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Foreword

This tentative guide has been written to aid teachers in presenting
an updated course in trigonometry. The function concept as a set of
ordered pairs and the analytic approach are key features of this guide.
The lessons as well as the homework assignments are given as sug-
gestions, The teacher should feel free to modify the lesson structure
as may be appropriate for the student in his class, This guide serves
as a framework within which the teacher should base the course in
trigonometry. If teachers desire to alter the course to a considerable
degree, they should discuss this with their department chairman or
supervisor. Since this guide is tentative and will be revised after being
used in the classroom, teachers are encouraged to offer suggestions
and criticisms which will strengthen the outline.

Teachers should not overlook the excellent transparency pro-
jectuals which are in each mathematics department. Visual and graphic

means should be used whenever possible.




MATERIALS OF THE COURSE IN TRIGONOMETRY

Plane Trigonometry with Tables by E. R, Heineman will be used
as the basic text.

The references to the right of the scope in the outline indicate
helpful or additional materials for the teacher and pupils.,

Code Title _o__f_ Reference

RWM

Rosenbach, Whitman, Moskowitz, Plane Trigonometry
with Tables. New York: Ginn and Company. 1943

FSM - Freilich, Shanholt, McCormack. Plane Trigonometry.
Morristown, N. J.: Silver Burdett Company. 1957,

B - Brant, Vincent. Relations, Functions, and Graphs.
Towson, Maryland: Board of Education of Baltimore
County, 1962,

AK - Aiken and Beseman. Modern Mathematics: Topics and
Problems. (Teacher's Edition). New York: McGraw-
{ Hill Book Company.

BW - Butler and Wren, Trigonometry for Secondary Schools.
Boston: D.C, Heath and Company. 1948.

M - May, K. O. Elements of Modern Mathematics. Reading,
Massachusetts: Addison-Wesley Publishing Company.
1959.

Br - Brady Transparency Projectuals
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APPENDIX I

SPECIAL RIGHT TRIANGLES

Certain right triangles appear frequently in problems of the physical
world such as engineering and in problems of related mathematics courses such
as trigonometry. These special right triangles may be classified into sets of
triangles, each set containing only triangles that are similar to one another. You
should be able to recognize the special right triangles discussed in this unit, to
understand the relationships that exist for each set, and to apply these relation-
ships in the solution of problems.

I. 1}5 3, i, _S_right trianjgles.
_ - Since 32 + 42 = 52, the converse of the Pythagorean Theorem tells us that
a triangle whose sides have measures 3, 4, 5is a right triangle. In a similar
- manner, we can conclude that if any positive number k is used as a constant of
'Pr.O'.pOrtiOnality, then a triangle whose sides measure 3k, 4k, 5k is a right tri-
‘angle; For example, any triangle whose sides measure 6, 8, 10 or 150, 200,
' 250 is a member of this set of right triangles.

Example 1. Find the length of the hypotenuse of a right triangle
if the length of the two legs of the triangle are 18 and 24.

" You should note that the triangle is a 3, 4, 5 right triangle
with 6 as the constant of proportionality since 18 =6 - 4. There-
-fore, the length of the hypotenuse of the triangle is 6 - 5 or 30.

!_,awva
\

Examgle 2. Triangle ABC is a right triangle with £ C as the
‘ ‘vr1ght angle. AC = 75 and BC = 45. Find the length of AB.

o Since the length of AC is 15 . 5 and the length of BC is
-15 * 3, the triangle is a 3, 4, 5 triangle with 15 as the constant
‘ofk_proporuonahty. Therefore, AB must equal 15 + 4 or 60.

L The 5, 12, 13 right triangles.

Explain why a triangle whose sides have measures of 5, 12, 13 is a right
aihqie. Explain why a triangle whose sides have measures of 5k, 12k, and 13k is
U a rzght trzangle if k is some positive. number. Explain why all these triangles are
o f"""',;7_-‘szm11a.r. ‘Give other examples of three numbers which are the respective meas-

ures o£ the s:.des of triangles in this set of similar r1ght triangles.

' “f_Eﬂn_B_l_e 1. Find the length of the hypotenuse of a right triangle if the
: engths of 1 the two legs of the triangle are 15 and 36,

' _',Y,ou s;hould note that the triangle is a 5, 12, 13 right triangle
'}wzth'3"as the constant of proportionality since 15 =3 - 5 and

: " 12, Therefore, the length of the hypotenuse of the right
e1zs‘3 . 13 or 39 C o .




Example 2, Triangle ABC is a right triangle with £ C as the right angle.
If the hypotenuse of the triangle has a measure of 78 and one of the legs

of the triangle has a measure of 72, find the measure of the other leg of
the triangle. '

Since 78 = 6 . 13 and 72 = 6 - 12, the triangle is a 5, 12, 13 triangle
with 6 as the constant of proportionality, Therefore, the measure of the
other legis 6 « 5 or 30,

i, The 30, _ég, 90 triangles.
usually designated by measures of angles rather than lengths of sides. Suppose

that in AABC, mZ C =90, m< B =60, mZ A =30, We know by Theorem 5 « 7
~on page 202 of your text, that the length of BC is one-half the length of AB.

i
j, ~ Unlike the sets of triangles in (I) and (II), the triangles in this set are
|

If we let m (BC) = a, then m(AB) = ¢ = 2a, and by the Pythagorean Theorem

, a2 + b2 = (2:—3.)2 B
a2 + b2 = 4a2 b
b2.='3a2
b = a \]_3-—

s '_."i:_’ 3 o T'hus we see that if AABC is a 30, 60, 90 triangle (a, b, c) 1=) (1, N 3, 2).

C We can also prove the converse of this statement. If AA'B'C'is a tri-
‘;-'angle with (B'C!,’ C‘A' A'B') :p (1,N 3, 2), then AA'B'C' is a 30, 60, 90 tri-
_ -_f{__angle.,

e " We know that AA'B'C' is similar to A ABC by the SSS Similarity Theorem.
,,"'-._‘_:_v_f_Therefore, m £A'=30, mZ B' =60, and m £ C' = 90 because corresponding
o ._'angles of sxmxlar triangles are equal in measure.

. The above dmcussmn can be summarized in the following.theorem and
'olla.nes' ‘

Theorem A. Triangle ABC is a right triangle with
’.F;.':::- »'_mé A=30, m{ B= 60, m £ C = 90 if and only if
N : s jv(a-: b: C) P (1, ‘\; 3, 2). ,
‘-_""?”'_'Corollary l. 1In aright triangle whose acute angles have
»measures of 30 and 60, the shorter leg is one- half the
B -3
30

r llary 2 In a r1ght tr1ang1e whose acute angles have‘- ‘
measures of 30 and 60, the longer leg is equal to one half




Examglé 1. Find the length of the altitude of an equilateral triangle if the
length of one of the sides is 8. .

The altitude of an equilateral triangle bisects the
vertex angle making a 30, 60, S0 triangle:.

(4, x, 8) p (LN 3, 2).
The constant of proporticnality is 4.
Therefore, x = 4 N 3,

g oo [

The problem can also be solved by using
= Corollary 2.

60 = N3 2“33

8 N3
2

4N 3,

%60

i

f60

Example 2. Find the measures of the sides of a 30, 60, 90 triangle if

the length of the longer leg of the triangle is 10.

(a, 10, c) p (1, N 3, 2).

The constant of proportionality is —1-9—-. 0

N 3

10

Therefore, a = -1—0- and ¢ = 2 10, or
N3 3 _
10 N3 20N 3 60 1

a= 3 and c = 3 .

IV.: “The 45, 45, 90 triangles.

L Smce the triangles in this set have two angles that are equal in measure,
iﬁthey are sometimes called isosceles right triangles. We can prove that the

'lengths of the s1des of any isosceles right triangle are pr0portmnal to (1, 1,
o Ind AABC mA C=90, mZ A=m £ B =45, If we let the 5
{-,j_‘length of AC = a, then the length of BC = a. Why? '
: ;_,'By the Pythagorean Theorem ' a
et : 2 2 2

c =a +a ,

éz = Za2 - '

R a

' .'c. = a -

N2

efore ‘V“we see that 1£ AABC is a 45 45, 90Atr-.i.'ang.1e,. (a.a,C); (_1_,,.A 1.'JZ)




We shall now prove the converse of this statement. If AA'B'C! is a tri-
angle with (a', b', c') p (1, 1, N 2}, then AA'B'C'is a 45, 45, 90 triangle.

We know that AA!B!C! is similar to AABC by SSS Similarity Theorem.
similar triangles have equal measure,

The above discussion can be summarized in the following theorem and
corollary.

Theorem B. Triangle ABC is a right triangle withm £ A =m/ B =45
and m £ C = 90 if and only if (a, b, c) p (1, 1, J 2).

Corolla.rz. In an isosceles right triangle, either leg of the tz':. is

equal to one-half the hypotenuse multiplied by V2 sy = R V2 )
2

Example 1.  Find the length of the hypotenuse of a r1ght isosceles triangle
if each leg of the trxangle has 2 measure of 6. A

(6, 6, c)p (1, 1, N2
The constant of proportionality is 6.
Therefore, ¢ = 6N 2.

o '.Exémple 2. Find the length of each leg of an isosceles
. right triangle if the length of the hypotenuse is 5.

(a, a, 5)p (1, 1, N 2)

The constant of proportionality is 2 .

N2
5 5 Nz

Therefore, a =— , or
' N2 2 .
The problem can also be solved by using the corollary.

. _hN2
45 -2

5N 2
2 -

845 ©

Problem Set

ght trlangle are given. Which of the measures belonb to a triangle similar

1, 1, '\} trlangle? ‘
o (e) 3,6 | (i) 6, 65

wazdE o Qaeze
o S _(-g) 10 o 0 (k) 3 N2, 5. N2

Therefore, m £ C =90, m £ A =45, m £ B = 45 because corresponding angles of ‘

"'the 3, 4; 5 triangle? to the 5, 12, 13 tr1ang1e'? to the 1, W 3, 2 triangle? tou-‘




2. In each part of Problem 1, find the length of the side which is not given,

3.

Complete the table for the right isosceles triangle in the diagram.

Complete the table for the 30-60-90 triangle in the diagram,

-plane figure is given,

B

C

B

30

A

C

b

C
N\

(a)
(b)
(c)
(d)

a c
(a) 10
(b) 5
(c) 9
(d) 6
(e) 3 N2
(£) 54 2
a b c
(a) 10
(b) 5
(c) 18
(a) 9N 3
(e) 29
(f) 12N 3

m(AB)
8

m(BC)

5. '- 'I.n each of the following exercises the length of one segment in the adjacent
Find the lengths of the remaining segments,

m(CD) m{AD) m{DB) m{AC)

N

. 6;'5;_:1b’sé"the_ three corollaries in this unit to find the length of AB and BC in each of |
.+ - the following plane figures. You should do all work mentally and write only




7. In the diagram, BC | AC and mZA = 30, A

(a) If m(AB) = 6, find m(AC), \,.—IC
(b) If m(AB) =4 w3 Tind m(AC).

" (¢) I m(AC) = 9, find m(AB). Al—"
(d) If m(AC) = 6 N3, find m(AB).

8. Repeat problem 7 if mzA = 60,

9. -In the diagram, AABC is an equilateral triangle
- which is inclined at an angle to plane K,
. The measure of the dihedral angle C-AB-X is 60;
. . CXis perpendicular to plane K; CD is per-
.+, pendicular to AB, Find the measure of ea¢h C
- of the following segments if the measure of
AB =6, ‘

' (a) AC @ cx

() BC (e) ~ AX
(e} CD (() BX

f"ll'(');‘.“?-’:_'.,Rl'e,p‘e;t__'pi-oblem 9 if the measure
of the dihedral angle is 30; (b) 45.
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1.

3.

REVIEW OF ELEMENTARY SET CONCEPTS

Member

Set Notation

Infinite set

Finite set

The empty set

Equal sets

Subset

Each objeét in a set is called a member (or element)
of the set.

The symbol "< " means "belongs to" or "is a member
of" or "is an element of. "

(1) The phrase method

Example: the set of the (names of the) vertices of
AABC

(2) The roster (listing) method

Example: Using the same set as in (1) above:
{A, B, C}

(3) The rule method
Example: Using the same set as in (1) and (2) above:
{ x | xis a vertex of AABC }

This is read as "the set/ofg}_l x such that x is a
vertex of triangle ABC.

A set which is unending is called an infinite set.

A set in which the members can be listed and the listing
terminates is called a finite set.

The set which contains no members is called the empty
set or the null set.

The symbol for the empty set is "¢ "

Two sets are equal if and only if they have the same
members.

Set A is a subset of set B (denoted "A(B ") if and only
if each member of A is also a member of B,

Every set is a subset of itself; that is, if A is a set,
then AC A.

The empty set is a subset of every set; that is, if A is

Set A = set B if and only if AC B and BC A.
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9. Disjoint sets

10, Intersection

11. Union

Set A is a proper subset of set B if and only if there
is at least one member of B which is not a member of A,

I
~
-
w
»
o
—

Examples: Let A =

BHOOUW
]

Then, ACB;C(CB
ACDand DC A; hence A =D
A and C are proper subsets of B

ACA;BCB;cCc;pCro; ECE

¢ is a subset of every set A, B,C, D, E.
But E({ B ( E is not a subset of B)

Two sets which have no members in common are called

disjoint sets.

The intersection (denoted by " () ") of two sets A and B
is the set consisting of all the members common to A
and B.

Symbolically, A (1B ={x | x€ Aandx< B}
If A and B are disjoint sets, then AMB = ¢.

If two sets are said to intersect (verb form), then their
intersection has at ieast one member; that is, their in-

tersection is non-empty.

Exampies: LetA={1, 2, 3, 4, 5}
B={3,4,6,7}
c=1{1, 3, 4, 8}
D={10, 11, 12}

The union (denoted by "\ ") of two sets A and B is the
set consisting of all the members which are in at least
one of the two given sets A and B.

Symbolically, AUB={x |x& Aorx< B}

Observe that the connective "or" in mathematics is used
in the inclusive sense: that is, x i3 a member of A or x
is a member of B or x is a member of both A and B.
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8

12. Cartesian
Product

13, Relaticn

14, Domain of a
relation

15. Range of a
relation

Examples: LetA ={1, 2, 3, 4, 5}
B={3,4,6, 17}
c={1, 3, 4, 8}
Then, AUB={1, 2,3, 4, 5 6, 7}
BUC={1, 3, 4, 6: 7: 8}

The Cartesian Product of two sets A and B (not necessarily
different) is the set of all ordered pairs in which the first
coordinate belongs to A and the second coordinate belongs
to B,

The Cartesian Product of A and B is denoted as:

A X B (read "A cross B")
Example: LetA={a, b, c, }and B={1, 2}
Then, A X B = { (a, 1), (b, 1), (c, 1), (a, 2), (b, 2),(c, 2) }

A relation is a set of ordered pairs.
or

A relation from A to B is a subset of A X B.

Example: Let A={a, b, c };letB={1, 2}
Some relations from A to B are:

Relation R = { (a, 1), (b, 2), (c,1) }
Relation Q = { (a, 2) }
Relation T = { {a, 1), (b, 1), (c,1) }

Of course, A X B is also a relation.
Also, the empty set, ¢, is a relation.

The domain of a relation is the set of all the first coor-
dinates of the ordered pairs of the relation.

The range of a relation is the set of all the second coor-
dinates of the ordered pairs of the relation.

Example: Let Relation T = { (a, 2), (b,3), (a, 5), (c,2) }

Then, Domainof T = { a, b, c }
Range of T = {2, 3 5}



16, Function :

17. Tests for a
-~ function :

A function from A to B is a special kind of relation such that
for each first coordinate there is one and only one second
coordinate.

Stated differently, no two ordered pairs of a function may have
the same first coordinate. Hence, the first coordinates in the
ordered pairs of a function must be different. However, the
second coordinate may be the same.

Examples: D = { (1,a), {2,b), (3,c), } is a function.
E={(,a), (2,b), (1,c) is not a function;
it is a relation. T
K={(1,a), (2,a), (3,a) } is a function---
in a particular, a constant function.

Note: Domainof K={1, 2, 3}
Rangeof K ={a}

I={(x,y) | y=x}is a function.

Note: Domain of I is the set of real numbers.
Range of I is the set of real numbers.

(2) The ordered pair test

A relation is a function provided every first coordinate
is different.

(b) The vertical line test

A relation is a function provided every vertical line
intersects the graph of the relation in exactly one point.
If at least one vertical line intersects the graph in more
than one point, then the graph does not represent a
function, but a relation.

18. Comparison of

f and f(x) :

In the function, f= { (x,y) | y = 5x }

(a) the function f is the entire set _o_f ordered pairs.

(b) £(x) is not the function.

(c) "y",. "f(x)", "5x" are different names for the second
coordinate. Thus the function f might be written in
different forms, as:
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(d)

f={(cy)|y=5x}

or

£={ (x,£(x) ) | £(x) = 5x }

or

f={(x,5x) | xis a real number }
The function is not "y = 5x".
Instead, "y = 5x" is a sentence which defines
the function. This sentence assigns to each real
number used as first coordinate another real

number 5 times as large for its corresponding
second coordinate.

"f(x)" is read "f at x" or "f of x" or
"the value of the function f at x".

The function, £= { (x,y) | y = 5x } is read:

the function f defined by y = 5x
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HOMEWORK ASSIGNMENT

Study assignment: Study pages 1 - 5 in this Review of Elementary Set
Concepts

Written assignment:

1. Construct the cartesian product of A X B where

A={r,t, k}and B={ 6, 16, 1526 }

2. Construct the cartesian product of R X S where

R={0,2,4 6 }andSs={1, 3, 5}

3. Construct the cartesian product of E X D where

D={a}and E={1}

Directions for Examples 4 - 13:

Each of the following relations is a relation from R to R where R is
the set of real numbers. In each example, complete the following parts:

e a. Draw the graph of the relation,

g b. State whether the relation is a function.
c. State the domain of the relation.
d.

I
l
|
State the range of the relation. ‘
4. R={(ay) |y=x} )
5. 5={ (xS(x)) | Sk = >x)
6. T={(xy)|y>5x}
7. U={ by |y=x"}
8. V={(x,V(x)) | Vix)=2x-5}
9. W={ oy |y=x}

10, X

{ (x,y) |x2+y2=25}

11. Y ={ (x,y) Ixy=12}

12. G={ (x,G(x)) | G(x) =5}

13, H={ (x,y) | x=3}

O
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Trigonometric Functions

Let P with coordinates (x,y) be a point on the terminal side of an angle with
measure U in standard position. Letr =N x & + y2 represent distance of P
from the origin. \

P (x,y)

0

N O
1. The Sine Function \ x

Y

Sine (or sin) = { (8, sin@) | sin O =-§ }
Observe that:
(1) 8 is a number----a number that measures the magnitude of the angle

in degrees or radians.

(2) sin © is a number ~-~~the number which is assigned as the second
coordinate by the defining sentence

sin 6 = A
r

(3) sin 9 is NOT the function.
sin 0 is the name of the second coordinate in the sine fuaction.

sin 0 is the VALUE of the sine function at 9.

(4) Each ordered pair of the sine function has real numbers for the first
and second coordinates.

These ideas apply as well to the remaining trigonometric functions.

2. The Cosine Function

cosine {or cos) = { (8, cos 9) ] cos 0O =§- }

3. The Tangent Function

tangent (or tan) = { (6,tan 6) | tan @ =§- } |

4, The Cotangent Function

}

cotangent (or cot) = { (9, cot 8) | cot 6 =$~

5. The Secant Function

secant (or sec) = { (8, sec 8) | sec § =§- }

6. The Cosecant Functicn

cosecant {or csc) = { (8, csc 9} f csc 0 =
-8

99 ;
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