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Preface:

ED033848

A greatly expandad veralon of the course, first presented to twelve
students at the 1984 Morse School summer session, is Leing tested with a
6th grade class at the Hosmer School in Watertown, Massachusetts., The
teacher is (Mrs,) Mary Jacquelin Hztch, who observed the summzr school
experiment and who is now a staff member of the University of Illinois
Arithmetic Prcject at Educational Services Incorporated,

The students being used In the current phase cf the ewperiment
are in a regular 6th grade class in the Watertown Public schoolg,
Heterogenecusly grouped, the twenty-three children range from a very
high aptitude in mathematics to a few whose previous performance in
basic arithmetic has been consistently wery poor, There arve thirteen
boys and ten girle. Because they are segregated on two scparate sides
of the room it is very notlceable that the boys are much more verbal in
class than the girls, although performance cn tests scems to spread
evenly among both saxes,

Before the courgz on Elementary Number Theory was begun, Mrg Hatch
had tavght the class dally for three monthe, including such topics from
the Univereity of Illinoie Arithmetic Project as latiices, number lines,
frame equations, and lirear affine transformations. Thus the atudents
were already familiar with negatidve numbers and readily. acezpt new symbols
aad concapts.

Outline and Observations:

I, Operations on the Integers, (Jan, # - Jan, 14)

} Rather extensive tables were made by each student for additioen,

\ subtraction, multiplication and division of the integers, Each

i wag arrangad like a cooivdinate plane with the numbers belng oper-
g ated or plgced along two perpendicicular acmber lines intergect-

f ing at zero, Signiflcant patterne on the tables were noted aund

,% degeribed ©o familiarize the ctudents with rcws, columns, sym-

1 netry, dlagonals, gnadrants, ete, This was the flrxst time in

‘ thelr experlence that the students had organized saoch a vast array
, of mathematicml information for study and ingtant referral, Being
; 80 accustomed to rote learning in arithmstic, the pcssibility of

! being allowed to use tables as a shoxt cut to tedious computatilon
} came as an unexpected surprilse to the youngsters. The sudden
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Page Two

’

Outline and Obsemwations (continued)

appearance of fractilons on the divigicn table drove home the
idea that necessity is indeed the mother of invention,

II, Division of Integers (Jan 15 - Feb, 1 )

1. Remainders ~ whole numbers including zero.
2, Factors of N, Solutions to | X = N
2« Proper factors -r-.- ,/..X
b, Smallest Possible Factors
3. The Sileve of Eratosthenes

In traditional arithmetic remainders in division appear only after
yeats of experience with carefully contrived situations where the quotient
is always a whole number, The students had no trouble "reverting" to
expresaing remainders as a natural number rather than a fractional part
of the quotient, However, consideratilon of zero as a legitimate remainder
wea a nwore dlfficult hurdle, Factors were defined as divisors which give
zero as a remainder and prime factorization was approached as the list of
smallest possible whole numbers which, when multiplied together, have the
given number as a product. The unilqueness of prime factorization was noted
long before the word "prime" was introduced,

Prime numbers were hinted at by looking for all possible factors of
several consecutlve numbers (l.e. 45, 46, 47, 48, 49, 50) as larger numbers
were considered, varicus tests of divisibility were explored for divisors
2, 3, 4, 5,6, 8, 9, and 10, (#7 left out on purpose), Three different
arrangoments of the natural numbers weve used as Sieves of Eratosthenes,
and primes were first defined as numbexs not crossed cut on the Sieve and
latter as numbers having no proper factors, Scme unsolved problems of
history about primes were mentioned to show the students that the primes
which they had just met for the first time have fascintated and confounded
wan for thousands of years. The distributlon of perfect squares on a spiral
array of natural numbers led into consideration of the sum of conmsecutlve
odd number gerles as a challenge for the more sble students., The concept
of Relative Prime pairs was introduced and included in a fresh look at low
est common denominators of unlike fractions, Euler's 9 function was
briefly explored for numbers 2 througzh 20,

111, WNumber systems of bases 10, 7, 2, 12 (Feb, 2 = March 5) includes
a week's vacation,

The fundamental structure of our bagse 10 number system was laid bare
as bases 7,2, and 12 were explored in great detail, Translations from
base 10 proved moxe difficult than translations to base 10, Numberlines
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Nutlines and Observations (continued)
were uged and unegative numbers and fractions as well as
counting numbers weze coneldered in the varicus bases,
The students wexe encouraged to try to "think" in the
new bage and to check computations hy translating the
entire problem inte base 10.
Rusgian Peasant's multiplication was used as an intro-
duction to base 2 and was of great fascinatlon to the
atudentz, Vertlcal repeated divisicn by 2 was rotated
90" to provide a less confusing method for the studeaks
tranglate from base 10 inte basce 2,
r o 0 o ¢ 0
4
I ,
- - / f o 1.’ 7N l / Remainders:
’ D ,.;(' \:) /}
J j_ / I J I o | /2 ’ o l : Base 2 notation,
~ o Z <

v,

2 A

This same method was then used for other base translation
by some of the children, In doing some rather long multi-
plication with base 2 numbers thd students had their first
experience #n carrying over more than one column, The need
for two additional digits in base 12 notation wes easily
accepted after conalderable familiarily with bases 7 and
2,

.
o

There was a great deal of class discussion about base in
general, Some tables were prepared and compared to base 10
tables, Perfect gquares, even and cdd numbers, and the
Lehavior of the digit (b~l) for base b were explored for all
cases,

Arithmetic Mod 10 (March 8 - March 18)

The importance of the units Jdigit in regular additilon,
subtraction and multiplication was noted, A very large
table of addition Mod 10 was made go that the students
would gee the repetition of the 100 digit avray of infor~-
mation, The introduction of several new symbols =10, + 10,
X,0, and3 {mod 10) wau taken in stride by most of the
students as they made med 10 tablea for both additilon and
multiplication and carefully studied the resulfing patterns,
Equivalence classes were extended into the negative numbexs
and solutions to the congruence (L | | = Jr (mod 10) gave
meaning to certain fractions with denominators relatively
prime to 10, The pattern of successive powers of integers
mod 10 was explored in great detail, looking firat at rows
of lst, 2nd, 3:d and 4th powers before writing Sth powers

Page Three




Mary Jacquelin Hatch
28 March 1965

Cutlines and Observations (continued) Page Four

Vi

and discovering them to be the same as the let
pover Tow,

Arithmetic Mod 7 (Maxeh 19 « Maxch 26)

The concept of arithmetic Mod 7 wap suggesued by
comparieon to a calendar, Coinciderntally March

lst fell on a Monday *his year and gave a conven-
fent and timely array of nuumbers following into

Mod 7 eauivalence classes. Tt waa decilded that

we couid arbitrarily call tne days of April by
numbers 32,33,34..- and a student volunicered the
suggestion that then Feb. 28, Feb, 27, etco could
be thougit 0f as 0, (~1),(~24es0.With the equivalence
clapsee (tod 7) written in this calendar form or the
blackboand the children sald At lorked just like a
gseven-~fold lattice,cnly upside down,

The class was able to prediet corrcetly the pattern.

of the 49 digite of the Mod 7 addition teble and fox
the first time this cyllc permutaticn was verballzed

as "all seven digits, alvays in the right order, but
each time starting at a different place,'! The class
quickly and efficlently filled in the Mod 7 ultiplid-~
catlon table with no unnecessary computation., The

CAP lavs were tested on arithmetie Mod 7 as they had
been on Mcd 10, Similaritics and difference between
the tables for the two mods have been noted, especially
the shuffles (permutations) of digits on every row of
mod 7 multiplicatiorn tadle, though no specific explana-
tion has been sought out at this stage. Solutiony of
linecar congruences Mod 7 will be explored, along with
the accompanying equivalent fractiona.

Topics to be Completed, (April )

In the coming weeks Mods %,3,4,5,6,8,9,11,and 12

will be quickly introduced and compared to Mod 7

and Mod 10, Explanetions for casting out 9's, 2's

and 11's will be discerndd from equivalence classes to
these meduli, Finally, the importance of prime moduli
will be culminated in a presgentatisn of Fermat's theorem

x (e~ (Mod p) and Wilson's theorem (p-1)i = -1
(MOd p) ’ )
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Page Five

General Impresslons:

The material included in thir experiment has without questicn

captivated the natuanl curiosity of tuese students, With relatively

, few exzeptions they have kept up an active interest in the continuing

‘| exploration and have in fact communicated much of the content to friends
vho are learning only traditjonal 6th grade aritbmwetic, Moat involun-
terily take notes whenever a new conc2pt is being iIntrcduced with its
new symbolism and texminology, and all havwe systematically kept thelr
growing collection of tablies, Of particulac intersst is their lively
verbal participation (more noticeablefvom the boys however) and thelr
keenness and enthusiazsm in seeking out patteins in nevw data.

Thedr homeroom teacher glves some work (mostly word probleme)
every day In arithmetilc along more traditional lines., He has notlced
a conslderable dlfference in both attltude and approach in the students
as the year has progressed.

) The children all tock the Stanford Achievement Tests this month
’ (March 1965), This test of course does not include any of the expexi-
mental materlal these students have been working with this year, so
) ‘ thelr scores can be conaidered only as an ladicatlon of sgeed and skilll
; (m in traditional arithmeiic content, The scores of the children in this
© particular class ranged from.3 high of 11.1 (first month in eleventh
grade) to a low of 3,9 with a median of 7.0, When compared to scores
of the cther three 6th grade classrooms in the same school, this partl-
cular group had lower scores on computatlon, about the same cn1 applica-
tion, and higher scores on concepts.

1bt/29/Maxr/65.
5203-65




ELEMENTARY NUMBER THEORY

Experimental Class with 6th Grade Children - 1965

Introduction:

In the winter of 1265 an experimental course in Elementary Number Theory was
nresented to a 6th grade class in the Hosmer School, Watertown, Massachusetts,
The group of twenty-three students (13 boys and 10 girls) was widely heterogeneous

with respect to mathematical ability, but all had had only traditional arithmetic

' in their previous years of schooling. It was a characteristic of this particular

¥set" of children that the boys were more verbal than the girls, but the perfor-
mance in written work showed a broad span of interest and ability in both sexes.
The worlk in number theory represents a daily hour of classroom time over a period
of fourteen weeks.

The following is a summary of notes taken during the classes on number theory.
For the sake of readability, much of the classroom discussion haes been condensed
into what would seem to be more of a lecture by the teacher than was actually the
case, Verbatim dialogue is included only when it shows the development of an ldea
of particular significance. In ihis case questions, answers, or comments made by
the students are indicated by quotation marks., A few explanatory notes added by

the writer are inserted from time to time and are shown in brackets,




TI. The CAD Laws of Arithmetic

[It is assumed that by the time a unit in Elementary Number Theory is presentec
to a group of students, they would already be femiliar with the laws of arithmetic;
at least in an informal way. The laws were restated in this lesson both as a re-
view and so that they could be referred to later on as criteria for developing
modular arithmetic. They might be explored in greater detail with some classes
or omitted entirely with others, depending upon previous exposure.]

Suppose for some reason you suddenly needed to know the product 7 x 8 and,
for the life of you, you could not remember what it was. Ve all have spent a lot
of time memorizing the multiplication tables, but there are moments when for no
apparent reason we forget bits of information that usually we know very well,

What is a long sure way we could go about finding the answer to 7 x 8 (which
for the moment we have forgotten)?

"You could add 7 eight times."
"Or add 8 seven times,"

Would the answer be the same in both cases? Can we always deéend on this, «.
even if we use larger messy numbers like 6358 x 719, or fractions like
15 3/4 % 26 1/2 or negative numbers like (~17) x (-53)? Of course we know a short
way of f£inding the product of 6358 x 719 without too much work but we could also
take the very long route and add 719 6358 times or 6358 719 times. Notice that
even in using the short way of finding tﬁe product of 6358 x 719 we still must

know the product of 7 x § and this is just exactly the thing which we can't re~

" member today.

Often we can find out something we've forgotten by starting with something
we're sure we remember, Now everybody should know what 5 x 8 48 7 x 8 is two mowe
8's than 5 x & and we certainly a2ll know what 2 x 8 is., So if we put 40 and 16

together by adding we get 56 which is the number we were trying to remember.
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9 x 12 is another one cf the things that pecple often forget. Vhat is a quick way
to think this one through?

10 x 12 is easy, but that's one 12 too many so we have to subtract 12 from
120 to get the answer we really wanted,

We can think of many specific problems, but it saves us a lot of time and
energy if we can write some general statements about these ideas.

Vle all know that 3 + 2 and 2 + 3 both equal 5, but even more important 1is
that there is a true principle here no matter what two numbers we want to add
together, Again, 3 x 2 and 2 x 3 both have the same answer and it is always true
that the product of any two numbers 1s the same nc matter which of the two numbers

we happen to write first. In symbols we can quickly say all this by writing
= LAY ARIRVANE
+ A N\ , X |

In words we can simply say that addition and multiplication are both

commutative,

Sometimes we have more than two numbers to add. Does it make any difference
which two we group together first? Ve often chsck additions of several numbers

by adding from bottom to top instead of the other way around,

7\ 192 7 327
25 jle. ; \ \} 20
+ 9 }'27 £ 9 13

The sums of course should come out the same both ways, but because we have
grouped the numbers differently we get different partial suvms elong the way and

have a good check that we probably added correctly,

This same kind of thing is also true when we have more than two numbers




tomultdply (3 x 7)) x5 = 3 x (7 x 5)
21 x5 = 3 x 35 (notice the different grouping)
105 = 105

Because these are ideas that are true for all addition and all multiplication in

regular arithmetic we once again can write this in symbolic form as

(AN VAR ¥ <A-=-‘I7>
(Jﬁ XZ{EX) % ‘<;7 = B X (.ZCB;X \/ )

In words we can say that both addition and multiplication are associative.

In our original attempt to remember the product of 7 x £ we took a route
where we combined multiplication and addition in our thinking. We broke up the
pultiplication problem whose answer we could not remember into two smaller ones
and then added the two products together, Rememher{

7x8 =(5%x8)+ (2x%x8) =40+ 16 = 56
Since this works for any two numbers we wish to imultiply we can write it symbolic-

ally as

D % <[§+V> = (]xﬂ) + <:ij>

and in words we say that multiplication is distributive over addition,

Can we also say that addition distributes over multiplication? 1Is it certain

that for any numbers we want to put in the three shapes the following will always

be true?

VATV N AN <D:=-V>

Iry several numbers, What do you find? are there any numbers for which this ig

true?
The short cut we commonly use in multiplying two numbeis of more than one digit
works because it is merely using the distributive law several times. For in

multiplying we actually break up each number into parts which are quick and easy
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: THE LAUS OF ARITHMETIC

For all number chosen completely at random, the follewing properties always
hold true, Because these properties are true for any numbers we wish to use
(vhole numbers or fractions, positive numbers, negative numbers and zero)

they are called the Laws of Arithmetic.

[: + /N =A + _Commutative law of addition

X A:/'\\\ X , Commutat.s2 law of multiplication

(,j.; A\)-t— v_-. -+ @\.;,V) Associative law of addition ;
(D XABXV—'; ol (A )(V) Associative law of multiplication ]

(D) (Ox0)+(0)

The distributive law of multiplication over addition.




1I. Tables for Addition, Subtraction, Multiplication and Division of Integers,

Much of your time in arithmetic 4n the early grades was spent in memorizing

the basic facts (as they are called) of addi:lon and multiplication, You probably

romenmber writing them out in long tables or reciting them aloud.

lx1=1 . 1 x 2

i = 2 1%3=3 1x4=4
i

i 2x1=2 2x2=4 2x3=¢ 2x4=3
H .

| 3x1=3 3x2=6 3x3=09 3x4 =12

Writing tables this way takes up a lot of space., We could say the seven's
table quickly simply by countiné by sevens, 7, 14, 21, 28, etc.
Once we have learned these facts by memory we usually don't refer to the
eutirve tables again but there are other important uses for tables of this kind,
| sometimes it is necessary to use data that is too complicated for most people
| L :; 20 memorize. If all the information can be collected and arranged ahead of time

in some orderly way then it can be referred to quickly whenever needed, Another

very ilmportant useof tables in mathematics is to study the special patterns an

array of information makes. In this way we can often learn a great deal without

doing a lot of unnecessary work. I think you will see later what I mean about

both of these uses of tables as we put together many tables of our own.

Take a number line (Illustration 1) and mazk off on it the whole numbers as

far as you wish to go. Ve can draw a second number line, crossing the first one

at 0 'and perpendicular to it, Where the two lines meet will also be O on the

f i vertical number line, and like a thermometer, we shall put the positive integers
a
above and the negative numbers blow the O. [The tables were begun in this fashion

in order to provide a first exposurz to the concept of a cartesian plane, ]

In order to tell the two number lines apart, we'il mark the one going left

and right with a and the one going up and down with a [/ \ « If we draw

I
|




(Addition table on Cartasian Plane) (1ilustration 1)
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lots of lighter lines parallel to both number lines we have filled the space witn
lots of little squares and each light line goes througzh a number on one of the

rumber lines. ({See Illustration 1)

Suppose we think now of the mathematical sentence + \\= <i:> .

s I !
Bach time we choose a pair oi numbers to put in the ' and ‘Zfﬁsthere is only
one number that can be put in the ( > to make the sentence true., Using the
grid we have just made we can begin to record the values for <:j> as we change the

pusbers in and f }.

For instance 4 4+ 2 = 6 so where the &4 line meets the 2 z{iﬁ line we

will write 6, the sum of 4 and 2, What numbers then shall I record here, and here,

and here?

We can of course use both positive and negative numbers in and ZZEX .

What is [+4] + é 7 What is |-5] & & ?

Each child wgsthen given a sheet of %' graph paper and drew the two

in intersecting number lines in order to make his own table for addition of
integers. No short cuts for £illing in the sums were mentioned but after a short

while most children discovered an efficient method £for recording daca without

further computation. Those few who used haphazaxrd values for L__Eand z{>§would
have gone a long time before noticing an emerging pattern and in fact these saﬁe
students wade a sufficient number of errors in calculation that the paf:tern was
obscured, especially in the 2nd, 3rd, and 4th qua&ggnts.

Observations of the table[ l-%//\\ =<::> (I1lustration 2)

1, ‘'Wherever you start you just count up or down."

2, *The rows all lool like number lines,"
"So do the colmmas"

3. '"The diagonal line from upper left to lower right is all zeros,
Then all positive onea above, negative ones below, and so on."

4, "How about tiue diagonals going the other way? They count by two's,
Either all odd auwabexrs or all even numbers on any one of the
diagonals gcing from lower left to upper right.”
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5. Here is anothexr thing that you probably would not notice on your own.
Wnat happens if you fcld that table in half along this diagonal?

41 Each nuroer folds on to a number just like itself, so

. the uprer left hr I and lower right half are exactly

. ti:e same, This diagonal is called the main diagonal
L7 and vhen numbers fcld on themselves in this way we say

p that they reflect across thz main diagonal, This

? happens because addition is commutative, because

1+ AA

6. What happens if we fcld the table along the other (secondary) diagonal?
Each aumber folds on to ancther just like it but of opposite sign.

Honework: DMake a similai table for subtraction.

,
- ZC>5=‘ { > Be careful always to thipk along the number line fiist

and do think twlce when using negatives.

[Although the subtraction table begins harmlessly enough, it is full of
booby-traps for the unwary student, There was a great tendency among a few stu-
dents to always subtract the smaller number from the larger ome thereby avoiding
negative differences in the first quadrant, Handling one or more negative inte:ers
for [::]and Z{}x resulted in so many exrors for these same few children that it was
more successful to poiat out the pattern of the table to enable them to £ill it out
accurately and quicklyJ

.[The importance of using two colors of chalk on the board and two colors of
ink and/or pencil on the students' tables became quickly apparent with the sub-
traction table, Most had not noticed or thought unimporxtant an unusual occurrence

’

along tlie vertical number.line;]

Look for a minute at your addition table. What happens in + 1425:: <::>

.if elther or ZKEX is zero? E;] + 0 = -E:} 0 4-[{3& = Zf:! .

Go where we would have recorded the sum, the number we necded was already there,

on the numberline itself,

Now, in subtraction, if /_ _\ is 0 we have -0 = u~-‘ and once again

the nunaber on the l nuritber line is the same as the difference we would
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othexwise record., But what 1f| !is z2210? 0O - //\\== 'Z(EX and so

for the difference we need tc write the regative of the number a’ready there,

~ust putting in a negative oign before each nunber on this verticzl number line
v211 make things very confusing because then the nuwber line looks upside down

from what we want it to be. The easiest way out of this difficuvlty is to use two

ciiferent colors, one for the values of ]and along tke nunmker lines and a

second color for the differences or values of <::> we recoxrd on the table. Then
along the vertical numbexr line itself we have two numbers, one of each color,
These numbexs will always look alike (have the same absolute value) but will be

opposite in sign,

Obsexvations of the Subfixraction Table: - //\\: < / (Xllastration 3)

1, "It looks sort of like the addition table but it's turned around
part way." (rotated 90° clockwise)

2, "The zeros all go the other way." (are along the main diagonal
instead of the secondary one)

3. "Each row is still a number line, but each column is now like an
upside down thermometer with the below zero numbers on the top."

4, Will this table fold or reflect along the main diagonal? "Not
really,” You get the same number but with opposite sign which

is the same thing as saying ::' _ A= ..\/Zx.,’

With numbers we can quickly see that this is indeed true. 8 - 2 = 6 but

2 - 8= ~6, Subtraction then is not comnmutative and the order of the numbers

cannot be changed without changing their difference except in the trivial case

 ————

when l and ZCB& are exactly alike, The addition and subtraction tables as

ve have written them ave concerned only with sums and differences of whole numbexs,

But we can use them to help us see what happens if or [iéxor both happens

to be fractions,




Suppose = 7 3/5 andAZf§;= 56/7 . Now 7 <7 3/5¢8 and

5<56/7¢6 . We can sec quickly by glarcing at the table that 7 3/5 + 5 6/7
miSt be somewhere between 12 and 14, Because the sum must fall somewhere in
tae square bounded by 13:?“?714
bl

What 1f we had 7 1/2 4 5 1/2 . Here we can quickly see that the horizontal
and vertical lines through these two numbers will meet on the diagonal that
connects all the 13's on our table.

Vle can of course make a table not only for whole numbers but also for some
fractions as well, but there is always the problem of deciding which fractions

to include and which to leave out,

With a new Sheet of graph paper let's make a table for multiplication of the

integers. This means thinking of products L::]xzfgxand recording these just as
we did for sums and differences,

[Eor the benefit of some in the class the products of signed numbers was re-
viewed at this point although it had been covered previouslyf]

From the number line it is easy éo tell that a positive number times a

negative number is negative,

- e —'—"":‘—:\‘_\
f'/"':—*-\ B /:’A\\~ el —.\\

/4 N, = N

a7 -6 -5 -4 -3 =2 -1 0 1 2 3 4 3

LY
»

3 x (~2) = (~6) and 2 x (-3) = (~6) = (-3) x 2
It is more difficult to see why the product of two negative numbers must be
positive. But if we insist that the laws of arithmetic must hold true in all cases
then we can show a rather simple proof.

We know for instance that any number times O is 0.
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11,

(-7) x0=0 But 0 can be written in many different ways,

(-7) x (5~5) =0 Because (5-5) is another name for O,

(-7 x 5) & ((-7) x (~5)) = 0 Because multiplication distributes over addition.

(-35) +((~7; x (~5)) = 0 Since we already know that (-7 x 5) is (~35) and that
there is a zero on the right hand side we know that
( (-7) x (~5) ) muet be the number that, when added
to (-35) will give O,

(~35) + (35 =0 There is only one such number and it is of course
<35,

"nic then proves that the product of two negative numbers is positive, Now go ahead

and £ill in the table for :://\\=< > keeping in mind whether the product

is positive or negative., Look for your own short cuts in order to save yourself

time and energy.

Since we are especially interested in the general patterns these tables make
it is helpful to have names for the varibus parts, The two crossed numbexr lines,
called axes, divide the entire surface into four quarters which are called quadrants,
and each of these has a number so we can quickly tell them apart, (Illustration &)
Starting in the upper right hand corner is the first quadrant, Then we move éounter-
clockwise into the second, third, and fourth quadrants, The main diagonal passes
thrcugh the lst and 3rd quadrants and going the oppesite way, in the 2nd and 4th

quadrants, is the secondary diagonal.

Observations of the Multiplication aTable: (Illustration 5) X Z{>3= <::>

l, "The 1lst and 3rd quadrants are all positive."
"The 2nd and 4th quadrants axe all negative,"

2, "There are zeros all along both number lines.”

J. How about the main diagonal. Do these numbers look familiar?

0 1 4 9 16 25 L4
0 x 0) (1x1) (2 x 2) (3 x 3) (4 % 4) (5x 5).,..




L0 - ® Co e . ST KN, St AP

Michael: "you add 1 to 0 to 8et 1, You add 3 to 1 to get 4.» You add
> to 4 to set 9, and thig keaps on 80iug like that,n

Let's see if Michael ig right,

Main diagonal. 0, 1, ¢, 9, 16, 25, 3e, 49, 64 ...
Differences; 1, 3, s, 7, 9, 11, 13, 15,
This is a Very nice pattern and what Michael hag noticed is true no nmatter how

far out we 80 on this diagonal, Last fall when ve made up some machines that digd

tock vwhatever number we put in apgd multiplied it by itself, we called it a "squares

and this list of numbers is called the list of Perfect squares. You should become

4. What about the rows and columns om thig table? We can call any particular
Tow or column by the number that it passes through on the number lipe,
“"The 1 roy {and column) are just the counting numbers,
The 2 roy (and column) is counting by 2%g,
The 7 row (and column) is counting by 7's,
The 53 roy (and column) would be Counting by 53's,"
[&his came as a surprise to some of the Students, indicating a somewhat hazy

un&erstanding of what multiplication really is, ]

3. Is it always true that| x_{/\\ =1/N\ X ? If so, then this means
that we should be able to fold the entire table along the main diagonal and have

eévery number land on another just 1ike it. Because multiplication is commutative
the table does reflect across this diagonal,

What about fractions? Stppose we wanted to multiply 2 1/2 x 3 /2 ,
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Looking at the table what limits are there on the product? 2 x 3 = 6 and

3x4=12s06< (2 1/2% 3 1/2) <12, 1In fact the lines going through 2 1/2 and
3 1/2 wovld meet right in the center of the square which has these numbers at the
corners,

e —

3. A2

i RN i
If we look at the diagonals, the difference between any two numbers along a

diagonal is not always the sane, Half way between 8 and 9 would be & 1/2, but

half way between 6 and 12 would be 9. Only one number could be at this exact spot

sc lets figure out exactly what 2 1/2 x 3 1/2 is,

21/2x31/2= (24 1/2) x 3+ 1/2) = (2 3 v ex1/2) +(/2x 3).4+ (i/2x 1/2)
834t = 6 + 1 + 11/2 + 1/4

8 3/4 happens to be the average between 8 1/2 and 9,

EMuch more time could have been speant in interpolétion, but since the work in
number theory would be concerned almost éntirely with integers, fractions were not
pursued any further.J

The division table is a little bit trickier than the others so I think it is
best we begin it together in class, Once again we make the intersecting number

lines and then begin to £ill in the quotients vhen ' is divided by 125 .

It is important that we keep in mind which of the two numbers is the divisor.

Vle can say f‘g \ or A » but in any case we must think of the

- number first and divide it by the / \ number, no matter which is bigger,

6+ 1 =3¢ For the first time we find that not all of the data on
ST 2 =4 this table will be integers. When a number is not whole
C+ 3 =2 2/3 ve shall agree on writinz it as a mixed number if possible
8~ 8 =1 and you can reduce a fraction to lowest terms if you wish.
8+ 9 =8/9
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Go ahcad now and f£ill in the first quadrant of the table and as usual 1§ok
for a short cut to save yourself unnecessary work,

'[Many of the children scon noticed a pat'.urn which enabled them to fill in
the first quadrant with little calculation., They were obviously delighted with
their discovery. For a few students division is such a stumbling block that
filling in this table was a terrible chore. They were unable to do even the
simplest divisions without writing out the traditional algorithm ( 2/ 8 )
and had a great tendency to always use the smaller number as divisor thus
greatly distorting the pattern, Even when the pattern of the table was discussed
by the class they were not able to proceed on their own to correct their errors,
so that it was necessary to spend an extra hour working with them alone to be

sure their division tables were filled in correctly.]

: Obsexvations of the Division Table ‘.:‘A = O (Illustration 6)
: 1. "It has lots of fractions on it,"

'g (i; 2, '"There are ones all along the main diagonal."
| 3. "The 1 row is just like the numberline."

4, "On the 2 row you count by 1/2's
3] " 3 1 i 1" 11 1/3'8
etc.

5 5. "The 1 column goes 1, 1/2, 1/3, 1/4, 1/5, ...
) " 2 " i 2, 2/2, 2/3, 2/4, 2/5, ..o
etc,

[As the third quadrant was filled in a child noted, "It's just like the lst ore,

sort of turned over," Following this; the 2nd and 4£ﬁ quadrants were completed
with the comment that these would be the same only negative."]
More Observations of the Division Table
1, "There are mostly fractions with a few whole numbexs,"
| 2, ""The main diagonal is all <1 and the secondary diagonal all -1.,"

3, UVhere are all the twns? "In a straight line that slants a little below
the ones, but they a:e furiher apart,” How about the 3's, 4's, 5's, etc.?
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4, "All the nunbers above the line of ones are proper fractions.,"

5., Where are *'"\e zeros? [Most had no. put any answers down for O = ZEEX .1

The fractions here are getting smailer and smaller, As soon as we cross”™
the vertical number line from the first to the second quadrant we are
into negative fractions, Somewhere along the way therc must be a zero.
"It would be right on the number line because 0 divided by any number

is 0. (Use two colors)

[A child started to put 0's also along the horizontal number lineJ

- SPATE 30)

Wait, is it true thatl [‘? 0=02? When we say that 8- 2 = 4 then it

must also be true that 4 x 2 = G, because division and multiplication are closely

interrelated. Then if we say that T0=0 (let's use & in the r-] )

8+ 0 =0 then it must also be true that 0 x 0 =28, Now other rules wo have
tell us that 0 x 0 = 0 and so we know then that & <« 0 cannot be 0, What about
0+0 = 0? This seems to work because it is true that 0 x 0 = 0. But this
problem breaks another law we have which says that any number divided by iteelf
is always 1, [i}f‘[:] =1 o, 8o if I obey this rule [:] must equal 1 not 0.
Division by zero leads us to so many contradictcryideas that we just avoild the
whole thing by saying that division by zero is not allowed, So on our table

e,

we won't put any answers along the | number line; in fact I have marked mine

with a wiggly line just to try to show that there are no answers there,
Michael: '"What 1f we wrote the answers to division in decimals instead of
regular fractions"? That would be all right, although it might be harder to see

the patterns because some of the decimals like that for 1/3) don't come out

’

nicely so it would get rather messy.
More than a week has been devoted to making the tables and discussing their
patterns, Tomorrow there will be a test., You may use all of the tables to help
you with the test in any way you iike 8o be sure to have them with you,
[ﬁhere was an attempt ir *h's first test at discussion questions which might

drav verbal generalizations from all of the children about material that should




have been long familiar to them in bits and pieces, Answers to this type of

question ranged from thorough descriptions to complete blanks. The tables
spread out before them did not prove to be nmuch help to those already weak in
computational skills or still insecure with manipulation of negative numbers.
Perhaps with a much slower pace and more classroom practice in using tables,

these few children could have developed more faith than fearo]
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I. In the following problems use the word positive or negative in the blan¥s

to

)

9

(10) 13,576

nake these sentences true.
A negative number plus a negative number 1s a

A negative number times a negative number is a

(-11) - (7) is a

number .

(-11) - (-7) is a

A negative number divided by a positive number is a
(~10) subtracted from (-3) is a

A negative number divided by a negative number is a

(-107) times

(-5672%) divided by (+17 1/3) is a

numbez.

+33) is a

- 21,576 ls a

number.,

nuober.

number,

nunber,

nunher,

nuwbet,

nunberx,

nunber.

II. Urite true or false beside each of these sentences,

&

3
(4
(3
{6)
(73
)
(9
(10)

0x (7)) =0

[ ]

(2) (=3) = (=3) = (-10)

56% x (-1) = 56%
8 x (8-8) =0
0+0=1
0+9=0

9% 0 =0

0 - (~14) = 14
(-4) 4 ((-8) + 4)
(-8) = ((~4) = &)

1t
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to help you or to check your work,

(1)

(3)

(5)

(@)

the numbers to put in the boxes which will make these sentences true,

75

Find
Q 7 x o =

(2) x 4= =24
(3) [‘] =~ 3=21/3
%) 56 =+ =9
(5) 8 1/3- 52/5=
© (& -[]=-1
M [+ ¢5.=¢9
(€ 2/3x 1/2 =

(9 412x7-=

(10) 91/2 24 =

Here are some problems in old fashioned arithmetic.

36
89

b

6

67
103
58
15
449

857

3/4 x 9 1/3 =

+ 72

QS + 1366049 =

Use your tables

2) 27/ 4928634

(4) 5678599
- 979%

(6) 75/15 (7) 73/8-41/4 =

17.375 he 14.25

10 1/2 = 1/4 =




l6c

(1) Suppose you were trying to describe the addition table (j::]x {E )

to scmeone without actually showing him the table itself, What things

would you say about it to help him picture it in his mind?

(2) Now do the same thing by describing the multiplication table

( }:l(\\).
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17.
III, Factoring: Remainders of 0 (factorxs).,

The tables we have made for addition, subtraction, multiplication and
division have included both positive and negative numbers. Although they are

concerned mostly with whole numbers (integers) we have seen that they could be

useful in working with fractions as well. For a while we are going to concentrate

on positive whole numbers only (sometimes called the counting or matural aunbers)
and s0 we shall be thinking mainly of the first quadrant in these various tables,

Look for instance at the 12 row and the 12 column on the division table.

/12, 1/12, 2/12, 3/12, 4/12, 5/12, 6/12, 7/12, 8/12, 9/12, 10/12, 11/12,
12/12, 13/12, , . .

0, 1/12, 1/6, 1/4, 1/3, 5/12, 1/2, 71/12, 2/3, 3/4, 5/6, 11/12, 1, 1 1/12

2 & o @

""The denominator is always 12, but the numerator

time,

get one bizgser every

Are you sure this will keep on this way, no matter how large we make the

table?

What number will be in the numerator if we go all the way out to where = 1137

"Some of the fractions can be reduced and some are really whole numbers,

like 12/12 %
Look at the 12 column, starting from the bottom,
12/1, 12/2, 12/3, 12/4, 12/5, 12/6, 12/7, 12/8, 12/9, 12/10, 12/11, 12/12, 12/13,..,
12, 6, 4, 3, 22/5, 2,15/7,11/2,11/3,11/5,11/i1, 1, 12/13, ...
"This time the numerator is always 12, but the denominators get one
bigger the higher up we go."
As the denominators keep getting larger and the wnumerators always stay 12,

what happens to the numbers themselves?

"They are getting smaller and smaller, After you pass 12/12 ox 1 you

von't ever get any more whole numbers because from then on the denominator will

always be larger than the numerator."

Rt
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Suppose that we had a table which was long enough to go out to the 24 column.

Then we are talking about 24: Zi>S= <::> and this time, I shall wyrite the

remainder as a whole number instead of as a fraction.

26 & 1=24¢0 24:9 =271 6 24317 = 1r 7
26+ 2=121r0 24310=21 ¢ 26718 = 116
2, 3= 8ro0 26+11= 2 1 2 24319 = 1715
24 = 4= 610 24+-12=2<1 0 2-20= 1r4
26+ 5= 4Lzt 24+13=1r11 24%21= 11 3
26 £ 6= &L1r0 2414 =1 7% 10 24-22= 1r2
24 =~ 7= 3r3 246+15=11¢ 9 26+23 = 1r1
26~ = 310 24+16=11 & 224 = 110

[The pattern of this particular table should evoke a variety of comments

[ 58

from the studentsJ

What vhole numbers can I put in this sentence to make it true? :CZQS= 24

“"Any of the pairs in the list above where the division came out even

(had a zero remainder)"

How about xt//\e 967

9% x 1 = 96 After a few pairs of factors were suggested
48 x 2 = 96 “at random, Michael said "You can just divid
24 x & = 96 by 2 and multiply by 2."]

12 x 8 = 96

6 x16 = 96

3 x32 = 96

How about xzfzsf 162 and Ix Z£51= 1857

Homework: Find all the whole numbere that w

when { Yis 45, 46, 47, 48, 49, 50.

The numbers from 45 through 50 are all nearly the same size but when we

look for whole numbers which will makel ] x /_\= < >true we find out that 48

has several pairs of numbers which will work, 47 has only one pair, and so forth,




45

46

&7

45 x 1

46 x 1

I
~d
aa
Y
-

48 x 1 =

= 15x 3

= 23 x 2

24 % 2= 16 x 3=12%x 4 =

7x7

25x2=5%x10

cxX 6

va.,
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The size of the number does not seen to be of nmuch

inpozrtance here. The whole
numbers which will divide exactly (leaving 0 for a remainder) into a number are

called the factors of that number,  Every number seems to have at least two

factors, itself and 1, and we found that 47 had only these two while 48 Just a

little bit larger had many other factors as well,

Let's go back to these same numbers 45 - 50 and on a piece of paper I have

written out the possible pairs of factors for each. Sometines a factor itself

can be factored into two even smaller numbers, Noiice that I said smaller

numbers and so this rules out the trivial pair (1 |, 1.

If we keep on doing

this as far as we can go, what do you notice?

"We always end up with the same small numbers to multiply together, no

matter which pair of factors we start with,"

All of these numbers are factors of our orjginal number and we can make

some generalizations,

l. Every number has at least two factors, itself and 1,

2, Some numbers have other factors as well, which are called proper factors

(excluding 1 and the number itself),

3. For every number there is a unique list of smallest possible numbers

(not counting 1) which can be multiplied together to give that nuw -, but for

a few numbers there is enly one number in this list (the number itself),

[Primeness was not elaborated on or called by name at this point because

it would be developed later on, For the same reason prime factors were called

instead “smallest possible factors”o]

Let's take another 1ist of numbers that are all pear each other on the

number line and look for their proper factors, [;tudents did these at the boardJ
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120 121 122 123 124 125
5, 24 11 2 3 2 25
6, 20 61 41 62 5
2, 60 4

4, 30 v 31

10, 12

3, 40

8, 15

[Michael who had been working with 124, went on to find its prime factors,]

124 = 2 x 62 = 2 x (2 x 31)
=4 x 31 = (2x 2)x 31
[The class observed the unexpected occurrence of 11, 61, 41, and 31 among

the proper factors, listed above, so these numbers and others of similar nature

were explored still further{]

Which of these numbers has proper factors?

11 = 11 41 = 41 1 = 71
21 = 3 x7 sl = 3 x 17 8l =9%9=23x% 27
31 = 31 6l = €1 21 =7x 13

[The factors for 51 and 91 were of course not readily apparent and un-
fortunately the curious appearance of 3, 7,'13, and- 17 were not pursued.]
Homework: Find the list of smallest possible factors (prime factors) of:

408 480 804 840
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IV, Divisibility -~ Primes

How can we quickly tell if a numbzr is exactly divisible by 2?

"If it ends in 0, 2, 4, 6, or .M

Then looking only at the units digit tells us immediately what the remainder
1s when we divided by 2, If the number is even the remainder is O, If it is odd
the remainder is 1,

2 is an even number and, as we have\seen before, we can think of E for even,

0 for odd, and write tie following table.

EXE=E So if the number we are considering
ExQ0=E is even, it must be the product of ]
OxE=E 2 and some other number, which could
0x0=20 be either odd or even,

Does anyone know a quick way to tell if a number can be divided exactly by 37
[The class had already been shown the test of adding digits by a previous
teacher, although tiiey had no explanation for this p;ocedure at this time.]
"You have to add up all the numbers (digits), If the answer (sum) can
be divided by 3, so can the original nuﬁber."
What about 47
"If you divide by 2 and the number is still even, it can be divided by 4."
[Pythagoras called this "evenly even'', ] Are there any other ways that might
be even faster For instance, if we are going to bother to divide a very large
number (one of many digits) by 2, it might be just ;bout as fast to divide by
4 in the first place, 1Is 32 divisible by 4? How about 232, 732, 55532, etc,?
Is 86 divisible by 47 386, or 2286, or 100,000,086? Then a quick test can be
to look only at the first two digits on the right., If this small number is
divisible by 4, then so will be the entire number regardless of what all the

other digits are. Can anyone explain why this is so? Is 100 divisible by 47

13 7007 Is 3315007
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Mark: "Any number which ends in hundreds can be divided by 4,
; : So then all we have to bothei about is whether the tens and units digits
j part of the number is divisible by &,
How about telling if a nuwber can be divided by 57
“If£ it ends in 0 or 5.7
That's an easy one, of course, and suggests the test for divisibility by 10,

Let's make a chart of all the inforﬁation we have so far,

Divisibility by Test

Any nunmber,
If the units digit is 0, 2, 4, 6, O,
If the sua of the digits is a multiple of 3.
If che first 2 digits on the right form a
number divisible by 4,
If the units digit is 0 or 5,
Filled +If i€ passes the test for 2 and for 3,
in later (No easy test.
i\If the first three digits is a multiple of 8,
If the sum of the digits is divisible by 9,
If the units digit is 0.

(=R X . W} LN~

[

We still have 6, 7, 8, and ¢ to do
| ""You can cast out 9's for the 9 one,"
"Can you cast out 8's too?"
We can try., C8 certainly works, but 96 does not, So I guess we have to
find some other way,
"You can divide by 4 and then if its still even, it could be divided
by 8," |
But this is nearly as much work again as dividing by & from the start, This

idea might give us a hint though for a shorter way. Look at the test for &,

"Do you mean 1f the first two digits can be divided by 8, it works?"

I Let's try. How about 1327 "No." 264? '"No,"

1@ Michael: ©1If the firet three digits can be divided by C it works,

‘31 ' because thousands are always divisible by §."
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How about 6? What other numbers must it also be divisible by?
"2 and 3 ~ divide by 2 first and then sece if you can still divide by 3."
Do we have to bother to actually divide? Can't we just see if the tests for

2 and for 3 both work? I think we had better leave 7 blank for now. There are

some tests but they are complicated to remember and nearly as much work as dividing
by 7 at the outset,
Let's Jook at some large numbers and practice using these divisibility tests,

24730596
1047240

[A 10 x 10 array of numbexs (with 1 omitted) was passed out to each student. ]
(Illustxation 8)

Moxe than two thousand years ago a man named Eratosihesnga did a great deal
of thinking about divisibillity and came up with a clever scheme. You all know
what a sieve or strainer is. Erxatosthenes thought of an imaginary sieve which
would be of many levels, with holes spaced evenly apart, He thought of all the y
counting numbers stretched out in one 1§ng continuous row and dropping through ’
each level of the sieve. The firxst level would have holes at every other numberv
liolding back all even numbers, but letting the odd numbers fall through, The next
level of the sileve would hold back all the numbers exactly divisible by 3, the next
level by 5, (not 4 because the even numbers had al;eady been caught by the filrst
level) and so on., At each screening a few more numbers would be held back.,

Although the idea is for all whole numbers, we shall try it only on the
first 100 of them. On the. sheet I gave you start with the first number 2 and then
cross out all other numbers that can be divided exactly by 2.

"Why isn't there any 17"
What would happen if we crossed out all numbers that can be exactly divided

by 1?2
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“All the numbers would be crossed oug."

[ﬁost children immediately saw the short cut for crossing out all even
numbered columns.J What is the smallest nuuber now that is not crossed out? na,
Then this time cross out everything that is left which can be divided by 3. How
about 47

*The even numbers are already crossed out,”
So the next number left is S, and So on, Finish it up at home tonight,
What numbers have you left on your chart that did not get crossed out?
These are the same numbers that would be the first in each level of Eratosthenes!
imaginary sieve, These numbers cannot be divided exactly by any other numbers
except themselves and 1, We might also say that they cannot be written as the

product of two smaller numbers.

There is a special name for numbers of this kind - prige,
"2 1s the only even one,
"Except for 2 and 5 they all have 1, 3, 7; ox 9 in the units digit,"
This is one reason for arranging ﬁhe chart this way, wWill they continue
to be so if we go on to numhkers bigger than 1007

If we write them out another way, just in a long xow, we might notice

something else,

. E—————a—— _ o 3 S——— | o a———— /-‘

~ Te—. — TTTT——
2 s oA, 18,7, 47, 19,) 23, (29, 31,

37, (41, 43547, 53, B9, 1)) é7, @ 79,

83, 89, 9:'-, o e o

-
A\
-
w

Severzl of them are only two numbers apart. These are called prime twins,
It looks from this chart that maybe thexe are no more pairs of prinme twins after 73,
but if you made the sieve longer you will see that there are many more. Another
very famous ancient Greek named Euclid (who lived about 300 B.C.) showed a very
elegant and simple proof that prime numbers go on forever, It is also believed that

althcugh they do become Sparser, the prime twins are also infinite iIn number,

No ocae has ever proved that 1{his is.zo, howover,
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The study of prime numbers has been a source of fascination for thousands

of years and there are many unsolved problems concerning them, For many centuries

it was thought that any number of the form (Zp -1) was prime where 2 was raised to

a prime power p and ! is then subtracted from the answer, For instance:

p=2 2 =1 = & -1 = 3

p=3 23 1 8 -1 7 (3, 7, 31 and 127
= 2° .1 = 1 =

P=3 25 -1 =32 -1 ="31 are all prime)

p =17 2’ -1 =128 -1 = 127

But in 1903 a professor at Columbia University in New York found that
(267~1) is not prime but is the product of two very large primes,
(267-1) = (193707721 x 761838257287). If we multiply two 1 digit numbers we
usually get a 2 digit number, If we multiply two 2 digit aumbers we get a number
of 3 or 4 digits., With two 3 digit numbexs the product has 5 or 6 digits and so
on, So you can imagine how very large the product will be when a ¢ digit and
12 digit number are multiplied.

[&ery large numbers seem to intrigue students of this age. Even those who
have difficulty with multiplication of 2 and 3 digit numbers were somehow
entranced by the very thought of numbers of a far greater magnitude, Once pre-
sented with the idea of 267-1) many set about to compute this by repeated powers

of 2 or by multiplying its two factors;]

This enormous calculation is obviously not prescribed as homework, but

| following is.

Find the prime factors of the following numbers:

(369), (396), (693), (639), (963), (936)

We have already seen two different arrangements of the Infinite set of

counting numbers and the prime numbexs that they contain, In one, the numbers

were placed in an endless chain like a number line; in the other in an infinite
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nuynber of rows with 10 numbers in each row like a ten-fold lattice, There are
many other possible arrangements or patterns for picturing the natural nucbers,
Here are two more,

The first of these (Illustration9) places all of the counting numbers (1 is
included this time) in a continuous spiral, The heavy line marks the path of the
spival as it unwinds from the centen, Thg numbers sliown here from 1 to 100 ferm
a 10 x 10 square which has quite a different pattern than the first 10 x 10
arrangement we looked at,

For a moment, looking at the lattice array, instead of considering prime
numbers, think even - odd., If we shaded in all the even nunbers what kind of
pattern would we have?

"Stripes, All the colwms startingz with 2, 4, 6, 8, 10 are even. The
others (1, 3, 5, 7, 9) are odd."

Suppose on this spiral array we shaded in all the even numbers. What wouid
the pattern be now?

"It will look like a checkerboard,"

What about the perfect squares on this arrangement? They have a very specia
o~

.

L)
LY

pattern along a diagonal which makes a job at the center, 3

.\
Al
-

Here 1s an interesting homework problem for those of you whaﬁvant to give it
some real thought. Suppose we started out to add ; long list of comsecutive odd
numbexs, beginning with 1, (L4 34 54 74 94 11 & «2s) and we kept on going
until we had 50 numbers to add. Can you find a short cut for quickly giving the
sum of the first 50 odd numbers?

[geveral of the children had attempted the sum by actually adding the 50

numbers, All of these had made one or more errors in theilr calculations so that

the results hovered around the exact sum, Michael was the only one who had the
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correct solution and Le explained his method;]
"I tried a few and found a way that worked. 50 divided by 10 is 5.
5% 5 =25 and then I multiplied this by 100 to get 2500."
Suppose then I asked for the sum of the first 60 consecutive odd numbérs.
"60 divided by 10 is 6, 6 x 6 = 36, times 100 equals 3600."
Then how about the first 78 consecutive odd numbers?
"Thon my method won't vork Becaﬁse 78 cannot be divided (exactly) by 10,0
Michael, your method is on the right track. But you put in an unnecessafy
complication that caused you trouble in this last question I asked,

First you divided the number by 10, then you squared, and finally you

2
multiplied by 100, ° -%%) x 100 = 52 x 100 = 25 2 100 = 2500
But suppose we leawve %g)as the number to be squared,
2 .
50 50 50 _ (2500 ,
(10) xloc)-m(mas 10) x 100 ={ =25= ) x 100 = 2500

So you really end up dividing by 100 and multiplying by 100 which is the
same thing as not doing either of these things in the first place., You could
just have squared 50 right at the start,

We can explain this idea by looking at this spiral pattern of natural
numbers or by tninking of where we filrst came across the list of perfect squares,

Some time ago, when we made the multiplication

7 ~ table for integers, we found the perfect squares

-

ig the main diagonal, Each was the upper-

et

b |
15 axso

’ right hand corner of a square of numbers -that

| ‘kept getting larger.
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In this spixal pattern the perfect squares again

R seenr to line up along a diagonal, all the even
~.
3%\ . squares above and all the odd squares below the
16 \\h‘ center, Every time we wrap enough numbers
lfh‘ around the unit square in the center tc make a
. new square we have reached the next hizher
\25\ perfect square number, So now our original
\‘4 squave continues to grow, but this time it grows

by more blocks being wrapped around it alternately
on two sides,
In both of these arrangements we start with one small block. Then
we add three ﬁote, five more, seven wore, etc. A8 each consecutive odd number of
blocks is added we keep getting a square, So here are two different geometfical
explanations of the fact that the sum of consecutive odd numbers 18 a perfect
square,
1 4 3 4 54 7 4 9 4 400 + (20-1) =n°
lst 2nd 3rd 4th 5th nth
One day last year a mathematician named Stanislaw Ulam from Los Alamos
Scientific Laboratory was doodling during a boring meeting. He made this spiral
array of 100 numbexs and then began to cross out all'the prime nuwabers, Since 1
is in his spiral he included it as a prime. Usually it is not listed with the
. prime numbers, but it is really not "non-prime" either, Mr. Ulam noticed that
the prime numbers secemed to come in groups along varicus diagonals, Other people

have continued the spiral to thousands of numbers instead of only the first 100

and these diagonal zroups of primes continue thynughout the pattern, although there

are fewer and fewer primes as you get further away from the center of the spiral,
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Another interesting arrangsment of the natuxal numbers is like a six-fold
lattice, (Xllustration 10). If we cross ovt all numbers divisible by 2 on this
pattern, the 2nd, 4th, and 6th columns all drop out leaving 2 as the only even
prime,

Where are all the numbers which have 3 as a factor?

"In the 3 column and the § column (already crossed out) "

4 of course 1s even and all multiples of 4 are already crossed out go we

now mark out all multiples of 5, Where do all these numbers come?
"In the 5 column,"
Look again,

"No, they are on diagonal lines,"

How about multiplas of 77
"On diagonals going the other way,"

.In retrospect it would have been interesting to look at multiples of 9 and
11 on-the ten-fold array to see that these diagonals are always found in one less

and one morxe than the numbar of columns in the array., ]

The multiples of 11 come on even steeper diagonals but all except 121 and
143 have already been crossed out,
If our picture continues into numbers greater than 162 there would be more
numbers to crocs out, Qfultiples of 13, 17, 19, 23,,.+s)s Suppose you shoded
in the numbers which are mever crossed out, Where will they be in this arrangement?
"Except for 2 and 3 they will all be 4n the 7 column or in the 5 column.”
This means then that all prime numbexs except 2 & 3 are one more or cne less thay
a multiple of 6, ‘le could pay that all primes (except 2 and 3) can be written as
(6 xn+4l) or (6 xn -1) whenn 18 a counting number, Not all of these numbers

written to these formulas are prime, For instance if n = &,

6bxn-+1)=(6x4)+ 1= 25 yhich of course is 5 x 5. But all prime
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nunbers greater than 3 can be wnitten by one or the other of these simple formulas.
Sometimes we want to talk about two numbers which have no common factors,
(Other than 1 of course as all numbers can be divided exactly by 1) When this is

true the numbers are said to be rvelatively prime to each other.

30.

9 = 3x3
{Ts =2x 2x 2
5’21

&S =5%5

7

u
w
»

{21 =3x 7
zi 24 =320 =3x%x2%x2x2

If a pair of numbers are both prime they must also be relatively prime to each
other, If the fixst number is prime the pair is relatively prime unless the

second number is a multiple of the first.

Test tomorrow!

[?his test took the children much longer than was expected, but the results
were otherwise encouraging. In discussing the test the next day most children

admitted to either forgetting or not using short cut methods for divisibility,

Neither 9 nor 8 are prime numbers
but they are relatively prime to each othe:.
21 and 25 are relatively prime because

they have no common factor

21 and 24 are not relatively prime becausz *

= -

they both have 3 as a factoz,

John said, "I didn't forget them, but I was afraid to trust them,"”

It is apparent that this boy and many others developed considerable trust as

the work on number theory progressed,

ability-span either do not read writiten directions or cannot distinquish the subtle

distinctions between factors, proper factors, and prime factors merely by means of

verbal definitions.]

Many of the students of this age and wide
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TEST

3 Name

All of the questions on this test are concerned only witli positive whole

nunbeis. (natural, or counting numbers.)

I. In the followingz sentences show all possible pairs of numbers that can be

o —

put in the | anc the ZCX_to make the sentences true, (the first problem
[ S

is done as a sample. Because the pairs of numbers (1, 35) and (7, 5) are

given, you do not have to show the same numbers in the opposite order (35, 1)

and (5, 7).

1. x /\ =35 2, [ 1x /\=36
1 x 35 =35
7 x 5 = 35

W mm e Tamemimes w4 A
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II. In the following division.problems write the answers in the form shown in the

example, All remainders will be eithexr 0 or a counting number.

1. 1775 = 3 with a remainder of 2
2, 49:{5 = oo "
3. 49 = 7 = nooon " "
4. 49 : 11 = nooon " T
5, 99 :11 = noomoow .
6. 999 £ 11 = nooow 0 "
7. 7717 § 71 = uwoon " " /
8. 777 : 71 = "o n "
9. 888 =7 = oo " 2 B
10. 1,476 - 2 = 1 " " "
K.i 11, 1,476 + 9 = 0w ., "
) i2. 1,476 & 25 = moon o -
13. 6,741 ¢ 25 = oo " "
14, 6,741 2 1,47¢ = wooom " "
15. 6,741 = 6,742 = oo i "

TII., Keep in mind the distinction between these three definitions:

(a) If a first number is divided Ly a second number and the remainder
is zero, we say that the second number is a factor of the first,

(b) All of the factors of a number, except itself and 1, are called
proper factors

(¢) A factor is called a prime factoc only if it is a prime number.

1. List all the prime factors of the following numbers, showing the original

number as the product of all its prime factors. (for example 12 = (2 x 2 x 3))
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fl

19

222 =
264 =

169 =

( )
( )
( )
( )
( )

2, List all the factors of the following numbers,

26
27
23

55

IV, Tell vhich of the following numbers can be divided exactly by 2, 3, 4, 5,

6, 7, 3, 9, 10 by writing them in after the appropriate numbers,

the numbers will g0 in more than one list,

(355), (238), (97), (78), (504), (882), (3176)

Divisible by 2: (233)

(78)  (504) (882)  (3176)

Some of

Iy
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Divisible by 3:

i

6

i

b}

V. Write a paragraph about Prime Numbers,

of what a Prime Number is and as much other information about primes as you

1 4:

1 9:

can remember.

(continue on the back of the page if you need more space,)

30d L J

This should include a definition
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V. Lowest Comaon Denominators, Perfect Numbers,sb(N)

Some of you are confusing the jdea of prime twins with pairs of number which

are,relatively prime.
atout a pair of numbers, but these cannot be
they must both be prime numbers and secondly
exactly 2, 1In other words, if Py and p, are

only i1£f Py =Byt 2 ox Py = Py + 2, Vhzn we

relatively prime to each 6ther, one or both or neither of these numbers needs to

be prime by itself,

they have no common factor other than 1,

For instance, think of the following numbers and write down all the different

relatively prime pairs there are among them,

5 8 13 27 24 13 30

[You gshould find 13 different pairs;]
Try it again with these numbers,
35 17 3 16 12 23 31

[This time there are 23 possible pairs.}

I think you have been using the idea of relatively prime pairs of numbers for

a long time without really knowing it.

5 children had answers of this type %+% = 3

fractions,
2, 3
3 6
at theilr desks.
3 ., 3
4 ' 6
2 ., 3 2.
Tt F and one’girl had 3
2, 3
9 ' 6

It is true that when we speak of prime twins we are talking

creak of a palr of numbers which are

A pair of numbers are relatively prime to each other only if

For instance suppose we want to add two

[The students each worked on thesge problems

without hesitation to correct solutions,

[Mary Ann verbalized her method as follows:]

jist any old numbers, First of all
the difference between them must be

any two primes, they are prime twins

|
Q

Many of the children proceeded

About
7

= 790]

ol
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"When adding two fractions whose denominators are different, use the
larger of the two denominators., I the other denominator goes into it you divide
to find cut hoy many times, Then you multiply that number times the numerator and
add, If it doesn't zo in exactly you keep multiplying the biggest denominator
until it will.,”

This is a difficult thing to try to put iuitn words, Instead let’s look at

the various steps you go through for these specific problems,

2,5 2,2\, 5 _4,5_.9 .2

3 7 6 3 ¥3]" 6§ S 87 6 6 - 13

' \

3 .3 _ 3 ,(3,.2\_3 4+ 0.3 3}, 10 _29 0 _19_,1
c‘.'s”a*(exz)'a 12 "3)'1 2t 3 12Tl

2,05 _ 2 (5. 5\ 2, 25_f2 ., 6 ,25_12 ,25 _31_,1
5“—’5‘5"(6“5) 57 %°6 e tH0°"% tH "%
g'é—:é -2- .5-.3&':- -.5.-—--&:-:..2 —3-;-,-‘-’- .'.}é:: l'—?-;; .]-'.
g9 * €7 .g"z) * B 18'*6‘“18"@"3) s “"18° 18° 18

Of course it is possible for us to combine several of these steps, but even
if we do tﬁe whole thing in our heads this is probably the path our calculations
take, Let's look at the factors of the denominators, breaking each denominator

of the original problem and the f£irst solution into its prime factoxs,

—2- ole 2: -g- ot .-.-—5-.-- = 2 = -—-—gm

3 Y6 3 7 (2x3) 6 (2x3) j
3 . 5_.._3_ .5 19 _ 19

n 6~ (2x2) " (2x3) 12 (2x2x3)

2, 5 _2 ., _5_ . 31 _.3___

5 6 -~ 5 7 (2x3) 30 (223x5) ,
2, 5 _2 ., 5 .l __19 _ j
9 " 6 “{3x3) " (2x3) 18 (2x3x3)

We can see that the denominator of the answer must contain all the factors of the
two original denominators, and so the process of finding the lowest common denominatox
depends upon factoring. If the two denominators are relatively prime their product
is the lowest common denominator, There are several interesting things one can do
when considering the counting numbers, Suppose we start a 1ist of these numbers,
1ist a.l their factors (this time we will include 1 but not the number itself) and
finally list the sum of all these factors.
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durber N Factors of N Sum of Factors
(excluding ii itself) B

| 1 None 0

j 2 1 1
; ) J_
| 4 1, 2 3
: p 1 1
6 1,2, 3 6
T 1 1
8 1, 2, b T
9 1, 3 b
10 1, 2, 5 8
- : )

What do you notice from this list?
"por all the prime nuwbers the suw wlll elways be 1 because these
numbers heve only 1 end themselves as fectors.”
"For the number 6 the sum also equals 6."

Thig is particularly interesting end because of this the ancient Greeks called
6 & "perfect number". By definition then & number is perfect when it equals the
sum of ell of its factors not counting itself.

Homework: Continue the list until. you find enother perfect number.

[The rext morning only one student hed found the next perfect number. Sheila
did not usually teke much part in class discussion, but she was very observant
and quietly pursued ideas ard patterns on her own. ]

Sheile does have the right number, but before she tells what it is I'm curious

vhat the rest of you found out.

R AR (RS 8 ek A A E
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Merk: "I tried mmbers up to 20 but then I gave up.”
Micheel: "I went ell the wsy to 50 and couldn't find one. But 32
alnost works."
32: 1,2, 4,8, 16 ~ sum = 31
John: "I think 112 works.,"
112: 2+ L + 8+ 14 + 28 + 56 = 112
"He left out 1."
| I think he must have left out some others too. Let's list all the factors
é of 112, |

1, 2, 3, 7, 8, 14, 16, 28, 56, 112.

112 is a very nice try, John, but if we obey our original definition and
use all the factors except 112 the sum is a bit bigger than 112, Micheel, I think
you must have mede some misteke in your work because there is a number between 6
end 50 which is perfect.

Sheila: "28 works., 1+ 2 + L + 7 + 14 = 28",

So 6 end 28 are the first two perfeét nurbers. About how big do you think

the next one might be?
"About 100."
"Maybe 22 more than 28 because 28-6=22."

Let's see., 28 + 22 = 50 which liichsel seys he'g tried. I'm going to save
you & lot of herd work by telling you that you would have to go all the way to

- 496 to find the third perfect number. For over 2000 years only twelve perfect
1

nurbers were kanown, but now, by using computors, several more have been found.

They do get very large very fast., The first five perfect numbers are:

lNo’ce to reader: 2P~1(2P.1) is perfect if 2P-1 is prime.
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6 28 h96‘ 8128 33550336

Let's check 496 1 x (496) omit from sum
2 x 248
b x 124
8 x 62
16 x 31
31 Lés
31
L6

There is quite a different way we can consider the natural numbers and
their factors. Suppose this time we make & new list in which we shall think of

all the numbers smaller than the number we are considering and relatively orire

to it. People have counted these numbers and glven them the name 96 the

greek letter Phi.

A1l Hunmbers <N How Many. liumbers
Number N and reletively prime to N. ir ldddle Column
1 None By definitio@(l): 1
instead of 0
2 1 Z (2) =1
3 1, 2 2 (3) =2
L 1, 3 Z (4) =2
5 1, 2, 3, b, Z (5) =4
6 1, 5 2 (6) =2
({ 1, 2,3, 4, 5,6, 2 (1) =6
8 1, 3, 5, T 2 (8) =1
0 1,2,%,5,7,8 ¢ (3) =6
10 \ 1, 3, 7, 9 & (10)= 4

"They are all even except the first one,‘ﬁﬁ (2) ."

"When N is a prime nurber all of the numbers less than li are relatively

prime to it, so there will slways be (N-1) of these.”
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Then we can s&ygﬁ(p) = (p-l) when p is any prime number.
"One less than & number is alweys relatively prime to that number."

Thet's true, so efter 1 and 2 we know that all the other numbers will have

5 at least 1 and (N-1) in the second column,
;
; ;D (H)2 2 for all N except 1 and 2.
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Vi, Base T

I understand that Mr, Carroll did a little work in bases with you last fall,
Of couxse you know that our every dey nunber system uses 10 as a base and the

real value of o digit depends on its position or place value.

Thousands [ Hundreds Tens Units
103=1000 102=100 | 101=10 | 100=1
4 3 5 1

8

8 0

8 0 0

8 0 0 0

4351 = (1 x 1) <+ {5 x 10) + (3 x 100) < (4 x 1000)

8000 = (0 x 1) + (0 x 10) + (0 x 100) < (8 x 1000)

There are of course more columns to the left of the thousands column (each
one multiplies by 10 more) and more columns to the riéht of the units for showing
decimal places, |

As we begin now to speak about a different base I shall use two colors of

chalk, Everything in white chalk will be our familiar base 10 and everything im

-oxange chalk will be base 7, &he use of colored chalk conveniently eliminates the

need of 52 subscripts, and proved an effective device ecpecilally since it avoids
the misunderstanding about why thexre is no digit 7 in base 7.]

With base 10 all numbezs, no matter how large or how small, can be written by
using the same ten digits in different wéya (O, 1, 2,00000ee9)¢ The arrangement
of the digits, their place in other words, determines thelr actual value, .In base
7 how many digits would you expect to use and what will they be?

We can make a chart and write several numbers first in base 10 and then show

in orange chalk how to write the number with the same value in base 7.

A
34
i
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0, 1, 233, 4, 5, 6, 7, 8, 9)

Base 10 (white chalk)

In translating fiom base 10 to

in the number, and semainder is the

Tens

4

direction undoes this process,

Units
9

2

5

0
2

38.

Base 7 (orange chalk)

0, 1, 2, 3, 4, 5, 6)

Sevens

> 1
> 1
> 2
7 3
> 2

3
>1 4
> 6

Units
2

5

1

0

base 7, we think first how many sevens are

units digit.

Translation in the reverse

think of the place value of each digit,

multiply, and then add, For instance 53y means (3 x 1) + (5x 7) = 3+ 35 = 380

We can

numbers. In fact there's no reason why we can't combine the two

in the same problem.,

30 * 60"
3, + 6 =
37 4 67 =
47 0 57 =
Yo * 310 =
1410 - 1410 =
20, + 20, =
2010 4 20yp=

R —

10

10

10

2510

2510

2510

ol
()

11
1110

1110
11
25
25

25

25

1

it

arithmetic with numbers in base 7 the same way we use base 10

different bases

]

-

]

10

10

10

10
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One way to check arithmetic in a new base 1s to translate the problem into
base 10, find the answex (also in base 10) and then translate this back to base
7 again, The translation should of couise agree with the solution you found

originally. If the two numbers do not agree then somewhere a mistake has been made,

For instance:

157 “ 1210 Because 2?10 translates into
+ 237 o 1710 417 we kaow our addition was
41, = 29,0 correct (provided we can add to base 10i}!)
Base 7 Bage 10 Base 7 Base 10
6 e 6 13 gl 10
15 «“" 12 24 - 18
tr 16 s 13
4 22 16 4+ 5 s 5
= = 5
537 . 3810 '647 4010

Eﬁhe fact that €47 &= 4610 was an Interesting and unexpected reversal of digits
that occurred in a problem chosen completely at random. This prompted a separate
investigaticn which was not presented to the class because of its algzebraic
approach and because it concerned generalizations about bases that would have
been premature., However, the problem of when these reversals occur for various
bases would be a challenging question to pose to the more able students in junior
high school at the conclusion of a study of bases, A copy of the generalization
has been included at the end of this scctienj

Homewoxrk: ALl problems in base 7

16 11 25 25 32
23 12 =13 =16 -24
4 13
6 414
4 13
Ix 4= 2% 6= hﬁi} 5% 5= 6x5=
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Here is a nunber line using base 7 numbers,

0 4 11
Fill in the rest of the numbers,
If we made the number line lons enouzh what will the last two digit numbersg
be? "667"
What number does that mean in base 107
"6 x 7) 4 6= 48"

What number comes after 667 then? "1007"

If you translate 104, into base 10 what do you get?

7
- "(Lx49) 4+ (0xr )4 b= 33"
What is the largest three digit number in base 77
" GG |
. And what is the translation of 10007? ¥7 x 49 = 343"
: "Are there negative numbers in base 77"
"I don't think so,"
"Why not?i

[After considerable discussion it was agreed that of course thare could be

negative .]

How about fractions and decimals?

[By using the number line to illustrate these ideas it was shown that fractions

-~

were possible.{

!

6 1 1 1 3 3
1 A 1
;4 %7 b
§ This %1 looks rather strange, doesn't it. But we have taken the distance

i
1i
1 ;
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from O to 1 and divided it Into eight equal parts., Only in base 7 we can't
write 1/8 because we have no digit 8, Comething just like decimals would of

course be possible too, only they would not be called decimals because deca means

0. But 3.2; ould be 32  and .04, would be 2= . This last one would of
710 7 49, ,
course be written 336 .

7

For now we won't bother about negatives, fractions, and “decimals" in other
bases, but it is important to know that they are posgiblea
Homework: printed work sheet, (2-3-65)
There seemed to be some difficulty with changing 2227 into base 10 and
22210 into base 7.
”2227 means (2x49) + 2x7) 4+ (2x1) = 11410"
Yes, that;s fairly straight forward, Now, how about the other one., How

do we begin?

"You see how many sevens there are in 222

11
31r5 10
/335" so 222 = 315,

Let*s see 1f this 3157 translates back into 222. ., 3157 = (3 x 49) +

10
(Lx7) 4+ (5x 1) which equals 15910 instead of the 22210 which we wanted,
Does anyone know what was wrong with the method we uggd? Look carefully at the
31 we got when dividing 222 by 7,
"It's right, isn't it?"
Well 222 3 7 certainly does give us 31 with a remainder of 5. But what

base is that 31 in? How do we write 31 0 in base 77

1
"Four sevens and three left over, 43"
So if we ‘are trying to write the number in base 7 we'd better be sure all

of our steps are in base 7.
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""What do we do then, write 4357 Y

Let's see if it works,

4357 = (bx49) - Bx+ (5x1)=19+ 214 5= 22210

'This 1s exactly what we wanted,

Michael: '"'What about some really big numbers like 1462_ 7"

7
How much is that 1 worth? "7 x 7 x 7 = 343"

So 14627 = (1 x 343) + (6x49) &+ (6x7) + (2x1) = 58310

How about 1462,,. ? What would it be in base 72

10
"Couldn't you think how many 343's there are in 146210 YAl

Then what?
“"Ihen you see how many 49's there are in whats left over, then how
many 7's and finally how many 1's are left,"

(4 x 343) =  -.1372

90 ' lh6210 = 4156

(1x 49) = - 49 T

Gx D

1l

]

!u 4
O U ==

Suppose we made addition and multiplication tables for base 7, Would they
look the same as the tables we made for regular numbers?
"All the nunbers would use only 0-6 for digits, but the patterns of the
tables would be pretty much the same,"
What will the perxfect squares look like?
(01:0) (1 x 1) (2x2) 3x3) (bxb) (5x5) (6x6) (10x 10) (11 x 11)
0 1 &4 12 22 34 51 100 121

Homework: Try to do these problems thinking in base 7. Then translate
1357 1647
X 217 X 347

into base 10 to check your work,

»
I
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When doing arithmetic in base 7 some things look very strange to us because
we are so used to thinking in base 10, But certain patterns should seem familiar,

Look at the multinlication table for 6 in base 7.

0x6=0 John: ¥“In the answers the digits always add up to 6,"
1x6=26
i 2x 6 =15
: 3% 6= 24 Mark: “The units digits go 6, 5, 4, 3, 2, 1, and
4 x 6 = 33 the sevens column goes 1, 2, 3, &4, 5, 6."
5% 6=42 |
6 x 6 = 51
10 x 6 = 60

Does this remind you of anything? Look at the multiples of 9 in base 10,

R Ty,

| 0x9=20

*x9=9 Sheilas - "Its the same pattern, only this time

A,,
e

i, 2% 9e 18 it always adds up to 9,"

3x 9= 27
b x 9= 36

5% 9=45 Michael: "Can you cast out sixes in base 7

6 x 9= 54 the way you cast out nines in base 107"

7% 9= 63
8x9= 172
9% 9= 31

JUR UL R S M

10 x 9= 9C
T would presume so. If we can, this gives us another nice way to check
problems in base 7. But be careful. ‘hen casting out sixes we should do our

thinking in base 7,

|
|
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HOMEWORK

NAME

In the following problems all numbers written are in base 10 and base 7. All

numbers in base T are indicated by an asterisk, Give the answer whizh is indicated

by the frecne,

—— - - -
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Place Value - Base
[}

|
|

. 13

means

5 10+ means

|
|
!
3
i
|

o

0 ' means

212

i
f
|
]
|
|
§
: mearns

' |
| |
| ]
| !
! !
! !
1 I

Place Value - Base

' ' means
U }
t5,0) means

!

2 2 means

|

)
!

'

'

:5!010 neans
|

2

|

!
|

What is the value of 222*£n Base 10_

*
How would you write 222 in Base 7

36
4142

24%
30%
15%
103%*

e

|

10
(5

(0.

(v
(2

7%
(5
(0
0
't

L1

Y

1) &+ (5 x 10)

1) + (0 x 10) + (5 x 10 x 10)

1) + (2 x 10) + (2 = 10 x 10)

1) *®

1)+ Gz 7) =

k

D+ @Ox?D-Gx7x7) %

D+ @27+ @x7x7) %

36
+ 142

* %

6l
61

Check the problem on the left expressing
all numbers in Base 10,
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142 «~~ 10 + 235 ~ 13 7~ 4

1
35 e~ 11 -~ 2 X 21 ~o _X3
160 — 10 — 1 335 15
36— 12 «» 3 503 ' ¢
436 <16~ 1 v 10 5265 . 24 o~ B

You were right; Michael, Casting out sixes works in base 7 the same way
casting out nines works in base 10, How about even and odd numbers? What will
they look like in this base?

Even: 0, 2, 4, 6, 11, 13, 15, 20, 22, 24, 26, 31, 33,...

odd: 1, 3, 5, 10, 12, 14, 16, 21, 23, 25, 30, 32, 34,.,..

Michael:; "I think a number is even when the sum of its digits is

even, and odd when the sum of its digits is odd,"

For hcmework tonight why don't you test Michael's idea, Use some base 7
numbers of 3 or & digits and see if they always translate into an even number
only if the sum of the digits is even,

[In preparation for a test several of the students were still confused about

translation, particularly from base 10 to base 7:

There is more than one way to think of this. One is by repeated subtraction
and the other by repeated division, Really this all boils down to the same thing
because division is a short cut for xepeated subtraction in the same wgy thet
multiplication is a short cut for repeated addition,

At any rate it is important to keep in mind what the places mean in the new

base,
401y | @63's)|  (49's) ! (7's) (units)
(F=x7x7=7) ) (Ix7x7) | (7x7) (7) ( 1)
24410 = 7
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hepeated subtraction:

e e e e R L T

How many 49's in 2447 (4 x 49) = 244
~196
48
How many 7's in 407 (6x 7) = -_42
6
How many 1's in 67 6x 1) = - 6
0

24410 = 4667

Repeated division:

The remainders give the - 7] 244
| 773 6
translation, the first remainder 7 /[4 rb
0 T4
{ being the units digit so that
% 24410 = 4667

It is important to keep dividing or keep subtracting until you get to zero,
This will keep you from falling into the trap of thinking that your first step
in dividing gives you the desired translation, It is very true that there are 34

sevens in 24410 and a remainder of 6, but this 34 is a number in base 10. By

! repeated divisions each step gives you a mumber in base 7

Let's translate several numbers,

A omin .. R I et

1000's 100's 10's 1's  343's 49's 1's 1's
2 4 b | —o| 4 6 6
5 2 5 |——1 1 3 5 0
& 3 6 —] 1 1 6 2
1 0 0 | —— 2 6 2 6
2 4 4 - 4 6 6
& 5 0 e— 1 1 2 1 2
5 2 5 | e—1 1 3 5 0
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let's make an acdition table for base 7,
" [Data was filled in by the students ans the following comments weve made

on the resulting pattern, )

6 6.1 10] 12] 12| 13|14 [ 157 16 | 20
556 | 10] 1] 121314 |15] 16
tllals M6 | 0] 10[ 1213 |14 |15
303 (4| 5 [6¢f10|11])12]13]14
212 |3 | 4- "5 Y6 ! 10| 11 {1213
1127345 |76 ) 10l11]12
oo 1|23 |45 |6 |10|un
Addition ol1l 23|45 j6 10|10
Base 7

1. "The pattern is really just like it is on the base 10 addition table.”
2. "“Each row and each column is a piece of the number line,"
3., "The main diagonal is counting by two's (even numbers)"

&4, "The diagonals in the other direction are all one number.,"

5. "The pattern would just go on 1f we went into bigger numbers.”

6. "If we put in negative numbers there would be all zeros on the
secondary diagonal,"

Test tomorrow!

NS | Wl

[There was a wide variation in test results, Using a percentage grade the
range extended from 90 to i0. Many otherwise high scores were lowered because of

fajlure to check arithmetic in base 7 by translation into base 10 which seems

to boil down to a lack of care in reacding direction.)
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TEST NAME :

.1;
Definition: Two numbers are said to be relatively prime to each other
vhen they have no common factor greater than 1,

For example: take the three nuwbers &4 5 6
4,5 and 5,6 are each relatively prime pairs. 4,6 is not a relatively
prime pair because they have 2 a2s a common factor,

Find all the poseible relatively prime pzirs for these six numbers,
(The pair 5,56 and the pair 6,5 in this case mean the same thing and
do not need to be counted twice.)
5 6 7 8 9 10

Find all the possible relatively prime pairs for these six numbers.

20 21 22 23 24 25

Below are four numbers (9, 10, 11, 12). For each of these make a list
of all the smaller numbers which are relatively prime to it., 9 is

completed as a sample..

Number N All numbers less than and relatively prime to N.

9 1, 2, &4, 5, 7, 8
10
11
12

When we want to add two fractions whose denominators are different it helps

us to know whether the two demominators are a relatively prime palr of
numbers, Complete these three addition problems,

Q. l b .g. =
12 3

b 7 + 2 =
12 5

c._—z + 2_ =
12 9

In vhich problem on the bottom of the previous page were the two denomina-

tors a relatively prime pair?

- - e

In which problem was one denominator a factor of the other?

The rest of this test has to do with two different number systems.
Cur common number system (base 10)*will be written in blue ink,
All numbers written in the base 7° §ystem will be shown in red ink,
Remember that the only digits in this system are 0,1,2,3,4,5,6,,

%ase 10 will be indicated with one asterisk.
Bane 7 will be indicated with two asterisks.
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l.  On the number line below several points are shown above the line

as numbers written in base 10, ™
Just beiow the line show what these same points would be called in
base 7.

-8 ~3 0 1 5 7 11 15 %

1 ) 4 . ]
"-—.——nly-vrmr-w-r—rrﬂ-‘!’m e Bk o s vt s erbe’ siolwman ¥ " -

Here is another section further up the number line.

This time points are wmarked below the line in base 7.

Just above tl._. number line show what these points wouid be
called in base 10,

55 62 ., 100 106 123
2, Translete the numbers shown below into what they would be if

vwritten in the other base.

Base 10 Base 7
16 o 22
26 =

100 =

234 =

12 = 15
= 66
= 135
= 1234

3. In the addition problems below try to do all the work and give the answer
in base 7, Then twanclate each problem into base 10 numbers in order to
check your computation.

6 24
+5 +31
41 35

53 +15
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4, Here is a partially completed multiplication tsble for numbers in base 7.
It 18 arranged somewhat like the large tables you made for base 10 numbers, On
this table the nuwbers to be multiplied together are shown in the row and
column outside the double lines, All of the products (or answers) are shown
In the squares above and to the right of the double lines, 4 x 2 = 11 so the
number in the & column and the 2 rew is 11, What will be the product of % x 47
Fill it in in the empty square that is in the 2 column and the & row. Complete

the rest of the table by filling in all the empty equavres, Remember that all
numbers are in bhage 7, **

6l ole 2% 51

s/l ols 2

sl ols 22

all o3 12

2ll o2 6l 11 15

1/l o1 |2 | 3| 4ls5 | 6 )
ofl ofofo | of olo | o

%l ol1 g F gl 4T5 T ¢

Se Referring to the multiplication table you have just made, what are the
first seven perfect squares in base 7?7 *¥

What will the next perfect square be if the multiplication table i3
extended to numbers bigger than 6? *k

6. Using the base 7 multiplication table to help you, try to do these
problems completely in base 7,%* Translate numbers to base 10 to
check your work,*

32 502
x 3 x 11
312 502

x 4 x_ 26




VII. Russian Peasants' Multiplicatlon, Bases 2 and 12

" There is a very old method for doing multiplication in which all you need to

know is how to divide by two, multiply by two and add,
Russian Peasants' method and it eliminates the need for
tables.

When we have tuo numbers to multiply, if we double
in half the product stays the same., |

(4 x9)=(2x18) = (1 x 36) = 36

This same idea works for some larger numbers,

This is called the

knowing the muitiplication

one and divide the other

Divide by 2-Multiply by 2-Product Divide by 2-Multiply by 2-Product
32 pid 122 = ™ 64 X 23 = A
16 p 3 244 = 32 X 46 =
8 X 4.8 = 16 p 92 =
4 % 976 = 8 X 184 =
2 x 1952 = 4 X 36C =
1 x 3904 = 3904 2 X 736 =
i X 472 = 1472
"Use some really big numbers,'
Divide by 2-Multiply by 2-Product Divide by 2-Multiply by 2-Product
32 x 3458 = N 64 X 179 = N
16 x 6916 = | - 32 X 358 =
8 x 13832 = 16 X 716 =
4 x 27664 = 3 x 1432 =
2 x 55328 = 4 x 2864 =
1 x 110656 = 110656 2 x 5728 =
¥ 11456 = 11456
Michael: "I checked by casting out nines, It works!”
3458 « 2 179 8
<& 32 A ._é__. b9 64 S l
110656~ 19«10 114564~ 178
Mark: "What if both numbers are odd?"

Well I was choosing numbers like 32 and G4 because they do divide so nicely




Michael: "When its odd, can't you divide and multiply by 3 instead?"

Let's try. Divide by 3-Multiply by 3-Product
27 X 54 =
9 p 162 =
3 x 436 =
1 x 1458 = 145C

Michael's idea works too, but if you begin to use numbers other than 2 to
divide and multiply by you are well on the way to needing to use the aultiplicaticn
tables,

The doubling and halving method is a very old ome and there is a way to <ix
it up so it will work for any two numbers., When we divide any integer by 2 there
is a raawiader of 1 if the number was odd and a remainder of O if the number wzs
even, Vhen ve kept dividing 32 or 64 by 2 the remainder was always O until the
very end and so the product was always the same at every step. But suppcse we
use two odd numbers and for the moment ignore remainders.

Divide by 2-Multiply by 2-Product

13 b3 65 = 845

7G0 4- 65 = 845
6 P < 130 = 700
3 % 260 = 730

:} 520 +- 260 = 780
1 X 520 = 520

We know from oux regular method of multipli»auiyu tuat 13 x 65 is 545 and
not 520, so we lost something along the way. We can also see that the product
remained 700 for two steps because dividing 6 in half and multiplying 130 by
tvo doesn't make any change in the product., And so we can see that when we ignored
the remainder in dividing an odd number in half we lost exactly the amount in the
next column on the right, We can quickly'find the true product by adding
65 + 260 - 520, in other words adding all the items in the second column except

those beside an even number, Let's do another one. While I am working it out

ST 8




on the boaid you mizht cheek it with regular multiplication and casting out nines
just to prove to yourself that this method works.

Divide by 2~Multiply by 2

37 x 143 Ignore remainders when dividing
18 x —286— but then cross out all numbers
9 x 572 in the second column which are
4 x 1144 next to an even number in the

2 x 2256— first colunn,

1 = 4576

Add 5291 = (37 x 143)

With practice you might become even faster with this method than the old way.
If you have trouble remembering multiplication facts this is a good method, but it
does take a lot of space.

[The students wexe especially intrigued by Russian Peasants' multiplication
aud kept asking for larger and larger numbers.]

All right, for homework then you can do these.

(68 x 9876 and (58 x 305607)

Suppose we take the number 29 and divide it repeatedly by 2, Compare this

to what we have just been doing,

0 r1

2/1 r1l

2/3 r1l Divide by 2

2 /7 0 129 0dd numbers leave

2 /14 rl 0 14 remainders of 1,

2 /29 1 7 even numbexs
1 3 ’ leave remainders of
1 1 zero,

This should remind us of repeatedly dividing a number By 7 to translate it

into base 7, Repeated division by 2, producing a series of remainders of either

1 or 0, translates the number into base 2. So 2910 = 111012

A new color of chalk, blue, was used instead of the subscrith

What are the possible digits in base 10? 0, 1, 2, 3, 4,5, 6,7,8,9

o
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What are the possible digits in base 72 O, Y, 2, 3, 4, 5, 6

" tH " i3 " 1 n 2?2 0,1,

So base 2 numbers look very strange indeed, but any number can be translated

into a number using oniy the two digits 0 and 1,

Here is a numbex line, Let's try to £ill in the same numbers in base 2

underneath the reguiar numbers.

-3 =2 _ -1 012 3 L4 5 6 7T 8 9 10 11 12 13
-1 =10 -1 0 1 10 11 100 101 110 111 1000 1001 1010 1011 1100 1101

[By f£illing in the number line in this way the students discovered together 7
how to write cénsecutive integers and of thelr own accord went into negative |
~.  numbers in base 2, ] | ;
So you see the base 2 nuwbers begin to get very long, very fast and this
is perhaps their main disadvantage, But erithmetic in thenm is very simple
because there are so few besic facts to remember. If you lived in a base 2 world )

the only tebles you would have to riemorize are these: %

04+40=0 0x0=0
0+ 3 =1 0x1=0 H
1+1=10 l1x1l=1
If we think of place value for base 2 we have:
(2x2x2x2%2x2) (2x2x2¥2) (2x2x2) (2x2) 2 Units
25 ol 23 22 ol | 20
32 16 8 il 2 1

What will the next place be after 327 "6L" ;

And after that? "og"




So we need a number of eight places to exzpress what in base 10 has only

three digits.

64 |32 116 | 8 14 12|1  Base 10
1 1 {1 11 = 63
1]o |1 i1)1= 23
1 10 lo lojo= 48
0 o |1 |olos= 68
o |1 {0 |1 jojre 85
11 1 1 f1 1= 255

What is o . ort way of doing the last one?
For hom.work translate seversl numbers from base 10 to base 2 :.i vi a versa.
You seem to be having some tréuble in translating into base 2.
© Jimmy's method: 37 = 324+ 4 4+ 1 = 100101
Michael's method: 37 =7+ 30 7 = 111
30 = 11110
37 =100101
In Michael's mathod we have to carry several times when we add, This 1is easy
to do 1f we remember that 1 + 1 = 10, ‘80 usually we have to cariy in several
columns., We can also find what 3710 is in base 2 by repeated division., I think
perhape if we set it uvp this way it will be clearer for you. We shall sort of be
dividing upzide down and backwsards,
1 0 0 1 0 1 Remaindere

0 J1_J2 [& [9 [18 /37
2 2 2 2 2 2

So ths row of remainders at the top gives us the translation., Be sure to keep
on dividing irtil you get to zero. How about some larger numbers.
1 1.0 0 1 O O

0 /1 /3 [6 /12 [25 /50 /100
2 2 2 2 2 2 2

e — et Ea T - e
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Try some arithmetic with base 2 numbers, Check your work by translating the

problem into base 10,

10011 10110
+_1101 x_ 101

For homework you can make up some of your own problems,
[The students broughtin the following examples which they put on the board, ]

11110 10111 100110
x 111 x1010 x 110190

1010101010101010
1021010101010101
1010101010101011
101110

+ 1111

11010101011200111

[ﬁichael'e addition problem was a eource of utter amazement f£rom the other
and it contained an unexpected lesson in carryingJ

When we add the ones in the units column of Michael's enormous problem we

write down 1 and carry 1. Now there are five ones in the 2 column and in baaa
2 five is written 101 so we have to write one 1 and carry 10 into the next two
columns, This idea is continued until we have added up all the columns, carrying

into how ever many are necessary. Would someone like to find out the place valne

of all the columns in Michael's answer.

UThe lagst column on the left is worth 65536."

Shall we make a multiplication table for base 2.
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1000 {| 0 | 1000 10000 | 11000 [100000 ! 101000 |110000
11| o | 121 | 1110 | 10101 | 11100 | 100011 |101010
110{] 0 | 110 | 1100 | 10010 | 11000 11110 { 100100
11| o | 100 | 1010 | 1111 | 10000 | 110017 | 11110
100|| o | 100 | 1000 | 1100 | 10000” | 10100 | 11000

11| o 11 110 | 1001 1100 1111 | 10010
10 o 10 100- |~ 110 1000 1010 1100
0 117 10 11 100 101 110
0.1~ 0 0 0 0 0 0
x| o 1 10| 11 100 101 110
Perfeét squares:
Base 10; C 1 &4 9 16 25 36
Base 2; O 1 100 1001 10000 11001 100100

Test tomorrow!

lThe test included a section on base 12 which was not obligatory. About
half of the students tried it, a few of these doing very well although base 12
had never been worked with or even amentioned in class. The concept -of evenness
and oddness had also deliberately not been included in class discussion. It was
hoped that the studeats would be led to discover for themselves the simple test
for parity in base 2. Several students did but Michael jumped to the erroneous
conclusion that it had to do with the sum of the digits, instead of‘only the
units digit.] |

Some of you did very well indeed on the test although it included several new
ideas. If we start countingin base 2, sorting the members into two piles, what

do you notice?




Name

For this test all numbers written will be base 10 unless indicated by an
astecisk which will indicate base 2. Remember that all numbers in base 2
have as digits only O and 1.

I. Use repeated division and mul%iplication by 2 to do these multiplication

problems. (This way of multiplying is ofien calied the Russian Peasants'

Metnod.)
Divide by 2 Multiply by 2~ Divide by 2 Multiply by 2
32 x 53 64 x 105
32x53= | . 64 x 105 = !
O Divide by 2 Multiply by 2 Divide by 2 Haltiply by 2
- 17 x 39 ‘ &h,  x 215
17 x 39 = J 4h x 215 = T -
IX. H:vz .8 & numier line showing some points marked in base 17 - - sers

jus . abc . the line., Show what these same points would be called in base

' %
2 just b lLow the line.

-5 -3 0 1 2 4 7 ) 14
E—A——r -t F s e e e A L S A
o 1*

. o *
On the second number line several points are shown in base 2 numbers,
Just above the line si.ow what these same poinis would be called in

bas- 10,




