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An Empirical Lavestigation of the Effect of Unequal Variances

on the Permutation t-test?
Larry E. Toothaker

University of Oklzhoma

Various cases of unequal variances and unequal sample sizes from a

normal and a skewrd population were used to empirically ohtain the

probability of a Type 1 error and the power for the permutation t-test as

compared to Student's t-test and the Mann-Whitney U-test. Empirical

, variance ratios,

results showed differences for di fferent sample sizes

population sampled, and size of mean of the population. The power of the

permutation t-rest is very close to or greater than that of Student's

t-test for bnth populations, and the power is large if the large variance

accompanded the large rean for the skewed population.

U'S DEPARTMENT OF HEALTH. EDUCATION
& WEL

FARE
OFFICE OF EDUCAY.ON
THIS DOCUMENT HAS BEEN REPRODUCED
EXACTLY &5 RECEIVED $ROM THE PERSON OR
ORGANIZATION ORIGINATING (T POINTS OF
VIEW QR OPINIONS STATED 0O NOT NECES
S RILY REPRESENY OFFICIAL OFFICE Of ECU
CATION POBINON ORPOLICY

*Presanted at the Annual lleeting of the American Educational Research Association

February, 1971

O

RIC

s



O

ERIC

Aruitoxt provided by Eic:

An Topirical Investigation of the Effect of Unequal Variances
on the Permutation t-test
Larry E. Toothaker

University of Oklahoma

The purpose of this research was to investigate empirically the effect
of unequal variances on a discribution-free procedure, the permutation t-test,
for the two sample case. Specifically, the probalLility of a Type I error
and the power of the permutation t-test. against a one-tailed location-shift
alternative hypothesis were empirically cbtained when one sample was drawn
from a population with variance c%, and the second sample was drawr from a
population with variance o% (cf # o%), when both populations were one of
two types: a normal population and a skewed populatic derived from a x2
distribution with three degrecec of freedom and skewness measure Y, = 1.633.
Comparisons were then made with the empirical probability of a Type I error
and the power for Student's t-test and the !lann-Whicney U-test,

The empirical probability of a Type I error and power for the permutation
t-test, Student's t-test and the !lann-Whitney U-test were obtained by means
of a computer program uritten to perform the folloving steps 1) obtain one
sample from a population with variance of and a second sample fiom a pcpulation
with the same shape as the first but with variance o§ by means of psuedo-
random number generators, 2) add either a null or non-null 8 to one of the
samples, 3) perform the permutations, rankings and calculatioms necessary to
compute each of the three statistics, 4) record either rejection or acceptance
for each of the statistical procedures, and 5) repcat steps 1-4 for 1000 pairs
of samples. This procedure resulted in one of the samples being drawn from a
population with mean b and a second sample from a population with mean b + 6.

When 8 = 0, the proportion of rejections was the empirical probability of a
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Type I error. hen each of several non-null values of & 6 (small, medium, or
large) was used, the nroportion of rcjections was the empirical power. The
entire procedure was repeated so chat results were obtained for all combinations
of small and large sample sizes uith small and large variances and small and
large means (4 or u + 6).

The ewpirical results for the probability of a Type I error (Table 1) for
the permutation t-test, Student's t-test and the “fann-Whitney U-test showed
no consistent relationships among the tiiree statistical procedures. Comparing
the empirical values of the prohability of a Type I error for the permutation
t-test to thiose of Student's t-test pave the following frequencies: pt < t,
four out of ten, pt > t, four out of ten; and, pt = t, two out of ten. For
the iann-Whitney U-test pt < ¢, three out of ten, pt > i, four out of ten,
and pt = U. The relation of tite empirical values of size for tlie permutation
t-test to the theoretical » was very inuch dependent upon the sample size,
ratio of variances and tiie parent population. Tor equal sample sizes
wich a normal population, tie followiug empirical values and theoretical
values were observed for various variance ratios sample sizes (3,3), .045
and .05 for 1:3; sample sizes (5,5), .076 and .0476 for 1:3; and, samp’le sizes
(5,5), .054 and .04790 for 1:5. For equal sample sizes with the skewed population,
the values of the probavility of a Type I cr:ar were always very much less than
the theoretical values, for example for sample sizes (5,5), variance ratio
1:3, the empirical value was .0006 for theoretical value .0476. For both populations
when the sample sizes were unequal, the empirical values were always less than
the theoretical values if the small variance was with the small sample size
(and large variance with large sample size). When the small variance was with the

large sample size (and large variance with small sample size), the empirical values
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were larger than the theoretical values. Sampling from the skewed population
merely accomplished a move drastic reduction or inflation of the empirical
values of probazbility of Type i ervor.

The empirical resuits for the power of the permutation t-test {Table 2)
showed interesting cowparisons which were dependent upon the population
sarmpled. For the rormal population with equsal sample sizes, the power of the
permutation t-test is equal to or greater than that of Student's t-test for
nine of eightecn cases zvd very close for the othier nine cases. For unequal
sarnple sizes from the norwmal populaticn, if the small variance was with the
small sample size (and large variance with large sample size) the power values
for the permutation t-test were larger than or equal to those for Student's
t-test for five of the six cuses, but if the large variance was with the
small sample sizec (and small variance with large sample size) none of the six
power values for the pernutation t-test were larger than or equal to those
for Student’s t-test. In all cases, the pwer values of the permutation
t-test were close to those for Student's t-iest and larger than or cqual to
those for the iiznn-Whitasy U-tect. [lso, there were no consistent differences
in powar walues for the procedures with the large mean {p + 6) combined with
the small samplie or the large sample forc the normal population.

For the ckrwed populatisn, the nost outstanding result was the occurrence
of very high powzr values if the large variance accompanicd the large mean
(v + 9) and very low power values if the large variance accompanied the small
mean {u) for all three statistical prccedures. This resvlt seemed independent
of the sample sizes ewployed, equal or unecqnal. Also, the pwwer values for
ti.. permutation t-test were greater than or equal tc those of the Student's
t-test in sixteen of the thirty caces, with the large majority of the cases

of larger power for the perantation t-test occurring for the small and
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medium values of ©.

Thus, the pouer of the permvtation t-test is generally very close to that of
Student’'s t-test vhen the population variauces are unequal. When the sample sizes
also are unequal and proportional to the variances, the power of the permutation
t-test is better than that of Student's t-test for both the normal and skeved
population. ilowever, if the sample sizes are inversely proporticnal to the
sariances, then Student's t-test has higher power than does the permutation t-test,
especially for the normal population.

Generally, thie present research demonstrated that for the probability of a
Type I error, the permutation t-test was reasonably close to titar of Student's
t-test, even though both were affected by unequal variances and unequal sample
sizes, especially for the skewed population.

The choice of one statistical mechod over another must be based orn consideratic
of both the probability of a Type I crror and the pover of the methods. The
experimental situation must also be considered in terms of population variances,
the population sampled and the sample sizes obtained. The scientific importance
of this study is based on tie importance of the need of information on the effect
of violation of assumptions of non-paremetric statistics which are considered
substitutes for the carefully rcsearchied Student's t-test. [iducational researchers
may now have comparative information on three statistics for the two-sample case
when normality and cqual variances assumptions are violated, thus, they may be able
to more correctly choose the statistical metiiod which is best {or their experimental

situation.
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Table 1
Probability of a Type I Error for the Permutation t-test {pt),
the lann-Whitney U-~test (U) and Student's t-test (t) for
ilormal and Skewed Populations with Various

watios of Population Variances

Sample Ratio of True
Sizes Variances Wormal Population Skewed Fopulation a
pt U t pt U t

(3,9 1:3 046 046 052 .011 011 012 .05
(4,5) 1:3 .028 .030 .031 .006 .05 .005 .N37
(4,5) 3:1 036 .037 .039 157 .151 .148 .0317
(5,5) 1:3 076 070 075 006 .007 . 006 0476
(5,5) 1:5 .054 .052 .050 .002 .002 .092 L0476
O
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Table 2 (Continued)

Skewad Population

Large ‘lean with Laree -:ean with
Samnle  Matio of Small Sample Larse 3ample

Sizes Variances 0 - pt U t Pu G t
S 477 477 LA01 .833 S35 RIYE]

(3.3) 1-3 1 .321 .321 .835 .9ez L2352 25
L .961 .961 L3504 L9227 L2270 305

.136 .141 134 73 LT 577

(4,5 1:3 o .352 . 337 .369 D250 .39 017
I LG47 .597 L6065 .ans L3275 951

s .755 L7580 .762 A7 .18 194

(4,5) 3-1 - L946 .935 .945 .437 .3 (437
L 291 .936 094 L7115 YA 3]
2111 .129 .115 L7250 L7758 .752

(5,5) 13 T . 346 .337 L2466 o4l .249 222
L L5360 626 .573 .22 93 253

S 70 03 076 .0ul LSS .52

(5,5) 15 ! .25 .276 .283 0220 .e5) .275
L .632 .55 .619 22 227 e
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