e i B T S e 5 e - . A e
R T e s o oty s

COCUMENT RESUME

ED 033 84F% SE 007 206
AUTHOR Lcmon, FEarle
TITLE Inequalities and Real Numkters as a Rasis

fcr sSchccl Mathematics, Cambridge
Ccnference on School Mathematics
Feasikility Study No. 38.

INSTITUTICN Cambridge Conference on School
Mathematics, Newton, Mass.

Pub Date [69]

Note E€r.

EDRS Price EDRS Price MF-%$0.50 HC Not Available from
EDES.

Descrictors Arithtmetic, #*Elementary Schocl

Mathematics, Grade 1, Grade 2,

*Instruction, *Instructional Materials,

Mathematical Concepts, Resource Materials
Identifiers Cambridge Conference cn Schccl Mathematics

Abstract

These materials were develored as a
practical resronse tc some of the reccmmendaticns cf the
1963 Camkridge Ccnfererce cn School Mathematics (CCSM).
Exrerimental sessicns are described in detail in this
report. In the Estakrcck Elementary Schcol, lexington,
Massachusetts, first grade children (1964-65 Academic Year)
concentrated cn material related to the real nurber
concept. Included are descrirticns of teacher and student
activities. The teacher used several wccden dcwels of
varying length in order tc involve students in discussions
of the symmetric and transitive prorperties of inequality.
In additicn, the more atle second grade students were also
exposed tc concepts and definitions fcr inequality,
additicn and suktraction, and applications tc froklems. The
inequalities unit was alsc used with a pre-first grade

'class at Mcrse Elementary School in Cambridge,

Massachusetts. A description of this project is prcvided.
[ Not availatle in hardccpy due tc marginal legikility of
original document.] (EF)

3
i
2
E
E
A
|
k.
o
[
3
E
§
"
[
3
E
.
k¢
2
p:
’f
]
A




|
;

it ool dly piad

-

ED033845

SE 007 206

U.S. DEPARTMENT OF HEALTH, EDUCATION & WELFARE - CCSH o L
OFFICE OF EDUCATION Feasibility Study I

THIS DOCUMENT HAS BEEN REPRODUCED EXACTLY AS RECEIVED FROM THE
PERSON OR ORGANIZATION ORIGINATING IT. POINTS OF VIEW OR OPINIONS
STATED DO NOT NECESSARILY REPRESENT OFFICIAL OFFICE OF EDUCATION
POSITION OR POLICY.

Cetober, 1965

Incqualities and

»
]

al Numbers as a Basi; for School Mathematics

Earle Lomon

I. Introduction:

e report of the 1963 Cambridge Conferecauce on School Mathematics1

suggests that the most promising foundation for ti.e whole mathematical curricu-
lum is a well developed concept of tine real number system. Under "The Earliest
Gradeg, K through 2" it says, 'Early experiences in studying numbers should be
designed to give insight into thé mathematical properties of the rzal number
system" (p.32 of "Goals')., This recommendation, perhaps more than any other

in the report, differs from the formulation of widely used mathematics curri-
cula, both conventional’ and'modern-, In the ‘conventional"” curricula the
rationals are avoided for the f£irst few years, and negatives introduced only
near tlie end of the elementary grades., The iﬂterelation of these systems is
not shown, In “modern" curricula, the structural relatiocns are discussed in
the middle elementary grades, but emphasis there and in the earlier grades is
on the cardinality of numbers as developed throuzh set theory. A long road
still awaits the student before tiie real number system is embeddad into his
matiiematical language and intuition. Fractions and especially negatives still
come late and a concrete feeling for their structure is not stwongly built on

Set tneoretical veginning.

w
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With ""real nuwaber" as an cpering, much of the rest of the curriculum’

recommended Ly #Goals'’ is roughly determined in nature and ordexr. The rapidity

of learning envisaged is largely based on having the real number system at hand,

This

\.. ’ » 3{ !/ b
for Schocl Mathematies’, Hought o M”Lrllﬁ Comp?p'% Boston (1243)
11 this report as “Coals', N




2.

- makes the recommendation bne of the most debatable in the report and ome of
the most critical to investigate by classroom experiernce.

The theme has recurred in discussions since the {263 meeting, concerning
the degree of emphasis needed eon the distinction bgtwé;n numbers as cardinals

and as the related subset of the reals or "co~ordinate numbers'., The degreé

§ of distinction to be given bears on the relative primary of sets, concepts
7 and number line in the early grades, The relative strength of the intuition

hild brings into school for card1ua1s or reals has been frequently debated,

Ty

In th2 end thase questions can caly be settled with the help cf much more ex-

perience in trying a carefully devéloPed real number approach with chilldren.
é Elements desived in such ac approach are listed on pp.31-33 of "Goals', é
? ' (As a service to those who do vot keep a ccpy of "“Goals" in their pockets |
2 ~ these pages are included here as appendix.) While the 1963 CCSM meeting was i

in ses :sion, Professor A, Gleason tried the discussion of inequalities with

young childven, These were in a clacs of tha summer session operated by ESI

in the Peabndy Schooi,'Cambridga, The results were encouraging, The questions %

o A o2 AP S

" raised above were given priority for the yowagest group of ch’ldren, when the ;

N

the Zstabizook School, Lexington, was obtained to

cooperatzion of the staff o
do exparimertal work om the proposals of ”Gna.s"

Thus, in the Estabrooi: Project, first grade children (Spring 1964) and ]
second grade childran (che 196' 65 acadcmic yeoar) concen“"ated on material , ;

related to the re°1 rumber coqce-u. .'ILé cﬁa sea o‘ thizd to s;xth grade students

1

v*in tn E: tab ook PrOJect also em-}asxged thﬂ au&baf“éﬁﬂif ure as bglcnging o ’ é
au tha reaiz. B'g; 'f;he gzxigenf{if?‘s{wqréfs,_i;ch ,gha,r._‘,'the‘ﬁ-déséfiabie baéézéf inequali-
;; ‘ .:  tiesrcnﬂ order St?iﬁturé»Qéfé?ﬁ;§53§§é16§ed:fir§; fér”tﬁbse clrsces. At the E
f ’JMora: Selia0l Project (Cambridge, 1964) idgés déveloped ¢t Estzbrook were tried E

with appropriate changes, on a nre-fivst grade class. 3
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The experimental sessions at the Estabrook and Morse schools will be
described in detail-in this report, The intent is to make cur results useful
to others who would like to éévelop this material for a larger scale experiment
or for a preliminary text., Ve hope to make the pfoblems of presentation, as
well as of content, sufficiently evident to indicate the teacher training
required, The Estabrook classes of the spring of 1964 are reported verbatim
in part, relying on extensive nofes and the tape recordings made of several
classes, ; hope that this will make the classroom context vivid to the reader,
revealing the relevant attitudes and problems of young children, Perhaps this

will carzy over to the understanding of the other classes reported in less

detail,

At all times, I have tried to work within the 'discovery' method as I

-'interpret it., Along with everyone who uses this approach, I believe that the

groping of a child for an answer, or his debating it with a peer, will lead to
- his better understénding and remembering that answer. At the same time it de-

velops his analytical abilities and self-confidence. However, my experience

also 1ndicates that it is important to "guide" .the'discovery' to a certain

extent by the questions posed, raising esséntial issues. This is not to say

that the children's own lines of thought are not to be followed extensively,

for they ceftainly often bring unexpected rewards, It is to be hoped that

tﬁe tactics used will be clarified by the rest of this report,

| Several experienced observers were preseht at the Morse School sessions.
». ﬁ££h tbe help of their notes the classroom situation is describgd thoroughly
in Section III. The problems of teaching these younger children are given
attention. The longeastexperirent (Estabrook, December 1964-June 1965) is

reported in Section IV. There were second grade children of high ability

vhich, together with fhe teacher's previous experience with the material,

xbleotrsisimr e - e ot LG e B L -
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'v~w~allﬁwed ra pxd development ‘Less detzil- is reported of these classes, as the

methods and material were largely as belore, But these sessions allow con-
clusions with wespect to the transferability of the material to the classroom
teacher, and on the appropriate age of children for the various parts of the

course.

Section V contains my general conclusions and recccmmendations,

II. Estabrook, Spring of 1964
With the interest and help of Mr. Cumming, Principal of Estabfook

Elementary bchool arrangements were made with the Lex

school authorities to permit several experimental sesslons each week, with

!

three groups of children. Teachers generously volunteered to undertake the

extra planninéﬂapd consultation required, In particular, Miss Marie Mortimer

1

offered to guide%the yoquest group in the material of this report.

The students‘?ere‘an above avefage group of first graders, (a few were
second graders) bugjnot thermost able mathemetics group of their age level
(mostly six yearskoid); Two flfty ninute sessiops per week were planned,
Miss Mortimer instructed most of the sessions although'l took ever several

times., Ve consulted on the material and its presentation one or two hours each

- -

week, in intervals of ten minutcs to an hour. I was presemt for most of the
class work, Of those sessions I missed, most were recorded on tape and one was

recorded by a teacher s aide,

= e - . -

In the reportlno of the sessiona that follows, the words following a T

,or an S (and not in parenthesea) are an approximate condensation of verbatim

7/

remarks of the teacher and student respectively.,  For the sake of compactness,
several remarks that were in fact interlaced are often included after a single
T or S. 'When the response of several students is being recorded, after a single

S, this 1s denoted by a), b), etc, Descriptive remarks are in parentheses cor

SR S,

et
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1n paragraphs not prefaced by an S or T. The presiding teacher and the date

are ziven for cach session.

Session 1 (Mortimer, Second week of February)

The teacuer had about thirty wooden dowels of varying length (approximately
47-24") and thickness (approximately 1/8%-3/8%), Strips of colored paper were
fastcned to each stick,

T, I have two sticks to show you today, What can you tell me about them?

S. a) One has blue paper wrapped on it, andthe other has red paper, One is
taller, b) One can tell it is taller becausec there is more‘paper on it, «c¢)

One looks taller, d) Put them together to see. e) Put both at the end of each

other, The blue one sticks up further than the red,

T, If ve want to write that down in a short way, what could we use instead

of the word blue?
S. aj TYou could put the stick on the board, b) Make it like an equation,
¢) Use Bl or B, For red use R,
T. You have alreédy used the sigres <4, ~, = to make equations short, Close
your eyes while I put down a new sign for "bigger than". Which stick is the
fat end pointingz at?
S§. z) “ooks like a sideways V b) It is pointing toward the big stick.
T. WUWhat 'does B > R say in words?
S. Blue is taller than red.
I. One of you choose two sticks and hold them up. What can the rest of you
say about thenm,
S. a) Therurpleone is smaller than the green one, b) (Writing on board)
Czeen is taller than violet,

Thé teaciner picks up a blue and a red stick, then puts down thg blue and

holds up a white stick ncar the red,

e REAAES A A VS T e S = AT A AT T
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S. a) Bluc is taller than red, b) Red is taller than vhite,

7. Which ones havg I not compared? Whichof fﬁose two is going to be taller
when we check? How do you know?

S. a) The vhite and the blue, b) The plue would be taller than the wﬁite.
Because I savw it. c¢) The white one was littler than the red, d) The blue

one was biggecr than the red so it is bigger than the white,

The teacher shows twvo sticks and hides a third.
S. a) Green is smaller than blue., b) (This student is allowed to see third
stick, out of the sight of the class) Pink is smaller than green, ¢) Then

pink is smaller than blue (This is checked in front of class),

Pairs of children were given sticks to compare, Then the teacher compared

her stick to ore of theirs, and asked how the othex would compare with her

R - } iCko

Session 2, (Mortimer. Third week of Februzry)

T. (Holding sticks of not very different length) Tell me how to compare these
sticks, How do I write that? i |
S. a) Get them where they are the same. b) At thé end, c¢) Use B for blue
stick, R for red and the sign., (Writes B > R on board, which is then read aloud
by another student, Two more sticks are compared) d) Brown is bigger than
pink {writes B » P) e) Pink is smaller‘than brown.
T. How would you write thdt"., | o - |
S, (Writes P< Br) Little end points to P, the 11tt1e stick

Each student took a stick and compared with a partner, each comparing
from his point of view, | o

S. (First studeat uses < for "greéter than" and is corrected) 2) Mine is

smaller than green(urites W~ G), b) Mine is bigger than his (G > ).
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The teacher holds up tuo pairs out of three sticks.
s, a) G > Br, b) Br > P, )
T. Vhich is biggei, greeﬁ or pink? Uhy?
S. a) (Many) Green, b) If pink is smaller than brown it must be smaller
than green,
T, UYe are goir;g to usé a new sign (urites =>) an "arrow', It looks like =
and > put together, It tells us that f:cm wvhat we already know we know some-~
tuing else ( writes R - B, B > Br =2 R} Br. She then passed out a mimeo-

graphed sheet - sheet 1 ~ and has them put in the missing N, « signs,

according to the size of sticks standing up ia the front of the room).

Seesion 3, (Mortimer, March 4)

The students made many ccupariscns among palrs formed from a set of three

‘sticks at the board and with percil and paper they all developed skill in the

e of > , < , and ==> symbols to express their verbal statements,

Seséion 4, (Lomon, March 6)

The first part of the session was taken up by review questions, The

class needed no help andf’_,w’éﬂsj skillful in the comparison of sticks, the verbali-

k4

zation and writing of results such as G < Y=Y > 6
and ¥Y>G6, G >DR=Y>R

Color tagged sticks were used most of the time, but the response was equaily

vgo'od when a pencil, a long block and the front of a drawer (with handle) were

compared,

There was confusion on the part of some students when I tried to elicit
the 'two stick rule" in abstrac£ form,
T. If any' stick we wi).l call stick one is bigger than another which we will
call stick two, is it suxe that stick two is smaller thgn stzl.ck cne?

S. No, there could be another stick one smaller than stick two.
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I had ot made it clear to some students that the use of ‘stick one’ for
any stick vas nevertheless {for the same stick throught the proposition. Miss

Mortimer also observed that the approach to the abstraction had been too rapid,

leading to responses from comparatively few students,

Scssion 5, (Hortimer, March 11)

The class was asked whether they thougit the '"two stick rule' weuld work for
ény pair of sticks, Not being able to think of a counter exemple, the class
agrecd that they would consider it to be a ruleluntll &hey came across a case.
in vhich it did not work for sticks, In'retrospect it seems to me that the
"two stick rule" should be much less emphasized, being essentially e tautology

(vhich the three stick rule is not). If one is bigger; by definition, the other

is smaller,
Session 6. (Lomon, Marxch 13)

T. Sometimes I will call this stick 'stick cne" and sometimes another, But I
will keep a name for just one stick while I am talking about cne problem or
making one statemeﬁt. When I say A> B -=> B< A the A is the name of the
same stick on both‘sides of = , and so is B, Is A > B = B Z A always
true for sticks? (The children all agree, without hesitation), Uhen we have
a rule that works we can scmetimes figure out something we do not know by
seeing or checking., lMost of you don't know my three children., My daughter

Martha is taller than my son Dylan., Dylan is taller than my other daughter,

Deirdce, If I don't tell you, and'you have not seen them together, can you

'still tell me who is taller - Deirdre or Martha?

S. a) ‘Martha's bigger than Deirdre. b) It works the same way as with sticks,

Themrule may be able to save a lot of work, If I already know that the

Eiffel Tower is bigger than the Empire State building (writes E.T. > E.S.)
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and that the Empive State Building is bigger thaa the Frudential Center

(E.S. > P.C,) can I save myself travelling from Boston to Parils, cr looking
it vp, to compare ?,C, with E.T?

Sa. Yes, E.T. > P.C.

About half of the class seemed convinced that the rule was useful.

1

i J \
; e

Session 7. (Both teaching, March 20)

Miss Mortimer asked review questions on the two and threc stick rules,

—en e

The class answered well, Then I asked the following.{

e it

T. Will someone come up and ccmparevthis stick with this; and now with this?
% S a) A<B b)) A, C,
; "~ T. Now cen anyone tell me if B < Cor B »>C?7.

S. (Several chose one, several the other, They checked and found C > B),

S VU

T. Let us try this again (This time the thircé stick was shorter than the

FENY R

second,) We have compared two sticks with a third but we still don't have a
i ,
three stick rule, What must happen before we have the rule?
The students were unresponsive to this last question and it was dropped

for the time.

e Bk e ma ekt e o meate o ol s

T. If we check ard find out that A>B, B > C and C > D, what can you tell me

about A and D?

hd .
RSN USSP Y

S. a) A>D b) D<A,

} Examples of this "four stick rule’' and the similar "five stick rule" vwere
handled‘well by the children, The sureness with which they could handle the
concrete examples was in contrast to their difficulty with the abstract pro-

position, L




. ‘

10,
Session 8§ (Mortimer Maxch 25)
T, Coumpare the blocks in the first pair and in the second pair.
S. a) B.>0 b) R > W

~

T, (Put R on B and then listed the signs =, 4, ::;>and < )

Could any of th;se signs we already knovw be used to show that we are talking
about how tall these two blocks are together?

S. a) We could write RV/’;%, to show thét R is put on top cf B, b) We
could'say B 4+ R.

* T. If we use that last suggestion, what would we write for the height of W

on top of ? Compare the height of the two piles,

S a) 04 W b)B+R - 0+ W (Other students agreed that the sentence was
true),

T. Tae two bigger ones from eacp pair are taller vhen put together than the
two smaller ones from each pair, What else can we say aQout the two piles?

How do you know that is right?

S. a) 0+W< B+ R b) You just have to turn everything around,

Another four blocks were used, for which the children suzgested

the pilfpg and comparisons, and knew what result to expect when comparing
the two piles,

T. Let us compare the heights of some of you. It would be pretty hard to
stand you one on top of the other, but let us see if we know the answer
_‘anyway. Will Chris and Fredvstand back to back, and also Mary-and Jean?

| Sa) C>F b M o>
'j;T;’Now whét‘wﬁ;ld 5e.tfué.if Mazy stood on Chris's head and Jean stood on
-4 Fred‘s heéd?

S. C4+M> F +J . (The class agreed).
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me, ”SGS{;ng(Lo;m{)A;m 5& S S

E T. How do you add two sticks togeéher? Tell mé wﬁat you know about the red

% and yellow sticks? About the green and purple stick? About pairs of them addcd

5 together? )

é S {(They put sticks end to end in a straight line} a) R>Y b) G>P

|- ) R+:G >Y+P |

2 ! (

- T. How would you f£find the diffezence between/these *wo st: Lc?

‘ S. a) R>Y 1) YR

% T. You have compared the tvo sticks correctlyf I would like to know more

g ” " about them now, Show me with youxr hends how much biéger one is than the

g other (The teacher puts two sticks side‘by side withia pair of ends together

g as for comparing. ‘A student comes up and uses his two hands to bound the

% distance between the othex pair of ends) Very goéd. Can we draw the

%l difference on‘the boavd? (After a while one student marked off the lengtﬁs

% of the two sticﬁé on the board, bounding the difference with strokes j

g | — . ¢ — U{i’—_“\‘difference ) . ;

B |
How would we write down the difference of green and yellow?

ié' | S. G>¢Y

T. Yes, but that doesn't tell us we are talking about the size of the

differcnce. We want something like G #qY.wﬁich gays that we are talking
~about hovw long the two sticks are added together, Can someone mark off

»”fjf*v1¥£he;§i£ference on §ﬁe;B6atd without first needing to mark off the sticks?

g”H‘S.f5251 G-Yff”b) '(Ho1ds‘thé sticks togethex, places them on the board, and ;
':Q Laraws-the chalk only along the end of the longer stick beyond the shorter 4
stick. PR :-’~'--‘-3~'G~’ == difference,) 3

«
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93': 7 ‘” ’ _‘wmney then compared G>Y and R>»B and started to find all the differences

- : for further cowpar1son. Keeping track of the resulting differences became

difficult, The children were told that we would try to find a way of organizing
&5 tE

all these resulcs on one big line.

Sessions 10 and 11 (Mortimer, April 8 and 10)
The teacher susgests that they mark off their lengths on one long line

she put across the blackboard, She put an x on the line and called it a

é : starting point from which they could lay out their sticks. She pointed out
that they could comparc or add sticko tbat were not in the room at the same
time. In comparing sricks, both sticks were marked off from the srarting

i point to the riOht. In adding, the first stick was marked off from the

é sta:tmng point to the right and the second st*ck was started at the end of

d ' the first, The teacher observed that the work went well,

Session 12 (Lomon, April 15)

The students made their own ‘'stick linmes" by folding papor and

marking the fold with pencil. They put an X oun the line, and an s

below that to signify wgtarting point .

T. What can you do with two sticks on the stick line?
S. 2a) Measure them, b) Comparxe them,
T. Compare these on the board, How do we know which is bigger?

S. a) The one that is bigger on the Sthk line. b) The one that goes

further from the srartzng point. c) The one whose mark has sometuin” left

- - E LRt e CoeE s v e o ane

vover beyond the otner st1ck

R T T M RN S s e

- S o A a et - \, [P P

s w - _.-»,‘«.-,\'.'r-mw.---.«

T. Doas the end of the brgger one. come cloaerbto he door or further? ~(Thég}#1';ﬁjﬁﬁ

door is to the rigHt of the board )

[T S S T g e Avirn < e ¢ o eren B e

S. Closer,

[ R I ARUIE L KA T CUR U i R R Pt i e e ] PR S ]

s T Jp il
SR AGLG LR

T. Compare the thumb and the middle fingzer of your right hand at your desk.

et ¢ R ke s AT S i S s
e
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. ees -~ -8, I can't do it;»;(They all try to-put their thumb and finger beside

- . O T T . -

Gl _leach otherl)..... .. o JIUIULIIIT T LIl L -

T. Come up to the board and we will do it,¥vxihymb and finger are marked
& - 3 B

N

off on the stick line) What else do you-do With{;%ggf

S. Add them,

The students put sticks end to end, They mark them on the stick line

end after end, and also add thumb to middle finger,

~

T, What else can we do with sticks besides adding them?

S, Subtract them,

They find the difference by hblding the sticks together. Then they

P LI

N e

-§ w\‘jcﬁiff'

T, Can you mark it off so that A - B starts at the starting point?

~work it out on the stick line as follows,

Think about it before we meet again,

1501-355
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" end? Where was an end of Y put? In which direction did we put the other end

14,

Scssion 13. (Lomon, April 17)

nite paper and yellow and blue pape- sticks (Y < B) were passed out.

The children were asked to fold the white paper and draw ''stick lines’, with
the starting points towards the left. The desk work was also demonstrated

on the blackboard by students (with tagged sticks),

-

T. Mark the length of the blue stick. Compare the yellow with the blue.

Add the yellow to the blue,

S - R
S. a) 4~ =
b . a3 .~‘~ -4 :
) g‘B“‘*"‘“"‘/ B
I 3 |
€) -— + + :
S "~ v e N~ :
B¢

T. Where was one end of B placed? | In which direction did we place the other
of ¥?
S. a) At the starting point. b) Towards the door, c) At the end of B,

d) Towards the door,

T. If we want to find the difference, B-Y instead of B+Y, which way could we
poinr cie Y stick from tﬁe end of B. . !
S, T know' In the other direction, To the window.

T. Everybody do that on their paper., Find B-Y,.

e —— s e

/ . e e

S. i -
. B‘;Y ——— .. Y o

T. Drav a rew “stick line" ‘now, Mark Y on it and add B.7  ;f, - ;

—4-—/

S.

L ‘_v.' )

T . RIAN

S. +Eome s:uuents thought 1t could not be arne, bu- othe s went righ* ahead)




15,

T. What is different about Y-B from B-¥?
"7 ~°Ss-We'end up on the“other side of the stirting point, by the same amount,
T. That is right! When we subtracted the smaller stick from the larger

stick we ended up on the door side of S, When we subtracted the larger one

from the smaller we ended up on the window side.

This lesson and the following ones use the "operational method' with

very good results, The mathematical Opefétions are made to correspond to

ey

5@ mechanical operations of which every detail is prescribed. Then mathematical

generalizations, such as subtracting a larger from a smaller quantity, are
discovecred by'performing the same mechanical operations which are still

found to be possible. The students surprised themselves by finding out what

ﬁ | could be done, and they were delighted,

Session 14, (Mortimer, May 1)

- T, What am I drawing on the board? What's missing?

S. dj A stick line. b) The starting point, S,

T. i-have two sticks here, When we add, do we go toward the window or the

- door? ' " r :

S. To *he door, colored paper band

T. These sticks are marked with a felt pen, s == e t ¢

What do you think the b on the blue stick stands for? What about the e?

Where does the arrow point’ )

.¢,S.' a) For '"blue' b) Im;hink it s for "beginning" ¢) The e stands for

’*;"end"-’ d) The arrow points from the beginnlng to the end'

P -

Te What about the marks on this Smaller orange stick’

DUSIEU (et e o s o ke e St e e okt < a5 ng s bt o it 1y e

8. The arrow goes from b; which. means "beginning", to e, which means '"end",

" eI R AN T3 o S ey e e B
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T. I want us to find (wrltlng) B0, What do the Capitals B and O stand for?

o e e e R -y g

Which end of B do you think we should put at the starting point? Where does

the other end go7
S, a) They stand for-the blue and organge sticks, b) We wouid put the
?@ “beginning" at the starting point, c¢) The e goes towards the door,

T, Now I will add the orange stick with the "beginning" of it at the "end"

of the blue (puts up |5 ¢=_« ;). Is the arrow right?

/ i f
gf S. No, it should go towards the door, %L ‘Z 275 CE:% é
;% T. What should I mark for the total lehgth? Do you all agree? o f
S. a) B+ 0 b) Yes, - |
3 T. Kow let us try B-O. Will someone read what that eays? ' oI |

S. ‘The blue stick minus the orange,

jf - T. Show me how to find the difference between the two sticks.
gﬁ S. a) —+—b y—=e ; -
\ ¢
‘b) N e Q
. A I

D
—

|- : - : T

2 T, Does the arrow go toward the door? We have some stick left over, What do

we eall that part? e

S.' a) (many students) No. b) We call it B-C.

T. Now let us change to 0-B. What do I °tart with? Who ecan 5ubtract the

blue stick’ We need someone very smart,

‘S. a) The orange stick (marks off 0 readlly) b) (Subtracts B according to

) 0 L
o the prescription) S e -
SRR T NS =9

~T.~§Which way do we go to subtract, everybody? Where do we end up? Did we
have enough stick?

S. a) (Chorus) To the window, b) On the other side of the starting point,

LA L b i I T A A RA SIS AR AN S e Y T L
-




¢) The orange stick wasn;t.big enough,

T, We had to borroﬁ some stick, Who can put their fingers on the place
where we had to borrow? Wuo can put dowan the letters that describe what was
borrowed? Read it,

S. a) (Puts‘é finger at ¢ of B and another at Ss

b) (Writes 0-B) c) That says orange minus blue.

The teacher distributed peoper and %inper sticks". By folding twice the
children formed three stick lines, They marked starting points near the

middle °

i
!

T. Each one of you find G~Y and show mc how much is left over, (Ihe students
do this successfully with some variation in positioning of sticks). Take
your green s#ick now and mark it with b for beginning and e for end, putéing
an arrov in betwcen, Do the same with the yellow; For G-Y which stick

do I use first? Which way do I poin£ 1t? (A studeat properly positioned

the green stick ét the-board. After agreeing that this was correct the class
did the same at their desks with paper sticks)., Now to show ~Y, do we point
it towards the door or towards the window? (Again a student demonstrated

at the board and then the class marked off at their desks.) What have Qe
just found? UWhat letters do we put dowr to mark it?

S. G-Y,.

T. WNow hold up your green and yello@ sticks; holding the two ends together
to compare them, Hold your fingers as far apart as the part left over and
then put them down on the stick line, What is the distance the same as?

S. (Thé students were hesitant or confused for a few minutes, probably

because the answer was too obvious.) It is the same as the distance G-Y,
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‘Session 15, (Lomon, May 6.  Tape recordings were made of this and succeeding

sessions)

T. You have probably been wondering wiyy we have been learning all these
rules, We are going to play a game in which we need to know how to handle
the sticks, iét's check on a few things at the b;ard before we start the
game. Whot kind of line have I put on the board? What do I have on the
line? Where 1s it? ”

S. a) A stick line., b) A starting Qoint. ¢c) In the middle,

T. How long can I make my stick line? (Several hands come up). Anybody
else know?

S. As long as you like.

T« Does everyone know that?

S, It can't zo further than around the whele worldl

T. We could get a big space ship and pull it out much further.

S, You would run out of chalk,

T. Are your sticks all ready?

S, a) No, they need arrows and letters. b) You mark b at the beginning

-

&

and e at tﬁé:end, ¢) The arrow goes from the beginning to the end,
T. UWhoe will add the blue stick to the starting point? Somebody seems to

disagree. Come and do it the right way and tell us what is different.

, ) . ¢
S. 2) e
~3

b) uh =« oh! uh ~ oh!

The b should be put on the s,

v C) S T == <

T. Which way does the arrow go?

S. a) Toward the window. b) No. Toward the doogilfc) Yes, the door,

ettt ST AT A
e sk it 5V




- BEXSE & e
L0 »

Sl

ey

AV e AR T

3 5
L o

FIERNLEL " g

S ALk

g TS AT ey, T TR
LAty ISR et

NP Lope & 29 =35 AT L b R g, SN SR ST

EERE RS EACI N A RS SR S AL Y by s it

ogte LEAET AT AR DL 23

T, One of you did it the right way and one the wrong way. Did it make any
differemece? . __ __ . L __ Do o

S. No, They came to the same point,

T. That is an interesting result and we will look into it on another day.
Sticking to our rulecs for now, do we start with b or e.

S, With the beginning.

T. For adding the arrow points to ,,.? For subtracting...?

S. a) To the doozx., b) To the window. (Al} the class agrees).

T. You have a braintwister to think aboqt. We started with the other end
and had the arrow pointing the wrong wd& and he came to the same place,

S. Because he turned it around,

|

T. Let‘me'turn it around but put b at s, Do I get t? the same place?
What was I doing by our rules? |

S. Q) No. b) You were subtracting,

T. Llet us give names to chese points, What should I call this where we
gdded the blue stick?

S. Capital B,

T. Here I subtrected. What should I write? Héw many more know?

S. Blue minus blue,

To If I take blue from blue what would I have left. Try it on the board.
WUhere is the end? So B-R is equal to,..?

S. a) Nothing, b) At the starting point, c) Zero,

T. Or nothing. Now do we have a namg for taking B from the starting point,
How can‘i wrifé down "minﬁé'plue"?'»,

S. First put minus, then a B for blue.

. T. Topmakg“sure.evcrybnewkncws which is which I will sometimes use 4B for

an added blue stick, Will someone plaase subtract the yellow from the blue?

R T O T T S e e T




- - 20,
Is he doing it correctly? Watch carefully because you will have to do the

same on your sheet, What do we call it?

oriiny a3 i $IENI TS S

S, Ue call the part from here to here B-~Y,

Bk, "
fFR At RELA R oo

T. Yes, We can also call this point B-Y, because it is that far from the

g' starting point. Somecone please put up "minus yellow" for me. Vhat do we

; call that poi;t? ‘» |

% T, Yes this path or this point can be célled/—Y. %e arc now ready for the

g game, We will let you ﬁork in teams, .In a team everyone can help each other,

g'; S, (They are separated into teams of four)., What is this blob for? (They

i ate looking at Sheet 3.) |

1 T, I will tell you., You are to mark off the thingsilisted at the top,

% 4B Y, +B =Y, ~B Y and so on. One or maybe more of these two stick %
§ operations will end up in the little blob., The team which finds out firs; |
? wins the game s The whole team should have checked and agree, before bringiug

% the answer to ﬁe. Any questions?

% S. What do we jo?

T. You take your sticks and try the things at the top of the page. One of

them will bring you into the blob, Will 4B -+Y bring us into the blob?

R A A A

S. a) Mo. It goes toward the door. b) Is there just one answer?

el
e L,

T. Not necessarily (The teacher goes around helping the teams having

"‘-‘W‘."W;.“: o B LR

troublel, Thaese two teams have come in even. You can look for amother

answer. Some tezms have the wrong answer, so you should all check carefully.,

-B +Y aid-%! -B'are the correct answers, We will check it next tire.

) a f Azl
EEMEAIOREANG Azt SRCNY
ERECHERNPIN .
I

Session 16, (Lomon, May 8)

Cliss arranged in the same teams as before.
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% T. You will have five minutes to checkhyoug answers. Circle the ones winich *
; end up in the bleb, We will check the answers later,
Ef . a) I Zinished alfeady, b) -Y-B works. ;
? T. Good, See if you have all the answers., The experts will show the rest ;
% of the class, ,‘ . §
§ S. a) We finiched ours before you did, b) They're wrong: Mine wili work ., ?
% f. (Spends a few minutes helping the slow teems). Okay class, Most teams ?
! héve found answers, and most have found a right one. Everybody follow while i
we cﬂeck at the board which ones fall into the blob, What do I ﬁéed on my ?
i line, ;
? S. A starting point and a blob, é
T. When we took Baway from B what did we get? é
S. Nothing. _
‘ T. Yes, back fo the starting point we can call nothing or zero, (Marks 0 ?
% aﬁ'starting pointj. Who has the right answer? | i
4 .
S. B-Y.
é T. Try it at the board, everyone else at their desks, i
é S, (One student puis up --B and another =~Y, They tell the teacher which end they.
? are applying and in which direction they are putting the arrow), |
% T. What lo we call the point we have ended at? ;
é S. It is Y. | ;
% ) T. We have brought Y back from the éﬁd of B, If we just said -Y where é
% o would we be? (A'Stﬁdgp; po#iﬁions Y backﬁards from the starting point)., Pine, %
é '.théﬁ is‘;Y. iWﬁ§tfis’£$é'6né?§¢'h;ar£efof¢2;:noéé it come 1nyﬁhévbiob. Try it §
i . again, Mosf.§é0p1e-foundlif“din{t‘wérk, just as it»didn't op‘;hg;yoard. ;
;g S. 35 +-B -Y.  bi fi know.which one works +4¥-5., ;
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T, One of you at tie board and the rest &t their desks, Yes, you can bring

- .. .- your paper to the board, ‘How did she plac' +4¥? Where is she to place -E?

S, a) She put b at s, b) The arrow to the door, «c) (Student at board
falters)., She can't do it because Y is smaller then B.

T. Let's sec if someone else can do it. 1Is she doing the right thing., (The
claés notes that she put the b of B at the e of Y,'end the arrow to the window,

and agree that this is right), It ends up in the blob as you can also sce at

3 your desks, So this is a right answer. There is another which you can check on.

Session 17. (Mortimer, May 13.)

The teacher gave out new sticks (violet and red) and stick lines marked
with blobs, The students tried the different cocbinations of two stick
opérations to find out which ones landed in the blob, They were in the same
teams as before, and finished in about ten minutes.

T, Will someone in this team tell me one of yout ancwers?

S¢ 4V =R, oo

T. Which stick do I take first to try it? Where do I put it? Whichway do

' I put it?
S. a) The violet stick, b) At the starting point. ¢) To the window.

T, How iany agree it is to the window? Which stick do I take next?

S, &) (The class disagrees) No, to thé door, b) The red stick,
T; Do i put it at the starting point? Which way? Where do I end up?
S. a) No, at the cnd of the first siick.' b) To the window, ¢) In the
fﬂ;ﬁloby"d)_ Ihat;apewer,isjriébt;¥-.: . )
fT;FJWiliisbmeoﬁe.ffo@tfhié;tééﬁféivé;mé §§ut Sthéf éorreét answer?
gak§4t~ “.‘  - R
T. (She has thé chiidfen,guédé her éiééigéﬂééléﬁicks‘aé.géféfe). Where do

I end up?
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ow-g - (In chorus) In the blob, - -

o ~F have written a secret in this box abc ‘t the partners =R +V and +V -R,

When you know the secref, raise your hand,

.S, They both have - and <+ and V and R.

T. So does -V 4R, 1Is it a partner Loo?

‘S. Both of the equations bring you into the blob,

T. -Yes, but why do they do that? Not only do they hav; the same signs and
letters, but they are just turned around, “The ;irst one has a +V, Who can
find a (+V) in the second one? Who can find & (~R) in both? Where is the
4V in the first? In the second? '

S. (They find the symbolsvreduested) ‘a) At the begi?ning. b) At the end.,
T, _(Pdintiné to 4R ~V) Put a square box around thisione and put é.squa:e
box around its partner, (The students work for 3 minuﬁes). Who can tell

me vhat the partner is? Read both partners,

S. a) .V':'P\o b) +R"V’ "V':‘R °

- In_&rder to progress to the “numbefjline", work with "gigned" sticks
ﬁés stbppedlhere.. It would seem worthwhile to extend.this type of work
further,_aé a prelude to vectors; The well defined operational methods
‘sﬁogld ailow_a discussion of "subtfactiﬁg a negative stick"; and thus be of
help in the tricky probelm of (- x =), which one would like to teach by third
_gfade. A negétive stick would be one with an arirow going from e to b, Addi-
?ion and subtractioﬁ wouid operationally -be the same as for positive sticks,
ihé b of the second stick at the e of the first; the arrow points right for

1'.%éd;é?9n, left for subtraction.

”'§essiqn418. (Mortimer and Lomon, May 15)

.Onortimer) |

T. (Spreads a huge piece of brown paper across the blackboard., It has a
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lonb line on it, maL;-C with inL,) We have somethlﬂg sPeﬂial to do v‘tb this

J T s L s o s s - P e e~ - S ar e Jory— —

,giant stick line, What do ue usually have co a stick line that 1s nissing?

What‘else have we called it

S. 2) The starting poimt. b) Zerxo.

*T. Mr. Cumming asked me how nuch chalk I used every day., I showed him a
piece thlu long, He said that he would 11ke to send me a plece evcry Monday
morning, big enough for the week, Monday to I'riday. Help me figu:e out hecw
big ainece I should ask him for. How do I find Out.how much T use in two
dayso, . , | :

Se Pdt tdo piecee on Lhawetlck line.

T It 15 haxd fot me to hold up two pieces together. i may ounly have cne

~of this length, |

S, Mark the end of the fitst piece, than put it down again,

T. Where do I put the fdrst pieoe? ‘ﬁhere do I put a nark? .How should I mari
this place? | |

S. .d) .kight‘hete at zero, B) fut.a'mark at the edd.' c)v Put all, because
it is just one chalk and it will last one day. |

T. In twvo days, how much do I usoé Show me,

S. a) Put the mark here, b) Mark it with a 2.

/
&

The teacher goes on to 3, 4 and 5 days in the same way. She has students

hold their fingers over the size of chalk needed at each stage.

T. 1t is Frlday now, (A 1arge fractlon of the class volunteers to measure

at the boaxJ.) Uhat numeral shall I put on the end? Show me with your fingers

‘how lonn a piece Mr. Cummlng has to send me._ What should I put down to remind

‘us that ve have added and noved toward the door?

S. a) 5. b) (The student puts fingers from 1 to 5 and is corrected by class).

c) Plus,
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T.. Now, instegqrpﬁ beingAgiy;n_ggmg_;hejk, ve have used up Moaday's part
of the five day piece, Show me on the stick line how much is left,
€. You have the piece left over and you can put it on the line,

:.T, Yes, but I would like to see thé used up part taken off the piece for the
week, We have to 50 to the window, You show me ﬁhére to start., Good girl,
‘With what kind of numeral do I mark this removed piece?

S. a) Cross out the 5 and put 5«1 = 4, b) Put ~1 under the piece-taken avay.
T._.Tuesday we took away whaﬁ we needed, Mark that, What sign do we use?

= 8. 4a) (Coxrectly subtracts a unit piéce from 4). D) Tie whole thing taken
avay is -2, ‘ ‘ .

T, Show we where we end up Wednesday? Thursday? Friday? What signs shall

..I put doun?

S.. Qestr at blackboard) a) -3, b) ~4, ¢) -5, —

. To Show me with your fingers how much would be gone., Good girl, Who can

_think of a name for our line? we used to call it a stick line because we

~measured sticks:

‘ 8. A chalk line,

- T -We could call it that, but we can also measure other thiings, Loop at

_what w~ marked on the brown line,

S. A ﬁumber_line;

Te Good, I had a cold last week ard had to stay home for three days, Each-
day I used up a long han&kerchief, aé long as this chalk., Would someone show
me how much clothesline I needed after three days, That's a girl.- How much

- -

1f T had been sick five days? Thank you, I have five on my line and pow I

take one down that I necd, EHow much is left on the line? Good for you.

e o
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. Qomon)

T. How many know how much <halk we would neced if we also came in Saturday?

Where and how should I mark it?

SRR N I e

S. a) Fut another one on the end, b) Mark it at the end. c) <6,
T. What would haﬁpen if I wanted to go on day after day, could I keep
making more and more marks or would I have to stop? Where?

'S+ You would have to stop. At the end of_thé }ine.

{ .

/
T. Show me the end, Do I have to stop there? Is theﬁe something I could do?

S, Move the zero.

T. I would lose some of my first points,

S. Put on arother piece of paper, ’
i 'T._ §how me where I would put it. Could I get more and more paper if I need

lots of numbers? Another problem now, Mr; Cumming gave us that piece of

chalk Chat ends up at 6, But someone dropped it bring it here and Livke e£f

this dirty piece, The rest is in the cupboard. Somebody come and find out how

much 18 in the cupboard,

S. 3% is left, ;

T. You did that in your head and you are ebout right,  But hcw could you

cﬁeck it on the 1line?

S. (Measures from zero) 2%,

To That is how much broke off, Show me how much we started with and then re-

- move the broken part. (A gtudent subtracts correctly; Then two other similar

examples are done at :he'board;)_

8. - a) Ihere:ié‘a.day'aﬁd,afq&afteiuleft. b) At least ome day. c¢) Not

- enough for two dayé.f T - : S ;

Session 19, (Mortimer, May 20)

% (Lined paper and a selection of Cuisenaire rods were distributed to the

; -students.)
)]
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T. ‘We'get this (orange) piece on.Mondai. Do we mark it to the window or the
door, Tuesday morning we want to subtract the piece we used on Monday. Where
: . ;

do we place it? Which way do we put its

S. a) Ve add it.

S.

~

T.

T.

" do
it

| 'So

T.

Monday. Where do you think I ought to put this piece we use Wednesday? Where

él, did we last end up? Which way are we going? Where do we end up?

e At R R N T e B RS P o e DT

.. Te Wﬁich rod will we use for the unit, 1? Which one for 2? For 3? For 4?7
Fox 5? |
S. a) The red ones, b) Violet, ¢) Green;d) Brown; e) The orange rods
“are for 5.
T. With a little magic I will make these rods into pieces of chalk, How
Mmany days do you think it would take us to use this piece, (She holds up the
orahge rod,)

S, Five days. (They correctly indentify the othker four pieces.)

d) Toward the window., e) Ve eﬁd up at the 4,

‘T, It is now Wednesday morhing. Subtract it again. Where do we end up.

" (The children reséond quickly and correctly as each day's chalk is accounted,
" They use a'fingef'to mark their last position,)

(Subtracting Friday's ration) We end at zero,

khoff a plece as big as the green one and it is too dirty to use, Find out how

"much I have left,
;'S. a) We end up at 2, b) at 3,
Remember you gtart from 5. (They all agree on 2.) The violet one will

for Mondays and Tuesdays. Subtract it from where we are now, Where does

bring you?

To zero,

- I will borrow chalk from next door until we get our new supplies next

}

b) Put it toward the door. Fut it at the five.

We are starting again with Mr. Cumming's big piece on Monday. I broke

o T e St s S SRS e b
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; é. a8) At zero, b) To the window. c) At 51.

% I, Take the red piece again and show us where we end up Thursday.

§ Se a) At -2, b) At -3 on Friday.

? T. On Monday we get the orange piece again, fut it down so that we will

%‘ know what we have left over after paying back next door., Where do we startJ
2 S. a) At sero. b) At -3,

| T. Yes, where we ended. Which way do we go? Where do vou end up? How many
;’ . found the same?

; S. Two days (Many students eXpress acreement,)

f' T, How much more siould we ask Mi, Cumming to send so that we have enough

é fer the week? Which rod?

? S. (Excited volunteering) a) Three more days,'wo) Green,

k% T. Put your green and violet rods end to ead. Which one would be just as

g long? Try it, | |
g S. a) Brown and_orange. b) The orenge one,

g_ T. We start again Monday with a weeks supply. It snows heavily Tuesday

j morning and there is no school all day. Take off the other days, Do we have,
g to borrow, is there chalk left over, or do we end-up at zero?

: S. Chalk is left over (general agreement),

% T. How much? How did you figure that out? Show me what is left,

S. a) One day. b) Because we missed a day. c) The red stick.,

At this point, activity nss transfer:ed to known number line techniques
w1th intege:s. It is h0ped that later work with fractions will be handled_;_A?
:more eﬂsily because the work has started from the continuous ”stick line"
it is also expected that suhtracting*ftom zero is‘seen in a less special

light, because of tlie stick operation rules.,

1501-05
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Sessio. 26 (Mortimcr, May 22)

In this session the Madison Project “Postman'" unit was used, Checks

delivered by the postman are equated with an addition to the supply of money |

or bank balance of the recipient. ' Bills brought by the postman are equated
with an immediate decrease of the money sgpply, and all the changes are
monitored on a number line. We wanted the students to have more practice
in the addition and subtraction of integers. This included starting and

ending at negative values, as the bank balance could be negative. In addi-,
! ]

. / . .
tion, we wanted to observe the transference of the %deas to representaticn oI

quantities that were not lengths, and’ the ability of the classroom material
to be mexrged with that of other cuvricula. The studentsresponded very well,

In the next session we describe in detail their han&ling of “postman"

i

{
!

material in a competitive context,

Session 21 (Mortimer, May 27)

Cuisenaire rods and paper with number lines were passed out, While
Miss Mortimer directed the activity and discussion, Lomon walked around the

class answering the questions of individual students,
|

T. Hold up the rod we use for one and tell me the color.

S. Red, (This is repeated for two; three, four and five,)

f. Where do you put the first rod on the line?

S. At the zero,

T, If I give you a check and you want to mark that, which way would you go?
If I give you a bill? | |

S« a) To the plus side, b) To’thevminus side.

T. Hefe is a $5.00 bill, How do you mark it?

S. I start at zero and go to the minus side.

T. Pick up the three rod, Where do wé start ic?

S8




S. At minus five.

TP, Good! At the end of the lasﬁ roi. Tr.s is & cﬁeék'for$é.od{m Which -wayv
de vwe go from the éna of the 5-rod?

S, a) Towards the window. b) Mo, towerds the doors.
T. Where does the other end of the rod end up?
S. At minus t&Q.

P, (Sncwing two huge stuffed, fuzzy anima}s.) Here are two friends of yours,
rharlie and €zm. They are being sold today. Who will try to get them? I will
tell you how much thay cost and you have to reasch there on your stick line.

If I sey he will be sold for $3.00, vhere would the rod have to end up?
S. At plus three, (Many students ready to give that answer. )

T. I em going to tell you sbout the checis and bills you received, and the
first one who tells me, correctly, that you have reached $3.00 will get Charlie.
A bill for $2.00, then a check for $3.00. Raise your nand when you think you
sre a: +3. (One hand up.) You're unot right. UNow another check for‘$2.00.
Where are you?

S. At +3.

T. She gets Charlie! Now we have to sell Sem. Ie will be sold for $5.00.
Where éoes your rod have to end up?

S. At minus five.

T. Could you buy Sam with minus $5.00? ‘here should you end up?

S. a) No. b) At pius $5.00. | |

T. You zet a bill for 3k4.00. Anéphgr biii‘for,$l.00. ‘Then 2 check for $5.00,

S. a) Ycu are at +1. b) At zero.

T. _Ybu are back at zero because you wérelail-SQBefore."Andther'check for $2.00,

PR

Where are you? Now a check for $3.00.

S. aj at +2. b) Nov we are at +5.

T S R R IRy
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T. You win. How I will sell Chérlie for'only $l.00. You first get a check
for $4.00.

S. a) You have to end up at +1. b) I have enough .

T. You are right. PBut in this game, I have no change and you have to end up
exactly right. (Geces ahead with a bill for $2.00, another bill for $2,00, a
check for $1.00. Then asks last holder of S;m how.muéh to sell him for and dces
s0. Repeats with Charlie). Now I will change the rules. If you have moré
money you can buy, but you have to tell me how much chanLe I have to give you.
If I was selling San for $3.00 and you had $5.00, could you buy him? And

what would you have to tell me,

S. &) Yes. b) That there is $2.00 in change. ‘
T. I will sell him for $6.00. Starting at zero you get'a bill for $2.00, then

-a check for $5,00. Another check for $3.00. | |

S. (Hands go up.) No change. I have just $6.00.

(Teacher sells Charlie for $4.00, a student asking for $1.00 change on $5.00.
The students enjoye? the game and developed good facility with the needed
3

i

nunter line movemernts.
Session 22 (Mortimer, ilay 29)

The following variestions of the game of the last session were played.

a) When too much was withdrawn from the bank, the banker demanded that

 the students sell an animal to replenish their balance. For instance, if

%" =$3.00 was set by the banker (a debt to the bank of $3.00), the students were to

. ""faise'their hands on receiving a till that brought them to or below that mark.
b) The students were asked to observe the crossing or reaching of either
of two bounds (an upper and a lower) set simultaneously. i.e., If they moved
Q
]
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below -$3,00 they had to sell en animal te the tanker. If they moved above
4+$2.00 they could buy an aniral back. Abou* 9/10ths of the class showed
facility with this game. Some students had a discussion concerning "-5 is less

than ~3".
Session 23 (lortimer, June 3)

T. We have a new stick and a new problem vhich we have never, never seen.befbre.
Who remembers when we were getting e long ﬁiece of chalk for each five days?
One day !r. C. brought it to me and I dropped it. The piece that broke off
was longer than one but less than two, and it fell right between. I suddenly
realized I needed something new on the stick line, What @id I need?

S. A half a day. But we could put another half-day Qf chalk to it té have
two days worth. |

T, If we put two halves together, what is it t?eﬁ;ame as?

S. One vhole.

T. Like our red rod. This is the rod I use for half a day; juét for the
morning. What do we have to put on our stick lines?

S. a) An "s". b) Ve call it zero now.

T. Who will merk up one dé?f worth on the board (a student does so)T Now

I want to find out how much I use ih a half day. Who will mark that upf

S. (Subtracts a half from +1). I started from where the other one ended.

I went toward the window because it is subtracting.

T. What numeral can I put there? How are we going to number it?

S. One rminus tvo.

‘T. How umuch is that?

S. Three
T. Not quite. You would owe. How much?

S. Cne.

g s XA
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7. How what will we éall Egis}p;int»we reached with the 1/2 chalk?

P
¢

5. One and & half.

T. This point is more than zero but less than one.

& One half,

T. Who will irark on the btoard how m;gh wé need fo} all of konday and half cf
Tussday? Show me how much we need for one day. {(Student werking st bogrd).
In hell a day. Where do we end up? Good. What is the nare of that mark?

[N i

5. Three. e T

T. iio. This is one and we have added Eéother half. Show me with your hands
how much we used in i 1/2 days . |

S. a) One angd afhalf; t) (Shows interval at board).

T. ©Show me for two days. What is it called?

S. +2, |

T. Show me for 2 1/2 days (Stucents péints to 1 1/2). where is your hand?
S. At 1 /2.

‘T. So now show ié 2 days (done). Low now much for 2 1/2‘days. what do you
have to do to get from 2 to 2 1/2 (dcne). What ig the name of the point he
found?

S‘. Two and a half.

T. What am I going to ask you to find now?

S. a)312. b) 3.

T. I would like 3. 1Is that more than 2 1/2 or less? More, so we have to
add another numeral (see comuents at end of sessicn)., How much more do we need
to make 3.

S. 1/2.

T. Goed. Put a half on. What do we have next?

S. 3 1/2.

AR
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T. Let us see how quickly we can finish th: line. Put up 3 1/2. Whet name
does that mark have?
S, a) (Marks 3 1/2). b, (Bnhows response from a part of the class) 3 1/2.

T. iiow come and make 4 (This is done). What do you suppose I would like next?

g TA

And after that?’
S. &) (In chorus) 4 1/2. Take a 1/2 and put it where +U4 ends. (Marked up).
b) +5. ¢) Yes thet's it. (marked on board). |

T. Close your eyes for a minute. Think of a piece of long paper that zoes

.
i

E arouhd the room, out of the door, dowm the street and into the center of
Lexington. If I héd such a long plece of paper would I‘have to stop at 5? How
many agree? ;
S. a) No. b) Because it is so long. e¢) You cannot go down the street be-
" cause cérs are in the rbad. |
T. We will pretend there are no cars. But dc we have'numbéfs?
S. Yes,
T. We do! We havé rumerals (see comments below) to‘get us 8ll the way into

\
Boston. Who can think of a2 number bigger than 60007? ]

8. Infinity,

T. Yes, it never stops. What would we do with the other side of our number linet ]

S. Mark it to ~-5.
T. Would we have to stop there?

S, a) No, we could keep going as long as we want. b) Where would we get the

paper? c¢) What happens when we wrap up thewy?rld?
Te I ﬁbuld'like to see minus one-half marked on the stick line. What point do

we get to when we take away one-half?

S. a) One minus two (apparently misreading the numeral 1/2). b) You end up

at & 1/2.
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"8, a) 21/2,b) 11/2 . ¢) Minus,

”**Qfor session 25 to make th:s into an operational way of finding a half-st1ck.
-It 13 worth noting, con : *‘e t nzth an assertion often made by David Paoe, thatf
‘ffif teachcrs use the word "nzaaral" they more often than not ‘use it where _

'"number" w0u1d be moremepprOprlate.' Ihere are two examples above, but I have )

T. But if we start at zero and have to borrow, where do we end up? Are we
on the plus or minus side of zero? What will I name the point?

S, a) On the minus side. b) Minus one=half,

T. ¥hat would happen if I borrowed another 1/2 a chalk from next door?

(Mark it up on the board). Now I have used chalk for the motning and the after~
noon, What did I use in allé'

S. A wholef

T. Two halves is the same as a...?

S. 2) A whole. b) One.

T. And if we have been Subtractieg?

S. Minus one,

T. Now it is Tuesday and I have to borrow for the”morning. Who can put that

on che line? (Quickly performed). What will I name it? Plus or minus.

T. What do you supoose the next ooint will be? Who can put it up?.
S. a) =2, b) GMarks point)

T. And after the -2? What comes between them? Put it up pleast;
Se a) =3, b) =21/2 , ¢) (Marks point), | | | f

T. Show me with your hands the length from -2 1/2 to zero, From zero to 3.

From zero to -1, From zero to 3 1/2, From zero to -1/2, (The students come

up to the board one zfter the other, designating accurately). Good for you, 1

1In the above the children expecc and accept 1/2 /z‘=‘1, It is left

noted that result many other times with different teachers. In this case, the
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‘It does indicate that one is probably betiier offdropping “numeral" altogether

T, Yes,'there ia a definite oxder, Tha% is a very good way of putting it, Com-

pare these two sticks (goes arxound for whispered answers)., You all agread that

~ that todéy, but what does it say?

e Aol e YA o L S e e A e e S T T 2

36,
the children have not been impressed by the distinction, so that no harm is done,

from the early vocabulary.

Session 24 (Lomon, June 5)

T. For a long time we have been watching how sticks work, finding stick rules,
making stick lines, and so on., This morning we will look at something that might
vork differently. But first, w2 have to remember the stick fules. Does anyone

remember the 3-stick rule?

S« You compare one stick with another, and then with a differeat ome. Then one

will end on the stiyk line first, starting from zero, another will come next, and

th: iast after that, _ ’

g Ty i T N £ e e S A i

blue is bigger than green., How do we write that?

T. Right, Someone told me the 2-stick rule, I don't want to concentwate on

S« G < B,
T. Now comparz these twc sticks, o ‘ ‘ o @
S. B> W, 1

T. Writing GB, B> W on board). I ezparated the two statemenis by a comma

to show we knuw two things. What else do we know because of the 3-stick rule? ;
Vle know oﬁe more thing because of these two, What is it? (Listens to whispered
anéwers). That's right. anvbedy else know something about blue and white?.

(Students are groaning for «tteation), You put the Zland 3-stick rulés together, ?

Very good, Now the 3wsrick rule says that if G > B and B> W we know e..?

S. GsW.

Al e e U s i



- e e P P a4 e e e Do et e talemebem ki 2% 4 e e Pu—

T. And how do we makc a sign that says it_fql}pwg'fgqm éhos%tﬁo?
-é:-ﬂAf;;;gle«ligéd ;;?gﬁ.ﬁhw R
T. Right (Writes G B, B> W =2G >%W).. Other people toldme W ¢ G

which uses the 2 and 3 stick rules together, Do you think the rule is true for
any 3 sticks? If the first is bigger than the second, and the second bigger
than the third,‘wili the first always be bigger than the third? (General
sgreecuent)., Do you think it is true for anything we may cail biggar than
something else?

S. No. )

T, That is very Interesting. How many of you know a Japanese game called
“papexr, rock or scissors?” Comz up and demonstrate or describe it.

S« Two people piay. They put hands behind their backs. Then scmeone calls
out "paper, rock or scisseors" and thea you pull out your hand showing "papar’,

"rock™ or ‘“scissors.m

T. How do we know who wins?
S« It 1Is something like “shoot'" with even and odd,

T. Wionning works differently ia that game. ') ..

S. If somébody get scissors and somebody gets»téck,‘ro
T, Why is that?

S. Bacause rock brealrs the scissor

5 e

9>

~

~

T. (Writes "Rock brzaks scissors,”) So rock wins. Those who know show the
sign Jox rock {a clenched Zist;, Show the sign for scissors (spread index

and middle fingers), What is the sign for paper? That's right, a stretched

[y

kand, thin like paper. If papar 2ud scissors are put out which ﬁins? Why?
8+ '2) Scissors. b) Becausa “cissors cuts paper,
Te (Writes 7'sciscore culs papr’y. If paper and rock are put ocutl?

&

S.

ke
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T They say (writing) "paper wrap rock',

Se The rock may put a hole in the paper and fall out.

gf - To I have big bags of gravel at hecme, and the bags do pretty well., Does every- N
body have a partner? I will say 1, 2, 3, gb; Put out your hand with one of the
. three signs when I say go. 1, 2, 3, go! Look at your partner and see who wins,

You both put out rock, so neither of you win, Who won in your case? Why?

8, Because I had paper and he had rock. (Each pair says who won and why),

Scissors can't beat scissors,

SRS SRR

T. Scissors is scissors_andvred is red, l&o make it more like mathematics, what

" can I say instead of scissors beats paper?

S. Rock breaks sciésoré.

{

To What mathematics symbols could I use for that?
Se You can put "rock is greater than paper,"

T. Very good, Let us see if that will work or not, Is it fair to put (writing)

T > 8? (ASSent) Bernie, if yOu see what is coming up, keep {1t to yourself fur

now. The words "greater than" are not important, but let us use the same symbol,

the bigger ¢nd pointing to the winning object,

S. (They all ask for another play)., I won. I won. I won.
I. Everyone who won put dp your hands, Who lost? Who tied? I am glad that all
those who tied are in pairs (Marking S and P on board). Which way does the sign .

go? Which wins?

Se a) Scissors. b) Turn that sign (in r. :> s).around. S t‘ | 'f, 1 e ’f

T. Is scissors less than paper?”%

| S. Tu:n it atound again.

ave s

T How ‘many thi“k it 3h°“1dbe'th‘3 way, aﬂd hOWimany'this way’ ;(Most prefer R

s>.p).u How about paper and rock’ How will we write that?

S. 2) Paper wins. b) (The students vrite p>r at desk,tas teachet goes

;i around class), S > p means scissors beats'paper. If I want to say paper beats

V...
oy

i
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, fotk, what do 1 write down? (This studgnt”responded slowly, but gets it).

-What if IAwanted.t_o say paper is beaten by scissors? (Writes p> s) Is this a
good way vof writing it? |

'S. a) 1If the paper had tough edges it might win, b) No. Paper isn't Leaten

by scissors.,

T. Let us compare the three statements, r© > 8, § > p. If we could use our
: .3=-stick rule what could we say. Over here we have G > B, 'B SW=6 >V,

i -S, -Wle know p > 1,

: ‘T, We know that for the game, but is it true for the 3-stick rules

. 8¢ -It agrees with the backwards one, : ’ E

P, (Missed the aptness of the last remark)., What would our old 3-stick rule sayl

Se T >p.
T r>8 and s >p. Using the 3 stick rule what can ve say about r and p,
How many think it would say r > p? How many think p > r? Look back at
.G >B, B>W, is W > G? | |
“Se No, G>W.

" . We could think of a green rock, blue scissors and white paper. Letting the

" colors stand for the things, what could we write for r > s and s'}p.

18, ‘@) For ras, put G > B, b) s>p goes to B> W,
P, Now ompare what we have for the sticks with the 3-stick rule for the colors,

- Is everything the same so far? What did our 3-stick rule tell us?

"‘S. G>VW. |
'.l'. Yes, Here it means that the'green rock beats the white paper. 1Is that true
:ln t:h:ls game? (Head shaking from class) Th;a 3-st1ck rule doesn't work for the
;-r Japanese game, We can t: art:mg;.. the t:hings like 3-sticks, Why doesn't it work?
~IfIt01d yo_{x' tha_t John ”always beat Bob, and Bob always beaat Ted in a fight, does
| that mean John wbuid Seaﬁ Ted, | ]

S ° NO ° ‘ i ) ' ‘
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. .To.. Because they fight in many different ways. ‘Many things are important.
_1f we were comparing lengths of scissors, rock and paper, the 3-stick rule would
work, but it doesn't always work when many things count. Who wants to play the

3 ~ game once more? (They all play).

Although'somé’of the class saw -that "paper, scilssors, ot rock" contained a
coﬁhter-example to the 3-stick rule, the comparison fell flat compared with my
exbectation, There are obvious improvements ‘for the classroom presentatlon. For
instance, one set of three ch11dten could hold a colored Lt1ck each, while another
set of three could hold a papexr, a scissor; or a rock, Each set of three could
then be arranged in brder. 'One could then compare the first ofveaéh set with

|

| the third, and try arranging them in a circle, One could ask if a circle of
f - _ | |

stick holders could be arranged, by adding more sticks.

¢
% Seééion 25 (Lomon, June 9)

%-’. o (Sciséors and papers available to students, Big paper “sticks" at board),

%. | T. Who knows what i am going to make? .

g | : 'S. A number line, | R i | o

; '.T;. Ve wiil have scme neﬁ quéstiohs dh&bthiﬁgs'fb-db with the numberxr line.

é What goes on first{ : I E

S. K zerxo.

T. Let this piece of paper be my one-stick size. How would I mark the stic!

line to find 1 stick length, 2 sﬁigks and so on, Come up to the board., No, . é

I‘want to use the paper "stick' the long way; Wheré do I mzke the marks? What |

is this end called? C T i
Ev S. One, - é
? T. Now how do I find two on here. That's right, I add on another stick, What f
; do I mark at this point? ~ “§ ’ R - ?
L e i vttt et e e i e ST -




% ’ S, Two,
; T. Now a hard question. Who can find how v~ get to minus one stick, or “owe"
é. one stick’ (A student subtracts the one-stiek from+-1). I would like you to
% take it from zero., (Other members of clase are anxious to demonstrate). Where
g do I mark -1? That's right. Who can find ~2 for me? Good., What do I put here?
? S. Minus two, ’ ~ | %
%f T, Uhere will I be if I take away one stick from ~2. ;
S. =3. | S |
? T, Where is ny finger now? And now? \
Sy (Correctly.) a) =2. b) 3.
é T, Now, 1f‘I put my finger heres..?
T. Is that right? Where do you think I am?
Y8, a) Zero. b) =3, c) +l.
| T. We are somehwere between --1 ahd~+2.v What do you say? ‘ ]
éA S, ?lus one and two-fourths, - . ?
T. Yes, you know your fractions well. What do you see? i
S. One and a.halfl E
T. He is right, and one-half is two-quarters, 5
S, I think it is 1 3/4. 4
T. That is the prohlem you see, How ere we going to tell if it is a 1/2 or 3/47 %
We will have to start finding a way of. tellina what a half-stick is, and marking ;
the half and the quartet. (Hends up). You two save your ideas while I do some=~ ;
_thing else first.‘ We can tell whether something 1s bigger than or smaller than ;
. no. matter what the length. How many sticks 1s this bi ger than? ;
Se a) Smaller than one. b) Smaller than three. ',) Smaller than tvo., d) _3
¢ 4
It is not smaller ‘than one, it is b1 gger thdn one. 1
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T. VUe know it is smaller than two and bizger then cne, (Wxites < 2, >1).
Now we have to find out where 1 1/2 is and we ~on tell if it is bigger oxr smaller
than that. Now tell us your idez to find a half-stick.
S, Take a stick and fold it over to the edge. It is then a half to ths bend,
T. Right., Is this the way you wanted me to fold it? Where do I put this end?
S. At zero,
T, Yes, and the otter end is at a half. Any other ideas?
. Se. Take that stick,
T. That may be half bf some stick, but not: of my one-stick,
S. You couldn't bend a stick,
T, Give us your idea of finding a half-stick,
S. In between those two places,
T. That may be 1/4but not 1/2,
S, Toke ancther piece of paper the size of the one-stick, fold it inm half,
end then cut it. |
T. What part is a ﬁalf-stick long? Llet's try it and see if it is the same as '
the other., Yes, it is.
S. Not exactly,
T. It is cut a little jagged, but it is close. (A widthwise fold = to make the
stick narrow - ciaused some confusion, and was cut away).
T, Now we have to check to see if it is a half, How did we get two? Ue added
one~stick to one-stick and got to 2 sticks, To get a half‘we do something similar,
A half is a size which if we add it to itself ve get one. Who can come and check?
Yes, you are doing it right, It is a bit sﬁb;t, so we did not fﬁld well enougi.
Here is a piece of paper. 1 want someone to éut it, so that when we add it to
ftself we get one. When she is finished, you will all get stickilines wiﬁh 1, 2,

3 marked on but no half-points, You will cut a paper to get a half-stick and checl.
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that 1/2 + 1/2 = 1, What was she doing at the boaxd when she moﬁed it over”

S. a) She put down 1/2, b) She is adding it toAitself. ¢) It comes right

to one,

T. Cut your paper until it is half a stick, theﬂ check it, Don't cut your
stick lines, cut your sticks (they each have two paper sticks to cut up) .

Do we twirl scissors or do we cut with tham? You don't want to hurt your friend,

When you £ind a half you will know you are right because when you add it to it-

self - once, twice like that - it will come out to ome. (Both teachers go

around the room, helping end checking). Twahpeople have now added their stick
to itseff and checked it out, Mark them "1/2" on the stick, because we will
be using them,

S. I have it} ;

T. The children vho have it will stand, only when we have checked it, A little

bit short, try again. Good for you., You have to prove it to me on the stick

line, Ve can't know ﬂf you use both pieces, because they may not be the saﬁe.

Stick to one pieée. (lore than a half of the students had finished by the end

4

of the session,)

I wanted more emphasis that the way of getting the half-stick was not
critical - folding or guessing or whatever - but the checking of the definition '
1/2 - 1/2 = 1 wvas the important aspect, The emphasis on folding obscured this
to some extent. But some students did snip off= trial and error - to adjust

their piece.

Session 26 (Lomon, Junc 16)

T. By special request we will start by playing one or two “paper, scissors ox
rock" games, (One or two in class don't want to play. Partmers arranged, The
two teachers pair off also), Get ready, get set, gol Who won?

S. Rock breaks scissors, I won., (Quick respomse all around).
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T. Why did I win from Miss MHortimer?

- S« Puaper wraps rock, . o L ‘ ’ . e

T. And what is rock better then?

S. Rock 1s better than scissors,

T. So I write r > 8, with the big end towaird the winner, What 1s scissors
better than?

S. Scissors is bettér than paper.,

T. (Writes s > p). What 1is paper better than?

S. Paper is better than rock,

T, (Urites p > r), What is rock beatter t.han?

S. a) BetterAthan-paper. b) No. We have it already. Rock is bigger than
scissors, c¢) We came up behind it now,

T. That is right. Are we going in circles? Vho thinks we are? Not? How

‘many don't know? Let us try it., Is s >r?

S. No, rock breaks scissors,
T. What does s beat?

S« 8 > p. |

T. What will paper beat?

S. Rock,

T. &n X coing 'round a2nd 'round the same tree? Paper is better than rock, but

I can't say that scissors is batter than rock, even thbugh scissors is better than
paper, - Does the 3-stick rule work?

S. No.

;‘1‘. If s>p and p S r, then with the 3-st:l<;k rule I could say s > r. If 1 had
5‘stické and found G 2 B and B :- W, would W HG?

S No, G > W,

T. Here it works differently., We have passed out a stick line marked with a

starting point, Remember to get 2 sticks long you have to add one to itself
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1+ 1=2, How do we find a holf-stick?

- S¢—We fold a one~stick in half and cut.

T. How do we check that it is really a half=stick?

S. We add it to itself,

T. And what'shouldvhappen?

S. It should be equol to one,

T. What is yourxldea (Student says something about picking a stick), But how
would you know? Everytaing you do should haﬁe some way of being checked,

S. 1 am all mixed up, What do I do?

Tos Cut a piece of paper so it is near a hglf. Then check it byvadding it to
itself, and see if it comes to 1. (Checks around the clf :s). That's right,

Good, It doé% not Hurt if you don't get the right size stick the first time,

\M

If 5u use both pieE“s th“t s not addlnv it to itself, Use a pencil to mark

F:w

" the first move, cAll are finlshed).' Everybody tuke a pencil and mark 1/2 on

their half stick, Can anjbody tebl ue what I would do to find the point 41/2

/w‘m&
on my stick line and mark it? I have checked that this is a half-stick long.
S. a). Find1+1/2 away /from the*starting point, b) Put your half-stick at the

/Jru L]
starting point and point 1t tovards the door,

T. Everybody do that, Put ; mark at the end, and mark it 1/2, Who can tell
me how to find the number 1 1/27? |

S. a) Take a 1/2 and add it to 1; . | :

T. What happens when we start at‘;;ro and add 1/2 to a 1/2?

S. You get 1, | |

T. Now to get 1 1/2?

S. a) fou‘start at 2 (this student probably wanted to subtract 1/2 from 2).
b) You add 1t to onec ond see where it ends, |

T. I want you all to find 1 1/2 by adding your 1/2-stick to 1,

S« I have it,

T. Cood,
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P

"+ . The class then found the points 2 1/2, =1/2, - 1 1/2, = 2 1/2, with

ey I

mo: £ of the students doing weli, They were ~sked what one~third meant,

2
e

They were not familiar with that, but knew that one-quarter was 1/2 of 5 1/2,

and came from dividing a2 unit into four equal parts,

m&w.

T. One-third of & pie is tlie part you get when the pie is divided into three
equal parts, When it is divided into two equal parts you get halves, 1/2 4 1/2=1,

So for 1/3 we have .44? -

4 S« 1/3 -+ 1/3+ 1/3 =1, (Someone came to the board, folded the one=stick into
thirds and tested. One more “paper, scissors or rock" game finished the session

and the year.,)

Cormciits on Section ;I:

The methods the children had of comparing sticks by placing them side by

side, or of checking for a half stick, were operational methods that permitted a
dafinite conclusion., It seems to me that a successful "discovery"approach depends

on such selfechecking operational methods, They also give the student scme cone

trol of the structure of his mathematics, giving him a method for exploration,

In sessions 14 to 17, directcd sticks were used., But fuli advantage vas
nét taken of them, in that negative stiéks (arxow from e(nd) to b( eginning))
ﬁere not used, It secems to me that this would be an appropriate and feasible
way of getfinguét the result “minus times minus equals plus, It would imbed
this idea within tbe larger vector properties, for possible later development,

It is important to find a counter-example, to show that the 3=stick rule
is structural and not trivial, Thé “paper, scissors, or rock game is the only
one T have found which seems to be reasonable and simple enough to}present to
children, It does well, but could use some improvement in presentation, as in=

dicarzd at the end of secsica 24, AT 4

If time had permitte.. the development of fractions would have continued,
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It remains to be seen if this development would obviate the general dlfllCULfleS

mputatlon of fractlonal

relations,

It was the opinion of the classroom teacher that the class had lecarned much

that they would not have learned otherwise,‘and that it carried over into their

other mathematics, She thought that at times it stimulated them, but at times

some students became confused and bored, That better vways of keeping them all

active and participating were neededs A great many more prepared work sheets

would be a partial answer to this.

TR
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ITII. Morse School Summer Session; o

For five weeks in the summer of 1964 ﬁESI staffed and directed sumner
classes at Morse Elementary School in Cambridgc Massachusetts. There‘were'
classes of children who would be entering, in September, every grade from first

through seventh, For continuity each class had 1ts own teacher but most of

the sessicns were organized and taught by a "unit teacher” testing experimental

material, This excellent research opportunity was primarily for ESS but was '

2 S AR SR '
VS A S-SV SR INE S S o

used by CCSM as well, Among other mathematics units, the inequalit es un1t -
developed at Estabrook School the preceeding spring was tried with a_class of'

fifteen pre-first grade children,

The author of this report instructed the class. The clsss teacherd"Mrs,
ﬁ ' .. Ruth Bens Miss Judith Ricen, Miss Cyathia Essex, Miss Sue Powers and Dr.'

Marion Walter aided, took notes and discussed results and methods with the

unit teacher, Fburteensessions of 45 minut&s duration were held over a four-'

week period, Only half the time used at Estabrook was available but in more

s S o
SR SN R R

concentration, This gave Opportunity to improve parts of the previous material
and to test its validity in a different environment. | " d | '»‘”ih”igiﬂ_?"é

The improvement consisted of small alterations in presentation, end also | iﬁ ';é
in a major extension of the 3-stick (transitive) rule in its role as determinant |
of the order structure, The children were asked to show that the ordering of : "] |
four and more sticks followed from the three-stick rula, They then applied ;h h-;
thesc results‘to the rapid location of a given lenézn in an array of sticks. | o

This strongly tested the degree of deductive thinking of which those five and

six-year olds were capable,
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The chief environme1ta1 differences were the younger age and lesser
preparation of these children ‘compared with the Estabrook class, They were
about eisht months younger end had comparatively rudimentary readipg and writiﬁg
skills,” .They had fewerjetithgetic skills (of 1little importance for the material
to be tvied), but had been given & small amount of number~line instruction in
the first week of summer school, Their‘attention span was shorter and their‘
discipline less than the Estabrook cﬁildreﬁ, and they were not used to having
long intervals Spent on one topic, Another difference was the greater f:e-

quency of sessions over a shorter time span. Even the Estabrook children seemed

to forget an appreciable amount betwzen sessions, so that the frequency was pro-

‘bably an advantage,

Session 1, July 7, 1964,

. The dowels, with colored paper narkers, were brought from Estabrook School.
Two of these sticks of very different length were held up for the class to com-
pare., The students described one as "taller" or"bigger" and the other as
"smaller" or *'shorter"., A few children used absolutes such as "the long stick",
They were then presented with a still ionger stick, so that the comparative
nature of thewproblem and tewminology was stressed

Then the students were asked to compare two sticks of only slightly

different length held far apart. The expected contradictory statements were

made, and a volunteer was asked to check in any way he would like. The first

student leaned them together in this way m— » and the next put two

ei?ends tOtether on the desk top and examined the top ends to make the comparison,

e
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A stick was glven to each cnlld THev ware aeated in pulrS and a teacher
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_was available to pavtner an odd child, 7Ti. partner with the biggerlstick‘qu

e - b am e m temimmane g e e L o meicen g - imee e e e

3
. ¢sked to stand up., In one pair bvoth membevs stood up at first, %
:peytner.yith the smaller stick was asked to raise his hand., There was no{ %

i _overlap or abstentions! .
; o ’ & 5

1 - . The teacher asled vhat he ghould write on the black board to help him % ?

él . remember that the red s:ick vas longex than the green, The students suggested, ;E

é in qr@er,thet he weite a) Vstickt, b) Yzed! ané“green", and c) RAand G to %

g - denote the sticks, They then suggested usinn a lax ge R and a swall G, The i

; .eteacher remarked bat thls would be difficult ifA he e vere many sticks of ;

E _“@ifLerewe size and one had to dlStlnﬁbigh many s*xes‘oL letters from eacﬁ

w.thar, ; ' | s

§ They were familiar with the '"equal'sign =, aud ware rveminded of it by the

% teacher. He put the sign ? on the boaxd and ask cd scudonts to point to the

é | .j fat end and :ﬁé ehiﬁ eﬂd. .ﬁe pet R > G on the boayd and asked the children §

§ - - ﬁo;whiSper"in his ear 1if ;hey thoughﬁ they knew what it said, which several \

: A hdid.-~Ihen, G <:-fR was put on the board and the childven guessed that this

é meant'"green is smaller than red". The students were askad which stick did the

é }tﬁiehet eﬁd poine at,.and all but two responded that it was the shorter stick,

E The teacher remarked that the fact that G £ R was true when R > G, and that the

% — Ehere wae a similef resulﬁ for every pair tried, co@ld be called a '"two-stick

? rule’,

§_~ | SR R A

L . Session 2, July 8, 1964, .

if; ) ‘A'pair of children, Vanja and April, were asked to compare their heights,

?; | Stehding back to back, they found that Vanja was taller., The children suggested

B

portraits to represent :u-mselvas on the board, This tock a great deal of

and the result was not recognizable to the others, Then they wrote their names,

xw—-m R A
oz wy s ety e e
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One wrote backwards, but the chie“ ulfflCh1ty in thies was that many in the class

could only recognize their oun name, They then used only the initial letter of
their name, which was faster and batter recognized by the class at least vhile
those particular children were the subject of comperison.

V > A wvas put on the board by the children and the others were asked
what it said and why the > sien pointed to April, The response was "bezause
Vanja is taller so the fat end is towards him," They reeponded negatively when
asked if the result could be expressed as V < A, Asked to put it down differ-
ently-fhen V> A, but cotrectly (by moving the sign and the names), the resporse
was A C'V.

A student then compared a»green and a blue stick, One child suggested
that G stand for green, and another that C stand for blue. Both suggestions
were eccepted. One student wrote G > C on the board. Another was asked to
say the same thing the;other way around and wrote G < C.‘ Others in the class
sajd this did not mean the same thing, and agreed on ¢ < G as the prOper alter-

native, The studevts also wrote on blank paper, anad put down a variety such as

C
N
G

Session 3, July 10, 1564,

’ Large ':2>> slgns had been cut out of black cardboard, A pair of children
were asked to stand at the board and indicate which was taller by properly
holding the sign between them, Another time the sign was placed on the black-
board (with tzpe) and a pair of children asLed to approximately arrange them-
selves abouL it. They were asked to rearrange tne sign and to themselves say

“Mary is shorter: than John" in place of John is taller than.Mary" |

‘The class was divided 11 two, and one half was furtber divided into pairs,

Each pair was given a cardboard ‘>;> sign, and they were asked to properly

Y




53.

arrange themselves about it., The other half of the class was asked to "read"
the results and give their opinion on the :ruth of the statements, Then the
two halves of the class exchanged roles, The use of the cardboard signs

- greatly facilitated the "notation” of the comparisons and allowed rapid prac-*

tice of the 2-stick rule for every member of the class,

I R Ny I o S A
—rhe ¥ g n

Each studeat was then given Workshect I (see page 48). For the first

-elght problems the students were asked to £ill in > or < according to the

TR

PERSIERE SRl o A ML

‘relation of the sticks that were propped up on the blackboard ledge in pairs,

For the last two pairs the children were asked to put the letters approximately

Kb 1 TR
POy Lo NG B G g

asked a series of questions: "What do you think R stands for 7' ‘What kind

of sign should we put in to say that red is smaller than green?” etc, The

o A R N RN R i iR

.children finished the worksheet on their own, The results were examined later
: and many children had very good results, while some were random. Questioning
of students indicated that errors seemcd to be largely caused by imprOpec
.1dent1fication of letters with colors and so with sticks, Their spelling was

- inadequate to rely on this method of notation,

?; Session 4, Jul} 13, 1964,

g, The teachcr civided the class into two teams. A stick was given to each

}; student, and each team Wac insttucted to keep its scicks hidden from the other
team, The ceacher then compared his own stick with that of a student in one

'é ) " of the teams., That student then wrote the relation on the board. To overcome

‘..'..44.~< .4..«‘»»..

ot d W ('u- Seton e L _'..A. b

::the spelling difficulty of the previous sessions, )colored chalk pétches viere

E CE e e ‘;."*.':'7»..':;5' S ted\ L ‘ . -
-'J;used. The first result was notated patch@ >T,. where T stood for "teacher s

=0 '5>”stick“ and the red patch for the red stick % - ~~~~~fm~hww~’»fvl-~»~w¥

“ *In this report a mark @ with a color lette;ed above it will indicate the
" color of the patch, actually used without lettering. |

. i AL, i i LAY T S KPR 1 ST TSNS GTHRBE L M e T e T e B s St 2
4 < TR SR TR TS AT b P =i Y oSO i oy ARG AT S e R R I .. Vi g T s G h iy 5 Har L AL SR eI X hi £ Srpn o, o

3 -around the > and < signs on the worksheet, For the first problems the teacher

<




. . .
i : . . =0

Cea b ‘%.“"\
IR AP . ) . . .

The teacher then compared his stick with that of a student in the other

- : - . blue
| team, ask a result of which the student put & € T on the board, with

..the concurrence of his team,
& .

S " The students who had secen the blue stick had not seen the red, and

'vice-versa. They were all asked which was bigger; The large majority

]
5o - -
g
£l

g thought red was bigger and this was put on the board by a student

- - red blue " _
/A o > & « The red and blve sticks were then compared directly,
- ) . ‘ - | . / ‘

g o to check, !

P " The procedure was repeated with apother stick from each team, The

: : green , . grey
result on the board was, T > @ I > o© « This

|

‘mtime the class was divided into large groups as to which would be bigger.

'They were asked by the teacher if they could really tell from the facts on

: - green grey
the board. After direct comparison ¢ > & was licted,
- - pink red
A third pair of comparisons resulted inT > @ T < o

"and the class was in agreement that red was larger than pink Some stated
“that they vere "sure" When asked wby, one replied, "I thinked it, I
Y?thinked the red 1s bigger than the pink, and that is how I know,” They

] ) o red pink
"were then compared directly and €& > @  listed below the first two

comparisons, It was expected that the children would begin to recognize the
~ pattern of inequalities that lead to a unique result,

The use of color patches successfully overcame the notation difficulties

o - the children had with spelling or initial letters,
' e%}§'sessi§n 5, July 15, 1964,

A "'~jhis(§9?§?°ﬁwwés used to fprtify the children's ability to reéognize
'-,:;m;cases,;n.whicﬁ_fhe,transitive "3-stick rule" was applicable, They were given

copies of Worksheet .#3 and colored pencils to reccrd their results in a way

they could recognize a few minutes later. The box of colored sticks was

LY
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35,
kept out of sight, One student came up, chose a stick end compared it with
an uncolored stick, the comparison stick, Without showing the stick to the
class, he announced the result, The class was asked to use C for comparison
stick and the result of their first two coméarisonu was |

yellow : red =
c > e - : C > 6 R S S

The teacher asked the class if they knew what his next question would be,
They replied that he would ask if the yellow or red was larger, Theydisagreed

on which was largsr and decided they would have to compare to make sure, They
yellow red

| found, and marked, o > . €& .

Some recorded the result incorfectiy, but the rest of the class told them; ‘,_[

~-

"The fat end is next to the bigger étick b o fif’ N

. . A second wofksheet was passed out and the procedure was- repeated . This

h green yellow - _
time they obtained | @ > ¢ c > o o . The class was nearly

unanimous in the opinion that green was bigger than yellow., Asked why, one
replied, "The green is bigger than the comparison stick and the comparison

stick is bigger than the yellow, so the green is bigger than the yellow.e%

green yellow
They all wrote @ = > & . CLoe T =
The teacher remarked that they seemed to have found a rule, When they
green _ yellow
had the pattern e > C c > & - .. with the compari-

son stick smaller than one and bigger than the other, then they knew
green , yellou
‘@ > © o This was the 3-stick rule., When the comparison

-

stick was smaller than both, or bigger than both, there was no rule,
The session was completed by the children comparing lengths of red and
black licorice; and eating the sticks after a valid comparison, |
Session 6, July 17, 1984, _ Cim mng;;:,
T, Today I will ask you to think»about sticks and about compa;}ng them, PFirst

-

think about a red stick smaller than a compurison stick, Next think about a

green stick alsb_smaller than the same comparison stick, Is the green or the

red one bigger?
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S, They could both be the same héight,”

T, Could ¢ > R ? : ‘ L

S. Coculd be, or R could be bigger.

T, Think of a great big comparison stick. Now think of a smaller red stick

| “and of aAgreen one still smaller., Start agailn with the very big comparison

stick and now of a smaller green one and a still smaller red one, Were you"
able to do that? In both cases the red and green sticks were smaller than
the comparison stick, but we could have either one of the colored stick

bigger than the other,

Can yo'u think of a ved stick bigger than the comparison stick? ©Now of a |

green one smaller than the comparison stick? 1Is the green or red smaller?
Does it have to be that way? let us see what we can draw on the board,
A student drew a line for C, one for G € C and one for R > C.

Other students were challenged to do the same and yet have R < G.

L Saveral children made attempts such as | ‘ l or and found
R .

o ~ CR G

out which desired inequality was not fulfilled, Then one remarked, "The

Opposités may be fouling things up,."

T. How many ways can I arrange G and R around the < sign? Which is right

R<G or 6 < R? (He draus | ’ ) .
. G C

;;.;.’. ‘That; time G < R and we have found out it is always that way if we draw

-G <»C and R > C. If it always happens it is a rule and we call it our 3~stick

o

rule, Now if I know 6 >C end R >C do I havg.~a,__,3._-;§t;}:k rule? Do we know for

sure 1£f G > R orr<R> G? Where does C have to be to tell us if G or R is
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" bigger? Should C> G and ¢ > R, or should C £ G and C < R or should C

- Be in between? - —= o

S. In between .
T, I£T< Gand G V , is G between Viand T? - Which is bigger V or T?

Se € is in the middle,

P

These ''thought experiments" were used to geﬁeralize the resultof a2 few
sticks, It was possible. to cover cases more quickly, The need for the
“comparison" stick (the one appearing in both comparisons) to be between the

others in size was well brought out,

Session 7, July 20, 1964, | N

Two objectives were partially qbtainéd during tﬂis sessioh. The s;udgnté
observed the 4 and 5-stick rules, and thus by extension the unique ordering
of many lengths, Secondly, they found that the &4-stick rule was a simple
consequence of the 3-stick rule. The la;ter was attempted, not only so that
the students woﬁld better understand the order structure, but as a general
test qf deductiv? ability in the very young,

The teacher‘showed the class a green, a white, and 2 blue stick for which
G‘<'W < Bu. The students wexc asked how the 3-stick.ru1e would apbly to
these, Uhich would be the comparison stick? They replied that W would be
compared with G and with Bu, That one would get W > G and Bu > W, and that

the 3-stick rule would say that Bu > G.

The,tedéﬁéﬁ%;hen showed a fourth stick, black, and asked if they could

x‘\:‘ i

find a four stick rule, One student remarked that Bk was smaller than the
other three, another that W > BE:“ The first student added that Bu > W,
W > G and G > Bk, The teacher noted that in this case, with those three

thinas true, it was also time that Bu > G, which was the 3-stick rule, and‘

that Bu > Bk, Was the last a rule about 4 sticks? The class thought it

-~
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v0ald always be true fﬁr four sticks: The comparison steps were repeated on
th: boarde Bu> W, W >G, €6 > Bk =% Bu > Bk, |

The teacher said that théy could checl. that for many sets of séicks to
see i{ it was a rule. But on the other hard, they had already checked thn
3-stick rule for many sets, H=d they ever tried to show that a new rule was
tru2 just by usjng rules they z2lready knew? Cbﬁld anyone show that the 4-stiék
rule waé true,'ﬁy'using the 3-stick rule?

The students noted that one more stick, the black one, had been added to
these needed for the 3-stick rule, The téacher asked what information was
needed about the black stick; ~d the response was Bk < G. The teacher put
Bu >> W,‘W‘>-G, and G > Bk on "..2 board and asked if they could separate out
th: 3-stick rule.: They responded that the first two relations gave Bﬁ > G,

usiag the 3-stick rule, Thts was noted on the board as follows:

Bu > W W > G G > Bk
\ v Ry A
' ‘L 3-stick rule \Y4
N : \}

The remaining information, G > Bk, waes repeated on the new line as shown., The

teach r asked 1f there was another 3-stick rule left. A student said, "Yes,
be:ause black makes three." "Thz 3-stick rule says, that Bu > Bk because ‘
Bu .>G and G >Bk," The teacher thea asked chéﬁ what the 4-stick rule had
said, The studeﬁts replied that it had said Bu > Bk, and that this was
not new. Using the 3-stick rule twice already said gu'>f3k.

The teacher then passed out five paper "sticks" to each student; orange,

_oluu, vhite, yellow and pink in descending lengths. He said "I have a green

4

.ﬂ“astick whpre does 1t go?" By comparing it with one of theizx sticks, the

,,,,,

children found in succe~°icn that it was bigger than the pink, smaller than

thr blue, smaller than the unite, and smaller than the yellow. A couple of
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false statements such as "It Is the same as the blue,” were quickly corrected

i €m oy wer m e wm o . P

The teacher then asked 1f the green was between the blue and yellow? The
blue and white? 1Is it bigger than the blﬁe? Bigger than the orange? The
‘students correctly answered “no" to those questions; and remarked that we
'valready knew :l-t, because we had checked that ¢ K Y.

It was evident,that as one would expect, that the students knew the full
structure of liﬁear cxdering, without having éo bréakiit down into an endless
' series of finite ordering rules. To some extent they.now realized that this
‘was determined by the 3-stick rule, The response from the class to the
challenge of deducing the 4-st1cﬁ rule from the 3-stiEk rule was saﬁisfactory.
Several membars of the class were able to construct éuch proof and probably
the majority could follow the steps.

Tine did not permit the further breakdown of a finite set of lengths
into various-ordering rules, The efficiency of the students in the strategy

game of the following sessions may have suffered from the short time spent

“on explicit resu%ts.

Session 8, July 21, 1964,

The first part of this lesson was devoted to establishing a counter-
example to the 3-stick rule., The object was to demonstrate that such a rule
was a matter of observation for specific relations of specific objects, and
need not hold cpnceptually similar relations among other objects,
| Some of the children were already familiar with the "rock, paper,
scissors game described in Section II., This game was explained to the others
with the help of those who knew, The children played the game. When they

had all played a round in nairs, they were asked to put up their hands, first

Aok g ey S S R L g
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if they had vwon, then if they had lost, and last if they had tied., Several

g individuals were asked why they had won or lost, aud a complete set of results

was put on the boazd, They agreed that one might try using > for "better

than" in the same way as for "taller than'", and the result was:
o.

"rock breaks scissors”

ig¢issors cuts paper"
i

- |
(:::) ) "paper wraps stone'

The students were asked if the us JOf > wuith the fat end toward the

winner a good use of the sign. It was decided to se¢ what happened if they
kept uvsing it, |

For contrast, the children were asked to compare a blue, a green and a
grey stick in pairs, The students mgrked these results on the board beside

. the paper, rock, scissors results,

" blue green
§ < 8
‘grey , blue
e < 8

T. Which will be bigger, green or grey?
S. Green is bigger,
T. Uhich rule is that?
S. The three stick rule,
The answei' was checked and

grey green
® < @

added on the board, The children read"Grey is smaller than green.*

T. Lect us look at the first two results of the game. (:) > 23>*<:’

SN —~ -.
rock breaks scissors, andcy’)<: ;> l , says scissors cuts paper, Doés it
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look like we have a 3-stick rule?

S. Yes,

T, If it did the same as for the sticks, the 3-stick rule would sayO > D . '
But that is not true in the game, because [] > () as paper wraps stone, SO |
we could‘not use our old 3-stick rule in finding out which of paper, rock or
scissors wins the game,

The contrast was not clearly seen by aillthe Qtudents at this point, But
they had become restless and a change in acti&ity waé\called for. If sufficient
time‘had been availeble, the topic should have been réturned to once more, AS
mentioned in Section II, at a second round one would develop the contrast very i
systematically, Each of the scissors, rock and papeJ would be carefully ;é
identified with a specific colored stick, the result; listed in pairs and the O
contradiction emphasized,

No assertion was mada to, or asked for from the children as to whether | _i
the signs > or  should be reserved for cases where the transitive pro-
perty holds, Ié did not secem recievant at this stage to tell them that mathe-
maticians have r?served the symbol for such use, as they would not be using | f
the symbols in an abstract conﬁext for some time,

The class then turned its attention to a wooden board, in which colored | 3

pencils of various lengths were standing in shallow holes,

A

Al0os,

f N " ]
The teacher asked about their arrangement, The students answzred, "They are
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lined up in a special way," ¥They are lined up by color," 'The yellow is
smallest, the black is bigger than the yellow, the green is bigger than the
black (etc),” and finally, "They are in a special way, the way they get
bigger and bigger next to each other,"

The teacher then told the class that he had a piece of licorice, which
they would not all see. That they were to try to find out where the licorice
belonged in the row, with as few questions as possible, That each question had
to be of the type, "Is the licorice taller than the yellow pencil" or perhaps,

s it shorter than the black pencil?" That only one student would sce the

- el

licorice, and in secret, compare it to the stick named and answer yes or no.

The answers would be listed on the board, The first person to know the
'
ansver would get the licorice,
The first time the questions of the class and the arswers of the checker
proceeded in this way:
Qe Is the licorice bigger than the yellowpencil?
yellow
A. The yellow pencil is smaller (marked & < 1),
Q. 1Is the licorice bigger than the green?
green
A. The green is bigger (L < & ),
T. Ve now know that it is bigger than the yellow, and smaller than the green.
Do we know 1f it is bigger or smaller than the black?
S. No.
Q. 1Is the licorice bigger than the black?
black
A. No, ( o < L)o

S. It goes right here (points between yellow and black),

In the next round the first question was, "Is it smaller than the blue?"
In both rounds, the students started at an extrxeme, The game was left to be

contiinuad in the next session.

1501-65
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. . Sesgion 9, ngy 23, 1964

s e Mimeographed sheets were passed out, with five vertical lines rising from
8 horizontal base, and the students were asked to paste a yellow strip on the
first line (starting at the base) and a shorter pink strip om the second line

yellow pink
(see figure). -+
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X Rttt .
B 3
. .4

1 2 3

To place the strips accurately enough a few children needed to repeat the

procedure, The students were told that the teacher had a green stick that he

-

wanted to put on the base so that the sizes would decrease in order, from laft

to right,

T. How many possible positions ‘are there? If the green stick is in order in

SR 20 £3 b2 1 305 Sl i R R o iga sk Sttty
. K bt 0w b | b1 it ¢ 5 A Tn b sam i Snw s

position 3, is it bigger or smaller than the pink? (Same question for position

2 and 1). Where would it go if it is bigger than pink and smaller than yellow?

AT LR e,

BARE St Sl £t " » 6130 2L
S IR L Ry W

Now ask me whether it is bigger or sma;ler than one of these sticks,
S Is it bigger than pink?

3 T. No, it is smaller, How many people know where it should go? (Writes

! green _- pink
i » CRE
¥

S. (Several answer correctly).,

Te I have a new green stick, Find out where it goes,
S. 1Is it bigger or smaller than yellow? |
T. Smaller (writes gﬁéfn < yeégo?); How many of you know where it should
go? |

S, a) It can‘;o in 2 (ac;yallyapginting‘at the poiition). b)« It can go 1n'”
3. c) 1Is'it bigger or smdller than both the pink and yellow? d) 1Is it bigger

or smaller than the pink? . .« —icos o o Lo L L L L
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64,
T. It is bigger than pink (gzs?n S ié;k) (Everyone knows where it belongs,)

It was very easy with two sticks in place. You needed no more than two ques-
tions, Let us see what happens viien we have 5 sticks (gold, white and blue
sticks are adde¢ in descending order), Does anyone think they could find vhere
my green stick belongs if they hcd only thrce questions? Let us count the
number of places the green stick might go. (They point at the six different
positions).

S. Is it bigger than blue?

T, Yes. Which places could it be in now? (They mark the five places left

of blue),

S. Is it swmaller;than white?

T. No, bigger. What places can it be in now? (The students mark the three
remaining places), Can it be between the blue and th: vhite?

S. a) No, because there is no line there., b) No, because it 1s bigger than
white, c¢) Is it smaller than gold?

T. Tes the green 1s smaller than gold, (The inequalities were noted on the
board. The children said they now knew that the green stick should 5o between
the white and the gold), How many questions did you use?

S. Three

T. Yes, but you were lucky the green belonged where it did, After the last
question, there were still threc possibilities. The way it was going, you nmight

have needed five questions,

At this stage the children were well aware of the rules of the game and the
implications of each ansuer, But they showed no swarencss of a strategy in

choosing questions,
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Session 10, July 27, 1964,

To avoid confusion between yellow and gold, the tallest stick was re-

placed by one of gceen color, and the “unLaowa" stick was black,

T.

Se

the
S.
T,
S.

T.

T.

S.
T,
Se
To
S,

S,
T,
S.

.

What typ'. oL question can you agk in this game?

a) Is it bigger than pink? b) 1Is it bigger'thah yellow?

¢

The class was divided into three teams, each team being challenged to get

result in no more than three questions, The first team proceeded as follows:

Is the black bigger than the green?
No, smaller,

Is the black bigger than tha pink?
No, smaller, | |
Is the yellow bigger than the black?
No, smallor,

I knouw where it goes!

For a differant black stick, the ;econsteam asked questions,
Is the black ﬁigger than the white?
No, smaller,
Is it bigrer than the blue?
Yes,

Iﬁ'ié bigger than blue and smaller than white, so it goes between them,
Then it was the turn of the third team,

Is it smaller than green?
Yes,

Is the white stick smaller than the black stick?

Yes,

iy
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S. 1Is the black stick smaller than the pink?

S. Then it has to be between the greeﬁ'and the pink,

Only two or three questions, in this third session using this game,

indicated an enlergence of strategy.

-

Session 11, July 30, 1964,

Some students asked questions about gravity in outer space, A briel dis-
cussion followed, illustrating that children have learned much from television
reporting of space events, .

The teacher then turned the children's attention t? the "addition" of
sticks, What would they do to Yadd" the lengths of sticks? They were given

1

the wocoden dowels {tagged with colored paper), They vere asked to lay the

P ——RES v

sticks out on the floor as they thought £it, Some children suggested

and others ., The teacher said that the class would see what

tules they could find using the latter method,

After noting t:lhat red > gray and blue > white, they teacher asked which -
would be bigger , r;d and blue, or white and gray added together,
S. Red is bigger than all of them, (Othexrs agree, The teacher had not
noticed that red > gray + whitz,) |

T. Who cen actually add them, and then compare the added lengths?

One child volunteered and succeeded, after some difficulty, in laying

them out as follous:
gray white

g red blue
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Then pairs of children compared their Sticks. The one with the largef

stick would "add" to the larger stick of another pair; the smallex of two pairs .

i e a3 R R L P

| likewlse adding. Then they compared the . 1ded lengths as above, The obtained
casés vhere the sum of the two smallexr was largér than the largest single stick,
end where one of the "smallexr" was larger than one of the "iarger", nevertheless
the sum of the smallex” was always smaller than the sum of the two "larger",
This was repeated a few times, It was an avkward process requiring all four

b sticks to be held in position simultaneously,

%- T, 1it is difficult to arrange so many sticks at once., Let us try to find a way
| of remembering the length of each, Theniwe can put it away while adding or

{] - comparing the next, I am drawing a straight 1line on the board, and marking a

place on it with ah © x ( « ) Will someone mark off the length

of their stick starting from the x? (A student lays a stick on the line and is

é , asked to move one end to the "starting point," A chalk mark is made at the

other end,) What can we write to remember that it s the blue stick that ends
here? (Another student puts a blue patéh above the segment)., That is a very
good way. Let us move over the patch to be over where the stick ended. Theu

the length of the blue stick won't get confused with shorter ones we may mark,
(Other children were asked to check the end pointtfor the blue stick), What

7 can we call the line?

S. A measuring line. (A student added a white stick after a purple, on the line.

It was done well, holding both sticks simultaneously on the line, purple white)

i
i
!
}l J-7-----——--- e T
i
[}
f

e

To This time after the purple is marked off, I will take it away before giving

the white, wWho can add them together that way? (TIwo students failed, then
pgrple purg}e . White
a tnird succeeded “’x —— o)

After the difficulty the children had had in arranging four sticks on the

floor, the utility of the "measuring line" as an accounting device seemed evident

to them,




—— vt s v ne

2k TiaisMe

Session 12, August 3, 1964.

The children were gi#en mimeographed "reasuring lines” and a green and
a red peper stick each., Ther wefe esked %> mark off rreen from the startirs
point, lest marked off to the rirht of the starting mcint, but not all, The
teacher asked thgm 2ll to ro to the right vhen adding a stick. They vere
then.asked to’?dﬂ the red stick to the pgreen. Qne student rarked off the red
from the starting noint. The others added cofréctly, but sore had forgotten
the connection of these operations on the line to "puttins two sticks tcrether.”

There was ambiguity‘in the rerking of enéings vi%h color patches, To
distinguish the end position of "red" from that of "g}een and red" they were ®
asked to use both color pestches with a plus sigfn betveen them; for the latter.
They were next esked to start wiéh the red and add gJeen to it.
S. a) So it's backwards! b) It came to the same glace!
T. Nov add the green stick to itself. (Some students were at a loss. One
student did it at the board and others fol;owed).‘
S. .I need énéther green stick.
T. Why?
S, a) To add 1? to itself. b) He only needs one. (The first studert ther:
menaged properly'with one stick).
T. Find red + red + red. (Vith 2z little tropble a student accomplished that
at the board).

. Find out what is left over if the red length is reroved from, or subtractec

from, the green lenpth; (After saveral tries the students found both)
B ( rad ger Fer red )

(o n . and N i ’;; )

( ~—— "’"“"'-.',-m e o —— )

green green
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% o bﬁriﬁg“this session'tﬁe Ehildren added-énd subtfacted‘stické i;i;;rious
% E;éys, thﬁ at their4desks and ét the board. Tﬁey nerforred the oreratiorns
i iboth'by:hdléing botﬁ‘stické together and by mafkiny one at e time on a |
; f?@éaéﬁrﬁﬁg liﬁé".. Théy added sticks ih Eoth orderé. Fér subtrac;lpr they
;. ﬁfifsi coﬁpéréd stiéks. Findiﬂg out which was the smaller; they subtractéd it
% ‘froﬁAéﬁe lafgef. They diséﬁssed thé nrdcess of sdﬁtractioﬁ in térms of chalk
g o T leftwover afte; using, or 51V1ng éway, e certain anount, (It Lay well mahn
g : | :;;re sensé to deduce how much was ;sed up by subtractln{ the left over niece
1 “from the standard piece). ‘ )
é w V'Tﬁé ﬁajbrityldf_thé éiasé'att;ined préficfency in the =ddition erd sube-
é . jtraction'oélstiéks, and in the ﬁse:of tﬁe"measuring line"
E' 5 :Session‘lh, Aupust T, 196h,
§ B s The chlldren werﬂ asked to &dd and subtractverious peirs of sticks at the
? iboaf&;r They were asked to describe their procedure in detail; 80 that the
? ‘ 'bpeéationél approéﬁhlﬁduid be fixed when ﬁhey were givern the rroblem cof sub-
% ;QEEQtfhé éiiéiger stick ffoﬁ a smaller one., . %
§ P, “ﬁL#t"dfd.yéﬁ dé differenfly in‘éubtraétiﬁg»the red from.the gréen, COM= ;
Z :ﬁaééd to when you edded the red to the green? Vhen you added the red, %
'whefe’ aid you start it? Which direction did you plsce it along the line frorm
the stming point? .o L | -
;{f&i{fs; I started from the endwafnfﬁgfé;éen dﬁﬁointedllt to the vinaoﬁ side. F; k»»é
sf&.“ When you sﬁbir;cted 1t...;?Hw:‘. Al  ' ‘”"“ T d | | 1
5 :isﬁ I star;éd‘it'érdm ;hé aame place. bﬁt'i nblnted it to the door. tIgput_;fv   # ;
2 over dlfferently. i.  h . ‘” 7"’ ': - - ;»;u | . ' é




- o S S pa s - 45 o A bty Senustecyx
N R L S N L AR SR A R

B SIS TER AP O 0 s SR G

T. (After several more students had subtracted smaller sticks from larger ones

.. puple
on a '‘measuring line - . e - )e Now subtract the green from
‘ g<p green
the red. What is funny about what we did?
green
S, (Marking f”:; - We end up on the other side of the starting
e red

point. &=t

This was the last session, no further development of negative quantities was
possible, However, the stage had been reached by many of the youngsters of using
direction as well as magnitude to describe a distance., The operational methods

of stick operations used had made this natural,

Comments on the Morse Schcol results:

The above sessions indicated that most aspects, of the unit being developed

here, were significantly more difficult for these pre-first grade children, .than

“for the Estabrook children, The latter had half of their first grade training

and maturing behind them, when starting to work on this material. The effect

of their lesser exnérience showed up, for the Moxse School children, as slower
progress and more frequent loss cf attention of some members of the class, How-
ever, vhen new teaching techniques were found overcoming specific deficiencies in
preparedness,mch of the performance difference disappeared. A simple but effec-
tive example of such & shift in technique was the use of colored patches in place
of initials as stick length symbols,

Among the extensions of the unit initiated in these sessions, the use of

Adeduction to derive n stick ordering from the transitive rule went very well.

_,On the other hand the application of ordering to the optimizing of information

.,W

*gained from a measurement (finding the order of a atick among several sticks off'v-

xdifferent length by compa*i1g it to only a feu of them) was only slightly de-

veloped by these children,
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IV, Estabrook, 1964-5 school year,

In December 1964, weekly sessions wére initiated with a superior class of

I T T e et pmamt e P LT d— —y o —

second grade children. The same teacher wl.> had instructed the first grade class
in inequalities, in the spring of 1964, Miss Marie Mortimer, volunteered to in-

struct this older class, It was f£irst hoped that a second grade class largely

_formed of students from the first grade class could be instructed. Various

prganizational changes made this impractical and only four of those students
wére in the new class of about thirty. Consequgntly, it was not possible to
continue the unit sequentially, covering only néw groun?.

.Several interesting-QSpects of inves%igétion were presented by this new
class, For the largeiamount of material that would only vary in detail from
that of the previous year, Miss Mortimer would be relyipg for the most part on

| i
her oun earlier experience and observations, The degre:z of her success in

_ teaching these sessions would indicate the transferability of this material to a

normal school eontext, Although she frequently had brief conversations with the
author, there were no texts or teachers' manuals, nor even extensive notes on
the previous year'; material,

The greater age and experience of the students permitted evidence to be
‘gatherea with respect to; a) the relative rate at which theyexplored the same
material that the younger ehiildren had explored; b) the change of interests 2nd
atfention span with age; c) change in qualitative aspects of their learning
capability, such as in relation to deduction and strategy planning, The question

of applying mathematical results to planning strategy was of particular incerest,

in the light of the failure in this regard of the verzy young Morse School students.

Such applications can be a powerful learning tool, supplying motivation, fun,
deductive and inductive challenzes well suited to the discovery approach, At

what level of experience can the curriculum take advantage of those aspects?
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s i. ‘ In addition to improvamentu in presentution based on previous experience,

Ciat msor 5 1

this new class also allowed d) the devexopment of technlques based on knowledge
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these children had already gained in school, for example their knowledge of set

LR A S L

concepts could be used, The students had been following the "Greater Cleveland”
’ v
series, )

Finally, e) the greater totzl time availahle and the presumed faster rate
1 ' of learning would enable these children to go on to new material. The extension
of their base to further inequality and arithmetic results could be developed

3 and observed. Miss Kay Dillmore, who was responsible for the mathematics in-

struction in first and second grade, collaborated in the development and

i | teaching of the new material, in the last part cf the school year, The new work
: , . §

g , included the development of positive and negative fractions, and their addition
and subtraction, Also there was two dimensional co-ordinatization and multi-

_ plication; multiplication of fractions and of severxal digit numbers (by

TR s e D e 529
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‘grouping). The students vere also introduced to the symmctry material of

e

oy ey,

Dr, Marion.UalLer, during their last sessions,

We provide here only a slight elaboration of report on these sessions pro-

vided in the progress reports of the Estabrook project (see CCSM Report #33), ;

T ahia gy L
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‘The purpose in restating it hare is to extract it from the reports on other

G

‘Estabrook classes and put it into the context of the related eXperiments,

commentaries on purpose and conclusions,

- On December 18, 1964, I instructed the first session, We discussed the

- comparison of numbers, of elephants with giraffes, and so on., Many bases of
comparison were introduced (heights, lengths, weights, etc,) and shown to lead g
‘to different reéults. An Opnrational definition of shorter and longer sticks
was requested ("How would yOu check to see?“) and it was immediately prOposed

to "put one end of each sticlk together and see which stick has a pilece left

deiiilia kel itk o

é? over at the other end.”’ As they had had sets, they were asked to compare two
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- sets and find out which one had more elements, without counting. After

=  discussion and trials they came to the one~to-one check-off procedure, The

? set having elements left over, aftexr the o.uer was exhausted, was the larger.,
We several times, reversed the question from "which is bigger,” to "which is
{; smaller" to develop the A > B=Y B < A rule,
:f In January, 1965, Miss Mortimer taught three of the sessions and I the
:? fourth, The students proceceded at a rapid pace. The @ethod of comparing sticks

was likened to the comparison of sets by one-to-one correspondence, The "two

stick rule® (A> B = B < A) was discussed in that context. Colors on

O S Y

the sticks were switched to show that the rule was independent of labelling.

[PV

The "three stick rule" was discovered through the following ‘warrior

i . .
game’, The Green and Red Knights were enemies who kept the size of their weapons

(green and red sticks) secret from each other, However c neutral, the White

PR S

Knight, was allowved by the others to compare his weapon with theirs. With the
information of the White Knight the class had to decide if they knew which of
the enemies had the bigger stick, Thej quickly realized that the neutral's

j stick had to be bigger than one of the red or green, and smaller than the other
éo be of nelp, This evolved to the requirement that when the inequalities were ;

written so that the comparison stick was "sandwiched", the two inequalities had

o e mem s -

to have the same “oxdex" to result in a "three stick rulc": A > B,

B> C = A > C or"if (A,B) and(B, C) are in the same order, so is (A,C)".
f They £illed out worksheets #4 and #5 to check their adeptness at recognizing
and applying the two and three stick rhleé. |
After making some comparioons among four sticks, they were asked to con- ]
1 struct a four stzcks rulu.‘ They sct up thc telatxons A> B, BJ>C | C‘>»D ~>A > D,
They then found the two "three stick rules" within that statement' A >- ‘By o

B>C=>A>Cand B C, C>D=>B> D. From the {irst result, A > C, and

o e i sgusispaapi G en e At et S e T N oS s g ey ~ % we  w
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f‘:" ~ .C > D they were able to show (by again applying the "three stick rule") that
%é A2 D followed. The generalization to "five (and more) stick rules" followed
easily.

They enjoyed the example of the "paper, scissors, rock'” game, as a case
in which the order relations (the three stick rule) did not apply. They seecmed
to recognize the contrast clearly, They started to apply the order relations
to the game of strategy, in which an unseen stick has to have its length located
5% . among five given ordered sticks, using the feweéf possiple < and N type
B questions,

& In February, the children played a version of the strategy game which

i b

prevented the lucky location of the correct position in less than three ques-
ii tions, "Criminals" (of all six possible helghts to fit!among five sticks)

were able to secretly pass a diamond between them. The:detective could ask
?3 . three ¢ or > questions to locate the criminal with the diamond. Beforec
ansvering the "mastermind: for the criminals could give the diamond to aay of
them, after which a truthful answer to the detective's question was required,
- (Searching for Uranium with a Geiger counter would eliminate the need fox

1 voluntary truth on ithe part of criminals!), After each quastion the eliminated

set of criminals were separated, and could no longer receive the diamcnd, Before

¥ ansvering the next question, the "mastermind” could place the diamond with any
one in his remaining band, Several students quickly found the secret of the

three questions, ‘“Masterminds" from the class were alloved to challenge class

- Sew s

detectives until most members of the class had discovered the secret by them-
selves, Several were able to explain the strategy well.
The game was extended to seven and eight sticks, 1In the latter case, they

quickly found that they nceded one more question, Although the strategy of

splitting in two was clear ko this class, it was not clear to what extent the

connection to the "three stick rule'" was realized,

:
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In the last session of the month, they developed methods of adding

3 sticks and marking lengths on a line on par r, to facilitate comparison, They
predicted and then checked that if A B and B¢ C, then A -+ B < A+ C,

. During this month, Marie Mortimer imstructed two of the three sessions, and I
the other,

L In March, the students compared two sticks and coansidered the addition of

e mo xSy A

5%
v aihak G W

an unseen thivd stick to each, They showed a quick response and understanding

of variations on GM ¥ > (R - G) > R+ Y, for'differ%nt size R, Uhile

[ 2T S 2

o ke £ oy,
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checking their predictions they gained facility with addition on a "stick line"

and its notation., They :used both the blackboard and mimeographed sheets (with
Y

e A l
A \

ReRa Xy . R+ G

)
Tirm 4 mmsares

paper strips for "sticks"), &

L ——

They also compared G+ R with Y+ R and G+ R with R -+ € mentally, and then
3 checked,
/ They were asked how they would find out how long a piece of stick was left

over if they took away Y from G, They did the obvious with sticks only,

putting two ends together and indicating the excess length of one at the other

end, They were th?n asked to use the stick line. The response was both

G- ¥ s
e Paagee - R / 1
——.—x L' + and Ar‘

v

Y G G-Y ¢

They observed that the second way was more in accord with their method of

SR dai s PR s s = e
N . e . hd
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addition, i,e., the second stick started from the eud of the first stick., Afte-

el e

several such additions and subtractions, the class was asked to subtract a

larger stick from a smaller. Many voices were raised to say "you can't do it",

i L W

but the majority was not impeded by that consideration. They vere only told to

- T Ve

try proceeding as before, Then, from different parts of the room one heard,

“I've got it", The whole class eventually discovered

Ry TSI APy 2
o e
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"8, It falls on the other side of X,

16,

T. Vhat is diffcrent?

T. Using your fingers compare the distance of X to (G-Y) with that of X to
(¥-G).
S« They are the same length,

Thej vent fhrough other examples, including [tG-R) - Y]and [kR 4+ Y) -Gj} .
They compared (¥-G) with opp (G-Y). By "opp” they meant to flip over about X,
A reninder of the transitive pattern in A): B, B>C ~2 A > C was required,
before they could make the txansfer to the following use of the transitivity
of equality: opp (G-Y) = (-G-Y¥)}, (~GiY) = (¥-G) =>opp (G-¥) = (¥-G).

They then con?idered lengths of chalk,
Te Ve receive a certain lenéth for the week and use varying amounts each &ay.
How much do we have left over at the end of one week? How much do we have to
borzow at the end of enother week?

S. Ue borrow a plece big enough to bring us back to the starting point, f£rom

where we ended up'on the negative side,

The class was given the length received and the length used each day, They

were to report when they reached a day on vwhich it was necessary to borrow
chalk, About half the class was correct the fivst time around, Miss Mortimer

taught three sessions, I taught one and observed another,

In April, Miss Mortimer continued the discussion of chalk lengths obtained,

used and borrowed, This time the children started off the week in debt (on
the negative side of the starting point), They added and subtracted the !
different lengths (G, Y, and R St;CkAQOf odd‘sizesj éorreSponding to chalk
obtained £rom the office and chaik ﬁééd., ThéAdhildren made it known when they
were fixst Yout of debt.”' The concept of usiﬂg a fixed amount of chalk each

day was introduced and the children asked to mark off the total they would have

TN 2 v R g
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used by Monday, Tuesdey, Uednesday, etc, When asked how they would mark these
positions they responded with ¥, T, v, T, F; 1Y, 2Y, 3Y, 4Y, 5Y, (the yellow
stick was used) and also 1, 2, 3, 4, 5, Ti: starting point became 0, They
marked off the varlous amounts they would have to borrow and suggested
-1, -2, =3, -4, -5, They had thus devecloped a "number line" in part. They
were asked to use this "number line” in solving such problems as, "Two picces
of chalk were delivered tMonday. If one picce was used cach day, how much had
been borrowed by Friday?"

They were asked how many halves were in a vhole, They were then aslied how
they would find half of a standard ox un%t piece of chalk, Oue child suzgestd,
“"folding in half," but another said this would not be done with chalk and
suggested breaking‘and finding, by trial and error,‘a piece which would aéd
to itseli to reach 1 from 0 on the number line, This was taken as the standard,
Tle students cut strips of paper to fit this criterioa, They ware alloved to
use symmetric folding to decide where to cut, if they wanted to, With this
1/2 length they found the positions of 1/2, 3/2, -1/2 etc.,, on their number
line, They were ﬁamiliar with the .notatioa 1/2, but were still developing
the nomenclature and symbolism for the others at the end of this month,

From the beginning of May the second grade class was instructed by
Miss K, Dillmore two or three times a week using CCSM material, in addition to
my weekly contact. She concentrated on multiplication by the use of arrays and
of rectangular areas, Arrays of dots on blank paper were used first., As the
numbers became larger the students were given 1/2 inch graph paper and
were asked, for ease of counting, to mark off -1, 0, 1, 2, etc, up,
and also aciuss, This elicited from several students "This is just the samc as
using two number lines crossing each otheé." They marked off rectangles,
according to the numbers In a product, and counted the enclosed unit squares
quickly, by twos, fives, ete, They were eusily able to do multiplications

such as 12 x 17 in this way, They noted that altering the order of the numbers

g+ et - i k6 X g Rt it e
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- - .-m-Ihey also_looked for !'missing factors" - how many rows of 3 squares were

only rotated the rectangles, so that the number of squares had to be the same,

- -

needed to make 12, Asked for the products of 10 x 2, 10 x 4, 10 x 10, etc,,
they realized that these represented a class of questions they could answer
readily. When they vere then asked to graph 23 x 12 marking off bloéks‘pf
easily determined numbers of squares, many made maximal use of product; of ten,
They marked off the two 10 x 10 blocks, the 10 x 3, the 2 x 10 and the 2 x 3

blocks. They readily multiplied integers less than 100 in this way, They

used the same rectangle construction for mul~iplying fractions, symmetrically

" subdividing the unit squace into a suffiélent numbexr of rectangles to deEermine

the fractional area, For instance, 1f multiplying 2/3 x 1/2 they would first

mark off a rectanglc."2/3 up and 1/2 across" in the lower left hand cﬁrnér of

e

the unit square, Then they would symmetrically divide the square 1nté 6
rectangles of 1/3 by 1/2, Noting that the original rectangle was made ub of two
of these smaller rectangles, they concluded that 2/3 x 1/2 = 2/6 of the unit

square, Furthermore, they could count three pairs of the smaller rectangles,

sé 2/6 = 1/3 was another zesult, 2/3 -

e o

1/2

After the above exposuxe the students found the CGreater Cleveland exercises

on multirlication too ecasy, As multiplication had been operationally the same
for fractions as for integers, they did not have the usual difficulty in com-
prehendiny the relationship of the two ("Why is 1/2 of 1/4 the same as 1/2 x 1/47

is a typical question of students,)

. . The dcvelopment of fractilons was continued on the number line, during the

o

session I taught, A vaviety of games of strategy between paired opponents was
played, when the line was merked in half units, A typical game was: starting
at ~1, ecach player in turn could choose to add 1 or 3/2, or to subtract 1/2,

Tae subtraction was not permitted twice in a row, detemmining a finite game,
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two or three triangles, Many studente were very systematic in exhausting

The first player to reach --2 won, This type of game, which they enjoyed playing
at lenzth, quickly developed their facilit for adding and subtracting fractional
rumbers. They defined 1/3 (three of them nmade up a unit interval), marked off
the line in thirds, and played a geme analogous to the one above, They easily
extcnded to defining and working with 1/4, 1/5, etec., In a game permitting

jumps of 2/3, lﬂand ~1/2, they found that they had to divide the unit into

gixths to handle all results, and found relations such as 2/6 = 1/3, Thev

answered many quastions on inequalities, such as "Which is bigger 3/5 or 4/5,

i o T e

1/10 or 1/11, 8/9 or 9/10?" Both rules of order and the definition of fractions
were involved in their reasoniag. Only a few students had troubie with, for
instance, the relﬁtive size of 1/10 and 1/11, Other students explained that
thie pieces had to be smaller to get more into the unit interval, . :
For the last two weeks, new material was introduced, This material ex-
tended notions of congruency and discrete rotational symmetry into geometrical
rather than arithmetical areas., Most of the class worked throush Dz, Marion
Waltex's unit on the putting togethex oflequilateral triangles, edge to edge,

They obscrved the uniqueness, up to rotations, of shapes made in this way using

arrangements, They discovered that they got different results if the laying of
one triangle exactly on top of another was permitted, which maintained the edge-
to~edge rule! Adding the rule that there could be ne coverings, they found the §
three distinct shapes that could be made out of four triamgles. They found they
could fold these into tetrahedga or squarz pyramids, At the same time, with a
small part of the ¢1ass, Miss Diilmore guided the childrén through the sets of
Dr, Walter's Mirror Cards, With the whole class,‘in the last session, I pre-
sented the class with Dr, Walter's unit of arraﬁging up to five squares, edge-

to-edge. They noted the symmetrics and found new patterns rapidly. By the
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- apply the results to games involving non:rrivial strategy. This, and their

-offer & good base for further development in mathematics, This was demonstrated

material in the curriculum, substantially more observation and 1mprovement is‘”;;;ﬁ

- Again 1n‘retr05pect 1t is clear that the two yOunoer classes were not given )

end of the session (and the school year), they had found about 8 distinct

patterns of five squares,

Summaxry of the second grade experience:

These intelligent second grade students vere clearly'capable of handling
all of the material presented to theam. They were able to apply concepts to
situations which displayed the power of those concepts at the same time as

giving them practice with the manipulaticns. They wete able to inductively

more explicit understanding of the key role of the transitivity axiom,
differed qualitatiéely from the resulte with the younger classes. But their
other accomplishments, e,g, deductive reasouning, group of concepts and defini--
tion (for inequality, addition and subtraction), and application to problems
not involving strategy (thinking several steps ahead) - differed in speed of
attainment rather than in £inal accomplishment,

The start they had made on the fundamentals of the number system seemed to

to a degree by the progress made, in the last few»sessions, in their investiga-

tion of geometric concepts and arithmetical concepts and algorithms,

V. Conclusions

Before safe conclusions can be drawn concerning the prOper place for this

needed on a small seele emperimental level.; For 1nstance 1: 1s not known how
much better the youngest children GMorse School age) may do with the better _},fff L

formulated versions °f strategy °ames used witb tha se”ond grade children. . r'“i‘.
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- Bufficient time, or the best organization of material, to appreciate the

- contrast of the non-transitive "paper, scissors, vock" rules with the transitive

length comparisons,

Thus the following inferences are certainly tentative, First, the total
amount of time spent on this material in the £irst grade Estabrook sessions
(Section II), or a little less, seems to bhe about right for that grade level,
As concentration of material secemed to be an advantage at the Morse School,
one may prefer to present the material over two different four or five week
periods (two or three sessions a week); once in fall and once in spring, The
first period should use some of the simplified pr. .entation discussed in
Section III, e.g. colored patches and cardboard /§> signs., Because it is so
essential to illustrating that the order structure is not trivial, tha "paper,
gcissors, rock" game should be introduced in the first period, but should be
given sufficient time and organization (including worksheets). Addition of
sticks, subtraction, negative quantities and the beginning of fractions can be
carried over between the two periods, with the more complicated addition and
subtraction inequalities and addition of different fractions left for the second
perlod, The second set of sessions in the first grade would seem to be the
Proper ilme to discuss the deduction of n - stick rules from transitivity, If
in the course of first grade the children have learned about sets, they should
be shown thé analogy between their length comparisons and one-to-one correspon-

dence methods. The games used in this grade, as in Section II, should not re-

-,ijuire extensive thinking ahead. The material of Section 11 on "signed sticks"

(with arrows pointing from beginning to end or vice-versa) is perhaps better

left for second grade, where t can be extended to two dimensions."

s

In the second grade the notion of signad lengths can be introduced together
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with the notion of ‘reversal" or ”Opposlting" (changing the sign). New rules
of addition and subtractlon then arise, atd a discussion of associativity,
comnutativity and completeness can follow., Fox motivation, and to fashion
facility in manipulation, several games of strategy can be introduced, The
numbers that are explicitly named and calculable can be extended to all ..-
rationals. The co-ordinatizaticn can be extended to two‘dimensions and multi-
plication of fractions and many digit numbers developed in that context,
Division may be started in the same context., The fivst explicit discussion and
use of algorithms of addition, and possibly of multiplicaticn, should evolve
within the second grade, Tentative discussion of irrationals should be possible
also, On a different branch of mathematics, there can be a start on symmetry

and vector concepts, anticipating or using material previously tried with third

~ grade children (see CCSM Reports #33 and #34).

The ahove distribution of material between the first and second grade
seens to the autbor to be consistent with the difficulties of the pre-first
grade children and some topics, the rate of progress of the first grade children
and with the ease with which the second graders handled most of the discussion.
The combination of the above program with early éeometry, intuitional symmetry,
set con epts, and intensive development of the arithmetic of integers (probably
including the use of different bases), would provide a base in first and second
grade for the "goals for school mathematics" envisaged for later years, How~

ever, there are other mathematical topics, such as 1ntu1tzona1 probability

. (sece CCSM.Report #37) which may require tine in the same grades,

Ihere seems to be little point 1n listino here those items of presentation

which need further polishing, if not subsfantxal alteration. Almost all the

details need some degree of improvement. In particular prepared desk work
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; | In my%opinion the educational material of this report has proven

; gufficientiy viable in the classroom, and of sufficient benefit to the

f students, to justify a new trial on a consecutive two year basis, keeping the

i ;;me‘;tudents throughout, There is a sufficient variety of presentation and

? material to juscilly teaching two or three groups of students in the same two

; year périod. These groups could diffes accord{ng to b%ckground or ability

: | 9

% level, It 1s possible that the outcome of such a trial, by an appropriate

5 team of teachers aﬁd mathematicians, would be material useful on a wide bagis, ;
¥

‘ :

: f




£ EUS- N e,

- - < £ e S

#3

LI . owm .
-~ - - 5 N « P . . . . Cmwe e .

. . - . B

1 -

] / .
Ce iy e meee w . e

T - - PR « s - -
—— - e wae ot wra W 4 NE grepees CF teemw i aw g 4 P B P

5

o

S

¢
3
¢ .
3
-
-
Fl
4
i)
] .
.
.
3 .
i -
it
.
4
B
Y E
" <3
5
? L
- s
) .
k.
b
.
.
.
.
#
P |
‘ K
P 7
3 - E
p 2
i 3
3 {
- 9
, 3
% 3
s 3
:
¢ .
5
%
"
g «
3 . . ’
B . B :
: . . : b
. - « N 0 « i3
P C e ¢ N . ‘ . 3
, b
Lt B ,
N . . ']
# B . . a : . b
" “ " .
. S
X .
’
« 0 » ‘
¥ B
B . N &
ol - - “ - . d N
PER Memaes . e . . - PR
. MY
» o
: ‘ :
¥
.
2 By
7
3
. .
* *
- * .
E
4
B
i
s g . bl L
o PR PO R s . 2oty S P s b Jiaiag i e et i i b e s e g ot s




> TR R 12 S S THIE T R e I Lo i
S o 43 i, e ot Sl . -
>
3
3

Tty e
F AP IR

P P T
PP AN

i

- Tk
e oo gt s S A

85.

AL

FILL II THE CORRECT SIGN,

2.

)
(=l
)

4 ]
i/

A %\
AVANS

-~

"“W///

b\

BAA

|
(// /D

v
LAM

e T D eyt e S g e B e = I TR T A S L RO, E S B R
. E ! - : .
Wi B g —b i A S T LA g b e . g ks 5 i 'y Y 5 Sl . Rebindiod &







