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Preface

Popular interest in recreational mathematics would scem to be at an all-time
high. The last few decades have witnessed the appearance of literally scores of
books and hundreds of articles—eloquent testimony to the wide appeal of
mathematical games and puzzles, tricks, pastimes, amusements, brainteasers,
and paradoxes. In addition to this embarrassment of riches there is to he
noted a shift in emphasis in recent years. Whereas formerly much attention
was given to numerical curiosities, magic squares, the fourth dimension,
tangrams, dissections, angle trisection and circle squaring, contemporary
writers tend to devote more attention to such matters as acrostics, alphametics,
colored cubes, combinatorics, electronic computers (primes, chess playing,
etc.), flexahedrons, game strategy, inferential and logic problems, modular
arithmetic, networks and graphs, packing problems, tessellations, polyominoes,
probability (queuing, etc.), scales of notation, the Soma cube, topological
recreations.

In this connection one should mention some of the outstanding leaders in
the field. The close of the nineteenth century and the early decades of the
present century saw the work of W. Ahrens, W. W. Rouse Ball, Lewis Carroll,
Henry Dudeney, F. Fitting, E. Fourrey, J. Ghersi, Bruno Kerst, W. Lietzmann,
Sam Loyd, E. Lucas, L. Mittenzwey, Hubert Phillips, and Hermann Schubert.
In more recent years the roster of notable contributors would include, among
others, the following: A. R. Amir-Moéz, Irving Adler, Leon Bankoff, Stephen
Barr, L. G. Brandes, Maxey Brooke, Mannis Charosh, John Conway, Martyn
Cundy, A. P. Domoryad, Martin Gardner, Michael Goldberg, Solomon Golomb,
Philip Heaford, Piet Hein, J. A. H. Hunter, Murray Klamkin, Boris Kordem-
sky, Sidney Kravitz, Harry Lindgren, Joseph Madachy, Karl Menninger, Leo
Moser, T. H. O’Beirne, C. Stanley Ogilvy. the iate Hans Rademacher, Howard
Saar, Sidney Sackson, Fred Schuh, Hugo Steinhaus, Otto Toeplitz, Charles W.
Trigg, and William Tutte.

Some indication of the deep interest in recreational mathematics evinced by
teachers is the fact that since this hibliography first appeared some fifteen
years ago it has passed through three editions and seven printings. Meanwhile,
the literature has become so extensive that it was felt a second volume would
prove more serviceable than a revision of the original monograph. Thus the
present monograph, volume 2, not only brings the literature up to date but also
fills in many gaps and omissions. It contains none of the earlier inaterial except
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the supplementary periodical references, which occupied the last eight pages
of the third edition. These references have been incorporated in the new
classification in the present volume.

The organization of the contents of volume 2 is such that the major topics
parallel the original classification fairly closely, making it relatively easy to
consult both volumes on a given topic. There are several innovations which it
is hoped will materially increase the usefulness of the ‘monograph. To begin
with, the number of subheadings has heen more than doubled—and this should
help the reader to track down a particular subject or special type of recrea-
tion. Secondly, in addition to periodical references, many references to “spe-
cialized” books are now included—hooks dealing solely with a single topic,
such as mazes, or dissections, or tangrams, or inferential problems. Finally,
there are now included also many references to specific topics in important
general works on recreational mathematics, such as hooks by Ball, Domoryad,
Gardner, Madachy, O’Beirne, Schuh, and others,

As in the case of volume 1, the classification of mathematical recreations is at
best an arbitrary affair, reflecting the bibliographer’s personal judgment. I
have again endeavored to make the coverage sufficiently comprehensive to
include comparatively simple as well as highly sophisticated material—topics
usually thought of as mathematical puzzies and pastimes as well as certain
fringe topics such as mathematical humor, mathematics in sports, mathematics
in art, literature, and music, and mathematics in nature. In this way it is
hoped to reach a wide spectrum of readers: students, teachers, laymen,
amateurs, and professional mathematicians.

I take this opportunity to acknowledge my indebtedness over the past years
to many friends and colleagues, including, among others, Professor H. S. M.
Coxeter, Mr. J. A. H. Hunter, Mr. Joseph S. Madachy, and Professor Adrian
Struyk. I am indebted also to Mr. Leon Bankofl for data on the arbelos and
other geomelric recreations; to Maxey Brooke for help in connection with
magic squares, Mobius bands, and other topological ideas; 1o Professor R. L.
Morton in connection with perfect numbers and amicable numbers; to Mr.
Charles W. Trigg for assistance with linkages, packing problems, and tessella-
tions. My greatest debt is to Martin Gardner, not only for specific help, but
for encouragement and inspiration. T am grateful also to the several publishers
from whose works brief excerpts have heen quoted; to the National Council of
Teachers of Mathematics for their generous cooperation; and to my wife for
her infinite patience in many ways,

William L. Schaaf

Boca Raton, Floridu
September 1969
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“Have you guessed the riddle yet?” the Hatter
said, turning to Alice again.

“No, I give it up,” Alice replied. "What's the
answer?”’

“I haven't the slightest idea,” said the Hatter.

“Nor 1,” said the March Hare.

Alice sighed wearily. “I think you might do
something better with the time,” she said, “than
wasting it in asking riddles that have no answers.”

LEWIS CARROLL
Alice’s Adventures in Wonderland (1865)
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Chapter 1

Algetracc and
snithmetical Recreationd

1.1 The Abacus

Though not ordinarily thought of as a mathematical “recreation,” use of
the abacus has considerable recreational value. Moreover, since contem-
porary school mathematics has given increaced emphasis to numeration
systems and number bases, familiarity with the abacus has acquired a new
significance. Common forms of the abacus include the Chinese suan-pan, the
Japanese soroban, and the Russian s’choty. Competitive contests from time
to time between experienced desk-calculator operators and skilled users of
the abacus generally evoke much interest, particularly as the abacus often
comes off very creditably.

Flewelling, R. W. Abacus and our ancestors. A.T. 7:104-6; Feb. 1960.

Japan Chamber of Commerce and Industry. Soroban, the Japanese Abacus: Its
Use and Practice. Rutland, Vt.: Charles E. Tuttle Co., 1967. 96 pp.

Kojima, Takashi. Advanced Abacus: Japanese Theory and Practice. Rutland,
Vt.: Charles E. Tuttle Co., 1964. 159 pp.

A sequel to the author’s The Japanese Abacus: Its Use and Theory.

Li, S. T. Origin and development of the Chinese abacus. Journal, Association of
Computing Machinery 6:102-10; 1959.

Yoshino, Y. The Japanese Abacus Explained. (Introd. by Martin Gardner.) 2d
ed. New York: Dover Publications, 1963. 240 pp.

1.2 Acrostics; Crossword Puzzles

Acrostics, anagrams, and crossword puzzles are so familiar that no ex-
planation would seem calied for except to point out that they frequently
appear with mathematical words, phrases, or sentences. A palindrome is a
word, a phrase, a sentence, or a number which reads the same from right to

1




2 RECREATIONAL MATIIEMATICS

left as from left to right.  Perhaps the most widely known palindromic
sentence is “ABLE WAS I ERE I SAW ELpa.”

Anne Agnes von Steiger, Sister. A Christmas puzzle. M.T. 60:848-49; Dec. 1967.
A geometry-oriented dot-joining picture puzzle.

Anning, Norman. Fun with palindromes. Scrip.M. 22:227; 1956.

Bishop, David. A mathematical diversion. M.T. 58:527; Oct. 1965.
Similar to a crossword puzzle.

DeJong, L. Mathematics crossword. S.S.M. 62:45-46; Jan. 1969

Eckler, A. Ross. Word groups with mathematical structure. Word Ways, vol. 1,
no. 4; Nov. 1968.

Friend, J. Newton. Numbers: Fun and Facts, New York: Charles Scribner’s Sons,
1954,

Palindromes: chap. 8, pp. 101-10.
Gardner, Martin. Dr. Matrix: A talk on acrostics. Sci.Am. 216:118-23; Jan. 1967.
Gardner, Martin. Double acrostics. Sci.Am. 217:268-76; Sept. 1967.

Hawthorne, Frank, and Cohen, D. I. A. Able was I ere I saw Elba. Am.M.Mo.
71:318; Mar. 1964,

Hillman, T. P., and Sirois, Barbara. In the name of geometry. AM.T. 61:264-65;
267; Mar. 1968.

Jones, Lawrence E. Merry Christmas—Happy New Year. S.S.M. 67:766-71;
Dec. 1967.

Knox, R. A. A Book of Acrostics. London, 1924. 136 pp-
Preface includes history and origin of acrostic puzzles.

Landau, Remy. Permutacrostic. Rec.M.M., no. 11, p- 10; Oct. 1962.

Lindon, J. A. Word cubes and 4-D hypercubes. Rec.M.M_, no. 5. pp. 46-49; Qct.
1961.

Lindon, J. A. Word shifts. Rec.M.M., no. 12, pp. 33-40; Dec. 1962.

Moskowitz, Sheila. Mathematics crossword puzzle. S.S.M. 65:3-11; Jan. 1965.
Nichols, Thomnas. Intersection and union word puzzle. M.T. 98:28-29; Jan. 1965.
Nygaard, P. H. Can you solve a dictoform? S.S.31. 49:6-8; 1949,

Purdy, C. R. Crossword puzzle on percentage. M.T. 33:135; Mar. 1940.

Reys, Robert. The 101 mathematics word search. M.T. 60:359, 380; Apr. 1967;
61:500, 507; May 1968.

Trigg, Charles W. A holiday message in a perrtacrostic. S.S.)/. 62:687, 693;
Dec. 1962.

Trigg, Charles W. Holiday greeting permutacrostic. Rec.M.AL., no. 6, p- 26; Dec.
1961.
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Trigg. Charles W. A holiday permutacrostic. S.S.M. 66:704; Nov. 1966.

Trigg, Charles W. Mathematical word rebuses. Rec.M.M., no. 10, pp. 16-17;
Aug. 1962.

Trigg, Charles W. Mathematical permutacrostic. Rec.M.M., no. 3, p. 22; June
1961.

Trigg, Charles W. Palindromes by addition. "M .Mag. 40:26-28; Jan. 1967.

1.3 Algebroic Puzzles and Pastimes

“A puzzle will mean any problem whose method of solution is not—iwe
will hope—immediate o7 obvious: and a paradox wili mean something whose
truth and explanation can ordinarily be established only in the face of some
initial sales resista:ce.”—T. H. O’Beirne, Puzzles and Paradoxes.

Allard, J. Note on squares and cubes. M.Mag. 37:210-14; 1964.
El-Milick-type equations and curves.
Collins, K. S. Algebra from a cube. Math.Tchg., no. 46, pp. 58-62; Spring 1969.

Dunn, Angela. Mathematical Bafflers. New York: McGraw-Hill Book Co., 1964.
217 pp.

Haga, Enoch. Square-off at squares and cubes. S.S.M. 60:122-26; 1960.
Shortcuts to determine squares and cubes, square roots and cube roots.

Jorgenson, Pzl S. Fun with graphs. M.T. 50:524-25; 1957.
Graphing exercises which result in pictures.

Larsen, Harold, and Saar, Howard. One little, two little . . . . Rec.M.M., no. 8
pp. 37-39; Apr. 1962.

Take-off on verbal problems in the mathematics classroom.

?

Matthews, Geoffrey. The inequality of the arithmetic and geometric means.
Scrip.M. 22:233; 1956.

Ogilvy, C. Stanley. Geometric algebra. Rec.M.M., no. 3, pp. 37-39; June 1961.

1.4 Alphametics and Cryptarithms

A cryptarithm is a mathematical problem calling for addition, subtraction,
multiplication, or division in which the digits have been replaced by letters
of the alphzbet or some other symbols. Alphametics, a term invented by
J. A. H. Hunter, refers specifically to those cryptarithms in which the com-
binations of letters make sense. One of the oldest and probably best known
of all alphametics is the celebrated

SEND
MORE
MONEY




4 RECREATIONAL MATHEMATICS

Alphametics. Ree.M.M., no. 10, p. 11; Aug. 1962.
Dudeney’s classic alphametics.

Austin, A. K. With a dash of mathematics. Math.Tchg., no. 36, pp. 28-30;
Autumn 1966,

A note on cryptarithms. !
Brooke, Maxey. A Christmas cryptarithm. M. Mag. 41:160-61; May 1968.

Brooke, Maxey. 150 Puzzles in Crypt-Arithmetic. New York- Dover Publications,
1963. 72 pp. (Paper)

Demir, Huseyin. A memorial cryptarithm. M.Mag. 38:242; Sept. 1965.

Demir, H., and Joy, Sister Mary. A conditional alphametic. [No. 544]. M.Mag.
37:354-55: 1964.

Hunter, J. A. H. An alphametic—and another alphametic. J.R.M. 1:35-36; Jan.
1968.

Hunter, J. A. H. Alphametics. J.R.M. 1:45-48; Jan. 1968.
Korhauser, J. D. E. Crypta-equivalence. M.Mag. 39:248-49; Sept. 1966.

Kravitz, Sidney. The art of solving multiplication type alphametics. RecM.M.,
no. 2, pp. 9-16; Apr. 1961.

Kravitz, Sidney. Some novel cryptarithms. J.R.M. 1:237; Oct. 1968.

Kravitz, Sidney, et al. The wliispered clue. M.Mag. 41:43-44; Jan. 1968,
A cryptarithm with an unusual twist.

Madachy, J oseph. Mathematics on Vacation. New York: Charles Scribner’s Sor:s,
1966.

“Alphametics,” pp. 178-200.
Problem #179. (Janes, Lebbert, and Simmons). Pentagon 24:104; Spring 1965.
Rosenfeld, Azriel. Problem E1681 (Cryptarithm). Am.M.Mo. 71:429; 1964.
Sutcliffe, Alan. On setting alphametics. Rec.M.M., no. 10, pp. 8-10; Aug. 1962.

Trigg, Charles W. A vexatious cryptarithm. M.Mag. 39:307-8; Nov. 1966.
Discussion of “Vexing = Math,” and the impact of computers on the solu-
tion of puzzle problems.

Trigg, Charles W. “Crystal” alphametic. (#551). MMa,. 37:196; May 1964.

1.5 Calendar Problems

Many questions concerning the calendar seem to intrigue people: the rela-
tion of the Gregorian calendar 1o the Julian calendar; the determination of
leap years; methods for determining the date of Easter; the construction of
A perpetual calendar; calendar reform and the thisteen-month World calendar.
In addition, interesting sidelights appear; such as the mathematical basis for

IPLEN EA NI




ALGEBRAIC AND ARITHMETICAL RECREATIONS 5

the assertion that the thirteenth day of the month is more likely to be a

Friday than te be any other day of the week.

Allen, Richard K. Four thousand years of Easter. Rec.M.M., no. 11, pp. 9-10;
Oct. 1962.

Bailey, William T. Friday-the-thirteenth. M.T. 62:363-64; May 1969.

Bakst, Aaron. Mathematical Puzzles and Pastimes. D. Van Nostrand Co., 1965.
206 pp.

Chapter 8, “Harnessing Father Time,” deals with the perpetual calendar
and similar problems.

A Calendar Square Trick. Pentagon 18:49-50; Fall 1958.
Case, John J. Seasoning for the calendar. Science 122:648; October 7, 1955.

Ionides, 5. A., and Ionides, M. L. One Day Telleth Another. London: Arnold,
1939.

Kessler, Donald. How to use the perpetual calendar. M.T. 52:555-56; Nov. 1959.

Kravitz, Sidney. The Christian, Moliammedan and Jewish calendars. Rec.M.M.,
no. 4, pp. 22-25; Aug. 1961.

Leo, Reverend Brother. A mental calendar. M.7. 50:438-39; 1957.

Lucas, Edouard. Récréations Mathématiques. vol. 4. Paris, 1891.
Le calendrier perpétuel et le calcul automatique des résidues, pp. 3-20.

Morton, R. L. The calendar and modular arithmetic. Mathematics Student Jour-
nal, vol. 9, no. 4, pp. 1-3; May 1962.

O’Beirne, T. H. Puzzles and Paradoxes. New York: Oxford University Press, 1965.
238 pp.

Chapter 10: “Ten Divisions Lead to Easter,” pp. 168-84.
Oliver, S. Ron. Note on a calender problem. Pentagon 28:49-50; ¥all 1968.
Perpetual calendar. M.T. 45:554; Nov. 1952.
Primrose, E. J. F. The mathematics of Easter. M.Gaz. 35:225-27; 1951.

Simon, William. Mathematical Magic. Charles Seribner’s Sons, 1964.
Calendar Magic: pp. 60-80.

Smiley, M. F. When is Easter? M.T. 50:310; Apr. 1957.

Strader, W. W. Five Little Srories. Washington, D.C.: NCTM, 1969. 16 pp.
(Paper)

An unbelievable month of September.
Thornton, Glenn W. The calendar. Pentagon 17:10-15; 1957.
To Find Easter “for ever.” Nature, vol. 13, no. 338, p- 485; Apr. 20, 1876.
Walker, George W. On the rule for leap year. Science 123:25; Jan. 6, 1956.
Wylie, C. C. On the rule for leap year. Science, vol. 123; Jan. 16, 1956.




6 RECREATIONAL MATHEMATICS

1.6 Continued Fractions

Continued fractions were of considerable interest to seventeenth- and
eighteenth-century mathematicians. Contemporary mathematicians are even
more concerned with continued fractions, particularly in connection with the
theory of numbers. Many aspects of mathematics involve or are related to
continued fractions, among them the expansion of both rational and irrational
numbers, the expansions of = and e, the expansion of logarithmic and trigo-
nometric series, and the solution of Diophantine equations.

Chrystal, G. Algebra, vol. 2. Edinburgh, 1889; New York: Chelsea Publishing
Co., 1959.

Continued fractions: chapters 32, 34.

Davenport, H. The Higher Arithmetic. London: Hutchinson’s University Library,
1952; New York: Harper & Row, Torchbooks, 1960.

Continued fractions, pp. 79-114.
Davis, C. S. Journal, London Mathematical Society 20:194~98; 1945.
Proofs for continued fractions for e, etc.

Hardy, G. H., and Wright, E. M. The T heory of Numbers. 3d ed. Oxford, 1954.
Chapter 10.

Niven, Ivan. Irrational Numbers. Carus Mathematical Monographs, no. 11. New
York: Mathematical Association of America and John Wiley & Sons, 1956.

Continued fractions: pp. 51-67.

Olds, C. D. Continued Fractions. New Mathematical Library. New York: Random
House, L. W. Singer Co., 1963. 162 pp. (Pager)

Perron, Oskar. Die Lekre von den Kettenbriichen. Leipzig and Berlin: Teubner,
1929,

Wall, H. S. Analytic Theory of Continued Froctions. Princeton, N.).: D. Van
Nostrand Co., 1948.

1.7 Cross-Number Puzzles

Cross-number puzzles, analagous to crossword puzzles, have enjoyed con-
siderable popularity in recent years, not only as a diversion from routine

schoolwerk, but also, in the earlier grades, both as motivation and as a device
for practice.

Alfred, Brother. Cross numkter puzzle. Rec..M., no. 4, p. 13; Aug. 1961.
Bishop, David C. A mathematical diversion. AT. 12:430; Oct. 1965.

Borgmann, D. A. A numerical analogue to the word square. Journal of Recrea-
tional Linguistics, vol. 1, no. 1; 1968.

< ———
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Brandes, Louis G. A Collection of Cross-Number Puzzles. Portland, Me.: J.
Weston Walch; n.d., unpaged.

More than one hundred puzzles.

Brandes, L. G., and Dickey, D. Why not use cross-number puzzles as a teaching
aid with your general mathematics classes? S.S.M. 57:647-54; 1957.

Bibliography, 26 references.

Coble, John, and Jones, T. Charles. Cross number puzzle. J.R.M. 1:106-7; Apr.
1968.

Cross-number Puzzle. Rec.M.M., no. 10, p. 44; Aug. 1962,

Cross-number Puzzles. Math.Tchg., no. 38, p. 45; Spring 1967.

Enyeart, Ronald. Magic cross-number puzzle. Eec.M.M., no. 9, p. 11; June 1962.
Gross, F. Crossnumber. Math.Tchg., no. 46, p. 71; Spring 1969.

Hunter, J. A. H. Cross number puzzle. RecM.M., no. 3, p. 40; June 1961.

Moskowitz, Sheila. The crossnumber puzze solves a teaching problem. M.T.
62:200-204; Mar. 1969.

Penney, Walter. Cross-number puzzle. Rec.M.M., no. 7, p. 12; Feb. 1962.
U. Clid. Cross-number puzzle. Rec.M.M., no. 5, p. 18; Oct. 1961.
Willerding, Margaret. Cross-number puzzles. A.T. 4:221, 223, 226; Nov. 1957.

Willerding, Margaret. Roman numbers puzzle. School Activities, Feb. 1956,
p. 183.
Winick, D. F. Arithmecode puzzle. 4.T. 15:178-79; Feb. 1968.
Similar to a cross-number puzzle.

1.8 Fallacies—Illlegal Operations—Paradoxes

Arithmetic and algebraic fallacies and paradoxes are explained by misuse
of division by zero, incorrect handling of an inequality, ambiguous extraction
of a square root, and the like. Among amusing fallacies are “illegal opera-

16 14 1

tions,” or “making the right mistake”; e.g., == =" == or 2 4 13 —

2666 2064 _?

3=0: — !
6+ P or eeee gogs .

Anning, Norman. Irregular operations. Los Angeles Mathematics Newsletter,
vol. 3, no. 2, p. 1; Jan. 1956.

Bradis, V. M.; Minkovskii, V. L.; and Kharcheva, A. K. Lapses in Muathematical
Reasoning. New York: Pergamon Press, 1963. 201 pp. (Paper)

An interesting collection of over eighty specific examples of false reasoning
and paradoxes in arithmetic, algebra, geometry, and trigenometry.

T ——
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Gardner, Martin. Matkematical games: A collection of tantalizing fallacies.
Sci.Am. 198:92 f.; Jan. 1958.

Irregular operations in mathematics. Los Angeles Mathematics Newsletter, vol. 3
no. 1, p. 5; Nov. 1955.

Kempner, A. J. Paradoxes and Common Sense. Princeton, N.J.: D. Van Nostrand
Co., 1959. 22 pp. (Pamphlet).

Lietzmann, W. Wo steckt der Fehler? Leipzig: Teubner, 1950.

False conclusions, paradoxes, and “illegal operations” in arithmetic, alge-
bra, geometry, trigonometry, analytic geometry, and logic, pp. 65-116.

Maxwell, E. A. Fallacies in Mathematics. New York: Cambridge University
Press, 1959. 95 pp.

Interesting fallacies in geometry, algebra, and calculus, together with their
explanations.

Schwartz, B. L. A new proof that 2 =1. J.R.M. 2:25-28; Jan. 1969.

Involves simple use of the calculus.

Seuss, Dr., and Geisel, Theodore Seuss. Pocket Book of Boners. New York: Pocket
Books, 1931.

?

Thomas, Fred B. A dialogue on%—g::g. M.T. 60:20-23; Jan. 1967.

Wilansky, Albert. An induction fallacy. M.Mag. 39:305; Nov. 1966.
“Proof” that all non-negative integers are either zero or odd.

1.9 Faray Sequences

If all the proper fractions (written in lowest terms) having denominators
not greater than a given number are arranged in order of magnitude, then
each fraction in the sequence is equal to the fraction whose numerator is the
sum of the two numerators on either side of it, and whose denominator is the
sum of the corresponding denominators. Such a sequence is called a Farey
sequence. For example: if we choose n = 3, we have

. . . o c
Farey sequences have many Interesting properties. Thus if 3 and g are any

two consecutive terms in a Farey sequence, then be — ad == 1,

Beiler, Albert H. Recreations in the Theory of Numbers. New York: Dover Pub-
lications, 1964.

“Farey Tails,” pp. 168-72.
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Blake, Jean. Some characteristic properties of the Farey sequences. Am.M.Mo.
73:50-52; 1966.

Cumningham. George. Farey Sequeices. NCTM Twenty-eighth Yearbook, 1963;
pp. 22-26.

Halm, H. S. A simple proof of Aaren’s conjecture on the Farey series. M.Mag.
40:67; 274,

Hardy, G. H., and Wright, E. M. 4n Introduction to the Theory of Numbers. New
York: Oxford University Press, 1960.

Farey series, pp. 23 fI.

Le Veque, William. Topics in Number Theory. Addison-Wesley Publishing Co.,
1956. Vol. 1, pp. 154 4.

Wright, J. D. Maitland. Some properties of the Farey series. Am.M.}Mo.
75:753-54; Aug.~Sept. 1968.

Zame, Alan. A commient on a recent note on the F arey series. Am.M.Mo. 74:977;
Oct. 1967.

1.10 Figurate Numbers—Polygonal Numbers

Numbers which can be related to geometric forms were of considerable
interest to ancient Greek mathematicians, who were familiar with at least
triangular, square, and pentagonal numbers. Thus triangular numbers,

1 3 6 10 elc.

o=

n
are of the form > (n) ==n(n + 1).
1

Such figurate numbers, also known as polygonal numbers, appeared in fif-
i) : polyg 3

teenth-century arithmetic books, and were probably known to the Chinese as
carly as about the beginning of the Chrisiian era.

Adler, Irving. The Gian: Golden Bool of Mathematics. New York: Western Pub-
lishing Co., Golden Press, 1960.

Figurate numbers, pp. 18-20.

Amir-Moéz, Ali. Pythagorean series. In Chips from the Mathematics Log. Mu
Alpha Theta, 1966; pp. 85-87.

Beiler, Albert H. Recreations in the Theory of Numbers. New York: Dover Pub-
licatious, 1964.

“Ball Games,” pp. 185-99. Excellent discussion of figurate numbers.
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Berryman, J. P. Dice and figurate numbers. Math.Tchg., no. 40, pp. 53-56;
Autumn 1967.

Interesting discussion of Pascal’s wiangle, trianguiar and tetrahedral num-
bers, and prebability.

Bowers, H., and Bowers, J. Arithmetical Excursions. New York: Dover Publica-
tions, 1961.

“Figurate, Perfect and Amicable Numbers,” pp. 174-80.

Duncan, D. C. Ten mathematical refreshments. A.T. 58:102-8; Feb. 1965.
Patterns of polygonal numbers.

Geometry of Numbers. Abstract of a sympesium. Nature 159:104-5; Jan. 18, 1947.

Hamberg, Charles, and Green, Thomas. An application of triangular numbers to
counting. M.T". 60:339-42; Apr. 1967.

Hogben, Lancelot. Mathematics in the Making. London: MacDonzld & Co., 1960.
Figurate numbers, pp. 10-18, 57-61.

Iyer, R. V. Triangular numbers and Pythagorean numbers. Scrip.M. 22:286-88;
1956.

Kennedy, Evelyn M. The shapes of numbers. Rec.M.M., no. 9, pp. 39-43; June
1962.

Polygonal numbers.

Khatri, J. M., and Jacobson, B. Problem E1943 [1966, 1123]). On sums of tri-
angular numbers. Am.M .Mo. 75:410; Apr. 1968.

Khatri, M. N. Number curiosities: triangular numbers. Scrip.M. 22:284; 1956.

Triangular numbers and squares; sums of consecutive triangular numbers;
multigrade properties of triangular numbers.

Land, Frank. The Language of Mathematics. London: John Murray, 1960.
Figurate numbers, pp. 9-12.

Lucas, Edouar!. Récréations Mathématiques. Vol. 4. Paris, 1891.
Larithmétique en boules, pp. 23-49; Larithmétique en batons, pp. 53-65.

Miller, Janice, and Stein, F. Max. A generalization of triangular numbers. M.T.
560:414~18; Oct. 1963.

Parker, J. H. D. Polygons and the triangular numbers. Math.Tchg., no. 28, pp.
42-44; Autumn 1964.

Piza, P. A. Sums of powers of triangular numbers. Scrip.M. 16:127; 1950.

Prielipp, Robert W. Digital sums of perfect numbers and triangular numbers.
M.T. 62:179-82; Mar. 1969.

Reichman, W. J. The Fascination of Numbers. London: Methuen. 1957.
Figurate numbers, pp. 17-37.

Segal, S. L. A note on pyramidal numbers, Am.M.Mo. 69:637-38; Sept. 1962.

Stanley, R., and Marsh, D. C. B. Problem E193¢ (1966, 1123]. Divisibility of tri-
angular numbers. Am.M.Mo. 75:407; Apr. 1968.
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Stephens, Js. Polygonal numbers. Math.Fchg., no. 39, pp. 38-41; Summer 1967.

Trimble, Harold. The Leart of teaching. M.T. 61:485-88; May 1968.
Interesting observations on fisurate numbers.

Valens, Evans G. The Number of Things: Pythagores, Geometry and Humming
Strings. New York: E. P. Dutton & Co., 1964.

Figurate numbers, pp. 16-25.

1.11 Four Fours

This pastime conists of writing consecutive integers using only four 4s,
combining them by using any mathematica) operation, provided that exactly
four 4s and no other digits are used. For example:

_4+4-4 . 4.4, 44444
=== 2= 3 =" e

Bernhard, Herbert. Eight eights. Scrip.M. 13:223; Sept.—Dec. 1947.

Bernhard, Herbert. Some more ways of making eight eights represent one thou-
sand. Scrip.M. 14:171; June 1948.

Bicknell, M., and Hoggatt, V. E. 64 ways to write 64 using four ¥s. Rec.M.M.
no. 14, pp. 13-15; Jan.--Febh. 1964.

Coxeter, H. S. M. Rouse Ball’s unpublished notes on three fours. Scrip.M.
18:85-86; Mar. 1952.

The Four Four’s [Problem #175). Pentagon 24:43-45; Fall 1964.
Four #'s Integers. Mathematics Newsletter, Sept. 1958, p. 5.

Gardner, Martin. The Numerology of Dr. Matrix. New York: Simon & Schuster,
1967.

The pastime of the four 4s, pp. 51-54.

Graham, L. A. The Surprise Attack in Mathematical Problems. New York: Dover
Publications, ]968.

“Four Four Finale,” pp. 27-28.

Hoggatt, V., and Moser, Leo. A curious representation of integers. Am.M.Mo.
57:35; Jan. 1950.

Knuth, Donald. Representing numbers using only one 4. M.Mag. 37:308-10; 1964.
Krutman, Seymour. The problem of the four n's. Scrip.M. 13:47; Mar.~June 1947.
Marsh, C. B. The problem of the four n's. Scrip.M. 15:91; Mar. 1949.

Perlman, V. How to express any number by means of two two’s. Scrip.M. 19:269;
Dec. 1953.

Tierney, S. A. Problerz E631. Am.M.Mo. 52:219; 1945.
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Tierney, S. A. 64 expressed by two fours. Serip.if. 18:218; Sept.~Dec. 1952.

Trigg, C. W. The number 64 expressed by two fours. Serip.M. 19:242 ; Dec. 1953.

1.12 Number Bases—Binary Recreations

A system of numeration refers solely to the manner in which numisers are
writlen or expressed by means of symbols. Thus a numeration system con-
sists essentially of an arbitrary constant base number and a set of symbols
(digits), with or without zero, with or without the idea of place value, and
with or without the idea of cipherization. To be sure, a numcration system
embracing all of these characteristics, such as our medern base-ten Hindu-
Arabic system, is highly efficient for most purposes. But for some purposes,
bases other than ten prove to have advantages. Thus systems in base two and
in hase eight are useful in connection with electronic digital computers.
Binary and ternary systems are related to certain games and recreations such
as Nim and weight pnzzles.

Alfred, Brother. Fun, counting by sevens. Rec.M.M., no. 3, pp- 10-15; June 1961.
Andrews, F. Emerson. Counting by dozens. Rec.M.M., no. 3, pp. 5-9; June 1961.
Andrews, F. Emerson. Some sorting tricks. Rec.M.M., no. 2, pp- 3-5; Apr. 1961.

Bowers, H., and Bowers, J. E. Arithmetical Excursions. New York: Dover Publica-
tions, 1961.

“Exploration Outside the Decima] System,” pp. 195-209.

Brown, Alan. Numbers, numbers, numbers. Rec.M.M., no. 3, p. 54; June 1961.
Perfect numbers in hase two,

Collister, L. M. A punch-card adding machine your pupils can build. M.T.
52:471-73; Oct. 1959.

Cundy, H. Martyn. A demonstration binary adder. M.Gaz. 42:272-74; Dec. 1858.
A simple electrical circuit device.

Ferster, Charles. Arithnetic behavior in cliimpanzees. Sci.Am, 210:98-106; May
1964.

Chimpanzees learn to “write™ numbers in binary form.

Gardner, Martin. New Mathematical Diversions from Scientific American. New
York: Simon & Schuster, 1966.

The Binary System, pp. 13-22; chiefly card tricks and card sorting.
Hunter, J. A. H. Number systems for fun. Rec.M.M., no. 3. pp- 3-4; June 1961.

Husk, James. Changing bases without using base ten. S.S.0. 68:4061-62; May
1968.
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Jevons, W. Stanley. Principles of Science. London, 1874; New York: Dover
Publications, 1958.

Chapter 6, pp. 104-5: “The Logical Abacus.”

Lucas, Edouard. Récréutions Mathématiques. Vol. 1. Paris, 1891.
La numération binaire, pp. 145-60.

Manheimer, Wallace. Club moject in a modern nse of matiiematics. M.T.
50:350-55; May 1957.

Recreations based on the binary system; Nim; computers; etc.
Milholland, John. Card sorting and the binary system. AM.7T. 44:312-14; 1951.
Mo:ton, R. L. Computation with binary numerals. 4.T. 11:96-98; Feb. 1964.
Morton, R. L. Decimal and duodecimnal reciprocals. M.T. 56:333-39; May 1963.

Morton, R. L. Reciprocal expressions in different numeral systems. S.S.M.
64:503-12; June 1964.

O’Donnell, J. R. They are not magic number cards. A.T. 12:647-48; Dec. 1965.
A recreation based on the use of the binary system.

Ore, Oystein. Invitation to Number Theory. New York: Random House, L. W.
Singer Co., 1969.

Numerations, pp. 63-81.

Pohl, Frederick. “How to Count on Your F ingers.” In Digits and Dastards. New
York: Ballantine Books, 1966.

Ranucci, Ernest. Tantalizing ternary. A.T. 15:718~22; Dec. 1968.
Use of base three in solving weight puzzles, card-guessing games, etc.

Reid, Constance. From Zero to Infinity. Rev. ed. New York: Thomas Y. Crowell
Co., 1960. Chapter 2.

Rosenthal, Evelyn. Perfect numbers in the binary system. M.T. 55:249-50; Apr.
1962.

Scorer, R. S.; Grundy, P. M.; and Smith, C. A. B. Some binary games. M.Ga:z.
30:96-103; July 1944.

Seelbach, Lewis, and Beard, Ralph. Duodecimal bibliography. The Duodecimal
Bulletin, vol. 8, pp. 29-5E.

Shurlow, H. J. Game of five. A.T. 10:290-91; May 1963.
Helps to understand numeration systems, particularly base five.

Smith, Joe K. A method for converting from one nondecimal base to another.
AT, 15:344-46; Apr. 1968.

Square Numbers. Math.Tchg., no. 43, p. 20; Sumner 1968.
Square numbers written in bases other than base ten.
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Trigg. Charles W. Terminal digits of mn (2 — n?) in the scale of seven. Rec.M .M.,
no. 3, pp. 17-20; June 1961.
Williams, A. S. Ali’s four weights. 4.7 7:209: Apr. 1960.
Weight puzzle based on numbers in base three.

1.13 Number Gianis

Who never tried, as a youngster. lo wrile or say “the largest number there
is”? In these days of government budgels running to nearly 200 hillions of
dollars, “large numbers” are no longev unfamiliar. How large is large? An
expert bank teller, working forty hours a week, needs more than fifty years
to count out one billion one-dollar bills. The first million days of the
Christian era will not be reached until the latter part of the year 2739. A
light-year comprises about six niillion million miles (6 X 1012).

Some well-known number giants include the following:

(a) the googol, or 10100,
(b) the googolplex, or 10(1"?00);
(c) Skewes’s number, 10"’1"“.

Would you like to try to imagine the number of zeros in a googol (govrel),

or in a googolplex (keorolplex) 2

Alfred, Brother. The world of large numbers. Rec.M .M., no. 4, pp. 28-33; Aug.
1961.

Bowers, H., and Bowers, J. Arithmetical Excursions. New York: Dover Publica.
tions, 1961.

“Very Large Numbers,” pp. 14-21.

Davis, Philip J. The Lore of Large Numbers. Syracuse, N.Y.: L. W. Singer Co.,
1961. 165 pp. (Paper)

Doinoryad, A. P. Mathematical Games and Pastimes. New York: Pergamon Press,
1964.

Numerical giants: pp. 57-60.

Eggleton, R. B. [Problem E2024). A super-number. Am.M.Mo. 75:1119-20;
Dec. 1968.

On the number of digits in Fyy = 2(2™) + 1,
EL-Milick, Maurice. Large and small numbers. Scrip.M. 5:176; July 1938.

Gamow, George. “Big Numbers.” In Mathematics, by Samuel Rapport and Helen
Wright. New York: Washington Square Press, 1963. Pp. 142-55.

Littlewood. J. E. Large numbers. M.Gaz. 32:163-71; July 1948.
A Note on Large Numbers (99" = ?). A.T. 14:522: Oct. 1967.
Shapiro, Irving. The last ten digits of 99", Scrip.M. 23:235-36; 1957.
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e - -




ALGEBRAIC AND ARITHMETICAL RECREATIONS 15

Strader, W. W. Five Little Stories. Washington, D.C.: NCTM, 1960. 16 pp.
(Paper)

. o8
Concerning the nuriber 9 (%),

1.14 Number Mysticism and Numerology

Numerology is doubtless as old as astrology, which is to say that since
time immemorial men have succumbed to myslery and superstition. In
ancient times, certain numbers acquired distinctive “personalities of their
own. The Pythagorean Brotherhood professed faith that numbers could
explain ali things. The Gematria of the Greeks and the Hebrews, the teach-
ings of the Gnostics during the early centuries of Christianity, and medieval
number philosophy &l testify to the sustained myslicism attributed to num-
bers. Today this seems to he continued in the still widespread belief in

foretelling the future and in reading character by means of numbers.

Atwell, R. K. The number rhymes of Metrodorus. Teachers College Record
13:447-51; 1912.

Barit, Julian. The lore of numnber, M.T. 61:779-83; Dec. 1968.

Bell, Eric Temple. Numerology. Baltimore: Williams & Wilkins, 1933. 187 pp.
A delightful book: humorous, serious, and scholarly.

Bowers, H., and Bowers, J. E. Arithmetical Excursions. New York: Dover Publi-
cations, 1961.

Mysteries and folklore of numbers, pp. 239-43.

Clement, E. W. Numerical caiegories in Japanese. Transactions, Asiatic Society
of Japan. 2d series. 3:117-73; Dec. 1926.

De Morgan, Augustus. A Budget of Paradoxes. New York: Dover Publications,
1954

“The Number of the Beast,” vol. 2, pp. 218-40.
Gardner, Martin. Cycle numnerology. Sci.Am. 215:108-12; July 1966.

Gardner, Martin. Dr. Matrix: Number mysticism, etc. Sci.Am. 214:112-15; Jan.
1966.

Gardner, Martin. The Numerology of Dr. Matrix. New York: Simon & Schuster,
1967. 112 pp.

Deiightfully sophisticated and humorous.

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles
and Diversions. New York: Simon & Schuster, 1961.

“The Mysterious Dr. Matrix,” pp. 233-43.

Gibson, Walter B. The Science of Numerology. New York: George Sully & Co.,
1927. 186 pp.

Jastrow, Joseph. Science and numerology. Sci.dlo. 37:448-50; 1933.
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Jastrow, Joseph. Wish and Wisdom. D. Appleton-Century, 1935.
“Numerology: Old and New.”

Leigh, James. How to Apply Numerology. London: Exchange & Mart, 1959.

Loveman, A. Science of numbers: numerology. Saturday Review of Literature
10:223; Oct. 1933.
Miller, J. E. Magic lure of numbers. Popular Mechanics 46:979-63; 1926.
Parsons, E. C. Favorite number of the Zuni. Sci.Mo. 3:596-600; 1916.
Philip, J. A. Pythagoras and Early Pythagoreanism. University of Toronto Press,
1966. 222 pp.
Pythagorean number theory from the standpoini of classicism and cus-
mology, pp. 76-109.

Queer Beliefs about the Number Seven. Scientific American Supplement 56:
229-97; July 1903.

Smith, D. E. The origin and development of the number rhyme. T'eachers College
Record 13:437-46; Nov. 1912.

Tait, Katherine. Ecclesiastical symbolism of the dozen. Duodecimal Bulletin 8:3.
Taylor, Thomas. The Theoretic Arithmetic of the Pythagoreans. Los Angeles:
Phoenix Press, 1934. 248 pp.
A treatise on the philosophy of numbers, numerology, mystical and theo-
logical arithmetic, etc.

Watson, B. Numerological comparison of China and Japan. China World Review
59:228; Jan. 1932,

Westcott, W. Wynn. Numbers, Their Gcoult Powers and Mystic Virtues. London:
Theosophical Publishing Society, 1911.

1.15 Number Pleasantries and Curiosities

These refer lo a wide variety of properties, relations, and oddities among
numbers, including identities with the same digits on both sides, telescoped
identities, digital invariants, cyciic numbers, invariant sums and powers,
multigrades, etc

An automorphic number is an integer whose square ends with the given
integer; e.g., (76)* = 5,776. A narcissistic number is an integer that can
somchow be represented by mathematically manipulating its digits; e.g.,
153 = 1% 4 5% 4 3% Strobogrammctic numbers are numbers that read the

same after a 180° turn; e.g., 69, 96, and 1001.

Amir-Moez, Ali R. Discipline in numbers—a way to stimulate the gifted. S.S.M.

59:599-600; 1959.
Ashley, G. E. Chinese arithmetic. Rec.M.M., no. 12, pp. 16-19; Dec. 1962.
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Bankef, Leon. Curiosa on 1968. J.R.M. 1:78; Apr. 1968.

Beiler, Albert. Recreations in the Theory of Numbers. New York: Dover Publica.
tions, 1964.

“Digits—and the magic of 9,” pp. 54~606.
Berry. William F. Algebraic proef of an old ..umber trick, M.T. 59:133; Fel.

1560.

Bowers, H, and Bowers, J. Arithmetical Excursions. New York: Dover Publica-
tions, 1961.

Curious facts about numbers and number pleasantries: pp. 154-73, 181-94,
239-43, 244-47.

Bradfield, Donald. The majesty of numbers. M.T. 00:568-92; Oct. 1967.

Brumfiel, Charles F. Nambers and games. NCTM Twenty-seventh Yearbook,
1653, pp. 245-60,

Concepts of repeating decimals, continued fractions, finite sets, tick tack
tve, and the number line. Uses the approach of playing a game.

Brune, Irvin H. On “Digital Problem 196X.” M.T. 61:181-89; Feh. 1968.

Caldwell, j. D. Just for fun. A4.T. 15:464; Mav 1968.
Tricks with numbers.

Cross, D. C. Multigrades. Rec.M.M., no. 13, pp. 7-9; Febh. 1963.

Cultur, Ann. You too can be a mathematical genius. Esquire, Jan. 1957, pp. 58,
119-20.

Allusion to the T rachtenberg system.

Daley, Jacob. Doctor Daley’s thirty-one. The Conjuror’s Magazine, Mar., Apr.

1945.
Dickinson, Clifford R. Curiosa on 1968. J.R.M. 1:42; )an. 1968.

Domoryad, A. P. Mathematical Games and Pastimes. Pergamon Press, 1964.
Arithmetical pastimes, numerical tricks, rapid calculation: pp. 33-56.

Fleming, Robert. A family of numbers. S.S.01. 54:410-13; May 1954,

Fletcher, T. J. Mod:lo two puzzles. Math.Tchg., no. 31, pp. 28-31; 1965.

Gardner, Martin. Dr. Matrix (Number symmetries, reversals, coincidences, etc.)
Sci.Am. 212:110-16; Jan. 1965,

Gardner, Martin. How to remember numbers by mmnemonic devices. Sci.dm.
197:130 fI.; Oct. 1957.

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles
and Diversions. New York: Simon & Schuster, 1961.
“Digital Roots,” pp. 43-50; tricks based on modular arithmetic.
Gardner, Martin. Calculating prodigies and their methods. Sci.Am. 216:116-19;
Apr. 1967; also, 216:136-41; May 1967.

Gardner, Mariii.. Dr. Matrix. Scidm. 218:124~27; Jan. 1968.
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Chapter 2

Neamber Theory as

Recrealion

2.1 Amicable Numbers

Two numbers are said to be amicable if they have the property that the
sum of the aliquot divisors of either number equals the other number, as for
example 220 and 284, a pair probably known to the early Pythagoreans, and
for many centuries the only known pair. By 1750 mathematicians had suc-
ceeded in identifying some sixty such pairs. The second smallest pair is 1184
and 1210. There are 2 number of rules for finding pairs of amicable numbers.

Alanen, J.; Ore, O.; and Stemple, J. Systematic computations on amicable num-
bers. Mathematics of Computation 21:242-45; Apr. 1967.

Beiler, Albert. Recreations in the Theory of Numbers. New York: Dover Publica-
tions, 1964.

“Just Between Friends,” pp. 26-30 (amicable numbers).
p

Dickson, L. E. History of the Theory of Numbers. Washington, D.C.: Carnegie
Institute, 1919. Reprint, New York: Chelsea Publishing Co., 1952.
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Gioia, A. A., and Vaidya, A. M. Amicable numbers with opposite parity. Am.M.Mo.
74:969-73; Oct. 1967.

Rolf, Howard L. Friendly numbers. Am.M.Mo. 72:455; 1965.
Rolf, Howard L. Friendly numbers. }.T. 60:157-69; Feb. 1967.

2.2 Diophantine Puzzles

These include problems which lead to mathematical equations whose solu-
lions must he integers. A Diophantine equation is a rational integral alge-

26




-,

NUMBER THEORY AS RECREATION 27

braic equation in which the coeflicients of the variables and the absolute term
are integers, and for which the solutions must also be in integers. For ex-
ample, the linear Diophantine equation ax 4+ by = n has a solution if and
only if the greatest common divisor of « and b divides n. The theory of
numbers provides systewatic methods for solving a linear Diophantine equa-
tion, even if it contains more than two variables; also for solving simultaneous
linear Diophantine equations, as well as nonlinear Diophantine equations.
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Groningen: P. Noordhoff, 1960. 72 pp. (Paper)
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Scandinavica (Denmark) 4:95-107; 1956.
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668]). M.Mag. 41:100; Mar. 1968.
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%%+ oy 42— 20y — 2%z — 292 = 0.
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Sandkuhle, Raymond. The equation A4* + B% = (3. Rec.M.M., no. 14, pp. 15-16;
Jan.-Feb. 1964.

2.3 Fermat Numbers

The- mumbers of the form 22" 4 1, where n.is a positive integer. The
first ¢ rmat numbers are thus 3, 5, 17, and 257. Fermat believed that
? ?

numbers of this form were always prime, but Euler found that the sixth Fermat
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number (n = 351, ie., 1 4 2¢° = 4,294,967,297, is not a prime, as it is di-
visible by 641.

Beiler. Albert L. Recreations in the Theory of Numbers. New York: Dover Pub-
lications, 1964.
“Round the perimeter,” pp. 173-84. Relation of Fermat numbers to in-
seriptability of regular polygons.

Carmichael, R. D. Fermat numbers I, = 22" + 1. Am.d.Mo. 26:137; 1919,

Paxson, G. A. The compositeness of the thirteenth Fermat number. Mathematics
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Robinson, R. M. Mersenne and Fermot numbers. Proceedings, American Mathe-
matical Society 5:842; 1954.

Selfridge, J. L. Factors of Fermat numbers. Mathematical Tables and Other Aids
to Computation 7:274; 1953.

2.4 Fermat Theorems

It was Fermal’s habit to write notes in the margins of his books. In one of
them he wrote: “However, it is impossible lo write a cube as the sum of two
cubes, a fourth power as the sum of two fourth powers, and in general, any
power heyond the second as the sum of two similar powers. For this I have
discovered a truly wonderful proof, but the margin is too small to contain it.”

Beiler, Albert IL. Recreations in the Theory of Numbers. New York: Dover Publi-
cations, 1964.

Chapter 6, pp. 39-48: Fermat’s theorem; bibliography, 26 references. Also,
chapter 24: Fermat’s last theorem; bibliography, 23 references.

Bel'. E. . The Last Problem. New York: Simon & Schuster, 1961, 308 pp.

Discussion of Fermat’s last problem, with many entertaining historical
sidelights.

Fermat's last theorem. Ree.M.M., no. 12. pp. 52-53: Dec. 1962.
Brief historical note.

Klein. Felix, et al. Famous Problems and Other Monographs. New York: Chelsca
Publishing Co., 1962.

Contains essay by L. J. Mordell on “Fermat’s Last Theorem.”
Lehmer, D. H. On the converse of Fermat's theorem. Am.M.Mo. 43:347; 1936.

Lehmer. D. H. A further note on the converse of Fermat’s theorem. Bulletin,
American Mathematical Society 34:54; 1928.

Lehmer, D. 1L Test for primality by the converse of Fermat's theorem. Bulletin,
American Mathematical Society 33:327; 1927.

Mordell, L. J. Three Lectures on Fermat's Last Theorem. 1921, 31 pp.
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Tietze, H. Famous Problems of Mathematics. New York: Craylock Press, 1965.
“Fermat's Last Problem.” pp. 277-303,
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2.5 Fibonacci Numbers

The Fibonacci sequence of numbers, originating in a thirteenth-century
curiosity concerning the propagation of rabbits, is one of the most fascinating
aspects of number theory and geometry. The properties and ramifications of
the Fibonacci sequence and the related Lucas sequence are amazing and
seemingly endless. They are related to the characteristic ratio of the Golden

Section, ¢ = (1 + /5) /2. For example:

Fibonacci sequence: 1,1, 2,3, 5, 8,13, ...

Lucas sequence: 1, 3,4, 7, 11, 18, 29, . . .
¢ =(V5+1)/2 $'=GBVE+ 7)/2
¢* = (V5+3)/2 $° = (54/5 +11) /2
¢ = (2V54+4) /2 ¢ = (84/5 4 18) /2

In recent years the literature on Fibonacci numbers has grown to unbelievable
proportions, as attested by the files of the Fibonacci Quarterly. The following
entries, more or less typical, represent but a very small fraction of the avail-
able source material, the selection having been frankly arbitrary.

Alfred, Brother. An Introduction to Fibonacci Discovery. San Jose, Calif.: San
Jose State College, 1965. 56 pp. (Pamphlet)
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Section, continued fractions. etc.

Alred, Brother. Relation of zeros to periods in the Fibonacci sequence modulo «
prime. Am.M.Mo. 71:897-99; 1964.

Alired, Brother, and Wunderlich, Marvin. Tables of Fibonacci Eniry Points. San
Jose, Calif.: Fibonacci Association, 1965. 54 pp. (Multigraph)

Arkin, Joseph. An extension of the Fibonacci muinbers. Am.M Mo. 72:275-79;
Mar. 1965.
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Basin. S. L. The Fibonacci sequence as it appears in Nature. Fib.Q., Feb. 1963,
pp. 53-56.

Basin. S. L. Generalized Fibonacci sequences and squared rectangles. Am.M.Mo.
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Basin, S. L., and Hoggan. ¥. E. The first 571 ribonacci numbers. Rec.M.M,,
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A complete list of F1 through #571.

Berg, Murray. Phi, the Golden Fatio {to 4,599 decimal places), and Fibonacci
numbers. Fib.Q. 4:157-62: Apr. 1966.

Buchanan. Floyd. N-th powers in the Fibonacci series. Am.M.Mo. 71:647-49;
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Buchanan. Floyd. Retraction of “N-th powers in iie Fibonasci Series.”™ Am.M.Mo.
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Cloud, J. D., and Jackson. W. D. Number of Fibonacci numbers not exceeding .
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A number of the form M, = 2 — 1, where p is prime, is called a Mersenne
nunber. Some Mersenne numbers are composile, others are prime numbers.
As of 1963, the existence of twenty-three Mersenne primes was known, e.g.,
forp==2,3,5,7, 13, 19, 31....9,689, 9,941, and 11.213. The three largest
were discovered by the use of an Illiac 11 electronic compuler in a maller of
a few hours.

Brillhardt. J.. and Johnson, G. . On the factors of certain Mersenne numbers.
Mathematics of Computation 14:365; 1960.

Hurwitz, A. New Mersenne primes. Mathematics of Computation 16:249; Apr.
1962.

Kravitz, Sidney. Distributions of Mersenne divisors. Mathematics of Computation,

July 1966.

Kravitz. Sidney. Mersenne numbers, Rec.l.M., no. 8, pp. 22-24; Apr. 1962.




NUMBER THEORY AS RECREATION 33

Kravitz, Sidney, and Bereg. Murray. Reecent research in Mersenne numbers.
RecMAL, ne. 11, p. 40; Oct. 1962,

Lehmer, D. H. Note on Mersenne numbers. Bulletin, American Mathematical
Society 38:383; 1932

The Mersenne primes. the Robinson primes. the 19th and 20th perfect numbers.
Recl AL, no. 8. pp. 25-31; Apr. 1962.

Powers, R. E. Note on a Mersenne number. Bulletin, American Mathematical
Society 40:883; 1934.

Riesel, H. All factors of ¢ less than 10% i+ all Mersenne numbers, p prime Jess
than 101 Mathematics of Computation, Oct. 1962, p. 478.

Riesel, II. Mersenne numbers. Mathematical Tables and Gther Aids to Compu-
tation 12:207-13; 1958.

Robinson, R. M. Mersenne and Fermat numbers. Proceedings, American Mathe-
matical Society 5:842; 1954.

ULler, H. S. A brief history of the investizations in Mersenne numbers and the
Jatest intnense primes. Scrip.M. 18:122-31; 1952,

Uhler. II. 5. Note on the Mersenne numhers Mis; and Mias. Bulleting American
Mataematical Society 52:178; 1946.

Uhller, H. . On Mersenne’s number Mazz and cognate data. Bulletin, American
Mathematical Society 54:378; 1048,

Uhler, H. S. On Mersenne’s number Migs and Lucas® sequenc.s. Bulletin, Amer-
ican Mathematical Society 53:162; 1947,

2.7 Number Theory: Genearal

“The most peauvadul theorems of hi;" 2r arithmetic have this peculiarity,
that they are easily discovered by induc.ien, while on the other hand their
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Chelsea Publishing Co.. 1952. Chap. 12. pp. 337-46.

Elkin. J. M. A general rule for divisibility based on the decimal expansion of the
reciprocal of the divisor. Am.Al.3lo. 59:316-18; May 1952.

Elkin, J. M. Repeating decimals and tests for divisibility. ALT. 57:215-18; Apr.
1964.

Feiner, Henri. Divisibility test for 7. J1.7T. 58:429-32; Mav 1965.

Jordan, John Q. Divisibility tests of the noncongruence type. AT, 58:709-12;
Dec. 1965.

Maxwell. E. A. Division by 7 or 13. #.Ce=. 49:84; Feb. 1965.

Morton, Robert L. Divisibility by 7, 11, 13 and greater primes. Mathematics
Student Journal, vol. 14, no. 1, pp. 1-3; Nov. 1966.

Morton, R. L. Divisibility by 7, 11, 13 and greater primes. AM.T. 61:370-73;
Apr. 1968.

Pruitt, Robert. A general divisibility test. ALT. 59:31-33; Jai. 1966.
Seymour, K. A. A general test for divisibility. M.T. 56:151-54; Mar. 1963.

Stastny, Sister M. Barbara. Divisibility patterns in number hases. 1.7 58:308-10;
Apr. 1965.

Vandiver, H. S. Divisibility problems in number theory. Scrip.M. 21:16; 1955.

Williams, Wendell. A complete set of clementary rules for testing divisibility.
M.T. 56:437-42; Oct. 1963.




Chapter 3

Geometric Recreations

3.1 Apollonian Problem
Oue of the most celebrated geometric problems of anliquity required to
construet the circle or circles tangent {internally or extemally) to three given
circles. Depending upon the given coufiguration, there may be as many as
eight circles satifying the conditions of the problem, or there may be none.

Beecroft, Philip. Properties of circles in mutual contact. Ladies and Centlemen’s
Diary, 1842, pp. 91-96; 1846, p. 51.

Coxeter, H. S. M. The problem of Apollonius. Am.M.Mo. 75:5-15; Jan. 1968.

Johnson, R. A. Adwvanced Euclidean Geometry. New York: Dover Publications,
1960.

Solution of the Apollonian problem, pp. 117-21.

Muirhead, R. F. On the number and nature of the solutions of the Apollonian
contact problem. Proceedings, Edinburgh Mathematical Society 14:135-47;
1806.

Pedoe, Daniel. On a theorem in geometry. Am.M.Mo. 74:627-40; 1967.
Material related to the problem of Apollonius.

Soddy, Frederick. The kiss precise. Nature 137:1021; 1936.

3.2 The Arbelos

The arbelos of Archimedes, known also as the “shoemaker’s knife” which
it somewhat resembles, is a plane figure bounded by three semicircles whose
centers lie on the same straight line segment, such that the sum of the diam-
eters of the two smaller semicircles (lying on the same side of the segment)
equals the diameter of the larger semicircle. Upon close study, the configura-
tion reveals an amazing number of unexpected properties.

The Arbelos. [Problem 127]. M.Mag. 26:111-15; Nov.—Dec. 1952.
The Arbelos. [Problem 137). N.M.M., May 1937, p. 398.

Bankoff, Leon. The Fibonacci arbelos. Scrip.ii. 20:218; 1954.
Bankofl, Leon. A geometrical coincidence. M.Mag. 37:324; 1964.
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Bankoff, Leon The golden arbelos. Scrip.M. 21:70-76; 1955.

Bankoff, Leon. A mere coincidence. Los Angeles Mathematics Newsletter, vol. 2,
no. 1, p. 2; Nov. 1954.

Properties of the arbelos.
Fontené, M. G. Nouvelles Annales de Mathématiques, Oct. 1018, pp. 383-90.

Fourrey, E. Curiosités Géométriques. 3d ed. Paris: Vuiba:: et Nony, 1920.
Arbelos of Archimedes, pp. 401-3.

Gaba, M. G. On z generalization of the arbelos. Am.M.Mo. 47:19-24; 1940.
Goormatigh, M. R. [The arbelos]. Mathesis, 1936; pp. 83-86.

Heath, Sir Thomas L. A History of Greek Mathematics. Vol. 2. Oxford: Claren-
don Press, 192).; pp. 101-3, 371-77.

Heath, Sir Thomas L. The Works of Archimedes. Cambridge University Press,
1897. Reprint. New York: Dover Publications, 1953; pp. 304-8.

Johnson, Roger. Modern Geometry. Boston: Houghton Mifflin, 1929; pp. 116-17.
d’Ocagne, M. [The arbelos]. L’Enseignement Mathématique, 1934; pp. 73-71.
Thébault, Victor. Am.M.Mo. 47:640-42; Nov. 1940.

Thébault, Victor. Ar-ales de la Société scientifique de Bruxelles. Oct. 5, 1949,
pp. 1-8; June 1952, pp. 41-47.

Thébault, Victor. Bulletin de la Societé Mathématique de France, 1944, pp. 68-75.

Thébault, Victor. L’'Enseignement Mathématique, 1934, no. 5-6, pp. 349-59; 1635,
no. 5-6, pp. 309-24.

Thébault, Victor. Gazeta Matematica, 1931, p. 325.

Thébault, Victor. Mathesis, 1931, pp. 192-284; 1934 (Supplement), p. 28; 1935
(Supplement, 1i pp.); 1936 (Supplement, 12 pp.); 1952, no. 5-6 (Supple-
ment), pp. 41-48.

Thébault, Victor. Scrip.M. 15:82-87; Mar. 1949,

Thomas, Ivor. Greek Mathematical Works. Harvard University Press, 1951. Vol.
2, pp. 578-79.

Ver Eecke, Paul. Oecuvres complétes d’Archiméde. Brussels and Paris. 1921: pp.
526-31.

Ver Eecke, Paul. Pappus d’Alexandrie: la collection mathématique. 2 vols. Paris:
Desclée de Brouwer et Cie; vol. 1, pp. 155-77.

Watson, M. R., and others. Circle inscribed in the arbelos. MMag. 26:111-15;
Nov.-Dec. 1952.

Gives seven or eight different proofs for the radius of the inscribed circle.

3.3 The Butterfly Problem

__Let C be the midpoint of any arbitrary chord @f a given circle; then if
DE and FG are any two chords through C, then CH = HI, where II is the
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intersection of AB and 5_15, and ,I_E the intersection of AB and I;'J“E;_also_,j
EG meets 4B extended in J, and DF meets AB extended in K, then CJ = CK.

This so-called “butterfly” property can be shown to hold for ellipses and
ovals as well as for circles.

Busemann, H. The Geometry of G« udesics. New Yo, k: Academic Press, 1955.

Chakerian, G. D.; Sallee, G. T.; and Klamkin, M. S. On the butterfly property.
M.Mag. 42:21-23; Jan. 1969.

Charosh, Mannis. Problem #1 (The Butterfly problem). Association of Teachers
of Mathematics of New York City, vol. 1, no. I, p. 11; Jan. 1945.

Interesting proof which makes use of the properties of radical axes of
circles.

Eves, Howard. A4 Survey of Geometry. Boston: Allyn & Bacon, 1963. Butterfly
problem, p. 171.

Jacobson, William. The butterfly problem—extensions, generalizations. M.Mag.
42:17-21; Jan. 1969.

Klamkin, Murray. An extension of the butterfly problem. M.Mag. 38:206-8;
Sept. 1965.

3.4 The Crossed Ladders

Like the cat in the alley, the problem of the crossed ladders seems also to
have nine lives. Two ladders of known but unequal lengths are crossed, with
their feet respectively at the bases of two walls encompassing an alley. If the
height above the pavemant of the point at which the ladders cross is known,
the problem is to find the width of the alley. The use of similar triangles leads

to a quartic equation, which is awkward. Many methods have been used:
graphic, trigonometric, and iteration formulas.

Anning, Norman. New slants on old problems. M.T. 45:474-75; Oct. 1952.
A trigonometric approach to the crossed-ladder problem.

Arnold, H. A. The crossed ladders. M.Mag. 29:153-54; Jan-Fel. 1956.
Solution by an iteration formula.

Crossed-ladder Problem. M.Gusz. 47:133-36; 1963.
Crossed Ladders in an Alley. M.T. 48:58-59: Jan. 1955.

Graham, L. A. The Surprise Attack in Mathematical Problems. New Yérk: Dover
Publications, 1968.

“Searchlight on Crossed Ladders.” pp. 16-18.

James, Ricky. The crossed ladders. Mathematics Student Journal, vol. 7. no. 3,
p. 4; Mar. 1960.
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Ladder problem. The New Jersey Mathematics Teacher, vol. 24, no. 1, pp. 19-20;
Oct. 1966.

Problem #2836. Am.M.Mo. 29:181; Apr. 1922,
Problem #3173. Am.M.Mo. 34:50; Jan. 1927,

Problem E210. Am.).Mo. 43:642-43; Dec. 1936.

Determines the set of integers involving the smallest integral length of the
longest ladder; « = 105, b = 87, ¢ = 35, d = 63.

Problem E433. Am.0.Mo. 48:268-69; Apr. 1941.

A four-parameter solution for determining sets of integers.
Problem E616. Am.M.Mo. 51:592; Dec. 1944.
Problems No. 35 and 41. Mathematics News Letter 8:65-68; 1933.
Problem #567. N.M.M. 19:205-7; Jan. 1945.

A general solution using trigonometry.
Problem #32. Pentagon 10:98; Spring 1951.

Given, « = 40, b = 30, ¢ = 10; found, d = 26.04.
Problem #131. S.S.M. 9:174; Feb. 1909.
Problem #1194. S.S.M. 32:212: Feb. 1932.

Given, a =100, ) = 80, ¢ = 10; found, d = 79.10.
Problem #1498. S.S.M. 37:860-61; Oct. 1937.

Given, « = 40, b = 30, ¢ = 15; found, d = 15.99.
Problem #2116. S.S.M. 49:244-45: Mar. 1949.

Given, ¢ = 60, b = 40, ¢ = 15; found, J = 33.75.

Scarborough, J. B. Numerical Mathematic-l Analysis. Baltimore: Johns Hopkins
Press, 1950, p. 201.

Smith, C. D. The trapezoid of two crossed ladders. M.Mag. vol. 29, no. 5, p. 259;
1956.

Struyk, Adrian. Crossed ladders in an alley. M.T. 48:58-59; Jan. 1955.

Sutcliffe, Alan, and Janusz, Gerald. Integral solutions of the ladder problem.
Am.M.Mo. 73:1125-27; Dec. 1966.

Gives a solution in which the distance between the tops of the ladders is
also integral.

Yates, Robert C. The ladder problem. S.S.0. 51:400-401; May 1951.
A graphical solution.

3.5 Curves and Their Construction

“Mathematicians have a habit of studying, just for the fun of it, things that
seem ullerly uscless; then centuries later their studies turn out to have
enormous scientific value. There is no better example of this than the work
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done by the ancient Greeks on the noncircular curves of second degree: the
cllipse, parabola, and hyperbola.”—Martin Gardner, New Mathematical Di.
versions from “Scientific American ™

Artobolevskii, I. I. Mechanisms for the Generation of Plune Curves. New York:
Macmillan, 1964.

Beran, Hugo. The Witeh of Agnesi. Scrip.M. 8:135: 1941,

Bergman, Ronald. Something new behind the 8-ball. Ree.M.M., no. 14, pp. 17-19;
Jan~Fels. 1964.

About elliptipool.

Besant, William Henry. Notes on Roulettes and Glissettes. Cambridge (England),
1870, 1890.

Burbach, Sister M. Annunciata. Conic sections and their constructions. M.T.
56:443-46; Oct. 1963.

Byrre, Sister Maurice Marie. A geometrie approach to the conic sections. M.T.
59:348-50; Apr. 1966.

Cady, W. G. The circular tractrix. dm.M.Mo. 72:1065-71; Dec. 1965.
Couch, John. Mechanical solution of cubic equations. Pentagon 15:15-17; 1955.

Cozens, W. H. The lost chord. Rec.M .M., no. 10, pp. 17-19; Aug. 1962.

Loci, such as the cardioid and nephroid, traced by a moving chord in a
circle.

Cozens, W. H. The lost chord again. Rec.M.M., no. 12, pp. 3-5: Dec. 1962.

Domoryad, A. P. Mathematical Games and Pastimes. New York: Pergamon Press,
1964.

Construction of curves: pp. 166-87.

Easton, Joy B. Johan de Witt’s kinematical constructions of the coniecs. M.T.
56:632-35; Dec. 1963.

Frost, P. Curve Tracing. New York: Chelsea Publishing Co., 1960.

Gardner, Martin. Curious properties of a cycloid curve. Sci.dm. 211:110-16;
July 1964.

Gardner, Martin. New Mathematical Diversions from Scientific American. New
York: Simon & Schuster, 1966.
The ellipse, pp. 173-83.
Gardner, Martin. Piet Hein’s superellipse, superegg, ete. Sci.Am. 213:222-32;
Sept. 1965.
Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster, 1969.
Spirals, pn. 103-13.

Hicken, Baron B. Some interesting mathematical and optical properties of
parabolas and parabolic surfaces. S.S.1/. 09:109-17; Fch. 1969.

Lg%




46 RECREATIONAL MATHEMATICS

Hilbert, David, and Colin-Vossen, S. Geometry and the Imagination. New York:
Chelsea Publishing Co., 1956.

“The Simplest Curves and Surfaces,” pp. 1-24.

Johnson, Donovan, Curves in Space. New York: MeGraw-Hil Book Co., Webster
Div., 1963. 64 pp.. paper.

Kempis, Sister Mary Thomas a. The walking polyglot. Scrip.M. 0:211~17; 1939.

Larsen, Harold. T he Witch of Agnesi. J.R.M. 1:49-53; Jan. 1968,

Lockwood, E. 1. 4 Boot of Curves. Cambridge University Press, 1961. 199 pp.
An elementary discussion_l of how to draw plane curves, including ronijc
sections, cycloijdal curves, spirals, and envelope methods.

Magidson, Richard, Constructions of conjes. Mathematics Student Journal, vol.
14, no. 1, pp. 3-5; Nov. 1966.

Methods of determining individual points on the parabola, ellipse, and
hyperbola by means of straightedge and compass,

Ogilvey, C. S. Through the Mathescope, New York: Oxford University Press, 1956.
Chapter 7: “Wheels within Wheels™ (Cycloids and other roulettes).
Rademacher, Hans, and Toeplitz, Otto. The Enjoyment of Mathematics. Prince-

ton, N.J.: Princeton University Press, 1957.
Chapter 10: “Qn Closed Self-imersecting Curves.”

Struyk, Adrian, and Clifford, Paul C., eds. Theme baper. a ruler and the parabola,

hyperbola, centra] conics. AM.T. 46:588-90 47:29-30; 47:189-93: Dec. 1953;
Jan. 1954; Mar. 1954,

Walker, R. J. Algebraic Curves. New York: Dover Publications, 1962.

Yates, Robert C. Curves and Their Properties. Ann Arbor, Mich.: J. W. Edwards,
1947. 245 pp.
Yates, Robert C. iy cardioid. M.T. 52:10-15; Jan. 1959,
Linkages for constructing the cardioid; curve stitching; application to cams,

Zwikker, C. The Advanced Geometry of Plane Curves and their Applications.
New York: Dover Publications, 1963,

3.6 Curves of Constant Widih

When a heavy load, say a small steel safe, is moyed horizontally on cylin-
drical rollers, the load moves parallel to the ground. This is because the
cross-section of an ordinary cylindrical roller is a circle, and the distance
between two paralle] tangents to a circle is constant, A circle is thus a curve
of constant width; the width of a circle is the perpendicular distance between
parallel tangents.

Curiously, the circle is n L the only curve of constant width. In fact, there
are infinitely many curves of conslant width. One of the best known and
simplest is the so-called Reuleaux triangle, formed Ly three circular ares witl
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centers at the vertices of an equilateral triangle whose side equale their radii.

Such curves find useful applications in mechanics and engineering, as,
for example, in the design of drills for square holes, or in the design of cams
to produce halted motion in feed mechanisins, and similar devices.

Besicovitch, A. S. The Kakeya Froblem. Am.M.Mo. 70:697-706; Aug.~Sept. 1963.

Blank, A. A. A remark on the Kakeya problem. Am.M.Mo. 70:706-11; Aug-
Sept. 1963.

Blaschke, Wilhelm. Kreis und Kugel. Leipzig, 1916; Berlin: W. de Gruyter, 1956.
Cadwell, J. H. Topics in Recreational Mathematics. Cambridge University Press,
1966.
“Newton’s Polygon and Plane Algebraic Curves,” pp. 100-11; “Rators and
Curves of Constant Breadth.” pp. 164-76.
Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster, 1969.
“Curves of Constant Width,” pp. 212-21.

Goldberg, Michael. N-gon rotors making (n -+ 1) contacts with fixed simple
curves. Am.M.Mo. 69:486-91; June-July 1962.

Goldberg, Michael. Rotors in polygons and polyhedra. Mathematics of Computa-
tion, vol. 14, no. 71, pp. 229-39; July 1960.
Extensive bibliography; 36 references.

Goldberg. Michael. Trammel rotors in regular polygons. Am.M.Mo. 64:71-78;
Feb. 1957.

Kelly, Paul. Plane convex figures. NCTM Twenty-cighth Yearbook, 1963; pp.
251-64.
Discrssion of curves of constant width.
Rademacher, H., and Tocplitz, O. The Enjoyment of Mathematics. Princeton,
N.J.: Princeton University Press, 1957; pp. 163-77.
Reuleaux, Franz. The Kinematics of Machinery, 1876. Reprint. New York: Dover
Publications, 1964; pp. 129-46.

Yaglom, I. M., and Boltyanskii, V. G. Convex Figures. New York: Holt, Rinehart
& Winston, 1961 ; chapters 7 and 8.

3.7 Curve-stitching

The relatively simple but fascinating art of curve-stitching appears to have
been spawned by a delightful little booklet by Edith I. Somervell, entitled
A Rhythmic Approach to Mathematics (London, 1906). Many designs, some
simple, others ornate, but all consisting of straight lines made with colorful
threads, are stitched on cards according to some preassigned pattern of
punched holes. Even young children are fascinated by designs that they can
easily execute. In an introduction to this stimulating hooklet, Mrs. Mary

S b ae
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Iiverest Boole, wife of the English mathematician George Booale, tells how this
: o o

method was developed jointly by Boole and the French mathematician

Boulanger.

Birtwistle, Claude. Curve Stitching. London: Association of Teachers of Mathe-
matics, Pamphlet No. 9. 1962. 8 pp.

Cooke, Charles J. The conic sections from their envelopes. Math.Tchg., no. 44,
pp. 10-12; Autumn 1968.

Knowles, Evelyn. Fun with one-to-one correspondence. A.T. 12:370-72; May 1965.

MeCamman, Carol V. Curve-stitching in Geometry. NCTM Eighteenth Yearbook,
1945; pp. 82-85.

3.8 Dissection Problems

In general, geometric dissection problems are concerned with cutting cer-
tain geomeltric figures into other desired figures. It can be shown that any
rectilinear plane figure can be dissected into any other of the same area by
cutling it into a finite number of pieces. As a mathematical recreation, one
often wishes to find how 1o dissect one figure into another figure by dividing
itinto the least possible number of pieces. It is usually impossible to prove
that the minimum number of pieces has been determined, and this is doubt-
less one reason why the subject is far from exhausted. Of course, there are
many other kinds of dissections beside minimal dissections, such as dissecting
a given square into unequal squares, or into acute triangles; dissecting a cube
or a pyramid; Pythagorean dissections; etc.

On the whole, dissection problems offer litle by way of practical applica-
Lions, nor do they involve abstruse mathematical ideas. Indeed, their solution
calls largely for empirical and experimental methods, and challenges the
ingenuily of amateur and seasoned problem-solvers alike.

Boltyanskii, V. G. Equivalent and Equidecomposable Figures. (Trans. from the
Russian.) Boston: D. C. Heath & Co.. 1963. 68 pp. (Paper)

Bibliography; 19 references.

Cadwell, J. H. Some dissection problems involving sums of cubes. M.Gaz., vol. 48,

no. 366, p. 391; 1964.

Cadwell, J. H. Topics in Recreational Mathematics. Cambridge University Press,
1966.

“Disscction Problems in Two and Three Dimensions,” pp. 88-99.
Cozens, W. 1. Pythagorean dissections. Rec.M.M., no. 6. pp. 23-24; Dec. 1961.

Cundy, H. M, and Rolleu, A. P. Mathematical Models. Oxford: Clarendon Press,
1952; chap. 2.
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Dehn, M. Uber den Rauminhalt. 111(11:':cmaliscI‘i'e Annalen (Berlin) 55:465-78;
1902. ;

Domoryad. A. P. Mathematical Games and Pastimes. New York: Pergamon Press,
1964.

Recutting of figures: pp. 158-65.

Dudeney, H. E. Amusements in Mathematics. New York: Dover Publications,
1958; pp. 27-40.

Ehrenfeucht, A. The Cube Made Interesting. New York: Pergamon Press, 1964
83 pp.
Polyhedrons, symmetries, dissections, colored blocks.
Fourrey, E. Curiosités géométriques. 4th ed. Paris, 1938.
Dissections, pp. 109-25.

Fujimura, Kobon. A fundamental dissection problem. J.R.M. 1:124-28; Apr.
1968.

Gardner, Martin. Disscetion of the square into acute triangles. Sci.Am. 202:150;
Feb. 1960. Solution in Sci.Am. 202:176-78; Mar. 1960.
Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster, 1969.
“Geometric Dissections,” pp. 43-51.
Gardner, Martin. Mrs. Perkins’ quilt problem. Sci.Am. 215:264-66; Sept. 1956.
Fibonacei dissections.
Gardner. Martin. Mathematical games. Sci.Am. 205:158-69; Nov. 1961.

Gardner, Martin. New Mathematical Diversions from Scientific American. New
York: Simon & Schuster, 1966.
Paper cutting, pp. 58-69.
Geller, D. P, and Tiner, J. H. Partitions of a rectangle. [Problem 666]. M.Mag.
41:98-99; Mar. 1968.

Goldberg. Michael. A duplication of the cube by dissection and a hinged linkage.
M.Gaz. 50:304-5; 1966.

Goldberg. Michael, and Stewart, B. M. A dissection problem for sets of polygons.
AmaM.Mo. 71:1077-95; Dec. 1964.

Hadwiger, H. Erginmungsgleichheit k-dimensionaler Polyeder. Mathematische
Zeitschrift’ (Berlin) 55:292-98; 1952.

Hadwiger, H. Mittelpunktspolyeder und translative Zerlegungseleichheit. Mathe-
matische Nachrichten (Berlin) 8:53-58; 1952.

Hadwiger, . Zerlegungsgleichheit und additive Polyederfunktionale. Archiv der
Mathematil: (Bascl) 1:468-72; 1948-49.

Hadwiger, H. Zum Problem der Zerlegungsgleichheit der Polyeder. Archiv der
Mathematik (Basel) 2:441-44; 1949-50.

Hadwiger, H. Zum Problem der Zerlegungsgleichheit k-dimensionaler Polyeder.
Mathematische Annalen (Berlin) 127:170-74; 1954.
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Hadwiger. H., and Clur. P. Zerlegungsgleichheit ebener Polygone. Elemente der
Mathematik (Basel) 6:97-106: 1951.

Hawley. Chester. A further note on dissecting a square into an equilateral triangle.
M.T. 53:119-23; Feb. 1960.

Hoffman. Professor. Puzzles, Old and New. London, New York: Frederick Warne
& Co., 1893.

“Dissected™ or conibination puzzles, pp. 74-144.

Hoggatt. V. E.. and Denman. Russ. Acute isosceles dissection of an obtuse tri-
angle. Am.\.Mo. 68:912-13; Nov. 1961.

Hoggan. V. E., and Jamison, F. Dissection of a square into n acute isosceles tri-
angles. Fib.Q. 6:390-92; Dec. 1968.

Jamison. Free. An impossible dissection. Am.M.Mo. 69:550-52; June-July 1962.
Langford, C. Dudley. To pentasect a pentagon. M.Gaz. 40:218; 1956.

Lindgren. Harry. Geometric Dissections. Princeton, N.J.: D. Van Nostrand Co.,
1964. 165 pp.

Lindgren, Harry. Going one better in geometric dissections. M.Gaz. 45:94-97;
May 1961.

Lindgren, Harry. Some approximate dissections. J.R.M. 1:79-92; Apr. 1968.

Lindgren, Harry. Three Latin-cross dissections. Rec.M.M., no. 8. pp. 18-19; Apr.
1962.

Lindgren, Harry. Two six-piece dissections. Am.3.Mo. 64:368-69; May 1957.

Madachy, Joseph. Mathematics on Vacation. New York: Charles Scribner's Sons,
1966. “Geometric dissections,” pp. 15-33.

Malkewitch. Joseph, and Goldberg, Michael. Dissection into squares and equi-
lateral triangles {Problem 707]). M.Mag. 42:158; Mav-June 1969.

Manheimer, Wallace. Solution to Problem E1406. Am.}.Mo. 67:923; Nov. 1960.

Mathematics Staff, University of Chicago. (Six articles on dissection.} M.T.
49:332-43. May 1956; 442-54, Oct. 1956; 585-96, Dec. 1956; 50:125-35,
Febh. 1957; 330-39, May 1957; 51:96-104, Feh. 1958.

Meyer, Andrea L. The movable figures. Pentagon 27:86-95; Spring 1968.

Proofs of equidecomposability by means of parallel translations. rotations,
and line symmetry.

Mind. Nev. R. A problem in construction of triangles. Scrip.dl. 22:296: 1956.

Piwnicki, Frank. Application of the Pythagorean theorem in the figure-cutting
problem. A.T. 55:44-51; Jan. 1962.

A Problem on the Cutting of Squares. M.T. 49:332-43; May 1956.

Rabinowitz, S, and Goldberg, Michael. Dissection diameters. Am.M.}Mo.
76:693-94; June-July 1969.

Sydler, J. P. Sur la décomposition des polyédres. Commentari Mathematici
Helvetici (Zurich) 16:266-73; 1943-44.
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Thomas. John. A dissection problem. M.Mag. 41:187-90; Sept. 1968.
Discussion of the problem: Can a rectangle be dissected into N nonover-
lapping triangles, all having the same area, if N is an odd integer?
Torreyson, H. C,, et al. [Problem #3125.]) S.S.M. 08:161-63; Feh. 1968.
Discussion of the dissection of the Expo 67 symbol made up of eleven
equilateral triangles into a five-pointed star.
Tutte, W. T. The dissection of equilateral triangles into equilateral triangles.
Proceedings, Cambridge Philosophical Society 44:464-82; 1948.
Valens, Evans G. The Number of Things: Pythagoras, Geometry and Humming
Strings. New York: E. P. Dutton & Co., 1754, 189 pp.
Chapters 9, 11.

3.9 Finite Geometries

A “miniature” or finite geomelry is a system of geometry in which the
undefined terms and the postulates are such that the system has only a finite
number of points and a finite number of lines. As might he expected, the
terms “point” and “line” assume meanings somewhat different from the
ordinary meaning or imagery associated with those terms. For example, we
speak of a three-point geometry (which is trivial), or a six-point, or a 25.
point, or a 31-point geometry. Such geometries can be developed analytically,
which reveals an interesting connection between geometry and modular con-
gruences and Galois fields; or they can be developed from the point of view
of geometric transformations. In any event, finite geometries shed consider-
able light on the structure of mathematical systems and on the concept of
isomorphism.

Albert. A. A. Finite planes for the high school. M.T. 95:165-69; 1962.
Bennett, A. A. Modular geometry. Am.M.Mo. 27:357-61; Oct. 1920.
Botts, Tru:.an. Finite planes and Latin Squares. M.T. 54:300-306; May 1961.

Bruck, R. H. Recent advances in the foundations of Euclidean plane geometry.
Am.M.Mo. 62, pt. 2:2-17; Aug.~Sept. 1955.

Contributions to geometry. Am.M.Mo., vol. 62, pt. 2; Aug.~Sept. 1955.
Contains four papers dealing with finite geometrics; bibliographies.

Coxford, Arthur F. Geometric diversions: a 25-point geometry. M.T. 57:561~64;
Dec. 1964.

Cundy. H. Martyn. 25-Point Geometry. M.Gaz. 36:158-66; Sept. 1952.
Dubisch, Roy. Applications of finite arithmetic, III. AT, 95:162-64; 1962.
Edge, W. L. 31-Point Geometry. M.Gaz. 39:113-21; May 1955.
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Fletcher, T. ). Finite geometry by coordinate methods. M.Caz. 37:34~-38; Feb.
1953.

Heidlage, Martha. A coordinate approah to the 25-point miniature geometry.

M.T. 58:109-13; Feb. 1965.
Heidlage, Martha. A study of finite geometry. Pentagon 23:18-27; Fall 1963.
Jones, Burton W. Miniature geometries. M.7. 52:66-71; Feb. 1959.
MacNeish, H. F. Four finite geometries. Am.M.Mo. 49:15-23; Jan. 1942.
Ot, E. R. Finite projective geometries, PG (k,p"). Am.M.Mo. 44:86-92; 1937.
Read, Ronald. Soup, fish and finite geometries. Rec.M.M. 13:11-16; Feb. 1962

Rickart, C. E. The Pascal configuration in finite projective geometry. Am.M.Mo.

47:89; 1940.

Rosskopf, M. F., and Exner, R. M. Modern emphases in the teaching of geometry.
M.T. 40:272-79; 1947.

Saar, Howard. A miniature geometry. Rec.M.JM. 11:15-16; Oct. 1962.

Singer, James. A theorem in finite projective geometry and some applications to
number theory. Transactions, American Mathematical Society 43:377-85;
1938.

Veblen and Bussey. Finite projective geometries. Transactions, American Mathe-
matical Society 7:241-59; 1906.

Wiseman, John D. Introducing proof with a finite system. M.T. 54:351-52; May
1961.

3.10 The Fourth Dimension

“Perhaps here it may be asked why anyone should be interested in the
fourth dimension at all. . . . Yet its contemplation gives hints of solution of
some of the most absorbing problems of mankind.”—Charles W. R. Hooker,
What Is the Fourth Dimension?

Amir-Moéz, Ali R. Symmetry and Fourth Dimension. Los Angeles Mathematics
Newsletter, vol. 3, no. 2, p. 1; Jan. 1956.
Burger, Dionys. Sphereland. New York: Thomas Y. Crowell Co., 1965. 205 pp.
A worthy companion to Abbott’s well-known classic Flatland: A Romance
of Many Dimensions.

Coxeter, H. S. M. A geometrical background for de Sitter’s World. Am.M.Mo.
50:217-28; 1943.

Advanced; highly technical.

Coxeter, H. S.M. Introduction to Geometry. New York: John Wiley & Sons, 1961.

Chapter 22: “Four-Dimensional Geometry.” Existence of four-dimensional
figures; constructions {or regular polytopes; close packing of equal spheres;
statistical honeycomb.
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Du Val, Patrick. Geometrical note on de Sitter’s "Vorld. Phil.Mag. (6) 47:930-38;
1924. .

Very technical discussion.

Gardner, Martin. Hypercubes: Is it possible to visualize a four-dimensional figure?
Sei.Am. 215:138-43; Nov. 1966.
Gardner, Martin. 1he Uncxpected Hanging. New York: Simon & Schuster, 1969.
“The Church of the Fourth Dimension,” pp. 65-75; “Flatlands,” pp. 136-46.
Gelfand, I. M.; Glagoleva, E. G.; and Kirillov, A. The Method of Coordinates.
Cambridge, Mass.: M. L. T. Press, 1967. 69 pp. (Paper)
Includes an excellent discussion of four-dimensional space, pp. 41-69.

Jacobson, R. A. Spaceland; as viewed informally from the fourth dimension.
M.Mag. 40:174-78; Sept. 1967.

Manning, Henry P. Geometry of Four Dimensions. New York: Dover Publications.
1956. 348 pp.
An unabridged, unaltered republication of the first edition of 1914.

Neville, E. H. The Fourth Dimension. Cambridge, 1921. 55 pp.
Sellers, Norman. The four-dimensional cube. Pentagon 19:30~37; Fall 1959.
Synge, J. L. The geometry of many dimensions. M.Gaz. 33:249-63; Dec. 1949,

Weitzebock, Roland. Der Vierdimensionale Kaum. Basel: Birkhduser Verlag,
1956. 224 pp.

3.11 Geometric Constructions

The study of geometric constructions and gecometrography is an intriguing
area of mathematics which has fascinated mathematicians and laymen from
earliest times to the present. If no restrictions are imposed with regard to
what instruments are permitted, we usually refer to the results as “geometric
drawing,” e.g., the techniques of the draftsman. The phrase “geometric con-
struction” in general assumes, tacitly or otherwise, that the configuration is
to be executed by using certain specific instruments and no others, as for
example, straightedge and collapsible compasses, the classic method of the
Greek geometers.

Amir-Moéz, A. R. Ruler, Compasses and Fun. Lafayette Printing Co., Lafayette,
Ind., 1961. 31 pp. (Paper)

Argunov, B. L, and Balk, M. B. Geometric Constructions in the Plane. Boston:
D. C. Heath & Co. (Pamphlet)

Bierberlach, L. Treorie der geometrischen Konstruktionen. Basel, 1952. 162 pp-

Bold, B. Confounded Problems: A History of Constructions with Straight Edge
and Compass. 1968.
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Dawson, T. R. Match Stick geometry. M.Guz. 23:161-68; 1939,

Gudeaux, L. Applications des methods géométrographie ¢ a tracé méchanique des
courbes planes. L’Enscignement Mathématique, 8:143-46, 370-73; 1906.

Griittner, D. Die Zerlegung geometrischer Zeiclinungen in Konstruktionen Ele-
ments und ihr Anwendung bei Lisung von Aufgaben. ZM.N.U. 39:256-61;
1908.

Hallerberg, A. E. Georg Mohr and Euclidis Curiosi. M.T. 53:127-32; 1960.
Horadam, A. F. Constructions possible by ruler and compasses. M.Gaz. 44:270-76.

Kostovskii, A. N. Geometrical Constructions Using Compasses Only. New York:
Blaisdell Publishing Co., 196i. 78 pp. (Paper)

Lebesgue, H. L. Legons sur les Construcions Géométriques. Paris: Gauthier-
Villers, 1950. 304 pp.

Lemoine, Emile. La géométrographie dans I'espace, ou stereométrographie.
Mathesis 22:105-7; 1902.

Lemoine, Emiie. Principes de géométrographie ou art des consiruetions géomé-
triques. Archiv der Mathematik und Physik 1 (3):99-115, 323-41; 1901.

Marriott, Richard. Geometrical Drawing for Students. London: Methuen & Co.,
1958. 112 pp. (Paper)

McKay, J. S. The geometrography of Euclid’s problems. Proceedings, Edinburgh
Mathematical Society, 12.2-16; 1894.

Moise, Edwin. Elementary Geometry from an Advanced Standpoint. Addison-

Wesley, 1963.
“Constructions with Ruler and Compass,” pp. 214-41.

Norbert, Brother, C.S.C. Polygons drawn easily. S.S.M. 63:560-62; 1963.

Norton, M. Scott. Geometric Constructions. New York: McGraw-Hill, Webster
Division, 1963. 62 pp. (Paper)

Papperitz, E. Geemetrographie. Encyklopidie der Mathematischen W issenschaften
3(1), 4, pp. 528-31, “Geometrie”; 1907.

Peterson, Julius. Methods and Theories for the Solution of Problems of Geo-
metrical Constructions. Bound with V. W. R. Ball’s String Figures and Other
Monographs. New York: Chelsea Publishing Co., 1960. 102 pp-

Rademacher, H., and Toeplitz, O. The Enjoyment of Mathematics. Princeton Uni-
versity Press, 1957.
“The Indispensability of the Compass for the Constructions of Elementary
Geometry,” pp. 177-87.
Ransom, W. R. Diirer’s pentagon. S.S.M. 64:236; 1964.
School Mathematics Study Group. Reprint Series. Edited by W. L. Schaaf.
Georetric Constructions. S.M.5.G., Stanford University, 1967. 41 pp.
Four essays, by R. C. Yates, A. E. Hallerberg, A. L. Hess, and C. W. Trigg;
bibliography.

Shenton, W. F. The first English Euclid. Am.M.Mo. 35:505-12; 1928.
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Smogorzhevskii, A. S. The Ruler in Geometrical Constructions. (Trans. from the
Russian.) New York: Blaisdell Publishing Co., 1962. 86 pp. (Paper)

Tan, Kaidy. How to find the center of a circle. M.T. 56:554-56: Nov. 1963.

Van Veen, S. C. Geometry of Compasses. Th. Constructions of Mascheroni.
Gorinchen: J. Noordijren Zoon, 1951. 134 pp.

Yates, Robert C. Geometrical Tools. St. Louis Educational Publishers, 1949.
Young, G. C., and Young, W. H. Der kl.cne Geometer. Berlin, 1908.

3.12 Geometric Problems and Puzzles

“Now you see it, now you don’t.”

Amir-Moéz, Ali R. Circles and spirals. Rec.M.M., no. 5, pp. 33-35; Oct. 1961.
An Old Triangle Problem. M.Mag. 42:47; Jan. 1969.

To find all the triangles with integral sides such that their areas and
perimeters are the same integer.

Aref, M. N., and Wernick, William. Problems and Solutions in Euclidean Geom-
etry. New York: Dover Publications, 1968. 258 pp. (Paper)

A collection of some 700 challenging “originals,” with solutions given for
about 200 of the problems.

Bradford, Owen. Polyhedra of any dimension. S.S.M. 60:589-92; Nov. 1960.
An extension of Euler’s theorem, ¥ + F = E + 2.

Brider, J. E. A mathematical adventure. Math.Tchg., no. 37, Winter 1966, pp.
17-21; no. 37, Spring 1967, pp. 18-21.

Counting the number of squares and trangles in a composite configuration.

Brooke, Maxey. Dots and lines. Rec.M.M., no. 6, pp. 51-55; Dec. 1961.
Geometric recreations.

Bruyr, Donald Lee. Geometrical Models and Demonstratiors. Portland, Me.:
J. Weston Walch, 1968. 173 pp.
Many diagrams and directions for making models of curves, surfaces, and
solids; for club programs, projects, and personal amusement.

Crown, A. W. The Language of Triangles. Vol. 1. New York: Macmillan Co.,
1964. 115 pp. {Paper)

Dienes, Z. P., and Golding, E. W. Exploration of Space and Practical Measure-
ment. New York: Herder & Herder, 1966. 94 pp.
Games leading to an understanding of geometry and gcometric transforma-
tions, pp. 15-21, 35-57.
Diggins, Julia. String, Straightedge and Shadow. New York: Viking Press, 1965.
160 pp.

A brief elementary overview of the geometry of the ancients, with some
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emphasis on the Pythagorean relationship, the regular polyhedrons, and the
Golden Section.

Dubnov, Ya. S. (Trans. from the Russian.) Mistakes in Geometric Proofs. Bos-
ton: D. C. Heath, 1963. 57 pp. {Paper)

Dunn, James N. Patterns in a square. Math.Tchg., no 41, p. 29; Winter 1967.

Edgcombe, G. Moiré bands. Math.Tchg., no. 26, pp. 21-28; 1964.
Patterns produced by a methodical array of discrete lines, threads, rods,
dots, etc.; such cystems yielding interference effects are called Moiré bands.
Fhrenfeucht, A. The Cube Made Interesting. New York: Pergamon Press, 1964.
23 pp.
Polyhedrons; symmetries; dissections; colored blocks.
Froud, G. R. Thoughts on mowing the lawn. Math.Tchg., no. 37, pp. 52-54;
Winter 1966.

Areas of concentric rectangles; puzzle.
Fujimura, Kobon. Tatami puzzles. J.R.M. 1:36-37; Jan. 1968.
Gogan, Daisy. A game with shmpes. A.T. 16:283-84; Apr. 1969.

Ilustrative of rotations, symmeiry, and congruence; for middle-grade chil-
dren.

Grant, Sinclair. The series 202 — 1. Rec.M.M., no. 11, pp. 37-39; Oct. 1962.

Hammer, Preston. Distances. Mathematics Student Journal, vol. 14, no. 4, pp.
1-2; May 1967.

Hausner, Melvin. The geometry of color. NCTM Twenty-eighth Yearbook, 1965;
pp. 301-10.

Horadam, A. F. Fibonacei sequences and a geometrical paradox. M.Mag.

35:1-11; 1962.

Jacobson, R. A., and Yocom, K. L. Shortest paths within polygons. M.Mag.

39:290-93; Nov. 1966.
Kordemskii, B. A., and Rusalyov, N. V. The Amazing Square. 1952.

Kumar, Santosh. On Fibonacci sequences and a geometric paradox. M.Mag.

37:221-23; 1964.
Mann, Nigel. Dots and lies. Math.Tchg., no. 40, pp. 46-47; Autumn 1967.

Materials for mathematics: links and connections. Math.Tchg., no. 40, p. 33;
Autumn 1967.

Gives a list of some 15 commercially available recreational devices to illus-

trate geometric configurations and constructions.

Meschkowski, H. Unsolved and Unsolvable Problems in Geometry. Oliver & Boyd.

1966.
Moore, Charles G. Pierced polygons. M.T. 61:31-35; Jan. 1968.

Ogilvy, C. Stanley. Tomorrow’s Math. New York: Oxford University Press, 1962.

Geometrical problems, pp. 51-72.
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Oliver, Nina. Flying saucers; a project in circles. A.T. 44:455-57; 1951.
Ranucci, Ernest. Jungle-gym geometry. M.T. 61:25-28; Jan. 1968.
Discussion of the cons:ruction of a jungle gym, a structure made by joining
lengths of pipe, and used as a recreational playground facility.
Ravielli, Anthony. An Adventure in Geometry. New York: Viking Press, 1957.
117 pp.
Hlustrative of geometric forms all about us.
Satterly, John. The trisection of the area of a circle. 3.5.8. 53:124-30; Feb. 1953.

Singmaster, David. On round pegs in square holes and square pegs in round
holes. M.Mag. 37:335-37; 1964.

Smart, James R. The n-sectors of the angles of a square. M.T. 60:459-63; May
1967.

Sutcliffe, Alan. A ladder and wall problem. Am.M.Mo. 74:325-26; Mar. 1967.

Swale, J. H. Geometrical Amusements. London: G. & W. B. Whittaker, 1821.
236 pp.

Synge, J. L. The geometry of many dimensions. M.Gaz. 33:249-63; Dec. 1949.

Valens, Evans G. The Number of Things: Pythagoras, Geometry, and Humming
Strings. New York: E. P. Dutton & Co., 1964. 189 pp.

Wallin, Don. Similar polygons and a puzzle. M.T'. 52:372-73; May 1959.

Wilkins, J. Mathematical Magick, or the Wonders that may be performed by
Mechanicall Geometry. (Reprint of the 1648 edition.) London, 1968. 295 pp.

3.13 Linkages

“The conversion of the easily attained circular motion into motion along a
straight-line is of prime importance to the engineer and the mechanic. . . .
The generation of line motion was no doubt of concern to mathematicians
from the time of Archimedes and, because no solution was apparent, many
confused this problem with that of squaring the circle. A solution was first
given by Sarrus in 1853 and another by Peaucellier in 1864, both of which
lay unnoticed until Lipkin, a student of Tschebyschef, independently re-
created Peaucellier’s mechanism.”—Robert C. Yates, in Multi-Sensory Aids
in the Teaching of Mathematics (18th yearhook of the NCTM).

Andrews, W. R. (On Linkages) Note 276. M.Gaz. 27:149-54; Oct. 1943.

Bennett, G. T. A double four mechanism. Proceedings, Cambridge Philosophical
Society 17 (5):391-401; 1914.

Bennett, G. T. A new mechanism. Engineering, Dec. 1903, p. 777.
Bricard, R. The deformable octahedron. Liousille’s Journal 3:113-48; 1897.
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Cohen, Cecile M. Peaucellier’s and Hart’s linkage. Summation (ATM), vol. 11,
no. 6, pp. 78-81; June 1966.

de Jong, A. E. R. An account of modern kinematics. Transactions, American
Society of Mechanical Engineers 65:613; 1943.

Bibliography.

Duncan, W. J. A kinematic property of the articulated quadrilateral. Quarterly

Journal of Mechanics and Applied Mathematics, vol. 7, pt. 2, pp. 222-25.
1954.

Coldherg, Michael. A duplication of the cube by dissection and a hinged linkage.
M.Gaz. 50:304-5; 1966.

Goldberg, Michael. The Peaucellier linkage on the surface of a sphere. M.Mag.
38:308-11; Nov. 1965.

Coldberg, Michael. A three-dimensiona] analog of a plane Kempe linkage. Journal
of Mathematics and Physics 25:96-130; 1946.

Goldberg, Michael. Tubular linkages. Jfournal of Mathematics and Physics
26:10~-21; 1947.

Macmillan, R. H. (On Linkages) Note 268. M.Cuaz. 26:5; Feb. 1942.

Roxbee-Cox, H. (On Linkages). Proceedings, London Mathematical Society
2, 40:203-16; 1936.

3.14 Lissajous Figures

Lissajous figures are interesting and often heautiful curves resulting from
the interaction of two harmonic motions at right angles. They can be pro-
duced mechanically by means of swinging pendulums (harmonograph) or

by means of differential rotating gear wheels (spirograph); also electrically
(oscillogram).

A set of curves in rectangular coordinates may be given by a system such as
v =g(t),

=h(t),
where ¢ is a parameter. In general, a typical Lissajous curve is represented by

X ==qasin kit

y=>bsinm(t - «).

Beitel, Bradley J. Harmonic vibration figures. Pentagon 27:20-29: Fall 1967.

Cameron, A. J. Mathematical Enterprises for Schools. New York: Pergamon
Press, 1966. 188 pp.

Lissajous figures, pp. 177-81.
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Colwell, R. C. Mechanical devices for drawing Lissajous figures. S.S.M.
36:1005~6; Dec. 1936.

Domoryad. A. P. Mathematical Games and Pastimes. London: Pergamon Press,
1964.

Lissajous curves, pp. 173-77.

Franke, H. W.; Laposky. B. F.; and Hubner, A. Oscillograms and electronic
abstractions. Scrip.M. 22:82, 83, 86, 87; 1956.

Hillman, George. Pendulum patterns. M.T. 51:291; Apr. 1958.
Hilton, Wallace. Lissajous figures. S.S.M. 57:7-8; Jan, 1957.

Laposky, Ben F. Electronic abstractions: mathematics in design. Rec.M.M., no. 4,
pp. 14-20; Aug. 1961.

Leonard, Edward H. A whipped-cream pendulum. Physics Teacher 4:84; Feb.
1966.

Lissajous figures. Science 129:1104; Apr. 24, 1959.
Lissajous figures by analog computer. Science 149:1446; Sept. 24, 1965.
Mechanical toy which draws geometrical designs. Sci.Am. 96:496: 1907.

Moritz, R. E. Cyclic-Harmonic Curves. Seattle: University of Washington Press,
1923.

Newton, H. C. Harmonic Vibrations and Vidratiorn Figires. London: Newton &
Co., 1902.

Nusbaum, Donald. Pendulum patterns. Modern Photography, Nov. 1949, p. 70.
Rigge, W. F. Harmonic Curves. Omaha, Neb.: Creighton University, 1926.
Simpson, E. J. Spirography. Math.Tchg., ne. 36, pp. 10-14; Autumn 1966.

3.15 Malfatti's Problem

Malfatti in 1803 proposed the problem of determining the sizes of three
nonoverlapping circles of the greatest combined area which could be cut
from a given triangle. He believed that the solution consisted of the three
circles which are externally tangent to each other, and each of which is
tangent to two sides of the triangles. These circles are called the Malfatti
circles, and it is now known that the solution is never the set of Malfatti
circles.

Dérrie, Heinrich. 100 Great Problems of Elementary Mathematics. New York:
Dover Publications, 1965.

Malfatti’s problem, pp. 147-151.

Eves, Howard. A Survey of Geometry, vol. 2. Boston: Allyn & Bacon, 1965.
Malfatti’s problem, pp. 245-47.
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Gabai. IIyman, and Liban, Erie. On Goldberg’s inequality associated with the
Malfatti problem. M.Mag. 41:251-52: Nov. 1968.

GoldLerg. Michael. The converse Malfauti problem. AM.Mag. 41:262-66; Nov.

1968.
Goldberg, Michael. On the original Malfatti problem. M.Mag. 40:241-47; Nov.
1967.

Lob, H.. and Richmond, II. W. On the solutions of Malfatti’s problem for a
triangle.  Proceedings, London Mathematical Society 2, 30:287-304; 1930.

Malfatti, Gianfrancesco. Memoria sopra un problema sterotomico. Memorie di
Matematica ¢ di Fisica della Societa Ialiana delle Scienze 10, 1:235-44.; 1803.

Procissi. Angiolo. Questioni connesse col problema di Malfatti e bibliografia.
Periodico di Matematiche (Bologna) 4, 12:189-205; 1932.

3.16 Mascheroni Constructions

The geometry of compasses was developed independently by Georg Mohr
in Denmark in his book Euclides Danicus (1672) and by Lorenzo Mascheroni
in Italy in his Geometria del Compasso (1797). It is pertinent to distinguish
between the “Euclidean compasses™ (a collapsible instrument) on the one
hand, and the modern compasses (with a sel radivs) that can not only
describe a circle (as with the Euclidean compasses) but can also transfer a
distance from one location to another, an operation properly executed by the
dividers. As it turns oul, every operation that can be performed with the
straightedge and dividers can be performed with the straightedge and
Euclidean compasses. However, the converse is not true: the straightedge and
dividers can do more than the straightedge alone, bul not as much as the
straightedge and Euclidean compasses.

Becker. J. P. On solutions of geometrical constructions wtilizing the compasses
alone. A.T. 57:398-403; Oct. 1964.

Court, N. A. Mascheroni constructions. .7T. 51:370-72; May 1958.

Goldberg, M. All geometric constructions may be made with compasses. S.S.).
25:961-65; 1925.

Hallerberg, Arthur. The geometry of the fixed-compass. M.T. 52:230-44; Apr.
1959.

Hlavaty. Julius. Mascheroni constructions. M.T. 50:482-87; Nov. 1957.

Kostovskii, A. N. Geometrical Constructions Using Compasses Only. (Trans.
from the Russian by H. Moss.) New York: Blaisdell Publishing Co., 1959.

Mohr, G. Euclides Danicus. Amsterdam, 1672; Copenhagen, 1928.
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School Mathematics Study Croup. Reprint Series. Edited by W. L. Schaaf.
Mascheroni Constructions. S.M.S.C., Stanford University, 1967. 35 pp.

Fonr essays, by F. Cajori, J. I. Hlavaty, N. A. Court, and W. F. Cheney;
bibliography.

3.17 Morley’s Theorem

Scarcely any geometric relationship could be more simply stated: The three
points of intersection of the adjacent trisectors of the angles of any triangle
form an equilateral triangle. The theorem was first discovered in 1899 by
Frank Morley, whose son Christopher wrote Thunder on the Left and Plum
Pudding, among other works. Characterized by Coxeter as “one of the most
surprising theorems in elementary geometry,” Morley told it to his friends and
it spread among mathematicians by word of mouth. Fifteen years later, a
simple proof was given by W. E. Philip; since then, many other proofs have
been given.

Baker, H. F. Introduction to Plane Geometry. Canbridge University Press, 1943.
Morley’s theorem, pp. 345-49.

Bankoff, Leon. [Morley’s triangle.] M.Mag., Sept~Oct. 1962, pp. 223-24.

Bottema, O. Hoofdstukken nit de Elementaire Meetkunde. The Hague: N. V.
Servire, 1944; p. 34.

Bieri, H. P., and Walker, A. W. A property of the Morley configuration. Am.M.Mo.
75:680-81; June-July 1968.

Childs, J. M. Proof of Morley’s theorem. M.Gaz. 11:171 fl.; 1923. Also, Proceed-
ings, Edinburgh Mathematical Society 32:119-31, 132-56; 1914.

Coxeter, I. S. M. Introduction to Geometry. New York: John Wiley & Sons, 1961.
Morley’s theorem, pp. 23-25.

Demir, Huseyin. A theorem analogous to Morley’s theorem. M.Mag. 38:228-30;
Sept. 1965.

Dobbs. W. J. M.Gaz., Feb. 1938.

Discussion of Morley’s triangle and other equilateral triangles formed by
trisecting exterior angles, etc.

Gambier, B. L’Enseignement Mathématique 4:257-67; 1931.

Garfunkel, J., and Stahl, S. The triangle reinvestigated. Am.27.Mo. 72:12-20;
Jan. 1965.

Properties of the triangle similar to Morley’s theorem.
Grossman, H. P. Am.M.Mo., 1943, p. 552.

Hopkins, E. J. Some theorems on concurrence and collinearity. M.Gaz.
34:129-33; 1950.
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Lorenz, K. Deutsche Mathematik 2:587-90; 1936.

Loria, Gino. M.Gaz. 23:364-78; 1939.

Lubin, C. Am.M.Mo. 62:110-12; 1955.

Morley, Frank. American Journal of Mathematics 51:465-72; 1929.

Morley, Frank. Inversive Geometry. Boston: Ginn & Co., 1933; p. 244.
Morley’s Theorem. [Problem 16381.] Educational Times, July 1, 1908, p. 307.
Morley Triangles. Am.M.Mo. 72:548-49; May 1965.

Morley’s Theorem. Math.Tchg., no. 34, pp. 40-41; Spring 1966.

Naraniengar, M. T. Morley’s theorem. Educational Times, New Series 15:47;
1909.

Neidhart, G. L., and Milenkovich, V. Morley’s triangle. M.Mag. 42:87-88; Mar.
1969.

Penrose, Roge:. Morley’s theorem. Eureka 16:6-7; 1953.
Peters, J. W. The theorem of Morley. N.M.M. 16:119-26.
Rose, Haim. A simple proof of Morley’s theorem. Am.M.Mo. 71:771-73; 1964.

Satterly, John. The Morley triangle and other triangles. S.S.M. 55:685-701; Dec.
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Taylor, F. G., and Marr, W. L. Proceedings, Edinburgh Mathematical Society
32:119-50; 1914,

Thébault, Victor. Recreational geometry; the triangle. Scrip.M. 22:14-30, 97-105;
1956.

Proofs of Morley’s theorem, p. 25 ff.
Vandeghen, A. A note on Morley’s theorem. Am.M.Mo., 1965, p. 638.
Venkatachaliengar, K. Am.M.Mo. 65:612-13; 1958.

3.18 Optical lllusions

Various types of optical illusions are well known: for example, illusions
created by angles; equivocal figures, often involving shading; depth and dis-
tance illusions; deceptions due to misuse of perspective; illusions caused by
contour and contrast; illusions involving color, chromatic abberation, and
after-images; etc. Many of these involve mathematical concepts and geometric
properties; all of them involve physiological or psychological considerations.

Beeler, N. ., and Branley, F. M. Experiments in Optical [llusions. New York:
Thomas Y. Crowell Co., 1951.
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Brandes, Louis G. An Introduction to Optical Illusions. Portland, Me.: J. Weston
Walch, 1956. (Unpaged).

Gregory, Richard. Visual illusions. Sci.Am. 219:66~76; Nov. 1968.
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Optical illusions, pp. 15-25.
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Tolansky, S. Optical Illusions. New York: Pergamon Press, 1964. 156 pp.

3.19 Squaring the Square—Squared Rectangles

The problem of subdividing a square into smaller squares, no two of which
are alike, is a special kind of dissection problem long believed to be unsolvable.
Today, by means of electrical-network theory, the “square has been squared.”

Along the same lines, we note that a squared rectangle is a rectangle that
can be dissected into a finite number (two or more) of squares. If no two of
these squares have the same size, the squared rectangle is said to be perfect.
The order of a squared rectangle is the number of constituent squares. It is
known that there are just two perfect rectangles of order 9, and none of order
less than 9.

Basin, S. L. Generalized Fibonacci sequences and squared rectangles. Am.M.Mo.
70:372-79; 1963.

Bouwkamp, C. J. On the construction of simple perfect squared squares. Konin-
klijke Nederlandsche Alkademie van IV etenschappen, Proceedings 50:1296-99; !
1947. |

Bouwkamp, C. J. On the dissection of rectangles into squares (I-III). Koninklijke
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50:58-78; 1946-47. 1

Bouwkamp, C. J.; Duijvestijn, A. J. W.; and Medema, P. Catalog of Simple
Squared Rectangles of Orders 9 through 15. Department of Mathematics,
Technische Hogeschool, Eindhoven, Netherlands, 1960.

Brooks, R. L.; Smith, C. A. B.; Stone, A. H.; and Tutte, W. T. The dissection
of rectangles into squares. Duke Mathematical Journal 7:312-40; 1940.
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Duijvestijn, A. 1. W. Electronic Computation of Squared Rectangles. Thesis.
Eindhoven, Netherlands: Philips Computing Centre, 1962.

Federico, P. J. A Fibonacci perfect squared square. Am.M.Mo. 71:404~6; 1964.

Federico, P. ]. Note on some low-order perfect squared squares. Canadian Journal
of Mathematics 15:350-62; 1963.

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles
and Diversions. New York: Simon & Schuster, 1961.

“Squaring the Square,” pp. 186-209.

Hawley, Chester. An observation on dissecting the square. M.T. 51:120; Feb.
1958.

Rollett, A. P., and Wyler, Oswald. Squares in the Fibonacci series. Am.M.Mo.
71:220-22; 1964.
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47:48, 570; 1940.

Stone, A. H. Question E401 and solution. Am.M.Mo. 47:570-72; 1940.

Tutte, W. T. The quest of the perfect square. Am.M.Mo., vol. 72, no. 2, pt. 2,
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3.20 Symmetry

“The pedagogical difficulty of comparing the isosceles triangle ABC with
itself is sometimes avoided by joining the apex 4 to D, the midpoint of the
base BC. The median AD may bhe regarded as a mirror reflecting B into C.
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Accordingly, we say that an isosceles Ariangle is symmetrical by reflection, or
that it has bilateral symmetry.”—H. S. M. Coxeter, Introduction to Geometry.
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3.21 Tangrams

The formation of designs by means of seven pieces or tiles cut from a
square, viz., a smaller square, a rhombus, and five triangles, is an Oriental
pastime of Chinese origin, possibly very old. A Greco-Roman version—the
stomachion, or loculus of Archimedes—consisted of fourteen pieces cut from
a rectangle twice as long as it is wide. The variety of figures possible seems
endless, although no mathematical principles are involved.
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New York: Dover Publications, 1968. 52 pp. (Paper)

Note on the Chinese Tangram. Am.M.Mo. 49:596~99; Nov. 1942.
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Chapter 4

Topological Recreations

4.1 Braids, Knots, and String Figures

Technically speaking, a knot is a set of points in space which is topologi-
cally equivalent to a circle. More informally, one can say that a knot is a
curve in space formed by looping and interlacing a piece of string in any
manner whatever and then joining the ends together. Although any two knots
are topologically equivalent, it is not always possible to deform one knot into
the other without breaking the string.

Abraham, R. M. Easy-to-do Entertainments and Diversions, etc. New York: Dover
Publications, 1961. (Paper)
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pp. 101-26; Jan. 1947.
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A reprint of four volumes in one. Includes Julius Petersen, “Methods and
Theories for the Solution of Problems of Geometrical Constructions,” 102
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Barry, Jerome. Leopard Cat’s Cradle. Garden City, N.Y.: Doubleday & Co., 1942.

Bohnenblust, H. F. The algebraical braid group. Annals of Mathematics, (2)
48:127-36; 1947.
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4.2 Flexagons

Not infrequently a discovery or an invention develops from a purely acci-
dental circumstance. This is true of the class of geometric models that can
turn “inside-out,” i.e., a variety of flexagons. They have been known and
studied since 1939, when A. H. Stone, an English graduate studeni at Prince-
ton, stumbled on the idea after idly folding a narrow strip of paper into a
series of triangles. Flexagons have fascinated people ever since.

Ball, W. W. R. Mathematical Recreations and Essays. Editea by H. S. M.
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a graph, which may be described as a network, is simply a geometrical figure
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15:249-71; 1963.

Tutte, W. T. Counting planar maps. J.R.M. 1:19-27; Jan. 1968.

Tutte, W. T. A family of cubical graphs. Proceedings, Cambridge Philosophical
Society 43:457-74; 1947.

Tutte, W. T. On the symmetry of cubic graphs. Canadiar: Journal of Mathematics
11:621-24; 1959.

Tutte, W. T. A theorem on planar graphs. Transactions, American Mathematical
Society 82:99-116; 1956.

Tutte, W. T. A theory of 3-connected graphs. Proceedings, Academy of Science,
Amsterdam 64A :441-55; 1961.

Whitney, H. Nonseparable and planar graphs. Transactions, American Mathe-
matical Society 34:339-62; 1932.

Whitney, H. 2-isomorphic graphs. American Journal of Mathematics 55:245-54;
1933.

Willson, William W. How to abolish cross-roads. Math.Tchg., no. 42, pp. 56-59;
Spring 1968.

Wilson, J. Cook. On the Traversing of Geometrical Figures. Oxford, 1905. 153 pp.

Winthrop, Henry. Collapsible locations and ninimum paths. S.S.M. 68:737-42;
Nov. 1968.

4.4 Hamilton Circuit

The original puzzle, attributed to Sir William Rowan Hamilton, consisted
in finding a travel route along the edges of a regular dodecahedron, where each
vertex represented a different city, in such a way as to pass through each city
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just once. Instead of the dodecahedron one can use a planar graph isomorphic
to the graph formed by the edges of the dodecahedron. Thus a Hamilton line
in a graph is a circuit that passes through each vertex exactly once, although
it does not, in general, cover all the edges.

Camion, P. Chemins et circuits hamiltoniens des graphes complets. Comptes
Rendues 249:2151-52; 1959. .
Fujii, John N. Puzzles ond Graphs. Washington, D.C.: NCTM, 1966.
Euler ~nd Hamilton lines, pp. 23--36.

Gardner, Martin. About the remarkable similarity between the Icosian game and
the Tower of Hanoi. Sci.Am., vol. 196, no. 5, pp. 154-56; May 1957.

Herschel, A. Sir Wm. Hamilton’s Icosizs game. Quarterly Journal of Mathematics
5:305; 1862.

Leaton, E. H. Thoughts about Venn diagrams. Math.Tchg., no. 38, pp. 40-44;
Spring 1967.

Lederberg, Joshua. Hamilton circuits of convex trivalent polyhedra (up to 18
vertices). Am.M.Mo. 74:522-27; May 1967.
Lucas, Edouard. Récréations Mathématiques. Vol. 2. Paris, 1891.
Le jeu d’Hamilton, py. 201-27.

Ore, Oystein. Graphs and Their Uses. New York: L. W. Singer Co., 1963.
Hamilton lines: pp. 28-30.

Quintas, L. V., and Supnick, Fred. On some properties of shortest Hamiltonian
circuits. Am.M.Mo. 72:977-80.

Rapaport, Elvira S. Cayley color groups and Hamilton jines. Scrip.M. 24:51-58;
1959,

Tutte, W. T. A census of Hamiltonian polygons. Canadian Journal of Mathe-
matics 14:402-17; 1962.

Tutte, W. T. On Hamiltonjan circuits. Journal, London Mathematical Society
21:98-101; 1946.

4.5 Lattice Problems; Taxicab Geometry

In ancient cities, streets often followed the contours of hills or the meander-
ings of cowpaths. In modern times, some deliberate pattern is usually dis-
cernible: thus in Washingtor, D. C., streets run radially from a central hub;
in Philadelphia, the pattern is based on generous-sized squares.

Bager, A., and Jacobson, R. A. Number of squares and rectangles on a chess
board. Am.M.Mo. 71:92-93; 1964.

Bizley, M. T. L. Derivation of a new formula for the number of minimal lattice
paths. Journal, Institute of Actuaries 80:55-62; 1954.
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Briggs, Thomas. An analysis of “Square It.” Rec.M.M., no. 4, pp. 52-54; Aug.
1961.

Clarkson, David. Taxicab geometry, rabbits, and Pascal’s triangle—discoveries
in a sixth-grade classroom. A4.7'. 9:308-13; Oct. 1962.

Dots and Squares. The New Jersey Mathematics Teacher 17:16-19; Jan. 1960.

Gardner, Martin. Lattices of integers. Sci.Am. 212:120-26; May 1965.

Application of lattice theory to orchards, billiard tables, and cross-stitch
curve problem.

Gardner, Martin. Mathematical Games. Sci.Am. 217:112-16; July 1967.
A paper-and-pencil game starting with n dots.

Golomb, Solomon W. Paths on arrays of dots. J.R.M. 3:154-56; July 1968.
A collection of ten dot-and-path problems.

Grossman, Howard. Fun with lattice points. Scrip.M. 24:257-60; 1959.

Holladay, J. C. A note on the game of dots. Am.M.Mo. 73:717-20; Aug.-Sept.
1966.

Koob, Mary. Lattice theory. Pentagon 25:11-19; Fall 1965.

Langman, Harry. Play Mathematics. New York: Hafner Publishing Co., 1962.
P. 36: Proof that in an m X n rectangular lattice, m = n, the number of
squares is (n — 1)n(n + 1) (2m — n)/12.

Moser, L., and Zayachkowski, W. Lattice points with diagonal steps. Scrip.M.

26:223-29; 1963.
Bibliography; 9 references.

Ranucci, Ernest. Dots and squares. J.R.M. 2:57-60; Jan. 1969.

Sawyer, W. W. A method of discovery. Mathematics Student Journal, vol. 6,
no. 1, pp. 4-5; Nov. 1958.
Scheid, Francis. Square circles. M.T. 54:307-12; May 19G1.
Discussion of “taxicab geometry” and the “king’s walk.”

Stohr, A. Uber die Anzahl der Wege in einem gewissen Strassennetz. Mathe-
matische Zeitschrift 68:77-81; 1957.

4.6 Map-Coloring Problems

“Considering the fame and tender age of the four-color conjecture, our
knowledge of its origins is surprisingly vague. . . . If cartographers are aware
of the four-color conjecture, they have certainly kept the secret well. But their
lack of interest is quite understandable. . . . Moreover, the coloring of a geo-
graphical map is quite different from the formal problem posed by mathe-
maticians. . . . The four-color conjecture cannot claim either origin or
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application in cartography.”—Kenneth O. May, in the Mathematics Teacher

60:516-17; 1967.

Arnold, Bradford H. Intuitive Concepts in Elementary Topology. New York:
Prentice-Hall, 1962.

“The Four Color Problem,” pp. 43-55; “The Seven Color Theorem on a
Torus,” pp. 85-87. :

Brooks, R. L. On colouring the nodes of a network. Proceedings, Cambridge
Philosophical Society 37:194-97; 1941.

Cadwell, J. H. Topics in Recreational Mathematics. Cambridge University Press,
1966.

“The Four-colour Problem,” pp. 76-87.

Cayley, A. On the colouring of maps. Proceedings, Royal Geographical Society
(N. S.) 1:259-61; 1879.

Cohen, Daniel I. A. Planar maps of convex countries. Am.M.Mo. 72:904; Oct.
1965.

Colored Maps on Spheres. (Problem E 1756). Am.M.Mo. 73:204; Feb. 1966.

Courant, R., and Robbins, H. What Is Mathematics? Oxford University Press,
1941.

“The Four-Color Problem,” pp. 246-48; “The Five-Color Theorem,” pp.
264-67. .

Coxeter, H. S. M. The four-color map problem, 1840-1890. M.T. 52:283-89;
Apr. 1959,

Coxeter, H. S. M. Introduction to Geometry. New York: John Wiley & Sons, 1961.

Chapter 21, “Topology of Surfaces,” deals with orientable and non-

orientable surfaces; regular maps; the 4-color problem; the 6-color prob-
lem.

Coxeter, H. S. M. Map-coloring problems. Scrip.M. 23:11-24; 1957.
Bibliography; 18 references.
Coxeter, H. S. M. The mathematics of map coloring. J.R.M. 2:3-12; Jan. 1969.

Dirac, G. A. Map-color theorems. Canadian Journal of Mathematics 4:480-90;
1952.

Dirac, G. A. On the four-color conjecture. Proceedings, London Mathematical
Society, (3) 13:193-218; 1963.

Dirac, G. A. Percy John Heawood. Journal, London Mathematical Society
38:263-77; 1963.

Bibliography; 40 references.

Dynkin, E. B., and Uspenskii, V. A. Mathematische Unterhaltungen: 1. Mehrfar-
benprobleme. Moscow and Berlin: 1952, 1953, 1955. 65 pp.

Dynkin, E. B., and Uspenskii, V. A. Mechrfarbenprobleme. Berlin: VEB Deutscher
Verlag der Wissenschaften, 1968. 65 pp.

Popular lecture, dating from the original Russian of 1952,
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Dynkin, E. B., and Uspenskii, V. A. Multicolor Problems. Topics in Mathematics.
Boston: D. C. Heath & Co., 1963. 72 pp. (Paper)

Erdis, P.. and Moon, J. W. On subgraphs of the complete bipartite graph.
Canadian Mathematical Bulletin 7:35-39; 1964.

Franklin, Philip. The Four Color Problem. New York: Serip.M., Yeshiva Uni-
versity, 1941.

Franklin, Philip. A six-color problem. Journal of Mathematics and Physics
13:363-69; 1934.

Frink, O. A proof of Peterson’s theorem. Annals of Mathematics 27:491-93; 1926.

Gardner, Martin. New Mathematical Diversions from Scientific American. New
Yc-k: Simon & Schuster, 1966.

The Four-Color Map Theorem, pp. 113-23.
Gardner, Martin. The isiand of five cclors. In Future Tense, ed. Kendell Gros-
sen. Greenberg, 1953.
A sequel to the story of the “No-Sided Professor,” hased on the map-coloring
problem.

Golovina, L. L., and Yaglom, I. M. Induction in Geometry. Boston: D. C. Heath
& Co., 1963.

Map-coloring, pp. 22-44.

Gould, H. W. Note on a combinatorial identity in the theory of bi-colored graphs.
Fib.Q. 5:247-50; Oct. 1967.

Greenwood, R. E., and Gleason, A. M. Combinatorial relations and chromatic
graphs. Canadian Journal of Mathematics 7:1-7; 1955.

Guthrie, Frederick. Note on the colouring of maps. Proceedings, Royal Society of
Edinburgh 10:727-28; 1880.

Heffter, L. Uber das Problem der Nachbargebiete. Mathematische Annalen
38:477-508; 1891.

Hilbert, David, and Cohn-Vossen, S. Geometry and the Imagination. New York:
Chelsea Publishing Co., 1952.

“The Problem of Contiguous Regions, the Thread Problem, and the Color
Problem,” pp. 333-40.

Johnson, E. L. A proof of 4.coloring the edges of a cubic graph. Am.M.Mo.
73:52-55; Jan. 1966.

Koénig, D. Theorie der Endlichen und Unendlichen. Graphen; Kombinatorische
Topologie der Streckencomplexe. 193, Reprint. New York: Chelsea Pub-
lishing Co., 1950. 258 pp.

Bibliography; four-color theorein and related topics.

Lee, C. Y. An enumeration problem related to the number of labelled bi-coloured
graphs. Canadian Journal of Mathematics 13:217-20; 1961.

Leech, J. Seven region maps. M.Gaz. 39:102-5; 1955.
Lorden, G. Blue-empty chromatic graphs. Am.M.Mo. 69:114-20; 1962.
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Lucas, Edouard. Récréations Mathématiques. Vol. 4. Paris, 1891.
La géométrie des régions, le probléme géographique des quatres couleurs,
et les réseaux & points triples, pp. 155-94.

Mathematics Staff, University of Chicago. Coloring maps. M.T. 50:546-50; Dec.
1957.

May, Kenneth O. The origin of the four-color conjecture. M.T. 60:516-19; May
1967; also in Isis, vol. 56 (3), no. 185, pp- 345-48; 1965.

McWorter, W. A. Coloring a generalized map. Am.M.Mo. 75:788-89; Aug—Sept.
1968.

Moon, J. W. Disjoint triangles in chromatic graphs. M.Mag. 39:259-61; Nov.
1966.

Moon, J. W., and Moser, L. On chromatic bipartite graphs. M.Mag. 35:225-27;
1962.
Ore, Oystein. The Four Color Problem. New York: Academic Press, 1967. 259 pp.

Planar graphs; bridges and circuits; dual graphs; Euler’s formula and its
consequences; large circuits; colorations; color functions; formulations of
the four-color problem; cubic graphs; Hadwiger’s conjecture; critical
graphs; planar 5-chromatic graphs; three colors; edge colorations; bib-
liography.

Ore, Oystein. Graphs and Their Uses. New York: L. W. Singer Co., 1963. 131
pp. (Paper)
Map coloring, pp. 109-16.
Powers, Vernon. The four-color problem. Pentagon 18:3-7; Fall 1958.

Rademacher, Hans, and Toeplitz, Otio. The Enjeyment of Mathematics. Princeton,
N.J.: Princeton University Press, 1957.

“The Four-Color Problem,” pp. 73-82.
Ringel, Gerhard. Féirbungsprobleme auf Flichen und Graphen. Berlin, 1959.

Ringel, Gerhard, and Youngs, J. W. T. Solution of the Heawood map-coloring
problem. Proceedings, National Academy of Sciences 60:438-45; 1968.

Saaty, Thomas L. Remarks on the four-color problem; the Kempe catastrophe.
M.Mag. 40:31-36; Jan. 1967.

Sainte-Lagué, A. Les réseaux (ou Graphes). Mémorial des Sciences Mathé-
matiques. Vol. 18. Paris, 1926.

Sauvé, L. On chromatic graphs. Am.M.Mo. 68:107-11; 1961.

Shannon, C. A theorem on coloring the lines of a network. Journal of Mathematics
and Physics 28:148-51; 1949,

Stein, Sherman. Mathematics—The Man-Made Universe. San Francisco: W. H.
Freeman & Co., 1963.
Chapter 13: “Map Coloring,” pp. 175-99,

Tait, P. G. On the colouring of maps. Proceedings, Royal Society of Edinburgh
10:501-3, 728-29; 1880.
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Tietze, H. Einige Bemerkungen iiber das Problem des Kartenfdrbens auf ein.
seitigen Flachen. Jahresberichte Deutsche Math.-Verein 19:155-59; 1910.
Tietze, H. Famous Problems of Mathematics. New York: Graylock Press, 1965.
“The Four Color Problem,” pp. 236-42.

Tutte, W. T. Symmetrical graphs and coloring problems. Scrip.M. 25:305-16;
1961.

Ungar, P. On uiagrams representing maps. Journal, London Mathematical Society
28:336-42; 1953.

Yamabe, H., and Pope, D. A computational approach to the four-color problem.
Mathematics of Computation 15:250-53; 1. ..

4.7 Mazes and Labyrinths

These have been known for many centuries. Who can resist tracing a maze
on paper? Among celebrated mazes we note the ancient Cretan labyrinth at
Cnossus, the legendary twel”h-century maze of Rosamund’s Bower, and the
crude hedge maze at Hampton Court Palace, near London, built in 1690 and
still to be seen.

Dudeney, Henry. Amusements in Mathematics. London, 1917; New York: Dover
Publications, 1958.

“Mazes and How to Thread Them,” pp. 127-37; descriptions of a variety
of mazes and Jabyrinths.

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles
and Diversions. New York: Simon and Schuster, 1961.

“Mazes,” pp. 112-18, brief but sophisticated. Also, “Maze-solving com-
puters,” p. 248, three excellent references to source material.

Gardner, Martin. New Mathematical Diversions from Scientific American. New
York: Simon & Schuster, 1966.

An unusual maze, drawn by Lewis Carrell, p. 57.
Kravitz, Sidney. The Erehwon road system. J.R.M. 3:153; July 1968.
Kravitz, Sidney. Solving maze puzzles. M.Mag. 38:213-17; Sept. 1965.

The Labyrinth of London. Strand Magazine (London) vol. 35, no. 208, p. 446;
Apr. 1908.

An old map of London becomes a maze.

Lockridge, Ross F. The Labyrinth of New Harmony, Indiana. New Harmony,
Ind.: New Harmony Memorial Commission, 1941. 94 pp. (Paper)

Lucas, Edouard. Récréations Mathématiques. Vol. 1. Paris. 1891.
Le jeu des labyrinthes, pp. 39-55.
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Matthews, W. H. Mazes and Labyrinths. London: Longmans Green & Co., 1922.
250 pp.
Definitive work in English.
Ore, Oystein. An excursion into labyrinths. M.T. 52:367-70; May 1959.
Shepherd, Walter. Mazes and Labyrinths. New York: Dover Publications, 1961.
122 pp. (Paper)
Originally published by Penguin Books under the title For Amazement
Only. Collection of fifty mazes.

Trollope, E. Ancient and medieval labyrinths. Archaeological Journal 15:216-35;
1858.

Tutte, W. T. A non-Hamiltonian graph. Canadian Mathematical Bulletin 3:1-5;
1960.
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4.8 The Moebius Strip

A mathematician confided
That a Mdbius band is one-sided,
And you’ll get quite a laugh
If you cut onc in half
For it stays in one piece when divided.

Alexandroff, Paul. Elementary Concepts of Topology. New York: Dover Publica-
tions, 1960.
Page 62: A conic section is cut from a projective plane, and a Moebius
strip remains.

Barr, Stephen. How Lo get imo an argument with a Moebius stripper. Rec.M.M.,
no. 7, pp. 28-32; Febh. 1962.

Clever skit based on the Moebius strip.
Brooke, M., and Madachy, J. S. Some absolutely amazing Afghan bands. Rec.M.M.,
no. 1, pp. 47-50; Feb. 1961.
Interesting properties of the Moebius strip.
Courant. R., and Robbins, H. What Is Mathematics? 3d ed. New York: Oxford
University Press, 1945.
Popular account of the Moebius strip, the cross cap, and the Klein bottle.
Also, reprinted in Newman, World of Mathematics, vol. 1. pp. 595-99.
Coxeter, H. S. M. Map coloring probiems. Scrip.M. 23:11-25; 1957.
Application to Moebius rings and Klein bottles.

Deutsch. A. J. A subway named Moebius. Astounding Science Fiction, Dec. 1950.

Fadiman, Clifton. Fantasia Mathematica. New York: Simon & Schuster, 1958. ‘, |
298 pp.
Contains a number of humorous pieces based on the Moebius band, includ-
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ing “The No-sided Professor,” M. Gardner; “A. Botts and the Mgbius
Strip,” W. H. Upson; “A Subway Named Moebius,” A. J. Deutsch.

Gardner, Martin. Mathematical Games. Sci.Am.; Sept. 1961.

Paper medel of a single surface free of self intersection that has three edges
linked in the manner of Borromean rings.

Gardner, Martin. Mébius band with a triangular edge. Sci.Am.; June 1957.

Gardner, Martin. “The No-Sided Professor.” In The Best from Fantasy and Sci-
ence Fiction. Boston: Little Brown & Co., 1952.

A fantasy based on the Moebius strip; originally appeared in Esquire,
Jan. 1947.

Gardner, Martin. Topology and magic. Scrip.}. 17:75-83; 1951.

Discussion of Afghan bands. See also, Mathematics, Magic, and Mystery
(M. Gardner), Chapter 5.

Gardner, Martin. Two variations of the Afghan band tricks. Hugard’s Magic
Monthly, Dec. 1949.

Gardner, Martin. The World of the Moebius strip. Sci.Am. 219:112-15; Dec.
1968.

Goldberg, Michael. The squaring of developable surfaces. Scrip.M. 18:17-24;
1952.

A Mocbius strip is divided into squares, no two of which are the same size.

Grimes, Lester. Cutting a strip into a chain of five hauds. Annual of Magic,
1938-39; also in Magic Wand, Oct. 1949,

Hayward, Roger. Some studies of the Moebius tape and the Moebius rings.
Rec.M.M., no. 10, pp. 12~16; Aung. 1962.

The intersection of an infinitely wide Moebius strip with itself.

Hering, Carl. A flat band with only one surface and one edge. Sci.Am., Feb. 21,
1914; p. 156.

An early popular description; the author took the trouble to cut out
wooden models.
Klein, Felix. Elementary Mathematics from an Advanced Standpoint. 3d ed.
New York: Dover Publications, 1939.
Technical discussion of Moebius discovery of one-sided surfaces, pp. 17-20.

Klein, Felix. Uber Selbstspannung ehener Diagramme. Mathematische Annalen
07:438; also, Gesammelte Mathematische Abhandlungen 2:642. Berlin, 1922.

Concerning the Moebius phenomena.

Kraitchik, Maurice. Mathematical Recreations. 2d ed. New York: Dover Publi-
cations, 1953.

Fairy chess on a Moebius band, p. 277.

Lefschetz, Solomon. Introduction to Topology. Princeton, N.J.: Princeton Uni-
versity Press, 1949.

The Jordan curve theory on a Mochins strip, p. 80.
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Listing, J. B. Vorstudien zur Topologie, part 10. Gsttingen: Die Studien, 1847.
The first mention of Moebius bands, eight years prior to Moebjus’ work ;
concerned with loop cuts rather than one-sidedness,

Mgbius, A. F. On the determination of the volume of a polyhedron. Collected
Works, vol. 2; Leipzig, 1886; p. 473.

Nelson, James. The Sphinx, Dec. 1926.
A paper band is prepared so that two cuts produce a chain of three inter-
locking bands.

Pedersen, Jean J. Dressing up mathematics. M.T. 61:118-22; Feb. 1968.
Use of a one-sided surface for making a garment in which the wearer never
touches the “inside” of the garment while wearing it.

Research in Combinatjonal Topology concerning the Relation of Self-Penetrations
to Moebius Twists. Mathematics Student Journal, vol. 10, no. 2, pp. 4-5;
Jan. 1963.

Scheffers, G. Die Theorie der Flichen, vol. 2, 2d ed. Leipzig, 1913.

Moebius strip, pp. 41-43.

Stickel, P. Die Entdeckung der einseitigen Flichen. Mathematische Annalen
(Berlin) 52:598-600; 1899.

Sturgeon, Thecdore. What Dead Men Tell. Astounding Science Fiction, p. 122
Nov. 1949.
A fantasy that takes place inside of a hollow Moebius square prism.

Tissandier, Gaston. Les Récréations Scicntifiques. Paris, 1881.
One of the early references to the cutting of Moebius strips as part of a
magic act.
Tuckerman, Bryant. A non-singular polyhedral Mébius band whose boundary is
a triangle. Am.M.Mo. 95:309-11; May 1948.
Description of three polyhedral forms.
Upson, William H. Paul Bunyan versus the conveyor belt. Mathematics Student
Journal, vol. 2, no. 2, p. 1; Apr. 1955.
Reprint of an article in Ford Times, July 1949.

Webersmith, J. C. The red muslin band trick. The Magic W orld, Sept. 1923.

A band is torn in two to make two bands. One of these bands is torn to
produce two linked bands; the other, when torn, forms a single large band.

4.9 Paper Folding—Origami

Folding paper to form plane geometric figures and three-dimensional ob-
jects implies that only paper and pencil are used—no scissors or other tools.
Thus geometric paper folding differs from toy paper folding. Thus it is pos-
sible, by simply folding and creasing, to perform all the hasic constructions of
plane Euclidean geometry that can be executed with the compass and straight-
edge.
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Origami, the age-old Japanese art of paper folding, is concerned with
creating picturesque objects, say a lantern, a swan, a fan, or a sailboat. Some
Japanese children become so expert that they can make an object by starting
with a piece of paper one inch square. In recent years, origami has aroused
considerable interest in America.

Abraham, R. M. Easy-to-do Entertainments and Diversions, etc. New York: Dover
Publications, 1961. (Paper)

Paper folding. pp. 21-48.

Abraham, R. M. Winter Nights Entertainments. New York: E. P. Dutton & Co.,
1933.

Paper folding, pp. 26-63.

Amir-Moéz, A. R. Folding a square into odd numbers of subsquares. S.S.M.
68:377-79; May 1968.

Association of Teachers of Mathematics (England). Paper Folding. Mathematics
Teaching Pamphlet, no. 8. Kent, England, 1963. 8 pp.

Reprint of an article in Math.Tchg., no. 14, by R. M. Fyfe.
Campbell, Margaret W. Paper Toy Making. Pitman, 1937.

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles
and Diversions. New York: Simon & Schuster, 1961.

Origami, pp. 174-85.
Harbin, Robert. Paper Magic: The Art of Paper Folding. Oldbourne Press, 1956.
Honda, Isao. How to Make Origami. McDowell Oblensky, 1959.

Johnson, Donovan A. Paper Folding for the Mathematics Class. Washington, D.C.:
NCTM, 1957. 36 pp.

Kallop. Edward. Planc Geometry and Fancy Figures: An Exhibition of the Art
and Technique of Paper Folding. New York: Cooper Union Museum, 1959.

Lockhart, Alired. Construction of conic sections by paper folding. S.S.M.
7:595-97; Oct. 1907.

Loe, Gerald M. Paper Capers. Chicago: Ireland Magic Co., 1955.

Massoglia, Elinor. Fun-Time Paper Folding. New York: Grosset & Dunlap, 1959.
31 pp. .
Japanese methods simplified for childven.
Murray, William, and Rigney, Francis. Paper Folding for Beginners. New York:
Dover Publications, 1960. 95 pp. (Paper)
A revision of Fun with Paper Folding, F. H. Revell Co., 1928.

Ogilvy, C. Stanley. Conics by paper-folding, Rec.M.AM., no. 1, pp. 22-25; Feb.
1961.

Randlett, Samuel. The Art of Origami: Paper Folding, Traditional and Modern.
New York: E. P. Dutton & Co., 1961.
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Row. T. Sundara. Geometric Exercises in Paper Folding. New York: Dover Publi-
cations, 1966. 148 pp.

Sakade, Florence. Origami: Japanese Puaperfolding. Rutland, Vi.: Charles E.
Tuttle Co., Buok 1. 1957, 32 pp.; Book II, 1958, 32 pp.: Book I, 1959, 32 pp.
(Paper)

Beautifully illustrated in color.

Sakade. Florence. Origami Storybook. Rutland, Vi.: Charles E. Tuttle Co., 1960.

Starr, Frederick. The art of paper folding in Japan. Japan, Oct. 1922.

4.10 Polyominoes; the Soma Cube

Polyominoes were unknown until 1954, when they were introduced by
Solomen Golomb in an address hefore the Mathematics Club at Harvard Uni-
versity. Since then they have become widely known, appealing to puzzle
enthusiasts and professional mathematicians alike.

The Soma cube was invented by the contemporary Danish writer Piet Hein,

who also invented the games of Hex and Tac Tix. The Soma pieces more or ™

less comprise a three-dimensional analog of the Chinese tangram. Soma con-
structions involve spatial imagination and raise many interesting problems
in combinatorial geometry.

Anderson, Jean H. Polyominoes—the “Twenty” problem. Rec.M.M., no. 9. pp.
25-30; June 1962.

Berryman, J. P. An investigation. Math.T'chg., no. 39, pp. 37-38: Summer 1967.
Brief note on hexominoes.

Dawson. T. R., and Lester, W. E. A notation for dissection problems. Fairy Chess
Review 3:46-47; Apr. 1937.

Polyomino constructions.
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4.13 Tessellations—Parquetry—Packing Problems

Tessellations, or infinite plane-fillings by polygons, are closely related to
repeating designs, parquetry, and other aspects of ornamentation. Exactly
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Chapter 5
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5.4 The Magic Knight's Tour

Among the many recreations involving a chesshoard, perhaps the most
popular concerns the problem of moving a knight in such a way that succes-




MAGIC SQUARES 105

sive moves cover each square once and only once. A closely related and
somewhat more formidable problem is to devise a “magic™ knight’s tour on
any square board such that, if the successive squares visited by the knight are
numbered 1, 2.3, ..., n?, the resulting array becomes a magic square.

Cazalas, E. New semi-magic tours. Sphinx 5:24; 1935.
Cottin, G. The magic checkerboard. Sphinx 5:26; 1935.
Doubly Symmetric Knight’s Tour. Sphinx 3:137-38; 1933.

Falkener, Edward. Games Ancient and Oriental and How to Play Them. New
York: Dover Publications, 1961.

The Knight’s Magic Square, pp. 319-306.
The Knight's Tour. Sphinx 2:165-66; 1932.

Lange, M. Doubly symmetric knight's tour on a 6 X 6 checkerboard. Sphinx
1:39; 1931.

Lange, M. Graphic representation of the knight’s tour. Sphinx 1:82-83; 1931.
Lange, M. The knight’s tour. Sphinx 1:123; 1931.

Lange, M. Knight's tour magic square. Sphinx 2:122; 1932.

Lange, M. Magic squares and the knight's tour. Sphinx 3:7, 49-51; 1933.
Magic Knight’s Tour. Sphinx 2:149; 1932; 4:35-37; 1934.

The Magic Tour. Sphinx 3:20-22; 1933.

Murray, H. J. R. Beverley’s magic tour and its plan. The Fairy Chess Review,
vol. 2, no. 16, p. 166; Feb. 1936.

New Semi-magic Knight’s Tour. Sphinx 3:153-54; 1933.
Open Chain Magic Tour. Sphinx 3:116; 1933.

Stern, E. New method for construction of certain magic squares of order 4 with
application to the magic tour. Sphinx 7:123-40; 1937.

Tricks of the Knight’s Tour. Sphinx 3:42-43; 1933.

Willcocks, T. H. The construction of magic knight tours. J.R.M. 1:225-33; Oct.
1968.

Willcocks, T. H. Magic knight tours on square boards. Rec.M.M., no. 12, pp.
9-13; Dec. 1962.

5.5 Latin Squares and Euler Sauares

Although neither of these are magic squares, it is convenient to include them
at this point.

A Latin square of the n' order is a square array of n* cells (1 rows and n
columms) in which #* lelters consisting of n «’s, and # b’s, . . . are arranged

in the cells so that the n letlers in each row and in each column are different.
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Chapter 6

6.1 Pythagorean Recreations

“The Pythagorean web of ideas does not form a precise or perfect design.
There are dangling threads and ragged edges. But the whole thing hangs to-
gether, and even the loose threads may gather dew drops which light up in
the sun.”—Evans G. Valens, The Number of Things; Pythagoras, Geometry
and Humming Strings.

Almost-Pythagorean Triangles. [Problem 5404.] Am.M.Mo. 73:674; 1966.

Amir-Moéz, AlL. Pythagorean series. In Chips from the Mathematical Log, Mn
Alpha Theta. 1966; pp. 85-87.

Cheney. W. F., and Rosenbamm. J. Solution to Problem: “Show that there is just

one right-triangle whose three sides are relatively prime integers between
2000 and 3000.” Am.M.}Mo. 41:393; 1934.

Eves, Howard. Pappus’ extension of the Pythagorean theorem. M.T. 51:544-46:
Nov. 1958.

Forget, T. W., and Larkin. T. A. Pythagorean triads of the form x, x + 1. z de-
scribed by recurvence sequences. Fib.Q. 6:94~101; June 1968.

Freitag, Herta, and Freitag. Arthur. Neo-Pythagorean Triangles. Scrip.il.
22:122-31; June 1956.

Frond. G. R. Thoughts on mowing the lawn. Math.Tchg., no. 37, pp. 52-54;
Winter 1966.

George, Richard. Digressions on the Pythagorean theorem. Mathematics Student
Journal, vol. 13, no. 4. pp. 5-6; May 1966.

Formmlas for the determination of P. triples.
Horner, Walter W. Fibonacci and Hero. Rec.M.M., no. 10, pp. 5-6; Ang. 1962.
Heronian integers and triangles.

Martin. A. Integral right triangles whose legs differ by wnity. Mathematical
Visitor 1:55; 1879.

Martin, A. Rational right triangles nearly isosceles. Analyst 3:47: 1876.

108

P




THE PYTHAGOREAN RELATION 109

Miska, F. L. Pythagorean triangles with equal perimeters. Mathematics 24:52;
1950.

Piwnicki. Frauk. Application of the Pythagorean theorem in the figure-cutting
problem. A.T. 55:44-51; Jan. 1962.

Putnam, K. S. Pythagorean triangles whose legs differ by unity. Mathematical
Visitor 1:122; 1879.

Raine, Charles W. Fibonacci equiareal triangles. Scrip.0l. 20:96-98; Mar.~June
1954,

Richards, J. F. C. Boissiere’s Pythagorean Game. Scrip.dl. 1 177-217; 1946.

Shedd, C. L. Another triplet of equiareal triangles. Scrip.ll. 11.273; 1945.

Shedd, C. L. Equiareal triangles. Scrip.M. 16:293; 1950.

Tiner, J. H., and Kocher, F. [Q424.] Proof that two legs of a right triangle cannot
have their lengths equal to twin primes. M.Mag. 41:42, 50; Jan. 1968;
41:223: Sept. 1968.

Triangles Whose Sides are Consecutive Integers. [Problem E1773.] Am.M.Mo.
73:544~45; May 19606.

Trige, C. W., and Goldberg, Michael. [Problem 663.] A Pythagorean triangle
with sides of three digits each such ihat the nine digits involved are distinct.
M.Mag. 41:96: Mar. 1968.

Wilkinsen. T. T. Rule for finding integral right triangles whose legs differ by a
given number. Mathematical Questions from the Educational Times, 20:20;
1874.

6.2 The Pythagorean Theorem

“No other proposition of geometry has exerted so much influence on so
many branches of mathematics as has the simple quadratic formula known as
the Pythagorean theorem. Indeed, much of the history of classical mathe-
matics, and of modern mathematics, too, for that matler, could be wrillen
around that proposition.”—Tobias Damzig, The Bequest of the Greeks.
Allen, Dana. The Pythagorean theorem. i Mu Epsilon Journal, pp. 241-42;

Spring 1967.
Beckenbach, Edwin. On the positive square root of two. AT, 62:263-65; Apr.
1969.
Proof that 2 is irrational by use of the Pythagorean theorem: even and odd
squares.
Beiler. Albert. Recreations in the Tlicory of Numbers. New York: Dover Publi-
cations, 1964.
“The Eternal triangle.” pp. 104-34: bibliography, 32 references.

Birtwistle. Claude. A demonstration of Pythagoras’ theovem. Math.Tchg., no. 17,
pp. 30-32; Wnter 1961.

Description of a cardboard demonstration model.




110 RECREATIONAL MATHEMATICS

Cornell, Alvin. Theorems and formulas concerning fundamental right-angle tri-
angles. S$.S.M. 54:533-38; Oct. 1954.

Digressions on the Pythagorean Theorem. Mathematics Student Journal, vol. 13,
no. 4, pp. 5-6; May 1966.

Fourrey, E. Curiosités Géométriques. 2d ed. Paris: Vuibert et Nony, 1920.
Chapter 2: “Théoréme de Pythagore,” pp. 64-105.

Friedrichs, Kurt O. From Pythagoras to Einstein. New York: Random House,
L. W. Singer Co., 1965. 88 pp. (Paper)

“The Pythagorean Theorem,” pp. 5-12.

Froelich, Effie. An investigation leading to the Pythagorean property. A.T.
14:500-504; Oct. 1967.

Gardner, Martin. Pythagorean theorem. Sci.Am. 211:118-26; Oct. 1964.
Giindel, B. Pythagoras im Urlaub. 2d ed. Frankfort a.M.: Diesterweg, 1959.
Jelenski, S. Sladami Pitagorasa. Warsaw: PZWS, 1956.

Johnson, Donovan, and Glenn, William H. The Pythagorean Theorem. St. Louis,
Mo.: Webster Publishing Co., 1960. 48 pp. (Pamphlet)

Lietzmann, Walter. Der pythagorische Lehrsat:. Leipzig, 1951. 79 pp.

Loomis, Elisha Scott. The Pythagorean Proposition. Washington, D.C.: NCTM,
1968. 332 pp.

A reissue of the 1940 revised edition of a classic monograph first published
in 1927. A resume of 370 demonstrations of the theorem of Pythagoras.

Ore, Oystein. Invitation to Number Theory. New Mathematical Library. New
York: Randomm House, 1969.

Chapter 5: “The Pythagorean Problem.” )
Proofs of Pythagoras. Mathematics Student Journral, vol. 7, no. 2,“p. 6; Jan. 1960.

Rao, D. Rameswar. Pythagoras’ Theorem? Or its Converse? “Which Precedes the
Other?” S.S.M. 66:342-43; Apr. 1966.

Schulz, R. H., Jr. Pythagorean Brotherhood lemma. M.T. 61:176; Feb. 1968.
Sillitto, A. G. Pythagoras’ theorem and its converse. M.Gaz. 40:55-57; 1956.

Sillitto, A. G. A symmetrical figure to demonstrate Pythagoras’ theorem. M.Gaz.
35:242-43; 1951.

Valens, Evans G. The Number of Things: Pythagoras, Geometry aund Humming

Strings. New York: E. P, Dutton & Co., 1964.

Pythagorean theorem and related topics, pp. 73-114.

6.3 Pythagorean Triples

If any two terms of a Pythagorean triple are reiatively prime, then the
triple is primitive; e.g., 3, 4, 5; 5, 12, 13; 8, 15, 17. Any integer which
divides two terms of a Pythagorean triple also divides the third term. It is no




THE PYTHAGOREAN RELATION 111

surprise that the properties of Pythagorean triples are closely related to num-
ber theory. For example: although the Greeks knew that the hypotenuse of a
primitive triple is always an odd integer, we now know that for an odd integer
R to be the hypotenuse of a primitive triple, a necessary and sufficient con-
dition is that every prime divisor of R be of the type 4n + 1.

Alexanderson, G. L., and Freitag, H. Pell-Pythagorean triples. [Problem B-102.]
Fib.Q. 5:289-90; Oct. 1967.

Alfred, Brother. Consecutive integers whose sum of squares is a perfect square.
M Mag. 37:19-32; 1964.

Archambeau, Sister Mary Leona. Pythagorean triples grouped into families. M.T.
01:251-52; Mar. 1968.

Beard, R. S. Star Geometry: Pythagoras, Fibonacci and Beard. Fib.Q. 4:70-72;
Feb. 1966.

Beiler, A. H. Recreations in the Theory of Numbers. New Yerk: Dover Publica-
tions, 1964. s

Chapter 14:"“The Eternal Triangle.”

Berkhan, C. A. W. Die merkwiirdigen Eigenschaften der Pythagorischen Zahlen,
thr Bildungsgesetz und ihr Gebrauch in der unbestimmten Analytik. Eisleben:
Verlag von G. Reichhardt, 1853. 48 pp.

Boormnan, P. S. Pythagorean numnbers. Math.Tchg., no. 21, pp. 21-22; Winter 1962.

Byrkit, Donald. Problem 3157. S.S.M. 68:671; Oct. 1968.
Pythagorean triples (a, b, ¢) such that b — a =1.

Carmichael, R. D. The Theory of Numbers. New York: Dover Publications, 1959;
pp- 85-90.

Charosh, Mannis. On the equation 22 + y2 = 2. Am.M Mo., Apr. 1939.

Charosh, Mannis. Pythagorean numbers. Mathematics Student Journal, vol. 14,
no. 3, pp. 1-3; Mar. 1967.

Diggins, Julia. String, Straightedge and Shadow. New York: Viking Press, 1965.
Pythagorean triples, pp. 98-105; 115-22.

Domoryad, A. P. Mathematical Games and Pastimes. New York: Pergamon Press,
1964.

Pythagorean and Heronic triples of numbers, pp. 31-32.

Forget, T. W., and Larkin, T. A. Pythagorean triads of the form x, x + 1,z
described by recurrence sequences. Fib.Q. 6:94~104; June 1968.

Ceorge, Richard. Digressions on the Pythagorean theorem. Mathematics Student
Journal 13:5-6; May 1966.

Gray, Nelson. Right triangle construction. M.T. 53:533-36; Nov. 1960.
Table of Pythagorean triples.




112 RECREATIONAL MATIIEMATICS

Criftin, Harriet Elementary Theory of Numbers. New York: McCraw-Hill Book
Co., 1954; pp. 159-70.

Waring's problem; the equation 2% -+ 92 = 22 Fermat’s last theorem.
Gruhn, E. W. Parabolas and Pythagorean triples. M.7. 52:614-15: Do, 1959,
Hart, Philip J. Pythagorean numbers. M.7T. 47:16-21; Jan. 1954.

Hayssen, Chip. A fornla for Pythagorean triplets. Mathematics Student Lournal,
vol. 16, no. 3, pp. 4~5; Mar. 1969.

Henning. H. B. Pythagorean triangles and related concepts. Fib.Q. 5:185-92:
Apr. 1967,

Properties of primitive Pythagorean triplete. including primitive triangles
with a common side; Fermat's theoremn; rectangular parallelopipeds.

Hollingshead. I. A different approach to Pythagorean triples. New Jersey Mathe-
matics Teacher, 23:17-19: Mar. 1966.

Iyer, R. V. Triangular numbers and Pythagorean numbers. Scrip.il. 22:286-88;
1956.

Jones, Phillip. Trrationals or incommensurables: their discovery and a “logical
scandal.” M.T. 49:123-27; Felb. 1956.

Pythagorean trinles and the pentagran,

Lambert, J., and Moser. L. On the distribution of Pythagorean triangles. Pacific
Journak of Mathematics 5:73-83; 1955.

Lange, L. H., and Thoro, D. E. The density of Pythagorean rationals. Am.}M.Mo.
71:664-65; 1964.

Lehmer, D. N. On the number of primitive Pythagorean triangles. Bulletin,
American Mathematical Society 54:1185-90; 1948,

Mazkewitsch, D. On Pythagorean Triples. S.S.0. 65:646-47; 1965.

Merriman, G. M. To Discover Mathematics. New York: John Wiley & Sons, 1942.
Pythagorean triples, pp. 42-48.

Moshan, Ben. Primitive Pythagorean triples. .7 52:541-45; Nov. 1959,

Ofsink, Ira. A new look at Pythagorean triples. Summation. (ATM), vol. 11, no.
6, pp. 82-85; June 1966.

Pelcovits, Mark. Pythagorean triplets revisited. Mathematics Student Journal,
vol. 14, no. 1, p. 3; Nov. 1966.

e

Philipp, Stanton. Notc on consceutive integers whose sum of squares is a perfect
square. M.Mag. 37:218-20; 1964.

Pythagorcan Triples [Note]. Pentagon 23:131; Spring 1964.

Sierpinski, Waclaw. Pythagorean Triangles. Scripta Mathematica Studies, no. 9.
New York: Yeshiva University. 1962; Academic Press, 1964. 107 pp.

Emphasis is on number theory rather than geometry; gives a number of
hitherto less familiar properties; very comprehensive.

Tierney, John A. Gencralized Pythagorean triples. S.S.1/. 63:597-600; 1963.




THE PYTHAGOREAN RELATION 113

Umansky. Harlan. Pythagorean triplets as determinants. New Jersey Mathematics
Teacher, vol. 22, no. 2, p. 21; Jan. 1965.

Valens, E. G. The Number of Things. New York: E. P. Dutton & Co., 1964.
Pythagorean u\iples.’-pp. 13-15; 26-32.

Wild, E. Roy. On the number of primitive Pythagorean triangles. Pacific Journal
of Mathematics 5:85-91; 1955.

Willey, M., and Kemnedy. E. C. A scheme for writing mechanically an unlimited
number of Pythagorean triangles. Am.d.4o. 41:330; 1934.

Wilson, John. A heuristic approach to Pythagorean triples. M.I. 62:357-60;
May 1969.




Chapter 7
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Chapter 8

Combinatorics and
Prabability
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Scoville, Richard. The hat-check problem. Am.M.Mo. 73:262-65; Mar. 1966.

Schuh, Fred. The Master Book of Mathematical Recreations. New York: Dover
Publications, 1968.
Probabilities, pp. 155-213.

Smith, Rolland R. Probability in the elementary school. NCTM Twenty-seventh
Yearbook, 1963 ; pp. 127-33.

Spitznagel, Edward L. An experimental approach in the teaching of probability.
M.T. 61:565-68; Oct. 1968.

Venn, John. The Logic of Chance. 4th ed. New York: Chelsea Publishing Co.,
1962. 508 pp.
Actually a reprint of the third edition (1888) ; the first edition appeared in
1866. .
Weaver, Warren. Lady Luck, The Theory of Probability. Garden City, N.Y.:
Doubleday & Co., Anchor Books, 1963. 400 pp.

Excellent discussion for the intelligent layman.

Winger, M. E. The probability of the second-smallest. M.T. 60:735-36; Nov.
1967.

8.4 Games of Chance; Gambling

“And thus in all cases it will be found, that although Chance produces
Irregularities, still the odds will be infinitely great that in the process of time,
these Irregularities will bear no proportion to the recurrency of that Order
which naturally results from ORIGINAL DESIGN.”—Abraham Demoivre, Doc-
irine of Chances.

“Even if gambling were altogether an evil, still, on account of the very large

number of people who play, it would seem to he a natural evil.”—Cardano,
The Gambling Scholar.

Baldwin, Roger. Playing Blackjack to Win. New York: M. Barrows & Co., 1957.

Cardano, Gerolamo. (Trans. by S. H. Gould.) The Book of Games of Chance.
New York: Holt, Rinehart & Winston, 1961. 57 pp.
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Charteris. Leslie. The percentage player. In 7'%e Suaint to the Rescue. New York:
Doubleday, 1959; Paperback, 1961; pp. 65-91.

Cohea, John, and Hansel. Mark. Risk ard Gambling. Philosophical Library,
1956. 153 pp.

David, F. N. Games, Gods and Gambling. New York: Harper, 1962. 260 pp.
A history of the theory of probability.

Diviasky, N. Baye’s formula and a priori probabilities in the game of bridge.
M.Mag. 37:235-41; 1964.

Bibliography; 5 references.

Dubins, L. E., and Savage. L. J. How to Gamble if You Must: Inequalities fo-
Stochustic Processes. New York: McGraw-Hill Book Co., 1965. 250 pp.

An unusually stimulating and somewhat provocative approach; for ad-
vanced students of the subject.

Epstein, Richard A. The Theory of Gambling and Statistical Logic. New York:
Academic Press, 1967. 492 pp.

The first two chapters are particularly stimulating for the neophyte; dis-
cusses strategies for Nim, Hex, and Bridg-it; also, historical backgrounds.

Fox, Philip. On gambling odds. Saturday Evening Fost, Nov. 21, 1959.
Garcia, Frank. Marked Cards and Loaded Dice. New York: Prentice-Hall, 1962.

Gardner, Martin. Faro shuffles. Sci.Am. 215:114-18; Oct. 1966.

Can the shuffling of cards (and other apparently random events) be re-
versed ?

Gardner, Martin. On the ancient lore of dice. Sci.Am. 219:140-44; Nov. 1968.

Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster, 1969.
“Scarne on Gambling,” pp. 52-64.

Goering, Keith. An analysis of crap shooting. Bulletin, Kansas Association of
Teachers of Mathematics 41:26, 29; Apr. 1967.

Graesser, R. F. The general dice problem. Pentagon 18:67-69; Spring 1959.

Huff, Darrell. How to Take a Chance. New York: W. W. Norton & Co., 1959.
173 pp.

Huinorous commentaries on the laws of chance.
Hurwicz, Leon. Game Theory and Decisions. Sci.Am. 192:78-83; Feb. 1955.
Isaacs, R. P. Optimal horse race bets. Am.M.Mo. 60:310-15; 1953.

Jacoby, Oswald. Oswald Jacoby on Gambling. Garden City, N.Y.: Doubleday &
Co., 1963.

Kaye, Douglas. Investigations in and around the game of craps. Math.Tchg., no.
41, pp. 9-16; Winter 1967.

Langlois, W. E. The number of possible auctions at bridge. Am.M.Mo. 69:634-35;
Sept. 1962.
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Lucas, Edouard. Récréations Mathématiques. Vol. 4. Paris, 1891,
L étoile nationale et les jeux de rouge et noire, pp. 155-95.

Mayo, Morrow. Will this system beat roulette? Rec.d.M., no. 9, pp. 30-38; June
1962.

Radner, Sidney. Roulette and Other Casino Games. New York: Wehman Bros.,

1958.

Rouge et Noir. Winning at Casino Gaming. New York: Rouge et Noir, 1966.
341 pp.

Scarne, John. The Amazing World of John Scarne. New York: Simon & Schuster
L f=3 9

1956.
Scarne, John. The Odds Against Me. New York: Simon & Schuster, 1966.
Sterrett, Andrew. Gambling doesn’t pay! AL.T. 60:210-14: Mar. 1967.
Stover, Mel. Wager problems: old and new. Rec.M.M., no. 1, pp. 9-18: Feb. 1961.
Mainly about bridge and chess problems.

Thorp, Edward. Beat the Dealer. Boston: Ginn & Co., Blaisdell Publishing Co.,
1962.

Waugh, C., and Waugh, D. On probabilities in bridge. Journal, American Statis-
tical Association, Mar. 1953, pp. 79-87.

Wilson, Alan H. The Casino Gambler’s Guide. New York: Harper & Row, 1965.




Chapter 9

MHanipdative
Recreationd

9.1 Tic-Tac-Toe

Also known as noughts and crosses, the game of lic-lac-loe, one of the
oldest and simplest of amusements for two players, lends itself 1o neat mathe-
matical analysis of game strategy. Several modifications of the game have
evolved, such as Mill, or Nine Men’s Morris, and, in recent limes, three-
dimensional and hyperdimensional tic-tac-loe, as well as electronic tic-tac-toe
devices.

Berkeley, Edmund. Relay Moe plays tick tack toe. Radio-Electronics, Dec. 1956.
Blair, D. K., and Hanson. D. E. Mathematics in 3 dimensions. Journal of Struc-
tural Learning, Jan. 1968; pp. 1-8.
Three-dimensional tic-tac-toe.
Funkenbusch, W.. and Eagle, E. Hyper-spacial Tit-Tat-Toe, or Tit-Tat-Toe in Four
Dimensions. N.M.M. 19:119-22: Dec. 1944.
Gardner, Martin. The Scientific American Book of Mathematical Puzzles and
Diversions. New York: Simon & Schuster, 1959.
Ticktacktoe: pp. 37-46.
Graham, L. A. The Surprise Attack in Mathematical Problems. New York: Dover
Publications, 1968.
“Tic-Tac-Toe for Gamblers.” pp. 19-22.
Haufe, R. Design of a Tit-Tat-Toe machine. Electrical Engineering 68:885; Oct.
1949.

Hickerson. Jay A. Mathematics puzzles and games. A.T. 16:85, 114; Febh. 1969.
Discussion of the game of “Mill.” also known as “Nine Men’s Morris,”
which is an extension of tic-tac-toe.

Jordan, Diana. Tick-tack-four. A.7". 15:454-55; May 1968.

Katz, Harry. Tic-tac-toe: the fun game. Math. Student, June 1967, p. 13.

Three- and higher-dimensional versions of the familiar two-dimensional
game.
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King, W. G. 3.D noughts and crosses. Math.Tchg., no. 43, pp. 36-37; Summer
1968.

Three-dimensional tic-tac-toe.
Lockhart, David. Tic-tac-toe mate. Popular Electronics, Nov. 1958.

McCormick. Edward. Tick-Tack-Toe computer. Electronics, vol. 25, no. 8, pp.
154-62; Aug. 1952.
Mott-Smith, Geoffrey. Mathematical Puzzles. New York: Dover Publications, 1954.
Chapter 13: “Board Games.”
Murray, H. J. R. History of Board Games Other than Chess. New York: Oxford
University Press, 1952.
Chapter 3: “Games of Alinement and Configuration.”

Ruderman, Harry. The game of Tick-Tack-Toe. M.T. 44:344-46; 1951.

Ruderman, Harry. Nu-Tic-Tac-Toe. A.T. 12:571-72; Nov. 1965.
Involves strategy thinking.

Schuh, Fred. The Master Book of Mathematical Recreations. New York: Dover
Publications, 1968.

Game of Noughts and Crosses, pp. 69-100.

Silver, Roland. The group of automorphisms of the game of 3-dimensional tick-
tacktoe. Am.M.Mo. 74:247-54; Mar. 1967.

Discussion of invariants, group rotations, symmetries, mappings and
isomorphisms on a 3DT board.

Silverman, David. Tic-Tac-Toe—Greenwich Village style. J.R.M. 3:151; J uly 1968.
Timmons, Robert. Tic-tac-toe—a mathematical game for Grades 4 through 9.

A.T. 14:506-8; Oct. 1967.
Involves negative numbers.

White, Alain C. Tit-tat-to. British Chess Magazine, July 1919.

9.2 The Fifteen Puzzle

The Fiiteer Puzzle, also known as the Boss Puzzle (in French, diablotin or
jeu de taquin), became popular in Europe about 1880. Its origin is uncertain,
although it has been attributed to Sam Loyd (1878). Square counters num-
bered 1 to 15 are placed in a shallow square tray which holds just sixteen
such counters. Initially placed in the tray in random order, the puzzle is to
rearrange them (by sliding only) in numerical order, with the blank space
remaining in the lower right hand corner. If the blank space has to be
“moved” through an odd number of spaces, the solution is impossible.

Theoretically, the puzzle can be extended to a tray of m X n spaces with
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(mn--1) numbered counters. Indeed, in recent years, a “31-puzzle” as well
as other puzzles have been on the market.

Ball, W. W. R. Mathematical Recreations and Essays. New York: Macmillan Co.,
1962.

The Fifteen Puzzle, pp. 299-300.

Domoryad, A. P. Mathematical Games and Pastimes. New York: Pergamon Press,
1964.

The game of “Fifteen” and similar games: pp. 79-85.

Gardner, Martin. Sliding block puzzles. Sci.Am. 210:122-30; Feb. 1964.
Fifteen puzzle.

Johnson, W. W. Notes on the “15” puzzle, 1. American Journal of Mathematics
2:397-99; 1879.

Lucas, Edouard. Récréations Mathématiques. Vol. 1. Paris, 1891.
Le jeu de taquin, pp. 189-220.

Schuh, Fred. The Master Book of Matkematical Recreations. New York: Dover
Publications, 19568.

Game of Five: pp. 245-257.
Spitznagel, E. L. A new look at the Fifteen Puzzle. M.Mag. 40:171-74; Sept. 1967.

Story, W. E. Notes on the “15” puzzle, II. American Journal of Mathematics
2:399-404; 1879.

9.3 Solitaire Games

The game of Solitaire, a popular recreation in Britain, the United States,
and the Soviet Union, consists of a board with thirty-three cells. Also known
as Peg Solitaire, it is somewhat similar to “Chinese Checkers,” in which the
board is star-shaped rather than cruciform.

Ahrens, Wilhelin. Mathematische Unterhaltungen und Spiele. Berlin: Teubner,
1910. Vol. 1, Chapter 8.

Beasley, J. ). Some notes on solitaire. Eureka, no. 25, pp. 13-28; Oct. 1962.

Bergholt, Ernest. The Game of Solitaire. London: Routledge, 1920. New York:
F. P. Dutton & Co., 1921.

Berkeley (pseud. of W. H. Peel). Dominoes and Solitaire. London: G. Bell, 1890;
slew York: Frederick Stokes, 1890.

Charosh, Mannis. Peg solitaire. Mathematics Student Journal, vol. 9, no. 3, pp.
1-3; Mar. 1962.

Cross, Donald. Square solitaire and variations. J.R.M. 1:121-23; Apr. 1968.

Davis, Harry. 33-Solitaire: New limits, small and large. M.Gaz. 51:91-100; May
1967.
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Dawson, T. R. Solitaire. Fairy Chess Review 5:42-43; June 1943.
Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster, 1969.
“Peg Solitaire,” pp. 122-35.
Hermary. A. M. L. Le jeu du solitaire. In Récréations Mathématiques, by Edouard
Lucas; Paris: Gauthier Villars, 1891, Vol. 1, pp. 87-141.
Also in reprint form. Paris: Blanchard, 1960. (Paper)
Kowalewski, G. Das Solitirspiel. In Alte und neuwe mathematische Spiele. Leip-
zig: Teubner, 1930.
Simmons, G. J. The game of SIM. J.R.M. 2:66; Apr. 1969.
Stewart, B. M. Solitaire on a checkerboard. Am.M.Mo., Apr. 1941, pp. 228-33.

Stewart, B. M. Theory of Numbers. Rev. ed. New York: Macmillan Co., 1964.
Chapter 2.
Tahta, D. G. Pegboard games. Math.Tchg., no. 40, pp. 41-42; Autumn 1967.

An extract from a pamphlet by the same author, published by the Associa-
tion of Teachers of Mathematics (England) as Mathematics Teaching
Pamphlet No. 13, which gives a description of more than a dozen games
played on a peghoard.

9.4 Nim; Wythoff's Game

Another well known recreation for two players, Nim, takes a variety of
forms. In general, any number of coins or counters are arranged arbitrarily
into several piles. Players alternately remove one or more counters from any
one of the piles; the player drawing the last counter (or counters) wins.
Scunds simple! But the game lends itsel{ admirably to mathemnatical analysis,
and is closely related to the binary system of numeration.

One variation of the game consists of twelve counters arranged in three
rows, with three, four, and five counters in the rows. Another variation is
Wythoff’s game, in which there are only two piles; in each draw the player
mnay take counters, as he wishes, from either pile or from both piles, but in
the latter instance he must draw the same number from each pile. He who
takes the last counter wins.

Both mechanical and electronic devices have incorporated the game of Nim.

Ahrens, Wilhelm. Nim, ein Spiel mit mathematischer Theorie. Naturwissenschaft
Wochenschr., 1902. 4 pp.

Andrews, F. Emerson. Some sorting tricks. Rec.M.M., no. 2, pp. 3-5; Apr. 1961.
Use of binary system to facilitate sorting.

Archibald, R. C. The binary scale of notation, a Russian peasant method of multi-
plication, the game of Nim, and Cardan’s rings. Am.M.Mo. 25:139-42.

Beatty, Samuel. Problem 3177 (originally 3173). Am.M.Mo. 53:159; 1926. Also
(solution), Am.M.Mo. 34:159-60; 1927.
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Bernhart, Arthur. Two-by-two games. Oklahoma University Newsletter, vol. 6,
no. 2, p. 2; Dec. 1956.

Coxeter, H. S. M. The Golden Section, phyllotaxis, and Wythoff’s game. Scrip.M.
19:135-43; 1953.

Gardner, Martin. Mathematical games: the game of Nim and its mathematical
analysis. Sci.Am. 198:104~11; Feb. 1958.

Gardner, Martin. The Scientific American Book of Mathematical Puzzles and
Diversions. New York: Simor: & Schuster, 1959.

Nim: and Tac Tix, pp. 151-61.

Hemmings, Ray. The amazing Dr. Nim. Math.Tchg. no. 40, p. 44; Autumn 1967.
Brief discussion of a mechanical device for playing Nim; accompanying
hooklet explains the how and why of Nim, both informaliy and in terms of
Boolean aigebra.

Holladay, John C. Cartesian products of terminating games. Contributions to the
Theory of Games, vol. 3. Princeton, N.J.: Princeton University Press, 1957.

Holladay, John C. Some generalizations of Wythefl's game and other related
games. M.Mag. 41:7-13; Jan. 1968.

Holladay, John C. Matrix nim. Am.M.Mo., vol. 65, no. 2, pp. 107-9; Feb. 1958.

Koppel, Herbert. Digital computer plays Nim. Electronics, Nov. 1952.

O’Beirne, T. H. Puzzles and Paradoxes. Oxford University Press, 1965. 238 pp.
“Nim” you say—and “NIM” it is,” pp. 151-67; Wythoff’s game; Nim;
pp- 130-50.

Pedoe, Dan. The Gentle Art of Mathematics. English Universities Press, 1958.

“Mathematical games,” pp. 9-34. Deals primarily with the binary scale,
Nim, the 12-coin problem, and related recreations.

Pollack, Harvey. Win at NIM with Debicon. Popular Electronics, Jan. 1953.

Schuh, Fred. The Master Book of Mathematical Recreations. New York: Dover
Publications, 1968.

Came of Nim, pp. 144-54.
Whinihan, Michael J. Fibonacci Nim. Fib.Q., Dec. 1963, pp. 9-13.

Wythoff, W. A. A modification of the game of NIM. Nieuw Archief voor Wiskunde
(Groningen) 7:199-202; 1907.

9.5 Board Games and Amusements

But helpless Pieces of the Game He plays

Upon this Chequer-board of Nights and Days;
Hither and thither moves, and checks, and slays,

And one by one back in the Closet lays.

Omar Khayyam, The Rubdiyat (FitzGerald trans.), st. 69

Abbott, Robert. ??? Rec.M.M., no. 10, pp. 29-34; Aug. 1962.
A new board game without a name.
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Ackerman, Judy. Computers teach math. 4.7 15:467--68; May 1968.

A game called hexapawn; construction of a game-learning computer of the
tic-tac-toe type.

Ahrens, Wilhelm. Mathematische Unterhaltungen und Spicle. Leipzig: Teubner,
1910. Yol. 1, Chapter 9.

Ball, W. W. R. Mathematical Recreations and Essays. Rev. ed. New York: Mac-
millan Co., 1960.

Chapter 6: “Chesshoard Recreations.”

Bell, R. C. Board and Table Games from Many Civilizations. Oxford University
Press, 1960. 232 pp.

Describes 91 games from many lands, going back about 5,000 vears.

Brogke, Maxey. The haunted checkerboards. Rec.M.M., no. 3, pp. 28-30; June
1961.

Brown, Joln R. Extendapawn—an inductive analysis. M.Mag. 38:286-99; Nov.
1965.

Charosh, Mannis. Peg solitaire. Mathematics Student Journal, voi. 9, no. 3, pp.
1-3; Mar. 1962.

Coloring a Chesshoard. [Problem E1782.) Am.M.Mo. 73:670-71; June-] uly 1966.
Cross, Donald C. Square solitaire and variatjons. JR.M. 1:121-23; Apr. 1968.

Dawson, T. R. Knight’s tours with simple numerical conditions. Comptes-Rendus
du premier Congrés International de Récréation Mathématique, Brussels,
1935, pp. 62-64.

Domoryad, A. P. Mathematical Games and Pastimes. New York: Pergamon Press,
1964.

Chesshoard problems, pp. 109-19.

Engel, Douglas. Quantum chess. Pentagon 27:99-103; Spring, 1968.

A modified chess game, ona 6 X 8 board, in which the allowable moves of
the sixteen pieces of the two players are governed by equations whose
variables take on only certain integral vajues.

Falkener, Edward. Games Ancient and Oriental and How to Play Them. New
York: Dover Publications, 1961.

The Knight’s Tour, pp. 309-18; 345-56.

Gardner, Martin. New Mathematical Diversions from Scientific American. New
York: Simon & Schuster, 1966.

Board games, pp. 70-81.
Gardner, Martin. Board games. Sci.Am. 209:124-30; Oct. 1963.
Gardner, Martin. Chess knight’s move. Sci.Am. 217:128-32; Oct. 1967.

Garduer, Martin. The Unexpected Hanging. New York: Simon & Schuster. 1969.
“The Eight Queens and Other Chesshoard Diversions,” pp. 186-97.

Gardner, Martin, exapawn. Sci.Am.; May 1962.
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Cardner, Martin. The mathematical game of Hex. In Chips from the Mathe-
matical Log, Mu Alpha Theta. 1966; pp. 7-8.

Gibbins, N. M. Chess in three and four dimensions. M.Gaz. 28:46-50; May 1944.

Golomb. Solomon W. Checkerboards and polyominoes. Am.M.Mo. 61:675-82;
1954.

Golomb. Solomon W. Of knights and cooks, and the game of checkers. J.R.M.
3:130-38; July 1968.

Hagis, Peter. A fair exchange. Rec.M .M., no. 11, p. 41; Oct. 1962.

Hoffman, E. J.. Loessi, J. C., and Moore. R. C. Constructions for the solution of
the m queens problem. M.Mag. 42:66-72; Mar. 1969.

Iyer. M. R., and Menon, V. V. On coloring the n X n chesshoard. Am.M.Mo.
73:721-25; Aug.~Sept. 1966.

Klarner. D. A. The problem of reflecting queens. Am.M.Mo. 74:953-55; Oct.
1967.

Kraitchik, Maurice. Mathematical Recreations. Rev. ed. New York: Dover Pub-
lications, 1953.
Chapter 10.
Langman, Harry. A problem in checkers. Scrip.M. 20:206-8; 1954.
Describes a game of solitaire with checkers.

Lasker, Edward. Go and Go-moku: The Oriental Board Games. New York: Dover
Publications, 1960. 215 pp. (Paper)

Lucas, Edouard. Récréations Mathématiques. Paris: Blanchard, 1960.
Chapter 4.

Lucas, Edouard. Récréations Mathématiques. Vol. 4. Paris, 1891.
La patte d'vie et le fer a cheval, pp. 123-35.

Lucas, Edovard. Récréations Mathématiques. Vol. 1. Paris, 1891.
Le probléme des huit reines au jeu des éches, pp. 59-86.

Madachy, Joseph. Mathematics on Vacation. New York: Charles Scribner’s Sons,
1966.

“Chesshoard placement problems,” pp. 34-54.

McGrail, William H. Deployment. Rec.M.}M., no. 6, pp. 41-42; Dec. 1961.
A game for two, played on a matrix of 25 squares.

Moser, L. King paths on a chessboard. A1.Gaz. 39:54; 1955.

Murray, H. J. R. 4 History of Board Games other than Chess. Oxford University
Press. 1952.

Newman, Irving (et al). Nonattacking knights on a chessboard. Am.M.Mo.
71:210-11; 1964.

Prescott, P. Chequerboard. Math.Tchg., no. 40, pp. 16-17; Autumn 1967.

Professor Hoffmann (Angelo Lewis). The Book of Table Games. London: George
Routledge & Sons, 1894,
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Sackson, Siduey. A Gamut of Games. New York: Random House, 1969. 224 pp.
Scarne, John. Scarne on Teeko. New York: Crown Publishers, 1955. 256 pp.
A unique game similar to checkers. chess, and the oriental ganie of Go.
Sebastian, J. D. Some compnter solutions to the reflecting queens problem.
Am.M.Mo. 76:399-400; Apr. 1969.

Shen, Mok-Kong, and Shen, Tsen-Pao. Problem 39 (Problem of the Queens).
Bulletin, American Mathematical Society 68:557; 1962.

Steiner, ITans-Georg. Operational systems and checker games. M.T. 60:832-36;
Dec. 1967.

White, Alain C. Sam Loyd and Ilis Chess Problems. Whitchead & Miller, Printers,
1913.

Yaglom, A. M., and Yaglom, I. M. Challenging Mathematical Problems with Ele-
mentary Solutions. San Francisco: Holden-Day, 1964
Section III: Chesshoard problems.

Yarbrough, L. D. Uncrossed knight’s tours. J.R.M. 3:140-42; July 1968.

9.6 Manipulative Games and Puzzles

In this category are included miscellaneous recreations involving the
manipulation of objects, for example, coins, matchsticks, the Chinese rings,
the Tower of Hanoi, dominoes, Oware and similar pebble games, the game
of Odds, and so on. ‘The classification is admittedly loose, for the Fifteen
puzzle, Nim, Solitaire, and pastimes relating to objects changing places would
also fall into this category.

Abraham, R. M. Easy-to-do Entertainments and Diversions, etc. New York: Dover
Publications, 1961. (Paper)

Coin tricks and games, pp. 49-56; Tricks with matches, pp. 57-68.
Albaugh, A. H. Game of Euclid. M.7. 54:436-39; Oct. 1961.

A card game, similar to gin rummy, in which the steps in a proof are

matched with the “reasons” for the steps.

Bernhart, Arthur. 2 X N games. Oklahoma University Newsletter, vol. 6, no. 3,
p- 2; Feb. 1957.

Callaway, Rhona. A game in maths; how you plav tower tops. Math.T'chg., no. 40,
pp. 42-43; Autumn 1657.

Cooperative Recreation Service. Inc. Count and Capture: The World’s Oldest
Game. (Kit X). Delaware, Ohio: C.R.S., 1955. 40 pp. (Pamphlet)
Descriptions of many versions of the stone game of Wari as plaved in
various countries of Asia and Africa.

Crowe. D. W. The n-dimensional cube and the Tower of Hanoi. Am.M Mo.
63:29-30; Jan. 1956.
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Crowther. P. A, and Hardcastle, R. A. The game of odds; a follow-up. Math.Tche.,
no. 47, pp. 31-33; Summer 1969.

Dohler, Dora. The role of games, puzzles, and riddles in elementary mathematics.
AT. 10:450-52; Nov. 1963.

Domoryad, A. P. Mathematical Games and Pastimes. New York: Perzamon Press,
1964.

Manipulative games and games with piles of objects, pp. 61-78; Pastimes
with dominoes, pp. 107-8.
Field, Paul B. A description of a math field day. S.5.M. 64:12-14; Jan. 1964.

Includes brief discussion of Hex, Nim, Five-in-a-Row, and Three-Dimen-
sional Tic-Tac-Toe.

Gardner, Martin. New Mathematical Diversions from Scientific American. New
York: Simon & Schuster, 1966.

Bridg-it and Other Games, pp. 210-18.

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles
and Diversions. New York: Simon & Schuster, 1961.

On Bridg-it, pp. 84-87.
Gardner, Martin. Mathematical games. Sci.Am. 206:140-43; Mar. 1962.
The game of hexapawn.
Gardner, Martin. Assorted puzzles and tricks. Sci.Am. 219:106-11; Aug. 1968.

Modified ticktacktoe; 16-penny puzzles; cube dissection; topological puzzle;
etc.

Gardner. Martin. Game theory applied to games. Sci.Am. 217:127-32; Dec. 1967.

Gardner, Martin. Magical tricks based on mathematical principles. Sci.Am.
211:96-99; Aug. 1964.

Three-cup trick; “think-a-word” trick; Yates’ 12-penny trick; Bowman’s
dollar-bill trick.

Gardner, Martin. Mathematical strategies for two-person contests. Sci.Am.
216:116-20; Feb. 1967.

“ISOlll()l' »hisin™ of such games: €.g., gamne of Jam I’I()t. and modified tick-
o o o H 3
tacktoe.

Gardner, Martin. Penny puzzles: a collection of coin problems. Sci.Am.
214:112-18; Feb. 1966.

Grundy, P. M. Mathematics and games. Eurcke 2:6; 1939. Reprint, 27:9; 1964.

Hadley, Judy. Functions occurring in puzzle and games. Math.Tchg., no. 42, pp.
45-51; Spring 1968.

Haggerty, J. B. Kalah: an ancient game of mathematical skill. A.7. 11:326-30;
May 1964.

Well-known game involving all four fundamental precesses as well as pure
reasoning; also known as Oware.

Hamilton, Joseph M. C. The game of pebbles. Los Angeles Mathematics News-
letter, vol. 3, no. 2, p. 5; Jan. 1956.
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Harris, P. A. Mathematical bingo. M.T. 54:577-78; Nov. 1961.

Similar to conventional hingo. in which the solution sets of given equations
must be identified.

Hemnings, Ray. Attribute materials. Math.T'chg., no. 37, pp. 10-16; Winter 1966.

Games that can be played by manipulating blocks of various shapes and
colors, and which may lead to discovery of mathematical patterns and
relations.

Lucas, Edouard. Récréations Mathématiques, Paris, 1891.

Le jeu de dominos, vol. 2, pp. 39-71; La géométrie des réseaux et le
probléme des dominos, vol. 4, pp. 123-51.

Lucas, Edouard. Récréations Mathématiques, Paris, 1891.

Les jeux de marelle, vol. 2, pp. 75-99; vol. 4, pp. 69-85.
Mill, or nine-men-morris, and variations.

Madachy, Joseph. Mathematics on Vacation. New York: Charles Seribner’s Sous,
1966.

“Dominoe recreations,” pp. 209-19.

Meclntosh, Alistair. A puzzle untangled. Math.Tchg., no. 46, pp. 16-18; Spring
1969.

Mosteller, F. Optimal length of play for a binomial game. #.T. 54:411-12; Oct.
1961.

Mygaard, P. H. Odd and even; a game. M.T. 49:397; May 1956.

Ogilvy, C. Stanley. Tomorrow’s Math. Oxford University Press, 1962. 182 pp.
Problems concerning games, pp. 37-50.

Philpott, Wade. Quadrilles. Rec.M .M., no. 14, pp. 5-11; Jan.-Feb. 1964.
Domino patterns.

Pits and Pebbles. Time, June 14, 1963; p. 67.

Punga, M. Le jen Ruma. Sphinx, 1931; pp. 113-15.

Sawyer, W. W. Analysis of an Indian game. Scrip.d. 22:71-78; 1956.
Game similar to Fox and Geese.

Sawyer, W. W. The game of Oware. Mathematics News Letter, Sept. 1958;
Scrip.l., vol. 15, no. 2, pp. 159-61; June 1949.

Schuh, Fred. The Master Book of Mathematical Recreations. New York: Dover
Publications, 1968.
Domino puzzles, pp. 38-68.
Smith, Cedric A. B. Compound games with counters. J.R.M. 1:67-77; Apr. 1968.
Bibliography; 7 references.
Truran, T. P. An analysis of the game of odds. Math.Tchg., no. 45, pp. 38-41;
Winter 1968.

A game also known as the “Pebble Game™ (Dudeney. Amusements in
Mathematics) .
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Wells, Celia, and Wells. Peter. A Sunday afternoon with five cocktail sticks.
Math.Tchg., no. 47. pp. 52-53; Sunmmer 1969,
Williams, Russell. Bingtae. A.7. 16:310-11; Apr. 1969.
A game for junior high school level. similar to the game of “Yahoo.”

9.7 Card Games and Card Tricks

An ordinary deck of 52 playing cards lends itself to a fantastic variety of
tricks—tricks based on their numerical values, tricks based on different colors
and different suits, tricks based on the cards as counting units, shuffling tricks,
locating and, or naming the position of a card, and so on and on. According
to Martin Gardner, although “cards were used for gaming purposes in ancient
LEgypt, it was not until the fourtcenth century that decks could be inade from
linen paper, and not until the early fifteenth century that card-playing became
widespread in Europe. Tricks with cards were not recorded until the seven-
teenth century and books dealing with card magic did not appear until the
nineteenth.”

Abbott, Robert. Abbot’s New Card Games. New York: Funk & Wagnalls, 1968.
138 pp. (Paper)
Abraham. R. M. Easy-to-do Entertainments and Diversiuns, etc. New York: Dover
Publieations, 1961. (Paper)
Card tricks. pp. 1-19.
Abraham, R. M. Winter Nights Entertainments. New York: E. P. Dutton & Co.,
1933.
Card tricks, pp. 1-25.
Amir-Moéz. Ali R. Limit of a function and a card trick. M.Mag. 38:191-96; Sept.
1965.
Amir-Moéz. Ali R. Mathematics and cards. Rec.d .M., no. 8, pp. 40-42; Apr. 1962.
About card games.
“Berkeley™ and T. B. Rowland. Card Tricks and Puzzles. 1892. 120 pp.
Chicfly mathematical tricks and puzzles; magic squares, magic tour; 15-
puzzle; etc.
Card Trick Involving Pascal’s Triangle. A.T. 15:265, 268; Mar. 1968; also. see
Martin Garduner, “Mathematical Games,” in Scientific American, Dec. 1966.
Dent, B. M. (Mrs.). Card Shuflling. Math.T'chg., no. 46, pp. 33-34; Spring 1969.
Mathematical analysis of shufiling a deck of cards.

Gardner, Martin. Mathematics, Magic and Mystery. New York: Dover Publica-
tions. 1956.

Chapters 1-2: *Tricks with Cards.” pp. 1-32.
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Garduer, Martin, New Mathematical Diversions from Scientific American. New
York: Simon & Schuster, 1966.

Victor Eigen: Mathemagician; pp. 103-12; Card tricks, clc.
Goldsmith, Colin. Variations on a theme. Math.Tchg., no. 40, p. 48; Autumn 1967.
An extension of a well-known card trick.
Humt, Martin. Arithmetie card games. A.7. 15:736-38; Dec. 1968.
Johngon, Donovan. Bridget. an algebra card game. M.7. 51:614-15; Dec. 1958.
Johnson, Donovan. Mathematics rummy. M.T. 52:373-75; May 1959.
A card game.
Kirkpatrick, P. H. Probability theory of a simple card game. M.T. 47:245-48;
Apr. 1954,
Saunders, K. D. Shuffles. Math.Tchg., no. 46, pp. 19-21; Spring 1969.
An intriguing card trick.
Simon, William. Mathematical Magic. New York: Charles Scribner’s Sons, 1964.
Magic with playing cards. pp. 156-83.

9.8 Colored Squares and Cubes

Many versions of the “colored cubes™ puzzle abound. One familiar form
involves four cubes which have to be assembled in a block of 4 X 1 X 1 with
four different colors or designs showing on all four sides of the assembly.
These puzzles have appeared in recent years on both sides of the Atlanic
under such trade names as the “Tantalizer,” the Mayblos puzzle, the “Katzen-
jammer Puzzle,” “Instant Insanity,” and others. A complete analysis involves
considerable mathematics.

Abraham. R. M. Diversions and Pustimes. New York: Dover Publications, 1964.
Puzzle of the four colored cubes, p. 100.

Ball. W. W. R. Mathematical Recreations and Essays. Macmillan, 1960,
Colour-cube problem, pp. 112-14.

Brown, T. A. A note on “Instant Insanity.” M.Mag. 41:167-69; Sept. 1968.

Analysis of a contemporary puzzle involving four multicolored unit cizhes
which are 10 be assembled imto a1 X 1 X 4 rectangular prism <o that ali
four colors appear on each of the four long faces of the prism.

E =4

Carteblanche, F. de. The coloured cubes problem. Eureka 9:9; 1947,

Ehrenfeucht, Anicla. The Cube Made Interesting. New York: Pergamon Press,
1964.

“Coloured Blocks™ and “Constructions from Coloured Blocks.™ pp. 46-66.
Farrell, Margaret. The Mayblox problem. J.R.AM. 2:51-56; Jan. 1969.
A sct of cight colored cubes; puzzle invented by Major P. A. MacMahon.
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Filipiak, Anthony. 100 Puzzles. New York: A. S. Barnes, 1942.
Colored-cubes puzzle, p. 108.
Cardner. Martin. New Mathematical Diversions from Scientific American. New
York: Simon & Schuster. 1966.
The 24 Color Squares and the 30 Color Cubes: pp. 184-95.

Cardner. Martin. McMahon's 24-color triangles; cube problems; etc. Sci.Am.
219:120-25; Oct. 1968.

Johngon. Paul B. Stacking colored cubes. Am.M.Mo. 63(6):392-95; June=July
1956.

Kraitchik, Maurice. Mathematical Recreations, New York: Dover Publications,
1953.
Colored squares. pp. 312-13.
Lvons. L. V. Cubeb. Am.M.Mo. 63 (12) :8-9; Dec. 1957.
O'Beirne. T. H. Puzzles and Paradoxes. Oxford University Press, 1965.
Chapter 7: “Cubism and Colour Arrangements.”
Perisho. Clarence. Colored polyhedra: a permutation problem. AT, 53:253-55;
Apr. 1960.
Philpott, Wade. MacMahon’s three-color squares. J.R.M. 2:67-78; Apr. 1969.
Winter, Ferdinand. Das Spiel der 30 Bunten Wiirfel. Leipzig. 1934. 128 pp.
Devoted exclusively to the 30 colored cubes problem.

9.9 Mechanical Puzzles

In earlier times, puzzles involving principles of elementary physics and
mechanics were frequently included with mathematical puzzles and recreations.
Thus for example, the famed Mathematical Recreations of Jean Leurechon
(16331, as attested in the title, dealt among other topics with “opticks, statick,
mechanicks, chymistry, water-works, fire-works.” Similarly, William Ley-
bourn’s Pleasure With Profit: Recreations of Divers Kinds (1694), reveals on
the title page “Numerical, Geometrical, Mechanical, Statical, Astronomical,
Horometrical, Cryplographical, Magnetical, Automatical, Chymical, and
Historical.”

Filipiak. Anthony. 101 Puzzles: llow to Make and How to Solve Them. New

York: A. S. Barnes & Co.. 1942.

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles
and Diversions. New York: Simon & Schuster, 1961.

“Mechanical Puzzles.” pp. 210-19.

Gardner. Martin. Puzzles that can be solved by reasoning based upon principles

of physics. Sci.Am. 215:96-99; Aug. 1966.
Gardner. Martin. A puzzling collection, Hobbies, Sept. 1934, p. 8.




146 RECREATIONAL MATIEMATICS

Hemmings. Ray. Think-a-dot. Math.Tchg., no. 40, p. 45; Autumn 1967.
Brief description of an ingenious device, which, while intriguing, can lead
to seriovs and significant generalizations.

Kravitz. Sidney. Additional mathematical theory of “Think-a-Dot.® J.R.M.
1:247-50; Oct. 1968.

Lehman, Alfred. A solution of the Shannon switching game. Journal, Soc. Indus-
trial Applied Math., vol. 12, no. 4, pp. 687-725; Dec. 1964.

Materials for Mathematics: Games and Puvzles. Math.Tchg., no. 40, p. 32; Au-
tumn 1967.

Gives a list of about 35 general recreational devices commercially available
to illustrate such matters as tessellations; permutation puzzles; interlock-
ing solid dissections; networks; polyominoes; etc.

Professor Hoffmann (pseudonym of Angelo Lewis). Puzzles Old and New. New
York: Frederick Warne & Co., 1893.

Schub, Fred. The Master Book of Mathematical Recreations. New York: Dover
Publications, 1968.
Puzzles in Mechanics, pp. 390-430; Puzzles in dynamics; kinematics;
inertia; forces; mass and weight.
Schwartz, Benjamin L. Mathematical theory of think-a-dot. M.Mag. 40:187-93;
Sept. 1967.

Slocum, Jerry. Making and solving puzzles. Science and Mechanics, Oct. 1955;
pp. 121-26.

Stubbs, A. Duncan. Miscellancous Puzzles. New York: Frederick Warne & Co.,
1931.

Interesting and unusual mechanical puzzles.

9.10 Mathematical Models

The making of mathematical models is a fascinating challenge to many
people. It need not be limited to models of regular and semiregular solids,
although these are rather popular. It can be carried on at various levels,
depending upon the maturity of the model-maker as well as his skill and
artistry.

Bruyr, Donald. Geometrical Models and Demonstrations. Portland. Me.: J. Weston
Walch, 1964. 173 pp.

Curves, surf.:es. solids, instruments, etc.; over 150 diagrams.

Cameron, A. J. Mathematical Enterprises for Schools. New York: Pergamon
Press, 1966. 187 pp.

Nets and Solids. pp. 33-45.

Cundy. H. Martyn, and Rollett, A. P. Mathematical Models. Oxford University
Press, 1967. 286 pp.
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Hess, Adrien L. Mathematics Projects Hlandbook. Boston: D. C. Heath & Co.,
1962. 60 pp. (Paper)
Kenna, L. A. Understanding Mathematics with Visual Aids. Totowa, N.J.: Little-
field, Adams & Co., 1962. 174 pp. (Paper)
Discusses wooden models, string models, curve-stitching, paper-folding, ete.
Mathematics in Kensington. Math.Tchg., no. 23, pp. 9-13; Summer 1963.

Describes models of surfaces formed by complex algebraic equations, to
be seen in the Science Museum in Kensington.

Meredith, G. Patrick. Algebra by Visual Aids. 4 vols. Allen, 1948.

Bk. 1: The Polynomials; Bk. 2: The Continuum; Bk. 3: The Laws of
Calculation; Bk. 4: Choice and Chance.

N et i
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Chapter 10

THscellaweous
Recreationd

10.1 Logical Paradoxes

“So far as mathematics as a whole is concerned, the setbacks occasioned by
the paradoxes of logic have been more than balanced by the advances resuli-
ing from their subsequent investigation.”—Eugene Northrop, Riddles in
Mathematics.

Alexander, Peter. Pragmatic paradoxes. Mind 59:536-38; Oet. 1950.
Bernhard, Robert. Crisis in math—is there a “universal truth?* Scientific Re-
search. 3:47-56; Oct. 14, 1968.
Mathematical paradoxes.

Chapman, J. M. and Butler. R. J. Ou Quine’s “so-called paradox.” Mind
74:424~25; July 1965.

Cohen, L. Jonathan. Mr. O’Connor’s “Pragmatic Paradoxes.” Mind 59:85-87;
Jan. 1950.

Ebersole, F. B. The definition of “pragmatic paradox.” Mind 62:80-85; Jan. 1953.

Gardner, Martin. A new paradox, and variations on it, about a man condenmed to

be hanged. Sci.Am., Mar. 1963, p. 144.

Gardner. Martin. The Unexpected Hanging. New York: Simon and Schuster.
1969.

“The Paradox of the Unexpected Hanging,” pp. 11-23.

Kicfer, James, and Elison. James. The prediction paradox again. Mind 74.:426-27;
July 1905.
Lyon, Ardon. The prediction paradox. Mind 68:510-17; Oct. 1959.

Maxficld. Margaret. How quaint the ways of paradox. In Chips from the Mathe-
matical Log. Mu Alpha Theta. 1966; pp. 59-60.

Medlin, Brian. The unexpected examination. American Philosophical Quarterly

1:1-7; Jan. 1964.
Meltzer. B. The thivd possibiiity. Mind 73:430-33; July 1964.
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Meltzer, B., and Cood, I. J. "T'wo forms of the predietion paradox. British Journal
for the Philosophy of Science 16:50-51; May 1965.

Nerlich, C. C. Unexpected examinations and unprovable statements. Mind
70:503-13; Oct. 1961.

O'Beirne, T. H. Can the unexpected never happen? New Scientist 15:464~65;
May 25, 1961; pp. 597-98; June 8, 1961.

O'Connor D. J. Pragmatic paradox... Mind 57:358-59; July 1948.

O’Connor, D. J. Pragmatic paradoxes and fugitive propositions. Mind 60:536-38; .
Oct. 1951. 1

Quine, W. V. On a so-called paradox. M. ~62:65-67; Jan. 1953.

« esis,

Schoenberg, Judith. A note on the logical fallacy in the paradox of the unexpected
examination. Mind 75:125-27; Jan. 1966.

Seriven, Michael. Paradoxical announcements. Mind 60:403-7; July 1951.

Sharpe, R. A. The unexpected examination. Mind 74:255; Apr. 1965.

Shaw, R. The paradox of the unexpected examination. Mind 67:382-84; July 1958.

Van Heerden. P. J. Logical paradoxes are acceptable in Boolean algebra. M.Mag.
39:175-78; May 1966.

Weiss, Paul. The prediction paradox. Mind 61:265-69; Apr. 1952

Woodall, D. R. The paradox of the surprise examination. Eureka, no. 30, pp.
31-32; Oct. 1967.

Wright, J. A. The surprise exam: prediction on last day uncertain. Mind

76:115-17; Jan. 1967.

10.2 Logical and Inferential Problems

Many people find these puzzles the most tantalizing of all—whether they
be like Lewis Carroll’s fantastic syllogisms, or conundrums of the Smith-Jones-
Robinson type, or the colored-hat type question, or the brand of truth-telling
and lying puzzles. Not infrequently the solution of such recreational logic
problems is facilitated by the use of matrices, truth tables, or set theory. f

Adler. Irving. Logic for Beginners through Games, Jokes and Puzzles. New York:

John Day Co., 1964. 158 pp.

Rather elementary an:d prosaic.

Allen. L. E. Toward autotelic learning of mathematics. M.7. 56:8-21; Jan. 1963.

Games involving logical inference; a report on Wi'n Proof sames.
=) =) ? l o

Brown, David H. The problem of the three prisoners. M.T. 59:131-32; Feb. 1966.

e e ‘1
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Buchalter, Barbara. The logic of nonsense. M.T. 55:330-33; May 1962.
Delightful discussion of the logic in Alice in Wonderland.
Carroll, Lewis (C. L. Dodgson). Mathematical Recreations of Lewis Carroll. Vol.

1: Symbolic Logic, and The Game of Logic. (2 books bound as 1.) New
York: Dover Publications, 1958. 199 + 69 pp.
The first book consists of some 400 logical problems involving syllogisms
and sorites.

Carroll, Lewis (C. L. Dodgson). Matheinatical Recreations of Lewis Carroll. Vol.
2: Pillow Problems, and A Tangled Tale. (2 books bound as 1.) New York:
Dover Publications, 1958. 109 + 152 pp.

“Pillow Problemns” is a classical collection of 72 sophisticated “brain-
teasers.”

Dienes, Z. P., and Golding, E. W. Learning Logic, Logical Games. New York:
Herder & Herder, 1966. 80 pp. (Paper)

Domoryad, A. P. Mcthematical Games and Pastimes. New York: Pergamon Press,
1964.

Logical problems, pp. 222-31.

Fletcher, T. J. The solution of inferential problems by Boolean algebra. M.Gaz.
36:183-88; Sept. 1952.

Fujimura, Kobon. The 5-card problem. J.R.M. 1:35; Jan. 1968.

Gardner, Martin. Boolean algebra, Venn diagrams and the propositional calculus.
Sci.Am. 220:110-14; Feb. 1969.

Gardner, Martin. Logic Machines and Diagrams. New York: McGraw-Hill Book
Co., 1958. 157 pp. (Paper)

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles
and Diversions. New York: Simon & Schuster, 1961.
“Recreational Logic,” pp. 119-29.

Giles, Richard. Building an electrical device for use in teaching logic. M.T.
55:203-6; Mar. 1962.

Goodrich, Ruth. An analysis of some of the syllogisms found in Alice in Wonder-
land. Pentagon 21:30-38; Fall 1961.

Hunter, J. A. H. Some inferential problems. Rec.M.M., no. 1, pp. 3-6; Feb. 1961.
Solving problems in logic with Boolean algebra.

Pedoe, Dan. The Gentle Art of Mathematics. English Universities Press, 1958.
“Automatic thinking,” pp. 65-76; “Double Talk,” pp. 128-35. Syllogisms,
logical and inferential problems; logical paradoxes.

Phillips, Hubert [Caliban]. My Best Puzzles in Logic and Reasoning. New York:

Dover Publications, 1961. 107 pp.
An excellent collection of “logic problems,” alniost all original.

Summers, George. Fifty Problems in Deduction. New York: Dover Publications,
1969.
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Summers. George. New Puzzles in Logical Deduction. New York: Dover Publica-
tions, 1968. 121 pp. (Paper)

Williams, Horace. Constructing logic puzzles. M.T. 54:524-26; Nov. 1961.

Wylie, Clarence R. 101 Puzzles in Thought and Logic. New York: Dover Publi-
cations, 1957. Unpaged. (Paper)

10.3 Cryptography—Cryptanalysis—Codes and Ciphers

“In point of fact, as I have found by experience, in cryptography the ex-
ceptions are more frequent than the rule.”—André Langie, Cryptography.

Andree, Richard. Cryptography. In Chips from the Mathematical Log. Mu Alpha
Theta, 1966; pp. 25-26.

Friedman, W. F, and Mendelsolm, C. J. A bibliography of cryntography.
Am.M.Mo. 50:345; 1943.
Gaines, Helen F. Cryptanalysis. A Study of Ciphers and Their Solution. New
York: Dover Publications, 1956. 237 pp.
Unabridged and corrected edition of a work formerly published in Ele-
mentary Cryptanalysis. Solutions of about 150 specimen codes are included.

Gaines, Helen F. Elementary Cryptanalysis. Boston: American Photographic
Publisiiing Co., 1943.
Glaymann. Maurice. Un modéle d’espace vectoriel et son utilisation pour coder et

decoder un message. Journal of Structural Learning, Jan. 1968; pp. 9-15.

Graham, L. A. Thc Surprise Attuck in Mathematical Problems. New York: Dover
Publications, 1968.

“Codes und Computers,” pp. 28-32.

Hill, L. S. Concerning certain linear transformation apparatus in cryptography.
Am.M.Mo. 38:135; 1921.

Hill, L. S. Cryptography in an algebraic alphabet. Am.M.Mo. 26:409; 1919.

Kahn, David. The Codebreakers: The Story of Secret Writing. New York: Mac-
millan Co., 1967. 1164 pp.

Nonmathematical survey of the history of secret communication, wartime
cryptanalyses, etc. Exhaustive and well documented.

Kahn, David. Modern cryptography. Sci.Am. 215:38-46; July 1966.
Use of electronics and mathematics by eryptanalysts.

Laffin, John. Codes and Ciphers: Secret Writings Through the Ages. New York:
Abelard-Schuman, 1964. 144 pp.

An unusually fascinating presentation, including codes from ancient to
moedern times.

Mann, Barbara. Cryptography with matrices. Pentagon 21:3-11; Fall 1961.
Mitchell, U. G. Codes and ciphers. Am.M.Mo. 26:409-13.
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Pallas, Norvin. A little matter of espionage. Rec.M.M., no. 6, pp. 56-58; Dec.
1961.

Pallas, Norvin. The Sun Dial: a cryptographic mystery. Rec.M.M., no. 2, pp.
34-36; Apr. 1961.

Peck, Lyman. Secret Codes, Remainder Arithmetic, and Matiices. Washington

D.C.: NCTM, 1961. 54 pp. (Pamphlet)

Pratt, Fletcher. Secret and Urgent; the Story of Codes ard Ciphers. New York:
Blue Ribbon Books, 1942. 282 pp.

Shannon, C. E. Communication theory of secrecy systems. Bell System Tech.
Journal 28:656-715; 1949,

Smith, Lawrence D. Cryptography. New York: Dover Publications, 1955. 164 pp.
Willerding, Margaret. Codes for boys and girls. A.T. 2:23-24: Feb. 1955.

Williams, Eugenia. An Invitation to Cryptograms. New York: Simon & Schuster,
1959.

Collection of 150 puzzles, with solutions, vanging from very easy to mod-
erately difficult cryptograms.

Winick, David F. “Arithmecode” puzzle. A.T. 15:178-79; Feb. 1968.

10.4 Humor and Mathematics

Mathematics—even serious mathematics—is not all grim.  Unexpected
twists appeal to the humorist, as attested to by numerous limericks and other
verse in a lighter vein, to say nothing of scores of cartoons, many of which
have been stimulated by interest in the “new mathematics™ and in electronic
computers. Even some mathematicians themselves have a good sense of
humor.

Birdwood, Wilbur P. Euclid’s Outline of Sex. New York: Henry Holt & Co., 1922.
68 pp. (O.P.)

A sprightly piece of satire, poking fun at devotees of Freud.

Dudley, Patricia, et al. Further techniques in the theory of big game hunting.
Am.M Mo. 75:896-97; Oct. 1968.

Dunham, David. Every Man « Millionaire. New York: Seripta Mathematica, 1937:
95 pp.

Fadiman. Clifton. Fantasic Mathematica. New York: Simon & Schuster, 1958.
298 pp.

A collection of humorous stories and diversions related to mathematies.
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Fadiman, Clifton. The Mathematical Magpie. New York: Simon & Schuster,
1962. 300 pp.

A delightful collection of humor about mathematics: aphorisms, apothegms,
anecdotes, pvems, limericks. cartoons, essays, and curiosa.

Gardner, Martin. The Numerology of Dr. Matrix. New York: Simon & Schuster,
1967. 112 pp.

Gardner, Martin. Word play. Sci.Am. 217:218-24; Sept. 1964.
Puns and palindromes; assorted humor.

Jablonower, Joseph. The Jabberwocky was a Lark, or the “Mathematician Takes a
Holiday.” M.T. 60:871-73; Jan. 1967.
Reprint of a brief satirical note built around Lewis Carrell characters, Alice
and Humpty Dumpty.

Janicki, G. Number cartoons. M.T. 48:372; May 1955.

Jolly, R. F. Excelsior; A.7. 62:94-95; Feb. 1969.

A humorous poem. a parody on “Now I Am the Ruler of the Queen’s
Navee,” from H. M. S. Pinafore, by Gilbert & Sullivan.

Kaufman. Gerald L. Geo-metric Verse: Poetry Forms in Mathematics written
mostly for Fanatics. New York: The Beechhurst Press, 1948. 64 pp.

Leacock, Stephen. Human interest put into mathematics. A.7. 22:302-4; 1929;
also, M.T. 59:561-63; Oct. 1966.

A humorous, whimsical spoof on stereotyped problems concerning “4, B
and C, who do a certain piece of work,” etc.

Leacock, Stephen. Through a glass darkly: human thought in mathematical sym-
hols. Atlantic Monthly 158:94-98; 1936.

Lindon, J. A. A clerihew ABC of mathematics. Rec.M.M., no. 14, pp. 24-26; Jan.-
Feb. 1964.

A humorous poem.

Lindon. J. A. Numbo-carrean. Rec.M.M., no. 11, pp. 11-13; Oct. 1962.
A whimsical sketch on an artificial language based or numerals and letters.

Lindon, J. A. A world of diffecrence. Rec.}M.M., no. 13, pp. 31-33; Feb. 1963.
A time-space spoof.

Luke, Dorman. “Yoicks!" “Tallyho!” Shades of King Arthur! Sir Moebius rides
again! ReeM.M., no. 12, pp. 13-15; Dec. 1962.

Humorous skit on the Moebius strip.

May, Kenneth O., and Andersen, P. An interesting isomorphism. Am.M.Mo., vol.
70. no. 3, Mar. 1963.

Humorous, satirical sketch.

McClellan. John. Recreations for space travel. ReeM.M., no. 7, pp. 7-11; Feb.
1962.

Humor and spoofing, but suggestive.
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Menmninger, Karl. Ali Baba und die 39 Kamele. Gittingen: Vandenhoeck &
Ruprecht, 1955, 1958. 108 pp. (Paper)
Humorous sketches about numbers, by the distinguished author of “Zahl-
wort und Ziffer.”
Miller, James E. How Newton discovered the law of gravitation. Am.M.Mo.
09:623-31; Sept. 1962.
Clever spoof on contemporary foibles of academic administration and
lavish government grants for research.
Morphy, Otto. Some modern mathematical methods in the theory of lion hunting.
Am. Mo, 75:185-87;: Feb. 1968.
A natural sequel to H. Petard’s classic treatise on the mathematical theory
of big game hunting.

Petard, H. A contribution to the mathematical theory of big game hunting.
Rec.M.M., no. 5, pp. 14-17; Oct. 1961. Reprinted from Am.M.Mo., Aug.~
Sept. 1938. ppn. 446-47.

Sophisticated humor.

Sutcliffe, Alan. A walk in the rain. Rec.M.M., no. 7, pp. 20-22; Feb. 1962.
Interesting curiosity on how to keep relatively dry.

Traub, Huge Geometry and men. Rec.M.}M., no. 11, pp. 6-7; Oct. 1962.

Weaver, Warren. Lewis Carroll: Mathematician. Sci.Am., vol. 194, no. 4, pp.
116-28; Apr. 19506.
VWillerding, Margaret F. Mathematics through a looking glass. Scrip.M. 25:209-19;
1960.
Delightful account of mathematical allusions in Alice in Wonderland, etc.;
bibliography.
Winthrop, Henry. A devil’s dictionary for higher education. Rec.M.M., no. 9,
pp. 12-15; June 1962.
Humorous skit on definitions of mathematical terms.

10.5 Sports and Mathematics

Mathematics enlers the arena of sports in several unrelated ways—all of
them interesting. The most obvious perhaps is the role of physics; then there
are the matters of scoring and comparative records, the statistical and predic-
live aspects, involving probabilily, and the matter of tournaments. Who says
one can’t find mathematics almost anywhere you look for it?

A Billiard Ball Problem. [Problem E1704.] Am.M.Mo. 72:669; 1965.
Ap Simon, H. The luck of the toss in squash rackets. M.Gaz. 35:193-94; 1951.

Austin, A. K. Tennis. Math.Tchg., no. 44, p. 25; Autumn 1968.

Problems about the method of scoring, the order of serving, and the chang-
ing of ends in a tennis match.
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Bergman. Ronald. Something new behind the 8-ball. Ree.d.M., no. 14, pp. 17-19;
Jan~Febh. 1964.

The mathematics of an Illiptical pool table.

Clifford, Edward. An application of the law of sines: fow far must you lead a
bird to shoot it on the wing? A1.7. 54:346-50; May 1961.
Cook, Earnshaw. Percentage Baseball. Cambridge. Mass.: M.LT. Press, 1966.
416 pp.
An unusual statistical and probabilistic study of batting and pitching
averages. and some implications for possible strategies.

Furucan, H. M. The velocity of sound and the start of athletic events. Australian
Mathematics Teacher 4:4-9; 1948.

Hardy, G. H. A mathematical theorem about golf. M.Gaz. 29:225 fi. (Math. Note
No. 1844) ; 1945.

Hayward, Roger. The bounding billiard ball. Rec.M.M., no. 9, pp. 16-18; June
1962.

Himmelfarb, A., and Silverman, D. L. A Dbilliard 1able problem. Am.M.Mo.
74:870; Aug—~Sept. 1967.

A billiard ball is cued from a corner of an n X m-foot billiard table at an
angle of 45°. How many cushions will the ball strike before it again goes
into a corner?

Hemming. G. W. Billiards Mathematically Treated. London: Macmillan & Co.,
1899. 45 pp.

Kidd, Kenneth. Mcasuring the speed of a baseball. S.S.01. 66:360-64; Apr. 1966.

Knuth, Donald. Billiard balls in an equilateral triangle. Rec.M.M., no. 14, pp.
20-23; Jan~Feb. 1964.

Lampe. Ernst. Mathematik und Sport. 2d ed. Leipzig: B. G. Teubner, 1956. 94 pp-

Discussion of the mathematics and physics related to throwing a ball, jump-
ing. running, swimming, cycling, weight lifting, tennis, etc.

Madachy, Joseph. Mathematics on Vacation. New York: Charles Scribner’s Sons,
1966.

“Bouncing billiard balls.” pp. 231-41.
Maunsell, F. G. Why does a bicycle keep upright? .Gez. 30:195-99; Oct. 1946.

Miller, Fred A. In how many ways can the World Series in baseball be played?

S.8.01. 69:71; Jan. 1969.
Ranucci, Ernest R. Anyone for tennis? S.S.01. 67:761-65; Dec. 1967.

Rickey, Branch. Goodbye to some old bascball ideas. Life 37:78-86-+; Aug. 2,
1954.

Discussion of batting and pitching averages.

Rising, Gerald R. Geometric approach to ficld-goal kicking. ALT. 47:463-66;
Nov. 1954,
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Sarjeant, H. B. Golf from a2 mathematical angle. Australian Mathematics Teacher
3:3-9; 1947.

Walker, G. T. The physics of sport. M.Gaz. 20:172-77; July 1936.

10.6 Philately and Mathematics

Nearly every stamp collector knows that there are scores of topics for
“thematic” collections: railroads, airplanes, bridges, ships, birds, flowers,
medicine, scientists, space, etc. Among such topics, one that has not been
publicized is mathematicians and mathematics on stamps.

It is of interest to note that portraits of more than one hundred different
mathematicians have been depicted on postage stamps of one country or
another. Jn addition, many physicists and astronomers have also been hon-
ored in this way. And, if one wishes, such a collection could also include
stamps displaying mathematical instruments, astronomical observatories,
geometric designs, mathematics in Nature, parabolas and catenaries in the
form of suspension bridges and telegraph cables, ellipses and semicircles in
arches, and other sundry mathematical jtems. An impertinent question re-
mains to be asked: Why have so many eminent mathematicians been over-
looked in the search for postal commemoratives? In particular, in the United
States, why have Charles Sanders Peirce and Josiah Willard Gibbs not been
honored?

Bierman, Kurt R. Cominents on mathematics and philately. M.Mag. 34:297; 1961.
Boyer, Carl B. Philately and mathematics. Scrip.}M. 15:105-14; 1949.

Brooke, Maxey. Mathematics and philately. M.Mag. 34:31-32; 1961.

“The Hamilton postage stamp.” Scrip.M. 10:213-14; 1944.

Horton. C. W. Scientists on postage stamps. S.S.M. 48:445-48; 1948.

Johnson, R. A., and Archibald, R. C. Postage-stamp or coin portraits of mathe-
maticians. Scrip.M. 1:183-84; 1932.

Larsen, H. D. Mathematics and philately. Am.M.Mo. 60:141-43; 1953.
Larsen. H. D. Mathematics on stamps. M.T. 48:477-80; 1955.

Larsen, H. B. Mathematics on stamps. M.T. 49:395-96; 1956.

Pinzka, C. F. A note on mathematics and philately. M.Mag. 34:169; 1961.

Schaaf, W. L. Mathematicians and mathematics on postage stamps. J.R.M.
1:195-216; Oct. 1968.
Check list of stamps depicting portraits of nearly a hundred mathema-
ticians; also, stamps showing symbols, graphs, geometric designs, measure-
ment, computation, curves, etc.; about 600 stamps in all.

iy
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Schaaf, W. L. Philately and mathematics—a further note. M.T. 49:289-90; 1956.
Schaaf, W. L., and Papa, John S. Scientists discovered dynamic symmetry for fine
arts (etc.). Linw’s Weekly Stamp News, June 23, 1969, pp. 8-9.
Discussion of the original paintings from which portraits of mathematicians
were designed on stamps.

10.7 Assorted Recreations and Curiosities

“We may learn the same lesson . . . from the puzzle columns of the popular
newspapers. Nearly all their immense popularity is a tribute to the drawing
power of rudimentary mathematics, and the better makers of puzzles, such as
Dudeney or ‘Caliban,” use very little else. They know their business; what
the public wants is a little intellectual ‘kick,” and nothing else has quite the
kick of mathematics.”—G. H. Hardy, A Mathematician’s Apology.

Bain, George G. The prince of puzzle-makers: An interview with Sam Loyd.
Strand Magazine (London) 34:771-77; 1907.

Boys, C. V. Soap Bubbles. New York: Dover Publications, 1959.
Brider. J. E. A mathematical adventure. Math.Tchg., no. 37, pp. 17-21; Winter
1966.
Finite differences when counting overlapping squares or triangles.
Brumfiel. C. F. Numbers and games. NCTM Tuwenty-seventh Yearbook, 1963;
pp. 245-60.

For junior high school level: repeating decimals, continued fractions, irra-
tional numbers, number line games, tick-tack-toe.

Clapham, J. Charles. Playful mice. Rec.M.M., no. 10, pp. 6-7; Aug. 1962.
Pursuit problem.

Fletcher, T. J. Carry on Kariera! Math.Tchg., no. 43, pp. 35-36; Summer 1968.
Mathematical analysis of marriage and kinship patterns.

Gardner, Martin. Nine titillating puzzles. Sci.Am. 197:140 fi.; Nov. 1957.

Gardner, Martin. Mathematical games—On the relation between mathematics and
the ordered pairs of op art. Sci.4Am. 213:100-105; July 1965.

Gardner, Martin. “Cooked” puzzles. Sci.Am. 214:122-27; May 1966.
Miscellaneous puzzles with flaws or incorrect answers, or puzzles with im-
possible solutions.

Gardner, Martin. Dollar bills. Sci.Am. 218:118-20; Apr. 1968.

Puzzles and tricks with dollar bills.
Gardner, Martin. Miscellaneous recreations. Sci.Am. 209:144-54; WNov. 1963;
210:114~20, June 1964;

212:112-17, Mar. 1965;
213:116-23, Nov. 1965;
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216:124-29, Mar. 1967;
217:125-28, Nov. 1967;
220:124-26, Apr. 1969.

Gardner, Martin. Puzzles based on parity (odd/even). Sci.Am. 209:140-48; Dec.

1963.

Glenn, William, and Johnson, Donovan. Fun with Mathematics. New York: Me.

Graw-Hill Book Co., Webster Div., 1960. 43 pp. (Paper)
Cogan, Daisy. A game with shapes. A.T. 16:283-84; Apr. 1969.
Invoives rotations, symmetry, and congruence.

Griinbaum, Adolf. Are “infinity machines” paradoxical? S:zience 159:396-406;
Jan. 26. 1968.

Hunter, J. A. II. The problemist at work. Ree.M.M., no. 8, pp. 5-6; Apr. 1962.
General discussion.

Jolnson, Donovan. Enjoy the mathematics you teach. A.T. 15:328-32; Apr. 1968.
Jones, L. E. Merry Christmas, Happy New Year. S.S./. 67:766-71; Dec. 1967.

1
Langman, Harry. Curiosa: Proof of cos 36° — cos 72° = 5 Scrip.M. 22:221;
1956.

McClellan, John. Recreations for space travel. Rec.M.M., no. 7, pp. 7-11; Feb.

1962.
Perisho, C. R. Conies for Thanksgiving. S.S.M. 57:640-41; Nov. 1957.
Ranueei, Ernest. Four by Four. Boston: Houghton Mifftin Co., 1968. 60 pp.
Miscellaneous recreations involving a 4 X 4 network of squares.
Rapoport, A., and Rebhun. L. I. On the mathematical theory of rumor spread.
Bulletin of Mathematical Biophysics 14:375-83; 1952.
Reeve. J. E.. and Tyrell. J. A. Maestro puzzles. M.Gaz. 45:97-99; May 1961.
How to pack a given set of figures to form a certain figure.

Saidan, A. S. Recreational problems in a medieval arithmetic. M.T. 59:6066-67;
Nov. 1966.

Smith. Eugene P. Some puzzlers for thinkers. NCTM Twenty-seventh Yearbook,
1963; pp. 211-20.

For junior high school level; about two dozen assorted problems, including
magic squares.

Steiger, A. A. von. Christmas puzzle. .7, 00:848-49; Dec. 1967.
Steinen, R. F. Morc about 1965 and 1966. M.T'. 59:737-38; Dec. 19606.
Sutcliffe, Alan. Waiting for a bus. M.Mo=. 38:102-3; Mar~Apr. 1965.

Trige. C. W. Holiday greetings from thirty serambled mathematicians. S.S.M.
54:679; Dec. 1954.




Chapter 11
Group Recreational
Aetivities

11.1 Mathematics Clubs, Programs, Exhibits, Projects

“The fact is that there are few more ‘popular’ subjects than mathematics.
Most people have some appreciation of mathematics, just as most people can
enjoy a pleasant tune; and there are probably more people really interested
in mathematics than in music. Appearances may suggest the contrary, but
there are easy explanations.”—G. H. Hardy, 4 Mathematician’s Apology.

Anning, Norman. High school mathematics clubs. M.T. 26:70; Feb. 1933.
Bibliography.

Cameron, A. J. Mathematical Enterprises for Schools. New York: Pergamon
Press, 1966. 188 pp.

Excellent source material for enrichment purposes.

Cuonahan, Walter H. Mathematics Clubs in High Schools. Washington, D.C.:
NCTM, 1958. 32 pp. (Pamphlet)

Cecilia, Sister Margaret. Mathematics projects. M.T. 54:527-30; Nov. 1961.

Gives suggestive list of 100 topics for projects or mathematics club pro-
grams.

Cordell, Christobel. Dramatizing Mathematics. Portland, Me.: J. Weston Walch,
1963. 170 pp.

Collection of 17 skits. contests. etc. suitable for math club and assembly
programs.

Dalton, LeRoy C. Student-presented programs in a mathematics club. in Chips
from the Mathematical Log. Mu Alpha Theta, 1966; p. 21.

Granito, D. What to do in a mathematics club. M.T". 57:35-40; Jan. 1964.

Hess, Adrien L. Mathematics Projects Handbook. Boston: D. C. Heath & Co.,
1962. 60 pp. (Paper)

Bibliographic and source materials for typical projects and exhibits.

Jehnson, Donovan. Games for Learning Mathematics. Portland, Me.: J. Weston
Walcl;, 1963. 176 pp.

Description of 70 games. involving arithmetic. algebra, and geometry.
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Johnson, Donovan. Panel games. M.T. 52:130-31; Febh. 1959.
Using “Twenty-Question” and “What's My Line?” techniques.

Johnson, Donovan. and Olander, C. E. How to Use Your Bulletin Board. Wash-
ington, D.C.: NCTM, 1955. 12 pp. (Pamphiet)

Kelly, Inez. The Garfield Mathematics Club. M.T. 45:37; Jan. 1952.
Levinson, R. XYZ Club. High Points 14:48: Nov. 1932.

Manheimer, Wallace. A club project in a modern use of mathematics. M.T.
50:350-55; May 1957.
Card tricks, Nim, and related recreations.
Mayall, R. N., and Mayall, M. L. Sundials: How to Know, Use and Make Them.
Boston: C. T. Branford Co., 1958. 197 pp.

Olds, C. D. Miscellancous topics for club talks. In Chips from the Mathematical
Log, Mu Alpha Theta, 1966; p. 23.

Ransom, William R. Thirty Projects for Mathematical Clubs and Exhibitions.
Portland, Me.: J. Weston Walch, 1961. 84 pp. (Paper)

A list of somewhat unusual topics.

Stephanie, Sister Mary. Activities for mathematics clubs. Catholic School Journal
56:214; Sept. 1956.
Todd, A. The Maths Club. 166 pp; 143 diagrams.
A handbook on mathematical activities suitable for 9-16 year old children.

Williams, A. J. List of mathematics clubs by states. M.T. 41:293; Oct. 1948.

11.2  Mathematical Contests and Competitions

Although there may be some controversy concerning the educational values
of contests and competitions in mathematics, there is little doubt about their
popularity. Indeed, the search for mathematical talent among young people
has taken on a serious aspect in recent years, spurred on by the intrinsic needs
of a scientific and technological society as well as by international rivalries,
for Detter or for worse.

Berglass, Isidore, and Kalfas, Alfred. Math Fairs for New York State. N. Y. State
Math. Teachers Tournal 15:148-50; Oct. 1965.

Bissinger, Barnard. Science for a day. M.I. 57:546-51; Dec. 1964.

Bleicher, Michael N. Searching for mathematical talent in Wisconsin. Am.M.Mo.
72:412-16; Apr. 1965.

Buck, R. Creighton. A look at mathematical competitions. Am.M.Mo. 66:201-12:
Mar. 1959.

Burkill, J. C., and Cundy, H. M. Mathematical Scholarship Problems. Cambridge
University Press, 1961. 118 pp.
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Charosh, Mannis, ed. Mathematical Challenges. Washington, D.C.: NCTM, 1965.
135 pp. (Paper)
A collection of problems for students in Grades 7 through 12.
Fagerstrom, William H.. and Lloyd. Daniel B. The National High School Mathe-
matics Contest. M.7. 51:434-39; Oct. 1958.
Gruver, Howell L. School Mathematics Contest:. A Report, Washington, D.C.:
NCTM, 1968. 41 pp. (Paper)
Discusses types of contests, examples of contests, procedures and practices,
local and national comtests, information about specific individnal contests.

Hofeditz, P. . Sequoia High School Math 1.am. M.T. 49:473; Oct. 1956.

Hungarian Problemn Book 1. Eétzés Competitions, 1894-1905. New York: Ranaom
House, L. W. Singer Co. 111 pp. (Paper)

Hungarian Preblem Book II. Zétwds Competitions, 1906-1928. New York: Run-
dom House, L. W. Singer Co. 120 pp. (Paper)

Kneale, Brendan. A mathematics competition in  California. A4...M.Mo.
73:1006-10; Nov. 1966.

Lenchner, George. Mathletes. M.T. 52:113-14; Feb. 1959.

The MAA Problem Bouk, II. New Mathematical Library, no. 17. New York: Ran-
dom House, L. W. Singer Co., 1966. 112 pp. (Paper)

Mattson, Robert J. Mathematics leagues: stimulating interest through competition.
M.T. 60:259-61; Mar. 1967.

Nolan, Glenn F. Developing a contest committee for a local school district. Bul-
letin, National Association of Secondary School Principals 49:33-35; Sept.
1965.

Paarlberg, Teunis. The Mathematics League. M.T. 60:38-40; Jan. 1967.

Rabinowitz, Stanley. The Intercollegiate Mathematics League. Am.M.Mo.
73:1004-6; Nov. 1966.

Rapaponrt, Elvira. Hungarian Problem Book I. New Mathematical Library, no. 11.
New York: Ranaom House, L. W. Singer Co., 1963. (Paper)
Rogler, Paul. The mathematics league. M.T. 56:223, 267, 274: Apr. 1963.

Salkind, Charles T. Annual high school mathematics contest. ALT. 57:75-78:
Feh. 1964.

Salkind, Charles T., ed. The M.A.A. Problem Book 1. New Mathematical Library,
no. 5. New York: Random House, L. W. Singer Co., 1961. 154 pp. (Paper)
A collection of problems frow the annual high school contests of the M.AA.
for 1950-60.
Salkind, Charles T., ed. The M.A.A. Problem Book 11. New Mathematical Library,
no. 17. New York: Random House, L. W. Singer Co.. 1966. 112 pp. (Paper)

A collection of problems from the annual high school contests of the M.A.A.
for 1961-65.

Shklarsky, D. O.. Chentzov. N. N, and Yaglom, I. M. The USSR Olympiad Prob-
lem Book. San Francisco: W. H. Freeman & Co., 1962.
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Shoemaker, Richard. The evolution of a mathematics contest. JM.T. 52:453-56;
Oct. 1959.

Smart, J. R. Searching for mathematical talent in Wisconsin, II. Am.M.Mo.
73:401-6; 1966.

Straszewicz, S. Mathematical Problems and Puzzles from the Poli-h Mathematical
Olympiads. New York: Pergamon Press, 1965. 367 vp-

Stubblefield, Ethel. A community approach to general mathematics. M.T.
49:195-99; Mar. 1956.

Sussman, Irving, ed. The USSR Olympiad Problem Book. (Translated by John
Mavkovich.) San Francisco: W. H. Freeman & Co., 1962. 452 pp. (Paper)

Turver, Nura D. The National Contest in High School Mathematics in Upper New
York State. Am.M.Mo. 67:73-74; Jan. 1960.

Turner, Nura D. National aspects of the MAA-SA contest in the development of
talent. Am.M.Mo. 74:60-67; Jan. 1967.

Turner, Nura D. Report of the Upstate New York MAA Contest Section—British
Mathematical Olympiad Competition. Am.M.Mo. 76:77-81; Jan. 1969.

Turner, Nura D. Whither mathematics contest winners? Am.M.Mo. 71.425-26;
Apr. 1964.

Watson, F. R. 'On mathematical competitions. Math.Tchg., no. 43, pp. 4-10;
Summier 1968.

Bibliography; 30 references.

Wirszup, Izaak. The School Mathematics Circle and Olympiads at Moscow State
University. M.T. 56:194-210; Apr. 1963.

Wirszup. Izaak. The Seventh Mathematical Olympiad for Secondary School Stu-
dents in Poland. M.T. 51:585-89; Dec. 1958.

11.3 Mathematical Plays and Skits

“The play’s the thing!”—Hamlet.

Carnahan, Walter H. Mathematics Clubs in High Schools. Washington, D.C.:
NCTM, 1958. 32 pp. (Pamphlet)

Gives a list of 34 mathematics plays (without titles) that appeared in
various issucs of the Mathematics Teacher from 1924-54.

Cordell, Christobel. Dramatizing Mathematics. Portland, Me.: J. Weston Walch,
1963. 170 pp. (Paper)

Contains 17 skits, contests and action projects for Grades 7 1o 9.
Gray, Mrs. J. T. Historically spcaking. S.S.M. 52:345-56; 1952.

A play about the development of zero, weights. measures and time; suitable
for intermediate and junjor high school grades.




GROUP RECREATIONAL ACTIVITIES 163

Schaaf, W. L. Mathematical plays and programs. M.T. 44:526-28; 1951.
Annotated list of 50 plays and pagearits about mathematics.

Slaught, H. E. The evolution of numbers. A play. Rec.M.M., no. 9, pp. 3-10;
June 1962.

Reprint of a well-known play hased on mathematical history.

Willerding, Margaret. Dramatizing mathematics. S.S.M. 60:99-104; 1960.
Extensive bibliography on matliematical plays.




Chapter 12

Hathematics aud the
Fine rnts

12.1 Aesthetics and Mathematics

“Art is an expression of the world order and is therefore orderly, organic,
subject to mathematical law, and susceptible of mathematical analysis.”—
Claude Bragdon, The Beautiful Necessity.

Ahern, Lorella. Art in geometry. AL.T. 32:156-62; 1939.

Birkhoff, G. D. Aesthetic Measure. Cambridge, Mass.: Harvard University Press,
1933. 226 pp.

Aesthetic theory, polygonal forms, ornaments and tiling.
Birkhoff, G. D. Polygonal forms. NCTM, Sixth Yearbook, 1931; pp. 165-95.
Bragdon, Claude. Art and arithmetic. Theater Arts Magazine 8:505-14; 1924,

Colman, Samuel, and Coan, C. A. Proportional Form. New York: G. P. Putnam’s
Sons, 1920. 265 pp.

Mathematical forms in Nature. in the human figure. and in art and archi-
tecture.

Court, N. A. Mathematics and esthetics. S.S.M. 30:31-32; 1930.
Craven. T. J. Art and relativity. Dial 70:535~39; 1921.

Davis. R. C. An evaluation and test of Birkhofl’s aesthetic measure formula. Jour-
nal of General Psychelogy 15:231-40; 1936.

Dubisch. Roy. A mathematical approach to aesthetics. S.S.0/. 41:718-23; 1941.

Emch, Arnold. Mathematical principles of aesthetic forms. Monist 11:50--64;
1900.

Evans, Griffith. Form and appreciation. NCTM, Eleventh Yearbook, 1936; pp.
245-58.

Garduer, Martin. The eeric mathematical art of Maurits C. Escher. Sci.Am.
214:110-21; Apr. 1966.

Gardner, Martin. On the relation between mathematics and the ordered patterns
of op art. Sci.Am. 213:100-104; July 1965.

Ghyka, Matila. Essai sur le Rythme. Paris: Gallimard, 1938. 186 pp.
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Ghyka, Matila. Esthétique des proportions dans la nature et dans les arts. Paris:
Gallimard, 1927. 452 pp.
Ghyka. Matila. The Geometry of Art and Life. New York: Sheed & Ward, 1946.
174 pp.
Harmon, Leon, and Xnowhon, K. Picture processing by computer. Science
164:19-29; Apr. 4, 1969.
Computers for processing graphic material in science, engineering and art;
bibliography, 34 references.

Hillman, T. P. Colors, geometric forms, art, and mathematics. A.T. 14:448-52;
Oct. 1967.

Iving, W. M. Art and Geometry. Cambridge, Mass.: Harvard University Press,
1946. 135 pp.
Scholarly discourse on the history of geomerric ideas and the development
of art.
Kandinsky, Wassily. Point and Line to Plane. 2d ed. New York: Solomon R.
Guggenheim Foundation, 1947. 197 pp.
Relation of geometric ideas to non-objective painting; by a pioneer in this
field of art.

Lietzmann, Walther. Mathematilke und bildende Kunst. Breslau: F. Hirt, 1931.
150 pp.

Composition of paintings, perspective, bas relief, the human figure, orna-
ment in utensils, etc.

Levy. Hyman. Modern Science. 'New York: Alfred A. Knopf, 1939.
Chapter 29: “Geometric Thinking and Feeling,” a brief discussion of
geometric and artistic forms.

Moritz, R. E. Ou the beauty of geometric forms. Scrip.3. 4:25-36; 1936.

Moise, Marston. Mathematics and the arts. Yale Review, vol. 40, no. 4, pp.
604-12; June 1951.

Mott-Smith, John. Computers and art. A.T. 16:169-72; Mar. 1969.

Ogden, R. M. Naive gcomctry in the psychology of art. American Journal of
Psychology 49:198-216; 1937.

Schillinger. Joseph. The Mathematical Basis of the Arts. New York: Philosophi-
cal Library, 1948. 696 pp.

A ponderous onmibus work presemting a unique approach to mathematical
concepts in design. nmusic and other arts; variously acclaimed as well as
denigrated.

Smith, D. E. Esthetics and mathematics. 3.7, 20:419-28; 1927.

Weideman. C. C., and Giles. M. A. Integration of geometric form and art ideas.
Proceedings, National Education Association, 1937; pp. 207 fI.
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Winsey, A. R., and Sands, L. B. Contributions of mathematies in the development
of art. S.S.M. 42:845-52; 1942.

Wolff, Georg. Mathematics and the arts. NCTM Eleventh Yearbook, 1936, pp.
226-44.

12.2 Architecture and Mathematics

“So the organic approach in thought is important today because we have
begun, here and there, to act on these lerins even when unaware of the con-
ceptual implications. This development has gone on in architecture fromn
Sullivan and Frank Lloyd Wright to the new architects in Europe . . . who
have begun to crystallize in a fresh pattern the whole neotechnic environ-
ment. —Lewis Mumford, Technics and Civilization.

Beard, R. S. The Fibonacci drawing hoard—Design of the Great Pyramid of Gizeh.
Fib.Q. 6:85-87; Feh. 1968.

Boyd, Rutherford. The contrels over design. Architecture, June 1935; pp. 311-13.

Bragden, Claude. The Beautiful Necessity. New York: Alfred A. Knopf, 1922.
111 pp.

Bragdon, Claude. The Frozen Fountain. New York: Alfred A. Knopf, 1932. 125 pp.
Essays on architecture and the art of design in space.

Craver, Mary. The mathematical foundations of architecture. M.T. 32:147-55;
1939.

Freese, E. I. The Geometry of architectural drafting. Pencil Points, Aug. 1929
through Dec. 1932.
A series of articles; “excellent material, noteworthy figures” (Adrian
Struyk).
Lund, F. M. Ad Quadratum: A Study of Geometric Bases of Classic and Medieval
Religious Architecture. 2 vol.; 1921.

Moynihan, R., et al. Anatomy of design. Journal, Royal Institute of British Archi-
tecture, ser. 3, 59:416; Nov. 1952.

Phillips, E. C. Some applications of mathematics to architecture: Gothic tracery
curves. Am.M.Mo. 33:361-68; 1926.

Preziosi, Donald. Harmonic design in Minoan architecture. Fib.Q. 6:370-84;
Dec. 1968.

Salit, Charles. The geometric form as an architectural matrix. M.T. 39:113-16;
1946.

Salvadori, Mario. Mathematics in Architecture. New York: Prentice-Hall, 1968.
173 pp.

Scholfield, P. H. The Theory of Proportion in Architecture. Cambridge University
Press, 1958.
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Shedd, C. R. Mathematical arches. Scrip.M. 11:362-63; 1945.
-Sleight, Norma. Arches through the ages. S.S.M. 45:21-25; 1945.

Sykes, Mabel. Source Book of Problems for Geometry. Boston: Allyn & Bacon,
1912.

Long out of print; many excellent examples of Gothic arches and Gothic
traceries.

12.3 Ornament and Design

“Symmetry, as wide or as narrow as you may define its meaning, is one
¥y, y o?

idea by which man through the ages had tried to comprehend and create
) te) te)

order, beauty and perfection.”—Hermann Weyl, Symmetry.

Baravalle, H. von. Dynamic beauty of geometrical forms. Scrip.M. 12:294-97;
1946.

Four plates;‘no text.
Baravalle, H. von. Geometric als Sprache der Formen. Freiburg im Breisgau,
Germany: Novalis-Verlag, 1957.
Baravalle, H. von. Geometry at the Junior High School Grades and the Waldorf
School Plan. Garden City, N.Y.: Adelphi College, 1948. 32 pp. (Paper)

Baravalle, H. von. Transformation of curves by inversion. Scrip.M. 14:113-25;
266-72; 1948.

Baravalle, H. von. The number e—the base of natural logarithms. M.T.
38:350-55; 1945.
Designs based on logarithmic spirals.

Barlow, Bronson. Mathematics of Design, for Use in Arts, Letters and Science.
Chicago: The Author, 1929. (0.P.)
Baugher, Carol. An adventure with spirals. Pentagon 20:78-85; Spring 1961.
Spirals in nature and in art.
Bense, Max. Konturen ciner Geistgeschichte der Mathematik: (11) Die Mathe-
matik in der Kunst. Hamburg: Classen & Goverts, 1949, 213 pp.
Die Mathematik in der Ornament, pp. 57-77.

Bense, Max. Die Mathematik in der Ornamentik. Kunstwerk 19:25-27; Oct. 1965.

Bindel, Ernst. Harmonien im Reiche der Geometrie. Stuttgart: Verlag Freies
Geistesleben, 1964. 69 pp.

Discusses the role of regular and semiregular figures in design. Based on
idea ~mted by Kepler in Harmonices mundi (1619) ; over 100 figures
ane -« showing geometry in harmonious design.

Blake, E. M. A method for the creation of geometric designs. Journal of Aes-
thetics & Art Criticism, vol. 7, 1949.
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Blake, E. M. Method for the creation of geometrie designs based on structure.
Journal, American Ceramic Society 28:156-67; 1945.

Boyd, Rutherford. Mathematical ideas in design. Scrip.t. 14:128-35; 1948.

Boyd, Rutherford. Mathematical Themes in Ornament. See files of Scrip M.
Scores of plates: no iext.

Bragdon, Claude. Ornament from magic squares. Architectural Record 60:506-16;
1926.

Bragdon, Claude. More ornament from magic squares. Architectural Record
62:473-80; 1927.

Bragdon, Claude. Ornament from the Plawonic solids. Architectural Record
03:504-12; 1928.

Braga . Claude. ”“rojective Ornament. Rochester, N.Y., 1915.

Capart, Jean. I"drt égyptien; Deuxiéme Peartic, 1V ; Les Arts mineurs. Brussels:
Vromant & Cie., 1922.

Cartlidge, S. J. Original Design: Geometric Pattern for Beginners. New York:
E. P. Dutton & Co., 1923.

Collatz, L. Gleichungen geometrische Ornamente. Z.M.N.U. 64:165-69; 1933.
Computer Art Contest. Computers and Automation 15:8-13; Aug. 1966.
Crane, Walter. The Bases of Design. London: G. Bell & Sons, 1925.

Crane, Walter. Linc and Form. London: G. Bell & Sons, 1914. 287 pp.

Danzig, Tobias. Number, the Language of Science. 2d ed. New York: Macmillan
Co., 1939.

Appendix contains a criticism of the occult in geometry.

Dehn, M. Ucber Ornamentik. 1939. 33 pp.

El-Milick, M. Elémenis & Algébre Ornementale. Paris: Dunod, 1936.
Ornamental curves representing complicated algebraic equations.

Escher, Maurits Cornelis. The Graphic Work of M. C. Escher. London: Oldbourne
Press, 1961.

Delightful, and absolutely unique; must be seen to be appreciated.

Escher, M. C. The Graphic Work of M. C. Escher. London: Oldbourne Press,
1960; New York: Duell. Sloan & Pearce, 1961.

Comments in Math. Reviews 27:859-60, 1963; also, Math. Reviews 28:1184,
1964.

Feibelman, J. K. Aesthetics. New York, 1949.
Fijes Toth, 1.. Regular Figures. New York: Pergamon Press, 1964

Fortova-Samalova, Pavla. Egyprian Ornament. London: A. Wingate, 1963.
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Glasser. L. Teaching symmetry—the use of decorations. Journal, Chemical Edu-
cation, vol. 44. no. 9, pp. 502-11; Sept. 1967.

Havkin, Nathan Ben-Zion. Ornamography: the principles of geometrical ornament
and its use in decorative arts. Jerusalem: R. Mass, 1945. 32 pp. + 192 plates.

Hay. David. The Science of Beauty. Edinburgh, 1856.

Hillman, Thomas P. Colors, geometric forms, art, and mathematics. AT.
14:448-52: Oct. 1967.

Jones, Owen. The Grammar of Ornament. London: Bernard Quaritch, 1856, 1868;
reprinted, 1910.

Kielland. Else C. Geometry in Egyptian Art. London: A. Tiranti, 1955.

Laposky. Ben F. Electronic abstractions: mathematics in design. R.M.M. no. 4,
pp. 14-20; Aug. 1961.

May, Kenneth O. Matlematics and art. M.T. 60:568-72; Oct. 1967.

Menninger, Karl. Zwischen Raum und Zahl. Frankfurt a. M.: Ullstein Biicher,
1960. 222 pp. (Paper)

Written for the layman; concerns the nature of mathematics in general,

and the geometry of design in particular.

Miiller, Edith. Gruppentheoretische und strukturanalytische Untersuchungen der
maurischen Ornamente aus der Alhambra in Granada. Rischlikon, Buch-
drukerei Baublatt A.-G., 1944. 128 pp.

Petrie, W. M. Flinders. Decorative Patterns of the Ancient World. London: Uni-
versity College, 1930.

Riefstahl, Elizabeth. Patterned Textiles in Pharaonic Egypt. New York: Brooklyn
Museum, Brooklyn Institute of Arts and Sciences, 1944.

Seymour, Dale, and Schadler, Reuben. Creative Constructions. Palo Alto, Calif.:
Creative Publications, 1850 Fulton Ave.; 1968. 64 pp. (Paper)

Inscriptions of polygons and creative designs based on these constructions;
in color.

Seymour, Dale. and Snider, Joyce. Line Designs. Palo Alto, Calif.: Creative
Publications, 1850 Fulton Ave.; 1968. 58 pp. (Paper)

Methods for creating designs by use of straight lines only; curve stitching;
in color.

Shubnikov, A. V., and Belov, N. V. Colored Symmetry. New York: Macmillan Co.,
1964.

Stover. Donald W. Mosaics. Boston: Houghton-Mifllin Co., 1966. 34 pp. (Paper)

Tessin, L. D. Developing the geometric design. School Arts Magazine 25:432-35;
1926.

Young. J. W. Symmetry. NCTM, Fifth Ycarbook, 1930: pp. 145-48.

Wall. Drury. The art of mathematics. The lowe Alumni Review, June 4, 1965;
pp. 8-10.

“Painting by numbers™; patterns and pictures based on numbers.
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Wells, F. B., and Cutler, E. H. A modification of a figure suggested by Boyd.
Scrip.M. 24:339-43; 1959.

12.4  Painting—Drawing—Perspective

“For several reasons the problem of depicting the real world led the Renais-
sance painters to matheinatics. . . . Stripped of color and substance, the objects
that painters put on canvas are geometrical bodies located in space. The
language for dealing with these idealized objects, the properties they possess
as idealizations, and the exacl relationships that describe their relative loca.
tions in space are all incorporated in Euclidean geometry. The artists need
only avail themselves of it.”—Morris Kline, Mathematics in Western Culture.

Baravalle, Hermann von. Perspective. Bern: Troxler-Verlag, 1952. 64 pp.

Bunim, Miriam. Space in Medieval Painting and the Forerunners of Perspective.
New York: Columbia University Press, 1940.

Cole, Rex V. Perspective. London: Seeley, Service & Co.. 1927.
Fry, Rogers. Vision and Design. Baltimore: Penguin Books, 1937; pp. 112-68.

Helmholtz, Herman von. Popular Lectures on Scientific Subjects. New York:
Dover Publications. 1962; pp. 250-86.

Johnson, Martin. Art and Scientific Thought. Part 4. London: Farber & Farber,
1944.

Kline. Mor.is. Mathematics for Liberal Arts. Reading. Mass.: Addison-Wesley,
1967. 577 pp.

Chapter 10: “Mathematics and Painting in the Renaissance”; pp- 209-31.

Kline, Morris. Mathematics in Western Culture. New York: Oxford University
Press, 1953.
Chapter 10: “Painting and Perspective”; pp. 126-43.

Lawson, Philip J. Practical Perspective Drawing. New York: McGraw-Hill Book
Co., 1943.

Levy. Edgar. Notes toward a program for painting. Columbia University Forum,
vol. 4, no. 2, p. 5-12; 1961.
Brief allusion to relationship of geometry to art.
Leitzmann, Walther. Lustiges und Merkwiirdiges von Zahlen und Formen. 4th ed.
Breslau: T. Hirt, 1930. 307 pp.
Geometry and painting. pp. 292-98; parquet designs. pp. 239-44.

Panofsky, Erwin. Diirer as a mathematician. In The World of Mathematics,
James R. Newman. New York: Simon & Schuster, 1956; pp. 603-21.
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Panofsky, Erwin. Meaning in the Visual Arts. Garden City, N.Y.: Doubleday &
Co., Anchor Books, 1955; Chapter 6.

Porter, A. T. The Principles of Perspective. London: University of London Press,
1927.

Richter, Irma. Rhythmic Form in Art. London: John Lane, 1932. 127 pp.
Principles of perspective and dynamic symmetry as exemplified in the
works of the great masters.

Schudeisky, Albrecht. Geometrisches Zeichnen. Leipzig: Teubner, 1919. 99 pp.

Wolft, Georg. Mathematik und Malerei. Leipzig: Teubner, 1925. 85 pp. (Paper)
Perspective in painting; composition; brief bibliography.
Wulff-Parchiin, L. Diirer als Mathematiker. 1928.

12.5 The Golden Measure—Dynamic Symmetry

“The Golden Section therefore imposes itself whenever we want by a new
subdivision to make two equal consecutive parts or segments fit into a geo-
metric progression, combining thus the threefold effect of equipartition, suc-
cession, continvous proportion; the use of the Golden Section being only a
particular case of a more general rule, the recurrence of the same proportions
in the elen:ents of a whole.”—Heinrich Timerding.

Amata, Sister M. A mathematical secret of beauty. Summation (ATM), vol. 11,
no. 6, pp. 50-57; June 1966.

Bax, James A. The Golden Section. In The Mathematics Ba®, (Dept. of Maih,,
Florida Atlantic Uriversity), vol. 2, no. 1, pp. 1-8; Mar. 1967.

Beard, Robert S. Powers of the Golden Section. Fib.Q. 4:163-67; Apr. 1966.
Beiler, Albert H. Recreations in the Theory of Numbers. Dover, 1964.
“Theorema Aureum,” pp. 200-210; Golden Section.

Berg, Murray. Phi, the Golden Ratio (to 4599 Deciinal Places), and Fibonacci
Numbers. Fib.Q. 4:157-62; Apr. 1966.

Borissavlievitch, M. The Golden Number and the Scientific Aesthetics of Archi-
tecture. New York: Philosophical Library, 1958. 96 pp.

Brooke, Maxey. The Section called Golden. J.R.M. 2:61-64; Jan. 1969.

Coxeter, H. S. M. Introduction to Geometry. New York: John Wiley & Son, 1961.

Chapter 11: “The Golden Section and Phyllotaxis.” Deals with mean and
extreme ratio; de divina proportione; the golden spiral; the Fibonacci num-
bers; phyllotaxis.

Frisinger and Dence. Problemn 177. Pentagon, vol. 24, no. 2, pp. 102-3; Spring
1965.

Note on dynamic symietry.
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Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles
and Diversions. New York: Simon & Schuster, 1961.

“Phi: The Golden Ratio,” pp. 89-103.
Holt, Marvin. The Golden Section. Pentagon 23:80-104; Spring 1964.
Joseph, M. R. Golden Sectior; compasses. M.T. 47:338-39; May 1954,
Mystery Puzzler and Phi. M.7. 59:472; May 1966.

Marie Stephen, Sister, ).P. The mysterious number Phi. 1.7, 49:200-204; Mar.
1956.

Pruitt, Robert. Fibonaeci and Lucas numbers in the sequence of golden numbers.
Fib.Q. 5:175~78; Apr. 1967.

Sequence of golden numbers refers to the altitudes of nested golden
rectangles.

Raab, Joseph A. The Golden Rectangle and Fibonacci sequence. as related to the
Pascal triangle. M.T. 55:538~43; Nov. 1962. Bibliography.

Satterly, John. Meet Mr. Tau. S.S.JM. 56:731-41; 1956.

Satterly, John. Meet Mr. Tau again. §.5.0. 57:150-51; Feb. 1957.

School Mathematies Study Group. Reprint Series. Edited by W. L. Schaaf. The
Golden Measure. S.M.S.G., Stanford University, 1967. 46 pp. (Paper)
Four essays, by R. F. Graesser, H. von Baravalle, J. Satterly, and H. S. M.
Coxeter. Bibliegraphy.

Thoro, D. E. Beginners’ corner; the Golden Ratio: computational considerations.
Fib.Q. Oct. 1963, pp. 53-59.

Valens, Evans G. The Number of Things: Pythagoras, Geometry and Humming
Strings. New York: E. P. Dution & Co., 1964. 189 pp.

Chapters 5, 12.

Wlodarski, J. Achieving the “Golden Ratjo™ by grouping the “clementary* par-
ticles. Fib.Q. 5:193-94; Apr. 1967.
Relation of the golden ratio to the particles of unuclear physics.

Wlodarski, J. The “Golden Ratio” and the Fibonacci numbers in the world of
atoms. Fib.Q. 1:61-63; 1963.

Wlodarski, J. More about the “Golden Ratio® in the world of atoms. Fib.Q.
6:244 fI.; Oct. 1968.

Zippin, Leo. Uses of Infinity. New Matliematical Library. New York: Random
House, L. W. Singer Co., 1962. 151 pp. (Paper)

The Self-Perpetuating Golden Rectangle; pp. 75-95.

12.6 Literature and Mathematics

“Professional poels are very often, more frequently than mathematicians,
bad critics of themselves and their work. The wisest of them refuse to talk
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about poetry, leaving analysis and deseription to their more voluble com-
panions, the critics.”™ —Scott Buchanan, Poetry and Mathematics.

Archibald, Raymond Clare. Mathematicians. and poetry and drama. Seience
89:19-26. 46-50; Jan. 13-20. 1939.
Extensive bibliography.

Bertotti, Joseph Al The mathematies vocabulary of current periodical literature.

M.T. 34:317-19; 1941,

Cassel, A., and Wolf. E. Overlapping in literature and mathematics. California
Journal of Secondary Education 6:322-26; 1931.

Kline, Morris. The influence of Newtonian mathema.ics on literature and aes-
thetics. M.Mag. 28:93-102; 1954-55.

Lasswitz, K. Die Welt und der Mathematikus. Ausgewiilie Dichtungen Hrsg. von
W. Lictzmann. London. n.d.

A collection of poems by a renowned teacher.
Locher, Louis. Goethe's attitude toward mathematics. N, 11:131-45; 1936.

Macdonald, Louise A. Interplay of mathematics and English. AT 18:284-95;
1925,

MacSear, Martha. Mathematics in cnrrent literatuye. Pedagogical Seminary
30:48-50; 1923,

McDonough. James T., Jr. Classics and computers. Columbic University, Grad-
uate Faculties Newsletter, March 1962, pp. 4-5.

Discusses possible uses and limitations of electronie computers in comec-
tion with the study of classical literature.

Morgan, B. Q. On the use of numbers in the Nibelhmgenlied. Journal of English
and German Philology 36:10-20: 1937.

Porges. Arthur. Mathematics and science fictam. Loz Angeles Mathematics News-
letter, vol. 3, no. 1. p. 1; Nov. 1955,

Touton, Frank C. Math.:matical concepts in current literature. S.SA. 23:648-55;
1923,

Usai, G. Matematica ¢ poesia. Catanin. 1932.
Wilezynski, E. J. Poctry and mathematics. University Chronicle 3:191-204: 1900.
Wylie, Clarence R. Mathematical allusions in Poe. Scilo. 43:227-35; 1946.

12.7 Music and Mathematics

There is geometry in the humming of the strings.
There is music in the spacing of the spheres.

Pythagoras

Amir-Mocz. Ali R. Mathematics of music. RJM.A., no. 3. pp. 31-36: June 1961.
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Amir-Moéz, Ali R. Numbers
1956.

Barbour, 1. M. Music and ternary continued fractions. Am.3.Mo. 55:545-55;
1948.

Blackham, E. D. The physics of the piano. Sci.Am. 213:88-99; Dec. 1965.

Brown, J. D. Music and mathe
61:783-87; Dec. 1968.

Cooley, H. R.; Gans. D.; Kline. M.; and Wahlert, H. Introduction to Mathe.
matics. Boston: Houghton Mifilin Co., 1937.

“Properties of musical sounds.” pp. 370-78.

and the music of East and West. Scrip.i1. 22:268-70;

maticians since the seventeenth century. Al.7.

Coxeter, H. S. M. Music and mathematics, M.T. 61:312-20; Mar.\1968. R

e.
printed from T'he Canadian Music Journal 6:13-24; 1962.

Delman, Morton. Counterpoint as an equivalence relation. 3.7, 60:137-38: 1967.
Descartes, Blanche. Why are series musical? Eureka 16:18; 1953.

Furman, Wajter. Legacy for a jazz pianist. Exponent, June 1958, p. 5.

Harkin, Duncan. Fundamental Mathematics. New York: Prentice-Hall, 1941.
“Octaves: harmonics,” p. 35; 76-78.

Helmholtz, Hermann F. L. On the Sensations of Tone as q Physiological Basis for

the Thee=v of Music. (Trans. by A. J. Ellis, London, 1863.) New York:
Dover I .lications, 1954. 576 pp.

Hooke, Robert, and Shaffer, Douglas. Math and Aftermath. New York: Walker
& Co., 1965.

“Of Clocks and Violins,” pp. 68-77.

Jeans, Sir James. The Mathematics of Music. (In James R. Newman, The World
of Mathematics. New York: Simon & Schuster, 1956 pp. 2278-2309.)

Kac, Mark. Can one hear the shape of a drum? Am.M.Mo., vol. 73, no. 4. pt. II,
pp. 1-23; Apr. 1966.
Highly technical discussion of L.

ertics of a stretched membrane und
head.

mathematics and physics of the prop-
er tension, as in a tambourine or drum-

Land, Frank. The Language of Mathematics, London: John Murray, 1960; Garden
City, N.Y.: Doubleday & Co., 1963.

“Logs, Pianos and Spirals,” pp. 117-32.

Langer, Susan K. A
39:561-70; 1929

Rather technical application of Boolean algebra.

set of postulates for the logical structure of music. 3 onist

Lawlis, Frank. The basis of music-mathematics, M.T. 60:593-96; Oct. 1967.

Mode, Elmer B. The two most original creations of the human spirit. M. Mag.
35:13-20; 1962.
Oh Empty Set! On Empty Set! What if Music and Math Never Met?

Music
Educators Journal 55:63-66;" Sept. 1968.
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Pines, Gladys. Mathematics in the arts (music). Summation (AT ), vol. 11, no.
0, pp. 58-60; June 1966.

Rhoades, Patrick Alan. Pi in the key of C. Indiana Mathematics News Letter,
Oct. 1966, pp. 3-4.

Rice, Jack A. The aflinity of mathematics to music. M.T. 61:268-71; Mar. 1968.
Ridout, Theodore C. Sebastian and the “Wolf.” M.T. 48:84-86; 1955.
Saminsky, Lazare. Physics and Metaphysics of Music and Essays on the Philosophy
of Mathematics. The Hague: Martinus Nijhoff, 1957; 151 pp.
A curious work; sophisticated and scholarly, but unorganized and con-
troversial.
School Mathematics Study Group. Reprint Series. Fdited by W. L. Schaaf.
Mathematics and Music. SM.S.C., Stanford Univ., 1967. 25 pp. (Paper)
Essays by Elmer Mode, A. R. Amir-Moéz, and Theodore Ridout.
Silver, A. L. Leigh. Some musico-mathematical curiosities. A.Caz. 48:1-17;
Feb. 1964.
Tannery, Paul. Mémoires Scientifiques. Vol. 3. Paris: Gauthier-Villars, 1915.

Du réle de la musique grecque dans le développement de la mathématique
pure; pp. 68-89.

Sur un point d’histoire de la musique grecque; pp. 90-96.

Sur les intervalles de la musique grecque; p. 97-115.

Un traité grec d'arithmétique antérieur a Euclide; pp. 244-50.

Sur le Spondaisme dans Fancienne musique grecque; pp. 299-309.

Thernell. Beverly. Correlating music with mathematics. In The Mathematics Ba*.
(Dept. of Math., Florida Atlantic University), vol. 2, no. 1, pp. 20-27; Mar.
1967.

Valens, Evans G. The Number of Things: Pythagoras, Geometry, and Humming
Strings. New York: E. P. Dutton & Co., 1964.

Chapter 14: “Geometry for Listening™; Chapter 15: “Means and Ends™;
Chapter 16: “Harmony and Harmonics”; Chapter 17: “Music of the
Spheres.”

12.8 Music and Computers

Apparently we have entered the age in which musical sounds, including
the singing voice, can be generated by a suitable digital computer. To this
end certain wave forms can be generated rather readily: sine waves, rectangu-
lar waves and sawtooth waves. It is loo early, however, to assess the signifi-
cance of this development.

Berkeley, Edmund. The Computer Revolution. Garden City, N.Y.: Doubleday &
Co., 1962.

*Music by Computers,” pp. 170-71.
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Hiller, Lejaren. Computer music. Sci.Am., Dec. 1959.

Hiller. Lejaren, and Beanchamp. James. Research in music with electronics.

Science 150:161-69; Oct. 8, 1965.
Bibliography, 26 ref.
Mathews. M. V. An acoustic compiler for music and psychological stimuli. Bell
System Technical Journal 40:677; 1961.
Mathews, M. V.; Pierce. J. R.: and Guttman, N. Musical sounds from digital
computers. Gravesaner Blaetter, vol. 6. no. 23,24, p. 119; 1926.

Moles. A. A. Les musiques expérimentales. Paris: Editions du Cercle d’Art Con-
temporain. 1960.

Pierce. J. R.. et al. Music from mathematies. Science 139:28-29: Jan. 4, 1963.
This is a review of a Decea recording (DL9103, 1962. 3344 rpm) of music
played by IBM 7090 Computer and digital-to-~ound transducer. Review by
Melville Clark, Jr.

Pinkerton. Richard C. Information theory znd melody. Sci.Am. 194:77-86; Feb.

1956.
Prieberg, F. K. Musica ex Machina. Berlin: Ullstein, 1960.

Strang. Gerald. The Computer in musical composition. Computers & Automation,
vol. 15, no. 8, pp. 16-17; Aug. 1966.

A




Chapter 13

The Naturnaliost and
Hatthematics

13.1 The Naturalist and Mathematics

“There is no science which teaches the harmonies of nature more clearly
than mathematics.”—Paul Carus.

“The essential fact is that all the pictures which science now draws of
nature, and which alone seem capable of according with observational facts,
are mathematical pictures.”—Sir James Jeans.

Aifred. Brother. On the trail of the California Pine. Fib.Q. 6:69-76; Feb. 1968.
Discusgion of spiral patterns on California pine cones.

“Animal Counting.” Nature, 33:45.

Basin. S. L. The Fibonac:i sequence as it appears in Nature. Fib.Q., Feb. 1963,
pp. 53-56.

Baugher, Carol. An adventure with spirals. Pentagon 20:78-85; Spring 1961.
Spirals in nature and in art.
Blake. Sue. Some of Nature’s curves. S.S.M. 36:245-49, 486-89, 717-21; 1936.

Bowers, H., and Bowers. J. Arithmetical Excursions. New York: Dover Publica-
tions, 1961.

“Nature and Number,” pp. 257-62.

Boys, C. V. Soap Bubbles: Their Colours and the Forces which Mold Them. New
York: Dover Publications. 1959. 193 pp. (Paper)
Reprint of the 2nd edition of 1912.

Colman, Samuel, and Coan, C. Arthur. Nature’s Harmonic Unity. New York: G. P.
Putnam’s Song, 1912, 327 pp.

Cook. T. A. The Curves ¢f Life. London; New York: Henry Holt & Co., 1914.
Coxeter. H. S. M. Introduction to Geometry. New York: John Wiley & Sons, 19¢1.
Phyllotaxis: pp. 169-72.

Dantzig. Tobias. Number, the Language of Science. New York: Macmillan Co.,
1030.

Number sense in animals. pp. 1-4.
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Emch, Arold. Mathematies and engineering in Nature. Popular Science
79:450-58; 1911.

Fabre, Jean Henri. The Ceometry of the Epeira’s Web. In Mathematics, by

Samuel Rapport and [lelen \V;righl. New York: Washington Square Press,
1963 ; pp. 269-78.

Garduer, Martin. The Ambidextrous Universe. New York: Basic Books, 1964.
294 pp.

Discussion of mirror-imagery. asymmetry in plants and animals, the fourth
dimension, and related topies.

Ginsburg. Abraham M. The sine function in Nature. High Points 19:69-70; 1937.
(Also, reviewed in 7.7, 31:35; 1938.)

Hickey, M. Efficiency of certain shiapes in Nature and engineering. /.7,
32:129-33; 1939,

Insects that Recognize Numbers. New York Times, April 4. 1954 (Waldameer
Kaempfert).

Koehler. 0. Ability of birds 1o count. Nature 168:373-75; Sept. 1. 1951.

Kramer, Edna. The Main Stream of Mathematics. New York: Oxford University
Press. 1951 ; Chapter 2. pp. 23-47.

Mackenzie, Fred. Geometry of Bermuda calearcous dune cross-hedding. Science
19:1449~50; June 19, 1964.

Patterns in Nature.

Macmillan, Hugh. The numerical relations of Nature. London Quarterly Review,
n.s., 6:1-24; 1901.

McNabb, Sister Mary. Phyllotaxis. Fib.Q., Dec. 1963, pp. 57-60.

Pettigrew. J. Bell. Design in Nature. 3 vol. 1908,

Sanders, S. T. Mathematics and Nature. N.M.M. 16:58: 1941.

Shepherd, W. Nature’s wonders and mysteries. Science Digest 27:46; June 1950,

Skidell. Akiva. Letter on Pascal’s triangle exemplified in biology. A.T. 10:517:
Dec. 1953.

Smitli, Cyril S. The shape of things. Sci.Am. 190:58-64; Jan. 1954,

Thompson, D’Arcy. On Growth and Form. Cambridge University Press, 1966.
346 pp.

Weiss, Paul. Beauty and the beast: life and the rule of order. Sci.dlo. 81:286-99;
Dec. 1955.

Excellem photograpls: geometry of living organismns.

Whyte, Lancelot L., ed. Aspects of Form: A Symposium on Form in Nature and
Art. New York: Elsevier, 1968. 254 pp.
Reprint of the 1951 edition with a new preface.

13.2 Bees and Honeycombs

“In building her hexagonal cells, with their floors consisting of three
lozenges, the bee solves with absolute precision the arduous problem of how
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to achieve the maximum result at a minimum cost, a problem whose solution
by man would demand a powerful mathematical mind.”—IHenri Fabre.

Ball, W. W. Rouse. Mathematical Recreations and Essays. 10th ed. New York:
Macmillan Co., 1926.

Chapter VIII: “Bees and their Cells.”
Blewcher, M. N., and Fejes Toth, L. Two-dimensional honeycombs. Am.M.Mo.
. 72:969-73; Nov. 1965.
Brzant, Sophia. On the ideal geometrical form of natu=-:l cell-structure. Proceed-
ings, London Mathematical Society 16:311-15; 1&. -85.
Fejes Téth, L. What the bees know and what they do not know. Bulletin, American
Mathematical Society 70:468-81; July 1964.
Bibliography; 10 references.
Maclaurin, Colin. On the bases of the cells wherein the hees deposit their honey.
Philosophical Trensactions of the Royal Society 42:565-71; London, 1743.
Siemens, David F. Of bees and mathematicians. M.T. 60:758-61; Nov. 1967.
Siemens, David F. The mathematics of the honeycomb. A.T. 58:334-37; Apr.
1965. Bibliography.
Thatcher, R. The bee’s cell. Math.Tchg., no. 44, p. 7+ Autumn 1968.

13.3 Snowflakes and Crystals

“Only one in a multitude of snow crystals is so ne rly symmetrical as to
show no obvious irregularities. But this usual imperfection of form is com-
mon to nearly all substances, especially when their crystals are comparatively
large or rapidly produced, and may be aitributed to fortuitous disturbances
of one kind or another in the course of their growth.”—W. A. Bentley and
W. I. Humphreys, Snow Crystals.

Abrahams, H. J. The exhibit as a supplementary method; crystallography. S.5.14.
36:950-56; 1936.

Bentley, W. A., and Humphreys. W. J. Snow Crystals. New York: McGraw-Hill
Book Co., 1931; Dover Publications, 1962. 227 pp.
Over 200 pages of photographs, plus brief text and bibliography.

Bond. W. L. Mathematics of the physical properties of crystals. Bell System
Technical Journal 22:1-72; Jan. 1943. -

Buerger, M. J. Elementary Crystallography: An Introduction to the Fundamental
Geometrical Features of Crystals. 1956.
Excellent discussion of symmetry, comprehensible in terms of simple
mathematics.

Burckhardt, Johann J. Die Bewegungsgruppen der Kristallographie. Basel: Birk-
hauser Verlag, 1966. 209 pp.
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Butler, C. Montague. 4 Manual of Geometrical Crystullography. New York: Joln
Wiley & Sons.

linmel, Albert. A classroom demonstration of the crystal systems. S.S.01.
05:56-01; Jan. 1965.

Holden. Allen. and Singer. Phyllis. Crystats and Crystal Growing. Garden City.
N.Y.: Doubleday & Co.. Auchor Boaks. 1960.

Nakaya. Ukchiro. Snow Crystals; Natural and Artificial. Cambridge: Harvard
University Press, 1954. 510 pp.

Phillips, J. McKeeby. Motivating the stwdy of solid geometry through the use of
mineral crystals. S.S.M. 52:743-48; Dec. 1952. Also, S.5.M. 53:134-38;
Feb. 1953.

Ridout. Theodore. The mathematical behavior of minerals. AL.7T. 42:88-90; 1949.
Rogers. A. F. Mathematical study of crystal symmetry. Proceedings, American
Academy of Arts and Sciences, vol, 61. no. 7, pp. 161-203: June 1920.

Runnels. L. K. Ice. Sci.Am. 215:118-26; Dec. 1966.
Geomelric structure of water molecules in ice crystals.

Tutton, A. E. H. Crystallography and Practical Crystal Measurement. 2d ed.
2 vols. 1922. Reprint. New York: Stechert-Hafner Service Agency. 1964.
An elaborate treatise.
Wade. F., and Mattox. Elements of Crystallography. New York: Harper & Bros.,
1960.
Williams, Robert E. Space-filling polyhedron: its relation to aggregates of soap

bubbles, plant cells, and metal crystallites. Science 161:276-77; July 19,
1968.

Highly technical discussion of two fourieen-faced space-filling polyhedrons.
Yale, Paul B. Geometry and Symmetry. San Francisco: Holden-Day, 1968. 288 pp.

Introduction to Euclidean, affine. and projective spaces with emphasis on
symmetry; contains a chapter on crystallography. For mature readers.
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List of General Wornks
o Mathematical
Recreationd

The following list of titles is limited to books, monographs, and pamphlets
devoted to general collections of mathematical recreations or to miscellaneous
recreational matters. Books and monographs dealing solely with a specific
subject (e.g., “magic squares,” or “cryptography,” or “paperfolding,” or
“mazes,” or “probability”) have been deliberately excluded since they are
already listed under an appropriate heading in the Bibliography proper.

Most of the items listed here were published after 1960. However, a number
of earlier publications not listed in Volume I have been added; also, a few
entries listed in the Supplement of Volume I have been repeated here for the
reader’s possible convenience.

Abraham. R. M. Easy-to-Do Entertainments and Diversions with Cards, String,
Coins, Paper and Matches. New York: Dover Publications, 1961. 186 pp.
{Paper)

Unabridged republication of the first edition (1932) of “Winter Nights’ En-
tertainments.”

Adams, John Paul. Puzzles for Everybody. New York: Avon Publications, 1955.

Adams, John Paul. We Dare You To Solve This! New York: Berkley Publishing
Co., 1957. 123 pp.

Some conventional, many original puzzles.

Adams, Morley. The Children’s Puzzle Book. London: Faber Popular Books, 1942.
80 pp.

Adler, Irving. Magic House of Numbers. New York: New American Library. 1957.
123 pp. (Paper)

Reprint of a work originally published by John Day, 1957.

Ahrens, Wilhe!lm. Mathematische Spiele.  Encyklopidie der Mathematischen
Wissenschaften. Vol. 1, 1902; 16 pp.
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Anderson, Robert Perry. Mathematical Bingo. Portland, Me.: J. Weston Walch,
1963. 75 4+ 21 pp.
Entertaining form of practice exercises, similar to conventional Bingo.
Covers range of junior and senior high schiool mathematics.

Bachet, Claude-Gaspar de Méziriac. Problémes plaisantes et délectables qui se
font par les nombres. Paris: Albert Blanchard, 1959. 242 pp. (P-per)

New edition of a classic work.

Bakst. Aaron. Mathematical Puzzles and Pastimes. 2d ed. New York: D. Van
Nostiand Co., 1965. 206 pp,

Barnard, Douglas St. Paul. Adventures in Mathematics. New York: Hawthorne
Books, 1965. 130 pp.

Recreationul mathematics for the general reader.

Barnard, Douglas St. Paul. A Book of Mathematical and Reasoning Problems.
New York: D. Van Nostrand Co., 1963. 109 pp.

A collection of 50 problems taken from the author's “Brain Twister” column
that appeared in the London Qbserver.

Barnard, Douglas St. Paul. 50 “Observer” Braintwisters. London: Faber & Faber,
1962. 109 pp.

Barr, Stephen. A Miscellany of Puzzles: Mathemaiical and Otherwise. New York:
Thomas Y. Crowell Co., 1965. 164 pp.

Bell, R. C. Board and Table Games from Many Civilizations. New York: Oxford
University Press, 1960. 232 pp.

Buon, F. C. Puzzle Papers in Arithmetic. Revised ed. London: G. Bell & Sons,
1960.

Boyer, John; Strohm, Rufus; and Pryor, George. Real Puczles. Baltimore: Nor-
man Remington Co., 1925.

Brandes, Louis G. 4tk Math. Wizard. Portland, Me.: J. Weston Walch; 1962.
252 pp. (Paper)

Brooke. Maxey. Fun for the Money. New York: Charles Scribner's Sons, 1964.
96 pp.
A collection of 60 braintwisters, puzzles, and games with coins; some old,
some new; some easy, some hard; all interesting.

Burger, Dionys. Sphereland. New York: Thomas Y. Crowell Co., 1965-66. 208 pp.

A witty and delightful story dealing with four domains: the straight world,
congruence and symmetry, curved worlds, and expanding worlds. A worthy
successor to Abbotts “Flatland.”

Cadwell, J. S. Topics in Recreational Mathematics. Cambridge University Press,
1966. 176 pp.

Largely a collection of well-known items concerning =, prime numbers.
dissections, polyhedra, map-coloring. etc. A few new items are presented:
sequences of nested polygons; application of Fibonacci numbers to com-
puter sorting; shapes for drilling square or triangular holes; and some
others.
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Callandreau, E. Célébres Problémes Mathématiques. Paris. 1949. 474 pp.

Carroll, Lewis (C. L. Dodgson). Mathematical Recreations of Lewis Carroll.
Vol. 1: “Symbolic Logic” and “The Game of Logic.” (2 books bound as 1.)
New York: Dover Publications, 1958. 199 - 69 pp.

The first hook consists of some 400 logical problems involving syllogisms
and sorites.

Carroll, Lewis (C. L. Dodgson). Mathematical Recreations of Lewis Carroll.
Vol. 2: “Pillow Problems” and “A Tangled Tale.” (2 books hound as 1.)
New York: Dover Publications, 1958. 109 -+ 152 pp.

Pillow Problems is a classical collection of 72 sophisticated “brainteasers.”

Collingwood, Stuart Dodgson, ed. Diversions and Digressions of Lewis Carroll.
(Formerly titled: The Lewis Carroll Picture Book.) New York: Dover Pub-
lications, 1961. 375 pp.

Chapter 5: “Curiosa Mathematica”; Chapter 6: “Games and Puzzles.”

Davidson, Jessica, and Martin, William. Mind in @ Maze. New York: Prentice-
Hall, 1969.

For teenagers.
Delens, P. Problémes d'Arithmétique Amusante. 4th ed. Paris: Vuibert, 1943.
164 pp. (Paper)
New editior of a classic work.
Derry, L. Games and Number. Studio Vista, 1965.
Dinesman, Howard P. Superior Mathematical Puzzles. London: George Allen &
Unwin, 1968. 122 pp.
Disney, Walt. Donald in Mathmagic Land. (No. 1051). New York: Dell Pub-
lishing Co., 1959. 32 pp. (Paper)
Domoryad, A. P. Mathematical Games and Pastimes. (Trans. from the Russian
by Halina Moss.) London: Pergamon Press, 1964. 298 pp.
A refreshing approach to “standard” mathematical recreations; well or-
ganized, sophisticated, and very readable.
Dudeney, Henry E. Amusements in Mathematics. New York: Dover Publications,
1958. 258 pp. (Paper)
A reprint of the original edition of 1917.

Dudeney, Henry E. Amusements 1w: Mathematics, with Solutions. London: Nelson,
1949,

Dudeney, Henry E. Canterbury Puzzles, with Solutions. Tth ed. London: Nelson,
1949.

Dudeney, Henry E. A Puzzle Mine. Puzzles Collected from Dudeney’s Works,
by J. Travers. London, n.d.

Duderey, Henry E. 536 Puzzles and Curious Problems. Edited by Martin Gard-
ner. New York: Charles Scribner’s Sons, 1967. 428 pp.

A combination of most of the problems in two of Dudeney’s most popular
works: “Modern Puzzles” and “Puzzles and Curious Problems”; brief
biographical notes on Dudeney and Sam Loyd.
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Dumas, Enoch. Arithmetic Games. San Franciseo, Calif.: Feron Publishers, 1960.
56 pp. (Paper)
Dunn. Angela. Mathematical Bafllers. New York: McGraw-Hill Book Co., 1964.
217 pp.
Over 150 sophisticated problems, involving algebra, geometry, Diophantine
equations. probability, logic, theory of mmmbers. '
Dynkin. E. B, and Uspenskii. W. A. Mathematical Conversations. Gosudarstov,
Moscow, 1952. 288 pp. German translation. Berlin. 1956.
Some 200 probiems in number theory. topology, probability. etc.. together
with their solutions.
Elbogen, G. Mathematische Spielereien. Vienna, 1903.
Emmet, E. R. Brain Puzzler’s Delight. New York: Emerson Books, 1968. 254 pp.
Fadiman, Clifton. Fantasia Mathematica. New York: Simon & Schuster, 1958.
298 pp.
A collection of humorous stories and diversions related to mathematics.
Fadiman, Clifton. The Mathematical Magpic. New York: Simon & Schuster, 1962.
300 pp.
A delightful collection of humor about mathematics: aphorisms, apothegms.
anccdotes, poems, limericks. cartoons, essays. and curiosa.
Falkener, Edward. Games Ancient and Oriental and How to Play Them. New
York: Dover Publications, 1961. 366 pp. (Paper)
Ferrand. Les Récréations Intelligentes. 1881.
Ferrier, A. Les Nombres Premiers, Paris, 1947. 110 pp.
Filipiak, Anthony S. Mathematical Puzzles and Other Brain Twisters. Mew York:
A. S. Barnes & Co., 1964. 120 pp.
Originally published in 1942 under the title: 100 Puzzles: How to Malke
and How to Solve Them.
Fletcher, Helen Jill. Put on Your Thinking Cap. New York: Abelard-Schuman.
1969.
About 100 puzzles for ages 9 to 12,

Friend, J. Newton. More Numbers: Fun and Facts. New York: Charles Scribner's
Sons, 1961. 201 pp.

Frohlichstein, Jack. Mathematical Fun, Games and Puzzles. New York: Dover
Publications, 1962. 306 pp. (Paper)
Considerable material dealing  with percentage, husiness arithmetic,
neasurement, etc.

Iujii, John N. Puzzles and Graphs. Washington, D.C.: NCTM. 1966. 72 pp.
(Paper)

Gamow, George, and Stern. Marvin. Puzzle-Math. New York: Viking Press, 1958.
119 pp.
Many old-time puzzles dressed up in smart new clothes.
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Garduer, Martin. Mathematical Puzzles. New ork: Thomas Y. Crowell Co., 1961.
For school children.

Gardner, Martin. ed. Mathematical Puzzles of Sum Loyd. New York: Dover
Publications, 1959. 167 pp. (Paper)
More than 100 puzzles from Loyd's famous Cyclopedia of Puzzles.
Garduer. Martin, ed. Mathematical Puzzles of Sam Loyd. Vol. 2. New York:
Dover Publications, 1960. 175 pp. (Paper)
Companion volumne to the above.
Garduer, Martin. New Mathematical Diversions from. Scientific American. Simon
& Schuster, 1966. 253 pp.
The third of a series of companion volumes, each more interesting than its
predecessor.

Gardner. Martin. The Numerology of Dr. Matriz. New York: Simon & Schuster,
1967. 112 pp.

Garduer, Martin. Perplexirs Puzzles and Tantalizing Teasers. New York: Simon
& Schuster, 1969.
For young folks.
Curdpcr, Martin. The Scientific American Bool of Mathematical Puzzles and
Diversions. New York: Simon & Schuster, 1959. 178 pp.
Sophisticated essays on mathematical recreations, with considerable new
material.
Gardner. Martin. The Second Scientific American Bool of Mathematical Puzzles
and Diversions. New York: Simon & Schuster, 1961. 251 pp-.
A companion volume to the above; many new diversions, such as tetra-
flexagens, Soma cubes, topology, Origami, ctc.
Gardner, Martin. The Unexpected Hanging and Other Mathematical Diversions.
New York: Simon & Sciuster, 1969. 255 j;p.
A cellection of 20 essays on recreational mathematics.

Ghersi, I. Matematica Dillettevole ¢. Curiosa. Milan: Hoepli, 1963. 776 pp. (A
reprint of the 4th edition.)

Goodman, A. W. The Pleasures of Math. New York: Macmillan Co., 1965. 224
pp-
Includes a number of challenging games.
Graham, L. A. Ingenious Mathematical Problems and Methods. New York: Dover
Publications, 1959. 237 pp. (Paper)
Collection of 100 puzzles contributed by scores of mathematicians to an
industrial magazine over a period of 18 years.
Graham, L. A. The Surprise Attack in Mathematical Problems. New York: Dover
Publications, 1967. 125 pp. (Paper)

Problems dealing with measurement of geometrical spaces, probabilities,
distances, number systems other than the decimal, interesting number rela-
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tions. relative motion, and the discovery of the simplest solution through
s.arely jogical means.

G wmblatt. M. . Mathematical Entertainments. New York: Thomas Y. Crowell
Co., 1965; London: Allen & Unwin, 1968. 160 pp.

Haber, Philip. Peter Pauper’s Puzzles and Posers. Mu. Vernon, N.Y.: Peter
Pauper Press, 1963. 62 pp.
Heaflord. Philip. The Math Entertainer. London: Hutchinson & Co.; New York:
Emerson Books. 1959. 176 pp.
Heaflord, Philip. Mathematics for Fun: A Quiz Book. London: Hutchinson &
Company, 1957. 176 pp.
Fifty short quizzes dealing with mathematical miscellania, including his.
torical materiaj.
Heaflord, Philip, and Bahb, Henry. A4 New Mathematics for Fun: A Quiz Book.
London: Hutchinson & Co.. 1966. 180 pp. (Paper)

Hoffmann, Prof. (A. J. Lewis). Puzzles Old and New. London: F. Warne & Co.,
1893. 394 pp.

Horne, Sylvia. Patterns and Puzzles in Mathematics. F ranklin Publications, Inc.,
c/o A. C. Vroman, Inc.. 2085 East Foothill Blvd., Pasadena, California 91109;
1968.

For intermediate grade pupils.

Hunter, J. A. H. Figurets: More Fun with Figures. New York: Oxford University
Press, 1958. 116 pp.

Hunter, J. A. H. Fun with Figures. New York: Dover Publications, 1965. 109 pp.
(Paper)

Hunter, J. A. 1l Hunter's Math Brain Teasers. New York: Bantam Books, 1965.
147 pp. (Paper)

Hunter, J. A. H. More Fun with Figures. New York: Dover Publications, 1966.
116 pp. (Paper)

Hunter. J. A. H., and Madachy, Joseph S. Mathematical Diversions. New York:
D. Van Nostrand Co., 1963. 178 pp.

Hutton, Charles. Recreations in Mathematics and Natural Philosophy. 4 vols.
London, 1803.

Jacoby. Oswald. and Bensen, William H. Mathematics for Pleasure. London:
Victor Gollancz, 1962; New York: McGraw-Hill Book Co., 1962. 191 pp.

Johnson, Donovan, and Glenn, William H. Fun with Mathematics. St. Louis, Mo.:
Webster Publishing Co., 1960. 43 pp. (Pamphlet)

Kaplan, P. Posers: 80 D-lightful Hurdles for Reasonably Agile Minds. New
York: Harper, 1963. 86 pp.

Kempner, A. J. Paradoxes and Common Sense. New York: D. Van Nostrand Co.,
1959. 22 pp. (Pamphlet)
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Kendall. P. M. H.. and Thomas, G. M. Mathematical Puzzles for the Connoisseur.
London: Charles Criffin & Co., 1962. 161 pp.

Kendali, P. M. H.. and Thonas. G. M. Mathematical Puzzles for the Connoisseur.
New York: Thomas Y. Crowell Co., 1964. 161 pp.

More than 100 brainteasers, interestingly presented.
Kettlecamp, Larry. Puzzle Patterns. New York: William Morrow & Co., 1963.
Geometric puzzles. ciphers. anagrams, etc., for children.

King, Tom. The Best 100 Puz:zles, Solved and Answered. London: W. Foulsham
& Co.. n.d.; 62 pp. (Paper)

Klein, Felix, et al. Famous Problems and Other Monographs. New York: Chelsea
Publishing Co., 1962.

Contains a reprint of F. Klein’s classic little book.
Knott, C. G.. trans. Tom Tit: Scientific Amusements. 1918. 413 pp- (Scarce)

Langman, Harry. Play Mathematics. New York: Hafner Publishing Co., 1962.
216 pp.

A fresh approach to mathematical recreations.
Lasker, Edward. Go and Go-Moku. New York: Dover Publications, 1960. 215 pp.

Lausman, Raymond. Fun With Figures. New York: McGraw-Hill Book Co., 1965.
245 pp.

Lehmann, M. B. Neue Mathematische Spiele. 5th ed. Wiesbaden, 1932.

Lieber, H. G., and Lieber, L. R. Modern Mathematics for T. C. Mits. New York:
W. W. Norton & Co., 1944; London: Allen & Unwin, 1946.

Lietzmann, Walther. Lustiges und Merkwiirdiges von Zahlen und Formen. Bres.
lau: F. Hirt, 1922. 8th ed. Gottingen: Vandenhoeck and Ruprecht, 1955.

Linn, Charles F. Puzzles, Patterns and Pastimes from the World of Mathematics.
Garden City, N.Y.: Doubleday & Co., 1969.

The Little Puzzle Book. Mt. Vernon, N.Y.: Peter Pauper Press, 1955. 62 pp.

Litton Industries. More Problematical Recreations. Beverly Hills, Calif.: Litton
Industries, n.d. 45 pp. (Pamphlet)

Litton Industries. Problematical Recreations. Beverly Hills, Calif.: Litton Indus-
tries, n.d. 55 pp. (Pamphlet)

Longley-Cook. L. H. Work This One Out: A Book of Mathematical Problems.
London: Ernest Benn, 1960. 95 pp.

Over 100 problems and puzzles, many of them new.

Longley-Cook, L. H. Work This One Out. Greenwich, Conn.: Fawcett Publica-
tions, 1962. 128 pp. (Paper)

Lucas, Edouard. Récréations Mathématiques. 4 vols. Paris: Gauthier-Villars,
1882-94. New printing, Paris: Blanchard, 1959.

Maack, Ferdinand. Die heilige Mathesis: Beitrige zur Magic des Raumes und
der Zahl. Leipzig, 1924. 78 p-,.
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Madachy. Joseph S. Mathematics on Vacation. New York: Charles Seribuers
Sons, 1966. 251 pp.

Maxwell. E. A, Fallucies in Mathematies. Cambridee University Press, 1959,
9% pp.

Merrill. Helen, Mathematical Excursions. New York: Dover Publications, 1958.
145 pp. (Paper)

Collection of reercational problems. -wagic squares. short euts. ete.; for
high school students.

Meyer, Jerome S. Fun With Mathematics. New York: Faweett World Library.
1957. 176 pp. (Paper)

Repriut of an earlier edition; suitable for high school pupils.

Meyer, Jereme. and Hanlon, Stwart. Fun With the New Math, New York: Haw-
thorn Books. 1967. 120 pp.

Nedde-Knaeklkeren. Copenhagen: Politikens Forlag, 1955. 232 pp. (Paper)
Conventiona! collection of mathematical recreations.

O'Beirne, T. H. Puzzles and Paradoxes. New York: Oxford University Press,

1965. 238 pp.

A collection of puzzles in which the solutions form an integral part of the
text.

Ogilvy, C. Stanley. Through the Mathescope. New York: Oxford University Press,
1956. 162 pp.

Miscellancous topics: algebraie oddities, probability. pi and pi-makers,
topology, etc.

Ogilvy. C. Stanley. Tomorrow’s Math. New York: Oxford University Press, 1962.
182 pp.

Over 150 problems related 1o topology. probability and combinatorics, game
theory, etc.

Pearson, A. Cyril. The Twentieth Century Standard Puzzle Book. london: Geo.
Routledge & Sons; New York: E. P. Dutton & Co.. 1907. 571 pp.

Perelman. Yakov 1. Figures for Fun. Moscow: Forcign Language Publishing
House, 1957; New York: Frederick Ungar Publishing Co.

Phillips, Hubert [Caliban]. My Best Puzzles in Logic and Reasoning. New York:
Dover Publications, 1961. 107 pp.

An excellent collection of “logic problems,” almost all original.

Phillips, Hubert. [Caliban). My Best Puzzles in Mathematics. New York: Dover
Publications. 1961. 107 pp. (Paper)

Phillips, Hubert: [Caliban]. Problems Omnibus. Vols. 1 and 2. London: Arco
Publications, 1960, 1962.

Some 300 problems, mostly new.

Phillips, Hubert. The Sphinx Problem Book. London: Faber & Faber, 1934.
207 pp.

One hundred intriguing puzzles.
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Phillips. Hubert. Shovelton, S. °F.. and Marshall. G. S. Caliban’s Problem Bool:
Mathematical, Inferential and Cryptographic Puzztes. New York: Dover Pub-
lications, 1961. 180 pp. (Paper)

A republication of the well-known hook which first appeared in 1933.

Ransom. William R. Pastimes with String and Paper. North Quincy, Mass.:
Chiristopher Publishing Co., 1963.

Ranucci. Ernest. Four by Four. Boston: Houghton Miflin Co.. 1968, 60 pp-

An assortment of recreations using a 4 X 4 network of squares; appropriate
for secondary school students.

Reinfeld. Don. and Rice. David. 101 Mathematical Puzzles and How to Solve
Them. New York: Sterling Publishing Co.. 1960; Paperback edition, New
York: Cornerstone Library. 1960. 123 pp.

Sackson. Sidney. A Gamut of Games. New York: Random House, 1969. 224 pp.

Sainte-Lagué, A. Aree des nombres ot des lignes. 3rd ed. Paris: Vuibert, 1946.
358 pp.

Sawyer. W. W. Mathematician’s Delight. New York: Penguin Books. 1946. 215 pp-

Not strictly “reereational,”™ but stimufating and interesting.
Searne, John. Scarne on Teeko. New York: Crown Publishers. 1955. 256 pp.
Teeko: a game played on a 5 X 5 hoard.

Sch-ol Mathematics Study Group. Puzzle Problems and Games Project: Final

Report. Studies in Mathematics, vol. 18. SM.S.G.. 1968. 218 pp.
Concerned with Nim-type games. polyominoes, symmetry, counting ma-
chines. games with addition and multiplication tables, geomictric puzzles,
ete.

Schubert, Hermann. Mathematische Mussestunden. 3d ed. 3 vois. Leipzig:
Gischen. 1907-09. 12th ed.. rev. and abridged. 1 vol. Berlin: W. de Gruyter,
1964.

Schubert. Hermann, Mathematische Mussestunden: Eine Sammlung von Geduld-
spielen, Kunststiicken und Unterhaltungsaufgaben mathematischer Natur.
(New edition, edited by Joachim Erlebach). 1967. 263 pp-

Schubert. Hermann. and Fitting, F. Mathematische Mussestunden. 11th ed. Ber-
lin: Walter de Gruyter. 1953. 271 pp.

Conventional collection of mathematical recreations. but ever popular.

Schub. Fred. The Master Book of Mathematical Recreations. (Trans. by F.
Gobel; edited by T. H. O'Beirne.) New York: Dover Publications, 1968.
430 pp. (Paper)

A classic: comprehensive and scholarly.

Seuss, Dr.. and Geisel. Theodor Seuss. Poclket Boolk of Boners. New York: Pocket
Books, 1931.

Scymour, Dale. and Gidley. Richard. Eurcka! 1850 Fulton St., Palo Aho. Calif.:
Creative Publications, 1967, 1968. 128 pp. (Paper)

A refreshing collection of assorted mathematical puzzles, designs. and
curiosities,
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Simon, William. Mathematical Magic. New York: Charles Scribner’s Sons, 1964.
137 pp.
Number tricks; calendar tricks; tricks with playing cards and other ordi-
nary objects; mental calculation; magic squares; topological tricks.

Skotte. Ray. and Magnuson, Yngve. Math Fun. Mimmeapolis. Minn.: The Authors.

6380 Monroe Street, Minneapolis 21; 1959. 88 pp. (Paper)

Smith, Eugene P. Some puzzlers for thinkers. NCTM Twenty-seventh Y earbool:,
1963; pp. 211-20.
A collection of twenty-odd stock pri-zles, with a brief note on magic
squares.
Sperling, Walter. Auf du und du mit Zahlen. Zurich: Albert Miiller Verlag, 1955.
114 pp.
Number curiosities, number games, and short cuts in computation.

Sperling, Walter. Spiel und Spass fiirs ganze Jahr. Zurich: Albert Miiller Verlag,
1951,

Spitzer, Herbert F. Enrichment of Arithmetic. New York: McGraw-Hill Book
Co., Webster Div., 1964. 576 pp.

Collection of number games, puzzles and recreations; Grades 1 through 8;
exercises for exploration and discovery.

Sprague, R. Unterhaltsame Mathematik: Neue Probleme, Uberraschende
Losungen. Brunswick: Friedrich Vieweg & Sohn, 1961. 51 pp. (Paper)

Sprague, R. Recreation in Mathematics. Translated by T. O’Beirne. London:
Blackie, 1963. 60 pp. (Paper)

Brief collection of 30 original mathematical puzzles.

Steinhaus, Hugo. Mathematical Snapshots. New York: Oxford University Press,
(Third American edition). 1969. 311 pp-

Steinhaus, Hugo. One Hundred Problems in Elementary Mathematics. New York:
Basic Books, 1963.

A collection of 113 unusual brain-crackers, most of them brand new.

Straszewicz. S. Mathematical Problems and Puzzles from the Polish Mathematical
Olympiads. New York: Pergamon Press, 1965. 367 pp.

Summers, George J. Fifty Problems in Deduction. New York: Dover Publications,
1969. (Paper)

Summers, George J. New Puzzles in Logical Deduction. New York: Dover Publi-
cations, 1968. 121 pp. (Paper)

Synge. J. L. Science: Sense and Nonsense. London: Cape, 1951.

Tietze, Heinrich. Famous Problems of Mathematics. New York: Graylock Press,
1965. 367 pp.

Tocquet, Robert. Magic of Numbers. New York: Wehman Bros., 1960. 160 pp.

Arithmetical tricks aud short cuts; mental caleulation;  calculating
prodigies.
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Tocquet, Robert. Magic House of Numbers. New York: Fawcett World Library,
Premier Books, 1961. (Paper)
Number tricks. rapid calculation. etc.
Travers, J. Puzzling Posers. London: Allen & Unwin. 1952, 80 pp.
Trigg. Charles W. Mathematical Quickies. New York: McGraw-Hill Book Co..
1967. 210 pp.

Contains 270 problems. with solutions, ranging from relatively simple to
definitely sophisticated problems; covers a wide variety of material, in-
cluding Fibonacci series. Schlegel diagrams, square triangular numbers,
and other topics; not classified as to content or difliculty.

Wallace. Carlton. The Treasury of Games and Puzzles. New York: Philosophical
Library, 1958. 256 pp.

Webster, D. Brain Boosters. New York: Natural History Press, 1966.

Wilkens. J. Mathematical Magick, or the Wonders that may be performed by

Mechanicall Geometry. Reprint of the 1648 edition. London: 1968; 295 pp.

Williams, W. T.. and Savage. G. H. The Strand Problems Book: A Modern
Anthology of Perplexities and Tantalizers. London: George Newnes, n.d.
159 pp. )

One hundred inferential and mathematical problems.

Wryatt, E. M. Puzzles in W ood. 10th Printing. Milwaukee: Bruce Publishing Co.,
1956.

Wyatt, E. M. Wonders in Wood. Milwaukee: Bruce Publishing Co., 1946.
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