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PREFACE

The prdblem of how children learn to solve verbal problems in

arithmetic has been a subject of research by the Institute and the author

for the past several years. All the research on problem solving at the

Institute to date has been conducted in the context of computer-assisted

instruction (CAI). This report discusses problem solving using tradi-

tional paper-aud-pencil methods, which was part of the author's doctoral

dissertation, and includes further regression analysis of the same data

base using variables from previous studies in whidh students at teletype

terminals served as subjects. One purpose for further analysis was to

determine if the variables previously found to account for a large

proportion of the variance in a CAI setting would also account for a

large proportion of the variance in the traditional paper-and-pencil

problem-solving setting.

The first four chapters contain the major sections of my

dissertation. Chapter V presents a review of the variables used in

previous studies of problem solving with students at teletype terminals.

Chapter VI presents the results of analysis on verbal problems selected

from the dissertation study, using the regression techniques developed

in earlier work. A comparison of the goodness of fit of the model is then

made for each method.

I would like to acknowledge the interest and assistance of Dr. E. G.

Begle for his direction and guidance and for making computer time available

through the School of Mathematics Study Group to analyze the data reported

in Chapters I-1V. Mr Ray Rees of SMSG gave much of his time processing the



data, while indispensable friends, namely, Mrs. Arlene Dyre, Mrs. Velma

Hoffer, and Mrs. Grace Kanz aided in administering the various treatments

and tests used in this study.

I am also grateful to Professor Patrick Suppes of IMSSS for providing

needed facilities, including the Institute's PDP-10 computer services,

materials and for partially supporting this study with funds from National

Science Foundation Research Grants NSFG-18709 and NSFGJ-433X. The data

for Chapers V-VI were processed by the author.

Finally, I appreciate the assistance, patience, and encouragement of

my committee and especially my wife, Roberta.
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CHAPTER:I

INTRODUCTION

One of the most important goals of mathematics instruction is to

develop in students the ability to solve verbal problems (Kramer, 1966,

p. 349) . For the early grades, textbook writers and mathematicians

recommend that prima-cy emphasis be placed on understanding the problem

and that secondary emphasis be placed on computing the answer (Goals,

1963, p. 36). For the later grades, they recommend that emphasis be

placed on establishing a 'set of basic rules such as those rhat follow,

for use in problem solving (Duncan, Capps, Dolcioni, Quest, 1967, p. 54):

1. Identi,fying the sets involved;

2. Determining whether the sets are to be joined, separated, or

compared;

3. Writing an equation that corresponds to the set operation;

4. Solving the equation;

5. Interpreting the solution in terms of the sets involved.

The hope is that by applying the techniques embodied in such rules

the students will be able to transfer the problem-solving skills learned

in the zlassroom to real-life situations in later life. In most cases,

,however, the set of rules, together with the problem set to which they

are applied, follows chapters on specific topics in the textbooks.

Rather than creating a true problem-solving situation, the exercises

often represent little more than a verbal
;

application of the computa-
.

.

tional skills introduced i n a preceding chapter.
""
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Traditionally, instruction in problem solving either centers around

teaching students to follow some set of rules, steps, or heuristics, or

simply eliminating all rules: "The best way to teach children how to

solve problems is to give them lots of problems to solve (Van Engen,

1959, p. 74)." One popular text instructs its seventh-grade readers to

solve problems as follows (Eicholz, O'Daffer, Brumfield, Shanks, Fleenor,

1967, p. 131):

In working story problems, it is helpful to be

oble to compute rapidly and accurately. It is even

more important to be able to decide what to do with

the numbers given in the problem. It is impossible

to memorize rules that will tell you how to work

every problem you may need to solve. You simply must

think carefully about the information given and then,
decide what operations to perform upon the numbers.

The text continues with several sample solutions to problems with

the words "The following examples show how you might reason in order to

solve difficult problems."

Two new approaches to teaching problem solving have been advanced

in recent years. One was a modification of the traditional "wanted-

given" approach (Wilson, 1964). The cther emphasized problem solving at

a general level, that is, it was not oriented to any particular academic

discipline (Covington, Crutchfield, and Davies, 1966). Results from

each of the programs indicated that students who completed the respec-

!

tive programs made significantly greater gains on posttest measures of

creative thinking or problem solving than did their respective COntrol

groups.

The question examined in this study was whether students' who hid

received training in general problem-solving skills bi using'The 'Produc-

- . -,;

tive Ihinkin& ,Program Series. one: General Problem SOlVing (CovingtOn,



3

Cr2tchfield, and Davies, 1966) would achieve significantly higher scores

on posttest measures of problem solving in mathematics than would stu-

dents who had received specific training in problem solving in mathema-

tics using a Modified Wanted-Given Program approach.

THE PROBLEM

The purpose of this study was to investigate the differential

effects of bdo instructional programs on performance of verbal mathema-

tical problems by students at the fifth-grade level. In previous studies

using one of the programs, The Productive Thinking Program, student per-

formance consistently improved on tests of creative thinking and general

problem solving. In the other program a modification of a program de-

veloped by Wilson (1964), students were instructed to solve problems in

mathematics using a Modified Wanted-Cdven approach. The central question

was whether a general approach to problem solving, such as The Productive

Thinking Program, would produce higher performance on criterion tasks,

primarily mathematical problem-solving tasks, than would a program which

used a mathematical context to teach problem solving in mathematics.

For some students, all problems are not really problems and calling

a set of sentences a problem is somewhat arbitrary. As Cronbach (1948)

pointed out "a situation presents a problem only when one must give a

response (that is, when he seeks satisfaction) and has no habitual re-

sponse which will give satisfaction. [p. 321" The term 'problem' as used

in this study refers to a statement in written form that requires

written response. This definition is in agreement with that given bia

standard reference in the field, the Mathematics Dictionary (James and

James, 1968),
, .

queStiOn Proposed f r saution;'a matter for exaMina-
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tion; a proposition requiring an operation to be performed or a construc-

tion to be made, as to bisect an angle or find an eighth root of 2.

[p. 2861" The distinction between an exercise and a problem noted by

Henderson and Pingry (1953) was observed in the course of the study.

Their definition is as follows:

With the exception of the syntactical form, the
chief difference between exercises and verbal 'problems'

lies in their intended use. Exercises, such as those

dealing with the fundamental operations, exponents,
radicals, the binomial theorem, and derivatives, are
for the purpose of teaching certain mathematical concepts
and generalizations. Verbal problems are for the- purpose

of teaching the generalizations relative to the process
or method of problem solving. These have no necessary
relation to a particular kind of mathematics problem; the
problem-solving process is essentially the same for all
problems [p. 2351.

Throughout the study the emphasis in the problem-solving programs

was on the process rather than the teaching of certain specific mathema-

tical concepts. The terms "word problem," "stated problem," "story pro-

blem," or simply "problem" were all used synonymously.

REVIEW OF RESEARCH ON RIOBLEM SOLVING

Resear, ch on_ problem solving in elementary-school mathematics has
,

not been systematic and results often conflict. This brief reyiew of

previous studies includes only the major areas in which studies have
,

.

been conducted to give the reader a.feelthgf.or the diversity of studies

in problem solving in,mathepatios and to show how this study is related

o past work in the' .field:,-,of .prpblem solving.. in ,Inathematios: Initially
.

the revie* inClUdes studies.;that USed sUblepts. at,:different
:P. v!.A, i ; ,

.

in ..the-;.,Upper.-.:elementary

levels.

find: e,:.,studiet-are Categoriie ,,,genera ll y, ac-
,:ty . -45-i; <4 S.S.: +.+4,1Y.p t;t , y,
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Problem-solving Ability

Individual differences. Dodson (1970, p. 104) prepared a composite

list of the strongest characteristics of a good problem solver in mathe-

matics. Basing his evaluation on data involving approximately 1,500

tenth- through twelfth-grade students from the National Longitudinal

Study of Mathematical Abilities he concluded that a good problem solver:

1. performs higher on all, of the mathematics achieve-

ment tests than the poorer problem solvers.

2. performs high in solving mathematics problems

that require a great deal of synthesis.

3. solves algebraic equations proficiently.

4. performs well on more advanced mathematics

achievement tests administered a year after

the criterion test.

5. scores high on verbal and general reasoning tests.

6. determines spatial relationships successfully. .

7. resists distraction, identifies.,critical elements,

and remains independent of irrelevant, elements.

. is a divergent ,thinker..

has low debilitating test anxiety while his

, facilitating. test anxiety _remains .high.

10 has a positive attitude toward mathematics,.

.11. sees himself as ,a. good ,mathematicshstudent

ianddàes, not loish,;.to,.be ,a.r-ibetterJ;mathematics
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13. has teachers who had the highest degrees.

14. comes from a family with a relatively high income.

15. comes from a community in which the starting

teacher's salary is higher than the starting salary

of the teachers of his poorer problem-solving peers.

16. lives -in a conununity that has had a recent change

in the size of the population.

17. has a socioeconomic index that was about the same

as that of a poorer problem solver.

Tate and Stanier (1964) found junior high school students differed

in their ability to judge when they had enough facts to solve a problem.

Poor problem solvers tended to select answers that had a high affective

component on the practical judgment test.

Sex differences in the problem-solving ability of ninth-grade stu-

dents were 'studied by Sheehan -(1968). After five weeks of special

treatment, small=step 'linearly 'prOgrarmned materials and problem units

accompanied by reference texts ,significant differences in the adjusted

scores on a problem-soltrinetask in algebra favored the boys. Sheehan

concluded that sex did make a difference-in learning to, solve problems

in algebra and othersOhool-learning as; well: ;

Few definitive studies-ionAmdiVidUal differences in:,problem-solving

ability of students in,,grades 4L5; and:.6 have .been made:

Related skilla.iindi.abilitied::- In a study ueing 1 400 sixth graders;

readinw :ability and';cOmputation

teraction between eoMpUiatiOnal and whenl was con-
, . - .".

,
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trolled. Comparing the F-ratios Below concluded that computation is a

much more important factor in problem solving than reading ability. A

year earlier, however, Martin (1963) noted that the partial correlation

between reading and problem solving with computation held constant was

higher at both fourth- and eighth-grade levels than the partial correla-

tion between computation and problem solving with reading held constant.

Wederlin (1966) rotated two factorial studies to a common structure

and identified five factors common to both studies on wlhich the loadings

were almost identical. He concluded that problem solving in mathematics

depends primarily on a general reasoning factor. The deductive reason-

ing and numerical factors were held to be of somewhat lesser importance.

Wederlin determined that little is known concerning the nature of deduc-

tive reasoning and numerical factors. The majority of the 371 subjects

in both of Werdelin's studies were 13, 14, and 15 years old. Very (1967)

found four reasoning factors, arithmetic, deductive, inductive and gen-

eral for males in his study involving 355 college students. By perform-

ing separate factor analyses by sex, he affirmed that males, in general,

tended to have a greater number of mathematical abilities than did the

females. Further, the abilities of the males were more specific and more

eaaily identified. A later study (Dye and Very, 1968) revealed ninth-

grade females were generally superior to males in tests 'of numerical

facility and perceptual speed. At the eleventh-grade level the differ-
.

ence in favor clf females was somewhat less. At the college level males

were superior in every testof arithmetic reasoning and mathematics ap-
'

4.- %; , . . 4 t
. ,.

.

titude WhilejeMilearetained -superiority in perceptual.apeed and fre-
1

--H. .

quently,demonstrated.:auperiorityiin:Verbalskilla.'
. ; Vt: 4.: - " -$

.
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Affective variables. A study involving 358 sixth graders by

Jonsson (1965) reported some interaction between test anxiety and test

difficulty, expecially for girls. Other results of the study suggested

that anxiety may ;1i:A to distort the findings in studies of problem solv-

ing, particularly tor difficult and complex problems. Difficult tests

may have a detrimental effect on the performance of highly anxious stu-

dents.

In a study condwzted by Gang ler (1967), college students who were

told their work on a problem-solving task in logic would count toward

their grade in mathematics achieved lower scores on the task than those

who were not told. The negative effect was greatest for high I.Q. stu-

'dents. One of, the.most important conclusions of this study was that

overt participation in the learning situation apparently made the stu-

,
dents more flexible in problem solving and resulted in fewer errors. It

was also summarized that the type of participation, overt or covert, as

well as motivation were important in problem solving and varied accord-
, ,

ing with ,the,students.

Low7ab1lity-students in two,Englisn schools were less frustrated in

alow-competitive gchool environment and were also less rigid in their

!approach to.solying problems thap. comparable children in a traditional
I - .

school,,(Kellmer,.Pringle, and:,14oKenzie, 1965).

-Problem-solvinsk Tasks

' .1 . . :

There- is such va-riety in the tyPen Of probLeMS 'used in varioUl-- stud-

3 i ci . -t I '
ies that genera lilatiOns' Of :the :findings...Of anY bnë Study' Seeigs

.; 1-1)V1 :I V' LC Ls ! - . r ;

unwar-

rnd (Kilpatrick, Ray ;0955) prbporied a aet of .29' probrema with

dimensionable independent, Varlabiei ihai' h hii'ped' would' beCome a' 'etandard

human problem solving. Eleven
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years later, Davis (1966) summarized the status of research and theory

in human problem solving by considering one category of tasks as those

that required covert trial-and-error behavior and the other category as

those that approtch overt trial-and-error. To date, standardized sets

of problems have not had any wide-scale use. The following categories

include most of the types employed by contemporary studies.

Problem content. Studies of problem structure have examined varia-

tion'in the language used in stating a word problem such as the presence

or absence of an existeLtial quantifier, the amount of redundancy, se-

lectivity, and contiguity in problem statements (West and Loree, 1968),

and placement of the question in the problem statement (Williams and

HoCreight, 1965). The results indicated that curriculum developers

should insure a variety of problem statements in which they use differ-

ent words to describe situations. Generally, problems with a high de-

gree of selectivity (little irrelevant data) and redundancy (repeating

the data) are easier for both seventh- and ninth-grade students. De-

creasing the contiguity (increasing the distance between data) i6akes

problems more difficult for seventh graders, but not for ninth graders.

Asking the question first in a word-problem statement may be more help-

ful for some fifth- and sixth-grade stude:its, even though the differ-

encei may not be significant in terms of improved.performance.- Problems

are apparently easier for fifih-grade students tO solve When the nUmeri-

cal dati are presented inorder of'use (Burni and YOnallY,1964) rather

than in.mixed order. Students with'f,i0waritbmStia,reSiOning'Sbility
. .

find problemi in mixed order more difficillt.. Ti.was,auggesied:Etiii stu-

dents be given problems with-proper order n.theiniiiaistages of
.

.

z

struCtion: The results of a-study by Stult..(1964) to:determine the ef-
,

.
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fect of auditory reading assistance suggested that problem difficulty is

more a function of reasoning ability than reading skill for groups of

fourth-, fifth-, and sixth-grade students. The readability of problems

was iound to interact significantly with mental ability in a study by

Thompson (1967). The data suggested that mental ability and readability

are each significant in their effect on problem solving. The effect of

readability was greatest for those of low mental ability.

Problem-solving Processes

Developmental changes. The work of Piaget has generated many stud-

ies in recent years. Several of the studies demonstrated that young

children can learn and transfer quite complicated problem-solving stra-

tegies (Stern, 1967; Stern and Keislar, 1967; Wittrock, 1967).

Studies using problems in elementary sentential logic with first,

second and third graders (O'Brien and Shapiro, 1968; Hill, 1960) have

demonstrated that there are differences in the ability of young children

to recognize logically necessary conclusions.and their ability to test

the logically necessary conclusion. While no evidence of growth in
.

ability to test logical necessity was apparent, there was evidence of

area

have been concerned.with concept attainment and have used non-mathema-

tical.tasks.' Neithark and LeWis (1967) suggested that the acqUisition

of,informstion-gathering,etrategies,ii essentially all-or-none for each
. .

individual.? Theevidence which indidates'an increase in'the use of in-

fOrMationgatheringby..:older4tudents_May. 1:104terpreted ai simply
; '

.
in4aning the t::moii.indivIduilii aCciaie atia tegip,awith ' Age:.

. , .

--
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Heuristic methods. Polya (1957) generated a great interest in

heuristic methods with his set of rules for solving problems. Several

studies on problem solving have attempted either to teach heuristic

methods or to analyze problem-solving protocols using a system based

on Polya's system or various other tech-iques. Wilson (1967) stated,

in a study involving instruction of algebraic concepts to high school

students, that instruction should begin with presentation of the con-

tent, be followed by task-specific heuristics and then be concluded

with general problem-solving heuristics. Kilpatrick (1969) noted that

in many cases the important factor is how the problem is seen by the

student. He observed that the important question of how a student

adapts various heuristics to different kinds of problems is yet to be

studied in zny depth. Zweng (1968, p. 253) went a step further when

she said "We need to know more about how children do, in fact 'see'

the physical world."

Creative Thinisim

Creativity and problem solving have been the subjects of a number .

ot audies, but few have dealt directly with problem solving in mathe-

notice. Tests developed to measure creativity or to identify creative

students sometimes proved disappointing (Prouse, 1967), while.others

looked promising (Evans, 4965), even though more data on their validity

and-reliability are needed.before they can:be used on a broad scale.

The results of a study b-IviClein And Kellner. (1967) involving 130

male undetgraduateAftudent4 on-atmc-choiceprobability7learning task

Seemed to indicate thWhighlY.creativestudents demonstrate a greater

tendency 'to,J40rmhypotheses-About patterns of reinforcementetnanatn7



12

dents who are not as creative. Though not working with mathematical

tasks, Eisenstadt (1966) found creative college students faster at

solving puzzle problems. The approach used by creative students was

apparently different from the approach used by noncreative students.

Earlier, Mendelsohn and Griswold (1964) reported a positive relationship

between creativity and the use of incidental cues in solving anagram

problems.

A natural question to ask at this point is whether it is possible

to train people to think creatively and to transfer the skills learned

to solve problems in mathematics.

Summary

The diverse nature of the majority of studies in problem solving

in mathematics is evident in the partial list of categories reviewed

above. The subjects who participated in these stmlies.varied in age

from 5 years to college age. Taken as a whole, these studies offer

only general recommendations of how to approach the problem of teaching

fifth-grade students to solve problems in mathematics. A summary of

some specific recommendations is given in a later 'section.

The work-by Covington Crutchfield- and Davies (1..966),.-ito .be des-

cribed in the following section representii- one new, approach that is

'wnrthy of investigation. Their program has .:apparentl.T;,,produced signi-

ficant gains On tests of creative .'thinking 'and problem i\olving- in some

casei bdt not in q)therii: ShOuld' their ,prOgramiprove,toriake

fidant, ContribdtiOri:" to the probleM=solving .ability Of :-'fifth-grade :Btu.=

itiPpOrtIcetil.cLibe.
. .

...aPPrOaCk; assumptions: behincl,,itii.andl:serhapsa
;1.

pusw-
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proach to the improvement of instruction in problem solving in the

upper elementary school could be designed.

A second approach to teaching problem solving in mathematics at

the fifth-grade level is one which employs a modified wanted-given ap-

proach based on the work of Wilson (1964) and others. This approach

provides instruction in problem solving in a mathematical context

rather than the more general approach used by the program developed by

Covington and others. Each of these programs is described in detail in

the following sections.

The Productive Thinking program: Assumptions. The program was de-

signed to strengthen the elementary-school student's ability to think

and it is an outgrawth of research on productive thinking conducted by

Professors Richard S. Crutchfield and Martin V. Covington and colleagues

in the Department of Psychology and the Institute of Personality Assess-

ment and Research at the University of California, Berkeley.

Crutchfield (1966) stated some causes and conditions that seem to con-

tribute to poor problem-solving behavior, by most elementary-school stu-

dents.

In: short the child in the all-too-typical school, situa-

tion-LS being: expeCted to develop efficient:cognitive: skills,

euch as those in problem-solving, under .conditions where he

is offered few opportunities for actual practice .of the skill,

where- the .practice:he, does, .get is lilcely: toconsist. of .tasks

that are too easy, .too repetitive, ina seeii rieaningleif and

trivial to -him,. :mMere "ite is', often rewarded' for :.latf-level per'.

formahce pia these tasks., where' he can Often' just :passively

listen instead..-ofactivelY trying out! the skill, V,4er0,11M:

Apt. incomplete:.and' delayed evaluative .information about haw

well
o r

or,-000X1Y1W*117-doinCandYlittle,spectficAlldt,P4OPP
jusi: what he i doi;-right andwhat wrong. It 1.11 Clear that

44Y. keipedt41c*thietic *f11..2,COUld*,deVe1004,A114,44c1k,
,bizare:hatidlCapi..(nor 'WOW AnY'l-eilach:COunteiiance..them), snd

dtiubtfultli#41iY"*Oing,e3.0Brii.O.S:40,1Lc0,437.4.:11,0 so

del/0100' (0.
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To overcome the current inadequacies in teaching cognitive skills,

Crutchfield recommended five instructional steps to remedy the situa-

tion (Crutchfield, 1966, pp. 65-66). They are:

1. In the sweeping reconstruction of curriculum ma-
terials currently in progress, a good deal of emphasis
should be put on designing the materials deliberately in
such a way as to demand the exercise of complex cognitive
skills of problem-solving and cognitive thinking to a de-

gree compatible with other curricular aims. . . .

2. Once such curriculum materials are available,
they should be studied as they are tried out in the schools,
with particular emphasis on a detailed observational analy-

sis and evaluation of children's performances,in the vari-

ous skills. . . .

3. Better teaching techniques for the fostering of

cognitive skills must be developed. In particular, the

child should be helped to identify, discriminate, and un-
derstand the nature and function of the skills involved in
various kinds of cognitive tasks. . . .

4. In curriculum materials and instructional efforts
great stress should be placed on the transfer of cognitive

skills. The child should be brought to understand the wide
applicability of these complex skills to other subject-_'
matter problems and to other fields. . . .

5. Finally, attention must be given to the develop-
ment and refinement in the child of an indispensable, over-
mastering cognitive skill--the ekill of organizing and manag-
ing the nany specific cognitive skills and resources one pos-
sesses for effectively attacking a problem. It is in part

thel)ossession of such-3 master skill that distinguishes the
truly productive thinker-41nd creator from the merely ,talented

person. . .

The Productive'lhinking,Progran, then, is aimed at promoting the

"skills which e;ie tb be applicable ,to a

generalized problem-solv,ing tudents

n many:diffefeat:sUbjeCtmatter... 41ds" (Czitchfield A96,

eAdsti*CtiOnalmatarialaYiheMselVeshaVeibkekj-Ubliihed'

_gratmed\bdOklitivaiii efitaf011awXt

line activities .of ,tv!Ci...Children.:as :their encounter and learn to solve
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problems in a detective-like fashion under the direction of their uncle.

Jim and Lila, a E.other and sister, are intended to be models with whom

students identify as they read the stories and answer the questions in

the program. The materials were written in programmed-text formai to

accomplish several purposes. These purposes are (Crutchfield, 1966,

p. 69):

1. To demonstrate .and emphasize in problem-solving
the value, necessity, and techniques of identifying and

defining a problem properly, of asking questions and tak-

ing time for reflection rather than leaping,to conclu-

sions, of looking carefully at details and searching for

discrepancies, of generating many ideas and not fearing to

come up with what may seem 'silly' ideas, of looking
everywhere when stymied for possible clues and sources of

ideas, etc.

2. To give the child an opportunity to generate
his own ideas and to become more familiar with his own

thought processes and individual cognitive style.

3. To give the child immediate and frequent feed-

back to his ideas in the form of good examples of fruit-

ful questions and hypotheses, either as confirmation of

his own ideas or as helpful guides to his thinking.

4. To allow the child to "participate' in the solu-

tion of problems!with a pair Of curiOus:andJrnaginative

Children who serve'as ldentificatiOn-modela.

The training materials-haire been written in a free

..adaptation..of-the programe&-instructiOnal.formin an .ef-.

fort tO capitalize on several crucial advantages of.this

Method:, (1):::individdaliself-adMinistration,permitting.:.
freedOM from 'direct group and taacher pressures permit-

.*ifigAndividualselfpating.anUfreedowlromAnterruption
of one's own thought, etc; .(2) iMmediate feedback for each

- child-contingenruponjhisH6Wn indiVidual:responsts1,-(3)..:
the' requirintof active involvemant by the.child..in the

'fniterifils;'.:.(4) 0mAirOladOVIA-13Featerjicopalor.;-ax-hl
ple4tOtiOh...of.an&accoModation to the'divergent2 and

A2dipaynOraticrespOnsaa,Otha.,chil4:0YLbukItini:di-
agnoStic'rtetts. Or."indidatOrs'.. of-the sequantial.progresa

of,theijchiWOch#11iiTigT4pe0416.AifficulOWbe"'-
ing.encOnntkrad,::etd..H$4Oh-boOk-formiprogrammedMaterials

. .
.

oaW.be,:_sidmihiateredi'kk-aJEleXibl*ImanrierAly?,,the:., tea cherIxs:
a SUppiaMentaiiiiire:Of:Oiher.:CiasiOork'-requiring.Aiitle:

,

materials.
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In summary, the materials were designed to develop and strengthen

a student's ability in using important skills and strategies for think-

ing and problem solving, to improve a student's awareness of his own.

thinking processes, ,and to improve his attitude toward activities that ,

involve use of the mind.

The first main study using the program was conducted in the

spring of 1963 (Covington and .Crutchfield, 1965), with two pairs, ex-

perimental and control, of fifth-grade classes and one pair of sixth-.

grade classes 195, students in all. A six-hour pretest of creative

thinking tasks was given to all children. Students in ;the experimental

classes were given 13 one-hour leisons..in the training program while

students in the .controlr c lasses: .were :given: some'..stories.,-..to read and

questions to answer the last,- few:. days:of. the-:,. treatment; perio&.bef Ore

the posttest,. The pos.tteat; was:.'an-eight.fhour battery... Five Months

later a one-hoUr follow7..up test, was; given.,:to:oa.s:Many.. of r the4ifth7;

grade students as they were able to locate. It was reported that
II . . the 98..r.instructed,children,..markedly; outperformed-.,,the,, 9 7ri...control

. ;.

children" (p . -4) on almost all of the probleM-solving tests on. the

criterion bat tery.,:...The,:aia.rked."..supriorityii.o.f[the .:Imstructed.!.Chltdren
,.., .t it,

wet; found in .ffieagUre'S-:of,.:divergent; thinking,
./.:. ;>:".!,-.';., 1

ctstructe. stuclentei:-.406 :ehoweid.:,.significant:.pOeitive.,:ehangec phei; degree
,

:J.

to whiCh inatructed*',Children7,yere su-
.._

perior in achievetaent....On:',.the.;.::16.1-1Oviup:-.1.tettcOnipared.-:With: thc.:-ContrOl stu-
.. 7 . , c;^.4.

dente.. /t.' vae. concluded: : that ..,:the'iAke Jiang,. had effects ?.nnl..-ai-conisiderable
.

-
variety :ot:,:problempolviitg some

time during...Whicit .

. . . . . .

;.0
. .

n f!,!
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that boys and girls made approximately equal gains on posttest measures

following training.

After the favorable findings of the first study the training pro-

gram was revised and expanded to 16 lessons. Two internal criterion

tests were also included in the new program "to provide data on how

rapidly the superiority of the instructed children over the control

children develops (p. 5) ." A second version of the program (Passive

Exposure was prepared with a slightly, reduced response requirement. A

third treatment provided children with only a set of rules to aid their

thinking. These rules were presented immediately prior-to each of the

two incernal criterion tests and at the start of the posttest sequence.

This second study was conducted with 286 fifth- and sixth-grade students.

In general, the, results. corroborated the, findings of the 1963: .study..

The Passive Exposure group demonstrated a satisfactory degree pf.prof i -

ciency on the posttest and.it .was, concluded thatthe Paisive.. Exposure

condition was eqUally, effective..with .the regular,. programmed' version of

the treatment. The Rules-Only group placed the lowest of the. treatment

groups on the posttest criterion measures for the fifth grade, but still

higher ,than the controls The program was found to be equally effective

with both boys and.girls.- ,Rather than interpret ,the finding8 as evi7

dence that, new ,prOblem,sOlving skills had been:instilled,, CrUtchfield

,....

.concluded' that :the.:..training Might act to,"sentitize. the child to'Use . the

alreadY.,:pOsse0Ses
:7

*: Per hitps the :mbit..11::;iip7-..tO!.±:ta0.iuilapitry:- of ..the teach-...
. .

ing creatiVe.,thinking .On;which-COVingtOn,'....crutChfield,': and Davies based

the'. latest version of their program La the following given by,.Olton.'

, . . . . , .
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(1969), who assisted with the development of test materials for a large-

scale test of the program.

First, we assumed that virtually all- students, regard-
less of intelligence or initial level of competence, demon-
strate a level of thinking that falls far short of what
they are potentially capable, and that appropriate instruc-
tional materials could bring about a substantial increase
in the extent to which a student utilizes his potential
for creative thinking.

Second, we assumed that the skills involved in crea-
tive thinking are general skillsthat is, they cut across
curriculum boundaries. They are general cognitive abilities,
such as the production of original ideas, the invention of a
unifying principle which integraCeirsevera1 disparate events,
and the use of various strategies when one is 'stuck' on a
complex problem.

Third, we felt that the facilitation of creative think-
ing could be accomplished without making major changes in
the basic cognitive capacities of the student. Instead our
instructional efforts would seek to develop, strengthen, and
integrate skills and attitudes which the, student already
possessed in some measure, rather than attempting to develop
'entirely new and basically different cognitive capacities.

Finally, although we are in favor of teaching tradi-
tional subject matter in ways that promote creativity, we
felt that direct training of productive thinking skills,
in addition to imaginative teaching of curriculum mater-
ial, would be more effective than either of these tech-
niques alone.

The most exensive test of the revised program to date was conducted

at Racine Wisconsin in 1966. This study was designed to test "the in-

structional limits of the materials by using them as an entirely self-

contained program, with all forms of teacher particiapation purposely

held to a minimum (Olton et al. 1967, p. 31). All students in 44 of

the 47 fifth-grade classes, in the Racine Unified School District No.
7 .

were subjects tor the experiment. Classes were rank ordered alOng a

facilitative or nonfacilitative scale by a school .district supervisor.

A "facilitative environme Meant 'a rooM atmosphere in Which topics

Yr.
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were discussed in a "free, creative interchange between teacher and stu-

dents (p. 3)" Pretest and posttest batteries were developed by the

Creative Thinking Project at.Berkeley and by Dr.-E. Paul Torrance of the

University of Minnesoca. None of the batteries included mathematical

problems.

Of the 21 analyses of pretest variables, only one treatment effect

was significant at the .05 level. The treatment groupi achieved a signi-
i

ficantly greater number of solutions to the Jewel prolilem, but did not

achieve a correspondingly greater number of ideas or produce a higher

quality of ideas than did the control classes. On the posttest, however,

the treatment group scored higher (P < .05 or .01) on 12 variables while

the control scored higher (p < .05) on only one variable.. The superior-

ity of the treatment group was apparent at all three levels of I.Q. iden-
.:. . ,

tifiedfor the purposes of the study. In the Single case on which the

control group scored tignificantly higher than the experimental groiip oni
the posttest it was found that only 15 percent of all students were able

to solve the p'rciblern (the X-ray problem). Due to the relatively small

number of students who were able to solve the problem, it wab 'suggested

that the superiority of the control group wait an artifact of the Problem
, r, , , f:

itseff (Er: 21). The treatment seeme'd to be tiOre effective With students

in nonfaCilitative environments ag eiiidenced by the reduCtion of initial
,

differences between ficilitatiVe.:and nonficithatiVe.Cliiiises on 'die pdat-
. - .

test :Measiires cOnipared with pretest. meaSUree. The. reverse Was true fOr
.

the control group No significant Treatment by Sex interactiOns 'indica-
, >

ted that thls virsion of the pi.ograni was also 'equally effective with both

boys and girlie. Oiton et al. .(1967)
-
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A diverse set of performance indicators, each re-

flecting a different aspeLt of the total problem-solv-
ing process, showed consistent benefits as a result of

training. These included achievement of solution to
problems, number and quality iof ideas produced, intel-
lectual persistence, sensitivity to discrepant or puz-

zling facts, use of a Master Thinking Skill, and an

understanding of the process of thinking itself [p. 311 .

Using eighth-grade students as subjects, Ripple and Dacey (1967)

found evidence to support the transferability of direct training in gen-

eralized problem solving to another task the two-string problem. The

treatment used in their study was a modified version of The Productive

Thinking Program, upgraded to an eightfi:grade level by eliminating some

of the repetition in the program and adjusting the vocabulary level.

The students who received the special treatment were able to solve the

problems given,in tbe posttests significantly faster than their controls.

No sign;ficant differences were found between experimental and control

groups on measures of creative thinking. It was noted in this study

that the instructional effects were less potent than those reported by

Covington and Crutchfield (1965) for grades 5 and 6. The effects.of

their treatment were somewhat less for sixth graders than for fifth

vaders. It inay be that the optimum grade level for which instruction

in problem solving using material prepared in this format is grade 5.

Torrance (1967) referred to a phenomenon known as the fourth-grade slump

in creative thinking.. His studies showed that after grade 5 there is a

general lowering in the level of achievement on tests of creative think-

ing in.-Several cultures, including ouroiwn. He identified several peri-

ods:corresponding to. grades 12:during, which, students

('

. dn'notPerforsi'as highly ne:.eipeCt!4":0;tesPl. of c,Fe4.tive..01-nking. .It
. :

:has been suggested (Torrance, 1967;. Ripple and Dlacy.,.:1967) .that The Pro-
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ductive Thinking program be revised for grades 6 and beyond in an

attempt to overcome this problem.

Olton (1969) listed tie. areas of attitude and motivation as two'of

the most important gains produced by The Productive Thinking Program.

He cited evidence to show that fifth-grade students not only did improve

attitudes toward problem solving, but that' the improvement prevailed on

a follow-up test more than six months later.

A study by. Treffinger and Ripple (1969) failed to provide evidence

for the transfer from the Instrucfnnal-materials to problem solving on

a specially prepared set of arithmetic problems for students in grades

4 through 7. It was acknowledged however, that the tests were diffi-

cult and their reliability was lower than desirable. When I.Q. was con-

trolled, there were no significant differences between control and ex-

perimental pupils' mean scores on the verbal creativity tests. Evidence

for transfer from the instructional materials to English was cited by

Olton and Crutchfield (1969). Essays written by students who ,had com-

pleted The Productive Ihillum PrOgram were judged more thoughtful than

those written by a control group. Also, the essays from the experimen-

tal group were judged superior in the amount and quality, of thinking.

In the above studies no real test, has been made of transfer of the

skills' taught in The Productive Thinking Pregram to problem solving in:

mathematics in which the- majority of problems required-more .than.a single

stepv Olten et al. (1967,) noted a,,lack of .treatment effects on many of

the performance measures ,for :the brief problems, those which emphasized

divergent thinking. Although no examples of ,,the 'arithmetic problems

used in the Treffingerandfitipple,,:study :(1969)merergiven,,;the titles

:."A PuzSle Form and a :Text Problems Format' inclicate that brief problems
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of at most two steps were probably used since a survey of the mathema-

tics texts used in grades 4 through 7 furnishes abundant evidence of

consistent lack of even two-step problems-. As stated earlier, most "pro-

blems" given in most mathematics texts are simply "exercises" or appli-

cations 'rather than problems that require serious thought on the part of

the student. The training provided by The Productive Thinking Program

should be most evident in situations where the solution to the given

problem requires two or more steps. In short, the transfer effect of

The Productive Thinking Program to problem solving in mathematics has

not been tested with multiple-step problems. One purpose of this study

was to investigate the effectiveness of The, Productive Thinking Program

-on multiple-step '-verbal problems in arithmetic.

An important factor in the effectiveness of The Productive Thinking

PrograM is the amount of teacher-directed discussion of each lesson.

Covington and Crutchfield (1965) and Olton et 'al. (1967) found that stu-

dents achieved:up to ,50 percent higher -scored on posttest measures in

classes where the 'teacher discussed each lesson. When. teachers .partici-

pated by 'disOussing the lessons with students, mew. variables entered

that made it diffiCult to.examine the possible`effects of-the treatment

itself: :As, 01tOn et. ,

(1967) pointed out, the severest -test of .the

effectiveness:Of:a set of:instructional meteriala iai!its use on .. a daily

:basis': without teaOher, partiCipation'.: It was under these carefully,' con,

trolled conditions that the; performince of the', eXperithental classes in
I - I

the '0Iton-(1967) study surpatised thsit'-Of':the 'control:group on 30 'of the

40 internal and"pbettest':Measures':;:Afthough'.onlY,.,13,ofl.thef'differencei
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The Productive Thinking program has demonstrated its effectiveness

in instruction in general problem solving for the more complex types of

problems. Follow-up studies show that students retain this superiority

over their controls for periods of 5 months or longer. Since most ver-

bal problems in mathematics texts can be classified as exercises rather

than problems, and one of the goals of instruction in mathematics is to

teach students how to solve complex problems, I believe that The Produc-

tive Thinking program was worthy of being used as one of the treatments

in this study to determine its transfer-effect to problem solving in

mathematics when problems of a more complex nature than usual, for the

grade level, were used as criterion measures.

We now turn to the consideration of the other treatment and the pre-

mises upon which it was based.

The Modified Wanted-Given program. The task of how to combine the

most 'promising suggestions of previous research in problem solving in

such a way as to derive an instructional program was not at all clear-

cut. The findings of many of the studies which reported significance,

in one way or another, were in'.doubt because of their poor experimental

design. Kilpatrick (1969, p. 179) in reviewing some 117 studies in pro-

blem solving at all grade levels., noted an increase in the complexity of

design in studies during the last few years. He suggested that more

clinical studies with individual students should be conducted before be-

ginning larger studies because:

. .
.unfortunately, the increasing complexity of design has

been accompanied by an increasing number of methodological
bitinderstsuch as the inappropriate use of analysis of co-

variance o,rkcl the use of subjects .as experimental units when

intact clisses have been assigned to treatments. More dis-

turbing sall is the investigators' apparent ignorance that
staiiatical aisunitions arevbeing violated.
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Gorman (1968) analyzed 293 articles and dissertations on problem

solving in terms of their experimental design as defined by Campbell

and Stanley (1963). Of the studies analyzed, 178 were removed from

consideration for not actually being studies of problem solving in math-

ematics, for not using as subjects students in grades 1-6, for not being

published in the years from 1925 to 1965, for lacking internal validity,

or for not being available for examination. The remaining 115 studies

were closely examined for internal validity. Finally, the number of

studies which met criteria vas 37. The recommendations from the accepted

studies concerning the.teaching Of problem solving in grades 1-6 were

centered in the following areas.



:

a. Effect of using the following methOds;

(1) System tic ins truc tion1

(a) Systematic instruction in which students are asked

to explain how a problem is to be solved and why a

particular process is appropriate produces greater
gains in problem solving than mere presentation qf

many problems.

(b) The development of understanding is a gradual process
that is aided by systematic instruction in the four

fundamental processes.

(c) The development of understandings of the four funda-
mental processes is a viial-factor in_the improve-

ment of problem solving.

(2) Intensive study of vocabulary2

.(a) Pupils who studied quantitative vocabulary using the
direct study techniques (enable the child to estab-
lish a three-way association between the written sya-
bol, the sound of the term, and at least one of its
meanings) achieved significantly higher ,on a test of

arithmetic problem' solving and concepts than pupils
who had not devoted special attention to the study

of quantitative vocabulary.

(b) The direct study of quantitative vocabulary doei not
tend to result in an improvement in general vocabu-
lary or in reading comprehension.

(c) The direct study of quantitative vocabulary is not
more effective with one sea then with the other.

(d) The direct study of quantitative vocabulary is -a

method that is more effective:with pupils of above
average .Or average intelligence ',than it is with

pupils of below average intelligence.

"Ttie EffeC:t of -Vnderstanding on the inorganization

: and Permanenici''Of.,tiarning".j(unPublished Voctor's dissertatiOn;;SyraCUsi'
University;'19i9):""':'

,

'Louie. Frederick VanderLinde., !sAn Experimental, Study; of the,Ef.

fect of th' : '''''' ' .'" " '' O.. ' Ii. is' on' i thin i'e.Direct ktudyof..Quantitativ yocab 1 ry a S. a ic Prob .

/ea Sob/ lag AbilitY'Of'FiittV'Grade-:Pupili":(uisPublishail 'Doctor ii dia-.-
sertation, Michigan .State University, 1962).

. ,

i?
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(3) Estimating answers1

7:ractice in eatimating answers to arithmetic problems is
of no more value. to Sixth grade pupils than is the tradi-
.tional practice in the c olutior. 44 such problems.

(4) Croup exp.2rience2

Despite the superiority of the work performed by groups
as compared to individual efforts in situations involv-
ing written probleni zolving, there 1.s no significant im-
provement in the ability ot ;:ubjects to solve problems
whea trained in groups as campared to subjects who have
Worked by themselves continuously when evaluated under
'circ=stances in which each subject must rely upon his
own resources.

(5) Cuisenaire materials3

.Use of. Cuisenaire materials in an elementary mathematics
program"resuited in'significantly less achievement :in
Computation ae.d reasoning than was evident when such ma-
terials were net used;

b. Comparison of methods:

(1) COoperative versus individeal effort4

(a) Children working together in pairs do solve more
problems-correctlY thin each. child Could do working
alone. '

(b) Children working together, in pairs do require more
time to' soivrobleinthan eack childWoUld dO '
working nione*

.1.7ohn W Dickey, "The: Value. of, Estimating Answers., tO , Arithmetic
Problems and Examples,". The Elemen tory Sehoo1 ,t7ournal1 XXV:f.(Soptember,
1934), 24731.

2Bryce Byrne,Hudgins, "The Effects of Initial Croup Esperience
upon Subsequent Individual Ability.to Solve Arithmetic Problems" (un-,
published Doctor's disSertation, Washington University, 1958).

obe,r,t Albert.,,passy, Hew:Do.Cuisesa:re Materials in a Modi7,,,
fLed E 16. 'Cniiki.4 6;114.4.64:4,t.ics Zrogram Al te'ei.,;
and Co4iiiiitiOnar SkiLl of' L(UnpUbll'ikadlo4arq. .

dissertation, NOV York'University, 1963).
, ,,

in Probleii '.'cif,'EdiiVA16;iiiilaxefiet 'itiv `V 1.
1944) , ".

4f fie"ncy



(2) Drill method'with insight methodl,

(3)

(a) /If skill in computation and solving verbal prOblems.

is the chief goal of instruction, the 'method a

teacher employs should be determined by her:own Pre-

dilections.

/: more genlralined ou:coms or instruction, par..;

titularly e.e ability co think mathematically, are

significant goals,,it makes a difference how pupils

are taught.

(c) Pupils of relatively low ability and good achieve-

ment learn better under a drill method.

(d) Pupils oC relatively, higbability and ,ow achieve-

ment learn better under A meaning method.

Association, analysis and votabulary2

The aSsociation rethad, or...that technique:my which,cliffi...

cult or incorrect Problems are associated with a model,

produces greater gainin studentperformance in problem

solving than_the analySis Mr VocabUlary methods.:. (The:

analysis meihodrefersto the,stepbY-,siep apprOaCh to

problem.solving,while the:1.4;tabUlary method involved_ the

completion of mathematleal4roblems With the correct

,term,)

(4) Depen4encies, tenventiOalrformula, and Lndividuat3

. , ,

(0). Theiconventienal-fermela Methodef prob/em:Solving

(i.e., four steps; asked, given, hoW, 4nsWtr).pro*

vided the least gain in ability when Compared'with

the,individual (absence ofany formula)., or,dependen-

ciei method (graphic er diagraMMatica/)..

.

Lester:And4rSonAUantitative;lhickinwas Developed4nder

Cennectionists end,lieldTheories:of 1.earningtearninr.-TheOry.-in .

School SituatiOnshiveraity:Of Minnesota Studio's in Education,,No.2;
,

_ _

Minneapolis:.:UniverSitYof-Minneseta Press,

C. !IA Comparison of'Tbrec Inscruetional Methods:in

...ProbleM Solving,1' Rakeaech',oh .the'Fourvinzieli's'Of American-Education,

:OffiCial.ltepert;oUthe)60eriCan,.EdUCatienal'AeSearch
(WaShington:.b:C.Sieri4h*.Educationarlteiiarch:AiSOCiatitiO;

- 1939)...'?:

27

! PaUlli:-Ifirin NtiibmetteProbleM'sel4ing- 'I'tUdy'ef'thi'..--

EffectiveneisTOt:thre0*.0.04.4,*4relAe*.S.0.414T..(4n041)144he"a*"'..
..-'!".''':--.

tor's dissertiiientiaCheiri.tOli4i4*limbliliniVerittl,,.4929):2.'"
.

.- , ..
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(5)

(b) When fourth and seventh graders arc considered as a
whole, there is no difference between the results of
the dePendencies and indiVidual methods.

(c) When the work of 'fourth graders alone is analyzed,
the data indicate that the dependencies 'method is
superior to the individual approach.

Formal 'analysis and 'graphic analysis

Neither the conventional (formal analysis) nor the de-
pendencies, method (graphic analysis) produced changes
that were statistically significant with respect to the
following:

(a). the' grade level on which they ware used;
(b) the OA 1 icy 1CNIC IS 'Within' the grade (average,

superior, inferior);
(c) retention of ability'in problem solving.

(6) Action Sequence, Wanted-Civen; and Practice-Only2

(Adti'on Sequence rCfers'.to a.program focuaing on what
is going on, 'what .evencs inn: on, what is being done,
what is done, what Was the sequence Of events) etc.', in
situations'from which the meaning or "a t tributes"of an
operation is to be abstraCted. This program emphasizes
what one does mentally or physically when one is adding,
subtracting, etc. Hence, the operations are conceived
of in terms of their characteristic action-sdquence.
In other words, the Operations are relationships, or
have structures, the relational'attributes 'of-which are
action-iequences.

Mfitcd-Civen refers to' thA piagram which' facts-sea on the
goals and "coals.," the "why".ane"With what," the 'Ands
and means, the wanted and-givens in situations from which
tho meaning or. "attribtites" Of an opeiation is to be Abs.
stricted. This program emilhasizes "why" and."with what"
one ,adds,:subtrac ts, etc.: 7Hence, the operations are
conceived of in terms of. their characteristic, ends-means.
Or, in ocher words,. the operations are relationships, or

Ralph D.' Horsman, "A Comparison of Hechods 'of Teaching .Verbal
Problems in Arithmatic in Oradea Five, Six, Seven, and Eight" (unpub-
lished Doctor's dissirta.tion,.; University of Pittsburgh, 1940).

John Warner.Wilson, "The,Role of Structure in Verbal Problem...
Solving in Arithmetic,: An Analifilial *and piper inental Comparison'''of
Three Problem-Solving Prograss'!... (eiPUbliehed ,Doctor'a_diesertation,,
Syracuse Usiveisiiy, 1964). -',
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have structures, the. relational attributes of which ars

wanted-givens.

Practice-Only is a non-specified structures program
which provides no direct instruction concerning the

problem situation.)

The majOr difference in the three programs is in

the contents of the thought process of the child as he

analyzes a problem and chooses the operation.

Emphasizing those attributes of the arithmetic
operations termed the Wanted-Given produces statis-
tically significant improvement in verbal problem

solving ability in atithmetic.

(b) Emphasizing the Wanted-tiven attribeies..-ol the
operations produces statistically significant as-

provement in verbal problem solving ability than
comparable emphasis of the Action-Sequence attrib-

utes of the operations.

(a)

(c) Emphasis on the Wanted-Given attributes produces a
greater statistical improvement in verbal problem
solving than the mare provision of practice.

(d) Emphasizing the Action-Sequence attributes of the
operations produces no statistically significarit
improvement in verbal problem solving.

We will give more consideration io Wilson's findings on following

pages. First, however, the summaries of the journal-published aritcles

on problem solving in arithmetic, grades 1-8 for the years 1900-1968 by

'Suydam and Riedesel (1969) are presented. In all, Suydam, Riedesel and

staff examined all the articles on arithmetic published in 47 American

and English journals and synthesized the findings of 1,104 of the stu-

dies which were reports of actual experiments. Dissertations were also

listed, but not synthesized. The findings from research carried out in

the period 1950-.1968 were emphasized but significant findings from be-

fore the advent of modern mathematics, 1950, were also included. A par-

tial list of their "Answers from Research:'Problem Solving" follows.
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How do pupils think in problem solving?

.
Studies by Stevenson (1925) and Corlel (1958) reveal

that pupils often give little attention to the actual pro-

blems; instead, they almost randomly manipulate numbers.

The use of techniques such as 'problems without number'

can often prey:, t such random attempts.

What is the 'importance of the problem setting?
Researchers such as Bowman (1929, 1932), Browne112

.
(1931), Hensell (1956), Evans (1940, Sutherland (1941),
Wheat (1929), and Lyda and Church" (1964) have explored

the problem setting. Findings are mixed, with Some re-
searchers suggesting true-to-life settings while others

suggest more imaginative Settings. While the evidence

appears to be unclear, one thing does emerge: problems

of interest to pupils promote greater achievement in

problem solving. With today's rapidly changing.world it

seems unreasonable that verbal problens used in 'elemati-

tary school mathematics could sample all of the situa-

tions that will be important to pupils now and in adult

life. Perhaps the best suggestion for developing pro-
blem settings is to take situations that are relevant

for the zhild. Thmm, a problem on space travel may be
more 'real' to a sixth grader than a problem based upon

the school lunch program.

How does the order of the presentation of the process and
numerical data affect the difficulty of multi7.1192 problems?
Burns and Yonal17 (1964) found that pupils made

significantly higher scores on the test portions in which
the numerical data were in proper solution order. Berglund-
Dray and Young' (1932) found that when the direction.opera-

tionp (addition and multiplication) were used first in
multi-step problems, the problems were easier than when
inverse operations (subtraction and division) were used

first. Thus, an 'add,then-subtrace problem was easier
than a 'subtract-then-add' problem.

What is the effect of vocabulary, and reading on problem solving?
Direct teaching of reading skills and vocabulary directly

related to proklem solving improves achievement (Robertson,
1931; Dreskex,4 1934; Johnson, 1944;' Treacy, 1944;

VanderLinde,4 1964).

How does wording affect proklem difficult ?
Williams and Vareight4 (1965 ) report that pupils

achieve slightly better when the question is asked first

in a problem. Tlmas, since the majority of textbook

14X study rejected by Gorman.

2A study, accepted by'Gorman.

36
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series place the question last, it is suggested that the

teacher develop and use some word problems. in which the.

question is presented first.

What is the readability of verbal problems in textbooks and in

experimental materials?
Heddens and Smith (1964) and Smith and Heddens (1964)

found that experimental materials were at a higher reading

difficulty level than commercial textbook materials. How-

ever, they were both at a higher level of reading diffi-

culty than that prescribed by reading formula analysis.

What is the place of understanding and ynoblemhsolving?
PacV(1961) found that groups having systematic

discussion.concerning the meaning of problems made signi-

ficant gains. IrishL (1964) reOcires that children's pro-

blem solving ability can be improved by (1) deveioping
ability to generalize the meanings of the number opera-

tions and the,telationships among these operations, and

(2) developing an ability to formulate original statements
to express these generalizations as they are attained.

Should the answers to verbal problems be labeled?
While Ullrich (1955) found that teachers prefer label-

ing there are many cases in which labeling may be incorrect

mathematically. For example:

Incorrect Correct

10 apples 10

+6 apples +6

16.apples 16 apples

Does cooperative group prvblem solving produce better

achievement than individual problem solving?
OW7757944) found that two children working to-

gether solved.more problems correctly than pupils work-
ing" individually. However, they took a greater deal of
tine to accomplish the problem solutions. Hudgins' (1960)

reported that group solutions are no better than the inde-
pendent solutions made by the most able ummnber of the

groups.

What is the role of formal analysis in improving problem
solvine
Tbe use of some step-by-step procedures for analyzing

problems has had wide appeal in the teaching of elementary

school mathematics. Evidence by Stevens (1932), Mitchell/
(1932), Hanna,(1930), !truth (1953), and Chase (1961) indi-
cated that informal procedures are superior to following
rigid steps such as the followings 'Answer each of these
questions: (1) What is given? (2) What is to be found?
(3) 'What is to be.done? (4) What is a close estimate of

37
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the answer? and (5) What is the answer.to the problem?' If

this analysis method is used, it is recopy:ended that only

one or two of the steps be tried With any one problem.

What techniques, are ,helpful in laprovingOapils,' problem

solving ability?
Studies by Wilson' 41922), Stevenson! (1924),

Washburne (1926), Thiele (1939), LuchinsL (1942), Bemis

and Trow 0.942), HA111 (1942), Klausmeier (1964), and

RiedesselL (1964) suggest that a number of specific tech-

niques will aid in improving pupils' problem-solving abil-

ity. These techniques include: (1) using drawings and

diagrams, (2) following and discussing a model problem,

(3) having pupils write their own problems and solve each

others' problems, (4) using problems without numbers,

(5) using orally presented problems, (6) emphasizing vo-

cabulary, (7) writing mathematical sentences, (8) using

problems of proper difficulty level, (9) helping pupils to

correct problem., (10) praising pupil progress, and (11)

sequencing problem sets from easy to hard..

A later summary of research on problem solving and recommendations

for teaching problem solving was reported by Riedesel (1969, pp. 54-55).

A partial list of his suggestions follows.

1. While the improvement of computation is impor-

tant to problem-solving ability, the improvement of com-

putation alone has little, if any, measurable effect upon .

reasoning and problem solving.

2. Motivation is essential to effective learning.

Tc assure optimal achievement, pupils must be interested

in the problem-solving program. It has been found that

pupils react well to a variety of problem settings. The

use of Ireal-life settings' may be helpful. Also, it has

been found that use of problems from old U.S. and new

foreign textbooks increases pupil interest.

3. Children at all levels of problem-solving ability

are receptive to supplemental 'puzzle-type' or enrichment

problems.

4. The use of formal analysis--that is requiring

pupils to answer each of the following questions: (1) What

is given? (2) ftet is to be found? (3) What operation do

you use? (4) What is an estimate of the answer? (5) What

is the answer to the problem?..does not produce superior

results in problem solving. However, the use of one of the

steps as a focus for lsson does improve problem solving.

For example, on given day the task given to the pupils might

be this: 'Make an estimate of an answer to the problem. You

do not have tO compute your answer.'

:1 38
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5. The following teacher practices improve problem

solving:
a) Provide problems of appropriate dif-

ficulty level.

b) Guide pupils to use a method for get-

ting started.

c) Aid pupils in the analysis of infor-
mation.

d) Give pupils encouragement to proceed,
and praise them when they perform some
process correctly.

e) Aid pupils in verifying final solutions.

f) Start pupils with easy problems which they

most certainly can get correct with a rea-
sonable a7:nunt of effort.

6. The problem-solving program should be started early.

As soon as a child begins tc work with sets, he can begin to

solve orally presented verbal problems. Thus an important

part of the kindergarten program should be verbal problem

solving.

7. Problems may be used at various times in a unit:

at the beginning to introduce a topic, as a unit progresses,

and as review and maintenance.

8. A variety of computational types should be pre-

sented in most problem-solving lessons. When pupils find

that all problems for a day's lessbn involve one operation,

the task is actually only one of computational practice.

9. Tape recordings of the textbook problems can be

used with pupils who have difficulty reading problems.

10.

solving .

to increa
a)

b)

c)

A best technique has not been found for problem

However, the following techniques have been found

se problem-solving ibility:

Make uSe of mathematical sentences-in
solving single and multi-step problems.
Hiete tile bf drawings and diagrams as a
technique to help pupils solve problems.
Hake use of orally presented problems.

33

in all the studies and reviews of studies examined thus far, there

is general agreement that students can be taught to solve problems.

However, as can.be seen, there is disagreement on how it should be done

and of which reports should be accepted as representing good research.

Formal analysis, where five or more steps are used to solve a problem,

4.; 39
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has not been shown to produce significant gains in problem solving.

However when one or two of the steps are emphasized, significant gains

have resulted. Wilson's study (1967) compared the wanted-given approach

to teaching problem solving with the action-sequence approach. In the

wanted-given approach the child was to (Wilson, 1967, P. 488):

1. Recognize the wanted-given structure of the

problem.

2. Express this structure as an equation.

3. Compute by using the operation indicated

by the equation.

In the action-sequence program-the.child was to (p. 487):

1. 'See' or recognize the real or imagined
action-sequence structure of a problem.

2. Express the action sequence in an equation.

3. Compute, using the operation indicated if the

equation is direct; or if the equation is indirect,

imagine an appropriate second action sequence, ex-
press it as an equation, and compute using the

operation indicated.
4. Check by rewriting the equation with the ans-

wer in the proper position.

The findings of the wilson study were cited earlier by Gorman (1967,

p. 94) except that in his quote from the Wilson article (Wilson, 1967,

p. 495) Gorman did not include the qualification "For the types of one-

step verbal problems used in this study and for the age and grade level

of the children involved--" which preceded the four main conclusions.

The point is that Wilson's study used only one-step problems.

/a Wilson's treatsaut (1967, p. 55), the wanted-given structure of

the problem vas seen as a means-ends.relationship. Wilson assumed that

the child "safe the structure of the problea and expressed the relation-

ship in equation form (p. 57). The equations were always to be written

by the student in direct rather than indirect form. That is, 12 - 5 n

rather than n + 5 12. A sample problem from each category used by

Wilson in kis study best illustrates hie treatment.

t":; 40
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Sample 1. Problem (p. 60)

Bob had 9 marbles. Dick gave him 3 marbles.

How many marbles did Bob have then?

Classification

A problem in which the size of a total is

wanted and the sizes of ite parts are given.

Wanted-given structure of addition

9 + 3 = n or 3 + 9.= n

Sample 2. .Problem (p. 61)

Bob had 9 marbles. After Dick gave him

some more marbles, he had 12 marbles. .

How many did Dick give Bob?

Classification

A problem in which the size of one part

is wanted and the sizes of the total and

the other part are given.

Wanted-given structure of subtraction

12 - 9 = n

Sample 3. Problem (p. 61)

Bob had 12 marbles. He lost 3 of them.

How nany marbles did Bob have then?

Classification

A problem in which the site of one part is

wanted and the sizes of the total and the

other part are given.

Wanted-given structure of subtraction

12 3 n

Sauple 4. Problem (p. 62)

Bob had some marbles. He lost 3 of them.

Then he had 9 marbles left. Eknemany marbles

did Bob have to begin with?

Classification

35
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A problem in which the size of a total is
wanted and the sizes of its parts are given.

Wanted-given structure of subtraction

9 + 3 . n or 3 +.9 n

Unfortunately, the proportion of problems requiring each of the

four basic operations in Wilson's texts was not the sane. Of the 30

items on each of his posttest and retention tests, 9 were addition pro-

blems, 13 were subtraction problems, 3 were multiplication problems, and

5 were division problems. As indicated by the examples, the exercises

were quite easy and few purely computational errors were made. Wilson

(1967) concluded that selecting the proper operation was of primary im-

portance. "The group which became superior in choosing correct opera-

tions also became superior in obtaining the correct answers (p. 229) ."

Marilyn Zweng (1968) criticized the action-sequence program used by

Wilson (1967) for not being flexible enough in its instructional approach.

That is, although there are several ways to solve most problems, she con-

tended that.the children in the action-sequence group were led to believe

there was only one correct mathematical model for each problem. Even

though Wilson's article was necessarily a shortened version of his dieser .

tation and did not include all the details, there was not enough evidence

to support Zweng's criticism in full. However, the extent of control re-

quired to maintain the distinctiveness of each treatment in Wilson's

study did tend to resttict the flexibility more than one might expect in

each treatment had it been carried out separately under less rigorous

conditions. Each treatment: required the student to recognise a number of

situations in which the structure Was different or the action sequence

varied. In the action-sequance treatment the child visualised or imag-

ined the action talking place in the problem and IMO required to WitO

".
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the corresponding mathematical sentence in exactly the order indicated by

the action sequence (Wilson, 1967, p. 26). This required an almost exact

translation of the action taking place into mathematical terms as cx-

pressed by an equation. The wanted-given treatment, on the other hand,

required the student to recognize the structure of the problem in terms

of a direct mathematical sentence (Wilson, p. 43). In some cases ex-

pressing the relationship in a direct equation amounted to two steps for

students in the.action-sequence treatment. They were required to imagine

a second step, the direct equation if the action sequence indicated an

indirect equation: That is, if the action sequence suggested an equa-

tion like 10 + n = 23, the student had to imagine some action sequence

that would have a direct form ouches 23 - 10 = n. The student then had

to perform the operation indicated in the second step to find n.

The modification of Wilson's wanted-given treatment used in the pre-

sent study was aimed at reducing the number of cases a student had to

keep in mind while trying to solve a problem and at the same time make

the solution process more meaningful. As suggested earlier by Thiel

(1939) and Hitchell (1932), analysis appears most efficient when only

one or two steps are required. For this reason the wanted-given approach

used in the present study emphasized the notion of two alternatives, that

is, two steps. First, students were instructed in the use and meaning of

the terms "sum," "addend," "producW and "factor." Following this, they

mere given practice in solving simple equations, such as 15 + 10 = n.

Next, students wire taught that to find the value of n in an equation

such as 15 + n = 25 they had to solve the equation n a 25 - 15.

In a similar manner, students mere taught that to solve for n in

25 n w:20 they had to solve n a 20 t S.
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The instructional program emphasized that there,were basically just

two kinds of problems sum problems and product problems. A sum problem

is one in which two or more quantities are being combined. Once a stu-

dent established that the problem was a sum-type problem, only two oper-

ations were possible, addition or subtraction. If the problem involved

direct addition, such as a + b = c, or if it had one of the addends miss-

ing (wanted) in the form a + n = c, the solution was n = c - a. Simi-
.

larly for product problems, once the student determined it was a product-

type problem, just two operations were possible, multiplication or divi-

sion. The easier of the two operations was multiplication, multiplying

the factors a x b c, to find the product. If one factor was missing

(wanted) and the equation was the form a x n = c, then the solution was

n = c t a.

Beginning mith one-step problems, the program led the student to

make choices between two alternatives at each step. Keeping the number

of alternatives to two is in keeping with the findings of earlier studies

(Thiel, 1939; Mitchell, 1932) and facilitates both understanding and in-

truction through emphasis.on vocabulary (Vanderlind, 1964).

Pisure 1 presents the decision structure of the program. At level

1, the student must decide whether the problem is a sum- or product-typti

problem. At level 2, he again must make a choice of whether to supply

a sum, an addend, a product, or a factor.

The transfer of this approach to multiple-step probiems is direct.

The decision structure is simply a nested set of wanted-given sequences

in which the rules from case to case do not vary. This sequence is pre-

sented graphically in Ifigure 2. bor example, a factor may itself be a

sum. The student must find the sum (step 1) and then use the sum as one

if 44
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of the factors to find the product (step 2). It is this second step that

is often forgotten by fifth graders. They are, in the experience of the

writer, inclined to perform one step and feel that they have.solved the

problem since they have "done something." It was assumed that teaching

students to first recognize the overall structure of the problem would

improve their understanding of the pr/adem and reduce the number of oc-

currences of only partially completed problems.

By way of comparison, the first example used to illustrate Wilson's

approach (p. 60) wts almost identical, in structure to that used by a stu-

dent in the present program. Rather than being classified as a problem

in which the size of the total was wonted, the problem was classified by

the present program as a sum problems. What was wanted WS the sum. The

addends were given. Therefore the operation was addition, 9 + 3 = 12 or

3 + 9 = 12.

The second exanple Wilson gave (p. 61) would also be classified as

a sum problem of the form 9 + n = 12. However, since one of the addends

was nissing, the problem had to be solved by using the equation

n = 12 - 9.

The third case cited by Wilson (p. 61) WS also a sum problem in

terms of the present program. 'The equation was n + 3 = 12. The equation

n = 12 - 3 had to be used to find the number of marbles remaining.

The fourth case was yet another example of a sum problem. The add-

ends were given. The student was asiced to find the sum.

Several pages from the instructional treatment which illustrate

various stages of the program, are included in Appendix A.

/n summary, the key differences between Wilson's program and the ap-

proach used in this study are:
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1. Each problem, as a first step, was identified

according to one or two basic types, sum- or

product-type problem, rather than the wonted-

given, part-whole relationship used by Wilson

(1967, p. 43).

2. Wanted-given was taught in terms of sum, addends,

factor, product, rather than in terms of parts

and whole (Wilson, p. 36-38).

3. The number of rules to be learned anJ remembered

by the student was smaller as was the number of

different types of problems (see Figure 1).

4. The meaning of the terms "sum," "addends," "product,"

and "factor" were stressed throughout the program.

These terms ware not emphasised in Wilson's study.

5. Where appropriate, students were encouraged to

write indirect equations for the first step as

expressions of the problem type rather than re-

quired direct equations in eamh case (Wilson, p.

43). Direct equations were treated as the na-

tural solution to indirect equations. That is,

12 - 9 = n is the solution to 9 4. n = 12.

The instructional program itself imas presented to students in pro-

gramed-booklet form, one booklet each day for 16 days. Ilms prograsiwas

similar to that of The !Inductive thinitift ,Proatam in approach, in that

students were to follows story line about a boy, Bill, and a man,

W. Smith, as they encountered and solved a series of mathwamatical pro-

blems. The man in the story was trying to help the boy become a good
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problem solver and encouraged the boy, in turn, to help the readers to

become good problem solvers as well. The linear program provided for

immediate feedback, cues, and step-by-step instruction using small steps.

SUMMARY AND IITPUMESES

Researchers, such as Olton, Crutchfield, and Covington, have argued

for the transferrabiliry of the problem-solving skills developed through

systematic instruction in The Productive Thinking Prosxam. The results

of several studies confirm their arguments in same cases, but not in

others. Failure to produce significantly greater achievement levels in

mathematics as transfer from training in The Productive Thinking Prorram

in studies to date may have been due to the fact that the mathematical

tasks used in some of these studies were too simple to demonstrate the

full effects of the training. The lack of sex differences in achievement

for students using the programed smterials may be an indication of the

teacher independence of the treatment.

On the other hand, there are only general suggestions from previous

research on how one ought to go about teaching students to solve pro-

blems. Any educator who wishes to prepare an instructional program in

pr3blem solving must glean, from the best of what others have attempted,

the techniques he feels most appropriate in light of previous research

and theory.

The purpose of this study vas to test the hypotheses that:

1. There will be no significant.differences in scores on

posttest measures of problem solving skills between

students who receive training in general problem solving

techniques as presented in The Productfve Thinking

49
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program and students who are taught more specific

skint for solving problems in mathematics in

totally mathematics context using the Modified

Vented-Given Program.

2. Students in either of the treatment groups, Th

Productive Thinking Program or the Modified Wanted-

Given Program, will not achieve significantly

higher scores on measures of problem skills than

students in control classes who receive no spe-

cial instruction in problem solving.

3. No significant differences will be apparent be-

tween the achievement of boys and girls on tests

of problem solving skills in the treatment groups.

We turn now to the design of the experiment itself.



CHAPTER II

EXPERIMENTAL DESIGN

As stated in Chapter I, the purpose of this study was to canpare

experimentally the differential effects of three instructional programs

on problem solving and on measures of problem-saving skills of fifth-

grade students.

PROCEDURE

Three treatmentsThe Productive Thinking program, the Modified

Wanted-Given Program, aril The Control (no treatment)--were administered

to eight classes of fifth-grade students in the Cupertino Union School

District near San Jose, California. Six of the classes received the

experimental treatments, on a random basis, and two classes served as

controls. The three treatments and two sex variables constituted the

3 X 2 factorial design of this study, which was as follows:

Oi X1 0
2

0
3

01 x2 02 03

0
1

02 03

where 01 is the pretest, X1 The Productive Thinking program treatment,

X2 the Modified Wanted-Given Program treatment, 02 the posttest, and 03

the follov-up test which vas given seven weeks after the posttest. The

schedule for each event vas as follows:

Pretest (in all four schools) Thursday, October 22, 1970.

Treatment (in three schools) Monday, October .-1113esday,
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November 16, 1970 (there was one school holiday in

the treatment period).

Posttest (in all four schools) Wednesday, November 18, 1970.

Follow-up test (in all four schools) Thursday or Friday,

January 7 or 8, 1971.

Sub ects. The 261 subjects of this study were all students in

fifth-grade classes in four public schools in the Cupertino Union School

District in Santa Clara County, California. The distribution of sub-

jects by school, class, treatment, and sex is shown in Table 1. All

students (a total of 287 that included 26 special students identified

and classified by the school as either gifted or educationally handi-

capped to avoid discrimination of any sort) took part in the study.

The data from the tests of the special students were not included in the

analysis of the results.

Assignment, to treatment. Both instructional treatments were pre-

sented to students in programmed booklets. In each treatment one book-

let was given to each student each day for 16 consecutive school days.

Booklets were randomized using a table of random numbers (Fisher and

Yates, 1957) and handed out daily to students in the three experiuental

schools within each class beginning with the first day of the treatment

period following the pretest. Bach student remained in the program to

which he was assigned on the first day for the remainder of the experi-

mental period. -The control classes received no treatment.

Administration of the treatments.. As noted by Olton (1969) and

others earlier, pernitting the teacher to discuss the treatuent with the

class had a significant influence on student achievement. To control

the teacher variable, aides here hired to administer the testa and daily

52
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TABLE I

Distribution of Students by Class, Sex, and Treatment

Sex

Boys

Girls

Subtotal

Treatment Classes
Control
Classes

A B C D E F G

20

16

H

22

12

Total

127

114

Pa SOGb P 111G P SIG P WG P WG P WG

7

11

18_15

7

8

10

6

16

7

12

19

4

11

15_15

5

10

7

4

11

6

5

11

8

8

16

7

12

19

7

10

17

10

9

19

Total 33 35 30 22 35 36 36 34 261

aThe number of students in The Productive Thinking Program.

bThe number of students in the Modified Wanted-Given Program.

treatments in each class. Of the three aides, one was the ulfe of a

graduate student, one had prior experience dealing with children in a

school situation as a substitute teacher for a short time, and the other

had served as a teacher aide in a junior high school the previous year.

All aides were given the pretests before the experiment began to famil-

iarise them with the procedure. The purpose of the experiment and the

role they were to play mere carefully explained. -Each aide was given a

set of printed instructions to follow the first few days of the experi-

ment (see AppendiX 1). Further, aides were instructed not to discuss

the problems with students, although they could answer any questions and

act supportively and pleasantly. The aides were in charge of the class

during that period of the day when the treatments or tests were given.

All treatments and tests were given before noon each day in each school.

53
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The aides distributed the instructional materials at the beginning

of each class period. At the close of each class period the instruc-

tional booklets were picked up by the aides so that no booklets remained

at the scaool. The classroom teacher; did not participate in the admin-

istration of the treatments and generally used the time to catch up on

other work; in fact the classroom teachers did not even see a set of the

instructional materials. Their only contact with the experiment was

during the initial meeting held at each school at which tine the purpose

of the experiment was explained and their cooperation was requested.

The daily treatments were given during the regular mathematics per-

iod, and the entire period was used each day. The only mathematics in-

struction the treatment classes received during the period of the ex-

periment was that contained in the instructional treatments. Those stu-

dents who were assigned to The Productive Thinking _1131ze.g received no

mathematics instruction for 16 days, because that program contained none.

Those students who were assigned to the Modified Wanted-Given Program

received instruction emphasising the solution of problems, as described

earlier, rather than computational skills. The control classes followed

the state-adopted text which contained no special emphasis on problcm

solving and few problem-solving exercises. The teachers of the control

classes agreed not to instruct students in problem solving during the

time the experiment was in progress.

Development of treatments. The Productive Thinkinm Proeram

(Covington, Crutchfield, and Davies, 1966) is a copyrighted, commer-

cially available program. One hundred sets of the instructional mater-

ials were purchased for use in the study. The program itself is des-

cribed in detail in Chapter /.
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The Modified Wanted-Civen Program was developed by the author for

this study. Its content and approach are also described in Chapter I.

Preliminary versions of the daily lessons ware prepared and tested in

a single fifth-grade class which vas in a school in the same general

socioeconomic area and school district as the classes that participated

in the experiment. In all, 10 students worked through the first 10 les-

sons of the progrms. Based on their performance and the teacher's rec-

ommendations, the program was revised. The revised version in 16 daily

lessons constituted the Modified Wanted-Civen Program treatment. Since

the first 10 lessons contained the instructional sequence, piloting only

the first 10 lessons was considered sufficient. Lessons 11-16 contained

internal tests and extensive reviews of the material introduced in the

first 10 lessons.

Measuring instruments and scoritgi procedures. The pretest consistel

of four scalesFigure Classification,* Working yah Numbers* Arithmetic

Reasoning* and Hidden Figureswhich were to be covariates with the

posttest and follow-up test scales. Statistics on each are given here,

along with a brief description of the skill it WIS intended to measure.

A copy of the pretest is given in Appendix C.

The Fiture Classification Test is designed to measure a student's

ability to discover rules that explain things. This scale is an adap-

tation of the Figure Classification Test developed by the Educational

Testing Service (ITS) (1962), which itself is an adaptation of a Univer-

sity of North Carolina version of Thurstone's teat of the same name.

The NTS form of the test consisted of twv parts of 14 items each with a

time limit of 8 minutes. Many of the items were thought to be too dif-

ficult for fifth-grade students.
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A form of the Figure Classification Test was pilot tested in four

fifth-grade classes with a total of approximately 120 students. These

four fifth-grade classes did not participate in the later study. The

nine itomm which correlated most highly with the total test score were

selected for use in the present study.

The instruction for the Figure Classification Test, together with

examples, are given on the following page. No scale statistics were

available from STS for this test. The tLme limit for the revised form,

nine items, was set at 10 minutes to decrease the importance of speed

as a factor.

The second scale, Working with Numbers, was a test used in the five-

year National Longitudinal Study of Mathemmtical Abilities (11LSMA) con-

ducted by the School Mathematics Study Croup at Stanford University. A

description of the scale, the scale statistics, and a sample test item

follow (NUM Reports, No. 4, 1968, p. 33).

Spring Tear 2
Grade $

R307 VORRING WM NUMBERS (12 items; 20 inutet) This scale Is

designed to measure ability to perform operations using whole

numbers according to written directions. It has five items in

common with X313.

EXAMPLE: The sum of the odd numbers less than 4 ond

the even numbers less than 9 Is

(A) 11 (11) 13 (C) 24 (0) 42 (E) 4S

SCALE STATISTICS:

MEAN 5.66 ALPHA 0.61 SAMPLE SIZES 1332

STDEV 2.b ENR.MEASs 1.49

.1 56
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PX005

FIGURE CIASSIFICATION I-3

This is a test of your ability to discover rules that explain things. In each

problem oi this test there are either two or three groups, each consisting of three

figures. You are to look for something that is the same about the three figures in

any one group end for things that make the groups different from one another.

Now look at the sample problem below. In

divided into Group 1 and Group 2. Tbe squares

in Group 2 are not shaded. In the second line

figure that has a shaded square as in Group 1.

figure with an unshaded square as in Group 2.

Group 1

the first line, the figures are
in Group I are shaded and the squares
a 1 has been written under each

A 2 has been written under each

Group 2

-
U 0

,

0
,

inII

so IL / / 4- /A
z /

Now try this more difficult sample, which has three groups:

Group 1 Group 2 Group 3

i CI
4v i<-/ 06:0

The figures in Group I consist of both straight and curved lines. The figures

in Group 2 consist of curved lines only. The figures in Group 3 consist of straight

lines only. Ao you can see, there are other details that have nothing to do vith the

rule. The answers are: 1, 1, 3, 1, 2, 1, 2) 2.

Your score on this test will be the number of figures identified correctly minus

a fraction of the nuMber marked incorrectly. Therefore, it will not be to your ad-

vantage to guess unless you have some idea of the group to which the figure belongs.

You will have 10 minutes to complete this part of the test.

DO NOT TURN THIS PAGE UNTIL ASKED TO DO SO.

Copyright 0 1962 by Educational Testing Service. All rights reserved.

A University of North Carolina Adaptatkin of a test by L. L. Thurstone

57
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I TEM STAT I ST I CS:

ITEM INDEX 1 2 3 4 5 6 7 8 9 10

69 79 52 45 74 42 51 37 31 17ADJ. P 69 79 52 45 74 42 51 37 31 17BISERIAL 56 52 56 39 47 53 49 48 37 01PERCENT NT 0 0 0 0 0 0 0 0 0 0PAGE NO. 185 185 185 185 186 186 186 187 187 187ITEM NO. 1 2 3 4 5 6 7 8 9 10

ITEM INDEX 11 12

31 38
ADJ. P 31 38
BISERIAL 39 9
PERCENT NT 0 2
PAGE NO. 188 188
ITEM NO. 11 12

The third scale, Arithmetic Reasoning, also a NLSMA test, was

adapted from the Necessary Arithmetic Operations Test. The description

of the test follows (NLSMA Reports, No. 4, 1968, p. 180).

PX2I7 NECESSARY ARITHMETIC OPERATIONS 1 (15 items; 5 minutes) This
scale was patterned after the French Kit Form R-4. The
original test has items requiring both one and two operations.
The items in this scale require only one operation. The scale
is Intended to measure ability to determine what numerical
operations are required to solve arithmetic problems without
actually having to carry out the computations. It is similar
to PY222, PY610, PY701, and P2222.

EXAMPLE: Jane's father was 26 years old when she was born.
Jane is now 8 years old. How old is her father now?
(A) subtract (C) add
(0) divide (0) multiply

SCALE STATISTICS:

MEAN 10.80 ALPHA a U.84
ST.DEVa 3.56 ERR.MEASa 1.41

.58

SAMPLE SIZE= 1465
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ITEM STATISTICS:

ITEM INDEX 1 2 3 4 5 E 7 8 9 10

94 84 84 78 67 88 64 89 79 75

ADJ. P 94 84 84 79 67 89 65 92 83 81

BISERIAL 43 61 67 70 53 68 55 73 73 75

PERCENT NT 0 0 0 0 1 1 2 3 5 7

PAGE NO. 117 117 117 117 117 118 118 118 118 118

ITEM NO. 1 2 3 4 5 6 7 8 9 10

ITEM INDEX 11 12 13 14 15

60 54 65 61 37

ADJ. P 67 65 82 83 53

BISERIAL 53 41 82 61 35

PERCENT NT 11 16 21 26 31

PAGE NO. 119 119 119 119. 119

ITEM NO. 11 12 13 14 15

There is a possible speed factor in this scale. The interpre-

tation of the alpha and the error of measurement is questionable.

The final scale on the pretest, Hidden Figures I, was the NLSMA

version of a test by the same name developed by ETS. A description of

the test follows (41,EMIA Reports, No. 4, 1968, p. 181).

PX218 HIDDEN FIGURES 1 (16 items; 15 minutes) This scale was

patterned after the French Kit Form Cf-1, Part I. The original

test has about twice as many distracting lines in each figure.

It is designed to measure ability to keep a definite configu-

ration in mind so as to make identification in spite of per-

ceptual distractors. The task is to decide which of five

geometrical figures is embedded in a complex pattern. It is

similar to PX820, PY223, PY819, and PZ223.

EXAMPLE:

C(72Z)Z7
(A) (B) (C) (D) (E)

SCALE STATISTICS:

MEAN 749 ALPHA 0.81 SAMPLE SIZE= 1461

ST.DEV 3.92 ERR.MEAS 1.70
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ITEM INDEX 1 2 3 4 5 6 7 8 9 10

72 52 58 61 51 36 39 55 53 60

ADJ. P 72 52 58 61 32 37 40 57 56 65

BISERIAL 41 50 55 51 52 38 56 58 62 60

PERCENT NT 0 0 0 0 1 2 3 4 5 7

PAGE NO. 105 105 105 105 106 106 106 106 107 107

ITEM NO. 1 2 3 4 5 6 7 8 9 10

ITEM INDEX 11 12 13 14 15 16

46 58 33 27 32 18

ADJ. P 51 66 40 36 43 27

BISERIAL tel 53 56 50 73 59

PERCENT NT 11 13 18 24 27 34

PAGE NO. 107 107 108 108 108 108

ITEM NO. 11 12 13 14 15 16

There is a possible speed factor in this scale. The interpre-
tation of the alphri and the error of measurement is questionable.

A complete copy of the pretest is included in Appendix C.

The posttest consisted of two NLSMA tests, Workin&with Numbers and

Five Dots and a set of five word problemE developed specifically for the

study.

The first scale in the posttest was an expanded verel.on of the

Working with Numbers Test used in the pretest. While the scale as des-

cribed below consists of eight items, only the first three items are not

duplicated fal the pretest form of the sCale. The posttest scale called

Working with Numbers is X307 plus itemi 1, 2, and 3 of X313. This scale

was labeled X307P to distinguish it from the pretest scale. The three

items were included as problems numbered 11, 12, and 13 on the posttest
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scale of 15 items. The scale statistics for X313 are given below (NUM

Reports, No. 4, 1968, p. 35).

X3I3 ANALYSIS 1 (8 items) This scale is intended to measure
ZETTTITto analyze a problem situation and to apply knowledge
appropriately. This scale has two items in common with X304
and five items in common with X307. It is the same as X611.

EXAMPLE: What number does <> stand for if

3 x 4 x 5 12 x <> Is a true statement 7

(A) 20 (B) 0 (C) 3 (D) 4 (E) 5

SCALE STATISTICS:

MEAN = 3.49 ALPHA g 0.55 SAMPLE SIZEs 1332

ST.DEV= 1.85 ERR.MEAS= 1.24

ITEM STATISTICS:

ITEM INDEX 1

34
ADJ. P 34
BISERIAL 17
PERCENT NT 0

PAGE NO. 172
ITEM NO. 4

2 3 4 5 6 7 8

24 77 52 42 51 31 38

25 77 52 42 51 31 38

34 42 50 47 41 34 09

3 0 0 0 0 0 2

176 181 185 186 186 188 188

12 23 3 6 7 11 12



Ths second scale in the posttest vas called Five Dots. The des-

cription of the scale and statistics are given here (NUM Reports, No.

4, 1968, p. 34).

X308 FIVE DOTS (19 1

measure ability
which is unfamil
this Idea. (No
ductory explanat
logically rarall

toms; 15 minutes) This scale Is designed to
to read a passage about a mathematical idea
lar and to answer a series of questions about
sample item has been included since the intro-
ion Is so lengthy.) It is constructed to be
el to x715.

SCALE STATISTICS:

MEAN 10.50
ST.DEVIE 4.68

ITEM STATISTICS:

ALPHA
ERR.MEASIE

085
1.78

SAMPLE SIZE- 1330

ITEM INDEX 1 2 3 4 5 6 7 8 9 10

76 61 81 79 70 66 77 51 66 61
ADJ. P 76 61 81 79 70 66 77 51 67 61
8ISERIAL 60 52 69 59 59 61 69 68 68 66
PERCENT NT 0 0 0 0 0 0 0 d 0 1

PAGE NO. 191 191 191 191 191 191 191 192i 192 192
ITEM NO. 13 14 15 16 17 18 19 20 21 22

ITEM INDEX 11 12 13 14 15 16 17 18 19

62 41 33 34 35 37 34 46 41
ADJ. P 63 tel 33 36 36 40 37 52 47
BISERIAL 68 52 54 43 48 61 49 47 46
PERCENT NT 1 1 2 4 5 6 9 11 13
PAGE NO. 192 192 192 193 193 193 193 193 193
ITEM NO. 23 24 25 26 27 28 29 30 31

The third scale on the posttest was a set of five arithmetic word

problems. To obtain the problems for this scale, the author pilot-

tested 150 word problems in three different forms in two classes at the

fourth-, fifth-, and sixth-grade levels. Thirty of the problems were

pilot tested in one class at the fourth-, sixth-, and eighth-grade

levels to determine the relative difficulty of the problems. None of

the classes or schools in which pilot testing was done was included in
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the mein study. Five problems were qelected for use on the posttest.

The problems were chosen as being representative of their level of dif-

ficulty, in terve of the probability correct in the pilot test, and

their complexity in terms of the number of steps required for solution.

A copy of the problems in this scale, together with the complete post-

test, is included in Appenel D.

The follow-up test consisted of thre-1 The first scale,

Letter Puzzles I was a NLSMA scale. Its description and statistics are

given below (NLSMA Reports, No. 4, 1968, p. 53, 54).

X601 LETTER PUZZLES 1 (22 items; 8 minutes) This scale is designed

to measure ability to handle a novel mathematical situation.

It is composed of addition and subtraction problems in which

some or all of the digits have been replaced by letters. The

task is to determine all the missing digits. There are nine
problems with 22 answers which are not independent. All items

are completion items. This scale is similar to Y601.

EXAMPLE: ABB
+ CB
774. A

SCALE STATISTICS:

MEAN s 10.68 ALPHA s 0.90 SAMPLE SIZE= 1138

ST.DEV= 5.71 ERR.MEAS= 1.82



ITEM STATISTICS:

ITEM INDEX 1 2 3 I. 5 6 7 8 9 10

81 75 72 79 43 33 34 74 75 49

ADJ. P 81 75 72 79 43 34 35 75 76 50

BISERIAL 63 60 52 53 66 74 70 68 69 68

PERCEN NT 0 0 0 0 1 1 1 1 1 2

PAGE NO. 268 268 268 268 268 268 268 268 268 268

ITEM NO. 1 2 3 4 5 6 7 8 9 10

(continued)

This scale is composed of nine two- and three-item clusters
rather than 22 separate items. The alpha calculated with
cluster scores rather than item scores is 0.83.

There is a possible speed factor in this scale. The interpre-

tation of the alpha and the error of measurement is questionable.

ITEM INDEX 11 12 13 14 15 16 17 18 19 20

54 63 48 42 45 40 31 27 30 39
ADJ. P 55 66 50 44 51 45 39. 34 38 57
BISERIAL 67 45 64 65 76 79 76 77 73 37
PERCENT NT 2 5 5 5 11 11 21 21 21 32
PAGE NO. 268 268 268 268 269 269 269 269 269 269
ITEM NO. 11 12 13 14 15 16 17 18 19 20

ITEM INDEX 21 22

20 15
ADJ. P 29 22
BISERIAL 58 53
PERCENT NT 32 32
PAGE NO. 269 269
ITEM NO. 21 22
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The second scalt on the follow-up test, Directions, was another

of the NLSMA tests. Its description and statistics are as follows

(WLSMA Reports, No. 4, 1968, p. 85).

X715 DIRECTIONS (24 items; 15 minutes) This scale Is designed to
Ii74717777iEllIty to read a passage about a mathematical idea

which is unfamiliar and to answer a series of questions about

this idea. (No sample item has been included since the intro-

ductory explanation is so lengthy.) it is constructed to be

logically parallel to X308.

SCALE STATISTICS:

MEAN 15.16
ST.DEV- 6.14

ITEM STATISTICS:

ALPHA 0.90
ERR.MEAS 1.93

SAMPLE SIZES 1111

ITEM INDEX 1 2 3 4 5 6 7 8 9 10

70 75 85 42 70 53 83 78 67 47

ADJ. P 70 75 85 42 70 53 83 78 67 47

BISERIAL 68 69 85 60 58 54 84 65 70 56

PERCENT NT ; 0 0 0 0 0 0 0 0 0 0

PAGE NO. 339 339 339 339 339 339 339 339 340 340

ITEM NO. 38 39 40 41 42 43 44 45 46 47

ITEM INDEX 11 12 13 14 15 16 17 18 19 20

83 69 59 38 46 49 71 72 64 65

ADJ. P 83 69 59 38 47 50 72 73 65 66

BISERIAL 85 70 56 38 70 53 72 84 70 77

PERCENT NT 0 0 0 0 0 0 1 1 2 2

PAGE NO. 340 340 340 340 340 340 341 341 341 341

ITEM NO. 48 49 50 51 52 53 54 55 56 57

ITEM INDEX 21 22 23 24

38 66 71 57

ADJ. P 39 69 77 64

BISERIAL 53 79 71 56

PERCENT NT 3 5 8 11

PAGE NO. 342 342 342 342

ITEM NO. 58 59 60 61



The third scale in the follow-up test was a parallel form of the

five-item word-problem test given in the posttest. The problems were

identical in every respect except that the names of the quantities in

the problems were changed. The numerical values, the number of opera-

tions to solve each problem, and the order in which the problem state-

ment was given were parallel. Each problem and its parallel had the

same number of words. The problem-solving scale and the complete form

of the follow-up test are included in Appendix E.

Analysis. The data were analyzed using covariance analysis. The

assumptions upon which the analysis of covariance rests are (a) students

were assigned to methods randomly, (b) achievement scores had a linear

regression on the covariates within each method, (c) achievement scores

had a normal distribution for students with the same ability in the same

treatment, (d) the slope of the regression lines was the same for each

method, (e) variances were homogeneous, and (f) achievement scores were

a linear combination of independent components that included an overall

mean, the treatment effect, a linear regression on the covariate, and an

error term (Elashoff, 1968; Cochran, 1957).

In the present study, both groups were treated exactly the same ex-

cept for treatment; since the booklets were handed out on a random basis

to students in each class. The control group received no treatment.

Concerning the assumptions stated above, there was no indication that

the regressions used were not linear. The covariate scales were inde-

pendent of treatment effects since they were administered before the

treatments began. The achievement scores were assumed normal for each

group of students. The sample sizes were such that this assumption

seemed valid. The homogeneity of the regression lines were automati-
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cally checked by the computer program used to analyze the data. The

variances were also assumed to be homogeneous, and the achievement

scores were assumed to be a linear combination of the components listed

above.

The analysis of covariance was run using the D14DX64 program

(U.C.L.A., 1967) on an IBM 360/67 computer at the Stanford Computation

Center by Mr. Ray Rees, Data Analysis Statistician for School Mathema-

tics Study Group.

The covariates were the four pretest scales. The variates were the

scale scores on the posttest and follow-up test.

67



CHAPTER III

RESULTS

This chapter begins with consideration of the reliability of the

tests used, moves to the consideration of their inter-correlation and

the tests of some assumptions underlying analysis of covariance, and

then presents data on the treatment effects on the variate scales for

each covariate.

In Chapter II the pretests, posttests, and follow-up tests were

described and the Cronbach alpha for each, where available, was given.

Table 2 presents for each test the alpha from the NLSMA data and the

alpha computed from the data of the present study. For the Figure Clas-

sification Test, no alpha was available from the NLSMA data since the

test was not a part of that study. Similiarly, the word-problem tests,

P501 and F502, were developed specifically for this study and therefore

were not comparable with any existing test. As can be seen from Table 2,

the two sets of alphas are comparable although the sample size in the

present study is considerably smaller than that in the NLSNA study.

The correlation coefficients among all criterion tests are presen-

ted in Table 3. All of the correlations are significant at the .01 level,

which indicates that the tests apparently measured similar performances.

The figures in parentheses give the number of students in each group in-

dicated by the intersection of row and column.

The correlation coefficients of each of the criterion tests and the

covariates (pretests) are presented in Table 4. The N in this table Lull-

cates the number of students for whom a complete set of data on all four

62
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TABLE 2

Values for Cronbach's a and N fir each Test from

the NLSMA* Data and the Present Study

pretests

Cronbach a

NLSMA Study

a Rx-*

Present Study

a

Figure Classification
.70 285

(X005)

Working with Numbers .68 1332 .59 285

(X307)

Necessary Arithnetic .84 1465 .84 285

Operations (0(217)

Hidden Figures I (PX218) .81 1461 .77 285

Posttest s

Working with Numbers .68/.55 1322 .65 265

(X307P)

Five Dots (X308) .85 1330 .82 265

Word Problems (P501)
M, del M. .43 265

Follow-up Te s t s

Letter Puzzles i (X601) .90 1138 .88 260

Directions (X715) .90 1111 .79 265

Word Problems (F502) MI NV 111. .49 265
Nomaxibe.

*National Longitudinal Study of Mathematical Abilities

**Total N for the present study

r
69
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TABLE 3

Correlation Matrix for Posttest and Follow-up Test Scales

Scales 1 2 3 14. 5 6

Working with Numbers 1 1. 000 0. 5148 0. 426 0. 37r 0.1135 0.500
(x307P) (2410 (244) (241) (225) (227) (228)

Five Dots 2 1. 000 0. 385 0. 475 0 . 5ar 0.434
(x308) (244) (241) (225) (227) (228)

Word Problems 3 1.000 0. 240 0. 336 0. 523
(P501) (241) (222) (224) (225)

Letter Puzzles 4 1. 000 0. 407 0. 389
(X60l) (233) (232) (233)

Directions 5 1.000 0.438
(x715) (235) (235)

Word Problems 6 1. 000
(F502) (236)

Note: The figures in parentheses indicate number of students in each computation.

P(lrl> .19) < .001 for N = 244
P(Iii> .20) < .001 for N = 222



TABLE 4

Correlation Coefficients for Each Posttest and Follow-up Test

Scale with the Covariate Scales for all Students

Scales 1 2 3

Figure Classification (X005) 1

Working with Numbers (X307) 2 -03

Necessary Arithmetic Operations 3 11 50

(PX217)

Hidden Figures (PX218) 4 -o5 49 35

Working with Eftunbers (X307P) -09 66 53 47 240

Five Dots (008) oo 48 45 \33 240

Word Problems (P501) -16 32 48 26 237

Letter Puzzles (X601) -01 45 42 32 229

Direextions (X715) 02 42 40 36 231

Word Problems (F502) -04 47 58 37 232

Note: Decimal points omitted.

P(1r1 > .13) < .05; P(Irl > .17) < .01; P(Irl > .22) < .001

in a two-tailed test.
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covariates and the criterion tests was obtained. For Word Problems (P501),

the N of 237 indicates that 237 students had complete sets of data for

all four covariate scales and the Word Problem (P501) scale. The fig-

ures indicating the significance level in Table 4 were compiled using

the smallest value of N. Hence, for the larger N the values are at

least at the same level of significance as those shown. Except for the

Figure Classification Scale (X005), the correlation coefficients were

all significant at the .001 level. The low or negative correlation of

the Figure Classification Scale (X005) was surprising when compared with

the other scales, simce that scale was intended to be a measure of a

student's ability to discover rules and explain things. It had been

assumed that this scale would be positively and strongly correlated with

the .other scales used. The correlation coefficients in Table 4 also in-

dicate that the Figure Classification Scale (X005) was not positively

and strongly correlated with other pretest scales. Apparently the fac-

tors measured by each of the other pretest scales were quite different

from those measured on the Figure Classification Scale (K005).

The correlation coefficients for each test for each treatment with

each of the covariates are given in Table 5. The figure for N in each

treatment group indicates the number of students in each group for whom

there were complete sez:s of data for the four covariates and the criter-

ion test shown. Several patterns are evident. First is the negative cor-

relation of the Figure Classification Scale (X005) when compared with the

other tests for students in both the Control and Wanted-Given Treatments.

This strong negative relationship is not evident for students in The Pro-

ductive Thinking Program. For boys and girls, the covariate with the

greatest number of highly significant correlations is Necessary Arithmetic

7 2
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Operations followed by Working with Numbers. The number of significant

corn ations (P < .01) of variate scales with covariate scales was

highest for girls in the Modified Wanted-Given program. The only covari-

ate scale which was consistently highly correlated (P < .01) with Word

Problems (P501) was Necessary Arithmetic Operations. With the exception

of boys in the control group a significant correlation (P < .01) exists

between the parallel form of the word problem scale (E502) and the same

covariate, Necessary Arithmetic Operations. Differences in the number

and pattern of correlation between criterion teats and covariates for the

different treatment groups are also evident when examining Table 5.

Overall, the greatest number of significant correlations (P < .01) was

found in the data for students who received the Modified Wanted-Given

Program.

The F-ratios in each row of the first four columns of Table 6 were

computed using a one-way analysis of variance. The small dlfferences in

f-values in the first four columns were duct to the variation in sample

size in each cell as described earlier. Significant relationships were

found to exist between the variate scales and two of the covariate scales,

Figure Classificed.on and Necessary Arithmetic Operations. The flnding

that significant differences did exist between covariate scales suggests

that the use of covariance techniques for data analysis was appropriate.

The F-values for regression in Table 6 were computed using analysis

of covariance. As may Le seen in the Regression Colunn there were no

significant differences due to regression. This indicates a lack of

heterogeneity awl thereby satisfies one of the basic assumptions of the

covariance model. The complete analysis of variance tables for the co-

variance analysis are included in Appendix F.
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TABLE 6

F-Ratios by Posttest and Follow-up Test Scale
for Each Cawariate and the Regression

Scale

Covariates

Regression

Fig.
Class.

Work.

with

Nos.

Nec.
Arith.
Oper.

Hidden
Figures

1

Posttest

Working with Nunthers 3.02* 1.49 3.19** 0.30 0.706
(X307P)

Five Dot, (X308) 3.02* 1.49 3.19** 0.30 1.559

Word Problems (p501) 2.98* 1.46 3.06* 0.31 0.869

Follow-up Test

Letter Puzzles I .17** 0.91 2.78* 0.20 1.083
(X601)

Directions (X715) 4.26*** 1.14 2.93* 0.22 0.802

Word Problems (F502) 4,30*** 1.07 2.95* 0.22 1. 423

*P < .05
*P < .01
***P < .001

1\75
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The raw score means and standard deviations of criterion scales and

covariates are shown by criterion test and treatment group criterion in

Table 7. The adjusted score.means for each treatment group are presented

in Table 8. The effects of the covariance adjustment on the means may be

seen by comparing corresponding entries from Tables 7 and 8.

The F-ratios for scale mean, treatment effect, sex, treatment x

sex interaction, and covariates with each criterion test are showu in

Table 9. One of the mean scores, the mean for Wbrd Problems (F502), was

not significantly different from zero. This-was a surprising result.

There were no significant differences due to treatment on any of the

variate scales at the .05 level or beyond. Significance at the 0.1

level on the follow-up test, Word Problems (F502), wrs indicated for

students in the Modified Wanted-Given Program. The single significant

treatment x sex intcraction (P < .05) was found for the posttest, Wbrd

Problems (P501). Boys in the Modified Wanted-Given Program gained sig-

nificantly more than did the girls receiv!.ng that treatment.

The combination of covariates, labeled Total Covariates in Table 9,

had a highly significant (P < .005) relation to the criterion scores.

When co-laidered separately, Covariate 3, Ne.:;essary Arithmetic Operations,

was also found to have q uignificant (P < .005) relationship to each cri-

terion score. Nlne of the other covariates was significsntly related to

all the criterion scres. However, all covariates were significantly re-

lated (at least'P < .01) to the posttest, Working with Numbers (X307P).

Tue r-statistic for WoNi Problems (P501) and Covariate 1, Figure Classifi-

cation., was significant (P < .01) for the posttest, but not for the follow-

up test (F502). rhe scnle Wbrkinj with Numbers (X307) was not signifi-

cantly related to Wbrd Vroblems (P501) on tile posttest, but was signifi-

.16
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TABLE 8

Adjusted Means for Each Posttest and Follow-up Scale
by Treatment Group

Scale

Productive
Thinking
Program

Modified-

Wanted-Given
Program Control Total

Boy Girl Boy Girl Boy Girl

Posttest .

6.30 6.74 6.74 6.32 5.95 6.13 6.40Working with Numbers
(Y..307P)

Five Dots (X308) 11.42 10.80 11.81 10.83 11.60 10.17 11.07

Word Problems (P501) 1.17 1.63 1.85 1.50 1.42 1.51 1.52

!o111-1L_4-uzast

Letter Puzzles (X601) 10.74 10.24 10.48 9.59 10.37 10.06 10.34

Directions (X715) 13.68 12.90 14.02 13.52 13.92 12.71 13.44

Word Problems (F502) 1.53 1.64 1.99 1.79 1.52 1.54 1.69
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cantly related (P < .005) to the parallel form (F502) in the follow-up

test. This would seem to indicate an increase in the influence of com-

putational skills on problem solving over time. The .covariate scale

Hidden Figures had a marginal statistical relationship (P < .10) with the

follow-up Word Problem test (F502).

Mean gain scores for two sets of scales were tested for signifi-

cance. First, an item analysis was run on Working with Numbers (X307P)

after the three items which astinguished it from X307 were removed.

The two tests were then identical. One 'test was given as one of the

pretests. Four weeks later the other was given as a posttest. A t-

test of the mean gain scores on the two tests was computed. No signifi-

cant differences in mean gain scores were found for any of the three

treatment groups on X307.

Mean gains for the Word Problem test (P501 and F502) were also

tested for significance. Each of these tests consisted of five word

problems. The only differences between items in each scale were in the

names of things used in each problem. The computation required, 'the num-

bers given, the order of problems, and the number of words in each pair

of problems were identical. There were no significant mean gains in

terms of mean number correct in Word Problem scores over the seven-week

period between the posttest and follow-up test. The data for the t-tests

are presented in Table 10.

The lack of significant differences due to treatnientis consiitent

with the null hypothesizects. when _One considers *; findings from the

standpoint of mean numbercqrect on crite;ion, teSts. The Word-Problem

tests were more difficult on the average than anticipated. The re-

sults from.the analysts. of :mean number of problems correct were in-
cOncluSive, but fivorekthe Modified Wanted Given approach.

,

)6U
P;
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TABLE 10

Mean Gain Scores on Two Scales:
Working with Numbers and Word Problems

df.Scale
Treatment
Group N pretest Posttest

Posttest-
Pretest t

1 Err 4.48 4.78 0.30 1.28 86

Working with Numbers 2 93 4.59 4.81 0.22 1. 04 92

X3arP-X307 3 64 5.36 5.32 -0,25 -0.12 6h

Total 244 14.75 4.88 0.13 0.97 243

Word Problems 1 77 1.36 1.51 0.15 1.00 76

F502-P501 2 89 1.73 1.83 0.10 0.75 88

3 59 1.61 1.75 0.14 0.88 58

Total 225 1.57 1.70 0.12 1.51 224

irc11
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To get some insight into whether students tried to follow proce-

dures presented in the instructional treatments in solving each problem,

regardless of whether their .computations were right or wrong, all sets

of word-problem tests (P501 and F502) were analyzed. A correct procedure

was defined as a series of mathematical operations that would lead to a

correct solution if the computation was correct at each step. Using the

correct procedure was independent of whether or not mathematical senten-

ces were used to "set up" the problem.

A new analysis of covariance was run to examine the effect of treat-

ment on procedure for all students on the posttest scale Word Problems

(P501). A significant difference was found (P < .001, F2,199= 12.04) in

favor of treatment groups 1 and 2. There was a significant treatment x

sex interaction (P < .05, F2,199= 3.32) in favor of boys on P501. The ad-

justed means indicated that students, in particular boys, who were given

the Modified Wanted-Given Treatment were superior in achievement to those

who were given The Productive Thinking. Program and the control group in

that a greater number of the students vivre evidently using a procedure

which would lead to a correct solution. A separate analysis of covari-

ance was run, with the control group omitted, to test the significance

of the differences in means of Modified Wanted-Given Treatment over Treat-

ment 1. The results were significant (P < .005, F1,146 = 6.23) in favor

of Treatment 2, the Modified Wanted-Given Treatment. Again, there was a

significant (P < .025, V-1,146=
6.03) treatment x sex interaction in

.favor of boys.

The results of an analysis of covariance on the follow-up scale

Word Problems (F502) indicated a significant difference in favor of the

treatment groups (P < .001, F2,207 = 7.87) seven weeks after the main
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TABLE 11

Adjusted Means on Word Problems (P501) for Procedures

Treatment

Productive Thinking Modified Wanted-Given Control

Sex Program Program

Boys 2.07 2.93 1.60

Girls 2.28 2.31 1.75

TABLE 12

Adjusted Means on Word Problems 0i502* for Procedures

Sex

Treatment

Productive Thinking Modified Wanted-Given Control

ProgramProgram

Boys 2.68 2.96 2.07

Girls 2.40 2.66 1.95
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study had ended. The adjusted means for the posttest are shown in Table

11 and the adjusted means for the follow-up test are shown in Table 12.

In every case increase in adjusted mean.scores from posttest to follow-

up test was suggestive of some over-all effect, such as maturity or in-

struction. There was no significant treatment x sex interaction on F502

for all three treatment groups. There were no significant differences

for the two treatment groups on the follow-up F502 when an analysis of

covariance was run with the control group deleted. There was a marginal

sex effect on F502 (p <:.10, F1,152 E-L.77) in favor of boys. Evidently

the differences between the two treatment groups in terms of using cor-

rect procedures decreased with the passage of time. It is interesting

to compare the adjusted means for boys in both Treatment 1 and the con-

trol. On the posttest the adjusted means for girls were higher in these

two groups. In the follow-up test the adjusted means for the boys were

higher. The adjusted means for girls increased most for the Treatment 2

group, but the scores for boys in this group did not increase as much

on.posttest means as did the scores for boys.in the other groups.

Taken as a whole, the results seem to indicate some degree of in-

dependence .of computational skill and solution strategy in solving pro-

blemuin arithmetic for fifth-graders.

.,
4



CHAPTER IV

SUMMARY AND DISCUSSION

Rationale. The study was intended to examine which of two ap-

proaches, both successful in their own area, was the better method of

problem solving in mathematics. Researchers, such as Olton,

Crutchfield, and others have argued for the existence of a general pro-

blem-solving ability and for the transferability of the general problem-

sOlving skills developed through systematic instruction to specific dis-

ciplines such as arithmetic. The results of several studies have con-

firmed their position that students who receive instruction in The

Productive Thinking Program apparently do become better problem solvers,

while ether studies have failed to find any significant. differences.

Failure to find significantly greater achievement levels in mathematics

as transfer from training in The Productive Thinking ,Program, in studies

.to date, may have been due to the fact that the mathematical tasks used

in some of these studies were too simple to demonstrate the full effects

f the training. On -the other hand, studies have shown. that teaching stu-

clants. a wanted-given method of analyzing word problems in arithmetic can

produce significant.differences in achievement in solving one-step pro-

blems. This study attempted to provide a setting rich enough to test

the hypotheses stated.bel.ow.

Purpose,. The purpose.. of this study was tO test the hypotheses

.
that: (a). there .will be ,no significant differences in scores on posttest

. measures of problem-solving skills between students who receiVe training

in general .problemrsolving techniques as presented in' The Productive

79,
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Thinking Program and students who are taught more specific skills for

solving problems in a total mathematics context using a Modified Wanted-

Given Program approach; (b) students in either of the treatment groups

will not achieve significantly higher scores on measures of problem-

solving skills than students in control classes who receive no special

instruction in problem solving; and (c) there will be no significant

difcerences between the achievement of boys and girls on tests of pro-

blem-solving skills in the treatment groups.

Sub ects. The subjects in this study were 261 fifth-grade students

from four schools in the San Jose area of Northern California.

Treatments. The treatments consisted of: (a) The Productive

Thinking Program Series One: General Problem Solving; (b) the author's

Modified Wanted-Given Program; and (c) the control group. Treatments 1

and 2 were prepared in programmed booklet form. Each student completed

one booklet each day for the 16 days of the instructional period. A

pretest was administered before treatments began. A posttest was given

the day following the end of the treatment period and a follow-up test

was given seven weeks later. Students were assigned at random to treat-

ments within classes in three of the scheols. Students in the fourth

school acted as a control. The results were analyzed using analysis of

covariance.

Results. The results are first summarized in terms of mean number

of problems correct on posttests and follow-up tests and later in terms

of the procedure used by students to solve word problems in arithmetic.

On the basis of-the data from the present study, the results-indicate

that Nypothesis 1 cannot be rejected. No significant differences due to

treatment, at the .05 level or above, were found on any of the posttests
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or follow-up tests. However, a difference at the .10 level favoring the

Modified Wanted-GivenProgram was found on the follow-up test Word Pro-

blems (F502) indicating sone degree of superiority of this treatment over

The Productive ThinkinK Program, which was given seven weeks after the

posttest was given.

Differences between means on parallel forms of the Wbrd Problem

test given as part of the posttest and seven weeks later as part of the

follow-up test were not significant when subject to a t-test.

Perhaps the best indicator of a possible reason for the low-level

significance of the Modified Wanted-Given Treatnent on the Word Problem

test is the difference in significance of covariates for Wbrd Problems

between the posttest and follow-up test. The covariate Wbrking with

Numbers did not have a significant relationship with the word problem

scale on the posttest. The relationship was significant on the follow-

up test. This finding tends to confirm an observation from the field;

that is, the study was begun fairly early in the school year in an at-

tempt to control any teacher-initiated instruction on problem solving.

A side effect was that the students involved in the study apparently

had had insufficient time to review their computational skills, so that

their skills mere actually below the level assuned by the writer wben

he wrote and tested the problems. While the results of the pilot tests

gave no indication that the computational level was too difficult,

close examination of.the instructional booklets used in the Modified

-Wanted-Given-Treatment indicated that many, of the children had difficulty

multiplying by,two numbers, while others had difficulty 'with long divi-

sion.
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Hypothesis 2 cannot be rejected. There were no significant differ-

ences in achievement between treatment groups and the control group on

any of the posttests or follaw-up tests. While the adjusted means on

the word problem test for the -zontrol group were somewhat lower than

those for students in the Modified Wanted-Given Program, the scores of

the control students were higher in one case than for those students in

The Productive Thinking Program.

Of the six criterion tests, only one, Five Dots (X108), had a signi-

ficant (P < .05) treatment x sex effect. In terms of-the statement of

Hypothesis 3, this was not considered sufficient evidence to warrant re-

jection of the hypothesis. This was the only one of the six possible

tests for which significant sex effect was found, and since both Word

Problem scales had low F values, Hypothesis 3 should not be rejected.

Two subsequent analyses, using covariance adjustment, of the proce-

dures employed by students to solve problems in the Word Problem scales

P501 revealed significant differences (P < .001) in favor of the treat-

ment groups'over the control, and a significant difference (P < .005) in

favor of the Modified Wnted-GivenProgram over The Productive Thinking

Program.' Studenti who were given the Modified Wanted-Given Program treat-

ment tended to use correct proOedures to solve the mathematical word pro-

blems significantly more often than did their peers in either of the

other' two groups. This significant finding tends to confirm the valid-

ity of the instructional approach:used in the Modified,Wanted-Given

Program, at least in the short term. The significance level in favor

of the treatment groups over tontrols on the follow-up test F502 was

also .001. However, the difference in favor of the Modified Wanted-

t 88
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Given Program over The Productive Thinking Program, on the follow-up test

was not significant at the .10 Ievel,'when comparing the two treatment

groups. There was however, a treatment x sex interaction (P < .10) in

favor of boys in the Modified Wanted-Given Program. The effects of in-

struction and possibly maturation during the interval before the follow-

up test, may account for these findings, since all adjusted ueans were

higher on the follow-up test than on the posttest. This may indicate a

greater degreeof independence between computational facility and problem-.

solving ability in terms of knowing how to go about solving a problem

than was previously suspected.

Limitations. The data analyzed and reported in the present study

were collected from students in schools in a predominately white,

middle-class socioeconomic area. All students in the study were fifth

graders. Furthermore, the extremes in terms of gifted and handicapped,

whether physical or educational, were not included in the data reported

here. Any conclusions one might wish to draw must of necessity be made

with the characteristics of the sample population clearly in mind. Per-

haps the most important limitation was the finding that none of the

pilot study groups reported the computational difficulty with the pro-

blem* presented in the Modified Wanted-Given Program treatuent that

students in the main experiment reported. Had the study been delayed

until after Christmas, thus permitting teachers to complete a thorough

review of the basic computational skills in each class, significant ef-

fects in terms of the number of problems correct on each scale might

have resulted.

.Conclusions and Implications. On the basis of the data presented

and within their limitations, it would apPear that teaching problem
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solving in mathematics to fifth graders can best be done in a mathema-

tical context using a wanted-given approach. One should not necessarily

expect gains in the number of problems correctly solved, unless the

teaching of problem-solving strategies is accompanied by instruction in

the appropriate computational skills. The independence of these two

factors seemed to be demonstrated when students in the experimental

groups who were using a correct procedure to solve problems often failed

to obtain significantly more mathematically correct answers, due to com-

putational errors, than did the control group.

Providing systematic instruction in problem solving was more effec-

tive in this study in helping students to use correct procedures than

not providing systematic instruction. This would seem to say that those

who contend that students learn to solve problems by simply doing lots

of problems may in fact be taking the long way home. Students may learn

to solve problems that way, but students in the present study who re-

ceived either treatment used appropriate strategies much more often

(P < .005) than did the control group. This does not mean however, that

following any "systematic" program will produce better results than sim-

ply having students solve lots of problems.

Suggestions for research. Th3 question of the significance of com-

putational difficulty in problem solving in mathematics is an open issue.

Students in this study were sometimes observed to block when faced with

a difficult computational exercise, and as a result, were unable to pro-

ceed at'all toward the solution of the problem.

The effect-of wording in problem statements is still largely un-

known. It is 'Cleary from the pilot study work done here, however, that

simply reo,rdering the sentences in a problem statement can significantly

affect the difficulty level of a problem.rO
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The effect of a student's age and the approach used in this study

remains open. 7orrance, as mentioned earlier, suggested that after the

sixth grade students appear to reach a plateau in problem-solving

achievement when the treatment vehicle is a series of programmed les-

sons such as those used herein. His studies were all concerned with

general problem-solving ability. It would be most interesting if one

could determine age-boundaries in the effectiveness of a programmed ap-

proach to instruction in problem solving in mathematics if indeed such

boundaries do exist.

A large number of other questions which relate to determining the

relative difficulty of word problems remain to be answered. That is,

what variables can one it;entify that influence the difficulty of word

problems for students? Some of the variables that might be investigated

are the number of words used in the problem statement, the syntactic

difficulty of ihe sentences themselves, the sequence of problems pre-

sented, the number and type of operations required for solution, the

:memory load imposed by the problem solution sequence, the discrepancy

between the order in which the numbers are given in the problem state-

ment and the order in which they must be combined in binary operations

for the solution of the problem, and many others. Sone of these vari-

ables are currently being considered by researchers, and others will no

doubt be considered in the near future.

The suggestion of the semi-independence of computational skill and

procedural ability of students is very interesting. In most cases, in

the author's expetiende, problem-solvingtests'are soored solely on the .

basis of:the number of problem's Solved correctly, and no attempt is

made to examine the procedures students may have been using. It may be

91
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that students are often taught how to proceed to solve problems cor-

rectly, but their new knowledge of how to solve a particular set of

problems may be masked by the presence of comPutationarerrors. C

putation and problem-solving ability may be highly correlated as many

studies show, but the best measure of skill in problem solving will be

one which brings to light the procedures used by students to solve pro-

blem's as well as to give the correct answers. Studies of the sort re-

ported here are needed to confirm or counter the differences noted above.

If the findings and conclusions are supported by other studies, then work

should begin on the development of new measures of problem solving--

measures that evaluate both computation and piocedures.
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CHAPTER V

REVIEW OF RESEARCH IN PRCBLEM SOLVING

ON A COMPUTER-BASED TELETYPE

The first attempt at 1MSSS to apply the linear regression model

described in Suppes, Jerman, and Brian (1968) to the analysis of word

problems in arithmetic was reported in Suppes, Loftus, and Jerman (1969)

A second study on word-problem variables using regression models was

reported by Loftus (1970). What is desired from models of this sort is

that they identify and define structural variables that are suspected to

account for differences in the level of difficulty for a variety of types

of word problems in terms of the structure of the problem itself. That

is, one would like to attach weights to the several Objectively defined

variables suspected of contributing to the relative difficulty of the

problems, and then to use the estimates of the variables in predicting

the relative difficulty of a large number of problems.

A discussion of the regression model is not given here, since it

has been described in detail in the three references cited above. Rather,

the focus of this chapter is on a review of the variables used in the

first two of the previous studies, on their definitions and on how

well each accounted for the variance observed in d,ata from a new set of

problems not solved at a teletype but in a regular classroom using paper

and pencil. Some additional variables which were developed and used

later are also discussed.
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The variables used. in Suppes, Loftus, and Jerman (1969, p. 7) were

as follows.

X1 Operations: the minimum number of different operations

required to reach the correct soiution;

X2 Steps: the minimum number of steps required to

reach the correct solution;

X3 Length: the nwnber of words in the problem;

X4 Sequential: assigned a value of 1 if the problem is

of the same type (i.e., can be solved by

the same operation(s)) as the problem that

preceded it, and 0 otherwise;

X5 Verbal-cue: assigned a value of 1 if the problem con-

tains a verbal cue to the operation(s)

required to solve the problem, and 0

otherwise;

X6 Conversion: assigned a value of 1 if a conversion of

units is required to solve the problem,

and 0 otherwise.

The 1969 study reported the results ofthe goodness of fit for 68

word, problems which 27 gifted fifth-grade students solved as part of their

daily CAI program. The regression equation for all 68 items was

.

z. + 1 ± .18x +..o2k*. + .26x + 1 42x*.
i 13 io

2
The multiple R was .67 with standar& error of .1.75, and an R of .45.

The X2 value for the 68 items was 555 76 indicating a rather poor fit

for the model.

indicates significance at the ,...P5 level.

Ce, 94
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Perhaps one of the variables in the above set which requires a

description for clarification is x5, verbal cue. The following words

were considered cues.

Word Cue for

and addition

left subtraction

each multiplication

}average

or

each

division

The conversion variable was defined for the situation in which the

student was to recall a fact from memory, such as 1 week = 7 days. This

conversion, or substitution of units was a 0, 1 .variable.

Several people in the Institute became interested in formulating

variables and testing .their goodness of fit on the data from the Suppes,

Loftus, and Jerman (1.969) study. In particular, Dr. Barbara Searle

formulated and tested several variables using the data set from the

1969 study. The set of variables she tested consisted of a mixture of

some of the above variables and some new variables which she formulated.

The variables were defined as follows:

Operations: the minimum number of operations required to

reach a correct solution (values range 1-4).

Steps:

needed to reach a solution (value range 1-7).

Length: the number of words in the problem (value range

the minimum number of binary .operations steps,

7751).

89
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Conversion: this factor is present if a conversion is required

and the equivalent units are not given in the

problem (a 0, 1 variable).

Verbal cue: the cue for each operation is as follows.

Order:

Formula:

Average,:

Addition:

Subtraction:

Operation

Addition:

Subtraction:

Multiplication:

Division:

Cue words

added, altogether, gained

how much less, lost, left

each

average

If a cue word was present the value was 1, other-

wise O.

If the steps to solution were in order as given

in the problan statement, the value was 1,

otherwise O.

If knowledge of a formula was required the value

was 1, otherwise O.

If the problem statement contained the word

n
average

4.

the value was

If the problem requires

otherwise O.

1, otherwise O.

addition, the value is

If the.problem requires subtrEiction, the value is

I

MUl t ipl c at ion :

Division:

otherwise O.

If the problem requireS M,ultiplicetion, the value

otherwise O.
,

If "161"-e- pro em requires 'division, the value. is 1,
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Sequence: If the problem is in unusual order, the value

is 1, otherwise 0.

Three of the'problems.in'tbe-original set of .68 mere.deleted due

to their very high )( values. The following variables were tested on

the data fram the remaining 65 problems.

Of the 16 variables in the expanded set, 12 were entered by the

stepwise regression program, BMDO2R. The value of the multiple R was

.820. Three additional variables were formulated after studying the

weights of the variables, their contribution to the total R
2

and their

definitions. Two of these, . Si and S
2'

were sequential variables; the

third was a memory variable. The definitions for the three additional

variables follow..

Memory (4) is defined as the sum of:

C the number of conversions + knowledge of formulas,

D. the number of numerals in the problem statement,

:0 the number of different.operations,

S
1
is defined as the number of displacements of order of

operations in successive problems.

Examples:

3 - 4iS
3 + 5

(3 4: 4) 2

(3 -I- 4) 4. 2
j Si = 1

4) X 2
(3 ) 4) + 2

, 1

2
is defined as the nuthber of displacements between order of

operations required and that given in the problem statement

itself.

.The results of the stepwise rflgreasionuaing all the variables which

combributed at,least .01 to the variance inAe on the data from-the set

.of 65 original,problems arelpresetrih Table 13.
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TABLE 13

Results of Stepwise Regression on 65 Word Problems

A. Three additional variables alone

Step Variable R

Increase
2

R
Last reg.
coefficient

1 19 memor .491 .241 0.106

2 17 sl .501 .010 0.073

3 18 s2 .513 .012 0.087

B. Over-all variables

Step Variable R

Increase
2

in R

Last reg.
coefficient

1 4 opers .657 . .431 .1,99

2 8 vblcu .697 .055 .262

3 15 divis*
.729 o46 .299

4 6 lenth .761 ..o47 .018

5 10 formu
*

.75 .038 .879

6 17 sl .805 .032 .130

7 7 convr. ..825 ,032 .534

8 18 sp .835 .016 .127

9 14 multi* .838 ;005 -.090

10 19 memor .840 .0(34 .o48

11 12 add
*

.841 .002 .Q63

12 16 segue .842 .001 .053

Variables sUggested.by Dr,. Searle.

-
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7 1 Part A in Table 13 the last three variables are presented alone.

The total R for the three was .51. Part B shows the results of the step-

wise regression using all variables. Only those variables are considered

important which contributed to at least .01 increase in R2. Although the

value of the multiple-R term for all 12 variables was fairly high, .842,

the number of variables entered aid not increase with the addition of the

three new ones. Rather, the three new variables entered instead of others

and the resulting R increased from .820 to 842 (R2 = 0.709). A total of

19 variables had now been formulated and tested on the original data. In

addition to those described above, the following were formulated and

tested.

Operations 2: The sum of the following.

1. The number of different operations.

2. Add 4 if one of the operations is division.

Add 2 if one of the operations is multiplication.

Add 1 if one of the operations is addition.

Order 2: The sum of the following.

1. S
1

2. Verbal cue necessary to establish a new' order. One

point for each direct cue missing for each step.

Recall: The sum of the following.

'Ont count for a formula to be recalled and one count

for each step, in the formula, e.g., A = 2L + 2w = 3 .

,.....Onecount for-, each conversion to be recalled and used.

One count for each fact recalled arid. Used' from a

previous problem.
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Verbal cue 2: The set of cues was expanded. However, one count

was given for each cue present in the problem.

Addition: added, altogether, gained, total.

Subtraction: how much less, lost, left

how much larger. ... than

how much mmaller ... than

hcw much greater ... than

how much further... than

Multiplication: each, times

Division: average

Distractors: This variable was defined as one count for each

verbal cue which was not a cue for an operation,

but a distractor. For example, if the Word

"average was used, but multiplication rather than

division was the required operation.

A complete list of variables, by number, follows.

Variable Name Variable Name

1. Kcorrect-observed) 12. Multiplication

2. Operations 13. Division

3' Steps, 14. ,Sequence

4. Length 15. S
1

5. Conversions 16. S'
2

Verbal Cue 17. Memory

. Order 18. ,Cperations-2

Formula 19. Order-2

.Average 20. Recall

10. -Addition 21. :1 n. Verbal Cue-2

11. .Subtractima 22. Distractor Cue
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It appears from observing the values of R and the increase in R
2

,with each step that there is relatively little gain after the tenth

step in either Table 13 or Table 14. In fact if one were to adopt the

rule to consider as important only those variables whose contribution

to the increase in R
2
was .01 or greater, then the first eight variables

in Table 13 and the first nine variables in Table 14 would comprise the

set of variables of interest in each case.

It is most interesting to examine the order of entry of the vari-

ables in each case, and at this stage, it is impossible to explain the

differences. About all we can say to the reader is "behold." The

following list ranks the variables under discussion for ease of com-

parison.

From Table 13

Step

1 Operations .657

2 Verbal Cue .697

3 Division .729

4 Lengt 761

5 Former

:6 s.. .805
7 Conversions .825

8 s

Step

5

6

7

8

9

From Table 14

Operations .657

Conversions .702

Length .740

Order 2 .780

Division .805

52
.821

Order .829

Memory .835.

Distractor Cues .841

At this point, note that the variables which appear to be the

most robust are length, division S
2
the internal sequence variable,

and conversions. Memory and distractor cues may or may not play

important roles ih subsequent analyses for students working at teletype

terminals.
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TABLE 14

Summary Table for the Stepwise Regression on 65 Items

Step
Num. Name

Variable

Ent. Rem.

Multiple

R R
2

Increase

in R
2

F Value
For Del

Last Reg.

Coefficients

1 Oper 2 o.6566 0.4311 0.4311 47.732 0.1824

2 Convr 5 0.7021 0.4929 0.0618 7.559 0.5517

3 Lenth 4 0.7405 0.5483 0.0554 7.488 0.0274

4 Order 2 19 0.7804 0.6090 0.0607 9.321 0.1427

5 Divis 13
*

0.8050 0.6480 0.0390 6.516 0.3841

6 s
2

16 0.8213 0.6745 0.0265 4.749 0.1791

7 Order 7 0.8288 15.6869 0.0124 2.232 -0.1401

8 Memory 17 0.8349 0.6971 0.0102 1.872 -0.0839

9 Dist 22 0.8409 0.7071 0.0101 1.984 -0.3052

10 Recal 20 0.8444 0.7130 0.0059 1.105 0.1455

11 Verble 6 0.8457 0.7152 0.0022 0.414 -0.1035

12 Verbl 2 21 0.8477 0..7186 0.0034 q.629 0.1350

13 S
1

15 0.8498 0.7222 0.0036 0,6141 0.0482

14 Aver 9
*

0.8504 0.7232 0.0010 0.202 -0.1551

15 Oper 2 18 0.8513 0.7247 0.0015 0.261 -0.0328

16 Sub 11* 0.8520 0.7259 0.0012 0.197 -0.0607

17 Seq 14 0.8527 0.7271 C.0012 0.210 0.0865

18 Steps 3 0.8529 0.7274 0.000 0.063 0.0306

Variables suggested by Dr. Searle.



CHAPTER VI

APPLICATION OF STRUCTURAL VARIABLES TO WORD PROBLEMS

SOLVED IN.A PAPER-AND-PENCIL CONTEXT .

The research reported ia Chapters I-IV was conducted entirely off-
,

line, in a paper-and-pencil mode. In the course of the treatment,

students worked through several sets of word problems that were evaluated

as tests of their achievement, but were not labeled as tests. ,Other sets

of word problems were labeled as tests and were included as part of the

posttest and follow-up test instruments. The following is a report of

an analysis, using the variables defined in Chapter V, of one set of

word problems that tested the generalizability of the model to off-line

situations.

Twenty-nine problems were selected for analysis. Of these problems,

19 were solved by students (N = 20) using paper and pencil. The 19 prob-

lems were part of the instructional treatment provided by the Modified

Wanted-Given Program, and the remaining 10 problems came from the two

test scales P501 and F502 (N = 161). -Eleven of the variables used in

the earlier analyses were tested on the word problems solved off line

to see if their order of entry in the stepwise regression was at all

similar. The variables selected for testing were the following.

2. Operations 2 8. Length

3. Order 2 9. Verbal Cue (as defined by
Dr. Searle)

4. Recall 10. Conversion

97.
'
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5. S
1

11. Formula

6. Memory

S2

The results of the steiwise regression using these variables are

summarized in Table 15. As can be seen, Length, the number of words in

the statement of the problem, entered first followed by Memory, S2, S1,

and Verbal Cue. The total R after nine steps was .77, R2 = .595. This

12. Division (as defined by Dr. Searle)

was somewhat surprising and gratifying. The variables accounting for

most of the variance on line were also effective, though at a lower level,

for accounting for most of the variance off line where the students did

all the required computation by hand. The observed and predicted

probability correct for each item is shown in Table 16.

The conclusions must be recognized as artificial, however. While

the students did in fact solve all 29 problems, they solved only the first

19 at one sitting. The last 10 problems were solved 5 at a time, as post-

test and follow-up tests, seven weeks apart. The sequential variable is

not correct, therefore., for problems 19 and 2 5. Otherwise the variable

values are the same as if students had taken the entire set of problems

at one time. However, the results cannot be interpreted as being constant

for students who would solve all 29 items at one sitting. Only the values

of the variables are the same.
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TABLE 15

Summary Table for 29 Word Problems Administered in

Paper-and-pencil Format 11 Original Variables

Step
Num. Name

Variable
Ent. Rem.

Mult iple
R2

Increase
in R2

F Value
For Del

Last Reg.
Coefficients

1 Lenth 8 0.54-87 o.3011 0.3011 11.633 0.0207

2 Memor 6 0.5938 0.3526 0.0515 2.069 0.1588

3 s
2 7 0.6672 0.4455 0.0926 4.167 -0.3048

4 s
1

5 0.6977 0.4868 0.0416 1.94-9 -0.1379

5 Vblcu 9 0.7399 0.5475 0.0607 3.082 0.5784

6 Oper 2 2 0.7511-9 0.5699 0.0224 1.148 0.0962

7 Recal 4 0.7661 0.5869 0.0170 0.863 -0.2790

8 convr 10 0.7708 0.59141 0,0072 0.356 -0.0797

9 Divis 12 0.7713 0.5949 0.0008 0.038 -0.0857
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TIME 16

Observed and Predicted Probability Correct for 29

Word Problems, 11 Original Variables

Case Num. Observed Predicted Residual

1 0.2660 0.2116 0.0544

2 0.2410 0.4491 -0.2081

3 0.3100 0.3437 -0.0337

4 . 0.6200 0.3835 0.2365

5 0.2300 0.4580 -0.2280

6 0.3720 0.4066 -0.0346

7 0.0100 0.1297 0.3703

8 0.7770 0.6099 0.1671

9 0.1740 0.2201 -0.0461

10 0.5600 0.5600 0.0000

11 0.5380 0.3542 0.1838

12 0.1150 0.1681 -0.0531

13 0.0870 0.0870 0.0000

14 0.1000 0.1692 -0.0692

15 0.0710 0.1180 -0.0470

16 0.2940 0.2013 0.0927

17 0.1660 0.2939 -0.1279

18 0.0100 0.5333 -0.0333

19 0.0590 0.0989 -0.0399

20 0.4380 0.3783 0.0597

21 0.2440 0.3652 -0.1212

22 0.4540 0.3325 0.1215

23 0.3550 0.3967 -0.0417

24 0.1050 0.1440 -0.0390

25 0.3410 0.3783 -0.0373

26 0.3770 0.3652 0.0118

27 0.5170 0.3744 0.1426

28 0.3870 0.3967 -0.0097

29 0.1610 0.1228 0.0382
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In an attempt to improve the fit, two new variables were defined.

The first, Verbal Cue-1 (No. 13),was a redefinition of Dr. Searle's

variable. It was essentially the definition used in Verbal Cue-2 except

that it was a 0-1 variable rather than a frequency variable as is Verbal

Cue 2. The second new variable (No. 14) was a combination of Verbal Cue

1 and indirect cues, such as in all," for addition,
II

short of ...1" for

subtraction and ."per ...1" for multiplication. The results of the regres-

sion analysis on the 29 problems using 14.variables are shown in the

summary Table 17. The increase in the value of R due to the addition

of the two additional variables was small, almost .03 (.771 to .799).

'The observed and predicted scores for each problem are shown in Table 18.

TABLE 17

Summary Table for 29 Word Problems Administered in

Paper-and-pencil Form, 13 Original Variables
.

Step

Num.
Variable
Ent. Rem.

Multiple

R
2

Ihcrease

in R
2

F Value

For Del.

Last Reg.
Coefficients

1 8 0.5487 0.3011 0.3011 11.633 0.0270

2 6 0.5938 0.3526 0.0515 2.069 0.2115

3 7 0.6672 0.4452 0.0926 4.167 -0.2184

5 0.6977 0.4868 0.0416 1.949 -0.1845
5 9 0.7399 0.5475 0.0607 3.082 0.5859
6 14 0.7688 0.5911 0.0436 2.350 -0.0761

2 0.7872 0.6197 0.0286 1.577 0,0329

8 10 0.7964 0.6343 0.0146 0.797 -0.1165

9 13 0.7974 0.6359 0.0016 0.080 -0.1453

12 0.7986 0.6378 0.0019 0.100 0.1586
11 4 0.7991 0.6386 0.0008 0.034 -0.1257

12 3 0.7993 0.6389 moo 0.013 -0.0085

107
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TABLE 18

Observed and Predicted Probability Correct for 29

Word Problens, 13 Original Variables

Case Num. Observed Predicted Residual

1 0.2660 0.2333 0.0327

2 0.2410 0.4579 -0.2169

3 0.3100 0.2820 0.0280

4 0.6200 0.4387 0.1813

5 0.2300 0.3734 -0.1434

6 0.3720 0.3539 0.0181

7 0.5000 0.1335 0.3665

8 0.7770 0.5531 0.2239

9 0.1740 0.1841 -0.0101

10 0.5600 0.5600 0.0000

11 0.5380 0.3984 0.1396

12 0.1150 0.1788 -0.0638

13 0.0870 0.0870 0.0000

14 0.1000 0.1862 -o.o862

15 0.0710 0.1292 -0.0582

16 0.2940 0.2633 0.0307

17 0.1660 0.3195 -0.1535

18 0.5000 0.5403 4.0403

19 0.0590 0.0773 -0.0183

20 0.4380 0.4312 0.0068

21 0.2440 0.2974 -0.0554

22 0.4540 0.3782 0.0758

23 0.3550 0.4277 -0.0727

24 0.1050 0.1267 4.0217

25 0.3410 0.4312 -o.o9o2

26 0.3770 0.2974 0.0796

27 0.5170 0.4429 0.0741

28 0.3870 .1-11 0.4277 -0.04o7

29 0.1610 0.0999 0.0611
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Two variables described earlier, Verbal Cue-2 (No. 15) and a

distractor variable (NO. 16), were added to the regression. The results

of the regression using all 15 variables are shown in Tables 19 and 20.

The value of R increased from .799 with 13 variables to .834 with 15

variables.

The practicality of taking into account more than four or five

variables when writing word problems is impossible, even if they were

able to account for a larger portion of the variance than that indicated

in Table 19. Clearly, the fit of the variables selected and tried thus

far was less than satisfactory. The fact that the off-line students

performed all computations by hand led to the definition of four new

computational variables. These followed the work reported in Suppes

and Morningstar (in press, Chapter III). The variables were:

17. EXMC. A 0-1 variable. A count of 1 was assigned for

each multiplication exercise required in the solution

of the problem. Zero was assigned if multiplication

was not required.

18. NOMC2. A count of 1 was assigned each time a regrouping

occarrain'each multiplication exercise in the problem.

For example:

38
)1.5.

190 NOMC = 2

38

25.22
190 NOMC = 3

-21k-
950

10 9
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TABLE 19

Summary Table for 29 Word Problems

in Paper-and-pencil Format, 15 Original Variables

Multiple
Step Variable
Num. Ent. Rem. R

2
Increase

in R
2

F Value
For Del.

Last Reg.
Coefficients

1 3 0.5487 0.3011 0.3011 11.633 0.0408

2 6 0.5938 0.3526 0.0515 2.069 0.1712

3 7 0.6672 0.4452 0.0926 4.167 -0.3204

4 15 0.7180 0.5155 0.0704 3.488 -0.2837

5 5 0.7465 0.5573 0.0417 2.167 -0.2402

6 12 0.7667 0.5878 0.0306 1.629 -0.2402

7 10 0.7798 0.6081 0.0203 1.089 -0.1611

8 9 0.7912 0.6e60 0.0179 0.954 0.7250

9 Vbl 3 3 0.8077 0.6524 0.0264 1.445 0.0946

10 Vbl 4 4 0.8169 0.6673 0.0150 0.807 0.4544

11 14 0.8300 0.6889 0.0216 1.180 -0.1815

12 13 0.8332 0.6942 0.0053 0.285 0.1214

13 12 0.8332 0.6942 0.0000 0.004

14 16 0.831a 0.6957 0.0015 0.079 -0.0520

15 Vbl 2 2 0.8343 0.6961 0.0003 0.014 0.0119

Gt*L
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TABLE 20

Observed and Predicted (Correct) for 15 Variables

Case Nam. Observed Predicted Residual

1 0.2660 0.2421 0.0239

2 0.2410 0.5279 -0.2869

3 0.3100 0.2968 0.0132

4 0.6200 0.4379 0.1821

5 0.2300 0.3357 -0.1057

6 0.3720 0.2751 0.0969

7 0.5000 0.1966 0.3034

8 0.7770 0.6401 0.1369

9 0.1740 0.2482 -0.0742

10 0.5600 0.5435 0.0165

11 0.5380 0.4196 0.1184

12 0.1150 0.1912 -0.0762

13 0.0870 0.0870 0.0000

14 0.1000 0.1062 -0.0062

15 0.0710 0.1067 -0.0357

16 0.2940 0.2847 0.0093

17 0.1660 0.4012 -0.2352

18 0.5000 0.5462 -0.0462

19
.

0.0590 0.0676 -0.0086

20 0.4380 0.3839 0.0541

21 0.2440 0.2646 -0.0206

22 0.4540 0.3912 0.0628

23 0.3550 0.3854 -0.0304

24 0.1050 0.1450 -0.0400

25 0.3410 0.3839 -0.0429

26 0.3770 0.2646 0.1124

27 0.5170 0.4822 0.0348

28 0.3870 0.3854 0.0016

29 0.1610 0.1048 0.0562
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19. COLC. For this variable a count of 1 was given for each column

and a count of 1 was given for each regrouping in the largest

addition and subtraction exercise in the problem, If no

addition or subtraction was required, a count of 0 was given.

20. QW0T. A count of 1 was given for each digit in the quotient

if division was required and 0 otherwise.

The set of 19 variables was coded for use on the set of 29 problems

which had been rearranged from highest to lowest in order of probability

correct. One additional problem (P(correct) = .50) was added to bring

the total number of problems up to 30. The set of 30 problems was being

prepared for administration to several groups of new students for repli-

cation of the earlier analyses.

A regression was run on the 30 problems using all 19 variables.

The sunnary of this analysis is presented in Table 2i. The value of R

after the first five steps was 0.9315, R
2

= 0.86769. This is a surprisingly

good fit for just five variables. Perhaps even more suprising was the

strength of the computational variables indicated by their point of entry

into the regression program. Of the first five variables which entered

the regression, three were computational variables--NOMC a multiplication

variable, QINOT a division variable, and COLC an addition and subtraction

variable. The variable LENTIL which accounted for the number of words in

the prdblem statement entered first and the distractor variable DIST

entered on the fourth step of the regression. The cognitive variables

such as memory and order did not enter as soon or in the same order for

students solving problems at a CAI terminal. The observed and predicted

probability correct for each problem are presented in Table 22.
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TABLE 21

Summary of Regression Analysis of 30 Problems

Using.19 Variables

10.7

Step
Num.

Variable
Ent. Rem.

Multiple

R
2

Increase

in R
2

F Value
For Del.

Last Reg.
Coefficients

1 8 0.6684 0.4468 0.4468 22.609 0.0179

2

3

18

20

0.8395

0.9129

0.7048

0.8334

0.2580

0.1286

23-586

20.067 0.223:0

4 16 0.9254 0.8564 0.0230 4.013 0.1333

5 19 0.9315 0.8677 0.0113 2.055 0.0684

6 5 0.9350 0.8742 0.0065 1.189 0.c421

7 7 0.9400 0.8836 0.0094 1.761 -0.1679

8 vu4 4 0.9428 0.8889 0.0053 1.012 -0.3726

9 17 0.9462 0.8953 o.0064 1.206 0.0896

lo - 6 0.9470 0.8968 0.0015 0.303 -0.0902

11 VBL2 2 0.9477 0.8981 0.0013 0.220 0.0600

12 VBL3 d
7 0.9487 0.9000 0.0019 0.329 0.0580

13 15 0.9499 0.9023 0.0023 0.362 -0.1434

14 14 0.9532 0.9086 0.0063 1.052 0.0880

15 lo 0.9541 0.9103 0.0017 0.260 0.0565

16 9 0.9542 0.9105 0.0002 0.038 -0.0711

17 13 0.9543 0.9107 0.0002 0.010 0.0298
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TABLE 22

Gbserved and Predicted-Probability Correct

for Each Problem

Case Num. Observed Predicted Residual

1 0.7770 0.6645 0.1125

2 0.6200 0.5727 0.0473

3 0.5600 0.5600 0.0000

4 0.5380 0.3721 0.1659

5 0.5170 0.4585 0.0585

6 0.5000 0.5510 -0.010

7 0.4540 0.4457 0.0083

8 0.4380 0.5774 -0.3.394

9 0.3870 0.3254 0.0616

10 0.3770 0.1840 0.1930

11 0.3720 0.6047 -0.2327

12 0.3550 0.3345 0.0205

13 0.3410 0.4647 -0.1237

14 0.3100 0.1917 0.1183

15 0.2940 0.2953 -0.0013

16 0.2660 0.2168 0.0492

17 0.2440 0.2957 -0.0517

18 0.24l0 0.2779 4.069

19 0.2300 0.2740 -0.0440

20 0.1740 0.1845 -0.0105

21 0.1660 0.1317 0.0343

22 0.1610 0.1497 0.0112

23 0.1150 0.1427 -0.0277

24 0.1050 0.1333 -0.0483

25 0.1000 0.1082 -0.0082

26 0.0870 0.0870 0.0000

27 0.0710 0.0813 -0.0103

28 0.0590 o.0134 0.0006

29 0.0100 0.0153 -0.003

30 0.0100 0.0098 010002
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Only the first five variables contributed to an increase in R2 of

one per 'cent or more; The regression equation after the fifth step was

zi = -.73 + .02x2 + .19x3 + .22)(4 + .03x5 + .23)(6 .

Table 23 presents the regression coefficients, standard errors of

regression coefficients, and computed T-values for each of the five

variables. Only one of the variables, COLC, failed to reach significance

at the .05 level.

TABLE 23

Regression Coefficients, Standard Errors of Regression

Coefficients, and Computed T-values

Variable

Regression Standard Computed
Coefficient Error T-value

3.107034*--length .01955 .00626

distractor .18769 .08924 2.1003*

x1. multiplication .22076 .02705 8.1537* **

x5 addition-subtraction .02819 .01966 1.4847

x'
6

division .22983 .05979 3.8429***

**
P < .05 P < .01

***
P < .001

The correlation matrix for the variables is shown in Table 24.

Variable one is the observed percentage correct and variable seven is

the transgenerated dependent variable. The mean and standard deviations

for each variable are given in Table 25. The summary for the five-step

regTession analysis is given in Table 26.

109
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TABLE 214-

Correlation Matrix for Each Variable

Variable
Number 1 2 3 4 5 6 7

1

2

3

4

5

1.000 -0.637

1.000

-0.533
0. 610

1.000

-0.413
-0 .007

-0.145

1.000

0.001

-0.205

-0.147

-0.090
1.000

-0.454
0. 606

0.605
-0.226
-0.118
1.000

-0.926
0.663

0.543

0.503

-0.092
0.566

1.000

TABLE 25

Means and Standard Deviations for Each Variable

Variable Mean
Standard
Deviation

P(c) 1 29.59667 19.55739

Lenth 2 35.73333 9.63447

Distr 3 0.33333 0.66089

Nome 4- 1.46667 1.67607

Cole 5 2.13333 2.25501

quot 6 0.43333 1.00630

7 0.51014 0.58148
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TABLE 26

Summary of Five-step Regression Analysis

Multiple R 0.9315

Std. Error of Est. 0.2325

Analysis of Variance:

DF Sum of Squares Mean Square F-Ratio

Regression 5 8.508 1.702 31.485

Residual 24 1.297 0.054

Variables in Equation: (Constant = -0.73442)

Variable Coefficient Std. Error F to Remove

Lenth 2 0.01955 0.00626 9.7476(2)

Distr 3 0.18769 0.08924 4.4233 (2)

Nomc 4 0.22076 0.02705 66.6153 (2)

coic 5 0.02819 0.01966 2.0545 (2)

Quot 6 0.22983 0.05979 14.yi15 (2)
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In summary, the linear regression model described in this paper has

given a surprisingly good account of the difficulty level of a somewhat

artificially arranged set of verbal ImAllems for fifth-grade students.

Five variables were found to account for almost 87 per cent of the

variance in the observed probability correct. The variable which

accounted for most of the variance was NOM (32 per cent) a multipliLa'..ion

variable, followed by War (23 per cent) a division variable, then LENTH

(21 Fer cent) the rambler of words in the problem statement, DaSTR (11 per

cent) the verbal distractor variable, and finally COLC (1 per cent) the

addition-subtraction variable.

Before one tries to apply these findings to a real-life situation,

however, a good deal of replication neeis to be done to either confirm or

deny the findings reported here. For eximmple, which variables enter first

for students at different grade levels or for students with different

backgrounds or skill levels. Further, variables for students solving

problems on a CAI system that eliminates the need for computational

facility should be compared with the variables that were found to account

for most of the variance in this study-, i.e., for students required to do

their own computations. Perhaps we can then get a clear picture of the

distinction between levels of cognitive skills. It may be that stepwise

regression techniques will provide a more suitable vehicle for determining

whether aptitude-interaction factors do exist.

One indication of the differential effect amoLg the several

variables for on-line and off-line problem solving is indicated by the

data shown in Table 27. The set of variables found so effective in

predicting the prdbabilitycorrectfor the set of 30 word problems was

tested on the data from the Suppes, Loftus, and Jerman (1969) study.
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As can be seen from Table 27, the overall fit is not as good and the

order of entry of the variables is quite different from that shown in

Table 21.

The first five variables from each analysis are shown below.

The multiple R after five steps is

Step From Table 21 From Table 27

1 Lenth Oper 2

2 Nomc Lenth

QUO Ordr 2

4 Distr Recal

5 Cole 2 S
2

932 .747

also given. The data from Table 21 were based on paper-a .d-pencil work

and the data from Table 27 on CAI work. It is clear from a study of

the tables that the same variables do not enter in the same order or

account for the sane amount of increase in R
2

in each case. The

variable Lenth does enter early in each case, however, and seems to be

a consistent early entrant.

It is unfortunate that the intact set of problems analyzed in

Table 21 was never run on the CAI system so that the variables entered

both On-line and off line could be analyzed. Many of the thirty problems

in the set were included in the problem-solving strand, but upon entry

the problem set was split and items were scattered throughout the strand

according to another set of variables all without the author's knowledge.

This made comparison for purposes of the present study practically impossible.

Nevertheless, it does appear that the variables affecting item difficulty
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TABLE 27

Cceputational Variables Run on Suppes, Loftus

and Jerman (1969) Data

Step
Num. Name

Variable
Ent. Rem.

Multiple

n
2

Increase

in R
2

F Value
: ,r Del

Last Reg.
Coefficients

1 Oper 2 8 0.5722 0.3274 0.3274 30.674 0.0427

2 Lenth 2 0.6539 0.4276 0.1002 10.844 0.0266

3 Ordr 2 9 0.7070 0.14999 0.0723 8.809 0.1543

14 Recall lo 0.7367 0.5427 0.0429 5.641 0.2526

5 s
2

6 0.7466 0.5574 0.0147 1.949 0.1276

6 Nomc 12 0.7607 0.5787 0.0213 2.923 -0.504 3

7 Memory 7 0.7725 0.5968 0.0181 2.555 -0.0440

8 Cole 15 0.7768 0.6034 0.0067 0.938 0.1212

9 Divis 3 0.7782 0.6056 0.0029 0.310 0.1165

10 Vblc 2 11 0.7796 0.6078 0.0029 0.3014 -0.0576

11 Quo 16 0.7803 0.6089 0.0011 0.133 0.0111

12 S
1

5 0.7806 0.6093 0.0005 0.080 -0.0263

13 Seq 4 0.7810 0.6100 0.0006 0.071 0.0458



are difrerent when comparing problems that do not require computation

with problems that do require computation.

It is too early to attempt an exploration of the observed

differences in the entry points of the variables used. More work needs

to be done. However, preliminary evidence suggests that one must not

jump to conclusions about which variables are the most important con-

tributers to the difficulty of verbal problems in arithmetic without

first considering the tools at the disposal of the student who is to

solve the problem.

321
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