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FOREWORD

TIME: That is the word, Not enough of it, This booklet has
got to be described as a pilot project, because It've got to
have some excuse for the many errors youfre bound to find in
it: I set myself the task of putting it together in just
two weeks; of course, I've been involved for seven years, sO
there is obviously more than just two weeks worth of work in
the booklet, .

However, what I did have to do was to meke up sample
solutions, hints or what have you for some 175 problems,
plus clean up some 40 others already done, This was quite
8 chore «w=~ although not an unwelcome one «-= and I'm not
qulte ceértain that I did such a hot job, The answers in my
possesslon for these problems have been hendled at least
twice previous to my placing them in this Journslj I agreed
in my mathematics with all but four of them¢ Two of them I
chenged (no I'm not going to tell you which ones) because
1t looked pretty definite to me that arithmetic was the only
difficulty to be overcome, ‘

And I've never been known to meke an error in arithmetic)
Well, hardly ever;

The other two problems (or was it twenty) I have left
as I found themj but my choice for the encwer will be found
in my semple solutioni, You'll find 1t when you get there,

_ Of course this is excluding the four I couldn't get at
alle What I did arrive at, I've presented for your perusal w—w
plus e few suggestions as to how you might go about flnding
a Vvalid solutioni

Gene Devereaux, former Executive Secretary of the Leasue,
1s respongible directly for most of the solutions from the
1965 =« 1966 school year, although I've embellished and made
up_ some new ones), He 1s also indirectly responsible for the
solutions given for the last two years, since as our consultant
on problems he has been sending me semple solutions for all .
those problems, However; in both casegs I am finally responsible
f?r whatever has been presented within these pages, because
I1've picked and chosen from a multitude of solutions, snd
the final form and choice has been mine;

In this sense, just let me mention a few of the nemes who
are directly responsible for at least one or more of the sample
solutlons in this booklet, This is a bit dangerous since I'm
bound to leave some people out, but I cen specifically point
out a solutlon directly attributable to each of these individusls
Wwhich was rather unique to each of them; They include, besldes
Gene Devereaux, Grent Duffrin (our other consultasnt), Elliot
Lemb (President of the League the past three years and Author
of the last two sets of Play«Off problems), Tony DilLuna,

George Lenchner, Ezra Reed, Bob Nelson, Al Smith and John
Titterton, ‘

And there 1s glso one long litany of students who have
been responsible for meny (if not most) of the more clever
end incisive solutions,

o By the way, the sample solutions are totally worthless
F l(js the problem is first investigated in depthi They have

IToxt Provided by ERI
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been designed that way. Unless you're deéply involved in the
problem, you won't find enything there of value, These are
difficult problems that our suthor has presented us with,
and they will not yleld to wlll 0 the whisp or whims Concenw
trated effort would be more like it.

One last warmingt I haed lost all the answers for the
1965 « 1966 problems, so the ones produced within these
peges mlght not be absolutely, However, I'm sure yau'll
want to put your trust in me, Ho=HowHo,

What to do i1f you're really bugged? Dron me a line at
Syosset High School), If I can't give you satisfaction. I‘1ll
try to find someone who will;

DECIMAL NOTATION: 60,3.4.27 means that the problem in question
was first presented in the year 1959 = 1960 {only the Spring
of the year has been kept)j 1t was the zrd problem of that
year; the time alloted for it was four (&) minutesy and 27%
of the Mathletes attemnting it 1. competition were successful
in arriving at a correct solutio...

I em missing 12 of the alloted times; two from the 61
year, and ten from the 62 year. You'll just have to use
your own lmagination in guessing how much time the author
alloted for these vroblems.

On the other hend, the percentage 1s really significant
as far as I'm concerned; This tells you how difficult the
problem was; and will either boost your morale when you
get a tough problem, or be a blow to your ego when you can't
éven come close to a sotution for an easy onei There should
be several in the latter category ~we~ but I know that some
of the high percentage problems were very cleverly guessed ati
So don't neglect to bulld your guessing prowessi

In 1964, 1966, 1967, and 1969 there are some A's instead
of percentagesy this is because the problem as originally
glven was A mess, These six problems with the A's have been
ochanged from the originals to a more (hopefully) meaningful
forms But only those problems which were really foulwups
have been chenged; others which were still meaningful (but
not necessarily whet the author intended) have been left in
their original form| ' ‘

At eny rate; here 1t isi{ Your own problem booki No
more excuses, You can study our author, Harry Sltomer, at
great lengthi He does bring back the oldles and goodies,

I believe if you can handle every problem in this book youtlve
got to be good for at least 15 points a year, The only two
students I've known who had done all these problems were
first end second in the county. So get the show on the road
1f you intend to impress as a Mathlete,

As for myselfy, I expect to be number one in the County
thls coming yearitii)

Jé Patrigk Titterton

Q. ' July 6, 1969
ERIC>ops; 1%'s 2AM ; meke thatt) July 7, 1969
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NCIML PROBLEMS 1959 = 1960

60s1e3.04

How many even multiples of
? are there between 1 and
1,000’000 that are also
squeres?

6042,5.04

A number is one more than
1ts reciprocale Find the
sum of the fourth power of
this number and the fourth
power of the reciprocal,

6034427

A msn walks one mile east,
then 1 mile northeast and
then 1 mile noxrth, Find the
number of miles between his
sterting point,and ending
point, as the orow flies, to
the nearest hundredth of a
mile.

60:k+06,08
The roots of the equation

2%° = mx = 8 = 0 differ by
m«ls Find two values of m,

60:5:6403

ABCD 1s a squere. A polnt,
P, within the squere is 8
inches from A, 6 lnches from
B end 5 inches from C. Find
the number of square inches
in the square drawm on D
as a slde,

604645.72
In 1932, a boy was as old

Q | the last two diglits of
“RICs yesr of birthi Els

grandfather was able to say
the same thing sbout himself,
How many years older was the
grandfather?

60,7:5i64

Fight girls leave a group of
boys and girls and then the
retlo of boys to girls is 3i1l.
Thereafter, 20 boys leave and
the ratlioc of the remalning
boys to glrls changes to 513,
How meny girls were there to
begin with?

60.846.28
In right triangle ABCy, AC =
160%, = 120", end & 1 the

right angle. The perpendicuw
lar bilsector of AB starts at
P In AB end ends in D, a point
in AC. Find the number of
inches in FD;

60:9.6420°

For what value of n will the
product of the resl roots of

2/ L1220 4 27 2 0 be 37

604105737

Two clrcles are concentric,
The radius of the smaller one
1s g inches end that of the
larger 1s 2a inches: If the
smaller radius 1s diminished
bY X inches and the larger
1ncreased by x inches, then
the area between the circles
1s doubleds Find the ratio
of xtai '

60,11:4433

A book 1s-t0 have 250 pages
that will be numbered with
arabic numerels, How many

.



tlmes wlill the diglt %2% be
used in numbering these pages?

60412,6,13

A merchant buys goods at
ho% off the 1ist price;
marks hls goods so that
after glving a discount of
33§% he will still have a

He

profit ef 20% of the marked
price, What is the ratio
of the marked price to the
list price expressed with
smallest possible positive
integers?

60413.8,26

An lsosceles trapezoid has
bases of 12 inches smd 20
inches respectively, and each
xrm 1s 8 inches longi A
line segment 1s drawn par-
allel to the bases diwiding
the trapezoid into two
trapezolds having equal
perimeters; Find the ratio
of the area of the original
trapezold to that of the
smallest oney in terms of
smellest positlive integers,

60414.5,58
Solve for x:

logy (2 = hx + 5) = 2§

60156434

The sldes of a pentagon are
prolonged to form a five
polnted ster whose engles
form emn arithmetic progregw
slon haeving a common differ-
ence of 2 degrees{ Find the
number of degrees in the
smallest of these angles.

~1

60,1645,L2

Suppoge that a right angle

is divided into 100 equal parts
celled centiangles and that
egch centlangie s further
divided into 10 equal parts
called xilliangles, How many
centiangles and milliangles

are therey, to the nearest
milliangle, in 35° 20t ¢

60461746429

Solve for Xy, ¥y and zt

%E%»+ %5% = 4; %E% + fg% = L

1 L .
P il 2.

60418(6451

Triangle ABC 1s inscribed 1n
a circle whose center is 0.
If angle B = 18° and angle

C = 40°, find the number of
degrees 1n the angle formed
by A0 and the bisector of
angle A.

6041947613

Find the §r1me factors of
(x=1)(x=2) (x=3)(x-4) = 24
whose coefficlents are integerse

6042058415

In quadrilateral ABCDy AB = i
7 inches, BC = 20 lnches,

CD = 14 inches, DA = 23 inches 3
end AC = 15 inches, BD inter- =
sects AC in E, Find the

ratio of BE to ED expressed i
with smallest possible positive é
integers a

6042145416 |
Two ¢locks both indicate the f



true time, nowe One galns

a second in an hour, and the
other loses 3 seconds in 2
hourse In how many days
wlll they agein both indi-
cate the true time?

6042246437

A man was twice as old as

hls wife when he was as cld
as his wlfe is now, When

she wlill be as 0ld as he i
now, their combined ages «will
be 112 years; How old is

the man?

6042346426

In trisngle ABC, AB = AC.
Point D is taken in AC and
E in AB so that BC = ED = BE;
Find the ratio of the number
of degrees in angle BDC to
that of angle EDA.

60.2U4,5.41

o et ey
B¢y find the value of
{2/(e4c)}=(1/(bte ) )=(1/(a+b) )

6042546413

Quadrilatersl ABCD is inscrib-
ed in a clicle;, If AB =

8 inches, AD = 5 ‘nchegy BC =
3 inchesz, and angle BAD = '
60°, find the number of in-
ches in DC; ' ‘

And thev's it for 59603
there were only 25 problens
given during the first five
Years of the league,

o

NCIML, PROBLEMS 1960 - 1961

61ile5432

A man travels a distance at
the rate of 5 miles per hour
and returns at the rate of
5 hours per mile, What ls
his average rate in miles
per nour?

614246423

From D in hypotenuse AB of
triangle ABC, perpendiculars
are drawn to AC, meeting it
in Ey end to BC, meeting it
in Fe If DECF is a square
end ACICB = 211, then DBE1AB =
lsxi Find x.

61.346420

A set of n numbers has the

sum g8¢ Each number 1s de-
creased by 5, then multiplied
by 5, then increased by 5.

The sum of the new set of
numbers 1s then as + bn., Find
the numerical value of atb,

61:bi5:11

In trapezold ABCD, base AB
is 15" long end base DC is
6' long, Point E is a trie
section point of diagonal AC,

" negrer A, and polnt F is a

trisection point of BD nearer
Bs Find the length, in feet,
of EF.

61,54_428

Given thet a, = 2 and o= b,

end that an+2=(3ah*1- 2&n)/3 ’
find the numerical value of

o6 |



61.6.6,07

4 number of the form abcabe,
in which a, b, and c repre-
sent digits, 1s the product
of E primes, One of these
1s 491{ Find the number,

614749409

Three circles are externslly
;ﬁngent to each other;

e rodil ¢ respectively
(371723 L (30720 P ena
g - (3) /2 inches. The area
o) by.the circle s
LA S R Tt A P
square inches; Find x.

6148492

TeXe my age 3 years henre
and triple it; Prom this
product, subtract 3 times
my age 3 yeers ago, and then
you wlll know how old I ami
How 0ld am I?

61:9.7437

In the power éb, the base
end the exponent are both
squared, The new power
may then be written as

((eP)(eP)YE, Express k as
a function of b:

6141047410

Equllatersl triengle EBF

1s inscribed in squere ABCD,
wWith E in AD and P in DC,

The slde of the triangle
measures 8", The side of the
squere measures 2( X +J2 )
inches! PFind x

61:11.6,09

O :lubs meet on Januery
ERICnhexesfter, the first

IText Provided by ERIC

club meets every second days
the second meets every third
day; the third every fourth
day; the fourth every fifth
day; and the fifth every sixth
days On how many occaslons

in the next 100 days will
exactly 3 clubs meet on the
same day?

61s12(6021
If x4y = A and xy = B, then
(1/23) + (1/33) = (a7-k)/B>,

Express k in terms of A.

61i13.6.43

One third of a contalner of
water is removed and replaced
by wine{ One third of the .
mixture is then remove¢ and
agailn replaced by wine., Thls
is done a third and a fourth
time, What fractional part

of the final mixture 1s water?

61156407

In triangle ABC, polnt D is
taken in BC so that BDIDC =
1:2, and E in AC so that
AEtEC = 3:11{ AD end BE 1lne
tersect in F, If DFtFA =
l:x, find x.

61le1545435

Find the numerilcal ValuR of
(logy125) (Log, k) (log k™)

wheze k # 04

61.16.5420

A maglclen had a magic purse
which doubled the amount of
money put into it, He agreed
to let a greedy man use the




purge 1f the magiclan was

to receive $32 easch time the
purse was used] After the
fifth doubling the greedy
men had no money lefrt, How
many dollars did he start
with?

614174605

ABCD 18 a trapezold, The
coordinates of A are (1,2),
B(7,10) end D(5,=1)¢ The
bases are AB and DC and C

is above the x~axlsi The
area of the tiragpezoid is
62,5 square unitsi ¥Find the
coordinates of G

61(18,6,17

The length of chord AC in
circle O 1s 2% gnd that of
AD is 5%, Perpendiculars

are drawn to dlameter AB from
C and D meeting AB in points
P and G respectively! If

GF = 3", find the rnumber of
inches in AB,

61419¢5.05

Find the prime fectors ofs

xb -~ 11x% + 1 3 having ratione -

al coefficients)

6142045409

Find, correct to the nearest
hundredth,

VET IV -V 68 2918
VB84+2JTF +/8=2yT8

(using only positive square
rootsj, '

61421i5:09
O
ERICaa the integer, z, if 88

IToxt Provided by ERI

tiwes z results in the number
2y831x in which x and y repw
resent diglts,

61422i5:25

Find the polynomial of lowest
degrge, whlch, when dlvided
by x§~9, x%+6x~27, or x?+12x+27 \
leaves a remeinder of 1, ExX-
press your enswer as the sum
of termsi

61:23.6417

In triangle ABC, Dy E, and

F ere midpoints of sides AB,
AC, and BC, respectlvely.

I is the mldpoint of DF, aend
N is the midpoint of EF, Find
the ratio of the area of AMN
to that of ABC wlth smallest
possible integers.

61i24i5.11

A germ culture increased lts
population in 1 hour by x%i
In the next hour it lost x%.
The net result was a loss of
36%‘ Find x,

6142546406

Thiough point D, taken in sids
AC of triangle ABC, a line

1s drawn parallel to BC, meet=
ing AB in E4 DE 1s then pro-
longed through E to F so

" that the length of FE 1s twice

that of ED; FC intersects
AR An Ge If EA = 24%¥ agnd
BGiGE = 233, find the number
of inches in AB. -

61.2645.10

A square 1s divided into 81
equal small squares, One and
only one of a set of even
consecutive integers beginning
with 4 is written in each of




the small squares, It is
then found that the sums of
the iIntegers in each row are
equal, What is thig sum?

6142746405

From a point whose coordinates
are (4,5) a path is drawm

to a point on the y-axis,

then to a point on the ‘
x-axis, and finelly to (11,3).
What 1s the length of this
path if it is the shortest
possible path?

€1428,~421

ABCD is a square whose side
measures 4!, Points E, F,

Gy end H are the midpoints

of AB, BC, CDy and DA respecCw
tively. Semicircles are
drawn outside the square on
AE, BF, CG" and DH, as dlaw
meters, The least possible
length of a belt around those
semlcircles is 4 v + n |
feety Find min,

61429.6.22

Solve for all resl values

of xt
(x2=3.524245)2w3, 5(22=3{ 542, 5)
+ 2‘5 =0 i

61e3045.25

Two boys run in opposite
directions sround a rectangue
lar fleld whose area is

1700 square yards, They start
from the same corner at the
sans time and meet 10 yards
froxe the opposite cornery

Iff ¥he ratlo of their speeds
is «#35, find the Perimeter .
of the Fleld, in yards

11

NCIML PROBLEMS 1961 =~ 1962

62,1.5.36

In this multiplication of a
2-~diglt number by a l-diglt
number, each letter represents
a different digits (I)(DA) =
DDD, What 1s the digit repre~
sented by I ?

62{2,5:11

Given that (a + (1/a))2 = 3,
where a 1s a non-zero number,
find the _numerical value of
&’ + 1/a3 |

62,3645

In right triengle ABC, the
legs AC and BC are 3" and "
long respectively, The biseCw
tor of angle C intersects

the hypotenuse 1n point D.
Find the number of square ine
ches 1n triengle BCD,

62;”66‘33

Glven that 3x-4 varies direct-
ly as y+5 and inversely as

the square of z=~5; If y=13
and z=2, then x<10, Find x
if y=0 and z=l,

62,547.06

Iine segment AB is 6" long,

P 1s to be located in a plane
containing AB, The distance
from P to A 1s not to be
greater then the distance from
A to By Also, the distance
from P to B 1s not to be
greater than the distance from
B to A{ The area of the
region in which P may be found
is a7V~ b WJ square inches|
Find the value of a+b,



62,6.4:37
Two unequal numbers have
tlie same palr of dlglts,
"he sum of these numbers
diminished by thelr differw
ense is 106, What is the
smaller number?

6247i=403

One non-gero root of
02+ 2 N (1-x)? =
3 W12 1s n/33.

62,8.6,28

Find ne.

In parsllelogrsm ABCD, E

is the trisection polnt of

AD nearer A, and AC intersects
EB 1s Gy If the area of

ABCD is 144 square inches,
find the number of squere
inches in AREG{

6249 4406

Express as a binomlal, the
products

0 1 2 L
(22741 (22 1) (22 +1) 4 4 (22541 ¢

621047404

Arc AD in cirxrcle O is
a quadrants Square EFGE
is inscribed in thls quadrant
with the point E on AGC, F
on ODy and G and H on ars AD{
If the radius of the circle
is 10" long, find the number
of square inches in the ares
of the square, '

2.+ E

3858 ~ 385

62i11i=052

Write as a

simple fractiont

622 « 60%
Bl :% ‘
59 = T

62,12 4=463

Solve for real velues of xt

2x , 2T _ g0

6241346402

A semicircle 1s drewn on AB
as dlameter| Chord DC is
persallel to AB with C nearer
to A than B{ If the length
of chord CD is twlce the
length of chord AC and the
redius of the semlcircle 1s
5" long, find the number of
inches in the length of CD,
to the nearest tenth,

62,14,7425

A grocer uses a balance which
ls rigged so that the dis«
tances of the fulcrum to the
2 pens are unequal! A qualie
tity of flour is pleced in
the right pan balencing a
1l<1lb weight in the left pane
Then a quentity of flour 1s
placed in the left pan that
balances the 1l=lb welght in
the right pan{ The sum of
both guantities of flour is

2 1/12 1by What is the ratio
of the distances from fulcrum
to pans$

62115i5:10

Point C 1s tseken on line
segment AB s0 that the length
of BC is twice that of CAl
Semlcircles are drawn on

the same side of AB wlth CA,
CBy and AB as diameters; The
“number of square inches in
the region bounded by thne 3
semlwcircles is equal to the
number of inches in the sum
of the lengths of the 3 semie
circles{ Find the number of
inches in AB, '

19




62,1645435

If a 2wdigit number is
multiplied by the product

of its digitsy a 3 diglt num-
ber is formed, each diglt

of which is the unit digit

of the originel number, Find
the original numbery

624174m053 .
Simplify to an integert
(2742 o 27 + 3)/(2" + 1)

62(18,5.65

What is the maximum number

of points of intersection
when 2 circles and 4 straight
lines intersect easch other?

62119 =,20

Ir (x+1)2 is greater then
5%~1 and less than 7x-37 find
the integral vealue of x.

6242066026

Equilatersl triasngle ABC is
inscribed in a circle;

D is a point in minor arc

BC{ The length of chord BD -
is 3" and the length of chord
DC is 5Y¢{ How meny inches
exre there in the length of
AD ?

62421.5:24
Find the 2 prime factors of
622219
If ay by and ¢ ere positive

nurhersy, find the positive
U _are root ofs

"~ Glven 3 numbers,

catrab+bo) .

6262358;03

A diasgonal of a regular
pentagon is 2%, Find, to
the nearest hundredth of a

foot, the length of 1 of its
sides.

62424 g, 004

If all letters represent real
n ers_ang 1f

§E§£+9y2+z ;éaé+b2+cz) =

2ax+3by+0z)¢ , then x/3a =
y/a = z/r¢ Find q+r in terms
of b and ©¢
62,25.-:18

Point A has coordinates .
(2,-3). Point B has coordie
nates (4,2), ¥ind the co=
ordinates of point C such that.
C 1s on the line AB, B is
between A and C, and the length
of BC is to the length

of AC as 415!

62.26,4:.13

To the
average of 2 of them i1s added the

third, The 3 possible.sums
are 23, 27, 34; What are the
numbers ? .

62,27.7428

. Is 348-1vexabt1y divisible
by 7? by 11? by 73?2 In your

answer use "1" to mean "yes®
end 70" to mean "no"{ Your
complete answer will be a

. 3-diglt representation in

' snswers the

which the digit at the left
first question,
ete, '

Eﬁky:bdb*b°+°a)(b2+bo+oa}ab)(oz+

IText Provided by ERIC
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62,28,6,17

Given trisngle ABC with

CD the altitude on AB and

0 the center of the clrcum=
gscribed circle; If the de=
gree measure of angle A =
82 and that of engle B = 48,
find the degree measure of
engleDCO,

62429 wilb
Find the frectional equive

alent %to 1
‘a/rg- L

gggse denominator is ratlone
» .

62,3047+18

The number of square inches
in the area of sgquare ABCD

15 8 + 4¥3 | Point E is
in BC and F 1s in CuUs AEF
18 en equilateral trienglee
Find the number of inches
in EF.

[

(=142)5 (3,7},

NCIML, PRBOBLEMS 1962 = 1963

63¢145.25

The product of five prime
positive integers 1s a six
digit number, esch digit of
which is equal to the others.
Fnd the number,

63(2,6:29

In the'sequence of numbers,
Uy Ups Ugy vsssly 3 the
value of u, = 2un__1 + a when
n>»l, If u, =5 and u5=33,
find a .

634346449

Angle C of triengle ABC 1is
also an engle of a square and
one of the vertices of the
squere 1s a point of slde AB:
The ratio of the length of

AC to the length of a side

of the square is 512¢ The
ratio of the length of AC to
the length of BC 1is ms2,

Find m.

63446425

If ax + by = m and bX - = n,
and a2+b2 = 1, express xsiyz
in terms of m and n.

63e3505.146

The vertices of trlangle ABC
are located respectively atbt
Te,0). e
medians of triangle ABC have
point G in common, Find the
coordinates of Ge.



L
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63464409

What i1s the greatest integer,
which when divided into

383, 527 or 815 leaves the
gene remeinder %

63i7.6405

Mri Jones sold Mr. Smith an
article at a profit of a%
end later bought it beck,
giving Mr., Smith a profit

of a%l The basis for calw
culating profits 1s the cost
to the sellers Find g if
the net rate of loss to Mrs
Jones is 17%% .

6348646

BEach side of triangle ABC
measures 24 inches] The
perpendicular to side AC,
at point D in AC, inter-
sects side AB in Ei; The
perpendicular to AB at E in-
tersects side BC in F. 'The
perpendicular to BC at F
intersects AC at D, How
many inches are there in
segment AD ?

63494548

A compubting mechine is set

to Increase one half of a
number fed to it by 10. A
positive number, x, is fed

to the machine and the result
of lts operations is then

fed back, The second result
is found to be e Find x {

635104554

ABCD 1s a square. Iine AQ
intersects slde BC{ Perpen-
diculars to AQ from By C end
D meet 4Q in Py G and E, re-
spectively. If the length
o{ DE is s and the length

¢ 3F is b, express the
RICzth of ™A@ in terms of &

o

and b .

63,11.5:42

When o two diglit positlive in-
teger is multiplied by the
number which is tow more than
the units'dliglt, the product
has three digits, each of
which is the tens' diglt of
the originel number. What

is the original number ?

63,1247+12

One of the T s of x ax +
one of Ty EEe, (z})%/?;

If g and b are integers, find
ae

63413,6405

In trapezoid ABCD, leg AD 1s
perpendiculer to DC and AC

is prrpendicular to BD at E.

If tne ratio of the lengths

of AE and DE 1s 3¢4 end the
length of AD is 60 inches,

find the number of sguare
inches in the srea of trapezold
ABCD,

63.14.6.64

For what value; of x will the
greph of y = - X =« 2 be
below the graph of y = x + 1 ?

634156418

Triangle ABC has a right
egngle at C3 the length of AC
1s 3 inches and the length
of BC is 4 inches, Square
ABDE and trisngle ABC have
no interior points in ciygon;
The length of CD is (k)™/%,
where k 1s an integer,
k.

Pind
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6341645,03

-~ Find the number of pairs of
intege s 2and ¥, such
that € 100, (An
integer may be vositive,
geTo or negative,)

63:17.8:49

Referring to a cooxrdinate
system, the distance from
(=3,=3) to the line deterw
mined by the equati?g

3x + 2y = =2, 18 k s Where
X is an 1nteger. Find ki

63.18.6.32

Bath side of squere ABCR 1is
40 miles long!. Find the
number of squere miles within
the circle which is tangent
to BC and passes through A
and D, Express the answer

in terms of 4¢.

6341946477

Find real numbgrs x and

yg Suoh that 392X = 16y end
3% = 27y

6342016,02

The sltitude of trisngle ARBC
to BC 1la g feet longs

Two lines, parallel to

BC, divide the triangle into
three reglons that have ‘
equal areas, The number of

feet in the distence betueen
the two lines is kai{ Find °
k to the nearest hundredth,

634210572

Find the number of integers
between 1 and 10,000 that

canzbe expressed in the fom
where n is a positive
ER\(hte 4 :

gers

=
£°¢
N

63622,5.,61

The circumference of a

circle exceeds that of a second
cilrcle by a¢ The radlus of
the first circle exceeds that
of the second by kai Find

k to the nearest hundredth

63.23.6424

A ship salls due east at the
rate of 20 knots. A men on
deck, headed northegst, walks
at the rate of 10 knots, with
respect to the ship. His rate
with respect to the sea is

1w a + ¥ E lmo‘bs.

at+b .

Find

6342847429

The lengths of AB and iAC,
sldes of triangle ABC, are

12 inches esch, and the lergth
of BC is 8 inches. It is
desired to form a second trie
angle, A'B'CY, such that

A'B?S w111 be three times as
long as AB; B'C' will be three
times as long as BC, and

A'C' will have the same length
a8 AC¢, The area of ABC will
exceed that of A'B'C! by
k2 squere inches. Find ki

63425.6414

A strip of uniform width is

cut from three sides of a

squere fleld, leaving a rectangle
wlth en area that is one

fourth that of the square|

The width of the strip is k
times the length of a side

of the square, Find k to the
nearest hundredth.

63426446

If the squere of & positive
number is added to the number,



12 -

the sum is 145,542,
is the number?

What

634277417

The number of sguare inches
in the area of a regular oo~
tagon is aéqual to the number
of inches in its perimeter,
The radius of the octagon

meééﬁres “£</m - 2y 2 1inches,
Find m,

63:28:7:60‘

In this subtraction, a
letter represents one and
only one digit)

6342907441

AOB 1s the quadrant of a
circle whose radius is 2a
feet and whose center is 0)
A semicircle 1s drquwn on OA
as dlemeter inslide the guede
rente A clrcle is then
drawn tangent to the semie
circle, to the arc of the
qua’.ent, and to OBy Find
the length 6f the redius of
this circle in terms of g

63.50.5. 44

Pind the coordinates of all
points common to the graphs
of ¥y = ~2X = 3 and

(v + 4)/(x=1) = =2 |

Joud
~1

NOIML PROBLEMS 1963 - 1964

641155128

Glven that 43/30 is written
as an equlwvalent continued
frection a + 1

——

b + 1

o + %.

where a, b, ¢, d are positive
integers{ Find a+bic4dd,

6L44246{13

The distances from a rnoint

in the interlor of an equilate
eral triengle to 1lts sldes

ere 1, 2 and 3 feet respec-

tively. The areifgf the
triengle is k{(3) square
feet, Find k.

64.3.5459

Find the value of ~(~xwx;3“x
I X = =2 |

6L iL4,6419

In triangle ABC, polnts D,

E and F are taken in sides

AB, BC and CA respectively,
such that each i1s a trigection
point nearer Ay B and C
respectively: Segments

AE, BF and CD are drewn,

How meny trisngles are

there in the diagrem ?

6L4e5.64i42

The inequalities 1 < 22 <3

are true for all numbers, n,
such that a¢ n b i Find bs

6l oa645.47

The product of-99 and an
integer, k, 18 50x8x, whers x



represents a diglt in the
products, Find the integer
k.

6l y7.6416

The total surface area of

e cube 1s 1254 more then

that of a second cube.

The volume of the .. .

second cube is x% less ‘then
that of the first cubei Find
x to the nearest unit.!

64i8.7.16

The circle inscribed in

triangle ABC 1s tangent to

BC at Dy The lengths of

sldes AB’ BG’ and CA are

%, 6 and 7 inches respectivew
¢ The length of AD is

x inches{ Find x,

64.9.5059

Gilven the following definie
tion of {x} , where x is a
real numbert |x| = x if

X ¥ 0 and lx\'—--xifx(O.
Solve for xt =x2 + \x\ = 30!

64410:6,19

Eech of three circles has a
redius of 15 feet and each
is externally tengent to
the others., Each circle is
also internelly tangent to
a fourth circle., The area
of the fourth circle is

(a + BY 3 )T feeti: Find
8o

6lt411,.5440

In a two-dimensionel coordi-
nate system, the coordinates
of the three vertices of a
triangle are (0,0), (10,0},
o nd (2,8) respectively,

I:R\ﬂ:&nd the number of points

13

b —h

=)

in the interlor of the trie
angle both of whose coordinates
are lntegers,

64,12,6.23

Two sldes of a triangle ine
clude an obtuse angle and they
are 5 and 6 inches long,

respectively. The area of
the triasngle 1s 9 square
inchess The 1eE?§h of the
third side is k inchese
Find k.

64,13:5,08

The diffemece between the
rocots of 4 Bx = = 0
1S 1‘ Find m.

64,14.4060

The bisectors of the exterlor
angles at B and C of triangle
ABC determine an angle of .
500, Find the number of de.
grees in one of the obtuse
angles formed by the bisectors
of angle ABC and angle ACRB{

64415.6,31

Starting with the smallest,
arrange the followlng numbers
in order of magnltudes

w32, (. 9)1/%, (3/2)1/3,
T !

644161371

FAnd the average of tle
ebsc sas o all the points

xE = 36 which lie
1n the first snd second
quadrantsg




6441746104

Assume that when ad» 0,

b0, theh Yeu onwh =

- WEh 4 Solm for real
valiuves of x and yt

2 + ylx7)/? = 81
¥2 4+ x(yx)l/2 = 162

Write each palr of roots
as an orlered palr of numbers
having the form (x,y)!¢

64,18{5.63

The mean (somnetimes called
the average) of n consecutive
integers, starting with n,

1s 31, ¥ind n,

64,19,7,28

The area bounded by the
graphg of y .= -

and y° = 3x2 ig k W square
unitsy (The length of the
slde of a unit square is
the unit length of the
coordinate system.) PFind k;

64,20i6,20

The beses AB end CD of
trapezold ABCD are 3 and 4
feet long, respectively,

AC and BD intersect at E,
The sum of the areas of
triangle AEB and triengle
CDE 1s 50 squere feet, Find
the number of square feet
in the arees of the trapezold
ABCD,

6lk421.6,30

Find the least positive ine
teger ny which i1s not a
multiple of 5, such that -
when n 1s divided by 8 the
\Temginderdlg 5 an% when n
£1{U: vide ¥ 13 the remaln

IToxt Provided by ERI

1%

der is 7.

64422,7.11

The lengths of the sides

of a *wricngie ars 13, 1k, and
15 lnuhss, resprectivelys The
leagth off the »adius of the
clzals that clreumescribes

the triangle is k/8 inches|
Find ki

64423.7.04

If a two=digit number is
multipoied by 7, the digits
in the product have the same
sum a8 those in the twoediglt
number., How meny such
two=-digit numbers are there ?
{The tens diglt of a twow
diglt number may not be zero,)

6le2hi5,A

Find all ordered pairs (x,y)}
such that x and y reprs ?gt'
-+

real numberg and (¥ =
(y = x=2)¢ =0,
6l4a25,7425

The length of each of three
sildes of a trapezold 1s

k( - 1) mliles, One of

the diagonels is 6 miles long
and forms two isosceles trie-
angles with the sides of the
trapezold.s Find k,

6l4i26.14476

'A trein, 100 yards long, tekes

30 minutes to clear a tunnel
when going at the average

-rate of 40 miles per hour;

How meny yards are there in
the length of the tunnel?
{1760 yards = 1 mile,)

19




644274646

The pagxabola determined by

¥y o= 4+ bx + ¢ has 2 as
its y~intercept, 3 as its
x-intercept, and its turning
point has 1 as its absclssa,
Find g .

64428,6(19

Point B 1s an interior point
of line segment AC{ Circles
ere drawn on AB end BC as
diameters and one of their
common external tangents
intersects thelr

common internal tangent at
F¢ If the points of ocontact
of the externsl tengent are
D and E, and BC 1s 12", the

length of BE 1s ig" end the
length of BF 1= /2 inches,
find k.

64429.5136

The roots of %3¢ + 6x + a = 0

arexgrOpartional to the roots
of '

+ x4+ 1 =0, Fnd ai

6443047.17

Easch side of square ABCD is
30 cmi longi The midpoint
of BC s Fy and E is in AD
such that EA = 10 om{

EB and AF intersect in Gi{
Find the number of sqguare
eme in triangle EFG.

15

NCIML PROBLEMS 1964 ~ 1965

65.1.5439

Missing digits in this
multiplication are denoted

by Xe
XXX
Sk
XXX

=

FAnd the product,

654246.03

Find all positive integers
;Epresented by =, if

+ x + 19 is the square of
an integer|

650347:01

In triengle ABC, the lengths
of AB, AC, and BC arxre 13,

1% and 15 inches respectively
The median AD intersects the
altlitude BE 1n Fi  The

number of square inches in
tyiangle AFE is k/19. Find
k¢

65:05419

Let x end ¥y represent real
numbers, How meny poilnts
are there 1n2the ?raph of 2
g;x-y)(v~2)) + ((x+y) (y+2))* =

65:5.4437

A plene end two points in the
plane are given, How meny
regular pentagons are there

in the plene which contain

the given polnts as vertices ?

27



65.645474
What i1s the units digit of

12739 when 1t 1s expressed
in decimal form ?

65.75420

Let the coordinates of A,
B and C be (2,1), (4,=4) and
(=ly«1), respectively, ULet
X be a fourth point which
together with A, B and C,

in some order, are vertices
of a parallelogram, Find
;?e possible coordinates of

]

654845458

Solve for x, assumling that
x>0 and x ¥ 13
1ogx2(2) + 1og4(x) =1 .

654946507

Each slde of an equileteral
triangle is € inches long.
A clrcle, having a radlus
of 2 inches, i1s moved
outaida the trisngular
regicon in such a way that
1t has exactly one point in
common with the triengle at
all times, Find, to the
nearest tenth of a square
irch, the area bounded by
the path along which the
center of the circle may
move,

65,1044 ,2bL
Find the real velues of x
for whichs
X+ 1= 1
1l 4+

1+ x

N\

16

65.11:6461

and t?eurem nder when

30 4 267 4+ 2° is divided
by 26 ¢

6541216419

Ay By and C ren a mile (5280°?)
race which A won, beatling

B by 30 feet and C by 90 feet
By how many feet, to the
nearest hundredth, did B

beat ¢ ? (Assume that the
speed of each 1s constant,)

6541346420

Point P 1s outside rectangle
ABCD, The distaences from

P to Ay B and C respectively,
are 6, 3, and & inches, fpg
distance from P to D is k
inches, Find k.

65:1%445.38

A computing mechine is designed
to multiply whatever real
number 1s fed into 1t by x

and to 29d x to the product,
The wumher 3 1s fed iato

the macgaive and the number
repu.ved by th> machine is

then fed into the machine,
after which the machine reports
39 Find x.

6541547407

The area of trlangle ABC 1s

60 squere inches, Points D
eand B trisect side AC, D being
nearer A, The medlan to

BC intersects BD 1un G and

BE in Ho Find the number

of square inches in triangle
BGH,
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6511615417 | tE? center of the circle is
k72

inches, Find k.
The units diglt of a six-digit
nunmber is 2, If the wmits

diglt 1s removed to the left 65.2145:30

of the numeral without

changing Lz »eiatlis order Two candles have the same 7
of the Oth-‘;.’.'."! lvite, the length., One is consumed

new integex thux formed 1s uniformly in 4 Yéurs, the
one-~third . vhe original other in 5 hours If the
integer, What 1s the cendles are lighted at the
originel integer? seme time, in how meny minutes

will one be four times as long
as the other ?

6541746449

A men has walked three-~fifths 65.22i7!18

of the distance across a 322471

bridge when he sees a Each angle of g rectangle lisg

train coming toward him! trisected, The trisectors

The speed of the treln 1s ad Jacent to esch side inter~

60 miles per hour: By run- sect at points which are

ning, the man can reach vertices of a rhombus,

elther end of the bridge If the dimensions of the

Just as the trein resches rectangle are a and 22, the

that endi Find how meny length of esch side of the

miles per hour the man can R

rung rhombus 1s aV (k - 2¢ 3 )/3 ¢
Find Xk,

6541846429

The longer base of an 1sosw= 6542345429

celes trapezoild is as long £ iened_to & end

as one of its diagonals end Ehgakgaiﬁei 3;5 fnsxz +ax 4+ b

the shorter base is as long
as its altitudel IF

;he shorter base is 12 inches
ong, how meny inches are 65:2015. 42
in the longer base ? 5e2Ha5k

the square of a trinomlal ?

Find two numbers, x end ¥y,
. whose sum, product, and quow
65:19+6,07 tient (x/g) are equale

Express » as a functio 0of‘
§5if ¥ +1=xy end +1l= g5.25.6:,02

Z e
In triangle ABC the lengths
; of AB, BC and CA are re-
65:2007.,07 ‘ spectively, 13, 14 and 15
Inchess The altitudes of the
A circle having a rudius of triengle meet at Hand AD is
b inches is inscribed in :
the altitude to BC, The
triangle ABC touchlinm AB at ratio of the lengths of
6" and AD is | s
© Di If DB 1s O" en AHSHD 1s ki35i Find ki

]ERi(:B“’ the distaence from C to

i\
&)



65126 .5,01

By measuring with a yardstlck
that is 1244 too short,
profits are 25% of sales,
Were the yerdstick 10%4 too
short profits would be

x/7 % of sales, Find x|

65427.5178

The diagonels of a rhombus
ere 10 and 20 feet long.

The area of the circle ine
scribed inside the rhombus

is m YT square feet!{ Find ms

65428.5.05

Chord AR of circle O divides
the circular region into

two parts, Find the ratio
of the area of the larger
part to that of the smaller
pert, expressed as g decimel
to the nearest tenth, if
engle AOB 1s 120°,

18

652946429
Express (a2+ 12402 Y (RuyRrz2) w
(ox+by+ez}* as the sum of

the squares of three bi-
nomlels,

65i3046,08
1f 2 = (6w3)x = 30 end
X

+ 2¢X 4+ ¢%w]l have g common

factor of the form x+a where
e 18 a non-gerc ratlonsl num-
bery, what are the possible
values of ¢ %

NCIMI, PROBLEMS 1965 « 1966

66.1.6407

Iist the pelirs of prime nume
bers between 100 and 200
having the property that the
decimal numersl representas
tions of the numbers in

esch palr have the seme three
distinct digits in some
order}

66.2.6412

The roots of X° » 5X + 3 = 0
are r end s, Find the 3
numegiual value of (1, Y +
(1/8”)

664346,14

The length of medien AD 1in
triengle ABC is 7 inches.
The lengths of sides AB and
AC are 8 and 14 inches, re-
spectively. Find the number
of inches in side BC{

66445427

A men rides to work smd welks
back eliong the same routes
His average rate for the
round trip is one-third of
his riding rate, Assuming
that hils welking end riding
rates are uniform, how many
times his walking rate 1s his
riding rate ?

664:5:5i34

Two clrcles are concentric)

A chord of the larger circle
lies in a tengent of the
smaller, The chord is

12 inches long. The area

of the reglon bounded by the
the two circles 1s k§] squere
inches{ Find k|
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66.6.6428

A crossword puzzle ls con-
structed in a squere that
has 15 cells in a row and
15 such rows; Among the
borizontal words are 12
tiirae-letter words, 10
fourelettar words, 9 flve-
letler words, 6 wix-letter
woirdsy and finally a
certain uumber of eleven.
letter words, Among the
vertical words are 8 threeew
letter words, 14 four-letter
words, 12 five-letter words,
5 slxwletter words, and a
certaln number of ten-letter
words, How many cells are
blanked out ?

6647164k

For what positive integral

values of p is (3p+25)/(2p=5)
a positive integer ?

66:.846411

In convex quadrilasteral ABCD
dlagonels AC and BD determine
right angles at E« AE and
DE are each 6 inches long,
and BE end CE are each 8
inches longs The perpenw
dicular from E to AB is
extended to meet DC at F;
Find the number of lnches

in segment DF,

663946430

reel values of c,

+ 77X = 5 =

a(x=2)2 + b(x=2)}% + 0{x=2) +
Find the numericel value of
Ce

e

664106428

Tn plotting a gravh of a
F T(fabola heving en_equation
va\fcthe form y = + bx + 0,

19

de

a student found the following
values of ¥y for uniformly
spaced values of x: 462,

562, 670, 780, 894, 1012,
Exactly one of these wvalues
is incorrect, What should
its correct value be ?

66e1145:13

Consider the set of all four~
digit decimal numerals, eeach
having the seme four distinct
integers in some order. The
sum of the numbers repre-
sented by these numerals is
193,314, What are the four
digits ¢

66:1215406
Find x in terms of a and b

if
(ax)log a . (bx)log b ;

where esch log 1s expressed
to the same base and ab(a=b)

#£0 4

6641346403

A satellite moves in an ellip~
tical orbit with the earth

(a point) at a focuss The
point in the orbit nearest

the earth (the perigee) is

50 miles from the earth, and
the point furthest from the
earth (the apogee) is 450 miles
from the earthy BRelative to
a rectangular coordinate
system in which the x-axis
contains the earth, apogee,

and perigee, equation of
the oxrbit is 32/2503 + y2/x2 =

1!, Find k.
66,1ki6.16
When the denominator of
6/(VE 3 +¥ 2 ) 1s ratione
flized, the res?ltin frection
s of the form 2 +w3+
1ovf“é'b")/zg Find atbic,
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66,15.6.40

The shortest side of a trliangle
is 8 inches long: The
longest side of a larger
similar triangle 1s 27 inches
long: Two slides of the
smaller triengle heve the
same length as two sides of
the larger triangles How
many inches are there in the
length of the longest side
of the smaller trisngle ?

66:16,5436

As a steadily moving train
passes over the Junction bew
tueen two ralls, a click is
heard, If the number of clicks
counted in 15 seconds is the
same as the sveed of the .
train in miles per hour, and
the lengths of ralls are

the seme, how many feet are
there in the length of one
rall ¢

66417:6.00

Find the numerlical value of
(a*b)(b+c)(c+a))/§abc) if
a+bwc)/c = (btcw=a)/a =
c+a=b)/b end abc # 0 |

66,18.7i08

The perimeter of a right .
triengle, measured in feet,

ls twlce the area of the
triangle, measured in squeare
feet, The hypotenuse is 9

feet longer then one of the
legse Find the number of feat .
in the longer leg) :

66,1964

The equation (o+d\f§)x? - 2% 4
7+ 4 = 0 has exactly one
root, given that the ratio of
c/Q)is not a multiple ofv3 |
B+d, : . :

N
Cﬂ.j

66.20¢5.53

In right trilanglc ABC,
hypotenuse AB measures 16
inches and side AC measures

8 inchess D and E are in slde
AB such that CE and CD trisect
engle ACBi; Find the number

of inches in segment DE,

66421,6,02

Suppose that two different
size boxes are avallable for
pecking regulation size basew
balls; one holding 8 balls,
the other 15, What 1ls the
largest number of balls

that cannot be packed in
these boxes if each box that
is used is to be filled to
capaclty ?

66422,6420 |
If ( VEFL + Viel) /(W EFL =V zel)
= a/b, and ab # 04 then x =

=g
k/(zaﬁ)é Express k in terms
of a and b, :

664235543k |
If x; ¥y, and repsesen real
numbers and + y© 4+ 2

8x + by + 6z « 29, find the
numerical value of x+y“+z” .

66.2446.36
The sum of the squares of the

first n positive integers is
k times the sume of these in-

. tegers{ Express n in terms

of k. Note that the sum:; of
the squeres ofthe first n .
integers is (n{n+l)(2n+1))/6 &

66.25,8,19
If the lengths of the sigss

of a triangle are 1, T, r<,
then r ¢an be .any real number

'
e sart |



C bemmed by,
s '

R

betweem rq and rp, Find the
numerical value of ry+rse

66426,6i12

A two diglt numeral repre-
sents a prime number whether
the base of the numeral
system is 8, 10 or 16, Find
the decimal numeral represenw
tation(s) of the number(s)!

6642746401

The area of an 1sosce1e§ right
triangle 15 (3 - 2V%)a®}
The perimeter is ka: Find ki

66,28,6,01

Arc AR 18 a quaedrant of a
circle with center 0. The
mldpoint C of arc AB is

a vertex of an equilaterasl
triangle CE, with D in
redius OA and E in redius OB,
The area of the region bounded
by OA, arc. AB, and OB is
“TT k times the area of triw
angular region CDE! Find

X to the nearest hundredth;

66429,5451

Find thg numerical value of
Eae + ¢<)
c+d)/(d+e] = (e+f

(at+f)
where atb4cid4te+f

6653047421

The radii of two circles are
2 lrnches .and 5 inches long

end theilr centers are 25 inches

apart, A common internal
teangent touches one circle
at A end the other at B;
How meny inghes are there
in segment AB ?

/{ce) if §a+b)/(b+c) =

21

NCIMI, PROBLEMS 1966 - 1967

£7¢1:5.35

All pages of a book are nume
bered by decimal numerals,
ell of which are formed with
858 digits: How meny pages
ere there 1n the book ¢

67é245,02

In the equation in x,
(a=x)(b=x) = ¢, ¢ # 0, the
roots can be found by setting
each of the factors, awx or
b=-x, equal to ¢{ Express g
in terms of b and c,

’6753£6;29

0 and g # 0.

The vertices of quadrilateral
ABCD have resnective coordie
nates (1,3), (3,8), (7,2) and

’ in a rectangular coor-
dinate systemi{ Find the
number of square units in the
region defined by ABD, the
unit determined by the coore
dinate system,

67446439

Fac tor ov;ﬁ the integral
domaing x¥ = 9x2 4 12x = 4

‘67;526505

ABC 1s an equilateral triangle
D 1s a point in line BC, such

that B is between D and ¢,

The distences from D to lines
AC and AB, respectively, are
7 end 4 inches; The number
of square inches in the area
of ;E72region of triangle ABC
is ¢ Find k.,
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67.646.07

The missing digits in this
multiplication are denoted
by x¢ Find the product,

bxx
I?xx
-QIOxx
xx0xx
67:7.6,06
Tollowinae 1930 10(30(173))
ollowings +
1701/ AANDT 1t and

80 ony 1t is found that
sueoesslve values are closerxr

oloser to some number.)
What is that number ¢

6748,7.,07

Quedrilatersl ABCD is in-
scribed in a circle., The
lengths, in feet, of sides
AB’ Bc, CD, and DA are,
respectively, 3,4,5, and 6|
Find, to the nearest tenth,
the number of feet,in :
dlagonal AC.

674946439
Express (72-1}/(2F=x-6) es

the sum of two rational express-
lons, esch having a first

degree polynomiel as dee
nomlnator and a constent
polpnomiel as numerstor;

67.10(6.26

The legs BC and AC of right
trlengle ABC are, respective-

1y, 2 inches and 2 _inches .

lonze Squere ABDE 1s.
situated in such e menner
that E end C are on opwosite
sldes of line AB. Find the
O thy in inches, of segment
ERICexpressed in the form

: o)
Fullox Provided b € ) R
4

¥ aibV3 , where a and b are

integers,

67:11,5.A

Whet 1s the smallest positive
integer, excluding 2, which
when divided by 3,4,5,6,7,

or 8, leaves a remainder of
2?

67.1246,18

Suppose w, = 2“n~1+-1’ where

n 18 a positive integer and

Uy = 3« Express u, in terms
of ge
67:13.7406

Isosceles trapezold ABCD is
circumscribed gbout a circle,
Leg AD 1s tangent to the
circle at E, and the length
of ED 18 three times the length
of AE{ If the area of the
clrcular reglon 1s divided

by the area of the trapezoldal
region, the gquotient 1is

i) « Express k in the

forn a/b, where a snd b are
Trelatively prime positive lne
tegers| '

. 67,14:7.28

A dwerf, pursued by a glant, .
" tekes .8 steps, while the glent

takes 3 steps; but 2. steps
of the glent are as long as
11 steps of the dwarf, If
the dwarf hes a start of 85
of hlis own steps, how meny

‘steps does the glant teke to

overtekesthe dwarf ?

6741546107

The lengths of sides AB and
AC of triengle ABC are, Te~
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spectively, 24 inches and

20 inches. The perpen=-
dicular to AB at B intersects
the perpendicular to AC at

C in point E. Segment BE

is 7 inches long., How many
inches are there in side

BC 7

67.16.6:76

If 8 men, working 8 hours

a day for 8 days, cen produce
8 units of work, how many
units will 6 men produce,
working 6 hours a day for

6 days, if all men produce

at the same rate ?

6741766403

Solve for real wvalues of i
Xy expressing roots to the
neares enth:
(emny 32 e 13 = 2

67418,8,03

The sides ABy BCy and AC of
trlangle ABC are resmwective-
1y, 13 mlles, 15 miles, and
14 miles lonz. A line
perallel to line BC cuts AB
in D and AC in E. TFind

the number of mlles 1in the
distence between lines DE
end BC if the sum of the lengths
of segments BD end CE is the
same as the length of slde
iCe

67419.6476

In this problem we denote

the operation of finding

the average (arithmetic

mean) between eny two numbers,
a end by by "a gv b"e Find
the numerical value of Cea,
1§ (e 2v b) avo - a av (b av
c t

-—
-

N
o

67420,64003

In trapezold ABCD the
lengths, in ktlometers,

of bases AB and DC are 3

end 10 respectively: Polnt
E is in side AD and F in
side BC such thet line EF 1s
parallel to the bases and the
lengths of segments AE and
ED have the ratio 3t4, Find
the number of klilometers in
segment BF,

67.21LikiL7

The least common multiple of
two numbers is 216 and their
greatest common divisor 1s
36, but one is not a multiple
of the other: What azre the
two numbers ?

67-2266‘67

Find the price, in cents, of
a dozen eggs, if, by selllng
one more than a dozen for

the price of a dozen, actually
reduces the price of a

dozen by 4¢ . :

67.23.6.22

In isosceles triangle ABC,
point E 1s a trisection point
of base BC, the length of seg-
mentAE 1s 15 centimeters; end
the length of each leg 1s

17 centimeters. Then the
number of centimeters in base
BC is 3vX s Find x,

67424,7.02

Solve for integral wvalues
of x4 ¥y and z, expressing
solutions in the_form 2 \
(XsTsz)t 2% = yoF § 2% = 204%
and x+y+z = 16, :
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67:25,641%
The areas of the region
bounded by a reguler polygon
of 12 sldes 1s 192 sauare
inchers The number of
inches in each side of the
polygon is x -
inches{ Find x,
6742645071
The fifth power of an lnteger
18 44xxxyxx1 , Where the
x's represent missing diglts,

not necesserily the same!
What 1s the integer ?

67:27,7.37 -

&iﬁzAaﬁuASAG is a regular
hexagon: A point B1 is in
line Aoy with 4, between

& end Elg The perpendic-‘
ular to line 474, at By meets |
line AzAé ab By The
perpendicular to line A2A3

at B, meets AjA# at 33; The
perpendicular to line ABAﬂ

at B3 meets AbAﬁ at By, end

80 on, until the perpendic-
ular to A¢la meets Adp at

By+ How meny inches are there

in segment Aiﬁl if the length

of A1A2 is one inch ¢

67.28,8410

X three diglt decimal numersal
represents the square of an
ntegers If the dlglts are

VI &

reversed, the new numeral,

read in another numeral system,
stlll repnresents the sgquare

of the same integer, and read
as a decimal numeral then
renresents the square of
another integer., What is

the different base wrlttenas
ag a decimal numeral 7

67.29.6407

A Pythagorean primitlive
triplet consists of three
relatively prime positive
1Btege58 By, by ¢, such that
6% = g“ + b%, How many dlf-
ferent primitive Pythagorean
triplets are there with

a =105 7

67430:84i00

Point E is in diagonal CA

of persllelogram ABCD, and
segment CE is one-fourth as
long as C&; F 1s the mldpoint
of side BC, Line DE inter-
sects side BC in G, The
lengths in inches of sege
ments DE, DF, FG, and AC are
respectively 9, 12, 2 end
Find x¢



NCIML PROBLEL . 196% - 1068

6841:5451

8sa1d Mr, Young, "I was born
in the 19th century and had
oy xth_birthdey in the

yoar x°%, Strangely enough,
his grest-grandfather was
able to make the seme state-
ment, In what year was the
greategrandfather born ?

68,2,7.00

Solve for real values of
x and y, giving solutlions
in the form (x,y)1

sx - (llx);éy - 1/?3) = 4

x = (1/y3)(y - (1/x)) = 25/6

68(3.7,04

Each side of trisngle ABC

is 6 inches long, Points

Dy E, end F are, respectivew
1y, in ABy BC, end CA, and
trisngle DEF 1s also equilat«
erals If the area of the
triengular region DEF is
half the area of the
trisngular reglon ABC, find,
to the nearest .1 inch, the
possible lengths of AF]

68,4,5.16

The difference between the
square of the arithmetic
mean of two numbers and

the square of their geo~
metric mean is 25, Find the
difference between the
erithmetic mean of theilr
squares and the squsre of
their arithmetic mean.

684547402

o™int B 1s in AC, and the
Ef{U:nch measures of AB and BC

IToxt Provided by ERI

25

37

are 2 and 4 respectively,
Sqgusres ABDE and BCFG are
drawn on the same side of
AC., The circles circime
scribing these squares inw
tersect at B and H, The
inch-measure, HD + DC =

(1/3) vE | Find k,

68464647

Find the nositive integral

velues of X gnd y such that
X + 2y = 20, and 13x + 11y

1s a multiple of 17.

684746419

Find all real values of x
such that VIZ=x -V I+x ¢ 1

6848,6{02

In & right trlengley the
length of the medlan to the
hypotenuse 1ls the mean propor-
tionel between the lengths

of the legs of the triangle;
The quotlient of the perimeter
of the triangle divided by
the length of the hypotenuse
iz (a +¥D) /& , where g, b,
end ¢ are integers{ Find

ay by and ¢}

684947405

Belative to a rectengular
coordinate sysiem, g clircle
has equation + y& = I
Find one egquation for the set
of all polinis on both tangents
to the circle that intersect
in the point with coordinates
4,0)4 '

68i10,7.01

The medians of a triangle are
39y 42, =nd 45 inches longi
What 1s the area, in square
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inches, of the trlangular
reglon ?

68{1146,03

Relative to a space Iec-
tangular coordinate system,
:ZSPheEe hag the equation

+ ¥“ 4+ 2°c =9, How
many polnts are there in the
interlor of the sphere all
of whose coordinates ere
integers 2

68412.6 (43

Express xJ + 9x2 + 22% + 13

in the form a(x+2)3 + d(x+2)2 +
o{x+2) + d, where a, b, c,

end d are integers:

68,13i6,08

ABCD 1ls aperallelogranm;
Both ABE and AD asre longer
then 1 Inch, Polnt X is in
rsy AB, not more then 1/2
inch from B, end polnt ¥ 1s
in ray AD, not more than
1/3 inch from Dy If z is

a point such that 'AX¥= is
a paralleiogrem, whet 1s
the area of the region, to
the nearest ,01 3quere inch,
in which z mey be found,
glven that the measure of
angle A 1s 60}

6841449.02

In triangle ABC, D 1s the
midpolnt of AB end E 1s the
trisection point of CB
nearer Bs The followling
inch-measures are glvens

AC = 15, AE = 65/3, CD =
35/2 ¢« ¥ind the area in
square inches of the trlangw
uler reglon ABC,

o
i
e

68i1545422

The sum of the first n terms
of a sequence of numbers 1ls
glven by the expression

n(in - 3)i PFind a polynomial
in r that expresses the :
rth term in this sequence,

68,1646, 51

Find the least positive integer
divisible by 11 such thet

when it is divided by 3, 5y

and 8, the respective re-
mainders are 2, 1, and 5¢

6841747425

Solve for the real values of
xt  (xe3) (x=l) (x+1) (x4+2) = 24 |

684,188,011

Equilateral triangle ABC is
inscribed in a circle,

Foint P 1s a point of the
circle, The 1i-ch-measure of
AB and PC are 19 and 21
respectivelys The area in
square inches of the re lon
bounded by ACBP is k F
Find Kk,

6841946419

Find the pripge fagtors of
(x + 7)2 = X2 o« §° 5 6%
pressing the snswer as the
product of polynomials in
x and ¥y with rational
coefficlents;

68,20i6406

The lengths of the sides of
a 1t ght triangle, measured
in inches, are relatively
prime integers, The radlus
of the circle inscribed in



the triangle 1s 3 inches,
Whet are the possible
inch-~measures of the hypoten=
use °?

68421.6.35

A number n 1s represented
by a decimgl numeral that
begins and ends with the
digit 2, all othexrs being

O« How many zeros are there
in the numergl if n is

the least such number dlvige
ible by 17 ?

£8i22.,7.05
Solve for all reel values

of x4 ¥y and z, glving
enswers in the form (xﬁy,z}n

1)) X(xty )} + z{x=y) =

2,) y(y+z) + x(ymz) = b
3s) z(2tx) + y{z=x) = 5
68i23:6i11

Two clrcles Py and P» are
concentric, et AB be a
chord of P, that intersects
P, in C and D, such that AB
="k(CD}s¢ There is no
instance of a chord AB
such that k¥ = 2¢ If the
radlus ry pf P; 1s 8, what
ere the PossibIlities of
redial lengths rp of Py 7

68,24,6.22
Solve for resl values of x3.

V5+yE -V 5 -VE =
(6)/8 5 +yx ) |

68425,7.06

Ilnes a, b and ¢ are parallel
to each other, The distance
from b to a i8 2 inches,

O  the distance from a to ¢ isy

3 inches, What is the length,
to the nearest .1 inch, of
each side of an equilatersal
triengle that has one vertex
onn eech of the three lines ¢

68,26{5.26

What 1s the remeinder when 238
is divided by 127 ¢

68427474:05

Two ferries start from opposite
sldes of a river at the same
tine, meeting 720 yards from
one shore; After remaining in
their slips for the same time,
&hey return, thls time meeting
400 yards from the other shore;
How wlde 1s the river, in yards ?

6842846430

Semi~circle P 1ls drawn on AB

as dismeter, DPoint C is an
interior point of ABs Semi~
circles R and 8 are drawn on

AC and CB respectively on the
same side of AB as Pe The
perpendicular to AB at C intere
sects P at D and CD 18 8 inches
longe The area of the region
bounded by Py, By and 8 is kY[ s
square inches., Find k.

684296.12

In the ﬁuation (1+%/2-+W) (x+
y ¥4z} = 1, x, v, end z
represent rational numbers,
Solve for x, ¥, end z glving
enswers in the form (x,y,z)¢

£8430,3:23

The hypotenuse of a right tri-
angle is 8\ 2 inches long, The
length of the medien to the
hypotenuse is the geometric
mean of the lengths of the legs.,
Find the area of the triangle,

L
/>

— e ey
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NCIML PEOBLEMS 1968 - 1969 BC, end CA sre respectively
Sy 6 endVI3 .
694141
69.647428
Express as a power of 3t
3 A decimal numeral, represente
33 ing an integer that 13 d%vis-
' ible by 9, is composed ©
(3%)(33)2(3%)° :

both digits 2 and 3 but no

other digits. What 1stthe

‘ smallest integer, greater
69424640k | than 4000, sbout which this:

P wres]l is true ?
Solve for xt &% 4 4 = 17+2% 1,

69.3i7.08 69,7.4,06

When a is divided by b, the
quotient is ¢ end the remaine-
der is di VWhen c is divided
by e the remeinder is fs Ex=-
press the remalnder when a
1s divided by be; (be # 0 ,
all letters used represent
positive irtegersi)

BEach slde of a squeare is 12
inches long¢ Eesch vertex of

a rectangle 1s located in a
different side of the squere.
The area of the rectangular
reglon is onewthlrd that of
that sguare reglon:s Find the
length in inches of the shorter
slde of the rectangle., Give
snswer in the form aVd - bVa

8ilhi2
where a end b ere positive 69:8.4:21

integers. : The medisns AD, RE, CF of

trisngle ABC meet at G, The
oy S midpoints of DG, BG, and FG
69.4,7432 ere K, Ly and M, respectively.
. : What frectional pert of the

One wnlt of food A has 700 area of reglon ABC is the

csglorie umits, 400 vitamin ares of region KIM 7

units and costs $2.00 , One

unit of5food B has 600 calorie

wnlts, 500 vitamin units 69:957.14

end costs #3,00, One wnit 94957+

of food60 has 400 calorie

units, 600 vitamin units. and Tet f(n) = ({1+y 5)/2)8 4
costs $4,00 i How much will ( 1«y}3§/2)£(i “ééééégs fln+l) -
1t costy Iin dollars, 1f, when fﬁn,l) in terms of f{n);
buying en integrel emount of

gome of gach food, I get

exactly 5900 celorie units 69.10.5;

end 4800 vitemin units ? 941045436

A cirole, whose radius 1s one

. PR inch long, is rolled on the
694547402 R outside of & square 1in the
X - . lane of the squere end touche
o triangle ABC has a redius of

‘ - . The sides of the square are 5
]ERJ(:(l/E)“ff Irnshes longs Find inches longs Find the area, to
ammmm K A Lie inch-measure of AB, .-_,3

L )



the nearest tenth of a square
inch, of the reglon bounded
by the square and the path
of the center of the circle.

69.11.6.38

The first and last digits

of a decimal numersl are 2,
all others being 0. What

18 the smallest number about
which this is true if it

is greater than 2002 and 1s
divisible by 182 ¢

69,12,6.27

Solve for real values of xi
logz5x>+ logx?5 =1

694134543k

Given a plane and two points
in 1t{ How many nonwcow~
incident regular negons are
there in the plene that - -
contaln the two polnts as
vertices 7?7 Glve your answer
in terms of n.

694146424

Consider the set of all
polynomisls, P(x) = a_  +
a1x + aﬁ + o0 §o s
wnere the a's are re

and x 18 a real verieblei

For which of these polynomlals
is 1t true that for all x, .
P(2x) = 2P(x) and P(3) = 12 |

69.15.6422

The diagonals of parallelogram
ABCD intersect at S¢ The
mldpoints of AS, BS, CE‘ and
-DS are, respectively, A',

BY, C', end D*: Flind the:
area, in squere inches, of.
the intersection of the region
O _10D? and BC'DA', 1f the area
£1{U: ABCD is 48 square inchesi

IToxt Provided by ERI

numbers -
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s

69416(6,01

Find the least odd positive
integer that has exgctly 15
divisors, including 1 and
itself,

6941746450

A can do a Job in 12 deays if
B helps him for 7 of those
days, But B takes 14 days
to do the job if A helps him
7 of those days. If A and
B work at steady rates, how
many days would it take A
ealone to do the Jjob ?

694184754

ABCD is a square, wlth AB =

a inches; Point X is any polnt
in AC end ¥ 1s any point-in

BDs What 18 the areaz, 1ln

terms of a, of the reglon that
contains all the midpoints

of all possible segments XY ?

6921946401

Iet ABCDEF be a decimal
numeral representing the
number m, and DEFABC the
decimal numeral representing
the number ny, Find m 1f

mn = 439}

6942047405

Two circles, one having a 12
inch radius, the other having
& 3 lnch redius, are tangent
externally., Find the number
of sguaere inches in the area
of. the reglon bounded by their
common tengentsg '

69421474

When $x + 2y'1s divisible by
& prime number‘p for certaln

P
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values of x and y, where x
and y are relatively prime
to py 80 18 7x + 5y. Find
the value of p.

69.22,7:A

The sum of the integers in

a set of two or more positive
consecutive odd integers 1is
k55, What are all the :
possitle values of the smelle
est integer in the set ?

69423,7401

In triangle ABC, the measure
of engle A 18 30, the mege
sure of angle C is 60, and
AB = 12 inchese¢ Equillateral
triangles are drawn on AB,

BCy and CA, all of them-
heving no points in:common
with the interior of triengle-
ABC, The centrolds of the
egqullateral triangle are -

© Dy E, and F respectively,

The area, in squere inches,

. of regilon DEF 1s ¥ VB .

Q

Find k|

69:2L:46.58

Consider the graph of 2 |zl +
\¥| = 4, relative to a
rectan coordinate: syse"
tem in which the unit dise
tence is 1 inch How meny
square lnches are there in
the region bounded by the
graoh ? L B

694257.09

Assume, in a.plane rectangular’
coordinete system, thet the
lines wlth equations y = 0

end ¥ = 2 are banks of a o
river and that points A and- B -
nave coordinstes (0,5) end
(124m2 )y respectively; - What

is the z=toordinate of the = 7 -

- point on the x-axis at which

a bridge is to be located,
perpendlicular to and between
the river banks, so that

the direct path from A to the
bridge, across the bridge,
and then to B, shall have the
shortest possible distance ?

6942646408

For what positive integral
value of x, other then 1, 1is
x7 4 6x7 4+ 113~ + 8x = 17 the
gquare of an integer ?

6942747467

For what values of (X,¥,Z)
will 5x+2y+3z have e meximum
value if (x,7,z) satisfies
some three of the followling
conditionst 2x+4y+3z = 10,
xX=0,7y=1y 2 =2 §

69284707

Each of two circles, having a
radius 6 inches long, passes
through the center of the other,
The area, in square inches, of
the union of the assocliated
circular reglons 1s aTT + bV3 ,
where a and b are integerse
Find a+b} T . :

6942946,05 -

If £(x) = a lx} + Db | xtk) ,
f(=1)-= 0 and £(2) = 0, b 5 0,
then find the value of k¢

6943046420

The inch measure of AB.of square
ABCD is 63i  The region ABCD is
gsubdivided into four rectamgular
regions by two lines, one. parale
lel to ABy the other parallel to
BCs If.Hp, s 8nd: R, represent
the . areas of The rectangular -
reglcns contalning Ay, B and C,
then R,tBptR, = 31435, Find By o




SWERS TO NCIMI PROBLEMS

1059 - 1960

60 1 1h42(7)
.5 53

60ies 140
0.13 9
117 5
60,20 1:2
60s24 O

1960 - 1961

6101 5/13
61i5 0

6&;9 k = b
61.13 16/81
61117 14,11
61s20 &77
61.23 3/16
614,27 17
61,30 180

1261 ~ 1262

62,13 7.3

3
62421 67,73
62.24 2b465
62'28 34

1262 - _‘9_62

63.1 111,111
2% 5 (233)
£33 3750
63.17 13
23 25 2%2
34 I
63029 5/2

1963 « 1964

64 sl 10
-5 "'3/8
EKC“’.9 59"5

1960 - 1969
L
ﬂ]
/"

6042 7 6043 241 60k 6, ~107/3
604 6 0 6047 23 60,8
60,10 51/2 60111 06 60.12 9/7
60-1“’ 19""5 60.15 60016 390,313
60,18 15 60419 (x)(x~5)(x? - 5x + 10)
60,21 3600 60422 0423 2/1
60,25 5
61,2 61.3 ~15 61.4 8
61.6 882,982 61,7 U 61.8 18
61.10 6 6111 10 61,12 3AB
61,14 9 61,15 61. 1bx231 1
61,18 7 61,19 x% - 1x£ 4+ 3% -
61,21 3049 61.22 + 9 6
61,24 560 61.25 3 61.26 75
61,28 12 61529 041/24347/2
62,2 0 62,3 6 ' 62.4 23
6246 6247 31 62,8 6
62410 320 62411 17/2k 62,12 3/2
62,1k 443, 3/4 62*15 18 62i16 37
62,18 62,19 3 62*20 8} "
62,22 aﬁb)(b+c)(c+ ) 62723 1.2
62,25 (12422)) 62v261/%,12 26 62527 101
6229 (1/2)(91/3 + 3 62,30 4

; 2 2
6342 =1 63:3 3 634 uw +n
63,6 144 63:7 15 63.8 8 ¢
63,10 eaitb 63411 37 63.12 =
63,14 -1€x€3 63:15 65 63.;16 30
63.18 625W 63:19 x=h,y= 63720 o2
63,22 ,16 63.23 12 63,24 32
63i26 381 6327 4 63,28 7
63430 (=1,0) only.
6li2 12 64,3 =49/16 64ih 17
64i6 51 6417 70 648 5
64,10 525 64i11 31 6412 309

31




64i13 25,1  6kilk 130 64,15 E?/g}ifg, (9/20)2/2, (4/3)3,
6416 0 6Lil?  (3512)4(=3,=12) "64.18 21
64119 6 64,20 98 6h.21° 189 64i22 €5
6423 20 6l,2l  [wlyl),(2,4) 6lhy25 Z
64;26 35100 64i27 w2/3 6428 61 64429
64:30 90
1964 - 196
65,1 5451L 6542 2,5,18 6543 150 65l 3
§55 1 65.6 3 6507 (<344}, (7y2 ]y (156)
65.8 2 65,9 64,1 or 642 65,10 none
65,11 23 65.12 60434 65413 43 65,14 3,-13/4
65:15 9 65,16 857142 6517 12 65,18 20
65.19 yJ = 5y3 & 5y 65.20 65 65,21 225
65i22 5 65423 32,16 65i2h 1/2,%1 65.,25 11 5
65126 160 o 65:27 20, 65,28 41 65i29 (ay=bx}< +
1965 - 1966
6641 137,173; 139 1935 179,197 66.2 80/27 66:3 18
663 5 6615 36 7' 6636 35 6637 34559435
éeis = 8613 s 66.10 56k 6611 “5.9.8,5
66112 “1/(eb)  66i13 +150 66,1 66115 18
66,16 22 66417 8,1 66,18 1l 66419 3
I ANERIVS N O L A R
bs s 3 ea]. 66,2 AR e2 1 3 2 +
66128 1122 66129 2 66130 T
1966 - 1967
67.1 322 67.2 bHcwl,bmc+l 6743 3545
eoly IR v ox2) emg oy §lis NS .
- 7e 9 . b
3/;»2#2) 67,10 V 2848V 3 67111 8u42
67,12 28%e.y  €9.13 3/64 67114 30 67415 20
67,16 27/8 67.17 ¥ 1i2 67,18 56/9 67.19 2%
67420 3<EFC 10 67:21 72 and 108
67i22 B2 67423 32 67424 (1,3,9),(0,15,1)
6725 B 67426 21 67:27 2 67:28 19,28
67:29 4 67,30 U432
1967 = 1968
68i1 1806

6843 4,7,1,3

' 684
68,7 3¢ x$12

68:2 (2,3)4(3,2
£~1/2:-173

66.8 ('2/'6'+ 2)/2

32

;’2—3’2)’ (*21“3) s (1/241/3)

, 68,10 1008 68111 93 68,12
~nT8s13 158 68i14 210 68.15
ERIC 07

173,1/2),
8.5 720

-]l -1/2
/2546/ 8,6
68:9 IFy2e{mt)?=0

1,3,243)
gr’-'7 "68.16 341



6817 0, 2, 1+V3, 1=y3 68,18 /4 68 19 gfwy}gx?+
t';xy
68l20 25,17 68'21 7 68.22 (1,-1,2& 2-2 2,-1) y{=Lgly
Vo(2,-2,1 68,23 0<x, 8,24 16
68125 341 éa 26 8 68127 1760° = 68,28 16
68{29 {-1,1,0) 68i30 16
1968 = 1969
69.1 % 6942 =1,3 69¢3 6VZ = 2¥6
69.4 28.00 69:5 325 69:6 2 223,333 6947 DbE
69¢8 1116 69,9 t(n) 69110 23.1 69,11 éf09+1)
69112 5 69.13 ne-l 6914 45. 69415 1
69.36 2025 69.17 17 69,18 2 69.19 307692
69120 L8 69.21 11 69,22 23,59,87 68.23 28
942 16 69.25 36‘5 69126 69427 (3 /24142)
9.28 66 69.29 0 69430 945
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SAMPLE SOLUTIONS, HINTS OR WHAT HAVE YOU

604i1.3i04

The question is really, "How
many multiples of 196 are

there between 1 and 1,000,000,

which are squares?

Since ?196)(5102+2 ly )

,200 0003 and since

717, my answer is 7Lli I
know that (2)(71) = 142,
but I cen't for the life of
e see why 71 should be
doubledf How's that for an
auspicious start?

6042504

Givent =1+ 1/x
Find: xE + l/xn

From the giyent x - 1/x =1
Squaring, -2 4 1 =1

Simplify:t =2 + 1/

Square egein and simplify |

604354427 1
"
NZ2/2 1
It 50 50
By recognition: ilsosceles
trapezold

Therefore, i707 + 1 + 707

60ilki6,08

Let roots be p ancdiq .
%; Glvens p - ¢ = m=l
¢) Knowns p+q = n/2

30) °q = ~4

Adding and subtracting 1l.)

end 2;) givest

4;; bp = 3m=2

Ss) bq = wmi2

Multiplying 4.) end 5{) ylelds:
o 16pg = =3m< + Bm «#, Use 3.),

nemely pg = =iy Solve the

-juedratic,

7

604546,03

Two suggestions: Put it on
the coordinate axesl!; keep

your coole
D{0,b) \\\\\\\?//ic(b.b)
8 P(?.y)
1,,/’//6  B(D,0)

At0,0)
1Venx%nfor5ationz
2¢) (x=b 2 +y 36
3¢) (m=b)

+ (y-b;
To be found: 2 xé + (y=b)?
Teking the second suggestion,

te thgt 1.) + 3¢) = 2:) =
22 20(;- 2 = 5% . Ngat, eh ?

60.6i5472

Fgke it: 1:) 1916 + 16 = 1932
2;} 1866 + 86 = 1932

6067*5064

Key ldea: work backwards,

Let b represent final number
of boys: Let g represent
finel number of girls, There-
fore, 10) b/g = 5/3 .
Working backwards,

2:) {b+20)/& = 3/1 4
Solving, b =25, g =15
Working back one more step
glwves the answer,

60.8:6,28
e 120

n
A 160 ¢
J=lf=5 right triangle implies
AB = 200; therefore, AP = 100.
Since triangles ADP and ABC gre
similar, PD/100 = 120/160;
QED
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60:9.6420
that

M

;éynrici§§i7ﬁ 4+ 27 =0 is
3%217ﬁ%ﬁn3 1971/% +27 =0,
Therefore 7n = 953 .
And x = gﬁ 3®
Glvent 9 65n = 3, Slnce 9 =
3n = 1 ‘ ,

32,

60:10,7437

A{ea between ?he)grigin
c les 18 TT(2a)% =7 < =
BaS}T . W

Ares betweea the "new" _circles
1s T (2a+x)* = 77(a~x)2 ’
whic? 1s to be set equel to
2(32°F }e Go, men, goi No
aweate '

60e11:4,32

Start counting; Systematic#
ally is preferable, :

60:12:,6,13

Let: List Price be x
Marked Price be y .

Glvent cost 18 ;6x; profit
s 1/5 y; selling price is
2/3 ¥y« Selling Price - Cost =
Profity, Therefore,

(2/3)y = (3/5)x = (1/5)y i
Solve carefully for ¥/x ..

60;1388526 .12

Y pe=8

D
Y 4 ’ .:L;
E’ i !
B/ | I £ \p
L 12 ¢ &4

By recognitlion, angle CDG = 30°;
Thereforey, x = (1/2)y.
Perimeter of AEFD = (2)(12) +
2y + 2(1/2 y).

Perimeter of EBCF = (2)(12) +
(2) (&) + 2(8=y) + 2(1/2 y)
Therefore y = 6,

o “BCD = (1/5) 1153200 (47 5)=613
ERIC

AEFD = (1/2)(12+18)éaﬁ)= INER

Ratio in questions 64/19 ,
60,14,5i58
Givent loglo(xz 1h4x + 5) = 2

Therefore
"% = J4x + 5 = 10°
‘Bolve for X$ xX° = 1lix =95 = 0.

§0415:6, 3k

You draw the picture (can't
be a regular pélygon!). It
18 readily proveable that the
sum of the vertex angles of
the star is 180° (i.e., use
sum of exterior angles of
polygon twice and sum of the
angles of a triangle flve times).
Therefore, (x=4) + (x=2) + X +
(x+2) + (x+4) = 180, Ard x = 36,

60.16.5:42

There are 10/9 centlangles
per degree, 10049 millianglgs
per degree, 35920 = 106/3
Thexrefore, there are
(106 /3)(100/9) = 392 16/27
milliangless or 39¢,3m.

60,17,6429

Hiﬁtt obsexrve,

%1v§?: 1&)'(x-1)/(x~2).+(y-2)/
V5000 (ye2) /y=3) + (2=3)/
( ;:-ll—) LI'

: 3é) 1/(z=4} + 1/(x=2) = 2
Look at 1,) znd 2,), By sub-
stitution (using their common
term), obtain (x=-1)/(x=2) =

238 Yook
(z=3)/(z E ) (x=1) = {(x=2)(z~

L,
From 34}, Solve for Ezqk) care=~
fully., 2z=4 = (x-2)/(2x=5);
Add 1 to both sidess then

z=3 = (3x-z5/(2x-5)a
Substituting into 4.) and multi-
lylng through by (2x-5) yields
x=1) = (3x=7)s Solve for x; GOf

%,

4.




60¢18i6i51
20

A [65

80
B

angle CAB = 130
engle CAD = 6
arc A% = 803 ACE = 100 = angle
ACE{ Angle AFE = 115 because
arc BD = 130, Therefore,
angle FAO = 15,

angle DAB

60i1947413

Multiply all the fectors toe
gether and sgstrac the 24
obtalning x(x7=10x"+35x=50)
Use synthetic division on the
second factor, remembering

to make use of the rationsl
roots theorem,

60420i8i15

AC=15

B/

20
If in triengle ACD, the
altitude 1s drorred from
vertex A onto side CD, 1t

. divides the trlansle up into

a 9=l2-15 wlpht triangle . .
back to back with: a 5.12a13
right trianpglel  Er imowing
this, we nzed nuot ure ths Law
of Cosinez to Ulnd the cos(3)s
1iesy we inmediately kuow
that cos(%; = /5 and that
sin{3) = L5, T 0
Howzvel, to find cos(l)
it is nacessany to use the

Law of Cosluus Nemelyy
; ru400~%9)/é00;

5;25; therefore

- (>

N~

41

36

sin(l) = 7/25 (Lies, 7=2l=25
right triangle)i

Now, note that angle 2 is
the supplement of angle 1;
therefore,. sin(2) = sin(lSl
Using the Lew of 8ines (twice)
we obtaint ‘
(sin(4)}/BE = (sin(23)/20 ;
sin(3} /ED = sin(1)/14¢ Slnce
sin(2 = Sln(l), |
(204sin(L)) /BE = (14°sin(3) ) /EDI
Substituting in known values,
the appropriate ratloc can
readily be found,

60621,5i16

Three se;gnd loss each g hours
implles seconds per s
InP12 hours there are (12{(3600)
seconds. There:f‘orez for the
"losing® clock, (12¢3600)/36 =
1200 days before correct time
againg

One second gain each hour ime
plies 24 seconds per day.
Therefore, the "galning®" clock
will be correct again in
(123600} /24 = 1800 daysi

Now, Just find the least common
multiple of 1200 and 18004

6042246437

Wife HBusbend
Thens b:d 2%
Nowe 2x / X
Futures 3x ir”"*k x
Therefore,

3x + Ux = 112 |
Notes. the given information is
denoted by the arrow$£

6042346426
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Angle EBD = 180 = 2m
angle DBC = 180 = 2k -
Angle EBD + engle DBC =
angle ABC = 360 « 2(m+k) = k
Therefore, 360 = 2m + 3k, or
n = (360=3k)/2

Angle EDA = 180 = (mt+k) =

180 « ((360=3k)/2 + k) = k/2
Therefore,

recliprocal of ratio in -

question is 1/2

6042l 5,41

Sum up the 3 fractions,
T2 (010 Copb) = (ato) (a4D)
a -
sa*c)(b+c))/((a*c)(b+c)(aﬁb))
Simplificatio% of ghe anerar
5 yie}ds 2b
) 5 (0

since b -g® = 02

B ) = 0,

6042546413

D
= 1203 then} Leaw of

twice)
4+25-2040- /2 = 49

Angle C
CosiBPe

isnzz
Thereforg,

...‘0.

+ 3DC =0
Solve| ' :

49 = 9+(DC) -z-a(nc)(—1/2)

. Therefore ath =

1960 - 1961

61:145432

Average rate ¥ average of the
rategl Averasge rate = total
distance divided by total timel
Let distance = k,

Rate 1 = 5 mphs 1lies, Time 1 =

" k/5 hours.

Rate 2 = 1/5 mphs Time 2 =
k/{1/5) = 5k hours:

Total time = k/5 + 5k hours.
Total distance = 2k.

Average Rate = 2k/(k/5 + 5k).

D F
X

6142,6423

K E c
Obviously, triangles AED, DFB,
and ACB are similar, Therefore
DF/FB = AC/CB = 2/1 3 but
DF = ED{ Therefore, ED/FB =
2/1 = AD/DB; And finally,
DB/AB = 1/3 .

614346i20
Givent ;i_l; °'1 = 8

Lo (5(03=5)45) = asitn

But the second summation
simplifies to

1 n
LB e -

20n = 53 « 20 n&
~l5 ¢

For en explanation of 51 gma,
notation, consult your local
Math teacher)

and

42
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61ik,i5.11 D

N

A 15 B
Segment EFG 1s parallel to
CD 1s parsllel to AB (Why not?)|
Trisngles CAB and CEG are sime

1lar, Therefore,

CE/CA = 2/l = EG/AB; EG = 10
Triengles BDC and BFG are sime
llar; Therefore,

BF/BD = 1/2 = FG/DC; FG = 2.
Therefore, EF = 8 |,

-

 61{5,=¢28
R A
8/3 4 ind a3 = (378/3) = 2(4))/3
61.6,6.07
abcabc = gbe (1001}
But 1001 = 711613

(491)(1001) = 491,491; four
primes Only other prime
which can be introduced is 2.

61.7.9409

By recognition, trisngle is
8 30=60.90 right triengle,

Area of triangle = 2
Area of Sector I = (JF/12)(4+

o 2Y3)
Area of Sector II = (T /i) (ke

| 2 J3)
Areg

of Sector III = (TT/63é12-
8V

Area bounded by circles = -

Area of triangle minus the sum

of the areas of the three secw
O tors. GO to it: Carefully,

6L.C0l4,92

3(x+3)=3(x=3) = x + Solve.
61497437 ,
ab maps into (az)b s 32b

((aP)(aP1)E = (a2P)E = &2PK

Therefore, 2bk = 2b% ,

61,1047:10

i B
az o az = 6’4'; bz + (a'l'b)z = 64
2 = . =
< = 32 a-—‘l»ﬁ, b—~2ﬁ+
2V8 .~ QED; -
61:11:6.09

The neme of the geme 1s multlples
of 6 (excluding sny which nave
fectors of 4 or 5) and multiples
of 20 (excluding 60).
Therefore} {6,18,42,54,66,78%
and izo,uo,ao,loogs
61,12.6421
/%7 + 1/93 = (B+3)/(xy)3 =

( (x47) (2RP=xy472) )/ (x3)3 =
((z+y) (P42xy+72=337) ) /(zy)3 =

({x+y) (2572 = 3x3)) /(xy)> =

(A(A2-3B))/B7 |

6141346043

After Step 1t 2:3 of contalner 1s
water, After Step 21 (2/3)(2/3)
of ocontalner is water, Two more

times)
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61414.6407 '

Let the constant of prow
portionality be equal to 1

in each case (Why not ?).
Let AC be p endicular to
BC (Why not 7). Then coor=
| dinatizel A(3,43
b
!
18/%
BE(3,1}
c{3,0)
Iine BE: y = (1/3)x.
Ilne ADt ¥y = 2%xw2
- Therefore, F(6/542/5).
By similer -triengles,
DF/FA = (2/5)/(15/5)
6141545435
(108,125} (108, gk} (Togyk ") =

(105553/1o35k)C1osgkflos55 ) (H)
(3)(1/2)(4) = 6,

61i16.5.
KeYt'Work”bankwards; :

62-‘=;
31,4 emsweri

- 614617 .&w -

125/2, Or,

1) 1lix -~ 2y e

From slopess (y+1)/(x~5) L/3
2) bx w 3y = 23,

Solve 1) end 2) simultaneously
for the values in question.

61:18,6.17

Uslng Mean Proportional Theorem:
2 = (AF 2AB

5% = (AG)(AB) = (AFP+3)(AB),
since AG = AF+3,

Therefore, 4/AF = 25/(AF+3),,
Flrst find AF, then AB.

61;19&55051j'
112241 = Pre2zP4l = 922 = . .
(£-1)% - (3x)2 = (PR3-l P+

| Bx-l} ‘
61;20;5:09 '
82 15 B2 V15

V8+2JT3 +V8-2V15

when rationalized by 1 in the- -
form of

. becomes

B PPN ) -n/a..z VI% divided

’DY itself, ¢ ler sion .-
Jﬁﬁ + w /5 = L
Uau?az, §z2323&(_ |

Go to 1t

61421,5:09

Divisibility by 11 rule:

(2+8+1).(y43+x must be divise

ible by 11§ 11 - 3)im llq.iv-
. Therefore, x+y ,;;;+




Divisibility by 8 rules
31lx must be divisible by 8,
Therefore x = 2 end ¥y = 6,
88z = 268312, Divide,

614224525

x+3 2}:-3;; (x29)(x=3)3
x+9)(x+3) + Therefore
(x+3)(x=3)(x+9) + 1 does
the Job,

614.23.,6.17

1) BD Sl/ﬁ)ABc
Therefore FED e (1/ _
FNM = (1/4)FED = (1/16) 480,

2) AEN = (1/2)AEF; ADM = %ADF
Therefore,
AEN + ADM = (1/2 (EAF+ADF)

:- -_152 ((1/2)AEC.)
== / ABC

3) PNM + (AEN+ADN) = (5/16)ABC
AMN = ADFE = (5/16)ABC
{1/2).;;130 - (5/16)ABC

3/16

6142445,11

. If base populetion is taken
a8 1, then the

Hburly Galn is: 1x

New Population iss 1l+x
Hourly loss ist (1i+x)x ~ .
Net Loss = 436 = Hourly Loss’
‘Hourly Galn = + X =X o
Solve. R

61(25,6.06

ko

“and X axes,

Givens ED/FE = 1/2

1) Triengles BCG and EFG are
similar.

2§ 2/3 = BC/FE; BC = (2/3)FE

3) Triangles AED and ABC are
similar, Therefore,

24/sB = ED/BC,.

Double substitution into 3)
yields 24/AB = (FE/2)/(2FE/3) .

61;26;5;10“‘

Magic squarest 9 tlmes the
nunmber in the middle 1s the
sum of any Tow or column,
Number in themiddle is. the
middle number of the 81 term

gequence; namely, D
Lo (41-1)(2) 84; 98l = 756

Obviously..
61:27.6.05
Key ideat: l. Angle of incldence

equals angle of reflection.
25 Beflect in the y

L /‘ As)
\/L]-JB}

Distance formulas 1

61:284=421 P2

DL =14 IK = Therefore,
IXK = VIO an

g8 =

r

1+(:%Ib LI

+ TY/2)4

a
Angle QK 9
Length of Bel

61.29 6 22 .-

-2-35y+25-0
2y* = 7y + 5,= 03 42
Therefore, x2-355x+2 5=245,1i
Go.




61.30:5.25

Boy #1: Rate is Uk

Boy #21 Rate is 5k

Since time 1s the seme for
both, ‘
(x+y+10)/5k = (y+x=10)/ Mk
And x+y = 90

2(x+y) = perimeter = 180-

1961 - 1962

62(1.5.36

DDD = D(111) = D(3)(37)
Therefore = 3,

Since (I){DA) = DDD,
are 3 cholces| ‘

T 9.

there

(3)(37) = 111 NG

- (6)(37) = 222 NG
9)(37) = 333 OK
62.2i5.11

Glven: (a + 1/&)2 = 33 or
a2+ 1/a 5
a2+2+1/a = 3'
-l'l'l/a =0
Therefore 8l + 1£a3 =..
(e+l/a){alwli1/a?)

62i3.645

+1/a = lﬂ'

b3

Using gziven 1nformation k = 134

. “Therefore, dx=tt = (13)C5)-

| 62;5 7;06

()2 = 32462 = b5 .

But an an 1e bisector theorem

sayst x/! 2;

X =2y .
Therefore, (3y

624,633
’-IT-J-I— {x{y
AR\K:s k= (i

; (z-Sa) / (y+5)

eretoge = U555 =5
= (1/2
ree 21523?57'(3&(3/(' 75)

Remember: TOP and BOTTOM 1t1

AP'{éi P(6
Sector PAB = 6TV
Iune AP-= 67V = (9\[3

éﬁ%a of u er part TT-F
-9\

Total ares = 2411‘.-_- 18V3 .
62.6:4:37

10t4+u + 10utt) = ((101s+u)-
1oust)) = 1ch

Therefore 2% + 20u 106.

Try t =343 u =5 (by observa~=
tion), 35 and 53 .

(It didn't ‘say thet the dife
ference had to be posltive,
did 1t 7Y

62;7:-:03 _ S
since lex® = (1+x)(1§2) ‘We

should observe thatlyge Buh-
stitutio 9 = (1+x)

B = (1~x) reduces the problem
to -

A% + 2B2 = 3ABj A = 23.35
A = 23 ylelds the solutlo
x=11/33; A=B ylelaefx'~ ol
62:8.6:28 A |

D R ¢

ABCD = 144 . B

Triangles AEG and CGB are simi-
lar{ . Thereforey AEG/CGB = " 1/9 ,

o



%ni%cff/ﬁgn = (1/3 )(1/2) (144
1.30’ AEB = 3 ABC

L2
62412i=363
42X 4 ZZX+1 = 80

2) AGB + GEC = AGB + 9(AEG) = 72

From 1), (24
Therefore AEG = 6,
62.9.“606

The sequence of partial
products looks like thisy

{3, (3)(5), (33(5)(27)5 4ad
i3, 15: (16“1)(16+1), ..'S
0}3, 15, 255, 25621y 3sd §

22,1, 2%-1, 28e1, 2361, i\
Therefore, 2ion
2 -1

i

6241047 4Ol

Tres simple; if you neke two
right movesiii p

;) Note that diagonal GE is
perpendiculer to OAI
Draw redius 0Gé

. OE = x
) <o
=
i«%a

x

T erefore
= 0. "E:

62s11_=‘-;_.¢5~°-

For speed, please obse¥ve the
followin

/o) /(v /02)
Dll

= 36/99
Note? 38 aﬁd (63/39) neans

63/
D2t 81/99 -(5/11
NZ: (62+3/9}m{ 60w
Therefore, fraction reduces to

EC W2/ rfa etz A12) = (849172t

- AEG) + QAEG = 72

(38 z (637991 )={38+(27/99))

(9{9) = 36/99

(22)2% 4 22X}21 = 80

(22%)2 4 2422% . 80 = 0
A quedratic in 22% |
Therefore, factoring and solving

22% =|.-1o,83
» log,(8)

glves

2x =
And

62.13.6402

Ch=2x
DE=x

0

ABDC 1s an 1lsoscelexn trapazoid‘

Th f = 10n2 2 = 5“:
Angrg g EB is-x)§)/

m rlght Aangle CFO,
E%E = 25 2;'. Sincg OF = DB,
{5=x) 25 =

Solving, X = =5 + 5V3

62147425

Quentities of f
S
Ql + Y

= y/x; and (x/v)+(y/x = 25/12
Cross multlg}ylng ete ylelds the
equation 12x% w 25xy + ys(lz} w= 0

When fectored and set equal
to zero, the ratios x/y =
14/3, 3 shnuld appeer)

ur:l%l and Qz

: 62&15&5310

y/83 II = (uTTiZ)/s

/83 Area of region =

Sum of circumferences
QED.

111 = (ngk?

(‘517 /8.
equals 371 x.

i
7




b3
62.16.5.35

Good ole 111 a»ain
uuu = u(lll) = u(%

(3)(7) = 213 (21) 37 l

} a7
3 = 772 &

62.17i=!53
(2%22043y/(2M) =
((22)(2%)-2R+3) /(2%41) =
(28 {4a1)43) /(241) =

(3(2"+1))/(2"41) = 3

Or simply substitute in a
couple values for n and watch
the 3 pop out.

62,18,5.65
Points of intersectiont

2 circles, 1st line, 2nd line,
3rd line} *uth linek corres=
ponds to the following sums
2+ b 4+54+64+7=24

62,19(~.20

](!g-rl)2> 5x=13 (x xg 71—-3
x-'~2 )3 0 -52

1§ %x-z (x—1g>0
2 (x=1)<0

Truth set for 1; x€1l or x»2
Truth set for 2) 1L xl4

Only integer in the intersectlon
of two sets 1is 3;

62420:6i26

L%w of Cosines: gangle D= 120)
9+25=(2)(15)(~1/2) =

Moringaw of Cosiness

12 = 25+49—2€35 0082 Cc)

23,002 = 9349" =2(21)cos(B)

43

‘and ABD are simllarxi

Since cos(B) = =cos{C), 2) be~
comes

AD? = 58 + 42cos(C)
Therefore

58 + 42c0s(C) = 74 =~ 70cosC
cos(C) = 1/7, Solve for AD
uging 1) or 2)

62.2145i24

4891 = 4900 - 9 = (70)2 - (3)? =

(70+3)(?0~3)
62422{mel9

You can spot the lurking factors
by first doing some partial
factoring, thusly

{a+b} aﬁb )(b(b+c)+a(b+c))'
c{atc })+b

; = (atb)(atc)e
b+c ) (b+a (a+c (c+b).

QED
62423.8(03 /\

Since triangle DEB 1s 1sosceles

and simce angle E = 108, angle
ABD = 72 = angle DABj angle
ADB = 36¢ Look at triangle
ABD; swing an arc of radlus

X centered at A lntersecting
side BD at Ci

LAN,
Note that both trlangles ABC
{(by design) and ACD are isos
celes, Therefore AC = DC = =3
BC = 2«x; Also triaagles ABC
Y, T?erefore
DA/AB = AB Lee,y 2/x =
x/(z-x). éggving, X = «1+VJ5 4
Notes This problem must be
done by some sort of similar
triangles unless you happen %o

‘know the cosine or sine of 72

or 36 degrees, the finding of
whiclh has essentlially been done
abovey




L
6224, =004

Take the (l»x2+gy2+zz)(az+b2+cz)

= (2ax+3by+cz)<; expand both

sldes and put all terms on

the left; you should

then recog 1ze the Eollowingt

(3ay=2bx )=+ (az-Zcx) +( 3cy=bz )%=

Os But this wlll only be

true if 1) 3ay-2bx = 03 Whjch

is to say, ¥ = (2bx/32) And

2) aze2cx = 03 which 1s to

say z = (20x)/a = (60x}/3a$

(A11 that’s necessaryt

Sluce rx = 3az and gx = 3a¥,
r+q = (3alyFz))/x.

Using 1) and 2) yields t?

desired result, XeY

62i25=418 B(4,2) D
A«e) E

BC/AC = 4/5. Triangles CBD

end CAE are similar. There-

fore, CD/CE = BD/AE = 4/5 |

0 -2 =4
or, Jg2) o) Sz

6212644413

(x+y)}/2 + z = 23,27,3“3
Y42z = 68"
L xzely = S
y+z+2x— L6 8
'3} 3 yex =
- 2(3))1 =3xz-y = ~24
= 4} Goi

Hldboqurd

62427,7.28
3%8.1 4 32 =9 =2, mod 7

23 83 therefore, (3%)3 = 36 is
ent to 1 mod 7« And
%gu 1, mod 7: Therefore

-1 i1s dlvisible by 7.

35 = 243 = 1, mod 1l.
(&5)9-32 é’l: mod 113 therefore
-1 is not divisible by 1l.

49

- 8% ) t 5%8 D31, mod 73
= ) mo
(36)83" 348-5 (~1) 8 ~’1, mod 73
Therefore 3 "wl 1s divislble
by 73.

62528,6.17 164
96

A 0 B

x y

96+x+y = 1803 x+y = 84 ’
(x+16Z)/2 = éo; x =16, y = 68
and angle DCO = 34,

62.29,=,16

Since xImyld = (1—y)(xZ+XY+Y2)
the r 0 1zer

1) ((3{}3 +(1)(gm) + 1)
Thet 1s, 1f the glven expresslon
is multiplied numerator and

denominator by 1), the result
should be the required answer,

D F x C
62.3047.18
X
E
2 Y
& B
X+y

1) s

; (X+Y)%+Y2 = s%}x?=2(xy+y2)
3) Sum of areas Of 4 triangles
equals area of sguare,.

(2x£1/2;(x*y)(y) b (1/2)%° +

(xy+y<) w x ((1+~f‘5§/2) 8+4v3
Substitu ing from 1) and 2)
(x2/2)+x2( xymm 8+W‘5’
Therefore =

QED

3
Ve oy



1962 - 1963

63,1:5425

aaa,ana = a&ll 11) =
a(111)(1001) = a(31(3?)°

(7)(11)(13): Therefore a = 1,

63424629

Givens uy = 10, ug = 33 4
ug = 2(up) + 2 =10 + @
= 2(10+a)4a = 20 + 3a
ug = 2(20+38)+a = 40+7g = 33

6343.6449

Notet sn appeal for the

answer 5 was grented for this

one «w= but I haven't

been able to figure out whyi
A CoL

D B
X
c

F B
Triengles ACB and . ADE are
similars therefore AD/x =
AC/BC 4 Bubt AD = AC « X3 .
end x = {2/5)AC; . Therefore

AD = AC = (2/5 JAC = (%/5)AC Soo
By substitution, (3/5 Ac/(2/5)-
AC=m/2 : m "
634106425
1 gx + by =m

o2 T oE o1
Squage 1)é (ax)2 + 2abxy +
s 2 bx)2 =2 gh o
(g;;aaez u e A

+ 0c e - B(3,7)

634545.46

s .

Triangles AEF end AGM are
similar and AF/AM = 2/3 .
Therefore AE/AG = 2/3 = (x+1)/9/2
Arldx=2¢

FE/GM = 2/3 = (y=2)/((7/2)=2);
nd y = 3.

634644409

815 = 383 = 432 = (3)(1h4h)
812 - 527 = 288 = iz)(luu)
527 w 383 = LUl

Therefore (?777), 144/

Kick it around ~-=-= meybe you'll
discover whyl

6347.6405

Exasperation! Perspiration,
but no insplration, Want a
sample solution? 8Send e
self-addressed, stemped envelope
tot

Mr. George Lenchner

% Valley Streem North H.S.

Franklin Square, New York
They tell me he's a very -
smart men, Anyhow, ‘he started

- this whole league so let him

A

X +x/2 = 24

.6349.5:48"

Yoti,0)

2

3 63&8:6146

enswer this %$#)*&“+ & *# B
‘questiony’

A

AE = DC,
Therefore EB. fl"/z = AD,

Let FB = x =
QED

xz'

{x/2 +: 10)/2 + 10 =

. 'Solve 1t}

63410454 54 | |
 I have beat this one to death we

-== 5 similer triangles, pro-
portions by addition; extended




lines and meaen proportionals.
to the hypotenuse; equlves
lent areas!) Nowheresville;
Howevers apvarently the
relationship between AG and
the magnitudes a and b does
not depend upon the position
of Q3 1.€ey it is an invaeriant
relationships Therefore,

let Q@ approach C, in which
case CG approeches 0, AG
approeches AC and E approaches
F; therefore AG approaches

AC . approeches BD approeches
atb,

634i11(5.42
More ttt = t(lll) t(3)(37)
Flnagle! t = 3§ :
63, 12.7 12
x3+ax+b=0° X = \/Lp +y—
= (YT +Y3) =
y T 2
4 2_ iB%&z)ﬂ %+ 321/ 2) +
Therefore 6+6( A2 +
a( ?fé’ + b = 0y The only

way for the LHS to be zero
is fort 6+b = 0 and E+gi= 0,

A

6341346405
60

pL

Lg
CD

634146464

Persbolat y = Xo=X=2
Lines y = x + 1
r points of intersectiont
wX =2 = X + 13 X = {_wly3
Just

5

Therefore, -1 €x <3
look at the gragh,

63415,6418

L B
of Cosginess
= 16+425-(2)(4)(5)cos(CBD)

= 41 -~ 40 cos(CBD)
cos(CBD) = cos(CBA + ABD) =
cos(CBA)cos(ABD)-sin(CBA)'
gin( ABD)
=0~ 3/5_¢

Therefore, CD2 65 &

6331635;03

. Quick Counting Problemt

Triengles AED and BEA and ADG

are similari AD/DC = 3/b;
60/DC = 3/43 DC = 80

They are all 3-4-5 right
triangles; only the factors
are missin ’
AE/ED = 3 sez that AE ?6
DE = 48; AD = (12

60!
= 275

Since EB/AE = 3/b
Therefore AB = (93(5)
You find the areai

oeo,

b5¢ - -

1 origins 'l

9 on eech axist 36

67 in eech quadrants 268
,.-Totdls 305 - '

uadrant breekdown s

L(9) + 1(8) +2(7)+5+u'
1090’ 1,1-9 5, 1-8

3,1-9 Ts 1-7

%y1-9 8, 1-3 -
“ 9,1-
63'17'6'49

’Therefore, (15-2 /NT
o1

Givent 3x+2y+2 B

Normal formt£3x&2§+2)/\’

Where 13 = 3

Therefore, given line is ZAITB
away from the origin,

Line' parallel to glven line

. through (=34=3)1 3x&2y+15 = 0

Normal form: (BX+ZY+

)/th



e

63{18.6.32 : 63:22,5.61
More 3~l.5 (Camouflaged!) 2Mry =27, = & -
. 211(* —rﬁ) =2a

S%bs%itute: ZTT(ka) = ad
Solve, Try T = 3.14159 i

abgy 6312316424
goz + (40ur)? = 12 V 2 4
Or = 20003 r = 25 QED > 459
Law f‘C;sinegg
63:1916i?7 BB = k0o + ioot“ 2 10 (20)o0s(135)
= 500 o~ 400( 2)e
= lg y 3% = 22y Gos |
3x 3 37y
3% , y o
Therefore, Toall Xw3 63.24,7:29
3 zx-u = 3x-4
2 =3 This problem is Just too
Only trge if x-li = 0, ‘ much, The AYB'C' trisngle
Therefore x = 4, y = 3, does not exist at all since

you don't flnd too meny
12~24.36 triangles around any

63120.6,02 more., Therefore, merely find
the ares of triangle ABC,
Area = (1/2)(8)(12)sin(x) ,

jf where x 1s the angle formed
B/////

by the sides measuring 8 and
12, 8ince the altitude of a:.
isosceles triangle bisects the
base; by -good ole Albert Py-

X=X; ¥ = kag xty+z = tha rus we kno.. the gltitude
gg;;gfo£e1/$§+13% : ])./2\,___/2 go VZ;, Therefore sin(x) =

(o) X/(X+y) = =
i mamoyes (2J’)/3 } QED; |
Ratio of (I+II)/(I+II+III; = a
2/3 + Th efore, 2) (x+y)/(x+  63.25/6.14
y+z) =2/3 x+ka) /a.e a ---

B 1 = - S
rom 1), ﬁa( +1) /(2=y2) = l

Substituting into 2)
(ka(1+\['f)+ka)/a = J2/3 . , )
Therefore, k = 1Y/ 3 Xa ka
GO, Area of rectanglet
EhaRre e
| Or (1-2k)(1-k
63421e5.72 (3 #3)/4; reject the +,

t
Since (135(769 + (3/133) Am hmetize 1it.
80’ end since (27)¢ = 729,
= 784, the enswer is
Q obvious.

oL




L8

63.26 4,46

* +x= 145&5u2
(x)(x+1l) = 145,542
Product of two consecutlive
integersl Fake it (almost a
erfeat'square.)l
370)% = 136,900
380)° = 144,400 Success!
Obviously (351)(382) .

6342747.17 |
Ares = (1/2)ep = p; a = 2

AN
2
coe{lsC/2) = 2

X = g/‘flzl+cosiﬁsoslz)

X = -

63:28(7(60

Practice makes perfect| If

at first you don't succeed,
try and try asgaini With a
1ittle blt of lucki There are
only 10 diglts to work with,
80 efter a finlte amount of
time the solution is bound

to appear: One "out of the:
blue® hint, howeveri CwE = =33
C#¥A = By A = =3, If that last
stabenint 1s read as A equals

0
the wdditive inverse of 3,
bzse 10, then Ar.obviously
equails Ta

By the ways Z?%B

3§5£

6312947441

Here's one I've beat to death
with no sucoexg in the nasts
but look at this procedure,

3y
<

OA = 28, OQ = a5 SP = r = OT;

TQ = awr, segment FVQ = atl,
Uséng right trianglezPTQ,

PTS = (%zr)z - (anig s PP = dar
OF% = 0% + PT® = ¢ + bar

Major assumptions OPU 1s a
straight line segmentl (Why not?)
Therefore, OP + PU = 2a

Therefore, ,
Plior + 1 =

r =a/2
Alternate procedure (includes
proof that OPU 1s & line
gsegment)t Try coordinate
geometry with 0(0,0).

2a

63:304 5444

Je X w2g =3

(y+#)/(x=1) 5 =25 ¥ = =2%=2
Therefore,
x = {1,~1}
However .

2Xm} = w2 Xew2

‘(1,=4) is not on the given |,

"line®", which 1s really a llne
with a hole in itl Trickee, eh?
(=1,0) obviously OK.




1963 ~ 1964

64.1,5,28
43/30 = 1 + 13/30 =
%+5?°%}Emn
+ 2 + =
1+1/(2 + 1/{3 + 1/4Y)
64426413

There 18 a theorem (somewhere
I am told) that gives the
area 1n terms of the three
glven dimensions, You
should be able to discover
that theorem after this
demonstrstion;

Let AC = &

B

ABC + BCD + CAD = ABC

VT e

644345459
~(m(w2)u(u2)2y={-2) -
“(2 = 1/(=2)2)% = w2 = 1/4)?

64iki6419

The number of selectiong -
of 6 points teken 3 at a
time (61/(3'31) = 20) ‘minus
the "triengles® AFC, ADB,
BEC ylelds the ariswer 174
Which 1s the totel number
of nemed triangles (1iel,
vertices. given by a letter
A’B,C,D’E or F); but I Se-e‘v

qulte a few wmsmed triangles

in my dlagram, Betcha there
were a lot of appeals on this
one, ‘

l64;5*.6;42
(S . N . .
lfRi(bw quick ls your re-sction

IToxt Provided by ERI

time? Using "standard"
techniques, you should end up
with «3/8¢ ng~3/2, a lotely
absurdity!
That's because the first step
es some hing llke thiss
n=3)/3n¢ 3 implies n~3<9n ,
But what if n represents
negative velues (which in
this case 1s Just what our
author has shrewdly arranged)?
Then there would be two possl«
bllitiess elther ne3L 9n or
nw3>»9ne, The latter case
yields the upper bound of
b = «3/8

6he6e5.47

Divislbllity by 111
(5+x+x) =« (0+8) = 1lq
2x=3 = "1llq

Therefore,

x =17
And (99)(513) = 50787

64,7,6.16

My enswer aintt 70 —-- either{?}:

Mine is 28, Here's how I

) 65,2 = (5/4)(65,)7

2) 8,7 = (lex)s,y?

From 1) 513 = (5/4)3/2823 =
A 168 =128 .

xa‘.l-é‘? -

This time, 1f you don't like

ny approach, try e self-addressed

staemped envelope tol

Mr, Gene Deveresux

3 Cardinel Drive

Woodstock, N.Y; 12498

He used to be Executive Secre
tery of the League, and 1isg
lots smarter than me, If

there's a way ~w~- an interpretas=

tion === that ylelds that 70
answer, he'll know it,



) D 4
Segments are obtalned by
fakeroo === but the process
can be algebralr‘ized thusly:

x+y_= x+y = 7

x =6
Xtz =
&*: = 6 k x=¥y

Law of Cosiness (twice)
{36+49~25)/(2(5)(7))

cos(c)
And
= 16+49-2(L4)(7)(5/7)
64}945i59
x2 + Ix{= 30, Therefore,

+x=3’g‘orx>0 end

2)x - X
x-S

xlxéo and.

6441046419

Equiletersl trisnglet 30m30-30

/2Y(30 J"= 1 JB
(2/3§h = J%? 5
Redius o large ¢ircle =

15 + 10V 3'i Find the area¢

2,8)

6441145440 |

(0,40)
Criteriat » :
o1l ¥ €4z, 0&xg2

(1040)"

From 1), (1 1.3
1-7

From 2), (2 1 5;

Therefore,
3+7+6+ 5+l++3+2+1

RS, Yo, S L)

6u;1256423'

a
Area = (1/2)(6)h s h=3
Therefore a = 4 (3~ -5 right
triangle) 5
Therefore ¢¢ = 102 + 3

64.13.508
Givens 1) p~= 13 p =
2 p q / m 6/?
3 p+ = -5/m = 5pq/5
1) into 3) yiel -
2q +1 = (5/6)(a~ + q)

Solve for q's,.then for p's;
then back into 2) yields the
two velues of mi
64,14 4,60 (Picture below)
1) 180 = angle A + angle B +

engle Ci

EXTERlor angle C = angle X +
angle B; Exter angle B = anzgle A
+ angle C,

{1/2T£EXT C + EXT B) = A + -
1/2}(B +.C). -

_ Since in trisngle BCD

(1/2){EXT C. + EXT B) + 50 = 180,
2) 130 = A + s /2)(B+C)
Subtracting 2) from 1),
50 = {(1/2){B + C)
However, in. triangle BCE,
(1/2)(B + C) + x = 180}
x = 130, Four minutes ?

Finally




6441516431

Firsg note that 9/10 end 7/9
are bo lesg then 1.
(o71017212°% o (7/9)F7iE = ¥.
Answer the q;ﬁstiond which

13 greater ory' *®

= ‘815 ;l[- =3
Therefore xl") Z7and XV

Now, 1
o A e

6 = We
36 64/27 = 2+(10/27)

3 wg/ = z+(1/u}; Therefore
z and 2w ,
Therefore y<x&we€z
You might notice that my
answer 1s not the same one
glven in the answer key =-wwhich
I have found written twice

in my erchives, Either some~
one has been fostering "un
gros canard® for several
years w=- Or my reasoning
above i1s all wet{ It's your
choice)

6441643471

In the first guedrant, the
absClssas are all positives;

in the second quaerant, they're
all negative., Due to

symme¥ry, their sums are 0,

6L417.,6,04
VE(E/2 4 3372y = 81
JF(y37/2 4 £3/2y = 162

G\i;f(alfﬁ) = 1623 ¥y = bx!

64,18454,63

Al gebrat
(n+(n+l)+)iot(n+(n=1)))/n =
Numerator is the sum of an
erithmetic sequences there-
fore, (n/2){n+(n+({n-1))) = 3in
Solving, n = 21, - :

31

415 the average of the sequencej
therefore, 31 is in the mlddle.
Work to the left until the
first term of the sequence

appears. y={3x
a3\
64419,7:28
60° |§

Notes the graph of yz = 3x2 .
consists of two stralght 1lines.
Since the slope 1s = tan(x),
x = 6009, Therefore, the angle
of the sector is 60°;

Ares of Reglon = (1/6)TT(36);

6442046420 A 2
E
1I

D L c

gince triangles AEB and CDE
axe E-imilar, 1/1I = 9/16 =
3%/, I 4+ II = 50,

Therefore } = 18, II = 32.
And 18 = (1/2)h 2 ;

32 = {1/2 1 2
But hyt+hy = altftude of the
trapezoia; QED
6L4,216434

n = 8m+5; n = 13q+7s Therefore
13q-8m+2 = 0y or 13q + 2 = 8m
Modulo 13:¢ 8m = 23

m= ]_/l-lr = -12/4 =
And, m = 13k+10
Therefore, q = 8k+6 (by substi=-
tution).For k = Oy n is a
multiple of 5, For k =1,
m= 23, q =14y n = 189,
OR, as I'm certain most
Mathletes did, start llisting
the possible values in two
separate columns,; Ee obserw
vant, :

O~ akeroo Easy Wayt
FR]Clddle term of the sequence

IToxt Provided by ERI




64.22(7411 Let a=b3 b
227 a=73 b= 8 Be:]ect 72
Coordinatizet a=8;3 b= 1 Reject a1l
three
a=93 b= "33 99

C1g9°)Want to ¥now the two missing

A(0,0) numbers? Want to know how to
- do this problem in 7 minutes?
Knowing the coordinates of C Correctly? Try sending a
18 very helpful (the 13-14=15 gelfeaddressed stamped envnlope
triengle is well known), but tot
can otherwlige be found most Mr, Harry Sltomer
readlly using the distence ° - 36 Amherst Court
formula twice; 1.e., Huntington, N.Ye
ass;ge c( st)- Then He's the person who made up
169 all these problemsj end 1f
2) (X—ll-” = 225 ' he Oan't do it, Wwell seedes
Subtrecting 1) from 2) inme

mediately ylelds 28x = 140.

k 18 found sim lariy; i, 6. 2L 5.4
(7..0)£ + (k..o) = (7..5)2 + (k~12)2 3 . '
Sum of two perfect squares
Hz = E9 + (33/3}2 wlll be zero only if eech 1s
zero. both
_ Therefore bo
64$23l7304 Jex-2 and y - x° must be zero.
‘ , ) Solving for y in each case
Welly, I got 18 of 'em anywayi . end equating thg results yiglds
' . the quadratio x° «x «2.= 0
7(10a+b) = 100c + 104 + e ' First solve for x and then
70a + 7b = 100c + 10d +' =& find the corresponding y's.
a+ b= o6 + d + & , ,
Subtracting, o
69a + 6b = 99¢ + 94 : 64.25i7:25
23a + 2b = 33¢ + 3d = 3(1le+d), X
This last statement indicatesn '
that 23a + 2b must have a ' X
factor of 3 as a necessary
{but not sufficient) condition -
that a+b have the seme sum o {6+x)/2 - (6=x)/2
as c+d+e;
I mede up the followlng y2 = 3% w ({6ex /z; end
sleve, eliminating those = 36 = ({6+x)/2)2
numbers which did not sablsfy. Ellminate the y's snd solve
the given conditions (an inter for ., No sweatb,
esting rule appesrs after awhile)i
Necessary Conditiont 23a +-2b be
divisibile by 3¢ 64,26 1,76
let a = 13 then b = 2,5 or B . , )
RejJect 12 Length of tunnels x
Let a = 23 then b = 1,4 or 7 Distence travelled during
- Reject all three. glloted times x+100
Let a = ag then b = 0,3,6 or-9 Therefoxre, (40)(1760)(1/2) =
Iet a =43 b = 2,5,8 BBJBOt 32 X + 100, Solve,
O a= 5; b = 1’ ’?n Reject i

all three,

oW



64427 .6 46

¢ =2 1s glven, «b/2a =1
Therefore, 2g = wb,
9a + 3b 42 = 0

9a + 3(=2a) 4+ 2 = 0., Solve,
641286, -
L128.6,19 - D
7’?\ 2
A B c

Notet 1) EF = FB = FD
2) Since 1) is so, angle EBD
1s a right angle for various
reasons (i.e., angle in.
scribed in a semlwcircle,
medlisn drawn to hypotenuse
of a right tsiangle)g

‘fherefore ED® = 244; FB = 4ED
64329;5;36
Glvent p/q =n
Pt = =2/33 m*n/2 ~l3 mn=1 3
B o2 u/ny then(pal/

b/a = m/n en{p+ql/q =
(m*n{/n; So (=2/3)/q = «1/n 4

Q= (2/3n = 2/(3m

Since p/q = m/n, pq = mg?/n,

ra = a/9 = {n/m)(2n/3)(2/(3m))
Solve for a. Five minutes %%

6443067417
B

0 TG <— —F

A 30 =

Triengles EGA and BGF are
similar, BRatlio of eltitudes
is 2/3. Therefore altitude
onto AY of trianpgle AGE is 12,
Areast AGE = 603 ABF = 225
HEF = 753 Rectangle HFBA = 450
Therefore, FGE = 90,

Q

53

1064 - 1965

65:1e5039

I will give you my route: but
no reasons, They're all yours.

abc 1) ¢ = 2 (Hurray!)
d 2y a = 4 or 5
-*‘§3?% 3) a definitely
5¢hj = to 5, 4d =9
k1lmn Ly 0 ® 8
5) b =6
6) Gol

6542460,05

x?+x+19 = (x)(x+1l) + 19 1is
to be a perfect square,
By observation, if x+l = 19,
then (x+l)(x+1; will be a.
perfect squares i.e., x = 18,
And that is the largest value
of xt +the difference between
eny two squeres gets much
greater than 19 + the previous
number to be squared, That ls,
400 « 361 = 39> 19+19 .
Therefore, merely seardh,out
all the squares below 18" =
324,
289 = 19 = 270 # product of
two consecutive integers,
b9 = 19 = 30 = (8)(5)
25 = 19 = 6 = (3)(2
Therefore, 2,5,18 4

B{5512)

656367301

A(65¢5 B 3
Coordinates of B are (5,12)
éRemem?iﬁ?)s((gﬁog%ap?tes og

are - - 2)al12
Or D(19/2,6)s Since t§1a£§1es
AEF and AGD e gimilar
AEF/AGD = ABS/AGR = 25/2361{#) i
ind trisngle AEF = (100/361)¢
(1/2}(19/2)(6) = 150/19

¢(14,0)
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65,4e5419
Itt's a look Et First terms
{ (=3} (y-Z)) must be zero!

Therefore elther y = x or

y = 2, Two lines of values
theret ' 5
Second terms ({xz+y){(y+2))
nust also be zerol
Therefore either y = «~x or

¥ = w2, Two more lines here;
Graph looks likezqr yex
\k\k // y=2
Y= =2
NY = =X

There are 5 intersections,
but only "squigley on smooth"
counte Think sbout it.

65,5i4537

P1P2,P1P3, P1lPk, P1P5 |

That 1s; by fixlng one point
Pl, the other 4 vertices can
be situated at the second
point,

654685.74

12739 is congruent to what,
modulo 10 %97 lMNotet only
silgnificant diglt 1s the 7¢

72 = Ll'9 "'1,
Therefore,

74

modulo 103

= 1, modulo 10, And

(7)2(73) = 739, Stnce 77 =
3, modulo 10, enswer 1s 3¢

650765620

Clever way?!
(3% + 2%)2 = (81 + 16)2 =

If M stends for mldpointy

then M{AB) = (3,-3/2\ which
{then sez tnat D(7 4= ).

M(BC) = (3/2,m5/23'sez D(1,=6)s
N{aC) = (1/2.0) sez D(=35k)s

654845,58
logx2(2) + 1ogL,,(x) =1

(10 2)/(21os x) + (log x)/logzb
1/%21og2x) (1og2x /2 =

(log, x)° - 21og2x +1=0

logzx -1l=90

Ors:

By fakeroo e=~ but watch out

for second snswerss

65496507

120°

Area of triangle = 36 qﬁ?/b
Three rectangles = 36

3 sectors = B(L/B)TT(U)o

Sum up and computes

65410020

1/((1+x+1){(1+x))

(1+x)/(x+2

#"’1’x+2—-1,x—,--1e
WHA 2?27

x+1l =
If x

Thereforey nonel

65+11:6.61 i‘

Simple way$ Compute and
divide by 26

Fac tor, obtaining

972 =

(*7)(-7), modulo 26
and b9 =

23, modulo 26,
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6541246419

B's racet{r1)(tl} = 5250:

' rl = 5250/t1
C's recet (rg)(tl) = 51903

r2 = 5190 /t1

Let t2 be the time9f5¥ B to
finish the rscei{ Then
£2 = 30/(5250/¢1) = (30t1)/5250
In time t2, C goes x} and
;ﬁ = %xtl)/5190 o

erefore, 30/5250 =
Final ans%ert/905- x;x/5190

65a13;6.zo
\

4 5\\\\\\‘\\‘3 4

—————— =

"Cosmic Colnsidenge“ spproachts

Assume P Ls a point directly
over B ﬁn 3-spece,

Thgn BCS = 16m9 = 7

ABz = 369 = 27 gnd

DB = 2747 = 3

Finally, DP? = 3449 = 43;
ggw's that grad ya» %

in the pleney; try this pice
ure}

I

A
3
Then CB° = 169 = 7
DF° = 36 + 7 = 43
Or
Try this pictures c
1
AE2=DC‘2=3_,_.
DP2=27+16= 36 3

I do believe there is an
invarlant property involved P
here;

65.,14,5438

{3xz+x)x + x = 39. Go to 1%,

65:15,7+07

I have no idea how to attack
this one! Oh, I coordinatlized
a right triangle with legs of
length 10 and 12 and found
(after much diligent labor)
the gilven answer.

But that leaves me cold,
It is falrly obvious from
the statement of the problem
that there is an lnvarlant
‘relationship involved w~= SO
help yourselfsright triangle,
isosceles, 30~60-90, equllate
eral ~-= whichever 1s your
choice, whatever will do the
the Job for you.
But to show that for a tri-
engle of given aresa (l.eq,
whose base and altitude are
inversely proportionel) that
the retio of the segment of
the median to a slde not a
base cut off by the llnes
trisecting the base drawn
from the opposite vertex to
the median in guestion 1s
en invariant —~- now, that’s
got me hung upl

65416,5.17
1/7 = 152 6/7 = oB71HZ
2 12 14 3 QED

(I understand this cean be
done algebraically also.)

L 1)

(18]

65:17.6.49
Men's ratet x mphs Time is the

sSame, ‘

Mans (x)(tl) = 24/5

Traint 60t1 = k

Therefore, (2d/5)/x =
244 = kx

k/60

Second choicets

Mans (x)(t2) = 34/5

Traing 60(t2) = k+d

Therefore, {3d4/5)/x = (k+d)/60
364 = kx + dx

368 = (24d) + dx: Solve for x.

6N

e———r



56
55.,18i6.29
One More 3wl«5 |

THIZ X
(12+x)2 + 122 = ¥%  and
12 + 2x g b = x)2

+2%)
Therefore, (124x)2 243kl = (1242%)2

Solve for x. Go,
65119‘6'07
2041 Sz z =

(xr1/x) (b 4 1/?33 -(xé : 1/x2)
But x2+1 Xy meang ¥y = X + 1/x
Agd yz §§+2+§1/x2 : :
y = x° ¢
(%i -13)2 =242 + (1/x#)

n

) y& §2 2 = x4 + 1/x4

Now subst&tuts

And simplify.

X
6542047507

. |

2 B
oot = w‘ag"s) cz»r’ )
ﬁzzﬁ’éy N oA1e) =

= 8/5 w 1 3/5
{This should glive you the
hint that 1t'%s the good ole
13-14~15 trisngle againg 1.es,
a 9~12~15 beck to back with
5"’12"‘13) »
Law of Coslnes 2 >
3/5 = (196+(8+X) ~{6+x)<}/(2)°
{14)(8+x)s Solving for x is
no major probvlem. Ho~Ho=Ho,
(x =7, Just as I intimated
above, '

Rete B = 1/5 cvandle/hour

il/bgt = k1, gone, l=kl remains
1/5)t = k2, gone, l«k2 remalns,

When will

1ak2 = 4(lakl} 2272°
When k2 = 4kl = 3, And since
kl = 5/, kK1 = 15/16 |
4(15/163 = 15/ hours.

65.22,7.18

af2

a

30w60=903 Therefore, m = (2aV3)/3
Law of C siness

%2 = (U4a a% - 29. ﬁ)/3
6542365429
+cx+d( +ex+d) =
+ (ch §2 (2d+02)x2 + (2de)x
+ 42
First, ¢ = 4y then d = =&,
GOe
65.24,5542
Quickie Zolutions
) xy =x/ys vy=1
y = el three
=0 lines
2) x4y = x73 using the 3 lines

from above, gee what happensf

a) et y =13 x4l = x, 1 = 0
Reject‘

DY ¥ = =ls X=l = =¥, X = 1/2,

c} x= 0, (0,0) 1s no good

because of 1; Therefore

ouly (1/2,-1) does the Jobé

65i25,6,02 =~ Or,
More Coordinete Geometry:

0 65:21.5.30

ERIC

Aruitoxt provided by Eic:

B{O,

Rate A = 1/4 candle/hour




slope AC = «12/9 = =4/3
Line BMt y = (3/4)x
Line AD: x =

Therefore, H ?,15/4;
AB/HD = (33/H)AL5/4) = k/5

Compute,

65.26,5,01

Assume someone desires

to purchase 40 yards of
cloth at a dollar a yard,

He will pay for 40 yards,
but receive only 35 yards,
The dishonest profit 1s
therefore $5, or 1/7 of
costs. The problem states
that thls dishonest profit
((1/7)c) plus the honest
profit (p? is equal to 1/4
of sales, where sales are
8/7 of costs; !
Therefore, (c/7 + p) = (1/4)e
(8c/7}

ind p = o/7 (Splits his
profit evenly = half honest,
half dishonest:)

Likewlse

(c/9 + p} = {z/7)(10c /9},
where 1% 1s assumed p still
to be taken as ¢ /7, (Keeps
hls honest profit the same

even though hls consclence
is starting to bother him))
Therefore, (1/9)+(1/7) =

X =16

(x/7)(10/9).

65127:5.78

8
1) Ares = El/Z)(dl)(dZ) = 100
2 A%ea = 4)(1é2)(sr) = 100
3) s = 52 + 102 = 125
From 2) r = 50/8s GoO.

65.,28.5405

57

Areg of sector AOB = TTT§/3
Ares of triangle AOB = r<sin(120)
3

Area of lune AB = r2( TT/3 = \J3/4)
Agea of Clrcle « Lune =
r<(Ti= (T/3) + (¥3/4))4

Ratio should become:

(8T 343)/(hTT - cRVET

65429,6429

Expand and simpliiy., Same
as problem 62,24, only simpler.

:65a30;6.o8

Y et

=C ) ( X+

* =3 g& + 20x + azml
(x+c+1) {e+(c=l))

Thereforet

C+l = mC § C = =1/2
Oxr
c+1 2

Or

Cwl = =c 3 0 =1/2
Or

=l =3 30 =24

]
()
o

(o]

]

1965 = 1966

66:1,6,07

Since "1 was dictated for
the number to occupy the
hkundreds positioy, it was not
eliglble for the other two
places;, Neither were sny
even dliglts nor the digit 5,
sinre one of the palr would
not be primei{ This left then
“only 3,7,9 to fill the posi=
tlons and the pelres 137,173;
13941933 17951973 were eligle
ble., Test away,

66.2:6412 T
§1/r3§+< /8 = (r3+83}{}rs)3 =

{r+s % +2r - 3re rsggf)B =

(r+s)((r+s}e = 3rs))/

)

LI o]




Since r+s = 5 and rs = 3, 55 and finally 1ix - 10y = 13!
the snswer follow#s directly. Since X,y are integers such
that 0gxg<6, 0CYyL5, the
only suitable wvalues of x and
66.3.6:14 ¥y ere 3 and 2 respectively.
14 Solve for b,
\\\\\\‘ 66.7464A
B - \ . G o7 n
Solving for p you should obe
Law of Cosiges: tain
iﬁd"' Lo + - (2)(7x)(cos(m)) 1) p = {5(n+5))/(2n~3), or
2) p(2n=3) = 5n + 25
196 = b9 + = “22)27x)°°s(180“m) From 1), the obvious n are
= 49 + %% +(2)(7x)cos(m) n=1gund 2, However, n =1

Take the two equations

114 =30 wwemme— 110 004,
together and solve, : 2 ® )

n =2 ylelds p = 35.

As n increases without bound,
661l 5. it is lmportant that you note
o0 5.27 that the sequence decreases

to 5/2, Try n = 33 no good,
Ageln, aversge Rate # average Try 1/1 - l&gméhis ylelds p = 9,
of rates, Now switch your pcint of views
Average Bate = (Total distence) look at 2), Let 3&£p<8 and
c}}cvigegl by (Totel time)| check through 2); You might
u —_l 3 *t, =1 3 average note that it is only necessaxry
rate ={1/3)r , to check out the odd values
Therefore, r/3 = {1+1)/({ty+t,)4 for pi In this way, all four
SubStitute in for tl arld 2 answers can 'be foundé
and find the required ratif.

m 661846411

664545.34
rL/

B 3]
Tfiangles BEG ani CDE are
Similars both 3-4~5 right trie
Area gf ripg = g{(ﬁz - x2) 3 engles. Angles BEg, CDE, end
But - = 36i{ QED DEF are congruenti Thermfore
triangle DEF 1s isosceles)
66616128 Similarly, triengle CEF is
D040, lsosceles, Finglly, EF = FC =
There sre found to be 68 oingas that omp° Uhe mid-
avallsble horizontal spaces OR1 -
and 55 vertical svaces upon ‘ & £(8,6)
totaling cach direction and
deducting from 225, Using L,/”/”<S<:\\\\\\\
x for ll-letter words, y for: B(0,0 D(14,0
10=letter words and b for E(8,0
b1 anks, the Dlophantine system F
Y elds 11x + b = 68, 10y + b =
(8,-8

63




8lope ARt 3/L3; slope EGs ~4/73
Line EGy Yx+3y =» 32

slope DCy 4/3

Idne DCy 4% «» 3y = 56
Therefcre, Ex = 883 and
F{ll,el) Hote that (1l,ml)
lg the midpoint of CD: QEN

66454630
1L =6 7 -5 2
e

> b L
e

%

Trexrefore, x3 o 6%2 + 7% » 5 =
{222} = 5(z2) = 7

66,310,628

¥ors Way Out |

Glven sequenceq

b2, 562, 670, 780, B89N, 1012

Flrst difference sequencet
100, 108, 110, 114, 118

Seoond difference gequences

2
% )
Therefore 108 should be 106 §
Working beckwerds, the .
correct number should be 564

66e11.5:13

There will be 24 such fourw
diglt numbers each having
the ssme distinet integers
in some order., Each diglt
(asbyc,d} will appear in
each decimel positior 6 vimes:
The sum can btherefore be
expressed as 6666{atbrc+d)!
Thls ylelds (st+bic+d) equal
to 29 end a quick trial wil.
do the tricki

6641245.06

59

2y iog a{log sx) = log b{log bx)
9% 1opa + flog 2}(log x) =
ltog~h * (log g;(log x)

By log x{loga » log o

) ¢ xt 10g2b logzg

§) log X = «}og a = 10§ O
?) § wlOg ab = 1og(ab) I
6) Thuas x = 1/ab

66413:64,03
; 50 L50 'y
%ﬁ’ “% A
Mellipse talk", 28 = 500,
. §5oép§ = 250 % 50 5 200:
S}.l’lceb ﬂk?ﬁaz“fc 2
k2 = {50)2(5% - 4°)s
66,14.,6:16
siopalize 6 + (N F+ V2
g?t%??B uze (;f? )} 1tse1f;,
getting {6 - 2}V /(5 -

Zic) whléh reducgs
672 AT =S

Keep goinsg.

6613546100

1.c. the sides of the sgaller
trisngle be 8$x9§hand thgr
larger X,;¥,27. The propol=
tion 8[; = X,/ uvy/2? lead
o x* = By XY %,%§)(2?>$ oy
mherefore (71{x</8; = 8y(27}i

Folve,

6641615436

“f 4 represencs the length
of one rall end . the spsed
of the train i1 miles per
hour then an equal’ty in feet
per gecond cepa be esbablished
auch as (dx}/17 = (5280 xJ/36004
golve fox G,

v A

G
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66417(€400

If (aﬁguc)/b = (bto=p)/a ,
then a%t-gb=~at = bo+0“wgly OT,
if you don't immediately sime

léfy,
I()a ~ac) + (ab=bc) + (ac=02) = 0
nd (a~c) (atbtc) = 0,
Therefore, elther a = ¢ or
attc = ~b.
But =0 impllies b=a=c,
Therefore the given expression
reduces to 8.
If, on the other hand, aic = =b,
((arb) (4o} (c+a))/(abo)

a+b) (b+c ) {c+a abc) =
ﬁ-c)(-a)(—b)/(abc) = =1
By the wayst Fakeroo will
resdily get the 8 solution
here (Jjust substitute valid
numbers in for a,b and cj,
but the ~1 will remein hidden.

66.‘18.'7.‘08
The good ole 20=99.].01 right

trisnglef
x+9
x

¥
1; 25 + ¥y +9=3xy
2) y¢ = 18x + 81
From 1) and 2% comes 3), namely,
3) 18x7 4 41x° - 180x = 0O
or (9x=~20)(2x+9) = 0
Notet To factor 3) 1s nigh
imposgible; howevsr, if you
use b% e Uge = 41° + 12,960 =
14,641, you should immedistely
recogﬁize the latter number
as 117,

664194644

Since b2=bec = ¢ must be so,

b o b(ctd ST (7+43) = 0.
Therefore, 4 = 28c + 484 end
74 4+ 4c = 0, Solve.

Q

6642045453 A
30=6090 Galoret
AR = 16 8

B //’// c

By observation, angle B = 30°
Thereforey, BD = CD;

Also, CE is perpendicular to

AB$ therefore, EA = 4 and
likewise, DE = (1/2)CD = (1/2)ED,
Sot 16 = BD + (1/2)BD + 4,

66.,21,6,02

A sample sclution on t-. i3 was
written up in 1966 =-- which
has perplexed me greatly. Prle
marily because 1t was all wet.
I've also lost all the answers
for the 1965 = 1966 year, and
therefore my candidate of 119
was {intuitively) arrived at
as follows:
When testing the number 95,
it is necessary to cast out
the odd multiples of 15 less
than 95 (1iesy 15,45,75) in
your search for a multiple of
8+ For instancey 95 = 15 =
(8)(10) does the job, Iilke=
wise, when testing 9, it 1s
nacessary to cast out the ewen
multinles of 15 less than 94
(Leesy 30, 604 90) in your
segrch for a multiple of 8§,
For instance 94 - 30 = 64/
Now, 96 balls cennot be accome
modated in the two boxes beew
cause when casting out the
even multiples of 15, there
Just 1sn't enough lee-~wayi For
Instance, 1f you could cast
out 120, obtaining =24, yould
be all set.

At any rate, the crux of
ny argument is that for any
number of balls, after 120,
there are a sufficient number
of elther odd multiples of 1
(a’ of 'em wwe- 15,45’ 7 'Y 105 or
even multiples of 15 (4 of tem;



30, 60, 90, 120) to be cast
out leaving a multiple of 8.
However, before 120, no
such luck (?)s Therefore,
119 is my answer.

6642246420

Rationalize the denominator,
obtalnings

((x+1)+_L§§1 +2\l xza- )/(x-l-].-(x-al) Yo

or X

Therefore, (a-bx) /b
Squarsing and simplifying
should legd

X = (a =b*}/2ab .

66i23i5434
% -8x+16+y2 ~4y+4+zz wbZ+9

(xelt)? + (yu2)2 + (2-3)2
Sun of three squeres is

zero only 1f each term is
2ero, ‘X,Y,Z) = (432’3)6
Compute,

il

66424,6 (36

Sf; 12 = (k)(fﬁt 1) 1is glven;
4w 1=1

{(n(n+1)(2n+L)) /6 =

k(n(n+l))/2
Therefore, 2n+l k o

66,254,819

The sum of two sides of a
triengle must be greater
then the third side, There-
foret L) r< + rp1l

2 :r2 + lsr

3} r+ 19 r?

Since r must be positive,
1} ylelds rp (-1+5)/2

5

yields all values of r
yields r<& (1+5)/2.
QED-

to the exnression

61

66426,:6,12

Tist the known declimal primes -
start with 11, end with 73,
omlt those ending with 9;
translate the balance into
other bases end ellnlnate,

6642746401 ! i ng
X

1) #2/2 = (3=2 \ﬁz

2) f§i+ 2)%4

; =23 k
Note: Bobh k and acan b

negative, Check it out,
6642846,01 B
E
h of ECD =
X o L) 5
Side of triaengle CDE = 2x.
Then, X + X = T3 X = wr(ley3)
divided by 2% 2x = (3 =1)r.
Area of quadrant .

L
éﬁga of CDE -((u-zjgerfé)/u :

66¢2905451

Using a "well=known®™ ratio
theoremy, it 1s evident that
since ia-i-b;/b-i-c) = {c+d)/(d+e) =
e+f)/(at+f), then
atb+c+d+e+f) / (b+c +d+e+f+a) =
atb)/(b+c) =
Thus 1t can be deduced that
=e¢ and a/c + o/e = 2,
Nov' you know and know that
51% of our Mathletes didn't
figure that out in 5 minutes,
but what they did do was

R




probably something like thiss
et a=1, b=1, c =1 and
d = 13 therefore @ =21. Sube
stituting into (as+c®)/ce
glves 2§

Note that ¥hils Y"technique®
does not always "work"; il:e.,
gee 66r17 el

66.30.7421

Regarderx!

1966 ~ 1967 N %

67.1.3+35

The concensus?

steart count-
ing === being very careful,

67i245,02
Set a=x = ¢} therefore x=a=c,
Set bwx = €3 therefore x=beC,

First substitute x = a=c
into the orlginals thils
yields a = btc-l, Then,
substltute x = b=¢ into the
orlginal; this ylelds g =
beC+l 4

670346429
Again, the Liamb approach:
1 3
2 3 {(1:8 2
=1/2 17 2i= ~1/2{(1¢8 + 3°2 «+
bl /
1 3

62

67426539
ozl r12%-4 = Sl (9x2m12x+l) =
£t - (Jxe2 (22 (33-2))( %%+

2

) =
(3:-2)) = (x%=3x+2) (x°+3%~2) 3
keep going.

67+5:6405

DE = 43 DF = 73 FAC 1s the

case, sinve others lead to

contradictions.

1) Triengle DEB i1s 30-60-903
DB = 8 J3/3--

2) Triangle DCF is 30=60-30%

DC = 1%f§3/3

3) BC = 23, QED,
67.6.6.,07
8trictly Fskeroof The more

you do the better you get ~w=
1s what I'm told.

670766406

Simplicity 1ltselfs Let

x = L/(3+L/(3+1/(3+ies =
1/(3 + (x))s That is, since
the continued fraction 1is
Pinfinite", replace it with
itself after one termj solve
the subsequent quad¥ntic, re-
Jecting the negatlve root,

67.8:7.07
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Law of Cosines:
00s(B) = (9+16=x")/((2)(3) (k)
cos(D) = (36+25-x2)/{60) .

But since angle B 1¢ the
sunplement of angle D, cos(B) =
-oosiD)’ Therefore

(24 (561) = (60){25-2)4

And = 247/7, Good luckji

67i9:6.39

(7%=1)/(22=x6) = (7x=1)/(x=3)%
Ex+g) = A/(xfj )+ B}%§+2g/£x 2
Ax+2A + Bxe3b /gg «3)(x+2)) =

X
((a+B)x + (24-3B))/((x=~3)(x+2));
Therefore, A+B = 7, 2A=-3B = =1,

67;1o¢6izi;27
Law of Cefsifies ATY the Way:
d

D

=

23

2
AE = AB = U3 30-60~90 right
trisngle! Angle CAE =.120°,
Thgrefore,

CE® = 12 + 16 = 2(2 ¥3)(4)(=1/2)
QED.
67.1105.A

((BYSHTEN) + 2

67412.,6:18
Up = 33 4y =73 vy, =.153
ug = 315y = 633 etc. BY

observation,_zn.~ 1.‘+yore
specifically, u, = 287¢ o 1,

6741347.06

Area ABCD = (1/2)(2x+6x)h =
(4x)(22) = Brz
Areas o o Therefora

f 0= TTre.
o/aBcD = (T1/8)(r/x)
Angle AOD 1s a right angles;
And OE 1s pegpendioular tc ADs
Therefore, = = (x)(3x),
Substituting ip the ratio

ylelds TT\3/64%

67.14.?028

D8 = Dwarf Stepsi GS = Glent Step
8/3 D~/ GS (Time-wise)

11/2 DS per G8 (Plstance-wise)

If x = number of glant c=teps,
then (8x/3) + 85 = x(11/2) ,

That is, dwarf steps = dwgrf
steps.

67¢15:6,07

My Xind of Meabtt
AE = 253 7=24.25 right
CE = 15; 3=4=5 right triangle

triangle

cos{x) = 3/53 sin(x) = 4/5
coggy; = 7/253 sin(yz = 23/25
BCS = 225+49 « 2{15)(7)cos{x+y)
And cos(x+y) = ~75/125.
Compute,
67:.16,6,76
64 manehours = 1 unit of work.
(36/64)(6) = 27/8 units of
wWorke
67417,6,03

Soxi7 Y6z =2

A -iy;B =2

Cube 1ty
62+ 7=3A°B+3AB%= (6x=7) = 8
14 - 3(aB)(A%B) = 8. But A«B=2
md (AB)(A-B) = 23 AB = 1l..

Cube it and go.

L —
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67418,8403
13~14~15 trb. zle

cos(B) = cos(C)

COSgB) = (289+x° 5 4x)
cos(C) = (289 (2x)
Therefore, 2x° = 64}

13
674247402
A c z* :_yzx s 7= y2 only if x # 0
¥
B 2Z = 2(4%); z = 2x + 1, Taken
Area of ABC = 1/2(14;(12§ = 8l together,
Area of ABC = 1/2(15)(h2) = 84 x = (y°=1)/2
= 56/5 a Therefore
Foon oimiler triengles, X+y+z = 16 becomes ((y2~1)/2) +
lg m;y/ll&;x-llfv/5 Yy +y° =160 ¥y =3, «11/3
(15-y)/13 y/l4s ¥y = 70/9 BUT What 1f x = O3 then z = 1
end y = 15 It checks all
. ’ around.
67.19.6 376 This 1s another problem where

the fakeroo boys got one wew

((2*?)/2 + 6)/2 = (et{{bic)/2) /2 but not the other,

= ° GO, '
67625.,651%
6742046500
Have you seen the answer? s
What more can I say?
67421k 147 A~en of trlangle =192/12 = 16

= 1/2)1*rosin(30°)
Therefore, r = 8,

Greatest common multiple of L?W of Coslnes:

363 36, 72, 108, 141:,3 180, = 64 + 6l = 2(64)( 3/2)

216, Observations (3 §72) =
2(108)s Mnd 72 # k(108 for
k an Integer,

67:26,5.71
67422,6467 Units diglt observation:
Price per dozen eggs = x3 ' 15 = 3. 29 s 35 =
Price Per egg . ior1§1nal) = x/12 1 532 37 = 2433
Price per egg (new) = /13 3 5 = e :
Therefore, x~4 = 12{(x/13). ) pd $eods 57 = °°'é et

™h refore number gp s In 14
105 = 100,000 3 205 = (32)(105) =
3,200 000. Answers 21,

Bg
6752707637

67423.6422
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Hexagon wlthin g hexagon!
= (1/2)(1+x); x = 1.
67428,8,10

121, 144, 169, 196
121, L1, 961, 691

Since 144 = s Supposedly
bhy = 44 1n some other base.
Therefore, x+lhz+l = Ul
where x represents the new

DQSe .
X 4 Ly - 43
(x-19)(x+2°1
961
E?z
Oa

E%kewise,
Hey, did you teke a close

= 0
+ 6x +
+ X -~

éx~28)(x+3

look at those factors with

respect to the perfect square
in gquestion?%%)

67.29.6.07
az = c2-b2 = (c#b) g—b)
= 1053 al = (105
(3;2 ( )(3)(5)(7)

Therefore, (o+b){c=b that
product,
For primitive triplets, the
choilce °£ factors gould bes
(1)(05)%3 (91(35) .

(253021123 (ho)(15)2
67&30;8;00 B

AN
DE=9
FG=2
DF=12 A _
AC= x v
AE/EC = 3/1, B8ince triangles

ADE end CGE are simllary EG =
3s DG = 12, and DGF 1s 1sos=
celes, GC = §1/3)AD

GC + 2 = (1/2)RC = (1/2&AD
Therefore, 3GC =

GC = U4,

And now, Law of Coslnest
From trisngle DFG:
«cos(EGC) = cos(FGD) = 1/12

(1mmed1ately known because of
Q

70

1sosceles triengle)
tr éangle .

ECS = 9416 «
Acz = 16 (EC)

From

2(12)(-1/12,
32,

2 27

1967 ~_ 1968

684145451

Lu2 19 63 1936 -

1432 1849 o
1762

= 188
= 180
422 forget

oy 8
43 6
it,

=
=
=

6842.7,00

Working from the second
equation only?l? (xynl) xy=l) =

(25/6)xy; (XY~L;2 - (25/ )xy
Expending, 6 - 37xy + 6 = 0;
Therefore, xy = 1/6 or 6} and

¥y = 1/66x$ or 6/x |

Taking each of these snd sube
stituting into the first
equation will glve in both
cases quartic equatiomm '
with no cublic or lst degree
terms, These gquartics both
factor, glving four solutions
for each x=y relationship glven

above. Teke 1t away.
68,3,7,04

x 6-x
Area = (s \]—_;
Area/2 = (9,2 = ( ? )/l
Therefore, éi ;rbzf' =2 V3Y/

Law of cosi €s: 2

(372)%2 + (6ex} w2x(b-x)(1/2)
This should work into

6x + 6 = 0} Arithmetioc,
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684,516

19 Hwb)zf-$Vdﬂ2=2ﬁ

(02+2ep+b2) /U = (lab)/l = 25;
(a=b}~ = 100

2) (a%+b2)/2 = (a+b)2/h = 2

Substituting from 1) the wvglue

a = b+10 glves the desired
answer,
G
68¢5+7.02 EV/
l 2 \\) 1 fe
pC =V42422 | gince HDO is

a stralght line (?), make

use of the "Product of exe
ternal segment of secant and
entire secant is a constant®;
use ABC and HDC as the secants
to circle circumscribing

square ABDE. _ Then
(k)(6) = {J20)( s 576 = 20
T = (1/5& 293 576 = 200

For a simpler approaech, try
coordinate geometry.

6846,6,47

X =20 = 2y3 13(20-2y) + 1lly =
17k, k¥ an integer. Therefore
17k + 15y = 2603 15y = 5, mod 17
And therefore, y = 6
X = 20-2(6+17k).
the only case where (x,y)
will both be positive: therew
fore (x,y) = (8,6);

6847.6,19

First observe that x
x€12 must at least be soj
l.eiy 1< x€12, However,

the -algebra adds additional
restrictions;

V12=x € 1+V I+x; squaring

both sides one gets 12.x <
2+x+2V I+X  or 5-x £ VWixx,

, Therefore, 25 - 10x + < 14z

2=1 and

71

x2+11x-24< 0, The solution

set of thls inecuality 1is
3¢ x< 8, The more restrictive
of both cases therefore ls

3<DT$ a2,

68,846.02

Notes The length of the
median diawn to the hypotenuse
of a right triangle 1s equal
to one~half the hypotenuse,
Therefore, frca the flgure,

m
y
o4y? = (2m)° = 4m?, But
me = xy 1s glven. ,Theref
x2+y° = bxy; end x°+2xy+y
(which is the yhole ball game
because) (x+y)° = 6xy; F+y =
s Just set up the

requested ratio, substitute
in for x+y, and you're home
free,

661957405 ™~

gre,

6xy,

2
60° 30
(2,0)

Merely recognize that the
triangle in question l1s a
30~60~90 Jjobj; the slopes of
the tangents follow immediatew
ly, However, one equatlion 1s
called fors Ehe degenerate
hyperbola 3y =« (x~4)
is the way to describe the
two linese

(%450)

68.10-7001




Find the area of ABC (using
Heron's formule),take 1/2

of 1t end multiply by 6.
This process can be generale~
1zed to obtain a very unique
theorem,

68,11,6.03

Each entry in (x,¥,z) mugt
be 0441,+8 This gives 52 =
125 points. Eech entry 2

MC = (4/5)CD = {(4/5)(35/2).
AF/AE = 1/2 and FM/FE = 1/H4;
thus FM = (1/5)FE = (1/10)AEs;
but AF = (1/2)AE: Therefore
AM =(3/5)AE = (3/5)(65/3) = 13,
Now, triangle AMC 1is the 1lne
famous 13w~14~15 triangle,

whose area is 84, Therefore,
MEC/AMC = 2/3 or MEC = 56, ¢
Iikewise, APC/AEC = 2/3. ABC =
210«

Try coordinate geometrys it
can be done in three stepse.

(22 = 8) of the above polintsm

are outside the sphere, Each

entry of-{2,2,1) 1s on the 68.i15,5.22

sphere, and there are (8)(3)

or 34 such points;, There= n=l; sum = 1, first term =

fore, in the interior of n=23; sum = 10, second term 9

the sphere there are 125 « 8 =33 sum = 27, third term = 17

- 24 = 93 points, Arithmetic sequences therefore
rth term = 8r-7.

1

684126143
68416,6(51
1 9 22 13 =2 * 43
=2 =14 16 Most successful results are
1 7 8 =3 obtained by Fakeroot The
-2  w=l0 Devereaux-Duffrin approach goes
13 =2 like this, however, 1lk =
=2 Jat+2 = 5b+l w Bo+53 1ie,
L 2 (11k=-2)/3, (11k=1)/5, (1lk~5}/8
must be 1nteg?rsé ?%, 19410k} /5
68,13:€.08 c %ESk-s +£3k+3) ;B’must be inm
1./3" / tegerse Or (2k+1)/3, (k-1)/5,
: _ / (k+1) /8 must be integerse LoOOke
/ ing at the last two relation-
: ships, k = 31 1s rather apparenti
" [1/efm Therefore, (11)(31) = 341 does
. the JOb.
Area = gbsin(€) = 1(2/3)sin(60°)
' 68.17.7.25
68.1%4,9.02 Don't get fency, Just blast
B awey. Multiply the left
D side togetheri the zero so=

lution 1is immedlately apparent,
Synthetic Substlitution gives

A the second root; good ole quadw
. ratic formula does the rest,

Draw DF paraellel to BC, Then
DF/BE = 1/23 BE/EC = 1/23
oPF/EC = 1/b, So DM/MC = 1/4 or
ERIC
va\fu 7O

. b
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68.18.8,01 p Z¥

From elther trlangle APC or
triangle BPC, end the Law
of Cosings:

361 = x° + Ly -2(21)(x1)(1/2)

for 1 = 1,2,
Solving the quedratlic yilelds
X3 = 5, 16

Area of trisngle BPA (Hero's
Formula)s s_= (5+16+19)/2 =20
Area = ZOVET-s

Area of triengle ABC =

(361 §3)/4i ACPB = W1 NV

2

68,19:6,19
(x+y)7 = (254y5) =

A
§§§X%£§x+y) - (xiﬁx3y+x2y2~

= | l&B
+>4§y xiygﬁ-x“++x yy-+
¥< 4 xy0 -y =
(x+y ) { 5uy } ( Z2-Hxy Iy

6842046.06 o

3

P

68421:6,35

Start dividing; since (6)(17) =
102, keep dividing untll o
remalnder of 10 appears.

68,22,7i05

Simplify end sdd, -getbing:

1) + 2); (x+y)5 = 0 X4y = 0
1y + 3): (z+x 5 = 3y Xtz = +3
2) + 3)s (y+r)° =1, y+z2 = +i

Palr the first relationship
wlth the other 4 relations
taken two at a time; this will
glve the 4 solution sets,

68423:6,11

This problem is a "lookw-at®s
take all possible varlations.
But remember that AB 1s to

vary from a dlemeter down to

a point for each and every
choice of r, and P, ; and

AB/CD # 2 mfist alwBys be so,

If you think gbout ity it s..ould
become apperent why 0L r L I is
the only cholce for T,i 2

68424,6,22
Multiply through by\/5+\/'f s

obtaining

5 +\JXx =Y25 ~ x = 6, There=
fore 25 = x = 1 = 2JX + x
rl2 -« x = =X, Go one more

x, ¥ must be greater then 6,
First possible integer is 7.
Therefore, 7=24w=25
Bml5=17 _
9=12-13 Be jectl
ind thatt's 1t., Teke 45° case,
Min hypotenuse = 3

N2

2(3+3VZ) A31hb
Therefore, 15 1s the smallest,

QA3+3N 2

Q

oncet the resultant quadratic
has roots of 16 and 9, But

tge 9 1s extraneous =-- drop
it.

6802507006 ‘B a




Law ofxgogines in ADC:
AD? = x2+({x/3)2=2x{x/3)(1/2)
Therefore, Ab'= { J7/3)%:

Ares of ABD = 2‘;,%\/“1*/.'3”3:)(1/2)
Area of ADC = { |~ {3).X 1/2)
Area of ABC = (3/2)(V7/3)(x)

= 7/2 (X);
Also, ABC = (W 3/L4)x=%,

Solve for x and approximate,

238=(27)5(23)= (1)(8), mod 127,

68,2747.05

For first meeting, in time t1,
A travels x=72 yards, whi e
B travels 720 yards. The: :=
fore Rate, = (x=720) /%1 avd
Rate, = 720/tl; B,/Bp~ (x=720)
divifed by 720,

For the second meeting, after
time t2, A travels a totél
distence of x+(x-400) =
2x-400 yards, while B travels
a total distence of x+400

%grdﬁ; )Theregore,(zéu= )/
=400} /623 = 00)/%t23
7 {2x~40§)/(x+400);

R/B§=

I% the two rstlos are equated,
and solved, the answer pops
out,

68,28.6,30

From the way this problem 1s
presented, one should be able
to assume that the area in
question 1s an invarlant;
1.e., not denendent on where
one places the perpendiculgr.
Therefore, let the perpendice-
ular = 8 pass through the
center of the sgmiacircleé

Then Ap =TT (8)2/2 = 327
Ph- (B¥s) = 167T &
68,29.,6,12

Q
Multiplyin one getss
£1KU: pLYLNG, g

IToxt Provided by ERI

x+2y+2z2) 4+ (x+y+2z)Y2 +
Ex+y+z)” =1 +0 + oL
Equeting corresnonding coefe
ficlents : x+2y+2z = 1;
x-y422 = 03 x+y+2 O,

Solve,

6853003423

It

m

Mgst nows
Area

me = XY 3

1068 - 1969

69,1444

332 4 (33)3, Merely look in
the denominator if in doubt.

69.2,6,04

- “' -1
Sinoe 4E = 4 (4% 1] == 4(22)x =
w(2%1y2; ret y = 251, Then
thg Ziven expression becomes
by

wl?7y + U4 Solve that
and go back for the X,

— 1
- L

7 . 12-2

(143)(14k) = 48
223 X =
= 2({12=2)2

refore, x2y2
xy = 22z(12=2)

69.3¢7.08

A

N

o
ye 5
The = Uz2(12=2)

= 48, Solve for =z,

69.4.7:32

Most Methletes try to fake thls
directlys sheer madness. First
eliminate one of thsz unknowms
and then fake itl
7A + 6B + 4C = 593 -
La + 58 4+ 6C = 48, Eliminate
the ¢ term ané obtain 13A+8B=81



Obvlously, A=5 and B=23
substituting, C = 3.

694547402 (L3}

B

. : -

(030) =3
From Lew of Cosinest
cosz§'= (36+25=13)/(24546)
cos(B) = 4/5, Therefore,
the coordingtes of A are
(453)3 slope of line AB = 3/Uj
slope of line DE = «4/3,
E(2,3/2)s Zquetion of line
EDs Lx+3y-25/2 = 0., ¥ coore
dinate of D 1s when x = 3.

Therefore, D(g,lssg
BD = » = 9*13 o
69:647428

Rulet the sum of the digits
must be divisitle by 94 If
a8 1s the number of 3's and

b is the number of 2%s, then
(32+20)7/9 must be an integeri
Ifa=1, then b = 33 tuo
smelll 1f a= 2, then b =
3/2; reject,
b=03 no good,
b = 33 0K,

If a = 3, then
If a = ﬁ, then

69{7.i4,06

The meaningful form of the
division algorithm should be
useds l.,e,, “When a is divided
by by the quotient is ¢ and
the remainder is 4" should

be translated into a = be + d,
Slmilarly, the second state-

ment meens ¢ = eq + f, There=-
forey a = b(eq+f) + 4 =
(beq, + (bf+d%.
695821
X 4 s
E

70

M il/ngF El/h)AB
LK 1/2)BD 1/4)BC

Since angle MIK 1s congruent
to angle ABC, trliangles LMK

and ABC are similari There=
fore the ratio of the aresas

is 1/16.,

6949:7414

oo

f{n+l) = ((1+\F§;/2)((1+\/5 Az)n

+ ((1=3J3)/2)((1=3)/2

o) = (TR ) Bl )

((1-V5)/2)"2
In forming the difference,
f(n+i) -~ f(n-l), note the com=
mon fector of ftn); fectoring
it out end simplifying the
remaining terms gives the dee
sired result,

~.

69+10,5.36
5

1

(5%1)

H)
Y 7T /4)
3

Area of rectangles =
Ares of quadrants = (& 1

(
gum of those areas = 2

69,11:6,38

Repeated divislions seem to
be the most popular fashlomi

However, since 2002 = {2)(1001) =
(2)(11){91) ana 182 = (2){91),
and since 100% 2l = ;O s SO
therefore {107!- = 107 = =1,
modulo 91 Thevofore 107 + 1
= 0, mod 91, Turow the 2 back
in,

69,12,6,27

logzsx + 1ogx25 =1i In a

nutshell, use charige of base
theorem, clear the denominator
end look for the quadratioc,

_You showld end up withg

»,r—
"

R



(1035x)2 - 2logsx + 1 = 04

69+13.5.34

By fakeroo, hel negons,
Teclnically, keening 1 point
fixed, the other point can be
any one of nwl vertices.

69:,14.6,24

P(2x) = 2P(x) implies that the
polynomlal is of first degree;
Only possibility., Since
P(x)' = ayx end P(3) = 12,

SO al = &.'

69415.64,22

Area of ABCD = 48

AREA of SDC = (1/4)48_= 12
Area of SDICY = (1/2)2312 %= 3
Area of A'B'WC'D' = 4(3) = 12
Triangle AQD = {(1/3)A3D = 4

A
Triengles AQD end A'QD' are
similar.
Area Sf triengle A'QD® =
(1/2)=(triangle AQD) = 1
Likewlse, areas of trisngles
II,III,IV esch equal 1,
Area of region = 1244

69,166,011

The number of divisors of

a number n is equal to
(kl"'l)(kz“'l)!coé +1), where
the ki's of these ™ numbers
are found in the relstlonship
n = plﬁg. . pzkz;.;cp;’lkn )
where the p, are primes;
Therefore, iﬁ = (k1+1)(k +1)
or 15 = (3)(5)3 = 24 E
Thus for the smellest numBer

—
-

L

with 15 djlsors, n = ngzb’
or n = py~ '3 let = 5y

P, = 3¢ “Answer: 2U25

A% intuitive approach: since

there must be 15 divisors,
there must be 7 pairs of
factors and one factor must
match with 1tself; therefore
the number n in question must
be a perfect square! Start
faking with fsctors of 3's >
end 5% 2025 is indeed 45°)

69.17:6450
12A 4+ 7B = 13 7A + 4B =1

= = 119 |
A=1/17, B = 5/ 9D'. ¢

g

69418,7.54

—

-

E
B

g

A

Take Frinstances:y JQFG is
sguare whose areg must be
found.

69.19.6,01

Algebraicallys
m/n = (ABCDEF)/(DEFABC) = 4/9
éloo x + y)/(1000 y + x),

996 x = 3991 y; GCD = 13;
692 x = 307 y,
Ors Past experience with re-
peating decimaels might tell
you to find the repeating

decimal for 4/{4+9), QED

—
-

6942047405

-
=

t segment OFOQY
3=ltws5 triangles are

76

1243= 15
¢ E0O', POB
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end PFG,

Triengle EOO' is 9=~12«15
Triengle POB 1s 121620
T™riangle PFG is 6-—8-'10
Even triangle APO? is 3w=i=5
Area of PGH = (6)(8) = 48

69.21(7:A
Let 542y = ap
7x+5y = bp

Eliminating the y term,
1Ix = (5a=~2b)p
Eliminating the x termss
11y = (5b=7a)p

Since pyXy,¥y are relatively
prime, p = 1l.

69422,7.4

8ince the sum of an erlthmetic

Pt /) S Uaprac)72) tn)
an+ nfz) = + 2)(n) =
(Y58 = Chtess Ll 005
so thereforey, n = 5 or 7 or

13 and 91, 65, and 35 are

the corresponding middle

terms (averszge term) of the
arithmetic sequencesi The

possible sequences are therew
fore

87’89,91’000 _
59:61|63:659l63 '
234925,27429431,33,355440

69¢23,7.0L

B =12, BC =4 \f3, AC = &3
AF = (2/3)(1/2 J3) = 8
5 LAAIGR s

S8ince triangle FDE is
equilaterel, ares of triangle
FDE 1s (112 3) /4,
O >tes Use the Law of Cosines
]ERi() triengles DBE and CFE to

Toxt Provided by

verify that triangle FDE 1s
indeed equilateral.

69.2416458 (044)

69425.7.,09

04 5)
a =2
: X 126r b 4
(0,0 (x,0 12,2)
ten(a) = 3/x; ten(b) = 2/(124%)

By calculus, by physics, by ‘
intultion, set tan(a) = tan(b).
Gos

69.26,6,08

L

% + 6%x3 + 11x2 + 8x = 17 =

o+ 6% + 11x2 + 6% + 1 +{2x=18)
Since the first fiee, terms 2
are equivalent to (x? + 3x 4+1Y ¢
the expression will be a
perfect square when 2% « 18

venishes,
69i27.7467
With four conditions

teken three at a time, solve
for x, ¥, ond z and substltute,

69428:7.07

™4
!



gle BOC = 1209: engle RBOP =
0 BC = 6\J§;39c = OB = 6,
D = 34 DB = 3
AREA Sector OCE!— (1/3)YT (36)
Area trisngle OBC = twlce the

ares of ODB = (2)(9\f:f%)

Sheded area = 12
Intersection =

Union = 72 71 = (2&11'.. 18 3)e

69:29,6,05

£(=1) = 0 = a + blkr-1\;
k-l‘ = «b/a
£(2) =0 =2a+b |k+ | 3
(1/2) |k+2| = wb /5.

And

2] kel | = k+2l. Usin
alternate defigitidn of {x ) ,
15°% ' T} =Nz, end |x) © =

’ Uk2 = 8k 4 4 -

k2 + 4k + 4
Solve,

69.30:6,20

BEasy way: Two unknowns,
x and y, (as in the diagram
below), and solve,

A} O3wx X g

63wy

D ¢

Easler wayt (See diagram
below). x/y = 4/3 therefore

x = {4/ 2 3} =
¥y = (3/7 63 = 27
Also, p/q = L4/5.
and q =(5/ 13633 = 35
RD""' (35 7 = 14’
& o B
J X

73

Easlest Way:s
A B

D C

Rétios'/ 3-# 5-14/4

Actual values 3a,4a,5a,(l5a/4)

ga2+ lbe, + 5a + 15a/“ 63a/b =
3

= 4(63) 5 15a/k = 95,
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APPEND,

1955 - 26
First yeexrj five meets, 18

schools 1d onl -
pants, ? v 187 parti
First Long Beach 61 pts
Massapequa 61
Lewrence 60
Mineolsg 58
Hewlett 57
1956 - 57

Still five meets;y first yesr

for Mr. Herry Sitomer author
the problems{ 23 schools, °

236 students particilpate)

First Hewlett 64 pts
Lawrence 59
Baldwin 55
Bewanheka 2
Wentagh 8

1957 = 58

Five meetg, ! t

participan%s?g eams, and 329

Flrst West Hempstead 59 ptse
Farmingdale 52 P
East Meadow 1
Long Beach 39
Wheatley b9

1258@_52

Flve meets, 41 teams, and
L26 students particiéateé

First Hewlett Ly pts
Greset Neck South 43
Long Beach L3
Lynbrook Lo
Carey 39

79

At Some History of gucceoss in the NCIMI

1959 =~ 60
Five meets, 46 teams end 481
participants.

First Loug Beech 63 pts
Great Neck North 61
Valley Streem North 61
gewanheke 58
port Weshington 58

1960 « 61

gix meets started; 48 teams
and 481 students perticipatee

71 pts

%
s

First Greet Neck North
creat Neck gouth
Tlmont Memorial
Volley Stream Ns
Chamlnade

1961~ 62

glx meets, 49 teams and 536
participants;

First Division Avenue 67 pts
Great Neck South 2
Great Neck North k7
Wantagh 57
Long Beach 52
1962 =~ 63

g1x meets of courses 51 schools
and 534 participants.

First Great Neck South
Long Besch
creat Neck North
EFlmont Memorilal
Werricks

gg pts
76
71
71



1963 -~ 64
Six meets with 596 partici-

pants from 52 different schools.

First Great Neck South 92 pts
Great Neck North 82
Long Beach 77
Valley Stream N, 68
Mac Arthur 66

1964 - 65

8ix meets with 568 participants

from 51 dlfferent schcols,

First Crezt Neck South 67
Valley Stream N, 63
Wantagh 63
Mepham 60
West Hempstead 56

2965 - 66

@x meecs with 620 students
from 55 schools,

First Great Neck Sputh 69
Valley Stream N,

Wantagh 57

Mepham 53

Hicksvlille 50
1966~ 67

Jix meets with 639 students
from 59 schools:

First Great Neck South 7
Syosset 7
Valley Stream N, 66
Plainview ~ OB 63
Great Neck North 62

2967 - 68

Six meets, 655 students, 59

schoolsi

First Great Neck South 64
Valley Stream N. 63
Syosset 52
Calinoun L8
Baldwin L5

pts

pts

pts

1968 ~ 69

Six meets, 645 students, 61
schools., :

First Port Washington 7.
Velley Streem N& 69
Syosset 6¢
FPlalnview = OB 59
Elmont Memorlal 58

Top Mathletes Through the Years

Year

1956 D, Friedman

long BeaCh

Js Solomon
Massapequa

Bob Victor
Parmingdale

Bob Victor
Farmingdale

Paul Ermak
Oceanside

Steve Kessler
Hewlett

Mike Green
Lawrence

Ce Gulizle
Sewanhgka

Ss Schulman
Divizion Avenue
D, Oestreicher
Gresat Neck South
Ira David

Great Neck SJouth
S Schulman

Mac Arthur

Wi Grossman
Roslyn

Dgve Relson
Great Neck South
Dave Ellis
Plainview - OB
Doug Tublin
Great Neck North
Steve Stein
Syosset

Steve Chessin
Great Neck South
Mike Glantg
Valley Stream North

1957
1958
1959
1960
1961
1962
1963
1964

1965
1966
1967

1968
1969

Mathlete and School Po.ints

;\
L7

L9

>y K
o

pts



APPENDIX Bt PLAY-OFF PROBLENMS fEROUGH THE YEARS

Notes There are no percentages

on these problems as they
were only attempted by a
select few; in addition to
that, most of the times
&lven on these problems are
much shorter then would
normally be allowed, 'This
1s due to the nature of our
Play=-0ffs; ocartaln very
sharp Mathletes had to be
eliminated, For a few years,
egaln some of these times
have been mislaid; but you
can imaglne for yourself
whet they might have been,

1959 - 1960

PO.60:1.4

Suppose that 211 the integers
from 1 to 1300 have been
Tectored into prime integers,
{1 15 not a prime;) Which
of these numbers has the
largest number of factors 7

P0j60:2}5

The arms of a right triangle
are 21 and 28 inches respecw
tlvely, A square is drawn
so that one of its angles
coincides with the right
engle of the trisngle and a
vertex of the squere lies

on the hypotenuse, How
meny inches are there in
esch side of the square ?

P0y60,4345

Tr 4% w 01 - 48, find the
numericsl velue of % |

POLEO LM 4

ABCD i1s a square., Equilateral
trisngle ABE is drawn within
the square, DE, extended,
meets CB in F. How many
degrees are there in angle

DFB ?

P0,604545

In & group of 31 students a
poll was taken as to whethexr
they liked music, art or
ballet: 2 liked only music,
12 liked only ballet, On

the other hend 6 disliked only
art, 1 disliked only beallet
and 3 disliked only musicCe.

1f there were only 3 who llked
all three, how many liked

only art %

0,604,646

Suppgse that an object falls
16 tg feet 1n t seconds and
that sound travels 1000 feet
per seconds Then when a
pebble is dropped into a well
the splash will be heard

10 seconds later, How deep
should the well be, to the
nearest 10 feet ?

P0i604746

The rate of a stream is 2 mllies
per hour, A boat travels up
thig stream a certain distance
end becki Its average rate
for the entire trip is 16/3
mlles per houri Find the
average rate of the boat in
still weter in miles per hour,

P0,60,8L6

Point E in BC of triangle ABC




(4

is located so that CE is
twice as long as BE. Through
E a llne 1s drawn parallel

to AB intersecting 4C in F
end also a line throuzh B
perallel to AC intersecting
AB in D, What frectionsal
part of the erea of triangle
ABC 1s in trlengle ADF ?

P0i60,9:5

If (x+2)2 is greater than
5x+10 but less then 2x+12,
what 1s the integral value
of x ?

P0,60:10,:7

In a given circle, chord
AB = chord AC, Chord AD
cuts BC in E;, If AB
measures 12 feet and AE
measures 8 feet, how many
feet are there in AD ?

1960 ~ 1961

POL6LLLL %

A and B race around a
cilrcular treck with a cire
cumfercnce of 100 yards, If
they start together, A passes
B in 1 minute, 15 seconds,

If B has a 10 second head
start, A passes him in 50

seconds, Find B's rate in
Yyards/second.
D0L61s2

The llnes ¥y = 3x = 9, ¥ =

16 -~ 2x, and the x~axls form
a trisngle with k square
units area, Find k,

P046143
In how meny different ways

can 50 coins (5¢, lod, 25¢)
total $5400 ¢

PO,61:4

Find the length, in inches,

of the angle bisector drawn

to the longer leg of a trlangle
with sides of 3,4 4, and 5 inches:

P0,6145

At a PTA affalr sttended by
parents and chlldren, the
number of females is 2/3 the
nunber of meles; 1/2 the males
are boyss 28 of the females
are glrlssy the husbands of 1/3

of the mothers are present
snd the wives of 1/4 of the
fathers are present, How many

people attended the affialr ?

P0,61,6
Solve for 2 values of x3

x1°810% = 1,000,000 x .

POL61.7

In square ABCD, AB = 2§ E,

Fy, Gy end H are the uldpoints
of AB, Bc’ CD’ and. DA' respec-.
tively. If AF, BGy CH and

DE are drawn, find area of

the resulting square, in saquare
units,

P0:61,8

In sn infinite geometric
progression, the limitling

sum 1s 15, If all the terms
are squered, the limiting sum
is 45, Find the first 3
ternms,




1961 ~ 1962

P062,1.7

Triengle ABC is equilateral;
Point P 1s in base AB nearer
to Ai Two perpendiculars
are drawn from P meeting

AC In D end BC in E| If the
altitude of triangle ABC 4s
10, find the number of
inches in DP + PE;

P0i62,2

Find the number of inches in
the side of g square if its
a¥®sa 1s equal to that of g
triangle whose medisng are
J0%, $30%, and 48%;

P0{62(3

Find in radicsl form (but not
& redical within a radical)

the positi squ root of
6 +y8 +~J¥§ + ¢
Poi624

The parabola y = gx® +
passes through A{Q,=1),
B(lym2)y CL241) end D357 )4
Find the velue of yoi = D

P0L62,5

4 tauseway which rises at a
miform grade ig supported by
47 upright I~=sheped pillars
equally spated;
est plller ig 3% in height
and the tallest 31% what -
1s the total height in feet
of these pillers, excluding
the first and the last 2

If the ghorte

78

83

1962 - 1963

P0463.1:5

As the offliclals were arranging
the Fourth of July parade,

they say that if the marchers
were put in ranks of 3 abreast,
2 men were left over; if

ut 5 abreast, there would be
E left over; 7 abreast, 6

left over; 11 abreast, 10

left over, What is the

least number of marchers there
could have been ¢

P0I63.245

A man started for a walk when
the hends of his watch were
coincident between 3 and 4
ofclock, When he finished

his walk, the hends were ,
again colncident between 5

and 6 o'clock: What, exactly,
is the least number of minutes
that he could have walked ?

P0s63s3slt

A ball 1s dropped from a height
of 20', It rebounds half the
distance on each bounce, What
totel distancey; in feet, does
1t travel ?

P0s63 4.5

7 farmers agree to share a

circuler grindstone equally.

If each farmer grinds his share

in turn, the second farmer

wlll reduce the diameter of

the stone by. this fraectional
art of the original diametert

fq"a ~\IB)/JT , where a, b,
end ¢ are the smallest

possible positive integers;

Find atb-c
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POLE3e5:l

If un+

W =1+1, and1 VR

1= ﬂ.u.n + 1 , where

find u27 s

1963 - 1964

NONE

1964 ~ 1965

P0.6541i6

A circle of redius \ 1105

is dravm on a Carteslian
plane, centered at the

origin, How many lattice
oints does it pass through ?
%A lattice point has integers
for both coordinates;)

P0i65.247

Triangle ABC 1s constructed
with sides AB; BC, and CA
equel to 85, 13, and 84
respectlively. Angle bisector
BD 1s drawn, after which g
line through B is drawn to
meet AC extended at point F
such that BD is perpendiculer
to BF¢ If the area of
triangle BDF is 85k/84,

f£ind k. (Notet D 1s a

point lying on AC,.)

P0i65.3:6

The Oof a very famous see
quence gre defined in the
following recurrent fashlont
(B+1)E - BK = 0 for k) 1s

where the exponents “become"

R4

subscripts after the expans
sion is performed. Find Bh .

PO.65:1:6

A trapezold ABCD is drawn with
AB parallel to CDi A line
through point E, the mldpolnt
of ADy 1s drawn perpendicular
to slde BC extended, meetlng
it in point F, Segments BE
and CE are drawn and found

to be 26 and 20 units long
resvectively., BF is 24 units
long, The area of trapezoid
1s (20)(12 =~y k) square units.
Pind ki

P0.65:5.5

A certaln number between 200
end 400 is divided by 7, 11,
end 13 yielding remalinders
of 2, 1, end 6 respectively,
Find the number,

P0:65.643

Find 211 the points which
could serve as the fourth
vertex of a parallelogram
Who?e otheiévert%ces are to )
be (2, =31 }‘, -1/12,13/12 9
and (=l,77/6) .

P0.65:745

Titterton's Theorem asserts
that rational numbers whose
numerstors and denominators
conslist of two dlglt numbers
not ending in zero can be
reduced by “ocancellation®

(in the strict sense) of the
units diglt of the numerator
and the tens digit of the
denominator whenever they are
equal; for instence, 16/64 =
1/4., Find one other such ration
al number (numerstor # denomine
ator) which would serve as

an additional “proof" of this
theoren,
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1965 « 1966

NONE

1966 ~ 1967

POL67.,1L5

Triangle ABC has sides AB = 21,
BC = 17, AC = 10{ 'The bilseCe
tor of angle C intersects

AB at Ds The ares of triangle
ADC is given by k/9, Glve

the numerdcal velue of k|

POLEG7 2.3

Give in simplest adical
form ( e radical within g
redical 1s not. scceptable)

the principal squere root
of 9 + 4 \J¥% .,

P0i67:347

génd the integral value‘of
if,  ——
Yz+8' 1 = Y-8

PO67 443

The integer 6162 is the
product of four distinct
primes, Give the numerical
velue of the largest of
these primes;

P0i67:547

The rear wheel of a velocipede
mekes 110 more revolutions

in a mile than the front wheel.
If the circumference of the
r&zr wheel were increased

25 per cent, end that of

the front wheel decreased

25 per cent, then the front
wheel would revelve 88 more

revolutions than the rear wheel
in golng a mile; Find the
circumference of the front
wheel,

1967 - 1968

NONE

1968 ~ 1969

P0.69.1.4

The harmonic mean of two
numbers a snd b i1s gliven by
(2eb)}/(a+b}! If the 1lst and
3rd terms of a harmonic
sequence are the numbers 2

and 2/3 respectively, find

the sum of the first slx terms
of the sequence;

P0.69424k

The medlisns drawn from the
scute angles of a right
triengle are 10 unlts and

15 unitsi Find the length

of the median drawn to

the hypotenuse of the triangle,

P0,69:34¢3

A circle has a radlus r end
an equllateral triangle 1s
inscribed in the circlei. A
gecond ocircie is inscribed
in the equilateral triangle,
and a secornd equilatergl trie
engle is inscribed in 1t
Assuming that thls process

i1s continued, give ln terms
of r the agltitude of the
{n+1) st inscribed equilateral
triengles
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PO{63.5:4

Ir U1 = 111.n + 1 ; where

+1 il
W =1+1, andi=y-l,
find u27 &

1963 - 1964

NONE

1964 - 1965

P0.65:1.6

A circle of radius \ 1105

is dramm on a Cartesian

plene, centered at the

origin, How many lattice
oints does it pass through ?
A lattice point has integers
for both coordinates,)

P065,247

Trilangle ABC 1s constructed
with sides AB; BC, and CA
equel to 85, 13, and 84
respectlvely. Angle bisector
BD ls drawn, after which a
line through B is drawn to
meet AC extended at point F
such that BD is perpendiculaer
to BFe If the area of
triangle BDF 1s 85k/84,

find k, (Note: D 1z a

polint lying on AC.)

PO65:3i6

The of a very femous se=
quenceé gre defined in the
followlng recurrent fashions
(B41)F = BX = 0 for k) 1;

where the exponents “become®

o

hm_“__

subscripts after the expans~
slon is performed: Find By, °

PO.65iki6

A trapezold ABCD 1is drewn with
AB parellel to CD; A line
through point E, the midpoint
of AD, is drawn pervendicular
to slde BC extended, meeting
it in point P, BSegmenis BE
and CE are drawn and found

to be 26 and 20 wnits long
respectively. BF 1s 24 units
long. The areg of trapezold
is (20)(12 -\ k) square units,
Find ki

P0.65:5.5

A certaln number between 200
and %00 1s divided by 7, 11,
end 13 yielding remainders
of 2, 1, end 6 respectively,
Find the number.

PC.65.643

Find g1l the points which
could serve as the fourth
vertex of a parallelogram
Who?e othe§6vert%ce7 are to |
be (2, =31 g", =1/12,13/12) ,
and (=h,77/6) .

POB5:745

Titterton's Theorem asserts
that rstional numbers whose
nunerators and denominators
consist of two diglt numbers
not ending in zerc can be
reduced by "eancellation®

{(in the strict sense) of the
unlits diglt of the numerator
and the tens diglt of the
denominator whenever they are
equaly for instsnce, 16/64 =
1/4%, Find one other such ration
al number (numerator # denomine
ator) which would serve as

an addltlonal “proof® of this
theorem,
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1965 = 1966

NONE

1966 - 1967

PO67,1i5

Trisngle ABC has sldes AB = 21,
BC = 17, AC = 10. 'The blsgeCew
tor of angle C intersects

AB at D¢ The areg of triangle
ADC 18 glven by k/9, Give

the numericel value of k.

P0L67 2.3

Give in simplest radical
form ( a redical within a
redical is not apcephable)
the princlpel squere root
of 9 + 4 J% | ‘

POL6743.7
génd the integral valuelof
if, ,—
%yxﬁB =1 =¥ x=8
P67 443

The 1nteger 6162 ig the
product of four distinct
primes{ Give the numerical
value of the largest of
these primes,

POi67.5.7

The rear wheel of = velocipede
mekes 110 more revolutions

in a mile then the front wheel;
If the circumference of the
résr wheel were increased

25 per cent, and that of

the front wheel decreagsed -

25 per cent, then the front
wheel would revolve 88 more

Q

revolutions than the rear wheel
in going a mlle; Find the
circumference of the front
wheel,

1067 - 1968

NONE

1968 = 1969

POL6GILil

The harmonic measn of two
numbers a and b 1s glven by
(2ab}/(atb)! 1If the lst and
3rd terms of a harmonlc
sequence are the numbers 2

end 2/3 respectively, find

the sum of the first six terms
of the sequencei

P0.69:2ik4

The medisns draswn from the
acute angles of a right
triangle are 10 units and

15 unitsi; Find the length

of the median drawm to

the hypotenuse of the trianglej

P0469i343

A circle has a Tradlus I end
an equllateral triengle ls
inscribed in the circle,. A
second circle 1is inscribed

in the equllateral trisngle,
and a second equilateral tri-
engle is inscribed in ite
Assuming that this process

is continued, glve in terms
of r the altitude of the
{n+l)st inscribed equilateral
triangle.

lad)

4



O

POJ69 L4l

A primitive Pythagorean
triple is a tri le of poslitive
xﬁtegyas (x such that

and Xy ¥y and z
have no common factors, Iist
all such triples satisfying
the condlition x+y+z = 1l0q
where q 13 an integer between
0 and 10-

P0469: 5.5

In triangle ABC, AC = 6
BC = 10, end engle C = 200,
The blsector of angle ¢ intere
sects AB at D, Find the srea
of triangle ACD;

P0¢69{ Sudden Death 1.3

Four equeal circles are ine
scribed in a square of silde
3 units in such a way that
egch clrcle 1s externally
tangent to two other circles
end at the same time tangent
to two sides of the square,
The ares of the sections
between the exterior of the
circles and the sides of the
square is found to be
(a/p)(4 ~YT)e Give the

numerical value of a + b,

PO{694 Sudden Death 2,3

In short Corners N¢ J, a poll
was taken of x people to
determine their reading prefer-
encess It was discovered thati

81

86 people read the New York Times

74 people read the Wall St
Journal

123 people read the Dally News
50 people read both the Times
and the Journsal

33 people read both the Journal
and the News

23 people read both the Times
and the News

17 people read all three newse

I:R\(:papers. Find x.

NASSAU ~ SUFFOLK MEET PROBLEMS

Although thls competitlon has
been held for ten yearsy I
have only been able to gather
togethexr the problems from the
last four yearse

It 1s of some interest that

in these ten years, Nassau

has been victorius 100% of the
times The trophy for the

meet resides annuslly in that
Nassau High School that has
been first in our Leagues

1965 ~ 1966
NS.66,.1

How many numbers of 4 different
diglts each can be formed

using the digits 1, 24 3, &4

so that each number 1s exactly
divisible by 11 2

NS.66s2

Gilvent Triangle ABC3 DE 1is

a line parallel to base BC,
cutting AB in D and AC in E{
BC = b unltss the area of trie
angle ADE 1s 2/3 the area of
triangle ABC{ Flnd the length
of DE in terms of b,

NS.66,.3

Given the sequencet

77y 77779 7777779 777777775

esbe
Find the nth term (not 2n 7's)!

NS66 .4

Write the ecuation of a circle
whose center is at the origin
end which is tangent to the

line U&x + 3y = 12,




N8i6645

N man buys 2 cars ans sells
them for $2,400 eschs, On.
one, he gains 20% of the
cost end on the other, he
loses 20% of the costs Did

he gein, lose, or bresk even
and how much %

1966 - 1967

B3i67.1i5

A four digit number, 2abc,
is multiplied by 4 and

tha result is the original
four digit number with the
diglts reversed; Ll.e,y Gbe2e
FAind aib,

RBs674245

Two brothers inherit a herd
of cattle which they sell
for as meny dollars per head
a8 there ere head of cattlel
They then spend all the pProw
ceeds %o buy sheep at .
$10 eeph and one lemb for
less than $10{ They divide
the flock of sheep and one
lamb 80 that each man has
the seme number of enimals}
flow much dld the leamb cost ?

867434

Iwo externelly teangent circles

have dismeters of 12 units
and 8 units respectively!
Glve the length of thelr come
mon externel tengenti

R8467o4 okt

Twin primes are defined as
being a palr of primes such
that tosth p and pw2 are prime
mm‘bersl How many such peirs
EKC*e there bpetwasg 1 and 100 ?

N9$6745:6
-Factor over the integral
domaint 25t 313 - 522 s X1 2

3967 - 2968
NSi68.1i8

Mnd the sum of the serlest

(1)¢2) + (2)(3) + (3)(4) + {4)(5)

4+ .oe to n termsi

Hint 12+22+32+no- 2 &=
e {nln+1)(2n+1))/6 .

N8.,684245

Givens Parasllelogram ABCD,

E 18 the mldpoint of BCe F
1s = point within BE; Llnes
AE end DF Antersect 1in G,
BF = n end FE = m{ The area
of trisngle EFG = k{ Flnd
the area of triengle . ADG lm
terms of my n, end ke

N8,684i346

Solve for x and ¥yt
X+ Y +fxty =12

* 4+ y° = b5

Noi68.L446
Glven circle O with radius

R, Two perpendicular chords
AB and CD meet in E¢ If AE

f{nd BE 1n terms of ay by c,
end 4,

NB68e545/2

Solve for xt

(ex)® + abx + apx + bo = 04

29
et




1968 = 1969

N8{694147

A rectangular parellelepiped
has edges with (integral)
lengths x, ¥y and z,

The sum of the lengths of
all 12 edges is 76 inches,
the sum of the areas of all
6 faces is 192 square inches,
end the volume of the solid
is 144 cubic inches, Find
the length of a diagonsal

of the parallelepiped,

N8i69 .24

How meny whole numbers between
100 and 15,000 can be ex=
pressed in the form 11n2

where n represents an integer?

NS{694347

The sum of n terms of the
serles 3 + 33 + 333 + (.6 is
given by the exvression
a(lo? « 1} + bn{ Find the
value of atb,

NSi69ikik
Wrlte the exnression

2+ 653 + 9%2 w 16 as the

product of a quadratic and

two linear factors over the
integral domsin;

NS{69454(7

On the equal sides of an
1sosceles triengle whose sides
ere 25 inches, 25 inches,

and 48 inches, squares are
constructed, PFind the
dlstence between the centers
of the squaresj

83

9r1)

Additional Answers - Nassau =
Suffolk Meet Problems |
Answers begin on next pagei)

1966 » 1967 Nassau - Suffolk

67:1 8 6742 6

67.3 UVE 67,4, 8

67:2 (2xéo3x+2§Zx2~3x+1)

1967 ~ 1968 Nassau ~ Suffolk

68,1 (n(n+l)(n+2))/3

gg:z k(mgg/%u m*?zé)

6822 §3’= zaé*%3+c2+d2)/u

68,5 T = «o/a, ~b/a

1968 - 1969 Nasseu - Suffolk

69.1 13 69.2 33 ‘
S 2 69,4 (mel)(x+l4)¢

69i3 1/27 9 %x?+3x+4)

69:5 31



8%

ANSWERSt PLAY~OFF PROBLEMS: andyNAS: EET PROBLEMY

1939 - 1960 FPlay=Off

NONE: They're gli yourss I've run out of times So you'll
Just have to ask your ifathlate coach for the right answerss

I;l;OW f'L?sn't that a pernicious suggestion ?1%! And a nasty one
00

+

1‘2@9. . .1-2.6_& Plg.‘gu()'ff

61.1 20/3 6142 15 6143 12 614 3 3/2
L5 160 61,6 1000, 1/100 6147 H/5
61.8 5, 10/3,-'-.20% » 171

62,1 10 i 624 7 +
wh ¥ &% 2 eED
63.1 1154 63,2 10/11 63i3 60

196% = 1965 Pley-off

ggi% ggl ggi% %gge (poinigégolz%ézg) ggi? ggfgg‘ 26/653
1966 = 1967 Flay=ofs

2’;135. 280 67:2 2 +J5 673 189 674 79

1968 = 1969 Pley-off

ool S PAT  B BR St B

1965 = 1966 Nasseu~Suffolk

6641 8 66.2 BYE 663 (7/9}(10°%~ 1)
66k 32 + y2 = 1hli/2s Vérs 2612 éZnZ $200

@"e rest of the Nassau - Suffolk Meet Answers wlll be found
EMC the preceding pese, nemely psge 83,

o a1




NCIML, PROBLEMS 1969 - 1970

70ile6o12

Express as a frection a/b, where
a and b are relestively prime
positive integers, the product

Lo l - vo l 0o e - e
(1= 22) (1= 20 (1= )i 2=5)

70424709

In parallelogram ABCD, AB, BD and
DA are 14, 15, =nd 13 inches

long respectively, The length

of AC 1s vk 1irches, Find k ,

704347602

I.et p represent a prime number,
Find all integral values of x
and y thet satlsfy _
1/(p+x) + 1/(p+y) = 1/p « Give
.engwers in terms of p and in the
form (Xy¥)s

70i447615

In isosceles travezoid ABCD, AB
is a base, the messure of angle B
is 45°, and the area of the
trapezoidal region, in square
inches, 1s 72(\J7Z + 1); end BD
bigects engle ARC, Find the
inch«length of BC,

704545450

For real numbers that satisfy
x(x=1) # 04 functions f, g, and
h have rules f(x; = leX, gzx) =
.1 = 1/xy and h(x) = x/(x=1) &~
Express as a poulynomiel ln x,
whose leeding #oeffickent (the
coefficlent of the highegt power
of x) 1s 1, the rule of
hlg(f(x))).

70:6 46425

For what positive integral values
of p end g are all of the fole
lowing true? Give
the form (p,q).

a; 101 < p £10

c

aniswers in

b) 205<€ g% 208
7P <34 is a multiple of 10 .

1
70e7i6,06 ?

The vertlices of a parasllelogram
are A,ByCy Dt the midpoints of
lts sides sre Ey Fy Gy H; and 1ts
diagonals intersect in J, How
many triangles are there whose
vertices are in the sget of the
nine named points %

703867004

Find all posltive integral galues
of x and g that satlsfy 5x% =
10xy + 7y< = 55. Give answers

in the form (X,Y¥).

706967,01

In sguare ABCD, M 1s the mldpoint
of BCy The perpendicular from

B to AM intersects DC in E, The
perpendiculer from D to AM ine
tersects AM in F., The inchelength
of AB is 4, The inch-length of
EF is a/b where g and b are
relatively prime positive integer
se Find a end b and glve the
answer in the form (a,b)e

70o10@7650

lve for the real valueg nf x3
12X » 11 + | x=2| = L,

70s11lo6046

The mean (average) of the nume
bers in a set of 3n numbers ls
50 The set is subdivided into
two disloint setsy one contalning
2n of the numbersy, the other
containing the remaining n nume
berss The mean of the numbers in
the larger subset is twice the
mean of the numbers in the
smagller. Find the mean of the
numbers in the gsmeller subget,

7001247413

In how many different ways can a
convex hexagonal reglon be dige
sected into four triangular rew
glons by three diagonals ?



15 2305000 miies, and the earth's
mass 1s 81 times that of the
moon, and that both earth and
moon ere stationary.)

70?24;6*00

The unit length of a plane
rectangular coordinste gystem
is 1 om, Find the area, in
square cm,y of the region of
the square thst circumscribes
tge ellip e whose ecquation 1s
/25 + ¥ /9 = 1 o (Assume the
coordinate axes contain the
diagonals of the sgua re,)

7002507005

?hat is the)%eesb Value)( q
X+t 2+ X+t N2 w Y3)(x= 2+
J3) (xe -3 ) cen have If x
represents a real number ?

7002647456

Consider the set of all 5 digit
numerals, each one using all the
digits 1y 24 3, %, 5 in some
order, Assume that they are are
renged in order of numerical value
gtarting with least value, W.at
1s the 55th numeral in this
sequence 7?7

70;3"".-30

Rectangire PQRS is inscribed in
rectangle ABCD, with P in DA,

Q in AB, R in B0, and 8 in CD.
‘The inch~lengihis of AB end BC
are 6 and 10 respectively, If

P 15 distinct from A and APZ 5,
what are all the posslible values
of APy in Inches ?

70:2%.5,35

Tor what real number values of

x will the relationshilp
o< x 5 be true?-
7062906015_

TAngle oo o0 WsT oL oua
acute e Suvans e Wl and
ACFG »r » d-wn 1-0 T osrcerlior
of tr: i . azls, vl stence

a3

15 4
between the centers of the
souares i1s 8 inches, Find FR
to the nearest tenth of an
inch,

7043046472

Find a end b in

Yy =alx=l{+Dblx+tll, if the

" equetion is satisfied by (xey) =

(2 2) and also by (X,y = (“2’-’ ).
Give the angwer 1n the form
(aab)Q

1069 = 1970

SAMPLE SOLUTIONS

70416412

Note that each factor i1s 1tself
the difference of two perfect
squares: therefore, 21 - 1/L)
fuctors into (1le 1/2)(1+ 1/2) or
(1/2)(3/2)s (18 1/9) factors
inte (1~ 1/3)(1+ 1/3) or (2/3)¢
4/3)s Note that the second
factor of the first expression
1s the multiplicative inverse of
the first factor of the second
expressione, Slnce this will be
the case a8ll the way down the

line, the product simplifies to

(172} (227219

7045247409
y  _o(512) _ D(19,12)
L _
B(050)  (5,0)  A(1k4,0)

€(5,12) is kxnown immediately be=
touse of the nature of the 13~
14.15 triangle. D(19412) ime
mediately follows., Use the
distaice formula from there,

706367402
The simnlification of the given

relatirrhin should .ead you to
the .~ .- "o oy = p“,  Theres
fow- .o - o i3 prrioc. the

que Lo ovomes, " Ful wany fagw

2

torkzations of p° are tnere 7%

0f course you had best avoid the

inrty barauge of the
vl problem,

(=pewn) anivi
glvea 100w o0



70413.6407

ginq,positive integrel velues
or Xy X9 end z guch that x<y
(3E +'4§ + xg) f

15, thg square @f
an integer, eand 32+48+xg+y =z3 .
Glve answers in the form (x,¥y2).

7041446430

ABCD 1s a squrre, Semi-circles
are drawn in the interior of the
squere, one on each slde of the
square as diemeter, This forms
a four=leaf clover whose area
1s 72(TT= 2) squere inches,

Find the ilnchwelength of AB.

706156739
Gl s n= (p+l)/D)P, .
R n i\%(p+1?/bfp+l , and

p = 10s PFind the value of
m? = n®, (That is, find the

integral value of the given exw

pression explicitly.)

7061667408

How many positive integers equal
to or less than 34300 are divise
ible by neither 3 nor 5 nor 11 ?
70170751 |

Each edge of a cube is 5 inches

longe Three faces of -the cube
" having a common vertex are

each subsivided into 25 congruw-
ent squares (each one .inch on a
slde), In each of -these faces
the second and fourth squeres
along. each diaegonal are chosene
Starting at the chosen squares,
square tunnelg are excavated
through the cube; perpendiculax
to 1ts face, What is the volume

{in cublc inchesg) of the solid

that 1s left 7

7041847422

Find the (integral) value of
12 3 22 + 32 o 424 .04 1992 ,
where the dots represent the

mi gsing squares thet are added
and subtracted altermatelya.

34

70419.6416 ik

The uniit length of a plane
rectengular coordinate gystem

1s 1 inch, The area of the in~
tersection_of .the regjong deter~
mined by x2 + y° < 36 end y> 3
is aTlT=bv3 , Find a end
b and give the answer in the
form (a,b).

7062036066

In a collectlon of rectangular
tiles some have g width of 3
inches and '« length of 5 inchesi
All the others have a width of
7 4inches and a length of 1l ine
chess, The number of smaller
tiles is a multiple of 5, The
number of inches in the sum of
the wldths of all the tiles is
114; What is the number of in-

- ches in the sum of thelr lengths?

7002155405

What 1s the smsellest positive
igtegral value of x at which
X + x + 41 1s not a prime ?

2042247409

The base of an isosceles triasngle
1s 60 feet long and each leg is
50 feet long, Circles are

drewn, with the vertices of the
trlaengle as centers, that are
externally tangent to each other
in peirss Flnd, in feet, the
radius of a fourth circle that
i1s externaglly tangent to each

of the other circless

70423.6,21

The gravitationgl attraction bee
tween two objects, in appropriate

unlts, 1s given by the expression

kmM/'d2 where m emd M are their
respectlive masses, d 1s the dig~
tance in miles betwesinn them and
k 1s a constant, A rocket is
shot from the earth to the moons
At how many mlles from the moon
do the earth and the moon exert
equal attractions on the object?

(Assume the earth-moon digtance




704447015

Would you believe that triangle
DCB 1s isosceles 7?7?27 Just try
out the angle measures and seell
Oh boy what a silmple problem!!:

16

(x=y)2 = 11 = (2¥2)/53> 0.
Since any integer squared must
be grester than zero (with the
obvinus exception), the latter
ineguallty must be soj and slnce
th%s i1s an integer questiong

must be dlvisible by 5{ Go.

x
/////!;;1%5‘\\\\\ Fekeroos Let y = 1l, try to facw=
T~ tors Let y = 2, try to factor,
B Let y = 3, try to factor. ETC.
x/q 2
72(NF 1) = (1/2) (xe(me2(x/E))) e O
+ x+(x+2(x/J 2)
Ex \'5) 0(0,4) D(ky4)
(1/2)x (V2+1) = 72(J 2 + 1) /'
7045.5.5 M(O’z)
0e5e5650
5 ~ F? l
Composition of functions: B(040) !
A(490)
g(f(x =1 = 1/(1=x) = x/(x=1) . 1/
may = =1/2; m =23 Iyt ¥ = 2%
h<g<f(x) = (x/(x~1))/{(%/(x=1))-1) BT UEE T
Simpli E{xel)e Theﬁefore, E(2,4), L
Lavws X42y = 3 Lops 2=y = 4,
7056.6;25 an (’ /5DF4 \
‘ ‘ Therefore, F(1l2 /5).
7101 = (72150 < 7(.1)59, moa 10 i T
Therefore, =\ 4/25 + 256/25
7101 = 7, mod 10, 20.20.74.50
Also ¢10e7e
’7102 7103 = 3, 7104
1, all modulo 10. ?our)po?sib%e Casess (+’I)’
gince + + ~}e Solve
n 205 3(32)102 205 = 3, ea;h equa%ioﬁ, cﬁeck each enswer,
and reject those that don't fite
3206 - 9’ 320? = 7 3208 E 1,
2ll modulo 10. Slnce 9 -9 =0, 70s11.6446
7102 . 3206 _ o podulo 10. Go, Sy/3n = 505 &, = 150 n
704746,06 Sn/2n = M3 By = (My)(2n)

Combinations problem: 903 =

(91)/(61)(31) = 84 1g the number
of ways of selecting nine pointés
three at a time. But there agre

8 1llne segments consisting of

3 points:s 84 -~ 8 = %6,

70+847,04

Thg Clever Way: 5x2 - 10§y +
= 551 5(x=y)2 = 55-2y2.

q,l_/n = Ml; Eh = n-‘Mlg M2= 2°M1 °

Therefore

Sp = 1500 = 5, + §, = lmpl-;-mvl

70.12‘7013

Since the hexagonal region is
not necessarlly rezular, each set
of trianqles obtained by drawing
some three diagonals constitutes
a different way of dissecting



70412:7,13 the reglon,

| N\, ~ -.'\ /_—'
A N
: \;/",:;77
» 6 ways E\ﬁéys 2 ways ¢ -
7061346407
Since 9+16+x° w 25+x° = nz, the

x must be 12 because you can
only have a 5-12—13 r%ght triesg-
gle, And so 13%+y°=z< ghould
also lead you lmmedlately to the
recognition thet the 13-84~85
right trlangle is the key, Of
course, 1f you're not famillar:
with thls Eight trisonzle, tryt
132 = z2-y

GO+

7041446430

If you drew the figure carefully

and give it a careful look,

your must see that the &lover

leaf = 4 semi-ocircles ~ square,

It's that simple,

Clover~leaf = 4(7TTs2/8) - g =
72(17~ 2) Goe

7041547439

Right off, n_= (11/10)10 end

m = (11/10)11, Then it's “
strictly o matter of the laws of
exponentsa

1
wB = ((12/10y2) (1200

((11/10)11+1270+ (1/1010)

(11/10)1Me (1/20%)

Likewise,Athé second term,
Note that the problem could be

Worked out in general without
usling p = 10. '

70416,7.08

In the glven gequence of numbers
. 2/3 are not divisible by 33
- of ‘the Teraining set, 4/5 are
‘not divisible by 5 end of the -
new remeinivig set, 10,1l ace
not divisitle Ty 11s so
3300 ¢ 2/3 » 4/5¢20/11 = 1600
_ %umbdws which are divislbhle. hy”
< o
ERIC

IToxt Provided by ERI

= (z=y) (2+y) = 1%9‘13

" Other exmnpless 3
" x2=79%+1601, Be prepared,

96

nelther 3,

7001747451

Look at one facet fouyr tunnels,
for a volume of 20 in’; There~
fore the three faces_ glve rige

to o volume of 60 in?, But there
are 8 intersections which have
been counted three times; they
should only be_counted onceq
gubtract 16 inZ. Therefore,
there is 44 1n3 of hollowness

in the cube, and 81 in- of solld,

5, nOI‘ 11 .i‘ 17

7061847622
Group the series such that

12 + (32-2%) + (52-02) + .. s
since the second term ls the
difference of two perfect squares,
a s are all the rest, the
sequence brersks down into

1 4+ (3+2) + (5+4) + (746) + eee
or 1+5+9+13+17+eee ¢ an arlthme-
tic progression. Flrst plus

last times the number of terms
divided by twos Goa

7061946416

The central engle of the sector
1s 120°, Remember the 30=60-90
right triangles in thls case a
3 « 33 ~ 6 right triangle,
The area of the sector 1s
(1/3)(36 77 );_the area of the
triangle 1s {3)(3V3) = 9y 3.
Gooe

7062046466

ne3 + me7 = 11ll4s n = 5ke _ .
15k + 7m = 114, By fakerocooco,
the only wossible all positlve
integer solution isk = 2, m =
12, Therefore, 5n + 1llm = 182 }§

7042105405

The expresslion is a very well
traveled gensrator of (only)
priue nurmhazrs eee WP to a polnt;
“+x+17 and

fnse Seq, Cont: Ho; L
683 =243 3210153
<0 or h<x <55 11.3;

23,00&;
0<aPpL1l; ~1&




/s ";.\ : ) 18 !

?0422,7.09 //Agi>j 7042647456
1\_) Ve .
PN There are 4! arrangements start-
O N ing with 1; there are U{ arrange-
» L m ‘;c"ﬂ / y 'Z'I() \\ ments Starting with 2; there are
/ Al AN Y 3! arrangements starting with 31,
p = ? 4 \ #55 will be 32145 ,
£ X = —
.)U W-. 70.27.6.00

x is the radiug of the sma112
Ecle. (30 + x)% = (20 ~x)° +

c

GO. 6..y Q e ——— <, .

M N ‘ PR R oo . y . BN Y - ‘Q‘J ” - PRIV ~ I
?o 23, 6 21 AT ' D

Case I N d, m dq M similarztriangles: x/g = (6-—y)/(10
e { R " —
, i { o =X)e w6y + 10X =x< =
Case II The di scriminang of this quadratic
m d, N M  becomes 9~10x+x“y and must be great
t - —4 er than zero. GoOs
o R I U—
2 o 7042846455
kmi/dg© = kml/d5° 5 m = mass of o
rocket X“=idx > 0 implies X0 or x3 4 |
‘M = me'ss ofyearth; N = mass of X2=lx < 5 implies =~1<x Z5, ’
" moon, Therefoxée, M = 81N Merely teke the intersection of
81N/d1 = N/dp® 5 945 = 47 the three setss

dy+d, = 230,000 or dy=d, = 230,000 70,2946415
The first relationship yieids the Drew segments CM and CN, Note

right enswerj the second, the that trlanglss CMN and FCB are
Cherles Harrison snswer, gimilar., with a I‘?tio of simllle
tude of 1:V72 =8J2 ,
70628:,6400
‘ 70i3006i72
(04b) o
If the given‘values for x and ¥y
(043) - are substituted into the equations,
. “ 2 = gt+3b and =2 = 3a+b result. e
o CF(040p| e T Slve.s . o o
(5,0) (by0) '
¥ = =x +b 1g substituted into ANSWERS: To add some well decerved

the glven equetion yie'zlding the confusion to this terribly clear
equation 3Ux2e50bx+25b% =225 = 0, exposition I will merely list the

8ince this equetlon must have answers as an ORDERCD sequence;
equel roots (symmetry), set the This way 1t's tougher to teke a -
dis~ciminent = to 0, 2-—3 ¢ P (sneak Pesk) at on answer before
you've given it = good try.
?On. UL ‘
Answers 1969 - 1970 .
Multiply the first and fourth '
- factors together cleverly; l.e., %1/21, 505, (p,p) (l,p ) (p ol)s

(x+a) (x-&) and gitto the 2nd and E (=1, -p
3rd,  Resultt ¥ = 105% + 1; a 101 2075 (102,206% (103,205) (L0k,
persboi. in 2 ¢ =b/3s5 - 5, There- 208); 5- +5)3
fore substitute 5 to obtain ,7/3, 303 15 8,857}
the minimum valug of the expression. 12: 03 16003 81; 19,900,

o . ‘ - - (12,9); 1823 (See Prev, Page)

ot
J!



Aruitoxt provided by Eic:

NCIML PROBLEMS 1970 - 1971

NoTATION: 71.1.4.55 MEANS THAT THE YEAR
13 JO - I, 1T 15 PROBLEM #I, THE TIME
LIMIT was B minuTES, ane 55% oF Teose
COMPETING FOUND THE CORRECT SOLUTION.

Ti.1 455

ASSUME THAT FOR THE REAL NUMBERS A, B, C,
IN THAT ORDER,; SUBTRACTION S ASSOCIATIVE.
WHAT ARE THE POSSIBLE VALUES OF c¢?

71.2.6.12
CACH EDGE OF A CUBE 1S 2 INCHES LONG.
THE CENTER ©Or EACH FACE IS JOINED BY

LINE SEGMENTS TO THE CENTERS COF THOSE
FACES THAT HAVE AN EDGE (N COMMON WiTH IT.
THIS DETERMINES (' TRIANGULAR REGIONS THAT

POUND A solLip, FiND, IN CUBIC INCHES,
THE VOLUME OF THAT SOLID.

71.3.5A (ComrrecTeD ! ! !} Given:
(1) + (1/¥?) = AVZ, AND XY = A

(A 40). {(x +7Y) exPRessep IN TERMS OF

A TAKES THE FORM A" .\fZ + AQ, WHERE P AND
Q ARE NUMBERS. FIND P AND Q AND EXPRESS

IN THE FORM (P,q).

Ti.4.6.14

THE PERIMETER OF AN |SOSCELES TRIANGLE 1§
THE SQUARE OF THE ALTITUDE TO THE BASE.
VWHAT 1S THE SMALLEST POSSIBLE AREAs; OF
THIS TRIANGULAR REGION IF BOTH ALT!TUDE
AND THE AREA ARE POSITIVE INTEGERS?

71.5.4.42

l-x+x2; C = l+x-x2;

CAN BE EXPRESSED AS {AA+

A, B, C BRRE NUMBERS., FIiND
A, B, AND C AND EXPRESS YOUR
ForM {A,8,c).

A= I+x+x2_; B =
D = |-x=-x%, D
BB+cC), WHERE
THE VALUES OF
ANSWER IN THE

ic
R 98

71.6.4.32

A MAN TRAVELS M MILES AT THE RATE, OF

2 MINUTES PER MILE, AND HE RETURNR TO
NIS.STARTING POINT; ALON@ THE SAME

PATH, AT THE RATE OF 2 MILES PER MINUTE.
FinD THE AVERAGE RATE It MILES PER

MINUTE FOR THE ENTIRE TR!P. {ANSWER MUsST -
BE EXPRESSED AS A RATIONAL NUMBER IN
SIMPLEST FORM. )

71.7.7.02

A STRIFP OF UNIFORM WIDTH |3 CUT FROM EACH
SIDE OF AN EQUILATERAL TRIANGULAR CAROBOARD,
LEAVING A SMALLER EQUILATERAL TRIANGULAR
CARDBOARD WHOSE AREA 13 THREE FOURTHS oOF
THAT CF THE ORIGINAL., FIND THE RAT!O

OF THE WIDTH OF THE STRIP 70 THE LENGTH

OF TME ORIGINAL SIDE, EXPRESSED AS A

DECIMAL FRACTION, CORRECT TO THE MNEAREST
HUNDREDTH.

71.8.5.10

LET F BE THE FUNCTION THAT INCREASES A
NUMBIER BY B, BA0 AND G THE FUNCTION THAT
CALLS FOR THE RECIPROCAL OF A NUMBER.

FOR EACH OF CERTAIN VALUES OF B THE © .~
equaTion F{a(x) )= 6 (F(x)) HAs A uNique

SOLUT!'ON, FIND THESE VALUES OF 8.
71.9.7.22
IN A ZERTAIN RECTAHGULAR COORDINATE SYSTEM

WHOSE UNIT DISTANCE 15 | INCH; THREE LINES
HAYE RESPECTIVE EQUATIONS OF ¥ =0, v = |,
AND ¥ = 3. FIND, IN SQUARE iNCHES, THE

THE AREA OF THE REGION OF AN ISOSCELES o
RIGHT TRIANGLE WHOSE RIGHT ANGLE VERTEX 1S
ON THE LINE ¥ = |, AND WHOSE OTHER ‘
VERTICES ARE ON THE OTHER TwU LINES, THAT
1S, ONE ON THE LSNE Y = O AND THE OTHER

ON THE LINE Y = 3. GIVE YOUR ANSWER IN

THE FORM A/B, WHERE A AND 8 ARE RELATIVELY
PRIME INTEGERS.




E

71.10.4.4)

. A
lLeT AO:I, A= 3, AND 1H2=2AN1] F3AN.
EXPRESS THE VALUE OF Agp AS A POWER OF 9.

71.11.5.19

THERE ARE SEVEN THREE-DIGIT NUMERALS THAT
REPRESENT SQUARES OF INTRGERS AND ARE
SUCH THAT WHEN EACH 1S DIVIDED BY THE SUM
OF ITS DIGITS, THE QUOTIENT IS ALSO THE
SQUARE OF AN INTEGER. Four oF THESE

NUMERALS ARE 100, [U4l, 400, 900. wuaw
ARE THE OTHER. THREE?7?.

27h.12.7,04

TwO CIRCLES MEET AT A ano D. A LINE
THROUGH D CUTS THE CIRCLES IN POINTS B
AND C sucH THAT D BisecTs BC. Finp THE

INCH MEASURE OF THE RAD!US OF THE

SMALLER CIRCLE |F THE INCH MEASURES OF
AB, AD,
EXPRESS
A AND B

THE ANSWER IN THE FORM\/A/EB WHERE
ARE RELATIVELY PRIME INTEGERS.
71.13.5.26

THE SUM OF N NUMBERS 1S s. FEACH MEMBER
OF THE SET |S DECREASED BY u, EACH

RESULTING DIFFERENCE IS THEN MULTIPLIED
B‘ll )" 2

AND FINALLY EACH PRODUCT IS INCREASED
3Y THE SUM OF THE FINAL RESULTS 1S
(As + BN). FIND A AND B AND EXPRESS YOUR

ANSWER IN THE FQRM (A,B).

@ T

7006507 e

R

~IN 150SCELES TRAPEZOID ABCD; AB Is THE

LONGER BASE. ~ THE 'INCH LENGTHS 'OF AC AND
AB AREV@GB.AND 23 RESPECTIVELY, AND THE
LENGTH OF AD, DC;.AND”CB ARE THE SAME.
FIND, IN SQUARE INCHES, THE AREA OF THE
TRAPEZOIDAL 'REGION

71.15.6.09
FIND ALL POSITéVE INTEGERS X ANY Y,

SUCH THAT :xv=x"£ 6X-v=]1. GIVE YOUR
ANSWER(S) LN THE FORM: (x,¥). +! -

O

RIC
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AND AC ARENT, 3, V19, RESPECTIVELY.

IF ANY,

13
71.16.6. 14

THE INFINITE DECIMAL X=.XgX| XpX3 +..1S
FORMED AS FOLLOWS: TAKE X5=-3, THEN FOR
ND>| TAKE THE LEAST POSITIVE REMAINDERS
UPON DIVIDING Xof X1 xpf oo [ oxy=1 BY
9. FIND THE VALUE OF X, EXPRESSED AS

A FRACTION WHOSE TERMS ARE RELATIVELY
PRIME POSITIVE INTEGERS.

71.17.6.02

IN RIGHT TRIANGLES ABC anp DEF, FIVE
PARTS OF TRIANGLE ABC ARE CONGRUENT
FIVE PARTS OF TRIANGLE DEF, BUT THE
TRIANGLES ARE NOT CONGRUENT. FIND,
THE NEAREST TENTH, THE RATIO OF THE
LENGTH OF THE HYPOTENUSE OF TRIANGLE
ABC TO THE ‘LENGTH OF ITS SHORTER LEG.

TO

TO

71.18.6.79 -

ONE CANDLE IS TWICE AS LONG AS ANOTHER.
THE LONGER CANDLE BURNS. DOWN IN 4 Hours,
BUT THE SHORTER BURNS DOWN IN 6 HOURS.
THEY ARE LIT AT THE SAME TIME. IN HOW
MANY HOURS WILL THEY {FIRST) HAVE THE
SAME LENGTH?

71.19.6.03 .
IN TRIANGLE ABC THE BISECTOR OF ANGLE

C INTERSECTS AB IN D. |F THE MEASURE

oF ANGLE C 1S [20° AND THE INCH-MEASURE-
oF AC anp BC are 6 ano 8, fFino THE
INCH-MEASURE OF CD, EXPRESSEDIN THE FORM
A/B, WHERE A AND B ARE RELATIVELY PRIME
INTEGERS. '

7|.éo.7.02

SOLVE FOR X AND Y.

(1 A5)/2)5% £ (1 -B)/2)%
(1 A5)/2) x £ (1 -V5)/2) v
ExPRESS THE SOLUTION IN THE FORM (x,Y)

WHERE X AND Y HAVE THE FORM (A £ BY5)/c,
WITH A, B, AND C AS INTEGERS.

2

i

|

M



7421714

How MANY INTFGERS ARE THERE BETWEEN 40,001 oNLY IF THEIR LiTTERS ARE DIFFERENT.,
AND 50,000 TAT ARE SQUARES OR CUBES, BUT !BFiND THE NUMBER REPRESENTED BY ST.
NOT BOTH?

71.27.6.29
71.22.6.15
THE AREA OF A CIRCULAR REG!ION 13 DOUBLED
FFACH SIDE OF AN EQUILATERAL TRIANGLE 1S WHEN (T3 RADIUS R 1S INCREASED BY N.
TRISECTED, AND ON THE MiDDLE SECT!ON OF ... -fxpiiESS TO THE NEAREST TENTH, THE RATIO
EACH SIDE, AN. EQUILATERAL TRIANGLE IS OF R TO N.
DRAWN IN THE EXTERIOR OF THE TRIANGLE.
THE MIDDLE SECTIONS ARE THEN ERASED 7[.28,5,25
ILEAVING A SIXPOINTED STAR. FEACH SIDE
OF THE STAR 1S TRISECTED AND EQUILATERAL ASSUMING THAT (S EXITS AND IS POSITIVE,
TRIANGLES ARE DRAWN IN THE EXTERIOR OF EXPRESS e
THE 7 1GURE ON EACH MIDDLE SECTION. THKE ; T T
MIDDLE SECTIONS ARE THEN ERASED. THIS \i/ \5 j\-);“'“_“““"“”
OPERATION IS PERFORMED TWO MORE TIMES. s ‘ [
FIND, IN INCHES, THE PERIMETER OF THE J \V% DL (WHERE ...
LAST FIGURE !S EACH SIDE O THE ORIGINAL MEANS: "AND so ON ENDLESSLY") AS A DECIMAL
TRIANGLE MEASURES 3 INCHES. EXPRESS NUMERAL, TO THE NEAREST TENTH.
ANSWER IN THE FORM A/B, WHERE A AND B
ARE RELATIVELY PRIME POSITIVE INTEGERS. 7|_29,6,22
7'-23.6.20 A ONE~INCH LINE SEGMENT JS MUTILATED IN
STAGES AS FOLLOWS: |IN THE FIRST STAGE
[N THE NON~TERMINATING DECIMAL. THE MIDRLE THIRD OF THE SEGMENT 1S DISCARDED.
123450123450012345000. . . THE NuMBER OF [N THE SECAMD STAGE THE MIDDLE THIRD OF
ZEROS IN FACH PEARYIT IO | fromcweca oo m——cmer . ITHE TWU mrwmsvrre— . L. Vs
ONE. WHAT IS THE DiGIT IN THE |700TH D1SCARDED. |IN EACH SUCCEEDING STAGE Twr
PLACE? MIDDLE THIRD OF EACH REMAINING SEGMENT
IS DISCARDED. AFTER THE (N-|)TH STAGE
71.24%.7.07 THE SUM OF THE LENGTHS OF THE REMAINING
SEGMENTS 15 GREATER THAN .Ol INCH, BUT
IN ACUTE TRIANGLE ABC, ANGLE A EQUALS AFTER THE NTH STAGE THE SUM OF THE
MS DEGREES, ALTITUDE AD MEASUREs |0 REMAINING SEGMENTS IS LESS THAN .Ol 1ncH.
INCHES, aND BE AnD CF ARE ALTITUDES. FIND N. (APPROXIMATiONS ARE AS FOLLOWS:
FIND THE PERIMETER (IN INCHES) OF TRIANGLE Log 2 = .301, Lo 3 = .477).
DEF.
71.30.6.05
71.25.7.40
How MANY TIMES DCOES 2 APPEAR AS A FACTOR
FIND THE VALUE OF (x=3Y) IF X AND Y ARE IN THE SMALLEST6INTEGER THAN |S GREATER
REAL NUMBERS AND THAN (b £y 777

x2E v= hxo= by - 13,
71.26.8.24

IN THE EQUATIONS

(s7)F SLOES

(rs)°

EELP LT

ALL LETTERS REPRESENT DIGITS IN DECIMAL
Q@ 'ERALS. DIGITS ARE DIFFERENT [F AND
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SAMPLE SOLUTIONS 1970-- 197!
7i.1.4.55

A-{e-c) = (A-=B)}-c THEREFORE,
A-B+C = A-B~C. 2c¢ = 0.

71.2.6.12

|F YOU DRAW A PICTURE CAREFULLY (OR

ARE FAMILIAR wITH THE DUAL OF THE CUBE),
YOU SHOULD ARRIVE AT A REGULAR OCTAHEDRON.

TwO PYRAMIODS, SQUARE BASE3, ONE ON TOP

OF THE OTHCR., THE VOLUME OF ONE OF
THESE PYRAMiDS IS V = (I/3)(BASE X
ALTITUDE.) THE ALTITUDL IS OBVIOUSLY

](Loon AT YOUR PICTURE), WHEREAS THE
SIDE OF THE SQUARE BASE I1s\|'I“ + | aﬁi:'

HoLume oF ONE PYRAMID IS 2/3.

71.3.5.A

ADQING THE FRACTIONS, (x2+Y2)/(XY)2=

AN'2. But xY = A. THEREFORE,

X +§ =é . . 2

(x+y)e = x© +2xy+vl= {x % )+ 2xy
= V72 t2a.

71.4.6.14

e
Iy 1=qxamz A
2). P=2x +2a 3). e = x2.52

ARea = (1/2)(2a) x2-a%2

= A\j(A+2)2 - a2 = 2afasl

Since af0, & = 3. Go.

O
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71.5.6.42

l-x—x2 = A+AXHAXCHB-BXHBX CHCHCX=CX
= _(atetc) + (a=-g+c)x) +

(as+m-C)x

2

£QUATING LIKE COEFFIENENTS:

[

1}, a+e+c = | [JAND 2) TOGETHER
2). A-BHC = -} IMPLIES
3). A¥B~-C = ~| Atc = O

2). AND 3) TOGETHER IMPLY 2A = =2.

THEREFORE, € = ] AND FROM EITHER
1) oz 2) or ?), B = 1.

71.6.4.722

By DEFINITION, AVERAGE RATE 18
EQUIVALENT TO TOTAL DISTANCE TRAVELED
DIVIDED BY TOTAL ELAPSED TIME. [T

15 NOT EQUAL TO THE AVERAGE OF THE
RATES. RL = 1/2; R2 = 2; SINCE RATE
X TIME = DISTANCE, TL = M/(1/2) = 2u;
12 = M/2. TOTAL DISTANCE = 2M; TOTAL
TIME = TL+T2 AVERAGE RATE = (TOTAL
p1s7)/(ToraL TiME)

71.7.7.¢2

AL/A2 = /4 1ueLies THAT su/s2 = { /2.
DowN IN THE CORNER THERE YOU SHOULD
FIND A 20-60-90 RIGHT TRIANGLE.
THEREFORE THE RATIO IN QUESTION SHOULD
Turn out To Be: (1 ~V/2)/(2V3).
V3 = GEORGE WASHINGTON'S BIRTH YEAR
(THERE'S A LOT OF HISTORY IN ‘37
MATHEMATICS), AND NOT HIS BIRTHDAY,
Fesruary {irH.

W
g \ 52 - Y3 53
5 . (fs‘ ( =




71.8.5.10

THE IMPORTANT WORD HERE 1S UNIQUE.
F{x) = x+8; a{x) I/x. rle(x)) =
(1/x)+8; a(Fix)) = 1/(x+8). EquaTinG
THE TwO YIELDS THE RELATIONSHI 2,,
x~ +8x +B = 0. OR X = (-8B k\/é 4y)/2.
Now X wlLL ONLY BE UNIQUE WHEN THE
DISCRIMINANT 1S ZERO (0). THEREFORE,

VoiLa.

11.9.7.22

HErRe | DIDN'T LOOK BEFORE | LEPT, MADE
A GOOD ANALYSIS WITH A BAD ALGEBRA
MISTAKE, AND GOT NOWHERE. HOWEVER:

MERELY NOTE THAT (1.£., OBSERVE)
TRIANGLES | AND || ARE CONGRUENT. OY
VEY. ¢ =vV5 ano QED.

I) ’/
AN
{ i A
A VA

Y

~._
e TN

i

i
‘I
71,1040

HAarrY's Easy PrROBLEM:
SEEN RECURSIVELY DEFINED SEQUENCES -,

BEFORE. TO ‘GET A+ YOU LET N 0; a
THEREFORE, A2 = 2AL + A0 = 6 + 0= 9,
AND T FT LA = 2a2 4 Al=18+9==,27
THE SEQUENCE' LOOKS.. leg.
(1,7,9,27,81,24 ", yeel) Go;
71.11.5.19

Now | DON'T WANT TO BRAG, BUT | HAPPEN

TO KNOW THE PERFECT SQUARES FROM | ToO
~3.. AND THEN SCME. | WROTE EM DOWN
AND WENT TO WORK. No SWEAT. THEORY.,
WELL THE DIVISOR wAS Q IN EACH CASE,.
BUT WHO KNOWS wHY 2272%77%77% :

LR

71.12.7.04 S

WAY OUT, wAY OUT. | REALLY DOUBT
THAT ANY:OF THE ANSWERS OBTAINED WERE
ANYTHING BUT GUESSES. Mr. JoE
HOLBROOK OF FREEPORT SEZ.! CAN -USE-
JEB STEWART'S THEOREM {CHARGE!)®

AND THEN FRANK PTOLEMY, RALPH CEVA
AND MAXINE MENELAUS DOES THE JOB.

Goob GRIEF. AL STONE AND | BOTH GO

E l(:FOR THE LAW OF COSINES IN TRIANGLE
s

1 . '
ASSUMING YOU 'E Yoy (YOU) DRAW THE PICTURE.

Or. Fake IT.

‘
77
:

ACDB; wHICH IS TO SAY, IN TRIANGLES

CDA anD BDA. THE TwO ANGLES AT D ARE
SUPPLEMENTARY; AND THE COSINE OF X AND
130-x ARE MERELY ADDITIVE INVERSES OF ONE
ANOTHER. USE THE FORM €05 X =

(a2f 82 -c2)/(2AB) TWICE AND YOU'LL HAVE
THE LENGTH OF BD AND A SPECIAL CASE OF
STEWART 'S THEOREM. BD eEqQuAaLs CD eEqQuALs.:
2. Now, IF YOU ARE READING THIS, AND STILL
HAVEN'T DRAWN AND LABELED A DIAGRAM, STOP
BEING SO LAZY (LIKE ME) AND OBSTINAEE,
AND GET BUSY. | MADE UP A NICE PICTURE."
TAKE THE VALUE OF DB AND PLUG BACK INTO
THE, COSINE FORMULA: YOU sHouLD GET 1/2.
AL SONE DID. AH 50. ANGLE ADB MEASURES
60 DEGREES. ARC AB MEASURES [20 DEGREES,
AS DOES ITS CORRESPONDING CENTRAL ANGLE.
DrAW APPROPRIATE RAD!I, SEE THE 30~ 60- 90
anD QED.

71.13.5. 6

ONE TERM: H{a1- ) / b s bal - 12,
THERE ARE N—12 S, AND THE FACTQRS OUT
OF EACH OF THE OTHER TERMs. Go. '

71.14.6.01

CaLL

ALTITUDE FrRoM C TGO BASE AB D CE; CALL ITsS
MEASURE H. TwO PYTHAGORFAN RELAT1ONSHIPS,
_TRIANGLES ACE A AND BCE. AE 'z 23-x,’ "WHERE
EB = . DC = - 23 - 2)(. Go. ——
VERY CAREFULLY.

BREAK THE 27 UP INTO TwO
PARTS. HARRY DIDN'T GIVE ANY RADICAL FORM,
SO YOU'RE GOING TO BE DEALING WITH [NTEGERS.
TRy 20 AND '. 20 sQuarep FroM 468 vieLps

3, A NO-PERFECT SQUARE. TRY ANOTHER.

How aBouT |18 ano 5 722 I8 squarep rram

U6 . vieLos 144, HoLy cow. '

71.15.6.09 .

JoE HOLBROOK TELLS ME THAT THIS WAS HARRY'S
GIFT PROBLEM HE SEZ JUST SOLVE FOR Y:

Y = (Il - )/{x=1). LET x TAKE ON
VALUES, THE POSITIVE |NTEGER JAZZ TAKES
CARE OF THE REST. Go. -
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71.16.6. 14
Xo = -+ THE RULE SEZ THAT FOR X = |,
SUM UP THE SERIES THROUGH X [=| =xp} THEN

DIVIDE Xp=3 BY 7 AND TAKE THE REMAINDER
AS YOU VALUE FOR Xx|. THEREFORE, X| = .
X215 THE REMAINDER OBTAINED WHEN T 1S
DIVIDED INTO THE SUM %o £ x|, or 6.
THEREFORE, x2 = 6. x4 15 OBTAINED BY
TAKING THE REMAINDER WHEN 9 15 DIVIDED
INTO THE SUM 3 A / 6: THEREFORE

X2 z 3. AND GoO. x - 33636363636363630
Go.
T1.17.6.02

SINCE 55S YIELDS CONGRUENCE, ONE FAIR
OF SIDES MUST BE UNEQUAL.

% Y]
‘ zﬁfii;x‘ ! i

x/a ~ v/x = z/vy : x° = av

OR ) A2 % X2 - YE
A % AY - ¥Y° 7 ‘ ‘
OuabraTic IN Y: v = (1 £Y5) a
2
71.18.6.79
MAA sPECIAL. FAKEROO wiLL SEE YOU

THROUGH .
QUESTION.

L - (x/W)(2L) =t -

ALGEBRA 777 LET X = TIME IN

(x/6)(L

l.E., EQUATE THE LENGTH OF CANDLE LEFT.

71.19.6.03

DRAW THYS ONE YOURSELF, PLEASE. GET
INVOLVED, PLEASE. DID YOU KNOW THAT AN
ANGLE BISECTOR DIVIBES THE SIDE IT
INTERSECTS INTO THE SAME PROPORTION AS
THE TWO SIDES OF THE ANGLE IT BISECTS???
(WHAT HE sAy ?92) CA/CB = DA/DB
THEREFORE, AD = 3y anD BD =

LAw ofF CcSINE (Twice):

2 -x % b - 12x(1/2)

|6Y2 % 64 - I6x 1/2)  Go ! !

OR BRUCE SHECTER STYLE

“AREA OF TRIANGLE ADC PLUS AREA OF
TRIANGLE DCB MUST EQUAL THE AREA OF
TRIANGLE ABC. AREA OF A TRIANGLE EQUALS

zABsin(c). THEREFORE,
ERIC 103
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L 6x sin(607) £ 4 8x 5[N(60o) =

$6-3.51n (IEOO)

. o 0
SINCE sIN 60" = siN 1207, THE EXPRESS|ON
QUI kLY REDUCES To bx £ Oix = 4o,

TougH PROBLEM.

71.20.7.02

JUST GO. SUGGESTIONS. USE DETERMINANTS
OR INVERSE MATRICES (wHICH I3 WHAT | DID
AND MALE iT). ALso, vou MIGHé HAYE
LABELED THE COEFFICIENTS AS AT, B,

A AND B, ANC SOLVED THE PAIR GENERALLY
AND THEM DO ALL THE ARITHMET!C IN ONE
SWELL FOOP.
70.20.7.1

2 .
201° = 40,200; 22%° —*Jg 7255 h2,675;
63 -T46,656, Bur 6 -4393 763
THEREFORE, TOSS ouT THE 216. AND THE 6.
71.22.6.1%
AFTEF INVESTIGATION, EITHER OF TWO FACTS

SHOULD APPEAR RELATIVE TO THE FIGURE:

I. EacH PERIMETER 15 U/° OF THE PRECEDING
PERIMETER. THEREFORE, 9 U/ W/= 4/~ U/ =

256/¢9

OR '

2. THE NUMBER OF SIiDES 1S INCREASING
BY A FACTOR OfF 43 wHILE THE LENGTH OF
EACH SIDE IS MULTIPLIED BY A FACTOR OF
As ABOVE.

71.2%5.6.20

USING THE SUM OF AN ARITHMETIC SEQUENCE :

(5£1) £ (5£2) (5£7) £ ...f (5Fn) £ 1700
N A N%l (n/2)< 1700; ~n<54.

N 5 YIELDS THE VALUE " 696.
THE 97TH TERM 1s |, ETcC.

THEREFORE,
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71.24.7 07

TRIANMGLE DEF 1S CALLED THE PEDAL TRIANGLE
OF TRIANGLE ABC. SEAN FAGNANOC, AN [RISH
MATHEMAT i C1AN, POSED THE PROBLEM OF FINDING
THE TRIANGLE OF MIN MUM PERIMETER THAT

AN BE INSCRIBED tN A GIVEN ACUTE ANGLED
TRIANGLE. THE PEDAL TRIANGLE DOES THE
TRICK. THE TECHNIQUE OF THE FRODF
(CoxeTer, INTO TO GEoM; WiLey, P.20)

YIELDS THE SOLUTION OF THIS PROBLEM.

To wiT:

e

.
SEGMENT AD 1s REFL?CTED ABBUT sipeEs AB
AND AC OF TRIANGLE ABC YIELDING CONGRUENT
SEGMENTS AD"™ AnND AD'. PLEASE NOTE THAT
ANGLES CAD AnND BAD ARE ALSO REPRODUCED.
THEREFORE, ANGLE D"AD' is A RiGHT ANGLE.
Does SeEGMENT D'"D' PASS THROUGH POINTS E
AND F 2? You BeT Your Bippy ! (| WONDER
WwHY? COULD THAT REFLECTION HAVE SOMETHING
70 DO wWiTH 1T?) Likewise, D"E' ano D'F
ARE CONGRUENT TO SEGMENTS DE anp DF
RESPECTIVELY. POTENT TRANSFORMATION,
THOSE REFLECTIONS. THERE D'D' 1s E£QuAL

TO THE PERIMETER OF THE PEDAL TRIANGLE
DEF. :

| UNDERSTAND THAT |IF YOU WERE TO STROKE

A BILLIARD BALL ALONG SiDE DE o¢ THE PEDAL
TRIANGLE {I1.E., IN THE DIRECTION DE),

IT WOULD FOLLOW THE PATH OF THE PEDAL
TRIANGLE INDEFINITELY. (FRrRicTIiON
NOT=-WITH=-STANDING ).

SNeEAkY PeTe WAY: LET THE ANGLES OF
ACUTE TRIANGLE ABC MEASURE MS, 45.001
ano 89.999. Now TRY THE PROBLEM.

71.25.7.40

AFTER BRINGING THE LINEAR TERMS OVER TO
THE [HS AND COMPLETING THE SQUARES, YOU
sHouLp HAVE: (x=2)2 £ (v£3)2 =@, The
ONLY wWAY THE SUM OF TwO POSITIVE NUMBERS
CAN BE ZERO 1S NEVER. BY GOLLY, THEY
MUST BOTH BE ZERO. X EQUALS 2, AND Y
EQUALS -3,

O

RIC
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I1GLR 2l

By

[HAPELCTION, T MUST BE GRCATER THAN 5,
AND P MUGT Bi 3 or M. I P raquaLs 2,
THEN 5T EQUALS 47 or 28 SINCE T Muuy
SHD WITH S, 1.E., [ cqQuaLs 43 ano &
cguaLs 517, e raual ¥ T vieLps wo
POSCIBILITIES. 7 DOLSN'T WORK.
127620

—_— o)
AL =TTe2, A2 =TT (s AN, ap = o Al
THERCFORE: PRC = (r £ N)2 = g% £ ZRNENE.
RE-2RN=-NC = 0. R = 2n AVUNS L UN2

2

R/N = | /VFE.
71.28.5.25
IF (| say IF) vou kNOW WHAT'S HAPPENING
HERE, THIS (3 THE GIFT OF THE YEAR.

LET X EQUAL THE MONSTOSITY IN QUESTION:

{
3y N
Vs Vs
Now. IF you were TO ERAsE (ERASE) THe
FIRST CUBE ROOT SIGN AND THE 5 You wouLbD

sTiLtt (STILL!) see x. THEREFORE, REPLACE
EVERYTHING TO THE RIGHT OF THE FIRST CUBE

ROOT SIGN AND THE 5 wITH x. LIKE so:
3
X = £ X THREFORE,
X3 = 5%. POSITIVE ROOT:
71.29.6.22

By HOOK OR CROOK YOU SHOULD ARRIVE AT
THE FOLLOWING SEQUENCE:
EN/TN)

(2/s, 4/9, 8/271,

When wite 2°/38 < Lors Teree

N (Loe 2 - Loe 3) L Loa 1078 ¢
N D> 2/.176 FIGURE IT ouT
71.°0.6.05

(& £ 2u)® 2® (2 £ y)6

S0 WHO KNOwWS WHETHER OR NOT

(2 / v ?)6 1S BETWEEN AN ODD AND AN EVEN,
OR BETWEEN AN EVEN AND AN'ODD ?%77 So

COMPUTE 1T, AND FIND OUT ' I !



QUR AUTHOR, HARRY SITOMER, GIVES THIS
PIECE OF INFO:

"THAT INTEGER IS
(bf2 8 4 a3t -
D243 £ (2-V)E) =L L

AND THERE YOUu HAVE 1T: 197071
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ANSWERS

711 0 71.16. 37/ 100

1.2 4/3 7117 1.6 1. (14V5)/2
71.3 (3,2) 71.18 3

714 12 71.19 24/7

1.5 (=1,1,1) 71.20 (5£V5)/10, (5-5)/18
71.6 4/5 71.21 23

70,7 0 ar U/ 100 71.22 256/9

71.8 + 7 | 71.23 4

71.9 5/2 71.24 Y

71.10 92> 71.25 |

7H10 225, “2U, Luj 71.26 28

71.12 7/ 71.27 2.4

7113 (o 1) 71.28 2.2

Ti.1k 216 71.29 12

[ARRD! (2,3), (2,00, wst), (T7,3) 7i.3@ 7
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