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Preface

“Experiences in Mathematical Discovery” is a series of ten
self-contained units, each of which is designed for use by students
of ninth-grade general mathematics. These booklets are the calmi-

: nation of work undertaken as part of the General Mathematics
Writing Project of the National Council of Teachers of Mathematics

(NCEM).

The titles in the series are as follows:

Unit 1: Formulas, Graphs, and Pallerns
: Uait  2: Propertics of Opcrations with Numbers
Unit 3: Mathonatical Sentences
i Unit 4: Geomelry
' Unit 5: Arrangements and Sclections
' Unit 6: Mathematical Thinking
Urit 7: Rational Numbers
Unit 8: Decimals, Ratios, Pereents
Unit 9: Posilive and Negative Nun.bers
Unit 10: Mcasurcment
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T'his project is experimental Teachers may use as many units
as suit their purposes. Authors are enceiraged to develop similar
approaches to the topics treated here, and to other topics, since
the aim of the NCTM in making these units available is to stimu-
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Iate the dovelopment of special materials that can be cffectively
used with studentx of general mathematies,

Preliminary versions of the units were produced by a writing
team that met at the University of Oregon during the summer of
1963. The units were subsequently tried out in ninth-grade general
mathematios elasses throughout the United States.

Osear F. Schaaf, of the University of Oregon, wax director of
the 1963 summer writing team that produced the preliminary
materials, The work of planuing the eontent of the various upits
was undertaken by Thomas J. Hill, Oklahoma Clity Public Schools,
Oklahoma City, Oklahoma; Paul S. Jorgenzen, Carleton College.
Northfield, Minnerota: Keuncth P, Kidd, University of Florids,
Gainesville, Flovida; and Max Peters, George W. Wingate High
School, Brooklyn, New York.

The Advisory Committee for the General Mathematies Writing
Project was composed of Emil J. Berger {chairman), St. Paul
Public Schools, 8t. Paul, Minnosota; Irving Adler, North Benning-
ton, Vermont ; Stanley J. Bezuszka, 8. J., Boston College, Chestnut
Hill, Massachusetts; Eugene P. Smith, Wayae State University,
Detroit, Michigan; and Max A. Sobel, Monlcair State College,
Upper Monteiair, New Jersey.

The following people participated in the writing of cither the
preliminary or the revized versions of the various units:

Ray W. Cleveland, University of Alberta, Calgary, Alberta

Donald H. Firl, Rochester Publie Schools, Rochester, Minnesota

Carroll E. Fogal, University of Florida, Gainesville, Florida

Edward F. Gottlizh, Madizon High School, Portland, Oregon

Kenneth P, Kidd, University of Florids, Gatnesville, Florida

D. Thomas King, Madison Public Schoals, Madizon, Wisconsin

Edna K. Lassar, Polytcchnic Inslitute of Brooklyn, Brooklyn,
New York .

John F. LeBlane, Racine Publie Schools, Racine, Wisconsin

Seott . MceFadden, Spencer Bulte Junior High Schoal, Ezigene,
Oregon

James M. Moser, University of Colarado, Boulder, Colorado

Max Peters, George W. Wingate High School, Brooklvi, New
York
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Leonard Simon, Bureau of Curriculum Research, New York
Publie Schools, New York, New York

Siste Rita Jean Tauer, College of St. Catherine, St Pal,
Minnesota

Irwin N. Sokol, Collinwood High School, Cleveland, Ohio

William H. Spragens, University of FLouisville, Louisville, Ken-
tucky

Mary E. Stine, Fairfax County Schools, Fairfax, Virginia

Arthur J. Wiebe, Pacifie College, Fresno, California

Joln E. Yarnelle, Hanover College, Hanover, Indiana

Gratefud acknowledgment is hereby expressed to Muriel Lange
of Johnsor. High School, Szint Paul, Minnesota, for checking on
appropriateness of language and for working through all problems.

Finally, a word of grateful thank= is extended to the NCTM
headquarters staff for their assistanre, and in partienlar to Clare
Stifft and Gladys Majette for their careful attention to production
editing details,

Livinn J. Brrcen
Chairman, Advizory Committee
General Mathematies Writing Project
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Inporiences i Mathemoiical Divcoron

Positive and Negative Numbers

§ 1 Touchdown

John and David made up a new card game ealled TOUCHDOWN.
To play the game they used an ordinary deck of eards with the
picture eards removed. They let ecach red card stand for a loss of
as many points as the number on the card, and each black eard
for u ga’n of as many points as the numnber on the eard. Each ace,
regardless of color, was considered a gam of 15 points.

John shuffled the deck and dealt David four cards, David's cards
were the 8 of spades, the 5 of clubs, the 3 »f hearts, and the 4 of
dinmnonds. Notice that two eards were from black suits and two
were from red saits,

John said, “You have gains of 8 und 5, and losses of 3 and 4.’
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The boys decided to represent the net result in the following way:
¢+ + (3 + ()
John did some paper work and said, “That gives you a net gain
of 0.”
“How did you do that <o fast?” asked David.
John showed David the wark that he did on paper.

DAVID
LOSSES 111111

GAINS protreibriid
e~

NET GAIN
V/J*’wv\\-/\r--\\/_\

“1 tried to mateh gains with Josses, and right away 1 saw that
1 had six marks for gains left over,”’ replied John.

“You could also get the anxwer by subtracting 7 from 13,” xaid
David. “Sinee the difference is 6 and yoa had more guins han
lossex, you would know that you had a net gain of 0.”

David wrote 16 on his searccard, shuffled the deek, and deaft
John four eards. John's cards were the 9 of hearts, the 5 of hearts,
the 6 of spades, and the 7 of spadex. Jahn wrote "1 on his scorecard.
Thix meant that he had a net loss of 1 paint. Haw do you think
John defermined thix loss?

Class Discussion E 14
Pt
1. What is the greatest nel gain a player can have on any one

hand?

2, What is the greicest net loss a player can have on any one
hand?

3. Using S, ¢, H, and D to stand for spades, clubs, hearts, and
diamonds respectively, what would be the net gain or toss for
a hand consisting of 108, 7C, &1, 9D?

4, In playing the game of TOUCHDOWN, cach plaver totals
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POSITIVE AND NEGATZIVE NUMBERS 3

his score after each hand. After several hands David’s and
John's scoreeards looked like those shown below.

David John
Hand Score Total Score Hand Score Tolal Score
i) i) -1 g |
‘12 ‘18 '8 i 4
-5 ‘13 -3 *4
~15 T -2 ‘2

a. At the point in the game when David’s to(al score was ~2
and John’s total score was *2, which boy was ahead?

b. Later in the game John had a total score of *15 and David
had a total score of ~19. Who was ahead?

There are two ways to win the game of TOUCHDOWN. A

player wins if he gets a total score of *30 or more. He also wins

if kus opponent gets a score of ~15 or less. It a core of "19 less

than a score of ~15?

. a. ! you combine two losses, is the result a loss?

b. If you combine {wo gains, is the result a gain?

¢. When would a gain and a loss cancel each other, so that
the player would break even? How would you represent a
break-cven srore?

d. What results are possible when you combine a gain and a
loss?

The numbers you have been using to deseribe gains and losses
(and breaking even) are called infegers. The set of integers
is listed below.
“" 1_3‘ -2| _ll 01+1v+2| +3! - Il'
The symbol “~3" is read “negative three.” The symbol **3" ix
read "positive threr" And the symbol “0" is read “‘zero.”
a. Which integer would you use te indicate that you broke
even?
b. The set of integers is listed in & special way., What tellx
you that "4, 75, and ~6 are members of the set 2of integers?
¢. What tells you that *4, *5, and *6 are members of the st
of integers?

10
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A Foorpant Gavk -|

You can change the game of TOUCHDOWN to make it a
FOOTBALIL game. Draw a diagram of a football ficld on a large
picee of caidboard. Draw linex to represeni the yard markers and

one move for each hand of cards=.

[fse the same deck of cards th: ¢ you wsed for TOUCHDOWN.
Iet each hand of four cards rep..sent four downs. Let each red
card stand for a loss of as many yards as the number on the card,
and each black card for a gain of as many yards as the number on
the card. Tet each ace stand for a completed forward pass that is
good for a gain of 15 yards. If you tile, put the Jacks in the deck of
cards, and let each Jack stand for a 5-yard penalty.

Ta start the game, flip a coin to sce who kicks off (deals the cards).
Axsume that the kick-off is always received on the receiver’s40-yard
line. Play a game of FOOTBALL. Play four 10-minute quarters.

3 [¢]] o2 08 O 05 Ob 0% [0 fo ] 9]
\ f
I el ]
; i

na
<

7
l
1

JJ!ii{

0 20 30 40 50 40 3 20 10O G

When waould you say that a playver has made a first down?
When would a plaver lose the hall on downs?

When would you say that a player has made o tourhbdown?
H your opponent has the “bal),”” when would you scure a safet v?

11
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The set of integers ean be separated into the following subsets:
Negafive Integers 71,72, - )
Positive Jutegers 171,12, ... §
Zero 101

o. Which subset is used (o represent losses?

b. Which subset is uscd to vepresent hreaking cven?

¢.  Which subset i used to vepresent gains?

a. In the gante of TOUCHDOWN), does a loss result in a
lower or a higher score than breaking even?

b. Docs a gain result in a lower or o higher score than breaking
even?

¢. Do you think cach negative iuteger is lexs than zero?

d. Do yon think ecach positive integer ix greater than zero?

"

The symbol *“ <" means “is less than,” and the symbol “>
nieans “'is greater than."” Translate each English sentence into a
mathematical sentence. Hint: Rewrite cach sentence using
only mathematical symbolx.

Negative four is tesx than zevo.

Positive one is greater than zero,

Zero i greater than negative ten,

Negative ten ix less than negative three.

. Positive fifteen is greater than positive ten.

Positive three i= greater than negative onc.

o s g0

Which sentonees in exercise 10 are true?

Using gains and losses ax seores in the game of TOUCHDOWN,

ean you think of a way to decide which of twa integers is greater

and which is less than the ether?

a. Does a losx of 10 points result in a lower =core than a loxs
of 5 point«? s it (rue that 710 < ~5?

b. Deexa Joss of 3 points rexult in a lower xcore than no Joss?
I<itfrue that "3 < 0?

c. Docs every loss result in a lower <core than a gain? Is it
true that "1 < *2?

d. Is zero greater than every negative inleger? ls it true
that 0 » -2?
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e. Is zero less than every positive inleger? Is it true that
0 - %3
f. Read the sentence below. Is the sentence true?
“1<o <t
¢. I the following sentence irue?

2ottty
13. Combining gains and losses suggests the idea of additior.
Suppose that a football player gains 7 yards on one play and
Joses 10 yavds on the next play. The result is a net loss of 3
yvards for the two plays. This idea can be expressed by using
the mathematical sentence below,
7470 ="3.
This sentence is read “Positive seven plus negative ten equals
negative three.” Write a mathematical senteaee for euch of
the following:
a. A loss of 5 yards followed by a gain of 9 yards results in
a net gain of 4 yards.
b. A gain of 2 yards fol'owed by a loss of 2 yards results in
a net yardage of 0.
¢. A gain of § yards followed by a gain of 3 yards results in
a net gain of 8 yards,
d. A loss of 4 yards followed by a loss of 2 yards resulls in o
net loss of 6 yards.

Gains and lusses suggest the idea of positive and negative
numbers. Gains suggest positive numbers. Losses sugyest negative
numbers. Breaking even suggests a numbcr that is neither positive
nor negative. This number is zero.

The sct of all positive numbers, negative numbers, and zero
includes a special set called the set of integers.

Using gains and losses as scorns in a game suggests a way of
teling which of two integers is yreater and which is less than the
otker. Since & gain results in a higher score than a loss, any positive

1o
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integer is greoater than any negative integer. Furthermore, zero
is greater than auny negative integer and less than any positive

integer.

'The sentence below tells you the order of the integers in relation
tc each other.

i3 <cTIcoct i et ety

Combining gains and losses suggests a way of determining what
the sum of two integers should be.

1. Integers ran be used to exptess ideas other than gains and
Yosses. What integer is suggested by cach idea expressed below?

a.
b.
€.

d.
0.
f.

g.
h.

The temperature outdoors is 32 degrees below zero.

You make a withdrawal of $20 from the bank.

Jim’s xcore on a mathematics test is 10 points above the
class average.

The eity of Denver is 5,280 feet nbove sea level.

The countdown was stopped 10 seconds before blast-off.
You deposit $17 in a savings account and withdraw $15.
Death Valley is 282 feet below sea level.

The elevation of New York Cily is said to be “'sea level.”’

2. Use an integer to deseribe each of the following situations.

a.
b.
<,
d.
e.
f.

g.
h.

The temperature is 25 degrees below zero.
Peter spent 88,
Carol earned $10.
Marge paid a dental bill of $45.
Ray received a royalty check for 8721.
The airplane cruised at an altitude of 35 000 feet.
The submarine dived to a depth of 3,000 feet.
The stock market average was down 3 points.
‘ollowing a losa of 9 points, what would you need to hreak
even?
Followir.¢ a gain of 4 points, what would voti need to break
even?

14
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¢. For any loss is there exaetly one gain that will cancel the
loss so that you will break even?

d. Fur any gain is there exactly one loss that will cancel the
gain so that you will break even?

. Bookkeepers sometimes record the amount of money paid for

expenses in red ink and the amount of inoney received in black

ink.

a. If this scheme is used, how ean you tell if there are more
expenses than receipts?

b. How can you tell if there are meore receipts than expenses?

¢. What do you think the expressiv.i “in the red” means?
What does “‘in the black' mcan?

d. What does it mean to say “the hooks balance”’?

Translate rach of the following inte a mathematical sentence.

a. A gain of 8 followed by & gain of 5 results in a net gain
of 13.

b. Aloss of 4 followed by a loss of 7 results in a net loss of 11.

¢. Aloss of 5 followed by a gain of 5 results in breaking even.

d. Alossof 10 followed by « gain of 3 resultsin a vet 1ess of 7.

e. Alossof 5 followed by a gain of 11 results in a net gair of 6.

. Complete each sentence so that the resulting sentence is {rus,

a. Y347 = ____. ¢ W3 4+"14=___.
b, 10 4+l = ___ . A 7T 4tT =

. Complete each sentenec using whichever symbol, =, <, or >,

makes the sentence true.
o, 725 %15 10, e T4 .72 4 75,
b. ¥3 +-2___0.

. For cach integer, what integer ~hould you add so that the sum

will be zcro?
a. Y17 b, 712 e Y09 d. O

. I the sum of two integers is zero, then each intoeger is the

opposite of the other.

a. If aninteger is po. tive, what kind of integer is its opposite?
b. If aninteger is negative, woal kind of integer is if s oppogite?
¢. What is the opposite of zern?
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Integer i~ my name.

A line is my nation.

A point is my dwelling place.
I am a destination.

This poem may seem like a pr- " It suggests that integers
can be assigned to points in a line. The poem also suggests that
if you take a trip along a line, your destination will be a point to
which an integer has been assigned.

Shown below is & line that has been divided into segments of
the same length. Each segment is one unit long. The integer 0 has
been assigned to one of the division points. This is the usual way
to start assigning integers to points in a line.

« 0 . »
In the next diagram, positive and negative infegers have been

assigned 1o points in a line according to the following order.
Tt 3<c2<ct1cocicta eIty
Such a matching of points and numbers is called a number line.

R S B I R BT I S 7
Since the positive integers and zero can be matched with the
same points as the familiar set of whole numbers 10,1, 2, --- 1,
we can use the positive integers and zero in the same way that we
use whole numbers. Therefore, from now on we will write 3 in place

of *3, 7 in place of *7, and so on.
. e
Class Discussion i! ]

1. As you go to the right along the number line, do numbers
beeonie larger or smaller? What happens as you go to the left?

2. Look at the diagram below. The two segments above the line
show a pair of trips, The arrow tips indicate dircction. The

16
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first trip starts at 0, and the second trip starts where the first
trip ends,

:I . First Trip
| |
Second Trip | 4: !
West b b Easy
5 4 3 "2 Q i e 3 a 5

! 1
! (
Result L '

1

o. Is the direction of the first trip cast or west?

b. How many units long is the first trip?

¢. What is the direction cf the second trip?

d. How many units long is the sceond trip?

e. Now think of a single trip that starts where the first trip
starts and ends where the second trip ends. What is the
direetion and length of this trip? We will call this new
trip the resull of the first and sccond trips combined.

3. You can find the result of two consecutive trips along the
number line by vounting unit scgments in the direction ¢f the
first trip and then rounting unit =cgments in the dirccetion of
the second trip, Below ix a sherthand way of deseribing two
consecutive trips and the result.

—_— l:‘ ~—
34+ 5 =2,

The sentence is read: “A trip of three units east followed hy
a trip of five units west has the result of a trip of two unitx

wesl.”

Translate each sentence into English.
- — — — —s —3

o. 8 +10=2, . 94+ 2 =1I1.
—3 — €— - €« «——

b. h + 6 = 1. d. 15 4 17 = 32,

4, In each exercise, find the missing trip.
0. 13 + =h. ¢ 100 + 100 = __
b.___+ 8 =12, 4. 164 =19,

e
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5. a. What wul be the final destination point if you take a trip

b.

of 8 urits cast and follow it by a trip of 5 units west?
Suppose you first teck a trip of 5 units west and then
followed it with a trip of 8 units esst. Would you arrive
at the same destination?

Do you think reversing the order of two trips will change
the result?

6. Decide whether or not each sentence is true.

— = — —»
a 2+ 8 =8+ 2,

— —
3.

— €
b. 3 +11 =11+

— — —
€. 15422 =224 15.

-—

7. You can find the result of three trips by eombining the result
of two tiips with the third trip. Complete cach sentence below.
Comy.are the final resuliz,

-t — e — —
a. (5 +3V 41 =8 4+12= __ .

b,

—
HJ

-3 - — «—
+3 +12) 34 0 =

8. Complete each sentence below. Compare the final results.

¢ —+ — — —
a (2 +1M+ 7 =847 =___

b,

T4+ N =T+ =

9. Dees changing the grouping of three trips ehange the final
result?

a.
b.

11, In cach excrcise, find the missing trip.
0. O + T -
b. 6 +0=_

10. The trip symbolized by ¢ ix called the zero trip.

What is the starling point of the zero trip?
What ix the endpoint of the zero trin?

[ i—d +6 .

12. If the zero trip ix combined with uny other trip, what is the

re~ult?



1 2 Experiences in Mathemarical Discovery
. In ¢-.ch exercise, find the missing trip.
—) —
a. 4 4 4

N —
b. 7 4+ 7 =

. c. 0 + 0 = .
—- .
d. 2 + =0.
—
e. — 4+ 6 = 0.
14. Suppose § is the result of two trips.

a. Do the two trips have the same length?
b. Do they have opposite direetions?

15. Two trips that have the same length and opposite direetions
are referred to as “opposite trips.” Give the opposite trip for
each of the following.

— «— —)
a. ¢ b. 9 c. 10

In the Class Discussion exercizes above you saw how to assign
integers to points in a line. You also saw how to take trips along
a line.

Each trip that starts at zero corresponds to exactly one integer,
and each integer corresponds to exaetly one trip that starts at
zero. The table below illustrates the idea.

You ean find the sum of any two iategers by using the number
line and the idca of combining trips. The idea of eombining trips is
related to adding integers. The properties of addition of integers
are summarized below.,

1. The sum of any two integers is an integer.
If  and y represent integers, thea x + y represents an integer,
Q
(]
19
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2. The order in which two integers are added does not affect the
sum.
If z and y represent integers, then r + y = y + .

3. The way in which three integers are grouped when adding
does not affect the sum.
If x, y, and 2 represent integers, then
Tty +2) = +y +2
4. Adding zero to a given integer results in the given integer.
If x represents an integer, thenz +0 =0 +x = r

‘ 5. Each integer has exactly one opposite.

; If x represents an integer, then there is exactly one integer y
which when added to z gives zero.

Also, if z + y = 0, then x is the opposite of y, and ¥ is the
opposite of r.

Zero is its own opposite; that i5, 0 + 0 =

HRT rorehoh2 SR

1. In this exercise you are asked to make a slide rule for adding

integers.

a. Cut out two reetangular strips of cardbourd as shown in
the dingran below.

b. Mara off one edge of each strip into segments one-half
inch long.

¢. Label the marks on the edges of the rectangular strips
with integers as shown below.

{64‘18(2’9 372 1 O 2 3 4 6
N O O O
ed 44 hd ST T LT
B Scale
Q

DN
<
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2. Now let's use the slide rule to find the sum 1 + 4.

a. Since 1 is the first number of the pair to he added, maove
the B scale to the right until the 0 on the B seale is below 1
on the A =eale.

b. Since "4 is the seccond number of the pair to be added,
loeate 4 on the B scale. Directly above =4 on the B scale
is 73 on the A scale. Thus, 73 is the sum of 1 and 4.

A Scale

65 4 "3 2 "1 0 1 2 3 4 5
N Y N T e A
ATTTITT T

§

3. a. Would you have to change the «lide rule setting shown in
exercise 2 to find any of the following sums?
I+ 1 141
14+ 72 I +2
1+73 143
174 44
1475 145
14706 140
b. ¥Find ecach sunt in exeicise 3a.
¢. Can you find the following sums with the slide rule shown

in exercise 2 if you move the B seale (o a different setling?

Explain your answer.
b+ 6
1+ 7

1477

14+ 78

d. Use your slide rule to find each cum. This may take a Little

praetice, but doa’t give up.

A4 75 342

p—

2472 EE
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4, a. ["se your dide rule to find cach sum.

1471 1474 3472
172 A4 442
34 2472 3473

b. Is cach sum a negative integer?
c. Do you thitk the sum of two negative integers is always
a negative integer?

5. a. Use your slide rule to find each sum.

141 141 342
241 1+5 142

' 143 242 343
b. Is cach sum a positive integer?

¢. Do you think that the sum of two positive integers isx always
a positive integer?

6. a. Usc your slide rule to find each sum.

T2 5 3471 64 4
A4 343 48
443

b. 1f vou add a positive integer and a negative integer, the

sum ean be _ S ¢ | S

7. a. Use your +lide rule to find each sum.
0+ 4 440 640
340 042 140
b. Explain how your slide rule ean be used to show that adding

zero to a given integer re~ults in the given integer.

8. The slide rule you u=ed for adding integers i~ really a simple
computer. The diagram in figure 1 represents a comjauler
for adding integers that is even simpler. This computer is
called a nomagraph. It bas three parallel seales, A, B, and (.

ERIC
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Each seale is perpendicular to a zero line. The A and B scales
are the same distance from the C scale. The length of the
unit segment on the A scale is the same as on the B scale.
The unit segment on the C seale is half as long as on the A
and B scales. Make a tracing of the nomograph or make an
enlarged copy.

Nomograph for Adding Integers
C

" B
6 12 6
|
5 [$} 5
9
4 8 4
) 7
3 6 o
5
2 4 2
3
\ 2 1
() (I) O] Zero
Line
-1
-y -2 -
-3
-2 -4 -2
-5
-3 -6 -3
-7
-4 -8 -4
i -9
-5 10 -5
: -t
: -6 ‘12 6
Fig. 1

9. Printed at the right of the nomograph shown in figure 2 ix the
‘ mathematical «ontence § 4+ 76 = 72

«

29
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Nomograph for Adding Integers
A C B

6 12 6
n
‘5 10 5
K 9
4 8 4
7 4+-6="2.
3 6 3
5
2 } 2
3
1 2 1
1
0 0 0] Zero
- Line
1
"1 -2 -1
-3f
-2 4t -2
-5
-3 -6 -3
-7 \
-4 -8 " -4
-9
-5 10 -5
N N
) -1 -6
Fig. 2

The red line crosses ihe A scale at 4, the B scale at 76, and

the € scale at ~2. Is =2 the smn of 4 and 76?

a. Find cach sum below, using a ncmograph. Use the cdge
of a ruler to line up points on the A and B scales. The sum
will be on the €' scale.

6470
I |
o+
244

54
g4
0t+0
242

5 G+
1 5473
146
340
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b. Complete cach sentence.

(1) The sum of twoe negative integers isa .. integer.
(2) 'The sum of two positive integersisa ._______integer.
(3) The sum ¢i a posifive integer and a negative integer is
o , OF —
(4) The sum of an integer and its opposite is . _.
(5) The sum of a given integer and ________ ix the given
integer.

10. Do the positive integers and zero behave like the whole numbers
when adding?

11. By experimenting with the nomograph, try to discover haw
to subtract integers.

ST

31 Subtracting by Adding

Miss Thomax wrote “s — 5" on the chalk-
board. The students Iaughed Dbecauvse they
thought Miss Thomas had made a misake.
Alice, one of the students who =at near the
chalkboard, exclaimed quickly, “You ean’t =ubtract 5 from 3!

“Why not?" asked Miss Thomas.

“Beeauwse 5 is greater than 3," replied Alice.

“Well, ean you =sabtract 3 from 577 asked Miss Thomas,

“Yex," said Alice, “The answer 22,7

“How da vou know that 5 minus< 3 cquals 277 asked Miss Thomas,

“Beeause 2 plux 3 cquals 5, =xid Alice.

“Then," =aid Miss Thomaz, “all you have wo do to find the
difference 3 — 5 is to find 4 mumber which when added to 5 gives 2.

“But there 1= na such number,” pleaded Alire.

“let's look at the nemograph,”” said Miss Thomas,

The nomograph n figure 3 shows that 72 4 3 = 3 is a truc
sentence, The red line ceosses the A seale at "2, the £ scale at 5,
and the € seale at 3.

2o
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Nomograph for Adding Integers

A C B
6 12 6
1
5 {¢; 5
9
- 4q 8 4q “2+5=3.
7
3 6 3
5
2 4 2
3
1 2 1
0 (l) 0 Zerc
\ 1 Line
-1 -2 -1
-3
-2 -q -2
-5
=3 -6 -3
-7
4 -8 -4
-9
-5 -10 -5
1
-6 -1z -6
Fig. 3

Now cover up the A sca.. with your hand. This ix like asking
“What number plus 5 equals 377

45 =3

Or, what is the same thing, “3 minus

5 equals what number?”

3 == ____.
' The answer to each question ix "2, Using Alice’s argument.
A—5= 2 heeatise T 45 = 3.

ERIC
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Closs Disc ssion ;3
Complete cach sentence,
a,. "2 -6G=___ hecause ___ 4 6 = "2,
k.3 —~4=___ beeause ___ +4 = 3.
¢. 71 —"3=___ beeause ____. +73 ="1.
d. __ — "4 ="3 because "3 + 4 =____,
e. 5 — __ . =706 becawse "6 4+ __._ = 5.

The two mathematical :entences helow are said to be related.
The first is a subtraction sentence. The second is an addition
sentence.

2 -6 =4,
4 +70 = "2,
Write the aelated addition scntence for each <ubtraction
sentence.
a.2 -3 ="1 ¢. 4 — 75 =r.
b, 3 -2 =1 d. "5 - " = x.
Suppose you want to find the difference of =3 and 2.
a. Begin by writing a subtraction sentence that hax "3 - 2

on one side,

b. Write the related addition sentence.

<. Solve the related addition seatence,

d. Cheek your solution using a nomagraph. If your solution is
corract, it ix the difference of =3 and 2.

Suppose you want te find the difference of 5 and ~2.

Follow the steps helow.

a. Write a subtraction sentence,

b. Write the related addition scntenee,

¢. Nolve the addition sentence.

d. Cheek "¢ xolution of the addition sentence using 8 nomo-
graph. i your solutien is rorrect, it i< the difference of 4
and ~2.

a. What &= the »um of 4 and ~4?

b. Ix the sum of an integer and its appesite alwavs zain?

<. What is the sum of any given integer and zero?

d. Is the sum of a given nteger and zero over zero?
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6. Use the ideas in eacreize 5 to find the difference of 5§ and 4.

10.

1.

a. Follow =ieps (1} through (7).

(1) Let x represet the difference. x
(2) Write a subtraction sentence. 5—-"4 =1
{3) Write the related addition scntence. r + 74 = 5.
(4) Add the opposite of "4 to

each side. r+4) +4=5+4.
d) Group ~4 with 4. r+(4+4)=5+4
(6) Find the sum "4 + 4. r+0=5+4
(7) Find the ~um r + 0, r=25+4.

b. Compare the open sentences in steps {2) and (7):
53— 4=1r and r=5+4.

<. Do you agrec that 5 — 74 = 5 + 4?7
d. Do you ngree that 5 — =4 = O?

. Does subtracting an inleger have the same ¢flect as adding ils

opposile?

Sxplain what the title of Sect .1 3 means.

Which of the following sentences are true?
0.9 -5 =984 75
b.4 -1 =4 4+ "1,
¢. 7 —0=7+4+"0.

Il

Suppose you have ten marbles and lose five.

a. Express thix idea ax the difference of two intepers.

b. Express the same idea as the sum of two integers.

¢. Does subtracting  positive interer have the =ame effect
as adding its opposite?

Suppo=e you are peralized Ave vards in a foothall game. You

can uae the integer =5 to deseribe this situation. Suppose next

that your epponent declines the penalty. Thix i< like taking

awiy a five-yard penalty,

a. Express the above idea 1w the difference of two integers.

b. Express the same idea ax thie sinn of Cyvo integers,

¢. Docs sabtrarting a negative ifeger Niave the same cffect
as adding it opposite?
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. When working with whole numbers you cannot subtract a

larger number from a smaller number.

. With integers, however, you ean subtract a larger numbe-

from a smaller number. For example, the difference 2 —
cquals 75 beeause 5 4+ 7 = 2.

. One way to find the difference 2 — 7 ix to change 2 — 7 ta

2 4+ ~7 and then add. It is beeanse we ean do this that the
presert section has the title “Subtracting by Adding.”

Subtraction of cne integer fromn another is always possible.
If r and y represent integers, then x — y represents an integer.

. Reeall that if the order in which two integers ae added is

changed, the sum is «till the same. For example, 2 + 73 =71,
and 3 + 2 = ~1. Subtraction of integers does not have this
proparty. Only one example is needed to show this:s — 71 = G,
but 1 — 5 = ~6. When the order of {wo integers in a =b-
traction is changed, the differences are opposites of cach other.

. Reeall that when adding, the way in which three integers are

grouped does not affeet the sumn, Subtraction of integers does
not have thix property. The twa mathematical sentences
below are xuflicient to show this.

2 (=R =2 — (T4) =5

-5 -8=(3H~-8="1.

. Slide rules and vomographs can be used to add iutegers and

to subtract integers. Of course, if you want ta =subtract 579
from 2471 you will need ar awfully big slide rule or pomo-

graph.

1. Use any mcthod yau know to find the following differences.

a.
b.
c.

29

5 -8 d. 11 — 8 g. 18 — 2
6 -2 e. 14— 20 he "12 = "12
1210 fo6 -0 o721 — 21
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i» 17 — 18 n. 27 — 56 r. 35 -0
k., 43 — 43 o, 27 — 736 s. 13 —-720
1. 743 — 43 p. 27 — 756 720 - 13
m. 43 - 743 q. 14 -0

2, Find the difference 4 — 2 uxing the slide rule that you made
for adding integers.

a. Move the B scale =o that 0 is below 2 oz, the A scale.

b. Look for 74 on the A seale,

¢. Read the difference (answer) from the B seale dircetly below
~f on the A scale.

d. Is your answer "G7

e. Isit true that 74 —= 2 = ~6? How would you check?

£, Isit true that =6 + 2 = ~4? Cheek your answer by using the
slide rule.

3, Vind cach diffcrence wsing the slide rde. Choek each answer
hy adding.

a. T — 6 i H— G s, -2
b. "4~ 7H k, 2 -3 o6 —TH
€. 2 -74 1. 3 -5 v. 1 -5
d, 2 — 74 m. 6 -3 v, 1 =74

. e, 4 — 2 e "o -1 w., 4 -4

’ £, =72 o. 1 -2 x. 6 — "4
g. -3 p. "2 -2 y. 2 -0
he 75 — ) q. 2 -1 I, 3 -6
o0 —-73 . "2 --73

<o
<
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i} Looking for Patterns, Stretching, and Reversing Trips

You may not recognize it from the title,

but this section is concerned with multiplica-

-3
o
b=
@

tion of integers.

Recall that the positive integers and zero
behave like whole nwmnbers when adding. ‘The
same is true when multiplying. Look at the
“2” table at the right. A dot (<) has been used
to show multiplication. The part printed in
black is a multiplication table of 2's for whele
numbers, This part is also a multiplication
table of 2's for positive integers and zero. Tha
red part involves multiplication of negative
integers.

We will call the number hefore the dot the
first factor and the number after the dot the
sccond factor. The number following the
equals symbol =" is the produe!.

Look for a pattern in the table. Notice
that the first factor is the same in cach line.
The second facter decreases by 1 with eaclh
line. What happcns to the produr (?

* e % s+ o+ o+ s e s

OC—=NWdPUON®Y

PN NN NN

nnnnan

I

N ONPOODONEDD

N
Il

I

(R R

t

. . eom
Cluss Discussion  4g
4

1. Buppose you continue the pattern started in the =2
The next line will he
271 =8,
a. What will the next line be? And the Ik o after that?

b. is 2 the first factor in cach line?
<. Docs the product decrease by 2 with each line?

P

table.

d. Do you think the product of 2 aud a negative ‘nteger is

always a negative integer?

31
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2. Muke a “3" table. Use 3 as the first factor. The first two lines
of your table should be

3-9
3.8 =

a. Docs the product deerease by 3 with cach line?
b. Do you think the product of 3 wnd a negative integer is
al'ways a negative integer?

3. Make a “4” table.
4, Make a “5" table.

5. In the tables you made, is the product of

I
[E
—

a posilive inleger and a negative integer [ Another'2"Table |
always a negative integer? _92 =8
6. Another “2” table is started at the right. 8+2=16
In this table, 2 is the second factor in each 7.2 = 'g
line. g g - ',0
a. Deszeribe the pattern of produets. 4.2=28
b. Do produets in this table deerease by 32.2=28
2 in the samne way as in the frst “2" 22=14
table? L-2=2
<. Do you think a negative integer times _0 ) E = _9
a posilive integer always equals a neg- ; . 5
ative integer? -3 .2 =76
7. Make a “3" table having 3 ax the xccond 4+ 2="8
5 -2 =710
factor. v
8. Make a “4'" table having 4 s the =econd
factor.
9. Make a “5” table having 5 as the sceond | ]

fartar,

Because posilive integers behave like whole numbers wher
multiplying. vou know that the product of two positive infegers
is alway= a positive integer.
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On the other hand, the pattern of products in each table shows
that a positive integer times a negative integer is a negative integer.
The order of the factors does not matter.

Class Discussion 4h

1. Look fora patternin the “ 727 tableat the ¢ 7 o0
Hgllu)' he products inrewe by 2 with | 20 2778
a. Do the products increase by 2 with 5 5 _.g

ach line? -2 . 7 =14

, 26 = 02

b. (‘onfmuo l.hv pattern of produet= on 5 . ; =-0

the blank lines, -2 .4 ="8

. T2 3 =76
¢. Does the pattern suggest that the | -5 . 2 = 4

product of two negative integers is © "2 - | =72

posiive? 2 -0=0

o= 2

2
2. Mike a “73" table. ’ -
3. Make o 47 table,

4. Make o« 73" tabie. ‘

PR g R { h

LR summony—a 44

From Summary 4o vou know that -

The produet of o positive integer (imes 4 positive integer ix a
posifive integer,

The produet of o postive inleger times a negative integer i<
a negative integer, The order of (he factors aoes ot matter.
The Class Discussion excrei~ex above should lave convineed yon

that -

The produet of a negative integer tmes g negative integer is
a positive integer,

ERIC 30
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4. The product of any given integer and zero is zero.
5. The preduct of any given integer and one is the given integoer.

Class Discursion 4c

Let us turn again to the idea of taking trips along a number
line. However, this time we shall consider only (rips that start at
zero. With this agreement, let 3 symbolize a trip of 3 units east
that starts at zero,

1. Multiplying by a positive integer greater than 1 ean be though

of ax stretehing a teip. For example, 2-3 can be thought of o
ES
The fir=t factor 2 tells you to streteh a trip of 3 units east to
twice its lengih. The diagran: illustrates the idea.

2

Origisal ]':ip

s Fast

Nest o e e s s . : B
Wella 5 a3 2y b T 2 54 8 &Y
Trip Sirctched by a Factor of 2

o. Isit true that 2-3" = 672
b. Does G represent a trip of 6 unifs cist?
2. What would multiplying by a factor of 2 do to a trip of 3 univ
west?
a. Make a disgram to show your ans.er.
b. What ix the direction of the resulting trip?
¢. \\'!1:1( is the length of the rexulting trip?

d. 2.8 = _ .
e. 278 = __ ..

3. Multiplving by ~1 can he thought of ax reversing the direeti 1
of « tip,

a. Make a dingram thal shows the tip 27 and alo the 10
indicated by =127,

b. Make o dingram that aows the tp 3 and also the i
indieated hy 1 -4,
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4. Multiplying by ~3 can be thought of as reversing the divection
of a trip and =tretehing it to three thues its length, For example,
~3-2 ean be interpreted axs

3.2
The diagram illustrates the iden.

Orirg_inal Trip
' Easl

w95l S G vi~ ——
9 °8 77 675 "4 "3 "2 7 2 3 4 5 6

O,‘

<
Trip Multiplied by -3

o. What is the direction of the resulting trip? Is thix opposite
the direction of 22

b. What is the length of the rexulting trip?

¢. Write 2 symbol for the resulting (rip.

d. 3.2 =__ .

5. Make a diagram to illustrate that

1.2 = 8,
6. Decide which =entences are true and which are false.
a. il-?‘; == :’b e. [),]_(; = 0
b. "4-5 = 20, £, 10-0 = 0.
e 6.3 = I8. g. 40 = 23,

d. 6.4 = 18

7. Make each sentenee trie.

.:.. o - --0
a, -1 =2}, d, -7 = __
b. 5 = 35, e 19 =

O
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s o

SRR e e e

1. A multiplieation table for in-

T wberr H S . 1 . ~
tegers i~ xtarted in figure 4 Copy Locating the (3 Sccond
and  complete the uafinished Product of 4 and T Factor
table. Follow steps 1a and 1b. 3in the Table
a. Fin(l.tho ]):m'cm in each row First /_\ /L

that is staited. Complite the Tacworl4) ——{12)
rows that are stwted. T T e
b. Find the puttern in each

column, Complete the col-
umns,

Multiplication Table for Integers

' > 9{87 "fﬂmzw ol 3-455‘]'_5‘9

|71 "!}[._f‘:i.z; f'_

J RN RS I I I
7 IO R P
[gs 1 36 30 24 le; 12 16 +o ‘-6‘1{2; ‘ [
@ o __l:so 25|20 110,50 5[0 | ; 5
?@ f '24020?16 .@48 a !o ‘;'4.‘8; L i
ts ] | sz efeisio e i1 | ;
‘2 ‘ljjl2110{816:4.2{01‘2.‘4A P !
i |\ .6‘514‘;3‘2 \;Oj'l_‘z_ (I 1! b
‘0 [5‘0[000_0 0. 0[00 b i
s e 3{2".0.';2. Lol
.2}.‘1,5.'!,\4‘JE!E'H‘N
2 U U O O A O S A BN B
R J:i{!w EEREEE N
o O
T O T
RN O N I S A ;

R IS TR AN A B B
2 T O T O O O O S S N S A O B R

. Fig. 4

O
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2. Use the table you completed to answer the following:

What rexult do you get when you maltiply any integer hy 07

b. What rc<ult do you get when you multiply a givea integer
by 1?

€. THTH = ..

d. G755 == __ .

. Doex changing the order of the factors when muliiplying

change tie result?

. Muliiply inside the parenthesex first, Then multiply by the

number outside.

a.
b.

(72:3)-75
“2.(3-75)

. Multiply inside the parentheses first. Then multiply by the

number oufside.

a.

b,

b.

3

G-("4-3)
(6-74)-°3

Did you get the same vesult in exercises 3a and 3L? In
excicixes 4a and 41)?

Do you think changing the grouping of three integers when
mullipiying changes the result? Qr does it leave the result
unchanged?

. Find each product.

a. 7-°2 k. 2574
b, ~3-8 . 72574
c. 7576 m. 16715
d. 1475 n. 18718
e. T12.712 o. "IR:I8
foo17.72 p. 21.74
g. "13.10 q. “15-°11
h. 7150 r. 11715
i, 0-7156 s. 24710
o254 ool 2
. Muke cach sentenee tie. i
a. o __. =20, € e d =)0 e. b _._ = 32
b, 8.2 = ___. d. 6712 = ___ . f. 11 =0
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. Exerclses—4b

Division and multiplication of integers are related in the same
way as division and multiplication of whale numbers, For
example,

12 + 3 =4 heeanse 1.3 =12,
Here i a seheme for using the relation between division and

multiplieation of integer= to find quotient=. Find the diagram

below in the multiplication table for integers.
TN

2y
17
|
!
Il
-~ /1

Thix part of the table tells you (hat

1t also tells you that

and that

Look at the multiplication tahle for integers which vou com-
pleted. Find ~18 in the body of the table. How many times
does 718 appear in the Lody of the table? Cheek to see if cach
sentenee ix true.

a. "18 + 6 = "3,
b. 718 + 76 = 3.
¢, I8 + 3 =74
d, 718 = 73 = ¢

LIS 9 = 72,
A B T | .
VIR -2 =70

TIN -T2 =,

el ]

T (2

’

Make each sentence true,

a. IS ¢ 2 =D heequse 9D =

b. 27 = "4 = Glwewnrc - = 27.
€. T25 4 Th = Aalwenuse - 75 = 725,
d, 15 = 78 = 3 becase 3 = 15,

WAy
<
b
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e. . + 2 = "5 becanse TH-"2 = .
f. 14 +~ 7 = ___becavuse ___-77 = "14.
g. 16 =+ "8 = ____beeause ___-"8 = "16.
h. 30 — "6 = ____Dbecause ... =G = ~30.

o AN g o~

Does 7 =+ 3 equal an integer?

. By what integer ean vou multiply 3 to get 77

Does =9 = 2 equal an integer?

. By what integer can you multiply 2 to get ~0?

If yon divide a given integer by another integer do yvou
always get an integer for the quotient?

5. Tryving to find an integer x which makes it true that

D=

is like trying to solve the multiplication <entence

b,

&0 = 5,
Is there a replacement far x which makes the multiplication
sentence true?

. I it po=<ible to divide 3 by 0?

I an integer ix different fromn zero, ix it pos=ible to divide this
integer by 0?

. The multiplication sentences on the left Lelow can be obtained

from the multiplication table for integers. ‘I'ry to complete
the related division =entences at the right.

1-0 =0. 0+0=1.
T0=0 0+0="7.
30 = 0. 0+0=
T80 =0 0+0 =

Do you sce that 0 = 0 does not represent o definite number?

Division of any mimber diferent from zero by (i< impossible,

and 0 =

0 docs not represent a definite number. For these reasons

division by i< not allnwed.

7. a. Show by u-ing multiplication that 0 =+ 6 = 0.,

JJ
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@, Is there an integer that equals 0 =+ ~9? How do you know?
<. Do you think + 0 = 3 for every integer x cxcepl 07
The last three exereives make two things clear.
(1) Division by zero is not allowed.
(2) You can divide 0 by any number except 0.

7 Exercises—de ' v

1. Suppese you have four downs in a foothall game. On the first
down you gain 3 yards; on the second down you gain 3 vards;
on the third down you lose 4 yards: and on the fourth down
you also lo=e 4 yards, You can compute the net yardage in two

different ways.
23+ 2 =0+ &
23+ 4 =271,
a. Is the net yardage in caelt caxe a loss of 2 yards?
b. Is the following sentence true?
2@+ ) =23+ @7,

2. Suppose that on Monday you lose 4 marbles: on Tuesday yen
win 5 marbles: on Wednesday you loce 4 marbles: and on
Thursday you again win 5 marhles.

a. Can you compute the net result using the expression helow?
2071 4 2(3)
b. In what other way might you compute the net result?
3. Muake ciach sontence true.
e 2 (73 4 1) = (T2 A 2 )
b. "4 (4T =M ()6,
c. IMr, vy, and z represent integers, then

=0 o bl

ERIC n
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l 5 1  Absolute Value

How far from integer ta zero place
Ix absolute value in any caxe,

In cither direction that you zip

It ix the distunee of the trip.

Do vou like the rhyme? Tt tells you what “absolute value™ means.

Look at the dizaram below, Notice that 74 and 4 are the same
distanee from zero, even though they are nn opposite sides of zero.
In cach case, the distance from zero ix 4 nnit=.

— Distance ——s— I)xemnce—
4 4

"o i é'é'c%"s’é' 7

lA
ow
W
o
)
B S
'
WY

The distance of an integer front zera i called the abselule talie
of the integer. Thus, the absolute value of 74 ix 4, and the absolute
value of 4 ix alzo 4. The two mathematical sentences helow provide
w= with a short way of expres<sing these ideas. The English =entences
an the right tell you how o rearl the mathematical sentences.

4 = {4 “The absolute value of 4 s equal to 4.
4 =4 “The absolute value of ~4 is cqual to 4."
Closs Discussion 5a

i

1. What does ab=olute value mean aceording to the rhyme ahove?
2, Look at the apen sentenre helow,
= '.
a. What replocements for 7 make the sentence true?
How many xolutions docs the open sentenee have?

41
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3. Below is a mapping diagram. Each arrow dircets you from an
integer to the absolute value of the integer.

Integer Absolute Value

a. What is the absolute value of 710: 7, 7132

b. Ix the absolute value of an integer alko an integer?

c. Is the absolute value of an integer ever a negative integer?
d. How many integers can have the same abzolute value?
e. Isit true that |~4] = |4[?

f. Isit true that |0, = 0?

g. Ix zero the absolute value of any integer besides itself?

[

. Summary—5Sa
A TFEIC T e 2-0PAL A

I. The abuelute value of @ positive integer ix the integer itself.
Example: 15] = 5.

2. 'The ah=olute value of zero is zero.
Fixample: 0 = 0,

3. The absolute value of a negative integer is the opposite of 1he
negative integer. Thao i<, the absolute value of a negative
integer i o posilive infeger,

Foxample: 74 i< a negative integer.

[ 4 = 4, which is the opposite of "4,

ERIC
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4. The abs=olute value of an integer is nerer negative.
5. An integer and its opposite have the same absolute wvalue.
Example: |77 = 7.
7] =T
It follows that 77| = {7].

; Exercises—5a -

1. Complete each ~entence.
e, 710, = . __ .. d. "0 - 20 = ____.
b. {2 = _ __. e. |710 +20, = ____.
. o) = _ . 020 — 100 = ____.
' 2. 0. 3 — Hlequals ___.

b. 5 — 3| cquals _.__.
c. 1513 — 5! less than, cqual to, or greater than 15 — 3)?

w

In each exercise compare the numbers represented by the two
expressions.

a. |76 — 4} and |4 - 70

b. 8 — "5 and|™H — §

¢. D —"§and |75 -0

Which sentenee is truc if r and y represent integers?

P

a. jr —y <y —r.
bolr —y =y - 1.
e lr -y >y =1l

Class Discussion 5b

i

You have learned to add integers by combining gains and losses,
atd by combining trips along a munber line.

a. Usc the idea of combining trips along & number Tine to find
Teormm 73 4+ 70 Mavbe you already know o shorteut for
Sdding two nogative integerss For example, you may have
thovght s T know that 3 4 5 equals S Sinee hoth trips< are
wo by answer i< TR H you did (the problom in this way,

ERIC
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you really used the idea of absolute value. To see how ab=olute
value is used to find the sun of two negative integers, complete
the sentenees helow.

b. |73 = |75 = .

e {73, + {78 = __..

d. The opposite of Sis . ___.

. Use the idea of absolute value to find the siin "7 + 4.

e |77 = |4l =
b. |77 + | — | = .
c. The appositeof __ __ix . _.

d. Now add 77 and 74 using the idea of combining trips along
a number line. Does your answer agree with the result you
got in exercize 2¢7

e. Can you find the sum of two negative integers by adding their
absolute values and taking the oppoxite of the resulit?

. Use the idea »f abzolute value to find each sum.

0. 783 + 706

b. “862 4 "284

Da you think the idea of absolute value is useful in finding the
sum of two positive integer=? Try uxing the method of exereixe 2
to find the sum 6 + 4.

e 6] = 4l =____.

b. 6] 4 4} = ___.

¢. DoesG -+ 4 cqual 107

d

Is the sum of two positive integers the same ax the um of
their absolute values?

. a. Use the idea of comhining trips along a munbher line to find

the xum ~7 + 3.

b. Can you find the sum of a positive integer and a negative
integer by adding their absolute values?

c. Can you think of a way of adding =7 and 3 without achially
counting unit scgment= on the number line?

. oyour answer to exerdise de is Uyes,” you may have reasoned

sornething like this: T am to go 7 units west and then 3 units
east. Since 7 is greater than 3, T will subtract 3 from 7. The

44
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difference ix 4. Since 7 is greater than 3, I have gone farther west
than east. My answer should be 4 units west, or ~4."" Let us
translate this into “absoluic value” language.

MAusontrn Vave”

ExGusn Laivwe LaNovwar
1 am to g T units west and then 3 units ens(. T3
Kinee 7 i~ ey ter than 3, Sinee 17 > 13,
I will subcgact 3 from 7. The difference i< 4. Iy 13 =4
Kinee 7 1< greater than 34, Rinee 1 7] > 134
I have gone fanher west than east,
My an~wer shonld be § anits west. ARSI IR B

a. Camiplete each sentenee on the vight,

CARseLrie Vate”

Pautesn Toasvat Toover v
T o 4o ga Goanits wesn and then 13 units east, L =
Sinee s greater than 6, Sihee .—-- \ > |---1
[ will ~olitract 6 frean 1A The differonee i< 4, [ B I I
Kince 13~ geater than 6, Sile - ‘l >1 -~
1 have gone faother east tha west.
My arswer shonl] be 9 units east. cm e b e e

b, Use the ides of ab=olute value to find the sum 16 4+ 28,
¢. Use the idea of abisolute value to find the sum 110 4 5i6.

[

v

Summary—-SB N,

Sy S AR T BT

To find the s of two positive integers, find the sam of their
ahsolute values,

To find the sum of two negative integers, lind the sum of
their abaolute values and take the opposite of the 1esult.
To find the st of o positive integer and o negative infeger,
Legin by subtracting the bo<sor absolute value from the greater
abisolute value, I the poxitive intoger has the greater ab-nlate
value, the =um s positive. If the negative infeger has the
greater abi=olute value, the sumy is negative,
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Exercises—5b

1. Find cach sum, using the idea of abrolute value.

a. b+ 7 e. 12 477

b, "3 + % f. 35 + 778

c. 9473 g. 10 4+ ~46

d. 84 4 727 h, 467 4+ ~28

2. a. SJuppose both r and y reprezent negative integers, then

r+y=the ____of & +y.

b. If both & and y represent positive integers, then o + g =
el + ___ .

3. a. Does 3 + 4 equal H + 472
b. Docs the absolute value of the sum of two positive integers
cqual the sum of their ab=olute vialues?

a. Does =7 +°8 = '"7. 4 787
k. Docs the absolute value of the =um of {wo negative integers
cquat the sum of their ab=olute vilues?
5. a. Suppose both r and y represent negative integers. Is the
following sentence true?
artoyl= e o

b, Ixthis=entence true if 1 and y both represent positive integers?

o Exercises—Se .

The idea of absolute value ean be used 1o find the product of
two integers. Use the rules helow as a guide,
(1) First find the product of the absolute vialues of the two
integers.

(2) If the two integers are v the same =lde of zera. the produet
is ]]nsi“\'l‘.

(3) I the two integers are on apposite sides of zero, the product
1% negative,

(4) W either integer is zero, the produet is zero.

4t
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t. ¥ind the produet ~3-5.
a. |73]:5] = .
b. Are ~3 and 5 on epposite sides of zeio0?
¢. Does =35 equal the opposite of |73]-,5]?
d. 735 = .

2. Find the product ~4-77.
o, 74177 = .
b. Are ~4 and 77 on the same side of zero?
¢. Dows 477 = ["4]-[-71?
d, 477 = ____.

3. 0. Are’5 and G on the sawme side of zero?
b. Docs 5-6 = 15[-'6]?

4. ¥ind ecach preduet.

. e. ~10-0
b, 077
5. Use the idea of absolute value to lind each product.
a. 1514
b, “19.730
¢. 1007100
d, (T4-76)-710

e, [(T7-72).70]"1

Which sentence is fal=e?

a. {75177 = 17577,

b. 16/-]°07 = 16--9;.

¢, [73,-18 = ["3-8.

7. Suppose x and y repre=ent jntegers. Are there replacements for
x and y that make the following sentence false?

&

Lej sy = irenl

o Sun;mdr;v-&

it A AT ceee VAT b

The product of two positive integers is positive,

The product of two negative inlegers is positive.

The product of a positive integer and a negative inleger in either
order is negalive.

ERIC

.
4,



PCSITIVE AN NIGATIVE KNUMEZERS 4 ]

The product of any integer and zero is zero.

The absolute value of the product of two integers is the product
of the absolute valnes of the integers, That is, if x and y represent
integers, then

BRI NE

Summarized helow are statements of the properties of multipli-
cation of integers.

1. The product of twe integers is an integer.

11 & and y represent inlegers, then r.y represents an integer.

2. The order in which two integers are multiplied does not affect

tne product.
1f x and y represent integers, then roy = y-r.
3. The way in which three integers are grouped when multiplying
does not affect the produet.
If x, y, and 2 represent integers, then r-(y-2) = (r-y) -2
4. The produet of any given integer and 1 is the given integer.
I #represents an integer, then 1-x = 201 = .,
5. The produet of any given integer and zero is zero.
H x represents an integer, then 50 = 0.6 = 0.
6. NMultiphication of integers distributes over addition of integers,
I x, y, and 2 represent integers, then
r(y + 2} = (r-y) + (r-2).

-t

i :
R

; Traveling on the Ralionol Railroad

The Ratioual Railroad gives the public unusual service. Al
trainx =top at the station. Train No. t stops at every mile marker.
The diagram shows several mile markers eaxt of the station.

.
[, | ™ M o

Westg e s e - .
Station ¥ mi. 2 mi. Imi.

ERIC
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Train No. 2 stups at every mile marker and halfway between
every pair of mile markers, The distanee hetween stops is 4 mile.
The red marks in the diagram helow indicate stops for Train No. 2.

N

y M o
e g il - - i - - ~.4 East
Station  Lmi. Imi, 13 mi. 2mi. 2%mi,  3mi.

Train No. 3 stops at every mile marker and also at points that
are 1 and 2 of the distance from one mile marker to the next. The
distance between stops is § mile. The red arrowheads in the diagram
below indicate stops for Train Nu. 3.

9. .8 8

Westeqoor ¥y Yo r ¥ 7 ¥ ¥ ¥,Fast
lation § I 1§ 2 2% 28 3
mu

m. mL mi. mb mh mi mb mi.

West ¢

Train N 4 stops at every mile murker and at points that are §,
1, and ? of the distance from ene mile matker o the next. the
distanee hetween stops is 1 mile, The red blocks in the disgram
helow show stops of Train No. 4,

e B v; SR . [ -‘l E i;_.s‘.,hasi
Stetion i oz % ! g '3 13 2 2523 2§ 3
mL. ML M. mt. m. m. ML ML ML ML M. mi,

West

Suppoxe that the pattern of stops for Train Nos. 1, 2, 3, and 4
‘s eontinued for each additional train that i< put into service, and
tnat the supply of trains is untimited. The distance between stops
for Train No, 5 will he § mile. The distance hetween stops for Train
No. 6 will be & oanile, and so on. You ean e that if the Rational
Railroad putx more and inore trains into serviee, stops hecome
closer and closer,

For any stap cast of the slation there i« exactly one stop that
i< the ~amie distanee west of the ~tation. See the diagran below,

S Tl

The diagram shows that awmbers can e assigned (o stops on
the Ratienal Railroad. Let us eall the mnnbers that are assigned

Wesl JFast

49
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to stops east of the stalion pesitive rational numbers, and those
that are assigned to stops west of the station regalive rational
numbers. The number assigned to the station stop is the rational
number zero.

The set of numbers that can be assigned to the set of all stops
on the Rational Ralroad is ealled the st of ralivaal numbers. There-
fore, you can think of the Rational Railroad as a number line. As
the diagram above clearly shows, the integers belong to the et of
rational numbers. In other words, the xet of integers is a subset of
the et of rational numbers.

Cluss Discussion ba
{ e @

1. Make a copy of the namber line below and assign numbers to
all point= indieated by dotx.

D e S di I R I R I I N I I P I T T T S e

1 O 1 2

2. Use the idea of xuccessive trips along a number line to find each
=um.

°~%+£ e :;_54_‘2%
b, _% + 1 f. ‘3_‘!2 + 2i
¢ _.%+i g. 3;;+'-z}
d. z; + 11 h. ‘1_}, + "zi
3. What number is the opposite of each of the following?
o, : d. ‘.’l g "{é
b. _2 e. _'.’l h. 'I:
<. _'} f. I!.’ i :%Ii
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4. Yor each number listed in exerci=e 3, find t1.2 sum of the number
and it= opposite.

o

To ~ubtract one integet from another, you added the opposite
of the sceond integer ta the first. Use this idea to find the differ-
ence in each exereise. Use o nuniber line if yvou wish,

a. ]1 - 1, e. ‘:;,E - ’1}
b 1—__1, foay ~ 2,
c.z——hi- g.—l.}—f%_l
d 3 — 2, ’

Below ix a sumtmary of the properties of addition of rational
numbers,
1. The sum of two rationad menbers ix again o rational number.
If & and g represent rational nambers, then x4y represents
a rational number,
2. tYhe wrder in which two rationa) numbers are added does not
affeel the sum.
I & and ¥ represent rational numbers, then &« + 4y = v 4 .
3. The woy in which theee rational number: are grouped when
adding does not affeet the ~um.
1,y and z represent rational numbers, thenax + (y 4 2) =
(r + i) + 2
4. The s of any given rational number and z2ero i< the given
rational number.
If o represents acratiomal number, then e 40 = 0 4 ¢ =
A0 Every rationzl number hax exaetly ome opposite. The s of
a rational nuber and ix opposite 15 zero.

ERIC
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If & represents a rational number, then there ix exactly one
rational number gy such that x + y = 0.
Zera is itx own opposite: that ix, 0 + 0 = 0,

1 .« and y represent rational numbers, then the difference & — y
cquals # + ~y. The symbol ~y may either be read “the oppoxite of

"

¥ or “the negative of 3.

5 'Exorclses—6u' "

i

i. Make a copy of the number line below and assign munbers to
all pointx indieated by dots.

“——O0-o &+ @ o e + @ & ¢ @ e T @ e s @ e v G- 0.8 —>

A N SR o i 2 3774

a. Find (ach stm. Use the numher line above if yon wish.

-1 2 -,1
- 1) .
]:4 + =3 b+ ":{

-y a2 -1
2+ 23 -l:‘ + 1

b. Yind cach ditference. Use the numaher line above if you wish.

S - 0 2
2y ! T3
O - 1
‘4 K - 'f

2, Make 2 copy of the number line helow and assign numnbers to all
A 4
points indieated by dots,

W e+ ® ® % e % * s B A e s s s e @ e e e e e gt >

"2 -1

a. Find carh sun.

Yyl !
i { [ {
‘f:’ +"2 R
{ 4 ‘
Q
ERIC
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b. Find each differcnce.

1 4 3 1 2 A - -.6

2 2 - Qo = - "o

7 7 1? 17 l? ! °7

3. Reeall that the abrolute valtie of an integer is defned as the
distance of the integer from zero, The absolute value of a rational

number is defined in the same way.

2 "5[
a. (5 = == """
¢
. 2 5!
b. 15 it {rue that E < :‘.-j?
==l b 3
. Does | 2P~ 2] = 2
e Does | {T 7

2 i}
d.7+ =

4. Use the idea of ab=olute value to find the sum ~j + i
o Blo YL
=34
. 3Tl
b. Isit true that 71 > 52
I \ - [ ] 1
BT,
e Doos - 1307 2
371
i+ ¢ =
-
5. Use the idea of al=olute value to find the sumn ') + 5
1 ~2
a. | ;) = plsb=em
X [
- -, 'l ~a.
b. I Zequalsthe —_of N 4! R
K b | i »
- T
<. *!+ =
l )
. i 1,2 1 2,
6. a. Isit truc that 3ta= 3t
1 2
b. 3 + 3= 7"

ERIC
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7. Uxe the idea of absolute value o find each sum.

: A . - 2 . ; Al

o 242 b 241 o S43 a. 3400
f] 7 4 4 a d

Class Discussion ;6b

T'o find the product of two rational numbers, ase the rules below
as a guide.

(1) First, find the product of the absalute values of the twu
rational numbers.

(2) If the lwo rational numbers are on the same side of zcro, 1hie
product is positive.

{(3) If the two rational numbers are on opposite sidex of zero,
the product is negative.

(1) 1f either rational number is zero, the product is zero
a 28 .
1. Find the product < - i Use the steps helow ax n guide.
S B

¥ i "2 3
a. First, find the product of the absolute values of 2 and Y
Bl -

o
™ .
<

!
g
Lt

P 81

i

P I B

(RO(‘:I" that 3. 4
!

36 3 )
T 20010

3 . . 3
and | opposite sides of zero?

b. Are

|

23 . .
¢ Does T | cqual a pegative number?
B B

-

_-) . .
2. Find the produet " . ! Ure the ~teps below as a guide.
. il

v
3

<
[
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) - . .
b. Are 3 and l, on tue same side of zero?
- - - |-
¢. Docs %oqunl :H ]!’
D R I
v
d 337 )
B4l
. a. Does 175 = 03 15"
3 4
. 107
. Find the produets.
S "3 0
a, l, 3 d 3.2
- %) B {
302 T3 T2
b. j 3 e j -z
J o 3D []
3 72 203
«; 7 M5
. Find the products.
35 S
° 53 13
375 1 3
2,000 o, 2
b3 3 € 37
T2 -, 1
€ 5 7 f. 3 3

. a. Docs cach produet in exercise 5 equal 1?

b. Find three cther pairs of rational numbers such that the
product of cach pair is 1.
¢. If the product of two numbers ix 1, each number is the

reciprocal of the other. What is the reciprocal of ;:; l’(): ]‘,]?

d. Is there a rational minder o that makes the following sen-
tenee true?

ro0=1.

e. Docs zero have a recipr eal?
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7. In working with integers you may have discovered that {he
quotient of two integers ix nof alwoys an integer.

a. Does 7 + 2 give you an integer for an answer?

b. Here is another way of asking the same question: Is there
an integer z for which it is tine that 7 + 2 = 2?7

8. In working with rational numbers, divisien {cxcept by zero)
is always possible. Let’s explore how to find the quotient of
two rational mimbers,

o, Dividon and multiplication are related. For example, to
divide 42 by 7 you neced to find a number r such that
-7 = 42. Do the two open sentences below have the same
solution? How are the two sentences related?

- 42 27 = r.
L7 =42,

b. Look at the next two sentences.

a.3_1

s
3 3
20510

Is the secon | sentence true? Is the first sentence true?

9. Look at the last two sentences again, and pretend yon don't

know what the quotient is when yo divide li) by t

3.3
W 5°-"
3 _:[
d 51

Do the two open sentences have the same solution?
a. The steps below show low to solve the open =entence
P I:) In the first step each side is multiplied by the

.
reciprocal of ‘ Why can you do thix?
O

ERIC
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(1) Multiply Dboth sides by _i (.r . i') . ; = l:) _;
(2) (h'oup% with ;’ r- (:? . _;> = ]:) . ;
(3) Find the product z —; c-1 = IB . ;
(4) Replace x-1 hy x. v = 1:) :;
(5) Find the product 13 . :; r= _12

b. The rational nuiber _»]) is the =olution of

3

3
R Ty

1 . . .
c. Is ) also the solution of the related division sentence?

3.3
10757
10. Solve the open sentence by solving the related multiplication
sentence.
32
PERT

Joh and David were doing their homework. The con-
verzation went soinething like this:
)

. =

John: Dave, suppos2 you had to find the quotient :I +

Why couldn’t you just divide 8 by 2 and 21 by 3? Rinee
8 divided by 2 is 4 and 21 divided by 3is 7, you'd gt

i
- for an answer.

Darid: Well| let's sce if this (-h(‘('ks.-j- . ; = ’l ,and it does
{ o -

work in this case. But does the seheme work in all eases?

Q John: Here's an example in which it doesn’t work. Find the

LRIC
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quotient : + ? You can’t divide 3 by 2, and you can't
divide 3 by 7.

David: Don't give up so casily. You know that you can multiply
the numerator and denominator of —5, by the same

nonzerc whole number and =till have the same rational
number. So multiply the numerator and denomnator

botb by 2, This gives you l(‘(l) , and yon ean divide 6 by 2.

Joln: Yos, that's great, but you ecan’t divide 10 by 7.

Darid: All right, just multiply both the numerator and de-
. G,
nominator of 10 by 7.

Johir:  Let me get this down on paper o I can remembher how
. 327 2 .
it’s done. We now have 2 N and eanceling the
.’)---
2’s in the mmerators and the 7's in the denominators
we get 3:2.
5-2.7 7 " h

Darvid: Look, John! Yeu could have found the same thing

. N MR : 2

right away if you had multiplicd ; by the recipracal of =
<)
This is what you have as a result.

Now you know why people started multiplying the dividend
by the recipracal of the divicor when dividing rational munbeus.

T SRR "q\%‘ Y
Summary-véb &
P CEL T I;'!_ e &*@
Summarized belew are properties of multiplication of rational
numbeis.
1. The preduct of two rational numbers ix again a rational
numbet.

If x and y represent rational numbers, then x-y repiesents a
rational number.

ERIC
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. The order in which {wao rational numbers are nultiplied does

sot affeet the product,
If & and ¥ represent rational numhbers, then ey =y,
1

. The way in which three rationa! numbers are grouped when

multiplying does not affect the product,
If x, y, and z rvepresent rational numbers, then »-(y-2) =
(x-y)-z

. The proeduct af any given rational number and 1 ix the given

rational pumber,
If .t represents a rational number, then v+l = 1o = 2.

. The product of any given rational number and zero is zero.

If x represents o rational number, then x-0 = 0-r = 0,

. Multiplieation of rational numbers distributes over addition

of rational numbers.
If x, y, and z represent rational numbers, then x.(y + 2) =
(x-y) -k {x-2).

. Yor each rational number x, except zevo, theve i exactly one

vational numbcer y (called the reciproeal of 1) such that
ry =1

)

ey

' 3 : Ex;rds;s—é ce

1. Vi the produets,

2073 27y
953 ©“ 33
103 2073
b. 34 d 33

7 3
93 T
9
b. i e. 10
c. 1
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2. Iind eacl: quotient.

{] !
d. T - 3

204
3t I

7T
f. - = :';

General Summarypg

Before you learned about negative numbers, you used only
that part of the number line which includes point 0 and all points
to the right of zero. In thix unit you learned that numbers can be
assigned to points that are to the left of zero. Numbers to the right
ot zero are ealled positive numbers, and nwidsers to the left of zero
are ealled negative numbers, Zero is neither positive nor negative.

When you had only positive numbers to work with, you were
not able to subtract a larger number from a smaller number, How-
ever, when you have both positive and negative numbers to work
with, subtractien of one number from another in either order ix
always possible.

For any number on one side of zero there ix exaetly one number
on the other side of zero such that the sum of the two numbers ix
zero. ISach of the two numbers ix ealled the opposite of the other.
Beeause every nmumber en the namber line has an opposite, you
can change every subtraetion probiem to an addition preblem.
That ix, to subtract a number, add its opposite. Thix is convenient,
beeatse you can always change the order in which you add two
numbers but not the order in which you subtract.

Both integers and rational nwmbers that are not integers ean
be assigned to points in the number line. While consecutive integers
are usually assigned to peints that are once unit apart, other rational
numbers can be assigned to points that are as close as you please.
Between any two cational numbers there is always another rational
number.

<
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With so many rational numbers so close together, it may surprise
you that there are some points in the number line that cannot be as-
sociated with rational nnmbers. In fact, there are an infinite number
of these unused points! If you study more mathematies, you will
learn that these points are associated with numbers ealled irrational
numbers. The union of the set of rational numbers and the set of
jrrational numbers is called the set of real numbers. Thus a real
number can be assigned to every point in the number line, and
every point in the number line ean be matched with one real
number.

ssessusssssssmmmmn  Roview Exercises meesessesesessstens

1. Complete each sentence, using whichever symbol, =, <, >,
makes the sentenee true.

a. 3 _____ 3. d. 6 ____ 2
b. 0 ____"8 e. |76 .___|2].
3 77 £ 173 3]

2. Each circle shown below has point 0 as ceuter. What numbers
should be assigned to the points labeled by letters?

// -\\\
N
/ e ™~ \
/" // T \ \
(r / \ \
. o N Y
BG PE F G
A e —
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3. Find each sum.

a "2 4+ 7 e. 843
b. 9 +6 f. 348
c. “O8 + 47 g. |73 + (8
d. 136 + 62 h. "8 + -3
4. Use the idea of opposites to change each subtraction to an
addition.
a.5 —8 =54 ___.
b.5 -8 =5+ ___.
c. 8 —-2=__ 4+ __ .
d. 6 -3 =___+ ____
e. 0 -7 =____ 4+ __
5. ¥ind each difference.
a. 3 — 8 e. 0 — 8§
b. 9 —7¢ "7 " f "5 -5
c. 12 —~°7 9. 5 -5
d. "3 — 15
6. Find each product.
a. 874 <. 312 e. 755
k. 776 d. "1-24 f. 0.7
7. For cach division sentence, complete the related multiplication
sentence.
0. 12 + 4 =3;3.__ __ =12
. 712 -4 ="3;____4=___
c. 16 +"8 =2« = ___ .
d. 20 + 5 =zx; . = ___,
e, 3 +T=w;_ - = _____,
; 8. Find each quotient.
: a. 716 + -8 ¢ 35 + 7 e. 72 + 7§
b. 20 + "5 d. 28 + 7 0 -2
; 9. Use the number line below to find cach sum.
1 -2 -5, -5 5 1 1 2
a, li 4 23 b. ](; + 2(:' €. ﬁ + 30" d. 23 -+ -{:;

AW
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Use the number line below to find each dificrence.

- 1 ; i) R |
chl-—li b..).—-l—j C. 16— ]fi
4—_—'»0—00#_.-«.&:.-&.01’0n.-...-.--.'l‘-4.4.-..o-.'ooon.—b
Make each sentence true.
o. 56 ="6-___.
b. 8 4+ (2 +6) = ("84 __) +6.
e 13 _ =0
4.9 —"2-0 4 __
e. 5 (T2 +3) =(5"3) +(B-__).
f. 74+ ____="3+7.
g 12 4+ ____ =0
ho 76 +2] = .
i. 718 = "18,
i (14 = (774).

12.

13.

(39

Which sentences are true and which are fulse?

a, The sum of a number and its opposite is 0.

b. The absolute value of a negative number is always its
oppuosite.

¢. A number con be its own apposite.

d. When subtracting one number from another, the order docs
not matier.

e. The sum of a positive number and a negative nunber is
always negative. :

f. The preduct of two negative nwmbers is always positive,

g. The sum of two negative numbers is always negative,

h. A negative numbier may be greater than a positive number.

For each exercise, decide whether or nol it is possible to replace

x and y by two integers that make the =enteace {rue. Will any

of the =entences be true for every pair of integers you might

seleet?

o 1 + |yl =[x +ul. do e, -yl =[x = yl.
bo fr + 1y > [r 4 yl. e. 3 =yl <lr ~ .
e rf o+ gl < lr o+ oyl £l =y > -yl



