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INTRODUCTION TO MATHEMATICAL THINKING

Unit I

Mathematical Systems

Mathematical systems are based on undefined terms, defined
terms, axioms, and theorems. The concepts of abstraction, logic,
strﬁcture of mathematical stétements, and rigor of treatment are

alsq important for understanding fundamentals.

Objeéfives

Goal: The studeﬁt will understand some of : terms
and concepts basic to any mathematical system.

Objectives: (1) The student will define four of the
following six terms: axioms, undefined
terms, theorems, consistent, independent,
rigor. 75%

(2) The student will list the undefined terms,
definitions, and axioms of the abstract
system given on page 6 of.the text and
will state a theorem for,this .system not -
given in the text on an outside assignment.
Any reference may be used. 100%



Unit 2

Introduction to Logic
Mathematics has a precise language. In order to read and
.understand this language, we must study its structure. To do
this we consider various statements as to their meanihg in Sym-

bolic form:

Objectives

Goal: The student will know the various types of
mathematlcal statements and understand their
structure and their *ruth values.

Objectives: (1) When given two statements the student
w1ll determlne whether one condition is
necessary for .another condi ition, suffi-
*1ent for another condition, or both neces-
sary and sufficient. The statement will
then be. rephrased by the student into
statements of the form.
a, If. .. , then . . . oI )
b. . . . if and only if . . . 100%
Example: dhenever it rains it pours:
: "It rains"” suff1c1ent for "It pours."”
"It pours" necessary for "It rains."

If ‘it rains then it pours.

(2) When given three Statements the student ;
will write the negatlon of the state- L 1
ments. - 100%

- Example:
Statement: All men are rogues: é

Negation; - Some men are not rogues.

{3) The student will dlsprove a statement by _ .
: q1v1ng a counter Aample.,b 100% E

(4) The student will. glve an example of a coh-

" Junctive statement an exclusive dlSjunc—
‘tive statement and an 1nclu51ve disjunctive
statement e 100%




%

(6)

(7)

When given a statement in symbolic form,
the student will calculate a truth table
for the statement. - 100%

Example: (A A:__\fB) + (mWB V A)

Solution:
(A A ~B)

_);\ (:\.\B AV A)

ty =3 g
B33 3

(The final truth table column is circled.)

Given two statements, the student will de-
termine whether or not they are loglcally'
aqulvalent b" the use of truth tables.

S 100%
The student will define four of the fol-
’ow1nq tcrms. sufficient condition,
necessary ‘condition, negation, counter-
ewample, conjunction, exclusive dlSJunctlon,
inclusive- dlsjunctlon, tantology, logical
equlvalence 75“




Unit 3

Proofs and Arguments

411l statements made in mathematics other than our basic
axioms and definitions are derived by proof using logical
arguments. Therefore, to understand mathematical thinking,
it is necessary to be able to analyze proofs and the arguments

which compose them.

Cpjectives

Goals: The student will understand what constitutes a
valid proof as well as some of the formal logi-
cal arguments acceptable in proofs.

Objectives: (l)* Given a statement the student will form
the converse and the contrapositive of
the statement. 100%

(2)+ Given an argument in symbolic form the
student will make up a truth table for
each premise and for the conclusion and
then verify the validity of the argument.

100%

(3) Given four arguments the student will de-
cide if each is wvalid or invalid by
referring to one of the following classi-
cal forms. ' ' 75%

(a) Valid--Modus Ponens

‘ Modus' Tollens
Hypothetical Syllogism
Disjunctive Syllogism
Constructive Dilemma
Destructive Dilemma

(b) Invalid--Affirming the Consequent

Denying the Antecedent

(4) Given two procfs by contradiction the
. student will analyze them and determine
in each case whether the argument is
valid. = o 100%

(5) The student will define three of the following

terms: ' converse, contrapositive, premises,
antecedent, consequent. 100 %
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Unit 4

Sets, Set Operations

The concept of set underlies and forms the basis of
all mathematical systems. This unit reviews all the basic

properties of naive set theory.

Objectives

Goal: The student will understand set concepts and
set operations.

Objectives: (i) Given three collecticns of objects, the
student will decide which of these col-
lections form sets. 100%

(2) Given three sets the student will compute
four problems Gf imtesrsection, union, and
difference of these sets and make a Venn
diagram for the sets. 75%

A
’,2

~

(3) The student will define four of the following
terms: sct, clirent, subset, proper subset,
empty set, intersection, union, difference
of two sets. ' 75%

Extra Objectives

Objective: E; The student will draw a Venn Diagram for the
following problem and answer the questions.
This objective is due within one week following
the end of the unit. 100%

Problem: Suppose that in a survey exploring
" the reading habits of students it
is found that:

60% read magazine A 20% read magazines B and C
50% read magazine B 30% read magazines A and C
.50% read magazine C 10% read all three magaZines
30% read magazines A and B

;- a. What pervceht read exactly two magazines?

ﬁg o " b. What per cent do notreadanyofthe magazines?




Unit 5

Sets and Logic

The study of symbolic logic is closely related to the

stgdy of sets.

We can use set theory to diagram logical state-

ments. This allows us to better visualize proofs by using Venn

diagrams.

Objectives

Goal: The student will be able to convert logical.

i statements to set theory statements and
analyze arguments a51ng dlaqrams called Venn
dlagrams.

Objectives: (1)

(2)

Given three sets the student will diagram
these sets and label five new sets made
from unions, intersections, and differences
of theve ‘'original sets. ' 0%

Given three arguments the student will con-
vert these to sei: theory statements and
draw Venn diagrams of them. The student
will then analyze the dlagrams and decide
which are valid and whlch are invalid.
80%




Unit 6

Counting Numbers

The notion of set gives rise to the concepi of counting or

matching two sets.
the cardinal number. Some properties of additicn

numbers are proved in this unit.

Objectives

Goal:

ment of cardinal numbers and the ope:!

This concept gives rise to the concept of

of cardinal

The student will understand the natﬁral develop~-

ration of

addition from the concepts of sets and counting.

Objectives: (1) The student will select two pai

sets each in such a way that thg

has the same number of elements
second pair will not have the s
of elements. In both cases the
will make up a pairing to illus
the sets do or do not have the :
of elements.
(2) The student will answer ten trw
questions about countability.

i's of two

: first pair
iand the

ame number
istudent
%rate that
iame number
100%

ﬂ—false

|

803

(3)

The student will answer five tri
guestions about cardinality.

_Extra Objectives

ie-false
80%

The student will work problem 4
the text, on an outside assignj

Objectives:

, page 122 of
ient which will

be due one week after the end Hf the unit.
If the definition in this proklem is not good,
make up one that will work infall cases.

H

‘The student will develop a n@

100%

thematical system
for Cardinal numbers statingjall. definitions

and proplsltlons needed fromi set theory and the
deriniticns of Cardinality ghd addition; and

‘will prove Propositions 10, 11,
pages 119-121 of the text. |

12, and 13 on
. 100%



Unit 7

The Cartesian Product~-Functions

The Cartesian Product is a different kind of operation

on two sets. It is the basis of the study of functions and

also gives us a method for defining the operation of multi-

plication of cardinal numbers.

Objectives

Goal: The student will understand the concepts and

C terminology of mathematical functions and will
gain a firm foundation in what is meant by multi-
plication of cardinal numbers.

Cbjectives: (1)
(2)

(3)

(4)

(5)

. Objective: Eg

Given two sets the student will compute a
cross product of the two sets. 100%

Given two sets the. Ltudent will list all
the funttlons from one set into another set.

Given a function f ‘pecified by a rule from
one set S to another set T, the student will
make a list of all ordered pairs of the
function and spec1fv the image of S under f.

Given three sets o,‘T, and W, the student will
decide which sets may be used to form onto
functions from one set to another and which
may be used to from. one-one tunctlons. Next

vthe student w1ll form a com9051te function,

i.e. a function f from S into T and a function
g from T into W such it gof is a function
from 8 to W. ‘ ,

The student will define flve of the follow1ng
terms: Carte51an product, Llrst coordis.ate,
second toordlnate, functlon, into, onto,

one-one, image, 1nverse, and composition of
two fudctlons. : . ‘ 80%

Extra ObjeCti&es

The student will- cnntlnue the development of

of multiplication and prove the prop051tlons
-2, 3, 4, 5, and 6 on pages 127 130 of the text.

“«9-

fcardlnal numbers by stating the definition of the
‘Cartesian product of two sets and the deflnltlon

R
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Unit §

Relations

The notion of relation is similar and equal in importance
in mathematics to that of function. From the concept of rela-
tion we develop the concept of equivalence relations and inte-
gers. Relations help us understand the ordering properties of
numbers.

Objectives
Goals: (1) The student will understand the concept of a
relation and especially equivalence relations
and partial orderings.
(2) The student will gain some insight into the
development of the integers from the

Cardinal numbers,

ijectiggi: (1) leen three relations the student w111 decide

gq o ~ whether or not it is an equivalence relation
ESH R and if not,- whlch properties of an equivalence
‘ ' relation are m1551ng. 66%

(2) 3iven integers in their ordered pair forxm, the
~student will {(a) work two problems of addition,
(b) work two problems of mutlpllcatlon, and
(c) decide if any of the given integers belong
to the same equivalence class. 100%

(3) Given a relatJon ‘R on a set S the student Wl;l
show that R is tctally ordered, partially
urdered, or nelther. . 100%

" {4) The student will define five of the following
- terms: relation, equlvalence class, partial
- ordering,. total nrderlng, eguivalence relation,
upper bounds,. least upper bound, lower bound,
greatest lower bound, R-related. 80%

' Extra Objectives

jective: E ‘The student will continue the development of
ol numbers from cardinals to integers by

assuming deflnltlon 8.4 and by prov1ng propo-

551t10ns 3 4, 5, and 6. - . 100%




Unit 9

Total Ordering

The integers form a totally ordered set as well as a

partially ordered one. The properties of a totally ordered set

are very important in mathematics. We shall examine some of

these properties, particularly mathematical induction.

Goals:

ngectives:

Objectigg:

(2)

(1)

(2)

Eg

Objectives

The student will gain some insight into the
properties of a totally ordered set.

The student will understand and be able to use
the proof by mathematlcal induction on simple
problems.

Given a simple statement concerning a progression
the student will prove that the statement is
true for all elements of the progression.
100%
Example: Show that if n is any odd integer,
then:
1 +3+5+. . .+n-= n2

The student will define four of the following
terms: sucessor, predecessor, discrete set,
first element, last element, progression,
regression. _ 75%

”Extra-Objedtives

- The student w111 glve an example of a discrete.
set and 'a set which is not discrete. He will

then explaln why each set is or is not discrete.
: , 100%

-11~

19
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Unit 10

" Probability

The concept of probability is used in mathematicés in the area

of &tatistics. It is used in thc course as a further demonstra~

tion of a mathematical system.

Objectives
Godl: The student will understand the basic rules of

probablllty and be able to use them.

Objeétives: (1) Given an experiment with two possible outdoies,

A ahd B, the probabilities of which are given,
-the student w111 compute'

a. P(A;B) e, p(n) + B(B)
b:  P(&,B) £. P(A + B)

c. P{A;B) g. P(A ' B) g
de P(A B) S ; o 100%

(2) leen two problems on countlng possible out-
comes, the student will decide if the problem
‘18 one o permutations or comblnatlons and.
'wark each pxoblem. o 100%

{3) The student will QLflnL three of the following
S ferms: ‘;(prrlmunt, trlal, event, relative.

.:'frequency, comblnatlons, and permitations.
| . 100w

Ehtra Ohjectlves

"-'ﬁéjéﬁiiﬁéb ”Ea" The student Will. calculate the probability of

w7 of four people selecteu belpg born in the séme
' _mnnth ST L _ '100%

11
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Unit 11

An Elementary Geometry

Geometry has come a long way from Euclid. Today there are

many geometries which exist as mathematical systems. We shall

consider a simple one which will further show how basic mathe-

matical thinking is used. This will be our only truly Axiomatic

study.

Goals:

Objectives:

(1)

(2)
(1)
(2)

(3)

Objectives

The student will learn that there is more
to geometry than the Euclldean varlety.

The student will unders\and the prOJectlve
planes and ‘the afflne plane.

The student w111 list the five axioms of the
progectlve plane.v 100%

‘The student will list the flve axioms of the
affine plane

The student will note the difference in
projective geometry and affine geometry and

-.give at least one theorem for each that is

not true in the other on an outside assign-
ment due the class period following the one

~ in which it is assigned.

14
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Unit 12

Conclusion

The question "Where do we go from here?" is answerea in
part in this unit. No student can consider this the last mathe-
matics he will learn. As long stdne lives, mathematical con-
| cepts will still be encountg;éé. This course should help the

‘student understand some fofhese conéepts more deeply.

./-' ’

Objectives .

- Goal: The student will have changed his thinking about
' - mathematics to one which is more realistic and
laced with basic understanding.

'~ 'Objective:’ The student will write a two-page critique of

. e his leaxying in this course. This critigque will
deal with how this course has changed your basic
“concept of mathematics and mathematical thinking.
. (Unless there has been some: change, this course
'has been a waste of time.)

v:fl4;w




