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STATEMENT OF FOCUS

The Wisconsin Research and Development Center for Cognitive Learning
focuses on contributing to a better understanding of cognitive learning by
children and youth and to the improvement of related educational practices.
The strategy for research and development is comprehensive. It includes basic
research to generate new knowledge about the conditions and processes of
learning and about the processes of instruction, and the subsequent develop-
ment of research-based instructional materials, many of which are designed
for use by teachers and others for use by students. These materials are tested
and refined to school settings. Throughout these operations behavioral scien-
tists, curriculum experts, academic scholars, and school people interact, in-
suring that the results of Center activities are based soundly on knowledge of
subject matter and cognitive learning and that they are applied to tho improve-
ment of educational practice.

This Technical Report is from Phase 2 of the Project cn Prototypic Instruc-
tional Systems in Elementary Niathereatics in Program 2. General objectives
of the Program are to establish rationale and strategy for developing instruc-
tional systems, to identify sequences of concepts and cognitive skills, to
develop assessment procedures for those concepts and skills, to identify or
develop instructional materials associated with the concepts and cognitive
skills, and to generate new knowledge about instructional procedures. Con-
tributing to the Program objectives, the Mathematics Project, Phase I, is de-
veloping and testing a televised course in arithmetic for Grades 1-6 which
provides not only a complete program of instruction for the pupils bat also
it:service training tot teachers. Phase 2 has a long-term goal of providing an
individually guided instructional program in elementary mathematics. Pre-
liminery activities include identifying instructional objectives, student ac-
tivities, teacher abilities materials, awl assessment procedures for integra-
tion into a total mathematics curriculum. The third phase focuses on the
development of a computer system for managing individually guided instruc-
tion in mathematics and on a later extension of the system's applicability.
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THE PROBLEM OF RETENTION

Deese (1958) pointed out:

There are two ways of looking at the
problem of learning. We can examine the
way in which behavior changes as a func-
tion of experience; ordinarily this means
that we view improvement in performance
as the result of practice. We can also
take a fixed level of performance and see
how that performance is retained over an
intervening time interval. (p. 236)

The two studies here are of the latter type,
retention studies, where the initial level of
performance was quite highchildren had
reached specified levels of mastery.

Before discussing the studies, the two words,
retention and forgetting, must be defined. Re-
tentfort refers to the extent to which material
originally learned is still retained and for-
gt fling refers to the portion lost. Therefore.

Amount forgotten r. amount learned - amount
retained. (Deese, 1958, P. 286)

Retention studies have shown a good deal
of forgetting usually takes place soon after
learning. Edwards and Scannell (1969) state,
"From a functional standpoint we must expect
forgetting and molt of It will occur within a
few hours after acquisition" fp. 320). How-
ever, McGeoch and Mon (1952) have shown
that retention is better when the degree of
original learning Is high.

Mastery learning may be considered as One
form of overlearning, where mastery learning
is defined in terms of a class instructional
procedure deliberately designed to get most

students (perhaps over 907,'*) to reach some
arbitrary and high (again, perhaps over c'on,)
level of performance on some task (Bloom,
1968). It can be argued that in order to reach
such high levels of performance in a class
many of the students must continue to practice
after the task has been mastered, i.e., they
are overlearning. Therefore, given students
who actually mastered concepts and skills.
one could hypothesize that there should be
considerable retention of these concepts and
skills over time.

One retention study, Gagnd and Ressler
(1963) could be considered as related to the
studies reported here since instruction was
based on learning hierarchies as are both these
studies. Even though achievement on geo-
metrical concepts was less than mastery
(50.2% for five different groups), retention
after 9 weeks was approximately the same
(50.3%). However, four of the five groups
actually had retention ratios reining from 108%
to 128%, while the other group fell off to 75(1.

No study has been reported which examines
retention after students have mastered mathe-
matical concepts. Accordingly, the purpose
of these two studies was to examine the ex-
tent COncepts previously mastered were re-
tained. Both studies are part of a sequence
of exploratory studies which have been con-
ducted In an a-,..empt to gather information
which will be helpful in determining the con-
tent and pedagogy of an emerging mathematics
program being developed by the Analysis of
Mathematics Instruction project of the Univer-
sity of Wisconsin Research and Development
Center for Cognitive Learning (Romberg
Harvey, 1969).

7
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STUDY $4i: Retention of Probability Concepts

This study grew out of a successful mas-
tery learning curriculum study, details of
which appear in a previous Technical Report
( Shepler, 1970).

The purpose of that study was two-cold:
(1) To test the feasibility of teaching topics
in probability and statistics to a class of
Sixth Grade students; and (2) to construct a
set of instructional materials and procedures
in probability and statistics for Sixth Grade
students.

The working paper of Shepler, Harvey. and
Romberg (in preparation) and the developmental
model of Romberg and De Vault (1967) were
used to build the unit. Shepler, I t al., con-
structed a framework for the development of
an instructional system in probability and
statistics for use in the elementary school.
That paper included a content outline, a task
analysis of content, and specific grade recom-
mendations for topics used in elementary
school.

from parts of the task analysis an instruc-
tional analysis of the unit was undertaken to
select or develop materials and procedures
for teaching the unit. The goal of instruction
was to demonstrate "mastery learning" of the
behavioral objectives of the unit,

To achieve mastery learning of the objec-
tives, recommendations from Bloom (1918)
were incorporated into the instructional pro-
cedure!. These were (I) communicating
the objectives of the unit by the use of a
large goal chart, (2) mastery or nonmastery
grading of quizzes and exercises (no A, B, C,
13, or f grading), (3) opportunity for nonttmasters
of an exercise or quit to achieve mastery by
correcting the exercise or taking a parallel
quit, (4) using specific prescriptions to pin-
point errors and suggest what he could do to
them, (5) extra help sessions for students
who had not been successful on a set of
goals, (61 assigning a consistent nonmaster
learner to a master learner for extra help,

a

(71 diagnosing whether most students had
achieved prerequisite skills before introducing
a task dependent on those skills, (8) further
group instruction whenever fewer than 80'1, of
students achieved mastery at first time of
testing, and (91 using the extrinsic reward of
awarding a diploma to a student who was a
master of probability concepts in the elemen-
tary school. These instructional procedures
were employed in teaching the unit.

These daily lessons were formatively eval-
uated. Guidelines set as a criteria for judging
successful instruction were stated beforehand.
An attempt was made to identify the weaknesses
and strengths of each lesson. From the informa-
tion gathered on the exercise that accompanied
a lesson, on short quizzes, and on written ob-
servations by the teacher and the observer
modifications of the unit and procedures were
made.

In that study, 25 selected Sixth Grade stu-
dents from Waunakee Elementary School,
Waunakee. Wisconsin, were taught this unit on
probability and statistics concepts. A test
designed to measure 14 of the behavioral ob-
jectives was used both pre- and post-instruction
to see what changes occurred as a result of
instruction.

Overall, the group's mean performance
changes from 27.28 (37.91) on the pretest to
(6.80 (92.81) out of 72 items on the posttests
11 of the 14 specified objectives were mas-
tered; and 21 of the 25 students (8411 were
considered master learners (answered correctly
90"; or more of the items), while all had an-
swered correctly at least 80"; of the items.

THE RETENTION STUDY

To measure students' retention, the same
test was administered exactly 4 weeks after
the posttest. Other than brief comments after
presenting the diplomas 1 week after post-



testing, no in!truction or practice was given
the students concerning probability concepts.)
During this 4-week period students studied
nr:rcentages and decimals with their regular
teacher in the r ithemetics class.

THE TEST

The same t.,st was used as the pretest. the
posttest, and ti retention test. It consisted
of 72 items me- uring 14 behavioral objec-
tives. Of the 7. items, 31 items were one-
dimensional sample space problems; 19 items
were two-dimensional sample space problems;
7 items were ore-dimensional and two-
dimensionel sample space problems, and
items were on ordering of two fractions.

The models e played in these items were
coins, dice, spinners, and boxes containing
various object' : items were based en
or., and t:0- ,,si 4na 1 finite sample
spaces gene- iy these models.

The behave,- c,13; ctives measured in the
test and the nu;. r of items for each are as
follows:

The ehilu . ')e able, given the written
test which us,- i the previously mentioned
models, to:

1. bistina an event is an in-
stance c' -,ty, uncertainty, or Sri-
possibil.ty items).

2. Count ti . h of outcomes of an
event

3. Count .ber of possible outcomes
of a ice (7 items).

4. Specl!- :ability of a simple event
(8 itern

5. Specif.! rr, Minty of a compound
event it ),

Specif ibility of a certain event
(2 etc
c; ecif Thility of an impossible
event

R. Specify the order of two ructions be-
tween 0 and I 410 items).

f?. Identify the most likely event of two un-
equally likely events (10 items).

10. Identify two equally likely events as be-
ing equally likely items).

?However, the items on the posttest con-
cerned with question, "How many ways can
you get ?" and Item 131 On the approxi-
mate probability were discussed at that time.
But, there was no blackboard to write on.
Thus, the discussion was purely a verbal dis-
cussion o; previously mentioned problems.

9

11. Specify the estimated probability of en
event, given the data from an experiment
(1 item),

12, Identify the likely bounds of the frequency
of an outcome of an experiment that has
been done n times (1 item).

13. Identify an instance of the law of aver-
ages (4 items).

14. Identify an estimate of the true probabil-
ity, given a set of data from an experiment
(1 Item),

The 72 items were divided into 14 parts
labeled RI, R2, ... , R14.' The test was de-
signed to be given in two testing sessions.
Section A, to be administered first, consists
of the even-numbered parts R2, R4, Rt,
R14. Section B consists of the odd-numbered
parts RI, R3, 12': R13. Each section was
assigned one of four random orders from a
random number table. The items were then
assembled to form Section A or Section B.
This randomizing of the orders of Sections A
and B was done to rule out the effect of taking
a test in a specific order and to lainlinize the
opportunities for cheating.

The ssme set of directions was attached to
the front of each section. The directions were
read to the students after the test was passed
out. A more complete description of the test,
its construction, end its characteristics ap-
pears In Shepler 11970).

CRITERIA

The decision as to whether class perform-
ance was successful is based on the number
of students (k) and the number of Hew in)
used to measure an objective. for this study
there are 25 students and 72 items on the com-
plete test. Both the arbitrary 90/90 criterion
level and the following practical criteria were
used to judge overall success. The practical
criteria used v,-ere that a criterion level was ob-
tained if at least 22 cf t*,e 25 students achieved
n- I in 5 5) or n/n (n < Si on an objective meas-

ured at least by n items.

RESULTS

The results of this study are summarized
in terms of evidence related to the following
questions:

There is no relationship between Objec-
tives I to 14 and Labels R1 to P14.

3



1, To what extent are performances imme-
diately following learning correlated
with performances measured 4 weeks
later?

7., How much retention was there?

For the total group of 25 subjects the cor-
relation between achievement scores imme-
diately after learning and those obtained 4
weeks later was .78. Tnis high relationship
indicates considerable consistency between
what was learned and what was retained.
The individual data (see Table 1) clearly
support this consistency. From the posttest
and retention test, 7 of the 25 students' scores
improved, 2 scores remained the same, while
16 scores declined. Of the 16 scores which
declined, 8 scores dropped 1 or 2 raw score
points; 4 scores dropped 3 or 4 points; and
4 scores dropped more than 4 points. (Sub-
ject 1 dropped 24 points; Subjects 2 and 19
dropped 9 points; and Subject 14 dropped 6
points.)

It should be noted that Subjects 1 and 2 had
the two lowest scores on both pretest and post-
test. Thus it is not surprising that they also
had the two lowest scores on the retention test.
On the retention test, Subject l forgot to ex-
press the probability of an event as a ratio.

The 90/90 criteria for the complete tett
meant that at least 22 students should have
answered 65 or more of the items correctly.
In fact, only 21 of 25 students (84%) performed
up to criteria on the posttest. However, the
four who failed to reach 90% reached at least
80% (58 items answered correctly). A com-
parison of posttest and retention test levels
of performance (see Table 2) show that of the
21 masters, 17 were still above a 90% level
of performance 4 weeks later and that the
other four masters were still above an 80%
level of performance. Of the four non-masters
two remained above 80%. Retention ratios
(amount retained+amount learned) also varied
from 60 %) to 105% with 21 of 25 having reten-
tion ratios of .94 to 1.05.

Table 1. Individual Results on the Pretest, Posttest, and Retention Test on
Probability (Number of Correct Responses on the 7 2-Item Test)

Pretest
(before

Subject instruction)

Posttest
(immediately after

instruction}

Retention
(4 weeks after

instruction)
Retention

Ratios

1 7 58* 34 .60
2 14 60* 51 .85
3 30 71 70 .99
4 21 69 70 1.01
5 22 68 67 .99
6 23 64* 64 1.00
7 25 69 66 .96
8 37 68 66 .97
9 26 67 70 1.04

10 34 67 67 1.00
11 37 67 70 1.04
12 2E 66 64 .97
13 35 68 70 1.03
14 19 65 59 .91
15 23 70 68 .97
16 44 69 71 1.03
17 28 61* 64 1.05
18 2Z 69 67 .97
19 18 69 60 .87
20 34 67 64 .97
21 38 69 65 .94
22 26 65 67 1.03
23 22 69 67 .97
24 31 68 67 .99
25 34 69 68 .99

Non-Masters on Posttest.
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Table 2. Level of Performance from the Posttest and the Retention Test on Probability

Level of Performance
Retention Test

Level of 40 -50 50-60 60-7U 70-80 80-90 90-100
Performance
Pos:test 80-90 1 0 0 1 2 0

90-100 0 0 0 0 4 17

Table 3. Overall Results of the Pretest, Posttest, and
Retention Test on Probability

Pretest Posttest Retention Test

Mean (72 items) 27,28 66.80 64.40
Mean in terms of

percentage 37.9% 9 2.8% 89.50%
Variance 74.13 11.17 56.95
Retention Ratio .96

In all, the results indicate that how much
was retained depended upon how much was
learned.

AMOUNT OF RETENTION

The amount retained by the total group is
reported in terms of the overall test, each
objective, and each item.

For the complete test the 25 students in
the study had a pretest mean of 27.28, a
posttest mean of 66.80, and a retention test
mean of 64.40. The results are summarized
in Table 3. The variance was large for the
pretest, small for the posttest, and somewhat
larger again for the retention test. The high
retention ratio (.96) indicates that most of
what was learned was retained.

For behavioral objectives on the posttest,
subjects attained the criteria level for 11
out of 14 objectives. Only for Objectives 2
(number of outcomes of an event), 8 (esti-
mated probability), and 14 (estimate of prob-
ability) did the students not meet criteria.

On retention test, 7 out of the 11 pre-
viously attained objectives remained above
the criteria levels (see Table 4). Objectives
2, 11, and 14 still did not meet the criteria
level, and while performance on 8, 9, 10,

I 1

and 12 now failed to reach criteria level they
still had high level of performance. Thus,
in general, the performance of children on
the retention test by objectives was similar
to their overall posttest performance. (See
Figure 1.)

In addition, the retention ratios on the ob-
jectives were generally high, ranging from
.43 to 1.09 with ratios of .80 or more for 11
of the 14 objectives.

The data on specific items also s'...port
the previous results. The change in item per-
centages for the 72 items from pretest to
posttest to retention test was encouraging.
All items had a positive change from pretest
to posttest with 6 items having a 100% change,
10 items having an 80% to 99% change, 19
items having a 60% to 79% change, 12 items
having a 40% to 5950 change. 17 items having
a 20% to 39% change, and 8 items having a
0% to 19% change.

However, there wee little change from
posttest to the retention test: 37 items de-
creased in item percentages (average de-
crease-8.6%), 12 items increased (average
increase-5%) and 23 items stayed the same.
Table 5 summarizes the item percentages.
It should also he noted that the retention
ratios for each item are, in general, very high,
with ratios above .90 for 63 of t,,e 72 items.

5



Table 4. Ratio of Children Reaching a Criterion on the Posttest and Retention Test on Probability

POSTTEST RETENTION TEST

Behavi)ral
Objective

Ratio of Children
Reaching Test

Criterion
Test

Criterion

Ratio of Children
Reaching Test

Criterion
Test

Criterion
Retention

Ratios

1 * 24/25 4/5 * 23/25 4/5 .96
18/25 1/5 18/25 4/5 1.00

3 * 22/25 (/7 43/25 6/7 1.05
4 25/25 7/8 * 24/25 7/8 .96
5 * 23/25 7/8 22/25 7/8 .96
6 * 22/25 2/2 24/25 2/2 1.09
7 0 24/25 2/2 0 24/25 2/2 1.00
8 * 23/25 9/10 19/25 9/10 .83
9 23/25 9/10 20/25 9/10 .87

10 * 23/25 7/8 17/25 7/8 .74
11 13/25 1/1 7/25 1/1 .54
l2 * 25/25 1/1 21/25 1/1 .84
13 * 22/25 3/4 * 22/25 3/4 1.00
14 7/25 1/1 3/25 1/1 .43

*
Objectives reaching criteria.

1;« 071. 0711.... ImOr elaw11.0 1,-A k..04/ &O 00 cle h.oer
Maar' mft.= it.CW &MCC Q.G. D. MMW MIMAX MMW ma.0

co) Tt co

Behavioral Objectives

... -(0,- ,.... erli...00 6.0 00MCC AMC Lear
N Ce) 141'I- 1.- 1.-.*

Figure 1. Percentage Graph of Behavioral Objectives es Measured by the Pretest, Posttest, and
Retention Test on Probability.
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Table 5. Item Percentages of the Pretest, Posttest, and Retention rest
on Probability

Total Number of Students = 25

PRETEST POSTTEST RETENTION TEST
% of % of % of

Correct Correct Correct Retention
Responses Responses Responses Ratio

R1 1 72 100 96 .96
2 92 100 100 1.00
3 72 92 92 1.00
4 60 96 84 88
5 56 88 88 1.00
6 40 100 84 .84
7 64 88 88 1.00
8 60 88 88 1.00

R2 1 40 92 96 1.04
2 32 100 92 .92

R3 1 96 100 100 1.00
2 88 100 96 .96
3 64 96 92 .96
4 96 100 100 1.00
5 96 100 100 1.00
6 72 92 96 1.04
7 68 96 72 .75
8 88 100 100 1.00
9 68 92 92 1.00

10 52 84 76 .91

R4 1 36 96 76 .30
2 28 88 72 .82
3 40 96 96 1.00
4 16 92 88 .95
5 16 92 92 1.00
6 8 92 80 .87
7 52 80 84 1.05

R5 1 32 92 96 1.04
2 60 96 100 1.04
3 72 100 96 .96
4 32 100 96 .96
5 68 100 96 .96
6 60 96 68 .71
7 52 96 96 1.00
8 52 100 96 .96
9 52 100 92 .92

10 28 92 84 .91
11 32 92 92 1.00

R6 1 44 96 88 .92
2 32 100 96 .96
3 24 100 96 .96
4 12 96 96 1.00
5 48 100 100 1.00

(continued)
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Table 5 (continued)

Total Number of Students = 25

PRETEST POSTEST RETENTION TEST
% of % of % of

Correct Correct Correct Rete) tion
Responses Responses Responses Ratio

R7 1 48 100 100 1.00
2 84 100 100 1.00
3 32 100 96 .96
4 32 100 96 .96

R8 1 4 100 96 .96
2 16 64 64 1.00
3 0 100 96 .96
4 8 92 80 .87

R9 1 0 92 100 1.09
2 24 88 88 1.00
3 0 '00 96 .96
4 0 84 9Z 1.10
5 20 96 96 1.00

R10 1 0 92 100 1.09
2 0 100 96 .96
3 0 100 96 .96
4 4 100 96 .96
5 20 92 96 1.04

R11 1 84 92 92 1.00
2 28 72 76 1.06
3 24 96 96 1.00
4 16 92 88 .95

R12 1 0 88 1.05
2 4 76 80 1.05
3 0 100 - 92 .92
4 0 96 88 .92
5 0 100 88 .88

R13 1 8 52 28 .54

R14 1 4 28 12 .43

8
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STUDY #2: Recall of Mathematical Proofs

This retention study was based on a suc-
cessful exploratory study which examined the
feasibility of presenting proofs of mathemati-
cal theorems to Sixth Grade students (King,
1970).

in conducting the learning study, a unit of
instruction on mathematical proof was devel-
oped in accordance with the iterative, cur-
riculum development model of Romberg and
De Vault (1967). The model calls for a tenta-
tive unit to be written and piloted with a
group of students. If satisfactory results are
not obtained, the unit is rewritten and re-
piloted with another group of students. This
iteration continues until a viable unit is de-
veloped. In that study, three formative pilot
studies were completed before an effective
unit on proof was developed.

The unit was built around the following
six properties of whole numbers:

Theorem 1:

Theorem 2:

Theorem 3:

Theorem 4:

Theorem 5:

Theorem 6:

If N divides A and N divides
B, then N divides their
sum (A + B).

If N divides A and N divides
B, then N divides their
difference (A - B).

If N divides A and N divides
B and N divides C, then
N divides their sum (A +
B + C).

If N divides A and N does not
divide B, then N does not
divide their sum (A + B).

If N divides A and N does not
divide B, then N does not
divide their difference
(A - B).

Given any set of prime num-
bers {2, 3, 5, P}, there
is always another prime
number.

15

The unit included six major behavioral ob-
jectives of the following type: Given the
statement of Theorem 1, the student can write
a valid proof of the theorem. Each of these
six objectives was subjected to a task analysis.
The task analytic procedure was developed by
Gagn6 (1961) to train human beings to perform
complex tasks. Beginning with a particular
objective, one asks: What must a person be
able to do in order to perform this task? In
this way a number of subordinate behaviors are
identified. Each subordinate behavior is it-
self broken down into a set of subordinate be-
haviors. The process continues until a set of
elementary behaviors are reached.

A hierarchy of behaviors is thus formed. If
the hierarchy is properly constructed, the
learner can begin at the bottom of the hierarchy
with the simplest task and progress step-by-
step up the hierarchy until he reaches the de-
sired terminal behavior. The learning of each
skill increases the probability of learning sub-
sequent skills in the hierarchy.

Proving a mathematical theorem is a highly
complex task. In addition to knowing a set
of mathematical Ideas which are the basic in-
gredients of the proof, the prover must also
have a plan or strategy which permits him to
link these ideas together to form a proof. The
unit on proof stressed both aspects of proof,
the basic mathematical ideas and the strategy
to be used.

in the original study, ten students (mean
IQ la) received 17 days of instruction on
proof. The concept of Mastery Learning was
employed. Each student was told that he could
earn an "A" for the unit if he mastered the ma-
terial. Time was not to be a factor and each
child would be given as much help as needed
to master the content of the unit. This was
operationally feasible because the class was
limited to ten students, thus permitting the

9



teacher to work with individuals as they
needed assistance. Each step in the learning
hierarchy was mastered before the students
proceeded to the next step.

When llstruction was completed, the stu-
dents were given a 25-item test on both sub-
ordinate skills and the six proofs. The stu-
dents responded correctly to 97.8% of the sub-
ordinate skills. The proofs were scored in
two ways: (1) on an all-or-nothing basis,
the proof being either valid or invalid; (2) on
a partial credit basis, the student receiving
credit for each part of the proof which is cor-
rect. Fifty-eight of the sixty proofs were
valid (96.6%) and 498 of the 500 possible
steps in the proofs were correct (99.6%).

THE TEST

The same test was used as a pretest, post-
test, and the retention test. It consisted of
25 items; 19 measuring prerequisite skills and
6 proofs. A more complete description of the
test, its constnuctioniand its characteristics,
appears in King (1970).

The separate scores were found for the pre-
requisite skills, proofs, and number of correct
steps in each proof.

THE RETENTION STUDY

After the posttest was administered, the
students returned to their regular Sixth-Grade
mathematics class where they studied frac-
tions. To the investigator's knowledge the
students were not re-exposed to the ideas
contained in the unit on proof. The 25-item
posttest was readministered to the students
after a period of 14 days had elapsed.

RESULTS

The results of the test provide evidence
in the following four categories:

(1) To what extent are performances im-
mediately following learning corre-
lated with performances measured 2
weeks later?

(2) How much retention was there?
(3) Is the rate of forgetting a function of

the learner's ability?
(4) As compared to the retention of proofs,

what happens to the retention of sub-
ordinate skills?

10

For the total group of 10 students the cor-
relation between achievement scores imme-
diately after learning and those obtained 2
weeks later was .75. This high relationship
indicates considerable consistency between
what was learned and what was retained. The
Individual data (see Table i) clearly support
this consistency. From the posttest to the
retention test 1 of the 10 students' scores
was higher on prerequisites, 5 remained the
same, and 4 scores declined. Similarly on
proofs 1 score was higher, 5 scores remained
the same, and 4 scares declined. Of the
scores which declined on the prerequisites
2 scores dropped 1 point, 1 dropped 3 points,
and 1 dropped four points; for the proofs the
decline of correct steps where 1 score dropped
2 points, 1 dropped 4 points, 1 dropped 6
points, and the last dropped 7 points.

AMOUNT OF RETENTION

Table 7 summarizes the individual data for
the pretest, the posttest administered 14 days
later. For the complete test the 10 students
in the study had a pretest mean of 5.70, post-
test mean of 24.3, and a retention test mean
of 22.5. The high total retention ratio (.93)
indicates that most of what was learned was
retained.

For the two parts of the test and the number
of steps the amount retained is summarized in
Table 8. The correct responses on subordinate
skills dropped from 97.85 to 93.15 and the
number of valid proofs dropped from 96.6% to
76.6%. However, when the proofs are scored
on the basis of the total number of correct
steps in the proofs, the percentage drop is
considerably less, from 99.65 to 95.85. Hence,
while the total number of correct proofs dropped
some 20%, the number of correct steps de-
clined only about 4%.

RATE OF FORGETTING
AND LEARNER'S ABILITY

Classical retention studies indicate that
forgetting is not a function of the learner's
ability. Underwood {1966) summarized the
results as follows:

Allowed enough time to study a list
so that he can reproduce it as readily
as a fast learner, a stow learner will
score as high as a fast one in later tests
of remembering the list.
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Table 6. Individual Results en the Pretest, Posttest, and Retention Test on Reasoning
(Number of Correct Responses on 19 Prerequisite Items, 6 Proofs and 50 Steps)

Subject

Pretest
(before instruction)

Posttest
(immediately

after instruction)

Retention Test
(2 weeks

after instruction) Retention Ratio
Prereq. Proofs Steps Prereq. Proofs Steps Prereq. Proofs Steps Prereq. Proofs Steps

1 4 0 0 19 6 50 16 6 50 .84 1.00 1.00
2 7 0 0 19 6 50 19 6 50 1.00 1.00 1.00
3 10 0 0 19 6 50 18 2 44 .95 .33 .88
4 4 0 0 17 4 48 16 5 48 .94 1.25 1.00
5 9 0 0 19 6 50 19 4 48 1.00 .67 .96
6 7 0 0 19 6 50 19 2 43 1.00 .33 .87
7 8 0 0 19 6 50 19 6 50 1.00 1.00 1.00
8 1 0 0 18 6 50 14 6 50 .78 1.00 1.00
9 3 0 0 18 6 50 18 6 50 1.00 1.00 1.00

10 4 0 0 18 6 50 19 3 46 1.06 .50 .92

Table 7. Overall Results of the Pretest, Posttest, and
Retention Test on Reasoning

Pretest Posttest Retention Test

Mean (25 items)
Mean in terms of

Percentage
Retention Ral io

5.70

22.8%

24.3

97.2%

22.5

90.0%
.93

Table 8. Mean and Percentage of Correct Responses on the Posttest
and the Retention Test on Reasoning

Subordinate Tasks Posttest Retention Test Retention Ratios

Correct Responses
Mean 18.5 17.9 .97
Percentage 97.8% 93.1%

Correct Proofs
Mean 5.8 4.6 .79
Percentage 96.6% 76.6%

Correct Steps in
the Proof

Mean 49.8 47.9 .96
Percentage 99.6% 95.8%
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Since each student in the experimental
class was given the time and help to master
all of the concepts and pcuofs in the unit, the
expectation is that the rate of forgetting is
not related 'o the learner's ability. To exam-
ine this hypothesis, Henmon-Nelson IQ scores
were used as a measure of ''the learner's abil-
ity." The product-moment correlation coef-
ficient between the IQ scores and the scores
on the retention test was computed to be r =
-.71. This is a fairly strong negative relation-
ship, indicating that in this study the slower
learner tended to forget less than the faster
learner. Although this finding is only sug-
gestive due to the small number of students,
a possible explanation for this unexpected
result may lie in the nature of the original
study. The slower learners, knowing that
grades would be given for mastery, worked
very diligently to learn of the original study.
In fact, on most occasions the slower learners
studied at home and learned the proofs sooner
than the better students. Whereas all of the
students had mastered all of the proofs, it is
quite possible that the slower students had
overlearned the material to a greater extent,
thus accounting for a better performance on
the retention test.

If the foregoing analysis is correct, the
results of this study indicate the mastery
learning strategy is particularly viable for
slower learners.

One further observation is worthy of men-
tion. In the original study, the students em-
ployed several different strategies in memo-
rizing proofs. Most of the students (eight of
the ten) used the following approach: when
asked to write a proof, they would first write
down the number of steps in the proof, fill in
all the statements (or reasons), and then com-
plete the proof by filling in the reasons (or
statements). The other two students attempted
to reason through the proof each time they
wrote it, Statement 1 was written first, then
Reason 1 was written; then Statement 2, Rea-
son 2, etc. In short, these two students were
not learning the theorems by rote procedures
as the rest of the class were apparently doing.

When the retention test was administered
both of these students encountered more dif-
ficulty than the other students. They took
longer to complete the test, and they did so
only after many false and frustrating starts.
Furthermore, their scores were the lowest In
the class. Bartz (1968) points out that learn-
ing strategies affect amount of retention.
The results of this study indicate that those
students who learned the proofs by specific

12

patterns were less likely to forget the proofs
than those who learned the proofs by ''thinking
it through."

COMPARISON OF SUBORDINATE
SKILLS AND PROOFS

Gagne and Bass ler (1963) conducted a re-
tention study in which the forgetting of sub-
ordinate learning sets occurred independently
of, and without effect upon, retention of the
total terminal task. The terminal tasks, de-
fined as "specifying sets, interactions of
sets, and separations of sets using points,
lines, and curves" were remembered even
though many of the subordinate skills had been
forgotten.

The same phenomenon occurred in the pres-
ent study. Forty-six of the sixty proofs were
valid, yet in twelve of these proofs the stu-
dent had missed one or more of the subordi-
nate skills. More surprising was the fact
that all of the subordinate items for each of
the fourteen invalid proofs had been answered
correctly. As in Gagne and Bassler's study
(1963), the forgetting of subordinate tasks
seem to occur independently of, and without
effect upon, retention of the terminal task.

This raises a serious question. If a stu-
dent can perform the terminal task without
being able to perform a subordinate task, is
that subordinate task really necessary? Gagne
and Bass ler (1963) argue that the subordinate
tasks are necessary for learning the terminal
task but, once the terminal task has been
learned, the subordinate behaviors, having
served their function, may be forgotten with-
out adversely effecting the performance of
the terminal task.

A similar explanation might apply to the
present study. It is possible to memorize a
proof without -inderstanding it. In the original
study a great deal of emphasis was placed
upon understanding the proofs. In addition
to reproducing the proofs, each student was
required to explain and defend his proofs in
an interview situation and to give numerical
examples to illustrate various parts of the
proofs. To this extent, the students under-
stood the proofs when tested immediately after
Instruction. For example, nine of the ten stu-
dents displayed an understanding of the proof
of Theorem l immediately after instruction,
but only three student .1 were able to do so on
the retention test. These results suggest that
subordinate skills must be mastered if one is

18
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to understand a proof, but that they are not
necessary for reproducing a proof.

In summary, the data from this study clearly
support the feasibility of teaching mathemati-
cal proofs to Sixth Grade students so that they

are retained. In addition, this study raises
several questions related to learning, over-
learning, and forgetting, all of which suggest
the design of subsequent studies.

19
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IV

CONCLUSIONS

Two studies involving Sixth Grade pupils
were undertaken to determine whether students
could retain information on new mathematical
topics (probability and proof) after instruction
involving mastery learning. The ratios of
mean scores on the two retention tests to
mean scores on the posttests given immedi-
ately after instruction were .96 and .93. Re-
tention tests were administered 4 and 2 weeks,
respectively, after the posttests. These re-
sults indicate clearly that students maintained
a high level of achievement after instruction.

'44

Although it seems unlikely that large item
gains and high retention ratios could be due
to test-treatment interaction, the design used
in each study did not control for this effect.
In fact, the same tests served as pretest, post-
test, and retention tests. Further retention
studies In which parallel tests are used are
needed to determine whether retention ratios
remain as high. If such studies corroborate
these findings, then the further use of mas-
tery learning principles with this age group
is recommended.
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