning. The sample was composed of 53 grade eight
subjects randomly assigned to four groups.

Group I received one review
original learning

Group 2 received one review
original learning

Group 3 received one review
original learning

Group 4 received no reviews

one day after

one week after

two weeks after

Experiment II was designed to examine the temporal
position effects of two reviews on retention of mathematical
rule learning. The sample consisted of 67 grade seven
subjects randomly assigned to four groups.
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Group 1 received a review one day and two days after
original learning

Group 2 received a review one day and seven days
after original learning

Group 3 received a review six and seven days after
original learning

Group 4 received no reviews.

All subjects in both experiments were taught four
mathematical rules by a C.A.I. program. Two were algebraic
rules: raising an algebraic expression to an indicated
power; and determining the exponent of the product of
indicated factors. Two were geometric rules: finding the
measure of a third angle of a triangle when two are given;
and finding a geometric mean.

All subjects in both experiments were given the rules,
shown examples,then asked to practice until they attained
a success criterion of two successive correct solutions for
each rule.

Each review group in both experiments practiced until
the same criterion level of success was attained. A delayed
retention test was given to all subjects 21 days after
initial learning.

The following experimenter constructed tests consisting
of eight items, two for each rule, were used.

a) Pre-learning and post learning test
b) Pre-review one and post review one test
c) Pre-review two and post review two test
d) Delayed retention test

A record was made of the number of examples and the
time required to reach mastery at each session.

Data were analyzed by analysis of variance and co-
variance techniques.

4. Findings

(a) For Experiment I

(i) All review groups scored significantly higher
than the no review group on the delayed
retention test (p < .05)

(ii) The effect of temporal position of one review
was not significant

(b) For Experiment II

(i) All review groups scored significantly higher
than the no review group on the delayed reten-
tion test (p. < .01)
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(ii) The group with an early and late review scored
significantly higher than the group with two
early reviews (p. < .01)

(iii) The group with an early and late review scored
higher than the group with two late reviews.
Differences were not significant.

(c) Additional findings

(i) The number of examples required to reach the
criterion of mastery at the first review were
approximately the same as the number required
at the time of original learning. However
students took about 50% less time to reach
mastery at review one.

(ii) One review improved retention by up to 45%.
(iii) A second review required approximately 50%

fewer examples to reach mastery and in approx-
imately 95% less time.

(iv) A second review improved retention up to 150%.

5. Conclusions and Interpretations

The experimentor concluded, "... that with respect to
the retention of mathematical rules, one review is more
effective than no review, regardless of temporal position.
Optimal retention over a three week interval, however, is
obtained with two reviews, one early and one delayed."

Abstractor's Notes

This is an excellent example of a carefully conducted
piece of research designed to explore a limited and quite
specific aspect of mathematical learning. Within the con-
fines of the purposes and design one can be reasonably con-
fident that the findings are no more than minimally affected
by extraneous or non-experimental variables. This study
could well serve as an exemplar in graduate training pro-
grams. However, some additional comment should probably
be made.

1. One is impelled to note that throughout the written
report there are numerous editorial lapses which at
times result in comprehension difficulties.

2. The C.A.I. instructional procedure though possibly
somewhat mechanical and narrow in approach cer-
tainly could serve well to control the teacher
variable so critical in most educational studies.

3. Finally students should be cautioned that the
findings from this study relate only to the kind
of review which is characterized by repetition of
original learning. There are, of course, other
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methods of review such as those which call for
re-learning and application of previous learning
to new situations. Such other approaches could
well prove to be more efficient than the type of
review investigated in this study, though they
could present design challenges not posed in the
present study.

Roland F. Gray
University of British Columbia
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1. Purpose

To validate the cloze technique as a measure of the
comprehensibility and difficulty of mathematical English
(ME).

2. Rationale

In the cloze technique certain words or symbols are
deleted from written passages and replaced with blanks
which students attempt to complete during the reading of
the passages. The score for each passage is the number of
responses which match the deleted words.

This technique had been shown to produce reliable and
valid measures of reading comprehensibility and difficulty
for passages of ordinary English (OE), but the procedure
had not been validated for use with ME. In this study,
the technique was adapted for ME by using definitions of
word-tokens, math-tokens, and an ordering of these tokens
as provided by Hater.

3. Research Design and Procedure

Five ME passages were selected: P(1), Matrices, using
a discovery approach; P(2), the Metric System; P(3), Ma-
trices; P(4), Statistics; and P(5), Logic. Each passage
was lengthened or shortened to approximately 700 tokens,
which included questions, pictures, and graphs, but did
not include exercises.

For each of the ME passages, five cloze tests were
constructed (designated Form i, where i= 1,2,3,4,5) by
deleting the ith token from the passage for Form i and
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then every fifth token thereafter until 130 tokens had
been deleted. A total of 25 cloze tests were constructed
and were designated, Cloze Test P(j), Form (i), where
j= 1,2,3,4,5.

Multiple choice tests of twenty eight items with five
choices for each item were prepared to cover each of the
five passages. Care was taken to insure that the directions
and test items did not contain math-tokens that were not
included in the ME passages or in elementary mathematics
textbooks nor word-tokens that were not included in the
ME passages or in certain defined sections of The Teacher's
Word Book of 30,000 Words (1944). Each test was designated
Comprehension Test P(k), where k= 1,2,3,4,5.

During three days, data was collected on 1,717 students
enrolled in grades 7 through 10 of schools in Cincinnati,
Dayton, Springfield, and Lincoln Heights, Ohio. On the
first day, a cloze test was administered, six days later
an ME passage was studied, and on the following day the ME
passage was reviewed for ten minutes and a comprehension
test was taken.

The design of the experiment with Comprehension Test
P(1) shown as an illustrative example is given below.
Similar designs were used for the remaining tests.

Day 1 Day 2 Day 3
Group 1 : Cloze Test P(1), Form (1) Read P(1) All Take

Compre-
Group 2 : Cloze Test P(1), Form (4) Read P(1) hension

Test P(1)
Group 3 : Cloze Test P(1), Form (5) Read P(1)

Group 4 : Cloze Test P(i) Read P(1)

Group 5 : Cloze Test P(j) Read P(j)

i # j # 1

The numbers of students which had been randomly as-
signed to each of the 25 groups are shown below in the
first five lines (Groups 1-5). In addition, special sub-
groups were selected as indicated in the remaining lines.
Subgroup 1* consisted of students randomly selected from
Group 1. Validation Group l' and Cross Validation Group
1" were formed by randomly assigning one-half of Group 1
to each group.



P(1) P(2) P(3) P(4) P(5)
Group 1 : 211 225 209 225 220

Group 2 : 31 28 33 32 31

Group 3 : 32 32 29 31 32

Group 4 : 30 31 35 34 33

Group 5 : 28 30 35 31 29

Group 1*: 28 31 27 30 30

Group 1': 111 111 109 115 106

Group 1": 100 114 100 110 114

4. Findings

The following conclusions concerning the experimental
design of the study were reached primarily through the use
of the analysis of variance.

(a) There was no reason to believe that the means and
variances of scores of all cloze forms over the same pas-
sage were unequal. Therefore, it appeared justifiable to
use only one cloze form to test the validity of the cloze
tests as measures of reading comprehensibility.

(b) There were no significant differences in the means
of scores on comprehension tests taken by groups of stu-
dents who were administered a cloze test over a passage
different from the one tested by the comprehension test.
Consequently, it was felt that the taking of a cloze test
did not "unduly sensitize" students and cause them to re-
spond "differentially" to comprehension tests.

(c) In comparing the means of the results of compre-
hension tests for groups of students who read and studied
the passages with those who had not, significant differ-
ences were found for each of the five passages. It was
concluded that the comprehension tests were, in fact, mea-
sures of reading comprehension and not merely forner know-
ledge possessed by the students.

Conclusions related to four major hypotheses of the
study were:

(a) Since reliability coefficients as provided by the
Kuder-Richardson Formula 20 (K-R 20) were greater than .90
for all cloze tests, it was concluded that the cloze tests
were highly reliable; and furthermore, this conclusion was
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valid for small groups of 30 as well as for large groups
of 200 students. In addition, reliability coefficients
for the comprehension tests, again using K-R 20, were
greater than .77, and it was therefore felt that the com-
prehension tests also represented reliable measures.

(b) Both linear and quadratic models were investigated
to describe the relationship between the cloze test score,
x, and the comprehension test score, y, of the students.
It was found that the model, y= ax2 + c, accounted for
more variance than the model, y= bx + c; however, it was
felt that if certain limitations due primarily to the
length of the comprehension tests were eliminated, the
linear model would be as useful as the quadratic model in
predicting comprehensibility from cloze rest results.
Furthermore, an average correlation coefficient of 0.69
was found between the cloze test and comprehension test
scores over all five passages for the validation groups.

(c) The product-moment coefficient of correlation
between the means of cloze test scores for the five vali-
dation and the five cross-validation groups was .99. The
coefficient for the means of comprehension test scores
between the same groups was approximately 1.00. On the
basis of these findings, it was concluded that rankings by
means of cloze tests and comprehension tests are reliable
rankings.

(d) The product-moment coefficients of correlation
between the means of cloze tests and comprehension tests
were .54 for the validation groups, .51 for the cross val-
idation groups, and .83 for the combined groups. Although
these coefficients were not found to be statistically sig-
nificantly different from zero, it was felt that the re-
lationship between cloze test and comprehension test scores
was probably great enough (particularly in the combined
groups, when all forms were used in the analysis) to war-
rant further study of the relationship.

5. Interpretations

The investigators felt that the results of the study
supported a conclusion that cloze tests over passages of
ME provide reliable measures and valid predictors of
reading comprehensibility by the students included in the
study.

Furthermore, it was felt that there existed sufficient
evidence to support the probable conclusion that cloze
tests are reliable and valid predictors of the reading
difficulty of ME passages. This conclusion was based
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primarily on the consistency of rankings of cloze test and
comprehension test means of all samples of the population.

Abstracter's Notes

Teachers have always felt that difficulties associated
with reading have a very decided effect upon learning in
mathematics, but relatively few researchers have turned
their attention to problems of this area. The authors of
this study have not only delved into this fascinating sub-
ject but have done so with a well conceived, a well de-
signed, and a well executed investigation.

This study demonstrated that the cloze technique is
certainly worthy of further investigation, in spite of a
key disappointment in the finding that the correlations
between the means of cloze tests and comprehension tests
did not attain desired levels of statistical significance.
Perhaps, if in a future study more extensive ME passages
could be used, a stronger relationship between the two
measures will be determined.

The reliabilities for the cloze tests as found by use
of Kuder-Richardson Formula 20 were very high, indeed!
The authors observed that certain intrinsic characteristics
of the tests contributed to these high reliabilities, but
a serious problem arose due to the fact that a number of
students quit before completing all items. Since attempt-
ing to complete all of a test is probably one of the most
fundamental assumptions in using K-R 20, a thorough in-
vestigation of the reliability of cloze tests using other
techniques as well as K-R 20 would seem most appropriate.

Since earlier investigations had shown the cloze tech-
nique to be both reliable and valid for OE, one might
speculate whether the value of the technique decreases as
ME departs from OE. A simple measure of this might be
given by observing the ratio of math-tokens to work-tokens
in passages. Presumably, as this "math ratio" decreases
from one passage to another: one might observe that the
passages are becoming more similar to OE types. It would
seem that a series of studies of reading comprehensibility
utilizing passages with varying "math ratios" could be
quite revealing.

Donald J. Dessart
University of Tennessee
Knoxville
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Expanded Abstract and Analysis Prepared Especially for
I.M.E. by Merlyn J. Behr, Northern Illinois University

1.. Pur_z:Ise

To seek information concerning questions about struc-
tural learning to include the following: i) How can
structural learning be studied with a sufficient degree of
control to allow some quantification of performance?
ii) Is it possible to examine the more marked individual
differences in performance in terms of strategies employed
in structural learning? iii) How can transfer effects be
maximized not only in terms of levels of performance at-
tained on latter tasks, but also in terms of degree of
efficiency and sophistication of strategies which are
developed? iv) Can limiting factors in human information
processing which affect the rate of structural learning
be identified?

2. Rationale

The widespread interest in and enthusiasm for 'new
mathematics' has brought about the inevitable and desirable
involvement of the educational psychologist whose concern
is with the gross effects of what different materials
achieve and therefore concern about questions related to
success and failure rates and rates of progress in developing
mathematical skills. Additional involvement on the part of
:he experimental psychologist brings with it a concern more
with the question of how complex learning and thinking
takes place. Thus while the educational psychologist is
especially concerned with what is achieved, the experimefital
psychologist is more concerned with how and why it is
achieved. The need to subject the innovations of mathema-
tics education to the kind of investigation which gives
answers to the questions of what factors are responsible
for success or failure and not just whether subjects succeed
or fail is argued. The approach used in these investigations
parallels that used by Sir Frederic Bartlett in studying
perceptual-motor skills; the work of Bartlett repeatedly
brought out that it is more important to know how the
various crmponents of a complex skill were buiriup and
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integrated into a whole, than to know whether the skill was
successful or not. This time-tested approach, it is argued,
should at least be given a fair trial in the study of cog-
nitive skills. This provides the framework of the reported
investigations. It is argued that there is sufficient
evidence to suggest that the apparent dichotomy between the
stimulus-response and cognitive psychologists' theories of
learning may be unreal, and that cognitive processes may
in fact use as building blocks smaller chunks of behavior
built upon stimulus-response type principles.

3. Research Design and Procedures

Pilot studies using mathematical groups of small order
made it clear that it was possible to gain considerable
insight into the process assumed to underlie structured
thinking by using embodiments of such groups. In early
experiments the actual embodiments of the structures was
accomplished by having the subject (S) sit facing a
window in which cards containing appropriate symbols (such
as coloured shapes) could be displayed by E. S was pro-
vided with a duplicate set of cards. The dependent variable
consisted of the showing of a card by E. The two indepen-
dent var3ables were the card appearing in the window pre-
vious to the card appearing as the experimental event and
the card played by S. S was told that he would play a
game, controlled by E, and that he was to guess the rules
of the game. S was told that the card to appear would
depend solely on what was displayed by E and on the card
he played. S was informed that E's only interest was to
find out how S went about discovering the rules of the
game. Records were kept of the cards exposed by E and the
cards played and predictions made by S. After four
preliminary trials S was directed to say which card he
expected to see exposed next and that this would continue
until he was correct every time. In early experiments,
only groups of order two and four were used. In later
experiments the game was completely automated and group
and non-group structures of up to ten elements were used.
A played each game until a predetermined criterion of
success of correct number of predictions was reached or
were given a predetermined number of plays and then
tested on all possible state and play combinations.
Measures taken were as follows: number of instances to
reach criterion, number of erroneous predictions made to
criterion or in a predetermined number of plays, the number
of erroneous predictions made in the test phase of the
game, equation scores. In all experiments Ss attempted
at least two tasks; later experiments required four tasks
on consecutive days. Each experiment was conducted with
first-year university students as Ss and also with 10- and
11-year-old children.
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4. Findings

Subjects' evaluations of what they thought the games
were about fell into three categories: the operator evalua-
tion regarded the card played by S as an operator acting on
irecard displayed by E; the pattern evaluation split the
number of different possible combinatTili-rET3-distinct
groups and dealt with such groups as subwholes of the
whole game; the memory evaluation found no rules or simply
memorized the results of the combinations separately.
Combinations of these "pure" types made six distinguishable
evaluations. To each type of evaluation there corresponded
a game strategy; for example, the operator strategy con-
sisted of continued playing of the same card to determine
its effect on the displayed card.

Information from one experiment supported the conjec-
ture that the strategies could be considered to be ordered
from high to low corresponding to the order of the listing
of evaluations above. The data suggested that "higher
order" strategies reflected deeper insights into the struc-
ture of certain mathematical groups.

A consistent trend for higher order evaluations was
found among subjects who had their tasks in the order four-
group followed by two-group, than in reverse order. It
seems therefore that the practice of "throwing subjects in
at the deep end" paid off as reflected by the criterion.

The effects of structural relations was investigated
in an experiment in which all subjects were given four
different groups on four successive days. Various struc-
tural relationships existed between the groups such as
order of the group, embeddedness, recursion, and overlap.
The sequencing of the groups to subjects provided for
various combinations of the structural relationships. It
was found that children (10-11) particularize (go to a
group of lesser order) more easily than generalize, and
have more difficulty in generalizing than adults; there
were apparent interaction effects between age and various
combinations of the group relationships.

In one experiment one group of Ss was free to select
their strategy and for another group a strategy was imposed
on the Ss. A sex by group interaction among adult sub-
jects was obtained. The selection of strategy favored
males and the reception of strategy favored females.

5. Interpretations

Three pieces of evidence seem to support the view
that a reduced load on short term memory facilitates
structural learning: 1) Operator-type (the highest order)
strategies were correlated with high performance. 2) Ex-
perimentation in which 9b were provided with the opportunity
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to modify the task according to their choice (otherwise
controlled by E) and thus to follow through immediately on
a conjecture had a dramatic affect on Ss rate of learning.
3) It was found that groups with different kinds of sub-
group structures affected the rate of learning the group
structure. The 2 x 4 eight group was learned less easily
than the 2 x 2 x 2 eight group. That is, apparently Ss
were able to learn more easily when the task could be
broken down into smaller chunks.

Concerning the question of how the subjects learned:
it was evident from a specially ag-iigned experiment in
which the sub-group structure of the 3 x 3 nine group was
brought out by a perceptual aid that S's learning went
beyond learning stimulus-response combinations; the author
called this "structural learning."

After analysis of S's performance on a variety of
tasks it was concluded that, in this experimental setting,
learning could be more elegantly handled by a model which
assumes that structural learning is taking place in addition
to simple S-R learning.

Concerning the methodology of studying structural
learning, it was concluded that if measures had been con-
fined to simple measures of success or failure, instead
of more refined submeasures, the temptation to conclude
that an explanation of the results in terms of an S-R model
would have been greater than justifiable. It was only by
analyzing the component parts of subjects' performances
that an understanding of the process of the learning
taking place began to unfold.

Abstractor's Notes

The research reported makes a definite contribution
to the study of mathematical learning. The point that the
innovative programs in mathematics education need to be
subjected to the careful kind of research which answer, in
addition to the question of whether students learn, the
question of how and Au students learn is well taken. In
this regard TM work makes a significant contribution in
identifying certain aspects of learning and provides a
possible model for further research. Numerous researchable
questions are raised; for example, the question of whether
interactions will be obtained between learning strategy and
intelligence, age, personality factors, etc.

An operational definition and/or discussion of what
structural learning is would have been helpful. The
reader is given some help with this question through the
delineation of some criteria which experimental tasks should
satisfy in order to be used in the study of structural
learning. However, a later statement in the paper: "...our
data...supported the view that in addition to learning
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stimulus-response-outcome combinations in a rote manner,
something more was being learned which we called "struc-
tural learning," increased this reader's concern about a
definition of the term.

Some questions about the experimental design, for
example, how were the samples selected, was random assign-
ment to treatment groups accomplished, exactly what were
the experimental tasks, caused serious restrictions to be
placed on any attempt to generalize the results to other
situations, and especially to a classroom setting.
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Expanded Abstract and Analysis Prepared Especially for I.M.E.
by John G. Harvey, University of Wisconsin, Madison.

1. Purpose

The purpose of the studies reported in this paper is
not clearly delineated. In the introductory remarks the
author states that no one has attempted to "analyze in-
depth the strategies used by children to find the product
of simple combinations," and it could be inferred that
this is the purpose of the studies. However, the studies
concern themselves with the power of linear regression
models to predict the success latency of finding the pro-
duct of simple combinations and using those results to
place the simple combinations in serial order from easiest
to most difficult.

2. Rationale

An explicit rationale is not developed within the
paper. However, it seems possible to abstract from the
whole paper the following justification for the studies
reported:

a) If the 100 simple multiplication combinations could
be serially ordered from easiest to most difficult the
design of instructional sequences designed to teach them
would be influenced; at least the design of drill-and-
practice exercises would be facilitated.

b) The problem is logically parallel to the research
conducted by Suppes et al. on addition and subtraction
combinations and an extension of the work initiated by
Suppes et al. on multiplication combinations.

c) Other mathematics educators have investigated the
processes by which children solve multiplication problems.

The abstractor wishes to thank Mr. Clyde A. Wiles for his
assistance in the preparation of this report.



3. Research Design and Procedure

Two studies are reported in this paper, the Preliminary
Study and the Follow-up Study. In the Preliminary Study
the linear regression models are tested for their ability
to predict success latency, and in the Follow-up Study
the same ten models are again investigated together with one
additional model which was postulated as a result of the
Preliminary Study. The first eight models assume that the
simple products are formed by successive addition and thus
these models are formed by taking into account the ways in
which this can be done. The variable used in the linear
regression analysis for each of these models is called
"NSTEPS"; it is calculated by counting the number of opera-
tions required to complete the additive computation, the
number of partial sums stored in the child's memory, and the
number of iterations which must be made. The ninth model
postulates that the children have mastered the combinations,
have arranged them in some sort of internal array or matrix
and look up the solution when the combination is presented.
The variables used in the linear regression analysis for
this model are the number of the row and the number of the
column in which the required product appears, for example,
for 4 x 5 the numbers 4 and 5 are entered. The tenth model
is one previously tested by Suppes et al. and uses two
variables; the weights are calculated for the number which
is smaller and the one which is larger. The eleventh model
is a modification of Model 6; instead of using the value
NSTEPS when the product n x n, n x (n-1) or n x (n+1) is
considered, the value 0 is used for n x n, and the value
n 1 or n + 1 for n x (n-1) or n.x(n+1), respectively.
Otherwise the eleventh model and the sixth model are
exactly the same.

In each of the studies using a CAI program format
every subject was presented with all 100 of the multiplica-
tion combinations over a period of two days; the sequence
in which these combinations were presented was determined
by two computer-generated randomizations of the combina-
tions each of which was broken into two parts of 50 prob-
lems each. In each experiment intact classes were used,
but the subjects from those classes were randomly assigned,
by student number, to a treatment group. For the Prelimi-
nary Study the response times of 24 students in grade
three, 56 students in grade four, 20 students in grade
five and 32 students from grade six from Grant, Walter
Hays, Oak Knoll and Clifford Schools were used. In the
Follow-up Study, the response times of 132 grade four
students, 126 grade five students and 67 grade six students
from those schools were used.

The analysis of the data is the same for each model
in the studies and was executed as follows:
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a) Regression coefficients were obtained for each of
the identified dependent variables.

b) A stepwise, multiple linear-regression analysis
program was used to obtain regression coefficients,
multiple correlation R, and Rz for each of the
models.

c) Another measure of goodness of fit S2 based upon
the mean predicted success latency was computed.

4. Findings

In both the Preliminary Study and the Follow-up Study
Model Six (the smaller member is added the larger member's
number of times) gave the best overall prediction of
success latency. This model accounted for approximately
69 to 80 percent of the variance observed in the first
study and from 73 to 78 percent of the variance in the
second study. However, Model Six did not have the highest
number of best predictions for individual combinations; a
variety of models gave the best prediction for individual
combinations. The only developmental trend which can be
observed in the first eight models is a monotonic decreasing
constant value; the weights assigned to NSTEPS did not de-
crease monotonically though for each of these models the
weights determined using the grade six data is lower than
those for the other grade levels. The weights assigned
to the variables in Models Nine, Ten and Eleven are mono-
tonically decreasing.

In the Follow-up Study Model Eleven gave overall predic-
tions nearly equal to that of Model Six, and it fit spe-
cific combinations much more often than did other models.

5. Interpretations

In all cases the variables chosen give good accounts
of the data. The lack of monotonicity was tentatively
ascribed to the feeling that children use different
strategies for different combinations.

The investigator concludes that these studies "seem
to support the findings of Brownell and Carper." Further
he states "it appears that once a student uses a strategy
to find the solution of a particular combination, he may
not change the strategy as he grows older." In addition,
he concludes that the combinations n x 0, n x 5, n x n,
n x(n - 1) and n x (n + 1) appear to have heuristics as-
sociated with them that facilitate their retention.

Abstractor's Notes

1) Even though the title of the paper indicates that
strategies for finding simple products are studied, the
author states "There has been no claim that the actual
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strategies used by students in this study were those pre-
sented in this paper." The abstractor feels that the
author is to be scored for his deceptive title, but he does
find attractive the ability to predict success latency
from a measure of structural complexity.

2) The conclusions are properly restrained.
3) The face validity of the first eight models is

debatable since they are constructed after interviews
with only two third grade classes. If the investigator
had randomly sampled a larger group, the face validity
of these models would have been greatly improved.

4) The calculation of linear regression equations by
grade level does not seem most reasonable. Grouping of
students by other factors such as prior achievement, IQ,
or error rate might have yielded better results.

5) The author states that Models One, Two and Five
were expected to show consistently better fits for each
grade level; he does not justify this speculation.

6) The paper is not well organized. As mentioned
earlier neither the purpose nor the rationale are clearly
stated.

38

John G. Harvey
University of Wisconsin, Madison
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Descriptors--*Elementary School Mathematics, *Instruc-
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Expanded Abstract and Analysis Prepared Especially for I.M.E.
by Nicholas A. Branca, Stanford University.

1. Purpose

The major question addressed by this study was whether
young children can be expected to gain an appreciation of
mathematical structure. One aspect of structure, the con-
cept of isomorphism, was isolated for particular attention.

2. Rationale

Although structure is a component of modern school
mathematics, theorists (such as Russel, Gagne, Bruner and
Piaget) dealing with mathematical conceptual development
provide little support for the expectation that elementary
school children can gain much appreciation of mathematical
systems. The hypothesis that is given is that concepts
embodied in a true appreciation of mathematical structure
are beyond the reach of most elementary school youngsters.

3. Research Design and Procedure

The subjects were 74 elementary school children from
Quebec (32 fourth graders and 42 sixth graders) chosen
according to their availability and mathematical background
(26 in the Dienes experimental program, 24 in the Cuisenaire
program, and 24 in a traditional (non-modern) program).
Each child was directly and individually taught by an ex-
perimenter in a sequence of two 50-minute lessons a week
over a period of five weeks. Within the framework of a
study of abstract structures, a special approach to the
teaching of isomorphism was used. The subjects were led
at their own speed through a series of 58 mathematical tasks
which were associated with six levels of development of the
concept of the mathematical group. The use of concrete
examples was maximized with the mathematical game used as
the motivational agent. Two embodiments of the mathematical
Klien group were presented, one dealing with color-shape
representation and the other with a displacement represen-
tation. The subjects were expected to identify the moves
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or changes in the first structure which corresponded to
moves or changes in the second one. Children were en-
couraged through whatever prompting seemed appropriate at
the time, but were not lead through concept revelations or
hints dealing with the mathematics involved.

Records were kept of the time required to complete the
58 correspondence tasks, the number of correct responses
made up to the attainment of the criterion, and the extent
to which isomorphism had been learned, and three scores
were computed for each subject. Children were deemed to
have identified the isomorphism of a particular group if
their use of task cards and their commentary revealed that
they had discovered that the identity element in one game
always had to be mapped with the identity element of the
other game and if operating on A by B resulted in C in the
first game, then operating on the isomorph of A by the iso-
morph of B in the second game resulted in the isomorph of
C. An analysis of variance of the effects of grade and
program differences was performed on both the time scores
and the number of correct responses. A percentage disti-
bution of the scores based on the extent to which iso-
morphism had been learned was constructed. It was assumed
that the percent of subjects abstracting the isomorphic
concept would be less than or equal to 15%. Test statis-
tics were computed by grade level.

4. Findings

The analysis of variance on the time scores indicated
a significant interaction effect (P < 0.05) between pro-
grams and grades and a significant effect (P < 0.01) of
the mathematical program. The children with traditional
mathematical background required significantly less time
than children with Dienes or Cuisenaire backgrounds. No
significant differences were found between grades and
programs on number of correct responses. The hypothesis
that no more than 15% of the total experimental sample as
well as that of the fourth or sixth graders would concep-
tualize the isomorphism was accepted.

5. Interpretations

The results on performance scores, combined with class-
room observation seem to provide evidence that fourth and
sixth grade subjects generally cannot abstract the concept
of a mathematically defined isomorphism following an ex-
tensive learning sequence such as that employed in this
investigation. Results, including objective data as well
as subjective impressions accumulated during the teaching
phase, should serve to prompt an uneasiness about the im-
pregnability of the structure objective in modern elementary
school mathematics.
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Abstracter's Notes

The lack of description of the teaching materials and
criterion measures used in the study raises some serious
questions regarding the nature of generalizability of the
results to all elementary school children and to all aspects
of the structure objective in modern school mathematics.
In this study, an understanding of the concept isomorphism
presupposes an understanding of the Klein group structure.
Questions which are raised include the following:

What were the nature and objectives of the
series of tasks used in the study?

What were the six levels of development of the
concept of mathematical group.associated with the
tasks?

How well did the subjects do in learning the
structure of the group?

Why was a structure whose embodiments can be
isomorphically mapped to each other in more than
one way used as the underlying model? (There exist
six possible isomorphic mappings of one embodiment
of the Klein group structure to a second embodi-
ment.)

Questions regarding the scoring system and the analyses
used can also be asked. What is the relationship between
the measures used? Are they independent? Although the
subjects from the traditional mathematics program required
significantly less time to complete the tasks, they also
had fewer correct responses.

Finally, the analysis used to test the hypothesis that
no more than 15% of the subjects would conceptualize the
isomorphism does not justify its acceptance. Although the
test statistic used is not described, the table presented
indicates that the confidence interval for the percent of
subjects conceptualizing the isomorphism ranges from ap-
ploximately 4.5 to 25.5 percent.

Nicholas A. Branca
Stanford University
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Expanded Abstract and Analysis Prepared Especially for
I.M.E. by R. E. Pingry, University of Illinois.

1. Purpose

To determine what attitudes toward mathematics are
held by high school students and their teachers. In par-
ticular an attempt was made to measure

(a) attitude toward mathematics as a process,
(b) attitude about the difficulties of learning

mathematics, and
(c) attitudes toward the place of mathematics in

society.

2. Rationale

Attitudes are an important consideration in relation-
ship to cognitive learning. Favorable attitudes not only
promote learning but may lead the student to continue his
study even after leaving the influence of the teacher.
Teachers play some part in the imparting of attitudes about
mathematics, even if it is a poor attitude toward the sub-
ject. If attitude has such an important place in the
learning of mathematics, then basic information is needed
concerning the attitudes toward mathematics teachers and
students have.

The instrument used for measuring attitudes used
scales that had been used in the International Study of
Mathematics Achievement. These scales were based on an
assumption of a continuum of attitude toward mathematics.

The first scaie assumed that attitudes toward mathe-
matics as a process would range from those that mathematics
processes are governed by fixed, inflexible rules to those
that process in mathematics is flexible, permitting latitude
in problem solving, and is still developing. The other two
scales had similar constructs.

3. Research Design and Procedure

An attitude toward mathematics inventory was given to
a sample of high school mathematics students and junior
high school mathematics students. The same instrument was
administered to the students' teachers. In addition,
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questions were asked of the high school seniors concerning
the number of years they had studied mathematics. It was
possible to identify those junior high school pupils who
were taking general mathematics. At the senior high level
it was possible to identify those students who had given
some indication they were college-bound and those who were
not college-bound. It was also possible to categorize the
teachers into the mathematics-science faculty and the non-
mathematics-science faculty.

The attitude scales were assigned numerical values,
two for each favorable response, zero for an unfavorable
response, and one for an uncertain response. It was pos-
sible for the score to be anywhere in the range from zero
to 46 since the scores oriethe items were added to get the
total score.

The mean scores of the total scores and each of the
three part scores were compared between various categories
of students and teachers. The three parts of the attitude
score were

Scale I, mathematics as a process,
Scale II, difficulties of learning mathematics,
Scale III, place of mathematics in society.

Differences were tested for significance at the 1%
level, and in some cases at the 5% level.

4. Findings

In all, 323 students and 112 teachers completed the
attitude inventory. By comparing the mean attitude
scores for different groups the following findings were
made.

(a) For the students studied in this sample the
college-bound seniors scored higher on the scale which
measured attitude toward mathematics as a process. For
the eighth and ninth grades, however, the general mathe-
matics students considered mathematics processe3 more
flexible than did the algebra students.

(b) Attitudes toward mathematics by students and
teachers were similar. On the scale measuring attitude
toward mathematics as a process the teachers scored
higher. However, on the scale measuring attitude toward
the place of mathematics in society the students scored
higher.

(c) The attitudes toward mathematics of the mathematics-
science group of teachers are higher than for teachers in
the non-mathematics-science group.

(d) Both students and teachers chose neutral positions
in their attitude toward the difficulty of mathematics
and the place of mathematics in society.



5. Interpretations

The author concluded that "the attitude scores sug-
gested that both students and teachers view mathematics
as a system interlaced and hedged about with fixed rules
and strictures and with little score for flexibility." The
author also suggested that "The rather small disparity
between student scores and teacher scores suggests that
attitudes toward mathematics, once adopted, may be
relatively stable over the years."

Abstracter's Notes

Most who have taught mathematics have become aware
of the fact that the students' and teachers' attitudes
toward mathematics are extremely important in mathematics
learning. Despite this fact there is very little known
about the attitudes now held by students and teachers and
the actions that a teacher can take to help shape attitudes.
In this research the author tried to measure objectively
some attitudes as held by teachers in students in three
schools. Some points were not clear in the report, how-
ever, and these questions arise.

1) Were the many comparisons made on differences of
means, pre-planned comparisons, or were they post-facto
comparisons?

2) What statistical method did the author use
to compare means?

3) Were samples chosen appropriately for the com-
parisons made?

4) Were samples chosen from all the mathematics
students in the schools, or were all the mathematics students
surveyed?

5) Were all the teachers in the three schools sur-
veyed, or was a sample selected?

6) How did the attitudes of a particular teacher com-
pare to the attitudes of the students in his class?

7) What were the attitudes of the students and
teachers? The scores are given, but it would be interesting
to have more description of what these scores meant in
terms of attitudes.

8) Did the analysis of comparing means tend to hide
interesting information in the data? For example, is it
possible that a study of the extreme cases in particular
situations may not contribute more to classroom practice?

R.E. Pingry.
University of Illinois



EJ 013 674 310 SE 500 960
A STUDY OF THE POSSIBLE IMPROVEMENT OF PROBLEM SOLVING
ABILITY IN MIGRANT CHILDREN Schnur, James 0., School
Science and Mathematics v69 n9, pp821-826, Dec 69.

Descriptors--*Elementaxy School Science, *Learning,
*Migrant Children, *Problem Solving, *Student Ability,
*Student Characteristics, Psychological Characteristics,
(Kagan's Matching Familiar Figures Test).

Expanded Abstract and Analysis Prepared Especially for I.M.E.
by E. Glenadine Gibb, The University of Texas at Austin.

1. Purpose

The purpose of the study was to determine the effect
of A-Blocks treatment (a subunit of the Elementary Science
Study Attribute Games and Problems) has upon enhancing re-
flectivity through the modification of an impulsive concep-
tual tempo of migrant children. More specifically, the
study proposed to answer the question, "Will A-Blocks
treatment modify impulsive tempo?"

2. Rationale

In efforts to understand human psychological make-up
which has come to be known as conceptual tempo, Kagan has
generated three conceptual tempos: reflective, impulsive,
and neutral and has developed instruments by which these
traits can be classified and measured by latency time
(time lapse from stimulus to first response) and by errors
(number of errors made). Also, Kagan has elaborated on the
relationships between problem solving and impulsive-
reflectivity, namely, that (1) reflection is critical to
ease of solution and success in problem solving; (2) that
if alternatives are not reflected upon, the student is apt
to implement the first idea that occurs to him; (3) that
impulsivity has a higher probability of failure, and (4)
that incorrect patterns of problem solving may cause with-
drawal from problem solving involvement and hostility
toward intellectual situations. Thus the study was based
on work done by Kagan on information processing and claims
made in the Elementary Science Study that experiences with
Attrubute Games and Problems can help provide familiarity
and skill necessary for solving problems involving classi-
fication and dealing with relations between classes.



3. Research Design and Procedure

The sample was composed of eighteen children (eleven
male and seven Zemale) of migrating, seasonal crop harvesters
and who were enrolled in the 1968 Summer Workshop at the
New York State Center for Migrant Studies, State Univer-
sity College, Geneseo, New York. The subjects ranged in
chronological age from approximately 4.5 to 14.2 years.

Nine subjects were assigned to each of the two groups
(control or treatment). An examiner-teacher was assigned
to each subject. Prior to treatment each subject was
given Form 1 of the Kagan Matching Familiar Figures Test.
Subjects assigned to the control group were then allowed
to color, draw, or paint for a thirty minute period for
each of six sessions. The examiner-teacher was allowed
to converse with the subject but was asked not to direct
the activity during each period. The examiner-teacher for
each subject in t,ie treatment group guided his subject
through one A-Blocks procedural card during each of the
six thirty minute periods, interacting and stimulating the
subject's investigation within the scope of the given card.
Upon completion of the six periods, Form 2 of the Kagan
Matching Familiar Figures Test was administered to all
subjects.

4. Findings

The t-test was used to test significance of differences
between the pre-test and the post-test of each group and
between post-test results of two groups when compared to
each other. The results of the null hypotheses were as
follows:

Hypotheses Decision *

There is no significant difference:

1) between pre- and post test for control Not rejected
group on measure of latency time

2) between pre- and post tests for treat- Not rejected
ment group on measure of latency time

3) between pre- and post tests for control Not rejected
group measure of errors

4) between pre- and post tests for treat- Not rejected
ment group on measure of errors

*.05 level of significance was used for decision making
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5) between two groups on post measure
of latency time

6) between two groups on post-test
measure of errors

Not rejected

Rejected

The Fisher Exact Test was used to analyze the conceptual
tempos generated by the post test (Form 2 Matching Familiar
Figures Test). Results did not support significant
association between tempos and treatments.

5. Interpretations

The general conclusion generated by this study was "The
A-Blocks portion of the Elementary Science Study's Attribute
Games and Problems unit does not enhance the reflectivity
of migrant children as measured by latency and number of
errors."

Findings did suggest to the investigator that "if one's
goal is to increase the latency time between stimulus and
initial response in migrant children, the method used with
the control group generates the most positive trend." Also,
the investigator hypothesized that "a more therapeutic ap-
proach to working with migrant children tends toward making
them slightly more reflectiveoat least with regard to
latency time."

Limitations of the study as identified by the inves-
tigator noted the possibility of the more negative,
stressful situation created by the A-Blocks treatment,
that the treatment may not have been of long enough dura-
tion, and that "the figures in the Matching Familiar Figures
Test were less well known and thus less familiar to migrant .

children than to children of a more 'average' experiential
background."

Abstractor's Notes

One of the educational goals is that of enabling individ-
uals to solve problems. Awareness and indeed identification
of psychological traits which are related to the attainment
of this goal are necessary. If reflection is critical to
success in problem solving, then one is confronted with the
task of seeking ways to develop reflective behavior on the
part of individuals who do not demonstrate this trait.
Whether or not this modification can be effected equally
well by the same tasks at different age levels and/or from



diversified backgrounds is questionable. Also instru-
ments to identify behavior and change in behavior must be
sensitive to the subjects being measured. As noted by the
investigator, figures as identified as being familiar to
one population may not necessarily be familiar to another
population with different experiential background.

Although this study provided an answer to the questions
asked with respect to the treatments used when applied to
a small sample scattered across a wide range of ages,
little, if anything, could be said to be learned. The
abstractor suggests that a larger sample, stratified ac-
cording to age level, might provide further insight into
behavior modification. Also, some effort should be made
to verify the assumptions that the instruments used are
appropriate for the experiential background of migrant
children and that the treatment does in fact involve a
valid procedure for such modification.

E. Glenadine Gibb
The University of Texas
at Austin
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1. Purpose

To study the effects of providing accurate and inaccurate
pictorial representations on tenth grader's achievement in
solving mathematical word problems.

2. Rationale

Drawings and diagrams have been advocated as aids both
to problem solving and to instruction in problem solving.
Some writers on methodology have argued against the pur-
poseful introduction of errors into the problem-solving
situation; others have suggested that errors can be used
to advantage. Regarding the mode of presenting printed
mathematical word problems, there seems to be some disa-
greement as to whether pictorial representations should
be used and, if so, whether they should be accurate.

3. Research Design and Procedure

Early in the fall, one of three test forms containing
20 word problems in a five-choice format was randomly given
to each of 322 tenth graders. In Form A, each item stem
consisted only of a verbal statement of the problem. In
Form B, the items were identical to those in Form A except
that each was accompanied by an, accurate diagram. In Form
C, the items were identical to those in Form A except that
each was accompanied by an inaccurate diagram. Moreover,
in each case the distortion made one of the four distractors
appear to be the correct choice.

The problems had been chosen for their discriminating
ability from a pool of 40 items administered in a pilot
study. Items were selected from algebra and geometry
textbooks and from scales used in the National Longitudinal
Study of Mathematical Abilities.



School records were used to obtain information concerning
the students' IQs (California Mental Maturity Test, N = 236),
reading achievement (California Achievement Test, N = 244),
and grade averages (ninth grade mathematics, N = 249). The
average IQ was 108; the average reading score was 10.1 (pre-
sumably a grade equivalent score).

4. Findings

Descriptive data for the three forms are shown in Table 1.

TABLE 1

Performance on the Three Forms of the Problem Test

Form N Mean S.D. Alpha

A 114 4.94 2.12 .40

B 96 8.56 3.31 .70

C 112 3.79 2.13 .53

The Form B group's performance was significantly (p < .005)
higher than that of the Form A group, and the Form A group's
performance was significantly (p < .005) higher than that
of the Form C group (ANOVA followed by a modification of
Duncan's New Multiple Range Test). On 17 of the 20 items,
the Form B group had the highest percent getting the item
correct. The Form C group had the lowest percent on 15 of
the items. For the subjects taking Form C, the distractor
suggested by the incorrect diagram was favored over the
correct answer on 16 of the items.

When subjects were divided into three (presumably equal)
groups on the basis of IQ and a two-way ANOVA performed,
IQ level was significantly (p < .005) associated with per-
formance on the test. A significant (p < .005) ordinal
interaction between IQ and test form indicated that the
difference between forms was greater in the high IQ group
than in the middle and low IQ groups. Similar main effects



and ordinal interactions were found when subjects were
divided into three reading achievement groups and into
three grade average groups.

5. Interpretations

The subjects "tended to place emphasis on the pictorial
representation rather than the prose description of the
problem situation." The effect of presenting a diagram,
particularly an inaccurate one, in a testing situation was
very strong. Teachers should emphasize the importance of
separating the logical from the illogical in solving
problems, since students tend to assume that the informa-
tion they are given, at least on tests, is correct.

Abstracter's Notes

Additional descriptive information would have been
helpful. In particular, from how many classes, schools,
and districts did the subjects come? Were they all enrolled
in a geometry course?

There is a puzzling discrepancy between the total number
of subjects and the total degrees of freedom in each two-
way ANOVA, but this flaw is minor in view of the clear
pattern of the results.

More disturbing are some of Sherrill's readings of his
results. He sees in the significant interaction between
IQ and test form a demonstration "that the variables [test
form] had more effect in the high IQ group than in the
other two IQ groups." In his graph of the group means,
however, the differences between forms for the middle and
high IQ groups are almost identical; the contrast is be-
tween them and the low IQ group. Sherrill concludes that
the effect of presenting an inaccurate diagram "was so
strong that the high reading group taking Form C scored
lower than the low reading group taking either Form A or
Form B." But surely this result could have occurred in the
absence of any main effect due to test form.

Sherrill does not discuss the differences between the
groups in the number of items omitted. I calculated the
average number of items omitted to be .43, .14, and .06
for Forms A, B, and C, respectively. Since most of the
omitted items came at the end of the scale, one can only
conclude that, on the average, the items took longer to
solve when no drawing was given.



If the sample problem Sherrill gives is any indication,
perhaps one should interpret his results as follows: given
a test composed of multiple-choice items describing a mathe-
matical situation for which a diagram is appropriate, stu-
dents are more likely to get an item right if they are also
given a correct scale drawing. The internal consistency
of the test is improved, and the items take less time to
work. Furthermore, the better the student (in terms of IQ,
reading achievement, or mathematics grade), the more the
correct drawings help. If an incorrect diagram is given
that appears to make one of the distrac rs correct, then
students are likely to choose that distractor, thereby
getting the item wrong. The internal consistency of the
test is improved somewhat by giving incorrect diagrams,
and the items take less time to work. But the test appears
to lose validity, since performance on the test is no longer
positively correlated with IQ, reading achievement, or
mathematics grade.

In his rationale, Sherrill cites several authors who
favor capitalizing on errors in problem solving. These
people, however, were referring to the sort of errors stu-
dents generate as they solve problems, not to the sort of
errors a teacher might introduce into the statement of a
problem. Sherrill's study is interesting and nicely done,
but as he appears to acknowledge in his discussion, it really
speaks more to issues of achievement testing than to issues
of problem-solving instruction.
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1. Purpose

To enhance the study of the concepts of calculus by
interjecting selected problems, to be solved using the
computer, into a freshman honors-level calculus course.

2. Rationale

Young (1968) suggested two extremes for possible ap-
proaches to the use of computers with elementary calculus:
...to use the computer only in the places where the course

at present uses numerical methods [or] ... to rethink the
course from the beginning." Smith's approach, purposely
between the two extremes, is based on two assumptions,
n, ...the use of the computer...in the mathematics curricu-
lum is inevitable" and the changes needed for the restruc-
turing of the curriculum to make best use of the computer
will be many years in coming due to "intertia in our edu-
cational system." While the time is passing, Smith feels
there should be many "experiments tampering with the stan-
dard curriculum...to gain the necessary experience to make
the changes wisely."

3. Research Design and Procedure

Fourteen problems, to be solved on the computer, were
designed for a one year long freshman honors-level calcu-
lus course. The problems were coordinated with the course
to "enhance the study of the concepts of calculus." The
14 problems started with questions simple in both mathematics
and programming, but increased in difficulty very quickly.
Several of the problems were paired, i.e., a problem would
be repeated to be solved using a different technique.

Seventeen freshmen participated in the study. The stu-
dents were chosen by the usual selective process for honors-
level calculus (scores on College Board tests and high
school class rank) and most had no experience with either
calculus or programming. The students were told on the



first day of class about the experiment and that the prob-
lems to be solved using the computer would not be a re-
quired part of the course. The students used Modern Uni-
versity Calculus (Bell, Blum, Lewis, and Rosenblatt, 1966)
as a textbook and a handout, "Introduction to Computer
Programming", prepared for the study. The handout covered
flowcharting and the parts of FORTRAN language deemed
necessary to solve the compter problems. At the end of the
course, each student filled in a questionnaire concerning
all the aspects of the study.

The third to fifth class sessions were spent consider-
ing programming and the mechanics of getting a program run
on the computer. As originally conceived, the experiment
was to use the WATFOR system of FORTRAN programming on an
IBM 360/Modr1 75 via telephone lines to the local IBM 360/
Model 30. Due to technical problems the experiment had to
use the FORTRAN compiler on the local Model 30. Loss of
the WATFOR system meant the loss of free-form input and
output, much more detailed diagnostics and other useful,
but less crucial features.

A graduate student was hired to aid in the study by
testing the feasibility of the computer problems, giving
assistance in programming, assisting in the evaluation of
the experiment, and anticipating difficulties.

4. Findings

Of the 17 students in the study, only one did substan-
tially more than one-half of the problems. The student
that completed the most problems had no previous program-
ming experience, but he was the only one in the study "who
became enthused with the opportunity to use the computer."
The data gathered by the questionnaire showed that 1/3 to
2/3 of the problems should have been required and the class
was split on whether they had been given enough programming
preparation to program the problems for the computer.

The lack of productivity was also affected by the fol-
lowing problems: (1) turnaround time ranged from 10
minutes to over a week; (2) the keypunching service could
not give an accurate prediction of day and time of comple-
tion; (3) due to (2) the students decided to keypunch their
own decks resulting in failure due to grammatical errors;
and (4) the time and place of graduate student assistance
was not convenient.

Two-other findings Smith reports are that the one stu-
dent who completed substantially more than half of the
problems "benefitted mathematically from the experience"
and that Problem III and the corresponding chapter in the
text contributed to the students' understanding of the
epsilon-delta concept.
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5. Interpretations

The following conclusions were reported by Smith in his
article: (1) the problems form a reasonable, and for the
most part useful, set of computer exercises for such a
course (2) the problems should be tRilored to the content
and the pace of the course (3) students should be guided
through the harder problems and shielded from significant
problems in numerical analysis (4) freshmen are not suf-
ficiently well motivated to work hard at optional material
solely for what they can learn from it (5) some portion of
the assigned work should be required and made part of the
grade (6) the type and quantity of preparation in program-
ming given the students was barely adequate (7) easier
access to the computer and consistently fast turnaround
is needed (8) an in-class terminal is needed for demonstra-
tions (9) better personal assistance is needed as soon as
the problem arises (10) the"new generation" of programmable
electronic calculators could serve as an alternative to
the digital computer and (11) the experiment was a partial
success with respect to the principal goal of using numeri-
cal computations to enhance the study of the calculus;
Smith 'observed "some solid indications that this goal is
reasonable and desirable." Failure was with respect to
getting "the students to complete an adequate amount of
work on the computer to be very confident of our conclu-
sions or for them to get the maximum benefit from the
experience."

Abstractor's Notes

Since the purpose of the study was to "enhance" the
study of calculus by using the computer to solve selected
problems, two types of questions arise--ones of control and
ones of comparison.

With no control over the minimal amount of work to be
done and no control over the means by which the work com-
pleted was done, Smith's doubts are well founded concerning
the conclusion that the problem set forms a "reasonable,
and for the most part useful, et of computer exercises
for the calculus course."

Even overlooking the novelty effect of initial use of
the computer, in the absence of a comparison group for the
study, questions are raised concerning such findings as
(1) one student "benefitted mathematically from the ex-
perience," (2) problem III did "contribute to their [the
participants] understanding of the epsilon-delta concept",
and concluding that the study was a partial success in
attaining the principal goal of "using numerical computa-
tions to enhance the study of calculus."



It is agreed that the problems form the nucleus of the
material presented in the study, but it would have been
helpful if the author had spent less time discussing the
problems and more time discussing the bases for the con-
clusions.

James M. Sherrill
The University of British Columbia
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1. Purpose

The purpose of the study was to investigate differential
performances among categories of first grade children when
solving several types of arithmetical word problems.

2. Rationale

Previous research relating Piaget's theory in the school
curriculum points up a marked relationship between performance
on conservation of number tasks and addition and subtraction
achievement. It was determined that children who exhibit the
ability to make quantitative comparisons involving a forward
transformation perform better on addition and subtraction prob-
lems than those who do not display such an ability.

A forward transformation is a process of set comparison
characterized by the rearrangement, either physically or men-
tally, of one or both of two sets of objects which were presented
initially in different arrangements. On the other hand, a reverse
transformation involves returning two sets of objects to their
original configurations after observing both the initial states
and object movement.

Furthermore, problems involving a described action are
easier than those involving no described action, and some sub-
jects perform better on a problem solving test whenever mani-
pulative objects are present. The investigators assert the
need for further study concerning the relationship of levels
of conservation of number with performance on a problem solving
test involving a greater variety of problem types which do or
do not involve a described action and which may or may not be
solved using manipulative objects.

3. Research Design and Procedure

Four schools from among the elementary schools in Walton
County, Georgia,comprised the population. The first grade



children of all four schools were given the test of quanti-
tative comparisons and the Lorge-Thorndike I.Q. Tests, Level
1, Form A. In all 192 children received both tests. Chil-
dren were categorized into tow I.Q. groups ranging from
80-97 or 103-120. The remaining 111 children (several stu-
dents were lost to the study through absence) were separated
into four ability groups: (a) quantitative comparison
scores 0-7 and I.Q. scores 80-97, (b) quantitative compari-
son scores 0-7 and I.Q. scores 103-120, (c) quantitative
comparison scores 10-15 and I.Q. 80-97, and (d) quantitative
comparison scores 10-15 and I.Q. scores 103-120. Then a
problem solving test was administered to 108 of these 111
children. The problem solving test was composed of 48
items with six problems of each of eight types. The eight
problem types call for the following mathematical sentences:
a + b = n, a - b = n, a + n = b, and n + a = b and involved
or did not involve described action. Measures of internal
consistency reliability coefficients, and a principal com-
ponent analysis were computed for each test. The quantita-
tive comparison test achieved a KR-20 of .89 while the
eight six item sub-tests of the problem solving tests had
KR-20 ranging from .59 to .69. A multivariate analysis of
variance was then performed on each six item sub-test in-
volving the eight different problem types.

4. Findings

1. On the test of quantitative comparisons, those items in-
volving unequal numbers of objects in the set tended to load
on different factors than those involving equal numbers of
objects.
2. The mean scores for a + b: A (described action) and
a + b : N (no described action) were appreciably greater
than other types.
3. Significant positive skewness was found for a + b : A
and a + b : N and significant kurtosis (platykurtic) for
all other types.
4. Across the four basic structural types of problems the
achievement on described action problems was not appreciably
different from the problems with no action described.
5. There was no significant difference between measured
I.Q. levels on the problem solving tests.
6. From MANVOVA it was determined that for the effect of
Q (levels of quantitative comparison) and C (levels of
problem conditions) and the main effect due to C significant
differences occurred.
7. For a + b: A and a + b: N, the main effect Q and the main
effect C were significant.
8. There was a significant interaction for a + b: N for Q
and C. That is, aids tend to help low conservers more than
high conservers.
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9. Forward and reverse transformation items appear equally
difficult.

5. Interpretations

Following their findings, the authors provide a section
called "discussion and implications." The key points (in
the view of the abstractor) are listed below:
1. The test of quantitative comparisons had good psycho-
metric properties.
2. For children who met criterion on the test used in
this study, it is not at all clear that those children were
able to use properties or consequences of the relations
involved or whether they perceived of the relations as
quantitative relations or not.
3. It appears that forward transformation may be basic to
solution of arithmetical word problems for which relevant
solution strategies are available.
4. The variable, described action, operated differently in
this study (no differences between described action items
and no described action items) than in previous studies.
However, in the previous studies it was suggested that the
significance of the variable might have been the result of
instruction.
5. Further experimentation needs to be conducted in which
Problem Structure and Problem Conditions are systematically
varied and outcomes assessed both by direct achievement
tests and transfer tests.

Abstracter's Notes

When one reads any research report he finds that a
number of questions have been answered by the report and
also that the study raises a number of other questions and
also produces a number of reactions. The questions and
reactions of the abstracter are listed below:
1. The size of the N was very good for this type of study.
2. This is a carefully designed study. However, the re-
porting was confusing to the abstractor. While all the
information was given it was difficult for the abstractor
to "dig it out." This may have been due to the number of
variables involved.
3. The children were not given'the choice of using or not
using objects. What would have happened if they had done
so
4. The researchers used problems involving the "take-away"
idea and the "how many more are needed" idea (a - b = n and
a + n = b or n + a = b). Were the comparison type "sub-
traction" problems such as "Toe. has 8 model cars and Tim
has 5 m,,del cars. Which boy has more cars?" used in the
study? If so how were they classified?
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5. Should teachers use the quantitative comparisons test
as a "readiness" measure for first grade work with verbal
problem solving?
6. How are the problem types a + n = b and n + a = b
different? One might hypothesize them to be of this type:
Joe has six cents. He wants to buy an eight-cent candy bar.
How much more money does he need to buy the candy bar, and
how much more money will Joe need to buy a candy bar if he
has six cents and the candy bar costs eight cents?
7. In this study conservation as measured by the quanti-
tative comparisons test appears to be a better predictor
of problem solving success for some problem solving types
than IQ. What is the correlation between the test and
various IQ measures? Is quantitative comparison a measure
of I.Q.?
8. "Forward Transformation" appears to be basic to the
solution of arithmetical word problems for which relevant
solution strategies are available. What is the relation-
ship between forward transformation and word problem solving?
That is, would instruction concerned with word problems
have a measurable effect upon forward transformation?
9. There seems to be some confusion in the use of the terms
Quantitative Comparisons and Forward Transformations. At
one point it appears that Forward Transformations are a
portion of Quantitative Comparisons, while at another
point, the Forward Transformations are used as a variable
in themselves.
10. The study is representative of the type of careful
study that should be conducted to ascertain the develop-
mental thought patterns of children.

C. Alan Riedesel
Georgia State University
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1. Purpose

Uprichard arranged the three set relations "equivalence, II
"greater than," and "less than" into six possible permuta-
tions from which he generated six instructional sequences,
one for each permutation. His purpose was to determine
which of these six sequences would be most efficient in
terms of the time it took to learn the three set relations
and in terms of the vertical transfer to a related task
involving the set relations.

2. Rationale

Uprichard identified two strategies for studying ef-
fects of instructional sequence on learning. The first is
that.in which a logical or ordered sequence of instruction
is compared with a random or scrambled sequence. The
second is that in which two or three concepts of a given
domain of knowledge are singled out for study and then
sequences of the concepts are considered as a fixed effect
in a factorial design. Uprichard used the second strategy.

3. Research Design and Procedure

A random sample of thirty-two preschool children from
the Liverpool, New York area were randomly assigned to
eight treatment groups. The experimental groups were formed
by the six instructional sequences. Two control groups
were also formed, one of which was administered criterion
tests and a posttest at the end of instruction and one of
which was administered only the posttest. Each experimental
group received instruction on the set relations in the pre-
scribed sequence for that group. Instruction was adminis-
tered in modules where a module consisted of three twenty-
five minute instructional sessions. A criterion test was ad-
ministered following each module. Within each module, in-
struction was given on only one relation. If three out of
four subjects in a group scored at least three out of four
correct responses on the criterion test, that group met
criterion for that relation and was administered instruc-
tion on the next relation in their sequence in the next

6106



module. Instruction ended for all groups when any one
group met criterion on all three relations. Instructional
sessions as well as the tests focused on the numbers
"three," "four," "five," and "six." The criterion tests
each consisted of four items, one for each of "three,"
"four," "five," and "six." In case of equivalence, a child
was directed to select one board from three choice boards
that had the same number of holes in it as a sample board.
In the case of "greater than," the child had to select a
choice board that had one more hole in it than the sample
board (likewise for "less than"). A vertical transfer
test consisted of six items (three for each relation)
each of which contained directions analogous to the
criterion tests. The only crucial difference in the ver-
tical transfer test and any criterion test was that a
conscious attempt was made to include misleading perceptual
cues in the transfer test. A posttest was formed from the
last criterion test and the vertical transfer test combined.

4. Findings

1) The group that met criterion on all three relations
first was the group with the sequence equivalence - greater
than - less than (EGL). They were administered one module
on "equivalence" and three on "greater than" after which
they met criterion on all three relations.

2) The ELG (equivalence - less than - greater than)
group had been administered one module on "equivalence"
and three on "less than" when instruction was terminated.
They had reached criterion on "equivalence" and "less than"
but missed meeting criterion on "greater than" by one
correct response.

3) The GEL and GLE groups had been administered three
and four modules, respectively, on "greater than" and the
GEL group had been administered one module on equivalence
when instruction was terminated. Each group reached
criterion on "equivalence" and "greater than."

4) the LEG and LGE groups had been administered four
modules on "less than" when instruction was terminated and
reached criterion only'ón "equivalence."

5) A one-way ANOVA using the posttest as a dependent
variable and the six experimental groups and the two
control groups as the independent variable revealed dif-
ferences among the groups (p < .01). A post-hoc analysis
utilizing the Sheffé method revealed differences between
only (a) the EGL group and each one of the two controls,
and (b) the average of EGL and ELG and the average of the
two controls.

6) The control groups scored an average of approximately
26% on the vertical transfer test and approximately 26% on
the last criterion test. The EGL group scored an average
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of approximately 61% on the vertical transfer test and ap-
proximately 79% on the last criterion test.

5. Interpretation

Uprichard interpreted his data in terms of trends sug-
gested and/or indicated. The following were the most
interesting:

1) "Less than" is not a difficult set relation for
preschoolers to learn after they have acquired "equivalence"
and "greater than." However, the LEG and LGE groups did
not reach criterion on "less than" even though they had
received 300 minutes (four modules) of instruction on "less
than."

2) Preschoolers can be trained to conserve the one-to-
one correspondence between equivalent sets containing
three, four, five, or six elements.

3) There appears to be a hierarchal relationship among
the set relations "equivalence," "greater than," and "less
than."

4) Preschoolers have the capacity to acquire set rela-
tions although the study did not yield direct evidence to
support the notion that systematic instruction on set
relations ought to begin at this age level.

Abstractor's Notes

Whether or not this study will act as a catalyst in
generating new ideas for exploring the effect of instruc-
tional sequence on learning, as Uprichard hopes, will only
be answered in retrospect. It does, however, raise
questions. First, "greater than" and "less than" are
closely related in that A is greater than B if and only if
B is less than A. It thereby is not too surprising that no
instruction had to be given on "less than" in the EGL group
for children to meet criterion on "less than." Also, in
the ELG group, criterion was met on "greater than" for
all practical purposes. These two facts suggest that
Uprichard may not have generated the most efficient (in
his terms) instructional sequence by just taking permuta-
tions of the three relations. Another natural sequence is
to give instruction on "equivalence" ana-InTron "greater
than" and "less than" simultaneously. Such an instructional
strategy is not inconsistent with Piaget's notion of reversi-
bility. Second, if the domain of knowledge of concern is
expanded, what concept or set of concepts should come next
in the sequence EGL? Not only is it important to ask
what comes next but also to ask whether structural proper-
ties of the set relations could be CLine simultaneously.
That is, if one is concerned with the structure of the
relations (transitivity, symmetric, and asymmetric proper-
ties of the relation, etc.), is it profitable to give
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instruction on these properties at the same time as such
instruction as Uprichard administered is given?

A collection of questions and concerns specific to the
study need to be raised because they are not satisfactorily
answered in the article. The nature of the instruction
in the instructional sessions is not elucidated. Such
knowledge is essential in interpreting the results. For
example (a) were counting procedures employed?, (b) were
matching procedures employed?, (c) was instruction given
on arranaing the numbers three through six in sequence?
(d) was instruction given on "one more than," and "one
less than?", and a host of others. In the criterion
test example given, set equivalence is tested in terms
of "the same number," "greater than" is tested in terms
of "one more than" and "less than" is tested in terms of
"one fewer than." Granted, all three set relations are
included in the tasks set, but the tasks go beyond essen-
tial aspects of set relations. It would seem that on one
hand the children in Uprichard's study acquired more know-
ledge than just knowledge of set relations (knowledge of
three through six and "one more than" and "one fewer
than") while on the other hand evidence was not compelling
that children had acquired set relations per se. In the
latter case, knowledge of the properties of the relations
need to be considered as well as collections with more
than six members which had not been used in instruction.

The tasks in the vertical transfer test come closer
to conservation tasks than any others. That they are
conservation tasks is equivocal because (1) the control
children scored, on the average, as well on these tasks
as on the criterion tasks, (2) the experimental group did
not demonstrate clear-cut superior performance on the
criterion tasks as on the vertical transfer tasks, and
(3) the criterion tasks are not conservation tasks.

Leslie P. Steffe
The University of Georgia



ERIC DOCUMENT REPRODUCTION SERVICE
LEASCO INFORMATION PRODUCTS, INC.

P.O. Drawer 0, Bethesda, Md. 20014

ViDig R EPORTS

ON-DEMAND ORDER BLANK

ILL TO: SHIP TO:

JRCHASE ORDER NO,

RTS1OBEORDER1

TEM ED Number
Numtser of Copies

MF HC

PRICE
(ees reveres)

TOTAL
PRICE

040 877

(253P.)

047 958
(11p.)

040 878
(125p.)

047 960
(85.. )

10

040 881
(25p.)

11

12

040 859
(25p.)

13

14

15

0 TAX NUMBER

0 DEPOSIT ACCT. NUMBER-
0 CHARGE (OVER $10.00)

0 CHECK NUMBER

SUB-TOTAL

TAX

TOTAL

V, :TOORDER.

To order ERIC REPORTS Include complete information for all
order form items. Please print or type all information clearly.

1. Complete "bill to" and "ship to" addresses, Be sure to
complete "ship to" address if different from "bill to". A like
"ship to" address may be completed as "SAME". Include zip
code.

2. Order by printing ED number in designated spece. ED
accession numbers are listed in Research in Education (RIE).
RIE may be purchased from: Superintendent of Documents,
GPO, Washington, D.C. 20402.

3. Include number of copies (1, 2, 3, Ptc.) to be ordered in
appropriate space. Use MF space for microfiche copies, use HC
space for hard copy (paper). Check NE for availability of
document in &IF and HC.

4. Include price from the rate szhedule. (Refer to price schedule
on back.) Prices are also published in current issues of RIE.

5. Some ED numbers represent a series of titles, and will be
billed by title, not ED number. A list of applicable ED numbers
is available.

6. Extend number of copies and price for total price for each
entry.

7. Add items 1 through 15 and insert amount In "Sub-Total"
box.

8. Add stay/ sales Vat for lilinois and Maryland or check box
and cite tax exemption number for Illinois and Maryland only.

9. Add "Sub-Total" and "Tax" and insert amount In "Total"
box,

10. Indicate payment method desired. Payment must accompany
all orders of $10.00 or less. Make all drafts payable to EDRS.

11, Sign AUTHORIZATION and date order.

12. Include only 15 entries per form. Complete and sign
additional forms if required,

13, Guality werranty. LIPCO will replace products returned
because of reproduction defects or Incompleteness. The quality
of the input document Is not the responsibility of LIPCO. [lest
available copy will be supplied.

ERIC DOCUMENT REPRODUCTION SERVICE Is operated by Leasco Information Products, Inc. for the U.S. Office of Education.

'SUBJECT TO ALL TERMS AND CONDITIONS ON REVERSE SIDE OF THIS FORM.

AUTHORIZATION DATE

TITLE OR DEPT.
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PRICE LIST

Microfiche Copy Each Title .65
Hard Copy Each Title by number of pages:

Pages: 1 - 100 3.29
101 - 200 6.58
201 - 300 9.87
301 - 400 13.16
401 - 500 16.45

Each Additional 100 pages or
portion thereof. 3.29

1. Book Rate or Library Rate postage is included in above
prices.
2. The difference between Book Rate or Library Rate and
first class or foreign postage (outside the continental United
States) rate will be billed at cost.

TERMS AND CONDITIONS

1. PRICE LIST
The prices set forth above may be changed

without notice; hc.wever, any price change will
te subject to the approval of the U.S. Office of
Education Contracting Officer.

2. PAYMENT
The prices set forth above do not include

any sales, use, excise, or similar taxes which
may apply to the sale of microfiche or hard
copy to the Customer. The cost of such taxes,
if any, shall be borne by the Customer.

Payment shall be made net thirty (30) days
from date of invoice. Payment shall be without
expense to LIPCO.

3. REPRODUCTION
Materials supplied hereunder may only be

reproduced by notforprofit educational insti-
tutions and organizations; provided however,
that express permission to reproduce a copy-
righted document provided hereunder must be
obtained in writing from the copyright holder
noted on the title page of such copyrighted
document.
4. CONTINGENCIES

LIPCO shall not be liable to Customer or
any other person for any failure or delay in the
performance of any obligation if such failure of
delay, (a) is due to events beyond the control
of LIPCO including, but not limited to, fire,
storm, flood, earthquake, explosion, accident,
acts of the public enemy, strikes, lockouts,
labor disputes, labor shortage, work stoppages,
transportation embargoes or delays, failure or
shortage of materials, supplies or machinery,
acts of God, or acts or regulations or priorities
of the federal, state, or local governments, (b) is
due to failures of performance of subcontrac-
tors beyond LIPCO's control and without
negligence on the part of LIPCO, or (c) is due

to erroneous or incomplete information fur-
nished by Customer.

5. LIABILITY
LIPCO's liability, if any, arising hereunder

shall not exceed reAitution of charges.
In no event shall LIPCO be liable for special,

consequential, or liquidated damages arising
from the provision of services hereunder.

6. WARRANTY
LIPCO MAKES NO WARRANTY, EX-

PRESS OR IMPLIED, AS TO ANY MATTER
WHATSOEVER, INCLUDING ANY WAR-
RANTY OF MERCHANTABILITY OR FIT-
NESS FOR ANY PARTICULAR PURPOSE.

7. CHANGES
No waiver, alteration, or modification of

any of the provisions hereof shall be binding
unless in writing and signed by an officer of
LIPCO.

S. DEFAULT AND WAIVER
a. If Customer falls with respect to this or

any other agreement with LIPCO to pay any
invoice when due or to accept any shipment as
ordered, LIPCO may without prejudice to other
remedies defer any further shipments until the
default is corrected, or cancel this Purchase
Order.

b. No course of conduct nor any delay of
LIPCO in exercising any right hereunder shall
waive any rights of LIPCO or modify this
Agreement.

& GOVERNING LAW
This Agreement shall be construed to be

tetween merchants. Any question concerning
Ito validity, construction, or performance shall
be governed by the laws of the State of New
York.


