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This programed booklet is designed for the engineering student who is familiar
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Section 1, Sinusoids

The first portion of this booklet will be concerned with sinusoids, their
properties and their representation.

To start, let's define a periodic function as one whose form repeats itself
over and over in intervals of time called the period. In Fig. 1 the function in
(a) is periodic with a period of 6 seconds. Starting at the point marked x, the
function does not start repeating its shape until 6 seconds have passed.

In the space below, state whether each of the other functions plotted in
Fig. 1 is periodic or non-periodic. For each function which is periodic, state

its period.

a. Feriodic; 6-second period.
b.
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Periodic; L-second period.
Non-pericdic.

Periodicg 1O-second period.
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The variation of the seasons through the year is pericdic, or cyclic;
one complete traverse of spring, summer, autumn and winter being a cycle.
In the same way, the sequence of values of a periodic function over the interval

of one period is called a cycle.

In Fig. 3, how many times per cycle does the functicn take on the value 8?
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A very important periodic function in all of engineering is the sinusoid.
By a sinusoid we mean a periodic function like that shown in Fig. 3 whose
equation is:
v(t) = v cos (wt+6)

(The function is taken to be a voltage only for purposes of discussion. Also,
the reasons for using a cosine function as the general expression for a sinusoid
will be explained later.)

Two scales are shown for the abscissa, one for time t and one for wt.

From the diagram, the period is seen to equal .

As time goes on, the function alternately takes on positive and negative

values. Hence, it is sometimes referred to as a (an) .
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Angwer: The period equals P, an alternating function.

(You may have said oscillating, which indicates
you have the right idea.)

Note: A lower case t is used as the varishle represent-
ing time. The constant pexiod is represented by
a capital T. This use of lower-case letters for
variebles and upper-case letters for constants

is common, although not universal, in engineering.
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Note from Fig. 3 that the change in Wl over one period equals

Hence, the time elapsed during one cycle of the waveform -- which is

the period T -- can be expressed in terms of w and equals .

simply
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Answers

‘e

Ghange in wt over one period equals 4«

Te2x/w




The frequency f of the sinusoid is the number of cycles completed.per unit

of time. If time is measured in seconds, the unit of frequency is cycles per

second (cps). Since the period is the time required to complete one cycle,

give an exprzssion relating f and T; then give one relating w and f.
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w (which is the Greek letter "omega™) is related to the frequency by
w = 2xf; it is calygd.angular frequency and is measured in radians/sec.
For the folloﬁing sinusoids state the values and units of the frequency

and the angular frequency.

a) 10 cos (377t - @)

f =
W =

b) 5 cos (2:rt+62)
f =

W =

b i




£ = 60 cps.
w = 377 rad/sec.

£ =1 cpse.
w = 27 rad/sec.

1t 1+
¢ o/\\ 0 /
wt /] a T wt )
2

(a) (b) (c)
Fig. 4
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The maximum, or peak, value of the sinusoid is called its awplitude.
Thus, in the function 8 cos (30t + x) the amplitude equals .
In Fig. 3, Vm is the
In Fig. 3, the quantity @ is called the initial angle since (wt + )

reduces tc @ when t = 0. It is measured from the positive peak of the sinusoid

to the origin. In Fig. 3, 8 is a positive quantity. State the values of @ for
the sinusoids in Fig. 4.

a) o=
b) 6 =
c) o= —




1k

!

i Answer:
a) = 0 radians
b) = n/2 radians
c) 6 = 3xn/4 radians

(If you got any signs wrong, note that the origin

is to the left of thc first peak in a) and c),

and so the direction from the peak to the origin
: is opposite to the reference direction of the wt

axis.)
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The equation representing Fig. 4(a) is cos wt, which results by setting

6 = O in the general expression for a sinusoid.

For Fig. 4(b), if 6 is set equal to -n/2, the general expression becomes

cos(wt-n/2). Using a trigonometric identity for the cosine of the difference

of two angles, put this expression in a different form.

cos(wt-x/2) =

E;
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cos(wt - /2) = sin wt
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Answer?$
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cos X

sin X

o sinusoid can be written
but with angles that differ by =/2 radians.

wt + 1/6)

ces(10t - n/4)

sin(8xt - x/3)
sin(wt + 57/6)

i

~
3

either as a cosine function or as a sine fanction,

sin (

sin

cos (

cos{ (

In fact, because of the trigonometric identities’

sin(x + n/2)
cos(x - n/2)

Write the following sinusoids as sine functions:

Write the following sinusoids as cosine functlons:
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Answer s

a) cos(wt + x/6) = sin(wt + 211/3)
b) cos(10t - /%) = sin(l0t + x/k)
¢) sin(8xt - n/3) = cos(8xt - 5x/6)
d) sin(wt + 52/6) = cos{ut + x/3)

RS St e oA
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But when a sinusoid is written as a sine function, “he value of (wt+6)
when t = O is different from what it is when it is written as a cosine function;
it is, in fact. n/2 radians less. S50, in order to have a uaique meaning for

the term initial angle, we shall henceforth agree to write sinusoids as cosine

functions.
The initial angle is sometimes referred to as the phase of the sinusoid.
Since this word, phase, has another meaning in a slightly different context,
we will restrict ourselves here to the term ®initial angle".
Sketch a..voltage sinusoid having an initial angle of u/h radians, a fre-
quency of 10O cps., and an amplitude of 10 volts. Label the sxes and all pertinent

properties.




your sketch should have its positive peak 1/8 of a
period to the left of the time origin. Its maximum
value should be labeled 10 volts and its period
0.0l sec. or 10 milliseconds. Its angular frequency
is 200x rad/sec. If any of these iltems axe missing

from your sketch, add them now.

'
t
i
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We have seen that the general form of a sinusoid can be written as
Vﬁlcos(um+9). A sinusoid which is written as a sine function can always
be converted to the cosine form to obtain its general form.

Another form in which a sinusoid can be written is obtained by using
a trigonometric identity for the cosine of the sum of two angles. Use

that identity to rewrite the following sinusoid:

10 cos (wt+xn/6) =
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Answer:

10 cos(wt + x/6) = (10 cos x/6) cos wt - {10 sin n/6) sin wt

TR RNy

L 8066 Cos wt - 5 Sin wto
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It is not hard to see that no matter what the amplitude or initial angle
of the sinusoid, the general form of a sinusoid can be expanded as follows:

v cos{wt + ) = A cos wt - B sin wt

where A and B may be either positive or negative quantities. Thus, any sinusoid
can be represented as the sum of two other, related functions.

As shown on the preceding page, for the sinusoid 10 cos(wt+rn/6); 6 = n/6,
Vm = 10, A = 10 cos n/6 = 8.66, and B = 10 sin n/6 = 5. An interesting relation-
ship exists between A and B, and V, and © which we shall use at a later time.
Note that

A%+ B2 - (8‘,66)2+(5)2 = 75425 = 100 = 10 = (V)

and

B 10 cos n/6

A~ 10 sin n/6 ~

In each of the following expanded forms, state the values of A, B, and Vm-

tan n/6 = tan 6.

1) Vp, cos (wt+64) = 6coswt - 3sinwt; A=, B= | Vg = -
2) Vp, cos (wt+6,) = -Bcoswt - 2sinwt; A= | B= Vo =
3) Vpy cos(wt+ez) = heoswt + Ssinwt; A=, B= Vg = -
4) Vp, cos(wt+6)) = -Scoswt + hsinwt; A= | B = -

—_—) th —_—
]
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Answers 1) As6, Be 3, le = 3V5

2) AS“B)BG2)Vm282 l? -

3) Askh, Be -5, vm5aa L),

L) Ae -5, Be -4, v, =il
-~ ~ ~ )+

If you got any signs wrong, examine the
reasons for your own errors and then

correct them.
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: - Two constants, or parameters, are sufficient to describe the characteristics
. of a sinusoid. In the general expression Vm_cos(wt+9), the parameters are the
amplitude (Vm) and the initial angle (6). When this general form is given, it

is simple to obtain the expression (A cos wt - B sin wt).

1 Write an expression for A, and another for B, in terms of the parameters,
4 V_ and 6.
m

E A=
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2

ces 8.

AsY

B =Y sin 8.
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But suppose the expanded form is given and we want to write it as a general
cosine function. That is, A and B are known and we wish to get Vm and 0.

Write expressions for Vm and 6 in terms of A and B.

o
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] . Answer:s '

§ Vm a\ /A2+132

| |

: 6 = tan-l ﬁ-

These are obtained (L) by squasring and adding
the answexrs of the previous frame, and (2) by
taking the ratio of those answers. I you
did not obtain the coxrect suswer, caxry
through these steps. '
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Write the value of the amplitude and initial angle of each of the following

‘ - sinusoids:
a) Vl=8.66 cos wt + 5 sin wt; V= , 6 =
b) v, =5 cos wt - 8.66 sin wt; v, = , 6 =

© ) vz=h33coswt-25sinwt; Vo=, 0=

¢ g

2




20

Answers
&) V =10,6= ~-51/6
b) VmelO&. 6= u/3
c) V=20, 8= 5u/6
Remark

Although it is necessary to express angles in radiens when
manipulating trigonometric functiaks, 1t is convenient to deal
with degrees rather than radlans in meking numerical calcula-
tions. Henceforth, when convenient, we shall work with degrees,
always remembering that in carxrying out mathematical operations

we assume that eangles will be converted to radians.
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You should now be able to express a sinusoid in any one of three forms:

(1) a time-plot of the function, (2) the general form, and (%) the expanded

form of a sinusoid. 7You should also be able to translate any one of these

expressians into each of the other two.

For each of the expressions below, complete the other [two forms.

Time-plot General Form Expanded Form
[}
: + . +-» 8cos(2:rt+-2’5)
-E;A—/—_\:-_—m-
it
NN

3 cos wt - 4 sin wt
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No answers are given here.
Review the last {ew pages
if you need to be sure your

answers are correct.




35

Section 2, The "rms" Value. of a Sinusoid

The next few pages will discuss a characteristic of sinusoids which make

it possible to compare the effect of a sinusoidal function to the effect of

an equivalent constant function. This characteristic will be the xms value

of the sinusoid. For example, if the rms value of the sinusoidal current through
a resistor is 5 amps., this varying current will produce the same heating as a
constant current (DC) of 5 amps. '

You will learn to determine this rms value of a sinusoid both mathematically

and graphically. . <
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In many applications it is convenient to use another quantitative measure of
a sinusoid, rather than its amplitude. This measure is called its rms value.
(These are the initials of rcot-mean square.) The rms value of & sinusoid is de-

fined as the square Root of the average or "Mean™ value of the Square of the

sinusoid, the averaging being done over one period.
To determine the rms value of a sinusoid quantitatively, let the initial angle

be chosen to he zero.

Thus v a‘Vmcosut
and v2= chosawt
\ T T
To find the rms value, (va) - = f v ?cosawt at
o ave T b m
we integrate v~ over one period, . 5 T
divide by T, and then take the > = !%- ‘%(l-l-cos%ﬂh Yat
square root.. o 0
- YE.L
) 2T
(v )ave = .
Therefore v =
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Ansver: 5 f
- V2 . T V2 -
(vc) __m (t + sin2wt ) _ _m
ave 2T 2w 2 1 2 3 b 2
0 ' >
\
V =—2— = 707V -5
rms -\/ N m
<
5 (a)
Af
(If you want to have a little more discussion of 30
rms values in general, go to the next page. If 20::
not, go on to page 45.) 1
’ OT 1 2 3 4 5
¥ ¥ + ¥ ‘F )
(b) i
Fig. 5
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Neither the process of finding a root-mean-square, Or IMS value, nor the
usefulness of its interpretation, is limited to sinusoids. The rms value has
; significance for any periodic functions. (It is also applicable to random

functions, which we shall not consider here. )

For any periodic function, f£(t), the rms value is defined as:

t1+T

—_-—

L7 Pe)at
3 T
‘ b1

where T is the period and tl is any arbitrary time. That is, the integration

rms

. need not be started at t = O, as long as it is carried out over one period.

Figure 5 shows a simple periodic function. Finé its rms value by applying

the above formula and by graphical means.
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The same mathematical and graphical procedures can be applied to more

complex functions.
Figure 6 shovs another periodic function.

Find.igs rms value mathematically:
f

] >t
Sketch the function fg(t), obtain the rms value by observation, and

check your above answer.

TR T T I EETR TRAY TN W AR AR T IR T A TR ERAT T
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The correct answer is not needed as you

can now check your own results.
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An interpretation of the rms value in electrical terms is extremely useful.
For purposes cf discussion, let's talk about a current i(t} which is a periodic
function of time. If this current flows through a resistor R for an interval of
time, scme energy will bve dissipated ss heat. A quantitative measure of i(t)
is obtained if this heat is compared with the heat dissipated when & standsrd
current goes through the same resistor for the same length of time. Let‘’s choose
as a standard a constant current I. Recalling the relationship of the power dis-
sipated in & resistor to the current; the energy dissipated in the resistor over
one period of the function starting at a time tl, when the period;c function i(t)
o a_ftlﬂ R i°(t)at
L

Compute the energy dissipated in the same resistor, over the same time interval,

is flowing there, is

when the constant current I is flowing.

':.r
If the two values of energy computed above are to be equal Kwhen I = rms
value of i{*)] write an expression for the required value of I (upper-case letter)
in terms of i(t), (lower-case letter).
I =




Lo
Answer:

Rt e A 5 xS e s in it T L A e A €T A AN AAE FA % 4 s ks

R PSR,

s e

O

Aruitoxt provided by Eic:
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The constant current I gives the same heating effect as the periodic current

i(t). It is thus called the effective value of the current. However, a look at

the expression just found shows that this effective value, computed from the phys-

jcal consideration of heat dissipation, is the same function that has already been

defined mathematically and called the . We thus have a meaning for the

rms value of a periodic function -- at least when the function is a current. Since
current and voltage in a resistor are proportional, the same physical interpreta-
tion applies to a voltage.

In a network, an average power of 20 watts is dissipated in a resistor R by
a periodic current i(t). When a constant current of Il amps. flows in the same
resistor, it dissipated 5 watts. State the rms value of the periodic current in

terms of Il.

it

I .
rms .
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Answeprs
rms value
T es OT
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(The power dissipated by i{t) is RIimS = 203

the power dissipated by Il is Rli = 5 watts.

The result follows.)
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Since the use >f rms as a subscript in Vrms or Irms is inconvenient, we will
avoid it, and simply use a capital letter to designate the rms value. Thus, the
rms value of a voltage ve(t) and a current il(t) will be written (capital).v2 and
Il’ respectively, except when there is the possibility of confusion, in which case
the more descriptive subscript (rms) will be used.

Write an expression for a sinusoidal voltage whose frequency is 60 ¢ps., whose
initial angle is n/6 radians and whose rms value is 110 volts.

v(t) =

Make an approximate sketch of this expression and identify each portion of

your function on the sketch.

A
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Answer:?
v(t) = 110 J2 cos(3]7t + x/6) volts
or

v(t) = 156 cos(2x x 60t : x/6) volts.

This completes this introduction to simusoids.
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Section 3, Phasors

Very often it is desired to find the sum of a number of sinusoids all having
the same frequency. For example, if the currents in all branches connected at a
node but one are sinusoidal, by Kirchhoff's current law, this one current will equal

a sum of sinusoids. We shall now demonstrate that the sum of two sinusoids of the

same frequency is a sinusoid of the same frequency.

Let vy = 8cos(wt+n/6)
v, = 10sin(wt+40°)

th of these can be expanded by an appropriate trigonometric identity, and then

added. Do this, and collect terms so that the result is in the form Acoswt-Bsinuwt.

<
|

<
T+

<

I
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Answer:

; v, = 6.93 cos wt - & sin wt

v2'== 6.42 cos wt + T.65 sin wt

vtV = 13.4 cos wt + 3.65 sin wt
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The expression (Acoswt - Bsinwt) is one fcrm of a sinusoid. But if we wish
to know the amplitude {or rms value) and initial angle, it must still be transformed
back to the general form.

Write the rms value and initial angle of (v,+v,), as calculated on the

12
preceding page.

- e

23 o
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Answer:

S

v w.j.1+2+5.652 - 15.2)

V = .82(V=-§}'tx
=EHE"T N e

- 1 =3.6
Gas-lonO (eatanl%utanli%f)

(Remember that "V" stands for rms value, while

"Vm" represents the amplitude, or maximum value. )
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Although we have carried out this demonstration by a numerical example, you
can certainly appreciate the general nature of the result; that is, that the sum
of two sinusoids is a sinusoid (of the same frequency), But look how much
computational work is involved:

Given two sinuscids whose amplitudes (or rms values) and initial angles are

xnown, to find the rms value and initial angle of their sum we must first

then collect terms to put the result in the form H

and finally get the rms value and initial angle from the formulas:

V = and 6 =
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Answer:

we must first expand each sinusoid by means of a trigonometric identity;

then put the result in the form A coswt ~ B sinwt; and finally,

Va2 + B°
Yo _+5  (pig you forget the\f2, for the rms value?)

N

0 u tan-l K
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This is quite a bit of numerical work. To avoid this work (and to simplify
other computations involving sim.soids (which we have not yet discussed), another
representation of sinusoids has bzen developed. This representation is extremely
important and has been of inestimable value in the development of electrical engi-
neering. We shall spend the rest of this unit discussing this representation.

The starting point is Euler's formula

X ..
eJ = cos X + j sin X

where j2 = -1. (You have probably been used to the symbol i for J-l ¢ but in elec-
trical engineering we use i to represent current, so we need another symbol)

For each value of x, the right-hand side of Buler's formula is a complex number ;

for x = n/k, for example, the right-hand side equals the complex number .T707+j.707.
(It is necessary for you to know well the algebra of complex numbers in order to go
cn. If you feel it necessary, go to Program Text No. 8, Complex Numbers, before you
proceed. )

It is possible to prove Euler's formula in a number of ways.




RS

Sl

However, the proof requires some more advanced knowledge than is assumed here.
For our purposes, it is enough to accept Euler's formula as an unproved (but
provable) formula. It essentially defines the expcnential ejx, which has the
same properties as ordinary, real exponentials. For example, the law of
exponents applies: (ejxl)(eJXQ) = ej(xl+X2); the formula for differentiation
applies: d(ejx)/dx = jejx, and so on. We shall not prove these properties

here but will use them as if they had been proved.
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Write the following as single exponentials.

a) 920t -
b) ¢TIt o
c) erteja =

Express the following as products of two exponentials.

a) e—j(ht-n/h)

e) ej(“)t‘a)




ST TR R S 4T TR LR A g TR

AR LA SR

T Se T

56

Ansver:

9235t _ J(2-5t) . -3(5t-2)

ot I3t | J(-1+33)t
Sdut 36 _ i(wt+e)

o-d(bt-g/l) it S/

eJ(wt—a) o oJWt -Ja
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\ jx . . .
We see from Euler's formula, ed* = cosx + jsinx, that the cosine and sine

functions can be written in terms of the imagina'y exponential as:
cos x = Re(e’™)
sin x = Im(eax)

where Re is read "real part of™ and Im is read:“imaginary part of™. Thus, the
cosine and sine functions can be obtained from the imaginary exponential by the
operafﬁon of taking the real part and the imaginary part, where Re is read "real
part of" and Im is read "imaginary part of". However, another, and perhaps more
clear-cut, expression for the cosine and sine functions can be obtained as follows-
Suppose x in Euler's formula is replaced by -x. Remembering the values of the

cosine and sine of a negative angle, write the resulting expression.
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