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GENERAL PREFACE

This monograph was written for the Conference on the New Instructional

Materials in Physics, held at the University of Washington in the sum-

mer of 1965. The general purpose of the conference was to create effec-

tive ways of presenting physics to college students who are not pre-

paring to become professional physicists. Such an audience might include

prospective secondary school physics teachers, prospective practitioners

of other sciences, and those who wish to learn physics as one component

of a liberal education.

At the Conference some 40 physicists and 12 filmmakers and design-

ers worked for periods ranging from four to nine weeks. The central

tak,k, certainly the one in which most physicists participated, was the

writing of monographs.

Although there was no consensus on a single approach, many writers

felt that their presentations ought to put more than the customary

emphasis on physical insight and synthesis. Moreover, the treatment was

to be "multi - level" --- that is, each monograph would consist of sev-

eral sections arranged in increasing order of sophistication. Such

papers, it was hoped, could be readily introduced into existing courses

or provide the basis for new kinds of courses.

Monographs were written in four content areas: Forces and Fields,

Quantum Mechanics, Thermal and Statistical Physics, and the Structure

and Properties of Matter. Topic selections and general outlines were

only loosely coordinated within each area in order to leave authors

free to invent new approaches. In point of fact, however, a number of

monographs do relate to others in complementary ways, a result of their

authors' close, informal interaction.

Because of stringent time limitations, few of the monographs have

been completed, and none has been extensively rewritten. Indeed, most

writers feel that they are barely more than clean first drafts. Yet,

because of the highly experimental nature of the undertaking, it is

essential that these manuscripts be made available for careful review



by other physicists and for trial use with students. Much effort,

therefore, has gone into publishing them in a readable format intended

to facilitate serious consideration.

So many people have contributed to the project that complete

acknowledgement is not possible. The National Science FoundaLion sup-

ported the Conference. The staff of the Commission on College Physics,

led by E. Leonard Jossem, and that of the University of Washington

physics department, led by Ronald Geballe and Ernest M. Henley, car

ried the heavy burden of organization. Walter C. Michels, Lyman G.

Parratt, and George M. Volkoff read and criticized manuscripts at a

critical stage in the writing. Judith Bregman, Edward Gerjuoy, Ernest

M. Henley, and Lawrence Wilets read manuscripts editorially. Martha

Ellis and Margery Lang did the technical editing; Ann Widditsch

supervised the initial typing and assembled the final drafts. James

Grunbaum designed the format and, assisted in Seattle by Roselyn Pape,

directed the art preparation. Richard A. Mould has helped in all phases

of readying manuscripts for the printer. Finally, and crucially, Jay F.

Wilson, of the D. Van Nostrand Company, served as Managing Editor. For

the hard work and steadfast support of all these persons and many

others, I am deeply grateful.

Edward D. Lambe
Chairman, Panel on the
New Instructional Materials
Commission on College Physics
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AN EXPERIMENTAL INTRODUCTION
TO KINETIC THEORY

INTRODUCTION

While the early Greeks introduced the
notion of atomicity of matter, and a

number of others including Hooke, New-
ton, and Bernoulli used the idea of
hard little spherical particles to ex-
plain gas properties, it was not until

1859 that Maxwell announced his famous
law for the distribution of velocity
for such particles. The understanding
of the atomic properties of gases in
explaining gas behavior occurred close
to the present time. If one draws a
line six inches long and labels one
end "beginning of Egyptian history,
about (4000 B.C.)" and labels the
other end "today," the period in which
the atomic and molecular behavior of
gases has been understood would occupy

only the last 1/10 inch of the line.
A brief historical summary can be
found in Introduction to the Kinetic
Theory of Gases by James Jeans, Cam-
bridge University Press, 1948.

Rather than trace the historical
development of this understanding, we
will consider a series of experiments
which will demonstrate the behavior of
a system of macroscopic particles
whose interactions are of very short
range. In other words, we will use
particles which are large enough to
handle in our hands and which interact
by colliding into each other. Perhaps
you will be surprised as you do these

experiments to see how much of gas be-
havior is explained from the behavior
of such a simple system. In order to
do this, we will need to keep track of

the physical parameters of the appara-
tus we use, i.e., mass of the parti-

cles, etc.
Before proceeding to experiments

on our system of colliding hand-sized
particles, it would be well to see the
behavior we will be studying. A movie
film has been prepared showing the
nature of the motions to be studied.

1

It is recommended that you see the

film at this time before proceeding.*

The film contains the following
scenes:

1. 19 pucks moving at random on

the table.
2. Large and small pucks in equi-

librium with each other.
3. Slow motion of large and small

pucks in equilibrium.
4. Table tilted to the left show-

ing the density gradient pro-
duced by the gravitational
field.

5. Random walk of one puck (it
contains a small light). The
19 others are present, but not

visible.
6. An integrated random-walk

pattern.
After you have viewed the film,

discuss with your fellow viewers the
features of the motions observed and
record them in the space provided be-

low.

Interesting Features of the Motions

Question:
How would you characterize quan-

titatively the activity you observe
among the particles?

*This film was partially prepared but is not be-
ing made available. Films containing related ma-
terial are available from The Ealing Corporation
2225 Mass. Ave., Cambridge, Mass. 02140.

1



2 AN EXPERIMENTAL INTRODUCTION TO KINETIC THEORY

DESCRIPTION OF THE APPARATUS USED IN

THESE EXPERIMENTS

All of the following experiments
are carried out with a two-dimensional

air table. This is a perforated table
which permits air to be blown through
its surface from underneath. The air
provides a near-frictionless surface
on which to float discs of various

sizes. (Ref. Amer. J. Phys. 31, 867
(1963). The walls of the table can be
agitated to maintain the motion of the

paiLicles.*
The data are taken with a pola-

roid camera. The type 47 film (speed

3,000) is very satisfactory, when the
light source is a small stroboscope
(GR, type 1531A for example). The im-

ages will be small and distances will

need to be estimated to a 50th of an

inch, but this is not too difficult.

*Two dimensional tables are available from the

Ealing Corporation, Cambridge, Mass.



EXPERIMENT 1 SPEED DISTRIBUTION OF A SYSTEM OF
LIKE PARTICLES

In this experiment we wish to look at
a system of particles on the table and
measure the speed of each of the par-
ticles. Since the speed of the parti-
cles is the distance covered by each
of the particles divided by the time
during which the distance is traversed,
we will need to determine the posi-
tions of the particles at one time and
then the new positions a short time
later. The most convenient way of do-
ing this is to photograph the system
with a camera and to illuminate the
air table with a stroboscope. The ex-
perimental arrangement is shown in
Fig. 1.1.

Some attention should be given to
the setting of camera exposure time
and stroboscope flash rate to give
suitable pictures. Figure 1.2 is a
picture which has suitable properties.

Since the speed varies with the
table agitation, the values you select
may be appreciably different from
those used for Fig. 1.2. Before pro-
ceeding further, however, let us ask
some questions which should clarify
the reasons for selection of particu-
lar camera and stroboscopic settings.

Questions:

1. If we get a single exposure,
what can we say about the
speed? (This is a spatial dis-
tribution of the particles.
They can each be located by
giving their x and y coordi-
nates.)

2. If we get two exposures, what
can be said about the speeds?

3. What problems would 100 ex-
posures raise?

4. Consider the relative merits
of 3 versus 4 exposures.

Let us return to the experiment.
Write in the box the number of expo-

sures you wish to have.

Number of Exposures Desired 1

3

Now observe the gross mean speed
of the particles; judge how long it
takes a particle to travel half its
diameter. This might be accomplished

Fig. 1.1 The experimental arrangement for
determining the speed distribution of a
system of particles.



4 AN EXPERIMENTAL INTRODUCTION TO KINETIC THEORY

Fig. 1.2. Photograph of the air table
taken with cacara set at f#8. Shutter speed,

I sec; stroboscopic flash rate, 12 per sec-
ond. This figure is 40% smaller than the or-
iginal.

by putting one particle an the table
and pushing it at what seems to be an
average speed and measuring how long
it takes to cross the table. Enter in
the box the time it takes for the par-
ticle to travel half its diameter.

Time for Particle to
Travel 1/2 Diameter r sec 2

The shutter speed should be set
at the product of the number of expo-
sures desired times the time for an
average particle to move one-half its
diameter. From the numbers recorded in
the boxes above, record the exposure
time.

Exposure Time sec 3

In this time the stroboscope must
have flashed the correct number of
times. It will do this if it flashes
once every time an average particle
moves one-half its diameter. The flash
rate in flashes per second is just 1
over the time in Box 2 or the recipro-
cal of Box 2.

Flash Rate /sec

Since most stroboscopes are read
in revolutions per minute, you will
probably have to multiply the number
in Box 4 by 60. This will give the
flash rate in rpm.

Flash Rate rpm

4

5

There is a problem, however. The
camera shutter and the stroboscope are
not synchronized, and while the right
time interval has been selected for
the flaclhes, the proper number of
flashes may not be recorded. This is
clear by looking at Fig. 1.3.

If a small error has been made,
either one more or one less flash than
planned may occur. We suggest that

SHUTTER OPEN
SHUTTER

CLOSED

I

-u-

T
te)

T
te)

T
te)

Z. Z. Z. "gr
it it it IV

SHUTTER

CLOSED

Fig. 1.3. This figure indicates that a
small error in the time the shut:,r is
open may include or exclude eithe.: or both
flashes at a and b.



EXPERIMENT 1 5

this is rare and such a photograph can
be discarded if it appears not to be

usable. After you have taken a few
pictures (be sure the lights are off
and only the stroboscope is on), it is

suggested you adjust the exposure time
and repetition rate to give the kind
of pictures you wish. Always keep the
camera exposure time equal to the

product of the number of exposures de-
sired and the reciprocal of the flash

rate frequency.
When the camera and stroboscope

are adjusted to give good photographs,

take about 10 pictures with about 20

pucks on the table. Be sure to keep
the same degree of table agitation,
camera and atrobesc;ope adjustments.
Each photograph yo'i have taken is an

original. No one will have another ex-
actly like it. It is your d:ta, and
yours alone. You will use it now to

learn some interesting properties of

the motion.

Note: For those students who do not
have the facilities for making
the pictures, suitable pictures
are reproduced in an appendix to

this manual. Photographs A.1
through A.23 may be used for the
remainder of Experiment 1.
Take the pictures and label them.

Using a scale barked in about 1/50th

inches, measure each of the distances
moved by the particles per flash
(speed) in 50ths of inches/flash and
record in Table 1.1.

Leave out the particles that un-
derwent collision unless the speeds
are unambiguous. In some cases you
will be able to determine two speeds
for pucks undergoing collision.

1.1 SPEED HISTOGRAM

Table 1.1. makes it clear that

one cannot answer a question such as:

With what speed do the particles move?

Table 1.1 Distance per flash (speed).

PICTURE

NUMBER 1 2 3 4
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Table 1.2 (Example) Distance per flash

(speed).

DATA FROM FIG. 1.2
SPEED IN 50THS OF

INCHES/FLASH

DATA FROM FIG. A.1
SPEED IN 50THS OF
INCHES/FLASH

* 15.8 10.5 13.0 6.9

I. 13.1 23.6 7.3 4.5

22.6* 7 7.4 8.0

0 * 14.9 11.5 7.8

12.7* 3 6.0 2.5

13.8* 5.5 9.8 4.2

10 * 4.6 9.0 6.7

3.4* 8 6.5 25.0

8 * 28 8.3 3.0

6.9* 20

14 * 29.1

The *values have been plotted in Fig. 1.5. These measurements
were made on the original.

In fact, very few moye with the same
speed, and if our measuring ability
were sufficient, probably none moves
with exactly the same speed as another.
A whole distribution of speeds is
present. It will be noted that very
few of the particles move slowly. Also
very few of them move very fast. How
then are the speeds distributed among
the particles? We now proceed to an-
swer this question. Those students who
have not had experience with histo-
grams should examine Table 1.2 before

continuing.
Since nearly every particle has a

distinct speed, we would like to find
not the individual particle speed it-
self, but rather how many particles
have speeds in a certain interval, say
between 5/50ths and 10/50ths of an
inch per flash, and then between
10/50ths and 15/50ths inches per flash
and so forth. li-7.se we will plot in

Fig. 1.4.
This figure is a plot of the

number of particles which have a speed
in a certain speed interval versus the
speed. Put on your own vertical and
horizontal divisions. If you do not

know how to do this, follow the exam-
ple, Table 1.2.

It will be convenient to divide
the horizontal axis into about as
many nearest integral) intervals
as two times the square root of the
total number of speeds measured. The
highest number on the horizontal scale
should correspond to about the highest
speed measured. Count the total number
of particles having speeds between 0
and the first division on the horizon-
tal scale. Always add half of the num-
ber of particles which have speeds ex-
actly on the dividing line. Plot this
number in Fig. 1.5 by drawing a line
from 0 to the end of the first interval
at the height corrJsponding to this
number. Do the same thing for each suc-
ceeding interval, always adding half
of the number of times the velocity
falls exactly on the upper and lower
dividing line. You now have a con-"
pleted histogram. It should have a
rather characteristic shape. If it
juleps up and down and has no particu-
lar shape, the horizontal intervals
were too fine. If it is simply one or
two rectangles, the horizontal inter-
vals were too coarse. It is doubtful
either of these conditioL, occurred.

If you had made measurements on
a large number of particles, the his-
togram would give a rather smooth
curve with an uncertainty of about the
square root of the number of entries
in each column of the histogram. It
will be left for a note to derive the
theoretical shape of the curve,

Cve-v2/A2 . This equation was first de-
rived by Maxwell in 1859. You can
check whether or not your histogram
gives a reasonable approximation to
this curve if you plot it in Fig. 1.5.
First, however, you must calculate
the constants in the expression deter-
mined by Maxwell. The expression C A2/2
is equal to the area under the curve of
the histogram. The average value of
v2 is A2. We can get the average value
of v2 from our histogram. Take the
average speed for the first interval,
square it, and multiply it by the num-



SPEED

Fig. 1.4. Histogram of the speeds recorded in Table 1.1.

ber of occurrences for this interval.
Add this result to the number of oc-
currences for the succeeding interval
times the square of the average speed
in this interval, and so on for all
the intervals. The total value is now
divided by the total of the number of
velocities measured or the total num-
ber of occurrences. This permits one
to determine A2. The area under the
curve is calculated by multiplying the
length of the individual intervals by
the number of occurrences over these
intervals an* summing them together.
When the area is determined, the value

of C can be determined using the known
value of A2.
We can now answer in an unambiguous
fashion what is meant by the activity
of the system so far as its speed dis-
tribution is concerned. We can give

the curve shape ve-v2/A2 and the value
of the constant A2. Since the shape is
always the same we may be satisfied to
simply indicate the mean (speed
squared). We will find that this quan-
tity is related to the agitation rate
of the table.
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Table 1.3 Example (Fig. 1.2).

2 5188
A = = 215

24

INTERVAL
AVERAGE

SPEED

(AVERAGE
SPEED)2

NUMBER
OF' I

OCCUR-
RENCES PRODUCT

0-3 1.5 2 1 2

3-6 4.5 20 4 80

6-9 7.5 56 4 224

9-12 10.5 110 2 220

12-15 13.5 181 6 1086

15-18 16.5 273 1 2 54f:

18-21 19.5 380 1 380

21-24 22.5 510 2 1020

24-27 25.5 650 0 0

27 -30 28.5 815 2 1630

TOTAL 24 1

--,
5188

Things to keep in mind:

The mass of each of our pucks is
40.3 g. The diameter of the pucks
is 2.27 in. The camera and print-
ing process reduces the puck di-
ameter to .6 in or 3.8 times.
The average of the speed squared
is 8.0 (cm/sec)2 a (3.8)2 x
215/3500 (2.54)2. The average

10

V9
Z 8

ccg 7

05
te. s 4

E 3

2

kinetic energy per puck is 1/2
x 40.3 grams x 8.0 cm2/sec2

161 ergs.

1.2. VELOCITY SPACE

We have seen the particles dis-
tributed in space, i.e., each particle
located at a particular x and y. Sup-
pose our eyes-responded not to posi-
tions but to velocities. What would
our picture of he several pucks look
like? To find out, we would need to

know not only the speed of the parti-
cles, but also their direction of mo-
tion. From the pictures we have taken
so far, however, we cannot tell which
direction the particles move. While
this ambiguity can be removed, most of
the information we need can be ob-
tained by simply determining the ab-
solute value of the x and y velocity
components.

In measuring the velocities, it
will be most convenient to work in
polar coordinates and measure the
speed of the particles, and their di-
rections (0° to 90°). (A drafting
machine is ideal for this purpose.)
Enter these in Table 1.4.

The values for the x and y com-
ponents of velocity can be calculated
from Table 1.4. vx v cos (p, vy

I

111111I

0 3 6 12 15

SPEED

Fig. 1.5. Histogram (rig. 1.2).

18 21 24 27
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Table 1.4 The velocity components in polar coordinates.

PICTURE
NUMBER 1 2 3 4 5

V ANGLE V I ANGLE V I ANGLE V I ANGLE V I ANGLE

.

v sin q. Fill in Table 1.5 with the
values of vx and vy calculated from
Table 1.4.

When we know the velocities and
positions of a system, we have all of
the characteristics of the motion at a

particular time. The evolution of the
system as time progresses is one of
the central problems of mechanics.
Those of you who have thought of rep-
resentations in more than three-di-
mensional space might consider men-
tally plotting the spacial configura-
tion of particles in many-dimensional
space (3N, where N is the number of
particles). Each three-dimensional
region in the space would correspond
to a separate particle. The coordi-
nates would be its 3-position coordi-
nates. One can conceive of one point
in the many-dimensional space whose
projection on to any of these three-
dimensional regions represents the

position of the particular particle
represented by that region. This 3N-
dimensional space is called configura-
tion space, since single points in it
gives the entire spacial arrangement
or configuration of the particles in
the system. As the particles move, the
point in configuration space moves
along a continuous path.

Alternatively, we can consider a
velocity space of 3N dimensions. The
velocity picture for many particles is
represented by a single point in this
space. As the system moves in time,
the arrangement of the velocities
changes and the single point moves.

Finally, one might conceive of a
6N-dimensional space. Of these 6N di-
mensions, half (3N) correspond to
position coordinates and half (3N) to
velocity coordinates. The total ar-
rangement of the system (velocity and
position) is now represented by a
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Table 1.5 Velocity components in rectangular coordinates.

PICTURE
NUMBER 1 2 3 4 5

v_ vr v . vr v. vr v. vr v. r

single point in this space. As time powerful theorems about the possible
passes, the point moves in this multi- ways in which points can move in phase
dimensional space. This space is space.
called phase space. There are several

10

9

Z
W

8

re 7

6a
0 5

O 4

trJ 3

2

Z

0 3 6 5

Fig. 1.6. Histogram (Fig. A.23). The stu-

12 15 18

SPEED

dent should complete Fig. 1.5 and do Fig. 1.6.

21 24 27
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Fig. 1.7. Histogram for vx.

1.3. MOMENTUM DISTRIBUTION

It will be interesting to plot
the frequency distribution of one
component of the velocity. This com-
ponent of the velocity may be taken
along any line. We will take the x and
y directions only. The x and y com-
ponents of velocity can be read di-
rectly from Table 1.5. Take the data
:AA, for Fig. 1.7, plot a histogram
for vx and vy separately. This should
be done in the same fashion as the
earlier histograms.

There are several things to be

Histogram for vi.

noted in these diagrams. They both
have a similar shape. The shape is
quite different from the speed distri-
bution obtained in Fig. 1.5. The most
probable velocity component is zero.
The formula for this distribution is

vx2
C e A2

The constant C is related to the area
under the curve A where A = C X0/2
and A is the root of the mean of the
square of the velocity, not a compo-
nent of velocity.
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NOTE:

If one were to represent the dis-
tribut ion of velocities in x and
y coordinates and then in polar
coordinates, the formulas look as

follows: exp via + -1) dvxdvy
x2

- v exp--(0/X2) dvd4. The speed
distribution then is v exp

(v2/X2) dv if there is no angle
dependence. In a similar fashion,
extension to three dimensions
will give a speed distribution of
v2 exp (v2/X2) dv.

1.4. VELOCITY DISTRIBUTIONS AS A
FUNCTION OF AGITATION

Throughout the previous experi-
ments the degree of agitation has been
kept fixed. The previoub experiments
can be carried out with a different

degree of agitation. If this is done,
it is found that the general shape for
the distribution curve: remains the
same. Only the value of the constant
A2 changes. The degree of motion on
the table is set by the agitation rate
of the table. This agitation rate is
2.8/sec for Figs. 2, A.1 to A.59;
2.5/sec for Figs. A.60 to A.83, and
3.1/sec for Figs. A.84 to A.107. The
amplitude of oscillation was constant:
about 1 in. peak to peak.
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EXPERIMENT 2 COLLISION FREQUENCY

2.1. WITH OTHER PARTICLES

With little additional effort we
can re-examine the previous pictures
and extract some additional important
information. The total time the cam-
era viewed the table is given by the
product of the number of pictures
made times the exposure time per pic-
ture. This time is sufficient to rep-
resent reasonably well the time de-
velopment of the system. If one counts
on the photographs the number of col-
lisions which have occurred, one can

Number of
collisions
with other
particles

2.2. WITH THE WALLS

determine the collision frequency
(number of collisions/sec). There are,
however, two types of collisions:
collisions with other particles and
collisions with walls. Count only the
collisions with other particles. En-
ter this number in Box 1. Enter the
total time (exposure per picture times
the number of pictures examined) in
Box 2. The quotient of these two num-
bers (number of collisions/total time)
is the collision frequency. Enter it
in Box 3.

Total time
exposure x
number of
pictures

The pictures will contain a num-
ber of collisions with the walls. The
collision frequency with the walls

Collision
frequency
(other

particles)

can be determined in roughly the same
manner as collision frequency with
other particles was determined. Fill
in the following boxes:

Collision Frequency with Other Particles

1

Number of

collisions
with the
wall
(counted
from the
photograph)

2

Total time
exposure
time/pic-
ture x
number of
pictures

3

Collision
frequency
(walls)
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The average momentum change of a
puck on collision with the wall is
2 mix. The average velocity in the x
direction can be calculated from the
distribution function as follows

r
Jo exp( vx2/A2)dvx k.

.

J exp( vx2/x2) dvx Ah

0

V

Average
momentum
change per
puck nor-
mal to a wall

One can also determine the rate at
which pucks strike a unit length of
the wall. This is simply the total
wall length divided into the collision
frequency with the walls. The force
per unit length is then just the prod-

uct of the average momentum change per
puck times the collision frequency per

unit length.

Collision
frequency

(wall)

Length of
the wall

2.3. AS THE NUMBER OF PARTICLES IS
CHANGED

One would expect the collision
frequency to depend in some way on the
number of pucks on the table. This de-
pendence can be determined by putting
different numbers of pucks on the
table and measuring the collision fre-

Force per
length

quencies again as was done in parts a
and b. When very few pucks are on the
table, collisions are much more apt to
occur with the walls than with other
pucks. When a large number of pucks
are present, the reverse is true. We

will have occasion to return to this
point when we discuss mean free path.



EXPERIMENT 3

3.1. SPEED DISTRIBUTION

EQUIPARTITION OF ENERGY

In the movie on Random Motion a
system composed of two puck sizes was
shown. Among the gross features you
may have observed and noted on page
1 was that the larger pucks go slower
(on the average) than the small pucks.
We now proceed to examine in a quanti-
tative way the velocity distribution
for the large and small pucks. Place
on the air table about 10 small pucks
and 5 large pucks. Take about 10
photographs as was done in Experiment

1. (Be sure to keep the agitation con-
stant.) Measure the speeds of the
pucks and enter them in Table 3.1 and
Table 3.2. Figures A.24 through A.59
are provided for this purpose.

Now plot histograms in Figs. 3.1
and 3.2.

The constant appearing in the
distribution A2 is not the same for
the two sizes of particles, but has an
interesting relation to the masses of
the particles. (The masses are propor-
tional to the areas in the provided
pictures.)

A2 small pucks = A2 large pucks =

m small pucks = 4m large pucks =

What is this relation?
If we had used energy in the ex-

ponent, we would have a shape given by
v exp mv2/E0 where E0 is some
energy set by the table agitation.
The shape would then be the same for
large and for small pucks.

Table 3.1 Speeds (small pucks).

PICTURE
NUMBER

15
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Table 3.2 Speeds (large pucks).

PICTURE
NUMBER

Hopefully, the statistical fluc-
tuations are not too large. If they
are, more data will be needed. If you
have taken and recorded your data
properly, an interesting result is ob-
tained. This means that on the average
the energy associated with the larger
pucks is the same as the energy asso-

ciated with the small pucks. This is
an example of a very important physi-
cal law which has wide consequences.
The kinetic energy is equally distri-
buted among the various particles.
This means objects of all sizes have,
on the average, the same kinetic en-
ergy when they are intimately inter-

Fig. 3.1. Histogram (small pick) speeds.
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J

Fig. 3.2. Histogram (large puck) speeds.

ith each other. It also means
the average energy associated with mo-

tion in the x direction is equal to
the average energy associated with
motions in the y direction.

Since the kinetic energy is
equally distributed between large and

small interacting objects, the 1/2

mv2 for gas atoms and molecules ought
to be equal to the 1/2 mv2 for pucks,

etc. However, in the system we have
been treating the pucks as intimately
interacting with each other and with
the table walls which are being agi-

tated.

They are intimately interacting
with the air. However the interaction
due to air collisions on the pucks is
too small to observe. If we could meas-
ure the properties of the motion of
some sizable particles which are inti-
mately interacting with the air and
could measure their mean kinetic en-
ergy, and if we extrapolate what we
have learned about equipartition of en-
ergy, we can then say something about
the mean kinetic energy of the air
atoms and molecules.



EXPERIMENT 4 PATH OF A PARTICLE

4.1. PATH LENGTH DISTRIBUTION mine this value for your data and
place it in the box.

In the movie one of the pucks was
specially identified so that one could Average Free Path Length A =
get some appreciation of the compli-
cated irregular motion of a puck. We Since the puck on the average travels
wish to study this feature of the sys- this distance free of collision, this
tem motion next. The photographic tech- distance is known as the mean free
nique which has been used so far is path.
not adequate to follow one puck, since The mean free path is an impor-
the images soon begin to overlap badly.
We can change the photographic tech-
nique, however, to overcome this. One
of the pucks can be fitted with a

small light bulb and batteries. A very
satisfactory arrangement is shown in
Fig. 4.1.

With the light on in a darkened
room only the center of this one puck
is visible. If the camera is operated
on bulb, a long exposure can be made
of the path followed by this one puck.
Figure 4.1. was made in this fashion.

The collisions are rather easily
recognized. Take a ruler marked in
50ths of inches and measure the paths
between collisions (or freepath
length). Be sure to note which colli-
sions occurred with the walls by plac-
ing a w after them. Record your meas-
ured data in Table 4.1.

These paths can now be used to
form a histogram. However, since the
collisions with the walls were not
collisions with another puck, either
discard both the path up to the wall
and away from the wall, or assume a

puck was responsible for the wall col-
lision and use the separate pieces of
the path. Now plot the histogram for
the various paths of Table 4.1. in
Fig. 4.2.

The shape of this distribution is

represented by e-x/A. The constant A
is the average of mean path length. If

by determining the total path and

rt

dividing by the number of collisions,
you will have the value of X. Deter-

you calculate the average path length

Fig. 4.1. Exploded view of a lighted puck.

18
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PICTURE
NUMBER

DISTANCE
BETWEEN
COLLI-
SIONS

Fig. 4.2. Histogram for free paths.

tant concept for particle beams of all

kinds (electron, proton, deuteron,

Table 4.1 Path lengths between collisions.

rommeamvwaH)

etc.), since one will usually want the

beam particle to collide infrequently

with the other particles in the path.

Mean free paths on the order of 106

cm are common in very good vacuums

(109 mm Hg). Mean free paths for air
molecules are on the order of l0 6

cms.
The equation for the free path

distribution can be derived as fol-

lows. We first assume that the proba-

bility per unit length k of a particle
undergoing a collision between a dis-
tance x and x + dx is independent of

the distance x the particle has al-

ready gone. Then the probabL.ity of a

collision occurs for a particle in the

interval dx is just k dx. If there are
N such particles having traveled a
distance x without collision, N k dx
will undergo collision in the interval
dx. This will decrease the number of

particles reaching x + dx without col-

lision by an amount dN, the number
which underwent collision in the in-

terval dx. One can then write

dN = -N k dx.

Upon integration this yields
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N= Noe-kx

where No is the number of particles
which start at x = O.

Note: The constant k = 1/A.

4.2. BROWNIAN MOTION

In 1827, a man named Brown looked
into a drop of water in which was
suspended many fine particles. He saw
the small particles violently agitated
in a never-ceasing motion. He cor-
rectly conjectured that this motion
was due to statistical fluctuations in
impacts by the water molecules. Con-
siderable controversy was raised over
this explanation, but it survived. All
controversy stopped with the work by
Einstein in 1905 on this motion. Two
of his papers are found in Ann. Phys.
17, 549 (1905), and 19, 371 (1906).
Here then seems to be the desired
connection between the motion of a
"large" object and smaller invisible
ones which will enable us to deter-
mine the mass of the small particles.
Presumably we can do this by observ-
ing the large particles and invoking
the equipartition of energy law. The
actual energy measured for these par-
ticles fails by a factor of 105, see
Perrin (Atoms, transl. D. L. Hammick
[Constable and Co., Ltd., London,
1923]) page 109. The leason for this
is that the individual particles un-
dergo so many collisions, on the order
of 1021/sec, and the paths are so er-
ratic that the actual time develop-
ment of the path is not seen; only
occasional points on the path are
seen. A further discussion of this
will be found in Perrin's book.

It would be well to have a look
at this chaotic motion anyway. To do
this, get a regular 3 1/2 X 4-inch-
lantern-slide projector and focus it
on a relatively large screen. Then
blow some smoke particles into the
space where the slide should be. On the

screen will be seen some of the smoke

particles. Owing to air currents, they
will drift in and out of focus and
across the field of view. If one looks
closely, however, the violent small-
scale agitation of Brownian motion is
clearly visible.

Perrin has studied such motions
in considerable detail. In his book
will be found many other ways of ob-
serving this interesting phenomenon.
One should not overlook the very fine
latex spheres used for the calibration
of electron microscopes nowadays as an
excellent source of particles for
viewing Brownian motion.

In Fig. 4.3. one sees a path
traced out by a mastic grain (radius
equal to .53A) by Perrin. The particle
was followed in the field of view of
the microscope for about 140 minutes
(thirty seconds between points).

The path is not unlike the photo-
graph of paths of a lucite puck on the
air table. However, the photograph
shows the actual path whereas the path
observed by Perrin is not. In Perrin's
words, "As a matter of fact diagrams
of this sort... give only a very

Fig. 4.3. Path o f mastic grain, as re-

corded by Perrin (Atoms, p. 116).
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meager idea of the extraordinary dis-
continuity of the actual trajectory.
For if the positions were to be
marked at intervals of time 100 times
shorter, each segment would be replaced
by a polygonal contour relatively just
as complicated as the whole figure 4.3
and so on."

There is an interesting relation
between the distance the particle
moves from its initial position after
a certain number of steps. The steps
can be either the individual steps
between collisions or the distance
moved every 30 seconds as recorded by
Perrin. In both cases the distance
from the origin is equal to 1411, where
I is the average length of the step
and N is the total number of steps.

Let a particle take steps of av-
erage length Q in the xy plane. The
direction of the path step is assumed
to make an angle cp with respect to the
x axis. Then the total vector dis-
placement r. after N steps is

= Bpi + cos P2 + + cos cod

+ Psin ( + sin P2 + . . . + sin (pd.'

The length of the vector r. is

r = (r)0 = cost 9k + cos2 q7,2

+ . . . + cos2 + sing 1 + sin2v2

+ + sin2qPn

+ EE cos (pi cos (pi +
j

ixj

+ EE sin (pi sin q01/2

ixi

The last terms will average to
zero since the terms are as often plus
as minus. The result is then r = 1,/N.

You may wish to test this on the
pictures of sequences of paths you
have made. Remember, however, that the
walls confine the motion to a rather
small region. By reflecting the motion
across the walls, however, you can
draw out the path as though no walls
were present.

Remember you will have to keep
track of single, double, triple re-
flections and so on. After you have
completed the plot, enter the values
obtained for the distance moved after
every ten collisions. Compare these
distances with NN, where f is the
mean distance and N is the total num-
ber of steps.

How did they compare? Were the
results better or worse as the number
of steps increased? If you cannot make
the pictures yourself, use Figs.
A.109 to A.126 provided in the Appen-
dix.



EXPERIMENT 5 GRAVITATIONAL

When the table is tilted, the
pucks tend to gather at the lower end
of the table. The only thing prevent-
ing this is the colliding of the pucks

SEPARATION

with each other and the agitation of
the table. The way in which the pucks
distribute themselves can be deter-
mined in a manner somewhat like an

Fig. 5.1. The air table is shown tilted
with a cardboard slit in place to enable
one to determine the vertical distribution

of pucks. (The method for agitating the
table walls is not shown).

1

Fig. 5.2. Histogram for vertical distri-
22

bution.
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-1

NUMBER OF PARTICLES

Fig. 5.3. Plot of number of particles versus height.

earlier experiment of Perrin's.
Tilt the table about two degrees.

The degree of agitation should be such
that very rarely will a puck hit the

upper end. Take a piece of cardboard

and cut out a rectangle in the center

of this sheet as shown in Fig. 5.1.
Set this slot across the table with

the short width of the slot pointing
to the high end of the table. You are
going to count pucks in this slot. If

you have a stroboscope that can be set

for about one flash per 4 seconds or

15 rpm, it will be ideal. Otherwise,
you may get a timer which puts out a

signal about every 4 seconds. Simply
record the number of pucks you see in
the slot at each light flash or timer
signal. Decide in advance how you will
handle fractional pucks and then be
consistent. After you have taken a
considerable number of readings you
will find the average number seen be-
comes stable. Record this reasonably

stable average with the position of
the slot on the air table in Table
5.1. Then repeat the experiment for
many different positions on the table.

Make a plot of the resulting dis-
tribution in Fig. 5.2.
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Table 5.1 Vertical distribution.

POSITION
ON AIR
TABLE

TOP

BOTTOM

1 2 3 4 5 6 7 8 9 10 11 12 1 13 1 14 15 16

The movie Random Motion* can be
used for this experiment. Get a film
editor and turn the film to the tilted
table portion. Now put a grid on the
viewer screen and count the number of
pucks touching lines at constant
height on the table. This data can be
entered into Table 5.1. One then ad-
vances a few frames (about 20) and re-
cords additional data. Record at least
10 frames worth of data.

We can determine two expressions
for the behavior of the puck distri-
bution with height. We can write the
ideal gas law for a two-dimensional
gas as FA = nkT where F is the force
per unit length, A is the area, k is
a constant and T is the "temperature."

*See note at the beginning.

For an isothermal process, FA = con-
stant. If we consloer the change in
force per unit length e.t a height be-
tween h and h + dh on the table we
have.

dF = pgdh sin 4, where p is mass/area

g = acceleration of gravity and
4 is the angle of tilt for the table.
The ideal gas law can be written
Fp-1 = constant from which we can ob-
tain dF in terms of p and dp to obtain

pg sin 4ah
dp=

C

This can be integrated to yield

p = po exp (ti One can replace the
o

mass/area p with say the number of
pucks per unit area n and write
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n = no exp (--h). Since the pucks oc-
o

cupy considerable area themselves n
should be the number of pucks per unit
area not covered by pucks.

We can also obtain an expression
for an adiabatic gas. An appropriate
expression can be obtained in this
case from the first law of thermody-
namics for a two-dimensional gas.

This law states that CAdT = FdA
when no heat is being added or sub-
tracted from the system. In this ex-
pression CA is the "specific heat" at
constant area. From the ideal gas law
we obtain

dFA + FdA = nRdT,

which together with the above equation
yields (CA + nR) dT = dFA. The expres-
sion CA + nR = Cy is the specific heat
at constant force/length. We can then
write

AdF = COT and

FdA = CAdT

or dF/F = Cy/CA dA/A which inte-
grates to FAY = constant where
= Cy/CA.

We can get the last expression in
terms of p and h.

A = and F = PnRT.

Hence FAY = CYP-1(+1 nRT = const,

or p'-Y T = const.
The temperature is proportional to the
kinetic energy (total energy less po-
tential energy) and hence PI-Y(E mgh

sin 0) = const or of the worm
pi -Y= (A Bh)

(A Bh) = pY-1.

Make a plot of your data and see whe-
ther your gas is more nearly isother-
mal or adiabatic. Now put in the puck
with the light and take a picture of
its path. Each individual short sec-
tion of path between collisions has a
parabolic shape. This, of course, is

due to the fact gravity acts on the
particle between collisions. Every in-
dividual air molecule will also de-
scribe such paths between collisions,
even though the paths are much shorter
and the molecular speed is much higher.
Figure A.108 is such a picture.

1



EXPERIMENT 6 TIME AND

In Experiment 1 we took pictures of a
set of many different particles. We
calculated from these many different
particles the velocity distribution.
We also arrived at the collision fre-
quency by looking at the number of
collisions which occurred for many
different particles. Suppose now we
look at one particle only and deter-
mine its history. For example, as was

41 done in Experiment 4, we follow a par-
ticle's path. The irregularities in

Collision/sec one
particle

Can you use the total number of
particles to relate these two quanti-

SPACE AVERAGES

this path correspond to collisions.
How does the number of collisions per
second for the one particle compare
with the total collision rate? This
can be found by counting all the col-
lisions and dividing by the exposure
time. Count wall collisions separately
from other particle collisions. Enter
the numbers in the boxes below. and
compare them with the numbers you en-
tered in the boxes in Sections 2.1 and
2.2.

Collision/sec many

particles

ties? This procedure is an example of
taking a time average instead of a

Table 6.1 Speed comparison.
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space average. The equality of the two
types of averages says that what one
particle does in time is equivalent to
what many different particles are do-
ing at one instant. A more impressive
example would be to take a speed dis-
tribution on one particle and compare
it with the speed distribution of
many particles. This can be done by
installing a chopper in front of the
camera lens, or installing a flashing
light on one puck. The chopper or
flasher should be operated at a rate
of about 10 to 20/sec. This converts
all the lines in a photograph like
Fig. A.114 into dotted lines. The dis-
tance between dots measures the speed.
Take such photographs, enter the data
in Table 6.1. and construct the cor-
responding histogram. Compare these
results with those obtained in Exper-
iment 1. Be sure to have the same
table agitation rate.

6.1. HISTOGRAM

This data for this section can be
taken from the movie film since the
camera has interrupted the motion
about 24 times per second. The data
can be removed from the film by using
a film reader and plotting the path of
the center of one puck through a whole
series of free paths and collisions.
In fact, the free path data of Section
4.1 can be taken in this fashion as
can all of the other data for the ex-
periments described in these pages.

CONCLUSION
The previous pages have outlined

a set of experiments using an air
table and pucks to demonstrate many of
the concepts of kinetic theory. Some
of these have been considered in de-
tail, such as the speed distribution
of pucks. Other experiments ha" been
treated somewhat superficially, such
as those dealing with time and space
averages. Perhaps it would be well in

these concluding paragraphs to indi-
cate problem areas (other than kinetic
theory) that might be treated experi-
mentally using this same technique.

All of macroscopic physics deals
with materials made of atoms whether
they be crystals, fluids, or amorphous
solids. For many physically important
processes the atomic detail can be
suppressed, such as is done in ther-
modynamics with pressure temperature
and volume; as ia fluid flow with
density, stream velocity and pressure;
and in electricity with current den-
sity, potential and resistivity. The
two-dimensional puck array makes it
possible to study not only these mac-
roscopic properties of materials but
also to study the transition from con-
tinuum to particle physics. One ex-
periment related to the contents of
this monograph which makes the process
clear is the propagation of sound
waves. The carriers of the sound waves
are clearly the individual atoms act-
ing in concert with each other. How-
ever, there exist interesting rela-
tions between the mean free path and
the wavelengths of sound which can be
propagated. These can be studied by
fixing a piston to one side of the
table which can be driven to generate
the "sound waves." It would seem that
one would need many more pucks than
have been used in the experiments out-
lined here, but nevertheless it can be
studied with this technique. If one
puts on magnetic pucks to create re-
pelling forces the properties of
crystal structure can be studied as
can the transition between solid,
liquid and gas as the agitation rate,
"effective temperature," is raised. It
is interesting to contemplate the
crystal structures which would arise
as one first used single repelling
magnetic discs, then pairs of magnetic
discs rigidly coupled, and then trip-
lets of magnetic discs rigidly coupled,
and so forth.

The experiments dealing with dif-
fusion and transport phenomena would
be most illuminating. Self-diffusion
rates can be studied, as can the dif-
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fusion of unlike particles. The model
may be useful in studying neutronlike
diffusion and electric charge motion.
The numbers of pucks required and
relative puck sizes have not been in-
vestigated to cover adequately the
transition region from particle to
continuum behavior. If the entire re-
gion cannot be covered, certainly the
region in the vicinity of particle be-
havior can be studied.

The continuum concepts of viscos-
ity and turbulence can with some dif-
ficulty be related to particle dynam-
ics. The statement that the big whirls
feed on the little whirls and so on to
viscosity breaks down on the particle
scale. Nevertheless it should be pos-
sible to study net momentum transport
across boundaries in a puck gas. An
investigation of the pertinent nu-
merical factors would clarify the num-
bers of pucks needed to adequately
represent a vortex, for example.

Experiments on the randomizing of
motion should be possible for the
student. If such experiments could
clearly elucidate the Boltzmann H

theorem and the probabilistic nature
of entropy, they would be valuable
pedagodic tools.

The pucks used in the experiments
of this book were made of lucite. The
collisions are not energy conserving
owing principally to slipping about
the vertical axis on collision. The
more sophisticated experiments require
more particles and hence more colli-
sions with a resultant energy loss.
Some study is needed to determine the
best material to reduce this fric-
tional loss. Small magnetic discs may
be the answer. The resulting long-
range force, however, will make it
difficult to determine speed distribu-
tion and free paths since the speed
then changes continuously and the path
curves continuously. However, experi-
mental determination of the relations
between kinetic energy and potential
energy may be possible.

Finally let mo add my hope that
the student who does the experiments
in this monograph finds them as inter-
esting and rewarding as did the author.
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These figures are 30% smaller than the original

Fig. A.1.
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Fig. A.2.
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Fig. A.9.
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Fig. A.13. Fig. A.14.
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Fig. A.21. Fig. A.22.
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Fig. A.29.
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Fig. A.35.
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Fig. A.39. Fig. A.40.
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Fig. A.42.
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Fig. A.47. Fig. A.48.
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Fig. A.59. Fig. A.60.
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Fig. A.61. Fig. A.62.
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Fig. A.63. Fig. A.64.
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Fig. A.65.
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Fig. A.74.
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Fig. A.75. Fig. A.76
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Fig. A.79
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Fig. A.80.
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Fig. A.81.
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Fig. A.82.
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Fig. A.83. Fig. A.84.
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Fig. A.87. Fig. A.88.



APPENDIX 73

Fig. A.89. Fig. A.90.
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Fig. A.93. Fig. A.94.
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Fig. A.97. Fig. A.98.
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Fig. A.99. Fig. A.100.
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Fig. A.103.
Fig. A.104.
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Fig. A.109. Fig. A.110.
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Fig. A.111. Fig. A.112.
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Fig. A.113.
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Fig. A.115. Fig. A.116.
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Fig. A.123. Fig. A.124.
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Fig. A.125. Fig. A.126.


