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PREFACE

In 1966 the OECD Committee for Scientific and Technical Personnel

embarked upon an experimental programme to examine and evaluate

applicaticws of systems analysis, operational research and related

techniques to practical educational planning.

Preliminary investigations revealed a considerable interest in

the possibility of using such techniques by educational planners and

some confidence amongst systems analysts, operational researchers and

econometricians that they could make a useful contribution in this

field. One important area in which theoretical work has reached a

fairly advanced stage in a number of OECD Member countries is the

construction of quantitative models of national educational systems

which can be used as a basis for forecasting or planning future student

numbers in accordance with economic and social needs. This topic was

the subject at a meeting of model builders and planners organised by

the OECD in March 1966. The general conclusion was that these comPre-

hensive quantitative approaches to global educational planning problems

hold out considerable promise for improving the reliability of fore-

casts and the efficacy of the information base for planning, and that

they can ultimately be developed into general planning tools with the

aid of which the implications of different policies can be evaluated.

The present volume contains the papers which were presented at the

meeting together with an introductory chapter by professor J.R.N.

Stone of Cambridge University placing the models and the techniques

used in the general context of economic and social planning.

5

Alexander King
Director for Scientific Affairs.



PART I : INTRODUCTION

A VIEW OF THE CONFERENCE

by Richard Stone

1. The setting

The papers in this volume examine from various points of view

the 15ossibilities of applying a number of related techniques, such as

mathematical model building, simulationl.systematic control theory,

in short, systems analysis, to the problems of educational planning.

Even in the countries where it can be said to exist at all, educa-

tional planning is a very recent development arising from the transforma-

tion of the scale of educational endeavour, which in many countries

of Europe amounts to little less than an educational revolution. The

diverse and often conflicting aims of education, the complex structure

of the educational system itself and the great cost of educational

programmes mean that if desired results are to be achieved efficiently

the educational system must be looked at as a whole. Day-to-day admin-

istrative decisions must somehow be coordinated within the framework

of a consistent policy. And such a policy cannot be shaped unless a

longer and broader view is taken of the functioning of the educational

system 'in relation to social and economic needs on the one hand and

human and financial resources on the other.

Those who attended the conference at which these papers were dis-.

cussed combined the belief that the methods described hold great pro-



mise for the future with the recognition that much more work is needed

before they can be said to have passed from the pilot to the oper-

ational stage. In this first chapter, therefore, an attempt is made

to summarise the general consensus of opinion which emerged clearly

from the discussions, partly to show research workers the possibili-

ties of an important new field of research and partly to show educa-

tors, educational administrators and educational planners the possi-

bilities of new methods which only now are beginning to be applied to

educational problems.

2. Systems and systems analysis

According to Webster's dictionary the most general meaning of

the word !system' is: an aggregation or assemblage of objects united

by some form of regular interaction or interdependence, a natural com-

bination, or organisation of part to part, conceived as formed by a

process of growth or as due to the nature of the objects connected,

an organic whole. We need not go beyond some such description as this

in order to understand the meaning of the term the 'educational systenk

The study of any system can be divided into a number of distinct

stages. First, we must isolate and define the system itself according

to the purpose of our study, thus we may speak of a system of railways,

but for some purposes this may be regarded simply as part of the

transport system in general. Second, we must describe the system in

such a way that we can analyse it and so be in a position to draw con-

clusions about those aspects of it that interest us. Third, having

specified the variables that enter into our desciption, we must col-

lect information about them so as to secure the data for analysis.

Fourth, we must formulate the relationships that we think connect the

variables and we must estimate the parameters that enter into these

relationships.

Up to this point we have a model of the system ready for applica-

tion. But, fifth, if we want to use this model to help us to plan,

we must specify our aims in terms of the variables we have used to

describe the system. We can then try to discover whether these aims

can be realised with the present operating characteristics of the

system. If so, is there mol: than one way to do thiss and can there



be said to be a 'best' way? If not, how could we modify the system

so that the aims could be realised, and is there a 'best' way of
doing this?

Finally, we must establish some means of regulating the system

so that its performance comes close to our aims. In a physical sys-

tem we should try to design a control device, like the governor of

steam engine, which would enable the system to regu.ate itself. In

more complicated cases, like the present one, such automatic devices

are likely to play a limited role and more reliance must be placed

on human decisions in controlling the system; indeed, it must be re-

cognised that there may be features of the system which can be con-

trolled only within limits or cannot be controlled at all with the m ans

of control that are considered acceptable.

This ordered catalogue of steps is useful only for expository

purposes. In real life, models, aims and controls interact and, where-

ever we begin our investigation, we must recognise that at the outset

our knowledge of the other steps will be incomplete. We must begin to

collect and arrange data without knowing all about our aims which,

even if fully specified, would almost certainly have to be modified

when we spelt out some of their implications in terms of cost and in-

direct effects. We must begin to specify aims without being sure ini-

tially that they are attainable or even, in the final analysis, desir-

able. We must begin to regulate the system without having enough in-

formation about its operating characteristics to design efficient con-

trol devices. What is important is that we should keep all these as-

pec s of the problem in mind and gradually develop an analytical tool

for educational decisions which can make systematic use of all rele-

vant data, allows for imperfect information and incorporates a lear,t-

ing mechanism capable of responding promptly and effectively to ex-

perience and calculation.

At th conference all these topics were di-,3ussed. Let us now look

at them in greater detail.

3. Describing the system

The authors who presented numerical descriptions of their coun-
tries' educational systems concentrated on formal education in schools,

9



colleges and universitie to the excluAion of part-time vocational

and professional training undertaken after formal education has cea-

sed. The reason for this concentration was simply that a start has

to be made somewhere and hat the obvious starting point is formal

education. At the same time it was recognised that informal education

is important since one aspect of educational planning relates to the

needs of the economy, and it was considered necessary to get more in-

formation about this aspect. It was emphasised that in advanced coun-

tries nowadays the length of life of a particular occupational skill

might in many cases be as short as fifteen years, so that retraining

in adult life was becoming a matter of necessity for a growing propor-

tion of the labour force. This tendency, it was thought, was likely

to react on the nature of formal education, where it would be neces-

sary to place more emphasis on adaptability and general education and

less on rigid and specialised education which would tend to freeze

the student at a particular stage of a rapidly developing subject.

Having isolated the system of formal education as the subject to

study first, the authors divided this system into a number of branches

and concentrated on the flow o students through this disaggregated

system and on the stocks of students in different parts of it. In ad-

dition to a statement of student flows and stocks, it would also be

necessary to set out a corresponding statement of economic flows and

stocks, namely of the teachers, materials, equipment and buildings

necessary to operate the different branches of the system. This double

system of flows and stocks, demographic and economic, would provide a

quantitative picture of the educational structure as it is. A model

based on this structure would help us to estimate the scale of different

educational activities implied by the growth of the population or needed

to ensure that the future composition of leavers, or graduate mix',

accorded with the aims set for the systemls performance.

This work on student flows, which can be formalised in what may

be called a demographic accounting system, was compared with the eco-

nomic accounting systems f r whole economies whi h have been developed
in most countries in the la t twenty years. These economic accounting

systems have proved an indispensable framework for national economic

policies and ha e been e pan ed, from small and relatively inaccurate
beginnings, in he ligh of policy needs mediated through th oretical
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considerations and statistical possibilities. The view was expressed

and generally accepted that a complementar system of social accounting

for education was an indispensable first step which should be given

top priority by educational model builders. Without a well-defined

picture, that can easily be kept up to dat of the existing educa

tional structure, it is impossible, it was argued, to consider modi-

fications of this structure on anything but a piece-meal basis, look-

ing at one problem after another without being able to trace their

interactions.

The limitat ons of existing data were discussed and a number of

specific problems emerged, some of which call for action on the part

of educational statisticians.

First, at present there is a general lack of statistics on flows

of students, with few exceptions, flows have to be derived from in-

formation about stocks. In many cases g reasonable approximation can

be reached by recognising that many possible flows are unlikely to be

more than trickles and can therefore be ignored and by making full use

of the arithmetical and accounting identities which a systematic orga-

nisation of the data reveals. However, this is not always so and, since

flow statistics enter so largely into descriptive models it would be

helpful if a greater statistical effort could be concentrated on them.

Second, it is often found that published Information sufficient to

build up a detailed picture of student flows is only available for

recent years, perhaps only for two or three years at the most. Here

the collection of new data cannot help in providing a picture of the

past, but research into existing records might enable at least parts

of the picture to be filled in. Since a knowledge of the changing

structure of education would be useful, this subject might repay in-

vestigation by institutes devoted to educational research.

Third, the available statistics are usually highly ag regated:

they relate to categories rather than to indivuduals. There is a graw-

ing recognition that Individual data systems are in many ways desirable;

particularly where administrative action is concerned with ind viduals

as well as with categories, as in the case of teachers, and where age,

location, qualifications and other charac eristics of the individual

are at least as significant as the broad class in which .e indi idual

is classified. Since individual data systems, for student as well as



teachers, cannot be introduced quickly, it was thought that their po-
tential value in educational planning was such that the time had clome

for an appraisal of their merits and of the problems of instituting
them in any country seriously interested in educational planning.

A number of other questions relating to data were discussed in
connection with estimating the parameters in the models described at
the conference. These questions are easier to understand when some-
thing has been said about the kind o relationships that enter into
these models, and so a discussion f them will be deferred to section
5 below.

4. Theories

Theories relate to the way in which we propose to connect variables
to one another, to our aims and to possib e instruments of control.

It is convenient to distinguish two kinds of theory, both of which
were represented in the papers given to the conference. The first kind
starts from a set of observations and asks how these observations can
be related. This kind of theoryusua ly takes it for granted that the
first attempts at relating the observations will be only approximate
and looks to experience to suggest improvements, which may be needed
as much in the data and the way they are organised as in the theory
itself. Such theories may be called "theories for application".

By contrast, the second kind star s with a problem and asks how
in principle it could be solved even ft in tially, no data are avail-
able. This kind of theory is usua ly concerned with the character of
the solution under fairly general cond -Ions. The problem is usually
posed in a highly abstract manner wh ch offers some hope of solution
if sufficiently advanced methods are us Such theories may be called
"theories for insight".

The first kind of theory was illust ited by the papers at the con-
ference which were designed to organise information about flows of
students. The general idea in this cast wa that the educational sys-
tem can be re resented as a set of bra hes through which students
flow. Me can observe that the students in any branch in one period
distribute them.elves over branches in t e next period in given propor-
tions. If these proportions were fixed, the future activity levels

- 12 -



of all the branches would depend partly on the present numbers in the

different branches and partly on the new entrants to the system from

birtts and migration. Given the future course of these demographic

varicbles, therefore, the future activity levels of each branch of

the system could be calculated and so could the system's future final

product, that is the numbers of students leaving the system altogether

from one or other of its different branches.

This model is conceptually and algebraically simple, and the pro-
blems that have to be solved before it can be applied are mainly the

taxonomic and data problems discussed in the preceding section. Its

merit, shared with its economic counterpart input-output analysis,

which in many respects it resembles, is that it enables a very large

body of data to be processed systematically to give quantitative ans-

wers to important questions. The answers will be approximate, however,

because the relationships of the model are simple and because the in-

formation used to estimate its parameters, the transition proportions,

are in practice likely to be biased in various ways. In addition, as

with economic input-output, there are the problems of changing para-

meters and of the introduction of new processes and new products.

The second kind of theory was illustrated by a model designed to

distribute the fifty-year period from the end of compulsory education

to retirement among full-time education, part-time education and full-

time earning by reference to the earning prospects which would follow

from different distributions. This model, too, has an economic counter-

part, in Ramsey's theory of saving, which is concerned with the rate

of saving hat a community should adopt if it wishes to maximise the

sati.faction it can expect to obtain by consuming less or working har-

der now in rder to be able to consume more or work less in the future.

Both problems ar extremum problems, but w ereas Ramsey was able to

formulate his so that it was accessible to the classical methods cf

he calculus of variations, the present pr blem could not be formula-

ed in this way. t was solved, however by an application of Pontrya-

gi s max mum pri ciple and, in discrete form, would have been acces-

sible t Bellman's t chn que of dyn m c pr gramming. Though formulated

and solved t a rather high level of abstr ction, the author indicated

ways in which many of hi assumptions could be relaxed. One of these

related to the ntroduct on of different kinds of education into the

model. It was suggested in discussion that if the distinction were

- 13 -



made between general and vocational education, it would be interesting
to see how the model would react to the high obsolescence rate of
many Tecitic skills which was mentioned earlier. With these additional
fe tures, the model might shed some light on the desirability of a

ent.raleducation, favouring adaptability, in youth, followed by spells
of highly specialised education at various stages of adulthood, as
o p sed to a relatively specialised education in youth followed by
little if any further education in adulthood, which is the prevalent
pat rn today.

As has been said already, the distinction between theories for
application and theories for insight is one of convenience: there is
no suggestion that the former can give no insight or that the latter
ann,t be applied to real problems. They are, however superficially

very different and it is important to recognise that each has its con-
trib_ion to make.

It the discussion a number o points were made.

rst, there wa* a considerable similarity in the models of stu-
dent flows presented to the conference. It was thoughtthat an inter-
na al organisation could help greatly by providing opportunities
for m del builders to keep in touch and by encouraging uniformities
of tr atment where this was desirable. In this way it would be easier
to compare the experience of different countries, and results achieved
in on country could be replicated in another.

Second models o' economic inputs into education were not much
discussed, but the link provided by the fact that the educational
system produces its own major input, teachers, was emphas'sed. Econo-
mic input output tabulation and analysis offers a pattern which could
readily be applied to the educational system. It was thoughtthat more
information was desirable on the effect of gran s in influencing the
choices of students.

Third, the models of st,dent flows d vided the educational system
up into branches but did not try to get nside the branches and see
what was going on there! in other words the educator and the psycho-
logfst were left out of the models This d fect would have to be re-
medied because existing educational tec ni ues could not be aken
for grant d in planning the great expansion of education that was now
beginning to take place.

Fourth and this po'nt is losely related to the preceding one,

14 -



more attention should be paid to the concept of productivity in edu-

cation: an impartial look at existing curricula and their effective-

ness is much needed. It waS recognised that to do this new concepts

and methods of measurement would have to be develop:d. It was also

recognised that many educators associated high productivity with bad

education and were generally suspicious of productivity studies. It

was thought, however, that the inputs of resources needed by present

and prospective educational programmes were so high that the problem

could not be neglected for much longer.

5. Estimation

The main topic discussed under this heading was the estimation

of transition pro ortions, the parameters in the student-flow models.

At present these re based on past observations, exactly like input-

output coefficien sin many economic investigations, a.d it was agreed

that this was the only practical way to get a first akproximation to

these proportions. It was pointed out, however, that the economic ana-

logy of supply and demand analysis ought to be kept in mind, the

proportions based on past data partly reflected the demand of students

to move fr m one branch to another in the educational system and part-

ly the supply of places in those branches. To the extent that supply

limitations were important, especially in the higher branches of the

system, estimate, based on the past would give a distorted picture of

student demands f they were in a position to exercise their first

pref rences; not only would the demand for the more preferred branches

be underestimated, but the demand for the less preferred branches might

be overestimated s nce the dem4nd for them comes in part from the exer-

cise of seco d or third preferences by those who have failed to find

a place in their preferred branch.

A number of suggestions were made for handling this problem. In

the irst place, 3nstitutions would usually know how many applications

they rec,ived as well as how many students they adm -ted, and might

be able to d vi the difference between these numbers between the

applicants who di not reach their standard and the applicants who

had to be rejected owing to the limit on the number of places availall

This kind of ineormation would be useful. But it might still be the
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case that the general knowledge that places were limited discouraged

application by weak but suitable candidates. It was suggested that

sample surveys of student preferences and attainments might help to

get closer to transition proportions base on demand; and the possi-

bility of trying to model the determinants of student demand was also

mentioned.

Apart from the question of estimating a set of transition propor-

tions, consideration was also given to the estimat on of changes in

this set. This problem is familiar to economists in the context of

input-output coefficients. Something could be gained by constructing

a series of tables of student flows, but these would all be subject

to the difficulties just mentioned, d-e to limitations of supply.

Here again it was suggested that it would be necessary to model the

determinants of student demand. For example, it might be helpful to

regard the wish to reach successively higher rungs on the educational

ladder as analogous to a multiple epidemic process in which the change

in the transition proportion between any two stages depended part-

ly on the proportion who had made the move in the previous period and

so tended to infect others to follow their example, and partly on the

proportion who had not made the move in the previous period and so

might be susceptible to infection. Again it might be helpful to regard

the choice of course at any stage as analogous to a learning process

in which the existing distribution over courses is compared with a

distribution based on an assessment of their prospects, and students

tend continually to move away from the first distribution towards the

second at a given speed.

It was generally agreed that educational modelling was .till in

its infancy and offered immense scope for further research.

6. Aims

The disc ss on of the aims of educ tional policy tended to base

these aims on the usual, rather limited, cons derations: t e a parent

needs of the productive system; and the apparent preferen, es of those

being educated. It could be argued that there are educati nal a ms

over and above th se: namely, to bring every individual u to tte edu-

cational level suited to him and so enable him to enjoy what education

- 16-



can contribute to a happy and adjusted life. This aim, if realised,

might bring about large changes in the supply of different economic

skills, and so in the prices of these skills, with the result that

the apparent demands forecast by the productive system would be wide

of the mark if these price changes were not taken into account. This

aim might also conflict with individual attitudes, or at least action4

as historically determined. However, it was recognised: (a) that most

individuals must earn their living and that the educational system

should help them to do this to their satisfaction; and (b) that with.-

in any system of inducements that may be offered, individuals should

be free to follow the courses that appeal to them. These consider-

ations suggest that the needs of the productive system are important

but that the productive system may have to adapt itself to individual.

attitudes.

From the discussion on educational aims a number of points

emerged on which there was general agreement.

First, there are many different educdtional aims and the weight

that should be assigned to each is a problem for the policy maker

rather than the model builder. However, the model builder can play

an important role in the process of policy formation in so far as

he is able to work out problems of feasibility and cost, and can

compare the alternative paths by means of which different aims can

be realised.

Second, many aims are uncertain, partly because we know relatively

little about social and economic dynamics, For example, even if

we ignore the possibility of the kind of major adjustment contempla-

ted at the beginning of this section, it is still a difficult matter

to estimate future manpower needs, since these depend on future out-

put levels, technology labour mobility, restrictive practices and

many other factors. These subjects can be, and are being, studied.

In this case the educational model builder must get together with

the econoMic model builder.

Third, aims may be diametrically opposed to one another because

of conflicts of interest which must be resolved before a coherent

statement of aims can be made. The theory of games was mentioned as

a technique which might be useful in this difficult area.

- 17 -



7. Controls

Any system that is to operate patisfactorily must have some form of

control to prevent inbalances from building up and to keep it on its

intended course. The distinction between automatic controls and con-

trols operated by human agents is not as obviqus and clear-cut as it

may seem. The thermostat on the one hand and the driver of a motor-

car on the other are examples of the two extremes. The price mechanism

wbrking under the assumption of universal perfect ce pptition is some-

thing between the two, for in this case the economic system is control-

led by human agents who have, however, an automatic response to price

Changes: a rise in price will stimulate supply and curtail demand,

and a fall in price will have the opposite effect. In general, the

Self-interested responses of human a4ents to price movements are sup-

posed to converge towards an equilibrium solution and so re-establish

a balance that has been upset by crop failures or otheri natural occur-

rences.Even with this simple model, however, it is not difficult to

*state conditions under which the hi:man responses to a departure from

equilibrium will lead not to convergence put to oscillation: the feed
a

Otock cycle is an example of this.

The subject of systematic control has been deeply studied in re-

cent years in connection with engineering control problems. Two of

tpe papers presented to the conference dealt with control from this

point of view, not in order to reduce the problems of controlling a

programme of educational development to the 4utomatic methods appro-

priate to controlling, say, a chemical plant, but in order to introduce

the general philosophy of the problem of control as it has been

developed in control-system engineering. These ideas fit easily into

the frameworkof the discussion given so far, and can be summarised

in four propositions: (a) from a knowledge of the operating characte-

ristics of the system and the aims it is intended to serve, suitable

control variables must be found; (b) control relationships connecting

these variables with the system must be designed in such a way that

they act with the speed and intensity, neither too much nor too little,

necessary to keep the system close to its intended path; (c) the whole

exercise must be based on conditions and knowledge as they are and not

- 18 -



On hypothetical conditions and 'perfect' knowledge; (d) the contra
Mechanism should be, adaptive, ttiat ig to say it should embody a

learning process which enables it to adjust itself as new, experience

is gained. This statement of the problem, which is as relevant to

systems controlled by human agents as to automatic-control systems,

provides some insigilt into the fundamental nature of control.*

In the discussion, a number of point were. made.

First, any human system is likely to.be only partially control-

lable because there may be human responses which are not amenable to

any acceptable control variable. This does not, of course, imply that

control is unimportant in such systems.

Second, more work is needed on the concept of control yariables

as applied to educational systems. For eXamplel.suppose an improvement

in the pay and status of teachers is needed to secure adequate re-

cruitment and retention; how are potential teachers likely to react

to specific proposals? OP again, haw can administrative arrangements,

which themselves form a system, be better adapted to their tasks?

Andi finally, how far does effective co-trol involve changing the

attitudes of students and their parents, so that those parts of the

system which are not amenable to controls now become self-regulating?

Third, emphasis was placed on the difficulty of designing.control

systems. Some of the reasons for this are: (a) the control function

which specifies the changes in the control variables in response to

the performance of the system must be tractable as well as effective,

and it is not easy to satisfy both conditions; (b) the objective func-

tion to be maximized or minimized is rarely single-peaked and it is

often difficult to find the true maximum or minimum rather than same

local peak or trough; (c) controls must operate at the appropriate

speed and intensity if they are not to lead to oscillations of inef-

fectiveness.

8. Conclusion

Those who attended the conference left it with the feeling that

the ideas presented held much promise and that the achievements in

building quantitative educational models, though modest to date,

pointed to important new techniques which would be helpful in the
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formulation and control of educational programmes. They saw a number

of new areas where research is urgently needed, and commended these

alike to those engaged in research and to those who support research.

They expressed the hope that, even at this early stage, the papers

presented in this volume would come to the notice of educators,

educational administrators and educational planners, without whose

understanding and help educational model building could easily become

separated from the very actiVity it was designed to assist. They

thought that at a later stage, when educational model building was a

little further developed, there would be a strong case for another

kind of conference at which a wider range of interests would be

represented.



PART II : SURVEY

A SURVEY OF MATHEMATICAL MODELS
IN EDUCATIONAL PLANNING

by Hector Correa

INTRODUCTION

In Figure I the models used for the study of education are clas-

sified in two main groups : Micro and Macro Models. The first group

is formed by all the models referring to the educational process

itself, i.e., to the psychological aspects of learning, to the inter-

action of teachers and students, and among students. The reader in-

terested in this type of model should consult the references meptioned

in Note*(1) . Such models will not be considered in the present paper.

The reason for this is that micro educational models have not been

applied to educational planning and.administration.

All models referring to the educational system as a whole, or to

parts of it, are included in the group of the macro models. In this

.1=11

* The references are presented at the end of this paper.

(1) See references 8, 10, 21, 35.
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case the main elements considered are number of studenis, of teachers,

of buildings, etc. No attention is paid to what happens inside a clAss-

room, or to the Psychological processes of the students. The present

paper will refer only to this second group of models.

The need to integrate the micro and the Macro models is evident.

Subh integration would advance macro educational models from a stage

similar to that of medicine in the middle ages, when medicine was

studied without disection, i.e., ylthout studying the interior of the

human body. The macro models study education without seeing its organs.

On the other hand, the micro models go deeply into the analysis of

the organs without seeing the whole body. A mathematical study of edu-

cation cannot be attempted without considering both types of model.

The mathematical instruments used determine the first sub-classi-

fication of the macro educational models. The first sub-group is formed

by. models that do not consider choice among alternatives. Questions

such as the future evo]ution of the educational system, the consequen-

ces of an educational policy, etc., are studied with these models.

The second sub-group includes all the models whose main objective is

to select an optimum policy, or an optimum path, for the educational

system, as a whole, or for parts of it. What has been done is to put

educational problems in forms that can be solved with the aid of

linear programming techniques.

Macro models without choice between alternatiTTes are divided in

four categories dealing with: (a) student flows; (b) teachers and

class-rooms; (c) costs and finances; and (d) educated personnel

needed for social development.

The forecast of student flaws and of the population outside the

educational system classified by the level of educational attainment

are among the problems considered with the models dealing with stu-

dent flaws. Also, perhaps the most important problem of educational

planning can be studied with the aid of these models, i.e., the prob-

lem of the adaptation of the educational system to socio-economic

development.

The main questions considered in the study of teachers and class-

rooms are the following: estimation of the number of teachers and

class-rooms required to attain the targets of an educational plan,

and the problem of an equilibrium path for the number of students

in the educational system, determined by demand and supply of teachers.
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the two main questions of costs and financing in educational

planning are the estimation of the expenditures required to attain

the targets of an educational plan, and the estimation of the resour-

ces available for financing education. The models available to deal

with these questions are presented in the section dealing with costs

and financing.

The estimation of the educated personnel needed for social deve-

lopment is the quetion studied with the models presented in the sec-

tion dealing with this problem. These models complement the models

dealing with student flows, because in the analysis of student flows

the problem of adapting the educational system to social needs is

studied, while in the present case the problem of evaluating those

needs is considered.

In this paper no attempt has been made to present an over-all

model integrated with the four sub-models mentioned above. If, for

practical reasons, it is desired to do so, no basic modification of

the sub-models presented here is needed.

In order to consider the problems of choice of alternatives, it

is necessary to integrate several of the aspects dealt with separate-

ly before in one over-all model. In the model dealing with enrolment

policy, financial resources, population of school age and enrolment

are integrated. The model permits the determination of the minimum

amount of investment required to open schools for the school age po-

pulation.

A more general problem is studied with the model dealing with

flows of students, teachers, buildings ana costs; the problem of op-

timizing an index of educational products over a period of time, con-

sidering as constraints the transition of students from one level to

another in the educational system, as well as the stocks of teachers,

and the financial resources available.

The general model of choice in the educational system is inte-

grated with a model of economic growth in the section dealing with

the allocation of resources between the economy and the educational

system. The problem of the objective function is discussed in sbme

detail.

Finally, as an example of some of the possible applications of

mathematical techniques to educational planning, the problem of the

choice of an optimum curriculum is discussed.



II. MODELS WITHOUT CHOICE AMONG ALTERNATIVES

II-1 Flows of students in the educational s stem

II-1-1 Introduction

Four questions will be considered in the analysis of the flows

of students:

(a) Definition of indices for the comparison of the flows

of students at different times and/or places;

(b) Forecast of the evolution of the flows of students;

(c) Forecast of the evolution of the population outside the

educational system classified by level of educational

attainment; and

(d) Determination of the characteristics that the flows of stu-

dents must have in order to achieve specified targets of the

educational output, including the transition problem (to be

defined later).

These four questions have been studied with the aid of two types

of models: (1) those that do not explicitly take the educational sys-

tem into consideration, but rather are based on the relations between

population and enrolment; and (2) those that take the educational

system into consideration explicitly.

We will first present some basic identities referring to the

flows of student. Next the models based on the relations between

population and enrolment will be considered; and finally those which

take the educational system itself into consideration will be dealt

with.
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11-1-2 Basic Identities 2

For the analysis of the flows of students it is useful to consider

the following basic identity referring to the students flowing ih and

Out of any sub-division, say a grade, of the educational system:

II -1 -2 -1

where n
t

is the number of new students in the grade

who were in the previous grade during the

previous period;

r
t

is the number of repeaters; i.e., students

in the same grade during the previous

period, now taking that grade again;

v
t

is the number of students re-entering the

educational system, i.e., students who left

the educational system several periods be-

fore, and re-enter it;

gt is the number of students successfully

finishing the grade; they will be called

"graduates";

d
t

is the number of drop-outs;

m
t

is the number of student deaths;

t is the time of reference.

It should be observed that several time dimensions are considered

in identity 2-1* and that all of them are denoted by t. For example,

the t in gt refers to a period of study one later than that in nt orrt,

2 See references 14-18.

* Reference to a formula inside a section will be made with the last

two figures only; for example, formula II-1-2-1, will be referred

to as forMula 2-1 in section II-1.
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while t in d and m
t

refers to the whole period of study, because

these two vaaqables represent the total number of events occurring

at any time during the period of study.

It is useful to refer the variables in identity 2-1 to the number

of students at some instant between the beginning and the end of period

t. In this case, the events are classified in two groups: those hap-

penifIg before the instant chosen, and those happeni9 after. Despite

the risk of confusion, we will again denote by t an ilnstant between

the beginning and the end of period t. In this case, 'identity 2-1

tak9; the following form:

II-1r2-3

wher,

1 1 1

s g + r
t+1

+ d2 - v2
t t t t

s
t

is the number of students at instant t;

1
dt is the number of students dropping out

between the initiation of tIle period and

instant t; i.e. drop-outs before t;

2
d
t

is the number of drOp-outs tletween instant

t and the end of the period, i.e., drop-

outs after t;

v
j is the number of students re-entering the

educational system;

j 1 before instant t

j 2 after instant t

m
t is the number of deaths;

j 1 before instant t

j . 2 after instant t.

When st is eliminated from identities 2-2 and 2-39 the result is

again identity 2-1.

The main reason for introducing identities 2-2 and 2-3 is that

they can be used as a frame of reference to aggregate several sub-

divisions of the educational system, for example, several grades,
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Identity 2-1 cannot be used for this purpose.

In order to aggregate several grades of the educational system

the notion of structure is used. This is best introduced with an

example. In tables 1 and 2 the basic data for the aggregation of

three consecutive grades is presented. The arrays of numbers in these

tables form a structure centered around year 0. This control year will

be called the pivotal year. For this reason the figures in the tables

will be called structure 0. In tables 1 and 2, it can be seen that

the previous structure would be centered around pivotal year -31 and

the next around pivotal year 3. In general, if k grades are aggregated,

the structure would be centered around pivotal years t-2kit-lk;

t; t+k

Table 1

Data for the aluregation of three consecutive grades

(structure 0: total, new in grade, repeaters)

Grade -2 -1 0 1 2 3

Total 100 105 100

1 New 90 96 92

Repeaters 10 9 i 8 8

Total 89 89 93 98

2 New 81 85 91

Repeaters 8 8 7 8

Total OOOOO 79 79 81 86

3 New 73 76 80

Repeaters 6 5 6 7
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Table 2

Data for the a .re ation of three consecutive rades

(structure 0: total leavers, drop-outs and deaths)

Grade -2 -1 0 1 2

Total 10 ' 12 11

1 Drop-outs 8 10 11

Deaths 2 2 0

Total 8 10 10

2 Drop-outs 7 8 9

Deaths 1 2 1

Total 74 75 79

3 Graduates 72 72 77

Deaths 2 3 2

,

Drop-outs 8 17 19 9

Graduates 72 72 77

Deaths 2 3 4 4 2

In structure 0 the history of the total number of students en-

rolled in year 0 is given. This total number is

s
o

282.

Table 1 presents the history of those who remained in the system,

while table 2 of those who left the system. The inputs in structure 0

- 2 9 -



are given in table 1. They are the neW students entering first grade
in yeArs -2, -1 and 0., i.e.,

n
o = 90 + 96 + 102 288;

plus the repeaters in first grade year -2, second grade year -1 and
third grade year 0, i.e.,

r 10 + 8 + 6 . 2

The gtif:hmmace '+ r
o

s gives the number of students whono o
left structure 0. This can be verified in table 2, which gives the
total number of leavers, grade by grade and year by year. For example,

the total number of school leavers from first grade in year -1 is

12 10 105 . 8 - 85.

The nuMber 12 appears in Table 21 while the numbers to the right
of the equal sign appear in Table 1.

It is now clear that, for structure 01 the variables in formulas
2-2 and 2.3 take the following values from Table 1:

from Table 2;

110 + 93 + 79 1. 282o

o 90 + 96 + loa .288

o 10 + + 6 24

r
3

8 + 8 + 7 .= 43; and

1
v
o 0;

1
do

mi

8 + 17

is 2 + 3 =

25

5

4o = 72 + 72 + 77 221

d2 . 19 + 9 . 28

2
mo 4 + 4 + 2 = 10

2
vo 0
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The above identities refer to one process in the educational

system, one level say. The educational system is composed of a set

of intervendent processes. We will take it that there are 1,2

interdependent processes The first 1,2, .... A processes are consi-

dered the most elementary ones, both persons with and persons with-

out previous education can enter in any of these processes. Only those

with previous education can enter processes i = A + 1, I It

should be observed that the enumeration above does not mean that

students in process i were in process i - 1 in the previous period.;

Students in process i might come from any other process i = 1,2

For example, if the last grade of elementary ichool is i = 6, the

first year of general high school could be i 7, and the first of

vocational high school i 13. Thus students from i = 6 in any year

could be in processes i = 6, 7 or 13 in the next year.

When the variables in the identities 2-2 and 2-3 refer to process

it a superscript, i, will be used.

Using identities 2-2 and 2-3 as a starting point it is possible

to give a precise definition of the output of the educational system.

In this definition it should be observed that there are several ways

in which a person can have an educational level. The simplest one is

if the person graduates from that level and leaves the educational

system. In addition, in some cases it is said that a person who drops

out from educational process i has educational level i. People who

drop out from levels immediately aboVe i are considered to have educa-

tional level i; for example, high school drop-outs are Considered to

have only elementary education. These three elements must be conside-

red in the definition of the output of the educational system.

The following notation will be used:

ot+k is the number of people with educational level i, leaving the

system between t and t+k;

-1i
gt is the number of graduates from level i Who leaVe the system

between t and t + k, without further studies;

2d
t
ij

is the number of drop outs afteP pivotal year t, process j,
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who are considered part of the output of educational level i;

d
t+k is the number of drop outs before pivotal year t+k, process

j, who are considered part of the output of educational level i.

With the above notation we have

%--
d + 2, do , = gt + 4,t+x t+k t

J=I j=1

Several indices can be defined, taking identities 2-2 and 2-3 and

definition 2-4 as a starting point for the analysis of the flows of

students. No details will be given here 3.

11-1-3 Population and Enrolment

The simplest model for the analysis of the flows of students re-

duces to the following equation:

II-1-3-1

that is, the number of students at time t, St, iS some function

of the population at that time, Pt.

Aggregate values for s and P are not considered.

Disaggregation can proceed along one or several of the following

lines:

(a) Age;

(b) Sex;

(c) Grade;

(d) Type of education (general; vocational; in law, economics,etc.);

(e) Type of students (repeaters, non-repeaters, etc.);

(f) Geographical and social divisions (urban and rural; family's

social class, etc.).

When disaggregation along one of the lines previously mentioned

is used the equations in 3-1 have to be modified. For example, if

3 See references 14, 18, and 45.
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disaggregation by age and sex is used, equations of the form

II-1-3-2

are used.

sthi ithi(Pthi)

h=1 0 denotes age

1=1,2 denotes sex

Linear functions with zero intersection have often been used to

relate the number of students in the educational system to population,

in this case, the function in (2) takes the form

II-1-3-3 s . T P
thithi

where T are quantities that might or might not be constant, but whose

variation is independent of P.

If equations 3-1, 3-2 or 3-3 are compared with identities 2-1, or

2-2 and 2-3, it will be observed that several variables referring to

the flows of students in the educational system have been omitted.

On the other hand, it is clear that the model in this section can be

extended to include the omitted variables. For example, equations re-

ferring to students leaving the educational system as drop outs or as

graduates could be established. It is not, however, possible to do

so without considering the identities in section 2implicitly or ex-

plicitly. For this reason we will not explore this matter here.

In equations 3-1, 3-2 or 3-3 the model can be used to compare the

educational conditions between times and/or places. The coefficients

T can be used as indices for this purpose. These indices complement

the information obtained with the indices mentioned in section 2-2,

because those indices refer only to the internal process of the edu-

cational system, while indices such as T establish a relation between

students and total population.

In addition, if a complete set of equations (1) or (2) are known,

as well as the projections of the population (classified by sex and

age if required), it is possible to prepare complete projections of
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the number of students in the educational system. 4

Three main limitations of the above model should be mentioned.
First, when used for comparison of the educational conditions at
several different places and/or times, it might lead to false conclu-
sions because it reflects not only educational differences, but also
differences in the population structure. Second and more important,
it does not give any insight in the process in the educational system
itself. Finally, the model does not give any idea of possible modifi-
cations of the proportions T, nor of the factors causing them.

The model in equation 3-3 can be slightly modified to give tables
of school life for the total populations. 5

The basic equation in this
case has the following form:

11-1-3-4 A A
sth Tth Pth

A
s
th is the "stationary school population"

of age h in year t;

Tth is the enrolment rate of people of age h
in year t;

A
P
ih is the number of living people age h to

h+1 in the stationary population in year t.

The expression stationary population should
be taken in the demographic sense.
(P
th corresponds to column L

x in the life
tables)

Comparing equations 3-3 and 3-4, we observe tnat the usual esti-
mates of s

th are obtained when the usual values of P
th are used,

while estimates of the stationary school population are obtained if
values of

th are used.

When the values corresponding to the stationary school popula-:ion

4. See reference 37.

5 " 38.
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are known, it is possible to construct "Tables of the second life
for the Enrolled Population". 5

They represent the enrolled popula-
tion classified by age columns similar to those appearing in aay life
table. Among these columns perhaps the most interesting are those
giving the average number of school years remaining to per)ple age
exactly h who are alive and enrolled in school, and the probability
that a person enrolled during a particular age interval will drop
out of school before the next age interval is reached.

The tables of school life for the total and for the enrolled po-
pulation have the same uses, advantages and most of the disadvantages

of the model in equation 3-3. The only advantage of the table over
this model is that they eliminate the influence of population changes
on educational conditions.

11-1-4 Models which explicitly consider the educational system

II-1-4-1 - Comparison of the assumptions of different models.

The analysis to be made in this section 4-1 is based upon identi-
ties 2-2 and 2-3 written in the following form;

II-1-2-2

II-1-2-3

st . nt + rt + v 1

t

s
t
. g, +dt +r

t+1 +mt - v2T t

In this form of identities 2-2 and 2-3, the instant of reference
t is the beginning of the educational period.

In the simplest models6 the following form of identities 2-2 and
2-3 is used:

s
t

= n
t

1 1st . (gt - gt ) + (gt + dt)

6. See references 10, 12, 19, 37.
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i.e., it is assumed that

rt ax
mt o i 1,2;

and that students in one grade can continue their studies or drop

out of the system. No distinction is made between drop outs and
graduates.

The above equationshave been extended to take account of re-
peaters,7 and deaths. 8

In either of the two cases mentioned above it is assumed that

i 1,2;vt Ime 0

and no distinction is made between graduate and drop out leavers.

The aggregate form of equations 2-2 and 2-3 has been used9 with
the assumption that

v
t

0, i 1,2.

II-1-4-2 - The basic model 10

Starting with identities 2-2 and 2-3, definition 2-4 and the

interrelations between different educational levels, several models
of the educational system can be constructed. In its general form the

simplest model can be written in the following way:

si = ni + ri - dli - m 1i
t t t t

si = gi
t t t t+k t

7.

8.

9.

See references 2,

" 39.

" 11 14

25, 30,

- 18.

45.

10. In this section a generalization of the analysis made in referenas
14 is presented.
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11-1-4-3

11-1-4-9

Where

n
i

= f(gi-) + f(P P
t12

; ...; )
t 1,14; tk t11'

nt I] f(g-) i = A+1,
j=1

tr 4i = ik
st-k

1i i i%d fol
'

r )
t t t

f(s)
t t

'_1i.

ri)
t t' t/

= 11 IA

Pth is the population aged h=1, H in

year t;

and f( ) is some function of ( ). Each time

that this symbol is used in equations 4-1 to

it refers to a different function.

The other symbols have already been explained.

The only exogenous variable in the model in equations 4-1 to

are the Pth for all the age groups, h=1, HI in which people

may enter the educational system.

Given the future values of Pth and the forms of the functions in

equations 4-1 to 4-9, the model permits us to forecast the future

evolution of student flows. In this sense, the first of the problems

stated in section 1 has been solved.

If definition 2-4 is added to this model the future evolution of

the output of the educational system may be studied.

We will next study the forecast of the educational structure of

the population classified by level of education.

Let G
t
be the number of non-students in the population of educa-

itional level i. The future evolution of G
t

is given by the following

equations :
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II-1-4-10

where P is the death rate of those in the popula-

tion with educational level i

it(i3 is the death rate of the output of educa-

tional level i between t and t+k after they

have left school.

The introduction of the survival factor, (1- Poi); follows from

the definition of oi
+k

According to this definition, all schoolt.
leavers between't and t+k are included in the output of the educational

system, oti.klfrom the moment that they leave school. Some of them

die before t+k at which time, the stock, Git-k, is evaluated. The rate

of these deaths is poi .

Equations 4-1 to 4-10 and definition 2-4 (of the output of educa-

tion), permit us to forecast the evalution of the educational stpuc-
ture of the population.

A different model is required to determine the characteristics

which the flows of students must have in order to achieve the speci-

fied targets for the educational outtmt. The equations of this model

are 4-11 4-21 4-5, 4-8 and 4-9 P

II-1-4-11

1i
11-1-4-12 gt

resented before and also :

li 2i
oi t+k

gt + d + d 1i
t t+k

11-1-4-13 d2i f(otia)

,li rnh*11-1-4-14 gt 6t 4-e-t+k

.*
where the values of j are those levels to which it is possible to

transfer from level i.

-38-



With this model, given the target value of 4, it is possible

to determine the values that the different variables in the system,

s
t

for instance, must have in order to achieve such targets. The

values of the variables obtained in this way need not agree with their

present values nor with the likely evolution of their values in the

future. This creates the problem of the transition 11 from the present

conditions of the educational system, and its likely evolution in the

future, to the conditions required to attain the targets for the out-

put of the system.

In mathematical terms this means that we have a model formed by

equations 4-1 to 4-9 and 4-11 to 4-14. Such a model has 9 x 1 vari-

ables and 12 x I equations.To solve "Fills system 3 x 1 additional vari-

ables must be introduced. 3 x I parameters of the functions in the

model would usually be considefed as variables. The transition problem

is thus solved.

The above models solve, in theory, the problems stated in Section

I. There are however, two questions deserving further attention:

first the relation between population and new entrants, and second

the analysis of the special case of the models introduced here when

the functions are assumed to be linear.

11-1-3 Population and new entrants
12

In this section we are concerned only with the new entrants in

grades i = 11 ... A, and not with those students coming to these

grades from some other process in the educational system. Let equation

4-3 be written

ni = 2] f(gj-) + n
t

i = 1
5
A.tk

j =1

11. See references 101 14, 191 41.

II 14,
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With n
t

= f(P
t1.1 t114

) i - 1, ,A.

i.e. n
t

is the number of new entrants in the edu-

cational system (Note that rq the number of new

entrants in a structure it as defined in section

2)

The number of new entrants can be disaggregated by age as follows

where

H .

n
t

E
11=1

t
'

h
7A

ntlh is the number of people aged h entering

the educational system for the first time.

In addition, assume that

T
i

Pn
tlh tlh tlh

(i.e., the number of new entrants in the educational system is a

constant proportion of the population of the appropriate ages)

and assume that
h+ 1

- pt
h
(1,4 )

where A is the annual mortality rate of the population.

In this section we want to emphasize the interdependence of the

different values of T
h

for different values of t and h. In fact,
tl

they are subject to the following condition:

11-1-4-15
J

E T t+j; h+j1=1

To prove 4-15, observe that

11-1-4-16

,1 1 for any j > 0.

J-j

I] ni .

t+j; h+j (1- ) P
t+J; h+J.

i=1

Relationship 4-16 is self evident; it says that the number of survi-

vors among new entrants belonging to the generation aged h+J in year
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t+J must be less than or equal, the number of persons in that genera-
tion P

t+J,

From the definition of T we havetlh

and since

A J

E E ti-j;h+j Pt+j;h+j (1-/2 ) Pt+,fl h+J
i=1 j=1

h+j P
t+j;'h+J j=1, ,J

equation 4-15 follows.

The interdependence of the new entrant ratios must be considered
when their future values are estimated.

11-1-4-4 The linear model

The model in equations 4-1 to 4-9 written with linear functions
takes the following form13

i
i

ri mtt t t t
11-1-4-17 s = n + - d 1i -

11-1-4-18 i 2i i 2i
gt dt rt+k mt

-
11-1-4-19 n

i = E yiJ 4_k + Et i . 1 1 ,A
j=1
i/j

I

11-1-4-20 ni . E
,

i = A+1, A.t Y gt-kj=1
i/j

13 See reference 14.
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11-1-4-21 i
Y s

t
r
t+k =

1i 1i i
11-1-4-22 d

t
8 (n

t
+ r

t
)

,

2i iII-1-4-23 d 821
t

.
't

11-1-4-24
1i 1i i im
t

. A (nt + rt )

11-1-4-25 2i 21 im
t = A S

t

where ij is the proportion of graduates from level

j going to level i for

of repeaters in level i

i/j,

for

and the proportion

i=j;

6ij is the proportion of drop-outs from level j;

i = 1 before the pivotal year

i = 2 after the pivotal year

Aij is the mortality rate of students in

level j;

i = 1 before the pivotal year

i = 2 after the pivotal year.

The meanings of the other symbols are as above.

The model just presented has 8 I equations, and 8 I + Ay

variables, A of them being exogeneous.

Future evolution of the number of students enrolled14

To simplify the presentation some changes in the notation pre-

sented ..bove will be introduced.

14 See references 2, 25, 30, 31.
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I1-1-4-26

with

11-1-4-27

with

i i
gt a St

CL1 = ( 1- o21 - y -

, i
st = knt rt

Pi = (1- al Al i)

2i
; and

In equation 4-27, replace nt by its value in terms of sj T,
Iyfrom equations 4-20 and 4-26; and replace rt by its value in

terms of st-k from equation 4-21; giving

i i
st = a + pp Stk

j=1
j/i

A similar equation, but including Et can be written for

From this equation we can write the following matrix equation :

11-1-4-28

[t]
where

[

st

't-k

[11 1 [
is a vector with I

4.

components

rl t

s3t

From the v
ables st jI

of forecasting

been solved.

[ a
11.] isaIxImatrix with element:

1

f
ii 0 i Yii d

or i / Siw =

'for i = j

Et is a vector with I components n
-0

only

the first A of which are non-zero.

stem of finite difference equations in 4-28, the vari-

can be expressed as functions of Ht. Thus the problem

the number of students enrolled has at least in theory
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Future evolution of the output of the educational system

The output of level i was defined, in equation 2-4, as

1i
d
lijoi g + 2a d

t
+ JE;t+k t

j.1 t+k

In this section, each of the elements of equation 2-4 will be

related to s
t

for j.12 ....../I. To begin with, from the meaning

of the coeficients yij in equation 4-19 it may be seen that the

number of students graduating from a level of the educational system

and remaining in the system as new entrants in some other level is

gt g
ij j ij j

i.e., the number of graduates from level j leaving the educational

system and becoming part of the output is

i.e. from equation 4-26

11-1-4-29

Next, let us define

where

ij . j

gt (1-
tj

Y ) gt st

(1
1;1j)

"

_j,' j

t

lj
dt

i
(nj + rj )

t t

811j is the proportion of the inputs in

level j who drop out and are considered

part of the output of level i.

Using equation 4-27 we get
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lij
j

d
t

st.

Finally, let us define

where

2ij
=

2ij j
d
t

s
t

is the proportion of students in level j

who drop out and are considered part of

the putput of level j.

If equations 4-29, 4-30 and 4-31 are used in equation II-1-2-4,

we have

i i
o
i

(1 - y ) a st
t+k

1
1ij

I es

s
2ij j iE 6 st + E t+k

j.1 j.1

ie

II-1-4-32 [ ot+k] = [( 1- ri ) a[st] + [62 [st] + [IL] [st+k

where the terms in the equation have obvious matrix interpretations.

Finally, we can use equation 4-28 in equation 4-32 above, and

obtain

II-1-4-33

where

t+k t+k
0

5 21 is obtained from the matrices on the

right hand side of 4-32 and the matri-

ces in 4-28.
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Since it is possible to express s as a function of

equation 4-33 expresses o3i as a function of q. The problem of the

evolution of the output of the educational system is thus solved.

Future evolution of the educational structure of the po ulation15

The evolution of the number of persons outside the educational

system and with educational level i given in equation 4-10 is the

following

Gi
t+k . (

G
1- Ai) Gi + (1

t -Ao'

Using this equation, and equations 4-28 and 4-33 we can write

11-1-4-34

where

t

G
t

a 11

21 22 a o
t-1

s
t is a vector with 21 compenents, I of

which are s
t

and Gi respectively;

t
is a vector with.21 components, the first

I of which are El and the other zero;

11

is an I x I matrix defined in equation

4-28;

12
is an I x I matrix of zeros;

15 See references 2, 10, 30, 31, 40.
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where

Ai the main diagonal and zeros else-

is an I x I matrix wlth

where,

n21 is the I x I matrix defined in

equation 4-33; and

1 isa2IxImatrix. The first I
rows andIcolumns formaIxI

51 matrix with ones in the main dia-

gonal and zeros elsewhere. The

last I rows and I columns are

equal to

o
]

factor matrices on the right

hand side have been previously

defined.

6 1 = {.1 - 6 where the
1

ij
The matrix al formed by the matrices in equation 4-34,

can be used as the starting point to form a Markov chain for the anal-

ysiS of the educational system and its output. For this, the elements
ij

of matrices S2 must be interpreted as probabilities. In addition,

the probability of dying must be explicitly included, and some absorb-

ing_ states representing the dead must be included. With this procer

dure the resUlts obtained for absorbing Markov chains may be used to

study the educational system and its output.

Characteristics which the flows of students must have in order to

achieve specified targets for the educational output16

In order to study this problem with the linear model, some

1111111111r

16. See reference 39.
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additional simplifications will be used: first, only the disaggre-

gated case will be considered;second)it will be assumed that the edu-

cational system is formed by only one sequence of processes, i.e.,

the graduates from process i go to process i + 1 or leave the system;

finally, it will be assumed that the drop-outs from level i form part

of the output of level i.

With this simplification the model reduces to the following

equations:

11-1-4-35

II-1-4-36

I1-1-4-37

ot+
1

i)
di

= nt + rt

st gt + dt + r
t+

1 + mt

i i-1 i-1
II-1-4-38

nt = V gt-1

i ii i11-1-4-39 rt+1 I st

i i i11-1-4-40 m
t

.
A st

Besides the simplifications introduced there is an important

difference between the model above and the model in equations 4-1,

4-21 4-51 4-8, 4-9 and 4-11. to 4-14. In equation 4-12, the number

of graduates is a factor of the output required from the educational

system. No such direct relationship exist3in the model in equations
i-1

4-35 to 4-40. Instead, a direct relationship between nt and g is

introduced in equation 4-38. This permits us to obtain an interest-

ing solution for the system of equations.

Using equations 4-251 4-371 4-39 and 4-40 we obtain the following

matrix equation :

II-1.-4-41 [ r st
[ y [ gt ]

+ [ ot+1
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where

II-1-4-42

where

From 4-41 and 4-42'

r ] is an I x I matrix with (1-6 -y

main diagonal and zeros elsewhere.

[ yi
is an I x I matrix with yi in the

main diagonal and zeros elsewhere; and

the other elements in equation 4-41

are vectors with componants s
t'

g
t'

and o
i
respectively.

From equations 4-36, 4-38 and 4-39 we

can write

[A [st]
[vij

11- [^ ][Y [ sti

[ A
is an I x I matrix with 1 in the diagonal

above the main one and zeros elsewhere;

and

[Yii I is an I x I matrix with y in the

main diagonal and zeros elsewhere.

[1st] [A] 15t+1 y st + ot+i

11-1-4-43 [st] = [K A [St+ + [K [Ot+1

[K] H +CAM 1

Using the recurrence system in 4-43 it is possible to show that
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11-1-4-44
fstJ

[A ])i. [K] rt+ 1.0.1

Equation 4-44 permits us to obtain the number of students in the

educational system st when I - 1 vectors of future output of the

system are known.

The transition problem willnot be studied in the case of the

linear model.

11-1-4-5 Extensions of the basic model

The main reasons for criticizing the model in section 4-2 are that

it considers the educational process isolated from other social pro-

cesses, except population grawth; and that it disregards the influence

of supply factors on the educational process. The socio-P,conomic fac-

tors influencing the population to enter and remain in school are

completely omitted. The same is true of factors that can be included

in the supply of education such as teachers, buildings, etc.

Two types of extension of the basic model have been proposed

iin order to avoid such criticisms. In the first17 i, t s assumed that

the parameters in the equations of the model change according to some

type of stochastic process; for example, the following process is"

proposed:

A x = ax (1-b-x)

where x could be the proportion of people now entering schools T or

tIBproportion passing from one level to a higher one, w ij (i

and a and b are constants.

This procedure is attractive, but we should not forget that the

use of a stochastic method implies a lack of knowledge of the factors

influencing the process under study. Actuallytthe situation is not as

bad as this, and it is possible to estimate different values for a

17. See reference 39.
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and b, for example, for different social classes.

Another approach18 attempts to directly introduce per capita

income as one of the factors explaining the changes in the parameters

of the functions of the basic model. Lack of data and of statistical

and econometric methodology are the most important obstacles in this

case. It is possible that aggregated-models will be more appropriate

for this type of analysis.

Further extensions of the model would involve the internal work-

ings of education, in which case the results of learning theory,

theory of the interaction between teachers and students. etc., must
be integrated.

The results presented in section II-1-4-4 can be modified to

include the possibility of changes in the parameters of the linear

functions in the model in equations 4-17 to 4-25. In this case, the

product of several different matrices appears in the final formulae

instead of a constant matrix raised to a power 19
.

In the next sections supplY factors, such as teachers and build-

ings will be considered.

II-2 Teachers and class-rooms

11-2-1 Introduction

Three questions will be considered in this study of teachers and

class-rooms. First, a basic identity relating these two elements of

the educational system with students and the curriculum will be in-

troduced. This identity will permit us to pass to the second question:

the estimation of the number of teachers and class-rooms required to

18. Sag: reference 14. For statistical analysis of the factors influen-
cing the parameters of the educational model see references 10,
24, 34, 36.

19. For instance, see reference 39.
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attain the targets of an educational plan. Finally, a model for the

study of the equilibrium path between supply and demand of teachers

will be considered.

11-2-2 Basic identitE2
0

To simplify the presentation we will assume, at least at the

beginning, that the educational system is still what it was up to

some years ago: a process of interaction between one teacher and

several students, in a class-room and for a fixed period of time.

Consider the students in lass i meeting daily for severalPeriods.

For this class the following identity holds

where

Ni

s
i is the number of students in the class,

i.e., the size of the class;

Ni is the sum of the number of periods

attended by each student in the class

Mi is the number of periods for class i in

the school curriculum.

If several classes are considered, the average size of class is

E simi
s

E Ni

The interest of this definition is that it can be related to

teachers and class-rooms. It will be observed that

20. See reference 14-18.



and that the average number of periods attended by each student is

E simi
Ps

E

14 the number of periods that class i receive, is equal to the

number of periods taught by the teachers of class i; i.e.,

where T
i is the number of teachers in class

i
p
c

is the average number of periods taught by

the teachers of class i.

Furthermore, if T = Ti

and if 174 Mi =Tp0

s p
s

then

T pc

i.e., the average size of a class is a weighted student - teacher

ratio.

In addition, if we study Mi in terms of the number of class-

rooms, and in terms of the number of periods during which a class-

room is used, we obtain the following identity

s p s p

11-2-2-1

T pc R pr

where R is the number of class-rooms; and

p
r

is the average number of periods during

which class-room is used.

Several modifications of the previous formulae may be used in

order to take into consideration the different subjects in the
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curriculum, and the use of teaching aids, such as laboratories,

closed circuit T.V.1 teaching machines, etc.

11-2-3 Estimation of the number of teachers and class-rooms

required to attain the targets of an educational plan 21

If, in an educational plan, target values for the number of

students are given, the number of teachers and class-rooms can be

estimated with the following formulae:*

T rp [ s

and P. = [

where
[ P

is an I x I matrix with elements

pi

11-2-2-4 Su I

CP-]

for i = 1, II, the different

levels of the educational system;

can be defined in a similar way; and

is an I dimensional vector with compo-

nents s the target values for the

number of students in level i.

1 and demand of teachers and the rowth of the

educational system 22

Study of the supply and demand of teachers and grawth of the

* T and P. are vector quanLities
21 See references 14 - 39.
22 II 4 - 9.
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educational system is interesting from a theoretical point of view.

A superficial analysis immediately shows clear similarities between

this question and the economic problems of savings and the grawth of

income.

The problem is that the number of teachers graduating in the

educational system determines the increments of the number of students

who can enter the educational system. This problem can be studied with

the aid of a very simplified model. It will be assumed that there are

two educational levels, 1.112.. For these two levels the basic identi-

ties reduce to one variable, 4, assuming that

and

ni si gi
t t

r
i

d
hi mhi for h 1,2

t t t
i = 1,

The notation used is as follows:

is the number of students in level i

(all the students graduate);

Ti is the number of teachers in level i;

IIT'
ni

/ ' '
are parameters whose meaning

will be clear from the equations.

The demand for teachers is given by:

3 1 1

Tt = p gt

2 2
T
t

= P
2

gt

while the supply of teachers is given by:

11-2-4-4

T1t+1
(.1- ) T1 1 2

t / g.t

24+1 = (1- /:!, T) Tt +
2
g2

i.e., it is assumed that graduates from level 2 only can become

teachers
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2 1

gt wgt-1

where w is the proportion of level 1 students entering level .2.

The above system is over-determined, having four unknowns and

five equations. Since all the equations seem reasonable from an empir-

ical point of view, the first conclusion is that the assumption of

linear is too restrictive. In reality, relations like those above

probably do determine the evolution of the educational system, but

some flexibility is likely to exist in the parameter.

In order to understand the forces actually coming into play three

different cases will be considered with the aid of the above equations.

In the first case it is assumed that the supply and demand of lev-

el 2 teachers, and its relation to the number of students, determine

the evolution of the educational system. The system is centered on

equations 4-2 and 4-4. Any one of the other equations is left out.

In this case the evolution of the system is determined by

2

2T
t+1

= (1+ A i
T
2

p2 T) 0

i.e., the system will follow a path of steady growth.

In the second case it is assumed that the supply and demand of

level 1 teachers and its relation to the number of students, determine

the evolution of the system. The model is centered on equations 4-1,

4-3 and 4-5, and any one of the other two can be omitted. The evolu-

tion of the system is now determined by

T1
t+1 = (1-pT

) Tl n1 w
t

T1
1 t-1.

Depending on the values of the parameters, oscillations may
appear.
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In the third case it is assumed that g is an exogenous variable.

Two equations of the system must be left out. It is easy to check

that a steady growth of g will initiate a steady growth of the edu-
cational system.

A certain extension of the above model would be very intaresting.

The above model shows that, to a certain extent, the educational

system reproduces itself. This is true not only in a numerical sense,

but also in an intellectual one; good teachers produce good graduates

who will later on become good teachers. The opposite is also true.

A model like the one introduced before could help in studying reforms
of the educational system introducing new teachers and new methods.

It will permit us to determine the minimum number of new teachers

who could take over the whole educational system at some future date.

11-3 Costing and financing educational plans

11-3-1 Introd4ction

Two problems will be considered in this section: that of estimat-
ing the expenditure required to attain the targets of an educational

plan, and that of estimating the resources available for financing

education.

11-3-2 Expenditure required to attain the targets of an edlicational

plan 23

The targets of an educational plan can be and usually are, ex-

pressed or can be expressed in terms of-the number of studdnts that each
educational process should have in a given year; that is, a target

is expressed as a factor [st ] with components s
t,

i = 1

The expenditure required to attain such targets can be classified

23 See references 14, 22, 3,9.
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as current or as capital. The estimation of the current expenditures
required to attain the targets is given by the product

pit) [ st

where c/ is a I - dimensional vector with components,
11

c
t representing the unit cost for students of educational process i;

1iora IxImatrix with c
t in the main diagonal. In the first case

the total current expenditure would be obtained, in the.second a
vector of the expenditure by level.

Capital expenditure-can be estimated with the product

where

[ c2 [ st - st-k]

[c2 is an I x I matrix with componentst

2i
c
t

1 equal to the capital cost per student.

If convenient, the formulae above can be disaggregated, and
estimated current costs given as the total of, say, administration

costs, teacher costs and materials. In the same way, capital cost
could be the total of building costs, laboratory costs, library costs,
etc.

For administrative and accounting purposes, this disaggregation
might have been continued to a very detailed stage.

For example, for estimating the expenses per pupil in Norway, 24

a model Of 19 equations, 19 endogenous variables and 21 exogenous
ones has been used. In this model the cost per pupil is a total of
10 components.

To estimate cost when disaggregate information is used, the above
formulae must be modified, although detailed explanation of these
modifications is not required here.

24. See reference 330
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The main problem in estimating the expenditure required to attain

the targets of an educational plan is the evaluation of the components
of the vectors [chi h.1,

t
= 1$ 0,I, where h is the

type of cost, and i the educational process. Furthermore assessing the

future evolution of teachers' salaries is a major diffi...lulty in esti-

mating this expenditure. No attention has been given to this prob1em25.

11-3-3 Estimation of the resources available for education26

In the study of resources available for education, techniques

similar to those used for the study of expenditure in consumption

with respect to total income have been used. Three models have been
suggested:

1 A 1

E = E y'rt t

2 02
et . E yt

3 3
3 , 4) 0

E
t

= E I
t

p

where E = resources available

Y = National production

P = Population

= Y

.c
i
and 0 1

constants.

The above models can be disaggregated, for example, in. order to

separately consider the total private resources available for education.

NEM.

25.. See references 12 - 14.

26. "
H 3 - 14.

- 59



As an extension, the total resources (both public and private) could

be used as an independent variable to estimate the foreign aid avail-

able for education.

Such problems as the possible distribution of the total resources

likely to be available among different educational levels have not

been considered.

11-4 Educated personnel required for social development

II-4-I Introduction

Models determinating the chdracteristics that the educational

system must have in order to achieve the targets set for its output

were presented in sections II-1-4-2 and 11-1-4-4. Nothing was said

about the method that should be used to determine such targets. In

the present section no method will be given either. This is more a

political than a technical problem.

In the targets of any educational plan, however, attention should

be paid to the contribution of education to social development. This

means that the targets of an educational plan must include the edu-

cated personnel required for social development. In this'aection some

models used to determine such needs of educated personnel will be

presented,

First, the problem of the educated.personnel necessary for one

aspect of social development, that of economic development, will be

studied. The methodology in this case is more advanced. Next, some

remarks will be made about its generalization to other aspects of

social development.

I1-4-2 Manpower neods27

The demand functions for qualified labour that have been proposed

27. See references 101 121 141 191 261 321 41, 44.



below.

II44-3w1 Li . xi Yt

II-4-Z-2 Lij

ii
v v

i2

11-4-2-3 Li m Yt Y
t

ti .010 7 with E
1

t it

ij
where L is labour with educational level i,

economic sector j;

Yj is the output of economic sector j;

Li EL:A

L E Li

Y = Eri

-kl-

and 0 are constants.

In functions (2-1) arid (2-2), qualified labour and production

are related by a constant of proportionality. If required, function

(2-2) could be modified to relate qualified labour to total production

determined by input and output methods.

In function (2-3), the demand for qualified labo4r is related

through constant elasticities to total and per capita production.

In this function, it is recognised that one of the main reasons

why qualified labour is demanded is that labour productivity has
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increased. This factor is introduced indirectly by means of per
capita income.

Function (2-4) belongs to a larger model. In this model Y and L
are assumed to be exogenous variables. These exogenous variables
permit us to determine

a
iWith this value arid equation 2-4, the values of can be found.

The condition imposed upon the elasticities insures that

ELit+ = L
t+

i.e., a natural condition is fulfilled.
i 1

a
t are estimated in iterativeIt should be observed that the

steps. The basic statistical data permits us to estimate
0

With this, and the known values of L1 and Y
l'

the values of
i 1

can be estimated. With these data the value of a
1

can be ob.:-

tained, and so on.

Several extensions of the above models are possible. In particular
it would be interesting to explicitly introduce data on salaries,
and to study problems of substitution between different levels of
qualified labour. All the models of demand for production factors can
be applied to the study of the demand for qualified labour. Here is

one case in which the limitation is not in the models but in the data.
In the models just presented no mention is made of the fact that

the labour force is not usually classified by level of education, but
by occupation. There is no mathematical problem in passing from occu-
pation to level of education or vice versa. For this a matrix of

transformation is used. The main point, however, is that occupations

are defined in terms of what the person does, and so their study might
help us to find the knowledge required by a worker. This aspect is

important when the content of education is planned.

In actual studies of the relation between production, manpower
and education, the form of the mathematical relations might nct re-
ceive attention. Trial and error methods to obtain estimates that are
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intuitively acceptable have been recommended and applied. 28 To use

such methods large computing facilities are necessary particularly

if disaggregated information is employed.

Another factor to be considered in the determination of manpower

needs is that people move from one occupation to another during their

active lives. Thus experience and on-the-job training could be expli-

citly introduced in the models for estimating manpower needs.

So far only the case of demand for qualified labour as a factor

of production has been considered. Two extensions should be considered.

One is that qualified labour can be demanded as a final product,

for examples in the case of demand for services such as of doctors,

dentists, etc. In this case the model for the demand of final pro-

ducts should be applied. In the second case, educated people are

demanded not by economic processes, but by other social processes for
examples, by public administration. This brings us to the second

question: demand of the educated persons for other aspects of social

development.

When the number of workers with different levels of qualification

is known, it is possible to estimate the educational structure of the

population that would supply the labour force with the required qual-

ifications. This could be done by dividing the number of workers by

the participation rates of different levels of qualifications. This

informations and the methods described in sections II-1-4-3 and

II-1-4-4, would permit us to determine the,characteristics that the

educational system should have in order to produce the educational

structure of the labour force required to achieve the targets of the

economic plan, As was mentioned previously, these characteristics

are only one of aspects that should be considered in determinating

the targets of the educational plan.

28. I will not make any attempt here to give all the references

on this topic. Valuable references on this topic are 4 and 5.
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II-4-3 Generalization of the model

When the approach used to study manpower is carried to its logic&
conclusion we are forced to face a contradiction. Most people in a
society are "used" for economic development. If this is so, no Other
aspect of social life could be attended to, or, if these other aspects

are considered a larger population is required.

The reason for this contradiction is that in the analysis of man-

power needs the difference between people and roles played by peOple
has been overlooked. An economic occupation is only one of the roles
played by a person in a society. Only as a simplification is it possi-
ble to say that a certain number of persons are needed for economic

development. Actually, to obtain a certain volume of production certain

roles must be played at certain times,. When we discover how to make ma-
chines to play these rolestmachines can be used instead of persons.

When estimating manpower needs, what should be estimated is the
number of hours for which the economic roles are played. This change
of point of view, from number of persons to number of hours during
which a role is played, is important when several social functions
are considered in determinating the number of educated people re-

quired fpr social development.

To begin with, we should estimate the time during which roles in,

say, health, the family, polity, education and the economy must be
played in order to attain the targets in these areas. The main problems

are to define the rolesin each of these areas of social life, and to
measure the time devoted to them.

The next problem is to pass from time for which roles are played
to persons. For this it should be observed that each person not only
plays roles in health, the family, the economy, education and polity,
but also that the roles of each person are interrelated in what can

be called a constellation of roles. If a refined classification of
roles were made, each constellation of roles would be the daily

schedule of the life of a person. Of course, in practice, aggregate

approximations would have to be used.
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This analysis should include the fact that the constellation

of roles changes with social development, and that a person changes

roles during his life.

Some aspects of the model just outlined could be qualified,

and a mathematical model could be used to study them. For example,

Markov chains could be used t.) study the progress from one role to

another.

The number of hours for which the different roles are played

could be used to determine the number of hours spent learning those

roles. In this way, the schools'curriculum could be planned. This

information, and constraints on the number of students, would give

the length of school life.Alternatively the information about the

roles to -a learned, the time required to do so and the time avail-

able, would permit the determination of the different specializations

to be studied.

It seems to me that only this generalized approach, based on

roles, constellation of roles and social functions, will permit the

passage from manpower planning to planning the demand for educated

personnel for social development. The remarks above are just some

initial thoughts that, I hope, will provoke further thinking and

experimentation.



III. MODELS WITH CHOICE AMONG ALTERNATIVES

Several mathematical techniques to choose the optimum among pos-
sible alternatives have been applied to educational planning. Linear
programming is the technique most frequently used. For this reason,
only those situations where linear programming can be applied will
be considered below.

III-1 An optimum enrolment policy

Most developing countries are committed to a policy of general
eduCation for all persons of sch0o1 age. This means that they should
open sdhools not only for those reaching six years of age, but also
for all persons of 7,8 years of age who have not enrolled in the
past.

A country that in one year manages to open schools for all the
back-18g of non-enrolled people will waste its resources. This is so
because the school facilities made available for the back-log of non-
enrolled will be under-utilised when, in the future, only those rea-
ching six years of age enrol in the educational system.

If the enrolment of the back-log of non-enrolled people is spread
over several years, it is possible to avoid this wastage of resources.
Below, the question of the minimum investment needed to enrol the
back-log of students and people reaching six years of age is put in
the form of a linear programming problem.

Let us suppose that in year t=0 a country has a back-log of non-
enrolled persons of

T' P
oh

h=1
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where Poh i5 the number of non-enrolled persons of age

h in year t. It will te assumed that h=o, ,H

with h=o the age of the youggest students, and

h=H the age of tlie oldest new entrants in the

educational system.

Mc addition, let us suppose that the country wants to open schools

for all the back-log in the period between t=o and t = Y It will be

assvmed that Y > H.

The following equalities (in which deaths have been eliminated)

must be fulfilled in order to open schools for all those in the back-

log

where

H-h
2] n .

i=o J; 11+j Poh
for h = ot

th is the number of new entrants in the educa-

tional system in year t and of age h.

Let us further assume that the country wants to have schools for

all those reaching six years of age iloetween t = 1 and t = Y

with

J

E = Pt t= 1 1n
j=o

if Y-t H
IY -t otherwise.

Equations 1-1 and 1-2 refer to all the back-log and all the per-

sons reaching six years of age however, if required they can be

modified to 4.nclude a known part of either or of both of them only.
1

At any time t the total number of new entrants in the educational

system will be

Rte
h2]

t h
t=o

=o

The problem here is to minimize the investment required to sup-
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port H
t'

for t o 1Y

students are available, i.e.

where

. Let us assume that schools for H
-1

K2 c n2 -
- 1 0 -1

2 .R
t

is the capital in education in year t, and

2
c is the capital per student ratio.0

For the students entering in year 0 total capital required -

assuming no depreciation - will be

where

R2 +I .c n2 -
-1 0 0 0

I
t is investment in year t. For those entering

in year 1 the total capital required will be

R2 + I + I c n2 -- 1010t
and in general

R2 + I I
1

+
- 1 0 _ + I

t
c2 H
0 t

for t = 0 , 1 .." Y

The problem now reduces to minimizing total investment

where

1

V' -2Z = 4.4 ct It
t.0

-2 .

c
t

is a depreciation factor of investment in

year t, subject to conditions 1-1, 1-2, and

1-3, 1-5 and 1-6, and to
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111-2 Flows of studentsjLRIchEaLjailliass and costs 29

The basis of the decision models referring to flows of students,

teachers, buildings and costs are the identifies introduced in sec-

tion 11-1-2. To consider the most general case, the aggregate version

of these identities will be used. It will be assumed that there are

k years between two consecutive pivotal years, and a total of t = 1

pivotal years will be considered, i.e., t = o, k, 2k, .. . We will

also assume, as before, that there are I educational levels, i.e.,

that i = 1, .6.0,/o Finally, the numbers of students.in the.first and

last pi/otal years are assumed to be known, i.e., st and are exo-

genous data.

We will now proceed to the presentation and description of the

model. The problem is to maximize a weighted function of the elements

in the output of the educational system, i.e., to maximize

where

y-1

g.i 4i+ x t d.t2i Cit+k
[

t dlia ]
4.- t-i

t=o i=1

i are weights given to dif-
, X And g

ferent elements of the output

of the educational system.

Different quantities could be used as weight3 in the objective

function (III-2-1). Reasonable possibilities are the economic (pri-

vate and/or social) returns of education and the number of years of

education. In the first case, Z would be total economic return, and

in the second, total number of years of education. Of course, the

weights just described could be modified by taking into consideration

preferences of the policy makers. For example, the weights could be -

29. See references 7, 11, 13, 16, 17, 20.
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modified to include the fact that a policy malter4 considers that a

year of general education is equivalent to one and a half years of
vocational education. There are no limits to this type of modifica-
tion.

However, the basic obstacle in determining.an objective function
for education is not in the choice of a set of weights which can be
used in a particular case. Any choice will be zrbitrary. These remarks
carry us to the heart of the problem: very little is known in eco-
nomics of the characteristics of the preference functions. These func-
tions are the basis of all the economic analysis of choice. Additional
knowledge in this area would perhaps help to solve the problem of the
objective function for education.

should be observed that no mention was previously made of the
prob f constructing an objective function of social preferences
with re.;.r,ect to education. But even if all the problems of constructing
a soc'al preference function, taking the individual P reference function
as a starting point, were solved, I do not believe that we could not
formulate such a sociai preference functiqn. The basic problem is
that we do not know how to construct an individual preference function
starting from sample surveys of psychologioal test.

The first type of constraints that sliould be CconSidered are the
basic identities describing the student flQw4; iqe., the maximisation
should be subject to:

111-2-3

with

i 14 lint + rt dt

i i 2i 2i
st gt t+k Int

o
and s i

known.

For the new entrahts the following whAtrgants shculd be consi2
dered:

111-2-5

Entij

j=1

n

j=1
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where n
t
j the number of new entrants in educational

process i, structure t, coming from process

j, structure t-k; and
Ai

the number who can enter educational process

from two sources: those just reaching

school age, and those who could have entered

in the past but did not do so. The subscript

t refers to the current year; the subscript

j to the year they could have entered.

The first of the equations above refers to the new entrants in
levels 1 to A, that is in those levels open to persons with or with-

out previous education; while the secOnd refers to the levels open
only to those with previous education.

n
j

is subject to the following bonstraintht

111-2-6
Et+1 4 gt

= 1

That is,,the total number of people with educational level j who

continue their studies must be at most equal to the number of gradu-

ates froM that level. Knowledge of a particular educational system
allows us to put

111-2-7

for those levels, j, from which it is not possible to pass to level i.

For the levels of education open to persons with or without edu-

cation those coming directly from the population skiould be considered.

The analysis in section 11-1-4-3 permits us to determine the maximum

possible number of new entrantS at t=o and of those reaching school
age in periods t=1 y Y . As before

p
t,h is the number of non-en/lolled persons,

age h, in period t; and let

- 7 1 -



Pt
Pt

, h
h=1

Not only those reaching school age in year t are included in Pt, but

also all those who should have enrolled before, but did no." do so, and

are still suitably aged to enrol in a school.

With the notation just introduced, the following constraint for

1 can be set:nto

III-2-8

A
-

i-1 A
. ..

P
t

- ni
t;j
i

i=1 h=o i=1

Another natural constraint to be imposed is that all the variables

must be larger or equal to zero.

Several alternative assumptions can be made about the relations

among the variables in the basic identities. To begin with, it is rea-

sonable to assume that

III-2-9

III-2-10

1i 1i i
mt = (n

t
+ r

t
)

2i .2i im
t

= A
t

St

i.e., that is the number of deaths determined by a mortality rate and

cannot be determined as a policy variable.

The cases of drolo-outs and repeaters
30 do not have such clear

cut solutions. It would be possible to leave these variables free

30 See reference 11.
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inside the limits imposed by the conditions set above and those affec-

ting all the variables to be introduced below. A second possibility is

to limit the variation of drop-outs and repeaters. For instance, con_

straints such as

III-2-11 1i ni ri d1i .4 li(ni ri)

could be introduced. The interest of these constraints is that they

are related to the quality of education. In practice it would be ad-

visable to consider both the unrestricted and the restricted values of

the numbers drop-outs and repeaters. The first case would set what is

desirable, the second what is possible.

When the restricted variation of drop-outsand repeaters is consi-
- ijdered, the values of the parameters, say 6 in the example above,

should be related to different educational technologies expressed in

terms of teachers, buildings, costs, etc.. Additional comment on this

problem will be made later.

The equations introduced so far correspond to the simplest pro-

blem of choice between flows of students. These equations are the coun-

terpart of the problem considered in section IT-1-4-2. In that section,

previously existing conditions determined the future enrolment and the

output of the educational system. In the present case, the time se-

quence of enrolment in the future and the output of education are de-

termined in such a way as to obtain optimum results. However, no atten-

tion has so far been paid to the problems of the human or physical

resources required in education. These aspects will be introduced be-
low.

To introduce teachers31 in the above model, let

hi
D
t be the number of graduates from level i be-

coming teachers in level h;

be the proportion of graduates from level

i leaving the education system to graduates
becoming teachers;

31. See reference 11.
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D'i = Dhi

h=1

Equation 111-2-6 must first be modified in the following way:

111-2-12 D
Si

gt t
+ n

t+k

i.e., the graduates must proliide both teachers and new entrants at

higher levels. If drop-outs can also become teachers, constraints ta-

king this fact into consideration could be included.

The evolution of the number of teachers in level i is given by

111-2-13 Ti = Ti
-k

(1- ) +
t

j.1

Furthermore, the size of the student body depends on the number

of teachers available, i.e.,

st Ti

where P is the relation between numbers of students and teachers in-

troduced in section 11-2-3.

As mentioned above, it is possible to consider qualitative aspects

of the model being studied. There are several ways to do so. One is to

consider alternative values for Pi, and to relate them to alternative

constraints for drop-outs and repeaters. Another possibility is to re-

duce to a minimum the numbers of drop-outs and repeaters when teachers

are graduates only, and to increase these numbers when teachers need

not be graduates. Another way of introducing these qualitative aspects

is to consider that the output of schools with highly qualified teach-
ers has a larger weight in the objective function than the output of

other schools. These two methods could be used simultaneously.

Following lines similar to those used above, the availability of



buildings and others facilities could be introduced. In particular,

the problem of optimum size and location of schools could be studied.32

However, these matters are rather closely related to financial resour-

ces, and only this aspect will be considered in some detail below.

Let vs suppose that B is the amount of resources available for

educatiol during the period between t=o and t-Y. Let

hi
Lt be the cost per student level i and if

h=1, the current cost during a period of

k years.

K2i be the capital available for educational

level i, period t.

Then the following constraints can be considered:

111-2-15

111-2-16

111-2-17

K2i
t+k = K2i (1- ) + A K2i

t t+k

2i i
andct st

Y I

t=0 1.0
c
t

st + A Kt
2i c B.1i i

111-3 Allocation of resources between the economy and

the educational system33

Another problem that can be studied with the aid of the techniques

32. See reference 16,

33. See reference 1, 9, 43.

- 75 -



of linear programming is that of the allocation of resources between
the economy and the educational system. This question can be considered
as an extension of the one treated in Section 111-2, and it is with
respect to the constraints that the variables must be satisfied. How-
ever, while in section 111-2 a fairly acceptable objective function
could be determined in the present case, such a function is difficult
to obtain.

To simplify the presentation we will first introduce the constraints,
and then some considerations about the objective function.

As an initial example we will consider the economy.aggregated in
one sector.

Let Y
t be the G.N.P. between t-k and t;

C
t be the consumption between t-k and t;

1K
t be the capital in the economy;

be the total capital; i.e., capital in the

economy plus capital in the educational

system.

With this notation the basic economic equations are

ct + 1, KtYt

pIC
t

1AK
1
Y
t

Kt

Kt1 =
k (1- At k) + Kitt-

1 L.Yt

The second step in the construction of this model is to relate
qualified labour to the educational structure of the population. This
is done with the following equation:
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where

niGiL
t

+ T'l

T is the number of teachers with educational
level i, and

is the ratio participation in the labour
force.

In the next step the relation between the educational structure
of the popul&tion and the output of the educatiora.A. system is de-

scribed. The evolution of the educational structure of the population
is given by

Next we have

Gi = Gi
t t-k (1 mG) (1 i i) oilo t

1i 2iOit+k gt + dt + dtk.

Then we proceed to the analysis of the educational system. For
this the equations 111-2-2 to III-2-16 and observations in Section
II1-2 are used, and constraint I1I-2-17 is dropped.

A final constraint is required relating the total amount of re-
sources for investment to the investment in the economy and the edu-
cational system. This constraint takes the following form:

1 2i
A Kt + E aKt 6K-t

i=1

This constraint, in this presentation of the model, is equivalent to
constraint II1-2-17 in the model in section III-2.

To complete the analysis of the constraints it should be observed
that the aggregated analysis of the economy can be replaced with a
disaggregated approach. Since disaggregated linear economic models are
familiar we will not go into details.

In the case of the allocation of resources between the economy and
the educational system, the main problem is that of the objective
function. In this case, as in Section 111-2, there is the possibility
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of giving arbitrary weights to the economic and educational variables
and of constructing an objective function with such weighted variables.
But again, there is no possibility of justifying the choice of weights.
The reasons given in Section 111-2 are also valid here.

It should be observed that the special cases of the objective
function just described are those in which the educational variables
or the economic variables have zero weights. In the first case only
the economic variables would be maximized, and in the second only the
educational variables. For instance, in the first case an acceptable
choice would be to maximize

c E Ct
t=0

where C. is the present value of consumption in period t. In this case
the value of AK must be determined exogehously. If this is not done
the model requires that AR . 0. If only educational variables are
maximized, a function such as 111-2-1 is considered. In this case the
weights of the objective function must have an educational meaning.

The two special cases described above permit us to introduce
another type of objective function, namely, to approach both maxima
mentioned above as closely as possible. This can be done in the follow-
ing way. Let us make

Co :E:
t=-Y.

i.e., let us make be the actual consumption in the past Y +1 years;
and

o I

,i
(i dlig

t
gt A' t "t t+k t+k

t=-1( i=1

i.e., Zo is the actual value of the objective function for education

in the past Y + 1years. It can be said that Co and Zo describe the

present situation as it is.
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OMNI

Let C and Z be the maxima described above, i.e., C is the maximum

of the economic variables only, and Z of the educational variables

only, subject to the constraints introduced above. In this case C and
Z represent the optima that could be obtained.

Consider now a variable, x, that takes the values zero for Co, and
1 for C. In this case, a linear function of passing through the points
(OIC

o
) and (1, C) can be established. With the same variable, x, a

function through the points (0, Zo) and (1, Z) can be determined. Now

it is possible to pass from the present conditions, Co and Zo to the

best possible conditions C and Z, maximizing the value of x. This is

equivalent to approaching as closely as possible both C and Z.

111-4 Optimum educational curriculum34

Some of the links between quantitative and qualitative aspects in

educational planning were pointed out in section 111-3. Another link
is indicated in this section where a model to determine an optimum

educational curriculum is presented.

In preparing the curriculum of an educational system or of an

educational institution, two different operations must be performed.

The first corresponds to the work of educationists, psychologists
and scientists in all branches of human knowledge. They must begin by

dividing human knowledge into fields or subjects. A list from this

division will come, beginning with, say, astronomy, and ending with

zoology. These subjects must further be divided into courses, such as

elementary, intermediate and college algebra, or Latin American, Euro-

pean, African history, etc. We will assume that such courses are the

building blocks of any curriculum.

Once the list of courses is complete, the teachers of the different

courses can prepare'lists of prerequisites. The meaning of this should

be clear to any one who has read a catalogue from an American univer-

34, See reference 15.
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sity. It will be found, for example, that in order to enrol in Physics

210, one must already have taken Physics 209, as well as Mathematics

180 There is no reason to stop there. There are also prerequisites

for entering university and for entering high school. Thus, for each

course, a list of prerequisites can be prepared. These lists would end

with the first courses taken in elementary school.

The first operation in the preparation of a curriculum ends with

the preparation of lists of prerequisites for each course. All the

courses that can be taught and their prerequisites are now known. Any

course might be a prerequisite for some other; and any course might

be final, in the sense that some students might not take any additio-

nal courses on the same subject.

The second operation in the preparation of a curriculum is as

important as the first. It is the actual decision of which courses

should be included in the curriculum, for it is obvious that all the

possible courses and all their prerequisites could not possibly be

included. The lives of the students and teachers are too short, and

the money available to the schools is too scarce, to allow for the

teaching of all possible courses. Thus, in the preparation of a cur-

riculum there is a problem of choice.

In order to decide which courses should or should not be included,

educationists must compare the different courses with other courses,

and with their costs in scarce resources.

This problem does not differ from that of applying mathematical

programming to, say, optimizing the output of an industry. In this

case, industrial engineers delimit the technological alternatives

available; and monetary costs and prices usually provide the means

for comparing the benefits and the costs in resources of the different

techniques. In both education and industry, the problem is to optimize

the use of resources.

The problem just described wil be written below in mathematical

notation. The first element provided by the educationists is a list of

courses and/or prerequisites. Let zi be a course, say, three semester-

hours of physics;

1 a.
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For each course, the educationists will have a list of prerequi-

sites. From these lists a ( x ) matrix ( z ] can be formed in
ijthe following way. The components z will be

1, if subject j is a prerequisite for

subject i;

z
ij

0, if it is not;

ii
z - 1, by convention.

The matrix [ z] has only zeros and ones as components. From any
of its rows, say zhj 1 the prerequisites of subject zh can be read.

They appear as a number one in the column of the prerequisite subject,

z
i
. The matrix [z] is a systematic description of the teacher's lists

of prerequisites; and adds nothing to them.

As was mentioned before, the educationist must know the benefits

and costs of the different courses. We will assume here that only one

scarce resource exists. Let

o
i

be the cost of teaching course i = 1, In;

be the benefits of course i.

Benefits of prerequisites are not included,

That is, if zj is a prerequisite of zi, the

total benefits of taking zi will be +

B is the amount of resources available.

The matrix of prerequisites [ z , the vectors of cost and bene-

fits [ c ] and [4] , and the quantity of resources Z is the data that

educationists must prepare. Let us see what can be done with it.

Let (1) be an m-dimensional vector with all its compo-

nents equal to one;

ai be the numbeN of prerequisites for subject i;

and

[a] be the dimensional vector with ai as components.

- 81 -



It can be seen that

[ a ]

Our problem is to decide whether zi should or should not be inclu-
ded in the curriculum. In order to do so, let us consider the varia-
bles

and

x
i

1, if course zi is taught

x
i

0, if it is not taught.

The fact that xi takes only the values 0 or 1 can be expressed by
means of the relation

where (xi)2 is the square of xi.

The relation between the different courses and prerequisites can
be established in the following way: in order to teach a course, say
s its prerequisites must also be taught. This means if xh = 1, the
h

following equality will hold:

(zhj) (xj) = a
h

in which (zhj) is the h-row of matrix [ z , and (xj) is a column
vector with xj as components, because this equality is possible only
if the xj corresponding to the prerequisites of xh are taught.

On the other hand, all the prerequisites of z
h

could be taught,
but not zh itself. Thus, xh could be zero while x

j
corresponding to a

prerequisite has a vglue of one. From this analysis, we can summarize
the relationship between courses and prerequisites by

ah xh (zhj) (xj).

If z is taught, xh = 1, and the equality sign must prevail. If it
h
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is not taught, and some prerequisite is taught, the inequality will

prevail. Finally, if neither z
h

nor its prerequisites are taught, equa-
lity will prevail. Both sides of the relation will be zero.

The relation between cost and resources can be expressed :

(ci) (xi)

where (ci) is a row vector with ci as components. Finally, total bene-
fits will be

where (ri) is a row vector with as components.

These relations permit us to express the curriculum problem as
follows :

Maximize 111-4-1 Z = (i) (xi)

subject to 111-4-2 ah xh (2113) (xi)

(xj)2

111-4-4 B ..(ci) (xi)

To solve this problem observe that all the 2n vectors that can be
formed by putting 0 or 1 for each of the components of the vector (x3)
are the extreme points of a cube with unit side in the n-dimensional
euclidean space. For instance, if n = 2, the 22

vectors are (0,0),

(110), (0,1) and (1,1), that is, the extreme points of a square with
unit side.

From this observation, we can conclude that the problem formed by

equations 4-1, 4-2 and 4-3 above has the same solution as the problems
in which condition 4-3 is changed to

111-4-5 0 < xi < 1.

This is so because in equations 4-1, 4-2 and 4-5 we are considering a
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a linear programming problem defined over the convex hull of the pro-

blem in equations 4-1, 4-2 and 4-3. Furthermore, the extreme points of
the convex hull are exactly those acceptable as solutions to the prob-
lem in 4-1, 4-2 and 4-3. Thus, in this case, the usual technique for
solving linear programming problems can be used.

So far, we have not considered condition 4-4 in the problem in

equations 4-1 to 4-4. When this is done, two cases are possible.

4-6 (ci) (1) < E,

that is, if the resources are not scarce, the hyperplane

4-7 (ci) (1) E

does not intersect the n-dimensional unit cube. No new extreme points

appear, and the solution of 4-1, 4-2 and 4-3 obtained by the usual

linear programming techniques is that of 4-1 to 4-4.

In the second case, the inequality in 4-6 is reversed. The hyper-

plane in 4-7 intersects the n-dimensional unit cube and new extreme

points appear. These new extreme points might have co-ordinates with

some components which differ from zero or one. That is, for these new
extreme points we will have

0 < x3 < 1

for some j. To solve this problem use must be made of the techniques

for finding solutions to linear programming problems in which the

values of the variables are integers. Again, the solution of the prob-

lem in equations 4-1, 4-2, 4-4 and 4-5 is that of the problem in equa-
tion 4-1 to 4-4. Therefore, in summary it can be said that a method is

available for solving the curriculum problem as stated in this section.
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NOTATION

costs ci

i = 1 current

i = 2 capital

consumption

drop-outs

d 1
before

d
2

after

drop-outs before from level j considered as

output from level i

d213 drop-outs after see from level j considered as

output from level i

per capita resources available

total resources available

function (....)

graduates

g
i

those graduates from one level who leave the educational
system

Gi non-students in the population with educational level i

age

years of aggregation for school system

matrix defined on page 30

Ki capital,

. 1, in the economy,

i = 2, in education

1 number of workers per unit of output

11 number of workers with education level i
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total number of workers.

mi deaths

m1 before t

m2 after t

period offered

new entrants in an educational structure

new entrants in the educational system

n
hi

new entrants in level h coming from level i

people remaining in the educational structure

periods of education received

o output

P
s periods per student

P
c periods per teacher

P
r periods per room

population

stationary population

non-enrolled population

rooms

students

stationary schocil population

average class size

time

number of teachers

re-entrants

per capita income

total income
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ij

proportion of repeaters in level i

proportion of graduates g a a

proportion of inputs in previous structure

st ni(nt-k rt-k)

proportion of graduates from j new entrants in i

proportion of graduates fromej who remain in the system

matrix defined on page 29

proportion of drop-outs

gli drop-outs before

6
2i drop-outs after

lij
6 drop-outs before from level j, considered as output of

level i

A increment

resources available for education

objective function

V proporion of graduates becoming teachers

,K oapital-output ratio

labour-output ratio

mortality rate

p
i mortality rate in output level i

%

P
G

mortality rate in the population

depreciation of capital

objective function

weighted student-teacher ratio

participation rate

a elasticity 1, see page 40
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/2 sumation sign

student-population ratio

defined on page 40

defined on page 45

objective functions

component of

matrix defined on page 28



PART III : ENROLMENT PROJECTION

PROJECTION MODELS OF THE SWEDISH
EDUCATIONAL SYSTEM

by the Forecasting Institute of the Swedish
Lentral Bureau of Statistics

Background

For many years Swedish population statistics have been of rela-

tively good quality. There has been a successive increase in the collec-

tion of statistical data on education. Thus, the quantity of collected

statistics concerning students in higher education increased in 1937,

1956 and 1963. The present annual statistical programme for primary

and secondary education was introduced in 1960-1961. Compared with

most other countries, Swedish educationEl statistics are quite amb-

itious. However, regularly collected statistics regarding a few small

sectors of higher education, and important sectors of vocational edu-

cation, are still missing.

Swedish educational planning has been pursued mainly within the

jurisdiction of ad hoc committees (often with members of Parliament)

appointed by the Minister of Education. By and large these committees

have used available statistics in their work, but have also collected

statistical data of their own. As a basis for their proposals, the

committees have often been commissioned to make projections regarding

the supply and demand of persons with the particular type of education

under investigation.

These ad hoc projections have often not been co-ordinated with
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projections for other sectors of education, and for the labour market

as a whole. Furthermore, it has been questioned whether it is realistic

to forecast demand for what are usually small and highly specialised

branches of education or professions 10-15 years in advance.

In 1960 a working group was appointed within the National Labour

Market Board. The group was charged with making projections for the

supply and demand of different categories of education. This working

group, the "Forecasting Institute", took part in making projections

for several important parts of the labour force which were under in-

vestigation by special committees. Apart from this, a number of fore-

casts required by authorities or organisations were made. However, it

was questioned whether it is possible to make long-run forecasts for

specialised categories of education. The objective of the work of the

Forecasting Institute has therefore been somewhat modified. Instead

of making independent forecasts for small specialised groups the work

is now aiming at a more integrated approach in order to comprise lar-

gel sectors of the labour market, and is to the highest degree possi-

ble to be co-ordinated with economic and social planning in general.

As an element of this broader scope the Forecasting Institute has star-

ted work on models of education. In 1964 the Forecasting Institute was

transferred from the National Labour Market Board to the National Cen-

tral Bureau of Statistics.

Objectives of the work on models of education

Much has been written about what one would wish to gain from dif-

ferent models of education. The objectives of the work of the Fore-

casting Institute in this field are therefore summarised by only a few
points.

(i) The models are supposed to illustrate the dynamics of the

educational system, and to serve as a framework for the in-

terpretation of statistics of education later on.

(ii) The models may be used for projections of observed trends

possible, and to study the implications of decisions already

made.
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(iii) The models may be used to illustrate and analyse the effects

of alternative decisions.

(iv) As the models, in principle, comprehend the educational sys-

tem of the whole country at all levels,,their purpose is also

to obtain consistency between points (i), (ii) and (iii) in

definitions and codes, and also to get co-ordination between

the planning being pursued for different sectors of the edu-

cational system.

Choice of models

The choice of models'is a choice of mathematical models to describe

a certain structure. This choice is directed by the problems one wants

to throw light upon, the supply of primary information (in the case of

practical usage of the models) and wishes regarding the level of aspi-

ration and richness of detail of the models. So far, the starting point

for the work on models of education at the Forecasting Institute has

primarily been to map inter-relations between the variables included

in present educational statistics which are easy to observe and to

measure (number of pupils, number of examinations, duration of study

etc., by sex and faculty). In the long run it is desirable that the

models be more strongly integrated with general social planning, i.e.

number of teachers available and investment in new school buildings,

and with those economic and social variables which might have a guiding

effect on, for example, pupils' choice of education.

A short survey of the work on three models is given below.

I. The projection model of compulsory schooling

Sweden has only one compulsory school system, the courses and orga-

nisation of which has been decided upon by Parliament. A new compulsory

school systent, known as comprehensive schooling, comprising 9 years of
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education, is being gradually introduced between 1962 and 1972. This

means that during the transitional period there will be two systems in

operation. However, comprehensive schools already educate about 80 per

cent of the pupils. The organisation of such schools is shown in dia-

gram 1. During the first six years all instruction is common to all

but a very small percentage of pupils, thP handicapped and especially

poorly gifted, who are instructed in special classes. During the 7th

and 8th year in school, the classes are still kept together, but pu-

pils are free to choose certain courses and subjects. During the 9th

year, pupils are divided among nine different branches having a some-

what different orientation of subjects. Four branches are practical

and vocational, and five are more theoretical.

The model for grades 1-6 of compulsory education takes as a start-

ing point the fact that the age distribution by grade shows reliable

stability. (Compulsory education starts the year in which a pupil is

seven years old).

Table 1

Distribution by grade of pupils age 6-16

(in per cent)

Age

6 8 9 10 11 12 13 15 16 (Total)

Grade 1 1.7 95.8 4.3 0.1 (101.9)

2 1.6 93.0 5.6 0.2 (100.4)

3 1.9 91.6 6.6 0.3 (100.4)

4 2.0 90.2 6.7 0.3 ( 99.2)

5 2.2 90.2 7.5 0.4 (100.3)

6 2.1 90.0 7.6 0.5 (100.2)

Total % 1.7 97.4 99.2 99.3 99.2 99.3
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From the distribution matrix (Table 1) the number of pupils in

grades 1-6 can be computed with the help of population data. In grades

7-9 it is also important to study pupils' choice of subjects. The mo-

del is based on simple transitional probabilities such as : the proba-

bility that a pupil in grade 7 alternative B in year t, will be in

grade 8 alternative C in year (t+1).

Pupils in grades 7-9 can choose from a large programme of subjects

and courses. The choice to be made in the 7th year is between two

different courses in English, two different courses in mathematics,

21 different courses in German, French, type-writing, handicrafts

(major course) etc., and three different courses in music and handi-

crafts (minor course). The total number of combinations amounts to

(2x2x21x3) 252. The same system applies in the 8th and 9th years.

If the transitional possibilities between all these different combina-

tions were to be taken into consideration, a 1111x1111 matrix would

be obtained. A model using a transitional matrix of this size just for

primary education would be too troublesome. The different alternatives

must therefore be aggregrated in a suitable way, and this aggregation

should be made according to the problems of immediate interest. When

planning school rooms or demand for teachers, pupils' choice of music

and handicrafts can be of great interest, while their choices of these

subjects could probably be completely ignored when studying recruit-

ment to secondary schools. Because of this, the Forecasting Institute

has attempted different levels of aggregation to obtain matrix dimen-

sions such that they can be both run by the computer programme (see

below) and are of a size allowing estimation of transition frequencies.

The above-sketched model for the comprehensive school has been

programmed for computer (IBM 7090). In the computer programme the ma-

trix of grades 7-9 (plus examinations after grade 9) cannot exceed the

dimension 128 x 128. Each run of the programme can comprise only an

even number of five years (with fixed coefficients in the matrix, but

with changing data year by year for persons at each age).

No breakdown by sex is made in the model. As the proportions are

more or less constant, the somewhat different educational patterns of

female and male are of no practical importance for many possible appli-

cations of the model. In cases where a division by sex is required the

model is applicable to each sex separately. In case a division by



Table 2

Year t in grade

6 7 A 7 B 7 C 8 A 8 B 8 C 9 A 9 B 9 C

Year (t + 1)

In grade 6

7 A

7 B

7 C

8 A

8 B

8 C

9 A

9 B

9 C

P7C/8A

The transitional frequencies can be represented by, for example,

P701Awhich is the probability that one pupil in grade 7 alternative

C year to will be in grade 8 alternative A year (t + 1). The probabi-

lity P6/6 has no relevance in the model.
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region is wanted, the model is applicable to each region separately.

Statistical data for deciding upon distribution coefficients by

age of pupils in grades 1-6 are available (see table 1 above). So far,

however, no statistical material has been collected which could be the
basis for calculating the transitional probabilities for grades 7-9.

The present statistics on pupils give only the annual distribution of

all pupils. For practical use of the model, individual data are required

on a large sample of pupils and their choices during at least two

years. From this material (punched cards) the transitional coefficients
could then easily be estimated with consideration of different aggre-
gation alternatives. The interest shown by possible users of the model
has so far been very moderate, and for that reason no measures have yet
been taken to collect the necessary primary data for deciding upon the

transitional coefficients.

Practical use of the modelris further ccmplicated by the fact that
20 per cent of the pupils in compulsory schools.are still to be found
in several other types of schools (the comprehensive school is being
introduced successively in different regions, cf.page 95). Furthermore,

the system of secondary education which is built on the compulsory

school is at present being reorganised. It did not seem worth-while to
construct models and to collect the necessary statistical flow data
for those types of schools which are going to be liquidated within

2-4 years. As no statistics will be available for a long time on, for

example, the new secondary school starting in 1966, one has had no

reason as yet to make a formalized model for that part of the educatio-

nal system. The best thing to do for the secondary school (i.e. the
gymnasium) and for similar types of schools is probably t) have a model with

simple transitional probabilities of the same kind as are relevant for
the 7th to the 9th years in the compulsory school. In the new secondary

school some annual individual statistics will probably be collected.
The structure of the comprehensive school model is shown in diagrams

2 and 3.



The projection model of university level

Assumptions

The Swedish universities have faculties of theology, law, medicine,

arts, social sciences and natural sciences. In addition to these facul-

ties there are also colleges which provide education in Technology,

Bconomics, Forestry, Agriculture, Pharmacy, Dentistry, etc. To enter

these faculties students must, in general, have passed the Higher

Certificate examination at the gymnasium. The gymnasium is divided into

eight different main branches. Students from different branches show

varying propensities in their choice of faculty or college.

The colleges and the faculty of medicine have restricted entry, a

limit being fixed for the number of first year students every year.

Competition among the candidates is as a rule very hard. The faculties

of the universities, with the exception of the faculty of medicine, do

not have restricted entry but accept all students who have passed the

Higher Certificate examination. However, Within these faculties there

are certain subjects of study for which the number of students is li-

mited. (The universities receive grant-in-aid automatically in order

to be able to give all students a basic education .)As a result of the

hard competition among students who want to enter the branches of

higher education with restricted entry, many students start to study

at the "free" (unrestricted as to number of new entrants each year)

faculties while a waiting admittance to faculties with restricted

entry.

As a rule the faculties with restricted entry have a well defined

course of study leading to a degree after a fixed number of years. The

faculties of arts, social sciences and natural sciences, on the other

hand, cover a great number of independent subjects; here, as a rule, a

university degree can be obtained after having studied at least two

subjects during a period of at least three years. Many of the students,

however, do not succeed in,obtaining their degrees after only three

years of study. Furthermore, many students study several subjects and

do more course work than is formally required for a degree. Temporary

interruptions in studies are also common. Finally, the definition of
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presence at a faculty is quite broad : every student who has taken part

in at least one examination or lesson during a semester is registered.

All students at higher levels (post-graduates) are included.

The conditions for the construction of the comprehensive school

model and the university model were different. The comprehensive

school model was constructed as an experiment without any prior con-

tact with possible users, and with limited consideration taken of avail-

able statistical information. The university model was constructed to

make possible a projection of the number of students 15 years ahead.

Therefore, available statistical information had to be used. This

consisted of :

(0 Individual data for registered students during a period of

10 years by branch in the gymnasium, year of examination from

the gymnasium, and earlier enrolment, if any, at university

level;

(ii) Individual data on the number of students present at the uni-

versities in 1962-63 by year of enrolment.

However, data was not available on how many of those who had left

university had graduated or not. Data was available on the number of

examinations in different years, but there was no information on the

initial enrolment year of the graduates or on the year they left uni-

versity. This is especially important for post-graduate students who

usually leave university many years after graduation. Within a short

time an.individual register, covering all the students at university

level, will be available on tape.

The construction of the model

Due to the existence of faculties with restricted entry, it has

not been possible to use a simple model with transition probabilities

for further studies after secondary school at different faculties and

colleges. Instead the model is built as follows :

(0 Total admittance to universities and colleges (first enrolment)

by sex, branch of gymnasium and number of waiting-years (years

between examination from gymnasium and first enrolment at
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university or college; 0-3 years have been taken into consi-
deration);

(ii) Inflow of students to faculties with restricted entry (first
enrolment) by sex, branch of gymnasium and waiting-years;

(iii) Total admittance to universities and colleges (see (0) less
number of students admitted to faculties with restricted en-
try (see (ii)). The rest of the students are distributed
among faculties without restricted entry.

(iv) Starting with the number of students enrolled during the most
recent years (the length of study, and hence the number of
years spent by students, varies between different faculties
and colleges) the number of students present is computed for
the different faculties and colleges.

According to the above sketched method it hes been assumed, when
making the computations, that students with more than three waiting
years form a constant part of total admittance to each faculty and
college, and that students who are present at each faculty and college
for an extemely long period (post-graduates and slow students) form
a constant percentage of the total number of students present. A sketch
of the model is shown in Appendix 1 The formalized model is shown in
Appendix 2.

As pointed out earlier, this model was constructed to make projec-
tions of the number of students at universities possible. The model
gives data about the inflow to faculties as well as about the number
of those leaving the faculties. As soon as adequate statistics are
available the model will be supplemented with assumptions about the
percentage of students who leave universities with a degree. Once we
have had some experience with the model we shall take into consider-
ation whether the model could, in some respects, be less detailed.
Thus far, computation has been carried out on the model only once, and
that manually. At the moment, a new count is being prepared in which a
series of standardised forms will be used for assumptions and for re-
sults. After this second manual count the model might be prepared for
EDP.
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III. Teachers in_Primary schools, secondary schoolsletc.

As in many other countries there is a serious shortage of teachers

in Sweden. For this reason it is important to construct a model for

the demand and supply of school teachers. This model can be regarded

as a further step in developing the avdels of the above mentioned

schools. As long as there are no useful models for pupils in these

schools, the model of demand for teachers must be built upon schematic

hypotheses regarding the number of pupils and the size of classes in

the schools inquestim There arerather good statistics on the supply of

teachers, due to the fact that most Swedish teachers are already in-

cluded in the comprehensive teacher-statistics collected on an indi-

vidual basis. At the moment a national teacher-register is being con-

structed on tape.

One of the difficulties in constructing a model for demand and

supply of teachers is that we have a demand for teachers giving lessons

in specific subjects, while teachers normally instruct in several sub-

jects. Teachers sometimes also teach subjects for which they are not

formally qualified. Due to the fact thatmany teach at several types of

schools, it is necessary that the model, in order to be realistic,

should cover a very large part of the educational system, including

vocational schools and adult education.

Some_general comments

(i) Model building is hampered by the shortage of suitable statis-

tical data, and by the fact that information on the structure

of the educational system necessary for model building is to

some extent missing. The work on building the model has, for

this reason, been combined with the collecting of ad hoc data

and the planning of new regular educational statistics (often

in connection with the introduction of administrative data

systems). Furthermore, the work on the educational models has

been combined with a qualitative mapping of the structure of

the educational system.
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(ii) The objective of the work on the educational models should

be such that these models become tools in administrative

educational planning. However, it has been difficult for

administrators to explain exactly what they require from the

models. The demands put forward have in some cases been laid

out in an unrealistical manner, or have been impossible to

carry out due to the present shortage of statistical data.

(iii) Opinions about the possibilities of using the models for long-

term (5-15 years) projections are divided. For this reason,

the effects of variations in the different variables and

coefficients of the model need to be analysed. Alternatively,

completely different models should be used for short-run and

long-run forecasts. It seems possible to construct a computer

programme in such a way that interpolation can automatically

be performed on a matrix or a vector in the computer, thus

easing the introduction of linear trends for the coefficients

of the model.

(iv) It is important to try to introduce social, economic and

other variables, to enable the models to predict changes of

the transitional probabilities which are now treated as

constants.



APPENDIX I

Diagram 1: The Compulsory sdhool

The pupils are kept together in the same classes from grade 1 to grade 8. In grade 9
the pupils are divided into 9 different streams, mostly in separate classes.

5 different streams 4 different streams

Grade 8

Grade 7

Grade 6

Grade 5

Grade 4

Grade 3

Grade 2

Grade 1

,NmmImd'\...imnm\
4 weekly periods: 11 optional subjects (al

ternative courses or couples of
subjects) e.g. German, Frendh,

22 weekly periods: 5 optional
groups of practical or
vocational subjects
(typewriting, engineering
etc.)

.

3 weekly periods: Englidh, general or
modified course

4 weekly periods: mathematics, general
or modified course

4 weekly periods: 2 of the subjects: 2 weekly periods: 1 of the sub-
music, art, textile work or jects: Englisth, music
wood and metal work or art

20 weekly periods common to all pupils 11 weekly periods common
to all pupils

4 weekly periods: 18 optional subjects (alternative
courses or couples of subjects)e.g. German,
French, typewriting, mercantile course

7 weekly periods:
7 optional subjects or
groups of subjects,
e.g. typewriting,
technical work3 weekly periods: English, general or modified course

4 weekly periods: mathematics, general or modified course

4 weekly periods: 2 of the subjects: music, art, textile work or wood
and metal work

20 weekly periods common to all pupils

5 weekly periods: 21 optional subjects (alternative courses or groups of subjects)
e.g. German, French, mathematics (extra course), typewriting

4 weekly periods: English, general or modified course

4 weekly periods: mathematics, general or modified course

2 weekly periods: 1 of the subjects music, textile work or wood and metal work

20 weekly periods common to all pupils

132 weekly periods common to all pupils

132 weekly periods common to all pupils

130 weekly periods common to all pupils

125 weekly periods common to all pupils

120 weekly periods common to all pupils

I19 weekly periods common to all pupils
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Assumed Warm frequency

into gmnasiom for 16-yver-olds,
yoor (t-3), and

graduation fromency, yew t

Number of 16-yomolds,

yam t-3

[grad

Assumed distribution of

ustos from realms year t,
by s and 0

Assumed Mal tramitieml
frequencies to higher educate*

yaw t d graduates
from venasim years (t-3)4,

by s, b and w

Godustion from gyenasium,

pan (t-3), (t-2) and (t4),
by s and b

10

Assumed distribution

among free faculties of the input

into free faculties year t,
by s, b and w

Matriculation at higher education
mar t of grathihs

from prairie mars (t3)4
(U. w <4),

by sb and w

1;

Subtraction

(control)

10

Assumod distribution

meg students mitriculated
at restricted faculties,

by r

cepa* at restricted

kettles mor I, by r

12

Assumed proportion of the

cam/city occupied by students

mstriceisted for the first thme
at any faculty, by s and r

14

Assumed distribution over b and w

of students matriculated at

restricted faculties (with first
matriculation at any faculty),

by s and r

11

Capacity at restricted

Willies mar t, by s and r

13

*AM Of students matriculatod
at restricted faculties mar t

with matriculatim for Me first Ms
at any faculty, by s and r (w <4)

15

17

Motriculation at free faculties year t

by s,b and w (w <4)

20

Assumed proportion in year t

of tho matriculated students

who were graduated from lyMOOSO101

before year (t3),
Lt. w >3.

24

Assumed proportion of students

(matriculated year (tli) or later)
still present ytar t,

bYs,landy

18

Matriculation at free faculties mar t,

by s and f (w <4)

21

Total mstriadation
at free faculties year t

(adjusted as regards students

for whom w >3),

by s and f

22

fessbor of students metriculated

at restricted faculties year t
with matriculation for the first time
st any faculty, by sb asd w (w <4)

FLOW DIAGRAM FOR THE CALCULATIONS OF THE PROJECTION MODEL OF
UNIVERSITY LEVEL

TM Isome heye numlwas from 1 le 33. The calculations ere explained in
appandix 2. The lines of slwt dashes Mono I. the schematic model
fee the output kern the university level.

Akkreviations :

SOX

II branch of granasium

w 'waiting years ",thet is, years hetween graduation from gymnesium
and first matriculation et any faculty

f free lecultits

restricted faculties

I free end Notelet furnish's

y years tf presence et e faculty since metriculatien

30

Assumed distribution among

faculties (at which they have

earlier bun mtriculated)
for students matriculated at

restricted faculties, by s and r

Total matri ulatIon in

higher educa ion (free and
restricted fac Wes) year t,

by s nd I

23

Total matriculation in

higher education (free and

restricted faculties) years (tIXt1),
by s and I

26

Assumed proportion of the

total number of students
present year t who were

notriculated before year (t11),

bysandl

25

Number of students matriculated

years (t11)-t still present year t,
by s and I

27

Total number of students present,

(adjusted for students with y> Y1),

by s and I

29 28

Number of students matriculated

years (t-Y1-1Xt-1) still Present
year (t-1), by s and I

Output in year t of students
who were metriculated year (fY1)

Of later,

by s, land y

r-

I

Number of students matriculated

year t at restricted faculties
who have earlier boon matriculated

at any faculty, by s and

Net output from higher education

year t, by l

I31I Change in years (t1)4 of the number

of students matriculated earlier
then year (tY1), by I
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APPENDIX 2

The formalized projection model of university level

The description of the model follows the flow diagram in appen-

dix 1. The numbers in the left margin correspond to the numbers of the

boxes in the flow diagram.

The different quantities have abbreviations, starting with N if it

is a number or P if it is a probability or frequency. The rest of the

abbreviations correspond to key words, which are underlined in the

text. The quantities are mostly distributed on some of the following

categories.

s = 1, 2=S

b= 11 2,411410B

f = 1, 2,..F

sex

branch of gymnasium (up to now B = 7

for the present gymnasium, and B = 5 for the "new"

gymnasium starting 1966)

waiting years, that is, years between graduation

from gymnasium and first matriculation at any fa-

culty or college. In the model it is supposed that

all freshmen at the free faculties have not pre-

viously been matriculated at any faculty (which is

an almost true asrumption). It is supposed that

freshmen with more than 3 waiting years constitute

a small, more or less constant, proportion of the

total number of freshmen.

free faculties at the universities. There are at

the moment 5 different faculties without restricted

entry (theology, law, arts, social sciences and

natural sciences). The earlier faculty of arts and

social sciences was split up as late as 1964. As



we lack sufficient data from the two new faculties
we still handle them as one faculty in the model
(F = 4).

r _, _2 pooR restricted faculties. This group consists of the
. 1

faculties of medicine and economics, but also of
colleges and professional schools which provide
education in technology, forestry, agriculture,

pharmacy, dentistry etc. Up to now R = 12.

1 - 1, 2,..L free and restricted faculties. Up to now
L = F + P. = 4 + 12 = 16

y . 0,1,2, ..Y1 years of presence at a faculty since matriculation.
Due to drop-outs, variations in the individual time
needed for graduation and other factors, the remain-
ing portion of students who matriculated in a cer-
tain year gradually decreases. The rate of decrease
differs between the faculties due to (among others)
differences in the ideal time for graduation. For
every faculty, Y1 has been chosen so that the por-
tion of students still present is less than 15 %.
Students staying for a longer time (for example post-
graduate students) are supposed to be a more or
less constant proportion of the whole stock of stu-
dents present. Up to now 2< Y1 _.9.

The model is based on a great many assumptions of constancy which
are not yet fully mapped and are not mentioned in this short descrip-
tion of the model.



GRADUATION PROM GYMNASIUM

1. Number of 16- ear-olds, year (t-3)

N16t-3

2. Assumed entrance frequency into gymnasium for 16-year-olds year

(t-3), and the graduation frequency year t of those who entered

the gymnasium year (t-3)

Pegt -3 pgft

3. Graduation from ymnasium year t

Nggt N16t-3 x Pegt-3 x Pgft

4. Assumed distribution of sraduates from gymnasium year t, by sex and

branch of gymnasium

p t
'gg(s,b)

s 1, 2 sex

b = 1, 2... branch of gymnasium

Pgg(:,b) . 1.00

5. Graduation from symnasium year t, by sex and branch of gymnasium

t Nggt x Pgg(s,b)Ngg(spb)

s 1, 2 sex

b = 1, 2 branch of gymnasium
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6. Graduation from gymnasium year (t-3), (t-2) and (t-l) by sex and
branch of gymnasium

t-2
-- t-1Ngg(:1), Ngg(spb), N66(s,b)

s 1, 2 sex

b = 1, 2 branch of gymnasium

TOTAL MATRICULATION IN HIGHER EDUCATION

7. Assumed total transitional frequences to higher education year t of

graduates from gymnasium years (t-3) to t (only the first matricula-

tion for every student at any faculty), by sex, branch of gymnasium
and waiting years

t-w
Ptt

(s,b,w)

s = 1, 2 sex

b = 1, 2 branch of gymnasium

w = 0,1,2,3 waiting years

E Pttt (s,1304) 1,00

8. Matriculation in higher education (free and restricted faculties)

lear t of graduates from gymnasium years (t-3) to t, by sex, branch
of gymnasium and waiting years (only students with at most 3 waiting
years and who have not before been matriculated at any faculty)

t-w t-wNmhe(s0304) = Ngg(59b) x Ptt(s03,14)
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s = 1, 2 sex

b - 1, 2 ... branch of gymnasium

w - 0,1,2,3 waiting years

MATRICULATION AT RESTRICTED FACULTIES

9. Capacity at restricted faculties year t, by faculty

t
Ncr

(r)

r = 1 1 .41412 restricted faculties

10. Assumed sex distribution among students matriculated at restricted

faculties year t, by faculty

,.., t
rs/ Nks,r)

s = 1, 2 sex

r = 1 1 Ile.2 restricted faculties

2

= 1.00
(spr

s

11. Capacity at restricted faculties year t, by sex and faculty

Ncr = Ncr t
. x Ps/

tt

(s,r) (r) ks,r)

s = 1, 2 sex
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r = 1 , _2 41rdre restricted faculties

12. Assumed proportions of the capacity at restricted faculties year
t occupied by students matriculated for the first time at any
faculty and with at most 3 waiting years, by sex and faculty

Prft
(s,r)

s = 1, 2 sex

r = 1, 2 restricted faculties

13. Number of students matriculated at restricted faculties year t
with matriculation for the first time at any faculty and with at
most 3 waiting years, by sex and faculty

Nrft(spr) = Ncr(spr) x Prft
(s,r)

No

s = 19 2 sex

r = 1, floe2 restricted faculties

14. Assumed distribution year t over branch of gymnasium and waitims
year of students matriculated at restricted faculties (with first
matriculation at any faculty and with at most 3 waiting years), by
sex and faculty

tph
."'W(1),W/Spr

s = 1, 2 sex

r = 1, 2 restricted faculties

b = 1, 2 branch of gymnasium

w = 0,1,2,3 waiting years
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Dhu, t
'w-(b1W/310

- 1.00

15. Number of students matriculated at restricted faculties year t

with matriculation for the first time at any faculty and with at

most 3 waiting years, by 36X, branch of gymnasium and waiting years

Nrft(30:000 t[ Iftt(str) X i-k'^(13114/spr)

1, 2 36X

1, 2..R restricted faculties

b 1, 2... branch of gymnasium

w 0,1,2,3 waiting years

MATRICULATION AT FREE FACULTIES

16. Subtraction

(If the subtraction gives any negative number of students the

assumptions in the boxes 10, 12 and 14 will have to be revised.)

17. Matriculation at free faculties year to by sex, branch of gymnasium

and waiting years (only students with at most 3 waiting years and

who have not before been matriculated at any faculty)

Nf(s03914) Nmhe(stboi) - Nrft(sIbto

s 1, 2 S8X

b - 1, 2 branch of gymnasium

w 0,1,2,3 waiting year
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18. Assumed distribution among free faculties of the input into free

faculties year t, by sex, branch of gymnasium and waiting years

(for students with at most 3 waiting years and who have not before

been matriculated at any faculty)

Pf I
(1113,131W)

f = 1, 2... free faculties

s 1, 2 sex

b = 1, 2 branch of gymnasium

w = 0,1,2,3 waiting years

Pf t(f/s,b,w)
1.00

19. Matriculation at free faculties year t, by sex and free faculty

(only students with at most 3 waiting years and who have not before

been matriculated at any faculty)

!I:
Nf

(slf) 2.:
Nf(tspb,w)

Pf(;/s,b,w)
bog

f 11 2... free faculties

s = 1, 2 sex

b = 1, 2 branch of gymnasium

w = 0,1,2,3 waiting years

20. Assumed proportion year t of the matriculated students at each

faculty who were graduated from gymnasium before year (t-3)

(more than 3 waiting years, i.e. w)3) or who have previously

been matriculated at any faculty

P(w > 3)(;)
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f 1, 2... free faculties

21. Total matriculation at free faculties year t, by sex and free

faculty (adjusted as regards matriculated students with more than

3 waiting years or who have previously been matriculated at any

faculty)

1
tNfa(tspo "' (s,f)

x

1 - P(w > 3)()

s 1, 2 sex

f 1 2 000 free faculties

STUDENTS IN HIGHER EDUCATION

22. Total matriculation in higher education (free and restricted fa-

culties) year t, by sex and faculty

t tNtmhe
(s11) Il a(spo m

+ ilr(spr)

s 1, 2 sex

f = 11 2... free faculties

. 11 2... restricted faculties

1 . 1, 2... free and restricted faculties (L = F + R)

23. Total matriculation in higher education (free and restricted fa-

culties) year (t-Y1) to (t-1), by sex and faculty

t-2 t-Y
1t-1Ntmhe

(s,1)' Ntmhe(511), etc. Ntmhe(311)
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1, 2 sex

1 1, 2 free and restricted faculties

Y1 maximum number of years since matriculation taken into
consideration for faculty

24. Assumed proportion of students (matriculated year (t-Y1) or later)
still present year t, by sex, faculty and years since matricula-
tion

n t-y
z-v(3,1,y)

s 1, 2 sex

1 1, 2... (free and restricted) faculties

y 011..Y
1 years since matriculation (Y

1 differs between the
faculties)

25. Number of students matriculated years (t-Y1) to t still present
year t, by sex and faculty

Np(s91) Ntm(591) x Pp(tsity)
t-yt-y

s 1, 2 sex

1 1, 2... (free and restricted) faculties

y 0,1,2Y1 years since matriculation (Y1 differs between the
faculties)

26. Assumed proportion of the total number of students present year t
who were matriculated before year (t-Y1), by sex ,iind faculty
(i.e. y > Y1)

P(Y>Y1)(ts11)
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s 1, 2 sex

1 . 1, 2 (free and restricted) faculties

Y
1

= maximum number of years since matriculation taken into

consideration for faculty i

27. Total number of students present year t, by sex and faculty

(ad'usted for the proportion of students who were matriculated
before year (t-Y1)

1

Npa(st1) = NP(ts,1) x
1 ... p(y>Y1)(511)

s = 1, 2

1

Y
1

=

=

1, 2

sex

(free and restricted) faculties

maximum number of years since matriculation taken

into consideration for faculty/

OUTPUT FROM HIGHER EDUCATION

(a very rough model which gives no information about the number of

students who have graduated from universities and professional schools)

28. Output year t of students who have been matriculated year (t-Y1)

or later, by sex, faculty and years since matriculation

Nop(s111) Ntm(spl) x
[Pv(sIlly)

Lv(sIlly+1)]
t-y

s = 1, 2 sex

1 . 1, 2 (free and restricted) faculties

y = 0,112..Y1 years since matriculation (Y1 differs between the

faculties)
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. 0 in the model when y Y1PP(s,1,y)

Y
1

Nop(5,1) = Nop(splor)

29. Number of students matriculated years (t-Y1-1) to (t-1) still

present year (t-1), by sex and facult;

t -1
Np(sp1)

s = 1, 2 sex

1 . 1, 2... (free and restricted) faculties

maximum number of years since matriculation taken

into consideration facultyi

30. Assumed distribution among faculties (at which they have earlier

been matriculated) of students matriculated year t at restricted

faculties, by sex and restricted faculty.

Pem
(s,r,l)

s = 1, 2 sex

r = 1, 2 restricted faculties (at which the students matriculate

year 0

1 = 1, 2... (free and restricted) faculties (at which the students

have earlier been matriculated)

31. Change in years (t-1) to t of the number of students matriculated
earlier than year (t-Y1), by faculty

Nch = :E: Nch t
(1) (5,1)
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.E [p(y>yl)(l) X Npa.(:,1) p(y>y1)() X Npa()

s = 1, 2 sex

1 = 1, 2 (free and restricted) faculties

(The proportion of post-graduate students is among other things

a function of the number of freshmen some years earlier.

Many post-graduate students have jobs as instructors,

lecturers etc. The number of post-graduates is to some extent

also a function of the number of undergraduate students ("feed-

back"). As long as the exact mechanism is unknown, the above cal-

culations may give a rough estimate of the variation of students

matriculated before year (t-Y1). The rough feed-back model does

not justify a division by sex.)

32. Number of students matriculated year t at restricted faculties

who have earlier been matriculated at any faculty (or with more

than 3 waiting years), by sex and faculty. The students who have

earlier been matriculated at any faculty have left these faculties

in the way described in paragraph 28.

Nem(:21)
[Pem(:,r,l) x (Ncr(:2r) - Nrft(s2r) )]

s = 1, 2 sex

r = 1, 2.., retricted faculties

33. Net output from higher education year t, by (free or restricted)

faculties

Nnop(1) = [Nop(s2l) - Nem(s21) - Nch(:21)]

s = 1, 2 sex

1 = 1, 2... (free and restricted) faculties
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A MATHEMATICAL MODEL OF THE NORWEGIAN
EDUCATIONAL SYSTEM

by Tore Thonstad

Introduction

In order to gain insight into the working of an educational system,

it is useful to study the long-run implications of present educational

propensities. For instance, what are the implications for the educa-

tional composition of the labour force? What fraction of today's

pupils in a certain type of school will eventually graduate from a

university? And so on.

In many analyses of educational systems, in particular in making

forecasts of enrolment, graduation, etc., a wide range of ratios is

used. It is assumed for instance that a given percentage of the pupils

enrolled in a school will pass their exams successfully, and that a

given fraction of them will go on to another school, etc. Such ratios

are, of course, dependent upon several factors: school capacities and

admission policies, the intellectual abilities of the pupils, availa-

bility of scholarships, the quality of teaching, etc. In this paper

we will take a great number.of ratios of the above-mentioned typg1

as given, and compute the output of graduates and various charactaris-

tics of the system on this basis. The analysis can be looked
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upon as a formalization, systematization and generalization of the
ad hoc procedures used by many practical forecasters.

The main advantage of the approach of the present paper is that
it provides an overall model of the entire school system of a country.
The approach makes it possible to give forecasts of school attendance
in all parts of the school systemlas well as final graduation from all
the different types of schools, in one operation, thus achieving con-
sistency between the different forecasts.

It should be stressed that this paper is a progress report about
parts of my work in this field, and that a much more comprehensive
final report will come later.

The paper is arranged as follows: first, a multi-activity model
of the Markov chain type of the educational system is presented
(Section I). Some mathematical implications of the model are given in
Section II. The adaptation of the model for empirical application is
discussed in Section III. The data used are briefly described in
Section IV. Some examples of derived characteristics of the Norwegian
educational system are given in Section V.

I. The Markov chain model

Some previous authors have used mathematical models to represent
1the structure of an educational system. In some cases, the school

system has been conceived of as a ladder, representing the school
stages in succession, no attempts being made to study simultaneously
the branching in educational specialisations.In a few cases, more
general models have been constructed (see in particular [1] [6] and
[71). Our own task will be io develop a multi-activity model of an

educational system and app y it to Norwegian data.

1. See references to Brown and Savage ri] , Correa, [2] Gani [4] ,

Moser and Redfern [6] and -tone [7] .
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The theory of absorbing Markov chains provides a useful framework

for our analysis; and before formulating our model, we shall very

briefly state the main assumptions of one type of absorbing Markov
1chains.

We will first give a definition of a discrete Markov chain. Sup-

pose that we are investigating a physical system which can exist only

in one of a finite number of states, and which can change its state

only at discrete points of time. As we shall soon see, a state can

for instance be a certain school. Let the states be designated by the

integers 122, 000 2N, and the times by 02122, 000 We now assume that

there is a fixed probability, cij, that a system in state i at time

t will transform into state j at time t+1. In our application this

may correspond to a probability for transferring from one school to

another. Such probabilities are defined for all (i,j), and are pre-

sented inaNxNtransition matrix :

" c1N

]
cN1 III cNN

In the simplest case, C is assumed to be independent of time. Because

theelementsareprobabilities,allc.i are non-negative, and the row
j

totals equal unity. The latter condition means that a "particle" (in

our application: a pupil) in state i at time t must be in one of the

N permissible states at time t+1.

A special type of Markov chain, called an absorbing chain, will

be used here. A state in a Markov chain is an absorbing state if there

is a zero probability of leaving it. A Markov chain is absorbing if it

has at least one absorbing state, and from every state it is possible

to go to an absorbing state (although not necessarily in one step).

If there are E absorbing and S non-absorbing states, the transi-

tion matrix will have the following form (when we put the absorbing

states first):

1. Our brief exposition is largely based on J.C. Kemeny, H. Mirkil,

J.L. Snell and G.L. Thompson [5] . See also W. Feller [3].
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2

I
B is an B x B identity matrix, Ois an B x S zero matrix, R is

aaS x B matrix, and Q isan S x S matrix. R gives the probabilities for

transitions from non-absorbing to absorbing states, and Q gives the

probabilities for transfers between non-absorbing states.

We now assume that an individual is either in one of the S school

activities of one year's duration, or in one of the B absorbing states.

These absorbing states will be interpreted as different completed

educations. We will assume that any final drop-out from the school sys-

tem can be classified into one of the B education categories (in our

empirical approach we shall treat mortality during schooling as absorp-
tion into one of the B categories).

In our application we will deviate from the approach briefly out-
lined above by using a deterministic (non-stochastic) instead of a

stochastic approach. This means that we will interpret the elements,
. of (1 ) as fixed transition ratios, not as probabilities. For the

individuals in any of the B + S states (for instance state 0, there

is set of transition ratios (cij) representing the fractions going to

each of the states (schools or finished educations) next year.

We define the followingnon-negative transition ratios:

(3)

(4)

qhk fraction of pupils in school activity h in a

given year who will next year be in school

activity k (11,1c.1 ,...,S).

rhe = fraction of pupils in school activity h in a

given year who will leave school at the end of

the year with final education e (h=l, ...,S;

e=1,...,E).

These ratios are arranged in the following two transition matrices
(cf. (2) ):
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(5)

(6) P.

qS1

r
11

r
SI

SS

r
1E

r
SE

The diagonal elements of O are repetition ratios, that is, the

fraction of pupils in a certain school activity who will be in the

samv activity next year. Our assumptions imply that infinite repeti-

tion is possible. However, the error introduced through this assumption

is probably very small.

There will be a tendency for persons getting a given final educa-

tion to come from the same final school activity. If that were always

the case, there would be only one element in each column of R. However,

one reason for exceptions to this is that persons successfully comple-

ting a given education often try for a year or more at a more advanced

school activity, but drop out or fail. In many cases, it is then rea-

sonable to classify them as having the education which they successfully

completed last. Furthermore, many roads through a school system may

lead to a given final education. For these reasons, each column of P.

may contain several positive elements.

Furthermore, since we assume that it is possible to go from a given

school activity to any of several different absorption categories (de-

pending for instance upon whether the individual fails or succeeds in

an exam); the matrix P. may have several elements on each row.

If a person is in a category representing one of the E completed

educations, we assume that he is "absorbed" in the sense that he will

not leave that state. This assumption could be modified by introducing

possibilites for returning to certain types of schools after some

years of work (adult training, retraining, etc.). If we want to treat

such cases satisfactorily, we must use a somewhat more general model

than the one outlined here. A modification of our model permitting a
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crude treatment of such cases is, however, given in our empirical

application (cf. the concept of "intermediate years").

The row sums of Q and P. combined add up to unity, because a

person may either go to one of the S school activities or leave school,

thus ending up in one of the E final education categories :

(7) +
r
he 1 (h.11...,S).

s.1 e.1

We may write the matrix of transition ratios in the form of (2).

The absorbing states (representing various types of finished educations)

are put first, and all those in such a state stay in that state (cf.

the unity matrix in the upper left-hand corner).

It is important to notice that the transition ratios for pupils

in a given school activity are assumed to be equal, regardless of
whether these pupils have taken the same or different paths through the

school systeM in previous years.

II. Some implications of the model

A number of conclusions can be drawn on the basis of the above

model. We shall give most of the results without proof, but as an

example, we give the derivation in one case.

We must first find a formula for the fraction of the pupils now
in a ertain school activity (h) who will be in a other specified

activity (k) after r years (r = 1,2, ...). Here h and k may represent

any pair of activities.

We define the following transition ratio of order 7 :

n(r ) = fraction of persons now in school-hk
activity h who will be found in school

activity k in 7 years (7= 0,1,2, ...).
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(0) (1)By definition, q
hk

1 if h.k and zero otherwise, and

qhk. Furthermore

(8)

s s
(2 E ,(3 \---k (2)
qh)k q o

hs -sx ; 411k

)

La 'Ms cisk.
s= 1 s.1

Me following recursive formula is clearly valid:

ri( 7) V (7 -On
"zhk La lhs "zsk

s=1

(hlk 1 2...,S)

The typical element of this sum
'

co

(7-1)
ci

p gives the fraction
las sk

transferring from h to s in (7- 1) ;teps times the fraction transferring

from s to k in one ste?.

The expression q(2) is element (h,k) of the matrix Q2. Similarly,hk
using the recursive formula, we find that a (7) is element (h,k) of the

.hk
matrix Qr. Therefore :

(9) Element (h2k) of the transition matrix Q to the T'th

power gives the fraction of pupils now in school

activity h who 7 years later will be in school

activity k (7 = 02122, ...).

The fraction of pupils in school ac-civity h who will 7 years later

be found in any of the S school activities can also be found. This

fractioniscalleda school staying ratio, and denoted by
(17)1

(10) (T) N:' (T)
qh 4:4c1 hk

k,1

(h=1,000,10,

that is the sum of row h of the matrix Q7 .

Without proof, I add the following results (each result is given

a formula number for ease of reference):
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ii

( 1 2 )

(13)

( 1 4 )

The average time spent in the future in school

activity k by those now beginning activity h, to

be denoted by w
hk, is element (hlk) of the matrix

W (I-Q)
-1

which is the inverse Lif the diffe-

rence between the identity matrix and the transi-

tion matrix Q.

The average number of school-years remaining for

a person now at the beginning of school activity

h is equal to the sum of row h of the matrix

W (I-Q)-1.

The fraction of pupils now at the beginning of

school activity h whor years later will graduate

with final education e, to be lenoted by r 7 ishe
element (tile) of the matrix Q R (the transition

matrix Q to the ( 7-1)th power times the

matrix R).

The fraction of pupils now at the beginning of

activity h having completed education e within x

years is obtained by summing the above coefficients

r (7)
he

E r (7)
he '

7=1

This expression will be called a completion ratio.

(15) The fraction of pupils now in school activity h

who will sooner or later leave the school systs
with education el is equal to

1? r(7) .he
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It can be shown that this expression is element

(h,e) of the matrix (I-Q) -1 R.

The proofs of all these results follow from the theory of absorb-

ing Markov Chains(see in particular the book cited abovel[5] I

The Markov Chain model used above can also be treated as a

system of simultaneous difference equations. We shall here do this

briefly. (It is not necessary to read the rest of this section in or-

der to understand the empirical parts of the paper). The following

additional symbols are required :

p(t) = number of pupils in school activity s

in school-year t

y
s

. number of new entrants from outside of

the system to school activity s in school-

year t

g(t) = number graduating with final education e

at the end of school-year t.

It follows from our assumptions that

(16) P (t) =
hs

P
h
(t-1) + ys(t)

h= 1

(s=lposols)o

Final graduation at the end of year t (for education e) is given by

(17) ge(t) = Er
se

P
s
(t)

s=1

By recursive use of formula (16) we arrive at an expression for

p(t) in terms of previous "entrance" :

1. The proofs will be given in the final report about this

investigation.
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S S

(18) Ps(t) =, ys(t) + aEyh(t-1)
11.1 11.1

(s=1,...,$).

It is therefore possible to study the pattern of enrolment and
graduation for alternative developments of the number of new entrants.
We shall briefly discuss two special cases: the stationary and the
exponential ones.

Suppose first that y(t) is equal to y* for all t. The stationary
solution for P

s
(to be denoted 10110 is then found by solving the follow-s

ing equation system, where Pkis the column vec+or (P*1... P*)'
'

and
S

y* is column vector (y*
1
... y*

S
)1:

(19) P* = ()IP* + y*.

The solution is:

(20) P* = y* = Wiy*,

where I is the identity matrix of order S. Here, the enrolment in
each school activity, which is constant over time, is a function of

annual initial enrolment in each school activity. Element (k,h) of 141,
which is element (h,k) of its transpose W, gives the number of pupils
in school activity k per person entering activity h per year (cf.
conclusion (11) above).

Furthermore,in the stationary case we get the following solution

for annual graduation, using (17) and (20), and putting g* for the
vector (g*1...g*EP:

(21) g* = R'P* = R'(I-Q')-1 y*

Element (e,h) of R'(I-Q')-1 gives the fraction of pupils starting
in school activity h who will end up with education e (cf. conclusion
(15) above). The formula therefore gives annual final graduation from
each school activity given the "initial" annual enrolments. In many
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countries only the first grade of the primary school has "initial

enrolment", so that vector y may have only one positive element, the

rest being zeros.

The second special case we will discuss is. that of exponential

aevelopment of primary enrolment. For simplicity we shall assume that

all entrants come to activity N° 1, so that the only "entrance func-

tion" is

(22) y(t) = Aa

where (a-1) 13 the growth-rate, and A is a constant. From (18) and

(22) we have

(23) p(t) = Aat [ ci(i0s) a-1 q(11s) a-2 q(12s) a-3
q(13) +

where (0)
-1s

= 1 if s=1 and zero otherwise. If a=1, it can be shown

that this reduces to the stationary case, cf. (20).

The ratio of the number of pupils in each school activity to the

annual entrance to activity N° 1 is a function of a and of the tran-

sition ratios:

(24) P
s
(t)

= q,(1
0s)

+ a-1 q
(1) + a-2 q

(2) + a-3 q
(3)

+
1s 1s 1s

Aat

For given transition ratios, this fraction is smaller the higher

the growth-rate of first-time enrolment (a-1). For elementary school

activities the transition ratios of high order are small, so that the

"discounting" implied by formula (24) does not count very much. For

universities etc., however, the transition ratios, q(irs), of relati-

vely high order are dominant, and here the "discounting" is much stron-

ger. Therefore, the rate of growth of primary enrolment (y1) will,

given the transition ratios, affect the composition of the school

system. If a >1, the "lower" schools will dominate over'universities,

as compared to the stationary case (a=1).
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III.Adaptation of the model for empirical use

Because the assumptions of the Markov chain model are fairly

rigid, it gives, at best, a crude approximation to the educational

pattern. We shall here give a brief survey of how we have adapted the

model. The main "adaptation" consists in the classification of the

various parts of the educational system into a number of activities

of one year's duration. In many cases this is artificial, and many

conventions have to be adopted. To a certain extent the difficulties

resemble those encountered in the classification ofmany types of eco-

nomic (and partly non-economic) activity in the national accounts. We

shall discuss a few points.

Timing of entrance and graduation: Fortunately for our purposes,

the school-year is standardized in a large part of the school system,

starting in August or September and ending in May or June. For the

purposes of our analysis we assume that examinations and entrance to

schools take place in the middle of the calendar year. All pupils en-

rolled in the autumn are assumed to stay at school throughout the

school-year, and drop-outs are treated as if they had left at the end

of the school-year. The gradual process of pupils drdpping out through-

out the year is therefore not specified. The model is best suited to

types of schooling organized in a fairly rigid way, with stages of one

year's duration. It is not as well adapted to university studies where

students may have considerable freedom in choosing the period of time

betwePn each major examination.

Part-time studz: Some people attend school fil-time, but for

only part of the year. Others attend school only part-time, either

for part of the year or for the whole year. These cases have simply

been divided into two categories: some are treate,' ;57, if they were

in full-time education all year, and the rest arL- tot,ly omitted

from the model. A more satisfactory approach in a more comprehensive

model would be to introduce special activities for eaci) sub-category

of part-time schooling.
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ilin-s.napliaLLaa2Eau: Many students interrupt their education for

some time and continue it later. The reasons can be involuntary, such

as illness and compulsory military service. Furthermore, in some

schools "practice" is an entrance requirement. Some may return to

school for other reasons after a few years of work. As a crude appro-

ximation, in order to deal with such cases, we have chosen to intro-

duce a number of "intermediate years" after each major ex;tm, as sepa-

rate activities. For example, a certain fraction of Secondary school

graduates continue their schooling at once; others leave for good;

and some leave the school system temporarily. The latter are here

treated as entrants to the category "First intermediate year after

completing Secondary school". In the next year, some of these go to

some sch 1 or college, and the rest transfer to the category "Second

intermediate year after completing Secondary school". And so on. The

"intermediate years" are therefore treated somewhat artificially a.F.

school activities, and included among the S categories of the transi-

tion matrix Q. Because of this, care is needed in interpreting some of

our results.

For a list of the "intermediate years" actually introduced into

the model, see Table I.

Repetition: A weakness of our approach is connected with its

"first-order nature" (it is formulated as a Markov chain of the first

order). This implies, among other things, that the same transition

ratios are used for newcomers to a school activity, and for fii,st-year

and second-year repeaters. Alternatively, we might have added special

repetition activities in connection with each regular school activity.

In a second-order Markov cha..in, transition probabilities are assumed

to vary not only with the present state, but also with the previous

state. Similarly, we might have introduced transition ratios specified

by previous and present school activity. But such refinements are

beyond the scope of the present crude approach.

Mortality: A converient way of handling mortality in the model is

to treat it as an absorbing state together with the completed educations.

The last column of matrix P. in (6) +hus gives the fractions of pupils

in the respective school activities dying during the year. In accordance
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with -the rest of the model, we use a non-stochastic approach for

mortality as well.

Types of education excluded: The present model treats only formaledur.

cation, taking place in organized schools. Therefore, we have excluded

the very important on-the-job training, as well as parents' teaching

of theil children, self-study, and study by means of correspondence

courses.

We have also omitted courses of less than half a year's duration,

as well as part-time training. Quite a few Norwegians study technical

subjects abroad (below university level), but this type of training

is excluded here. Furthermore, the special schools for the disabled,

blind, deaf, etc. are excluded. Finally, in order to limit the size

of the model, we have not included the first six years of compulsory

school for children (Barneskole). The lowest educational activity

included is consequently the 1st year of Secondary school (1st year

of Ungdomsskole or 7th year of Folkeskole).

Table I gives a survey, of our breakdown of the school system into

54 school activities and 6 "intermediate years".

1
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Table I

School categories included in the model, with

English and Norwegian names

Activity
N°

Name used in this study Corresponding Norwegian

name

1-4 Secondary schools Ungdomsskoler, realskoler,

framhaldsskoler

5-7 Gymnas Gymnas

8-9 Folk high schools FolkehSgskoler

10-13 Teachers'training

colleges Alminnelige laererskoler

14-15 Special teachers'trai-

ning colleges Fag- og spesiallaererskoler

16-17 Vocational schools for

agriculture Fagskoler for landbruket

18-21 Workshop schools Verkstedskoler

22-25 Other vocational schools Andre hgndverks- og indust-

farhandicraft and indus-

try

riskoler

26-27 Maritime schbols Maritime skoler

28-30 Vocational schools for

the service occupations "Tjenesteytingsskoler"

31-37 Universities A ("closed") Universiteter og hSgskoler,

tradisjonelt "lukkede" studier

38-47 Universities B ("open") Universiteter og hSgskoler,

tradisjonelt "&pne" studier
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Activity

N°

Name used in this study Corresponding Norwegian

name

48-54

55-56

57-58

59-60

Foreign universities

Intermediate years after

completing elementary

school

Intermediate years after

completing Secondary

school

Intermediate years after

the Gymnas

Universiteter og hSgskoler

i utlandet

"Mellomgr" etter folkeskolens

7. klasse eller etter fram-

haldsskolen

"Mellomgr" etter fullfSrt

realskole eller ungdomsskole

"Mellomgr" etter fullfSrt

examen artium

1) It turned out to be difficult to give an English translation of some

of the Norwegian school names. This is in particular the case for the

Gymnas, which is perhaps equivalent to the last one or two years of an

American High school and the first one or two years of Junior College.

I have chosen to use the Norwegian term "Gymnas" in this paper.

The fairly large number of activities permitted classification

according to level as well as a crude classification according to

subject of study.

We have split the universities into two categories, called A and

B. Category A contains universities which have been practising ratIner

strict admission control for some time. Category B contains univer-

sities or parts of universities where any one successfully passing the

examen artium is permitted to enter. The main reason for this separa-

tion is that the drop-out pattern and length of study are very diffe-

rent for the two categories. However, from the point of view of prac-

tical application, a breakdown according to field of study would have

been of greater interest.

Final educations are classified into 17 levels (see Table II),

and an additional category (N° 18) represents mortality.
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Table II

Final educational categories of the model, with English

and Norwegian names

Education

N°

Final education (in some

cases we use the name of

the highest school completed)

Corresponding

Norwegian name

1

2

3

4

5

6

8

9

1 0

1 3

1 4

Primary school

Continuation school

Secondary school

Gymnas

Folk high school

Teacher training

Special teacher training

Vocational school foragriculture

Workshop school

Other vocational schools for

handicraft and industry

Maritime school

Vocational school for the ser-

vice occupations

University A ("closed")

University B ("open"), lower

degree

Folkeskole

Framhaldsskole

Ungdomsskole, real-

skole

Gymnas

FolkehOgskole

Alminnelig laererskole

Spesiallaererskole

Landbruksskole

Verkstedskole

Andre hEindverks-

og industriskoler

Maritim skole

"Tjenesteytingsskole"

Universiteter og

higgskoler, "lukkede"

Universiteter og hOg-

skoler, "&pne", delek-

samen
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Education

N°

Final education (in some

cases we use the name Of

the highest school completed)

Corresponding

Norwegian name

15

1 6

1 7

University B ("open"), higher

degree

Foreign university, lower

degree

Foreign university, higher

degree

Universiteter og hOg-

skoler, gpne, avslut-

tende eksamen

Universiteter og hOg-

skoler i utlandet,

deleksamen

Universiteter og hOg-

skoler i utlandet,

avsluttende eksamen

The classification follows to a large extent from our classifica-
tion of school activities. Explanation is perhaps needed on a few
points.

Consider first educational categories 1 - 2 - 3. Among the activi-
ties included in what we have called, in Table I, Secondary school

N° 1) is the last (7th) year of Primary school. In 1961/62
this was still the final education for some pupils, here represented
by our final education category N° 1 (Primary school). Other pupils
continued their schooling for one or two years after Primary school in
so-called Continuation schools ("framhaldsskoler"), and those finishing
their education on leaving such schools have been classified into
educational category N° 2 (Continuation school). Those terminating
their education by either completing the neW "ungdomsskole" or the
"realskole" have been classified into category N° 3 (Secondary school).

For university graduates, we have distinguished between those ter-
minating their studies with a lower degree (usually after about three
to four years of :11tudy) and those obtaining a final degree (usually
after about five to rleven years of study).

It should perhaps be stressed again that a person reaching one of



the 17 final education categories is assumed to stay in that category.

Thus in this model we do not introduce any assumptions about labour

force participation, mortality, etc.

IV. Norwegian data on the educational pattern

Our task is now to arrive at estimates of Norwegian transition

ratios, and to use these ratios as a basis for giving numerical re-

sults corresponding to the mathematical results given in (9) - (15)

of Section II.

The data was collected by Kaare Andersen
1

, but all the main

principles involved (sector classification, treatment of special types

of schools and educations, etc.) were decided upon after discussions

with me. The data consists of :

(a) Number of pupils in each of the school activities in 1961/62

and 1962/63.

As a rule, the numbensof pupils on October 1, 1961 and on

October 1, 1962 were used to represent the numbers of pupils

in each of the two school-yearsIrespectively.

(b) Flows of pupils between each pair of school activities between

1961/62 and 1962/63, and final graduation from each school

activity to each final education category at the end of school-

year 1961/62.

The structure of the table containing our data is shown in Table

III below. The symbols in Table III are defined as follows (Ps(t) and

g(t) are defined in Section II) :

Phk (+)
flow of pupils from school activity h to

school activity k between the years t and

t+1.

1v Consultant at the Norwegian Research Council for Science and the
Humanities.
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ghe(t) . final graduation of pupils from school

activity h with final education e at the

end of school-year t.

Table III

Structure of the main data table of flows

between the S + E activities

From

school

activity

To school activities To final educations 1

Number
of

pupils
in

year t

.

4
I 2 S 1 2 E

1

2

S

Prom the

"outside"

Sum

P11(t)

P
21

(t)

.

.

PS1(t)

y1 (t+1)

P1(t+1)

P12(t) "*P1S(t)

P22(t)".P2S(t)

. .

. .

PS2(t)."Pss(t)

y2(t+1)...y5(t+1)

P2(t+1)...Ps(t+1)

g11(t)

g21(t)

.

g51(t)

gl(t)

g12(t) ...g1E4t)

g22(t)mg2E(t)

.

. .

g52(t).*g5E(t)

g2(t) ...gB(t)

Pl(t)

P2(t)

.

PS(t)

1 Including mortality as activity N° E.

In the present case, S = 60, E = 18 (including mortality), year t

represents school-year 1961/62 and (t+1) the next school-year.
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It was not possible to extract all the elements of this table from

Norwegian educational statistics. Mare Andersen, an expert in using

our educational statistics, had instead to rely on the following type

of approach :

(a) First, the number of pupils in 1961/62 and 1962/63 in each of

our school activities was estimated. As a rule, fairly reli-

able estimates could be obtained.

(b) Next, using various sorts of information available from our

educational statistics, a number of the elements Phk(t) and

(t)
(
t=1961/62) were estimated directly.

(c) In order to estimate repetition, Phh(t)' various investiga-

tions into repetition in Norwegian schools were used.

(d) The remaining elements of the table were estimated partly by

using miscellaneous statistical information, partly by "in-

formed guessing", always using the row and column totals as

a check.

A detailed survey of the sources used is given in a mimeographed

paper by Kaare Andersen. 1

As mentioned above, parts of the data are far

from reliable. However, instead of waiting for years for better flow

statistics for our educational system, the present author has chosen

to build upon whatever empirical information could be pieced together

to form a comprehensive picture. The outcome may at least serve to

illustrate some methodological principles. And it may even serve as a

stimulus for the improvement of the educational statistics.

Because of the paucity of data, the "cross-roads" through the

educational system are probably underestimated. Combinations of dif-

ferent types of vocational training are perhaps more common than indi-

cated by our tables, but better educational statistics are necessary

in order to arrive at more realistic estimates on this point.

In this paper we omit the detailed tables containing the data (the

complete data and numerical results will be given in the final report

1. See "Vedlegg II" in [11]
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on this investigation).

V. Derived characteristics of the Norwegian educational

pattern

The transition ratios qhk and rhe of (3) and (4) were estimated,

using the following formulas:

qhk

rhe =

Phk

P
h

g(t)

P
h

(hlk = 1, .160),

(h = 11 00001 60;

e = 1 , 18).

I

The coefficient matrix [ Q IR is of order 60 x 78, a rather unman-
i

ageable sizeland shall not be reproduced in this preliminary report.

We shall briefly discuss decomposition of the matrix Q. By permuting

the sequence of the activities, and by putting intermediate years 55 -

58 between activities 9 and 10, we obtain a matrix of the following

structure:

Q =
[ Q11 1 Q12]

0 Q
22

Here QII is a square matrix of order 13 representing internal transi-

tions among the set of activities 1 - 9 and 55 - 58. Similarly, 0
-22

is a square matrix of order 47, and represents internal transitions

in the set of activities 10-54 and 59-60. We may say that activities

Nos 1 - 9 and 55 - 58 represent general education, and the rest voca-

tional training, both taken in a very broad sense.1 In our data, the

L The "Intermediate years" are here divided between these two broad
categories.
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transfer from the former to the latter is represented by 0
12'

while

there is no recorded transfer in the opposite direction.

We might also have decomposed matrix 0
22'

and it is possible to

single out several sub-chains, from which pupils do not transfer to

any school activities outside the sub-chain.

Inspection of the matrix Q reveals that complete triangularization

is impossible, but the matrix is not farfrom being triangular, in the

sense that the activities can be arranged in such an order that only a

few relatively small elements are found below the main diagonal. In

our computations, we have treated Q as an entity, without using the

simplifications which could have been obtained by taking the above

mentioned qualitative characteristics into account.

Many of our final educationsare heterogeneous in the sense that'

the duration of stay in the last school before graduation is rather

different. As an example, final education N° 12 consists of pupils

taking either only the first, the first and the second, or all three

stages of Vocational school for the service occupations.In a more detailed

model, it would probably be important to classify these three levels

in different categories. Furthermore, this broad category of schools

is in itself very heterogeneous with respect to topics, level of teach-
ing, etc..

Anyone knowing the present-day educational situation in Norway will

realise that some of our transition ratios are already (in 1966) some-

what out of date. One reason for this is the structural change in the

school system, switching gradually from 7 to 9 years of compulsory

education. In 1961/62, the new system was only adopted in very few

communities. It would be possible to guess how these institutional

changes will effect the transition ratios, and then compute the future

implications of this new set of transition ratios.

On the basis of our coefficient matrices R and Q, the following

matrices were computed(using an electronic cothputer): 1

0T, for T = 2,3 thee, 10,15,20.

1. The computations were financed by "Metodeutvalget for arbeidskraft-
prognoser", Norwegian Directorate of Labour.
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I,. 111 =.

W = (I - Q)-1, and row sums of W.

(I - Q)-1 R.

Due to the size of our matrices, it is obvious that we cannot pre-

sent all our results. We shall therefore confine ourselves to illustra-

tive examples of the main types of results. The results will be arranged

so as to correspond with theoretical results (9) - (15) of Section II.

Higher order transition ratios (cf. [9] )

I have computed higher order transition ratios for each starting

activity.(cf. (9) ). These detailed results are omitted here. I should

like to mention, however, that the ratios of order 20 are practically

all zero, as could be expected. For example, twenty years after staying

in the last year of Secondary school practically everyone has left the
school system.

A much 1.Iss detailed, but perhaps more readable, picture of the

transition process is given in Table IV. This table illustrates the

flow of an initial group of pupils through the main parts of the

school system. The peak load on the Gymnas comes after about 4-5 years

on the Folk high schools after 4 years, and on the Teacher training

colleges after 7 years (there is P. wide dispersion over time). The
peak load on the vocational schools occurs after 4 years, with 18.11

per cent of the cohort attending these schools. The university enrol-

ment is very low in the firrt five years, but reaches a level of 7.40

per cent of the group after 8 years.

School staying ratios (cf. [10] )

The school staying ratios for activity N° 1 are given in the bot-

tom line of Table IV. Notice that after 5 years one third of the pupils

are still in school, after 8 years only one out of eight of the initial

pupils remain at school, and after 15 years, when their age is about

28 - 29 years, only 1.24 per cent are left in the educational system.

For the pupils in the first grade of the Gymnas (activity n° 5) the
school staying ratios are higher. After 5 years almost 55 per cent are
still in school, and after 8 years one fourth still remain. Even after

10 years, as many as 13 per cent have not yet left the educational sys-
tem.

Time spent in each school activity (cf. [11] )

We shall only give a few scattered results here.Pupils in activityN°1

411111011000..'""
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spend on the average about 0.19 years in each of the three grades ofthe
Gymnas, a total of 0.42 years in domestic universities, and 0.08 years
in foreign universities. Those at the beginning of the last grade of
the Gymnas spend, on the average, 1.08 years in their present school
activity, about 0.19 years in each of the last two grades of Teacher
training colleges, and 0.46 years in Vocational schools for the ser-
vice occupations. They spend on the average 2.09 years in domestic
universities, and 0.38 years in foreign ones.

Average number of school-years left for pupils at the beginning of
a given school activity (cf. [12] )

On the average, slightly less than five school-years are left for
pupils at the beginning of activity N° 1, normally at the age of 13 or
14 years. However, for a pupil in the first grade of the Gymnas (nor-
mally aged 16), on the average almost 6i years are left. For students
enrolling in the different categories of universities, the average re-
maining duration of education is from 4.75 to 6.11 years.

Time-specific graduation ratios (cf. [13] )

The results show that the time lag between first grade of Second-
ary school and final graduation with a given education is by no means
unique. This is partly due to repetition, partly to the existence of
"intermediate years", and partly to the fact that some final educations
can be reached via different "routes". Teacher training colleges can
for instance either be entered from Secondary school or from the Gymnas
- in the latter case pupils enrol in what we have called the third
grade of Teachers' college. A further reason for the wide dispersion
of times of graduation is that some of our final education categories

are very heterogeneous; some of them contain, for instance, graduates
with short as well as long vocational training.

Completion ratios (cf. [14] )

We have computed the fraction of pupils now at the beginning of a
given school activity who will have completed a certain education
within x years (x=1,2 ...). Here we shall only give the results for
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pupils in school activity N° 1, and for these we only consider educa-

tion N° 6, Teacher training.

Table V

Completion ratio.,

Percentage of pupils at the beginning of 1st grade of Secondary

school who will have completed Teacher training college within x years.

Completion ratio Completion within x years

as a percentage

of final completion

7 0.02 0.56

8 1.87 52.97

9 2.79 79.04
10 3.30 93.48
11 3.47 98.30

Limiting value 3.53 100.00

The completion ratios could have been used as a sort of test of the

model, by comparing them with other information, for instance age-

limits for admission to the various schools, age-distribution of graduates
from the different schools, etc Such checks have not yet been

undertaken systematically.

Final educational distribution of the pupils in a given school

2.2-livjzt (cf. [15] )

Of the pupils in the 1st grade of Secondary school, about 48 per cent

dbtainallygeneral education, atout Lg)pa:,cent vocational training, 4.5 per
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cent teacher training, and almost 8 per cent receive a university

degrees Among the pupils of the final grade of the Qymnas, about 39

per cent complete university education successfully, while approxima-
tely 17 per cent obtain teacher training.

It is of interest to compare the educational distribution arrived

at in this way with the results of the population census of 1960 (see

Table VI). In comparing the results, one must be aware that the census

gives the educational distribution of the stock of people, whereas our

results in the first column of the table refer to annual flow of gra-

duates under conditions of stationary intake of pupils to activity N°1.

In the census, people were asked to report all completed exams and

tests normally requiring at least one school-year of preparation. It

should be observed that in the table we have used the term "vocational

training" to denote all non-general training, except teacher training

and university training. It is probably questionable to equate the

educational categories of the census with those of our model, partly

because of changes in the content of the different educational catego-
ries with time.

The most remarkable differences between our results and the census

data concern teacher training and university training (see Table VI).
The differences imply that presant educational propensities are leading
towards an educational distribution of the population very different
from that of 1960.

When we consider different age-groups, we see that the oldest

gr9up had the lowest fraction of university-trained people, viz. 1.41
per cent. The highest fraction, 2.47 per cent, was found in age-group
30-39 years. The lower rate for the 25-29 year age-group is probably

due to the fact that some of the persons in this group had not yet

completed their university education. As can be seen, according to our
transition ratios the fraction of unix9rsity-trained is more then three
times the fraction in the age-interval 30-39 years (which has the high-
est fraction of any group).

Scattered statistical evidence leads me to believe that if we had
used 1964-65 data instead of 1961-62 data, the observed increase would
have been still stronger.
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Forecasts of school attendance and graduation (cf. [16] and [17] )

Using the observed matrices Q and R, data describing the initial

situation with respect to pupils, and estimates of the number of new

entrants to the school system every year, the model has been used for

forecasting (see formulae (16) and (17) ). The actual outcome of these

forecasts is of only limited interest, since we know that the transi-

tion ratios will change over time, partly because of capacity limits.

Nevertheless, conditional forecasts of this type may serve as a first

orientation for the practical forecaster. I have computed annual fore-

casts for enrolment in each of the 60 school activities, and final

graduation from each of the 17 education categories from 1963-1975,

but I will not present the numerical results here. 1

VI. Final remarks

The analysis reported in this paper could be improved and extended

in many ways.

In addition to our final graduation coefficients (rse) we have

introduced and estimated another type of graduation coefficients, ex-

pressing the fraction of pupils in a given school activity who at the end

of the year will successfully graduate with a given education. This

fraction also includes those who transfer to other school activities

in the next year. We could also compute the teacher requirements cor-

responding to given initial annual enrolments, and check whether enough

teachers are educated to make possible the transition pattern implied

by the model. Such results will be given in the final report.

The analysis so far hinges on the stability over time of the tran-

sition ratios. Recently, however, we have been in the midst of an

"educational explosion"in Norway, characterized by rapidly changing

1. The results are given in a mimeographed paper [11]

(in Norwegian).
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transition ratios. If we know such changes in advance, it is relati-

vely easy to study the transition process, although the simple ele-

gance of this type of Markov chain theory is lost. So far, little

seems to be known about the factors quantitatively determining the

transition ratios.

In sociological investigations the influence of parental social

class and education upon the propensity to study is emphasized. Sepa-

rate transition matrices could be used for pupils coming from diffe-

rent social and geographical environments, and the influence of changes

in the parental occupational and educational structure could thus

be accounted for.

In this model we have not taken the intelligence level of students

explicitly into account. It would perhaps be better to study the

schooling patterns of different intelligence categories separately.

Another interesting question is to what extent we can influence

transition ratios by means of various types of educational policy.

Economic measures, for example increasing scholarships in certain

schools, may influence many transition ratios, and produce final effects

which can only be analysed by means of a comprehensive educational

model.

The most important objection to the transition type of analysis is

probably that the transition ratios are detemined by pupils' beha-

viour as well as by the rules and decisions of educational institutions

1.1rolment policy for instance). To take an analogy from economic theory

the transition ratios are neither "demand" nor "supply" parameters,

but rather a mixture of both. The transition ratios may for instance

turn out to be very sensitive to changes in the behaviour of the

school authorities.

I have tried to modify the present model by explicitly introducing

capacity constraints in some of the school activities. Assumptions

about the behaviour of "overflow" pupils who do not obtain admission

to the school where they apply are then also introduced. It is possible

to make a simulation model which takes capacity constraints explicitly

into account.

For educational planning, it would have been of considerable in-

terest to reverse the problem of this paper by asking how the school
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system should be adapted in order to satisfy given manpower needs. 1

As a part of this, one might ask what the transition matrix should

be for a desired composition of the output from the school system. In

my paper 10 I have worked out a solution to this latter problem

under special assumptions.

1. See J. Tinbergen and H.C. Bos [ 8], and my own paper [10].

- 156 -



REFERENCES

1. Byron W. Brown Jr., and I. Richard Savage: "Methodological Studies

in Educational Attendance Prediction." University of Minnesota,

Department of Statistics, 1962 (Mimeographed).

2. H. Correa : "The Economics of Human Resources." North-Holland

Publishing Company, Amsterdam, 1963. In particular see Section

8.3 : "Model of the Macro-Production Function of Education."

3. W. Feller : "An Introduction to Probability Theory and its Appli-

cations." Vol. I, Second ed., New York, 1957. See Chs. XV-XVI.

4. J. Gani : "Formulae for Projecting Enrolments and Degrees Awarded

in Universities." In "Journal of the Royal Statistical Society",

Series A, Vol. 126, Part 3, 1963.

5. J.C. Kemeny, H. Mirkil, J.L. Snell end G.L. Thompson : "Finite

Mathematical Structures." Prentice-Hall Inc., Englewood Cliffs,

1959. See in particular PP. 404-409.

6. C.A. Moser and P. Redfern : "Education and Manpower : Some Current

Research." Unit for Economic and Statistical Studies on Higher

Education, London School of Economics and Political Science,

15th October 1964. Paper read at the Conference of the British

Computer Society on "Computable Models in Decisionmaking",

13th-14th October 1964, Institute of Electrical Engineers,

London. (Mimeographed)

7. Richard Stone : "Model of the Educational System." In "Minerva",

III, No. 2, Winter 1965.

8. J. Tiqbergen and H.C. Bos : "A Planning Model for the Educational

Requirements of Economic Development." In "The Residual Factar

and Economic Growth". OECD, 1964.

9. T. Thonstad : "Om utdanningsprognoser. Utkast til prognosemodell

for skoles$kning og tilgang p& nyutdannet arbeidskraft"

(Educational Forecasting. Outline of a Forecasting Model for

School Attendance and Supply of Graduates). In "Social$konomen"

No. 2/3, 1964. (In Norwegian).

-157-



10. T. Thonstad : "Dimensjonering av skolesystemet etter behovet for
utdannet arbeidskraft" (Adapting the School System to the Re-

quirements for Educated Manpower). In "StatsSkonomisk Tidsskrift"
No. 21 1964. (In Norwegian).

11. Tore Thonstad (with contributions by Kaare Andersen and Thor
Aastorp) "Rapport om et forsSk p& & lage en simultan prognosemodell

for skolesSkning i Norge" (Report on an Attempt at Constructing

a Simultaneous Forecasting Model for Education in Norway).
Metodeutvalget for arbeidskraftprogneser, Norwegian Directorate
of Labour, April 1965. (Mimeographed, In Norwegian)

- 158 -



THE DEVELOPMENT OF COMPUTABLE MODELS
OF THE BRITISH EDUCATIONAL SYSTEM

AND THEIR POSSIBLE USES

by Peter Armitage and Cyril Smith

The project to develop computable models of the British educa-

tional system is being jointly carried out by the Department of Educa-

tion and Science and the Unit for Economic and Statistical Studies on

Higher Education.* The beginnings and nature of the project have been

described in papers by Professor C.A. Moser, the Director of the Unit,

and Mr. Philip Redfern, Chief Statistician of the Department. (1,2)

1. Introduction

In recent years there has been a dramatic upsurge in interest in

the development of the educational system. This has found expression

in such reports as those of the Robbins Committee whose minute of

appointment read as follows:

* The Unit for Economic & Statistical Studies on Higher Education

is a part of the London School of Economicsand Political Science.

It was established in 1964 with a grant from the Nuffield Foundation.

Individual projects are financed by specific grants and the Department

of Education and Science supports the Unit with a grant for the Model
Project.
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"To review the pattern of full-time higher education in Great

Britain and in the light of national needs and resources to

advise Her Majesty's Government on what principles its long-

term development should be based. In particular, to advise, in

the light of these Principles, whether there should be any

changes in that pattern, whether any new types of institution

are desirable and whether any modification should be made in the

present arrangements for planning and co-ordinating the develop-
ment of the various types of institution."

As the appendices to the Robbins Report show, it was necessary
and relevant to sift a vast body of statistical data and also to make

assumptions about the future development of the system in order to
fulfil these terms of reference. In the same way, the National Advi-

sory Councilon theTraining and Supply of Teachers has required esti-
)mates of the school and teacher populations in the future in order to 1

study "a persistent and deep rooted problem" and to advise on possible

remedies for alleviating the shortage of teachers. Because of these

and similar studies the Statistics Branch of the Department of Educa-
tion and Science has increasingly been called upon to provide projec-

tions of parts of the educational system based on a variety of assump-

tions. As these demands grew, it was natural that attention should be

directed to developing a general computable model which would facili-

tate calculations of this kind and have the virtues of consistency
and coherence.

Over the last twenty years there have also been comparably drama-

tic developments in computers and in the mathematical sciences with

the development of many new techniques. These have been successfully
applied in many different areas of industry and business and recently
there has been a concentration of interest in model-building. At one
end of the scale there have been econometric models which represent

highly complex systems. The practical value of these models may be
limited, since they can only represent the empirical relationships

with fairly simple mathematical equations. At the other end of the
scale there have been models of industrial processes where the systems

are less complex and more is known about the functional relationships

embodied in them. In these cases the flow of information can be so
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organised that the system is progressively better understood, and the

model can become a highly efficient means of plant control. The latter

applications suggest a much wider scope for a model of the educational

system than the improvement of projections. However, the study of socio-

economic systems presents rather different problems with new features

which will be discussed towards the end of this paper.

For whatever purpose the model may eventually be used, we are

concerned in the first instance with the setting up of a basic lan-

guage of description. It is expected that we will wish to study alter-

native model structures, and when studying a particular model, allow

its structure to change over time. We will also wish to vary the

assumptions and parameters embodied in the model and to carry out re-

peated large-scale calculations with economy and rapidity. It is,

therefore, necessary that our basic language should be both highly

general and flexible in character.

2. The basic descriptive language of model structures

The general definition of a system is "a complex whole, a set

of connected things or parts". Mathematical definitions emphasise

the interrelationships and the fact that all the information needed

to describe the system can be contained in a set of variables so that

the vector of these variables describes the state of the system at a

particular time.

The real educational system consists of individual students,

teachers, schools and institutions, and equipment ranging from expen-

sive machinery down to pieces of chalk. These can be regarded as the

elements of the real system and their behaviour is familiar: a student

changes his grade at school or gains the qualifications which enable

him to progress to a higher institution; a teacher continues in the

same position or changes schools or leaves the profession; schools

are built or extended or closed; and so on. An individual student's

progress is determined by many factors: for example, his natural

ability, his education so far, the place where he lives and the facili-

ties it provides, parental income and attitudes. Teachers too are

Y:4
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individuals and every school is different, so that the real situation
is found to be virtually inexhaustible in detail when it is examined
closely. The consequence of this richness of detail is that limits
must be placed upon the degree of detail included in a particular re-
presentation of the system. It may not be clear what is important and
what is unimportant, but the detail included in the model is selected
by judgment in the light of the purposes for which it is to be used,
and for different purposes different degrees of detail will be appro-
priate. The wealth of detail also raises the question of whether it
is better to adopt a micro or a macro approach and this, too, is a
matter of opinion which will depend upon purposes.

It is important to distinguish between the real system and the
model as an abstraction and idealisation of it. For the purposes
of this paper we will adopt a macro approach, and confine ourselves
to the educational system of England and Wales and to students and
teachers. The level of aggregation adopted will be national, though
models could be devised which would represent regional or local situa-
tions in the same manner.

It is now convenient to introduce some notation. Let us use
n(r1t) to denote the number of people in process r at time t. The
processes may be thought of as the broadest categories copPesponding
to educational sectors, such as primary, secondary, university,etc.,
though they will usually be more detailed. Thus r may be the second
year students of the sixth form at secondary grammar schools, or
first year science students at universities, or teachers at primary
schools. The notation can be extended so that n(rIalt) denotes the
number of people aged a (a taking integral values 0,112, of
years) in process r at time t. These numbers represent the stocks
which we wish to distinguish, and it follows that the total number
of people in the system at time t is

N
t = En(r,t).

Some part of the stock n(r,t) is due to new entrants to the system
during the time period (t-i) to t (i.e. births plus immigrants to the
country to which the model relates), and we can denote this part by
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u(rlt-1). If we define U
t

u(r,t), then N
t = N

t-1

Ut-1 -

where D
t-1

take over the number of deaths and emi-

grants between time (t-1) and time t.

In the same way, we may define flows of people so that f(r,s,t)

denotes the number of people in process r at time t who move to pro-

cess s at time (t+1). This leads to the two further identities:

n(r,t) Ef(rIsIt) and,

n(slt+1) Ef(r/s/t) + u(slt).

It will be noted that we do not need a term in this equation

for deaths and emigrants because deaths occur to people who are

already in boxes in the system. New entrants are not and so must be

represented by the additional term. When a student or teachers stays

in the same process over successive time period, r = s. Since most

educational activities work in an annual cycle, the time unit used

is one year.

Clearly the flow of people moving from process r to process s

will depend upon the number of people passing through the system,

and it would often be misleading to study time series of actual flows

expressed as absolute numbers. Consequently it is desirable to define

the transition proportion P(rls,t) = f(r,s1t)/n(r,t), i.e., the

proportion of people in process r at time t who move to process s at

time t+10 It follows that

Ep(r,s,t) . 1 and

n(slt+1) = Ep(rIsIt)n(rIt) + u(slt) (1)

This last recurrence formula (1) allows the future state of the system

to be forecast provided the values of all n(r,t) for base year t are
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given together with values of all u(slt) and all p(rolt) for all

required years.

This amounts to saying that we can forecast future states of the

system if we know accurately its present state and are prepared to

assume what movements are going to take place over the period of

interest. Alternatively, if all values of n(rlt+x) are given, rather

than values of n(r1t), we can work backwards to find n(r1t). In other

words, if we set targets, and all is presumed known about movements

and migration for the intervening period, we can work back to find

what stocks we should have now in order to meet these targets, and

so concentrate attention on the discrepancy vector of the differences

between actual and desired stocks in year t. However, these calcula-

tions are possible only because we are either given or have presumed

everything we need to know and because the system is still highly

simplified. This is no longer possible when the system is made more

complex.

We do not propose to introduce complexities at this stage, but

rather to clarify the nature of oir computer programmes. This is

best done by a simple example. Suppose we are interested only in

students at primary schools. secondary schools, universit es and

teacher training collegeslin eachers and in people outside the edu-

cational system, i.e. people who are currently neither s udents nor

teachers. (The six processes identified are shown in Fig re 1 as

boxes). A possible set of morements between processes ca be summa-

rised by the flow diagram in F gure 1.

UNIVERSITY STUDENTS

Figure 1

FLOE DIAGRAM OF A SIMPLE MODEL

2z
PRIMARY STUDENTS

SECONDARY STUDENTS

TEACHERS

OUTSIDE WORLD

TEACHER TRA NINO

COLLWIE STU ENTS

Note MI hems een I. meshed by new entrants hem outside the system, i.e. births mei howsigre ts



Movement is possible within all boxes so that the total movements can

be summarised as in Table 1.

TABLE 1

Summary of movements in simple model

(Box numbers as in Figure 1)

Destina ion list Origin list

From To To From

1 1,2 1 1

2 213,416 2 1,2

3 31516 3 2,316

4 4,5,6 4 2,4,6

5 5,6 5 3,4,5,6

6 3,4,5,6 6 2,3,4,5,6

The destination and origin lists shown in Table 1 are, of course,

equivalent. Initially only the origin list is used in the computer

programme, but it will be convenient later to refer to the destina-

tion list. It is often convenient wher constructing a model to set

out the possible movements in the form of a matrix as in Table 2.
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TABLE 2

Matrix of movements in simple model

Box numbers

From To

1 2 3 4 5 6

1

2

3

4

5

6

Y Movement possible

N Movement not possible

The generality and flexibility of the treatment is illustrated

by this simple example. Any model is the description of a structure

and its relationships; the structure consists of a number of iden-

tified processes which are connected by rules of movement which must

be specified. The simple model described above consists of 6 boxes

and 18 possible movements. Figure 1 could describe either the national

or regional or local situation. It is not difficult to imagine a flow

diagram similar to that in Figure 1 for a local education authority

where each box represented a school in the area rather than a stage

of education. Further detail may be introduced with ease by adding
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more boxes with all their connections to other boxes. It will be
usual to break the boxes down into cells corresponding to single ages.
When age is introduced in this way, the possible movement from one
box to another becomes a vector with its number of elements deter-
mined by the agedimensions of the two connectedboxes. For example,

if secondary students (box 2) can be any age between 10 and 191 and

university students (box 3) are aged 17 to 35, then f(213,t) is a

flow vector with four elements since a secondary student in year t

cannot move to university in year (t+1) until he is 16 (arriving in

university at 17) and he can be no older than 19. The number of

elements in every flow vector (in this example 4) is worked out in the

programme. The scale and frequency of the calculations which we will
want to carry out makes the use of a large computer inescapable, and

it will be appreciated that this formulation of model structures is

well suited to computer programming. There is great similarity between

the language of the computer (the programming code) and our language
of model structures.

A highly simplified flow diagram of the computer programme is
shown in Figure 2.

Little further comment upon Figure 2 is needed except to point out

that the updating of transition proportions may involve complicated

procedures, and this is a key point at which complexity and realism

can be introduced into the model. In the programme the updating is

carried out in a sub-routine of which there can be several alterna-

tive versions.The simplestversion allows the proportions to be read

for each year (having been previously independently prepared as an

input tape), or for the proportions to be generated by elementary

formulae. For example, the value of the proportion p in the base year

t is fed in with the trend slope in the proportion up to year t+xi

followed by a second trend slope from year t+xl to year t+x2 . This

sub-routine therefore allows either a polynominal or a polygonal

function to represent the proportions as a function of time. Later,

in more advanced applications, this sub-routine can be replaced by

another of greater versatility and complexity; but it should be noted

that there are some problems in the generation of complete sets of

consistent 2] (r,$)=1) proportions.
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Figure 2

SIMPLIFIED FLOW DIAGRAM OF THE COMPUTER PROGRAMME

READ MODEL STRUCTURE AND RELATIONSHIPS

i.e number of processes (boxes) with age groups
(dimensions) and transition rules (origin list)

READ INITIAL POPULATIONS (STOCKS)

Base year values of all n(r, a, t)

PRINT ROUTINE AND ANALYSIS

Print resulting stocks in various forms
with any analysis

IS THIS THE END OF THE CALCULATION

READ OR UPDATE TRANSITION PROPORTIONS

Read base year values of p(r, s, a, t)
or generate values for year t + x

and chech for consistency (i.e. p =1)

441N

READ MIGRATION u(r, a, t)
AND CALCULATE FLOWS TO UPDATE STOCKS

n(s, a + 1, t + 1) =
X p(r, s, a, t)n(r, a, t) + u(s, a, t)

168

STOP
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The much more detailed model of the whole system used in our

first large-scale calculations is described in the Appendix in the form

of the specification required for the computer programme.

3. The data needs of the model

We have so far outlined only the foundations of our calculations.

Before we build on this base, the data needs of the model must be dis-

cussed. This leads to consideration of how detailed the model structure
can be, and raises questions of What data are already available,

the prospects of filling the gaps in our knowledge, the possibility

of making estimates to fill some gaps and, where all else fails, the

adequacy of inventing data until they become available.

So far as "stocks" data are concerned, a considerable volume of

data is now published. Even so, any ambitious plans to introduce more

detailed models quickly run into gaps in our knowledge. For example,

we do not know the age distribution of university students for each

separate year of study. This can only be estimated by making certain

assumptions about wastage and repetition rates for each age. Again,

for certain purposes we might want to break down our teacher groups

by subject taught, but these statistics are not known. However, though

the required information is not directly known, it may be satisfac -

tory to use statistics of teachers analysed into their main subject

of qualification, which are known.

The fact that 'Statistics of Education' (3), with its greatly

extended volume of data, has been published only for four years means

that the time series for many of the details of interest are very

short. Where they do exist, such time series may not be strictly accep.

table due to changing definitions. For example, various bodies have

used different degree subject classifications in the past, and an

approved scheme of classification is a matter of recent agreement.

There are changes in the actual structure of the educational system

which have profound and diffuse repercussions on stocks. For example,

starting in 1960, courses,in teacher training colleges were extended

from two to three years. It is virtually impossible to isolate the

effects of such a change, or estimate what would have happenened had
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the change not taken place.

The availability of flow data is much more discouraging. The most

reliable data relate to teachersbecause of the existence of the cen-

tral record of teachers (an individualised data system set up for super-

annuation purposes). Until recently little attention has been devoted

to flow data, and so educational returns have in the past concentrated

upon statements of stocks at some particular time with no analysis of

these stocks by the sources from which they immediately came. There

are some isolated cases of flow data, but they remain few. For example,

the school leavers survey gives information on the destinations of

leavers (to university, further education, colleges of education and

employment).

The volume of flow data can be expected to increase in the future

and in the long run there is the prospect of an individualised data

system. Any great mass of information collected and preserved will,

in principle, contain much that we would like to know, but it will

never be complete, since we are unable to anticipate all the informa-

tion which may be relevant to future problems. Furthermore, the cost

of extracting desired information could prove prohibitive so that an

ID system cannot be blandly advocated for the model-building millenium.

We will have more to say on this topic later.

For the present, then, where flow figures are lacking, we will

have to estimate them, infer them from stock data or even invent them.

In many cases, we have to resort to arbitrary procedures. Let us take

the simple model whose movements are summarised in Table 1. Whenever

a box is reached from olly one source or leads to only one destination,

this movement is determined. There is one movement determined in this

way since box 1 can only be reached from itself (births being an exo-

genous supply which we take into account first). To proceed further,

it is necessary to invent a priority rule for dealing with the re-

maining 17 movements. One possible rule is to allow as many people

as possible to stay in the same process, i.e.

f(rolalt) . Min (n,(rIalt), nl(sta+1, ti.1)]

where the primes indicate the stock in box r which still remain to be

distributed and the stocks in box s in year (t+1) which have still
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to be found after the movements which have so far been accounted for.

This rule makes some appeal to common sense in so far as, say, a

fourteen year-old boy in secondary school is most likely to have been

ba thirteen year-old in secondary school a year earlier. This rule

would mean fixing the five movements: 1 to 1, 2 to 2, 3 to 3, 4 to 4,

and 5 to 5 (not 6 to 6 since box 6 is partly a balancing item).

Having done this, reference to Table 1 shows that the following move-

ments are now determined as a result of applying this rule: 1 to 2,

and 5 to 6. At the next stage, let us allocate 2 to 3 then 2 to 4,

and 3 to 5 then 4 to 5. This determines 6 to 3, 6 to 4, 2 to 6,

3 to 6, 4 to 6, 6 to 5 and 6 to 6, i.e. the rest of the movements.

It must be stressed,again that such procedures are arbitrary and

alternatives could equally well be adopted. There can be no objective

test of the results which can only be assessed in the light of what

one intuitively feels is happening in reality. It will often happen

that we will allow movements to occur in principle but that the flows

determined by an arbitrary procedure will make them zero. Inferred

flows are a temporary necessity but a poor substitute for data on

actual flows.

It is worth noting that the problem arises because of the multi-

plicity of origins (or destinations) for a particular box. If we

could re-define the transition proportions so that sources were unique

the problem would be avoided. This could be done by defining the pro-

portion in box r at time t in terms of the annual birth group from

which they are drawn, i.e.

cl(r,a,t) . n(r,a,t)/b(t-a-1)

where b(t-a-1)
0\

the number of births in the period (t-a-1,t-a).

It will be realised that this definition no longer represents an

annual movement and pays no attention to the diverse paths which a

student can take through the system and still reach the same point

at a given time. It utilises the fact that the one thing that members

of a model cell, n(r,a,t), have in common is that they were born in

the same year, but it neglects all details of the mechanics of the

system. Nonetheless a model of this kind may be adequate for some

purposes.
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This alternative definition of movements makes us realise that

our original definition of the transition proportions, p(r,s,t),

takes account of the last step only (from box r) in the path through

the system. There is a fundamental assumption here that the stock in

box rin year t, n (r,t),is a homogeneous group; i.e. that all members

of the box are equally likely to reach box s in year (t+1). Suppose

that w.e have reason to believe that the performance of students at

universities differs according to their secondary school backgrounds,

and that this appears relevant to the purposes for which a particular

model calculation is being carried out; then this would force us to

introduce more detail into the classification embodied in the model

structure. It would be necessary to distinguish, say, university

science undergraduates who had come from one type of secondary school

in one box, and those who had come from anothr type of secondary

school in another box, in order to keep the boxes homogeneous. While

our model language could cater for this kind of elaboration, it must

be emphasised that full flow information is needed on each permitted

movement. If we introduce further break-downs in our structure, but

have to infer most of the flow data required by the new break-down,

then the resulting exercises may do little more than display our

imaginative ability.

Even in these early days of model-building it is apparent that

the shortage of stock and particularly flow data will have an inhi-

biting effect upon our activities for some time to come. It may be

the first major virtue of the model that it helps to clarify the

future growth of data collection. The fact that there are many defi-

ciencies in existing data makes our task more difficult, but it also

makes us acutely conscious of the need for, and value of, an educa-
tional model.

4. Numerical example

For the purposes of illustrating a calculation with the computer

programme, we are taking the sub-model of the school sector of educa-

tion as specified in Table 3. This simple model is sufficient to pro-

vide two of the projections at present published in 'Statistics of
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Education' - the projections of the school population and school

leavers analyses by performance in school leaving examinations. It

is also useful in making assessments of the effects of raising the

minimum school leaving age from 15 to 16 in 1970-1. A simple exten-

sion of the model to sub-divide sixth forms according to specialisa-

tion in arts and sciences would permit the study of another matter of

current interest, the apparently more rapid growth of arts courses in

sixth forms than of science courses.

Table 3 describes the system for boys only. The structure for

girls is the same, and Table 3 could be repeated with 14 added to

each box number (including those in the origin list) to give the

total system for both sexes. When this is done, the model consists

of 28 boxes with 286 cells and 940 transition proportions.

The calculations were based on "stock" data for 1963 and 1964

as presented in "Statistics of Education". Flow data were not avail-

able and flows had to be inferred from these stocks using 1963 as

the base year.

For a projection up to 25 years ahead, the results provide a

considerable mass of material as printed out from the computer. For

the present purposes of illustration it is sufficient to limit our-

selves to some figures at five-yearly intervals and to confine our-

selves to a comparison with the projection of the school population

published in "Statistics of Education".

In Table 4 below there is a comparison of the last published

projection and the results of a model calculation in which the transi-

tion proportions inferred from 1963-4 data are presumed fixed and

apply throughout the period.
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TABLE 3 Structure of model used in numerical example

1

.....,,, tvtvo.,T, rroWeallIWKVIIIMPIPPORPPIPPININNYI.,....

Box

number Process

First

age in

Box

No.of

ages

in Box

Origin list

i.e. this box can be

reached from the boxe3

numbered

1 Primary 2 14 1,14

2 Special 2 18 1,2,14

Secondary Schools

Below "Sixth Forme(1)

3 Modern 8 12 1,3,14

4 Grammar 8 12 1,3,4,14

5 Comprehensive 8 12 1,5,14

6 Technical 8 12 1,6,14

7 Other
i

8 12 1,7,14

Sixth Forms of

Secondary Schools(1)

8 Modern 15 5 318

9 Grammar 15 5 419
10 Comprehensive 15 5 5,10
11 Technical 15 5 6 f 11

12 Other 15 5 7,12

Outside World (2)

13 School leavers 15 6 3,4,5,6,7,819,1001,12
14 Outside world (3). 1 20 1,2,3,4,5,6,7,13,14

(3)

"Sixth forms" of secondary schools provide courses for students
in their 6th, 7th (and sometimes 8th) years in the school.
"School leavers" consists of individuals in the outside world
who were in school a year earlier; it is isolated from the
rest of the outside world so that it may be seen separately
as a projection. Box 14 therefore constitutes all people who
are outside the educational system and did not leave school
during the previous year.
Flows are not known and have to be inferred from stocks in
successive years. This leads to some flows to and from Box 14
(which is used as a balancing item) which are spurious. For
example, movement from Box 4 to Box 14 should not be necessary
as students leaving Box 4 should either go to the sixth form
or become school leavers. These flows, which are small, are
necessary because migration has not been introduced.
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On first inspection it would seem that there is reasonable agree-

ment between the two projections for 1968, but after this there is a

widening gap with the model calculation steadily falling further below

the published projection. There are two principal reasons for this

divergence:

1. The published projection has taken into account the proposed

raising of the school leaving age in 1971; and

2. Unlike the fixed transition proportions of the model calculation,

the published projection makes allowance for recent trends towards

staying on longer at school.

In order to take account of the proposed raising of the school

leaving age in model calculations it is necessary to make some assump-

tions about the future behaviour of students who will be forced to

stay on longer at school as a consequence of this decision. There is

no evidence to indicate what is likely to happen but we can make

assumptions which prescribe 'limits' upon what may happen. We may

assUMO:

(i) The students who are 'forced', by the raising of the school

leaving age, to stay on when they would otherwise have left

will now take the characteristics of the people who stay on

voluntarily at present, i.e. their future movements will be

determined by the same transition proportions; or

(ii) The students who are forced to stay on will leave at the

first legal opportunity.

These two assumptions may be regarded as the upper (0 and lower

(ii) limits of behaviour. (This is not, of course, strictly true as

ths decision may also affect the behaviour of those who would have

stayed on at school anyway; e.g. the decision may make it desirable

for this group to stay on longer in order to maintain their "education

differential" over the group who have been forced to stay on longer.)

Under the second of these assumptions, (ii), students aged 15 who will

be compulsorily kept in school will behave as under (i), but for those

aged 16 and over, the numbers will be as in our first model calcula-

tion (2. in Table 4). The comparison is set out in Table 5 below.
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In general the published projection (A) falls between our two

limiting projections (C and D). As time goes on, and particularly for

the older age groups, the published projection tends to approach and

exceed our upper limit. This brings out the importance in the pub-

lished projeztions of the trends in transition proportions relative to

the assumed effects of raising the school leaving age.

The introduction of trends in the transition proportions into

our calculations depends upon the examination of a considerable mass

of data and, at present, flows are being inferred for all relevant

stock data since 1960. At this stage interim calculations have been

made which take some account of the increasing tendency to stay on at

school. To illustrate the possible effects of changing patterns of

behaviour, linear trends have been introduced in a few of the transi-

tion proportions. All forward movements from boxes 3 to 7 for 14, 15

and 16 year-olds were examined for the years 1960 to 1964, and in

most cases no detectable trends were observed. Token trends were in-

troduced into only 11 of the 470 transition proportions, and half the

changes were compensations, i.e. when the proportion staying on in

box 3 at age 16 was increased by x per year, a compensating reduction

had to be made in the proportion aged 16 leaving box 3 for box 13.

The results of this calculation (for boys only) are set out in columns

E (upper limit) and F (lower limit) of Table 6 so that they can be

compared with the last published projection and previous calculations.

Table 6 shows the published calculation for the most part falling

between the two limits E and F, though for 17 and 18 year-olds in the

more distant future years, the published projection lies above the

upper limit E. This is largely due to the fact that the published

figures are the result of a different method of calculation which

has incorporated a comprehensive treatment of trends.

It is necessary to stress again that this numerical example has

been developed purely for purposes of illustration and the most impor-

tant point which it demonstrates is the importance of the assumptions

upon which projections are made. There is no evidence on the future

behaviour of students who would not be expected to stay at school if

the leaving age were not raised, and therefore no reason why a deci-

sion maker should choose either our "upper" or "lower" limit assump-

tions or any other assumptions. This raises the question of whether
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a :woad range of results of this kind provide a satisfactory basis

for making decisions, and leads to a discussion of the limitations of
these calculations and the purposes of model building.

5. Limitation,

The basis for model calculations so far described in this paper
is highly limited and we must now turn to the ways in which we wish
to develop it.

Let us adopt a general viewpoint. If we possess stock data at

yearly intervalA only, it is still possible to make elementary calcu-

lations. The situation is similar to that of the 'fruit machine' or
lone armed bandit' whose windows can be read at the end of each shot

only. Although nothing is known about what is going on within the
system, 'black box' calculations are possible because future values
of stocks can be forecast, however crudely, merely by extrapolating

an empirical relationship 'Lased upon successive values in the past.
The next stage is to introduce relationships or connections between
the variables whose values are measured annually. This corresponds to

the introduction of channels into the black box, and the flows,

f(rIspOlare the traffic down these channels.

This is the limit of the calculations described so far. If the

transition proportions are changing from year to year, then the up-
dating is achieved by extrapolating empirical relationships. However,
as soon as we begin to talk about 'the demand for education', we pos-
tulate that flows depend upon such factors as social class, school and
home environment, etc. In effect e are beginning to suggest mechanisms

that underlie the demand for education and, in principle, these mecha-
nisms should be built into .cur procedures for changing transition pro-
portions. This is not, however, a simple matter. Firstly, the dependent
variable may not be easily measured and may have to be represented by

a related 'proxy' variable, e.g. parental income for social class.
Secondly, the introduction of variables of this kind may lead to the
fragmentation of the model into many more parts, i.e. boxes and cells

as such variables may pervade the whole system. This does not rule out
all demand mechanisms.For example, it has been suggested, with respect
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to the switch towards the arts in the upper grades of schools, that

the cream of science graduates may be attracted to industry. Since

students are influenced by the calibre of their teachers, a decline

in the numbers of first class science teachers could be self-aggrava-

ting as it would lead to fewer applicants for science places in univer-

sities and subsequently fewer science teachers. It is possible that

this mechanism could be represented, at least crudely, by making the

numbers of students moving to science specialisations depend partly

upon the numbers of teachers with science qualifications. That is

to say the flaws could be partly controlled by the student-teacher

'gear' ratios for each subject, with the flow decreasing as the ratio

increased.

Apart from demand mechanisms, we must also introduce supply

mechanisms.So far it has been taken for granted that the flow, .

f(r,s,t), can be accepted by process s at time (t+1). In practice we

know that at many points the demand for places in recent years

(e.g. in universities) has been considerably greater than the supply

of places.These checks upon demand mean that we must now introduce

the notion of limited capacities to the channels or paths through

the system. We may define the maximum number of people who may be in

process s in year t as e(s,t) with the values of these limits deter-

mined by the decisions of educational administrators who take into

account the demand for places and the possibilities of expansion,

i.e. the availability of teachers, buildings, land and finance, and

many other factors.

The introduction of bottlenecks (the situation where a flow may

be limited by the channel capacity) is a major extension of the model

language and presents numerous problems. Where a bottleneck is possible

we can no longer write

n(s, t+1) Ep(r,s,t)n(r,t) + u(s,t)

but must modify this to equations of the kind

n(s, t+1) Min 1 [Ep(r,s,t)n(r,t) + u(s,4 [c(s, t+1)]1
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Furthermore,when a limit is applied it has repercussiors upon

the rest of the system. If we think of a real bottleneck, such as

entry to university, we will realise that there are two consequences
of a limit: (a) the educational authorities have to make use of

selection procedures which may discriminate against some of the ways

getting of box s; and (b) the students who do not gain entry to box

s have to act in ways which redistribute them into other parts of the

system. The preference procedures of frustrated students are capable
of much greater complexity than the selection procedures of the autho-
rities because the student may have several alternative courses open

to him and these may be permutated into every possible priority order.

Suppose, for example, in the simple model of Table 1, that there

was a shortage of university places, i.e. a bottleneck into box 3.

Box 3 can be reached only from box 2 apart from itself and the "out-
side world", box 6. However, students from box 2 rejected for box 3

will be redistributed to their other possible destinations, boxes 2,
4 and 6. In this way the effect of the bottleneck spreads through the

system. The rejected students have the alternatives of staying in
box 2 (i.e. staying where they are, and probably hoping to apply to

university again the following year), or moving to Colleges of Edu-
cation or to the outside world. A proportion, pl, of the rejected

students may place these alternatives in the order 2,4,6; p2 may
place them in the order 2,6, (even when there are more alternatives

an order may always be terminated at box 6 since we can take it that
there is never any restriction upon entering the outside world);
p
3
may have the priority order 4,2,6*

'

p may have 4,6; p
5
are nei-

4
ther prepared to wait at school nor to accepc any educational alter-

native to university, so their choice is simply box 6. In this example

any preference procedure can be specified by fixing pl, p2, p3, 134,

and p5. In general there are many alternatives and this may become
cumbersome.

The bottleneck problem presents more difficulties. So far we have
spoken of only one bottleneck but there may be many and they may be

related. The overspill from one bottleneck may be sufficient to cause
a bottleneck at another point where it would not otherwise have occur-
red. Single bottlenecks ( (i) in Figure 3 ), and unconnected multiple
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bottlenecks (ii), could be handled quite easily but we must expect to

find connected multiple bottlenecks (iii) as the most common occurence.

Figure 3

EXAMPLES OF TYPES OF BOTTLENECKS

(Nor.: A bottleneck is indicated by a bar drawn across some or all flows into a ridiculer Ixot)

(i) Single

(ig ) Multiple, unconnected (M) Multiple, connected

The modification of the equations to allow for bottlenecks means that,

when we have calculated all values of n(slt+1) according to (2), it

will be necessary to check whether any limits have been exceeded and,

if they have, to apply the selection procedures and then redistribute

the excesses by further iteration using second preferences. Iteration

can be avoided if we are prepared to place our possible bottlenecks

in a priority order and work through the n(slt+1) in this order.

These alternative procedures correspond to different real situations.

For example, if we make the universities our first bottleneck then
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under a priority system, frustrated university applicants could have

an equal chance of successful application to Colleges of Education

with students who made this their first choice of action. Under an

iterative procedure frustrated university applicants might find that

all or most College of Education places had been allocated at the

first iteration, though they could have confidently expected to gain

a place if they had made this their first application. A general

treatment of the educational model with multiple bottlenecks would

allow great versatility in the selection and preference procedures.

This will be the subject of a later paper.

The introduction of bottlenecks has a further implication for

the nature of transition proportions. According to our previous de-

finition, the value of p(r,s,t) expresses the number moving from r

in year t to s in year (t+1) as a proportion of those in r in year t.

The p(r,s,t) so defined represent the flows which result after all

the conflicts in the system have been resolved. However, if we intro-

duce bottlenecks into the model, we are interested in the numbers who

want to go to s in year (t+1). Clearly parameters, p(r,s,t), expres-

sing these numbers as proportions of those in box r in year t cannot

be estimated by looking at past data, as this cannot tell us how many

students were frustrated by bottlenecks. This point has implications

for the future development of data collection, since it implies a

shift from incorporating purely empirical relationships to embodying

mechanisms or motivations in our models. For the present it may be

highly instructive to assess how sensitive the future development

of the system is to alterations of demand proportions.

Even at this stage, our model calculations will still be purely

deterministic, i.e. everything happens exactly as speciified by the

equations. We have avoided describing the transition proportions as

probabilities because it is arguable that it is wrong to think in

terms of a member of box r as having the chance p(r,s,t) .of going

to s at (t+1), and wrong to think that values of p(r,s,t) over succes-

sive years represent repetitions of the same probability trial situa-

tion. If we are to make some assessment of the fact that things hardly

ever happen exactly as specified and some assessment of the value of

deterministic calculations, then it is convenient to regard the transi-

tion proportions as probabilities. The proportion, p(r,s,t), can then
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be regarded as having been drawn from a multinomial distribution

since 5: p(r,s,t) . 1. The model will then consist of simultaneous

multinomial distributions and while the explicit treatment of such a

system would be intractable, it will be possible to carry out Monte

Carlo simulation calculations in which the values of all f(r,s,t) are

found by sampling from multinomial distributions. The introduction of

random variation in this way is one line of attack upon the 'noise'

problem, i.e. the distortion of the signal of the deterministic cal-

culation by the presence of variation, the fact that things do not

happen exactly as expected. The deterministic calculation can still

be regarded in the traditional way as providing 'the best estimate'

of what is expected to happen; but these simulation calculations will

give some indication of how far we are justified in placing our faith

in these 'best estimates' and acting upon them.

6. Discussion

We have proceeded so far on the presumption that the basic language

and the forms of calculation to be made will be similar no matter

how the use of models is developed. A discussion of the purposes and

scope of educational model building can be delayed no longer.

The need to provide projections for such committees as

Robbins and the National Advisory Council on the demand and supply of

teachers was an important stimulus towards the development of a model.

In considering such problems as the growth of higher education and

teacher supply, these committees required information on the likely

development of various parts of the system. The projections provided

forecasts of how the system could be expected to develop if the com-

ponents considered continued to behave as in the recent past, i.e.

by extrapolating recent historical trends, or if certain policy deci-

sions were taken to alter these trends. It is difficult to know pre-

cisely how the committees used these forecasts to reach th:.lir conclu-

sions, but it does not seem unreasonable to say that they formed only

one piece of evidence in their deliberations and that the forecasts

were only loosely connected or even independent of other issues ger-

mane to the particular problem. It is not our intention to suggest

that more weight should have been placed on the forecasts (indeed the
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opposite may be true), but that the projections were only one element

in their deliberations and that this method of procedure represents

the most elementary use of model computations.

The next stage after forecasting is to consider the model as a

tool in educational planning. We must take great care with this term
since it means many things co different people.Por the purposes of an

article on 'Educational Planning',Diez-Hochleitner (4) defines a plan

to include 'the overall objective of education', whereas a programme

is 'a more detailed determination of specific objectives to be achievei

in a specific time schedule'. By 'planning', we mean an activity which

embraces both the drawing up of plans and the study of possible pro-

grammes to realise them.

At present, it could be argued, a plan may emerge out of, or is

implicit in, the decisions of the educational administrators who are

charged with operating the system. They have to take specific decisions

when to raise the school-leaving age, when to extend teacher training

courses, when new schools should be built, how to produce more teachers

and so on. While efforts are made to anticipate the ramifications of

decisionspit would appear that decisions are often taken individually
and that the procedure is piecemeal.To an outsider a group of decisions

may seem inconsistent, incompatible and exactly contrary to needs and

avowed aims.Por example, a journalist can write:

"This is the way British education works, by faith and brave

lurches in the dark. In times of desperate teacher shortage,

we raise the school leaving age and extend the teacher training

course. Then, overhelmed by troubles, we feud over whether un-

trained auxiliaries should be allowed into class-rooms, whether

the training courses should be boxed up. It is a curious sort

of progress, without a broader view, without a true perspective

of change." 5)

The 'broader view' is usually adopted by economists, social scien-

tists, politicians, and particularly those who are concerned about

the 'output' of the educational system. They may wish to map out de-

sired future states of the system in order to discuss how these might

be achieved. The first important feature of this approach is that it

sets targets. It matters little whether these targets are the result

of complex projections of the labour force converted into educational
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requirements or whether they are simply works of imagination. Even

if the approach is carried no further, these targets may have a

psychological value insofar as they may produce a response if suffi-

ciently publicised. However, it is logical to go further and ask how

these can be achieved, and, because there may be many ways of reaching

them, which is the best method of achieving them. There may be great

difficulty in defining acceptable objective criteria for choosing one

way rather than another but this is the second important concept in-

troduced by this approach. Before we go any further we must clarify

what we mean by targets and objective criteria.

To say 'We want x mathematicians in future year t', is not suffi-

cient to specify a target. A policy which leads to any number of

mathematicians greater than x in year t will not necessarily be satis-

factory because we may have produced mathematicians at the expense of

physicists who have fallen below some desired minimum number, y, of

physicists in year t. Consequently a target constitutes a complete

specification of the mathematicians, physicists, and every other skill

included in the model (i.e. the state vector). Furthermore, it is

misleading to think of the target as a point to be aimed at like a

bull's eye. A target is an acceptable region defined by a set of

compatible constraints (e.g., x xl, y yl, x + y 4 S ...).

This can be illustrated by a crude example. Suppose that the

world consists only of artists and scientists and the latter must

be either mathematicians or physicists. If there are s (s S) scien-

tists in year t, x of them are mathematicians and y = (s - x) are

physists. The situation is illustrated in Figure 4. Any policy which

brings us into the shaded region is an acceptable policy because it

provides us with at least xl mathematicians and yl physicists.

Although this example is crude it provides some insight into the na-

ture of a target, and it may in principle be generalised into n

variables by considering an n-dimensional space.

It is also important to note that we are not interested only in

reaching a target area in year t. It is not satisfactory to reach

an acceptable region in 1973 but not be in an acceptable region in

1970, if this can be avoided. It is not satisfactory to be in the

acceptable region in 1973 but so disposed that it is impossible to

be in the (expected) acceptable region for 1976. Consequently, if

- 187 -



Nolo
of &less

Figure 4

Sit 3

Mahe ol Partsicisch

PPP.

we introduce time as a third dimension into Figure 4, the acceptable

region becomes a 'funnel' over time. This 'funnel' will widen into

the future since there will be much leis precision and certainly about

distant targets and much more time to take corrective action to achieve
them.

The definition of objective criteria by means of which the different

ways of reaching a set of targets may be compared and the best path

selected also presents difficulties. There will be many alternative

criteria and ideally we would like to find some way of weighting the

different criteria, i.e. compounding them into a unique objective

function. This is usually done by introducing a cost function which

must be minimised. This raises many questions. The solution must be

constrained; for otherwise it would be cheapest not to provide any

education at all. If constraints are added that education must meet
the legal demands of compulsory education and that student-teacher

ratios must not exceed specified values, then the minimum value of the

cost function is likely to be a boundary value; i.e. we should not go

beyond the minimum demands of the law or provide more generous student-

teacher ratios than have been specified as the acceptable limit.
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Such a cost function would not be acceptable as an operational guide.

There are many further difficulties. Should costs borne both nationally

and locally be taken into account ? Should indirect costs be taken

into account? If so, should penalty costs be assessed when the system

fails to produce a desired output? What is the cost of failing to pro-

duce x mathematicians in year t? Over what time period should costs

be minimised and how should the future be discounted?

These questions are sufficient to suggest the difficulties of

defining an objective function. We may not be able to develop one such

function, but we may be able to suggest several separate criteria

which must be satisfied simultaneously. In practice, one crude con -

strairtmight be that the costs of education must not exceed x% of the

gross national product. If the system falls outside an acceptable tar-

get region at any particular time, our concern may be to get it back

into an acceptable state as quickly as possible. This suggests a

general criterion which takes into account the manoeuvrability of the

system, i.e. a criterion which allows us to choose the course of

action which maximises the possibilities for corrective action taking

into account at each point of time the feasible range of developments.

These attempts to clarify what we mean by targets and objective

criteria make it apparent that the process of planning, in terms of

deciding what is wanted and judging the best way of getting there,

is not as simple as it appears. This conception of planning has other

shortcomings. The proposed procedure seems to be that exercises will

be carried out at regular intervals to establish targets and policies.

There is no indication that the lessons of one plan would affect sub-

sequent plans. Unless reviews and revisions were very frequent, there

is a possibility of appreciable time-lags betT4een things going wrong

and their consequence upon new plans being considered. There is also

the risk that planning will be only loosely related to the actual

day-to-day processes of decision making. Equally important, this kind

of planning, like simple forecasting, has to take for granted the

reliability of projections over the period Considered. If projections

are very unreliable, such planning is completely undermined. And,

while educational projections have a short history, the evidence from

related fields, like demography, does not inspire much confidence.

It can also be argued that it is inadvisable to plan many years ahead
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when decisions have been taken, and are likely to be taken, which
will produce qualitative and structural changes in the near future
whose impact on the medium and longer term cannot be predicted.

A model of the whole educational system will provide a more
coherent and consistent background for clearly making decisions, but
it may provide much more. Professor Stone has written of his work on
a model of the economy:

"In these models, the government of a modern economy in which
public and private enterprises are mixed is thought of as the
classicalsteersman of the ship. Certain things are under its
direct control; it has its instruments of policy which it can
manipulate directly; part of the crew it can give orders to,
others it must persuade; and surrounding the ship is the sea of
economic events which obeys natural laws of motion beyond the
steersman's influence. The model then produces lists of rules
for the steersman to follow if he wants the ship to hold a certain
course. We on the other hand, start from the point of view that
the responsability for decisions which affect the form and growth
of the economy is, in fact, widely dispersed. These decisions
are made in central and local government, in nationalised and
private industry, by workers, managers and consumers. Our pur-
pose is to provide the means whereby all these decisions can be
taken against a more objective background of consistent informa-
tion than is commonly the case" (6)

While this may be true for the econoffiy, the educational system
is not quite so complex, and its organisation should be far more
responsive to public command. Certainly it is worth investigating
whether the educational model can be more intimately related to the
process of making decisions. In a review of Professor Stone's work,
Dr. Jeremy Bray makes the important point that there are dangers in
providing background information which is then used, somewhat myster-
iously, to reach actual decisions:

Before going any further it would be wise to stop and
ask precisely how such a mcdel system should be used, who should
use it, and how it could be made easy for them to use. It is
easy for the model builders to say that it is not their job,
which is just to provide the model for others to use. It is equal-
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ly easy for those in government and industry faced with decisions

to say that they cannot use the model because it does not deal

with the practical questions with which they are faced." (7)

It is implicit in the argument so far that we are attempting to

control or govern the educational system as a continuous on-going

process. At the present time adaptive control theory is being .inten-

sively developed with many successful applications in industry and

space research, and it is informative to see what this approach has

to offer.

The problems of adaptive control are described in similar terms

to those we have used. The system has an output which is controlled

by manipulating the inputs. This manipulation aims to bring out

as close as possible to a target, the 'distance' being measured by

somperformance index of the system. The present developments in

adaptive control have sprung from 'an acceptance of the necessity

to deal with non-linearity' and the realisation that systems are put

under control because they are subject to vagaries of performance

arising from random disturbances or parameter variations'. (8)

A dynamic control strategy works out how to alter the available

control variables by the application of a minimization principle.

It is adaptive insofar as it takes account of the evolution both

of the system and of our knowledge of it. By utilising fresh infor-

mation, parameter values are revised and control made more effective.

Adaptive control procedures do not appear to have been applied

so far in socio-economic contexts. The principal reason is that the

procedures are best suited to well-defined situations. Although we

have attempted to clarify the notion of an educational target above,

we have not yet brought out its dynamic characteristics. In a chemical

process the target output may be fixed for a long time ahead or it

may change in a very well-behaved manner. Our educational targets are

not so precise. Normally they will depend partly upon manpower fore-

casts which we have no reason to beleive are more reliable than

educational forecasts. Since targets are not entirely determined by

what is happening within the edicational system, and are subject to

revision, we find that we have moving targets which are not very

precise and subject to 'shock displacements' from time to time, e.g.
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due to political decisions and political changes. By comparison, a

moon-shot is well defined.

We have already made some comments on the difficulties of defin-

ing objective functions or performance indices which can be subjected

to minimisation. Further difficulties arise from the fact that'mani-

pulating inputs' to aim at desired results is also less well defined

in socio-economic systems. In other fields where adaptive control has

been successfully applied, there are means of manipulating corrections

according to predetermined relationships and these may take the phys-

ical form of calibrated control knobs. While educational decisions

are taken and acted upon in the belief that they will have some effect,

the range of possible actions and their effects are not so well un-

derstood that it could be described as a 'steering mechanism' with

which to control the system. However, it is useful to think in these

terms, to study the nature of educational decisions and to invent

possible control 'knobs'. This raises many questions because, in our

system, powers of central direction are highly limited, and policies

are largely aimed at influencing the decisions of the educational

authorities and teachers an the one hand and the students on the other.

How do you control decisions to build new schools? How do you attract

more graduates into teaching or any other profession? How do you per-

suade a graduate to teach in a specific area rather than give up

teaching? How do you persuade students to follow a course different

from that which intended first? How do you dissuade students from

specialising in an (at least, temporarily) 'unwanted' subject?

It is not difficult to suggest answers to each of these questions,

but it is difficult to coordinate and quantify the possible answers

so that they represent a coherent means of changing the direction of

the whole system from the course upon which it seems to be set.

Suppose, for example, that special grants and funds are available in

order to persuade people to follow desired courses of action.

This could either take the form of (a) funds for selected institutions

or faculties; or (b) preferential grants to sixth form students who

pursue desired courses; or (c) more pay for teachers. The effects of

these 'knobs' can be theoretically argued, but they cannot be predicted
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with any accuracy. It may even be argued that proposed policies will

not have an effect in the desired direction. For example: (a) it is

pointless to make more places available if there are not the teachers

to support them; (b) preferential grants to sixth formers may aggra-

vate the situation when lack of places is the dominant factor; (c)

raising teachers' pay increases educational costs and this might have

little immediate effect if industry, competing for graduates, can

react to future shortage very rapidly.

It is clear that there is difficulty not only in defining the

control knobs of the educational system but also in calibrating them

so that our control actions constitute rational strategies.

We may be able to argue the direction of an effect without being

able to anticipate it more precisely; e.g. increasing teachers pay

should lead to more teachers, but it is quite impossible to say that

an increase of ly per annum should lead to x more teachers in year t.

Even where past data exists to throw some light upon such a point, it

will not usually be sufficient since it will relate to a different

environment, i.e. in considering the effect of a teachers' pay rise

we should take into account the competitive industrial salaries when

this was last done and their values now. New policies will frequently

be advocated for which there is no historical precedent, and in this

case calibration is impossible except by pure speculation.

It may also be a problem to invent 'infinitely variable knobs'

in socio-economic systems. It may be easy to invent knobs which can

reasonably be expected to boost some part of the system, but very

difficult to invent knobs which reverse or damp down an undesired

trend. For example, grants may be introduced at some propitious time,

but it may be difficult to discontinue them when the need is not so

keenly felt as this could become a political issue. Again, it is

always possible to increase teachers' pay but it is unlikely that

it could ever be reduced as a means, say, of discouraging graduates

from wanting to teach particular subjects. The importance of devising

policies which can reverse trends is apparent from the potential un-

controllability of a system corrected only by 'one-way knobs' (cf.

the drug addict increasingly dependent upon stimulants).

The essence of adaptive control is that the idea of learning
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more about the system from experience is built into the continuous

process of control. It can be argued that the present methods of data

collection also lead to better understanding of the system, but they

are not designed from the viewpoint of decision making. The philosophy

behind existing data collection would seem to be historical rather

than operational, successfully aimed at generating annual descriptions

of the system. In recent times there has been a shift of emphasis to

include flow data as well as stock data and these improvements enhance

the precision and usefulness of the statistics. However, their practi-

cal value is mainly explored in an intermittent fashion, for example

when a surge of interest in a particular topic leads to the setting

up of an ad hoc committee. The needs of decision-making do not have

direct influence on the way the knowledge of the system is improved

as they would if data collection was completely orientated towards

controlling the system. The implication of control procedures is that

the flow of information should be developed and focussed so that it

is directly and comprehensively relevant to the operational gue.dance

of the system. It is not being suggested that existing data collection

should be diminished but that further collection should be comparable

to the continuous monitoring that takes place in the control of indus-

trial processes. In particular we will want to know much more rapidly

what is happening, i.e. we will want to 'meter' the system at much

earlier stages, even if this means resorting to information from small

samples. For example, if a policy was directed to shifting the balance

of arts and science entrants to universities, some information on the

response to this policy would become available as soon as university

applications were received, if not at an earlier point in the school

system. Consequently, if a satisfactory response to this policy was

critical and an unsatisfactory response would oblige further action,

then it would be desirable to 'plug in' to a suitable point (in this

case the University Central Council for Admissions to whom applications

for entry to university are made) to get the earliest possible indica-

tor rather than to wait for the summary of university admissions many

months later when action would already be too late. Thus, the most

immediate value of this approach to model building would be to focus

attention on the key points at which data collecting effort should

be concentrated.
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7. Conclusion

Our review of the possible development and use of the computable

model in educational planning has carried us some way from our starting

point in forecasting. However, we point out that each of our stages -

projection, target-planning and control - is the prerequisite for its

successor. In order to aim at a target, we need to project the con-

sequence of various alternative policies. In order to carry out a

continuous control of the system, the degree of success in approching

previous targets must be weighed, allowing for random and partially

known influences.

Let us restate our present view of the purpose of educational model

building in the following form.

1. The educational system is complex and dynamic. From day to day,

in the light of the relevant, available information, decisions are

taken with the aim of achieving specific objectives. The more expli-

cit, rational and exact this process is made, the more the decision

makers will be able to consider the consequences of their decisions

for the entire system.

2. The starting point of this approach lies in the clarification of

objectives. External demands are placed upon the system (e.g. manpower

requirements) and past and present educational performance implies

further targets (i.e. social demand). An attempt should therefore be

made to combine and weight the numerous objectives of the system ac-

cording to their relative importance in an objective function.

Constraints must be associated with this function in order to specify

the limits of acceptable solutions, so that policies which could not

be applied in practice are excluded. The model of the system must

comprise all the integrated elements which are believed to be signifi-

cant and the parameters of the model must be determined from past data.

The model can then be used to project the future development of

the system under various decision patterns. The application of thct

objective function leads to the selection of the best sequence of

decisions.

- 195 -



3. The functioning of the process may therefore be broken down into

three stages. Firstly, the output of the educational system is com-

pared with the output of the model. The parameters of the model are

adjusted to obtain the 'best fit' of the model to the system on pre-

sent and past data. Secondly, the model is used to project the future

output of the system assuming various patterns for future decisions.

The objective function enables us to select the set of decisions ex-

pected to produce the changes in the educational system which will
best meet future targets. The third part is a monitoring check on

the performance of the system after these decisions have been applied.

If the discrepancy betwen the actual effect and the expected effect

is too large, then further changes are called for in the form of cor-

rective action. The objective function may be amended or the model

structurally altered. The whole process is cyclical and continually
operative.

4. The procedure described above follows control engineering in

focussing attention on certain aspects of decision-making. It empha-

sises the interrelations and reciprocity between events, information,

objectives, targets and decisions. Targets may be modified in the

light of available information arid the chosen sequence of decisions

is determined as a reconciliation of the information fed back and

feasible targets. Because information is incomplete and because the

effects of decisions must be verified and, if necessary, corrected,

there is a need for fresh information. The procedure reflects the

on-going nature of the system. The model continually improves its

representation of the system, and adapts to its changing structure
and objectives.

5. Our approach seeks to avoid the danger of distorting the problems

really confronting educational decision-makers by forcing them into

prefabricated algebraic and computational straight jackets. No compu.,

table model can provide perfect predictions of the future or decide

the objectives of the system.

Far from implying the elimination of experience and intuition

the embedding of the model in an adaptive control system can be no
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more effective than the human judgments embodied in the objective

function. Indeed, the model, viewed as a control instrument, endeav-

ours to enhance the influence of the decision makers over the con-

sequences of their decisions.



Appendix

DESCRIPTION OF FIRST LARGE-SCALE MODEL CALCULATIONS

The structure of the first large-scale model to be assembled for

the computer is described below in the style in which it has to be

drawn up to fit the computer program. The description (see Table I)

applies to both sexes, and individual ages are used throughout. The

data relates to England and Wales only.

The data tape required by the program must first state the total

number of boxes; in this case 164, 82 for each sex. The following

information for each box (in numerical order) is then required :

(i) First age in this box;

(ii) Number of cells (i.e. individual ages) in this box;

(iii) Number of origins for this box;

(iv) Box numbers of these origins;

(v) Base year values of cells in this box.

When this information has been given for every box, the transition

proportions for the base year for all movements follow in the order

determined by the sequence of origin lists, i.e. the first 13 numbers,

the transition proportions for movement from box 1 to box 1 (i.e. one

for each of 13 ages), are followed by the 14 transition proportions for

box 81 to box 1, and so on. The total number of transition proportions

is over 10,000 for each sex. For runs in which the transition propor-

tions are up-dated each year, the values of parameters describing the

changes, e.g. trend increments, must now follow.

The base year for the calculation is 1961 and most of the stock

data required had been published and required only minor adjustments.

Very few flow data were available and most of the transition propor-

tions had to be inferred.

A more detailed description of the data problems and of the 're-

sults' of computations will be given in a later paper.
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Table I

Description of structure of first large-scale

computer calculation

Box

number
Sector

.

First

age in

box

No. of

ages in

box

Origin list,

i.e. this box can.

be reached from

the boxes numbered

Enkaau

1 Primary 2 14 1,81

2 Special 2 18 1,2,81

Secondary

3 Modern 8 12 1,3,81

4 Grammar 8 12 1,3,4,6,7,81

5 Comprehensive 8 12 1,3-7,81

6 Technical 8 12 1,6,81

7 Other 8 12 1,7,81

A

University

undergraduate

8 Arts Year 1 17 7 3-7,8,35,81

9 2 18 7 8,9

10 3 19 9 9,10

11 Final(1) 19 9 9,10,11

12 Social studies Year 1 17 7 3-7,12,35,81

13 2 18 7 12,13

14 3 19 9 13,14

15 Final 19 9 13,14,15

16 Pure science Year 1 17 7 3-7,16,35,81

17 2 18 7 16,17
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Box

number
Sector First

age in

box

No. of

ages in

box

Origin list,

i.e. this box can be

reached from the

boxes numbered

18 Pure science Year 3 19 9 17118
19 Final 19 9 17118,19

20 Applied science Year 1 17 7 3-7,20135181
21 2 18 7 20121
22 3' 19 9 21122
23 Final 19 9 21122,23

24 Medicine Year 1 17 7 3-7,24,35181
25 2 18 7 3-7,24125181
26 3 19 7 25126
27 4 20 7 26127
28 5 21 7 27128
29 6 22 9 28129

Unirel.-al'sitr.

post-graduates

30 Arts 19 22 11130,40,79
31 Social studies 19 22 15131144179
32 Pure science 19 22 19132,48,79
33 Applied science 19 22 23133152,79
34 Medicine 19 22 29,34,56,79

Further education

(vocational colleges

etc.)

35 Non-qualification (2 ) 15 15 37,35,81
36 Non-advanced (3) 15 15 3-7136181

37 Arts Year 1 17 13 3-7136137181
38 2 18 13 37,38
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Box

number
Sector First

age in

box

No. of

ages in

box

Origin list,

i.e. this box can

be reached from the

boxes numbered

39 Arts Year 3 19 13 38,39

40 4 20 15 39,40

41 Social Year 1 17 13 3-7,36,41,81

42 2 18 13 41,42

43 3 19 13 42,43

44 4 20 15 43,44

45 Pure science Year 1 17 13 3-7,36,45,81

46 2 18 13 45,46

47 3 19 13 46,47

48 4 20 15 47,48

49 Applied science Year 1 17 13 3-7,36,49,81

50 2 18 13 49,50

51 3 19 13 50,51

52 4 20 15 51,52

53 Medicine Year 1 17 13 3-7,36,53,81

54 2 18 13 53,54

55 3 19 13 54,55

56 4. 20 15 55,56

Teacher Training

Institutions

57 Post-graduates ....0 20 50 11,15,19,23,40,44,

48,52,57,79

58 One year course 18 52 3-7,35,36,58,81

59 Two Year coursesYear 1 18 52 3-7,35,36,59,81

60 2 19 51 59,60

61 Three year Year 1
courses

18 52 3-7,35,36,61,81

62 2 19 51 61,62



Box

number
Sector First

age in

box

No. of

ages in

box

Origin list,

i.e. this box can

be reached from the

boxes numbered

63 Three year Year 3

courses

20 50 62,63

Teachers

64 Maintained Grads.
primary schools

19 51 11,15,19,23,57,64,

66,68,69,71,73,75,79

65 Non-grads. 19 51 3-7,36,40,44,48,52,

58,60,63,65,67,68,70

72,74,76,80,81

66 Maintained Grads.
secondary schools

19 51 11,15,19,23,30,31,32

33,57,64,66,68,69,71

73,75,79

67 Non-grads. 19 51 3-7,36,40,44,48,52,

58,60,63,65,67,68,70.

72,74,76,80,81

68 Maintained and 19 51 57,58,60,63,64-67,68,
direct grant

special schools
79,80

69 Direct grant Grads. 19 51 11,15,19,23,30,31,32,
schools 33,57,64,66,68,69,71,

73,75,79

70 Non-grads. 19 51 40,44,48,52,58,60,63,

65,67,68,70,72,74,761

80,81

71 Independent Grads. 19 51 11,15,19,23,30,31,32:
schools 33,57,64,66,68,69,71,

73,75,79
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Box

number
Sector First

age in

box

No. of

ages in

box

Origin list,

i.e. this box can be

reached from the

coxes numbered

72 Non-grads 19 51 40,44,48,52,58,60,63,

65,67,68,70,72,74,76,

80,81

73 Teacher Grads
training colleges

19 51 64,66,68,69,71,73,75,

79

74 Non-grads 19 51 65,67,68,70,72,74,76,

80

75 Further Grads
education colleges

19 51 11,15,19,23,30,51,32,

33,57,64,66,69,71,73,

75,77,78,79

76 Non-grads 19 51 36,40,44,48,52,58,60,

63,65,67,70,72,74,78,

80,81

77 Colleges of 19, 51 30,31,32,33,66,69,71,
advanced technology

75,77,7809

78 University 19 51 30,31,32,33,66,69,71,

73,75,77,78,79

Outside World

79 Graduates 19 51 11,15,19,23,29,3034,

40,44,48,52,56,57,64,

66,68,69,71,73,75,77,

78,79

80 Ex-teachers 19 51 58,60,63,65,67,68,70,

(non-graduates) 720406,80
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Box

number
Sector First

age in

box

No. of

ages in

box

Origin list,

i.e. this box can be

reached from the box

boxes numbered

81

82

Other Outside World

Deaths

2

2

68

68

1-63,81

1-81

_

Notes :

(1) "Final" means year in which final examination must be taken and

this will be the third or fourth year. Consequently "year 3"

iepresents students in third year or later not taking final exam-
inations.

(2) "Non-qualification"covers courses not leading to a recognised
qualification.

(3) "Non-advanced" covers courses leading to a recognised qualific-

ation but these are not advanced as are the courses covered by

boxes 37 to 56.
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PART IV : OPTIMIZATION

GENERAL OPTIMIZATION MODEL
FOR THE ECONOMY AND EDUCATION

by Jean Benard

I. GENERAL CHARACTERISTICS

1. Pur ose and eneral structure of the model

The model described below is set out in the form of a sequential

linear programme embracing the entire national economy, education being

.treated as one of the "sectors" or "activities" of the economy. Its

purpose is to determine the optimum allocation of resources, mainly

physical, between education (considered as an activity), and the

"coJimercial" economic activities represented by the sectors of an

(1) I take this opportunity of thanking the members of the "Collective

Requirements" team of my staff at C.E.P.R.E.L.: Mrs Girardeau,

Miss Rouard, Mr. Ettori, Mr. Manuel and Mr. Terny, who helped me

to develop this model and are now evaluating its parameters and

working it out.
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inter-industry input-output table. In this system, the educational

sector is regarded as a producer of the knowledge needed for the trai-

ning of skilled workers employed in all sectors. This optimised allo-

cation is obtained by maximising, subject to constraints, a social

preference function which is itself made up of numerical indices of

the standard of living of the population throughout the years consi-

dered and of the production potential at the end of that period. A

constant marginal utility is allotted to each of these indices; and

each is given a present discounted value to allow for the date at

which it will operate.

"Commercial" economic activities (i.e. those in which the goods

and services produced are marketed) are described by vectors of fixed

technical coefficients representing the unit consumption of interme-

diate pr. icts and skilled work at different levels, and also the

gross investment required to increase production capacities.

The same applies to education considered as an activity; but the

latter also includes a series of special inputs (and, hence, of spe-

cial technical coefficients) namely students during their educational

careers who are treated as "work in process".

The whole range of "commercial" activities is sub-divided into

several sectors, and educational activity is divided into several

educational levels (or "cycles"). The technical coefficients are

arrayed in matrices: the columns are sectors or educational cycles,

and the rows are different types of input.

Each activity, whether "commercial" or educational, is linked to

a vector of activity variables which, in the case of the "commercial"

activities, represents their total respective outputs and, in the case

of educational levels, represents the number of pupils enrolled at

each of these levels.

Although for present purposes education embraces all educational

activities, both private and public, it is treated as "non-commercial",

as the vast majority (eighty per cent) of French pupils and students

attend State schools, and as private schools are State-subsidised.

Of all the non-commercial activities, that is, of all the public

services and other non-profit-making institutions, education is the

only one whose factors and products are treated as endogenous varia-

bles in this model. All other non-, -0-amercial activities are represen-

ted by exogenous uariables.
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Lastly, the programme is sequential in the sense that it covers

several successive periods, its endogenous variables are dated for

each of these periods, and some of them (production capacities, labour

force and school population) are linked through time. There is, how-

ever, only one social preference function to be maximised which covers

all the periods combined. Hence, there is a single programme in which

the number of elementary constraints is multiplied by the number of

periods taken into account.

2. Characteristics peculiar to the educational sector and to the

training of skilled labour

In the model under review, education is regarded mainly as an

industry producing the knowledge required by future workers of various

skills.

The activity of the educational sector operates in at least four

directions:

(a) It provides pupils with the knowledge essential for the

general or occupational skills they will later possess as

members of the labour force (including teachers and research

scientists);

(b) It raises their cultural level and so influences the choices

they will make and their ability to absorb fresh knowledge

during their working lives;

(c) It develops scientific research within the universitles

themselves;

(d) Lastly, it helps to disseminate cultural, scientific and

technical knowledge within the population as a whole through

books and reviews, broadcasts, and the extra-mural activities

teachers.

The education sector thus has an output of four related products

which it would be interesting to measure and analyse accurately; but

it is difficult to distinguish products (b), (c) and (d), and to find

numerical indices for them. For the time being, therefore, the only
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account taken of them is to introduce a pre-assigned minimal growth

constraint on the education services in order to preserve the general

cultural and scientific needs of the population and the country, it

being assumed that some young people who have been educated (some

girls for instance) will not join the labour force. By contrast, the

model is focussed on the output , and use by other sectors of activity,

of the first product of the educational sector, that is, the knowledge

needed for the training of skilled workers.

The output of the educational sector is thus regarded as consis-

ting entirely of intermediate products. The product of the educational

sector is considered only as input for the training of skilled labour,

and no part of it goes into final personal consumption. 'qlese inter-

mediate products are themselves broken down into knowlec4e levels

corresponding to educational levels.

Choosing a nume ical index which might validly represent the

"products1" of educational activity was not easy. It was ultimately

felt that since the nly product of education which the model took

into account was the knowledge needed for the training of skilled

workers, the most suitable numerical index was the number of pupils

enr.11ed at a parti.cular educational level at a given date.

Part of this product can be treated as a "final product",that is,

the number of pupiis who, at the end of a school year, leave the edu-

,Iational system to join the labour force (or remain unemployed). The

other part, that is he number of pupils who continue their studies,

o sists of "work in process".

Pupils who have left the educational sector are treated as inputs

of a notional activity - the training of skilled workers. They are not,

h: ever, the only input since the model adopts the principle that, in

any per od, the manpower stock at a given level of skill is fed from

three sources: workers still in the labour force who had that level of

skill bifore and have kept it, those still in the labour forc who have

risen to this level of skill by occupational proficiency and, la tly,

young people dr,wn from the educational sector.

The "stock" of .Acilled workers built up from these sources consti-

tute% the output of the notional s ctor already mentioned, and will

serve as manpower resources for the endogeno s "commercial' sectors

and for the educational sector.

Thi- procedure seemed to give a clearer and truer picture of the
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real state of affairs than would have been obtained had the levels of
skill been by-passed, by classifying the labour force according to
required educational level. At the level of aggregation adopted for
this model, one-to-one correspondence could not be assumed, especially
since occupational proficiency was taken into account

The benefit of this more realistic approach is that the optimiza-
tion model - the logic of which consists in minimising costs - will
give first pick to those types of skilled labour training which are
least costly.

There was a r,3k that the model might go too far in this direction
and, in the absence of an adequate numerical index, educational "end-
use" consumption (on cultural grounds, for instance) would not appear
in the preference function. It was therefore necessary to give the
educational sector an additional constraint whereby the percentage of
young people cont nuing their studies can not fall below a certain
minimum. If effective, this constraint reduces the social optimum,
measured in terms of "commercial" consumption and of investment at

present discounted values, but it implies an educational "surplus".
The difference, depending on whetler the social optimum is obtained
with or without this constraint, is the price that the community pays -
in terms of goods and services dispenses with - for this "surplus"
education.

Finally, allowance is also made for another con'Araint peculiar
to the educational system: one which makes the tota expenditure of the
system (either on an overall basis or for each educational level)

subject to a budgetary ceiling. Again it will be interesting to compare
the results when the social optimum is obtained with, and without,
this constraint.

3. Treatment of technical progress and choice of techiLques

A model for the optimum allocation of the physical and human
resources of an economy, which _ays stress on manpower skills and on
education, might be expected to make rational choices not only between
sectOrs, but also between technical processes within each sector. For
the time being, at least, this is not so for our programme.

In this progr me, technical progress mkes an exogenous impact
by modifying, over tim , the coefficients of the input-output tables
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for intermediate consumption, manpower and fixed assets. However,

these modifications are exogenous, and the coefficients in question

are fixed for each period. The model as it stands at present does not

accordingly allow any choice between techniques; and the costs of edu-

cating the labour force have no impact on the techniques adopted. These

costs have a bearing only on the allocation of resources among endo-

genous sectors, and hence fix their outputs only in relation to the

expense, in terms of required education, of the planned techniques.

The structure of the programme, however, enables it to incorporate

interchangeable technical processes fairly easily. It could, in fact,

make use of the conventional method which consists in introducing,

within each sector, notional subsectors corresponding to the processes

in question, each sub-sector being given an input-output coefficient

vector 1-epresenting the technique involved. In this case, the choice

of one technique rather than another would indeed be swayed by the

relative scarcities of the various factors involved, and more particu-

larly by the relative scarcity of the existing resources of skilled

manpower. Because the programme stretches over several periods, how-

ever, the educational sector (by training young skilled workers)

relaxes this constraint all the more as the horizon of the model is

more remote. Needless to say, the extent to which this constraint is,

relaxed in the long run itself depends on the resources allocated to

education and, hence, ultimately on the comparative marginal yields

of education and other activities, measured in terms of social satis-

faction. This is the case in the present model.

4. Physical equilibrium and optimum prices

All the activity variables and constraints of the "primal" pro-

gramme have a physical significance, even though the variables rela-

ting to goods are expressed in terms of constant monetary units for

purposes of aggregation. The budgetary constraint on the educational

sector is the only one of a financial nature. It follows that no para-

meter representing marginal costs or marginal yields is directly

shown in the constraints of the "primal" programme.

With the dual programme, on the other hand, it is possible to cal-

culate many prices and "rents" which, for our purposes, are called
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"notional prices"; and this lays the way for measuring the relative

yields of educational investments.

II. VARIABLES AND CONSTRAINTS OF THE PRIMAL PROGRAMME

The detailed structure of the "primal" programme is explained

below by reference to its general shape, that is, without specifying

the dimensions which follow from the number of activities and periods

taken into account.

A. 11' tt variables of the primal programme

1. Exogenous variables

The model treats some quantities as exogenous variables which may

be classified in four categories:

The first category embraces all the variables relating to the

initial period.

2. The second covers variables representing the activities of

certain sectors, i.e. agriculture, government services and fo-

reign trade, which cannot easily be brought into an optimiza-

tion exercise of this type for the following reasons :

Agriculture: In view of the technical characteristics of this

sector and the protection and subsidies it receives., its output

is little related to demand, and its manpower inputs depend

more on the migration of manpower to other sectors and to the

towns than on technical progress.

Government services: For present purposes, the activity of

these services is deemed to be determined by policy decisions.

Some government services (Health, Transport, etc.) could be

analysed on the same lines as education in the present case.

It was precisely because our methods had first to be tested on
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a simpler case (education) that this was not attempted forth-

with.

Foreign trade He e, we must confine ourselves to the formula-

tion of assumptions which, incidentally, could be tested with

several parameters.

3. The third category of exogenous variables consists of demogra-

phic variables: upils enrolled in the educational system;

net immigration (b' level of skill); rural migration to the

towns.

4. The fourth category consists of the budgetary ceilings which

may possibly be embodied in a programme, either for education

expenditure taken as a whole, or for each educational level

separately.

2. Endogen us variables

1. In principle, all the variables of the "primal" programme are phys-

ical quantities; but the aggregation of "commercial' goods and ser-

vices makes it essential in most cas,..s to treat these variables not

as quantities in the strict senge but in terms of volume, that is,

values at constant prices f r a base _ear.

2. All the variables are datd by reference to a ase period: a sin-

gle year in the expanded model a,a a 3-year period corre-ponding to

school "cycles" in the test model A good many variables are flows per

period (e.g. volume of 'commercial' goods and services, number of

young workers beginning their occ rational careers), the others being

end-period "stocks" (manpower stock, school population tock). As a

general rule, flows are shown as X nd stocks as S.

3, The act..vity variables of it:e morel -epresent the , utputs and inputs

of the vario s sectors ,aken into zifjc..,unt. These variables fall into

three major categories:

(a) ''Commercial" goods and ser-Aces' that is, so c. -d "products"

in the French national accounting ..,yst m The syTbol for

thse considered individually is i nd, take together they

con ':itue a vector which is nunber d 1.
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(b) Skilled workers and the quantities of work they produce.

These variables are denoted by q (index of skill) and the

vector in their case is numbered 2.

(c) The student population whose numbers relate to the educatio-

nal level denoted by h. The entire school population s

grouped in a vector which is numbered 3.

4. As already stated, "commercial" goods and services are measured in

terms of volume, while skilled workers are measured in numbers. On the

other hand, numerical indices for educat'onal services are more diffi-

cult to choose.

As the "product" of education is restricted in this model to the

knowledge required for the training of skilled workers, this output

can be represented by the number of graduates or 'quasi-graduates'

(i.e, non-graduates having an equivalent standard of knowledge) who

leave the educational system each year and are added to the pre-exis-

timg stock of manpower. The number of students le ving the educational

"activity" can thus be taken as a valid numerica index of the finished

product which ducation delivers to the notional activity of skilled

manpower train ng. This convention can reasonably be applied to all

the services produced by the educational activity. The entire enr lled

population by educational level during the .eriod nder review may

therefore be taken as an index of the total quanti y of tnese educa-

tional services.

The activity variables of the educational sector, thus expressed

n numbers of pupils of different educational levels, apply only to

.hose pupils -bout whom choices must be made; i.e. choices between

enrolment and non-enrolment, or choices between several s.reams within

he educational system. This means that pupils in the elementary

'cy'le" (aged 6 toll or so) do not appear in -the model.

P The constraints of the primal programme

The primal programme in its matrix form has n le constraints for

each of the periods considered. :he first sewn are es ential for the
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solution of the programme and must be observed in any event. These are

physical constraints ensuring that the available resources in "commer-
cial" goods and services, skilled workers and educational services are
greater than the sum total of their respective uses. The last two cons-
traints are included for special purposes only. The eighth constraint
represents a minimum growth requirement for educational services
(further reference is made to its significance later on), while the
ninth represents a budgetary ceiling which reflects the financial

limitations imposed on education expenditure.

For each of the periods covered by the model, these nine constraints
operate in such a way that if the model comprises T periods and nine
constraints, this will give, in matrix form, 9xT constraints when the
primal programme is worked out (1).

1. Constraints relatin to resources and uses of commercial goods and

services produced and of available labour

The first two constraints are of classical type: they conform to
the rule whereby resources of goods and services cannot be exceeded by
consumption, including consumption of education considered as an acti-
vity. The goods and services involved are "commercial" goods and ser-
[vices (constraint1 ) and labour (constraint 2); Ai and Ni respec-

tively represent the matrix of technical coefficients for current in-
puts and t e matrix of labour input coefficients in the productive

[
economy; A

3
and N

3 are matrices of similar types for the

educational system.

As previously stated, the model determines only the optimum in-
crease in personal consumption of "commercial" goods and services.

Initial personal consumption,(C1 (0) ), and part of the final
demand for these same goods during the period considered, (D1 (t) ),
are determined on an exogenous basis.

D
1
(t) is a vector which gives, by product, the total sum of the

(1)A table giving the symbolic dimensions of the system is shown in
Appendix I.
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consumption of public services other than Education of Financial
Instructions and of the Agricultural Sector, of changes in stocks
and of the balance of foreign trade.

The elements w of the diagonal matrix [1 w2
A ]

(constraint
2) represent the maximum rates of frictional unemployment which are
regarded as acceptable.

2.Constraints relating to the inability to exceed production capacities

Constraints (3) and (4) express the fact that the output of commer-
cial goods and services and of educational services is restricted by
the production capacity available in the sectors relating to activities
1 and 3 during the period considered. This capacity is estimated in,
terms of units of the particular commodity to be produced.

The increase in capacity during the periods considered is deter-
mined by the model as follows: (The working of the system is explained

with reference to activity 1, but entirely similar reasoning can be
applied to activity 3).

Let Iji (t-1) be the gross investment in capital asset j made inyear
for production of commodity i; and Ki (t - 1) be the increase in pro-
duction capacity for commodity i resulting from investment Iji (t - 1);

this increase in capacity will be available only in the following
period, t. The capital coefficient, bji an (element of the matrix

B
1

) is defined by the following relationship:

bji

This coefficient differs from the classical (gross) marginal
capital coefficient in that its denominator does not represent effective

additional output, Xi (t) but increase in capacity. It would be

wrong, however, to link the two coefficients in question by a third
one representing the degree of utilisation of production capacity.
In the model, this degree is not fixed, since the factors cannot be
fully employed; and this is reflected by the form given to the con-.
straints, i.e., "non-strict inequality".

In order that the model may be written more simply the variable
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I is rot included, and gross investment is shown by b.. R. (t-1).
Jl ji

The requirements for commodity i are determined by the maximiza-

tion under Jonstraint of the preference function arid so_the increase

in capacity needed for the production of this type of goods is also

determined. This capacity is written off by the conventional straight

line depreciation method.

(r1 . rate of depreciation of capacity for

(r
3

. rate of depreciation of capacity for

activity(1)

activity 3).

The capacity available for each activity at the beginning of the

first period is determined on an exogenous basis (the same applies to

the values of all the variables at the beginning of this period).

Linka e between skilled man ower re uirements and trainin

Constreints 5, 6 and 7 .!xpress the linkages between skilled ,man-

power requirements, the trai.ning of this manpower and the activity of

the educational sector.

30 A distinction is made between the manpower stock at the end of a

period, (82(0)1and the flaw of young people leaving the educational

system and either entering the labour force, or not doing so, but in

either case having acquired a certain level of skill, (X2 (0).

Activity 2 is not in the strict sense 'productive; it corresponds

to the classification of individuals leaving.the educational system

and the promotion of those who are already part of the labour force.

This classification comprises several stages which the model defines

by the following operators:

(B2 ), ( G2 ) and (13)

(B
2

), in constraint 6, is a matrix of transition between educa-

tional levels (h) and skill :evels (q). If indicates the proportion

of young people of different educational levels which seems likely

to be required in future by the various levels of skill in the labour

force.
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It is thus partly normative but is also influenced by past results,

as shown by the statistics for the skills and educational levels of

the labour force.

(G
2
) represents the shifts from one level of skill to another with-

in the available manpower stock taken as a whole; these shifts follow

from occupational upgradings and professional experience acquired in

actual practice.

Constraint 5 therefore expresses the fact that the available labour

force at time t, S (t), cannot exceed the resource which is made up of

the sum total of the following flows : (G2 ) x (I- 62) x S2 (t - 1),

X
2
(0 and Z

2
(t).

Z
2
(0 represents the foreseeable additional flow of manpower at

each ?.evel of skill for each period. This exogenous variable comprises

young people leaving the educational sector before entering the French

"Classe de 36me" (the 4th form in the secondary cycle), ex - farmers

transferring to end genous "commercial" sectors and the ceiling figure

for immigrant workers.

(C)
3
) is a diagonal matrix which, in constraint 6, is intended to

distinguish the young people of a given educational level who are

likely to join the labour fort...e from those who, on leaving school,

remain at home (this particularly applies to girls); in other words
it represents the propensity of young people to join the labour force,

and is measured by the rates of activity, by age and sex of this

category of the pooulation.

3.2 A particular difficulty concerning the educational sector is that

it turns out not only finished products in the form of young graduates
or "quasi-graduates'. ( [E 2] X

2
(t) ), but also, in the course of

the same period, "work in process" in the form of students who will

continue their stu ies during the subsequent period. It i-, c:onsequent-

ly necessary to regard the entire school population in a g.ven period,

i.e. pupils who w 11 leve the educational sector in the following year

and those who will re ain in it, (S3(t) ), as an activity variable for
the educational se-tor.

3.3 ConstrainLs 6 and 7 describe the internal flows in the ed citional

system. ConstrAint 7 exp...esses the fact that any element, sh(t) of

vector S
3
(0 is a utilization at level h of three available alsources:
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(a) The flow of "repeaters" remaining at the same level h at

time t,

stft - 1 )i.e. Plc 1 6 h)

A
element of the diagonal matrix [ P is the

3
"repeater" coefficient for level h.

6h, an element of the diagonal matrix [g3] , is the

coefficient for attrition (death, etc.) of pupils of

level h.

(b) Exogenous flow of pupils joining the educational system for

the first time, i.e. Sh (t), an element of vector J3 (t).

(c) The flow of pupils joining level h and coming from levels h',

linked to h, and represented by -[P
3

. Y
3
(t).

Internal flows are represented by the following network :

0 0 0 0 0 0 0

The nodes represent levels h, and the arrows represent possible tran-

sitions between levels from one period to another. For instance, arrow

(i,j) represents the possible transition of a pupil from level (i), at

period (t - 1), to level (j), at period t,

Vector Y
3
(t) is made up of the flows passing along each arraw, as

follows:

Y3(t) Y12(t), 1113(t), Y14(t), Y35(t), Y45(t), Y46(t)L Y67(t)

This graph is combined with its "characteristic matrix" or "incidence

matrix", comprising as many raws as there are levels and as many
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columns as there are arrows or flows, Yij(t), and having as elements:

( + 1, if i = k

( - 1, if j =k

( 0, otherwise

The incidence matrix of the foregoing graph will therefore be:

Levels Arcs

(12) (13) (14) (35) (45) (46)

A

(67)

1 1 1 1 0 0 0 0

2 - 1 0 0 0 0 0 0

3 0 - 1 0 1 0 0 0

4 0 0 - 1 0 1 1 0

5 0 0 0 - 1 - 1 0 0

6 0 0 0 0 0 - 1 1

7 0 0 0 0 0 0 - 1

This matrix A is broken down into two matrices, as follows:

where

Hence

A =
M [P3]

[ Pi Positive incidence matrix based on A,
3

taking into account only coefficients

equal to 1;

rp 1 = Negative incidence matrix based on A,

L 3J taking into account only co Fficients

equal to - 1.

[P3] Y3 (0 represents the flows entering each

level h, and will appear in constraint

7;
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-I 3
(t) represents the .flows emerging from each

level h, and consequently appears in con-

stralint 6 which describes the various follo-

wing utilizations of the flow of "non-re-
peaters" (1-P1)

(1 - 8 h ) sh (t - 1) at level h

(a) An endogenous flow of pupils, ehq yt), having received edi,

cation of level h during period t, and leaving to join the

non-agricultural productive economy;

(b) A flow determined on an exogenous basis, dh(t),which expresses

the demand for pupils of level h to meet the requirements

of government services and agriculture;

(c) The flow of pupils leaving level h for higher levels, h",

linked to h, and represented by[M3] Y3(t).

In contrast to the procedure adopted for certain models (1), the

programme is not made subject to any predetermined coefficient for pro-

gression from one class or cycle to another, nor to any coefficient for

school-leavers joining the labour force. The difference in the case of

our model is that, by optimization, it remains free to determine for

itself the breakdown of the "non-repeating" school population between

school-lee.vers joining the labour force and progression from one level

to another within the educational system.

In this connection, it was felt that this breakdown depended at

least as much on economic factors as on pedagogic considerations, and

that it would accordingly be useful if the model made this clear. On
Athe other hand, the rates for "repeating",[03], and attrition, 64

(and hence, implicitly, the rates of progression from class to c ass)

are imposed exogenously on the model, since they are treated depending

mainly on pedagogic and demographic factors.

4. Possible additional constraints

The possible additional constraints are numbered 8 and 9. Constraint

number 8 introduces a minimum growth rate for education while cons-

(1) For instance the well known "Planning Model for the Educational

Requirements of Educational Development" by J. Tinbergen and H.C.
Bos (OECD "Econometric Models of Education", 1965).
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trdint number 9 introduces a ceiling for budget expenditure.

(a) Minimum growth rate for education (8)

This constraint answers the need for the continued development of

education on cultural, social and civic grounds, and also for economic

purposes. It does indeed appear that the prospect of technical progress

and the resulting reconversion of activity call for more elaborate ge-

neral education to facilitate such reconversion.

This new constraint, like those already mentioned, is physical. It

strengthens constraint number 6 by imposing, on variable S3(t-1), a

diagonal matrix for the minimum rates of progression of pupils from

one educational level to another, 03] , which compels "non-repeaters"

to remain in the educational secto .[

The policy aspect of this constraint and of the minimum rates of

"retention" in the educational sector is obvious. It would be useful

to work out parameters for the value of [n
3
] in order to study the

A

effects of the various policies which might be followed.

(b) Budgetar ceiling for education expenditure (9)

This financial constraint brings in a single matr
[

A
ix, f3 , a

matrix of the real co3ts of the various educational levels. ts second

component, F3 (t), represents the total aggregated budget specified by

the Minister of Finance or by the Government when appropriations are

made for the budget of the Ministry of Education or for the "Schools

Equipment Plan". The vector form given to F3 (t), to ensure formal con-

sistency with the rest of the model, implies that the aggregated budget

must be broken down by level of education, h. If the envelope applies

to total educational expenditure only, F (0 then simply becomes a
3

scalar.

In this case too, the political aspect of the constraint is obvious,

the testing of various parameters is accordingly called for, and they

may even imply elimination of the constraint.

The impact of the additional constraints may be either effective,

or superfluous (if their purpose is already fulfilled by the interplay

of the first seven constraints). In the former case, the optimum at-

tained - thatirs, the ma.cimum value of the social utility function - is

lower than it would be if only the seven first contraints had been

brought into play. In this way, it is possible to show, in quantitative

terms, the effects of the application of different polio e,, one making
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the development of educational expenditure a priority issue (constraint

number 8), the other,by contrast, aiming to limit such expenditure
(constraint number 9).

C. The out ut function of activit sectors

The output functions of the various sectors can be seen by reading

vertically the elements included in the constraints of the "primal"

model. These are illustrated by the graph which appears in Appendix III.

1. Output function for "commercial" oods and services

This output function brings in the matrices of technical coeffi-

cients of columns 2 and 3 relating to variables X1(t) and Ki (t).
The impact of intermediary products is shown by [Ai ] , and that of
labour by [11

1
]

The impact of fixed assets follows from the effect of ]

combined with successive investments made at various times after the
initial period.

2. Output function for skilled manpower

This output function appears in columns 4 and 5. Column 4 makes

it possible to move from the skilled manpower stock inherited from
the previous period,

of skilled manpowerl

ledge (classified by

S
2
(t - 1), to the maximum available quantity
A

I - w2] S
2
(t). Column 5 shows that the know.-

educational level) possessed by young people
leaving the educational system can be converted into skills available

for employment in the commercial productive economy of the non-agri-

cultural sector,(pd, [03] ).

3. Output function for the educational sector

The output function specific to activity 3 is shown in column 6.

The "production process" here comprises several offshoots turning out

intermediary products which do not appear at the final stage (columns
7 and 8)

This output function describes the use of a number of inputs for
obtaining two outputs.
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(a) Inputs at time t

1. Sup lies and materials consumed during period t:
[A

3 I S3
(0 (constraint number 1).

2. Skilled labour supplied by teaching staff:

[N3] S3 (0 (constraint number 2).

3. Capacity of educational equipment, measured in units of
the commodity to be produced: [IIS3(t) ( constraint
number 4).

4. Plow of pupils to whom teaching is dispensed:

[I]S3(t) (constraint number 7).

(b) Outputs at time t.+ 1

Output becomes available at time t + 1 because a period
of time was needed to produce it. The productive operation
carried out consists in dividing the input at time t, S3 (t),
into two parts which appear in constraints 6 and 7 of period
t + 1 of the primal programme.

-A
1. "Repeaters" in period t + 1: [93][.1 - 63 ]S3(t)

2. "Non-repeaters" in period t + 1 : 1 - IP3][1 - 23] S3(t)

These "non-repeaters" may then either continue their

studies or join the labour force.

D. Comments on the last period

The last period calls for special treatment as regards the output
of capital equipment and the output of the educational sector, these

two items having similar features. The end period or "horizon" is shown
as T.

The amount of investment in commercial goods and services during
the final period, ( B3y3(T) and ( [ii] Kl(T) ), cannot be de-
termined by the mode 1 as its effects will not be felt until after

the horizon. This is therefore an exogenous datum factor (I1(T),
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constraint number 1). Sim larly, individuals joining the educational

system during the end period, but not leaving it before the horizon
is reached, represent a potential output of skilled labour. However,

this potential will not begin to operate until after the horizon,
and the model cannot therefore alsess the increased satisfaction, in
terms of goods and serxices that will follow from it. The value of
this potential in the final year must consequently be determined exo-

genously. If-not determined in this way, the value of S3(T) could
quite well be zero, which is not desirable. It will, however, be ne-

cessary to check whether the exogenous value of S3(T) is not un-

realistic, having regard to the values given by the model to the popu-
lation in previous years: S

3
(T-1), etc.

III. THE SOCIAL PREFERENCE FUNCTION

OF THE PRIMAL PROGRAMME AND THE GENERAL FEATURES OF

THE DUAL PROGRAMME

A. The social preference function of the primal programme

The .:tructure of this mod I is based on its objective, which is
to maximize the present disc nted value - over all the periods con-

sidered - of the sum total of the variables representing the standard
of living of the poo.lation f the production potential of goods and

services, o skille labour d of education continuing beyond the

time limit .horizon of the model, and so enabling the process of

growth to continue b yond tha. limit. In this way, provision is made
for meeting the con. u -pt.on equirements of the population over all
periods covered by th Plan and for safeguarding the production poten-

tial and the skilled abour potential beyond that point. However,

the numerics. ors th.t w'll represent the different elements,

and the chois-e of %a ginal utilities with which they will be weighted

in the preference fu c ion mu t be specified.
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1. Standard of living indicators

As a general rule, the standard of living indicators are quantita-

tive indicators of personal cLisumption of commercial goods and services,

educational services and other collective service..Howev,er, thi rule

had to be mitigated in order to overcome a number of difficulties.

1,1 If the vector of personal consumption (i.e. consumption broken

down by category of products) had been included as -ariables to be ma-

ximised in the target function and in the constraints, at least two

risks would have arisen. In the first place, the model might reduce

the volume of total personal consumption - which would be ab:urd.

Secondly, the model might distort the product structure of this con-

sumption, and this is no more tolerable. To eliminate the first of

these h-zards, increases of personal consumption through time are alone
taken into account. These increases are made subject to the condition

that endogenous variables are non-nagative to avoid the risk of a

decline in personal consumption. For the time being, the model does

not introduce any bottom limit for growth of consumption. It was con-

sidered useful to let it freely determine the personal consumption

compatible with its own optimum A bottom limit of this kind could be

reintroduced later, if required. For the time being, the preference

function aims only to maximise the prisent discounted value of the sum

total of the successive increases in personal consumption, starting

from its initial level. It is therefore the increase in consumption

variabl.e which appears as an endogenous component both in the prefe-

rence .unction and in tre first constraint. Furthermore, to prevent

any abn.rmal Jistortion in the pat:tern of consumption, the trend of

nis pat ern over time Is ssumed, the growth of consumption being,

.f course, taken for granted. However, the essential feature from a

m thodolo 'ical tandpoint is that this structure is treated as exoge-
nous.

The educational services and final collective services to be ab-

sorledbypersonalconsumption are dealt with as follows: in the case of

educational ziervices, , minimum growth rate for education is intro-

ducel as a po--ible additional constraint (constraint N° 8), while

final collective services are treated as exogenous variables. Only in

far more extensive model, embracing all collective requirements
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and services, would it be possible to try to make the other collec-
tive services subject to a treatment similar to that applied to educa-
tion in this case.

2. Production potentials of sector 1 and 3

2.1 The production potential of goods and services which must survive
at the end of the period to cater for future needs is represented by

the present discounted value of the services that the investments,

made over the whole time-range of the model, will yield beyond that
limit.

Part of the investments in question are lost in an intermediary

.gay in the course of the periods considered, and must not therefore

appear in the target function. On the other hand, the residual part

will be consumed only after the end of the time-range (horizon), and
hence remains an element of final demand for commercial goods and ser-
vices over all the periods covered by the model. Failure to optimize
this residual part would cause an under-estimation of the returns on

investment, and so distort the choice between consumption and invest-
ment which the model simulates. Allowance is made for this factor by
introducing, in the preference function, the residual value, discounted
to present value, of the capital equipment put into the productive sec-

tor throughout the time-range covered by the model.

2.2 The same problem arises with regard to the residual production po-

tential relevant to education; and it is dealt with in the same way.

3. Skilled labour potential

Similar reasoning applies to individuals leaving the educational
system to join the labour force during the,successive periods,

2] E
2 2

(t). Their working lives normally extend beyond the time-t
limit adopted for the model. Here again, if the services they will
render in the productive sector, or in the educational sector after
that time, were not taken into account, the "training effort" imposed

on the educational sector would be undervalued.

The preference function must therefore include the present dis-
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counted value of the services that will be rendered, beyond the time-

range covered by the model, by the outflows of individuals from the

educational system to the labour force during those periods covered by

the programme.

4. The marginal utilities used as weights for the variables of the

preference function

The weights for the variables of the preference function of the

primal programme represent the marginal social "desirability" of each

variable, it being assumed for our purposes that this "desirability"

is assessed by the community. In the case of commercial goods and ser-

vices, if it is accepted that the operation of markets in actual prac-

tice is not too remote from the conditions of perfect competition, it

is possible - as a first approximation - to take market prices as valid

numerical indicators of these marginal "desirabilities". This is in

fact what implicitly happens with this model, insofar as the aggrega-

tions in terms of volume bring in the market prices of a base period.

However, these prices do not explicitly appear in the utility function,

nor, consequentylin the constraints of the dual programme. As already

explained our argument is based on total personal consumption allocated

over time. A discount rate enables us to add together these different

total consumptions which refer to different time periods. It is this

discount rate which is used as a coefficient for weighting additional

personal consumption in our social preference function.

The coefficients A(t) represent the residual values of the physi-

cal or human assets built up as a consequence of the investments made

during the periods covered by the model.

The residual value, Al(t), of the increases in capacity, LIM,

achieved during the periods considered, in the sectors producing com-

mercial goods and services, is (by definition) equal to the discounted

sum total of the future services rendered by these increases beyond the

time range of tne model.

The calculation of A
1

(t) is based on a principle of economic returns:

for the purposes of the optimum adopted by the model, the sum total of

unit "rents" (i.e. returns) V
1

(t), paid during the periods, and the

unit recovery value, tit), to be paid for the services rendered per

unit of increased capacity, must be equal to the cost of the investment,

[13
1

]'U.
1
(0

'

which brings about the said increase (see dual constraint

N° 3 - Appendix III). In fact, in the model under review, the dis-

counted cash flow of an investment operation leaves a balance of zero.
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It is then assumed *hat the dual relative prices, U1(t), remain

stable, and that capacities are written off at constant yearly rates:

[3 IL1(t / when not considering
V

1
. 1. 1 the depreciation rate,

r
1'

nor the discount rate

(where n is the working life of the asset

113(t), the residual value of school and university equipment has

the same significance for e,73ucational ac ivity, and is calculated in

the same way.

The calculation of p2(t) (the residual value of the skilled

manpower assets trained during *revious p riods) is based n the in-

terpretation of dual constraints of type Nd 4 and type N° g. The ad-

ditional workers, X2(t) trained by the educational sector dur'ng the

periods under review are regarped as capital equipment resulting from

the investments made in the educar.ional system (in terms of materials,

staff and fixed assets) by the economy.

This capital equipment is written off at constant yearly rates up

to the horizon of the model. U2(t) is depreciation for each period

for the purposes of evaluation it is taken as equivalent to the wages

paid to a person, whose level of rkill is q, for period t. The cost

of this equilment is V2(t) + p2(t) The part which remains to be

written off after the horizon of the model is

From the forcgoing definitions (based or the interpretation of

the dual programme) it follows that p2(t) is the sum total dis-

counted by reference to the horizon of the model - of the wag, s paid

from that horizon until the end of Ile indiv'dual*E working l'fe

allowance also being made for the probabilities of occupationAl pro-

motion, [G2], or elimination, [82] . Wage stabili4 is assumed

throughout all the periods considered.

It is clear that, in one way or another, Al the marginal utili-

ties of the different variables ircluded in the social prefercmce

function depend on the discount rate. This rate of d_scount i deter-

mined on an exogenous basis; its constant relationsh p to the valu s

of the variables in the function confirms the linear character -f he

latter.
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B. The dual system: a few comments

The value of the preference function of the dual system is at

its optimum when minimized. n the model under review, this value

represents the minimal cost to the national community of the expen-

diture required to operate the s,stem. Such expenditure corresponds

to the allocation of productive forces and factors among the sector

resulting from the optimizati.n of the primal programme.

The dual variables can be interpreted in terms of prices. These

are not observed prices but t.eor-tical ones, so-called "notional" or

"optimal" prices, correspondi-g to theoretical comitions of perfect

competition or perfect planni. g. All the dual variables together

with their precise definitio.s an listed ia Appendix II.

The dual constraints of types N° 1, N° 2 and N° 3 concern commer-

cial goods and services and h.ve no unusual features. The position

is different where skilied labour and educational services are con-

cerned.

The dual constraint of type N° 4 expresses the depreciation at

constant yearly rates, for pe iods t to T, of the investment cost

for Activities 1 and 3 of the rcapLtal equipment" (or "human asset")

constituted by an individual at sk.11.level q. These yearly instal-

ments represent the refere ce wages., of the individual concerned

for each period.

The constraint of type N0 5 links the cost of educating an in-

dividual of educational level h to the cost of educa ing the same in-

aj.vid.al, with a Skill level q, for activities 1 and 3. The constraint

of type N° 6 puts the componeni:s of the cost of education in an expli-

cit form.

The constraint of type N° 7 is simply an Aeptation to the edu-

cational system of the consLr,..int whereby the .utput of a sector is

limited by the capacities ava_?able in that sector (see constraint

of t pe N° 3 for act.vt_ y 1).

n the constraint of Type N the notional price of the indiviL

dual leaving level h at the end (). period (t-1) exceeds or matches

the pr-ce wh ch the highel, le.e h must pay t- take in this indivi-

dual at the beginning of r d t.
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CONCLUSIONS

The theory of the optimization model for education has been ex-

plained; the possibilities for its application must now be considered.

These possibilities relate, first, to the numerical evaluation of the

parameters for operating the model, and secondlY, to the use of the

model for decision-making.

1. Transition from the theoretical model to the applied model

If our theoretical model is to be re-written in practical terms,

the statistical data for estimating the parameters used as matrical

operators must first be compiled. The collecting and processing of

these statistics is now in progress. It covers the data available

from the National Statistics Institute, the Economic Forecasting

Directorate of the Ministry of Finance, the Ministry of Education and

the "Commissariat Général du Plan" (Board of Commissioners for the

Development Plan). However, this data is not always suited to the

structure of the model; its main deficiencies concern the more remote

"horizons" that can be envisaged beyond the time range of the Fifth

Plan. It is, in any event, difficult to estimate the long term trend

of the structural parameters of the model, whether for the classical

input-output coefficients, the manpower coefficients by level of skill

or, even worse, for the alignment of levels of education with levels

of skill.

Before trying to build up a model on an extensive scale, it was

accordingly considered necessary to construct and work out a smaller

programme. This programme, known as the "test model" is now being

formulated. It will comprise two non-agricultural "commercial" sectors,

five levels of skill and seven educational levels. It will not apply

to twelve monthly periods, but will confine itself to three yearly

periods. This being so, the test model will comprise 123 "primal"

constraints.

This test model will enable us to see the working of a programme
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geared to the definitions and characteristics set out in this paper,

and to compare the results obtained by formalization with the results

of the discretionary projections made by 'the "Commissariat du Plan"

and by INSEE (National Institute of Statistics and Economic Studies),

providing that their "horizon" is close to ours. Above all, the for-

mulation of this test model will enable us to see more clearly how

sensitive a programme of this kind can be to changes in parameters

and exogenous variables, and even to the introduction of possible
constraints.

Depending on the results of the test model, various possible re-

finements will doubtless come to light. For instance, it would be

possible to introduce certain structural changes in the general model,

to expand its dimensions by taking account of more sectors in the
IN commercial" economy or even in other activities, or to take into

account groups of techniques which would be related to levels of ski)].

and education among which the model would endeavour to make an opti-
mum choice.

2. Possible utilizations

Though we believe in the usefulness of formalization, and in the

value of the conclusions that can be drawn from it, we are not dazzled

by its merits. Neither this model, nor any other of its kind, can

automatically work out the decisions to be made by the authorities

in the field of educational economies. By its very nature, the model

inevitably simplifies the issue: it cannot bring in every factor,

particularly those social and psychological factors which have a

bearing on the economics of education and on decision making in this

field. Furthermore, its linear form makes its solutions somewhat

blunt; the reactions of the model are sometimes rough-edged. There

cannot therefore be any question of letting it shape the course of

educational policy. Here, as elsewhere, the purpose of a model -

and especially an optimization model - is above all to get a better

insight into the interdependence of the subject analysed, and to set

out more systematically and coherently their dynamic relationships.

It also helps to clarify the decisions of economic policy-makers by

analysing the consequences of the projects they have to formulate
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and by making it easier to study the sensitivity of the economic

system to changes in exogenous factors.

The sensitivity of the model has to be investigated because of the

simplifications introduced in its construction and the sometimes

serious uncertainties affecting the form of the relations, the values

of parameters, the change of these values over time, and the values

of exogenous variables.

In due course, we therefore propose to make a series of calcula-

tions in order to trace the operators and exIgenous variables which

play a strategic part in the model so calling for particularly close

attention. We also intend to make systematic parametric tests concer-

ning these key operators and exogenous variables in particular, in

order to measure the sensitivity of the model to the variations thus

introduced.

With this model we will also attempt something else: a systematic

analysis of the economic consequences of the various policies which

might be adopted for the development of education. This means that we

will have to work out variants for those exogenous variables which are

in the nature of economic policy targets, and to go closely into the

effects of the introduction of the possible constraints Nos. 8 and 9

discussed above.

It will also be possible, if need be, to substitute for the opti-

mization procedure an exogenous treatment of the variables contained

in the preference function (increase in personal consumption and

increase in the residual value of production capacities), in order to

change the purpose of the model from optimization to simulation. The

problem would then consist of studying, with the help of the model,

the consequences of pre-assigning specific targets for the growth of

personal consumption and of the production potential of the national

community. Here again, of course, variants could be introduced and

investigated with reference to different levels for the targets already
mentioned.

To come back to the optimization model, the solution of the dual

programme should enable us to study the relationships between optimized

prices and costs, and to translate, in terms of notional "quasi-com-

mercial" units, the social utility and cost of education considered

as an "activity".

It is accordingly hoped that a model of this kind may be of

interest not only for economic policy, but also for theoretical
analysis.
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The model

the left hand

(some of them

dual, and the

General code

Appendix II

KEY

is written in matrix form. The coefficients shown in

components of the constraints are therefore matrices

diagonal). The endogenous variables, both primal and

second components (exogenous variables), are vectors.

1 Index of the activity producing commercial goods and services

(i: branch index)

2 Index of skilled manpower training activity

(q: index of level of skill)

3 Index of the activity producing educational services

(h: index of educational level; 1: index of transition flows

between educational levels)

t Index of period considered

(t . 1, 2T)

7 Index of intermediary period, used for summation

(7 - 1, 0
1
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Coefficients

A matrix of input-output coefficients for activity 1
1

(element aij)

A
3

matrix of coefficients of consumption of commodity 1 by

activity 3 (element aih)

B
1

matrix of coefficients of capital specific to activity 1

(element bji)

B
3

matrix of coefficients of capital specific to activity 3

(element bhi)

N
1 matrix of manpowtr coefficients in activity 1 (element nqi)

N
3

matrix of manpower coefficients in activity 3 (element n
qh

)

A
03

A
142

G
2

A
P3

A
VT

f
3

A

r
1

matrix of coefficients for converting a level of skill q to

an educational level h (element e
hq)

diagonal matrix of activity rates, by age and sex, of indi-

viduals emerging from the educational system and fit for

employment (element
f)hh)

diagonal matrix of minimal frictional unemployment rates

(element to )

diagonal matrix of coefficients for upgradings from one

skill category to another (element g )

matrix of positive incidence between educational levels

(element + 1 or 0)

matrix of negative incidence between educational levels

(element - 1 or 0)

diagonal matrix of "repeating" coefficients (element Phh)

diagonal matrix of minimum transition rates between educa-

tional levels (element nhh )

diagonal matrix of real costs per pupil enrolled per educa-

tional level (element fhh )

diagonal matrix of rates of depreciation of capital equip-
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A

r
3

A
62

A
6
3

ment in sector 1

diagonal matrix of rates of depreciation of capital equip-
ment in sector 3

diagonal matrix of the rates of attrition of the labour
force in sector 2

diagonal matrix of the rates of attrition of school popula-
tion in sector 3

discount rate

increases in personal consumption discounting function

residual value at the end of the time range (horizon) of
capital equipment specific to activity 1

residual value at the end of the time range of capital
equipment specific to activity 3

residual value at the end of the time range of individuals
joining the labour force at period t

pattern of consumption at period t of commodities produced
by activity 1

Second components (exogenous)

2
(t)

D 3(3)

j3(0

initial personal consumption of commodityl

other elements of final demand to be met in tth period

existing production capacity in the sectors of activity1
during the base period

existing production capacity in the sectors of activity 3
during the base period

exogenous variation of the manpower stock during the tth

period

demand for skilled labour from exogenous sectors during
the t

th
period

flow of individuals joining the educational system inperiodt
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F
3

(t) budgetary appropriation for education, by educational

level, for period t

Primal variables

X
1
(t)

1

(0

3
(0

(0

X
2
(t)

2
(0

3
(0

Y
3
(0

1

1

(0

2
(0

V (0
1

output in tth period of commodities produced by activity1

growth of capacity achieved in the sectors of activity 1

at period t

growth of capacity achieved in the sectors of activity 3

at period t

growth of personal consumption from period t - 1 to

period t

flow of individuals joining the labour force at period t

labour force at period t

individuals being trained in the educational system in

period t

transitional flow of school population from one educational

level to another

Dual variables

base period price per unit, in time t, of goods and

services produced by activity 1

base period wages per unit, in time t, by level of skill

base period "rent" per unit (provision for depreciation)

paid, in time t, for the employment of capacity available

in activity 1

base period "rent" per unit paid, in time t, for the

utilisation of capacities available in activity 3

overall notional amount that activities 1 and 3 must

theoretically alloca e to reserves for the use of the
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4

ii

U
3
(

W
3
(

human asset constituted by an individual of level of skill q

during the period from t to T and the payment his wages.

Hence, this is the sum total of the wages paid to this in-

dividual from t to T, and the write-off of his capital cost.

t) cumulative cost of the education of an individual having

reached educational level h in period t. It is also the

shadow price at which the educational system sells the human

asset which an individual of educational level h represents

when he joins the labour force in period t + 1

shadow selling price of an individual emerging from educa-

tional level h at the end of period t and "sold" to the

next higher educational level h, at the beginning of period

t + 1

A-3(t) increment on the shadow price (U
3
) at which human assets

are sold by the educational sector to sector 2, this incre-

ment being due to the reduced supply of such assets which

follows from the greater number of individuals kept within

the educational system

C
3
(t) cost of the primal constraint which results from putting

a "ceiling" on financial resources in the educational

system. This is therefore, as it were, a "scarcity rent"

on these financial resources.
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TRAINING POLICIES UNDER CONDITIONS OE TECHNICAL
PROGRESS : A THEORETICAL TREATMENT

Introduction

by C.C. von Weizsäcker

by

C. C. von Weizsäcker

1. One of the most important recent developments in grawth economics

has been the introduction of the time dimension into the analysis of

capital stock. Economists formalized an idea which has, of course,

been well known for a /ong time: new capital equipment is usually

more effecient than old, not only because of the physical wear and

tear going on all the time, but also because the former usually incor-

porates more advanced technical and scientific knowledge. Hence a

machine or other piece of equipment depreciates in value even if it

keeps all its initial physical characteristics through time. The for-

malization of this aspect is known as the "vintage" approach to growth
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economics (1). Taking account of the superiority of new equipment over

old usually implies that it is impossible to aggregate past investments
in an unbiased way. Hence it is impossible to operate with the con-

cept of an aggregate capital stock. The different vintages of machines
remain in their own right; and the "wealth of a nation is to be des-

cribed by a time series of past investment, rather than a single num-

ber, called the size of "capital stock". This is why these models are

called vintage models. Looking at it from the point of view of tech-

nical progress rather than capital, this new approach also formalises

the familiar fact that new knowledge has to be "embodied in new capi-

tal investment before it can become relevant to the economy. The vin-

tage approach is thus at the same time the "embodied technical progress"

approach. "Embodied technical progress" should not be confused with

"induced technical progress". The latter refers to neW knowledge pro-

duced (induced) by investments in physical or human capital; while

the former refers to already existing new knowledge made relevant to

the economy by investments. Embodied technical pregress may be induced
technical progress, just as it may be autonomous; and induced

technical progress can be of the embodied or of the disembodied variety.

INIMM

(1) Just a small selection of books and papers using this approach:

L. Johansen: "Substitution versus Fixed Production Coefficients in the

Theory of Economic Growth: A Synthesis in "Econometrica" 27, (1959).

R.M. Solow: "Investment and Technical Progress", in Mathematical Methods

in the Social Sciences", Stanford 1960. K. Arrow: "The Economic Conse-

quences of Learning by Doing",in Review of Economic Studies" 291(1962).

N. Kaldor and J. Mirrlees: "A New Model of Economic Growth",in Review of

Economic Studies, 29, (1962). B.S. Phelps: "Substitution, Fixed Propor-

tions, Growth and Distribution", in "International Economic Review",

1963. R.M. Solow: "Capital Theory and the Rate of Return",Amsterdam

1963. I. Svennilson: "Economic Growth and Technical Progress" in "The

Residual Factor and Economic Growth", OECD 1964. R.M. Solow, J.Tobin,

C.C. von WeizsUcker, M. Yaari: "A Model of Fixed Capital without Sub-

stitution,"Review of Economic Studies" 1966. C.C. von WeizsUcker:

"Zur ökonomischen Theorie des technischen Fortschritts", Göttingen,

1966 (forthcoming).
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We may even say that in the case of induced technical progress new

knowledge is induced by investments, by definition, whereas in the

case of embodied technical progress investments are induced by tech-

nical progress: a new advance of knowledge will motivate entrepreneurs

to buy machines which are constructed to apply in practice the newly

found technical or scientific principle.

2. There is no reason why we should restrict the concept of embodied

technical progress to the realm of physical capital. I therefore want

to present a model of technical progress embodied in human capital.

In pursuing the consequences of such a model a formalization of the

concept of "education permanente" (Fourastie) will be found; which

induces many contemporary discussions about appropriate educational

policies in industrialised society.

The basic model

3. I shall construct a model which stresses the essential points, and

is rather simple in all those details not essential for our topic.

This is perhaps the most appropriate method for such an exploration

of a new concept.

4. Consider an economy with a production function of the conventional
0type:

(1) Y = F(K,A)

where Y is the net social product, K the stock of physical capital

and A the amount of labour, expressed in efficiency units.

Xis the number of years that a person stays in the educational

or the production process. Let N (v,t) be the number of persons in

age class v who are in the labour force at time t. A person is in age

class v when he reaches the minimum age necessary for entering the

labour force at time v. Hence any person in age class v could enter

the labour force at time v; but alternatively he could stay on at

school. A person in age class v must enter the labour force at the
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latest at time v + X Let F(v,t) be the average efficiency of a par-

son of age class v at time t. The total labour force expressed in

efficiency units, A(t), is thus given by

A(t) Jr ti(v,t) F(v,t) dv

t- X

The question is what assumptions to make about F(v,t). It is

assumed that F depends directly on t and on the average level of

training of the age class, m(v,t). The simplest assumption is that

F(v,t) dat f(m(v,t)).

The average efficiency is the product of an exponential function

of t and a function, f, of the skill level of age class v, m

The skill level is exprssed in units of new years of training. In

other words, if we compaile,two persons who were trained to the same

extent up to last year, and if one person continued education this

year whereas the other dcLd'not, their skill levels, m, will differ

by one unit. Our central aSsumption is that a year of training in the

past is less important ..eday than a new year of training. Hence the

skill level of a person is assumed to be a weighted sum of his past

years of training, where the weight of the last period is unity and

the weight decreases exponentially with the time between the present

and the period in which the training took place. As time goes by, for

any given past amount of training, this time increasestand hence the

weight for the present skill level decreases exponentially, say at a

rate h >o. This rate h will be called the rate of obsolescence.

It has two components: (1) something which has been learned in the

past will be increasingly forgotten; (2) something which has been

learned in the past will become more and more obsolete because of new

inventions and other new technical knowledge.

5. I think it is worthwhile to investigate the consequences of such

an assumption. If we assume that the wage rates of different skill

levels are proportionate to the efficiency levels, it is clear that

the maximization of the discounted sum of wages induces behaviour

which is efficient in the macro-economic sense.
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Let z(t) be the proportion of working time in period t which

is used for learning (or being trained). Let x(t) be the proportion

of working time in period t which is used for earning monsy. Assuming

that work consists only of learning and earning money, we know that

z(t) and x(t) are numbers between zero and one, and that they add

up to one:

or

o zv(t), x(t) < 1 z(t) + x(t) = 1

x(t) = 1 - z(t)

The rate of change of the skill level, m(t,v), is then given by

m(t,v) = zv(t) h m(t,v).

Money income in period t is given by

w f(m(t,v)) egt (1 - zv(t))

where w is a appropriately chosen constant, f(m(t,v))egt expresses

the efficiency level and w f(m(t,v))egt is the wage rate.

1 - z
v
(t) is the amount of time in period t available for earning

money. Assuming that direct training costs are zero which is not

an essential assumption, and can be relaxed with no difficulty,

the expression to be maximized is discounted life income, Lv, given

by

v+X t -r(t-v)
Lv w Jr eg f(m(t,v))(1-zv(t))e dt

where r is the discount rate. In order to simplify notation we write

X

Lv wegy f ,

eg-r)t f(m(t))(1-z(t))dt

dropping the index v under the integral sign, and redefining the

variable t in such a way that t = o cori,esponds to time v. This can

be done because v is kept constant in what follows. Thus the problem

is to
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maximize
X

e(g-r)t f(n(0)(1-z(t))dt

with respect to the functions m(t), z(t), such that

m(o) o, z(t) - h m(t), o 5 z(t) 5 1.

Solving the problem

This problem can be solved using the Maximum Principle of

Pontryagin(1), or another method such as Dynamic Programming. From

the Maximum Principle we infer that there exists a function p(t)

such that the following two relations hold:

let m*(t), z*(t) be the optimal functions m(t), z (0;

1.then'the inequality

H(z,t) = q(t)(1 -z) + p(t)(z-h m )5

H(z*(t),t) = q(t) -z*) + p(t) (z* - h m*)

holds, where q(t) e(g_r)t f(m*(0), and z varies between o and 1.

2. 4 . h(p-q) e(g-r)t [h+r-g)f(m*) - (1-h m* )f'(m*.)J

These two relations have intuitive interpretations. Since q(t) is

equal to the wage rate we can say it is the value of one unit of time

if spent earning money. Similarly p(t) is the value of time if spent

for training purposes. If p) q then all time should be spent for

training, i.e. elt) is equal to one. If p < q then eft) is equal

to zero. This leads to inequality (1.) Since the intuitive interpretation

(1) L.S. Pontryagin, V.G. Boltyanski, R.V. Gamkrelidze, B.F. Mishchenko:
"The Mathematical Theory of Optimal Processes", New York - London
Sydney, 1963.
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of (4) is more complicated we will not enlarge on it here.1

In order to give a more definite description of the optimal so-

lution we have to make the following assumptions:

and

h + r g>o

f'(m)
f(o) > o, fl(m) >o, is a decreasing

function of m.

The assumptions mean that f is always non-negative increasing with

my and that a modified law of decreasing marginal returns holds.

Since the optimal m(t) is everywhere non-negative and since it does

not pay to increase m up to the last moment, we can infer that there

exists to, with o <to < X, such that m*(to) >mtt) for all t with

ot X In other words, At) reaches an interior maximum. Then

we have M*(t
o

) o and 111*(t - e) o, gt
o

+e ) < o for sufficiently

small e > o. If m*(t
o

) > o this implies (dropping the sign) that

o = z(to) - h m (to) or z(t0)>o

that and therefore p(to) > q(t0). On the other haftl, since

m(t)< 1 for all t, it follows from 111(t
o
+ )< o that

o > z(to + e ) h m( to + e ) or z(to + <1

and therefore that p (to + e) < q(to + e ) for any sufficiently small

(
e > o. Thus Ot

o
) - 4t 0) must be non-positive which together

. 1

with p(to) > q(to) implies

i

1
(h+r-g) f(m(t0) ) - (1-h m(t0))f'(m(t0)) ... o

or h+r-g
f'(m(t0))

1-h m(to) f(m(t0))

1. For this intuitive interpretation see chapter 5 of my book on

1

technical progress, op. cit.
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But the left hand side increases and the right hand side decreases
with m. Hence the maximum of m(t), m(t

o), is not greater than M,
the solution to the equation (/):

(h+r-g) f(M) (1 - h M) fiCi)

Moreover, if m(t) < we have D(t) - 4(t) < o and hence

>o fort. to -t and CO< ofort.t +e, ift>
is sufficiently small. In other words, m(to) is a peaked maximum if
it is less than M.

We will now prove there exists no interior local minimum which
is positive and not equal to M. If such a minimum did exist, we would
find a t, such that o < m(y< it, 11(t1). o,

ih(ti - e )s;o, 111(t1 + t) o for sufficiently small positive e

and hence o < z(t1 < 1, hence p(t1) q(t1) and 15(t1) - 4(ti) > o
But this is a contradiction, since p(t1 ) =41,(t1) and m(t1)< m
imply 6(t1) - 4(t1) < o.

Since between two local maxima with value less than R there must
exist a local minimum with value less than M, we have proved that

there exists at most one local maximum of value less than M.
We can also prove that if o < m(t)<ni", z(t) = o or z(t) = 1,

or m(t) is a local maximum. If z(t) > o, we know that p(t) > q(t).
If p(t) q(t) we have 15(t) - 4(t) < o hence, as has been shown,
m(t) is a local maximum. If p(t) > q(t), we have z(t) = T.

6. What we have proved amounts to the following: there are three
cases for m(t):

Case I: m(t) o for all t. Ho training pays most.

Case II: m(t) has a unique (local and global) maximum, say at
t = t

oe
Then m(t

o
) < M

'
and hence m(t) < iii for t t

o m(t) is-
increasing for t <to, decreasing for t > to, then z(t) . 1 for
t <t

o and z(t) = o for t > t
o

. The life span is divided into two

(1) We assume that R >o exists. If it does nott a similar argument
shows that m(t

o
) = o; hence m(t) = o for all relevant t.
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periods: from zero to t
o

all time is spent in education, from to
to X all time is spent earning moneay.

Case III: If there exists more than one maximum and no local interior

positive minimum, and since m(t) cannot become zero again once it is

positive, there exists an interval, say from to to tl, such that

m(t') = max m(t) for t
o

< t' < t1 In addition, since there exists

a unique maximum, if it is less than M, we have m(t') < M, for

to < t' < tl. Moreover, as in case II, z(t) . 1 for t < to, and

z(t) = o f or t > tl. Life is divided into three parts: from zero

to to only education takes place; from to to t1 part of each period

is invested in further training, the other part is used for earning

money and in the last interval from t1 to X the person concentrates

on making money.

In modern society, parameters seem to indicate that case III is

the most realistic for most people. The fact that until now further

training of people who are already in the labour force is not very

important, indicates that in most countries the educational system

is not yet fully adapted to modern requirements.

Examples

In order to get a feeling for the quantities involved, let us

specify the values of the parameters, and the type of the "production

function", f(m). We will then be able to compute the optimal lengths

of the three periods involved. Let I be the first period, in which

only education takes place, le' II be the second period in which

part of the time is spent in further education and part earning money;

and let III be the last period in which no education takes place.

We assume a total length of all three periods of 50 years say from

the age of 15 to the age of 65 . a = hM is the proportion of time

spent in education in period II. # is the ratio of education time

during period II to the length of period that is

13. a length of period II

length of period I
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fi is an indicator of the proportion of the whole educational system

that should be devoted to teaching people who are already in the labor

force.

Table A refers to a linear efficiency function

f(m) . a + bm, a > olb > o.

It indicates some typical values, for periods I, II, III,

parameters h and r-g. The values are approximate.

Table B is the corresponding result in the case of an

function of the general form

f(m) . a + bNilr a > olb > o.

for given

efficiency

With the exception of the case h = 2%, r-g o, the first line,

for any given h and r-g, indicates the approximate maximum length of

II given the general structure of the function f(m)(1). The other

lines refer to typical values of II III III, a and # for given h

and r-g.

There are some interesting features of these figures to be noted:

(0 Keeping r-g constant, the length of all three periods is

strongly influenced by h. Possibfy the best single figure to

indicate the educational structure is p. The value of

0 1 for r-g = o, varies from zero for h = 2% up to 1.13 and

1.38 respectively for h = 5%.

(ii) Keeping h constant, the length ^f all three periods is

strongly influenced by r-g. This can be seen, for example, in

the case of h = 3%. The strong impact of the discount rate

not only on the amount but also on the structure of education

is perhaps more surprising than the influence of h.

(iii) For given h and r-g, as I increases, III decreases even faster;

thus as I increases, II increases as well. This also implies

that as the educational standard increases (reflected by an

(1) Thismaximum length corresponds to the unrealistic case in which
unskit1ed labour gets a wage of zero.
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increasing I), the coefficient 13 increases. But we have to admit that,
in Table B at least, this relation between I and 0 is rather weak.

Possible extension of the model

7. This model is, of course, a considerable simplification of reality;
but more complicated models can be constructed and evaluated numeri-

cally. These more complicated models should take account of the

following features:

(a) The rate of obsolescence, h, is not a constant but a function
of the age of the person.

(b) A person gains experience when he works in the labour

force, and so his degree of skill also depends on the time
he has spent in the labour force.

(c) After a fixed period of education an examination LI:dually

takes place. The income after the examination depends on
whether or not the person passes the examination. This implies

two modifications of f(m): firstly, f(m) becomes stochastic;

secondly, f(m) ought to be approximated by a step function
rather than by a continuous function, where the steps are
given by the times when examinati ns take place.

(d) If we are interested in the optimal behaviour of an individual
we have to take into account the fact that the capital market
is not perfect, and hence the process of discounting becomes
more complicated.

(e) A person has a preference function which also guides his

choice between learning and working in the labour force.

The criterion of life income maximization is therefore not
realistic.

(f) There are usually considerable direct costs of education which
we have to take into account.
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Several other possible generalisations of this model could be

listed. Most of these h ve not yet een investigated. I have done

some preliminary resear h on points (a), (b), (0 and some other

points not listed here.

Winter Kellner (Alfred-Webe -Institut, University of Heidelberg) is

now working on some probirms that arise when one tries to generalis

the model. He and I hope to get far enough to use the model empiri-

cally and to draw practical co clusions from it for purposes of nst tu-

tional and other reforms in th educa ional system.



PART V : COMMENTS

INTRODUCTION OF CONTROL CONCEPTS
IN EDUCATIONAL PLANNING MODELS

by Paul Alper

"It is...true that fertile ideas, conceptualisations and theories

come, sometimes quite unexpectedly, from people of all philosoph-

ical persuasions."---Anatol Rapoport

Introduction

In order to discuss control concepts in educational planning modela,

a working definition is required. The phrase "working definition" is

used because, although not all control engineers would subscribe to it,

it will suffice for our purpose rere.

A decade ago, an instructor defining a control system might have

said that a control system was a servo-mechanism dealing with voltage

inputs and mechanical outputs. Today this definition is completely

misleading and wrong. It would be better to define a control system

as one which can be taken from one state of nature to some other
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state of nature via an appropriate eath by means of the application of
aui-omatic (or systematic) feedback processes. It Is this working defi-

nition of control theory which should be born In mind for the following

discussion of the relevance of control conceptS to educational plan-
ning. (1)

One of the underlying concepts of "systems analysis" is that many

seemingly different systems are, in fact, on an abstract basis, quite

similar; that is, the various interrelationships of one system can be
identified (at least, approximately) on a one to one basis with the

interrelationships of a quite different system. The linear differen-

tial equations governing lumped electrical circuits are completely

identical, for example, to those of lumped mechntcal components, the
partial differential equations oE an electromagnetic wave guide are

idential to the partial differential equations of a pluckell string.

The connection between control systems and educational systems is also

quite strong, the great similarity lieS in the fact that in both con-

trol systems and educational systems Vt is desired to take the system

from ore state of nature via an approvirlate path to some other State

of nature by means of the application of feedback processes. This ab-

stnact approach of looking at control systems has been extremely success-
ful and thus it behooves the educational model-builder to make use of
the immense amount of money and effort inVested in control syytems in
order to Improve the comprehension and performanCe of educational sys-
tems

To a $ystems analysto the esseni=ial difference between a Control

system and an educational system is hot that the one Involves voltages
and torque and the other teacherS and dtudents; it i$ rather that the
physics of the situation is,better underStood in the case of control
systems than in the case of educational SY4ems. The parameters and

(1) Note very carefully that the introduction of control concepts does
not mean that one intends in any way to substitute a machine for

a human being. More strongly, it is envisioned that the framework

of contr 1 theory will aid the human being rather than replace him.

The actual decision-making will still be in the hands of people;

Various tools such as a desk calculator or a high-speed computer

may be employed, but it is stressed that they are tools only and
not ends in themselves.

-
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I.

variables which are truly relevant for educational systems are as yet

not known well enoUgh in a quantitative sense. However, in both kinds

of systems similar queskiOns can be asked:

1. Which objective fubetions are the proper ones -for determining

peri.ormance and at the same time are mathematically tractable

enough for a meaningful answer to be obtained?

2. How sensitige are our answers ukth respect to certain assump-

tions?

What mathematical toolis Can be employed in effecting solutions?

4. How stable is tile system and in what sense?

5. What are the ways to reduce unCertalaLy?

and so on.

Ilattempting to answer these and other questions, the controls

engineer has exploited 5ome very sophisticated results---results

which Could be great interedt to the educational planner. For example,

consider' the paper of Prof. sion Welzseicker which makes use of Pontrya-

g(n's Magimal Principle, a mathematical technique of extreme importance

in moderricontrol thedry because of itS power in solving extremum

problems wfth non-holonomic constnaintS (constraintS whIch cannot be

expreSsed by means of the equality sign). Note too that a different

method suggested by Prof. von WeizsRcker for solving his extremum prob-

lem is dynamic programming-- atechh;que due to Bellman of the United

States The development of both of these techniques (one from Russia,

the other-from the Unkted States, the leaders in control engineering

in the WorIA) date from well after World War II and vil-W stimulated by

the fact that the existing classical Wh.thods of SolVing extremum prob-

lems werebnot applicable to the naal lije problems encountered in

sophlsticated control systems. Moreover, not judt the enunciation of

these tWOtechniques but thetr succeSsful implementation and utiliza-

tion has occupied many individuals and research organizations, so that

a vagt body of literature has been built up on these subjects and one

is able to discern when either techntque is hetpful in practice as

well as in theory. For eAample, Pontyyagin's Maximal Principle can lead

to two-point boundary qalue problems which are exceedingly difficult

to solve, while dynamic programmiag suffers from the so-called "curse
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of dimensionality", meaning thgt for even a moderate number of state

variables the computer memory (and this is true of even "next genera-

tion" computers) is swamped.

The conceptual superstructure which is offered by thinking in con-

trol engineering terms is quite powerful and general, and not at all

limited (in principle, at any rote) to servo-mechanisms, chemical

plants and the like. Indeed, at this very conference, several of the

papers exhibit a control theory point of view, whether this is expli-

citly stated or not. That is to say, the models are not concerned with

merely observing the phenomenon of education, but with influencing it

as well so as to improve the performance of the educational system

SOMA way.

In fact, the comparison of a typical control problem or this

decade concerni.ng chemical plant optimization (as shown in Fig.1) with

the educational optimization problem of Prof. von Weizsticker 1 (as

shown in Fig. 2) is quite revealing. One can immediately see the simi-

larity of the two problems, and it is not surprising that the same

mathematical tool, Pontryakin's Maximal Principle, can be effectively

utilized in order to obtain a solution. Indeed, even the solutions are

similar; that is, in the terminology of the control engineer, we often
tend to obtain "bang-bang" types/of solutions---full on (z=1, or all

Fig. 1. CHEMICAL PLANT OPTIMIZATION

Control

variable

Plant Dynamics
Plant output

Ohjective Function

Maximum yield
for the firm

1. Until the 1950 s, this problem could not be solved by classical

means, such as the calculus of variations, because of the non-

holonomic constraint on the proportion of time spent learning
(04z41).
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learning; no earning) or full off (z=0, or all earning; no learning).

Fig. 2. EDUCATIONAL SYSTEM OPTIMIZATION

Educational Maximum discounted
Control variable

Educational dynamics outpit Objective life income

m = z - hm functionsor or
11Ib-

Proportion of time

spent learning, z
Average level

of training, m

Nor is this the only paper dealing with controls. Both the papers

of Dr. Smith and Mr. Armitage of England and of Dr. Swanfeld of Sweden

make allusions to the desirability of incorporating within the educa-

tional planning models some sort of "feedback', the concept most clo-

sely associated with control theory. Indeed, the former paper devotes

several pages to discussing the analogies to, and benefits from, con-

trol concepts with regard to educational models. It offers the idea of

employing adaptive control features to their basic enrolment model so

as to bring the forecast results closer to a target value. It also

suggests a steering mechanism and control knobs for the basic model,

in addition to pointing out the desirability (and pitfalls) of a dyna-
mic control strategy.

Loosely speaking, the two above mentioned models involve, at pre-

sent, a forecasting model. This means an open-loop or ballistic type
of system (once started, there is no longer any way of modifying the

results of perhaps some assumptions were not valid) as opposed to a

proposed planning or closed-loop feedback model. In the first case,

forecasting or open-loop, the situation would be as pictured in Fig. 3,

while the second case, planning or closed-loop feedback control, would

be as shown in Fig. 4. In the feedback case, the educational planner

is afforded the opportunity of using updated and past information con-
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cerning student enrolment in order to change or modify the transtt ton

proportions. Operating in this feedback manner, one could compensate

for deviations in the original analLISis. For example, if it is desired

that more females Enter teaching than at present, then in order to ob
tal n a desired goal, the transition proportion could be affected by

increasing the monetary incentive so that teaching becomes more attrac

tive. Similar incentives, both positive and negative (decreasing sti

pends or removing -fringe benefits, for example), can be thought of.

Fig. 3 FORECASTING OR OPEN-LOOP EDUCATION SYSTEM

This year's student
population

This year's new entry-of students
1

Transition

Proportions

Future ye ri" student population

Fig 4 PLANNING OR CLOSED-LOOP EDUCATIOt SYSTEM

This year's student
population

This year's new entry of students

ITransitions Future years student pop lation

Proportions

Decision

Information

Transducer
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The above discussion is meant to bring out the fact that if one

believes that mathematical models, abstractions and concepts can effec-
tively be brought to bear on educational problems, then it should not
be totally surprising that another discipline with all its own nomen-
clature and jargon can be extremely useful, both in a theoretical and
practical way. One of the most important purposes of abstract mathemat-

ical models is to provide a conceptual superstructure which is inde-
pendent of any particular frame of reference; and therefore it should
not be too startling that another philosophical persuasion such as
control theory, also based on abstract mathematical models, could
possibly contribute very much to educational planning. Furthermore,

because of the tremendous amount of research money invested in control

problems and the huge number of people in the field (as compared to

those planning educational models), intensive and far-reaching results
have been produced which people in educational planning should be able
to take advantage of and to utilize immediately and effectively.

With that in mind, I would like to suggest some ideas which I feel
may be helpful.

Objective functions and extrema

The conceptual framework of control theory provides ways of for-
malizing some of the problems of educational systems as well as provid-
ing a means of "solving" the problems. For example, as the educational

planner attempts to break away from models which merely forecast re-
sults to those models which can be controlled, it will become more and

more necessary to stipulate performance criteria both with respect to
the past data and the future evolution of the model, and to test the
sensitivity of various assumptions as well as to determine the proper

settings of the "infinitely variable knobs" referred to by Dr. Smith
and Mr. Armitage(1). Any realistic objective function will necessarily

(1) Parenthetically it should be noted that even in theory, not all

systems can be controlled in the sense of the working definition
given in this paper.
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involve a good deal of sophisticated mathematics, and with probably

require some sort of electronic computer to yield an answer. Many of

the same difficulties will arise in "solving" these problems as arise

in solving large scale control problems:

1. Physically sensible criteria are often mathematically intrac-

table.

2. Criteria which lead to analytic results often do not make

sense physically.

3. Multiple peaks may exist in the performance function, coming

the optimization procedure to reach a local rather than a glo-

bal optimum.

4. The adjustment procedure can lead to instability; instead of

finding the right settings, the entire system becomes unstable.

5. The adjustment procedure will converge to the wrong values.

6. The adjustment procedure can be too fast (unstable) or too slow

(ineffective).

7. Two-point boundary value problems or "curse of dimensionality"

(lack of storage space) may arise.

The educational model builder is therefore well advised to look to

the control engineering literature in order that he may aid his compu-

tational and conceptual intuition.

In the engineering literature, the number of objective functions

(performance criteria, pay-off functions, indices of performance) is

legion, but one of the most popular in control theory is known as the

Hmean square error criterion". For convenience only let us apply it

to the enrolment problem within the educational planning model frame-

work. It could equally be applied in other areas, such as the supply

and demand of teachers considered by Prof. Correa. We are trying to

adjust the enrolment model so as to minimize the sum of the squares of

the difference between a desired yearly vector distribution of students,

am, and the actual distribution of students, H(t), over the range

of time t=o to t=T. We therefore wish to minimize 19 where

I =Dam- rim ) 1 ca(t)-Fi(t) )
t=o
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or equivalently,

T N

I = ;E: ;E: (dico_ni(t) )2

t=o i

(2)

where the subscript i indicates a component of the vector which has N

components.

That is, we are seeking to adjust the various transition propor-

tions in order that our model will produce the proper student outputs

so that the objective function is mimimized. For example, suppose we

want to select trends, a , in some of the transition proportions of

the mDdel such that the mean square deviation from r cent years' data

is minimized; then control theory indicates that the solution can be

obtained by differentiating with respect to the trends, ak, and setting

T N

= -2 E E (dim_ni(0) .1 . 0.
an.

ai
a a

k
t= e=.k

i0

(3)

This can be done using computor simulation, or even analytically if

simple enough. Moreover, there is no conceptual reason to limit one-

self to the mean square error criterion, and a more generalized cri-

terion migh be

I=E[(cT(t)-ii (t) Na(t)-H(t) m (4)

t=o

where m is any real number greater than zero.

One can also bring in the bottlenecks (mentioned in the paper of

Dr. Smith and Mr. Armitage) by formulating the problem as one of

calculus of variations, and, provided that the constraints are holonomic,

the decision var'ables can be solved for.

For example, we assume.that it is absolutely necessary that the

actual distribution of students be exactly equal to the desired dis-

tribution of students in the last year of the plan,then



I = Va(t)-ii(t)Na(t)-ii(t)dni: x(a(T)-ii(T))

t=o

(5)

where X is a Lagrange multiplier.

If the constraints are non-holonomic (e.g., the number of students
studying medicine must be less than some prescribed figure due to lack
of physical facilities), we can use Pontryagin's Maximal Principle,
just as Prof. Von WeizsUcker has done for his maximization of dis -
counted life income.

Space does not permit a proper exposition of the work already done
on criteria; but I believe this approach will go a .long way towards

answering Professor Dressel's doubts which he expressed in his paper:
"There seems to be no basis developed, or at least I found none, which
permits determination of the amount of error which may be expected in
planning projections. Do we simply assume that if the plans are made
and put into effect the expected results will ensue? This would, in-
deed, be naive." Professor Dressel also states: "If the model is to be
used for actual planning and attainment of certain economic goals then
it seems to me essential to develop some measures of the errors inherent
in the statistics or data which we insert in the model and some proce-
dure for estimating the amount of error or difference between the out-
comes and the goals which is to be expected upon projection into the
future". In fact, control concepts can be employed not only to eval-
uate how effective the model is, but also to reduce the errors inher-
ent in the statistics, a topic which is discussed under the neading
of "Measurement Noise".

Identification and analysis of systems

It seems obvious that before one speaks of controlling the edu-
cational system one must first identify it. (1)

Here too, the ideas of

(1) Strange as it appears, this statement is not true in genBral, but
for our purposes it may he assumed valid.
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control theory would appear to be very helpful. For linear systems,

one could envisage impulse response testing or its equivalent in the

frequency domain, the transfer function of the system, to find out

about an unknown system and to analyze what happens when subsystems

are coupled together. For example, (2) when a linear subsystem of the

educational system, let us say the secondary schools, receives an in-

put from the primary schools, and produces an output which is the in-

put to another subsystem of the educational system, say the universi-

ties, we would have a situation as shown in Fig. 5. Then, where

j =1,77, X(jw) is the Fourier transform of the output of the primary

schools,

Fig. 5. COUPLING OF SUBSYSTEMS : THE FREQUENCY DOMAIN

Primary school

output

X (j 01)

Secondary schools

H (j 6))

Secondary school

output

Y 1( j ) = X (j )H1 ( j

Universities University output

Y206) =
X(j(0)E1(j(0)H2(j(0)

Y
1

w) is the Fourier transform of the output of the secondary schools,

Y2(j w) is the output of the universities, and Hi(j w) and H2(j w)

are the transfer functions of the secondary schools and universities

respectively. Thus

(2) For convenience only, the following discussion involves continuous

rather than discrete time, all statements have counterparts invol-

ving discrete time.



Y2(ico X(i co)14,1(j 0.0112(j (0).Y1 (j co)112(j,o) (6)

The corresponding expression in the time domain is far more com-
plicated, and involves what is known as the "convolution integral".

Moreover, great intuitive insight comes about when thinking in terms
of the frequency domain. Furthermore, such things as time delay, which
might for example occur because the effect of a decision is not mani-
fested until years after:the decision is made, can be quite nicely
discussed in the frequency domain. Of course, the frequency domain
concept is also the strongest tool for analyzing feedback.

The actual determination of H
1

) and H
2

(j ) can be done in
principle by several methods which need not necessarily involve a
high speed computer. One can conceivably, in principle, at least,
employ all the tricks of the trade, such as impulse response testing,
square wave testing and even "white noise".

Perhaps even more important than the frequency domain are the more
recent ideas of "state space" and "state variables" as means of descri-
bing systems. The state space approach analyses systems within the
time domain, and is not limited to linear systems as is the frequency
domain approach. Another great advantage of the state space method
is that one can say a great deal about the solution without actually
finding it. For example, one can find regions of stability using

Lyapunov's Second Method - it would be possible to find out how much
the system could be perturbed or disturbed and still return to its
original equilibrium position and/or move to some other equilibrium
position; that is, the so-called polystability of educational systems
can be explored.

Unfortunately, a fuller discussion of state space and other tech-
niques, such as Volterra series or the Describing Function for analy-
zing non-linear systems, is not possible at this point. However, it
should be mentioned that non-linearities are no longer shunted aside
as being intractable, and therefore it should not be beyond the realm
of possibility for educational planning models in the future to break
away from the confining chains of linear programming models when either
the model, the objective function or both are non-linear.

)
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Measurement noise

"Noise" can have many meanings to a control theorist, but for the

purpose of this discussion attention is focused upon measurement noise,

or any factor which prevents a precise and accurate determination of

the parameters and variables of the model. Noise enters into educa-

tional planning models as quantification noise when, for examplev data

taken in one part of the country doesn't quite correspond to data in

another part of the country (some universities are on a trimester

basis while others have a semester basis), or when data for one type

of variable doesn't correspond to that for another type of variable

(data on teachers might be based on the calendar year while data on

students might be based on the school year). Noise could also express

the amount of uncertainty due to the fact that some variables or para-

meters are known only statistically. As an example, suppose that in

Professor Correa's discussion on maximizing the benefits of a univer-

sity curriculum, the benefits could not be agreed upon as a fixed num-

ber for each course but rather would be given by a distribution of

values. Another example of noise would be the inaccurate determination

of teacher supply because of uncertainties of immigration of teachers

to the country and the return to teaching of middle-aged women who now

have grown-up children. This case illustrates that noise would repre-

sent anything from the outside world which the planner does not know

about, or which he cannot easily incorporate, or which tends to corrupt

the results.

The way one usually conceptualizes the problem is hinted at in

Fig. 6, where Fig. 4 is redrawn to bring in the noise aspect. The addi-

tion of noise or uncertainty makes the problem more difficult, but

real-life problems are indeed more difficult. Fortunately, control the-

ory has an extensive body of literature designed to reduce the effect

of noise. Various networks, filters and algorithms exist so that the

planner can optimize his model under the constraint of uncertainty.

The problem of noise can be diminished by better data gathering, but

it is something which model builders must not only learn to live with

but learn to combat as well.
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Fig. 6. PLANNING OR CLOSED-LOOP EDUCATION SYSTEM WITH NOISE
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Concluding remarks

This paper has attempted to point out that control concepts have
a natural place not only in future educational planning models, but
are in fact embodied in several of the papers at this conference.
Control concepts can contribute greatly to the better understanding
of the underlying structure and inter-relationships of the educational
system, as well as providing a means of analysis. The crucial test, as
always, remains in the proper implementation and utilization of the
ideas.
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COMMENTS ON THE USE OF MATHEMATICAL MODELS
IN EDUCATIONAL PLANNING

by Paul L. Dressel

Introductory comments

Planning is considered necessary when individual expectations are

frustrated by the apparently meaningless interplay of an unregulated

system and it tends to be advocated by those who have little or no

control over the natural order of events. It is often resisted by

those administrators rho do have some measure of control in the

"natural" system and who fear that a plan will limit their power to

influence the course of events. When they do accept planning admini

strator- often insist that much of it be done in secrecy. The resis

tance of administrators to planning and their desire to keep confi

dential the planning that is done contribute to the difficulties of

anyone trying to build a planning model or a model of the planning

mechanism.
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One of the major problems encountered by model builders is the

confusion of assumptions and goals. Unless the model makes clear

which elements are variable and which must be acceptLd as fixed,

little aid is given to the people actually responsible for administra-

tion of the plan. There are numerous examples of cases where decreas-

ing pupil teacher ratios are assumed rather than built into the

model as objectives.

Mathematical models have two major technical weaknesses. First;

developing a model which strikes the proper balance between mathema-

tical tractability and realistic representation of the system is ex-

tremely difficult. Second, the data required by a model is often so

great that the time and effort spent on obtaining statistics may out-

weigh the benefits that the solution of the model might bring.

Critique of earlier educational planning models

After reading and in various degrees digesting several articles

and books on mathematical models for educational planning, my first

reaction concerned the gross oversimplification involved in some of

the mathematical models and the apparent naivety in using them.

As I read further I concluded that on the whole the accusation of

naivety was ill-founded and that, indeed, the authors were well aware

of the inadequacy of the models. I further became aware of some highly

ingenious and adaptable models developed by individuals with a very

keen insight inco the mathematics involved.

Gradually, I found my experience as an educator and researcher

taking over so that I became concerned with the assumptions and im-

plications of the various models with regard to educations and society.

I found myself also increasingly impressed with the importance of the

work being done and with the difficulties involved. These difficulties

seem to me to be of two types: first developing a logical mathematical

structure which corresponds with reality, and, second obtaining tAe

data required to bring a theoretical model to bear on the practical

situation.

Any mathematical model or procedure depends upon certain assumptions
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or postulates. It also involves a set of operations. The relevance

of a mathematical model to a :Ire.ctical problem is found precisely in

the extent to which the assumptions and operations of the mathematical

system correspond with the reality which is being studied. There are

examples of a whole area of mathematics being developed out of the

attempt to solve a physical problem, the tendency in the social

sciences has been to adapt existing models or procedu.cce to the social

science problem. It is generally, therefore, not a difficult task to

find out the nature of the mathematical assumptions and operations

involved in the model. Analysis of the reality to which the model is

to be applied is a much more formidable task. Almost inevitably that

reality is so complicated that it must be grossly simplified in order

that any readily manageable mathematical model will adequately re-

present it. Yet that very simplification may delimit or destroy the

utility of the model.

Commenting on the success of the physical sciences since World

War I, Prof. Bruce Crawford, in "Graduate Education Today" (p.218),

recently remarked that: "They (the physical sciences) have progressed

from the description of natural processes, through the understanding

of them, into the control of them. The conceptual models, which at

first merely reproduced the qualitative behavior of nature, have been

successively refined to the point where the models approximate the

real phenomena rather accurately; one may say that the theories of

physical science have made contact with reality".

As an illustration, he points out that whereas the steam engine

was developed largely as a result of intuition, empiricism, and trial

and error, the atomic reactor and the laser and maser were developed

as direct results of scientific theory. Model building and theory in

the social sciences, by contrast, seem to me to be still at the des-

criptive stage. Can we ever hope to attain the accuracy of prediction

by model and theory which the physical sciences have achieved?

In selecting a model, there must be some clarity about the use to

which the model is to be put. Under some assumptions, a line segment

may adequately represent the relationship between two variables but,

if one wishes to investigate the value of one variable which maximizes

the other, it is clear that, with such a model, the problem is trivial

because one end or the other of the line is obviously the maximum
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point, depending entirely on the slope of the line.

In some problems a mathematical model assists in formalizing

certain relationships so that, knowing one or more variables, the

values of other variables can be determined. The entire range of va-

lues of the variables is utilized in building the model. Thus the

relationships of height, weight, and other physical measurements can

be worked out, and the extent of error in determining or predicting

one or more measurements from a knowledge of others is readily deter-

minable. With regression lines in time series one can determine from

the available data some measure of closeness of fit or error and pro-

ject into the future-assuming that, with continuance of the natural

course of events, the same error limits will hold. Planning, however,

involves projection in which certain parameters are changed, with the

conscious intent that increased productivity will ensue. There seems

to be no basis developed, or at least I found nohel which permits

determination of the amount of error which may be expec ed in planning

projections. Do we simply assume that if the plans are made and put

into effect the expected results will ensue? This would indeed, be

naive.

Perhaps the underlying question here is really that of determining

when a mathematical model is adequate. And the answer to this question

may, again depend upon the use to which the model is to b put. If

the model is to be used for actual planning and attainment of certain

economic goals, then it seems to me essential to develop some measures

of the errors inherent in the statistics or data which we insert in

the model and some procedure for estimating the amount of error or

difference between the outcomes and the goals which is to b expected

upon projection into the future. For this purpose, we cannot know

whether a mathematical model is satisfactory, nor can we know when

we are making improvements in it unless we can either set up experimen-

tal situations for testing the model or collect data over a sufficient

period of time to contrast expectations and outcomes.

If the model is being used primarily to attain some understanding

of the interrelationship of a number of factors in economic develop-

ment, thereby on one hand posing further questions for research, and

on the other pointing to the need for more carefully defined and more

extensive data collecting procedures, the matter of error may be of
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less significance. If the mathematical models are largely an attempt

to develop a rational or logical approach to the planning, and educate

individuals to analyze the long-run implications of a decision, before

making that decision, fairly simple models may be adequate. If, as

I suspect, in some cases the mathematical model is only seized upon

by a theorist bemused with a planning problem but not actually engaged

in planning, then it probably makes little difference whether the model

in any sense approximates reality or not.

Mathematics offers a concise but highly abstract way of depicting

relationships and of systematically exploring the cumulative effect of

a series of operations. Thus matrices and possibly the special case

of Markov chains are useful in input-oUtput analysis. However, the

educator who may know the extent and significance of the losses in

students from one educational level to another, but who does not know

any mathematics, may very well feel that an essentially simple idea

has been made unreasonably complicated by the mathematical formulation.

Interests of educators and model builders also may differ somewhat,

for whereas the model builder would like to obtain some fixed probabi-

lities indicating continuance in school, the educator may be much more

concerned with increasing retention (ardecreasing wastage). Thus as

the planner works to develop an applicable model, the educator works

to destroy its applicability-although both may join in trying to in-

crease the number of educated persons.

The role of assumptions

Phrases and sentences from here and there in what I have read

suggest both a general awareness of the problem of assumptions and

yet a tendency to shove the matter to one side. For example:

(i) In "Input-Output Relationships",(1) page 14: "... both

(1) References are fully identified at the end of the paper rather

than being given as footnotes.
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assumptions are oversimplifications. Which of the two is better

is something that can be tested only by experience, and this

we do not yet possess".

(ii) In "Econometric Models of Education", page 10: "... the

purpose of the models is to aid us in the process of planning

for education and for labor market policies, tacitly assuming

that ways and means can be found to incline the population

to seek the desirable education".

In other cases, what seem to me to be assumptions are not so stated.

For example:

(i) In "Econometric Models of Education", page 12: "The ideal

development of the educational system is one of regular

growth parallel to the desired growth of the economy". I am

not happy about this statement: I certainly do not accept it

as a definition; and I would be inclined to quarrel with it

as an assumption.

(ii) "Econometric Models of Education", page 27, has a section

headed 'The Elimination of Surpluses of a Given Educational

Attainment from the Labour Force'. I cannot help wondering

why the issue of utilization of surpluses of a given educa-

tional attainment might not be equally significant to ana-

lyse. Do we ever really have surpluses of educated people or

do we just fail to use them wisely?

(iii) In 'Economics of Human Resources", page 52: "The main function.

L of education] is that of 'developing skills' ".

One can admit that a function of education is that of develo-

ping skills, but whether it is the main function is something

else again. So long as economists make such statements, they

are likely to find that their materials are ignored or at

least viewed with great suspicion by educators.

(iv) In "Economics of Human Resources", page 135: "The discovery

of new ideas and knowledge is not a function of education,

but of scientific investigation". I find this a particularly

irritating statement because it seems to me that a major

function of any university is the discovery of new ideas and
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knowledge, and that it is precisely in the discovery of new

ideas and knowledge that the university makes one of its

major contributions to the economy. Such statements seem to

betray a limited conception of education. In the main, they

may result from a desire to simplify the situation for analy-

sis. One may wonder what can result from planning which

starts from so limited a perspective.

Many of the immediately preceding remarks about assumptions are

simply an indication of my disturbance at the limited conception of

development adopted by economists. Are not increased literacy,

responsible participation in society and in politics, identification

with natl_aal goals, improvement in physical and mental health, and

development of attitudes and values favorable to progress just as

important as national income and industrial productivity? May not the

ultimate economic return of such 'results be more significant than

immediate gains in productivity? If so, how do we really measure the

economic benefit of education? I distrust the manpower needs approach

as an adequate basis for educational planning. I equally distrust the

increased earnings of the educated as a basis for measuring the values

of aducation. The residual approach, so far as I understand it, seems

to me to involve so many unknowns that it is not really informative.

Education seems to me to be more in the nature of capital, for

educated persons, like capital, can be used in many different ways.

I see no equivalence and, excepting a limited number of fields re-

quiring specialized and extended education, not even any very close

relationskip between education and vocation. I suspect that the spe-

cifically vocational educaflon will increasingly be part-time on-the-

job and continuing and recur.rent rather than formal and limited in

time or to one period of life. Thus the role of formal education may

increasingly be to create acceptance of change and flexibility, and

ability to continue one's education so as to bring about change and

adapt to it. In the future, if not actually at present, deficiencies

in general education rather than in vocational education may be the

major cause of unemployability.
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Some comments on specific articles and books

Although I shall inevitably exhibit my limited acquaintance with

the litrature on planning, I want to make comments on a number of

the materials which I have read. These comments will, I think, make

the generalizations which have preceded and which will follow more

meaningful and -perhaps more palatable. Let me comment first on Hector

Correa's article, "Optimum Choice Between General and Vocational

Education". Dr. Correa introduces a linear model which inevitably

leads to 100 per cent vocational education or 100 per cent general

education. The author himself notes (p.111): "For practical applica-

tions, models linearly expressed are usually oversimplified". This

one certainly seems so in several respects. First, it is my observa-

tion that a great portion of vocational education depends upon or in-

volves some general education. Since purely vocational education is

often quickly outmoded in a rapidly developing technology, its proba-

bility of use may be zero as well as one, the latter being assumed by

the author. Furthermore, highly specific vocational education may

even condition a person against change and destroy his ability to

change.

It is perhaps possible to imagine certain types of general edu-

cation which have no utility, but general education, properly con-

ceived, perhaps has maximal utility in the long run in that it can and

should condition a person to flexibility, to further learning, and to

ready acceptance of change. The development of engineering education

is instructive in regard to this model. An increasing proportion of

engineering education is being given over to the study of mathematics

and basis sciences - essentially general education - because this pattern

produces greater adaptability for further development in a rapidly

changing technology. Dr. Correa also assumes that the probability of

use or non-use of one subject is independent of the use or non-use of

another subject. This seems to me to be altogether unrealistic and

denies the validity of curriculums or programmes made up of interrela-.--

ted coupSes.

Dr. Correa does include a variant model in which the number of
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vocationally trained persons is increased up to the point where the

margin of income for vocationally trained persons is reduced to the

level of income of persons having general education. He suggests a

number of other non-linearities. It seems to me that until such non-

linearities are investigated and developed there is*little point in

talking about optimum choice. I would suggest also that if such opti-

mal choices are to be investigated, the choice should be between two

or more alternatives which can be clearly differentiated.

I wish to comment briefly on a second article by Dr. Correa entit-

led,"Quantity versus Quality in Teacher Education"... This again is a

highly simplified linear model for maximizing the total product of

education. While the basic issues raised by the author in this article

are of concern, quality versus quantity is much more complicated than

the model or even the article admits. There is no generally accepted

definition of the results of education. It is clear, however, that in

any economy some well educated persons will be required, and that

their income will depend in part on the supply of such people in re-

lation to the demand. Thus the relationship would seem to be non-linew.

Furthermore, it is an oversimplification to assume that the quality

of education depends only on the quality of teachers. In some respects,

the number of levels of education or the structure and the relation-

ship of these levels to economic needs, individual ability, and social

needs are more important than teacher quality.

I should like to comment next on the article called "Quantitative

Adaptation of Education to Accelerated Growth", again by Dr. Correa.

The model used in this article is one used also in Dr. Correa's book,

"The Economics of Human Resources", and in the OECD publication en-

titled, "Econometric Models of Education", containing papers by

Tinbergen, Bos, and others. This model involves a series of linear

equations - actually linear difference equations - with coefficients pre-

sumably determinable from actual economic and educational data. The

equations relate economic growth and educational structure. They per-

mit determination of the educational structure, assuming a given rate

of economic growth, and they also permit examination of possible modes

of transition from one educational Structure to another required to

support an increased rate of economic growth.
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The model is based on the assumption that the number of people

with secondary education must be proportional to the volume of pro-

duction in the same time period. No doubt it is always possible to

find a short enough time period so that this statement is true, but

I wonder if it may not be that an increased rate of growth requires

a higher proportion of persons at various educational levels simply

because increasing productivity requires a higher level of technology

and hence a higher .Jvel of education. It is of course possible to

examine this possibility in the model, but it seems to me we need

more actual knowledge about the necessary relationship between pro-

ductivity and education before the model can be useful. A relationship

based upon past data may not be the optimum relationship. One alterna-

tive suggested in this article is that a transition to a higher rate

of growth might be accomplished by an alternative involving a reduc-

tion by ten per cent of the use of third-level manpower in production.

This seems to me to be a highly unrealistic alternative even on a

transition basis. I say this because it seems to me that any increase

in productivity is likely to demand more rather than less third-level

manpower. Despite such problems, this model seemsto me to be an inge-

nious one capable of elaboration and refinement and highly promising

for further exploration.

Next I should like to comment on the volume, "Economics of Human

Resources", by Hector Correa. It seems to me that Economics of Human

Resources" is a monumental initial effort to draw upon demography,

psychology, physiology, education, and sociology in the attempt to

develop a discipline of the economics of human resources. Much of the

literature referred to in this volume is familiar ground to me. The

range of research which was consulted is somewhat limited. It wou.d

take a major combined effort by repesentatives of the several relevant

disciplines to review the literature and to undertake the delicate and

difficult task of assessing its implications in the manner Dr. Correa

has initiated. I believe that a major cooperative endeavor along these

lines would be very valuable, both in forwarding the goals Dr. Correa

has in mind, and in giving some direction and unity to research in

the several disparate disciplines.

The article by Professor Richard Stone, "A Model of the Educatio-
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nal System", perhaps because it givea more overt attention to the

problems of higher education; was particularly intriguing to me.

Professor Stone points out that the model of this particular paper

is a sub-model of a complex and economically important process. He

further suggests that in attempting to develop models for economic

and social activity it may be better to think in terms of linked

models operating through exchanges of information rather than in terms

of a single structure. The article itself is an elaboration of an

educational model separately from the purely economic, with some sug-

gestions as to how the two models might interact.

I was particularly impressed by Professor Stone's treatment of

the "demand for places" and his comparison of this demand to a multi-

stage epidemic in which changes in numbers infected depend both on

the number presently infected and so liable to infect others and on

the number nct infected and so likely to catch the infection. I had

never thought of the matter in quite this way; but it corresponds to

an observation I made a few years ago - that the development of a new

junior-community college in the state resulted in my own university

getting more students from that immediate area than ever before.

Apparently the disease caught on and infected a very large number of

people very quickly! Professor Stone also makes the point that all

forms of further training and retraining should be included among

educational processes. He suggests that anticipated changes in edu-

cational technology can be introduced into his model. As one result

of his epidemic approach to the demand for places, he notes that the

past trends may be a poor guide to future changes (epidemics do run

their course) and that different social classes are at very different

stages of educational penetration, so that a thorough analysis may

have to be broken down by classes or socio-economic groups.

In speaking of the alternative curriculums at the university; a

branching process is suggested, and the point is made that changing

economic prospects may be an important factor in the choices among

these curriculums. Certainly this is borne out in my own experience

and does, as Professor Stone suggests, provide a point for linking

up the model of the educational system with the general model of the

economy. I was also pleased with Professor Stone's comment that after
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compiling data to estimate parameters, it might well be that entirely

new educational processes would have to be considered and a decision

reached as to what processes would be used in the future. Professor

Stone,also comments that educational planning may need to be approached

through a social cost-benefit analysis in which market values are a

necessary but by no means sufficient ingredient. It may be appro-

priate to add that the consumption component of education should not be

ignored, especially since its long-run economic significance has

not yet been fully explored.

Professor Stone's comments are in accord with my own observations

and prejudices. Perhaps for this reason it seems to me that his ap-

r" ach to educational planning is more realistic and adapts more

1, /sr to the unique character of education than those approaches

. see education only as a means of meeting manpower needs. It is

ap-et. riate in concluding this section of comments on the writings

cf planners to use a quotation from "Input-Output Relationships".

Commenting on one pyxse of the problem, the authors make the following

statement (p.52):

Constructing such a time-series with past statistics would

not be impossible; but it would be a big undertaking and

the accuracy of the results would still be doubtful because

of the pitfalls inherent in reconciling different sets of

data drawn up for different purposes and based on different

classifications. It is useless to complain of such difficul-

ties; one can only hope that statistics will gradually come

to play a more important role in government and industrial

policy than they do at present and so will improve in com-

prehensiveness, quality, and speed of publication ...."

All those engaged in research and in planning can only say "amen"

to that.

Som eneral comments and su estions about educational lannin

Planning at the macro level, while perhaps justifiable as a

first approximation, seems to me to ignore social, psychological,

and political factors.
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Since we are dealing with people who are perhaps, on the whole, more

governed by emotion than by logic, it seems to me that plans which

ignore these factors are doomed to failure in advance.

Perhaps, too, although in a different sense than the economist

may use the terms, macro level planning may be resisted because it

appears to destroy uniqueness and individuality at the micro level.

For example, the development of state-wide budgets for higher educa-

tion in my own country is viewed with suspicion and concern by indi-

vidual institutions and departments within those institutions because

the specifics upon which the state-wide budget is based seem to destroy

institutional and departmental initiative and doom all to mediocrity.

One of the major advantages of planning is the fact that it makes

clear that resources are limited and that the decision to support one

course of development is, in effect, a denial of alternatives. It

seems to me, then, that one of the most effective approaches that

planners can take is to develop alternative plans based on different

sets of assumptions and goals so that those who must finally select

and execute a plan can see more clearly the implications and the pro-

blems involved in a choice. In particular, the short- and long-range

implications of a particular plan need to be explored and made clear.

For example, it may be that for short-range economic growth emphasis

on vocational rather than general education is preferable, but in the

long run this decision may hamper or inhibit growth. Again, in the

short-range programme of development, it may seem best to look to

those educational institutions and those classes of society who al-

ready have positions of advantage and some degree of excellence as

being most appropriate, but a more deliberate approach which equal-

izes opportunity may, in the long run, be not only more humane but

economically more advantageous.

Even within a single institution the attempt to plan for the

future arouses cOncern and even antagonism because:

(a) Those who have achieved a preferential position see their

status threatened.

(b) Those with particular aspirations for the future would often

rather risk continued uncertainty than possible denial of

the aspirations.
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(c) A plan with any degree of specificity is viewed by some as

destructive of flexibility; they fear it may become self-

validating. Administrators who operate on a free-wheeling

basis of expediency and opportunism are very likely to be in

this group. Related to this is the fear that a plan which

denies certain possible developments will discourage donors

who might support both these and other planned developments.

(d) Goals and assumptions are not clearly differentiated. Thus

an apparently necessary assumption of a high student-teacher

ratio, even though regarded as temporary and transitional, may

be viewed as a goal which planners wish to achieve. An assump-

tion about increasing use of educational technology such as

television may provoke the same suspicion.

It seems to me that before the joint planning of economic and

educational development can be succesful a much larger number of than

at present will have to be brought to some understanding of what is

involved in such planning and what penalties are involved in not plan-

ning. Perhaps educational programmes for the preparation of administra-

tors, both educational and governmental, should give more attention

to planning as a major function of administration. This may not be

easy to accomplish, but I am intrigued by the possibility that such

a highly readable document as "Educational Planning: Its Quantitative

Aspects and Its Integration with Economic Planning" could be used

for this purpose. It presents well the basic ideas and issues, and

it avoids the mathematical formulations which might arouse distrust

or even disgust.

Finally, I would say that the limited exposure which I have had

to the work now being done in educational planning has been highly

educational to me, and convinces me that more widespread attention to

and support of these efforts should be forthcoming.
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