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This study examined the effect of various

instructional conditions on the ability of young children to form
classes and to recognize crder and equivalence relations. Children
from four kindergarten and four first grade classes were first
classified by two levels of IQ and then randomly assigned to
experimental and control groups, giving a 2 x 2 x 2 design. The
experimental group received 17 lessons on conjunction, disjunction,
negation, and selected mathematical relations, designed to help the
children learn tc form classes, to form intersections, unions, and
complements of classes, and to recognize relations between classes
and class elements. The posttests consisted of five achievement tests
and four transfer tests, and the scores were analyzed by univariate
and multivariate analysis of variance. The results showed that the
children were able to learn the skills taught, and that some transfer
to related skills cccurred. The main effects of treatment and IQ were
highly significant on all tests, but grade level was not significant.
various implications for =sarly schooling are presented. (MM)
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Ay TnveotLipatblion 1n the Learning of
Delectod Parts of o bBoolean Alpebra by Youns Children

pavid C. Johnson
Northern Michigan University

Literature pertaining to the theoretical as well as the
empirical study of the thinking of young children is quite abundant.
The Geneva School has made a significant contribution to both areas.
Although used extensively by psychologists, this literature remains
largely untapped by mathematics educators with their present pre-
occupation with behaviorism. However, for mathematics educators
interested in cognition, the research literature surrounding the
work of the Geneva School provides a framework (1) for explaining
how mental operations basic to mathematical thought develop, (2)
for identifying structural charactéristics of thought as they
undergo change with age, and (3) for forming a theoretical basis
for certaln curricular decisions and experiments in the learning of
mathematics.

The present study was designed with the following purposes:
(1) To determine if specific instructional conditions improve the
abllity of young children of various ages and intellectual levels
to (a) form classes based on relations between selected attributes
and (b) establish the existence of selected equivalence and order
relatlions that exist within and among sets of objects, and (2) To
investigate that 1f speciflc instructional conditions improve
abllitlies outlined in (a) and (b) of (1) above, whether transfer
occurs to (a) other class-related activities and (b) the transitive

property of the selected equivalence and order relations.
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Crouplrne Sbructures

Pinret (1952) has ildentified four main stages in which structural
characteristics of thought are qualitatively different. They are:
(1) sensory-motor, preverbal stage; (2) the stage of preoperational
representation; (3) the stage of concrete operations; and (4) the
stage of formal operations [pp. 9-10].

Concrete operations are a part of the cognitive structure of
children from about 7-8 years of age to 11-12 years of age. Piaget
(1964) postulates this cognitive structure has the form of what he

calls groupings, of which the following five properties exist:

(1) Combinativity: x + x+ = y; vy + ¥ z
(2) Reversibility: y - x = xL or y - xl = x
(3) Assoclativity: (x + x1) + yl = x + (x1 + yb)

(4 General Operation of Identity: x - x = 0

(5) Specilial Identitles: x + x = X
Eight major grouplngs are ildentified, each of which satisfy the
above properties. The idea of an operation 1s central to these
groupings. Plaget (1964) views an operation as belng an interiosed
action, always linked to other operations, and part of a total
structure. For example, an operation could consist of Joining
objJects in a class. Piaget's claim is that fundamental to the
understanding of the development of knowledge 1s the ldea of an
operation. The groupings are the structures of which the operations
are a part. The difference in the grouplngs reside i.. the various
operations whlch are structured. The elements éf two groupings are
classes and asymmetrical relations which correspond to the cogni-

tive operations of combilning individuals 1in classes and assembling
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the asymnetrical relations which express differences in the
individuals.

It must be made clear that the Geneva School is concerned
with describing transformations that intervene between the input
of a problem and the output of a solution of the problem by a
subject. As Bruner (1959) put it, "Piaget proposes to describe
them [the transformations] in terms of thelr correspondence to
formal logical structures [p. 364]1." At a certaln stage, a child
becomes capable of solving a varlety of problems not possible at
an earlier stage, but still not able te solve other problems which
contain elements of a more advanced stage. In short, Piaget has
provided a structure of intellligence which can be used to account
for success or failure of children when solving certaln problems.

Because the grouping structure 1s used as a tool to characterize
the thinking of the young child, 1t is interesting to gilve an
interpretation.

In The Psychology of Intelligence, Plaget apparently selects

speclial classes for part of his elements in the first grouping.
These classes must satisfy the following pattern: ¢ A{ & A,
e . QQLZAG, where oceA and A 1s the index set. If "£" 1is inter-
preted to mean "¢", then the above sets constitute a lattice,
which 1s a partially ordered system in which any two elements have
a greatest lower bound and a least upper bound. Clearly, "<" 1s

a partial ordering of the sets in question since 1t 1is (1) reflexive,
(2) anti-symmetric, and (3) transitive. Moreover, for any two
elements A, and Ap, AQ(W AB 1s the greatest lower bound and AalJ A

B
1s the least upper bound.




i
This lattice structure is not all that 1s included in the first
grouping. Classes of the form Ag' = AY - AG where A@Qi AY are also

included. The classes A; ' included along with the elements of the
lattice are the elements of this first grouping. If one interprets
Piaget's (1964) "+" to be "U', then he gives (embedded in a zoolog—
ical classification) statements analogous to the following. [p. 43].:
(1) Combinativity: A U A" = A

Y

(2) Reversibility: If AjU A ' = A, then Aj = A - At
(3) Associativity: (A, U A" U A" = A LAt AY').

(4) General Opperation of Identity: Ay, U ¢ = A;.

(5) Special TIdentities: (a) A, U A, = Ay, (b) A U A, = A,

where AUCL AY.

When considering definitions of a Boolean Algebra such as recorded

in Modern Algebra by Birkhoff and MacLane [pp. 336, 371 it can be
noted that many aspects of a Boolean Algebra are inherent in Groupilng
I. Furthermore, the set of all subsets of any set 1s a Boolean
Algebra. Also the algebra of statements under the connectives "and,"
"or)' and "not" 1s a Boolean Algebra. Indeed, with respect to classes,
the conjunction in logic "and" has the same meaning as does inter-
sectlion in mathematlcs; the disjunction in logiec "or" (in the
inclusive sense) has the same meaning as union in mathematics; and
the negation in logic "not" has the same meaning as does complemen=—
tation 1n mathematics.

'Groupiﬁg I also deseribes essential operatlions and relations
involved in cognition of simple hierarchles of classes. Proficiency
with the use of the class inclusion relation 1s viewed by FPlaget as
essentlal in the establlshment of operatory classification. Two

abilities, described by structural properties, are of particular
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importarice in this proficiency. The first is the ability to compose
classes (c@mbiﬁativity) and decompose classes (reversibility), and
the second is the ability to hold in mind a total class and its
subclasses at the same time, made possible through combinativity
and reversibility; or as will be seen later, through an ability to
think of two attributes at the same time,., made possible by yet
another grouplng.

Due to the centrality of the class inclusion problem as a test
of operatory classification, Piaget (1952) reported of an early
study with children of ages four to elght. A major part of the
investigation involved presenting the children individually with
materials similar to the followilng: wooden beads, the majority
of which were brownj; blue beads, the majority of which were square;
and flowers, the majority of which were poppies. Typlcal kinds
of questions asked were the following: (1) Are there more wooden
beads or more brown beads? (2) Would a necklace made of the
wooden or of the brown beads be longer? and (3) Would the bunch of
flowers or the bunch of poppies be bigger? The question were very
hard for children under seven but children over seven perf@rmed
quite well. The main reason attributed to the failure of the
younger children was that they supposedly could not think simul-
taneously of the whole and its parts, as mentioned in the paragraph
above. A host of studies, both replication studies and training
studies, have been conducted around the class inclusion problem,
some of which are reported in Sigel and Hooper (1968).

Continuing the "additive" operations, Plaget delineates two

groupings entitled "Addition of Asymmetrical Relations" and "Addition
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6
of Symmctrical Relations." The asymmetrical relations referred to
are interpreted here as strict partial orderings, i.e., orderings
that are (1) transitive, (2) asymmetric, and (3) non-reflexive.
Moreover, if suech relations are linear, then the set A on which the
relatlon is deflined 1s a chain and hence is a lattice. The general
properties of a grouping may be applied. Combinitivity can be
interpreted under the more general notlon of functilion composition.
That is, AaB and BaC implies AaC; AoB and BaA implies AaA, ete.

The former 1s transitivity and the latter 1s denoted as reversibllity.
The composition 1s assoclative by virtue of the transitive property
ard has specilal identitiles (tautology). Addition of symmetrical
relations involves several distinct categories of relations; some
transitive, some intransitive, some reflexlive, and some nonreflexive.
The statement of propertles are quite similar to the addition of
asymmetrlical relations.

Piaget (1964) also descrlbes groupings based on multiplicative
operations, 1i.e., those which deal with more than one system of
classes or relations at a time. Two of these groupings are called
Bi-Univocal Multiplication of Classes and Bi-Univocal Multiplication
of Relatlons. In the former, an example is given by the feollowiling:
If Cq and C2 denote the same set of, say, squareé, but Cq = AltJ As
and C, = Bll) B, where A; denotes red squares, A, blue squares, By
large squares, and Bp small squares, then C = Cl(j Co = AlBlLJ A1B,
A5Bq U AsB,. In other words, a matrix or double entry table of four
cells has been generated with the component classes of Cq on one
dimenslon and those of C, on the other. In the case of Bi-Univocal

Multiplication of Relations, an example could be seriating a collectilon
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7
of sticks according to length and thickness. A double entry table
would thus be defined. OFf course, special restrictions would have
to be placed on the objects and relations. If L, denotes liength
and T thickness, then the matrix could look as follows: All the
objects in the first row are the same thickness but different

lengths while the obJects of the first column

are the same length but different thickness. It can be noted that
equivalence as well as order relatlons are involved -in this
process. The structural properties of these latter two groupilings
are not discussed—;except to say that multiplication of classes
allows a child to classify accordling to two or more classification
systems at once--or to consider an object as possessing two or
more attributes simultaneously, and that multiplication of relations
allows a child to seriate a collection of objects according to two
order relations at the same time.

In general, classification (whiech involves equivalence relations)
and seriation (which involves an asymetric relation) are at the
heart of the theory of Plaget. When asked to classify, children
below the age of filve simply form 'figural collections'. By age
seven, chlldren can sort objects, add (union) classes, and multiply
(cross-classify) classes. However, a genulne cperatory classification
does not exist until about age eight where the understanding of the
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relative slzes of an 1lncluded class to the entire class is
achieved. Although (A + A' = B) 1s logically equivalent to
(A =B - A'), many children have difficulty wilth the latter having
mastered the former as shown by a failure to state B > A (B econtains
more than A). The conservation of the whole (being able to hold
the class B in mind when focussing on A) and the guantilitative
comparison of whole and part (B =» A) are the two essential
characteristics of genulne class-inclusion acecording to Plaget.

Recopnizing that empilrical research exlsts surroundlng evidence
for existence of the above grouplngs (l.e., replications studies)
and that experiments exlst which have been designed to test the
theory (i.e., training studies), the present study was of a
slightly different nature, beilng embedded 1in the existing psycho-
logical, mathematical, and loglcal theorles and structures. Just
how 1t was embedded 1s made clear as the study 1s lald out, as
well as the purpésé of the study. It must be emphasized that the
study was not done to test the theory nor to replicate already
known results, such as those produced by Smedslund (1963), Bruner
and Kenney (1966), and Shantz (1967), but an employment of the theory
in an applied research problem. To be sure, controversies exlist
concerning the validity of the theory (e.g., see Kohnstamm (1967),
Braine (1959)). |

Method

The theory of Plaget 1s a theory of development which sub-
ordinates learning to development in contrast with behaviorlstic
theories which attempt to explalin development in terms of learning
(e.g., Gagne's work). As a corollary, one could view mathematical

experiences (e.g., séhool instruction) as not belng assimillated in
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any genuine way in the absence of reaqulisite cognitive structure.

More specifically it would appear that work on classifications and
relations would bear little frult for children in the stage of
preoperational representation. However, as Sullivan (1967) comments:
"If learning should be geared to the chilld's present developmental
level as Plaget 1nslsts, then the problem o: matching the subject
matter to the growlng conceptual abllity of the child (i1.e., present
cognitive structure) is a relevant consideration.”" [p. 19]

Instructional Unit

Classifications and relations were the broad toples about
whilch an Instructional unit of 17 lessons was constructed. The basic

Vere
operations consldered 1In the unit wes conJunction, disjunction,

negation, and selected mathematlcal relatilons. The unit, described
1n detall by Johnson (unpublished dissertation), was constructed 1in
such a way as to help chlldren to learn to form the followlng:

(1) classes, (2) intersections and unlion of classes, (3) complements
of classes, and (4) relations between classes and elass elements.
Physical objects were employed 1n the learnling process so that each
¢child could be actively involved. Some free play was permltted and
Interaction with peers was often encouraged.

Thé first three lessons were deslgned to help the chlldren to
learn to form classes. Hula hoops and other representations of
closed curves were used 1ln these and other lessons throughout the
unlt to motivate the formation of varlous classes. Lessons IV,

V, and VI concerned the intersection and the complements of the
intersection of classes. The chlldren were put in a conflict
sltuation when they observed that an object could not belong to

two disjJoint hula hoops simultaneously, hence set intersectilon
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10
was needed. Lessons XII, XIII, and XIV included activities relevant
to the formation of the union of elasses. Lessons XII, XIII, XIV,
and XV contalned activities deslgned to help children understand the
relations 'more than', 'fewer than', and 'Just as many as'. Other
lessons in the unlt involved reviews and exercises in the formation
of various classes 1nvolving complementation, iIntersectlon, and union.
Five baslc posttests were then constructed to measure achievement
and transfer,.

Posttests

Connective Achievement Test. Thils test and the other four

basle posttests, 1lncluding material used, have been elsewhere recorded
by Johnson (unpublished dissertation). The connective test was
designed to measurg the ehild's ability to use the logical connectives
'and', 'or', and 'ﬂot' with respect to the formatlon of elasses. Two
sets of material wére used 1ln the testing. One set consisted of sets
of Dlenes' Loglc Blocks whiech were a subset of materials that had
been used 1in the 1nstructlonal unit. The other materlal set consis-
ted of novel material which had not been used 1n the unit. The

items of both parté of the 20 question test were 1lsomorphic except

for the dlifferences 1n the materilal used. Six warm-up questions

were Included for each material set to 1lnsure that the chlldren
understood what the basic attributes of the objJects were. One of the
ten qﬁesti@ns asked as a command was: "Put in the ring all the

things that are either sticks or they are clothespins." If p and g
repregsent statements and V, A, and ~ represent disjunction, con-
Junetion, and negation respectively, then the followling represent

the types of statements asked: p Vg, pV~~aqg, ~(pA aq), p A q,
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N~ p A v ag, and v p.

Relation Achievement Test (RA). This 25 question test was

designed to measure understandilng of the relations 'more than',

'fewer than', 'Just as many as', 'same shape as', and 'same color as'.
For the first three relations, objects were mounted on pleces of
posterboard similar to that indlcated in Figure 1. Three poster-
board sarrangements were constructed for each of these three

relations: (1) a vertical arrangement, (2) a horizontal arrange-
ment, and (3) a circular arrangement. The set of number pairs used

in the 'just as many as' questions were {(6,6), (7, 7y, (8, 8)1.

The set used by the 'more than', and 'fewer than' relations was

{(5, 6), (6, 7), (7, 8)}. A 'more than', 'fewer than', and 'just as
many as' questich was asked for each item to insure that when a child
sald, for example: '"There are more A than B', he also knew that there
were nelther 'fewer A than B' nor 'Just as many A as B'. For the four
shape‘and color questions, four cards (containing two objects each)
were constructed as follows: {(same shape, same color), (same shape,
different color),(different shape, same color), (different shape,
different color)}. For each card, the tester pointed and asked two
questions: "Is thls the same shape as that?" and "Is this the same
color as that?". One warm-up question was I1ncorporated to insure

that each child was familiar with the process of 'matching'. The

next three tests to be described are transfer tests wlth the

exceptlon cf:the intersecting ring items 1in the Multiplication of

Classes and Relatilons Test.
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Multiplication of Classes and Relations Test (MU). This test

was constructed to measure the abllity of children to use two or

more criteria at once. Parts of this test were similar to the nine
matrix tasks designed by Plaget which involved animal changes,
pattern changes, and rotation of objects. Plaget's tasks were of
either four-cell or six-cell matrices, with from five to eight
choices located below the matrix. (Inhelder and Piaget, 1964) For
the purpose of testing the abillity of ehildren to multiply classes
and relations, six materilal sets spanning across each of the following
three types of arrays were utilized by the investigator: (1) 3 x 3
matrices, (2) 2 x 2 matrices, and (3) ring intersection. The six
material sets involved incorporating the pairing of dimenslons as
indicated by the following set: {(shape used 1n unit, color used

in unit), (shape, color used in unit), (color, number), (shape,
shading), (shape, size), (color, size)l. One of the ordered palrs
involving a glven material set was used in the construction of each of
the 3 x 3 matrices. Subsets of each of the materlal sets were used
in construction of the six 2 x 2 matrlces and the six intersecting
ring patterns, such that each of the unique materlal sets and
dimension palrs was used 1in one and only 3 x 3, one 2 X 2, ahd one
palr of intersecting rings. Although the intersection ring

activity was not performed during the unit, it was very simllar to
some activitles and was thus conslidered as an achlevement measure.
The matrix items were never solved in the instructional unit and
hence, were viewed as transfer measures. For each of the eighteen
items previously described, a strip of four response alternatives was

constructed.
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Class Inclusion Test (CI). This sixteen 1ltem test was inecluded

as a tpansfer measure because of 1ts relevance to certailn concepts
ineluded in the instructional unit. As indlcated earller, Piaget
has hypotheslzed that tralning in the multiple attributes of objects
willl produce transfer to the class inclusion concept. This transfer
transpires supposedly becaus®& class A 1s included in class B, then A
possesses 1ts attributes as well as those of B. Lesson XI concerned
consecutive inclusions. Furthermore, when testling for the presence
of the 1nelusion relation, usually guantification methods are used.
Four lessons provided instructlon with quantificatlon. Many variables
were taken into consideratilion in the construction of the test. Wilth
the EXCEpticﬂ of two i1tems, the number of objects were asslgned to
materials in a random way with numbers coming from the set {2, 3,

4, 5} except where equality of numbers 1n sets was desired.

Transitivity Test (TR). A 10 question test incorporating a

sereening mode measured the abllity of chlldren to use the transitive
property of the relatilons tested for in the Relatilons Test. Two
1tems were used to test for the presence of the transitlve property
in each fo the filve relations. A left to right and a right to left
matching were used in the testing for the transitive property of the
relations 'Jjust as many as', 'more than', and 'fewer than'. The ordered
triplets of numbers of obJects used for testlng for the above
relations were (7, 7, 7) and (8, 8, 8), (8, 7, 6) and (9, 8, 7)),

and (6, 7, 8) and (7, 8, 9) respectively, This test was used as a
transfer measure because the investigator was 1nterested 1n the
extent to whieh instructlion on the relations hastens the de-
velopment of a property normally not fouﬁd_to exlst in children

before age seven.
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Sample

The subjects for the study were chosen from four kindergarten
and four first grade classes located in or closely adjacent to
Athens, Georgla. All of these children were administered an
Otis-Lennon Mental Ability Test during March 24-April 1, 1970.
A total of 99 first graders and 97 kindergarteners were tested.
Two levels, Primary 1 and Elementary 1, of the Otis-Lennon
Mental Abllitles Test were utilized, where the Primary 1 Level
13 designed for puplls in the last half of the kindergarten and
Elementary 1 Level 1s designed for puplls in the last half of the
first grade. The test items sample the mental processes of
classifilcation, followlng directlions, gqualitative reasoning,
comprehension of verbal concepts, and reasoning by analogy.
K-R 20's for the Primary and Elementary Levels are .88 and .90
respectively. The two categorization variables, then, were cron-

ologlcal age and IQ. Only those chlildren who had an IQ in the

or (77, 89) for kindergarten and first grade, respectively were
included in the study. The children were further categorized by
the two IQ intervals (80, 100), (105, iES). Children wilthin the
four categories thus defined were then randomly assigned to an

" experimental or control group after an ordered random sample of
80 subjects had been selected; 20 in each category. Thirty-

five alternates were also selceted for a total of 115 children in

the sample.

Administration of the Tests

Administration of the CA was to six subJects at a time.

15
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Three subjects were seated adjacent to each other on one side of a
table. The other three were seated facing them on the opposite
side of the table. Subjects were separated by cardboard partitions
so they could not see each other. Each subject was gilven a rope
ring and some objects to classify. No objects were initially inside
the rope rings. The order of test questions was randomized
initially. The investlgator read 2ll the questions clearlyv and
repeated 1f necess=ary. A1l subjects were glven sufficlent time to
make thelr responses. The experimenters stood behind the subJects
and recorded each response as belng right (correct set of objects
was placed in ring) or wrong (eilther items omitted or at least one
incorrect item placed in ring). The normal testing time was
approximately twenty-three minutes.

Administration of RA. For this test, the material sets were placed

in a row on a low table in order from 1 to 17. Administration of
questions 1-9 (matching relations) was done first with the sequence
of presentation randomized individually for each subject. Also

the questilon sequence was randomlzed for each questlon for each
subJect. Cards 10-17 (shapec and color relations) followed with the
sequence of pfesentation also randomized for each subject. Here
agailn, the question sequence was randomized for each subject. The
eight "same shape" questions asked of cards 10-17 composed questions
10-17 for thils test and the eight "same color" questlons composed
questions 18-25 respectively. TFor each card, the resonse was
scored "right" if the color and shape questions were both correct.
The teator recorded the "yes" and "no" responses for each question
asked. Average testing time was approximately twelve mlnutes.

Administration of MU. The eighteen items of this test were placed

16
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1r1 order on a low table similar to the method used with the RA.
Each strip of four responses was centered and placed dlrectly below
the respectilve matrix or ring item. The sequence of presentation of
the elghteen items was randomized for each subject. The tester
checked on a score sheet the response pointed to on each response
strip, whether it was the first, second, third, or fourth in order
from leftv to right. Average testing time was approximately twelve

minutes.

For subtest CA; 1f all the proper objects were placed 1in the
ring and nothing extra was placed there the answer was considered
as correct. One point was glven for correct answers and no points
were glven for incorrect answers. Subtest CA2 was scored 1n a
similar way. Since the tests were parallel, Subtest GAB was formed
throught the consideration of the responses to the items in
Subtests I and II. The subjJect was gilven credit for having a
question right on Subtest III only 1f he had gotten each corres-
pondlng question right on both GAl and CAs. In considering Subtest
CA3: one point was gilven for each question judged as right by the
above procedure.

For the first nine material sets used in Subtest RA(considered
as the first nlne questions) the respective responses for each
material set were Jjudged as correct only if all three relational
questions were all answered correctly. Otherwise the subject was
conslidered to have missed that baslic question. For the last elght
G;material sets the subject was glven credit for test items 10-17
ERIC 17
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only if he answered the shape questions correctly and was given
eredlt for test items 18-25 only i1f he answered color correctly for
cards 10-17, respectively. For the 25 basic test items one point
was given for each item Judged as correct and no polnts were given
for an incorrect response.

For Subtests MUB’ MU, , and MUT, a correct response was when the
subject pointed to the proper response in the set of four response
items listed on the respective response strips. If the subjJect
pointed to any other response item the response was categorilzed
as wrong. One point was given for each correct response and no
points were glven for each wrong response,

Two methods were used in scoring the responses of the sixteen
items 1n Subtest CI. Each of the first fourteen ltems were scored
"correct" only if each of the last two questions asked (AcB:

More A than B. More B than A?) were both answered correctly for the
reapective items, Questions 15 and 16 were considered correct only
when the last two questions were responded to correctly for the
respective 1tems. For the sixteen basic questions each correct
answer was assligned a value of one point and each wrong answer was
assigned 0 points.

FPor each of the first slix items in Subtest TR the ltems were
considered as correct only if all five questions were all answered
co?rectly for the respective items. For items 7, 8; 9, and 10
th; answers were considered correct only if all four questlons were
aﬁswered correctly for all the items. :

Design of Study and Method of Analysis

The basic design of the study was 'The Posttest-Only Control

\)ﬂqoup Design' presented by Campbell and Stanley (1966). This form

ERIC . r
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calls for initial randomization followed by an experimental treat-

ment esiven to the experimental group. Twelve major null hyvpotheses

were tested.

The mean vectors of the experimental and control

groups are not different on the achievement measures.

The mean vectors of the experimental and control

groups are not different on the transfer measures.

The mean
subJects
The mean
subjJects

The mean

vectors
are not
vectors
are not

vectors

not different on

The mean

vectors

not different on

of the kinderparten and flrst-grade
different on the achievement measures.
of the kindergarten anhd first-prade
different on the transfer measures.

of the low and high IQ subjects are
the achievement measures.

of the low and hlgh IQ subjects are

the transfer measures.

There 1s no significant interaction of IQ with Treatment

onn the achievement measures.

There is no significant interaction of Grade with

Treatment on the achlevement measures.

There is no significant interaction of Grade with

I0 onn the achlevement measures.

There 1s no significant interaction of IQ with

Treatment on the transfer measures.

There is no significant interaction of Grade with

Treatment on the transfer measures.

There 1s no significant interaction of Grade with

IQ on the transfer measures.

19
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Tor each of the nine subtests composing the transfer and
achilevement measures, test statistics were computed. Also an
item analysis was performed on all achievement and transfer
test 1items. Two point biserial correlation coefficients, a
phi coefficlent, and a difficulty index were computed for each
item. A point bilserlal correlation coefficient represents the
degree of correlation existing between a dichotomous and a
continuous variable. In the study, IQ measures and the total
test scores formed by the composite of posttest scores, are the
continuous variables. The dichotomous varlables are the indi-=
vidual items and are scored as elther right or wrong. Cor-
relations involving IQ and total scores provide indices of
validity and reliabillity respectively. Essentilally, phi 1s a
chl-sguare calculated on a two-way contingency table to test
for independence of two random variables. The téble was defined
by experimental and control groups, and the ratio of subjects
passing or falling each 1tem to the total responses on that item.

The null hypotheses were tested with the use of Unlvarlate
Analysis of Variance (ANOVA) and Multivariate Analysis of
Variance (MANOVA) procedures. Program MUbAID(Multivariaté,
Univariate, and Discriminant Analysls of Irregular Data) was
used for the MANOVA, where the nine achlevement and ﬁransfer
measures were the response varlables for all combinations of
independent variables taken two at a time. Therefore three
MANOVAs and 27 ANOVAs were calculated; one for each IQ (I) by
Grade (G), IQ by Treatment (T), and Grade by Treatment. Levels

of ITQ were 80-100 (H) and 105-125 (L); levels of Treatment were

<0
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experimental (E) and control (C); and levels of CGrade were
kindergarten (K) and first grade (F).
Results

The results of the item analysis and multilvariate and
unlvariate analyses are presented in thils sectlion. All data
analyvzed 1In the item analysls section were obtained from all
111 subjects and alternates administered all the posttest
measures. The multivarlate and univarilate analyses are limlted
to the 80 subjects selected for the study.

Item Analysis

A phi-coefficlent was calculated for each of the 99 items.
Utilizing a significant ¢ (p<.05), items which were discriminators
between the experimental and control groups were found for each
test. From the array of data in Table 2, 1t can easlly be seen
that there was only one item which discriminated in favor of the

control group out of the total 99 1tems.

Insert Table 2 about here

Two of the subtests deserve special discussion in that
all or a majJorlity of the ltems of those tests were ncndis—
criminators. First, in the case of the RA test, the 16 items
which involved usage of the relations 'same shape as':and 'same
color as' were extremely easy for all subjects, and thereby
were excluded from all other analyses. Secondly, four of the
six items composing the MU test were nondiscriminators. It
appeared that much guessiné was done on this test, as the

average score was approximately the same as chance would allocate.

<l
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One of the four ﬁ@ﬂdiSC?imiﬂaLDFS on this test was excluded
from all further analvses. Ten other items werc also excluded
from the analysils wlth undesirable item characteristics (very
hard or very easy i1tems with low or negative point bilserial
correlations with the total test or IQ). Nine of these ten
items were nondiscrimlnators; six for the achlievement measures
and three for the transfer measures. Seventy-two ltems were
retalned for the analysis of variance.

Multlvarlate and Univarlate Analyses

The necessary subtest Informatlion 1s tabulated 1in Table 3.
The Internal-consistency rellablliities are quite substantial
indleating good homogeniety of the test i1tems. The multivariate

and univarilate analyses of varlance are glven for the direct

achlevement measures (CA , CA , CA , RA, MU ) and transfer
1 2 3 r
measures (MU , MU , CI, TR) for the two classiflcation variables
3 2 '
(Grade and IQ) each considered in conjunction with the treatment

variable, and also considered 1in conjunction with each other.

Analyses of Achlevement Measures. For the purpose of testing

the hypotheses related to achievement the five achlevement subtests
were considered congamitantly as response varlables in the MANOVA
and were considered singly 1n ANOVAs. In the MANOVA)analysis of

T va I, the likellhood ratio test statilstic xg= 113.30 was signi-
ficant (p<.0l), indicating significant differences 1n the mean

vectors presented in Table 4, As indicated in Table 5, the main




[ )]
A1)

effects due to T and I and the intersection of T and I were
significant. The test of all F-values 1in Table 5 1is done

using p and (N-3-p) degrees of freedom where p 1s the number

of response variables and N is the number of subjects. In this
analysis p is 5 and N is 80. Also, F oc (5, 72) = 2.35 and

F (5, 72) = 3.28. 0

.01
In order to further interpret the main effects of T, I, and

T x I, five univarlate analyses were performed. The results in
terms of F-values for these analyses and also T vs G and I vs G

are included within Table 6. It 1s noted that for each of the

five response variables there existed a significant (p<.0l) F for
both T and I. This indicatés that performance of E and C and
also L and H were significantly different on all achievement sub-
tests.

A sipgnificant interaction (p<.05) of T with I occurred
only on CAE (involving "and", "or", and "not") and MUPJ(per
taining to intersections of classes). The Significanflintera
action indlcates that on these subtests the performance of
control subjects was not like the performance of experimental

subJects across the two levels of IQ. Table 4 1indicates that

23
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on these subtests, the higher IQ experimental subjects performed
better than any other group.
In the MANOVA analysls of T vs G, the likellhood ratio test
statistlc x2 = 71.43 was significant (p<.0l), indiecating significant

differences in the mean vectors presented in Table 7.

The only main effect that was significant in thils analysls, as
indicated 1n Table 5, was T. Agaln, unilvariate analyses were
performed to further Interpret the maln effect. As shown 1n Table 6,
significance (p<.0l1) was achleved on each of the filve subtests 1f and
only 1f the effect was T. Although the effect G was not signiflcant
on any measure, it 1s quite noticeable from Table 7 that the first
gradefs appeared to benefit somewhat more from 1ﬁs£rucﬁicn on the
connectives "and", "or", and "not".

The flnal two-way énaiysis dealt wilith the factors of I and G.
The 1ikellhood ratio test statistic x> = 27.41 was significant
(p<.01) indicating slgniflcant difference 1in the mean vectors

persented in Table 8. As indicated 1n Table 5, the only mailn

effect that was significant was I. Hence, for the effects of I and

G, considered concomitantly, significant differences on achievement
existed between the two levels of 1lntellligence used in the study.

Table 6 shows that agaln all F-values for the I effect were significant

(p<.01). As can be seen from Table 8, for all filve subtests the
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mean scores of the high intelligence group were greater than for
the low intelligence group and first praders performed better
(but not signifilcantly) than or approximately equivalent to
kindergarteners. On the basis of the results listed in Tables
5 and 6, hypotheses H and H were rejected and H , H , H , and

1 5 3 7 8
H were accepted. Hence, for the achievement scores, the factors

9

I0 and Treatment significantly affected performance. Flrst
graders performed better, but not significantly better, than
kindergarteners on all achlevement measures.

Analyses of Transfer Measures

The four transfer subtests were the response variables
considered concomitantly ln;MANQVAs and separately in ANOVAs
i
for the purpose of testing the hypotheses related to transfer

i

effects. For the MANOVA an?lysis of T vs I, the likelihood

ratilo test statlstic xz = 66.19 was significant (p<.0l). Thils
indicates that the mean vectors presented in Table 9 are sig-
nificantly different from éach other. As 11lustrated in Table

10, the main effects due td T and I are sipnificant but the
!

interaction of T with T w%s significant. The test of all F-
values in Table 10 is d@né using p and (N-3-p) degrees of
freedom as was the case with the achlevement measures. HOw-
ever, for the transfer measures p 1s 4 and N is 80. For the
new value of p, F (4, 73) = 2.49 and F (4, 73) =3.59.

To assist théognvestigator in interpfg%ing the main effects

of 7, I, and T x I more precisely, four univariate analyses were

Pt
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performed. F-values for these analyses and also T vs G and I

vs G are reported in Table 11. For MU and TR significance was

maintained (p<.0l) for the main effect T. A significant F
(p<.05) was computed for MU but a non-significant F was computed
for CI. The results were siightly different for the main effect
of I. Here, significance (p<.0l) was established for CI and

TR, and for MU there was slgnifilcance at the .05 level. No

2
significance was found for the main effect of I on MU . It 1is
3
not known why the main effect of I was significant for MU and
2
not for MUr_ One possible explanatlion 1s that the subjects of

3
greater intelligence were able to use the fewer cues avallable

in MU more proficliently than subJects of lesser 1lntelligence.
Tab1e29 indicates that significant differential performance
always favors the experimental and high IQ groups.

For the MANOVA performed on the palr of factors T and G,
the likelihood ratin test statilstic xg = 26,04 was signifilcant
(p<.01), indfcdting significant differences in the mean vectors
presented in Table 12. Only the main effect of T was slgnifi-

cant (p<.0l) as indicated in Table 10. Treatment was slgnificant

Inzsert Table 12 about here

3
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given in Table 11. Hence, for those three variables, performance
of subjects in the two levels of T differed significantly. Tabile
12 reveals that for all variables for which the main effect of T
was significant, Experimentals outperformed Controls.

The first two-way analysis was done with the pair of factors
I and G. The likellhood ratlo test statlistilce x; = 35,48 was
significant (p<.01) 1ndicating significant differences in the

mean vectors presented 1in Table 13. As i1llustrated in Table 10,

only the main effect of I was significant (p<.01). Table 11

reveals that the main effect of I was significant (p<.01l) for
CI and TR and was significant (p<.05) for MU . Hence, IQ plays
an important role 1in performance measured bygthcse variables.
No other significant maln effects were found. Table 13 indlcates
that responses favored the high intelligence and first-grade
levels.

From the results indicated in Tables 10 and 11, hypothezes
H and H were rejected and H , H , H , and H were accepted.

2 5 ly 10 11 12
Therefore transfer to related area was found to differ slgnifl-
cantly depending on levels of I and T. As with the achievement
measures, the more intelligent subjects performed better than the
less Intellimgent subJects and the experimental subjects performed
better than the control subjects.
Discusslon

There 1s substantial evidence in thils study that kinder-

marten and first-grade chilldren can be tavught (1) to form

<
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classes bhased on the intersection, union, and negation of
attributes of objeects, and (2) to make correct "pre-number"
quantitative comparisons of sets of objects. Mastery was not
required, although significant differences were noted between
Experimentals and Controls. Furthermore, thils increase in
achlevement was accompanled by some transfer to related actlvi-
ties. The maln effects of Treatment and IQ were very slgnificant
on both achievement and transfer measures but the maln effect of
Grade was not significant on any measure. The powerful effect
of intelligence may be attributed to many causes. Perhaps,
many of the components of the cognitive structure and equilil-
bration process as described by Plaget are actually measured
by an If) test. If that is true, then posslibly children of
greater intelligence, as determined by such IQ measures, are
at higher levels in Pilaget's hilerarchy initlally and are "ready"
for additional instruction.

At any rate, 1t 1s quite 1mportant for understanding the
results of thils study to distinguish between two types of
experience--physlcal experilence and loglcal mathematical
experiences. According to Plaget (1964) physical experlence
"conslsts of acting upon objects and drawing some knowledge
about the objects by abstractlon from the objects." [p. 111
Piaget (1964) states further that 1n logilcal-mathematlcal
experlences "knowledge is not drawn from the objJects, but 1t
1is drawn from the actilons effected on the Qﬁjectsi" [p. 12]

If a child 1s asked to place all the objJects possessing a

plven attribute Inside a ring, he can be shown hls mistake

Q _
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and 1t can bhe corrected. This type of activity is basically
in the realm of phyzical kgowlédgei However, suppose that a
child claims that there are more dogs than animals after he has
pointed to the dogs and animals independently. It is impossible
to correct his mistake in a way simllar to that of the previous
example. With the exceptlon of the MU subtest, all the
achlevement measures fell in the realmrof physical knowledge.
Hence, the treatment was very effective for imparting physical
knowledge. However, the MU subtest and the transfer measures
must be consldered when inv;gtigatiﬁg the production of loglcal-
mathematical knowledge.

Actlvitles with Intersecting rings were provided 1n the unit
but in a format that differed from the intersectlng ring test items.
Although Experimentals performed slgnificantly better than Contrcils
on the MU subtest, it can be noted that neither group performed
extremelyr;ell. Furthermore, Controls appeared to consider the
three regions formed by the Intersecting rings as nonoverlapping
reglons. Hence, improvement can be explalned by hypotheses other
than a genuine improvement in the formation of Intersections. In
the case of the CI subtest, the treatment did not produce signifri-
cant differences., On this measure, Intelligence produced the only
slgnificant effect. . However, operatory classification was not
achleved by either IO pgroup because the higher IQ group only scored
about 37 per cent and the lower group only scored about 25 per cent
where the expected mean based on guessing is 20 per cent. Improve-
ment on the transitivity items can be attributed to clarity of
language rather thah to usage of the transitivity property. Items
based on the relation of shape and color contributed greatly to

ERIC 29
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fthe rather high mean scores of the Transitivity subtest. Mean
scores for Controls and Experimentals on matching relations were
30 and 55 per cent, respectively; while the analogous mean for
the shape and color relations were 86 and 97 per cent, respec-
tively. The matrix items provided the strongest evidence for
an Iimprovement 1n logleal thinking, although the Genevans clailm
That 1t 1s difficult to distinguish between graphic and operatilional
solutlons. There was some evidence that the most substantial
improvement exlisted for the high ability first graders.

In conclusion, the unit produced substantial improvement
in physical knowledpge but very little Improvement in operatory
classiflcation. A structure for judgling the effectiveness of
the unit was provided by the cognitive development theory of
Piaget. When iconsldering the results of the study and observing
the way 1n whfch addition and subtractlion are presented in
school mathem%tics curricula, a serious problem is revealed.
The problem 1s that children are being presented with concepts
they are unabie to handle. In a subtraction problem such as
9 - 5 = L4, 1f a child thinks that the difference 1s larger than
the minuend he might Just as well write something like 5 - 9 = 4.
Alﬁboughrthere was nearly a slgnifilcant difference in
achievement bétween kindergarten and first-grade chilildren on
CA , 1t is réﬁommended that instruction simlilar to that used
ingthe unit %e begun at the kindergarten level beciuse there
were no signi&icaﬁt differences 1n achlevement between these
Frades on any;subtest. However, more research with a more

Zenerallzed pbpulation is highly recommended before final

-,
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grade-level placement 1is decided upon. For example, a much
deeper investigation 1s needed concerning the actual relations
that exlst between the words "and", "or", and "not" and the
growth of c¢onjunction, disjunction, and negation concepts
respectively. These should be investigated at various grade
levels in eonjunction with other concepts such as conservatlion
of vari@us%relations as discussed by Piaget. The posltive
transfer made to the transitive property of the equivalence and
order ireiation used in the unit was an 1nteresting outcome.
Various properties of the multitude of equivalence and order
relations existing in the mathematics curriculum warrant similar
investigations. It was noted that relations such as 'same
shape as{‘and 'same color as' and the transitive property of
these relations were very easy even for kindergarteners. Very
little i% any instruction 1s requlred 1n kindergarten for such
relationé.

I0 %hculd be considered when arrangling 1nsﬁruct1cﬁ hased
on the concepts in this study. Three of the reasons for this
are as follow: (1) there was significant interaction (p<.05)
of treatment with IQ on MUP with the.best performance by the
high IO subjects, (2) among the best discriminators between
levels df intelligence was RA, and (3) the intelligence factor
was sifnificant on the transfer subtests CI and TR. This 1=
worthy éf note because these two subtests occupy key positions
in the ﬁheory of Plaget. IO was the only factor where signifl-
cance wés attained for CI. In such areas as those Jjust men-

tioned; a thorough analysis needs to be made concerning the

4
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relation that exists between Plaget's classification of mental
operations and the degrec to which these operations are measured
on various IQ tests. This finding could have far-reaching
implications for arranging mathematlecs instructlon at varlous
ape levels,

At thils point 4in time 1t 1s uncertaln exactly what abllltles
the 3 x 3 and 2 x 2 matrlx questions and the intersecting ring
questions are measurlng. There exists good, but lnconclusive,
evidence that the intersecting ring questions are measurlng
the same type of ability as the matrix questions. Future
investigatlions need to Ilncorporate other methods when inves-
timgating the intersectilon concept. It is assumed that the
improvement‘in cross=classliflication was done through the
"Intersection of attribute" actlvities of the unlt. However,
1t 1s strongly recommended that the relation existing between
two attributes and a total cross-classification be investi-
gated further. As indlcated previously, Plaget has hypo-
theslzed that cross-—classification, as measured by matrix
activities, develops at about age seven and the intersection
of simple attributes at about age nine. The present study
shows that instruction 1n one area will perhaps hasten the
development of the other operation. Any such transfer 1s

important to education.
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TABLE 1

FORMATION OF SUBTESTS

No. of .
Ttems Subtests Content of Subtest
10 CA4 First ten questions of the CA
10 GAE Last ten questions of the CA(novel material
10 CAB Intersection of Tests I and II
25 RA Same as the RA
6 MU, Last six questions of the MU
(intersection rings)
6 MUg First six questions of the MU (3x3 matrices
6 MU2 Second group of silx questions of the MU
(2x2 matrices)
16 CT Same as the CI
10 TR Same as the TR
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TABLE 2

FREQUENCY OF ITEMS: DISCRIMINATORS AND NONDISCRIMINATORS®

Discriminators Nondiscriminators
No. of
Items Subtest Experimental Control
: , 2
10 CAl 8
10 CA 3
5 7
10 CA 8 ’
3 |
25 RA 7 g 1% 15% + 2
6 TEUI, 5 ‘ 1
MU il 2
6 U3
6 IVIU2 2 4
16 cT 0 16
10 TR 7 3

a*Ttems excluded from data analysis
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TABLE 3

SUBTEST STATISTICS

No. of Reliabllity Grand
ITtem Subtest (KR=-20) Mean
9 CA, .72 5.09

7 CA, .65 3.70

9 CAg .Th 3.88

9 RA .82 5.89

5 MU, .67 1.39

6 MU 5 .70 3.23

5 MU, .58 2.35
13 CI .75 3.78
9 TR .79 6.13
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SUBCLASS MEANS:

T

TABLE 14

V3.

I (ACHIEVEMENT SUBTESTS)

Subtest Low High Means
Experlimentals
CA4 5.35 7.40 6.38
CA, .15 5.95 5.05
CA 4.25 6.35 5.30
RA 5.50 8.60 7.05
MU, 1.55 2.85 2.20
Controls
CA, 3.20 4,40 3.80
CA, 2.05 2.65 2.35
CAB 1.80 3.10 2.45
RA 3.25 6.20 h,72
MUP 0.55 0.60 0.58
Means
CAq 4,28 5.90 5.09
CA, 3.10 4,30 3.70
GA3 3.02 h.r12 3.88
RA 4.38 7.40 5.89
MU, 1.05 1.72 1.39
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TABLE 5

F VALUES FOR MANOVA OF ACHIEVEMENT SUBTESTS®

Analysis Factor F
L 29.66%%
T vs. I I 10,.06%#%
T x I 2.52%
T 20.32%%
T vs. G G <1l
T x G 1.13
I 5.43%%
I vs. G G <l
: I x G <1
8% = .05 level of significance
% =

.01 level of significance




TABLE 6

. a
ANOVA F VALUES FOR ACHIEVEMENT MEASURES

CType
Variation CA CA CA RA MU
1 3 r
T 60.,22%% 114,20%% 80.54%% 17 .31%% Ly, g7#*
I 23.08#% 22.56%% 28.65%% 29.30%% 7.76%
T ox I 1.64 5.64% 1.59 < 1 6.65%
T L6, 05%*% 87.60%% 59.,87%# 12.58%% 38.84%
G < 1 2.43 1.49 < 1 < 1
T x G < 1 1.47 1.49 < 1 2.07
I 13.37%% 8.Q2%% 13.,96%% 23.90%% 4,69%
G < 1 1.25 < 1 < 1 < 1
I x G < 1 < 1 < 1 < 1 1.09

2¥= _05 level of significance
¥%¥= _ 01 level of significance
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TABLE 7

SUBCLASS MEANS: T vs. G (ACHIEVEMENT SUBTESTS)

Subtest Kindergarten First Grade
Experimentals
CA1 6.35 6.40 6.38
CA2 5.00 5.10 5.05
CAB 5.30 5.30 5.30
RA 6.75 7.35 7.05
MUr 2.40 2.00 2.20
Controls
CAl 3.45 4,15 3.80
CA, 1.95 2.75 2.35
CA3 2.00 2.90 2.45
RA 4.90 .55 h.72
MU, 0.40 0.75 0.58
CAl 4,90 5.28 5.09
CA2 3.48 3.92 3.70
CA3 3.65 4.10 3.88
RA 5.83 5.95 5.89
MU, 1.40 1.38 1.39
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TABLE 8

SUBCLASS MEANS: I vs. G (ACHIEVEMENT SUBTESTS)
Subtest Kindergarten First Grade Means
Low

CAl L.oo 4,55 .28
CA_ 2.80 3.40 3.10
Chg 2.75 3.30 3.02
RA L.40 4.35 4,38
MUP 0.90 1.20 1.05
High
CAl 5.80 6.00 5.90
CA2 4,15 4,45 4.30
CA3 4.55 4.g0 h.72
RA 7.25 7.55 7.40
MUr 1.90 1.55 1.72
CAl 4.90 5.28 5.09
CA, 3.48 3.92 3.70
CAB 3.65 4.10 3.88
RAV 5.82 5.95 5.89
MU 1.40 1.38 1.39
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SUBCLASS MEANS:

TABLE 9

T vs.

I (TRANSFER SUBTESTS)

Subéést

High

Low
Experimentals
MU3 3.15 4. 45 3.80
MU2 2.10 3.40 2.75
CI 2.20 5.00 3.60
TR 5.80 8.35 7.08
Controls
MU3 2.60 2.70 2.65
MU2 1.85 2.05 1.95
CI 3.10 .80 3.95
TR 4.15 6.20 5.18
MU3 2.88 3.58 3.22
MU, 1.98 2.72 2.35
CI 2.65 4.90 3.78
TR 4,98 7.28 6.12
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TABLE 10

F VALUES FOR MANOVA OF TRANSFER SUBTESTSa

Analysis Factor ’ P
T 7.18%%
T vs. T I 11.7H%%
T x 1 1.00
T 5.69%%
T vs. G G < 1
T x G < 1
I vs. G G < 1
I x G < 1

8¥% = gignificance of factors beyond the .01 level
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TARLIL 11

ANOVA F VALUES FOR TRANSFER MEASURES

Type Variation MU3 MU2 CI TR
T 8.80%% 5.509% < 1 18.95%%
L 3.26 4.91% 13.33%% D L TTRE
T x I 2.40 2.64 < 1 < 1
T 8.25%% 5.11% < 1 14 ,03%%
G < 1 < 1 < 1 < 1
T x G <1 < 1 1.86 o<1
I 2.88 4, 45% 13.30%% 22 47%%
G <1 < 1 <1 1.06
I x G < 1 < 1 < 1 < 1

d%= ,05 level of significance
¥¥= _01 level of significance

46



TABLE 12
SUBCLASS MEANS: T vs. G (TRANSFER SUBTESTS)

Subtest Kindergarten First Grade Means

Experimentals

MU3 3.60 4 .00 3.80

MUE ; 2.75 2.75 2.75

CI 3.45 3.75 3.60

TR 6.90 7.25 7.08
Controls

MU3 2.60 2.70 2.65

MU2 1.80 2.10 1.95

CI , | .70 3.20 3.95

TR : 4.85 5.50 5.18
Means

MUB 3.10 3.35 3.22

MU2 2.28 2.42 2.35

CI 4.08 3.48 3.78

TR 5.88 6.38 6.12
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TABLE 13

SUBCLASS MEANS: I vs. G (TRANSFER SUBTESTS)

Subtest Kindergarten FPirst Grade Méans
Low
MU3 2.60 3.15 2.88
MU2 1.95 2.00 1.98
CI 3.05 2.25 2.65
TR 4.70 5.25 4.98
High
MU 5. 3.60 3.55 3.58
MUE 2.60 2.85 2.72
CI 5.10 4,70 4,90
TR 7.05 7.50 7.28
MU, 3.10 3.35 | 3.22
MU2 2.28 2.42 2.35
CI 4,08 3.48 3.78
TR 5.88 6.38 6.12
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