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5/20/66 U.S, DEPARTMENT OF HEALTH, EOUCATION & WELFARE
. ] OFFICE OF EDUCATION
Unit 1. One-to-One Correspondence and Rotioes

< THIS DOCUMENT HAS BEEN REPRODUCED EXACILY AS RECEIVED FROM THE

‘ PERSON OR ORGANIZATION ORIGINATING IT. POINTS OF VIEW OR OPINIONS
M STATED DO NOT NECESSARILY RIPRESENT OFFICIAL OFFICE OF EDUCATION
;# 1.0 Introduction POSITION OR POLICY.

0O

NN We live and work in the physical world. In this wor 4 we see and touch

o - "y ’ [ L1 L] (. L . - - " - e

o  Fen sdmllor phylieci sltuations. One of our mentel eapucitics is foir genervaliza-

L)

tion. Repestedly seainy similar situations, we are led to gene 'alize the common
features of those situations. In fact, it is only through such generalization that’
we can work efficiently in a complex environment. For example, we learn through
repeated experience that the light switch is close 1o the door n the wall. We
genavalize: when entering a dark room, search the wal® with ow. hand to find the

switch. 1In our language most descriptive adjectives ave the recult of generaliza-

tion. We Tend to symbolize our elassifications with worda.

In theae units we will attempt to generalize a concejt of number out
of the physical world. 8ince number is an abstraction. wr ~sm (nlv havn i+ zg g
E concept because we have been able to géneralize. By considaring certain firite
’ physical situations invelving relations between sets, we will hegin %o sce a way
to abstract from these situations a new concept about number. %ais will lead us
to define a new set of humbefs, the rational numbers, vhich is &1 infinite set of
abstract objects. We will define operations on these numbers wlich again are
generalizations from our finite physical world situations.

1.1 Qne-to~0One Correspondences

In elementary mathematics we have the repeated experi:znce of sets
defined by having a common property; such as, the set of even nubers, the set
of prime mmbers, the set of all numerals having the digit V3." Some pairs of

~
g{ sets have as a common propexty that they can be matched with eac.: other; that is,
W there are as many in one set as in another. We gensralize 'his woperty and say,
N

1




)/
D) e
"These sets have the same (eardinal) pumber." Fer example, tl 200 sets all have |
*
the number 3:
2 + + '!'.g ]
2 1 3
fo o o} .
¢ d 4 |
% 0 ‘
i 4 Y
i 2 st

Without a simple means of expressing this common property of "as many as" we

would never have been able to assimilate the many physical sitiations facing us
every day. Arithmetic as we know it today has grxown out c¢f su:h symbolization.
llowever, we Lrequently lose sight of the original situations wiich gave wisc to
the gymbols. Whenever we seek to understand a new symbclism, for example, a "new"
number, we should always look for the "origin" of the symbols. We should return
to the physical situations which eventually gencrilized fqto € e new number. We
Wiil Go just that in these units. We will begin with one~te-o @ corrvespondences
and eventually develop the rational numbers.

(It is strengly suggested that you huve poreil and  wper at hand aud
that you nge them o complete the diageuns of these units and o make original
diagrame for the problems that follow. Through such "active" jarticipation you
will become much better acquainted with the ideass of the:e uniis.)

Suppose a persen puts on a coat and buttons it up. le expects that

for every button there will be a buttonhole and for every buttcahole there will

be a button. le will know if he failed to button the ceat projarly because

there will be a button and a buttonhole left over. e exrcets o find a one-tow~one
F

correspondence between the set of buttons and the gel of buttor toles. One button
for every buttonhole and one Luttonhole for overy button:

© 9 @ 9
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Many sucl: simple one~tc~one correspondences exist in the physicel world: shoes
Tor feet, tires for the wheels of a car, gloves for hands. In terms of whole
nuibers we know that this is how we court finite sets,
11, 2, 3, 4, « « . , 19, 20%
i v
10 0O 00 ... O 6&

We say "There ave twenty objects in the set.” In ovder to have a definition we
say that there is a one~to-onc correspondence from Set A tn Set B, whenaver every
clemeﬁt in A is poired with exactly onc element of B and ev:iry element in B
is the mate of exactly one element of A.

Bxercises

1) Which paire of the Tollowing sets can be put in one-io-one ‘:orrespendence?

(Use your pencil and paper if necessary)

A= $a, b, c} B= {1, 2, 5, & ¢ = fboy, cow, husey
D= i-l-, - x,ﬁ?? E “slw, Ky ¥V z} Ferm, v, % w‘g G = {3, 2y 13

>
2) If we have A = {1, 2, é; and B = {6, 7 ék , can we have mo e than one one~towone

correspondence from A to B?-

i1, 2, 8 1, 2, o} (L, of
)L P \

¥ W 0 7
{6, 7, 8% {6, 7, 8f f6, ", 8}
Complete the last two diagrams; how many different one-to-o:.e correspondences

oen be made?

3) Pick out the cne-to--one correspondences from the following - iagrams:
4 -
™ G M
'gl—: 2: 3, 4y 5‘3 ;;.4" v x}
&) {1, 2, ¢ ) 7, 8, 7, 1%

NN “\ NN

A, 5y 6, 7, 8% {a, b, = a\
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1.2 One~to-One Correspondences Between Partitioned Sets

Suppose Bill and Chuck share a box of upples, and t'.at 3ill receives
two apples for every three apples Chuck receives. We renlly s parated Bill's
apples into groups of two each and Chuck's apples into gwcups f three each.

Whenever wo divide u szt Into groups in this way, we say we ha o partitioned

the set. Ve really now iove a new set, that is, vwe have Bill'.: apples grouped

by twos:

Bill's Partitioned Set: {0 0), @0, Q@, ,. . (0 o}
Chuck's Partitioned Set: § (0 009, ©00), G99 TO0h- - -QO o)k

Since we know that Bill received two for every thre~ that Chuck received,

we know we have a one~to-one correspondence between the partit; .oned sets. That

is, a one-~to-one correspondence between the grouped sets of ap les. There are
two important things we should notice here. First wa do net ey avnedlo hay
many apples each boy has. Second, we do know tha. the boys do not have the same
number of apples; that is, there is not a one-to-one corxrespon ence between
Bill's and Chuck's appies that pairs single apples. We know o: ly that there is

a correspondence from Bill's apples grouped by two's to Chuck't apples grouped

b three's. We know thexe is a one-to-cne correspondence betw: en the partitioned
gets. In order to conveniently name this correspondence so thit we kna the

number of objects in cach group of the partitioned sets, we sa. that their

correspondence is a 2 o 3 correspondence. 8ince all of fhe crirespondences we !
-y B “'

will congidexr are one~to-one, we will drop the phrase "oac-to- ne" as we did in
the previous sentence.
Again, we look at another situation. Suppose we hz e set X partitioned
/

2 yade I eI TV S T ST . _ - .
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If there is one group of four in X for every group of three in Y and for

every group of three in Y there is one group of four in X, fhen we have a
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correspondence between the partitioned sets:

(T @T® @D ... (50D}
| L
- i@ a» @» ... T

We say we have a 4 to 3 correspondence from -X to Y. Notice that the arrows

point to the groups of three objects each, the second number i: the named correspondence.
Suppose Jim has eighteen marbles and Mary has twelv: marbles. Then
we have no correspondence between the single elements in the s:ts. Can we
partition Jim's marbles into equal groups? We can group them )y two's (mark
these groups on the diagram):
Jim*aMarbles:{00000000000000000')}
Can we partition Jim's marbles differently; into groups of thr2e? Any others?
Make a different paritition in each diagiam.
{o0000000000000000 %
foooooo00000000000]
{o00000000000000000}
{oooo000000000000000}
You will notice that for eaéh diagram the number of groups tim:s the number in
ecach group is, of course, eighteen. We have gix gnouns of thrra each in Ana
partition. Can we partition Mary's marbles into six equal gro ps; yes, six groups
of two each. Then Jim and Mary both have six groups of marble:::
@D @) WY @D EE Cidd
ay: @ @ @ @ @ Ol
so we have a 3 to 2 correspondence from Jim's to Mary's marbler. Draw in the
arrows Jn the proper direction. Can we have any other corresp: ndences? We also
partitioned Jim's morbles into nine groups, 3 groups, two grours, and one group.

Can we partition Mary's marbles into nine, three, two, or one ¢qual groups? Yes,
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we can have three groups of four each, two groups of six cach and one group of

tweive each. 80 we can make these corxrespondences: ;

J: {@0300) ’ (oo_p»_gm}}g

6 to 4
M: (@ 0700 QQEX}LSD QL£L9wﬂ>}
g: $00000000000000000 08 ?
9 to 6 h
Mm: 000000000000} |
J: i }
18 to 12

M: { }
(Complete the last two diagvams by grouping and drawing the arrows.)

So we see we have, in fact, four correspondences beiween different
pariitions of Jim's and Mary's marbles. We have this sct of ¢ rrrespondences:
{3 to 2, 6 to 4, 9 o 6, 18 to 12} .

Bxercises

1) Alice has 1¢ hair ribbons and Susan has 6 haix ribbors. Name the corvespondences |

ribbons. (Fill in the diagrams):

. {CoTioy wuioon
' to
s: LG7TD @} T

that can be made from partitions of Alice's ribbons to paititions of Susan’'s \
|
|

>

A: {0 0 0'0 00000060 OE

S: L 000000%




A: i }
S: i &

2) Suppose A is a set of & xed cubes and B is a set of ¢ blue cubes. Name

to

B SRBAES Y BfYte Bl et

all the correspondences f£xom A to B.
3) Suppose G is a set of 24 goldfish and B is a set of 18 birds. Draw

diagrams to show some corrzsponderces fvom pawtifis cf ~ to pavtitiong of

{
B. How many correspondences are there?

G: 6 0000000000000000000000)>

m‘.
c
>

,

B % 00000000000000000C
4) Suppese we know that there is a 3 to 4 correspondence fros John's blocks to
Mary's blocks. What does this mean? llow many blocks musi John have? If

_bloels. What other
»’,Jl‘
[

5) Suppose, again, there is a 8 to 4 .orrespordence from A€o B. Suppose

John, in fact, has 12 Dblocks, Mary must have

L g

correspondence covld be made in this case?

A has exactly 5 less blocks than B. llow many does eacy havel Draw a
diagrams

6) Suppose Judy has red blocks and'green blocksy if we knew there is a 1l to 3
correspondence from red blocks to green blocks and that 11 2re are 24 blocks
altogether, how many does she have of each colox?

1.3 Ratio and Inveyse Ratio

@iven aay two finite sets A and B, if we cen purtition A and B
into the same number of equal groups, we can make a corresponcence from A to
B. In the previous scction we saw that if A had 18 elemenis and B had 12
oloments, we could make four correspendences between diffarent partitions.

Thig get of corresponCences from A to B, {}8 to 12, 9t 6, 5 to 4, 3 to ﬁ}
we will define to be the xatic of A to B. We can name the ratio by using any

of the correspondence namnes. So we say, the ratio of A to B is 6 to 4 or the

ratio of A to B is 3 to 2.
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00l back at Problem 1 of the last exercisc set. Wc can, again, have

four diffevent correspondences. So the ratic of Alice's xibbor s to Susan's ribbons
is the set 212 to 6, 6 to 3, 2 to 1, 4 to é\. We can say the 1utio is 2 to 1,
| for example.
Exercise: Write down the ratio in Problems #2, 3, 4, 5, 6 of Exercise 1.2.

Suppose we have that Al has $12 and Sam has 8 quartc:s. Then we can

have this correspondences
v IEED EE) @ @&y .
JJ o to 1
st {ED X% |

| Pat we could just as well have the correspondence from Sem's quarters to Al's

IVC“
-
<

7

g

€

©-
,e_(’

dollars. That is,

, w 1gEy €9 GD &I

‘;\ A T 2 to 3
Sam: {@ ¢ X}

This correspondence ve call the inverse correspondence. That i3, the 2 to 3

correspencence is the inverse off the 3 10 2 corvespondence. (N te: We can obtain
a diagram for an inverse correspondence by reversing the arrows.) The ratio of

Al's dollars to Sam's cents is ?12 to 8, 6 to 4, 3 to éﬁ- The lnverse ratio would

| | . .
be, of course, iS to 12, 4 to 6, 2 to 3; . S0 if we know that :he ratio of & B

to B is, say, 5 to 6, then the inverxse ratio would be the ret o of B to A

and is named 6 to 5.
It is importout to notice thet if the ratio of C €. D iy 8 V0 «y
Lhen we know that there is a 3 to 4 correspondence from € %o D. We do not have
any othex information about C and D than this. HQWever, if we are told that
EE R |

+he ratio of E to F is 6 to 10, then we know ihat there ie »» 6 to 10 .

correspendence and also, at least, & 3 to 5 correspondence. Tals is easily shown

by the following diagram:
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2)

Spppose the ratio of boys to girls in a room is 4 to 3. ..f 4 more girls
enter the room, the ratio becomes 1 to 1. How rany gils are in the room
originally? How many boys originally? Draw a diagram to show the 4 to &
correspondence. What other correspendence could be made? List the elements

of the xatio of boys teo girls.

From Exercise 1, the inverse ratio of girls to boys is __ ___t> _ . Tdst
ihe alomonts i 1m0 lnverss ratio. Shew the f-va . »are sondonces by draw-

ire, wov aveows on your old diogrem of BExercise L.

Suppose Kathy has some red blocks and some black blozks awl the ratio of red
to black is L to 3. Suppose she has 36 blocks altogethoyr. How many of
cach color does she have? MName the possible corresponden:es; that is, list
tﬁ@ elements in the vatio of red to black.

From Problem 2, suppose “he ratic of Mike's marbles to Kmhy's blocks (all

of them) is 1 to 2. Draw a diagram for this! Name a cox: espondence from
Mike's marbles to Kathy's black blocks. Name a corwvespon ence from Kathy's
red blocks to Mike's marbles.

Can you go back and reeson through these sam? questicns a 41 nevsr use munbers

greater than 4?7 (It is possible!)

1.4 New Names €0y Correspondence

We llave been naming the corrvespondence from A to B by a name such

as 3 to 2 where we could draw the diagram:

~

a e @P ... QoYY

v y
n{@® @ ... @

. g e o™,
oMt an f‘““‘ﬂ:“:‘;‘ g A, "“Mu,v "y 7
e D060 000 N O I
.wunv,'--b«’ - “:‘:“:‘«:-‘;‘ﬁ \’m‘%’mm"
[} b} \ 4
A ]
‘. Y “ ‘,‘ 61:0 10
.. N A VY
vl e e (A -
P Rl ol il PP Y " -3 n,.,,_,,,..,,‘,t ";‘:1'?" :h":"“" “lh""‘ ’n-'upwn- N
F: 0 O 0 0,0 0 0 0 ) . . .00 0 0 0 G0 0 O O
N . W, w -, Nty Py g g, Y Ny .‘swuv-ﬂww’”"’ faladit VLR 2 il A
i . lw'bmﬂm‘- M‘
Exercises

TDF e v e

e
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Je will now begin to uece the name % or /2 as a name Lo this correspondence.
) !
3 . . . .
We call the symbol ”5” a fraction. The number named on top of a fraction is the

numerator and the number named on the bottom is the denominator. Notice that the

arrow will always point to the group with the same numbey. of elaments as the

denominator of the fraction. In the case above, the arrows point to groups of

2 @and the fraction is %u The inverse corresp néence above viculd have reversed
arrows end would be named %' with the avrows pointing to groups ol 3.

Suppose we have the ratio of C to D is 3 to 4, then the ratio
may be the set {3/4, 6/8, 12/16% . The inverse ratio would be 4 to 8 and the
ratio would be the set 54/3, 8/6, 16/12} . The use of <he £2: ~ion notation, 3/4,
to name the correspondence makes the succeeding units easicr Lo follow. Among

the corraspondence names there will always tn one with the smallest numerator and

denominztor. For example, above we have {3/4, 6/8, 12/1&? . MNote that 3/4

has the smallest numerztor and denominator. We will call 3/4 +the simple correspendence.
We will call the corresponding ratio name 3 to 4 the simple ratio pame. Ordinarily

we will always use the simple ratio names. Notice that the sim le correspondence

will pair the smallest possible sets of all the correspondonces.

We have seer above that given twe finite sets there is at least one
correspondence between them. We also agreed to cgll the set of all such correspondences
the vatio of the two sets. Now suppose we know only, given & and D, that the
ratio of A %o B dis ¥ to Y. Then we know only thut lieve ‘¢ a correspondence
from A to B of ¥Y. Probably there are other correspoindenc 2¢ but we cannot
be sure vithout more information. For example, if ve are told that the ratio of
C +to D is 3 to 5 we know only there is the correspondonce 5 from € to
n. 1f, however, we are told that the ratio of M to N is 12 to 18, then we
know that (at least) we can make the correspondences 12/18, 6/5, 2/%, and 4/6

from M to N. (Why?)

e e
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In the units that follow we will be careful tc use only those

correspondences, and hence only those ratio names, which are ronsistent with the

information given; unless special mention is made o the cont axy.

L)

2)

Exercises

A PRt ot

Henry says that a correspondence £from A to DB is %4/20. Name some other
correszpondences. What is the simple ratio name foxr A t- B? What is the
ratio from B to A? List, using fraction names, some o the lnown
correspondences from B to A.

John has 36 hens. 12 of them are brown and the rest are white. Name three
ratios present in this situation and illustrate with some correspondences.
(Use simple’correapondences).

Mortimer receives 50¢ for avery laun he maue  ln restaam ddond o mnd ol o

is selling goldfish at the rate of 38 for 25¢. Ile woulld iike 15 goldfish.
Consider the ratios present in this situation. Dras the ¢ame conclusion as
Mortimes. Make a diagram to allustrate this situatioa. You ave dealing with
three sets: lawns, quarters, and goldfish. Study th=2 corespondances

cavefully.)
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Unit 2. Bubset and Measuvement Ratios

IR N

2.0 Part to Whole Ratios

If we have a basket of apples and we remove sowz of them, then we can
make a correspondence between the amount taken and the criginal total that was
in the basket. Suppese for every group of three apples in the basket we take
one out. Then we have taken 1 of every 3 apples and the zotio of the part
taken to the total is 1 to 3 and my corxespbndence is 1/2. Commeonly, we say
we have taken one-third of the apples and Qe use "1/3" go a novn Ffor the ammnk
taken. Since we urnderstand that we always are making a roryes: ondence of the part
to the whole, we can avoid confusion in this case by sayirg we have taken 1/3
(read "one third") of ~he apples. Again if we say, "We hzve 3/5 of the box," we
mean that a correspondence of 3/5 can be made from the paut taien to the box of
candy.

If we alwyas take a part of each group away, %iien wo will always have
the numerator of the correspondence name less than the desomiicitor. That is, the
nuinber of objects in ench group in the “part” will always be less than the number
of objects in each group in the "whole.™

Part Taken: § @ @ o v s i §

! | L
: 3

Whole: 2?{:55@ G- ... CE:E:@\B

Sappose we are told, "Take twe-thirds of thesc warbles.” We are to take
a part of the marbles which makes a 2/3 correspordence wita the whole of the
mazbles. So the ratio we have frém part to whole is % to 3. 2 can also see

viiat the vetio of the part taken to the part remaining is 2 to I and the ratio of

the part remaining to the total is 1 to 3. That is, we lzave 3/8 of the marbles.
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3)

)

5)

and she divides the stamps among Jack, Jane, and Joln.
she gives
correspondences that have been made?

has three-sixihs (3/6) of them or

between the children's stamps.

so the ratio of John's to Jane's is 3

D

Let's consider another example. Suppose Mrs. tLmith has a box of stamps

For ev..y 6 stamps

1 to Jack, 2 to Jane, and 3 to John. Wii: arc the various

John has 3 for nvery in the vox; he

179 oFf +hom., The »fia of Taslrta ot 40 fhe

total is 1 to 63 so he has 1/6 of the stamps. We can :¢lto malz correspondences

A correspondence of John's to Tane's is 3/2,

o 2. Name the rest of the ratios that

can be made.

John's G 0 @ o0 "0 0O A
ot © 00 oo @00 00
3 \ 7
- - - ,,--MA—"M"'*' ™ e e 2 A S8 b,
'0 - : ey 'ﬂﬁ. p v v LR .‘u w .5 ".n,.‘ ‘cb-v\-g,,‘.
roran Q06000 CoparD) €T - ORE00Y
2 Rew e sraq et . T - ""ﬂu:m.. M‘;"’"" — ?_‘ g~
Jane's am Grm :‘i,.r« TS
?:;-.t hEDY IR I AT
Exercises
Digengs briefly whih e meon by Mool Doaelic of e vl o' vt & wibiglon.s

Given a set of marbles, can we take Vfonr-thivds" of uaem? Ihy?

Mike, Bill, and Bob shared a box of candy. Bill sail ae g¢gi: 1 Lor every

2 Bob got, but Mike got one~third of the Dox. Mike said, “1 have only 9
pieces.” What is the ratio of Bill's part to the bew of cundy? What is the

ratio of Bob's part to e total? MNow many pieces dil Bill rcceive? (Draw a
diagcam!)

Tim said, "John gave me one~fourth of his part and ho said he got “wo-thirds
of the money.” Explain this in teims of raties and corvesy mdences. If
the total money was $36.00, how much did John receiv~: hos mueh did Fna aieoa
to Tin?

What is the differcnce betwaen "™Mother broke cne~fourtii of the dozen eggs"

and "Mother broke I eggs"?




2.1 Nea@urem mnt Ratlns

So far we have dealt only with vatios betweea sets of distinet objects.
Now we want to extend our idea of ratio to quantities wiich ar: not composed of
distinct parts. FPor example, suppose I have a large caa C o7 water and I want
to give 8ally L/3 of it. That is, I want to take out of it a nart of the water
tﬂchh will have the ratio of L to 3 o the total amount of water. Suppose I
have a small can and two other large containers. T could <hen put one small
czn of water in one of ‘the large containers {call it A), and tuo small cans of
weter I put into the other large container (eall it B) joxr every 8 cans of water
I take from can C. / /.,«, .;u,”y,? b J

L OO

e
e )
=, A

L....wmm- J (I, Y

If I can vopeat this process until can C is empty, then I would give Sally can A in

which I had been putting one small can of every three snall cacg. 1 would give
her 1/8 of the water. Then can B would contain 2/3 of the watur. It is important

to note that without the small can wlth vhich to separate the water, I could not

galve tha problow! I hal to use the small can us a unit . £ messure in ouder to

obtain the required ratio. With the small can as a unit, I ch nged the problem

to one of taking so many units {(small cins) of watov out of C to ma™~ a -alia of

1 wa 0 uf rork to wanle. A unit is an gssential elemert din Jdealing with quantities

of material even for rotio purposes. If the can C held euactly 24 units (small
cans) of water, then if I remove 8 of them, then there would be an 8/24
coxrespondence from the part to the vhole and the ratlio o part to whole would be
1 to 3. The quantity of 8 units would be 1/8 of th2 wate: in can C.

In the discugsion of the last paragraph, we azcumed that by using the

small can as a unit, we could empty the large car with exactly 24 small cans. Now
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as a matter of practicality we know that this is not likely te happen.  We could
possibly change the small can and cbtain an exact numbe:r of sv-h "units” in can C.
But it is possible not to be able to do so. In fact, if ve require the small can
to have a rectangular bottom, it is not possible to get an exsct number of such

"units" in the round can C. We are faced here with the problc. of commensurable

measure and this problem has » long history. For the Srecks wuere algso unhappy
with the fact that there can be length or volumes which crnnot be expressed
as the ratio of two whole numbers. The solution of the proble: lies in the set
of irrational numbers to which we will not digress. Perhips it is best to
admit the possibility of incommensurable lengths, areas, cr volumes and then to
pass on I oul GiuCLLE Lo, i whee ToLLows vie wili caseie theo the measure will
always be commensurable.

Suppose T have two lavge rang an? T winh 4o 00 20 nmtefn af fho
cagacity of e te the caprett of the othere T -2 tgk2 a me ) smaller can as
a unit and £ill each can. Suppose can D is filled by excetly 15 svch units of

water while the cther can E requires only 10 units. Then by seans of fhe smaller

can as the unit I can make a correspondence from the amcurt of water in the can D
to the amount in E of 10/15. lence the ratio of D +c E g 10 to 15
or 2 to 3. If can wos nmarvked 6 gollons and can E rarke: 4 gallons, then
we zlready know that a standard unit has been used and ¢ vorveopondence of 6/4
can be made from D to E. So again the ratio of D to E would e 3 to
2. In comparing the capacity of the two cans it is not essentinl to use any
standard unit, such as one gallon, since the ratio of 2 1o * would be obtained
no matter what unit was used (provided it was relatively small compared with the
cotol capecitice waw oo come oul evew).

Let's look at one more exomple. We have severcl fe:t of wood molding

and wish to cut off 1/5 of it (in one piece). We need :ome vit. Ue choese
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the width of a ruler. By mavking off fenler~width units" alons the wolding
we discover theve are exactly 380 such units in the piocn of vocd. We then
mark off 6 “ruler width" units from cne end and cut £isve. Ve have a 6/30

cozrespondence from the cut of £ piece to he original whao.2, o the ratlo of the

part to the whole is 1 to 5 (or 6 to 380); i.e., Wi nave A 1/5 correspondence
from part to whole. So we have cut off 1/5 of the molding &3 required. A

diagram will help here:

s 3 .
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Repeat these examples using water or sand to compar: the capacities
of two large containers uging a small soup can as a unit. Obtain L/7 of the
length of a large table by using a Mouler width" or similar sized unit. You can

invent other suc. exercises which do not involve measuring witu any standard

anits of volume or length.

2.2 Quantity to Unit Ratio

More frequently, of course, we find the ratic of a certain quantity
+o a standard unit. 9hat is, we make 3 correspondence Jxm a partition of the

quantity to a part.iuicu of the standaws unlb. Supjose . wiee WO .03 Lie
Leagth o a plece ol stviug in terms ol siving. We might be gicisfied to use
+he foot itself as the unit to partiticen the string. Suppose fhen the string was
approximately B foet long.

Unit & /9@:&

String & ( A o |

v |
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If ve wish to Lave a mowe accurate comparvison, we nust tase a soodlew unit, say

one inch, and use 1%t to find a ratio betveen the string exd one .oot. We know

that there are 12 inches in one foot. Suppose th2re ar. 83 -nchos (approximately)

in the length of stxing. Then a 33/12 correspondence ca- e meoe Lrom the
length of string to one foot. So the ralio of the length of str.ng to one foot is
1. %5 4. Since wn nrn using one foot a8 a standard uni: ‘e 1 Guently would
say that the string is 11/4 £eet long (vwherz, as usual, /2 mec.. that the
denominator names the number of units of one foot which corresprid to the numerator
number of units in the Length of string.)

Suppose we have a piece of ribbon that is 8/2 Zaet long; that is, the
ratin of the length of »ibbon to one foot is 5 to 2. {Luerciie: Given a

B
Length } | , how would you lay off a length A whicl had the vaotio to

B of 5 to 2?) We wish to find the measure (in feet) »7 3/5 of the ribbon.
Say that 3/5 of the r'bbon is P and the waole wvibbon 1L R ond onz foot is
F. Then we can make a correspondence of 5/2 from R to F o.d a correspordence

of 3/5 from P to R.

e
g=1

2

"
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So for every 3 in P (via 5 in R), we have 2 in F. So u: have 3/2

corraopondence from P fo F or P (the part we wanted) s /¢ feet long.
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Bxecreisces

(Please drawv diagrams in these exercises.)

1) Suppose we requirc the weight of 2/7 of a pile of gand wiich weighs 14/3
pounds. (That is, find the weight of the part of thc san which has the ratio
9 4o 7 to the whole pile.) Find the weight in the manvew suggested above;
that is, set up correspondences from the part to the vhole and from the whole
to one pound.)

2) The ratioc of a small piece of string to one inch is 1L ¢ 3 (that is, it
is 11/3 inches long.) We know a large piece of string ccatains exactly
10 of the small pieces. Find the length of the layvzc picca in inches (£ind
2 sitlo of b lorge piece to onme dueh.) Con you €.nd cu2 ratio ot the large
picce to one foot if the ratio of one inch to one feot 18 . to 127

8) A man has 2 daughters and & sons and he wi'le >5o o e n Iy
If he has only 300 shares of stock worth $L5 for ev2.y < shaves: a) find
+he ratio of %he sons' total of money to the daughter:'; L) how many dollars
does each daughter collect? ¢) if the father divided tie estate hall to sons
and half to daughters, find the ratio of what one son rzeccives to one daughter;
d) how much money would one son receive?

4) A man cuts off {wo pieces fro- a piece of rope 20" 1omg. One niece has
the retio 14 to 38 to one foot and the other has th2 ratio 16 to 3
to one foot. What is the ratio of the part of the rip2 1lof” to thz total
20' of rope? Set up correspondences for this one.

OPTIOMAL: If a part of a group of persons in a rcon %3 diceribed as a half

on
N’

of & half of a half, what is the smallest number of raspls vho could be in the
roor? Mranslete s paoulas fobo vacios ov currespoaicnee ang visualize it

by cravings.
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Unit 8. MNew Ratios from Old

3.0 Review

Let us review the discussion of Unit I. Supjose set A has 6 objects
in it ond set B has 18 objects in it. We cén group e objects in set B by
threes, vorming six groups, each of these groups can be mytehew with the single

objects of A:

A: % 0 0 0 0 0 " } 1
¢ 4 J ¥ 4 o3 3
3T @O @0 @O @00 oD}

That is, we can make a 1/3 correspondence from A to 3. We can also make the
correspondences 2/6, /9, 6/1% from A to B. Ve agre=d to call the ratio of
A to B the set of correspondences from these partitiond seis of A to B,
in this case il/B, 2/6, 3/9, 6/18:'5 . ie say the ratio {xm A to B is 1 %o
3 {the s mple rutio name).

Now if we have a correspondence from & to 1 of 2/6, we will write

¢ 2/6 D', where we understand that groups of 2 :u:hin C ave paired with

M
groups of 6 each in D. The denominator goes with tha arrcwhead; that is,

it tells the number of objects in each group in the divuerion :f the aryow.
Alsc (7@-£ﬂﬁl_. D would mean that there is a 3/6 corregpondence from

D to C and C is the set grouped Ly sixes. We recali that theie is ¢ 6/ 5

cocrespondence frem € to D, the inverse of the 5/6 orrespondence.

3.1 Finding a New Ratio Given Two Ratios

Suppose we have this situation:

A
2/4 \\\\\\ 4/3

3
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We know that fox every group of 2 objeets in C there i3 a group of 4
objects in A apd for every group of 4 objects in A theve s a group of 3
objeets in B. llence, we logically can say, for every gromp of 2 objects in
C we hove a group of 3 objects in B, 8o we have C mm”gjgg%?r; i.e. the ratio
of C to D dis 2 tc 8.

Conzidcr this cxanple:

1/8
D - y I

\?\P /Aa

We know that for every 1 object in D there is a group ¢f 5 objects in E

and also for every group of 4 objects in F there is ¢ -~voun of 3 abierta S
E. lence, we conclude that for every 1 object in D thire ig n gwoup of 4

objects in F. Perhaps we should think:

MWM —
//"'//"‘"m\\" N "".,,”“
wouﬁj C(D__QL:)/‘Q“M}...QELMDf
N | 4

> /
N\ /
{mﬁ)ooo...@mgy

Now it is even more obviows thot we have a pairing of singl:e in D wvith groups
of 4 in F (via E). So we have D __ 1/4 T and the xa:uin of D to F is
L to 4.

Exercises

ind the "t" correspondences in the following diagrams (thi-k as in the last example).

(Remorber the arrowhead goes with the denominator).
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(A and B hgve no element
in common. )

Perhaps a closer leok at Problem #5 would be helpful.. Fox every group
of 3 in A there is a group of 2 in B and for eva/ group of 4 in D
there is a group of 5 in C. Now if I can be group:( by fours as well as
by twos then A can be grouped by sixes as well as by 'd.rees. (Draw a diagram

to see this.) So for every group of & in A there i a group of 4 in B

and herca o grod, 9L O da G Gu we e i 9/d . Lev us look at #u alsos

fx % ... X% {nn @H@ 5t
:\\ \\ ) 2(’

L/ ~ \\ g e s
\ MMJ"
IR
{>““) @ . D |
We can imagine that in AUB we can group together the “h's" ard the ””

according to their pairings in C 8o we have

AU DB: E()_(/;? @)}), v o ooy & i’ /4
c{(""w G, . .. @00k

flence we have AUB ___8/4 o

.
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Exere:

B

Try theze problems, draw groups of objects if it is helplu’. (%2 suppose that
A, B, and C all have different objects in them.)
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3.2 Bome Physicel Froblems

Wow we will consider some physical situvations ilat irvolve the same
kind of reasoning s the exercises above. Suppose in an #udivorium there are

3 girle for every & women and also 3 girls for every 4 men. Than vwe have a

Ly
L4

2y 275 3) 5/2 &y 8/ STeTET TRy 979 9y 8/2
N 6/5

/4
6/10 11) 472 12) 22/20 13) 76 L
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group of 3 givls for every group of 9 adults or the ratio of givls to adults
is 1} to 8. If on the other hand we want to find the rziio of men to women,
we clearly hawe one group of 4 men for every group of o women; S0 the -ratio

off men to women is 4 +to 5. We see this by the diagran:

Mon 415 Women
| Adults

. . 4/5 : 03 5/3
Girls

These ratios are "matural” and develop cut of the correspcadences given in the
original retios. Remenber, whenever we can make a correspondence between group-

.

ings of elements in
-y

<

o Finite sots, vhen we have a ratio esteblished. So the
building of new ratios is an cutgrowth of correspondences? and otixr rules of

working with them.

We can now apply the previcus ideas to find th: axca of a rectangle.
By the area of the rectangle we will mean the ratio of +hes rectangle to a given

square unit, where ve way imsgine some smaller square unit is used o determine

' 6 i Y T O : s
Lhisy l)i;il.:.h‘.“u EJ:MJLLLJ.»LL“n.JO wdage g e L G Ll e on : !

o . . . : .
bph ™« N L.oa N b * Y - » .4-J«~-ul.n. -l v wias’

Suppose we have a vectangle and wish to {ind its avea ir rquare inchies. Then

first we find how many square inches we have in a column rne inch wide; suppose G,

ot is, the vatic of ¢oe colnmm to the uait is 6 to 1L W2 have:

! (M '
| vl ) ? ; : | '
! b t ] ¥ ] § f L
AL A N B B : !
A B T T B B

; Vo ! : § | i N
I ) b ) } !
IR
! : ' : ! E (I
E‘..\i\:\.\:m I N N O T U

Newt we censider lew rany celumns in the wectangle. Suppose we find 103 that

e

ig,the ratio of the rectangle to one column is 10 %o 1. Then we sce we have:
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Rectangle : » Unit
60/6 = 1.0/1 6/1

One Column

and 4w selution is 60 to L ox there are 00 square inehes of area.

Now suppose we have unother roctangle and wisl. o find its area.

We
find the ratio of one column to one square inch. We have this diagram:
=
.
‘7;’“" ﬂr/a:ﬁb {:::i »
That is, we have the ratio of 9 +to 2. Suppose the vatil: of wcetangle to one

columy is 10 to L. %hen we have

Rectangle 90/2 wUnit
Y
\.
o0/9 = 10/ :1,\ /9/2

One Column
go the ratio of rectangle to one square inch is 90 1o 2 or 45 to L so
we say there are 45 square inches of avea in this rvectayle.

Now congider the more typical problem.

Cunsider this vectongle:




.

We ene the ratio of one column to one square inch is 16 ©o 2 and “he ratio

{ of the vectagle to one column is 8 to 3. So that we nuve
L . ,
Rectangle 60/3 = 2071 » Unit
- = v‘
i 60/8 = 15/2 8/3
|

|

% One Column

i so that the ratio of the rectangle to one square inch is 20 to 1, or there are
20 square inches of area.

% In general, if ithe wvativ off ine rectangie to o colwn is 1 to 1,

and the ratio of one column to one sguare unit is w ‘to L, then we have

Mwir

Rectangle » Unit
\
Mt =111 W'l

One Column
so the ratio of the rectangle te one square unit is ,@w to 1, cx the area is

rl L » » ) H - M (4 : ot w o -
Jw o sguare anits.  We caa rewvurn To this problem later in wae gpplicaclons unit.

Exercises
1) If the ratio of A to B is 2 to 3 and s eari~ F N oto N fs 5 to !

5, find Al eeties of A to 6 aad ALY te B 89 up d'ngrams as in the
earliey preblems.
«

9) If A is o subset of B and the xatio of A to B s % to &, suppose C

ig the rest of B that is not -A. mind the ratio of € to A and AYC

+o  B. Drav diagran.

23

8) A geaadisther vvred 7/8 o

1]

#he gto.k in a company. U2 has 3 sons and one

€

son had 2 sons. Suppose all share egually. low mach of the stock did one

grandson inherit? Set up ratios and diagrams (if necassary).
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4) Take a small sQuare piece of paper and estimate the avca of a rectangular
table top by the method suggested above. Find the rat’o of sne column of
squares to one square and the ratioc of the table top 1< one :olumn of squaree.
Then find the ratic of the table top to the square. (Lf you take an ordinary
sheet of paper, you can make an 8-1/2" x 8-1/2" squave, whicu has the

epproximate ratio to one foot of 4 to 9. lence you could estimate the

number of square feet in the table top.)
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Unit 4. From Ratios to Rational Nunjers

4.0 Rational Numbers - R

After years of counting sets, man developed th: aritimetic of whole

mimbers %o make the counting ard combining of large sets mich ecsier to do. Long
i practice of counting 2 groups of 3 things each for a cotal of 6 led to the
| shorthaud 2 x 8 = 6. Similar "shorthand” work led to the avithmetic we now
consider so functional in everyday life that we rarely think "sehind" any of the
simple slgurithes we us. to compute. But it is ver, Lingo stant that childuan
be Lod cavcugi @ den chopteat ol the algovithms of whoie n.abers that shows their |

efficiency in a meaningful way. Just as we develop the «:unputational work in

whole numbers out of counting, so we will develop a computational scheme fox our
| ratio computations which we developed in the previous unii. 1In order to do this,
we First need to have a set of numbers and operations on Iiese vurbers.
What shculd be our new numbers? We want someihing to stand in place
of a ratio. B ratio was the set of one-to-one correspondences that could be
made between two finite sets. S8ince cur numbers must be generai and apply to
many diffavent sitvations, to be valnable, we mus™® genev'ize cwr iden of rptio,
We saw thet the razio of A to B might be iz set of correspondences:
{}/2, 2/, 5/6, é/léa. We were limited by the actual nuter of clements in A
and B. Tf we doubled the sizes of A and B, forming thz sets A" and B,
we vould increase the mumber of pessible correspondences. 1In £ret, we would then
have {i/z, 2/4, 3/6, 6/12, 4/8, 12/24E. If we tripled tu: sizes of A aond B,
we would increase cguin the number of correspondences.

We will consider thiis situation more cavefully. We will also attempt

to deal with it more abstractly. Remember we called any 3 ymbol of %he form a/b,




m?';-q
where b is not sero, a fraciion. Notice that a ratio is named by a set of

fractions and that a correspondence is named by a fractisn. Now we will say that

two fractions are equivalent if they name two correspondecnces that can be made

between the same pair of sets. In our case above we can zay 1/2 is equivalent
to 6/12 (we write 1/2 = 6/12) because they name two co:wespondences between

A and B; similarly 1/2 is equivalent to 12/24 (1/2 = 12/24), because they
name two coxrespondences Letween A' and B'. What about 1/2 and, say, 16/327
We sense that they should be equivalent, that is, we fees chat /2 = 16/32.

Ve must £ind two sets with these corvespordences. Let € have 16 elements
and D have 382 elements. Then we have both a L/2 correspondence and a

16/32 correspondence. So, indeed, we have two sets, C &nd D, and two corrvespondences

between them named by 1/2 and 16/32, so 1/2 = 16/32.
: 7
So our set of correspondences {?/2, 2/4, 3/6, 6,123 can be enlarged;

if ve write down the set of fractions equivalent to 1/2. We have, in this enlarged

Sl BN 11440l A

set {1/2, 2/4, 8/6, 4/8, 5/10, 6/12, . . ., 100/200, . . . 500/1000, . . 3 . This

"enlarged" ratic we will call a rational number. We will rame il by using any

fraction in it, say L1/2 oxr 5/10. We will usuallv pag *+hz Frpotian fay fhe

simple correspondence, in this case 1L/2. So we have the rationsl number 1/2:

1./2 ={1/2, /4, 3/6, « . ., BO/LCO, . . 7}

We can now refer to the rational number 1/2 in the same wanner we referrved to

Ly

the ratio L %o % carlicr. Remember that xational nuroer is an extended idea

of ratio. So that for any ratio situation we have a specific rational number.

Suppesc we wont to tolk about the rational mubiar, 5/7, then we are

thinking of the fraction names for all of the corresponden:s that can be made
betusen any two sets that have the correspondence 5/7, euzh as 10/14, 15/21,

50/70, etc. Se 5/7 = 15/7, 10/14, 18/2L, . . ., 50/70, . . 7;

)
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4.1 Multiplication of Rational Numbers

Now oux problems we had in Unit 8 can be trancleted into rational number

problems. For example,

314/ "\ 4/5
A -“*'—57-5-';\ c

3

wos a situation where we obtained the pgtic 38 to 5 fLiom the pgtios 3 to

4 and 4 to 5. Now we gee that this translatee into cUtaining the rational

number 3/5 from the rational numbers 8/4 and 4/5. Vi worked the previous

ratio problem by considering our correspondences; we want io work the rational
nurber problem by usiog the foactions which name the corzesponderces. The situation

above gives us a wational number from two rational rumbers; that is, we have an

operation on rational numbers. We will call it multiplicution. Tn general,

B
aig//' \\<2:c
A o ' (

wa gee that a/b oaa” Lle gives ofo. €4 ws heve thoet r muliaplication of

a/b and b/c (write a/b x b/c) is a/e (write a/b x b/e = afc). 8o our Tirst
examyle becomes
8/4 x 4/5 = 3/5.
We sne wich Little difficulty that 3/2 x 2/7 = 3/7 and 3/31 % LL/4 = 3/4.
(Just think of the asgociated cocrespondences ang draw a G.iagram. )
Suppose we heve ratioial numbers 3/4 and 1/% and wish to multiply

them. What ig the answer? We look to this ratio prablem :'w the answer:

2/4 1/2

A

A
o]
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To solve this nroblem, we had to cousider ancther correspondence from B to
C, namely, 4/G. Then from 8/4 and 4/8 we obtained 3/8 as the new correspondenue
Prom A to ¢ and 50 8 to 8 was the new ratio.

We follow the same slgorithm in rational numlers. Tuus 3/4 % 1/2
becomer 3/4 x /3 or 5/8 Dby writing a different namc for the rational number
1/2. Since any fraction in a rational number can be uscd to name it, this is
perfectly all xvight. We change fractions, as necessary, to obtain the form
a/b x b/c and we know the answer is a/c.

Now we would like a neat computational rule fcr multiplying any two
rational nurbecs &b and o/d. We go back o vur cow. pondeices aud unotice
one more fact. If given the correspondence 2/3 we car. Zet the name of an

equivalent correspondence {an equivalent fractinr) hy meitinlving the mmerator

. . 2 %3 .

and denominator by the seme nurbar. That is, we have ﬁwﬁ-g is “n eguivalent

» - '3 » - 2 x 3 6 0
fraction to 2/3. This is so because 327~ § and if vz have a2 get A of 6

objects and a set B of 9 objects, we have clearly a &/9 correspondence

and by grouping we hava:

2 4ED @D @‘x

2
¢ |
B: (g_‘o::o) Coo Qo 0)3
So we have 2/3 and gwﬁm% equivalent fractions. OCGivcn a/b we see that
S imﬁ i3 an equivalent fraction by considering

v bimes

“W

7a_cbjects ~ a0 objects
Ay Go T 0) ... QO. .. 0 Ar@Quo. .. 0)

2 [ a
b — _— A"a £ — s
¢ TR .

B: \@.‘;ﬁ;::_:::‘y,a SRR NUICILE Br .00 .« .07
b obgects bn  objects

an ; -
We have both corvespondences a/b and e from A to B so w2 have equivalent

Fremed 2a
fractions a/b and e
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Now our general problem of a/b x ¢/d can be aiswere? by replacing

a/b and c/d by the proper eguivalent €ractions, namely a/b = %N&ME and

w e
bxe
bxd ®¢

4l BEE bre,axz
b™d bxe“ " bxd Dboad

rogt

' - 3 ¥ 4 - . ] . “ ] - . x C
shat is, Sn brief, the wultiplication of a/b x ¢/d is the ratinal number %}3?15 .

S0 if given 3/4 x 1/2 we see that we can write

gx%n3xlx4xlm3xlng o éxlziﬁinﬁ
472 4x174x2 422 8 472 4x2 8

1x 3 8 ¢nin byvief,
8

1 3. 1xd..8
8 "4 8w 82

You wiil see thal this is exactly what was dounz to obtain the answer
to some of the ratic problems in Unit 3.

Mow Tha rwablam

B
3/4 / \\\‘ 1/2
A/——'w;—--"-?c

can be quickly solved, 3/4 % 1/2 = 3/8. 8o we have an gfiicient compuiation for

our previous problem sizuations, if we use our new operaticn on raticnsl numbers.
(Revead Scetion 4.0.)

Fxercisaos

1) Multiply: 1/2 x 8/%, 2/8 x 7/2, 1/8 x 8/4, 2/3 x 1733 use the wle

g/b 2 W= plo.

2) Go back to Unit & and pick out problems like A .0 ‘ !;g and golve
\"‘-«m..f.m_..... .-—-ﬂ‘"’/

by multiplying.

3) Solve the area preblems in Uait 3 by multiplying.
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4) If there axe 3 givls for avery 4 wmen and 4 men for evexry 7 boys, f£ind
the ratio of girls to boys by multiplying.

5) Solve 2/3 xV1= 7/8 by geing back to a ratio diagra-.

4.2 Addition of iastioual Numbers

Now we will look at another operation on rational nurhors thaot comes from
our ratio work. Consider the situation

A AVB B

4/3 s/’ 1/5

where we consider the union of the sets A and B. Remenszr, we obtained a new
ratio (5 to 3) from the given rztios 4 to 3 and 1 to 8. This problem
suggests that the rgtional number 5/3 can be obtoined £wn 4/3 and 1/3.

We see that multiplication would give 4/3 x 1/3 = 4/9, so apparently ve have
another oneration for rational numbers. The use of union of sets suggests we

call this operation gddition, and we will nse the sign "7 Wa citn 4/8 4 1/8 = 575,

. . : b+ e .
Our past work with rotio problems suggests the rule b/a » 2/a B 5o

we adopt this mile and say that +the addition of the ratic:nl numbers b/a  and
-4, e "'

3 . b’*c u.}‘c d.
c/a is the rational number s We call s the zvn of b/a and c/a.

[4
We can say tiat 2/5 4 /5= 8/5 and L/4+ 7/4 = 8/4 =41,
Now what gbovt 3/4 + 2/3? We want a fraction for their sum. Consider

the associated situatior. using corraspondences:

A ANDB B
\ |
3/ P2 2/3
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What did we do in our zatio problems? We used new correspondences that we knew

could be made, namely 3/4= 9/12 and 2/3 = 4/12. ‘'then our problem was solved

A AYB B

9/12 1.1/1% 8/79
&.\ /
¢t

and the ratio of € to AUBR was 17 teo 12. So we fllow thie same pattern
and replace our fractions by equivalent fractions so &s <o have the form b/a + c/a.
8/4 - 2/3 = 9/12 + 8/12 = 17/12
We can‘do this because any fraction in the rational numbX: can name it
Another example is
9/5 4 1/4 = 8/20 + 5/20 = 13/20.
This suggests a brief computational form again:

a/l) o-’- (‘/d -1 51 x d Lo ..bmm\)é'nc £ a x d -}',. .b.\? ‘(f',

AN YL S PR TSI A A

Ewu  boxd D% d

Exerciges

1) Add: 1/2 + 8/2, 4/6+ 1/6, T8 172, L/T e ey wy the ru.es given

sbove. Draw rusio Giagrams for the 2nd and 3xd problom to reviow ~he conaeetion!

Ly Y 3 o= o o o of¢ e ‘}' A“)B I3
2) Go back to Unit 3 and work the problems of form "~ S
\ /
by addition. AN ////
\\“ y
C

3) If there are 3 givle for evexry 4 men and 7 boys Lox evory < men,
fipd the ratio of children to men by addition of the votional numbers involved.

4) Solve 2/3 + [j = 7/4 by going back to a ratio diagrzm.

We have obtained two operations on our new M ars by workirg from our

vabio problow of UYnit & and appiying our extended vutio idsas (raticnal mabers)

+o them. Remember, the set of rational numbers and theiv vrielf comrwiational
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Forms were developed in order to make easier the work invelved in solving the

kinds of problems we found in Unit 3. The purpose was 1o hecome more gfficient,

exactly o8 the whole number aligovithms arve more efficient than counting.
|
1
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Unit &. Some Special Rational Numbers

5.0  Intxeduction

We have scen that rational numbers are a nat.cal extousion of our ideas
on ratio. Once we have estoblished a set of numbers and cperations on those
numbers, we next want to investigate to see if any of the numbers have Yspecial® :
properties. You will recall that, in the whole wumber system, 0 and 1 play

important roles as Jdentities, that is, for any wiole nutber w, W+ 0 &y and

w» L=w Ue would Like to find some similarities in our set of rational
numbers. We would like this new set of numberxs to have s~me matheratical

properties that would make it a number system.

5.1 ‘Identities and Inverses

Given any rational number a/b, we want to find a rational number which

wvhen multiplied with a/b gives a/b. We have %-: %-m ﬁ%} and we would like

= atby=b tobe true. If X =1 and y = L ve dave .aut we wish; so
a_ l_a-<l @&

;—J

i

TRTT T 5 S0 § acts as an ddentity for rational number multiplication.
.

. L : . ) . .
Remember that & = ¢1/1, 2/2, 3/3, 4/4, 5/5, . . 9} wher~  &5/B, for oxample, is
1 , v L

1 fraction for a eorrorpondence. We could alse show that there is no cther
rational number except L/1 which has this property.

We would also like to find z rational number “hat is an additive

identity. We want some so that for evexy 33 24X 8 Kow by our
A LI R I Y

'13'
a,x._atx
o

addition rule B-* 5'" » 80 a+ X = a is require:i. Now in whole

d q L3 () - .
mmmbers, x = 0 is a sclution. 8o we are lead to consider i A% an identity

r) L 0 -
element. Our £irst question is: Is woa rational numb.en?

What is the meaning of 0/b in a correspordeuce? It savs we have a

one~to-cne correspondence between two sets A and B where groups of 0 elements
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each in A ave matched with groups of b elements each in B. 8ince we under~
stand all the groups to be of equal size, this requirzs 5L +to Lo the empty set.
Although there would be no physical example for this sitaation, we can sca that
it is an extension of our earlier ideas of correspondesnce. 8Since we would like
our system to have a "zero" element in it, and since <hie ugse of the fraction %
leads *o no contradiction, we eccept 0/1 = %0/1, 0/2, /3, « « . 0/, . . .} as
a rational number.

However, we have just introduced a problem also. Before we saw that
any a/b correspondence had on Inverse corvespondenca ¢ b/a.  Is the inverse
of 0/1, namely 1/0, a correspondence, and it 1/0 = gl/oy 2/0, 3/0, « « « ,
b/0, « . :% a rational number? First of all, 1/0 is as zood a norrespondence
as 0/1 since we merely can consider reversing the arreus in any 0/1  diagram.
8o we consider 'L/0 as a rational number candidate. But we have problems
imnediately. Suppose we wish to Tind 2/3 + 1/0. Remriing to our correspondences
which motivated cur definition of addition, we find that .o no way can we have
a solution for this situation,

B BU ¢

0
e

N
-
oo
-
H
N
o

A
since 1/0 requires A o be smpty and 2/3 requires it to be non-empty. So
1/0 gives us {rouble. But even if we abandon our ~oxrespondences and just follow

+the addition definition we lhiove
2043 ]
3 « 0
1« 0492 1
2 -0

2/8 + 1./0 =

= 3/0 = 1/0 gl plso

e+ 10 =

= 2/0 = 1/0.

80 we are led  to believe 2/3 = 1/2, which is oot so. (s we muct abandon 170
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as a rational number. We can show, in fact, that 0©/1 is the oaly retional
number with no inverse in the sense of inverse correspondences.

We now have all of the rational numbers we ca Yorm out off the whole
number system. Any set of equivalent fractions of form /b whsre & and b
e whok: mwbers and b # 0 s a waricosl onsbew. e oaivo cant nod cuy hod
0/1 is the additive identity for rationrl numbers; that 's, a/b + 0/L = a/b for
any a/b.

We can alzo observe that our inverse ratios awl hence inverse rational
numbers have an interesting property that whole numbers do not have. CGiven a
whele rumber, say 5, we kinow that 5 - 1= 5 and also that no whole number
miltiplied by & will give 1. But given a rational muher a/d, a ¢ 0,

we have a/b x 1/1L = a/b and also we have a unigue inverss of /b, ramely b/a,

ud
ey

‘

- /" " N H . ! 1. wrw e e e P L - . " ‘
"knd a‘D :C ﬁ/a = :’Ai)/ml-’ Lk 1-.’ l' '4A? 3 I-td"l'&’ [N ’uu.), J.L l..J;.hi.L‘.—'..\;’.Z. ) whd .«.‘.4.“#..1.-‘: [ dod dun

‘We call b/a the multiplicative inverse of a/b. Knowiry such a rational number

allows us to solve equations we cannot similarly solve ir whole numbers. We
cantot solve 3x = 7 in whole nrumbers, Wt a similar raticonal number preblem,

3/5 x X = 7/4 can be solved, for (5/3 x 3/5) x X = 5/8 w 7/4 o L/L x X = 35/12
or X = 35/12. 8o we gee that in a real sense we have moie that we can do in the
set of rational numbexrs.

5.2 Rational Numbers and Whole Numbers

Now we can return io our idens of ccunting and look a it Lrom a
different point of viev. If we say we have 6 apples, or & gquuts of water,
or 3 pints of strawbervies, we are, in each case, compaving our amount to some
nundevstood unit. When we say we have 6 apples, we mean ve are using 1 apple
as a basic unit. So we have a disguised ratio situztion, namely,the vatio of
our amount to one apple is 6/1. Similarly 5 quarts ol vater can be viewed:
the ratio of this amourt of watev to one quart is #/7  pirts of gstrowberries

becomes the ratio of this amount of strcwberries to one pint, nanely, 3/1.
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Thus in this way any whole ~umber may be "extended" and viewed as a
ratio. lence a whole number a can be associated with the rational number a/l.
This association would be stronger if our operations agre: also. We sze that
3+ 2= 5 is associated with &/). and 3/L+ 2/1 = 8/1. Mlso 3+« 2= 6 is
associated with 6/1 and that 8/1 x 2/1 = 6/1. 8o we see that any whole
number problem in addition ov muliirlication cr be tranilated " to p rational
number problem and still obtain the same resulis. It is just this fact that
allows us to be "careless" in mixing whole number and rational number arithmetic.
Consider, for example, the "computation”, 3 x L/2; since we have 2
different number systems represented our ordinary rules don't really apply.
Suppose we forget this for the moment. We can translate "3 x L/2" into a whole
number situation, o: "i~peated additions”; i.e., 3+ L/2 = 1/2 + 1/2 + 1/2 = 3/2.
Or we can translate "3 x 1,/2" into a rational number problem, 3 1 1/2 = 3/1 x 1/2 = 3 1.
We obtain the sam: answer in cither case. Here is a second exanple: "3 + 1/3."
As a whole number sum this has no meaning, but as a rational number sum: 8 + 1/3 =
3/1 + 1L/3 = 20/3. A third move complex situation iz 3 x (2 + 1/4). As a rational
number this is, 3/L x (2/1 + 1/4) = 3/1 = (9/4) = 27/4. As wholc number ideas
e have: S x (24 L/4) e 24 L4 24+ L/4a+ 240,45 o4 8/4; as in the
second example we can have 6 + 3/4 = 24/4 + 3/4 = 27/4. &o fhey are the same.
In fact, generally speaking, one can do *he o' :ve "inlermixing" ~f
vhola mushoy  and vobioral mdbor arithmetic opsrations (because of the way they
vere defined) and be led to no "wrong" answers. lowever, such action would be
done wisely only as an added festure and should not be given as the standard form
for the operation.
Tn the phyaical world the preceding "blending" »f whole numbers and
rational numbers is sometimes disastrous in attempting tc solve veal world problems.

For verbal problem work it is essential to maintain the distincetion to clarify
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problem situations. The situation of the whole number 2 multip.ied with the
rational number 2/3 never ocenrs in the real world sccording € our physical
understandings abont ccrrespondences vhich served 23 modele for our rational
nurbers.  Some privlems may bDe thought of as whole number proble s as well as
cisongl cauber p.ubieno, but not as a mixtuwve of the twe. In 2 unit to follow
on applications cnly'rational number situations will be ccisidencd, bt we will,

gee where many probloms could be equally solved by whole r mber nethoeds.
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Unit 6. Applications

6.0 Introduction

In the precoding units we have developed the aenceptz of ratio and

P T A a o,
’ . L] ‘ -

correspondanca in phveinal ailustisaps fed e
set of rational numbers and cperations on this new selb <7 numbe-z. In this unit
ve wigh to bring to bear all of our preceding work on thz solution of various
types of practical applications. Some of these problem :vpes occcur in regular
junior high school texts. Some will simply illustrate hov the correcpondence
notion can clarify regular rational numbex problem types.

6.1 Area of Rectangles

Firét, we have some unfinished business to ccriidexr. In Unit 2,
we intreduced and workend with aveas of rectangles by neans of correspondences.
We can now Finish this area problem. Recall, given a yevtangle and a standard
unit of area measure, that we computed the avea by formi g two ¢-rrespondences:
total rectangle to one column znd one column to unit oren. We may have had, for

SR I
14/3
Total Rectargle - ,;gne Unit

-

14/ = 92 //// a/3

Y
One Celumn

so we say that the area of the rectangle is 14/3 square units. Accovding to our
definition;of multiplication of ratioﬁal numbexs we ecan tay that 7/2 % 4/83 = 14/3
is the fational number corresponding to the area of the Jectangle. Or, more
loosely, that 1&/3 is thé numbexr of square units of arca.

Consider this dipgram:
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The square unit of zvea, say one sopare fnch, has o ~dge of on Lineew wait, in

- 480

this case one incli. Nuv we observe that in one column there ave 4 square units
and also that, of course, the height of the column is 4 linear units. 8imilarly,
the ratio of the total rectangle teo one column (vhich essentially is a measur:

of "how many" columns) is 13 to 2 and that the ratio of the length of the

rectangle to one linear unit iz also 13 to 2. Whereas before we considered

two ratios 4 to 1, followed by 13 to 2, we can now consider the two rati mal
numbers 13/2 and 4/1 and can think of thom as measuring the length of the
reczangle and the height (or width) of the rectengle. The rational number
operation used is multiplication; so the area is 13/2 x 4/1 = 25/) square
uni%s. So the product of the rational number of the Zenth of the rcctangle (1)
and the rational number of the height (or width) (w), namely 1 x w, is the :
cavionul jteber of thie avea o the rectangle, where we unusrstans that square
units must be used. Hence, the shortcut formula for area: A= L X w.
Let us dn arcther example of area, retrazirg ~~ ehtaps. OSunpere w- !
are told +hot the wartrrgle hns'a Janoth of 7/3 inches :d a hright Of 15/2
inches. We can infer from this that we have an axea ¢f 7/8 x 13/2 square inches
or 105/6 square inches. Retracing our previcus argumenti ve furiher infexr that

the ratio of the total rectangle to one column was 7 to ¢ and that the ratio

O  of one column to cne squave inch was 15 to 2. So, by diagram,

ottt e et s =



Jal

Total Rectangle 105/6 y One Squars Inch
a“[
105/45 = 7/ 15/2 = 450

One Column’
and the ratio of Rectungle to One Square Inch was 105 o 6.
Again ve see that rational number multiplica”.on givas us an easy way
to compute the area of a rectangle. It is also importa.l to reuember that if we
consider only the "preduct of length and width" arsuren™ ko obtain a numbex, then

we lose the esgential nature of the problem. This i thie problom with all

computational shori-cute; they always glve easy answers, vut oiven the gense of
the poiblen is Lost. GSlee 10 18 important to keep the jtea of “ne ratio of Totul
Area to one square unit of avea in the foreground us the meanir.” of “area."

e will see more examples of the distinction between menving (¢:: undevatanding)
of the gituation and the computation of the answexr.

6.2 Dunportion nnd a ule

Tt is common to ir2lude with ratio the corcept of a proportion. Sinte

many texts uge the two terms frequently, we should be clear on thelr
meaning in the centext of these units. A problem will crtroduce the idea.
1f John veceives 3 of every 5 apples and thers are "0 anpieos, Ty meny

doas John weceive? A Ystandard" gelution is to sev, "6y the ywopeiion, 8/8

A0

n1/25, and solve." Thz answer is, of course, 15 apples. How should we view the

e

idea of proportion in the light of ouxr previous discussicns? Wit is 3/57

fsn't it a correspondence from John's apples to the tot:l numbe i of apples?

Whet would (M}/2F be then? That's right, arothew correspondence from John's

apples to total eoples. Sc this proportion aprarently asserts: "find [A) so

that [ﬁ]/ZS and 3/5 are two correspondences for the same ratio." (0 translatini

into rational nurber language, we can also sayﬂ"[:}/ZS and 38/5 are fractiols
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for the same rat.onel number.) Illence, to say two froctions ave in proportion is

to say that they gre equivalent, or to say two correspodences are in proportion

means that they cve in the same ratio.

Now how would wo "sulve 3/5 = [n]/25? ller: we can "sec" that the

acgver g Lb. To Le more explicit, we can write an equivalent fraction to 3/5

by multiplying the numerator and denominator by the gam: numbe so‘gféﬁg is
any equivalent fracticn to 38/5. If m = 5, then we havc'%{gwg~ﬂ 3/5 = [m)/ 25

or 15/25 = [i}/25. Now, from our kncwledge of coxrespondences we can assert
that [ﬁ} mist be 15. 8o we appavently have a rule thal requirves changing the
denominaterls (or numerators) so they are the same number. Then ihe numerators
(or denominators) must name the same number also. So i’ a/b = ¢/d, then

ad;bd = be/bd  and we zan say ad = be. Also if ud = Le, then ad/bd = be/bd

or a/b= c/d. So we have the rule: a/b = ¢/d means ihe same as ad = be.

Or, in words, "a/b and ¢/d are in proportion” means thc came ac "ad = be."

This rule allows us to check whether any stated proportion is frue. For example,
is 8/4 = 9/16 true? Does 3 x L6 = 4 x 92 No! So the proportion is false.

Suppose we have 3/4-= 36/48. 1Is this true? Is & x 48 = 4 x 36 true? Yes!

So it iz a true preporticn. e can make frejuent twe ob hele sdeas Lo e probaes s

douiing with pwoportic.s.

6.3 Sample Ratio Problems From Textbooks

It would be much too lengthy a project to attempt to cover most of
Tthe problems found in current texts. Instead, we will consider a selection of
thiree of the most common types and discuss them. We will first consider each
type by solving & typical member of the type.

1) "rind the ratio of 2 pounds to 6 owmces." Waat is called
for here ig clear. A diagram will mgke it even clearor:

"2 nounds” 1 pound 1 ounce . "6 ounces"
m_ﬂ? . .m@ Lot amm’u’

32/16 = 2/1 16/1




and our past work says that we have

"2 pounds" ., 1 ounce .y 0 ounces”

327 176

So the ratio of 2 pounds to 6 ounces is 32 to 6 or 16 to 3. A

common approach to this problem is to "change" 2 pounds to 32 ounces (to
make "the units the same"). This amounts to forming a vatio in itself. However,
note that this type diagrams easily and invol#es little of difficulty after
thet. We may apply rational numbers now by multiplying in a similar fashion
the associated rational number, (2/1 x 16/1) x 1/6, which gives the rotional
number 16/3.

Consider another sample of the same type: Find the ratio of 36
yards to 48 feet. We diagram:

"36 yards" _ one yard one foot . "48 feet"
LY ~37i7 i

which yields

"36 yards" one yar "48 Leet"

d __
3671 3748 = 1716
g0 the ratio of 36 yards to 48 feet is 36 to 16 or 9 to 4.

Exercises

(Please draw diagrams for each of thece problems.)
1) Find the ratio of 8 inches to 4 feet.
2) Find the vatio of 6 gallons to ¢ piats.
3) Pind the ratio of 2 rods to 11 inches. (1 rod = 15-1/2 feet)
4) Find the ratio of 3 quarts to 5 pints.
5) Find the ratioc of the capacity of .a pail to 3 pints if the ratio of the pail
to 2 quarts is 5 to 2.

6y Find the ratio of capaéity of pail A to pail B if the ratio of 3 gallons

topail A is & to 7 and the ratio of pail B to 1 quart is 9 to 2.




18) "80% of the class were present, that is, 16 vere present. [How
many people are in the class?" This is a typical percertage problem. It translates
into the same problem type above. 80% of the class present is a disguised ratio:

that is, the ratio of those present to the total class was 80 to 100 or 4

“/5%‘“%;“4% = %% = 3‘% we see that 20 were

in the class. Normally for any percent problem, changing the percent foxm of a

to 5. We have 4/5 = 16/nj and since

ratio to our standard form cbviates the problem. This is, x% names the ratio x
to 100.

Another example: "70% of the tomato plauin grawy Sue had set out 30
plants; how many grew?" The ratio of plants that grew to total plants is 79

to 100 or 7 to 10, or 2L to 30 so 21 plante grew out of 390.

llere is an example of the third type of percent problem: "John made
8 Dbaskets out of 82 baskets tried in a basketball geme. What was his percent
of baskets made?” We have the ratio given 8 to 32 or 1 to 4 and we seek
the percent, that is, the ratio name with- 100 for a sccond numbexr. If 'L <o

4 1is the ratio, another name would be 1 % 25 to 4 x 23 or 25 to 100 or

25%. So John made 25% of the baskets. The percent nare for a ratio is a pcor
one from our point of view since it suggests that correspondences of the form x
to 100 can be made; vhere in reality, as in the lasi problem, John only attempted
32 baskets. We can say that if we can group by 100's, then the corresponding
groups will have size x.

Exercises

1) John sold 75% of his papers; he started with 80 p-porsg bew many did he se1ll

2} Mike Lost 60 of lis marbles; hic had only 20 Left, how noay dild he have
before he lost any?

3) Mary wade # cut of every 15 cookies shaped like bells; what percent of the
cookies were bell-shaped?

4) Henry found that the interest on his savings account was $130 foxr the year. I
knew the bank paid 4% interest. llow much was his prineipal st the beginning

of the year?




6.4 Problems Using Ratiounal Numbers

A common problem type is one which involves ua simple multiplication cr
division of rational numbers. Such a problem could be: The Jonecs family spende
‘ 3/10 of its income for food; if their annual income was $5200, how much did they
sj-end on food for the year? We would normally say: "Well multiply!™ Thus the
" student may produce the answer in this way: "3M0 x 5200/1L = 15600/10 = 1560/1.
$1560." But he may very well fail to understand what is involved. Suppose we

set up a diagram to illustrate the situation:
?

Part : -~y &
3/10 5200/1.
dWhole

We wish to discover the ratio from the part of the incore to dollars. We discovsr
the ratio is 1560 to 1 so we say they spent $1560 fcr food. Consider the
much harder problem for students: "The Smith family spends 3/10 of its income

foxr food; the last year's food costs were $1275 ; what was the total income?

Again by diagram:

Whole 5 $

\ /’
3/10 . AV ETE

/

Partﬁ

Now we see that, by our psst work, that we can change the diagram by considering th:

inverse ratio of whole to part:

Whole S

Jf?
Il.()/B\\\\\:’x ///////jn 12756/

and hence our answer is 1275/1 x 10/3 = 12750/2 = 4250/%L. 8o the income was $4250.

Part
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By drawing the diagrams and thinking in terms of ratios between sets, the student
cen eliminate the gucsswork involved. lence he can intrcduce an element of
concreteness into his work. A similar example would be: "Sue eut off 38/4 of
the lengfh'of ribbon; she measured the part cut off and found it was 25-1/2 feet
long; how long was the total ribbon?" We understand that we are to find the
ratio 6f the length of the ribbon to one foot. By a diagram we have: (Remember,

25-1/2 feet indicates a ratio of 51 to 2):

Wholé ! y gne foot
3/4 51/2
Part
So we have by taking the inverse of the 3/4 correspondence:
Whole ! - one foot
1 ;
4/ 3 51/2
\\“Part

and so by multiplication we have 4/3 x 51/2 = 204/6 = 34/1. 8o the whele ribbon
was 84 feet long; that is, the ratio of the lengith of ribbon to one foot was
34 to 1.

Exercises

(In each case, work by diagrams rather than by other methods.)
1) Jim spent 3/4 of his money for the Laseball game. lie had only $6.40 when

he started from home. llow much ¢id he have left?

2) Marilyn had cut off 6~1/4 feet of ribbon from the roll. The whole roll was
supposed to have 25 feet in it. What percent had she cut off?

3) Tom paid $2.50 for 1/3 of the roll of wire. If the roll contains 180 feet
of wire, how much did cne feoot of wire cost?

4) Mike budgeted 2/5 of his paper route money for buying a bicycle. lle earns

$3.50 every week. How many weeks will it take to buy a $42.00 bicycle?




