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PREFACE

It is impossible to thank all of the people who have helped with
this Interpretive Study, for such a list would have to include all of
those in schobsls and colleges who have given encouragement and reactions.
Nevertheless, the vital roles which some took deserve special recogni-
tion.

J. Fred Weaver, Professor of Education at the University of
Wisconsin-Madison, served as the consultant wha aided in the development,
writing, and editing of the materials: the results of his efforts axe
evident, and very appreciated. Thomas E. Kizren, nww Assoriate Professor
of Education at the University of Alberta, directed the development of
the film on mathematics laboratories and also answered questions abaut a
variety of topicst others will also thank him when they see tlie film.

Lynn Pearson, Patricia Lazar. Judith Bechtel, Mary Alice McCabe,
and Robert MacLean served as teachers in the films: they and the chil-
dren who starred deserve special thanks. Florence Hammonds was the ex-
ceptionally zapable graduate assistant who served as "stage manager"
tor the films, while John Howell and Richard Kohr aided in planning
nailing procedures and processing data. Beverly Brooks served az admin-
istrative assistant, very capably assuming responsibilivy for processing
the bulletins. James D. Gates, Executive Secretary of the National
Council of Teachers of Mathematics, William L. Pharis, E-ecutive
Sacretary of the National Association of Elementary Sctool Principals,
and James Kovach, also of NAESP, provided the mailing lists so necessary
for the success of this project.

T¢ all others who helped: thank ycu, too!l




1. OVERVIEW OF PKOJECT

A. Need for the Study

Research on elementary school mathematics has assumed increased
importance during the past decade, as have most areas of educational re-
search. With more research being done, there is a greater need to syn-
thesize the resulting body of knowledge so that researchers can consider
what has been done as they design future research. There has also been
an increasing emphasis on applying research in the classroom, integrating
the xesults into both curriculum developasnt and lesson planning.

The findings of educational research have not had the impact on cur-
riculum decision-making in elementary school mathematics that they could
have had. Findings have not been readily available; forx many tcpics,
they are equivocal or conflict.ng; reports are not alwaye written in
language which is clear to the non-researcher; the applicability of re-
sults to 12 specifis situation is unclear.

The Interpretive Study of kesearch and bevelopment in Elementary ‘
School Mathermatics was designed to attack these problems by providing
(1) a compilation of the research and (2} a synt' 2sis of the findings.
The resulting products comprise a study of the status of research on

elementary school mathematics.

3. Background, Phase 1

The Interpretiva Study was developed in two pnagses. These objec-
tives ware reached during Phase I1:

(1) Reports of research on elementary school mathematice through
1968 were collected, analyzed, categorized on ten aspects, annotataed,
and evaluated. These were collated with reports collected in a praevious
project,1 to form a total pool of 1050 i1cnports of research on elementary
gchool mathematics.

(2) Dissertations from 1966 through 1968 were listed, categorited
by topic, and annotated. A list of dissextations completed prior to

1Suydam. Marilyn i, An Evaluation of Journal-Published Research
Reports on Elementary School Mathematics, 1200-1965. Unpublished doc-
toral dissertation, The Pennsylvania State University, 1965.




1966 was already compiled.2 The ccmplete pool of dissertations numbers
approXin.ately 700. )

{3' Representatives of gpecified target audiences werz contacted.
They supplied a list of questione to which they hoped answers could be
supplied from research.

(4) Summaries of the research were written in response tc these and
other pragmatically derived questions. A list of the most applicable
findings of research was also developed.

{5) Ten major curriculum development projects were visited, and
interviews taped with the directors to provide explicit information on
the baskqround, progress and status >f these. Reports ~f other projects,
including those dccumented in the Educational Rascurces Information
Center (ERIC', were annatated.

{(6) In a summary chapter, key vresearch and developmental trends were
discussed.

The Final Report3 for Phase 1 consists ¢f three volumes. Volume 1
describes the study snd presents the saawmarized findings. “olume 2 con-
tains the compilation of categorized resea:zch reports. 1In Volume 3, re-
ports of developmental projects are summacized and inte:rviews with
project directors are included. (For a summary of an evaluation by a

sample of the users of these materials, please see pages )(C-17.

C. Purpose, Phase 11

The need for materials which could be readily used and disseminated
was evident. During Phase I, two types of materials were developed: a
set of eleven Lulletins anJd a set of five films. The bulletins have
been and are being Zisseminated to two primary target audiences: (1)
college teachers of courses on the teaching of eiementary school mathe-
matics, and (2) elementary school principale., Each of these audiences
deals with a sizeable number of those who form the true audience, the
teacher in the elementary school classroom. Two subsets of this set are

being reached, to some extent: the pre-service teacher, whose influence

Ibidl

3Suydam. Marilyn N. and Riedesel, €. Alan. Final Report of the
"Interptetiva Study of Research and Development in Elementary School
o “athematics.” U.S.0.E. Grant No. OEG-0-9-480585-1352(010), The
.[{L(jennsylvania State University, June 30, 1969.

A ruiToxt provided by ER
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will be felt in the yeaxrs to come, and the in-sexvice teacher, whose
influence is immediate and continuing.

The information which follows in this report concentrates on the
development, dissemination, and evaluation of these materials. The
Schedule of Activities for Pnase II, presented on Figure 1, indicates
the time line which was followed. '
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I1. DEVELOPMENT OF MATERIALS

A. Bulletins

In a planning sesgion during the first week «f September, the format,
structure, and content f the set of bulletins was determined. While it
was proposed originally that only a letter be sent to those on the mail-
ing lists, it was decided that inclusion of the first bulletin with this
letter would provide a spacific illustration of the type of material to
be developed. A copy of this letter is included in Appendix A, followed
by the bulletins.

The format and structure of the bulletins was determined with the
needs of the user-groups as the primary consideration. It was cdecided
that the first page ({voat and back) would be printed with a perforated
edge, to facilitate distributicn tc¢ teachers. 1t was titled "Overview,"
and is a summary of the material which is discussed in greater depth in
the remainder of the bulletin, "A Closer View." Thus there is material
both for those who, tith limited time¢. want a brief synthesis, and for
those who want further elaboration of the research. In the "Overview,"
no references are cited, while in the "Clocer View" specific research
reports are cited. A list of references is included for further study.

It was decided that the bulletins would ke structured around ques-
tions which were frequently asked about elementary schcol mathematics.
When there was no answer %o such a question, this would ke statad. 1It
was agreei thiat the material should be factual, referenced to actual
research findings; opinions should be kept to a minimum and stated as
opinions, not fact. That the material should be written as simply as
possible, with terminology explained when appropriate, was a firm quide-
line folloved in the preparation of all bulletins,

The topics for the aleven bulletins were determined by the impor-
tance of a tcpic to teachers and by the amount of research available on
a topic. ihe topics which met these criteria and on which bulletins
were written are:

A-1 Attitudes and Interests

A-2 Planning for Instruction

A-3 The Teaching-Learning Process

A-4 Individualieing Instruction

A-5 Instructional Materials and Media
A-6 Planning for Research it .hools
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B-1 Addition and Subtraction with Whole Numbers
B-2 Multiplication and Division with Whole Numbers
B-3 Fractions and Decimals

B-4 Other Mathematical Topics

B-5 Verbal Problem Solving

The bulletins were written during the period between September and
March. The preparation of each involved a series of stages:

(1) Structuring (determining questions and studies to be included)

(2) wrxiting of first draft

(3) Editing

(4) Revising

(5) Typing of final ~cpy

(6, Printinn
The first bulletin with the announcement letter was mailed in late
Novenber. Other bulletins were mailed to the respondees at approximately

two-week intervals between January and April.

B. Films

Guidelines for the films were developed in Septenber, and focus and
format for each film was determined. It was agreed that each film would
include illustrations of research findings being applied in a classroom,
across a variety of content areas and grade levels. The titles for the
films were selected:

Film 1. Using 4 Mathematics Laboratcry Approach
Film 2. Using Diagnosis in a Mathematics Classxoom
Film 3. Operations with Whole Numbers

Film 4, Practicing Mathematics Skills

Film 5. FProblem Solving Techniques

During the months that followed, the planning became increasingly
specific. Working scripts were developed, setting the order of
classroom sequences and other scenes. Lessons were planned with the
teachers who would be filmed with “heir pupils. Materials were collected,
and a classyoom set constructed.

Filming began in February and was completed in .pril, after which
the films were edited and narration written. In Appendix B is a general
description of the scenes in each film, and the narraticn which accom-
panies it.

Supplementary materials for use in discussion and study with each

film were developed. These are iicluded in Appendix C.




I1I. DISSEMINATICON

Bulletins

l. Announcement Data

Coliege teachers of courses on the teaching of elementary school
mathema.ics were identified by collating lists from The National
Council of Teachers of Mathematics, whi:h provided tables for 1300
mathematics educators at the college level, and from those colleges
and universities preparing elementary school teachers. A randomly
selected list of 8500 elementary school principals was provided by
the National Association of Elementary School Principals.,

A letter describing the pzogosed set of bulletins and enclosing
Bulletin A-1, "Attitvdes and Interests" (sece Appendix A) was sent to
approximately 8600 persons 12100 college professors and 6500 princi-
pals). If the recipient wanted to receiva the remaining bulletins,
he had to return a form to the Projecst. Space was provided for
other names.

An announcement {(see Arpendix D) abocut the availability of the
bulletins was submitted k3 Ffousteen publications. To date it has

appeared in American Education (July 1970, page 22), "Bulletin for

Leaders," NCTM (June 1970, page 2), Grades Teacher {September 1970),

and National Elemantary Peincipal (May 1970, page 85), and other

journals have indicated that it will be published.

2. Distrxibution Data

Table I indicates the number of bulletins mailed to initial
target audiences in each state. The number of persons requesting
the bulletins has since increased, as others received informration
about the materials from Project staff {(at conferencesg), from
announcements in journals, or from colleagues receiving the bulle-
tins. These requests are continuing to be received and processed at
the rate of approximately 400 per month.

The bulletins and excerpts from them have appeared in a variety
of publicacions, including those from several Title III centexs and
Croft Publications. Thii has also resulted in additional requests

for copies.



DISTRIBUTION OF BULLETINS BY STATES
(as of June 1970)

State 2:222: dzg s Stare gg?;ixfd::. s
Alabama 25 New Jersey 214
Alaska 10 New Mexico 5
Arizona 6 New York 232
Arkansas 10 North Carolina 49
California 124 North Dakota 10
Colorado 19 Ohio 157
Connecticut 210 Ok lahoma 15
Delaware 7 Cregon 27
District of Columbia 20 Pennsylvania 256
Florida 45 Rhode Island 48
Georgia 76 South Carolina 15
Hawaii 15 South Dakota 7
Idaho 6 Tennessee 63
Illinois > Texas 42
Indiana 108 Utah 11 -
Iowa 55 Vermont 38
Kansas 37 Virginia 53
Kentucky'r 11 Washington 20
Louisiana 31 West Virginia 24
Maine 67 Wisconsin 91
Maryland 77 Wyoming 1
Massachusetts 355

Michigan 150 International

Minnesota 56 Brazil 1
Mississippi 8 Canada 27
Eissouri 72 Canal Zone b
Montana 9 Chile 1
Nebraska 19 Israel 1l
Nevada 3 Micronesia 2
New Hampshire 26 TOTAL 3159

ERIC

IToxt Provided by ERI



B, Films

The films are available for use after Septembeyr 1, 1370. A notice
about the availability of the films (see Appendix A) was sent o those
on the mailing list in August 1970. They may be secured from The

Pennsylvania State University and from The National Audio=-Visual Center.

C. Conference g;esentations

Presentations about the Project have been made at national annual
meetings of the National Council of Teachers of Mathematics, the
American Educational Research Association, and the National Association
of Elementary School Principals. In addition, presentations were made
at state-level meetings of these organizations.

During the coming year, it is anticipated that additional presenta-
tions will be made at NCTM, AERA, and NAESP meetings.



O

ERIC

IToxt Provided by ERI

Iv. EVALUATION

A. Phase I Questionnaires

An Evaluation Questionnaire (see Appendix E) was mailed during June
1970 to 160 educators who had receivzd the Final Report for Phase I of
the Interpretive Study. The responses received from 68 persons who re-
turned the form by August 1 are presented on Table II, - It should be
noted that the reactions were generally favorable: 71% report that they
have found it very helpful, while 26% report it is somewhat helpful,
Volumes I and Il were used most frequently. Over 500 others have used
the 68 copies of the report in addition t> the receiver; these include
both pre-service and in-service teachers, as well as graduate students.

For some questions, commenis and suggestions were requested.
Responses to question 8, "How have you used the Final Report?," indicate
that it is primarily a reference tool. Among the uses stated are:

(1) To locate references on a given topic

(2) To check research on a topic

(3) Suggested as independent study material or recomrended reference

(4) In preparing for class lectures, discussions, and "talks"

(5) In preparing reports and summaries

(6) To update and refresh my knowledge of research in the field

(7} To update graduate students, calling attention to research
about which they shonld be aware

(8) To provide background information

(9) To learn more about specific reseaxch

(10) For suggestions on teaching methods

(11) In curriculum planning

{(12) In reviewing and evaluating our own research work

(13) For inforxmation!

Most indicated in response to gquestion 9 that the summaries in
Volume I were useful, noting that they were "brief and to the point,"
useful as a "guide in selecting items for more complete study,"” give
"interesting comments for debate!," "concise and ¢lear," and "easy to
scan and abstract essentials." One college prorfessor noted that "they
vary in quality and scholarship,”" and this might have been noted by
others. Those who did not find the summaries useful commented: "They.
don't adequately allow for flaws in research," "they are of necessity 400

brief," "I prefer more reporting of actual content of research," "ths¢
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overgeneralization decreases its value -~ 1 fear that many readers will
accept this summary as fack, even though you have taken great pains to
caution them of this danger." A number of persons thought the bulletins
for Phase 11 were better, generally reflecting one comment that they are
"more comprehensive - in a more convenient form."

The uses of Vclume I cited in response to guestion 10 generally
echoed the responses to question 8, as &id the uses of Volume II re-
quested by question 14. Other comments {questions 11 and 15) incluged:

(1) Excellent

(2) Excellent bibliography. I found this and all materials very
useful and helpful.

(3) Tndex to topics would he helpful.

{4) I've referred to this material constantly since I ve received it.

(5) To point out to higher officials in Washington that all that
glitters is not gold . . .

{6) 'Answers' organized alphabetically would facilitate ln-ating
topics.

Comments on questiocn 12 about the annotated lists in Volume II indi-
cated that most who found them useful made comments such as: "They help
me to quickly find reports in any area," they "bring much source informa-
tion into on2 volume, hence facilitates research efforts," or they "give

information about the type of research docne." Only one person noted
that the code is "awkward," while two commented that the evaluations or
ratings were “"interesting and helpful." Another (who had not received
the bulletins from Phase 1I) suggested thev "might be usefully summarized
in a 'What Research Says' publication for wider distribution.”

Most responses to question 16 indicated that the interviews in
Volume II1 were useful because they "give a deeper insight into the
philosophy and objectives of the people interviewed," "personalize cer-

[{ . |

tain complex opinions, provide information not available elsewhere,"

and "give an awareness, an experience, a vicariousness of the realities."”

no g

Several reactions were less favorable: '"not always relevant, interest-
ing, but not much new."

Uses of Volume III fquestions 17 and 18) included many mentioned on
question 8, with many reflecting the idea that it is a "great help in
simply being as current as it is." One suggestion was made that a "re-
port of project details followed by interviews on essentially different

[}
features might be more useful.”
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The responses to question 19, "What suggestions do you have that
would have improved the Final Fkeport?," are varied. Among them are:

(1) I think the report represents a significant contribution in
mathematics education. 1 only wish that it could be extended to include
summary and analysis of studies in mathematics education at higher
levels, i.e. high school and college,

(2) 'Improved': if it implies 'more useful to me,' then I wish it
had been available sooner.

{3) None, really. It's a lovely job--thorough and useful. Someone
should extend it to secondary level and beyond.

{4) 1 have thoroughly enjoyed examining your final report. It is i
and will contlnue to be useful.

(5) So far none--1 have found them most helpful. The bulletins are
an excellent idea and do hope you shall continue them.

(6) These reports represent a great contribution to the field of
mathematics education. The bulletins growing out of this research are
excellent. These bulletins would be more useful if available in laxge
quantities for our students. You should be ccmmended for a fine job--
well-done!!

(7) One shouldn't quibble with a major task so well done. But
{since you asked), I do believe that more uniformly high quality on the
part of the students who worked on Volume I would have added validity to
some interpretations. Most were very well done, however,

(8) I thought this report was excellent and it has certainly helped
me this year in my teaching. The bulletins I have reproduced and have
used in class with my elementary majors when we discussed certain topics.

(9) i suppose everyone would do this sort of thing a little dif-
ferently, but such personality chacacteristics cannot be called improve-
ments, I like all three volumes very much.

(10) I think the finil report is excellent. 1t represents a stagger-
‘ng amount of effort.

(11) It is exrcellent!

(12) You are to be commended on the size and completeness of the re-
port.

(13) If the bulletins were in book form, they'd be even more valu-
able for students as a single reference or supplementary text.

(14) 1 think you've missed a few. Let's Keep a continuous up-date

with new revisions every other year!
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(15) Thank you for sending me your final report and the bulletins.
They have made available information that has been interesting and useful
but which I never would have searched out on my own.

(16) I've been too busy using this material to yet be concerned with
improving it.

{17) The report is excellent! It's the research that is reported
that needs some work! Thanks so much for the help you've given me
through these volumes.

(18) The ideal thing would be to keep it updated. Also, a companion
volume of other journals would be useful; also foreign work. Scmehow we
need to be able to cluster resuits into the beginnings of a theory.

(19) Perhaps an index of the many mathematical and related notions,
relating concepts referred to in all three volumes, would be helpful to
the reader. Perhaps even an author index of the studies cited would
enhance the ability to readily use your reference books. They are very
nicely put together. The summaries are excellent research guides. It
would be an intexesting project to periodically fullow up on the re-
search, in summary form, since the conclusion of your volumes.

(20) Evaluations of important projects, as SMSG, Madison, etc., in
use in school systems would gather an important range of information in
one place.

(21) Your bulletins are usefui, particularly for classroom teachers.
However, the reports are brief enough that the summary which precedes
them gives an effect of redundancy. You could add more information if
you cut down the summaries, using subtitles to organize the sections or
capsules in the margins to highlight the report sections. {Phase II]

(22) Valuable contribution; good format; quick sharing of informa-
tion; will be useful for some time. When provision is made for updating?

(23) Bully - but obviouSly dictated by economics. Wonder about up-
dating. Would separate index -'replaced as supplementary volumes of

annotated bibliographies are produced - be useful in future? e.g.

1975 Index
A
' Thesis
é Final Report

1972 Publication
1975 Updating

(Assuming the Suydamian task is a continuing onel)
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B. Ehéfi Il Questionnaizes

An Evaluation Questionnaire on Phase II {(3ee Appendix F) was pre-
pare.. for mailing in late May to those who had received the eleven bul-
letins. However, due to carelessness it was not put in the m3il until
the third week in June, so it reached few people who were leaving for
summey addresses - and it didn't reach many until July, long after the
requested return date. For these reasons, and because the mail sevvice
has been varjable in delivery of the materials in various parts of the
country, the responses were fewer than was hoped, even considering the
fact that a mailed questionnaire can be expected to result in a small
percentage of returns. By August 1, 469 questicnnaires had been re-
turned, and this number were analyzed., (More have been returned since,
but have not been included.!

In general, these responses are favorable - so much so that one sus-
pects a biased return The number »f each type of respondee is presentced
in Table I111. The data on tesponses are summarized in 7able 1V, which
yives both the number and the per-entage responding t> each question,
Almust 74% indicated they found thn bulletins "decidedly useful,” about
25% indicated they were “somewhat useful,” and only 9.2% checked "not at
all useful,” while i tailed to answz2¢. Builetins Z-4, "Individualizing
Instruction” and B-5, "Verbal Problem Solving" seemed to be considered
most helpful, while Bulletin A-6, "Plannino for Research in Schools"” was
least helpful. However, it should be noted that the differencze in
numbeis i{s slight,

The total number of users could not be determined with any degree cof
certainty (questions 3 and 14}, but the use is vuried as indicated by
the response t» question 15. Any other comments written on thre form were
evaluated: 98% of these were favorable.

The only categories with a large number of responses were those of
college professor (101} and principal (104). Their responses were
statistic2lly analyzed, using a t-test; no significant difference in
their responses was found.

Needlcss to say, the pasitive reactions are gratifying to view!
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TABLE III

NUMBER OF PERSONS IN EACH CATEGORY
WHC RETURNED THE EVALUATICN QUESTIONNAIRE FOR PHASE II

Respondee

Categories Number Per cent
College teacher 101 21.5
College teacher of mathewatics methods courses 89 19.0
College teacher of mathematics coatent courses 23 4,9
College teacher of other coursas 0 0.0
Other position at college level 6 1.3
Principal 104 22.2
Principal of elementary s<ha2l 1k-6) 44 9.4
Principal cf junior high schco. (7-9) 6 1.3
Principal of senior high schcol (10-1& i 0.2
Classroom teacher 9 1.9
Classroom teacher ot 2lementary school (k=-6) 3 0.6
Classroom teacher of junior high school (7-9) 2 0.4
Classroom teacher of senior high school (10-12) 3 0.6
Mathematics coordinator/supervisor 28 6.0
Curriculum specialist 20 4.3
Studart 7 1.5
Undergraduate student 0 0.0
Graduate student 3 0.6

Other 14 300
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V. SUMMARY

A. Conclusions

The reactions from those receiving the materials produced in the
Interpretive Study give an indication that, for some sizeable number of
educators, a need has been at least partially met. There is a continu-
ing need to provide a readable, readily available source of information

on the research on elementary school mathematics.

B. Recommendations

Many tnhnings have been learned during the course of this project.
Some have been learned through mictakes, others through testing varied
procedures until the one most efficient 1s found. Still other sugges~
tions have been made by those receiving tne materials, &4s noted pre-
viously. And thcre are recommendations fcr future directions for this
project ~ 1f the U.S. Office of Educaticn were to continve funding heyond
this initial stage during which a base has been built,

Among the many recommendations which could be made are these, which
have been considered for their applicability to other projects as well
as this ona:

(1) The details involved in printing and mailing materials such as
the bulletins produszed for this study should be carefully checked ~ and
rechecked intermittently. The "headaches" resulting from printers who
fail to meet deadlines or from mailing services who incorrectly process
materials result in many sleepiess nights.

(2) The scope as well of the content of bulletins should be care-
fully determined prior to writing: writing to specifications facilitates
this stage of the "production." when possible, the budget should allow
for materials of sufficient length to allow for careful development and
inclusion of all valid content. Many of the bulletins prepared for this
study could have been longer, to include more studies and more details
about these studies. Had spoce permitted, more illustrative materials
could have been included.

(3) projects which are funded as a dissemination effort should be
considered for continuvation of funds to provide continued service. 1t
is somewhat pointless to develop an audience who indicate interest in
receiving materials, and furthermore indicate that these materials are
n:rful and helpful, only to teirminate the effort because priorities have




- 25 =

shifted. There is a need to provide increasingly specific help, tc
answer a wider range of questions, to update the information regularly.
It is to be hoped that cother projects which have been successful at
reaching proposed goals will find that they are allowed to do more than
merely lay a foundation. Short-term efforts will not suffice to meet.

the need for synthesizing, interxpreting, and applying research.




APPENDIX A

BULLETINS




Using Research: A Key to Elementary School Mathematics

Have you ever been asked . . .

What is the best mathematics program for &ll elementary schools?

What is the best way to teach mathematics to all elementary school
pupils?

For such questions, it truly is a case of ANSWER: IMPOSSIBLE.

But there are questions about elementary school mathematics for which
answers may be suggested -- answers which to one degree or another are
based upon research findings.

Do you and your teachers seek
guidance from research to
improve your instructional
programs in mathematics?

COLLEGE PROFESSORS:

PRINCIPALS: The need for materials which

comnunicate research findings on
elementary school mathematics for
use in the classroom is felt at
both in-service and pre-service
levels, Meeting this need is the
iatent of a project sponsored at
The Pennsylvania State University
by the U.S. Office of Education.*

Do you need a source of You'l). find enclosed the first of a
information and synthesis of series of bulletins being prepared
research on elementary school as part of this project, so that
mathematics? you can study an example of the type

of materials to be provided.

These materials are being developed in two sets, A and B:

- e

Set A, Each bulletin in this set will interpret selected research
findings which pertain to a broad aspect of elementary school
mathematice: attitudes toward mathematics, the teaching-learning
process, planning for instruction, individualizing instruction,
instructional materials and media, and planning for research.

Set B, FEach bulletin in this set will focus on selected research
findings which pertain to some aspect of the content of elementary
school mathematics: addition and subtraction, multiplication and
division, fractions and decimals, problem solving and related
abilities, and other topics.



The first page of the bulletin on each topic will be on a tear-off sheet
which could be distributed separately to teachers. It will present
highlights and summaries, with illustrations and suggestions so that
teachers may readily sense the extent to which research has implications
for the classroocm.

The pages which follow the tear-off sheet explore the topic in greater
depth, Specific recearch is cited, with further analysis and comments
for those involved in the preparation of teachers or in curriculum
planning. Lists of selected references are included for further study.
Both the tear-off sheet and the bulletin suggest answers to questions
frequently asked about classroom practices.

If you would 1ike to receive the other bulletins in both series, which
will be mailed periodically, please write your name and address on the
attached form. After folding it, close it with a staple, and mail it to:

Project on Interpreting Mathematics Education Research
Center for Cooperative Research with Schools

302 Education Building

The Pennsylvania State University

University Park, Pennsylvania 16802

By the way, the materials are free -- just indicate your interest by
signing your name! You may reproduce any of the materials to meet your
local needs.

Please contact the Project Director if you have any questions about the
materials in general, or about any bulletin in particular. We also
welcome your suggestions regarding topics you would like to see
considered in the bulletins and things we might do to improve the
usefulness of the bulletins.

* The project is sponsored by the Research Utilization Branch, Bureau of
Resesrch, U.S, Office of Education, under Grant No. OEG-0-9-480586-1352(010).
It is entitled "Interpretive Study of Research and Development in
Flementary School Mathematics,' Marilyn N. Suydam, Project Director.

The Project Consultant is J. Fred Weaver of the University of Wisconsin-
Madison.



Yes, I'd like to receive the other bulletins interpreting research on

elementary school mathematics.

Name

Address

Zip Code

NOTE TO PRINCIPALS:

Your name was suggested as a
key person to contact. We hope
you will be able to suggest
names of other principals who
might be interested in receiv-
ing the materials, Please help
us by indicating their names --
and continue the 1list on another
sheet of paper if necessary!

Name

NOTE TO COLLEGE PROFESSORS:

The National Council of Teachers
of Mathematics indicated your name
is listed in their files as a
teacher educator -- but this
doesn't include everyone. Please
help us by listing the names cf
other mathematics educators ia
your college -- or elsewhere --
who didn't receive this folder.

Address

Zip Code

Name

Address

Zip Code

Name

Address

Zip Code

Name

Address

Zip Code

Name

Address

Zip Code
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Center for Cooperative Research with Schools U. S. Postage
302 Education Building PAID

Tne Penasylvania State University Permit No. 1
University Park, Pennsylvania 16802 University Park, Pa.
FROM:

Project on Interpreting Mathematics Education Research
Center for Cooperative Research with Schools

302 Education Building

The Pennsylvania State University

University Park, Pennsylvania 16802




Overview ..
Attitudes
and

Interests

Using Research: A Key to Elementary School Mathematics

ATTITUDES AND INTERESTS

Do elementary Many people believe that mathematics is disliked by
school pupils most pupils -- or that it is just about the least
like favorite subject in the elementary school., It is
mathematics? true that in some surveys a significant proportion of

puplls rated mathematics as the least liked of their
school subjects. But it is equally true that in
these surveys approximately the same proportion of
pupils (at least 20%) cited mathematics as the best
liked or the second best liked school subject.

Boys seem to prefer mathematics slightly more than do
girls, especially toward the upper elementary grades,

Generally it has been found that pupils who like

mathematics do so regardless of whether their program
is contemporary or traditional. There also 1s 1
evidence to show that fewer puplls are afrald of ;
mathematics and more enjoy the challenge of mathe- i
matics problems today than pupils tended to ten years :

ago.
How important First of all, there is no consistent body of research
are attitudes evidence to support the popular beiief that there is
and interests a significant positive relationship between pupil
in mathematics? attitudes toward mathematics and pupil achievement in

mathematics. We have little research basis for
believing that these two things are causally related.

O



Those studies which have been reported indicate only
a trend or a low positive rzlationship between
attitude and achievement.

How imvortant Research also has little to contribute by way of an
are teachers' answer to this question. Several studies show that
attitudes when teachers prefer mathematics, a majority of their
toward and pupils prefer 1it,

interests in

mathematics?

What affects Attitudes toward elementary school mathematics are
attitudes? probably formed and modified by many forces:

(1) by parents and other adults

(2) by classmates and other children

(3) by teachers -- and the way they teach

(4) by the nature and demands of the subject
itself

(5) by the learning style of the child.

Stressing the out-of-school usefulness of mathematics
has been shown to help children to develop more
positive attitudes toward it.

How can Major reasons for pupils' dislike of mathematics
attitudes include lack of understanding, high level of
be improved? difficulty, poor achievement, and lack of interest in

certaln aspects of mathematics.

On the other hand, children like mathematics
primarily because they find it interesting,
challenging, and fun.

Many teachers have observed that interest and
attitude can be improved 1if:

(1) realistic, short-term goals are established --
goals which pupils have a reasonable chance of
attaining, and

(2) pupils are made aware of success and can sense
progress toward these recognized goals.

The material included in this bulletin is & product of the "Interpretive
Study of Research and Development in Elementary School Mathematics"

(Grant No. OEG-0-9-480586-1352(010), sponscred by the Research Utilization
Branch, Bureau of Research, U.S. Office of Yducation, and conducted at

The Pennsylvania State University.

1f you would like more information about the research whose findings are
cited above, contact MARILYN N. SUYDAM, Project Director, at The
Pennsylvania State University, Unjversity Park, Pennsylvania, 16802,
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Using Research: A Key to Elementary School Mathematics ;
i
{
ATTITUDES AND INTERESTS :
What are Attitudes and interests are affective things, having 3
actitudes to do with feelings. In this bulletin, we are con-
and interests? cerned with how pupils and teachers feel about
mathematics, Attitudes and interests are thought to
How are they exert a dynamic, directive influence on an individual's
sometimes responses; thus attitudes and interests may be related I
Investigated? to the teaching and learning of mathematics,
When are they Attitudes and interests frequently have been investi-
formed gated by the use of scales on which agreement or the
by pupils? degree of agreement or disagreement with statements

about mathematics 1s indicated. Sometimes various
school subjects have been ranked by orcer of prefer-
ence, or likes and dislikes have been indicated.
Both methods obviously rely on the honesty of the
individual in expressing his true feelings.

The material included in this bulletin is a product of the "Interpretive
Study of Research and Development in Elementary School Mathematics'

(Grant No. OEG-0-9-480586-1352(010), sponsored by the Research Utilization
Branch, Bureau of Research, U,S5. Office of Education.

The bulletin was prepared by MARILYN N. SUYDAM, The Pennsylvania State
University, Project Director, and J. FRED WEAVER, The University of
Wisconsin-Madison, Project Consultant. Art by Ed Saffell,

It should be noted that research is variable with respect to its quality;
hence, the same degree of confidence cannot be placed in all findings,

An attempt has been made to take this fact into consideration in preparing
this bulletin, '




Do elementary
school pupils
like
mathematics?

How important
are attitudes
and interests
in mathematics?

Does a more
favorable
attitude, or
greater interest,
lead to higher
achievement?

The majority of evidence indicates that relatively
definite attitudes about mathematics have been
developed by the time children are in the intermediate
grades,

Many people belleve that mathematics is disliked by
most pupils -- or that it is just about the least
favorite subject 1n the elementary school., It is
true that in some surveys a significant proportion of
pupils rated mathematics as the least liked of their
school subjects., But it is equally true that in
these surveys approximately the same proportion of
pupils (at least 20%) cited mathematics as the best
liked or the second best liked school subject (Chase,
1949; Chase and Wilson, 1958; Curry, 1963; Faust,
1963; Greenblatt, 1962; Inskeep and Rowland, 1965;
Mosher, 1952; Rowland and Inskeep, 1963; Sister
Josephina, 1959),

Yes, individual differences do exist among pupils!

Dutton (1956, 1968) supported these findings with
evidence from answers given on scales of items,
Similarly, Stright (1960) reported that:
(1) 9% felt that mathematics was a waste of time
(2) 20% thought mathematics uninteresting
(3) 58% said it was the best subject in school
(4) 66% wished they had more mathematics
(5) 80% said they really enjoyed mathematics,

Boys seem to prefer mathematics slightly more than do
girls, especially toward the upper elementary school
grades (Chase and Wilson, 1958; Dutton, 1956; Stright,
1960).

First of all, there is no consistent body of research
evidence to support the popular belief that there ig
a significant positive relationship between pupil
attitudes toward mathematics and pupil achievement in
mathematics., We have little research basis for
believing that these two things are causally related.

Lyda and Morse (1963) reported that among fourth-
grade pupils, significant gains in mathematics
achievement were associated with a combination of
meaningful instruction and an increase in the favor-
ableness of attitude toward mathematics. WNothing
could be asserted, however, about the relation
between achievement and attitude per se.



How important are
teachers'
attitudes

toward and
interests in
mathematics?

What 1is their
relation to
pupil attitudes
and interests,
and to pupil
achievement?

Basgham, Murphy and Murphy (1964) observed '"an impor-
tant difference" in level of mathematics achievement
between sixth-grade pupils who had relatively more
favorable attitudes toward mathematics and those who
had relatively less favorable attitudes. However,
the investigators were not able to specify the level
of confidence with which this finding could be
accepted as a non-chance difference.

In investigations of the subject preferences of fifth-
grade children, Chase (1949) reported no consistent
pattern of relationship between pupils' relative
preference for mathematice and their mathematics
achievement level, Dean (1950), using some of the
pupils involved in this study, found that pupils who
did well in mathematics generally had indicated a
preference toward it. However, preference for mathe-
matics did not necessarily indicate that achievement
would be better.

In a later investigation of pupils' subject prefer-
ences, Greenblatt (1962) reported a significant
relationship between relative preference for mathe-
matics and mathematical achievement level on the part
cf girls in grades 3-5, but no such significant
relationship existed for boys.

Anttonen (1968) found coraistent low correlations
between attitude and achievement from fifth grade
through high school. Faust (1963) and Shapiro (1962)
also found a low positive relationship existed
between attitude and achievement.

Intelligence, which cannot be separated from achleve-
ment, and its relationship to attitude was investi-
gated by Rice (1963) and Greenblatt (1962), who noted

‘that pupils with IQ's above 110 had a greater

interest in mathematics.

Research also has little to contribute by way of
answers to this set of questions which pertain to the
influence of teachers' attitudes toward and interests
ip mathematics upon pupll attitudes, interests, and
achievement.

Greenblatt (1962) reported a significant relationship
between teacher preference for mathematics and pupil
preference for mathematics in the case of children
who had IQ's above 110. But no such significant
relationship was found in the case of pupils in lower
IQ groupings.



What is

the attitude
of pupils
toward

the new
programs?

What affects
attitudes?

In the case of children in grades 4-6, Inskeep and
Rowland (1965) found a non~significant correlation
between teacher preference for mathematics and pupil
preference for mathematics.,

Chase (1949) reported a strong agreement between
fifth-grade teachers' preference for mathematics and
their respective pupils' preference for mathematics,

A decade later, in a replication of this investiga-
tion, Chase and Wilson (1958) reported no consequen-
tial change: when teachers preferred mathematics,

a majority of their pupils preferred it.

Abrego (1966) found no relationship betweea achieve-
ment and attitude in either traditional or newer
mathematics programs,

According to Hungerman's findings (1967), pupils’
attitudes were similarly positive both for contem-
porary and conventional programs. But for each type
of program there was a low positive relationship
between IQ and attitude, and also between attitude
and achievement,

More generally, pupils who like mathematics do so
independently of the kind of program (contemporary
or conventional),

Feldhake (1966) reported that high achievers found
new mathematics programs more interesting than did
low achievers,

Dutton (1968) observed that fewer pupils are afraid
of mathematics and more enjoy the challenge of a
mathematics problem today than pupils tended to ten
years ago.

Attitudes toward elementary school mathematics are
probably formed and modifjecd by many forces. The
influence of other people could be named as one
source! parents and other non-school-related adults,
classmates and other children, and teachers in each
of the grades,

" The way in which the teacher teaches seems to be of

importance -- the methods and materials he or she
uses, as well as his or her mannrer, probably affect
pupils' attitudles,



How can attitudes
be improved?

The subject itself undoubtedly has an influence on a
child's actitude: the precision of mathematics when
compared with many other subjects; the need for
thorough learning of facts and algorithms; the
"building block" characteristic wherein many topics
are built and often dependent on previous knowledge.
Indeed, mathematics has traditionally been considered
difficult, and its use as a mental discipline tool is
still unfortunately being touted and abused by some
persons,

The leariing style of the child is also an important
factor to consider. The orderliness which discourages
some 1is the very aspect which attracts others.

Studies by Dutton (1956, 1968), Lyda and Morse (1963),
and others have indicated that for some children the
practical value and usefulness of mathematies in out-
of-class situations contribute to the development of
more po3aitive attitudes toward mathematics,

Stright (1960) reported that 95% of the over one
thousand pupils she surveyed felt that mathematics
would help them in their daily lives, while 86%
classified mathematics as the most useful subject.
Dutton (1968) noted, however, that fewer see the
practical uses of mathematics now than ten years ago.
Making pupils aware of the uses of mathematics seems
related to developing more positive attitudes, yet
newer programs have frequentiy tended to deemphasize
this aspect.

Dutton (1956) reported that major reasons for pupils'

digslike of mathematics include lack of understanding,

high level of difficulty, poor achievement, and lack
of interest in certain aspects of mathematics.

On the other hand, children like mathematics
primarily because they find it interesting, challeng-
ing, and fun.

We have good reuson to bz2lieve that interest and
attitude can be improved if:

{1) realistic, short-term goals are established -~
goals which pupils have a reasonable chance of
attaining, and

(2) pupils are made aware of success and can sense
progress toward these recognized goals.
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PLANNING FOR INSTRUCTION

There is general agreement today that we will begin to

teach mathematics systematically in grade 1, 1f not in i
kindergarten, since it has been shown that children can

and do learn a great deal about number in the early years.,

Children can learn through an “activity method," 1if activi-
ties are (1) carefully planned to include sequential devel-
opment of mathematical skills and (2) accompanied by strong
drill programs. However, a program stressing sequential
development with activities incorporated to introduce and
reinforce concepts is generally advocated today. Emphasis
in content organization is thus placed on the structure of
mathematics, with consideration given to learning levels

of children.

No general conclusion can be drawn from research regarding
the relative efficiency of any one organizational pattern
for mathematical instruction. Neither team teaching nor

departmentalization nor self-contained classrooms nor any
other pattern appears to, per se, increase pupil achieve-
ment in mathematics, Perhaps the most important implica-
tion from various studies is that good t rachers are effec-
tive regardless of the nature of classroow organization.
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No substantial evidence to date supports an affirmative
answer to this question., When the Individually Prescribed
Instruction (IPI) program of the Oakleaf Project is con-
sidered, achievement of pupils has generally been found to
be approximately equivalent to that of pupils in non-
individualized programs. The type of research design and
the measuring instruments used undoubtedly contribute to
this finding.

Meaningful teaching generally leads to (1) greater reten-
tion, (2) greater transfer, and (3) increased ability to
solve independently. Teachers should (1) use more mate-
rials, (2) spend more class time on development and dis-
cussion, and (3) provide short, specific practice periods.
Higher achievement in computation, problem solving, and
mathematical concepts has been found to occur when more
than half of the class time was spent on developmental
activities, with the remainder on individual practice.

Generally, '"modern" programs are as effective as 'tradi-
tional" programs in developing "traditional" mathematical
skills. Evrluation of groups taught with School Mathe-
matics Study Group (SMSG) materials indicates that these
groups can be expected to understand mathematical prin-
ciples better than those using conventional materials. No
significant differences in computational skills were re-
ported, though results may vary depending on the type of
test.

It has been suggested that we can become so concerned with
principles and properties that too little time 1s spent on
computational practice and applications in social situa=-
tions. Such practice and applications must be carefully
planned. . . .

The material included in this bulletin 1s a product of the "Interpretive Study
of Research and Development in Elementary School Mathematles' (Grant No.

OEG-0-9-480586-1352(010) , sponsored by the Research Utilization Branch, Bureau
of Research, U.S. Office of Education, and conducted at The Pennsylvania State

University.

If you would like more information about the research whose findings are cited
above, contact MARILYN N. SUYDAM, Project Director, at The Pennsylvania State
University, University Park, Pennsylvania, 16802.
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Using Research: A Key to Elementary School Mathematics

PLANNING FOR INSTRUCTION

Is there research to guide us in deciding . . .

« « « When to With a few exceptions, there is general agreement today that we
begin will begin to teach mathematics systematically in grade 1, if
systematic not in kindergarten. Forty years ago, however, this was a mat-
instruction? ter of great debate. It was argued that formal study shouid be
deferred "until the child could undcrstand more and had a need
for using mathematics." Therefore, until at least the third

grade, mathematics should be learned "incidentally," through
informal, unplanned contacts with number.

Opponents argued that such delay was a waste of time. Data to
support this were collected; for instance, Washburr.. (1928)
found that pupils whe began mathematics in either jrade 1 or 2
made better mathematics scores in grade 6 than did pupils who
began mathematics in grade 3.

On the other hand, Sax and Ottina (1958) found more recently
that by seventh grade, there was no significant difference in
computation scores. Meaning scores were higher for pupils in a

The material included in this bulletin is a product of the "Interpretive Study of
Research and Development in Elementary School Mathematics' (Grant No. OEG-0-9-
480586-1352(010), sponsored by the Research Utilization Branch, Bureau of
Research, U.S. Office of Education.

The bulletin was prepared by MARILYN N, SUYDAM, The Pennsylvania State University,
Project Director, and J. FRED WEAVER, The University of Wisconsin-Madison, Project
Consultant. Art by Ed Saffell.

It should be noted that research is variable with respect to its quality; hence,
the same degree of confidence cannot be placed in all findings. An attempt has
been made to take this fact into consideration in preparing this bulletin.
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school in which formal instruction was deferred until fifth
grade. However, with the emphasis today on teaching an in-
creased amount of mathematics at any earlier age, the question
of when to begin systematic instruction has not seriocusly been
reopened.

During the 1930's there were many investigations of the effec-
tiveness of "activity programs,' planned to acquaint children
with aumber as part of the environment. Generally research
showed that mathematics could be learned through an "activity
program,” if (1) carefully planned to incorporate sequential
development of mathematical skills and (2) accompanied by
strong drill programs (e.g., Wilson, 1930; Harap and Mapes
1934; Wrightstone, 1935).

For years the work of Washburne (1928) and the Committee of
Seven strongly influenced the sequencirg of topics in the cur-
riculum. This group of superintendents and principals in the
midwest surveyed pupils to find when topics were mastered, and
then suggested the order and wental age or grade level in which
each should be taught.

With the curriculum reforam movement which began in the 1950's,
ruch reorganization of content has been suggested. Generally,
various topics and patterns have been "tried out" to see if
they could be taught at a proposed level: research reflects
many such trials. Gagne has long been working on the develop-
meat of hierarchies of learning tasks. Suppes (1969) is ap-
proaching the problem of organization and sequencing with the
aid of computer-stored data on pupils' responses.

Educators have long searched for the 'perfect' organizational
pattern to meet individual pupil needs and increase achieve-
ment, A vast number of studies have beer conducted to attempi
to ascertain the efficacy or the superiority of departmentali-
zation, team teaching, multi-graded, non-graded, or self=-
contained classrooms. However, attempts to isolate and measure
the effrcte of any ot these is extremely difficult, since fac-
tors such as content organization and teacher background inter-
act with the pattern. The definitions of the various patterns
also tend to overlap--what one person labels team teaching
another defines as departmentalization, etc.

It is apparent from a review of the research that no gereral
conciysion can be drawn regarding t'e relative efficiency »>f
any one pattern for mathematics instruction. There appears to
be no one pattern which, per se, will increase pupil achieve-
ment in mathematics. A proponent of any pattern can find
studies that verify his stand. Achievement differences are af-
fected nmore by other variables such as the mathematical back-
ground of the teacher, than by the organizational pattern,
Perhapa the most important implication of the various studies
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is that good teachers are effective regardless of @ : nature of
classroom organization (Gibb and Matala, 1962).

No substantial research evidence has been reported to date to
support an affirmative answe. to this question, It refers to
the project on Individually Prescribed Instruction (IPI) origi-
nated as a cooperative venture of the University of
Pittsburgh's Learning Research and Development Center and
Oaklea? Elementary School of the Baldwin-Whitehall School
District of Pittsburgh.

In a recent Progress Report on IPl (1969) it was concluded that
"on standard achievement tests IPI pupils do as well as non-IPI
pupils."” No claim is made for higher achievement on the part
of IPI pupils. For instence, at the third, fourth, and fifth
grade levels Fisher (1968) found no significant achievement
diffarences under three instructional treatments: (1) 1PI, (2)
"programmed learning instruction," and (3) "standard classroom
instruction.”

In an inconcl: {ve investigation of IPI effects among low,
average, and high ability fourth, fifth, and sixth grade
pupils, Deep (1967) questioned the appropriateness of standard-
ized tests for measuring achievement within the IPI context.
Other assessment problems and instructional factors associated
with IPI have also been studied. Findings from such research
and evaluation have been used to revise the program.

Earlier in this century, it was doubted that children needed to
understand what they learned. It was enough if they developed
high degrees of skill. To take time to give explanations and
develop understanding was deemed wasteful, besides being per-
plexing to the learners.

Then came the realization that certain things were to be gained
if content made sense to the learner. When wmathematics 1is
taught according to the mathematical aim, learning becomes
meaningful; wheia taught according to the social aim, signifi-
cant, Children do not necessarily acquire meanings when they
engage in social activities involving mathematics., Significant
mathematical experiences need to be supplemented by meaningful
mathematical experiences.

Dawson and Ruddell (1955) summarized studies, such a8 those by
Swenson, Anderson, Howard, and Brownell and Moser, which were
concerned with varlous aspects of meaning. They concluded that
seaningful teaching generally leads to: (1) greater retention,
(2) greater transfer, and (3) increased ability to solve inde-~
pendently. They also suggested that teachers should (1) use
more materials, (2) spend more class time on development and
discussion, and (3) provide short, specific practice periods.

Studies since that date have supported these findings.
Great .ouse (196¢), for instance, found that groups taught by a



Is there 1esearch
which identvifies
outcomes of
"modern" or
""contemporary'
programs?

group-oriented meaningful method achieved more than thoae
taught by individually-oriented meaningful methods, but each
achieved more than a group taught by a drill-computation
method. Miller (1957) fouud that “meaning' methods were more
effective for most computational areas and for understanding of
the principles of mathematics. The '"rule" method, however,
seemed more effective for low IQ children.

To determine how the use of class time affects achievement,
Shipp and Deer (1960) compared four groups, in which 75%, 60%,
40% or 25% of class time was spent on group developmental work
while the remainder was spent on individual practice. Higher
achievement in computation, problem solving and mathematical
concepts was obtained when more than half of the time was spent
on developmental activities,

In replications of this experiment, Shuster and Pigge (1965)

and Zahn (1966) used other time allocetions. They confirmed

the finding that when the greater proportion of time is spent
oa developmental activities, achievement is higher.

Hopkins (1966) compared two fifth grade groups which spent 50%
time on meaningful activities and 50% time (1) on practice or
(2) in informal investigations of more advanced concepts. No
sigrificant differences between computation sccres for the two
groups were found, but signifjcant differences on understanding
measures occurred. Hopkins corcluded that the amount of time
spent on practice '"can be reduced substantially and still re-
tain equivalent proficiency in arithmetic computation.'" If
activities are carefully selected, understanding can be in-
creased.

Payne (1965) summarized several studies and reported that
"modern' programs were as effective as "traditional" programs
in developing "traditional' mathematicel skills; this is sup-
ported by more recent studies, There is evidence that '"modern"
materials are appropriate for a wide range of student abilities.

One phase of the National Longitudinal Study of Mathematical
Abilities (NLSMA) compared achievement patterns based on 38
measures over a three-year period, for programs in grades 4-6
represented by six textbook series-~three '"modern' and three
"conventional” (Carry and Weaver, 1969). The conjecture that
achievement patterns would be more similar within textbook
classifications ("modern" and "conventional™) than across clas-
sifications was not supported consistently by actual findiags
of the investigatfion., It was not uncommon to identify subtests
on which large differences in achievement existed among the
"modern' textbook groups and also among the "conventional"
textbook groups. Furthermore, the findings did not agree con-
sistently with the hypothesis that "wmodern'" and ''conventional"
texts could be distinguished on the basis of achievement level
assocfated with particular subtests-~although there was a trend
in support of this conjecture.
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Many persons feel that the School Mathematics Study Group
(SMSG) has had the greatest impact on the curriculum of any ex-
perimental program. Certainly much research and evaluation has
been concerned with the SMSG materials.

Hungerman (1967) and Grafft and Ruddell (1968) compared sixth
grade classes who had studied the SMSG program during grades 4,
5, and 6, with classes who had studied a conventional progran.
Grafft and Ruddell reported that the SMSG group understood
principles of multiplication better than did the conventionally
taught groups, while no significant differences in computation
were found. Hungerman found that achievement data significantly
favored non-SMSG groups on a test of conventional arithmetic,
and the SMI'G group on a test of contemporary mathematics. Sev-
eral other researchers reached this same conclusion in studying
other "modern" programs.

Sloan and Pate (1966) studied teaching strategies, reporting
that more SMSG teachers than teachers of ''traditional” mathe-
matics used analysis and comprehension questions, eliciting
spontaneous responses, and developing content. The non-SMSG
teachers used recall and recognition questions to a greater
degree than any of the other questions they might huve used.

One caution is included in several reports: we can become sgo
concerned with principles and properties that little or no
opportunity is given pupils to practice computation or apply
mathematics in social contexts, Such practice and applications
must be planned for. . . .
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Using Research: A Key to Elementary School Mathematics

THE TEACHING-LEARNING PROCESS

Children apyear to acquire mastery and understanding of mathe-
maticsl ideas in steps or stages. Materials which are care-
fully structured to guide children through various ''levels"
tend to promote retention of the knowledge.

Age and intelligence are positively correlated with ability to
learn various concepts, and thus must be considered in your
planuing.

It seems plausible that children must be interested in learn-
ing in order to learn. What promotes interest? Games and
materials are effective; your enthusiasm and prafse of their
efforts are essential. For some children, material "rewards"
may be helpful.

Giving children "knowledge of results,'" by providing scores or
correct answers, seems to be one of the best ways of reinforc-
ing their learning. Confirming a child's response is more
effective than merely supplying him with the answer.

When an experience has meaning to the learner and is under-
stood by the learner, retention is facilitated. Planning to
spend at least 50X of mathematics class time on meaningful
dev-lopmental activities will help, as will allowing children
to work at their own level,




Intensive and specific review angd practice should be provided,
regularly and systematically, with especially careful review
of material taught just before a vacation period.

Is there research You can help children to transfer mathematical skills and cza-

to guide us in cepts from one experience to another by:
facilitating (1) planning and teaching for transfer--which implie; that
transfer? what is to be transferred must first be carefully deterpined

(2) teaching children how to transfer--which includes
stress on searcaing for patterns and rules

(3) guiding children to generalize on the basis of exper-
iences

(4) teaching with meaning--possibly discovery-oriented

(5) providing for instruction and practice for each child
on his own level. '

What is the The way in which the curriculum is organized~-whether by areas
interaction of or topics~-aud the way instruction is presented--either induc-
organization tively or deductively--were not found to interact signifi-

and instruction can:ly to affect mathematical learning.

variables?

e

What is the role There is much discrepancy in the way in which 'discovery" is
of "discovery" defined and used. If it is applied to a teaching approach in
in the teaching- which the teacher leads pupils to a desired conclusion or
learning process? behavior with directed questions, then it may be labelled
"guided discovery." This is frequently contrasted with an
"expository" approach, in which teachers explain or tell
pupils what they are to do to perform a desired behavior.

When a "guided discovery" and an 'expository' approach are
compared, ''suided discovery" groups have generally been found
to achieve higher on tests of (1) retention and (2) transfer.
Those taught by an '"'expository' approach may achieve higher
scores on tests immedfately following instruction.

Generally, the '"guided discovery' groups achieve higher scores
for problem solving than do groups taught by "exposftion.'
However, neither approach has an advantage on measures of
computeticnal skill.

The material iicluded in this bulletin is a product cf the "interpretive Study of
Research and Development in Elementary School Mcihematics' (Grant No. OEG-0-9-
480586-1352(010), sponsored by the Research Utilization Branch, U.S. Office of
Education, and corZucted at The lennsylvanfa State University.

If you would like more information about the research whose findings are cited
above, contact MARILYN N. SUYDAM, Project Director, at Thi: Pennsylvania State
University, University Park, Pennsylvania, 16802.
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. Using Research: A Key to Elementary School Mathematic:

THE TEACHING-LEARNING PROCESS

Research to guide us in determining how we should teach and how children
learn encompasses far more than one curriculum area. %e have not attempted a
broad survey of learning theory, but rather have selected that research which
(1) 1s based on a phase of the elementary school mathematics curriculum and
(2) provides specific suggestions to teachers of elementary school mathematics.
Many of these findings have been substantiated not only in research across many
phases of the curriculum, but also by practical use.

What factors Learning is not an "all or none'" process. We generally
associated with acquire understanding progressively, In gteps or stages.

the learner Perreault (1957) reported that the child's ability to count,
influence to group, and to perceive the number of objects without count-
achievement ing appeared to reflect such developmental s*ages.

in mathematics? Gagne and Bassler (1963) structured a hierarchy of "subordi-

nate knowledge" which led to the development of a concept.
They found that, in general, sixth grade pupils learned con-
cepts developed according to such a hierarchy. Although they
did not retain 21l of the subordinate knowledge, they did con-
tinue to achieve well on the final task.

The material included in this bulletin is a product of the "Interpretive Study of
Research and Development fn Elementary School Mathematics" (Grant No. OEG-0-9-
480586-1352(010), sponsored by the Research Utilization Branch, Butreau of
Research, U.S. Office of Education.

The bulletin was prepared by MARILYN N. SUYDAM, The Peunsylvanfa State University,
Project Director, and J. FRED WEAVER, The University of Wisconsin-Madison, Project
Consultant. Ar: by Ed Saffell.

1t should be noted that vesesrch 1is variable with respect to its quality; hence,
the same degree of confidenze cannot be placed in all findings. An attempt has
been made to take this fact into c¢onsideration in preparing this bulletin.
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Brownell (1944) supplied interview data to support the con-
ception of learning as a series of progressive reorganizacions
of processes and procedures. Hill (1961) found that children
aged 6 through 8 could recognize the validity of logical in-
ferences, with a pattern of steady growth rather than fixed
stages,

Much additional research has shown that age and intelligence
are highly related to ability to learn various specific mathe-
matical ideas. Westtrook (1966), for instance, noted that the
intellectual factors of reasoning and verbal meaning were re-
lated to achievement in mathematics in grades 4, 5, and 6.
Meconi (1967) found that pupils with high ability were able to
learn under any method that he investigated. Large variations
in generalization ability, depending on the mathematical con-
cept, intelligence level, and the visual pattern presented,
were found on tests of varied mathematical content (Ebert,
1946) .

Cathcart and Liedtke (1969) suggested that pupils in grades 2
and 3 who were identified as having a '"reflective' learning
style took longer to consider their responses and achieved
better than pupils with an . apulsive' style. Certainly
learning style needs to be considered as we plan lessons and
give directions.

Exactly what "motivation" is has teen the subject of some
debate., Let us assume that it includes what the teacher does
to increase pupils' interest in learning mathemetics. (We
further hope that increased interest will lead to increased
achievement.) There are numerous reports about various games
and materials which teachers have used successfully in in-
creasing interest. The effect of teacher enthusiasm cannot be
taken 2ightly,

What the teacher gays--and how he says it--has been found to
be particularly important. Not surprisingly, praise has been
found to be a highly effective way to motivate.

Hollander (1968) recently studied the effect of different
types of incentive on inner-city fifth and sixth graders fol-
lowing a teat on addition and subtraction problems, He found
that pupils worked faster when told they could earn a candy
bar J€ they improved their own scores on a second test, and
with greater accuracy when told they had performed exception-
ally well. Those reproved by being told their scores were
very low attempted fewer items and made more errors than were
made under any of the other conditions.

One of tne best ways of reinforcing learning is to give the
child "knuwledge of resulte"--by providing scores or by pro-
viding correct answers. Paige (1966) found that immediate re-
inforcement after a testing situatfon resulted in siznificantly
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higher achievement scores later. Having the student respond

and then giving confirmation is more effective then prompting
him with the correct answer before giving him a chance to re-
spond (McNeil, 1965.)

Kapos, Mech and Fo» (1957) studied the effect of various
amounts and patterns of reinforcement with third and fourth
graders at several IQ levels. Different patterns of rein-
forcement produced differences in achievement. However, there
was no clear indication of which quantity or pattern of rein-
forceuwent was best, nor was any relationship with IQ found.

-

Obviously, we want children to retain what we are teaching and
they are learning. There is much research to show that when
something has meaning to the learner and is understood by the
learner, he will be more likely to remember, Furthermore,
Shuster and Pigge (1965) state that retention is better when
at least 50 per cent of class time is spent on meaningful,
developmental activitiesr. Klausmeier and Check (1962) re-
ported that when a pupil solved problems at his own level of
difficulty, retention was good regardless of IQ level.

Burns (1960) reported that intensive, specific review will
facilitate retention. He prepared lessons which included not
only practice exercises, but also review study questions which
directed pupils' attention to relevant things to consider.
Meddleton (1956) poinved out that such review should be
systenmatic.

iany teachers have noted that children fail to retain well
over the summer vacation. The amount of loss varies with the
child's ability and age, but how long before the vacation
materiasl was presented is especially important. Practice
during the summer and review concentrated on materials pre-
sented in the spring have been shown to be especially helpful.
Scott (1967) reported no systematic relationship of amount of
loss and type of program, whether "traditional" or "modern."

Transfer infers that something learned from one experience can
be applied to another experience. For instance, Olander
(1931) found that pupils who studied 110 addition and subtrac-
tion combinations could give correct answers to the 90 un-
taught wombinations. What facilitated this transfer hest was
instruction in generalizing, in teaching children to see pat-
terns. Transfer increases as the similirity o! problems and
experiences increases. Much research has shown that meaning-
ful instruction aids in transfer of learning. Recent studies
also ehow that transfer is facilitated by discovery-oriented
instruction.

In most studies is the implication that transfer {s facili-
tated when teachers plan and teach for transfer--and we muet
teach children how to tranafer. Kolb (1967), for instance,
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carefully planned to have children transfer mathematical in-
struction to quantitative science behaviors, and achieved this
transfer,

In general, the older the child and the higher his ability
level, the better he can transfer. However, Klausmeier and
Check (1962) found that children of various IQ levels transfer
prcblem solving skills to new situations when the children
were given work at their own level of difficulty.

Armstrong (1968) studied the relative effects of two forms of
spiral organization (area or topical) and two instructicaal
modes of presentation (inductive or deductive)}. Sixth graders
were assessed at each of six cognitive levels, within three
areas (set theory, number theory, and geometry) and on four
topics (terminology, relations, operations, and propercies).
The inductive mode of presentatioi fostercd the learaing of
operations, while the deductive mcde resulted in greater learn-
ing of mathematical properties. The interaction of curricu)um
organization and instructional presentation variables was not
found to significantly affect mathematical learning.

Few teachers are unaware of the word "discovery'"--but there is
much discrepancy about what it means as well as how it can be
used. Research evidence is equivocal; perhaps the greatest
factor contribu”ing to this is the labelling of quite dif-
ferent methods with the same name. Nevertheless, findings
from research on discovery have particular implications as we
plan for the developmental aspects of mathematical teaching
and learning.

In a pilot study iith a small grsup of ten second-graders,
Bassler (1968) provided groups with "intermediate guidance" in
which pupils were led to a desired behavior through a "guided
discovery' approach with directed questions by the teacher, or
with "maximal guidance" in which teachers specifically told
students what they were to do, followed by practice. The pat-
tern of differences for posttest and retention achievement
favored the "intermediate guidance" group. This group had
higher transfer scores immediately following instruction,
while the "maximal guidance" group had higher transfer scores
on the retention test.

Fleckman (1967) reported that classes of fifth and sixth
graders taught division by & '"gulded-discovery' method learned
more concepts than classes taught by conventional textbook
procedures, while computation was equiv-ient.

Scandura (1964) ccnducted several studies concerned with
"exposition" versus "discovery' in classification tasks. He
found that pupils taught by 'discovery" were (1) better able
to handle prodblem tasks, (2) took longer to reach the desired
level of facility, end (3) secmed more self -reliant.



In an excellent study with fifth and sixth graders, Worthen (1968) compared two
methods that }jffeied in terms of sequence characteristics. 1In the expository
method, the verbalization of the required concept or generalization was the ini-
tial step in the sequence. Mathematical principles were explained verbally and
symbolically to the pupil, who then worked with examples. In the discovery
method, the pupil was presented with an ordered, structured series of examples of
a1 generalization. No explanation was given, nor any hint that there was an under-
lying principle to be discovered. The pupil was expected to acquire the mathe-
matical concept or generalization through an inference of his own.

The two sequences of presentation, with carefully described teaching behaviors,
resulted in significantly different pupil performance on several types of tests.
~In general, Worthen's findings support many of the claims made by proponents of

discovery methods. The expository method was better than the discovery method on
the initial test of learning, but discovery was better on retention tests adminis-
tered after five and eleven weeks.

The discovery group also transferred concepts more readily and used discovery
problem solving approaches to new »nituations better. No differences were found in
pupil attitude toward the two approaches, The results further indicate that the
discovery method need not take more time.

© List of Selected References

Armstrong, Jenny Rose. The Relative Effects of Iwe Forms of Spiral Curriculum Organfzaticn and Two Modes of
Presentatfon on Mathematfcal Learning. (Unfversity of Wisconain, 1968.) Discertstion Adstracts 29:
1413 July 1968,

Bassler, Otto C. Intermediate Versus Maximal Guidance - 5 Pilot Study. Arithmetic Teacher 15: 357-362;
April 1958,

Brewvell, Williaa A. Rate, Accuracy, and Process {n Leainfng. Journal of Educational Psycholegy 135: J321-
337} Septesder 1944,

Burns, Faul C. Arfthmetfc Books for Elcmentsry Schocls. Aritheetfc Teacher 7: 147-149; March 1940,

Cathcart, W. Cecrpe and Liedtke, Werner. Reflectiveness/Irpulsfveness and Mathepatica Achievedent.
Arltdmetic Teacher 16: 563-567; NSovember 1959.

Ebert, Reuben S. Generaliration Adflltfes in Mathematfcs. Journal of Educational Research 39: 671.6513
May 1946.

Flecknman, Bessie. Ilaprovement of Learning Divisfoa Through Use of the Discovery Method. (University of
Georgla, 1966.) Dissertation Abstracts 27A: 3366-33673 April 1967,

Cagne, Robrtrt and Bassler, Ottc. Study of Petenticon of Scwme Toples of Elementary Konmeltic Geometry.
Joursral of Educatfora] Psycholegy 5&: 123-131; June 196).

Bill, Shirley A. A Study of the Logical Abflitfes cof Children. (Stanford University, 1981.) Dissertstion
Abstracts 21: 3359; May 1961.

Nollander, Elaine Kind. The Effects cf Variouw Incentives on Fifth wnd Sixth Crade lnaer-City Children's
Performance of an Aritheetic Taek., (The Aserican University, 19¢0.) Dissertation Abstrects 29A!
1130; Octoder 1968,

Kapos, Ervin; Mech, Edwund V.: and Fox, Willtem R. Schoolroom Motivations 1. 1Tvo Studies of Quantity and
Patte.n of Verbal Reinforcenent 8s Related to Performance 06 a8 Routine Task. Indisns Dniversity School

of Fducatic, Sullstin J)¥: f<4); Jenuary 1957,

Klsusmefer, Metbert J, and Check, John. Retention and Transfer in Childrem of Low, Average, and Hiph
intelligence. Journal of Pducational Research 5%: J19.322; Asttl 1962,

Kelb, John K. Effects of Relailng Mathematics to Scleace Instrcction on the Acquisition cf Quantitative
Science Bedaviars. Journal of Resegtch fn Sclefice Teathing S: 174-182; June 194).

McKell. Jodw . FPeospting Versus faternittent Confirmation 1n the Learning of a Mathemstical Task.
Atitheetie teacher 12: 33)-33%; Novesber 1983,

Mecoal, L. J. Concept Learning and Retentioch i Mathematics. Journal of Fxperimentsl Rducatisg 36: 31-31y
Fall 1987,

ERIC

Aruitoxt provided by Eic:



Meddleton, Ivor G. An Experlmental Investigatfon Into the Systematic Icechiing of Kuwber Combinations in
Arithmetic. British Journal c¢f Lducational Psychology ¢6: 117-127; Junc 195¢,

Olander, 'ierbert T. Transfer of Learning fn Simple Addition and Subtraction, 1, Elemeatsry School Journal
31: 358-369; January 1931, [I. 31: 427-437; February 1931,

Paige, Donald D. Learning While Testing. Journal of Educaticnal Research S9: 27:~277; February 196(,

Perreault, (Sister) Mary Jacqueline. Are We Trying to Force Mathematlcnl Maturfty? School Science and
Mathematics 57: 512-522; October 1957.

Scandura, Joseph M. An Analysis of Eyr~sition and Discovery Modes of Prohlem Solving Instruction, Journal
of Experimental Education 33: 148-159; December 1964.

Scott, Lloyd F. Suumer locs {n Modern and Traditional Elementary School Mathematics Programs. California
Journal of Educational Research 28: 145-151; May 1967.

Shuster, Albert and Pigge, Fred. Rzlention Efffciency of Meaningful Tezching., Arithmetic Teacher 12: 24-
31; January 1965,

Westbrook, Helen Rose. Intellectual Processes Related to Mathematics Achievement at Grade levels Four, Five,
and S1x. (University of Georgla, 1965.} Dissertation Abstracis 26: (520; May 1966,

Worthen, Blaine R. A Study of Discovery and Expository Presentation: Implications for Teaching., Journal
of Teacher Education 19: 223-242; Summer 1968,

Project on Interpreting Mathematics Education Research Nonprofit Org.
Center for Cooperative Research with Schools U. S. Postage
302 Edvvation Building PAID

The P.nnsylvania State University ‘ Permit No. 1
Univ:rsity Park, Pennsylvania 16802 University Park, Pa.

JERIC

|/




What factors are
important to
consider when
individualizing
instruction?

Should boys and
girls have a
different mathe-
matics prograwm?

Overview . ..
individualizing

Instruction

Using Research: A Key to Elementary School Mathematics

INDIVIDUALIZING INSTRUCTION

It seems apparent that there 1s no one best way to indi.-
vidualize instruction. You must identify various factors
related to achievement and interest in mathematics, and
tnen decide on appropriate variations in content, materi-
als, method, and time.

Mathematical ability has been found to be a combination
of intellectual, numerical, and spatial factors, with a
verbal factor which is highly related to intelligence.

It has been suggested that certain personality factors or
emotional difficulties may be more important than intel-
ligence as a factor contributing to lack of success in
mathematics. Sociceconomic status also influences
achievement, with achievement level increasing as socio-
economic level of the parent increases.

Some research has indicated that some students can be
identified who will achieve better when taught
inductively, while others learn better when taught
deductively. Thus using a method appropriate to the
learner is one way of individualizing instruction.

While some researchers have reported that boys tended to
score higher in mathematical reaso.aing and girls were
better on fundamentals, most concluded that what little
difference exists 1s not sufficient to influence curricu-
lur decisions,




How does
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How may
instruction

be effectively
individualized?

You should ascertain the specific errors which a pupil is
making, determine gpecifically how he works, and give
specific remedial help.

Diagnostic tests for skills are available, and some tests
which focus on understanding of mathematical ideas are
available. You may find that observing and questioning
children as they work 1s one of the best ways of ascer-
taining how they think as they dn mathematics. These
techniques provide you with information on what and how
to teach hinm.

A testing-reteaching-retesting strategy will help to
decrease the errors pupils make.

Grouping on the basis of ability has been found in soue
gtudies to be especlally effective for those at upper
ability levels. The findings of research on grouping on
the basis of achlevement have been much more variable.
Apparently the most importanc factor in grouping is the
tedcher: a good teacher will be successful regardless of
the pattern of grouping used.

In general, acceleratioa has been reported to be effec-
tive for some children. Unfavorable academic, social,
emotional and physical problems seem to te minimal when
children are carefully selected aid the program is care-
fully planned.

All 1ir &ll, there 1Is 1little substantial evidence to date
indicating that programs of individualized mathematics
instruction will lead to higher levels of pupil achieve-
ment when compared with ncn-individualized prosgrams.
Parhaps how each teacher teaches 1s the mcst significant
factor, and obscures differences between the two types of
programs,

The material included in this bulletin 1s a product of the "Interpretive Study
of Research and Development in Elementary School Mathematics' (Grant No.

OEG-0-9-480586-1352(010), sponsored by the Research Utilization Rranch, Bureau
of Research, U.S, Office of Education, and conducted at The Penrsylvania State

University.

If you would 1like more information about the research whose findings are cited
above, contact MARILYN N. SUYDAM, Project Director, at The Pennsylvania State
University, University Fark, Pennsylvania, 16802,




A Closer View...

Individualizing

Instruction

Using Research: A Key to Elementary School Mathematics

IMNDIVIDUALIZING INSTRUCTION

By individualizing instruction we mean attempts to organize mathematics pro-
grams and instruction in relation to the unique needs and abilities ¢f individual
ckildren. This includes, but is not restricted to, plans in which individucl ,
pupils work more or less completely independently. It seems apparent that there
is no one plan which is best. Provision for individualizing is conditioned iu
part by school organization, in part by the particular teacher and pupils. The
teacher must identify various factors related to pupils' achievemeat and interest
in mathematics, and then decide on appropriate varjations in content, materials,
method, and time.

What factors are Wrigley (1958) was among those who studied the structure of

important to mathematical ability. He concluded that high intelligence is
consider when the most important single factor for success in mathematics. He
individualizing 1isolated a mathematical group factor which linked tlie different
instruction? branches of mathematics, as well as specific verbal, numerical,

and spatial factors which affect achievement. When the influ-
ence of Intelligence was eliminated, verbal ability had little
connection with mathematical ability,

The matorial included in this bulletin is a product of the "Interpretive Study of
Research and Development in Elementary School Mathematics" (Grant No. OEG-0-9-
480586-1352(010) , sponsored by the Research Utilization Branch, Bureau of
Research, U.8, Office of Education.

The bulletin was prepared by MARILYK N. SUYDAM, The Pennsylvania State University,
Project Director, and J. FRED WEAVER, The University of Wisconsin-Madison, Project
Consultant. Art by Ed Saffell,

It should be noted that research is variable with respect to its quality} hence,
the same degree of confidence cannot be placed in all findings. An attempt has
been made to take this fact into consideration in preparing this bulletin.
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It has been suggested that the most feasible way of coping with
individual differences might be to alter instructional methods
to fit the aptitude pattern of the learner. To ascertain whether
students high in a given ability achieve better under one method
of instruction than under another, King, Roberts, and Kropp
(1969) tested 426 fifth and sixth graders after instruction with
one of four sets of materials on elementary set concepts, There
were significant interactions on inductive-deductive comparisonc:
it appeared that some students were identified who achieved
better when taught inductively, while others achieved more when
taught deductively.

" Capps (1962) tentatively concluded from a comparison of '"superior
achievers" and 'underachievers'" that retardation in mathematics
might be related to personal adjustment: perhaps emotional dif-
ficulties tead to foster difficulties, and vice versa. Otiier
researchers have also suggested that personality factors may be
more important than intelligence in promoting -etardation,

Should boys and Jarvis (1964) and Powell, O'Connor, and Parsley (1964) cor:luded

girls have a that in generul boys scored higher in mathematical reasoning and
differeut girls were better in fundamentals, though some conflicting evi-
mathematics dence has been presented. Still other studies report no signifi-
program? , cant achievement differences assuciated with sex, and most re-

searchers conclude that what little difference exists is not
sufficient to influence curriculum decisione.

What is the There 1s evidence from research that childien from low socioeco-
effect of nomic grcups huave less mathematical background when they enter
socloeconomic school than do children from middle socioeconomic groups. Passy
level on (1964) reported significant differen.es among third graders,
achlevement? with achievement level increasing ac socloeconomic level of the

psreat increased. Unkel (1966) found that socioeconomic status
had a significant effect on achievement in mathematics at all
intelligence levels in grades 1 through 9.

How does The purpose of diagnosis is to identify strengths as well as

diagnosis aid in weaknesses, and, in the case of weakness, to identify the cause

individuaiizing and provide appropriate remedistion. As part of the process,

instruction? there have been many studies which ascertained the errors pupils
make. For instance, Roberts (1968) suggested that teachers must
carefully analyze the child's method and give specific remedial
help.

Mcst diagnostic tests have been concerned with skill development,
but recently the focus has shifted to concept development,
Paper-and-pencil tests such as those by Flournoy (1968) and
Ashlock.and Welch (1966) are not essentially diagnostic, but have
implications for those attempting to diagnose pupil understanding.

Bernstein (1959), in a review of the research on remedial teach-
ing of mathematics, noted that every cited experiment used lesson
plans based on individual diagnosis as a basic teaching appreoach.
Gray (1966), in reporting on the developuent of an inventory on
multiplicaetion, called attention to the individual-interview
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technique pioneered by Brownell: 'facing a child with a problem,
letting him find a solution, then challenging him to elicit his
highest level of understanding.'

The Buswell and John (19:6) diagnostic study on the four opera-
tions, in which the technique of skillful questioning and observ-
ing of pupils as they work was employed, has long been of
interest. They stress the need to analyze how the child works,
which should lead to devising ways of teaching him better methods.

Harvey (1953) reported on diagnostic tests for each operation,
and suggested the use of a testing-reteaching-retesting strategy
to decrease errors.

Bartel (19€¢6) compared achievement among fourth grad:rs under two
treatments: (1) a program of individualized instructica which
included content from the "new mathematics,' and (2) a "tradi-
tional" program, which was not individualized and did not include
"new mathematics" content. No significant difference was ob-
served betijeen the two treatments on standardized tests., On a
special "Concepts Test,'" pupils in the individualized program
scord significantly higher. Was this difference due to the
individualization factor or to the content factor? The design

of the investigation does not permit an answer,

Snyder (1967) found no significant differences in achievement be-
tween seventh and eighth graders who were allowed to select the
mathematical topics thay would study and those who could choose
from a three-level assignment option. Both groups galned more

on reasoning tests and less on skill tests than a third group
receilving regular instruction,

McHugh (1959) raported on a two-year differentiated instruction
progcam in grades 4, 5, and 6, in which extensive in-service

help was provided to develop a program in which pupils would
progress at their own rates, become self-directive and gelf-
correcting, and give mutual help, Significant gains in problem
solving were found in grades 5 and 6, and in computational skills
in grade 5. The program produced gains ''greater than normally
expected for the IQ level" in 211 grades.

Lindgren (1968) reported no significart differences between team
learning and learning through conventional teaching in grades 4
and 5, while Wolff (1969) founi 10 significant differences in
acthievement among third-year pupils in individualized graded or
non-graded classrooms.

All in all, there is little substantial evidence to date iundi-
cating that programs of individualized mathematics instruction
will lead to higher levels of pupil achievement when compared

with non-individualized programs.

—

Intraclass grouping to facilitate individualization of reading
instruction is a common practice in the elementary scliool, Evi-
dence on the effectiveness of grouping for mathematics
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instruction is ccnflicting. Part of the conflict is due to
grouping on different bases: ability and achievement.

When grouping is based on ability, sorie studies have shown that
homogeneous grouping is especially effective for those with high
1Q's (e.g., Provus, 1960; Balow and Ruddell, 1963). Balow and
Ruddell, however, found ''decreased-range' grouping was more ef-
fective than either heterogeneous or homogeneous grouping for
most pupils, while Savard (1960) found that auch grouping tended
to be effective for lower ability pupils and of less advantage
for upper ability pupils. Balow and Curtin (1966) reported that
grouping by ability did not significantly reduce the range of
achievenment,

Wallen and Vowlee (1960) had each of four sixth-grade teachers
use toth ability and non-g.oouping methods for one year. No sig-
nificant difference was found, though a significant interaction
was found between teachers and the mwethods used. This was not
tested In most other studies, and may be the most significant
recson for differences in findings.

When grouping is based on achievement, Koontz (19€1) found that
fourth graders who were heterogereously grouped achieved signi-
ficantly higner scores thau those homogeneously grouped. Devwar
(1963) concluded that providing three intraclass groups benefited
high- and low-achieving groups more than did total-class instruc-
tion

Hclmes and Harvey (1956) found that there were no significant
differences in achievement, attitude, or sorial structure within
the classroom whether pupils were grouped permanently or flex-
ibly (with the topi: introduced to all, followed by grouping for
further work).

Davis and Tracy (1963) reported that pupils in grades 4, 5, and
6 in self-contained classes scored significantly higher on fac-
tors such as verbal and quantitative ability, self-concept,
anxiety, and attitude, than did those grouped by both ability
and achievement across classrooms at each grade level.

Bernstein (1959) concluded from his review of research that dif-
ferentiated instruction was more effective thain total class in-
struction, for the general teaching of mathematics as well as
for remedial teaching.

In general, acceleration has been reported to be effective for
gsome children. Klausmeier {(1963) reported no unfavcrable aca-
demic, soclal, emotional or physical correlates of acceleration
in fifch graders who had been accelerated from second to foutrth
grade. 1Ivey (1965) found that fifth graders who were given an
accelerated and enriched program in grade 4 gained significantly
more than those receiving regular mathematics instruction.

Jacobs, Berry, and Leinwohl (1965) reported that seventh graders
who were in an accelerated program for elther three or four
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yeare did significantly better on concepts tests than those who
had been accelerated for only one year. There were no signifi-
cant differences on problem solving tests.
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INSTRUCTIONAL MATERIALS AND MEDIA

Textbooks have been analyzed from several points of view.
Some analyses provide historical perspectives. Others pre-
sant information on content included in many texts for chil-
dren and for teachers. Manuals for teachers have also been
analyzed in terms of content, objectives, and uses.

Research on programmnd instruction has shown that it can be
used in upper grades to preseut many topics usually taught
at a grade level, as well as topics which are commonly pre-
sented at a later grade level. Achievement 1is usually at
least as good as that attained with conventional instruc-
tion, but less time ie generally vrequired, on the average,
when programmed instruction is used. Prcqrammed materials
appear to be an effective supplement to the work of the
teacher.

Amcng the other factors which have been investigated with
programmed insiruction are the effect of various methods of
teaching ard learning, the effect of materials on pupils
with different characteristics, and the amount of time which
a teacher spands with individuels when using programmed in-
struction. When it was used to control the method of pru-
sentation, some form of a "guided discovery' approach
generally resulted in higher achievement than did teaching
by presentirg rules. Programmed instruction appeared to be
effective for some learners "ordinarily considered lecs
well-adjuszed.” It has also been found that you may spend a
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much greater proportion of your time giving individuals help
than you can with conventional instruction; use of pro-
gramned materials apparently both frees the time and enccur-
ages use of it for individual instruction.

While many types of materials have been studied and found to
be effective, it appears that: (1) the learning of mathe-
matics depends more on the teacher than on the materials
used, and (2} expensive materials are no better than in-
expensive ones developed or provided by the teacher. Use of
a variety of materials has not been found tc be more eftec~
tive than use of only one,

Much rescarch has focused on the use of the Cuisenaire mate-
rials and program. Lspecially at the primary level, pupils
apparently iearn traditional subject matter at least as well
as in a conventional program. They also learn some addi-
tional concepts and skills, By third grade, however, the
effect of earlier ceaching of some concepts is l28s ap-
parent.

Strangely, manipulation appears te be less important than we
commonly believe. Having pupils manipulate materials them-
selveo has not been found to be more effective than having
pupils merely watch the teacher handle them.

Television can bte used to present key lessons in matne-
matics, with the teacher using it as an integral part of the
program.

Computer-agsisted instruction i{s being explored. B3oth
tutorial programs, in which the computer presents & les«on,
and drill-and-practice programs are dbeing used, with promis=
iag achievement results.

The material included in tbis bulletin 18 a product of the "Interpretive Study
of Research and Develoyment in Elementary School Mathematics" (Grant No.

OEG-0-9~480586-1352(010), sponsored by the Research Utilization Branch, Bureau
of Research, U.S. Office of Education, and conducted at The Pennsyivania State

University.,

I1f you would like more information about the research whose findings are cfted
above, contact MARILYN N. SUYDAM, Project Director, at The Pennsylvania State
University, Univeraity Park, Pennsylvania, 16802.
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INSTRUCTIONAL MATERIALS AND MEDIA

What may we Elementary mathematics textbooks have teen analyzed for dif-
learn from ferent purposes and from different bases. One of the most com-
anaiyses of prehensive analyses is that by Smith and Eaton (1942-43), which
mathematics includes -approximately 200 books used in this courtry between
textbooks? 1790 and 1940, Their purpose was to study ''the basic character-

istics and trends of textbooks of the past." Analysis was in
terms of the socfal and economic life of the perfod, relative
emphasis on various aspects of content, the psychological ap-
proach, purpose, and scope.

Dooley (1960) studied 153 series of elementary school mathe-
matics textbooks published in the U.S. between 1900 and 1957,
attempting to ascertain the effect of research on the content
and methods suggested in textbooka. She found that when recom-
mendations were "clear, concise and exact," they were incorpo-
reted into many textbooks within five years.

Burns (1960) analyzed ten textbook series and accompanying work-
books and teacher's manuals. He presented specific information

The naterial included ir this bulletin is a product of the "lnterpretfve Study of
Research and Development in Elementary School Mathematics" (Grant No. OEG-0-9-
4805856-1352(010), sponsored by the Research Utilization Branch, Bureau of
Research, U.S. Office of Education.

The bulletin was prepared by MARILYN N. SUYDAM, The Pennsylvania State University,
Project Director, and J. FRED WEAVER, Tha University of Wisconsin-Madison, Project
Consultant. Art by Ed Saffell.

It should be noted that research is variable with respect to its quality; hence,
the same degree of confidence cannot be placed in all findings. An attempt has
been made to take this fact into consideration in preparinyg this bulletin.
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on the similar content included at each grade level, physical
features, and points of emphasis. Folsom (1960) concentrated
on manuals, using observations of classroom practice to deter-
mine how consistertly teachers used suggestions about pro-
cedures, enrichment activities, and materials,

Hicks (1968) compared 16 textbooks for teacher education with
texts for children, to ascertain the similarities and differ-
ences in inclusion of content topics, Marksberry, McCarter, and
Noyce (1969) compared cognitive objectives in textbooks with
those from research committees and with questions and activities
suggested in teacher's manuals.

Programmed instruction materials allow each pupil to progress at
his own rate. Sore studies ascertained the feasibility of using
programmed instruction to teach specific content. For instauce,
Kalin (1962) compared pupils in grades 4, 5, and 6 having IQ's
greater than 115 using a prograrmed text or taught by regular
teaching procedures for a two-week unit in equations and in-
equalities. Differences in achievement were not significant,
but 20X less time was spent by those using the program. The
idea that the use of programmed materials may result in a
decrease in the time which most students must spend on a topic
was substentiated in many other studies.

Fincher and Fillmer (1965) reported that fifth graders who used
programmed materials on addition and subtraction with fractions
achieved significantly greater gains on achievement posttests
than pupils using a conventional clasaroom approach, while re-
tention scores were noi significantly different.

In a comparison of a year's prog:am, Banghart and others (1963)
found that fourth graders using programmed materials scored sig-
nificantly higher on comprehensfon but not on problem solving
sections of a standardized test than those receiving regular
instruction. They noted that "programmed materials are most
effective when used to supplement the classroom teachex.”

Neuhouser (1965) found that for eighth graders, programmed mate-
riale on exponents were more effective on measures of under-
staading, ability to transfer, and retention when there was no
verbalirzation of rules, while the program in which pupils were
guided to state rules after discovery tvok longer. The progran
in which rules were stated for pupils was poorest.

It was reported by Traweek (1964) that fourth graders with
poorer personality adjustment scores achieved beyond thefr ex-
pected perfoimance on programmed units on fractions. There were
no significant differences in the IQ's of successful and unsuc-
cessful learners.

Teachers using programmed instruction materials devoted 68% of
their time to work with individuals, while teachers of conven-
tional classes devoted only 3X of their time to individuals
(Goebel, 1966).
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Lerch and Mangrum {(1965) compiled a list of instructional aids
most frequently recommended by the teachers' manuals of nine
fourth grade textbooks. Items to be counted, grouped, or des-
cribed; pocket charts; and number lines were among the aids men-
tioned most frequently.

Earhart (1964) used an abacus to teach first, second, and third
graders wliose teachers received in-service help, while other
groups received instructicn without use of an abacus. On tests
of reasoning there were no significant differences, while on
tests of fundamentals the group using the abacus performed signi-
ficantly betcer. It is difficult to tell whether the abucus or
the in-service help was the basis for this difference, however.

Lucas (1967) studied the use of attribute blocks (which are
varied in shape, color, and size) in first grade. He found that
children trained for 2,000 minutes showed greater ability (1) to
conserve cardinally and (2) to conceptualize addition-subtraction
relations, than those taught more conventionally in a "modern"
program,

Harshman, Wells, and Payne (1962) reported on a study of first
graders who were taught for one year by programs with varying
content based on either (1) a collection of inexpensive, commer-
cial materials, (2) a commercial set of expensive materials, or
(3) materials provided by the teacher. Teachers in the first
two instances received in-service training. When significant
differences in achievement were observed, they were always in
favor of the third program. It wae concluded that (1) high ex-
penditure for manipulative materials does not seen justified, and
(2) perhaps different materisls should be used with different IQ
gYOUps.

Much research has been focused on the use of the Cuisenaire
materials and program, in attempts to answer the question, "How
effective is 1t?" Crowder (1966) reported that a group of first
graders using the Cuisenaire program (1) learned more conven-
tional subject matter and more mathematical concepts and skills
than pupils taught by a conventional program; (2) average and
above average pupils profited most from the Cuisenaire program;
and (3) sex was not a significant factor in relation to achiave-
ment, whiie gsocifveconom’ic status was.

Working with first and second graders, Hollis (1965) compared
the use of a Cuisenaire program with a conventional approach.
He concluded that (1) children learned traditiovnal subject mat-
ter with thie Cuisenaire program us well as they did with the
conventional method, and (2) pupils taught by the Cuisenaire
program acquired additfonal concepts and skills beyond the ones
taught in the conventf{onal program.

Browrell (1968) used tests and extensive futerviews in an analy-
sis of the effect on underlying thovght processes of three
nathematics programs, with British children who had studied
those programs for three years. He con:luded that (1) in
Scotland, the Cuisenajre program was in general much more
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effective than the conventional program “n developing meaningful
mathematical abstractions; and (2) in England, the conventional
program had the highest over-all ranking for effectiveness in
promoting conceptual maturity, with the Dienes and the Cuisenaire
programs ranked about equal to each other. Brownell inferred
that the quality of teaching was decisive in determining the
relative effectiveness of the programs.

Other studies have heen concerned with the effect of use of the
Cuisenaire program on a particular topic, for shorter periods of
time. Lucow (1964) and Haynes (1964) studied use of the program
to teach multiplication and division concepts for six weeks in
third grade. Lucow attempted to control the effect of prior
work in grades 1 and 2. He concluded that the Cuisenaire method
was as effective as regular instruction in general, and seemed
to operate better in a rural setting, especially with high and
middle IQ levels, than In an urban setting. Haynes used pupils
who were unfamiliar with the materials; no significant differ-
ences in achievement were found between pupils who used the
Cuisenaire program and those who did not.

Prior background, length of time, and the specific topic may
account for differences in the success of the Cuisenaire program.
It has been suggested that it might be more effective in grades
1 and 2, with its effectiveness dissipating during third grade.
No body of reported research is available about its effects be-
yoad the third grade level.

Sole (1957) concluded that (1) use of a variety of materials did
not "produce better results" than use of only one material, and

(2) the learning of mathematics depends wmore on the teacher than
on the materials used.

It may be that having pupils manfpulate materials themselves nay
not be more effective than merely watching the teacher or having
ro material aid. Jamison (1564) compared instruction in count-
ing in other numeration systems using (1) a large variable-base
abacus, (2) a large abacus plus a small abacus for each pupil,
and (3) only the chalkboard, There were no significant differ-
ences between m2an gairns.

Toney (1968) also found that a fourth grade group using individ-
ually manipulated materials for half a year was not signifirantly
difierent in achievement from oue seeing only a teacher demon-
stration. And Trueblood (1968) reported no achievement advantage
for fourth graders who manipulated materials themselves during a
unit on exponents and non-decimal bases,

Jacobs and Bollenbacher (1960) reported that after a year of in-
structfon in grade 7 by television ot by conventional instruc-
tion, significant interaction effects were noted between levels
of pupil ability snd wethods of instruction. Conventional in-
struction appeared better for those of high ability, the



television method was better at the average ability level, and
no significant difference occurred at the below average ability
level.

"Patterns in Arithmetic" is a program for grades 1 chrough 6
which incorporates television instruction. Weaver (1965) sum-
marized s report by Hartung and Suchy on the project at an early
stage of its development, noting that there were no significant
differences on standardized tests between groups taught by the
PIA program or by conventional instruction at the end of the
sixth grade after three years of instruction.

Van Engen and Parr (1969) reported that an evaluation of the
program in grades 1 and 3 showed that, on both standardized com-
putational and concepts tests, performance of the PIA group '"com-
pared favorably" with the norm groups. Attitude of both teachers
and pupils toward PIA was also favorable; tnis has been substan-
tiated by other studies.

How are Computer-assisted instruction is presently being used in some
computers aiding elementary school mathematice classes. Suppes (1969) has re-
in the ported extensively on the use of both tv orial and drill-and-
instructional practice programs, He found that the drill-and-practice materi-
process? als result in at least equivalent achievement i~ l2ss time than

it would take the classroom teacher using only conventional
methods. The computer also readily ccllects data on how chil-
dren are responding, thus facilitating diagnosis of their diffi-
culties as well as increasing our knowledge of how they learn.
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Using Research: A Key to Elementary School Mathematics

PLANNING FOR RESEARCH IN SCHOOLS

WHAT IS Research is controlled inquiry.
RESEARCH?
In these bulletins, we discuss research on the elementary
school mathematics curriculum and research on the teaching
and learning of mathematics. The vast majority of this research is product-
oriented; there is, however, other research which {s theory-oriented. The
task of building a theory of the learning of mathematics concepts still 1ies
before us, aa Begle (1968) and Glennon (1966) noted.

Many of the studies we have cited have involved either experimental ov survey
regearch. By experimental we mean regcearch in which the investigetor has
"manipulated" one or more specified variables, such as two methods of teaching,
to reasuve their effect on another variable, such as achievement or attitude,
thua testing a carefully foruwulated hypothesis or hypotheses. The variables
which are manipulated are terwed "independent," while ttose affected and mea-
sured ave '"dependent" variables. FExperimental research is very difficult to
conduct, because of the need to control the independent variable(s) and many
other variables--which must be controlled since we want to interprat the re-
sults and generalize beyond the sample in the study. By survey we wmean re-
search which attempts to ascertain the characteristics of a population by
studying a sample which answers a questionnaire or interview or test.

The material included in this bulletin is a product of the "Interpretive Study
of Research and Development in Elementary School Mathematics" (Grant No. OEG-
0-9-480586-1352(010) , sponsored by the Research Utilization Branch, Bureau of
Research, U.S., Office of Education.

The bulletin was preparad by MARILYN N, SUYDAM, The Pennsylvania State
University, Project Diractor, and J. FRED WFAVER, The University of Wisconsin-
Madison, Project Consultant., Art by Ed Saffell.




As we continue to discuss ''research' in this bulletin, the focus 1is on experi-
mental research. You should recognize, however, that certain of the things
discussed are also applicable to other types of research. We should caution
that, despite this focus on experimental studies, we are not thus implicitly
stating that such investigations are the only ones which qualify as 'true re-
search." Other types of studies also contribute to the improvement of mathe-
matics education.

Research is not independent of instruction.

It is derived from and is applied to instruction. ' -
Actually, every teacher does a type of "action

regsearch' every day--whenever new ideas are tried Rasearch
out. You're constautly trying to find the

methods and materials and procedures which will

work best for you. You're assessing what pupils )

have learned, and using what you find out as you YES.

plan what to do next. You're concerned with what
will help you teach better, or help your pupils
learn better. You've been using evaluation, and
fcr some purposes-~such as curriculum development
~-evaluation is vitol.

Research

For other purposes, however, research is essential. Research involves more
precise controls, In experimental research, wd are attempting to secure infor-
mation which can be generalized to many other teachers and to many different
situations. In survey research, we also maintain greater controls than in
usual classroom test!ng--we want a more precice measurement of the status or
level of learning.

WHY? Regsearch can provide a foundation on which to make curricular
decisions and decisions about how to teach. Nothing has ever
been proven by educational research--but it has provided
guidelines to aid us in making decisions. 1It should he

noted, however, that not all problems are amenable to research--some decisions

must be madit on the basis of your philosophy. For instance, research can pro-
vide an answer to '"Can we teach logic to fourth graders?" but it cannot pro-
vide an answer to "Should we teach logic to fourth graders?"

Research has a valid role to play in assessing and improving the quality of
instruction. In fact, merely being involved in research helps us to achieve
this latter goal. As Pikaart and Berryman (1965) note, "Participating in re-
search and contributing significant ideas was in {t-~1f motivating, and it
contributed to self-esteem,"

Local school systems may at times need to engage in their own research for
other reasons. For instance, generaliced findings may not be applicadble when
unique characteristics of the system are considered (e.g., ability level of
the pupils).




HOW? First of all, select a question wnich is importan* to answer.
Then design the study: lay out an overall plan, delimiting
the problem to make it researchable. This may be a long-
term plan, but don't try to investigate everything at once:
order your priorities logically.

You will need to identify and define or describe (1) the independent variable
or variables and (2) the dependent variable or variables. You must also
identify and control other relevant variables. Suydam (1967) reported that
control of variables was one of the two most poorly handled facets of mathe-
matics research studies (sampling was the other one). As Johnson (1966) noted,
certain assumptions are made regaraing what variables may affect the situation.
During an experiment, the groups involved should have common experiences except
for the treatment (independent) variables. Then significant differences at the
end of the experiment can be attributed to the treatment., Johnson presents an
example of an experiment in which many factors are controlled; Wilson (1967)
and Worthen (1968) provide other excellent examples of research in which vari-
ables are well-controlled.

Some pupil variables may be controlled sn one .° several ways (Riedesel and
Sparks, 1968; Jlerlinger, 1964): (1) eliminate tue variable as a variable, by
studying only a specified subset of the sample; (2) use the statistical pro-
cedure of analysis of covariance (but Le careful not to 'wash out" true dif-
ferences, as wriy happen when you apply covariance to a factor of concern); (3)
incorporate the factor as another independent variable; (4) match pupil for
pupil (this may be difficult, depending on the number of factors on which
pupils should be matched); (5) equate on the basis of group means. Or, you
can use randomization, where you assume, since pupils are selected by chance,
that variables are randomly distributed.

DeVault (1966) and Romberg and DeVault (1967) emphasize our need for realistic
research that takes into account the complexity of the classroom setting., On
the other hand, if you have a grandiose design that tries to take into
account many, many factors, the study will become very complicated. Remember
that there is a place to look at small (but not trivial) pieces (Van Engen,
1967).

Select or develop appropriate measuring instruments. Remember especially that
Tglobal” or standardized tests are not always appropriate. For example, if
you're testing the effect of introducing multiplication in two ways, you'll
find that a "global" test has a limited number of items which measure multipli-
cation achievement. The study may result in no significant differences when

in fact differences were present--but unmeasured. Instead of a ''global" test,
a test to measure achievement in multiplication must be constructed,

If two different treatwments are to be evaluated, the test must be carefully
constructed so it doesn't introduce a bias. Some research has been done in
which the test contained a large number of ftems which snly the experimental
group would be able to answer (e.g., questions related to a story used to
introduce the experimental ctreatment). Thus the findfings of the research
favor the experimental group--but not because the pupils did significantly
better on the factcer being studied.




After you've cerefully out'ined your research procedures, consider: could I
replicate this study, that is, do it over again and expect to get the same re-
sulte? If you can't answer '"yes,' replan! Then check your plans witl. someone
who knows research--get professional assistance from your research department
or from a university or college, whenever this is possible. This step often
makes the difference between good research and a meaningless collection of
data, between an answer to your question and no answer. This is the time to
clarify questions like "What data should be collected?" and "How will the data
be analyzed?" The procedures that are contzmplated should not be contemplated
independently of consideration of the way in which data sre to be collected
and analyzed. Peoplv have been known to collect data and then wander around
trying to find a statistic to use., They don't always find one. Iu fact, one
may not even exist.

Research is improved by being tried out first of all with a pilot study--
problems are resolved before they affect your major study. For instance, in
doing a survey, the questionnaire should be given to a small group before it

is used in the study. A test should be administered to a small group, prefer-
ably one much like the group who will be involved in the research. You want to
be sure eath is valid and reliable, that is, that each measures what {t's sup-
posed to measure, consistently.

It is wise to consider the timing of research. Usually it's unwise to plan to
begin a study on the first day of school. Beware of other things competing--
such as a vacation or other projects which claim priority. Length of time
should be appropriate t¢ your problem--remember that most studies can't be
done in one day. Alsc remember that the longer the study, the more problems
you may have and the more difficult control becomes.

If you have only two classes at a grade level, the temptation is to have one
teacher teach one treatment and the other teach the second treatment. Better
yet, have both teachers try both--teaching some pupils by one method and some
by the other. This eliminates some confounding, since data for eack methcd
can be pooled. The teachers must be doubly careful to not let biases inter-
fere-~they must do an honest job with each, despite a special preference for
one. The way in which a teacher carries out the research plan is one of the
most important factors.

Be sure your sample is appropriate for the population to which you want to
generali te your results, There are times when it is reasonable to exclude
data for a few children who are very different from the rest of the group,
since they may bias the research. Better yet, analyete the data for them
separately or differcntially.

Whenever appropriate to the design, pupils should be randomly selected and
assigned to a treatment. "How many children are needed?" cannot be answvered
in general: there's a number that will give each atudy sufficient "power."
Remember that it may be wastaful of pupil time to use samples larger than
necessary, On the other hand, too small a number raises questions about how
representative they are, and how far the findings can be generalited.

There are instances in which it is feasible to conduct research only with
intact classes, This situation presents certain problems of research design




which need to he considered. Campbell and Stanley (1963) provide some holp on
this type of situation,

There is a time tn pretest--when you think that pupils have some knowledge of
the subject matter. But in other cases, when you can assume that pupils have
no knowledge or equivalent knowledge (e.g., when non-decimal bases are intro-
duced in grade 1), & pretest is not necessary. A pilot study using a pretest
will indicate whether or not a pretest is necessary in the final study.

It is desirable for teachers involved to keep logs of what was done day by day,
as well as anecdotal records of particular incidents and reactions. Then
departures from the planned protedures can be noted; these aive sometimes use-
ful in interpreting findings. Also, there is a need foi somebody to keep a
finger on things as the study progresses, to make sure procedures are being
followed.

Reporting and disseminating information about research should be cerefully
done. It is important that others know what you have done and found. Accuracy
in reporting is essential, as well as readability. As Weaver (1967) noted,

"We can go a iong way toward extending the impact of research if each investi-
gator accepts tha obligation to report all significant aspects of this work as
fully as {s necessary to establish the integrity of his reseaich and of theu
conclusions drawn.'" The interpretations must be derived from the data--ana
remember thet there is a diffarence between findings and implicstions,

We have frequently cited differences which are ''significant" or "statistically
significant.” By this we mean thet there is a specified likelihood that such

differences would not have occurred by chance. Usually, the level of siynifi.

cance 18 set at .05, or .01, or .001--tlrus the results might ozcur by chance

on'y 5 tiwes in 100, or only 1 time in 100, or only 1 time in 1000. "No sig-

nificant differences'" means that a specified level of significance was not

reached--thus the results could occur more frequently by chance. Researchers

set a level which seems appropriate to them in cerms of the content and desigu ;
of their study.

In summary, &s you plan how to develop and implement your research, you nay ‘
find these questions helpfull

(1) Is the problem prectically and/or theoretically E}gnificant?

(2) 1s the problem clearly ‘efined?

(3) Is the dasign appropriate to answer the research question?

(4) Does the design control variables?

(5) Is the sample properly selected for the design and purpose of the
research

(6) Are the measuring instvuments valid and reliable?

(7) Are the techniques of analysis of the data valid?
(8) Are the interpretations and generelirations appropriste to the data?

(9) Is the research adequately reported?




WHAT? We look oniy &t mathematics research in these bulletins.
Some findings from mathematics research, especially those
cited in Set A, might be considered in regard to other
phases of the curriculum--and research from othes areas may
be applicable to the teaching and learning of mathematirs. One caution 1is
necessary: don't take findings from one field and assume automatically that
they are true for mathematics, or any other. It is Ilmportant to recognize
that conceptual learning is particilarly important in wathematics. M:cthematics
may differ from other areas Lecause there is a body of content (unlike languagc
arts, but lilte science), which also is sequential; therefore there may be dif-
ferent problems for mathematics than for other areas.

Schools probably do not need to do research on those things on which there is
"sound" research evidence already (for instance, on the benefits to be derived
from meaningful instruction). There are large variations, however--what may
be true in general for large groups may not be true for particular, unique
groups. What may be true for one topic may not be true for another.

Teachers should test research findings in their own classrooms (Riedesel,
1968). Remember that just because research says that something was best for a
group of teachers in a variety of classrooms, decesn't necessarily mean that it
would be best for you as an individual teacher in your particular classroom.
For instance, we're beginning to get evidence that there is an interaction be-
tween teaching and method. Thus research may show that an inductive approach
is "good,"--yet some teachers may not be comfortable with it or can't manage
it. An expository approach may be better for those teachers. Teachers have
individual diffevences as well as pupils! In this same way, remember that
learning modes of pupils differ, and that not all content lends itself to use
of inductive strategies,

Teachers must be careful not tc let pricr judgments influence their willing-
ness to try out and explore: open-mindedness is important in research. Be
willing to investigate. But being open-minded doesn't mean you don't have
beliefs about things--just that you don't let beliefs bias the conduct of
research.

Often research may be generated by informal exploration that teachers make,
which in itself is not research. Do this--but don't call it research; use it
to generate hypotheses which can then be tested with research,

AND THEN . . . Research 1s not an end in itself--it should lead to
gsome kind of accion. You decide to change, or not to
change; you will accept something, you will reject
something. It may lead to other research. Do some-

thing as a result of research: incorporate the conclusions of research into

your daily teaching.

Non-significant differences can be as important as significant differences--
don't be disappointed or think automatically that research has '"failed" when
no sigufficant differences xesult. There might in fact be no differences--and
the decision is up to you! -




In this bulletin, we have been able to give only a glimpse of some of the
things which need to be considered as schools conduct research. You may wish
to look further into the design and implementation of research as you plan for
your own investigations.

Good 1luck!
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Overview . ..
Addition
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Subtraction

Using Research: A Key to Elementary School Mathematics

ADDITION AND SUBTRACTION WITH WHOLE NUMBERS

The ability to count is, of course, of particular importance
as a foundation for developing addition and subtraction con-
cepts and skills. Ability to recognize the number of a set
without counting and to "conserve numerousness' is also
helpful. Surveys h-xve shown that most children can count to
at least 19 by the time they enter school, and many can
solve addition and subtraction examplas which are presented
orally.

It has been found in many studies done under a drill method
of teaching that:

(1) An addition combination and its "reverse' form tend
to be of equal difficulty.

(2) Size of addend is the principal indicator of diffi-
culty,

(3) Combinations with a common addend appear to be of
similar but equal difficulty.

{4) The doubles in addition and those in which 1 is addad
with a greater number appear to be easiest in addition,
while those with differences of 1 or 2 are easiest in sub-
traction.

However, the order of difficulty seems to be a function of
ceaching method -- thus research is presently being done to
reconsider difficulty level for the meaningful methods in
use today.
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In the few studies reported, stress on the relationship be-
tween addition and subtraction is found to facilitate under-
standing, and some increase in achlevement has been noted
when they are taught together.

"Take-away' problems are easiest, then "additive" problems,
and finally 'comparative' problems., Recent research has
shown that an approach in which sets are separated into sub-
sets is effective for developing understanding of subtrac-
tion situations,

Experiences with concrete materials have been found to be

essential for developing understanding of addition and sub-

traction concepts. Materials should te appropriate to the
child's achievement level and rate of learning.

It has been found that children use various ways of obtain-
ing answers to combinations -- guessing, counting, solving
using known combinations, and meaningful recall -- and ap-
parently attain mastery only after meaning becomes clear to
them.

Decomposition is the renaming procedure used almost exclu-
sively in the United States today. When it is taught mean-

~ ingfully, understanding and accuracy are better than when it

is taught mechanically. U-= of the equal additions pro-
cedure may lead to. even greater accuracy, but pessibly at
the expense of understanding.

Drill must be preceded by meaningful instruction. Accuracy
has been and 1is accepted as a goal in mathematics, but the
type of thinking which is developed and the child's facility
with the process of thinking is of greater importance than
mere recall, Drill and practice should be included at appro-
priate points; they should be planned to meet the needs of
the child.

The material included in this bulletin 1s a product of the "Interpretive Study
of Research and Development in Elementary School Mathematics' (Grant No.

OEG-0-9-480586-1352(010), sponsored by the Research Utilization Branch, Bureau
of Research, U.S. Office of Education, and conducted at The Pennsylvania State

University,

If you would like more information about the reszarch whose findings are cited
above, contact MARILYN N. SUYDAM, Project Director, at The Pennsylvania State
University, University Park, Pennsylvania, 16802,




A Closer View .. .

Addition
and
Subtraction

Using Resrarch: A Key to Elementary School Mathematics

ADDITION AND SUBTRACTION WITH WHOLE NUMBERS

What foundation As teachers are well aware, a foundation for the development
for addition and of skills in addition and subtraction is formed long before
subtraction do the first grade. The ability to count is of particular
children have importance: children use counting as a primary means of
upon entering ascertaining and verifying addition and subtraction facts.
school? The ability to recognize the number of a set without count-

ing is also helpful,

While few experimental studies have been done to determine
what can be taught, many surveys have been conducted to

ascertain the mathematical ideas and abilities possessed by
the pre-school child. The surveys indicate that almost all
kindergarten children could count by ones, with most chil-
dren counting both rotely and rationally to at least 19

(e.g., Bjonerud, 1960; Brace and Nelsor.,, 1965). Less than

The material included in this bulletin is a product of the "Interpretive Study
of Research and Development in Elementary School Mathematics" (Grant No.
OEG-0-9-480586-1352(010) , sponsored by the Research Utilization Branch, Bureau
of Research, U.S5. Office of Education.

The bulletin was prepared by MARILYN N. SUYDAM, The Pennsylvania State
University, Project Director, and J. FRED WEAVER, The University of Wisconsin-
Madison, Project Consultant. Art by Ed Saffell,

It should be noted that research is variable with respect to its guality; hence,
the same degree of confidence cannot be placed in all {indings. An attempt has
been made to take this fact into consideration in preparing this bulletin,
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cne-fourth of the children could also cecunt by twos, fives,
and tens, Many children could solve addition and subtrac-
tion examples in an oral context.

Whether rote counting or rationai countlng should be taught
first is a recurrent question, but has not been explicitly
angwered by research. Generally, the pre-school child
learns to say the number names and then begins to say them
in order before he associates the names with sets of
objects.

The relationship of the work Piaget has done with ''conserva-
tion'" seems to have applicability to the classroom. Steffe
(1968) pointed out that one type of ability possessed by
children who do better in first grade mathematics is the
ability to ''censerve numercusness'' -- that is, to be able to
specify that "if two sets are matched, one-to-one, the
number of objects in each is the same, regardless of ihe
arrangement or rearrangement of the two sets."

At the end of first grade, he administered tests of addition
problems and facts to cnildren at four levels of ability to
conserve numerousness. Children at the lowest level per-
formed significantly less well on both tests than did chil-
dren in the upper three levels. At all levels of conserva-
tion of numerousness, problems with accompanying physical
and pictorial aids seemed to be of about equal difficulty;
however, problems with no aids were significantly more dif-
ficult. Problems in which one of two sets is described as
being moved to the other were also significantly =asier than
problems in which the two sets are static.

Steffe concluded that ability to conserve numerousness thus
seems to be related to achievement on addition problems.

LeBlanc (1968) reported on a parallel study with subtraction
problems and facts. Children who were in the highest level
of conservation of numerousness performed better than chil-
dren in the lowest two levels. Problems accompanied by aids
and those with a description of movement were significantly
easier than other types of problems., LeBlanc suggested that
a test of conservation of numerousness would provide a basis
for a readinesn test for first graders.

At one time, especially when stimulus—-response theories of
learning were prevalent, there was great interest in ascer-
taining the relative difficulty of the basic number facts or
combinations -~ e.g., 5+ 2 =7, 9 +6 =15, 8 -3 =35,

17 - 9 = 8, Textbook writers as well as classroom teachers
used the results of such research to determine the order in
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which facts would be presented. The assumption was that if
the combinations wer: sequenced appropriately, the time
needed to memorize them could be reduced.

The relative difficulty of the combinations generally was
derived from a study of either (1) the number of errors made
on each combination, (2) reaction time, (3) retention after
a period of non-use, (4) the number of repetitions needed
for immediate recall during initial learning, or (5)
familiarity with combinations among children entering
school. The varying procedures are, in part, the reason for
lack of agreement among the studies.

Nevertheless, some common findings were evident which, des-
pite the age of the studies, may in part still be appli-
cable (e.g., MacLatchy, 1933; Washburne and Vogel, 1928;
Wheeler, 1939):

(1) An addition combination and its "reverse'" form tend
to be of equal difficulty.

(2) Size of addend is the principal indicator of diffi-
culty, rather than size of sum,

(3) Combinations with a common addend appeared to be of
similar but not equal difficulty.

(4) The "doubles" in addition and those in which 1 is
added with a greater number appear to be easlest in addi-
tion, while those with differences of 1 or 2 are easiest in
subtraction.

Swenson (1944) questioned whether results on relative diffi-
culty obtained under repetitive drill-oriented methods of
learning are valid when applied in learning situations not
so definitely drill-centered. When second graders were
taught by drill, by generalization, and by a combined
method, it was found that the order of difficulty seemed to
be, at least in part, a function of teaching method. Thus
research which aims at establishing the difficulty of arith-
metic skills and processes should probably do so in terms of
a clearly defined teaching and learning method.

Recently, Suppes (1967) has been interested in using the
data-gathering potential of the computer to explore the
relative difficulty of mathematical examples, including the
basic facts. A drill-and-practice program which presents
addition and subtraction combinations has been used as the
vehicle to determine a suggested order of presentation and
amount of practice.

It is somewhat surprising, considering how frequently this
question is asked, to fird that there has been 1ittle re-
search on the topic. Early studies (such as Brownell, 1928)
found that higher achievemen: resulted when addition and
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subtraction facts were taught together. Spencer (1968) re-
cently reported that there may be some intertask interfer-
ence, but emphasis on the relationship facilitates under-
standing,

Research has generally found that the subtraction combina-
tions are harder for children to learn than those in addi-
tion, even when addition and subtraction are taught
together,

Gibb (1956) explored ways in which pupils thirk as they
attempt to solve subtraction problems. In interviews with
36 second graders, she found thet pupils did best on 'take-
away'" problems and poorest on "comparative' problems., For
instance, when the question was, '""How many are left?', the
problem was easier than when it was, "How many more does Tom
have than Jeff?'., '"Additive'" problems, in which the ques-
tion might be, "How many more does he need?'", were of medium
difficulty and took more time, She reported that the chil-
dren solved the problems in terms of the situation, rather
than conceiving that one basic idea appeared in all applica-
tions.

Schell and Burns (1962) found no difference in performance
on the three types of problems. However, "take-away" situa-
tions were considered by pupils to be easiest -- thus they
are generally considered first in introductory work with
subtraction,

Coxford (1966) and Osborne (1967) found that an approach
using set-partitioning, with emphasis on the relationship
between addition and subtraction, resulted in greater under-
standing than the "take-away' approach. Consideration of
this finding is important to those who want to develop set-
subset concepts as a strand in the curriculum.

Brownell (1928, 1941) and McConnell (1934) found that pupils
use various ways of obtaining answers to combinations --
guessing, counting, and solving from known combinations, as
well as immediate recall. Brownell stated, "Children appear
to attain 'mastery' only after a period during which they
desl with procedures less advanced (but to them more mean-
ingful) than automatic responses.,"

In general, experiences with concrete materials provide an
essential base for developing understanding of addition and
subtraction concepts. Encouraging pupils to use drawings as
well as objects may help those having difficulty learning
combinations (Brownell, 1928),
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Generally, researchers have concluded that understanding is
best facilitated by the use of concrete materials; followed
by semi-concrete materials such as pictures, and finally by
the abstract presentation with words and/or numerals,

Gibb (1956) also found that abstract contexts were poorest.,
She reported, however, that pupil performance was better on
subtraction examples presented in a semi-concrete context,
rather than with concrete materials. Nevertheless, she
noted, '"Children have less difficulty solving problems if
they can manipulate objects or at least think in [the]
presence of objects with which the problems are directly
associated than when solving problems wholly on a verbal
basis."

Klausmeier and Feldhusen (1959) are among those who have
found that curriculum materials should be appropriate to the
learner's achievement level and rate of learning. Then both
initial achievement and retention are not significantly dif-
ferent across intelligence levels.

Transfer was studied by Olander (1931). Pupils who had
studied only 55 addition and 55 subtraction combinations
(omitting the "reverse'" forms) were also able to answer most
of the 90 which they had not studied, doing almost as well
as those who studied all 200 combinations,

Over the years, researchers have been very concerned with
procedures for teaching subtraction involving renaming (once
commonly called "borrowing'). The question of most concern
has been whether to teach subtraction by equal additions or
by decomposition.

How do you do this example? 91
- 24
67

You're using decomposition if you do it this way:

11 - 4 =7 (ones); 8 - 2 = 6 (tens)

If you do it this way, you're using equal additions:

11 - 4 =7 (ones); 9 -3 =6 (tens)

In a classic study, Brownell (1947; Brownell and Moser,
1949) investigated the comparative merits of two algorithms
(decomposition and equal additions), in combination with two
methods of instruction (rational or meaningful, and mech-
anically):



rational

(meaningful) mechanical
decomposition a b
equal
additions ¢ d

He found that, at the time of initial instruction:

(1) Rational decomposition [a] was better than mechanical
decomposition [b] on measures of understanding and accuracy.

(2) Rational equal additions [c] was significantly better
than mechanical equal additions [d]} on measures of under-
standing,

(3) Mechanical decomposition [b! was not as effective as
either equal additions procedure [c or d].

(4) Rational decomposition [a] was superior to each equal
additions procedure [c, d] on measures of understanding and
accuracy.

It was concluded that whether to teach the equal additions
or the decomposition algorithm depends on the desired out-
come.

In recent years, the decomposition procedure has been used
almost exclusively in che United States, since it was con-
sidered easler to explain in a meaningful way. However,
some question has recently been raised abtout this: with in-
creased emphasis in many programs on properties and on com-
pensation in particular, the equal additions method can also
be presented with meaning. For instance, pupils are learn-
ing that:

(a3) 9 -3=[] means that [ | +3 =9
or 3+ [:j =9
They are learning that:
(b) 7 - 4 =3 1is equivalent to
(7-46)+2=34+2

Development of such ideas should facilitate the teaching of
the equal additions procedure. Whether there will again be

et s SR
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a shift toward wider use of this procedure remains to be
seen., Evidence from other studies indicates that use of it
leads to greater accuracy.

Brownell (1947) studied the use of a crutch such as

46
-39
17

This seemed to facilitate understanding, but attempts to
have pupils stop using the crutch were not wholly success-
ful. Some persons suggest that this crutch should only be
taught when it 1s needed,

Overman (1930) found that if pupils were taught to general-
ize about the renaming procedures in two-place addition and
subtraction, they were able to do three-place examples,

This was less time-consuming than having the teacher present
two-place and then three-place examples separacely.

Ekman (1967) reported that when third graders manipulated
materials before presentation of an addition algorithm, both
understanding and ability to transfer increased. Use of
materials was better than use of only pictures before intro-
duction to the algorithm, or development of the algorithm
without either aid.

Discussions on the teaching of mathematics in the primary
grades once centered on whether programs should consist of
isolated, repetitive drill or of an integrated approach in-
volving the presentation of interrelated ideas. Prior to
the 1930's, much research was done on the effectiveness of
various types of drill. For instance, Knight (1927) re-
ported on a successful program of drill in which the dis-
tribution of practice on basic facts was carefully planned
—-- no facts were neglected, but more difficult combinations
were emphasized.

Accuracy has been and 1s accepted as a goal in mathematics,
and it is in an attempt Lo meet this goal that drill is
stressed. In a series of articles, Wilson advocated no less
than 100% mastery. He showed that, with a carefully
planned set of materials, the goal was not as unactainable
as some persons believed it to be.

Many other studies have shown that drill per se is not ef-
fective in developing mathematical concepts. Programs
stressing relationships and generalizations among the
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addition and subtraction combinations wzre found to be
preferable for developing understanding and the ability to
transfer (McConnell, 1934; Thiele, 1938). This has been
supported by many studies since that time.

Brownell and Chazal (1935) summarized their research work
with third graders by stating that drill must be preceded
by meaningful instruction. The type of thinking which is
developed and the child's facility with the process of
thinking is of greater importance than mere recall. Drill
in itself makes little contribution to growth in quantita-
tive thinking, since it fails to supply more mature ways of
dealing with numbers.

Pincus (1956) also found that whether drill did or did not
incorporate an ewphasis upon relationships was not signifi-
cant, when drill followed meaningful instruction.

Many mathematical problems which arise in everyday life must
be solved without pencil and paper. Providing a planned
program of non-paper-and-pencil practice on both exarmples
ai:d problems has been found to be effec:ive in increasing
achivvement in addition and subtraction, as for other topics
in the curriculum (Flournoy, 1954). Other researchers have
suggested that certain ''thought processes" which aru espe-
cially suited to such practice should be taught. For in~
stance. a left-~to-right approach to finding the sum or dif-
ference 1is useful, rather than the right-to-left approach
used in the written algorithm. 'Rounding," using the prin-
ciple of compensation, and renaming are also helpful. In-
creased understanding of the process may result.

The answers which regsearch has provided to this question are
not in total agreement. We encourage children to check
their work, since we believe that checking contributes to
greater accuracy. There is some research evidence to sup-
port this delief.

However, Grossnickle {1938) reported data which should be
considered as we teach. He analyrzed the work of 174 third
graders who used addition to check subtraction answers. He
found that pupils frequently "forced the check," that is,
made the sums agree without actually adding; {n many cases,
checking was perfunctory. Generally, there was only a
chance difference between the mean accuracy of the group of
pupils when they checked and their mean accuracy when they
did not check.
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What does this indicate to teachers? Obviously, children
must understand the purpose of checking -- and what they
must do if the solution in the check does not agree with the

original solution.
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Overview . ..
Multiplication
and

Division

Using Research: A Key to Elementary School Mathematics

MULTIPLICATION AND DIVISION WITH WHOLE NUMBERS

Should children
be encouraged to
memorize basic
multiplication
facts?

Row should
multiplication

be conceptualized
for children?

Is attention to
distributivity
helpful {n early
work with
multiplication?

What has been
found about
other approaches
to early work
with
nultiplication?

Q

Of course children should achieve immedfate recall of the
basic facts -- at an appropriate time in the learning
sequence. Understanding of the nature of multiplication
should precede work which focuses on such memorfzatfon,
however, Use of properties of multiplication will help
pupils in this learning.

Multiplication usually has been conceptualized fn terms of
the addition of equal addends. Arrays are also suggested
as a way of representing multiplication, though little re-
search has been done using them. Cartesian-product prob-
lems appear to bde more difficult for young children to
conceptualize.

Emphasis on distributivity i{s especially effective in pro-
moting transfer and retention. Research on this adds fur-
ther support to a growing body of evidence on advantages
to be expected from instruction which emphasizes under-
standing. The "pay-off" may not always be evident in
immediate achievement of skills, but rather in relation to
factors such as coaprehenefon, transfer, and retentfion.

Do you usually introduce multiplication with verbal prob-
lems? If you do this, and then guide pupils in developing
the multiplication fact from each problea (by countin,
using pictures and diagrams, adding, and using the number
line), tecall and retention of the facts should be facili-
tated. Such an inductive approach, where each pupil can




What things
contribute to
pupils' success
with more

advanc :d work

in nultiplication?

Which division
algorithm
should be used?

What is the most
effective method
of teaching pupils
to estimate
quotient digits?

What is the

role of
measurement

and partition
situations in
teaching division?

work at his own level of maturity, has been shown to be
better than one in which the teacher presents the facts to
the pupil tinrough examples.

If you only want pupils to achieve speed and accuracy,
then readiness for work with two-place factors should con-
sist of practice on the 100 multiplication facts. If,
however, you want pupils to achieve the objectives of in-
creased understanding of the process, increased problem
solving ability, and increased computation skills, then
readiness work should emphasize the properties of multi-
plication. Use of the algorithm in which partial products
are shown appears to aid these same objectives.

Pupils using a subtractive algorithm

may achieve greater understanding of “.

division and increased ability to 29 30

transfer than do pupils using the

distributive algorithm which has

been common for some years. Use of >

the distributive algorithm may aid ~ ~y 3)52
3
e

10 » 3

in some problem solving situations,
and seems equally effect:ive on re-
tention measures.

I1f success on first trial i{s the criterion, then "round-
both-ways" (42 + 40, 47 + 50) would be recommended. How-
ever, corrections must be made by either increasing or
decrearing the estimate. With the "round-down" method

(42 » 40, 47 » 40) the estimate i8 corrected by decreasing
it, while with the "round-up'" method (42 » 50, 47 » 50)
the estimate is corrected by increasing it. This last
method parallels the procedure used in the subtractive
algorithm.

Partition problems uppear to be more difficult than meu-

surement problems. Use of the subtractive algorithm for

measurement situations and the distributive algorithm for
partition situations has been suggested.

The material included in this bulletin is a product of the "Interpretive Study
of Research and Development in Elementary School Mathematics" (CGrant No,

OEG-0-9-480586~1352(010) , sponsored by the Research Utilization Branch, Bureau
of Research, U.S5. Office of Education, and conducted at The Pennsylvania State

University.

1f you would like more information about the research whose findings are cited
above, contact MARILYN N, SUYDAM, Project Director, at The Pennsylvania State
University, University Park, Pennsylvania, 16802.
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Using Research: A Key to illementary School Mathematics

MULTIPLICATION AND DIVISION WITH WHOLE RUMBERS

Should children At an appropriate time in the learning sequence it is

be encouraged to desirable that children strive to achieve immediate recall
memorize basic of basic multiplication facts (3 x 5 = 15, 6 x 4 = 24,
multiplication 7%x8=5, 9x9=81, etc.}.

facts?

Findings from a comprehensive investigation with children
in grades three to five by Brownell and Carper (1943) sug-
gest that activities and experiences which contribute to
pupils' understanding cf the mathematical nature of multi-
plication should precede work which focuses on memoriza-
tion of facts,

Teachers know that the number of specific basic facts to
be memorized is reduced substantially if pupils #£ve able
to apply the properties of multiplication fllustrated by
the following examples:

The material included in this bulletin is a product of the "Interpretive Study
of Research and Development in Elementary School Mathematics' (Grant No.
OEG-0-9-4805£6-1352(010), sponsored by the Research Utilization Branch, Bureau
of Research, U,S, Office of Education,

The bulletin was prepared by MARILYN N. SUYDAM, The Pennsylvania State
Unfiversity, Project Director, and J. FRED WEAVER, The University of Wisconsin-
Madison, Project Consultant. Art by Ed Saffell.

It should be nuted that research is variable with respect to its quality;
hente, the same degree of confidence cannot be placed in all findings. An
attempt has been made to take this fact into consfderation i1 preparing this
bulletin.




(a) 3 x5=15and 5x 3 = 15. (Commutative property
of multiplication)

(b) 8x1=28and 1 x 8 =8, (Identity property for
multiplication)

(¢) 7x0=0and 0 x7 =0. (Zero property for multi-~
plication)

Hall's (1967) research on teaching selected multiplication
tacts to third-grade pupils appears to support an emphasis
upon the commutative property.

Brownell and Carper also suggested that development of the
facts may lead to the organization of a '"table":

0 1 2 3 4 5 6

—y

0 0 0 0 0 0 0
1 0 1 2 3 4 5
2 0 2 4 6 8 10
3 0 3 6 9 12 15

This can aid in the identification of patterns and rela-
tionships; pupils can find answers to such questions as:

-- If 1 is a factor, what pattern is true?

-- If 5 is a factor, what digit will be in the units
place in the product?

-~ 1f one factor is even, will the product be odd or
even?

Ascertaining the relative difficulty of the multiplication
facts was cnce a mecter of great concern, based on the
assumption that there fs a fixed rank for each. Little
commonality of levels of difficulty was evident among the
studies, however, since this is apparently a function of
{1) whether pupils are studied at the time of inftial
learning, or later; (2) the order and organization of the
facts; and (3) the method of teaching, whether meaningful,
with emphasis on relationships, or drill-oriented. Thus
we need to ask, '"Difficulty level for whom? at what age?
under what method of instruction?"

Two findings that were frequently cited in the early
studieas (conducted under a drill approach) were that com-
binations involving zero presented difficulty, and that
the size of the product was positively correliated to dif-
ficulty. Whether these remain true togay, where a more
rmeaningful teaching approach is used, has not been ascer-
tained by research, but nevertheless should be considered
by the teacher.




How should
multiplication

be conceptualized
for children?

Is attention to
distributivity
helpful in early
work with
multiplication?

Traditlonally multiplication of whole numbers has been
conceptualized for children in terms of the addition of
equal addends. For instance, "4 x 7" has been interpreted
to mean "7 + 7 + 7 + 7." But there are logical difficul-
tier inherent in this interpretation when the first factor
in a2 multiplication example is 0 or 1.

Some recent research has investigated the feasibility of
using other conceptualizations of multiplication. One of
these interpretations, which is independent of addition,
is based upon the following relationship: if set A has a
members and set B has b members, the Cartesian product of
sets A and B has a x b members., Hervey (1966) reported
that second-grade pupils had significantly greater success
in solving, conceptualizing, and visually representing
equal-addends problems than Cartesian-product problems.
Carteifan-product problems were conceptualized and solved
more often by high achievers than by low achievers, more
often by boys than by girls, and more often by pupils with
above-average intelligence. Hervey was not able to deter-
mine the extent to which her findings may be influenced by
the nature of prior instruction or by differences inherent
in the mathematicsl nature of the two conceptualizations.

Another conceptualization of multiplication may be
associated with rectangular arrays -~ either independent
of or in conjunction with Cartesian products. At the
third-grade level Schell (1964) investigated achievement
of pupils who used array representations exclusively for
their introductory work with multiplication, as compared
with pupils who used a variety of representations. He
found no conclusive evidence of & difference in achieve-
ment levels,

We know, for example, that 3 x (4 +7) = (3 x 4) + (3 x 7).
This is an instance of the distributive property of multi-
plication over addition which (in one form or another) {s
used to some extent in contemporary programs of mathe-
matics instruction. Specific instances of this property
often are {llustrated with arrays.

Although Schell (1964) reported some findings regarding
third-graders' ability to use distributivity, his observa-
tions were based upon a very limited amount of instruc-
tion: two introductory lessons. Such findings are
tenuous at best.

From a more comprehensive investigation with third-grade
pupils and their beginning work with multiplication, Gray
(1965) found that an emphasis upon distributivity led to
"superior' results vhen compared with an approach that did
not include work with this property. The superiority was
statistically significant on three of four measures:
posttest of transfer ability, retention test of
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multiplication achievement, and retention test of transfer.
On the remaining mesasure -- posttest of multiplication
achievement -- children who had worked with distributivity
scored higher than those who had not, but the difference
was not statistically significant.

Gray's findings add further support to a growing body of
evidence on advantages to be expected from instruction
which emphasizes mathematical meaning and understanding.
The "pay-off" may not always be particularly evident in
terms of skills-achievement immediately following finstruc-
tion. Rather, the pay-off is much more clearly evident in
relation to factors such as comprehension, transfer, and
retention.

Fullerton (1955) compared two methods of teaching the
"easy'" multiplication facts to third-graders: (1) an
inductive method by which pupils developed multiplication
facts frem word problems, using a variety of procedures;
and (2) a "conventional" method which presented multipli-
cation facts to pupils withcut involving them in the
development of such facts. In this instance a significant
difference in favor of the inductive method was found on a
measure of Immediate recall of taught facts as well au on
measures of transfer and retention.

In another investigation Haynes (1964) concluded that the
Cuisenaive approach to multiplication (based upon
Gattegno'e texts) was no more effective with third-
graders than was a ''conventional" method exemplified by

a well-known and often-used arithmetic textbook published
in 1959. ({Research on the Cuisenaire approach within
other contexts is reported in Bulletin A-5.]

On the basis of multiple criteria, Schrankler (1967)
evaluated the relative effectiveness of two algorithms for
teaching multiplication with whole numbers to fourth grade
pupils. As interacting factors, he considered (1) three
intelligence levels and (2) two readiness backgrounds,
From a variety of findings Schrankler concluded that
methods using general ideas based on the structure of the
number system are more successful than other methods
investigated in achieving the objectives of increased com-
putational skills, understanding of processes, and problem
solving abilities associated with the multiplication of
whole numbers between 9 and 100.

Little research has been done on the difficulty level of
the basic division facts, but great attention has been
given to the difficulties inherent in the algoritha.
Osburn (1946) noted 41 levels of Jdifficulty for division



Which is 1t
better to teach:
the subtractive
or the
distributive
form of the
division
algorithm?

examples with two-digit divisors and one-digit quotients.
Pupils' ability to divide with two-figure divisors has
been found to involve a considerable variety of skills
varying widely in difficulty (Brownell, 1953; Brueckner
and Melbye, 1940). Examples in which the apparent

quotient is the true quotient (as in 43)92 are (of
course) much easier than those requiring correcting (such

as 43)81 ), with difficulty increasing as the number of
digits in the quotient increases.

During the 1940's and 1950's, the division algorithm
typically taught in elementary school mathematics was:

2
23)552 First think
m '2's in 57
92
etc.

(Some people refer to this as the distributive algorithm.)

Today, a multiplicative and subtractive approach to the
division slgorithm has come back into use:

23)552
230 10 x 23
322
230 10 x 23
92
etcl

In one investigation comparing use of the conventional (¢t
distributive) and the subtractive forms, Van Engen and
Gibd (1956) reported that there were some advantages for
each., They evaluated pupil achievement in terms of under-
standing the process of division, transfer of learning,
retention, and problem solving achiuvement. Among their
conclusions were:

(1) Children taught the subtractive method had a better
understanding of the process or idea of division in
comparison with the conventicnal wmethod used. Use of
this algorithm was especially effective for children
with low ability. Those with high ability used the
two methods with equivalent effectiveness.

(2) Children taught the conventional {(distributive) method
achieved higher problem solving scores {(for the type
of problea in the study).

(3) Use of the subtractive method was more effective in
enabling children to transfer to unfamiliar but
similar situations.
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effective methad
of teaching pupils
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(4) The two procedures appeared to be equally effective on
measures of retention of skill and understanding.
This seems to be mcre related to teaching procedures,
regardless of the method of division.

In anothar study of the division algorithm with twelve
fourth grade classes, Dawson and Ruddell (1955) compared
the effectiveness of (1) "common textbook practices" and
(2) a procedure in which division was presented as '"a
special case of subtraction."” The second prccedure also
stressed "'meaningful" instruction through much use of dis-
cussion and manipulative materials. The investigators
concluded that this latter approach resulted in signifi-
cantly higher achievement (immediately following instruc-
tion as well as after a retention period of seven weeks),
and increased ability to solve examples in a new situa-
tion. It also helped pupils to develop greater under-
standing of division and its interrelationships with sub-
traction, multiplication and addition than did the '"common
textbook practices'" approach. Whether thece findings were
related primarily to the emphasis on (1) subtractive con-
cepts or (2) method of instruction or (3) use of materials
cannot, however, be ascertained from the design of the
study.

Meaningful algorithms ultimately may need to be shortened
to gain efficiency in division. Then pupils must be adle
to estimate quotient digits systematically. Several
methods have been advocated: (1) the '"apparent" or
"round-down" method, in which the divisor is rounded to
the next lower multiple of 10; and (2) the “increase-by-
one' methods, in which the divisor is rounded to the next
higher multiple of 10, (a) either "round-both-waya,"
depending on whether the digit in units' place is less cr

greater than 5, or (b) '"round-up," no matter what. Which
method do you use?
appg:ent increase-by-one
roun-- round- round-
down up both ways |
—n —3 ) ]
42) 216 421 5)21 §)21
—— -2 2 2
47)216 4)21 5)21 5)21

Efforts to resoive the issue of which method is best have
focused on analysis and comparison of the success of cach
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method on a specified population of division examples.
Morton (1947), for instance, analyzed 40,01% examples and
found that an "increase-by-one' method was 'correct" 61%
of the time and the "apparent" method was "correct" in
53% of the cases. Grossnickle conducted a series of such
studies, as did Osburn (1950), carefully comparing the
cases where each method resulted in the "correct" quo-
tient digit,

I1f success on first trial were the criterion, then "round-
both-ways' would be recommended. However, not only must
the child learn two rules, but the true quotient digit
may then be either greater or less than an estimated
quotient digit. Grossnickle (1932) and Osburn (1946)
advocated the "apparent" method, since the estimated digit
is always corrected (if necessary) by decreasing it. With
the '"round-up" method, the estimated digit is corrected
(if necessary) by increasing it -- a procedure very much
like that used in the subtractive algorithm.

Hartung (1957) critically reviewed these and other ana-
lytic studies. He concluded that ''round-up" was the most
useful method, because of the advantages of obtaining an
estimate that is less than the true quotient (which
decreased the need for erasing), and because of the rela-
tive simplicity of a "one-rule" method.

In one of the few experimental investigations on this
topic, Grossnickle (1937) studied the achievement of
groups taught by "round-down" and 'round-both-ways.'" He
concluded that there were no significant differences be-
tween the scores of the two groups.

How children apply the method was studied by Flournoy
(1959), who found that "round-both-ways' was used as
effectively as the "round-down'" method. She stressed that
perhaps not all children should be taught the "round-both-
ways' method. Carter (196U) reported that pupils taught
this method were not as accurate as those taught a one-
rule method =-- nor did pupils always use the method
taught.

Measurement problems involve situations suniu 3¢
If each boy 18 to receive 3 apples, huw many boys can
share 12 apples? (Find the nuaber of equivalent sub-
sets.)

Partition problems involve situations like this:
If there are 4 boys to share 12 apples equally, how
many will each boy recel  e? (Find the number of ele-
ments in each equivalent gubset.)

In a study with second graders (chosen since commonly
children at this level have had little exgerience with
division which would interact with the teaching in the
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research study), Gunderson (1953) reported that problems
involving partition situations were more difficult than
problems involving measurement situations. The ease of
visualizing the measurement situation probubly contributes
to this. For iInstance, for the illustration above, a
plcture like this could be formed:

dodg odd v 0o ovo

i ¢

For the partition situation, the drawing might be:

6.0.0.005 cod 0o

Zweng (1964) also found that partition problems were sig-
nificantly more difficult for second graders tlan measure-
ment protlems. She further reported that problems in
which twn sets of tangible objects were specified, were
easier than those in which only one set of tangible
objects was specified. In an earlier study, Hill (1952)
found that pupils in the intermediate grades indicated a
preference for measurement situations, but performance was
similar on both types.

and so on!

In the study in which they compared two division algo-
rithms, Van Engen and Gibb (1956) found that children who
used the distributive algorithm had greater success with
partition situations, while those who used the subtractive
algorithm had greater success with measurement situations.

Scott (1963) used the subtractive algorithm for measure-
ment situations and the distributive algorithm for pari’
tion situations. He suggested that: (1) use of the
algovithms was not too difficult for third grade chil..
(2) two algorithms demanded no more teaching time thnan
only one algorithm; and (3) children taught both aly -
rithms had a greater understanding of division.
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Fractions
and
Decimals

Using Research: A Key to Elementary School Mathematics

RATIONAL NUMBERS: FRACTIONS AND DECIMALS

We know that children come to school with some knowledge about
fractions: at least 50 per cent can recognize halve:,
fourths, and thirds. They can extend this knowledge beginning
in the primary grades, especially with a systematic program
emphasizing the use of manipulative materials.

The little research evidence on this question indicates that
the procedures of (1) setting up rows of equivalent fractions
and {2) factoring the denominators are both effective. That
most errors are made by pupils when “reducing,' when determin-
ing the numerator, and when adding needs to be considered as
we plan lessons. We should also devote particular attention
to examples in which pupils have the most difficulty, those in
which the common denominator is not apparent.

In general, for all nrocesses with fractions, we know that
errors are most frequently caused by (1) difficulty with "re-
ducing,” (2) lack of comprehension of the process, and (3)
computation. 1f we plan carefully to help pupils identify and
correct their errors, greater achievement, with accuracy,

should result.

Greater attention to regrouping and to "cancellation' might
also help pupils to avoid errors when these two procedures are
needed.
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There is little research evidence to answer this quzstion. We
know that for multiplication with fractions (as for other
operations), use of programmed materials and of multi-level
materials are effective. Using the inversion method to teach
division of fractions may also increase achievement in multi-
plication with fractions.

Most studies have indicated that use of either the inversion
or the reciprocal algorithm is probably most effective for
most types of examples requiring division with fractions.

When puplls are taught why the inversion algorithm works (by
using the reciprocal principle), retention seems to be im-
proved. You might consider using the common denominator
algorithm as an alternate procedure for pupils having diffi-
culty, since it is most closely related to division with whole
numbers.

Teaching about fractions and operations with fractions mean-
ingfully has been found to be effective. Having pupils manip-
ulate materials and providing practice are also helpful, of
course.

You should apparently place emphasis on both fractions and
place value: when decimals are taught only in relation to
place value, achlevement and retention are not as high as when
emphasis is placed on both numeration and the relationship to
fractions. There is some evidence to suggest, however, that
since computation with decimals seems to be more nearly like
computation with whole numbers than like computation with
fractions, reinforcement of whole number computational skills
is provided when decimals are taught before fractions.

Research indicates that to facilitate understanding we should
teach children to locate the decimal point in the quotient by
making the divisor a whole number by multiplying it by a power
of 10, and then multiplying the dividend by the same number.
Greater accuracy results than when children merely subtract
the number of decimal places in the divisor from the number of
places in the quotient.

The material included in this bulletin 1s a product of the "Interpretive Study of
Research and Development in Elementary School Mathematics' (Grant No. OEG-0-9-
480586-1352(010) , sponsored by the Research Utilization Branch, Bureau of Research
U.S. Office of Education, and conducted at The Pennsylvania State University.

If you would like more information about the research whose findings are cited
above, contact MARILYN N. SUYDAM, Project Director, at The Pennsylvania State
University, University Park, Pennsylvania, 16802.
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Using Research: A Key to Elementary School Mathematics

RATIONAL NUMBERS: FRACTIONS AND DECIMALS

Since several interpretations of the above words are possible, let's clarify
how we're using them. We shall use the word fraction to refer to a number: a

number that may be expressed in the form %, where a and b are whole numbers and

b # 0. The word decimal will be used to refer to a particular kind of fraction:
one that is expressed in our familiar positional place-value notation, with the
denominator being some power of 10.

Can young We have found from surveys of what children know about mathe-
children learn matics upon entering school that at least 50 per cent can
fractional recognize halves, fourths, and thirds, and have acquired some
concepts? facility in using these fractions. Gunderson and Gunderson

(1957) interviewed 22 second graders following their initial

experience with a lesson on fractional parts of circles. The
investigators concluded that fractions could be introduced at
this grade level, with the use of manipulative materials and

through oral work with no symbols used.

The material included in this bulletin is a product of the "Interpretive Study of
Research and Development in Elementary School Mathemat::s" (Grant No. OEG-0-9-
480586-~1352(010), sponsored by the Research Utilizati.a Branch, Bureau of
Research, U.S. Office of Education.

The bulletin was prepared by MARILYN N. SUYDAM, The Pennsylvania State University,
Project Director, and J. FRED WEAVER, The University of Wisconsin-Madison, Project
Consultant. Art by Ed Saffell.

It should be noted that research 1s variable with respect to its quality; hence,
the same degree of confidence cannot be placed in all findings. An attempt has
been made to take this fact into consideration in preparing this bulletin.




How should
children find
the common
denominator

for addition
and subtraction
with fractions?

Is it helpful
to analyze
errors pupills
make with
fractions?

A planned, systematic program for developing fractional ideas
seems essential as readiness for work with symbols. Use of
manipulative materials is vitel in this preparation,

There 1s little evidence on the effectiveness of procedures
for fiading the common denominator in addition with fractions,
and even less for subtraction with fractions. Anderson (1966)
analyzed errors made by 26 fifth grade classes using two pro-
cedures for finding the least common denominator when adding
two "unlike" fractions: by setting up rows of equivalen*
fractions, and by factoring the denominators. There were no
significant differences between the twn procedures on tests of
four kinds of addition with fractions examples. Furthermore,
Anderson reported that errors connected with (1) '"reducing,"
(2) determining the numerator, and {3) addition, occurred most
frequently, with the greatest frequency of error in examples
in which the least common denominator was not apparent,

Bat--haee (1969) compared 112 fifth graders who were taught

(1) the factoring method or (2) the '"inspection'" method of a
current textbook series. Thcse taught by the factoring method
scored significantly higher on the experimental posttests.

Many earlier studles were concerned primarily with the spe-
cific errors children make, In general, it was found that,
for all operations with fractions, the major errors were
caused by (1) difficulty with "reducing," (2) lack of compre-
hension of the operation involved, and (3) computational
errors {e.g., Brueckner, 1928a; Morton, 1924; Schane, 1938).
Such findings frequently influenced the material included in
textbooks.

Guiler (1936) was among those who reported success with a
remedial program which provided practice on correcting errors
which had been identified. Ramharter and Johnson (1949) had
"good" and "poor' achievers think aloud while they attempted
to correct errors in six examples involving subtraction with
fractions. On subsequent tests, ''good" achlevers consistently
corrected more errors, using a guidesheet effectively,

Aftreth (1958) had sixth grade pupils identify and correct
errors imbedded in 19 completed sets of examples in addition
and sibtraction with fractions, while a control group worked
the examples. No significant differences on either immediate
or delayed recall tests were found for addition with frac-
tions, while some significant differences favoring the group
working the examples were found for subtraction with frac-
tions. The author suggested that having puplls correct their
own errors might be more effective than having them correct
imbedded errors.
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develop

the algorithm for
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What algorithm
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Fifth graders tested by Scott (1962) made more errors in sub-
traction with fractions involving regrouping than in subtrac-
tion with whole numbers involving regrouping. He suggested
that current emphasis on the decimal system may reduce the
"flexibility' which the child must have to deal successfully
with subtraction with fractions when regrouping is necessary,

Romberg (1968) reported that among sixth graders who used a
correct algorithm to multiply fractions, about twice as many
pupils in "modern" programs as in ''traditional" programs
either did not express products in simplest form (as directed)
or made errors in doing so. He attributed this difference to
pupils' failure to "cancel,' and suggested that the cancella-
tion process is important -~ even essential -- if efficiency
in multiplication is one of the desired outcomes of instruc-
tion.

There 1s little research evidence to answer this question.
Recent research on multiplication with fractions has been pri-
marily within the context of programmed instruction, where the
purpose of the investigation was to compare various pro-
gramming strategiles, while fractions served merely as the con-
tent vehicle. For instance, Kyte and Fornwalt (1967) used
programmed materials on multiplication with fractions to
ascertain the rate of mastery by pupils at two IQ levels.
While they found that pupils with superior IQ's were able to
master identified types of examples more quickly than those
with normal 1IQ's, the study says nothing about what procedures
they used to teach the operation with fractions.

Miller (1964) found that significantly higher gains in multi-
plication with fractions were made by pupils using programmed
practice materials, which provided immediate knowledge of
answers, than by pupils using conventional textbook materials.
In another investigation, higher achievement on the experi-
mental posttest resulted when multiplication with fractions
was taught with multi-level materials rather than with single
textbooks (Triplett, 1963).

Bergen (1966) prepared booklets designed to teach pupils by
complex fraction, common denominator, or inversion algorithms.
No significant differences were found between complex fraction
and inversion algorithms, but each was significantly superior
to the common denominator algorithm on most types of examples.

Sluser (1963) compared teaching the common denominator ard
inversion algorithms with and without explanation of the
reciprocal principle as the rationale behind inversion. ,The
group given the explanation scored lower on teets of division
with fractions than a group merely taught to invert and
multiply. He suggested that only above average pupils could
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What other things

contribute to
improved
achievement

with fractions?

Is it helpful
to relate
decimals with
fractions or
place valuef?

understand the principle. However, a large percentage of
errors occurred because pupils performed the wrong operation.
Krich (1964) reported no significant differences on immediate
posttests for pupils taught why the inversion procedure works,
as compared with those merely taught the rule. On retention
tests requiring recall, however, the group taught with meaning
scored significantly higher,

In a study by Capps (1963) the effectiveness of the common
denominator and inversion algorithms for division with frac-
tions was compared. There were no significant differences in
achievement on tests of addition, subtraction, and division
with fractions, while pupils taught the inversion algorithm
scored significantly higher on immediate posttests and on
retention tests of multiplication with fractions than those
taught the common denomlnator algorithm. This retroactive
effect on multiplicatlon was also reported by Bidwell (1968).
He found that the inverse operation procedure was most effec-
tive, followed by complex fraction and common denominator pro-
cedures. The complex fraction procedure was better for reten-
tion, while the common denominator procedure was poorest,

— —

Howard (1950) reported on a study with 15 classes of pupils in
grades 5 and 6 who were taught addition of fractions by three
methods differing in the amount of emphasis on meaning, use of
materials, and practice. Pupils retained better when they
learned fractional work through extensive use of materials and
with considerable emphasis on meaning, plus provision for
practice. Krich (1964), Shuster and Pigge (1965), Sebold
(1946) , and Feinstein (1952) also support the importance of
using meaningful methods for work with fractions.

Many other investigations have been done in which fractions
have served as the content. For example, Fincher and Fillwer
(1965) were interested in exploring prograwamed instruction
variables. They reported that programmed materials were more
effective in teaching addition and subtraction with fractions
than was conventional classroom instruction,

Faires (1963) introduced some pupils to decimals through a
sequence based on an orderly extension of place value, with no
reference to common fraction equivalents, vhile others were
taught fractions before decimals, as 1is usually done. Gains
in computational achievement and at least as good an under-
standing of fraction concepts resulted. Falres indicated that
"computation with decimals is [apparently] more nearly like
computation with whole numbers than with fractions;" thus re-
inforcement of whole numbexr computational skills is provided.

0'Brien (1968) reported that pupils taught decimals with an
emphasis on the principles of numeration, with no mention of



fractions, scored lower on tests of computation with decimals
than those taught either (a) the relaticn between decimals and
fractions, with secondary emphasis on principles of numera-
tion, or (b) rules, with no mention of fractions or principles
of numeration. On later retention measures, the numeration
approach was significantly lower than use of the rules ap-
proach, but not significantly different from the Ffraction-
numeration approach.

How should Brueckner (1928b) and Grossnickle (1941) analyzed the diffi-
we teach culties with decimals which children have, citing misplacing
children of the decimal point in division as one of the major sources
to place of error. Flournoy (1359) compared sixth grade classes taught
the decimal to locate the decimal point in the quotient by (1) making the
point in divisor a whole number by multiplying by a power of 10, and
division then multiplying the dividend by the same number, or (2) sub-
with decimals? tracting the number of decimal places in the divisor from the

number of places in the dividend. Multiplying by a power of
10 resulted in greater accuracy, as Grossnickle (1941) had
concluded earlier.

O
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Using Research: A Key to Elementary School Mathematics

OTHER MATHEMATICAL TOPICS

What measurement Beginning in most third grade textbooks, mecasurement con-
and geometry tent is organized by units, with Cmphasis on relationships
is included in among standard units developed by grade 6. Few exper-
textbooks and iences in creating measures, applying measuring ideas,
programs? and actually measuring were noted. The amount of geometry

in the program has increased threefold since 1900, with
separation of two- and three-dimensional ideas common.

What do children There is evidence that children cau learn many geometric
know about ideas associated with plane figures. They can learn to
geometry and make simple constructions, though lack of precision in
measurement? using the compass results in many errors.

Wide differences in familiarity with measurement ideas

are evident. It has been suggested that (1) some ideas
now taught in first grade are probably already part of

the child's knowledge when he enters school, and (2)
teachers need to take into account the age, socfoeconomic
level, and mental ability when planning measurement activi-

ties.
Row can we help There is some evidence that learning about other bases
pupils understand increases understanding of the decimal numeration system.
our numeration However, emphasizing the structure and properties of the

system? decimal system seems just as effective.




What effect does Teaching the commutative, asscciative, and distributj
the teaching of properties and various relations may facilitate other
properties and mathematical learning, but research on this is limit

relations have?

What can pupils
learn about . . .

integers? The little research evidence on this tcpic indicates oniyv
that concrete and abstract approaches may each be effc: -
tive.

. . set conceptsa? ldeas about sets appear to be useful in introducing both
numerical and geometric concepts. A teaching sequence
using (1) physical action, (2) manipulation of concrete
materials, and (3) observation of semi-concrete i1llus-
trations seemed effective in teaching about sets. Several
studies have suggested that pictures of objects and group-
ings should be kept relatively simple,

» « + probability Intermediate grade children apparently have acquired con-

and statistice? siderable familiarity with probability from everyday
experiences, and can apply knowledge about finite sample
spaces and the probability of certain events occurring.
The mode, the mean, and possibly the median can be intro-
duced as early as grade 4.

+ « o« logle? Children aged 6 through 8 may te able to recognize velid
conclusions derived from sets of given premises, though
they may have difficulty testing the loglical necessity of
a conclusion.

The waterial included in this bulletfin is a produrt of the "Interpretive Study
of Research and Development in Elementary School Mathematice" (Crant No.
OEG-0-9-480586-1352(010), spons~red by the Research Util{szation Branch, Bureau
of Research, U.S. Office of Eduidation, and conducted at The Pennsylvania State
University.

If you would like more information about the research whose findings are cited
above, contact MAR'LYN N. SUYDAM, Project Director, at The Pennsylvania State
University, Univerwity Par¥. Pennsylvania, 16802,
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NTHER MATHEMATICAL TOPICS

What measurement Palge and Jennings (1967) surveyed 39 textbook series, summariz-

is included in ing the measurement content. Starting in third grade, about
elementary half of the books put measurement concepts in a separate chapter.
school In most fourth grade books, problems generally involved regroup-
textbooks? ing with measures and conversions. By grade 5 most series had
developed the ideas of standard units and errors in measuriug.
Is there common Other relationships between measures were introduced in many
agreement on series in grade 6. Paige and Jennings noted that there were few
what geometry experiences where students created thefir own units of measvure,
will be too little emphasis on practical application, and too few prob-
presented? lems requiring actual measuring.

Neatrour (1969) analyzed 16 textbook series and surveyed 156 mid-

dle schools to determine the status of geometric content in their
curricula. He found that while the amount of geometric content

varied greatly, three times as much was included as in 1900, with :
enmphasis on informal geometry. Compartmentalization of geometric H
content into two- and three-dimensicnal ideas was common. i

The materfal included in this bulletin is a product of the "Interpretive Study of
Research and Development in Eiementary School Mathematics' {(Grant No. OEG-0-9-
480586-1352(010), sponsored by the Research Utilfzation Branch, Buteau of Research,
U.S. Office of Education.

The bulletin was prepared by MARILYN N. SUYDAM, The Pennsylvania State University,
Project Director, and J. FRED WEAVER, The University of Wisconsin-Madison, Project
Consultant. Art by Ed Saffell,

It should be noted that reseatch is variable with respect to its gquality; hence, the
same degree of confidence cannot be placed in all findings. An attempt has been
w e to take this fact Into consideration in preparing this bulletin.




What geometric
ideas can
children learn?

What do children
know ubout
measurement?

What can they
learn about
measurement?

What aspects of
graphing can be
learned?

From a set of tests administered after two weeks of teaching,
Shah (1969) reported that children aged 7 to 11 learned concepts
associated with plane figures, nets of figures, symmetry, reflec-
tion, rotation, translation, bending and stretching, and net-
works. In a pilot study, Denmark and Kalin (1964) found that
fifth graders could satisfactorily (1) bisect an angle, (2) con-
struct the perpendicular bisector of a line segment, (3) copy a
triangle, (4) construct a perpendicular to a line through a peint
on the line, and (5) copy a quadrilateral. Lack of precision in
the use of the compass accounted for many errors.

D'Augustine (1966) used programmed texts on topics such as paths
nd their properties, simple closed curves, and polvgons with
pupils in grades 5, 6, and 7. He reported that reading and
mathematics achievement significantly affected success, but age,
length ot class period, grade, or sex did not.

Four- and five-year-olds exhibit wide differences in familiarity
with ideas of time, linear and liquid measures, and money, with
little mastery evident (Davis, Carper, and Crigler, 1959). In
another survey with first graders, Mascho (1961) reported that as
age, soclioeconomic level, or mental ability increased, the chil-
dren's familiarity with measurement increased. Familiarity was
greater when the terms were used iu context. It was suggested
that (1) some ideas now considered appropriate for first grade
should be considered part of the child's knowledge when he enters
school, and (2) teachers need to study the composition of their
groups in terms uvf age, socioeconomic level, and mental ability
when planning curricular activities with meaasurement. This may
be especially important in view of Piaget's findings, which sug-
gest that general concepts of linear measurement are not attain-
able for children until approximately age 8, when the child ap-
precfjates that a linear segment may be conserved even when sub-
divided.

Friebel (1967} found seventh graders using SMSG raterials were
significantly superior to those using ''traditional" materials in
understanding of and skill in using measurement concepts. How-
ever, ""in pr.cess estimation of the measures of common quanti-
ties,” both groups were equally adept except when dealing with
area and volume, where the SMSG students were better.

Corle (1960) substantiated the need for experiences with measure=
ment. He found that sixth graders could estimate weight, size,
temperature, and time more accurately than fifth graders, but
error was 45X for sixth grade and 61X for fifth grade. Sixth
grade pupils measured with acceptable accuracy only about half
the tiwe; fifth graders, one-third of the time.

Dutton and Riggs (1969) used a programmed text to present picto-
graphs and circle, bar, and line graphs to 393 fourth and fifth
graders. The text was effective in improving skills on both a
graph test and on graph interpretation items from a standardized
test. There is some evidence from other research that, for third
graders, plctographs and bar graphs are easier to interpret than
line graphs.




How can we hel
puplls understand
our numeration
system?

What effect does
the teaching of
properties and

relations have?

What can pupile
leann about
integers?

Flournoy, Brandt, and McGregor (1963) found that the items missed
very frequently by pupils in grades 4-7 on tests meastring under-
standing of our numeration system related to: (a) the additive
principle; (b) making ''relative' interpretations; (c) meaning of
1000 as 100 tens or 10 hundreds, etc.; (d) expressing powers of
ten, as 1000 = 10 x 10 x 10; and (3) the 10~1 place value rela-
tionship. Thus greater emphasis on these is necessary as we teach.

The study of non-decimal numeration systems was included in many
modern mathematics programs because it was presumed that such
work would strengthen understanding of the decimal numeration
system. There Is some evidence that kinderpgarteners, first grad-
ers, and fourth graders showed an increase in their understanding
of the decimal system after a study of another besc. Jackson
(1965) concluded that fifth graders taught non-decimal systens
did significantly better than pupils taught only the decimal sys~-
tem, on tests measuring understanding of the decimal system,
properties, and problem solving, Those receiving instruction
only in the decimal system did significantly better on computa-
tion in that system.

On the other hand, Scrivens (1968) concluded that study of non-
decimal numeration systems i{s "inappropriate"” for third graders
and Schlingsog (1968) reported no significant differences on
tests of understanding and computation in base ten between groups
who were taught about other systems and those who studied only
the decimal system. Kavett (19A9) reported similar results for
the reasoning scores of fourth and sixth graders, though reten-
t:on scores were significantly higher for the grouys taught non-
decimal numeration. Smith (1968) found that study of non-decimal
numeration systems by fourth graders produced a greater under-
standing of non-decimal systems but not of the decimal system.

We believe that learning about properties will facilitate under-
standing, but research on this is very limited. Schmidt (1966)
reported that teaching the commutative, associative, and distri-
hutive properties significantly increased fourth graders' ability
tc apply the fundamental processes to examples and problems.
Sixth graders learned a significant amount about topics such as
the reflexive, symmetric and transitive properties of some rela-
tions, eyuivalence relations, and graphing relations, but no sig-
nificant difference was found in their ability to perform on
traditional preblems {Gravel, 1968).

Other researchers have reported that the properties may be too
difficult for second and fourth graders to understand, and that
seventh graders apply properties tetter than fifth graders.

There has been almost no research which provides an answer to
this question. An exploratory study with six primary grade chil-
dren showed that they could be taught some concepts about inte-
gers when the nusber line is used. Coltharp (1969) repotted no
significant difference in achievement between sixth graders
taught addition and subtraction of integers from an abstract,
algebraic approach and those taught by means of a concrete, vi-
sual approach. Accotrding to Tremel (1964), success in learning



What set concepts
facilitate
achievement?

What can children
learn about
probabilfity

and statistics?

to add and multiply integers was not related to numerical and
spatial abilities, but was related to verbal and problem solving
abilities.

This is another example of a topic which has influenced modern
programs tremendously, vet evidence is woefullv lacking. It is
generally accepted that many of the elementary terms and opera-
tions of set theory are useful and desirable in the elementary
mathematics program. In fact, the ideas of "sets' are unavoid-
able in the introduction of number concepts and intuitive
geometry, though the formal terms may not be used.

There has been some concern with how to picture groups of objects.
In two older studies, Carper (1942) and Dawson (1953) concluded
that the greater the complexity of the objects and the group con-
figuration, the greater the difficulty children have in determin-
ing how many are in the group. Thus in the primary grades it
seems important to picture relatively simple objects and groupings.

Suppes and McKnight (1961) found that concepts and operations
with sets could be taught in grade 1, noting that "operations on
sets are more meaningful to the student than operations on num-
bers," since sets are concrete objects. As long as the notation
introduced 1is explicit and precise and corresponds to simple con-
cepts, no difficuities of comprehension seemed to arise. llolmes
(1963), however, reported that first graders scored below the 50%
level for tests un equality concepts, ordinal number, subsets,
and number property of sets.

Harper, Steffe, and Van Engen (1969) reported success in teaching
conservation of numerousness, including one-to-one correspondence
and equivaleat and non-equivalent sets, to children at the first
grade level. ‘They noted that 'the teaching sequence used in
these lessons, i.e., a progression from physical action of the
children, to their manipulation of roncrete paterials, to their
observation of semi-concrete fllustrations, seems to be an effec-
tive approach to use in teaching eatrly number concepts."

(Underiining added. )

Intermediate grade children apparently have acquired considerable
familiarity with probability from everyday experiences, and can
apply knowledge about (1) a finite sample space, (2) the proba-
bility of a simple event in a sample space, (3) the probability
of the union of non-overlapping events, (4) the difference be-
tween mutuvally independent and mutually eaclusive events, and (5)
quantification of probabilities (Doherty, 1966; Leffin, 1969).

Smith (1966) concluded that the following topics of probability
and statistifics seem to be appropriate for most seventh grade stu-
dents: (1) possible outcomes of an experiment, (2) probahility
of events that are e«qually likely and events that are not egqually
likely, (3) mutually exclusive events, (4) Pascal's triangle, (5)
histograms, (6) continucus and discrete data, (7) central tend-
ency, and (8) measures of variation. There is some evidence from
another stindy that the mode, the mean, and possibly the median
can be introduced as early as grade 4.

—



What can If the child is to learn to think critically, it is important
children leamm that he make logically correct inferences, recognize fallacies,
about logic? and identify inconsistencies among statements. Hill (1961) con-

cluded that children aged 6 through 8 are able to recognize valid
conclusions derived from sets of given premises. There seems to
be a ''gradual, steady growth which is nearly uniform for all
types of formal logic." Differences in difficulty were associated
with type of inference, but these difficulties were specific to
age. Difficulties associated with sex were not significant.
Children can learn to recognize identical logical form in differ-
ing content. The addition of negation very significantly in-
creased difficulty in recognizing validity. Roberge (1969) re-
ported that negation in the major premise also had a marked in-
fluence on the development of logical ability in children in
grades 4, 6, 8, and 10.

0'Brien and Shapiro (1968) confirmed Hill's findings, except that
"little growth was detected between ages 7 and 8." Using a modi-
fication of Hill's test, they found that children experienced
great difficulty in testing the logical necessity of a conclu-
sion, and showed slow growth in this ability, which supports
Piaget's theory that children reach the stage of ability to think
logically later than age 8. They caution that lill's resecarch
should be interpreted and applied with caution: hypothetical-
deductive ability cannot be taken for granted in children of this
age.
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What factors are

related to problem

solving ability?

What are the
characteristics
of good

problem solvers?

How important
is reading to
problem solving
ability?

What is the
role of
"understanding?"

Is the study
of voctabulary
helpful?

Overview . ..
Verbal

Problem Solving

Uy

Using Research:

VERBAL PROBLEM SOLVING

Intelligence is related to problem solving ability; however,
neither sex nor socio~econonic status has been found to be
related to 1it.

Among the factors which characterize high achlevers are:
ability t» note likenesses, differences, and analogies; under-
standing of mathematical terms and concepts; ability to visu-
alize and interpret quantitative fants and relationships;
skill in computation; ability to select correct procedures and
data; and comprehension {iu resding.

Reasons for difficulty with problem solving generally focus on
computation, reading, and knowtedge of fundamental mathe-
matical concepts.

Reading 1s obviously important, since if the child cannot read
the problem, he will have difficulty in doing mor. than guess-
ing how to solve it., 1It is suggested that reading and other
interpretive skills specifically related to problem solving be
developed in the problem solving program.

Systematic instruction not only in how to solve a problem but
in why that process is appropriate has been found to be effec~-
tive in increasing problem solving achievement and understand-
1n8n

Since knowledge of vocabulary has been found to be important
to success In problea solving, it follows that instruction in
the vocabulary to be used will increase scores.

A Key to Elementary School Mathematics




What problem
settings are
most effective?

Does the order of
processes affect

problem difficulty?

Does the order of
data affect prob-
lem difficulty?

Should we place
the question
first or last?

What 1is the
role of
formal analysis?

What techniques
help in

improving pupils'
ability to

solve problems?

Is it helpful
for pupils to
sork in groups?

Evidence on whether settings should be familiar to the child
is conflicting. It is apparently not as important as has
sometimes been supposed: the child will be interested in a
variety in settings.

There is some evidence to show that the order in which the
processes are presented in multi~step problems may affect
thedr difficulty.

Significantly higher scores resulted when numerical data were
presented in the order in which they would be needed to solve
the problen.

For some children, it appears that a problem is casier when
the question is placed first. This shortens the time needed
to solve the problem,

Giving children many opportunities to solve problems and
letting children solve problems in a variety of ways appears
to be more helpful than formal analysis procedures,

While research evidence supporting each is somevwlhat limited,
researchers have suggested that these techniques should be in-
cluded in the problem solving program:

(1) Provide problems at varying levels of difficulty.
(2) Have pupils write mathematical sentences.

(3) Have pupils dramatize problem situations.

(4) Have pupils make drawings and diagrams.

(5) Have pupils formulate problems.

(6) Present problems orally.

(7) Use problems without numbers.

(8) Have pupils designate the process to be used.

(9) Have pupils note missing or extra data.

(10) Have pupils test the reasonableness of their answers.
(11) Use a tape recorder to aid poor readers.

The evidence suggésts that puplils achieve at least as much by
working independently when solving problems as by working in
groups of two, three, or four.

The material included ir this bulletin is a product of the "Interpretive Study of
Research and Developmeni in Elementary School Mathematics'" (Grant No. OEG-0-9-
480586-1352(010), sponsored by the Research Utilization Branch, Bureau of
Research, U.S, Office of Education, and conducted at The Pennsylvania State

University.

If you would like more information about the research whose findings are cited
above, contact MARILYN N. SUYDAM, Project Director, at The Pennsylvania Sta.e
University, University Park, Pennsylvania, 16802,
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VERBAL PROBLEM SOLVING

Verbal problem solving has attracted more attention from researchers than any
other topic in the mathematics curriculum. It {s considered a plausible way to help
children learn how to apply mathematical ideas and skills to the solving of real-
life problems-~-and is a challenge to both pupils and teachers.

it should be noted that virtually all of the research un problem solving has
been associated with whole numbers., We lack evidence about the extent to which the
research can be generalized to other kinds of numbers. This is a topic for future
research.

What factors It is generally concluded that:
are related to (1) 1Q is significantly related to problem solving ability;
problem solving (2) sex differences do not appeer to exist in the ability to solve
ability? verbal problems; and
(3) socio-economic status alone does not appear to be a signifi-
cant factor,

. Ny .‘,%;5*

Using Research: A Key to Elementary School Mathematics

What are the Many researchers have proceeded on the assumption that if we can
characteristics ascertain what problem solvers who are successful have in common,
of good vwe may be able to help those who do not do as well. Alexander

problea solvers? (1960) and Hansen (1944) compared pupils on selected factors

The material included in this bulletin is a product of the "Interpretive Study of
Research and Development in Elementary School Mathematics'" (Grant No. OEG-0-9-
480586-1352(010), sp.nsored by the Research Utilization Branch, Bureau of Research,
U.S, Office of Education.

The bulletin was prepared by MARILYN N. SUYDAM, The Pennsylvania State University,
Project Jirectur, and J. FRED WEAVER, The University of Wiesconsin-Madison, Project
Consultant. Art by Ed Saffell.

It should be noted that research is variable with respect to its quality; hence, the
same degree of confidence cannot be placed in all findings. An attempt has been
made to take this fact into consideration in preparing this bulletin.
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role of
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Is the study

of vocabulary
helpful in
improving
problea solving?
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thought to be related to problem solving ability. Among the fac-
tors which characterized high achievers were: (1) ability to note
likenesses, differences, and analogies; (2) understanding of
mathematical terms and concepts; (3) alility to visualize and irn-
terpret quantitative facts and relationships; (4) skill in compu-
tation; (5) ability to select carrect procedures and data; and

(6) comprehension of reading materials.

Related to these findings are the specific errors which John
€1930) found that children in grades 4, 5, and 6 made in solving
problems: errors in reasoning, in use of fundamentals, and in
reading were found to be most frequent. Johnson (1944) ncted that
other researchers reported similar reasons why children do not
succeed in solving problems: (1) ignorance of mathematical prin-
ciples, rules or processes; (2) insufficient mastery of computa-
tional skills; and (3) inadequate understanding of vocabulary. In
a more receut study, Chase (1960) reported test data collected
from sixth graders showing that the three primary factors related
to success Iin problem solving are computation, reading to note
details, and knowledge of fundamental mathematical concepts.

Treacy (1944) and Alexander (1960) found that good and poor
achievers in problem solving differed on many aspects of reading.
Treacy concluded that reading should be regarded as a composite of
specific skills rather than as a generalized ability. We may in-
fer that reading and otner interpretive skills should be specifi-
cally developed in the problem solving pregram.

Balow (1964) studied 468 sixth graders who had been classiffed by
reading and computational levels. He reported that higher levels
of problem solving ability were associated with higher levels of
reading and computatfounal ability, but that much of this relation-
ship apparently was the result of the high correlation of these
abilities with IQ.

We kuow that many children have difficulty in deciding what pro-
cess to use to solve a given problem. It therefore has seemed
evident to researchers that to make this decision without guessing
or using trial and error procedures, pupils must understand both
the meanings and the effects of the fundamental processes. Pace
(1961) presented one group of fourth graders with systematic in-
struction in which children not only decided how to sclve a prob-
lea, but why that process was appropriate, while another group
merely solved the problems with no discussion. The first group
made statistically significant gains on tests of problea solving.
Interviews and cther tests used to measure understanding showed
that both groups improved, with greater gains for those who re=-
ceived specific instruction,

Among those who experimented with the teaching of vocabulary was
VanderLinde (1964), who reported that such specific instruction on
quantitative vocabulary was effective in increasing problem solv-
ing scores (for problems in which that vocabulary was used),
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- and Young (1%940) said "yes."

Whether children's success in solving problemc is affected by the
familiarity in the settings was stud{ed by many. Brownell and
Stretch (1931) reported on the reactions of 256 filth graders to
carefully matched problems at four degrees of femilijarity. They
concluded that there is ''no ground for reasonable belief that
problems are made unduly difficult for children by being given un-
familiar settings."

While some other researchers confirmed this finding, there is con-
flicting evidence on this question. Washburne and Osborne (1926;
concluded that unifamiliarity of setting has some influence on suc-
cess in problem solving, although it 18 '"not as luarge an elerent
as might be supposed." On the other band, Sutherland (1942) was
ameng those who found that pupils were decidedly more successful
on problems with familiar settings.

It has been concluded by many researchers that children like a
variety of problem settings. It seens important that children be
interested in problems and in ways of solving ther,

In studying a different aspect related to this question, Scott and
Lighthall {1967) reported that no statistically significant rela-
tionship was found between ''need content' in problems and degree of
"disadvantage.' ('Need content' was defined low if probiems con-
cerred food and shelter, and high {f they concerned such factors as
belongingness, education, travel, etc. 'Disadvantage'" was deter-
mined by whether or not pupils were assured of food and shelter.)

Citing data from 4,444 pupils in grades 4, 6, and 7, Berglund-Gray
They reported that the easier order
for each pair of operations with whole numbers in two-step problems
was: addition before subtraction or divisfion; subtraction before
division; and multiplication before any of the three others. How-
ever, we should note that this study was conducted at a time when
there was considered to be only one way of solving a problem,

Burns and Yonally (1964) reported that, whei: the data in each of
ten multi-step problems were in tha order required to solve them,
significantly higher scores resulted than when data were not in

the order in which it would be used. For the 95 f1fth gracers they
studied, reasoning ability was posfitively related to pupil ¢ 'ccess
with problems which presented numerical date in mixed order.

Williams and McCrefight (1965) concluded that for fifth and sixth
graders, there was 'some advantage to the child when the question
was placed first," though no significant difference between mean
scores was found. Time to solve was less when the question was
placed at the beginning.

Research evidence does not show that forual snalysis (that s, re-
quiring pupils to answer a specific set of questions in order) is
an effective procedure {e.g+, Burch, 1953). Washburne and Osborne
(1926) noted that "merely giving many probleas...sppears to be
wmost effective.' Pace (1961) also suggested that giving many
opportunities to solve problems and letting children solve prob-
lems in a variety of ways were especially helpful.
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What other Many specific techniques have been reported to be helpful, though
techniques help how helpful has been impossible to determine from the structuring

in Limproving of the research scudies. Among the techniques which researchers
pupils' ability suggest are:

to solve (1) Provide a differentiated program, with problems at appropri-
problems? ate levels of difficulty.

(2) Have pupils write the number question or mathematical se:.-
tence for a problem.
(3) Have pupils dramatize problem situations and their solutfions.
(4) Have pupils make drawings and diagrams using them to solve
problems or to verify solutions to problems.
(5) Have pupils formulate problems for given conditions.
(6) Present problems orally.
(7) Use problems without numbers.
(8) Have pupils designate the process to be used.
(9) Have pupils note the absence of essential data, or the pres-
ence of unnecessary data.
(10) Have pupils test the reasonableness of their answers.
(11) Use a tape recorder to ald poor readers.

Some evidence exists to support each of these. Keil (1965) found
that pupils who wrote and solved problems of their own were supe-
rior in problem solving ability to pupils who had the "usual text-
book experiences.'" Riedesel (1964) reported that sixth grade
classes using specific procedures plus 30 sets of verbal problems
at two levels of difficulty achieved higher mean gains on problem
solving tests than did control greoups who followed the reguler
textbook program. For instance, Arnold (1969) reported evidence
from sixth graders favoring the expression of problem relation-
ships in number sentences. It should be roted that emphasis upon
isolated word cues ("left," "in all," etc.) can be grossly mis-
leading as a problem solving procedure. They may lead pupils away
from recognition of the relationships inherent in the problen,
which are crucial to its solution.

How should In a well-controlled study, Wilson (1967) studied two problem solv-
equations ing procedures, one using equations which express the real or imag-
for problems ined actions in the problem (an "action-sequence' structure) and
be stated? the other using equations which emphasize operations by which the

problem may be solved directly (& ''wanted-given' structure), and a
third practice-only control treatment. He reported that differ-
ences for ability to choose the correct operation, accuracy, and
speed favored those taught the "wanted-given' structurz over those
taught the '"action-sequence' structure on tests given during in~
struction and after a nine-week retention period. The 'wanted- -
given' structure was also significantly better than the practice-
only treatment on the immediate posttest and the retention test.
On the other hand, Lindstedt (1963) reported many differences
favoring a group who used a text program in which equations are
structured in terms of the action, over a group using a '"tradi-
tional type of problem solving program,"

Could it be that one of these procedures is better than the other
for certain children?

Y L g S e A AT



Is it helpful Evidence by invesgtigators in other areas has indicated that chil-
for pupils dren can learn more by working with partners or small groups than
to work by working alone. In relation to verbal problem solving, however,
together this evidence has not been so clear,

in solving

Hudgins (1960) reported that fifth graders wno worked on sets of
verbal problems in groups of four solved significantly more prob-
lems than those who worked alone. When they then worked individu-
ally, no significant differences were found among their scores.

In an extension of this study, Hudgins and Smith (1966) found that
for pupils in groups of three, group solutions to problems were no
better than the independent solutions of the most able member of
the group, if he is perceived to be most able. (If he is not so
perceived, the group will do better than he--or change their per-
ception of him.)

problems?

Klugman (1944) found that two children working together at grades
4, 5, and 6 solved more problems correctly, but took a longer time
than pupils working alone. In another study with fourth, fifth,
and sixth graders, Dembo (1969) reported that there were no signi-
ficant differences in the improvement of peer relations, attitude
toward mathematics, or mathematical achievement between pupils
working in small groups or independently.
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PROJECT ON INTERPRETING MATHEMATICS EDUCATION RESEARCH

Center for Cooperative Research with Schools
302 Rackley Building
The Pennsylvania State University
University Purk, Pennsylvania 16802

Are you aware of these sources of information oa current research in
mathematics education?

. National Council of Teachers of Mathematics (NCTM)

-~ presents research sessions at name-of~-site and national
meetings

-- publishes research reports in The Arithmetic Teacher
-- publishes the Journal for Research in Mathematics Education
Information on these and other research publications can be
secured from: NCTM

1201 Sixteenth Street, N.W.

Washington, L.C. 20036

" American Educational Research Association (ASRA)

-=- presents research sessions at national meetings
-~ publishes research reports in its journals
-- sponsors a Special~-Interest Group on Research in
Mathematics Education
Information can be secured from: AERA
1126 Sixteenth Street, N.W.
Wasnington, D.C. 20036

Investigaticns in Mathematics Education, A Journal of Abstracts
and Annotations {School Mathematics Study Group)

~- presents abstracts and critiques of recent research

-~ lists current research reports and dissertations

Volumes 1, 2, and 3 may be obtained from: A. C. Vroman, Inc.
2095 E. Foothill Blvd.
Pasadena, Calif. 91109

" Science and Mathematics Education Information Analysis Center, ERIC

-~ prepares lists of available ERIC materials related to
mathematics and mathematics education
-- publishes proceedings of research sessicns at conferernces
For further information, contact: SMAC - ERIC
The Ohio State University
1460 West Lane Avenue
Columbus, Ohio 43221




PROJECT ON INTERPRETING MATHEMATICS EDUCATION RESEARCH

Center for Conperative Research with Schools
302 Rackley Building
The Pennsylvania State University
University Park, Pennsylvania 1680z

ilany of you asked for further information on the five films which
have been developed for the Project. These films illustrate selected
research findings; a brief description of each film followe:

Using a Mathematics Laboratory Approach

While research on the use of mathematics laboratories is limited,
results of studies on other topics have been applied in this setting.

Use of materials is stressed: ways in which these can be used effec~-
tively are depicted. Grouping procedures with emphasis on individualized
instruction are relevant.

The intent of the film is not only to acquaint teachers with-the
laboratory approach, but also to help them in planning and organizing for
the use of such an approach. Illustrative activities at several grade
lavels are shown, Pupill-teacher roles are evident, as the teacher aids
individuals and small groups.

The f1lm seeks to answer these questions:

(1) What are mathematics laboratories?

(2) Why use mathematics laboratories?

(3) How is a mathematics laboratory organized?

(4) What are some activities which are valuable in the
mathematics laboratory?

Using Diagnosis in a Mathematics Classroom

—

If mathematics instruction is to be improved, pupil needs must be
effectively diagnosed: what is 1iscertained must be effectively used,
with careful planning. Use of intexview inventories and a diagnostic

instrument are ghown.
Grouping pupils on the basis of such evaluation and providing

instruction to meet specific needs are explored, through lessons on

regrouping in subtraction.




Operations with Whole Numbers

Research evidence on these topics tends to be aimed at specific
points. Procedures for interrelating addition and subtraction are ex-
plored. Materials, methods and strategies which are particularly effec-
tive shown in use.

Attention 18 focused on the use of multiple techniques for ifmproving
instruction in muitiplicaiion. Algorithms which have been found tu be
particularly effective are emphasized. 3Stress is placed on the use of

materials.,

Practicing Mathematics Skills

The effectiveness of driil and practice is highly dependent on when
it is used and how it is presented. A classrcom scene in which it is
evident that pupils have a firm understanding is followed by scenes of
the teacher presenting sppropriate drill-and-practice activities,

Sultable materials, ucre of a computer-terminal, techniques for pro-
moting interest, and ways of adentifying appropriate times for drill are
illustrated.

Problem Solving Techniques

While more research is available on this topic than on any other,
teachers across all grade levels continue to be perplexed about effective
ways to promote verbal problem skills, Examples of teachers and pupils
in action, using various problem solving techniques, are interspersed.
with examples of actual work which results from the use of multiple
approaches. The film ranges across content areas, without stressing any

particular content.

THE FILMS WILL BE AVAILABLE FROM TWO SOURCES:
(1) AUDIO VISUAL SERVICES, THE PENNSYLVANIA STATE UNIVERSITY,
UNIVERSITY PARK, PA. 16802. (AT A MODEST RENTAL CHARGE)
(2) THE NATIONAL ARCHIVES AND RECORDS SERVICE, NATIONAL
AUDIO-VISUAL CENTER, ROOM G-5, WASHINGTON, D.C. 20409
(FOR PREVIEW OR SALE)




APPENDIX B

FILM CONTENT AND NARRATION
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APPENDIX C

SUPPLEMENTAKRY FILM MATERIALS




Project on Interpreting Mathematics Education Research

Center tor Cooperstive Research with Schools
302 Rackley Building
The Pennsylvania State University
University Park, Pennsylvania 16802

Using a Mathematics Laboratory Approach

Reseaxrch findings and common-sense practice are both reflected in this

film.
It is intended to be a vehicle for discussion, not a model of instruc-
tion . .

We can't find resear:h on mathematics on which to base all
instruction. Similacly, not everything shown in the film
is research-based, cwever, rhere is no conflict between
what is shown in practice, and research. Of course, this
does not imply that there are not other approaches that
might have been taken: unduubtadly you will see some
things that you wouid elezr to di differently if you were
the classroom teacher.

Key Viewing Questions:

What does a mathemarics laboratory lcok like and how is it organizegd?

what kinds of experiences dn mathematics labdratory activities pro-
vide?

What is the nature of the materials and instructions in a mathe-
matics laboratory?

What are desirable qualities in the laboratory experience?

What can teachers expect as outcomes from laboratories?

Fey Points for Discussion and Study:

In addition to the questions above, the following are appropriate
for discussion and study:
(1) How does a mathematics laboratory differ from classrooms in
which teachers group pupils and utilize manipulative materials?
(2) How is a mathematics laboratory related to the ongoing program
on instruction?
{(a) To what exten: would 1t be used in the instructional process?
{(b) How would a lab be used to enrich instruction from the

point of view of content? From the point of view of mathe-

matical processes?




(3)
(4)
(5)
(6)

(N

(&)

(c) How would a lab be used to complement ongoing instructional
activities?

How would ycu begin, and organize, a mathematics laboratory?

What ave some of the problems associated with operating a
mathematics laboratory?

What is the role of the teacher in a mathematics laboratory?
What does research on mathematics laboratories show?

How is the research on using concrete and/or manipulative
materials applied in the mathematics laboratory?

What dves research indicate as the role of play in mathematics

learning?



Project on Interpreting Mathematics Education Research
Center for Conpe:rative Research with Schools

The Pennsylvania State University
University Park, Pennsylvania 16802

Using Diagnosis in a Mathematics Classroom

Research findings and common-sense practice are both reflected in this
film.

It is intended to be a vehicle for discussion, not a model of instruc-
tion . .

We can't find research on mathematics on which to base all
instruction. Similarly, not everything shown in the film
is research-based. However, there is no conflict between
what is shown in pra-tice, and research. Of course, this
Jdoes not imply that there are not other approaches that
might have been taken: undoubtedly you will see some
things that you would elect tc do differently if you were
the classroom teacher.

Key Viewing Questions:

Why is diagncsis important:
What do we diagnose?
How do we diagnose-:

When do we diagnose?

Key Points. for Discussion and Study

On the back of this page are research-supported statements selected
from the film. You might want to use them in these ways:

(AY For discussion

What might be done with elementary school pupils,
in a variety of mathematical contexts, to reflect each of
these statements?

{B) For further study

On which research studies is each statement based?

(You may find helpful the builetins, '"Using Research:

A Key to Elementary School Mathematics,' developed for this
project.)




(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

Vie
of
We
We
We

uce written diagnostic tests, which focus on specific types
examples and help us to identify specific errors.

must determine the causes of difficulties that are identified,
use specific questioning.

also use intensive interviewing with individual pupils, to

identify specific thinking patterns.

We

must carefully cbserve, to identify children who are succeed-

ing and those who are in need of help.

We

know that a systematically planned program is better than

only incidental instruction.

Grouping should be flexible, to facilitate teaching to meet the

needs which some children have in common at a particular time.

The child must be ready, mathematically, to learn new material.



Project on Interpreting Mathematics Education Research
Certer for Cooperative Research with Schools

The Penan:zylvania Stare University
Uni+ersity Park, Pennsylvama 16802

Cperations with Whole Numbvers

Research findings and common-sense practice are both reflected in this
film,

It {8 intended to be a vehicle fzr discuss' n, not a model of instruc-
tion . . .

We can't find research on mathemati-s on which to base all
instruction Similaily, n-t evgrything shown in the film iz
research-based. Howeve', there is ao conflict between what
is shcwn 1n practice, and research. Of course, this does
not imply that there are rnot cother apprcaches that might
have been taken: undoubtedly you will see some things that
you would elect to> dy differentiy 1f you wecse the classroom
teacher.

Key Viewing Questicns:

Why is meaningful instruction 1mportant?

What 1s the rule of: multipie arpezaches?
mathematical sentences?
media and varied materials?
diagnosis?

practice?

Key Points for Discussion and Study

On the back of this page are research-supported statements selected
from the film. You might want to use them in these ways:

tAY For discussion

what might bte done with elementary school pupils, in a variety
of mathematical contexts, to reflect each ¢f these statements?
(B} For further study

On which reseatrch studies is each statement based? (You may
find helpful the bulletins, "Using Research: A Key to
Elementaty School Hathematics,” developed for this Project.)




(1)

(2)

(3)
(4)
(5)

(6)

(7

(8)

(9)
(10)

(11)

Proficiency in counting and work with sets facilitates the
learning of addition and subtraction.

The greatest sources of pupil difficulty with all operations are
lack of knowledge of basic facts and lack of understandings
about the operations.

Clarifying interrelationship among the operations facilitates
understanding.

Arrays are aids to understanding multiplication.

The commutative property facilitates learning of basic facts.
Some written algorithms (used to record work with operations}
caure difficulty for wmany children.

The use of multiple apprcaches, allowing pupils to reach solu~
tions in many different ways, enables each child to find a way
he undexstands.

Use of the distributive property of multiplication with respect
to addition facilitates computation of products.

Use of a diagram aleo fazilitates computation of products.

To increase achievement, retention, and transfer, instruction
in mathematics must be meaningful.

The use of materials is an essential base for developing mean=-
ing and understanding.



Project on Interpreting ilathematics Education Research
Center for Cooperative Research with Schcols

The Pennsylvania State University
University Perk, Pennsylvania 16802

Practicing Mathematics Skills

Research findings and common-sense practice are both reflected in this
film.

It is intended to be a vehicle for discussion, not a model of finstruc-
tion . . .

We can't find research on mathematics on which to base all
instruction. Similarly, not everything shown in the film is
research-h-sed. However, there is no conflict between what
is shown _.i1 practice, and research. Of course, this does
not imply that there are not other approaches that might
have been taken: undoubtedly you will see some things that
you would elect to do differently if you were the classroom
teacher.

Xey Viewing Questions:

Why should children practice?

what should be practiced?

How should practice be given?

wWhen should children practice?

Key Points for Discussion and Study!

On the back of this page are research-supported statements selected
from the film. You might want to use them in these ways:
(A) For discussion
What might be done with elementary school pupils,
in a variety of mathematical contexts, to reflect each

of these statements?
{B) For further study
On which research studies is each statement based? (You
may find helpful the bulletins, "Using Research: A Key
to Elementary School Mathematics," developed for this Project.)




(1)

(2

(3

(4)
{5)
(6)
(n
(8)

(9)

(10

It's pointlegs -- even harmful -- to practice unless pupils are
ready for practice.

New concepts are less apt to be retained without practice, and
periodic review increases retention,

Practice is necessary for computational accuracy and for
developing efficiency in the ugse of algorithms (used to racord
work with opecations).

We need to provide practize at appropriate times after under-~
standing has been developed.

Practice should be spaced and varied in type and amount.

Games can be used to provide reinforcement.

Computer-asgsisted 1netrustion ~<an presen® drill and practice,
with an individualized program geared to each child's needs.
Oral as well as written practize should be provided.

Written work and tests should be reviewed immediately, so chil-
dren know whethexr their answers are right or wrong, and can
cortect incorrect respanses right away.

Children should understand the putpose of checking their work,
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Problem Solving Techniques

Rasearch findings and common-sense practice are both reflected in this
£i1m.

It is intended to be a vehicle for discussion, not a model of instruc-
tion . . .

We can't find research on mathemitics on which to base all
instruction. Similarly, not everything shown in the film is
research-based. However, there i1s nd conflict betwean what
is shown in practice, ani research. Of couvrse, this does
not imply tha% thete sre not other approa:hes that might
have been taken: undoubtedly you will see some things that
you would elect to do diffetently if you were the classroom
teacher.

Key Viewing (uestions:

What are helpful technigues to use and teach children to use in
attacking a2.1d solving problems?

Key Points for Discussion and Study:

On the back of this page are research-supported statements selected
from the film. You might want to use them in these ways:!
(A) For discussion
What might be done with elementary school pupiles, in a
variety of mathematical contexts, to reflect each of these

statements?

{8 For further study
On which research studies is each statement based? (You
may find helpful the bulletins, "Using Research: A Key to
Elementary School Mathematics,™ developed for this Project.)




(1) A systematic program must be developed, in which children are
taught a variety of techniques and procedures to use, and given
many opportunities to solve pruoblems.

(2) There is no one way (of attacking and solving problems) which
is best.

{3) 1t {8 helpful to have pupils act out sume problems using actual
or representative materials.

{4) Frequently, children can solve, with drawings and diagrams,
problems that otherwise may be too difficult for them to con-
ceptualize and resolve.

(5) Evidence is inconclusive on which type of equation ie best =~
one which emphasizes action associated with the problem or one
which focuses on the operation used to solve the problem,

(6) From kindergarten on, some prcblems should be presented orally.

(7} pupils should be encouraged to estimate answers tn problems,
and to test the reasonableress of answers.

(8) Systematic instruction {n problem solving is essential ~- but
no one procedure or series of steps will help all children
equally well.

{9) The focus in the verbal problem solving program is on conceptual-
ization, and is best achieved when computational difficulty is
minimized.




APPENDIX D

JOUMNAL ANNOUNCEMENT




USING RESEARCH: A KEY 1O FLEMENTARY SCHOOL MATHEMATICS

A series of eleven bulletins which attempt to interpret the find-
ings of reseaxrch on elementary school mathemati-s for application in
the classroom has been developed as one aspect of a project at The
Pennsylvania State tniversity. The project is funded by the Research
Utilization Branch, Office of Information Dissemination, United States
Office of Education. [Included are bulletirs on thesa topics)

Attitudes Toward Mathemat:tss, Piarning fo¢ Instruction, The Teaching-
Learning Process, Individuaifizing Instrustion, Instructiznal Materials
and Media, Planaing f>t Research, Addition and Subtraction, Multiplica-
tion and Division, Fraztiohs and Dec.male, Othe:r Mathematical Topics,
and Problea Solvingy and Related Abilities A set of five films, which
illustrate researzh findings rela'ed to math labs, diagnosi®, practi.n,
whole number cperations and probiem solving ate also being developed,
for distributisn beginning Fall, 1970

The bulletins wete prepaced by the Project Ditector, Marilyn N,
Suydam, The Fennsylvania State University, and the Ptroje-t Consultant,
J. Fred weaver, The Univereity of Wisccnsin-Madison. They are available
(free of charge) by contacting Dr. Suydam, 302 Rackley Building, The

Pennsylvania State Ur.iversity, University Park, Pennsylvania 16802,




APPENDIX E

EVALUATION QUESTIONNAIRE, PHASE 1




Project on Interpreting Mathematics Education Research
Center for Cooperative Research with Schools
302 Rackley Building
The Pennsylvania State University
University Park, Pennsylvania 16802

Sometime during the past year, you received a copy of the Final Report
for Phase I of the "Int~xpretive Study of Research and Development in
Elementary School Mathen "1-s.'' Vo are very interested in your reactions to
these materials -~ and in 1. ndins out how you've used them. We would there-
fore appreciate it very muCi if you would complete the following question-
naire, and retu n this evaluation tc uys before July 15,

Please feel free to write any additionel comments you wish.

Thank you!

Harilyn N. Suydam
Project Director

1. Which best i{dentifies your position? (check 5ne)
_ a. college teacher >f
(1) mathematics methods courses
(2) wathematics content coursas
(3) other courses (please specify): ___

b. other position at college level (please spacify)!

¢c. principal

d. classrooa teacher

e. mathematics coordinator/supetvisot
f. curticulua speclalist

B

g. student
(1) undecgtaduate

(2) graduate

e

h. other (please specify):

2. Do you use the Final Report: (check one)
a. frequently
b. nevet

¢, tefer to it otcasionally

FLEASE TURN FAGE OVER




3. In general is the Final Repurt: (check one)
a. very helpful

b. somewhat helpful

¢. not helpful

4, Wwhich volume have you used mos. frequently?

voluma l: Introduction and Summary: What Research Says

volume 2: Compilation of Research Reports
volume 3: Developmental Projects

5. Which volune have you used least frequently?
volums 1t Introduction and Summary: Wwhat Research Says

voluma 2t Compilation of Research Reports

volume 3: Developmental Projects

6. Have others used your copy of the Final Report?
a. Yes -~ Approximately how many?
b. N>

7. Have you used the Final Repozt withi
a. pre-service teachers 'undergraduate students)

b. graduate students

¢. in-service teache:s

|

d. other (please specify’t

8., How have you used the Final Report?

9, Arxe the summaries in volume 1:

— &, Useful? Wwhy?

b. Not vseful? Why not?

€. Bulletins from Fhase Il are better? Why?

10, If you have used volume 1, briefly explain how:




11.

12.

13.

14,

15.

16.

17.

18.

b, Not useful? Why not?

-3 -

Additional comments on volume 1l:

Are the annotated lists i{n volume 2:
a. Useful? Why?

b. Not useful? Why not?

Do you have a topy of previous material (Suydam's dissertation) which
volume 2 supplements?

a Yes

b. No -= Would this be useful tc you? (contains 799 annotated and
categ-rized reports, 1900-1965)

Yes
No

1f you have used volume 2, brtefly explain how:

Additional ccmpents on volume 2:

Are the intectviews in volume 3!
a. Usefuli Why?

1f you have used volume 3, briefly explain how:

Addftional comments on voluse 3!

PLEASE TURN PAGE OVER



A

19. What suggestions do you have that would have improved the Final Report?

Thank you very much for your help.

Please place the completed questionnaire in the enclosed envelope,

and drop it in the mail!
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Project on Interpreting Mathematics Education Reseaich

Center for Cooperative Research with Schools
302 Rackley Building
The Pennsylvenia State University
University Park, Pennsylvania 16802

We'd like to know!

You have received our bulletins on "Using Research: A Key to Elementary
School Mathematics." Quite naturally, we're interested in your reactions to
these materials -- and in finding out how you've been using them. We would
therefore appreciate it very much if you would complete the following ques-
tionnaire, and return this evaluation to us before June 30. Needless to say,
it's important in determining what, if any, future attempts will be made to
disseminate similayr materials interpreting research.

Please feel free to write any additional comments you wish.
Thank you!

IS DRI

Marilyn N, Suydam
Project Director

l. wWhich best identifieg your position? (check one)

a. college teacher
{1) mathematics methods courses
{(2) mathematics content courses
(3) other courses (please specify}:

b. other position at college level (please specify):

c. principal
’ (1) elementary school (k-6)
(2) junior high school (7-9)
(3) senior high school (10-12)
d. classxoom teacher
. (1) elementary school (k-6)
(2) junior high school (7-9)
___ _(3) senior high school (10-12)
e. mathematics coordinator/supervisor
_f. curriculum specialist
g. student
(1) undergraduate
—_(2) graduate
h. ccher (please specify):

2. 1In gereril, do you find the bulletins useful?

a. decidedly
b. somewhat
c. not at all

PLEASE TURN PAPER OVER: dquestions 3-10 are on the reverse side.
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3. Please put "M" before the two bulletins in Set A you found most helpful,
Please put "L" before the two you consider least helpful.

A-1 Attitudes and Interests

2-2 Planning for Instructiou

A-3 The Teaching-Learning Process

A-4 1Individualizing Instruction

k-5 Instructional Materials and Media
k-6 Planning for Research in Schools

4, Please put. "M" before the two bulletins in Set B you found most helpful,
Please put "L'" before the two you consider least helpful.

B-1 Addition and Subtraction with Whole Numbers
B-2 Multiplication and Division with Whole Nurbers

B-3 Fractions and Decimals
B-4 Other Mathematical Topics
B-5 Vexbal Problem Solving

5, How do you consider the bulletins in general?

a. primarily practical
b. primarily theoretical

6. How do you consider the readability of the bulletins?
a. clear
b. ambiguous

7. For your purposes, was the degree of dstail or depth:

a. adequate
b. more than adequate
c. less than adequate

8. Do you feel you can put confidence in the content of the bulletins?

a. yes
b. no
¢. uncertain

9, Did the bulletins preseat a fair and valid interpretation of research as.
you know it?

a. yes
b. no
c. uncertain

10. Did you notice any bias in the selection of studies or findings?
a. yes (please specify):

b. no




11.

12.

13,

14,

15.

16‘

17.

18-

- 3 -

Are the bulletins appropriate for use by:

b. graduate students
C. ln-service teachers

Who reads the bulletins?

a. only read them myself
b. distribute copies to others
(1) in-service teachers

{check all which appl.

a. pre-service teachers (undergraduate students)

(2} pre-service teachers (undergraduate students)

(3) graduate students

il

(5) other college faculty

(4) administrators and supervisors

How many pecple read your personal copies of the bulletins?

How many copies have you distributed?

Have you used the bulletins in: (check all which apply)

a. pre-service sessions

b. in-service sessions

¢, discussion/study groups
d. curriculum committees

. other (please specify):

|
](D

Have you usually read:

a., the entire bulletin =-- for how
b. only the Overview -- for how
c. only the Closer View -- for how

Have you copied (and distributed):

a., the entire bulletin -- for how
b. only the Overview -~ for how
c. only the Closer View -~ for how

Should these bulletins be reprinted and

many
many
many

many
many
many

made

bulletins?

bulletins?

bulletins?

bulletins?

buliletins?

bulletins?

ava'lable at nominal cost

fox those in the future who woulu be interested?

a. no

b. yes
(1) as separate bulletins
(2) as a collection

-
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19. Have you received all eleven of the bulletins?

a, yes
b. no Please check the ones you're missing: (titles are included
on questions 3 and 4)
A-1 B-1
A-2 B-2
A=-3 B-3
_____A-4 B-4
. A-5 B-5
A-6

NOW -- fold questionnaire in half (both sheets)
-- staple at bottom
-- drop in the maii

THANK YOU:

Did you notice that on the next page is some additional information
about research?




