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Foreword

In a dynamic society such as ours, change is constant. People accept this fact
inure readily in many fields than in the area of mathematics particularly at the
elementary school level. And yet, in recent years new projects, new courses, and
new materials remind us that a great potential exists for improved changes in the
elementary mathematics program.

The primary purpose of Guidelines to MatIrmatics, K-6 is to help those who
have responsibility in local school districts for providing a well conceived elemen-
tary mathematics program. Each of the sections of this guide has been designed
to meet specific objectives. Although no section represents the final word on the
topic being discussed, it is intended that all sections represent definitive statements
which can serve as I sound foundation for furth.:r study and investigation.

The main section of this guide has been devoted to a careful development of
the major concepts of elementary school mathematics and associated behavioral
ohjectives. In addition, several other sections have been devoted to issues con-
cerning the effective teaching of mathematics at the elementary school level.

The 'Wisconsin State Department of Public Instruction trusts that the efforts
of all who helped make this pnblieation possible Nv II result in improved mathe-
matical experiences for all Wisconsin youth.

William C. Kahl
State Superintendent
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Mathematics Instruction: A Point of View

'file variety of mathematics programs now avail-
aide for the elementary grades promises to benefit
both teachers and pupils alike. :facing been freed
from the fixed form that charactcriled the tradi-
tional program, teachers now have a greater oppor-
tunity than ever to select the niaterials and teaching
techniques best suited to a child's needs. The basis
used for selecting methods and materials is impor-
tant am l is dependent upon the viewpoint of the
teacher in regard to his instructional task. Just as
mathematics programs have changed, so might cer-
tain aspects of the traditional view of instruction
he changed.

It has been COMII30/1 practice heretofore to con-
sider certain mathematics skills and concepts as hie-
ing "all-or-nothing" attainments. That is mastery of
a certain body of facts or skills has been tradition-
ally rc garde(' as the proper province of the teacher
at a particular grade level. The failure of !wine
children to achieve the expected level of proficiency
has forced the teacher of the next grade to -reteaer
these areas, a task that has long been a source of
irritation to many teachers. This type of compart-
mentalization of a course of study should he mini-
mized, if not eliminated. InFt;.-ad of expecting all
children at a given grade level to master in a rather
final sense a certain portion of the mathematical
training, educators should develop an approach
which recognizes the existence of individual growth
rates and stresses the continuity of the instructional
process.
Teaching for Growth

Pciliaps the one factor most essential to the suc-
cess of the mathematics curriculum is an emphasis
on understanding, that is, understanding of mathe-
matics. This emphasis represents a marked shift in
the focus of educators' attention from overt be-
havioral skills and social applications to under-
standings developed as a child organizes and codi-
fies mPthematieal ideas. It is no longer deemed suffi-
cient for a teacher to be satisfied with competent
computational performance by a child, in spite of
the obvious necessity for "uch skill, The need to find
a more efficient, a more enjoyable, and a more

illuminating method of instruction has led to the
consensus that clear and penetrating understanding
of certain essential mathematics must precede, but
certainly not supplant the traditional point of em-
phasis, computation. flow is this to he achieved?
Experiencing the Physical World

Certain principles of instruction deserve renewed
emphasis. It is agreed that one should traverse luny'
the known to the unknown, from the particular to
the general; from the concrete to the abstract.
Clearly, children should he encouraged to develop
their first concepts of mathematics from their ex-
periences with physical objects.

This approach implies, in inany cases, that prior
to the introduction of a concept, time should he
provided for each child to experiment with physical
objects appropriate to the objective. For instancc.
every child should have the experience of actmdly
combining sets or groups of things as a prelude to
the introduction of addition; he should Si (Irk 1111 an
abacus or place-value device prim to any contact
with sophisticated positional notation; he should
have "pre-number'. experiences, such as Lulling to
compare the numerousness of groups thtotigh the
process of one-to-one matching, rather than count-
ing in the traditional fashion.

For example, the classroom situation in which
children are seated at their desks provides a natural
one-to-one correspondence between children and
occupied chairs, The number of chairs can be com-
pared to the number of children by simply noting
whether any chairs are einpty, rather than counting
the members of each group. Many other imilar situ-
ations arise naturally in which the child's interest
readily leads to non-verbal awareness of such con-
cepts as equal to, less than, and more than. Ily such
purposeful "playing:. important concepts that pre-
viously have been left large'y to chance develop-
ment will he given appropriate attention and will
be established on a firm foundation,
Useful Unifying Concepts

Because understanding is an ambiguous term and
because a teacher must make as clear as possible
the relationship between former objectives and



present points of emphasis, it May be well to con-
sider just a few of the many concepts that arc
esp.cially important to clarify and develop from
the earliest stages.

For the foreseeable future, the study of number
systems will continue to he the essence of the
mathematics program. Involved in this study are
the collections of various kinds of number ideas,
such as natural numbers, together with the opera-
tions defined on these number ideas and the proper-
ties of these operations (for example, commutative,
associative, distributive properties). Obviously, the
development of an understanding of such ideas
must take place over an extended period of time
and at considerably different rates for different
childrem .There i- no such thing as complete under
standing of any particular number system by a
child. Rattler, teachers at each level should as-ur-
tai that the instruction is directed toward deepen-
ing and extending the broad mathematical streams
cited in later sections of this report. llow eaki this
be done?

As a child's grasp of mathematics grows, he must
he guided toward the acquisition of the broad and
es..ential concepts which tic together seemingly dis-
connected particulars into a coherent general struc-
ture. The same operations are encountered in sev-
eral peculiar and different contexts in the grades.
Each particular use really represents a different
operation.

For instance, the multiplication of two natural
numbers such as 3 X 5 may be properly regarded
as the process of starting with nothing and adding
5 objects to a set 3 times. But can 1/2 X 1/3 be
similarly interpreted as the process of repeatedly
adding 1/3 objects for 1/2 times? Or xs:tat meaning
can be ascribed to (- 3)( -5)? Certainly not 5
dings repeatedly added for 3 times! Such state.
meats require different interpretations because the
operation called muhiplication has several mean
ings and definitions depending upon the kinds of
numbers or set elements to which it is applied.

Natural numbers, integers, and rational numbers
each combine somewhat differently under a given
operation. But rather than invent new symbols to
represent the hanging definitions of an operation
as it applies to the various number systems, one
uses the same symbol throughout. In this situation,
as in many similar ones, children must be taught to
interpret symbols in context. Only in this way will
mathematics shorthand serve the important purpose
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of clarifying and improving communication. Fur-
thermore, the child should be led to understand
that although the specific interpretation of an oper-
ation differs from one . ystera to the next, a struc-
tural unity still remains which is founded on the
commutative, assoc.ative, and distributive propai-
ties as they pertain to the operations. Because of
this structural unity, one can rely on the context in
which a symbol is used to determine its meaning,
rather than create new symbols for each particular
variation of a concept.

Again, the need for techniques which lead the
child to discover ideas through his experiences with
physical objects must be stressed. Furthermore,
attention must be given to rather subtle ideas that
may have been overlooked or thought too obvious
to mention in the past. For instance, when a child
combines two sets of objects into a single collection,
he must come to the rcalizatioc that the abstract
property of numerousness is conserved; that there
are exactly as many objects after as there were be-
fore the two groups were joined. As fundamental
as such an assumption is to understanding the addi-
tion operation, it is by 110 means obvious to all be-
ginners. This fact is substantiated by the work of
Piaget and others.

Another matter often treated too lightly involves
the freedoms or restrictions MIMI may or may not
exist for a given operation. When one matches the
elements of a set with dm word names of the ordinal
numbers, he must know that the order in which the
objects are matched to the numerals will not affect
the count. On the other hand, cases exist in which
the order of presentation of information is impor-
tant. One cannot mix up numerator and denomina-
tor with impunity or name the coordinates of a
point by whim. The basis for free choke, where it
exists, and the reasons for restrictions, as they occur,
must be made c'ear if understanding is to be
achieved. Such matters are rarely as obvious to
children as they seem to adults.

To sum up, children should come to realize that
mathematics is a logical system which exists is cr
human invention, formulated, enriched, extended,
and revised in response to the twin weds to perfect
it as a logical structure and to use it as a convenient
method of describing certain aspects of nature as
seen by man.
Undue Emp'iasIs on Particulars

Educators should avoid giving undue emphasis
to any single aspect of the total mathematics pro.
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gram. The idea of sets, for instance, should not be
glorified beyond its usefulness in contributing to
the attainment of the broad goals of the program.
Similarly, it is unwise to go to the extreme of down-
grading the importance of computational pro-
ficiency to the point where long range goals arc
placed in jeopardy. Furthermore, big words or im-
pressive terms and symbols must never interfere
with a child's understanding of the concepts which
the words or symbols represent. Clarity of commani-
cation is the chief purpose of mathematical lan-
guage and symbolism. If a particular t:rm or symbol
does not serve the cause of ch. 'ty, then it should
not be useti 1, of course, must eventually
Ician how to use the language effectively and under-
stand it in context. llowevor, teachers should exer-
cise great care in working toward such a goal and
should avoid any proliferation of symbols or pre-
mature verbalizations that will hinder goal attain-
ment.
Problem Solving

One of the greatest challenges for the elementary
teacher is the devel_pment of appropriate, real-life
problems which meaningfully involve learners.
Classroom teachers recognize the limitations of text -
hooks in providing such verbal problems. Many
problems fail to challenge children; they fail to rep
resent a world which is real to children; and too
often they fail to cortribute to the child's skill in
problem solving situations outside the textbook.
Notwithstanding these limitations, textbook verbal
problems will continue to be prominent in most
elementary classrooms until individual teachers
identify other ways of fleeting the problem solving
obligation.

There is increasing evidence that through experi-
mental programs and through the efforts of indi-
vidual classroom teachers improved ways of meet-
ing this obligation are being developed. Much is
being heard about the importance of relating mathe-
matics to science, of units of study in miAhematics,
of enrichment activities in mathematics, of the study
of the history of mathematics, and of children cre-
ating their own mathematics problems. Instead of
stressing the social development of the child. these
efforts emphasize the structure of mathematics
through problem solving experiences. These activi-
ties are hopeful signs pointing to a greater stress
being placed, in the near future, on the importance
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of meaningfully-structured problem solving experi-
ences as a part of the elementary mathematics pro-
gram.

Individual Differences
If mathematics instruction is viewed as a procesi

of initiating understanding and of carefully nurtur-
ing this understanding as the child matures, it will
then be necessary to discover effective techniques
for accommodating the widely differing rates at
which children develop. Implicit in this statement
is the need for schools and teachers to recognize
that some children may not be able to grow sub-
stantially or may seem to terminate their potential
for growth at some point along the way. In such
cases, provision should be made for experiences
most appropriate to the child's welfare.

To date, no satisfactory method has been devel-
oped to cope with the vast range of individual
differences. Flexible grouping procedures, non-
graded classrooms, individualized instruction, team.-
teaching, and television teaching are receiving ex-
tensive testing and evaluation. Perhaps the experi-
ments currently underway vial yield effective tech-
niques once more is learre3 about the problem. In
the meantime, each teacher must exerciso profes-
sional judgment and common sense in adopting an
optimal arrangement that is compatible with his
own abilities, with the characteristics of pupils in
his class, and with the physical facilities and admin-
istrative policies of the school.

In summary, mathematics instt action should he
viewed as a continuous effort to develop in the
child a knowledge of mathematics that is charac-
terized by its depth and connectedness. To the ex-
tent possible, the child should be encouraged to
experiment with the objects of his environment.
Thus prepared, he may be led to the invention or
discovery of those ideas which provide both a broad
basis for further exploration and a sense of delight
in a well - founded mastery of the subject. The task
is a challenging one and deserves much effort. To
this end, the teacher should do everything possibl,
to see that instruction is well-planned and is pro-
videi on a regular basis. As an additional, but essen-
tial measure, cooperative action such as inscrvicc
education should be taken by school personnel to
develop in the leaching staff a view of instruction
appropriate to present day needs and opportunPies.



Key Mathematical Co.ltent Obiecti'Jes

and

Related Student Behavioral Obis,( i1/:;F

in the fo1lowinit, (nitline, an attempt has been
made to point out where kt y content objectives of
mathematics might be introduced and developed
in grades K-6. The corresponding behavioral objec-
tives suggest a sequence of development of these
mathematical ideas which provides for their -

inforeement and continuity throughout the K-6
mathematic: program. By means of a sequence of
draveloprnmt, key ideas can be (Mewled to conform
with the maturity and background Nix Hence of
the student.

The suggested content objectives have been or-
ganized uncle fifteen main topics: Sets am! Num-
bers; Numerate.., Systems; Order; Number Systems,
Opera:ions and Their Properties; Ratio and Propor-
tion; Computation; Size and Shape; Sets of Points;
Symmetry; Congruence Similarity; Coordinate Sys-
tems ane. Graphs; Constructions; Measurement; and
Mathematical Sentences.

It is not intended that the placement of topics in
this outline be considered as the only correct
arrangement or that all of the topics necessarily be
taught at every grade level as presented here. The
ideas listed for each grade level should be regarded
as a suggested guide for introducing various topics:
the outline is not intended to be all-inclusive. The
!artier will find it necessary to alter the order of

topics to meet the needs of the children or the
needs of a particular group in a given classroom.

Furthermore, no fixed amount of Hine or emphasis
has been suggested for any objective in this outline.
A disproportionate amount of space has been de-
voted to the geometric objectives due to their recent
ii.troduction in elementary mathematics courses.
Many of the geometric objectives can be attained in
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a relati aly short tinea c.)n ',tied with the tine
and empl.asis necessal a to ,etaiii those objectives of
elementary schnol arithmetic which are central to

understandir g and us- of the rational mural
system.

This outline should praysT useful to the is 101
administration, the mathematics Olrriculum
'Mace, and the teachers of a school district in one
or more of the fidloing ways:

an orientation to the key content and be-
havioral objectives of the eleir.fntary sc'toot.
mathematics curriciihma
As a source of knowledge of the related objec-
tives of elementary school mathematics, ;heir
development and reinforcement throughout the
entire K-6 mathematics program
As a means of evaluating the content and be-
havioral olijctives of the present mathematics
program of the school on the basis of the needs
of the school community.
As a guide for the preparation of a mathe-
matics curriculum guide, K-6, for use by the
school district.
As an aid in the evaluation and scleeiien of
textbooks.
As 0 guide in determining the concepts that
need to he highlighted in inservice activities
for teachers.
As an aid ill choosing standardized tests.

Throughout this outline, au asterisk (*) appearing
aorder any behavioral objective indicates that the
understanding and skills listed for that objectiv( in
pro, kills grades arc to be expanded arid developed.



Mathematical Concepts
Arithmetic

Sets and Numbers
A sat is a collection of things. Sets .,ray have many

properties, but a property peculiar to a collection
or set is that of number. When an orderly arrange-
ment of these numbers has been made, one has the
tools needed for counting. Numbers can be used in
the cardinal sense, that is, to indicate numerousness.
For example, a triangle has three vertices. They can
also be used in he ordinal sense, that is, to indicate
the arrangement of numbers by order. For example,

Concepts

a student in fifth grade is studying page WO (the
hundredth page) of his textbook. Sometimes a mun-
ber is used in the nominal sense, that is, as a name.
A social security number is used this way.

In this guide. the concept of number is extended
to include positive rational numbers and then posi-
tive and negative integers. These number concepts
will be more fully de./eloped in the junior and
senior high school mathematics programs.

Students should be able to:

Numeration Systems
Names are given to the cardinal numbe,s. These

names are nu '2rals and are used to convey the
idea of number. Numerals are symbolizeL corms
used for communication. A given number hc.s many
different names which can be used depending on

the idea one wishes to express. Organized methods
of arranging the numerals represent the numeration
systems of the past and present. Study of different
numeration systems will give the student insight
and appreciation of the more efficient ones.

Students should be able to:

Order
The concept of order is a generalization made as

a lesult of experience in comparing unmatched sets
of objects to determine which has more members.
Order is expressed in sentences by means of the

symbols > (is greater than) and < (is less than).
The concepts of equality and of inequality (num-
bers that are not equal) are considcred here for
convenience.

Students should be able to:

Number Systems, Operations and Their
Properties

A number system consists of three parts: a set of
numbers, two operations defined on the numbers in
the set, and the properties (laws or rules) of the
operations.

Two number systems, the whole numbers and the
positive rational numbers, are studied in detail in
the elementary school. A third system, the integers,
is introduced in the elementary school when the
physical situation demands thaL the number system
be extended to include negative numbers. The inte-
gers and a fourth number system, the real numbers,
are studied in more detail in junior and senior high
school. An understanding of the integer and real
number systems and their properties deper,:s
careful and complete development of the whole
number and (positive) rational number systems in
the elementary school.

The operations on numbers studied in the ele-
menta:y school are addition and natiplicat ionand
their respective inverses, subtraction and dia n.

The important and useful properties of the 1,7-
ations on all number sy:,:ems studied in ,::-!thrnetic
are given here. They are:

Addition
Commutative: a --f-- b + a
Associative: (a + b) c = a + (h c)
Identity element: a + 0 = a
Inverse element: a + ( a) = 0

Multiplication
Commutative: a X b=bx a
Associative: (a X b) X c=a X (bx c)
Identity element: a X 1 = a
Inverse elerm nt a X 1/a -= 1, a ri- 0
Property of zcre: a X 0 = 0
Distributive: a X (la c) = (a X b) + (a X

Students should be able to:

7

r.

10



Behavioral Objectives
Kindergarten

Sets and Numbers
I. Identify two equivalent sets by placing the mem-

bers of the set in one-to-one correspondence.
2. Select the set of objects associated with a given

number.

3.

4.

5.

Count orally by matching numerals with sets
having a given number of objects.
Identify, without counting, the number of sets
with two, three, or four objects.
Use such terms as more than, as many as, fewer
than when comparing sets of objects,

Numeration Systems
1. Identify the numeral, 0 through 9.

Order
1. Determine whether two sets are equivalent (can

be matched or placed in a one-to-one correspond-
ence).

2. Compare two non matching sets of fewer than
10 objects and decide which set has more men,-

hers and which set has fewer meml..-±rs.
3. Determine that 3 is greater than 2 and that 2 is

less than 3 by comparing appropriate sets of ob-
jects and do this for any two numbers less than 6.

4. Utilize the idea "one more than" in organizing
sets in the natural order.

Number Systems, Operations end Their
Properties
1. Rearrange sets of objects to demon strate the

joining and separating of sets, and thereby de-
velop a readoess for addition and subtraction.

8
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2. Tell a story about a problem represented by the
above activities.

3. Use objects to represent the "action" or condi-
tions of a problem.
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Behavioral Objectives
First Crade

Sets and Numbers 4. Use "0" as the symbol for the number of de-
l. Count the members of a set containing one bun- ments in the empty set.

dyed or fewer members. .5. Insert missing sets, such as a set of 3 elements
2. Demonstrate one -half, one-fourth of a physical between a set of 2 elements and a set of 4 ele-

unit. ments.
3. Use the ordinal numbers through fifth.

Numeration Systems
1. Read and write any numeral from 0 thro,igh 100.
2. Give different numerals for a given number such

as 6 4- 2, 10 2, and 8 for eight.

3. Read number words through ten.
4. Interpret the place -value concept for writing

whole numbers to one hundred; such as, 69 is
the same as 8 tens, 9 ones.

Order
1. Compare two non matching sets of less than 1(X)

objects to decide which set has fewer (more)"
members.

2. Determine that 8 is greater than 5 and that 5
is less than 8 by comparing appropriate sets of
objects and do this fur any two numbers les.;
than 10.

Number Systems, Operations and Their :3.

Properties
1. Identify the process of addition through experi- 4.

ince with joining two sets of objects.
2. Identify the process of subtraction through ex-

perience with separating a subset from a set of 5.
objects.

12
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Recognize examples of the commutative prop-
erty for addition in the set of whole numbers.
Demonstrate with sets of objects the relation-
ship between such sentences as 4 4- 2 = 6,
6 2 4, and 6 4 2.
Use the symbols +,--, and to form sentences
such as 3 + 6 = D.



Behavioral Objectives
Second Grade

Sets and Numbers
1. Determine the cardinality of a set to one thou-

sand when the objects are already grouped. For
example, 4 bundles of 100 sticks, 9 bundles of
10 sticks, and 4 sticks are the same as 494 sticks.

2. Use ordinal numbers through tenth.
3. Identify 1/2, 1/4, 1/3 of a whole by using physi-

cal objects.

Numeration Systems
1. Head and write any numeral through 999.
2. Write many symbols for the same number; for

example, 6 + 3, 5 + 4, 17 8, and 9 for
nine.

3. Count by 5's, 10's, and 100's.
4. Use bundles of sticks to demonstrate place value

through 999; for example, 2.34 = 200 + 30 + 4.

5. Write three-digit numerals in expanded notation;
for example, 765 = 700 + 60 + 5.

6. Use physical obj-Tts to demonstrate regrouping;
for example, 2 bundles of 10 sticks and 16 sticks
have the same number of sticks as 3 bundles of
10 sticks and 6 sticks. Also 4 bundles of 10 sticks
and 8 sticks have the same number cf sticks as
3 bundles of 10 sticks and 18 sticks.

Order
1. Use the terms greater than and less than, and

equals in sentences.
2. Use symbols >, <, and = in mathematical sen-

tences.

3. Insert missing numbers, such as 3 between 2
and 4.

4. Name successors and predecess: :s of each num-
ber through 99.

5. Determine the order of numbers through 99.

Number Systems, Operations and Their
Properties
1. Recognize that there is no largest whole number.
2. Use the associative properly of addition in the

set of whole numbers, for example, (3 + 4) + 5
3 + (4 -i-- 5).

3. Recognize that subtraction is not commutative
4. Identify the process of multiplication through

experience with joining several equivalent sets
of objects.

5. Discover from the addition table number pat-
terns through the sum 18.

6. Recognize zero as the identity element for addi-
tion in the set of whole numbers and its special
role in subtraction.

10
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Behavioral Objectives
Third Grade

Sets arid Numbers
1. Determine the cardinaIity of a set to 10,000

through appropriate experkuees.
2. Use ordinal numbers beyond tenth.

3. Identify 2/3 an 1 5/4 of a whole.
4. Show 2/4 = 1/2, etc., by the use of physical

objects or pictures.

Numeration Systems
1. Read and write any numeral to 10,000.
2. Write many symbols for the same number, such

as 7 + 5, 4 X 3, 10 + 2, and 12 for twelve.
3. Interpret place value to 10,000.

4. Write four-digit riamerals in expanded notation;
for example, 4567 = 4000 -;- 500 + 60 + 7.

5. Recognize that numerals such as 57 can be ex-
pressed as 40 + 17.

6. Read and write roman numerals through X (10).

Order
1. Determine betweenness, greater than, or less

than for numbers through 999.

2. Recognize greater than or less than for the frac-
tions 1/4, 1/3, 1/2 with physical objects. (Note
that fractions is being used here for rational
numbers.)

Number Systems, Operations and their
Properties 4.

1. Use the commutative and associative properties
of multiplication in the set of whole numbers; 5.

for example, 4 X 3= 3 X 4 and (4 X 3) X 2
=-. 4 (3 X 2).

2. Recognize the role of 1 as the identity elem....,
for multiplication in the set of whole numbers. 6.

3. Recognize the distributive property of multipli-
cation over addition in the set of whole numbers;

1'

for exampl^, 3 X (2 4- 4) = (3 X 2) + (3 X 4).
Discover number patterns from the addition and
multiplication tables.
Demonstrate the concept of division by partition-
ing a set into several equivalent subsets; for ex-
arrmle, separate a set of 12 objects into sets of
3 objects.
Demonstrate with sets of objects the relationship
between such sentences as 4 X 7 =---= 28, 28 ÷
4= 7, and 28= 7 4.

14



Behavioral Objectives
Fourth Grade

Sets and Numbers
1. Determine the factors of a counting number (a

whole number other than zero).

2. Determine common factors of two counting num-
bers.

Numeration Systems
1. Read and write numerals as needed.

2. Interpret place. value for large numbers.
3. Use roman numerals through XXV.

Order*

Number Systems, Operations and Their
Properties
1. Recognize the inverse relation between addition

sentences and two subtractions sentences, such as
725 + 342 = 1067 and 1067 725 312

12

iJ

and 1067 342 = 725.
2. Recognize the special role of 1 as a divisor.
3. Use parentheses to show order of operation; for

example, 2 -4- 4 X 3 = 2 + (4 X 3) = 14
and (2 + 4) X 3 = 6 X 3 = 18.



Behavioral Objectives
Fifth Grade

Sets and Numbers
I. Identify prime numbers such as 2, 3, 5, 7, II,

13, 17, . . . .

2, Find the prime factors of numbers through 100.
3. Identify composite numbers.
4. Determine the least common multiple of two

counting numbers.
5. Determine the greatest common factor of two

counting numbers.
6. Construct Nets of equivalent fractious through

working with sets of objects. An example of
such a set is 2/3, 4/6, 6/9, 8/12 . .

Numeration Systems
1. Write many names for the same rational number.
2. Work with bases, such as 3, 4, 5, 6, and 7, to

demonstrate an understanding of the base of a
numeration system.

3. Use simple exponents such as 10P = 100, 32 = 9
and express 300 as 3 X 102.

4. Read and write simple decimals,
5. Read and v:rite roman numerals.

Order
1. Determine greater than, less than, and between-

ness for rational numbers.

Number Systems, Operations and Their
Properties
1. Recognize the set of positive rational numbers 4.

(fractions) as an extension of the set of whole
numbers.

2. Recognize that zero is the identity element for 5.
addition in the set of positive rational numbers
as well as in the set of whole numbers. 6.

3. Recognize that subtraction is not always pus-

13
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sible in the set of positive rational numbers and
in the set of whole numbers.
Use the commutative and associative properties
for addition in the set of positive rational num-
bers.
Recognize that there is no smallest positive ra-
tional nu 1mier.
Add, subtract, and multiply, simple rational num-
bers by use of physical objects, diagrams, etc.



Behavior& Objectives
Sixth Grade

Sets acid Numbers
1. Use negative numbers in many different situa-

tions.

Numeration Systems
1. Represent rational numl,ers by decimals and

fractions.
2. Express large numbers by using scientific nota-

tion, such as the distance from earth to the sun
as 9.3 X 107 miles.

:3. Use exponential notation in representing num-
bers; for example, 2345 2 X 103 + 3 X 102
+ 4 x 10 + 5.

4. Demonstrate an understanding of the relation-
ship between decimals and common fractions.

Order
1. Determine greater than less than, and be;-ween-

ness for (positive, negative, and zero) integers.

Number Systems, Operations and Their
Properties

1. Recognize that 1/1 or 1 is an identity element
for multiplication in the set of rational numbers.

2. Recognize the multiplicative inverse (recipro-
cal) for every positive rational number except
zero and use it in the division of rational nuin-
bers. For example, 1/2 ÷ 3/4 = 1/2 X 4/ 3.

3. Recognize that the operation of division is the
inverse of multiplication in the set of positive
rational numbers. For example, the sentences
3/4 X 2/3 = 1/2, 1/2 -÷ 3/4 = 2/3, and
1/2 2/3 = 3/4 have this relationship.

4. Recognize that there is no soallest or largest
rational number between two p sitive integers.

5. Acct. oize that the integers (positive and nega-
tive hole numbers and zero) are an extension
of the whole numbers.

8. Find the additive inverse (opposite) for each
integer by using the number line.

7. eecognize that the rational numbers (positive:
an negative whole numbers, pos tive and neg-
ative fractions, and zero) are an extension of the
integer

8. Recogri.1 that finding an integn11 power of a
number in -elves repeated multiplication of the
same numbc. For example, (2/3)3 = 2/3 X
2/3 x 2/3. \,

9. Use the commut tire and associative properties
m iltiplication hr rational numbers.

10. Use Ihe distributive Property of multiplication
with rcspe-t to addit, m of rational numbers.

11. Use the commutative p.operty of r ddition for
integers.

12. Recognize that the rationa, number system is
dense; 11 at is, between each two different ra
tiona' numbers, there is a ratie.1;i1 number.

14
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Mathematical Concepts
Arithmetic

Ratio and Proportion
A ratio is a pair of numbers used to compare

quantities or to express r. rate.
Symbols comroonly used for a ratio are (a,b),

a:b, and a/b. Note that the symbol (a,b) is also used
to denote the coordinates of a point in a plane and
that the symbol a/b is generally used to name a

Concepts

rational number, when a and b are integers and
b is not zero.

A proportion is a statement that two ratios are
equivalent (that two pairs of numbers express the
same rate). A proportion is written in the form a/b
=e /d, when a x d c b.

Students should be able to

Computation
A certain amount of proficiency in the use of the

various algorithms of arithmetic is necessary. The
grade placement used for these computational skills
in this guide is only an approximation. The expected

use and recall of certain addition, subtraction, mul-
tiplication, and division facts for the various grade
levels are listed under the behavioral objectives.

Students should he able to

Geometric Concepts
Size and Shape

The classification of and distinguishing chant:-
t,:,risties of simple two and three dimensional figures
are determined by their size and shape. Informal

exarniluition of the size and shape of geometric
figures develops an awareness of geometric patterns.

Students should be able to:

Sets of Points
Space. can be considered as a set of points. Intui-

tively, a point represents and is represented by a
position or location in space. Lines and planes ..re

subsets of space. Each line is a set of points of space
and each plane is a set of points of space. These
subsets and man7 of their properties should be in-
tuitively presented.

Students should he able to:

Symmetry
Many geometric figures and designs have a lOnd

of balance called symmetry. If a figure can be
folded so :hat corresponding rails coincide, then it

hal a line of symmetry. A figure has a center of
symmetry if for every point of the figure there is a
second point such that a line segment joining them
is bisected by this center.

Stridents should be able to:

Congruence
Intuiiively two geometric figures are congruent

if they "fit" each other exactly, that is if thry have
the same size and shape. More precisely, two sets
of points are congruent if there is a one-to-one cor-

17

respondence between them which preserves dis-
tances; that is, if two points of one set are one inch
apart, the corresponding points of a congruent set
are also one inch apart.

Students should be able to:



Behavioral Objectives
Kindergarten

Ratio and Proportion

Computation

Size and Shape
1. Recognize squares, rectangles, circles, and tri-

angles.

2. Use the terms inside., outside, and on as related
to these figures.

Sets of Points

Symmetry

Congruence

Is



Ratio and Proportion

Behavioral Objectives
First Grade

Computation
1. Use the addition fact:; through the sum of 10

and the corresponding subtraction facts.

Size and Shapo jects.
1. Observe distinguishing features of spheres, rec- 2. Use the terms round, face, edge, corner, and sur-

tangular prisms (boxes), cylinders, and other oh- face.

Sets of Points
I. Recognize physical rerresentations of points,

line segments, and portions of a plane (flat sur-
faces).

2. Recognize that squares, rectangles, triangles, imd
circies are closed curves and tell whether a 1, lint
is inside, outside, or on such a ..tire.

Symmetry

Congruence

19
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Behavioral Objectives
Second Grade

Ratio and Proportion

Computation
1. Recall the addition facts through the sum of 18

and the corresponding subtraction facts.
2. Use the vertical algorithm in the addition of

three addends with one-place n metals; for ex-
ampld:

4

-i-5

3. Use the multiplication facts through the product
18.

Size and Shape*

Sets of Points 3.

1. Recognize a point as a position and a line seg-
ment or curve as a set of poirts. 4.

2. Recognize a straight line as a set of points with 5.

no beginning and no end.

Recognize a simple curve (in a plane) as one
that does riot cross itself.
Recognize closed and open simple curves.
Recognize the inside and outside of simple closed
curves.

Symmetry

Congruence 2. Recognize congruent segments as segments has
1. Recognize congruent, plane figures as figures ing the same le,iglh.

which fit on one another.

20



Behavioral Objectives
Third Grade

Ratio and Proportion
I. Interpret simple ratio situations, such as 2 angles

for 15r, written 2 (apples)
15 (cents).

2. Recognize that ratios such as 2 (pencils) and
5 (cents)

4 (pencils) arc equivalent ratios (represent the
JO (cents)

same rate).

Computation :3,

1. Use the multiplication facts with products
through 45 and the corresponding division facts.

2. Use the vertical algorithm in addition and sub- 4.
traction with two- and three-place numerals .5.

when iegrouping may be necessary.

Use the ver"-.:al algorithm to carry out multipli-
ci4;on with multipliers less than 10 when re-
grouping 'nay be involved.
.Nlultiply mentally by 10 and by 100.
Estimate the sum of two numbers. For example.
287 + 520 is apprexiiiiately 300 'j- 500 or 800.

Size and Shape*

Sets cu Points
1. Recognize rays and angles.
2. Recognize that there is only one line through

two poin's and that tut' lines can intersect at
only one point.

3. noeogijize (hat many lines nay pass through a
point.

Symmetry
1. Recognize symmetry with respect to a line by

lolling paper containing symmetrical fig glites

such as

axes of SylnInet

along their xcrtical

Congruence
1. Recognize congruent angles.
2. Recognize that a ,octangular sheet of paper can

21
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he divided into tN,VO or snore conl,i;r 'ent parts
through folding.



Behavioral
Fourth

Ratio and Proportion
1 . Make op sets of equivalent ratios for given physi-

cal situations, such as 1/2, 2/4, 3/6, 4/8, . . . .

2. Determine if two ratios are eipiivalent by using
the property of proportions commonly called
cross mulliplicalion. For example, 3/4 =. 9/12
because 3 X 12 = 4 X 9, whereas 6/7 7/8
because 6 X 8 7 X 7.

Objectives
Grade

3, Find the missing whole number in two equiva-
lent ratios like 2/3 = /9 or 5/0 = 25/70.

4. Use equivalent ratios to convert units of meas-
ure, such as (gallons) 1 (gallons)

(pints) 8 Li (pints)
to find how many 'hilts there iue in 3 gallons.

Computation
1. Recall the multiplication facts through 10 x 10.
2. Do column addithm with several four-place or

five-place addends.
:3. Subtract using three-place numerals and four-

place numerals.
4. Multiply a number by multiples of 10, by multi-

ples of 100.

5, U: a the multiplication algorithm with two-place
multipliers.

6. Use the subtractive division algorithm with two-
place divisors ending in 1, 2, 3, 4.

7. Estimate the product of two numbers and the
quotient of two numbers. For example, 21 X 88
is approximately 20 X 80 or 1800 and 795 --:- 2;3

is approximately 800 -÷ 20 or 40.

Size and Shape
1. Recognize isosceles and equilateral triangles and

parallelograms.

Sets of Points
1. Interpret space as the set of all points.
2. Recognize a plane as flat .:urface which con-

tains lines and points.
3. Describe lines as intersections of planes.

4. Interpret a circle as the set of all points in a
plane that are at the same distance from a fixed
point.

5. Recognize parallel lines as lines in a plane which
do not intersect.

Symmetry
I. Recognize that some figures have two or more

axes of symmetry through 'doper folding. For
exainple, two axes of yininc,ry ;Lie indicated for
the rectangle :hewn at right.

Congruence
1. Recognize congruent augies.

22
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Behavioral Objectives
Filth Grade

Ratio and Proportion
1. Use the ideas of ratio and equisalent ratio with

problems that include fractions as terms. For
example, find the missing number in 2/3
720. 5

2. Find the missing term in a proportion such as
2/5 = D/9 by using the cress multiplication
property and find the solution of the mathe-
matical sentence 18 = 5 X E.

:3. Use members of sets of equivalent ratios ssitli
the same first term or the same second term to
compare different ratios. For Pxamp1.2, to corn.
pare 5/9 and 3/4, show 20/36 < 27/35, and
to compare 5/11 and 3/7, show 15/33 > 15/35.
Also, 5/9 < 3/4 because 5 X 4 < 9 X 3. Like-
wise 5/1J > 3/7 because X 7 > 11 X 3.

Computation 4.
1. Add and subtract rational numbers.
2. Use the multiplication algorithm with numerals 5.

up to four places.
3. Use the subtractive division ahr,orithin.

Express the quctient of integers as a mixed nu-
meral; for example, 24 5 = 4 4/5.
Find many -ays to express a rati.mal niunber,
fur example, 2/3 .= 2 x 4 = 8/12 and

3 x. 4
8 48/12

12
.= 2/3.

Size and Shape
1. Recognize common polyhedra, such as a tetra-

hedron, a cube rectangular prism.
2. Identify faces, edges, vertices, and diagom.!:-. of

ec mmon polyhedra.

3. Use Eulcr's formula, namely, V + F E + 2
Nacre V is the number of vertices, F is the num-
ber of faces, and E is the number of edges of
any polyhedron.

Sets of Points
1. Recognize acute, right, and obtuse angles.
2. Recognize parallel planes.
3. liceogaizc perpendicular lines.

4. Recognize the radius and diameter of a circ12.
5. Reco-gnize that a plane is determined by three

points not all on one line.

Symmetry
I. Recognize symmetry "h respect to a point by

folding a paper along a line through the center of
such geometric figures as a circle and a square.

Congruence
1. Recognize that triangles arc congruent if (1u--

responding sides are congruent and correspond-
ing angles are congruent.

03
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Behavioral Objectives
Sixth Grade

Ratio and Proportion
1. Interpret percent as a ratio in which the second

number is always 100.
2. Solve all three cases of percentage problems as

problems in which they find the missing term cf
two equivalent ratios. For example, 20% of 30 and:
20/100 = 0/30; 30 is what per,cent of 55 and:
0/100 =- 30/55; 25 is 40:0 of what number and:
40/100 = 25/0.

3. Use equivalent ratios to convert fractions to
decimals and conversely; for example, to write
3/5 as hundredths, solve for n in 3/5 = n/100;
to write 44 hundredths as 25ths, solve for n in
o/25 = 44/100.

4. Solve ratio problems where some or all oc the
terms of the ratios Pre written as decimal.;.

5. Use proportions in problems about the lengths
of sides of similar triangles.

Computation
1. Multiply and divide rational numbers.
2. Use the conve.itional division algorithm.
3. Add in

Size and Shape'

Sets of Points
L Recognize the properties of isosceles triangles,

equilateral triangles, and scalene triangles, suet
as the fact that the longest side of a triangle is
opposite the angle of grcate5t measure. 3.

Recognize that a line (one-dimensional space)
is a subset ui a plane (two-dimensional space)
and that both are subsets of space (three- dimen-
sional space).
Recognize the relationship between the circum-
ference and the diameter of a circle.

Syrnmatry
1. Recognize the reflection of a prone figure in a

mirror and draw diagrams such as the figure
at right.

Congrience*
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Mathematical Concepts
Geometric; Concepts

Similarity
Two geometric figures that have the sante sh ipe,

though not necessarily the same size, are said to be
similar. The measures of corresponding dimensions
of these figures will, thus, lw.ve the same ratio, Ideas

of similarity are needed for di? interpretation and
drawing of building plans, road maps, and scale
models.

Stud:3'ms should he able to:

Coordinate Systems and Graphs
A line is called a number line if a eve-to-one cor-

respondence exists betW2CP a given set of numbers
and a subset of points on the'. line and if, by means
of this correspondence, the points are kept in the
same order as their cm-responding, numbers. The

number corresponding to a point is the coordinate
of that poin:. The idea of assigning nunli;,,s to
point:: can be extended to points in a plane, that is,
a one-to-one correspondence between ordered p;..irs
of numbers and points in a plane.

Students should be able to:

Construction
Students can gain insight to geometry- by rising

a variety of materials and instruments to construct

models of geometric figures. Some useful materials
and instruments arc paper (for folding), NN ire, string,
coins, riders, compasses, and protractors.

Students should be able to:

Measurement
The process of rneastliMg associates a number

with a property of an object. Measuring an object
is done either directly or indirectly. In direct meas-
urement the number assigned to an object is deter-
mined by its direct comparison to a selected unit
of measure of the same nature as the object being
measurec'. When a measuring instrument cannot be
applied directly to tha object to be measured, in-
direct measurement is employed.

Measure of physical objects is approximate.
The accuracy of the measure obtained is restri,:ted
by the uaevenness of the object in asured, by the
;imitations of the measuring instrument used and
by human inabilities. The object to be measured
must be measured by any unit wall the same char-
acteristics: a tmit segment to measure segimmts; a
unit angle to measure angles! a unit closed region
to measure closed regions; and a unit solid to meas-
ure solids.

Students should be able to:

Malhematoal Sentences
Mathematical Sentences

Mathematical sentences and ordinary linguistic
sentences have the following common characteris-
tics:

1. Both types of sr ntcnees use words (symbols)
to communicate ideas.

2. The construction of both sentences follows a
predetermined set of rules.

3. Both sentences are true statements or false
statements depending on the words or symbols

used and the contests in which they are used.
M Ahematieal sentences like 2 4- 3 = 5 (an equa
tion) and 3 + 4 < 6 can inequality) are either
t ue or false. Titus the first sentence is true whereas
the second one is false. Maihematjr-al sentences like
11 3 7 and 12 N > 5 are tro.., for some
replacements of and N and are false for others.
If the 5ct of posit iv e integers is used as replace-
ments for and N in the above sentences, then
the respective solution set_ are {4 and I. 2, 3, 4,
5.

27
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Similarity

Behavioral Objectives
Kindergarten

Coordinate Systems and Graphs

Construction

Measurement of time (day, week, month, year).
1. Recognize pennies, nickels, dimes. 3. Use appropriately such words as longer, shorter,
2. Make comparisons in time and count whole units heavier, lighter, higher, lower, larger, smaller.

Mathematical Sentences

28



Behavioral Objectives
First Grade

Similarity

Coordinate Systems and Graphs
1. Use the number line to illustrate addition and

subtraction problems.

Construction

Measurement 3.
1. Determine which of two line segments is the 4.

longer or the shorter, or whether they are the
same length.

2. Recognize the comparative value of coins (pen-
nies, nickels, dimes) and use them in making
change.

Tell time to the 1.,2arest half hour.
Identify various instruments of measurement of
time, temperature, weight, and length, such as
clocks, thermometers, scales, rulers.
Use non-standard units of linear measure and
liquid measure, such as a pencil or book for
length, and a paper cup for liquid measure.

lathematical Ser fences
1. Write an appropriate mathematical sentence like

3 + 4 = or 5 2 =--_-- for a physical situ-
ation or a story problem where the "action" of
the problem suggests the operation of addition
or subtraction.

29
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2. Find th- "solution" for sentences like 3 -4- =
Cl and 5 2

3. Find solutions for sentences like + i 7

in which many correct solutions are possible.
4. Make up a problem situation to fit a given

mathematical sentence involving addition or sub-
traction,



Behavioral Objectives
Second Grade

Similarity

Coordinate Systems and Graphs
1. Use the number line to illustrate counting by

fives and by tens.

Construction

Measurement
1. Make a ruler with divisions showing half units.
2. Use standard units to the nearest whole unit for

linear measure (inches and feet), for weight
(pounds), and for liquid measure (pints and
quarts).

3. Identify proper instraments for measuring dif-
ferent objects.

4. Tell time to the nearest quarter hour.
5. Mahe change correctly for quantities up to 25c'.

Mathematical Sentences
1. Use sentences like 5 + =-- 12, + 6 8,

12 = 8, and 5 = 6 to represent
physical situations and find solutions for the sen-
tences.

2. Make up story problems to fit sentences like
those shown above.

3. Find solutions for sentences like 3 + 2 == 8
El, 4- 5 =-- 8 4- 7, 8 + (1) < 12, and
4 + 9 > + 5, with the aid of sets of ob-

jects of the number line.
4. Place the correct symbol (+ or ) in the place-

holder in sentences like 13 A 5 = 8 and 4
3 < 5.

5. Use se itences like 27 == 20 + 7 and 43 = 30
+ 13 ;o indicate regrouping or the use of dii.
fercnt iymbols for the same number.

8. Use equivalent sentences like 3 -4- == 7 and
7 = 3 to show subtraction as the inverse
of add lion.



Behavioral Objectives
Thlai Grade

Similarity
1. Recognize that figures are similar if chey have

the same shape. For example, all squares are
similar.

Coordinate Systems and Graphs
1. Recognize that a point on a line can be described

by a number (coordinate).
2. Recognize that different (uniform) scales can be

applied to the same line.
3. Use the number line to illustrate multiplication

problems.

Construction

Measurement
1. Use common standard units such a... inches, feet,

yards, in determining the measure of a distance.
2. Use stk-ndard units of measure, such as cups,

gallons, ounces, in determining capacity and
weight.

.3. Find the perimeter of a rectangle or parallelo-
gram.

4. Make change for any purchase up to 81.60.

Mathematical Sentences
1. Use sentences like 3 X 5 = . X 7 = 14,

and 4 : 12 to represent physical situa-
tions and find solutions for the sentences.

2. Make r -) story problems to fit sentences like
those shown above.

.3. Place the correct symbol (<, >, ) in the
place hclder in sentences such as 3 X 5 117 7 + 8,
25 + 87 28, and 39 0 5 X 7.

4. Demonstrate understanding of grouping and re-
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grouping by completing sentences such as 458
= + 50 + 8 and 394 = 3 hundreds +
tens 4 ones, by means of tally boxes or other
devices.

5. Find solutions for sentences like + 239 =
239 + and 1987 + ( + 548) = (1987 +
L1) -f- 5-13 to generalize the idea of the cumin li-
tative and associative p,9perties for addition.

n. Use many different kinds of placeholders like
. A. N, X in ma,hetnatical sentences.



Behavioral Objectives
Fourth Grade

Similarity
1. Recognize that all congruent figures are similar,

but not all similar figures are congruent.

Coordinate Systems and Graphs
1. Recognize that a line segment is a set of points.
2. Recognize that points in a plane (the first quad-

rant) can be represented by (ordered) pairs of

numbers (coordinates).
3. Use the number line to illustrate division prob-

lems.

Construction
1. Demonstrate through paper folding an under-

standing of a line as an intersection of two
planes.

2. Reproduce a line segment by using a compass
and straightedge.

3. Bisect a line segment by using a compass and
straightedge.

Measurement
1. Compare measures such as: 25 inches and 2 fret;

31 ounces and 2 pounds; 75 seconds and 1 min-
ute; and 15 pints and 2 gallons.

2. Express different names for the same measure.

3. Measure perimeters of triangles and quadrilater-
als.

4. Find areas of simple regions informally. Fur ex-
ample, a rectangular region with dimensions 2"
by 3" can be covered by six one-inch squares
(regions).

Mathematical Sentences
1. Use sentences like 36 4- 4 end X 3

= 12 to represent physical situations and find
solutions for the sentences.

2. Ma ke up story problems to fit sentences like 6.

those above. 7.

.3. Use sentences like X 5 = 45 and 45 .5

to show division as the inverse of multi- S.

Idication.
4. Find solutions for sentences like 723 X []

0 X 723 and (C) X 176) X 19 =[] X(176 9.
X 19) to generalize the idea of the commutative
and associative properties of multiplication.

5. Find solutions for sentences like 3 X 13 (
32

X 10) + ( X 3), X A ==. (5 X 7) + (5
X 8), and 0 X 16 = (r] x 10) + ( X 6)
to generalize the distributive pn yerty of multi-
plication over addition.
Find solutions for sentences like X A 36.
Recognize that 3 X = 7 has no whole 'Min-
im solution.
Find solutions for mathematical sentences in-
volving more than one operation such as (2 X 51
+ 4 = 0 and (3 X 2) + 0 = 10,
\lake up problem situations to fit mathematical
sentences involving more than one operation.
For example, make up a story to fit the sentence
(3 X 4) -1- 2 =



Behavioral Objectives
Fifth Grade

Similarity
1. Recognize the similarity of mops made with

different scales.

Coordinate Systems end Graphs
I. Construct simple picture, bar, and line graphs
2. Use the number line to represent positive ra-

tional integers.
3. Use the number line to represent negative inte-

gers.

Construction
1. Demonstrate an understanding of various poly-

hedra by making appropriate paper models.
2. Bisect an angle. (Students may discover several

different constructions.)
:3. Reconstruct an angle and a triangle by using a

compass an,l a straightedge.

Measurement
I. Measure an angle by using a protractor.
2. Demonstrate that the sum of the measures of the

angles of a triangle is ISO' by tearing off and
matching corners of a triangular piece of paper.

3. Find the area of a plane region, such as a rec-
tangolar region.

4. Recognize informal concepts of volume; for es-
ample, a box with dimensions 2" by :3" ay -I"
contains 24 one inch cubes.

5. Recognize that a right angle has the measure
90'.

6. Estimate distances to the nearest unit.
7. Recognize that all measurement involves approx-

imation.

Mathematical Sentences
I. Use all of the previously introduced sentence

forms with fractions.
2. Write sentences using fractions to represent

physical situations.
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3. tire previously described sentence forms to gen-
eralize the commutative property of addition,
the associative property of addition, and the dis-
tributive property of multiplication over addi-
tion for rational numbers in fractional form.



Behavioral Objectives
Sixth Grade

Similarity*

CoordinP*1 Systems and Graphs*

Construction
1. Construct a line perpendicular to a given line.
2. Construct parallel lines,

3\ hike models of various prisms and find their
surface areas.

Measurement
1. Find the volume of a rectangular I rism.
2. Estimate and compare perimeters of polygons,

such as rectangles, triangles, and parallelograms.
:3. Estimate the area of an irregular plane region

by use of a grid where an approximation to the
area is the average of the inner and gutter areas.

4. Use formulas for the areas of rectangles, paral-
lelograms, ann triangles.

5. Use the formula for the circumference of a circle.

6. Use the metric system of measure for length,
7. Use formulas of volume for common solids,
S. Work with approximate numbers. For example,

know that the area of a square whose sides meas-
ure (3.5 and 3.6 inches to the nearest tenth of an
inch has an area between 6.4 X 3.5 and 6.6
X :3.7 square inches.

9. Solve problems involving the measurement ut in-
accessible he'ghts and distances indirectly by
using the properties of similar triangles.

Mathematical Sentences
1. Use all of the previously introduced sentence

forms with decimal numerals.
2. Write sentences using decimal numerals to rep-

resent physic-al situations.
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.3. Use previously described sentence forms to gen-
craliie the commuhitive props rty of multiplica-
tion, the associative property Of multiplication.
;Ind the distributive propel Is of nnultidlicatioll
user ;Rldition for rational immilwrs in ;my form.
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Adjusting Mathematics Programs to Student Abilities
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in planning any serious program of individualized
instruction.

Teachers, as a group, differ Ili probably as many
ways as do their pnpils. From the standpoint of
mathematics instruction, the main differences in
teachers that need to be considered are those of
subject matter interest and knowledge. In mathe-
matics instruction, the teacher's attitude toward the
subject may be as influential in determining his
effectiveness as his subject matter knowledge. In
any case, both are important, and no effective pro-
gram of mathematics instruction is possible with
serious deficiencies of this type.

Individual differences in schools and curricula
form yet a third dimension of the problem. Schools
and school systems are as different as the people
who comprise them. There are inner city schools
and suburban schools, each with distinct problem.,.
The curriculum and philosophy of education of
these schools also vary greatly. Sonic systems have
multi-tracked curricula; others have single-tracked.
Although most schools establish a common pace and
instructional content for all pupils, some schools
experiment with individualized pac: ig and even
content selection. Some schools tend to rely on the
self-contained classroom taught by our teacher.
Others use semi-departmentalized concepts of 0:-
ganization. Non-graded and team teaching patterns
of organization are becoming increasingly popular.
Increased utilization of such devices as closed cir-
cuit TV, edneatinoal network TV, pi ogrammed in-
structing, and even computer-assisted instruction is
evident. Although, the influence and effects of these
variables are often subtle and difficult to analyze,
they are real and, in fact, may quite possibly be-
come the controlling factors in edorts to individual-
ize mathematics instruction.
Classroom Management and Grouping Devices

A primary obstacle to individualized instruction
is related to problems of elassrooin management.
When cliilchcn arc all lock-stepped in the curricu-
linn, a condition of minimal administrative stress is
established. It is easy to lecture the group en masse,
to test thou, to sense who is competent and NV110 is

not, and so on. But as soon as the lock step is
broken, the teacher insist try to keep track of what
each' individual in the class is doing. With different
pupils doing different work, the conventional base
of comparison is lost, and evaluation of the pupils'
progress becomes increasingly complicated. Finally.
the demands of a classroom of individuals for indi.

vi 'mid attention can easily exceed the limits of
physical en of any teacher.

To cope with these :na n a gemenf- problems, a
sari hy of organizational schemes has been utilized.
One of the simplest is permanent intra-class groups.
This technique customarily involves the use of an
ability criterion to separate tne class into, say, the
A, B, and C sections. In theory, the idea is to con-
struct a number of nearly homogeneous subgroups
in a heterogeneous class. This compromise pre ,ernes
the class structure within the subgroups. The
teacher can assign work on the basis of the ability
of the group, maintain contact with the sections
much in the same mariner as he would with the
whole class, and continue to evaluate stir:amts. rog-
ress in a conventional manner. Sonic problems occur
in ranking :mid grading students, of course. Fe., ex-
ample, should the best student is the least talented
group be given a higher grade theta say the least
able person in the most talented group? Some
teachers determine the maximum grade to be given
to any one group, e.g., A, B, or C, respectively.
However, this grading policy tends to restrict stu-
dents to certain performance levels. One apparent
reined). is to make the intro -class groups flexible,
thereby allowing a student to shift from one group
to another depending on his performance in a given
group.

Another grouping technique is that of depart-
mentalizing the school. In a departmentalized
school, a single student could be placed in groups
of various ability levels depending on the subject
and li' level of performance in that subject. This
type of rrangement, though meeting sonic of the
desirable democratic principles of classroom organ-
ization, begins to produce considerable stress on
the teacher or the team of teachers. Keeping track
of the prolderns and progress of individuals, pre-
servirq good articulation between groups, and
setting fair and consistent criteria for intro -class
group transition are not easy tasks.

A somewhat Mare involved t eChnigne of groliping
is employed in non-graded schools and in schools
with inter-class grouping. In these cases, the option
exists of fixing grouping arrangements for a give,'
Period of time or allowing them to remain flexible.
In a flexible arrangement, a child is placed in a
particular class if In meets certain criteria levels.
The simplest criteria to use are those of perform-
ance on achievement tests: however, a variety of
sra le and psychometric measures may be



used in addition to purely intellectual parameters
or subjective judgment by the teacher. The particu-
lar combination of criteria chosen depends on many
factors; the school its organization and adminis-
tration, the teacher or tcasn, the objectives of the
curriculum, the type of children, and so ore

There is no one grouping arrangement that is

hest for at childien, all teachers, all curricula, and
all schools. The design used in meeting individual
differences must be highly specific to each of these
considerations. It is a poor strategy to adopt totally
and uncritically someone else's scheme. The chances
of success in such a situation are small.
The Instructional Variables

Once a grouping arrangement has been selected,
decisions have or be made with respect to the kind
of instructional differences one wishes to provide
for groups of pupil;. There m'e three basic methods
of adjusting the mathematics curriculum; these
methods, incidentally, are not mutually exclusive,
but are mutually consistent.

The first and most obvious way is that of pacing.
In general, one !night expect brighter groups of
students to learn faster. This assumption, however,
does not always prove to be valid. The considera-
tion basic to the notion of pacing is that the child's
behavior be adaptive. In other words, ideal pacing
for each group of students should vary over time
in such a way as to provide optimal progress toward
educational goals. Some children work effectively ut
rather high rates of speed, whereas othe:; benefit
from more contemplative rates. In either case, the
Ilcal rate does vary with time and is not a simple
function of intelligence or a Aiieveinent. Thus, one
would expect considerable variation among indi-
viduals within gronfi.s.

Pacing may be externally controlled by . de-
mands of the curriculum or by the teaco.. on the
other hand, it may be self-determined by the pupil.
The former method in.tintains teacher control and
minimizes management problems. Iliivever, it runs
the risk of not producing optimmn learning effects
fur all concerned. Self-pacing, on the other hand,
may be effective with students who have some in-
sight into their own learning in«unisni and opti-
mum pacing. Other students who, for reasons of
motixation or maturity, are not so gifted may work
too fast for their own good (or not at all). Recent
experiments with primary grade children have indi
Gavel that considerable acceleratien is possible for
gifted children. Even in such a select group. enor-
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mous differences in learning periods are encoun-
tered. \Vhether acceleration is desirable or not is
a decision that each school and its staff must make.
If acceleration is encouraged, a school should take
into consideration articulation problems from grade
level to grade level, if these exist, or from school to
school. Care most be exercised in designing the long
range components of an individualized program.

A second instructional variable that can be ad-
justed to the individual's needs is that of level of
difficulty. In some mathematics textbooks, exercises
have been arranged according to presumed levels
of difficulty for this purpose. A problem that often
occurs when this method is used by schools is that
the factors determining difFeculty are poorly tinder-
stood, In addition, students are often pressured into
working toward "top-level" groups by their own
drives or by their parents for reasons not always
consistent with efferti.e learning.

The third instructional variable, closely related to
variations in pacing and in level of difficulty, is

enrichment activities. if a child works effectively at
a high speed and completes even difficult exercises
with dispatch, he is often led to study other maces
of mathematics not normally a part of the standard
curriculum. Enrichment activities have been used
more frequently in recent years, not only for the
mathematically' talented, but also, to some degae,
for students anywhere on the spectrum of individual
differences.

Ail important infiiiene on enridiment activities
in many elementary classes has been the "arithmetic
corner" or "arithmetic learning center." Many ele-
mentary teadiers have found that individual differ-
ent 's and needs arc' detected and best met if a rich
Variety of instructional materials is available to indi-
vidual learners. Learning centers facilitate enrich-
ment activities when they include an abundance of
such objects as counters, counting frames, measur-
ing instruments, place value charts, geometric
objects, and number lines,

In A broad sense, the adivilment of these instrin
Ronal variables presents the possibility of an
individualized cuniculum for intra-class groups.
inter-class groups, and, in the extreme, for single in-
dividi.als. Little is known at this tine about hove
such a program could be administered or, in fact,
whether children could be expected to select topics
for study as they are expected to pad' themselves or
to select fitting levels of difficulty at which to work.
However, trends in mathematics edhcation are



breaking down the uniformity, arid conformity which
characterized traditional programs. Hand-in-hand
with this development has come the necessity of re-
thinking the nature and objectives of the mathe-
matics curriculum, Experiments with individualized
curricula vill hopefully yield a theory of individual-
ization which will subsume the special cases of en-
richment and acceleration.
Summary

The adjustment of mathematics programs to indi-
vidual abilities is a challenging task. Success re-
quires the effective cooperation of all concerned
with the instructional task. The school must meet
its responsibilities with imaginative administration,
especially in developing a well-integrated and artic-
ulated curriculum, in providing assistance in class-
ref-n management, in utilizing teachers effectively,
and in devising grouping schemes. Teachers of
mathematics must meet their responsibilities by im-
proving their suli'cc'. matter competence so as to
be more capable of evaluating pupil Progress, of
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assigning students to groups, of advising students
en enrichrneot materials, and of monitoring effec-
tive working speeds of pupils.

School systems should do their best to provide
Ole waterhd assistance necessary for the program.
Individualization may he fostered through the use
of adequately supplied mathematics learning cen-
ters in each classroom. Audio-visual aids are fre-
quently useful in programs desigr ed to meet indi-
vidual differences as is the use or instructional TV
or closed circuit TV. Ii some cases programmed in-
structional materials may be found beneficial. Good
library resources arc necessary, both for enrichment
activities and for accelerated students. In large-
scale programs it may be necessary to turn to mod-
ern technology for assistance. Efforts have beca
made in the last few years to provide computer
assistance for the classroom management aspects of
programs that are adjusted to abilities of in lividual
students.
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Problem Solving

A situation becomes a problem for a student only
if the following conditions exist:

I. A question is posed (either implicitly by the
materials being studied or explicitly by the
student) for which an answer is not immedi-
ately available.

2. The student is sufficiently interested to feel
some intrinsic need to find a solution.

3. The student has enough confidence in himself
to believe a solution is possible.

4. The student is required to use more than im-
mediate recall or previously established pat-
terns of action to find a method for arriving
at a conclusion.

Not all pupils will consider a given situation a
problem. If a student can see a 'method of solution"
immediately, then the situation is not a problem for
him, but simply an exercise or an application of
some process which he has already mastered. For
example, i,n exercise such as 3 X 14 is not a prob-
lem for a r. rulent who has already mastered the
idea of multiplication yid' two pI, e numerals.
However, this example could very well be a prob-
lem for a student who has studied only a few ele-
mentary multiplication combinations. In order for
this student to obtain a correct solution, he would
have to think of some meth xl of renaming 14 such
as 10 -4- 4 and fies1 some method of reducing the
problem to si:npler stages with which he could
work, such as 3 X 14 = 3 X (10 4) = (.3 X 10) +
(.3 X 4). Heal problem solving is not recalling a nu-
merical fact or fitting a situation into a memorized
pattern, but is discovering one's own method for
extending previous !earnings to new situations.

It is not the intent of this guide to consider all
of the general aspects of poblern solving. Only
some of the problem situations that involve the use
of known mathematical ideas by students will be
discussed. The verbal problems found in textbooks
make up a large portion of the problem situations
considered in mathematics programs. When such
problems are presented. the mathematical ideas

necessary to solve them are generally known to the
student, but the contexts in which they are Fe-
scnted require the student to find the methods of
solution or to decide which of the ideas lie already
knows will help him find the solution.
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The solution of a typical textbook verbal prob-
lem involves a series of four interrelated steps.
The complexity of each of the steps varies with the
problem, but the method of solution follows this
general pattern.

Step 1 Recognizing the question being asked.
Step 2 Translating the verbal problem into a

mathematical sentence.
Step Finding a solution for the mathemati-

cal sentence.
Step 4 Analyzing the solution for the sentence

to see if it provides a reasonable solu-
tion for the original verbal problem.

Each step of the solution can involve many facets.
Although all steps in the solution of a verbal prob-
lem are important, Steps 1 and 2, the abstraction
or translation phase, can be considered the ''heart"
of the process.

The student may have to decide many things be-
fore he is able to write the mathematical sentence
which represents the problem. If the question is not
explicitly stated in the verbal problem, the student
must formulate his own question or questions. Ile
will have to decide if all of the necessary data for
the solution is given in the statement, and he will
have to select the pertinent data from the given
information. Ile will have to decide which mathe-
matical operation is suggested by the "action" of
the problem. Ile must determine the order in which
the data of the problem will appear in the corre
sponding sentence. The student must also decide
what relationships, if any, are involved that will
enable him to use previously solved problems as
"models" and what approach is the most efficient
or easiest for him to use in ;Attaining a correct solu-
tion. Steps 1 and 2 could also involve some trial
and error activity in which different sentences are
tested as to which one best fits the given situation.
These steps include problem solving techniques
commonly referred to in many textbooks and
teacher guides as "Reading and understanding the
Problem" and "Restating the problem in your own
words."

Step 3 involves finding a solution to the mathe-
matical sentence. This procedure can 1w very simpls
or very complex depending on the given situation.
In general this step involves the application of
knowledge that the student has already attained
through practice work with similar sentence forms.

Step 4 is the familiar "check" in which the stu-
dent determines if the solution is acceptable for the

given problem situation, The student must decide
if the solution is reasonable or "makes sense." If it
is apparent that the solution is not correct, the stu-
dent must then "rework" his problem, check his
computaions, examine his sentence to see if it

actually symbolizes the "story" of the problem, and
look for careless errors or possible misinterpretations
or misrepresentations of the data.

Some examples of typical verbal problems con-
sidered It the elementar, school are given below.

In the first grade, simple "picture" or oral prob-
lems arc presented which can be represented by
sentences like 2 -=. where the sum does
not exceed ten. The problem might he presented
to the stcdents in this form: "John has 5 toy cars.
His mot' er gave him two more toy cars for his
birthday. How many toy cars does he have now?"
The "action" of the stnry is the joining of two sets
of toy cars, and the thematical sentence whi:.11
represents this problem. is 5 + 2 E. Through
such presentations, the student gill learn to assoei-
ate the 1 otion of "joining" with the operation of
addition. lie will thus have a better understanding
of what addition means and will develop techniques
for solving similar probrems.

In the second and third grades, problem situa-
tions are extended to include verbal problems rep-
resented by sentences like 3 + 8, fil] + 59,7 2 El, 8 5, and E 2 6,

A typical verbal problem at these grade levels i;:
"Mary had 15 doll dresses. After site gave sonic
the dresses to her sister, she found that she had S
dresses left. !low many doll dresses did she gi)
to her sister?" This problem is represented by the
sentence = 8, The "action" of the problem
is "taking away "; therefore, the corresponding oper-
ation of the sentence must be subtraction. The 15
represents the number of dresses Mary had in the
beginning, the represents the number of dresses
she gave to her sister, and the 8 represents the
number of dresses she had left. Students shook'
realize that although 15 -7 8, 8 + 15,

and 15 17] can be represented by different
physical situations, the computation involved in

solving each of the sentences is the same.
Similar "joining" and "taking away" problem situ-

ations can be represented by the other addition and
subtraction sentences mentioned above.

Comparative problem situations can also he de-
scribed matheinatically. For example, the prohlcill;
"Jack has 45 baseball cards and Tom has 62 cards.

10

'39



Ifow many more baseball cards does Torn have
than Jack?" can be represented by the scnter
62 45 =

In the later elementary grades, problems are pre-
sented that involve larger numbers as in sentences
such as 48 + 327 or 230 76 and
that use the same principles as do the problems
first introduced in the primary grades.

In the third and fourth grades, problem situations
represented by sentences such as 3 X 7 ,
5 X 20, and X 6 = 30 should be intro-
duced. A sample problem for this grade level is:
"Tom found that he needed sixteen small cartons
to cover the bottom of a packing case. If he needed
four layers of cartons to fill the case, how many
small cartons were in the cas^?" The "action" of this
problein is repeated addition or multiplication. Thus
the sentence used to represent the stop.: could be
16 + 16 + 16 + 16 CI or 4 X 16 7-7- D The
student should be allowed to use either sentence to
represent the problem, but should be led to realize
that the sentence 4 X 16 is the shorter way
of writing a sentence for this type of problem. In
the latter sentence, the 4 represents the number of
sets, the 16 represents the number of objects in each
set, and the represents the total number of ob-
jects in all of the sets.

In the sentence 5 X = 30, the 5 represents
the number of sets, the represents the nomber
of objects in each set, and the 30, the number of
objects in all. Likewise the sentence X 6 = 30
represents a problem situation in which the total
number of objects (30) is given, the number of ob-
jects in each se', (6) is given, and the number of
sets, represented by the D, is the solution to the
problem. The sentences :z X , 30 and
X 6 = 30 represent different physical situations,
but both types of sentences can be solved by the
same computational method of repeated subtrac-
tion if the multiplication fact that makes the sen-
tence true is not known.

Problem situations introduced at the fourth and
fifth grade levels are similar to the problem: If
John separates 12 marbles into small groups with
4 marbles in each group, how many groups of mar-
bles will he have?" This problem can be represented
by the sentence X 1 12, for the question
of the problem can lie restated: "flow many sets
of 4 are there in 12?" The problem can also he
interpreted as the division of a set of 12 objects
into sets of 4 objects. With the latter interpretation,
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the problem can be represented by the division sen-
tence 12 4 = fa Both sentences, x 4 == 12
and 12 + 4 = , represent the same physical situa-
tion and implicity ask the same question, "How-
many sets of 4 are there in 12?" Both sentences are
solved by repeated subtraction if the number which
makes the sentences true is not known.

As fractions, decimal numerals, and integers are
introduced, problem situations involving their use
in sentence forms similar to those considered pre-
viously should be presented.

The verbal "story" type problems are not the only
source of problem situations for use in the elemen-
tary school ma thema ties program. Many other
mathematical problems arise from physical situa-
tions, from social or mathematical applications of
Mathematical ideas, or from situations made up by
the teacher or the pupils, These varied situations
can be real, imagined, or in the nature of a puzzle.

.Many of these problems fall into a category which
might be regarded as a "higher order" of problem
solving than the typical textbook "story" problem.
It is not possible to outline a regular progression
of steps to be followed in solving all such problem
situations as the process will vary with the nature
of the problem presented and the ability and ex-
perience of the pupil. The four steps outlined for
the solution of verbal problems do not necessarily
apply in general problem solving situations, for it
is not always possible to translate such a problem
into a ssathernaticaI sentence.

Ilowever, it is possible to list a few of the activi-
ties that are essential in the general problem solv-
ing process. These activities include: trans' sting
the probleon into a simpler forin, critically examin-
ing the given data, forming hypotheses or conjec-
tures, reasoning on a trial and error basis, analyzing
or evaluating results on the basis of past experience,
and forming generalizations from similar problem
situations, Thes, activities are not the only ones
that may be involved, and not every problem situa-
tions will require the student to become engaged in
all of the activities listed above. It is important to
note that the order in which the student performs
these activities May vary for different problem situ-
ations,

A few examples of "higher order" problems that
can be included in the elementary mathematics pro-
gram are given below. The types of problems pre-
sented at various grade levels should vary only in
the complexity of the thinking required, not in the



method of thinking or the kinds of mental activities
necessary to solve the problems.
Example 1 I have 80 cents in coins in my pocket.

I have the :aloe number of pennies,
nickels, and dimes. How mmy coins
of each kind do I have in my pocket?

Answer -- Five coins of each kind.
Example 2 Fill in the boxes so that the numbers

in each column, each row, and each
diagonal have a sum of 18. (Do not
use any number more than once.)

7
11

3
Answer 2 9 7

11 6 1 Other answers are possible.
5310

Example 3 Is the point P inside or outside the
closed curve? Tell the class the meth-
od you used to find your answer.

Answer The point P is inside the closed curve.
If we place another point outside the
curve, we must cross the curve in
order to draw a continuous path be-
tween the two points. Also note that
any straight lire connecting P to an
oiside point cuts the figure an odd
number of times, if you count a point
of tangency as two titres.
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Example -I Draw two straight lines through the
clock face, dividing it :nto throe
parts, so that the numbers represent-
ed in each of the three rarts have
the rune sum.

Answer

Example 5 If 2, 3, 5, and 7 are examples of
Prime numbers, is 103 thee a prime
number?

Answer 103 is a prime number as it can be
divided evenly only by 1 aur: itself.
(1 and 103 ore the only whole rutin-
ber factors of 103.)

Example 6 Points A, B, and C all lie en :he same
circle Find the center of the circle
that contains points A, B, t.nd C.

A

.B

C

Answer Construct the perpendicular bisec-
tors of *two of the segnr joining
the three given points. The point
where the perpendicular bisectors
nuct is the center.

Example' 7 NNibat number can be divided by II
so that the remainder is zero, but
when divided by 2, 3, -I, 5, or 6 has es
a remainder of 1?

Answer 121



Example 8 -- Roy had four cards with 1/2 written
on the first card and three other nu-
merals written on the other three
cards. Hoy claimed that he could
form all of the combinations from
1/2 20, counting by 1/2 (that is,
1/2, 1, 1 1/2, and so on), by using
a single card or by adding or sub-
tracting the numbers represented on
two or more of the cards. What were
the numerals Roy bad written on the
other three cards?

Answer -- 1 1/2, ,4 1/2, 13 1/2.
The teacher should provide some problem situa-

tions similar to the examples above in addition to
the typical l'stc,ry" type problems.

Teachers can do much to help students improve
their problem solving abilities for all types of math-
ematical problems. The teacher's function should
be ti create a questioning, challenging atmosphere;
tG introduce poblem simations; and to guide and
encourage students to develop their own problem
solving techniques.

A few suggestions that can help the teacher pro-
mute good problem solving techniques are listed
below.

Tie teacher should present problem situations
that i.nolve many basic mathematical princi-
ples. lie should be certain that these situations
are related to the kinds of experience the pu-
pil has already had so that the pupil is able
to apply the principles.
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The teacher should let his students use their
own methods. Nlany problems have no single,
best method of solution. Insistence on one
"favorite" method of solution often destroys
enthusiasm and original thinking.
Whenever the problem permits, the teacher
should emphasize the writing of a mathemati-
cal sentence that shows the "action" of the
problem. If children are to acquire good prob-
lem solving habits, they must be able to de-
soribe the action of the problem in terms of
mathematical symbols whenever applicable.
Writing the mathematical sentence for a prob-
lem is as important mathematically as finding
the solution for the sentencP.
The teacher show.' encourage his students to
use diagrams, estimates, d,amatizations, or
other techniques that help them understand
the problem.
The teacher should si ggest that students try
various approaches to a problem when they
are not certain of the correct method. ,Andents
can evaluate the method used by ascertaining
that die solution is reasonable. Students should
realize that the trial and error method can be
an effective approach to difficult problems.
The teacher should confront students with
some situations in which they must formulate
their own questions. This type of presentation
is similar to the kinds of problems they are
apt to face in their future vocations.



Evaluation and Testing

Evaluation is a continuous and integral part of
the successful elementary school mathematics 'mi-
gnon. It has many facets and necessarily involves
all staff niembers who are associated with the teach-
int. of mathematics. Certain phases of evaluation
may he objective in nature, but the process must

ic..continodate the many vaine judgments that are
both necessary and desirable. The techniques of
evaluation must he both forma: id informal and
mist include procedures for appraising the develop-
ment of interests and attitudes. as well as skills and
understandings.

Evaluating the Mathematics Curriculum
The purposes of evaluating the mathematics cur-

riculum are two-fold, but are very intimately re-
lated. The first is to measure the extent to which
the experience and belnivicq of the children rot!, ct
the content and helms oral objoctises of the math-
matics The second is to use Ibis

illation in making adjustments in the instructional
program f' it is ill provide for even greater realiza-
tion of the objectives. As curricula revised and
the objectives are perhaps modified, the evaluation
procedures must he adjusted so as to measure the
inleruled outcomes of the revised eanrieula.

PI:Nisi-n(1 or standaidize-1 ubjccfive tests continue
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to he an important source of illi0fIllati011 ;111011t the
effectiveness of the mathematics program. Tests
must be carefully chosen. They should measure
only those abilities that the curriculum is designed
to develop, if the test scores are to have validity.
As the objectives of the Mathematics curriculum
are broadened, the task of selecting appropriate
standardized tests becomes even more important
and increasingly difficult. The once popular test with
major emphasis on computational skills is of little
value when used alone to evaluate today's mathe-
matics curriculum 'with its varied and extended
objectives. Test scores take on significance only as
they are considered along with other measurements
of the effectis::.ncss of the curriculum.

The majority of standardized tests are of the
objective, short answer type, but the nature of these
tests does not necessarily limit them to measuring
only discrete, factual information. Properly designed
objective tests can measure mathematical insight
and originality, as well as levels of learning of
difficult concepts.

Regardless of how appropriate a standardizes;
test may be in evaluating the mathematics corricii-
loin, its use is justified only if the results can be
employed in improving instruction. System-wide
analysis of scores is certainly one legitimate way
of using test scores for evaluating and ultimately
improving the mathematics instruction. When tests
are used for this purpose, the question always arises
as to what standards or norms should be used.
Many school systems are less interested in coin, wr-
ing their children with other groups than they are
in studying the performance of the children within
their own system over a period of years. In this case.
school systems should be encouraged to develop
local norms. The use of a national or regional none
is not necessarily to he discouraged; however, it
should be used only in the light of complete infor-
mation with regard to its development.

It is also important that standardized test results
be used to improve instruction within each teacher's
classroom. Certainly these results embody signifi-
cant information that will help increase the effec.
tiveness of any teacher's instruction. The standard-
ized test results may also be of some value in analyz-
ing the instructional needs of the individual child.

Whatever use be made of standardized tests.
schools mast be carelid that the material in the test
does not dictate what is tanctlit in the classroom.
The pitfall of teaching to the test must lie avoided

it all costs! Sonic of the motivation for L'aelain.; to
the test can be elincimited if everyone recognizes
that a given test, when administered, does not
measure recent achievement alone. Tests nicaillre
chicvement scud understandings developed by a

chi/di over several years. All teachers that a child
has had must share both in his success and in his
lack of success as reflected in a given test re: alt.

Few questions associated with the evaluation
process have definite "yes" or "no" answers, Con-
templation of questions such as the following may,
however, give sonic insight into the evaluation of
the mathematics curriculum.

a) Does the curriculum differ markedly from
that of most school systems?
Does the curriculum develop and mainlain
interest in mathematics?

i Is the curriculum flexible enough to meet the
needs of each child?

d) Does the cu rricul Ill encourage creatisity,
originality, and mathematical experimenta ion
by the children?

c ) Does the curriculum develop adequate ftcil-
ity with coniputational skills?

f) Does the curriculum give proper empliasii to
the unifying concepts and structure of mathe-
matics?
Does the curriculum prep the children to
11SL' their mathematical skills and knowledge
outside the mathem.lics class?

In) Does the curriculum present mathematics is

an enjoyable and fascinatingly alive sulij«t?
The process of evaluating the curriculum must

not focus on simply whether the children are lei fil-
ing what is being taught. Attenticn must be given
to evaluating whether that which is bring taught
is that which should be taught. It must also lie rec-
ognized that due to the varied backgrounds mill
abilities of the children, flexibility in the expect'd
minimum levels of achievement is necessary.
Evaluation of the Child's Mathematical
Development

Although evaluation of the effectiveness of the
entire elementary school mathematics curriculum is
of prime importance, the evaluation of the learning
experienees and achievement of each child as an
individual is of at least equal significance. in reality,
such evaluation is the final test of the effectiveness
of a mathematics curriculum in a society which
places IFittillate value on the worth of every indi-
vidual.

g)
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The evaluation of a child's growth in developing
mathematical concepts and abilities, like the evalu-
ation of the entire mathematics curriculum, neces-
sarily involves a variety of techniques and pro-
cedures. This appraisal must include the many
aspects of learning beyond the acquisition of facts
and skills. The expanded content and behavioral
objectives of today's mathematics curriculum are
making the evaluation of each child's progress an
increasingly difficult task. Not only must educators
know whether the pupil is succeeding or failing,
but they must also strive to ascertain the level of
success he is experiencing with respect to each of
the several objectives of the mathematics program.

The evaluation of a child's progress must be de-
liberate and systematic, yet it must allow for the
measurement of growth (or lack of growth) at any
time when it can be observed. It matters little
whether the evaluative procedure is the interview,
a conversati a or exchange of ideas between teacher
and child, a standardized or teacher-made test, or
the observation of the behavior of the child in a
mathematical situation. The relevance of an evalu-
ation is determined by the degree to which it meas-
ures the pupil's growth toward realization of specific
objectives of the mathematics curriculum.

With reasonable care and a small amount of
ingenuity, the teacher can devise test questions or
activities to evaluate progress toward the realiza-
tion of any of the content or behavioral objectives
of the mathematics program. The following are
offered as illustrations of possible evaluative activi-
ties.

1. In the lower elementary grades (even at the ',re-
number level), the child's appreciation for num-
ber properties can be appraised by confronting
him with two collections of objects and asking
him Nxliether there are as many objects in one
collection as in the other. If the collections of
objects are so large. that he cannot mentally
match the objects, his understanding of the role
of one-to-one correspondence between sets with
the same number property can be appraised.

2. The appreciation of the kindergarten child for
the number property of a set can be observed
by asking him which of two sets of objects ha.s
the greater cumber of objects, when one set has
a large number of small objects and the other
has a smaller number of much larger objects.

3. The ability of the second or third grade child
to generalize relationships can be evaluated by
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reminding him that 5 H- 7 is 12, 15 -l- 7 is 22,
and 25 4- 7 is 32, and by then asking him
what he thinks 85 + 7 equals. If his reaction
is immediately "92," as probably made the
desired general,/ . 7 response is slower,
or if lie gives evidei. .; counting or actually
attempts to add the two numbers, he has prob-

ly not been able to make the generalization.
4. This example is one way of presenting the sec-

ond or third grade child with an opportunity
of showing his understanding of the distribu-
tive property. State, perhaps orally, that John
has seven marbles and Ted has three. marbles.
Then ask how many marbles they would have
altogether if they each had two times as many
marbles. The child who understands that the
correct answer may be found by computing (2
X 7) + (2 x 3) or by computing 2 X (7 -1- 3)
has demonstrated his understanding of the dis-
tributive law. lie understands the property even
if he is not able to verbalize the relationship
expressed by it.

5. In the middle grades, evidence of the child's
ability to generalize may be obtained in the
following way. Show him ti, .t: (12)2 = 144 and
(13)2 7= 144 4. 24 + 1 c 169; and that (20)2
= 400 and (21)2 400 + 40 -I 1 = 441.
Then tell him (40)2 1600 and ask him what
OW equals. A further generalization would 1
required for him to know what (39)2 equals.

6. In the middle grades, the feeling fur the
associative property of multiplication can be
appraised by observing how he computes (13 X
5) X 2. The student who -tinders:ands the asso-
ciative property will probably recognize that
(13 X 5) X 2 7= 13 X (5 X 21 and will then
he able to carry out the operation mentally by
using 10 X 13. Such problems when given as
mental exercises can I used both to develop
and to test an understanding of this basic prop
erty of multiplication.

7. The ability to translate an English statement
into a mathematical .;cntenee is a vital part of
solving sonic problems. This aspect of problem
solving can L valuated in the middle grades
by giving the child the following exercise.

Choose the mathematical phrase or sentence
that best expresses the English phrase or sen-
tence and write the letter of your rhoice in the
blank preceding the F.nglich plias(' or sentence.



five times the number
--the number is five
five less than the number
--five more than the number

A. 5 X 5
B. H- 5
C. 5 X 5
13. p 5

E. 5 --
F. 5 +
C. 5 x E
H. 5

8, The following i.s an example of the type of
simple problem situation that can he presented
to children in grades 4 to 6. Provide the child
%ith a piece of waxed paper on which a circle has
been marked. Then challenge him to form, by
folding the paper, a square that just fits inside
the circle as in the manner slims'. in (a) below.

(a) ( b )
/

6

3

5

Tell him that he can fold the paper as many
times as he desires and in any way. Sketch (b)
indicates at least one way in which successive
folds can be made so as to carry out the assign-
ment. Observing the child in tie process of
solving such a problem, even if a simple one
provides the teacher with real insight into a
child's ability to bring a variety of knowledge
to bear on a new or strange situation.

9. The following type of performance exercise
could be used in grade five or six to assess the
child's appreciation for the r cla t ion ship be-
tween similar figures. Give the child a triangular
piece of paper and ask him to cut it so as to
form a triangular piece of paper similar in
save to the original triangle, but with one-half
the perimeter. The child who proceeds to cut
the original triangular shape from the midpoint
of one side to the midpoint of another side will
be displaying an umlerstanding of the relation-
ship between similar triangles.

10. A multiple choice exercise such as the followiag
might be useful in appraising a sixth grader's
understanding of why division by zero is not
passible.
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Which of the following is a correct statement
about the problem 6 4- 0?

A. The ansv, er to 6 4- 0 is 6.
B. The answer to 6 4- 0 is 0.
C. There is no answer tc 6 ± 0 because

there is no number when multiplied
by 0 gives 6 as a result.

D. Either (1 or 6 is correct so there is no one
answer to the problem 6 .÷ 0. It depends
on the ans,,q- you want to use.

The above examples of evaluation procedures are
not intended to be taken as models, but only as
illustrations of the wide variety of techniques that
can be used, It is frequently possible to present,
with slight modification, the same basic question or
test situation to the pupil in the form of an oral,
a written, or a performance experience. It ml, he
necessary to adjust the evaluation procedure to the
pupil, for not all pupils can be expected to achieve
the same level of understanding of mathematical
ideas. In order to determine the level of under-
standing a child has reached with respect to a given
concept, one may have to devise a series of ques-
tions, each intended to measure a different level of
understanding. One may also employ a more lengthy
question that calls for several immediate responses,
each requiring a different level of undeestanding.
In any event, the child's background and potential
must be considered, both when deciding which
evaluation procedures to use and when iPterpreting
the degree of success the pupil has experienced.

An increasing number of rating scales and el.eck
lists are available to help the teacher in evaluating
the pupil's attitudes toward mathematics as well as
his interest in the subject. For the most part, these
instruments are of unproven reliability and validity.
Consequently, the tea-In-Cs value judgment remains
a significant source of evaluation in this area. These
factors along with the pupil's enjoyment of mathe-
matics may be appraisal by observing his behavior
when confronted with mathematical situations. Is
the child number conscious in his recreational read-
Mg or in his reading of other school subjects? Is he
interested in recreational mathematics? Is he fasci-
nated by mathematical puzzles? Does he display an
inquiring attitude toward Mathematics by raising
questions about numbers, operations, or their prop-
ertes that indicate he is thinking about concepts
beyond those which he has studied?

Children in the lower grades can be asked ques-
tions alxnit what die; like lxst or least about mum-



hers, adding, circles, or counting. Jr the upper
grades, the child can he asked to write a short essay
or paragraph on what he thinks about when some-
one says mathematics or on what he likes best or
least about mathematics. At times the teacher should
request that his pupils leave their essays or para-
graphs unsigned so as to encourage a freer response
and thus to obtain a more accurate picture of the
attitude of the class as a whole.

Today's elementary school mathematics program
continues to have as an objective, the development
of computational skills. Both commercial and
teacher-made objective tests are effective instru-
ments in evaluating the degree to which this objec-
tive is achieved. Tests should be used which have
a wide variety of items, each designed to test a
particular skill. In this respect, there is some ad-
vantage in using commercial tests in that more care
and perhaps greater and more varied test writing
experience are employed in designing a given test.

Care must be exercised in interpreting a test

score when it is being used to evaluate a child's
progress. A single test score has mean:rig only when
it is viewed in relation to other measures of his
achievement. Patterns formed over a period of time
by test scores are also useful in assessing a child's
n ia thema Berl development.

Evaluation of the mathematics curriculum or the
mathematics achievement of an individual child
must not be separated from the teaching of mathe-
Inatics. Evaluation is an integral part of teaching
and must be continuously brought into play in the
process of directing and re-directing learning ex-
periences. It is a vital part of the ongoing program
of curriculum improvement. Evaluation in elemen-
tary school mathematics must not be vi2wed as a
process of appraising a finished product or a spent
program. Instead, it most be recognized as the
process by which a continuous record is maintained
of the pulse rate of every aspect of both the mathe-
matics curriculum and the experiences of the chil-
dren under the curriculum.
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Inservice Education

Need
Current demands that elementary mathematics

instruction be based on both an understanding of
the learning process and an understanding of
mathematical content present a challenge to all
teachers. For many decades the importance of
mathematics in the elementary school was mini-
mized; little attention was given to it in teacher
education. The. need for more thorough teache
preparation in this area is now being recognize,.
Several professional groups have proposed raising
the minimum requirements in the traicing of ele-
meutar:, teachers; e.g., the Committee on Under-
graduate Programs in Mathematics (CUPM) rec-
ommends a minimum of twelve hoots of mathe-
matics for pre-service teaches. Gradually teacher
training institutions arc increasing their require-
ments for graduation and are offering courses spe-
cifically designed for prospective elemen tar y
teachers.

There is also a greater realization that profes-
sional growth is a developmental process. Learning
begun in pre-service edneation must be continued
if a teacher is to keep pace with changes and their
educational implications. The proliferation of
knowledge resulting in an ever-changing curricu-
lum makes the present-day problem more acute
than ever before. NVith the introduction of new con-
tent and modern teaching strategies, even teachers
with strong mathematical backgrounds feel a need
for cominnous education.

Planned programs of inservice education are o,,o
way of meeting the need for professional growth.
However, these programs, essential as they are, do
not automatically insure the implementation of new
curriculum in the classroom. In the final analysis the
effectiveness or inservice work can best be measured
by what happens as a teacher works with children
in a teaching-learning situation. Administrators and
teachers share a joint responsibility for creating a
learning situation which reflects the best current
thinking in the field. Teachers with a commitment
to the profession constantly seek to update their

background of knowledge as well as their teaching
techniques. They are open to change and avail
themselves of professional growth opportunities.
Administrators facilitate change by furnishing the
necessary resources: time, instructional materials,
professional books, consultant and supervisory serv-
ices; and by offering support, encouragement, and
understanding of problems encountered.
Objectives

The major purpose of inservice education is the
improvement of professional competence through
the development of attitudes, understandings, per-
ceptions, and skills that enable teachers to provide
students with a good math-maties program. Sys-
tematic, locally-sponsored teach( r education pro-
grams should be designed to:

develop a greater understanding of the struc-
ture of mathematics, and to insure a thorough
understanding of the mathematical concepts
taught.
relate what is known about child grow,b and
development and the psychology of learning
to the teaching of mathematics.
translate the results of research studies into
ch,ssroom practices.
familiarize teachers with many 115e fill teach-
ing materials.
acquaint teachers with mathematic:al litera-
ture, current hooks, articles, and research re-
ports.
stimulate enthusiasm and interest in improv-
ing mathematics instruction.
create an awareness of the need for continued
study.

Guidelines
The approaches used to achieve the above objec-

tives will vary from district to district. however,
past experience indicates that inservice programs
are most effective when:

a systematic program of instruction is concen-
trated in a series of meetings or workshop
sessions.
the content of the program is related to the
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specific local program that is being developed
and is, therefore, relevant to the teachers'
immediate needs.
time is spent not only on mathematical ideas,
but also on the demonstration of appropriate
teaching techniques for various grade levels.
participants are actively involved in discus-
sions, demonstrations, mid work sessions.
participants have an opportunity to -discover-
mathematical ideas for themselves.
inservice programs and classroom e%perimen-
tat;on with new ideas are carried on concur-
rently.

Organization of inservice Programs
No matter what type of organization is used, an

inservice program needs to be developed in stages.
The first step should be the identification of prob-
lems. The problems may be those which arc obvi-
ous to teachers or those which are of concern to
supervisors. After the problem has been agreed
upon and studied, implementation of the results in
classroom instruction must follow. The end result
of a quality inservice program will be desirable
behavioral changes in pupils.

1. Workshop
The most common approach to inservice

education has been the workshop. Workshops
may be conducted solely by local districts or
by a local district in conjunction with a uni-
versity or college. In either case careful con-
sideration should be given to the following
factors.

a. PlanningConducting an cPctive, well
organized workshop requires ca ref u1
planning. The objectives of the workshop
should be clearly defined, so that the pro-
gram can be designed to meet the par-
ticular needs of the participants. When
visiting consultants are used, it is essen-
tial that local supervisors or administra-
tors plan with the consultants prior to the
workshop.

h. SchedulesVarious times may he chosen
for workshop activities:

a series of regular afternoon or eve-
ning sessions. e.g., S to 12 two-hour
sessions.
a series of Saturday sessions.
a series of half-day or full-day session
dinirig the school year.
Summer workshops of varying peri
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ods, e.g., one, two, or three-week
sessions.

As inservice activities are planned, con-
sideration should be given to the possi-
bility of allowing some released time for
teachers.

c. Leadership Consultants whether local
or visiting should he knowledgeable in
mathematics and in teaching techniques.
Both aspects of the program may be han-
dled by the same person, or the responsi-
bilities may be divided among a team of
consultants, In sonic instances content
may be presented by a university or col-
lege instructor, and methodology by local
qualified supervisors or teachers.

d, Format feelings may he divided into
two parts: one of which is devoted to the
discussion of mathematical content and
the other, to classroom application.

Frequently the content aspect of the
workshop is presented to the total group
of participants. However, in some cases,
it may be desirable to arrange to have
the total group divided into cwo sections
for discussion of mathematical ideas:
one for those who have had previous
courses or workshops, and the other for
those who have had no such experience.

For work on classroom application, di-
vi -;ion of the group in primary and in-
termediate sections is desirable.

2. Curriculum Committee
Committee work provides an excellent op-

portunity for teachers to become involved in
the development of new programs and in the
preparation of curriculum materials easeful in
the iinnlementation of these programs. Nlem-
liers of such committees may be volunteers or
selected representatives from schools within a
district, Supervisory personnel or teachers with
special skill in mathematics may provide lead-
ership, and consultants may be brought in as
needed.

The content of this guide may be used as a
source in identifying problems that can be
studied in lig], of the needs of a particular
school or school system. Committees might be
organized to:

develop a scope and sequence plan for
a K-6 program.



prepare a guide which suggests varied
learning experiences related to the be.
-:lavieral objectives.
prepare units of study for particular
grade levels on such topics as geometry,
measurement, ratio, problem solving, etc.
evaluate instructional materials: text-
books, audio-visual aids, manipulative
materials.
evaluate standardized tests.
prepare tests related to the objectives of
the local curriculum.

3. Televisioll
Television provides an effective means of

reaching many teachers. Where educational
television facilities are available, local school
systems may either prepare their own series
of telecasts or use series produced by profes-
sional organizations, educational institutions,
or commercial concerns. Generally speAing,
inservice education through television has

war

proved most successful when provisions have
been made for some type of "feedback." Feed -
hack may be achieved through a combination
of television lessons and group meetings.

I. 0012r Common. Insertice Activities
The following activities may be used to aug-

ment the above-mentioned programs:
faculty discussion groups.
teacher visitation between schools.
action research.
demonstration lessons.

5. Other Professional Growth Opportunities
In addition to the programs sponsored by

schools or school systems, teachers may im-
prove their teaching competency by

enrolling in college or university courses.
attending professional meetings and con-
ferences.
applying for grants for summer institutes.
reading professional literature.

INLOC___Nr
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Criteria for Program Development

What are the characteristics of a good mathe-
matics program? What teaching tools (books, films,
visual aids, etc.) should be selected to assist the
teaching staff in achieving the objectives of the pro-
gram? These are two of the most important ques-
tions that every school must answer pc.%.iodically
They are also among the more difficult questions for
any school staff to answer. It is the aim of this guide
to provide the schools of Wisconsin with means
whereby they can arrive at more satisfactory an-
swers to important curricular questions.

The foundation of any good program incorpo-
rates the ideas which society has found to be of
value in the education of its youth. These ideas are
the content objectives of a program. For the mathe-
matics program, they consist of the properties of
numbers, similarity, ratios, rational numbers, etc.,
as outlined in the previous sections of this bulletin.
In addition to content objectives, bohavioral objec-
tives for a program must be established. These, too,
are outlined in this bulletin. If to these objectives,
one adds the goal of teaching pupils to apply mathe-
matics through problem solving, then one has the
sound framework needed to build a mathematics
curriculum for the schools.

This bulletin suggests the type of objectives the
school should consider in developing its curriculum.
However, the same criteria that are used to judge
the adequacy of a program can, in part, be used to
judge the adequacy of the teaching tools selected
for use in the school. These judgments Pant be
made by the teachers or their representative coin-
-duces. To assist the schools in making these judg.
ments, a sample checklist of basic criteria is given
in this section.

Note that the sample criteria checklist consists of
five main sections. Section 1 focuses on general con-
siderations. Is the mathematical content sound? Is
the development spiral in nature? Are the objectives
appropriate for the various grade levels?

Section 2 is a listing of the content and lohavimal
objectives. Section 3 consists of pedagogical consid

orations, Section 4 contains criteria on which to
judge supplementary aids, and Seaion 5 briefly
touches on the importance of format in making
judgments as to the usefulness of a teaching tool.

341=4

Committees of teachers will want to modify this
sample criteria checklist to fit the needs of the
school for which a program is being formulatsxl.
Furthermore, they may wish to assign weights to
the various sections. In the opin:on of many people.
a gLat deal of weight should be placed on the
various subsections of Section 2 of the sample cri-
teria checklist, It is in this section that one can find
the spirit of the "new" mathematics programs for
the schools of Wisconsin,
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Sample Criteria Checklist

Name of Program Publisher Grade Teacher

Rating

1 2 3 4 5

1. Philosophy of Program
The program
a) Is consistent with the K-12 mathematics pro-

gram of the school.
h) Contains good mathematical development.
e) Presents a continuous development of con-

cepts and skills.
d) Is teachable and appropriate for the particular

level.

e) Uses a spiral development.
f) Develops concepts through numerous exam-

ples.
g) Uses consistent and understandable mathe-

matical language.

Low High

2. Kay Mathematics' Content and Behavioral Objectives of Program

A. ARITHMETIC CONCEPTS

a) The program provides for an understanding
of sets and numbers, including:
Cardinal numbers.
Ordinal numbers.
\Vhc!c numbers
Fractions
Negative integers.

b) The program provides for an understanding
of numeration systems through:
A variety of grouping E.:tivities.
An emphasis on place values (base 10).
An introduction to other numeration systems.

Low
Rating

High
2. 3 4 5
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c) The program provides for understanding
of the concept of order through:

Low

2

Rating

-1

High
5

Experiences in determining "greater than,"
"less than," and "equals."
The use of the symbols <, >,
The ordering of a s2t of numbers (from small-
est to largest).

d) The program provides for an understanding
of number systems, operations and their prop-
erties through:
Experiences with addition (and subtraction its
its inverse).
Experiences with multiplication (and division
as its inverse).
Experiences with the structure of the system
of whole numbers.
Experiences with the structure of the rational
number system.

e) The program provide3 for an understanding of
the concepts of ratio and proportion throm,h:
Separate treatment of the concept of ri,tio
from that of rational number.
Many experiences entailing the use of ratio
and proportion in problem solving.

f) The program provides for an understanding
of computation through:
A developmental program in basic facts.
Experiences developing proficiency in com-
mon computation procedures (algorithms).
The use of non-drill activities to build compu-
tational skills,

B. MATHEMATICAL SENTENCES
Rating

Low I I igh

g) The program provides for an understanding
of mathematical sentences through:
Equations and inequalities developed as
"translations" and "interpretations" of physi-
cal situations.
Intuitive methods suggested for the solution
of equations and inequalities.
Practice in the solution of equations and
inequalities.

1 .3 .1 5

Use of equations an.i inequalities to solve
problems.

51

53'



C. GEOMETRY CONCEPTS

11w program provides for an understanding
of the concepts of:

11) Size and shape through:
Experiences in identifying plane rod solid
figures.

i) Sets of points through:
Nlanipulative and conceptual experiences with
points, lines, and planes.

Low
1 2

1

Elating

:3 -1

High
5

j) Symmetry through:
The development of symmetry concepts.

k) Congruence through:
The development of congruence concepts.

1) Similarity through:
The development of similarity concepts.

m) Coordinate systems and graphs through:
The use of number line activities and the Oe-
velopment of coordinate systems and graphing.

n) Constructions through:
Construction problems.

o) Measurement through:
Experiences with money and time.

The development of concepts of basic units
for length, area, volume, angles.

The development of approximate measures.

Experiences with equivalent measures (and
the reduction of measures).

The development of area formulas for squares,
rectangles, parallelograms, and triangles.

The development of the linear metric system,

D. PROBLEM SOLVING

p) The program provides for an understanding
of problem solving through:
Continuous emphasis on problem solving.

Low
I

Rating

3 4

Iligh
5

Practical help for solving problems.
A wide distribution and variety problem
solving practice.

'-so
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3. Methodology Used in and Suggested for Program
The program provides:
a) Mathematical concepts correctly and con-

sistently used in explanations.
Is) A variety of approaches in developing a topic.
c) A basic skills development and maintenance

program.
d) Adequate material for written assignments.
e) Sufficient material for oral exercises.
f) An emphasis on estimation and -trial-and

error" techniques in problem solving.
g) "Mental arithmetic" activities.

Independent thinking activities.
i) Exercises graduated in difficulty.
j) Consideration of individual differences,
k) Clarity of examples,
1) Supplementary activities for high-achievers.
m) Supplementary-remedial activities for low-

achievers.
n) Independent work in geometry or other topics.

4. Supplementary Aids to Program
a) The teacher's manual

Contains mathematical background for con-
tent of program.
Provides adequate suggestions.
suggests numerous activities for enrichment
(high and low),

b) A suggested testing program for use in pupil
evaluation is available.

c) The publishing company provides consultants,
films, or other means of inservice aids.

5. Physical Format of Book
a) The general format of the book is attractive

to the pupil.

Rating
Low High

1 2 .1 5

Low
Rating

high
3 -1 5

Rating
1,o

1 2 3 5

b) The binding of the book is of good quality.
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